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TO VASANTI



F~

The aim of this monograph is to present a self-contained account

of the structure theory and the ideal theory of principal left ideal

rings with unity (pli-rings, for short). It is not an account of all

aspects of pli-rings. Indeed, it contains nothing at all concerning

modules over pIi-rings and very little concerning factorization of

elements.

A glance at the table of contents will reveal a little of what the

monograph contains. Moreover, each chapter has a separate introduction

In each section, the main results are stated as soon as enough defini­

tions are given to make the statements meaningful. This arrangement

may help to get a detailed idea of the contents unhampered by proofs.

A first year graduate course in algebra covering Artinian rings

and an acquaintance with ordinals would be enough to read most of the

monograph.

Some parts of this monograph are taken from my thesis written

under the supervision of Professor Newcomb Greenleaf. I wish to thank

him for the encouragement and advice I received from him. Thanks are

due to-Professor R. E. Johnson who read the first draft of this mono­

graph and made a number of useful suggestions. In particular, in §6

of Chapter II, I have followed the simple and elegant method suggested

by him. I wish to thank Professor Alex Rosenberg and Professor P. J.

Hilton for their interest in this monograph. I wish to thank Mrs.

ManJu Bewtra for pointing out some inaccuracies in the first draft.
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LEFT GOLDIE RINGS.

INTRODUCTION.

The aim of this chapter is to lay down a foundation for the study

of principal left ideals rings, which will be taken up from the second

chapter. The main results of this chapter are Goldie's (first and)

second theorem and Small's theorem. If the reader is familiar with

these theorems, he should pass over this chapter.

We have proved the main results of" this section in their full

generality although we need only special cases of these later on.

However, we have not included many interesting results concerning left

Goldie rings on the (shaky) ground that we do not need them. In other

words, there is a lot more to left Goldie rings than is included in

here; A few references to the literature are given in the notes at the

end of §§2 and 4.



§O. TERMINOLOGY AND NOTATION.

In this section, we state some basic definitions, explain some

notational conventions and recall some well-known results.

All rings are assumed to be associative. As usual, unity of a

ring (if it has one) is assumed to be non-zero. Except for chapter 1,

we shall deal with unitary rings and unitary modules onl,y. Ideal

shall mean a two-sided ideal. All one-sided definitions and results

are stated from the left; the right analogues are used without any

further mention.

If A is a non-empty subset of a ring R, the left annihilator

of A in R is defined to be the set

{r€Rlra = 0 for every a€A) .

We shall use -t (A) instead of -t R(A) if there is no confusion; if

A = {a) , we shall use -t(a) instead of -t({a}). The right annihil­

ator of A in R is denoted by ~(A) or -\,(A). It is clear that

-tR(A) is a left ideal of R; if A is a left ideal of R then

-tR(A) is an ideal of R A left ideal -t of R is called an anni-

hilator left ideal of R if -t = -t R( A) for some non-empty subset A

of R. An annihilator ideal of R is an ideal of R which is also

an annihilator left ideal of R

An element c€R is called a left regular element in R if

-t R( c) ( 0) ; c is right regular if ~R(c) = (0) ; c is regular if

-tR(c) =-t.R(c) ( 0)

A left ideal -t is nilpotent if -tn=(O) for some n€c;+ the

least such n is .called the index of nilpotency of -t

An ideal P of a ring R is called a prime ideal if, for a,

b€R, aRb c P implies either a€P or b€P; equivalently, P is a

prime ideal of R if, for two-sided ideals A, B of R, AB ~ P im­

plies either A c P or B c P. A ring R is called a prime ring if
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{oj is a prime ideal of R. It is clear that R is a prime ring if

and only if ~(A) = (OJ for every non-zero left ideal A of R. A

domain is a non-zero ring without non-zero zero-divisors. A domain is

evidently a prime ring.

For an arbitrary ring R, the intersection of all prime ideals

of R is called the prime radical of R and is denoted by peR) .

It is well-known that peR) is a nil ideal, every nilpotent one-sided

ideal of R is contained in peR) and peR/peR)) = (0) . A ring R

is called a semi-prime ring if peR) = (O). It is well-known that a

ring R is semi-prime if and only if R has no non-zero nilpotent

ideals. McCoy ( 1 ) contains a very readable account of prime radical

and related things.

A ring R is called a semi-pli-ring Crespo ipli-ring) if R has

unity and if every finitely generated left ideal Crespo every two­

sided ideal) of R can be expressed in the form Ra for some aeR

A ring R is called a pli-ring (short for principal left ideal ring)

if R has unity and every left ideal of R can be expressed as Ra

for some aeR A ring R is called a left Noetherian ring if R

satisfies the ascending chain condition on left ideals. It is well­

known that ·R is left Noethe,ian if and only if R satisfies the max­

imum condition on left ideals if and only if every left ideal of R

is finitely generated. A ring R is called a left Artinian ring if

R nas unity and satisfies the descending chain condition (or equi­

valently, the minimum condition) on left ideals. It is well-known

that a left Artinian ring is a left Noetherian ring. cf. Lambek [ 1 ),

page 69. A semi-prime (resp. prime) left Artinian ring is called a

semi-simple (resp. simple) Artinian ring. The well-known Wedderburn­

Artin theorem shows that a semi-simple Artinian ring is isomorphic

with a direct sum of a finite number of full matrix rings over skew

fields and that everything involved is essentially unique.

A ring R is called a left Goldie ring if R satisfies the



ascending chain condition annihilator left ideals and has no infinite

direct sums of non-zero left ideals. Commutative integral domains and

left Noetherian rings are important examples of left Goldie rings. Ob­

serve that the classes of semi-pli-rings, ipli-rings, pli-ring, left

Noetherian rings· and left Artinian rings are all closed under formation

of finite direct sums and homomorphic images. Although a finite direct

sum of left Golqie rings with unity is again left Goldie, a homomorphic

image of left Goldie ring need not be a left Goldie ring. This prompts

us to make the following definition: If every homomorphic image of a

ring R is a left Goldie ring then R is called a fully left Goldie

ring.

Let A, B be sets. A\B denotes the set of all those elements

of A which are not in B. A c B means A is a (possibly improper)

subset of B, whereas A c B means A c B and A +B ; sometimes,

for the sake of emphasis, we write A c B instead of A c B. Z
+.(resp. Z+ denotes the set of all (resp. all strictly positive)

integers. w is the first infinite ordinal number.



§1. LEFT QUOTmNT RINGS.

The first attempt to define rings of quotients of .non-commutative

rings was made by Ore [ 1]. The definition given below is essentiall

due to him.

A subset 8 of a ring R is called a semi-group of regular ele­

~ents in R if 8 is a non-empty multiplicatively closed subset of

R and every element of 8 is regular in R A left divisor set in

R is a semi-group of regular elements in R such that, for every

(s,r)€8xR, there exists (sl,rl)€SxR with

If a ring R has at least one regular element and if the semi-group

of all regular elements of R is a left divisor set in R then R

is said to have the left common multiple property. Observe that every

commutative ring containing at least one regular element has the left

common multiple property whereas a'free algebra on more than one let-

ters over a field has neither the left nor the right common mUltiple

property.

Let 8 be a semi-group of regular elements in a ring R. A

ring Q is called a classical left quotient ring of R w.r.t. 8

(abbreviated as Il.g. ring of R w.r.t. 81) if Q has unity, R is

a subring, of Q, every element of 8 is a unit in Q and every

q€Q can be expressed in at least one way as q = s-lr , (s,r)€8xR

If R has at least one regular element and if 8 is the semi-group

of all regular elements of R then a l.q. ri~ of R w.r.t. 8 (if such

a thing exists) is called a total l.q. ring of R If Q is a tqtal

l.q. ring of R then R is called a left order in Q.

Observe that if 8 is a semi-group of regular elements in a ring

R . and if R has a l.q. ring w.r.t. 8 then 8 is necessarily a left
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divisor set in R. It follows that a fre~ algebra on more than one

letters over a field cannot have a total l.q. ring.

The main result of this section shows that a ring R has a l.q.

ring w.r.t. a semi-group S of regular elements in R if and only if

S is a left divisor set in R.

We firstly prove the following rather technical result; we shall

need it frequently'later on so we give it a name.

1·1. COMMON DENOMINATOR THEOREM. Let S be a semi-group of reg-

ular elements in a ring R and let Q be a l.q. ring of R w.r.t.S.

Let sl" ••• , sn€S

that

Then there exist r l , •.. , rn€R and S€S such

for 1 ~ i ~ n •

2Proof. For n = 1 , take s = sl and r l = sl

rt , ... , rA_l€R and s*€S are obtained such that

Suppose

for 1 ~ i ~ n - 1. It is easily seen that S is a left divisor set

in R; so, there exists (rn,r)€SxR such that

?learly, S€S and r is a unit in Q Also,

r i = rrt for 1 ~ i ~ n - 1 so that

s , say.

Set

, -1
s* rt

1.

for 1 ~ i ~ n - 1. This completes the induction and concludes the

proof.

Notice the following use of the theorem. If Ql and ~ are
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l.q. rings of, R w.r.t. S then there exists an i~omorphism

0: Ql ~ ~ such that 0 IR = id' R ; the 'map 0 is the obvious, one and

is unique; the common denominator theorem is required to show that 0

is a homomorphism of additive groups of Ql and ~.

It is convenient to prove the following technicality at this point.

1· 2. LEMMA.

pose (c,x),(d,y)

Let S be a left divisor set in a ring R. Sup­

and (s,r) are elements of S x R such that

rc sd and rx = sy .

Then ac = bd implies ax = by for all a,b€R .

Proof. Since S is a left divisor set in R, there exists

(sl,rl)€SXR such that

,Since c is regular in

= r l sy = slby. Since

completes the proof.

sIb = rls. Thus,

R , we have sla

sl is regular in

slac slbd = rlsd = rlrc

rlr ; so, slax = rlrx

R , we get ax ='by. This

We are now in a position to prove the main result of this section.

1'3. ORE'S THEOREM. Let S be a semi-group of regular elements

in a ring R. A l.q. ring of R w.r.t. S exists if and only if S

is a left divisor set in R

then it is essentially unique.

If a l.q. ring of R w.r.t. Sexists

Proof. We have already seen that if a l.q. ring Q of R w.r.t.

S exists then it is essentially unique and that S is a left divisor

set in R

Suppose S is a left divisor set in R. We shall construct a

l.q. ring Q of R w.r.t. S. The construction we give is a modi­

fication of the well-known construction of the field of quotients of a

commutative integral domain.

Firstl we define an e uivalence relation on the set S x R .
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Let (c,x) and (d,y) be elements of S x R. Then (c,x) _ (d,y)

if and o~ly if, for every (s,r)€SxR with rc = sd , we have rx = sy.

Thus, by lemma 1,2, (c,x) - (d,y) if and only if there exists

(s',r')€SxR such that r'c = s'd and r'x = s'y Also observe that

·since'S is a left divisor set in R, we can always find (s',r')€SxR

with r'c = s'd for any c,d€S In the following construction, these

observations will be used without explicit mention.

We now show that - is an equivalence relation on S x R is

clearly reflexive. Suppose (c,x) - (d,y). Let (sl,rl)€SxR with

rId = sIc. Then, by lemma 1'2, we have rly = sIx; so, (d,y)-(c,x)
i

Suppose (c,x) _ (d,y) and (d,y) - (e,z) Pick (s,r)€SxR with

rc = se There exists (s2,r2 )€SxR such that r 2d = s2se = s2rc .

By 1'2, this implies r 2y 7 s2rx. Similarly, from (d,y) - (e,z)

and r 2d = s2se , we obtain r 2y = s2sZ Thus, s2rx = s2sz. Since

s2 is regular in R, we have rx = sz Hence, (c,x) - (e,z)

Denote the equivalence class of (c,x) under by x/c. Let

Q = (x/c I (c,x) €SxR) .

We shall define operations in Q so as to make it a 1. q. ring of R

w.r.t. S

Given x/c and y/d in Q, we define

(x/c) + (y/d) (rx + sy)/sd ,

where (s,r)€SxR with rc = sd. We have to show that + is well­

defined. Let (sl,rl)€SxR with rIc = sId. Then

regularity of d gives
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_ r 2s = s2s1 ; since rc = sd and rlc

so, r 2r = s2rl. Now,

sld., we have r 2rc

This shows that (x/c) + (y/d) is independent of the choice of (s,r).

Now, let (c,x)

such that r'c'

(c',x') and (d,y) _ (d',y'). Pick (s',r')€SxR

s'd' . We then have

For, choose

r 3s y = S3S'y'

r 3rx = s3r 'x'

(sd,rx + sy) - (s'd',r'x' + s'y') .

(s3,r3)€SXR with r
3

sd = s3s'd' ; then, by the lemma

but, r 3sd = s3s'd' gives r
3
rc = s3r'c' ; so,

It follows that

We have thus shown that + is well-defined in Q. It is now straight­

forward to check that (Q,+) is an abelian group.

Given x/c and y/d in Q, we define

(x/c) • (y/d)

where (dl,xl)€SXR with dlx = xld. To see that the mUltiplication

is independent of the choice of (dl,xl ) , let (d2,x2)€SXR with

d2x = x2d. Pick (s,r)€SXR with rdlc sd2c; then .~1=sd2; so,

rdlx = sd2x which gives rxl d = sx2d; so, rxl = sx2 and rxly = s~y .

Thus, (dlc,Xly)_(d2c,X2Y) . To see that the mUltiplication is inde­

pendent of the representatives of x/c and y/d , let (c,x)-(c',x') and

(d,x)-(d',x'). Choose (di,xi)€8xR with dix'=xid'. We have to show that



Pick (sl,rl)€SxR with rldlc = sldic'. By 1·2, rldlx = sldix' .

So, rlxld = slxid' Using 1·2 again, we have rlxy = slxiy ' We

have thus shown that the mUltiplication is well-defined in Q It is

now straightforward to check that Q is a ring with unity 1 = c/c,

C€S

that

Since (cx)/c (dx)/d for every x€R and c,d€S, it follows

r ~ (cr)/c C€S

is a w~ll-defined map. from R into Q. This map is easily seen to be

a monomorphism. It is now easy to complete the proof.

We note a corollary of some interest. A definition first. A

domain D is called a left Ore domain if D has the left common mul-

tiple property. Clearly, a domain D is left Ore if and only if

Da n Db +(0) for all non-zero a,b€D

1·4. COROLLARY. A ring R is a left Ore domain if and only if

it is a left order in a skew field.

Since skew fields are well-behaved among non-commutative rings,

the interest in left Ore domains is manifest. Which familiar domains

are left Ore? Evidently, every commutative domain is left Ore. To

single out another familiar class of left Ore domains, we need the fol

lowing characterization.

1·5. PROPOSITION. A ring R is a left Ore domain if and only

if R is a left Goldie domain.

Proof. Let R be a domain which is not left Ore. Then there

exist non-zero elements a,b in R such that Ra n Rb = (0)

easily seen that E Rabn is a direct sum of non-zero left ideals of
00

R. Thus a left Goldie domain is left Ore. A left Ore domain is triv
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ially left Goldie. This completes the proof.

1·6. COROLLARY. Every left Noetherian domain (in particular,

every pli-domain) is left Ore.

References.

Ore [ 1 ] was the first to realize the usefulness of the left com­

mon mUltiple property; he proved theorem 1·3 in case of domains.

Asano [ 1 ] began generalizing Ore's construction. By now, there are

quite a few notions of rings of quotients available. Some of these ma

be found in Faith [ 1 ] and Lambek [ 1 ] •

Our proof of Ore's theorem 1·3 is based on an idea attributed to

A.W. Goldie in Smith [ 1]. Proposition 1·5 is in Cohn [ 2 ].

For an interesting connection between left Ore domains and free

algebras, see Jategaonkar [ 10 ].

We have not tried to trace the authorship of Ore's theorem. To_

call it Ore's theorem is certainly inaccurate (but then did Euclid

ever dream of Euclidean rings?)
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§2. GOLDm'S THEOREM.

In this section, we shall prove the following two theorems due to

A.W. Goldie.

2·1. GOLDIE'S FIRST THEOREM. A ring R is a left order in a

simple Artinian ring if and only if R is a non-zero prime left Goldi

ring.

2·2. GOLDIE'S SECOND THEOREM. A ring R is a left order in a

semi-simple Artinian ring if and only if R is a non-zero semi-prime

left Goldie ring.

These two theorems together with a theorem due to Faith and Utumi

and a theorem of Levitski (cf. §3) form the foundation of the ~heory

of left Noetherian rings.

The 'only if' parts of both theorems of Goldie are relatively

easy and we shall dispose them off first.

2·3. LEMMA. If R is a left order in a semi-simple (resp.

simple) Artinian ring then R is a non-zero, semi-prime (resp. prime),

left Goldie ring.

Proof. Firstly, let us assume that R is a left order in a semi­

simple Artinian ring Q. R must be a non-zero ring since a zero-ring

has no regular elements and thus cannot have a l.q. ring. If A is a

non-empty subset of R then, evidently,

Since Q has the ascending chain condition on left ideals, R has the

ascending chain condition on annihilator left ideals.

infinite direct sum of non-zero left ideals of R

If E A is an
n)ln

then, using the com-

mon denominator theorem, it follows that ~ OA ,is an infinite directn>l.... -n
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sum of non-zero left ideals of Q; this is clearly impossible. Hence,

R is a non-zero left Goldie ring.

Suppose N is a no~-zero nilpotent two-sided ideal of R. Let

k + 1 be the index of nilpotency of N; so, k >o. Since QNQ

is an ideal of Q, there exists a (non-zero) central idempotent e in

Q such that QNQ = Qe. Using the common denominator theorem, we can

express e as

where c, r i €R,c regular in R, z i€N

consequently, Nkec ~ ~+lQ = (0) •

is a unit in Q. It follows that

and qi€Q. Thus, ce = ec €NQ

Since c is regular in R, it

~e = (0) = eNk • Now,

Since Q is semi-simple, we have QNkQ = (0) so that Nk
= (0) ,

contrary to our choice of k Hence R is semi-prime.

Now suppose that R is a left order in a simple Artinian ring

Q. Since Q is also semi-simple, the argument above shows that R

is a non-zero left Goldie ring. It remains to show that R is a prime

ring. Let A and B be two-sided ideals of R, such that AB = (0)

but B +(0). Since Q is simple, QBQ = Q •. Using the common den-

ominator theorem, we have

i.e.,
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wh~re bi€B, qi€Q and c is a regular element in R. Now, (0)

AB = ABQ implies (0) = Ac which in turn implies A = (0)

R is a prime ring. This completes the proof.

Hence

We now proceed to prove the non-trivial 'if' part of Goldie's

second theorem. The proof we give is due to Procesi and Small [ 1 ].

The main step .in the proof is to show that a non-zero semi-prime left

Goldie ring has regular elements and has the left common mUltiple pro-

perty. Once this is proved, we invoke Ore's theorem to get a total

l.q. ring Q.; it is then easy to show that Q has to be a semi-simpl

Artinian ring. The 'if' part of Goldie's first theorem is easily ob­

tained by using the 'if' part of GOldie's second theorem.

2·4. LEMMA. (i) Let A and B be non-empty subsets of a ring

R. Then t1.t (A) = t{A); -t.t",(A) ="t..(A) ; dA U B) = dA) n dB) ;

further, if A c B , then t(A) ~ t(B) •

(ii) R has the ascending chain condition on annihilator left

ideals if and only if R has the descending chain condition on anni-

hilator right ideals.

Proof. (i) is straightforward and (ii) follows from it.

2'5. LEMMA. Let· R be a ring with the ascending chain condition

on annihilator left ideals. For every a€R, there exists t€Z+ such

that

for every n€Z+ and every m Lt.

Proof. Choose t€Z+ such that t (at) = t(am) for every mLt
If x€-t,(at ) n Rat, then x = yat for some y€R and o = xat = ya2t

thlls, y€t(a2t ) = t(at ) and x = yat = 0 Since Ram c Rat for all

mLt and dan) £ t (at) for all n€Z+ , the lemma follows.
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The following lemma is the main tool needed in the proof.

2·6. LEMMA. Let R be a non-zero semi-prime ring with the as­

cending chain condition on annihilator left ideals. If A ~ Bare

left ideals of

a' eA such that

R and if -toeA) c-t.(B) then there exists an element
1

Aa' n B (0) and Aa' +(0) •

Proof. Let U be an annihilator right ideal minimal with respec

to being contained in -t(B) and properly containing J\(A) By its

choice, AU 1 (0) ; so, AUAU +(0) since R is semi-prime. Pick

uaeUA such that AuaU 1 (0) • We claim that Aua n B = (0). If not,

pick xeA such that 01 xuaeAua n B. Since xuaeB and U ~-t.(B) ,

we have xuaU = (0). Since xeA,1:.(x) ~""(A). Consider -t(x) n U

It is an annihilator right ideal containing ~(A) and contained in

U. Since uaU ~ ~(x) , but uaU ~ ~(A) , we deduce from the minimal-

ity of U that -t,(x) n U = U This implies xU = (0) , contrary to

xua +0 The lemma follows by taking a' = ua

We need a definition. A left ideal A of a ring R is an es­

sential left ideal of R if A n B +(0) for every non-zero left
I

ideal· B of R.

2·7. LEMMA. Let R be a non-zero semi-prime ring with the as­

cending chain condition on annihilator left ideals. If Rx and Ry

are essential then Rxy is essential.

Proof. Let A be a non-zero left ideal of R and let A

(reR ryeA) Clearly, A is a left ideal of R Also, Ay

Ry n A +(0) by the essentiality of Ry. Thus, A ~ t(y)

Ay +(0) and t(y)·y = (0) ; so, t.(A) c 1:.t(y) • By lemma 2·6, there
. 1

exists a non-zero left ideal T £ A such that T n t(y) = (0) If

T = (reR rxeT} then TX = Rx n T 1 (0) by the essentialit~ of Rx

Now TXy 1 (0) for otherwise, Tx £ t(y) so that TX

= T n Tx c T n t(y) = (0) , a contradiction. Since



Proof. Let

then (Acn:n€z+)

A n Rc +(0)
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TXy ~ Ty ~ Xy ~ A , we have Rxy n A +(0). Hence Rxy is essential

This proves the lemma.

2·8. LEMMA. Let R be a non-zero semi-prime ring with the

ascending chain condition on annihilator left ideals. If Ra is es­

sential then a is regular in R.

Proof. That ~(a) = (0) follows by taking A = R and B = Ra

in lemma 2·6. By 2·7, Ran is essential for every n€Z+ and by 2·4,

Ran n ~(a) = (0) for some n; so, ~(a) = (0) . This proves the

lemma.

Until further notice, R is a non-zero semi-prime left Goldie

ring.

2·9. LEMMA. R satisfies the descending chain condition on anni­

hilator left ideals.

Proof. Let Ll ~ •.•..~ Ln ~ ..•. be a properly descending chain

of annihilator left ideals of R. By 2·4 and 2·6, there exist non­

zero left ideals Cn ~ Ln such that Cn n Lntl = (0). Since the sum

~Cn is direct, the chain of annihilator left ideals must terminate.

2·10. LEMMA. If ~(c) = (0) then Rc is essential and c is

regular in R.

A be a non-zero left ideal of R. If A n Rc (0)

form a direct sum, a contradiction. Thus

This shows that Rc is essential; 2·8 now shows that

c is regular in R .

It may be worthwhile to point out that right regular elements in

R need not be regular.

2·11. LEMMA. (a) Every non-zero minimal annihilator ideal of

R is a rime left Goldie rin .



(b) There is a finite direct sum of non-zero mdnimal annihilator

ideals of R which'is an essential left ideal of R.

Proof. (a) Let S be a non-zero minimal annihilator ideal of

R. If T is a non-zero left ideal of S then ST is a left ideal

of R contained in T ST + (0) , for otherwise (0)

= S( T + TR) 2 (T + TR) 2 which gives T = 0 since R is semi-prime.

It is now clear that S has no infinite direct sums of non-zero left,

ideals. Since the ascending chain condition on annihilator left ideals

is, inherited by subrings, it follows that S is a non-zero left Goldi

ring.

Let A,B be ideals of S such that A + (0) and AB = (0)

Since SB S B , we have ASB = (0) ; so, A S~R(SB) n S Since SB

is a left ideal of R, by 2·4, ~R(SB) n S is a non-zero annihilator

ideal of R contained in S Minimality of S shows that

S S ~R(SB) so that (SB)2 = (0) . Since R is semi-prime, we get

SB = (0) . Now, , (RB)2 = (0) so RB= (0) This makes B a nil-

potent left ideal of R; so, B = (0) . Hence S is a prime ring.

(b) Existence of a non-zero minimal annihilator ideal follows

from 2'9. Let A = Sle···-$Sn

minimal annihilator ideals of

ideal of R with A n K = (0)

be a maximal direct sum of non-zero

R Suppose K is a non-zero left

Since AK cAn K , we have

K S iR(A) Since R is semi-prime, An -l.R(A) = (0) so that

iR(A) A = (0) . This gives (0) +'tR(A) S~R(A) • Since R is semi­

prime, we have A n ~R(A) = (0) . We can thus find a non-zero minimal

annihilator ideal whose intersection with A is zero, thus contradict­

ing our choice of A. This shows that A is an essential left ideal

of R. The lemma is now proved.

2'12. LEMMA. If I is an essential left ideal of R then it

contains a regular element of R
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Proof. Firstly, we shall prove the lemma in the case when R is

a non-zero prime left Goldie ring. Choose a€I such that .(, R(a) is

minimal in the set {.(, R( x) I x€I} If possible, let J be a non-

zero left ideal of R such that Ra n J = (0) Since I is an es-

sential left ideal of R, I n J ~ (0) We may thus assume that

Ra n J = (0) and (0) ~ J c I Let X€J . If ret. ( a+x) then

ra -rx€Ra n J = ( 0) Thus, .(,( a+x) = .(,( a) n .(,(x) Minimality of

.(,(a) implies .(,(x) 2 .(,(a) n .(,(x) 2 .(,(a) ; so, .f,( a)x ( 0) We have

thus shown that .f,(a)J = (0) Since R is assumed to be a prime

ring and J ~ (0) , this forces t( a) ( 0) By 2·10, we have

J = (0) , a contradiction. Hence, Ra is essential and, by 2·10, a

is regular in R.

We now prove the lemma for an arbitrary non-zero semi-prime left

Goldie ring' R. Let A = Sl E9 ••• E9 Sn be a direct sum of non-zero

minimal annihilator ideals of R such that A is an essential left

ideal of R; the existence of A was proved in 2·11(b). We cl~im

that I n Si is an essential left ideal of the ring Si for each i,

If not, let K be a non-zero left ideal of Si such

that I,n Si n K = InK = (0) .

I n SiK = (0). Essentiality of

By 2·11(a), Si is a prime ring.

Since SiK ~ K , we have

I implies SiK = 0 ; so, K2 = (0).

Thus K2 = (0) implies K,= (0) ,

a contradiction. The first part of the proof now shows that I n Si

contains an element r i which is regular in the ring Si. We claim,

that r = r 1 + ...• + rn
.(,R(r) ~ (0) Since A

.(,R(r) n A ~ (0) . Let

ti€Si for 1 ~ i ~ n .

so, each t i = 0 by the

is a regular element in R. Suppose

is an essential left ideal of R,

o ~ t = t + .... + t €.(, (r) n A where
1 n n R '

Since tr = E tiro = 0 , each tiri = 0
i=l 1.

regularity of r i in Si This gives

t = 0 , contrary to our choice. Thus, tR(r) = (0) 2·10 shows that

r is regular in R This completes the proof.

Observe that b 2·11 and 2·12 R contains at least one re ular
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element.

We now abandon the restrictions on R and finish the proofs of

Goldie's theorems.

2·13. Proofs of Goldie's theorems. 'Only if' parts of both

theorems are proved in 2·3.

Firstly, we shall prove the 'if' part of Goldie's second theorem.

Let R be a non-zero semi-prime left Goldie ring. As indicated after

2·12, R contains at least one regular element. Let a,b€R with a

regular in R. It is straightforward to check that I = {r€Rlrb€Ra}

is an essential left ideal of R. By 2·12, I contains a regular ele

ment, say c; so cb = da for some d€R. Thus R has the left com­

mon multiple property. By 9re's theorem, R has a total l.q. ring

which we denote by Q.

Let L be a non-zero left ideal of Q. Then L n R is a left

ideal of R . Using the common denominator theorem, we have

L = Q(L n R) Let K be a left ideal of R such that (L n R)eK i

an essential left ideal of R; such a left ideal K exists since R

does not have infinite direct sums of non-zero left ideals. Since Q

is the total l.q. ring of R, using 2·12, it follows that Q = LeQK .

ence Q is a semi-simple Artinian ring. This proves Goldie's second

theorem.

Now suppose that R is a non-zero prime left Goldie ring. Since

a prime ring is eVidently semi-prime, Goldie's second theorem shows

that R has a semi-simple Artinian total l.q. ring Q. If Q is not

simple, there exist non-zero ideals A,B of Q such that AB (0)

It follows that A n Rand B n R are non-zero ideals of R with

(A n R)(B n R) = (0) however, this is impossible since R is a prime

ring. Hence Q must be a simple Artinian ring. This concludes the

roof of Goldie's first theorem.

!
We finish this section with the following.
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2'14. PROPOSITION. (a) If R is a left order in a simple

(resp. semi-simple) Artinian ring Q then Mn(R) is a left order in

the simple (resp. semi-simple) Artinian ring Mn(Q) for every n€Z+.

(b) If R is a left order in a semi-simple Artinian ring Q and

if S is a subring of Q containing R then S is a left order in

Q.

(c) If Ri is

for l~'i~n then
n

ian ring Ii> Q.
i=l 1.

a left order in a semi-simple Artinian ring ~

n
Ii> Ri is a left order in the semi-simple Artin­

i=l

and c is a unit in

Proof. Observe that if R is a subring of a semi-simple Artinian

ring Q such that every q€Q can be expressed as q = a-lr with

is regular in Ra,r€R then R is a left order in Q ; for, if c

and -1 0 then a-lr = 0 ; .(, Q( c) = (0)a rc = so,

Q • The proof follows from this observation.

References.

Goldie's theorems in the form in which we have stated them appear

in Goldie [ 2]. Goldie [ 1] and Lesieur and Croisot [ 1 ] contain

some special cases of 'these theorems. By now, quite a few different

pr~ofs of Goldie's theorems are available.

We have closely followed Procesi and Small 1 ] in proving the

non-trivial part of Goldie's theorems. Lemma 2·3 is in Goldie [ 2 ].

For other proofs of GOldie's theorems, see Faith [ 1 ], Goldie [ 1,2,

4,S],Jacobson [ 3, Appendix B ] and references given there.

Some interesting information concerning semi-prime left Goldie

rings is contained in the Faith-Utumi theorem. We have not included

the theorem in this monograph only because we have no occasion to use

it (and also because a very instructive proof is available in Lambek'

[ 1 ]). See also Faith .and Utumi [ 1 ] and Jacobson [ 3, appendix B ].

A generalization of the Faith-Utumi theorem for left orders in left

Artinian rings is given in Jategaonkar [ 8 ].
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§3. NIL SUBRINGS.

There are some classical theorems which show that nil subrings of

suitably conditioned rings are nilpotent. In this section, we shall

prove a very general theorem of this sort due to R.C. Shock.

3·1. LEMMA. Let R be an arbitrary ring and let xy be nil-

potent for some x,y€R If xyx +0 then t (x) c t (xyx)

Proof. Let xyx +0 , (xy)k = 0 and (Xy)k-l +0 . If

(Xy)k-l x +0 then (Xy)k-l(xyx) 0 shows that t(x) c t (xyx) If

(Xy)k-l x = 0 then (Xy)k-2(xyx) 0 but (xy)k-2 x +0 , so
•

.t(x) c t(xyx)

In an arbitrary ring

ing a is denoted as RIa

R , the smallest left ideal of R contain~

thus RIa = Ra + Za

3·2. SHOCK'S THEOREM. Let R be a ring satisfying the ascending

chain condition on left annihilators. Suppose N is a nil subring of

R which is not nilpotent. Then there exists .a sequence {an: n€z+}

of non-zero elements of N such that

1) l.({an : n L k}) ~ i.({an : n L k + ll) for every k€Z+.

2) Either Ran +0 for every n€Z+ and E Ran is direct or
n€Z+

for every n€Z+ and E RIa is direct.
n€Z+ n

Proof. Since R has the a.c.c.on left annihilators, there exists

t€Z+ such that

j L 0 .

Put t R(Nt ) = K. Since N is non-nilpotent, N i Yo: ; so, there

exists x€N such that Rlx i K. Choose Xl€N such that t R(xl ) is

maximal in the set



If' RlxN So K , then

to our choice of' xl

RIXIX ~ K Choose

RlxNt +1 = (0) , so Rlx So t R(Nt +l ) = K, contrary

Thus, there exists x€N such that

X2 €N such that t R(x2) is maximal in the set

Inductively, we can now construct a sequence {xn : n€z+) of' elements

of' N such that tR(xk ) is maximal in the set

f'or every k€Z+.

We need two observations bef'ore we come to the crucial part of' the

proof' .

First observation:

For, if' rxj ~ 0 and rxjXj +I :.·: xj +m = 0 then

~(Xj) c tR(XjXj+I:.··:Xj+m) ; the inductive choice of' the sequence

{xn } shows that

We thus have arrived at a contradiction with the maximality of'

~(Xj) in the set

We now put

Second observation:
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choice of the sequence {xn ) shows that

Thus, if ~R(al) c ~R(an) , we have a contradiction with the maximality

of .f..R(al ) = ~R(xl) in the set

We now claim that an+jxn = 0 for all n L 1 and j L 0 .

Assume for a moment that an+j~ +0 for some n L 1 and j L 0

Since 1R an+ j xn ~ Rxn ' the first observation above shows that

RI .. -l 0 , u m€z+ •an+jxnxn+l •..-r xn+m T Y

so, Rlan+jXn 1 K. Since

lemma 3'1 shows that if j >0 then

Sin 1 ( . . ) I ..l. b ice R an _l xnxn+l • -. xn+jxn = R an+jxn ~ K, we 0 ta n a contra-

diction with our choice of xn ' So, j = O. Now RlanXn
= Rlan_lX~1K and ~R(Xn)£~R(X~) implies .f..R(Xn)=.f..R(X~) How­

ever, since xn is nilpotent, this is possible only if xn = 0 , con­

trary to our choice. This establishes our claim.

We are now in a position to finish the proof. Since

for j L0 and a IX +0 , it follows that, for everyn- n

t.({an : n L k)) I i.( {an: n L k+l))
.-

Suppose every Ran +(0) . Let

s
rs+la s+l = E ria. ,

i=l ~

where ri€R for 1 ~ i ~ s + I MUltiplying both sides on the right
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by x2 and using the claim proved above, we have r±al x2 = 0 i.e.

r l €tR(a2)· By the second observation rl€tR(al ) so rIal O. Now

mUltiplying both sides on the right by x3 ' we obtain r 2a 2 = 0 .

Continuing in this fashion, we conclude that rs+l~s+l = O. Thus

is direct.

If some then Ran = 0 for every n L k • By choos-

ing k large enough, we may assume that the orders of an,n Lk , as

elements of the additive abelian group (R,+) are equal (finite or

infinite). Now, suppose that

s
ns+las+l = i~k nia i

where n i €Z for k ~ i ~ s + I MUltiplying both sides on the right

by xk+l ' we have ~ak+l = 0 so nkak = 0 .

fashion, we conclude that ns+las+l = O. Thus

Continuing in this

~ RIa is direct.
n>k n

Reindexing, if necessary, we have Ran 0 for alY n€Z+ and

E RIa is·dire~t. {Observe that the first assert~on of the theore
n€Z+ n
remains valid even after reindexing). This completes the proof.

3·3. COROLLARY (HERSTEIN-SMALL). If R satisfies the ascending

chain condition on annihilator left ideals and annihilator right ideals

then every nil subring of R is nilpotent.

3·4. COROLLARY (LANSKI). Every nil subring of a left Goldie ring

is nilpotent.

Referenc es .

Nilpotency of suitably conditioned nil rings is an old affair. A

classical theorem of Hopkins' shows that everyone-sided nil ideal of

a left Artinian ring is nilpotent. Another classical result shows

that nil subrings of simple Artinianrings are nilpotent; combining this

with Hopkins' theorem, it follows that nil subrings of left Artinian

rings are nil otent.
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Gene~alizing Hopkins' theorem, Levitski showed that the prime

radical of a left Noetherian ring is nilpotent. Goldie [ 2 ] observed

that combining Levitski's theorem with Goldie's second theorem, it

follows--that nil subrings of left Noetherian rings are nilpotent. An

easy proof of Levitski's theorem is given by Utumi [ 1 ].

Recent contributions to this area are Herstein and Small [ 1,2 ],

Levitski [ 1 ], Lanski [ 1 ], Shock [ 1,2 ].
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§4. SMALL'S THEOREM.

In this section, we shall prove a theorem due to L.W. Small which

characterizes left orders in left Artinian rings.

A few definitions first. Let R be a left Goldie ring. R is

said to satisfy the regularity condition if an element c€R is regu­

lar in R whenever c+P(R) is regular in R/P(R). R is said to

satisfy the full regularity condition if an element c€R is regular

in R if and only if c+P(R) is regular in R/p(R)

A ring R is called a left T-Goldie ring if R is a left Goldie

ring and R/Tk is a left Goldie ring for every k€Z+ , where Tk =

peR) n'i-R({p(R)}k)

We now state Small's theorem.

4'1. SMALL'S THEOREM. The following conditions on a ring Rare

equivalent:

(1) R is a left order in a left Artinian ring.

(2) R is a non-nilpotent left T-Goldie ring satisfying the

regularity condition.

(3) R is a non-nilpotent left T-Goldie ring satisfying the full

regularity condition.

We shall give a cyclic proof: (1) => (3) => (2) => (1) •

Trivially, (3) => (2) . We now prove some lemmas which are needed

in both the remaining implications.

Until further notice, R denotes a ring SUbject to the following

restrictions: (i) R is a non-nilpotent left Goldie ring satisfying

the regularity condition; (ii) R/P(R) is a left Goldie ring. Let

M = (C€R I c+P(R) is regular in R/P(R)}

Since R/F(R) is a non-zero semi-prime left Goldie ring, Goldie's

second theorem shows that R/P(R) contains at least one regular ele­

ment. The regularity condition implies that M is a semi-group of



so. x€Tk+n and ~€Tk+n/Tk

Tk+n 2. Tk . So, {P(R)}k+ny =

(p(R)}ny £ peR) n-\.R({p(R))k)

This proves the lemma.

~7

regular elements in R. We put Tk = peR) n ~((P(R) }k) and ~ =

R/Tk for every k€Z+. If x€R, we write x + Tk as ~. _

4·2. LEMMA. Tk+n/Tk=P(~) nof.R({p(~)}n) for every k,n€Z+
k

Proof. Since Tk £ peR) , we have peRk) = P(R)/Tk . If

Xk€P(Rk ) n of.R ((p(~)}n) then x€P(R) and {p(~)}nxk = 0 i.e.,
k

(p(R))nx £ Tk £i.R({P(R))k) Thus, x€P(R) and {P(R)}k+nx = (0)

If Yk€Tk+n/Tk then y€Tk+n since

o which gives

= Tk · Thus, Yk€P(Rk ) n-t.~({p(Rk)}n)

4· 3. LEMMA. If a€M for every k€Z+ .

Then xa€Tk so that xa€P(R) and

{F(R)}kxa ( 0) Since a+P(R) is regular in R/P(R), xa€p(R) implie

X€p( R) . Since a is regular in R , {P(R))kxa = (0) yields

{P(R))kx = (0) . So, X€p( R) n "t. R( {pC R) )k) = Tk and xk = 0 . This

proves the lemma.

4·4. LEMMA. Assume that M is a left divisor set in R. Let

Q be the l.q. ring of R w.r.t. M. Then

(i) p(Q) is nilpotent; p(Q) n R = peR)

(ii) (p(Q)}n = Q{p(Q))n = Q{p(Q) n R}n for every n€Z+ .

( iii) 'll'k n R = Tk for every k€Z+

(iv) QTk is a two-sided ideal of Q and Q/'ll'k is isomorphic

with the l.q. ring of Rk w.r.t. ~ where Mk = {C+Tk : c€M} .

Proof. We shall firstly show that QP(R) is a nilpotent left

ideal of Q Using the common denominator theorem, it is easily seen

that every element of QP(R) is of the form a-lr, where a€M and

r€P(R) If b€M and y€P(R) then there exist c€M and z€R such

that b-l = c-lz Le. in Rip R)
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shows that z€P(R) . ·By Shock's theorem, .P(R) is nilpotent, say

{P(R)}s = (0) To show that (QP(R)}s = (0) , it sUffices to show

that

where ai€M and ri€p(R) for 1 ~ i ~ s However, this follows

easily from what has been said above. (Start from the right;

rS_la~l = c~lzs_l ' where cs€M and zs€P(R) ; continue). Hence

QP(R) is a nilpotent left ideal of Q.

Evidently, p(Q) n R is a nil ideal of R so that by Shock's

-theorem, it is a nilpotent ideal of R. It follows that

p(Q) n R s P(R). Since QP(R) is nilpotent, we have

Q{P(Q) n R} S QP(R) S p(Q). However, by using the common denominator

theorem, it is readily seen that p(Q) = Q{p(Q) n R}. Thus, p(Q)

=QP(R) = QP(R)Q = Q{p(QJn R} = Q{P(Q) n R) Q. Thus p(Q) is nil­

potent. Also, (p(Q»)2 = QP(R)QP(R) = Q{P(R»)2 , etc .. This proves

(i) and (11).
-1 .

We now prove (iii). Let X€QTk n R ; so x = c r, wher~ c€M

and r€Tk " Since Tk S P(R) , we have QTk n R S QP(R) n R S p(Q) n R

S P(R) . Thus x€P(R) . Since cx = r€Tk S-t.R( (P(R)}k) , we have

{p(Q»)kx = Q{P(R»)kQc-l~ = Q{P(R»)kQr = Q{P(R)}kr = (0) by a repeated

use of (ii). Thus (0) = {p(Q»)kx = Q(P(R»)kx = (P(R»)kx so that

X€ ~ R( (P(R) )k) Hence x€Tk and QTk n R S Tk ; the other inclusio

is clear.

We now prove (iv). Let a-lrl€QTk and b-l r 2€Q where a, b€M,

rl€Tk and r 2€R. We claim that a-l r l b-l r 2€QTk Since M is

assumed to be a left divisor set in R, rlb-l = u-~v i.e. ,

urI = vb€Tk , where u€M and v€R Thus,

{P(R)}kvb = (0).= (P(R)}kv since b is regular in R; so

V€~({P(R)}k) . Also, since vb€Tk S P(R) , v€QP(R)Q n R = QP(R) n R

S P(R) by (ii). Hence V€Tk . This proves our claim. It is now



If ak€~ , rk€~ and akrk = 0 then

(iii) ; so r k = 0 Using 4·3 it

~. Thus ~ is a semi-group of

Sk€~ and Ck€~ • Since M is a

clear that, QTk is a two-sided ideal of Q.

We now show that ~ is a left divisor set in ~. ~ is

clearly a semi-group in ~.

ar€Tk and r€QTk n R = Tk by

follows that ak is regular in

regular elements in ~ Let

left divisor set in Rand c€M, there exist c'€M and s'€R such

that c's = s'c 1. e., c'ksk = s'kck where C'k€~ and S'k€~

Hence ~ is a left divisor set in l\. By Ore's theorem, ~ has

a l.g. ring w.r.t. ~ It is now straightforward to check that

-with a€M, r€R , is an isomorphism of Q/QTk with the l.g. ring of

~ w.r.t. ~. This completes the proof.

We now abondon the restrictions on R The following lE1111J18. con-

tains the proof of (1) => (3) in Small's theorem.

4·5. LEMMA. Let R be a ,left order in a left Artinian ring Q.

Then R is a non-nilpotent left T-Goldie ring satisfying the full

regularity condition. Further, P(R) = p(Q) n R ; p(Q) = QP(R) ;

Q/P(Q) is isomorphic with the total l.g. ring of R/P(R)

Proof. Since R contains a regular element, R moo t be a non-nil­

potent ring. If EAn is an infinite direct sum of non-zero left ideals

of R then, using the common denominator theroem, it is readily seen

that EQAn is also an infinite direct sum of non-zero left ideals of

Q , which is impossible. Since Q has the ascending chain condition

on annihilator left ideals, so does R. Thus R is a'left Goldie

ring.

We claim that P(R) = P(Q) n R. (Notice that lemma 4·4 is not

available since we have not as yet proved that R has the regularity

condition.) By Shock's theorem, P(R) and p(Q) are nilpotent. Thus,
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Let R' = (r + P(Q)lr€R). It is easily checked that if X€Q then

x = c ,-lr', where c' ,r'€R' It follows that Q is a total l.q.

ring of R' By Goldie's second theorem, R' is a semi-prime ring.

Since P(R) is a nilpotent ideal of R , it now follows that

P(R) S p( Q) n R . This proves our claim. Consider the map

r+ P(R) ~ r + p( Q)

from R/P(R) to R' ; bijectivity of this map follows from

P(R) = p(Q) n R and it is clearly a homomorphism. Hence Q/p(Q) is

isomorphic with the l.q. ring of R/P(R) . By Goldie's second theorem,

R/P(R) is a semi-prime left Goldie ring.

We now show that R satisfies the full regularity condition. If

a is regular.in R then it is a unit in Q so, a + p(Q) is a

unit in Q/p(Q) and thus a regular element in R' Due to the is-

omorphism of R/P(R) with R' indicated above, it follows that

a + P(R) is regular in R/P(R) If b + P(R) is regular in R/P(R)

then b+ p( Q) is regular in R' ; so, it is a unit in Q/p( Q)

Since p( Q) is nilpotent, b is a unit in Q and thus a regular

element in R. It is now clear that M = (a€Rla + P(R) is regular

in R/P(R) ) is precisely the set of all regular elements of R. Since

Q is the total quotient ring of R , it follows that M is a left

divisor set in R and Q is the l.q. ring of R w.r.t. M .

Now observe that lemma 4·4 is available and shows that ~ has

Q/Q'l'k as a l.q. ring w.r.t. ~ for every k€Z+. Since Q/QTk is

left Artinian, it is easily seen that Rk is a left Goldie ring for

every k€Z+ Hence R is a left T-Goldie ring. Lemma 4·4 also

shows that p(Q) = QP(R) This completes the proof.

It remains to prove the implication (2) => (1) from Small's

theorem. In the following three lemmas, R is a non-nilpotent left
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T-Goldie ring satisfying the regularity condition. M, Tk and Rk
have the meaning defined earlier in this section.

4'6.- LEMMA. If xeTk and aeM then there exist beM and

yeR such that bx = ya •

Proof. The proof is based on an induction on k.

Firstly, observe that since tR(a) = 0 , Ra is an essential left

ideal of R; for, if A is a non-zero left ideal of R with

A n Ra = (0) then r Aan is easily seen to be an infinite direct
n>l

sum of non-zero left - ideals of R, contrary to our hypothesis.

Let k = 1 Put J = (reRlrxeRa}. J is clearly a left ideal

of R

IS J

Let I be a non-zero left ideal of R. If Ix = (0) then

If Ix ~ {o) then Ix n Ra ~ (0) since Ra is an essential

left ideal of R. So, there exist ieI and reR such that

ix = ra ~ O. If iep( R) then, since xeTl S -L R( p( R» , ix = 0 , a

contradiction. Thus ieJ n I but ifP(R) ; so, J n I i P(R) . Also,

xe 1. R( p( R) ) implies p( R) S J. Summarizing, J is a left ideal of

R which properly contains P(R) and meets every non-nilpotent left

ideal of R outside P(R) If follows that J/P(R) is an essentia

left ideal of R/P(R) Since R/P(R) is a non-zero semi-prime left

Goldie ring, by lemma 2,12, J/P(R) contains an element c + P(R)

which is regular in R/P(R) Since P(R) c J and R satisfies the

regularity condition, we have ceM n J. Thus the lemma is true ~or

k = 1 •

By

p(I\) n toR (P(Rn » . We may then repeat the
n

argument given above for the case k = 1 ; since P(~) = P(R)/Tn

Now assume the lemma to be true for k = n and let xeTn+l .

4'3, t R (an) = (0) Consider the set K = (rneRnlrnxneRnan} .
n

Recall that Tn+l/Tn

and Rn/P(Rn) = R/P(R) , we obtain bneK for some beM. ThUS, ther

exists yeR with bnxn = Ynane~an ' i.e., bx - yaeTk • By the in­

duction hypothesis, there exist zeR and ceM such that
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c(bx • ya) = za , i.e., cbx = (cy + z) a ; clearly, cb€M. This com­

pletes the induction on k and concludes the proof.

4·7. LEMMA. M is a left divisor set in R.

',"" -Proof'. -Let 'x€R and a€M.

'Suppose x€P(R). By Shock's theorem, P(R) is nilpotent; let s

be the index of nilpotency of P(R). If s = 1 then P(R) = (0) an

x = 0 ; in-this case, a·O O·a is the required left common multiple~

If s> 1 then (P(R)}s-l +(0) so x€P(R) n~R((P(R)}S-l) = TS_l ;

lemma 4·6 now gives the required left common multiple.

Suppose xtp(R) . Since R/P(R) is a non-zero semi-prime left

Goldie ring, using Goldie's second theorem or the first part of 2·13,·

we obtain b€M and y€R such that bx - ya€p(R)

there exist c€M and z€R such that c(bx - ya)

As shown above,

za, Le.,

cbx = (cy + z) a Clearly, cbeM. Due to the regularity condition,

M is a semi-group of regular elements of R

proof.

This completes the

left Goldie ring Rs _l •

semi-simple Artinian ring.

Ore's theorem and lemma 4·7 show that R has a l.q. ring w.r.t.

M' •.We denote the l.q. ring of R w.r.t. M by Q. Observe that

lemma 4·4 is available.

4·8. LEMMA. Q is a left Artinian total l.q. ring of R.

~. To show that Q is a left Artinian ring, we shall con­

struct a composition ser~es of left ideals of Q. Let s be the

inde~ of nilpotency of P(R) • Then TS_l = P(R) • By 4·4,

Q/p(Q) ~ Qs-l ' the l.q. ring of RS_l w.r.t. MS_l However, MS_l
is the semi-group of all regular elements of the non-zero semi-prime

By Goldie's second theorem, Qs-l is a

Thus Q/p(Q) is semi-simple Artinian.

Since Q/(ll'k ~ ~ , it is easily seen that Q/(ll'k ha~ no infinite

direct sums of non-zero left ideals. In particular,
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QTk+l/Q k as a left Q-module has no infinite direct sums of Q-sub­

modules. NoW', P(R)Tk+l ~ Tk so that, by 4.4,

QP(R)Tk+l ~ P(Q)Tk+l~ QTk • Thus, QTk+l/QTk may be canonically con­

sidered as a left module over Q/p(Q) and as such, it has no infinite

direct sums of non-zero submodules. Since Q/p(Q) is a semi-simple

Artinian ring, it follows that Q/p(Q) and QTk+l/QTk have composi­

tion series 'as left Q-modules. These composition series provide a

composition series of left ideals of Q. Jordan-Holder theorem now

shows that Q is a left Artinian ring.

It remains to show that Q is in fact a total l.q. ring of R.

For this, it suffices to show that every regular element in R is a

unit in Q. Let c be regular in R. We can express c as

c = a-lr for some a€M and r€R. It readily follows that c is

left regular in Q. Consider the descending chain of left ideals

{Qcn:n€Z+} of Q. Since Q is left Artinian, there exists n€Z+

such that Qcn+l ~ Qcn ; so (qc - l)cn = 0 for some q€Q. ,Since c

is left regular in Q, we get qc = 1; so (cq - l)c 0 and cq ='1.

Hence c is a unit in Q. This completes the proof.

4.9. Proof of Small's theorem. Follows from lemmas 4.5 and 4.8.
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CHAPTER II.

STRUCTURE OF PLI-RINGS.

INTRODUCTioN.

, OUr object in this chapter is to develop a structure theory for

pli-rings.

In §l, we present some generalities concerning matrix rings. The

main results in §2 are Goldie's third theorem and Robson's theorem.

Thes€ results provide an analogue of the Wedderburn-Artin theorem for

semi-prime pli-rings. In §3, we define skew polynomial rings and

obtain a generalization of the well-known fact that R[x] is a commu­

tative PIR if and only if R is a field. The significance of our re­

sult becomes clear in §§6 and 7·

, In §§4-8, we consider non-semi-prime pli-rings. Three theorems

due to R. E. Johnson proved in §4 and a theorem due to the author

proved in §5 provide a foundation for the study of arbitrary pli-rings.

§§6 and 7 contain the structure theory of pli-rings. The results devel­

oped so far are used in §8 to prove some structure theorems for pli­

rings which satisfy further restrictive conditions.

In the rest of this introduction, we indicate the type of struc­

ture theory we have obtained.

Johnson's first theorem shows that every pli-ring is a direct sum

of a finite number of primary pli-rings; so, it suffices to consider in

detail primary pli-rings. Using Johnson's second theorem and Goldie's

third theorem, it is easily seen that every primary pli-ring R is iso­

morphic with ~(S) where S is a left Noetherian completely primary ,

ring; some examples indicate that S need not be a pli-ring. However,

it is possible to characterize those primary pli-rings R which are

isomorphic with Mh(S), where S is a completely primary pli-ring.

Although all this generalizes the Wedderburn-Artin theorem, it is not

quite satisfactory since it does not provide any clue to the structure

of completely primary pli-rings (even left-right Artinian pli-prL-rings).



We are thus lead to search for a new model. Now observe that if

K is a field then K(xl/(xn ) is a completely primary PIR. Of course,

all completely primary pli-rings can not be so nice. For one thing,

K(xl/(xn ) is commutative and so left-right symmetric. Also, it is

isomorphic with the graded ring associated with the filtration on it

induced by the powers of its prime radical. However, this last obser­

vation gives us the clue we want. Given a primary pli-ring R, we 'con

sider Gp(R)(R), the graded ring associated with the filtration on R

induced by the powers of the prime radical P(R) of R and show that

Gp(R)(R) is almost like K[xl/(xn ); under some mildly restrictive

~othesis, the converse is also valid. It may be worthwhile to point

out that our results are new even for left-right Artinian completely

~rimary pli-pri-rings. Also, similar results are obtained for general

ized uniserial rings; these will be published elsewhere.

For the rest of this monograph, all rings are assumed to possess

~ity. All sUbrings, homomorphisms, modules and bimodules are unitary.
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§L MATRIX RINGS.

The purpose of this section is to gather together some generalities

concerning rings of matrices.

Recall that an indexed subset {eij:l ~ i, j ~ n} of a ring, R
n

is called a system of n x n matrix units in R if E e ii : 1 and
i=l

eijekt = 6jke it , 1 ~ i,j,k,t ~ n, where 6jk is the Kronecker delta.

The subring C = {r € Rlreij = eijr,l ~ i,j ~ n} is called the cen­

tralizer of {eij:l ~ i,j ~ n} in R.

1.1. PROPOSITION. Let {eij:l ~ i,j ~ n} be a system of n x n

matrix units in a ring R and let C be its centralizer in R. Then

Proof. See Jacobson [3, page 52].

1.2. PROPOSITION. If R/P(R) ~ ~(A) then there exists a ring A

such that R ~ ~(A) and A/P(A) ';;; A.

Proof. Observe that peA) is a nil ideal of' A, so contained in

the Jacobson radical of A and that P(~(A)) = ~(P(A)). cf. McCoy

[1, page 73]. Now the proof of theorem 1, page 55 of Jacobson [3] can

be modified to prove the proposition.

If RM is a left R-module, M(n) denotes the direct sum of RM

with itself n times.

1.3. PROPOSITION. Let R be a ring. For a left R-submodule N

of R(n), let T(N) denote the set of all matrices in ~(R) all

whose row-vectors are in N. Then T(N) is a left ideal of ~(R).

For a left ideal A of ~(R), let o(A) denote the set of all those

elements of R(n) which occur as row-vectors of A. Then o(A) is a

left R-submodule of R(n). Further, oT(N) = Nand To(A) = A.

Proof. Straightforward.
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1.4. COROLLARY. ~(R) is a pli-ring (resp. semi-pli-ring) if and

only if every (resp. every finitely generated) left R-submodule of R(n)

has a set of generators containing at most n elements.

Proof. Immediate from 1.3.

For the rest of this section, we adopt the following convention:

All endomorphisms of left modules will be applied from the right side.

The advantage of this convention is that EndR(R) ';;: R rather than

ROP •

Proof. Routine.

Let p:S ~ R be an isomorphism of rings and let SA, RB be left

modules. A map w:SA ~ RB is called a p-semi-linear homomorphism if

w is a homomorphism of additive abelian groups (A,+) to (B,+) and

(sa)w (sp)(aw)

for all s € S and a € A. Given a p-semi-linear isomorphism

~:SA ~ RB, the map o:Ends(A) ~ EndR(B) defined by

-1w aw,

is called the isomorphism induced by w. It is easily seen that 0 is

indeed an isomorphism of rings.

1.6. THEOREM. For a fixed positive integer n, the following

conditions on a ring R are equivalent:

is a left R-module with RP(n) ';;: RR(n)

is a ring and o:Ends(S(n)) ~ EndR(R(n))

then RP ';;: RR.

is- an iso-

morphism then there exists an isomorphism p:S ~ R and a p-semi~linear

isomorphism w:ss(n) ~ RR(n) such that 0 is induced by w.

Proof. Assume that R satisfies (1). Let S be a ring and
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'O:EndS(S(n»~ EndR(R(n» be an isomorphism. The image of

a € Erids(S(n» under 0 will be ~enoted as aO• Put A (l, ••• ,n).

Let (aA:A € A) be a basis of ss(n). For A,~ € A, let eA~ be the

S-linear endomorphism of s(n) defined by

Evidently, (eA~:A,~ € A) is a system of n x n matrix units in

End( S(n». Put 0 Then (fA~: A,~ A) is a system offA~ = eA~· € n x n

matrix units in End(R(n) ). Let BA = 1m fAA,A € A. Then R(n)

is a R-homormorphism such that (fA~IBA)(f~AIB~) = id. and

(f~AIB~)(fA~IBA) = id•• It follows that (fA~IBA):BA ~ B~ is an R­

isomorphism for all A,~ € A. Hence, Bin) ~ R(n). By (1), we have

Bl ~ R.,

Choose bl € Bl such that the singleton set (bl ) is a basis of

Bl • Let bA = blflA,A € A. Then (b A) is a basis of BA• Also,

bAfA~= b~ and bAf'JI..I 0 if \I \ A.

For s € S and A € A, let TA(S) be the unique S-linear endo-

morphism of S(n) defined by

Clearly, eAATA(s)eAA = TA(S); so, fAAT~(s)fAA = T~(S). Thus there

exists a unique element in R, say PA(s) € R, such that bAT~(S)

PA(s)bA• The map pA:S ~ R is easily seen to be a monomorphism. To

see that PA is surjective, for r € R and A € A, let uA(r) be the

unique R-linear endomorphism of Rn defined by

bAUA(r) = rbA;b~UA(r) 0 if ~ \ A.

Let T € End(S(n» with TO = UA(r). Since fAAuA(r)fAA = UA(r), we

have eAAT e AA = T. Thus there exists a unique's € S with TA(s) = T;
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so, PA(S) = r. To see that PA = P~ for all A,~ € A, observe that

eA~T~(s)e~A = TA(s); so, for every s € S,

We shall denote this common isomorphism by p:S ~ R.

Let . S(n) ~ R(n) be the unique p-semi-linear isomorphismw· S . R

defined by aAw = b A, A € A. Let ~:Ends(S(n)) ~ EndR(R(n)) be the

isomorphism 'induced by wand let • = ~a-l. Clearly" is an auto-

morphism of End(S(n)) such that e~ = eA~ and T~(S) = TA(s). Assume

for a moment that • \ id. Let a € End(S(n)) with a' ~ a. So,

there exists A € A such that aAa \ aAa'. Pick ~ € A with

aAae~A \ aAa'e~A· Put ~ = eAAae~A· Then aA~ \ aA~' and av~ = 0 =

av~t for v ~ A. Since (~ISaA):SaA ~ Sa A is a S-linear homomorphism,

there exists s € S such that ~ =TA(S); so, ~ =~. contrary to

,aA~ \ aA~'· Hence t = id., i.e., a is induced by w. We have thus

shown that (l)=> (2).

Assume that R satisfies (2). Let RP be a left R-module such

that there exists an R-isomorphism n:p(n) ~ R(n). For y € EndR(p(n)),

let y~ = n-lYn. Then ~:EndR(p(n)) ~ EndR(R(n)) is an isomorphism of

rings. Let {gA~:A,~ € A) be the usual system of matrix units in

EndR(p(n)). Put hA~ = g1~. Then (hA~:A,~ € A) is a system of matrix'

in EndR(R(n)). Let

S = (Y € EndR(R(n0IhA~Y = yh~;A,~ € A).

BY- 1.1, there exists an isomorphism T':EndR(R(n)) ~ ~(S). Let

(aA:A € A) be the usual basis of ss(n) and let T":~(S) ~ Ends(S(n))

be the isomorphism defined by

a «r, h")
v ,,~
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Consider the isomorphism a:End(S(n» -.. End(R(n» where a = (T'oT")-l.

By our hypothesis, there exists an isomorphism p:S -.. R and a p-semi­

linear isomorphism w:ss(n) -.. RR(n) such that a is induced by w.

Let b A = aAw. Then {bA:A € A} is a basis of RR(n). Also,

=6,(aw)
\I" ~

( ' ")(a h T oT )w
\I A~

where 6\1A is the Kronecker delta. Let Then

where PA is the submodule of pen) consisting of all those elements

of pen) which have ~th entry zero for all ~ \ A. So, {cA:A € A}

is a basis of pen) and c A € PA. It follows that {cAl is a basis

of PA. Hence P ~ R. This completes the proof.

A ring R is a PFn-ring if, for every left R-module RP with

pen) ~ R(n), we have RP';; RR. The following proposition shows that

the property PFn lifts modulo the Jacobson radical.

1.7. PROPOSITION. Let I be a two-sided ideal of R contained

in the Jacobson radical of R. If R/I is a PFn-ring then so also is

R.

Proof. Let RP be a left R-module with p(n)~R(n). Then

(P/IP)(n) ~ (R/I)(n) as left (R/I)-modules. So, p/IP ~ R/I as left

R-modules. Since P and R are finitely generated projectives and I

is contained in the Jacobson radical of R, it follows, cf. Bass [2,

page 90] that P ~ R. This completes the proof.

1.8. PROPOSITION. If Mb(D) ~ ~(E) where D and E are left

Ore domains then m = n.

Proof. Let K be the total t.q. skew field of D. Then
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Changing roles of' E, we haveD and

n orthogonal idempotents, socontains~(E)

Thus, n ~ m.

~(D) £ Hm(K) .. Since

does Hm(K').

m~ n. This completes the proof'.

1.9. PROPOSITION. Let D be a lef't Ore domain and n € Z+. Then

any basis of' the lef't D-module D(n) contains precisely n elements.

Proof'. Let K be the total ~.q. skew f'ield of'. D and B be a

basis of' D(n). If' B contains an inf'inite number of' elements then

EndD(D(n» ';;; ~(D)C+ ~(K) contains an inf'inite number of' orthogonal

idempotents, a contradiction. Thus B is a f'inite set. Let IBI = m.

Then D(m) ';;; D(n), so Hm(D) ';;; ~(D). Proposition 1.8 shows that

m = n. This completes the proof'.

APPENDIX.

We shall show that a part of' theorem 1.6 is available f'or arbi-

trary f'ree modules over certain rings. The results in this appendix

are not used anywhere in this monograph.

Let S be a ring. A lef't S-module M is a matrically reduced

module if', f'or any positive integer n >1, there does not exist a lef't

S-module L such that L(n) ';;; M. A ring S is a (~) matrically

reduced ring if' sS is a matrically reduced lef't S-module.

A.l. LEMMA. Let R, S be matrically reduced rings and let RA,­

SB be f'ree modules satisfYing the f'ollowing Conditions:

(1) If' SM is a matrically reduced lef't S-module such that

BB';;; SM(I) f'or some set I then SM';;; SS.

(2) Every matrically reduced direct summand of' RA is f'initely

generated.

Let o:EndR(A) ~ Ends(B) be an isomorphism of' rings. Then there

exists an isomorphism p:R ~ S and a p-semi-linear isomorphism

w:RA ~ SB such that aO = w-law f'or every a € EndR(A).
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Proof. Let {a}..:}.. € A} be a basis of RA. For each }..,~ € A,

let e}..~ be the R-linear endomorphism of RA defined by a}..e}..~ = a~,

ave}..~ = 0 if v \}... Clearly, e}..~eVT = 6~Ve}..T' where 6~v is the

Kronecker delta. Put f, =e~ so that f, f =6 f, • Let B, = (B)f".
f\~ f\~ f\~ VT ~v f\T f\ "I'

Since {f}..}..:}" € A} is an orthogonal set of idemp9tents, the sum

is S-linear. Further,

I: B}.. is direct.
}..€A
f, f = f, , the
,,~ ~~ ,,~

(f~IB}..):B}.. ~ B~

Consider the S-linear maps (f}..~IB}..):B}.. ~ B.

range of this map is contained in B. Hence
~

Since

(B)gi is a

{cy:y € r} be

€ r such that

It follows that (f}..~IB}..):B}.. ~ B~ is an isomorphism.

We now show that B = $ B}... Let
}..€A

Let b € B. Then there exist Yl""'Yk

Let gi be the S-linear endomorphism of B defined by

,cygi = 0 if Y \ Yi' Then (B)gi = sC
Yi

~ SS. Since

to be a matrically reduced ring, it follows that each'

a basis of B.
k

b € I: Sc
i=l Yi

Cyi
gi = c Yi '

S is assumed

matrically reduced left S-module, i.e., for any positive integer n >1,

there does not exist a set {~~):l S p,q S n} of elements of EndSB

such that

and

h(i) h(i)
pq st

6 h(i)
qs pt

Put g
k
I: g.. Then bg = b. Also,

i=l ~

k -1
I: gC1

i=l i
-1

where g~ are orthogonal idempotents in EndRA such that, for any

positive integer n >1, there does not exist a set {~~):l ~,q S n}

of elements of EndR(A) satisfYing

H(i) H(i) = 6 H(i).
pq st qs'pt '
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n -1
I: H(i) = gf

i=lPP

-1
Put Ai = A gf Then Ai is a matrically reduced direct summand of

A. By hypothesis, Ai is finitely generated for i l, ••• ,k. Thus,

there exist Al, ••• ,At € A such that ~ A. c t R a A • Let
t -1 -1 1=1 1. - j=l j

e = I: e A A. Then gO e = gO so that geO = gj i.e.,
j=l j j

t
g( I: fA A ) = g. Since bg = b, it follows that b € I: BAA. Hence

j=l j j
B = Ell B A•

A€A
Since R is a matrically reduced ring, each RaA is a matrically

reduced R-module. As above, it follows that each BA is a matrically

reduced S-module. Now our hypothesis shows that SBA ~ SS for each

B.

BA • Let bAo
is a basis of

be a basis ofAO € A, let {bA }
o

Then it is clear that

For a fixed

bA fA A,A € A.
o 0

The rest is now similar to the first part of the proof of Theorem 1.6.

This completes the proof of the lemma.

A.2. THEOREM (WOLFSON). Let R, S be pH-domains, let RA, SB

be free modules and let o:EndR(A) ~ EndS(B) be an isomorphism of

rings. Then there exists an isomorphism p:R ~ S and a p-semi-linear

isomorphism w:RA ~ SB such that

0° = w-la w

for every a € En~(A).

Proof. It is well-known that over a pli-domain, submodules of

free modules are free cf. Cartan and Eilenberg (1, page 13]. Thus the

conditions of the lemma A-l are fulfilled. The theorem is now immediate
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§2. SEMI-PRIME LEFT GOLDIE SEMI-PLI-RINGS.

In this section, we develop a structure theory £or semi-prime le£t

Goldie semi-pli-rings. The main results o£ this section are the £ollow

lng two theorems.

2.1. GOLDIE I S THIRD THEOREM. The £ollowing conditions on a ring

R arp equivalent:

(1) R is a semi-prime le£t Goldie semi-pli-ring.

(2) R ~ ~ Ri , where each Ri is a prime le£t Goldie semi-pli­
i=l

ring.

(3) R ~ ~ ~. (Di ), where each Di is a len Ore domain and
i=l 1 (ni )

every £initely generated le£t Di-submodule o£ Di has a set o£

generators containing at most ni elements. (c£. proposition 2.11).

Suppose R satis£ies the above equivalent conditions. Then the

rings Ri
mined by

in (2) and the rings Mn.(Di )
1

R up to order and isomorphism.

in (3) are uniq~ely deter-

The positive integer ni is

uniquely determined py the ring ~ (Di ) £or 1 ~ i ~ n.
i

This theorem has a remarkable resemblance with the Wedderburn-

Artin theorem. It may be worthwhile to point out where it di££ers £rom

the Wedderburn-Artin theorem. 1£ we try to adopt Wedderburn-Artin

theorem to semi-prime pli-rings in a naive way, we are led to expect

that (a) the domains Di in (3) o£ 2.1 should be precisely the pli­

domains and that (b) these domains should be uniquely determined up to

order and isomorphism by R. However, there exist domains D such

that ~(D) is a prime pli-pri-ring £or every n >1 but D is

neither a pli-domain nor a pri-domain. The £irst such example was con­

structed by R. Swan. As to the uniqueness o£ the domains Di' the prob­

lem in its £Ull generality is open. We conjecture that these domains

are uniquely determined by R.

Apart £rom unpleasantness, these deviat!ons £rom the pattern

established b the Wedderburn-Artin theorem cause com lications and/or



obstacles in the structure theory of non-semi-prime pli-rings d~veloped

later in this chapter. The following theorem shows that if we impose a

mild restriction on the rings under consideration, we get a really good

structure theorem.

We need a definition first. A non-zero left module is uniform if

any two non-zero submodules have non-zero intersection.

2.2. ROBSON I S THEOREM. The following conditions on a ring Rare

equivalent:

(1) R is a prime left Goldie semi-pli-ring in which finitely

generated uniform left ideals are mutually isomorphic.

(2) R ~ ~(D), where D is a semi-pli-domain.

If R satisfies the above equivalent conditions then the integer

n is uniquely determined by R and the domain D is uniquely deter­

mined by R up to an isomorphism.

We now turn to proofs. The following lemma shows tha t (1) => (2 )

in 2.1.

2.3. ~MMA. Let R be a semi-prime left Goldie semi-pli-ring.

-Then R is a direct sum of a finite number of ideals, each of which is

a prime left Goldie semi-pli-ring. These ideals are uniquely determine

by R up to order.

~. B,y Goldie's second theorem, R is a left order in a semi­

simple Artinian ring Q. In Q, there exist orthogonal central idem­

potents el, ••• ,en such that each e i is indecomposible in the centre
n

of Q and E e i = 1.
i=l

Let S = Rel $ .••$ Ren • Clearly, S is a subring of Q and

ReS. Let

E = {r € Rlr e i € R, 1 SiS nl.

Evid~ntly, SE is an ideal of R. Using the common denominator theorem,

we get a regular c in R such that ceo € R for 1 SiS n; thus



Sc c R. Since Sc is easily seen to be a finitely generated left

ideal of R, Sc = Ra for,some a E R. Since c is a unit in Q, it

follows that a is regular in S. Now, a = bc for some b E S. Thus

S = Rb. Since b 2 E S, there exists d E R such that b 2 db, i.e.,

(b-d)b = O. Regularity of b in S yields b = d E R. Hence S = R.

It is easily seen that each Rei is a left order in the simple

Artinian ring Qei; by Goldie's first theorem, Rei is a prime left

Goldie ring. It is now easy to complete the proof.

The following lemma essentially shows that (2) :>(3) in Theorem

2.1.

2.4. LEMMA. Let R be a prime left Goldie semi-pli-ring. Then

R ~ ~(D), where D is a left Ore domain such that every finitely

generated left D-submodule of D(n) has a set of generators containing

at most n elements. The integer n is uniquely determined by R.

Proof. Ey Goldie's first theorem, R is a left order in a simple

Artinian ring Q. Let N be a complete n x n system of matrix units

in Q, i.e., the centralizer of N in Q is a skew field. Since" N

is a finite set, by the common denominator theorem, there exists a

regular element a in R such that aN c R. Let M = aNa-I. Then

M is a complete system of matrix units in Q and Ma c R.

Clearly, RMa is a finitely generated left ideal of Rand con-

tains the regular element a. Thus, RMa

R. Now, ca = b for some c E RM; so, c

Rb for some regular b in

ba- l is a unit in Q and

RM Rc.

Let A = {r E RIMr ~ R}. Clearly, A = {r E R\Rcr S R}. However,

Rc = RM ~ R; so, R ~ Rc- l and c- l E R. Thus, A = c-lR. From the

definition of A, we have MA = A; i.e., Mc-lR c-lR. So, R = (CMc-l~

and cMc-l c R. Now, cMc- l is a system of n x n matrix units in R

and a complete system in Q. If D is the centralizer of cMc- l in

R, it follows that D is a domain. By 1.1, R ~ ~(D). If D is not
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left Ore, then it is not a left Goldie domain; so there exists an infi­

nite set of non-zero left ideals {Am:m € z+} of D such that t Am

is direct; then t ~(Am) is an infinite direct sum of non-zero left

R, a contradiction. 1.4 and 1.8 complete the proof.

2.5. Proof of Theorem 2.1. Follows easily from 2.3 and 2.4.

We now prove some results which contain the proof of Robson's

theorem.

2.6. LEMMA. Let R = Mn(D). Every uniform left ideal U of R

is R-isomorphic with a uniform left ideal of R in which no matrix

has a non-zero entry outside the first column.

~. We put an induction on the number, p, of columns with non­

zero entries in matrices in U. Observe that exchanging two fixed,

columns of all matrices in U gives a R-isomorphism of U with a uni­

form left ideal of R. Thus the lemma is true for p = 1. Assume

that p >1 and that the lemma is true for ~p-l. Due to the above

observation, we may assume that the non-zero columns of U are the

first p columns.

rf, for each j, 1 ~ j ~ p, we can find a matrix in U with

column j \ 0 and column k = 0 for k ~ j, then these matrices gen­

erate non-zero left subideals of U which form a direct sum, contrary

to our hypothesis that U is uniform. Thus there exists jO(l~joSP)

such that there exists no matrix in U with column jO\ 0 and column

By exchanging columns, if necessary,k = 0 for

assume that

k ~ j.

jo = p.

we may

Thus, for a matrix in U, the first p-l columns

vanish if and only if the matrix is the zero matrix. So, the map

(aij ) ~ (a~j) given by a~p = 0,
,

if j '\ defines an R-a ij = aij p,

isomorphism of U with a uniform left ideal of R which has ~ p-l

columns with non-zero entries in its matrices. The induction hypo-

thesis now gives the required isomorphism. This completes the induc-
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tion and concludes the proof.

2.7. LEMMA. Let R = ~(D). The finitely generated uniform left

ideals of R are mutually isomorphic if and only if the same is true

for D.

Proof. If U is a finitely generated uniform left ideal of R

in which no matrix has a non-zero entry outside the first column and if

U is the set of all entries of all matrices in U then U is easily

seen to be a finitely generated uniform left ideal of D. If V is a

fini tely generated uniform left ideal of - D and if V* is the left

ideal of R consisting of all matrices (aij ) with ail € V, aij 0

if j \ 1, then V* is a finitely generated uniform left ideal of R.

Further, u* = U and v* = v.

Now assume that all finitely generated uniform left ideals of D

are mutually isomorphic and let I, J be finitely generated uniform

left ideals of R. B,y 2.6 and the above observations, we obtain

* * *If ~:Vl ~ V2 is a D-isomorphism then ~ :Vl ~ V2
(~(aij)) is readily seen to be an R-isomorphism.

finitely generated uniform left ideals

~ * *I = Vl and, J = V2 •

given by ~*«aij))

Thus I ';;; J.

of'D such that

Assume that all finitely generated uniform left ideals of Rare

mutually R-isomorphic and let Wl and W2 be finitely generated uni-

* *form left ideals of D. Then there is an R-isomorphism t:Wl ~ W2•

It is clear that any matrix of the form (~), a € Wl , maps into a

matrix of the form (~), b € W2• The map t:Wl ~ W2 defined by

a» b is seen to be a D-isomorphism. This completes the proof.

2.8. LEMMA. Let D be a semi-pH-domain and n be an arbitrary

positive integer. Then D is a left Ore domain and a PFn-ring.

FUrther, every finitely generated left D-submodule of D(n) is free

with a basis containing at most n elements.
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Proof. Assume for a moment that D is not left Ore. Then there

exist non-zero a, b € D such that Da n Db = (0). Let Da + Db Dc.

Then there exist a',b',f,g € D such that a = a'c, b = b'c and

c = fa + gb. So, a a'fa + a'gb; i.e., (l-a'f)a = a'gb = O. Since

D is a domain and b ~ 0, either a' = 0 or g = o. However, if

a' = 0 then
,

a = a c 0, a contradiction and if g = 0 then c € Da,

so b € Dc ~ Da, a contradiction again. Hence D must be a left Ore

domain.

Let N be a finitely generated left D-submodule of D(n). Let

t:D(n) ~ D be the D-epimorphism which sends an element of D(n) to

its first entry. Then t(N) is a finitely generated left ideal of D;

so t(N) = Dd for some d € D. Pick x € N with t(x) = d. Then

N = Dx _$ ker .t and ker. is a finitely generated left D-module which

is isomorphic with a submodule of D(n-l). An induction is nowavail­

able to conclude that N is free with a basis containing at most n

elements.

Let P be a left D-module such that p(n) ';;; D(n). Then P is

isomorphic with a submodule of D(n) . As shown above, P is free wit

a basis of k elements where k S n. Then p(n) has a basis of kn

elements; so, D(n) has a basis of kn elements. Proposition 1.9

shows that k = 1. Thus DP';;; DD, i.e., D is a PFn-ring. This

completes the proof.

2.9. Proof of Theorem 2.2. For (1):9 (2), use 2.4 and 2.7. For

(2) ~(l), observe that, if D is a semi-pli-domain then by 2.8, D

is--a left order in a skew field K; so, ,by 1.2.14, ~(D) is a left

order in ~(K); Goldie's first theorem implies that ~(D) ';;; R is a

prime left Goldie ring. 2.8 and 1.4 show that R is semi-pli-ring.

2.7 shows that finitely generated uniform left ideals of R are mutu­

ally isomorphic. The uniqueness assertions follow from 2.8, 1.5, 1.6

and 1.8. This completes the proof.
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We finish this section with some propositions. ,

2.10. PROPOSITION. If D is a commutative domain such that

Mn(D) is a pli-ring (resp. semi-pli-ring) for some n € Z+ then D

is a pli-domain (resp. semi-pli-domain).

Proof. Let I be a non-zero finitely generated ideal of D, say

I = ~ Ddj , where each d j ' O. Let I* be the left ideal of ~(D)
j=l *

generated by b j , where bj is the diagonal matrix with the first

diagonal entry dj and all other diagonal entries 1. Then there exis

c* and xj in ~(D) such that I* = ~(D)C* and c* ~ x~ bj.
* j=l J

It follows that every element in the first column of c is in I so

* * * * *that det c € I. Since b j = Yj c for some Yj in ~(D),

(det yj)(det c*) € I,

P P
_ (n)

1 $ •••$ n = DD .

for 1 ~ j ~ m. Hence det c* generates I. It is now easy to com­

plete the proof.

2.11. PROPOSITION. Let D be a domain and let n € Z+. ~(D)

is a pli-ring if and only if, for non-zero left ideals Pl""'Pn of

D, we have

Proof. Let

left ideals of D.

~(D) be a pli-ring and let Pl""'Pn be non-zero

Since PI $ •••$ Pn is a left D-submodule of DD(n~

by 1.4, it has a set of generators containing at most n elements, sa

vl' ... ,vk ' k ~ n. We may take

where all dij € D. Let A be the matrix in ~(D) whose firs·t k

row vectors are vl, .•. ,vk and remaining row vectors O. Let Ki be

the left ideal of ~(D) consisting of matrices with all row-vectors

in Pi' 1 ~ i ~ n. Then

K $ ... $ Kn ~ ~(D)A.
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Since D is a left Noetherian domain, it has a t.q. skew field, say Lj

then Q = ~(L)

it follows then

is the t.q. ring of ~(D).

A is regular in ~(D); so

Since

k = n.

QlS. e ...e ~ = Q,

Now, if

with

then

n
d'I: vi 0,

i=l i

I I I

dl d2
dn

0 0 0
A (0) •

0 0 0

in ~(D) shows that each

Noetherian, we obtain a submodule such that is an

essential submodule of By a well-known theorem of Kaplansky,

see Cartan-Eilenberg [1, page 13), N ~ Pl e ...e Pt where each Pi is

a non-zero left ideal of D. Using essentiality of N, it follows that

t n (either use existence of simple Artinian t.q. ring of ~(D) or

see Goldie [4, Chapter 3, page 56). By our hypothesis, N has a system

of generators containing at most n elements so Nl also has a system-_

of generators containing at most n elements. By 1.4, Mh(R) is a

pli-ring. This completes the proof.

2.12. COROLLARY. Let D be a domain such that ~(D) is a pli­

. ring. Then Mk(D) is a pli-ring for each k 2 n.

Proof. Let Pl, ••• ,Pk be non-zero left ideals of D. Then,

using 2.11, we have
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De (D(n-l) e P ) e ( ~ Pi)
n+l i=n+2

= D(n+l) e ( ~ Pi) etc. ~ D(k).
i=n+2

This completes the proof.
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§3. SKEW POLYNOMIAL RINGS.

In this section,we shall consider skew polynomial rings of a

special type over prime pli-rings. Certain epimorphic images of these

rings playa prominent part in describing the structure of arbitrary

li-rings.

Let R be a ring and p: R ~ R be a monomorphism. Let

R[X,p] denote the set of all formal polynomials in the indeterminate

X with coefficients in R written on the left of power of X.

Define equality and addition in R[X,p] as usual; define a mUltipli­

cation by assuming the distributive laws and the rule

Xr p(r)X

for every r € R. It is straightforward to check that R[X,p] is a

ring. The ring R[X,p] is called a skew polynomial ring over R. A

skew power series ring R[[X,p]] over R is defined in an analogous

way.

The main result of this section is the following.

3.1. THEOREM. Let R be a prime pli-ring and Q be the simple

Artinian 1. q. ring of R. Let p: Q ~ R be a monomorphism. Then

R[x,p] is a prime pli-ring.

Till lemma 3.4, we shall work in the following context. D is a

left Noetherian domain With total l.q. skew field K, p: K ~ D is a

monomorphism and A = D[x,p]; n is a positive integer such that

R = Mh(D) is a prime pli-ring. We shall be concerned with the ring

S = Mh(A). Observe that, by 1.4, every left ideal of D has a set of

generators containing at most n elements.

3.2. LEMMA. If t is a non-zero left ideal of A then there

exist aI' ----, an € A, all of the same degree such that

t"" E A a i .
i=l
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Proof. Let m = min {deg a I a € t, a +oJ. If a = dx
m +

(lower degree terms) is a non-zero polynomial in , then

[p(d)]-l x a = xm+l + (lower degree terms) is in t. It follows that

, is generated by the polynomials of degree m belonging to l. If

1 is the set consisting of zero together with the leading coefficients

of all the polynomials of degree m in t then I is a non-zero left

ideal of D. Using 1.4, we get dl' ----, dn € D* such that
n

T= I: Ddi . Pick ai € l with deg ai = m and with the leading
i=l n

coefficient di · Then t= I: A ai · This proves the lemma.
i=l

For the sake of convenience, we introduce some ad hoc terminology;

it will be used in the next two lemmas only. Let A be a nqn-zero

left ideal of S. Let Pl be the first positive integer such that
ththere exists a matrix in A with non-zero Pl column. The integer

Pl is called the initial column of A. Let t be the set of all
Pl

entries in the pih column of matrices in A. Then is a non-zero

initial degree of A. An element (aij ) € A
n

element in A if t
pl

I: A a and deg
i=l iPl

1 ~ i ~ n. Let A' = {>.. € A I th column ofPl

A, called the initial left ideal of Letleft ideal of

the least degree of non-zero polynomials in

m be
Pl

l ; mp is called the
Pl 1

is called a prominent

subideal of A.

3.3. LEMMA. Every non-zero left ideal A of S contains a

prominent element.

Proof. Follows immediately from 3.2.

3.4. LEMMA. S is a prime pli-ring.
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Proof. It is clear that the degree rule holds in A; so, A is a

domain and S = Mb(A) is a prime ring.

Let A be a non-zero left ideal of S. There exists a finite

chain o£"left. ideals of S

such that l{k{n and A is the main left subideal of At fort+l
1 { t { k. Let Pt be the initial column of At' m be the initial

Pt

degree of At and t
Pt

be initial left ideal of At for 1 { t {k.

By 3.3, we can choose a prominent element Fi in At for each t.

Then we can normalize these prominent elements to obtain matrices

Ft = (ft3» with entries in A such that

(1)

(2)

Ft is a prominent element in At

deg f(t) { m if 1 { t { q { k
iPq Pq

Such a normalization is possible since p(d)

for 1 { t { k;

and 1 { i {n.

is a unit in D for

every non-zero d € D.

For each t, 1 { t { k, we define a nxn matrix

follows:

and

such that

o if j ~ Pt' Pt+l' ----, Pk;
mp (

coefficient of x q in f t) for i { i { n
iPq

(1) n(t)
ij

(2) n(t)
ipq

t { q { k.
k

Consider the left ideal E R(n(t» of R. Since R is a pli-
t=l ij

ring, there exists a nxn matrix (Yij ) with entries in D such

that ~ R(ni t
j » = R(Yij)' Thus, there exist matrices (ait

j » and
( ) i-l

(~i3 ) - with entries in D

(ag» (Yij) = (ng»

~ (~it
j

» (nit
j

) )
t=l

for 1 { t { k;



Consequently, for each to' (1 { to { k), we have

(c?0 ) ) ~ (,B (t » (n
i
( t

j
) ) = ( n~tjo ) ) . ( * )

ij t=l ij

k (t)
Put H = E (,B'j) Ft and put

t=l 1

(to) (to) k (t) (to)
H
to

= (aij ) H = (aij ) ~l (,Bij ) Ft = (hij )

for 1 { to {k. We claim that Ht is a prominent element in At
o (t) th 0

for each to' For 1 { q { to' let c: 0 denote the Pq column of
Pq

Ht . By the definition of Ht , we have
o 0

r.: (to)= (a~tjo» ~ (,Bit
j

» (ptqh column of F
t

)
Pq t=l

that

(t) k () () mp ()
= (a 0) E (,B.t) (n t x q + g.t )

ij t=l 1j i Pq 1Pq
m

where f(t) = n(t) x Pq + g(t) with deg g(t) <m •
iPq' i Pq iPq - ipq Pq

(t )
Using the equation (*), we obtain gipo € A with degree <

q

(to) mpq _(to)
nip x + gip ,

q q

such

for all 1 { i {n and 1 { q { k.

Suppose t = 1. Then each hi(l) is a polynomial of degree m
o Pl Pl

belonging to , . Since the leading coefficients of hil ) and
Pl Pl

fi(l) are the same and mp is the least degree of non-zero polynomial
, Pl 1

-in t , it follows that hi(l) = fi(l). Hence Hl is a prominent
Pl Pl Pl

element in Al .
(t )

Suppose to> 1. Then nip
o = 0 for 1 { i {n; so,

(to) _(to) (to) 1
hip = gip and deg hip <mp ' It follows from the derinition of

1 l(t ) 1 1
om

pl
that h

iPl
= O. Hence H

to
€ A2 . Repeating this argument, we

can show that ~ € At. Now, as in the preceding paragraph, we get
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(to) (to)
Hence Ht is a prominent element in At . Thish f ip •

iPt to 0 0
0

proves our claim. Since (Ht : 1 { t { k} generate A as a left

ideal of S, we have A SH. Hence S is a pH-ring. This

completes the proof of the lemma.

3.5· Proof of Theorem 3.l. Clearly p(Q) c: R and p(Q) is a

simple Art~nian ring. Choose a complete system of matrix units

(eij : 1 { i, j {n} in p(Q). Then (p(eij ): 1 { i, j {n} is also

a complete system of matrix units in p(Q). Since p(Q) is a simple

Artinian ring, there exists a unit u e p(Q) such that

u p(eij)u-l
= eij for 1 { i, j {n. cf. Jacobson [3; page 59].

Let .: Q ~ R be the monomorphism defined by ,(q) = u p(q)u-l,q E Q.

If D and K are centralizers of (eij : 1 { i, j {n} in R and

Q respec~ively then K is the total l.q. sfield of D and • induce

a monomorphism ,: K ~ D. By 1.1, R;;; l\,.(D). Now, l\,.(D[y,TJ)

= Mb(D) [y,.]. If we put y = ux, it is readily seen that

l\,.(D) [y,t] ~ Mb(D) (x,p] ~ R[x,p]. By 3.4, Mb(D[y,T]) is a prime

pli-ring. Hence R[x,p] is a prime pli-ring. This completes the

proof.

We have a few comments on theorem 3.1. Notice that the theorem

and its proof can be adopted to skew power series ring R([x,p]]. A

similar theorem is probably true for prime left Goldie semi-pli-rings.

The proof of theorem 3.1 can be adopted if one can show that the main

left subideal AI of a finitely generated left ideal A of S is

finitely generated. Some results of Chase [1] appear to be related.

Later on, we shall see that theorem 3.1 has a converse; viz., if

R[x,p] is a prime pli-ring then R is a prime pli-ring and p: R ~ R

can be extended to a monomorphism p: Q ~ R, where Q is the simple

Artinian total l.q. ring of R.
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R is a pli-domain; a transfinite generalization of it appears in

Jategaonkar [4J. Theorem 3.1 in its present form is new. Skew poly­

nomial rings on left orders in left Artinian rings are considered in

detail in Jategaonkar [8J.
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§4. JOHNSON'S THEOREMS.

In this section, we shall prove three theorems of R. E. Johnson.

These theorems provide some important information regarding the

structure of fully left Goldie ipli-rings'and are repeatedly needed in

the sequel.

A definition is needed. A ring R is a primary ring if, for

ideals A, B of R, AB = (0) implies either A = (0) or gn = (0)

for so~e positive integer n. A primary ring R is completely

Iprimary if RlP(R) is a domain.

4.1. JOHNSON'S FIRST THEOREM. A ring R is a fully left

Goldie ipli-ring if and only if R is a direct sum of a finite

number of ideals, each of which is a primary fully left Goldie

ipli-ring.

4.2. JOHNSON'S SECOND THEOREM. Let R be a fully left Go1.d·ie

ipli~ring. R is a primary ring if and only if Rlp(R) is a prime

ring.

4.3. JOHNSON'S THIRD THEOREM. Let R be a primary fully left

Goldie ipli-ring. If Rc is a non-nilpotent two-sided ideal of ' R

then peR) c Rc and ~(c) = (0)

The usefulness of Johnson's first theorem is evident; it reduces

the study of arbitrary fully left Goldie ipli-rings to that of primary

fully left GOldie ipli-rings. Johnson's second theorem connects the

primary fully left Goldie ipli-rings with prime rings of the same kind

However, it is the third theorem which provides the most important

information regarding primary fUlly left Goldie ipli-rings. It shows

that the prime radical occupies a peculiar position in such rings; the

significance of the left regularity of the generators of non-nilpotent
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ideals is not sO,easily explained; loosely stated, it shows that an

ideal is either big or very small.

We shall note some useful trivialities before we prove Johnson's

theorems. It is clear that a homomorphic image of a fully left Goldie

ipli-ring is again a fully left Goldie ipli-ring; alsq a finite direct

sum of fUlly left Goldie ipli-rings is a fUlly left Goldie ipli-ring

and conversely.

4.4. PROPOSITION. If R is an arbitrary ring and Ra, Rb are

ideals of R then RaRb = Rab.

Proof. Evidently, aR:: Ra, so that RaRb cRab. On the other

hand, ab € RaRb, so Rab:: RaRb.

4.5. PROPOSITION. If R is a ipli-ring then peR) is nilpotent

Proof. Let peR) = Rw. Since peR) is nil, wn = 0 for some

positive integer n. By 4.4, {p(R))n = Rwn = (0).

Now we shall prove Johnson's theorems.

4.6. LEMMA. Let R be a fUlly left Goldie ipli-ring such that

R!P(R) is a prime ring. Let Rc be a non-nilpotent two-sided ideal

of R. Then peR) c Rc and l(c) = (0).

Proof. Let B = Rc + peR) = Rb. Then B = {r + P(R)lr € B) is

a non-zero ideal of R = R!P(R). Also, ~ = Rb, where b = b + peR).

Since ~ is a prime ring, using 4.4, we have ~R (~) (0) for

every positive integer m. If A is a left ideal of R with

A n R ~ = (C), then R om A = (0) so that A:: t.R (om) = (0).

However, by 1.2.5, there exists m E Z+ such that 'R(b) n ~ om = (0).

Thus, t (b)=(O); i.e., for r€R, rbEP(R) if and only if r € peR).
R

Since peR) c Rb, we obtain peR) = P(R)b; on induction, this gives

P(R) = P(R)bn c Rbn for every positive integer n. By lemma 1.2.
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there exists s E Z+ such that 'R(b) n Rbs = (0). Left regularity

of b in ~ shows that 'R(b) ~ P(R). It follows ~hat' IR(b) = (0).

~ 4.5, (P(R)}t =' (0) for some t € Z+, so that P(R) ~ Rbt
=

(Rb}t (Rc + P(R)}t ~ Rc. We may now repeat the above argument with'

b = c and conclude that fR(c) = (0). This completes the proof.

4.7. Proofs of theorems 4.2 and 4.3. Suppose R is a fully left

Goldie ipli-ring such that R/p( R) is a prime ring. Let Ra and Rb

be ideals of R such that Rb is non-nilpotent and RaRb = (0). ~

4.4, we have RaRb = Rab; so ab = o. 4.6 now shows that a = 0 so

that Ra = (0). Thus, R is a primary ring.

Suppose R is a primary fully left Goldie ipli-ring. Assume for

a moment that R/P(R) is not a prime ring. Let A, B be non-zero

iqeals of R = R/P(R) such that A B = (0). Let A, B be the full

inverse images of A and 13 under the canonical epimorphism

R ~ R/P(R)., Then AB ~ P(R); by 4.5, AB is nilpotent. Let t be the

index of nilpotency of AB. Since R is primary and A, B are both

non-nilpotent, we have t> 1. Now, (0) (AB)t = ((AB)t-1A) B

implies (0) = ((AB)t-l) A which, in turn, gives 0 = (AB)t-l.

However, this is contrary to our choice of t. Hence R/P(R) is a

prime ring. This proves Johnson's second theorem. Johnson's third

theorem now follows from lemma 4.6.

4.8. COROLLARY. Let R be a fully left Goldie ipli-ring and A

be an ideal of R contained in P(R). R is a primary ring if and

only if R/A is a primary ring.

Proof. Immediate from Johnson's second theorem.

We now turn to Johnson's first theorem. The follOWing lemma

contains the semi-prime case of the theorem.
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4.9. LEMMA. Let R be a semi-prime left Goldie ipli-ring.

Then R is a direct sum of a finite number of ideals, each of which

is a prime left Goldie ipli~ring.

Proof. By Goldie's second theorem, R has a semi-simple Artinian

total l.q. ring, say Q. There exist mutually orthogonal non-zero

central idempotents e l , ----, en in Q, such that each e i is
n

primitive in the centre of Q and E e = 1- Let S = E Rei'
i=l i

Clearly, S is a subring of Q and R c: S. Let

Evidently, SE is an ideal of R; so SE = Ra for some a £ R. There

exist r i £ R, 1 ~ i ~ n, and a regular element c in R such that
-1ei = e r i for 1 ~ i ~ n. Since ei are central in Q, we have

so, C £ E. It follows that cERa. Since c is regular in R, it

must be a unit in Q. Thus, a is a unit in Q and so regular in S.

Now, Ra SE = S.SE = SRa = Sa shows that, for every s E S, there

exists r £ R such that sa = ra i.e., (s-r) a = 0; regularity of

a in S gives r = s. Thus S R. The lemma is now clear.

4.10. LEMMA. Let R be a fully left Goldie ipli-ring. Let

o~ R ~ R = RlP(R) be the canonical epimorphism. If R = A e B,

where A, B are non-zero ideals of R, then there exist ideals AI,

B' of R such that R = AI e BI, where A' + peR) = o-l(A) and

B' + peR) = o-l(B).

Proof. Put A o-l(J\) and B = o-l(B). Then R = A + B.

Assume that R = At + Bt , t E Z+. Then R = (A+B) (At+Bt )

At +l + ABt + BAt + Bt +l ~ At +l + Bt +l + peR), since AB and BA ,are

contained in peR). However, peR) = RP(R) = Atp(R)+Btp(R) c: At+l+Bt +l ;



Hence R = At +1 + Bt +l • This completes the induction on t and shows

that R = An + EP for every n E Z+.

It is easily seen that An + P(R) = A and BP + P(R) = B for

every n E Z+. To finish the proof, it suffices to show that

AS n BS = (0) for some s E Z+. Put A = Ra and B = Rb. Clearly,

a + P(R) , is a regular element in the ring A. Thus, if x € Rand

x a E P(R) then x € B. It follows that P(R) = Rba = BA. Similarly,

P(R) = AB. An induction, using BA = AB shows that (AB)n = An JP,
n € Z+. By 4.5, there exists m € Z+ such that (0) {p(R)}m =

( )m m m m t ( m) +AB = A B; so, A ~ R b • By 1.2.5, we get s € Z such that

AS n Rbs = (0) = AS nBs.

This' completes the proof.

4.11. Proof of Theorem 4.1. Let R be a fully left Goldie ipli

ring. Then R/P(R) is a semi-prime ipli-ring. Using 4.9 and 4.10
n

repeatedly, we can express R 'a~ R = $ Ri , where each Ri is a
i=l

f~lly left Goldie ipli-ring and each Ri/P(Ri ) is a prime ring; by

Johnson"s second theorem, each Ri is a primary ring. The remaining

part of the proof is clear.

We finish this section with some results on primary left Artinian

ipli-rings.

4.12. THEOREM. Let Q be a primary left Artinian ring in which

the prime radical p(Q) is a principal left ideal of Q. Then

(1) There exists a set M of matrix units in Q such that the

centralizer S of M in Q is a completely primary left Artinian

pli-ring, every left ideal of S is two-sided and is of the form

(p(S)}n, 0 ~ n ~ k+l, where k+1 = index of nilpotency of P(S) =

index of nilpotency of p(Q).

Ii-ring. The onl two-sided ideals of Q are those
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of the form

W € p(Q) n S

(3) If

{p(Q)}n, O~n~k+l. Further,

but w. (p(Q)}2 n S.
kp( Q) = Qz then IQ (z ) = p(Q) •

p(Q) = QW for any

Proof. Since Q is a left Artinian primary ring, Q/p(Q) is a

simple Artinian ring. Using the Wedderburn-Artin theorem and propo­

sition 1.2, we obtain a system M of matrix units in Q such that

the centralizer S of M in Q is a completely primary left Artinia

ring; so, Q ~ ~(s). The rest of the assertions in (1) and (2) are

proved in Jacobson [2, pages 76-77].

for

Then

the otherp(Q);

It follows that

o so

are of the form

*Now, putting wo =

( *kand that tQ Wo ) =
*k *k kawo and Wo = bz

Hence

This completes the proof.

so q € p(Q).= p(Q)

trivial.

tS(w~) = SWO •

*is easily seen that p(Q) = QWo
k *k kClearly, Qz = QWo • So, z ~

*ka, b € Q. Since (l-ba)wo = 0, I-ba € p(Q).

are units in Q. If qZk = 0 then

diag wo' it

*QWo = p(Q).

some

We prove (3). Identify Q with ~(s). Let

S wets (wk ). Since all the left ideals of S
0- 0

(p(S)}n = sw~, it follows that

"a, b

qa € tQ(w:k )

inclusion is

References.

Theorems similar to Johnson's first theorem are well-known and

classical e.g. the structure theorem ,of commutative PIR's (see

Zariski and Samuel [l,~ 245]) and the structure theorem for left­

right Artinian pli-rings (see Jacobson [2, page 75]). Goldie [3]

proved, a theorem similar to Johnson's first theorem for right

Noetherian pli-rings (see §8 of this chapter). Johnson [1] contains

the three theorems stated in the text for pli-rings. For some time,

it was not clear that Johnson's theorems are genuinely stronger that

Goldie's result; in fact, the following conjecture of Herstein [1,

page 75] was billed as highly likely to be true: 'A primary pli-ring
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is either prime o~ Artinian'. In effect, the conjecture states that

Johnson's theorems contain the same information as Goldie's fourth

theorem (proved in §8). Jategaonkar [3] contains a counter-example to

Herstein's conjecture; there was an earlier unpublished paper by the

author, Jategaonkar [2], containing a negative solution of Jacobson's

conjecture on intersection of powers of Jacobson radical and a negative

solution of Herstein's conjecture.

Johnson's theorems were adopted by Robson [3] for left Noetherian

·pli-rings. Our proofs are taken from Robson [3] with trivial

phanges.
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§5. FULLY LEFT GOLDIE SEMI-PLI-IPLI-RINGS.

The following theorem is basic for the study of fUlly left

Goldie semi-pli-ipli-rtngs (in particular, pli-rings).

5.1. THEOREM. Let R be a fUlly left Goldie semi-pli-ipli-ring

An element c € R is left regular in R if and only if c + peR) is

left regular in RlP(R). If c is left regular in R then

peR) c: Rc.

Proof. Due to Johnson's first theorem, it suffices to prove the

theorem under the additional hypothesis that R is a primary ring.

Let P= peR) and let k+l be the index of nilpotency of P. If

P= (0) , there is nothing to prove. Assume that P'" (0), so k L l.

(i) Let c be a regular element of R. If x € R and xc € P

then pkxc = (0) pkx, so X € -t.(pk). Since pk is a two-sided

ideal of R, -to ( pk) is also a two-sided ideal of R. By Johnson's

third theorem, either ~(pk) is nilpotent or contains a left regular

element; in the later case, we get pk = (0), contrary to our choice

of k. Thus, x € "'f,.(pk) ~ P. Thus, c + P is left regular in Rip.
(ii) Suppose d € Rand d + P is a left regular element in

Rip. Since R is ipli, P is principally generated; so Rd + P is

a finitely generated left ideal of R. Since R is semi-pli,

Rd + P = Ra for some a € R. Then (d+P) = (r+P)(a+P), where r € R.

By Goldie's first theorem, Rip is a left order is a simple Artinian

ring Q. By 1.2.10, d+P is regular in RIP, so a unit in Q. Thus,

a+P is regular in Rip· Evidently, a = rId + wI for some r l € R

and wI € P. Since P S Ra, wI = waj regularity of a+P in RIP

shows that w € P; so (l-w) is a unit in R. Now, (l-w)a = rId

shows that

Ra Rd::> P.
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is also left regular in R/P, the above argument shows

for every n € Z+. The left regularity of d+P in

R/p implies l(d) C P. By 1.2.5, for sUfficiently large m, we have

(0) = led) n Rdm• Hence e(d) = (0).

(iii) Suppose c is left regular in R. Part (i) of the proof

shows that c+P is left regular in R/p; so part (ii) is applicable

to c = d. Thus, peRc. This completes the proof.

5.2. COROLLARY. Let R be a fUlly left Goldie semi-pli-ipli­

ring and let A be a nilpotent ideal of R. An element c £ R is

left regular in R if and only if c+A is left regular in R/A.

Proof. Immediate from 5.1.

5.3. COROLLARY. Let R be a fully left Goldie semi-pli-ipli­

ring. R is a left order in a left Artinian ring if and only if every

left regular element in R is regular.

Proof. Follows from 5.1 and Small's theorem.

References.
The results of this section are due to the autho~. They may be

found in Jategaonkar [1;5].
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§6. ASSOCIATED GRADED RINGS.

Let R be a ring and A be a proper ideal of R. Let AO R

and let

as an" abelian group. Define a mUltiplication in GA(R) by assuming

the distributive laws and the rule

where r m € Am and sn € An. It is straightforward to check that

GA(R) is a ring. GA(R) is called the graded ring associated with the

filtration on R induced by powers of A.

In this section, we describe Gp(R), where R is a primary fully

left Goldie semi-pli-ipli-ring and P = P(R). once this is done, using

Johnson's first theorem, one can obtain a similar description of Gp(R)

for arbitrary fully left Goldie semi-pli-ipli-rings.

Let R be a primary fully left Goldie semi-pli-ipli-ring. Let

T(R) = (r€Rlcr = 0 for some left regular c in R).

Thus, by 5.3, R has a left Artinian l.q. ring if and only if

T(R) = (0). The starting point of our discussion of Gp(R) is the

following theorem.

6.1- THEOREM. Let R be a primary fully left Goldie semi-pli-

ipli-ring. Let k+l be the index of nilpotency of F(R) • Then either

T(R) = (0) or T(R) = (P(R)}k. In any case, R/T(R) is a primary

fully left Goldie semi-pli-ipli-ring with a left Artinian l.q. ring.

This theorem provides the following rough classification of

primary fully left Goldie semi-pli-ipli-rings. Let R be such a ring.

If P(R)

If P(R)

(0), then, by Johnson's second theorem, R is a prime ring.

T(R) +(0), we shall say that R has small prime radical.

If R is neither a prime ring nor a primary ring With small rime
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rime radical i~ {P(R»)24 (0); however, there exist rings with large

rime radical such that {P(R»)2 = (0). It may be worthwhile to note

that there exist primary pli-rings with small prime radical.

We now state the main theorem of this section;

6.2. THEOREM. Let R be a primary fully left Goldie semi-pli­

ipli-ring with large prime radical P. Let k+l be the index of

ilpotency of P, so k € Z+. Let R = R!P and let Q be the simple

rtinian l.q. ring of R (which exists by Johnson's second theorem

and Goldie's first theorem). Then there exists a monomorphism

p: Q-'R such that Gp(R) ~ S/I where S = R[x, pIR] and I is

an ideal of S with Sxk+l C I C Sxk • R has a left Artinian l.q.

rIng if and only if I = S k+lx •

Assume further that R is a pli-ring. Then Gp(R) is a

rimary pli-ring with large prime radical. R has a left Artinian

l.q. ring if and only if Gp(R) has a left Artinian l.q. ring. If

R does not have a left Artinian l.q. ring then there exists a regular

-c -R -k ()-/-kelement in such that I = Scx , so Gp R = S Scx •

Until further notice, let R be a ipli-ring, p= P(R) , k+l

index of nilpotency of P and R= R!P. If r€R, put r = r+P.

The following lemma shows that Gp(R) and 1'{[x,p] are related.

6.3. LEMMA. Assume that there exists Wo€ P such that

P = Rw , t(w ) c P and t,(wk ) c P. Then there exists a monomorphismo 0 - 0

p: R -. R and an epimorphism ~: S -. Gp(R), S = R[x,p], such that

(x) = Wo + p2 and ~IR = id.

Further, if t(w~) = P then ker ~ = Sxk+l and each left R­

module pn/pn+l, n {k, is R-isomorphic With RR.
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Proof. Since Rwo is a two-sided ideal of R, for every rER,

there exists r'ER such that wor = r'wo • Since t(wo ) ~ P, r' is

uniquely determined by r. If rEP, say then w r =o

(s'wo)wo; so r' = O. It follows that r ~ r' defines a mapping

p: R .... R. If p(r) = 0 then wor € p2; so, w~r = 0 and

r E E.(w~) ~ P; Le. r = O. It is now clear that p is a monomorphism

Observe that, in Gp(R), wn + pn+l = (w + p2 )n for every n€Z+.o 0

Thus, every element of Gp(R) can be uniquely expressed as

k
E r

n
(w

o
+ p2)n,

n=O

where Define a mapping ~: S .... Gp(R)

(w
o

+ p2)n.

by

Clearly, ~ is an epimorphism of left R-modules. Also, ~(fx)

~(f)~(x) for every f E S. B,y an induction, we have ~(xnr) =

~(xn)~(r) for every n € Z+ and r € R. Now, let f, g € S.

Express g as g = r + glx, where r € R and gl E S. Then ~(fg)

= ~(fr + fglX) = ~(f)~(r) + ~(fgl)~(x). Thus an induction on the

degree of g is available to conclude that ~(fg) = ~(f)~(~). Hence

~ is an epimorphism of rings with ~(x) = Wo + p2 and ~I~ = id.

If ~ r n x
n

E ker ~ then ~ rn(wo + p2)n = 0 so that
n=O _::> n n 1 n=O l-o = ~n(wo + p-) = r n Wo + pn+ ; Le., r n ~ € pn+ for every

n ~ k. Thus r n w~ = 0, 0 ~ n ~ k. Now, if t (w~) = P, then each

r n = 0 and ker ~ = Sxk+l • The map

r ~ r (w~ + pn+l)

is evidently an isomorphism of left R-modules for 0 ~ n ~ k. This

proves the lemma.

6.4. LEMMA. Let R be a primary fully left Goldie ipli-ring.

(i) If P = Rw then ~(wk) = P.
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(ii) Assume that P = Rwo where ((wo ) ~ P. Then lemma 6.3 is

applicable. Let p: R ~ R be the monomorphism defined in 6.3. If

c € R, P ~ Rc and e is left regular in R then pee) is a unit in

R. In particular, if R r is a non-zero ideal of R then per) is

a unit in R.

(iii) Assume further that R is a semi-pli-ring. Then p(d)

is a, unit in R for every left regular d in R and p: R ~ R can

be uniquely extended to a monomorphism p: Q ~ R, where Q is the

simple Artinian l.q. ring of R.

Proof. (i) If P = Rw 0 then -t.( w~) = -to (.,k) is clearly an

Assume that Rwo = P with t(wo ) ~ P. Let

c be left regular in R. Evidently, we have

C € R, peRc

a € R with

Johnson's third theorem implies thatP.and contains

so -t..(w~) = P.

and let

ideal of R

-t.(wk ) C Pio -
(ii)

'wo = ac so 0 = a'ci left regularity of e implies a € Rwo' say

a·= bW o • Then ep(e) = 1. By Goldie's first theorem, ~ has a

simple Artinian l.q. ring Q. In Q, ep(e) = 1 implies p(c)e = T.

It follows that p(c) is a unit in R.

If R r is a non-zero ideal of R, pick s € R such that

Rr + P; Rs. By Johnson's third theorem r = s is l~ft regular in

R. The above argument now shows that per) is a unit in R.
(iii) Besides assumptions in (ii), if R is assumed to be a

semi-pli-ring, then theorem 5.1 becomes available. It is now easy to

complete the proof.

It remains to discover rings to which 6.3 and 6.4 are applicable.

Observe that in both these lemmas, the main hypothesis is the existenc

of a enerator for P with 'small' annihilators.
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6.5. LEMMA. Let R be a primary fully left Goldie ipli-ring

with a non-zero prime radical P and with a left Artinian l.q. ring

Q. Then for every Wo € R such that P = Rwo' we have tR(w~) = P.

Proof. Let A be a left ideal of Q. The common denominator

theorem yields A = Q(AnR). It follows that Q is a ipli-ring. By

1.4.5, Q!p(Q) is a total 1.q. ring of R; so, Q!p(Q) is a simple

Artinian ring. By Johnson's second theorem, Q is a primary ipli-ring.

Let P = Rwo ' By 1.4.5, p(Q) = QP(R) = Qwo and peR) = p(Q)nR. Thus

the index of nilpotency of p(Q) is k+l, the index of nilpotency of

peR). By theorem 4.12, tQ(w~) Qwo ' So, aR(w~) = BQ(W~) n R =
Qwo n R = p(Q)n R = P(R). This proves the lemma.

6.6. PROPOSITION. Let R be a primary fully left Goldie ipli-

ring with a non-zero prime radical and with a left Artinian l.q. ring.

Then there exists a monomorphism p: R ~ R such that

where S = ~[x,p].

Let F = ("r € Rlr ~ 0, ~ an ideal of R). Then F is a left

divisor set in R. Let L be the l.q. ring of R w.r.t. F. Then L

is a simple left Goldie ring and p can be uniquely extended to a

monomorphism p: L ~ R.

Proof. The first part of the proposition follows from 6.3, 6.4

and 6.5.

Using 4.4, it is easily seen that F is a left divisor set in R.

Since R has a simple Artinian l.q. ring Q with R= L ='Q, 1.2.14

and Goldie's first theorem show that L is a prime left Goldie ring.

Since A = L(AnR) holds for every left ideal A of R, it follows

that L is a simple ring. By 6.4, per) is a unit in R for every

r € F;' so p can be uniquely extended to a monomorphism p: L ~ R.

This completes the roof.
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6.7. LEMMA. Let R be a primary fully left Goldie semi-pli­

ipli-ring. Then T(R) is a nilpotent two-sided ideal of R and

P(R)T(R) = (0). Further, RlT(R) has a left Artinian l.q. ring.

Proof. If T(R) ~ (0) then the lemma follows from 5.3. Assume

that T(R) + (0). Let Xl' x2 e T(R) and cl ' c2 be left regular

elements in R such that cl Xl = 0 = c2 x2• Since R is a prime

left Goldie ring, it has the left common multiple property; by 5.1,

cI and c2 are left regular in R, so regular in R by 1.2.10;

thus, there exist dl , d2, d e R such that 01' 02' ° are regular in

R and 01 cI = 02 c2 = O. SO, d = dl cl + wl = d2 c2 + w2 for some

wl ,'w2 e peR). By 5.1, d is left regular in R and P =R cl '

P =R c2 • Let wl = r l c l ; w2 = r 2 c 2 • Then d = (dl + r l ) c l =:'

(d2 + I'2) c2 • It follows that d(Xl - x2 ) = 0, so Xl - x 2 e T(R) •

Let x e T(R) and bx = 0 where b is left regular in R. Let

r e R. An argument similar to the above one shows that blr = rlb,

Where bl , r l e R with bl left regular in R. Thus blrx = 0 and

rx'e T(R). It is now clear that T(R) is an ideal of R.

Let x e T(R). Then (x) contains a left regular element of

R; by 5.1, peR) =lex) so P(R)x = (0). Hence P(R)T(R) = (0). If

T(R) is non-nilpotent, by Johnson's third theorem, it will contain a

left regular element, contradicting the definition of T(R). Thus

T(R) is nilpotent.

If a + T(R) is left regular in RlT(R) and if

,(a+T(R)) (y+T(R)) 0 + T(R), then by 5.2, a is left regular in R

and ay e T(R). So, there exists a left regular feR With fay = O.

Since fa is left regular in R, y e T(R). 5.3 now shows that RlT(R)

has a left Artinian l.q. ring. This completes the proof.

6.8. Proof of Theorem 6.1. We put an induction on the index of

nilpotency, k+l, of peR) to show that either T(R) = (0) or

T(R) = {P(R)Jk.
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If k = 0, then R is a prime left Goldie ring; 1.2.10 shows

that T(R) = (0).

Let k> O. Assume that T(R) t (0). Also assume that the lemma

holds for all primary fully left Goldie semi-pli-ipli-rings for which

the index of nilpotency of the prime radical is less than k+l. In

order to complete the induction, we now have to show that T(R)

(P(R)}k.

By 6.7, T(R) ~ P(R). Since P(R) is nilpotent and T(R) is

assumed to be non-zero, there exists m € Z+ such that

T(R) ~ {p(R)}m and T(R) ~ {p(R)}m+l. Suppose m< k; we proceed to

obtain a contradiction.

Let 0: R ~ S = R/{p(R)}m+l be the canonical epimorphism.

Using Johnson'& second theorem, it follows that S is a primary fully

Rw~ and {p(S)}n = S{o(wo)}n

€ {p(S)}m = T(S). Choose

in S and O(d)O(W~) = 0(0).

Thus

A

R.

for some r l € R.

is left regular in

left Goldie semi-pli-ipli-ring. Evidently, P(S) o(P(R» =

P(R)/{p(R)}m+l; so, the index of nilpotency of P(S) is m+l <k+l.

By our induction hypothesis, either T(S) = (0(0» or T(S) =

{p(S)}m. Pick x € T(R), x ,(p(R)}m+l. Let c be a left regular

element in R with cx = 0 so that o(c)o(x) 0(0). By 5.2, o(c)

is left regular in Sj o(x)to(O) by our choice. So, T(S) t (0(0».

We thus have T(S) = {p(S)}m.

Let P(R) = Rwo . Then (p(R)}n =

for every n € Z+. Consequently, o(w~)

d € R such that o(d) is left regular
m m+l mThen dWo = r l Wo ; i.e., (d-rl wo)wo = 0

repeated use of 5.2 shows that d - rlwo

w~ € T(R) and

{p(R)}m = T(R).

{p(R)}m ~ T(R). OUr choice of m now yields

By 6.7, (0) = P(R)T(R) = {p(R)}m+l, a contradiction.

Hence m = k and T(R) £ {P(R)}k.

Assume that (0) t T(R) C {P(R)}k. We proceed to obtain a
+ k

contradiction. Consider (P(R)} ,canonically as a left module over

the ring "R = R/P R • is a non-zero proper left "R-submodule
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of the cyclic left R-module (P(R))k. Hence R{P(R))k/RT(R) is a

non-zero proper factor module of the left R-module RR.

As shown in 6.7, T(R) is an ideal contained in P(R). Consider

the ring . A '" R/T(R). Johnson I s seccond theorem and lemma 6.7 show

that A is a primary fully left Goldie semi-pli-ipli-ring with a left

Artin\an l.q. ring. Since we have assumed that T(R) c (P(R))k, the.

""index of nilpotency of P(A) is k+l. 6.3, 6.4 and 6.5 show that if we

consider ( P(A))k canonically as a left module over the ring A = A/P(A)

then it is A-isomorphic with AA. Let V: A ~ R be the isomorphism

defined by (r + T(R)) + P(A) ~ r + P(R). Consider the mapping

cp:

defined as follows: Any element of (P(A~)k is of the form w + T(R)

for some w € (P(R))k; to get cp(w + T(R)), consider w as an element

of R{P(R)}k and take is image in the factor module of R{P(R))k by

RT(R). It is straightforward to check that cp is a.-linear

isomorphism of left modules. It follows that

(P(R))k / T(R)
R R

R.
R

Td sum up, we have an

Clearly, there exists

R-~pimorphism u:

a € R such that

R ~ ~ with ker u +(0).
R If
u(r) = ra for every r € If.

Since u is an epimorphism, I = b a for some b € R. Since R is

a left order in a simple Artinian ring, a must be a unit in R, so

ker u = (0), a contradiction. Hence T(R) = {P(R)}k. This completes

the induction.

The remaining assertion is contained in 6.7. This completes the

proof.

6.9. Proof of theorem 6.2. Let R be as stated. Choose wo€R

such that Rwo = P. By 6.4, ~(w~) = P. We claim that ((wo )::, P. If

'k = 1, then by 6.1, T(R) = (0) or T(R) = P(R); since R is assumed
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to have large prime radical, we have T(R) = (0). By 5.3 and 6.5, we

have 4(wo ) P(R). Suppose k> 1. If T(R) = (0) then by 5.3 and

6.5, l(w~) P(R) so t(wo ) ~ P(R). If T(R) +(0), then by theorem,

6.1, T(R) R w~ and R!T(R) has a left Artinian l.q. ring. Since

P(R/T(R)) P(R)/{P(R)}k = (R!{P(R)}k) (wo + (P(R)}k), using 6.5, we

have

It follows that t(wo ) ~ P(R). This proves our claim. Lemmas 6.3

and 6.4 are thus applicable to the ring R.

Let ~: S ~ Gp(R) and p: Q ~ R be as in lemmas 6.3 and 6.4.

If ~(rnxn) = 0 then r n w~ E pn+l. If T(R) = (0), then r n w~ = 0

gives, r n E t(w~) = P(R) so r n = 0; hence in this case,

ker ~ = Sxk+l • If T(R) +(0) and n <k then r n w~-l E (P(R)}k =

T(R). Since T(R!T(R» = (0), it follows that r n E P(R) so r n = O.

Thus, in this case, Sxk+l c ker ~ c Sxk .

Now assume that R is a primary pli-ring with large prime radical

Then theorem 3.1 shows that S is a pli-ring; so Gp(R) is a pli-ring

Using Johnson's second theorem, it follows that Gp(R) is primary.

The rest is easy. This completes the proof.

We now abandon the restrictions on R placed before lemma 6.3

and finish this section with three propositions of some interest.

6.10. PROPOSITION. Let R be a primary ipli-ring, P be a non­

nilpotent proper prime ideal of R and R = R!P. Then there exists a

monomorphism p: R ~ R such that

Proof: Adopt the first part of the roof of 6.3.



6.11. PROPOSITION. Let R be a primary fully left Goldie semi­

pli-ipli-ring. 'Let k + 1 be the index of ni1potency of peR), where

·k € z+. Then R/{p(R)}n has a left Artinian ~.q. ring for 1 ~ n ~ k.

Proof. If R does not have a left Artinian ~.q. ring then by

6.1, T(R) {P(R)}k and R/{P(R)}k has a left Artinian ~.q. ring.

Since

for 1 ~ n ~ k, we may assume without loss of generality that R has

a left Artinian ~.q. ring, say Q. Using 1.4.5 and 4.12, it follows

that Q is a primary pli-ring.

for

is

r'wn
o

By 5.1 and 1.2.10, c + peR)regular in R.some r, c € R, c

We now claim that {p(R)}n = {p(Q)}n n R for 1 ~ n ~ k + 1. By

1.4.5, our claim is true for n = 1 and n k + 1. Let 1 <n <k+l

and assume that {p(R)}n-l = (p(Q)}n-l n R. Let peR) = R Wo so that,

by 1.4.5, p(Q) = Q wOo As in 4.12, we get ~Q(wo) = Qw~. Let
n n -1 I n,r € (p(Q)} n R Q Wo n R. Then r = c r wo ' i.e., cr

regular in R/P(R). ThUS, r € peR); say, r = rlwO' r l € R. Then

( , n-l)crl - r Wo Wo = 0

I n-l () kso, crl - r Wo € t Q Wo n R = Qwo n R.

i. e.,

, n-lSo, crl - r Wo

for some r", d € R. Using the induction hypothesis, we have

r l € {p(Q)}n-l n R = {p(R)}n-l; so r = rlwO € {p(R)}n. Hence

{p{R)}n ~ (p(Q)}n n R. Since p(Q) QP(R), the other inclusion is

trivial. This completes the induction and proves our claim.

We now show that R/{p(R)}n satisfies the regularity condition

for 1 ~ n ~ k + 1. Let b be a regular element of R. If x € R

and xb € Rwg then x € RwgQ n R ~ Qwg n R = Rwg. Similarly, if

y € R and by € Rwg then y € Rwg. Hence b + {p(R)}n is regular
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in R/{p(R)}n. By Small's theorem, R has the regularity condition.

It follows that R/{p(R)}n also has the regularity condition. By

Small's theorem, R/{p(R»)n has a left Artinian ~.q. ring. This

completes the proof.

We need some definitions to state the next proposition in a

compact form; these are due to Ievy [1].

Let RM be a left R-module. An element x € M is a torsion

element if ax 0 for some regular element a in R. RM is a

torsion module if every element of M is a torsion element.

torsion-free module if 0 is the only torsion element of M.

a divisible module if aM = M for every regular ele~ent a

6.12. PROPOSITION. Let R be a primary fully left Goldie semi­

pli-ipli-ring with T(R) t (0). Then T(R) can be canonically consid­

ered as a bimodule over the ring R = R/P(R). If so considered, it

has the following properties.

(i) T(R~ is faithful, torsion-free and divisible.

(ii) RT(R) is cyclic and torsion.

Proof. By theorem 6.1, T(R) = (P(R»)k, where k + 1 is the index

of nilpotency of P(R). The proposition now follows by using 5.1 and

Johnson's third theorem.

Notice that, in effect, this proposition determines the structure

of Gp(R) when P is small. cf. Jacobson [3, page 25]. We omit

de~ails. Also the converse of 3.1 is now easy.

References.

The results of this section are due to the author. They may be

found in Jategaonkar [1,5]. The author is indebted to Professor R. E.

Johnson for pointing out various simple and elegant proofs.
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§7. ASSOCIATED GRADED RINGS (CONTINUED).

In the last section, we have shown that if R is a primary pli­

ring with large prime radical then so also is Gp(R)(R). We now

consider'the converse question viz., if R is a ring such that

Gp(R)(R) is a primary pli-ring with large prime radical, is it true

that R is a primary pli-ring with large prime radical? In its full

generality, we have been unable to answer this question. However, we

shall show in this section that if R ~ Gp(R)(R)/P(Gp(R)(R» is

assumed to be a full matrix ring over a pli-domain then the above

question has an affirmative answer; we also consider the structure of

such rings.

The main results of this section are the following.

7.~. THEOREM. Let R be a primary pli-ring with large prime

radi~al. Then the following conditions on R are equivalent:

(1) R!P(R) ~ N6 (D), where D is a pli-domain.

,(2) R ~' N6 (S), where S is a completely primary pli-ring.

If R satisfies the above equivalent conditions then nand S

are uniquely determined by R upto isomorphism.

7.2. THEOREM. Let R be an arbitrary ring. Assume that

Gp(R)(R) is a primary pli-ring with large prime radical and that

G~(R)(R)/P(Gp(R)(R» ~- N6(D) where D is a pli-domain. Then R

i~ a primary pli-ring with large prime radical. In fact, R ~ N6(S),

where S ,is a completely primary pli-ring with large prime radical.

We need some auxiliary results before we can prove theorem 7.1

and 7.2.

7.3. PROPOSITION. Let R be a primary fully left Goldie semi­

li-ipli-ring with large prime radical. Then there exists a positive

integer n and a completely primary ring S such that R ~ (S).
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S can be chosen to satisfy the following conditions:

(a) peS) is nilpotent and pes) = SZo for some Zo € S;

(b) every non-nilpotent element of S is left regular in Sj

(c) If I is a left ideal of S such that I ~ {p(s)}m but

Ii {p(S)}m+l then {p(S)}m+l c I.

Proof. Put R = Rlp(R) and k+l = index of nilpotency of peR).

By Johnson's second theorem and Goldie's first theorem, R is a left

order in a simple Artinian ring Q. Let peR) = Rwo • By 6.3 and 6.4,

there exists a monomorphism p: Q ~ R such that, for every r € R,

we have

in the R-bimodule P(R)/{P(R»)2. Choose a complete system of matrix

units [eij: 1 ~ i, j ~ n) in the simple Artinian ring p(Q). Then

{p(eij ): 1 ~ i, j ~ n} is also a complete system of matrix units in

p(Q). Thus, (cf. Jacobson [3, page 59]), there exists a unit u in

p(Q) such that

eij ; i, j = 1, ---, n.

Let u € R be a lift of u. It is easily seen that u is a unit in

R. Put Vo = uwo' so peR) = Rvo • Also, in the R-bimodule

P(R)/(P(R)}2, we have

Since peR) is nilpotent, we can lift [eij: 1 ~ i, j ~ n} to a

system of matrix units {eij : 1 ~ i, j ~ n} in R. cf. Jacobson

[3, page 55]. Clearly, Vo eij - e ij Vo € {P(R)}2 for i ~ i, j ~ n.

Let S be the centralizer of {eij : 1 ~ i, j ~ n} in R. Then
n

r ~ (sij)' Sij = E eki r e jk, defines an isomorphism ~: R ~ Mn(S)
k=l

Jacobson [3, page 52]. Since P(Mn(S) = Mh(P(S», ~ induces an iso-

morphism
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~: R ~ ~ (S/P(S)). Using theorem 2.1, it f'ollows that S/P(S) is a

domain; so, S is a completely primary r.ing.

Let s be a non-nilpotent element of'S. If' sl € S and

sl s € p(S) tqen sl € P(S), since S/P(S) is a domain. Consider

the element diag s € M6(S). If' (sij)diag s € P(Mn(S)) = M6(P(S))

then, as seen above, each Sij € p(s) so that (sij) € P(Mn(S)).

Hence diag s + P(M6(S)) is a lef't regular element in Mn(S)/P(Mn(S))

By theorem 5.1, diag s is lef't regular in M6(S) and

P(M6(S)) ~ M6(S) diag s. It f'ollows that s is lef't regular in S

and P(S) ~ Ss.

Consider the ring A = Rj{P(R))2.

A (VO + (P(R))2); also, {eij + (P(R))2:

matrix units in A with

Clearly, P(A)

1 ~ i, j ~ n) is a system of'

Hence Vo + {P(R))2 is in the centralizer of' the system of' matrix

units' {eij + (P(R))2: 1 ~ i, j ~ n) in A. When transf'ered to

M6(S) by ~, this shows that M6(S) ~ (vo ) = P(M6(S)) and ~(vo) is

a scalar matrix modulo entries f'rom {P(S))2. Let Zo € S such

that ~(vo) - diag Zo € (P(M6(S)))2. It f'ollows that £or every

z € P(S), there exist s € Sand z*€{p(S))2 such that

z = s Zo '+ z*.

Clearly, {p(S))k+l = (0) s SZo. Suppose

z € ( p( S ) ) m• Then

~here Zji € p(s). As observed above,

(p(S))m+l c Sz and ­
- 0
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(p(S)}m ~ SZo. Repeating this argument, we obtain peS) = SZo. B,y

4.4, {p(S)}m = sz~ for every m € Z+.

Let I be a left ideal of S such that I c {p(S)}m but

I ~ (p(S))m+1 fo ome " 0::t r s m ~ • If m = 0, I contains a non-nilpotent

element s of S and as shown above, peS) ~ Ss ~ I. Assume that

m> O. There exists s' € S, s' • peS) such that

s z~ • (p(S))m+l. Since Ss ~ peS), there exists

m
s' zo € I but

s" € S with

'" S zm+l = s"s·zm Izo = s s. 0, 0 0 € •

This completes the proof.

Consequently, (p(S)}m+1 ~ I.

7.4. PROPOSITION. Let S be a completely primary ring. S is

a pli-ring if and only if S satisfies the following conditions:

(a) peS) is nilpotent and pes) = SZo for some Zo € S.

(b) s/P(S) is a pli-domain.

(c) If I is a left ideal of S such that Ie {p(S)}m,

11 {p(S))m+1 then {p(S))m+1 ~ I.

Proof. Let S be a completely primary ring satisfying the

conditions (a), (b) and (c). By 4.4, (p(S)}m = sz~ for every m ~ O.

Let I be a non-zero left ideal of S. Since peS) is nilpotent,

there exists a unique m ~ 0 such that {p(S))m ~ I but

(p(S)}m+1 ~ I; by (c), sz~+l c I ~ sz~. Consider M = sZ~/sz~+1

canonically as a left module over the pli-domain D = s/P(S). Since

DM is cyclic and D is a pli-domain, it follows that I/sz~+1 is

a cyclic left D-module. If Xo € I with D(xo + (p(S))m+l) = I/sz~+1

then it is easily seen that I = SXo . Hence S is a completely

primary pli-ring•

• Suppose S is a completely primary pli-ring. Then (a) and (b)

trivially hold. If S has large prime radical then (c) is contained

in proposition 7.3. If S has small radical then we have to show that

peS) c Ss for every s. peS); observe that for such an element s,
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s + P(S) is regular in S/p(S); now Theorem 5.1 shows that

P(S) C Ss. This completes the proof.

7·5· Proof of Theorem 7. 1. Let R be a primary pli-ring with

large prime radical such that R/P(R) - l-h(D) where D is a pli-

domain. By Proposition 7.3, R ~ ~(S) where S is a completely

primary ring satisfying conditions (a) and (c) of 7.4. Clearly,

R/P(R) ~ ~(S/P(S)) where S/P(S) is a domain. By Robson's Theorem

(2.2), m = n and S/P(S) ~ D, a pli-domain. Thus, 7.4 is applicable

to S and shows that S is a completely primary pli-ring. This

shows that (1) =) (2). Trivially, (2) =) (1). The uniqueness of n

follows from 1.9. The uniqueness of S upto isomorphism follows from

2.8, 1.7 and 1.6. This completes the proof.

We now prove some results which will be used in the proof of

Theorem 7.2.

7.6. LEMMA. Let R be a ring. Put P = P(R). R is a

completely primary pli_ring if and only if the following conditions

are satisfied.

(1) P is nilpotent and D = R/p is a pli-domain.

(2) Let k+l be the index of nilpotency of P, where k 2. O.

Let Bn denote pU/pU+l (1 ~ n ~ k) regarded canonically as a D-

bimodule. Then, for 1 ~ n < k, Bn is a divisible right D-module and

a free left D-module of rank 1. ~ is a divisible right D-module

and a non-zero cyclic left D-module.

but

(3) If

I d;. pU+l

I is a nilpotent left ideal of

then pU+l c 1.

R such that Ie pU

Proof. We shall firstly show that a ring R satisfying

conditions (1), (2) and (3) is a completely primary pli-ring. We put

an induction On k, where k+l is the index of nilp6tency of P(R). If

k~O,R is a pli-domain. Assume that the lemma is true for all rings



satisfying conditio~s (a), (b), (c) and having the inde~ of nilpotency

of their prime radical ~ k; let R be as above. Then R/PK

satisfies conditions (a), (b), (c) and the index of nilpotency of

P(R/PK) = P/Pk is k. By the induction hypothesis, R/PK is a

completely primary pli-ring.

Let I be a nilpotent left ideal of R. If Ie PK then I is

clearly a principal left ideal of R. If Ii PK, then using condition

(3), we have PKcI. Since R/PK is a pli-ring, I/PK is principally

generated. If I/PK = (R/~) (x + PK) then it is easily seen that

I = Rx. Thus all nilpotent left ideals of R are principal. Let I

be a non-nilpotent left ideal of R. Evidently, I/PK = (R/PK)(c + -~)

for some c £ R, c • P. Since R/p is a domain, c + P is a

regular element of R/P. Thus, PK = ~~pc since ~ is a divisible

module. By 7.4, P/PK £ I/~. It is now easy to see that I = Rc.

This shows that R is a completely primary pli-ring and completes the

induction on k.

Suppose that R is a completely primary pli-ring. Then (1) is

evident and (3) is contained in 7.4. If T(R) = (0) then by 6.7,

6.5, and 6.3, B are free left D-modules of rank 1 for 1 ~ n ~ k.
D n

If T(R) +(0) then by 6.1, T(R) = ~ and T(R/T(R)) = (0). So, as

above, DBn are free left D-modules for 1 ~ n <k; D~ ~ DPK is

clearly cyclic. The diVisibility of Bn is an immediate consequence
D

of.5.1. This completes the proof.

7.7. PROPOSITION. Let R be a ring. The following conditions

on R are equivalent: .

(1) R is a completely primary pli-ring.

(2) Gp(R)(R) is a completely primary. pli-ring.

Proof. (1) =) (2). If R has large prime radical, by 6.2,

Gp(R)(R) is a primary pli-ring. Since R/P(R) = Gp(R)(R)/P(Gp(R)(R)),

it follows that Gp(R)(R) is a completely primary pli-ring. If R
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has small prime radical, then using 6.12, it is easily seen that

Gp(R)(R) is a completely primary pli-ring with small prime radical.

(2) =) (1). We'shall show that R satisfies conditions (1), (2)

and (3) of 7.6. Observe that

So, D is a pli-domain. Since P(Gp(R)(R)) is nilpotent, it follows

that peR) is nilpotent; further, they have the same index of

ilpotency, say k+l. Also,

as D-bimodules for 1 ~ n ~ k. Applying 7.6, to Gp(R)(R), it follow

that R satisfies conditions (1) and (2) of 7.6.

Since Gp(R)(R) is a pli-ring, there exists Wo £ peR) such

that

hen peR) = R Wo + {P(R))2 = R Wo + {R Wo + {P(R))2)2

R Wo + {P(R))3 etc. Since peR) is nilpotent, we have peR) = Rwo;

so, (p(R))n = R w~ for every n € Z+.

Let c € R, c ~ peR). Since (P(R))~ is divisible, we have

{P(R)}k = (P(R))kc c Rc. Suppose n+l ~ k and {p(R)}n+l ~ Rc.

ivisibility of (p(R))n/{p(R))n+l as a right D-module shows that

It follows that peR) c Rc.

Now, let I be a left ideal of R such that I ~ {p(R))ffi but

Ii (p(R)}m+l. Pick w € I\{p(R)}m+l. Then w = cw~ where

€ R' P(R). We now have

I ~ Rw = Rc w~ ~ Rw~+l = (peR) )n+l.

Lemma .6 shows that R is a com letel



7.8. Proof of Theorem 7.2. Proposition 7.3 shows that R ~ ~(S),

where S is a completely primary ring. Clearly

It is readily seen that Gp(S)(B) is a completely primary ring. By

Theorem 7.1, Gp(S)(S) is a completely primary pli-ring. B,y 7.7, S

is a completely primary pli-ring. This completes the proof.

References.

The results of this section are due to the author. Some of them

may be found in Jategaonkar [1].



§8. PLI-RINGS WITH ADDITIONAL CONDITIONS.

A primary pli-ring with non-zero prime radical need not

necessarily be a left Artinian ring; however, with some mild

restrictions on the right ideals, they turn out to be so: More

specifically, the following holds:

8.1. GOLDIE'S FOURl'H nIEOREM. Let R be a ring. The followi

conditions on R are equivalent:

(i) R is a pli-ring with the ascending chain condition on

nilpotent right ideals.

(ii) R is a pli-ring with the descending chain on nilpotent

right ideals.

(iii) R is a direct sum of a finite number of pli-rings, each of

which is either a prime pli-ring or a primary left and right Artinian

ring.

Proof. It is well-known that a left (resp. right) Artinian ring

is left (resp. right) Noetherian. Lambek [1, page 69 ]. Thus,

(iii) => (i) and (iii) => (ii). We shall simultaneously prove that

(i) => (iii) and (ii) => (iii). Due to Johnson's first theorem, we

may~ assume that R is a primary pli-ring with non-zero prime radical

satisfying (i) or (ii) as the case may be. To get (iii), it then

suffices to show that RlP(R) is a simple Artinian ring. For, then

each {p(R)}nj{p(R)}n+l will be a left and right Artinian module over

RlP(R); 'so we can form a composition chain of left ideals of R and a

composition chain of right ideals of R by lumping together the

corresponding composition series of the modules {p(R)}nj{p(R)}n+l.

Now, notice that Rjp(R) ';;; WP(R), where Ii = RI{P(R)}2. Further, Ii

satisfies (i) (resp. (ii)) if R satisfies (i) (resp. (ii)). To sum

up, it suffices to prove the following claim: Let R be a primary

pli-ring with non-zero prime radical satisfying the ascending or the
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descending chain condition on nilpotent right ideals. Let

(P(R)}2 = (0). Then R!P(R) is a simple Artinian ring. We proceed

to prove this claim.

By 1.2 and 2.1, R ~ Mh(S), where S is a completely primary left

Noetherian ring with (p(S)}2 = (0). Let D = S/P(S). Clearly, D is

a left Noetherian domain, so has a l.q. skew field, say K. Since

(P(S)}2 = (0), we may regard P(S) canonically as a D-bimodule.

Using 5.1, it is easily seen that P(S)D is a torsion-free divisible

right D-module. Further, P(S)D has the ascending or descending chain

condition on right D-submodules if R has the ascending or descendin~

chain condition on nilpotent right ideals of R respectively. Since

P(S)D is torsion-free and divisible, the domain of right operators of

P(S)D can be extended from D to K so as to make P(S) a right

K-module. Let VK be a one-dimensional right K-subspace of P(S)K.

The right D-submodules of VK satisfy the ascending (resp.

descending) chain condition if P(S)D has the ascending (resp.

descending) chain condition on right D-submodules. However, V
K

is

isomorphic with the canonical right K-module KK; it follows that

KD as a canonical right D-module has the ascending (resp. descending)

chain condition on D-submodules.

Supp'ose KD has the ascending chain condition on D-submodules.

Let 0 E D, 0 +o. Consider the ascending chain

0-
1 D c 0-

2 D c ---- c o-n Dc ----

of right D-submodules of K. It follows that

some m € Z+. Thus, o-(m+l) = o-md for some

Hence K = D.

o-(m+l) D = o-m D for.

d € D, so 0-
1 = d € D.

Suppose KD has the descending chain condition. Then DD has

the descending chain condition. Since D is a domain, it must be a

skew field. So K = D.
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Since R/P(R) ~ Mh(D), we have established our claim. This

completes the proof.

8.2. PROPOSITION. A ring R is a direct sum of a finite number

of pli-rings each of which is either a prime ring or a primary left

Artinian ring if and only if R is a pl1-ring with the descending

chain condition on nilpotent left ideals and has a left Artinian l.q.

ring.

Proof. In view of Johnson's first theorem, to prove the 'if'

part it suffices to show that if R is a primary pli-ring with non­

zero prime radical, has the descending chain condition on nilpotent

left ideals and has a left Artinian l.q. ring then R is itself a

left Artinian ring. However, 6.3, 6.4 and 6.5 show that

{P(R)}k ~ R where k+l = index of nilpotency of P(R) and
R· R
R = R/P(R). It follows that R is left Artinian so R is left

Artinian. The 'only if' part follows from Goldie's first theorem.

This completes the proof:

8.3. COROLLARY. If R is a primary pl1-ring with large pt:ime

radical satisfying the descending chain condition on nilpotent left

ideals then R is left Artinian.

Proof. Use 6.1 and 8.2.

We remark that the corollary does not hold for primary pli-rings

with small prime radical.

8.4. PROPOSITION. Let R be a primary pli-ring with large

prime radical. If R has a right quotient ring then R is its own

right quotient ring.

Proof. 1. Firstly, let R be a primary pli-ring with large

prime radical having a left Artinian l.q. ring. (For the present, we
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do not assume that R has a r.q. ring). Let peR) = Rwo' R = R/P(R)

and let Q be the simple Artinian l.q. ring of R. Let k+l = .index

of nilpotency of peR). Suppose c, cl are regular elements in R
kand crl = Wo cl for some r l € R. We claim that c is a unit in R.

k . k
Ey 6.3, 6.4 and 6.5, Rwo = (peR)} is R-isomorphic with the

(id., pIR) - R - bimodule, where p: Q ~ R is a monomorphism.

Thus, W~ cl = c2 w~ where P(cl + peR)) = c 2 + peR). Clearly,

(c + Rw~) (rl + Rw~) = 0 + Rw~. By 6.11, R/{P(R)}k has a left

Artinian l.q. ring; so by 5.1 and 5.3, c + Rw~ is regular in
k k kR/{P(R)}. It follows that r l € Rwo' say r l = r 2 Wo' r 2 € R. So,

Ey 6.5, cr2 - c2 € peR). Thus, in R, we have

(c + p(R))(r2 + peR)) = c2 + peR) = P(cl + peR)).

Clearly, P(cl + peR)) is a unit in R. SO, c + peR) is a unit in

R. It follows that c is a unit in R. This proves our claim.

2. Now let R be as stated in the proposition. If T{R) = (0)

then R has a left Artinian l.q. ring and the above argument shows

that every regular element of R is a unit in R. Thus R is its

own r.q. ring. (In fact, R is left Artinian).

Suppos~ T(R) +(0). Let c be a regular element in R. Then
k-lthere exist cl ' r l € R, cl regular in R, such that crl = Wo cl •

Theorems 6.1, 5.1 and 5.3 show that the first part of the proof is

applicable to the equation

(c + T(R))(rl + T(R)) = (w~-l + T(R))(cl + T(R))

in R/T(R). Thus c + T(R) is a unit in R/T(R). Consequently,

e is a unit in R. roof.
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8.5. COROLLARY. Let R be a primary pli-ring with non-zero

prime radical. If a left Artinian ring Q is a l.q. ring and right

quotient ring of R then Q = R.

~oor: clear.

References.

Theorem 8.1 is a generalization of a theorem of Goldie [3]. au
proof is new. The rest is from Jategaonkar [1].



cRAnER III

IDEAL THEORY OF FULLY LEFT GOLDIE IPLI-RINGS

INTRODUCTION

In this chapter, we develope the ideal theory of pli-rings (more

generally, of fully left Goldie ipli-rings). OUr theory is a

caricature of the Dedekind ideal theory.

§§l and 2 show that all features of the Dedekind ideal theory go

over except that there may be embedded primes. Examples of this sort

are available in Jategaonkar [3,4]. In §3, we use the results of

§§l, 2 to describe in detail the make up of local pli-rings. §4 shows

that the existence of embedded primes is a one-sided affair; under

symmetric hypothesis, the classical ideal theory holds.



if a = f3+l;

if a is a limit ordinal.
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§l. IDEAL THEORY - I.

This section is devoted to a study of ideals in a fully left

Goldie ipli-ring. Due to Johnson's first theorem, it clearly suffices

to restrict our attention to ideals in a primary fully left Goldie

ipl1-ring.

We need some definitions. An ideal I of a ring R is called a

primary ideal of R if, for two-sided ideals A, B of R, A'B c I

implies either A c I or ~ c I for some n € Z+. (In the

literature, primary ideals as defined above are sometimes called right

primary ideals; left primary ideals are then defined in an analoguous

manner. However, since we shall not need the concept of left primary

ideals, no confusion is likely by our use of the term 'primary ideals'

as defined above.) Clearly, I is a primary ideal of R if and only

if R/I is a primary ring.

Let I be a proper ideal of a ring R. The prime radical of I

in R, denoted by PR(I) or P(I), is the intersection of all those

prime ideals of R which contain I. Thus, by definition,

P(R) = PR(O).

We now define transfinite powers of an ideal A of a ring R.

One definition is the following:

Al = A;

Aa = A.Af3

Aa = n Af3
{?1(a

We shall need this definition later on. However, for the present, we

shall need another definition of transfinite powers of ideals of R;

this definition is notationally distinguished from the first. by writing

the index ordinal in a square bracket; it runs as follows:
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A[w
O

] = A}

A[w
a

] n + {A[w,81}n if a = ,8+1;
n€Z

n
f3(a

if a is a limit ordinal.

Notice that the second definition is defined only for index ordinals

of the form wa, where w is the first infinite ordinal and a is an

arbitrary ordinal.

We now state the main results of this section.

1.1. THEOREM. Let R be a fully left Goldie ipli-ring and A

be a proper prime ideal of R. Then there exists an ordinal a such

that P(R) = A[w
a

]. If P(R) +(0) then a is uniquely determined

by A.

first ordinal such thatLet a be the

A[w,8] C A[mY] for

+
Y < ,8 ~ a. The prime ideals of

Then

R contained in

A are precisely those of the form for ,8 ~ a.

1.2. COROLLARY. Let A be a proper non-zero ideal in a primary

fUlly left Goldie ipli-ring R.
a

(a) A is a prime ideal if and only if A = M[w] for some

maximal ideal M and some ordinal a.

(b) If A is a prime ideal of R and M is a maximal ideal of

R containing A, then there exists a unique ordinal a such that

A = M[w
a

].

1.3. THEOREM. Let A be a proper ideal in a primary fully left

Goldie ipli-ring. .Then the following conditions are equivalent:

(i) A is a primary ideal of R.

(ii) P(A) is a prime ideal of R.

(iii) There exists an integer n € Z+ and a prime ideal B of

such that Jf1 cAe B. (In fact, B= P(A) ).



1.4. THEOREM.

Goldie ipli-ring R.

of R such that

9

Let A be a proper ideal in a primary fully left

Then there exist primary ideals Ai' 1 ~ i ~ n,

and

P(Ai ) i P(A) if i + j;

Ai Aj Aj Ai for all i, j;

A Al •• An·

Further, these ideals are uniquely determined by A upto order.

1.5. THEOREM. Let A, B be proper primary ideals of a primary

fully left Goldie ipli-ring R.

(i) If P(A) i P(B) and P(B) ~ P(A) then AB = BA A n B;

further, AB is not !!- primary ideal of R.

(ii) If P(A) P(B) then AB and BA are primary ideals of R

and P(AB) = p(BA) P(A).

(iii), If P(A) c P(B) then AB = A. Also, BA is a primary
+ideal with P(BA) = P(A).

Notice that theorem 1.4 expresses every ideal in a primary fully
\
left Goldie ipli-ring as a product of a finite number of commuting

primary ideals in an essentially unique way, theorem 1.3 characterizes

primary ideals in terms of prime ideals and theorem 1.1 and corollary

1.2 express prime ideals in terms of maximal ideals. Theorem 1.5

contains some information as to how primary ideals multiply.

The main aspect in which the ideal theory described above differs

from that of commutative PIR's (or left-right principal ideal rings)

is that it allows for the existence of non-zero non-maximal primes.

Illustrative examples of this phenomenon can be found in Jategaonkar

(3,4] •

We now prove the theorems (in the order in which they are stated)

OUr main tools are the three theorems of R. E. Johnson proved in §4

of cha ter II.
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1.6. LEMMA. Let {A :y

ideals of a ring R. If {A •y.

. inclusion then A = n Ay is
y€r

Y € r} be a non-empty set of prime

y € r} is totally ordered under·

a prime ideal of R.

Proof. Clearly, A is an ideal of R. Suppose a, b € R, b • A

and aRb c A. There exists Yo € r such that b • A •
Yo

Thus, for

every A cA , we have aRb ~ Ay but b • Ay; since A is a prime
y- Yo y

ideal of R, it follows that· a € A • Since A = n {Ay lAy £; Ay }, wey
0

have a £ A. This proves the lemma.

For the rest of this section, R denotes a primary fully left

Goldie ipli-ring.

1.7. LEMMA. If A is a non-zero proper ideal of R then

A2 cA.

Proof. Suppose A2 = A = Ra +(0). Then A is a non-nilpotent

ideal of R. By Johnson's third theorem t(a) = (0). Since Ra
2 =

A2 = Ra, there exists r€R such that (l-ra)a = 0; so, 1 = ra € Ra so

A = R, a contradiction. Hence A2 c A. This proves the lemma.

1.8. LEMMA. If A is a prime ideal of R then An is a

primary ideal of R for every n € Z+.

Proof. Let n € Z+. Put S = R/An and A = A/An. Then sfA =
(R/An)/(A/An ) ~ R/A, a prime ring. Clearly, 1f- = (0) • Thus,

P(S) = A. Johnson's second theorem shows that S is a primary ring;

so, An is a primary ideal of R. This completes the proof.

We now prove the following crucial lemma.

1.9. LEMMA. Let A be a non-nilpotent proper prime ideal of R.

Let B = n +An • Then Be A and B is a prime ideal of R. Further,
n€Z

if A' is a prime ideal of R with A' c A then A' c B.



Hence D 1 A. Since A is a prime ideal, we

m, n € Z+. Now, as shown in lemma 1. 8, An is

CD cAn and Dm 9: An for all m £ Z+; so,

Z+. Consequently, cc B. We have thus shown

zero ideal of R. By Johnson I s

R. Now, t implies HO)y = ra

and r € Ry~ Rat, contrary to

9

Proof. Using lemma 1.7, it is easily seen that (An: n £ Z+}

is a strictly decreasing sequence of ideals of R. Thus, B c A.

Let C, D be two-sided ideals of R such that CD c B but

D 1 B. Let us select D maximally: D = (r £ Ric r ~ B). Let A

Ra so that, by Johnson's theorem, t(a) = (0). Let x € R with

x a £ D. Then, for every n L 2, C x a c An = Ran; so, for every

c € C, there exists r € R such that (cx - ran-I) a = 0; since

t(a) = (0), we have cx = ran- l
€ An-I. Thus Cx € An- l for every

n L 2. Consequently, Cx c B so that x £ D. Hence D =

ex € Rlx a € D}.

If possible, let DCA. Since D 1 B and since {An: n € Z+)

is a strictly decreasing sequence of ideals of R, we may choose

k € Z+ maximally such that D c Ak • Let D = Rd. Then d = d ak; so,

as shown above, d € D. However, then d € Ak and Rd S A2k, contrary

to our choice of k.

have Dm1 An for all

a primary ideal of R,

C c An for every n €

that B is a prime ideal.

Let A' = Ry be a prime ideal of R such that Ry eRa. If

possible, let Ry 1 B = n +Ran • Let t be the largest integer such
n€Z

that Ry :: Rat; then there exists r € R such that r ,- Ra and
t Let R= R/Ry and let ,: R-..R be the canonical epimor-y = ra

phism. Since Ry is a proper prime ideal of R, R is a prime fully

left Goldie ipli-ring. Since Ry c Ra, therefore R, (a) is a non­

third theorem, t(a) is left regular in

,(r) {,(alIt so that ,(0) = +(r)

r • Ra. Hence Al c B. This completes

the proof.



Let A be a proper prime ideal of

for every ordinal o. It follows

is a prime ideal of R; so,

Let ~ be an ordinal of cardi-O.

1.10. Proof of theorem 1.1.

A[wo ]If possible, let peR) +
o

A[W ]

R.

from lemmas 1.6 and 1.9 that

peR) C A[W
O

] for every ordjnal

nality greater than the cardinality of R. Then, by lemma 1.9,

{A [W
O

]: a ~~] is a strictly decreasing chain of ideals of R,

contrary to our choice of ~. Hence peR) = A[W
O

] for some ordinal 0

Suppose peR) +(0) and peR) = A[W
O

] = A[W~] with ~ <o.

Then nilpotency of peR) implies A[w~lJ = (0). However, it is

A[wo ] c A[w~l] •.clear from our definition of transfinite powers that

Thus, A[wOl = (0) = peR), contrary to our assumption.

Now, let 0 be the first ordinal such that peR) = A[W
O

]. (We

no longer assume that peR) + (0)). A transfinite induction using

lemmas 1.6 and 1.9 shows that A[w~l is a prime ideal of R for

• ~ ~ 0 and A[w~l c;: A[wYl if Y<~ ~ o.

is an initial segment of the set of all

be a non-zero prime ideal of R contained in A. If
11

A' C A[w 1 for every A~~. Thus the setthen clearly
11

A' ~ A[w 1]n = {A ~ 0:

ordinals ~ o. Further

Y € n for every Y<~

if ~ is a limit ordinal, ~ ~ 0 and if

then A' c n A[wYJ·= A[w~J; so ~ € n.
- v<~

It

follows that n has a last element, say 1;. Clearly I; ~ 0 and
I; I; [ 1;+1

A' c A[w 1. If A' c A[w 1 then, by 1.9, A' CAw 1, contrary to
I;

our choice of 1;. Hence A' = A[w 1. This proves the theorem.

1.11. Proof of corollary 1.2. Follows easily from theorem 1.1.

1.12. Proof of theorem 1.3. We give a cyclic proof.

(i) => (ii). Suppose A is a primary ideal of R. Then ~A is

a primary fully left Goldie ipli-ring; so, by Johnson's second theorem

P(~A) is a prime ideal of ~A and every prime ideal of ~A

contains P(~A). Thus if a: R" ~A denotes the canonical
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epimorphism, then a-l(p(R/A)) is a prime ideal of R 'which contains

A ·and is contained in every prime ideal of R containing A. i.e.,

P(A) a-l(P(R/A)), a prime ideal of R.

(ii) => (iii). Clearly, P(R/A) = P(A)!A. Since P(R/A) is

nilpotent, it follows that (p(A)}n ~ A ~ P(A) for some n € Z+.

(iii) => (i). In R/A, B!A is a nilpotent prime ideal of R.

By Johnson's second theorem, R/A is a primary ring; so, A is a

primary ideal of R. This completes the proof.

1.13. LEMMA. If A, B are proper ideals of R such that

A + B = R then A n B = AB = BA.

Proof. Let A\=Ra, B=Rb, "R=R/AB, A=A!AB, ~B!AB, a=a+AB and

b + AB. Then 'f{ = A + 'E and Jrn = CO) so that iib =~. Since

B = (A + B)B = B2• By lemma 1.2.5, we have t (b) n B = (~). So,
R

B.t (b) = CO). 1.e., t (b) c:4:. (b). Now, iib= O. gives ba= 0 s
R R - Ii

that B A = (0) and BA ~ AB. Similarly, AB £ BA. Consequently,

AB = BA. Now, AB + BA ~ A n B = (A+B) (AnB) = A(AnB) + B(AnB) :: AB +

shows that AnB = AB + BA = AB = BA. This completes the proof.

1.14. LEMMA. Let fl € Z+ and let Ral' 1 ~ i ~ n+l, be proper

primary ideals of R such that P(Rai ) ~ P(Raj ) for i +j. Then

Also, Ral : •• : Ran Ran+l is not a primary ideal of R.

Proof. Put a = al : ••• : an so that Ra = Ral : •• :Ran • We

claim that Ra + Ran+l = R. If not, let M be a maximal ideal of R

containing both Ra and Ran+l • Since M is a prime ideal and

Ral : •• : Ran ~ M; therefore Rai 5: M for at- least one i, 1 ~ i ~ n.

Since Rai and Ran+l are both primary ideals, using theorem 1.3, it

follows that p( Rai ) and p( Ran+l ) are prime ideals contained in

M. By corollary 1.2, we obtain an inclusion relation among p(Ra)
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and P(Ran+l ), contrary to our hypothesis. Th~s proves one claim.

Lemma 1.13 now shows that

Let 8 = R/Raan+l and let 0: R ~ 8 be the canonical

epimorphism. 8 is clearly a fully left Goldie ipli-ring. 8uppose 8

is primary. Then 80(a)80(an+l ) = (0(0)) implies that either

80(a) = (0(0)) or 80(a~+1) ~ (0(0)) for some m € Z+. If 80(a)

(o( 0)) then Ra~ Ra Ran+l ~ p( Ran+l ). By 1. 3, p( Ran+l ) is a prime

ideal. It follows that P(Rai ) ~ p(Ran+l ) for some i, 1 ~ i ~ n;

this- is contrary to our hypothesis. If 80(a~+1) 0(0) then

Ra~+l ~ Ra RAn+l ~ p(Ral); so, P(Ran+l ) ~ P(Ral)' a contradiction again.

Hence 8 is not a primary ring i.e., Ra Ran+l is not a primary ideal

of R. This completes the proof.

1.15. Proof of theorem 1.4. Let A be a proper ideal of R and

8 = R/A. Clearly, 8 is a fully left Goldie ipli-ring, so that, by

Johnson's first theorem,

8/A = 81 ED••••• ED 8n,

where n € Z+ and each 8i , 1 ~ i ~ n, is a primary fully left Goldie

ipli-ring. Evidently,

is a primary ideal of 8 for each i = 1, •••• , n. Let 0: R ~ 8 be

the canonical epimorphism and let Rai = o-l(Ai ) for 1 ~ i ~ n.
n

8ince n A. = (~) and since Rai ~ A, it is clear that each Rai is
i=l :L

a primary ideal and A = R Rai • 8ince
i=l

P(Ai ) = 81 ED••• ED 8i _l ED P(8i ) ED 8i +l $ •••• ED 8n,

and since P(Rai ) = 0-1 (P(Ai )), it follows that P(Rai ) ~ p(Ra ) if
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i ~ j. Lemma 1.14 now shows that A = Ral : •• : Ran and that Rai
commute with each other under multiplication.

It remains to establish the assertion concerning uniqueness.

uppose the ideal A can also be expressed as

A = Rbl : ••• : Rbm,

here m € z+, Rbi are primary ideals of R which commute under

multiplication for 1 ~ i ~ m and P(Rbi ) 1 P(Rb j ) for i ~ j. Then,

for any i, 1 ~ i ~ m, we have

sing theorem 1.3, we obtain an integer k(i), 1 ~ k(i) ~ n, such that

P(~(i)) ~ P(Rbi )· Similarly, for every i = 1, ••• , n, there exists

t(i), 1 ~ t(i) ~ m such that P(Rbt(i)) ~ P(Rai ). Hence m = nand,

after rearranging and reindexing if necessary, P(Rai ) = P(Rbi ) for

~ i ~ n.

Let R = R/Ral and let .: R ~ R be the canonical epimorphism.

hen

Since R is a primary ring, either

for some t € Z+. In the later case, we have Rb~ ~ Ral ~ P(Ral ) =
P(Rbl ) so that, using 1.3, P(Rbn ) ~ P(Rbl )", a contradiction. Thus

Repetition of this argument yields ,(Rbl ) = (t(O)); so, Rbl =Ral •

Similarly, Ral ~ Rbl • Hence Ral = Rbl • Since Rai commute with eac

other and Rbi commute with each other, the above argument yields

Ra. = Rb for i = 1, ••• , n. This proves the theorem.
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1.16. Proof of theorem 1.5. (i) is contained in lemma 1.14.

(ii) follows easily from theorem 1.3.

Let A, B be primary ideals with P(A) C P(B). By 1.3,

{p(B)}m C B for some m € Z+. By 1.9, P(A) ~ n + (P(B))~ ~ B. By
nEZ

1.3, {P(A)}k ~ A for some k E Z+. Thus,

(P(A) )k+l ~ BA ~ P(A).

Theorem 1.3 now shows that BA is a primary ideal with p(BA)

A similar argument shows that AB is a primary ideal with

P(AB) = P(A).

P(A) •

Let A = Ra and B = Rb. Since AB = Rab is a primary ideal of

R, S = R/Rab is a primary fully left Goldie ipli-ring. Let 0: R ~ S

be the canonical epimorphism. Put P(Ra) = Rc and P(Rb) = Rd. Then

So(c) = p(S). By 1.3 and 1.9, we have Rc C Rdm
C Rb for some m € Z+.

Consequently, P(S) C So(b). By Johnson's third theorem, o(b) is a

left regular element in S. Now o(ab) = o(a)o(b) = 0(0) implies

o(a) = 0(0) i.e. a € Rab. Hence A = AB. This completes the proof.
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§2. PRIME FACTORIZATION.

We now consider ideal theory of a prime fully left Goldie ring in

which every primary ideal is a product of a finIte number of prime

ideals. It is shown that the theory so obtained is applicable to prime

fully left Goldie ipli-rings in which every maximal left ideal is two­

sided; in particular, to local prime fully left Goldie ipli-rings.

We need some definitions. Let R be a primary fully left Goldie

lpli-ring. Inductively, we define "admissible n-tuples of prime ideals'

of R as follows: Any I-tuple of prime ideals of R is admissible.

Suppose admissible n-tuples of prime ideals of R have been defined

for every n <m. An m-tuple (Pl, •.• ,Pm) of prime ideals of R .is

admissible if there exist 1 ~ i l <... <~ = m such that

(a) for s +t;

(c) I~ i s _l ~ is - 1 then

is an admissible tuple.

The sUbtuples (Pi' +1"'" Pi)' 1 ~ s ~ k, are called the primary
s-l s

components of the admissible m-tuple (Pl, •.. ,Pm) of prime ideals of R.

Notice that if (Pl, ••• ,Pm) is an admissible m-tuple then, by 1.5, the

prime ideals which are entries of distinct primary components of

(Pl, ... ,Pm) commute with each other under mUltiplication. Also, if

(Pl, .•. ,Pm) is admissible then so also is (Pl, •.• ,Pn ) for n ~ m.

We now define "permissible rearrangements" of entries of an ad­

missible n-tuple of prime ideals of R. For a I-tuple, the identity

- rearrangement is permissible. Suppose permissible rearrangements of

entries are defined for all admissible n-tu les with n <m. Let
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(Pl, •.. ,Pm) be an admissible m~tuple of prime ideals of R. If it has

only one primary component viz. (Pl"" ,Pm) then a rearrangement is

permissible if it leaves Pm fixed and induces a p~rmissible rearrange­

ment on the admissible (m-l)-tuple (Pl,· •• ,Pm- l ). If (Pl, ••• ,Pm) has

more than one primary components than a rearrangement is permissible if

it can be expressed as a permutation of primary components followed by

a rearrangement which induces permissible rearrangements on primary

components. Note that if (Pl, ••• ,Pm) is admissible then any m-tuple

obtained from it by a permissible rearrangement is also admissible.

A non-zero element p € R is called a (strong) prime element if

Bp is a proper prime ideal of R. An-tuple (Pl, •.• ,Pn) of prime ele­

ments is admissible if the n-tuple (Rpl, ••• ,Rpn) of prime ideals of R

is admissible; a rearrangement of entries of (Pl, ••• ,Pn) is permissible

if it induces a permissible rearrangement of entries of (Rpl, ••. ,RPn)~

Let a,b be elements of a ring R. a and b are left associates in R

if a = ub for some unit u in R. If R is a prime fully left Goldie

ipli-ring and if Ra and Rb are non-zero ideals then, by Johnson I s­

third theorem, a and b are left associates if and only if Ra = Rb.

2.1. THEOREM. Let R be a prime fully left Goldie ipli-ring in

which every ideal is a product of a finite number of prime ideals of R.

Let A be a non-zero proper ideal of R. Then there eXists an admis­

sible n-tuple (Pl, ... ,Pn ) of non-zero prime ideals of R such that

A = pl :··· :Pn •

Further, if (Ql""'~) is an admissible m-tuple of prime ideals of R

such that
A = Ql:"':~

then n = m and (Ql""'~) can be obtained from (Pl, •.. ,Pn ) by a

permissible rearrangement of entries of (Pl, .•• ,Pn ).

2.2. THEOREM. Let R be a prime fully left Goldie ipli-ring in

which ever maximal left ideal is two-sided. Then R is a pli-domain,
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every left ideal of R is two-sided and every ideal of R 'is a prod­

uct of a finite number of prime ideals of R.

Let a be a non-zero non-unit in R. Then there exists an ad-

missible n-tuple (Pl, ..• ,Pn) of prime elements of R such that

Further, (Pl, ..• ,Pn) is uniquely determined by a upto permissible re­

arrangements and associates.

2.3.' Proof of theorem 2.1. Let A be a non-zero proper ideal of

R. By ou~ hypothesis, there exist prime ideals Pl""'Pn of R such

that

Let Pi ""'Pi be all the distinct prime ideals of R which are
1 k

minimal in the set (Pj : 1 {j {n}. From theorem 1.1, it is clear

that every Pj (1 { j {n) contains precisely one of the ideals

Pi ""'Pi If Pi and Pj contain distinct prime ideals out of
1 k

Pi ""'Pi then, by theorem 1.1, there is no inclusion relation be-
l k

tween Pi and Pj ; so, by 1·5, PiPj = PjPi • Further, if Pj t Pit

then, by 1·5, Pi Pj = Pi' Consequently after rearranging and deleting
, t t

some prime ideals from the given prime factorization of A and reindex-

ing if necessary, we may assume that

where Pj 2 Pi for i s _l + 1 { j { is, 1 { s {k. An induction is
s

now available to prove the existence part of the theorem.

Let (Pl, ..• ,Pk ) and (Ql, ..• ,Qt) be admissible tuples of non­

zero prime idealS of R such that
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If Pi ""'Pi (resp. Qj , ... ,Qj) are all the distinct prime ideals
1 sIt

which are minimal in the set {Pi: 1 ~ i ~ k} (resp. (Qj: 1 ~ j ~ t})

then each Pi contains some Qj and each Qj contains some Pi'
m n n m

and no in-Since there are no inclusion relations among

elusion relations among

there exists a bijection

Pi ""'Pi1 s

Qjl, •.. ,Qjt' it follows that s = t and that

such that for 1 ~ m ~ s. After a permissible rearrange

ment of entries of (Pl, ... ,Pk ), we may assume that ~(is) = js' Not­

ing that is = k and js = t, we have Pk = Qt'

Now, let Rb = Pl:",:Pk-l' Rc = Ql:··:Qt-l and Pk = Qt = Rd.

We then have

A = Rbd = Rcd.

Thus bd = ucd and cd = vbd for some u, v € R. So, (1 - uV)bd =

(l-vu)cd = 0., By Johnson's third theorem, b,c and d are left regular

in R. So, u is a unit in R. Now (b-uc)d = 0 gives b = uc so

Rb = Rc. Hence PI:'" :Pk- l = Ql:···:Qt-l· Notice that (Pl, ..• ,Pk- l )

and (Ql, •.. ,Qt-l) are both admissible tuples of prime ideals of R.

An induction is now available to conclude the proof.

We need a remark concerning partially ordered sets before we can

prove theorem 2.2.

Let X be a non-empty set and < be an anti-reflexive, transi­

tive relation on X. Further, let (X, <) satisfy the ascending chain

condition viz. there does not exist a sequence {xn : n € z+} such that

xn <xn+l for every n € Z+. Notice that every non-empty subset Y

of X with the induced anti-reflexive transitive relation also satis-

fies the ascending chain condition; so, Y has at least one element

which is maximal in Y
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We obtain a decomposition of X as follows: Let Xo be the set

of all maximal elements of X. If a is a non-zero ordinal and if

~ <a then Xa is the set of all maximal

Inductively, this defines Xa for every or-

is defined for everyX~

elements of X\( U X.,).
f><a tJ

dinal a. An easy cardinality argument shows that there eXists an or-

dinal T for which X
T
=~. If T is the first ordinal with X

T
= ~

then clearly, {X~: ~ <T} is a decomposition of X into non-empty

disjoint subsets. {X~: B <T} is called the stratification of X.

For ~ <T, the set X~ is called the ~th stratum of X.

2.4. Proof of theorem 2.2. We shall show that every non-zero left

ideal Ra of R is a product of prime ideals.

Let X be the set of all proper prime ideals of R. Then c is

clearly a anti-reflexive, transitive relation on X and (X,c) satisfies

the ascending chain condition. Let {X~: ~ <T} be the stratification

of X. We shall make a transfinite induction; our ~th transfinite

induction hypothesis is the following: If a € R and a tU{plp € X~}

then Ra is a product of a finite number of prime ideals of R.

Since every maximal left ideal of R is assumed to be two-sided,

the oth hypothesis is trivially true.

Let 0 <a <T and let ~th hypothesis be true for every ~ <a.

Let a € R, a ~ U{plp € Xa }. We now have to show that Ra is a prod­

ct of a finite number of prime ideals of R. If a t u{plp € X~} for

~ <a then there remains nothing to prove. Suppose

U{plp € X~} for every ~ <a. Let RaR = Rb. It is clear that

€ U{plp € X~} for every ~ <a. Consider P(Rb), the prime radical

of Rb. Using Johnson's first theorem, it follows that

P(Rb) = Pl n ... n Pn

are prime ideals of R and Pi $ Pj for i +j. A re­

lication of lemma 1.14 ields



where Pi = Ra i for 1 ~ i ~ n.

Let Pi € XA and let ~ = max{{3i: 1 ~ i ~ n}. Clearly, ~ <a.
/"'i

On reindexing if necessary, we may assume that there exists an intege

k, 1 ~ k ~ n, such that
1

claim that a t P~w 1

for some i, 1 ~ i ~ k.

Pl"",Pk € X~ and Pk+l""'Pn t X~. We
1

for i = 1,2, ..• ,k. If not, let a € P~w 1 = Q

ay theorem 1.1, Q is a prime ideal of R;

for 1 ~ i ~ k, it follows that there
mi mi+l

a € Pi but a t Pi for

so, a € Q implies P(Rb) ~ Q i.e., Pl:"':Pn ~ Q. Since Q is prime,

for some j, 1 ~ j ~ n. lThUS Pj ~ Q ~ Pi' This is possible

i = j so Pi = Q = PtW 1. Since Pi is non-zero, the last

equation is impossible by theorem 1.1. Our claim is thus established.
1

Since a € Pi but a t PtW 1

eXists an integer mi € Z+ such that

i = 1,2, •.• ,k. Using 1.14, we have

Let a = ala~l: ... :~. It is easily seen that a l t Pi' 1 ~ i ~ k.

Suppose a' € P for some P € X~. Then a € P so P(Rb) =

Pl:"':Pn ~ P. Consequently, Pj ~ P for some j, 1 ~ j ~ n. If

k <j then we get a contradiction with our choice of k; so 1 ~ j ~ k.

Since there are no inclusion relations among prime ideals belonging to

X~ , we have P = Pj . However, in this case, a' € P = Pj contradicts

a ' t Pi for 1 ~ i ~ k. Hence a l t u{plp € X~}. B,y the ~th trans­

finite induction hypothesis, Ra ' is a product of a finite number of

~rime ideals of R. It follows that Ra is a product of a finite num­

ber of prime ideals of R. This completes the transfinite induction.

Using theorem 1.1, we have

R\{O} = {R\(u{plp € X{3})};,.
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it follows that every left ideal of R is two-sided, principally gen­

erated as a left ideal and that every left ideal of R is a product

of a finite number of prime ideals of R. If r l r 2 0 then.

Rrl Rr2 (0); since R is a prime ring, either r l 0 or r 2 = o.
Hence R is a pli-domain. The remaining assertion now follows from

theorem 2.1. This completes the proof.
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§3. LOCAL FULLY LEFl' GOLDIE IPLI-RINGS.

A ring R is called a local ring if R has a.unique maximal left

ideal, denoted by J(R). As ~s well-known, J(R) is a two-sided ideal

of R and coincides with the set of all non-units of R. cf. Lamb~k

[1, page 75]' The ideal theory developed in §§l and 2 is clearly ap­

plicable to local fully left Goldie ipli-rings. In this section, we

shall obtain further details about the ideal theory of these rings.

We recall some facts concerning ordinals. An ordinal S is

called a prime component if S cannot be written as a sum of two

ordinals strictly less than s. It is known that a non-zero ordinal

S is a prime component if and only if S = w~ for some uniquely

determined ordinal ~. It ie clear that tre set {A: A <w~} is a

(non-commutative) monoid with the usual addition.

Let a be a non-zero ordinal. Then a can be uniquely expressed

as a l a k
a = w ml + ... + w -lllk'

where k is a uniquely determined positive integer, a l >.. , >~ 20
are uniquely determined ordinals and mi , 1 ~ i ~ k, are uniquely

"determined positive integers; this expression for a is called the
a lCantor normal form of a; w is called the initial prime component

of a.

Suppose

a =

f3

are normal forms of non-zero ordinals a and f3. The normal form of

a + f3 is obtained as follows: If a l <f31 then a + f3 = f3; so, the

normal forms of a + f3 and f3 are identical. Otherwise, there exist

subscripts i ~ k such that ai 2 f31; let j denote the last such

subscript. If a j >f31 then the normal form of a + f3 is



If then the normal form of a+f> is

These facts concerning ordinals may be found in Serpinski [1].

We now state the main results of this section.

(0), wheresuch thatT

J

3.1. THEOREM. Let R be a local semi-prime fully left Goldie

ipli-ring. Then

(1) R is a pli-domain.

(2) There exists an ordinal

J(R) •

Let a be the first ordinal

f> <a, choose xf> € R such that

such that J[w
a

] =

J[ wf>] = Rxf>' Then

(0). For every

(3) Every non-zero r € R can be uniquely expressed as

where s

m
r = u Xf>~: ••••

is a non-negative integer, mi for 1 .s i .s s,

o .s f>l < <f>s <a and u is a unit in R.

(4) Every left ideal of R is two-sided. The ideals of R form

a well-ordered chain under reverse inclusion. The set of non-zero

ideals of R forms a monoid under multiplication.

ideal A of R can be uniquely expressed as

A = (Rxf>l)ml : ••• : (Rxf>
ms) ,

s

where s is a non-negative integer, mi € z+ for

o .s f>l < <f>s <a. Further,

f>s f>2 f>l
A ~ w ms + .. , + w m2 + w ml

Every non-zero

is an order-preserving bijection of the set of all non-zero ideals of

R under reverse inclusion with the set of all ordinals <wa . The
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same bijection is an anti-isomorphism of the monoid,of all non-zero

ideals of R under multiplication with the monoid of all ordinals

<wa under the usual addition.

(5) Every ideal of R is of the form JA,

J[~] = J~ for ~ <a. In fact, if

aw , and

is the normal form of A then
ms

(RX~) •
s

Recall that a ring R is called a completely primary ring if R

is a primary ring and R/P(R) is a domain.

3.2. THEOREM. Let R be a local fully left Goldie ipli-ring.

Then R is a completely primary pli-ring, every left ideal of R' is

two-sided and ideals of R form a well-ordered chain under reverse

inclusion.

R is a domain if and only if the chain of all ideals of Runde

reverse inclusion is order isomorphic with the chain of all ordinals

~ wa for some ordinal a.

3.3. Proof of Theorem 3.1. Let R be a local semi-prime fully

left Goldie ipli-ring. Since J(R) is the set of all non-units of R,

it follows from Johnson's first theorem that R is a prime ring.

Since R/J(R) is a skew field, J(R) is a prime ideal of R. By

Theorem 1.1, there exists an ordinal T such that J[w
T

] (0). This

proves (2). If a is the first ordinal with J[w
a

] = (0) then, by

theorem 1.1, {J[~]:~ <a} is the set of all non-zero prime ideals of

R. Theorem 2.2 now proves (1) and (3) and shows that every left ideal

of R is two-sided.

Let A be a non-zero proper ideal of R. Using theorem 2.1 and

2.2 we have
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where and 0 ~ ~l <... <~s <a.

Since there is an inclusion relation among any two distinct prime

ideals of R, no non-identity permutation is permissible in the above

prime factorization of A. Hence the above prime factorization of A

is unique. It is now clear that the function defined by

where

and

ml ms +
A = (RxA ) ; ••• : (Rx~) with s L 0, mi € Z for 1 ~ i ~ s

~l , s
o ~ ~l <... <~s <a, is a bijection of the set of all non-zero

n n
B = (Rx ) 1 (Rx) t

Yl Yt
are non-negative integers, mi

set of all ordinals
m

: ... : (RX~ ) sand
s

R where s, t

ideals of R with the
ml

Let A = (Rx~l)

be non-zero ideals of

1 ~ i ~ s-l,for

RXy c RX~ .
t s

follows from theorem 1.1ring and RX~ + (0), it
s

Now, since Rx~s c Rx~i

Since R is a prime
ms+l

that Rx c RX AYt ~s

theorem 1.5 yields

and n j € Z+ for 1 ~ i ~ sand 1 ~ j ~ t, 0 ~ ~l <... <~s and

o ~ Yl <... <Yt. Assume that

~s
w ms

It follows that

m +1
Rx~ A = (Rx~ ) s

s s
m +1

Hence A ~ ,(RX~ )A ~ (Rx~ ) s ~ B. Suppose
s s

Also

so,

~ ~s-l ~l Yt Yt-l Ylw S(ms-l) + w mS_l + ••• + w ml <w (nt-I) + w nt_l+···+w ml

s t
concludeAn "induction on the sum E mi + E n is thus available to

i=l j=l j
that the set of non-zero ideals of R is totally ordered under inclu-
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sion and that

( )ml. . ('Rx )mS
A = Rx,81 • • • • • ,8s

is an order isomorphism of the set of non-zero ideals of R under

reverse inclusion and the set of all ordinals <wa . Since R has

the ascending chain condition on left ideals, it follows that the set

of all non-zero ideals of R is well-ordered under reverse inclusion.

The assertion about the monoid of non-zero ideals of R easily follows

from theorem 1.5. This proves (4).

It remains to prove (5). Firstly, we shall show that each ideal

of R can be uniquely expressed as JA for some A~ wa . Since the

set of all ideals of R under reverse inclusion is a well-ordered set

and isomorphic with the set of all ordinals ~ wa , we can index the se1

of all ideals of R as such that AA c All if and only

1and Al = J = J. We proceed by a trans-

AA = JA for all A~, wa . Suppose

Jll for all II <A. If A is a limitA
II

is the first ideal properly contained in eachordinal then, since

oTrivially, AO = J = R

finite induction to show that

1 <A~ wa and suppose

• for" <A, we havenil ..

Suppose A is a non-limit ordinal, say A = Y + 1. Then Ay \ (0)

and
JA = Jy+l = J • JY = JA cA.

Y - Y

Now observe that R\ and RR are isomorphic left R-modules. If

p"A' A then it follows that JR = J = R, a contradiction. Thusy y
P"Ay c A . Also, if JAy is not a maximal submodule of A then Jy y
's not a maximal submodule of RR, a contradiction again. Hence J\

= Av+l ; so, JA = AA. This completes the transfinite induction.
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Now, if the cantor normal form of A

f>s
w ms + ••• +

then, using (4), we have

This proves (5). The theorem is now proved.

3.4. Proof of Theorem 3.2. Let P denote the prime radical of

R. Since P ~ J(R) and RIP is a semi-prime local fully left Goldie

ipli-ring, by theorem 3.1, RIP is a pli-domain. Johnson's second
.,

theorem now shows that R is a completely primary ring.

Let r € R, r • P. By theorem 3.1, every left ideal of RIP is

two-sided; it follows that Rr + P is a two-sided ideal of R. Let

Rr + P = RrO and let r = rlrO' r l € R. Since RIP is a domain and

r + P and~ r O + P generate the same non-zero left ideal of RIP, it

follows that r l + P is a unit in RIP. Since P is nilpotent, r l

must be a unit in R. Thus, PeRrO = Rr. ·We have thus shown that

every non-nilpotent left ideal of R is two-sided and contains P.

It follows from 3.1 that the non-nilpotent left ideals of R form a

well-ordered chain under reverse inclusion which is order':isomorphic

with the chain of all ordinals <wa for some ordinal a.

Suppose P \ (0); say P = RwO. Let k + 1 be the index of nil-
+ -Il n n 1 n+lpotency of P, so k € Z. Then y' = RwO' If w € RwO' w ~ RwO

then w = rw~ where r € R but r. RwO. As shown above, RwO eRr.
'n+l . nSo, RwO c RrwO = Rw. We have now shown that if t is a left ideal

of R such that t ~ Rwg but t i Rwg+l then Rwg+l c t. Now

observe that Rwg/Rwg+l can be canonically considered as a left

module over ~ = RIP and as such it is a cyclic mOdule. Since the

non-zero left ideals of R form a well-ordered c~ain under reverse

inclusion and is order-isomorphic with the chain of all ordinals <wa

for some a. it follows that the non-zero left R-submodules of
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~g/Rwg+l form a well-ordered chain under reverse inclusion which is

order-isomorphic with the chain of all ordinals <I;n for some

I;n ~ wa • To sum up, the left ideals of R form a well-ordered chain

under reverse inclusion which is order-isomorphic with the chain of all

ordinals <1;, where

s = wa + 1;1 + ... + I;k·

Since kLO and o <I;k ~ w
a for 1 ~ n ~ k, therefore I; is not

of the form uP for any ordinal ~.

If Rwn but 4 Rwg+l then n wherew € 0 W W = rwo
r € R, r 4 RwO· We have already shown that Rr is an ideal. It

follows that nRr • RwO = Rw; so Rw is an ideal of R. Since every

principal left ideal is two-sided therefore every left ideal is two­

sided and so a principal left ideal. It is now easy to complete the

proof.
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§4. IDEAL THEORY - II.

In this section, we shall consider rings which are fully left and

right Goldie, ipli-ipri-rings with special attention to their ideal

theory. It turns out that the ideal theory of such rings is very un­

complicated.

4.1. THEOREM. A ring R is a fully left and right Goldie ipli­

ipri-ring if and only if R is a direct sum of a finite number of

ideals, each of which is a left and right primary, fUlly left and

right Goldie ipli-ipri-ring.

Theorem 4.1 is an analogue of Johnson's first theorem and allows

us to concentrate on left-right primary, fully left and right Goldie,

ipli-ipri-rings. We shall have to consider prime rings and non-prime

primary rings of the above type separately.

4.2. THEOREM. Let R be a left and right primary, fully left

and right Goldie, ipli-ipri-ring with P(R) , (0). Then R/P(R) is a

simple ring. The only ideals of R are those of the form (p(R)}n,

o ~ n ~ k + 1, where k + 1 is the index of nilpotency of peR).

Further, R has a left-right Artinian, left-right primary, two-sided

quotient ring.

4.3. THEOREM. Let R be a prime, fully left and right Goldie,

ipli-ipri-ring. Then every non-zero proper prime ideal is maximal. A

proper non-zero ideal is primary if and only if it is a finite power of

a maximal ideal. Every proper ideal A can be expressed as a product

of maximal ideals; these maximal ideals and the exponents with which

they appear in the prime factorization of A are uniquely determined

by A upto order. Any two ideals of R commute.

4.4. Proof of theorem 4.1.. Follows immediately from Johnson's
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first and second theorems.

We now turn to theorem 4.2. Until further notice, R is a left

and right primary, fully left and right Goldie, ipli-ipri-ring with

peR) " (0).

4.5. LEMMA. R satisfies the regularity condition.

~. Let a:R ~ If = R/P(R) be the canonical epimorphism. Let

k + 1 ' be the index of nilpotency of peR); since peR) \ (0), k € z+.

Let A be the subset of (P(R)}k defined as follows: x € A if there

exists an element c € R, depending on x, such that a(c) is regular

in If and cx = o. Let Xl' x2 € A and let cl' c 2 € R such that

a(cl ), a(c 2 ) are regular in If and clxl = 0 c 2x2• As shown in

the proof of Goldie's second theorem, If has the left common multiple

property. ~hus, there exist bl , b2, c € R such that a(c) is regular

in If and a(c) a(bl)a(c l ) = a(b2 )a(c2 ); i.e., c = blcl + wl
= b2c 2 + w2; where wl ' w2 € peR). Since wi{P(R)}k = (0) for

i = 1,2, we have c(xl ± x2 ) = o.
there exist r',d € R with a(d)

So, Xl ± x2 € A. Also, given r € R,

regular in ~ such that a(d)a(r)

a(r')a(cl ) i.e., dr = r'c l + w' where w' € peR). Then drxl
r'clxl + w'xl = 0; so, rXl € A. It is now clear that A is a two­

sided ideal of R. Suppose A \ (0). Since R is a ipri-ring,

A, = zR for some non-zero z € R. There exists b € R such that a(b)

is regular in If and bz = O. So, b i peR) and (RbR)zR = O.

However, this contradicts the right-handed version of Johnson's third

theorem. Hence A = (0). Taking the symmetry of our hypothesis into

account, we have shown that if c € R with a( c) regular in If then

cx \ 0 and xc \ 0 for every non-zero x € (P(R)}k.

We are now in a position to prove the regularity con~ition.

Suppose a, y € R, Y % 0, ay = 0 and a(a) is regular in If. Then

y € peR). Since y \ 0, there exists n, (1 ~ n ~ k), such that'
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Y € (p(R)}n but y ~ (p(R»)n+l. Let t:R ~ R/(p(R)}n+l. R be the

canonical epimorphism. It is clear that the first part of the proof is

applicable to R. This yields .(y)~= .(0) i.e., y € (p(R)}n+l, a

contradiction. Thus, a is right regular in R. Similarly, a is lef

regular in R. This proves the lemma.

4.6. LEMMA. R has a two-sided quotient ring Q which is a

ipli-ipri, left and right Artinian primary ring. Further,

P(R) = P(Q) n Rand p(Q) = QP(R) = P(R)Q.

Proof. Lemma 4.5 and Small's theorem shows ·that R has a two-

sided quotient ring Q which is a left and right Artinian ring. B.Y

lemma 1.4.5, Q/P(Q) is a two-sided quotient ring of R/P(R). B.Y

Johnson's second theorem, R/P(R) is a prime left Goldie ring so

Q/P(Q) is a simple Artinian ring and Q is a primary ring. If A

is an ideal of Q then A = (A n R)Q = Q(A n R); so Q is a ipli­

ipri-ring. The remaining assertions are contained in lemma 1.4.5.

4.7. LEMMA. Let Q be a primary left and right Artinian ring

in whi~h P(Q) = Qz = ZIQ. Then P(Q) = zQ = Qz'.

Proof. Since our hypothesis is symmetric, using theorem 11.4.12,

there exists w € Q such that p(Q) = Qw = wQ. Thus, wu = z and

vt = w for some u, v € Q; so, vwu = w.. Since vw € Qw = wQ, there

exists vI € Q such that vw = WVl . Thus, w = vwu = WVlu 1. e.,

Qw(l - vlu) = o. Since Q is primary, 'i-Q(Qw) ~ P(Q) so 1 - VlU€P(Q).

It follows that u is a unit. Thus Qz = Qw = wQ = zQ. Similarly,

'tZ' = z'Q. This proves the lemma.

4.8. LEMMA. If P(R) = Rz = z'R then P(R) = zR = Rz'.

'Proof. Rz = zlR so uz = z' and zlv = z for some u,v € R.

Therefore z = uzv. Since zv € Rz, we have zv = VIZ. Thus

(1 - uv )z 0". B.Y 4.6, R has a two-·sided left and right Artinian
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ipli-ipri quotient ring Q. Also, P(Q) = QP(R) = QRz = Qz. By 4.7,

Qz = zQ. Now, (1 - uvl)z = 0 gives (1 - uvl)P(Q) = (0). It follows

that (1 - uvl ) € P(Q) n R = P(R). Hence u is a unit R. uz = z'

now yields Rz = Rz' = P(R). Similarly, peR) = zR. This proves the'

lemma.

4.9. Proof of theorem 4.2. Firstly we show that R/P(R) is a

simple ring. If not, R has a non-nilpotent proper ideal, say Ra.

Let P(R) = Rz. Clearly, RaRz = Raz c Rz. If Raz = Rz then

(ua - l)zR = 0 for some u € R. By 4.8, peR) = zR so (ua-l)P(R)=O.

Applying Johnson's third theorem from the right side, we obtain

(ua - 1) € P(R). Hence a is a unit in Rand Ra = R, contrary to

our hypothesis. We thus have Raz c Rz. Let R R/Raz and let

t:R ~ R be the canonical epimorphism. Thus tea) is a non-regular

element of R. However, it is easy to see that this contradicts the

regularity condition in R established in 4.5. Hence R/P(R) must

be a simple ring.

Let B be a proper non-zero ideal of R. Then B £ peR) since

R/P(R) is simple. Choose n € Z+ such that B £ {p(R)}n but

B $ {p(R)}n+l. Clearly, {p(R)}n = Rzn • Let X = {x € Rlxzn
€ B}. X

is a left ideal of Rand Xzn = B. By 4.8, peR) = zR so that

(p(R)}n = znR. Since B is an ideal of R, we have B = BR = XznR

= XRzn, which shows that X is an ideal of R. Since R/P(R) is

simple, either X = R or X c Rz. In the later case, we get

B = Xzn £ Rzn+l , a contradiction. Hence X = Rand B = Rzn = {p(R)}n.

The assertion about the quotient ring is proved in lemma 4.6. This

completes the proof.

We now abandon the restrictions on R.

4.10. Proof of theorem 4.3. Let Ra be a prime ideal of R..

Then R= R/Ra2 1s a left-right primary, left-right fully Goldie ipli-
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ipri-ring with non-zero prime radical. By theorem 4.2, R/P(R) ~ R/Ra

is a simple ring. Hence Ra is a maximal ideal of R.

Let Rb be a primary ideal of R and let P(Rb) = Rc. B,y

theorem 1.3, Rc is a prime ideal of R so a maximal ideal of R.

Further, there exists n € Z+ such that Rcn c Rb c Rc. Applying

theorem A.2 to R/Rcn, we conclude that Rb = Rcm for some m € Z+.

The rest follows from theorem 1.4. This completes the proof.

We end this section with a proposition which gives some examples

of" rings, other than pli-pri-rings, to which the results of this

section are applicable.

4.11. PROPOSITION. Let S be a simple left and right Noetherian

ring and let p be an automorphism of S. Then R = S[x,p] is a

left and right Noetherian prime ipli-ipri-ring.

Proof. Let I be a non-zero ideal of R and let

be-a polynomial of least degree in I, an ~ O. Since SanS = S, there
m

exist si,ti € S such that 1 = .E sianti. Since p is an auto­
1=1

morphism, there exist ti, 1 ~ i ~ m, such that t i pn(ti)' Then
m n ~l

g(x) E sif(x)ti = x + bn_lx + + bO € I. It is easily seen
i=l

that I = Rg(x). It thus follows that R is a prime ipli-ipri-ring.

A straightforward adoption of the Hilbert basis theorem shows that R

is a left and right Noetherian ring. This completes the proof.

It is clear that Rx is an ideal of R = S[x,p]. Thus R/Rxk,

k >1, is a left-right primary, left-right Noetherian, ipli-ipri-ring

with non-zero prime radical.
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CHAPl'ER IV

PLI-DOMAINS

INTRODUCTION

In this chapter, we briefly consider some aspects of pli-domains.

As is well-known, Euclidean domains are easier to handle than

arbitrary PID's. However, the structure of Euclidean domains is·

unknown. In §l, we define a transfinite left division algorithm which

generalizes the Euclidean algorithm on the polynomial rings in one

indeterminate over fields and determine the structure of rings which

have such an algorithm. These rings are iterated skew polynomial

rings of a special type over skew fields. In §2 we show that embedded

primes yield a lower bound for the right global dimension of

pli-domains.
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§l. RINGS WI'I'H TRANSFINITE LEFT DIVISION ALGORITHM.

Let R be a non-zero ring (not necessarily with 1). Let d be

an ordinal-valued function defined on R\{O). Let _1lO < 11 and

( _IX» +11""'11+ (-«» = (_<o) + (_«» = -<0 for every ordinal 11· Put

d(O) _IX>. d is called a transfinite left division algorithm on R

if the following conditions hold for every a, b € R:

(01)

(D2)

(D3)

d(r) <d(b)

d(a-b) ~ max {d(a), d(b»).

d(ab) d(b) + d(a)

If b +0 then there exist

and

a = qb + r.

q, r € R such that

It may be worthwhile to point out that our definition of

'transfinite left division algorithm' is not a generalization of ,the

usual definition of an Euclidean algorithm on commutative domains.

Indeed our definition is so formulated that the only commutative rings

with a transfinite left division algorithm are fields and polymonial

rings in one indeterminate over fields.

Notice that if a ring R With 1 has a transfinite left division

algorithm then D2 and D3 show that R is a pli-domain. In this

section, we shall determine the structure of such domains.

A definition is needed. Let D be a domain and p: D ~ D a

monomorphism. A mapping 6: D ~ D is called a p-derivation on D

if

6(a+b) = 6(a) + &(b)

6(ab) p(a)6(b) + 6(a)b

for all a, b € D. Let D[x, p, 6] be the s~t of all formal poly­

nomials in x with coefficients in D written on the left of powers

of x. Define equality and addition as usual; define multiplication
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by assuming the distributive laws and the rule

xa = p(a)x + o(a)

for all a £ D. It is easy to eheck that D[x, p, 0] is a ring.

Suppose R is a domain, 0 is an ordinal number and

R= ~o R~
Then R is

such thatRis a chain of subdomains of~ <oj

and, if 0 < ~ < 0 then R~ = (~~ Ry ) [x~, p~, o~].

called a generalized skew polynomial extension of Ro and is denoted

by R = Ro[XW p~, o~: 0 < ~ <0].

We now state the main result of this section.

1.1. THEOREM. Let R be a non-zero ring. R has a transfinite

left division algorithm if and only if

where o is an ordinal, K is a subskew field of R and p~ is a

monomorphism into K for 0 < ~ <o.

1.2. LEMMA. Let K be a skew field and let

where

I

is a monomorphism for 0 < ~ < 0 and o~ is a p~-derivation on

K[Xy' Py' 0y: 0 < y < ~]. Then R has a transfinite left division

algorithm.

Proof. Let Rl K and R~ = K[xy, Py' 0y: 0 < y <~] for

o <~ ~ OJ so, R = Ro • Let ~ be the set of all pairs (S,d), where

S = R~ for some ~ ~ 0 and d is a transfinite left d~vision

algorithm on S = R~ such that (ranged) ~ (Tl : Tl <w~). If (S,d)

and (S',d') are in t4, we define (S,d) ~(S',d') if S is a subdomain

of S I and d = d'S. It is clear that A- is partially ordered by
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Since the function on K assigning _w to 0 and 0 to all non-zero

elements of K is a transfinite left division algorithm on K, the set

A is non-empty. It is easily seen that (~,~) is an inductive set.

By Zorn I s lemma. 4. has a maximal element, say (R,B' d). We claim that

R,B = R. If ·not, qonsider the domain ·S = R,B+I = R,B[X,B' P,B' 1i,B ]. Every

non-zero s £ S can be uniquely expressed as

n i
s = I: r. x", ,

i=O J. ,.,

where n is a non-negative integer, r i £ R,B for 0 ~ i ~ n and

r n '" O. Put

f(S)

f(O)

if s is as above;

Clearly, f is a well-defined function on S and (range f) ~

{n : n <w,B+IJ since (range d) ~ (n : n < w,B). Further f extends

d. We shall show that f is a transfinite left division algorithm

on S.

It is immediate that Dl holds for f since it holds for d.

Let a, b be non-zero elements of S, say

m. i n I

x ja = .I: r i x,B and b = I: r iJ.=O j=O ,B

where m, n are non-negative integers, r i , rj £ R,B for 0 ~ i ~ m,

o ~ j ~ n and r m '" 0, r~ '" O. An easy computation shows that

"where r i € 11,B for 0 ~ i ~ m+n-l. If m = 0, then

ab =

so,
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:feb) + :f(a).

m I * m( I
I:f m> 0, then Pf> (rn ) € K so that d(pf> r n ))

Then

O.

:f(ab) wf> (n+m) + d(rm P~ (r~))

w~n + wf>m + d(p~(r~)) + d(rm)

w~n + d(r~) + wf>m + d(rm)

:feb) + r(a) ,

since m > 0 and d(r~) < wf> implies d(r~) + wf>m = wf>m. Hence D2

holds :for :f on S.

It remains to show that D3 holds :for :f. Let a, b be as

stated above with b +O. I:f :f(a) < :feb) then we take q = 0 and

r = a. Assume that :f(a) L :feb) i.e., wf>m + d(rm) L wf>n + d(r~) so
I

that m L n and if' m = n then d(rm) L d(rn ). Suppose m> n.

Then we have

a -

where <€ R~ :for 0 ~ i ~ n.

q = ql and r = £ t: x~ so
i=O ]. "

consider the case when m = n

where t i € Rf> :for 0 ~ i ~ m-l. In a :finite number o:f steps o:f thi

kind, we get ql € S such that

I

I:f d(tn ) <d(rn ) then we can take

:fer) < :f(O). It thus su:f:fices to

and d(rn ) L d(r~). Since d is a
I

trans:finite le:ft division algorithm on Rf> and r n, r n € Rf>' we have

qo' Z € Rf> such that d(z) <d(r~) and r n = qo r~ + z. It :follows

that
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where zi € ~~ for 0 ( i ( n-l •. Clearly,

f(a-q:b) = w~n + d(z) ( w~n + d(r~) f(b) •

Hence D3 holds for f on S.

Summing up, (S, f) € Ar. However, this contradicts the

maximality of (~~, d) in (A-, (). Hence R~ = R. This proves our

claim and concludes the proof.

1.3. LEMMA. Let R be a non-zero ring with a transfinite left

division algorithm d. Then there exists a subskew field K of R

and an ordianl a such that

where

for every 0 < ~ < a.

Proof. Let a be a non-zero element of least degree in R. By

D3, there exists a non-zero e € R such that a = ea so

(e2 _ e)a = O. By D2, R has no zero-divisors. Thus e 2 e. Now,

for every r € R, e(er-r) = (re-r)e = 0 shows that r = re = er.

Ijence e is the unity of R. Also, dee) = d(e 2 ) dee) + dee)

implies dee) = 0; since 0= dee) = d«-e)(-e)) de-e) + de-e), it

follows that de-e) = o. So, d(-r) = d«-e)(r)) d(r) + de-e) = d(r)

for every r € R. Consequently, we have

(D4): For a, b € R, d(a+b) ( max (d(a), deb)}.

Suppose d(a) >deb). Then

d(a) = d(a+b-b) ( max (d(a+b), deb)} ( d(a).

Hence

(D5): If d(a) deb) then d(a+b
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Let K= (r £ Rld(r) ~ a}. (Dl) and (D2) show that K is a

unitary subring of R. By (D3 ), for every non-zero a £ K, there

exists b £ R with e = ba; so, o = d(e) = d(a) + d(b) d( b); so,

b £ K. It follows that K is a subskew field of R.

We now show that there exists an ordinal a and a chain

(~II: 0 < A ~ a) of chains of subdomains of R satisfying the

following conditions:

1) For every II, 1 ~ A~ a, l: A = (R
Il

: Il < A} where Ro = K

and for 0 < Il < A,

with

P" (V R) ~ K;
,. 'll(1l

Further, if r £ R, s £ R and d(r) ~ d(s) then r £ R •
Il Il

2) If Al < 112 then ~II is an initial segment of ~A •
1 2

3) R= V(R : R £I:'}.
Il Il a

It is evident that the existence of C:a will prove the lemma.

Put ~ 1 = (K}. We now proceed by a transfinite induction.

Suppose C;II is defined for each II < A
O

and that conditions 1) and

2) stated above hold for {l::A: 0 < A<A
O

}. We want to get a chain

e A of subdomains of R such that the conditions 1) and 2) hold for
o

(\:A: 0 < A ~ AO }·

If A
O

is a limit ordinal then c: A = V c:;. A works. Assume
o A(Ao

that A
O

is a non-limit ordinal, say A = y+l and that V R +R.
o ~y Il

We shall obtain a subdomain Ry of R satisfying the following

conditions;

(i)

where

R
Y
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(ii) If' r l! R, s € R and d(r) ~ des) then r € R •
V V

Once such a domain is obtained, we can put l:A = {RA: 0< A < Aol
0

to complete the transfinite induction, A cardinality argument then

be an element of least degree in the set R\c-U R).
~V l.l

must be strictly

proves the existence of the required ordinal a.

Let .Xy

We claim that the initial prime component of d(x)
V

greater than the initial prime component of deal for every non-zero

a € U R. It is clear that the initial prime component of d(x)
~v l.l V

cannot precede the initial prime component of deal for any non-zero

deal have the same initial prime components.

a € U R.
~v l.l

d(X
v

) and

Suppose there exists a non-zero a € U R
liv l.l

such that

Let the

normal forms of d(X
V

) and deal be

IJ. "2d(X
V

) = w~ ml + W m2 +

~ S2
deal = w nl + w n2 + .....

where ~ > "2 >.... >~ L 0; ~ > S2 >.... > S.f, L 0; k, .f" mi , n j

are positive integers. OUr choice of Xv shows that ml L n
l

, By

(D}), there exist ql' r l € R such that d(rl ) <deal and Xv

ql a + r l • Clearly, ql +0 so that d(qla) = deal + d(ql)'L deal.

Using (D5), we have

It follows that ql' r l , a € U R
liv l.l
normalso that x € U R , a contradiction. Thus, ml >nl and the

V liv l.l

form of d(ql) is

w~ '2
,.

d(ql) (ml - n l ) + w P2 + '" + W 1- Pi

~here ~ >'2 >... >'1' and i, Pj are positive integers. It follow!

that d(ql) <d(X
v

); so, ql' r l , a € U R and x € U Rl.l' a
liv l.l V liv

contradiction. This establishes our ~laim
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Now, let b be an arbitrary non-zero element of

(D3), there exist

q xy + r. - Clearly,

above, we have

q, r ~ R - such that d(r) <d(x )y

r € J.y R\.l. Further, using the

U R. By
~y \.l

and 'x b =
Y

claim proved

deb) + d(x ) = d(x b).
Y Y

Thus, q"" 0 and using (D5), we have

d(x b) = d(q x + r)y y

d(q Xv) = d(Xy ) + d(q).

It follows that d(q) = 0 so q E K* If ql' r l E R are such that

d(rl ) < d(Xy ) and Xyb = ql x y + r l then (q-ql) x y = r l - r; so,

d(Xy ) + d(q-ql) = d(rl-r) < d(Xy).

This implies d(q-ql) = -~ i.e. q = ql so that r = r l • Hence

q, r are uniquely defined by b. Let

p : U R ~Ky
~y \.l

be the function defined by Py (b) q if b "" 0; py(O) O. Let

6 : U R ~ U Ry
~y \.l ~y \.l

O. Thus

for every ,b € U R. It is now easy to see that Py is a
~y \.l

monomorphism and 6y is a py-derivation.

n i
If possible, let E r i x = 0, Where r i € U R and r "" O.

i=O Y i j ~y \.l n
By the claim proved earlier, d(ri xv) >d(r j xv) if i > j and

r i "" O. Using (D5) repeatedly, we obtain

_GO =
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andR generated byHence, the subring of

x
y

is (U R) [xv' Py ' 6y ]; we denote this subring by
~y I.l

:r,.et . r € R

a contradiction.

and s € Ry with d(r) ~ d(s). We shall show that

r € R
y

• If r € U R, there is nothing to prove. Assume that
~y I.l

r fUR. Then s € R
y

but s fUR. It follows that the
~y I.l ~y I.l

initial prime component of d(s) is w~, the initial prime component

of xV. Thus the initial prime component of d(r) is ~ w~. However,

by the ch~ice of x, d(r) Ld(x). It follows that the initial prime
y y

components of d(r), d(s) and d(x) are equal to w~. Let
y

be the normal forms of d(X y ) and d(r). Since d(r) L d(X y )' we

have nl LmI· By (D3), there exist qt, r' € R such that

d(r') < d(Xy ) and r = q1xy+ r'. It is clear that r' € U R and
~y I.l

d(r) d(q' X + r')y

d(X
y

) + d(q').

It follows that d(q') <d(r). A transfinite induction now suffices to

conclude that r € Ry • We have thus shown that Ry satisfies

conditions (i) and (ii). As indicated earlier, this completes the

proof of the lemma.

1.4•. Proof of theorem 1.1. Follows from lemmas 1.2 and 1.3.
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§2. RIGHT GLOBAL DIMENSION.

In this section, we obtain a lower bound for the right global

dimension of a fully left Goldie ipli-domain.

The main result of this section is the following.

2·1. THEOREM. Let R be a fully left Goldie ipli-domain. Let

A be a proper prime ideal of R and let A be an ordinal such that

A[w
A

) +(0) Then

r. gl. dim R = 00 if card A >~ .- w
L n + 2 if card A = ~n where n is a non-nega-

tive integer.

L 2 if A is a non-zero integer.

We need a lemma.

2·2. LEMMA. Let R be a prime fully left Goldie ipli-ring, A

be a proper prime ideal of R and let A be an ordinal such that
A

A[w ) +(0) . Then there exists a set of principal right ideals of

R which forms a well-ordered chain under inclusion order-isomorphic

with the chain of all ordinals <A

< A
[ wtl)Proof. For tl _ A , choose Xtl€R such that Rx

tl
• By

theorem 111·1·1, each Rx
tl

is a prime ideal of Rand

Rxtl C Rxy if y <tl ~ A. By III· l' 5, Rx
tl

= Rx~Rxy = RxtlXy for

y < tl ~ A If x tl = UXtlxy and Xtlxy = wx
tl

then (1 - uW)X
tl

= 0

= (1 - WU)XtlXy ' By JOhnson's third theorem, x,g and xy are left

regular elements in R It follows that w is a unit in R.

xtlr = r' x tl
so that r'

Since Rx
tl

r' €R such that

regular in R

is an ideal of R, for every r€R, there exists

By Johnson's third theorem, x
tl

is left

is uniquely determined by r. Let

Ptl: R -.. R be the map defined by r ~ r' .

endomorphism. Since (Rx
tl

) (ker Ptl) (0)

Clearly,

and since

Ptl

R

is an

is a prime
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ring, it follows that ker P~ = (0) so

first paragraph now shows that p~(Xy)

rr<~~"
Now, for fixed ,Y <~ <" , consider the element

from what has been proved above, a is an element of R. Also,

a = [p,,(x~)]-l P" ([p~(Xy)]-l x p) x"

[p,,(x~)]-l P" ([p~(Xy)]-l x~ Xv) [p,,(Xy)]-l x"

Since x~ x y = p~(Xy) x~ and since p~(Xy) is a unit in R, we get

a = [p" (Xy)]-l x" •

~o sum up, we have shown that

If equality holds in the above inclusion relation, then there

exists r€R such that

Then

= P" ([p~(x~)]-l x~ Xv) [p,,(Xy)]-l x" r

= x" [p~ (Xy)]-l x~ r

Since R is a prime ring and Rx" is a non-zero ideal of R, x"

'is a right regular element of R. Cancelling x"' we get
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1 = [p~ (Xy)J-l x~ r

= x~ r [p~ (Xy)J- l

p~(r[p~ (Xy)J-l) x~

Thus, x~ is a unit in R so Rx~ = R. Since Rx~ =- A , we have

A = R , contrary to our hypothesis. Hence

is a well-ordered chain of right ideals of R under inclusion. This

completes the proof.

We now state without proof a theorem of B.L. Osofsky [ 1 Let

00 denote the first ordinal of cardinality flo
consider -1 to be less than every ordinal.

Set 0_1 = land

2'3. THEOREM (OSOFSKY) Let R be a ring with unity. Let 0

be a non-zero ordinal and

such that, for every y€M

M = U Y R be a unitary right R-module
~<o ~

and r€R, yr = 0 implies either y = 0

or r = 0

n 2. -1 ,

Further, let yy R C y~ R if y < ~ <0

pd M = n + 1

Then, for

if and only if the set of all ordinals <On is cofinal in the set

{y~ R : ~ <oj ordered by inclusion.

2·4. Proof of theorem 2·1. The first two assertions are im-

mediate consequences of 2·2, 2'3 and the global dimension theorem.

See Jans [ 1 , page 56J

Now suppose that A = RxO is a proper prime ideal of R such
1 1

that A[w J = n~z+ Rxg ~ (0) • Let A[w 1 = Rxl As shown in the

roof of lemma 2,2, there exists a unit u in R such that
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Consider theUn x xn f n€Z+ •xl = 1 0 or every

n€z+} of principal right ideals of

Xl = ux1 Xo so that

sequence {un xl R

U n+1 n hxl Xo = u xl' we ave

R. Since

By 2'3, the homological dimension of

1 ; so, by the global dimension theorem, r.g1. dim R

A = R , contrary

such that

unit, so

Xo r , which yields

xl R then there exists

i U-1 x•e., xl = 1 r = xl

is a domain, Xo is a

n n+1
If u xl R = u

n+1 n
u xl = u xl r

1 = Xo r. Since R

to our hypothesis.

U un x R is
~€Z+ 1
L 2. This completes the proof.

References.

Theorem 2·1 is new; it is applicable to domains constructed in

Jategaonkar [ 4 ] •



NOTES

Firstly, we state some open problems.

1. Is every simple pli-ring a pri-ring?

2. Is every primary pli-ring with a small prime radical an epi­

morphic image of a primary pli-ring with large prime radical?

3. Is every primary pli-ring with large prime radical an epi-

morphic image of a prime pli-ring?

4. Let R be a prime pli-ring. If R~ Mb(A) and R ~ Mb(B)

where A, B are domains, is it true that A~ B?

5· ~t R be a prime pli-ring and let Q be the simple Artinian

l.q. ring of R. If there exists a monomorphism p: Q+~ it is true

that R~ Mb(A) where A is a pli-domain?

6. Let A be a domain such that Mb(A) is a prime pli-ring.

Is A a ipli-ring?

7. Is every ideal in a prime pli-ring a product of prime ideals?

8. Does every primary pli-ring (with large prime radical) have a

l.q. ring?

If the reader has read the monograph before reading these notes,

he will have noticed that we have not given any illustrative examples.

Here are a few references: to see that most of the complications in

ehapters II and III are necessary, take a glance at Jategaonkar [3,4].

To get some feeling for tWisted polynomial rings, consult examples in

Jacobson [3, chapter 3] and examples in Divinski [1]. For an example'

of a nasty pli-domain, see Cohn [3]. For some reasonable left

Noetherian ipli-rings, see Clark [1]. To get convinced that general

left Noetherian rings are appalling, consult Small [4].
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