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Preface

Around the turn of the century, the University of Gottingen was a Mecca
for mathematicians and students from around the world, including the
United States. Besides Hilbert, who held Gauss's chair, the other three
chairs were held by Klein, Minkowski, and Runge. The visitors took
back with them a large number of handwritten lecture notes, some of
which eventually found their way into mathematics libraries of several
U.S. universities. The present notes of Hilbert's 1897 course on invariant
theory comprise 527 handwritten pages, taken by Hilbert's student
Sophus Mancsen, who went on to write a dissertation in invariant the­
ory. As part of the estate of John Henry Tanner they were given to the
Cornell University Mathematics Library.

The project to translate these notes and make them more widely avail­
able was suggested by Keith Dennis. Without his initiative and contin­
uing support this translation would not have been undertaken. Steve
Rockey at the Cornell University Mathematics Library was also very
helpful. Finally, many thanks are due to the late Eleanor York for her
expert typing of the manuscript.

Reinhard C. Laubenbacher
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Introduction

In the summer semester 1897 David Hilbert gave an introductory course
in invariant theory at the University of Gottingen. The present text is an
English translation of the handwritten course notes taken by Hilbert's
student Sophus Marxsen.

When Hilbert gave this course in 1897, his research in invariant the­
ory had been completed. In particular, Hilbert's famous Finiteness The­
orem had been proved and published in two striking papers (Hilbert
1890, 1893). * These papers changed the course of invariant theory dra­
matically, and they laid the foundation for modern commutative algebra.
Thus 1897 was a perfect time for Hilbert to give an introduction to invari­
ant theory, taking into account both the old approach of his predecessors
and his new ideas. It is this bridge from nineteenth-century mathematics
into twentieth-century mathematics which makes these course notes so
special and distinguishes them from other treatments of invariant theory.

Hilbert's course is at a level accessible to graduate students in mathe­
matics. Prerequisites include familiarity with linear algebra and the ba­
sics of ring theory and group theory. The text provides a self-contained
introduction to classical invariant theory, and it will be of interest to any­
one who wishes to study this subject. But we believe that this translation
will also be valuable as a historical source for experts in contemporary
invariant theory. Mathematicians and computer scientists who are in­
terested in algorithmic aspects of invariant theory can read the present
notes in parallel with Sturmfels (1993).

Let us attempt to answer the question, "What is invariant theory?"
A nineteenth-century mathematician might have answered, "Invariant
theory is the bridge between algebra and geometry." This point of view

• For English translations of Hilbert's research papers in invariant theory see
M. Ackerman (1978).

viii



Introduction ix

found its most explicit expression in Felix Klein's Erlangen Programm
(Klein 1872). Today invariant theory is often understood as a common
branch of representation theory, algebraic geometry, commutative al­
gebra, and algebraic combinatorics. Each of these four disciplines has
roots in nineteenth-century invariant theory. This will become evident
from Hilbert's course.

The standard references to today's invariant theory include, among
others, Dieudonne and Carell (1971), Springer (1977), and Mumford
and Fogarty (1982). In modern terms, the basic problem of invariant
theory can be characterized as follows. Let V be a K -vector space on
which a group G acts linearly. In the ring of polynomial functions K[V]
consider the subring K[V]G consisting of all polynomial functions on V
which are invariant under the action ofthe group G. The basic problem
is to describe the invariant ring K[V]G. In particular, we would like to
know whether K[V]G is finitely generated as a K -algebra and, if so, to
give an algorithm for computing generators.

Hilbert essentially proved the following theorem (see Section 11.2 of
this text): If G is a reductive algebraic group, then K[V]G is finitely
generated as a K -algebra. A minimal set of generators is called a full
system of invariants. Recall that a group G is reductive if all its lin­
ear representations are direct sums of irreducible representations. After
Hilbert's complete solution to this outstanding problem of invariant the­
ory, the field was pronounced dead, only to be resurrected thirty years
later by the work of Hermann Weyl (1939), in which invariant theory was
developed for all classical Lie groups. Weyl developed invariant theory
as a special instance of representation theory.

A famous problem, left open by both Hilbert and Weyl, asked whether
the Finiteness Theorem continues to hold for every subgroup of the gen­
erallinear group GLm(C). It is known as Hilbert's fourteenth problem.
In 1959 Nagata answered this question by giving an example of a (nonre­
ductive) group G acting linearly on a vector space V such that K[V]G
is not finitely generated. Popov (1979) extended Nagata's work by prov­
ing the following remarkable converse to Hilbert's Finiteness Theorem:
For every nonreductive algebraic group G there exists a representation
V such that K[V]G is not finitely generated. Another important re­
sult in today's invariant theory is the theorem of Hochster and Roberts
(1974), which states that the invariant ring K[V]G is Cohen-Macaulay,
provided K has characteristic zero and G is reductive.

Classical invariant theory is concerned with the following special case:
the group G is the group GLm(C) ofinvertible complex mxm-matrices,
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acting by linear substitution on a space V of m-ary forms, that is,
homogeneous polynomials in m variables. In fact, in Hilbert's course
most of the discussion centers around the m = 2 case of binary forms.
For a complementary point of view on the invariant theory of binary
forms we refer to the exposition of Kung and Rota (1984).

We now give a summary of Hilbert's course. In Section 1.1 he intro­
duces the space V = sncm of m-ary n-forms, that is, homogeneous
polynomials of degree n in m variables. It is proved that this com­
plex vector space has dimension (n+~-l). The group GLm(C) acts on
sncm by linear substitutions, which amounts to the nth symmetric
power representation. Starting with Section 1.2, Hilbert specializes to
the case m = 2. It is proved that GL2(C) is generated by diagonal

matrices ( ~ ~), lower triangular matrices (~ ~), and upper tri-

angular matrices (6 ~). The concepts of invariants and covariants

are introduced in Section 1.3.
Let ao, aI, ... ,an and Xl, x2 be coordinates on snc2 and C2, respec­

tively. A covariant is a polynomial I(ao, al, ... , an; Xl, X2) which is fixed
under the action of any matrix T E GL2(C) , up to a factor det(T)P.
If I depends only on ao, al,' .. ,an, then it is called an invariant. The
number p is called the weight of the co- or invariant. It is extremely
important to note that here GL2 (C) acts on C 2 by the contragredient
(or inverse) representation (d. Springer 1977, §3.1). Otherwise the whole
concept of "covariants" does not make sense. The essence of this point
is expressed in Hilbert's statement, "The simplest covariant is the form
f itself," at the end of Section 1.3.

The action of the group GL2 (C) gives rise to an action of the Lie al­
gebra Sl2(C) on the space snC2 of binary n-forms. The two Lie algebra
generators corresponding to the lower- and upper-triangular matrices are
denoted D and ~. In Section 1.4 it is shown that invariants are annihi­
lated by D and ~. This characterizes invariants among all polynomials
in ao, aI, ... ,an which are invariant under the action of the diagonal
matrices only. A similar criterion is proved for covariants. In Section 1.5
we see that in this criterion anyone of the two conditions D I = 0 and
~ I = 0 is implied by the other, and hence can be omitted. In order to
show this, Hilbert proves the commutation relation

(D~ - ~D)A = (ng - 2p)A

for the action of the Lie algebra generators on the space of polynomials
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in ao, ... , an of degree 9 and weight p. We refer to Serre (1987, Chapter
IV) for an introduction to the representation theory of the Lie algebra

sl2(C) .
The action of the Lie algebra generators D and ~ leads in Section 1.6

to the "smallest system of conditions for the determination of invariants
and covariants." Every covariant can be written as

m

2:: Ci(ao,· .. , an) x;n-ix ;.
i=O

The leading coefficient Co is called the source of the covariant. The main
result in Section 1.6 is that the following system of differential equations
characterizes covariants:

(i=l, ... ,m).

These equations imply in particular that each covariant is determined
by its source.

Section 1.7 is concerned with the Hilbert series of the rings of invariants
and covariants. A self-contained introduction is given to the enumera­
tive calculus of Cayley and Sylvester. It is similar to the presentation in
Springer (1977). In Section 1.8 the concept of transvections is introduced.
It is proved that each covariant of a binary form I can be expressed as a
polynomial in the transvections h, ... ,In, divided by a suitable power
of I itself. Several applications are given, including the determination
of the complete system of covariants for the binary quartic. The natu­
ral generalization of the concept of invariants and covariants to several
base forms is presented in Section 1.9. In Section 1.10 Hilbert introduces
three procedures for generating new covariants from old ones. The first
one is the remarkable statement: "Covariants of covariants are again co­
variants." The other two are the polarization process and the Aronhold
process.

So far invariants and covariants were always represented explicitly
as polynomials in ao, ... , an; Xl, X2' The last three sections of Part I
are concerned with three alternative representations. In Section 1.11 we
think of (the roots of) a binary form of degree n as an unordered col­
lection of n points on the complex projective line. This allows us to
express each covariant as a symmetric function in the coordinates of
these n points. The other two representations, in terms of one-sided
derivatives (Section I.12) and using the symbolic method (Section I.13),
are of historic interest, but they are less important for what follows in
Part II of Hilbert's course.
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The symmetric function representation of Section 1.11 leads to a direct
proof of Hilbert's Finiteness Theorem in the case of binary forms. This
proof, which is also due to Hilbert, is given in Section 11.1. See Sturmfels
(1993, Section 3.7) for an alternative presentation of the same proof. The
key lemma for this proof is the existence of a finite Hilbert basis for a
system of linear equations over the natural numbers. Today this lemma
is foundational for the theory of integer programming (Schrijver 1977).
In Section 11.1 of Hilbert's course we can fully appreciate the purpose
for which "Hilbert bases" were invented.

The Finiteness Theorem for binary forms is due to Gordan (1868).
Gordan's original proof gave an explicit construction of the complete
system of invariants based on transvections and the symbolic method,
but it is much more complicated than the one given in Section 11.1.
However, both Gordan's proof and Hilbert's proof in Section 11.1 do
not generalize to forms in m 2: 3 variables. The "generalizable proof"
is presented in Section 11.2. This is the proof which in 1890 shocked
the invariant theory community. It is based on an averaging operator,
called Cayley's O-process, and another key lemma, called Hilbert's Basis
Theorem for polynomial ideals. This proof works in full generality, but
it is not constructive.

The remaining sections of the course are based on Hilbert's 1893 paper
"On the complete system of invariants." In this paper Hilbert essentially
gives an explicit algorithm for computing a full system of invariants. In
Section 11.3 Hilbert discusses the relation between the ring of invariants
and the field of invariant rational functions. He proves that the invariant
ring is a unique factorization domain, and that it coincides with the
intersection of the invariant field with the polynomial ring C[V].

The material presented in Section 11.4 is fundamental both for Hil­
bert's algorithm and for geometric invariant theory (Mumford and For­
garty 1982). The vanishing locus of all homogeneous invariants is called
the nullcone. The forms lying in the nullcone are called nullforms. The
main theorem in Section 11.4 states that, if h, . .. ,h are any invariants
which define the nullcone set-theoretically, then the invariant ring C[V]G
is integral over C[Ib ... , hI. The algorithmic significance of this result
is explained in Sturmfels (1993, Section 4.6). The key lemma in the proo
of this main theorem is Hilbert's Nullstellensatz. It is the very purpose
for which the Nullstellensatz was first invented. Several applications 0

the main theorem to binary forms are given.
In Section 11.5 Hilbert gives a more precise combinatorial description

of the ternary nullforms. They are precisely those ternary forms f such



lntroductwn xiii

that after a suitable linear ttansformation, the Newton polygon of f
does not contain the origin. The geometric meaning of a ternary form
being a nullform is that the planar curve {J = O} has certain types of
singularities, which makes the curve unstable. This example is the point
of departure in Mumford and Fogarty (1982). In geometric invariant
theory the concept of stability (= lying outside the nullcone) is extended
to arbitrary projective varieties, and, as the main application, certain
moduli spaces are constructed.

Section 11.6 deals with Hilbert's Syzygy Theorem. In modern language
this theorem states that the polynomial ring C[Xl, ... , xnl has global
dimension n, that is, every module over the polynomial ring admits
a finite free resolution of length at most n. The Syzygy Theorem is
applied to prove the fact that the Hilbert series of the invariant ring is
a rational function. In commutative algebra this is sometimes called the
Hilbert-Serre Theorem (cf. Atiyah and Macdonald 1969, Theorem 11.1).

In the last three sections, 11.7-9, Hilbert discusses applications of in­
variant theory to (algebraic) geometry, and he outlines future directions.
Some of Hilbert's questions have received an answer during the past cen­
tury (notably, Nagata's solution to Hilbert's fourteenth problem). Other
classical questions are still open, and many new questions arise from the
increasing demand for invariant theory as a tool in applied mathematics.
These questions guarantee the future of invariant theory as an exciting
area of research in mathematics.
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I
The elements of invariant theory

Lecture I (April 27, 1897)

/-
The theory of algebraic invariants, with which we want to concern our­
selves here, is a modern discipline. Its origins can be traced back to
Cayley (1845), who used the term "hyperdeterminants" for functions
possessing the invariant property. At present, we only mention as ref­
erences the four main text books which all differ from each other and
treat the subject from different perspectives. These are the following:

Clebsch. Theorie der biniiren algebraischen Formen. Leibzig 1872.
Salmon. Modern Higher Algebra. Dublin 1885. German trans. by

Friedler. Leibzig 1885.
Faa di Bruno. Theorie des formes binaires. Thrin 1876. German

trans. by Walter. Leibzig 188l.
Gordan. Vorlesungen iiber Invariantentheorie. Leibzig 1885 (in par­

ticular vol. II).
One should add to these: Franz Meyer, Bericht iiber den gegenwiirti­

gen Stand der Invariantentheorie, 1892. (In the "Berichte der deutschen
Mathematiker Vereinigung.")

The necessary prerequisite for an understanding of the following is a
knowledge of differentiation and of the basic theorems from the theory of
determinants. The latter can be found in, for example, Baltzer, Deter­
minantentheorie; Hasse, Raumgeometrie, Lecture 7; Salmon, Modern
Higher Algebra, Lecture 1; Serret, Algebre Superieure, Tome II, Ch. IV
(of course also in the German translations); H. Weber, Algebra, vol. I,
Sect. II.

The books by Salmon and Faa di Bruno are the best introduction to
invariant theory.



1.1 The forms

1.1 The forms

A sum of products of constants and variables will be called a polynomial.
Thus, if Cikl are constants, and x, y, z are variables, then

~ i k I
F(x, y, z) = L..J CiklX Y Z,

i,k,l
i, k, l = 0,1,2,3,4,5,

is a polynomial in three variables. The general form of a polynomial is

~ i k I
F(x,y,z, ... ) = L..J Cikl... X Y z "',

i,k,l, ...

i, k, l, . .. = 0,1 ... ,n.

Each of the products, that is, each expression Cikl...Xiykzl ... , is called
a term of the polynomial. Its characteristic number n = i + k + l + ... ,
that is, the sum of the exponents of the variables, is called the order
of the term. The order of the tepm with the highest order is called the
order of the polynomial.

We always want to think of a polynomial as ordered, by taking first
the term of order zero-the constant-then the terms of order one, then
those of order two, etc; we want to indicate this by using the notation:

F(x, y, z, ...) = [0) + [1) + [2) + ... + [n),

where n is the order of the polynomial.
The last term [n) can not be identically zero, because otherwise the

order would be smaller than n. On the other hand it is possible that
all terms other than [n) vanish, in which case the function is called a
homogeneous function or a form. In this case, therefore, all terms have
the same order.

In the following we will only consider forms. We want to introduce
fixed notation for them, which we shall use throughout. The order 0

a form is always n (respectively, v, N, .. .); the number of variables in
general discussions will be m, so the variables will always be denoted
xl, X2, ... ,xm ·

It is no restriction to consider only forms, since we can always obtain
a form from a polynomial and vice versa. Indeed, if we add a variabl
X m to

F(Xl, X2,"" Xm-l) = [0) + [1) + [2) + ... + [n],

then

~(Xl,X2,'" ,xm ) = [Olx~ + [1)X~-1 + [2)x~-2 + ... + [n)
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is a homogeneous function, .from which we can easily reconstruct the
original function by setting X m = 1:

~(XI,X2,'" ,Xm-l, 1) = F(XI,X2, ••• ,Xm-l).

Moreover, we have

n (Xl X2 X3 Xm-l) )
xmF -,-,-, ... ,-- =~(XI,X2"",Xm.

X m X m X m X m

Hence, the theory of forms in m variables is essentially identical to the
theory of general polynomials in m - 1 variables. We will now derive
two theorems which we will use frequently. Let

i + k + ... + s = n.

If we replace Xi by UXi, ~here U is arbitrary, for eXanlple, a variable,
then we obtain

""( ) _ ~ i i k k 8 8
'¥ UXI,'" ,UXm - L...J Cik... 8 U XIU X 2 •·• U X m

i, ... ,8

it···,s

Therefore,

i,o .. ,s

or, finally,

(I)

(II)

A polynomial has this property precisely if it is a form, which can be
seen by decomposing it into its homogeneous parts. It can consequently
be used as a defining property of forms.

If we differentiate (1) with respect to u, which is admissible since it
holds identically as an equation in u, then it follows that

8~(uxl, ...) 8~(UXI, .. ') 8~(UXI," .)

8(UXI) Xl + 8(UX2) X2 +... + 8(ux
m

) Xm

= nun-I~(Xl, ...),

and if we set U = 1, then we obtain

8~ 8~ 8~
XI-- + X2-- + ... + Xm -- = n~.

8XI 8X2 8xm
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Lecture II (April 29, 1897)

5

There are two ways in which one can classify forms: either according to
order or according to the number of variables-which is more commonly
done. In the latter case there are special names for forms with a small
number of variables:

1. m = 1. Unary forms. The general form is cx~.

2. m = 2. Binary forms. Here the general expression is

~ n + n-l + + n.r =COXI CIXI X2 •.• CnX2'

The number of terms is n + 1 .
3. m = 3. Ternary forms.
4. m = 4. Quaternary forms.
5. m = 5. QUinary forms.
6. m = 6. Senary forms.

The terminology for m = 1,5,6 is little used however. As the primary
purpose of this section we are left with the determination of the number
of terms of a general form. Let ¢(n, m) be the number of terms of a
general form of order n with m variables. We know-and it is easily
seen-that

¢(n, 2) = n + 1,

¢(l,m)=m.

We claim now that the desired formula is

¢(n, m) = (n + l)(n + 2)(n +~) ... (~+ m - 1).
1·2·3··· m-1

(III)

This formula is valid for m = 2. We will prove it for general m by
induction from m - 1 to m. For this purpose we will use a recursion
formula which can be derived as follows. Let F(n) denote a form of order
n; then in the general case we have the expression

~(n)( ) _ n ~(O)( ) + n-l~(l)( ).r Xl, ... ,Xm -Xm.r Xl,·" ,Xm-l Xm.r Xl, ... ,Xm-l

+... + x~F(n)(XI"'" Xm-l).

Therefore

¢(n, m) = ¢(O, m - 1) + ¢(1, m - 1) + ... + ¢(n, m - 1),
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and,likewise,

The elements of invariant theory

¢(n - 1, m) = ¢(O, m - 1) + ¢(1, m - 1) +... + ¢(n - 1, m - 1).

Subtraction of the two formulas results in

¢(n,m) - ¢(n -I,m) = ¢(n,m -1)

or

¢(n, m) = ¢(n - 1, m) + ¢(n, m - 1).

If we now set

( )
_ -1.( ) (n + 1) ... (n + m - 1)

X n, m - 'I' n, m - ,
~3 ... (m-l)

then we obtain

x(n, m) - x(n - 1, m) = ¢(n, m) - ¢(n - 1, m)

(n+l)"'(n+m-l)
1·2···(m-l)

n(n+l)···(n+m-2)
+ 1· 2··· (m -1)

= ¢(n m _ 1) _ (n + 1)(n + 2).·· (n + m - 2)
, 1·2···(m-2)

=0,

since we assume the formula to hold for m - 1. Consequently,

x(n, m) = x(n - 1, m) = ... = X(I, m),

through repeated application of the last formula. Hence, we obtain that

2·3···m
x(n,m)=¢(I,m)- 2.3 ... (m-l) =m-m=O.

Therefore, formula (III) is valid for m variables, and is thus valid in
general.

Lecture III (April 30, 1897)

Finally, we want to point out briefly a geometrical interpretation of the
theory of forms. If, given a binary form, we set Xl = X, X2 = 1 (which
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does not change the essential nature ~f the form, due to its homogeneity),
then we obtain a polynomial in one variable of order n:

coxn + ClXn
-

l + C2Xn - 2 + ... + en.

The theory of binary forms therefore includes the theory of algebraic
equations in one variable. If we interpret Xl, X2 as the coordinates of a
point on a line, then a binary form set equal to zero represents n points
on a line. The theory of binary forms is thus also identical with the
geometry of a line (or a bundle of lines and planes). Analogously, one
realizes that a ternary form set equal to zero describes a relationship be­
tween two variables; hence the theory of ternary forms is identical to the
geometry of the plane, namely, of algebraic curves. Finally, the theory of
quaternary forms is analogously an essential aid in studying the geome­
try of space, especially of algebraic surfaces. The forms with more than
three variables do not readily admit such a geometric interpretation.

1.2 The linear transformation

We are led to essentially new and deep properties of forms through the
application of linear transformations. Let

F(n) (Xl, X2, • .• , xm )

be a general form. We can derive another form from it, if we replace the
m variables X by other variables x' via relations of the form

Xl = ¢l (x~, . .. ,x:n),

X2 = ¢2(X~"", x:n),

where the ¢s denote forms ofthe same order. Such an operation is called
a transformation, the new variables are called x', and the resulting form

'7::'(" , )or Xl,X2, ... ,Xm

= F(¢l(X~, . •. , x:n), ¢2(X~, ••• , x:n), . .. ,¢m(X~, •• . , x:n))

is called the transformed form.
Among the transformations, the linear ones are distinguished, that

is, the transformations for which ¢l, ¢2, ... , ¢m are linear forms. Th
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relationship is then given by the following equations-here again we
want to fix notation: .

Xl = aux ]. +al2X2 + + almx'm,

X2 = a21X]. + a22X2 + + a2mX~,

The a are called the tmnsformation coefficients. We regard them as
given, without ever specifying them. The transformed form becomes

F'(X]., x2"'" x~) = F(XI, X2, ... , x m)

=F(aux ]. r-"'" ,amlx]. + ...).
Here, we primarily need to observe three properties of linear transfor­
mations:

1. The transformed form has the same order as the original form. This
is because the general term

VI + V2 + ... + Vm = n,

becomes

ci(aux~ + al2x~ + .. yl (a2Ix~ + .. Y2 ... (amIX~ + .. y"',
from which it is apparent that in each new term the coefficients Ci ap­
pear homogeneously to the first power, the transformation coefficients
a appear homogeneously to the nth power, and the variables x' also
appear homogeneously to the nth power. We now want to write the
transformed form exactly like the original one, only with primed letters,
namely:

~( ) n n-l n-2 2 + n-l.r Xl, X2, ... , Xm = COXI + CIXI X2 + C2XI X2 C3XI X3 + ...
equals

Observe that not only is the stated theorem valid, but we have also
shown that the new coefficients c~ are homogeneous functions of degree
one of the original coefficients, and homogeneous functions of degree n
of the transformation coefficients a.

A simple example might serve as an illustration.
Let
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Using the transformation

Xl = auxi + aI2x~,

X2 = a2lxi + a22x~,

we obtain

where

9

A' = Aa~l + BaUa21 + Ca~l'

B' = 2Aaual2 + B(aua22 + a12(21) + 2Ca21a22,

C' = Aa~2 + Bal2a22 + Ca~2'

This confirms the assertions made above.
2. The transformation is invertible. Indeed, to recover the original form

from the transformed one, we only need to solve the above equations for
the x', which is possible since there are m equations for the m variables
x'. We only need to assume-and we want to keep this assumption; it
is the only one we need to make-that the tmnsformation determinant,
that is, the determinant of the transformation coefficients

au al2 ... aIm

A=

amI a m2"'amm

is different from zero. If the (m - 1) x (m - 1) minors of this determinant
are Aik, then the solved equations are

Axi = AUXI + A2lX2 + + Amlxm,

Ax~ = Al2XI + A22X2 + + Am2xm,

The pattern is very easy to surmise; compared to the other equations
the indices are simply transposed. We have
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Lecture IV (May 3, 1891)

3. The group property of linear transformations. If we first apply th
transformation

to a form F, then we obtain the transformed form F,(n) (x~, X2) . To this
form we now want to apply a second~ transformation, such as

In this way we obtain a new form F,,(n)(x~,x~). The order ofthis form
is the same as that of the original form. It is now clear that one can
replace the two steps by a single one, since one has

Xi = ail ({3tlX~ + {3l2x~ + + (3lmX~)

+ ai2({321x~ + {322x~ + + (32mX~)

From this it is immediately clear that one can obtain the x" from the
directly through one linear transformation, namely, through the follow­
ing one:

where we set
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Consequently, one also obtains:

11

amI a m 2 "'amm

{311 {312 {31m

{321 f322 {32m

{3ml {3m2 ... {3mm

')'11 ')'12 ')'lm

')'21 ')'22 ')'2m

')'ml ')'m2 "'')'mm

which, incidentally, can also be concluded from the simultaneous van­
ishing of A (respectively, B and C).

From the above we obtain the following theorem, which we call the
group properly of linear tmnsformations:

Theorem A sequence of linear tmnsformations can be replaced by a
single linear tmnsformation.

In the case of two linear transformations, each new coefficient ')' is a
linear homogeneous function of the a, as well as the (3.

Geometrically, a linear transformation means a projective relation­
ship. The equation F Cn)(xll"" xm) = 0, for m = 2,3,4, represents a
point set, a curve, or a surface of order n, respectively; F 'Cn)(xll' .. ,xm)
represents a similar object, related to the previous one by colinearity.
The first property, therefore, says that the order of two objects that are
related through colinearity is equal; the second one says that the colinear
relationship is mutual; the third says that if two objects are related by
colinearity to a third one, then they are related colinearly to each other.

If we set

F Cn)(Xl, ... , x m ) = alx l +"',
~/Cn)( I ') I ,n +.r X 1""'Xm =a 1x 1 "',

~"Cn)(x" x") = a"x"n + ....r 1"", m 1 1 ,

then the a~' are, as remarked above (Lecture III), linear in the a~, 0

nth order in the {3ik, and hence also homogeneous linear in the ai and
homo eneous of nth order in the a as well as the {3.
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The example n = 2, m = 2 used above shall again serve as an illus
tration. There (Lecture III) we had

transformed into

F = F' = A'x~
2 + B'x~x~ + C'x~ 2

via the transformation

Xl = allx~ ~12X~,
X2 = a21x~ + a22x~,

where

A' = Aa~l + BQlla21 + Ca~l'

B' = 2Aalla12 + B(alla22 + a12a2t} + 2Ca21a22,

C' = Aa~2 + Ba12a22 + Ca~2'

Therefore, the transformation

x~ = {311xr + {312x~,

x~ = {321xr + {322x~

applied to the function F' results in

F = F' = F" = A"x~2 + B"x~x~ + C"x~2,

where

A" = A'{3~1 + B'{311{321 + C'{3~1'

B" = 2A'{311{312 + B'({311{322 + (312f321) + 2C'{321{322 ,

C" = A'{3~2 + B'{312{322 + C'(3~2'

or, if we use the expansions for A', B', C' :

A" = A(a~l{3~l + 2alla12{311{321 + Q~2{3~1)

+ B(alla21{3fl + (alla22 + a12( 21){311{321 + a12a22{3~1)

+C(a~l{3fl + 2alla22{311{321 +a~2{3~1),
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B" = 2A(Q~lt311t312 + Q11 Q 12 (13111322 + 13211312) + Q~2t321t322)

+ B(2Q11Q21t311t312 + (Q11 Q 22 + Q12 Q 21)(t311t322 + 13121321)

+ 2Q12Q22t321t322)

+ 2G(Q~lt311t312 + Q21 Q 22 (13111322 + 13211312) + Q~2t321t322)'

Gil = A(Q~lt3~2 + 2Q11Q12t312t322 + Q~2t3?2)

+ B(Q11Q21t3~2 + (Q11 Q 22 + Q12 Q 21)t312t322 + Q12 Q 22t3?2)

+G(Q~lt3~2+ 2Q21Q22t312t322 + Q~2t3?2)'

One can also arrive at these formulas directly by setting

A" = AI'~l + BI'111'21 + GI'?l'

B" = 2AI'111'12 + B(-Y111'22 + 1'12121) + 2GI'2n22 ,

Gil = AI'~2 + BI'121'22 + GI'?2'

where

I'll = Q11t311 + Q12t321 ,

1'12 = Q11t312 + Q12t322,

1'21 = Q21t311 + Q22t321 ,

1'22 = Q21t312 + Q22t322'

Indeed, the combination of the two transformations results in

Xl = Q11(t311 xr+ t312X~) + Q12(t321 xr+ t322X~) = I'11 Xr+ I'12X~,

X2 = Q21 (t311 xr+ t312X~) + Q22(1321 xr+ t322X~) = I'21 Xr+ I'22X~,

Ifone substitutes the formulas for I' into the expressions preceding them,
then one indeed again obtains the above formulas. One may also verify
the remarks regarding the orders.

Lecture V (May 4, 1891)

Since a sequence of linear transformations may be replaced by a singl
linear transformation, the question arises whether, conversely, a gen­
eral linear transformation may be replaced by a sequence of specia
linear transformations. To begin with, it is clear that this is possibl
in different ways; one has to make appropriate choices for the specia
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transformations. Here we only treat the case of binary forms since this
is the most useful for us, and the general case is not fundamentally
different.

We make the following claim:

Claim Every linear tmnsformation of binary forms can be composed of
the following three types of linear tmnsformations:

(1) XI=KX~,

X2 = Ax~.

(2) , + 'Xl = Xl (pX2'

, (

X2 = x 2",

(3) Xl = x~,

X2 = VX~ + x~,

Aside from these, we mention the important linear transformation

(3') Xl = x~,

Our goal is to prove the asserted theorem, namely, to obtain from (1),
(2), (3) the general linear transformation

Xl = allx~ + aI2x~,

X2 = a21x~ + a22x~,

If we apply the transformations (1), (2), (3) successively, then we ob­
tain, by omitting the primes in the intermediate steps after applying a
transformation:

Xl = KX~ KXI = K(X~ + JLX~)

AX2 = AX~

K(XI + JLX2) = K(X~ + JLVX~ + JLX~),

AX2 = AVX~ + AX~

or

Xl = (K + KJLV)X~ + KJLX~,

X2 = AVX~ + AX~,
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This can be viewed as the most general linear transformation, because
one only needs to set

>. = a22,

a21v=-,
a22

alla22 - a12a21
/'i, = --------"'-

a22

in order to obtain the initial form. However, if one of the denominators
becomes zero, then this method does not work. If alla22 - a12a21 = 0,
then one has

that is, the transformation determinant vanishes, while we explicitly
made the assumption (Lecture III) that it should not vanish.

On the other hand, the case

needs to be considered separately; then we must assume that, because
h =1= 0,

a12 =1= 0,

To obtain the special transformation

Xl = allx~ + a12x2'

X2 = a21x~

via the transformations (1), (2), (3), we first derive (3') from (1), (2),
(3), which is done through successive application of

(3) for v = 1; (2) for JL = -1; (3) for v = 1; (1) for /'i, = +1, >. = -1.

Because then one obtains

Xl =X~

X2 =X~ + X2

Xl - X2 = X~ - X~ - X2

Xl =X~

Xl =X~ - X 2

Xl + X2 = X~ - X 2 + X2
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that is,
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Xl = X 2,
X2 =X~.

This is the transformation (3'). According to the preceding, one can
now derive from (1), (2), (3) the transformation

Xl = a12X~ +anX2'

X2 = a21 X 2'

since al2 =I 0, a21 =I o. But transform,ayon (3') takes this transforma-
tion to /

i

Xl = anX~ +' a12X2'

X2 = a21X~,

which completely proves the theorem above.
On the other hand, one can obtain the transformation (3) from (2),

(3') through application of the transformations (3'), (2) for JL = V, (3').
This is because we obtain

X2 =X2

Xl =x~ + VX2

X2 =X~,

Xl + VX2 = X2 + VX~

and so indeed

Xl = X~,

X2=VX~+X2·

And this, in turn, implies the following theorem.

Theorem Every linear tmnsformation can be obtained through the
tmnsformations (1), (2), (3').

Ifone has two given numerical substitutions, one can, through the com­
bination of both, derive arbitrarily many other transformations (even
through repeated application of a single substitution). Nevertheless, in
general one will not obtain all possible transformations in this way. In­
stead, one will obtain a certain group of tmnsformations through such
mutual combinations. In general, the number of transformations in this
group will be infinite; only in special cases will it be finite. In the case
of binary forms, these finite transformation groups are intimately con­
nected with the regular solids. We cannot go into details at this time,
however.
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1.3 The concept of an invariant

In the following we will initially limit ourselves to the theory of binary
forms and use them to clarify the general concepts. The generalization
of the latter to forms with arbitrarily many variables poses no difficulties
in most cases.

We always want to write the general.binary form as:

j(n)(Xt,X2) = aox~ + (~)alx~-lx2 + (;)a2x~-2x~ + ... + anx~,

where (7) are the binomial coefficients

(
n) = n(n - 1)(n - 2) .. · (n - i + 1)
i 1·2·3 ..·i·

We will always use the word "coefficients" for the ai in this form (not
multiplied by the binomial coefficients).

Application of the linear transformation

Xl = auxl + aI2x~,

X2 = a2lxl + a22x~

produces a new form !,(n) (xl, x~). Similarly, application of the linear
transformation

Xl = {3ux~ + {312x~,

X2 = {32IX~ + (322x~

produces another form f,,(n)(x~,x~), etc. The question now arises: Do
there exist properties that are common to all these "equivalent" forms,
which are derived from f through all possible linear transformations?

Such properties produce the invariants and covariants of the form f,
which we now have to define and inspect more closely.

Definition An invariant of the base form f is a polynomial function
of the coefficients ao, at, . .. , an that changes only by a factor equal to a
power of the tmnsformation determinant h if one replaces the coefficients
ao, at, ,an of the given base form by the corresponding coefficients
ao,ai, ,a~ of the linearly tmnsformed form.

Lecture VI (May 6, 1891)

The defining equation of the invariants is therefore
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Here we assume the base form to be given as

1= aoxi' + (~)aIX~-lx2 + ... + an x2',

and the transformed form as

I ' I In (n) I I n-l I I In= aOxl + 1 a1xI x 2 + ... + an x 2 .

Furthermore, the transformation

Xl = allx~ + aI2x~,

X2 = a21x~ + a22x~

has h = alla22 - a12a21'
The quadratic form (

I = aox~ + 2alXIX2 + a2x~

provides an example. The transformed form is:

I ' I 1 2 2 I I I I 1 2= aOxl + a l x 1x 2 + a2x 2 ,

where (cf. Lecture III):

a~ = aoa~l + 2alaUa21 + a2a~I'

a~ = aOallal2 + al(aua22 + a12(21) + a2a21a22,

a~ = aOa~2 + 2alal2a22 + a2a~2'

One invariant of the form I is the expression

2aOa2 - aI,

because one has

a' a' - a
,2

o 2 I

2( 2 2 2 2)= ao aual2 - aual2

+ 2aOai (a~lal2a22 + a~2aua21 -- aua l2(alla22 + al2a21

( 22 22 2 )+ aOa2 a U a 22 + a l2a 21 - allal2a21a22

+aH4alla21a I2a 22 - (alla22 + aI2(21)2)

2( 2 2 2 2)+ a2 a 21 a 22 - a 21 a 22

+ 2ala2 (aua21a~2 + a12a22a~1 - a2la 22 (au a 22 + al2a21

= aOa2(aUa22 - aI2( 21)2 - a~(alla22 - a12(21)2

= h2
(aOa2 - aD,

as asserted.



1. 3 The concept of an invariant 19

An invariant set equal to zero defines a property that is shared by the
whole class of equivalent forms. This is of essential importance. In our

example,

indicates that the equation f = 0 in XdX2 has a double root or, what
amounts to the same thing, that f is the square of a linear form, a
property that is indeed preserved under linear transformation. Because,

if

then

ff = (lo(allx~ + al2x2) + h(a2lx~ + a22x2))2

= (lox~ + l~x2)2.

In addition to the invariants we need to consider the covariants, which
we define as follows:

Definition A covariant is a polynomial junction of the coefficients ao,
al, .. . ,an and the variables Xl, X2 that changes only by a factor equal
to a power of the transformation determinant 8 if one replaces the co-
efficients ao, a l, ,an of the given base form by the corresponding
coefficients ao, a~, ,a~ of the linearly transformed form and, simul-
taneously, replaces the variables Xl, X2 by the linearly transformed vari­
ables x~, x2 .

The defining equation of the covariant is therefore

The power with which the coefficients ao, al, ... , an appear will always
be called the degree of the invariant; the power of the variables Xl, X2
will always be called the order of the covariant or invariant. An invariant
is then simply a covariant whose order is zero. Invariants and covariants
together are also called an "invariant system," and their characterizing
property the "invariant property."

The simplest covariant is the form f itself. In this case p = O.
One can see in the example of an invariant we gave that it is very

difficult to recognize the invariant property of an invariant or covariant
by means of calculation. We therefore have to look now for properties
of invariants and covariants until we have found those that characterize
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them precisely. Then we will succeed in proving the invariant property
of a given function, and, moreover, to list all possible in- and covariants.

Lecture VII (May 7, 1897) .

1.4 Properties of invariants and covariants

Before we consider special ~operties of in- and covariants, we remark
that, without loss of generalit~heymay be assumed to be homogeneous
in the x as well as the a. This is because, according to Section 1.2, after
a linear transformation is applied, each x is replaced by a linear com­
bination x f of the x, and likewise ao, at, . .. ,an are replaced by linear
combinations of these coefficients. Therefore, each homogeneous poly­
nomial function of the x on the one hand, and of ao, al, ... , an on the
other hand, remains homogeneous after a linear transformation is ap­
plied. Therefore, even if C(ao, al, ... , an; Xl, X2) is not a homogeneous
function of the a andthe x, then the invariant property also holds
for its homogeneous parts, since the equation C(a~, a~, ... , a~; x~, x2)=
8PC(ao,at, ... ,an;Xl,X2) has to hold for each such part of C as well.
Therefore, we can and will, in the following, assume each in- and co­
variant to be homogeneous in x as well as a. We will show, however,
that each invariant of a form always has to be homogeneous in the a

to begin with; furthermore, that each covariant that is assumed to be
homogeneous in the x necessarily has to be homogeneous in the a.

In this section we shall pursue the following strategy for the derivation
of the invariant properties of in- and covariants. A function that pos­
sesses the invariant property must also possess it for each of the three
types of transformations. Through application of each of the latter we
will arrive at important relations. But since a general linear transforma­
tion is composed of these three types, application of a general transfor­
mation will in itself not lead to any new results. On the other hand, one
consequence of this fact will be that in- and covariants are even char­
acterized by these properties. Thus, we will successively apply the three
types.

Apply the transformation (1) (Lecture IV) to the form
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The given form then becomes:

where

an = aOll:n ,

a~ = alll:
n - l >.,

Now, let

2

be an invariant of the form f, where the Z are numerical coefficients.
Then we have the identity

I(an,a~, ... ,a~) = I(aoll:n , alll:n
-

l >., ... ,an>.n)

=""'{Z allo",nIlOalll",(n-I)lIl \111L..J 1I0Ill···lIn 0 ,~ I ,~ 1\

II:nllo+(n-I)lIl +"+(n-i)II'+"+lIn -l >,111 + ..+ill.+..+nlln }

- p \ P ""' Z 110 III lin-II: 1\ L..J 1I0Ill ... lIn aO a l · .. an ,

from which we obtain the identities

nvo + (n - l)VI + ... + (n - i)vi + ... + Vn-l = p,

VI + " .+ iVi + ... + (n - l)Vn-1 + nVn = p.

Addition of these two formulas results in:

nvo + nVI + ... + nVi + ... + nVn-1 + nVn = 2 ,
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or

But
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n(vo + VI + ... + Vn ) = 2p.

g = Vo + VI + ... + Vn

is just the degree of the term under consideration (Lecture VI). We want
to call the expression

the weight of the term unde~ consideration.
The two characteristic equMtons we have found are the following:

VI + 2V2 + 3V3 + ... + nVn = p,

ng=2p.

(I)

(II)

But since p has to be the same for all terms, we have the following:

Theorem Every invariant of a form must be homogeneous in the coef­
jicents, and every term must have degree

2p
g = -;;-,

where p is that exponent of the transformation determinant by which
the invariant changes under substitution of the transformed coefficients.
Furthermore, all terms must have the same weight, which is also equal
to p.

The common weight of all the terms is also called the weight of the
invariant; thus, this weight gives, at the same time, the exponent of the
transformation determinant.

On the other hand, the theorem just proven has evidently a converse.
Namely, we have the following:

Theorem Every homogeneous and isobaric junction of the coefficients
a, which satisfies the equation ng - 2p = 0, where g is the degree, p the
weight of this junction, and n the order of the base form, is an invariant
with respect to transformation (1).·

The proof is evident; if one substitutes the a' instead of the a into
I, then a factor ""P)"P appears because of the assumed identities.

* A function is isobaric if all terms have the same weight.
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One can verify the theorems in the example of the invariant of a
quadratic form:

Here, n = 2, p = 2, 9 = 2, and indeed

ng = 2·2 = 2 ·.2 = 2p,

and

Vl + 2V2 = v~ + 2v~ = 2.

We proceed in the exact same fashion to obtain the analogous relations
for covariants. We shall assume the covariant

to be homogeneous in the x (see earlier in this Lecture). Let the order
of the covariant be m, so that it has the form

C(ao,al, ... ,an ;xl,x2) = Coxr + (7)Clxr-lX2 + ... + Cmxr.

The coefficients of C are, as before,

C '" Z 110 111 lini = L..J 110 111 ... lin aO a l ... an ,

where the Z are again numbers. From the definition of a covariant we
obtain the relation

Comparing the coefficients of xr-ix~ on both sides, one obtains the
identity:

Thus, we obtain the relations

nvo + (n - l)vl + ... + Vn-l - (m - i) = p,

Vl + 2V2 + ... + nVn - i = p,
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and, through addition of these two, the third one

nvo + nVI + ... + nVn - m = 2p,

or

ngi - m = 2p,

where gi is the degree of the appropriate term. Therefore, the charac
teristic equations of a covariant are

VI + 2V2 + ... + nVn = p + i, (III)

\ ngi - 2p = m. (IV)

We can again omit the subsc'iipt i in gi, since the last relation shows
that 9 is constant for all terms; hence it must be equal to the degree 0

the covariant.

Lecture VIII (May 10, 1897)

Thus, we have the following:

Theorem If

C r'I m (m)c m-l (m)c m-2 2 C m= '-'OXI + 1 IXI X2 + 2 2XI X2 + ... + m X2

is a covariant of a form, then all terms of the coefficients Co, C I , ... , Cm

have the same degree g; however, they have weights equal to p, p +
1, ... , p + m, respectively. The weight p of the first coefficient Co is
called the weight of the covariant, and determines at the same time
the power of the transformation determinant by which the covariant
changes under the transformation. The order of the covariant is

m = ng - 2p.

For m = 0 we obtain from this the theorems about the invariants.
Conversely, one also has the following:

Theorem Each junction that is homogeneous in the coefficients on the
one hand and the variables on the other hand, and which, when ordered
as above, satisfies the equations

VI + 2V2 + ... + nVn = p + i,

ng - 2p=m,

is a covariant with respect to 1
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Because, if we substitute into C the a' and x' instead of the a an
x, then a factor of ""P>..P appears, due to the assumed relations.

Analogously, we now have to study which properties we obtain fro
the application of transformation (2) (Lecture V):

X2 = x~.

If we apply it to the form

. (8 = 1) (2)

then we obtain:

where

ao=ao,

a~ =al + J-Lao,

a~ = a2 + 2J-Lal + J-L2ao ,

In general, a~ = ai + (DJ-Lai-l + G)J-L2ai-2+'" +J-Liao. This is because
a comparison of the coefficients of x~n-ix~ i gives

( n), (n) ( n ) (n - i + k) k (n) ii ai = i ai + ... + i _ k k ai-kJ-L + ... + i aoJ-L·

Thus, the above formula follows because of the identity

Since 8 = 1, an invariant has to satisfy the equation

where we assume that the above ex ressions are substituted into the
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right-hand side. This equati.on is supposed to hold for all p" thus on
can differentiate both sides with respect to p, and obtains in this way:

M(a') da& 8I(a') da~ M(a') da~
0= --- +--- + ... +---

8a& dp, 8a~ dp, 8a~ dp,'

But we have
da1
dp,

da~

dp,

(
da~
dp,

0,

= a&,

= 2a~,

and, in general, daUdp, = ia~_l' The function I(a&, al,"" a~) therefore
satisfies the differential equation

8I(a') .0 8I(a'), .,. 8I(a') , - 0
8 ' + 8' ao + + 8' nan _ l - .ao a l an

But the function I(a') depends on the a' in the exact same way as I(a)
depends on the a, which gives the following:

Theorem An invariant of a form satisfies the differential equation

8I 8I 8I 8I
ao- +2al- +3a2- + ... + nan-l- = O. (V)

8al 8a2 8ag 8an

On the other hand, one can also show easily that each junction, which
depends only on the coefficients and satisfies the differential equation
(V), is an invariant with respect to type (2).

Because, if the differential equation (V) is satisfied, then the equation

8I(a') , 8I(a'),
-8' ao+"'+-8 , nan_l =0,

al an

and hence the differential equation

8I(a') da& 8I(a') da~
0= --- +---+ ...

8a& dp, 8a~ dp, ,

is also satisfied. Then, finally

dI(a') = 0
d '
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thus I(a' ) is independent of J.L, that is,

for some function :F. For J.L = 0, one obtains from this

therefore
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is indeed an invariant with respect to (2). Thus, the differential equation
(V) at the same time expresses everything that we can obtain through
application of a transformation of type (2).

Since the differential equation (V) is obviously of great importance, it
is advisable to introduce a special operational symbol for the operation
performed by it; namely, we want to define:

B B B B
D = ao- +2al- + 3a2- + ... + nan-l--'

Bal Ba2 Bag Ban

Then we have proven the following:

Theorem Each invariant I of a form satisfies the differential equation

Lecture IX (May 11, 1897)

DI=O. ( V')

An entirely similar analysis can be made for covariants. The equation

has to be satisfied identically if one sets

I (i) (i) 2 iai = ai + 1 ai-IJ.L + 2 ai-2J.L + ... + aoJ.L

and, at the same time-in addition-

X~ =XI - J.LX2,

x2 = X2'
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We always regard the unprimed letters as the independent variables.
Differentiation of the above -equation with respect to J-L gives

dC(a') = 0,
dJ-L

that is,

{}C(a').O {}C(a'), {}C(a') -, ... ' {}C(a') _ {}C(a') ,_
{} , + {}' ao + {}' 2al + +nan_l {} , {}' x2 - O.

ao al a2 an Xl

Since C(a') depends on the a~, x~ in the exact same way as C depends
on the ai, Xi, we have the following:

Theorem Each covariant C Iof a form satisfies the differential equation
~ . {}C
DC = X2-{} . (VI)

Xl

Furthermore, every polynomial junction C in the a and x, which sat­
isfies the differential equation (VI) DC = X2 %:1' is a covariant with
respect to the transformation (2).

This theorem contains the previous one about invariants as a spe­
cial case. Because we can again introduce primed letters instead of the
unprimed ones, we obtain the differential equation de(;;;",') = 0 by sub­
stituting the transformation formulas that follow from (2), that is,

C(a~, a~, ... , a~; x~, x~) = :F(ao, al, ... , an; xl, X2).

Hence, for J-L = 0, we have:

so that indeed

is a covariant with respect to (2).
The examples we have already considered above serve to verify our

theorem. For the invariant

I = aOa2 - a~

of a quadratic form, we have indeed

DI = ao(-2ad + 2alaO = -2aOal + 2aOal = O.

Furthermore, the base form f itself satisfies the differential equation

Df = X2 {}f.
aXl
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This is because

(
n) n-l (n) k n-k k nDf = ao 1 Xl X2 + ... + k ak-1Xl X2 +... + nan-1X2,

and

af n 1 ( n. ) ( ) n k kX2 aXl = naoxl - X2 + ... + k _ 1 ak-l n - k + 1 Xl - x2

+... + nan-1X~,

From this and the identity

the assertion follows immediately.
The third type

Xl = x~,

X2 = vx~ + x~

29

(3)

(with transformation determinant 8 = 1) admits similar observations as
type (2). After all, only the role of the variables is interchanged. Type
(3) transforms the form

to

where

which is easily seen by applying the identity
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to the general term. Furthermore, one has

da~ ( ')'dv = n - ~ ai+l'

An invariant of f now has to make the equation

hold identically in the a, v (and, later for covariants, the x). Differenti
ation with respect to v produces:

dI(a') = 0,
dv

or aI(a') dati aIr:) dai aI(a') da~_l aI(a') da~
0=--- +---+ ... +---- +---

8ati dv 8ai dv 8a~_1 8v 8a~ dv'

or, according to the above formula,

aI aI aI 8I
nal - + (n - 1) a2 - + (n - 2) a3 - + ... + an -- = 0,

8ao 8al 8a2 8an-l

where the primed letters have been replaced by the unprimed ones. We
introduce the symbol

8 8 8 8
~ = nal - + (n - 1) a2 - + (n - 2) a3 - + ... + an --,

8ao 8al 8a2 8an-l

and obtain the following:

Theorem Each invariant I of a form satisfies the differential equation

iYI= O. (VII)

Conversely, every polynomial function I, which satisfies the differential
equation iYI = 0, and which depends only on the a, is an invariant
with respect to (3).

Finally, for the covariant

where

xi = Xl,

x~ = VXl + X2,

we must also have

de (a') = 0,
dv
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AC (') ac (a') ,
.u. a - -8' Xl = 0;

X2
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( VIII)

so we obtain the following:

Theorem Each covariant of a form scdisfies the differential equation

8C
.6.C = Xl-'

8X2

And furthermore, we have:

Theorem Every polynomial function of the a and the x, which satisfies
the differential equation .6.C = Xl :~2 ' is a covariant with respect to the
transformation (3).

The examples again serve to verify these theorems: If

then one has

One can show equally easily that the form f itself satisfies the equation

8f
.6.f = Xl -8.

X2

We have now already penetrated very deeply into invariant theory, even
more so since we can now, at the conclusion of this section, formulate
the important theorem whose proof now poses no more difficulties what­
soever:

Theorem Every polynomial function of the coefficients ao, at, ... ,an
and the variables Xl, X2 that is homogeneous in the a as well as the
X and that possesses the properties derived in the present section is a
covariant.

The proof of this theorem is as follows. Let C be a co- or invariant that
satisfies the equations (II I), (IV), (VI), and (VII1). We transform the
base form f via the general linear transformation:

Xl = c¥llxi + C¥12X~,

X2 = C¥21Xi + C¥22X~,
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But we obtain the same result if, assuming C¥22 i- 0, we apply succes­
sively the transformations (i), (2), (3) with suitably chosen K, ,x, Il, v.
Thus we first introduce into C the aCl)' xCi) , as they are produced by
type (1); then

C(aCl); XCi») = KP,xPC(a; X),

and therefore (Lecture V):

C(aCl)j xCi)) = (C¥1lC¥22 - C¥12C¥21)P C(aj x).

Subsequently, we do the same with type (2), and then type (3). But with
both of these no new fac~ appears, and so it indeed follows that:

C(a~,a~, ... ,a~\ x~,x~) =O'PC(aO,al, ... ,an; Xl,X2)'

But if C¥22 = 0, then (Lecture V) one has to apply the transformation
(3'), which introduces the factor (-l)P. Nothing else can have changed,
since (3') is composed of (3), (2), (3), (1) for 8 = -1. But prior to
this, one has to apply a transformation which, according to the above,
introduces the factor (C¥12C¥2t}P. Therefore, after applying all the trans­
formations, one will obtain

C(a~, ai, ... , a~; xi, x~) = (-1)P(C¥12C¥21)PC(ao, al, .. ·, an; Xl> X2)

= (-C¥12C¥2t}PC(ao, al, ... ,an; Xl> X2)

= O'PC(ao, al,·· ., an; Xl, X2)'

This completes the proof of the theorem.
With the last theorem, we have gained a new definition of in- and

covariants. It enables us to recognize the invariant property of a given
function much more easily than is possible through computation-as
the simplest example of the invariant of a quadratic base form already
shows.

Lecture X (May 13, 1897)

1.5 The operation symbols D and .6.

The necessary and sufficient conditions for the invariants and covariants,
which we derived in the preceding section, can be reduced to a smaller
number. This is done using certain relations of the symbols D and .6.,
which we have to derive in this section. The symbols D, .6. obey the
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simplest laws of ordinary differentiation. As is immediately obvious, one
has the formulas: -

D(Al + A2) = D(A1 ) + D(A2);

D(A1A2) = A 1DA2 + A2D A 1;

D(const) = 0;

D(const . A) = const . DA;

.6.(A1 + A 2) = .6.Al + .6.A2;

.6.(A1A2) = A 1.6.A2 + A2.6.A1;

.6.(const) = 0;

.6.(const . A) = const . .6.A,

where A, Al' and A2 denote arbitrary functions.
We furthermore want to observe the effect of the operations D and

A on the degree and the weight of a function. Let

A ~Z VQ Vl V n= L...J VQ ••• V n ao al ... an

be a homogeneous, isobaric function of the a (the Z should not contain
the a, but need not be numbers). According to the preceding we only
need to consider

and

We obviously have

that is, the degree of a term is

1 + Vo + Vl + ... + Vi-l + Vi+! + ... + Vn + Vi - 1 = g,

and the weight is

Vl + 2V2 + ... + (i - l)(Vi-l + 1) + i(Vi - 1) + (i + l)Vi+l + ... + nVn

= Vl + 2V2 + ... + (i - l)Vi-l + iVi + (i + l)Vi+l + ...
+nvn + i -1- i

=p-l.

Likewise
n-l 8( VQ Vl V )

.6.(a~Qarl '''a~n) = L(n _ i)ai+l ao a~ '.' . ann
i=O a.
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Therefore, the degree of a term is

1 + VQ + V1 + ... + Vi-1 + Vi+! + ... + Vn + Vi - 1 = g,

and the weight is

V1 + 2V2 + ... + (i -1)Vi-1 + i(Vi -1) + (i + 1)(Vi+1 + 1) + ... + nVn

= V1 + 2V2 + ... + (i - 1)zii-1 + iVi + (i + 1)Vi+1 + ...
+nvn - i + i + 1

=p+1.

We therefore have the following:

Theorem The opemtio~ and .6., applied to a homogeneous, isobaric
function, leave the degree g in the ai unchanged; D lowers the weight
p by 1, that is, to p - 1; .6. mises it by 1, to p + 1. Homogeneity and
isobarity are, therefore, preserved by these opemtions.

After these preparations we prove the following:

Theorem If A is a homogeneous and isobaric function in the ai, of
degree g and weight p, then

(D.6. - .6.D)A = (ng - 2p)A. (1)

We prove this theorem in three steps:

1. If formula (I) is valid for two expressions A1 and A 2 which have
the same degree g and the same weight p, then it is also valid for the
sum A 1 + A 2 • From

(D.6. - .6.D)A1= (ng - 2p)A1,

(D.6. - .6.D)A2 = (ng - 2p)A2

it follows immediately by addition that

2. If the formula is valid for A 1 (degree = gl, weight = pt} and
..42 (degree = g2, weight = P2), then it is also valid for the product
A 1A2. The product is easily seen to be a homogeneous and isobaric
function of degree g = gl + g2 and weight p = P1 + P2. According to
our assumptions, we have now

(D.6. - .6.D)A1= (ng1 - 2p1)A1,

(D.6. - .6.D)A2 = (ng2 - 2p2)A2.
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Using the rules stated above one finds for the product:

(D4 - 4D)(AiA 2)

= D4(Ai A2) - 4D(AiA2)

= D{A14A2 + A24 At} - 4{AiDA2+ A2DAt}

= A iD4A2+ {4A2}{DAt} +A2D4Ai + {4At}{DA2}

- A 14DA2 - {DA2}{4At} - A 24DAi - {DAi }{4A2}

= Ai {D4A2 - 4DA2} + A2{D4Ai - 4DAt}

= (ng2 - 2p2)Ai A2+ (ngi - 2pi)A2Ai

= (n(gi + g2) - 2(Pi +P2))AiA 2;

therefore, indeed
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3. The formula is valid for A = const., since then it only says 0 = 0,
and for

because in this case '

D4ai =D(n - i)ai+i = (n - i)(i + l)ai,

4Dai = 4iai_i = i(n - i + l)ai'

Consequently,

(D4 - 4D)ai = (ni - i 2 + n - i-in + i 2 - i) ai

=(n-2i)ai'

Finally the general theorem follows directly from these three facts.
As an example, consider for n = 3

g = 2, P = 4.

Here we have
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hence

DA = aoaa + 2al . lOa2 + 3a2al = aoaa + 23ala2,

.6.DA = 3alaa + 2a2 . 23a2 + aa . 23al = 26alaa + 46a~,

.6.A = 3al . 0 + 2a2aa + aa . lOa2 = 12a2aa,

D.6.A = ao ·0 + 2al . 12~a + 3a2 . 12a2 = 24alaa + 36a~.

From this it follows that

(D.6. - .6.D)A= -2alaa -lOa~ = -2(alaa + 5a~)

=-2A,

as asserted. /
We shall need to deriv~ two general formulas from formula (I). Le

A be a homogeneous, isobaric function of degree 9 and weight p. The
DA is a homogeneous and isobaric function of degree 9 and weigh
p - 1, and generally, if we let

D 2 =DD, D a = DDD, ... ,

then D k A is a homogeneous isobaric function of degree 9 and weight
p - k. If we now apply the operation D to both sides of formula (I),
then we obtain

(D2 .6. - D.6.D)A = (ng - 2p)DA.

Application of formula (I) to DA, on the other hand, results in

(D.6.D - .6.D2)A = (ng - 2p + 2)DA.

Addition of both formulas gives (omitting the variable):

D 2.6. - .6.D2 = (2ng - 4p + 2)D,

or

D 2.6. - .6.D2 = 2(ng - 2p + l)D.

But if one applies the operation .6. to (1), then it follows that

(.6.D.6. - .6.2D)A = (ng - 2p).6.A;

and if one applies formula (I) to .6.A, then one obtains

(D.6.2 - .6.D.6.)A = (ng - 2p - 2).6.A,

and addition of these formulas results in
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Lecture XI (May 14, 1897)

The following two important formulas are valid in general:

This is easily proven by induction from k to k + 1. Namely, suppose
the formulas (II), (II1) are valid for k. We first apply the operation D
to (11), then formula (I) to Dk ; likewise, we first apply the operation
A to (II1), then formula (/) to A k. Then we obtain the followin
identities:

Dk+lA - DADk = k(ng - 2p + k -l)Dk,

DADk - ADk+1 = (ng - 2(p - k))Dk ,

ADAk - A k+1D = k(ng - 2p - k + l)A k ,

DAk+1 - ADAk = (ng - 2(p + k))Ak.

And if one adds the first two formulas on the one hand and the second
two on the other hand, then one obtains the formulas (II) and (II I)
for k + 1. But since they are valid for k = 2, they are valid in general.
For k = 1, they both turn into formula (I), provided one defines

DOA=AOA=A.

We shall assume that the formulas we derived are always being applied
to a homogeneous, isobaric expression.

1.6 The smallest system of conditions for the determination
of the invariants and covariants

Using the relations derived in the previous section, we can now substan­
tially simplify the necessary and sufficient conditions of Section 1.4 for
in- and covariants. We first show this for the invariants.

Let A be a homogeneous isobaric function of the ai of degree 9 and
weight p, where ng = 2p. Suppose further that A satisfies the differen­
tial equation DA = O. Then we want to show that A also satisfies the
differential equation AA = 0, and hence is an invariant.
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We form the sequence of expressions:

A .6.A .6.2A .6.3 A .6.k - l A .6.kA
degree 9 9 9 9 9 9

weight p p+I p+2 p+3 p+k-I p+k

But, since .6.k A has degree 9 - for all k, the weight cannot take on
arbitrary values; therefore, from some .6.i on, all have to be identically
zero. Let this be .6.k A = 0, while .6.k - l A f:- o. But, according to formula
(II I) in the preceding section, we have

D.6. k A - 9A = k(-k + I).6.k - 1A.

Therefore, we must have (

k(k - I).6. k - l A = o.
Here it can neither happen that .6.k - l A = 0 (because of our assump­
tion), nor that k = 0, because then A would be identically zero, and so
it follows that

k = 1,

that is,

.6.A = 0,

and our assertion is proven. Herewith, we have the following:

Theorem Every homogeneous isobaric function I of the coefficients
ao, al,···, an, of degree 9 and weight p, where ng = 2p, is an invarian
if it satisfies the differential equation DI = O.

This theorem already enables us to construct as many invariants as
we wish. We give some examples.

1. n = 1; f = aOXl + alX2·

Here an invariant must have the form:

I "Z VOVI= L...J VOVI ao a l ,

so it follows that

Vo + Vi = g, Vi =p,

that is,

Vi = Vo·
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Thus, up to a constant, one has

I = (aoad' ,

or, more simply,

I = aOal.

But this is not an invariant, since the differential equation

a~ =DI=O

is not satisfied. Therefore, "a linear form has no invariants," which can
be seen directly as well.

2. n = 2; f = aox~ + 2alXlX2 + a2x~.

(a) From 9 = 1 it follows that p = 1; so one would have

and this is not an invariant, since the differential equation is not satisfied.
Consequently, a second order form does not have an invariant of degree
one.

(b) From 9 = 2 follows p = 2. So one must have

I = ZaOa2 + Z'a~.

In order for the differential equation DI = 0 to be satisfied

DI = aoZ'2al + 2al Zao = 0,

or

2aOal(Z + Z') = 0,

thus

Z'=-Z

must hold. Therefore, pne has the following:

Theorem A quadratic form has only one invariant ofdegree two, namely

2aOa2 - a 1 .

We always omit constant factors, which can of course be added at any
time.

3. n = 4, 9 = 2 results in p = 4. We then set

I2 = ZaOa4 + Z'ala3 + Z"a2.
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Since we have

it follows that

The elements of invariant theory

Daoa4 = 4aOa3,

Dala3 = aOa3 + 3ala2,

Da~ = 4ala2,

or

(4Z + Z')ao~ (3Z' + 4Z")ala2 = o.
This equation has to be identically satisfied, so it follows that

and hence

Z' = -4Z, 4Z" = -3Z' = 12Z,

Z" = 3Z.

Hence there is only one quadratic invariant of the biquadratic form,
which is

I 2 = aOa4 - 4ala3 + 3a~.

The equation AI = 0 is satisfied since

AI2 = 4ala4 - 3a2 . 4a3 + 2(1,3 . 6a2 - a4 ·4al = O.

Lecture XII (May 17, 1897)

4. n = 4, 9 = 3 results in p = 6. Thus, we set

I Z Z ' 2 ·Z" 2 Z'" ZIV 33 = aOa2a4 + aOa3 + a1a4 + ala2a3 + a2 ,

and it only remains to satisfy the differential equation DI = O. We
obtain:

DI3 = ao{2Z"ala4 + Z"'a2a3} + 2al {Zaoa4 + Z"'ala3 + 3ZIVan

+3a2{2Z'aoa3 + Z"'ala2} + 4a3{Zaoa2 + Z"an

=0.

Thus we must have

2Z" + 2Z = 0,

Z'" + 6Z' + 4Z = 0,

2Z'" + 4Z" = 0,

6ZIV + 3Z'" = 0,
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from which we get

z'=-z, z" = -Z, z'" = 2Z, ZIV = -Z.

Hence, there is only one invariant of degree three of a biquadratic form,
which is

I 3 = aOa2a4 - aoa~ - a~a4 + 2al a2a3 - a~.

The differential equation AI3 = 0 is automatically satisfied.
Likewise, we must now reduce the number of conditions for a covariant

of a form to be as small as possible. As before, let

C C m (m)c m-l (m)c m-2 2 C m= OXI + 1 lXl X2 + 2 2X l x2 + ... + m X2;

this expression C is a covariant of the form f(n) if and only if the follow­
ing conditions are satisfied: Co, C1, ... ,Cm are homogeneous functions
of equal degree g, as well as isobaric expressions of weight p, p +1, P+
2, ... ,p +m, respectively, where ng - m = 2p must hold, and, further­
more, the differential equations

ac
DC=x2 -a '

Xl

are identically satisfied.
Each of these two differential equations can be replaced by m + 1

others. The first one is obviously equivalent to the following:

DC m (m)DC m-l (m)DC m-i i DC mOXI + 1 lX l X2 + ... + i iXl x2 + ... + m X2

C m-l + ( m)c ( . 1) m-i i= m oX l X2 ... + i-I i-I m - Z + Xl X2 + ...

+ (7)Cm -lxr.

Since this equation has to be identically satisfied, each of the followin
m + 1 differential equations has to hold:

DCo = 0,

DCI = Co,

DC2 = 201 ,

DC mCm 1.
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We treat the second differential equation in the same way. Then we
obtain -

~CoX~ + (7)~ClX~-lX2 + ... + (7)~CiX~-iX~ + ... + aCmxr

( m)C m 2(m)C m-l (' 1)( m)O m-i i= 1 lXl + 2 2Xl - X2 + ... + t + i + 1 i+lxl x2

O m-l+ ... +m mX2 Xl,

and, consequently, the following differential equations must hold individ­
ually, from which we can jedUce in turn the validity of the differential
equation ~C = Xl 88C :

X2

~CO = mCl,

~Cl = (m - 1)C2 ,

~Cm-l = Cm,

~Cm = O.

The first· m of these differential equations are of particular impor­
tance; they imply the following m equivalent ones, which in turn can
replace them:

1
Cl = -~CO,

m

1 .
C i = ~·Co,

m(m-1) .. ·(m-i+1)

Cm = 1 ~mco.
m(m-1) .. ·2·1

We have herewith shown that the covariant is completely determined b
its first term. For this reason, S Ivester has called the first coefficient
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Co the source of the covariant. This source has to satisfy the differential
equation

DCo = o.
But, as we will show promptly, with these m + 1 differential equations,
all the others are automatically satisfied, a fact that we want to record
as the following theorem.

Lecture XIII (May 18, 1897)

Theorem The expression

C e m (m)c m-l (m)c m-2 2 C m= OXI + 1 IXI X2 + 2 2X I X 2 + ... + m X 2

is a covariant of the form f(n) (XI, X2) if and only if Co is a homo­
geneous isobaric function in the a, of degree g and weight p, such that
m = ng - 2p, which satisfies the differential equation

DCo = 0,

and if, furthermore, the CI, C2 , .•• ,Cm are derived from Co via the
formulas

1 2
C2 = m(m -1)~ Co,

1 .
Ci = ( . ~tco,

m m - 1) .. · (m - z+ 1)

These conditions are not only necessary but also sufficient. The hy­
potheses of homogeneity and isobarity are satisfied for all C (Lecture
X). It therefore only remains to show that the differential equations
DCI = Co, ... ,DCm = m Cm-I, ~Cm = 0 are also satisfied. Indeed,
according to Section 1.5, equation (Ill), we have

D~kCo - ~kDCo = k(ng - 2p - k + l)~k-ICOj
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hence, ~ording to our assumptions,

DCkm(m-1)··· (m-k+1) = k(m-k+1)Ck_1 m(m-1) ... (m-k+2),

that is,

Finally, it remains to prove that tJ..Cm = 0, or that

The sequence

has to stop somewhere, because the weight cannot become arbitrarily
large; say tJ..k-1CO i= 0, tJ..kCo = O. Then (Section 1.5, equation (III))

DtJ..kCo - tJ..kDCo = k(m - k + 1)tJ..k-1Co,

and therefore

k(m-k+1)=0.

Then, since k = 0 is not possible, it follows that

k=m+1.

Thus, we have indeed

This completes the proof of our theorem.

This theorem gives us again the ability to construct as many covariants
as we wish. We demonstrate this through some examples.

1. The base form itself. Let

Indeed, Co = ao is of degree 9 = 1, homogeneous, and isobaric of weight
p = 0, so that n = n . 1 - 2 . 0, and satisfies the differential equation

DCo =Dao =0.
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Furthermore,

1 2 1
a2= ~ao= (n-l)na2,

n(n-l) n(n-l)

2. n = 3. From 9 = 2, p = 2, it follows that m = 2. We set

Co = ZaOa2 + Z'a~;

then from the above we have

from which we find that

1 1
C1 = "2~Co = "2 (3a1a2 + 2a2(- 2a1) + a3ao)

1
= "2(aoa3 - a1a2),

1 2 1 2
C2 ="2~ Co = "2(3a1a3 - 2a2 - a1 a3)

Hence, there is only one covariant of a cubic form of degree 2 and weight
2, which is

3. n = 3; 9 = 3, p = 3, and hence m = 3. We set

Co = Za~a3 + Z'aOa1a2 + Z"a~,

and
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must hold, that is,
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Z' +3Z=0,

3Z" + 2Z' = 0,

Therefore, we have

Z'=-3Z,

Z" = -~Z' = 2Z.

from which it follows that

~Co = 3(aOala3 + a~a2 - 2aoa~),

~2CO = 6(2a~a3 - ala~ - aoa2a3),

~3CO = 6(3ala2a3 - 2a~ - aoa~).

Consequently, there is only one covariant of a cubic form of degree 3 and
weight 3, which is

C = (a~a3 - 3aOala2 + 2a~)x~ + 3(aoala3 + a~a2 - 2aoa~)x~x2

- 3(aoa2a3 - 2a~a3 + ala~)xlx~ - (aoa~ - 3ala2a3 + 2a~)x~.

It is also easily seen that the condition ~m+1Co = 0, a consequence 0

our initial assumptions, is also satisfied.
We add some remarks to the first sections. We could have formulated

the definition of invariants with somewhat greater generality from the
beginning, without changing or generalizing the concept.

Definition An invariant of a form f is a polynomial function of the
coefficients ao, ai, ... ,an that, under substitution of the tmnsformed co­
efficients a~ for the ai, is tmnsformed into a function of the a~ which
contains the original one as a factor.

That is, we require that

where 41(a) is a polynomial function of the matrix entries a which does
not depend on the a anymore, since otherwise, 41· I(a) would contain
higher powers of the ai than I(a'). But then 41(a) has to be a power
of the substitution determinant. Because from

Xl = auxi + a12x~,

X2 = a21xi + a22x~
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it follows that

, 1 ( )"
X2 ="6 -a2IX I +allX 2 = a2lx I + a22 x 2·

Now, we start with the transformed form l' and transform it via these
formulas. Then we must recover the original form f. Hence, we get

I(ao, all ... , an) = 1/J(a') .I(a~, a~, . .. , a~)

= 1/J(a') . ¢(a) . I(ao, all ... , an),

and therefore

1/J(a') . ¢(a) = 1.

But

0"( ') _ x(a)
'¥ a - ON '

where x(a) is a polynomial function of the a. Thus, it follows that

x(a)· ¢(a) = ON.

But, since 0 is an irreducible function of the a, both ¢ and X must be
powers of 0, up to a constant factor; therefore

On the other hand, if we apply the identity transformation

Xl =X~,

X2 =X~,

then we obtain

whence c = 1, and we recover the original definition of invariants:

Lecture XIV (May 20, 1897)

Theorem The invariants of a form of odd order must have even de­
gree g.
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To see this, observe that ng - 2p = 0; therefore at least one of th
integers n or g has to be even, since otherwise the weight would not
be an frite~er, which is impossible according to the definition p = VI +
2V2 + 0.0. .

An essential distinction occurs according to whether p is even or odd.
In the case of odd p one uses t4e terms skew in- and covariants; in the
case of p even, one talks of even in- and covariants. Skew invariants are
very special; the first one appears for the form of order five.

The transformation

switches the coefficients a 0We obtain

a' = an,0

a' = an-I,1

a~ = an-2,

a~ = aoo

If I is an invariant, then the equation

must always be identically satisfied. Likewise, a covariant must always
satisfy the equation:

Since this equation has to be identically satisfied, it provides us with a
tool to express one half of the coefficients Co, C l , 0 0 • ,Cn in terms of the
other half. Namely, if one compares the coefficients of XiX~-i, then one
has

This makes clear the importance of the distinction of whether the weight
p is even or odd. Because, from the above, we have the following:

Theorem If one permutes the coefficients ao, aI, 0.0' an to an, an-I,
o 0 • , ao, then an even invariant remains unchanged, whereas an odd one
changes only its sign. Furthermore, the covariant coefficient C' is
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changed to Cm - i for an even covariant, and to -Cm - i for a skew co­
variant.

The examples considered above affirm this theorem.

I.7 The number of invariants of degree 9

One of the main questions in the theory of invariants concerns the com­
plete system of all invariants. Here, we first want to embark on the
computation of the number of all invariants of a given degree 9 and
given weight p, which also determines the order of the base form, and
we want to call this number wn(g,p), or simply w(g,p) or w when
no ambiguity can arise. But this number only accounts for the linearly
independent ones: Because if II, I 2 are two such invariants, then

is also an invariant of degree 9 and weight Pi but we will not count
these, only those that cannot be expressed as a linear combination of
the others.

We can right away make a conjecture about the number in question.
In order to obtain invariants of degree 9 and weight p, we need to set

where
Vo + VI + + V n = g,

VI + 2V2 + + nVn = p.

Here we are given n, g, and p, and from these we have to determine
all possible systems of nonnegative integers Vo, VI, ••. , Vn . This number,
that is, the number of terms of degree 9 and weight p, is in any case
finite, call it wn(g,p). Hence, there are wn(g,p) coefficients Z in I.
Furthermore, I must satisfy the differential equation DI = 0, that is,

DI = L ZDa~o a~l ... a~n = o.

The coefficient of each term must vanish, and since there are W n (g, p -1)
such terms-the terms are of degree 9 and weight p - I-one obtains
wn(g,p - 1) linear equations for the wn(g,p) quantities Z. One can
therefore arbitrarily choose {wn(g,p) - wn(g,p - I)} of them, and all
the others are then uniquely determined. If we now arbitrarily choose
{wn(g,p) - wn(g,p - I)} systems of values for the first {wn(g,p) ­
wn(g,p - I)} quantities Z, but such that there are no linear relations
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between them, then it is easily seen that every other arbitrary system
of values for the first {wn(g,p) - wn(g,p - I)} quantities Z can be
expressed as a linear combination of the ones already chosen; because
for {wn~5'p) - wn(g,p - I)} unknown coefficients we obtain the same
number 0 uations. We therefore have reason to conjecture that there
are a total 0 .

wn(g,p) = wn(g,p) - wn(g,p - 1)

linearly independent invariants.

Lecture XV (May 21, 1897)

This argument, however, makes use of hypotheses that are not at all self­
evident. Firstly, there is the question of whether every invariant must
contain all terms of degree 9 and weight p and, secondly, we cannot
know whether the wn(g,p - 1) equations for the Z are really linearly
independent. It is therefore necessary to give a rigorous proof for our
theorem, which we want to formulate as follows.

Theorem The number of invariants of degree 9 and weight p is

wn(g,p) = wn(g,p) - wn(g,p - 1) (I)

for a form of order n = 7. Here, wn(g,p) is the number of terms of
degree 9 and weight p.

Namely, let

W(g,p)=w+h

be the number of terms of degree 9 and weight p. Here h ~ 0, be­
cause otherwise every term of degree 9 and weight p could be expressed
linearly in terms of the first W of the w invariants, hence also all sub­
sequent ones. Furthermore, for each term of a polynomial function, we
call the number

e = ng - 2p

the excess of the term. Then all the terms of an invariant of a form of
order n have excess e = o. Our invariants

have therefore all excess e = o. We now list all terms of excess e = 2,
say
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and it is clear that the K should be of degree g, and

k = wn(g,p - 1).

It therefore remains to show that

k = h.

We will do this by showing that neither k > h nor k < h is possible.

1. If k > h, then one could conclude the following:
We form

51

:Ll,:L2, ... ,:Lw;~Kl,~K2,... ,~Kk·

These are all terms of degree 9 and weight p. Their number is w + k >
w+h = wn(g,p); therefore, there must exist at least one relation betwee
them:

If we set

c1K1 + C2K2 + + CkKk = K,

d1:L1+ d2:L2 + + dw:Lw = -:L,

then we must have

~K =:L,

where :L is an invariant. But this is impossible, which can be seen as
follows. The sequence

K,DK,D2K, ... ,DI- 1K, DIK, ...

has to terminate, say at DI-1K f:. O. Now we have

(Dl~ - ~DI)K = l(ng - 2p+ l + 1)DI - 1K.

Certainly, l f:. 0, otherwise K would be 0, which is not possible since
the K i all have distinct terms. Therefore D l~K = DI:L = 0, and it now
follows that

l = -1,

which is impossible. Hence, the assumption that k > h cannot be cor­
rect.

2. k < h cannot hold either. Because if we attempt to list all possible
invariants, then we obtain k' linearly independent equations for the
w + h unknown uantities Z where k' < k < h. Then there would be
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w + h - k' linearly independent invariants, which is more than w, so we
obtain a contradiction to our assumption.

Therefore, k = h, and our theorem is proven.

Our pr~ous examples can be used for verification. We saw (Sec­
tion 1.6) tha~ there is only one invariant for n = 4, 9 = 2, p = 4, and if
we list all the terms for 9 = 2, p = 4 as well as those for 9 = 2, p = 3,
then we obtain

hence

aOa4, ala3, a~

aOa3, ala2

w4(2, 4) = 3;

w4(2,3) = 2;

Likewise, for n = 4, 9 = 3, p = 6 one has

9 = 3, p = 6:

9 = 3, p-1 = 5:

hence

aOa2a4, aoa~, ala2a3, a~, a~a4

aoala4, aoa2a3, a~a3, ala~

w4(3,6) = 5;

w4(3,5) = 4;

The formula we have proved is of fundamental importance. One sees,
however, that it would be very difficult and tedious to derive the number
of invariants in each individual case with its help. We can, however,
easily derive from it a much simpler formula for w, which then makes
the calculation of w very easy.

Lecture XVI (May 31, 1897)

The number wn(g,p) admits the following representation:

[
1 ]wn(g,p) = .

(1 - y)(l - xy)(l- x 2y) ... (1 - xny) x P y 9

(1)

This notation means that if one expresses the function (l-Y)"'CI-xny)

in terms of powers of x and y, then the coefficient of XPy9 is equal to
W n (g, p). This is because

1 2 2 2
(l-y)(l-xy) ... (l-xny) =(l+y+y +···)(l+xy+x y + ...)

x (1 + x 2y + x4 y2 + ...) ... (1 + xny + x2n y2 + ...),
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so that the general term is:

53

(2)

The coefficient of the term xPyg will be such that p can be expressed in
the form VI + 2V2 + + nVn and, simultaneously, 9 can be expressed
in the form Vo + VI + + Vn , and hence will be equal to W n (g, p), as
asserted.

Formula (1) can always be written in such a way that it contains only
one variable. If we expand the fraction in question in terms of powers of
y, then we get

1 2 3

(1 )(1 ) (1 n) = 1+ ClY + C 2y + C3Y + ... ,
-Y -xy··· -xv

where the Ci are functions of the x only. Furthermore,

1
(1 - y) (1 _ y)(1 - xV) ... (1 - xny)

= l_xn +l y .
(1- xy)(l- x2y) ... (1 - xny)(1 - xn+ly) ,

hence

If we determine the coefficient of yg on both sides, then we get

Cg - Cg- I = cgXg - cg_IXg+n;

hence
1- xn+g

Cg = Cg - I .
1 - xg

Successive application of this formula for 9, g-l, ... ,2, 1 and subsequent
multiplication of all formulas results in:

(1 - xn+g)(1 - xn+g- l ) . .. (1 - xn+2)(1 _ xn+l)
~= .(1 - x g )(1 - x g - l ) .•. (1 - x 2 )(1 - x)

The coefficient of xP in this expansion is again wn(g,p), that is,

(
(1 - xn+l )(1 - xn+2) . .. (1 - xn+g))

wn(g,p) = .
(1 -x)(1 - x2). ··(1 -xg) x P

So, if we set

(1 - xn+l)(1 - xn+2) (1 - xn+g)
. (1- x)(l- x2) (1- xg) = Co+CIX+C2X2 + .. ·+cpxP+ ... ,
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then

and the,e

But we also have
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Cp = wn(g,p)

Wn(g,p) = Cp - Cp-l·

(II)

(1 - xn+l)(1 - xn+2) (1 - xn+9)
(1 - x) (1 _ x)(1 _ x2) (1 - x9)

(1 - x)(CO + CIX + + cpxP + ...)
eo + X(CI - eo) + + xP(cp - Cp-l) + ... ,

so wn(g,p) is again the coefficient of xP in this last expansion. And so
we have the important and easily usable formula:

{
(I - xn+1)(1 - xn+2) (1 - xn+9) }

wn(g,p) = (1- x2)(1 - x3) (1 - x9) x
P

'

We immediately use this formula to derive the "full invariant systems"
for forms of order two, three, four, that is, to list all possible invariants
from which all others can be derived as polynomial expressions, but such
that none of them is a polynomial function of the others.

1. n = 2. Here p = g. We therefore have

or

{
(I - xg+1 )(1 - x9+2

) }
W2(g,g) = ·1 2 .-x x 9

But if one expands 1_lx2 ' and then multiplies by the numerator, the
all terms of the numerator except 1 result in summands of degree highe
than g, and so can be omitted. Therefore,

W2(g,g) = C~ x2) x
9

'

so

W2(g,g) = 0

W2(g, g) = 1

if 9 is odd,

if 9 is even.
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Thus, there are no invariants of odd degree. There is one invariant 0

degree two, namely,

from which it follows that IT is also an invariant, and is of even degree.
But since there is only one invariant of-degree 2r, we have the following
result.

Theorem There is only one invariant of a quadratic form, namely,
I = aOa2 - a~.

Note that we omit those invariants that are polynomial functions of I.

Lecture XVII (June 1, 1897)

2. n = 3. Then p = ¥. We have

or, since we can omit a number of terms,

w ( 39 ) = { 1 - X
9+

1
- x 9+

2
- x 9+

3
}

9, 2 (1 - x 2 ) (1 - x3 ) x¥

since it is clearly irrelevant whether we determine the coefficient of xHk

in xiP(x) or the coefficient of xk in P(x). Likewise, it is irrelevant
whether we determine the coefficient of xk in P(x) or that of x2k in
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P(x2 ). Therefore, we further have:

w (g, 3:) = {(I _X4)\1 _ X6)} x
3g

- {(I -X2~;1 - X4)}x
g

~~1 - X'>,(1 - X6)}",.

+ {I ~ x4 Lg -C1 - X 2)\1- x4 ) Lg
= {I ~ x4 Lg + C1 - X4)\1 - x6) - (1 - x6)~1 - x 12 ) L3
= { 1 ~ x4 Lg + C~ ~ ::)71x~ :1;) L39 .

Calculation shows that the second part contains only terms of the form
x 4m+3n , where m = 1 or 2, hence none of the form X39 , and so does
not contribute anything. And thus it follows that

From this it follows readily that there are no invariants if 9 is not di­
visible by 4, one invariant if 9 is divisible by 4. One therefore has the
following:

Theorem A cubic form has only one invariant, namely,

I = a~ a~ - 3 a~ a~ + 4a~ a3 + 4ao a~ - 6ao a1 a2 a3,

the so-called discriminant of the cubic form.

3. n = 4. Hence p = 2g. We have

_ { (1 - X9+1) (1 - x9+2) (1 - x9+3) (1 - x9+4) }
w(g,2g)- (1-x2)(1-x3)(1-x4) x

2g

= {I -x9+1 - x9+2 - x9+3 _ x9+4 }
(1-x2)(1-x3)(1-x4) x 2g •

The following calculation is also based on the same principles as in the
previous case. One has:

w(g,2g)
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w(g,2g)

1. 7 The number of invariants of degree 9 5

= { (1 - x 2) (1 ~ x 3) (1 - x 4) } X 29 - { (1 - x) (1 _xx2) (1 - x 3) } X9

= C1 - x 2) (1 ~ x 3) (1 - x 4)L2 9 - C1 - x 2)(1 :2X4 )(1 - x 6)L2 9

- C1 - x2~ ~~~~;1 - x 6) L29

= C1 - x2)(~ =::) (1 - x 6)L2 9 + 0

= { (1 - X4 )\1 - x 6 ) } X 2 9 '

or, finally,

Lecture XVIII (June 3, 1897)

Calculation gives

hence there are as many independent invariants of degree 9 as there are
positive integer solutions of the equation

2k + 3l = g.

Hence, for 9 = 2 there is one invariant, just as for 9 = 3, and these are
(cf. Section 1.6):

I 2 = aOa4 - 4ala3 + 3a~,

I 3 = aOa2a4 - aoa~ - a~a4 + 2ala2a3 - a~.

But then
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is also an invariant; that is, one can form as many invariants of degr
9 from I 2 and I 3 as there are nonnegative integer solutions of the
equation

2k + 31 = g.

Furthermore, ~se are all linearly independent. Because, if there existed
a linear relation \

between them, then it would have to be valid identically for all a; and
so, for instance, for al = 0, a2 = o. Thus, we would also have

identically. But all k, as well as all l, are distinct, since every k deter­
mines the corresponding l and vice versa. Thus, all the terms in the sum
are distinct, which shows that such a relation is not possible. From this
follows immediately the theorem:

Theorem The full invariant system of a binary form of order four is
formed by the two invariants I 2 , I 3 .

It would lead too far to carry out a general analysis of more cases,
especially since the calculation becomes increasingly difficult. The form
of order five is of particular interest, because it is here that the first
skew invariant appears. Sylvester has studied this case extensively. We
mention the results of interest to us. For n = 5 we have

w (g, 5:) = {(I _x4)(1 _X1S)(:: x12) (1 _XIS) } X9

= {(I + x 4 + X
S + ) (1 + X

S + x I6 + )

(1 + x I2 + x 24 + ) (1 + xIS + x36 + )(1 - x 36 )} X9 •

There are no invariants of odd degree. The invariant of lowest degree
is the one of degree four. If one counts how many linearly independent
invariants of degree 9 can be formed from those of lower degrees and,
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on the other hand, how many our last formula predicts, then one finds
the following:

g=4 1 inv. 1 inv. I 4 deg.g =4 weight p = 10

g=8 2 inv. 1 new inv. Is " g=8 " p= 20

9 = 12 3 inv. 1 new inv. I 12 " 9 = 12 " p= 30

9 = 16 3 inv.

9 = 18 1 inv. 1 new inv. I iS " 9 = 18 " p= 45.

For 9 = 36, one finds furthermore that one can construct one more
invariant from I4, Is, I 12 , I iS than the formula for 9 = 36 predicts.
Hence there must exist a linear relation between them. Thus, there must
exist a relation between I4, Is, I 12 , I iS , a so-called syzygy, which is 0

degree 36 in the a. Aside from this relation, there are no more special
phenomena to observe.

Theorem The full invariant system of the form of order five is given b
the four invariants I 4, Is, I 12 , I iS , between which there exists a syzygy
of degree 36.

Sylvester has calculated these invariants and the syzygy and found
that, if one expresses the invariants in a form which has a minimal
number of terms, then these numbers are as follows:

I4 12 terms

Is 59 terms

I 12 228 terms

I iS 848 terms

The latter have, for the most part, very large coefficients (listed in Faa
di Bruno (1876) and Walter (1881)).

For n = 6 we obtain results similar to n = 5.
We end this section with a general theorem discovered by Hermite,

the so-called Reciprocity Law. We found (Lecture XII) that the number
of terms of degree 9 and weight p = ¥- has to be

(
ng) _ {(I - xn+i

) (1 - xn+2) (1 - xn+3
) ••• (1 - xn+9 )}

W
n g, 2" - (1 - x)(1 - x 2 ) ... (1 - x9 ) x¥ '

which we can also write as

(
ng) _ {(I - xg+ i

) (1 - x 9+2) (1 - x9+n)} (3)
Wn g, 2 - (1 - x)(1 - x 2 ) (1 - xn) x¥ '
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regardless of whether 9 ~ n or not. If we interchange nand g, then the
number of terms of degree n and weight ¥ is, according to the first
formula,

(
ng) _ {(1 - xg+1

) (1 - xg+2)· .. (1 - x g+n)}
wg n - -

, 2 (1 - x) (1 - x 2 ) • •• (1 - xn) x¥ .

.~

and, since

We therefore have that

W n (g, n;) =wg (n, n;),

W n (g, n;) =Wn (g, n;) -Wn (g, n; -1),
it follows that

(4)

(III)Wn (g, n;) = wg (n, n;) .

This is the Reciprocity Law.

Reciprocity Law of Hermite The number of invariants of a base form
of order n and degree 9 is equal to the number of invariants of a base
form of order 9 and degree n.

In particular, we have the following.

Theorem A linear form has no invariants; likewise, there is no base
form with an invariant that is linear in the coefficients. A base form of
even order has a quadmtic invariant; a form of odd order does not. A
form of order n has a cubic invariant if and only if n is divisible by
four. And so forth.

One can formulate the reciprocity law also in a different, number­
theoretic form. Namely, wn(g,p) is equal to the number of representa­
tions of p as a sum of 9 integers from the sequence 0, 1,2, ... , n. This
can be seen as follows. A term

of degree 9 and weight p determines such a representation of p, namely,

(0 + 0 + ... + 0) + (1 + 1 + ... + 1) + ... + (n + n + ... + n) = p,, , , " ,v ..... 'V'

110 times lit times lin times

where the number of summands is g. Conversely, given such an arbi­
trary representation, one can immediately form a term of degree 9 and
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weight p. If we fix the way one is derived from the other, then the
relationship is a one-to-one correspondence, which proves the assertion.

Since we have in general, for arbitrary p,

this implies the following:

Wn(g,p) = wg(n,p), (4')

Theorem Any integer p can be written as a sum of n numbers from
the sequence 0, 1, 2, ... , g in as many ways as it can be written as a
sum of g numbers from the sequence 0, 1, 2, ... , n.

The counting method of Sylvester, which we have described in this
section and which can be adapted to the case of covariants, is apparently
a very clever and often convenient method, but we can nevertheless not
be satisfied with merely knowing the number of invariants, as it is even
more important to also know about the in- and covariants themselves,
and about the relations between them. The Sylvester counting method
does not produce general results of fundamental importance.

We therefore need to search for new methods. In the following section
we want to show that every in- and covariant of a form can be expressed
as a polynomial function of the in- and covariants of degrees two and
three-aside from the base form itself. * Therefore, their determination
will occupy us at the beginning of the following section.

Lecture XIX (June 4, 1897)

1.8 The invariants and covariants of degrees two and three

Ifone considers the problem of determining all possible in- and covariants
of low degrees, one sees easily that for degree g = 1 there is only one
covariant, namely, the form f itself. This is because Co = ap satisfies
the differential equation DCo = 0 only if ap = ao.

We therefore move on immediately to the determination of the covari­
ants of degree two. A covariant is completely determined by its source,
so we restrict ourselves to determining those. There are no covariants 0

degree two with odd weight, which we will not prove. If the weight is an
even number,

p=21l",

* That is, as a quotient of a polynomial in the numerator and a power of the base. .
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then there is exactly one covariant associated to each p between 2 an
n, respectively n - 1, namely, the so-called pth tmnsvection of the for
f over itself, which we will not prove either. This covariant is

fp = {aoap - (i)alap-l + (;)a2ap-2 - ...

+(-l)1r-l(1l"·~l)a1r- l a1r+l

\ ( 1)1r 1 (p) 2} 2n-2p) + - '2 1l" a1r Xl + ....

The covariant property of this function can be proved using the principles
of Section 1.6. The coefficient Co of x~n-2p is a homogeneous isobaric
function of degree two and weight p, and the order m = 2n - 2p of the
covariant satisfies the condition m = ng - 2p. FUrthermore, Co satisfies
the differential equation DCo = 0, which can perhaps most easily be
seen by putting Co in the form

Co =~ {(_l)i aiap-i (~) } + (-lr ~ (~)a;,
and then applying the operator D to the summands. One can then de­
duce the property DCo = 0 easily by rewriting the resulting expressions
appropriately (separation of one term from the sum, interchanging i and
i-I, etc.). This proves the covariant property.

Therefore, there is one covariant of degree two for each even weight
from p = 2 to P = n, respectively n - 1. If the base form has even order,
then there is an invariant of degree 2 for p = n, and only one according
to the Reciprocity Law. For p = 2, 4, 6, ... , the coefficients of x~n-2p

are

c (h) aOa2 - a~ = C2,

C (f4) aOa4 - 4ala3 + 3a~ = C4,

C(f6) aOa6 - 6alaS + 15a2a4 - lOa~ = C6,

If one considers the forms of order two, four, six, ... , respectively, then
these are the quadratic invariants of the forms of order two, four, six,
... , respectively.

Regarding the covariants of degree three, they all have odd weight

p = 21l" + 1
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and are those which occur in the following expression, where p = 3, 5,7,
... , n, respectively n - 1:

(p - 1)(p - 2) (p - 1) 1 ]- (p - 6)a3ap_3 + ... + (-1)'" -a...a...+1
1·2·3 1r-1 1r

Homogeneity and isobarity of the source cp are apparent; the condition
m = ng - 2p is satisfied as well. That Dcp = 0 can be seen most easily
as follows. If one sets

(p- 1) ... 1 (p - 1) 2A = aOap-l - 1 alap-2 + ... + (-1) 2 1r a... ,

then we have from above that

DA=O,

since p - 1 is even, and, furthermore, one sees easily that

1
aoap - (p - 2)alap_l + ... = AA.

n-p+1

Therefore
ao

cp = AA - 2a1A,
n-p+1

from which it follows that
ao

Dcp·= DAA - 2a1DA - 2Aao
n-p+1

1
= {ao(DAA - 2(n - p + 1)A)}.

n-p+1

Since (Section 1.5)

(DA - AD)A = (2n - 2(p - 1) A,
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it follows that

so that, indeed,

'he elements of invariant theory

DAA=2(n-p+1)A,

Dcp = o.

For p = 3 one obtains, for example,

C3 = ao[aoa3 - ala2] - 2adaoa2 - a~]

= a~a3 - 3aoala2 + 2a~.

If we now jd the covariants f· fp, where fp runs through the covariants
of degree t 0 for even p, to the covariants f p of degree three for odd p,
then we ha e the complete in- and covariant system of degree three. 0
course, we again omit the proof that there are no others.

Lecture XX (June 4, 1897)

The covariants fp are of great importance, even more so since we have
the following:

Theorem Every covariant of the base form f can be expressed as a
polynomial function of the covariants

up to a power of the base form itself, appearing in the denominator. We
obtain the representation if we substitute

ao =f,

al =0

in the source of the covariant, and if for the remaining coefficients

we substitute

ap = 7- {fp - (;)a2ap- 2 + ...

+(_I)" (1T ~ 1) a,,-la,,+l + (_1)"+1~ (:) a; } ,
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.if p = 21r is even, or

ap= ~~ +7[_(P~1)~(p-4)a2ap-2+'"

+(_1)~+1(~= ~) ~a~a~+l]'

if p = 21r + 1 is odd.

That is, if C is a covariant of the form f, then one can write

C = G(h, 12, 13,·· . ,fn,)
fN '

where G is a polynomial function of its arguments.
We proceed to the proof of the theorem. Let

C = Coxr + .,.

be the covariant, so Co = Co(ao, all .. . , an) is its source, which therefore
satisfies the usual conditions. We now substitute into Co the sources of
the n - 1 covariants

12,13, .", fn

for

that is, the quantities

This can easily be done since one sees immediately from the formulas
for Cp that

1
ap = p g(ao, al,.·. ,ap-l; Cp),

ao

where p is either 1 or 2 and g is a polynomial function. One will therefore
simply express an through ao, ai, ... , an-ll en, and subsequently an-l
through ao, ai, ... , an-2, en, etc. The occurring functions are always
polynomial functions up to a power of ao. If one replaces f by ao and
jp by cp in the formulas given in the statement of our theorem, then
one obtains the formulas that express ap through ao, ai, ... , ap-l, cp,
up to terms which contain al. From all this one sees that

rr _ ro(ao, al; C2, C3,"" en)
vO - N 'ao
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i = 2, ... ,n,

where ro is again a polynomial function. Obviously, we now have:

aro (a) = aro aC2 + aro aC3 + ... + aro aen ,
aai aC2 aai aC3 aai aen aai

and

aro(a) = aro + ~ro aC2 + ... + aroaen .
aal aal aC2 aal aen aal

But since Co satisfies the differential equation DCo = 0, it follows that

Dro =0

also hOI,; explicitly:

aro aro aro aroao - + - DC2 + - DC3 + ... + - Den = O.
aal aC2 &3 aen

Since, on the other hand, C2, C3, ... ,en are covariant sources themselves,
it follows that DC2 = 0, DC3 = 0, ... , Den = 0, so we further have

aro _ o·
aal - ,

that is, if one substitutes C2, C3, ... , en, ao, al for ao, al, . .. ,an in Co,
then the resulting expession does not contain al anymore. We therefore
have

Here, all the terms in r o have the same weight, since this is the case in
Co, and substitution of the Ci for the ai does not change the weight,
according to the formulas. If one therefore replaces ao by I, C2 by 12,
C3 by 13, ... ,en by In in r 0, then all summands are changed by the
same power of the determinant after applying a linear transformation.
Thus ro(f; 12, 13, ... , In) is a covariant. But then it follows that

because both sides of the equation are covariants with the same source.
They are therefore identical if one can prove in addition that r 0 is
homogeneous in the x. But this can be seen as follows. Let

respectively
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be an arbitrary term in the expansion of r o. The order of this term with
respect to the x is

npo + (2n - 4)P2 + (2n - 8)P4 + ...
+ (2n - (2n - 4))Pn-2 + (2n - 2n)Pn

+ (3n - 6)p3 + (3n -:- lO)Ps + ...
+ (3n - (2n - 2))Pn-l

if n is even, and

npo + (2n - 4)P2 + (2n - 8)p4 + + (2n - (2n - 2))Pn-l

+ (3n - 6)P3 + (3n - lO)Ps + + (3n - 2n)Pn

if n is odd. And since the weight of the term /po1:2
••• ft:.n is equal to

the weight p of Co, we have

It now follows easily that this order then is

n {Po + 2(P2 + P4 + ... + Pn)

+ 3(P3 + PS + ... + Pn-d} - 2p

n {Po + 2(P2 + P4 + ... + Pn-d

+ 3(p3 + Ps + ... + Pn)} - 2p

If we now express

for n even,

for n odd.

in terms of the a, then it has to be homogeneous of degree N +9 , where
9 is the degree of Co, because a~Co = r o. This is because, if there
were terms of higher or lower degree, then they would have to cancel
out, and would therefore cause all terms appearing in ago C~2 ... c~n t
cancel each other out, so that ago C~2 ..• c~n would vanish and could
therefore be ignored. Thus we have

Po + 2(P2 + P4 + ... + Pn) + 3(p3 + Ps + ... + Pn-l)

=N+g

Po + 2(P2 + P4 + ... + Pn-d + 3(P3 + Ps + ... + Pn)

=N+g

if n is even,

if n is odd.

But this implies that the desired order of the term fPO 1:2 • •• is

n(N + g) - 2p = nN + ng - 2p = nN + m.
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It is independent of the term we consider, and is equal to the order of
fNC. Herewith our theorem is completely proved. Since r ° does not
contain al anymore, we can set al = 0 in the beginning.

We right away give applications of our theorem.

1. n = 2. An in- or covariant of f must be a rational function of

f = aox~ + 2alX1X2 + a2x~ = !t,2,

h = aOa2 - a~ = 'H.2,o

of the form

)
Since we assume homogeneity in the variables, we have M = M 1 = ....
Because of homogeneity in the coefficients, we therefore have M' =
Mf = .. " and finally that N ::; M, that is

From this follows:

Theorem The complete system of forms of a binary quadmtic form is
given by the base form and the discriminant.

("System of forms" means the system of invariants and covariants.)

II. n = 3. The complete system of invariants and covariants, of which
all others are polynomial expressions, is given by

f = h,3, h = 'H.2,2' f3 = :h,3' d = d4,o,

where d is the discriminant of f (Lecture XVII), even though we cannot
yet prove this here. According to our theorem, d must be a rational func­
tion of f, h, f3, that is, we must have a syzygy between f, 'H., :r, and d,
which we can easily determine from our theorem. In general, denote by
ij the result of setting al = 0 in q. If we set al = 0 (Lecture XVII) in

d = a~a~ - 3a~a~ + 4a~a3 + 4aoa~ - 6aoala2a3,

then
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and, furthermore,

C2
whence a2 = -,

ao

C3
whence a3 = 2'

ao
From this it follows that

so our theorem implies that

and the desired syzygy is

(A)

This relation is very important. We remark that it gives, at the same
time, the representation of the square of the unique skew covariant .1
as a polynomial function of the others, which subsequently will occur
often.

Lecture XXI (June 15, 1897)

The syzygy (A) gives the solution of the cubic equation. This solution,
which we shall study in detail subsequently, shows a connection between
covariants and the theory of equations. We give here an exact, rigorous,
and systematic treatment of the solution of the cubic equation 1 = O.
We distinguish two cases according to whether the equation 1 = 0 does
or does not have multiple roots.

1. d:f. O. We have

1{3 = !(v'dl -.1) (v'dl + .1).

In this case (v'dl -.1) and (v'dl +.1) cannot have a common factor.
Because, if this were the case, then it would also have to occur in 1 and
.1. If it is Xl - aX2, for instance, then we apply the transformation

Xl - aX2 =x~,

Xl = xi,
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Then, if f = f' = abxi3+3aixi2x~+ ... , then 1-l,.:1, d, fare unchange
by the transformation, up to a power of the substitution determinant,
because of their covariant property. Since !" .:1', and hence 1-l', are
supposed to contain the factor x~, we have

whence

a~ = o.
Th3' !' would contain the factor twice, and thus so would f, which
cont adicts the hypothesis. But we want to emphasize once again, how
esse tial the covariant property of f, 1-l, .:1, d is in this argument, be­
cause from it alone did we conclude that the covariants 1-l', .:1', d' be­
longing to f' are essentially identical to 1-l, .:1, d, and that therefore a
factor common to f and .:1 also has to be a common factor of !' and
.:1', after applying an appropriate transformation. However, if a = 0,
then one cannot apply the transformation; then f, .:1, 1-l have the factor
Xl in common, so a3 = 0, al a3 - a~ = 0, and therefore a2 = O. But
then f contains the factor Xl twice, which again is impossible.

Thus, if d :f:. 0, then the functions (...jdf -.:1) and (...jdf +.:1) have
no common factors. So, if we set

1-l = l· m,

where 1 :f:. m because of the last fact, then necessarily

~(Vdf - .:1) = l3,

1
"2(Vdf + .:1) = m 3

,

from which we conclude that
1

f = y'd(l + m) (l + Em) (l + E2m),

with 1 :f:. E = ?II. To factor f one therefore has to either first factor
1-l and form 1+ Eim, or, if one does not even want to solve a quadratic
equation, one has to form .:1 and take the cube roots of H...jdf + .:1)
and ~(...jdf -.:1), which has to be possible, and then proceed as before.

2. d = 0, 1-l :f:. O. In this case the syzygy reduces to

.:12 = -41-l3
.
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After applying a suitable transformation, we may assume that f con­
tains the factor X2 twice; therefore ao = 0 and al = O. If we apply
the transformation to 1-l also, then we must get the covariant 1-l' of
the transformed form, which contains the factor X2 twice, since ao =
0, al = O. Thus, it also was contained in it twice before the transfor­
mation. We therefore only need to take the square root of 1-l-which is
possible-and obtain the factor which occurs twice in f. The third fac­
tor, which can then be found immediately, must be different from these,
otherwise-always after an appropriate transformation-we would have
ao = 0, al = 0, a2 = 0, and therefore 1-l == 0, which contradicts our
assumption.

3. d = 0, 1-l == 0 (identically in the x); therefore, .J == 0 as well.
Suppose f contains the factor X2 twice, that is-we assume that the
transformation has already been applied-ao = 0, al = 0; since 1-l == 0
we have ala3 -a~ = 0, so in particular a2 = O. Therefore, f is the third
power of a linear form, and one only has to take the third root of f.

We summarize the three cases.

1. d:f:. O. Three distinct roots.

2. d = 0, 1-l :f:. O. Two distinct roots, one a double root.

3. d = 0, 1-l = O. One triple root.

One can see from this calculation how closely connected the vanishing
of the invariants and the identical vanishing of the covariants is with the
type of solutions of the equation f = O. The key factor in determining
the type of solution was the existence of certain covariants of f, that
is, functions that are related to f in a way that cannot be destroyed
by linear transformations, so that, as long as one only considers these
functions, one may assume without loss of generality that any appearing
linear factors are equal to Xl or X2'

Using these same principles one can solve the equation of degree four.
We will return to this and will see that it is also based on a syzygy, just
as the cubic equation.

Lecture XXII (June 17, 1897)

III. n = 4. The complete system of forms for a form of order four is
given by the following five in- and covariants, whose invariant property
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we have proven earlier (Lectures XI, XII, XIX):

f = h,4 = aoxt + 4alX~X2 + 6a2X~X~ + 4a3XIX~ + a4X~,

h = 1-l2,4 = (aOa2 - anxt + "',
h = .13,6 == (a~a3 - 3aOala2 + 2aDx~ +"',
f4 = i 2 ,o =aOa4 - 4ala3 + 3a~,

j3,O = aOa2a4 + 2ala2a3 - a~ - aOa~ - a~a4'

Only later will we be able to show that all remaining in- and covariants
are polynomial expressions in these. According to our general theorem,
however, all in- and covariants can be expressed rationally in terms 0

f, 1-l, .1, i. So, in particular, j can be expressed rationally in terms 0
these, that is, there is a syzygy between our five covariants. With our
general theorem it can be determined without difficulty. We have

~ 3 2
J = aOa2 a4 - a2 - aOa3'

and furthermore

hence

aO

and

therefore

Thus, it follows that

. f h !4f2 - 3fi
J = 7 j3

or

fi fi
j3 - f f4'

or finally

(B)
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This syzygy is of degree six and order twelve. Here too, one can inter­
pret the syzygy as a polynomial representation of the square of the only
skew invariant .J in terms of f, 1-l, i, j; in fact, it is very common that
the square of a skew in- or covariant is a polynomial expression of the
remaining in- and covariants that together constitute the full system of
forms.

The equation in x

is identical to the cubic equation for 1f

41-l3 - i f 21-l + j f3 = o.
If we set 1f = >., then it reads

4>.3 - i>' + j = o.
Let the roots of this equation be >'1, >'2, >'3; then

And therefore we can write:

(1)

(2)

This formula now also allows us to solve the fourth degree equation
f = O. We only treat the case d i:- 0 in some detail, however. It is
well known that in the case of multiple roots the analysis reduces to
equations of lower degree, and we can then apply the methods discussed
for the cubic equation. For d = 0, we only note what the exceptional
cases are (d is the discriminant of J).

1. d i:- O. First of all, in this case the three factors 1-l - >'d must be
mutually distinct, that is, >'1 i:- >'2 i:- >'3· Furthermore, no two of the
quantities 1-l - >'d can have a common factor. Otherwise, this factor
would also appear in 1-l and f. If it is X2, then ao = 0, and because
aoa2-a~ = 0, we must also have a1 = o. But this is not possible because
then d = o. Thus, equation (1) must have three distinct roots; hence its
discriminant d' must be nonzero. But

d' = 27i - i 3
,

and must be identical to d up to a constant. Hence, if we can prove this,
then the claim >'1 i:- >'2 i:- >'3 will also be proven. The discriminant of
a form of order n is of degree 2(n - 1) in the coefficients, hence d has
degree six, just like d'. Furthermore, d is an irreducible function.
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If d = 0, then / has a double factor; after an appropriate transfor
mation, we may assume this factor to be X2. Then ao = 0, al = 0;
therefore

j(O, 0, a2, a3, a4) = -a~,

i(O, 0, a2, a3, a4) = 3a~,

and thus it follows that

d'(O, 0, a2, a3, a4) = 27a~ - 27a~ = 0,

which, therefore, also has to be the case before any transformation is
applied. Whenever d = 0, then also d' = 0; this means that d is a
factor of d' , and since both have the same degree they can only differ by
a constant. Thus we have found at the same time that the discriminant
of a biquadratic form is

d=27l-i3
•

From this we conclude that 1-l - >'d has to be a square, that is,

where no two of the functions ¢1, ¢2, ¢3 have a common factor. Finally,
it therefore follows that

(>'2 - >'1)/ = (¢1 + ¢2) (¢1 - ¢2),

(>'3 - >'2)/ = (¢2 + ¢3) (¢2 - ¢3),

(>'1 - >'3)/ = (¢3 + ¢1) (¢3 - ¢I).

Lecture XXIII (June 18, 1897)

These three decompositions into quadratic factors are the only three
possible ones, that is, they are all distinct, and one has

¢1 + ¢2 = h12c3;

¢1 - ¢2 = l3l4c~;

¢2 + ¢3 = hhcl;

¢2 - ¢3 = l2 l4cl;
¢3 + ¢1 = l2 l3C2;

1>3 - ¢1 = ll l4C2·
where the li are the linear factors of / and the Cj, cj are constants. To
prove that the decompositions are indeed different from one another, we
observe that

1 >'1 ¢~

1 >'2 ¢~ = °
1 >'3 ¢~
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holds identically because of the defining equations for <PI, <P2, <P3; thus,
we also have

If there existed a linear relation between <PI, <P2' <P3' then we could set
<P3 = 01 <PI + 02<P2 j there would therefore exist a quadratic relation for
<PI, <P2:

holding identically in x. Then <PI and <P2 would only differ by a constant
factor, which cannot be the case because then >'1 = >'2' Now, if <PI +
<P2 equaled <P2 + <P3 or <P2 - <P3 up to a constant factor, then there
would exist a linear relation between <PI, <P2' <P3. Since one can make an
analogous argument for the other factors, we have shown that the three
decompositions are mutually distinct.

It is apparent from the above that the solution of the fourth degree
equation f = 0 rests in an essential way on the solution of the cubic
equation 4>.3 - i>' + j = 0, the so-called resolvent cubic. After solving it
one forms 1-l - >'d, takes square roots-which must be possible-and
obtains in this way <PI, <P2' <P3 whose pairwise sums and differences are
the factors of f. One does not even have to solve the quadratic equations
<PI +<P2 = 0, etc.; it is sufficient to determine the greatest common divisor
of <PI +<P2 and <P2 +<P3 , etc. From this one obtains one factor from which
one can easily determine the others.

At the same time, we have accomplished the factorization of 1-l; we
have

(>'2 - >.I)1-l = >'2 (<pI + &<p2) (<pI - &<p2) ,

(>'3 - >'2)1-l = >'3 (<P2 + &<P3) (<P2 - /¥;<P3) ,

(>'1 - >'3)1-l = >'1 (<P3 + {Ff;<P1) (<P3 - {Ff;<P1) ,

and here too we obtain all three possible factorizations-for the same
reasons as before.

Since



76 The elements of invariant theory

one realizes that the equation .:J = 0 belongs to those equations 0

degree six that are solvable by radicals. Thus, it obviously belongs to a
special class of equations of degree six.

Finally, we remark that the quantities >'ll >'2, >'3 belong to the so­
called irrational invariants; likewise, the ¢ll ¢2, ¢3 belong to the so­
called irrational covariants, expressions that are self-explanatory. The
invariants >'i have weight two, as is easily seen; the covariants ¢i have
weight one.

We briefly consider the example:

therefore, ao = a4 = 1, al = a2 = a3 = O. Here, we have

1i =x~x~,

.:J = XIX2(x1 - x~),

i = 1,

j=O,

d=-l.

The resolvent cubic is

Therefore

This can be used to readily verify the theorems derived above.
We only list the results in the case where f has multi Ie linear factors.



1. 8 The invariants and covariants 01 degrees two and three 77

II. d = O.

1. i :f. 0; thus j :f. 0, .J:f. O. Then we have

>'1 = >'2 :f. >'3,

1 = l~l3l4, h :f. l3 :f. l4'

¢1 = ¢2 = cl~,

¢3 contains the factor h once,

.1 = lfm.

The double root can be found by taking the square root of ¢1.

2. i = 0; thus j = 0, .J:f. 0, 1-l:f. 0, and

.12 = -41-l3
•

.1 is the third power and 1-l is the square of an expression of order two.
FUrthermore,

>'1 = >'2 = >'3 = 0,

1 = l~l3'

¢1 = ¢2 = ¢3 = l~,

1-l = It,

.1 = l~.

3. i :f. 0; .1 == O.

1 = c1-l = (l3 l4)2,

1-l = ¢~,

¢3 = l3l4'

¢1 =0,

¢2 =0.

4. i = 0; j = 0; 1-l == 0; .1 == O.

¢1 = ¢2 = ¢3 = 0,

I=lt·

The four cases can be characterized as follows: In case (1) there is one
invariant, whereas there are none in case (2); but there are two covariants
in both cases; in case (3), there is only one invariant and one covariant;
and in case (4) there exist neither invariants nor covariants.
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As has been done for forms of order three and four, one could inves­
tigate for forms of order five and higher how the in- and covariants ar
related to the properties of the equation 1 = 0, with respect to multiple
roots, etc. While there are some results in this direction, there is not
yet a complete theory, even for forms of order five. From here on, 0

course, the difference is that such a decomposition into linear factors,
which could be done for forms of order three and four, is not possible
any more in general; but even there the solution of the equations was
only an incidental result, as we pointed out from the beginning.

Lecture XXIV (June 21, 1897)

1.9 Simultaneous invariants and covariants

So far we have always begun our observations with one base form. But
most of our results can be greatly generalized if we begin with an arbi­
trary number of forms, that is, if we consider a system of "simultaneous
forms." If we are given a number of forms, say two (the extension to
arbitrarily many forms will be self-evident) forms of orders n and m

l(n)(X1, X2) = aox~ + (~)a1x~-lx2 + + anx2,

g(m)(X1, X2) =boxr + (7)b1xr - 1X2 + + bmx~\

then we want to apply the same linear transformation to both of them:

Xl = QllX~ + Q12X2'

X2 = Q21X~ + Q22 X2'

Then I, respectively g, gets transformed into a new form f' of order
n, respectively g' of order m. Let

!'(n) (x' x') - a' x' n + (n) a' x' n-1x ' + ... + a' x' nl' 2 - 0 1 1 1 1 2 n 2 ,

I(m)( I ') b' ,m (m)bl Im-1 I b' ,m9 X1,X2 = OX1 + 1 1X1 x2+"'+ mX2 .

Analogously to the above, we then define a simultaneous invariant of 1
and 9 to be a polynomial function I of the coefficients a and b that
satisfies the equation
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The exponent p is called the weight of the invariant. Similarly, we define
a simultaneous covariant of f and 9 to be a polynomial function C of
the coefficients a and b and the variables x that satisfies the equation

The exponent p is called the weight of the covariant. The usual in­
and covariants are a special case of these; they are obtained when the
"degree" in the b (or the a) becomes zero. The generalization to more
base forms is evident. For instance, if n = 2, m = 2, then the function

is an invariant. This is easily seen if one substitutes into a~b~ + 2a~b~ +
a~b~ the expressions (Lecture VI):

a~ = aou~l + 2alullu21 + a2u~1'

at = aOUllU12 + al (UllU22 + u12 u 2I) + a2U 21 U 22,

a~ = aou~2 + 2alU12U22 + a2u~2;

b~ = bOU~l + 2blUllU21 + b2U~1'

b~ = bOUllU12 + bl(UllU22 + u12u2I) + b2U21U22,

b~ = bOU~2 + 2b1U12U22 + b2U~2'

We see just as before, when we showed (Section I.4, Lecture VII) that
we may assume invariants and covariants to be homogeneous, that if C
has the invariant property, then all the parts into which C decomposes
also have the invariant property, provided that each part individually
is homogeneous in the x, as well as the a, the b, etc. Without loss of
generality one may, therefore, assume-which we want to do-that all
expressions to be considered are homogeneous in all coefficient sequences,
as well as the variables.

We can now immediately extend all the properties of invariants and
covariants that we derived earlier (Section 1.4 ff.). We indicate this briefly
for the case of two base forms. Let
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be a simultaneous invariant of f and g. After applying transformatio
(1) (Lectures V, VII):

Xl = /l;X~,

(1)
X2 = >'x~,

the transformed coefficients are

and we must therefore have that

X blLOblLll .. , blL",>.Vl+2v2+··+nVn+1L1+21L2+···+mlL",o m

( = /l;P>'PLZa~Oarl "'a~nb~obil "'~"',
where p is the weight of the invariant. Hence, it follows that for each
individual term we must have:

nvo + (n - l)VI + + Vn-l + mJ1.o + (m - 1)J1.1 + ... + J1.m-1 = p,

VI + 2V2 + + nVn + J1.1 + 2J1.2 +... + mJ1.m = p.

Addition of these two formulas gives

n(vo + VI + ... + vn) + m(J1.o + J1.1 + ... + J1.m) = 2p,

or, if

Vo + VI + + Vn = r,

J1.o + J1.1 + + J1.m = s

are the degrees in the a, respectively the b, then

nr+ms = 2p.

This formula and the following

VI + 2V2 + ... + nVn + J1.1 + 2J1.2 +... + mJ1.m = p

(which, incidentally, provides a new definition of the weight) are the
necessary and sufficient conditions for the function I to be an invariant
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with respect to the transformation (1). The weight of every term must
be constant, namely, equal to !(nr + rns).

The situation is analogous for the covariants. If

M (M) M-IC = COXI + 1 Clxl X2 + ...

is such a covariant, and if P is the weight of Co, then we find for the
weight of a term Ci , which has to be the same for all its summands:

Pi = P + i,

and furthermore

nr + rns - 2p = M.

The weight of Co is at the same time the weight of the covariant. The
presence of these properties is at the same time sufficient for invariance
with respect to (1).

Everything remains valid for arbitrarily many base forms; one only
needs to set

P = VI + 2V2 + + nVn + J1.1 + 2J1.2 + ... + rnJ1.m + ... ,
2p = nr + rns + ,

and

M = nr + rns + ... - 2p.

The properties that result from invariance with respect to (2):

Xl =X~ + J1.X~,

(15 = 1), (2)

can be derived equally easily. The transformed coefficients are (Lecture
VIII):

I (i) (i) 2 iai = ai + 1 J1.ai-1 + 2 J1. ai-2 + ... + J1. aD,

I (i) (i) 2 ibi = bi + 1 J1.bi-1 + 2 J1. bi-2 + ... + J1. bo,

where
da~
_t = ia~_l'
dg

db~ "b'dJ1. = ~ i-I'
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Since 6 = 1, an invariant I has to identically satisfy the equation

Differentiation of this equation with respect to f.L gives:

aI(a'ib'), aI(a';b'), aI(a';b'),
a ' ao + a' 2al + ... + a' nan_la l a2 an

M(a'i b') b' aI(a'; b') 2b' aI(a'; b') b'
+ ab' 0 + ab' 1 + ... + ab' m m-l
12m

If we now set

a a a
Da = ao- +2al- + ... + nan-l --,

aal aa2 aan
a a a

Db = bo abl + 2bl ab2 + ... + mbm-l abm'

D=Da+Db,

then rn invariant I satisfies the differential equation

\ DI=O.

=0.

The converse can also be shown analogously to before (Lecture VIII). Fi­
nally, it is obvious that an invariant I also has to satisfy the differential
equation

~=o,

where

and
a a a

Aa=nal -
a

+(n-l)a2-a + ... +an-a--'
ao al an-l

a a a
Ab = mbl abo + (m - l)b2abl + ... + bmab

m
-

l
.

This is immediately apparent if one observes that I also has to be an
invariant with respect to type (3):

Xl =X~,

X2 = lIX~ + X~.

The converse also holds.

(6 = 1), (3)
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Regarding the covariants, they of course have to satisfy the differential
equations

ac
DC=X2-,

aXl

ac
AC=Xl-,

aX2

and if the first differential equation is satisfied, then C is a covariant
with respect to (2); if the second one is satisfied, C is a covariant with
respect to (3).

Since a general linear transformation is built from (1), (2), (3), it is
clear that the properties we derived for invariants and covariants consti­
tute the necessary and sufficient conditions for I or C to be an in- or
covariant.

Lecture XXV (June 22, 1897)

But this system of conditions can be reduced in size, just as in the case of
one base form. One only needs to prove the pertinent relations between
D and A, which is easily done.

It is self-evident that D and A satisfy the usual rules of differentiation
with respect to sums, products, etc. (Lecture X). We always want to
assume that the expressions to which we apply them are homogeneous
of degree r in the coefficients of the form f , of degree s in the coefficients
of the form g, etc. Furthermore, they should be isobaric of weight p in
both groups of coefficients jointly (we do not assume isobarity in the
individual coefficients).

Theorem The opemtions D and A, applied to such an expression, do
not change the degree of each coefficient sequence; D lowers the total
weight by 1, A mises it by 1.

Most important is the following:

Theorem If A is a function of the ai, bi , , homogenous of degree r
in the ai, homogeneous of degree s in the bi , , and isobaric of weight
p in coefficient groups jointly, then

(DA - AD)A = (nr + ms + ... - 2p)A.
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Because of its importance, we want to prove this theorem. We decom­
pose A into

A=AI +A2 +··· ,

so that AI, A 2 , • •• each are isobaric in the ai, bi , ... ; suppose for in­
stance that Al is isobaric of weight PI in the ai, of weight P2 in the
bi , etc. Now, clearly

where a, b are two arbitrary distinct coefficient sequences, since it is
irrelevant whether we first differentiate with respect to the a and then
the b, or vice versa. Therefore, one has

(DA - AD)AI = {(D a + Db + ) (Aa + Ab + ...)
- (Aa + Ab + ) (Da + Db + .. ·)}AI ,

where one is supposed to take all possible combinations, that is, calculate
as if multiplying. Therefore,

(qA - AD)AI = (DaAa - AaDa)AI + (DbAb - AbDb)AI + ...
\ + ~)DiAk - AkDi)AI

i#

or

or, since the previous theorem holds (Lecture X),

(DA - AD)AI = (nr - 2pI)AI + (rns - 2p2)AI + ...
= (nr + rns + ... - 2p)AI.

Since an analogous formula is valid for all ~, one obtains after addition
of all those:

(DA - AD)A = (nr + rns + ... - 2p)A.

From this formula we can derive two others:

DkA - ADk =k(nr +rns + - 2p+ k _l)Dk- l ,

DAk - AkD = k(nr + rns + - 2p - k + l)Ak- l .

But since the theorem about when C is a covariant of a base form
makes use only of formulas of this kind, one sees that we have the follow­
ing very general theorem whose proof is immediate from the observations
in Lecture XII.
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Theorem If Co is a homogeneous polynomial function in the coefficients
ai of the base form f of degree n, the coefficients bi of the base form
g of degree rn, etc., and that is, furthermore, isobaric in all coefficient
sequences, of total weight p, and that satisfies the differential equation

DCo =0,

then there is one and only one covariant that has Co as a source, which
is

M 1 M-l 1 2 M-2 2 1 M M
C = COXl + llACoxl X2 + 2l A COXl x2 + ... + MlA COX2·

This simultaneous covariant of the forms f, g, ... is of degree r in the
ai, of degree s in the bi , , is homogeneous, and has weight p and
order M = nr + rns + - 2p. These conditions are necessary and
sufficient. For M = 0, we obtain the necessary and sufficient conditions
for a simultaneous invariant.

We explain this in terms of an example. Let

f(3) = aoxf + 3alx~x2 + 3a2xlx~ + a3x~,

g(3) = boxf + 3blX~X2 + 3b2XlX~ + b3X~.

Let r = 1, s = 1, M = 0, and hence p = 3. We set

I = L Zaibk = ZaOb3 + Z'al b2 + Z"a2bl + Z"'a3bo.

Then

must hold identically, and so it follows that

Z=l

Z'=-3,

Z" = 3,

Z'" =-1.

(by choice),

Hence there is one and only one simultaneous bilinear invariant of two
cubic forms, which is

The covariants are really only a special case of simultaneous invariants.
We formulate this in the following theorem.
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Theorem A covariant of arbitmrily many forms that is homogeneou
in the variables and is of weight p and order M is tmnsformed into
a simultaneous invariant of weight p + M of those forms together with
the linear form bOXl + blX2, if one replaces in it Xl, respectively X2, by
-bl , respectively bo , and conversely.

Namely, suppose the transformation formulas are

Xl = Quxi + Q12X~,

X2 = Q21Xi + Q22X~;

hence, if we invert,

{jX'l = Q22 Xl - Q12 X2,

(jx~ = -Q2lXl + QUX2.

The linear form above is then transformed into

f = f' = bO(Quxi + Q12X~) + bl(Q2lxi + Q22X~)

= (boQu + blQ2l)xi + (bOQ12 + blQ22)X~,

bo= bOQu + blQ21,

bi = bOQ12 + blQ22;

if we solve, then

-bl = ~(-Qubi +Q12b~),

bo = ~(-Q21bi + Q22b~).

From this one sees that, up to the factor !' Xl and X2 can be expressed
in terms of xi and x~ in the same way as -bl and bo can be expressed
in terms of -bi, bo' Hence, if the covariant is C, then

C(... ; xi, x~) = (jPC( ... ; Xl, X2).

If one now substitutes -bl for Xl, respectively bo for X2, on the right,
b' b'

then one has to substitute -::r for xi, respectively f for x~, on the
left. Hence, one obtains

(
. bi bo) _ P •C ... , -6' 6 - (j C(... , -bl , bo),

and, since we assume homogeneity of C,

(j~C(,,,; -bi, b~) = (jPC( ... ; -bl , bo),
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which completes the proof of the theorem. Thus, if one does not specify
the number of base forms, one is justified in considering only invariants.

This, incidentally, also agrees very well with the differential equations
because, since C is a covariant, we have DaC = X2 ~, and hence, after

the substitution, DaC + bo Bft = 0, that is, DC = o. The situation for
the other differential equation is analogous.

Lecture XXVI (June 24, 1897)

We shall omit the extension of the Cayley enumeration method-which
apparently has not been done yet-and proceed right away to determine
a system of covariants through which all others can be expressed ratio­
nally. Aside from the covariants determined in Section 1.8, they are the
simplest imaginable, namely, those that are linear in the coefficients of
two base forms.

Let f be a base form of order n, 9 one of order m, and n ~ m.
Then there is one and only one simultaneous covariant of f and 9 that
is homogeneous and linear in the coefficients of both base forms, and
that has a given weight p ::; m. It has the form:

C = {aobp- (~)albp-l + (~)a2bp-2 - ...

+(-l)Pap bo}x~+m-2P + ... , p::; m.

Using the theorem from the previous lecture, it is easily seen that this
is a covariant. The differential equation DCo = 0 can be verified by
writing the source of C as

p ( )_ i P
Co - ?=(-1) aibp-i i

t=O

and applying the operation D inside the summation sign. This covariant
is very important. It is called the pth tmnsvection of f over 9 and is
abbreviated as

The pth transvection of 9 over f can differ from that of f over 9 at
most by a sign.

The transvection process is a fundamental process for the construction
of covariants because one can show-which is not possible here-that i
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one has a system of base forms and if one forms all possible transvections
and transvections of transvections and base forms, and continues in this
way, then one obtains all existing covariants. *

The covariants of degree two, which we determined earlier, are in­
deed the transvections of the form f over itself. For odd p, they vanish
identically, and for even p, one has, as one can see easily,

The covariants 13, fs,· .. are also such transvections, namely, the trans­
vections of the covariants h, !4,. .. over the base form.

The first transvection of two forms

is especially important. It is also called the functional determinant or
JaCOb~'an covariant of the two forms; one can-up to a constant factor­
write 't in the form

8f 8f----
8Xl 8X2

8g 8g----
8Xl 8X2

The second transvection of a form over itself

is also called the Hessian covariant of the form; it is-up to a constant
factor-the determinant of the second-order derivatives:

82f
8x2

1

82f
8X28x l

82f
8Xl8x2

82f
8x~

Furthermore, we can now describe how a simultaneous covariant can
be expressed as a rational function of transvections and the base forms,
in the following theorem.

Theorem Every simultaneous covariant of the base forms f and 9 of
orders nand m, respectively, where m :5 n, can be expressed, up to
a power of f that occurs in the denominator, as a polynomial function

* See Gordan (1868).
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of the transvections f, 12, fa, ... ,fn, g, S1> S2,' •• ,Sm, where in general
we set

This is done in a manner analogous to that in the theorems (Lecture
XX) concerning one base form, if we add

bo =g,

to the formulas for ap above.

The proof of the theorem is entirely analogous to that for one base
form. Starting with bm , one has to replace the bi by the sources of the
Si and, subsequently, the ai by the sources ofthe Ii. Now, the argument
proceeds as before.

We apply the theorem to simultaneous forms of low order.

1. n = 1, m = 1. All invariant expressions are polynomial functions
of the in- and covariants:

This is because, according to our theorem, any such C can be expressed
in the form:

But, since we may assume homogeneity everywhere, we have

N + M = N 1 + M 1 = ,
M + P = M 1 + PI = ,
N +P=N1 +P1 = "',

from which it follows that

N=N1 = "', M=M1 = "', P = ,PI = ...

Since consequently N > Q, the assertion is proven.



~ e elements of invariant theory

2. n = 2, m = 1. Here every simultaneous covariant can be expressed
rationally in terms of the co- and invariants

f = aox~ + 2alxlx2 + a2x~,

12 = aOa2 - a~ = 1i,

9 = bOXl + b1X2,

But we can easily form another invariant, namely, the resultant of the
two forms f, g. The fact that resultants and discriminants are invari­
ants will be proven later. But it follows already from the fact that i
they are set equal to zero, they satisfy the necessary and sufficient con­
dition for common, respectively, multiple linear factors, a property that
is clearly invariant with respect to linear transformations. In our case,
the resultant of f and 9 is:

~~.

We express this rationally in terms of f, 12, g, 81, according to our the­
orem. We have

- 2 2R = aob1 + a2bO'

12 = aOa2,

and therefore

We have thus obtained the syzygy

or

and here, too, the square of the skew covariant is a polynomial function
of the remaining ones, as was the case with all syzygies so far.
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3. n = 2, m = 2. All in- and covariants are rational functions of

f=aox~+"',
9=box~+.",

h = aOa2 - a~ = 'H,

SI = (aob1 - albo)x~ +... ,
S2 = ao~ - 2a1bl +a2bO'

So, for instance, the invariant of 9 is

Here

12 = aOa2,

81 = aob1,

whence

We have, therefore,

S2 - 9 11 S2
H =9 f 1f - j2

or

H _ sd - 9'H _ s~
-9 j2 j2'

so we obtain the syzygy

or

Again, the square of the skew covariant can be expressed as a polyno
of the others.
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Lecture XXVII (June 25, 1897)

1.10 Covariants of covariants

If one fixes a covariant of one or more forms as base form, then one has
the following:

Theorem Covariants of covariants or simultaneous systems of covari­
ants are again covariants.

Remark Since invariants are special cases of covariants, the theorem
holds also for invariants and simultaneous systems of invariants.

Namely, let

Poxi + =P,

qox~ + = Q,

be certain covar~_of base forms; that is, if

then we have

Po = A(a, ),

P~ = A(a' , ),

PI =B(a, .. .),
,,- B( I )PI - a, ... ,

p~x~'" + ... = 8>''' (Po xi + ...),

On the other hand, the transformation sending a to a' was define
from the transformation sending x to x' via the identity; therefore afte
direct transformation

I I'" ".Pox l + ... = Pox l + ... ,

Then obviously,

P" _ J;:>'"p,
0- u 0'

Now, let

s = soxr + ...

be a covariant of P, Q, ... ; that is, let

s~x~ <T + ... = 81J.(soxr + ...),

where
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But, according to the relations between p' and p', etc., which we have
just derived, we get

I (p~ P~ . q~ q~ .)
So = 1 8>",,' 8>""'·'·' 8>"",' 8>"", ' ... , . .. .

But since-as always-1 is assumed to be homogeneous in the P as well
as the q, one has:

I _ 1 1("" ."" . )So - 8>" Po, PI' ... , qo, ql , ... , ....

Here, >. is the same for all S/, since all the s have the same degree in
the p,. .. . Thus, if we set

So = l(Po,··.) = I(A(a, .. .), ... ) = .:F(a, .. .),

then

8>"s~ = I(p~, ... ) = I(A(a/, .. .), ... ) = .:F(a/, ... )

and analogously for the other S'. But from this follows

1 ( ) I 17 1 (' ) I 17-1 I8>" .:F a, ... Xl + 8>" Q a , ... Xl X2 + ...

= 81-'(soxr + )

= 81-'(.:F(a, )xr + Q(a, ...)x~-IX2 + ... ),

or finally

'r:"( I ) 117 Q( I ) I 17-1 I.r a, ... Xl + a , ... Xl X2 + ...
= 8>"+1-' (.:F(a, .. .)xr + Q(a, ...)x~-IX2 + ... ),

which finishes the proof of the theorem.

This shows, for example, that transvections of transvections are agai
covariants, because transvections always remain homogeneous.

We illustrate this theorem with some examples.

1. A cubic base form:

1 = aox~ + ...

The second transvection of the form lover itself is

fi = (aOa2 - a~)x~ + (aOa3 - ala2)xlx2 + (ala3 - a~)x~

= fiox2 + 2filXlX2 + fi2X~.
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If one forms the transvection of fi over itself twice, then one finds

~(fi, fih = fiofi2 -1i~

= (aoa2 - aD (ala3 - a~) - ~(aOa3 - ala2)2,

and this is indeed an invariant of I, namely, its discriminant.

2. If, in (1), one transvects lover fi once, then one obtains

(I, fih = (aOfi1 - alfio)x~ + ...

= ~(a~a3 - 3aOala2 + 2aVx~ + ...

-13'-2 '

hence, up to a constant, this is the covariant of the cubic base form tha
we called 3 before (at the end of Lecture XX).

3. Let

1 = aox~ + 2alXlX2 + a2x~,

~g = bOXl + b1X2'

Then

and furthermore

(g, Ih = bo(a1b1 - a2bo) - b1(aob1 - a1bo)

= 2a1bob1 - a2b~ - aob~;

hence the resultant of a quadratic and a linear form is the functional
determinant of the linear form and the functional determinant of the
two base forms.

4. Let

1 = aox~ + ...

We form
~(I, 1)4 = (aOa4 - 4ala3 + 3a~)x~ + ...

= Cox~ + 2CIXIX2 + C2X~ = C.

Then

is an invariant of degree four, and hence it must be the unique invariant
of degree four of the form of order five, according to an earlier, not
ex licitl verified remark.
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Hence, our theorem shows that the formation of in- and covariants is,
in some sense, a grouplike process in that one repeatedly obtains again
in- and covariants.

We need to become acquainted, in this section, with two more pro­
cesses which, when applied to an invariant system, preserve the invariant
property. The first is the polar process. We have the following:

Theorem The polars of a covariant possess the invariant property if the
second sequence of variables Yb Y2 is subjected to the same transforma­
tion as the first sequence of variables Xl, X2 •

If Cx is an arbitrary expression that contains the variables Xl, X2

homogeneously, then

is called the first polar of Y with respect to C. In general, the polars are
obtained if one expands

in terms of powers of A. From Taylor's Theorem one finds that

+

• A A2
The coefficients of TI' 2f"" are then called the first, second,

polars. One can easily see that the formation of the polars can be reduced
to the formation of the first polar since the second polar is simply the
first polar of the first polar, the third is the first polar of the second
polar, etc.

Now, if C is a covariant, our theorem asserts that the polars of C ar
also covariants if the yare subjected to the same transformation formu­
las as the x. This is clear, because then apparently Xl + AYI, X2 + AY2

for arbitrary A are also subjected to the same transformation formulas.
Therefore we have
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and for each value of >. one must have:

C( I • I ') >. ( I {}C(a';x' ) I 8C(a
l
;x

I
))

ao,' .. , Xl' X2 + I! YI {}x~ + Y2 {}X2

>.2 ( 12 {}2C(a' ;X') )
+21 Yl {}X~2 + .. . + ...

_ J:P{C(') >. ({}C(a;x) {}c(a;x))
- u a, X + -11 YI ~ + Y2 ~. uXl UX2

+ >.2 (Y~ {}2C(a;x) + ...) + ... }
2! {}X~ •

Since this equation is valid for all >., the coefficients of equal power
of >. must possess the invariant property; so, indeed, every polar is
covariant. Invariants, covariants and polars of covariants are therefore
again covariants of the base forms.

Lecture XXVilI-{.June 28, 1897)

Incidentally, we should remark that the weight of each polar of a co­
variant is equal to the weight of the covariant itself. If one applies the
process of forming the k th polar to an expression, then the degree in the
new variables YI, Y2 is raised by k, and in those with respect to which
one differentiates it is lowered by k. Besides, the number of groups of
variables in C can be arbitrary, as long as they are all subjected to the
same transformation formulas as the X and y. Considering the simplic­
ity of the situation it seems unnecessary to provide examples; we only
mention one briefly. The first polar of a form of order three

f = aox~ + 3alx~x2 + 3a2xlx~ + a3x~

is:

Py(fJ3)) = Yl (3aox~ + 6al XIX2 + 3a2x~)

+ Y2(3alx~ + 6a2xlx2 + 3a3x~)

= 3(Aox~ + 2AIXIX2 + A2X~),

where

Ao = aOYI + a1Y2,

Al = alYI + a2Y2,

A 2= a2YI + a3Y2'
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AoA2 - A~

is a covariant of Py , it is also a covariant of f(3) , and indeed

AoA2 - A~ = (aoYI + a1Y2) (a2YI + a3Y2) - (alYI + a2Y2)2

= (aoa2 - aDy~ + ...
is the Hessian covariant of f, with Y substituted for x.

A second process that preserves the invariant property is the so-called
Aronhold process, which can be viewed as a generalization of the polar
process. We have the following:

Theorem If C is an invariant expression with respect to the simulta­
neous forms f, g, h, ... , and if furthermore :F is a general form of the
same degree as f, and if the coefficients

of f correspond to the coefficients

of :F, then the function

{JC {JC {JC
bo - + b1 - + b2 - + ...

{Jao {Ja I {Ja2

also possesses the invariant property, provided the form :F is added to
the simultaneous system f, g, ....

The proof of this theorem is similar to the one for polars. Replace the
function f by f + >..:F, that is, ao by ao + >"bo, al by al + >..bl, ....
Then a~ + >"b~ is related to ai + >..bi through the same equations that
relate a~ to ai' Since C is a covariant and no assumptions were made
about the coefficients of f, we have

C(a~ + >"b~, ... ; ... ; x~,x~; ... ) = 8PC(ao + >"bo, ... ; ... ; XI,X2;"')'

If one expands both sides in terms of powers of >.., then the right-hand
side is identical to the left-hand side except that here the letters ar
primed. But since the equation is supposed to be valid identically in >..,
the coefficients of equal powers of >.. are equal, in particular those of >..,
from which one sees that the function

{JC {JC
bo-+b1 - + ...

{Jao {Jal

above is indeed a covariant whose weight is the same as that of C.
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For instance, from the invariant of the form of order four

aOa4 - 4ala3 + 3a~

one can derive in this way the simultaneous invariant of two forms of
order four:

boa4 - 4bla3 + 6b2a2 - 4b3al + b4aO,

and this is indeed the fourth transvection of the two forms one over the
other.

That the polar process is a special case of the Aronhold process just
discussed can be seen as follows. Let C be a covariant containing Xl
and X2; if we replace Xl and X2 by -bl and bo , respectively, where
bOXI + blX2 is a linear form, then we obtain a simultaneous invariant. If
we add a linear form aOxl + a1X2, then

aC(-bb bo) aC(-bb bo)
ao ab +al ab
~_ 0 I

is also an invariant. We rewrite this expression as

aC(-bl , bo) aC(-bl , bo)
ao abo - al a(-b

l
) .

From this we obtain again a covariant if we replace ao, al by Y2, -YI,
and bo, bl by X2, -xl, respectively; that is, the polar

ac aC
YI-+Y2-

aXI aX2

is indeed a covariant.

1.11 The invariants and covariants as functions of the roots

Until now we have almost exclusively considered the invariants and co­
variants as functions of the coefficients of the base forms and the vari­
ables; in the three following sections we need to introduce three new
ways of representing them.

We begin by considering at first only one base form:

/ = aoxr + (7)aIXr-Ix2 + ... + anx~.

According to the Fundamental Theorem of Algebra one can decompose
/ into exactly n linear forms, so one has

/ = ao(xi - WIX2) (Xl - W2X2) ... (Xl - WnX2),
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where WI, W2,' .. ,Wn are the n roots of the equation f = 0 in XdX2'
The quotients adao are symmetric polynomial functions of the w. A
homogeneous in- or covariant can be written in the form

N ( al a2 an )C = ao C 1, -, -, ... , -; Xl, X2 ,
aO aO ao

thus it can also be written as a symmetric polynomial function of the
roots w, if one adds a suitable power of ao as an additional factor.
Suppose given an invariant I(ao, aI, . .. ,an) we write

I(ao, al, ... ,an) = artQ(WI, W2,' .. ,wn)

and ask: How can we determine from Q whether Q is an invariant?
To this aim, we observe how a linear transformation transforms the

roots. Let

Xl = allx~ + a12x~,

X2 = a2lxi + a22x~;

hence

8x~ = a22xl - a12x2,

8x~ = -a2lxl + aUX2.

Under this transformation, f becomes

f =!' = a~(x~ - w~x~) (x~ - w~x~)· .. (x~ - w~x~).

Each linear factor is transformed into another linear factor, and we sup­
pose that the Wi and the w~ are related in this fashion. Then

Xl - Wi X2 = auxi + a12x~ - wi(a2lxi + a22x~)

=Ci(X'l - w~x~);

therefore

au - Wi a 2l = Ci,

a12 - Wia22 = -CiW~,

and consequently
, a22Wi - a12

wi =
au - Wia2l

Using this fact, we now prove the following:

Theorem The expression

I = aif
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is an invariant of the form f, provided that each of the products n zs
a homogeneous function of the differences, say of degree p, that each 0

the products contains each root W the same number of times, say w, and
that the whole sum is a symmetric function of the roots w.

Lecture XXIX (June 29, 1897)

This theorem is easy to prove. Namely, we have

a22Wk - a12
all - Wk a 21

or

I I (a22 w i - (12) (all - Wk ( 21) - (a22w k - (12) (all - Wi ( 21)

Wi - Wk = (all - Wi(21) (all - Wk ( 21)

Wi(a22 a ll - a12( 21) - Wk(all a 22 - a12a 2t}
(all - Wi a 2I) (all - Wk ( 21)

W· -Wk
-8 > •

- (all - wia~ll - Wk ( 21)'

The product n contains p such differences. Thus, if we form

I' = a~W L II(w~ - w~),

for which we want to prove that

I' = 8PI,

then ncontains the factor 8P ; hence so does I' because of homogeneity.
Therefore, we have

I' = a~w8P""'II Wi -Wk .
L., (all - Wi(21) (all - Wk(21)

But, furthermore, n contains each Wi w times; so it follows that

I ' - I w 8P ""' 1- ao L., ]W[(all - wl(21) (all - W2(21)' .. (all - w n ( 21)

X II(Wi - Wk)'

But we also have (Lecture XXVIII)

ab = aOClC2'" en
= aO(all - wl(21) (all - W2 ( 21) ... (all - w n ( 21),
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so it follows that

I' = 8Pa(j' LII(wi -Wk),

which completes the proof of the theorem.

It also follows that: The weight of the invariant I is p, the degree
is w.

We give some examples. The discriminant of a form of order n is

V 2(n-l) II( )2= ao Wi - Wk .

There are n(n - 1) factors altogether; thus the relation ng - 2p = 0 is
satisfied, that is,

n2(n - 1) - 2n(n - 1) = 0,

as it has to be. The discriminant is an invariant.
Likewise, for n = 4,

a~ L(WI - W2)2(W3 - W4)2

has to be an invariant of degree two and weight four. Since there is only
one such, we conclude that this expression has to be equal to

a~ L(WI - W2)2(W3 - W4)2 = c(aoa4 - 4aIa3 + 3a~).

For n = 4, the expression

a~ L(WI - W2)2(W3 - W4)2(WI - W3) (W2 - W4)

is also an invariant of degree three and weight six. Since there is only
one such, namely, j = aOa2a4 + 2aIa2a3 - a~ - aoa~ - a~a4, it follows
that this expression has to be equal to CI . j.

On the other hand, for n = 4 we also have the invariant

a~ II {(WI - W3) (W2 - W4) + (W2 - W3) (WI - W4)}

of degree three and weight six. Hence, this expression must be essentially
identical to the previous one, namely, equal to C2 • j. From this, one
recognizes at the same time the significance of j = O. In this case, one
of the three factors is equal to zero, say

WI -W3 WI -W4
=W2 -W3 W2 -W4

or

WI -W3 WI -W4 = -1,
W2 -W3 W2 -W4
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and if one makes an analogous calculation for the two other factors, then
one sees that j = 0 is the necessary and sufficient condition for the four
roots of f to have harmonic position * in some combination.

The theorem we have proven also has a converse.

Theorem Each invariant of the form f is a symmetric function of
the roots that depends homogeneously only on the differences and that
contains each root in each term (written as a function of the differences
of the roots) to the same degree.

We omit the proof of this theorem. Furthermore, the theorem can
easily be generalized to simultaneous invariants. If

f = aoxl + (~)alx~-lx2 + = aO(xI - WIX2)'" (Xl - WnX2),

g = box'r + (7) bIX'r- IX2 + = bO(XI - PIX2)'" (Xl - Pm X2),

then we have the followin~:

Theorem The expressjy4

is an invariant if the sum is a symmetric function of the W as well as
the P, which is homogeneous in all root differences, in such a way that
in each term of the sum each w appears equally often, namely, w times,
and each P appears equally often, namely, u times.

This theorem too has a converse, and can also be generalized to arbi­
trarily many forms.

The resultant of the two forms f and g provides an example. Recall
that it is equal to

a(j'boII(Wi - Pk) = a;r'b(j II(Wi - Pk),

so it is indeed an invariant. The condition nr + ms = 2p is satisfied,
since p = mn, w = m, and u = n.

For n = 2, m = 2,

is an invariant; indeed, it is equal to

* Four points are in harmonic position if the cross ratios of their coordinates are
equal to 1.
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Thus, we have at the same time implicitly treated the case of covari­
ants.

1.12 The invariants and covariants as functions of the
one-sided derivatives

Every binary form is essentially identical to a polynomial function in
one variable. This polynomial is obtained by setting Xl = X, X2 = 1,
and we will write:

f = f(n) (x, 1) = aoxn + G)alxn
-
l+ ... +ano

Furthermore, we want to introduce the notation

(n-i)! dif(x, 1)
fi = , d i 'n. X

so that Ii is in essence the i th derivative with respect to the one variable
(the ith one-sided derivative). We then have the following:

Theorem Every covariant C of the form f can be directly expressed as
a polynomial function of the one-sided derivatives fi; one obtains this
expression by substituting fi for ai in the source of the covariant.

Of course, this theorem is also valid for invariants. We omit the proof.
In any case, it demonstrates once again that there is a connection be­
tween invariant theory and differential equations. In fact, it is possible,
under certain citcumstances, to integrate differential equations invariant
theoretically. Since the intrinsic properties of forms are given by the van­
ishing of in- and covariants, we see that we can also characterize them
through differential equations, which one knows as soon as the in- and
covariants are known.

Lecture XXX (July 1, 1897)

Representation of the in- and covariants in terms of one-sided derivatives
is of great importance for many problems. We shall only mention one,
which was already treated by Clebsch. Suppose that one or more forms,
whose coefficients are not arbitrary anymore, but have been specialized
in some way, satisfy certain conditions. The problem is to determine
necessary and sufficient conditions in such a way that forms that satisfy
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them can be transformed linearly into the original ones; that is, on
should find the "invariant criteria" for the specialization.

We can treat this problem with our represent~tion and carry it out
completely for spherical functions, for instance.

We illustrate the representation of in- and covariants in terms of one­
sided derivatives with some examples. The Hessian covariant is

1i ( 2) 2n-4 += aOa2 - a l Xl ... ,

so we have

or

1i=foh -If
=f(n-2)!!,,_ [(n-l)!]2 /'2

n! n!

or

Likewise, the Jacobian covariant is

(f,9h = (aObl - al bo)xf+m-2 + ...
= f09l - 90ft

(f,9h =!....~ :"/'9.
m n

In general, the pth transvection of f over 9 is

(f,9)p = f09p - (~)ft9P-l + (~)h9P-2 - ... + (-1)Pfp90.

Of course, for invariants, the variables have to disappear from the
representation when one substitutes explicity expressions for the one­
sided derivatives. For example, for n = 2, the Hessian covariant is

1i = i(2ff" - f1 2)

= H2(aox2 + 2alX + a2)2aO - (2aox + 2al)2)

= a5x2 + 2aOalx + aOa2 - a5x2 - 2aOalx - a~

= aOa2 - a~.

One can easily construct more such examples.

Remark The main theorem of this section has been stated and used,
especially for spherical functions, by Prof. Hilbert in his inaugural disser­
tation: "Uber die Invarianten Eigenschaften Spezieller Biniirer Formen
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Insbesondere der Kugelfunktionen," Konigsberg, Prussia, 1885. The re­
sults herein are generalized to the terminating hypergeometric series

F( f3 ) - af3 a(a+l)f3(f3+1) z
a, ,'Y, x-I + -l-x + 1 2 ( 1) x + ... ,

''Y . ''Y'Y+

in the case that f3 = -n is a negative integer, in the treatise: "Uber eine
Darstellungsweise der Invarianten Gebilde im Biniiren Formengebiete"
by D. Hilbert, Math. Ann. 30. There it is shown that for the latter, one
can use that theorem to determine very simple and interesting invariant
conditions.

1.13 The symbolic representation of invariants and covariants

After we have seen two new representations of in- and covariants in the
previous two sections, we now finally come to a representation that is
entirely different from the previous ones. The symbolic representation of
invariants and covariants was the one used almost exclusively in earlier
textbooks, notably in England, America, and Italy. * Even Cayley used
a symbolism for invariant-theoretical investigations. The method, how­
ever, which will concern us subsequently, which allows simple symbolic
computations often convenient for the derivation of the in- and covari­
ants, originates with Clebsch, and was practiced after him, notably by
Gordan. We begin with a form and consider its invariants; the consid­
eration of covariants and simultaneous in- and covariants then presents
no additional difficulties; for them we will only state the appropriate
theorems, however.

Let

'f n + (n) n-1 + + n= aOx1 1 a1 x 1 X2 • • • an X 2

be the given base form, and let

be one of its invariants. Instead of a~o we write explicitly aoao ... ao (vo
times), etc. Then the invariant is

I = L Z/l-O/l-t/l-2'" a/l-Oa/l- t a/l-2 a/l-3 "',

where the number of the occurring a is obviously the degree; further­
more, the sum of the subscripts is the weight of each term, and hence

* See Kung and Rota (1984) for a modern treatment of the symbolic method for
invariants of binary forms.
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also of the invariant. Now we substitute a b for the second a, etc., and
write

I = [E Z/J.a/J.l b/J.2 C/J.3 ...Ja=b=c"'; ...=a

in such a way that each term of the invariant contains exactly one a,
one b, .... But then we can, without ambiguity, write exponents instead
of subscripts; that is,

I = [[ E Z/J.a/J.lb/J.2c1J.
3
... ]J!a=b=c=...=a .

Because from this symbolic expression we obtain completely and unique­
ly the explicit expression if we write subscripts instead of exponents
(which is indicated via the arrow!), and then set a = b = c = .... The
new variables a, b, C, ••• are called the symbols, which give the represen­
tation. One uses as many symbols as the degree of the invariant.

This representation, however, would complicate matters rather than
simplify them if one could not write the resulting expression more simply,
provided one thinks of a/J.l, . " as real powers. But for this it is necessary
that one introduces the symbols a, b, C, . .• into the individual terms
appropriately; because, while it is initially arbitrary for which a in each
term one substitutes b, and for which a one substitutes c, ... , it is
not arbitrary anymore if on~ts to achieve a simple representation,
which is always possible. At the very least, the arbitrariness is always
very limited.

To give an example of this, consider the invariant of the quadratic
form. Thus, we write

I = aOa2 - a~

= ~(aoa2 - 2a~ + a2aO)

= ~(aob2 - 2albl + a2bo)b=a

= ~(b2 - 2ab + a2)b=a
or

I=~(b-a)2.

From this expression one obtains the explicit representation if one first
expands, replaces exponents by subscripts, and finally substitutes a = b.
In homogeneous expressions, one has to insert aO or bO ••• , depending
on the missing symbols.

When can one tell from looking at such a symbolic expression whether
it is an invariant or not? We will derive a sufficient condition for this. If
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an expression I is to be an invariant, then it has to satisfy the differential
equation

VI=O.

If we use the symbolic representation, then this becomes

VI = Va [[...J] b=...=a +Vb [[...1] b=:..=a + ....
But we have

a a a
Va = ao~ + 2al~ + ... + nan-l n-.

Val Va2 van

In the symbolic representation, the expression

. i-I a o(a i
) aza --=----

o(ai ) oa o(ai )

replaces
. a
zai-l -;-;

Vai

therefore

V _ oa .!!.. + 0(a
2

) _0_ + 0(a
3

) _0_ +... + o(a
n

) _0_
a - oa oa oa 0(a2) oa 0(a3 ) oa o(an) ,

where all powers of a are to be considered independent for the moment.
One therefore obtains:

a
Va = n· oa'

where now the powers are to be considered as such, that is, as depend­
ing on a. An invariant in its symbolic form must therefore satisfy the
differential equation

0[[· ..1] 0[[00.1] 0[[...1]
oa + ob + fJc + ... = O.

So far we have thus found:

Theorem The expression

I = L Z alJ.tbIJ.2 cIJ.3 •••

is the symbolic representation of an invariant if and only if each term
contains equally many, say g, symbols, if furthermore each term has
the same total degree, say p, where ng = 2p, and if it satisfies the
differential equation

oI oI oI-+-+-+ .. ·=0.
oa ob oc
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This invariant, in its nonsymbolie representation, is of degree g and

weight p.

Lecture XXXI (July 2, 1897)

It is now very easy to give a polynomial.function of the symbols a, b, e, ...
that satisfies these conditions, namely, an arbitrary polynomial function
of the differences b - a, e - a, ... , as long as the homogeneity conditions
are observed. Because of the importance attached to these differences,
one also writes them in the form:

b-a=(ab),

e - a = (ae),

etc. A polynomial function of these differences is written as

S = L Z(ab)lT(ae)'(bc)p(bd)"··· (al)>'.

This obviously satisfies the differential equation

8S 8S
8a + 8b +... = 0,

since each factor of each term~sfies it:

8(ab)lT 8(ab)lT----a;;- + ----ab + ... = -a(ab)lT-l + a(ab)lT-l + 0 = O.

Furthermore, the sum of the exponents

a+f+p+,,,+'x=p

must be constant in each term of the sum. Now suppose the symbol a

occurs a times, the symbol b occurs f3 times, ... in each term of the
sum; then apparently

a + f3 + ... = 2(a + f + P + ...) = 2p,

and therefore the condition

a + f3 + I + ... = ng

has to be satisfied also. Now, we necessarily have

a ~ n, f3 ~ n, I ~ n, ,

since only the symbols aO,a1, ... ,an ; bO,b1, ,bnj ... make sense. Bu
the number of s mbols that occur in each term is equal to g, so th
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number of quantities a, 13, /, ... also has to equal g. If even only one 0

the quantities a, 13, /, ... were less than n, then its sum could not be
equal to ng, which is required. Hence, it follows that

a = n, 13 = n, / = n, ...

has to hold. And thus we have obtained the following:

Theorem 1 The symbolic expression

S = L Z(ab)" (act (bc)P ... (al)"

is an invariant of degree 9 and weight p, if p is the sum of the exponents
a + T + ... + >., common to all terms, and if, furthermore, each of the
9 symbols occurs exactly n times in each individual term.

Incidentally, the converse holds also.

Theorem Each invariant can be represented symbolically as a junction
of the differences.

We shall give a brief sketch of the proof further below.
One should remark that writing the coefficients symbolically amounts

to writing the base form in the form

where the ai = ai, bi = ai, etc. have the same meaning and are only
introduced together to preserve uniqueness.

We illustrate the above with some examples. Clearly,

(abt = I

is an invariant of the form of order n. Indeed,

(ab)n = (b - a)n

= bn _ (~) bn-1a + (;) bn- 2a2 _ •••

= aoan - (~)alan-l + (;)a 2an- 2 - ••• + (_1)nanao.

If n is odd, then this expression vanishes identically. But if n is even,
then this is exactly the nth transvection of the form over itself.
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In particular, if for example n = 4, then

(ab)4 = b4 - 4b3a + 6b2a2 - 4ba3 + a4

or

(ab)4 = aOa4 - 4ala3 + 6a~ - 4a3al + a4aO

= 2(aoa4 - 4ala3 + 3a~)

= 2i.

Similarly, one sees that

But, in order to give an example of how one can represent explicitly give
invariants symbolically, as well as at the same time give an example for
such symbolic calculations, we want, conversely, to try to express j i
symbolic form. We have

aO al a2

j= al a2 a3

a2 a3 a4

ao al a2

b1 b2 b3

C2 C3 C4

whence

1 a a2 1 a a2

j= b b2 b3 bc2 1 b b2

c2 c3 c4 1 C c2

= bc2(ab) (ac) (bc).

Needless to say, it is irrelevant in which row of the determinant we ini­
tially place the a, in which the b, and in which the c, since all thre
symbols have the same meaning; in general, we have: "One can inter
change symbols that have the same value," which is obvious. If we no
interchange a· and b in the last expression for j, then one finds that

j = -ac2(ab) (ac) (bc),

and addition of both formulas gives

(ac) (bc).
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If we now furthermore interchange c with a, and c with b, then one
finds that

2j = a2(bc) (bc) (ac) (ab),

2j = -b2(ac) (ac) (a b) (bc).

Addition of these three formulas gives

1 a a2

6j = (a b) (ac) (bc) 1 b b2

1 C c2

hence

as we just claimed.
For covariants and simultaneous in- and covariants we have theorems

analogous to those for the invariants of a single form. We list the the­
orems without proofs and remark that the proofs for the simultaneous
invariants can be carried out just like those for the invariants of a single
form, and that then the proofs for the covariants result from the fact that
each covariant has to become an invariant if one sets Xl = -b l , X2 = bo,
where bo, bl are the coefficients of a linear form, and conversely. If we
use the abbreviation

so that the base form is f = a~ = b~ = ... , then the theorems in
question are as follows.

Theorem 2 The symbolic expression

L Z(ab)"(acr(bct··· a~b~ ...

is a covariant of degree g, order m, and weight p, if p is the sum of
the exponents a + T + /'i, + ... common to all summands, and m is the
common sum of exponents e+ "l + .. " and if furthermore each of the g
symbols a, b, c,. .. occurs n times in each summand.

So, for example, we have

(f, f)i = (aWa~-ib~-i,

the i th transvection of the form f over itself; in particular we have

7-l = (ab)2 an-2bn - 2
x x ,

the Hessian covariant of the form f = a~ = b~ .
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Theorem 3 The symbolic expression

L Z(ab)<T(acr ... (aa')I«ba')e ... (a'b')"'(a'c,)A ...

is a simultaneous invariant of degree g in the coefficients of f = a~ =

b~ = .. " and of degree g' in the coeffici~nts of f' = a~n' = b~n' = ... ,
etc., and of weight p, if p is the sum of the exponents, common to al
summands, and if, moreover, each of the g symbols a, b, c, . .. occurs
n times in each summand, whereas each of the g' symbols a', b', c', ...
occurs n' res in each summand, etc.

An an~ogoustheorem holds for simultaneous covariants. The converse
of these theorems holds also. One can represent each invariant of one
or more forms symbolically as a polynomial function of the differences
(ab), (ac), . .. , and one can, similarly, express each covariant of one or
more forms in such a way that it appears symbolically as a polynomial
function of the types (ab) and ax.

The idea for a proof of this converse is based on the following: Suppose
we are given an invariant

I = I(ao, ... , an; a~, ... , a~; .. .).

Then
8I 8I 8I

bo - + b1 - +... + bn -
8ao 8al 8an

is also an invariant, which is linear in the b, and whose degree in a

is lowered by one. Furthermore, it is transformed into the original one
if one identically equates the new form that was added with the form
with the coefficients a, that is, if one sets ao = bo, al = b1 , .... By
adding more forms, one can clearly obtain an invariant that contains
the coefficients of all its base forms linearly and is transformed, up to
a constant, into the invariant I if one sets the added forms identically
equal to the ones to which they were added. One can now write expo­
nents instead of subscripts without creating ambiguities, and obtains a
symbolic representation like the one at the beginning of this section. But
if one considers this representation as an actual invariant, that is, if one
considers the exponents as real exponents, then the resulting expression
must be a simultaneous invariant of only linear forms. But each simulta­
neous invariant of linear forms is a polynomial function of the differences
(ab), (ac), ... , as one can prove, in somewhat complicated fashion, in­
ductively for simultaneous forms (see, for instance, the proof in Clebsch
and Lindemann, Geometrie, vol. I, p. 184 ff.). The symbolic expression
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must, therefore, always be expressible as a polynomial function of the
differences-which also proves the converse.

Thus, if one wants to form all possible invariants and covariants, one
only needs to form all possible polynomial functions of the types (ab)
and ax, while observing the side conditions. It can thereby happen that
an expression takes on different meanings depending on which base form
one considers; for instance, every symbolic expression represents a simul­
taneous invariant of linear forms. Conversely, it can also happen that
a given invariant has several different symbolic representations. When
making symbolic calculations, one of course chooses the simplest one.

Final remarks to Part I

If we now recapitulate briefly what we have discussed so far, then it
consisted mostly of three things-disregarding the enumeration calculus
that we employed. After defining invariants and covariants, we first de­
rived necessary and sufficient conditions for them. There, we used the
essential fact that each linear transformation can be reduced to three
especially simple linear transformations. We restricted ourselves to bi­
nary forms, but it is evident that this restriction is not essential, that
indeed these reflections can be extended easily to forms with arbitrarily
many variables. Second, we constructed a system of covariants for which
we could prove that all other possible covariants can be expressed ra­
tionally through these. This theorem, which can also be generalized to
forms with arbitrarily many variables, proved to be particularly fruitful
for the construction of the covariants and the syzygies existing between
them. Third, we gave three new representations of covariants, of which
the symbolic representation led to a simple way of constructing covari­
ants, and which has the advantage of being directly applicable to forms
with several variables. We can perhaps characterize the three parts in
the following schematic way:

1. Definitions and concepts. Basic properties.
2. Fundamental Theorem. Examples and corollaries to it.
3. Methods of representation.

The rational representation of all covariants through a finite system of
them directly raises the question whether, for a given system of simul­
taneous forms, one can construct a finite system of in- and covariants
through which all the others can be expressed as polynomials. We now
have to consider this question, which is substantially deeper than the
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one regarding rational representation, and which has an affirmative an­
swer. To answer it we need to make observations that are completely
different from the ones so far. The theorem about the finiteness of a full
invariant system-first proven in general by Hilbert-is of fundamental
importance for higher invariant theory. All further observations are base
on it; it forms the foundation for the second part of the theory as well.



I
The theory of invariant fields

Lecture XXXII (July 5, 1897)

11.1 Proof of the finiteness of the full invariant system via
representation by root differences

The invariants of a simultaneous system of base forms constitute an inte­
gral domain, insofar as a polynomial function of invariants or covariants
is again an invariant or covariant, as long as homogeneity-rather only
the power of the substitution determinant-is preserved. Thus, there
arises the following question: Does this integral domain have a finite
basis? That is: Is there a finite system of invariants through which all
others can be expressed as polynomial functions? And one has to ask
furthermore: If there is such a "finite full invariant system" (respec­
tively, system of forms), how many mutually independent syzygies exist
between the invariants of this full invariant system? These are the im­
portant questions with which we will concern ourselves subsequently.

The primary discoverer of invariant theory, Cayley, has already made
the conjecture that a simultaneous system of forms has a finite full in­
variant system. However, he was unable to find a proof for this conjecture
so he finally began to doubt its correctness again. He was only able to
prove it for binary forms up to order six by assuming only one base form.
Later, however, Gordan proved this theorem for an arbitrary system of
simultaneous forms in two variables by using the symbolic method. But
this proof is very cumbersome (compare Gordan, Vorlesungen iiber In­
variantentheorie, vol. II, p. 231). Gordan's proof can also not be gen­
eralized to forms in arbitrarily many variables; he only succeeded for
ternary forms of order two, three, and four (Math. Ann. 1, p. 90, an
the notice in Clebsch and Lindemann, Geometrie, vol. I, p. 274). Later,
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Mertens proved finiteness in a nonsymbolic way, but also only for binary
forms (d. Crelle's Journal fUr Reine und Angewandte Mathematik 100,
p. 223.) This proof too is very cumbersome. But then, Hilbert (Math.
Ann. 33) gave a very simple and relatively short proof of the same fact.
It is based on the represent¢on of an invariant as a function of the dif­
ferences of the roots; but fur this very reason it also holds only for binary
forms and cannot be generalized to forms with more variables. It was
again Hilbert who then found another proof (Math. Ann. 36), which can
be directly generalized to arbitrary simultaneous systems of forms with
arbitrarily many variables and variable sequences. This proof, which uses
higher algebra, at the same time gives information about the number of
syzygies and other questions that arise in finiteness considerations. In
this section we first want to study the first proof of Hilbert regarding
the finiteness of the full invariant system of a system of binary forms.
We first prove two lemmas.

Lemma 1 If from N arbitrary quantities w, . .. , one forms the sum of
their first, second, ... , Nth powers:

w + "',
w2 + ... ,

wN + ... ,

and if p denotes an arbitrary positive integer, then there always exists
an identity of the Iorm:

w P = G + G(1)W + G(2)w2 + ... + G(N-1)WN - 1, (1)

where G, G(1), G(2), •. . ,G(N-1) are integral functions of the above sums
of powers.

Namely, if S1, S2, ... are the elementary symmetric functions of the
w, then we have

w N - S1wN-1 + S2wN-2 _ .•• ± SN = O.

But S1, S2, .•. , SN are polynomial functions ofthose power sums; hence,
they are of the same form as G, G(1), •.. • It follows that

w N = S1wN-1 - S2wN-2 + ... =F SN

holds identically. Using wP , where p ;::: N -otherwise the theorem i
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trivial-one can write
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w p = w N . wp -
N = (SlwN-1 - S2wN - 2 + .. .)wp - N ,

and it is clear that by continuing in this way, one can lower the highest
power of w down to wN -1, and introduce only w, w2, ... , wN -1 and
polynomial functions of the power sums. This proves the lemma.

Lemma 2 A system of arbitrarily many linear homogeneous Diophan­
tine equations has a finite number of nonnegative solutions such that
every other nonnegative solution can be obtained from these linearly an
homogeneously with nonnegative integer coefficients. *

The given Diophantine equations are assumed to be of the form:

a~x1 + a~x2 + + a~xn = 0,

arx1 + a~x2 + + a~xn = 0,

alm)x1 + a~m)x2 +... + a~m)xn = 0.

Consider first the case of one equation. Let its positive coefficients be
aI, a2, . .. , a p ; the negative ones be -131, -132, ... , -13>.; and e, "l re­
place the x. That is, the equation is

Suppose

e1 = AI, 6 = A 2,· .. , ep = A p , "l1 = B 1,···, "l>. = B>.

is an arbitrary positive solution of the equation, where all A and Bare
nonnegative numbers. One positive solution, however, can be given right
away, namely,

ei = 13k, "lk = ai; 6 = 6 = = ei-1 = eHl = = ep = 0,

''In = "l2 = = "lk-1 = "lk+1 = = "l>. = 0.

If one takes all allowable combinations for i and k, that is, i = 1, ... , p;
k = 1, ... , >., then one obtains p>. solutions, in any case a finite number.
Now, let 'Y be the largest of all the coefficients a, 13. Then all possible
nonnegative solutions can be reduced, with the help of the above special
solutions, to the case where either all A or all B are smaller than 'Y. To

• A minimal such finite set is called a Hilbert basis of the monoid defined by the
linear Diophantine e uations.
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see this, suppose for instance that Al > 'Y, B2 > 'Y. Then we subtract
from the given solution the special solution 6 = /32, "'2 = al; the new
solution is then still nonnegative, and this process can be repeated until
all A or B have become less than 'Y. So, we can restrict ourselves now
to those solutions, say, for which all A have become less than 'Y. But
since a < 'Y for all a and e< 'Y for all relevant e, it follows that

p"? > /3lBl + /32 B 2 +... + /3>...B>...,

and hence certainly A < 'Y and B < {>f2 for all A and B. Thus,
we only need to consider those A and B. But the number of solu­
tions for which A and jJ-are smaller than a given finite number is
certainly finite. Hence {he lemma is proven for one form. An inductive
step from m - 1 to m shows that it is then valid in general. Because, if
xi, x~, .. . ; x~, x~, ... ; ... form the finite system of solutions for the first
equation, then an arbitrary solution of the first equation is representable
in the form

Xl = Ylxi + Y2X~ +"',
X2 = YlX~ + Y2X~ + ... ,

where the Y have to be integers. If one substitutes these values in the
remaining m - 1 equations, then one obtains for Y the exact same prob­
lem as before for the x. In this way, one can reduce the proof of the
lemma for arbitrarily many equations to the case of one equation; but
this case we have dealt with. The lemma is therefore valid in general.

Both lemmas, which we have proven, are similar to the invariant the­
orem in question in the sense that both assert the finiteness of certain
closed systems.

Lecture XXXIII (July 6, 1897)

Let us now proceed to the proof of the theorem. We prove it for a bas
form

f = ao(xl - alx2) (Xl - a2x2) ... (Xl - a n X2).

We abbreviate

ai - ak = (i, k).

Each invariant of f can be represented in the form (Section 1.11):

( )
el,2 ( e 1,3 ( )e2,3 ( )en-1,nI = 1,2 1,3) 2,3 ... n - 1, n +.... (2)
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One is supposed to form sufficiently many terms of this form so that the
function becomes symmetric in the a. And the e1,2, e1,3, . .. , denote
nonnegative integers. But every a has to appear the same number of
times in this representation (Section 1.11); hence, if we set ei,k = ek,i,

the following equations must hold:

e1,2 + e1,3 + ... + e1,n = e2,1 + e2,3 + ... + e2,n

(3)
= en,l + en,2 +... + en,n-1.

All positive integers which satisfy these n -1 homogeneous Diophantine
equations, and only those, give invariants of the form f. The number of
unknowns is n(n -1)/2. These equations have a finite system of positive
integer solutions, through which all others can be expressed as linear
combinations with positive integer coefficients. Let this finite system of
solutions be .

1,2 1,3 e2,3e1 , e1 , ..• , 1 , en - 1,n.... , 1 ,

(4)

1,2 1,3 2,3 n-1,ne2 , e2 , ... , e2 , ... , e2 ;

Every other solution can then be constructed from these with positive
integer coefficients; for instance, let

e1,2 = P1e~,2 + P2e~,2 + +Pme~2,

e1,3 = P1e~,3 +P2e~,3 + +Pme~3,

We now form the following quantities:
1,2 1,3 n-l,n

W1=(1,2)e 1 (1,3)e1 ···(n-1,n)e1 ,

(5)

(1 2)el,2(1 3)el,3 ( 1 )en-1,nWm = , m , m. •. n - ,n m •

Then, evidently

(6)

is an invariant, where all subsequent terms are derived from the one
that is written out by permuting the roots in all possible ways. We form
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all those invariants for which 1r :::; n! = N. This is in any case a finite
number.

Each of the m products (5) gives rise to N - 1 further expressions
through permutation of the numbers 1,2,3, ... , n in the parentheses.
Then, according to the first lemma, we have equations of the following
kind:

WP1 - G + G(I)I'~+G(2)W2 + + G(N-I)wN - 1
1 - 1 1 r 1 , . 1 1 . . . 1 l'

(7)

wPm = G + C<1)w + C<2)W 2 + ... + C<N-l)wN - 1
m m mm mm m m'

where the G 1, G 2 , • .. , G m , respectively, are polynomial functions of the
power sums:

WI + ... , W~+· .. , wf" + ... ;
(8)

Wm + .. · , W~+ .. · , w~ + ....

Note that the power sums (8) are invariants belonging to system (6).
But now we directly obtain the most general expression for an invari­

ant from (2), (4), (5) to be

If we substitute herein the values (7), then we realize immediately that I
has to be a polynomial function of the power sums (8) and the quantities
WI, ..• , wi" -1, .... But since I is symmetric in the roots and since the
exponents never get larger than N, it follows that every invariant has to
be a polynomial function of the invariants (6). This completes the proof
of the finiteness of the full invariant system.

It hardly needs mentioning that, while the system (6) is a full invari­
ant system, it is not the smallest; the number of mutually independent
invariants will be much smaller. But we only aimed at proving finiteness
in principle.

The proof can be generalized without effort to a simultaneous system
of binary forms. One only has to replace (2) by a symmetric integral
function whose leading term contains all root 'differences of the base
forms (including differences of roots of different forms) in such a way that
the roots of those linear factors belonging to the same base form occur
with the same degree. This characteristic property of a simultaneous
invariant finds its expression in a system of linear Diophantine equations
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that plays the role of the system of equations (3). Aside from that, the
same conclusions hold.

11.2 A generalizable proof for the finiteness of the full
invariant system

We now turn to Hilbert's second proof of the finiteness of the full invari­
ant system. This proof is very important because, as already mentioned,
it can be generalized to forms with arbitrarily many variables. Here too
we will consider binary forms only, but one can easily convince onesel
that every step we make can be made completely analogously for forms
with more than two variables.

For the moment we need to concern ourselves with a new operational
symbol, which we define as follows. Let

f(xl,x2) = aoxr + (~)alxr-lx2 + ... + anx~

be the given base form. We transform it via the transformation

Xl = aYl + {3Y2,

X2 = "IYl + 0Y2

into

g(Yl' Y2) = boyr + (7)blYf-lY2 + ... + bnY~·

The b contain a, {3, "I, 0 with degree n. Thus, we can differentiate them
with respect to these variables. We therefore want to introduce the fol­
lowing notation:

The operation n proves to be of particular importance, especially in
light of the following.

Lecture XXXIV (July 8, 1897)

Theorem Let :F(b) be a polynomial function of the transformed co­
efficients b. If one applies the operation n p times to the expression
e1r:F(b), considered as a function of a, a, {3, "I, 0, where

e = ao - {3"1
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is the substitution determinant and 1r is an integer, until np (lo'".1'(b))
does not contain the a, {3, -y, 0 anymore, then one obtains an invariant:

of weight p - 1r •

We prove this theorem as follows. We consider another linear trans­
formation, independent of the first one:

Yl =f'Zl + {3'Z2,

Y2\-Y'Zl+0'Z2'

Thereby, f(Yl' Y2) = aoyf + ... is transformed into

f(Yl' Y2) = g'(Zl, Z2) = b~zf + ....
Suppose furthermore that

82

n'-- 8a'80' -

lo' =a'o' - {3'-y'.

Moreover, we consider a third linear transformation that is composed 0

the previous two, as discussed in Section 1.2.
Let this transformation be

Xl = a"Zl + {3"Z2,

X2 = -y"Zl + 0"Z2,

where we set

a" = aa' + {3-y',

{3" = a{3' + {30',

-y" = -ya' + o-y',

0" = -y{3' + 00',

so that

lo" = a"0" - {3"-y" = lo • lo',

and set

n" 8
2

8
2

= 8a"80" 8{3"8-y'"

Under this transformation f(Xl' X2) is transformed into

f Xl, X2) = g"(Zl, Z2) = b~zf + ....
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depends now only on the a, but not anymore on the transformation
coefficients a, [3, 'Y, 0; thus, it is irrelevant which transformation we use
to form it. Hence we also have

But the b' depend on the a in exactly the same way as the b" depend
on the b. Therefore,

From this it follows in turn that

since f'" is a constant with respect to the operation 0'. Therefore, one
has

To rewrite this identity further we use another property of the operation
0; namely, the following:

Theorem If B is a Junction of the a", [3", 'Y", 0" that does not contain
the a', [3', 'Y', 0' outside of these expressions, then

O'(B) = f· O"(B).

The proof of this theorem is a direct computation. Namely, we have

Now we have

8B 8B 8B
8a' = a 8a" + 'Y 8'Y'"

8B 8B 8B
8[3' = a 8[3" + 'Y 80'"
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{rl 82B 8
2
B }

- 'Y . \ 8a"88" +0 8'Y"80" .

And from this it follows indeed that

8
2
B 8

2
B (8

2
B 8

2
B)

8a'80' - 8(3'8'Y' = (ao - (3'Y) 8a"88" - 8(3"8'Y" ,

that is,

f!'(B) = f· f!"(B).

Repeated application of this theorem gives:

where B is a function as described above. One can even consider B to
be arbitrary here; one only has to make sure that on the left-hand side
one considers B as a function of the variables a, .. . ; a', ... , which are
to be considered independent. On the right-hand side, however, B is to
be considered as a function of the variables a, ... ; a", ... , which are
now to be considered independent.

According to this theorem, the formula

now becomes

and since, according to an earlier remark, the right-hand side is equal
to fPI(a) , we have

as asserted.
One can also prove the converse.
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Theorem For each invariant I one can find a Junction :F such that,
for suitable 1r and p, the equation

holds.

One only needs to take

:F= C·I,

where C is a constant to be determined. Since then

it follows from

that

or, since this implies p = Pl , that

1
C=-.

OPt:P

But this is always possible since OPt:P is always different from zero. This
last statement is a very essential fact that we will use often. To prove it
we remark that 0 2 can be written in the form

an expression which is to be considered symbolic, however, that is, such
that one adds the superscripts in the numerator in such a way that, for
instance,

82 82

----
8a888{38-y 8a8{38-y88 .

An inductive step from P to P + 1 shows easily that, using analogous
notation, we obtain for higher differential quotients that

(
82 ) P (p) ( 82 ) p-l ( 82 ) 1

OP = 8a88 - 1 8a88 8{38-y

(p) ( 82 )P-2 ( 8
2

)2 ( 82 )P+ 2 8a88 8{38-y - ... + (-l)P 8{38-y
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On the other hand we have

fP = (ao)P - (i) (ao)p-1!3"( + (~) (ao)p-2(!3"()2 - ... + (-l)P(!3"()P.

Applying f!P to this expression, only those terms contribute something
that correspond to a summand in f!P. The others don't contain either
a,o or !3, "( to a sufficiently high power, and therefore give zero. Thus,
we obtain for the desired f!P(fP):

f!PfP = p!2 + (i) 2(p _ 1f1!2 + (~) 2(p _ 2)!22!2 + ... + p!2,

or \

This proves our assertion.

Lecture XXXV (July 9, 1897)

For the proof of the finiteness of the full invariant system we now have to
derive another theorem that represents a general fact about finiteness. *

General Finiteness Theorem Let :F1, :F2, :F3, ... be an infinite se­
quence of forms in the n variables Xl, X2, • •• X n . Then there always ex­
ists an integer m such that each form in the sequence can be expressed
as

where A1, A 2 , • •• , Am are suitable forms of the same n variables.

Prof. Hilbert has discussed the importance and impact of his theorem
in Math. Ann. 36. Indeed, it has important applications for many pur­
poses, and we will see that, in particular, we can use it together with
the other observations of this section, to prove the finiteness of the full
invariant system, in a way that is easily seen to be generalizable. We
must now prove the theorem.

Note also that the statement of the theorem assumes that the given
sequence of forms :F1,:F2,:F3, ... is a countable set, that is, one can think
of it as ordered in some way, according to some given rule, and that it
is given in that order. But there are no additional hypotheses.

In the simplest case n = 1, the theorem is clear. Each :F has the for

• The followin theorem is now known as the Hilbert Basis Theorem.



II. 2 A generalizable finiteness proof 127

cxr , where c is a constant. Let C1xr1 be the first form of the sequence
with a coefficient different from zero. We then look for the next form in
the sequence whose order is less than r1; if there is no such form, we
retain C1xr1 . But if there is one, say C2xr2, then we proceed to the next
form in the sequence whose order is less than r2· If we continue in this
manner, then we finally arrive at a form CiXr; = :Fm in the sequence
with the property that none of the subsequent forms have order less than
ri' Every form is then divisible by :Fm, and so m is an integer which
satisfies the assertion of the theorem.

For n = 2, we can argue analogously. We sketch the proof for binary
forms as follows. Suppose that the first two forms have a common linear
factor, and assume further that this factor is contained in every subse­
quent form of the sequence. Arguing as in the previous case, there is
a form in which this factor appears to the lowest power. We divide all
forms by it and obtain a new sequence that does not have this com­
mon factor anymore. But it can have another factor in common, which
we also remove in the same way. But since the forms have finite order,
there can only be a finite number of common factors. Hence, after a
finite number of operations, we reach a sequence of forms such that no
factor is common to all forms. Let this be

:F~, :F~, :F~, ....

We proceed to a point in the sequence such that the first part

:F~, :F~, ... ,:F:n

has the property that the forms have no common factor. But then we
can construct two forms <P1, <P2 so that

<P1 = A1:F~ + A2:F~ + + Am:F:n,

<P2 = B1:F{ + B2:F~ + + Bm:F:n

have no common factor, where the A and B are forms of the prescribed
kind. But then, any arbitrary binary form :F, whose order is not smaller
than the sum r of the orders of <P1 and <P2, can be put in the form

:F = A<P1 + B<P2,

where A and B are suitable forms. As far as the forms of order smaller
than r are concerned, one can in any case find a finite system with the
property that all others can be expressed by it. Finally, to recover the
original form :F we only need to multiply the obtained identities with
the common factor.
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For n = 3, the proof of our theorem would already encounter sizeable
difficulties, which would only increase as soon as we further increase the
number of variables. We will therefore take a different route to the proof
of the theorem, namely, an inductive argument from n - 1 variables to
n variables.

Let FI' F 2, F3, . .. be the given sequence of forms in n variables,
and let F I be a nonvanishing form of order r. Then we first deter­
mine a linear substitution of the variables XI, X2, . .. ,Xn which has a
nonzero determinant and transforms F I into a form {Ii of the variables
YI, Y2,· .. ,Yn in such a way that the coefficient of Y~ in the form {Ii
is nonzero. Suppose this linear substitution transforms F2, F3, .. " re­
spectively, into forms {h, {h,· ... If we now consider a relation of the
form

where s is some subscript and B I , B 2 , ••• , Bm are forms in the variables
YI, Y2, . .. , Yn, then it is trans~rmed by the inverse linear substitution
into a relation of the form \

F s = AIFI + A 2F2 + ... + AmFm,

where AI, A2, ... , Am are forms in the original variables XI, X2,· .. , Xn .
Hence, the theorem is proven for the forms F, if it is proven for the
forms 9.

Since the coefficient of Y~ in 91 is different from zero, one can reduce
the degree of any form 9s in the sequence 9 with respect to the variable
Yn below r by multiplying 91 with a suitable form B s and subtracting
the product from 9s; this can be seen by direct division. We therefore
set, for an arbitrary s:

9s = Bs91 + 9s1y~-1 + 9S2y~-2 + ... + 9sr,

where B s is a form in the n variables YI, .. " Yn, while the forms
9s1, 9s2, ... , 9sr contain only the n - 1 variables YI,' .. ,Yn-I'

We now assume that our theorem is already proven for forms in n - 1
variables, and apply it to the sequence offorms 911, 921, 93b. '" Hence,
one can determine a number J.L such that for every value of s we can set

9s1 = bsl911 + bs2 921 + ... + bSl-'91-'1 = ls (911,921, ... ,91-'1),

where bsl ,' .. ,bsl-' are forms of the n -1 variables YI,' .. , Yn-I. We now
construct the forms

(I) ( )9st = 9st - ls 9It,···, 91-'t (t=1,2, ... ,r), (1)
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from which we obtain in particular, for t = 1, that

9~~) = O.

We now again use our theorem for n - 1 variables and apply it to the
form sequence 9g), 9~~), 9~~), .... One can then determine an integer
J.L(1) such that, for every value of s, we have a relation of the form

9~~) = b~~)9g) + b~~) 9~~) + ' ,,+ bSp.(l) (1) 9p.(1)2 (1)

1(1) (1) (1) (1»)= s 912,922"" ,9p.(1)2 ,

(2)(t=1,2, ... ,r),

h ' b(1) b (1) r ' th 1 ' blwere aga1n s1,"" sp.(l) are lorms ill e n - var1a es Y1,.,.,

Yn-1. We set

(2) (1) l(1) (1) (1) (1»)
9 st = 9st - s 9lt, 92t , ... ,9p.(1)t

from which it follows that, for t = 1,2, we have

9(2) = 0 9(2) = 0
s1 , s2 '

The application of our theorem to the form sequence 9g), 9~;), 9~;) , ...
leads to the relation

(2) l(2) (2) (2) (2»)
9 s3 = s 913,923"" ,9p.(2)3 .

If we then set

(3) _ (2) 1(2) (2) (2) (2»)
9 st - 9st - s 9lt, 92t "" ,9p.(2)t

then it follows, in particular, that

9(3) = 0 9(3) = 0
s1 , s2 ,

(t=1,2,oo.,r)

9
(3) - 0
s3 - ,

(3)

and, continuing in this way, one ultimately obtains

(r-1) (r-2) 1(r-2) (r-2) (r-2) (r-2) )
9st =9st -s 9lt ,92t ,···,9p.(r-2)t (t=1,2, ... ,r),

(4)
(r-1) _ 0 (r-1) _ 0 (r-1) - 0

9 s1 -, 9 s2 - ,··,,9s,r-1 - ,

And finally:

(r-1) _l(r-1) (r-1) (r-1) (r-1) )
9 sr - s 91r' 92r ,., . ,9p.(r-l)r

from which

0- (r-1) _ 1(r-1) (r-1) (r-1) (r-1)
- 9 st s 9lt, 92t , . , . ,9p.(r-l)t (t = 1,2, 00 ., r) (5)
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follows. Addition of the equations (1), (2), (3), (4), (5) results in

9st = Is (9lt,92t, ... ,9p.t) + lp) (9f~),9~~),... ,9~~~)t) + ...

+ l (r-1) (r-1) (r-1) (r-1) ) ( 1 2 )
s 9lt ,92t , .. ·9p.(r-l)t t= , , ... ,r.

On the right-hand side we can replace the forms
(r-1) (r-1) (r-1) (1) (1) (1)

9lt ,92t ,···,9p.(r-l)t,···,9lt ,92t "",9p.(1)t

by linear combinations of the forms 9lt, 92t, ... ,9mt through repeated
application of the equations (1 )-(4), where m denotes the largest of the
integers J.L, J.L(1), ••• , J.L(r-1) • In this way we obtain from the last formula
a system of equations of the form:

9st = cs191t +C2s92t + ... + Csm9mt

= ks (9lt, 92t,·· ., 9mt) (t = 1,2, ..• , r),

where Csb Cs2, ... , Csm are again forms in the n - 1 variables Yb Y2, ... ,

Yn-1. If we multiply the last formula by y~-t and add the resulting
equations for t = 1,2, ... , r, then we obtain the equation

since

9s1y~-1 + 9s2y~-2 +... + 9sr = Qs - BsQ1 '

If Cs denotes a suitable form i~ the n variables Y1, Y2," ., Yn, then this
equation becomes \

Qs = CsQ1 + ks (Qb Q2,' " , Qm) = £s (Q1' Q2," ., Qm) ;

that is, the integer m is a number satisfying the requirements of the
theorem for the form sequence Qll Q2, Q3, .. " and hence also for the
sequence :1'1,:1'2,:1'3, ' ... Therefore, the theorem is valid for n variables
if it holds for n - 1 variables; and since it is proven for one variable, in
holds in general.

Lecture XXXVI (July 12, 1897)

With the help of the previous two theorems it is now easy to prove the
finiteness of the full invariant system. We consider the complete syste
of invariants of the binary form of order n

f(x1,x2) = aox~ +, .. + anx~.
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The invariants are forms in the n +1 variables ao, ... , an' They clearly
form a countable set, if we first select only the linearly independent ones.
We are allowed to do this, since the additional linear functions of the
given invariants do not contribute to the full invariant system. But then,
the number of invariants of a given degree is finite, because the number
of terms of a given degree is finite, and the worst possible case-which
in fact never occurs-is that there exist as many invariants as there
are terms of a given degree. Then each of these terms would be a linear
function of the invariants, hence an invariant itself; and so all conceivable
homogeneous functions of any degree would be linear functions of the
above invariants, hence invariants themselves.

But since the number of invariants of a given degree is in any case
finite-incidentally, one can see this directly from the enumeration cal­
culus, although we want to phrase everything now so as to make its
generalizability immediately apparent-one can order the invariants of
a given degree in some way, for instance, as it is done with division
of algebraic expressions. That is, one first takes the invariants with ag
( h . h d ) h h . h g-l g-l g-lwere 9 lS t e egree, ten t ose Wlt ao al,ao a2, .. ·,ao an,
then those with ag-2a~, ag-2ala2, .... Using this order, one can first
write the invariants of degree one, then those of degree two, etc. (The
constant is expressly omitted.) Suppose the invariants, in this order, are

Then our finiteness theorem says that an arbitrary invariant i in this
sequence can be put in the form:

where il, i2, . .. , i m are the first m invariants, and m is a finite num­
ber, and where Al , A2 , ••. , Am are forms in the a. But then we assert
that i can be expressed integrally and rationally through these m in­
variants ill i2, . .. , im . The above equation is an identity. So, if b are the
transformed coefficients, then we have in any case:

Now, i,il, ... ,im are invariants; let their weights be 1l",1l"l, ... ,1l"m, re­
spectively; then, in the notation of the beginning of the section, we have
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If we apply the operation n to this identity 11" times, then it follows *
that

and therefore" (Lecture XXXIV):

where, according to our theorem about n, the expressions of the coeffi­
cients Il (a), I 2 (a), ... ,Im (a) are again invariants. Because it is evident
that after 1I"-fold application of n to €1I"1Al (b) exactly the ex, {3, 'Y, 6 drop
out, since €11"1 contains them to the same degree as il (b)-because of
h (b) = €1I"1il (a)-and hence Al (b).€11"1 contains them to the same degree
as il(b)Al(b).

Now il(a), i2(a), ... , im(a) have at least degree one, so I l , I 2, ... ,Im
have certainly lower degree than i(a). We can do the same with Il(a),
... ,Im(a) as with i(a) , and can clearly continue this process until the
degree of the invariants I, used as coefficients, is smaller than that of
im ; then we have shown that each invariant has to be a polynomial
function of the invariants il, i2, . .. , im . It is, of course, possible that the
number of invariants in the full invariant system is smaller than m; but
this is irrelevant. We have in any case proven rigorously the following:

Theorem (Finiteness of the Full Invariant System) Every binary
form possesses a finite ful~invariant system such that each invariant of
the form is a polynomial fUnction of the invariants in the full invariant
system.

Lecture XXXVII (July 13, 1897)

One sees easily that the above proof can be generalized, since it is evident
that the operation n can be generalized, in a suitable way, to forms with
more than two variables, and that then theorems hold which are entirely
analogous to those that we have proven for binary forms. We can even
admit several sequences of variables; indeed, one can even subject them
to various linear transformations without invalidating the observations.
In this way, one can prove quite generally:

* Note that Oll" Ell" is a nonzero constant.
** That is, as a polynomial function.
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Theorem Given a system of base forms in arbitrarily many sequences
of variables, which are subject to various linear transformations in a
prescribed way, there exists a finite number of integral rational invariants
through which every other integral rational invariant can be expressed
integrally and rationally.

This also implies the finiteness of the full system for covariants, since
they are special cases of invariants.

The situation is different, however, as soon as one generalizes the in­
variant concept as in the investigation of F. Klein (1872), and Sophus Lie
(Theorie der Transformationsgruppen, Leipzig 1888). So far, we had de­
fined an invariant as an integral homogeneous function, of the coefficients
of the base forms that possesses the invariant property with respect to all
linear transformations of the variables. But one can also follow the more
general definition, based on a certain subgroup of the general group of
linear transformations, and then ask about those integral homogeneous
functions of the coefficients of the base forms that possess the invariant
property only with respect to the substitutions of that subgroup. Even
though these invariants obviously contain the invariants in the previous
sense, it does not yet follow from our theorems about the finiteness of
full invariant systems that for the invariants in the general sense one
can always find a finite number through which every other invariant
of the same kind can be expressed integrally and rationally. In certain
cases, the method of proof of this section can also be applied to this new
question (see Section H.8 as well as the quoted paper by Hilbert (1890)).

With each mathematical theorem, three things are to be distinguished.
First, one needs to settle the basic question of whether the theorem is
valid; one has to prove its existence, so to speak. Second, one can ask
whether there is any way to determine how many operations are needed
at the most to carry out the assertion of the theorem. Kronecker has
particularly emphasized the question of whether one can carry it out
in a finite number of steps. Third, it has to be actually carried out;
this is the least interesting question. We illustrate these questions with
an example. One can ask: Is there a place somewhere in the decimal
expansion of 11" = 3.14159... at which there appear ten consecutive
ones 1111111111? It is not improbable that this may be the case. If we
assume one could prove this in some way, then one can ask the second
question: Can one find a number N of which one knows that there are
at least ten consecutive ones before the Nth decimal of 11" = 3.14 ... ?
The number N can be much too large, as long as we can only prove th
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assertion for it. Third, one would then actually have to calculate the
number NI so that the Nlth up to the (NI + 9)th decimal are all ones,
and so that there are no ten consecutive ones appearing earlier; or one
might have to calculate the first NI + 9 decimals of 11".

We too are faced with a similar question. We have proven that a
binary form of order n has a finite full invariant system. Suppose that
the degree of the invariant of highest degree in the simplest full invariant
system is Nj then the question arises: If we are given the number n,
can we calculate an upper bound for N? Our proof has settled the
finiteness question only in principle; there is not the slightest indication
that we can actually calculate such a number N. If one considers n =
307, for instance, then the proof does not indiCate any number of which
one would know that it is bigger than N. We will have opportunity in
the next sections, however, to consider this question further. The third
question would here amount to actually calculating the invariants which
form the full invariant system. (We will not consider this question, which
is pointless for base forms of higher order.)

II.3 The system of invariants Ij II, I 2 , ••• ,Ik *

For the sake of concreteness, in the following we again fix a binary form.
The following observations would hardly have to be modified if we were
to generalize them in the sense ~f Section 11.2.

The invariants form an integrafdomain with a finite basis, which con­
stitutes the full invariant system. First we inquire about factorization in
the integral domain. Here, we simply have the following:

Theorem Each invariant can be factored uniquely into prime invariants.

Indeed, let

be an invariantj the decomposition into factors that are polynomial func­
tions of the coefficients ao, ... is well known to be unique. On the other
hand, each factor of an invariant is again an invariant, because we have

• The results in the present and following sections were first published in Hilbert
(1893).
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and furthermore

Since €, il, i2," . ,ih are irreducible functions, one of the factors il (b),
... , ih(b) necessarily has to become €pida) (where p is possibly zero)
when we express the b in terms of the a. Hence, we have

Applying Cayley's S1-process to both sides of the previous equation, we
get

so

is an invariant. But since the quotient of two invariants is again an invari­
ant, if the denominator divides the numerator, the quotient i(a)/ i~(rJ) =
ih (a) is also an invariant. The conceivable case that one of the factors
i(b) turns into several factors i(a) cannot happen because after contin­
uing the process there would be nothing left for the last factor.

In the previous section we have studied, or at least proven the exis­
tence of, a system of invariants through which all other invariants can
be expressed integrally and rationally, that is, as a polynomial function.
But one can specialize the question and ask whether there is a system
of invariants through which all others can be expressed integrally and
algebraically, that is, by abandoning the "rational." * It is clear that the
smallest such system cannot contain more invariants than the invariant
system for an integral and rational expression, which is at the same
time an integral algebraic expression. In general, however, the number
of invariants which allow an integral algebraic expression of the others
will be much smaller, since there will always be a number of syzygies
that occur in large numbers for base forms of higher order. For instance,
for a binary form of order one and one of order five there are twenty­
three joint invariants; but by eliminating the eight quantities a, b from

• In the first case, we are looking for invariants which generate the invariant
ring as an algebra; in the second case the invariant ring is integral over the
algebra they generate.
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I l = Ii (ao, , a5; bo, bl ),

I 2 = 12 (ao, , a5; bo, bl) ,

I 23 = 123 (ao, ... , a5; bo, bl )

one sees that there will exist at least fifteen syzygies, and there could
even be more.

After these preliminary remarks, we prove the following:

Theorem Given an arbitmry base form or system of base forms, one can
always find certain invariants Il,I2, ... ,IK so that there is no algebmic
relation between them and through which every other invariant can be
expressed integmlly and algebmically. *

That is, if i is an arbitrary invariant, then it satisfies the equation

im + ~him-l + ~him-2 + ... + Om = 0,

where 01, 02, ... ,Om are integral rational functions of the invariants
Il,I2, ... IK.

To prove the theorem, let il, i2 , .•• ,im be the invariants of the full
invariant system; if there does not exist a relation between them, the
theorem already holds. If there exists one, however, let it be

~1,i2, ... ,im) =0.

Suppose that il is of degree Vl in the coefficients a, i2 of degree
V2, ... , im of degree Vm . Since il, i2, . .. ,im are homogeneous functions,
we may assume that after introducing the a, R is a homogeneous func­
tion in them, because otherwise the homogeneous parts would have to
become zero individually. If we now set

where v = Vl . V2 ... Vm , then all i' are homogeneous in the a of degree
v, and it is clear that the relation R = 0 can be brought into the form

R'("" ") 0zl,z2,···,zm = ,

where R' is an integral rational homogeneous function of ii, i~, ... , i~ ,
of some degree e. Possibly, we have

i~e +... = O.

* This theorem amounts to applying Noether Normalization to the invariant ring.
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But if the coefficient of i~e is zero, then one can find, as explained in
the previous section (Lecture XXXV), a linear substitution with nonva­
nishing determinant such that, if

then the coefficient of i~e in R' is equal to one. But then there exists
an equation between the invariants i1, ... ,i~. The fact that these are
invariants follows from the invertibility of the transformation, together
with the fact that the invariants i~, ... ,i~ all have the same degree,
and this equation shows that i~, hence i~ and, therefore, also i m ,

is an integral algebraic function of the m - 1 invariants i1, ... ,i~_l .

If there are no more syzygies between them, the theorem is provenj if
there is one, then one applies the same procedure again. It is clear that by
continuing this process one gives a direct proofof the theorem. It is worth
remarking, incidentally, that the system of invariants Il,I2, ... ,IK need
not be determined uniquelyj we have only proven that there is at least
one such system. Furthermore, our proof shows that one can determine
Il,I2, ... ,IK so that they all have the same degree.

Lecture XXXVIII (July 15, 1897)

We continue with the following:

Theorem It is always possible to add an invariant I to the invariants
I l ,I2, ... ,IK such that every other invariant of the base form can be
expressed mtionally in terms of the invariants IjIl,I2,'" ,IK. *

We are now dropping the "integral" from the rational expression while
we omitted the "rational" earlier. We prove this theorem as follows. Let
iI, i 2 be any two invariants of the full invariant system i l , i2 , ... , i m

through which all others can be expressed integrally and rationally. Ac­
cording to a theorem about algebraic functions, one can determine two
constants CI, C2 such that hand i2 can be expressed rationally in terms
of I l ,I2, ... ,IK and

• '0<1 '0<2 + ·{31 ·{32 'T'Y
~l2 = Cl~l ~2 C2~l ~2 .Li·

Here ir1i~2 and if1 i~2Ii have the same degree in the coefficients of the

* This is a special case of the Primitive Element Theorem.



138 The theory of invariant e s

.------/

ik +:Fl (Il , ... ,IK) i k- l + ... +:Fk (Il, ... ,IK) = 0,

base form; that is, i12 is an invariant (for the construction of 01, 02, {31,

{32 see the treatise Hilbert (1893). Therefore, every invariant can be
expressed rationally in terms of il2, Il, I2, ... ,IK , i3, i4, ... , im . This
line of reasoning can be continued by first combining i 12 and i3 to get an
invariant i123 ... , etc., until one finally obtains an invariant I = i 123...m

such that all other invariants can be expressed rationally in terms of
I; Il, I 2, ... ,IK, as asserted by the theorem. Of course, I satisfies an
equation of the form:

If we assume that k is as small as possible, so that the equation above
will be irreducible, then I is an integral algebraic function of degree k
in I l ,I2, ... ,IK.

The invariants I; Il,I2, ... ,IK determine a function field that we
shall simply call the invariant field of the base form. The invariant field
is of degree k. It is very important to study the invariant field in more
detail.

As we have just shown, each invariant is an integral algebraic func­
tion of I; I l ,I2, ... ,IK ; we now want to show that, conversely, every
function i, which depends rationally on I; II, I 2, . .. ,IK and integrally
and algebraically on I l , I 2 , ••. , I K, necessarily has to be an invariant
polynomial. This is because such a function satisfies an equation of the
form

where :Fl , :F2, . .. ,:Fk are integral rational functions of I l ,I2, . .. ,IK. It
can, furthermore, be expressed in the form

. 9
t = h'

where 9 and h are integral rational functions in the coefficients of th
base form that have no common factors. We, therefore, have that

gk gk-l gk-2
hk +:Fl hk- l +:F2 hk- 2 + ... +:Fk = 0,

or
k

gh + :Flgk- l + :F2gk- 2h + ... + :Fkhk- l = 0,

or
k

9 :F k-l oJ::" k-2h oJ::" hk- l- = - 19 - .r2g - ... - .rk ,
h
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that is, gk / h has to be an integral rational function of the coefficients,
and since g and h have no common factors, h must be a constant.
Hence, i must be an integral rational function of the coefficients of the
base form, that is, an integral rational invariant. Thus, we have the
following:

Theorem The integral algebraic functions in the invariant field deter­
mined by Ij Il,I2, ... ,IK form precisely the system of all integral ra­

tional invariants. *

According to a fundamental theorem of Kronecker, ** each function
field contains a finite number of integral algebraic functions WI, W2, ... ,
Wh such that every other integral algebraic function W in the field can
be brought into the form

W = D:lWl + D:2W2 + ... + D:hWh,

where D:l, ... , D:h are integral rational functions of Ij Il, I 2, ... ,IK .

Thus, if we can find these elements WI, W2, ... , Wh , then the full invariant
system is formed by Wl,W2,'" ,Whi Ij Il,I2,.·. ,IK .

Now, every integral algebraic function W of the field, which according
to the above satisfies an equation of the form

wk +:Fl (Il, ... ,IK ) Wk- l + ... +:Fk (Il, ... ,IK ) = 0,

can be expressed in the form

W = clIk - l + c2Ik-2 + ... + Ck,

where Cl, C2, ... ,Ck are rational functions of Il, I 2, ... ,IK' We know
further that, if Wi is another root of the equation for w, then we must
necessarily have

I Ik-l Ik-2
W = clI + C2I + ... + Ck,

where I' is likewise a second root of the equation satisfied by I, tha
is, the equation

I k + gl (Il, ... ,IK)Ik- l + ... + gdIl, ... ,IK ) = O.

Analogously, one has further that

w" =clI"k-l + C2I"k-2 + ... + Ck,

* In modern notation, the theorem states that C [VjG = C (V)Gn C [V] .
** See, e.. , Zariski and Samuel, Commutative Algebra, vol. I, 1958, p. 266.
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These equations allow us to obtain information about the quantities
CI, .•. , Ck. Solving them with respect to CI, C2, ..• ,Ck gives:

W

Wi

W(k-l)

and analogously for the others. If we multiply' numerator and denomi­
nator by the denominator, then we obtain in the denominator the dis­
criminant of the equation satisfied by the I, I', ... ; thus, setting this
discriminant equal to D, we have:

Z
CI =±-,

D

and so also

Z=±cID.

But D depends integrally and rationally on the coefficients of the equa­
tion I k+gIIk-1 +... = 0, hence D is also an integral rational function
of II, I 2, ... ,IK.~fore, Z is a rational function of Il, I 2, ... ,IK.
But since the elements of the two determinants in Z, which is the prod­
uct of numerator and denominator in the above expression for CI, are
all integral algebraic functions of the Il,I2, ... ,IK, it follows that Z is
also an integral algebraic function of these quantities. And so, we finally
conclude that Z is an integral rational function of Il, I 2 , •.. ,IK, since
the quantities Il, I 2 , .•. ,IK were determined in such a way that they
do not satisfy any algebraic identity, together with the theorem that a
function of certain mutually independent quantities, which is rational
and at the same time integral and algebraic, has to be an integral ra­
tional function. An analogous conclusion holds for the other coefficient
Ci, and it follows herewith that

ZIIk-1 + Z2Ik-2 + ... + Zk
W = ---:;------=-----

D

9 (Ij Il, ... ,IK)
= D ;

thA.t is. one has the following:
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Theorem Every integml algebmic function of the invariant field, that
is, every invariant of the base forms, is an integml mtional function of
Ij II, ... IK' up to the discriminant of the equation defining the invari­
ant field.

Hence, to determine all invariants one only needs to determine the
integral rational functions of I; I!, ... ,IK that are divisible by D.

The system of invariants II, I 2 , •.• ,IK, whose importance we saw in
this section, possesses more fundamental properties, which we need to
discuss in the following section.

Lecture XXXIX (July 16, 1897)

11.4 The vanishing of the invariants

Among all base forms, one can consider in particular those whose coef­
ficients have numerical values such that the K invariants II,I2, ... ,IK

are all equal to zero. Since every other invariant is an integral algebraic
function of these invariants, that is, satisfies an equation of the form

ik + F1ik - 1 + ... + Fk = 0,

where Fl, F2, ..• ,Fk are integral rational functions of II, ... ,IK , which
cannot contain a constant term since otherwise the homogeneity of the
equation would be disturbed, it follows that in this case every invariant
must vanish, because one has

from which it follows that i = o. Such a base form, all of whose invariants
vanish, is called a null form. We will soon realize the importance of
studying the vanishing of the invariants. In any case, to begin with, we
have the following:

Theorem If the coefficients of the base form are given special values
such that the K invariants I!, I 2, ... ,IK become equal to zero, then all
other invariants of the base form vanish also, that is, it is a null form.

The converse of this theorem is true also, which is essential. We will
show that if one knows of J.L invariants II, I 2 , •.• ,Ip. of the base form
such that their vanishing implies the vanishing of all other invariants 0

the base form, then all invariants have to be integral algebraic functions
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of Il,I2,'" ,Iw This theorem is not entirely easy to prove; the proof
will use the following general theorem.

Theorem Suppose given m integml mtional homogeneous functions

h, h,··· ,1m in the n variables Xl,X2," .,Xn , and let F,F',F", ... be
arbitmry integml mtional homogeneous functions in the same variables
Xl, ... , Xn that vanish for all those values of the variables for which the
given m functions h, h, ... ,1m all vanish. Then one can always deter­
mine an integer r such that each product I1(r) of r arbitmry functions
of the sequence F, F', F", . .. can be expressed in the form

II = ad1 + ad2 + ... + amfm,
(r) ,

where aI, a2, ... , am are suitably chosen integml mtional homogeneous
functions in the variables Xl, X2, ... , Xn . *

This theorem is very important and applicable. It is very likely that
it can be strengthened number theoretically. That is, if one assumes the
coefficients of h, ... ,fm, F, F', ... to be integral, then one can require
al, a2, .. . , am to be forms with integral coefficients. But a proof for
this has not yet been given. Requiring integral coefficients is generally
a sharpening of all theorems in this part whose possibility has yet to be
proven. **

The proof of this theorem is very cumbersome, and it would lead us
too far afield tod~a proof here. (It can be found in Hilbert (1893).)
But we would like to briefly demonstrate its significance through two
examples.

We choose n = 2. That is, we consider m binary forms h, .. ·, fm .

These can all have a common factor, say <p. Then

h =<P'<Pl,

h =<p. <P2,

so that <PI, <P2, •.. , <Pm do not have any more common factors. Then there
are no more sets of values Xl, X2 for which all forms <PI,"" <Pm vanish.

* This theorem is now known as the Hilbert Nullstellensatz.
•• See the following related papers: C. A. Berenstein and A. Yger, Effective Bezou
identities in Q [Zl, .. . , Znl, Acta Math. 166 (1991), 69-120, and P. Philippon,
Denominateurs dans Ie theoreme des zeros de Hilbert, Acta Arithmetica 58 (1991),
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Our theorem then says that every binary form whose order exceeds a
certain number can be expressed linearly in terms of <PI, <P2' ... ,<Pm' We
set Xl = X, X2 = 1, which gives us two integral rational functions in one
variable x. As is well known, there is then a theorem that says that one
can find two integral rational functions a(x), b(x) such that

1 = a(x)<pl(X) + b(x)<p2(x),

since <PI and <P2 have no common factor. If we again set X= .=.1., then
"'2

it follows that

and, analogously,

Xl = a' . <PI + b' . <P2'

so, indeed, each term cxfxg, where 0: + (3 ;:::: 2v, can be expressed in
the desired fashion. Returning to the forms II, h, ... ,fm, one sees that
a form :F with the same zeroes as II, ... ,fm has to be divisible by <P;
thus, this problem is reduced to the previous one, because ~ can indeed
be expressed in the desired fashion through <PI,.'" <Pm, and hence :F
through II,···, fm •

For ternary forms, the proof can still be carried out by the previous
line of reasoning. Given two ternary forms whose common zeroes are
all distinct, the number r = 1 is already sufficient. One then has the
theorem, which was first stated and proven by M. Noether, and which
is thus only a special case of the general theorem:

Theorem Given two algebraic curves fi a
) = 0, ff') = 0, of orders 0:,

(3, respectively, such that the curves intersect in 0: • (3 distinct points,
every curve :F = 0 which also passes through these 0: . (3 points can be
expressed in the form:

where al and a2 are again ternary forms.

For three quaternary forms the proof is still not difficult; the general
proof, however, is very cumbersome. It can be found in the cited work
of Hilbert (1893).

Once this theorem is proven, the proof of the aforementioned theorem
is not far. We now prove the following:

Theorem If J.L invariants Il,I2, ... ,Ip. have the property that their
vanishing always implies necessarily the vanishing of all other invariants
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of the base form, then all invariants are integral algebraic functions of
those J.t invariants II, I 2, ... ,Ip. .

Lecture XL (July 19, 1897)

According to the general theorem one can find a number r such that
every product I1(r) of r or more arbitrary invariants of the base form
can be written in the form

II = AlII + A2I2 + ... + Ap.Iw
(r)

Let iI, i2, ... , im be a full invariant system; let the highest degree that
appears in them be v. Then each invariant I whose degree is ~ rv can
be written as a sum of products I1(r) of r or more invariants ik, since
such a degree can only be reached if at least r factors appear. Thus, we
have

I(?rv) = AlII + A 2I 2+ ... + Ap.Iw

But, as we already explained in Section 11.2, the AI, A 2, ... ,Ap. can be
chosen to be invariants (Lecture XXXVI); hence

I(?rv) = ':l1I1 + ':hI2 + ... + Jp.Ip.,

where now the invariants J have a lower degree than I. Now, let
j 1, 12, ... ,jN be all linearly independent invariants of degree < vr. Just
as I, one can'~sent J1, ... , Jp. as linear functions of Ill .. " Ip.
whose coefficients are invariants, and this procedure can be continued
until the coefficients become the invariants j1,12, ... ,jN. Hence, one
can put I into the form

Furthermore, every invariant can be put into this form, because we hav
just proven it for degree ~ rv, and for degree < rv it is self-eviden
because the latter are the invariants j themselves. The same is true,
however, for the invariants jII,12I, ... , so we have

jlI = gUI + 9~h + + g'rvjN,

hI = 9~/il + g~j2 + + g'!vjN,
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for which we can also write

g(N). + g(N). + + (g(N) I)' - 0I Jl 2 J2 . . . N - IN - •

145

Here, all 9 denote integral rational functions of the invariants II, I 2 , .•• ,

I w If one now eliminates il,h, ... ,iN from these equations, then it
follows that

g~ -I g~ gN

g~' g~/-I g'/v
=0,

giN) g~N) gt) -I

and this equation proves that I is an integral algebraic function of
Il,I2 , ••• ,Ip.; thus, our theorem is proven. We remark that the theorem
is not valid for arbitrary integral rational functions, since the invariant
property of I, II, ... ,Ip. was used several times in an essential way.

This theorem is of the utmost importance and is very fruitful. We will
see this immediately, because we will show in a series of examples how
it can be used, among other things, for the determination of the full
invariant system in a very convenient and transparent fashion.

In view of our theorem it is very important for the study of the invari­
ants of a base form to know necessary and sufficient conditions for all
invariants of this base form to vanish; if we interpret the N coefficients
of the base form in the usual way as the coordinates of a projective space
of N - 1 dimensions, we are thereby led to the study of that algebraic
object Z in this space, which is determined by setting all invariants
equal to zero. If, as before, K denotes the number of algebraically inde­
pendent invariants, then according to the earlier observations there are
exactly K invariants Il,I2 , ••• ,IK whose vanishing already completely
determines the algebraic object Z j from the theorem just proved it then
follows that necessarily J.L ;::: K, that is, it is not possible to find a smaller
number of invariants whose zeroes already determine the object Z.

We explain these observations, and apply our theorem to binary forms.
For a quadratic form, the vanishing of the only existing invariant says
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that the form has a double factor, that is, if for

1= aox~ + 2alXIX2 + a2X~

we have

D = aOa2 - a~ = 0,

then 1 can be linearly transformed into

f' = ax~.

Likewise, the cubic form

1= aox~ + 3alx~x2 + 3a2xlx~ + a3x~

can be linearly transformed into

f' = x~ (mxI + nX2),

if its only invariant (the discriminant) is D = O. If the two invariants
i, j of the biquadratic form

1 = aoxt + ... + a4x~

vanish, that is, if

i = 0, j = 0,

then one can, since 1 then has a threefold factor, transform the form
linearly into

f' = x~ (mxI + nX2).

One can proceed analogously for forms of even higher order.
We now use these facts, proven earlier (Section 1.8), to establish the

full system 2!JnIand covariants for single forms, as well as systems of
forms, for which our theorem serves as a very useful tool.

Instead of considering the in- and covariants of a form, we can consider
the invariants of two simultaneous forms, which we need to do since our
theorem applies only to invariants. But since one is justified to talk only
of invariants instead of covariants, one realizes that our methods are
indeed quite general. First, we want to construct the full form system of
the binary cubic form, so we consider the two forms:

1 = aox~ + 3alx~x2 + 3a2xlx~ + a3x~,

9 = bOXI + b1X2.

If we indicate by bars the forms we obtain by replacing Xl by bl' X2
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by -bo, then, according to earlier observations we obtain the following
simultaneous invariants of 1 and g:

1= 1 (bl,-bo) = aob~ - 3aIbibo + ... ,
1i = (aoa2 - an bi - (aOa3 - aIa2) bob i + (aIa3 - a~) b~,

V=a~a~ + "',
- (2 ) 3:F = aoa3 + ... bi + ....

Between them exists the syzygy

41t = vt -:/.

Lecture XLI (July 20, 1897)

We have seen earlier that all invariants can be expressed rationall
in terms of 1, 1i, :r. On the other hand, we now want to show that
all invariants can be expressed integrally and algebraically in terms
of 1, 1i, V. If V = 0, then 1 has a double factor; hence we can set
a2 = 0, a3 = 0- assuming the application of the appropriate transfor­
mation. From 1i = 0 it follows that

aib~ = 0,

and from 1 = 0, that

aob~ - 3aIb~bo = o.
Hence, either bi = 0 or, if we want to assume bl # 0, then al = 0, ao =
O. In the latter case, all invariants vanish, however, since 9 alone does
not have any. So assume that

a2 = 0, a3 = 0, bi = O.

Hence, the vanishing of the invariants 1, 1i, V says that the form 9 is
contained twice in I. But from this one concludes easily that, cons
quently, all simultaneous invariants of 1 and 9 have to vanish. That i
because these are of the form (Section I,9)

where

Vo + VI + V2 + V3 = r,

ILo + ILl = s,
3r + s

VI + 2V2 + 3V3 + ILl = --
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are constants. In this invariant all terms containing a2, a3, or bl vanish.
Thus, we only need to prove that those terms for which V2 = 0, V3 =
0, J.LI = 0 vanish too. For those we have

Vo + VI =r,
J.Lo = s,

3r + s
VI =-2-'

whence

or

3vO + VI + J.Lo = O.

Since the exponents are positive integers, it follows that

Vo = 0, VI = 0, J.Lo = O.

Thus, if the whole invariant is not to be a constant-which we never
consider-these terms have to be zero, thus, don't exist at all. The van­
ishing of 7, 1-£, V, therefore, implies the vanishing of all other invariants.
According to our theorem, each invariant is, therefore, an integral alge­
braic function of 7, 1-£, V, which is confirmed by the syzygy for the
invari ant .:J.

There cannot exist an algebraic relation between 7, 1-£, V since their
number coincides with the number 4 + 2 - 3 = 3 of constants * which
necessarily occur in f and g. (One needs to subtract 3 from the total
number since 3 constants can be eliminated by a linear transformation. )
So, we can view 7, 1-£, V as the three independent variables. Hence,
according to the theorem at the end of Section 11.3, each invariant can
be represented in the form

A+BJ
W= Vl-41-£3'

because we have to add the invariant .:J to the invariants 7, 1-£, V in
order to obtain rational representation. That is, we have to consider the
field of the equation

• The group G = SL2(C) acts transitively on S3C2$C2 , hence trdegC C[V]G 2:
dim(V) - dim(G).
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whose discriminant is vt -41t. Here, A and B are integral rational
functions of V, 7, 1i. But then the conjugated quantity

A-B.J
w'=-...."...--..".vt _41i3

is also an integral algebraic function of the field, thus an invariant. And,
since .1 is not divisible by the denominator, but w+w' and w - w' have
to be invariants also, it therefore follows that A, as well as B, has to
be divisible by the denominator. Hence every invariant can be brought
into the form

w = Al + BI.J,

where AI, BI are integral rational functions of 7, 1i, V. So we have
proven the following:

Theorem The full system of forms of the binary cubic form is given by
f, 1i, .1, V. Between these there exists exactly one syzygy.

We use the exact same procedure to determine the full system of
covariants for the binary biquadratic form. To this aim we consider the
invariants of the two forms:

f = aoxt + 4aIXix2 + 6a2x~x~ + 4a3xIx~ + a4x~,

g = bOXI + b1X 2'

We certainly have the following invariants:

7,
i = aOa4 - 4aIa3 + 3a~,

j = aOa2a4 + ... ,

- ( 2) 41i = aOa2 - al bi + ...

= 1aob~ - 2aI bobi + a2b~ aIb~ - 2a2bObi + a3b~ I.
aIb~ - 2a2bObi + a3b~ a2b~ - 2a3bObi + a4b~

Between them exists the following syzygy (Section 1.8)

.12 4:v'3 ·-f2'1./ ·-.3f 0+ H - ~ 'L+ J =.

According to Section 1.8, all invariants can be expressed rationally in
terms of 7, 1i, .1, i. On the other hand, we will now show that ev­
ery invariant can be expressed integrally and algebraically in terms of
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i, j, 1, 1i, because, if i and j are equal to zero, then the discriminant
is zero also. So one can set a3 = 0, a4 = 0 j but we also have a2 = 0
because i = 0; hence f has a threefold linear factor. Furthermore, since
1i = 0, we have

and from 1 = 0 it follows that

aobt - 4a1b~bo = b~ (aOb l - 4a1bO) = O.

If b1 -I- 0, then a1 = 0, ao = 0, so all invariants vanish. But it can also
happen that b1 = O. These conditions,

say that the form 9 occurs three times in f.

Lecture XLII (July 22, 1891)

Each invariant can now be represented in the form

where

110 + 111 + 112 + 113 + 114 = r,

/-Lo + /-L1 = s,

4r+s
111 + 2112 + 3113 + 4114 + /-L1 = --

2

are constants. To prove that the invariant vanishes we only need to
show that there are no terms for which 112 = 0, 113 = 0, 114 = 0, /-L1 = 0,
because for those terms

110 + 111 = r,

/-Lo = s,
/-LO

111 = 2110 + 2111 + 2'

whence

4110 + 2111 + /-Lo = O.

Since 110, Ill, /-Lo have to be nonnegative, it follows that

110 = 0, 111 = 0, /-Lo = O.

Therefore, all invariants vanish necessarily if i, j, 1, 'R vanish; hence,
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every invariant is an integral algebraic function of these. If one adds
.1 to them, then rational representation of each invariant is possible.
Consequently, we have to consider the field .1, i, j, ], 1i, for which we
have the equation

-2 -2- -3 -3
.1 - if 1i + 41i + jf = O.

According to the theorem at the end of Section 11.3, each invariant can
be expressed in the form

A+B.1
w=--;;----...,.------;;"

il1i - 41i
3

- jl'
and, therefore, the conjugate expression

A-B.1
w' = --;;----...,.------;;"

il1i - 41i
3

- j7
is also an invariant. From these two equations we conclude immediately
that A and B are divisible by the denominator; hence, every invariant
can be brought into the form

w = Al + bl.1,

where AI, B I are integral rational functions of i, j, ], 1i. Thus, we have
the following:

Theorem The full form system of the biquadratic form is given by the
forms f, 1i, .1, i, j. Between them there exists a unique syzygy.

One proceeds completely analogously in the construction of the full
form system for simultaneous forms. We consider the simultaneous in­
and covariants of a quadratic and a linear binary form, that is, the
simultaneous invariants of a quadratic and two linear forms:

f = aox~ + 2alxlx2 + a2x~,

g = bOXI + b 1X 2,

l = CoXI + CIX2,

where l denotes the added form. We already know the following simul
taneous invariants for them (compare Section 1.9):

h

r

co·



152 The theory of invariant fields

We also have seen already that all other invariants can be expressed
rationally through ], g, h, Z; and that, furthermore, we obtained an
expression for r in terms of the following syzygy:

Z2 = r]- hg2•

On the other hand, we now show that all invariants can be expressed
integrally and algebraically in terms of ], g, r, h. Namely, the vanishing
of h implies that f can be put in the form

f = aox~,

hence that one can set al = 0, a2 = 0. The vanishing of ], r, 9 then
implies that

aoc~ = 0,

aob~ = 0,

bOCl - blCo = 0.

If ao = 0, bOCl - blCo = 0, then all invariants containing a vanish; but
then the two forms g, l have only one invariant bOCl - blCo, which then
also vanishes. If ao i= 0, then Cl = 0, bl = 0; hence one has

that is, the two linear forms g, l are in essence identical, and at the
same time identical with the linear form that appears twice in f. Every
invariant has the form:

where

110 + 111 + 112 = r,

J.Lo + J.Ll = S,

Po + PI =t,
2r + s + t

.~ 111 + 2112 + J.Ll + PI = 2

are constants. Only those terms need to be considered for which 111 =
0, 112 = 0, J.Ll = 0, PI = 0. For those we have

110 = r, J.Lo = s, Po = t,

°= 2110 + J.Lo + Po,

whence 110 = 0, J.Lo = 0, Po = 0. Hence, such terms do not even occur
and the invariant is therefore zero if = 0 - = 0, r = 0, h = 0. Thus
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every invariant is an integral algebraic function of 7, g, r, h. Ifwe add I,
then a rational representation is possible. We therefore have to consider
the field formed by the invariants X, ], g, r, h for which the equation

r - r] + hg2 = 0

holds. Each invariant can be given the form

A+BX
W = -=----,-

rf - hg2 '

and the conjugate expression

w' = A-BX
rf - hg2

must also be an invariant. Since, therefore, A and B have each to be
divisible by r] - hg2 , it follows that we can set

w = Al +BIX,

where All B1 are integral rational functions of 7, g, h, r. Hence, we
have the following:

Theorem The full form system of a quadmtic and a linear form is given
by the forms f, g, h, r, T.

The same line of reasoning can also be applied without change in
the case of the full form system of two quadratic binary forms, that is,
the full form system of one linear and two quadratic forms. Let those
forms be

f = aox~ + 2alxIX2 + a2x~,

g = box~ + 2b1xIX2 + b2X~,

l = COXI + CIX2·

These have, as we saw earlier (Section 1.9), the following simultaneou
invariants:

], g,

1i = aOa2 - a~,

H = bob2 - b~,

81 = (h9)1'
S2=(j,g)2'

and between them exists the following syzygy:

Ht - S2m + 1ig2 + 8~ = O.
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We also saw that all invariants can be expressed rationally in terms 0

], 1i, g,81, 82. On the other hand, we now show that all invariants can
be expressed integrally and algebraically in terms of ], g, 1i, H, 82. We
observe what their vanishing implies. The discriminant of f +>..g, where
>.. is an arbitrary parameter, is

v (J + >..g) = 1i + >"82 + >..2 H;

hence V (J + >..g) = 0 for every >... Therefore, f = a~, 9 = b~ must be
squares; but, for instance, for >.. = -1,

f - 9 = a~ - b;

must also be a square. Thus, the two factors (ax - bx ) and (ax + bx )
can only differ by a constant factor. Therefore,

ax - bx = m(ax + bx ),

whence

so ax and bx are not essentially different from each other. The vanishing
of 1i, H, 82 therefore says that f and 9 can be brought into the form

f =aox~,

9 = boxr

Furthermore, we should have

] = aoc~ = 0,

g= boc~ = O.

Either C1 i= 0, and then ao = 0, bo = 0, and all invariants vanish sinc
1 alone does not possess any. Or C1 = 0 besides a1 = 0, a2 = 0; b1 =

0, b2 = 0, in which case the vanishing of ], g, 1i, H, 82 says that th
linear form 1 occurs twice in f as well as in g. An invariant has th
form

where

//0 + //1 + //2 = r,

J.Lo + J.L1 + J.L2 = 8,

Po + P1 =t,
2r + 28 + t

//1 + 2//2 + J.L1 + 2J.L2 + P1 = 2
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are constants. Only those terms can occur for which

111 = 0, 112 = 0; /-Ll = 0, /-L2 = 0; PI = o.
For those one has
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o= 2110 + 2/-LO + Po,

whence 110 = 0, /-Lo = 0, Po = o. Thus, such terms cannot occur at all
and, consequently, all invariants vanish if], g, 1i, H, S2 vanish. Hence,
each invariant is an integral algebraic function of ], g, 1i, H, S2, and if
one adds 81, then a rational representation is possible. Because of the
equation

8~ + Ht - s219 + 1ig2 = 0

every invariant is representable in the form:

A+BSI
w = 2 •

H] - s219 + 1ig2

Then the conjugate expression

, A-BSI
W = 2

H] - s2!g + 1ig2

is also an invariant, and since consequently A and B are divisible by
the denominator, it follows that

w = Al + B 181,

where AI, B l are integral rational functions of ], g, 1i, H, S2. Thus we
have the following:

Theorem The full form system of two simultaneous quadmtic forms is
given by f, g, 1i, H, S1, S2·

The procedure we have used here for the construction of the full in­
variant system is completely general. We will also illustrate the line of
reasoning briefly with the example of the full invariant system of three
quadratic forms, as well as that of two cubic forms.

Lecture XLIII (July 23, 1891)

We consider the joint invariants of the three quadratic forms

f = aox~ + 2alXlX2 + a2x~,

g = box~ + 2bl xlX2 + b2X~,

k = cox~ + 2ClXlX2 + C2X~.
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According to earlier observations we have at least the following invari­
ants:

VI = aOa2 - a~,

V g = bob2 - b~,

Vk = CoC2 - c~,

(J, 9h = aOb2 - 2a1b1 + a2 bO,

(J, kh = aOC2 - 2alCl + a2CO,

(g, kh = bOC2 - 2b1 Cl + b2Co,

One can now show easily that all other invariants can be expressed inte­
grallyand algebraically in terms of VI> V g , Vk, (J,gh, (J, kh, (g, kh·
Because, if one forms the discriminant of the form f + 19 + /'i,k, where
1, /'i, are arbitrary quantities, then one finds

Thus, if the above six invariants are zero, then V(J +19 + /'i,k) becomes
zero for all values of 1, /'i" from which it follows not only that f, g, k
have to be squares of linear factors, but also that these three linear
factors all have to be identical. To see this, one only needs to first set
1 = -1, /'i, = 0, and then 1 = 0, /'i, = -1. Then the assertion follows in
the aforementioned way.

One can, therefore, transform the three forms so that they simultane­
ously take on the form:

f =aox~,

g= box~,

k=Cox~.

Just as bef~~e now concludes easily that terms of an invariant that
only contain ao, bo, Co cannot exist; hence, all invariants are zero. There­
fore, every invariant is an integral algebraic function of VI, V g , Vk,
(J, gh, (J, kh, (g, kh· These must be independent of each other since
their number equals the number of mutually independent constants in
f, g, k, namely, 9 - 3 = 6.

For instance, one sees easily that d is an integral algebraic functio
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of those invariants. Apparently one has:

ao a1 a2 a2 -2a1 ao

2d2= bo b1 b2 b2 -2b1 bo

Co C1 C2 C2 -2C1 Co

2Vf (J,gh (J,kh

(g,/h 2Vg (g,kh

(k,/h (k,gh 2Vk

On the other hand, one can show, the details of which we will not go
into, that all invariants can be expressed rationally in terms of all seven
invariants, so one needs to add d to the above system of six invariants.
Hence, the last equation is the equation of the invariant field. But from
this the conclusion is clear that all invariants can be expressed integrally
and rationally in terms of the seven invariants d, Vf, V g , V k , (J,gh,
(J, kh (g, kh·

If one has two cubic forms

1=aoxi + ,
9 = boxi + ,

and wants to determine their full invariant system, then this can be done
as follows. Form the discriminant of 1 + 'Yg, that is,

V(J + 'Yg) = Vf + 'YV1 + 'Y2V2 + 'Y3V3 + 'Y4Vg.

The coefficients Vj, VI, V 2, V 3, V g must be invariants, since V(J +'Yg)
is an invariant for all 'Y. Through it one can express all other invariants
integrally and algebraically. Since, if they are zero, then 1 + 'Yg always
has a double factor, and so 1 and 9 have a common double factor­
otherwise one could find values for 'Y so that 1 + 'Yg does not have a
double factor-and we can set

a2 = 0, a3 = 0; b2 = 0, b3 = O.

For a given invariant we then need to consider

L Za~a~lb~obrl,

where we must have

110 + 111 = r,

J.Lo + J.L1 = s,

2111 + 2J.L1 = 3110 + 3111 + 3J.Lo + 2J.L1,
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from which it follows that 110 = 0, 111 = 0, J.Lo = 0, J.L1 = 0. Hence, all
invariants can be expressed integrally and algebraically through those
five, which are independent of each other.

One would now have to look for an invariant which, added to those
five, allows rational representation. Subsequently, one would have to es­
tablish all mutually independent integral algebraic functions of the so
determined function field, a task for which the often-used theorem at the
end of Section II.3 is of great service. If the problem is approached in
this way, one finds that one only needs to add two invariants to the five
to obtain the full invariant system, namely, the two invariants (j, 9h
and "R, where (j,9h is the third transvection, and "R is the resultant
of the two cubic forms. A calculation convinces one that the two latter
are integral algebraic functions of those five invariants.

Finally, for two biquadratic forms

f=aoxt + "',
9 = boxt + ...

one proceeds entirely analogously. One forms

i(j + 'Y9) = if + 'Yi1 + 'Y2ig,

j(l + 'Y9) = 11 + 'Yj1 + 'Y212 + 'Y3jg.

All other invariants can be expressed through the seven invariants if, ig,
i1, 11, jg, j1, j2, since their simultaneous vanishing says that f and 9
both contain the same linear factor thrice. At the same time, they are
independent ofeach other. Ifone then adds another invariant which allows
a rational representation, then one realizes that the eight invariants found
in this way form the full invariant system of two biquadratic forms.

These examples should illustrate the method sufficiently. At the same
time, the question arises here as to the degree of the invariant field; since
the difficulty of determining the full invariant system depends, among
other things, on the degree.
For~ary base form, Prof. Hilbert has found a formula for this

degree, and it is very probable that this formula can be generalized in
an appropriate way to a simultaneous system of binary forms.

Lecture XLIV (July 26, 1897)

From the observations of the past sections the significance of the null
forms becomes apparent, and one recognizes, in particular, how important
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it is to know what the vanishing of all invariants says about the base
forms, that is, to recognize the real meaning of the null forms. Thus, the
essential question arises, whether the null forms cannot be characterized
through other particularly simple properties. For binary forms this can
indeed be done in a particularly simple way, as is shown by the following:

Theorem If all invariants of a binary base form of order n == 2h + 1,
respectively n = 2h, are zero, then the base form possesses an (h +1) ­
fold linear factor-and conversely, if it possesses an (h + 1) -fold linear
factor, then all invariants are equal to zero.

This theorem says that every null form can be put into the form:

f = x1+l (aox~-h-l + (~)alx~-h-2x2 +...

+an_h_lX~-h-l (n _ ~ _ 1)),
and that, conversely, the latter is always a null form. Because of this,
this last form is also called the canonical null form. Thus, a null form
contains n - h arbitrary parameters; the latter determine all coefficients.

We first prove the first part of the theorem, and assume that all in­
variants are equal to zero. We form the h transvections of the form

f n (n) n-l + + n= aOxl + 1 alx1 X2 . . . anx2

over itself, that is, the second, fourth, ... , 2h-fold transvections, which
are

Fl = (aoa2 - aD x~(n-2) + ... ,
F2 = (aoa4 - 4ala3 + 3a~) x~(n-4) + "',
F3 = (aoa6 - 6ala5 + 15a2a4 - 1 - a~) x~(n-6) +"',

Fh = ( aOa2h - C1
h

) ala2h-l +... ± ~ C:) a~) x~(n-2h) +....

From these covariants we form new ones that all have the same order. Let
M be the least common multiple ofthe numbers n, 2(n - 2), 2(n - 4),
... , 2(n - 2h), respectively 2(n - 2h + 2), and set

M = mn = 2ml(n - 2) = 2m2(n - 4) = ... = 2mh(n - 2h),

respectively

M = mn = 2ml(n - 2) = 2m2(n - 4) = ... = 2mh-l(n - 2h + 2),
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depending on whether n = 2h + 1 or n = 2h. Then we consider the two
forms

U = 'Ufm + 'UIFrl + 'U2:F;!2 + + 'Uh.:FJ:'h,

V = vfm + VIFrl + V2:F;!2 + + Vh.:FJ:'h,

respectively

U = 'Ufm + 'UIFrl + 'U2:F;!2 + + 'Uh-l.rh-l m h- 1,

V = vfm + VIFrl + V2:F;!2 + + Vh-l.rh-l m h
-

1
,

where 'U, 'Ul, ... ,'Uh and v, VI, ... ,vh are indeterminate parameters. The
quantities U, V are objects related to the covariants, but are not real
covariants because the weights of the individual summands are different.
Their resultant is a certain function of the ao, ... , an and the 'U and v;
let it be

where the Pp are products of the 'U, v. Then the I p are invariants of
the form f because I p is an invariant of U and V, hence an invariant
of f, since now we have achieved homogeneity in the coefficients. This
follows from the fact that Pp is a product of only the 'U and v, and the
coefficients of 'U and v are always homogeneous in the a. But all I p

are equal to zero according to the hypothesis; hence U and V always
have a common linear factor, no matter which values one assigns to
the 'U, v. Therefore, all f,.rl,.r2,"., .rh(-1) must contain the same
linear factor, because otherwise one could always find values for 'U and
v such that U and V would not contain a common linear factor, whereas
1(, (U, V) = O. We transform the form f linearly in such a way that this
factor becomes equal to X2. Consequently, all sources of the covariants
f, .rl, ... ,.rh have to be zero, and hence it follows successively that:

ao=O,

because aOa2 - a~ = 0,

because aOa4 - 4ala3 + 3a~ = 0,

1 (2h) 2because aOa2h + ... ± 2 h ah = O.

For odd n this follows from the previous line of reasoning; for even n
one only has to observe in addition that the 2hth transvection is an



II.4 The vanishing of the invariants 161

invariant, hence is equal to zero. Herewith, the first part of the theorem
is proven.

The second part of the theorem is easily proven. We think of the form
as being transformed in such a way that X2 is the (h + I)-fold linear
factor, so that

ao = 0, al = 0, a2 = 0, ... , ah = 0.

An invariant has the form

I = 2:ZaoOarl .. ·a~",

and all terms containing ao or al or ... or ah vanish. For any eventual
other terms we have

Vh+l + Vh+2 + + Vn = g,

(h + I)Vh+l + (h + 2)Vh+2 + + nVn = P
ng

=2"'
so

2(h + I)Vh+l + 2(h + 2)Vh+2 + ... + 2nvn = nVhH + nVh+2 + ... + nvn ·

The numerical coefficients of the v on the left side are certainly bigger
than those on the right side. Since all v have to be 2: 0, they all have
to be equal to zero; so such terms cannot appear in I in the first place.
Consequently, the invariant vanishes always-which proves the theorem.

This theorem and its proof indicate at the same time how to find a
system of invariants of a binary base form, through which all others can
be expressed integrally and algebraically. Such a system is formed by
the invariants I p , respectively I p , Fh' because, if these vanish, then the
form has an (h + I)-fold linear factor, so that then-according to the
second part of the theorem-all invariants vanish, allowing integral and
algebraic representation of I p , respectively I p , Fh. Thus, one only needs
to construct the h transvections, the forms U, V, and their resultant.
The coefficients of the products of the 'U, v then give-for odd n by
themselves, for even n after adding (f, f)n -the invariant system that
allows integral algebraic representation of all invariants.

All the above observations can be generalized to simultaneous forms,
and for the examples it is even advisable to use simultaneous forms
rather than a single form, since the in- and covariants of a form of or­
der higher than four are very complicated and numerous. However, the
investigations along these lines have not been carried out yet for simul­
taneous forms, even though there do not seem to exist any fundamental
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difficulties. Only one case has often been considered, and settled, namely,
the case of a simultaneous system of binary linear forms. Let

h = alXl + b1X 2,

h = a2X l + b2X 2,

be given n linear forms. Their full invariant system is given by the
determinants

Pik = aibk - akbi (i, k = 1,2, ... , n).

But there is a large number of syzygies between them, since their number
is much larger than 2n-3. To obtain a system of independent invariants,
we proceed as follows. We form the function

which represents an involution determined by h(t) = 0, get) = O. We
form the functional determinant of h and g, that is,

(h,gh =1i(2n-4)(t) = h'(t)g(t) - g'(t)h(t) = g(t)2 [~r (t)

= Aot2n- 4 + A1t2n- 5 + ... + A2n-4'

The coefficients A, being linear combinations of the Pik, are themselves
invariants of the base forms. If these invariants A vanish, then either all
coefficients of h are zero, or those of g, or h and 9 are equal up to a
numerical factor. In all these cases, all Pik are equal to zero, and hence
Ao, AI, . .. , A2n- 4 form a system of invariants through which all others
can be expressed integrally and algebraically. At the same time, these
are independent of each other, since there are 2n - 3 of them. So, it
is not difficult, for a simultaneous system of linear forms, to find a full
system of invariants for integral and algebraic representation.

~ .

Lecture XLV (July 27, 1897)

11.5 The ternary nullform

The concepts and observations we have been dealing with so far can be
extended in two directions. First, instead of considering binary forms in
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one sequence of variables, one can consider those in two sequences of
variables, that is, consider forms of the type

/(Xl,X2; 6,6),

such that / is homogeneous of order n in the x, and homogeneous of
order v in the e. One can then specify different transformations for the
e; for instance,

Xl = axi + {Jx~,

X2 = ')'xi + ox~;

(K = PA - aT)
6 = pe~ + ae~,

6 =Te~ + Ae~,

where the transformation coefficients are aU independent of each other.
Invariants of / are then those integral rational functions of the coeffi­
cients which, up to a product of powers of t: and K, remain unchanged if
one replaces the original coefficients by the transformed ones. The latter
ones have been investigated, in particular when v = 1, which leads one
to the so-called combinants. Generally, one can ask the same questions as
before, for instance concerning the nuUforms, which would be especially
important. Furthermore, one can introduce more sequences of variables,
and ask the same questions as before. The easiest case to consider here
would be the one in which all orders are equal to one. Our general the­
orems remain completely valid in this case. It only would remain to be
seen which modifications need to be introduced.

The second extension consists of considering more than two variables.
One can also go further and consider forms in arbitrarily many variable
sequences, where each such sequence contains an arbitrary number 0

variables, and each sequence is subjected to a different general transfor­
mation. For instance, in the form

/(Xl,X2,X3; 6,6),

where the order in the x is n and the order in the e is v, the x (re­
spectively e) can be subjected to the independent transformations

Xl = allxi + al2x~ + al3x3'

X2 = a2lxi + a22x~ + a23x3'

X3 = a3lxi + a32x~ + a33x3;

6 = {Jlle~ + {Jl2e~,

6 = {J2le~ + {J22e' ,
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and one can make entirely analogous observations as before. The general
theorems about invariant fields hold true here as well. On the other hand,
as soon as one leaves binary forms, the construction of the nullforms
is not possible any more in the same way as in the previous section
for binary forms. But here too one can find a general method which
can immediately be applied to the most general case, as soon as one
understands it for a ternary form. We want to discuss this method and
then briefly indicate its proof. We consider the ternary form

f( ) ~ nt n2 ns
Xl, X2, X3 = L..J antn2nsXl X 2 X 3 ,

with nl + n2 + n3 = n, and subject it to the linear transformation

Xl = Qllxi + Q12X~ + Q13X;,

X2 = Q2lXi + Q22X~ + Q23X ;,

X3 = Q3lXi + Q32X~ + Q33X ;,

so that it becomes

with nl + n2 + n3 = n. If we set

Qll Q12 Q13

0= Q2l Q22 Q23 ,

Q3l Q32 Q33

then an invariant of f is defined by the equation:

I(a') = oPI(a).

It has the analogous elementary properties that hold for binary forms
and their invariants.

The nullforms can then be established in the following way. Each null
form, through a suitable linear transformation, can be brought into such
a form that certain coefficients vanish, while the others remain arbitrary
and independent of each other. Conversely, every such form, in which
certain prescribed coefficients are zero, and the others are arbitrary, is
a nullform. Thus-just as for binary forms-one can find a number 0

ca~onical nullforms, which are null forms for any values of the arbitrary
coefficients, and such that, conversely, every nullform can be linearly
transformed into one of these canonical forms.

The canonical nullforms can be found as follows. Take an equilateral
triangle of side length n (see Fig. 1, for which n = 5), and divide each
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side into n equal parts, of which each part has length one. Draw the
parallels to the other sides through each dividing point, so that the
whole triangle is partitioned into equilateral triangles of side length one.
For an arbitrary vertex P of such a small triangle, that is, for each
so-called lattice point, one can choose as coordinates the lengths of the
sides PA', PB', PC', where A', B', C' , respectively, are determined on
the sides BC, CA, AB of the whole triangle as intersection points of
the parallels to these sides which pass through P.

Each point corresponds uniquely to a coordinate triple, and to each
coordinate triple corresponds uniquely a lattice point, and we remark
that these coordinates are always positive integers ~ n, whose sum is
n. Therefore, to each point of the lattice there corresponds, in a one-to­
one fashion, a term of the ternary form of order n

Namely, the term anln2n3X~1X~2X;3 shall correspond to the lattice point
with coordinates ni, n2, n3.

Now, if M is the center of the whole equilateral triangle, then we
obtain precisely all canonical nullforms according to the following rule.

Rule Dmw an arbitmry stmight line through the center M, and then
determine all those vertices which lie on this line or on the side of A
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off the line. The coefficients antn2nS in the ternary form of order n,
corresponding to these vertices nl, n2, n3, are to be set equal to zero,
while the other coefficients are left arbitmry.

Here, A is an arbitrary but fixed vertex. Since in this way one obtains
all canonical nullforms, it follows that the number of different kinds of
nullforms is equal to the number of essentially different positions that
the line through M can assume with respect to the vertices under con­
sideration. Herein, one need not consider those positions for which the
corresponding forms are special canonical nullforms.

For n = 2 up to n = 5 we obtain the following types of canonical
nullforms:

n = 3:

n = 5:

n=4:

n = 2: 1. (X2X3h,

2. aX2Xl + X2(X2X3h;

ax~xl + (X2X3h;

1. (X2X3hxl + (X2X3)4,

2. x2{ax2x~ + X2Xl(X2X3h + (X2X3h};

1. ax~x~ + Xl(X2X3)4 + (X2X3)S,

2. X2{X2X~(X2X3h + X2Xl(X2X3h + (X2X3)4},

3. xHax~ + XhX2X3h + (X2X3hxl + (X2X3h}.

Here, the expression (X2X3)s denotes a general expression of order s in
X2, X3 with arbitrary coefficients (a binary form). It needs to be remarked
that, for n = 2, the two canonical nullforms can be transformed into
each other through a linear transformation, so in this case there really
is only one nullform. The figures for n = 2 up to n = 4 correspond to
Figs. 2, 3, and 4, respectively. For n = 5, we obtain Fig. 1.

Therefore, one can also say easily what the vanishing of all invariants
means geometrically for the curve f = o. If n = 2, the curve breaks
up into two lines; if n = 3, the curve has a cusp. Further, if n = 4,
then all invariants vanish if and only if the curve f = 0 either has a
point of multiplicity three or else decomposes into a cubic curve and an
inflectional tangent of it.

~ture XLVI (July 29, 1897)

This very simple and clear method to determine the nullforms can also
be expanded to forms with more variables. For quaternary forms, for



II. 5 The ternary nullform

Fig. 2.

/I = -'

Fig. 3.

167

instance, one has to consider a regular tetrahedron of edge length n,
has to divide each edge into n equal parts, and then has to divide the
tetrahedron with parl;lliel planes through these division points into small
regular tetrahedra of edge length one. Then put a plane through the
center of the tetrahedron. The rest is the same as before. If n = 3, for
instance, one obtains the following:

Theorem The invariants of a quaternary cubic form f vanish if and
only if the surface defined by f = 0 has a point of multiplicity two for
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1/=4

Fig. 4.

which the quadmtic polar is a plane which is counted twice; or if it has
a point of multiplicity two, for which the quadmtic polar consists of two
distinct planes whose line of intersection is completely contained in the
surface.

Regarding the proof of this theorem for the ternary form, we give an
indication of the principles on which it is based. As can be shown easily
(see Hilbert 1893), the earlier geometric representation of the canonical
nullform has the following analytic interpretation.

Theorem The form is a canonical nullform if and only if one can find
three integers Al, A2, A3 whose sum Al + A2 + A3 is negative, such that
each coefficient antn2n3 becomes zero if Alnl + A2n2 + A3n3 < 0 is
negative, while the other coefficients remain arbitmry. *

It is easily seen that the stated condition is sufficient. Namely, suppose
we are given an invariant

* In the general setting of geometric invariant theory, this theorem is called the
Hilbert-Mumford Numerical Criterion.
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I is a homogeneous isobaric function, and one has-analogously to bi
nary forms-for each term of the sum:

where 9 is the degree of the invariant. Multiplying the three equations
by >'1, >'2, >'3, respectively, and adding the resulting ~quations gives

~ ng
L..J enln2na (>'l n1+ >'2n2 + >'3n3) = 3 (>'1 + >'2 + >'3) ,

nln2na

or, if we set

where >. denotes a positive integer, then

~ ng
L..J enln2na (>'l n1+ >'l n2+ >'3n3) = -3>'·

nln2n 3

If we omit the terms on the left for which >'1 n1 +>'1 n2 +>'3n3 is positive
or zero, then one has

The sum 'L-' extends only over those systems n1, n2, n3 for which
>'ln1 + >'2n2 + >'3n3 is negative. Therefore, we also have

On the left is an integer, on the right a number > 0, so it follows that
,

l: enln2nal>'ln1 + >'2n2+ >'3n31 ~ 1.
nln2na

So we have that in each term of the invariant there is at least one of
the coefficients anln2na of I which are set equal to zero, that occurs
to a positive power. Because, if all powers enln2na would be zero, then
'L-' = 0, which cannot be. Thus, the invariant is also equal to zero, which
proves the first half of the theorem.
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The converse is substantially more difficult to prove. We only remark
here that one uses the following:

Fundamental Theorem A given ternary base form with certain nu­
merical coefficients has a nonzero invariant if and only if the substitu­
tion determinant

au a12 a13

8 = a2l a22 a23

a31 a32 a33

is an integral algebraic junction of the transformed coefficients.

We shall prove this theorem. Suppose that the ternary form

is carried into

by the transformation

Xl = auxi + a12x~ + a13x~,

X2 = a21xi + a22x~ + a23x~,

X3 = a31xi + a32x~ + a33x~.

We think ofthe a as numerical quantities; then the a' are forms of degree
n in the a, with numerical coefficients. If f has a nonzero invariant, then
8 is an integral algebraic function of the a'. That is evident. Namely, i
that invariant is I, then we have

8PI(al, ... ,aN) =I(ai, .. ·,aN),

where p =1= 0, since there does not exist an invariant of weight zero. Thus,
indeed, one has:

8P _ I (ai, ,aN) =0.
I(al, ,aN)

Conversely, if 8 satisfies an equation of the form

8m +Qdai, ... , aN) 8m
-

l + ... + Qm (ai, ... , aN) = 0,

where the Q are integral rational functions of the a', then we certainl
'-also have

n m8m + n m {Q (ai, ... ,aN)8m
-

l } + ... + nmQm (ai,· .. ,aN) = o.
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Here we set

a a a
~ 80<12 80<13

83
n= a a a

80<21 80<22 80<n =
8al18a228a33

+ ....
a a a

80<31 80<32 80<33
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The laws which we derived for this symbol in the binary case (Sec­
tion 11.2) remain valid here too without change. Therefore, one has

where the I are invariants. Since nm 8m =1= 0, not all I can vanish
simultaneously-which was to be proven.

With the help of this theorem we can now carry out the proof 0

the converse, stated above; however, it is still very cumbersome and
difficult. In the process, one has to use theorems about substitutions,
whose coefficients are power series, and these theorems are difficult to
derive in themselves. Thus, we can only continue to refer to Hilbert
(1893).

We should make one more remark. Every nullform can be transformed
linearly into a canonical nullform. Ifwe call a "class of forms" the totality
of all those forms which can be transformed into each other through a
linear transformation with nonvanishing determinants, then one has the
following:

Theorem Each class 0/ null/orms contains a canonical null/orm.

Lecture XLVII (July 30, 1897)

11.6 The finiteness of the number of irreducible syzygies and
of the syzygy chain

With regard to the fundamental questions, we need to take a closer look
at the syzygies. We again fix a binary form

even though the observations are still valid in general. The full invariant
system is finite, as we have proven; that means one can choose from
among the invariants a finite number il' i2, ... ,iN so that all others are
inte ral rational functions of these. At the same time these N invariants
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are still dependent on each other, in that-at least in general-there exist
a number of syzygies among them, that is, equations of the type:

Xl = 0, X2 = 0, X3 = 0, ... ,

where Xl, X 2, X 3, .. · are integral rational functions of ii, i2, ... , iN,

and these equations hold identically in the coefficients ai of the base
form. The number of syzygies is inherently always infinite-if there is
one at all-because from Xl = °it follows that

A1Xl = 0,

where Ai is an arbitrary function of il, i2, ... , iN, and this equation
holds identically. In general,

A1Xl + A2X 2 + A3X 3 +... = °
is a new syzygy, when Ai, A2 , A3 , ••• are integral rational functions of
ii, i2, ... , iN. By an irreducible syzygy we mean one whose left side­
the so-called syzygant-cannot be obtained as a linear combination of
syzygants of lower degrees. We then have the following:

Theorem A finite system of invariants possesses only a finite number
of irreducible syzygies. In particular, between the invariants of a sys­
tem of base forms there always exists only a finite number of irreducible
syzygies.

This theorem is obvious from the Fundamental Theorem in Section
11.2. Indeed, one thinks of all syzygies as ordered according to the degree
of the invariants-the number of syzygies of a given degree must be
finite because there are only finitely many invariants. Then one can find
a number m such that each syzygant X can be brought into the form:

X = A1Xl + A2X 2 + A3X 3 + ... + AmXm,

where Xl, X 2 , .•• , Xm are the first m syzygants. The theorem was only
stated for forms, but is valid for arbitrary integral rational functions,
which can be seen by setting one variable equal to one.

It is, furthermore, obvious that one can always choose Ai, A2 , • •• ,Am
so that the relation X = °holds identically not only in the coefficients
a, but even in the invariants ii, i2, ... ,iN, considered as new variables.
This must always occur. Such a syzygy is called a second-order syzygy.

- For instance, one only needs to set A2 = Xl and Ai = -X2 to obtain
an example. In some sense these syzygies are, therefore, not syzygies an
more.
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To determine the second-order syzygies, one therefore needs to deter­
mine the coefficients A in such a way that the equation X = 0 becomes
an identity in the ii, i2,"" iN. Suppose that

Ai = Xlj,

A 2 = X 2j ,

Am = X mj

is a general system of solutions. Then, again, the number of irreducible
solution systems is finite. That is, the number of irreducible second-order
syzygies is finite; or: It is possible to choose m' solution systems such
that any other one can be expressed linearly in terms' of these, and can
hence be brought into the form

Ai = B1XU + B 2X 12 + + Bm,Xlm"

A 2 = B1X21 + B 2X 22 + + B m,X2m"

Am = B1Xml + B 2X m2 + ... + Bm,Xmm"

where the B are again arbitrary functions of the ill i2, . .. ,iN' Obvi­
ously, one can proceed further in this fashion and ask about the solutions
of the equations

j = 1, ... ,m,

for the B, so that these equations hold identically in the ii, i2, ... , iN. In
this way, one obtains the "third-order syzygies." Their number is finite if
one does not count the solutions that can be expressed linearly in terms
of the others. One can continue in this way and obtain fourth-, fifth-, '"
order syzygies. Now, however, we have two important theorems. First,
one has the following:

Theorem The chain of syzygies terminates after a finite number of
steps.

If we assume that there still are syzygies of the pth kind, but no more
of (p + 1) th kind or higher, then we always have that p ~ N + 1 , where
N is the number of invariants of the full invariant system. Incidentally,
this theorem is very difficult to prove; we cannot go into the proof (see
Hilbert 1890). *

* This is the Hilbert Syzygy Theorem. An elementary proof using Grobner bases
can be found in D. Eisenbud, Commutative Algebra with a View Toward Algebraic
Geometry, to appear.
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It is essential to know the number of syzygies of a given order when
one asks about the number of invariants of a given degree Rj let this
number be X(R), where we are considering the invariants between which
there are no more relations. Further thought shows that one obtains the
number X(R) in the following way. Let i1, i2, ... ,iN be the full invariant
system. Then determine all integral rational functions of these invariants
which have degree R in the ai in such a way that there do not exist any
linear relations with constant coefficients between them. From this one
needs to subtract the number of independent first-order syzygies, add
the second-order ones, then subtract the third-order syzygies, etc.-a
calculation which has to terminate, according to the above theorem.
One then finds the important theorem:

Theorem The number x(R) of linearly independent invariants of de­
gree R is an integral rational junction of R; this junction is called the
characteristic function. *

Incidentally, these observations do not depend on the fact that one
is dealing with invariants; they can be made whenever one is concerned
with the algebraic connection between given quantities. We explain this
in terms of the following example, which should be worked out com­
pletely. We proceed from the following general theorem, which is an
immediate consequence of the general theorem in Section II.2 (see loco
cit. Hilbert (1890)).

Theorem Through a given algebraic space curve one can place a finite
number m of surfaces

F1 = 0, F2 = 0, ... ,Fm = 0

in such a way that every other surface that contains the space curve can
be represented by an equation of the form

where Ai> A2 , ••. , Am denote quaternary forms.

* The function X(R) is the Hilbert function of the invariant ring. The precedin
paragraph gives its representation as the alternating sum of the Hilbert functio
of the free modules in the minimal free resolution.
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Suppose given the cubic space curve

Xl = t3 ,

X2 = t2 ,

X3 =t,

X4 = 1.

Through this curve pass the three surfaces

:F1 = 0, :F2 = 0, :F3 = 0,

where
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:F1 == X1X3 - x~,

:F2 == X2X3 - X1 X4,

:F3 == X2X4 - x~.

Every other surface that contains the curve can be represented in the
form

where the A are forms of the same degree in Xl, X2, X3, X4. To prove
this, let

:F = L CX~lX;2X;3X44

be a form that becomes identically zero under the substitution Xl =

t3 , X2 = t2 , X3 = t, X4 = 1. We set

if

Then, obviously,

X1X3==X~ mod (:F1,:F2,:F3 ),

X1X4==X2X3 mod (:F1,:F2 ,:F3 ),

X2X4==X~ mod (:F1,:F2 ,:F3 ),

and with the help of these congruences, :F can be reduced to

:F == LCX~lX~2 + LC'x;2Xi3 + LC"X~3X~4 mod (:F1,:F2,:F3 ).

This is because, using X1X3 == x~, one can remove either Xl or X3 from
X~lX~2X;3X44. In the first case one keeps x~)x~)xP j but then one can
remove either X2 or X4 with the help of the congruence X2X4 = x~, and
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one keeps either x( )x() or x()x() In the other case one has x()x( )x()34 23' , 124'

and because X1X4 == X2X3 one arrives either at x~)xpxp -that is, at
the previous case---or at xl) x~)x~) , which can be reduced to xl) x~) or

x~)x~) via X1X3 == x~. Because of homogeneity one now has

hence also

If one now introduces t into the form F, then it follows that

F(t3,t2,t,1) = LGt31tl+21t2 + LG't2A2+A3 + LG"tt£3,

which is supposed to be identically equal to O. But, because of the earlier
inequalities, no term of one sum can pair up with a term of another sum;
hence all G, G', G" have to be equal to zero-which proves the assertion.

Lecture XLVIII (August 2, 1897)

We now want to further concern ourselves with the question of how
many surfaces of a given order R pass through the space curve so that
there are no linear relations between them. We first have to establish the
independent systems of equations that correspond to the higher order
syzygies. Among the forms

there are those that are not essentially different from each other an
these are given by the equation

or, if one sets A1 - B1 = Xl,"" by

This equation is certainly satisfied by

Xl =X3,

X2 =X2,

X =X1;

and by

Xl =X4,

X 2 =X3,

X 3 =X2·
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These are the only solutions; any others can be expressed in the form

Xl = X3Y1 + X4Y2,

X 2 = X2Y1 + X3Y2,

X 3 = X1Y1 + X2Y2,

where the Yare arbitrary forms ofthe same order. This is because every
solution Xl can obviously be written in the form

Xl = C 1 + C2X3,

where C1 does not contain X3 any more. But we obtain a new solution
by adding -X3C2, -X2C2, or -X1C2, respectively" to this solution.
The solution Xl = C1 .•. obtained in this way is such that Xl does
not contain X3 any more. Similarly, we can also eliminate X4 from Xl.

Thus, each solution can be reduced in such a way that Xl contains
neither X3 nor X4. The equation

X 1:F1 + X 2:F2 + X 3:F3 = 0

is supposed to hold identically in the x. Hence, if we set X3 = 0, X4 = 0,
then :F2 = 0, :F3 = 0, :F1 = -x~ f= 0; so we must have

identically. Thus, every solution can be reduced to a solution with Xl = 0,
modulo the two special solutions. The remaining equation is

whose general solution is

X 2 = Y:F3 = Y (X2 X 4 - xn ,

X 3 = Y( -:F2 ) = Y (X1X4 - X2 X3) ,

which is clearly representable in the form

X 2 = X4Y . X2 - x3Y' X3,

X 3 = X4Y' Xl - X3Y' X2,

where

is indeed equal to zero. Thus, every solution is a linear combination of
those two.

We must further investigate how often such a solution system occurs
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for different values of Y1 and Y2. SO we must solve the following system
of equations for the Y:

X3Y1 + X4Y2 = 0,

X2Y1 + X3Y2 = 0,

X1Y1 + X2Y2 = 0.

From this follows

and further

( -X2X4 + xn Z = 0, ,

hence Z = 0. That is, the system of equations does not have any solu­
tions any more, so the chain of syzygies terminates herewith.

We now proceed to the actual determination of the number of lin­
early independent surfaces of order R that contain the space curve. The
number of coefficients of a quaternary form of this order is (compare
Section I.1) equal to i(R + l)(R + 2)(R + 3). To determine the number
X(R) of conditions that a surface has to satisfy in order to pass through
the space curve, one has to subtract from this number the number of
linearly independent forms F of order R that can be represented by the
formula

The latter number we obtain in turn by diminishing the total number 0

terms in the three forms Ai, A2 , A3 of order R - 2, that is, the number
3 . i (R - 1)R(R + 1), by the number of those linearly independent form
systems Xl, X 2 , X 3 of order R - 2 that satisfy the equation

This number is equal to the number of terms in Y1, Y2 which have order
R-3; this number of terms, therefore, is 2· i(R-2)(R-1)R. According
to the previous discussion, nothing further needs to be subtracted. The
desired number is, therefore,

X(R) == i(R + l)(R + 2)(R + 3) - 3· i(R - l)R(R + 1)

+ 2 . i(R - 2)(R - l)R

=1 +3R.

All the constants appearing in this formula are of great importance.
Namely, the degree of the characteristic function gives in general the
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dimension of the object under consideration, the coefficient of the highest
power gives the order of the object, and the other coefficients are in a
close relationship to the genus of the object. For curves, the second
coefficient directly gives the genus raised by one. Thus, our curve is 0

genus zero. The last remark, however, is only valid for curves without
double points, etc. *

Lecture IL (August 3, 1897)

As we already remarked, this kind of procedure can be applied quite
generally when it comes to algebraic relations between arbitrary quan­
tities. We consider a further geometric example. For a triangle there are
altogether nine items to consider, namely, the sides a, b, c j the cosines
of the angles cos a = ca , ... ; and the sines of the angles sin a = Sa, ....

c

A

Between these nine items

b

c

Fig. 5.

(/

B

there exist lots of algebraic relations; but, according to the cited theorem,
there must be a finite number of linearly independent relations. Such
syzygies are, for instance,

c~ + 's~ - 1 = 0, c~ + s~ - 1 = 0, j

as{3 - bSa = 0, bs"'( - cS{3 = 0, ;

c2
- a2 - b2 + 2ab~ = 0, ....

* See Chapter I.7, in particular Ex. 7.2, of Hartshorne, Algebraic Geometry, Grad­
uate Texts in Mathematics 52, Springer-Verlag, New York, 1977.
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Now, let 8 1 = 0,82 = 0, ... , 8 r = 0 be a complete system of such
syzygies. Then one can ask further about the second-order syzygies,
that is, after syzygies of the type: .

which hold identically in those nine quantities. In essence, there is again
only a finite number. Likewise, one is led further to third-order syzygies,
etc. This sequence terminates at some point. Only when one knows all
independent higher order syzygies does one completely understand the
algebraic relationship between those quantities.

11.7 The inflection point problem for plane curves of
order three

Finally, we need to point out some applications and generalizations of
invariant theory, for which there was no appropriate place so far. In
particular, we have up to now said hardly anything about the geometric
applications, which are especially far reaching. Here too we have to be
satisfied with an example. From the extensive material we select the
well-known inflection point problem for plane curves of order three.

Suppose given a ternary cubic form:

written symbolically as

f = (a1 x 1 + a2 X 2 + a3 x 3)3 = (b1X 1 + b2X 2 + b3 X 3)3

= (C1X1 + C2X2 + C3X3)3 = (d1X1 + d2X2 + d 3 X 3)3 •

The latter expression is to be understood as follows. One only needs
to calculate the exponents with the Binomial Theorem; this way one
obtains exclusively terms of the form

Into this one has to substitute everywhere aikl for aiakal; likewise, one
has to substitute aikl for bibkbl, etc. Incidentally, this is also the way
in which one has to choose the multinomial coefficients in the explicit
expression for f.

The equation f = 0 represents a plane curve of order three. An easy
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calculation shows that I has the following covariant:

~ ~ ~aX l Xl X2 Xl Xs

h= ~ ~ ~X2 Xl aX2 ,x2 Xs

~ a ~X3 Xl Xs X2 axs

This is the so-called Hessian covariant. The equation h = 0 represents a
new curve of order three, which, therefore, has an invariant relationship
to the curve I = O. The curve h = 0 is called the Hessian curve of
the curve I = O. If the coefficients of I are generic, then the curve
I = 0 has nine inflection points, which are precisely the nine points of
intersection of the two curves I = 0 and h = O. If the coefficients of I
are real, then exactly three of these inflection points are real. The nine
inflection points can be found algebraically as follows.

For ternary forms, we have-in analogy to binary forms-the theorem
that every homogeneous integral rational function of determinants of the
type

al b1 Cl

a2 b2 C2,

a3 b3 C3

viewed symbolically in a suitable way, is an invariant. Then the form I
has the following invariant:

al b1 Cl al b1 d1 al Cl d1 b1 Cl d1

s= a2 b2 C2 a2 b2 d2 a2 C2 d2 b2 C2 d2

a3 b3 C3 a3 b3 d3 a3 C3 d3 b3 C3 d3

To obtain its explicit expression one has to expand this expression and
make the above substitutions. The invariant S has degree four. One can
furthermore prove the theorem-which we will not do here-that except
for I and h, I has essentially no further covariants of order three. This
theorem is important. for what follows.

We consider the family of curves

al + 6(3h = O.

All curves of this family pass through the nine inflection points of I = O.
The Hessian curve of a curve of the family, 1i (al + 6(3h) = 0, must
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again be a curve in the family, since 1i (af + 6(3h) is a covariant of
order three of f, hence must be of the form

1i (af + 6(3h) = Af + Bh.

Thus it follows that all curves in the family af + 6(3h = 0 also have the
same inflection points as f = 0 (the inflectional tangents are, of course,
different). If one calculates A and B, then one finds

A = 2a2(35 + 8(3352 + a(32 .1,

B = a 3 - 2(33.1 - 12a(325,

where the coefficients again have to be invariants. Accordingly, we know
two invariants of f, namely, 5 and .1; these form, as one can prove, the
full invariant system of the ternary cubic form. Incidentally, the form .1
is of degree six in the aikl.

We ask: Are there curves in the family that are their own Hessian?
To answer this question, we need to determine a, (3 (that is, their ratio)
such that

1i (af + 6(3h) = C· (af + 6(3h);

so we must have

A = Ca = 2a2(35 + 8(3352 + a(32.1,

B = 6C(3 = a 3 - 2(33.1 - 12a(325,

and after eliminating C,

This equation has four distinct roots for ~. Thus, there are four such
curves. Each of these curves must pass through the nine inflection points.
Each of them must furthermore intersect itself in its inflection points;
that is, the curves should have inflection points everywhere. But the only

)

' possible interpretation of this is that they are made up of straight lines;
thus, each of them decomposes into three straight lines. Since a straight
line can intersect a curve of order three only in three points, each of these
twelve lines must contain three inflection points, and all nine inflection
points lie on the circumference of every "syzygetic triangle." Thus, we
have the following:

Theorem The nine inflection points of a curve of order three (without
double points and cusps) lie on twelve lines in groups of three, such that
through each inflection point there pass four lines. These twelve lines can
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be ordered into four groups of three each so that each group contains al
inflection points.

The analytical determination of the inflection points poses no more
difficulties from this point on. One determines the four values of a :
(3; this requires the solution of an equation of degree four. Then, one
decomposes each of the four forms af + 6(3h into linear factors, which
must be possible. One sets these linear forms all equal to zero; then, one
finds that each pair of these equations always has a common root such
that one obtains a total of nine distinct such roots, which occur more
than once (the others are to be omitted). These roots give the inflection
points.

The equation for ~ has another special feature. For this biquadratic
form in a, (3, the invariant is

i = aOa4 - 4ala3 + 3a~

= -4852 + 3 . 1652

=0.

So it follows that: The four syzygetic triangles have equiharmonic posi­
tions with respect to each other.

Lecture L (August 5, 1897)

11.8 The generalization of invariant theory

The concept of an invariant is capable of generalization, as we have indi­
cated earlier. The infinitely many linear transformations form a group,
the most general group of linear transformations. We now select from
this most general group, the so-called projective group-a certain sys­
tem of linear transformations, which form a group. The group property,
which was self-evident earlier, is now made an explicit hypothesis. The
important problem of determining all relevant subgroups of the projec­
tive group has been completely solved by Sophus Lie through his the­
ories, and this solution is one of the main applications of his theories.
For such a group of linear transformations one can formulate the con­
cept of an invariant just as in the general case: One is supposed to take
a general form, transform it via an arbitrary linear transformation in
the subgroup, and ask for those integral rational functions in the coeffi­
cients of the form that take on the same values, up to a multiplicative
power of the substitution determinant, for the given and the transformed
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form. One can now pose the same questions for these invariants, which
of course always contain the general invariants, that were considered for
general transformations.

One of the simplest examples, and at the same time one of the most
important, is that of the orthogonal substitution, for instance, for three
variables. One calls orthogonal those substitutions whose application
transforms the sum of the squares of the variables into itself, up to
a constant factor. The form

will therefore be transformed into

It is evident that the orthogonal substitutions form a group; since, if one
transforms ~f' further into

~ f = ~f' = f" = c' (x~2 + x~2 + x~2) ,

then we also have

which precisely expresses the group property.
A general theorem now says that if one chooses an irreducible sub­

group from a group, then this subgroup admits a rational representa­
tion through parameters. The orthogonal substitution-always for three
variables-allows a rational representation through four parameters,
since its general form, as one can show, is

Xl = (a~ + a~ - a~ - a~) xi - 2 (ala3 + a2a4) x~ - 2 (ala4 - a2a3) x~,

)
X2 = 2 (ala3 - a2a4) xi + (a~ - a~ - a~ + an x~ - 2 (ala2 + a3a4) X~,

X3 = 2 (ala4 + a2a3) xi + 2 (ala2 - a3a4) x~ + (a~ - a~ + a~ - an x~.

Here, all a2, a3, a4 are arbitrary parameters. Thus, this group is a four-
parameter subgroup.

Now the main task is to determine all invariants of an arbitrary ternary
form

with respect to an orthogonal substitution. Such invariants are, first 0
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all, the general invariants of f. Secondly, however, we certainly also ge
all simultaneous invariants of f and the form

2 2 2
Xl + x2 + x3

as invariants of f. That is, we need to determine all simultaneous in­
variants of f and the general ternary quadratic form Ii = L bikXixk .
Let S(A, b) be such an invariant; then we certainly also get

S(A', b') = oPS(A, b)

for the orthogonal substitution. If, in particular, one sets bii = 1, bik = 0
if i i= k, then, according to our hypothesis, we get b~l = b~2 = b~3 =
c, b~k = 0 (i i= k). But, since S is homogeneous in the' b, it follows that

S (A', b') = eP1 • S (A', 1),

hence

c·S(A',I) =OP2 .S(A,I),

so S(A, 1) = F(A) is indeed an invariant. Incidentally, this argument is
valid in general.

Theorem Suppose there is a group of linear transformations such that
each of them leaves a given form invariant; then the invariants with
respect to this transformation group always include the invariants of the
form f and the simultaneous invariants of this form and those given
forms which are left invariant.

This generalization, therefore, utilizes our previous theories. The ques­
tion arises now whether, conversely, one obtains all invariants in this
way. While it is probable, it has not been proven yet, even for orthogo­
nal substitutions. This would completely answer the question about the
finiteness of the full invariant system.

However, one can prove the finiteness of the full invariant system for
the orthogonal substitutions of three variables completely analogously
to the proof for the general invariants (cf. Hilbert 1890). To see this, one
only needs to give a process n, which creates invariants. But here, such
a process is

a2 a2 a2 a2
n=a 2+a 2+P+a 2'al a2 a3 a4

One has the following:

Theorem If one transforms a system of base forms orthogonall and
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takes an arbitrary integral rational homogeneous function of the trans­
formed coefficients, multiplies it with an arbitrary power, with a non­
negative integer exponent, of (a~ + a~ + a~ + a~), and applies to this
function the process n enough times to result in an expression free 0

al, a2, a3, a4, then the latter is always an orthogonal invariant.

This theorem then implies easily the finiteness of the full invariant
system; and because of this fact, one then proceeds immediately to all
the observations we made about invariant fields, etc.

Also, Hurwitz has recently shown that all these theories of Hilbert
can also be generalized to the orthogonal substitutions with arbitrarily
many variables.

Let us mention another special invariant theory. Suppose we are given
a space curve of order three. One can ask about all those transformations
that leave this space curve unchanged. These, of course, form a group,
namely-if we focus on a particular example (ef. Hilbert 1890, p. 533)­
a four-parameter group of quaternary substitutions. In this case too,
there is a process n, analogous to the previous one, so that everything
procedes as before. At the same time, there exists a certain quaternary
form :F of order four that remains unchanged under these substitutions.
This form is the discriminant of the cubic equation in t:

Xlt3 + X2t2 + X3t + X4 = O.

Here too, the question arises whether the invariants consist of the general
invariants of f and those of f and :F.

The two subgroups mentioned here play a special role in geometry.
Even more important, however, are the translation and the rotation
groups, and more important yet is the group of motions. The latter is
given by a system of linear transformations, which form a group. It is
characterized by the property that the transformations leave the two
imaginary circle points and the line at infinity fixed. If this line is X3,
then the motion leaves

and

fixed. But it suffices to consider only one form if one introduces line
coordinates Ull U2, U3 instead of point coordinates; in invariant theory,
these are also called contragredient coordinates-we will return to these.
The motion is then simply characterized by the property that the form
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remains unchanged. This leads us to consider other coordinates besides
the ordinary point coordinates, which we want to do now, at the end.

In order to return once more to the group of the motions, one first
needs to transform a form f(xll X2, X3) into contragredient coordinates
.1'(U1, U2, U3), and then ask about the invariants which arise under the
group of substitutions that leave the form u~ + u~ unchanged. For two
straight lines, we obtain in this way only the cosine and the sine of the
angle they form; for a triangle, certainly the sine and cosine of the angles,
the length of the sides, the area, etc., are invariants. Presumably, here
too, the theorem that all invariants of the form .1' with respect to the
motion of the plane are simultaneous invariants of .1' and ep = u~ + u~

remains valid; the converse is self-evident.
Analogous observations hold for three-dimensional space. Here, the

group of transformations is characterized by the property that the form

u~ + u~ + u~

remains unchanged.

Lecture LI (August 6, 1897)

II.9 Observations about new types of coordinates

In this final section we want to point out briefly some further general­
izations of invariant theory, namely, some new types of coordinates.

Let Ii, h be two ternary forms of the same order. The forms

form a so-called sheaf of forms. Here one can view 11:1, 11:2 as binary vari­
ables and subject them to a linear transformation that is completely
independent of Xl, X2, X3, the arguments of Ii, h. In this way, one is
led to forms with several sequences of variables, and can now, just as
before, ask about the invariants of these forms. There already have been
extensive investigations in this respect, but the subject has not yet been
completely covered. Here too, one obtains differential equations that are
analogous to the earlier ones, and in many respects one returns to the
old invariant theory. In general, one of course has to be concerned about
using the earlier theorems as much as possible to obtain the generaliza­
tions. One obtains the invariants by successively first considering one,
then two, ... se uences of variables as transformation variables.
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For applications to geometry, however, it is not sufficient to consider
only the case where the individual sequences of variables are subjected
to distinct transformations. While one often has to deal with several
sequences of variables, these will be subjected to transformations which
are dependent on each other. Here too, the invariants are defined as
before. But their study has not yet been carried out in general. We limit
ourselves to point out the specific problems so far as they have geometric
significance. We distinguish two cases.

First, assume that the number of variables in the variable sequences
is always the same, and they are all subjected to the same linear trans­
formation, for instance, in the form f (Xl, X2, X3; Yl, Y2, Y3), where, of
course, the x and yare independent of each other. After Sylvester and
Cayley, such variable sequences are called cogredient variable sequences.

These occur in geometry, namely, during the formation of polars.
Second, the individual transformations may depend on each other in a

general way. In the plane one has to consider two sequences of variables:
the point coordinates Xl, X2, X3, and the line coordinates Ul, U2, U3. The
transformations of the latter are clearly determined once those of the
former ones are determined. One obtains the relationship by observing
that the condition of the relative position of points and lines

has to be preserved by the transformation. If

Xl = al1x~ + a12x~ + a13x;,

X2 = a21x~ + a22x~ + a23x;,

X3 = a31x~ + a32x~ + a33x ;,

then we must have

(al1X~ + a12x~ + a13x;) Ul + (a21x~ + ...)U2 + (a31x~ + ...)U3

= u~xi + u~x~ + u;x;.

From this it follows that

ui =al1Ul +a21 u2 +a31u3,

u~ = a12Ul + a22U2 + a32U3,

u; = a13Ul + a23U2 + a33u3,

which makes it easy to see how the u can be expressed in terms of the
u'. Suppose now that we are given a form f (Xl,X2,X3) = a111x~ + ....



II.9 Observations about new types of coordinates 189

Aside from the in- and covariants, one can inquire about those forms
F(a,Ul,U2,U3) for which

F(a', 11,') = oPF(a,u).

These forms are called contmvariants. Such a contravariant is clearly
the left side of the equation of the curve f = 0 in line coordinates. If
a form F(a, x, 11,), which contains all three groups of variables a, x, 11"

has that property, then it is called an intermediate form. The variables
11, are called contmgredient variables. One can, of course, also consider
simultaneous form systems. For instance, to determine the invariants of a
form f with respect to a motion, one has to determine the simultaneous
invariants of f(xl, X2, X3) and ¢ - u~ + u~.

Analogous observations hold in space, that is, for the quaternary case.
Aside from the point coordinates, one also has to consider the plane
coordinates ul, 11,2, 11,3, 11,4 in this case. If one forms the determinant

Yl Y2 Y3 Y4

Zl Z2 Z3 Z4

tl t2 t3 t4

where the x, y, z, t are all subjected to the same linear transforma­
tion, namely, that of the point coordinates, then the plane coordinates
ul, 11,2, 11,3, 11,4 are transformed exactly as the minors complementary to
Xl, X2, X3, X4, respectively. In space this fact gives rise to another obser­
vation. Namely, we now determine the minors of order two, that is, the
quantities

and observe how these are transformed. These Pik, of which there are
six, are very important; they characterize a line in space, because of
which they are called line coordinates. Between them exists the following
relation:

P12P34 +P13P42 +P14P23 = o.
One arrives in this way at a new type of invariant object, namely, that
which contains the P and mayor may not contain the X and u. This
is the basis for Plucker's line and axis geometry; he was the first to
investigate the P more closely. The generalization to even more variables
is evident.
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Modern geometry has recognized that it is a one-sided and unjusti­
fiable specialization to view the point as the element on which every­
thing is based, that is, to interpret only forms of three or four variables
geometrically. One is then led geometrically and analytically to great
difficulties, which are not inherent in the situation. One thus must in­
troduce further coordinates. The oldest idea is to use the line as the new
element in the plane, and the plane as the new element in space. One
can then build a geometry just as before, and now the point becomes
what in point geometry was the line (respectively the plane). This con­
stitutes the principle of duality. But an essential extension occurs if one
uses the straight line as the basis in space, as Plucker did. The straight
line in space is given through six homogeneous variables Pik, between
which there exists a quadratic relation; thus, there is a four-fold infinity
of lines in space. A linear equation between the Pik

a12P12 + ... + a34P34 = 0

constitutes a three-fold infinite family of lines; this family is called a
linear complex. Similarly, one can establish arbitrary equations between
the P and interpret them geometrically, or one can consider several equa­
tions simultaneously. In this way, one arrives at the ruled surfaces, etc.
The situation is analogous in spaces of higher dimensions.

An equation f (Pik) = 0 always represents a three-fold infinite fam­
ily of lines, a "complex." The in-, co-, contravariants, etc., can still be
defined in the same fashion. An essential property of this line geometry
is that in it points and lines play the same role. Therefore, everything
becomes very general and elegant.

One can carry the generalization even further. One can take any geo­
metric object or system of algebraic forms as the basic object, and can
then raise all the questions of ordinary geometry. Certain systems of
equations represent geometric objects, such as point, plane, etc.

The equation

axy + bx + cy + d = 0,

for instance, represents a three-fold infinite system of hyperbolas in or­
dinary Cartesian geometry. A homogeneous relation between the coeffi­
cients :F(a, b, c, d) = 0 cuts out a two-fold infinite family of hyperbolas.
A point is given by a relation that says the hyperbolas with coefficients
satisfying this relation pass through the point.

Another example is that of a pair of points in the plane. There are
four-fold infinitely many such pairs of points. A point is given through
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the relation between the coefficients of the pair of points that says that
the two points coincide.

We get a new geometry if we use a line and a point on it as the basic
element. This object is three dimensional. One calls such a system a
connex. The connexes are very important.

Finally, a very well-known and much studied geometry is that which
is based on the circle in the plane, and the sphere in space. The latter
is called spherical geometry. The sphere is given by the equation

k1 (x2 + y2 + z2) + k2x + k3y + k4z + k5 = O.

Thus, spherical geometry is four-dimensional. One can ask about the
significance of the linear complexes. A point is determined through that
quadratic relation between the k that says that the radius of the sphere
is zero. The plane simply has the equation

k1 = O.

It is clear how one can raise further questions and treat them geometri­
cally or invariant theoretically.


