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PREFACE

The aim of this monograph is to present a self-contained account
of the structure theory and the ideal theory of principal left ideal
rings with unity (pli-rings, for short). It is not an account of all
aspects of pli-rings. Indeed, it contains nothing at all concerning
modules over pli-rings and very little concerning factorization of
elements.

A glance at the table of contents will reveal a little of what the
monograph contains. Moreover, each chapter has a separate introduction
In each section, the main results are stated as soon as enough defini-
tions are given to make the statements meaningful. This arrangement
may help to get a detailed idea of the contents unhampered by proofs.

A first year graduate course in algebra covering Artinian rings
and an acquaintance with ordinals would be enough to read most of the
monograph.

Some parts of this monograph are taken from my thesis written
under the supervision of Professor Newcomb Greenleaf. I wish to thank
him for the encouragement and advice I received from him., Thanks are
due to Professor R. E. Johnson who read the first draft of this mono-
graph and made a number of useful suggestions. In particular, in §6
of Chapter II, I have followed the simple and elegant method suggested
by him. I wish to thank Professor Alex Rosenberg and Professor P. J.
Hilton for their interest in this monograph. I wish to thank Mrs.

Manju Bewtra for pointing out some inaccuracies in the first draft.
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CHAPTER I.
LEFT GOLDIE RINGS.

INTRODUCTION.

’
\

The aim of this chapter is to lay down a foundation for the study
of principal left ideals rings, which will be taken up from the second
chapter. The main results of this chapter are Goldie's (first and)
second theorem and Small's theorem. If the reader is familiar with
these theorems, he should pass over this chapter.

We have proved the main results of this section in their full
generality although we need only special cases of these later on.
However, we have not included many interesting results concerning left
Goldie rings on the (shaky) ground that we do not need them. In other
words, there is a lot more to left Goldie rings than is included in
hére; A few references to the literature are éiven in the notes at the

end of §§{2 and 4.




§0. TERMINOLOGY AND NOTATION.

In this section, we state some basic definitions, explain some
notational conventions and recall some well-known results.

All rings are assumed to be associative. As usual, unity of a
ring (if it has one) is assumed to be non-zero. Except for chapter 1,
we shall deal with unitary rings and unitary modules only. Ideal
shall mean a two-sided ideal. All one-sided definitions and results
are stated from the left; the right analogues are used without any
further mention.

If A 1is a non-empty subset of a ring R , the left annihilator

of A in R 1is defined to be the set
1p(8) = {reR|ra = 0 for every aeA} .

We shall use ¢(A) instead of LR(A) if there is no confusion; if

A = {a} , we shall use +¢(a) instead of ¢({a}) . The right annihil-
ator of A in R 1is denoted by #p(A) or %A(A) . It is clear that |
LR(A) is a left ideal of R ; if A 1is a left ideal of R then
LR(A) is an ideal of R . A left ideal ¢ of R 1is called an anni-

hilator left ideal of R if 4 = LR(A) for some non-empty subset A

of R . An annihilator ideal of R 1is an ideal of R which is also

an annihilator left ideal of R .

An element ce€R 1is called a left regular element in R if

"R(c) = (0) 3 ¢ is right regular if -tR(c) = (0) ; ¢ is regular if
LR(C) =£R(c) = (0) .
A left ideal + is nilpotent if 4™ = (0) for some neE' ; the

least such n is .called the index of nilpotency of ¢ .

An ideal P of a ring R 1is called a prime ideal if, for a,
beR, aRb ¢ P implies either acP or DbeP ;3 equivalently, P is a
pi‘ime ideal of R 1if, for two-sided ideals A, B of R, ABc P im-

plies either Ac Por Bc P. A ring R is called 2 prime ring if




(0) is a prime ideal of R . It is clear that R 1is a prime ring if
and only if LR(A) = (0) for every non-zero left ideal A of R . A
domain is a non-zero ring without non-zero zero-divisors. A domain is
evidently a prime ring.
For an arbitrary ring R , the intersection of all prime ideals

of R 1is called the prime radical of R and is denoted by P(R) .

It is well-known that P(R) is a nil ideal, every nilpotent one-sided
ideal of R 1is contained in P(R) and P(R/P(R)) = (0) . A ring R

is called a semi-prime ring if P(R) = (0) . It is well-known that a

ring R 1is semi-prime if and only if R has no non-zero nilpotent
ideals. McCoy [ 1 ] contains a very readable account of prime radical
and related things.

A ring R is called a semi-pli-ring (resp. ipli-ring) if R has
unity and if every finitely generated left ideal (resp. every two-
sided ideal) of R can be expressed in the form Ra for some acR .
A ring R is called a pli-ring (short for principal left ideal ring)
if R has unity and every left ideal of R c¢an be expressed as Ra

for some a€eR . A ring R 1is called a left Noetherian ring if R

satisfies the ascending chain condition on left ideals. It is well-
known that 'R 1is left Noetherian if and only if R satisfies’the max-
imum condition on left ideals if and only if every left ideal of R

is finitely generated. A ring R is called a left Artinian ring if

R has unity and satisfies the descending chain condition (or equi-
valently, the minimum condition) on left ideals. It is well-known
that a left Aftinian ring is a left Noetherian ring. cf. Lambek [ 1 ],
page 69. A semi-prime (resp. prime) left Artinian ring is called a

semi-simple (resp. simple) Artinian ring. The well-known Wedderburn-

Artin theorem shows that a semi-simple Artinian ring is isomorphic
with a direct sum of a finite number of full matrix rings over skew
fields and that everything involved 1s essentially unigque.

A ring R 1is called a left Goldie ring if R satisfies the



ascending chain condition annihilator left ideals and has no infinite
direct sums of non-zero left ideals. Commutative integral domains and
left Noetherian rings are important examples of left Goldie rings. Ob-
serve that the classes of semi-pli-rings, ipli-rings, pli-ring, left
Noetherian ringS’aﬁd left Artinian rings are all closed under formation
of finite direct sums and homomorphic images. Although a finite direct
sum éf left Goldie rings with unity is again left Goldie, a homomorphic
image of left Goldie ring need not be a left Goldie ring. This prompts
us to make the following definition: If every homomorphic image of a .
ring R 1s a left Goldie ring then R 1is called a fully left Goldie

ring.
Let A, B be sets. A\B denotes the set of all those elements

of A which arenot in B. AcCcB means A 1is a (possibly improper)
subset of B , whereas Ac B means Ac B and A 4 B ; sometimes,
for the sake of emphasis, we write A ¢ B instead of Ac B . 2

s

(resp. zt ) denotes the set of all (resp. all strictly positive)

integers. w 1s the first infinite ordinal number.




§1. LEFT QUOTIENT RINGS.

The first attempt to define rings of gquotients of non-commutative
rings was made by Ore [ 1 ]. The definition given below is eséentially
due to him.

A subset S of a ring R 1is called a semi-group of regular ele-
ments in R if 8 is a non-empty multiplicatively closed subset of

R and every element of S 1is regular in R . A left divisor set in

R is a semi-group of regular elements in R such that, for every

(s,r)eSxR , there exists (sl,rl)eSxR with
8T = ry8 .
If a ring R has at least one regular element and if the semi-group

of all regular elements of R is a left divisor set in R then R

is said to have the left common multiple property. Observe that every

commutative ring containing at least one regular element has the left
common multiple property whereas a free algebra on more than one let-
ters over a field has neither the left nor the right common multiple
property.

Let S be a semi-group of regular elements in a ring R . A
ring Q is called a classical left quotient ring of R w.r.t. S

(abbreviated as 'l.q. ring of R w.r.t. S') if Q has unity, R is

a subring of Q , every element of S 1is 2 unit in Q and every

g€Q can be expressed in at least one way as gq = s 1r s {s,r)eSxR .
If R has at least one regular element and if S 1is the semi-group
of all regular elements of R then a 1.q. ring of R w.r.t. S (if such
a thing exists) is called a total 1.q. ring of R . If Q 1is a total

l.q. ring of R then R 1s called a left order in gq .

Observe that if S 1s a semi-group of regular elements in a ring

R "and if R has a 1l.q. ring w.r.t. S then S 1is necessarily a left




divisor set in R . It follows that a free algebra on more than one
letters over a field cannot have a total 1.q. ring. '
The main result of this section shows that a ring R has a 1.q.
ring w.r.t. a semi-group S of regular elements in R if and only if
S is a left divisor set in R .
We firstly prove the following rather technical result; we shall

need it frequently later on so we give it a name.

1-1, COMMON DENOMINATOR THEOREM. Let S be a semi-group of reg-

ular elements in a ring R and let @ be a 1l.q. ring of R w.r.t.S.
Let §1 scces snes . Then there exist Ty seees rneR and s€S such

that

-1 _ -1
;7 =8 Ty
for 1{i{n.
Proof. For n=1, take s = sf and r) =8 . Suppose
ri 3eees r;_leR and s¥*eS are obtained such that
-1 _ .1
87 = s* “r¥

for 1{i{n-1. Itis easily seen that S is a left divisor set

in R ; so, there exists (rn,r)€SxR such that .S, = rs* = s , say.
Clearly, s€S and r is a unit in Q . Also, s;1 = s'lrn . Set
rg=rrj for 1{i{n-1 so that

-1 =1 -1 -1

si” = s¥r¥ = (rs*) (rr;) =8 T;

for 1{i{n-1. This completes the induction and concludes the

proof.

Notice the following use of the theorem. If Ql and Q2 are

-
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l.q9. rings of\ R w.r.t. S then there exists an isomorphism
o: Q > Q, such that alR = 1d-p ; the map ¢ 1is the obvious one and
is unique; the common denominator theorem is reqﬁired to show that o
is a homomorphism of additive groups of Ql and Q2 .

It is convenient to prove the following technicality at this point.

1-2. LEMMA. Let S be a left divisor set in a ring R . Sup-

pose (c,x),(d,y) and (s,r) are elements of S x R such that
re = sd and rx= sy .

Then ac = bd implies ax = by for all a,beR .

Proof. Since S8 1is a left divisor set in R , there exists
(sl,rl)eSxR such that Slb =18 . Thus, sjac = slbd = rlsd = ryre .,
Since ¢ 1s regular in R , we have 818 = TqT ; S0, 818X = ryTx
= 18y = slby . Since 51 is regular in R , we get ax ='by . This

completes the proof.

We are now in a position to prove the main result of this section.

1-3. ORE'S THEOREM. Let S be a semi-group of regular elements

inaring R. A l.q. ring of R w.r.t. 8 exists if and only if S
is a left divisor set in R . If a 1l.q. ring of R w.r.t. S exists

then it is essentially unique.

Proof. We have already seen that if a l.q. ring Q of R w.r.t.
S exists then it is essentially unique and that S8 1is a left divisor
set in R .
| Suppose S 1is a left divisor set in R . We shall construct a
l.q. ring @ of R w.r.t. S . Ihe construction we give is a modi-
fication of the well-known construction of the field of quotients of a

commuﬁative integral domain.

Firstly, we define an equivalence relation on the set S x R .




Let (c,x) and (d,y) be elements of S x R . Then (c¢,x) ~ (d4,y)
if and only if, for every (s,r)eSxR with rc = sd , we have rx = sy.
Thus, by lemma 1.2, (c,x) ~ (d,y) if and only if there exists
(s',r')eSxR such that r'c = s'd and r'x = s'y . Also observe that
‘since” S8 1s a left divisor set in R , we can always find (s',r')eSxR
with r'c = s'd for any c¢,deS . In the following construction, these
observations will be used without explicit mention.

. We now show that ~ 1is an equivalence relation on S x R . ~ 1is
clearly reflexive. Suppose (c¢,x) ~ (d,y) . Let (sl,rl) €SxR with
r,d = sc . Then, by lemma 1-2, we have r;y = s;X ; so, (a,y)~(ec,x) .
Suppose (c,x) ~ (d,y) and (d,y) ~ (e,z) . Pick (s,r)eSxR with
rc = se . There exists (sg,rg)eSxR such that 4r2d = s,8e = s,TC .

By 1:2, this implies r,y = s,rx . Similarly, from (d,y) ~ (e,z)
and r,.d = s_se , we obtain T,y = 5,52 . Thus, s, rx = s,.s82 . Since -

2 2 2 2

s, 1is regular in R , we have rx = sz . Hence, (c,x) ~ (e,z) .

2
Denote the equivalence class of (c,x) under ~ by x/c . Let

Q= {x/c | (e,x) eSxR} .

We shall define operations in Q@ so as to make it a 1l.gq. ring of R
w.r.t. S .

Given x/c and y/d in Q , we define
(x/c) + (y/4) = (rx + sy)/sd ,

where (s,r)eSxR with rc = sd . We have to show that + 1is well-

defined. Let (;l,rl)esxR with rjc = s;d . Then

(sd,rx + sy) ~ (sld,rlx + sly) .

For, let (sz,rz)eSxR with rgsd = s2sld ; regularity of d gives




28 = 8,587 3 since rec = sd and ric = sld., we have Tore = s,rqC 5
§0, T,r = 32r1 . Now,

r2(rx + sy) = S, X + 8,8,Y = s2(rlx + sly) .

This shows that (x/c) + (y/d) 1is independent of the choice of (s,r).
Now, let (e¢,x) ~ (c',x') and (d,y) ~ (d',y') . Pick (s',r')eSxR
such that r'e' = s'd' . We then have

(sd,rx + sy) ~ (s'd',r'x' + s'y') .

For, choose (s3,r3)eSxR with r3sd = s38'd' ; then, by the lemma 1-2

r3sy = sas'y' 3 but, r3sd = s3s'd' gives r3rc = sar'c' ; so,

rarx = s3r'x' . It follows that
r3(rx + sy) = s3(r'x' +s'y') . -

We have thus shown that + 1s well-defined in Q . It is now straight-
forward to check that (Q,+) is an abelian group.

Given x/¢c and y/d in Q , we define
(X/C) M (y/d) = (xly)/(dlc) )

where (dl,xl)eSxR with d;x = xld . To see that the multiplication
is independent of the choice of (dl,xl) , let (d2,x2)eSxR with

dx = x,d . Pick (s,r)eSxR with rd;e = sd
rdlx = sd

oC 3 then .d1=sd2; so,

X which gives rxld = sx2d; 80, TX) = 8X, and TX,¥ = SX,¥ .

Thus, (dlc,xly)~(d2c,x2y) . To see that the multiplication is inde-
pendent of the representatives of x/c and y/d , let (c,x)~(c',x') and

(a,x)~(d*,x'). Choose (d]'_,xi)eSxR with d{x'=xjd'. We have to show that

-

' (dlc’xl.V) -~ (d]'_c',x]'_y') .
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Pick (sl,rl)GSxR with rd;c = sydfe' . By 1-2, r;d

rlxld = Slxid' . Using 1.2 again, we have Xy = slxiy' . We
have thus shown that the multiplication is well-defined in Q . It is

So,

now straightforward to check that Q 1s a ring with unity 1 = c¢/c,
ceS . - 7

Since (cx)/c = (dx)/d for every x¢€R and c,deS , it follows
that

r v (er)/c , ceS

is a well-defined map. from R into Q . This map is easily seen to be

a monomorphism. It is now easy to complete the proof.

We note a corollary of some interest. A definition first. A
domain D 1is called a left Ore domain if D has the left common mul-
tiple property. Clearly, 2 domain D 1s left Ore if and only if

Da n Db 4 (0) for all non-zero a,beD .

r 1-4. COROLLARY. A ring R 1s a left Ore domain if and only if
it is a left order in a skew fileld.

" Since skew fields are well-behaved among non-commutative rings,
the interest in left Ore domains 1s manifest. Which familiar domains
are left Ore? Evidently, every commutative domain is left Ore. To
single out another familiar class of left Ore domains, we need the fol-

lowing characterization.

1-5. PROPOSITION. A ring R is a left Ore domain if and only

if R 1s a left Goldie domain.

Proof. Let R be a domain which is not left Ore. Then there
exist non-zero elements a,b in R such that Ran Rb = (0) . It is

easlily seen that n§ Rab" is a direct sum of non-zero left ideals of
0

R. Thus, a left Goldie domain is left Ore. A left Ore domain is trivH
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ially left Goldie. This completes the proof.

1-6. COROLLARY. Every left Noetherian domain (in particular,

every pli-domain) is left Ore.

References.

Ore [ 1 ) was the first to realize the usefulness of the left com-
mon multiple property; he proved theorem 1-3 in case of domains.
Asano [ 1 ] began generalizing Ore's construction. By now, there are
quite a few notions of rings of quotients available. Some of these may|
be found in Faith [ 1 ] and Lambek [ 1 ] .

Our proof of Ore's theorem 1-3 is based on an 1dea attributed to
A.W. Goldie in Smith [ 1 }. Proposition 1.5 is in Cohn [ 2 ].

For an interesting connection between left Ore domains and free
algebras, see Jategaonkar [ 10 ].

We have not tried to trace the authorship of Ore's theorem. To.
call it Ore's theorem is certainly inaccurate (but then did Euclid

ever dream of Euclidean rings?)
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§2. GOLDIE'S THEOREM.

In this section, we shall prove the following two theorems due to

A.W. Goldie.

2+1. GOLDIE'S FIRST THEOREM. A ring R 1s a left order in a

simple Artinian ring if and only if R 1is a non-zero prime left Goldie

ring.

2-2. GOLDIE'S SECOND THEOREM. A ring R 1is a left order in a

semi-simple Artinian ring if and only if R 1is a non-zero semi-prime
left Goldie ring.

These two theorems together with a theorem due to Falth and Utumi
and a theorem of Levitski (cf. §3) form the foundation of the theory
of left Noetherian rings.

The ‘'only if' parts of both theorems of Goldie are relatively

easy and we shall dispose them off first.

2-3. LEMMA. If R 1is a left order in a semi-simple (resp.
simple) Artinian ring then R 1s a non-zero, semi-prime (resp. prime),
left Goldie ring.

Proof. Firstly, let us assume that R 1is a left order in a semi-
simple Artinian ring Q . R must be a non-zero ring since a zero-ring
has no regular elements and thus cannot have a l.q. ring. If A 1is a

non-empty subset of R then, evidently,
LR(A) =4,Q(A) NR.
Since Q has the ascending chain condition on left ideals, R has the

ascending chain condition on annihilator left ideals. If n§ An is an
1

Ainfinite direct sum of non-zero left ideals of R then, using the com-

mon denominator theorem, it follows that § QA, 1is an infinite direct
n)l :
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sﬁm of hon-zero left ideals of Q ; this is clearly impossible. Hence.
R 1s a non-zero left Goldie ring. ‘

Suppose ﬁ is a non-zero nilpotent two-sided ideal of R . Let
k + 1 be the index of nilpotency of N ; so, k > O . Since @NQ
is an ideal of Q , there exists a (non-zero) central idempotent e in
Q such that QNQ = Qe . Using the common denominator theorem, we can

express e as
e=ct (zr, z,q,)
12194/ >

where c,rieR,c regular in R , zieN and qieQ . Thus, ce = ec €NQ ;
consequently, e c Nk+1Q = (0) . Since ¢ is regular in R , it

is a unit in Q . It follows that NYe = (0) = eN® . Now,

() ° c vav¥q < QeN®q = (0) .

Since Q 1is semi-simple, we have QNkQ = (0) so that N = (o) ,

éontrary to our choice of k . Hence R 1is semi-prime.

Now suppose that R 1is a left order in a simple Artinian ring
Q . Since Q 1s also semi-simple, the argument above shows that R
is a non-zero left Goldie ring. It remains to show that R 1s a prime
ring. Let A and B be two-sided ideals ofv R such that AB = (0)
but B 4 (0) . Since @ 1is simple, QBQ = Q . Using the common den-

ominator theorem, we have

[
]

et (sbyq,) ,
i.e.,

c = Ebiqi >
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where b;€B, q;¢Q and ¢ is a regular element in R . Now, (0)
= AB = ABQ implies (0) = Ac which in turn implies A = (0) . Hence

R 1is a prime ring. This completes the proof.

We now proceed to prove the non-trivial 'if' part of Goldie's
second theorem. The proof we give is due to Procesi and Small { 1 ].
The main step in the proof is to show that a non-zero semi-prime left
Goldie ring has regular elements and has the left common multiple pro-
perty. Once this is proved, we invoke Ore's theorem to get a total
l.q. ring Q.; it is then easy to show that @ has to be a semi-simple
Artinian ring. The 'if' part of Goldie's first theorem is easily ob-

tained by using the 'if' part of Goldie's second theorem.

2-4.‘ LEMMA. (i) Let A and B be non-empty subsets of a ring
R . Then g4t (A) =2(A); 4t4(A) =4(A) ; £(A U B) =(A) n+(B) ;
further, if A < B, then ¢(A) > +(B) .

(11) R has the ascending chain condition on annihilator left
ideals if and only if R has the descending chain condition on anni-

hilator right ideals.
Proof. (1) 1is straightforward and (ii) follows from it.

2:5. LEMMA. Let- R be a ring with the ascending chain condition
on annihilator left ideals. For every a€R , there exists teZ+ such

that
1(a™ n Ra™ = (0)

for every nezt and every m ) t .

Proof. Choose teZ' such that t(a%) = t(a®) for every m 2t .

Irf xeL(at) n Ra® , then x = yat for some yeR and 0O = xab = ya2t H

thus, yeL(agt) = L(at) and x = yat =0 . Since Ra® c Ra® for all

m> t and 1 (a® E,L(at) for all neZ' , the lemma follows.
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The following lemma is the main tool needed in the proof.

26, LEMMA. Let R be a non-zero semi-prime ring with the as-
cending chain condition on annihilator left ideals. If A > B are
left ideals of R and if 4 (A) c%(B) then there exists an element
a'eA such that Aa' n B = (0) and Aa' 4 (0) .

Proof. Let U be an annihilator right ideal minimal with respect
to being contained in 4 (B) and properly containing #(A) . By its
choice, AU 4 (0) ; so, AUAU 4 (0) since R 1s semi-prime. Pick
ua€UA such that AuaU 4 (0) . We claim that Aua n B = (0) . If not,
pick xeA such that o £ xuachAua n B . Since'xuaeB and U c%(B) ,
we have xuaU = (0) . Since xe€A,%(x) o24(A) . Consider 4(x) nU.
It is an annihilator right ideal containing 4(A) and contained in
U . Since wuaU c t(x) , but uaU ¢ ¢(A) , we deduce from the minimal-
ity of U that 4(x) n U= U . This implies xU = (0) , contrary to

xua # 0 . The lemma follows by taking a' = ua .

We need a definition. A left ideal A of a ring R 1is an es-

sential left ideal of R if A n B4 (0) for every non-zero left
T
ideal’ B of R.

2*7. LEMMA. Let R Dbe a non-zero semi-prime ring with the as-
cending chain condition on annihilator left ideals. If Rx and Ry

are essential then Rxy 1s essential.

Proof. Let A be a non-zero left ideal of R and 1let A

{reR | ryeA} . Clearly, & is a left ideal of R . Also, &y

]

Ry n A 4 (0) by the essentiality of Ry . Thus, & 2 ¢(y) ,

Ay 4+ (0) and 4(y)-y = (0) ; so, +(&) c 4t(y) . By lemma 26, there
exlsts a non-zero left ideal T gf such that T n ¢(y) = (0) . If
T= {reR | rxeT} then Tx = Rxn T 4 (0) by the essentiality of Rx .

Now Txy 4 (0) ; for otherwise, Tx c ¢(y) so that Tx

=TnTxcTn(y) = (0) , a contradiction. Since
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Txyc Tyc Eyc A, we have Rxy n A 4 (0) . Hence Rxy is essential]

This proves the lemma.

2-8. LEMMA. Let R be a non-zero semi-prime ring with the
ascending chain condition on annihilator left ideals. If Ra is es-

sential then a 1is regular in .R .

Proof. That <%(a) = (0) follows by taking A =R and B = Ra
in lemma 2-6. By 27, Ra" is essential for every nezt and by 2.4,
Ra® n t1(a) = (0) for some n ; so, t(a) = (0) . This proves the

lemma.

Until further notice, R 1s a non-zero semi-prime left Goldie

ring.

2:9. LEMMA. R satisfies the descending chain condition on anni-

hilator left ideals.

Proof. Let L1 DeeeeD Ln >.... be a properly descending chain
of annihilator left ideals of R . By 2+4 and 2.6, there exist non-
zero left ideals C, ¢ L such that C n L, = (0) . Since the sum
XCn is direct, the chain of annihilator left ideals must terminate.

2-10. LEMMA. If 4(c) = (0) then Rc 1is essential and c¢ is

regular in R .

Proof. Let A be a non-zero left ideal of R . If A A Re = (0)
then {Acn:nez+} form a direct sum, a contradiction. Thus
An Re# (0) . This shows that Re 1s essential; 2-8 now shows that

¢ is regular in R .

It may be worthwhile to point out that right regular elements in

R need not be regular.

2-11. LEMMA. (a) Every non-zero minimal annihilator ideal of

R is a prime left Goldie ring.
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(b) There is a finite direct sum of non-zero minimal annihilator

ideals of R which is an essential left ideal of R .

Proof. (a) Let S8 be a non-zero minimal annihilator ideal of
R. If T 1is a non-zero left ideal of S then ST is a left ideal
of R contained in T . ST 4 (0) , for otherwise (0)
= 8(T + TR) > (T + TR)2 which gives T = O since R is semi-prime.
It is now clear that S has no infinite direct sums of non-zero left.
jdeals. Since the ascending chain condition on annihilator left ideals
is,inheritéd by subrings, it follows that S 1is a non-zero left Goldie
ring.

Let A,B be ideals of S such that A 4 (0) and AB = (0) .
Since SB c B, we have ASB = (0) ; so, A E‘LR(SB) nsS . Since SB
is a left ideal of R , by 2-4, LR(SB) N S 1is a non-zero annihilator
ideal of R contained in S . Minimality of S shows that
Sc LR(SB) so that (SB)2 = (0) . Since R is semi-prime, we get
SB = (0) . Now, .(RB)? = (0) so RB= (0) . This makes B a nil-

potent left ideal of R ; so, B= (0) . Hence 8 1is a prime ring.

(b) Existence of a non-zero minimal annihilator ideal follows
from 2-9. Let A = Sle...-esn be a maximal direct sum of non-zero
minimal annihilator ideals of R . Suppose K 1is a non-zero 1ef£
ideal of R with A n K= (0) . Since AK c A n K, we have
Kctp(A) . Since R is semi-prime, A n+4p(A) = (0) so that
1R(A) A = (0) . This gives (0) +'£R(A) c LR(A) . Since R is semi-
prime, we have A f LR(A) = (0) . We can thus find a non-zero minimal
annihilator ideal whose intersection with A 1is zero, thus contradict-

ing our choice of A . This shows that A 1s an essential left ideal

of R . The lemma is now proved.

2-12., LEMMA, If I 1is an essential left ideal of R then it

contains a regular element of R .
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Proof. Pirstly, we shall prove the lemma in the case when R is
a non-zero prime left Goldie ring. Choose ael such that LR(a) is
minimal in the set {cR(x) | xeI} . 1If possible, let J be a non-
zero left ideal of R such that Ran J = (0) . Since I 1is an es-
sential left ideal of R, I N J + (0) . We may thus assume that
RanJd= (0) and (0) $JcI. Let xeJ . If ret(atx) then
ra = -rx€Ra n J = (0) . Thus, 4(a+x) = 4(a) n 4(x) . Minimality of
t(a) 1implies 4{x) o #(a) n 4x) o 4(a) ; so, #a)x = (0) . We have
thus shown that #{a)J = (0) . Since R 1is assumed to be a prime
ring and J 4 (0) , this forces 4(a) = (0) . By 2-10, we have
J = (0) , a contradiction. Hence, Ra 1is essential and, by 2-10 , a
is regular in R .

We now prove the lemma for an arbitrary non-zero semi-prime left
Goldie ring R . Let A =35, @&...® 8, be a direct sum of non-zero
minimal annihilator ideals of R such that A 1s an essential ieft
ideal of R ; the existence of A was proved in 2:-11(b). We claim
that I n Si is an essential left 1deal of the ring Si for each 1i,
1{i{n. Ifnot, let K bea non-zero left ideal of S; such
that InS;nK=InKs= (0) . Since 5;K € K, we have
InsK=(0). Essentiality of I implies S,K =0 ; so, K° = (0).
By 2-11(a), S; 1is 2 prime ring. Thus K° = (0) implies K,= (0) ,

a contradiction. The first part of the proof now shows that I n Si

contains an element Ty which is regular in the ring S; . We claim ,
that r = ry +....o T is a regular element in R . Suppose

1g(r) 4 (0) . Since A 1is an essential left ideal of R ,

1e(r) n A £ (0) . Let 04 t = ty + -0+ t et (r) n A, where
tjes; for 1{1i{n . Since tr= ifl tyr; = 0, each t;r;
s0, each ti = 0 by the regularity of ry in Si ,» This gives

=0 ;

t = 0 , contrary to our choice. Thus, LR(r) = (0) . 2-10 shows that
r is regular in R . This completes the proof.

Observe that, by 2-11 and 212, R contains at least one regular
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’

element.
We now abandon the restrictions on R and finish the proofs of

Goldie's theorems.

2+13. Proofs of Goldie's theorems. 'Only if' parts of both

theorems are proved in 2.3.

Firstly, we shall prove the 'if' part of Goldie's second theorem.
Let R Dbe a non-zero semi-prime left Goldie ring. As 1n&icated after
2-12, R contains at least one regular element. Let a,beR with a
regular in R . It is straightforward to check that I = {reR|rbeRa}
is an essential left ideal of R . By 2-12, I contains a regular ele-
ment, say c¢ ; so c¢b = da for some déeR . Thus R has the left com-
mon multiple property. By Ore's theorem, R has a total 1l.q. ring
which we denote by Q .

Let L Dbe a non-zero left ideal of Q@ . Then L N R 1s a left
ideal of R. Using the common denominator theorem, we have
L=QLNnR) . Let K be a left ideal of R such that (L n R)eK is
an essential left ideal of R ; such a left ideal K exists since R
does not have infinite direct sums of non-zero left ideals. Since @
is the total 1l.q. ring of R , using 2-12, it follows that Q = I®QK .
Hence Q 1is a semi-simple Artinian ring. This proves Goldie's second

theorem.

Now suppose that R 1is a non-zero prime left Goldie ring. Since
a prime ring is evidently semi-prime, Goldie's second theorem shows
that R has a semi-simple Artinian total l.q. ring Q . If @Q 1is not
simple, there exist non-zero ideals A,B of @ such that AB = (0) .
It follows that AN R and B N R are non-zero ideals of R with
(A n R)(BnR) = (0) ; however, this is impossible since R is a prime
ring. Hence @Q must be a simple Artinian ring. This concludes the
proof of Goldle's first theorem.

' bl

{

We finish this section with the following.
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2-14. PROPOSITION. (a) If R 1is a left order in a simple

(resp. semi-simple) Artinian ring Q then Mn(R) is a left order in
the simple (resp. semi-simple) Artinian ring Mn(Q) for every nezt .
(b) If R 1is a left order in a semi-simple Artinian ring Q and
if S 1is a subring of Q containing R then S is a left order in
Q .
(¢) If Ry 1isa ieft order in a semi-simple Artinian ring @Q;
for 1<'i % n then @ R, is a left order in the semi-simple Artin-

i=1
ian ring ) Qi .
i=1

Proof. Observe that if R 1s a subring of a semi-simple Artinian
ring Q such that every g€Q can be expressed as q = a'lr with
a,reR then R 1is a left order in Q ; for, if ¢ 1s regular in R

1

and alrc =0 then alr=0 ; 80, 1 Q(c) = (0) and c¢ is a unit in

Q . The proof follows from this observation.

References.

Goldie's theorems in the form in which we have stated them appear
in Goldie [ 2 ]. Goldie [ 1 ] and Lesieur and Croisot [ 1 ] contain
some special cases of these theorems. By now, quite a few different
proofs of Goldie's theorems are available.

We have closely followed Procesi and Small [ 1 ] in proving the
non-trivial part of Goldie's theorems. Lemma 2-3 is in Goldie [ 2 ].
For other proofs of Goldie's theorems, see Faith [ 1 ], Goldie [ 1,2,
4,51, Jacobson [ 3, Appendix B ] and references given there.

Some interesting information concerning semi-prime left Goldie
rings is contained in the Faith-Utumi theorem. We have not included
the theorem in this monograph only because we have no occasion to use
it (and also because a very instructive proof is available in Lambek
[ 1]). See also Faith and Utumi [ 1 ] and Jacobson [ 3, appendix B ].
A generalization of the Faith-Utuml theorem for left orders in left
Artinian rings is given in Jategaonkar [ 8 ].
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§3. NIL SUBRINGS.

There are some classical theorems which show that nil subrings of
suitably conditioned rings are nilpotent. In this section, we shall

prove a very general theorem of this sort due to R.C. Shock.

3-1. LFMMA. Let R be an arbitrary ring and let xy be nil-

potent for some x,yeR . If xyx + O then t¢(x) c t(xyx) .
)k

Proof. Let xyx 4 0, (xy)¥ =0 anda (xp)¥ 140 . 1f

)k—l

0 'shows that 4(x) c¢(xyx) . If
0 but (xy)*2x40, so

-

(x0)¥ L x4 0 then (xy)* (xyx)

)k-l

(xy Xx = 0 then (xy)k'z(xyx)

4x) < t(xyx) .

In an arbitrary ring R , the smallest left ideal of R contain-

ing a 1s denoted as Rla ; thus Rla = Ra + Za .

3.2. SHOCK'S THEOREM. Let R be a ring satisfying the ascending

chain condition on left annihilators. Suppose N 1is a nil subring of
R which is not nilpotent. Then there exists .a sequence {an: neZ+]
of non-zero elements of N such that

t({a : n 2 k}) ct({a: n 2 k+ 1)) for every kezt .

neZ+ n

for every nez+ and z + Rlan is direct.

1)
2) Either Ran + 0 for every nez® and z Ra_ is direct or
=0

n nez

Ra

Proof. Since R has the a.c.c.on left annihilators, there exists

tezt such that

t+j)

1 g(N%) =2 (N , d>0.

Put LR(Nt) =K . Since N is non-nilpotent, N ¢ K ; so, there
exists xeN such that RlxiK . Choose xleN such that LR(xl) is

maximal in the set

{4p(x) | xeN , R'x ¢ K} .
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If RYxN < K, then Lt - (0) , so Rlx c LR(Nt"'l) = K, contrary
to our choice of Xy - Thus, there exists xeN such that

1 R
R X)X ¢ X . Choose x, €N such that LR(xe) is maximal 1in the set

“’R(x) | xen , Rlxlx ¢ K} .

Inductively, we can now construct a sequence {xn: nez+} of elements

of N such that LR(xk) is maximal in the set
i 1 . .
{45(x) | xen , Roxy fe..! % 1% & K}

for every keZ+ .
We need two observations before we come to the crucial part of the
proof.

’ First observation:
g%y e Xypp) 0 Rxy = (0) , ¥ j,mezt .

For, if rx, 4+ 0 and rx = 0 then

334177 Xem
LR(XJ) c LR(xjxj+1:"':XJ+m) ; the inductive choice of the sequence
{xn] shows that

1. . ..
R LR xjxj+l'~" xj+m é K .

We thus have arrived at a contradiction with the maximality of
LR(xJ.) in the set

1. .
{tp(x) | xeN , Roxy<e.? xj_lxiK] .

We now put

Second observation:

+
LR(al) =LR(an) , nezZ' .

Since a = a;x, :..1x , evidently, LR( a;) ELR( an) . The inductive
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choice of the sequence {xn} shows that
1
Ra ¢K.

Thus, if LR( al) c LR(an) , we have a contradiction with the maximality
of {,R(al) = LR(xl) in the set

{tgr(x) | xeN , rlx ¢ k) .

We now claim that a =0 forall n»1l and j2 O .

n-l-jxn
Assume for a moment that 3% + 0 for some n)1l and j > O .

Since Rlan_‘_J X, € Rxn , the first observation above shows that

1 +
R an+aner-1 0, ¥mezZ' .

feme X

n+m *
so, R'a_, .x ¢ K . Since
’ nt+j n .
0+ 8t i%n = %1 Leetxp g(xpxo 0 0te. 'xn+an)
lemma 3-1 shows that if Jj > O then
LR(xn) c LR(xnxn+l e xn+jxn) .

1 .. .
Since R an-l(xnxn+1 - xm_jxn) = R 24 5%n 4 X, we obtain a contra-
1

diction with our choice of > S So, j=0. Now R anxn‘ )
1 2 2
= Rz, ;% ¢ K and LR(xn) gLR(xn) implies LR(xn) = LR(xﬁ) . How-

ever, since X, is nilpotent, this is possible only if X, = 0, con-

trary to our choice. This establishes our claim.
We are now in a position to finish the proof. Since an+,jxn =
for j ) O and a, 1%, 4+ 0, it follows that, for every k > 1,

t({a: n 2 k}) ci_-f,([an: n ) k+l}) .

Suppose every Ra 4 (0) . Let
s
r_ .a = © r,a,
s+1%s+l i1 i7i

where r.eR for 1 i< s+ 1. Multiplying both sides on the right
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by Xy and using the claim proved above, we have rya X, = 0 1i.e.
rietp(ay) . By the second observation ryetp(a,) so rja; = 0 . Now
multiplying both sides on the right by x3 , we obtain roa, = o .
Continuing in this fashion, we conclude that rs+lés+l = 0 . Thus
h§Z+ Ran is direct. .

If some Rak = (0) then Ran = 0 for every n Z k . By choos-
ing k 1large enough, we may assume that phe orders of a ,n 2 k , as
. elements of the additive abelian group (R,+) are equal (finite or
infinite). Now, suppose that

s

n a = L n.a
s+l s+l jog i

where n,;eZ for k 1< s+ 1. Multiplying both sides on the right

by Xy,q » we have nay.y = 0 so nay = 0 . Continuing in this
1

fashion, we conclude that N 85,7 = 0 . Thus n§k R a, is direct.
Reindexing, if necessary, we have Ran = 0 for all nez+ and
%, Rla_ 1s direct. {Observe that the first assertion of the theorem

+ n
neZ: .
remains valid even after reindexing). This completes the proof.

3:3. COROLLARY (HERSTEIN-SMALL). If R satisfies the ascending

chain éondition on annihilator left 1deals and annihilator right ideals

then every nil subring of R 1is nilpotent.

3-4. COROLLARY (IANSKI). Every nil subring of a left Goldie ring

is nilpotent.

References.

Nilpotency of suitably conditioned nil rings is an old affair. A
classical theorem of Hopkins' shows that every one-sided nil ideal of
a left Artinian ring is nilpotent. Another classical result shows
that nil subrings of simpie Artinianrings are nilpotent; combining this
with Hopkins' theorem, it follows that nil subrings of left Artinian

rings are nilpotent.
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Generalizing Hopkins' theorem, Levitski showed that the prime

radical of a left Noetherian ring is nilpotemt. Goldie [ 2 ] observed

that combining Levitski's theorem with Goldie's second theorem, it
follows-that nil subrings of left Noetherian rings are nilpotent. An
easy proof of Levitski's theorem is given by Utumi [ 1 ].

Recent contributions to this area are Herstein and Small [ 1,2 ],

Levitski [ 1 ], Lanski [ 1 ], Shock [ 1,2 ].
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§4. SMALL'S THEOREM.

In this section, we shall prove a theorem due to L.W. Small which
characterizes left orders in left Artinian rings.

A few definitions first. Let R be a left Goldie ring. R 1s

said to satisfy the regularity condition if an element ceR 1s regu-

Iar in R whenever c+P(R) 1is regular in R/P(R) . R is said to

satisfy the full regularity condition if an element ceR 1is regular

in R if and only if c+P(R) 1s regular in R/P(R) .

A ring R 1is called a left T-Goldie ring if R 1s a left Goldie

ring and R/Tk is a left Goldie ring for every keZ+ , wWhere Tk =
k
P(R) n¢g({P(R)}") .

We now state Small's theorem.

4-1. SMALL'S THEOREM. The following conditions on a ring R are

equivalent:

(1) R is a left order in a left Artinian ring.

(2) R 1is a non-nilpotent left T-Goldie ring satisfying the
regularity condition.

(3) ®r is a non-nilpotent left T-Goldie ring satisfying the full

regularity condition.

We shall give a cyclic proof: (1) => (3) => (2) => (1) .
Trivially, (3) => (2) . We now prove some lemmas which are needed
in both the remaining implications.

Until further notice, R denotes a ring subject to the following
restrictions: (1) R 1is a non-nilpotent left Goldie ring satisfying

the regularity condition; (ii) R/P(R) 1is a left Goldie ring. Let
M = {ceR | c+P(R) 1is regular in R/P(R)} .

Since R/P(R) 1is a non-zero semi-prime left Goldie ring, Goldie's
second theorem shows that R7P(R) contains at least one regular ele-

ment. The regularity condition implies that M is a semi-group of
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regular elements in R . We put Ty = P(R) N4 ({P(R)I¥) ana R_=

R/Tk for every kezt . If xeR » We write x + T, as X .
N2, LEMMA. T, /T = P(R) n-LRk({P(Rk)}n) for every k,nez’

Proof. Since T, ¢ P(R) , we have P(Rk) = P(R)/Tk . If
x, €P(R) ntRk((p(Rk);“) then xeP(R) and {P(R)}'x =0 i.e.,
{P(R)1"x ¢ T, c¢,({P(R)}¥) . Thus, xeP(R) and (P(R)}™"x = (0) ;

so. xeT, .~ and X €Ty, n/'1'k . If yke'rk_‘_n/Tk then yeT
k+n
Tyen 2 Tx - S0, {P(R)} My _ 0 which gives

+n since
(P(R)}%y < B(R) nap({P(RIF) = 1, . Thus, yeP(R,) MRK({p(R‘kn% .

This proves the lemma.

4.3. LEMMA. If aeM then {,Rk(ak) =0 for every kez' .

Proof. Let xa =0 . Then xaeT, so that xaeP(R) and
{P(R)}kxa = (0) . Since a+P(R) 1s regular in R/P(R), xacP(R) implies
xeP(R) . Since a is regular in R, [P(R)}kxa = (0) yields
{P(R)Y*x = (0) . So, xeP(R) N4 ({P(R)IF) =T, and x =0 . This
. proves the lemma.

4.4, LEMMA. Assume that M 1is a left divisor set in R . Let
Q@ Dbe the 1.q. ring of R w.r.t. M. Then
, (i) P(Q) 4is nilpotent; P(Q) n R = P(R) .
(1i) (P(Q)}" = Q{P(Q))™ = Q{P(Q) n R}® for every nez* .
(iii) @ N R=T_ for every kez' .

(iv) QT, 1is a two-sided ideal of Q and Q/Q‘I‘k is isomorphic
with the 1.q. ring of R, w.r.t. M, where M, = {c+Tk: ceM} .

Proof. We shall firstly show that QP(R) is a nilpotent left
ideal of Q . Using the common denominator theorem, it is easily seen
that every element of QP(R) 1is of the form alr » where aeM and
reP(R) . If beM and yeP(R) then there exist ceM and zeR such

that yb':L =c1z i.e. cy = zb ; regularity of b+P(R) in R/P(R)




28

shows that ze€P(R) . By Shock's theorem, P(R) is nilpotent, say
{P(R))S = (0) . To show that {QP(R)]S = (0) , it suffices to show
that

1 -1

ai rla;lrz:..'.as r,=0,
where a,eM and r;eP(R) for 1 1 s . However, this follows
easily from what has been said above. (Start from the right;
rs_la;:L = c;lzs_:L ,» where c_eM and zSeP(R) ; continue). Hence
QP(R) is a nilpotent left ideal of Q .

Evidently, P(Q) n R 1is a nil ideal of R so that by Shock's
“theorem, it is a nilpotent ideal of R . It follows that
P(Q) n Rc P(R) . Since QP(R) 1is nilpotent, we have
Q{P(Q) n R} ¢ QP(R) = P(Q) . However, by using the common denominator
theorem, it is readily seen that P(Q) = Q{P(Q) n R} . Thus, P(Q)
= @P(R) = QP(R)Q = Q{p(q)n R} = Q{P(Q) n R} @ . Thus P(Q) is nil- -
potent. Alse, {P(Q))% = QP(R)QP(R) = Q{P(R)}? , etc.. This proves
(1) and (ii).

We now prove (iii). Let xe(;,'l‘k AR; so x= c'lr ) wtrlereA ceM
and reTy . Since T, < P(R) , we have QT n Rc QP(R) N Rc P(Q) n R
c P(R) . Thus xeP(R) . Since c¢x = reT g-tR({P(R))k) , we have
{P(Q)1¥x = o{P(R)}¥ac™lr = Q(P(R) Y ar = {P(R)}¥r = (0) by a repeated
use of (ii). Thus (0) = {P(Q))kx = Q{P(R)]kx = {P(R)]kx so that
xe # p({P(R))) .

is clear.

Hence xeTk and Q‘I‘k nNR cT the other inclusion

X 7

We now prove {iv). Let a'lrleQ,Tk and bt

-1 -1
rlcsTk and r2€R . We claim that a rlb rzequ . Since M is

assumed to be a left divisor set in R, rlb'l = u'l

rzeQ where a, beM,

v i.e. ,

url = vbeTk , where ueM and veR . Thus,

{P(R)}kvb = (0).= {P(R)}kv since b is regular in R ; so
ve‘fﬂ({P(R)}k) . Also, since vVbeT, ¢ P(R) , veQP(R)Q n R = QP(R) n R
c P(R) by (11). Hence veT, . This proves our claim. It is now




29

clear that QTk is a two-sided ideal of Q .
We now show that Mk is a left divisor set in Rk' Mk is
clearly a semi-group in Rk . If akeMk » rkeRk and 8Ty = 0 then

arely, and reQfy N R=T by (1ii); so r, =0 . Using 4.3 it

k
follows that ay is regular in Rk . Thus Mk is a semi-group of
regular elements in Rk . Let skeRk and ckeMk . Since M 1is a
left divisor set in R and ceM , there exist c'eM and s'€R such
1 - -
that ¢'s = g'c 1i.e., c'ksk = s'kck where c'keMk and s'keRk .
Hence Mk is a left divisor set in Bk . By Ore's theoren, Rk has
a l.g. ring w.r.t. Mk . It is now stralghtforward to check that

a~lr 4 Qr, > (a + Tk)'l (r + Tk)

‘with aeM , reR , is an isomorphism of Q/QTk with the 1.q. ring of
Rk w.r.t. Mk . This completes the proof.

We now abondon the restrictions on R . The following lemma ton-

tains the proof of (1) => (3) in Small's theorem.

4-5. IEMMA. Let R be a.left order in a left Artinian ring q .
Then R 1is a non-nilpotent left T-Goldie ring satisfying the full
regularity condition. PFurther, P(R) = P(Q) n R ; P(Q) = QP(R) ;
Q/P(Q) is isomorphic with the total 1l.q. ring of R/P(R) .

Proof. Since R contains a regular element, R must be a non-nil- |
potent ring. If zAn is an infinite direct sum of non-zero left ideals
of R then, using the common denominator theroem, it is readily seen
that EQAn is also an infinite direct sum of non-zero left ideals of
Q , which is impossible. Since Q has the ascending chain condition
on annihilator left ideals, so does R . Thus R 1is a'left Goldie
ring.

We claim that P(R) = P(Q) N R . (Notice that lemma 4-4 is not
available since we have not as yet proved that R ‘has the regularity
condition.) By Shock's theorem, P(R) and P(Q) are nilpotent. Thus,
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P(Q) NRc P(R) . Let Q= QP(Q . § is a semi-simple Artinian ring.
Let R' = {r + P(Q)|reR} . It is easily checked that if Xe€qQ then

X = c'-lr', where c',r'eR' . It follows that Q@ is a total 1.q.

ring of R' . By Goldie's second theorem, R' is a semi-prime ring.
Since P(R) is a nilpotent ideal of R , it now follows that

P(R) ¢ P(Q) N R . This proves our claim. Consider the map
r+ P(R) =~ r+ P(Q)

from R/P(R) to R' ; bijectivity of this map follows from

P(R) = P(Q) N R and it is clearly a homomorphism. Hence Q/P(Q) 1is
isomorphic with the 1.q. ring of R/P(R) . By Goldie's second theorem,
R/P(R) 1is a semi-prime left Goldie ring.

We now show that R satisfies the full regularity condition. If
a is regular in R then it is a unit in Q ; so, a + P(Q) is a ‘
unit in Q/P(Q) and thus a regular element in R' . Due to the is-
omorphism of R/P(R) with R' indicated above, it follows that
a + P(R}) is regular in R/P(R) . If b + P(R) is regular in R/P(R)
then b + P(Q) is regular in R'; so, it is a unit in Q/P(Q) .

Since P(Q) is nilpotent, b 1is a unit in Q and thus a regular
element in R . It is now clear that M = {aeR|a + P(R) 1is regular

in R/P(R)} 1is precisely the set of all regular elements of R . Since
Q is the total quotient ring of R, it follows that M is a left
divisor set in R and @ 1is the 1.q. ring of R w.r.t. M .

Now observe that lemma 4-4 1is available and shows that R has
Q/QI'k as a 1.q. ring w.r.t. M, for every kezt . Since Q/QTk is
left Artinian, it is easily seen that Rk is a left Goldie ring for
every kezt . Hence R is a left T-Goldie ring. Lemma 4.4 also

shows that P(Q) = QP(R) . This completes the proof.

It remains to prove the implication (2) =) (1) from Small's

theorem. In the following three lemmas, R 1is a non-nilpotent left
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T-Goldie ring satisfying the regularity condition. M , Tk and Rk

have the meaning defined earlier in this section.

4-6.. LEMMA. If x€T, and aeM then there exist beM and

yeR such that bx = ya .

Proof. The proof is based on an induction on k .

Firstly, observe that since LR(a) =0, Ra 1is an essential left
ideal of R ; for, iIf A 1is a non-zero left ideal of R with
An Ra = (0) then ¥ Aa" 1is easily seen to be an infinite direct
sum of non-zero 1eftn_;ideals of R, contrary to our hypothesis.

Let k=1. Put J= {reR|rxeRa} . J 1s clearly a left ideal
of R. Let I be a non-zero left ideal of R . If Ix = (0) then
IcJ. If Ix+4{0) then Ixn Ra+ (0) since Ra is an essential
left ideal of R . So, there exist 1eI and reR such that
ix = ra 4 0. If ieP(R) then, since xeT; c4g(P(R)) , ix =0, a
contradiction. Thus i1eJ n I but 1¢P(R) ; so, I n I ¢ P(R) . Also,
xet p(P(R)) implies P(R) ¢ J . Summarizing, J 1s a left ideal of
R which properly contains P(R) and meets every non-nilpotent left
ideal of R outside P(R) . If follows that J/P{R) 1is an essential
left ideal of R/P(R) . Since R/P(R) 1is a non-zero semi-prime left
Goldie ring, by lemma 2-12, J/P(R) contains an element c¢ + P(R)
which is regular in R/P(R) . Since P(R) c J and R satisfies thé
regularity condition, we havé ceM N J . Thus the lemma is true for
k=1.

Now assume the lemma to be true for k = n and let xeTn+l . By
{rneRnlrnxneRnan} .

Recall that Tn+1/Tn = P(Rn) n tRn(P(Rn)) . We may then repeat the

4.3, Ly (an) = (0) . Consider the set K
n

argument given above for the case k = 1 ; since P(Rn) = P(R)/Tn
and Rn/P(Rn) = R/P(R) , we obtain b ¢k for some beM . Thus, there

exists yeR with bnxn = ynaneRnan , i.e., bx - yaeTk . By the in-

duction hypothesis, there exist ze€R and ceM such that
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c{bx ~ ya) = za , i.e., cbx = (cy + z) a ; clearly, cbeM . This com-

pletes the induction on k and concludes the proof.
4e7. LEMMA. M 1is a left divisor set in R .

= -Proof. Let xeR and aeM .

'Suppose xe€P(R). By Shock's theorem, P(R) is nilpotent; let s
be the index of nilpotency of P(R) . If s =1 then P(R) = (0) and
x = 0 ; in-this case, a-0 = 0-a 1is the required left common multiple.
If s>1 then {P(R)}* 4 (0) so xeB(R) n 4 ({R(R)I*D) =T, ;
lemma 4:6 now gives the required left common multiple.

Suppose x§P(R) . Since R/P(R) is a non-zero semi-prime left
Goldie ring, using Goldie's second theorem or the first part of 2-13,-
wé obtain beM and yeR such that bx - yaeP(R) . As shown above,
there exist ceM and zeR such that c(bx - ya) = za, i.e.,
cbx = {(¢y + z) a . Clearly, cbeM . Due to the regularity condition,
M 1is a semi-group of regular elements of R . This completes the

proof.

Ore's theorem and lemma 4.7 show that R has a l.q. ring w.r.t.
M. .We denote the 1.q. ring of R w.r.t. M by Q . Observe that
lemma 4.4 is available.

4.8, LEMMA. Q 1is a left Artinian total 1.q. ring of R .

Proof. To show that Q 1is a left Artinian ring, we shall con-
struct a composition series of left ideals of Q'. Let § be the
index of nilpotency of P(R) . Then T, , = P(R) . By 4.4,

/P(Q) = Qg_y » the 1.q. ring of R, w.r.t. M _, . However, M, ,
is the semi-group of all regular elements of the non-zero semi-prime

left Goldie ring R By Goldie's second theorem, Qs-l is a -

s-1 °
semi-simple Artinian ring. Thus Q/P(Q) 1is semi-simple Artinian.

Since Q/QT) = Q » it is easily seen that Q/QTk has no infinite

direct sums of non-zero left ideals. In particular,
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QTk+1/Q x @8 a left Q-module has no infinite direct sums of Q-sub-
modules. Now, P(R)T'k+1 c T, so that, by 4.4,
QP(R)Tk+1 c P(Q)TK;IﬁE QT. Thus, QTk+1/QTk may be canonically con-
sidered as a left module over Q/P(Q) and as such, it has no infinite
direct sums of non-zero submodules. Since Q/P(Q) 1is a sémi-simple
Artinian ring, it follows that Q/P(Q) and Q,T'k_'_l/QTk have composi-
tion series as left Q-modules. These composition series provide a -
composition series of left ideals of Q. Jordan-Holder theorem now
shows that Q 1is a left Artinian ring.

It remains to show that Q 1is in fact a total 1.q. ring of R.
For this, it suffices to show that every regular element in R 1is a
unit in Q. Let ¢ be regular in R. We can express c¢ as

lr for some a€eM and reR. It readily follows that c¢ 1is

c=a
left regular in Q. Consider the descending chain of left ideals
{an:nez+} of Q. Since Q 4s left Artinian, there exists nez'
such that Qc™71 = Qe"; so (gqe - 1)e® = 0 for some qeQ. -Since ¢
is left regular in Q, we get qc = 1; so (cq - 1)e =0 and cq ='1.

Hence ¢ 1is a unit in Q. This completes the proof.

4.9. Proof of Small's theorem. Follows from lemmas 4.5 and 4.8.

References.
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CHAPTER II.
STRUCTURE OF PLI-RINGS.

INTRODUCTION.

" Our object in this chapter is to develop a structure theory for
pli-rings.

In §1, we present some generalities concerning matrix rings. The
main results in §2 are Goldie's third theorem and Robson's theorem.
These results provide an analogue of the Wedderburn-Artin theorem for h
semi-prime pli-rings. In §3, we define skew polynomial rings and \
obtain a generalization of the well-known fact that R[x] 1is a commu-
tative PIR if and only if R 1s a field. The significance of our re-
sult becomes clear in §§6 and 7.

- In §§4-8, we consider non-semi-prime pli-rings. Three theorems
due to R. E. Johnson proved in §4 and a theorem due to the author
proved in §5 provide a foundation for the study of arbitrary pli-rings.
§§6 and 7 contain the structure theory of pli-rings. The results devel-
oped>so far are used in §8 to prove some structure theorems for pli-
rings which satisfy further restrictive conditions.

In the rest of this introduction, we indicate the type of struc-
ture theory we have obtained.

Johnson's first theorem shows that every pli-ring is a direct sum
of a finite number of primary pli-rings; so, it suffices to consider in
detail primary pli-rings. Using Johnson's second theorem and Goldie's
third theorem, it is easily seen that every primary pli-ring R 1is iso-
morphic with Mn(s) where 8 1is a left Noetherian completely primary
ring; some examples indicate that S need not be a pli-ring. However,
it is possible to éharacterize those primary pli-rings R which are
isomorphic with Mﬁ(s), where S 1is a completely primary pli-ring.
Althoﬁgh all this generalizes the Wedderburn-Artin theorem, it is not
quite satisfactory since it does not provide any clue to the structure

of completely primary pli-rings (even left-right Artinian pli-pri-rings).
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We are thus lead to search for a new model. Now observe that if
K is a field then K[x]/(x™) is a completely primary PIR. Of course,
all completely primary pli-rings can not be so nice. For one thing,
K[x]/(x") is commutative and so left-right symmetric. Also, it is
isomorphic with the graded ring associated with the filtration on it
induced by the powers of its prime radical. However, this last obser-
vation gives us the clue we want. Given a primary pli-ring R, we con-
sider GP(R)(R)’ the graded ring associated with the filtration on R
induced by the powers of the prime radical P(R) of R and show that
GP(R)(R) is almost like K[x]/(xn); under some mildly restrictive
hypothesis, the converse is also valid. It may be worthwhile to point
out that our results are new even for left-right Artinlan completely
primary pli-pri-rings. Also, similar results are obtained for general-

ized uniseriai rings; these will be published elsewhere.

For the rest of this monograph, all rings are assumed to possess

unity. All subrings, homomorphisms, modules and bimodules are unitary.
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§1. MATRIX RINGS.

The purpose of this section is to gather together some generalities
conéerning rings of matrices.

Recall that an indexed subset {eile i, 3K n}n of a ring ' R
is called a system 6f n x n matrix units in R if ¢ €54 = 1 and
€13t = SjkCip’ 1 < 1,3,k,4 < n, where 8y 1s the ;:inecker delta.
The subring C = {r € ereij = eiJr,l €1,3 {n} is called the cen-
tralizer of {eiJ:l £i,3 {n} in R. '

1.1. PROPOSITION. Let {eiJ:1 1,3 {n} be asystemof nxn
matrix units in a ring R and let C be its centralizer in R. Then

R = M (C).

Proof. See Jacobson [3, page 52].

1.2. PROPOSITION. If R/P(R) = %(I) then there exists a ring A

such that R = Mn(A) and A/P(A) = A.

Proof. Observe that P(A) 1is a nil ideal of A, so contained in
the Jacobson radical of A and that P(Mn(A)) = Mn(P(A)). cf. McCoy
[1, page 73]. Now the proof of theorem 1, page 55 of Jacobson [3] can

be modified to prove the proposition.

If Rﬁ is a left R-module, M) denotes the direct sum of

with itself n times.

rM

1.3. PROPOSITION. Iet R be a ring. For a left R-submodule N

of R(n), let T(N) denote the set of all matrices in Mn(R) all
whose row-vectors are in N. Then t(N) 1is a left ideal of Mn(R).
For a left ideal A of Mn(R), let o(A) denote the set of all those
elements of R(n) which occur as row-vectors of A. Then o(A) 1is a

left R-submodule of R(™. Further, or(N) = N and To(A) = A.

7

Proof. Straightforward.
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1.4. COROLLARY. %(R) is a pli-ring (resp. semi-pli-ring) if and
)

only if every (resp. every finitely generated) left R-submodule of R(n

has a set of generators containing at most n elements.

Proof. Immediate from 1.3.

For the rest of this section, we adopt the following convention:
All endomorphisms of left modules will be applied from the right side.
The advantage of this convention is that EndR(R) = R rather than
R°P

1.5. PROPOSITION. EndR(R(n)) = M (R).
Proof. Routine,.

Let p:S > R be an isomorphism of rings and let SA, RB be left
modules. A map w:SA > RB is called a p-semi-linear homomorphism if

w 1s a homomorphism of additive abelian groups (A,+) to (B,+) and

(sa)w = (sp)(aw)
for all s e S and a e A. Given a p-semi-~linear isomorphism

w:gh > B, the map c:EndS(A) > Endﬁ(B) defined by

o« = w'law, ae€ EndS(A)

is called the isomorphism induced by w. It is easily seen that ¢ is

indeed an isomorphism of rings.

1.6. THEOREM. For a fixed positive integer n, the following
conditions on a ring R are equivalent:
(n) x g(n) ~
(1) If gf 1s a left R-module with P = gR then pP = R
(2) If S 1is a ring and U:Ends(S(n)) -> EndR(R(n)) is an iso-
morphism then there exists an isomorphism p:S > R and a p-semiilinear

isomorphism w:ss(n) > RR(n) such that o¢ 1s induced by w.

Proof. Assume that R satisfies (1). Let S be a ring and

3
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o:End S(n) -+ End (R(n)) be an isomorphism. The image of

S R
a e Ends(S(n)) under ¢ will be denoted as a°. Put A = {1,...,n}.
Let {a,:A e A} be a basls of Ss(“). For Au e A, let e, be the

S-linear endomorphism of S(n) defined by

akex“ = au;ave)\u

=0 if v ¥ A, v € A.

Evidently, {eAu:x,u e A} is a system of n x n matrix units in
Endks(n)). Put fx“ = egu. Then {fA“:A,u € A} 1is a system of n x n
matrix units in End(R(n)). Let B, =1Im f,,,M € A. Then R(n) =

;] BA’ Also,

AeA
(fxule):Bx > B

is a R-homormorphism such that (fxulBA)(fhxpr) = id. and

(fuleu)(fA“|BA) = 1id. . It follows that (fAu|Bx):B > B is an R-

A
isomorphism for all A,u € A. Hence, Bﬁn) = R(n). By (1), we have

B; = R.

Choose bl € By such that the singleton set {bl} is a basis of
B;. Let b, = blflA,A € A. Then {bk] is a basis of B,. Also,
bxfxu= bu and b)\f.'\,u =0 1if v N A,

For s e€ S and A € A, let TA(s) be the unigue S-linear endo-
morphism of S(n) defined by

a,T,(s) = sax;auTx(s) =0 if u % A.

o o
Clearly, exxTx(s)exA = Tx(s); so, foTA(s)fxx = Tx(s). Thus there
exists a unique element in R, say px(s) € R, such that bATg(s) =
pA(s)bA' The map p,:S > R is easily seen to be a monomorphism. To
see that P 1s surjective, for r ¢ R and A € A, let UA(r) be the

unique R-linear endomorphism of R" defined by

bAUx(r) = rbx;buUA(r) =0 if u N A

let T e End(s(™)) with 1° = Uy(r). Since f,,U,(r)f,, = Uy(r), we

have e,,T e,; = T. Thus there exists a unique ‘s € S with Tx(s) = T;
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so, py(s} = r. To see that p, = Py for all A,u € A, observe that

exulh(s)euk = Tx(s); so, for every s e S,

v - o
pA(8)by = DaTS(s) = byf, T0(s)s,

g =
bUTU(S)f“A = pu(s)bx.

We shall denote this common isomoéphism by p:S > R.

Let w:SS(n) > RR(n) be the unique p-semi-linear isomorphism
defined by a,w =b,, A € A. Let cp:EndS(S(n)) > EndR(R(n)) be the
isomérphism‘induced by w and let y = wo'l. Clearly, ¥ 1is an auto-
morphism of End(s(n)) such that e{u = e and T!\(s) = T)\(s). Assume
for a moment that y § id. . Let a ¢ End(s(™)) with o & a. So,
there exists A e A such that aa X aAa*. Pick py e A with
2)a8,) % axate“)\. Put B = eyae,,. Then ap % ayg¥ and ap =0 =
avﬂ' for v % A. Since (ﬁISaA):SéA > Sa, is a S-linear homomorphism,
there gxists s € S such that B8 = TA(s); 80, B = ﬁ' contrary to
2B X akﬁ'. Hence ¢ = id., i.e., ¢ 1is induced by w. We have thus
shown that (1)= (2).

Assume that R satisfies (2). Let grP be a left R-module such
that there exists an R-isomorphism n:P(n) > R(n). For vy € EndR(P(n)),
let y§ = n'lyn. Then g:EndR(P(n)) > EndR(R(n)) is an isomorphism of
/ rings. Let {gkpzk’“ € A} be the usual system of matrix units in
EndR(P(n)). Put h}\u = giu. Then {hkuzk,u € A} 1s a system of matrix
in EndR(R(n)). Let

n
S ={y e EndR(R( ))Ih)\uy = yhm;x,u € A}.

By 1.1, there exists an isomorphism 1':EndR(R(n)) > Mn(S). Let _
fa,:A € A1 Dbe the usual basis of S(n) and let T : (8) > End (S(n))
A S S

be the isomorphism defined by

n n
av((rku>T Y = A§1 r, ey 1<v<n
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Consider the isomorphism o:End(S(n)) > End(R(n)) where ¢ = (T"T")-{
By our hypothesis, there exists an isomorphism p:8 -+ R and a p-semi-
linear isohorphism w:SS(n) > RR(n) such that ¢ 1s induced by w.

Let b, = a,w. Then {bA:A e A} 1s a basis of RR(n). Also,

b\)h A

= a,(uny 0™ )u (avhgﬁ"T"))w

]
I

5.5 b s

ka(a“w) VA T

where 6, is the Kronecker delta. Let cy = bxn'l, A € A. Then
-1 _ -1
ey = by hyn T = (e, € Py,

where PA is the submodule of P(n) consisting of all those elements

of P(n). which have uth

entry zero for all p % A. So, {cA:A € A}
is a basis of P(n) and c, e P,. It follows that {CA) is a basis

of P,. Hence P = R. This completes the proof.

Aring R 1is a PFn-ring if, for every left R-module RP with
P(n) = R(n), we have P = gR- The following proposition shows that

the property PFn 1ifts modulo the Jacobson radical. -

1.7. PROPOSITION. Let I be a two-sided ideal of R contained
in the Jacobson radical of R. If R/I is a PFn-ring then so also is

R.

Proof. Iet P be a left R-module with P(n) = R(n). Then
(P/IP)(n) = (R/I)(n) as left (R/I)-modules. So, P/IP = R/I as left
R-modules., Since P and R are finitely generated projectives and I

is contained in the Jacobson radical of R, it follows, cf. Bass [2,

page 90] that P = R. This completes the proof.

1.8. PROPOSITION. If Mm(D) =M (E) where D and E are left

Ore domains then m = n.

Proof. Let K be the total t.q. skew field of D. Then
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Mm(D) c Mm(K).\ Since Mn(E) contains n orthogonal idempotents, so
does Mm(K). Thus, n S m. Changing roles of D and E, we have

m { n. This completes the proof.

1.9. PROPOSITION. Iet D be a left Ore domain and n e zt. Then

any basis of the left D-module D(n) contains precisely n elements.

Proof. Let K be the total £.q. skew field of. D and B be a
basis of D(n). If B contains an infinite number of elements tﬁen
EndD(D(n)) = Mn(D)‘9 Mn(K) contains an infinite number of orthogonal
idempotents, a contradiction. Thus B is a finite set. Let |B| = m.
Then D(m) = D(n), 50 Mm(D) = Mn(D). Proposition 1.8 showé that

m = n. This completes the proof.

APPENDIX.

We shall show that a part of theorem 1.6 is available for arbi-
trary free modules over certaln rings. The results in this appendix
are not used anywhere in this monograph. .

Let S be a ring. A left S-module M 1is a matricall& reduced

module if, for any positive integer n ) 1, there does not exist a left
S-module L such that L™ =y 4 ring S is a (left) matrically

reduced ring if SS is a matrically reduced left S-module.

A.l. IEMMA. TLet R, S be matrically reduced rings and let RA,‘

SB be free modules satisfying the following ¢onditions:

(1) If M is a matrically reduced left S-module such that

S

B= SM(I) for some set I then M= _S.

S S
(2) Every matrically reduced direct summand of RA is finitely

N\

S

generated.
let c:EndR(A) > EndS(B) be an isomorphism of rings. Then there

exlsts an isomorphism p:R - S and a p-semi-linear isomorphism

1

wipgh > B such that a® = w law for every a € EndR(A).
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Proof. Let [aA:A € A} Dbe a basis of RA' For each A,u € A,

let exu be the R-linear endomorphism of RA defined by akexu = a“,
e)\“ev,r uvekT’ where auv is the

Kronecker delta. Put fxu=egu so that fkuf =6uvflT° Let BA = (B)fkk’

a\’e)\u =0 1if v ¥ A. Clearly, = §

VT
Since {ka:x € A} 1is an orthogonal set of idempotents, the sum

£ B, is direct. Consider the S-linear maps (fAuIBA)’BA - B. Since
£, £ = f, , the range of this map is contained in Bu. Hence
(f)\plB)\):B)\ > B“ is S-linear. Further,

(fkulB)\) . (f“}\lB“) = (£,,I8,) = id.BA.

It follows that (fxulBA)’BA > B is an isomorphism.

We now show that B = @& BA let {cY:y e T} be a basis of B.

AeA k
let b e B. Then there exist YyseeosY €T such that b e T ScY .
i=1 i
Llet g5 be the S-linear endomorphism of B defined by ¢ gy =¢,
Yi Yi

n

cy8i = 0 if vy ¥ y;. Then (B)g; = sc gS. Since S is assumed

Yi
to be a matrically reduced ring, it follows that each (B)gi is a
matrically reduced left S-module, i.e., for any positive integer n >1,
there does not exist a set {héé):l < p,q {n} of elements of EndgB
such that
(1) (1) _ (1)
hpq hgg' = 6qs t

k
Put g = ‘2 g

T Then bg = b. Also,
i

-1
where gg are orthogonal idempotents in EndRA such that, for any

positive integer n > 1, there does not exist a set {Héé):l <p,q < n}
of elements of EndR(A) satisfying

(1) 4(1) _ (i)
"bq e = bas

and




g (1) ol -
i=1 PP . .

Put Ai = A gg . Then Ai is a matrically reduced direct summand of
A. By hypothesis, Ai is finitely generated for i =1,...,k. Thus,

k
there exist Al,...,AL € A such that £ A, c % R ay . Let

L -1 oL i=1 7 g=1 3
e = 321 ek.kj' Then g% e =g so that ge% = g; i.e.,
= d
EA
g( = fA Az ) = g. Since bg = b, it follows that b e & BAA’ Hence
=1 "j"3
B= & Bk'
AeA

Since R 1is a matrically reduced ring, each Rax is a matrically

reduced R-module. As above, it follows that each B, 1s a matrically

reduced S-module. Now our hypothesis shows that SBA = SS

for each
A € A
For a fixed A, € A, let {b, } be a basis of B, . Let b, =
0 AO xo A
Prp TAN
The rest is now similar to the first part of the proof of Theorem 1.6.

A e A. Then it is clear that {bA:A e A} 1is a basis of B.

This completes the proof of the lemma.

A.2. THEOREM (WOLFSON). Let R, S be pli-domains, let rY gB

be free modules and let a:EndR(A) > EndS(B) be an isomorphism of
rings. Then there exists an isomorphism p:R + 8 and a p-semi-linear
isomorphism w:RA > SB such that .

-1
a®=uwaw

for every o € EndR(A).
Proof. It is well-known that over a pli-domain, submodules of—

free modules are free cf. Cartan and Eilenberg [1, page 13]. Thus the
conditions of the lemma A-1 are fulfilled. The theorem is now immediate.
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§2. SEMI-FRIME LEFT GOLDIE SEMI-PLI-RINGS.

In this section, we develop a structure theory for semi-prime left
Goldie semi-pli-rings. The main results of this section are the follow-

ing two theorenms.

2.1. GOLDIE'S THIRD THEOREM. The following conditions on & ring

R are equiﬁalent:

(L) R is a semi-prime left Goldie semi-pli-ring.

n
(2) RE ® R;, where each R; is a prime left Goldle semi-pli-
i=1
ring. -
. n
(3) R= ® M, (D;), where each D, 1is a left Ore domain and
1=1 My 1 1 (ng)

every finitely generated left Di-submodule of Di i has a set of
generators containing at most n; elements. (cf. proposition 2.11).
Suppose R satisfies the above equivalent conditions. Then the
rings Ry in (2) and the rings Mni(Di) in (3) are uniquely deter-
mined by R up to order and isomorphism. The positive integer ny is

uniquely determined by the ring M, (D;) for 1 <i<n.
i

This theorem has a remarkable resemblance with the Wedderburn-
Artin theorem. It may be worthwhile to point out where it differs from
the Wedderburn-Artin theorem. If we try to adopt Wedderburn-Artin
theorem to semi-prime pli-rings in a naive way, we are led to expect
that (a) the domains D; in (3) of 2.1 should be precisely the pli-
domains and that (b) these domains should be uniquely determined up to
order and isomorphism by R. However, there exist domains D such
that Mh(D) is a prime pli-pri-ring for every n ) 1 but D is
neither a pli-domain nor a pri-domain. The first such example was con-
structed by R. Swan. As to the unigueness of the domains Di’ the prob-
lem in its full generality is open. We conjecture that these domains
are uniquely determined by R.

Apart from unpleasantness, these deviations from the pattern

established by the Wedderburn-Artin theorem cause complications and/or
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obstacles in the structure theory of non-semi-prime pli-rings dgveloped
later in this chapter. The following theorem shows that if we impose a
mild restriction 6n the rings under consideration, we get a really good
structure theorem.

We need a definition first. A non-zero left module is uniform if

any two non-zero submodules have non-zero intersection.

2.2. ROBSON'S THEOREM. The following conditions on a ring R are

equivalent:

(1) R is a prime left Goldie semi-pli-ring in which finitely
generated uniform left ideals are mutually isomorphic.

(2) RZ Mn(D), where D is a semi-pli-domain.

If R satisfies the above equivalent conditions then the integer
n 1is uniquely determined by R and the domain D is uniquely deter-

mined by R up to an isomorphism.

We now turn to proofs. The following lemma shows that (1) =y (2)

in 2.1.

2.3. IEFMMA. Iet R be a semi-prime left Goldie semi-pli-ring.
"Then R 1is a direct sum of a finite number of ideals, each of which is
a prime left Goldie semi-pli-ring. These ideals are uniquely determined

by R up to order.

Proof. By Goldie's second theorem, R 1is a left order in a semi-
simple Artinian ring Q. In Q, there exist orthogonal central idem-

potents €1se.0s@ such that each ey is indecomposible in the centre

n
n
of Q and L8 = 1.
i=1
let 8 = Rel ®...® Ren. Clearly, S 1is a subring of Q and
Rc S. Let

0 E = {r ¢ R|r e; € R, 1 <1 {n}.

Evidently, SE 1s an ideal of R. Using the common denominator theorem,

we get a regular ¢ in R such that ce; e R for 1 < i £ n; thus
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8¢ ¢ R. Since Sc 1is easily seen to be a finitely generated left
ideal of R, Sc = Ra for some a € R. Since ¢ is a unit in Q, it
follows that a 1is regular in S. Now, a = bc for some b € S. Thus
S = Rb. Since b° e S, there exists d € R such that b2 = db, i.e.,
(b-d)b = 0. Regularity of b in S yields b =d ¢ R. Hence S =R.
It is easily seen that each Rei is a left order in the simple
Artinian ring Qeys by Goldie's first theorem, Rei is a prime left

Goldie ring. It 1s now easy to complete the proof.

The following lemma essentially shows that (2) = (3) in Theorem

2.4, IEMMA. Let R be a prime left Goldie semi-pli-ring. Then
R= Mn(D), where D 1is a left Ore domain such that every finitely
generated left D-submodule of D(n) has a set of generators containing

at most n elements. The integer n is uniquely determined by R.

Proof. By Goldie's first theorem, R 1s a left order in a simple
Artinian ring Q. Let N be a complete n x n system of matrix units
“in Q, i.e., the centralizer of N in @ is a skew field. Since ﬁ
is a finite set, by the common denominato; theorem, there exists a ’
regular element a in R such that aNc R. ILet M= aNa™l. Then
M is a complete system of matrix units in Q@ and Ma c R.

Clearly, RMa is a finitely generated left ideal of R and con-

tains the regular element a. Thus, RMa = Rb for some regular b in

R. Now, ca=b for some c¢ € RM; so, ¢ = ba'1 is a unit in qQ and
RM = Re.

Iet A = {r € R|Mr ¢ R}. Clearly, A = {r e R|Rer c R}. However,
Re = RM 2 R; so, R D Re™! ana ¢7% ¢ R. Thus, A = ¢ IR. From the

definition of A, we have MA = A; i.e., Mc~IR = ¢ IR. So, R = (cMc_1F
and cMc™t < R. Now, cMe™! is a system of n x n matrix units in R
and a complete system in Q. If D 1is the centralizer of cMc'l in

R, it follows that D 1is a domain. By 1.1, R = Mn(D). If D 1is not
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left Ore, then it is not a left Goldie domain; so there exists an infi-
nite set of non-zero left ideals [Am:m € Z+] of D such that ¢ Am
is direct; then ¢ Mn(Am) is an infinite direct sum of non-zero left

ideals in Mn(D) = R, a contradiction. 1.4 and 1.8 complete the proof.

2.5. Proof of Theorem 2.1. Follows easily from 2.3 and 2.4.

We now prove some results which contain the proof of Robson's

theorem.

2.6, LEMMA. Let R = Mn(D). Every uniform left ideal U of R
is R-isomorphic with a uniform left ideal of R in which no matrix

has a non-zero entry outside the first column.

Proof. We put an induction on the number, p, of columns with non-
zero entries in matrices in U. Observe that exchanging two fixed
columns of all matrices in U gives a R-isomorphism of U with a uni-
form left ideal of R. Thus the lemma is true for p = 1. Assume
that p > 1 and that the lemma is true for S.p-l. Due to the above
dbservation, we may assume that the non-zero columns of U are the
first p columns.

‘ If, for each j, 1 { j < p, we can find a matrix in U with
column j % O and column k = 0 for k & j, then these matrices gen-
erate non-zero left subideals of U which form a direct sum, contrary
to our hypothesis that U 1is uniform. Thus there exists Jo(lgjogp)
such that there exists no matrix in U with column jo/* 0 and column
k=0 for k & j. By exchanging columns, if necessary, we may
assume that JO = p. Thus, for a matrix in U, the first p~l columns
vanish if and only if the matrix is the zero matrix. So, the map
(aij) H-(aij) given by aip =0, aij =ayy if j & p, defines an R-
isomorphism of U with a uniform left ideal of R which has S p-1
columns with non-zero entries in its matrices. The induction hypo-

thesis now gives the required isomorphism. This completes the induc-
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tion and concludes the proof.

2.7. IEMMA, let R = Mn(D). The finitely generated uniform left
ideals of R are mutually isomorphic if and only if the same is true

for D.

Proof. If U 1is a finitely generated uniform left ideal of R
in which no matrix has a non-zero entry outside the first column and if
U is the set of all entries of all matrices in U then U 1is easily
seen to be a finitely generated uniform left ideal of D. If V is a
finitely generated uniform left ideal of- D and if V* is the left
ideal of R consisting of all matrices (aij) with a;, eV, a5 = 0
if j ¥ 1, then v¥ is a finitely generated uniform left ideal of R.
Further, U* = U and V = V.

Now assume that all finitely generated uniform left ideals of D
are mutually isomorphic and let I, J be finitely generated uniform
left ideals of R. By 2.6 and the above observations, we obtain
finitely generated uniform left ideals V; and V2 of - D such that
IZV] and J =V, If gV} >V, isa D-isomorphism then g :V; - Vj
given by ¢*((aij)) = (w(aid)) is readlly seen to be an R-isomorphism.
Thus I = J. N

Assume that all finitely generated uniform left ideals of R are
mutually R-isomorphic and let W, and L be finitely generated uni-
form left ideals of D. Then there is an R-isomorphism t:WI > WZ.

It is clear that any matrix of the form (%+%), a € Wy, maps into a -~
matrix of the form (%+%), b e W,. The map ¥:W) > W, défined by

av» b 1is seen to be a D-isomorphism. This completes the proof.

2.8. LEMMA. Let D be a semi-pli-domain and n be an arbitrary
positive integer. Then D is a left Ore domain and a PFn—ring.
Furthef, every finitely generated left D-submodule of D(n) is free

with a basis containing at most n elements.
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Proof. Assume for a moment that D is not left Ore. Then there
exlst non-zero a, b € D such that Da N Db = (0). Let Da + Db = De.
Thep there exist a',b',f,g e D such that a = a'c, b = b'c and
¢ = fa + gb. So, a‘= a'fa + a'gb; i.e., (1-a'f)a = a'gb = 0. 8ince

D is a domain and b % O, either a =0 or g = 0. However, if

a' =0 then a=a'ec = 0, a contradiction and if g = 0 then c¢ e Da,
so b e Dc c Da, a contradiction again. Hence D must be a left Ore
domain.

Let N be a finitely generated left D-submodule of D(n). Let
t:D(n) +> D be the D-epimorphism which sends an element of D(n) to
its first entry. Then ¢(N) 1is a finitely generated left ideal of Dj
so §(N) =Dd for some d ¢ D. Pick x € N with ¢(x) = d. Then
N =Dx® ker y and ker y 1s a finitely generated left D-module which

(n-l). An induction is now avail-

is isomorphic with a submodule of D
able to conclude that N 1is free with a basis containing at most n
elements. o
Let P be a left D-module such that P(n) = D(n). Then P 1is
isomorphic with a submodule of D(n). As shown above, P 1is free with
a basis of k elements where k {n. Then P(n) has a basis of kn
elements; so, D(n) has a basis of kn elements., Proposition 1.9
shows that k = 1. Thus pP = pP» i.e., D is a PF -ring. This

completes the proof.

2.9. Proof of Theorem 2.2. For (1) =%(2), use 2.4 and 2.7. For

(2) = (1), observe that, 1f D 1is a semi-pli-domain then by 2.8, D
is-a left order in a skew fleld K; so, by I.2.14, Mn(D) is a left
order in Mn(K); Goldie's first theorem implies that Mn(D) =R is a
prime left Goldie ring. 2.8 and 1.4 show that R is semi-pli-ring.
2.7 shows that finitely generated uniform left ideals of R are mutu-

ally isomorphic. The uniqueness assertions follow from 2.8, 1.5, 1.6

and 1.8. This completes the proof.
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We finish this section with some propositions. ,

2.10. PROPOSITION. If D is a commutative domain such that

Mn(D) is a pli-ring (resp. semi-pli-ring) for some n € 7z¥ then D
is a pli-domain (resp. semi-pli-domain).

Proof. Let I be a non-zero finitely generated ideal of D, say
m
I= 2 DdJ, where each dJ % 0. Let I* be the left ideal of Mn(D)
3=1
generated by b;, where b; is the diagonal matrix with the first
diagonal entry d'j and all other dlagonal entries 1. Then there exist
* * * * * B 4
i = = + Do
¢’ and x5 in M (D) such that I Mn(D)c and c Jili bJ
It follows that every element in the first column of ¢ isin I so
* * % *® *
that det ¢ € I. Since bj =y ¢ for some yy in Mn(D),
d, = det b: = (det y )(det ¢*) e I,
J J J
for 1< J {m. Hence det ¢” generates I. It is now easy to com-

‘plete the proof.

2,11, PROPOSITION. Let D be a domain and let n ¢ z7. Mn(D)

is a pli-ring if and only if, for non-zero left ideals Pl""’Pn of

D, we have (
i~ n)
P) ... B = DV

Proof. Let Mn(D) be a pli-ring and let P,,...,P, be non-zero
left ideals of D. Since P1 ®...0 Pn is a left D-submodule of DD(n2
by 1.4, 1t has a set of generators containing at most n elements, say

vrnqm,kSn.Wemymm

vy = (dil,...,din), i=1,...,k,
where all dij ¢ D. Let A be the matrix in Mn(D) whose first k
row vectors are Vyseess Vi and remaining row vectors 0. Let Ki be
the left ideal of Mn(D) consisting of matrices with all row-vectors
in Py, 1 <1< n. Then
K, ® ... @KngMn(D)A.
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Since D is a left Noetherian domain, it has a 4.q. skew field, say L;
then Q = Mn(L)' is the ¢.q. ring of Mn(D). Since @K, ®...® QK, = Q,
it follows then A 1s regular in Mn(D); so k =n. Now, if di eD

with

then

Regularity of A 1in Mn(D) shows that each di = 0. Hence
{vj:1 {1 <{n} is a basis of P, ®...0 P;; so P, &...0 P = p(n),
Conversely, if P1 .. D Pn = DD(n) for all non-zero left ideals

Pl,...,P of D then evidently each left ideal of D 1is a finitely

n
generated projective. i.e., D 1s a left hereditary left Noetherian
domain. Let N, be a submodule of DD(n). Since DD(n) is

Noetherian, we obtain a submodule N2 such that N = N1 ® N2 is an
essential submodule of D(n). By a well-known theoreﬁ of Kaplansky,
see Cartan-Eilenberg [1, page 13]), N = Pl [T PL
a non-zero left ideal of D. Using essentiality of N, it follows that

where each Pi is

4 = n (either use existence of simple Artinian t.q. ring of Mn(D) or
see Goldie [U4, Chapter 3, page 56]). By our hypothesis, N has a system
of generators containing at most n elements so Nl also has a system’
of generators containing at most n elements. By 1.4, Mn(R) is a
’pli—ring. This completes the proof. '

2.12. COROLLARY. Let D be a domain such that Mn(D) is a pli-
-ring. Then M (D) is a pli-ring for each k 2 n.

Proof. Let Pl""’Pk be non-zero left ideals of D. Then,

using 2.11, we have
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k n k ~ (n) k
®P; =(e P;j)e(® P)=D""o@( ® P) -
i=1 i=1 i=n+1 i=n+l
' k
_1)
=pe (0N gp Yo ( & P,)
n+l tengp 1

= D(n+l) ® ( g P;) ete. = D(k).
i

=n+2

This completes the proof.
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new. Our proof of Goldie's third theorem is taken from Robson [2];
Robson's proof of lemma 2.4 is patterned after the Faith-Utumi theorem.

Robson [2] shows that (1)&(2) in Theorem 2.2. The observation
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§3. SKEW POLYNOMIAL RINGS.

In this section,we shall consider skew polynomial rings of a
special type over prime pli-rings. Certain epimorphic images of these
rings play a prominent part in describing the structure of arbitrary
pli-rings.

Let R be a ring and p: R > R be a monomorphism. Let
R[X,p] denote the set of all formal polynomials in the indeterminate
X with coefficients in R written on the left of power of X.

Define equality and addition in R[X,p] as usual; define a multipli-

cation by assuming the distributive laws and the rule
Xr = p(r)x

for every r € R. It is straightforward to check that R[X,p] is a

ring. The ring R[X,p] 1is called a skew polynomial ring over R. A

skew power series ring R[[X,p]] over R 1is defined in an analogous
way. )

The main result of this section is the following.

3.1. THEOREM. Let R be a prime pli-ring and Q be the simple
Artinian 1l.q. ring of R. Let p: Q > R be a monomorphism. Then

R[x,p] is a prime pli-ring.

Till lemma 3.4, we shall work in the following context. D is a
left Noetherian domain with total 1.q. skew field K, p: K-> D 1is a

monomorphism and A = D[X,p]; n 1is a positive integer such that

]

R Mn(D) is a prime pli-ring. We shall be concerned with the ring

S

]

Mn(A)’ Observe that, by 1.4, every left ideal of D has a set of

generators containing at most n elements.

3.2. LEMMA. If { is a non-zero left ideal of A +then there

exist 8y, ==== a € A, all of the same degree such that

0= =
i=

A a,.
=1 i




Proof. Let m=min {dega | a e, a4 0}, If a=ax™ +

(lower degree terms) is a non-zero polynomial in { then

[p(d)]'l x a = x4 (lower degree terms) is in { . It follows that

t is generated by the polynomials of degree m belonging to l . If
T is the set consisting of zero together with the leading coefficients
of all the polynomials of degree m in £ then { 1s a non-zero left

ideal of D. Using 1.4, we get dy, ----, d, € D* such that

Pick a; e { with deg a; = m and with the leading

7- £ na

i=1 1 n

coefficient d;. Then {¢= = A a;,. This proves the lemma.
i=1

For the sake of convenience, we introduce some ad hoc terminology;

it will be used in the next two lemmas only. Let A be a non-zero
left ideal of S. Let Py be the first positive integer such.that
there exists a matrix in A with non-zero pih column. The integer

p; 1is called the initial column of A. Let tpl be the set of all
entries in the p{h column of matrices in A. Then lpl is a non-zero
léft ideal of A, called the initial left ideal of A. Let mpl be
the least degree of non-zero polynomials in (pl; mpl is called the -

initial degree of A. An element (aij) € A 1is called a prominent
n
element in A if = T Aa =m for
tpl =1 1P g

1{1idn. Let A'={rnenr| p{h column of A is zero}. Clearly,

and deg a

A' is a left ideal of S with A' € A; A' is called the main left

subideal of A.

3.3. LEMMA. Every non-zero left ideal A of S contains a

prominent element.
Proof. Follows immediately from 3.2, .

3.4, LEMMA., S is a prime pli-ring.
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Proof. It is clear that the degree rule holds in A; so, A is a
domain and S = Mn(A) is a prime ring.

Let A be a non-zero left ideal of S. There exists a finite
chain of..left .ideals of S

such that 1 {k{n and A . 1is the main left subideal of A  for

£ mpt be the initial

degree of A, and ept be initial left ideal of A, for 1 t{ k.

1{t k. Let py be the initial column of A

By 3.3, we can choose a prominent element Fé in At for each t.
Then we can normaljze these prominent elements to obtain matrices

= (f(t)) with entries in A such that
(1) F, 1is a prominent element in A, for 1 v Kk

(2) degf(t)gm 1f 1{t<{q{k and 1< 1< n.

Such a normalization is possible since p(d) 1is a unit in D for
every non-zero d € D.

For each t, 1 { t { k, we define a nxn matrix (H(t))e R as

follows:
(1) W8 _ o e 4 —ms Py
iJ J Pt, Pt+1) ’ pk’
P \
(2) (t) = coefficient of x % in f(t) for 1{1{n and
1pq 1Pq
t<{a{ k.

Consider the left ideal 2 R(I (t)) of R. Since R 1is a pli-
ring, there exists a nxn matrix (yiJ) with entries in D such
that 2 R(l'lj(_J ) = R(Yij) Thus, there exist matrices (a(t) and
(8 (t)) leith entries in D such that

(@8 (v = () ror 1t

k
A 888y (n{8)) = (vy -
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Consequently, for each t, (1< t, { k), We have

(5) ) % (t,) ‘
(a7 5 (B0) (affh = (m ). (*)

Put H = 12( (ﬁgt)) Fy and put
(t,) (t)) x (t,)
to = (aiJO ) H= (aido ) ti (B(t) = (hijo )

for 1< t < k. We claim that H is a prominent element in A
° o (t th t
for each to’ For 1< q¢ to, let Cpqo denote the pq column of

Ht . By the definition of Ht

o (e}
t
=£:°)= (aijo)) él (Bg’)) (pgh column of Fy)
(t,)
= (ay

» We have

5 ) @) "y (¢
) £ (a8 (n(8) x Ta i g{t))
t=1 Pg tPg

m
where fg’,)‘ (E) b4 Pq + g(g) with deg g(t) < m .
q q q q
(%)
Using the equation (*), we obtain &p ¢ A with degree < m,, such
q

that m d
hi:,o) _ n_’f_EO) x T4, Ei;o)’
q q q
for all 1{1<{n and 1< q{ k.
Suppose to = 1. Then each h:%:)l is a polynomial of degree m 1
belonging to 0p1. Since the leading coefficients of hg)']). and
;‘:g:)[ are the same and m is the least degree of non-zero polynomialg

1
‘in ¢ _ , it follows that h(l) = f(l). Hence H, 1is 2 prominent

Py ipl 191 1
element in Al'

)
Suppose t_ 1, Then 0, % =0 for 1 { 1 ¢ n; so,
(t,) (t,) ° t,

hipo = —g'ipo and deg hlp < L It follows from the definition of
1 1 1 1

t

o
mpl that hipl = 0. Hence Ht € A2. Repeating this argument, we

can show that Ht € At . Now, as in the preceding paragraph, we get
o o)

N
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(t5) (%)

f
ip ip
t, t,

. Hence Ht is a prominent element in At . This
o o

proves our claim. Since {H,: 1 t{ k} generate A as a left
ideal of S, we have A = SH. Hence S 1is a pli-ring. This

completes the proof of the lemma.

3.5. Proof of Theorem 3.1. Clearly p(Q) < R and p(Q) 1s a

simple Artinian ring. Choose a complete system of matrix units

{eij’ 1<1, 3¢n} in p(Q). Then [p(eiJ): 1{1i, J¢n} is also
a complete system of matrix units in p(Q). Since p(Q) is a simple
Artinian ring, there exists a unit u € p(Q) such that

u p(eij)u'1 = ey for 1< i, j< n. cf. Jacobson [3; page 59].

Let ¥: Q > R be the monomorphism defined by #¥(q) = u p(q)u'l,q € Q.
If D and K are centralizers of [eiJ: 1{1i, 3{n} in R and

Q respectively then K 1is the total l.q. sfield of D and ¥ induces
a monomorphism ¥: K-> D. By 1.1, RZ M, (D). Now, M (D[y,¥])

n

Mn(D) [y,#]. If we put ¥y = ux, it is readily seen that
M, (D) [y,¥]1 = M (D) [x,p] = R[x,p]. By 3.4, M (D[y,¥]) 1is a prime
pli-ring. Hence R[x,p] 1is a prime pli-ring. This completes the

proof.

We have a few comments on theorem 3.1l. Notice that the theorem
and its proof can be adopted to skew power series ring R[[x,p]]. A
similar theorem is probably true for prime left Goldie semi-pli-rings.
The proof of theorem 3.1 can be adopted if one can show that the main
left subideal A' of a finitely generated left ideal A of 8 is
finitely generated. Some results of Chase [1] appear to be related.

Later on, we shall see that theorem 3.1 has a converse; viz., if
R{x,p] 1is a prime pli-ring then R 1is a prime pli-ring and p: R >R

can be extended to a monomorphism p: Q - R, where @ 1is the simple

Artinian total 1.q. ring of R.
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nomial rings on left orders in left Artinian rings are considered in

detail in Jategaonkar [8].
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§4. JOHNSON'S THEOREMS.

In this section, we shall prove three theorems of R. E. Johnson.
These theorems provide some important information regarding the
structure of fully left Goldie ipli-rings and are repeatedly needed in
the sequel.

A definition is needed. A ring R 1is a primary ring if, for
ideals A, B of R, AB = (0) implies either A = (0) or B" = (0)
for some positive integer n. A primary ring R 1is completely
primary if R/P(R) is a domain.

4,1, JOHNSON'S FIRST THEOREM. A ring R is a fully left

Goldie ipli-ring if and only if R 1is a direct sum of a finite
number of ideals, each of which is a primary fully left Goldie

ipli-ring.

4.2, JOHNSON'S SECOND THEOREM. Let R be a fully left Goldie

ipli-ring. R is a primary ring if and only if R/P(R) is a prime

ring.

4,3, JOHNSON'S THIRD THEOREM. Let R be a primary fully left

Goldie ipli-ring. If Rec is a non-nilpotent two-sided ideal of . R

then P(R) ¢ Re and 4&{c) = (0) .

The usefulness of Johnson's first theorem is evident; it reduces
the study of arbitrary fully left Goldile ipli-rings to that of primary
fully left Goldie ipli-rings. Johnson's second theorem connects the
primary fully left Goldie ipli-rings with prime rings of the same kind,
However, it 1s the third theorem which provides the most important
information regarding primary fully left Goldie ipli-rings. It shows

that the prime radical occupies a peculiar position in such rings; the

significance of the left regularity of the generators of non-nilpotent




61

ideals is not so easily explained; loosely stated, it shows that an
ideal is either big or very small,

We shall note some useful trivialities before we prove Johnson's
theorems. It is clear that a homomorphic image of a fully left Goldie
ipli-ring is again a fully left Goldie 1ipli-ring; alsg a finite direct
sum of fully left Goldle ipli-rings is a fully left Goldie ipli-ring

and conversely.

4.4, PROPOSITION. If R is an arbitrary ring and Ra, Rb are

ideals of R then RaRb = Rab.

Proof. Evidently, aR < Ra, so that RaRb ¢ Rab. On the other

hand, ab € RaRb, so Rab < RaRb.

4,5, PROPOSITION. If R is a ipli-ring then P(R) is nilpotent,

n

Proof. ILet P(R) = Rw. Since P(R) is nil, w = 0 for some

positive integer n. By 4.4, {P(R)}" = r" = (0).
Now we shall prove Johnson's theorems.

4.6. IEMMA. TLet R be a fully left Goldie ipli-ring such that
R/P(R) is a prime ring. Let Rc be a non-nilpotent two-sided ideal
of R. Then P(R)c Re and {(c) = (0).

Proof. Let B=Re + P(R) = Rb. Then B = {r + P(R)|r ¢ B} is
a non-zero ideal of K = R/P(R). Also, B = Rb, where Db = b + P(R).
Since R 1s a prime ring, using 4.4, we have -tﬁ (B’m) = (6); for
every positive integer m, If A 1is a left ideal of R with
ANED" = (C),then RB® A = (0) so that Agtﬁ (™) = (0).
However, by 1.2.5, there exists m e Z¥ such that eﬁ(s) nED = (7).
Thus, ¢ (p)=(0); i.e., for reR, rbeP(R) if and only if r e P(R).
Since g(R) < Rb, we obtain P(R) = P(R)b; on 1nduct101:1, this gives

P(R) = P(R)b" < Ro" for every positive integer n. By lemma 1.2.5,
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there exists s € Z¥ such that ‘R(b) N Rb° = (0). Left regularity

of b in TR shows that fp(b) € P(R). It follows that: € (b) = (0).
By 4.5, (B(R)}®

{Rb}% = {Re + P(R)}*

"(0) for some t € z', so that P(R) < Rb® =

n

Rc. We may now repeat the above argument with-

b = ¢ and conclude that lR(c) = (0). This completes the proof.

4,7. Proofs of theorems 4.2 and 4.3. Suppose R 1is a fully left

Goldie ipli-ring such that R/P(R) 1is a prime ring. Let Ra and Rb
be ideals of R such that Rb is non-nilpotent and RaRb = (0). By
4.4, we have RaRb = Rab; so ab = 0. 4.6 now shows that a = 0 so
that Ra = (0). Thus, R 1is a primary ring.

Suppose R 1is a primary fully left Goldie ipli-ring. Assume for
a moment that R/P(R) is not a prime ring. Let &, B be non-zero
‘ic,leals of R = R/P(R) such that A B = (0). Let A, B be the full
inverse images of K and B under the canonical epimorphism
R > R/P(R).. Then AB c P(R); by 4.5, AB 1is nilpotent. Let t be the
index of nilpotency of AB. Since R is primary and A, B are both
non-nilpotent, we have t > 1. Now, (0) = (AB)t = {(AB)t'lA} B
implies (0) = {(AB)t'l} A which, in turmn, gives O = (AB)t-l.
However, this is contrary to our choice of t. Hence R/P(R) 1is a
prime ring. This proves Johnson's second theorem. Johnson's third

.

theorem now follows from lemma 4.6,

4.8. COROLLARY. Let R be a fully left Goldie ipli-ring and A
be an ideal of R contained in P(R). R 1is a primary ring if and

only if R/A 1is a primary ring.
Proof., Immediate from Johnson's second theorem.

We now turn to Johnson's first theorem. The following lemma

contains the semi-prime case of the theorem.
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4.9, LEMMA., Let R be a semi-prime left Goldie ipli-ring.
Then R 1is a direct sum of a finite number of ideals, each of which

is a prime left Goldie ipli-ring.

Proof. By Goldle's second theorem, R has a semi-simple Artinian
total 1.q. ring, say Q. There exist mutually orthogonal non-zero

central idempotents e —-——-=, € in Q, such that each ey is

1’ n
n

primitive in the centre of @ and z e; = l, Let S8 =% Rei.
i=1

Clearly, S 1s a subring of Q and R< S. Let

E = [reR|eir€R, 1 1< n}.

Evidently, SE is an ideal of R; so SE = Ra for some a € R. There
exist rie R, 1{i{n, and a regular element ¢ in R such that

e, = e ri for 1 g.i g n. Since ei are central in Q, we have

r; = ce; = e;c; .
so, ¢ € E, It follows that c¢ € Ra. Since ¢ 1is regular in R, it
must be a unit in Q. Thus, a is a unit in Q and so regular in §.
Now, Ra = SE = S.SE = SRa = Sa shows that, for every s € S, there
exists r € R such that sa = ra i.e., (8-r) a = 0; regularity of

a in S gives r =8, Thus S = R, The lemma is now clear.

4,10. LEMMA. Let R be a fully left Goldie ipli-ring. ILet
6: R > R = R/P(R) be the canonical epimorphism. If R=Z & B,
where K, B are non-zero ideals of TR, then there exist ideals A!,
B' of R such that R = A' ® B!, where A' + P(R) = 0'1(K) and
B' + P(R) = ¢ X(B).

Proof. Put A= o (K) and B =0 Y(B). Then R=4+B.
Assume that R = AY 4 Bt, t € Z¥. Then R = (A+B)(At+Bt) =
a1 4 aB® 4 Ba® 4 BYL c a1 8%, p(R), since AB and BA are

t

contained in P(R). However, P(R) = RP(R) = AVP(R)+BPP(R) c at*t1l;p%+l;
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Hence R = At Bt+1.

This completes the induction on t and shows
that R = A" + B® for every n e zt.

It is easily seen that A" + P(R) = A and B + P(R) = B for
every n e z¥. To finish the proof, it suffices to show that
A% nB® = (0) for some s € Z¥. Put A= Ra and B = Rb. Clearly,
a + P(R) 1is a regular element in the ring A. Thus, 1f x € R and
x a € P(R) then x e B. It follows that P(R) = Rba = BA, Similarly,
P(R) = AB. An induction, using BA = AB shows that (aB)" = A" B7,

n e zZt. By 4.5, there exists m e Z¥ such that (0) = {B(R)}™ =

m o m,

(aB)™ = A" B"; so, A" c ZR(bm). By 1.2.5, we get s e Z¥ such that

A% n mro® = (0) = A% n B°,

This completes the proof.

4,11. Proof of Theorem 4.1. Let R be a fully left Goldie ipli-

ring. Then R/P(R) is a semi-prime ipli-ring. Using 4.9 and 4.10
repeatedly, we can express R as R = g Ri’ where each R1 is a
fully left Goldie ipli-ring and each Ri;%(Ri) is a prime ring; by
Johnson's second theorem, each R1 is a primary ring. The remaining

part of the proof is clear.

We finish this section with some results on primary left Artinian

ipli-rings.

4,12, THEOREM., Let Q be a primary left Artinian ring in which
the prime radical P(Q) is a principal left ideal of Q. Then

(1) There exists a set M of matrix units in Q such that the
centralizer S of M in Q is a completely primary left Artinian
pli-ring, every left ideal of S is two-sided and is of the form .
{p(s))®, o { n { k+l, where k+l = index of nilpotency of P(S) =
index of nilpotency of P(Q).

(2) @ is a pli-ring. ’The only two-sided ideals of @ are those
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of the form {P(Q)}", 0 ¢ n { k+l. Further, P(Q) = QW for any
weP@ Ns but w ¢ (PQ) '
(3) If P(@) =Qz then B(z") = P(Q).

1° n s. ’

Proof. Since Q is a left Artinian primary ring, Q/P(Q) 1is a
simple Artinian ring. Using the Wedderburn-Artin theorem and propo-
gsition 1.2, we obtain a system M of matrix units in @ such that
the centralizer 8 of M in Q 1is a completely primary left Artinian
ring; so, Q@ = Mm(s). The rest of the assertions in (1) and (2) are
proved in Jacobson [2, pages T6-T7].

We prove (3). 1Identify @ with %(s). Let P(8) = SW_. Then
S W, € ¢S (wg). Since all the left ideals of S are of the form
{P(8)}" = Swg, it follows that ¢S(w§) = Sw_. Now, putting w; =
diag w_, it is easily seen that P(Q) = Qw: and that QQ(WZK) =

k

*K *k

vy = B(Q). Clearly, @z = Qu-". So, z = aw," and w vzE  for -

[o]

some a, b € Q. Since (1-ba)w:k = 0, 1-ba € P(Q). It follows that
‘a, b are units in Q. If qzk = 0 then qaw:k = 0 so

qa € QQ(w:k) = P(Q) so q € P(Q). Hence ¢Q(zk) c P(Q); the other

inclusion is trivial. This completes the proof.

References.

Theorems similar to Johnson's first theorem are well-known and
classical e.g. the structure theorem of commutative PIR's (see
Zariski and Samuel [1,pae 245]) and the structure theofem for left-
right Artinian pli-rings (see Jacobson [2, page 75]). Goldie [3]
proved. a theorem similar to Johnson's first theorem for right
Noetherian pli-rings (see §8 of this chapter). Johnson fl] containg
the three theorems stated in the text for pli-rings. For some time,‘
it was not clear that Johnson's theorems are genuinely stronger that

§

Goldie's result; in fact, the following conjecture of Herstein [1,

page T75) was billed as highly likely to be true: 'A primary pli-ring
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is either prime or Artinian'. ‘In effect, the conjecture states that
Joﬁnson's theorems contain the same information as éoldie's fourth
theorem (proved in §8). Jategaonkar [3] contains a counter-example to
Herstein's conjecture; there was an earlier unpublished paper by the
author, Jategaonkar [2], containing a negative solution of Jacobson's
conjecture on intersection of powers of Jacobson radical and a negative
solution éf Herstein's conjecture.

Johnson's theorems were adopted by Robson [3] for left Noetherian
ipli-rings. Our proofs are taken from Robson [3] with trivial

changes.
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§5. FULLY LEFT GOLDIE SEMI-PLI-IPLI-RINGS.

The following theorem is basic for the study of fully left

Goldie semi-pli-ipli-rings (in particular, pli-rings).

5.1. THEOREM. Let R be a fully left Goldie semi-pli-ipli-ring,
An element c¢ € R is left regular in R if and only if c¢ + P(R) is
left regular in R/P(R). If ¢ 1is left regular in R then
P(R) € Re.

Proof. Due to Johnson's first theorem, it suffices to prove the
theorem under the additional hypothesis that R 1is a primary ring.
Let P = P(R) and let k+l be the index of nilpotency of P. If
P = (0), there is nothing to prove. Assume that P 4 (0), so k > 1.

(i) Let ¢ be a regular element of R. If Xx e€eR and xc e P
then lkac = (0) = ka, S0 X € t(Pk). Since PFX is a two-sided
ideal of R, 4'-(Pk) is also a two-sided ideal of R. By Johnson's
third theorem, either -L(Pk) 1s nilpotent or contains a left regular
element; ;.n the later case, we get Pk = (0), contrary to our choice
of k. Thus, X € -z(Pk) € P, Thus, ¢ + P is left regular in R/P.

(i1) Suppose d e R and d + P is a left regular element in
R/P. Since R 1is ipli, P 1is principally generated; so Rd + P is
a finitely generated left ideal of R. Since R is semi-pli,

Rd + P= Ra for some a € R. Then (d+P) = (r+P)(a+P), where r e R.
By Goldie's first theorem, R/P is a left order is a simple Artinian
ring Q. By 1.2.10, d+P is regular in R/P, so a unit in Q. Thus,
a+P is regular in R/P. Evidently, a = ryd + w, for some r) € R

and w, € P. Since P¢C Ra, W, = Wa; regularity of a+P in R/P

1

shows that w € P; so (1-w) 1is a unit in R. Now, (l-w)a = r d

Ra = R4 @ P.
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Since d" + P is also left regular in R/P, the above argument shows
that PcC Rdn for every n € Z+. The left regularity of d+P in
R/P implies @(d) € P. By l.2.5, for sufficiently large m, we have
(0) = 8(d) N RA™. Hence {(d) = (0).

(iii) Suppose c¢ 1is left regular in R. Part (i) of the proof
shows that c+P 1is left regular in R/P; so part (ii) is applicable
to ¢ =d. Thus, P C Re. This completes the proof.

5.2. COROLLARY. Let R be a fully left Goldie semi-pli-ipli-
ring and let A be a nilpotent ideal of R. An element c¢c € R 1is

left regular in R if and only if c+A is left regular in R/A.

Proof. Immediate from 5.1.

5.3. COROLLARY. Let R be a fully left Goldie semi-pli-ipli-
ring. R 1is a left order in a left Artinian ring if and only if every
left regular element in R 1is regular.

Proof. Follows from 5.1 and Small's theorem.

References.
The results of this section are due to the author. They may be

found in Jategaonkar [1;5].
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§6. ASSOCIATED GRADED RINGS.

Let R be a ring and A be a proper ideal of R. Let A° =R
and let

GA(R) - @ An/An+1
no

as an abelian group. Define a multiplication in GA(R) by assuming
the distributive laws and the rule

=r 5 + Am+n+l’

m+1)( LSy

n+l
(rm + A s, + A )

where r, € A" and s, € AR, It is straightforward to check that

GA(R) is a ring. GA(R) is called the graded ring associated with the

filtration on R induced by powers of A.

In this section, we describe GP(R), where R 1is a primary fully
left Goldie semi-pli-ipli-ring and P = P(R). Once this is done, using
Johnson's first theorem, one can obtain a similar description of GP(R)
for arbitrary fully left Goldie semi-pli-ipli-rings.

Let R bé a primary fully left Goldie semi-pli-ipli-ring. Let

T(R) = {reRler = 0 for some left regular c¢ in R}.
Thus, by 5.3, R has a left Artinian l.q. ring if and only if
T(R) = (0). The starting point of our discussion of GP(R) is the

following theorem.

6.1. THEOREM. Let R be a primary fully left Goldle semi-pli-
ipli-ring. Let k+l1 be the index of nilpotency of P(R). Then either
T(R) = (0) or T(R) = {P(R)}k. In any case, R/T(R) 1is a primary

fully left Goldie semi-pli-ipli-ring with a left Artinian 1.q. ring.

This theorem provides the following rough classification of

primary fully left Goldie semi-pli-ipli-rings. Let R be such a ring.

If P(R) (0), then, by Johnson's second theorem, R is a prime ring.

If P(R) = T(R) + (0), we shall say that R has small prime radical.

If R is neither a prime ring nor a primary ring with small brime




70

radical then R has large prime radical. Notice that R has large

prime radical if. {P(R)}2 4 (0); however, there exist rings with large
prime radical such that {P(R)}2 = (0). It may be worthwhile to note
that there exist primary pli-rings with small prime radical.

We now state the main theorem of this section.

6.2. THEOREM. Let R be a primary fully left Goldie semi-pli-
ipli-ring with large prime radical P. Let k+1 be the index of
nilpotency of P, so k ¢ 7z¥. Let R = R/P and let § be the simple
Artinian 1.q. ring of TR (which exists by Johnson's second theorem
and Goldie's first theorem). Then there exists a monomorphism
p: @ > R such that GP(R) ¥ 8/I where S = R[x, p|R] and I 1is

k+1

ean ideal of S with Sx*'1 c I csx. R has a left Artinian 1.q.

ring if and only if I = Sxk-"l

Assume further that R 1is a pli-ring. Then GP(R) is a
primary pli-ring with large prime radical. R has a left Artinian
lq ring if and only if GP(R) has a left Artinian 1.q. ring. If
R does not have a left Artinian 1.q. ring then there exists a regular

element ¢ in ‘R such that I = S'é'xk, so GP(R) = S/SExk.

Until further notice, let R be a ipli-ring, P = P(R), k+l =
index of nilpotency of P and R = R/P. If reR, put T = r+P.

The following lemma shows that GP(R) and XK[x,p] are related.

6.3. LEMMA. Assume that there exists W€ P such that

P = R, L(wo) S P and -t,(wl;) C P. Then there exists a monomorphism
p: K> R and an epimorphism ¢: 8 - GP(R), S = R[x,p], such that
@(x) = w, + P° and o|R = id.

Further, if [(wg) = P then ker ¢ = Sx**1 and each left E-

module Pn/Pn+l, n{ k, is R-isomorphic with ﬁ_R.
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Proof. Since Rw0 is a two-sided ideal of R, for every reR,
there exists r'eR such that w,r = r'Ww, . Since E(wo) C P T' is

uniquely determined by r. If reP, say r = 8W,» then wr =

(s'wo)wo; so T' =0. It follows that T | T' defines a mapping

pt E-»TR. If p(r) =T then wr e P2; so, wl;r= 0 and

r et(wl;) € P; i.e. T =0. It is now clear that p 1s a monomorphism,
)

Observe that, in GP(R), wg + PP - (wo + P° for every nez'.

Thus, every element of GP(R) can be uniquely expressed as
k
- 2\n

T T (w, + P
n=0 n ] ’

where 'i"n € R. Define a mapping ¢: S = GP(R) by

cp(nﬁo T, A = n§0 T, (W, + P)™

Clearly, ¢ is an epimorphism of left R-modules. Also, @(fx) =
o(f)e(x) for every f € S. By an induction, we have cp(xn?)A =
o(x™)p(T) for every n e zt and T e R. Now, let f, g e8S.
Express g as g=T7T + g%, where T e R and g, € 8. Then o(fg)
= @(fT + fglx) = o(£)o(T) + qa(fgl)cp(x). Thus an induction on the

degree of g is available to conclude that o(fg) = o(f)o(g). Hence
2

¢ 1is an epimorphism of rings with o(x) = W, + P~ and cpI’R = id.
K _ n Kk _ n =
If T T x eker ¢ then I rn(wo + P2) =0 so that
n=0 n=0 :
= _ = n . 1
0 = ?'n(w0 + P2) =r, wg + 1;1+l; ie., r, Wg e PPt ror every
k s
n < k. Thus r, W, =0,0 {n{ k. Now, if t(wlé) = P, then each
;n =0 and ker 9 = sx**1.  The map

T b T+ P
is evidently an isomorphism of left TR-modules for 0 < n { k. This

proves the lemma.

6.4. LEMMA. Let R be a primary fully left Goldie ipli-ring.

(1) If P=Re  then €(u5) = P.




(11)
applicable.

c eR, PC

T2

Assume that P = Rw, where l(wo) € P. Then lemma 6.3 is
Let p: R >R be the monomorphism defined in 6.3. If

Re and ¢ is left regular in R +then p(c) is a unit in

R. In particular, if R T 1is a non-zero ideal of R then p(T) is

a unit in TR.

(1ii)

is a unit i

Assume further that R is a semi-pli-ring. Then p(3d)

n R for every left regular @ in R and p: R+ R can

be uniquely extended to a monomorphism p: @ » R, where @ is the

simple Arti

Proof.

nian 1l.q9. ring of R.

(1) If P=Ri, then 4(u5) = (F) 1s clearly en

ideal of R and contains P. Johnson's third theorem implies that

(W) € B
(11)
and let ¢

‘WO = ac soO

Ky _
50 -t(wo) = P.
Assume that Rw = P with {(w ) S P. Let ce R PCRe
pe left regular in K. Evidently, we have a ¢ R with

0 = a'c; left regularity of ¢ implies a € Rw_, say

a = bw,. Then bBp(c) = 1. By Goldie's first theorem, R has a

simple Artinian l.q. ring Q. In Q, bp(t) =T 1implies p(c)b = T.

It follows

that p(c¢) is a unit in R.

If RT is a non-zero ideal of R, pick s € R such that

Rr + P = Rs

. By Johnson's third theorem T =s 1is left regular in

R. The above argument now shows that p(T) is a unit in R.

(i11)

Besides assumptions in (ii), 1f R is assumed to be a

semli-pli-ring, then theorem 5.1 becomes available. It 1s now easy to

complete th

e proof.

It remains to discover rings to which 6.3 and 6.4 are applicable.

Observe that in both these lemmas, the main hypothesis is the existence

of a genera

tor for P with 'small' annihilators.
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6.5. ILEMMA. Let R be a primary fully left Goldle ipli-ring
with a non-zero prime radical P and with a left Artinian l.q. ring

Q. Then for every W, € R such that P = Rw_, we have QR(WE) = P.

Proof. Let A bpe a left ideal of Q. The common denominator
theorem yields A = Q(ANR). It follows that @ is a ipli-ring. By
1.4.5, Q/P(Q) is a total 1.q. ring of R; so, Q/P(Q) 1s a simple
Artinian ring. By Johnson's second theorem, Q@ 1is a primary ipli-ring.
Let P= Rw,. By 1.4.5, P(Q) = QP(R) = Qw, and P(R) = P(Q)NR. Thus
the index of nilpotency of P(Q) is k+l, the index of nilpotency of
P(R). By theorem 4,12, eQ(WI;) =Qw,. 8o, QR(WIS) = eQ(ng) NR=
Qv NR= P(Q)N R = P(R). This proves the lemma.

6.6. PROPOSITION. Let R be a primary fully left Goldie ipli-

ring with a non-zero prime radical and with a left Artinian 1l.q. ring.
Then there exists a monomorphism p: R +» R such that

ep(R) = s/sxkL

where S = R[x,p]l.

let F={T e R|f4 0, Rr an ideal of R}. Then F is a left
divisor set in R. ILet L be the l.q. ring of R w.r.t., F. Then L
1s a simple left Goldie ring and p can be uniquely extended to a

monomorphism p: L »> R.

Proof. The first part of the proposition follows from 6.3, 6.4
and 6.5.

Using 4.4, it is easily seen that F is a left divisor set :I:n R.
Since R has a simple Artinian l.q. ring Q@ with Rc L cq, 1.2.14
and Goldie's first theorem show that L 1is a prime left Goldie ring.
Since A = L(ANR) holds for every left ideal A of R, it follows \
that L is a simple ring. By 6.4, p(T) is a unit in R for every

T € F;- so p can be uniguely extended to a monomorphism p: L > R.

This completes the proof. !
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6.7. LEMMA. Let R be a primary fully left Goldie semi-pli-
ipli-ring. Then T(R) 1is a nilpotent two-sided ideal of R and
P(R)T(R) = (0). Further, R/T(R) has a left Artinian l.g. ring.

Proof. If T(R) = (0) then the lemma follows from 5.3. Assume
that T(R) 4 (0). Let Xy, X, € T(R) and ¢y, ¢p be left regular
elements in R such that ¢, x = 0 =rc, x,. Since R is a prime
left Goldie ring, it has the left common multiple property; by 5.1,
Ei
thus, there exist d;, d,, d € R such that —i, Eé, d are regular in

and 32 are left regular in R, so regular in R by 1.2.10;

R and Ei ¢, =dyc, = d. So, d = dy ¢ + Wy =d, c, + W, for some

Wi, W, € P(R). By 5.1, d is left regular in R and PC R ey,
PcRec, Let w) =r)c); Ww,=r,¢, Then d= (d1 + rl) ey =
(d2 +1,) cye It follows that d(x1 - x2) =0, 50 x) -~ X, € T(R).

Let x € T(R) and bx = O where b is left regular in R. Let
r € R. An argument similar to the above one shows that blr = rlb,
where bl, ry € R with bl left regular in R. Thus blrx = 0 and
rx-e T(R). It is now clear that T(R) is an ideal of R.

Let x € T(R). Then {{x) contains a left regular element of
R; by 5.1, P(R) < §(x) so P(R)x = (0). Hence P(R)T(R) = (0). If
T(R) 'is non-nilpotent, by Johnson's third theorem, it will contain a
left regular element, contradicting the definition of T(R). Thus
T(R) is nilpotent.

If a + T(R) 1is left regular in R/T(R) and if
(a+T(R)) (y+T(R)) = O + T(R), then by 5.2, a is left regular in R
and ay € T(R). So, there exists a left regular f € R with fay = O.
Since fa 1is left regular in R, y € T(R). 5.3 now shows that R/T(R)
has a léft Artinian l.q. ring. This completes the proof.

6.8. Proof of Theorem 6.1. We put an induction on the index of

nilpotency, k+l, of P(R) to show that either T(R) = (0) or
k
T(R) = {P(R)} .
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If k 0, then R 1is a prime left Goldie ring; I.2.10 shows
that T(R) (0).

Let k > 0. Assume that T(R) 4 (0). Also assume that the lemma

holds for all primary fully left Goldie semi-pli-ipli-rings for which
the index of nilpotency of the prime radical is less than k+l. In
order to complete the induction, we now have to show that T(R) =
{B(R)}*.

By 6.7, T(R) < P(R). Since P(R) is nilpotent and T(R) is
assumed to be non-zero, there exists m € Z+ such that
T(R) © {P(R)}m and T(R) i_{P(R)}m+l. Suppose m { k; we proceed to
obtain a contradiction. ]

et o: R>8 = R/[P(R)}m+1 be the canonical epimorphism.
Using Johnson's second theorem, it follows that S 1is a primary fully
left Goldie semi-pli-ipli-ring. Evidently, P(S) = o(P(R)) =
P(R)/[P(R)}m+l; 80, the index of nilpotency of P(S) is m+l { k+l.
By our induction hypothesis, either T(8) = (¢(0)) or T(8) = }
{P(S8)}™. Pick x € T(R), x ¢ [P(R)]m+l. Let ¢ be a left regular
element in R with cx = 0 so that o¢(c)o(x) = o(0). By 5.2, o(c)
is left regular in 8; o(x)36(0) by our choice. So, T(s) # (¢(0)).
We thus have T(s) = {P(s8)}™

Let P(R) = Rv,. Then (P(R)}" = Rw) and {P(5)}" = s{o(w)}"

for every n e Z'. Consequently, U(WS) e {P(8)}" = T(S). Choose

d € R such that o(d) 1is left regular in S and o(d)o(w™) = o(0).

)
o
Then dwz =r) w§+1; i.e., (d-rl wo)wg = 0 for some r; €R. A

repeated use of 5.2 shows that d - r.w is left regular in R. Thus
1% )

wg € T(R) and {P(R)}™ < T(R). Our choice of m now yields

{P(R)}® = T(R). By 6.7, (0) = P(R)T(R) = {P(R)}™
Hence m = k and T(R) c {P(R)]k.

, a contradiction.

Assume that (0) # T(R) < {P(R)}k. Ve proceed to obtain a

contradiction. Consider {P(R)}k, canonically as a left module over

the ring K = R/P(R). Then T(R) 1is a non-zero proper left R-submodule
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of the cyclic left TR-module {P(R)}k. Hence ﬁfP(R)}k/ﬁT(R) is a
non-zero proper factor module of the left R-module ﬁﬁ.

As shown in 6.7, T(R) is an ideal contained in P(R). Consider
the ring . A = R/T(R). Johnson's second theorem and lemma 6.7 show
that A 1is a primary fully left Goldie semi-pli-ipli-ring with a left

Artinian 1l.q. ring. Since we have assumed that T(R) i {P(R)}k, the |

index of nilpotency of P(A) is k+1. 6.3, 6.4 and 6.5 show that if we

consider [P(A)}kcanonically as a left module over the ring & = A/P(A)

A
defined by (r + T(R)) + P(A} b r + P(R). Consider the mapping

o _{P(A)1 > _{P(R)}*/_1(R)
A R R

then it is A-isomorphic with —A. Let ¢: &K > R be the isomorphism

defined as follows: Any element of {P(A-)}k is of the form w + T(R)
for some w € {P(R)}k; to get o(w + T(R)), consider W as an element
of —R{P(R)}k and take is image in the factor module of —R{P(R)}k by
ﬁT(R). It is straightforward to check that ¢ is a ¢-linear
isomdrphism of left modulss. It follows that

1/ _m(r) = R
R R R

TG sum up, we have an TR-epimorphism u: R+ R with ker u 4 (0).
Clearly, there exists a € R such that S(Y) 5 Ta for every T ¢ R.
Since u 1s an epimorphism, T =D a for some T e R. Since R is
a left order in a simple Artinian ring, a must be a unit in TR, so
ker u = (0), a contradiction. Hence T(R) = {P(R)}k. This completes
the induction.

The remaining assertion is contained in 6.7. This completes the

proof.

6.9. Proof of theorem 6.2. Let R be as stated. Choose W eR
such that R4 = P. By 6.4, #(w5) = P. We claim that t(w)cp If
"k = 1, then by 6.1, T(R) = (0) or T(R) = P(R); since R is assumed
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tlo have large prime radical, we have T(R) = (0). By 5.3 and 6.5, we
have G(wo) = P(R). Suppose k > 1. If T(R) = (0) then by 5.3 and
6.5, ((WI;) = P(R) so ((wo) c P(R). If T(R) + (0), then by theorem
6.1, T(R) = RwS and R/T(R) has a left Artinian 1.q. ring. Since
P(R/T(R)) = P(R)/{P(RVIF = (RZ{B(R)I®) (w, + (B(R)}®), using 6.5, we
have

tR/T(R)(wo + (B(R)1) < R(R)/(P(R)}".

It follows that l(wo) c P(R). This proves our claim. Lemmas 6.3
and 6.4 are thus applicable to the ring R.
Let o9: S > Gp(R) and p: Q@ >R be as in lemmas 6.3 and 6.4.

If w(?hxn) =0 then r Wg e PP 1r T(R) = (0), then r, wg =0

n

gives . r_ € C(wg) = P(R) so T, = 0; hence in this case,

ker = sX**1, Ir T(R) 4 (0) and n< k then r, Wil (B(R)IF =

T(R). Since T(R/T(R)) = (0), it follows that r, € P(R) so T, = 0.
k+l k

Thus, in this case, Sx C ker ¢ € 8x .

Now assume that R 1is a primary pli-ring with large prime radical.
Then theorem 3.1 shows that S 1is a pli-ring; so GP(R) is a pli-ring.
Using Johnson's second theorem, it follows that GP(R) is primary.

The rest is easy. This completes the proof.

We now abandon the restrictions on R placed before lemma 6.3

and finish this section with three propositions of some interest.

6.10. PROPOSITION. Let R be a primary ipli-ring, P be a non-

nilpotent proper prime ideal of R and R = R/P. Then there exists a

monomorphism p: R > R such that

6,(R) = R I[x pl.

Proof: Adopt the first part of the proof of 6.3.
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6.11. PROPOSITION. Let R be a primary fully left Goldie semi-

pli-ipli-ring. " Let k + 1 be the index of nilpotency of P(R), where

-k ¢ z¥. Then R/{P(R)}" has a left Artinian t.q. ring for 1 <n <k.

Proof. If R does not have a left Artinian {.q. ring then by

6.1, T(R) = {P(R)}* and R/({P(R)}* has a left Artinian t.q. ring.

Since

n

R/{P(R)}"

(R/{P(R)}5)/{P(R/(P(R)}¥)}

n

for 1 {n <k, we may assume without loss of generality that R has

a left Artinian t.q. ring, say
that Q@ 1s a primary pli-ring.
We now claim that {P(R)}"

1.4.5, our claim is true for n

Q-

Using 1.4.5 and 4.12, it follows

{(P(Q)}1"NR for 1 {n<k+1. By

1

and n

k + 1.

Iet 1 <{n<k+1

and assume that {P(R)}n'1 = {P(Q,)}n'1 nR. Let P(R) =R Wy so that,

by 145, P(Q) = @ wy. As in 4.12, we get £o(wy) = Qug.  Let

-1+ n

n

re{PQI"nR=q Wg NR. Then r =c 'rw i.e., cr =r'wy for

some r, ¢c ¢ R, ¢ regular in R.

By 5.1 and 1.2.10, ¢ + P(R) is

regular in R/P(R). Thus, r ¢ P(R); say, r = r Wy, Ty € R. Then

- k
so, cry - r'wg 1. LQ(WO) NR=QW, NR. BSo, cry - r'w,

i.e.,

a1

n-1
(cr1 - r'w

= c'ld'l(dr' +r

)Wo =

n K-n+l
%o

)Wo-

1

-1 -1l k

=d°r LAY,

for some r", d € R. Using the induction hypothesis, we have

r; e (B! nr = (R(R)}™;

SO T =TW € {P(R)}®. Hence

{P(R)}" > {P(Q)}® n R. Since P(Q) = QP(R), the other inclusion is

trivial. This completes the induction and proves our claim.

We now show that R/{P(R)}n satisfies the regularity condition

for 1 {n <k +1. Let b be a regular element of R. If x e R

and xb e Rwy then x ¢ Rwo@ N RS Qg N R = Rwg. Similarly, if

y € R and by ¢ ng then y ¢ ng. Hence b + {P(R)]n is regular
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in R/{P(R)}n. By Small's theorem, R has the regularity condition.
It follows that R/{P(R)}® also has the regularity condition. By
Small's theorem, R/{P(R)}" has a left Artinian t.q. ring. This
completes the proof.

We need some definitions to state the next proposition in a
compact form; these are due to Levy [1].

let gM be a left R-module. An element x e M 1s a torsion
element if ax = 0 for some regular element a in R. RM is a
torsion module if every element of M is a torsion element. RM is a

torsion-free module if O 1is the only torsion element of M. RM is

a divisible module if aM = M for every regular element a in R.

6.12. PROPOSITION. Let R be a primary fully left Goldie semi-

pli-ipli-ring with T(R) 4 (0). Then T(R) can be canonically consid-
ered as a bimodule over the ring R = R/P(R). 1If so considered, it
has the following properties.

(1) T(R)R is faithful, torsion-free and divisible.

1i) =T(R) 1is cyclic and torsion.
R

Proof. By theorem 6.1, T(R) = {P(R)}k, where k + 1 1s the index
of nilpotency of P(R). The proposition now follows by using 5.1 and

Johnson's third theorem.

Notice that, in effect, this propoéition determines the structure
of GP(R) when P 1is small. c¢f. Jacobson [3, page 25]. We omit

details. Also the converse of 3.1 is now easy.

References.
The results of thils section are due to the author. They may be

found in Jategaonkar [1,5]. The author is indebted to Professor R. E.

Johnson for pointing out various simple and elegant proofs.
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§7. ASSOCIATED GRADED RINGS (CONTINUED).

In the last section, we have shown that if R is a primary pli-
ring with large prime radical then so also is GP(R)(R)' We now
consider the converse question viz., if R is a ring such that
GP(R)(R) is a primary pli-ring with larée prime radical, is it true
that R 1is a primary pli-ring with large prime radical? In its full
generality, we have been unable to answer this question. However, we
GP(R)(R)/P(GP(R)(R)) is

assumed to be a full matrix ring over a pli-domain then the above

R

shall show in this section that if R

question has an affirmative answer; we also consider the structure of

+

such rings.

The main results of this section are the following.

7.1. THEOREM. Let R be a primary pli-ring with large prime
radigcal. Then the following conditions on R are equivalent:

(1) R/P(R) = M, (D), where D is a pli-domain.

(2) R = M, (8), where 8 1is a completely primary pli-ring.

If R satisfies the above equivalent conditions then n and S

are uniquely determined by R upto isomorphism.

7.2. THEOREM. Let R be an arbitrary ring. Assume that
GP(R)(R) is a primary pli-ring with large prime radical and that
GP(R)(R)/P(GP(R)(R)) . Mn(D) where D 1is a pli-domain. Then R
is a primary pli-ring with large prime radical. In fact, R = Mn(S),

where S ,is a completely primary pli-ring with large prime radical.

We need some auxiliary results before we can prove theorem 7.1

and 7.2,

7.3. PROPOSITION. Let R be a primary fully left Goldie semi-

pli-ipli-ring with large prime radical. Then there exists a positive

M,(8).

~

integer n and a completely primary ring S8 such that R

]
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S can be chosen to satisfy the following conditions:
(a) P(S) 1is nilpotent and P(S) = Sz, for some z € §;
(b) every non-nilpotent element of S 1s left regular in S;
(¢) If I 1is a left ideal of § such that I ¢ (P(S)}" but
I¢ (p(5)1™ then {P(5)}1™ 1.

Proof. Put R = R/P(R) and k+l1 = index of nilpotency of P(R).
By Johnson's second theorem and Goldie's first theorem, R is a left

order in a simple Artinian ring Q. Let P(R) = Rw . By 6.3 and 6.4,

there exists a monomorphism p: @ > R such that, for every T ¢ R,
we have

(W, + (B(R)IZ)-T = p(T) (w, + (B(R)}?)

in the TR-bimodule P(R)/{P(R)]2. Choose a complete system of matrix
units {Ei,j: 1< i, J<{ n} in the simple Artinian ring p(Q). Then
[p('é'ij): 1< i, J<{n} is also a complete system of matrix units in
p(Q). Thus, (cf. Jacobson [3, page 59]), there exists a unit u in
p(@) such that
-1 .
u p('é'ij) u = Ei,j ; i, =1, ---, n.

et ue R be a lift of U. It is easily seen that u 1is a unit in
R. Put Vo = U,
P(R)/(P(R)}2, we have

so P(R) = Rv . Also, in the R-bimodule

(v + (B(R)IP) By = & (v, + (B(R)ID).

Since P(R) is nilpotent, we can lift {Eij: 1¢1i, j{n} toa
system of matrix units {ei,j: 1{i, 3¢ n} in R. cf. Jacobson
2
{3, page 55]. Clearly, Vo Ci3 " B3 Yo € {P(R)}* for 11, j¢n.
Let S be the centralizer of {eiJ: 14, 3¢{n} in R. Then

n
r p (Si,j)’ S35 = k£1 exi T Cyxr defines an isomorphism ¢: R - N&I(S),

Jacobson [ 3, page 52]. Since P(Mn(S)) = Mn(P(S)), ¢ induces an iso-

morphism
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P R~ M, (8/P(8)). Using theorem 2.1, it follows that S/P(S) is a
domain; so, S 1is a completely primary ring.

Let s be a non-nilpotent element of 8. If s, € S and
s, s € P(S) then s, € P(S), since S/P(S) 1is a domain. Consider
the element diag s € Mn(s). If (sij)diag s € P(Mn(S)) = Mn(P(S))
then, as seen above, each s15 € P(S) so that (Sij) € P(Mn(S)).
Hence diag s + P(Mn(S)) is a left regular element in Mn(S)/P(Mn(S)).
By theorem 5.1, diag s is left regular in hn(s) and
P(M (S)) = M,(8) diag s. It follows that s is left regular in §
and P(S) c Ss.

Consider the ring A = R/{P(R)}z. Clearly, P(A) =
A (v, + {P(R)}?); elso, fegy + {P(R)}%: 1¢ 1, 3¢ n} 1is a system of
matrix units in A with

- (vo + (B(RIZ)(eyy + (B(RII®) = (eg; + (B(R)IP)(v, + {B(R)}?),

[e]

Hence v, + {P(R)}2 is in the centralizer of the system of matrix
units’ {e;; + (P(R)}% 1< 1, 3¢ n} in A. When transfered to
Mn(s) by ®, this shows that Mn(s) [ (vo) = P(Mn(S)) and o(v)) is
a scalar matrix modulo entries from {P(S)]z. Let z, € 8 such
that m(vo) - diag z_ € {P(Mn(S))}z. It follows that for every

z € P(S), there exist s € S and z*e{P(S)}2 such that
zZ =5 z°‘+ z*.
k+1 m+1
Clearly, {P(8)} = (0) ¢ Sz,. Suppose {P(8)} €8z, and -

z ¢ {P(S)}". Then

Z = 5 Zq: ====2 .,
i 1i mi

where 24y € P(S). As observed above,
_ . *
Zmi = 81 Zo t %y

Where s; € S ‘and z;i € {P(S)}z. It follows that z € Sz, so
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{p(s))™ ¢ Sz,. Repeating this argument, we obtain P(S) = Sz_. By
L4, (p(s))® = Szg for every m € zt,
Let I be a left ideal of § such that I c {P(s)}" but

14 [P(S)]m+l for some m)» 0. If m= 0, I contains a non-nilpotent

element s of § and as shown above, P(8) ¢ Ss < I. Assume that

m> 0. There exists s' € S, s' ¢ P(S) such that s' zg € I but

s 2™ ¢ {P(s))™!. since Ss o P(S), there exists s" ¢ § with
m+l m m+1 c

z = s"s'. So, z = g"s'z_ € I. Consequently, {P(S)}
o

° ° I.

This completes the proof,

7.4. PROPOSITION. Let S be a completely primary ring. S is

a pli-ring if and only if S satisfies the following conditions:
(a) P(8) is nilpotent and P(S) = 8z, for some =z, € S.
(b) S/P(S) 1is a pli-domain.
(¢) If I 4s a left ideal of S such that I c {P(3)}",

I¢ {P(5)1™ then {p(s)}"*!c 1.

Proof. Let S be a completely primary ring satisfying the

_conditions (a), (b) and (c). By L.h4, {P(S)}m = Szg for every m ) O.

let I be a non-zero left ideal of 8. Since P(S) is nilpotent,

there exists a unique m > O such that {p(s))™ oI but

{P(S)}m+1 3 I; vy (c), Sz$+l cIcg Szg. Consider M = Szg/Sz?+1

canonically as a left module over the pli-domain D = S/P(S?. Since
m+1

M is cyclic and D 1s a pli-domain, it follows that I/Sz is
a cyclic left D-module. If x, € I with D(x, + {P(S)}m+1) = I/Sznol+l

then it is easily seen that I = 8x,- Hence S 1is a completely
primary pli-ring.

. Suppose S 1s a completely primary pli-ring. Then (a) and (b)
trivially hold. If S has large prime radical then (¢) is contained
in proposition 7.3. If S has small radical then we have to show that

P(S) c Ss for every s ¢ P(S); observe that for such an element s,
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s + P(8) 1is regular in S/P(S); now Theorem 5.1 shows that

P(S) ¢ 8s. This completes the proof.

7.5. Proof of Theorem 7.1. Let R be a primary pli-ring with

n

larée, prime radical such that R/P(R) Mn(D) where D is a pli-
domain. By Proposition 7.3, R = Mm(S) where S 1is a completely
primary ring satisfying c¢onditions (a) and (c¢) of 7.4. Clearly,
R/P(R) = M (S/P(S)) where S/P(S) 1is a domain. By Robson's Theorem
(2.2), m=n and S/P(S) ¥ D, a pli-domain. Thus, 7.4 1s applicable
to 8 and shows that S 1is a completely primary pli-ring. This
shows that (1) => (2). Trivially, (2) => (1). The uniqueness of n

follows from 1.9. The uniqueness of S wupto isomorphism follows from

2.8, 1.7 and 1.6. This completes the proof.

We now prove some results which will be used in the proof of

Theorem 7.2.

7.6. LEMMA. Let R be a ring. Put P = P(R). R 1is a
completely primary pli-ring if and only if the following conditions
are satisfied.

(1) P 1is nilpotent and D = R/P is a pli-domain.

(2) Let k+1 be the index of nilpotency of P, where k ) O.
Lét B, denote Pn/Pn+1 (1 { n k) regarded canonically as a D-
bimodule. Then, for 1 { n< k, B, 1is a divisible right D-module and
a free left D-module of rank 1. Bk is a divisible right D-module
and a non-zero cyclic left D-module.

(3) If I is a nilpotent left ideal of R such that I ¢ ~
but I ¢ P then P c I.

Proof. We shall firstly show that a ring R satisfying
conditions (1), (2) and (3) is a completely primary pli-ring. We put
an induction on k, where k+l is the index of nilpdtency of P(R). If

k=0,R is a pli-domain. Assume that the lemma is true for all rings
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satisfying conditions (2), (b), (c) and having the index of nilpotency
of their prime radical g k; let R be as above. Then R,/Pk
satisfies conditions (a), (b), (c) and the index of nilpotency of
P(R/Pk) = P/Pk is k. By the induction hypothesis, R/Pk is a
completely primary pli-ring.

Let I be a nilpotent left ideal of R. If Ic P’k then I 1is
clearly a principal left ideal of R. If I i Pk, then using condition
(3), we have = c I. Since R/PK is a pli-ring, I/P;k is principally
generated. If I/1='k = (R/Pk) (x + PK) then it is easily seen that
I = Rx. Thus all nilpotent left ideals of R are principal. TILet I
be a non-nilpotent left ideal of R. Evidently, /P = (R/Pk)(c +‘Pk)
for some c € R, ¢ ¢ P. Since R/P 1is a domain, ¢ + P is a
regular element of R/P. Thus, P:K = P%?EPC since Pl]; is a divisible
module. By 7.4, EVPK c I/Pk. It is now easy to see that I = Re.

This shows that R is a completely primary pli-ring and completes the
induction on k.

Suppose that R is a completely primary pli-ring. Then (1) is
evident and (3) is contained in 7.4. If T(R) = (0) then by 6.7,

6.5, and 6.3, B, ~are free left D-modules of rank 1 for 1 {n{k.
Ir T(R) 4 (o)D then by 6.1, T(R) = P and T(R/T(R)) = (0). 8o, as

Pk is

above, DBn are free left D-modules for 1¢ n { k; DBk D
clearly cyclic. The divisibility of Bn is an immediate consequence
D

of .5.1. This completes the proof.

T7.7. PROPOSITION. Let R be a ring. The following conditions

on R are equivalent:
(1) R 1is a completely primary pli-ring. ) .
(2) GP(R)(R) is a completely primary pli-ring.

Proof. (1) => (2). If R has large prime radical, by 6.2,
Gp(g)(R) 1is & primary pli-ring. Since R/P(R) = Gp(g) (R)/P(Gp(g)(R)),
it follows that GP(R)(R) is a completely primary pli-ring. If R




has small prime radical, then using 6.12, it is easily séen that
GP(R)(R) is a completely primary pli-ring with small prime radical.

(2) = (1). We shall show that R satisfies conditions (1), (2)
and (3) of 7.6. Observe that

R/B(R) = Gppy(R) / P(Gp(py(R)) = D say.

So, D 1is a pli-domain. Since P(GP(R)(R)) is nilpotent, it follows
that P(R) is nilpotent; further, they have the same index of

nilpotency, say k+l. Also,
[P(R)IY/(B(R) 1™ = (R(Gp gy (R))VY/(P(Gp gy (R))I™

as D-bimodules for 1 ¢ n< k. Applying 7.6 to GP(R)(R)’ it follows
that R satisfies conditions (1) and (2) of 7.6. ’

Since GP(R)(R) is a pli-ring, there exists w_ e P(R) such

o
that

P(Gp(g) (R)) = Gp(gy(R) (W, + (B(R)}?).
Then P(R) = Rw, + {B(R)}° = Rw_ + {Rw, + {B(R)}*)°
= Rw, + {P(R)}3 etc. Since P(R) 1is nilpotent, we have P(R) = Rw_;
so, {P(R)}™ = R wg for every n e z'.

Let c € R, ¢ ¢ P(R). Since {P(R)}g is divisible, we have
(P(R)}* = (P(R)}¥e < Re. Suppose n+l { k and {P(R)}**! € Re.

Divisibility of ({P(R)I/{P(R)}™ as a right D-module shows that

- {B(R)1® < (P(R)}™c + (P(R)}™ c Re.

It follows that P(R) c Re.

Now, let I be a left ideal of R such that I ¢ {P(R)1™ but
T4 {P(R)1™L. pick w e IN{P(R)}™. Then w = cwg where
c € R\ P(R). We now have

I3 Rw=FRe we o RO = (p(R)1MH.

Lemma 7.6 shows that R is a completely primary pli-ring.
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7.8. Proof of Theorem 7.2. Proposition 7.3 shows that R = M (S),
where S 1s a completely primary ring. Clearly )

It is readily seen that GP(S)(S) 1s a completely primary ring. By
Theorem 7.1, GP(S)(S) is a completely primary pli-ring. By 7.7, S
is a completely primary pli-ring. This completes the proof.

References.
The results of this section are due to the author. Some of them

may be found in Jategaonkar [1].
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§8. PLI-RINGS WITH ADDITIONAL CONDITIONS.

A primary pli-ring with non-zero prime radical need not
necessarily be a left Artinian ring; however, with some mild
restrictions on the right ideals, they turn 6ﬁt to be so. "More

specifically, the following holds:

8.1. GOLDIE'S FOURTH TWEOREM. Let R be a ring. The following

conditions on R are equivalent:

(i) R 1is a pli-ring with the ascending chain condition on
nilpotent right ideals.

(11) R 1is a pli-ring with the descending chain on nilpotent
right ideals.

(i1i) R 1is a direct sum of a finite number of pli-rings, each of
which 1s either a prime pli-ring or a primary left and right Artinian

ring.

Proof. It is well-known that a left (resp. right) Artinian ring
is left (resp. right) Noetherian. Lambek [1l, page69 ]. Thus,
(1i1) => (1) and (iii) => (i1). We shall simultaneously prove that
(1) = (1i1) and (i1) =» (1ii). Due to Johnson's first iheorem, we
may assume that R 1s a primary pli-ring with non-zero prime radical
satisfying (i) or (ii) as the case may be. To get (ii1), it then
suffices to show that R/P(R) 1is a simple Artinian ring. For, then
each {P(R)}n/{P(R)]n+l will be a left and right Artinian module over
R/P(R); 'so we can form a composition chain of left ideals of R and a
composition chain of right ideals of R by lumping together the
corresponding composition series of the modules {P(R)}n/{P(R)}n+l.
Now, notice that R/P(R) = B/P(¥), where ¥ = R/{P(R)}°. Further, X
satisfies (1) (resp. (i1))' if R satisfies (i) (resp. (ii)). To sum

up, it suffices to prove the following claim: Let R be a primary

pli-ring with non-zero prime radical satisfying the ascending or the
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descending chain condition on nilpotent right ideals. Let
{P(R)}2 = (0). Then R/P(R) 1is a simple Artinian'ring. We proceed
to prove this claim.

By 1.2 and 2.1, R ¥ Mn(s)’ where S is a completely primary left
Noetherian ring with {P(S)}2 = (0). Let D = S/P(S). Clearly, D is
a left Noetherian domain, so has a 1l.q. skew field, say K. Since
{P(S)}2 = (0), we may regard P(S) canonically as a D-bimodile.
Using 5.1, 1t is easily seen that P(S)D is a torsion-free divisible
right D-module. Further, P(S)D has the ascending or descending chaig
condition on right D-submodules if R has the ascending or descending
chain condition oﬁ nilpotent right ideals of R respectively. Since
P(S)D is torsion-free and divisible, the domain of right Operétors of
P(S)D can be extended from D to K so as to make P(S) a right

K-module. Let V., be a one-dimensional right K-subspace of P(S)K. p

K
The right D- submodules of VK satisfy the ascending (resp.
descending) chain condition if P(S)D has the ascending (resp.
descending) chaln condition on right D-submodules. However, VK is
isomorphic with the canonical right K-module KK; it follows that
K, as a canonical right D-module has the ascending (resp. descending)
chain condition on D-submodules.

Suppose KD has the ascending chain condition on D-submodules.

Iet a €D, ad 0. Consider the ascending chain

-1 -2

a " Dca“Dg ----C oD c ----

of right D-submodules of K. It follows that a'(m+l) D=a ™D for

some m e z'. Thus, a'(m+l) =

a™3 for some d e D, so al=4denD.
Hence K = D.
Suppose KD has the descending chain condition. Then DD has

the descending chain condition. Since D 1is a domain, it must be a

skew field. So, K = D.
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Since R/P(R) = Mn(D), we have established our claim. This

completes the proof.

8.2, PROPOSITION. A ring R 1is a direct sum of a finite number

of pli-rings each of which is either a prime ring or a primary left
Artinian ring if and only if R 1is a pli-ring with the descending
chain condition on nilpotent left ideals and has a left Artinian 1l.q.
ring.

Ezggﬁ. In view of Johnson's first theorem, to prove the 'if!
part it suffices to show that if R 1is a primary pli-ring with non-
zero prime radical, has the descending chain condition on nilpotent
left ideals and has a left Artinian l.q. ring then R 1is 1tself a
left Artinian ring. However, 6.3, 6.4 and 6.5 show that -
_{P(R)}k ¥ R where k+l = index of nilpotency of P(R) and
% = R/P(R).R It follows that R is left Artinian so R 1is left
Artinian., The 'only i1f' part follows from Goldie's first theorem.

This completes the proof.

8.3. COROLLARY. If R is a primary pli-ring with large prime
radical satisfying the descending chain condition on nilpotent left

ideals then R is left Artinian.
Proof. Use 6.1 and 8.2,

We remark that the corollary does not hold for primary pli-rings

with small prime radical.

8.4. PROPOSITION. Let R be a primary pli-ring with large

prime radical, If R has a right quotient ring themn R is its own
right quotient ring.

Proof. 1. Pirstly, let R be a primary pli-ring with large

prime radical having a left Artinian l.g. ring. (For the present, we
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do not assume that R has a r.q. ring). Let P(R) = Rw , R = R/P(R)
and let Q be the simple Artinian l.q. ring of R. Let k+l = index
of nilpotency of P(R). Suppose ¢, ¢, are regular elements in R
and cry = wg ¢, for some r; € R. We claim that ¢ is a unit in
By 6.3, 6.4 and 6.5, Rw. = {P(R)}" 1is F-isomorphic with the
(1d., pIR) - R - bimodule, where p: Q > R is a monomorphism.
Thus, wg e = ¢, "ﬁ where p(c1 + P(R)) = eyt P(R). Clearly,
(c + RuS)(r) + RS) = O + Rut. By 6.11, R/{B(R)}® has & left
Artinian 1.q. ring; so by 5.1 and 5.3, ¢ + ng is regular in

R/{P(R)]k. It follows that r; € ng, say Iy =T, wg, r, € R. So,

k _
- (cr2 - c2) Wy = 0.

By 6.5, er, - ¢, € P(R). Thus, in R, we have -

(¢ + P(R))(r, + P(R)) = ¢, + B(R) = p(c; + P(R)).

Clearly, p(c1 + P(R)) 1s aunit in R. So, ¢ + P(R) is a unit in
R. It follows that ¢ 1is a unit in R. This proves our claim.

2. Now let R be as stated in the proposition. If T(R) = (0)
then R has a left Artinian 1l.q. ring and the above argument shows
that every regular element of R is & unit in R. Thus R 1is its
own r.q. ring. (In fact, R 1is left Artinian).

Suppose T(R) 4 (0). Let ¢ be a regular element in R. Then

k-1
1’ N1 1~ % °©1°

Theorems 6.1, 5.1 and 5.3 show that the first part of the proof is

there exist ¢ r. €R, ¢y regular in R, such that cr

applicable to the equation

k-1
w

(e + T(R))(ry + T(R)) = (W1 + T(R)) (e, + T(R))

in R/T(R). Thus c¢ + T(R) 1s a unit in R/T(R). Consequently,
e 1is a unit in R. This completes the proof.

R.
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8.5. COROLLARY. Let R be a primary pli-ring with non-zero
prime radical. If a left Artinian ring Q is a 1l.q. ring and right
quotient ring of R then Q = R.

Proof: clear.

.

References.
Theorem 8.1 is a generalization of a theorem of Goldie [3]. Our

proof is new. The rest is from Jategaonkar [1].




CHAPTER IIT
IDEAL THEORY OF FULLY LEFT GOLDIE IPLI-RINGS

INTRODUCTION

In thié chapter, we develope the ideal theory of pli-rings (more
generally, of fully left Goldie ipli-rings). Our theory is a
caricature of the Dedekind ideal theory.

§81 and 2 show that all features of the Dedekind ideal theory go
over except that there may be embedded primes. Examples of this sort
are available in Jategaonkar [3,4]. In §3, we use the results of
§81, 2 to describe in detail the make up of local pli-rings. 84 shows
that the existence of embedded primes is a one-sided affalr; under

symmetric hypothesis, the classical ideal theory holds.
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§1. IDEAL THEORY - I.

This section is devoted to a study of ideals in a fullﬁ left
Goldie ipli-ring. Due to Johnson's first theorem, it clearly suffices
to restrict our attention to ideals in a primary fully left Goldie
ipli-ring.

We need some definitions. An ideal I of a ring R 1is called a
primary ideal of R if, for two-sided ideals A, B of R, ABCI
implies either Ac I or B* c I for some n ¢ zt. (In the
literature, primary ideals as defined above are sometimes cailed right
primary ideals; left primary ideals are then defined in an analoguous
manner. However, since we shall not need the concept of left primary
ideals, no confusion is likely by our use of the term 'primary ideals'
as dgfined above.} Clearly, I 1is a primary ideal of R if and only
if R/I 1s a primary ring.

Let I be a proper ideal of a ring R. The prime radical of I

in R, denoted by PR(I) or P(I), is the intersection of all those
prime ideals of R which contain I. Thus, by definition,
P(R) = PR(O).

Ve now define transfinite powers of an ideal A of a ring R.

One definition is the following:
A1

A;

A% = a-pP if a = B+l

A%= n AP if o is a limit ordinal.

Ka
We shall need this definition later on. However, for the present, we
shall need another definition of transfinite powers of ideals of R;
this definition is notationally distinguished from the first by writing

the index ordinal in a sqguare bracket; 1t runs as follows:
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A[“’O] = Ay

UGS I . LT [ NPy
nez

a B
At 1o a0l 4p o 15 a 1imit ordinal.
a

Notice that the second definition is defined only for index ordinals
of the form wa, where w 1s the first infinite ordinal and a is an
arbitrary ordinal.

We now state the main results of this section.

1.1. THEOREM. Let R be a fully left Goldie ipli-ring and A
be a proper prime ideal of R. Then there exists an ordinal a such
a
that P(R) = A[w 1 o1r P(R) 4 (0) then a is uniquely determined
by A.
(0™
Let o be the first ordinal such that P(R) = A'Y !, Then

[0P] ¢ plo"]
A i A for y{ B { a. The prime ideals of R contained in

B
A are precisely those of the form A[w ] for B g a.

1.2. COROLLARY. Let A be a proper non-zero ideal in a primary
fully left Goldie ipli-ring R.

(a) A 1is a prime ideal if and only if A = M[wa] for some
maximal ideal M and some ordinal a.

(b) If A 1is a prime ideal of R and M 1is a maximal ideal of

R containing A, then there exists a unique ordinal a such that
A = w0,

1l.3. THEOREM. Let A be a proper ideal in a primary fully left
Goldie ipli-ring. Then the following conditions are equivalent:
(1) A 1s a primary ideal of R.
(ii) P(A) 1is a prime ideal of R.
{(1iii) There exists an integer n ¢ z¥ and a prime ideal B of R

such that B < A ¢ B. (In fact, B = P(A)).
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1.4, THEOREM. Let A be a proper ideal in a primary fully left
Goldie ipli-ring R. Then there exist primary ideals A;, 1 {i¢n,
of R such that

P(A;) ¢ P(Ag) if 145

Ai AJ = AJ A for all 1, j;

and A

[

x>
=t

x>

Further, these ideals are unigquely determined by A wupto order.

1.5. THEOREM. Let A, B be proper primary ideals of a primary
fully left Goldle ipli-ring R.

(1) 1f P(A) ¢ P(B) and P(B) ¢ P(A) then AB = BA = AN B;
further, AB 1is npt a primary ideal of R.

(i1) If P(A) = P(B) then AB and BA are primary ildeals of R
P(A).
P(B) then AB = A. Also, BA 1is a primary

and P(AB) = P(BA)
(1i1), If P(A)
ideal with P(BA) = P(A).

e adl]

Notice that theorem 1.4 expresses every ideal in a primary fully
ieft Goldie ipli-ring as a product of a finite number of commuting
primary ideals in an essentially unique way, theorem 1.3 characterizes
primary ideals in terms of prime ideals and theorem 1.1 and corollary
1.2 express prime ideals in terms of maximal ideals. Theorem 1.5
contains some information as to how primary ideals multiply.

The main aspect in which the ideal theory described above differs
from that of commutative PIR's (or left-right principal ideal rings)
is that it allows for the existence of non-zero non-maximal primes.
Illustrative examples of this phenomenon can be found in Jategaonkar
(3,41, '

We now prove the theorems (in the order in which they are stated),

Our main tools are the three theorems of R. E. Johnson proved in §4

of chapter II.
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1.6, LEMMA. Let {Ayz v € T} be a non-empty set of prime
ideals of a ring R. If {AY: y € T} 1is totally ordered under -

.inclusion then A= N AY is a prime ideal of R.
vel

Proof. C(learly, A is an ideal of R. Suppose &, b€ R, b ¢ A

_and aRb € A. There exists Yo € T such that b ¢ AY . Thus, for
o

every A c A_, Wwe have aRbc A, but b ¢ A ; since A 1is a prime

Y= Yo =Y Y Y )

ideal of R, it follows that  a ¢ A . Since A =1 {AYlAY c A, we
o

have a € A. This proves the lemma.

For the rest of this section, R denotes a primary fully left
Goldie ipli-ring.

1.7. LEMMA. If A 1is a non-zero proper ideal of R then
A% c a.

Proof. Suppose A°=A=gRa 4 (0). Then A 1is a non-nilpotent

ideal of R. By Johnson's third theorem 4&(a) = (0). Since Ra® =

A2 = Ra, there exists reR such that (1-ra)a = 0; so, 1 = ra € Ra so

A = R, a contradiction. Hence A2 < A. This proves the lemma.

1.8, LEMMA. If A is a prime ideal of R then A" is a

primary ideal of R for every n € zt.

_ Proof. Let nez'. Put S=RA" and K= A/A". Then S/E =
(R/AR)/{(8/A7) = R/A, & prime ring. Clearly, ! =~ (0). Thus,
P(S) = K. Johnson's second theorem shows that S 1is a primary ring;
so0, A? is a primary ideal of R. This completes the proof.

We now prove the following crucial lemma.

1.9. LEMMA. Let A be a non-nilpotent proper prime ideal of R.

let B = n+An. Then Bc A and B 1is a prime ideal of R. Further,
nez

if A' 1is a prime ideal of R with A'c A then A'C B.
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Proof. Using lemma 1.7, it is easily seen that [A™: n e zhy
is a strictly decreasing sequence of ideals of R. Thus, B C A.

Let C, D be two-sided ideals of R such that CDc B but

]

D¢ B. Let us select D maximally: D= {r e R|C r ¢ B}. Let A =

it

Ra so that, by Johnson's theorem, 4(a) (0). Let x e R with
x a € D. Then, for every n 2 2, Cxac AR - Ran; so, for every
c € C;, there exists r € R such that (cx - ran'l) a = 0; since
4(a) = (0), we have cx = ra® 1 ¢ A%l Thus cx e A% for every
n Z 2. Consequently, Cx ¢ B so that x € D. Hence D =
{x € R|x a € D}.

If possible, let DC A. Since D¢ B and since {A™: n e z'}
is a strictly decreasing sequence of ideals of R, we may choose
k ezt maximally such that D C Ak. et D= R4. Then d =4d ak; so,

as shown above, d € D. However, then d ¢ A¥

and Rd ¢ Agk, contrary
to our choice of k. Hence D i A. Since A 1is a prime ideal, we
have D% ¢ A® for all m, n e PA Now, as shown in lemma 1.8, A" 1is
& primary ideal of R, CDc A" ang D" EL‘,_ A" for all me Z+,~ so,
cc A% for every n € Z+. Consequently, C € B. We have thus shown
that B 1is a prime ideal.

Let A' =Ry be a prime ideal of R such that Ry € Ra. If

possible, let Ry gtL B= N +Ran. Let t be the largest integer such
nez

that Ry < Rat,- then there exists r € R such that r ¢ Ra and

y = ra®. Let R = R/Ry and let ¢: R > R be the canonical epimor-
phism. Since Ry 1s a proper prime ideal of R, R is a prime fully
left Goldie ipli-ring. Since Ry © Ra, therefore R y (a) is a non-
zero ideal of R. By Johnson's third theorem, y(a) is left regular in

R. Now, y = rat implies ¥(0) = y(r) Ht(a.)}t so that ¥(0) = y(r)

and r € Ry © Ra.t, contrary to r ¢ Ra. Hence A!' € B. This completes

the proof.
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1.10. Proof of theorem 1.1. Let A be a proper prime ideal of

R. If possible, let P(R) #‘A[wa] for every ordinal a. It follows
from lemmas 1.6 and 1.9 that A[wa] is a prime ideal of R; so,
P(R) © A[wa] for every ordinal a. Let 7 be an ordinal of cardi-
nality &reater than the cardinality of R. Then, by lemma 1.9,
{A[wa]: a{ m} 1is a strictly decreasing chain of ideals of R,
contrary to our choice of 1n. Hence P(R) = A[wa] for some ordinal a,
Suppose P(R) 4 (0) ana P(R) = al®"]_ APl ien B< a.
A[wﬁ+l] = (0). However, it is

B+l

Qa
clear from our definition of transfinite powers that A[w ] = A[w ‘

Then nilpotency of P(R) implies

o

Thus, ale’] o (0) = P(R), contrary to our assumption.
a
Now, let a be the first ordinal such that P(R) = ale 1, (We
no longer assume that P(R) 4 (0)). A transfinite induction using
B
lemmas 1.6 and 1.9 shows that A[w ] is a prime ideal of R for
8 Y
g a ana Al Tcal®’l 3¢ v pca.
Let A' be a non-zero prime ideal of R contained in A. If
[o"] (o]
A'Cc A then clearly A' cC A for every A { p. Thus the set
< : <
a={a¢a A cal®1} is an tnitial segment of the set of all
ordinals ¢ a. Further if B is a limit ordinal, B{ a and if
Yq B
ye forevery y< p then Atc n al® - al®"); 56 pea 1t
w8
follows that Q has a last element, say §. Clearly ¢ g a and
g€ 14 +

A' ale’] 1 v o alw’] then, by 1.9, A'cC ale™] contrary to

£
our choice of g. Hence A!' = A[w ]. This proves the theorem.

~

1.11. Proof of corollary 1.2. Follows easily from theorem 1.1.

1.12. Proof of theorem 1.3. We give a cyclic proof.

(i) => (ii). Suppose A 1is a primary ideal of R. Then R/A is
a primary fully left Goldie ipli-ring; so, by Johnson's second theorem
P(R/A) 1is a prime ideal of R/A and every prime ideal of R/A

contains P(R/A). Thus if o: R > R/A denotes the canonical
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epimorphism, then o'l(P(R/A)) is a prime ideal of R ‘which contains
A and is contained in every prime ideal of R containing A. 1i.e.,
P(A) = o"1(P(R/A)), & prime ideal of R.
(11) = (i11). Clearly, P(R/A) = P(A)/A. Since P(R/A) is
nilpotent, it follows that {P(A)}n c Ac P(A) for some n e PAR
(11i) = (i). In R/A, B/A 1is a nilpotent prime ideal of R.
By Johnson's second theorem, R/A 1is a primary ring; so, A 1is a

primary ideal of R. This completes the proof.

1.13. LEMMA. If A, B are proper ideals of R such that
A+ B=R then AN B= AB = BA.

Proof. Let A=Ra, B=Rb, R=R/AB, A=A/AB, B=B/AB, 3=a+AB and

b+AB., Then R=E+B and AB = (0) so that ab = 0. Since
(K + B)B = B°. By lemma 1.2.5, we have ¢ (5) n B= (0). So,
R
B.4_ (D) = (0). 1.e., ¢ (D) c% (D). Now, @b =0.gives ba=0 s09
R R

5]
It

ol
i

R
that BA = (0) and BA < AB. Similarly, AB c BA. Consequently,
AB = BA. Now, AB+ BACANB

(A+B)(ANB) = A(ANB) + B(ANB) C_: AB + BA
shows that ANB = AB + BA = AB

BA. This completes the proof.

1.14. LEMMA. Let f e z' and let BRa;, 1 i ¢ n+l, be proper
primary ideals of R such that P(Rai) ¢ P(Rad) for 14 j. Then

(Ray *--% Ra,) M Ray,; = Rayi-..t Ray Re ...

Also, Ra.l Ra.n Ra‘n+l is not a primary ideal of R.

Proof. Put a = seeev B, SO that Ra=Ral-~--Ran. We

a
1
claim that Ra + Ra'n+l = R, If not, let M be a maximal ideal of R

containing both Ra and Ra’n+1'

Rey te.t Ra, C M; therefore Ra; S M for atr least one 1, 1 { i { n.

Since M 1is a prime ideal and

Since Ra,1 and Ran+1 are both primary ideals, using theorem 1.3, it

follows that P(Rai) and P(Ran+1) are prime ideals contained in

M. By corollary 1.2, we obtain an inclusion relation among P(Rai)
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and P(Ran+l), contrary to our hypothesis. This proves one claim.
1

Lemma 1.13 now shows that

(Ralz..: Ra ) N Ra

n+l = Rey ---° Ra, Ra, .

Iet S = R/Raan+l and let o¢: R > 8 be the canonical
epimorphism. S 1is clearly a fully left Goldie ipli-ring. Suppose s
is primary. Then So(a)So(an+l) = (0(0)) 1implies that either

So(a) = (o(0)) or So(aﬁ+l) = (0(0)) for some m e zt. If Sso(a) =

(a(0)) then Re < Ra Ra ., C P(Ran By 1.3, P(Ra.n+1) is a prime

) +1)'
ideal. It follows that P(Rai) c P(Ran+l) for some i, 1 i { n;
this is contrary to our hypothesis. If Sc(aﬁ+l) = g(0) then

m
Rapv 1 1)s 0, P(Ray,
Hence S 1is not a primary ring i.e., Ra Ran+1 is not{ a primary ideal

C RaRa . C P(Ra ) P(Ral), a contradiction again.

of R. This completes the proof.

1.15. Proof of theorem 1.4. Let A be a proper ideal of R and

S = R/A. Clearly, S 1is a fully left Goldie ipli-ring, so that, by

Johnson's first theorem,

S/A = 8, ®,....® sn’

where n ¢ Z' and each S5, 1{ 1 {n, is a primary fully left Goldie

ipli-ring. Evidently,

K

i =8

©....08; ; ©5;,,0...05

1 n

is a primary ideal of S for each i=1, ...., n. Let o: R~>S be
the canonical epimorphism and let Ra,; = o_l(Ki) for 1< i{n.

n
Since N A&, = (0) and since Ra; 2 A, it 1s clear that each Ra, is

a primary ideal and A = ﬁ Ray. Since
i=1

P(Ii) =5 0...868, ;0 P(Si) ® 85,1 ®----® 8,

1

and since P(Ra;) = o™~ (P(A;)), it follows that P(Rai) ¢ P(Raj) if
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i 4 j. Lemma 1.14 now shows that A = Ra;:..!Ra, and that Ra;
commute with each other under multiplication.
It remains to establish the assertion concerning uniqueness.

Suppose the ideal A can also be expressed as

A = Rbl Ceess Rbm’

where m € Z+, Rbi are primary ideals of R which commute under
multiplication for 1¢ i {m and P(Rb,) ¢ P(ij) for i 4 j. Then,

for any i, 1< i { m, we have

Raj:..!Ra, S Rb, C P(Rbi).

1

Using theorem 1.3, we obtain an integer k(i), 1< k(i) { n, such that
P(Rak(i)) c P(Rbi). Similarly, for every i =1, ..., n, there exists

(1), 1 { £(1) { m such that P(Rb ) € P(Ray). Hence m=n and,

(i)
after rearranging and reindexing if necessary, P(Rai) = P(Rbi) for

1{idn
Let R = R/Ra; and let §: R~ R be the canonical epimorphism.
Then

¥(0) = ¥(a) = w(Rblz...:Rbn).
Since R 1is a primary ring, either
§(Rb s, 2B, 1) = ¥(0) or (RbY) = 4(0)

for some t € Z'. 1In the later case, we have Rb:’l € Ra, P(Ra.l) =

1
P(Rbl) so that, using 1.3, P(Rbn) c P(Rbl)', a contradiction. Thus

¥(Rby :..: Rbn_l) = (¢(0)).

Repetition of this argument yields ¥(Rby) = (¥(0)}); so, Rb, C Raj.
Similarly, Ral c Rbl. Hence Ral = Rbl. Since Rai commute with each

other and Rbi commute with each other, the above argument yields

Ra.:.L = Rbi for 1i=1, ..., n. This proves the theorenm.
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1.16. Proof of theorem 1.5. (i) is contained in lemma 1.14.

(ii) follows easily from theorem 1.3,

Let A, B be primary ideals with P(A) < P(B). By 1.3,
{p(B)1"c B for some me z'. By 1.9, P(aA)c n_ (P(B)¥ cB. By
1.3, {P(A)'}k c A for some k € z¥. Thus, nez

{p(a) 1+t < BA c P(a).

Theorem 1.3 now shows that BA is a primary ideal with P(BA) = P(A).
A similar argument shows that AB is a primary ideal- with
P(AB) = P(A).

et A= Ra and B = Rb, Since AB = Rab is a primary ideal of
R, S = R/Rab 1is a primary fully left Goldie ipli-ring. ILet o: R>8
be the canonical epimorphism. Put P(Ra) = Re and P(Rb) = Rd. Then
So{c) = P(S). By 1.3 and 1.9, we have Re c Ra™ c Rb for some m € A
Consequently, P(8) c So(b). By Johnson's third theorem, o(b) 1is a
left regular element in S. Now o(ab) = o(a)o(b) = 0(0) implies
o(a) = ¢(0) i.e. a € Rab., Hence A = AB. This completes the proof.
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§2. PRIME FACTORIZATION.

We now consider ideal theory of a prime fully left Goldie ring in
which every primary ideal is a product of a finite number of prime
ideals. It is shown that the theory so obtained is applicable to prime
fully left Goldie ipli-rings in which every maximal left ideal is two-
sided; in particular, to local prime fully left Goldie ipli-rings.

We need some definitions. Let R be a priméry fully left Goldie

ipli-ring. Inductively, we define "admissible n-tuples of prime ideals’
of R as follows: Any l-tuple of prime ideals of R 1is admissible.
Suppose admissible n-tuples of prime ideals of R have been defined

for every n< m. An m-tuple (Py,...,B ) of prime ideals of R s

admissible if there exist 1< i; < ... {4 =m such that
(a) Py $ Py for s ¢ t;
s t
(v) _Pis c P‘_j for 1, , +1 ik i, where i, = 0.
(e) I i, < i, - 1 then
(Py #1700 Py 1)

is an admissible tuple.

The subtuples (Pié_1+1""’ Pis), 1{ s<{k, arecalled the primary

componen@s of the admissible m-tuple (Pl""’Pm) of prime ideals of R.
Notice that if (Pl,...,Pm) is an admissible m-tuple then, by 1.5, the
prime ideals which are entries of distinct primary components of
(Pl,...,Pm) commute with each other under multiplication. Also, if
(Pl,...,Pm) is admissible then so also is (Pl,...,Pn) for n{ m.

We now define "permissible rearrangements" of entries of an ad-

missible n-tuple of prime ideals of R. For a l-tuple, the identity
'redrrapgement is permissible. Suppose permissible rearrangements of

entries are defined for all admissible n-tuples with n < m. Let
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(Py,...,P;) be an admissible m-tuple of prime ideals of R. If it has
only one primary component viz. (Pl""’Ph) then a rearrangement is
permissible if 1t leaves %m fixed and induces a permissible rearrange-
ment on the admissible (m-1)-tuple (Pl""’Pm-l)' if (Pl,...,qm) has
more than one primary components than a rearrangement is permissible if
it can be expressed as a permutation of primary components followed by /
a rearrangement which induces permissible rearrangements on primary
components. Note that if (Pl,...,Pm) is admissible then any m-tuple
obtained from it by a permissible reérrangement is also admissible.

A non-zero element p € R is called a (strong) prime element if
Rp 1is a proper prime ideal of R. A n-tuple (pl,...,pn) of prime ele-
ments is admissible if the n-tuple (Rpl,...,an) of prime ideals of R
is admissible; a rearrangement of entries of (pl,...,pn) is permissible
if it induces a permissible rearrangement of entries of (Rpl""’an)i

Let a,b be elements of a ring R. a and b are left assocliates in R
if a = ub for some unit u in R. If R 1is a prime fully left Goldie
ipli-ring and if Ra and Rb are non-zero ideals then, by Johnson's

third theorem, a and b are left assoclates if and only if Ra = Rb.

2.1. THEOREM. Let R be a prime fully left Goldie ipli-ring in
which every ideal is a product of a finite number of prime ideals of R.
Let A be a non-zero proper ideal of R. Then there exlists an admis-

sible n-tuple (Pl""’Pn) of non-zero prime ideals of R such that

A= Plz...:Pn .
Further, if (Ql,...,Qm) is an admissible m-tuple of prime ideals of R

such that
A= Q]_:...:Qm

then n =m and (Ql”"’Qn) can be obtained from (Pl""’Pn) by a

permissible rearrangement of entries of (Pl""’Pn)'

2.2. THEOREM. Let R be a prime fully left Goldie ipli-ring in
which every maximal left ideal is two-sided. Then R 1is a pli-domain,
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every left ideal of R 1is two-sided and every ideal of R ’is a prod-
uct of a finite number of prime ideals of R.
Let a be a non-zero non-unit in R. Then there exists an ad-

missible n-tuple (pl,. ..sP,) of prime elements of R such that
a = p1: PPN an .

Purther, (pl,...,pn) is uniquely determined by a upto permissible re-

arrangements and assoclates.

2.3.- Proof of theorem 2.1. Let A Dbe a non-zero proper ideal of

R. By our hypothesis, there exist prime ideals P]_,...,Pn of R such

that

A=P1:...:Pn .

_Let Pil,. ..,Pik be all the distinct prime ideals of R which are
minimal in the set [P,j: 1< j {n}. From theorem 1.1, it is clear
that every P'j (1 { j { n) contains precisely one of the ideals

Pil,...,Pik. If Pi and P,j contain distinct prime ideals out of

Pi PRPRN ’Pi then, by theorem 1.1, there is no inclusion relation be-
k
tween Pi and PJ.; so, by 1.5, P:]_PJ = PJP:L' Further, if PJ ? Pit
then, by 1.5, Pi PJ = Pi . Consequently after rearranging and deleting
: t t

some prime ideals from the given prime factorization of A and reindek-

ing 1if necessary, we may assume that

A= Pli...:Pn

where P, o> P, for 1 +1<§<1i, 1< s< k. An induction is
J = ls s-1 = Y2278 = 7
now available to prove the existence part of the theorem.
Let (Pl”"’ k) and (Ql”"’QL) be admissible tuples of non-

zero prime ideals of R such that

A=Py...tP = Ql:...:QL .
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If P, ,...,P (resp. Q; »+..5Q¢ ) are all the distinct prime ideals
L is 3y It

which are minimal in the set {P;: 1 1 k} (resp. {Q: 1 <3<

then each P contains some Q and each Q contains some P, .
1m J n Jn im

Since there are no inclusion relations among Pi ”“’Pi and no in-
1 s

'clusion relations among le,...,QJt, it follows that \s = t and that

there exists a bijection
eilig e ,i ) > {Jysenudyd
such that Pim = Q¢(1 ) for 1< m¢ s. After a permissible rearrange-
m

ment of entries of (Pl"”’Pk)’ we may assume that ¢(is) = Jg- Not-

ing that iS =k and Js = 4, we have Pk = Q

T
Now, let Rb = P13-~-3Pk_1, Re = Ql....QL_l and pk = QL = R4.
We then have

A = Rbd = Red.

Thus bd = ucd and cd = vbd for some u, v € R. So, (1 - uv)bd =

(1-vu)cd 0.. By Johnson's third theorem, b,c and d are left regular

in R. So, u 1is a unit in R. Now (b-uc)d = 0 gives b = uc so

Rb = Re. Hence Pyl...:P, j = Q!...!1Q, ;. Notice that (Py,...,P ;)
and (Ql""’QL_l) are both admissible tuples of prime ideals of R.

An induction is now available to conclude the proof.

We need a remark concerning partially ordered sets before we can
prove theorem 2.2.

Let X be a non-empty set and { be an anti-reflexive, transi-
tive relation on X. PFurther, let (X, ) satisfy the ascending chain
condition viz. there does not exist a sequence {xn: n e€ Z+} such that
Xn < Xt for every n € VAR Notice that every non-empty subset Y
of X with the induced anti-reflexive transitive relation also satis-

fies the ascending chain condition; so, Y has at least one element

which is maximal in (Y, ).
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We obtain a decomposition of X as follows: Let Xo be the set
of all maximal elements of X. If a is a non-zero ordinal and if
Xp is defined for every B < a then X, 1s the set of all maximal
elements of X\(ﬂgﬂ Xp). Inductively, this defines X, for every or-

dinal a. An easy cardinality argument shows that there exists an or-
dinal T for which X,r =¢. If 7 is the first ordinal with X.,r =¢
then clearly, {Xp: B< 7} 1is a decomposition of X into non-empty
disjoint subsets. {Xp: B< 7t} is called the stratification of X.
For p < r, the set Xg 1is called the ™ stratum of X.

2.4. Proof of theorem 2.2. We shall show that every non-zero left
ideal Ra of R 1is a product of prime ideals. ‘

Let X Dbe the set of all proper prime ideals of R. Then c is
clearly a anti-reflexive, transitive relation on X and (X,c) satisfies
the ascending chain condition. Let {Xﬁf g < t} Dbe the stratification
of X. We shall mske a transfinite induction; our A™ transfinite
induction hypothesis is the following: If a € R and a fU{P|P ¢ Xg}
then Ra 1is a product of a finite number of prime ideals of R.

Since every maximal left ideal of R 1is assumed to be two-sided,
the 0th hypothesis is trivially true. '

Let 0 a< 7 and let ﬁth hypothesis be true for every B8 < a.
Iet a€R, af UP|P e X,}. We now havé to show that Ra is a prod-
uct of a finite number of prime ideals of R. If a § U[P|P € Xp} for
some B < a then there remains nothing to prove. Suppose
a € U{P|P ¢ Xg} for every B { a. Let RaR = Rb. It is clear that
b e U[P|P € Xp} for every B { a. Consider P(Rb), the prime radical
of Rb. Using Johnson's first theorem, it follows that

P(Rb) = PpN... NP,

Ehere P; are prime ideals of R and P, $ Py for 1 + j. A re-
eated application of lemma 1.14 yields
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P(Rb) = Py:...:P = R(ayi...ia ),

for 1{i¢{n.
and let B = max{f: 1 { i { n}. Clearly, B{ a.

where P1 = Rai

Let Pi € Xpi

On reindexing if necessary, we may assume that there exists an integer

k, 1 { k{ n, such that Pj,...,P € Xg and Pyyy,..-.P) ¢ Xg. We

claim that a ¢ P[i“’l] for i=1,2,...,k. If not, let a ¢ P[i‘”ll =Q
for some 1, 1< 1 ¢ k. By theorem 1.1, Q is a prime ideal of R;
so, a € @ implies P(Rb) c Q i.e., Pjt...!P £ Q. Since Q@ 1is prime,
Py €Q for some J, 1 3<n. lThus Py cQcPy. This is possible
only if i =J so P1 =Q= P[iw ]. Since Pi is non-zero, the last
equation is impossible by theorem 1.1. Our claim is thus established.
Since a € P; but at P[i‘”ll for 1< 1< k, it follows that there

+ my m.+1 B
exists an integer my € Z' such that a € P;~ but a § P, 1 for

i=1,2,...,k. Using 1.14, we have

m m.
1 e 1. . ™
a€P;mN... NP =Rai...la).
! e
Let a=a'a;":...la . It is easily seen that a' § P;, 1 { i{ k.

Suppose a' € P for some P € XB- . Then a € P so P(Rb) =
Pli...ZPn < P. Consequently, P;] c P for some j, 1 g,j g n. If ‘
k { j then we get a contradiction with our choice of k; so 1 S J _(_ k.
Since there are no inclusion relations among prime ideals belonging to
XB- , We have P = PJ. However, in tpis case, a' € P = PJ contradicts
a' §P; for 11 { k. Hence a' t U{P|P ¢ Xg}. By the B trans-
finite induction hypothesis, Ra' 1is a product of a finite number of
prime ideals of R. It follows that Ra is a product of a finite num-
ber of prime ideals of R. This completes the transfinite induction.

Using theorem 1.1, we have

R\{0} = ﬁg'l' {R\(U{P|P € XB})};
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it follows that every left ideal of R 1s two-sided, principally gen-
erated as a left ideal and that every left ideal of R 1is a product
of a finite number of prime ideals of R. If ryr, = 0 then.

RryRr, = (0); since R 1is a prime ring, either r; =0 or r,=0.
Hence R 1is a pli-domain. The remaining assertion now follows from

theorem 2.1. This completes the proof.
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§3. LOCAL FULLY IEFT GOLDIE IPLI-RINGS.

A ring R 1is called a local ring if R has a unique maximal left
ideal, denoted by J(R). As is well-known, J(R) 1is a two-sided ideal
of R and coincides with the set of all non-units of R. cf. Lambek
[1, page 75]. The ideal theory developed in §§1 and 2 is clearly ap-
plicable to local fully left Goldie ipli-rings. In this section, we
shall obtain further details about the ideal theory of these rings.

We recall some facts concerning ordinals., An ordinal £ is
called a prime component if £ cannot be written as a sum of two
ordinals strictly less than €. It is known that a non-zero ordinal
£ 1is a prime component if and only if € = w  for some uniquely
determined ordinal 1. It ic clear that thke set {A:A 0"} is a
{non-commutative) monoid with the usual addition.

Let o be a non-zero ordinal. Then o can be uniquely expressed
as

a = walml + .00 + wakmk,
where k is a uniquely determined positive integer, o, Do D % 20
are uniquely determined ordinals and m, 1 <1 £k, are uniquely

‘determined positive integers; this expression for a 1is called the

a
Cantor normal form of a; w 1 is called the initial prime component
of a.
Suppose
a a
1 K
a=wm +... e oo,
By Py

ﬁ:w n1+...+w nL

ére normal forms of non-zero ordinals o and B. The normal form of
a + B is obtained as follows: If ay < By then a + B = B; so, the
normal forms of a + B8 and B are identical. Otherwise, there exist
subscripts 1 < k such that o 2 By; let J denote the last such

subseript. If ay > By then the normal form of a + B is
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a a B B
1 J 1 £
w m1 + .0 + 0 m:j + w nl F oo 0 nL'

If ay = B, then the normal form of o + 8 1is

a a a B B
1 J-1 J 2 LA
wmy o+ Fow my_y +w (m‘j + nl) +w N, + ... 00,
These facts concerning ordinals may be found in Serpinski [1].

We now state the main results of this section.

3.1. THEOREM. Let R be a local semi-prime fully left Goldie
ipli-ring. Then

(1) R is a pli-domain.

(2) There exists an ordinal «+ such that J[dr] = (0), where
J = J(R).

Let o be the first ordinal such that J[wa] = (0). For every
B < a, choose xé € R such that J[wB] = Rxﬁ. Then

(3) Every non-zero r ¢ R can be uniquely expressed as

where s 1s a non-negative integer, m; e zt for 1 <i{s,

o< By ... {pg<a and u is a unit in R.

(4) Every left ideal of R 1is two-sided. The ideals of R form

a well-ordered chain under reverse inclusion. The set of non-zero
ideals of R formsa monoid under multiplication. Every non-zero

ideal A of R can be uniquely expressed as

where s 1s a non-negative integer, m; € zt for 1 {1i<{s and
0<8; ... {By {a. Further,

B B B
A->uw sms + ...+ W 2m2 + w 1ml

is an order-preserving bijection of the set of all non-zero ideals of

R under reverse inclusion with the set of all ordinals ( w®. The
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same bijection is an anti-isomorphism of the monoid of all non-zero
ideals éf R under multiplication with the monoid of all ordinals
{ ®* under the usual addition.

A

(5) Every ideal of R 4is of the form J°, A < %, and

sl 2P o 5 Car In gact, ir

B
_ s 1
A=w m + .o 0Ty

is the normal form of A then

A oL
Jh = (Rxﬁl) teees (Rxps) .

Recall that a ring R 1is called a completely primary ring if R

is a primary ring and R/P(R) is a domain.

3.2. THEOREM. Iet R be a local fully left Goldie ipli-ring.
Then R 1is a completely primary pli-ring, every left ideal of R 1is
two-sided and ideals of R form a well-ordered chain under reverse
inclusion.

R 1is a domain if and only if the chain of all ideals of R under
reverse inclusion is order isomorphic with the chain of all ordinals

{ w®* for some ordinal a.

3.3. Proof of Theorem 3.1. Let R be a local semi-prime fully

left Goldie ipli-ring. Since J(R) is the set of all non-units of R,
it follows from Johnson's first theorem that R 1is a prime ring:
Since R/J(R) 1is a skew field, J(R) is a prime ideal of R. By
Theorem 1.1, there exists an ordinal «+ such that J[wT] = (0). This
proves (2). If @ is the first ordinal with J[wq] = (0) then, by
theorem 1.1, {J[wp]:ﬁ { a} is the set of all non-zero érime ideals of
R. Theorem 2.2 now proves (1) and (3) and shows that every left ideal
of R 1is two-sided.

Let A Dbe a non-zero proper ideal of R. Using theorem 2.1 and

2.2, we have
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_ M . Mg
A—(Rxﬁl) (Rxps)

where s 2 0, my ezt for 1<{i<s and 0B .. XBg<a.
Since there is an inclusion relation among any two distinct prime
ideals of R, no non-identity permutation is permissible in the above
prime factorization of A. Hence the above prime factorization of A

" is unique. It is now clear that the function defined by

B B
A-»wsms+...+wlm1,

m m
RIS ® with s> 0, m e z*

and 0 < By ... K Bg { a, is a bijection of the set of all non-zero

where A = (Rx for 1 {1i<s

ideals of R with the set of all ordinals < w®.

my m n, | n,
Iet A= (BRx, )~ :.... (Rxg ) and B = (Rx_ )~ I...: (Rx_ )
B, By Y Ye
be non-zero ideals of R where s, t are non-negative integers, my
and nJeZ+ for 1{i<s and 1{J<t, 0B <... <p, and
o< Y1 oo K Yy Assume that
8 B Y Y
wsms+-.- +w1m1<wtnt+... +w1n1.
B Y B Y
It follows that w ° { w Y. sSuppose w S < w °. Then Rx, € Rxg .
t s
Since R is a prime ring and Rxﬁ 4+ (0), it follows from theorem 1.1
m_+1 s
that Rx, < Rx,° . Now, since Rx, c Rx for 1<1<s-1,
Y Bs Bs By ==
theorem 1.5 yields
ms+l
Rx, A = {Rx .
gt = (R )
m_+1 B Y
Hence A 3‘(Rxl5 JA D (Rxﬁ y® o5 B. Suppose w ® =u G so,
s s
x =X_ . Als
ﬁs Yt °
ﬁs ﬁs 1 ﬁl Y¢ Y Y
- t-1 1
w (ms-—l) +w Mgy + -ee @ m {w (nt—l) + w N _q+e. 4w Mo

S t .

An induction on the sum z my + T n:j is thus available to conclude
i=1 j=1

that the set of non-zero ideals of R 1is totally ordered under inclu-
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sion and that

m B
YS > wSm . +w 1m1

o PR
A=(Rxﬁl) tevet (Rx s

Ps

is an order isomorphism of the set of non-zero ideals of R wunder .
reverse inclusion and the set of all ordinals < w%. Since R has
the ascending chain condition on left ideals, it follows tpat the set
of all non-zero ideals of R 1is ﬁell-ordered under reverse inclusion.
The assertion about the monoid of non-zero ideals of R easily follows
from theorem 1.5. This proves (4). ‘
It remains to prove (5). Pirstly, we shall show that each ideal
of R can be uniquely expressed as I for some A < «®.  Since the
set of all ideals of R wunder reverse inclusion is a well-ordered set
and isomorphic with the set of all ordinals S w“, we can index the set
of all ideals of R as {AK:A S wa} such that AA c Au if and only
if u <A K w®

Trivially, AO = Jo = R and Al = Jl = J. We proceed by a trans-
finite induction to show that Ax = Jx for all A S\wa. Suppose
1 < » { «® and suppose Au =J for all p {A. If A is a limit
ordinal then, since Ax is the first ideal properly contained in each

Au for < A, we have

A
A, = A = n =7\
A
RS
Suppose A is a non-limit ordinal, say A =y + 1. Then AY x (0)

and
J"=JY+1=J-JY=JAY5A.

Now observe that RAY and RR are isomorphic left R-modules. If
JAY = AY then it follows that JR = J = R, a contradiction. Thus

JAY c AY. Also, if JAY is not a maximal submodule of AY then J
is not a maximal submodule of RR’ a contradiction again. Hence JAy

= A

Y+1; so, Jh = Ax. This completes the transfinite induction. R
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Now, if the cantor normal form of A is

B B
)\=wsms+...+wlm1
then, using (4), we have
m m,
1 S
A, = (R teee. (Rx .
5 = ( xﬁl) ( ﬁs)

This proves (5). The theorem is now proved.

3.4, Proof of Theorem 3.2. Let P denote the prime radical of

R. Since Pc J(R) and R/P is a semi-prime local fully left Goldie
1p11-fing, by theorem 3.1, R/P 1is a pli-domain. Johnson's second
tﬂeorem now shows that R 1is a completely primary ring.

Let r e R, r ¢ P. By theorem 3.1, every left ideal of R/P is
two-sided; it follows that Rr + P 1is a two-sided ideal of R. Let
Rr + P = Rry and let r =r,ry, ry ¢ R. Since R/P 1is a domain and
r + P and> Ty + P generate the same non-zero left ideal of R/P, it

follows that r, + P is a unit in R/P. Since P is nilpotent, ry

1
must be 2 unit in R. Thus, P c RrO = Rr. -We have thus shown that
every non-nilpotent left ideal of R 1is two-sided and contains P.

It follows from 3.1 that the non-nilpotent left ideals of R form a
well-ordered chain under reverse inclusion which is order-isomorphic
with the chain of all ordinals < w® for some ordinal a.

Suppose P % (0); say P = Rwy. let k +1 Dbe the index of nil-
potency of P, so k € Z¥. Then PP = ng. If we ng, w ¢ ng+l
then w = rwg where r e R but r ¢ Rwy- As shown above, Rw, < Rr.
So, Rﬁ8+1 c Rrwg = Rw. We have now shown that if ¢ 1is a left ideal
of R such that & ¢ ng but ¢ ¢ Rw8+1 then ng'*'l < 4. Now
observe that Rw8/Rw8+l can be canonically considered as a left
module over K = R/P and as such it is a cyclic module. Since the
non-zero left ideals of R form a well-ordered chain under reverse

inclusion and is order-isomorphic with the chain of all ordinals < w®

for some a, it follows that the non-zero left R-submodules of
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Rﬁg/Rw3+1 form a well-ordered chain under reverse inclusion which is
order-isomorphic with the chain of all ordinals < gn for some

tn S 0% To sum up, the left ideals of R form a well-ordered chain
under reverse inclusion which is order-isomorphic with the chain of all

ordinals < g, where
_
E =w + gl + .ee + gk.

Since k20 and 0<g. {w® for 1 {n <k, therefore § is not
of the form wﬁ for any ordinal 8.

If we ng but w ¢ Rw3+l then w = rwg where
reR, r¢ Rwy. We have already shown that Rr is an ideal. It
follows that Rr - ng = Rw; so Rw 1s an ideal of R. Since every
principal left ideal is two-sided therefore every left ideal is two-
sided and so a.principal left ideal. It is now easy to complete the

proof.
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§4. IDEAL THEORY - II.

In this section, we shall consider rings which are fully left and
right Goldie, ipli-ipri-rings with special attention to their ideal
theory. It turns out that the ideal theory of such rings is very un-

complicated.

4,1. THEOREM. A ring R 1is a fully left and right Goldie ipli-
ipri-ring if and only if R 1is a direct sum of a finite number of
ideals, each of which is a left and right primary, fully left and

right Goldie ipli-ipri-ring.

Theorem 4.1 is an analogue of Johnson's first theorem and allows
us to concentrate on left-right primary, fully left and right Goldie,
ipli-ipri-rings. We shall have to consider prime rings and non-prime

primary rings of the above type separately.

4.2. THEOREM. Let R be a left and right primary, fully left
and right Goldie, ipli-ipri-ring with P(R) X (0). Then R/P(R) 1is a
simple ring. The only ideals of R are those of the form {P(R)}n,
0<{n<k+1, where k +1 is the index of nilpotency of P(R).
Further, R has a left-right Artinian, left-right primary, two-sided

quotient ring.

4.3, THEOREM. Let R be a prime, fully left and right Goldie,
ipli-ipri-ring. Then every non-zero proper prime ideal is maximal. A
proper non-zero ideal is primary if and only if it is a finite power of
a‘maximal ideal. Every proper ideal A can be expressed as a product
of maximal ideals; these maximal ideals and the exponents with which
they éppear in the prime factorization of A are uniquely determined

5y A upto order. Any two ideals of R commute.

i
4.4, Proof of theorem 4.1. Follows immediately from Johnson's
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first and second theorems.

We now turn to theorem 4.2. Until further notice, R 1is a left
and right primary, fully left and right Goldie, ipli-ipri-ring with
P(R) % (0).

4.5, IEMMA. R satisfies the regularity condition.

Proof. Let o:R > R = R/P(R) Dbe the canonical epimorphism. Let
k + 1 ' be the index of nilpotency of P(R); since P(R) % (0), k ¢ z™.
Let A be the subset of {P(R)}¥ defined as follows: x € A 1if there
exists an element c ¢ R, depending on x, such that o(c) is regular
in R and e¢x = 0. Let Xy, X, € A and let ¢, ¢, € R such that )
o(cy), o(cy) eare regular in R and c¢yx) =0 = ¢, X,.  As shown in
the proof of Goldie's second theorem, R has the left common multiple
property. Thus, there exist bl’ b2, ¢ € R such that g¢(c) is regular
in R and og(c) = c(bl)o(cl) = o(bz)o(c2); ie., ¢ =Dbjcy +wy
= byc, + Wy; Where wy, W, € P(R). Since wi[P(R)}k = (0) for
i =1,2, we have c(xl + x2) = 0. So, xq + X, € A. Also, given r € R,
there exist r',d ¢ R with o(d) regular in R such that o(d)o(r)
= o(r’)o(cl) i.e., dr =r'c; +w' where w' e P(R). Then drxy
= r'clxl + w'xl = 0; so, TXy € A. It is now clear that A ié a two-
sided ideal of R. Suppose A ¥ (0). Since R is a ipri-ring,
A = 2R for some non-zero z ¢ R. There exists b ¢ R such that o(b)
is regular in R and bz = 0. So, b ¢ P(R) and (RbR)zR = O.
However, this contradicts the right-handed version of Johnson's third
theorem. Hence A = (0). Taking the symmetry of our hypothesis inéo
account, we have shown that if ¢ ¢ R with o(c) regular in R tﬁen
cx % 0 and xe¢ % O for every non-zero X € {P(R)}k.

We are now in a position to prove the regularity condition.
Suppose a, y € R, y ¥ 0, ay = 0 and o(a) is regular in R. Then

y € P(R). Since y ¥ O, there exists n, (1 {n { k), such that
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n+l

v e {P(R)}® but y ¢ {P(R)}™. Let ¢:R » R/{P(R)}™L.

=% be the
canonical epimorphism. It is clear that the first part of the proof is

applicable to R. This ylelds #(y) = 4(0) 1i.e., y e {P(R)}"*,

a
contradiction. Thus, a 1is right regular in R. Similarly, a 1is left

regular in R. This proves the lemma.

4.6. IEMMA. R has a two-sided quotient ring Q which is a
ipli-ipri, left and right Artinian primary fing. Further,
P(R) = P(Q) N R and P(Q) = QP(R) = P(R)Q.

Proof. Lemma 4.5 and Small's theorem shows that R has a two-
sided quotient ring q which is a left and right Artinian ring. By
lemma I.%4.5, @/P(Q) 1is a two-sided quotient ring of R/P(R). By
Johnson's second theorem, R/P(R)} is a prime left Goldie ring so
Q/P(Q) is a simple Artinian ring and Q is a primary ring. If A
is an ideal of Q then A =(ANR)Q =Q(ANR); so Q 1is a ipli-

ipri-ring. The remaiﬁing assertiéns are contained in lemma I.4.5.

4.7. IEMMA. Let Q be a primary left and right Artinian ring
in which P(Q) = Gz = z'Q. Then P(Q) = zQ = Qz'.

Proof. Since our hypothesis is symmetric, using theorem IT.4.12,
there exists w € Q such that P(Q) = Qv = wQ. Thus, wu = z and
vZ =w for some u, v € Q; so, vwu = W, Since vw € QW = wQ, there
exists vy € Q such that vw = Wvy . Thus, w = vwu = wv,u i.e.,
Qw(l - vlu) = 0. Since Q 1is primary,~£Q(Qw) c P(Q) sol - vlueP(Q).
It follows that u 1s a unit. Thus Qz = Qw = wQ = zQ. Similarly,
Qi' = 2'Q. This proves the lemma.

4.8. LEMMA. If P(R) =Rz = 2z'R then P(R) = zR = Rz'.

"Proof. Rz = 2'R so uz =2z2' and z'v =2z for some u,v € R.
st ¢4

Therefore 2z = uzv. Since 2v ¢ Rz, we have 2zv = Vy2Z. Thus

(1 - uvl)z = 0. By 4.6, R has a two-sided left and right Artinian
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ipli-ipri quotient ring Q. Also, P(Q) = QP(R) = QRz = Qz. By 4.7,
Qz = zQ. ’Now, (1 - uvl)z =0 gives (1 - uvl)P(Q) = (0). It follows
that (1 - uvl) ¢ P(Q) N R = P(R). Hence u is a unit R. vz =z’
now yields Rz = Rz' = P(R). Similarly, P(R) = zR. This proves the -

lemma.

4.9. Proof of theorem 4.2. Firstly we show that R/P(R) 1is a

simple ring. If not, R has a non-nilpotent proper ideal, say Ra.

Iet P(R) = Rz. Clearly, RaRz = Raz ¢ Rz. If Raz = Rz then

(ua - 1)zR = 0 for some u ¢ R. By 4.8, P(R) = zR so (ua-l)P(R)¥0.

Applying Johnson's third theorem from the right side, we obtain

(ua - 1) ¢ P(R). Hence a 1is a unit in R and Ra = R, contrary to

our hypothesis. We thus have Raz c Rz. Let E = R/Raz and let

¥:R > E be the canonical epimorphism. Thus ¢(a) is a non-regular

element of R. However, it 1s easy to see that this contradicts the

regularity condition in R established in 4.5. Hence R/P(R) must

be a simple ring. ) X
Let B be a proper non-zero ideal of R. Then B c P(R) since

R/P(R) 1is simple. Choose n ¢ Z' such that B c {P(R)}® but

B $ {P(R)}n+1. Clearly, {P(R)}" = Rz®. Let X = {x ¢ Rlxzn € B}. X

is a left ideal of R and Xz = B. By 4.8, P(R) = zR so that

{P(R)}® = 2z”R. Since B is an ideal of R, we have B = BR = Xz'R

= XRzn, which shéws that X 1is an ideal of R. Since R/P(R) 1is

simple, either X = R or X c Rz. In the later case, we get

B=1x2"¢ Rz®*, a contradiction. Hence X =R and B = Rz = {B(R)}".

The assertion about the quotient ring is proved in lemma 4.6. This

completes the proof.
We now abandon the restrictions on R.

4.10. Proof of theorem 4.3. Iet Ra be a prime ideal of R.

Then R = R/Ra2 is a left-right primary, left-right fully Goldie ipli-
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ipri-ring with non-zero prime radical. By theorem 4.2, R/P(R) = R/Ra
is a simple ring. Hence Ra 1is a maximal ideal of R. ’

Let Rb be a primary ideal of R and let P(Rb) = Re. By
theorem 1.3, Rc is a prime ideal of R so a maximal ideal of R.
Furfher, there exists n ¢ 7zt such that Re® c Rb < Re. Applying

theorem 4.2 to R/Rc®, we conclude that Rb = Re® for some m e zV.

The rest follows from theorem 1.4. This completes the proof.

‘ We end this section with a proposition which gives some examples
of rings, other than pli-pri-rings, to which the results of this

section are applicable.

4.,11. PROPOSITION. Let S be a simple left and right Noetherian

ring and let p be an automorphism of S. Then R = S8[x,p] is a
left and right Noetherian prime ipli-ipri-ring.

Proof. Let I be a non-zero ideal of R and let

_ n
f(x) = ax + ... +ag

be.a polynomial of least degree in I, a, X 0. Since SanS = S, there
m
exist s;,t; € 8 such that 1 = iz sianti. Since p 1is an auto-
morphism, there exist t{, 1 S i S m, such that ti = pn(t{). Then
m n n-1
g(x) = = s;f(x)6] = x + Db, 1%

. i=1
that I = Rg(x). It thus follows that R is a prime ipli-ipri-ring.

4+ ... + b0 e I. It is easily seen

A straightforward adoption of the Hilbert basis theorem shows that R

is a left and right Noetherian ring. This completes the proof.

It is clear that Rx is an ideal of R = S[x,p]. Thus R/ka,
k > 1, is a left-right primary, left-right Noetherian, ipli-ipri-ring -~

with non-zero prime radical.

References

The results of this section are due to Robson [3]. Some of our
proofs are new.




CHAPTER IV
PLI-DOMAINS

INTRODUCTION

In this chapter, we briefly consider some aspects of pli-domains.

As is well-known, Euclidean domains are easier to handle than
arbitrary PID's. However, the structure of Euclidean domains is
unknown. In §1, we define a transfinite left division algorithm which
generalizes the Buclidean algorithm on the polynomial rings in one
indeterminate over fields and determine the structure of rings which
have such an algorithm. These rings are iterated skew polynomial
rings of a special type over skew fields. In §2 we show that embedded
primes yield a lower bound for the right global dimension of

pli-domains. . .
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§1. RINGS WITH TRANSFINITE LEFT DIVISION ALGORITHM.

Iet R be a non-zero ring (not necessarily with 1). Let d be
an ordinal-valued function defined on R\{0}. Let -w{ nm and
(-») + n = n + (-») = (-») + (-») = -» for every ordinal =n. Put
d(0) = -~w. d is called a transfinite left division algorithm on R

if the following conditions hold for every &, b € R:

(p1) d(a-b) { mex {d(a), d(n)}.
(D2) d(ab) = d(v) + d(a)
(D3) If b <4 O then there exist q, r € R such that

d(}) { d(b) and

a=gb+r,

It may be worthwhile to point out that our definition of
'transfinite left division élgorithm' is not a generalization of the
usual definition of an Euclidean algorithm on commutative domains.
Indeed our definition is so formulated that the only commutative rings
with a transfinite left division algorithm are fields and polymonial
rings in one indeterminate over fields,

Notice that if a ring R with 1 has a transfinite left division
algorithm then D2 and D3 show that Ri is a pli-domain. In this
section, we shall determine the structure of such domains.

A definition is needed. Let D be a domain and p: D->D a
monomorphism. A mappingA 6: D> D is called a p-derivation on D
if

8(at+b)
6(ab)

8(a) + 8(b)
p(a)s(b) + s(a)b

for all a, b € D. Let D[x, p, 8] be the set of all formal poly-
nomials in x Wwith coefficients in D written on the left of powers

of x., Define equality and addition as usual; define multiplication
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by assuming the distributive laws and the rule
xa = p(a)x + §(a)

for 811 a € D. It is easy to eheck that D[x, p, 8] 1is a ring.
Suppose R 1s a domain, a is an ordinal number and

[Rﬁ: g < al 1is a chain of subdomains of R such that R= U R

Ka P
and, if 0 B < a then Rﬁ = (vgﬂ RY) [xﬁ, P’ 631' Then R is

called a generalized skew polynomial extension of Ro and is denoted
by R = Ro[xﬁ’ Pﬁ’ 65: 0 B al.

We now state the main result of this section.

1.1. THEOREM. Let R be a non-zero ring. R has a transfinite

left division algorithm if and only if

R = K[x 0 O a
{ B’ Pﬂ’ [ B al
where a is an ordinal, K is a subskew field of R and pﬁ is a

monomorphism into K for 0 < a.

l.2. LEMMA. Let K be a skew field and let

R = K[XB, Pﬁ’ 63: Y < g < a]
where

Pg: K[xY, Py BY: 0 v< Bl >K

1
is & monomorphism for 0 B< a and 65 is a pp-derivation on

K[xY, Py’ 6Y: 0< vy< B]. Then R has a transfinite left division

algorithm,

. R = R, = 6 :
Proof. Let R =K and Ry = K[x,, pys &, 0< y< Bl for

0B a so, R= ﬁa' Let & be the set of all pairs (S,d), where

S=TR, for some B¢ a and d is a transfinite left division

B

algorithm on 8§ = ﬁﬁ such that (ranged) c [n : n< wB]. If (s,d)

and (S',d') are in 4 , we define (8,d4) {(s',d') if S 1is a subdomain
of 8' and d = d'|s. It is clear that A is partially ordered by <.
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Since the function on K assigning -« to O and O to all non-zero
elements of K 1is a transfinite left division algorithm on K, the set
A is non-empty. It is easily seen that (A,{) is an inductive set.

By Zorn's lemmea, 4 has a maximal element, say (R, d). We claim that

Rﬁ = R. If not, consider the domain S = _Rﬂ+1 = Fﬂ[xﬁ, pﬂ, GB]. Every

non-zero s € S can be uniquely expressed as

/7]
]
k=]

i
r. x,.,
j=0 1P

where n 1is a non-negative integer, r; e ﬁﬁ for 0 i¢{n and
r, 4 0. Put
£(8) = oP n o+ d(rn) if s 1is as above;

£(0)

-00,

Clearly, f is a well-defined function on S and (range f) c
{n: n< wﬁ+1] since (range d) < {n: n< wB]. Further f extends
d. We shall show that f is a transfinite left division algorithm
on S.
It is immediate that D1 holds for f since it holds for d.
Le.t a, b Dbe non-zero elements of S, say
T J

£ r, x: and b 12] \
a = an = r. X
=0 1B =0 178

where m, n are non-negative integers, T, r! e R for O g i g_ m,

. J B
0 ji¢n and r, 4 0, r, 4 0. An easy computation shows that

m+n-1 "o

_ m ! m+n i
ab = r, Pp (rn) xg + T r; xﬁ,
i=0
n
where 1, € Rﬁ for 0 i{ mn-1. If m= 0, then
ab = g r r. xJ
= 20 o 5 *p?

so,
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f(ab) = oPn + d(ror;) = oPn + d(r;) + d(ro)

£(b) + £(a).

] ]
If m ) 0, then pz (rn) € K so that d(pg(rn)) = 0.

Then

£(ab) = of (nim) + a(ry A (rI;))
= oPn + ofm + d(pg(r;l)) +d(r,)
= ofn + d(r;) + P + d(rm)

= £(b) + £(a),

since m> O and d(r;) < P implies d(r;) + wPn = wPu. Hence D2
holds for f on 8.

It remains to show that D3 holds for f. Let a, b be as
stated above with b 4 0. If f(a) { f(b) then we take q = O and
r = a. Assume that f(a) > f(b) i.e., ofm + d(rm) > wfn + d(r;) s0
that m> n and if m =n then d(rm) > d(r;). Suppose m > n.

Then we have
-1
= L | - m i
a - {rm{pg n(rn)] xg n b} = iEO ti xl3

where t; e Fﬁ for 0 i { m-1. 1In a finite number of steps of this

kind, we get q, € S such that

n T i
a - qlb = ifo ti xﬂ,

T _ . 1
where %, € R/3 for 0 i{n, If d(tn) < d(rn) then we can take

n t s
q=gq; and r= I t, xE so f(r) { £(pb). It thus suffices to
i=0 '
consider the case when m =n and d(rn) > d(rn). Since 4 1is a
pr— 1 —
transfinite left division algorithm on R and r_, rn € Rp’ we have

B n

p— 1]
U, 2z € Rp such that d(z) ¢ d(rn) and r

]
n = 9o Tn + 2- It follows

that

a - apb =2 xg + I ozyoxg
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where z, € ﬁp for 0< i { n-1.. Clearlyy,

£(a-qp) = wPn + a(z) C wPn + a(r)) = £(v).

Hence D3 holds for f on 8.
Summing up, (S, f) e A - However, this contradicts the
maximality of (ﬁp,d) in (A, {). Hence ﬁp = R. This proves our

claim and concludes the proof.

1.3. LEMMA. Let R be a non-zero ring with a transfinite left
division algorithm d. Then there exists a subskew field K of R

and an ordianl o such that

R = K[xﬁ, Pps 65: 0< < al

where

, 8, 0K y< Bl) K

PB (K[XY’ Y Y

Y

for every 0 B < a.

Proof. Let a be a non-zero element of least degree in R. By
D3, there exists a non-zero e € R such that a = ea so
(e2 - e)a = 0. By D2, R has no zero-divisors. Thus e? = e. Now,
for every r € R, e(er-r) = (re-r)e = O shows that r = re = er.
Hence ‘e 1is the unity of R. Also, d(e) = d(e2) = d(e) + d(e)

implies d(e) = 0; since O = d(e) = d((-e)(-e)) = d(-e) + d(-e), it

follows that d(-e) = 0. 8o, d(-r) = d((-e)(r)) = d(r) + d(-e) = d(r)

for every r € R. Consequently, we have
(D¥): For a, b e R, d(a+b) { max {d(a), d(p)}.
Suppose d(a) > d(b). Then

d(a) = d(a+b-b) { max [d(a+b), d(b)} { d(a).
Hence

{D5): 1If d(a) > d(b) then d(a+b) = d(a).
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Let K = {r € R|d(r) < 0}. (Dl) and (D2) show that K is a
unitary subring of R. By (D3), for every non-zero a € K, there
exists b € R with e = ba; so, 0 = d(e) = d(a) + d(b) = d(b); so,
b € K. It follows that K 1is a subskew field of R.

We now show that there exists an ordinmal a and a chain
{ﬁ}\: 0 { A { a} of chains of subdomains of R satisfying the
following conditions:

1) For every A, 1{ A { q, :)\=[Ru: p < A} where R, =K

and for 0 pu < A,

R, = (vg“ Ry [x> by 8]
with

R < K;
Pu (vgu v €

Further, if r ¢ R, s € R“ and d(r) { d(s) then r e Ru'

2) 1If Ay < A, then @,

is an initial segment of <, .
M Ao
R=UR: R ez _}.
3) (R: R ez

It is evident that the existence of -ga will prove the lemma.
Put @, = {K}. We now proceed by a transfinite induction.
Suppose @, 1is defined for each A < A, and that conditions 1) and

2) stated above hold for f{& 0< A ( )\0}. We want to get a chain

)\:

e of subdomains of R such that the conditions 1) and 2) hold for

o
{CA: 0 A A 0}.
If A is a 1limit ordinal then & = U
[} A
o )\<?\o
that A, is a non-limit ordinal, say A = y+l1 and that ug Ru 4 R.
Y
We shall obtain a subdomain RY of R satisfying the following

[ works. Assume

A

conditions;

(1) RY = (pgy Rll) [xY’ PY) 6Y]

wWhere

Py (ugv R)CK
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(i1) If reR, s e RY and d(r) { d(s) then r € RY.
Once such & domain is obtained, we can put &, = {R;: 0< A< Ao}
o
to complete the transfinite induction. A cardinality argument then
proves the existence of the required ordinal a.

Let _k& be an element of least degree in the set R\(;g Ru).
Y

We claim that the initial prime component of d(xY) must be strictly
greater than the initial prime component of d(a) for every non-zero
ae U Ru. It is clear that the initial prime component of d(xY)

cannot precede the initial prime component of d(a) for any non-zero

a € R“. Suppose there exists a non-zero a e U R'_1 such that

U
4% Ky
d(kY) and d(a) have the same initial prime components. Let the

normal forms of d(xY) and d(a) be

n
p ml + w 2 m2 + 0. + wnk mk,

g g
d(a) = of n, +w 2 Ny, + eeves w t n,

d(xY) = o

wnere, B> n2> ""> nKZO; ﬁ> §2> ""> g{lzo,; k’ ‘L’ mi’ nJ
are positive integers. Our choice of xY shows that my > n,. By

(D3), there exist 4;, ;] € R such that d(rl) { d(a) anda x, =

ql\a + ry. Clearly, q; 4+ 0 so that d(qla) = d(a) + d(ql) > d(a).

Using (D5), we have
d(xY) = d(qya + rp) = d(q,8) = d(a) + d(q,).

If m) =n; then d(ql) { d(a). It follows that a), Ty, a € ugY Ru
so that x_e€ U R, a contradiction. Thus, m > n and the normal
Yoy M 1o

form of d(ql) is

'

¢ C5
d(ql) = of (m1 - nl) + @ 2 Pyt oot b Py

where 8 > o > oD ¢;, and 1, p; are positive integers. It follows
that d(ql) < d(xY); $0, 4y, Ty, @ € ugY Ru and x_e U Ru’ a

Y Ky

contradiction. This establishes our claim.
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Now, let o bé an arbitrary non-zero element of U Ru' By
(D3), there exist g, r € R. such that d(r) < d(xY) andY'be =
q xY + r. "Clearly, r € ugy R“. Further, using the claim proved
above, we have

a(x,) = a(b) + a(x ) = d(be).(

Thus, q 4 O and using (D5), we have

d(xY) d(be) = d(q x, + 1)

a(a %) = a(x,) + a(a).

It follows that d(q) = 0 so q e K. 1If 4;, Ty € R are such that
d(rl) < d(xY) and be =4 x, +7r then (q-ql) x, =71 - T; so,
d(x) + dala-qy) = d(ry-r) < dlx,).

This implies d(q-ql) = -wo l.e. q= q, so that r = ry. Hence

q, r are uniquely defined by b. Let

[ U R > K
VoKy M
be the function defined by Py (v) =q if b4 0; pY(O) = 0. Let
5 : U R > U R
oy M Ky M

defined by 6Y(b) =r if b4 0 and 6Y(0) = 0. Thus

b = b + 8 b

x, py (B) x, + 6 (b)

for every b € U R . It is now easy to see that »p is a
Ky Y

monomorphism and 6Y is a pY-derivation.

n .
If possible, let £ r, x. = O, where r, ¢ U R eand r 1 o.
jo0 17 i y M n
By the claim proved earlier, d(ri xi) > d(rJ xi) if 1> j and

ry 4 0. Using (D5) repeatedly, we obtain

_ _ n i, _ .,.n0
-w = d(0) = d(iEO ry Xy) = d(xY)

+d(r),
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a contradiction. Hence, the subring of R generated by ug Ru and
Y
; we denote thi bri b; R .
x, is (ugy RH) [xY, Py bY], enote s subring by R,
‘ et ‘' reR and s € RY with d(r) { d(s). We shall show that

reR. If re U R, there 1s nothing to prove. Assume that
Y Ky M
r¢ U R. Then s ¢ R, but s ¢ U R,. Tt follows that the
Ky M Ky
initial prime component of d(s) is wﬁ, the initial prime component

of X Thus the initial prime component of d(r) 1is ¢ oP. However,
by the choice of X, da(r) > d(xY). It follows that the initial prime

components of d(r), d(s) and d(xY) are equal to oP. Let

Mo e

- wP
d(xY) = my+e S m, bk m

_ B Pa _ Py
a(r) = w ny+w N, + el tw U ng
be the normal forms of d(xY) and d(r). Since d(r) > d(xY), we
have ny > m,. By (D3), there exist q', r' € R such that

a(r! d(x and r = 9'X + r', It is clear that r' e U R and
(r') < dlx,) Y 3R

d(r) = d(g" x, + r') = d(q' xY)

d(xY) + d(q').

It follows that d(q') ¢ d(r). A transfinite induction now suffices to
conclude that r ¢ RY' We have thus shown that RY satisfies
conditions (i) and (ii). As indicated earlier, this completes the

proof of the lemma.

1.4. Proof of theorem 1.1. Follows from lemmas 1.2 and 1.3.
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a ring with transfinite left division algorithm, see Jategaonkar [4].
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§2. RIGHT GLOBAL DIMENSION.

In this section, we obtain a lower bound for the right global
dimension of a fully left Goldie ipli-domain.
The main result of this section is the following.

2+1. THEOREM. Let R be a fully left Goldie ipli-~domain. Let
A be a proper prime ideal of R and let A Dbe an ordinal such that
alet] 1 (0) . Then
r. gl. dim R = if cara A D .
>n+2 1f card A = “n where n is a non-nega-
tive Integer.

2 1if A 1s a non-zero integer.

v

We need a lemma.

2.2, LEMMA. Let R be a prime fully left Goldie ipli-ring, A
be a propér prime ideal of R and let A be an ordinal such that
alo’] 4 (0) . Then there exists a set of principal right ideals of
R which forms a well-ordered chain under inclusion order-isomorphic

with the chain of all ordinals < A .

B
Proof. For B < A, choose xﬁeR such that A[w 1. RxB . By

theorem III-1+1, each Rx is a prime ideal of R and

B
RxBCRxY if y<p< . ByIII.1's5, Rxﬂ=Rxﬁny=Rxpr for

. If = ux and X, = then 1 - =0
y<B< A Xg £y XX, = wxg en ( uw)xﬁ
= (1 - wu)xﬁxY . By Johnson's third theorem, xﬂ and xY are left |
regular elements in R . It follows that w is a unit in R .

Since Rxﬂ is an ideal of R , for every vre€R , there exists

r'eR such that x,r = r'xﬂ . By Johnson's third theorem, x, is left

= B
regular in R so that r' is uniquely determined by r . Let

pﬂ: R > R be the map defined by r » r' . Clearly, pl3 is an
endomorphism. Since (Rxﬁ) (ker pB) = (0) and since R is a prime
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ring, it follows that ker p43 = {0) so >pﬁ is a monomorphism. The
first paragraph now shows that pp(xY) is a unit in R for every

y<p<nr.
Now, for fixed v < g < A , consider the element

a = [py(x) 17 x,[pp(x, )17 x,

From what has been proved above, a 1is an element of R . Also,

\

]
§

= [Pl(xﬂ)]'l Py ([pﬁ(xy)]'1 xg) X,

[op(xp) 1% by (Lop(x)17F x5 %) [oy(x )14 x,

Since Xg X, = pﬂ(xY) Xg and since pﬂ(xY) is a unit in R , we get
a = [p, (XY)]'l X, .

To sum up, we have shown that

- [97\\(xY)]'1 x, Rg [py (xﬂ)]'l x, R.

If equality holds in the above inclusion relation, then there

exists reR such that
-1 -1
[py (xg)177 %, = [py (x)177 %, r .
Then

x, = by (xp) oy (x )17 x, @

\

oy (Lop(x )17 2, %) [oy(x )17  x,
= x, [Pﬁ (xy)]-1 Xg T

Since R 1s a prime ring and Rxx is a non-zero ideal of R, xx

'is a right regular element of R . Cancelling xx , we get
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[
|

= leg (xY)]'l Xg T

xg T [pg (xY)]'1

pplrleg (XY)]'l) xg -

- Thus, X is a unit in R so Rx, = R . Since RxB c A , We have

B B

A = R, contrary to our hypothesis. Hence
e, (x)17h %, R:y ()
A % A :

is a well-ordered chain of right ideals of R under inclusion. This

completes the proof. '

We now state without proof a theorem of B.L., Osofsky [ 1 ] . Let
Q. denote the first ordinal of cardinality ;{a . Set Q_, = 1 and

consider -1 to be less than every ordinal.

2-3. THEOREM (OSOFSKY) Let R be a ring with unity. Let a
be a non-zero ordinal and M= U yﬂ R be a unitéry right R-module
such that, for every yeM and rZR » yr = 0 implies either y = O
or r=0, Further, let v, Rc Vg R if y < g< a . Then, for
ny -1 B

pdM=n+1

if and only if the set of all ordinals < nn is cofinal in the set

[yl3 R : B < a} ordered by inclusion.

2-4. Proof of theorem 2-1, The fi;st two assertions are im-
mediate consequences of 2.2, 2-3 and the global dimension theorem.
See Jans [ 1 , page 56] .

Now iuppose that A = Rx, is a proger prime ideal of R such
that Al®7) - Ny R4 (0) . Let alv]- Rx, . As shown in the

proof of lemma 2-2, there exists a2 unit u in R such that
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Xy = Ux; X5 80 that Xy = ut Xy xg for every n€Z+ . Consider the

seguence {un Xq R : nez+} of principal right ideals of R . Since

n+l _ .n
u Xy Xg = U X5, We have
n n+l +
usxy Rcu Xy R , neZ .
1f u" x) R=u™! x, R then there exists reR such that

nt1 n -1
u Xp=uw xr i.e., X =u" X r=x) X Tr, which yields

l=x5r. Since R 1is a domain, Xg 1s a2 wnit, so A = R , contrary
to our hypothesis. By 2-3, the homological dimension of
u ., u? Xy R is 1 ; so, by the global dimension theorem, r.gl. dim R

€Z
2. This completes the proof.

References.
Theorem 2.1 is new; it is applicable to domains constructed in

Jategaonkar [ 4 ] .




NOTES

Firstly, we state some open problems.

1. Is every simple pli-ring a pri-ring? i

2. 1Is every primary pli-ring with a small prime radical an epi-
mo?phic image of a primary pli-ring with large prime radical?

3. 1Is every primary pli-ring with large prime radical an epi-
morphic image of a prime pli-ring?

4. Let R be a prime pli-ring. If R= M (A) and R = M,(B)

n

where A, B are domains, is it true that A B?
5. Let R be a prime pli-ring and let Q be the simple Artinian
1.9. ring of R. If there exists a monomorphism p: Q -+ R, it is trﬁe
that R < Mn(A) where A 1is a pli-domain?
6. Let A be a domein such that Mn(A) is a prime pli-ring.
Is A a ipli-ring? ‘
7. Is every ideal in a prime pli-ring a product of prime ideals?
8. Does every primary pli-ring (with large prime radical) have a

1.q. ring?

If the reader has read the monograph before reading these notes,
he will have noticed that we have not given any illustrative examples.
Here are a few references: to see that most of the complications in
chapters II and III are necessary, take a glance at Jategaonkar [3,4].
To get some feeling for twisted polynomial rings, consult examples in
Jacobson [3, chapter 3] and examples in Divinski [1]. For an example’
of a nasty pli-domain, see Cohn [3]. For some reasonable left
Noetherian ipli-rings, see Clark [1]. To get convinced that general
left Noetherian rings are appalling, consult Small [4].
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Admissible n-tuples
of prime ideals

Annihilator ideal
Annihilator left ideal

Centralizer

Classical left guotient ring

1.q9. ring

Common denominator Theorem

Completely primary ring
Divisible module

Domain

Essential left ideal
Fully left Goldie ring

Full regularity condition

Gp(R)

‘Goldie's first Theorem
Goldie's second Theorem
Goldie's Third Theorem
Goldie's Fourth Theorem
Graded ring

Ideal

Index of nilpotency

initial prime component
of an ordinal

ipli-ring

Johnson]s first Theorem
Johnson's second Theorem
Johnson's Third Theorem

Large prime radical (rings with)

Left Annihilator
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60
79

15

26
69
12
12
45
88
69
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60
60
60

Artinian ring
associates

common multiple
property

divisor set
Goldie ring
Noetherian ring
order

Ore domain

uotient ring
1.q. ring)

regular element

T-Goldie ring

Local ring
Matrix units

matrically reduced
module (ring)

Normal form of ordinal
Ore's Theorem

P(R)

P(I)

PFh-rlng

Permissible rearrangement

Pli-ring
Primary ideal
Primary ring
Prime component
element
ideal

radical of a ring

radical of an ideal

105

26
111
36
h

111

3
94
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__ ring 2
R[X, p] 54
rR(A) 2
Regularity condition 26
regular element 2
Robson's Theorem 46
Semi-1linear map 37
Semi-pli-ring 3
vsemi-prime ring
semi-simple ring 3
Shock's Theorem 21
skew polynomial ring 54/
power series ring 54 -
Small prime radical (rings with) 69
Small's Theorem 26
T(R) 69
Torsion-free modules 79
Torsion module 79
Total left quot/ient ring 5
Transfinite powers of an ideal ol
Uniform module 46
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