Introduction to Ring Theory

Mira Bernstein and Julian Gilbey






Introduction to Ring Theory

Mira Bernstein and Julian Gilbey

Based on a course taught at Mathcamp 2001

Mathematics Foundation of America



(© 2002 Mathematics Foundation of America

This book may be reproduced and modified for non-commercial purposes as long
as this copyright notice is attached. The book may be available electronically
from the Mathcamp website http://www.mathcamp.org/



Preface

This book is a record of an introductory ring theory course which the authors
co-taught at Mathcamp 2001, with some additional help from Alice Auld.

The Canada/USA Mathcamp is a summer camp designed for gifted and
talented high school students who wish to spend a summer learning about “real”
mathematics, as opposed to high-school mathematics. Many of the students who
participate have either had exposure to advanced mathematics from a previous
Mathcamp or from taking undergraduate-level courses while still at high school.
The content of the courses taught at Mathcamp ranges from advanced high
school level through to advanced undergraduate or even graduate level. The
level of skill and background required for these courses also varies, but not as
widely. This particular course was one of the most advanced ones offered: its
content was relatively accessible, but the skills it required were very high.

This course was taught following a simple version of the Moore method.
Every day, the students were given definitions and statements of results (lemmas,
propositions, theorems and the occasional exercise), and they were expected to
be able to present proofs the next day in class. This was intended to be very
stretching for the most mathematically mature and competent students at the
camp, and it proved to be the case. As the course progressed, we also invited
the students to develop the skill of writing mathematics by writing out proofs of
some of the results.

This book, therefore, is in two parts. The first part contains the definitions
and statements of results, with a small amount of discussion. This is essentially
what the students were given, although a certain amount of editing has been
done based on feedback from the course. The second section contains a repeat
of the first section with all of the proofs and answers provided. This was done
in order to enable this part to be read smoothly without having to constantly
flick back and forth. Where the students provided a written proof during the
course, this has been included with acknowledgement, subject to some stylistic
editing where it was felt necessary. However, no attempt has been made to
impose a consistent style between the different students’ proofs. Where a proof
is unattributed, it has been supplied by us.

It was a great privilege to be able to teach such enthusiastic, talented young
mathematicians. We hope that this book will serve as a memento of the camp if
you were in those classes, and as an inspiration if you were not!

Mira Bernstein, Boston
Julian Gilbey, London
May 2002
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Part 1

Statements of Results






Chapter 1

Basic definitions and properties

Definition 1.1. A ring (with unity) is a set R together with two binary
operations called addition and multiplication. They must satisfy the following
properties:

Axioms for addition

(A0) (Closure law) For all a,b € R, a + b € R.

(A1) (Associative law) a+ (b+¢) = (a+b) + c for all a,b,c € R.

(A2) (Zero law) There exists 0 € R such that a +0 =0+ a = a for all
a € R.

(A3) (Inverse law) For all a € R, there exists b € R with a+b =b+a = 0.
(A4) (Commutative law) a +b=0b+a for all a,b € R.

Axioms for multiplication
(MO) (Closure law) For all a,b € R, ab € R.
(M1) (Associative law) a(bc) = (ab)c for all a,b,c € R.

(M2) (Unity/Identity law) There exists 1 € R such that a1l = la = a
for all a € R.

Mixed axiom

(D) (Distributive law) (a + b)c = ac + bc and ¢(a + b) = ca + ¢b for all
a,b,c € R.

Usually, a binary operation on a set X is defined to be a function X x X — X
and the closure laws are implicit in this definition. We have chosen to make
them explicit, though, in this introductory course.

Also, some authors do not require rings to have unity (axiom (M2)). The
primary reason for this appears to be so that ideals are subrings, but we do not
see this as a good enough justification for defining a ring without requiring a
unity; such objects are seldom, if ever, used.

Exercise 1.2. Construct as many different examples of rings as you are able to.
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Some standard examples of rings are the integers Z, the integers modulo n,
which we will write as Z/(n) for reasons to be discussed later, and the polynomials
in  with real coefficients, written R[z]. The rationals Q and the reals R are also
rings, as is any field.

As with most formal mathematical objects, we can define the concept of a
subobject in this case.

Definition 1.3. If R and S are rings, then S is called a subring of Rif S C R
as sets, the operations of addition and multiplication in .S are just the restrictions
of those in R (that is, if a,b € S, then a + b is the same whether the addition is
performed in R or S, and similarly for multiplication), and the zero and identity
elements of S are the same as those of R.

For example, Z is a subring of QQ, and both are subrings of R. Also, a subset
of a ring R will be a subring if and only if it is closed under addition and
multiplication, contains 0 and 1 and has additive inverses; all of the other axioms
are automatically satisfied, as they hold in R.

We now consider a few ‘book-keeping’ lemmas, to check that things which
ought to be true really are.

Lemma 1.4. In a ring, the zero element is unique (that is, if both z; and 2y
satisfy (A2), then z; = 22). [You may only use axiom (A2) in your proof.]

Lemma 1.5. (Additive) inverses are unique (that is, if both b; and by satisfy

a+b; =a+by =0, then by = by). Thus we can write —a for the unique additive
inverse of a, and we also write a — b for a + (—b).

Lemma 1.6. If a € R, then —(—a) = a.

Lemma 1.7. Let a,b,c € R. If a4+ ¢ = b+ ¢, then a = b. (This is called the
cancellation law for addition.)

Lemma 1.8. For any a € R, 0a = a0 = 0.
Lemma 1.9. For any a,b € R, a(—b) = (—a)b = —(ab) and (—a)(—b) = ab.

Lemma 1.10. For any a,b,c € R, a(b—c) = ab—ac, so multiplication distributes
over subtraction as well as addition.

Lemma 1.11. If 0 =1 in the ring R, then R =0 (the zero ring).

Definition 1.12. Some rings have additional properties. Here are a few basic
ones. A ring R is a division ring if 1 # 0 in R and R satisfies

(M3) (Inverse law) For all @ € R with a # 0, there exists b € R with
ab=ba = 1.
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R is a commutative ring if it satisfies
(M4) (Commutative law) ab = ba for all a,b € R.

A commutative division ring is called a field.

All rings from now on will be assumed to be commutative rings (with unity).
We will often also assume that 1 £ 0.

The above lemmas relating to addition in a ring can be applied to the
multiplicative structure as well, as the following exercises show.

Exercise 1.13. What is the multiplicative statement corresponding to lemma 1.47
Is it true? Give a proof or counterexample.

Ezxercise 1.14. What is the multiplicative statement corresponding to lemma 1.57
Is it true? Give a proof or counterexample. If an element ¢ € R has a unique

multiplicative inverse, it is denoted by a~!.

Ezxercise 1.15. What is the multiplicative statement corresponding to lemma 1.67
Is it true? Give a proof or counterexample.

Exercise 1.16. What is the multiplicative statement corresponding to lemma 1.77
Is it true? Give a proof or counterexample.

Definition 1.17. A zero divisor in a ring R is a non-zero element a € R for
which there exists a non-zero element b € R with ab = 0. A ring which has no
zero divisors and with 1 # 0 is called an integral domain. (Remember that we
are now dealing only with commutative rings.)

Ezercise 1.18. Would any of your answers to exercises 1.13-1.16 change if we
assumed the ring to be an integral domain?

Lemma 1.19. Every field is an integral domain. (Is the converse true?)

Here is a very useful way of building new rings from old ones.

Definition 1.20. If R is a ring, then the polynomial ring R[z] is the ring of all
polynomials in « with coefficients in R. (This really requires formal definitions
of addition and multiplication of polynomials; see exercise 1.21 below.) Similarly,
the ring R[z1,...,xz,] is the ring of all polynomials with variables z1, ..., z,
and coefficients in R.

Ezercise 1.21. (Hard) Try to formally define a polynomial (in one variable) and
define the operations of addition and multiplication of polynomials. Use your
definitions to check that R[x] really is a ring.

Ezercise 1.22. 1f you managed the previous exercise, can you do the same for
polynomials in more than one variable?
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The next definition is critical to the whole of ring theory.

Definition 1.23. An ideal I of a ring R is a subset of R which satisfies axioms
(A0)—(A4) and for which the following ‘ideal property’ holds:

(I) Ifa € R and z € I, then azx € 1.

The following lemma will allow us to easily show that something is an ideal.

Lemma 1.24. Let I C R. Then [ is an ideal of R if and only if the following
conditions hold:

(I1) I is non-empty.

(I2) f z,y e I, then z+y € I.

(I3) If a € R and z € I, then ax € I.

Definition 1.25. The ideal I generated by a set of elements in R is the smallest
ideal containing the given set. (‘Smallest’ means that if I’ is any ideal containing
the given set, then I C I'.) If S C R, then we write (S) for the ideal generated
by S. In the case that S = {z1,22,...,z,}, we write (S) = (1, z2,...,2,). A
generating set for an ideal [ is a set of elements which generates I.

Lemma 1.26. The ideal generated by the set S = {x1,x2,...,x,} is given by
(S) = {Zaimi ta; € R}.
i=1

Ezercise 1.27. (Harder) What is the corresponding result if S might be an
infinite set?

Ezercise 1.28. Find all ideals of Z and R[z], and find the smallest possible
generating set of each such ideal.

It turns out that the ideals in these rings have a very nice structure, and we
capture this in the following definition.

Definition 1.29. An ideal which has a generating set consisting of precisely
one element is called a principal ideal. An integral domain in which every
ideal is principal is called a principal ideal domain (PID).

We will investigate such rings in much greater detail in the next chapter.

Ezercise 1.30. What is the ideal (1)?

A useful result about ideals:

Lemma 1.31. If I; and I; are ideals of a ring R, then so are I; N[5 and I7 + I5,
where
Il+12 :{$1+LL‘25$1 EIl and xTo GIQ}.
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This result can be generalised to arbitrary intersections and sums. If A is an
indexing set and I, is an ideal for each o € A, then ﬂaeA I, is an ideal, as is

Z I, = {Z To : To € I, and almost all z, zero}.

acA a€cA
The proof is essentially the same as that of the above lemma.

Definition 1.32. An element of the ring R is called invertible if it has a
multiplicative inverse. Invertible elements are sometimes also known as units,
especially in number theory. The set of invertible elements is called the group
of units of R, and is denoted by R*.

The following proposition explains the use of the word ‘group’ in this defini-
tion.

Proposition 1.33. The group of units of R forms an abelian group under
multiplication.

Ezercise 1.34. What are the groups of units of the following rings: Z, Q, R[x],
Z[i]? Challenge: What are the groups of units of Z[v/2] and Z[v/~2]?

Lemma 1.35. If w is a unit, then (u) = (1). It follows that if I is an ideal of R
and w € I, then I = (1).

We can completely describe one aspect of the elements of Z/(n).

Proposition 1.36. Let n be an integer with m > 2 and let x be an integer with
1 <z < n. Then in the ring Z/(n), = is a zero divisor if and only if the greatest
common divisor (ged) of # and n is greater than 1, and is a unit if and only if
their ged is equal to 1.

Corollary 1.37. Let n be an integer with n > 2. Then the ring Z/(n) is an
integral domain if and only if n is prime, and in such a case is also a field.
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Chapter 2

Factorisation in rings

We showed in exercise 1.28 that Z and R[z] are both PIDs, but the proof required
the fact that these two rings both have a division algorithm. They also have the
property that factorisation in them is ‘unique’ (in a precise sense to be explained
later). We now investigate these ideas a little more carefully, and show that
whenever we have a division algorithm, we also have unique factorisation. It’s a
bit of a long trail, but it’s worth it! We do need to build up some machinery,
though.

If R is not an integral domain, then we have ab = 0 for some non-zero a and b,
so that ac = a(b+ ¢) for all ¢ € R. So we have no hope of unique factorisation in
such a case. Therefore, for this entire chapter, we assume that R is an integral
domain.

Definition 2.1. Let a,b € R. We say that a divides b, often written a | b, if
there exists an element ¢ € R with ac = b. We also say that a is a factor or
divisor of b in this case.

Lemma 2.2. Let a,b,c€ R. If a | b and b | ¢, then a | c.

Lemma 2.3. Let a,b,c € R. If a | b, then ac | be.

Lemma 2.4. Let a,b€ R. If a | b and b | a, then b = ua for some unit u € R.

Lemma 2.5. If u € R is a unit and a | u, then a is also a unit.

Lemma 2.6. If u € R is a unit, then u | a for all a € R.

Lemma 2.7. If a,b € R, then a | b if and only if (b) C (a), where (a) and (b)
are the ideals generated by a and b respectively. (Note that this is somewhat

counterintuitive!)

Definition 2.8. If ¢ = ub with u a unit, we say that a is associated to b, or
that a and b are associates, and we denote this by a ~ b.

Lemma 2.9. The elements a and b are associated if and only if a | b and b | a,
that is if and only if (a) = (b).
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Lemma 2.10. The relation of association is an equivalence relation, that is, it
satisfies the following three conditions:

o (Reflexive) If a € R, then a ~ a.

e (Symmetric) If @ ~ b, then b ~ a.

e (Transitive) If a ~ b and b ~ ¢, then a ~ c.

(We will deal with equivalence relations in more detail below.)

We need one more definition before we can define unique factorisation,
and that is what we are factoring things into. This idea is used to define
prime numbers’ in high school, but we will reserve that term for an even more
fundamental property.

4

Definition 2.11. Let R be an integral domain. A non-zero element a € R is an
irreducible if ¢ is not a unit, and whenever a = bc for some b,c € R, one of
b and c is a unit (and so the other is an associate of a).

Lemma 2.12. Every associate of an irreducible element is irreducible.

Ezercise 2.13. We give the standard example of a ring which does not have
unique factorisation. Consider the ring R = Z[v/—5|. Then we have

6=23=(1+vV=5)(1—V-5).

To finish the task, show that all of 2, 3, 1 ++/—5 and 1 — +/—5 are irreducibles
in this ring and that they are not associated to each other. (It is not that easy!)

Definition 2.14. An integral domain R is called a unique factorisation
domain (UFD) if it satisfies the following two conditions:

(UFD1) Every non-zero element r € R can be written in the form
T=uay - ay

where u is a unit in R, n > 0 and the a; are irreducibles of R.

(UFD2) Ifuay - - - up, = vby - - - by, where u and v are units and the a; and b;
are irreducibles, then n = m and a; ~ br(;) for some permutation 7 of

{1,2,...,n}.
Lemma 2.15. Every field is (trivially) a UFD.

We now give the promised definition of primes in an integral domain.

Definition 2.16. An element p € R is called a prime in R if p is neither zero
nor a unit, and whenever a,b € R with p | ab, then either p | a or p | b (or both).
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Ezample 2.17. Referring back to example 2.13, we see that in Z[/—5], irre-
ducibles may not be prime. For 2 | (1 ++/=5)(1 —+/—=5), yet 2 does not divide
either factor.

The converse is true, though:
Proposition 2.18. Let R be an integral domain. Then every prime in R is

irreducible.

Theorem 2.19. Let R be an integral domain. Then R is a UFD if and only if
R satisfies (UFD1) and

(UFD2’) Every irreducible in R is prime.

Definition 2.20. A Euclidean domain (ED) is an integral domain together
with a Euclidean function ¢ : R\ {0} — N (where N = {0,1,2,...}) such
that:

(ED1) If a | b then ¢(a) < ¢(b), and

(ED2) Givenb € R and a € R\ {0}, there exist ¢, € R such that b = ag+r
and either r =0 or ¢(r) < ¢(a).

Ezample 2.21. The rings Z and R[z] are Euclidean domains. In fact k[z] is an
ED for any field k.

Ezercise 2.22. In the ring Z[i] we can define a norm function by N(a + bi) =
a® + b?. Show that this norm function is a Euclidean function on Z[i]. (This is
non-trivial.) It then follows from Theorem 2.30 below that this ring is a UFD.

We can now generalise the result of Exercise 1.28 above.
Theorem 2.23. Every ED is a PID.

We now aim to show that every PID is a UFD. The proof will take several
steps.

Lemma 2.24. Every PID satisfies condition (UFD2’). [Hint: Let p be irreducible,
and assume p | ab but p 1 a. Consider what we can say about the (principal)
ideal (p) + (a).]

Definition 2.25. A ring R is said to satisfy the ascending chain condition
(a.c.c.) on ideals if any chain of ideals

LCchLChC---

is eventually constant (that is, I,, = I,,41 = --- for some n).

11
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Lemma 2.26. If [y C I; C I; C --- is an ascending chain of ideals of R, then
UZOZO I,, is an ideal of R.

Lemma 2.27. Every PID satisfies a.c.c. on ideals.

Lemma 2.28. Every PID satisfies (UFD1). [Hint: Assume it doesn’t. Pick an
element which doesn’t satisfy (UFD1), say rg, and try factorising it. What do
you find? You will want to consider the ideal (ro) and similar ideals.]

Theorem 2.29. Every PID is a UFD.

This result together with Theorem 2.23 also shows the following result.
Theorem 2.30. Every ED is a UFD.

This can also be proved slightly more directly, but the proof is very similar
in essence to the route we took.

Corollary 2.31. If & is a field, then k[z] is a UFD. Also, Z is a UFD.

The rings we have been considering are called Euclidean because the Euclidean
algorithm can be applied to them to find gcds. So we now formally define a
greatest common divisor of two elements in a ring. We have to do it in the
following way, as there may not be any concept of ‘greatest’ in the ring.

Definition 2.32. Let a,b € R. d is a greatest common divisor (gcd) of
aand b if d| a and d | b, and whenever ¢ | a and ¢ | b, we have ¢ | d.

There may be lots of geds:

Lemma 2.33. If d is a ged of a and b, then d’ is also a ged of a and b if and
only if d’ ~ d.

Ezercise 2.34. Using this definition, find all the greatest common divisors of 6
and 9 in the ring Z and of the polynomials (z + 1)(z + 2) and (z + 1)(2% + 2) in
the ring R[z]. How does this definition relate to the traditional one in the case
of Z?

Ezxercise 2.35. Extend the definition to define a ged of the elements aq, ..., a,.

Proposition 2.36. If R is an integral domain and a,b,c € R with (a,b) =
(a) + (b) = (c¢), then c is a ged of a and b and we have ¢ = xza + yb for some
x,y € R. In the case that R is a PID, then we always have (a) + (b) = (¢) for
some ¢ € R, so any a and b in R have a gcd.

In the case that the ring is Euclidean, we can determine gcds using the
Euclidean algorithm. Let ¢ be a Euclidean function on R, and let a and b be
non-zero elements of R. We can determine a gcd of a and b by performing the
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following calculation:

b=aq +m 0 < ¢(r1) < ¢(a)
a=r1q2 + 72 0< ¢(r2) < ¢(r)
r1=T2q3 + 713 0 < é(rs) < ¢(r2
ro =13qs+ 14 0 < ¢(ra) < 9(r3)
Tn-3=Tn-2qn-1+Th-1 0< ¢(rn—1) < ¢(rn—2)
Tn—2 = Tn—1q4n + Tn 0< o(rn) < (rn-1)

Tn—1 = Tnqn+1,
terminating when the remainder is zero.

Proposition 2.37. This algorithm always terminates, and when it does, r, is a
ged of a and b.

More interestingly, we can use this algorithm to work backwards, first express-
ing 7, as a linear combination of r,_; and r,_o using the penultimate equation,
then this and the preceding equation to express r,, as a linear combination of
rn_o and r,_3, and so on. Eventually we will end up with an expression for
rn, which is a ged of a and b, as a linear combination of @ and b. This is more
constructive than the result of Proposition 2.36, in particular if we are able to
explicitly determine the quotient and remainder for the division steps, as we are
for Z and Q|z].

The last main result that we wish to prove in this chapter is based on Gauss’
lemma, and states that if R is a UFD, then so is R[z]. But we will need to do
some important preparatory work on equivalence relations and fields of fractions
first. This material is used throughout mathematics, and we will meet it again
when we consider quotient rings in Chapter 3.

2.1 Relations, equivalence relations and partitions

Definition 2.38. Let X and Y be any sets. The Cartesian product of
X and Y is defined by

XxY={(z,y):z€ X andy € Y},

the set of all ordered pairs of elements from X and Y.

Definition 2.39. A (binary) relation on X is a subset R C X x X. We often
write £ R y to mean (z,y) € R and z R y to mean (z,y) ¢ R.

Ezxample 2.40. Let X = 7Z. Then the subset {(m,n) : m < n} C Z x Z defines
the relation ‘less than’. The subset {(m,n) : m = n} is the relation of equality.

13



14 Introduction to Ring Theory (Statements)

Definition 2.41. The following terms are used to describe some special features
of relations. Here R is a relation on a set X.

e R is called reflexive if x R z for all x € X.
e R is called symmetric if for all z,y € X, x R y implies that y R z.

e R is called anti-symmetric if for all z,y € X, ¢ R y and y R z together
imply that x = y.

e R is called transitive if for all z,y,z € X, * R y and y R z together
imply that z R z.

Ezercise 2.42. Given the set X = {1,2, 3}, for each of the following conditions,
find a relation on X which satisfies it:

a) The relation is reflexive and symmetric, but not transitive.

(
(b) The relation is reflexive and transitive, but not symmetric.

)
)

(¢) The relation is symmetric and transitive, but not reflexive.
)

(d) The relation is reflexive, transitive and anti-symmetric.

Definition 2.43. The following special types of relations are so important that
they are given special names.

e A relation which is reflexive, symmetric and transitive is called an equiva-
lence relation.

e A relation which is reflexive, transitive and anti-symmetric is called a
partial order on the set, and the set is called a partially ordered set
or poset. If in addition, for every pair z,y € X, either z =y, t R y or
y R x, then the relation is called a (total) order, and the set is called
a totally ordered set or just an ordered set. (Some authors require
that these relations have (z,z) ¢ R for all € X; this is essentially the
difference between the relations < and <.)

Ezercise 2.44. Give some examples of equivalence relations, partial orders which
are not total orders, and total orders, either for the set X = {1,2,3} or for other
sets.

We will be focusing on equivalence relations. An equivalence relation essen-
tially says that certain elements in the set X are to be considered ‘the same’ in
a precise sense depending upon the context. We make this a little more formal,
by showing that partitions and equivalence relations are essentially the same
concept.

Definition 2.45. A partition of a set X consists of a set X of non-empty
subsets of X satisfying the following conditions:
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(a) The subsets in X cover X, that is

Uvr=x

Yex

(b) The subsets are pairwise disjoint, that is if ¥7,Y5 € X with Y7 # Y5, then
YinY, =0.

Note that condition (b) implies that if ¥7,Ys € X and Y1 NY5 # &, then
Y =Y.

Definition 2.46. Let R be a relation on a set X. For z € X, define R(z) =
{y € X : 2 R y}. In the case that R is an equivalence relation, R(z) is called
the equivalence class of z. Very often one uses the notation [x] or Z to denote
this.

Lemma 2.47. If R is an equivalence relation on X, then x € R(x) for all z € X.
Furthermore, whenever y € R(z), R(z) = R(y).

Proposition 2.48. If R is an equivalence relation on X, then the set of equiva-
lence classes P(R) = {R(x) : « € X} is a partition of X.

Proposition 2.49. Let X be a partition of a set X. Define a relation R(X)
on X by (z,y) € R(X) if and only if 2 and y lie in the same subset in X. Then
R(X) is an equivalence relation on X.

Proposition 2.50. The operations defined in the previous two propositions are
mutually inverse, that is given an equivalence relation R on X, R(P(R)) = R,
and given a partition X of X, P(R(X)) = X.

Definition 2.51. Let R be an equivalence relation on X. We define the
quotient of X by R, written X/R, to be the set P(R).

Thus we can think of equivalence relations and partitions as one and the
same thing: an equivalence relation partitions a set into parts called equivalence
classes, where the elements of a given part are considered equal to each other,
but elements in different parts are considered unequal.

Often, the notation a = b is used to indicate an equivalence relation. When-
ever you see this notation, you should check to see that you are indeed working
with an equivalence relation.

Examples 2.52. Here are some typical examples of the use of equivalence relations
in pure mathematics.

e When we build the rationals from the integers and make identifications

such as % = %, we are essentially defining an equivalence relation on pairs
of integers, as we explain in more detail below.

15



16 Introduction to Ring Theory (Statements)

e When we use modular arithmetic, we define an equivalence relation on
the integers with m being equivalent to n whenever the modulus divides
m —n.

e In topology, when we identify edges of a square to make a torus, we are
essentially defining an equivalence relation on the points of the square.

e Later on, we will see that quotient rings are defined by equivalence relations,
as are factor groups (also called quotient groups) in group theory.

We are now able to return to the point at hand, and define a generalisation
of the formation of Q from Z.

Let R be an integral domain. Let X be the set R x (R \ {0}). We define an
equivalence relation ~ on X by (a’,b') ~ (a,b) if and only if a’b—ab’ = 0. (Check
that this really is an equivalence relation!) We define addition and multiplication
on X by

(a,c) + (b,d) = (ad + be, cd)
(a,c)(b,d) = (ab, cd)

Lemma 2.53. If (a/,c') ~ (a,c¢) and (b',d’) ~ (b,d), we have (a’,c) + (b',d’) ~
(a,¢) + (b,d) and (a/, ) (¥, d’) ~ (a,c)(b,d).

Hence addition and multiplication are well-defined on the set K = X/~. As
with the rationals, we write a/b for the equivalence class of (a,b) in this set, so
that a/b+ ¢/d = (ad + bc)/bd and (a/b)(c/d) = ac/bd.

Proposition 2.54. In the above setup, K is a field, called the field of fractions
of R. The map ¢ : R — K given by ¢(a) = a/1 is an injective (one-to-one)
homomorphism. [Homomorphisms are special kinds of maps defined at the start
of Chapter 3.]

Lemma 2.55. Assume R is a UFD. Then given a,b € R, we can find a ged d of
a and b. Then if a = da’ and b = db’, 1 is a ged of @’ and &'. Hence in the above
construction, (a,b) ~ (a’,b") with 1 being a ged of @’ and ¥’. That is, in the case
of a UFD, we can always write a/b in ‘lowest terms’ with ¢ and b having no
common (prime) factor.

2.2 Gauss’ Lemma and UFDs

We now have enough machinery to work on Gauss’ lemma and UFDs. For the
rest of this chapter, we let R be a UFD and K its field of fractions. Let a € K
be a non-zero element of the field, and let p be a prime element in R. We can
then write

a=p'b
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where b € K, r is an integer and p does not divide the numerator or denominator

of b when written in lowest terms. For example, if R = Z, so K = Q, and p = 3,

e 27 — 33 . L 14 _g-1 14
then we can write {7 =37 1+ and 17 =3 o

Lemma 2.56. In the above equation, r is uniquely determined by a and p.

Definition 2.57. In the above equation, r is called the order of a at p and we
write r = ord, a. We also define ord, 0 = oo, with the conventions that n < co
and n+ 0o =00+ n =o0 for all n € Z, and oo + 0o = c.

Lemma 2.58. If a,a’ € K, then

ordy(aa’) = ord, a + ord, a’.

Definition 2.59. Let f € K[z] be a polynomial over the field K, with
f=anz" +ap_ 12" 1+ +ap.
As before, if f = 0, we define ord,, f = co. Otherwise, define
ord, f = Orgnilgn{ordp a;t}.

Then if r = ord,, f, we call up” a p-content for f, where v is any unit of R. If
f # 0, we define the content of f by

cont(f) ~ [ [ 77,

the product being taken over all primes p such that ord, f # 0. The content
of f is defined up to association, that is, up to multiplication by a unit of R. By
abuse of notation, we often write cont(f) = [[p®*% / instead, using = instead
of ~.

Lemma 2.60. If b € K with b # 0 and f # 0, then cont(bf) = bcont(f). Hence
we can write

f=cf1
where ¢ = cont(f) and cont(f;) = 1.

Definition 2.61. A polynomial with content 1 is called a primitive polyno-
mial.

Lemma 2.62. If f is a primitive polynomial, then all of the coefficients of f lie
in R and their ged is 1.

Theorem 2.63 (Gauss’ Lemma). Let R be a UFD and K its field of fractions.
Let f,g € K[z] be non-zero polynomials in one variable over K. Then

cont(fg) = cont(f) cont(g).

[Hint: Prove the result first for primitive polynomials, and consider ord,(fg) for
each prime of R.]
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Corollary 2.64. Let f(z) € R[z] have a factorisation f(z) = g(z)h(z) in K[z].
If ¢4 = cont(g), ¢p, = cont(h) and g(x) = cqg1(x), h(z) = cphi(x), then

f(x) = eqengi (@) (2),
and cgcp, € R. In particular, if f, g € R[x] have content 1, then h € R[z] also.

Theorem 2.65. Let R be a UFD. Then the polynomial ring R[z] in one variable
is also a UFD. Its units are the units of R, and its prime elements are either
primes of R or polynomials in R[z] which are irreducible in K[x] and have
content 1. [Hint: Remember that we know that Kx] is a UFD.]

Corollary 2.66. Let R be a UFD. Then the polynomial ring R[z1,...,z,] in
n variables is also a UFD. Its units are the units of R and its prime elements
are either primes of R or polynomials which are irreducible in K[z1,...,z,] and
have content 1.



Chapter 3

Homomorphisms and ideals

We do not make any assumptions on our rings in this chapter except for commu-
tativity unless otherwise stated.

Definition 3.1. Let Ry and Ry be rings. Then a homomorphism from R,
to Ry is a function
¢5 . Rl — R2

satisfying the conditions:
d(a+b) = ¢(a) + ¢(b) for all a,b € R
od(ab) = ¢(a)p(b) for all a,b € R
o(1) =1

FEzercise 3.2. Let n > 2 be an integer, and for a € Z, write [a],, for the equivalence
class of @ modulo n (that is, [a], = {r € Z:a =r (mod n)}). We can regard
Z/(n) as the ring whose elements are [0],, [1],, ..., [n — 1],. Then the map
f:Z — Z/(n) defined by f(k) = [k], is a homomorphism.

Lemma 3.3. Let ¢ : Ry — Ry be a homomorphism. Then the following hold:
$(0) =

¢(—a) = —¢(a).

(c) dla—1b) = ¢(a) = ¢(b).

(d) If a € Ry is invertible, then ¢(a) is also invertible and ¢(a)~t = ¢(a™1).

(a)
(b)
)
)

Lemma 3.4. There is a unique homomorphism Z — R for any ring R.
Ezercise 3.5. When does there exist a homomorphism from Z/(m) to Z/(n)?

Definition 3.6. Consider the unique homomorphism ¢ : Z — K where K is a
field. Either there is a unique smallest positive p > 0 with ¢(p) = 0 or no such p
exists. In the former case, we say that the field has characteristic p, otherwise
we say that the field has characteristic 0. The characteristic of K is denoted
by char K. We will show later that the characteristic must be zero or a prime;
see Proposition 3.31.

19
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Ezercise 3.7. What are the characteristics of the fields Q and Z/(p), where p is
a positive prime?

Lemma 3.8. If ¢ : Ry — Ry and ¥ : Ry — R3 are homomorphisms, then
¢ : Ry — Rj is also a homomorphism.

Definition 3.9. Let ¢ : Ry — Ro be a homomorphism. If ¢ is injective, then
it is called a monomorphism; if it is surjective, it is called an epimorphism,
and if it is bijective, it is called an isomorphism. Two rings R; and Ry are
said to be isomorphic, denoted by R; = R, if there exists an isomorphism
gf) : R1 — RQ.

If two rings are isomorphic, they are essentially the same, up to a possible
renaming of the elements.

Proposition 3.10. Isomorphism is an equivalence relation on any set of rings.

There is a simple test to see whether a homomorphism is injective.
Proposition 3.11. Let ¢ : Ry — R be a homomorphism. Then ¢ is a
monomorphism if and only if ¢(a) = 0 implies a = 0.

Lemma 3.12. Let ¢ : Ry — Ry and ¢ : Ry — R3 be homomorphisms. If ¥¢ is
a monomorphism, then ¢ is a monomorphism. If ¢ is an epimorphism, then
1 is an epimorphism. We cannot say anything about the other homomorphism
in either case.

Definition 3.13. Let ¢ : Ry — R be a homomorphism. Then the image of Ry,
o(Ry1) = {¢(a) : a € Ry}, is called the image of ¢ and is denoted by Im ¢.

Proposition 3.14. If ¢ : Ry — Ry is a homomorphism, then Im ¢ is a subring
of RQ.

Definition 3.15. Let ¢ : Ry — Ry be a homomorphism. Then the inverse
image of 0, ¢~1(0) = {a € Ry : ¢(a) = 0}, is called the kernel of ¢ and is
denoted by ker ¢.

So we can restate Proposition 3.11 as: a homomorphism ¢ : Ry — Rs is
injective if and only if ker ¢ = 0.

Proposition 3.16. The kernel of a homomorphism is an ideal.
Definition 3.17. A coset of an ideal I in a ring R is a set of the form
a+I={a+z:2el}

where a € R.
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Lemma 3.18. Let ¢ : Ry — Ry be a homomorphism. If b € ¢(R;), then ¢—1(b)
is a coset of ker ¢.

Ezercise 3.19. If x1,x9,...,x, € ker ¢, then (z1,z2,...,2,) C ker ¢.

Lemma 3.20. Let I be an ideal of R. The relation on R defined by
a=b (mod I) if and only if a —be I

is an equivalence relation. (This is called equivalence modulo I or equivalence
mod I.) The equivalence classes are precisely the cosets of I in R.

Ezercise 3.21. Show that in Z, the relation a = b (mod (m)) is the same as the
traditional relation a = b (mod m).

Definition 3.22. Let I be an ideal of R. Then the quotient of R by the relation
defined in Lemma 3.20 is denoted by R/I. (See Definition 2.51.) We define a
ring structure on R/I as follows. If a + I,b+ I € R/I, then

(a+ D)+ (b+1)=(a+b)+1
(a+I)b+1)=ab+1

R/I is called the quotient ring of R by I, and read as ‘R mod I'.

Ezercise 3.23. Show that the definition makes sense, that is, if different repre-
sentatives of the cosets a + I and b+ I are chosen, the sum and product are still
(a+b) + I and ab + I respectively. Show also that the ring axioms are satisfied
for R/I.

Ezercise 3.24. Explain the notation for the integers modulo n which we have
been using, namely Z/(n).

Proposition 3.25. If f : R — R’ is a homomorphism of rings and I’ is an ideal
of R/, then f~1(I') is an ideal of R. However, if I is an ideal of R then f(I) is
not necessarily an ideal of R’.

Definition 3.26. Let I be an ideal of R. The homomorphism ¢; : R — R/I
defined by ¢;(a) = a+ I is called the canonical homomorphism.

Ezercise 3.27. What is the kernel of this homomorphism?

The following theorem is exceedingly important and very powerful.

Theorem 3.28 (First Isomorphism Theorem). Let ¢ : R — R’ be a
homomorphism of rings with kernel I = ker ¢. Then ¢ : R/I — ¢(R) defined by
é(a +I) = ¢(a) is an isomorphism. Thus ¢ = ¢¢r, so that ¢ factors through
the canonical homomorphism.

21
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An alternative way of writing this isomorphism is R/ ker ¢ = Im ¢.

Ezercise 3.29. Show that k[z,y]/(y) = k[z], where k is a field.
Exercise 3.30. Describe the ring Rlx]/(z% + 1).

Proposition 3.31. Let K be a field. Then char K = 0 or char K is a prime.
[Hint: Use Definition 3.6 and the First Isomorphism Theorem on the map. What
are the possible ideals of Z7]

Proposition 3.32. Let I, J be ideals of R with I C J. Let J/I be the quotient
of J by the relation defined in Lemma 3.20. Then J/I is an ideal of R/I.
Conversely, if J' is any ideal of R/I, then J' = J/I for some ideal J C R
containing I. Thus there is a one-to-one correspondence between ideals of R/I
and ideals of R containing I.

Definition 3.33. Anideal I C R is called prime if I # (1) and for any a,b € R,
ab € I implies that either a € T or b € I.

The two uses of the term ‘prime’ which we have seen are closely related as
the following proposition shows.
Proposition 3.34. Let R be an integral domain and let p be a non-zero element

of R. Then p is a prime element of R if and only if (p) is a prime ideal of R.

Corollary 3.35. In a PID, any non-zero prime ideal is generated by a prime
element.

Proposition 3.36. Let f : R — R’ be a homomorphism of rings, and let I be
a prime ideal of R’. If I is prime, then so is f~1(I).

Ezercise 3.37. Is the converse of the last proposition true?

Ezxercise 3.38. If P is a prime ideal of a ring R, what can you say about the
quotient ring R/P? Try to find a property which would make your answer an ‘if
and only if’ statement, and prove it.

Definition 3.39. An ideal I C R is called maximal if I # (1) and there is no
ideal J C R such that I C J C (1) (strict inclusions). In other words, the only
ideal ‘bigger’ than I is (1).

Ezercise 3.40. Can a ring have more than one maximal ideal?

The following exercises are useful for helping us to identify maximal ideals.

Ezxercise 3.41. What can you say about the ideals of a field? Try to phrase your
answer as an ‘if and only if’ statement, and prove it.
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Exercise 3.42. If M is a maximal ideal of a ring R, what can you say about the
quotient ring R/M? Try to find a property which would make your answer an
‘if and only if’ statement, and prove it.

Proposition 3.43. A maximal ideal is prime.

Here is one very nice application of prime ideals. This is not quite the most
general form, but it is very powerful nonetheless.

Proposition 3.44 (Eisenstein’s criterion). Let R be an integral domain and
let K be its field of fractions. Let f = a,z™ +--- + a9 € R[z] and let M be a
maximal ideal of R. If a,, ¢ M, a; € M for 0 < i < n and a9 ¢ M? then f is
irreducible in K|[z].

Here M? = MM is the ideal generated by all products xy where x,y € M.
Also, in the case R = Z, where every non-zero prime ideal is maximal, this
proposition becomes: if p is prime with p{ a,, p | a; for 0 < i < n and p? 1 ao,
then f is irreducible in Q[x]. So, for example, we see that 2™ +5x+5 is irreducible
for all n > 2. In the case R = Z, this can be proved directly without recourse to
prime ideals and the machinery we have been building up, but this approach is
potentially more enlightening.

Note that f may not be irreducible in R[z], for example, 2(z™ 4 5z + 5) is
reducible in Z[z] but irreducible in Q[z].

Here is one nice application of this result.

Proposition 3.45. Let p € Z be a positive prime. Then ®,(z) = 2P~ + P2 +
o+ 1= (aP —1)/(z — 1) is irreducible in Z[z] and Q[z]. [Hint: Consider
O, (x+1)]

3.1 Orderings and Zorn’s Lemma

In this final section, we show that maximal ideals always exist, subject to
assuming the Axiom of Choice.

Definition 3.46. Recall the definitions of partially ordered sets (posets) and
totally ordered sets from the previous chapter (Definition 2.43). Let S be a poset,
and write a < b for the partial order on S. We now introduce some additional
terminology regarding ordered sets.

e A greatest element of a partially ordered set S is an element a such that
b<aforall be S. Least elements are defined analogously.

e A maximal element of a partially ordered set S is an element a € S
such that whenever a < b with b € S, we have a = b. (Alternatively, a
maximal element is an element a € S for which there is no b € S with
a < b.) Minimal elements are defined analogously.

23
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e Let T be a subset of a partially ordered set S. An upper bound of T
in S is an element b € S such that x <bforallxz € T.

e A subset T C S is said to be a totally ordered subset, or a chain, if
every pair of elements of T are comparible in the partial order. (That is,
for every z,y € T, either x < y or y < z or both.)

e A poset S is inductively ordered if every non-empty totally ordered
subset of .S has an upper bound.

Proposition 3.47. Not every partially ordered set S has a maximal element,
and even if such an element exists, it is not necessarily unique. Not every
partially ordered set S has a greatest element, but if such an element exists, it
is unique, and is also the unique maximal element of S.

Exercise 3.48. Let R be a commutative ring and M a maximal ideal of R. What
partially ordered set is M a maximal element of?

Axiom 3.49 (Zorn’s Lemma). Let S be a non-empty inductively ordered set.
Then S has a maximal element.

(Some authors remove the requirement ‘non-empty’ from both the definition
of ‘inductively ordered’” and the statement of Zorn’s Lemma. The result is the
same, as then the empty set, which is totally ordered, must have an upper bound,
so S must be non-empty.)

Zorn’s Lemma is usually treated as an axiom of set theory. It is, in fact,
equivalent to the Axiom of Choice, which states that for any set .S, there exists a
choice function, which is a mapping f : P(S)\ @ — S with f(X) € X for every
@ # X C S, where P(S) is the power set of S, which is the set of all subsets
of S. (Why is the word ‘choice’ used to describe this function?) Some people
quibble with this axiom, as it results in a number of apparent paradoxes, such
as the Banach-Tarski paradox. However, most working mathematicians do use
it, since it is crucial for some fundamental results, such as the following.

Theorem 3.50. Every ideal of a ring R is contained in a maximal ideal.
Corollary 3.51. Every ring has a maximal ideal.

Another example of where Zorn’s Lemma is used is in the proof that every
vector space has a basis: here one takes sets of independent vectors ordered by
inclusion; a maximal independent set is a basis.

We end on a lighter note . ...

Bad Joke 3.52. What is yellow and equivalent to the axiom of choice? Zorn’s
Lemon.
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Chapter 1

Basic definitions and properties

Definition 1.1. A ring (with unity) is a set R together with two binary
operations called addition and multiplication. They must satisfy the following
properties:

Axioms for addition
(A0) (Closure law) For all a,b € R, a+ b € R.
(A1) (Associative law) a+ (b+¢) = (a+b) +c for all a,b,c € R.

(A2) (Zero law) There exists 0 € R such that a + 0 =0+ a = a for all
ac R.

(A3) (Inverse law) For all a € R, there exists b € R with a+b = b+a = 0.
(A4) (Commutative law) a+b=>b+a for all a,b € R.

Axioms for multiplication
(MO0) (Closure law) For all a,b € R, ab € R.
(M1) (Associative law) a(bc) = (ab)c for all a,b,c € R.

(M2) (Unity/Identity law) There exists 1 € R such that al = la = a
for all @ € R.

Mixed axiom

(D) (Distributive law) (a + b)c = ac + bc and ¢(a + b) = ca + ¢b for all
a,b,c € R.

Usually, a binary operation on a set X is defined to be a function X x X — X
and the closure laws are implicit in this definition. We have chosen to make
them explicit, though, in this introductory course.

Also, some authors do not require rings to have unity (axiom (M2)). The
primary reason for this appears to be so that ideals are subrings, but we do not
see this as a good enough justification for defining a ring without requiring a
unity; such objects are seldom, if ever, used.

Examples 1.2. Some standard examples of rings are the integers Z, the integers
modulo n (which we will write as Z/(n) for reasons to be discussed later) and
the polynomials in 2 with real coefficients, written R[z]. The rationals, Q, and
the reals, R, are also rings, as is any field.

27



28 Introduction to Ring Theory (Proofs)

There is a trivial ring, also called the zero ring, with only one element, 0. It
is denoted by 0. It is the unique ring satisfying 1 = 0, as we will show below.
An interesting example of a ring is

Z(zy = {a/b:a,b € Z and b odd}.

You can check that this is, indeed, a ring. Can you generalise this example?
Another family of examples is rings of the form Z[«], which is made by
adjoining the element « to the ring Z. It is defined to be the set

Zla] = {ag + a1+ - - - +ana” :n >0, a; € Z}.

Check that this is a ring! If & = x is an indeterminate, then this ring is called
the ring of polynomials in x over the integers, and is denoted by Z[z], as above.
If « = i = /-1, then this ring is called the ring of Gaussian integers, that
is Z[i] = {a + bi : a,b € Z}. This example can be generalised in two ways:
the ring Z can be replaced by other rings, and more than one element may
be adjoined. This example will be developed a little further when we consider
polynomial rings in more detail below.

Another example is constructed as follows. Let X be a set, and let the
elements of our ring R be all subsets of X (so R is the power set of X). Addition
is defined to be the symmetric difference and multiplication is intersection, that
is

A+B=(A\B)U(B\ A)
A-B=ANB

Such a ring is known as a Boolean ring. It is an exercise to check that this set
with the specified operations does indeed satisfy all of the ring axioms.

For our final example here, consider a topological space X. (If you don’t
know what a topological space is, take X to be the real numbers.) Then the
set C'(X) of continuous real-valued functions on X forms a ring, where addition
and multiplication are defined pointwise (that is, (f + g)(z) = f(x) + g(x) and
(fg)(z) = f(x)g(x)). This can also be generalised in many ways to provide
many interesting examples of rings, leading into areas of analysis and algebraic
geometry.

As with most formal mathematical objects, we can define the concept of a
subobject in this case.

Definition 1.3. If R and S are rings, then S is called a subring of Rif S C R
as sets, the operations of addition and multiplication in .S are just the restrictions
of those in R (that is, if a,b € S, then a + b is the same whether the addition is
performed in R or S, and similarly for multiplication), and the zero and identity
elements of S are the same as those of R.

For example, Z is a subring of QQ, and both are subrings of R. Also, a subset
of a ring R will be a subring if and only if it is closed under addition and
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multiplication, contains 0 and 1 and has additive inverses; all of the other axioms
are automatically satisfied, as they hold in R.

We now consider a few ‘book-keeping’ lemmas, to check that things which
ought to be true really are.

Lemma 1.4. In a ring, the zero element is unique (that is, if both z; and zy
satisfy (A2), then z1 = z3).

Proof (Boris Alexeev) Consider z; and z. By (A2), we have

21+ 29 =2 because z5 is a zero,

and 21 + 22 = 29 because z; is a zero.

Hence z1 = 25. O

Lemma 1.5. (Additive) inverses are unique (that is, if both by and by satisfy
a+b; = a+bs =0, then by = by). Thus we can write —a for the unique additive
inverse of a, and we also write a — b for a + (—b).

Proof. Assume that both b; and by satisfy a + by = a 4+ bo = 0. Then we can
add an additive inverse of a to both sides, say by, giving

b1+ (a+b1)=b;+ (a+by)

so (b14+a)+b = (b1 +a)+b by associativity
thus (a4+b1)+by =(a+b1)+ b by commutativity
hence 0+b; =0-+by asa+b; =0
Hence b; = by as required. O

Lemma 1.6. Ifa € R, then —(—a) = a.

Proof. We have a + (—a) = 0 by the definition of —a, so we see that a is the
additive inverse of —a, or in symbols a = —(—a). O

Lemma 1.7. Let a,b,c € R. If a+ ¢ = b+ ¢, then a = b. (This is called the
cancellation law for addition.)

Proof (William Meyerson) By axiom (A3), there exists d such that ¢+ d = 0.

Then

(a+c)+d=(b+c)+d,
S0 a+(c+d)=b+ (c+d) by associativity (axiom (Al)),
SO a+0=b+0,

yielding a = b by the definition of 0 (axiom (A2)), as required. O
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Lemma 1.8. For any a € R, 0a = a0 = 0.
Proof (Pradeep Mouli) We have

0+0=0 by axiom (A2),
&) a(0+0) =a0 by substitution.
Hence a0+ a0 = a0 by distributivity, axiom (D)

=0+a0 by axiom (A2).

Thus a0 = 0 by cancellation (Lemma 1.7). The proof that Oa = 0 is entirely
similar, so a0 = 0a = 0. O

Lemma 1.9. For any a,b € R, a(—b) = (—a)b = —(ab) and (—a)(—b) = ab.
Proof. We have

ab+ a(=b) = a(b+ (b)) by distributivity, axiom (D)
=a0=0 by axiom (A2) and Lemma 1.8

So by the definition and uniqueness of the additive inverse of ab, we deduce that
a(—b) = —(ab). The other half, (—a)b = —(ab) follows similarly.

For (—a)(—b) = ab, note that (—a)(—b) = —(a(—b)) = —(—(ab)) by a double
application of our result, and hence by Lemma 1.6, (—a)(—b) = ab. O

Lemma 1.10. For any a,b,c € R, a(b—c) = ab—ac, so multiplication distributes
over subtraction as well as addition.

Proof. We have a(b— ¢) = a(b+ (—c)) by definition (see Lemma 1.5), so

a(b—c) =a(b+ (—c))
= ab+ a(—c) by distributivity
= ab + (—(ac)) by the previous lemma

=ab— ac by definition of subtraction,

and we are done. O

Lemma 1.11. If 0 =1 in the ring R, then R = 0 (the zero ring).

Proof (George Khachatryan) Let a € R. We know from Lemma 1.8 that a0 =
O0a = 0. Then from a0 = 0, we have al = 1 on substituting 1 = 0. But by the
Identity Axiom (M2), this means that a = 1. Soa =0as 1 = 0. Hence R =0 as
the only element in R is 0. O

Definition 1.12. Some rings have additional properties. Here are a few basic
ones. A ring R is a division ring if 1 # 0 in R and R satisfies
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(M3) (Inverse law) For all @ € R with a # 0, there exists b € R with
ab="ba=1.

R is a commutative ring if it satisfies
(M4) (Commutative law) ab = ba for all a,b € R.

A commutative division ring is called a field.

All rings from now on will be assumed to be commutative rings (with unity).
We will often also assume that 1 # 0.

The above lemmas relating to addition in a ring can be applied to the
multiplicative structure as well, as follows.

Lemma 1.13. (Yuliya Gorlina) In a ring, the multiplicative identity is unique.

Proof. Let R be a ring. Suppose there exist two elements e,e’ € R such that
ea = ae = a and €’a = ae’ = a for all a € R. Using these equations we have
e’ = e and ee’ = €', s0 e = €’ and the multiplicative identity is unique. We can
therefore denote this unique multiplicative identity by 1. O

Lemma 1.14. (Yuliya Gorlina) Multiplicative inverses are unique if they exist.
We can, therefore, write a~! for the unique inverse of a if it exists.

Proof. Let R be a ring and let a € R be an invertible element. Suppose
ab=ba =1 and ac = ca =1 for some b,c € R. Then, ab = ac, so b(ab) = b(ac)
and hence (ba)b = (ba)e, by associativity. Thus 1b = 1l¢, so that b = ¢. So
multiplicative inverses are unique. O

Lemma 1.15. (Yuliva Gorlina) If a € R is invertible, then a™' is invertible
and (a=1)"! = a.

Proof. We have aa~! = a~'a = 1 by the definition of the inverse of a. However,
the equation also shows that a is the inverse of a~'. So ¢! is invertible, and
(a=H ! =a. O

Note 1.16. (Yuliya Gorlina) It is not true that ac = be implies that a = b in
general. For example, in Z/(6), 2.3 = 4.3, but 2 # 4.

Definition 1.17. A zero divisor in a ring R is a non-zero element a € R for
which there exists a non-zero element b € R with ab = 0. A ring which has no
zero divisors and with 1 # 0 is called an integral domain. (Remember that we
are now dealing only with commutative rings.)

We can recover the cancellation law for multiplication if we assume that we
are working in an integral domain:

31



32 Introduction to Ring Theory (Proofs)

Lemma 1.18. (Mark Lipson) Let R be an integral domain and a,b,c € R. If
ac = bc and ¢ # 0, then a = b. This is the cancellation law for multiplication in
an integral domain.

Proof. Since ac = be, we have bc — ac = ac —ac = 0, so (b —a)e = 0 by
distributivity (Lemma 1.10). Since R is an integral domain and ¢ # 0, we must
have b —a =0, or a =b. O

Lemma 1.19. Every field is an integral domain. The converse is false in general.

Proof (James Berglund) Assume that a field F' is not an integral domain. Then
there exist a,b € F with a, b non-zero, such that ab = 0. By definition, a field
has multiplicative inverses for all non-zero elements, so in particular, a has an
inverse a~'. Then

a~(ab) =0
SO (a ta)b=0 by associativity (M1),
hence 1b=0 by the definition of inverses (M3),
and finally b=20 by the definition of unity (M2).

But this is a contradiction to our assumption that b is non-zero, hence F' cannot
have any zero divisors.
The converse is false, as evidenced by Z. O

We now wish to formally define polynomial rings. We do not repeat the
(somewhat vague) definition given in the questions section, but present a much
more powerful setup which will allow us to define both polynomials and polyno-
mial rings. We will not be making use of the technical aspects of this construction
again, and the reader is recommended to only skim the material from here until
the beginning of Definition 1.23 on page 35 on a first reading.

The most common method of defining polynomial rings is somewhat intricate,
but accessible; it makes use of the idea of a monoid, which is essentially a group
without inverses. We will work with commutative monoids, but there is no
necessity to assume commutativity; the monoid rings we will be defining are
commutative if and only if the monoid is commutative. (We have labelled the
axioms with the same numbers we used for the definition of rings.)

Definition 1.20. A monoid is a set M together with one binary operation
called multiplication which satisfies the axioms

(MO0) (Closure law) For all a,b € M, ab € M.

(M1) (Associative law) a(bc) = (ab)c for all a,b,c € M.

(M2) (Identity law) There exists 1 € M such that al = la = a for all
a€ M.

The monoid is called commutative if the operation also satisfies
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(M4) (Commutative law) ab = ba for all a,b € M.

Every group is a monoid, and the multiplicative ‘part’ of any ring is a monoid.

The most familiar monoids which do not fall into either of these categories
are (N, 4), the set of natural numbers (including zero!) with the operation of

addition, and (N, x), the natural numbers with the operation of multiplication.

Another very useful way of thinking about (N, +), which we will make good use

of, is to write it as the set {2° = 1,2! = 2, 22,23, ...}, with 2™ - 2" = g™ *n.

This is called the free monoid on x, and we will use this to define polynomial
rings.

There are two equivalent ways of defining monoid rings; we will present both
for the sake of completeness.

Definition 1.21. (David Roe) Let R be a commutative ring and M a monoid.

We define the monoid ring R[M] to be the set of all functions f : M — R
satisfying f(m) = 0 for almost all m € M (that is, f(m) is non-zero for only
finitely many m € M). If f,g € R[M], we define f + g and fg by

(f +9)(m) = f(m) + g(m),
(f9)(m) = > f(Dg(k).

lk=m

Note that this is actually a finite sum, as almost all of the terms are zero.
Alternatively, we can define R[M] to be the set of all ‘formal sums’

R[M] = { Z amMm : @y, € R, only finitely many a,, non—zero},

meM

where the terms a,,m are formal products of a ring element and a monoid element.
(This means that we don’t actually try to ‘evaluate’ these terms, as a,, is an
element of R and m is in M, and we have no rules for multiplying elements from
these two distinct structures.) We then define addition and multiplication by

< > amm> + < > bmm> = > (am +bm)m,

meM meM meM
( E amm>( g bmm>: g < g albk>m.
meM meM meM \l,keM
lk=m

These two definitions are essentially equivalent. Indeed, given a function
f:+ M — R, we can produce the formal sum ), f(m)m, and given the
formal sum ) ., a,m, we can produce the function f : M — R given by
f(m) = an.

We must prove that these definitions do, indeed, yield rings. We will content
ourselves to identify the zero and unity of the ring R[M] and to prove that
multiplication is associative; all of the other axioms can be shown to be true
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34 Introduction to Ring Theory (Proofs)

similarly (and mostly somewhat more simply). Similarly, it is easy to show
that R[M] is commutative if and only if M is commutative. We use the second
definition of R[M] in our proofs. The zero element of R[M]is >  _,, Om, and
unity is ), < Xmm, where x,, = 1 if m = 1 and zero otherwise.

To show that the multiplication is associative, let a = >, amm, b =
Y ment Omm, ¢ ="\ cmm. We have

(ab)c = ((;4 amm> <m§4 bmm>> (m% Cmm)
(55 ) (5

meM
=m
= g ( g ( E albk>cj>m
meM \i,jeM Nl,keM
ij=m lk=1
= E ( E albkcj)m.
meM “Nl,k,jeEM
lkj=m

Similarly, we have

a(be) = < Z amm> (( Z bmm>( Z cmm)>
meM meM meM
= < amm>< Z ( Z bzck>m>
meM meM N,keM
lk=m
= ( Z ai< Z blck)>m
meM \i,jeM ke M
ij=m lk=j
= ( Z azblck)m
meM izé}ck_»eM

The final expressions in both cases are identical, hence (ab)c = a(bc) and the
multiplication is associative.

It is common to write specific elements of R[M] as explicit sums. For example,
if M ={l,z,22,...} and a = Y menm @Gmm With a1 = 2 and a,> = 3, we could
write @ = 2.1 + 322, or just a = 2 + 322 = 322 + 2. Note that this is precisely
the ring R[z], so we have found our desired definition:

Definition 1.22. If R is a ring, then the polynomial ring R[z] is the monoid
ring R[M] where M = {1,z,2% 23,...}. The elements of the ring R[z] are called
polynomials in x over R, or just polynomials. Similarly, the ring R[z1, ..., z,)
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of all polynomials over R in the variables x1, ..., x, is the monoid ring R[M],
where M = {1,21,..., 2,73, 2122, ...} is the free monoid generated by z1, ...,
T

The next definition is critical to the whole of ring theory.

Definition 1.23. An ideal I of a ring R is a subset of R which satisfies axioms
(A0)—(A4) and for which the following ‘ideal property’ holds:

(I) fa € Rand z € I, then ax € 1.

The following lemma will allow us to easily show that something is an ideal.

Lemma 1.24. Let I C R. Then I is an ideal of R if and only if the following
conditions hold:

(I1) I is non-empty.
(I12) Ifx,y €I, thenxz+y el
(I3) Ifa€ R and x € I, then ax € I.

Proof. These three conditions are clearly necessary: axiom (A2) requires 0 € I,
so I is non-empty; condition (I2) is just axiom (AO0), and condition (I3) is the
ideal property (I).

To show that these three conditions are sufficient, we must show that the
axioms (A0)—(A4) and the ideal property hold whenever these conditions hold.
The ideal property (I) clearly holds, as this is condition (I3). Axiom (AO0) is
just condition (12). Axioms (A1) and (A4) hold as addition in the ideal is just
addition in the ring. So we need only show axioms (A2) and (A3). Let z € I.
(Such an x exists by (I1).) Then Ox = 0 € I by the ideal property, so (A2) holds.
Similarly, if € I, then using Lemma 1.9 and the ideal property, we see that
(—1)z = —(1z) = —x € I, so (A3) holds. O

Definition 1.25. The ideal I generated by a set of elements in R is the smallest
ideal containing the given set. (‘Smallest’ means that if I’ is any ideal containing
the given set, then I C I'.) If S C R, then we write (S) for the ideal generated
by S. In the case that S = {z1,22,...,2,}, we write (S) = (z1,22,...,2,). A
generating set for an ideal I is a set of elements which generates I.

Lemma 1.26. The ideal generated by the set S = {x1,xa,...,2,} is given by

(S) = {gaizi ta; € R}.

Proof (Ilya Grigoriev) Let I = {3"" | a;x; : a; € R}. We have to show that
I = (5). To do this we have to prove that I is an ideal containing S and that it
is the smallest possible one.
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We first show that I is an ideal. To do this, we shall prove that it satisfies
the conditions of Lemma 1.24. Taking each a; = 0 shows that I is non-empty,
so that (I1) is satisfied.

For (I2), closure, let a,b € I. Then, for some a;,b; € R, a =Y., a;z; and
b=>"", bjz;. By commutativity and distributivity, a+b= """, (a; +b;)z; € I;
as R is closed under addition, a; + b; € R, so a+ b € I. Hence I is closed under
addition.

Finally for the ideal property (I3), let a =Y. | a;z; € I and ¢ € R. Then

n n

ca = CZ a;T; = Zc(aimi) = Z(cai)mi el
i=1

i=1 i=1

by distributivity and associativity. As ca; € R for each i, we have ca € I as
required. Hence I is an ideal.

It is obvious that S C I, and now that we have proved that I is an ideal, it
follows that (S) C I by the definition of (S). We are left to prove that I C (S).

Let a =" a;z; € I. But z; € S C (S) for each i. By the ideal property
of (5), a;x; € (S) for each i. So, by closure, a € (S).

So I C (S). Hence (S) = I as required. O

We can extend this result to infinite generating sets if we are careful, as
follows.

Lemma 1.27. (Theo Johnson-Freyd) Let R be a ring, A a (possibly infinite)
indexing set and x, € R for each a € A. Then the ideal generated by the set
S ={zy:a € A} is given by

n
(S) = {Z aTq : 0o € R and only finitely many a, non—zero}.
acA

Proof. The proof is essentially the same as the proof of the previous lemma.
Again let

n
1= {Z GaTqo : 0o € R and only finitely many a, non—zero}.
acA

Properties (I1) and (I3) hold for I as in the previous proof; for closure, we note
that if a = 0" 4 aa®q and b= Y7 _ ) bato with only finitely many a, non-zero
and only finitely many b, non-zero, then only finitely many a, + b, can be
non-zero, so a + b € I, proving that (I2) holds. Hence I is an ideal.

We have (S) C I as before, for xo =) 5. 4 xp7s Where x5 = 1 if 3 = a and
zero otherwise, so S C I; we must show that I C (S). The proof runs almost
exactly as before: let a = "' _ ) aqZq € I. Note that z, € S C (S) for each .
By the ideal property of (5), anzs € (S) for each a. So, by closure, a € (5),
and we are allowed to form this sum as only finitely many terms are non-zero.
It follows from this that I C (S), and so (S) = I as required. O
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Exercise 1.28. Find all ideals of Z and Rz], and find the smallest possible
generating set of each such ideal.

The following proof essentially shows that these two rings are Euclidean domains,
and then goes on to argue that they are PIDs. This argument is generalised in
Chapter 2.

Proof (Cristina Domnisoru) We show that the ideals of Z are all of the form (n)
for some n > 0 and that the ideals of R[z] are all of the form (f) for some
f € Rx].

Beginning with Z, let I be an ideal of Z. If the only element of I is 0, then
I = (0) and we are done. Otherwise, there exists a non-zero n € I. It follows
that —n € I, and as one of n and —n is positive, we may assume that n > 0. So
I contains a positive integer, hence I contains a least positive integer, [ say. We
will prove that I = (1), and so every ideal is principal.

Asl eI, (I) C 1. Assume that I # (I). Then there exists an n € I with
n ¢ (1) (so that n is not a multiple of [). We can write

n=cl+r, where c € Z and 0 < r <,

and asn € I and ¢l € (I) C I, we must have n —cl = r € I. Now [ was chosen to
be the smallest positive integer in I, but r is positive and smaller than [, which
is a contradiction. Thus I = (I) and we are done.

The argument for R[z] is similar. Again, if I = 0 we are done. If not, we
consider the degrees of the non-zero polynomials in the ideal I, and pick a
polynomial with smallest degree, say f. (The degree of the non-zero polynomial
> a;x’ is the largest i with a; # 0.) We claim that I = (f), and argue as
above. We certainly have (f) C I; if equality holds, we are done. Otherwise, let
g € I with g ¢ (f). Then we can write

g=nhf+r, where h € R[z] and 0 < deg(r) < deg(f).

As g € I and hf € I, we must have g — hf = r € I. But deg(r) < deg(f),
contradicting the choice of f. Thus I = (f) and we are done. O

Given this result, we are inspired to make the following definition.

Definition 1.29. An ideal which has a generating set consisting of precisely
one element is called a principal ideal. An integral domain in which every
ideal is principal is called a principal ideal domain (PID).

We will investigate such rings in much greater detail in the next chapter.

Example 1.30. (Cristina Domnisoru) The ideal (1) is the ideal that contains all
the elements of R.

A useful result about ideals:
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Lemma 1.31. If I; and I are ideals of a ring R, then so are I NIy and I + I5,
where
L+ ={x1+xz3:21 €1 and x93 € I1}.

Proof (Justin Blanchard) We use the result of Lemma 1.24 to prove these two
statements.

Consider first the set I = I1 NI5. By (A2), 0 € I; and 0 € I5, therefore 0 € I,
hence I is non-empty and so satisfies (I1). Now let z,y € I. Clearly =,y € I
and z,y € I, and by additive closure in ideals, x +y € I} and z +y € I,
therefore x + y € I. Thus [ satisfies (I2). Finally, let 2 € I and a € R. Now
x € I1 and therefore ax € Iy; similarly x € Is implies ax € I, therefore ax € I,
and [ satisfies the ideal property (I3). Hence I = I; N I3 is an ideal.

Now consider I = I; + I>. By (A2),0€ 1 and 0 € I, thus0+0=0 € [,
and [ satisfies (I1). Now let z,y € I, so x = x1 + z2 and y = y1 + yo for some
x1,y1 € I1 and xa,y2 € Is. By closure, 1 +y1 € I1 and zo + yo € Io, thus
(x1+y1)+(x24y2) = (x1+22)+(y1+Yy2) = o+y € I, thus (I12) holds in I. Finally,
let x € [ and a € R. Then z = x1 + 2 for some x1 € 1, x5 € I>. By the ideal
property, ax; € I and axy € I, so ax = a(x1 + x2) = axy +axe € [1 + 1o = I,
so I satsifies the ideal property (I3). Hence I = I; + I is an ideal. O

This result can be generalised to arbitrary intersections and sums. If A is an

indexing set and I, is an ideal for each o € A, then [, 4 I« is an ideal, as is

Z I, = {Z To t To € I, and almost all z,, zero}.

acA a€A
The proof is essentially the same as that of the above lemma.

Definition 1.32. An element of the ring R is called invertible if it has a
multiplicative inverse. Invertible elements are sometimes also known as units,
especially in number theory. The set of invertible elements is called the group
of units of R, and is denoted by R*.

The following proposition explains the use of the word ‘group’ in this defini-
tion.

Proposition 1.33. The group of units of R forms an abelian group under
multiplication.

Proof. We must check that the group axioms are satisfied. We must show that
the set of units is closed under multiplication, that multiplication is associative
and commutative, has an identity and that every element has an inverse. Since
multiplication is associative and commutative in our ring, it will also be so in
the set of units, so we may assume these from now on.

We start with closure. Let u,v € R*. Then there exist elements u’,v" € R
with wu’ = vv’ = 1. Then (uwv)(u'v") = (uu’)(vv’) = 1.1 = 1 using associativity
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and commutativity. Thus wv is invertible, so uv € R* and R* is closed under
multiplication.

As 1.1 = 1, 1 is invertible, so 1 € R*; thus we have an identity element.
Finally, if w € R*, there exists v € R with wv = 1. This also shows that v is
invertible, so v € R*, and R* has inverses. O

Exercise 1.34. What are the groups of units of the following rings: Z, Q, R|z],
Z[i]? Challenge: What are the groups of units of Z[v/2] and Z[v/—2]?

Answer. The units of Z are just £1. Every non-zero element of Q is a unit. In
R[], the units are just the non-zero reals regarded as degree 0 polynomials, and
in Z[i], the units are £1 and +4, which can be shown by considering the norms
of elements as in Example 2.22 below.

The units of Z[y/—2| can easily be shown to be just 1 by a consideration
of the norm function N (a + by/—2) = a® + 2b?; to have N(a + by/—2) = 1 then
requires a®> = 1 and b = 0. However, for Z[v/2], the situation is a lot more
complex: we now require a + bv/2 to satisfy a® —2b? = 1, which is a case of Pell’s
equation. It turns out that the units of this ring are given by 4(1 4 /2)" where
n € 7Z. O

Lemma 1.35. Ifu is a unit, then (u) = (1). It follows that if I is an ideal of R
and u € I, then I = (1).

Proof. As w is a unit, there exists v € R with vu = 1. Hence 1 = vu € (u), and
so (1) C (u). But (u) C (1) = R, so (u) = (1). Finally, if u € I, then (u) C I,
hence (1) C T C (1) = R, so we must have equality and I = (1). O

We can completely describe one aspect of the elements of Z/(n).

Proposition 1.36. Let n be an integer with m > 2 and let x be an integer
with 1 < x < n. Then in the ring Z/(n), x is a zero divisor if and only if the
greatest common divisor (gcd) of x and n is greater than 1, and is a unit if and
only if their gcd is equal to 1.

Proof (Taktin Oey) Let d = ged(z,n). As d | n, n/d is an integer and therefore
x | z(%). Similarly, x/d is an integer and n | n(5) = z(%). Now assume
d = ged(x,n) > 1 and write a = n/d. Then as n | za, we have za =0 (mod n).
Asl1 <z <nand 1l < a < n, it follows that  # 0 (mod n), so z is a zero
divisor in Z/(n).

Conversely, if z is a zero divisor in Z/(n), there must exist integers k and m
such that 2k = mn and n 1 k. But ged(z,n) = 1 would imply that n | &k, so we
must have ged(z,n) > 1.

For the second part of the proposition, if ged(z,n) = 1, then the Diophantine
equation zc + nl = 1 can be solved for ¢ and [ in integers using the Euclidean
algorithm (see the discussion around Proposition 2.37 in Chapter 2). But
1—nl=1 (modn),so xzc=1 (mod n) and z is a unit in Z/(n).
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Conversely, if = is a unit, there exists ¢ with z¢ =1 (mod n), so xzc =nl+ 1
for some [ € Z, so that xc —nl = 1 and ged(z,n) = 1. O

Corollary 1.37. Let n be an integer with n > 2. Then the ring Z/(n) is an
integral domain if and only if n is prime, and in such a case is also a field.

Proof. If n is prime, we show that Z/(n) is a field by showing that all of 1, 2, ...,
n — 1 are units (that is, they are invertible). But the ged of n and any of these
numbers is 1 as n is prime, so the result follows from our proposition. Since
every field is an integral domain by Lemma 1.19, we are done in this direction.

Conversely, if n is not prime, let n = ab be a non-trivial factorisation of n
into positive integers. Then a is a zero divisor in Z/(n) by the proposition, and
so this ring cannot be an integral domain. O

The restriction n > 2 is not actually necessary in this corollary, but we have
not yet explained what we mean by Z/(n) when n < 2.



Chapter 2

Factorisation in rings

We showed in exercise 1.28 that Z and R[z] are both PIDs, but the proof required
the fact that these two rings both have a division algorithm. They also have the
property that factorisation in them is ‘unique’ (in a precise sense to be explained
later). We now investigate these ideas a little more carefully, and show that
whenever we have a division algorithm, we also have unique factorisation. It’s a
bit of a long trail, but it’s worth it! We do need to build up some machinery,
though.

If R is not an integral domain, then we have ab = 0 for some non-zero a and b,
so that ac = a(b+ ¢) for all ¢ € R. So we have no hope of unique factorisation in
such a case. Therefore, for this entire chapter, we assume that R is an integral
domain.

Definition 2.1. Let a,b € R. We say that a divides b, often written a | b, if
there exists an element ¢ € R with ac = b. We also say that a is a factor or
divisor of b in this case.

Lemma 2.2. Let a,b,c € R. If a | b and b | ¢, then a | c.

Proof (Ryan Hendrickson) As a | b, there exists m € R such that am = b.
Similarly, there exists n € R such that bn = ¢. Thus amn = bn = ¢, and as
mn € R (rings are closed under multiplication), we have a | ¢ as required. [
Lemma 2.3. Let a,b,c € R. If a | b, then ac | be.

Proof (Ryan Hendrickson) As a | b, there exists m € R such that am = b. Thus
acm = amc = be, so we have ac | be. O

Lemma 2.4. Let a,b € R. If a | b and b | a, then b = ua for some unit u € R.

Proof (Ryan Hendrickson) As a | b, there exists m € R such that am = b.
Similarly, there exists n € R such that bn = a. Thus amn = bn = a, so either
mn =1or a =0 (by Lemma 1.18). If mn = 1, then m is a unit as required, and
if a =0, then b=am =0, so b = la. O

Lemma 2.5. If u € R is a unit and a | u, then a is also a unit.

Proof (Michael Kolodrubetz) There exists b € R such that u = ab. Therefore,
1=wu"t=abu! =a(bu!), so a is a unit. O

41



42  Introduction to Ring Theory (Proofs)

Lemma 2.6. Ifu € R is a unit, then u | a for all a € R.

Proof (Ben Aisen) Let u € R be a unit, with inverse u~'. By definition, uu~!

1. Take any a € R. Then u(u~'a) = (vu™')a=1la=a, sou | a. O

Lemma 2.7. If a,b € R, then a | b if and only if (b) C (a), where (a) and (b)
are the ideals generated by a and b respectively. Note that this is somewhat
counterintuitive!

Proof (Boyko Kakaradov) Assume a | b, then there exists m € R such that
am = b. By definition, (a) = {ac: ¢ € R} and (b) = {bd : d € R}. Take any
e € (b), then e = bd for some d € R. Then e = (am)d = a(md), therefore e € (a).

So (b) C (a) .
Conversely, if (b) C (a), then as b € (b), we have b € (a). Since (a) = {ac:
¢ € R}, it follows that b = ac for some ¢ € R. So a | b. O

Definition 2.8. If ¢ = ub with u a unit, we say that a is associated to b, or
that a and b are associates, and we denote this by a ~ b.

Lemma 2.9. The elements a and b are associated if and only if a | b and b | a,
that is if and only if (a) = (b).

Proof (George Khachatryan) By Lemma 2.4, if b | a and a | b, then a = ub for
some unit u € R, so a is associated to b. Conversely, if a is associated to b, then
a = ub with u a unit, so b = u~ta. These two equations show that b | a and
a | b. Finally, note that if (a) = (b), then (a) C (b) and (b) C (a), so b | a and

a | b by the previous lemma. The converse is also true similarly. O

Lemma 2.10. The relation of association is an equivalence relation, that is, it
satisfies the following three conditions:

e (Reflexive) If a € R, then a ~ a.
e (Symmetric) If a ~ b, then b ~ a.
o (Transitive) If a ~ b and b ~ ¢, then a ~ c.
(We will deal with equivalence relations in more detail below.)

Proof (Jimmy Jia) Reflexivity: For every a € R, a = l.a and 1 is a unit, so
a~ a.

Symmetry: As a ~ b, a = ub with u being a unit. Thus b = u~'a and u ™! is
a unit, so b ~ a.

Transitivity: Asa ~ b, a = u1b with u; a unit. Similarly, b ~ ¢so b = ugc with
up aunit. Thus a = u1b = (uyus)c, and as uyug is a unit (as (uyug)(ug ‘uy ') = 1),
we have a ~ c. O
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We need one more definition before we can define unique factorisation,
and that is what we are factoring things into. This idea is used to define
‘prime numbers’ in high school, but we will reserve that term for an even more
fundamental property.

Definition 2.11. Let R be an integral domain. A non-zero element a € R is an
irreducible if ¢ is not a unit, and whenever a = bc for some b, c € R, one of
b and ¢ is a unit (and so the other is an associate of a).

Lemma 2.12. Every associate of an irreducible element is irreducible.

Proof (Dan Strimpel) Let b be irreducible and let b ~ a, so b = au with u a
unit. If @ is not irreducible, then a = de for some non-units d and e, so b = deu.
Now eu is not a unit, for if it were, then e = (eu)u~! would be a unit, as the
units form a group (Proposition 1.33). So b = d(eu) with d and eu non-units,
contradicting the irreducibility of b. So a is irreducible. O

Example 2.13. We give the standard example of a ring which does not have
unique factorisation. Consider the ring R = Z[v/—5]. Then we have

6=23=(1+v=5)(1—V-5).

To finish the task, we must show that all of 2, 3, 1 + /=5 and 1 — /=5 are
irreducibles in this ring and that they are not associated to each other.

Proof (Theo Johnson-Freyd) Consider the norm function

N: ZV-5 - Z
a+by/—=5 — a®+5b?

It is not hard to check that N(a3) = N(a)N(3) for all a, 3 € Z[/—5], and that
N(«a) > 0 with equality if and only if @ = 0. Using this, we see that whenever
a, 8 # 0, then N(af) > N(a), with equality if and only if 3 is a unit. For if
is a unit, then N(aB)N(87!) = N(aBB87t) = N(a) so N(a) = N(af) = N(«)
and thus N(af) = N(«a). Conversely, if N(af) = N(a), then N(8) = 1. But if
we write 8 = a + by/=5, then N(3) = a® +5b* = (a + bv/=5)(a — by/—5) =1, so
that 3 is a unit with inverse a — by/—5.

Now consider N(2) = 4, N(3) = 9 and N(1 ++/=5) = 6. If any of 2, 3,
14 +/—5 can be written as the product of two non-units, then the norms of each
of these non-units must properly divide 4, 6 or 9. To show that this is impossible,
it suffices to show that N(a) cannot equal 2 or 3. But N(a) = a? + 5b2 for some
integers a and b. This is clearly impossible, and as neither 2 nor 3 divides 1+£+v/—5
in Z[v/—5], which we can see by considering their norms, we are done. O

Definition 2.14. An integral domain R is called a unique factorisation
domain (UFD) if it satisfies the following two conditions:
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(UFD1) Every non-zero element r € R can be written in the form
T=uay - ay

where v is a unit in R, n > 0 and the a; are irreducibles of R.

(UFD2) Ifuay - - u, = vby - - by, where u and v are units and the a; and b;
are irreducibles, then n = m and a; ~ by ;) for some permutation 7 of

{1,2,...,n}.
Lemma 2.15. Every field is (trivially) a UFD.

Proof (Brian Rice) A field F is a division ring, so any non-zero element r € F'
has an inverse, and is thus a unit. So (UFD1) is trivially satisfied. Also, since all
non-zero elements are units, there are no irreducibles in F'. So when an element
is written in the form wajas - - - a,, with u a unit and the a; irreducibles, we must
have n = 0. Therefore (UFD2) is satisfied. O

We now give the promised definition of primes in an integral domain.

Definition 2.16. An element p € R is called a prime in R if p is neither zero
nor a unit, and whenever a,b € R with p | ab, then either p | a or p | b (or both).

Example 2.17. Referring back to example 2.13, we see that in Z[/—5], irre-
ducibles may not be prime. For 2| (1 ++/—5)(1 — +v/—5), yet 2 does not divide
either factor.

The converse is true, though:

Proposition 2.18. Let R be an integral domain. Then every prime in R is
irreducible.

Proof (William Meyerson) Suppose there exists a prime p € R which is not
irreducible. Then it can be written in the form p = ab for some non-units
a,b € R. By the definition of a prime, since p | ab, either p | a or p | b. Without
loss of generality, we may assume p | a. Then there is some k € R such that
pk = a, therefore, (ab)k = pk = a, so a(bk) = a = a.1. By Lemma 1.18, bk =1,
and therefore b is a unit by the definition of a unit. However, this contradicts
the choice of b, so p must be an irreducible and we are done. O

Theorem 2.19. Let R be an integral domain. Then R is a UFD if and only if
R satisfies (UFD1) and

(UFDZ2') Every irreducible in R is prime.

Proof (Justin Blanchard) We first prove that in an integral domain R satisfying
(UFD1), (UFD2’) implies (UFD2). Suppose this is not the case. Of all of those
elements » € R which have two factorisations » = uajas---a, = vbiby - by,
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which do not satisfy (UFD2), choose one with the minimum m + n. We will
then derive a contradiction.

If n = 0, then r is a unit, so m = 0 too (as only units divide units, see
Lemma 2.5 above), and thus these factorisations would satisfy (UFD2). So we
may assume 1 > 0.

We first show that none of the b; are associates of a;. Assume there is
some b; such that a; ~ b;. Then b; = wa; for some unit w, and by re-
arranging the order of factors, we can assume further that ¢ = 1. Thus
ay(uas - - ap) = a1 ((vw)by - - - by, ), and by multiplicative cancellation in an inte-
gral domain, we have uag - - a, = (vw)by - - - by,. Since R* is an abelian group
under multiplication, vw is a unit, and we have another pair of factorisations
which have a smaller m + n. (UFD2) cannot hold here, because if it did the
original factorisations would also satisfy (UFD2), contrary to our assumption.
Thus a; has no associates among the b;.

Now vbibs - - - by, = (a1)(uazas - - - a,,) implies that aq | vb1bg - - - by, Let ¢ be
the smallest non-negative integer such that ay | vbibe---b;. If i > 0, then
ay | (vbiby---b;—1)b; but aj f vbiba---b;—1. As a; is irreducible and thus prime
by (UFD2’), either ay | vbibs - --b;—1 or ay | b;. As the former is not true by the
choice of 4, we must have a; | b;. Since b; is an irreducible, either a; is a unit,
which is not the case, or a; ~ b;, which we have shown to be impossible. Thus
we must have i = 0, so we have a; | v, hence a; is a unit, again by Lemma 2.5.
This is impossible because a; is an irreducible and so by definition not a unit.
This contradiction proves that no such pair of factorisations can exist, and so
R must satisfy (UFD2).

Conversely, assume that (UFD1) and (UFD2) hold; we must show that
(UFD2’) also holds. Let a € R be an irreducible and assume that a | be. If
either b or c is zero, then a divides it, so we may assume that both b and c are
non-zero. By definition, there must exist d € R such that ad = bc; moreover,
d # 0 because R is an integral domain and so be # 0. Using (UFD1), we can
write b = u1biby - - b,,, ¢ = uscic - ¢, and d = uzdids . ..d,. Since ad = be,
we have

a(U3d1d2 tee dr) = (u1b1b2 s bm)(UchcQ e Cn),
so that
Ug(ldldg s dr = (u1u2)b1b2 s bm0162 s Cp.
By (UFD2), either some b; ~ a or some ¢; ~ a. If the former is true, clearly

a | b; if the latter is true, then a | ¢. Thus a is prime, and all irreducibles in R
are prime. O

Definition 2.20. A Euclidean domain (ED) is an integral domain together
with a Euclidean function ¢ : R\ {0} — N (where N = {0,1,2,...}) such
that:

(ED1) If a | b then ¢(a) < ¢(b), and
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(ED2) Givenb € R and a € R\{0}, there exist ¢, € R such that b = ag+r
and either 7 =0 or ¢(r) < ¢(a).

Example 2.21. The rings Z and R[z] are Euclidean domains. In fact k[z] is an
ED for any field k.

Proof (Taktin Oey) We show that Z is a Euclidean domain. Define ¢ : Z — N
by ¢(n) = |n|. Then if a,b € Z are non-zero and a | b, there exists a non-zero ¢
with ac = b, so |¢| > 1. Thus |ac| = |b| implies |b] = |al|c| > |a|, so condition
(ED1) is satisfied. For (ED2), if a | b, then b = aq + 0 for some ¢ € Z as required.
So assume a 1 b and a # 0. Then the set {aq : ¢ € Z and aq < b} is non-empty
and bounded above: |a|(|b] + 1) > |a||b| > |b] as |a| > 1, so if a > 0, then aq is
greater than b for all ¢ > |b| + 1 and less than b for all ¢ < —(|b| + 1), and
vice versa if @ < 0. Thus this set has a greatest element, say g = aqg < b.
Let r = b — g, and note that r > 0. Suppose that r > |a|. If a > 0, then
r=b—g>a,s0q+a=a(g+ 1) < b, but this contradicts the choice of g,
as g = aqo < a(qo + 1) < b. Similarly, if a < 0, then r = b —g > —a, so
g =aqo < a(qgo — 1) < b, again contradicting the choice of g. Hence |r| < |a| and
b = aqo + r as required for (ED2).

We now show similarly that k[z] is a Euclidean domain. We define the degree
of a non-zero polynomial f = > ;- ayz”® by deg f = max {k : ay # 0}. Then we
let our Euclidean function be ¢(f) =deg f. If f | g for f,g € k[x], then there is
some non-zero h € k[z] with fh = g. It is easy to show that deg g = deg f+degh,
so degg > deg f as degh > 0, and (ED1) is satisfied. For (ED2), we argue
similarly to the above. Assume f,g € k[z] with f #0. If f | g, then g = fh+0
and we are done, so assume that f{g. Consider the set S = {g — fh: h € k[x]}.
Since the degree function takes non-negative integer values, there must exist some
polynomial in S whose degree is minimal in S. Say deg(g— fho) < deg(g— fh) for
all h € k[x] and set r = g— fho. If we can show that degr < deg f, then since we
have g = fhg + r, we will be done. So assume degr > deg f. Then let a,,z™ be
the leading term of f and b,x™ be the leading term of r. By assumption, m < n,
so consider 71 =1 — (b,a,,ta" ™) f = g — f(ho + b,a;,'a"~™). The coefficient
of 2™ in ry is clearly 0, and since deg((b,a;;,}a""™)f) = (n —m) + deg f = n,
we must have degr; < n, contradicting our assumption that degr was minimal.
Hence degr < deg f, and we are done. O

Exercise 2.22. In the ring Z[i] we can define a norm function by N(a + bi) =
a? + b%. This norm function is a Euclidean function on Z[i]. It then follows from
Theorem 2.30 below that this ring is a UFD.

Proof (Boris Alexeev) By definition 2.20, the first condition on a Euclidean
function is that it maps Z[i] \ {0} — N. This is clear from our definition of
N(a + bi). The other two conditions are proven as follows.

(ED1) We first notice that our norm function can be written as N(z) = zZz

(where z denotes the complex conjugate of z). By the properties of the complex
conjugate, we get N(af) = (af)(af) = (aa)(88) = N(a)N(5). (This can
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easily be proven directly.) Also, we note that N(«) > 1 for all non-zero a. To
show (ED1), assume that « | 8, so there exists v € Z[i] such that oy = 8. Thus
N(ay) = N(a)N(y) = N(f), and since + is trivially non-zero, N(vy) > 1, giving
N(B) = N(a)N(vy) = N(«), so N(a) < N(f) as required.

(ED2) For this part, we will give a constructive division algorithm. Let
a,B€Z[i| witha=a+bi#0and 3 =c+di. If @] g, then § = ay and (ED2)
is satisfied. Otherwise, we have N(a) # 0 and

B c+di (c+di)(a—0bi) ac+bd ad—bc.

a  a+bi a? + b? ~ N(a) * N(@) !

Let e and f be the nearest integers to the rational numbers (ac + bd)/N(«)
and (ad — bc)/N () respectively, and set v = e + fi. Then f/a —~v =z + yi
with |z[,|y] < %, s0 22 +y?> < 1+ 1 = 1 Thus if we set § = 8 — ary, we
have N(§) = N(a)(z? + y*) < $N(a) < N(a), so we have 8 = ay 4+ § with
N(d) < N(a) as required.
For example, take « = 5 + 2i and § = 8 + 12i. Then
B+12i  (8+12i)(5—2i) 64+ 44i 6 — 14i

5+ 2i 29 29 HEET I

so the quotient is 2 + 2i and the remainder is (8 +12¢) — (24 24)(5 + 2i) = 2 — 2i.

As a check, N(2 — 2¢) = 8 is less than N (5 + 2i) = 29. O

We can now generalise the result of Exercise 1.28 above.

Theorem 2.23. Every ED is a PID.

Proof (David Roe) Let I be an ideal in a Euclidean domain R. Either I =0 =
(0), in which case I is principal and we are done, or there is some non-zero
a € I. Since X = {¢(a) : a € I, a # 0} is therefore a nonempty subset of N, it
contains a smallest element n. Pick some ag € I with ¢(ag) = n. We will show
that I = (ag). Assume there is some k € I with ag t k. Since R is a Euclidean

domain, we can find ¢,r € R with k = agq + r and either » = 0 or ¢(r) < ¢(ap).
If » = 0, then ag | k, contrary to the assumption that ag t k. Thus ¢(r) < ¢(ap).

But r =k —apq € I, so ¢(r) € X and ¢(r) < n, contradicting the fact that n is
the smallest element of X. Therefore ag | k for all k € I, so I C (ag). But ag € I
s0 (ag) C I. Thus I = (ag) and I is principal, and therefore R is a principal
ideal domain. O

We now aim to show that every PID is a UFD. The proof will take several
steps.

Lemma 2.24. Every PID satisfies condition (UFD2').

Proof (Theo Johnson-Freyd) Let p € R be irreducible. We must show that
p is prime. So assume p | ab but p 1 a; we must then show that p | b. As
R is a PID, we have (p) + (a) = (¢) for some ¢ € R. So ¢ | ax + py for
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all z,y € R (since (p) = {py : y € R} and similarly for (a) and (c), and so
P)+(a)={p'+d :p' € (p)and ¢’ € (a)} = {ax+py : x,y € R}). In particular,
¢ | p, so c is either a unit or an associate of p. If ¢ ~ p, then p | ¢, and as
¢ | a, we have p | a, contrary to our assumption. So ¢ must be a unit and hence
(p) + (a) = (1), so ax + py = 1 for some z,y € R. So b = abx + pby, and as
p divides both terms of this sum, we have p | b as required. O

Definition 2.25. A ring R is said to satisfy the ascending chain condition
(a.c.c.) on ideals if any chain of ideals

IhyCLCLC---
is eventually constant (that is, I, = I,41 = --- for some n).

Lemma 2.26. If Iy CI; C I, C --- is an ascending chain of ideals of R, then
U, In is an ideal of R.

Proof (Pradeep Mouli) Let I = |J;—,I,. We show that I is an ideal using
Lemma 1.24. T is non-empty, as 0 € Iy, so 0 € I, hence condition (I1) holds. To
show that I is closed under addition (condition (12)), let ,y € I. Then for some
m and n, we have z € I, and y € I,. Let N = max{m,n}, then I,,,,,, C Iy
as the chain of ideals is ascending. Thus z,y € Iy, sox+y € Iy C I as Iy is
closed under addition, and (I2) holds. Finally, for the ideal condition (I3), let
x € I and a € R. Then z € I, for some n, so ax € I,, C I, and hence (I13) is
satisfied. O

Lemma 2.27. Every PID satisfies a.c.c. on ideals.

Proof (Cristin Kenney) Let Rbe a PID and Iy C I; C I C --- be an ascending
chain of ideals of R. Then by the previous lemma, I = UZOZO I, is an ideal
of R. Since R is a PID, I = (c¢) for some ¢ € R. Since ¢ € I, we must have
¢ € I, for some n, by the definition of I. But then (¢) C I, C I = (¢), so

I, =1,41 =---=1=(c). Therefore R satisfies a.c.c. on ideals. O

Lemma 2.28. Every PID satisfies (UFD1).

Proof. Assume that R be a PID which does not satisfy (UFD1). Then there is
some element 1, € R which does not have a factorisation into irreducibles. It is
not possible for r; to be irreducible, for then r, = 1.r, would be our required
factorisation. So we can write ry = r;r] with neither r; nor r] being a unit. If
both 7, and | had factorisations into irreducibles, then r, would also. So at
least one of them, say r;, does not have a factorisation into irreducibles. We can
then repeat this argument with r,, writing r; = o7} with neither r, nor r} a
unit, and we may assume that r, does not have a factorisation into irreducibles.
Continuing this, we get a sequence 7, 71, ..., with r,,; | r; for each 4, and
none of the r; having a factorisation into irreducibles. As r; ; | r;, we have
(r;) € (r;y,) for each i by Lemma 2.7. We cannot have equality here, as if
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we did, then we would have r; ~ 7, by Lemma 2.9, implying r,, , = ur; for
some unit u. But as r; = 7, i, |, this would give r; = ur;rj |, so urj, ; =1
by cancellation, contrary to the assumption that 7, is not a unit. Thus
(r;) C (r;41) for each 4, and we have found an infinite ascending chain of ideals
(rg) C (ry) C (ry) C ---, which is impossible by the previous lemma. Thus every

PID must satisfy (UFD1). O

We have therefore proved

Theorem 2.29. Every PID is a UFD.

Proof (Cristin Kenney) This follows from Lemma 2.24, which states that every
PID satisfies (UFD2’), Lemma 2.28, which states that every PID satisfies (UFD1),
and Theorem 2.19, which states that any integral domain which satisfies (UFD1)
and (UFD2’) is a UFD. O

This result together with Theorem 2.23 also shows the following result.
Theorem 2.30. Every ED is a UFD. O

This can also be proved slightly more directly, but the proof is very similar
in essence to the route we took.

Corollary 2.31. Ifk is a field, then k[x] is a UFD. Also, Z is a UFD.

Proof. This follows from Example 2.21 and the above theorem, or from Exer-
cise 1.28 and Theorem 2.29. O

The rings we have been considering are called Euclidean because the Euclidean
algorithm can be applied to them to find gcds. So we now formally define a
greatest common divisor of two elements in a ring. We have to do it in the
following way, as there may not be any concept of ‘greatest’ in the ring.

Definition 2.32. Let a,b € R. d is a greatest common divisor (ged) of
a and b if d | a and d | b, and whenever ¢ | a and ¢ | b, we have ¢ | d.

There may be lots of geds:

Lemma 2.33. If d is a gcd of a and b, then d' is also a gcd of a and b if and
only if d' ~ d.

Proof (George Khachatryan) If d’ is also a ged of a and b, then by the definition
of a ged, we have d’ | a and d’ | b. But by the other part of the definition, this
means that d’ | d. Similarly, as d | a and d | b, we have d | d’ as d' is a gcd. Then
by Lemma 2.9, d’ ~ d.

Conversely, assume that d' ~ d. Now as d | a and d | b, we have a = dn and
b = dm for some m,n € R. As d = d'u with u a unit, we have a = d'un and
b=dum,sod |aandd |b,sod isacommon divisor of a and b. Now assume
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¢ € Rwith ¢|aand ¢|b, soc|d. But then d = ck for some k € R, so d'u = ck
and d’ = cku~?!, so ¢ | d’. Therefore the two conditions for a ged are satisfied
by d’, so d’ is a ged of a and b. O

Exercise 2.34. Using this definition, find all the greatest common divisors of 6
and 9 in the ring Z and of the polynomials (z + 1)(z + 2) and (z + 1)(2% + 2) in
the ring R[z]. How does this definition relate to the traditional one in the case
of Z?

Answer. The greatest common divisors of 6 and 9 in Z are +3, and of the
polynomials (z + 1)(z + 2) and (x + 1)(2? + 2) in R[z] are all polynomials of
the form A(z + 1) where A € R is non-zero. For the case of Z, the traditional
definition would give a unique ged, here ged(6,9) = 3, whereas our definition
regards both 3 and —3 as gcds.

Exercise 2.35. Extend the definition to define a gcd of the elements a1, ..., a,.
Answer. Let ay, ..., a, € R. d is a greatest common divisor of the a; if d | a;
fori=1, ..., n, and whenever c| a; for i =1, ..., n, we have ¢ | d.

Proposition 2.36. If R is an integral domain and a,b,c € R with (a,b) =
(a) + (b) = (¢), then ¢ is a gcd of a and b and we have ¢ = xa + yb for some
x,y € R. In the case that R is a PID, then we always have (a) + (b) = (c) for
some ¢ € R, so any a and b in R have a gcd.

Proof. We have (a) C (a,b) = (c), so ¢ | a; similarly ¢ | b, so ¢ is a common
divisor of @ and b. Furthermore, ¢ € (¢) = (a,b), so ¢ = za+yb for some =,y € R
by Lemma 1.26. If ¢’ | a and ¢ | b, then we have ¢’ | za + yb = ¢. Thus c is a
ged of a and b. O

In the case that the ring is Euclidean, we can determine gcds using the
Euclidean algorithm. Let ¢ be a Euclidean function on R, and let a and b be
non-zero elements of R. We can determine a gcd of a and b by performing the
following calculation:

=aq +7m1 0 < ¢(r1) < ¢(a)
a="71g2 + 72 0 < ¢(r2) < ¢(r1)
T1=1T2q3 + T3 0 < o(r3) < o(r2)
To =T34 + T4 0 < @(ra) < @(r3)
Tn—3 = Tn—2¢n—1+ rn-1 0 < (rn—1) < d(rn—2)
Tn-2 =Tn 1qn +Tn 0 < é(rn) < d(rn-1)

Tn—1 = nqn+1,

terminating when the remainder is zero.
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Proposition 2.37. This algorithm always terminates, and when it does, T, is
a ged of a and b.

Proof (Theo Johnson-Freyd) Were it not to terminate, the ¢(r;) would form a
strictly decreasing sequence of non-negative integers, which is impossible. Now
we will show by induction that 7, is a common divisor of @ and b. To simplify the
notation, we will write rg = a and r_; = b, and we aim to show that r, | r,,_;
fori=0,1,...,n+ 1. Clearly r, | r, and 7, | 7h—1 = rn¢n+1, which shows
that the statement is true for ¢ = 0 and ¢ = 1. Now assume that r,, | Tn—j for
0 < j < i, where i > 1. Then we have 7, | r—iqn—it1 + Tn—(i—=1) = Tn—(i+1)-
Thus, by induction, we deduce that r,, | r,—; for all i > 0, and in particular,
rn | 70 = a and 7, | r—_1 = b, so that r,, is a common divisor of a and b.

To show that r, is a gcd of a and b, assume that ¢ | a and ¢ | b. We show
by induction that ¢ | r; for each ¢ > —1. This is true for i = —1 and ¢ = 0
by assumption, so assume that c | rj for =1 < j < ¢, where i > 0. Then
¢ | ri—1 —rigi = Ti+1, so by induction, ¢ | r; for —1 < ¢ < n. In particular, ¢ | r,,
so that 7, is a ged of a and b. O

More interestingly, we can use this algorithm to work backwards, first express-
ing 7, as a linear combination of r,_; and r,_o using the penultimate equation,
then this and the preceding equation to express r, as a linear combination of
rn—o and 7,_3, and so on. Eventually we will end up with an expression for
rn, which is a ged of a and b, as a linear combination of @ and b. This is more
constructive than the result of Proposition 2.36, in particular if we are able to
explicitly determine the quotient and remainder for the division steps, as we are
for Z and Q|x].

The last main result that we wish to prove in this chapter is based on Gauss’
lemma, and states that if R is a UFD, then so is R[z]. But we will need to do
some important preparatory work on equivalence relations and fields of fractions
first. This material is used throughout mathematics, and we will meet it again
when we consider quotient rings in Chapter 3.

2.1 Relations, equivalence relations and partitions

Definition 2.38. Let X and Y be any sets. The Cartesian product of
X and Y is defined by

XxY={(r,y):ze X and y e Y},

the set of all ordered pairs of elements from X and Y.

Definition 2.39. A (binary) relation on X is a subset R C X x X. We often
write £ R y to mean (z,y) € R and = R y to mean (z,y) ¢ R.
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Example 2.40. Let X = Z. Then the subset {(m,n) : m < n} C Z x Z defines
the relation ‘less than’. The subset {(m,n) : m = n} is the relation of equality.

Definition 2.41. The following terms are used to describe some special features
of relations. Here R is a relation on a set X.

R is called reflexive if x R x for all x € X.

R is called symmetric if for all z,y € X, x R y implies that y R x.

R is called anti-symmetric if for all x,y € X, 2 R y and y R z together
imply that z = y.

R is called transitive if for all z,y,z € X, R y and y R z together
imply that z R z.

Exercise 2.42. Given the set X = {1,2, 3}, for each of the following conditions,
find a relation on X which satisfies it:

(a) The relation is reflexive and symmetric, but not transitive.

The relation is symmetric and transitive, but not reflexive.

(c

)
(b) The relation is reflexive and transitive, but not symmetric.
)
(d) The relation is reflexive, transitive and anti-symmetric.

Answer (Michael Kolodrubetz) We given relation tables for the four relations.
In each table, a ‘*’ in row ¢ and column j indicates that (i,j) € R,. The four
tables respresenting R through R4 correspond to the four questions.

Ri|l1 2 3 Ro|l 23 Rg|[l 23 Ry[l 23
1 | x = 1 [ % x x 1 1 | %
2 | *x % % 2 * % 2 2 | %
3 * % 3 * 3 3 | x x x

Note that R and R4 are the relations given by = < y and x > y respectively. [J

Definition 2.43. The following special types of relations are so important that
they are given special names.

e A relation which is reflexive, symmetric and transitive is called an equiva-
lence relation.

e A relation which is reflexive, transitive and anti-symmetric is called a
partial order on the set, and the set is called a partially ordered set
or poset. If in addition, for every pair z,y € X, either z =y, t R y or
y R x, then the relation is called a (total) order, and the set is called
a totally ordered set or just an ordered set. (Some authors require
that these relations have (z,z) ¢ R for all € X; this is essentially the
difference between the relations < and <.)
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Exercise 2.44. Give some examples of equivalence relations, partial orders which
are not total orders, and total orders, either for the set X = {1,2, 3} or for other
sets.

Answer (William Meyerson) We give examples which work equally on the set X
and on any subset of the reals containing X such as R, Q or Z.

(a) The relation given by a R b if and only if a = b is an equivalence relation:
it is reflexive since a R a for every a € X (as a = a), symmetric since if
a R b, then b R a (as b = a whenever a = b), and transitive since if a R b
and b R ¢, then a R ¢ (as a = ¢ whenever a = b and b = ¢).

(b) The relation given by a R b if and only if b = a + 2n for some non-negative
integer n is a partial order. It is easily seen to be reflexive (as a = a + 2.0
for every a € X), anti-symmetric (the only time both ¢ R b and b R a
hold is when a = b), and transitive (if a R b and b R ¢ then b = a + 2n
and ¢ =b+2m,s0 ¢c=a+2(m+n) and a R ¢). However, it is not a total
order because 1 and 2 are incomparable (that is, 1 #2, 1 R 2 and 2 R 1).

(¢) The relation given by a < b is a total order. It is a partial order because it
can easily be checked to be reflexive (as a < a for every a), anti-symmetric
(the only time both a < b and b < a hold is when a = b), and transitive (if
a < band b < ¢ then a < ¢). It is clearly a total order as well because for
any two numbers a and b, either a < b or b < a (or both if a = b).

We will be focusing on equivalence relations. An equivalence relation essen-
tially says that certain elements in the set X are to be considered ‘the same’ in
a precise sense depending upon the context. We make this a little more formal,
by showing that partitions and equivalence relations are essentially the same
concept.

Definition 2.45. A partition of a set X consists of a set X’ of non-empty
subsets of X satisfying the following conditions:

(a) The subsets in X cover X, that is

Uvr=x

Yex

(b) The subsets are pairwise disjoint, that is if ¥7,Y5 € X with Y7 # Y5, then
YinY,=2.

Note that condition (b) implies that if Y7,Ys € X and Y1 NY; # &, then
Y, =Y5.

Definition 2.46. Let R be a relation on a set X. For z € X, define R(x) =
{y € X : 2 R y}. In the case that R is an equivalence relation, R(z) is called
the equivalence class of z. Very often one uses the notation [x] or Z to denote
this.
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Lemma 2.47. If R is an equivalence relation on X, then © € R(z) for all
x € X. Furthermore, whenever y € R(z), R(z) = R(y).

Proof (Pradeep Mouli) As R is an equivalence relation and so R is reflexive,
we have z R z for all z € X, so z € R(x) for all x € X. Now assume y € R(z),
so ¢ R y by the definition of R(x), and thus y R x by symmetry. Now assume
z € R(z), so x R z. But as y R z, we have y R z by transitivity, hence
z € R(y). Thus R(z) C R(y). Conversely, if z € R(y), then y R z, and since
x R y, it follows that z R z, so z € R(x). Thus R(y) C R(z). It follows that
R(z) = R(y) as required. O

Proposition 2.48. If R is an equivalence relation on X, then the set of equiv-
alence classes P(R) = {R(z) : « € X} is a partition of X.

Proof (Justin Blanchard) By definition, R(z) C X, therefore

U v=JR@cx

YeP(R) zeX

We also know that @ ¢ P(R) because x € R(x) for each x € X, so all equivalence
classes are non-empty. This fact also leads to the conclusion that

X=J{=zcUr@w)= |J v

rzeX zeX YeP(R)

Since we have inclusions both ways, it follows that P(R) covers X, so condition (a)
of Definition 2.45 is satisfied. Finally, let Y7,Ys € P(R). By definition, Y; =
R(z1) and Yo = R(x2) for some z1,zo € X. Assume that Y7 and Y3 are not
disjoint. Choose some element € Y7 NYs. Then as € R(x1), we have
R(xz) = R(x1) by the preceding lemma, and similarly € R(z2) implies that
R(z) = R(x2). Therefore Y1 = Ya, and it follows that distinct subsets in P(R)
are disjoint, so condition (b) is satisfied. Thus P(R) is a partition of X. O

Proposition 2.49. Let X be a partition of a set X. Define a relation R(X)
on X by (x,y) € R(X) if and only if z and y lie in the same subset in X. Then
R(X) is an equivalence relation on X.

Proof. We must show that R(X) is reflexive, symmetric and transitive. Let
x € X. Then as X is a partition, x lies in some subset of X by condition (a) of
Definition 2.45, so 2 and « lie in the same subset in X giving (z,z) € R(X). Now
if (z,y) € R(X), then x and y lie in the same subset of X, and so y and x also lie
in the same subset of X, that is (y,x) € R(X). Finally, if (x,y), (y,2) € R(X),
then z and y lie in the same subset of X, say Y7, and y and z also lie in the
same subset of X, say Y5. Now y € Y7 NY5, so that Y; = Y5 as X is a partition.
Hence z and z both lie in the same subset of X, so that (x,2) € R(X). Thus
R(X) is an equivalence relation as required. O
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Proposition 2.50. The operations defined in the previous two propositions are
mutually inverse, that is given an equivalence relation R on X, R(P(R)) = R,
and given a partition X of X, P(R(X)) = X.

Proof. Noting that both equivalence relations and partitions are defined as sets,
we recall that to show that sets A and B are equal, we must show that A C B
and B C A, or that € A implies € B and conversely.

We first show that, given an equivalence relation R on X, R(P(R)) = R.
Let ¢,y € X. Assume that (z,y) € R(P(R)). This means that = and y lie in the
same part of the partition P(R) by definition of R(P(R)). But as € R(z) and
y € R(y), this means that R(z) = R(y) by the definition of P(R). So y € R(x),
or (z,y) € R. Thus R(P(R)) C R.

Conversely, assume (z,y) € R. Then y € R(z) by definition of R(x), so by
Lemma 2.47, we have R(z) = R(y). Thus as v € R(z) and y € R(y), z and y
lie in the same part of P(R), and so (x,y) € R(P(R)). Thus R C R(P(R)),
and it follows that R(P(R)) = R as required.

Moving on now to the second case: we are given a partition & of X and
must show that P(R(X)) = X. Assume Y € P(R(X)). Then Y is of the form
R(X)(x) for some x € X. Thus Y = {y € X : (z,y) € R(X)}. But by the
definition of R(X), we have (z,y) € R(X) precisely when = and y lie in the same
subset of X so Y is the set of all y € X lying in the same subset of X as =z.
Since z is in a unique subset of X, it follows that Y is this unique subset, so
Y € X. Thus P(R(X)) = X.

Conversely, assume that Y € X. Let € Y. Then consider the subset
Y’ € P(R(X)) containing x. We show that Y’ =Y, from which it will follow
that Y € P(R(X)). If y € Y, then x and y are in the same part of X, from which
we have (z,y) € R(X). Then y € R(X)(z) by definition, so x and y lie in the
part R(X)(x) of P(R(X)), showing that y € Y. If we now assume 3’ € Y7, then
y' € R(X)(z) (as this is the part of P(R(X)) containing z), so (z,y’) € R(X)
and hence x and 3’ lie in the same part of X, that is, ¥’ € Y. Hence Y’ =Y, and
it follows that X C P(R(X)), giving P(R(X)) = X as required. O

Definition 2.51. Let R be an equivalence relation on X. We define the
quotient of X by R, written X/R, to be the set P(R).

Thus we can think of equivalence relations and partitions as one and the
same thing: an equivalence relation partitions a set into parts called equivalence
classes, where the elements of a given part are considered equal to each other,
but elements in different parts are considered unequal.

Often, the notation a = b is used to indicate an equivalence relation. When-
ever you see this notation, you should check to see that you are indeed working
with an equivalence relation.

Examples 2.52. Here are some typical examples of the use of equivalence relations
in pure mathematics.
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e When we build the rationals from the integers and make identifications
such as % = %, we are essentially defining an equivalence relation on pairs
of integers, as we explain in more detail below.

e When we use modular arithmetic, we define an equivalence relation on
the integers with m being equivalent to n whenever the modulus divides
m—n.

e In topology, when we identify edges of a square to make a torus, we are
essentially defining an equivalence relation on the points of the square.

e Later on, we will see that quotient rings are defined by equivalence relations,
as are factor groups (also called quotient groups) in group theory.

We are now able to return to the point at hand, and define a generalisation
of the formation of Q from Z.

Let R be an integral domain. Let X be the set R x (R \ {0}). We define an
equivalence relation ~ on X by (a’,b") ~ (a,b) if and only if a’b—ab’ = 0. (Check
that this really is an equivalence relation!) We define addition and multiplication
on X by

(a,¢) + (b,d) = (ad + be, ed)

(a,c)(b,d) = (ab, cd)
Lemma 2.53. If (a/,c') ~ (a,¢) and (
(a,c) + (b,d) and (a', )V, d') ~ (a,0)

Proof (Hubert Hwang) By definition, we have a’¢ — ac’ = 0 and b'd — bd’ = 0.
To show (a, )+ (b, d") ~ (a,c)+(b,d), we must show that (a'd' +V'¢,'d") ~
(ad + be, ed). We have

b,d) ~ (b,d), we have (a/,c/)+ (V/,d') ~
(b, d).

(a'd +b'c)(cd) — (ad + be)(d'd") = a’edd’ + b ec’'d — ac’dd’ — bec'd’
= (a'c —acd)dd' + (b'd — bd')ec’
=0.dd' 4+ 0.cc’ =0,
so that (a'd’ + b'¢/,dd") ~ (ad + be,ed) as required. Similarly, to show that
(@'t',c'd") ~ (ab, cd), we check
a't'ed — abd'd = (a’c)(b'd) — (ac’)(bd")
= (a'c —ad)(V'd) + (ac’)(b'd — bd)
=0.0'd+ (ac’).0=0

as required. O
Hence addition and multiplication are well-defined on the set K = X/~. As

with the rationals, we write a/b for the equivalence class of (a,b) in this set, so
that a/b+ ¢/d = (ad + bc) /bd and (a/b)(c/d) = ac/bd.
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Proposition 2.54. In the above setup, K is a field, called the field of fractions
of R. The map ¢ : R — K given by ¢(a) = a/1 is an injective (one-to-one)
homomorphism. [Homomorphisms are special kinds of maps defined at the start
of Chapter 3.]

Proof. This is only a sketch proof; many of the book-keeping details are omitted.
We must show that the axioms of a ring are all satisfied in this case. Let
a/b,c/d € K. Axiom (AO0) follows by observing that as (a/b) + (¢/d) = (ad +
be)/bd and R itself is closed under addition and multiplication, both ad + bc
and bd are elements of R. Furthermore, as R is an integral domain, bd # 0 as
b,d # 0. Hence (ad + bc)/bd € K. Axiom (Al) is routine algebra. For (A2), it
suffices to show that 0/1 is the zero element of K, and for (A3), we show that
(—a)/b is the additive inverse of a/b. Axiom (A4) is also elementary algebra.

The multiplicative axioms are similar; here 1/1 is the multiplicative identity,
and b/a is the multiplicative inverse of a/b whenever a/b # 0/1. Finally, the
distributive law is again elementary algebra. Thus K is a field.

To show that ¢ is injective, we need only note that if a/1 = b/1, then this
means that (a,1) ~ (b,1), so that a.1 = b.1, or a = b. To show that it is a
homomorphism, we simply observe that ¢(a +b) = (a +b)/1 = a/1 +b/1 =
od(a)+¢(b) and ¢(ab) = ab/1 = (a/1)(b/1) = ¢(a)p(b). Also, we have ¢(1) = 1/1,
which is the multiplicative identity. Thus ¢ is a homomorphism and R embeds
naturally into its field of fractions. O

Lemma 2.55. Assume R is a UFD. Then given a,b € R, we can find a gcd d of
a and b. Then ifa = da’ and b= db, 1 is a gcd of ' and /. Hence in the above
construction, (a,b) ~ (a’,b’") with 1 being a ged of o' and b/'. That is, in the
case of a UFD, we can always write a/b in ‘lowest terms’ with a and b having
no common (prime) factor.
i P
and b=v H?zl pfi, where p1, ..., p, are the distinct primes dividing a or b and
u and v are units. It is easy to see that d = [}, Enm{a"’ﬁf’} is a ged of a and b:
that it is a common divisor is obvious, and that it is a greatest common divisor
follows from uniqueness of factorisation, as any common factor of a¢ and b must
be of the form ¢ = w[[;-, p;* with v; < min{a;, 8;} for each i and w being a
unit.

For the second part, let d’ be a ged of @’ and . Then dd’ divides both
a and b, so must divide d. So dd'k = d for some k, giving d'k = 1, and hence

d’ is a unit. Thus 1 is a ged of @’ and ¥’ by Lemma 2.33 as d’ ~ 1. O

Proof (Theo Johnson-Freyd) We factorise a and b into primes: a = u ][]

2.2 Gauss’ Lemma and UFDs

We now have enough machinery to work on Gauss’ lemma and UFDs. For the
rest of this chapter, we let R be a UFD and K its field of fractions. Let a € K
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be a non-zero element of the field, and let p be a prime element in R. We can
then write
a=p'b
where b € K, r is an integer and p does not divide the numerator or denominator
of b when written in lowest terms. For example, if R =7, so K = Q, and p = 3,
27 1

ite 27 —33. L 14 _3-1 14
then we can write 7z =3” - 1= and 17 =3 -

The rest of the proofs of this chapter are due to Theo Johnson-Freyd.

Lemma 2.56. In the above equation, r is uniquely determined by a and p.

Proof. That r exists follows from considering a = s/t, where s,t € R. By
unique factorisation, s = p™s’ and t = p™t’, where p { s’ and p 1 ¢/. Then
a = p"2(s'/t'). That r is unique is shown by assuming a = p’b = p" b/
where b = m/n and ¥’ = m//n’ and p divides none of m, n, m’ or n’. Without
loss of generality, assume r < r/. Multiplying by nn’ and dividing by p" gives
mn' = p” ~"nm/. Since p is prime, we must have ' = r, as required. O

Definition 2.57. In the above equation, r is called the order of a at p and we
write 7 = ord, a. We also define ord, 0 = oo, with the conventions that n < co
and n 4+ 0o =00+ n = oo for all n € Z, and co + 0o = cc.

Lemma 2.58. Ifa,a’ € K, then
ord,(aa’) = ord, a + ord, a’.

Proof. If one of a, a’ is zero, then the equation is true by our conventions about
infinity. So assume a,a’ # 0 and let » = ord, a and " = ord, a/. Then aa’ =

p"(m/n).p"” (m!/n’) = p" (mm/ /nn’). Since p is prime and p{m,n,m’, 7/, it
follows that p  mm/, nn'. Hence, by Lemma 2.56, we have ord,(aa’) = r+r'. O

Definition 2.59. Let f € K[z] be a polynomial over the field K, with
f=anz" + an_12" "+ +ag.
As before, if f = 0, we define ord, f = co. Otherwise, define

ord, f = Orgniign{ordp a;}.

Then if r = ord,, f, we call up” a p-content for f, where v is any unit of R. If
f # 0, we define the content of f by

cont(f) ~ [T p 7,

the product being taken over all primes p such that ord, f # 0. The content
of f is defined up to association, that is, up to multiplication by a unit of R. By
abuse of notation, we often write cont(f) = []p°*d»/ instead, using = instead
of ~.
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Lemma 2.60. If b € K with b # 0 and f # 0, then cont(bf) = bcont(f).
Hence we can write

f=cfi
where ¢ = cont(f) and cont(f;) = 1.

Proof. By Lemma 2.58, ord,(ba;) = ord, b+ ord,, a;, where f = ap,z™ + - - - + ao.
Then

ord, (bf) = min{ord, (ba;)}
= ml_in{ordp b+ ord, a;}
=ord, b+ ml_in{ordp a;}
= ord, b+ ord, f.
Thus
cont(bf) = Hpordp(bf)
_ H pordy brordy f

_ Hpordp b, Hpordp f

~b-cont(f),

since unique factorisation implies that b ~ ] p°d»®. Hence cont(bf) = bcont(f)
up to association. For the second part, setting f; = (1/cont(f))f gives
cont(f1) = (1/ cont(f)) cont(f) =1 as required. O

Definition 2.61. A polynomial with content 1 is called a primitive polyno-
mial.

Lemma 2.62. If f is a primitive polynomial, then all of the coefficients of f
lie in R and their gcd is 1.

Proof. Assume f has a coefficient a; ¢ R. Then we can write a; in lowest terms
as a; = m/n, with n # 1. So there is some prime p with p | n but p{m. Then
ord,a; < 0, so ord, f = min;{ord,a;} < 0. But as cont(f) = 1, we see by
unique factorisation that all of the ord,, f are zero. Hence all of the coefficients
of f lie in R.

If the coefficients of f had a gcd which was not a unit, then we must have
some prime p with p | a; for all ¢, so ord,a; > 1 for all 4, giving ord, f =
min;{ord, a;} > 1, so f cannot have content 1, contrary to assumption. Hence
the ged of the coefficients is 1.

Essentially, since f € R[z] with f = > a;x’, unique factorisation shows
that cont(f) = ged(ag, . . ., ay), since both equal [] p™iifordy ail, O
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Theorem 2.63 (Gauss’ Lemma). Let R be a UFD and K its field of fractions.
Let f,g € K[x] be non-zero polynomials in one variable over K. Then

cont(fg) = cont(f) cont(g).

Proof. We will show first that the product of two primitive polynomials is
primitive. Let f, g be primitive, so their coefficients lie in R and have ged 1 (by
the preceding lemma). Write f = 377" ja;a’ and g = 3°7" ( bja?, with a;,b; € R
for all ¢, j, and with ged({a;}) = ged({b;}) = 1. Let p be a prime and let a; be
such that pta; but p | a; for all ¢ < j, and similarly for bs. Then the coefficient
of 7t in fg is:

J+k j-1 J+k
E a;bjir—i = ajby + E aibjir—i + E aibjir—i-
=0 =0 i=j+1

Now p divides each of the sums on the right, as p | a; for i < j and p | bj1r—;
for ¢ > j. But p{ a;by as p is prime, so p { Zi:g a;bjii—;. Therefore, p does
not divide all of the coefficients of fg, so ord,(fg) = 0. As p was arbitrary, it
follows that cont(fg) = 1.

Now let f, g be not necessarily primitive, so we can write f = cyf; and
g = cqg1 with fi and g; primitive, by Lemma 2.60. Then

cont(fg) = cont(cy ficgg1)
= cycgcont(fi1g1) again by Lemma 2.60
= cyey by the first part
= cont(f) cont(g),

and we are done. O

Corollary 2.64. Let f(x) € R[z] have a factorisation f(z) = g(x)h(z) in K|x].
If ¢y = cont(g), ¢p, = cont(h) and g(x) = cg91(x), h(z) = cphi(x), then

f(@) = cqengr(z)ha (),
and cycp, € R. In particular, if f,g € R[z]| have content 1, then h € R[z] also.

Proof. We have only to show that c4c;, € R and that if both f and g have
content 1, then so does h. By the previous lemmas, cont(f) = cont(g) cont(h) =
cgcn. But f € R[z], so cont(f) € R. Now, if f and g both have content 1, then
1=1.cy,s0cp, =1 and h € R[x]. O

Theorem 2.65. Let R be a UFD. Then the polynomial ring R[x] in one variable
is also a UFD. Its units are the units of R, and its prime elements are either
primes of R or polynomials in R[x] which are irreducible in K|[z] and have
content 1.



Factorisation in rings

Proof. We show first that a primitive non-constant polynomial in R[x] is irre-
ducible in R[z] if and only if it is irreducible in Kz]. (‘Non-constant’ means
its degree is greater than zero.) Let f € R[z] be such a polynomial, and as-
sume that it is irreducible in K[z] but factorises as f = gh in R[z]. But then
this is a non-trivial factorisation of f in K[z] unless one of g and h is a unit
in K[z], say g is a unit. Then g € K (easy exercise), so g € R. But then
cont(f) = cont(g) cont(h), so 1 = gcont(h) and g must be a unit in R. Thus
[ is irreducible in R[z]. Conversely, assume that it is irreducible in R[x] but
that it factorises as f = gh in K[z]. By the previous corollary, we can then write
f = (cgcn)g1h1, which gives a factorisation of f in R[z]. Thus we must have
either g; or h; being a unit in R[z], so g or h must be a unit in K|z] as well,
and so the factorisation is trivial. Thus f is irreducible in K|x].

Now given a polynomial f € R[z], we factorise it into irreducibles in K|x].
Recall also that K[x] is a UFD by Example 2.21 and Theorem 2.30, so that this
factorisation into irreducibles is unique (in the sense of Definition 2.14). After
replacing each irreducible polynomial p in the factorisation with c,p:, where
p1 is primitive, we see from the previous corollary and induction that [] ¢, € R,
so that we now have a factorisation of f in R[z] of the form

f = cont(f). H(irreducibles in K[z] of content 1).

Since R is a UFD, we can write cont(f) € R as a product of irreducibles, and
the primitive irreducibles in K[z] are irreducible in R[x] by the above. So every
element of R[z] has a factorisation into irreducibles.

Also, this factorisation is unique. If a non-constant polynomial g € R[z] has
content other than 1, it can be written as a product g = c4g1, and neither ¢,
nor g; is a unit. So the irreducibles of R[z] must either be constants or primitive
polynomials. Then consider another factorisation of f into irreducibles in R[x];
again we can write it as

f= H(elements of R). H(primitive non-constant polynomials in R[z]).

But this is then a factorisation in K[x] into a unit (the product of elements
of R) and irreducibles by the above. So by uniqueness of factorisation in K|z,
the second product must be the same as in the original factorisation, and by the
uniqueness of factorisation in R, so must the first product.

Thus factorisation into irreducibles in unique in R[z], so R[z] is a UFD as
required.

Finally, the units of R[x] are clearly constant polynomials (elements of R), for
if a polynomial f has degree deg f > 0, then deg(fg) = deg f+degg > 0 = deg 1
for all non-zero g € R[z], so that f cannot be a unit. Then the units must be
precisely the units of R by a similar argument. By the above, the primes of R[z]
are seen to be the primes of R and those primitive polynomials of K[z] which
are irreducible in K[z] (recalling that every prime is irreducible and vice versa
in a UFD). O
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Corollary 2.66. Let R be a UFD. Then the polynomial ring R[z1,...,x,] in
n variables is also a UFD. Its units are the units of R and its prime elements
are either primes of R or polynomials which are irreducible in K|[z1, ..., z,] and
have content 1.

Proof. This result follows from the previous theorem and induction, since
Rlzy,...,zy) and R[z1,...,2n_1][zy] are easily seen to be isomorphic. O



Chapter 3

Homomorphisms and ideals

We do not make any assumptions on our rings in this chapter except for commu-
tativity unless otherwise stated.

Definition 3.1. Let Ry and Ry be rings. Then a homomorphism from R,
to Ry is a function
¢5 . Rl — R2

satisfying the conditions:
d(a+b) = d(a) + &(b) for all a,b € R
¢(ab) = ¢(a)p(b) for all a,b € R
o(1) =1.

Example 3.2. Let n > 2 be an integer, and for a € Z, write [a], for the
equivalence class of ¢ modulo n (that is, [a], = {r € Z:a =r (mod n)}). We
can regard Z/(n) as the ring whose elements are [0],, [1]n, ..., [n — 1],. Then
the map f:Z — Z/(n) defined by f(k) = [k],, is a homomorphism.

Proof. Let a,b € Z. Then f(a+b) = [a + b], = [a]n + [b]n = f(a) + f(b), and
similarly f(ab) = [ab], = [a]n[b]n = f(a)f (). Finally, f(1) = [1],,, which is the
multiplicative identity in Z/(n). O

Lemma 3.3. Let ¢ : Ry — Ry be a homomorphism. Then the following hold:

(a) ¢(0) =

(b) ¢(=a) = —¢(a).

(c) dla—1b) = ¢(a) - ¢(b).

(d) If a € Ry is invertible, then ¢(a) is also invertible and ¢(a)~! = ¢(a™1).

Proof (Mark Lipson) (a) We have ¢(0) = ¢(0+0) = ¢(0) + ¢(0), so subtract-
ing ¢(0) from both sides gives ¢(0) =

(b) We have 0 = ¢(0) = ¢(a + (—a)) = ¢(a) + ¢(—a). By the definition of
additive inverse, this gives ¢(—a) = —¢(a).

(c) We have ¢(a—>b) = ¢(a+(—b)) = ¢(a) + ¢(—b) = ¢(a) — ¢(b) by the above
and the definition of subtraction.
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(d) Since a is invertible, we have 1 = ¢(1) = ¢(aa™!) = ¢(a)p(a™t) . Thus
¢(a) is invertible with inverse ¢(a)™! = ¢(a™1). O

Lemma 3.4. There is a unique homomorphism 7Z — R for any ring R.

Proof. We show uniqueness first. Let ¢ : Z — R be a homomorphism. Then
¢(1) = 1 by the third homomorphism condition. Let n € Z with n > 0. Then
n=1+4---+1 with n ones, so ¢p(n) = ¢(1+---+1) = ¢(1)+- -+ (1) = 14---+1,
so ¢(n) is determined uniquely. Furthermore, if n < 0, we have —n > 0
and ¢(n) = ¢(—(—n)) = —¢(—n) by the previous lemma, which is uniquely
determined as —n > 0. Finally, ¢(0) = 0 by the previous lemma, so ¢ is uniquely
determined.

For the existence of such a homomorphism, we see that the map defined in
this way (¢(0) =0, ¢(n) =1+ ---+ 1 for n > 0 and ¢(n) = —¢(—n) for n < 0)
is actually a homomorphism, for with some slightly tedious work, it is not hard
to show using standard properties of the integers that ¢(m +n) = ¢p(m) + ¢(n)

and ¢(mn) = ¢(m)é(n). O

Exercise 3.5. When does there exist a homomorphism from Z/(m) to Z/(n)?

Answer. If ¢ : Z/(m) — Z/(n) is a homomorphism, then ¢([1],,) = [1],, and
as [1]m + -+ + [1]m = [0]m, where we have summed m ones, we must have
O([1)m + -+ [1]m) = é([0]lm), or [1]n + -+ + [1], = [0],. For this, we require
n | m. And if this is the case, then there exists a unique homomorphism defined
in this way, which is again not hard to show, but a little tedius. O

Definition 3.6. Consider the unique homomorphism ¢ : Z — K where K is a
field. Either there is a unique smallest positive p > 0 with ¢(p) = 0 or no such p
exists. In the former case, we say that the field has characteristic p, otherwise
we say that the field has characteristic 0. The characteristic of K is denoted
by char K. We will show later that the characteristic must be zero or a prime;
see Proposition 3.31.

Exercise 3.7. What are the characteristics of the fields Q and Z/(p), where p is
a positive prime?

Answer. 0 and p respectively.

Lemma 3.8. If ¢ : Ry — R and ¢ : Ry — R3 are homomorphisms, then
¢ : Ry — Rj is also a homomorphism.
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Proof. Let a,b € R;. Then

Yo(a+b) = p(p(a+1b)) by definition of ¢
= ¢(P(a) + (b)) as ¢ is a homomorphism
= Y(¢(a)) + Y (o(D)) as v is a homomorphism
= ¢o(a) + 1o (b)
as we required. The proof that 1¢(ab) = ¥d(a)pp(b) is entirely similar. Finally,
Yo(1) = (1) = 1. Thus ¢ is a homomorphism. O

Definition 3.9. Let ¢ : Ry — R3 be a homomorphism. If ¢ is injective, then
it is called a monomorphism; if it is surjective, it is called an epimorphism,
and if it is bijective, it is called an isomorphism. Two rings R; and Ry are
said to be isomorphic, denoted by Ry = R, if there exists an isomorphism
d) : Rl — RQ.

If two rings are isomorphic, they are essentially the same, up to a possible
renaming of the elements.

Proposition 3.10. Isomorphism is an equivalence relation on any set of rings.

Proof. If R is aring, then the identity map idg : R — R is clearly an isomorphism,
so R is isomorphic to itself. Transitivity is also easy: if Ry = Ry and Ry & Rg,
then there exist isomorphisms ¢ : Ry — Ry and ¢ : Ro — R3. Then ¢¢ : Ry —
R3 is a homomorphism by the above lemma, it is injective as both ¢ and 1 are,
and is likewise surjective. Thus ¢ is an isomorphism.

Symmetry is a little more difficult to show. Let ¢ : Ry — Rs be an isomor-
phism. As ¢ is bijective, we can consider its inverse 1) = ¢~'. We certainly know
that 1) is bijective, but we must show that it is a homomorphism. Let a’, b’ € Rj.
As ¢ is surjective, we have @’ = ¢(a) and V' = ¢(b) for some a,b € Ry. Then
we have (a’ + ') = $(6(a) + 6(b)) = ¥(9(a + b)) = a+b = ¥(a') + ¥(b') as
required, using the facts that ¢ is a homomorphism and that ¢ is the identity
map. Similarly, we have ¥ (a't’) = ¥(a’)(V'), and ¥(1") = ¥(¢(1)) = 1, where
here we write 1’ for the multiplicative identity in Ry. Thus % is a homomorphism
and so also an isomorphism, and so isomorphism is a symmetric relation.

Thus isomorphism is an equivalence relation. O

There is a simple test to see whether a homomorphism is injective.

Proposition 3.11. Let ¢ : Ry — R be a homomorphism. Then ¢ is a
monomorphism if and only if ¢(a) = 0 implies a = 0.

Proof. If ¢ is a monomorphism, then ¢(a) = ¢(0) = 0 implies that a = 0.
Conversely, assume that ¢(a) = 0 implies a = 0. Then if ¢(b) = ¢(c), we have
o(b—c) = ¢(b) — ¢p(c) = 0, so that b — ¢ = 0 and hence b = ¢. Thus ¢ is a
monomorphism. O
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Lemma 3.12. Let ¢ : Ry — Rs and v : Ry — R3 be homomorphisms. If 1¢ is
a monomorphism, then ¢ is a monomorphism. If 1 ¢ is an epimorphism, then
v is an epimorphism. We cannot say anything about the other homomorphism
in either case.

Proof (Ilya Grigoriev) Assume ¢ to be injective and let xzg,z; € R; with
d(x0) = ¢(x1). Then pd(xg) = vp(x1). Hence xyp = 1 because ¢¢ is injective.
So we have proved that ¢ is a monomorphism.

Now assume ¢ is surjective and let z € R3. Then there is some x € Ry with
Yo(x) = z by surjectivity, so ¥(¢(z)) = z. Thus we have proved that ¢ is an
epimorphism.

We now give examples to show that ¢ is not necessarily injective if Yo is,
and ¢ is not necessarily surjective if 1@ is. The corresponding result for sets is
easier, as there is no extra structure to deal with, so we will do that first, and
then give an example with rings.

Consider the sets and maps {1} 2, {1,2} Y, {1}, where ¢(1) = 1 and
(1) = ¥(2) = 1. Then clearly ¢ is injective, yet ¢ is injective and 1) is not.
Also, 1¢ is surjective, yet v is surjective and ¢ is not.

The case with rings is essentially the same, but we have to be careful that
the maps are indeed homomorphisms. Here is an example which parallels

the above. Consider R % Rx R & R, where R is any non-zero ring and
R x R = {(z,y) : ®,y € R} is the direct product (or Cartesian product) of
two copies of R, with the ring operations defined componentwise (you should
check this is a ring!). The function ¢ is just the standard diagonal embedding
o(x) = (x,x), and 1 is projection onto the first component, so ¥((x,y)) = x.
It is clear, therefore, that ¥¢ : R — R is the identity map, and yet ¢ is not
surjective and 1 is not injective. O

Definition 3.13. Let ¢ : Ry — R be a homomorphism. Then the image of Ry,
¢(R1) = {¢(a) : a € R1}, is called the image of ¢ and is denoted by Im ¢.

Proposition 3.14. If ¢ : Ry — Ro is a homomorphism, then Im ¢ is a subring
of RQ.

Proof. We only need to check that 0,1 € Im ¢, that Im ¢ is closed under addition
and multiplication, and that Im ¢ has additive inverses. We have ¢(0) = 0 and
@(1) = 1, so that 0,1 € Im¢. Now let a’,b’" € Im ¢, and let a,b € Ry be such
that ¢(a) = a’ and ¢(b) = V'. For closure, we note that o’ + b = ¢(a) + ¢(b) =
¢(a+b) € Im ¢, and similarly o'’ = ¢(a)p(b) = ¢(ab) € Im ¢. Finally, we have
additive inverses in Im ¢, as —a’ = —¢(a) = ¢(—a) € Im ¢, so we are done. [

Definition 3.15. Let ¢ : Ry — R be a homomorphism. Then the inverse
image of 0, ¢~1(0) = {a € R; : ¢(a) = 0}, is called the kernel of ¢ and is
denoted by ker ¢.
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So we can restate Proposition 3.11 as: a homomorphism ¢ : Ry — Ry is
injective if and only if ker ¢ = 0.

Proposition 3.16. The kernel of a homomorphism is an ideal.

Proof (Taktin Oey) Let ¢ be the homomorphism. Using Lemma 1.24, we must
show that ker ¢ is non-empty, is closed under addition and satisfies the ideal
property. Firstly, ¢(0) = 0, so 0 € ker¢ and ker ¢ is non-empty. Now let
z,y € ker¢. Then ¢(x +y) = ¢(x) +d(y) = 04+0=0,s0 x +y € ker¢
and ker ¢ is closed under addition. Finally, if x € ker¢ and a € R, then
¢(ax) = ¢p(a)p(x) = 0, so ax € ker ¢ and the ideal condition is satisfied. O

Definition 3.17. A coset of an ideal I in a ring R is a set of the form
a+I={a+z:x€el}
where a € R.

Lemma 3.18. Let ¢ : Ry — Ry be a homomorphism. Ifb € ¢(R;), then ¢~ 1(b)
is a coset of ker ¢.

Proof. As b € ¢(R1), there is some ¢ € Ry with b = ¢(a). If ¢(a’) = b, then
¢(a'—a) = ¢(a’)—¢(a) =b—b=0,s0a’—a € ker ¢. Conversely, if a’' —a € ker ¢,
then ¢(a’ —a) =0, so ¢(a’) — p(a) = 0 and ¢(a’) = ¢(a) =b. Thus @’ —a € ker ¢
if and only if ¢(a’) =b. So ¢ (b)) ={a’ € Ry :d' —a € ker¢p} = a+kero, a
coset of ker ¢. O

Exercise 3.19. If x1, 29, ...,z € ker ¢, then (z1,22,...,2,) C ker ¢.

Proof. By Proposition 3.16 above, we know that ker ¢ is an ideal. The definition
of the ideal generated by a set (Definition 1.25) states that (z1,x2,...,%,) is

the smallest ideal containing the elements x1, =2, ..., T,. But we observe that
the ideal ker ¢ contains these elements, so we must have (z1, o, ...,z,) C ker ¢
as claimed. O

Lemma 3.20. Let I be an ideal of R. The relation on R defined by
a=b (mod I)ifand only if a —be I

is an equivalence relation. (This is called equivalence modulo I or equivalence
mod I.) The equivalence classes are precisely the cosets of I in R.

Proof. We must show first that this relation is indeed an equivalence relation. Let
a,b,c € R. We have a —a = 0 € I by the definition of an ideal (Definition 1.23),
so a = a (mod I) and the relation is reflexive. For symmetry, if a = b (mod I),
then a —b € I, s0 b—a = —(a—b) € I, again by the properties of an ideal,
so b =a (mod I). Finally, to show that the relation is transitive, assume that
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a=b (mod I) and b=c (mod I). Thena—b&€ Il and b—c e I. As I is closed
under addition, we have (a —b)+ (b—c¢)=a—c€ I, soa=c (mod I).
The equivalence class of a € R is given by

[a]={beR:a=b (modI)}
={beR:b=a (modI)}
={beR:b—acl}
=a+1,

which is a coset of I in R, as required. This also shows that a + I = [a] for any
a € R, so that every coset of I in R is an equivalence class. O

Exercise 3.21. Show that in Z, the relation a = b (mod (m)) is the same as the
traditional relation a = b (mod m).

Proof. We have a = b (mod (m)) if and only if a —b € (m). But by Lemma 1.26,
(m) = {rm :r € Z}, so ¢ € (m) if and only if ¢ = rm for some r € Z, that is
¢ € (m) if and only if m | ¢. Thus a = b (mod (m)) if and only if m | a — b,
which is the traditional definition of a = b (mod m). O

Definition 3.22. Let I be an ideal of R. Then the quotient of R by the relation
defined in Lemma 3.20 is denoted by R/I. (See Definition 2.51.) We define a
ring structure on R/I as follows. If a+ I,b+ I € R/I, then

(a+I)+(b+I)=(a+b)+1
(a+I)b+1)=ab+1

R/I is called the quotient ring of R by I, and read as ‘R mod I’.

Exercise 3.23. Show that the definition makes sense, that is, if different repre-
sentatives of the cosets a + I and b+ I are chosen, the sum and product are still
(a+b) + I and ab + I respectively. Show also that the ring axioms are satisfied
for R/I.

Answer. Let ' €a+Tand b €¢b+1,sothata’ +I=a+Tand ¥ +1=0b+1.
(It is easy to show that ' + 1 = a+ I if and only if a’ € a+ I, for the cosets of T
form a partition of R, so we can use the results of the previous chapter.) We
must show that (@’ +b') + I = (a+b) + I and that o't/ + I = ab+ I. We have
a =a+zand ¥ =b+y for some z,y € I. Thusa’ +b' = (a +b) + (z + y), so
a'+b € (a+b)+1I as z+y € I. Similarly, '’ = (a+z)(b+y) = ab+(ay+zb+zy),
and the parenthesised term is in I by the ideal property and the closure of I
under addition. Thus a'd’ € ab+ I. It follows that (o' + )+ 1 = (a+b)+ 1
and a’b’ + I = ab + I as required, so the operations are well-defined.

For the ring axioms, we only sketch the proof. For (A0), we have (a+1)+ (b+
I) = (a+b)+ I which is in R/I, so R/I is closed under addition. Multiplicative
closure, (MO0), follows similarly. Associativity and commutativity of addition
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and multiplication hold in R/I because they hold in R. For (A2), 0+ I is the
additive identity, as (a+I)+ (0+ 1) =(a+0)+ I = a + I, and likewise, 1 + I
is the multiplicative identity. Similarly, (—a) + I is the additive inverse of a + I.
The distributive law is also easy to verify. Thus R/I is a ring.

Exercise 3.24. Explain the notation for the integers modulo m which we have
been using, namely Z/(n).

Answer. By the answer to exercise 3.21 above, we see that the equivalence classes
of integers modulo m are the cosets of (m) in Z. The operations of addition and
multiplication modulo m are defined by the corresponding operations on coset
representatives, and so we are actually working in the ring Z/(m), the quotient
of Z by the ideal (m).

Proposition 3.25. If f : R — R’ is a homomorphism of rings and I' is an ideal
of R', then f~1(I') is an ideal of R. However, if I is an ideal of R then f(I) is
not necessarily an ideal of R’.

Proof. Let I = f~1(I'). We must show that I is an ideal of R. By Lemma 1.24,
we need only show that I is non-empty, closed under addition and satisfies the
ideal property. We have 0 € I’, and as f(0) =0, we have 0 € I. If x,y € I, then
flz+y)=flx)+ f(y) €' as f(z),fly) €', sox +y € I. Finally, ifa € R
and x € I, then f(azx) = f(a)f(x) € I as f(z) € I' and I’ satisfies the ideal
property. Thus ax € I and I is an ideal as required.

For the converse, consider the example f : Z — Q. The ideal (1) in Z maps
under f to the image of Z in Q. But this is not an ideal in the field Q, as it does
not satisfy the ideal property; for example, % € Qand 1€ Z, but % 1le¢z. O

Definition 3.26. Let I be an ideal of R. The homomorphism ¢; : R — R/I
defined by ¢;(a) = a+ I is called the canonical homomorphism.

Exercise 3.27. What is the kernel of this homomorphism?

Answer. The kernel is I, for if a € I, then ¢;(a) = a+ 1 = I, and if ¢;(a) =
a+ I =1, then we must have a € I.

Theorem 3.28 (First Isomorphism Theorem). Let ¢ : R — R’ be a
homomorphism of rings with kernel I = ker¢. Then ¢ : R/I — ¢(R) defined
by ¢(a+1I) = ¢(a) is an isomorphism. Thus ¢ = ¢¢;, so that ¢ factors through
the canonical homomorphism.

An alternative way of writing this isomorphism is R/ ker ¢ = ITm ¢.
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Proof (Michael Kolodrubetz) We must first show that ¢ is a well-defined map.
Assume a + I = b+ I; we need to show that ¢(a) = ¢(b). Now if a+ I =b+1,
thena=a+0€b+1,s0a=>b+x for some z € I. Then ¢(a) = ¢p(b+z) =
() + ¢(z) = ¢(b) as ¢(x) = 0. Thus ¢ is well-defined.

Next, we show that ¢ is, indeed, a homomorphism, which we do by showing
that the three defining conditions are satisfied. Firstly, let a,b € R. Then

dla+1)+d(b+1) = ¢p(a)+¢(b) = p(a+b) = ¢((a+b)+1) = ¢((a+ 1)+ (b+1))

as required. Similarly, we have ¢(a+1)p(b+1) = ¢(a)p(b) = ¢p(ab) = ¢p(ab+1) =
é((a+I)(b+1)), and so the second condition is satisfied. Finally, noting that
1+ I is the unity element of R/I, we have ¢(1 +I) = ¢(1) = 1 as required.

Now we show that ¢ is a bijection. First we prove that ¢ is injective. To do
this, we use Proposition 3.11 and show that if ¢(a+ 1) =0, then a +1 =0+ I.
But if ¢(a + I) = ¢(a) = 0, then a € ker¢p = I, so a+ 1 = 0+ I. Thus ¢ is
injective.

To prove surjectivity, we must show that for any element b € ¢(R), there
exists an element of R/I that will be mapped to it by ¢. But b = ¢(a) for some
a € R by the definition of ¢(R). Then ¢(a+ 1) = b as required, so ¢ is surjective.

Thus ¢ : R/I — ¢(R) is an isomorphism, and we are done. O

An alternative way of doing the above can be achieved by noting that there are
actually two things to be proven, firstly that the map is a well-defined bijection
and secondly that it is a homomorphism. If we split them, we discover that
the first part is actually a purely set-theoretic result, as follows. If f: X — Y
is a map of sets, we consider the equivalence relation defined by x1 ~ xo if
f(z1) = f(x2). Then we can show that the map f : X/~ — f(X) defined by
f(z) = f(x) is a well-defined bijection, where Z is the equivalence class of z.
If we now return to a homomorphism of rings, we have ¢ : R — R’, and the
equivalence classes under the relation just described are precisely the cosets
a+ I where I = ker ¢, and hence we will have shown that ¢ : R/I — ¢(R) is a
bijection. This argument will also work when considering the First Isomorphism
Theorem for groups, modules and other more exotic examples.

Exercise 3.29. Show that k[z,y]/(y) = k[z], where k is a field.

Answer. The most enlightening proof uses the First Isomorphism Theorem,
although it can be proven directly. Consider the evaluation map ¢g : k[z, y] —
k[x] given by mapping f(z,y) € k[z,y] to f(x,0) € k[x], that is, we ‘set y to be 0.
It is not hard to check that ¢¢ is a homomorphism (all such evaluation maps are).
The image of ¢q is clearly the whole of k[z], as any polynomial in k[z] can be
thought of as a polynomial in k[z, y]. The kernel of ¢q is the set of polynomials in
E[x,y] which map to 0 when y is set to zero. Thinking of k[z, y] as k[z][y], we can
write a polynomial f(z,y) as f(z,y) = fo(z) + fi(@)y + fa(z)y? + - + ful2)y",
we have f(z,0) = fo(z), so f(x,0) = 0 if and only if fo(z) = 0. Thus ker ¢
is the set of all polynomials of the form fi(z)y + fa(x)y? + -+ + fu(z)y" =
(fi(z) + fa(x)y + -+ + fu(z)y™ 1)y. But this is just the ideal (y). So the First
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Isomorphism Theorem gives k[z, y]/ ker ¢g = Tm ¢, that is k[z,y]/(y) = k[z] as
required.

Exercise 3.30. Describe the ring R[z]/(z% + 1).

Answer. Note first that 22 +1 is irreducible in R[z]. We claim that R[z]/(2?+1)
is the field obtained by adjoining a root of 22 + 1 to R. Of course, the roots
of 22 + 1 are 4, so we should get a field isomorphic to R[i] = C. Again, the
simplest way to show this is to use the First Isomorphism Theorem. Consider
the evaluation map homomorphism ¢ : R[z] — C defined by ¢(f) = f(i). It is
surjective as a + bi is the image of a + bx for any a,b € R. The kernel of the map
is all polynomials satisfying f(i) = 0. Certainly 22 + 1 € ker ¢), as i2 +1 = 0, so
(22 4+ 1) C ker ¢. Assume that there is some other polynomial f € ker ¢ which is
not in (2 + 1). Then by subtracting an appropriate multiple of 2 + 1 from f,
we will get a polynomial of degree either 1 or 0 in ker ¢. But ai + b # 0 if a # 0,
and certainly b # 0 maps to a non-zero element of C. So this is impossible, and
ker ¢ = (22 + 1). Thus by the First Isomorphism Theorem, R[z]/(2? + 1) = C.

Proposition 3.31. Let K be a field. Then char K = 0 or char K is a prime.

Proof. Consider the unique homomorphism ¢ : Z — K of Definition 3.6. Then
by the First Isomorphism Theorem, Im ¢ = Z/ ker ¢. Now the ideals of Z are
0 and (n) for some n > 0, by the result of Exercise 1.28. If ker ¢ = 0, then
¢(m) # 0 for all m > 0, so char K = 0. Otherwise, if ker ¢ = (n), then ¢(m) =0
for m = kn, k € Z, so char K = n. Note that ¢(1) =1 # 0, so n > 1. From the
above, we see that Im ¢ 2 Z/(n). But Im ¢ is a subring of K by Proposition 3.14,
so it must be an integral domain as K is an integral domain (Lemma 1.19). Now
we know from Corollary 1.37 that for n > 1, the ring Z/(n) is an integral domain
precisely when n is prime, so we must have n prime in our case, and char K is
prime. O

We can observe more from this proof. In the case that char K = p is prime,
the image of the homomorphism, Im ¢ = Z/(p), is actually a field by the same
corollary, and is called the prime subfield of K. In the case of a field of
characteristic 0, Im ¢ = Z, and this is called the prime subring of K. In this
case, we can extend the mapping ¢ : Z — K to a mapping ¢ : Q — K by
defining ¢(m/n) = ¢(m)/¢(n). (Check that this is well-defined!) Then Im ¢ is
called the prime subfield of K. Thus in either case, the prime subfield is the
smallest subfield of K.

Proposition 3.32. Let I, J be ideals of R with I C J. Let J/I be the quotient
of J by the relation defined in Lemma 3.20. Then J/I is an ideal of R/I.
Conversely, if J' is any ideal of R/I, then J' = J/I for some ideal J C R
containing I. Thus there is a one-to-one correspondence between ideals of R/
and ideals of R containing I.
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Proof. We first show that J/I is an ideal of R/I. Before we do this, we note
that if @ € J, then a + I C J. (This is because I C J, and so a + x € J for every
x € I as J is an ideal.) Similarly, if a + I € J/I, then clearly a € J. Next, as
IC J, wesee that I € J/I, so J/I is non-empty. Now, if a + I and b+ I both
lie in J/I, then as a,b € J, we have a+b € J, and so (a+b) + I € J/I, showing
that J/I is closed under addition. Finally, for the ideal property, if a + I € J/I
and r+ I € R/I, then a € J and so ra € J by the ideal property for J. Thus
(r+I(a+1I)=ra+1¢€ J/I and J/I satisfies the ideal property. Hence J/I is
an ideal of R/I.

For the converse, let J’ be an ideal of R/I. Then J’ is a set of cosets of T
in R; let J be the union of these cosets. Clearly J' = J/I; we need only show
that J is an ideal of R. As I € J’, we have I C J, so J is non-empty. Also, J is
closed under addition: if a,b € J, then a+I,b+1 € J',;so (a+b)+1 € J and
thus a + b € J. Finally, J satisfies the ideal property, for if « € J and r € R,
thena+1T € J so(r+I)(a+1I)=ra+1¢€J asJ isan ideal, sora € J.
Thus J is an ideal as required.

Finally, it is clear that given an ideal J O I of R, the ideal we constructed in
the second part from the ideal J/I of R/I is precisely J, and similarly the other
way around, so that we do indeed have a bijective correspondence between the
ideals of R containing I and the ideals of R/I. O

Definition 3.33. Anideal I C R is called prime if I # (1) and for any a,b € R,
ab € I implies that either a € T or b € I.

The two uses of the term ‘prime’ which we have seen are closely related as
the following proposition shows.

Proposition 3.34. Let R be an integral domain and let p be a non-zero element
of R. Then p is a prime element of R if and only if (p) is a prime ideal of R.

Proof. Recall that a € (p) if and only if p | a. Let a,b € R. Then if p is prime,
we see that ab € (p) implies p | ab, so either p | a or p | b, that is, either a € (p)
or b € (p), so (p) is a prime ideal of R. Conversely, if (p) is a prime ideal of R,
then if p | ab, we have ab € (p), so either a € (p) or b € (p), and therefore either
plaorplb. O

Corollary 3.35. In a PID, any non-zero prime ideal is generated by a prime
element.

Proof. As every non-zero ideal is principal, let this prime ideal be (a). But (a) is
prime if and only if a is prime by the previous result, so @ must be prime. [

Here is a direct proof of the same result.

Proof (Christopher Lee) Let I be a non-zero prime ideal in the PID R, so
I = (p) for some element p € R.
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Assume that p is not prime. Then by the definition of a prime element
(Definition 2.16), we know that there are a,b € R with p | ab but p{a and p1{b.
Because p | ab, we have ab = pc for some ¢ € R, so ab € (p) = I. Similarly,
we can deduce from p { a and p b that a,b ¢ (p) = I. But by the definition
of a prime ideal, as ab € I, we must have a € I or b € I. We have arrived at
a contradiction, so our original assumption was incorrect, and the generating
element p must be prime. O

Proposition 3.36. Let f : R — R’ be a homomorphism of rings, and let I be
a prime ideal of R’ If I is prime, then so is f~1(I).

Proof. Write J = f~1(I) and let a,b € R. We must show that ab € .J implies
that either a € J or b € J. Now ab € J implies that f(ab) = f(a)f(b) € I, so
either f(a) € I or f(b) € I by primality of I. It follows that either a € J or
b € J respectively, so J is prime. O

Exercise 3.37. Is the converse of the last proposition true?

Answer. No. For example, consider the homomorphism § : Z — Z x Z, where
the latter ring is the set of all ordered pairs of integers, with addition and
multiplication defined componentwise, and §(n) = (n,n). Now consider the ideal
I =0inZ x Z. This is not prime, as (1,0)(0,1) = (0,0) € I, but 6 *(I) =0 is
a prime ideal in Z, as Z is an integral domain.

Proposition 3.38. If P is an ideal of a ring R, then P is prime if and only if
R/P is an integral domain.

Proof. Assume P is prime and that a+ P,b+ P € R/P with (a+ P)(b+ P) = P.
(Recall that P is the zero element of R/P.) Then ab+ P = P, so ab € P. As
P is prime, it follows that a € Por b€ P,soa+ P = P or b+ P = P, that is
R/P is an integral domain.

Conversely, assume that R/P is an integral domain. Let a,b € R and assume
that ab € P. Then ab+ P = (a + P)(b+ P) = P, so either a+ P = P or
b+ P = P, that is, either a € P or b € P. Thus P is a prime ideal. O

Definition 3.39. An ideal I C R is called maximal if T # (1) and there is no
ideal J C R such that I C J C (1) (strict inclusions). In other words, the only
ideal ‘bigger’ than I is (1).

Exercise 3.40. Can a ring have more than one maximal ideal?

Answer. Yes, for example, every non-zero prime ideal in Z is maximal.

Here is a useful result which will help us to identify maximal ideals.

Proposition 3.41. (Pradeep Mouli) A ring R is a field if and only if the only
ideals of R are 0 and (1).
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Proof. Let k be a field and let I be an ideal of k. If I = 0, we are done, otherwise
there is some non-zero x € I. Since every non-zero element of a field is a unit, it
follows from Lemma 1.35 that I = (1).

Conversely, let R be a ring whose only ideals are 0 and (1). Then for any
non-zero x € R, we have (z) = (1), so there exists y € R with xy = 1. Thus
every non-zero element is invertible, so R is a field. O

Proposition 3.42. If M is an ideal of a ring R, then M is maximal if and only
if R/M is a field.

Proof. Assume M is maximal. The ideals of R/M are in one-to-one correspon-
dence with the ideals of R containing M by Proposition 3.32 above. But the
only ideals containing M are M and (1), so the only ideals of R/M are {M}
(which is the zero ideal) and the image of (1), which is R/M, so that R/M is a
field.

Conversely, if R/M is a field, then the only ideals of R/M are the zero
ideal {M} and R/M, so the only ideals of R containing M are M and R, so
M is maximal. O

Proposition 3.43. A maximal ideal is prime.

Proof. This follows from the previous proposition and Proposition 3.38, for if
M is a maximal ideal in R, then R/M is a field, and hence is an integral domain,
so M is prime. O

Here is one very nice application of prime ideals. This is not quite the most
general form, but it is very powerful nonetheless.

Proposition 3.44 (Eisenstein’s criterion). Let R be an integral domain and
let K be its field of fractions. Let f = apa™ + -+ + ap € R[x] and let M be a
maximal ideal of R. If a,, ¢ M, a; € M for 0 < i < n and a9 ¢ M? then f is
irreducible in K|[x].

Here M? = MM is the ideal generated by all products xy where x,y € M.
Also, in the case R = Z, where every non-zero prime ideal is maximal, this
proposition becomes: if p is prime with p{ a,, p | a; for 0 < i < n and p? { ao,
then f is irreducible in Q[x]. So, for example, we see that 2™ +5x+5 is irreducible
for all n > 2. In the case R = Z, this can be proved directly without recourse to
prime ideals and the machinery we have been building up, but this approach is
potentially more enlightening.

Note that f may not be irreducible in R[z], for example, 2(z™ 4+ 5z + 5) is
reducible in Z[x] but irreducible in Q[z].

Proof. Assume that f = gh with g,h € K|z|, where g = b,,,2™ + --- 4+ bp and
h =cp_mz™ ™+---+cg. We may assume, using Corollary 2.64, that g, h € R|x].
Note that as a, = bycp—m, we have by, cpn_m ¢ M as M is prime. We reduce
the polynomial modulo M, that is, we take the image of the polynomials in
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(R/M)[x] under the reduction map R[z] — (R/M)[z] given by ra® — (r+ M)z°.
It is not hard to check that this map is a homomorphism. Writing a bar to
indicate the image under this map, we thus have f = gh. But f = a,z" as
a; € M for 0 < i < n. Furthermore, R/M is a field by Proposition 3.42, so
(R/M)[z] is a UFD (Corollary 2.31). As «z is irreducible in (R/M)[z] and a,, is
a unit, we have f = G,z - - -z as the unique factorisation of f into irreducibles.
Thus we must have g = bz™ and h = é,_pmz™ ™. Now if 0 < m < n, we must
have by € M and ¢y € M, so ag = bocy € M?, contrary to hypothesis. Thus
either m = 0 or m = n, so either g or h is a unit in K[z], proving that f is
irreducible in K|x]. O

Here is one nice application of this result.

Proposition 3.45. Let p € Z be a positive prime. Then ®,(z) = 2P~ +2P~2 +
<o+ x+1=(aP —1)/(x — 1) is irreducible in Z[z] and Q[z].

Proof. If this polynomial is irreducible in Q[z], then it is irreducible in Z[x] as
it has content 1, by Theorem 2.65. We would like to apply Eisenstein’s criterion,
but it is not immediately clear how to do so. There is a trick, however: consider
®,(x + 1). Clearly, this is irreducible if and only if ®,(z) is. But using the
binomial theorem, we have

by 2D
L@+ () e+ Qa1 - 1)

=2 (L) ()

This now satisfies Eisenstein’s criterion: the leading coeflicient is 1, every other
coefficient is a multiple of p (as when p is prime, p | (f) for 0 < r < p), and the
constant coefficient is (f) = p, which is not a multiple of p?. Thus ®,(z + 1) is

irreducible in Q[xz] as required. O

3.1 Orderings and Zorn’s Lemma

Definition 3.46. Recall the definitions of partially ordered sets (posets) and
totally ordered sets from the previous chapter (Definition 2.43). Let S be a poset,
and write a < b for the partial order on S. We now introduce some additional
terminology regarding ordered sets.

e A greatest element of a partially ordered set S is an element a such that
b<aforallbe S. Least elements are defined analogously.

e A maximal element of a partially ordered set S is an element a € S
such that whenever a < b with b € S, we have a = b. (Alternatively, a
maximal element is an element a € S for which there is no b € S with
a < b.) Minimal elements are defined analogously.
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e Let T be a subset of a partially ordered set S. An upper bound of T'
in S is an element b € S such that x <bforallx € T.

e A subset T C S is said to be a totally ordered subset, or a chain, if
every pair of elements of T are comparible in the partial order. (That is,
for every z,y € T, either x < y or y < z or both.)

e A poset S is inductively ordered if every non-empty totally ordered
subset of .S has an upper bound.

Proposition 3.47. Not every partially ordered set S has a maximal element,
and even if such an element exists, it is not necessarily unique. Not every
partially ordered set S has a greatest element, but if such an element exists, it
is unique, and is also the unique maximal element of S.

Proof. An example of a poset with no maximal element is given by N, although
this does have a minimal element. Z has neither. In a poset in which no two
distinct elements are comparable, every element is maximal, so maximal elements
are not necessarily unique.

Clearly a greatest element is maximal, so not every poset has a greatest
element. But assume that S has a greatest element z and a maximal element y,
then by definition, we have y < x as x is a greatest element, and we cannot have
y < x as y is maximal. So we must have = y. Thus z is the unique maximal
element, and as every greatest element is maximal, x is also the unique greatest
element. O

Exercise 3.48. Let R be a commutative ring and M a maximal ideal of R. What
partially ordered set is M a maximal element of?

Answer. The set of ideals of R excluding (1), ordered by inclusion.

Axiom 3.49 (Zorn’s Lemma). Let S be a non-empty inductively ordered set.
Then S has a maximal element.

(Some authors remove the requirement ‘non-empty’ from both the definition
of ‘inductively ordered’” and the statement of Zorn’s Lemma. The result is the
same, as then the empty set, which is totally ordered, must have an upper bound,
so S must be non-empty.)

Zorn’s Lemma is usually treated as an axiom of set theory. It is, in fact,
equivalent to the Axiom of Choice, which states that for any set S, there exists a
choice function, which is a mapping f : P(S)\ @ — S with f(X) € X for every
@ # X C S, where P(S) is the power set of S, which is the set of all subsets
of S. (Why is the word ‘choice’ used to describe this function?) Some people
quibble with this axiom, as it results in a number of apparent paradoxes, such
as the Banach-Tarski paradox. However, most working mathematicians do use
it, since it is crucial for some fundamental results, such as the following.
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Theorem 3.50. Every ideal of a ring R is contained in a maximal ideal.

Proof. Let I be an ideal of R, and consider the set S of ideals of R containing I,
ordered by inclusion and excluding (1). This is inductively ordered, for given
a non-empty totally ordered subset 7' C S, we claim that Jr = |J,;c,J is an
upper bound for T'. Firstly, it is clear that J C Jp for every J € T, and it also
follows that I C Jp as T is non-empty. So we need only show that it is an ideal.
The proof follows almost identically to that of Lemma 2.26. We have I C Jr,
so Jr is non-empty. If 2,y € Jr, then x € J and y € J' for some J,J € T.
But as T is totally ordered, either J C J’ or J' C J. Thus either z,y € J’ or
x,y € J. Either way, it follows that x +y € Jp. Finally, if a € R and = € Jp,
then z € J for some J € T, so ax € J as J is an ideal, hence azx € Jp. It follows
that Jr is an ideal containing I which is an upper bound for T. Thus every
non-empty totally ordered subset of S has an upper bound, so S is inductively
ordered. Then by Zorn’s Lemma, S has a maximal element, which is a maximal
ideal containing I. (Any greater ideal would also contain I, and hence either
be (1) or have to be in S, which is impossible.) O

Corollary 3.51. Every ring has a maximal ideal.

Proof. Apply the previous theorem to the ideal 0. O

Another example of where Zorn’s Lemma is used is in the proof that every
vector space has a basis: here one takes sets of independent vectors ordered by
inclusion; a maximal independent set is a basis.

We end on a lighter note . ...

Bad Joke 3.52. What is yellow and equivalent to the axiom of choice? Zorn’s
Lemon.

7
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In this index, pages where the terms are defined are indicated in bold face.

addition, 3

adjoining elements, 28
almost all ..., 33
anti-symmetric, 14
ascending chain condition, 11
associated, 9

associates, 9

associative law, 3

Axiom of Choice, 24

binary operation, 3
binary relation, 13
Boolean ring, 28

C, 71
cancellation law
addition, 4
multiplication, 32
canonical homomorphism, 21
Cartesian product, 13, 66
chain, see totally ordered subset
characteristic 0, 19, 22
characteristic p, 19, 22
closure law, 3
commutative law, 3, 5
commutative ring, 5
content, 17
coset, 20

direct product, 66

distributive law, 3
subtraction, 4

divides, 9

division algorithm, 9

division ring, 4

divisor, 9

ED, see Euclidean domain
Eisenstein’s criterion, 23
epimorphism, 20
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equivalence class, 15
equivalence modulo 7, 21
equivalence relation, 10, 14
and partitions, 15
Euclidean algorithm, 12
Euclidean domain, 11
is a PID, 11
Euclidean function, 11
evaluation map, 70

factor, 9
factor groups, 16
factorisation
unique, 9
field, 5, 10
characteristic, 19, 22
ideals, 73
is a Euclidean domain, 11
field of fractions, 16
First Isomorphism Theorem, 21
fraction
lowest terms, 16

Gauss’ Lemma, 17
Gaussian integers, 28
norm, 11
units of, 39
ged, see greatest common divisor
generated ideal, 6
generating set, 6
greatest common divisor, 12, 13, 50
greatest element, 23
group of units, 7
examples, 39

homomorphism, 19
image, see image

kernel, see kernel

ideal, 6
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ideal (1), 37
ideal property, 6
ideal test, 6
identity element
uniqueness, 31
image, 20, 66
inductively ordered, 24
integers modulo n, see Z/(n)
integral domain, 5, 9
inverse
uniqueness
additive, 4
multiplicative, 31
inverse law, 3, 4
invertible, 7
irreducible, 10
and prime elements, 11
Eisenstein’s criterion, 23
isomorphic, 20
isomorphism, 20

kernel, 20

least element, 23
lowest terms, see fraction

maximal, 22
maximal element, 23
maximal ideal, 24
minimal element, 23
modular arithmetic, 16
modulo I, see equivalence modulo 1
mod I, see equivalence modulo
monoid, 32
free, 33
monoid ring, 33
monomorphism, 20
multiplication, 3

norm, 43

order, see total order
order at a prime, 17
ordered set, see totally ordered set

p-content, 17
partial order, 14

partially ordered set, see poset
partition, 14

and equivalence relations, 15
PID, see principal ideal domain
polynomial, 34

degree, 37, 46

primitive, 17
polynomial ring, 5, 34

and unique factorisation, 18

primes, 18

units, 18
poset, 14, 23
prime

element, 10

and irreducibles, 11

ideal, 22
prime subfield, 71
prime subring, 71
primitive polynomial, 17
principal ideal, 6
Principal ideal domain

is a UFD, 11-12
principal ideal domain, 6, 22

quotient

by a relation, 15
quotient ring, 21
quotient rings, 16

R[z]

is a Euclidean domain, 11
rationals, 15
reflexive, 14
relation, see binary relation
ring

axioms, 3

definition, 3

examples, 27

subring, 4, 28
subtraction, 4
symmetric, 14

topology, 16
total order, 14
totally ordered set, 14
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totally ordered subset, 24
transitive, 14

UFD, see unique factorisation do-
main
unique factorisation
failure, 10
unique factorisation domain, 10
unit, 7, 9
unity, 3
unity /identity law, 3
upper bound, 24

vector space, 24, 77

Z

is a Euclidean domain, 11
Z/(n), 4

elements, 19

notation, 69

structure, 7
when a field, 7

Zla], 28
Z][i], see Gaussian integers
Z[x], 28

zero divisor, 5

zero element
uniqueness, 4

zero law, 3

zero ring, 28

Zorn’s Lemma, 24






