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Preface

One can take the view that local cohomology is an algebraic child of geomet-
ric parents. J.-P. Serre’s fundamental paper ‘Faisceaux algébriques coherents’
[56] represents a cornerstone of the development of cohomology as a tool in
algebraic geometry: it foreshadowed many crucial ideas of modern sheaf coho-
mology. Serre’s paper, published in 1955, also has many hints of themes which
are central in local cohomology theory, and yet it was not until 1967 that the
publication of R. Hartshorne’s ‘Local cohomology’ Lecture Notes [18] (on A.
Grothendieck’s 1961 Harvard University seminar) confirmed the effectiveness
of local cohomology as a tool in local algebra.

Since the appearance of the Grothendieck-Hartshorne notes, local cohomol-
ogy has become indispensable for many mathematicians working in the theory
of commutative Noetherian rings. But the Grothendieck-Hartshorne notes cer-
tainly take a geometric viewpoint at the outset: they begin with the cohomology
groups of a topological space X with coefficients in an Abelian sheaf on X and
supports in a locally closed subspace.

In the light of this, we feel that there is a need for an algebraic introduction
to Grothendieck’s local cohomology theory, and this book is intended to meet
that need. Our book is designed primarily for graduate students who have
some experience of basic commutative algebra and homological algebra; for
definiteness, we have assumed that our readers are familiar with many of the
basic sections of H. Matsumura’s [35] and J. J. Rotman’s [52]. Our approach
is based on the fundamental ‘6-functor’ techniques of homological algebra
pioneered by Grothendieck, although we shall use the ‘connected sequence’
terminology of Rotman (see [52, pp. 212-214]).

However, we have not overlooked the geometric roots of the subject or
the significance of the ideas for modern algebraic geometry. Indeed, the book
presents several detailed examples designed to illustrate the geometrical signifi-
cance of aspects of local cohomology; we have chosen examples which require

X



X Preface

only basic ideas from algebraic geometry. In this spirit, there is one particula
example, which we refer to as ‘Hartshorne’s Example, to which we retun
several times in order to illustrate various points.

The geometric aspects are, in fact, nearer the surface of our treatment thas
might initially be realised, because we make much use of ideal transforms an
their universal properties, but it is only in the final chapter that we EXPOse
the fundamental links, expressed by means of the Deligne Correspondence
between the ideal transform functors and their right derived functors on the
one hand, and section functors of sheaves and sheaf cohomology on the gther

We define the local cchomology functors to be the right derived functors
of the appropriate torsion functor, although we establish in the first chapter
that one can also construct local cohomology modules as direct limits of
‘Ext’ modules; we also present alternative constructions of local cohomology
modules, one via cohomology of Cech complexes, and the other via direct limits
of homology modules of Koszul complexes, in Chapter 5. (In fact, we do not
use this Koszul complex approach very much at all in this book.)

Chapters 2, 3 and 4 include fundamental ideas concerning ideal transforms
and their universal properties, the Mayer-Vietoris Sequence for local cohomol-
ogy and the Independence and Flat Base Change Theorems: we regard all of
these as technical cornerstones of the subject, and we certainly use them over
and over again.

The main purpose of Chapters 6 and 7 is the presentation of some of
Grothendieck’s important vanishing theorems for local cohomology, which re-
late such vanishing to the concepts of dimension and grade. This work is mainly
‘algebraic’ in nature. In Chapter 8, we present another vanishing theorem for
local cohomology modules, namely the local Lichtenbaum-Hartshorne Vanish-
ing Theorem: this has an ‘analytic’ flavour, in the sense that it is intimately
related with ‘formal’ methods and techniques, that is, with passage to comple-
tions of local rings and with the structure theory for complete local rings. The
Lichtenbaum-Hartshorne Theorem has tmportant geometric applications: for
example, we show in Chapter 19 how it can be used to obtain major results
about the connectivity of algebraic varieties,

Grothendieck’s Finiteness Theorent and G. Faitings” Annihilator Theorem for
local cohomology are the main subjects of Chapter 9. These two theorems also
have major geometric applications, including, for example, in Macaulayfication
of schemes. They also have significance for the theory of generalized Cohen-
Macaulay modules and Buchshaum modules, two concepts which feature briefly
in the exercises in Chapter 9.

We have delayed the introduction of duality (until Chapters 10 and 11)
because quite a lot can be achieved without it, and because, for our discussion
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of duality, we have had to assume (on account of limitations of space) that the
reader is familiar with the Matlis-Gabriel decomposition theory for injective
modules over a commutative Noetherian ring (although we have reviewed that
theory and provided some detailed proofs). We have not explicitly used dualizing
complexes or derived categories, as it seems to us that such technicalities could
daunt youthful readers and are not essential for a presentation of the main
ideas. After the introduction of local duality in Chapter 11, we show how this
duality can be used to derive some results established earlier in the book by
different means.

The many recent research papers involving local cohomology of graded
rings illustrate the importance of this aspect, and we have made some effort
to develop the fundamentals of local cohomology in the graded case carefully
in Chapters 12 and 13: various representations of local cohomology modules
obtained in the earlier chapters inherit natural gradings when the ring, module
and ideal concerned are all graded, and it seems to us that it is important to
know that there is really only one sensible way of grading local cohomology
modules in such circumstances. Our main aim in Chapter 12 has been to address
this point. In Chapter 13, ‘graded frills’ are added to basic results proved earlier
in the book.

The short Chapter 14 establishes some links between graded local cohomol-
ogy and projective varicties; it has been included to provide a little geometric
insight, and in order to motivate the work on Castelnuovo-Mumford regularity
in Chapters 15-17, and the connections between ideal transforms and section
functors of sheaves presented in Chapter 20.

In Chapter 15, we study the graded local cohomology of a homogeneous
positively graded commutative Noetherian ring R with respect to the irrelevant
ideal. One of the most important invariants in this context is Castelnuovo-
Mumford regularity. This concept has, in addition to fundamental significance
in projective algebraic geometry, connections with the degrees of generators of
a finitely generated graded R-module M: it turns out that M can be generated
by homogeneous elements of degrees not exceeding reg(M), the Castelnuovo-
Mumford regularity of M. In turn, this leads on to connections with the theory
of syzygies of finitely generated graded modules over polynomial rings over a
field.

In certain circumstances, including when M is the vanishing ideal Ip (1) of a
projective variety V' < IP", the above-mentioned reg(M) coincides with reg?(M),
the Castelnuovo-Mumford regularity of M at and above level 2. In Chapters
16 and 17, we present bounds for the invariant reg?(M). Chapter 16 contains
a priori bounds which apply whenever the underlying homogeneous positively
graded commutative Noetherian ring R has Artinian 0-th component. Chapter
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17 is more specialized, and contains bounds expressed in terms of coefficien
of Hilbert polynomials; our development of this theory includes a presentatio
of basic ideas concerning cohomological Hilbert polynomials. The motivatio
for our work in Chapter 17 comes from D. Mumford’s classical work [38
Mumford established the existence of bounds of the type we present, but, I
the spirit of this book, we have added some precision.

One could view Chapters [8 and 19 as propaganda for the effectiveness ¢
local cohomology as a tool in algebra and geometry. Chapter 18 presents som
applications of Castélnuovo-Mumford regularities to reductions of ideals. Thi
is a fast developing area, and we have not attempted to give an encyclopaedi
account; instead, we have tried to present the basic ideas and a few recen
results to whet the reader’s appetite. The highlight of Chapter 18 is a theoren
of L. T. Hoa; the statement of this theorem is satisfyingly simple, and makes n
mention of local cohomology, and yet Hoa's proof, which we present toward
the end of the chapter, makes significant use of graded local cohomology.

Chapter 18 is a good advertisement for local cohomology as a ‘hidden tool
and Chapter 19 continues this theme, although here the applications (to th
connectivity of algebraic varieties) are more geometrical in nature. The onl
appearances of local cohomology in Chapter 19 are in Jjust two proofs, where :
few central ideas (such as the Mayer-Vietoris Sequence and the Lichtenbaum
Hartshorne Vanishing Theorem) are used in crucial ways. No hypothesis o
conclusion of any result in the chapter makes any mention of local cohomology
and yet we are able to show how the two results whose proofs use loca
cohomology can be developed into a theory which leads to proofs of majos
results involving connectivity, such as Grothendieck’s Connectedness Theorem,
the Bertini-Gothendieck Connectivity Theorem, the Connectedness Theoren
for Projective Varieties due to W. Barth, to W. Fulton and I, Hansen, and to G.
Faltings, and a ring-theoretic version of Zariski’'s Main Theorerm. This chapter
is certainly a good advertisement for the power of local cohomology as a too]
in algebraic geometry!

Finally, in Chapter 20, we bring the subject ‘home to its roots’, so to speak,
by presenting iinks between local cohomology and the cohomology of quasi-
coherent sheaves over certain Noetherian schemes, {Chapter 20 is the only one
for which we have assumed that the reader has some basic knowledge about
schemes and sheaves,)

Some parts of our presentation are fairly leisurely: this is deliberate, and
has been done with graduate students in mind, becausc we found several
preparatory topics where either we knew of no suitable text-book account, or
we felt we had something to add to the existing accounts. Examples are the
treatments of Matlis duality in Chapter 10, of *canonical modules in Chapter
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13, of reductions of ideals in Chapter 18, and of connectedness dimensions in
Chapter 19; also, our presentation in Chapter 5 of some links between Koszul
complexes and local cohomology is deliberately slow.

Our philosophy throughout has been to try to give a careful and accessible
presentation of basic ideas and some important results, illustrating the ideas
with examples, to bring the reader to a level of expertise where he or she can
approach with some confidence recent research papers in local cohomology.
To help with this, the book contains a large number of exercises, and we have
supplied hints for many of the more difficult ones.

We have tried out parts of the book, especially the earlier chapters, on some
of our own graduate students, and their comments have influenced the final
version. We are particularly grateful to Claudia Albertini, Carlo Matteotti,
Francesco Mordasini, Henrike Petzl and Massoud Tousi for acting as ‘guinea
pigs’, so to speak. We should also like to express our gratitude to Peter Gabriel,
John Greenlees, Martin Holland and Josef Rung for continual interest and
encouragement, and to the Schweizerischer Nationalfonds zur Forderung der
wissenschaftlichen Forschung, the Forschungsrat des Instituts fiir Mathematik
der Universitit Ziirich, and the University of Sheffield Research Fund, for
financial support to enable several visits for intense collaboration on the book
to take place. Both authors would like to thank Alice Sharp: Markus Brodmann
thanks her for kind hospitality during pleasant visits to Sheffield for discussions
on the book; and Rodney Sharp thanks her for much sympathetic support
through the years during which this book was being written (as well as for
many things which have nothing to do with local cohomology). Finally, we
are very grateful to David Tranah and Roger Astley of Cambridge University
Press for their continual encouragement and assistance over many years, and,
not least, for their cooperation over our request that the blue stripe on the
cover of the book should match the blue of the Ziirich trams!

Markus Brodmann Rodney Sharp
Ziirich Sheffield

April 1997
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Notation and conventions

All rings considered in this book will have identity elements.

Throughout the book, R will always denote a non-trivial commutative
Noetherian ring, and a will denote an ideal of R. We shall only assume that R
has additional properties {such as being local) when these are explicitly stated;
however, the phrase (R,m) is a local ring’ will mean that R is a commutative
Noetherian quasi-local ring with unique maximal ideal 1.

For an ideal ¢ of R, we denote Supp(R/c) = {p e Spec(R) 1p 2 ¢! by Var(c),
and refer to this as the variety of .

By a multiplicatively closed subset of R, we shall mean a subset of R which
is closed under multiplication and contains 1. It should be noted (and this
comment is relevant for the final chapler) that if § is a non-empty subset of R
which is closed under multiplication, then, even if § does not contain 1, we can
form the commutative ring S—IR and, for an R-module M, the S~1R-module
S7'M. In fact, S~'R =~ (SU{1})7'R, and, in S~!R, the clement sr/s, forr e R
and s € 8, is independent of the choice of such s; similar comments apply to
S-TM.

The symbol Z will always denote the ring of integers; in addition, IN (re-
spectively INo) will always denote the set of positive (respectively non-negative)
integers. The field of rational (respectively real complex) numbers will be
denoted by @ {respectively IR, Q).

The category of all modules and homomorphisms over a commutative ting
R will be denoted by %(R'). When R’ is Z-praded, the category of all graded
R'-modules and homogeneous R'-homomorphisms will be denoted by *%(R).

The symbol = will stand for ‘is a subset of’; the symbol < will be reserved
to denote strict inclusion. Thus, for sets 4, B, the expression 4 = B means that
A<= Band 4 £ B,

The identity mapping on a set A4 will be denoted byId, . Iff 14 Cisa

XV



Notation and conventions XV

mapping from the set 4 to the set C, and § € 4, then f[s : § — C will denote
the restriction of f to S. Thus f| s(s) = f(s) for all s € S.

Some of the exercises in the book are needed for the main development later
in the book, and these exercises are marked with a ‘#’; however, exercises which
are used later in the book but only in other exercises have not been marked
with a ‘%"

In some places in the book, we have used geometric diagrams to illustrate our
ideas. Of course, proper visualization of affine varieties in dimensions greater
than 3 is not possible, and, even for an affine variety in complex affine 3-space,
only the real part can be illustrated in a diagram. We trust that the reader will
view these diagrams with caution.
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The local cohomology functors

The main objective of this chapter is to introduce the a-torsion functor I,

(throughout the book, a always denotes an ideal in a (non-trivial) commutative

Noetherian ring R) and its right derived functors H: (i > 0), referred to as the

local cohomology functors with respect to a. We shall see that I'y is naturally

equivalent to the functor @ Homg(R/a", .) and, indeed, that H! is naturally
nelN

equivalent to the functor lignExtk(R/a", .) for each i > 0; moreover, as I',

nelN
turns out to be left exact, the functors I'y and HY are naturally equivalent.

This chapter also serves notice that our approach is based on fundamental
techniques of homological commutative algebra, such as ones based on con-
nected sequences of functors (see [52, pp. 212-214]): readers familiar with such
ideas, and with the local cohomology functors, might like to just glance through
this chapter and to move rapidly on to Chapter 2.

1.1 Torsion functors

1.1.1 Definition. For each R-module M, set T'o(M) = [J,en(0 i "), the set of
elements of M which are annihilated by some power of a. Note that I';(M) is
a submodule of M. For a homomorphism f : M — N of R-modules, we have
F(La(M)) € To(N), and so there is a mapping I'y(f) : ['o(M) —> I's(N) which
agrees with f on each element of I'y(M).

It is clear that, if g : M — N and h : N — L are further homomorphisms of
R-modules and r € R, then Ty(ho f) = To(h) o To(f), Talf + ) = Tu(f) + Talg),
Lo(rf) = 1To(f) and To(Idy) = Idr, . Thus, with these assignments, I'y
becomes a covariant, R-linear functor from %(R) to itself. (We say that a functor
T : 4(R) — %(R) is R-linear precisely when it is additive and T(rf) = rT(f)

1



2 I The local cohomology functors

for all ¥ € R and all homomorphisms f of R-modules.} We call ', the a-torsi
Junctor.

1.1.2 £Exercise. Let b be a second ideal of R. Show that
ra(Fb(M)) = ru+l)(M)
for each R-module M.

1.1.3 £Exercise. Let b be a second ideal of R, Show that I', = I if and only
Ja= /b

(The notation g, attached to some exercises, is e¢xplained in the section
‘Notation and conventions’ following the Preface.)

1.1.4 Exercise, Suppose that the ideal b of R is a reduction of a, that is, b <
and there exists s € IN such that ba® = o**!. Show that T o =1T%.

L1L5 Exercise. For a prime number ps find [7(Q/Z).

1.1.6 Lemma. The a-torsion Junctor Iy : 9(R) — E(R) is left exact.

Proof. Let 0 — [, N M- N obe an exact sequence of R-module
and R-homomorphisms. We must show that

Talf} Fafz)

0 Fu(M) ——— T.(N)

Fa(L)

15 still exact, It is clear that I «(f) is a monomorphism and it follows immediatel
from L.1.1 that T'u(g) o Loy =0, so that

Im(ra(f)J & Ker(ra(g))'

To prove the reverse inclusion, let m ¢ Ker(Fy(g). Thus m € T o(M), so thal
there exists n € IN such that a®m — 0, and g(m) = 0. Now there exists | € J
such that f(1) = m, and our proof will be complete if we show that | I.(L)
To achieve this, note that, for each r € ", we have f(rl) = rf(l) = rm = 0, so
that rl = 0 because f is a monomorphism. Hence o/ = 0. O

The result of Lemma 1.1.6 will become transparent to many readers once
we have covered a little more theory, and related the a-torsion functor T, to
a functor defined in terms of direct limits of ‘Hom® modules, However, before
we proceed in that direction, we are going to introduce, at this carly stage, the
fundamental definition of the local cohomology modules of an R-module M
with respect to a.
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1.2 Local cohomology modules

1.2.1 Definitions. For i € Ny, the i-th right derived functor of I’y is denoted by
H! and will be referred to as the i-th local cohomology functor with respect to a.

For an R-module M, we shall refer to H.(M), that is, the result of applying
the functor H! to M, as the i-th local cohomology module of M with respect
to a, and to To(M) as the a-torsion submodule of M. We shall say that M is
a-torsion-firee precisely when I'o(M) = 0, and that M is a-torsion precisely when
T'.(M) = M, that is, if and only if each element of M is annihilated by some
power of a. '

It is probably appropriate for us to stress the implications of the above
definition at this point, and list some basic properties of the local cohomology
modules.

1.2.2 Properties of local cohomology modules. Let M be an arbitrary R-module.

(i) To calculate H(M), one proceeds as follows. Take an injective resolution

a1 rd R X
R A LN L e e

of M, so that there is an R-homomorphism o : M —> [ 0 such that the sequence
@ 0 &1 i 4 i
0O—M——>I1I"—>I' —-—I'—]" —

is exact. Apply the functor I’y to the complex I* to obtain

Tad™h) Tu(d)

1—‘a(IO) T ra(li) Fa(IH—l) e

and take the i-th cohomology module of this complex; the result,
Ker(To(d))/ Tm(To(d™),

which, by a standard fact of homological algebra, is independent (up to R-
isomorphism) of the choice of injective resolution I* of M, is H{(M).

(ii) Since I'y is covariant and R-linear, it is automatic that each local
cohomology functor H' (i € Ny) is again covariant and R-linear.

(i) Since T, is left exact, Hg is naturally equivalent to I'y. Thus, loosely,
we can use this natural equivalence to identify these two functors.

(iv) The reader should be aware of the long exact sequence of local coho-
mology modules which results from a short exact sequence of R-modules and
R-homomorphisms, and so we spell out the details here.

Let0— L N M —£5 N — 0 be an exact sequence of R-modules and R-
homomorphisms. Then, for each i € Ny, there is a connecting homomorphism
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HiN) — H*(L), and these connecting homomorphisms make the resulting
long sequence

H? H?
0 HL) e moan — 5 oy
H! H!
—— i) 2wy YL ey
. Hif . Hilg) ,
—— i) — o mon L gy

H£+1(L) —_

exact. The reader should also be aware of the ‘natural’ or ‘functorial’ properties
of these long exact sequences: if
4

0 L M— N —+
A Jy Jv
P .
0 L M —— N — %y

18 & commutative diagram of R-modules and R-homomorphisms with exact
rows, then, for each i € Ny, we not only have a commutative diagram

H(f) Hilg)

") —" s g Hi(N)
H(4) Hi( Hiv)
: Hi(f") . Hig') .
Hi(L) M) L hi

(simply because H] is a functor!), but we also have a commutative diagram

HI(N) Hi(L)
Hiw) Hi)
HY{N HIF(L)

in which the horizontal maps are the appropriate connecting homomorphisms.

The following remark will be used frequently in applications. It is an easy
consequence of Exercise 1.1.3 and the definition of local cohomology functors
in 1.2.1.
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1.2.3 Remark. Let b be a second ideal of R such that ,/a = /b. Then H] = H;
for all i € Ny, so that H{(M) = H;(M) for each R-module M and all i € No.

The next four exercises might help the reader to consolidate the properties of
local cohomology modules listed in 1.2.2. The first three of these exercises (for
which non-trivial results from commutative algebra about injective dimension
over the relevant rings are very helpful) give a tiny foretaste of results about
the vanishing of local cohomology modules which are central to the subject,
and which will feature prominently later in the book.

1.2.4 Exercise. Show that for every Abelian group (that is, Z-module) G and
for every a € Z, we have Hy (G) =0 for all i > 2.

1.2.5 Exercise. Suppose that (R, m) is a regular local ring of dimension d. Show
that, for each R-module M, we have H\(M) = 0 for all i > d.

1.2.6 Exercise. Suppose that (R,m) is a Gorenstein local ring (see [35, p. 142])
of dimension d. Show that, for each finitely generated R-module M of finite
projective dimension, we have H.(M) = 0 for all i > d. (Here is a hint: use the
fact [35, Theorem 18.1] that the injective dimension of R as an R-module is d,
and then use induction on the projective dimension of M.)

The next exercise investigates the behaviour of local cohomology modules
under fraction formation: its results show that, speaking loosely, the local
cohomology functors ‘commute’ with fraction formation. This is a fundamental
fact in the subject; however, we shall actually derive it as an immediate
consequence of a more general result in Chapter 4 concerning the behaviour
of local cohomology under flat base change (and we shall not make use of it
until it has been proved in Chapter 4). Nevertheless, even at this early stage,
its proof should not present much difficulty for a reader familiar with the fact
(proved in 10.1.13) that, if I is an injective R-module and S is a multiplicatively
closed subset of R, then S~'I is an injective S™'R-module.

1.2.7 Exercise. Let M be an R-module and let S be a multiplicatively closed
subset of R. Show that S~1(I'y(M)) = Tys-1x(S71M), and that, for all i € Ny,
there is an isomorphism of S~'R-modules

STYHIM)) = Hig x(ST'M).

It is now time for us to relate the a-torsion functor I', to a functor defined
in terms of direct limits of ‘Hom’ modules. Fundamental to the discussion is
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the natural isomorphism, for an R-module M and n = N,

¢ = Goar : Homg(R/a", M) — (0 13 a”)

for which ¢(f) = f(1 + a®) for ali Jf € Homg(R/a", M). In fact, we are goin
to put the various ¢aar (n € IN) together to obtain a natural isomorphist
lim Homg(R/a" M) —> (M), but before we do this it might be helpful to th

nelN
reader if we give some general considerations about functors and direct limit:

as the principles involved will be used numerous (imes in this book.

1.2.8 Remarks. Let (A, <) be a (non-empty) directed partially ordered set, an:
suppose that we are given an inverse system of R-modules {(Wyiea over A
with constituent R-homomorphisms hj,’; W, — Wy (for each {o,f) € A x /
with & = f). Let T : 4(R) x 4(R) — #(R) be an R-linear functor of tw
variables which is contravariant in the first variable and covariant in th
second. (A functor U : €(R) x ¥(R) — % (R) is said to be R-linear precisels
when it is additive and U{rf,g) = rU(f.g) = U(f,rg) for all » = R and al
homomorphisms f, g of R-modules.) We show now how these data give rise tc
a covariant, R-linear functor

Hm T(W,, .} : (R) — %(R).
€A
Let M,N be R-modules and let f : M — N be an R-homomorphism

For o, € A with « > §, the homomorphism hg W, — Wy induces an
R-homomeorphism

T(hj. M) : T(Wy, M) — T(W,, M),

and the fact that T is a functor ensures that the Tk, M)y turn the family
(T(W,, M)),ea into a direct system of R-modules and R-homomorphisms over
A. We may therefore form lim T(W,, M). Moreover, again for o, ff € A with

#EA
o > f, we have a commutative diagram

TR
T (W, M) T(W.. M)
T(Wp.f) T(W..f
7 (7.}
T(W;s,N) T(W,,N)

therefore the T(W,, f) (x & A) constitute a morphism of direct systems and so



= UM

1.2 Local cohomology modules 7
induce an R-homomorphism

lim T(W,, f) : im T(W,, M) —> lim T(W,, N).

aEA aeA aEA

It is now straightforward to check that, in this way, lim T'(W,, .) becomes

agA
a covariant, R-linear functor from %(R) to itself. Observe that, since passage
to direct limits preserves exactness, if 7' is left exact, then so too is this new
functor.

1.2.9 Examples. (i) Probably the most important examples for us of the ideas of
1.2.8 concern the case where we take for A the set IN of positive integers with
its usual ordering and the inverse system (R/a")yen of R-modules under the
natural homomorphisms 4" : R/a" — R/a™ (for n,m € N with n > m) (in such
circumstances, a* < a™, of course). In this way, we obtain covariant, R-linear
functors

lim Homg(R/a% .) and  lim Extgx(R/a" -) (i € No)
neN neN
from %(R) to itself. Of course, the natural equivalence between the left exact
functors Hompg and Ext% leads to a natural equivalence between the left exact
functors
lim Homg(R/a", .)  and lim Ext%(R/a", .)
nelN nelN
which we-shall use without further comment.
(i) Very similar considerations, this time based on the inclusion maps
a" — a” (for n,m € N with n > m), lead to functors (which are again covariant
and R-linear)
lim Homg(a", .) and  lim Exth(a", .) (i € No)
nelN neN
from %(R) to itself, and a natural equivalence between the left exact functors
lim Homg(a", .) and lim Exty(a”, +).
neN neN

These functors will be considered in detail in Chapter 2.

It will be convenient for us to consider situations slightly more general than
that studied in 1.2.9(1) above.

1.2.10 Definition and Example. Let (A, <) be a (non-empty) directed partially
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ordered set. By an inverse family of ideals (of R) over A, we mean a fam
(by)zea of ideals of R such that, whenever (o, f) € A x A with 5 > £, we hs
b, = [)ﬁ.

For example, if

bi=2b=2...2b,2b,2...

is a descending chain of ideals of R, then (b, ), is an inverse family of ide
over IN (with its usual ordering). In particular, the family (a"),en is an inves
family of ideals over IN.

Let (by)yen be an inverse family of ideals of R over A. Then the natus
R-homomorphisms R R/by — R/bg (for o, f € A with o = §) turn (R/5,),
into an inverse system over A, and so we can apply the ideas of 1.2.8 to produ
covariant, R-linear functors

limHomg(R/D,, »)  and  limExth(R/b,, .) (i € Np)
2eEA zeA

{(from ¥(R) to itself), the first two of which are left exact and natural
equivalent.

1.2.11 Theorem. et B = (b,),ca be an inverse Jumily of ideals of R over A,
in 1.2.10.
(i) There is a covariant, R-linear functor Ty F(R} — %(R) which is su
that, for an R-module M,

Ty(M) = |_J(0 1 ba),
xEA
and, for a homomorphism f © M — N of R-modules, I" w(f): Te(M) —
I'w(N) is just the restriction of f rto the submodule Ua(M) of M.
(i) There is a natural equivalence

¢' (= ¢i) : lim Homg(R/b,, - ) —> Iy
(of functors from €(R) to itself) which is such that, Jor an R-modu
M and o« € A, the image under dy of the natural image of an h
Homg(R/by, M) is h{1 4+ b,). Consequently, Ty is lefi exact,
(i) In particular, there is a natural equivalence

¢" (= ¢ : lim Homg(R/a", .) — T,
nelN
which is such that, for an R-module M and n € W, the image under ¢S
of the natural image of an h € Homg(R/a", M) is h(1 + o)
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Proof. (i) This can be proved by straightforward modification of the ideas of
1.1.1, and so will be left to the reader.

(i) Let f : M —> N be a homomorphism of R-modules. For each o € A,
let ¢y : Homg(R/b,, M) —> (0 :y b,) be the R-isomorphism for which
¢v, () = h(1 +b,) for all h € Homg(R/b,, M). Let o, B € A with « > f, and
let h% : R/b, — R/bg be as in 1.2.10. Since the diagram

Dop M
Homg(R/bg, M) ———— (0 1y bp)
HomR(h%,M)

¢547M
Homg(R/by, M) = (0 :pm by)

(in which the right hand vertical map is inclusion) commutes, it follows that
there is indeed an R-isomorphism

¢y * lim Homg(R/b,, M) = Ty(M) = (0 b2)

aEA aeA

as described in the statement of the theorem. It is easy to check that the
diagram

. ¢

lim Homg(R/by, M) - I'g(M)
aeA

lim Homg(R/b.f) Is(f)

€A

-

’
N

lim HomR(R/ba,N) = FQB(N)
acA

commutes, and the final claim is then immediate from 1.2.10.

(i) This is now immediate from (ii), since when we apply (ii) to the family
of ideals B := (a")nen, the functor I's of (i) is precisely the a-torsion functor
I, O

We commented earlier that it would in time become transparent that T, is
left exact: we had 1.2.11 in mind when we made that comment.

1.2.12 #Exercise. Provide a proof for part (i) of 1.2.11.



T e e

10 I The local cohomology functors

1.3 Connected sequences of functors

In this section, we are going to use the concepts of ‘connected sequence
functors™ and ‘strongly connected sequence of functors’. These are explain
on p.212 of Rotman’s book [52]. For the reader’s convenience, we recall he
relevant definitions in the case of negative connected sequences, as we shall
particularly concerned with this casc.

1.3.1 Definition. Let R’ be a commutative ring.

A sequence {T')en, of covariant functors from %(R) to %(R') is said
be a negative connected sequence (respectively, a negative strongly connect
sequence) if the following conditions arc satisfied.

(1) Whenever 0 — L —i» M -5 N — 0 is an exact sequence in %(F
there are defined connecting R'-homomorphisms

THN) — THL)  forallie Ny
such that the fong sequence
0 L) — T oy T o
) 2 rian =T
——— ) 2 iy e
e THI)
is a complex (respectively, is exact).
(i1} Whenever
0 L - M N - 0
P
0 L - M’ N —— 0

is a commutative diagram of R-modules and R-homomorphisms with exa
rows, then there is induced, by Z, x and v, a chain map of the long complex «
(i) for the top row into the corresponding long complex for the bottom row.

It might help if’ we remind the reader of the convention regarding the raisin
and Jowering of indices in a situation such as that of 1.3.1, under which 7
would be written as T_;: with this convention, (T)xp can be written as (1)«
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We also point out that, if T : $(R) — %(R’) is an additive covariant
functor, such as Iy, then its sequence of right derived functors (%'T)icn, is @
negative strongly connected sequence of covariant functors from #(R) to €(R');
furthermore, if T is left exact, then Z°T is naturally equivalent to T. We shall
be concerned so often with left exact, additive, covariant functors that it will
considerably simplify the exposition if we make now the following convention
which will be in force for the rest of the book.

1.3.2 Convention. Whenever R’ is a commutative ring and T : ¥(R) — 4(R')
is a covariant, additive functor which is left exact, then we shall identify T
with its 0-th right derived functor #°T in the natural way. Likewise, we shall
identify Ext% with Homg in the natural way.

1.3.3 Definition. Let R’ be a commutative ring, and let (T")ien, and (U')ien,
be two negative connected sequences of covariant functors from %(R) to €(R’).
A homomorphism ¥ : (THien, — (U')ien, 0of connected sequences is a family
(")ien, where, for each i € No, ' : T' — U’ is a natural transformation of
functors, and which is such that the following condition is satisfied: whenever
0 — L — M — N — 0 is an exact sequence of R-modules and R-
homomorphisms, then, for each i € Ny, the diagram

Ti(N) Ti—H (L)
‘/’ﬁv wfrl
Ui(N) UH'I(L)

(in which the horizontal maps are the appropriate connecting homomorphisms
arising from the connected sequences) commutes.

A homomorphism ¥ = (picn, : (Thien, — (U'ien, of connected se-
quences is said to be an isomorphism (of connected sequences) precisely when
' 1 T! - U' is a natural equivalence of functors for each i € No.

We hope the reader is sufficiently adept at techniques similar to those on
pp.212-214 of [52] to find the following exercise straightforward; if not, he
or she might like to study Theorem 10 (and its Corollary) of Section 6.5 of
Northcott [43], which together provide a solution. '

1.3.4 #Exercise. Let R’ be a commutative ring, and let (T");en, and (U')ien, be
two negative connected sequences of covariant functors from €(R) to G(R’).
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(i) Let ©° : T® — U° be a natural transformation of functors. Assul
that
(a) the sequence (T7)cp, is strongly connected, and
(b} T(I}) =0 for all i € N and all injective R-modules I.

Show that there exist uniquely determined natural transformations ' ; T?
U (i € N} such that (g )en, 1 (T'heny, —— (U)en, 18 a homomorphism
connected sequences.

(if} Let 9 : T% — UY be a natural equivalence of functors. Assume that
(a) the sequence (T%);en, is strongly connected,
(b) the sequence (U')en, is strongly connected, and
(€) T'(I) = U'(I) = 0 for all i € N and all injective R-modules I.

By part (i}, there is a unique homomorphism of connected sequences ¥
(W ien, * (T e, — (U'ien, for which y® = 1. Show that ¥ is actually
isomorphism of connected sequences.

We shall not state explicitly the analogues of 1.3.1, 1.3.3 and 1.34 f
positive connected sequences, but we warn the reader now that we shall
such analogues in Chapter 11,

The following consequence of 1.3.4(ii) essentially provides a characterizati
of the right derived functors of a left exact, additive, covariant functor frc
%(R) to ¥(R"), where R’ is a commutative ring.

1.3.5 Theorem. Let R’ be a commutative ving, and let T be a left exact, additii
covariant functor from €(R) to 4(R'). Let (T')ien, be a negative strongly co
nected sequence of covariant functors from €(R) to €(R'} such that there exi:

a natural equivalence w 1 T — T and such that T'{) =0 for alli € N a
all injective R-modules I.
Then there is a unique isomorphism of connected sequences

Y = (U"iJieJNg : (Ti)ielNg —s (%iT)ie]No

{of functors from €(R) to €(R')) such that v° = . (Of course, we are employi
Convention 1.3.2,) O

The next exercise strengthens Exercise 1.2.7.

1.3.6 Exercise. Let § be a muitiplicatively closed subset of R. Show that
(STHL D gy, and (Higg (87 )) e,

are isomorphic connected sequences of functors (from %4(R) to €(S ' R)).
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1.3.7 Remarks. Let B = (b,),c4 be an inverse family of ideals of R over A, as
in 1.2.10.

Let us temporarily write U’ := lim Exty(R/b,, - ) for i € Ny. These functors

aEA
were introduced in 1.2.10. We are going to show now how they fit together into

a negative strongly connected sequence of functors (from %(R) to itself).

First of all, whenever 0 — L — M —> N — 0 is an exact sequence of R-
modules and R-homomorphisms, there are induced, for each o € A, connecting
homomorphisms

Exti(R/b,, N) — Extif (R/b,, L) (i € Np)
which make the induced long sequence

0 — Homg(R/by, L) — Homg(R/by, M) — Homg(R/by, N)

——  Exth(R/by,L) —> Exty(R/by, M) — Exth(R/b,,N)
——  Exth(R/b,, L) — Exth(R/b, M) — ExtL(R/b,, N)
— EBxty!(R/b, L) —

exact. Moreover, these connecting homomorphisms are such that, for o, f € A
with o > B, the diagram

Extk(R/bg, N) Extd!(R/bg, L)
Ext;(h; N) Ext;g'i(h;,L)

Exth(R/by, N) Exti ' (R/by, L)

(in which the horizontal maps are the appropriate connecting homomorphisms
and h§ : R/by — R/bg is the natural homomorphism) commutes for each
i € Np. It follows that these diagrams induce ‘connecting’ R-homomorphisms

U'(N) = lim Extg(R/b,, N) —> U™(L) = lim Ext{ (R /b,, L)
acA aEA
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{for i & INy); moreover, the fact that passage to direct limits preserves exactne
ensures that the resulting long sequence

0 UXL) UO(M) U%N})
Ul(L) Ul(M) U'(N)
— U'(L) U'(M) UH(N)

UH—I (L)

is exact. Next, standard properties of the extension functors ensure that, whe
ever

0 L M N 0
0O ——1r - M’ ~ N’ - 0

is a commutative diagram of R-modules and R-homomorphisms with exa
rows, then, for all 2 € A, the diagram

Exth(R/by, N)

Ext{{(R/b,, L)

xR/ By,

Exty (R/D..2)
1
Y

Exti(R/b,, N') ExtiY(R/b,, L)

{in which the horizontal maps are the appropriate connecting homomorphism
commutes for each i &€ Ng. It therefore follows that the diagram

lim Extz(R/Db,, N) lim Exty ' (R/b,, L)

2EA xEA
11-4]‘1’1 En‘é{R;‘Bz,\-) liin Extl;('—l(R/ba‘f"l)
xEA uzA

lim EXtR(R/b,, N') lim Exty'(R/b,, L)

AN weEA

(in which the horizontal maps are again the appropriate connecting homomo
phisms) commutes for all i € INg.
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We have thus made

(lim Exti(R/by, - ))
a€A ieNg

into a negative strongly connected sequence of covariant functors from %(R)
10 #(R). Since lim Extix(R/by,I) =0 for all i € IN whenever I is an injective

oaEA
R-module, it now follows from 1.3.5 that there is a unique isomorphism of
connected sequences

¥ = () en, ¢ (h_r,n Ext}(R /b, -)) = (@Ts)
iEN()

aeA

for which $° is the natural equivalence ¢g of 1.2.11(ii); furthermore, both
these connected sequences are isomorphic to the negative (strongly) connected
sequence of functors formed by the right derived functors of

lim Homg(R /D, - ).
acA

A special case of 1.3.7 describes local cohomology modules as direct limits
of Ext modules. As this description is of crucial importance for our subject, we
state it separately.

1.3.8 Theorem. There is a unique isomorphism of connected sequences (of functors
from 4(R) to €(R))
H;)
( a i€eNy

. i . : i n
O, = (cj)a)idNo : (h_r)n Extl(R/d", .))
ieNp
which extends the natural equivalence ¢9 : lim Homg(R/a", .)ir‘a of

l 4

nelN

neN
1.2.11(iii). Consequently, for each R-module M and each i € Ny,

H(M) 2 lim Exty(R/a", M). O
neN

1.3.9 #Exercise. Let M be an R-module, not necessarily finitely generated.
Recall the definition of M-sequence from, for example, [35, p. 123].

(1) Show that; if ay,...,a, and d},as,...,a, are M-sequences (of elements
of R), then so too is ayd}, az,. .., ay.

(it) Show that, if a4,..., a, is an M-sequence (of elements of R) and hy,..., hy,
are positive integers, then a;l“, .. .,aﬁ" is also an M-sequence.
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(iii) Show that, if e, ..., a, is an M-sequence of elements of a, then we !
Extp(R/a,M)=0foralli=0,...,n— L

(iv) Show that, if a contains an M-sequence of length n, then H:(M)
foreachi=0,....n— L.

We shall pursue the ideas of Exercise 1.3.9 later in the book, particularl
Chapter 6.
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Torsion modules and ideal transforms

The first section of this chapter contains the essence of a useful reduction
technique in the study of local cohomology modules of finitely generated
modules. The main points are these: if M is a finitely generated R-module, then
it turns out that the R-module M := M/T,(M) is a-torsion-free, and that a
contains a non-zerodivisor r on M ; moreover, for i > 0, the local cohomology
modules H:(M) and H!(M) are isomorphic, so that the study of these higher
local cohomology modules of M with respect to a can be reduced to the study
of the corresponding local cohomology modules of M; the advantage of this
is that the exact sequence

0—M-—>M-— M/rM—0

provides a route to further progress. There are several places later in the book
where this strategy is used.

In the second section of this chapter, we develop the basic theory of the
functor D, == li_n?HomR(a", .) which was mentioned in 1.2.9(ii). For an R-

module M, then?rlfodule Do(M) is called the a-transform of M, and we plan to
show that such transforms provide a powerful algebraic tool. The use of these
ideal transforms is an important part of our approach to local cohomology; we
show that they have a certain universal property, and that universal property
will help us with many technical details later in the book.

Towards the end of the chapter, we show that, in certain cases, ideal trans-
forms have geometrical significance: we describe the ring of regular functions
on a non-empty open subset of an affine varicty V' over an algebraically closed
field as an ideal transform of (1), the ring of regular functions on V. Actually,
this is only a brief foretaste of what is to come at the end of the book, in
Chapter 20, where we explore the relationship between ideal transforms and
sheaf cohomology.

17
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2.1 Torsion modules

We begin with results concerning a-torsion-free modules and a-torsion modul
Part (i) of our first lemma is related to Excrcise 1.3.9(iv).

2.1.1 Lemma. Let M be an R-module.

(i) If a contains a non-zerodivisor on M, then M is a-torsion-free, that
I'.(M) = 0.

(i) Assume now that M is finitely generated. Then M is a-torsion-free if a
only if a contains a non-zerodivisor on M.

Proof. (i) Let v € a be a non-zerodivisor on M, and let m € Ty(M). T]
means that there exists n € N with a"m = 0. Thus "m = 0, from which
deduce that m = 0.

(ii} One implication follows from (i), and so we assume that a consi
entirely of zerodivisors on M. Then a < | J, o5 r) P by [60, Corollary 9.36], ar
since M is finitely generated, Ass(M) is finite. Hence, by the Prime Avoidan
Theorem [60, 3.61], a = p for some p € Ass(M). Since M has a submodt
whose annihilator is exactly p, it follows that (0 1y a} £ 0, so that I,(M) +
This completes the proof. O

2.1.2 Lemma, For an R-module M, the module M /T (M) is a-torsion-free.

Proof. Let m € M be such that the element m + I ,(M) of M/T,(M)
annihilated by a", where n € IN. Qur aim is to show that m 4 I'y(M) = 0, th
is, that m & T',(M).

Now a'm = T,(M). Since a*m is a finitely generated submodule of I',(M
and each element of o”m is annihilated by some power of q, it follows that the
exists ¢ € N such that a’a"m = 0. It follows that m € (0 4y o™} < To(M). O

2.1.3 Remarks. (i) If M is an a-torsion R-module, that is, if M — T (M), the

all submaodules of M and all R-homomorphic images of M are also a-torsio:
(1i) Consequently, for each R-module I. and each i € Ny, the i-th loc

cohomology module Hi(L) is an a-torsion R-module. To see this, let

F0—I" g

be an injective resolution of L; use this in conjunction with 1.2.2() to see th
HI(L) is a homomorphic image of a submodule of the a-torsion module T, (I
and then appeal to (i)
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Our next aim is to show that, if M is an a-torsion R-module, then H (M) =0
for all i € N. We approach this by first considering the effect of I'; on an
injective R-module.

2.1.4 Proposition. Let I be an injective R-module. Then I'y(I) is also an injective
R-module.

Proof. Let b be an ideal of R, and let h : b — I'y(I) be an R-homomorphism.
By [52, Theorem 3.20], it is enough for us to show that there exists m € I'y(I)
such that h(r) = rm for all r € b.

Since I is injective, there exists w € I such that h(r) = rw for all » € b.
Since R is Noetherian, h(b) is a finitely generated submodule of I'y(I), and so
there exists t € IN such that a*h(b) = 0. Now h(b) is a submodule of the finitely
generated R-module Rw, and so, by the Artin-Rees Lemma [35, Theorem 8.5],
there exists ¢ € N such that, for all integers n > c,

a*(Rw) N (b)) = a" “(a°(Rw) N h(b)).

!
Hence a'T¢(Rw) N A(b) = a'h(b) = 0. Consequently, we can define an R-
homomorphism % : "t 4+ b — I",(I) for which A(s +7) = rw for all s € a"**
and r € b: this follows because, if r1,7, € b are such that r; —ry € a'**, then

FIW — 1w = (1 — r2)w € a"(Rw) N h(b) = 0.

Now use again the fact that I is R-injective to see that there exists m € [
such that A(r) = rm for all » € a’*¢ 4 b. Since h extends h, the proof will be
complete if we show that m € 1',(I).

To achieve this, just note that, for all s € a™*¢,

sm = h(s) = h(s + 0) = Ow = 0,

by definition of &. This completes the proof. O

2:1.5 Corollary. Let I be an injective R-module. Then the canonical exact sequence
0—T.(I)— I —1/T(I)—> 0 splits.

Proof. This is immediate from the fact, established in 2.1.4, that I'y(I) is
mjective. O

2.1.6 Corollary. Let M be an a-torsion R-module. Then there exists an injective
resolution of M in which each term is an a-torsion R-module.
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Proof. First note that, if N is an arbitrary R-module, then there exist
injective R-module I and an R-monomorphism # : N — I. Application o
left exact functor I'; yields a monomorphism T'y(h) : T'o(N) — Ty (1), and
is injective by 2.1.4.

If we apply the above paragraph to the a-torsion R-module M, we see th:
can be embedded in an a-torsion injective R-module 1°. Suppose, inducti
that n € Ny and we have constructed an exact sequence

d’ll—l
0— M —» [° [l —— I

of R-modules and R-homomorphisms in which I9,...,I""1, I* are all a-tos
injective R-modules. Let ¢ := Cokerd™!, and note that, by 2.1.3(i), C
a-torsion module because " is. Apply the first paragraph of this proc
C to deduce that there is an a-torsion injective R-module "' and a
monomorphism g : C — I*71 Let d* : I" - ["*! be the composition of
natural epimorphism from I'* to € and ¢.

This completes the inductive step, and the proof. O

2.1.7 Corollary.

(i) Let M be an a-torsion R-module. Then H(M) =0 for all i > 0.
(1) For each R-module N, we have H:(I'y(N)) =0 for all i > 0.

(iil) For each R-module N, the natural epimorphism n : N — N/T (N} ind
isomorphisms

Hi(m) : Hi(N) - HI((N/To(NY)  for all i > 0.

Proof. (i) It was remarked in 1.2.2(i) that we can use any injective resolu
of M to calculate (up to isomorphism) the H:(M): by 2.1.6, there is an inje
resolution of M in which each term is an a-torsion R-module, and use of
shows that H:(M) = 0 for all i > 0.

(i) This is immediate from (i) because T,(N) is an a-torsion R-modulk
(iii} This is immediate from (ii) on use of the long exact sequence of 1
cohomology modules induced by the short exact sequence

0 — To(N) — N - N/TW(N) — 0. O

2.1.8 Exercise. Let M be an a-torsion R-module, and let

o e £ i 4 i
ro—r—riqp —... syl ...
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be an injective resolution of M. Show that I'y(I*), that is, the complex

To(d™) o Tald) ;
0 ‘FQ(IO) e ra(It)__,ra(Iz+1)_____,...’

is also an injective resolution of M.

2.1.9 #Exercise. Let b be a second ideal of R, and let M be a b-torsion R-module.
Prove that H:, (M) = HL(M) for all i € No.

In Chapter 1, we indicated that we shall, at times, find it convenient to
consider an inverse family B = (by)yea of ideals of R over a (non-empty)
directed partially ordered set A, as in 1.2.10. We were able to produce, for such
a B, a functor I' in 1.2.11, and the right derived functors #'T'g (i € No) of
I'y are generalizations of the local cohomology functors H; (i € No).

However, we cannot expect the theory of I'g to imitate local cohomology
theory completely unless we impose additional conditions on B. For example,
the analogue for T'y of 2.1.4 is not true in general. However, this difficulty does
not occur for the concept introduced in the next definition.

2.1.10 Definition. Let (A, <) be a (non-empty) directed partially ordered set. A
system of ideals (of R) over A is an inverse family B = (by)sen of ideals of R
over A in the sense of 1.2.10 with the additional property that, for all «,y € A,
there exists 6 € A such that by = b,b,. (It is clear that the § in this condition
can be chosen so that 6 > o and § > 7, since (A, <) is a directed set and, by
1.2.10, whenever (u,v) € A x A with u > v, we have b, £ b,.)

For such a system of ideals B, we shall denote %' T's by Hi (for all i € No).

2.1.11 Examples. (i) Let U be a non-empty set of ideals of R. Then the set of
all products of finite families of ideals taken from A forms a system of ideals
in an obvious way.

In particular, if 2 is a non-empty multiplicatively closed set of ideals of R,
then U itself forms a system of ideals.

(ii) Let n € Ny. The height, htb, of a proper ideal b of R is defined in
[35, p. 31] and [60, 15.6]. Interpret the height of the improper ideal R of R as
oo. Then the set {b : b is an ideal of R and htb > n} forms a system of ideals
of R.

2.1.12 #Exercise. Let M be an R-module. Show that Ass(I'n(M)) and
Ass(M /T'y(M)) are disjoint, and that

Ass M = Ass(I'o(M)) U Ass(M /T (M)).
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2.2 Ideal transforms

We now begin our study of the a-transform of an R-module M.

2.2.1 Definitions. [n 1.2.9(ii), we constructed covariant, R-linear functors
D, = lim Homg(a", .) and lim Extj(a”, .) (i € Ng)
from %{R) to itself. We shall refer to D, as the a-rransform functor ; note tha
by 1.2.8, this functor is left exact.
For an R-module M, we call D (M) = En Homp(a", M) the ideal transfor

nelN
of M with respect to a, or, alternatively, the a-transform of M.

2.2.2 £Exercise. For i € Ny, we use #'D, to denote the i-th right derived funct
of D,.
Modify the ideas of 1.3.7 to show that

(lim Exti(a”, . ))
neEN €Ny

is a negative strongly connected sequence of functors from #(R}) to itself. U
1.3.5 to show that there is a unique isomorphism of connected sequences (
functors from (R} to itself)

— i -3 i - : i no
Fa (wa>£eNo ’ (]D“)ie]Nﬂ _b (Eg Extp(a, )>
N ielNy

S

which extends the identity natural equivalence from D, to itself.

2.2.3 £Exercise. Let M be an R-module. Foreachn € N, let M : Hompg{(a", M)
D, (M) be the natural homomorphism.

(i} Let n,m € N, and let f € Hompg{(a" R) and g € Homg(a™, R}). Obser
that f[ g+ maps a™™ into o™ Show that g o (f] gue) = f o (2] awte).

(i) Show that there is a binary operation * on [D},(R) which is such the
for f € Homg{a", R) and g € Homg{a™, R),

aR(f) = af(g) = mf, (g o ([ wen)) ;

show further that D.(R) is a commutative ring with identity with respect to i
R-module addition and * as multiplication.

(ii1} Show that D(M) has the structure of a Dy(R)-module such that, f
np € N and for { € Homg(a®, R) and h € Homg(a”, M),

2R () (M) = mll, (ho (F[ ).



b

2.2 Ideal transforms 23

(iv) Show that D, is an additive, left exact, covariant functor from %(R) to
“1Dy(R)). Thus all the #'D, (i € Np) can be considered as additive functors
Zrom %(R) to €(D.(R)).

There are very important connections between the a-transform functor and
-he local cohomology functors, and we begin the study of these connections
~ow. It will be seen that ideal transforms help in the development of local
zohomology, and vice versa.

2.2.4 Theorem.

(i) Denote the identity functor on the category %(R) by 1d.
There are natural transformations of functors (from €(R) to itself)

E(=8)Ta—1d,  f(=n):ld—De (*(=():Da— H,
such that, for each R-module M,

(@) &y : To(M) — M is the inclusion map,

(b) for each g € M, nu(g) is the natural image in Do(M) of the
homomorphism f,, € Homg(a", M) given by fng(r) = rg for all r € "

(for any n € N), and
(c) the sequence

) M o
0 —> To(M) % M 25 po(M) 25 HY (M) — 0

is exact.

(i) Let i € N, and M be an R-module. For each n € N, the connecting ho-
momorphism ﬁZ,M : Bxth(a", M) — Ext;H(R/ a", M) is an isomorphism,
and passage to the direct limit yields an R-isomorphism

B, : lim Extiy(a", M) — lim Exti'(R/a", M),
nelN nelN
Define iy : A'Do(M) —> HI'(M) by 7y = ¢y © By © whyy, where
¢ and i are the natural equivalences of 1.3.8 and 2.2.2 respectively.

Then, as M varies through the category €(R), the v}, constitute a natural
equivalence of functors

9 AD, — HIT
(iil) For each i € N, set {' (={}) :=(=1)'y". Then
j Al j+1
() jeny * (#/Dn) jerg, — (HIT) s,

is the unique homomorphism of connected sequences which extends the
natural transformation {° : D, — H! of part (i).
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Proof. (i}, (i1) Let n,m € N with 7 = m; let 2 : o — a” be the inclusic
map; and let i, : R/a" — R/a™ be the natural epimorphism, Also, let M, N |
R-modules and let f : M — N be an R-homomorphism.

The commutative diagram

0 > a” R » R/a" —— 0
[J’LE lfiﬁq
b ——— o" —+ R R/a® —— 0

(in which the rows are the canonical exact sequences) induces a chain ma
of the long exact sequence of Exty( ., M) modules induced by the top row
that induced by the bottom row. Since R is a projective R-module, and sinc
Homg (R, M} is naturally isomorphic to A, we therefore obtain a commutatiy
diagram

0— Homg(R/a™ M} —=M — Homp(a™, M) —» ExtL(R/a" M) —0

|

0— Homg(R/a", M) —+M— Homg(a", M) — ExtL(R/a", M) —0

(in which the rows are exact), and, for each i ¢ N, a commutative diagram

Bouar

Exth(a”, M) ——=— Exty{(R/a™, M)
Exctiy(j2,M) l Ext (. M)

. i i

Extyp(a”, M) ——=— Exti(R/a", M) .
Now pass to the direct limits, bearing in mind the exactness-preserving prope:
ties of this process, and use the natural equivalences ¢?, ¢! of 1.3.8 to obtai
an exact sequence of R-modules and R-homomorphisms

& E ':0 .
0 —> Tu(M) =" M 25 Dy(M) 5 HLM) — 0
(where {ar and #a are as described in (a) and (b) of the statement of th
theorem) and, for each i € N, an isomorphism

By : lim Extiy(a”, M) — lim ExtF'(R/a", M).
nelN IE}:T
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~{oreover, since the diagram

J— Homg(R/a", M) —M— Homg(a", M) — Exth(R/a",M) —0

I

9— Homg(R/a",N) — N — Homg(a",N) —» Extk(R/a",N) —0

:nd, for each i € IN, the diagram

i

. B .
Exth(a", M) ——2— Exti(R/a", M)
R o~ R

i

Exth(a”, N) —;N> Extﬁ’l(R/a”, N)

.in all of which, all the unmarked vertical maps are induced by f : M — N), are
21l commutative, it follows that, as M varies through €(R), the &ur, #ur, Cl?l and
3l, constitute natural transformations of functors ¢, 5, {° and f respectively.
This completes the proof of parts (i) and (ii).

(iit} Of course (%fDa)j No is a negative strongly connected sequence of

covariant functors from 4(R) to itself; also, (Hg“) . is a negative connected
sequence of covariant functors from %(R) to itself. I]tE is immediate from 1.3.4(1)
that there is a unique homomorphism of the first of these connected sequences
1o the second which extends the natural transformation {° : D, — H! of part
). The fact that this unique homomorphism is actually ((—1)/y/ )]. e, ollows
from Rotman [52, Theorem 11.24], which shows that, for each j € Ny, each
n € N and each exact sequence 0 — L — M —> N — 0 of R-modules and

R-homomorphisms, the diagram

Ext}(a*, N} ——» Ext}'(a", L)

| |

Ext};'(R/a",N) — Ext;*(R/a" L),

in which all four homomorphisms are the obvious connecting homomorphisms,
is anticommutative. 0
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12,5 Remark. Let the situation be as in 2.2.4. It is immediate from the exa
sequence

v il
0 > To(M) =5 M 25 Dy(M) =5 HY(M) — 0
of 2.2.4(i)(c) that sy : M — Do(M) is an isomorphism if and only if T'y(M)
HI(M)=0.

2.2.6 Corollary. Let M be an R-module, not necessarily finitely generated. Assut
that a contains an M-sequence of length 2. Then

e - M — Do(M)
is an isomorphism.

Proof. By Exercise 1.3.9(iv), we have [,(M) = H}(M) = 0, and so the cla
is immediate from 2.2.5. O

227 Remark. It follows from 2.2.4 that, for each R-module M, there is
R-monomorphism &3 @ M/T (M) — D.(M), induced by 7, such that t
sequence

o £
0 —> M/To(M) =5 Do(M) ™ HYM) — 0
is exact, As Oy is induced by na. a precise formula for it can be cxtract
from the statement of 2.2.4. Note also that, as M varies through %(R), the ¢
constitute a natural transformation of functors since, whenever f : M — N
a homomorphism of R-modules, the diagram

M/TA(M) v D(M)
i Du(f)
Oy \
N/TAN) e Dy

(in which f* denotes the homomorphism induced by f) commutes.

This remark can be particularly helpful when used in conjunction with -
fact (see 2.1.7(iii)) that the canonical epimorphism 7 : M — M/T'\(M) indu
isomorphisms Hi(n) : Hi(M) = HI(M/T,(M)) for all i > 0. We use this i
in the proof of 2.2.8 below.
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{0
The exact sequence 0 — I'y(M) LA M Do(M) =% HY(M) — 0 of
Theorem 2.24(i)(c) is fundamental. In the next corollary, we present some
:mportant applications of it.

2.2.8 Corollary. Let M be an R-module; we use the notation of 2.2.4 and 2.2.7.
Zetm : M —> M /T (M) be the canonical epimorphism. Then the following hold :

(i) Da(l'a(M)) =0;
(ii) Do(m) : Do(M) —> D(M /T (M) is an isomorphism;
(i) Da(np) = Hpyary : Da(M) —> Do(Do(M)) is an isomorphism;
(iv) To(Do(M)) =0 = H&(DQ(M));
(v) Hi(ny) : H(M) —> HY(Do(M)) is an isomorphism for all i > 1.

Proof. (i) Since I'o(M) is an a-torsion R-module, it is enough, in order to
orove this part, to show that if N is an a-torsion R-module, then Dq(N) = 0.
Now, for such an N, we have HY(N) = 0 by 2.1.7(1), and &y : T'o(N) — N is
-he identity map. Hence the exact sequence of 2.2.4(i)(c) for N reduces to

0 —> [4(N) — N — Do(N) — 0,

and so Dy{N) =0, as required.
(i) By 2.2.1, the functor D, is left exact. Therefore the canonical exact
sequence 0 —> [o(M) — M M /To(M) — 0 induces an exact sequence

0> Du(Ta(M)) —Do(M) —" " Dy(M/To(M)) —+ &' Do(To(M))

Now Do(T'o(M)) = 0 by (i), while Z'D,(I's(M)) = HX(I',(M)) by 2.2.4(ii). Since
HXT,(M)) =0 by 2.1.7(ii), it follows that Dy(r) is an isomorphism.

(iii) It is left as an interesting exercise on direct limits for the reader to show
that Da(nar) = %,y he or she will need the definition of # provided in 2.2.4.
We show that D.{ny) is an isomorphism.

Since 7y = Oy o w (where 6y is as defined in 2.2.7) and we have already
shown in (ii) that D,(r) is an isomorphism, it is enough for us to show that
Dy(8) is an isomorphism. Since D, is left exact (by 2.2.1), the exact sequence

0 — M/To(M) 25 Do(M) % HI(M) — 0

of 2.2.7 yields a further exact sequence

Da(fu) Do)
Da(Da(M)) —

0 Do(M/T (M) D (HL(M)).

But H!(M) is an a-torsion R-module, by 2.1.3(ii), and so D,(HX{(M)) = 0 by (i).
Hence D,(0x) is an isomorphism, as required.
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{iv) This is now immediate from (iii) and 2.2.5.

{v) We again use the fact that y = Oy om. We already know, from 2.1.7(1ii},
that Hi(x) is an isomorphism for all i € N. It is therefore enough, in order to
complete the proof, to show that Hi(f) is an isomorphism for all i > 1.

However, for each i > 1, the exact sequence

20
0 — M/To(M) 25 Do(M) —5 HI (M) — 0

of 2.2.7 induces an exact sequence

Hi ! (Ho(M))

Hi0s) . YL .
e HDW(M)) e H(HL (M)

H(M/To(M))

2

and since H!(M) is an a-torsion R-module (by 2.1.3(i1}), it follows from 2.1.7(3)
that HoU(HYMY) = HI(H{M)) = 0; hence Hi(0y) is an isomorphism, as
required. O

229 tExercise. Complete the proof of 2.2.8(iii). In other words, show that, in
the notation of 2.2.8, D.(vu) = 4p, 00

2.2.10 #Exercise. Recall that, by Exercise 2.2.3, the a-transform D.(R) of R has
the structure of a commutative ring. Show that #ng : R — D,{R) is a ring
homomorphism.

In order to make use of our results on the ideal transform D (M) of an
R-module M, we are going to obtain a description of D.(M) in terms of
objects which are perhaps more familiar. Towards the end of the section,
we shall obtain a particularly simple description in the case in which a 18
principal. One approach to these resuits uses the fact that, for an R-module
M, the homomorphism #3s - M — D.(M) can be viewed as the sclution to a
universal problem. Our next proposition, which uses ideas similar to ones used
by K. Suominen in [64, §1], provides the key to this approach. The influence
of the ideas of P. Gabriel [17] should also be acknowledged. A more general
version of the proposition is publisbed as [61, Lemma 1.3].

2.2.11 Proposition. Let ¢ : M — M’ be a homomorphism of R-modules such
that Kere and Cokere are both a-torsion. Let v : M — K be a further
homomorphism of R-modules.
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(i) The map Dq(e) : Do(M) —> Do(M’) is an isomorphism.
(i) There is a unique R-homomorphism ' @ M’ —> Do(K) such that the

diagram
M—— M
p l [ p'
K
K Do(K)

commutes. In fact, v = Do{(1p) 0 Do(e)™ o nap.
(iii) If v and nyp : M' — Do(M') are both isomorphisms, then the homomor-
phism v’ of part (ii) is also an isomorphism.

Proof. (1) We shall use the exact sequences
0—>Kere—T—>M—i>Ime——+0

and

0 —> Ime -~ M’ -5 Cokere — 0,

in which the maps are the obvious homomorphisms. Now e = p o 4; it is
therefore enough for us to show that D,(p) and D,(4) are both isomorphisms.
The first of the above exact sequences induces an exact sequence

Dq(7) Dy(2)
0—— Dy(Kere) — Do(M) —— Dy(Ime)—— R'Dy(Kere).

However, #' D (Ker e) = H?(Ker e) by 2.2.4(ii). By hypothesis, Ker e is a-torsion.
Hence D.(Kere) = H>(Kere) = 0, by 2.2.8(i) and 2.1.7(i). Therefore D(4) is an
isomorphism.

Next, from the exact sequence 0 — Ime 2, M -5 Cokere — 0 we
obtain an induced exact sequence

Da(p) D,(5)
0 — D(Ime) — D (M) —— Dy(Cokere).

However, by hypothesis, Coker e is a-torsion, and so Do(Cokere) = 0, by 2.2.8(i).
Hence Dy(p) is an isomorphism.

(ii) For this part of the proof, it will be convenient for us to write
K’ := Dy(K) and h = g : K —> D,(K) = K'. Application of the nat-
ural transformation # : Id — D, to the modules and homomorphisms in
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the diagram

M M’
i [
K K’
yields a commutative diagram
Hat
M Do(M)
. Daw)‘ o Dafe)
¥ ‘ N
M’ 5 DalM)
A\ "
K —— Do(K)
\ Nﬂ
}] ol
K —— DK

Tt should be noted that D.(e) is an isomorphism, by part (i), that Dy(K) = I
and that, by 2.2.8(iii},

D.(h) = Da(nr) = Hpuxy = HK

is also an isomorphism.

Thus, if there were an R-homomorphism v 1 M’ — K'such that p'oe = he
then it would satisfy D.(y’) o Dale) = Dy(h}o Da(1) and we would have to b
(since # : Id — D, is a natural transformation)

w = Dylh)y T onk oy = Doy} o Do(1p") o e
— Do(ip) o Dole) ™ oy

On the other hand, one can easily verify by means of an elementary diagt
chase that Dy(w) o Doley Tonuoe=hoy.
(iii) This is immediate from part (ii), since if 1 is an isomorphism, so 10
Daiyp). B

2212 Remark. Let # : M — N be a homomorphism of R-modules. Re
from 2.2.4(i} that #, : Id — Dy is a natural transformation of functor:
therefore follows from 2.2.11 that Dg(h} - Do(M) — D,(N) must be the uni
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R-homomorphism from D,(M) to Da(N ) which makes the diagram

M — v Dy(M)
N
N Dy(N)

commute.

2.2.13 Corollary. Let e : M — M’ be a homomorphism of R-modules such that
Kere and Cokere are both a-torsion.

(i) The map Dy(e) : Do(M) —> Do(M') is an isomorphism.
(ii) There is a unique R-homomorphism v’ : M’ — Do(M) such that the
diagram

M

M/

Dqa(M)

commutes. In fact, v = Dy(e)™! o npp.

(iii) The map v’ of (ii) is an isomorphism if and only if nay is an isomorphism,
and, by 2.2.4(i)(c), this is the case if and only if To(M') = HL(M') = 0.
O

We are now going to examine the special case of 2.2.13 in which M = R.
Recall from 2.2.3 that D.(R) is a commutative ring, and from 2.2.10 that
nr : R — Dy(R) is a ring homomorphism. We shall meet several examples of
the situation of 2.2.13 in which e : R — R’ is a homomorphism of commutative
rings such that, when R’ is regarded as an R-module by means of e, both Kere
and Cokere are a-torsion: the next lemma shows that, in these circumstances,
the R-homomorphism 1’ : R* — D,(R) given by 2.2.13 is actually a ring
homomorphism too.

2.2.14 Lemma. Let R’ be a commutative ring, and let ¢ : R —> R’ be a ring
homomorphism such that, when R’ is regarded as an R-module by means of e,
both Kere and Cokere are a-torsion.
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Then the unique R-homomorphism v’ @ R — D(R) such that the diagram

Do(R)
commutes (the existence of which follows from 2.2.13) is a ring homomorphist.

Proof. Recall from 2.2.10 that 5z : R —> Do(R} is a ring homomorphism.
Certainly ¢'(1z} = v'(e(1r)) = nr(lz) = Lo,z

Now let r|,r, € R. Since Cokere is a-torsion, there exists n € IN such that
a* annihilates the natural images in Coker e of both | and ry. Let by, by € a”;
then there exist 17,72 € R such that by = e(r;) for i = 1,2. Hence, in DR}, we
have

buba (P () = /(i) (bary) = (el elr))
= nr(riMmrlra) = nrlrir2) = w'leri))
= p'{e(ry)e(r))y = w'(birybarh) = bibay(ryry),
so that byby {p'(r () — w'(rr4)) = 0. Hence the element
' (r ' () — w'(rirg) € DalR)
is annihilated by o, and since D.(R) is a-torsion-free by 2.2.3(iv), it follows

that '(riry) = w'rw'(r). O

2.2.15 Corollary. Let M be an R-module, and let S be a multiplicatively closed

subset of R which consists entirely of non-zerodivisors on M, and which is such
that S Na = Q.

Then there is a unique R-isomorphism vy * |Uyen(M s-m 0} — Do(M) for
which the diagram

M

UneN(M gy OF)

4

Yar
T

Do(M}

commutes. In the special case in which M = R (and S consists of non-zerodivisors
on R), the map vy is actually a ring isomorphism.
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Note. Of course, since S consists entirely of non-zerodivisors on M, the
canonical R-homomorphism M — S~!'M is injective; we are using this to
identify M as an R-submodule of S™1M.

Proof. Set M' = |J,cn(M ig-1p 0"), and let e : M — M’ denote the
inclusion homomorphism. Since Cokere = I'((S™'M/M) is a-torsion, it is
immediate from 2.2.13 that there is a unique R-homomorphism y}, : M —>
D.(M) which makes the above diagram commute; it also follows that, in
order to show that v}, is an isomorphism, it is sufficient for us to show that
Lo(M") = H{(M") = 0. This we do.

Let s € S N a. Since the functors H: (i € Np) are all R-linear, multiplication
by s on an H(S™'M) must provide an automorphism; since each clement of
H!(S~'M) is annihilated by a power of s, it follows that H{(S™!M) = 0 for all
i € Ny. Hence T',(M') = 0. It now follows from the exact sequence

0— M — S 'M—S'M/M —0
that H{(M') = T,(S~'M/M’"). However,
STIM/M = (STIM/M)/(M'/M) = (S M/M)/To(S™'M/M),

and this is a-torsion-free by 2.1.2. Hence Hl(M’) = 0. The final claim follows
from 2.2.14. O

In the case when a is principal, there is a result similar to 2.2.15, but under
weaker hypotheses, which has important consequences for our work in Chapter
3. We present this result next. Recall that, for an R-module M and a € R,
the notation M, denotes the module of fractions of M with respect to the
multiplicatively closed subset {da' :i € No}.

2.2.16 Theorem. Let a € R. There is a natural equivalence of functors

@' : Dpy = lim Homg(Ra", «) — (+)a
neN

(from €(R) to €(R)) which is such that, for an R-module M, and f € Dg,(M)
represented by f, € Hompg(Ra', M) (for some t € N), we have wi,(f) = fi(a")/d".
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Proof. Let M be an R-module, It is immediate from 2.2.13 that there is a
unique R-isomorphism vy : M, — Dg,(M) such that the diagram

M

M,

[
-
=

HRu.ad

¥

DRa(M)

(in which the horizontal homomorphism is the natural one) commutes: note
that Hp,(M,) = 0 for all i € Ny because multiplication by a provides an
automorphism on all these local cohomology modules. Define ey, 1= vi;}. It is
straightforward to use the commutativity of the above diagram to show that
2y, satisfies the formula given in the statement of the theorem. Furthermore,
it is easy to use that formula to show that, as M varies through the category
%€(R), the w}, constitute a natural equivalence of functors. O

2.2.17 Remark. With the notation of 2.2.16, consider, for an R-module M, the
fundamental exact sequence of 2.2.4(i)(c) in the particular case in which a = Ra:
we have

En L2y,

01
0 — Tra(M) = M —5 Dpy(M) — Hj (M) —> 0.

Note that @y, ony : M — M, is just the canonical R-homomorphism 7.
Set apr == L o (w),)!; then there is an exact sequence of R-modules and
R-homomorphisms

T Faf

0 — Tro(M) =5 M 25 M, 25 HY (M) — 0

such that, as M varies through %(R), the 7,; and oa; constitute natural trans-
formations of functors

t:ld —(.)a @ i(e)g— Hp,

2.2.18 Corollary. Let M be an R-module and let a € R.

(1) The kernel of the narural homomorphism Ty @ M — M, is precisely
Tro(M), and so, in view of 2217, M/Ug M) can be identified as a
submodule of M, With this identification,

Hio (M) = M, /(M /T g (M),

(i) For all i € N with i > 1, we have H}, (M) = 0.
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Proof. (i) This is immediate from 2.2.17.

(i) Let i € N with i > 1. Now Hj, (M) = %"~ Dr,(M) by 2.2.4(ii). However,
by 2.2.16, the functor Dg, is naturally equivalent to (.),; as the latter functor
is exact and i — 1 > 0, it follows that % 'Dg,(N) = 0 for all R-modules N.
Hence Hg,(M)=0.0

The above corollary will prove useful in Chapter 3, as it provides a basis for
an argument which uses induction on the number of generators of a, and which
relies on the Mayer-Vietoris Sequence for local cohomology for the inductive
argument. This Mayer-Vietoris Sequence forms a major part of the subject
matter of Chapter 3.

2.2.19 Exercise. Use 2.2.15 to provide an alternative proof of Corollary 2.2.6.

More precisely, let M be an R-module, not necessarily finitely generated, and
assume that a contains an M-sequence (x, y) of length 2. Use 2.2.15 (with the
choice S := {x' :i € No}) and 1.3.9(ii) to show that the map 7y : M — Do(M)
of 2.2.4(i) is an isomorphism.

2.2.20 tExercise. Let b be a second ideal of R.

(i) Suppose that a < \/b. Show that there is a unique natural transformation
of functors (from %(R) to itself) oy, : Dy —> Dq such that, for each R-module
M, the diagram

oM

M

Dy(M)

Up,a,M

Do(M)

comimutes.
(i) Deduce that, if ,/a = /b, then D, and Dy are naturally equivalent.

It will be convenient, in our discussion of geometric examples in the next
section, for us to have available a result which shows that, in a certain sense,
the ideal transform is ‘independent of the base ring. To be more precise,
consider a second commutative Noetherian ring R’ and a ring homomorphism
f :R—> R';let M’ be an R’-module. At times when we wish to be absolutely
precise, we shall use M'[  to indicate that we are regarding M as an R-module
by means of f. Note that [ g can be regarded as a functor from %(R’) to ¢(R).
We can form the ideal transform D.gr(M') of M’ with respect to the extension
aR’ of a to R’ via f, and then regard this as an R-module by means of f:
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this is, then, the R-module Dog (M) r. Alternatively, we can regard M’ as th
R-module M'[ g, and form D (M'[ ). Our next result will show, among othe
things, that there is an R-isomorphism

Dog(M') = Dogd(M')[ & — > Do(M'[ &) =: Da(M"),

so that, speaking loosely, it doesr’t matter whether we calculate these ide:
transforms over R or R'. The advantage of this in practice is that there
sometimes an obvious choice of an ‘R” over which the calculations are easy.

2.2.2% Theorem. Let R’ be a second commutative Noetherian ring and let f 1 R -
R’ be a ring homomorphism. We use the notation introduced above.
There is a natural equivalence of functors

& Do) 2 — Dol [ )
( from €(R} to $(R)) which is such that, for each R'-module M, the diagram

HaR?

AM" DnR’(AM’)

Gagr

M D.(M))

commutes.

Proof. Let M’ be an R'-module. By 2.2.4(i)(c), the R’-homomorphism #ar »
M' — Dyg(M') has kernel and cokernel which are, respectively, isomorphic
Cop(M’) and Hl. (M'). Hence fop w [ & has kernel and cokernel which are
torsion. It therefore follows from 2.2,13 that there is a unique R-homomorphi
eaer  Dap(M') — Do(M') such that the diagram

Mer! M¢

M DaR’(Mf)

Eaqt

Han'

M ——— DuM)

commutes. In fact, it is easy to use the uniqueness aspect of Proposition 2.2
to show that, as M’ varies through the category #(R'), the ey constitut
natural transformation of functors, and so it remains only to show that e:
gpp 18 an isomorphism,
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The fact that M’ is an (R, R')-bimodule means that Do(M’) inherits a natural
structure as R-module (such that Dy(r' Idsp), for ¥’ € R', provides multiplication
by #’). Furthermore, since ¢ is a natural transformation of functors, we have

Da(r/ IdM') OEM = Epr O DaR/(}"/ IdM/) = &Epm © (7'/ IanRr(M’))

for all ¥ € R/, so that gy is an R’-homomorphism. Likewise, #4,3 becomes an
R’-homomorphism.

Another use of 2.2.4(i)(c) shows that #os : M’ —> Do(M’) has kernel
and cokernel which are a-torsion, so that, when we consider 5oy as an R'-
homomorphism, its kernel and cokernel are aR'-torsion. It therefore follows
from 2.2.13 that there is a unique R’-homomorphism Ay : Do(M') — D.r{M)
such that the diagram

HaM

M Dy(M’)
-

Har/ M ,
M DaR’(M )

commutes. The uniqueness aspect of 2.2.13, together with the facts that )y and
Jy are both R- and R'-homomorphisms, now yields that

/IM/ O ey = IdDaR,(M/) and Epmr O ﬂM/ = Ian(Ml),

so that gy is an isomorphism. O

2222 #Exercise. Let the situation be as in 2.2.21, and consider the natural
equivalence ¢ of that theorem. Show that egt 0 Do(f) : Da(R) — Dop(R’) is the
unique ring homomorphism which makes the diagram

Ha.R

R

Dq(R)

« Mar' R

R’ DaR’(RI)

commute. (You might find it helpful to adapt the argument used in the proof
of 2.2.14.)
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2.2.23 Exercise. Let the situation be as in 2.2.21. Show that there is a natural
equivalence of functors

Hip( ) g — Hi(-Tr)
(from %(R’) to G(R)).

The result of Exercise 2.2.23 is a particular case of a more general (and
very important) result concerning ‘independence of the base ring’ which will be
established in Chapter 4.

2.3 Geometrical significance

We are now going to show that the ideal transform D, (R) has an important
geometrical significance in the case when R is the ring of regular functions on
an {irreducible) affine algebraic variety over an algebraically closed field. Several
examples in this book will be concerned with affine algebraic geometry over
the field of complex numbers €, and it is convenient for us to introduce some
notation which will be consistently used in connection with such examples.

2.3.1 Notation. Let K be an algebraically closed field. For n € N, we shall
use A*(K) to denote affine n-space over K, that is, K* endowed with the
Zariski topology; we shall use A" to denote complex affine n-space A"(T).
All nnexplained mentions of topological notions, including ‘open’ and ‘closed’
subsets, in connection with affine spaces will refer to the Zariski topology.

By an affine variety over K we shall mean an irreducible closed subset of
AMK) (with the induced topology), and by a quasi-affine variety over K we
shall mean a non-empty open subset of an affine variety over K (again with
the induced topology).

For a quasi-affine variety U over K, we shall use ¢{U) to denole the ring of
regular functions on U and K(U} to denote the function field of U. Thus, when
U is affine, ({(U) is just the coordinate ring of U} this is actually an integral
domain (since U is irreducible), and its field of fractions is just K(L).

We shall regard the polynomial ring K[X1,...,X,] as the coordinate ring
G(A"(K)) of A"(K) in the obvious way (although we shall tend to use X, Y
instead of X, X- in the case when n = 2).

For fi.....f: € K[X1....,X,], we shall use Varg)(fio.... fo) to denote the
affine algebraic set

{pe BK): filp)=...= fulp) =0}
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corresponding to the ideal (fy,...,f;) of K[Xi,...,X,]. If V denotes this affine

algebraic set, then, for 1 < i < n, the restriction of the coordinate function X;

of A"(K) to V will be denoted by X;| v or x;.

- Fora quasi-affine variety W over K and a function f € O(W), we shall use
Uw(f) to denote the open subset {p € W : f(p) # 0} of W.

We are now going to show that the ring of regular functions on a quasi-affine
variety can be expressed in terms of an ideal transform. Before doing so, we
remind the reader of the following point. For a non-empty open subset U of
an affine variety V over the algebraically closed field K, the ring ¢(U) can be
identified in a natural way as a subring of K(V'), and, when this identification
is made, the restriction homomorphism

[y :0)— OU)

is just the inclusion map.

2.3.2 Theorem. Let V be an affine variety over the algebraically closed field
K. Let b be a non-zero ideal of O(V), let V(b) denote the closed subset of V
determined by b, and let U be the open subset V \ V(b) of V.

There is a unique O(V)-isomorphism vy : O(U) =, Dy (O(V)) for which the
diagram

o) v

o)

1R

~
=

=

Hew)

Dy(O(V'))
commutes. Furthermore, Vyp IS a ring isomorphism.

Proof. In view of 2.2.15, it is enough for us to show that the submodules
O(U) and J,en(O(V) k() b") of K(V) are equal.

Since the ring (V) is Noetherian, b is finitely generated, by Ay, ..., I, say. We
can, and do, assume that hy,...,k; are all non-zero. Note that U = Ule Uy (h),
and that O(Uy (k) = O(V);, when these two rings are identified with subrings
of K(V) in the natural ways.

Let f € O(U). Choose i € N with 1 < i < t. Since f[ v,y € OUy () =
O(V)p,, it follows that there exists n; € IN such that h'f € @(V). We deduce
that there exists n € N such that b"f € O(V). Hence

o) = | JOW) k) b").
nelN
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Now let [ € Upen(CV) k() b™). Thus there exists n & N such that
g = hf e &(V) foralli=1,....t. Let pe U, and let wi(p) be the maximal
ideal of (1) corresponding 1o p. Now p € Uy(hy) for some 1 with 1 <i<H1,
and since hi(p) # 0, we have h; € (VY mip) and

f = %:? = CCI(V)m(p) = a'V.pa

the local ring of ¥ at p. It follows that f € (Npev Ovp = @(U). Hence

o(Uy = | @) won B
nelN

and the proof of the first claim is complete. The final claim follows from
Lemma 2.2.14. O

2.3.3 Remark. It follows from 732 that, in the notation of that proposition,
the map fey @ V) — Dy(¢(V)) is an epimorphism if and only if the
restriction map | ¢ @ G(V) — @(U) is surjective, that is, if and only if every
regular function on U can be extended to a regular function on V. However,
by 2.2.4(i}c), feo fails to be an epimorphism if and only if HHE(V)) # 0.
Thus we can, in a sense, regard non-zero clements of the local cohomology
module HL(€(V)) as obstructions to the extension of regular functions on U to
regular functions on V. We shall exploit this observation later in the chapter
in our discussion of the geometric significance of ideal transforms and local
cohomology modules in particular examples.

The next exercise establishes a certain ‘naturality’ property of the isomor-
phisms given by Theorem 2.3.2.

2.3.4 4Exercise. Let ff : W — ¥ be a morphism of affine varieties over the
algebraically closed field K. Let b be a non-zero ideal of G(V), and assume
that the extension b@(W) of b under the induced K-algebra homomorphism
B (V) — G(W) is also non-zero.

We use the notation of Theorem 2.32. Since 7LV (b)) = V{bE(W)), the
restriction of § provides a morphism By WA V(bEW) — Vo V() of
quasi-affine varieties.
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Use Exercise 2.2.22 to show that, with the notation of that exercise, the
diagram

O\ V(B) —— s oW\ V(BOW))
Dy(O(V)) “oi o) Do) (O(W))

of ring homomorphisms commutes.

2.3.5 #Exercise. Let 1 : A2\ {(0,0)} — A? denote the inclusion morphism of
varieties. Prove that the induced C-algebra homomorphism

L O(A?) - O(A2\ {(0,0)})

is an isomorphism, and deduce that the quasi-affine variety A%\ {(0,0)} is not
affine.

2.3.6 #Exercise. Let K be a field, and let g be a proper ideal of height 2 in
the ring of polynomials K[X, Y] in the indeterminates X,Y. Set R :==K +q,
a subring of K[X,Y]. Observe that q is a maximal ideal of R, and that the
simple R-module R/q is isomorphic to K, where the R-module structure on K
is such that fa =0 for all f € g and all a € K.

(1) Show that the vector space dimension ¢ := dimg (K [X,Y]/q) is finite,
and deduce that there is 2 monic polynomial in K [X]Nq of degree not exceeding
t: let py be such a polynomial of smallest possible degree. Similarly, let py be a
monic polynomial in K[Y] N q of smallest possible degree. Show that KX, Y]
is a finitely generated R-module.

(1) Let ¢y,...,c, generate q (as an ideal of K[X,Y]), let u := deg px and
v :=degpy. Set

S::{c,-XjY’:ISiSh,0£j<u,0gl<u}u{px,py}cR.

Show that R = K[S], so that R is a finitely generated K -algebra, and therefore
Noetherian.
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(iii) Show that there 13 a unique R-isomorphism ' : K[X,Y] — D4(R)
such that the diagram

=

R K[X.,Y]

.
e \ 1w

Dy(R})

commutes, and that »' is a ring isomorphism. Deduce that there is an ex-
act sequence 0 — R — KX, Y] — H)(R) — 0 in %(R), and that
dimg (HM(R)) =t —1.

{(iv) In the special case in which q = XK[X, Y]+ ¥Y{(Y — DK[X, Y],
show that R = K[X, XY, ¥Y(Y — 1), YXY — 1)}, that q is the maximal ideal
(X.XY,Y(Y — 1), YAY —1)) of R, and that H}(R) =K.

(v) In the special case in which q = XK [X,¥]+ Y2K[X.Y], show that
R—=K[X,Y2XY,Y?, that q is the maximal ideal (X, Y2 XY,Y’) of R, and
that Hy(R) = K.

We are now in a position to present one of the geometric examples which
was promised earlier. This is an example to which we shall return several times
in this book, and as it was considered by Hartshorne in 20, 3.4.2], we shall
refer to it as ‘Hartshorne’s Example’.

237 Harishorne’s Example. With the notation of 2.3.1, let V¥ be the affine
algebraic set in AY given by

Vo= V(X0 X — XoXa, X{X + X0 X0 X3, X3+ X3Xy - X0,

It is easy to check that the morphism of varicties z : A> — A* for which
a((c.d)) = (¢,ed,d(d —1), d*(d — 1)) for all {¢,d) € A2 satisfies Ime = V. In fact,
[mx = V. because the map § : V' — A? defined by

{croeafeny if e #0,
Blley, e, cnca)) = 4 lencafes) i # 0,
(0,09 if ¢c;=c3=0

(for all (c1,c2,¢3,¢4) € V) satisfies o f§ = Idy, the identity map on V.
Since AL is irreducible, it follows that V7 is irreducible, too. We propose

to study the coordinate ring, R = ¢(V), of this affine variety. Note that the
(-algebra homomotphism

o L G(V) —— C(AT) = C[X. Y]
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induced by « is injective (because o is surjective). Also, if 1 : V' — A* denotes
the inclusion morphism of varieties, then 1* : C[Xi, X5, X3, X4] — O(V) is the
natural surjective C-algebra homomorphism given by restriction. Furthermore,
Imo’ =C[X,XY,Y(Y —1),Y*(Y — 1)], since

LX) =X, o (1F(X) = XY,
(X)) =Y(Y —1), (X)) =YY —1).

It follows from 2.3.6{iv) that, if we use m to denote the maximal ideal of R
corresponding to the point (0,0,0,0) of V, then H} (R) = €. Note that the open
subset V\ V(m) is just ¥\ {(0,0,0,0)}. By 2.3.2 and 2.3.3, there must be a regular
function on V' \ {(0,0,0,0)} that cannot be extended to a regular function on
V. The reader might find it interesting for us to find such a function.

Observe that

V' \ {(0,0,0,0)} = Uyp(x1) U Up(x3)

and that, on Uy(x1) N Uy(x3), the functions x,/x; and x4/x3 are both defined
and are equal. Thus f; : V' \ {(0,0,0,0)} — € defined by

llenencncy = { &0 1L AT

(for all (cy,ca,c3,¢4) € V'\ {(0,0,0,0)}) is regular on the set ¥\ {(0,0,0,0)}. (In
fact, the map from ¥\ {(0,0,0,0)} to A%\ {(0,0),(0, 1)} given by (c1, ¢z, c3,¢4) —
(€1, B2((c1, €2, €3, €4))) 1s actually an isomorphism of (quasi-affine) varieties, be-
cause it is inverse to «f : A%\ {(0,0),(0,1)} — V' \ {(0,0,0,0)}.)

Suppose that f; can be extended to a regular function 5 : ¥V — €, and look
for a contradiction. Now for v € Uyp(x3), we have p5(v) = x4(v)/x3(v). Since
x4(0)? = x3(v)® + x3(v)x4(v), it follows that

a0 xalv)
x3()* x3(v)
X3(0) + x30)xa(v)  xalv) _
x3(v)? x3(v)
for all v € Uyp(x3). Since Uyp(x3) is a dense open subset of V, we deduce
that B% — B, = x3. Hence B5((0,0,0,0)) = ¢, where ¢ = 0 or 1. Now the map
BV — A7\ {(0,1—e)} given by (cy,c2,¢3,¢4) = (c1, B3((c1, €2, ¢3,¢4))) s
a morphism of varieties. In fact, it is an isomorphism of varicties, because
af : A2\ {(0,1 — &)} —> V is an inverse for it. This shows that the quasi-affine
variety A%\ {(0,1 — ¢)} is affine.
However, Exercise 2.3.5 shows that the quasi-affine variety A\ {(0,0)} is not
affine, and a similar argument will show that A%\ {(0,1)} is not affine. We have

Byv)’ = By(v) =

x3(v)
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therefore arrived at a contradiction, and this shows that 2 : FA\{(0,0,0, 0 —»C
is a regular function which cannot be extended to a regular function on V.

2.3.8 Exercise. With the notation of 2.3.1, let V/ be the affine algebraic set in
A* given by

Vo= Vs(X1X — X3, X5 — X{, XoXs — Xi X, X)X} — X3X4).

(i) Show that the morphism of varieties - A2 — A* for which «{(c,d)} =
(c,d? cd,d?) for all (c,d} € A? is injective and that its image is equal to V.
Deduce that V is irreducible, and so is an affine variety.

(ii) Show that

ol - 227 {(0,0) — V4 {{0.0,0,0)}
is an isomorphism of {quasi-affine) varieties, with inverse
§ VN {0.0,0,00F — A2 (0,00}

given by

(ClsC_%/Cl] if C1%0,
(CIJC:}/Cz) if ¢£0

(for all (cy,¢2,c3.¢4) € V' {(0,0,0,04}).
(iii} Let m denote the maximal ideal of @(V) corresponding to the point
{0,0,0,0) of V. Show that ey =

(iv) Show that the function fiy 1 V/ \ 1(0,0,0,0)} — @ defined by

o efe i a#0,
,82(((:1,62,63,64))—{ ca/Ca it ez 0

(for all {c1 ez, ¢3,¢4) € V'Y 1(0,0,0,0)}) is regular on the set ¥\ {(0,0,0,0)} but
cannot be extended to a regular function on V.

Bl(c1,c2.€3,¢4)) = {

Although Example 2.3.7 and Exercise 2.3.8 look very similar from an alge-
braic point of view, there are substantial geometric differences between them.
This is illustrated by the next two exercises. By the metric topology on an affine
vatriety V = A" we mean the (subspace) topology induced on V by the topology
defined on €" by the standard distance metric of analysis.

230 Exercise. Let the situation and notation be as in 2.3.7.

Prove that there does not exist a mapping f; : V — € which extends fy
and which is continuous for the metric topology. (Here is a hint: consider
points on the path s : freR:0<t<1} =V given by s(t) = «((0,1)) =
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\

o1

0, 0)

-

Fig. 2.1.

(0,0,t(t — 1), £*(t — 1)) (for 0 < t < 1) to show that, in the metric topology,
lim,—.0,00,0) f2(v) does not exist.)
The diagram in Figure 2.1 illustrates the situation.

2.3.10 Exercise. Let the situation and notation be as in 2.3.8.
Let §' : V —> A? be the map which extends

BV \{(0,0,0,0)} — £\ {(0,0)}

and is such that B'((0,0,0,0)) = (0,0). Show that f’ is actually continuous for
the metric topology, and deduce that o : A? — V is a homeomorphism with
respect to the metric topology. (Again we offer a hint: show that Ba(v)? = x(v)
for all v € Uyp(x1) U Up(x2) = V '\ {(0,0,0,0)}.)

The diagram in Figure 2.2 illustrates the effect of « on two lines L and L’
in A%

2.3.11 #Exercise. (i) Let 0 £ g € C[X, Y] = O(A?) (with the notation of 2.3.1).
Let U := U,:(g), a quasi-affine variety over €, and let p € U. Show that each
regular function f : U\ {p} — C can be extended to a regular function on U.
{Do not forget that U is affine!)
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A

%7 (0.0,0,0)

Fig. 2.2,

(ii} Let f € K(A?). There is a maximum open subset U’ of A? on which f
is defined: the poles of f are preciscly the points of A% U’ Use (i) to show
that there does not exist an iselated pole of f, that is, a pole g of f for which
there exists an open subset U” of A% such that ¢ € U” but ¢ is the only pole
of fin U
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The Mayer-Vietoris Sequence

Any reader with a basic grounding in algebraic topology will recall the impor-
tant role that the Mayer-Vietoris Sequence can play in that subject. There is an
analogue of the Mayer-Vietoris Sequence in local cohomology theory, and it
can play a foundational r6le in this subject. It is our intention in this chapter to
present the basic theory of the Mayer-Vietoris Sequence in local cohomology,
and to prepare for several uses of the idea during the subsequent development.

The Mayer-Vietoris Sequence involves two ideals, and so throughout this
chapter, b will denote a second ideal of R (in addition to a). Let M be an
R-module. The Mayer-Vietoris Sequence provides, among other things, a long
exact sequence

0—— HY\(M) —— H)(M)® HY(M) ——— H (M)
— H! (M) —— H\(M)® H{(M) —— H. (M)
——— H] (M) —— H{(M)® H{(M) —— H! (M)

— H (M) ——
of local cohomology modules. Its potential for use in arguments that employ
induction on the number of elements in a generating set for an ideal ¢ of R can
be explained as follows. Suppose that ¢ is generated by n elements cy,...,c,,
where n > 1. Set a = Rey + -+ -+ Re,—1 and b = Re,, so that ¢ = a+b. Each of
a and b can be generated by fewer than n elements, but at first sight it seems
that the ideal a Nb, which also appears in the Mayer-Vietoris Sequence, could
present difficulties. However, \/(anb) = ,/(ab), and so Typ = Fyp by 1.1.3;
hence Hi, = Hj, for all i € Ny (see 1.2.3). Moreover, in our situation,

ab = (Rey + -+ Rey_1)Re, = Reie, + -+ - + Rea_icp

47
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can be generated by n—1 clements. Thus a,b and ab can all be generated by
fewer than n elements, and an appropriate inductive hypothesis would apply to
ali of them. In addition, we have already obtained (in 2.2.18) a certain amount
of information about the local cohomology functors H, (i € No) with respect
to a principal ideal Ra of R: this can provide a basis for an inductive argumant.

3.1 Comparison of systems of ideals

The result that H, = Hig for alli € No can be viewed as a particular example
of a more general phenomenon which concerns a situation where two systems
of ideals are ‘comparable’ in a sense made precise in the proposition below. This
comparison result will not only be used to obtain the Mayer-Vietoris Sequence;
it will also provide an mmportant ingredient, which is the subject of Exercise
3.1.4, in our proof of the local Lichtenbaum-Hartshorne Vanishing Theorem in
Chapter 8.

3.1.1 Proposition. Let (A, <) and (1, <) be (non-empty ) directed partially ovdered
sets, and let B = (Dy)uer be an inverse family of ideals of R over A, as in 1.2.10;
let € = (cp)penn be an inverse family of ideals of R over IL

Assume that, for all o € A, there exists f € [1 such that ¢g S b,, and, for all
B e T, there exists o € A such that by = ¢p. Then

(i) Tw =T,
(i) the negative strongly connected sequences of covariant functors

(139 Exty (R/Bas - )) and Jim Exth(R/cg, -)
xEA icNy pell ielNy

are isomorphic; and
(i) B is a system of ideals of R over A (in the sense of 2.1.10) if and only
if € is a system of ideals of R over IT.

Note. The functor I's was defined in 1.2.11, while in 1.3.7 it was explained
that the negative strongly connected sequence (#'T i, of its right derived
functors is isomorphic to

(ﬁ;n Exti(R/by, - )) :
PN =M

of course, similar comments apply to Ie.
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Proof. Part (1) is clear; hence #'T'w = %#'I'¢ for all i € Ny, and the claim in
(i1) is an obvious consequence of the above note.

(iii) Suppose that B is a system of ideals over A, and let f, 5, € I1. By
assumption, there exist oy, o, € A such that by, = ¢g and by, < ¢g,. Since B is
a system of ideals, there exists a3 € A such that by, = by, b,,. By assumption,
there exists f; € II such that ¢g, = b,,. Hence

g, & ba3 == balb@ & €4, Cp,-

Hence € is a system of ideals over II.
In view of the symmetry of our hypotheses on B and €, the proof is complete.
O

3.1.2 Example. Consider the descending chain B = (a” 4 b"),en of ideals of R.
Since (a+b)**! < a” +b" = (a +b)" for all n € N, it follows from 3.1.1 that B
is actually a system of ideals of R over N; also, it follows from 1.3.7 and 3.1.1
that the (negative strongly) connected sequences of covariant functors (from
#(R) to 4(R))

(H;‘ +b) , (lim Exth(R/(a + b"), .)) and (Hg)

ielNp g i€Ny
neN ieNg

are all isomorphic. In particular, for each i € Ny, the functors H.,, and

lim Exth(R/(a" 4+ b"), .) are naturally equivalent.

neN

3.1.3 Exercise. Let (R, m) be a complete local ring, and let B = (b,),en be a
descending chain of m-primary ideals of R such that [, b, = 0.

Show that B is a system of ideals of R over N, and that the (negative
strongly) connected sequences of covariant functors (from %(R) to 4(R))

(H,;) , (lim Exth(R/b,, .)) and (Hég)

i€Ng =g i€lNg
neN €Ny

are all isomorphic. (If you have no idea where to start with this, we suggest

that you look up Chevalley’s Theorem in, for example, [42, §5.2, Theorem 1] or

[67, Chapter VIII, §5, Theorem 13].)

3.1.4 #Exercise. Let (R,m) be a complete local domain, and let p be a prime
ideal of R of dimension 1, that is, such that dim R/p = 1.

(i) Use Chevalley’s Theorem (J42, §5.2, Theorem 1] or [67, Chapter VIII,
§5, Theorem 13]) to prove that, for each n € N, there exists ¢ € IN such that
p® < mn
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(i) Deduce that (p"),en is a system of ideals of R over N, and that the
(negative strongly) connected sequences of covariant functors (from %(R) to
“(R))

(H;;) and (lim Exti(R/p™, . ))
ielNg —
neN ieNy

are 1somorphic.

3.1.5 Corollary. The descending chain ("MD" ),en is a system of ideals of R (over
N ), and the (negative strongly ) connected sequences of covariant functors { from
E(R) to B(R))

(hm Exty(R/(a" b7, - )) and  (Hiew)
_— ieMNy
i=£Ny

nelN

are isomorphic. In particular, for each i € Ny, the functors Hl = Hiy and
1i_rg ExtiR(R/(e" N0, ) are naturally equivalent.
neN

Proof. As we mentioned at the beginning of this chapter, it follows from
1.2.3 that Hfm = H!, for all i € Ny. Since {anb)* < a” Nb" for all n € N, it
is enough, in view of 3.1.1, for us to show that, for each n € N, there exists
g(n) € N such that a7 N b9" = (a N b)Y We use the Artin-Rees Lemma [35,
Theorem 8.3] to achieve this.

Fix n € N. By the Artin-Rees Lemma, there exists ¢ € IN such that a” nb" =
a™*(a¢ N b") for all integers m > ¢. Hence

NPT TN D = a0 N DY) = o'V = (anb)”

The proof is therefore complete. O

3.1.6 Exercise. For each k € N, let al® denote the ideal of R generated by all
the h-th powers of elements of a. Show that, for each i € Ny, the functor Hlis
naturally equivalent to lim Exth(R/a™, . ).
helN
(A variation on this is the result that, if R contains a subfield of charac-
teristic p > 0, then, for each i € Ny, the functor H! is naturally equivalent
to li_n} Exty(R/ all, . ). There are situations where this observation can be very

eeN
useful: see, for example, C. Peskine and L. Szpiro [47, Chapitre 111, Proposition

1.8(3)], and C. L. Huneke and R. Y. Sharp [28, p. 770].}
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3.1.7 Exercise. Suppose that the ¢ elements ay,...,q; generate a. Now N is a
directed partially ordered set with respect to the ordering < defined by, for
(ula e aut)a (Ula oo :Ut) € Nta

(u1,...,u) < (vy,...,vy) ifandonlyif wu;<v;forallj=1,...,¢
Show that, for each i € Ny, the functor H! is naturally equivalent to

lim  Bxtix(R/(a},...,d), . ).
(thy,n.nstty JEIN

3.2 Construction of the sequence

Our first lemma in this section provides a fundamental tool for the construction
of the Mayer-Vietoris Sequence.

3.2.1 Lemma. Let Ny, N, be submodules of the R-module M. The sequence of
R-modules and R-homomorphisms

0 —> M/(Ni 0\ N2) —> M/Ny ® M/N> 5> M/(Ny + N2) — 0,
in which a(m+ N1 N\ Ny) = (m+ Ny,m+ Ny) for all me M and
B(x+N,y+No)=x—y+ (N +Ny) foralx,yeM,
is exact.

Proof. 1t 18 clear that « is injective, that § is surjective and that f oo = 0. Let
X,y € M be such that (x + N1,y 4+ N») € Ker 5. Then x —y = n; + ny for some
ny € Ny,ny € Ny, so that x —ny = y 4+ np and

(x+N,y+Ny)=(x—n+N,y+n+N;) €lmoa O

Briefly, the general strategy for our construction of the Mayer-Vietoris Se-
quence is to write down, for each n € N, the long exact sequence of ‘Ext’
modules which results from application of the functor Homg(., M) to the exact
sequence

0 — R/(a"NDB") — R/a" @ R/b" —> R/(a" + ") — 0

resulting from 3.2.1, pass to direct limits, and then appeal to 3.1.2 and 3.1.5 to
convert the result into information about local cohomology modules. There is,
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however, one minor technical point that needs attention first, and that is the
identification of Hi(.)® H{{.) with the functor

lim Exti,(R/a" @ R/, .)
nelN

(obtained using the ideas of 1.2.8 in an obvious way). Although perhaps a little
tedious, this is not particularly difficult.

3.2.2 £Exercise. In this exercise, we use, for R-modules L and M, the symbolism

M>=—=0

0 > Lz - Lo M

to denote simultaneously the two split exact seguences associated with the
direct sum: thus we consider just the arrows pointing to the right to obtain one
of these split exact sequences, while the arrows pointing to the left provide the

other.

Let T : %(R) X %(R) — ¥(R) be an R-linear functor of two variables which
is contravariant in the first variable and covariant in the second. (For example,
T could be Homg or Exty for i € Ny.)

For n,m € N with n = m, let

B R/ = R/a™  and K, R/b" — R/D"

denote the natural homomorphisms, and consider the commutative diagrams

0 R/a" R/a"®R/B* =—— R/B" =——_0
l ' Ik ]' K
0 R/uiﬂ R/ a”l @ R/bnl R/b”’l - 0 ]

in which the rows represent the canonical split exact sequences. Apply the
contravariant, additive functor T(., M), and pass to direct limits to obtain split

exact sequences
02 lim T(R/B . M)YZ21lim T(R/a" & R/b", M)2)im T(R/a",M)Z0.
reN neN neN
Deduce that there is a natural equivalence between the functors
lim T(R/a"® R/b", .) and  lim T(R/d", .) @ lim T(R/b", .)
nelN nelN nEN

{from % (R} to itself).
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Deduce from 1.3.8 that lim ExtRx(R/a" @ R/b", .) and Hi(.) ® H{(.) are

’ nelN
naturally equivalent for each i € N.

3.2.3 The Mayer-Vietoris Sequence. For each R-module M, there is a long exact
sequence (called the Mayer-Vietoris Sequence for M with respect to a and b)

0——— Hg\y(M)

H)(M) ® H{(M) — Hy (M)
—— Hyy(M) —— H{(M) ® Hj(M) —— Hony(M)
— H! (M) —— H{(M) @ Hi(M) —— H. (M)
—— HL(M) ——

such that, whenever f : M — N is a homomorphism of R-modules, the diagram

H (M) —— H(M)® H{(M) — Hi (M) —— H (M)
H,,(f) Hi(f)oH;(f) 'H:;ﬁb(f) HL() ‘
H (N) ——— H{(N) @ Hy(N) — Hi(N) — Hi(N)
commutes for all i € Ny.
Proof. Let n,m € N with n > m, and let
| W, :R/a" — R/a™ and Kk}, : R/b" — R/D"

denote the natural homomorphisms. The diagram

0—— R/("NB") — R/a*@®R/B" — R/(a"+B") —=0

‘ h @kl J

0—— R/(a™"Nb") —— R/a" & R/P" —— R/(a™+b") ——0,

in which the upper row is the exact sequence resulting from application of 3.2.1
to the submodules a” and b* of R, the lower row is the corresponding exact
sequence for m instead of n, and the two outer vertical homomorphisms are
the natural ones, commutes. Therefore, application of the functor Homg( ., M)
to this yields a long exact sequence
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0 —» Homg(R/{a™ -+ b™), M) — Homg(R/a™ @ R/b", M)
——+ Homg(R/(a" Nb™), M) ~— ExtL(R/(a" + b™), M)
—— Extih(R/{a™ +b™), M} — Exti(R/a™ @ R/D", M)
— Extp(R/a" NB"), M) — Extg(R/(a" +1b"), M)

and a chain map (induccd by the vertical homomorphisms in the last commu-
tative diagram) of this long exact sequence into the corresponding one with
m replaced by n. Also, a homomorphism f : M — N of R-modules induces a
chain map of the above displayed long exact sequence into the corresponding
sequence with M replaced by N. Now pass to direct limits: it follows that there
is a long exact sequence

0 —— lim Homg(R/(a" + 0"}, M} — hm Homg(R/a" & R/b", M)

rEN nelN
. ]iﬂ Homp(R/(a" Nb*), M) — lilz} Ext}{(R/(a” +b"), M)
nelN neN

—— lim Extp(R/(a" +Db"), M) — lim Exth(R/a" & R/b", M)

neM nelN
—— lim Exty(R/(a"Nb"), M) — lim Exti(R/(a® + b"), M)
nelN nelN

—

and that f : M — N induces a chain map of this long exact sequence into the
corresponding sequence with M replaced by N. The result is now an immediate
consequence of the natural equivalences of functors between

fim Bxth(R/(a" +67),.)  and  Hj,

i
pelN

lim Extb(R/a" @ R/b",.) and  Hi(.)® Hy(.)
nelN

and
ﬁ_r)nExtk(R/(a”ﬂb”),.) and  H'.,
nelN

(for i € Np) established in 3.1.2, 3.2.2 and 3.1.5 respectively. O
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3.2.4 Exercise. Let M be an R-module. Show that the sequence of R-modules
and R-homomorphisms

0 — Homg(a + b, M) — Homg(a, M) ® Homg(b, M) — Homg(a N b, M)

in which a(f) = (f[ &f[s) for all f € Homg(a + b, M), and S((g,h)) =
gl are — hl orw for all (g,h) € Homg(a, M) @ Homg(b, M), is exact.
Show also that, if M is an injective R-module, then § is an epimorphism.

3.2.5 Exercise. Prove, perhaps with the aid of Exercise 3.2.4, that, for each
R-module M, there is a long exact sequence

Dotp(M) ——— Da(M) & Dp(M)

0 Daﬁb (M)

——+ H2 (M) —— HXM)® H}(M) —— H2\(M)

—— Hl_ (M) —— H{(M) @ Hi{(M) —— H. (M)

—— H(M) —
such that each homomorphism f : M — N of R-modules induces a chain map
of the above long exact sequence into the corresponding long exact sequence
for N.

As we have already mentioned, we shall make substantial use of the Mayer-
Vietoris Sequence in this book. We present in the next two sections two
illustrations of its use in order to give some idea of its potential to any reader
who, wondering why so much effort has been expended in setting up the
Mayer-Vietoris Sequence, is impatient to see some applications.

3.3 Arithmetic rank

Our first application of the Mayer-Vietoris Sequence will be in the proof of
a result which relates the number of elements required to generate the ideal
a (and, more precisely, its so-called ‘arithmetic rank’) to the vanishing of the
local cohomology functors H!. This vanishing result provides a powerful tool
for applications of local cohomology to algebraic geometry, and, in particular,
will play a crucial role in our presentation of applications to connectivity in
Chapter 19.

3.3.1 Theorem. Suppose that a can be generated by t elements. Then, for every
R-module M, we have H/(M) =0 for all i > t.
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Progf. This proof is an example of the use of induction outlined in the
introduction to this chapter.

When ¢ = 0, we have a = 0 and Iy = T'gg is the identity funclor, so that
Hip(M) =0 for all i > 0. The result is therefore true when ¢ = 0, and it was
proved in 2.2.18(ii) in the special case in which t = 1.

Now suppose, inductively, that ¢t > 1 and the result has been proved for ideals
that can be generated by fewer than t clements. Suppose that a is generated by
t elements ay,...,4,. Set b = Ragy + -+ Ra;_y and ¢ = Ra;, so that a =b + ¢
By the inductive assumption, H]i(M) = 0 for all i > t—1 and H{(M) = 0 for
alt i > [. By the Mayer-Vietoris Sequence 3.2.3, we have, for an arbitrary i > ¢,
an exact sequence

HiZl (M) — HI{M) — H{(M) & H!(M),

Now HiEZWM) = Hi7Y(M) by 3.1.5, and, since

bc

be=(Ra; 4+ + Ra_1)Ra, = Rata, +-- -+ Ra,_1u;

can be generated by { — 1 elements, it follows from the inductive assumption
that HEZY(M) = 0. Since HL(M) @ HI{(M) = 0 also, we have Hi(M) = 0. This
completes the inductive step. O

We now combine 3.3.1 with 1.2.3 to obtain a result which is often used
in geometric applications. To formulate this result, let us recall the following
definition (rom basic commutative algebra.

3.3.2 Definition. The arithmetic rank of a, denoted by ara(a), is the least number
of elements of R required to generate an ideal which has the same radical as a.
Thus
ara{a) =min{n € Ny : 3 by,..., b, € R with JRby + -+ Rby) = \,"'a} .
Note that ara{OR) = 0,
The next corollary is now immediate from 3.3.1 and 1.2.3.

3.3.3 Corollary. For every R-module M, we have H\(M) = 0 for all i > arafa). O

Theorem 3.3.1 can be used to obtain information about the number of el-
ements required to generate a specified ideal; also, in geometric situations,
Corollary 3.3.3 can be used to obtain information about the number of ‘equa-
tions’ needed to define an algebraic variety. The following example illustrates
this,
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3.3.4 Hartshorne’s Example revisited. This example concerns the affine varicty
V in A* studied in 2.3.7 and given by

Vo=Vl X1 Xa — X0 X3, XiX5 + X1 Xo — X3, X3 + XX — X7).

By 237,V = {(c cd, d(d —1),d*d—1)) e A* : c,d (E} Thus the lines L, L’
in A* given by L := V,s(X2, X3, X4) = {(¢,0,0,0)€ A* :c€ C} and L' :
Vs (X1 —Xa, X3, X4) = {(c.,0,0) € A* : ¢ € C} are both contained in V: our
aim here is to use 3.3.3 to show that the subvariety L of ¥ cannot be ‘defined by
one equation’, that is, there does not exist a polynomial f € C[Xy, X3, X3, X4]
such that

={p €V 1 f(x1,%2 X3, x4)(p) = 0} .

Our argument uses the morphism of varieties « : A% — V of 2.3.7 for which
a((c,d)) = (c,cd,d(d — 1),d*(d — 1)) for all (c,d) € A?; recall that

af : A%\ {(0,0),(0,1)} — V' \ {(0,0,0,0)}

is an isomorphism of (quasi-affine) varieties. Set L := {(c,0) € A* : c € €} and
L= {(c,1) € A* : c € C}. Note that «(L) = L and o(I/) = L.

Write 0(&%) = C[X,Y]; note that L = V,»(Y) and that (0,1) ¢ L. It
therefore follows from 2.3.11 that the restriction map

OB\ L) — O(A*\ ({(0,1)} UL))

is surjective. Now L7\ {(0,1)} = A%\ ({(0,1)} UL): our immediate aim is to
show that the restriction map O(A%\ ({(0,1)} UL)) — O(I7 \ {(0,1)}) is not
surjective.

Set x := X[ ;7 and consider the regular function y : L'\ {(0,1)} — C defined
by y(v) = x(v)"! for all v € L'\ {(0,1)} = Ux(x). If y could be extended to a
regular function on A%\ ({(0, 1)}UL), then it would follow from the consequence
of 2.3.11 noted in the previous paragraph that y could be extended to a regular
function 3’ : A2\ T — C. Let y” be the restriction of y’ to L/, a subset of A%\ L.
It then follows that, for all v € Ug(x), we have y"(v)x(v) = 1. However, Uz(x)
is a dense open subset of L', and so y”(v)x(v) = 1 for all v € I/. As this implies
that 0 = 1, we have obtained a contradiction! Thus the restriction map

OB\ ({(0,1)} UL)) — (I \ {(0,1)})

is not surjective, as claimed.
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W\
A

L\

A\ A

Next, o(A2\ ({(0,1)} UL = ¥V L and a7\ {(0, 1)) = L' {{0.0,0,0)}.
There is therefore a commutative diagram

GV L)

:t

ORI ({(0, 1)} VL))

(L {(0,0,0,001)

lz

L {(0.1)})

in which the vertical isomorphisms are induced by (the appropriate restrictions
of) o.. Therefore the map ¢ : G(V\ L) — (L {(0,0,0,0)}) given by restriction
is not surjective.

let 1 : I/ —> V¥ be the inclusion morphism of varieties, and let ¢ denote
the vanishing ideal {f € G(V) : f(v) = O forallv € L} of L in &(V). With the
notation of 2.3.2 and 2.3.4, we have

V(et(L) = (Vo) = ¢ (L) = Ln L ={(0,0,0,0)} = L',

and so ¢0(L') # 0. Note also that the restriction map ¢ of the preceding
paragraph is just «[*: ¢(V 3\ V(¢)) — 6L V(c@(L))). Therefore 1[™ is not
surjective, and so it follows from 2.3.4 that D(1") : D(G(V)) — DA{(L))) is
not surjective. Hence, if b = Ker(z"), we have B D (b) £ 0, so that HX(b) # 0
by 2.2.4(ii). It therefore follows from 3.3.3 that ara(c) = 2. Thus the subvariety
L of ¥ cannot be “defined by one equation’.
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3.3.5 Exercise. Show that, over the ring R[X;, X, X3, X4, X5, X¢] of polynomials
in six indeterminates with coefficients in R,

H&I,XZ,X3)(X4,X5,X6)(R[XlaX25X3:X4oX55X6]) =0.
3.3.6 Exercise. Show that, over the polynomial ring R[ X, X5, X3],

3
H(XIZ,XIX2+X§,X§)(R[X1’ Xo, X3]) =0

3.4 Direct limits

Our second illustration of the use of the Mayer-Vietoris Sequence is in our
proof that the local cohomology functors ‘commute with the formation of
direct limi*s’. This is an important property of local cohomology, which plays
a significant role in Grothendieck’s development in {18]. It should be noted
that our approach below avoids the use of an injective resolution of a direct
system of R-modules and R-homomorphisms in the category formed by such
direct systems. It is possible to approach this theory in a different way, based
on the interchange of the order of direct limits; however, we have chosen the
approach below because we consider it to be more illuminating.

3.4.1 Terminology. Let (A, <) be a (non-empty) directed partially ordered set,
and let (W,)yea be a direct system of R-modules over A, with constituent
R-homomorphisms i : Wy — W, (for each (x,f) € A X A with o > f). Set
Wy = 1lim W, and let h, : W, — W, be the canonical map (for each o € A).
aeA

Let T : 4(R) — %(R) be a covariant functor. It is immediate from the
definition of functor that the T(h}) turn the family (T (W,))xen into a direct
system of R-modules and R-homomorphisms over A. Also, whenever o, f € A
with o > f§, the commutative diagram

Wﬁ d W,



60 3 The Maver-Vietoris Sequence

induces the commutative diagram

(%)
T{Ws) T(Wy)

T{hs)

(W),

and so there is induced an R-homomorphism

wr hImT(W,) — T (1im Wy) = T(W,.).

%A aeEA

If, for all choices of such a directed sct A and such a direct system (W, )aen
over A, the map w1y is an isomorphism, then we shall say that T commutes with
the formation of direct limits or, more loosely, T commutes with direct limits.

In the next exercise, we again use the notation M,, for an R-module M
and @ € R, to denote the module of fractions of M with respect to the
multiplicatively closed subset {a’ :ic Ny}. In fact, we consider the functor
(Ve t G(R) —> €(R).

3.4.2 fExercise. Let ¢ € R. Show that the functor (.), : €(R) — %(R)
commutes with direct limits.

The next exercise gives another example, again needed later in the book, of
a functor which commutes with direct limits.

3.4.3 £Exercise. Let (A, <) be a (non-empty) directed partially ordered set,
and let (W,),ca be a direct system of R-modules over A, with constituent
R-homomorphisms A% @ W — W, (for each %, € A with o = f). Set
W, = lin W,.

weEA

{i) Show that (lim Extiy(., W,l)) can be made into a negative strongly
a=A ) €Ny X .
connected sequence of contravariant functors from %'(R) to €(R) in such a way

that the natural homomorphisms (of 3.4.1) give rise to a homomorphism

P = (phicn, (1133 Ext;(.,wa)) — (Bxti(+. W) ooy,
i€Ng

aEA

of connected sequences.

B T

TN R i 10 1, T
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(ii) Prove that y$ is an isomorphism, and deduce that Y is an isomorphism
whenever F is a finitely generated free R-module.

(iii) Deduce that 9, is an isomorphism whenever M is a finitely generated
R-module.

(iv) Prove, by induction on i, that, for each i € Ny, the homomorphism Py
is an isomorphism whenever M is a finitely generated R-module.

(v) Deduce that, whenever M is a finitely generated R-module, the functor
Exth(M, .) commutes with direct limits, for each i € No.

Our main aim during the remainder of this chapter is to show that the local
cohomology functors H. (i € Ny) commute with direct limits; we show first
that the a-torsion functor commutes with direct limits.

3.4.4 Proposition. The a-torsion functor T'y commutes with direct limits.

Proof. We use the notation of 3.4.1, so that (A, <) is a (non-empty) directed
partially ordered set, and (W,),ea is a direct system of R-modules over A, with
constituent R-homomorphisms #§ : Wi — W, (for each (o, f) € A x A with
a > B). We must show that the R-homomorphism

or, ImI(W,) — T <lim Wu>
aEA oaEA
is an isomorphism. We write Fy, := imI'o(W,) and W, :=lim W,, and, for

aEA aEA
a e A, we use f, : T'o(W,) — F,, to denote the canonical map.

A typical element of Ker wr, can be expressed as f,(w,) for some « € A and
wy € To(W,), where To(hy)(W,) = 0 in Ty(W,,). Thus hy(w,) = 0 in W, and
so there exists y € A with y > « such that hl(w,) = 0. Since w, € T'o(Wy),
this means that To(AL)(wy) = 0 in To(W,), and so fu(w,) = f, (Ta(i)(w,)) = 0.
Hence or, is injective.

We now show that wr, is surjective. Let y € T'o(W.,). There exists « € A and
w, € W, such that y = h,(w,). We know that y is annihilated by a power of
a: let j € N be such that a/y = 0. Let o/ be generated by r1,...,7,. For each
i=1,...,n, we have hy(riw,) = 0, so that there exists f; € A with ; > « such
that hPi(r,w,) = 0. Since A is directed, there exists y € A such that y > f; for
alli=1,...,n. We now have

rily(wa) = Vihk(hg"(wu)) = h%i(hgi(riwoc)) =0
forall i =1,...,n, so that a/hl(w,) = 0 and hl(w,) € T'o(W,). But
y= hoy(wy) = hy(hi(wa)) = Fa(hy)(hgc(woc)) € Im(ra(h”/))~
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Set z, = hi(w,}, an element of T:{W.). Now f.(z.} € F,, and
wr, (f“;(z';)) u(h )z, ) Y.

Hence wr, is surjective and the proof is complete. O

3.4.5 tExercise. Let T : 4(R) — %(R) be a covariant, additive functor which
commutcs with dircct limits. Let (Lgjpeq be a non-empty family of R-madules;
for each ¢ € Q, let g4 : Ly —> Bz Lo be the canonical injection.

Prove that T (PgeqLe) is the direct sum of its family of submodules
(Im T{gs})seq, so that

T (@ Lg) =P Tigs) = P T(Lo).

feQ fef) deQ
We shall describe this result by the statement that T commuutes with direct

SUMS.

To show that the i-th right derived functors of ', (for i € IN) also commute
with direct limits, we plan to argue by induction on the number of elements
needed to generate o, and to use the Mayer-Vietoris Sequence to complete the
inductive step. The following lemma will be helpful.

3.4.6 Lemma. Let 0,8, T, U,V be covariant functors (from €(R) to €(R)) and
let o : ¢ — S, 7:8S — T, 4. T — U, v :U — V be natural
transformations of functors such that, for each R-module M, the sequence

oz Bt

OM) 25 S(M) -5 T(M) 2 uian 25 V(M)

is exact. Suppose that (.8, UV all commute with direct limits. Then T also
commutes with divect limits.

Proof. We again use the notation of 3.4.1. For each o, € A with « > §,
there is a commutative diagram

Oy Ty Hiy Vi
QWs) ——+ S(Wp) —— T(Ws}—— U(Wy) —» V(Wp)

i
QU J Sit) [ i) l Ui l V(i)
A

QW) — o SIW,) —— T (W) —— UW,) — = V(W)

iy

with exact rows, and so there is induced an exact sequernce

Qo 5 8 =5 T L5 U, 5 1,
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where Q. = lim Q(W,,), etcetera, and o, = lim o,, etcetera. It is easy to see

ogeg\ . xEA
from the definition of wy,...,wy in 3.4.1 that the diagram

Ooo T Hoo Vo

Qoo » Se - Ty » Uy Ve

- L

Q(We) —> S(Weo) ——> T(Woo) o> UWee) —— V(W)

Wy wy

commutes. Since this diagram has exact rows and wg,ws,wy and wy are
isomorphisms by hypothesis, it follows from the Five Lemma that e is an
isomorphism too. O

3.4.7 Remark. [t is clear that the identity functor Id : ¥(R) — %(R) and the zero
functor 0 : 4(R) — %(R) (for which O(M) = 0 for all R-modules M) commute
with direct limits.

3.4.8 Corollary. Suppose that, for some i € Ny, the functors H} and H] commute
with direct limits. Then Hi(.) ® H{(.) commutes with direct limits.

Proof. This is an easy consequence of 3.4.6 and 3.4.7: for each R-module M,
consider the canonical split exact sequences

0 =—= H\(M) ~— H\(M) ® Hi{(M) ~—— Hi{(M) === 0.0
3.4.9 Proposition. Let a € R. Then the local cohomology functor Hp, commutes
with direct limits.
Proof. By 2.2.17, there are natural transformations of functors
7:1d—(.)s and o :(.),— Hp,
such that, for all R-modules M, the sequence
M 25 M, 2 Hy (M) — 0 — 0

is exact. We propose to use 3.4.6, and with this in mind we observe that, by
3.4.2, the functor (. ), : ¥(R) —> #(R) commutes with direct limits. (This will
be obvious to any reader familiar with the facts that (. ), is naturally equivalent
to (\)®r R, : €(R) —> #(R) and that, for an arbitrary R-module N, the functor
(+)®r N : 4(R) — %(R) commutes with direct limits. Alternatively, it is easy
to prove directly.)
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The claim now follows immediately from 3.4.6 and 3.4.7. O

We are now in a position to prove that the local cohomology functors
Hi (i € Ny} all commute with direct limits.

3.4.10 Theorem, For all i € Ny, the local cohomology functor H! commutes with
direct limits.

Proof. This proof is another example of the use of induction outlined in the
introduction to this chapter.

We suppose that a can be generated by ¢ elements and proceed by induction
on t. When £ = 0, we have a = 0 and T, is the identity functor, so that H: =0
for all i € N. The result is therefore immediate from 3.4.7 in this case.

We proved in 3.4.4 that I, commutes with direct limits. When r = |, it
follows from 3.3.1 that H. = 0 for all i > 1, and from 3.4.9 that H! commutes
with direct limits. The result 15 therefore also proved in the case when ¢ = 1.

Now suppose, inductively, that ¢ > 1 and the result has been proved for ideals
that can be gencrated by fewer than ¢ elements. Suppose that a is generated by
t elements ay,...,a,. Set b = Ra; +---+ Ra, 1 and ¢ = Ra,, so that a =Db 4 ¢.
Note that

be = (Ray + -+ Ra,—1)Ra; = Raya, + - + Ra,_1a;

can be generated by ¢ — 1 elements, and that I} = H}_ for alli € Ny by 3.1.5.

It therefore follows from the inductive hypothesis and what we have already
proved that the local cohomology functors Hi (i € Ng), H! (i € Ng) and
Hi . (i € Np) all commute with direct limits. Hence, by 3.4.8, all the functors
Hi{y@ H{(.) (i € No) commute with direct limits.

It now follows from 3.4.6 and the Mayer-Vietoris Sequence {we use here the
full statement of 3.2.3) that the functors H (i € No) all commute with direct
limits. Since a = b + ¢, the inductive step is complete. O

3.4.11 Corollary. The a-transform functor D, commures with direct limits.
Consequently, by 3.4.5, the functor D, commutes with direct sums (in the sense
of Exercise 3.4.5).

Proof. By 2.2.4(i}, there are natural transformations of functors
T, — 14, ny:ld — D, Q’O:Dﬂ—>Ha1

such that, for each R-module M, the sequence

- Lle
Io(M) =25 M 25 M) 5 HYM) — 0
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is exact. Since I', and Hj commute with direct limits (by 3.4.4 and 3.4.10
respectively), the claim follows from 3.4.6. O

3.4.12 Exercise. Suppose that, for some i € Ny, we have H(R) = 0. Show that
HL(P) = 0 for every projective R-module P.

3.4.13 Exercise. Let K’ denote the full ring of fractions of R, thatis, K’ := S~IR,
where S is the set of all non-zerodivisors of R. Show that, if, for some integer
i € Ny, we have H{(R) = 0, then HI(K") = 0 too.

Thus, in particular, if R is an integral domain with field of fractions K and
HI(R) = 0 for some i € Ny, then H:(K) = 0.



4

Change of rings

The main results of this chapter concern a homomorphism of commutative
Noetherian rings f : R —> R’. More precisely, we shall prove two fundamental
comparison results for local cohomology modules in this context. The first of
these, which we shall call the ‘Independence Theorem’, compares, for an R'-
module M’ and an i € Ny, the local cohomology modules Hi(M') and H g (M'):
to form the first of these, we consider M’ as an R-module by restriction of
scalars using f; also, aR’' denotes the extension of a to R’ under f. Our
second main result, which we shall refer to as the ‘Flat Base Change Theorem’,
compates the local cohomology modules H} (M) ®g R’ and Hi M @g R) for
i & Ny and an arbitrary R-module M under the additional assumption that the
ring homomorphism f is flat.

Our main results rely on the fact that certain modules are acyclic with respect
to torsion functors. We say that an R-module A4 is T'y-acyclic precisely when
HI(A) = 0 for all i > 0. As was explained in 1.2.2, the most basic method for
calculation, for an R-module M and an i € Ny, of H (M) is to take an injective
resolution I* of M, apply I', to I* to obtain the complex I',(I°), and take the i-th
cohomology module of this complex: we have H (M) = H(T,(I*)). However,
it is an easy exercise in homological algebra to show that a resolution of M by
I',-acyelic R-modules will serve this purpose just as well.

Of course, injective R-modules are I';-acyelic, but i general the class of T'y-
acyclic R-modules is larger than the class of injective R-modules. Let f : R —
R’ be a homomorphism of commutative Noetherian rings. We shall show that,
if 7’ is an injective R'-module, then, when viewed as an R-module by restriction
of scalars, I’ is [y-acyclic. We shall also show that, if the ring homomorphism
f 1s flat, then, for each injective R-module I, the R"-module [ ®z R’ is T -
acyclic. These results pave the way for the proofs later in the chapter of the
Independence Theorem (4.2.1) and the Flat Base Change Theorem (4.3.2).

66
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4.1 Some acyclic modules

For completeness, we begin with the formal definition.

4.1.1 Definition. We say that an R-module A is I'y-acyclic precisely when
Hi(A) =0 for all i > 0.

Our presentation does not depend on the following exercise, but the reader
should be aware of the result it contains.

4.1.2 Exercise. Show that, given an R-module M, its local cohomology modules
with respect to a can be calculated by means of a resolution of M by I';-acyclic
modules as follows. Let

A-;oﬂAOi,Al*_,..._,Aii)AiH_,...

be a I';-acyclic resolution of M, so that 4%, 4',..., 4",... are all [',-acyclic R-
modules and there is an R-homomorphism « : M — A° such that the sequence

Q_HM_“,AOLO,Al_)..._)Aii,AiH_)...
is exact. Show that H(M) = Ker(I'y(d"))/ Im(I'y(d1)) for all i € N.

We shall have two applications of our first proposition in this section.

4.1.3 Proposition. Let M be an R-module, and let € be a set of ideals of R such
that

(a) € is closed under the formation of finite sums and products,

(b) OR € &, and

(c) each ideal in € is the sum of finitely many principal ideals which belong
to €.

Assume that H{(M) = 0 for all ¢ € €. Then M is Tc-acyclic for all ¢ € G.

Remark. Of course, if M is I'.~acyclic for all ¢ € €, then it is automatic that
Hl(M) =0 for all ¢ € €. Thus this theorem could be phrased as an ‘if and only
if” result.

Proof. Since Tgg is the identity functor on %(R), it is clear that M is I'og-
acyclic. Also, it was proved in 2.2.18(ii) that, for a € R, we have Hy (M) =0
for all i € N with i > 1; hence M is T'.-acyclic whenever ¢ is a principal ideal
in €.

Now suppose, inductively, that t > 1 and we have proved that, whenever
¢ € € can be expressed as a sum of fewer than ¢ principal ideals which all



=K., —- —Ro..wnEre oo .2 R -
Marer-{ierony Seguence 1 sfoW phar 1755 250 s

Set a = Rey+ -+ Remg and b= Re.. 50 that ¢ = o — b, Note thar b = o,
and, by hypothesis (a) on ¢, each of a,ab. Reie... ... Re._«¢: beiongs w ¢, Since
b 1s principal, and a and

ab = (Rey 4+ -+ Re;_ 1 JRe, = Rejer 4+ Re_y ¢,

are both expressible as sums of 1 — 1 principal ideals belonging to @, it foliows
from 2.2.18(ii) and the inductive hypothesis that M is T,-acyelic, T'y-acyclic and
T gp-acyclic,

By the Mayer-Victoris Sequence 3.2.3, we have, for an arbitrary i > 1, an
exact sequence

HIZHM) — H{M) — H(M) @ HL(M).

Now HIZL (M) = H'(M) by 3.L.5, and s0, by what we have already established,

HI N (M) = HI(M) = HJ(M) = 0. Thus Hi(M) = 0 for all i > 1. Since

H(M) = 0 by hypothesis (because ¢ € ), this completes the inductive step.
Since each ideal in € can be expressed as the sum of finitely many principal

ideals which belong to €, the proof is complete. M

The two important applications of Proposilion 4.1.3 which we have in mind
concern a homomorphism of commutative Noctherian rings, and it is appro-
priate for us to clarify notation at this point,

4.1.4 Notation. Throughout this chapter, R’ will denote a second commutative
Noetherian ring and f : R — R’ will denote a ring homomorphism. As in
Chapter 2, for an ideal b of R, we shall use bR’ to denote the extension of b to
R’ under f,

For an R-module M, we shall use Zdvg(M) (or Zdv(M) if there is no
ambiguity about the underlying ring involved) to denote the set of elements of
R which arc zerodivisors on M. Thus, for example, if M’ is an R'-module, then
R\ Zdvg(M') denotes the set of elements of R which are non-zerodivisors on
M’ when the latter is regarded as an R-module by means of f.

4.1.5 Lemma. Let M’ be a finitely generated R'-module which is aR -torsion-free.
Then a & Zdvp{M'}; in other words, a contains a non-zerodivisor on M' when
the latter is regarded as an R-module by means of f.
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Proof. Suppose that a n (R \ Zdvg(M")) = § and look for a contradiction.

Then
f@eczdveM)= | B
PeAsspg M

Since M’ is a finitely generated R’-module, it follows from the Prime Avoidance
Theorem in the form given in [60, 3.61] that f(a) < B for some P € Assp M.
Since there exists m' € M’ with (0 :p m') = B, we deduce that m’ € (0 1y aR'),
and m’ # 0 a contradiction. O

We are now ready for the proof of one of the main results of this section.

4.1.6 Theorem. Ler I’ be an injective R'-module. Then I’, when viewed as an
R-module by means of f, is T'y-acyclic.

Proof. The strategy of this proof is to show first that H}(I’) = 0, and then
appeal to Proposition 4.1.3.

By 2.2.21, there is an R-isomorphism & : Dyp/(I'} —> D4(I’) such that the
diagram

Har 1’

I DaR’(I/)

4

&y

Ha g’

r Do(I')
commutes. Since Hlx(I') = 0, it follows from 2.2.4(i)(c) that ner is surjective.
Hence 5, is surjective, and so Hl(I') = 0, again by 2.2.4(i)(c).

It follows that HI(I') = O for an arbitrary ideal a of R. We can now apply
4.1.3 (with the set of all ideals of R as the set €) to deduce that I’ is I'p-acyclic

for every ideal b of R. O

We now move on to consider the situation in which the ring homomorphism
f : R — R’ is flat, that is, such that R’, when viewed as an R-module via f, is
flat. We need two preliminary results for this situation; for the first, we appeal
to [35] for a proof.

4.1.7 Lemma. (See [35, Theorem 7.11].) Assume that the ring homomorphism
f :R — R’ is flat. Let M be an R-module. Then there is a natural transformation
of functors

i : Homg(.,M) ®r R — Hompg/((.) ®r R, M ®x R')



70 4 Change of rings
(from €(R) to B(R'}) w{:ich is such that

i) uw(g @7} = r’(g,'f ® Idg) for each R-module N, each v € R’ and each
g € Homg(N, M), and

(ii) wpx is an isomorphism if N is a finitely generated R-module. O
4.1.8 Proposition. Assume that the ring homomorphism f : R — R’ is flat; let 1
be an injective R-module. Then the natural R'-homomorphism
B I®r R — Homp(aR,I &z R’}
(for which B(m'Wr') = r'm’ for all ¥ € aR" and all W' €I &g R') is surjective.

Proof. Since f is flat, the natural R'-epimorphism v : a g R’ — aR’ {for
which }’(EE:I a;@¥]) = E;zl fla i forallt € N,ay,...,q; €aand#,....7r; € R
is an isomoerphism (see [35, Theorem 7.7]).

Since « is a finitely generated R-module, the R'-homomerphism

ta - Hompg{a,I) ®g R' — Hompg({a &g R.1 ®x R')

of 4.1.7 is an isomorphism. Since I is R—injectivéa the R-homomorphistn g : 1 —
Homg(a, ) (for which o(m}{a) = am for all ¢ € a and all m € I) is surjective,
so that, since tensor product is right exact,

oc®Idg : I ®p R' — Homp(o,I) ®r R’
is an R’-epimorphism. It follows that the composition
HOHlRf.f}’dl,IdrRRf) opg ol ®@Idg) I ®g R — Homg(aR, 1 @z R’}
is surjective. Since this composition is just £, the proof is complete. O

We are now in a position to prove a theorem which has some similarities to
Theorem 4.1.6.

4.1.9 Theorem. Assume that the ring homomorphism f : R — R’ is flat, and let 1
he an injective R-module. Then I @ R is T g-acvclic.

Proof. We shall employ a strategy similar to that which we used in the proof
of 4.1.6: we shall show first that H!,(I ®g R') =0, and then we shall appeal to
Proposition 4.1.3.

For each n € N, the natural R’-homomorphism

I ®gr R — HomRJ(a”R',I ®r RI)
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of 4.1.8 is surjective, so that, since a"R’ = (aR’)", the R’-homomorphism

Niegr 1 ®r R' —> Dog/(I ®r R’) = lim Homg ((aR')",] @& R')
neN

of 2.2.4(i) is surjective. Hence H!p (I ®g R') =0, by 2.2.4(i)(c).

We can now apply 4.1.3 (with the set € taken as the set of all ideals of R’
which are extended from ideals of R) to deduce that I ®g R’ is I'yr-acyclic for
every ideal b of R. O

Theorems 4.1.6 and 4.1.9 pave the way for us to present, in the next two
sections, the two main results of this chapter.

4.2 The Independence Theorem

In this section, we prove the Independence Theorem, which shows, loosely
speaking, that local cohomology is ‘independent of the base ring’. We have
already seen results of a similar type for ideal transforms in 2.2.21, and for first
local cohomology modules in Exercise 2.2.23. Let us again use [ g : ¥(R") —
%(R) to denote the functor obtained from restriction of scalars (using f): thus,
if M’ is an R’-module and i € Ny, we can form the R-modules H!p (M) g
and Hi(M'[ g). For the first, we form the i-th Jocal cohomology module of M’
with respect to aR’ and then regard the resulting R'-module as an R-module
by means of f; for the second, we first consider M’ as an R-module via f, and
then take the i-th local cohomology module with respect to a. Theorem 4.2.1
below shows, among other things, that there is an R-isomorphism

(M) = Hi g (M')[ g — H{(M'[ g) =1 Hi(M"),

so that, speaking loosely, it doesn’t matter whether we calculate these local
cohomology modules over R or R'.

4.2.1 Independence Theorem. The functors Uop/(+)[ r and To( [ r) (from €(R')
to €(R)) are the same, and there is a unique isomorphism

A= ieny  (Hig (T R) e, — (Hi-TR)) ey,

of negative (strongly) connected sequences of covariant functors (from %(R') to
%(R)) such that 20 is the identity natural equivalence. In particular, for each
i € No, the functors Hig(.)| g and HI(.[ r) are naturally equivalent.

Proof. Since [ r : €(R’) — %(R) is covariant and exact, it is clear that

(H;R/( . )|— R)ie]No and (Hci[( . |— R))ieN,
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are negative strongly connected sequences of covariant functors from %(R’) to
E(R). :

Now a"R' = (aR')* for all n € N, and so Lo () g and T'o(. [ g} are the same
functor. Furthermore, whenever [’ is an injective R'-module, it is, of course,
automatic that H!(I') = 0 for all i € N, while it follows from 4.1.6 that
Hi(I'y =0 for all i € N. The result now follows immediately on application of
1.3.4(ii). O

Remark, Some readers might prefer to approach the final claim of 4.2.1 in the
following way. Observe first that I'yp{. )| z and I'o(. [ g) are the same functor.
Let M’ be an R'-module, and let

I 0 IO i

be an injective resolution of M’ over R’. By 1.2.2, the i-th cohomoelogy module
of the complex T'yp{I") is isomorphic to H! z(M') (for i € N{)).E
By 4.1.6, the complex ‘

"0 TTg I g i I g— I g —

is a resolution of M'[ g by I',-acyclic R-modules, and so, by 4.1.2, the i-th
cohomology module of the complex I'o(I”[ z) is isomorphic to HA(M'[ g} (for
i € INp). Since I'yp (-} g =T o[ ), this gives a quick and relatively transparent
proof that H p.(M")[ g = HI(M'[ r) for i € Ny. Note, however, that our use of
1.3.4 m the above proof of 4.2.1 led rather rapidly to additional information.

4.2.2 Example. Suppose that the R-module M is annihilated by the ideal b
of R Then, since M is D-torsion, it is immediate {rom Exercise 2.1.9 that
Hi(M) = H_ (M) for all i € No. However, the reader might find the following
alternative approach, which uses the Independence Theorem 4.2.1, illuminating.
Since M is annihilated by b, we can regard M as a module over R/b in

a natural way. Let i € Ny, By the Independence Theorem 4.2.1, there is an
R-isomorphism HI(M) = Hj g ny{(M). But a(R/b) = (a4 b)/b, and another
use of the Independence Theorem 4.2.1 provides us with an R-isomorphism
H(iwb),xb(M) = Hi, (M)}, so that HI(M) = H._ (M), as claimed.
4.2.3 Exercise, Let n € N. This exercise Is concerned with the ring R[X|, ..., X,]
of polynomials over R.

(1) Use 2.2.18 to show that the R[X|]-module H[IXI}(R [X1]} 15 not finitely
generated, and therefore non-zero, .

(ii) Use 1.3.9(iv) to show that, when n > 1,

,,,,,

b Lme o kg eshe s o
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(iii) The ring homomorphism v : R[X),...,X,] — R[X1,...,X,-1] (again
for n > 1) obtained by evaluation at Xj,...,X,—1,0 allows us to regard
R[X1,...,X,_1] as an R[X},..., X;]-module. Show that, when this is done,

‘

Hly, 5 (R[X1,..., Xo1]) =0,

,,,,,

(iv) Assume again that n > 1. Deduce from the exact sequence
0 — RIX1,..., X, =5 R[X),..., X,] — R[X1,...,Xpi] — O

of R[Xjy,..., Xy]-modules that Hiy, Xn)(R[Xl, ..., X;]) has a submodule isomor-
phic to H(X1 ’’’’’ 1)(R[X1, ..., Xu—1]) (the latter being regarded as an R[Xj,..., X,]-

module by means of v), and that

HYy, ) (RIXp . Xol) = XoHly ) (RIX1- ., X)),

..........

(v) Prove by induction that, for all n € N, the R[Xj,...,X,]-module
Hly  x (RIX,.. ., X,]) is not finitely generated, and therefore non-zero.
4.2.4 Exercise. Use 4.2.3 to show that, over the ring R[X1, X3, X3, X4] of poly-
nomials in four indeterminates with coefficients in R,

Hi, s xo (RIX1, X2, X3, Xa]) # 0.
Deduce that the affine algebraic set W in A* defined by
W = VA4(X1, X)) U VA4(X3, X4)

cannot be ‘defined by two equations’, that is, there do not exist f,g €
C[X1, X3, X3,X,] such that W = {p € A* : f(p) = g(p) = 0} .

We are now going to use the Independence Theorem to prove a proposition
which presents a non-vanishing result for certain local cohomology modules. We
shall use this proposition in Chapter 6 to prove a more general non-vanishing
result. The strategy of the proof of the proposition has some similarities with
the strategy used in Exercise 4.2.3.

4.2.5 Proposition. Suppose that (R, m) is a regular local ring of dimension d > 0.
Then the R-module HX(R) is not finitely generated, and therefore non-zero.

Proof. We argue by induction on d. When d = 1, the maximal ideal m is
generated by one element, 7 say. Let K denote the field of fractions of R. Apply
2.2.15 (in the case where M = R and S is the set of non-zero elements of R),
and note that | J,.(R x ©") = K: it follows from this and 2.2.4(i)(c) that there
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is an exact sequernce
0— R— K — Hp, (R) — 0.

Since R is finitely generated as an R-module but K is not, we deduce that
Hj (R} is not finitely generated.

Now suppose, inductively, that d > 1 and that the result has been proved for
regular local rings of smaller (positive) dimensions. Let uy,.... uq be d elements
of m which generate this maximal ideal. Let R = R/uyR, a regular local ring of
dimension d — 1 with maximal ideal T ;= m/u;R, By the inductive hypothesis,
the R-module H4(R) is not finitely gencrated. Hence, by the Independence
Theorem 4.2.1, the R-module Hi™'(R/uyR) is not finitely generated. The exact
sequence

i

00— R -5 R— R/yuyR— (0

induces an exact sequence HER) — HEY(R/uzR) — HA(R). But

m m

HYR) = 0 by L.3.9(iv) since uy,...,ua is an R-sequence. Hence HY(R) has a

submodule isomorphic to HEH(R/u4R); since the latter is not finitely generated,
neither is H(R). O

4.2.6 Fxercise. Assume that R contains a field K as a subring. Suppose that
a can be generated by t elements «....,a4. The ring homomeorphism f :
K[Xi,....X,] — R obtained by evaluation at ay,...,4, allows us to regard
each R-module as a module over K[X1,..., X:].

Show that, for an R-module M, there is a K[X|,..., X,]-isomorphism

b (M) = HY(M)  for each i € No.

Use the fact that the ring K[X|,...,X;] has giobal dimension ¢ to show that
Hi(M) = 0 for all i > r. Compare this with Theorem 3.3.1.

4.2.7 Exerecise. (In this exercise, there is no assumption about R beyond the
standard ones.) Suppose that a can be generated by ¢ elements. Use an appro-
priate ring homomorphism Z[X{,...,X;] — R in conjunction with the Inde-
pendence Theorem 4.2.1 and the fact that the global dimension of Z[X\,..., X i
is t + 1 to show that H\(M) = 0 for all i > ¢ + 1. Compare this with Theorem
33.1.

The following refinement of the Independence Theorem 4.2.1 is occasionally
useful.

4.2.8 Exercise. Let the situation be as in the Independence Theorem 4.2.1. Let
M’ be an R-module. Show that, for each i € Ng, the R-module H:(M') actually
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has a natural structure as an R’-module under which »'x = H!(+' Iday)(x) for all
¥ € R"and x € H{(M’). Show further that, if f' : M’ — N’ is a homomorphism
of R’-modules, then Hi(f') : H(M') — Hi(N') is an R’-homomorphism.
Deduce that (Hi(. [ r))ien, is a negative strongly connected sequence of
covariant functors from @(R') to itself, and, as such, is isomorphic to (Hg )ieNy-

4.3 The Flat Base Change Theorem

The second fundamental result about local cohomology that we propose to
derive from the work in Section 4.1 is the Flat Base Change Theorem. This
result is a consequence of Theorem 4.1.9 and concerns the situation in which
f : R — R'is flat: we are going to show that, in this situation, speaking loosely,
the formation of local cohomology ‘commutes’ with ‘extension of the base ring
from R to R”. To be more precise, we shall show that, for each R-module M
and each i € Ny, there is an R'-isomorphism H' (M ®g R') =, HI{(M)®gr R
Although our proof of this result has some similarities with our proof of 4.2.1
above, a preparatory lemma will be helpful in this case.

4.3.1 Lemma. Assume that the ring homomorphism f : R — R’ is flat. There is a
natural equivalence of functors

p° :Ta()®r R — Torr((-) ®& R')

from €(R) to €(R') which is such that, for each R-module M, we have PO (mer') =
m®7v for all me T'y(M) and all ¥ € R

Proof. Let M be an R-module. Since f is flat, the inclusion map induces
an R-monomorphism I'(M) ®g R" —» M @ R’ whose image is contained in
Tur (M ®gR). It follows easily that there is a natural transformation of functors
p° :To(+) ®r R —> Tyr((+) ®g R') which is such that, for each R-module M,
p?\,f is monomorphic and satisfies

P (Cimymi@r) =Y mer;

forallt € N, my,...,m; € To(M) and rq,...,r; € R'. It remains to show that 0%
is surjective for each R-module M.

We can deduce this from Lemma 4.1.7 as follows. Let n € N. Since R/a” is a
finitely generated R-module, Lemma 4.1.7 provides us with an R’-isomorphism

pg/e - Homgp(R/a", M) ® R — Homg ((R/a") ®r R, M ® R))
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such that ypw(h ® ') =r'(h® Idg) for all A € Homg(R/a", M) and all ¥ € R'.

We can incorporate iz into the composition
i

=1
0y a")@r R — Homg(R/o", M)@r R

MRl

— HOD’er((R/Gn) R Rr, M @pg R’r)
% Homp(R'/a" R, M ®g R') > (0 10,5 (aR')")

of R'-isomorphisms, in which the other three isomorphisms are the obvious
natural opes. The reader can easily check that this composition ¢ is such
that E(ZL] W &) = ZLI wy ® ¢ (for £ € N, my,...,m € (0 5y o) and
Fiy-..,r, € R'). Tt is now an immediate consequence that p§, is surjective. O

4.3.2 Flat Base Change Theorem. Assume that the ring homomorphism f : R —
R' is flat. There is a unigue isomeorphism

(0)ieny T (HU(<) ®r R Yo, — (Hig((-) ®r R )iansy

of negative (strongly )} connected sequences of covariant functors { from 4(R) to
#(R') } which extends the natural equivalence o of 4.3.1. In particular, for each
i € Ny, the functors Hi()®g R' and Hi (.Y &g R) are naturally equivalent.

Proof. As in the proof of 4.2.1, we use 1.3.4. Since (. )@z R €(R) — €(R)
is exact, it is clear that the two sequences given in the statement of 432
are indeed negative strongly connected sequences of covariant functors from
%(R) 10 %¥(R’}). Furthermore, whenever [ is an injective R-module, it is, of
course, automatic that H (I) = 0 for all i € N, while it follows from 4.1.9 that
Hip{I ®g R') = 0 for all i € N, The result is now an immediate consequence
of 431 and 1.3.4(1). O

Remark. Again, some readers might prefer the following direct approach to
the final claim of 4.3.2. Let M be an R-module, and let

AN VIS LB LN N (I | LU

be an injective resolution of M over R. For i € Ny, the i-th cohomelogy module
of the complex I';(I") is, of course, Hi(M). Since (. ) ®z R’ : €(R) —» €(R') is
additive and exact, we have an R'-isomorphism

Ho(M) ®r R' = H'(Ta(I") @x R = H([ (") @& R').
In view of the natural equivalence of 4.3.1, there is an R'-isomorphism

H{(T(I"} ®r R) = H'(Top(I" @g R')).
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But, by 4.1.9, the complex I* ®z R’ is a I'qr-acyclic resolution of the R'-module
M ®g R/, and so, by 4.1.2, there is an R’-isomorphism

H'(Tor(I° ®r R)) = Hip (M ®r R).
This gives us, fairly directly, an R’-isomorphism
Hi(M)®g R = Hp(M ®g R).

Note again, however, that our use of 1.3.4 in the above proof of 4.3.2 led very
quickly to additional information.

If S is a multiplicatively closed subset of R, then, as is very well known, the
natural ring homomorphism R — S~'R is flat. Thus we can obtain the result
of Exercise 1.3.6 as a special case of the Flat Base Change Theorem 4.3.2.

4.3.3 Corollary. Let S be a multiplicatively closed subset of R. The sequences

(s—l(H;'( . ))) O (H;S_1 L7 )))

iE]N(]

are isomorphic connected sequences of functors (from €(R) to %(S~IR)). In par-
ticular, for each i € Wy and each R-module M, there is an S~1R-isomorphism

STHHIM)) = Hig_ x(ST'M). O

4.3.4 Exercise. Suppose that R is regular, that is, R, is a regular local ring for
every p € Spec(R).

Suppose that a is proper and has height ¢, where t > 0. Show that the
R-module H!(R) is not finitely generated, and therefore non-zero.

The first part of the next exercise is for those readers who have reached this
point without needing the fact that, for an arbitrary R-module N, the functor
(.)®r N : 4(R) — %(R) commutes with direct limits!

4.3.5 gExercise. Let N be an R-module.

(i) Show that the functor (.) ®r N : ¥(R) — %(R) commutes with direct
limits (see 3.4.1).

(i) Assume that the ring homomorphism f : R — R’ is flat. Show that
there is a natural equivalence of functors

¢ :Dy(+)®r R'—> Dor((+-) ®r R')
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(from €(R) to %(R’)) which is such that, for each R-module M, the diagram

. Ham@r R ,
M ®g R DM)@®r R
k £y
‘ R wep & ,
Mo R Dop (M ®r R)

commutes. (The potations #, and fer mer arc explained in 2.2.4{1).)
(ili) Deduce that, for a multiplicatively closed subset S of R, the functors

STUDu(-))  and  Dag(ST'())
(from %(R) to ¥(S'R)) are naturally equivalent.

We shall end this chapter with a geometric example and exercise; the follow-
ing remark will be useful.

4.3.6 Remark. Let #1,#2 € R Then
{peSpec(R} : p2rnR+ al
= {p € Spec(R) :p 2 /(n R+ a)n /(1R -I—a)},

and so AR+ a) = JHR+a)n frnk+a

4.3.7 Hartshorne’s Example revisited. This example concerns the affine variety
V in AY studied in 2.3.7 and 3.3.4 and given by
Vo= V(X1 X4 — Xo X3, X0Xs + X1 X2 — X3, X3 + Xa Xy — X3),
In 3.3.4 we showed that the subvariety
L= Vaa(X0, X3.X2) = {(c.0.0,0) ¢ A : c € T}

of ¥ (a line) cannot be ‘defined by one equation’; bere, we shall show that V
itself cannot be ‘defined by two equations’.

Write, for convenience, R 1= C[X1, Xz, X1, X4], and let ¢ be the ideal of R
given by

C= (X X4 — Xo X5, X2Xa+ X X0 — X3, X5+ XX — X7).

We wish to show that ara(c) > 2, and we shall achieve this by showing that
H3(R) # 0 and then appealing to 3.3.3. Let R = C[[X, X5, X5, X4]]; since
the natural ring homomorphism R — R is flat, it foliows from the Fiat Base
Change Theorem 4.3.2 that H 3(R) ®p Rz Hsﬁ(ﬁ), and so it will be enough, in



4.3 The Flat Base Change Theorem 79

order to achieve our aim, for us to show that H f/ﬁ(fi) # 0. This is what we shall
do.

Let u € R be given by
(=1y12(2n —2)
nln—1)!

|
ui=142X; —2X2 +4X; — 10X3 +--- + XE

In fact, 4> = 1 +4X3; note that, since the latter is & unit in R (by [60, 1.43]),
s0 too is u. Write
f1=X1X4—X12X;5, fr = X%Xg +X1X2—X%, fi= X33+X3X4—X§,
so that ¢R = (fl,fz,fg)l/i. Now
4f, = AX2X3 + X7 — (4X2 —4X1 X, + X})
= X? — (22X, — X1)
= (Xlu -+ 2X2 — Xl)(Xlu — 2X2 + XI)
= (X1(u—1)+2X)(X1(u+ 1) — 2X5).
A similar calculation shows that
4f3 = 4X3 + X7 — (4X? — 4X3X4 + X3)
= (X3(u— 1) + 2X3)(X3(u + 1) — 2X4).
Set
g i=Xi(u—1)+2Xs, g =Xu+1)—2X,

hy =X3(u—1)+2Xy, hy = X3(u+1)y—2X,.
Note that

higs — gy = Xi(u+ 12Xy — Xs(u — 1)2X;
—2X0X3(u+ 1) +2X4 X1 (u—1)
= 4u(X1 X4 — X2 X3) = dufy,

so that f1 = u~l(hygy — hogi)/4.
Therefore, on use of 4.3.6, we have

VR = \/(f1 2 fOR =/ (F1, 180, )R
= \/(f1,g1,h1h2)ﬁ N \/(fl, g2, h1h2)ﬁ
= \/(f1,g1,h1)§ n \/(fhgl,hz)ﬁ n \/(f1,gz, h)R N \/(f1,gz, m)R.
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We now use the equation fi = 1 ‘(h1g2 — hyg:)/4 to see that (fy, g, )R =
{g1, h])R and (f1, g2, hg) (Qg,ha)R the same equation and 4.3.6 show that

(Frogn )R =/ (biga, 21, h)R = /(e g1, AR 01/ (g5, g1, )R

and

\/(fhgz,hl)ﬁ = \/(hz:gz,hl)ﬁ 0 \/(gugz,kﬂﬁ-

Now put all this information together to see that

VR = g R 0y g2, k)R

Next, note that, since u is a unit of ﬁ, the four elements gy, g2, Ay, iz generate
the maximal ideai (Xy, Xz, X, X4)§ of the 4-dimensional regular local ring R,
and so, by [60, 15.38] for example, p = (gl,hl)ﬁ and q = {22, hg)ﬁ are prime
ideals of K. Thus we have the interesting situation where, although € s, by
2.3.7, a prime ideal of R, the ideal \/E of R is the intersection of two distinct
prime ideals of height 2.

Note that p+q = M = (Xl,Xz,X3,X4)R the maximal ideal of R. Since
XX, X5,X4 15 an R sequence in i, it follows from 1.3.9(iv) that H, ijq(R)

0. However, Proposition 4.2.5 shows that H§+q(ﬁ) # 0. By 331, we have
Hf,{ﬁ) ® Hg(ﬁj = for all i > 2. It therefore follows friom 4.3.2, 1.2.3 and the
Mayer-Vietoris Sequence 3.2.3 that

H3(R) ®r R = HA(R) = Hyo(R) = HA(R) £0.

pﬁq

Hence H}(R) # 0, and so ara(c) > 2 by 3.3.3. Therefore V' cannot be ‘defined
by two equations’.

4.3.8 Exercise. Let K be a field of characteristic 0, and let R denote the ring
K[X|, Xz X5, X4]; let ¢ be the ideal of R given by
= (X2 X)X XT+ XX - X, XX — X Xa)
Fet R := K[[X, X2 X3, X4]] and let u € R be given by
1 1 I3 5 (11220 — 2)!
wo=1+2X — =X} — X}t P
wi= 12X = g Xi e X0 = gl b e ey A
so that u? = 1 + Xq. Let z¢ := Xqu — Xo, 70 = Xau — X4, z3 = X u + X» and
74 = Xau -+ Xg.
(i) Show that z|, z3, 73, z4 generate the maximal ideal of R.
(i1) Show that, in R,

XzX] - X X4 ~—X1 2 —an; —Xqu X]Z4
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and 2u(X, X3 — X1X4) = 2223 — z124. Deduce that
VR = (21, 2)R N (23, 20)R.
(iil) Prove that H3(R) # 0.
4.3.9 Exercise. With the notation of 2.3.1, let V' be the affine algebraic set in
A? given by '
Vo=Vl X? + X3 — X3, X3 + X1 X3 — X5, XoX3— X1 X4).

(i) By considering the morphism of varieties o : A? — A* for which
af(c,d)) = (¢ — 1,¢* — ¢, d, cd) for all (c,d) € A* and the mapping

:B v \ {(07 0’ 07 O)} — Az \ {(1,0), (_150)}

given by

(cafer,c3) if e #0,
(cafcs,c3) if ¢ #0
(for all (c1, ¢, ¢3,¢4) € V' \ {(0,0,0,0)}), show that V is irreducible, and so is an
affine variety.

(ii) Deduce from Exercise 4.3.8 above that V' cannot be ‘defined by two
equations’.

B((c1, ¢, ¢3,¢4)) = {
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Other approaches

Although we have now developed enough of the basic algebraic theory of
local cohomology so that we could, if we wished, start right away with
sertious calculations with local cohomology modules, there are two other
approaches to the construction of local cohomology modules which are pop-
ular with some workers in the subject. One approach uses cohomology of
Cech complexes, and the other uses direct limits of homology modules of
Koszul complexes. We shall have occasion later in the book to use the
Cech complex approach to local cohomology, and we present the basic
ideas of this approach in this chapter. This work leads naturally to the
connection between local cohomology and direct limits of homology mod-
ules of Koszul complexes, and so some aspects of this are included in this
chapter.

However, we do not use Koszul complexes as a tool anywhere in this book:
in fact, the only references in later chapters to results from Section 5.2 are
in Exercise 12.4.4, which shows that the main Theorem 5.2.9 of Section 52
can also be used in graded situations to calculate gradings on graded local
cohomology modules. We have included Section 5.2 because it would be remiss
of us to write a book on local cohomology without mentioning the links with
Koszul complexes.

Links between local cohomology and Koszul complexes and Cech cohomol-
ogy are described in A. Grothendieck’s foundational lecture notes [18, §2]:
related ideas are present in J.-P. Serre’s fundamental paper [56, §61]. Among
other texts which discuss links between local cohomology and the Cech com-
plex or Koszul complexes are those by W. Bruns and 1. Herzog [6, §3.5],
M. Herrmann, S. Ikeda and U. Orbanz [23, §35], P. Roberts [51, Chapter 3,
§2], J. R. Strooker [62, §84.3] and J. Stiickrad and W. Vogel [63, Chapter 0,
§1.31.

82
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5.1 Use of Cech complexes
Throughout this chapter, ai,...,a, (where n > 0) will denote n elements which
generate a, and M will denote an arbitrary R-module. Our first task is to
define the (extended) Cech complex C(M)* of M with respect to the sequence
ai,...,a, This has the form

0 n—1
0— CM)° 5 (M) — - —> ey LS ey — 0.

The following lemma will be helpful. Recall again that, for a € R, the notations
R, and M, denote, respectively, the ring and module of fractions of R and M
with respect to the multiplicatively closed subset {a' : i € Ny} of R.

5.1.1 Lemma. Let a,b € R. There is an isomorphism of R-modules
H: My — (Ma)b
for which u(m/(ab)’) = (m/a')/b' for all m € M and all i € No.

Proof. Suppose that m,y € M and i, j € Ny are such that m/ (ab) = y/(aby
in M. Then there exists k € Ny such that

(ab)* ((abYm — (ab)'y) = 0.

Thus, in M,, we have b**im/ai = b¥tiy/al, so that (m/a)/b' = (y/a’)/b’ in
(M,),. Therefore there is indeed a mapping u : Mup — (My)s given by the
formula in the statement of the Jemma. It is now a very easy exercise to check
that p is an R-isomorphism. O

5.1.2 #Exercise. Complete the proof of Lemma 5.1.1.

5.1.3 Remark. In situations such as that of 5.1.1, we shall use u to identify
the R-modules My, and (M,), without further comment. Thus, when we speak
of the natural R-homomorphism w : M, — M, we shall be referring to
the natural R-homomorphism from M, to (M,), and employing the above
identification, so that w(m/d’) = b'm/(ab)’ for all m € M and i € Ny. These
ideas are employed in the construction of the Cech complex of M with respect
to ai,...,a, in 3.1.5 below.

5.1.4 Notation. For k € N with 1 <k < n, we shall write

Fle,n) = {(i(1),...,ik) € N : 1 < i(1) <i(2) <... < i(k) <n},

the set of all strictly increasing sequences of length k of positive integers taken
from the set {1,...,n}. For i € #(k,n), we shall, for 1 < j <k, denote the j-th
component of i by i(j), so that i = (i(1),...,i(k)).
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Now suppose that k <n, and s €« Nwith 1 <s <k 1. Let j € #(k + 1,n).
Then by

=S

Foor G, J(Sh. . ik + 1))

we mean the sequence (j(1),..., J{s— 1), j(s +1),..., jik + 1)) of #(k, n) obtained
by omitting the s-th component of j.

It is perhaps worth pointing out here that, if t € IN with | < ¢ < s, then
(o) = (.

Again under the assumption that & < n, let { € #(k,n}. By the n-complement
of i we mean the sequence j € #(n —k,n} such that

b= L1, i), J(1), L i — k)

5.1.5 Proposition and Definition. Define a sequence C{M)" of R-modules and
R-homomorphisms

nld

0 — C(MP L M) — -+ — C(M) CIMY' —> 0

as follows:

{a) C(MY° == M;
(B) for k =1,...,n, and with the notation of 5.1.4,

C(M @ M a1}~ a:(&)’

ic.f(kn)

(c) d° : C(M)® — C(M)' is to be such that, for each h = 1,....n, the
composition of d° followed by the canonical projection from C(M)! to
Mg, is just the natural map from M to M, and

(d) fork=1,....,n—1,i€ Flk.n) and j € F(k + 1,n), the composition

& 41
Ma:m»ﬂim - C(M)k - C(M)ki — M

itk

(in which the first and third maps are the canonical injection and canon-
ical projection respectively) is to be the natural map from M, o, 10
May,..amay, Wultiplied by (=11 if i = j° for an s with 1 <s <k +1,
and is to be 0 otherwise,

Then C(MY is a complex, called the (extended) Cech complex of M with
respect 1O ay,...,4,. ( Henceforth, we shall omit the word ‘extended’.)
We denote C(R)* by

oY JT oL Nyol IO o LSl IR NS}
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Proof. We have only to prove that @™ od* =0 forall k =0,...,n — 2.

Let m € M. To show that d' ¢ d® = 0, it is enough to show that, for each
i € #(2,n), the component of d' o d®(m) in the direct summand My, 4, of
C(M)? is 0. The only contributions to this component that could conceivably
be non-zero must come ‘through’ the direct summands M, and M,, of
C(M)'. 1t follows that the component of d' o d®(m) in the direct summand
Moy e of CIM) is (—1)(m/1) 4 (m/1) = 0. Hence dlod® =0

Now consider the case where 1 < k < n—2. In order to show that & od* =0,
it is enough to show that, for each i € #(k, n), the restriction of d*! o d* to the
direct summand My, g, of C(M ) is zero, and this is what we shall do. So let
me M,v e Ny and j € #(k + 2,n): we calculate the component of

FH o dF ( m )
{(@i1y - - gy )

in the direct summand Mg . . of C(M ¥t2, This component will be (con-
ceivably) non-zero only if i = (j*)' for some integers 5, ¢ with 1 <1 <s <k+2,
and, when this is so, will (in view of the penultimate paragraph of 5.1.4) be

(N1 aaigm | (DD g agm

(ajy--- Bjigan)’ (@it -« Bjgsn)

which is zero. Hence d*t! o & = 0, and the proof is complete, O

5.1.6 Example. The reader might find it helpful if we write down explicitly the
Cech complex C = C(R)* of R with respect to ay,...,a, when n has a fairly
small value: when n = 3, the complex is

dﬂ di dz
0 — R — Rm @ Rag @ R{IJ —r Klzﬂ; @ Rﬂlai @ Ralaz — Ralagag e 09

where the & (i = 0,1,2) are described as follows. For r,ri, 2,73 € R and

1,02, 03 € Ny, )
do(r)x(r ¥ r)’

1171
1 ) 3
(& &%)
1 2 3

Ui, vy I b1 v s
=( ay'r3 asr airs as'r ara ay'r; )

(aaaz)  (aaas) " (@pas)  (apas) " {@az)  (a@ya)”

(s )
(azasz) 7 (ayaz) " (@ya2)%

i iz i)
ar'n . ay1 a;'rs

and

(amaz )y (audgas)>  (ardas)
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5.1.7 £Exercise. Suppose that # > 1 and M is Ra,-torsion. Show that the Cech
complex of M with respect to a;,...,a, is the Cech complex of M with respect
10 dy,. .., Ay

5.1.8 #Exercise. Show that a homomorphism [ : M — N of R-modules induces
a chain map of complexes C(f) : C(M) — C(N)* such that C(f)° : C(M)® —
C(N)isjust f : M — N.

Show further that, with these assignments, C(.)* becomes a functor from
the category %(R} to the category of complexes of R-modules (and R-
homomorphisms) and chain maps of such complexes.

5.1.9 ZExercise. Use the natural isomorphisms
M ®R Rﬂ,tl]...ﬂf(k) _: ‘Mug[“.‘.ﬂ;(k, (For i S ]{k: n’))
(where 1 < k < n) to produce an isomorphism of complexes
Wyt M &g C — C(MY".

Show further that, as M varies through %{(R)}, the wj, constitute a natural
equivalence of functors w* : (.} ®g C* — C(.)* (from %(R) to the category of
all complexes of R-modules (and R-homomorphisms) and chain maps of such
complexes).

5.1.19 gExercise. In this and the next few exercises, we shall be concerned with
relationships between Cech complexes of M with respect to different sequences
of elements of R, and, for such discussions, it will help if we use a slightly
more complicated notation. Thus, in this and a few subsequent situations, we
shall use C(ay,...,a,; M) to denote the Cech complex of M with respect to
ay, ..., dy.

(i) Suppose that n = 2, and let m € N be such that 1 < m < n. Let
b1...., b, denote the sequence @Alsvens Bin_1s Qmp1, Aayy ding 2, - - -, 4, Obtained from
the sequence ay,...,a, by interchange of the m-th and (m + 1)-th terms.

Tetke Nwithl <k <n Leti< #{k n).
If neither m nor m + 1 appears as a term in i, then

Mai[l}---ailkj = Mb

)iy -
define (i) : Moy, ag, —> My, iy, to be the identity mapping in this case.

If m + 1 does not appear as a term in i but m = i(s), then

Mfif(] bollifgy M,

it --Bis— 1 Bigs) 1 Begs1yon-Brity -
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define (1)  Mayy ) —> Mar b sshuo shio. sy 10 bE the identity mapping in
this case.
If m does not appear as a term in i but m 4+ 1 = i(s], then

1Mﬂem_).uf£s(.<-} = *Mbill}—“hxc\—l]h([s) B By -

define (i) : Moy, _aw, — My, by bugrbisn- b, 10 be the identity mapping in
this case.

IT m and m- 1 both appear in i, with, say, m = i(s) (so that m+1 = i(s)+1 =
i{s + 1}), then

‘Fwﬂﬁ‘:!]...af(_m = ‘Mb([h...b[(kj:
in this case, define (i) © Muy,. oy — Mhy.by, to be the identity mapping
multiplied by —1.

Let f = @ig(k,”’,w(i) s Clay, ..., a4, MY — C(by,.... by MK Also, let
w® M — M be the identity mapping. Show that

= (") gy Clar s MY o Clby, . by MY

is an isomorphism of complexes.
(ii) Let ¢ be a permutation of the set {1,....n}. Show that there is an
isomorphism of complexes

C(al,. ..,an;M)' —j"* C(aﬁ(;),. . .,ag(mgi\/f)'.

5.1.11 Defipition. Let m € Z, and let

dk. k:!
o ...A..,Qk g ;Qkﬂ 45 ,Qk+2_._...

be a complex of R-modules and R-homomorphisms. We define {m}Q", the result
of shifting Q" by m places, as follows: ({m}Q" = Q™ for all k € Z, and the
k-th “differentiation’ homomorphism d’{‘m}Q. in {m}Q" is given by d?m}Q' = dg.”‘ :
Qe — gmtktl Thus changing Q" into {1}Q" (respectively {—1}Q") amounts
to shifting it one place to the left (respectively right).

5.1.12 #Exercise. In this exercise, we use the extended notation for Cech com-
plexes introduced in Exercise 5.1.10.

Let b € R. Show that there is a sequence of complexes (of R-modules and
R-homomorphisms) and chain maps

0— {—1iC(ay,...,a: Mp) — Clag.....an b; MY

— Clay,...,ap; My — 0
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which is such that, for each i € Ny, the sequence

0 — ((~1}C(ar, ... a0 My —> Clay,..., a0, by M)
— Clay,...,a: MY — 0

is exact.

5,1.13 Exercise. In this exercise, we use the extended notation for Cech com-
plexes introduced in Exercise 5__.1‘..1‘(_)_,.“ i
Let a € R. Show that] H'(C(a; M)) = H}, (M) for all i € No.

5.1.14 FFxercise. Show that all the cohomology modules of the Cech complex
C(MY) are n-torsion. (Here are some hints: try induction on the number of
elements needed to generate o, in conjunction with 5.1.12 and 5.1.10.)

5.1.15 Exercise. In this exercise, we again use the extended notation for Cech
complexes infroduced in HExercise 5.1.10.

Suppose that by,.... b, also generate a. Prove that

H{(Clay,...,a; M) = H(Clby,.. . b M)y forall i € N,

that is, the cohomology modules of the Cech complex C{M)* arc, up to
R-isomorphism, independent of the choice of sequence of generators for a.
{Again, we provide some hints: use 5.1.12 to compare Clay, ..., a,, b ; M) and
Cl(ai,....a,; M) ; and you may find 5.f.14 and 5.1.10 helpful.)

Our first major aim in this chapter is to show that, for each i € Ny, the local
cohomology module H:(M) is isomorphic to H'(C(M)"), the i-th cohomology
module of the Cech complex C(A)". The next remark is a first step.

5.1.16 Remark. In the Cech complex

(U
COMY 00— M-S M, @My, @ ®M, ...,
we have

HYC(M)) = Kerd®
= {me M : foreachi=1,...,n there exists
h; € N with ai"rr‘z = 0}
— (M),
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It will probably come as no surprise to the reader to learn that we intend
to exploit the above Remark 5.1.16 by use of negative strongly connected
sequences of functors and 1.3.5.

In the next lemma, we use the notation

C':OA—%COJiCI—>---——>Ci£§CP]A—>--'—>C”—>0

for the Cech complex of R itself with respect to ay,...,a, We interpret C Tas 0
for i€ Z\{0,1,...,n}, of course.

It should be clear to the reader that H'(( -} ®g C*) is, for each i € Ny, a
covariant R-linear functor from %(R) to itself.

5.1.17 Lemma. The sequence (H'({.) ®g C*))ien, is a negative strongly connected
sequence of covariant functors from €(R) to itself.

Proof. Let
o 8
0 —— L M N -+ 0
i l H ¥
o I
0 L —— M N’ 0

be a commulative diagram of R-modules and R-homomorphisms with exact
rows. Now for each i £ N, the R-module €' is flat, since it is a direct sum. of
finitely many modules of fractions of the form SR for suitable choices of the
multiplicatively closed subset S of R. It follows that there is a commutative
diagram

0 LepC M®egC* N ®@r C 0
iwC* pC* v@C*
0 L ®@r C* M &z C* N @p C 0

of complexes of R-modules and chain maps of such complexes such that, for
each i € Ny, the sequence

. -t

M®RCi

0 N &g C' 0

LagC

is exact, and a similar property holds for the lower row. Thus the above
commutative diagram of complexes gives rise to a long exact sequence of
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cohomology modules of the complexes in the top row, a similar long exact
sequence for the bottom row, and a chain map of the first long exact sequence
into the second. The claim follows from this, O

5.1.18 Remark. It is immediate from 5.1.16 and 5.1.9 that there is an R~
isomorphism %, : I'y(M) — HYM &g C*) for which +%,(m) = m ® 1 for
all m € To(M), and it is then clear that, as M varies through %(R), the 7,
constitute a natural cquivalence of functors 4* : I'y — H%(.) ®x C*) from
#(R) to itself.

5.1.19 Theorem. { Recall that ay,...,a, (where n > () denote n elements which
generate a, and C* denotes the Cech complex of R with respect to ay,...,an.)
There is a unique isomorphism

(e < (H((-) - CVieny — (Hl e,

of negative (strongly) connected sequences of covariant functors (from %(R) to
F(R}) which extends the natural equivalence % of 5.1.18. Consequently,
H{C(MY)y) = H(M @g C*} = H{(M) for each i € Ny,

Proof. In view of Lemma 5.1.17, we shall be able to use Theorem 1.3.5 to
prove the first part provided we can show that H{(f @z C*) =0 forall i e N
whenever [ is an injective R-module. By 5.1.9, it is enough for us to show that
H(C(I)) = 0 for all i € N whenever I is an injective R-module. We shall
achieve this by induction on n, and we shall use the extended notation for Cech
complexes introduced in Exercise 5.1.10.

When n = 1, the Cech complex Clay;I) is just 0 — 1 SN I.,, — 0, where
77 i8 the natural map. But, by 2.2.17, Cokerty = H}Qal(l ), and the latter is
zero because I is injective. Thus H(C{I)) = 0 for all i € IN. We note also
that Kert; = I'gq (I}, which is injective by 2.1.4. Hence the exact sequence
0 ~— Tpy() — I =5 I, — 0 of 2.2.17 splits, and I, is an injective
R-module.

Now suppose, inductively, that n > 1 and the result has been proved for
smaller values of n. By 5.1.12, there is a sequence of complexes {of R-modules
and R-homomorphisms) and chain maps

0— {—1}C{ay,....dui3 1) — Clay,...,a, 1)
— Clay,...,a,1; 1) — 0
which is such that, for each i € Ny, the sequence
0 — ({—1C(at,...,an1;1,)) —> Clag,...,ap;1)

> Clag,...,t1;1) — 0
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1s exact. This sequence of complexes therefore induces a long exact sequence
of cohomology modules. Since I, is an injective R-moedule (by the immedi-
ately preceding paragraph of this proof), we can deduce from our inductive
hypothesis that

H({~1}C(ar,...,a, 131, y)=0 foralliz=?2
and
HY (Clay,...,05—1:17)=0 foralli> 1.
Furthermore, an easy check shows that the connecting homomorphism
HYClar,....au1;17) — H{—1}Clar,...,a51:14,)")
induced by the above sequence of complexes is just the map
IRyt Ray () — TRrappiora, U a,)

induced by the natural homomorphism I — I, and this is surjective since the
canonical exact sequence

0 —TIp(I)—1—1, —0

of 2.2.17 splits. It follows from the long exact sequence of cohomelogy modules
that H(C(ay,...,e,: 1)) = 0 for all i = 1. This completes the inductive step.

We can now use Theorem 1.3.5 to complete the proof of the first part. The
second part follows immediately from the first part and 5.1.9. O

5.1.20 Remark. The reader should note that it is immediate from Theorem 5.1.19
that, when a can be generated by n elements, HJ(N) = 0 for all R-modules N
whenever | > r: we proved this result by means of the Mayer-Vietoris Sequence
in Theorem 3.3.1. This is one example of a situation where the use of a different
approach to the calculation of local cohomology modules can provide a simpler
proof and additional insight. The next exercise provides another example.

5.1.21 Exercise. Prove that H?(R} # 0 if and only if there exists k € IN such
that, for every r € N, it is the case that

(ar...an)' & R&™ 4+ + Ral™

Deduce that, for h € N, in the ring R[X),..., X}] of polynomials over R, we
have H(%{]!___’XEI)(R[Xl,...,Xh]) #* 0.
Compare this approach with that of Exercise 4.2.3.
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5.1.22 Exercise. Let b £ R. Deduce from Exercise 5.1.12 that there is a long
exact sequence of R-modules and R-homomorphisms

0

H£+Rb(M) HE(M) e HE(MD)

H) | (M) HY(M) ——— H!(M,)

H} (M)

1}

Ho gy (M) ———— H{(M)

HTp(M) ————

such that, whenever f : M > N is a homomorphism of R-modules, the diagram

chl+Rb(M} Hé(M) Hf;(Mb) — H;j'_}{b(M)
H o) Hy(f} Hi{fs) H;i'm,(f)
Hi, zy(N) HI(N) Hi(Ny) H pp(N)

commutes for all i € Ny,

5.1.23 Proposition. Let KY(M) ;= Kerd", where d' : C(M)' —> C(M)? is the
first ‘differentiation’ map in the Cech complex C(M ) of M with respect to the
sequence ay,...,dy. (It is clear from 5.1.8 that K'( .Y} can easily he made into a
Junctor from €(R) to itself.)

There is a natural equivalence of functors & : K'(.) —» D, which is such that,
Jor each R-module M, the diagram

dﬂ
M K'Y (M)
l En
Honf
M D(M)

commiites.

Proof. By 5.1.14, the cohomology modules HY{(C{M)) are all a-torsion, and
so both the kernel and cokernel of d° : M — K!(M) are a-torsion. It therefore
follows from 2.2.13 that there is a unique R-homomorphism Zy : K'(M) —
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D, (M) such that the diagram

d(]

M KNM)

commutes, and that &, = D.(d°)™} o 7, 1 (any. This formula and 2.2.4(i)(c) show
that &y is injective, since T,(K'(M)}) = T',(C'(M)) = 0. Furthermore, it is easy
to use the uniquness aspect of 2.2.11 to deduce that, as M varies through the
category 4(R}), the &3 constitute a natural transformation of functors.

Let t € N, and let = € Hompg(a', M). Tt is straightforward to check that the
element

! ¢ {
(h(cjl)9 h(C:Z), P h(a{ﬂ)\) = C(M)l
aj a @,
actually belongs to K'{M). (Note that athia) = haja’) = ajh(al) for integers 1, J
with 1 < i,j < n.) Hence there is an R-homomorphism 7,5, @ Homg(a', M) —
K (M) for which '
h(d hidt
vear(h) = ((1),”_, ha,)

i ) for all h € Hompg(a', M).
1

Also, it is straightforward to check that, for t,u € N with u > t, the diagram

Hompg(a', M)

omg(j* M)

Hompg(a%, M) K(M)

Tun

(in which j : «® — o denotes the inclusion map) commutes, and so the
yar (t € N) induce an R-homomorphism yy : Do(M) — KM for which
T © Haar = d°. Note that By 0y = Idp, ar) by the uniqueness aspect of 2.2.13.
Hence &y, 18 surjective, and so is an isomorphism. O

5.1.24 Exercise. Consider the special case of 5.1.23 in which M = R. Note that
C! = C{R)! =[], R,, has a natural structure as a (commutative Noctherian)
ring (with identity), and that d® : R — C' is a ring homomorphism. Recall also
from 2.2.3 that D(R) has a structure as a commutative ring with identity.
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Show that K'(R) is a subring of C!, and deduce from 2.2.14 that &g :
KYR) — D.(R) (where &g is as in 5.1.23) is actually a ring isomorphism.

The next exercise concerns the ring K '(R) in a geometrical situation.

5.1.25 Exercise. Let 7 be an affine variety over the algebraically closed field
K. Consider C' and K'(R) (of 5.1.24) in the special case in which R =
@(1), and assume that the ideal a of ¢(V) is non-zero (and generated by
di,...,dn all of which are assumed to be non-zero). Let U be the open subset
VilpeV ia(p)=...=ap) =0} of V.

For each j = 1,...,n, let U; denote the open subset {p € V :a;{p) # 0} of U,
identify the subring ¢&(V),, of K(V) with the ring ¢(Uj) of regular functions
on U; in the natural way, and let ¢ : &{U) — C(U)) be the restriction
hemomorphism.

Show that the map A : G{Uy — H?Zl ¢{U;) for which

Mgy = (ulgh-...1(g) forall g e &(U)

is an injective ring homomorphism with image K @), In this way, we obtain
a ring isomorphism A’ : ¢(U) — K{(&(V)). Show that, with the notation of
5.1.24, the diagram

o)

= §M,,Jo,1"

Da{C(V})

commutes, and deduce from 2.3.2 that Zgpy o A" is the vy, of that theorem.

5.2 Use of Koszul complexes

We revert to the general situation and remind the reader that, throughout this
chapter, a1,...,a, (where n > 0) denote » elements which generate a, and M
denotes an arbitrary R-module.

There is yet another method of calculation of local cohomology modules:
this describes them as direct limits of homology modules of Koszul complexes.
We present this description here, because it can be derived quickly from our
work so far in this chapter on the Cech complex. We need to specify our
notation for the Koszul complexes which we shall use.
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5.2.1 Notation, For all u € N, we denote by K{a"). (or K(44,...,a}).) the usual
Koszul complex of R with respect to a¥,...,al. Thus, if I denotes the frcc
R-module R" and, for each i = 1,....#n, the element (0,...,0,1.0,...,0} € R”"
which has i-th component 1 and all its other components 0 is denoted by e;,
then K(a"), has the form

0— K(a")y Tt K(a*) —— K({a" o) —

where
K

k
K@) = \NF=/N\R") fork=0,...n

(so that K(a*)g = R) and, for k = 1,...,n and i € #(k,n) (with the notation of
5.1.4),

k

h .
d((t”)k(@,'m FANAYAN ei(k)) = Z(—1)1 ]aﬁh)e;(l, A N  RARERRAL 13T
h=1

where the ‘&) indicates that ey, is omitted.

Of course, we set K(a¥), =0 forallk c Z\ {0,1,...,n}.

5.2.2 Lemma. Let u,0 € IN with u < v. There is a chain map
(i), = (W dkez : K(a"), — K(&"),

of complexes of R-modules and R-homomorphisms such that (), is the identity
mapping of \" F, such that (") is the endomorphism of R given by multiplication
by (a1...a,¥ %, and such that, for k=1,...,n—1 and i € #(k,n),

(wdileqny AL Aeg) = (apn . i) en A A e,
where j € F(n—k,n) is the n-complement of i (see 5.1.4).

Proof. We must check that d{a? ), ofypl) = (p8)—od(a"); foreachk = 1,....n
We Jeave this to the reader in the case in which k = »n For 1 <k < n and
ic #(k,n),je .#(n—k, n)asin the statement of the lemma, we have

{dia® Y o (wpdideqny N A eigg)

k
h=1 ¢ — o
= Z(*l) ! a}(h)(aj(l} . aj(ﬂf;c])r “e,-(l) Moo eim N A ey,
h=1
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and

(w1 o dla ) eny A~ Nei)

k
= (pih 1 (Z(l)“a}”‘(h]eim A NEgy A A em)

h=1

K -
Z )h ! (a1 aj(n,;d)vf“af(h)e,-(;) AU /\E‘:ﬁ:]/\... A e
h=1

= (d(a" ) o (i Meqy Ao Aeygy) O

5.2.3 #Exercise. Complete the proof of 5.2.2. In other words, show that, with
the notation of the lemma, d(a*), © (5 = (V5 )n—y © d{a*)s.

524 Remark. It is clear that, in the notation of 5.2.2, for w,v,w € N with
< v < w, we have (') o (yh). = ()., and that (%), is the identity chain
map of the complex K(a*). to itself. Thus the (y5), turn the family (K (a"),)uen
into a direct system of complexes of R-modules and chain maps. Our immediate
aim is to show that the direct limit complex, which we denote by K(a%),, 1s
isomorphic to a shift of the Cech complex C* of 5.1.5.

5.2.5 Theorem. There is an isomorphism of complexes

K(a®), = lim K (a*), — {n}C"
weN
berween the direct limit complex of Koszul complexes described in 5.2.4 and the
shift fn}Ct of the Cech complex of R with respect to ay,..

Proof. Let u € IN. We first define a chain map of complexes
(g.).  K(a*), — {n}C
Define (gu), : K(a*), — ({n}C"), = C7* = €% = R by requiring that
(gun(rer AL Aeg) = (=12 07 forall r € R

{(We point out now, to help the reader discern a patiern in what follows, that
E’;le i=-n+31,i) Nowletk € {1,...,n—1} and let i be a typical element
of #(k,n) (with the notation of 5.1.4). Define an R-homomorphism

(g 1 K(a")y — (In}C) = C"*

by requiring that, for i € #(k,n) as above,

_1)i(l)+---+i(kj—k

(gadelexy Ao Nepy) = —
u i(1) k) i) . -aj(n—k))“
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in the direct summand Ry, ¢, Of C"*, where j € #(n—k,n) is the n-
complement of i. Lastly, define an R-homomorphism (g} : K (@) = R —
({(r}C*)o = C" =Ry, 4, by

(gu)olr) = — " forallreR
(ai...an)"

In order to show that {(g,);)o<k<» gives rise to a chain map of complexes
{gu)., we must show that (with the notation of 5.1.5 concerning the complex
)

(gt od(a@ )y =d"Foigy forallk=1,...n

We leave this to the reader in the case when k = #, and deal here with the case
when 1 <k < n. Let i € #(k,n), and let j € #(n—k,n} be the n-complement of
i. Then

({gul—1 o d(a"h ey - ejg)

k
(guli—1 (Z 1(1’1 ]/\.../\%/\.../\em{))

h=1
— H (_
= Z(“l)h Iai(hj

Z :(h)+h( ik g

1)1 1]+-“+1(h)+-"H(k)—(k—l)(_1)1‘(!4}

(a01) - - - Ajintr g )"

i(h)
(k) ity

On the other hand,

(d* o (guh) )= d* (H)W%)—k
of{g e N A g = e r_)
o 1 (@) - - Ajnt)”
We now refer back to 5.1.5: in order to evaluate the right hand side of the
above equation, we need to know, for each h = 1,....k, at which point i(h)
should be inserted in the sequence (j(1),...,j(n —k)) in order to make an
increasing sequence: if it should occupy the si-th position in the new sequence,
then

{152:--'15(!1)_ 1} = {£(1)71(h - 1)71.(1)’"'5.};(5.‘1 - 1)}9
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so that ilhy—1=h—1+s; — 1. We thus see that

(dn—k olgue)(en BN
1)!(”_1_-(-1(1’()71‘(1{“{&}

k
— l)i {Fy— h
JZ: {aj--

= ((guh—1 o d(a@" V) eqy A ... N e )

@ ot J*

It follows that we do indeed obtain a chain map of complexes
(ga) 1 K(a"), — (n}C".
Next note that, for u,s € N with » < v and the chain map
) = (Wi ez < K(a"), — K(a").

of complexes of 5.2.2, we have a commutative diagram

()
K@), —2" k().

It follows that there is induced a chain map of complexes

(8xc)e = ((gchidiez : K(a™), = lim K(a"), — {n}C"
uE]N

which is clearly such that (g..) is surjective for all k € Z. ln order to show
thal (g.). is an isomorphism, it is enough to show that, for u € N,k € IN,
with 0 < k < n and f € Ker(g,),, there exists ¢ € N with u < ¢ such that
B < Ker(y})r. This 1s very easy (and left to the rcader) in the cases when k = 0
and k = n, and so we suppose that 1 < k < n. Let i € #(k,n). Now (g
maps the direct summand Rejy A ... A ey of K(a), into the direct summand
Riyy ay o OF C*7F = ({n}C°), where j &€ .#(n — k,n) is the n-complement of
i. In view of this and the facl that (k. n) is a finite set, we can assume that
B has the form reyy A ... A ey for some r € R In this case, the [act that
B € Ker(g,), means that there exists w € Ny such that (@) .. ajipi)’r =0,
and then (! ™(rey AL A eiy) = 0.
It follows that (g..), is an isomorphism of complexes. O

5.2.6 fExercise. Complele the proof of Theorem 3.2.5.
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Because the Cech complex C* can, by 5.1.19, be used to calculate the local
cohomology modules Hi(M) (i € Np), it is a consequence of Theorem 5.2.5
that these local cohomology modules can also be computed in terms of Koszul
complexes.

The result of the following exercise will be used in the proof of Theorem
5209.

5.2.7 zExercise. Let N be an R-module. Let (A, <) be a {non-empty) directed
partially ordered set, and let ({W,)),ea be a direct system of complexes of R-
modules and chain maps over A, with constituent chain maps (h3)" : {(Wey —
(W,) (for each (o, i) € A x A with « = ff). Set

(Wm). = lin(Wx)-
wEA
Show that the chain maps N &g (hf) (for o,f € A with 2 > f) turn the
family (N ®g (W, )" )uea into a direct system of complexes of R-modules and R-
homomeorphisms and chain maps over A, and show that there is an isomorphism
of complexes

(N @ (W,)) = N ®r (Wee) = N & (ng(wa)') :

rEA 2EA

5.2.8 £Exercise. For each u € N, let K(a¥, M), denote M @z K(a*)., the Koszul
complex of M with respect to ai,...,a% Let z : M — N be a homomorphism
of R-modules. For v,w € N with v < w, therc is a commutative diagram

2@K (4" ).

M ®g Kia"). N ®g K{a"),
Ma(pt), N@(yl)a

. @K (@) X
M ®p K(a¥), —- Ne@gK(a").

of complexes and chain maps; use this to show that, for cach j € Z, the family
(H;j(K(a", M).)}uen is a direct system, and that limH;(K(a", -).) is a covariant

welN
R-lipear functor from 4(R) to itself.

Show further that
(lim H,_(K(a", - ).))
ueN iciNg

is a negative strongly connected sequence of functors from #(R) to itself.
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5.2.9 Theorem. In the situation and with the notation of 5.2.8, there is a nat-
ural equivalence of functors ° : imH (K (a*, .).) — T, from %(R) to itself:
v weN

Jurthermore, there is a unigue isomorphism

(8 )ien, (1313 H (K (@, -).)) = (H)
uelN ieNg

of negative (strongly) connected sequences of covariant functors (from 6(R) to

%(R)) which extends 5°.
Consequently, for each i € Ny and each R-module M,

H{M) = lim H,_(K(d", M).).
welN

Proof. We shall use Theorem 1.3.5 again.
Tet u € N. Note that (with the notation of 5.2.1) the homomorphism

Id’j"I ®d(au)u M ®Br K(au)n — M S r K(au)n—l
has kernel {m ® (e; A ... Ae,) tme (0 iy (a},...,a%))}. and that

To(M) = | J(0 1 (af,....a)
neilN
Hence, for each u € IN, there 1s a monomorphism
unr - Ker(ldy ®d(a*),} — La(M)

with image (0 1y {a¥....,ay)); turthermore, for u,5 € N with u < ¢, the diagram

Ker(IdM ®d(au )n)

Ker(IdM ®d(a”),,) Fa(ﬁM)

O 5t

commutes, It follows that there is induced an isomorphism

59, ¢ lim Hy(K (¥, M).) —> To(M),
uelN
and it is easy to check that, as M varies through %(R), the 5_% constitute a

natural equivalence of functors 8° : imH, (K {a*, .).) =, I'y from €(R) to itself,
uslN
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Let I be an injective R-module. The fact that passage to direct limits preserves
exactness ensures that

lim Hy(K(a",I).) = H; (lim(K(a“,I).)) for all j € Z.
el ueN
Tt now follows from Exercise 5.2.7 that there is an isomorphism of complexes
Hm(K (a*,1).) = im{I @ K(a").) =1 @ K{a™)..
nelN welN
But 5.2.5 shows that K{a®). = {n}C*, and 5.1.19 shows that

H(I @z Cy= H{(I) forallie Ny

Hence limH,_{(K{a*,I).) =0 for all i e N.

ucN
We can now use Theorem 1.3.5 to complete the proof. O
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Fundamental vanishing theorems

There are many important results concerning the vanishing of local cohomology
modules. A few results of this type have already been presented earlier in the
book: for example, Exercise 1.3.9(iv) is concerned with the fact that, if an R-
module M is such that a contains an M-sequence of length n, then Hi(M) =0
for all i < n: also, Theorem 3.3.1 shows that, if a can be generated by t
elements, then, for every R-module M, we have H\(M} = 0 for all i > £; and
we strengthened the latter resuit in Corollary 3.3.3, where we showed that, for
every R-module M, we have Hi(M) =0 for all i > ara(a).

In this chapter, we shall provide a further result of this type: we shall prove
Grothendieck’s Vanishing Theorem, which states that, if the non-zero R-module
L has {Krull) dimension n, then H {L) =0 for all i > n. We shall also prove
that, when (R, m) is a local ring and the non-zero, finitely generated R-module
M has dimension n, then HE(M) # 0, so that, in view of Grothendieck’s

m

Vanishing Theorem, n = dim M is the greatest intcger i for which H! (M) # 0.
Also in this chapter, we shall explore in greater detail the ideas of Exercise
1.3.9, and this investigation will lead to the result that depth M is the least
integer i for which HZ (M) # 0. (Recall that depth M is the common length of
all maximal M-sequences.) It will thus follow that, for such an M over such a
local ring (R, m), it is only for integers i satisfying depth M < i < dim M that it
is possible that H (M) could be non-zero, while this local cohomology module
is definitely non-zero if i is at either extremity of this range.

Towards the end of the chapter, we shall exploit our earlier work to obtain
a geometrical application: we shall establish a special case of Serre’s Affineness
Criterion (see [56, §46, Corollaire 1]}, concerning the following situation, Let I
be an affine variety over the algebraically closed field K. Let b be a non-zero
ideal of €(V), let V(b) denote the closed subset of V determined by b, and let
U be the open subset ¥\ V(b) of V. Thus Uis a quasi-affine variety. It is of

fundamental importance in algebraic geometry to be able to determine whether

102



6.1 Grothendieck’s Vanishing Theorem 103

such a quasi-affine variety is itself affine. We shall show that U is affine if and
only if H{(G{V)) = 0 for all i > 2. Thus this work is well suited to a chapter
on ‘vanishing theorems’!

6.1 Grothendieck’s Vanishing Theorem

QOur first main aim in this chapter is to present a proof of Grothendieck’s
Vanishing Theorem. We preface this with a reminder about the dimension of
an R-module.

6.1.1 Reminder. Let M be a non-zero R-module. The (Krull) dimension, dim M
or dimg M, of M is the supremum of lengths of chains of prime ideals in the
support of M if this supremum exists, and cc otherwise. In the case when M
is finitely generated, this is equal to dim R/(0 : M), the dimension of the ring
R/(0 : M), but this nced not be the case if M is not finitely generated.

Also, we adopt the convention that the dimension of the zero R-module
is —1.

6.1.2 Grothendieck’s Vanishing Theorem. Let M be an R-module. Then Hi(M) =
0 for all i > dim M.

Proof. Since, {or cach p € Spec(R},
Suppg, (M,) = {qR, : q € Supp(M) and q S p},

it follows from 4.3.3 that it is sufficient for us to prove this result under the
additional hypothesis that (R, m) is local. This is what we shall do.

When dim M = —1, there is nothing to prove, as then M = 0. The result is
also clear if @ = R, as then I'y is the zero funclor of 3.4.7. We therefore suppose
henceforth in this proof that M % 0 and a = m.

We argue by induction on dim M. When dim M = 0. each non-zero element
g € M is annihilated by a power of mt (and therefore by a power of a), because
the ring R/(0 : g) is of dimension 0 and is therefore Artinian. Thus, in this
case, M is a-torsion, and so it follows from 2.1.7(i} that H{(M)} = 0 for ali
i>0=dim M.

Now suppose, inductively, that dimM = r > 0, and the result has been
proved for all R-modules of dimensions smaller than n. Since, by 3.4.10, for
each i € Ny, the local cohomology functor H: commutes with direct limits,
and M can be viewed as the direct limit of its finitely generated submodules,
it is sufficient for us to prove that H)(M') = 0 for all i > n whenever M’ is
a finitely generated submodule of M. Since such an. M’ must have dimension
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not exceeding n, we can therefore assume, in this inductive step, that M itself
is finitely generated. This we do.

By 2.1.7(iii), we have Hi(M) = H{(M/To (M)} for all i > 0. Also, M /T 4(M)
has dimension not exceeding #, and is an a-torsion-free R-module, by 2.1.2. In
view of the inductive hypothesis, we can (and do) assume that M is a (non-zero,
finitely gencrated) a-torsion-free R-module.

We now use 2.1.1{ii) to deduce that a contains an element r which is a
non-zerodiviser on M. Let 1,1 € IN with i > #n. The exact sequence

OHM—LM;—H\/IJJ’HMA—%O

(in which the second homomorphism is provided by multiplication by #')
induces an exact sequence H- (M /r* M) — Hi(M) LH i(M) of local coho-
mology modules. (The fact that the second homonorphism is again provided
by multiplication by #* follows from the fact that the functor H! is R-linear.)

Now dim(M/r*M) < n since ¥ ¢ |Jpcaan P and every minimal member of
Supp(M) belongs to Ass(M) (see [60, Theorem 9.39]). Hence, by the inductive
hypothesis, HI™'(M/r'M) = 0. Thus, for each t € N, multiplication by »’
provides a monomorphism of HY(M) into itself. But r € a and Hi{M) is an
a-torsion R-module, so that each element of it is annihilated by some power of
r. Therefore H:(M) = 0. This completes the inductive step, and the proof. O

The next theorem can be regarded as a companion to Grothendieck’s Van-
ishing Theorem, because it shows that, in some circumstances, this Vanishing
Theorem is best possible. The method of proof employed here uses the powerful
technique of reduction to the case where the local ring concerned is a complete
Jocal domain. The argument is fairly sophisticated, as it relies on ideas related
to the structure theorems for complete local rings. Some readers might like to
be informed now that a different proof of the following theorem is provided in
Chapter 7. We preface the theorem with an elementary remark.

6.1.3 Remark. Let R’ be a second commutative Noetherian ting and let f :
R — R’ be a fat ring homomorphism. Let M be a non-zero, finitely generated
R-module, generated by my,...,m,, say; set c ={0 ;g M ).

There is an exact sequence

< h
0—c¢c— R— Rm @& @Rm,

of R-modules and R-homomorphisms, where h(r} = (rmy,...,rm;) for all v € K.
Since R’ is a flat R-module, the induced sequence

hep R

0 Rgp R (Rm; & - @ Rm;) ®r R’

t®r R
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is again exact, and so it follows easily from the additivity of the tensor product
functor that the sequence

0 >R >R " (Rm @ R) & - ® (Rm, ®z R'),

where H'(r') = (my ®@r,....m ®7¢') for all ¥ € R', is exact. We¢ thus deduce that

= (0 :x (M @r R)). N

1t follows that, in particular, if (R, m) is local with (m-adic) completion R,
and M is a non-zero, finitely generated R-module, then

dimg M = dim R/c = dim R/cR = dimz(M &g R).

6.1.4 The Non-vanishing Theorem. Assume that (R, m} is local, and let M be a
non-zero, finitely generated R-module of dimension n. Then HJ (M) # 0.

Proof. Let R denote the (m-adic) completion of R. Since the natural ring
homomorphism R — R is (faithfully) flat, it follows from the Flat Base Change
Theorem 4.3.2 that there is an R-isomorphism

HZ(M) @ R = H(M ®p R),

and so it 18 enough for us to show that H” (M ®r R) == 0. Of course, mR is the

maximal ideal of the local ring R, and M ®R R is a non-zero, finitely generated
R-module; also 6.1.3 shows that this R-module has dimension n. Consequently,
we can, and do, assume henceforth in this proof that R is complete.

Let p be a minimal member of Supp(M} for which dimR/p = n. Since
dim(pM) < n+1, it follows from Grothendieck’s Vanishing Theorem 6.1.2 that
the natural epimorphism M — M /pM induces an epimorphism

H"(M) — H"

m m

(M /pM),

and so it is sufficient for us to show that H (M /pM) 0.
MNow, since

V0 R M/pM)=/p+(0 g M)=0p

(by [60, 9.23], for example), we can deduce that (0 :g M/pM) = p. Hence
dimg(M/pM) = n, and so, when we regard M/pM as an R/p-module in the
natural way, it is faithful, finitely generated, and of dimensien n. Also, by the
Independence Theorem 4.2.1,

HE(M/pM) = (M/pM)

m/p
as R-modules. Since R/p is a complete local domain, it follows that it is enough

for us to prove the result under the additional assumptions that R is a complete
local domain and that M is a faithful R-module.
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At this point, we appeal to the structure theory of complete local rings: by
[35, Theorem 29.4], there exists a complete regular local subring (R, m') of R
which is such that R is finitely generated as an R'-module. Since R is integral
over R', it follows that m is the one and only prime ideal of R which has
contraction to R’ equal to m’. Hence V"(m’R} = m, and so it follows from 1.1.3
and the Independence Theorem 4.2.1 that

H?’l

m

(M) = HP (M) = H,

'

(M)

as R'-modules. It is thus sufficient for us to show that H”, (M) 0. Obviously, M
is faithful and finitely generated as R’-module. Moreover, dimR' = dimR = n
(since R is integral over R'). We can therefore replace R by R’ and thus assume
that R is a complete regular local ring during the remainder of this proof.

Next, let, for each R-module G,
7(G) :={g € G : there exists r € R {0} such that rg =0},

a submodule of G. Note that (0 : 7(M)) == 0, and so (M) has dimension less
than n. Another use of Grothendieck’s Vanishing Theorem 6.1.2 shows that the
natural epimorphism M — M /t(M) induces an isomorphism

Hy (M) — Hy(M/2(M)),

and so it is sufficient for us to show that HI(M/t(M)) #+ 0. Note that
oM /x(M)) = 0 and that M/c(M) sull has dimension n (as its annihilator
is 0). Therefore we can, and do, assume that (M) = 0.

Let K be the field of fractions of R, and note that, since ©(M) = 0, the natural
R-homomorphism M — M ®p K is injective. Let ¢ denote the (torsion-free)
rank of M as an R-module, that is, the vector space dimension dimg (M @z K.
There exists r € R {0} such that M, as R-module, can be embedded in the

submodule

R

~ |

1
& R; (t copies) of K& @K (t copies).

But R% >~ R, and so there is a free R-module F of rank r and an R-
monomorphism f# : M — F; also, since h@r K : M ®@r K — F ®p K must be
a K-monomorphism between ¢-dimensional vector spaces over K, and there-
fore an isomorphism, it follows that dim(Cokerh) < n. It therefore follows
from Grothendieck’s Vanishing Theorem 6.1.2 that k induces an exact sequence
H (M) — H}(F) — 0. Now since R is a regular local ring, it follows from
4.2.5 that H}\ (R} # O; finally, we deduce from the additivity of the functor H},

that H(F) + 0. Hence H (M) <= 0 and this completes the proof. O
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6.1.5 Exercise. Suppose that M is a finitely generated R-module for which
M # aM. Show that there exists i € Ny for which HI{M) 0.

6.1.6 fExercise. Assume that (B, nt) is local, and let M be a non-zero, finitely
generated R-module of dimension n > 0. Show that HZ(M) is not finitely
generated. (Here are some hints: use M/T, (M) to see that onc can make
the additional assumption that M is an m-torsion-free R-module; use 2.1.1(ii)
!0 see that, then, m contains an element r which is a non-zerodivisor on M,
note that, if H (M) were finitely generated, then there would exist t € IN such
that rHE(M) = 0; and consider the long exact sequence of local cohomology
modules induced by the exact sequence 0 — M oMM /HM —0in
order to obtain a contradiction.)

6.1.7. Exercise. Provide an example to show that the result of Theorem 6.1.4 is
not always true if the hypothesis that M be finitely generated is omitted.

6.1.8 $Exercise. Let T : ¥(R) — %(R) be an R-linear covariant functor. For
each R-module M, and each ¢ € M, let gy 1 R — M be the R-homomorphism
for which p, (7)) = rg for allr € R.

Show that there is a natural transformation of functors

@:(.}@rT(R)— T
(from ¥{R) to €(R)) which is such that, for each R-module M,
Orlg ®z) = Tl ar)iz) forallge M and z € T(R).

Show also that iy is an isomorphism whenever F is a finitely generated free
R-module, and deduce that, if T is right exact, then s Is an isomorphism
whenever M is a finitely generated R-module.

6.1.9 #Exercise. Assume that dim R = n. Use Exercise 6.1.8 to prove that H] is
naturally equivalent to (. ) @ HI(R).

6.2 Connections with grade

It is now time for us to explore in detail connections, already hinted at
in Excrcisc 1.3.9, between regular sequences and local cohomology. To set
the scene, and clarify precisely what background informatien the reader will
require for this work, we begin by recalling the definition of *M-sequence’ and
quoting, without proof, two results from Matsumura [35]; however, we shall
use terminology different from his.
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6.2.1 Definition. (See [35, p. 123].) Let M be an R-module and let a1,...,a, € R.
We say that the sequence ay,..., &, is a poor M-sequence precisely when

(i) @1 is a non-zerodivisor on M and, for each i = 2,...,n, the element g
is a non-zerodivisor on M/ Zf;l, w;M.

Furthermore, gy, .. ., d, is said to be an M-sequence, or an M-regular sequence,
precisely when it is a poor M-sequence, that is, it satisfies condition (i) above,
and, in addition,

(1) }:;ﬂl a;M + M.

6.2.2 Theorem. {Sce [35, Theorem 16.6].) Let M be a finitely generated R-module
such that aM # M let n € N, Then the following statements are equivalent:

(i) Exth(G, M) =0 for all i <n and each finitely generated R-module G for
which SupplG) & Varta);

(ii) Exth(R/a, M) =0 for all i < n;

(iil) there is a finitely generated R-module G with Supp{G) = Var(a) for which
Exth(G, M) =0 for all i < n; and

(iv) there exists an M-sequence of length n contained in a. O

Ideas involved in Theorem 6.2.2 can be adapted to prove the result in the
following exercise, which is often useful.

6.2.3 fExercise. Let N be an R-module (note that it is not assumed that N
is finitely generated) such that there exists a poor N-sequence of length »
contained in a. Show that ExtR(G,N) = 0 for all i < n and each finitely
generated R-module G for which Supp(G) = Var(a).

Observe that, with the notation of 6.2.2, cvery M-sequence contained in a
(even the empty one!) can be extended to a maximal one, since otherwise, as
aM #+ M, there would exist an infinite sequence (b;)ien of elements of a such
that bi,...,b, is an M-sequence for all n € N, and this would lead to an infinite
strictly ascending chain

(b= (bbb = ... = (b,...., b)) = ...

of ideals of R. We incorporate this observation into the next theorem, which is
otherwise taken from Matsumura [35].

6.2.4 Theorem and Definition. (Sce [35, Theorem 16.7].) Let M be a finitely
generated R-module such that aM # M.

(i} There exists an M-sequence contained in a which cannot be extended to a
longer one by the addition of an extra term (such a sequence will hence-
forth be referred to as a maximal M-sequence contained in a).




6.2 Connections with grade 105

(i} Every M-sequence coniained in o can be extended to a maximal one.

(iil) AN maximal M-sequences contained in a have the same length, namely the
least integer i such that Exty(R/a, M} 5 0.

We shall vefer to the common length of all maximal M-sequences contained in a
as the M-grade of a, and we shail denote this non-negative integer by gradey, a. O

8.2.5 Notes. (i) If the ideal a is proper, then the R-grade of « is defined: we shall
follow Rees’s original terminology [49] and refer to this simply as the grade of
a, and we shall denote it by gradea.

(i) Suppose that (R,m) is local, and that M is a non-zero finitely generated
R-module. Then it follows from Nakayama’s Lemma that mM = M, and so
grade,, m is defined: this is referred to as the depth of M, and denoted by
depth M or depth, M. Since every M-sequence must be contained in i, we sce
that depth M is equal to the common length of all maximal M-sequences.

6.2.6 Exercise. Let M be an R-module and let i € Ny. Show that
Supp (H. (M)} = Supp(M) N Var(a).

Deduce that, if M is finitely generated and M = M, ihen HI{(M) =0 for all
je Nq.

6.2.7 Theorem. Let M be a finitely generated R-module such that aM # M. Then
grade,, a is ihe least integer i such that HI{M) +£ 0.

Proof. Let g = gradey; a. We use induciion on g. When g = {, every element
of @ must be a zerodivisor on M, and so ['y(M) £ 0 by 2.1.1{ii). Now suppose
that g > 0 and that the result has been proved for each finitely generated
R-module N with aN # N and gradey a < g.

There exists ¢y € a such that «; is a non-zerodivisor on M. Set M, = M /a M,
and observe that (aM; # M; and) grade,;, a = g—1. Thercfore, by the inductive
hypothesis, Hi(M,) = 0 for all i < g—1, while H¥ (M) # 0. The exact scquence
0—> M -2 M — M; —> 0 induces, for each i € N, an exact sequence

HEYM) — HE'(My) — HI(M) 25 Hi(M).

This shows that, for i < g, the element @ is a non-zerodivisor on HI(M), so
that, since this module 18 a-torsion, it must be zero. We therefore have an exact
sequence 0 —> HE (M) — HE(M), and since H (M) + 0, it follows that
HE(M) £ 0. O



110 6 Fundamental vanishing theorems

6.2.8 Corollary. Assume that (R,m) is local, and let M be a non-zero, finitely
generated R-module. Then any integer i for which H} (M) 5= 0 must satisfy

T

depth M <i<dmM,
while for 1 at either extremity of this range we do have Hi (M) # 0.

Proof. This is now immediate from Grothendieck’s Vanishing Theorem 6.1.2,
the Nog-vanishing Theorem 6.1.4 and the above 6.2.7, becanse M # mM by
Nakayama's Lemma, and depth M = grade;, m. O

6.2.9 Corollary. Assume that (R,m) is local, and let M be a non-zero, finitely
generated R-module. Then there is exactly one integer i for which H}, (M) # 0 if
and only if depth M = dim M, that is, if and only if M is a Cohen-Macaulay
R-module (see [35, p. 134]).

In particular, if (R,m) is a regular local ring of dimension n, then n is the
unique integer i for which H: (R) # 0. O

6.2.10 Remark. Let M be a finitely generated R-module such that aM == M. It
is immediate from Theorems 2.2.4(i)c) and 6.2.7 that 5y : M — D (M) is an
isomorphism if and only if grade,, a = 2.

6.2.11 Exercise. Let T : %(R) — %(R) be an R-linear covariant functor with
the property that T(M) is a-torsion for every R-module M.

(i) Show that, for each R-module M, the result %#'T(M) of applying the
i-th right derived functor of T to M is again a-torsion.

(i) Assume, in addition, that T is left exact and such that, for each finitely
generated R-module M, the ideal a contains a non-zerodivisor on M if and
only if T(M) = 0. Let r € Ny, and let M be a finitely generated R-module such
that aM # M. Prove that #'T(M) = 0 for all integers i < r if and only if a
contains an M-sequence of length r.

(iii) Use part (ii) applied to the functor Homg(R/a, .) to reprove the
equivalence of statements (ii) and {iv) in Theorem 6.2.2.

(iv) Use part (i} applied to the functor I, to prove the result of 6.2.7.

Corollary 6.2.8 raises the following question: if J is any prescribed finite
non-empty set of non-negative integers, docs there exist a local ring (R, m"}
having the property that Hi,(R') # 0 if and only if i € J? An affirmative
answer to this question was provided by I. G. Macdonald [31], and the next

two exercises sketch the essence of his argument.
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6.2.12 Exercise. Assume that (R, m) is local, and let M be a finitely generated
R-module.
(i) Show that the Abelian group R@® M has the structure of a commutative

ring (with identity] with respect to multiplication defined by
)
(r1,my Mra, ma) = {ryr, rimy + ramy) for all (ri,my),(r,m) ERE M.

(This ring is sometimes called the frivial extension of R by M.)

(i) Show that the ring R @ M is Noetherian, and that its nilradical contains
D@e M (= M)

(iii) Show that the ring R @ M is local with maximal ideal m ® M, and that
dim(Re M) =dimR.
6.2.13 Exercise. Let h,n be integers such that 0 < £ < n, and let J be an
arbitrary set of integers such that {h,n} € J = {i€ Ny - h < i< n}. Let (R,m)
be a regular local ring of dimension n, and let uy,...,u, be n elements which
generate the maximal ideal m. For each j = 0,...,n—1,let p; = Ru; 11+ -+ Rup.
Set

M= P R/p;

jerdn)

{i) Show that, for i € Np, we have H! (M) 5 0 if and only if i € J % {n}.

(i) Let R' := R @ M, the trivial extension of R by M of Exercise 6.2.12
above. By that exercise, R is a local ring, with maximal ideal wm’ = m @ M.
The ring homomorphism w : R @ M — R for which ((r,m)} = r for all
(r,m) € R @ Menables us to regard both R and M as R'-modules. Use the
exact sequence 0 — M . Ro M -5 R — 0 of R'-modules (in which g is
the canonical injection) to show that, for i € Ny, we have HL(R") # 0 if and
only if i € J.

6.2.14 Exercise. Let M bec an R-module, and let a;,...,4, € R be such that
M #(ay,...,ay)M. Prove that ai,...,a, is an M-sequence if and only if

HD JM)=0  foralli=1,..n

.....

(Here are some hints for the implication “«=" Use induction on n: for the
inductive step, on the assumption that » > 1 and the result has been proved for
smaller values of n, use Exercise 1.3.9(iv) (in conjunction with the hypotheses)
to help you prove that

H? MMy =0 foralli=2,.. .n;
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then use the Independence Theorem 4.2.1 to deduce that
H? (M/aM)y=0 foralli=2, .n)

6.2.15 Exercise. Let (R,m) be a regular local ring of dimension d = 2, and let
1....,uy be d elements which generate . Let t € Ny with r < d — 1, and let
p = Ru; + -+ Ru,, a prime ideal of R. Let M denote the R-module R, /R.
(i) Show that pM # M.
(ii) Show that uy,...,u, is a maximal M-sequence contained in nt.
(iii) Show that the least integer i such that H! (M) # 0is d — 1.

Contrast this with the situation for finitely generated R-modules!

6.2.16 Exercise. Let {R, ) be a regular local ring of dimension d > 2, let K
denote the quotient field of R, and let N := R& K/R.

Show that mN = N, that m consists entirely of zerodivisors on N, and
that nx : N —» Dy (N) is an isomorphism. Compare this with the situation for
finitely generated R-modules described in 6.2.10.

6.3 Exactness of ideal transforms

This section prepares the ground for our presentation, in the next section,
of the promised special casc of Serre’s Affineness Criterion. Central to this
preparation are various necessary and sufficient conditions for the exactness
of the a-transform functor D,; some of these were presented by P. Schenzel
in [54].

6.3.1 Lemma. The following statemenis are equivalent :
(1} the a-transform functor D, is exact,
(il Hi(R)=0 for all i = 2;
(i) HX(M) = 0 for each finitely generated R-module M ;
(iv) HX(M) =0 for each R-module M.

Proof. (i) = (i) By 2.2.4{i1), for each i € N, the i-th right derived functor
#'D, of D, is naturally equivalent to H;“. Now exactness of Dy imples that
@iD,(R) =0 for all i € N; therefore H{R) == 0 for all i > 2,

(i1) = (iii) Let ara(a) = 1. By 3.3.3, for every R-module M, we have HI(M)=0
for all i > r. We now argue by descending induction on i. Suppose thati e N
with i > 2, and we have proved that H.(M') = 0 for each finitely generated
R-module M’; let M be an arbitrary finitcly generated R-module. There exists
an exact sequence

0O—N-—>F—-—M-—D0
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of finitely generated R-modules and R-homomorphisms in which F is free. This
induces M1 exact sequence HI"Y{(F) - H(M) — H(N). Since i —1 > 2,
it follows from the additivity of the {i — 1)-th local cohomology functor and
condition (ii) that H=H(F) = 0; since Hi{(N) = 0 by our inductive assumption,
we can deduce that H™'(M) = 0. This completes the inductive step. Hence
statement (iii) is proved by descending inducticn.

(iii) = (iv} This is immediate from the fact (3.4.10} that H 2 commutes with
direct limits, because each R-module can be viewed as the direct limit of its
finitely generated submodules.

(iv) = (i) By 2.2.4(ii), the first right derived functor #'D, of D, is naturally

2

equivalent to HZ, 1t therefore follows from statement (iv) (and the left exactness

a

of D,) that D, is exaci. O

6.3.2 Exercise. Assume that htp = 1 for every minimal prime ideal p of a, and
tb;i{ R, is a UFD for each prime ideal q of R which contains a. Prove that
D, : ¥(R) — F(R) is exact.

6.3.3 Remark, et R’ be a second commutative Noetherian ring and let f
R — R’ be a ring homomorphism. Suppose that the a-transform functor D, is
exact. Then since the restriction functor [ x : ¥{R') — %(R) is exact and, by
2.2.21, there is a natural equivalence of functors

& 1 Dor () w — Dal [ 1)
it follows that the aR’-transform functor Deg : “(R'} — ¥(R') is also exact.

Recall from Exercise 2.2.3 that Do(R) has a natural structure as a commutative
tring with identity, and from Exercise 2.2.10 that 5z : R — Di(R) 18 a ring
homomorphism. Thus we can regard D,(R) as an R-algebra by means of yg.
Our next proposition is concerned with this R-algebra structure.

6.3.4 Proposition. Suppose that aD(R) = Do(R). Ther D.(R) is a finitely gener-
ated R-algebra.

Proof. Note that T',(R) = R if and only if a is nilpotent, and that in this case
T, is the identity functor, so that D,(R) = 0 by 2.2.4(i)(c) and the claim is clear
in this case. We therefore suppose henceforth in this proof that I';(R) # R.

Set R := R/T'W(R). We mentioned just before the statement of the propo-
sitton that #x : R — D,(R) is a ring homomorphism. By 2.24(i)(c), we
have Ker(yg) = Ts(R), and so g induces an injective ring homomorphism
0r : R — D4(R). Moreover, as Coker(iz) = HL(R) by 2.2.4(i)¢), the R-module

Coker(fg) is a-torsion, where @ := aR, the extension of a to R.
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Therefore, by 2.2.14, the unigue R-homomorphism y : Do(R) — D=(R) such
that the diagram

O

R

Da(R)

5R

DR

commutes is a ring homomorphism. Forthermore, by the Independence Theo-

rem 42,1, we have HUD(RY) = H{D{R)) for ali i € N, and so HAD(RY) =18
for i = 0,1 by 2.2.8(v). Hence, in view of 22.13(11), the map y is a 1ing
isomorphism. Therefore AD5(R) = DR}, and, if we can show that DR} is a
finitely generated R-algebra, then it will follow that D{R) is a finitely generated
R-algebra. Since I'z(R) = 0 (by 2.1.2), we therefore assume henceforth in this
proof that I',(R) = 0.

By 2.1.1{ii}, this means that a contains a non-zerodivisor s on R. Note that
nr : R — D4(R) is injective, by 2.2.4(i)(c). We again use R; to denote the ring of
fractions of R with respect to the multiplicatively closed subset {s' i€ Noj.
By 2.2.15, the subring D = [,en(R &, a") of R, satisfies aD = D, and it will
be sufficient for us to show that D is a finitely generated R-algebra.

Let ey.....q, be t elements which generate a. Since abD = D, there exist
Vi,-..,¥: € D such that 1 = z;zl a;v;, We aim to show that D = Ryi,..., ml.
We achieve this by showing, by induction on n, that

(R ;z, @)= Riyr,....)] foreveryne No.

This claim is clear for n = 0, and so we suppose that n > 0 and the claim has
been proved for smaller values of n. Let z € (R :g, a"). Note that

@z € (R g ) S Rlyy,...,n) foralli=1....1

Thus z = 1z = Z§=1 a;jyiz = ZLl(a,-z)y,- € R[¥1,..., v, and the inductive step
is complete.

Therefore D = R[v,..., ], as claimed, and Du(R) is a finitely generated
R-algebra. O

In Lemma 6.3.1, we established several criteria for the exactness of the

a-transform functor D,. We are now in a position to prove a further such
criterion.
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6.3.5 Proposition. The a-transform functor Dy is exact if and only if aD,(R) =
D,(R). :

Proof. (=) Assume first that D, is exact. By 6.1.§, we have
Do(R/a) = (R/a) ®r Do(R) = Dy(R}/aDa(R).

Since DL(R/a) = 0 by 2.2.8(i), we deduce that aD(R) = Da(R).

{<=) Assume now that aD,(R) = D.(R). By Lemma 6.3.1, it is enough for
us to show that HR} = 0 for all i = 2; by Corollary 2.2.8(v), we have
HI(R) = H{D,(R)) for all i = 2, and therefore it is enough for us to show that
H{(D(R))=0foralli=2

By Proposi_j;io/n 6.3.4, the commutative R-algebra D,(R) is finitely generated,
and therefore a Noetherian ring. Therefore, by the Independence Theorem 4.2.1,

HiD(R)}y = Hlp (Do(R))  for allie No.

However, the assumption that aD,(R) = D,(R) means that I'yp ) is the zero
functor, and so HéD“(R)(Dn(R)) =0 for all i € Ng. This completes the proof. O

6.3.6 Corollary. Assume that the a-transform functor Dy is exact. Then htp <1
for every minimal prime ideal p of a.

Proof. Suppose that p is a minimal prime ideal of « with htp =:¢ > 2, and
fook for a contradiction. Since D, is exact, it follows from Lemma 6.3.1 that
H!(R) = 0. Therefore, by 1.1.3 and 4.3.3,

Hip (Ry) = Hog (Ry) = (H (R}, = 0.

However, this contradicts Theorem 6.1.4, since dimR, = ¢. O

6.3.7 4Fxercise. Let ¢ be a second ideal of R, and suppose that ¢ = a. Show
that D.(fa(.)) : Dl ) — D(D,(+)) is a natural equivalence of functors. (Here
is a hint: you might find the argument used in the proof of 2.2.8(iii) helpful )

6.3.8 Lemma. Let b be a second ideal of R and let M he an R-module. Then the
R-homomorphism

Saanpyiry | DalDp{M)) — Dop(Do(M)

(thar is, the result of application of the natural transformation vgq of 2.2.20(i)
to the R-module Dy(M)) is an isomorphism.
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Proof. The diagram

Mo, Dp 1)

Dy(M) Do(Dy(M])
\ Ka Dy (M)
L *
b by (M)
Dy(M) Dan(Dy(M})

commutes. By 2.2.8(iv), we have H(Dn(M)) = 0 for i = 0, 1. Hence, by the
Mayer-Victoris Sequence 3.2.3, for i = 0,1, there is an exact sequence

HE(Dy(M)) — Hip(Dy(M}) — HI(Du(M),

so that Hi (De(M)) is a-torsion. Hence, by 2.2.4(i)(c) and 2.2.13, there is a
unique homomorphism 4 s Dop(Dy(M)) — Do(Dy(M)) such that the diagram

Hlab By (M)

Dy(M) -
|

Da(Pp(M))

g1

Do)

Do(Du(M))

commutes. In fact, it is immediate from the uniqueness aspects of 2.2.13 that
8o gy mpynry = Ldp,pyary ANd Gagbpyian © 0 = [dp. @y

and S0 %y b, 18 an isomorphism. O

6.3.9 Exercise. Let b be a second ideal of R. Suppose that the functors D, and

Dy, are both exact. Let L AN ", N be an exact sequence of R-modules and
R-homomorphisms.
(i) Use 6.3.8 to show that the induced sequence

. Das (Du(g)) . Deg{De(f))
Dap(Dy(L)) : Dos(Do(M)) ——— Dag(Dy(N))
1s exact.
(ii) Use 6.3.7(ii) to show that the induced sequence
Dapig) . Dyslh)
Dw(L) ————= Dan(M) Dan(N)

is exact, and conclude that the fanctor Doy is exact.
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6.4 An Affineness Criterion due to Serre

Although the main result of this section, 6.44, is, strictly speaking, only a
special case of Serre’s Affineness Criterion (see [56, §46, Corollaire 1]), we shall
neverthefess refer to it as ‘Serre’s Affineness Criterion’.

6.4.1 Notation. In our discussion of Serre’s Affineness Criterion, we shall use
the following notation. We shall use V' to denote an affine variety over the
algebraically closed field K, and b will denote & non-zero ideal of &(V}); we
shall use U to denote the quasi-affine variety ¥\ ¥(b), where ¥(b) is the closed
subset of ¥ determined byfﬁ.

Also, for an aiﬁné"o’f"'c/;uasi-aﬁine variety W over K and a point g € W, we
shall frequently denote thc maximal ideal {f € (W) : f(q) = 0} of (W) by
Iw(g). The local ring of W at ¢ will be denoted by Gy 4.

6.4.2 Reminders, Let the notation be as in 6.4.1.

(i) The quasi-affine variety U is said to be affine precisely when there exists
an affine variety W over K and an isomorphism of varieties U =W

(i) Let W be an affine variety over K. If « : U — W is a morphism
of varieties, we shall denote by o” : ¢{W) — ¢{U) the homomorphism of K-
algebras induced by «. Recall, from [22, Chapter T, Proposition 3.5] for example,
that the correspondence o+ o provides a bijective map from the set of all
morphisms of varieties U — W to the set of all K-algebra homomorphisms
(W) — G(U).

(iii) Let T be a closed subvariety of V, so that T is a closed, irreducible
{and so necessarily non-empty) subset of ¥ and the ideal

p={fe@V):flty=0foralte T}

of @(V) is prime. Recall that the codimension of T in V, denoted by codimy T,
is given by

codimy T = dim V —dim T = dim (V) — dim #(T) = htgg b

(iv) Recall that a non-empty closed subset C of V' is said to be of pure
codimension v in V precisely when every irreducible component of C has
codimension r in V.

(v) Let u € U. With the natural identifications, we have

VY= OU) S Oy = (U0 S K(U) = K(V),

(vi) Finally, we recall that points on the quasi-affine variety U can be
‘separated by regular functions’. More precisely, fet wuy,...,u, be r distinct
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points of U and let ¢1,...,c, € K. Then there is a function f € &(U) such
that f(u;} = ¢; for all i = 1,...,7. In particular, if w,s’ € U are such that
Ty(u) = Iu(u'), then u=u'.

6.4.3 Lemma. Lei the notation be as in 6.4.1, and let W be an affine variety over
K. Let o : U — W be a surjective morphism of varieties for which o« 1 ¢(W) —
G(UY is an isomorphism of K-algebras. Then =z is an isomorphism of varieties.

Proof. Let w € W. Since o is surjective, there exists u € U with z{u) = w. Now,
for f € @(W), we have f(w) = f((u)) = 0 if and only if (=" (F))}{u) = 0. It follows
that o' (I (w)) = Iy(u). This shows that Iy (u) is uniquely determined by w. By
6.4.2(vi), it follows that there is exactly one u & U for which a{u) = w. Hence «
is bijective. It thus remains only for us to show that its inverse o' : W — U
is a morphism of varieties. For this, let 7' be 4 non-empty open subset of U,
and let f @ ((U'): it is enough for us to show that («~')~1(U’) = «(U’) is an
open subset of W and that f o ([ 4} : a(U') — K is regular.

Before establishing these two points, we make onc preparatory observation.
For each h € (), the regular function (x*)~'{(h) € G(W) has the property
that, for each w € W,

(") () (w) = (&) ) (et ()
= 2" ()T RN e (W)) = h(eH{(w)).
We now turn our attention to U7, There is a non-zero ideal ¢ of &(1) such

that U' = ¥\ F(c}. Thus, with the notation of 2.3.1, we have U’ = UQCC w{g).
However, for each g € ¢, we have

WUr(g)) = a{{v €V :g() #0})

a{{ue U :(gf o)) #0})
={wec W :(z] u)a " (w)) #0}
={we W () gl v) (w) # 0}

by the preceding paragraph; since (o*) (g[ ¢) is a regular function on W, it
follows that a(Up-(g)}) is an open subset of W. Hence (L) = UgEc a(Uy(g)) is
open too.

Next, let w € «(U'). Since f € &(U'), there exists an open subset U” of
U' with a~'(w) € U” and regular functions .k € @(U) such that k does
not vanish on U” and f(p) = h(p)/k(p) for all p € U". It follows {rom the
immediately preceding paragraph that «(U") is an open subsct of W that
contains w, and from the paragraph before that that, for all g € «{U"), we have




6.4 An Affineness Criterion due to Serre 119
(") (k) (g) = k(o '(q)} # 0 and

(@' (g)) ()W) (a)
(g ((w)1k)) (a)
Since () '(h) and (o")~!(k} are regular functions on W, it follows that the

function fo (e | ,un) is regular on «(U’), as required. This completes the proof
that ! : W — U is a ' mesphism of varieties. [

(f o ™ T )} a) = fl= (@)} = g ; B

We are now ready to present Serre’s Affineness Critcrion.

6.4.4 Serre’s Affincness Criterion. Let the notation be as in 6.4.1. Then the fol-
lowing conditions are equivalent:

(iy U=V V(b)is affine;

(i) Dy : G(O(V)) — F(E(V)} is exact;

(i) Hi(G(V)) =0 for all i > 2;

(ivy HXM) =0 for each finitely generated ¢(V)-module M;
(v) HXM) =0 for each G(V)-module M;

(vi) BDR(&(V)} = De(C(V)).

Proof. The equivalence of the last five conditions (if) — (vi) was established
in 63.1 and 6.3.5. It only remains for us to establish that these are also
equivalent to statement (i). Let : : U — V denote the inclusion morphism of
varieties.

(i) = (vi) Assume that U is affine, so that there is an affine variety W over
K and an isomorphism of varieties o @ U =5 W, Set =10l W > V. In
view of 2.3.2, we therefore have a commutative diagram

ey

&)

|

£ IS = | v=leh

Dy (E(V))

Rx

G(W)

G(U)

14

of K-algebra homomorphisms. Let t1 be a maximal ideal of Dy(¢{V)). Then

Nty = 17 7 ) = B ot T .

Now «"~'(v~'(1)) is a maximal ideal of the ring ¢(W), and so there exists
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w & W such that ¢ (v 1 (n)) = Iy-(w). Hence

Netry () = 877 (T (w)) = Tv(B(w)).
However, f(w) =tz (w)) € U = ¥ V (b}, and so

b Iy (B(w)) = nzj,n).

As this is true for each maximal ideal n of Dy (€(V)), it follows that bDy (1)) =
Dy(C(V)).

(vi) = (i) Assume that bDy(@(V)) = Dy(®(V)). Then Dp(¢(17)) is a finitely
generated @(V)-algebra, by 6.3.4. Moreover Dy((*(}}) is an integral domain,
and so there exists an affine varicty W over K for which (W) = Dy{E(F)).
By 2.3.2, there is an @V )-isomorphism v : ¢(1) -z, Dy @(V)) for which the
diagram

+
14

€(v)

- )

12

Horvy

Dy(C(V)} = C(W)

commutes. By 6.4.2(ii), there is a morphism of varieties y : U — W such that
7" = v~!, and there is a morphism of varieties § : W — V such that §* = Hev)-
Since (feoy) =9 o f" =17, it also follows from 6.4.2(ii) that f oy = 1. Our
strategy s to use Lemma 6.4.3 to show that v is an isomorphism of varieties,
and so our immediate aim s to show that v is surjective.

Let w € W. Note that 8" 1(In{w)) = I {B{w)). Since

(B I (wIDW(E(V ) & L (w) = De(E(V)) = bDy(EG(V)),

it follows that b & B! (Iip(w)) = I (f(w)). Therefore f(w) € U. Denote f(w)
by u. We aim to show that v(u) = w.

Suppose that v(u} # w, and look for a contradiction. By 6.4.2(vi), thete exists
a function g € (W) such that g{w} = 0 and g(y(u)) == 0. Also, since b & I (u),
there exists h € b\ [y (u). Now Coker{ng() = HE (6(V)), by 2.2.4(i}(c), and so
this cokernel is b-torsion. Therefore, there exists n € N such that f*(h")g =
Reon(h™g = B'g € nean(C(V)) = B7(&(V)). Thus there exists k € (V) such
that f*(h")g = F*(k). We shall now calculate k(1) in two ways. First of all,

k) = K(Biw}) = (BT(R))w) = (B (h")g)(w)
= ((B7(M)w))g(w) = 0.
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On the other hand,

k(u) = k(I(M))':’k'(}B"O (1)) = k(B(7(1))) = (B (kN(y(u))
= (" ()} = (B (D))" glx(w)
= (h(f o p(w)})" gly(u)) = (h(u)) g (y(u)),

and this is non-zero by choice of h and g. This contradiction shows that
v(1) = w.

We have therefore proved that y is surjective, and so we can now use Lemma
6.4.3 to deduce that v is an isomorphism of varieties, so that U is affine. [

6.4.5 Corollary. Let the notation be as in 6.4.1, and assume that U =V * ¥ (b)
is affine. Then V \ U = V(b} is of pure codimension 1 in V',

Proof. By Serre’s Aflineness Criterion 6.4.4, the functor Dy is exact. Therefore,
by 6.3.6, htp < 1 for every minimal prime ideal p of b. But b = 0 and &(V)
is an integral domain, so that htp = 1 for every minimal prime ideal p of b.
Hence every irreducible component of V' (b) has codimension 1 in ¥. O

Our work on Serre’s Affineness Criterion raises the following questions.
We again use the notation of 6.4.1. First, if U = V' \ ¥i{b) is affine, so that
BDy (V) = Dy(0{F)), then it follows from 6.3.4 that Dy(¢{V)} is a finitely
generated (¥ )-algebra: is the converse statement true, that is, if Dp(¢(V)) is a
finitely generated @1 )-algebra, is it necessarily the case that U is affine? Second,
is the converse of 6.4.5 true, that is, if ¥\U = ¥{b) is of pure codimension { in V,
is it necessarily the case that U is affine? Another examinaticn of Hartshorne’s
Example (see 2.3.7 and 3.3.4) will provide us with negative apswers to both
questions.

6.4.6 Hartshorne’s Example revisited again, We consider again the affine vanety
V in A® studied in 2.3.7 and 3.3.4 and given by

Vo= V(X1 Xe — XaXs, XTX3 4+ XX — X3, X3 + XaXy — X3).
Asin 3.3.4, let
L = Vya(Xa, X3, Xo) = {(.0,0,0) € &* : c € €}

and L = {(c, 0eh’:ce (D}. Qur argument uses the morphism of varieties
a A% — ¥ oof 2.3.7 for which a((c, d)) = (¢, ¢d, d(d — 1}, d*(d — 1)) for all (¢,d) €
A% Tt was shown in 3.3.4 that the restriction of x provides an isomorphism of
(quasi-affine) varieties A% {{(0, 1)} UL) =, V3 L. Now L is of pure codimension
1in V. {As L is actually a subvariety of ¥, this statement is equivalent to the
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statement that codimy L = 1.} If we can show that U = A 5 ({(0, 1)}UL) is not
affine and that ¢(U) is a finitely generated C-algebra, then it will follow that
both questions posed just after 6.4.5 have negative answers, Let g = (0,1) € 22
As A%\ U =L U{q} is not of pure codimension 1 in A2, it follows from 6.4.5
that 7 is not affine.

Next, L = V,2(Y), so that A* N L is affine, and, by 2.3.2 and 2.2.16, we can
identify ¢{(A*" L) with the subring C[X, Y]y = CIX, Y, Y] of TC(X,Y)

Note that I 2.7(¢) = (X, Y —=DC[X. ¥, ¥ ~1]. (Observe that the maximal ideal
(X,Y — 1) of C[X, Y| does not meet {y':ic Ny }.) Since 2. 7(g) contains a
CIX,Y, Y '|-sequence X, ¥ —1 of length 2, it follows from 2.2.6 that

WC[X,Y,Y*l] . (I:[X: Ys Yﬁl] — Dfmz..f[q)(q:[X: Y: Y—l])

is an isomorphism. But, by 2.3.2, and as U = (&7 % L)\ {gq}, there is an
isomorphism

Dy

of ¢(A?" L)-algebras. Hence ¢(U) is a finitely generated C-algebra. Also, the
fact that the map 4gpy,y.y - 18 an isomorphism shows that

(X1 Y - l)DIMg.I(q)(C[XJ Y: le]) '7& D}’A::‘E(q)(qj[X, Y, Yﬁ]})s

and so we see again (this time from Serre’s Affineness Criterion 6.4.4) that the
quasi-affine variety U is not affine.
Thus both questions posed just after 6.4.5 have negative answers.

6.4.7 Exercise. Let the notation be as in 6.4.1. Also, let b be a second non-zero
ideal of ¢(V) and let U’ denote the quasi-affine variety V' \ V(b)) Deduce from
Exercise 6.3.9 and Serre’s Affineness Criterion 6.4.4 that if U and U’ are affine,
ihen U n U’ is also afline.
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Artinian local cohomology modules

In this chapter, we shall show that certain local cohomology modules are
Artinian, that is, satisfy the descending chain condition on submodules, and we
shall exploit our results to provide a different proof of a theorem in Chapter 6.
Suppose, temporarily, that (R,m) is local. In the Non-vanishing Theorem
6.1.4, we proved that, if M is a non-zero, finitely generated R-module of
dimension r, then HE(M) # 0. One consequence of our work in this chapter
is that we can give an alternative proof of this result, and, at the same time,
obtain more information than we deduced in Chapter 6. Our approach in this
chapter exploits the [acts that the R-module HJ (M) is actually Artinian, and
that, for Artinian modules over commutative rings, there is available a theory
of secondary representation that is, in several respects, dual to the theory of
primary decomposition of Noetherian modules over commutative rings.

7.1 Artinian modules

We begin with some arguments due to L. Melkersson ([36], [37]) which will
enable us to show that, for a non-zero, finitely generated module M of dimension
n over the local ring (R, m), the n-th local cohomology module HY (M) of M with
respect io a is Artinian, and all the local cohomology modules H. (M) (i € Ny}
of M with respect to m are Artinian.

We revert to our standard hypotheses concerning R and a (although it is
worth pointing out that the first two results below (due to Melkersson} actually
hold under weaker hypotheses).

7.1.1 Lemma (L. Melkersson [36, Lemma 2.1]). Let a € R and let M be an aR-
forsion R-module. Suppose that N, N' are submodules of M such that N' = N
and @0y att) = d'(0 e a™) for all i € Ny. Then N = N'.

123
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Proof. Since each element of N is annihilated by some power of a. it is
enough for us to show that (0 :y &) = N’ for all i ¢ IN. We prove this by
induction on i. By hypothesis, (0 ;y a) = {0 ;5 a) & N', and so we assume thai,
for i € N, we have proved that (0 :y a) = N'.

Let z € (0 :y @™t!). Then ¢’z € &'(0 vy &) = /(0 5 @™F!), and so there
exists 2 € (0 'x @) such that o'z = ¢’z’. Hence z — 2’ € (0 1y '), and so
z —z' € N' by the inductive assumption. Therefore z = (z — 2"} + 2z’ € N, and
the inductive step is complete. O

7.1.2 Theorem {1.. Melkersson [36, Theorem 1.3]). Assume that M is an a-torsion
R-moduie for which (0 1y o) is Artinian. Then M is Artinian.

Proof. We suppose that a can be generated by ! elements and proceed by
induction on t. When ¢ = 0, we have a = 0 and (0 :3; a) = M, so that there is
nothing to prove in this case.

Now suppose that t = 1 and a = Ra for a € R. Let

12l 2..2L,2Lnm=2...

be 4 descending chain of submodules of M. Observe that, for each i € INy and
each submodule L of M, we have (0 :p &) < (0 3 «). In fact, for each
ne N,

O, a)z...2d0: dy2d™0y, )2

is a descending chain of submodules of the Artinian R-module (0 3y @), and
so 18 eventually stationary: let E, denote its eventual stationary value, so that
there is k, € IN such that a'(0 ;r, ') = E, for all i = k,.

Since

E, = a0 o

-n

fpthpet o0y - Yo bbeg -y 41y
e 1(0 Yo @ Fhn=y4 )—En+1:

ak.,+kn+1+1)

U

we see that

E QEQQ...QEHQEH_,_l =2 ...

18 a descending chain of submodules of the Artinian R-module (0 :y a), and
so there exists ¢ £ N such that E, = E, for all n > t. Now for all i,n € N with
n>tand i >k, we have

E =d“0:, d")2d0y a )2 d0:y, a2 E, = E,.

Thus '(0 :p, &™) =E, foralln >t and i > k,.
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We plan to use Lemma 7.1.1. With this in mind, we consider, for each integer
i=10,1,2,...,k — 1, the descending chain

a0y, d™ 2. 2d0:, d)2d 0y, dT ) 2.

of submodules of the Artinian R-module (0 :3; a): there exists u € N withw > ¢
such that &0 i, ) = a0, @) foralln 2 uand all i =0,1,2,...,k — L.
We now have that, for each infeger n > u,

a0y, @y =d(:y,, at)  forallie No:

this equation is truc for all i =0,1,2,...,k — 1 by the last paragraph and for
all i = k, by the paragraph before that. Therefore, by Lemma 7.1.1, we have
L, =1L, forall n = u . It follows that M is Artinian. :

Now suppose, inductively, that ¢ > 1 and the result has been proved for ideals
that can be generated by fewer than ¢ elements. Suppose that a is generated
by ¢ elements ay,..., 4. S¢t b = Ray + -+ Ra;_) and N = (0 1y b). Then N
is Ra,-torsion and {0 :x a;) = (0 13 a). It therefore follows from what we have
already proved in the case where t = 1 that N = (0 13 b) is Artimian, Since M
is, of course, b-torsion and b can be generated by ¢t — 1 elements, we can apply
the inductive hypothesis to deduce that M is Artinian. The inductive step is
complete. O

We immediately exploit Theorem 7.1.2 to prove that certain local cohomology
madules are Artinian. The proofs presented below of the next two theorems
are due to L. Mclkersson (see [37, Theorems 2.1 and 2.2]), although the results
themselves are somewhat older.

7.1.3 Theerem. Assume that {R,m) is local, and let M be a finitely generated
R-module. Then the R-module H. (M) is Artinian for all i € Ny.

Proof. We use induciion on i, First, Tiy(M) is 2 finitely generated R-module
annihilated by a power of m; hence H\{M) has finite length.

Now supposc, inductively, that i > 0 and we have shown that H:71(M’) is Ar-
tinian for every finitely generated R-module M’ Now H! (M) = H (M /T',(M))
by 2.1.7(iii). Also, M /T, (M) is a (finitely generated) m-torsion-free R-module,
by 2.1.2. We therefore assume in addition that M is an m-torsion-free R-module.

We now use 2.1.1{ii) to deduce that m contains an element r which is a
non-zerodivisor on M. The exact sequence

0—>M "> M-—> M/rM —0
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induces an exact sequence

HiT\(M/rM) — HL(M) 5 H (M)

n

of local cohomology modules. Since M /rM is a finitely generated R-module, it
follows from the inductive hypothesis that Hi (M /rM) is Artinian, so that, in
view of the above exact sequence, the R-module (0 1 ) #) is Artinian. Since
Hi (M) is m-torsion and therefore Rr-torsion, it follows from Theorem 7.1.2

n

that H. (M) is Artinian. The inductive step is complete. O
The following exercise generalizes Theorem 7.1.3 to non-local situations.

7.1.4 rExercise. Assume that R/a is Artinian, and et M be a finitely gencrated
R-module. Show that H:(M) is Artinian for all i € N,

7.1.5 Exercise. Suppose that m is a maximal ideal of R, and that g is an
m-primary ideal of R. Let M be an R-module, and let i € Ny,

(1) Let s € R n. Show that multiplication by s provides an automorphism
of H;(M), 50 that this local cohomology module has a natural structure as an
Ry -module.

(i1) Show that a subset of Hé(M} 18 an Ry-submodule if and only if it is an
R-submodule.

(iii) Deduce from (1), (i) and 7.1.3 that, when M is finitely generated, HS(MT)
is an Artinian R-module.

7.1.6 Theorem. Assume thar (R,mt) is local, and let M be a non-zero, finitely
generated R-module of dimension n. Then the R-module H}(M) is Artinian.

Proof. We use induction on n. If # = 0, then V/(O : MY = m, so that M is
annihilated by a power of mt and so has finite length; therefore its submodule
I, (M) also has finite length.

Now suppose, inductively, that » > ( and we have established the re-
sult for (non-zero, finitely generated) R-modules of dimension smaller than
n. Now HHM) = HINM/T,(M)) by 2.1.73ii). If dim(M /T (M)) < n, then
HE(M/To(M)) = 0 by Grothendicck’s Vanishing Theorem 6.1.2, and there is
nothing to prove. Since M /T",(M) is a-torsion-free (by 2.1.2), we therefore make
the additional assumption that M is an a-torsion-free R-module.

The argument now proceeds like that used in the proof of Theorem 7.1.3
above. By 2.1.1(ii), the ideal a contains an element r which is a non-zerodivisor
on M. The exact sequence O —> M —» M —— M/¥rM — 0 induces an
exact sequence H!~(M/rM) — H(M) LN HI(M). Since v is not in any




7.2 Secondary representaiion 127

minimal member of Supp(M), we have dim(M/rM) < n — 1, so that, by
the inductive hypothesis {or Grothendieck’s Vanishing Theorem 6.1.2), the
R-module HI"Y(M/¥MY) is Artinian. Therefore, in view of the above exact
sequence, (0 tpsary ) 18 Artinian. Since HF(M) is Rr-torsion, it follows from
Theorem 7.1.2 that H*(M) is Artinian. The inductive step is complete. O

It is perhaps worth pointing out that, in our applications of Melkersson’s
Theorem 7.1.2 in the proofs of 7.1.3 and 7.1.6, we have only used the special
case of 7.1.2 in which a is principal. However, this is perhaps not surprising, as
most of our proof of 7.1.2 was devoted to the case when a is principal.

The following exercise generalizes Theorem 7.1.6 te non-local situations.

7.1.7 Exercise. Let M be a non-zero, finitely generated R-module of finite
dimension #n. Show that the R-module H?(M) is Artinian.

7.2 Secondary represeniation

We intend to exploit Theorem 7.1.3 to provide another proof of the Non-
vanishing Theorem 6.1.4, which states that, if M is a non-zero, finitely generated
module of dimension n over the local ring (R,m), then H? (M) # (. We are
going to use the theory of secondary representations of Artinian modules. As
this theory, although mentioned in Matsumura [35, Section 6, Appendix], is
not as well known as the theory of primary decomposition, we shall guide the
rcader through the main points by means of a series of exercises. Although
we shall maintain our standard hypothesis that R is Noetherian, the reader
might be interested to learn that this condition is not strictly necessary for the
development of a worthwhile theory: see D, Kirby [29], I. G. Macdonald [30]

or . G. Northcott [44].

7.2.1 Definitions and fExercise. Let § be an R-module. We say that § is
secondary precisely when § = O and, for each ¢ € R, either »S = § or there
exists n € IN such that #”§ = 0. Show that, when this is the case, p = /(0 g Sy
is a prime ideal of R: in these circumstances, we say that S is a p-secondary
R-module.

Show that a non-zero homomorphic image of a p-secondary R-module i3
again p-secondary.

Show that, if Si,....S, (where n € N} are p-secondary submodules of an
R-module M, then so too is > | .
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7.2.2 Definitions and #Exercise. Let M be an R-module. A secondary repre-
sentation of M is an expression for M as a sum of finitely many secondary
submodules of M. Such a secondary representation

M=S8+""+35 with §; p;-secondary (1 <i < n)

of M is said to be minimal precisely when

n
(i) for all j = 1....,n, we have S; & ZSI"
We say that M is a representable R-module precisely when it has a secondary
representation. As the sum of the empty family of submodules of an R-module
is zero, we shall regard a zero R-module as representable.

Show that a representable R-module has a minimal secondary representation.

7.2.3 fLxercise: the First Uniqueness Theorem. Let M be a representable R-
module and let

M=584+"485, with §; ps-secondary {1 < i< n)

and

M=§| 4 +5, withS pj-secondary(1<i<n)
be two minimal secondary representations of M. Prove that n = n" and

{pls"'!pn} = {‘pfi”p:fl}

(Here is a hint: show, for p & Spec(R), that p is one of py,....», if and only if
there is a homomorphic image of M which is p-secondary.)

7.2.4 Definition, Let M be a representable R-module and let
M=8+4+-+85, with §; p;-secondary {1 <i<n)
be a minimal secondary representation of M. Then the r-element set

{Prees Pl

which is independent of the choice of minimal secondary representation of M
by 7.2.3, is called the set of attuched prime ideals of M and denoted by Att M
or Attg M. The members of Att M are referred to as the attached prime ideals
or the artached primes of M.
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7.2.5 £Exercise. Suppose that the R-module M is representable, and let p
Spec(R). Use the Noetherian property of R to show that p € Att M if and only
if there is a homomorphic image of M which has annihilator equal to p.

7.2.6 Exercise. Let 0 — L —> M — N — 0 be an exact sequence of
representable R-modules and R-homomorphisms. Prove that

AttN < AttM < AttL UALtN.

727 #Exercise: the Second Uniqueness Theorem. Let M be a representable
R-module and let

M=S+ 485, with §; p;-secondary (1 <i<n)

be a minimat secondary representation of M.

Suppose that p; is a minimal member of {Py,..., b, with respect to inclusion.
Prove that S; = ﬂreR-xm" M.

Tn the light of the First Uniqueness Theorem 7.2.3, this means that, in a
minimal secondary representation of M, each secondary term corresponding to
a minimal member of Att M is uniquely determined by M and independent of
the choice of minimal secondary representation.

In order to make use of this theory of secondary representation, we shall
need the fact that every Artinian R-module is representable. This fact is the
subject of the next two exercises.

7.2.8 Definition and fExercise. An R-module N is said to be sum-irreducible
precisely when it is non-zero and cannot be expressed as the sum of two proper
submodules of itself.

Prove that an Artinian sum-irreducible R-module 1s secondary.

7.2.9 #Exercise. Let A be an Artinian R~-module. Show that 4 can be ex-
pressed as a sum of finitely many sum-irreducible submodules, and deduce
from Exercise 7.2.8 above that A is representable.

We can therefore form the finite set Att 4. Note that Att4 = § if and only
ifA=0

Actually, the class of R-modules which possess secondary representations is,
in general, larger than the class of Artinian R-modules: this is illustrated by
the next exercise.

7.2.10 Exercise. Let E be an injective R-module.
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(i) Suppose that Q is an R-module with the property that its zere sub-
module is a p-primary submodule of Q. Prove that Homg((Q, E), if non-zero, is
p-secondary.

(i) Let M be a finitely generated R-module. Prove that Hompg(M, E) is
representable, and that Attg(Hompg(M, E)) © Assg M.

(1ii) Deduce that E is representable and that Atig E = Ass R = ass (.

(iv) The injective R-module E is said to be an injective cogenerator for R
precisely when Homg(N, E) # 0 for every non-zero R-module N. Prove that,
when this is the case, Attg(Homg(M, E)) = Assg M for every finitely generated
R-module M.

7.2.11 Proposition. fet A be an Artinian R-module, and let v € R. Then
(1) ¥A = A if and only if ¥ € R\ J zpp 4 0: and
(i) (0 :4)={NpeanaP-

Proof. Clearly, we can assume that 4 = 0, since Att0 = 0. Let
A=85+--+45, with §; p-secondary (1 <i<n)

be a minimal secondary representation of M.

(i) Suppose that » € R\ |Upeap 4 P; then rS; = §; forall i =1,...,n, and so
#4 = 4. On the other hand, if r £ p; for some j with | < j < n, then rth =0
for a sufficiently large integer h, and so

n
A =S S S DS e A
i=1
i
(ii) To prove this, just note that

43

JO:4)=()j0:8)=[p. O
i=1

i=1

Part (i) of 7.2.11 provides an Artinian analogue of the well-known fact that,
if N is a Noetherian R-module and » € R, then r is a non-zerodivisor on N if
and only if r lies outside all the associated prime ideals of N,

There is more to the theory of secondary representation than the brief outline
presented above: the interested reader should consult the references cited earlier
for this topic, especially [30]. We have presented little more than the part of the
theory we shall need to use. Its relevance for us lies in the fact that, when (R, m)
is local, and M is a finitely generated R-module, then, for each i € Ny, the local
cohomolgy module H. (M) is, by 7.1.3, Artinian, and so we can form the finite
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set of prime ideals Att(H. (M)) and use the theory of secondary representation
for these modules. In the subsequent work, we shall be interested in whether,
for particular j, the local cohomology module H{{M) is finitely generated (and
so, since it is in any case Artinian, of finite length). With this in mind, we
present here one more result about secondary representation before going on
to apply the theory to local cohomology modules.

7.2.12 Corollary. Let (R, m) be local and let A he an Artinian R-module. Then A
is finitely generated, and so of finite length, if and only if AttA < {m}.

Proof. (=) When A is of finite length, there exists 1 € N such that mhA =0,
so that A is either 0 or m-secondary.

(<) If Att A = {m}, then, by 7.2.11(ii), there exists h € IN such that md =0,
and it then follows (rom, for example, [60, 7.30] that A has finite length. O

7.3 The Non-vanishing Theorem again

Our first lemma of this section is in preparation for the main theorem of this
chapter. Recall our convention that the dimension of the zero R-module is —1.

7.3.1 Lemma. Let (R, m)} be local and let M be a non-zero, finitely generated
R-module of dimension n, Then the set

Y = (N : N is a submodule of M and dim N’ < n}

has a largest element with respect to inclusion, N say. Set G .= M/N. Then

(i) dim G = n;

(ii) G has no non-zero submodule of dimension less than n;
(il) AssG = {pc AssM :dimR/p = n}, and
(iv) Hy(G)= Hy(M).

Proof. Since M is a Noetherian R-module, the set X has a maximal member,
N say. Since the sum of any two members of T is again in %, it follows that N
contains every member of Z, and so is the largest element of X.

(i} It follows from the canonical exact sequence

0—N—M-—G—0

that Supp(G) = Supp(M), and that any p € AssM with dimR/p = n must
belong to Supp(G) since it cannot belong to Supp{N). Hence dim G = n and
{p € AssM :dimR/p = n} S AssG.
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(i} Suppose that L is a submodule of M such that N © L = M and
dim(L/N} < n. Congideration of the canonical exact scquence

0— N— L — L/N—0

shows that dim L < n; hence L € N and L/N = 0.
(iil) Let p € Ass G. By (ii), dim R/p = n, so that, since Supp({G) = Supp(M),
we must have p € Ass M. Thus

AssG < {p € Ass M dim R/p = nj. '

Since the reverse inclusion was established in our proof of (i) above, we have
completed the proof of (iii).

{iv} Since dim N < n, it follows from Grothendieck’s Vanishing Theorem
6.1.2 that H:(N) = HZ"Y(N) = 0. The claim therefore follows from the long
exact sequence of local cohomology modules (with respect to m) that results

from the cxact sequence 0 — N — M — G — . O

The pext theorem is the main result of ¢his chapter. With it, we not only
offer an alternative proof of the result of the Non-vanishing Theorem 6.1.4 (as
promised just before 6.1.3}, bul we also provide more information than was
given in Theorem 6.1.4. (We should perhaps point out that our proof below in
7.3.2 does quote from Theorem 6.2.7 the fact that, if M is a non-zero, finitely
generated module of depth d over the local ring (R.my, then HE(M) # 01

however, no use was made of 6.1.4 in our proof of 6.2.7, and, indeed, the
argument given in the proof of 6.2.7 is clementary.)

7.3.2 Theorem. Assume that (R.m} is local, and let M be a non-zero, finitely
generated R-module of dimension n. Then H (M) +# 0 and

Att(H (M) = lp € Ass M :dimR/p = ny. £

Proof. (This proof is due to [. G. Macdonald and R. Y. Sharp [32, Theorem
2.2].} Throughout this proof, we make tacit use of the fact, proved in Theorem
7.1.3, that, for each i € Ny, the module H) (M) is Artinian, so that, by 7.2.9, it
has a secondary representation and we can form the set Att{ HI (M)

We use induction on n. When » = 0, the module M has finite length and so
is annihilated by some power of m. Hence HY (M) = ['(M) =M + 0. By 7.2.9
and 7.2.12,

Att(HD (M) = Att M = {m} = Ass M
= Ip e AssM dimR/p = 0].

The result has been proved in this case.
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Assume. inductively, that n > 0 and that the result has been proved for non-
zero, finitcly generated R-modules of dimension n — 1. By 7.3.1, we can, after
factoring out, if necessary, the largest submodule of M of dimension smaller
than n, assume that M has no non-zero submodule of dimension smaller than
n. We shall make this assumption for the remainder of the inductive step, and
with this assumption our aim is to show that AUH(M)) = Ass M.

Since n > 0, we have m ¢ Ass M, and so there exists r € m which is a non-
zerodivisor on M. We suppose that HZ (M) = 0, and look for a contradiction.
If n =1, we have

1 < grade,; m = depth M < dim M =1,

so that grade,, m = 1 and we have a contradiction to 6.2.7. Thus, in our search
for a contradiction, we can, and do, assume that n > 1.

Now, for each r € m which is a non-zerodivisor on M, the module M/rM
{is non-zero and finitcly generated and) has dim(M /r M) = n— 1, and the exact
sequence 0 — M s M — M/rM — 0 induces a long exact sequence of
local cohomology modules

HEY(MY) == HIZHAMY — BT

m 11 m

YM/rM)—0

in view of our supposition that H%(M) = 0. Thus, for each r € m which is a
non-zerodivisor on M, we have HZ M) /rHE (M) = H7H (M /¢ M), and this
Is non-zero by the inductive hypothcsm. Therefore HE1(M) # 0.

Our next step is to prove that m & Aft{H7 (M)} We suppose that m ¢

n

Att(H"" (M) and look for a contradiction. Then, by the Prime Aveidance

i
Theorem,

m e U DU UQ>

peATHY ALY qEAss(M)

so that, in the light of 7.2.11(i), there exists #; € m which is a non-zerodivisor
on M and such that H? ‘(M) = rH"'(M); this contradicts the [act that
H=N (M /riM) 4 0.

Thus m & Att(H% 1(M)): let py....,p, be thc remaining members of
Att(H%1(M)). Again by the Prime Avoidance Theorem, there exists

r
mem (UnJU[ U s

=1 aeAss(M)
Since r» © m and ry is a non-zerodivisor on M, we again have

HZYM) /e HE Y M) = HETH M M),

" m
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and, by the inductive hypothesis, H2 (M /¥ M)} # 0 and
At(HIT (M /raM))y < {p € Ass(M/roM) - dimR/p =n — 1f.
But, by 7.2.5,
AUCHR (MY HT (MDY < {p € AWHE (M) i € p),

m

and nt is the only member of the latter set. Since n > 1, we have obtained a
contradiction.

Thus we have proved that H2 (M) # 0. To complete the inductive step, since
M now has no non-zero submodule of dimenston smaller than », it remains for
us to prove that Att(H} (M)) = Ass M.

We know that grade,, m = 1; also, for each r € m which is a non-zerodivisor
on M, we have dim(M /rM) = n—1, so that H}(M /#*M} = 0 by Grothendieck’s
Vanishing Theorem 6.1.2, and the exact sequence of local cohomology modules
induced by the exact sequence

O—»Mrﬁr»M—nM/rM—)O

yields that H}} (M) = rH (M). It therefore follows from 7.2,11(i) that

T U Py U q.
pcAss(M}) e At HL (M)
Let g € Att(HF(M)): it follows from the above inclusion relation and the Prime
Avoidance Theorem that g = p for some p € Ass{M). Since H! is an R-linear
functor, it follows that

O:Mc(O:H (M)=qgcp.

nm
Asn=dimR/(0 : M) = dim R/p, it follows that q = p. Hence
At{H?

m

(M)) € Ass M,

To establish the reverse inclusion, let p & Ass{M), so that dim R/p = n. By
the theory of primary decomposition, there exists a p-primary submodule Q of
M; thus M/Q is a non-zero finitely generated R-module with Ass(M/Q) = {p].
Note that M/Q cannot have any non-zero submodule of dimension smaller
than n (or else it would have an associated prime idcal other than p). Thus, by
the work in the preceding six paragraphs applied to M/Q rather than M, we
have H(M/Q) #+ 0 and

0 # AU(HE(M/0)) = Ass(M/Q) = {p}.
Hence Att{H] (M/0)) = {p}. Since dim Q < n+1, it follows from Grothendieck’s
Vanishing Theorem 6.1.2 that H*'(Q) = 0; therefore, the canonical ex-

m

act sequence 0 — @ — M — M/Q — 0 induces an epimorphism
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H" (M} — H.(M/Q). It now follows from 7.2.5 that {p} = AW{H(M/Q)} =

Att(H™(M)). Hence AssM < AU(H!(M)). This completes the proof that

m

Ass M = Att{H:(M)). This completes the inductive step. 0

i

We show next how to deduce the result of Exercise 6.1.6 quickly from
Theorem 7.3.2.

7.3.3 Corollary. Assume that (R, m) is local, and let M be a non-zero, finitely
generated R-module of dimension n > 0. Then HJ (M} is not Finitely generated.

Proof. By 7.1.3 and 7.3.2, the local cohomology module H}\(M) is a non-zero
Artinian module which has a non-maximal attached prime ideal. Hence HY (M)
is not finitely generated, by 7.2.12. O

7.3.4 zExercise. Let M be a finitely generated R-module for which the ideal
a4 (0 : M) is proper. Let p be a minimal prime ideal of a +{0 : M), and let
t == dimg, M,. Prove that H{(M) # 0, and that, if ¢ > 0, then H{(M) is not
finitely generated.
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The Lichtenbaum-Hartshorne Theorem

In this chapter, we take up again the main theme of Chapter 6, and establish
another vanishing theorem for local cohomology modules, namely the local
Lichtenbaum-Hartshorne Vanishing Theorem (see R. Hartshorne [21, Theorem
3.1], and C. Peskine and L. Szpiro [47, Chapitre I11, Théoréme 3.1]}. While two
important vanishing theorems in Chapter 6, namely Grothendieck’s Vanishing
Theorer 6.1.2, and Theorem 6.2.7, which shows that, for a finitely generated
R-module M such that aM £ M, we have H(M) = 0 for all i < grade,, a,
can be regarded as ‘algebraic’ in nature, the Lichtenbaum-Hartshorne Theorem
is of ‘analytic’ nature, in the sense that it is intimately related with ‘formal’
methods and techniques, that is, with passage to completions of local rings and
with the structure theory for complete local rings.

Results of a ‘formal’ nature in algebraic geometry sometimes provide powerful
tools: the Lichtenbaum-Hartshorne Theorem 1s one such example, for we shall
see in Chapter 19 that it can play a crucial role in the study of connectivity in
algebraic varieties.

The local Lichtenbaum-Hartshoirne Vanishing Theorem gives necessary and
sufficient conditions, over an n-dimensicnal local ring (R, m), for the vanishing
of n-th local cohomology modules with respect to a, where a is proper. The
sufficiency of these conditions is rather harder to prove than the necessity, and
so we shall just discuss the sufficiency in this introduction. Let R denote the
completion of R. It turns out that H(M) = 0 for every R-module M ii, for
each 95 € Spec(R) satisfying dim R/ = #, we have dim R/(aR + ) > 0.

In the case when R is an r-dimensional commplete local domain, the statement
simplifies: then, H}{M) = 0 for every R-modulc M if dimR/a > Q. In fact, the
general statement can be deduced from this special case by means of standard
reductions, and we now outline our strategy for proof of the special case. This
strategy is sinilar to that used by M. Brodmann and C. Huneke in [3].

Of course, the fact (3.4.10) that the local cohomelogy functor H: commutes

136
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with direct limits means that it is enough to prove that H'{(M') = O for each
finitely generated R-module M’ in order to obtain the above result; in fact,
Lemma §.1.4 below will show that it is enough to prove merely that H)(R) = 0.
Then we shall use the Noetherian property of R to reduce to the case where a
is a prime ideal p with dim R/p = 1. As in our proof in Chapter 6 of Theorem
6.1.4, we again use ideas related to the structure thecrems for complete local
rings to reduce to the case where R is a Gorenstein ring.

The arguments outlined in the last paragraph will reduce our proof to the
following: given a complete Gorenstein local domain R of dimension n and
p € Spec(R) with dimR/p = 1, how can we show that HJ(R) = 0?7 Our
approach to this will use the ideas concerning the symbolic powers of p of
Exercise 3.1.4 (for which we shall provide a solution!) to see that

Hy(R) = lim Exti(R/pV, R),
jeN
and then the facts that R is Gorenstein and depth R/pY) > 0 to see that
Ext%(R/pY¥, Ry =0 for all j € N.

8.1 Preparatory lemmas

We plan to use Noetherian induction to reduce part of the proof of the
Lichtenbaum-Hartshorne Theorem to a case where (R is a complete local
domain and) a is a prime ideal p of R such that dimR/p = 1. To achieve
this, we wish to use the result of Exercise 53.1.22. For the rcader’s convenience,
we provide a proof of that result in 8.1.2 below; our proof does not use Cech
complexes, but instead uses the following lemma about injective modules.

8.1.1 Lemma. Let b € R, and let | he an injective R-module. Then the sequence
of R-modules and R-homomorphisms

0 Tppll) =5 1 5 I, — 0,

in which & is the inclusion map and t; is the natural homomorphism, is split
exact. Consequently, when I, is regarded as an R-module in the natural way, i
is injective; furthermore, application of the additive functor Iy to the above split
exact sequence vields a further split exdacl sequence of injective R-modules

0 — Torrpld) — Tald) — Lallp) — 0.

Proof. Since I is injective, HE, (1) = 0; therefore, the exactness of the first
sequence in the statement of the lemma is immediate from 2.2.17. By 214,
the R-module [gp(F) is injective, and so this exact sequence splits, and Iy, as
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R-module, is injective. The second part is then immediate once one recalls from
1.1.2 that To(Tgs(I)) = Tyrra(l), and from 2.1.4 that I'o{I’) is injective whenever
I’ is an injective R-module. O

8.1.2 Proposition. Let b € R and let M he an R-module. There is a long exact
sequence of R-modules and R-homomoiphisms

0

HY p(M) ——— HYM) ——— H)(M,)

H! p(M) ———— HAM) ——— Hl(M;)

Hi rplM) —— HI(M) Hi(My)

- H (M) ———

such that, whenever f + M — N is a homomorphism of R-modules, the diagram

Hi ro(M) Hi(M) Hi(Ms) H ko (M)

|

H ) Ui(f) Hi(fw) HE ()

'
Hi, gy(N) ——— HIN} Hi(Ny) HITh(N)
commutes for all i € N.
Proof. Let
oo 2o PE
I S — I T —

be an injective resolution of M, so that there is an R-homomorphism o : M —
1" such that the sequence

i & i+1

- ol
0——>M—f410i+11———>---—>1 — I

is exact. Similarly, let the exact sequence

Pl

] . :
NG VL N £ SNOPRIING L AN (A N
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provide an injective resolution for N. By the {dual of} the Comparison Theorem
[52, 6.9], there exists a chain map ¢* = (¢p')icw, : [* — J* for which the diagram

s
M — f°

{f
I

N—J°

¢°

comimutes.
1t is immediate from Lemma 8.1.1 that there is a commutative diagram

0 ValtI"}p) —— 0

Vaprpll®}) wm— T{l%)

Fa ol Ca(¢®) Ta{(* )

¥

Lo (T )}

0 — TurplJ) —— L) 0
of complexes of R-modules and chain maps of such complexes such that, for
cach i € Ny, the sequence 0 — Toygy(I¥) = Tu(I') — To({(I')p) — 0 is exact,
and a similar property holds for the lower row. Thus the above commutative
diagram of complexes gives rise to a long exact sequence of cohomology
modules of the complexes in the top row, a similar long exact sequence for the
bottom row, and a chain map of the first long exact sequence into the second.
Since, by 8.1.1, (I"), provides an injective resolution for M, as R-module and
(J*)p provides an injective resolution for N, as R-module, all the claims follow.
O

We immediatety make use of Proposition 8.1.2 in the following lemma.

8.1.3 Lemma. Let (R, m) be a local integral domain of dimension n; suppese that
the set

% = {b:bis an ideal of R, H}{(R) # 0 and dimR/b > 0}

is non-empty. Let p be a maximal member of 9. ( The fact that R is Noetherian
ensures that such a v exists. )
Then p is prime and dim R/p = 1.

Proof. Suppose that the statement ‘p is prime and dim R/p = 1" is false. This
means that there exists q € Spec(R) such that dimR/q = 1 and p < q. Let
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b e g p. Then, by 8.1.2, there is an exact sequence
Hy rp(R) — HS(R) R H;(Rh)-

By the Independence Theorem 4.2.1, there is an isomorphism of R-modules
HJ(Rp) = Hyp (Ry). Stnce dim Ry << n (as b € m), it follows from Grothendieck’s
Vanishing Theorem 6.1.2 that H[p (R;) = 0. It therefore follows from the above
exact sequence that H}l\ ., (R) 5= 0, and since p = p+Rb and dim R/(p+-Rb) > 0,
we have obtained a contradiction to the maximality of p. O

Our next lemma will come as no surprise to any reader who has solved
Exercises 6.1.8 and 6.1.9. However, we provide a more direct argument, which
avoids usc of 6.1.8.

8.1.4 Lemmma. Assume that dim R = n and that HI(R) = 0. Then H}(M} =10 for
every R-module M.

Proof. Since H] commutes with direct limits (by 3.4.10) and each R-module
is the direct limit of its finitely generated submodules, it is enough for us to
prove that HX (M) = 0 whenever M s finitely generated. However, 1n that case,
there exists an exact sequence 0 — N — F — M — 0 of finitely generated
R-modules and R-homomorphisms in which F is free. This induces an exact
sequence H(F) ~— HY{(M) — HI(N). It follows from the additivity of
the local cohomelogy functor H? and the assumption that HY(R) = 0 that
HE(F) = 0; since H*"1(N} = 0 by Grothendieck’s Vanishing Theorem 6.1.2, we
can deduce that H(4) =0, as required. O

8.1.5 Exercise. Assume that dim R = n and that o is proper, having minimal
prime ideals py,...,p,. Let M be an R-module for which Hg (M) = 0 for all
i=1,...,t Show that H}NM)=10.

In the course of our proof of the local Lichtenbaum-Hartshorne Vanishing
Theorem, we shall reduce to the case where R is a complete local domain and
then appeal to the structure theory of complete local rings: we shall again
quote [35, Theorem 29.4] to deduce that there exists a complete regular local
subring R’ of R which is such that R is finitely generated as an R'-module. The
next lemma will be applied to this situation.

8.1.6 Lemma, Supppose that (R.n) is local, and that (R, ) is a local subring
of R which is such that R is finitely generated as an R'-module. Let p € Spec(R)
be such that dim R/p = 1. There exists b € R such that, if B denotes the subring
R'[b] of R, then \j{lp N B}R = p.
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Proof. Of course, R is integral over R". By the Incomparability Theorem (see
[60, 13.33], for example), p must be a minimal prime ideal of {p N R)R: let
P3..... P, be the other minimal prime ideals of (p M R'}R (there may be none).
By the Prime Avoidance Theorem, there exists b € p\ | Ji_, »;. Then B = R/[b],
necessarily a Noetherian ring, is finitely generated as an R'-module, and so is
integral over R’

To complete the proof, it is enough for us to show that p is the orc and only
minimal prime idcal of (p N B}R. It certainly is one, since R is mtegral over B
so that we can appeal to the Incomparability Theorem again, as we did at the
beginning of this proof. Let us suppose that q is another minimal prime ideal
of (p N B)R, different from p.

Obviously g = m. Since R is integral over R, it follows that g N R #
mt’ {by [60, 13.31], for example). Since p N R = pN B = q, it follows that
pNR = qn R < w'. But R/p is an integral extension of R'/(p N R’), and so
dim R'/{p N R’) = dim R/p = 1. We can therefore deduce that pN R =qn R".
Another use of the Incomparability Theorem as before shows that g must
be a minimal prime ideal of (p N R'}R, and so must be one of p,.....p,. But
bepnR [ < (N B)R < g, and this is a contradiction because & was chosen
outside p, U+~ Up,. O

In our application of Lemma 8.1.6 in which R is a complete regular local
ting, it will be important for us to know that the ring B = R'[b] is a Gorenstein
ring. This is the motivation behind the next lemma. In fact, the first part of
this lemma is actually a special case of [60, Proposition 13.40], but we include
a proof for the convenience of the reader.

8.1.7 Lemma. Let R be a subring of the integral domain S, and suppose that R is
integrally closed and S = R[b], where h € S is integral over R. Let K be the field
of fractions of R. Then b is algebraic over K and its minimal polynomial | over
K belongs to R[X]. Alse, the surjective ring homomorphism ¢ : R[X] — R[b]
given by evaluation at b has kernel fR[X), so that ¢ induces an isomorphism of
R-algebras

@ : R[X]/fRIX] —> R[B] = S.

Proof. Since b is integral over R, it is certainly algcbraic over K. Lot its
minimal polynomial over K be

fF=X"4ap X"+ aX +a € KX

We aim to show that ag,...,a— € R.
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There exists a field extension L of the field of fractions of § such that f splits
into linear factors in L[X]: let s = s1,....55 € L be such that

f=(X—siMX —52)...(X —sp)

in L[X]. Equate coefficients to see that each of ag,...,an_1 can be written as
a ‘homogencous polynomial’ (in fact, a ‘symmetric function’) in s1,...,8, with
coellicients +-1; in particular, ag,...,dr1 € R[st....,54]

Since b is integral over R, there exists

g=X"+r X"+ +rnX 4+ RIX]

such that g(b) = 0. Therefore g € Ker¢ = fK[X], and so there exists gy € K [X]
such that g = fg; in K[X]. For each i = 1,....h, evaluate both sides of this
equation at 5; € L to see that g{s;} = 0. Thus all the s; (i = 1,..., k) are integral
over R, and so, by [60, 13.21] for example, the ring Rl[s1....,84] 1s a finitely
generated R-module; it therefore follows that ag,...,an—; are all integral over
R, since they belong to R[sy,...,sp]- But ap,...,ap—1 € K and R is integrally
closed; hence ag,....an—1 € R.

Finally, Ker ¢ = fK [X]NR[X], and it is elementary to deduce from the facts
that f is monic and has all ils coefficients in R that fK[X]INR[X] = fRIX]. D

8.1.8 Lemma. Suppose thai (R, m) is local and of dimension n, and also that R
is a Gorenstein ring. Let M be a non-zero, finitely generated R-module. Then
depth M > 0 if and only if Extip(M,R)=0.

Proof. Recall from [35. Theorem 18.1] that R has injective dimension n as a
module over itself.

(=) There exists r € m such that r is a noen-zerodivisor on M. The exact
sequence 0 — M —» M — M/rM — 0 induces an exact sequence

Ext3(M/rM,R) — Exti(M, R) — Exty(M,R) — 0

since ExtiT(M/rM,R) = 0. Application of Nakayama's Lemma to the finitely
generated R-module Exth(M, R) now shows that this module is zero.

{+=) By [35, Theorem 18.1], we have ExtR(R/m,R} # 0. It follows that
1 & Ass M, for olherwise there would be an exact sequence

0-— Rm—M—(C—0
of R-modules, and the induced exact sequence
Exti(M,R) — Exti(R/m,R) — Ext} ' (C,R) =0

would provide a contradiction. O
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The next exercise extends Lemma 8.1.8 in a precise manner.

8.1.9 Exercise. Suppose that (R, n1) is a Gorenstein local ring of dimension n.
Let M be a non-zero, finitely generated R-module. Show that depth M is the
least integer i such that Extly '(M,R) # 0.

The next lemma provides the promised solution for Exercise 3.1.4.

8.1.10 Lemma. Let (R, m) be a complete local domain, and let p he a prime ideal
of R of dimension 1, that is, such that dim R/p = L.

(i) For each n &€ N, there exists t € N such that p') < m".

(i) The family (p™)uen is a system of ideals of R over N in the sense of
2.1.10, and the {negative strongly) connected sequences of covariant func-
tors ( from E(R) to ¥ (R))

(H\g) and (lim Ext%(R/pU], ))
ielNg —*
jeN HS i

are isomorphic.

Progf. Let p 1 R — R, denote the natural hemoemorphism.
(i) Recall that ™ = p~1(p"R,) = v~ ({pRy)"). Hence

ﬂnEfN p(n) = w_] (nnEN(pRp)n) = w—l(O) = Ker Y

by Krull’s Intersection Theorem [35, Theorem 8.9]. Since R is a domain, it
follows that {1, p™ = 0.

We can now use Chevalley's Theorem ([42, Section 5.2, Theorem 1] or [67,
Chapter VIII, Section 5, Theorem 13]) to deduce that, for each n € N, there
exists 1 € N such that p!¥ = mt.

(ii) Let n € N. Note that, by [60, 5.47(1)] for example, p is the unique
minimal prime ideal of p”, and p™ is the (uniquely determined) p-primary
term in any minimal primary decomposition of »*. Since dim R/p = 1, the
only possible associated prime ideal of p” in addition to p is w. Thus cither
p" = p™ or there exists i € N such that p® nm”* < p”. It now follows from
part (i) that there exists t € N such that p!! = p*,

Of course, p” = p for all # € N. Since it is clear that (p/™),cx is an
inverse family of ideals of R over IN in the sense of 1.2.10, it now follows from
Proposition 3.1.1(iii) that (p"™),en is actually a system of ideals of R over N,
and from part (i) of the same proposition that the negative strongly connected
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sequences of covariant functors

(Iim Exth(R/p’, . )) and (Ii_m Exth(R/0'7, . ))
€Ny =Ny

JEN JEN

are isomorphic. The proof can now be completed by an appeal to 1.3.8. O

8.2 The main theorem

We are now in a position to put all our various lemmas of Section 8.1 together
to produce a proof of the main theorem of this chapter.

8.2.1 The Lichtenbaum-Hartshorne Vanishing Theorem. (Sce R. Ilartshorne [21,
Theorem 3.1].) Suppose that (R,m) is local of dimension n, and also that a is
proper. Then the following statements are equivalent:

(i) HXR) =0
(it} for each (necessarily minimal) prime ideal B of R, the completion of R,
satisfying dim R/*B = n, we have dim R/(aR + ) = 0.

FProof. (i) = (ii) Assume that H7(R) = 0 and that there exists a prime ideal
P of R such that dim R/P = n but dim R/(aR + B) = 0. Since the natural ring
homomorphism R — R is flat, it follows from the Flat Base Change Theorem
4.3.2 that there is an R-isomorphism H2(R)®g R = H”ﬁ(R), and so H:ﬁ.(R) = (.

Now mR is the maximal ideal of the local rng R, and our assumptions
mean that (R/, mR/%P) is an n-dimensional local ring and (aR + B)/PB is an
{(mR/PBj-primary idcal of this ring. It therefere follows from 1.1.3 and Theorem
6.1.4 (or Theorem 7.3.2) that H(naﬁ+*BJ/‘$('R/ PB) £ 0. We now deduce from the
Independence Theorem 4.2.1 that H Hﬁ(ﬁ /) = 0, Therefore, by 8.1.4, we must

have H ”ﬁ(}fi} # 0, and this is a contradiction.
ah

(il) = (i) Assume that dim R/{(aR -+ B} > 0 for each S} € Spec(R) for which
dimR/P = n. We suppose also that HJ(R) % 0, and we again lock for a
contradiction. We again use the Flat Base Change Thecrem 4.3.2 to see that
there is an R-isomorphism

HI(R) @ R = H"(R),

from which we deduce thal H ng(ﬁ} = (0 (because the natural ring homomor-
a

phism R — R is faithfully flat). We can therefore assume, in our search for a
coniradiction, that R is complete: we make this assumption in what follows.
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There is an ascending chain
0=bychc...ch.,=b=R

of ideals of R such that, for each i = 1,..., h, there exists p, € Spec(R) with
b; /b = R/p,. Tt follows from the half-exactness of HY that H}{(R/p;} + 0 for
al least one i between 1 and k. The Independence Theorem 4.2.1 now enables
us to deduce that

HE oo (R/9) # 0.

Note that, by Grothendieck’s Vanishing Theorem 6.1.2, the complete local
domain R/p, has dimension n. Therefore, our assumptions imply that

dim(R/p;}/((a -+ p;)/p;) > 0.

Therefore we can, and do, assume henceforth in our search for a contradiction
that R is an n-dimensional complete local domain and the proper ideal «
satisfies H{R) # 0 and dim R/a > 0. We shall show that such a situation is
impossible.

By Lemma &.1.3, there exists p € Spec(R) such that H(R) # Oand dim R/p =
1. We now appeal to the structure theory of complete local rings: by [35,
Theorem 29.4], there cxists a complete regular local subring (R’,m’) of R which
is such that R is finitely generated as an R’-module. By Lemma 8.1.6, there
exists b € R such that, if B denotes the subring R'[b] of R, then /(p N B)R = p.
Note that, since R is integral over B, the latter is aiso local and of dimension n,
with unique maximal ideal mn B. Note also that, since B is a finitely generated
R'-module, it is a complete local ring,

Since R’ is integraily closed, it follows from Lemuna 8.1.7 that there 15 a
monic polynemial f € R'[X] and an isomorphism of R'-algebras

RIXY/fRX]= R[] =B

By [35, Theorem 19.5], the ring R'[X] is regular. As f is monic, it is a pon-
zerodivisor in R'[X]. We now deduce that B is a Gorenstein local ring as
follows. There exists exactly one maximal ideal £ of R'[X] that contains f; we
have

B = (RIX]/fRIXDeyrpg = R X]e/(f/ DR [X]z:

and the latter is a Gorenstein local ring by {35, Exercise 18.1].

Since /(p N BJR = p, we can deduce from 1.1.3 that HE pr(R) # 0, and
thence by the Independence Theorem 4.2.1 that H{ .5 (R) # 0. Therefore
H 5(B) # 0 by Lemma 8.1.4. Let q :== pN B observe that, since R is integral
over B, we have dimB/q = dimR/p = 1.
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We are now close te a contradiction: B is a complete n-dimensional Goren-
stein local domain, q € Spec(B) has dim B/q = 1, and H}(B) # 0. This is, in
fact, impossible, because, by Lemma 8.1.10(ii),

HZ(B) = lim Ext}(B/q'", B)
jeN
and the latter module is zero by Lemma 8.1.8, since depth B/q'? > 0 for all
j € N because each q'/} is a g-primary ideal. O

8.2.2 Corollary. Suppose that (R,m) is local and has dimension n, and that
dim R/(aR + B) > 0 for every prime ideal B of R such that dim R/P = n.
Then H\(M) =0 for ail i > n and for every R-module M,

Proof. This is now immediate from Grothendieck’s Vanishing Theorem 6.1.2,
Lemma 8.1.4, and the local Lichtenbaum-Hartshorne Vanishing Theorem 8.2.1.
|

8.2.3 Exercise. Suppose that (R, m) is local and that M is a non-zero finitely
generated R-module of dimension #. Assume that

dimR/(aR + 9) > 0

for every prime ideal f of Suppz(M ®x ﬁ) such that dim ﬁ/ ¢ = n. Prove that
Hi{M)=0foralliz=n.

8.2.4 Exercise. Suppose that (R, m) is local and that 4 is an Artinian R-module.
Show that, for each a € A, there exists t € IN such that m’a = 0. Deduce that A
has a natural structure as a module over R, the completion of R, that a subset
of A is an R-submodule if and only if it is an R-submeodule, and that the map
p:A4A—> Aeg R defined by ¢{a) = a®@ 1 for all @ € 4 is an isomorphism of
R-modules.

The next two exercises involve the theory of secondary representation and
attached primes of Artinian modules, discussed in Section 7.2.

8.2.5 Exercise. Let R’ denote a second commutative Noetherian ring and let
f : R — R’ be a ring homomorphism. Suppose that the R'-module M’ has a
secondary representation (7.2.2). Show that, when M’ is viewed as an R-modulc
by means of f, it has a secondary representation as an R-module, and that

Attg M = {f71(p') ¢ € Attg M’}

Is it possible for M’ to have fewer attached prime ideals as R-module than it
has as R'-module? Justify your response.




8.2 The main theorem 147

8.2.6 Exercise. Suppose that (R, m) is local and has dimension », and also that
a is proper. By Theorem 7.1.6, the R-module H(R) is Artinian.

(i) Use the local Lichtenbaum-Hartshorne Vanishing Theorem 8.2.1 to
prove that

Attg(H(R)) = (TN R : B < Spec(R), dimR/B = n,

and dim R/(aR + ) = 0} .
(It is perhaps worth pointing out that the result of this exercise (which is due
to R. Y. Sharp [59, Corollary 3.5]) amounts, in effect, to a refinement of the
statement of the local Lichtenbaum-Hartshorne Vanishing Theorem, because
the set on the right hand side of the above display is empty if and only if

H'(R)=10.)

(ii) Deduce that, if r = 0, then H?(R), if non-zero, is not finitely generated.

8.2.7 Remark. Let n € N and let K be a field, This comment is concerned with
the ring K [X1,..., X,] of polynomials over K.

Each f € K[X1,..., X ]\ (X1,..., X} is a unit in K [[X,..., X,]], and so there
is a natural injective ring homomorphism

¢ KXy, Xelix,x — KX XL

Tt is not difficult to see that we can use ¢ to regard K[[X,,...,X,]] as the
completion of the regular local ring K[Xy.....X,]x,x, Let m denote the
maximal ideal (Xi,...,X,) of K[Xq,..., X,]

1t follows that, if b is an ideal of K [X:,...,X,] contained in m, and, for each
i=1,...,n we use x; to denole the natural image of X; in K[X},...,X.]/b,
then the injective ring homomorphism

K [xl:v s exn](xl,...,x.,J —— K [[XT, L aXn]]/bK [[XI’ Ve an]]
obtained by composing the natural ring isomorphism

K[Xls---:xn](xh,.,.x) = (K[Xle---:Xn]/b}m/b
i’K[Xla---aXn]m/bK[Xls---;Xn]m

with the injective ring homomorphism
K[Xiz---:Xn]m/bK[Xls---an]m HK[[XIa:Xn]]/bK [[—Xls---an]]

induced by ¢ provides the completion of K [x1,..., Xul(x,.00)-
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8.2.8 Exercise. Consider the special case of the situation of Remark 8.2.7 in
which n =3 and b = (X, X). With these choices, let

R = K [x1, %2 X3) (o) = (K [ X1 X2, X531/ (X1 X0 ) )ov, s x00,00 X0
Let p be the prime ideal (x;/1,x3/1) of R. Use the exact sequence
0 — R — R/(x1/1) ® R/(x2/1) — R/(x;/1,x2/1) — 0
of Lemma 3.2.1 to show that H (R) is not finitely generated. Use the descrlptmn

of the completlon R of R prov1ded by 8.2. 7 to find a prime ideal P of R such
that dim R/% = 2 but dim R/(pR + P) =

8.2.9 Fxercise. Consider the special case of the situation of Remark 8.2.7 in
which K has characteristic 0, n = 3 and b = (X3 — X7 — X}). Set R’ =
K[X(, X2 X5] and ' 1= (X, X5, X3). Let
= (X +X; — X:XR + (X5 — DA(X, + 1) — DR
(i) Show that b € Spec(R’), that b < ¢, and also that cR], € Spec(R,).

(Here is a hint: do not forget that R}, is a regular local ring.)
{ii) Follow the procedure of 8.2.7, and set

= (R /by and R =KX, X2, X5]}/BK [[X), X2, X1}
regard R as the completion of R in the manner described in 8.2.7. It will be

convenient to use x; to denote the matural image of X; in R'/b and in R (for
i =1,2,3). Show that R is a 2-dimensional local domain, and that

p o= (x1 + X2 — x2x3)R - ((x3 = D}x; + 1) = )R

is a prime ideal of R with dimR/p =1.
(iii) Let # € R be given by
1 s 5 4. (—1y=12(2n — 2)!

Sl ol x?_i—”'a

1
s — o — s
R A S A TR TR Fnlin—1)!

2 &
so that u is a unit of R and u? = 1 + x,. Show that
J,Jﬁ = (%1 +x2 — JCQX3)R + (x5 —14+ Il_T)I’i,

and that this is a prime ideal of R.
(iv) Use the exact sequence

0— R —> ﬁ/(xz — x11) @ﬁ/(xg + xu) —> ﬁ/(x;——xlu,xg + x1u) — 0

of Lemma 3.2.1 to show that Hjﬁ(ﬁ’ is not finitely generated, and deduce that
HZ(R) is not finitely generated.
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(v) Find a prime ideal 3B of R such that dim R/% = 2 but
dim R/(pR + ) = 0.

8.2.10 Definition and #Exercise. Suppose that (R, m) is local. We say that R is
analvtically irreducible precisely when R, the completion of R, is an integral
domain.
Note that an analytically irreducible local ring must itself be a domain.
Suppose that (R,m) is analytically irreducible, and that a is proper. Let
dim R = n. Show that H*R) = 0 if and only if dimR/a > 0, and that, when
this is the case, H:(M) = 0 for all i > »n and for every R-module M.

8.2.11 Exercise. Suppose that (R,nt) is an analytically irreducible (see 8.2.10
above) local domain of dimension 2, and that dim R/a > 0. Show that the
a-transform functor D, is exact.

8.2.12 Exercise. Show by means of an example that if the phrase ‘analytically
irreducible’ is omitted from the hypotheses in Exercise 8.2.11 above, then the
resulting statement is no longer always true.

8.2.13 Exercise: Hartshorne’s Example revisited yet again. For this exercise,
we recommend that the reader refers to earlier discussions of Hartshorne’s
Example in 2.3.7, 3.3.4 and 4.3.7, and applies the ideas of Remark 82.7 in the
special case in which n =3 and

b= (XX — XoXs, X{Xs + X0 X0 — X3, X3 + X Xe — XJ).

Let S’ denote the subring C[X, XY, Y (Y —1), Y *(¥ —1)] of €[X, Y]. Consider
the ideals

n= (X, XY, Y(Y = 1), YXY —1)) and 1 :=(XY,¥(Y —1), VY —1))

of 8.

(i) Show that 1S is a principal ideal of §; for every maximal ideal q of R
different from n.

(ii) Show that S := S is a local domain of dimension 2, and that p = 1S
is a prime ideal of S such that dimS/p = L.

(iil) Use a calculation made at the end of 3.3.4 to show that H g(s 1= 0.

(iv) Use the description of the completion (§, Sﬁt) of § provided by Remark
8.2.7, together with calculations made in 4.3.7, to see that S has exactly two
minimal prime ideals, 3, and 9, say, and that

P+ P, =M and B;-+pS =M fori=1o0r2
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Show that H 2?(§) is not finitely generated, and deduce that H;(S) is not finitely
P
generated.

8.2.14 Exercise. Let R be the localization €X, Y, XY, Yy y2xy ys) of the
subring C[X, Y2, XY, Y?] of CLX, ¥]. Show that H2(R) = 0 for every ideal a
of R which is not primary to the maximal ideal.

8.2.15 Definition and Exercise. Let I be a quasi-affine variety over an alge-
braically closed field K, and let pe V,

Wc say that V' is analytically irreducible at p precisely when the completion
&y, ¢ of the local ring @y, of V at p is an integral domain, that is, if and
only if & , is analytically irreducible (see 8.2.10); otherwise, we say that V is
analytically reducible at p.

(i) Now let V' be an affine surface over K (that is, an affine algebraic
variety over K of dimension 2), and let C < V be a (not necessarily irreducible)
curve (that is, a non-empty closed subset of pure codimension 1 in ¥ (see
6.4.2(iv))} which avoids all the points of ¥ at which I is analytically reducible.
Use Serre’s Affineness Criterion 6.4.4 to show that the quasi-affine variety ¥ C
is, in fact, affine.

(i) By considering Hartshorne’s Exampie (see 2.3.7, 3.3.4, 4.3.7 and (es-
pecially) 6.4.6), show that the condition that C ‘avoids all the points of V at
which V is analytically reducible’ cannot be omitted from the hypotheses of
the result established in part (i) above.

8.2.16 Exercise. Let V¥ be an affine surface over an algebraically closed field
K;let C = V be a (not necessarily irreducible) curve (see 8.2.15{i}), Let b be
the ideal of C in C(V) and let tp e C. We say that C is fully branched in V. S at
p precisely when dim C,,, i (E)C v.p + B) > 0 for all minimal primes P of (PV
satlsfymg dim (,”V P =2
(i) Show that C is fully branched in V" at p if and only if

H‘E@'rg;, (COV: P) = O

(i) Show that V' \ C 1s affine if and only if C is fully branched in ¥ at all
its points.

8.2.17 Exercise. This cxercise is concerned with the situation of Exercise 8.2.9,
and so we use the notation of that exercise. It was not necessary in 8.2.9 for
the reader to know that the ideal ¢ is actually prime, but, in fact, it is and the
first three parts of this exercise sketch a route to a proof of this fact.
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{1} Note that K[X, X3, Xg] = K[X1 X5, X5], where X, = X, +1 and
= X3 — 1. Note also that X X1, Xg,Xq arc algebraically mdependent over K.
( Q) Set A4 = K[X1, X2 X31/(X3X, — 1); consider Ay = K[Xﬂ ;, and
K [)(2,5(3]}l as subrings of K(XQ,X_:) in the natural ways. Show that
A= KXo, Xalg, = Ao[Xo].
(i1} Show that
KX, X, X:)/(X) — %X — LX3K ~ 1)
= KX, Xily /0 + X5 = X7 = Ao,
and deduce that ¢ is a prime ideal of K[X1, Xz, X;3].
(iv) Now assume that K is algebraically closed.
let C = VAT’(K)(Xl + X — X5 X5, (X5 — I)Z(Xl +1)— 1) and
Vo=V K)(X —XI-X.
Show that C < V and (with or without the aid of Exercise 8.2.16 above) that
Iy C is not affine.
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The Annihilator and Finiteness Theorems

There have been several examples earlier in this book of non-finitely generated
local cohomology modules of finitely generated modules: for example, in 6.1.6,
and also in 7.3.3, we saw that if (R, m)} is local, and N is a non-zero, finitely
generated R-module of dimension n > 0, then H”(N) is not finitely generated,
Since HY(N), being isomorphic to a submodule of N, is certainly finitely
generated, it becomes of interest to identify the least integer 7 for which H: (N)
is not finitely generated. This integer is referred to as the (initeness dimension
Fu N} of N relative to . Our work in this chapter on Grothendieck’s Finiteness
Theorem will enable us to see that, in this situation, and under mild restrictions
on R,

[N} = min {deptth Ny +dimR/p : p € Supp(N) {m}} .

However, our approach will not restrict attention to the case where the ideal
with respect to which local cohomology is caleulated is the maximal ideal of
a local ring; also, the approach we shall take will show that questions about
such finiteness dimensions are intimately related to questions about precisely
which ideals annihilate local cohomology modules. We shall, in fact, establish
Grothendieck’s Finitcness Theorem as a special case of Faltings” Annihilator
Theorem, which is concerned with the following question: given a second ideal
b of R such that b & q, and given a finitely generated R-module M, is there a
greatest integer i for which H!(M) is annihilated by some power of b, and, if
so, what is 1t?

9.1 Finiteness dimensions

Our first two results will provide motivation for the formal introduction of the
concept of finiteness dimension. Let M be a finitely generated R-module. Tt is

152
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clear that if, for some i € N, the local cohomology module HI(M) is finitely
generated, then a“H. (M) = 0 for some u € N, and so

a s O H(M)).

It is not quite so clear that there is a sort of converse to this resuit: we show
below, in our first proposition of this chapter, that if, for some ¢ € N, it is the
case that o = \,"(0 : HA(M)) for all i < ¢, then it follows that HI{M) is finitely
generated for all { << £

9.1.1 Lemma. Ler L N M -5 N be an exact sequence of R-modules and
R-homomorphisms, and suppose that a = V:"‘(O t Ly and a € J(0 : N). Then
ac \/'(0 : M) also.

Proof. Let r € a. Then, for some ¢ € N, we have r'g(M} = 0, and so
"M < Kerg = Im f. However, there exists # € IN such that *L. = 0, and so
{Im f) = 0. Hence ##*7TM = 0. O

9.1.2 Proposition. Let M be a finitelv generated R-module, and let t € N, Then
the following starements are equivalent:

(i) Hi{M) is finitely generated for all i < t;
(i) a = AO: HUMY) for all i < 1.

Proof. (i) = (ii) As we remarked immediately before the statement of Lemma
9.1.1, this implication is clear.

(ii) = (i) We use induction on t. When t = 1, there is nothing to prove, since
HY(M) =T (M) is a submodule of M, and so is finitely generated. So suppose
that ¢ > 1 and that the result has been proved for smaller values of ¢. By this
inductive assumption, H!(M) is finitely generated for i = 0,1,....¢t — 2, and it
only remains for us to prove that HS'(M) is finitely generated.

It follows from 2.1.7(iii) that HI{(M) = HI(M/T(M)) for all i > 0. Also,
M/T (M) is an a-torsion-free R-module, by 2.1.2. Hence we can (and do)
assume that M is an a-torsion-free R-module.

We now use 2.1.1(i1) to deduce that a contains an element » which is a
non-zerodiviser on M. Since a &= Vr"(O - HEY(MD), there exists # € IN such that
r“HIY (M)} = 0. The exact sequence

0— M M MM — 0
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induces a long exact sequence

e

¢ HY(M) HOM) HO(M /M)
e HIM) e HYM) HI(M /7*M)
e HIM) — = HIM) HI(M /M)

—— - H(M)

It follows from this long exact sequence and 9.1.1 that
ac J0:H(M/yM)  for all i< t—1,

so that, by the inductive hypothesis, HL(M/r*M) is finitely generated for all
i < t — 1. In particular, we see that HA(M /7 M) is finitely generated; since
FOHITH (M) = 0, it follows from the above long exact sequence that HI7HM)
is a homomorphic image of HH(M/r"M), and so is finitely generated. This
completes the inductive step. O

Proposition 9.1.2 provides some motivation for the following definition. Here,
and throughout the book, we adept the convention that the infimum of the
empty set of integers is to be taken as 0.

9.1.3 Definition. Let M be a finitely gencrated R-module. In the light of
Proposition 9.1.2, we define the finiteness dimension fo(M) of M relative to a

by
fo(M) = inf {i € N : H{(M) is not finitely generated }
=inf{ieN:ag 0 CHU(M))
Note that fo(M) is either a positive integer or o, and that, since H (M) is

finitely generated,
fo(M) = inf {i € Ng : H{(M) is not finitely generated | .
0.1.4 Exercise. Let M be a finitely generated R-module. Show that fo(M) > 1
if and only if the a-transform D, (M) s finitely generated.
In the situation of 9.1.3, it is reascnable to regard the condition
‘ac A0 Hy(M)Y

as asserting that Hi(M) is ‘small’ n a sense, because if this condition holds for
all i less than some positive integer t, then H {(M) is finitely generated for all
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i<t (by 9.1.2). However, sometimes it is more realistic to hope for a weaker
condition than ‘a = \/(0 : HY(M))': we introduce a second ideal b of R such that
b < a, and think of H!(M) as being ‘small’ relative to b if b < L0 Hi{(M)).

9.1.5 Definition. Let M be a finitely generated R-module and let b be a second
ideal of R such that b < a. We define the b-finiteness dimension f2(M) of M
relative to a by

foM) =mf {ie N:b& J0:H(M)N}.
Note that, since b = a = /0 : To(M)}), we can write

foM) =inf {ic Ny :b g J0:H{(M)},

a

that (M) is either a positive integer or o, and that f2(M) = fa(M).

9.1.6 #Exercise. Let the situation be as in 9.1.5, and let § be a multiplicatively
closed subset of R. Show that

FoM) < fFENSTIM.

9.1.7 hExercise. Let R be a second commutative Noetherian ring and let
f : R — R’ be a ring homomorphism; assume that R/, when regarded as an
R-module by means of f, is finitely generated.

et M’ be a finitely generated R'-module and let b be a second ideal of R
such that b < a. Prove that

oMy = R (M,

9.1.8 Exercise. Let the situation be as in 9.1.5, and let D be a further ideal of R
such that a € b. Show that

Fa(b) < fy(M).
{(Here is a hint: you may find 8.1.2 helpful.)

9.2 Adjusted depths

The b-finiteness dimension f2(M) of 9.1.5 is one of the invariants used in
Faltings’ Annihilator Theorem. We now motivate the introduction of another
of the ingredients. This motivation concerns the situation of Exercise 7.3.4, and
we provide now a solution to the second part of that exercise.

Let M be a finitely generated R-module for which the ideal a + (0 : M)
is proper. Let p be a minimal prime of a + (0 : M), and suppose that ¢ :=
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dimg, M, > 0. Then, by 4.3.3, 42.2, and 1.1.3 used in conjunction with the fact
that p is a minimal prime of a 4 (0 : M), we have

(H{(M)y = Hip (My) = Hig 40 31, (M)
= H{lu-r(o;;vf))np{li\'{u) = Hénp(Mp)-

By 7.3.3, this R,-module is not finitely generated, since ¢ = dimg, M, > 0;
hence HI(M) is not finitely generated. We can therefore write fo(M) < . There
exists a minimal prime q of (0 : M) such that q = p and htp/q = . Note that
depth, M, =0, that a ¢ g, and that p is a minimal prime of a+q; furthermore,
we can write fo(M) < depthy M, + htp/q.

Next suppose that » € R is a non-zerodivisor on M and that there is a minimal
prime p’ of a + (0 : M/rM) such that ¢ := dimg,(M/rM)y > 0. Another
application of Exercise 7.3.4 yiclds that HE (M /7 M) is not finitely generated. It
therefore follows from the long exact sequence of local cohomology modules
induced by the exact sequence

0> M—M-— M/rM-—0

that either HY (M) or HE (M) is not finitely generated. The reasoning in the
preceding paragraph applied to M /#M (rather than M) shows that therc exists
a minimal prime ¢ of (0 : M/rM) such that ¢ = p’ and htp'/q = ¢. Agam,
note that depthRq, My =1, that a € ¢, that p’ is a minimal prime of a+q', and
that

falM) < 1+t = depthy, My +htp'/q.

It is hoped that, after this little discussion, the reader will not be too dismayed
to find that we now begin to consider the values of the expressions

depthy, M, + hi(a +s)/s

for prime ideals s € Supp(M) which do not contain a. (Here, ht R/s is to be
interpreted as co.) Note that. for such an s, we have ht(a + s)/s > 0, since
{a+s)/s is a non-zero ideal of the integral domain R/s. We can think, loosely,
of ht{a + s)/s as the ‘distance’ from s to Var(a) in Spec(R), as it is, at least in
the case when R is catenary (see [35, p. 31]), the miniznum length of a saturated
ascending chain of primc ideals starting with s (as its smallest term) and ending
in Var(a).

9.2.1 Notation and Conventions. Let M be a finitely gencrated R-module. For
p € Supp(M) we shall abbreviate depthy M, by depthM,; we shall adopt
the convention that the depth of a zero module over a local ring is co, and
accordingly, for p € Spec{R), Supp(M), we shall write depth M, = oz,
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We interpret the height of the improper ideal R of R as o0; accordingly, for
a proper ideal b of R, we write ht R/b = oo

9.2.2 Definitions. Let M be a finitely generated R-module. For a prime ideal
b € Spec(R) ", Var(a), the a-adjusted depth of M at p, denoted adj, depth M,, is
defined by

adj, depth M, := depth M, -+ ht(a 4 p)/p.

Note that this is oo unless p € Supp(M) and e+ p < R, and then it is a positive
integer.

Let b be a second ideal of R such that b = a. We define the b-minimum
a-adjusted depth of M, denoted by 2(M), by

AM) = inf {adj, depth M, : p € Spec(R) ', Var(h)}
= inf {depth M, + ht(a + p)/p : p € Spec(R} ', Var(b)}.

Thus (M) is either a positive integer or oc.

Faltings” Annihilator Theorem, the main result of this chapter, asserts that,
under mild restrictions on R, the invariants A2(M) and f%(M) (where M is
a finitely generated R-module and b is an ideal of R with b = a) are equal.
Faltings’ original proof in [10] is rather different from the one we shall present
below.

The special case of Faltings” Annihilator Theorem in which b = « reduces
to Grothendieck’s Finiteness Theorem (see [19, Exposé VIIL, Corollaire 2.37),
which is another fundamental result of local cohomology. This theorem provides
information about the finiteness dimension f.(M) of M relative to a (again
under mild restrictions on R).

Our approach to the proof of Faltings’ Annihilator Theorem begins with
an investigation of some of the properties of the invariant A'{(M) introduced
in 9.2.2,

9.2.3 Remarks. Let b, ¢ and d be further ideals of R such that c = b a < b.
Let M be a finitely generated R-module. Then
() A5(M) = 20, (M) = 40 (M);
(i) A2(M) < A5(M); and |
(iii) AB(M)} < A5 (M),

924 Lemma. Let b, ¢ be further ideals of R withb S aand b= ¢. Let M be a
finitely generated R-module. Then

As(M) = Ag(M /T (M),
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Proof. Let p € Spec(R) 4 Var(h). Then ¢ & v, and so (I'((M)}, = 0. Hence
(M/TAM)), = M, and

depth(M /T (M), + ht(a + p)/p = depth M, + ht{a + p)/p.

The claim follows. O

925 Lemma. Let b be a second ideal of R with b = a, let M be a finitely
generated R-module, and let S be o multiplicativelv closed suhset of R. Then

WM < 25087 M).

Proof. Let B € Spec(ST'R)\, Var(S~ib). Then there exists p € Spec(R) such
that pN S =0 and P = S 'p. Now p € Var(b}, and so

F2(M} < depth M, + hi(a +p)/p.

Now (S™'M)y = (S7!M)sg—, = M, as Ry-modules (when (S Mg, is
regarded as an Rp-modulc by mecans of the natural isomorphism R, =
{STIR)g-1,). Also

ht{a +p)/p < ht{S a + 5 "p)/57p,
and so A2(M) < depth(S™!'M)y + ht(S'a -+ P)/B. The result follows. O

The next lemma shows that A%(M) is, in a certain sense, independent of the
base ring.
9.2.6 Lemma. Let b be a second ideal of R such that b = q, let M be a finitely
generated R-module, and let ¢ be an ideal of R such that ¢ = (0 : M). Then
(M) = 2 LM,

{(‘I+C)ﬂ(

Proof. Let‘,p € Spec(R) Y Var(b). Either p Zecorp=c If p 2 ¢, then M, =10
and depth M, + ht{(a + p}/p = oc. This means that

(M) = inf {depth My + ht{a + p')/p" 1 p’ € Var(c) 5, Var(b)}.

However, if » € Var(¢) % Var(b), then p/c € Spec{R/c} s, Var((b + ¢}/¢), and 1t 15
an elementary exercise to check that depth M, ,. = depth M, and

ht({(a 4+ ¢}/c) + (/) /(p/c) = ht{a + p)/p.

The claim follows from these observations. O
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9.3 The first inequality

Our proof of Faltings’ Annihilator Theorem consists of demonstrations that,
wilh the notation of 9.1.5 and 9.2.2, we have fo(M) < i%(M) and, under mild
restrictions on R, AMM) < f2(M). We start with the first inequality. We prepare
the ground with several lemmas.

9.3.1 Lemma. Let b be a second ideal of R such that b < a, and let M be a finitely
generated R-module. Suppose that p € Ass M\ Var(b) is such that ht(a-+p)/p = 1.
Then b & J0: HYAM).

Proof. As p € Ass M, there is an exact sequence
00— R/p—M-—>N-—090
of R-modules and R-homomorphisms; this induces an exact sequence
HY(N} — H,(R/p) — H}(M).

Since N is finitely gencrated, b = a = \/'{0 HO(NY)). Therefore, by 9.1.1, it is
enough for us to show that b ¢ /(0 : HIR/ p)) By the Independence Theorem
4.2.1, there is an R- 1somorph1sm HYR/p)= R/p), and so it is enough
for us to show that

a—rp /p(

490 (0 Hlp (7D

It 15 therefore enough for us to prove that, if R is a domain, hta = 1 and
0#bca thenb g JO: HI{R)). We shall achieve this by showing that, in
these circumstances, rHX(R) # 0 for every € a5 {0}

Suppose that, on the contrary, rH}(R) = 0 for some # € a’ {0}, Let q be a
minimal prime of a with htq = 1. Let R’ := R, and m’ := qR,, so that (R, m’)
is a I-dimensional local domain. We deduce from 1.1.3 and 4.3.3 that

m (R’) = ]HnR (R ) P(Hc}(R))q =0
Of course, ¥ € mt' Y, {0}. Since (R’,n1') is a 1-dimensional local domain, we have
'’ = /rR’. Therefore, by 1.1.3 and 2.2.18(1),
H).(R)=HL(RYy= R /R
Thus R, = R, so that r(1/r*) € R". Hence 7 is a unil of R’. This contradiction
completes the proof. O

9.3.2 Lemma. Let M be a finitely generated R-module, and let p,s € Spec(R)
with p € s. Then

depth M, < depth M, + hts/p.
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Proof. We use induction on h = hts/p, there being nothing to prove when
h=0

Consider the case in which kb = 1. Clearly, we can assume that p € Supp{M).
Now M, is Ry-isomorphic to the localization of M. at the prime ideal pR,
(when that localization is regarded as an R,-module by means of the natural

isomorphism R, =, (R:)pg )- In order to establish the desired result when
h = 1, it is therefore enough for us to show that, if (R,m) is local, M is a
finitely generated R-module, and p € Supp(M) is such that dim R/p = 1, then
depth M =< depth M, + 1. This we do.

Let gradey, p = ¢ (see 6.2.4), and let ay,...,a be a maximal M-sequence
contained in p. Then a;/1,...,a,/1 is an M,-sequence contained in pR,. Let
N =M/ Z;;l a;M. Then

depth N = depth M —t,  depthN, = depth M, — ¢, gradey o = Q.

Thus we can achieve our aim by showing that depth N < depth N, + 1. We
can assume Lhat depth N > 0, since otherwise there is nothing to prove. This
assumption means that w ¢ Ass N. But p consists entirely of zerodivisors on N,
and so p = Up’eAss(N) p’. It therefore follows from the Prime Avoidance Theorem
and the fact that dim R/p = 1 that p € Ass N, and so depth N < dimR/p =1
by {35, Theorem 17.2].

The claim in the lemma has therefore been proved when A = 1; suppose
now that i > 1 and the claim has been proved for smaller values of h. Since
hts/p = h, there exists q € Spec(R) such that p < q < s, htg/p = 1 and
hts/q = h — 1. We can now use the inductive hypothesis and the (already
established) truth of the claim in the case when h = 1 to see that ‘

depth M, < depthM; +h—1 <depthM,4+14+h—1=depthM, +h O

9.3.3 Lemma. Let M be a finitely generated R-module. Suppose the prime ideals
p € Spec(R)\ Var{a), a € Spec(R) are such that q is a minimal prime of a + p
and htq/p = ht(a + p)/p. Then

adj, depth M, < adj, depth M, for all s € Spec(R) "\ Var({a) with p S s < q.
Proof. It is clear that ¢ = a+ s, and so htq/s = ht(a 4 s)/s. Hence, on use
of 9.3.2, we have
adj, depth M, = depth M, 4 ht(a + 5)/s
< depth M, + htg/s
< depth M, + hts/p +htq/s
< depth M, +htg/p
= depth M, + ht{a + p)/p = adj, depth M. O
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9.3.4 Lemma. Let 5,q € Spec(R) with s < q be such that htq/s > 1. Let a € q\s.
Then there exists t € Spec(R) with s <t = q such that a & t.

Proof. Let R == R/s, and, for ¢ € R, denote the natural image of ¢ in Rbye

Let the minimal primes of the proper principal ideal Rd be pi/s,....,pu/5
where p;.....p; € Spec(R). Now htp;/s = 1 for all i = 1,...,h by Krull's
Principal Ideal Theorem. Therefore, since htq/s > 1, it follows from the Prime
Avoidance Theorem that q/s & Ui’:j p;/s. Hence, there exists b € R such that

h
beqg/sy UP:‘/S-
i=1
Since Rb < q/s, there exists 1 € Spec(R) with s © t € g such that t/s is a
minimal prime of Rb. Since hig/s > 1 and htt/s = 1, it follows that t < q.
Since b €t U?:l p;, we can deduce that t is different from all of py,....p,.
Hence a ¢ t. O

9.3.5 Theorem. Let b be a second ideal of R such that b < a, and let M be a
fimitely generated R-module. Then

Fo(M) < 25(M).

Proof. Set A 1= AB(M). If 4 = =0, then there is nothing to prove; we therefore
suppose that / is finite, and argue by induction on A.
When 4 = 1, there exists p € Spec(R) »\ Var(b) with

adj, depth M, = depth M, + ht{a+p)/p = 1.

These conditions mean that ht(a + p)/p = 1 and depth M, = 0. Hence p €
Ass M, and so it follows from Lemma 9.3.1 that b & V"’(O . HY(M)). Hence
foMy =1 =4,

Now assume, inductively, that 4 > 1 and that the desired inequality has been
proved for smaller values of i Now A8(M)} = AN(M/T.(M)) by 924, and it
is immediate from 2.1.7(iii) that f2(M) = f2(M/T{(M)). Since M /T (M) is an
a-torsion-free R-module, by 2.1.2, we can assume henceforth in this proof that
M is a-torsion-free.

Choose p € Spec(R)*, Var(b) with

adj, depth M, = depth M,, + ht(a + p}/p = 4.

Choose a € b'\p. Let q be a minimal prime of a+p such that ht q/p = ht(a-+p)/p.
Then p belongs to the set

T :={s eSpec(R):pcs Sqandags];
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let s be a maximal member of Z. Now a € b = a = ¢, and so 5 < q.
Lemma 9.3.4 shows that ht g/s = 1. Note that the fact that ¢ € s ensures that
5 & Spec(R) Y, Var(b).

We can now deduce from 9.3.3 and the definition of £ that

4 < ad), depth M, < adj, depth M, = 4.

Therefore adj, depth M. = A. Note that g is a minimal prime of a 4+ s such
that htq/s = hi(a + ¢)/s = 1. Thus we can replace p by s and so make the
additional assumpiion that g /p =ada &+ pyfp =1,

‘We now propose to localize at . Note that pR, € Spec(Ry) " Var(bR,), that
qR, 1s & minimal prime of aR, + pR, that

htqR; /PR, = ht(aR, + pRy}/pR. = 1,

that M, is a finitely generated aR,-torsion-free R -module, and that

adeRq depth(M)or, = depth(M,)yx, + ht{aR; + pRy)/pR,
= depthM, +1 =1

We can therefore deduce from 9.2.5 that )Eﬁ:(Mq) = A. Also, by 9.1.6, we have

My <f :1‘5: (M,). These considerations mean that it is enough for us to prove
the desired result under the additional assumption that (R, q) is local. and we
make this assumption in what follows.

Our next aim is to show that p contains a non-zerodivisor on M. Suppose
thai this is not the case, so that p = s for some s € Ass M. Since M is a-
torsion-free, a contains a non-zerodivisor on M, by 2.1.1(it), so that, as q = q,
we see that & = q. As htg/p = 1, it follows that p = s & Ass M. This means
that depth M, = 0, and . = depth M, + ht(a + p)/p = 1. This contradiction
shows that there exists r € p which is a non-zerodivisor on M.

Now

AM /M) < adj, depth{M /¥ M), == depth(M /rM), + 1
=depth M, — 141 < A

Therefore, by the induction hypothesis, f2%(M/rM) < (M /rM) < A Set
w = f2(M/rM), so that b & (O - HY(M/rM)). But the exact scquence

0—M-S5M-— MM -0
induces an exact sequence

HY(M) — HXM/rM) — H* (M),




o

9.4 The second inequality 163
and so it follows from 9.1.1 that b & /(0 : Hi(M)) for i =u ori=u+ 1. Thus
oMy <ut 1=fM/rM)+1 <k

This completes the proof. O

9.4 The second inequality

We now embark on the more difficult part of our proof of Faltings’ Annihilator
Theorem, namely the proof that, when R is a homomorphic image of a regular
ring, then, with the notation of 9.1.5 and 9.2.2, we have A%(M) < f2(M). (Recall
(see [35, p. 157]) that a commutative Noctherian ring is said o be regular
precisely when its localizations at all of its prime ideals are regular local rings.)

9.4.1 Lemma. Let M be a finitely generated R-module, and let the prime ideal
p € Spec(R) \ Supp(M). Then there exists s € R\ p such that, for every ideal b
of R, we have

sHi{M)=0  forallic N

Proof. Since M is finitely generated, there exists s € (0 1 M)\ p, and this s
has the desired propertics because the functors H (i € Ng) are R-linear, O

942 Lemma. Let M be a finitely generated R-moedule, and let p € Spec(R)
be such that M, is a non-zero free R,-module. Then there exist £ € N and an
R-homomorphism m : R — M such that (Kern), = (Coker=n), =0,

Proof. Set t := rankg, M. There exist my,...,m; € M such that (m/1Y_, 1s
a base for the free Ry~module M,. Let = : R — M be the R-homomorphism
for which n{(r(,....1)) = Zi.:l rimy for all {r1,...,#,) € R'. Then the localization
of m at p is an isomorphism, and so {Kerx), = {Cokern), = 0. O

9.4.3 Lemma. Let M be a finitely generated R-module, and let p € Spec(R} be
such that M, is a non-zero free Ry-module. Then there exists s € R\ p such that,
for every proper ideal b of R, we have

sHI{(M)=0  for all i < gradeb.

Proof. By 9.4.2, there cxist t € N and an R-homomorphism 7 : Rt — M
such that (Kerx), = (Coker n), = 0. By 9.4.1, there exist u,v € R p such that,
for every ideal b of R, we have

ul{(Kerm) = vH{(Cokern) =0  for all i € Ny.

Set s .= up. Let b be a proper ideal of R and let i € Ny with i < gradeb.



164 9 The Annihilator and Finiteness Theorems

Now the exact sequence 0 — Kern — R’ — Im7 — 0 induces an
exact sequence Hi(R') — Hi(imz) — Hi"'(Kern). Since i < gradeb we
have Hi(R) = 0, by 6.2.7, so that H{(R') = 0 in view of the additivity of
the functor Hi. By the immediately preceding paragraph, uHy (Kern) = 0.
Therefore ull{(Imn) = 0.

Next, the exact sequence 0 — Imn — M —— Cokern — 0 induces an
exact sequence Hj(Imz) — H} (M) —> Hl{(Cokern). As uHi{Imn) = 0 and
vHi(Cokerm) = 0, it follows that sH (M} = uwH{(M) = 0. [

9.4.4 Conventions. We shall denote the projective dimension of an R-module
M by projdim M or, occasionally, by projdimg M if it is essential to specify
the underlying ring concerned. In particular, the reader is warned that, when
S is a multiplicatively closed subset of R, we shall always write proj dim ST'M
rather than projdimg—i, S M. We adopt the convention that a zero module
has projective dimension —cc.

9.4.5 Lemma. Let M be a finitely generated R-module, and let p & Spec(R) be
such that projdim M, < oc. Then there exists s € R\ p such that, for every
proper ideal b of R, we have

sHi(M)y=0  for all i < gradeb — projdim M,.

Note. In the case when M, = 0, one should interpret the *——oc” in the above
statement as ‘o0

Proof. Set h = projdim M,. We use induction on k. If h = —oc, then My, =0
and the result is clear from Lemma 9.4.1. When h = 0, the desired result follows
from Lemma 4.3, since then M, is a non-zero free R,-module.

We therefore assume, inductively, that £ > 0 and the result has been proved
for smaller values of h. There is a non-zero, finitely generated free R-module
F and an exact sequence 0 — N — F — M -— 0 of R-modules and
homomorphisms. Localization yields an exact sequence

00— N, — Fp— M, — 0.

Therefore proj dim N, = h—1 (since i > 0), and so, by the inductive hypothesis,
there exists s € R\ p such that, for every proper ideal b of R, we have

sHI(N)=0 forall i < gradeb—h+ 1.

Thus sHé‘—] {N) =10 for all i < gradeb — h. Let b be a proper ideal of R and let
ie Ny withi < gradeb — h.
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The exact sequencc 0 — N — F — M — 0 induces a further exact
sequence Hi(F) — Hi(M) — H;''(N). Since i < gradeb we have H{(F) =0,
by 6.2.7 and the additivity of the functor Hj. By the immediately preceding
paragraph, sH[‘;“(N ) = 0. Therefore sH} (M) = 0. This completes the inductive
step. [

9.4.6 Lemma. Let M be a finitely generated R-module, and let p &€ Spec(R) be
such that projdim M, < o0. Then there exists s € R\ p such that projdim M, =
proj dim M.

‘Pmof. Set h := projdim M,. We use induction on h If A = —o0, then
M, = 0 and there exists s € R p such that sM = 0. Hence M; = 0 and
projdim My, = —w0 = h.

When h = 0, there exists, by Lemma 9.4.2, a t € N and an R-homomorphism
7 : R — M such that (Ker r), = (Cokern), = 0. Then there exists s € R\ p
such that sKerm = sCokern = 0. It follows that (Kerx), = (Cokerm); = 0
and 7, © (R'); — M, is an isomorphism. Since M, # 0, we have projdim M, =
0=h

We therefore assume, inductively, that 4 > 0 and the result has been proved
for smaller values of h. There is a non-zero, finitely generated free R-module
F and an exact sequence 0 — N —» F — M — ( of R-modules and
homomorphisms. Localization yields an exact sequence

00— N, — F,— M, — 0.

Note that projdim N, = h— 1, and so, by the inductive hypothesis, there exists
s € R p such that projdim N; = projdim N, = h — L. But then the cxact
sequence

00— N,—F,—> M, —10

shows that projdim M, < h. Since pn {s" :ne Ny} = @, we see that M, =
(M,)pr, (when the latter is regarded as an Ry-module by means of the natural
isomorphism R, == (Rs)r,). Hence h = projdim M, < projdim M, < h, so
that projdim M, = projdim M. This completes the inductive step. [

9.4,7 Corollary. Let M be a finitely generated R-module. Then for each t €
Ng U {—c}, the set

U(M) = {p € Spec(R} : projdim M, < ¢}

is an open subset of Spec(R) (in the Zariski topelogy ).
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Proof. Let p € UAM), so that h := projdim M, < 1. By 9.4.6, there exists
s € R p such that projdim M; = h Therefore, for each q in the open
neighbourhood Spec(R) ', Var(sR} of p, we have projdim M, < projdim M, <t
(because M, = (M;).r, when the latter is regarded as an Ry-module by means
of the natural isomorphism R, = (R,)qr,), s0 that g € U,(M). O

0.4.8 Noatation and Remarks, [.et M be a finitely generated R-module. For sach
1€ N {—cc}, let

U, (M) := {p € Spec(R) : projdim M, < t},

let C,(M) = Spec(R) "\ UAM), and let (M) = nnEC}(_M) p. Then

{i) U,(M) is (by 9.4.7) an open and so C,(M) is a closed subset of Spec(R),
for all i € WNp;

(i} Spec(R) \ Supp(M) = U_,.{(M} and

U MclM)cUi(M)c...e UL(M)< ...

(i) Supp(M) =C_.(M)=2C(M)=zC)(M)=2.. 2 C(M)=2...;

(i) JO: M) =c (McwMcaMc...caMc...;

(v) for each ¢t € Ny U {—cc}, the ideal ¢, (M} is radical (that is, is equal to
its own radical), and Var(¢,{(M)) = C,(M); and

(vi) if R is regular, so that, for all p € Spec(R), the localization R, has finite
global dimension and proj dim M, is finite, then

lJ UM)=Spec(R) and [ CiM)=0.

rEMNgLi —a0) reMNg —ot
9.4.9 tExercise. Let M be a finitely generated R-module and let § be & multi-
plicatively closed subset of R. Show that, with the notation of 9.4.8,
(S7IM) = ST (M) for all r € Ny U {—oc}.
9.4.10 Proposition. Let M be a finitely generated R-module; let t € Ng U {—oo}.

We use the notation of 9.4.8. There exists n € N such that. for every proper ideal
D of R, we have

(MY H(M)=0  for all i < graded — (.
Note. In the case when ¢ = —a0, one should interpret the ‘— — o’ in the above

statement as ‘co’.

Proof. Let p € U, (M), so that projdim M, < ¢. By 9.4.5, there exists s, €
R p such that, for every proper ideal d of R, we have s,H{(M} = 0 for all
i < graded — projdim M, and therefore for all i < graded —¢.
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Set g = Zp’eb}(M) syR. and observe that, for every proper ideal D of R,
we have gH{(M) = 0 for all i < graded — t. Note that no prime ideal in
U.(M) contains g. The latter statement implies that Var(q) = C.{(M), so that
(M) = \,"g. Hence there exists n € IN such that ¢(M)" < g, and the result
follows from this. O

9.4.11 Exercise. Assume that R is a homomorphic image of a regular (com-
mutative Noetherian) ring, and let M be a finitely generated R-module with
the property that Supp(Af) has exactly one minimal member. Assume that
¢ is an ideal of R such that M, is a Cohen-Macaulay R,-module for all
p € Spec(R) \, Var{c). Prove that there exists n € IN such that

CH{(M)=0 forall q & Var(c) and all i < dimg, M,.

9.4.12 Exercise. Let the situation be as in Proposition 9.4.10. Prove that there
exists 1 € N such that, for every choice of flat ring homomorphism f : R — R’
of commutative Noetherian rings and every choice of proper ideal B’ of R, we
have

(MY Hg(M @z R}y =0 foralli< grade® —t.

(Here is a hint: make appropriate modifications to the preparatory results,
such as 9.4.1, 9.4.3 and 9.4.5, that were used in our approach to the proof of
Proposition 9.4.10.)

9.4.13 Exercise. (The result of this exercise is due to C. L. Huneke.} Assume
that R is a homomorphic image of a regular (commutative Noetherian) ring
for which there exists a non-zerodivisor ¢ € R such that the ring R, is Cohen-
Macaulay. Assume that either (a) R is an integral domain, or (b) R is an
equidimensional (see [35, p. 250]) local ring.

Use Exercise 2.4.12 above to prove thal there exists n € IN such that, for
all choices of r € Ny and all choices of an ideal B’ of the polynomial ring
RIX.,...,X,] (interpret this as R in the case when r = (), we have

¢"He (R[X1,...,X,]) =0 foralli<ht®.

9414 Lemma. Let (R, m) be a regular local ving of dimension d, let M be a
finitely generated R-module, and let b be a proper ideal of R. Then, with the
notation of 9.4.8, we have b = ¢y_sv (M),

mis

Proof. Set t := d— A0 (M). It is enough to prove that, for each p € C,(M), we

Ll
must have b € p. Suppose that, for one such p, we have b & p, and look for a
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contradiction. Then (p € Supp(M) and)
o0 > adj,, depth M, = depth M, + ht(m + p)/p = /5 (M).

Since R is a catenary domain, ht(m + p)/p = htm/p =d ~htp. As Ry is a
regular local ring, it follows from the Auslander-Buchsbaum-Serre Theorem
that depth M, + projdim M, = dim R;, = htp. Therefore

htp — projdim M, -+d — htp = iy (M),

so that projdim M, < t. This contradiction completes the proof. U

We remind the reader that our present major aim is a proof of the fact that,
when R is a homomorphic image of a regular ring, then, with the notation of
9.1.5 and 9.2.2, we have A2(M) < f2(M). In view of 9.1.7 and 9.2.6, it will be
enough to do this in the case when R itself is xegular. In the light of this, the
next result already proves our desired inequality in a special case.

9.4.15 Proposition. Assume that R is regular, and that dim R/a = 0. Let b be a
second ideal of R such that b < a, and let M be a finitely generated R-module.
Then

(M) < f2(M).

Proof. Since dim R/a = 0, we have Var(a) = assa is a finite set of maximal

ideals of R: let its members be ny, ..., m;. Consider an integer j with 1 < j < A
prm -
Set t; := htnt; — . ijj(Mm ;). Since htm; = grade ni;Ry,;, We can deduce from

9.4.10 that there exists n; € IN such that

i . DR
¢y (M )Y 'IﬂiRm,(M"‘f) =0 for all i < gradem;R,,, —¢; = /Lij’mj(Mmj)_

By 9.4.14, we have bR, = ¢, (M, ).
Set n := max {ny,...,ny}. We can use 1.1.3 and 4.3.3 to see that

Hrianmj(*MmJ) = HiRﬂ1j(AM11t,) = (H;(AM))m,-
Also
. bRy, L BRy; -
/LmJRij (M'mI.) = /“uR..[; (‘Mmj) > /g(M 1,

by 9.2.3(i) and 9.2.5. Tt therefore follows that
(B"HL(M)), = (bR, V' H), g (Ma) =0 for 1< jh i< I2(M).

11t Ry

Since a local cohomology module with respect to a is a-torsion, the support of
such a local cohomology module must be contained in Var(a) = {ing,..., .
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Hence
Supp (0"HL(M)) = ¢  forall i < Z3(M).

In view of the definition of (M) (see 9.1.5), this completes the proof. O

9.4.16 Theorem. Assume that R is a homomorphic image of a regular { commuta-
tive Noetherian) ring. Let b be a second ideal of R such that b < a, and let M
be g finitely generated R-module. Then

AS(M) < (M)

Proof. In view of 9.1.7 and 9.2.6, we can (and do) assume that R itsclf is
regular.

We suppose that A%(M) > f%(M) and look for a contradiction. Let #(R)
denote the set of all ideals of R. Since R is Noetherian, we can {and do) assume
that a is a2 maximal member of the set

{a-’ € #(R) : there exists b’ ¢ #(R) with b’ = & and A%(M) > fg’f(M)}.

Note that dim R/a > 0, by 9.4.15. Set 4 = A2(M), and let g be a minimal prime
of a such that htq = hta. By 9.4.14, 9.4.9, 9.2.3, 9.2.3(1) and 9.4.8(v),

bRy < ¢y irngy, (M) = ( - mq)(’\/!)) < (thia—ilM))q.
q

Therefore, there exists u € R\ q such that bR, = (cnra—2( M)}, Since dim R/a > @,
there exists s € Yar({a) which is not a minimal prime of a: let v € 5 g and put
5 := ur. Note that (by 9.4.9 again)

acaetRscR  and  BR, € (cyai( M), = thyar, 2(Ms).

Since htaR, = grade aR,, it follows from 9.4.10 that therc cxists n € IN such
that

(ent(ary)—i( M )) éRs(-Ms) =0 foralli<i

Hence b Hi, (M) = 0 for all i < 4 (when H}, (M,) is regarded as an R-module
in the natural way). Therefore, by the Independence Theorem 4.2.1, we have
V'HI(M,) =0foralli< /i

Since a < a 4+ Rs, it follows from the ‘maximality’ assumption about a
made in the second paragraph of this proof that A%, 5 (M) < f2 (M) Now
A= 20(M) < 1+R\ (M), by 92.3(ii), and so there exists ' € IN such that
b H o (M) =0 forall i < A

By 8.1.2, there is, for each { < 4, an exact sequence

R M) — HL{(M) — H (M),
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It now follows from 9.1.1 that b & /(0 : H, i(M)) for all i < /. This shows that
;. = A%(M) < (M), and this contradiction completes the proof. O

9.5 The main thcorems

We can now put together Theorems 9.3.5 and 9.4.16 to prove Faltings’ Annihi-
later Theorem.

9.5.1 Faltings’ Annihilator Theorem [10]. Assume that R is a homomorphic image
of a regular { commutative Noetherian) ring. Let b be a second ideal of R such
that b < a, and let M be a finitely generated R-module. Then

oM = fo(M).
Proof. This is now immediate from Theorems 9.3.5 and 9.4.16. O

The special case of TFaltings’ Anuihilator Theorem in which a = b i3
Grothendieck’s Finiteness Theorem.

9.5.2 Grothendieck’s Finiteness Theorem (scc [19, Exposé¢ VIIL, Corollaire 2.3]).
Assume that R is a homomorphic image of a regular ( commutative Noetherian )
ring, and let M be a finitely generated R-module. Then

JNM) = fu(M).

i other words. there exists i € W such that HL(M) is not finitely generated if
und only if Supp(M) & Var(a), moreover, when this Is the case, the least i € N
such that Hi(M) is not finitely generated is equal to

min {depth M, + ht{a + p}/p : p € Supp(M)\ Var(a)}.

Proof. Put a = b in Faltings’ Annihilator Theorem 9.5.1, and use 9.1.2 for the
jast part. O

9,53 Example. Let K be a field, and let R =K X, Y XV, ¥ 3], a subring of the
ring of polynomials K [X, Y]. Let m denote the maximal ideal (X, Y% XY, YY)
of R.

In the ring of polynomials R[Z], let N = mR[Z] + Z RIZ]. We first cal-
culate the invariant AZ(R[Z]). Let P & Spec(R{Z]) \ Var(9): we calculate
adjy depth R[Z |y Two cases arise: if P = 0, then the fact that ht 9t = 3 implies
that adjy, depth R[Z}o = 3:if ¥ # 0, then the fact that R[Z]y is a local domain
which is not a field ensures that

adiy depth R[Z]y = depth R[Z]g +ht(R + B)/B =14+ 1 =2.
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Thus AJ(R[Z]) = 2. To see that 2AF(R{Z]) is exactly 2, note that mR[Z] €
Spec(R[Z]) \ Var(M). Now ht 9/mR[Z] = | since the ideal M/ mR[Z] is prin-
cipal. Moreover. it follows from 2.3.6(v} that HL(R)  0; hence, since R is a
domain, we can deduce from 6.2.7 that grade m = 1. Now X 15 a non-zerodivisor
on R; the fact that m is a maximal ideal of R ensures that m € assg RX; and
it is now easy to deduce that depth R[Z],gz) = 1. Hence

adjm depthR[Z]mRm = depthR[Z]mR[Z] + ht ‘Jt/ﬂ‘lR[Z] =1+1=2
Therefore 2R (R[Z]) = 2.
Urothendieck’s Finiteness Theorem 9.5.2 thus tells us that the finiteness
dimension fo(R[Z]) is 2. Let us show this directly.
Since Z,X is an R[Z]-sequence contained in 9, it follows from 6.2.7 that
HY(R[Z]) = HL(R[Z]) = 0. Further, for each t € N, the exact sequence
0~ R[Z] 5 RIZ] — RIZ]/Z'R[Z] — ©
induces an exact sequence
Z!
0 — Hy(RIZ]/Z'R|Z]) — HR{(RIZ]) — HH(R[Z]);
hence (0 “HL(R[Z]) ZY = HLR[Z]/Z'R|Z]). But, by 1.1.3 and 4.2.2,
HL(RIZ)/Z'R[Z]) = HﬁIR[ZHz,Rm(R[Z]/Z’R[Z])
~ Hypiz) (RIZ1/Z'RIZ]).
The Independence Theorem 4.2.1 shows that, as R-modules,
Hyriz)(RIZ)/Z'R[Z]) = H,(R[Z]/Z'RIZ]) = Hy,(R'):
this is isomorphic to the R-module K*, by 2.3.6(v). Therefore
O tzrpy 29 = 0 yppzy 271 forall e N,
and so HZ(R[Z]) is not finitely generated, Thus we have shown directly that

the finiteness dimension fyu(R[Z£]) is 2.

9.5.4 Exercise. Assume that the local ring (R, m) is 2 homomorphic image of a
regular locai ring, and let M be a finitely generated R-maodule.
(1) Show that

M) =inf {depth M, + 1 : p € Spec(R) and dimR/p =1}.

(i)} Suppose that n = dimM > 0. Prove that f,(M) = n if and only
if M, is a Cohen-Macaulay R,-module of dimension n — dimR/p for all
p € Supp(M)\ {m}.
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9,5.5 Exercise. Assume that (R,nt) is a local domain which is a homomorphic
image of a regular local ring; assume also that d := dim R > 0, and that R, is
a Cohen-Macaulay ring for all p € Spec(R) \ {im}.

Show that if H.(R) = 0 for all integers { such that 1 < i < d, then there
exists a Cohen-Macaulay subring of the quotient field of R which contains R
and is a finitcly generated R-module. (Here is a hint: think of Dy (R}.)

9,5.6 Excrcise. Assume that (R, m) is a local domain which is & homomorphic
image of a regular local ring, and that the ideal a is proper. Show that f.(R) > 1
if and only if hta = L.

0.5.7 Fxercise. Assume that (R, m} is local, and let M be a non-zero finitely
generated R-module of dimension » > 0. We say that M is a generalized Cohen-
Macaulay R-module precisely when Hi (M) is finitely generated for all i # n.
{Such modules were called ‘quasi-Cohen-Macaulay modules” by P. Schenzel in
[53, p. 238]; these modules were investigated by Schenzel, N. V. Trung and N.
T. Cuong in [35], and, since the publication of that paper, the terminology ‘gen-
eralized Cohen-Macaulay module’ seems to have become more commonplace
than ‘quasi-Cohen-Macaulay module’)

(i} Show that, if M is a generalized Cohen-Macaulay R-module, then
dimR/p = n for all p € Ass M\ {m} and M, is a Cohen-Macaulay Ry-module
for all q € Supp(M) " {m}.

(i) Show conversely, that if

(a) R is a homomorphic image of a regular ring,

(b) dim R/p = n whenever p is a minimal member of Supp(M), and

{¢) M, is a Cohen-Macaulay R.-module for all g € Supp(M}*, {m},
then M is a generalized Cohen-Macaulay R-module.

9.5.8 Exercise. Assume that (R, m) is local, and that the non-zero finitely gen-
erated R-module M of dimension n > 0 is a gencralized Cohen-Macaulay R-
module (see 9.5.7 above)}. Note that m ¢ Ass(M /I (M) and M, = (M /T (M))y
for all p € Spec(R) \, {m].

(i) Let r &€ m be such that dimM/rM = n— 1. Show that r 1s a non-
zerodivisor on M/T (M) and that, if n > 1, then M/rM is a generalized
Cohen-Macaulay R-module.

(ii) Use part (i) and induction on # to show that every saturated chain of
prime ideals from a minimal member of Supp(M) (as smallest term} to mt (as
largest term) has length n

(iii) Deduce from part (ii) that the ring R/(0 : M) is catenary.
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9.5.9 Definitions. Assume that (R.nt} is local, and let A be a non-zero finitcly
generated R-module of dimension n > 0.

(i) By a system of parameters for M we mean a sequence (i}, of n elements
of msuch that M/ Y"1 | M has finite length. We say thatry,....r, form a system
of parameters for M precisely when (r;)2., is a system of parameters for M. By
a parameter for M, we mean a member of a system of parameters for M.

(i) Let (r;)2., be a system of parameiers for M; let q := ST riR We say
that (r;)7_, is a standard system of parameters for M precisely when

aH} (M/ e r,ﬂl) —0 forall jke Ny with j+k<n.

{See Stiickrad and Vogel [63, p. 261].)

9.5.10 Exercise. Assume that (R, m) is local, and let M be a non-zero finitely
generated R-module of dimension n > 1. Let (v, be a system of parameters
for M, let t € N with ¢ < n, and let M' := M/ > v;M. Let 71,....Fpy €M
Show that

(i) dimM’' =n—1;

(i) ©1ye.0s 071, -, e s form a system of parameters for M if and only if
(riY'o} is a system of parameters for M';

(iii) if ()= is a system of parameters for M’ and h e Ny is such that
h<n—t then M/ #M = MY oM + S0 m:iM);

(iv) if every system of parameters for M is standard, then every system of
parameters for M’ is standard.

9.5.11 Excreise. Assume that (R, m) is local, and that M is a generaiized Cohen-
Macaulay R-module of dimension » > 1. Let » be a parameter for M, and
write M = M/, (M). Show that
(1) (0 HL(MPO - HEAM) < (0 - Hi(M/rM) Yi=1,...,n—2;
{ii) (0 : HOMN(O : HEL(M /{0 3y 1)) = (0 0 Ho (M /rM));
(111} (0 :3 r) is m-torsion; and
(iv) (0 : B (MO : HiF (M) < (0 - HL(M/kM) ¥ i=0.1,...,n—2.

9.5.12 Exercise. Assume that (R, n1) is local, and that M is a generalized Cohen-
Macaulay R-module of dimension n > 0. Let

v = (0 1200 0 =m0 ) O,

m n

Prove that every system of parameters for M composed of elements m gy
is standard (see 9.5.9). (Here is a hint: use Exercises 9.5.11 and 9.5.8, together
with induction.)
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9,5.13 Exercise. Assume that (R,m) is lecal, and lei M be a non-zero finitely
generated R-module of dimension n > 0. Assume that, for every system of
parameters (), for M,

mly,, R (M/ E';;IrfM) = forallk € Ny with k < n.

(i) Show that (0 :y r) = I'n{M) for each parameter r for M.
(ii) Use part (i} and induction to prove that mH# (M} = 0 for all j =
0,....,n— L

9.5.14 Definitions and Exercise. Assume that (R, m) is local, and let M be a
non-zero finitely generated R-module of dimension n > 0.
Let ay,...,as € m. We say that a,...,a;, is a weak M-sequence precisely when

(Ej;llajM S a;) = (2;:1ajM Y m) foralli=1i,...,h

We say that M is a Buchshaum R-module precisely when every sequence
F1....,, forming a system of parameters for M is a weak M-scquence; we say
that R is a Buchshaum ring if and only if it is a Buchsbaum module over itself.

Show that M is a Buchsbaum R-module if and only if, for every system of
parameters (r;)i; for M,

Mk (M/ Ei.;mM) —0 forall k e Np with k < n.

There is an extensive theory of Buchsbaum rings and modules: see Stiickrad
and Vogel [63]. The following final exercise in this section provides some
alternative characterizations of Buchsbaum modules.

9.5.15 Exercise. Assume that (R,n1) is focal, and lel M be a non-zero finitely
generated R-module of dimension n > 0.
Prove that the following conditions on M are equivalent:
(i} for every system of parameters (r;)7_; for M,

ntHifl (M/ ZL,nM} =0 forall jk Ny with j+k <n;

(ii} every system of parameters for M is standard (see 9.5.9),
(iii} M is a Buchsbaum R-module (see 9.5.14).

(Tt is perhaps appropriate to give some hints. For the implication ‘(i) =
(iiiy, note that m can be generated by parameters for M, and show that,
if (r)fy is a system of parameters for M, then condition (ii) implies that
M/ EL] M is a generalized Cohen-Macaulay R-module (see Exercise 9.5.7)
for all k =0,...,n — 1. For the implication ‘(i) == (i)', use 9.5.14 and 9.5.13.)
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va9.6 Extensions

The remaining exercises in this chapter are directed at those readers who are
familiar with some fairly advanced concepts in commutative algebra, including
formal fibres of local rings, universally catenary rings, and L. }. Ratliff’s
Theorem [35, Theorem 31.7] that a local ring (R, m) is universally catenary if
and only if, for every p € Spec(R) and for every minimal prime P of the ideal
pﬁ of R, we have dim ﬁ/‘l} = dim R/p.

So far in this chapter, we have established the main results, that is, the
Annihilator and Finiteness Theorems, under the hypothesis that the underlying
ring is a homomorphic image of a regular ring. The remaining exercises in
this chapter, in conjunction with the Local-global Principle 9.6.2 for Finiteness
Dimensions, show that the result of the Finiteness Theorem holds under slightly
weaker hypotheses, namely under the assumption that the underlying ring is
universally catenary and has the property that all the formal fibres of all its
localizations are Cohen-Macaulay rings. We consider the Local-global Principle,
which is a consequence of the theorem of Faltings presented in 2.6.1 below, to
be of considerable independent interest.

9.6.1 Theorem (Faltings [13, Satz 1]). Let M be a finitely generated R-module,
and let t € IN. Then the following statements are equivalent:

(i} HI{M) is finitely generated for all i < t;
(ii} H;RP(M'p) is a finitely generated Ry-module for all i < ¢ and all p €
Spec(R).

Proof. (1) = (i) Since 4.3.3 shows that HéRU(Mp) = (H{(M)), for all i € Ng
and all p € Spec(R), this implication is clear.

(i) = (i) We use induction on t. When t = 1, there is nothing to prove, since
HY(M) =T ,(M) is a submodule of M, and so is finitely generated. So suppose
that ¢ > 1 and that the result has been proved for smaller values of t. By this
inductive assumption, II}(M) is finitely generated for i = 0,1,...,t — 2, and it
only remains for us to prove that H: (M) is finitely generated.

Set M = M /I'o(M). Then, for each p € Spec(R),

Mv = Mp/(ru(M))p = 1\’Ip/raRp(Mp)s

and so it follows from 2.1.7(iii} that Hly (M) = Hi, (M) for all i € N and
all p € Spec(R). It follows that M also satisfics condition {ii) in the statement
of the theorem. Moreover, it would be sufficient for us to prove that H:(M) is
finitely generated for all i < ¢, since H (M) = H!(M) for all i € N (by 2.1.7(iii))
and it is automatic that H)(M) is finitely generated. Now M is an a-torsion-free
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R-module, by 2.1.2. Hence we can {and do) assume that M is an a-torsion-free
R-module.

We now use 2.1.1(i1} to deduce that a contains an element » which is a
non-zerodiviser on M. Let n € N and let p € Spec(R). The localization of
the exact sequence 0 —> M LM — M /"M —— 0 at p induces, for each
i € Ny, an exacl sequence

Hig (My) — Hgl((M/r"M)y) — Hyg (My).

v

When i < f, the two outer modules in this last exact sequence are finitely
generated, and therefore so also is the middle one. Thus Héﬁi((M /F M) s
a finitely generated R,-module for all i < t and all p € Spec(R). Therefore,
by the inductive hypothesis, Hi"'(M/r*M) is finitely generated for all i < 1.
Since the exact sequence 0 — M M M/¥*M — (0 induces an exact
sequence

HL 2 (M /M) — H' (M) 5 HE'(M),

it therefore follows that (0 iy 13y #") 1s finitely generated.

Set H = HI"Y(M), and H, = (0 :y r") for all n € N. Recall that our aim
is to prove that H is finitcly generated; we have just proved that H, is finitely
generated for all n» € N. Note that

HcHc..eH <cH,,=..

)

and that, since r € a and H is an a-torsion R-module, H = {5 H,. We shall
achieve our aim by showing that there exists k € N such that H, = Hy.; for
all i € N: it will then follow that H = Hy, and the latter module is finitely
generated.

For each n € N, let I, denote the open subset Spec(R) \ Supp(H,41/H,) of
Spec(R). The next two stages in our proof aim to show that Spec{R} = J, .oy Ux
and

Uhyctoc..clUclU,,<....

Let p € Spec(R). Then H, = (H;7'(M)), = HZ!(M,), and this is a finitely
generated, aR,-torsion, R,-module. Therefore, there exists n € IN such that
H, = (0 :y, r"/1). Since

(0w, 7"/1) < (0, 7 /1) < H,,

it follows that (0 =, ¥/1) = (0 :, P11, But (0 2, #7/1) = (H)), for alli € N.
Therefore (Hu1/H,)p = 0, and so p € U,,. It follows that Spec(R) = | .oy Un.
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Next, let i € N and p € Us. Then (0 =g, #*/1) = (0, ¥"™'/1), and so

(0 i, 72/ = {0, #7H) op, 1/1)
= ((0 ‘H, fdj/l Hpﬁ.‘r/l) (0 : ', r1+1/])

Thus (Hi2/Hi1)p = 0, and so p € Uy Hence U = Uiy forall i e N.

Thus the sets U; (i € N) form an ascending open cover of the quasi-compact
topological space Spec(R). Therefore there exists k € N such that Up = Uy =
Spec(R) for all i € N. Thus Supp(Hy-1/Hy) = SupplHisisi/Hesi) = 0 for all
i N, so that H, = Hyy; for all i € N. Thus H = H,, and so is finitely
generated.

This completes the inductive step. [

9.6.2 Local-global Principle for Finiteness Dimensions. Let M be a finitely gen-
erated R-module. Then

Fa(M} = inf { far,(M,) 1 p € Spec(R} } .

Proof. This is now immediate from Theorem 9.6.1 above and the definition
of finiteness dimension in 9.1.3. 0

9.6.3 Exercise. Assume that (R, m) is local. Let b be a second ideal of R such
that b < q, and let M be a finitely generated R-module. Prove that

f““(M@ Ry = f(M).

9.6.4 Exercise. Assume that (R.m) is local, that M is a finitely generaied
R-module, and that p € Spec(R) Var(a) Let A = ht(a + p}/p.

{i) Prove that ht(aR + pR)/pR h.

(il) Let € Spec(R) be a minimal prime of aR -+ pR with ht ﬁ/pR = h,
and let B be a minimal prime of pR such that T < Q and ht Q/P = k. Show
that

(a} P ¢ Var(aR) and ht(aR + W/ B < h
(b)y PN R =p,
{c) depth(M &g )‘I! = depth M, and
(d) adj 5 depth{M ®g R)g < adj, depth M,.
(it) Deduce that, if b is a second ideal of R such that b & a. then

(Mf ®r R} < /. "(M).

9.6.5 Exercise. Let the situation be as in Fxercise 9.6.4 above, and assume
in addition that R is universally catenary and that all its formal fibres are
Cohen-Macaulay rings.
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(1) Let & € Spec(ﬁ) 5 Var(aﬁ). Show that q = L N R € Spec(R) ", Var(a)
and that

adj, depth M, < adj = depth(M ®g R)g.

(You might find Ratliff’s Theorem [35, Theorem 31.7] helpful.)
{ii}) Deduce from part (1) and Exercise 9.6.4(iii} above ihat, if b is a second
ideal of R such that b < q, then

(M ®r R) = 23(M).

9.6.6 Exercise. Assume that (R,m) is a universally catenary local ning all of
whose formal fibres are Cohen-Macaulay rings, Prove that the conclusion of
the Annihilator Theorem holds over R. In other words, prove that, if M is a
finitely generated R-module and b is a second ideal of R such that b = a, then
AS(MY = FO(M).

9.6.7 Exercise. Assume that R is universally catenary and all the formal fibres
of all its localizations are Cohen-Macaulay rings. Deduce from Exercise 9.6.6
above and the Local-global Principle 9.6.2 that the conclusion of the Finiteness
Theorem holds over R. In other words, prove that, if M 1s a finitely gencrated
R-module, then A5(M) = fo(M).

9.6.8 Exercise. Assume that (R,m) is a universally catenary local ring all of
whose formal fibres are Cohen-Macaulay rings. Let M be a non-zero finitely
generated R-module of dimension n > 0 such that
(a) dim R/p = »n whenever p is 2 minimal member of Supp(M), and
{(b) M, is a Cohen-Macaulay R,-module for all g € Supp(M)\ {m}.
Prove that M is a generalized Cohen-Macaulay R-module (see 9.5.7).

0.6.9 Exercise. (This exercise 1s related to Exercise 9.4.13.) Assume that R is a
universally catenary semi-local integral domain with the property that all the
formal fibres of all its localizations are Cohen-Macaulay rings. Assume that
there exists O £ ¢ € R such that the ring R, is Cohen-Macaulay. Prove that
there exists n € IN such that, for all choices of r € INg and all choices of an
ideal ¥’ of the polynomial ring R[X/,..., X,], we have

CHLRIX),..,X])=0 forall i< ht®"
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Matlis duality

B}

Prior to this point in the book, we have not made use of the decomposition
theory (due to E. Matlis [34]) for injective modules over our (Neetherian) ring
R. However, our work in the next Chapter 11 on local duality will involve use
of the structure of the terms in the minimal injective resolution of a Gorenstein
local ring, and so we can postpone no longer use of the decomposition theory
for injective modules. Our discussion of local duality in Chapter 11 will also
involve Matlis duality.

Our purpose in this chapter is to prepare the ground for Chapter 11 by
reviewing, sometimes in detail, those parts of Matlis’s theorics that we shall
need later in the book. Sometimes we simply refer to [35, Section 18] for proofs;
in other cases, we provide alternative proofs for the reader’s convenience. An
experienced reader who is familiar with this work of Mailis should omit this
chapler and progress straight to the discussion of local duality in Chapter 11:
for one thing, there is no local cohomology theory in this chapter! However,
graduate students might find this chapter helpful.

10.1 Indecomposable injective medules

10.1.1 Reminders. Let M be a submodule of the R-module L.

(i) We say that L is an essential extension of M precisely when BN M 20
for every non-zero submodule £ of L.

(ii) We say that L is an injective envelope (or infective hull) of M precisely
when L is an injective R-module which is also an essential extension of M.

(iii) (See [35, Theorem B4, p. 281].) The R-module M is injective if and only
if the only essential extension of M is M itsell.

{iv} If L is an injective envelope of M, and ¢ : M — K is an R-
monomorphism from M into an injective R-module K, then there is a homo-

179
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morphtsm g’ : L. — K such that the diagram

=

g——M— L
/

commutes. Since Kerg’' n M = Kerg = 0, it follows from the fact that L is an
essential extension of M that Kerg' = 0 and ¢’ is a monomorphism. Hence L
is isomorphic to a direct summand of K.

K

(v} (See [35, p. 281].) Each R-module has an injective envelope which is
uniquely determined up to isomorphism. In fact, if £ and E’ are both injective
envelopes of M (so that each of E and E’ is an injective R-module which
contains M as a submodule, and each of E and E’ is an essential extension
of its submodule M), then there is an isomorphism [ : E — E such that the
diagram

(in which the unnamed homomorphisms are the inclusion maps) commutes.

{vi) We denote by E(M) (or Eg{M) if it is necessary to specify the underlying
ring) one choice of injective envelope of M.

10.1.2 Example and Warning. The reader should be warned that the isomor-
phism f : E — E' of 10.1.1(v} need not be uniquely determined; for this reason,
we cannot regard E(.) as a functor from %(R) to itself.

To illustrate this point, consider the submodule
Cofoo) = {oc eQ/f u= ,)Ln +Z forsome r e Z and n e ]NO}

of the Z-module ®Q/Z. Since Cy(wc) is a divisible Abelian group, it is an
injective Z-module, by [52, Theorem 3.24] for example. Also Cy(s0) is an
essential extension of its Z-submodule C; = Z(% +Z). Now ‘f = Id¢y.y” and
f = —ldeye) are two different choices of automorphism [ : Ca{og) — Ca(20)



10.1 Indecomposable injective modules Ihl

for which the diagram

&7

o)
(in which the unnamed homomorphisms are the inclusion maps) commutes.

Injective envelopes play an essential rdle in the very satisfactory decompo-
sition theory for injective R-modules: for one thing, the fundamental ‘building
blocks” on which the whole theory is based are described using the concept of
Injective envelope.

10.1.3 Reminders. (i} Let (M }ca be a non-empty family of R-modules. It
is immediate from the definition of injective module that the direct product
Fl.ca M, is an injective R-module if and only if M, is injective for all 1 € A.
However, since our ring R is Noetherian, it is also the case that the direct sum
Pea M, is injective if and only if M, is injective for all 1 € A: see Matsumura
[35, Theorem 18.5(1)].

(il) An R-module is said to be indecomposable precisely when it is non-
zero and cannot be written as the direct sum of two proper submodules.
For each p € Spec(R), the injective R-module E(R/p) is indecomposable (see
[35, Theorem 18.4(1)]); moreover, cach indecomposable injective R-module is
isomorphic to E{R/q) for some q € Spec(R) (see [35, Theorem 18.4(ii)]).

(iif) Let p € Spec(R) and let » € R, p. Then multiplication by r provides an
automorphism of E{R/p) (see [35, Theorem 18.4(iii)]); moreover, each element
of E(R/p" is annihilated by some power of p, that is, E(R/p} is p-torsion (see
[35, Theorem 18.4(v)]).

(iv) Let p,q € Spec(R). Then E(R/p) = E(R/q) if and only if p = q (see
[35, Theorem 18.4(iv)]).

(v) The results recounted in parts (i) and (iv) above can be reformulated
as follows: there is a ser of isomorphism classes of indecomposable injective R-
modules, and there is a bijective correspondence betwcen this set and SpeciR ..
under which a p € Spec(R) corresponds to the isomorphism class of E( R/pl

10.1.4 Exercise. Let My, ..., M, be R-modules. Show that the map

Mi@-—aM, —EM)®--®EM,)
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(obtained by taking the direct sum of the inclusion maps) provides an injective
envelope of B, M.

10.1.5 Exercise. Let M be a non-zero R-module. Show that the following
statements are equivalent:
(1} E(M) 13 indecomposable;
(it} E(M) is an injective envelope of every non-zero submodule of itself;
(iii} the zero submodule of M cannot be expressed as the intersection of
two non-zere submodules of M.

10.1.6 Exercise. Let ¢ be a proper ideal of R. Show that E(R/a) is indecompos-
able if and only if a 1s irreducible.

Let g be a p-primary ideal of R. Prove that E(R/qg) is isomorphic to a direct
sum of finitely many copies of E(R/p). What can you say about the number
of copies? (Here is a hint: recall that g can be expressed as an intersection
q = {1\, Ii» where each j; (for 1 < i < n) is irreducible and irredundant in the
intersection. If you still find this exercise dillicult, you might like to consult [60,
Exercise 8.30].)

10.1.7 Exercise. Let p € Spec(R).

(i) Let 0 < x € E(R/p). Show that {0 : x) is an irreducible ideal of R.

(i) In 10.1.3(ii), we saw that E(R/p} = |J,en(O irrjp P7). Show that
E(R/P) = Upent® £rsp PN

In 10.1.3, wc reviewed fundamental facts about indecomposable injective
R-modules. One of the reasons for the importance of these modules is provided
by the following.

10.1.8 Reminder. (See [35, Theorem 18.5(ii}].) Each injective R-module I is a
direct sum of indecomposable injective submodules. Therefore, by 10.1.3(i1),
there is a family (p,).ea of prime ideals of R for which I =, ., E(R/p,}.

10.1.9 Remark. Let the situation be as in 10.1.8. Then p is equal to p, for some
o € A if and only if p € AssT.

10.1.10 Exercise. Lct I be an injective R-module, so that, by 10.1.8, there is a
family (p,)sea of prime ideals of R for which I = & _, E(R/p,). Prove that

Toll) = (D E(R/p,).

gEA
ach,

xEA
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(This exercise provides another proof of the result of Propesition 2.1.4 that
I'.(I}) is an injective R-module.)

In fact, the direct decompositions described in 10.1.8 have uniqueness proper-
ties. The route taken by Matsumura in [35, §18] to these uniqueness properties
involves facts about the behaviour of indecomposable injective R-modules
under localization. We review this behaviour next.

10.1.11 Lemma. Let § be a multiplicatively closed subset of R, ard let G be
an S7'R-module. Then G is R-injective (that is, infective when viewed as an R-
module by means of the natural homomorphism R — S7'R) if and only if G is
S~ R-injective.

Proof. {=) Let H be an S~ !R-submodule of the $~'R-module J, and let
h : H — G be an S~!R-homomorphism. Then H is an R-submodule of the
R-module J, and h is an R-homomorphism. Since G is R-injective, there exists
an R-homomorphism j : J — G which extends f. It is easy to check that j
must be an S~ R-homomorphism.

(«<) Let M be an R-submodule of the R-module N, and let /. : M — G be an
R-homomorphism. As G is an S~!R-module, the natural map y : G — S 'G is
not only an R-isomorphism but also an §~!R-isomorphism. Thus $™'M is an
S~'R-submodule of the $~'R-module SN, and the composition v oS4 :
S~'M — G is an $~'R-homomorphism.

Since G is S~!R-injective, there exists an $~' R-homomorphism ¢ - STIN —
G which extends ' o §71 Then i/ o8 : N — G, where 8 : N — S~ N is the
natural map, is an R-homomorphism which extends 2. O

10.1.12 Lemma. Let S be a multiplicatively closed subset of R, and let p &
Spec(R) he such that p S = O. By 10.1.3(iii), the indecomposable injective R-
module Er(R/p) has a natural structure as an §™' R-module.

As S~ R-module, Eg(R/p) is isomorphic to Es 1x(S"TR/S™1p).

Furthermore, Eq1z(S™R/S™'p), when considered as an R-module by means of
the natural homomorphism R — S7IR, is isomorphic to Eg(R/p).

Proof. Tt follows from Lemma 10.1.11 that the S~'R-module Ex(R/p) is
S=1R-injective. Since an S~'R-submodule of Eg(R/p) is automatically an R-
submodule, it is immediate from 10.1.3(ii) that Fr{R/p) is indecomposable as
S7'R-module; we can therefore deduce from the same result that Eg(R/p) is
S~ R-isomorphic to Es1g(S™'R/D) for some P € Spec(S'R). By 10.1.3(iii),

%= {aeS 'R :oldu, isnot an isomorphism} .
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Hence the contraction of P 1o R is just
{r € R : r1dgyryy is not an isomorphism} = p.

Therefore P = 5~ 'p.
The final claim is now immediate, O

10.1.13 Proposition. Let § be a multiplicatively closed subset of R.
(1) Ler p € Spec(R}. Then

0 if pn&S £,

_ =
S (ER(R/D)){ ~ Es_lR(S-wlR/Sfip) ;f pnsS = 0.

(i) Let I be an injective R-module. Then S7'I is both S—'R-injective and
R-injective,

Proof. (i) Suppose that s € pn&. By 10.1.3(iii), cach x € E(R/p) is annihilated
by some power of s, and so STH{ER(R/p)) = 0.

If, on the other hand, p S = @, then, by 10.1.3(ili) again, E{R/p) has a
natural structure as an §™'R-module, so that $™'(E(R/p)) = E{R/p) both as
R-modules and $™'R-modules. We can now use 10.1.12 to complete the proof
of part (i).

(i) By 10.1.8, there is a family (p,).ca of prime ideals of R for which
I =@, 4 E(R/p,). Then

ST =D ST ERS)
*EA
(as $7'R-modules); since, by (i}, each S~'(E(R/p,)) in the above display is
S~ R-injective, it follows from 10.1.3(i) that S~'T is S~ R-injective. An appeal
to 10.1.11 now completes the proof. O

The behaviour of injeciive R-modules under fraction formation is nsed in
Matsumura’s proof of the following fundamental uniqueness property of the
direct sum decompositions described in 10.1.8.

10.1.14 Reminder. {See [35, Theorem 18.5(ii)].) Let I be an injective R-module.
By 10.1.8, there is a family (p,).ea of prime ideals of R for which J =
Docr E(R/p,).

Let p € Spec(R}, and let k(p) = R, /pR,, the residue field of the local ring R..
Then the cardinality of the set {x € A : p, = p} depends only on I and p and
not on the particular decomposition of I (as a direct sum of indecomposable
injective submodules) chosen; in fact, this cardinality is equal to the vector
space dimension dimy,) Homg (k(p), I,).
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10.1.15 Lemma. Suppose that the R-module M is annihilated by the ideal b of R.
We can regard M and (0 :g,n b) as modules over R/D in natural ways: when
this is dOVn‘.(‘.‘, (0 Ep(M) b) & ER;’b(Jw}-

Proof. Let 2 1 (0 :pyun b) — Er(M) denote the inclusion map. Let

0o — G —

(0 Epian b)

be a diagram of R/b-modules and R/b-homomorphisms in which the rdw is
exact. We can regard these modules as R-modules by means of the natural
homomorphism R — R/b, and then o, v and ¢ o 3 become R-homomorphisms.
Since Eg{M) is an injective R-module, there exists an R-homomorphism £ :
H — Ep(M) such that § oo = 10y However, since bH = 0, it follows that
Im f < (0 iz b), and, when we regard § as a map from H to (0 :gyan b), it
is an R/b-homomorphism such that fea =

Thus (0 ke D) is injective as an R/b-module. 1t is clear that {0 g an b)Y is
an cssential extension of its R/b-submodule M. O

10.2 Matlis duality

Although there is a treatment of Matlis duality in [335, Theorem 18.6], we
are going to present, for the reader’s convenience, a different approach to this
theory. Our approach makes use of Melkersson’s Theorem [36, Theorem 1.3]:
we presented this theorem in 7.1.2, and applied it to local cohomology modules
in Chapter 7.

We begin by specifying some notation which we shall frequently use during
our discussion of Maths duality.

10.2.1 Notation and Remarks. Suppose that (R, m) is local. Set E = E(R/m),
the injective envelope of the simple R-module R/m. As usual, we shall use R
to denote the m-adic completion lim R/m" of R.

aelN
We shall use D to denote the exact, contravariant, R-linear functor Homg(., E)

from #(R) to itself. For each R-module G, we shall refer to D(G) as the
Matlis dual of G. Note that D(R) is naturally isomorphic to FE, and that
D(E) = Hompg(E, E} is just the R-endomorphism ring of E considered as an
R-module in the natural way.
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For each R-module G, let
tg : G — DD(G) = Homg(Homg(G, E), E)

be the natural R-homomorphism for which (ug(x))f) = f(x) for all x € G and
f € Hompg{G, E).

Note that, as G varics through 4(R), the s constitute a natural transforma-
tion u from the identity functor to the functor DD.

If an R-module M has finite length, then we shall denote that length by
£(M).

10.2.2 Remarks. Suppose that (R, m} is local, and use the notation of 10.2.1.
Let G be an R-module.

(1) The R-homomorphism p¢ 1s injective, since if O # x € G, there is an
R-homomorphism f* : Rx — R/m for which f'(rx}) = r +m for all ¥ € R, and
the composition of ' and the inclusion map R/m — E can be extended to an
f € Hompg(G, E) for which f(x) = 0.

{(#1) The annthilators of G and its Matlis dual I{G) are equal, because the
tact that D is an R-linear functor ensures that

(0 : Gy < (0 : D(G)) = (0 : DD(G)),

while the injectivity of pg : G — DD(G) (proved in (i) above) ensures that we
also have (0 : DD(G)) = (0 : G).

First we analyse the case when {R,mt} is an Artinian local ring. Recall that,
then, an R-module G is Artinian if and only if it is Noetherian, and this is the
case if and only if G is finitely generated.

10.2.3 Proposition. Suppose that (R. ) is local and Artinian, and use the notation
of 10.2.1. Then

(i) D(R/m) = R/m (as R-modules ),

(ii) for each finitely generated R-module G (that is, for each R-module G of
Jinite length), the Matlis dual D{(G) is also finitely generated and we have
D(G)) = £(G):

(i) E is finitely generared (and so Artinian), and {(E) = £(R);

(iv) for each finitely generated R-module G (that is, for each Artinian R-
module G), the map ug - G — DD(G) is an isomorphism,; and

(v} for each { € Homg(E, E), there is a unique rp € R such that f(x) = rex
Jor all x € E.
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Note. Condition (v) is equivaicnt to the statement that the homoemorphism
8 : R — Homg(E, E) for which #{r) = r Idg, for all » € R, 15 an isomorphism.

Proof. (1) Let k denote the residue field of R. There is an isomorphism of
k-modules

D(R/m) = Homg{R/m,E) = (0 :p m}.

But (0 m) = E((k) by 10.1.15; since every k-module, that is, every vector
space over k, is injective, Eyik) = k. The claim follows from this.

(ii) Use induction on length: remember that D is an exact functor.

{iii) This is now immediate from (ii), since £ = D(R).

(iv) Let G be a finitely generated R-module. Two uses of part (ii) show that
DD(G) is also finitely generated and has #(DD(G)) = £(G); since pg is injective
by 10.2.2(i), it follows that ug must be an isomorphism.

(v) By part (iv), the map pg : R — Homg(Homg(R, E), E} is an isomor-
phism. The claim therefore follows from the fact that the composition s

6 - R " Homp(Homg(R, E), E) — Homg(E, E),

in which the second isomorphism is the obvious natural one, is such that 0(r),
for r € R, is the endomorphism of E given by multiplication by r. O

10.2.4 Exercise. Suppose that (R, m) is local and Artinian, and set £ = E{R/m).
Let L be a submodule of E. Show that L is faithful if and only if L = E.
(Here is a hint: apply the functor Homg( ., E) to the canonical exact sequence
0—L—E—E/L—0)

Proposition 10.2.3 provides the main ingredients of Matlis duality for the
(very special!) case of an Artinian local ring. However, as we shall show below,
this special case can be used to build up to the general case quickly. We proved
in 10.2.3(iii) that, if (R,m) is local and Artinian, then E(R/mt) is Artinian. We
now use Melkersson’s Theorem [36, Theorem 1.3] {see 7.1.2) to obtain a much
more general statement.

: 0.2.5 Theorem. Let m be a maximal ideal of R. Then the injective R-module
E(R/my is Artinian.

Proof. By 10.1.15, we have (0 tppgy M) = Egp(R/m). Since R/m is
a field, Ep/m{R/m) = R/m. Hence (0 g r/mg M) is an Artinian R-module.
Now Eg{R/m} is m-torsion, by 10.1.3(ii1), and so it follows from Melkersson's
Theorem 7.1.2 that Eg(R/m) is Artinian. O
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10.2.6 Definition. Let M be an R-module. The socle of M, denoted by Soc(M),
is defined to be the sum of all simple submodules of M.

10.2.7 Remark. Let 4 be a non-zero Artinian R-module. Then 4 is an essential
extension of its own socle, because each non-zero submodule B of 4 must
contain a simple submodule (since a minimal member of the set of non-zero
submodules of B must be simple).

10.2.8 Corellary (of 10.2.5). Suppose that (R,m) is local, and set E == E(R/m).
Let M be an R-module. Then M is Artinian if and only if M is isomorphic to a
submodule of E, the direct sum of t copies of E, for some t € N.

Proof. (<=) It 1s clear from 10.2.5 that, for every r € IN, every submodule of
E' is Artinian.

(=) Assume that M is Artinian. Clearly, we can assume that M = (. Now M
is an essential extension of Soc(M ), by 10.2.7, and Soc(M) is an Artinian module
annihilated by m. Thus Soc(M) has a natural structure as a (finite-dimensional)
vector space over R/m, and so there exists t € IN such that Soc(M) = (R/m).

" Now compose this isomorphism with the direct sum of the inclusion maps
to obtain an R-monomorphism f : Soc(M) — E'; since F' is injective (by
10.1.3(i)), this f can be extended to an R-homomorphism f* : M — E?; and f’
must also be a monomorphism since M is an essential extension of Soc(M), by
10.2.7. O

The key to the theory of Matlis duality is the fact that, when (R,m) is
focal, E = F(R/m) has a natural structure as an R-module, and, for each
f € Homg(E, E), there is a unique iy € R such that flx}=rsx forali x € E.
We approach this fact next, and, in doing so, we touch on ideas mentioned in
Excrcise 8.2.4.

10.2.9 Remark. Suppose that (R, nt) 1s local and that 4 is an Artinian R-module.

Let a € A Tt is immediate from 10.2.8 and 10.1.3(iii) that there exists t € IN
such that nt'a = 0. (In fact, one can prove this in a much more elementary
manner: if @ 0, then, since the R-module Ra is Artinian, the ring R/(0 : a) is
Artinian and local, and so its maximal ideal is nilpotent.) Let, with an obvious
totation,

F=(ry + M yen = (), + 1")yen € lim R/m" = R,
HEN

so that r, —r, € m” for all # € N and r,, — 7, € m" for all n,h € N. Then
riend = ra =ra = r, ,a for all h € N. It is straightforward to check that 4
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can be given the structure of an R-module such that, with the above notation.
Fa = rya. Note that, if we regard this R-module as an R-module by means of
the natural ring homomorphism R — f{, then we recover the original R-module
structure on A; note also that a subset of 4 is an R-submodule if and only if
it is an R-submodaule.

10.2.10 §Exercise. Suppose that (R.m) is local, and set E := E(R/m). By 10.2.5,
the R-module F is Artinian; 1herefore by 10.2.9, it has a natural siructure as an
R-module. Prove that there is an R- -isomorphism E(R/m) = E (R/f), where

fit denotes the maximal ideal of R.

We are now able to prove the key result for Matlis duality that we mentioned
just before 10.2.9.

10.2.11 Theorem. Suppose that (R, m) is local, and set E = E(R/m). By 10.2.5,
the R-module E is Artinian; therefore, by 10.2.9, it has a natural structure as an
R-module. 2

The natural R-homomorphism 6 - R —> Homg(E, E) for which 0(F) = 71d
for all ¥ € R is an isomorphism. In other words, for each f € Homg(E, E), there
is a unigue f7 & R such that f(x) =Fx for all x € E.

Proof. For each n € N, set F, 1= (0 :p m"). Let f € Homg(E,E); let t € IN.
Of course, R/m is annihilated by w'. By 10.1.15, there is an isomorphism of
R/wi-modules E; 2 Eppe((R/m')/(m/m')). Now f(E,) < E,, and, of course,
R/m' is an Artinian local ting. Therefore, by 10.2.3(v), there exists r, € R such
that f(e) = ree for all e € E,, and, moreover, if #, is any other element of R such
that f(e) = rie for all ¢ € E,, then the uniqueness aspect of 10.2.3(v) ensures
that r, + m’ =r, + m’, that is, r, — r, € nt",

We can proceed as above for cach 1 € N, and so construct a uniquely
determined sequence (r, +m")pen € [, R/m" with the property that, for
every n € IN, we have f(e) = rye for all e € E,. Furthermore, for n,hi ¢ N, we
have E, < E, .. and so, since fie) = r,e = rype for all e € E,, it follows from
the immediately preceding paragraph in this proof that r, —r,.; & m".

We have therefore found a uniquely determined sequence

o~

(Fn + 1M1 Jpen € M R/m” = R
nelN

such that, for every n € IN, we have f(e) = r,e for all ¢ € E,,. Since £ = UntN
by 10.1.3(u1}, it follows that there is exactly one ¥ & R such that flx)=¥x for
allxe E. O
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We are now able (o present the main aspects of Matlis duality over a complete
local ring.

10.2.12 Matlis Duality Theorem. Suppose that (R, m) is local and complete, and
use the notation of 1021 (Thus E := E(R/m) and D := Homg(.,E).)

(i) For each f € Homg(E, E), there is a unigue r; € R such that f(x}=ryx
Jor all x € E.
(i) Whenever N is a finitely generated R-module, the natural homomorphism
Uy N —> DD(N) is an isomorphism and D(N) is Artinian.
(1) Whenever A is an Artinian R-module, the natural homomorphism py
A — DD(A) is an isomorphism and D{A) is Noetherian.

Proof. (1) This is immediate from Theorem 10.2.11.
{i1) The composition

0 R 2% Homg(Homg(R, E), E) — Homg(E, E),

in which the second map is the obvious natural isomorphism, is such that
B(r) = rId;; for all r € R. We have seen in part (i) that 8 is an isomorphism;
therefore g is an isomorphism.

The identity functor and DD are both additive, and the result of application
of an additive functor to a split short exact sequence 13 again a split short exact
sequence; also, p ig a natural transformation of functors. We can therefore
deduce, by induction on rank, that pr is an isomorphism whenever F is a
finitely generated free R-module.

Let N be an arbitrary finitely generated R-module. Then N can be included
in an exact sequence F| — Fy — N — 0 11 which Fy and Fy are finitely
generated free R-modules. Since the functor DD 1s additive and exact, and p
is a natural transformation of functors, the above exact sequence induces a
commutative diagram

F Fo N -~ {} - 0

| { 1

! |

= | My = |y, I :
i

| |

DD(F)) — > DD(F,) —~ DD(N) 0 - Q

with exact rows. It therefore follows from the Five Lemma that py is an
isomorphism.

Finally, application of the contravariant, exact functor D to the exact se-
quence Fp — N —— 0 shows that D(N) is isomorphic to a submodule of
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D{Fp); simce D(Fp) is isomorphic to a direct sum of finitely many copies =7
ID{R) and D(R) = E, it follows from 10.2.8 that D(N) is Artinian.
(iii) The composition

iy Homg(0,1d;)

E Homg(Homg(E. E), E) Homg(R, E) i.-E.

where () is the isomorphism used in the proof of part (ii) above, is just the
identity map; therefore pg is an isomorphism. We can now use the additivity
of DD, and the natural transformation g, to deduce, by induction on ¢, that HE:
is an isomorphism for all 1 € N.

Let A be an arbitrary Artinian R-module. Two uses of Corollary 10.2.8 show
that there is an exact sequence 0 — 4 — E™ — E™ for suitable positive
integers ng and ny. We can now use the exactness of the functor DD, together
with the natural transformation g, as we did in the above proof of part (ii), to
obtain from this exact sequence a commutative diagram with exact rows, and
another application of the Five Lemma will yield the desired conclusion that
it4 1s an isomorphism.

Finally, application of the contravariant, exact functor D to the exact %e-
quence 0 — A —— E™ shows that D(4) is a homomorphic image of
D{E™) = (D(E)y™; since 6 : R — D(E) is an isomorphism, D(A) is a ho-
momorphic image of a finitcly generated free R-module, and so is Noetherian.
O

10.2.13 #Exercise. Suppose that (R,m) is local and complete, and use the
notation of 10.2.1. Let G be an R-module of finite length, so that, by the Matlis
Duality Theorem 10.2.12, the Matlis dual D(G) also has finite length. Prove
that £/(D{G)) = £(G).

10.2.14 Remark. Supposc that (R, ) is local and complete, and use the notation
of 10.2.1.

The Matlis Duality Theorem 10.2.12 allows statements about Noetherian R-
modules to be translated into ‘dual’ statements about Artinian R-modules, and
vice versa. For example, it shows that every Noetherian R-module is isomorphic
to the Matlis dual of an Artinian R-module, and that every Artinian R-module
is isomorphic to the Matlis dual of a Noetherian R-module.

To give a sample of this type of “translation’, let N be a Noetherian R-module.
so that D{N) is an Artinian R-module: we can use the Matlis Duality Theorem
10.2.12 1o show quickly that Att D{N) = Ass N, as follows. Let p € SpeciR).
Then p € AssN if and only if N has a submodule with annihilator equal
to p. Now D Is an exact, contravariant functor and DD(N) & N; also. by
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10.2.2{i1), the ananihilators of an R-module M and its Matlis dual D(M) are
equal. Therefore N has a submodule with annihilator equal to p if and only if
D(N) has a homomorphic image with annihilator equal to p; and, by 7.2.5, this
is the case 1f and only if p € Att D(N).

10.2.15 Exercise. Suppose that (R, m} is local and complete, and use the notation
of 10.2.1.
Let N be a Noetherian R-module and let 4 be an Artinian R-module; let
neNgand h € N,
(i) Prove that D{a®N/a"**N) = (0 :pyy o) /(0 pewy &)
(i) Prove that D ((0 1y a"™)/(0 4 o)) = a"D(A)}/a" " D{A).
(iii) Prove that Att(0 4 ") = Ass D(4)/a"D{A).

So far, we have restricted our account of Matlis duality to situations where
the underlying local ring is complete. However, it is possible to obtain from
Theerem 10.2.11 a satisfactory partial result which is valid over any local ring.
We include this because we shall find a corollary of it useful in our applications
of the local duality theory developed in Chapter 11. We shall need the following
technical lemma.

10.2.16 Lemma. Let M, 1,J be R-modules.

(1} There exists a {unique) R-homomorphism
Ewig 2 M @g Homp(l. J) — Homp{Homgp(M, 1), J)

such that, for m € M, f € Homg(l,J) and ¢ € Homg(M., ), we have
(fMJ,J(m@f)) (g) = flg(m)). Furthermore, as M, [, J vary through the
category G(R), the &ygpy constitute a natural transformation of functors

£..... '(.)®gHomg(., .) — Homg(Homg(-, -}, -)

{from €(R) x B(R) x €(R) to €(R) )
{il) I/ J is injective, then Cyyy is ar isomorphism whenever M is finitely
generated.

Proof. (i) This is straightforward and left to the reader.
(if) It will be convenient to use ¥ to denote (.} @z Homg(I,J}, to use W
1o denote the functor Homg(Homp(.,1),J), and to use £, to denote &, ;1.

The composition Homg(I,J} — V(R) "> W{R} -—» Homg(I,J), in which
the first and last isomorphisms are the obvious natural ones, is just the identity
map; hence {p = &g is an isomorphism.

The functors 1 and W are both additive, and ¢ is a natural transformation
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of functors. We can therefore deduce, by induction on rank, that {r is an
isomorphism whenever F is a finitely generated free R-module.

Let M be an arbitrary finitely generated R-module. Then M can be included
in an exact sequence F; — Fo — M —— 0 in which Fy and Fp are finitely
generated free R-modules. Of course the functor V' is right exact; since J 18
injective, the functor W is also right exact; therefore, since { is a natural
transformation of functors, the above exact sequence induces a commutative
diagram

V(F) —— V(Fa) - (M) 0 — 0
| | |

O I R
W(F,) ——» W{Fg) - W (M) -0 - 0

with exact rows. It thus follows from the Five Lemma that {y is an isomorz-
phism. O

10.2.17 #Exercise. Supply a proof for part (i) of Lemma 10.2.16. %

10.2.18 Remarks. Suppose that (R,m) is local (but not necessarily complete),
and use the notation of 10.2.1. (Thus E := E(R/m) and D := Homg(., E).) Let
it denote the maximal ideal of R.
(i) By 10.2.9, an Artinian R-module A can be given a natural structure as
an R-module such that
{a) for each a € A and each ¥ ¢ R, there exists » € R with 7a = ra, and
(b) if we regard this R-module as an R-module by means of the natural
ring homomorphism R — R, then we recover the original R-module
structure on A.
It follows from (a) that A is an Artinian R-module.
(ii) Let A" be an Artinian R- module Let o € A’. By 10.2.9, there exists
t € N such that ¢’ is annihilated by #i' = m'R. Now let 7 € R. Then there
exists € R such that ¥ —r € m'R. Therefore Fa' = rd, so that, when A’ 15
tegarded as an R-module by means of the naturdi ring homomorphism R — R
every R-submodule of A’ is automatically an R-submodule, and thercfore A’ is
an Artinian R-module. If we then regard the Artinian R-module 4 as an R-
module using the method of 10.2.9, we recover the original R-module structure
on A"
(ii1) Thus, by parts (i} and (ii), the category of all Artinian R-modules and 2li
R-homomorphisms between them is equivalent to the category of ali Artinian
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R-modules and all R-homomorphisms between them; in fact, we can regard
these two categories as essentially the same.

(iv} Let v be the natural transformation from the identity functor to the
functor (.) ®z Homg(E, E) (from %(R) to itself) for which vyr(m) = m ® Idg
for each R-module M and each m € M.

Let N be a finitely generated R-module. Then, since N is a homomorphic
image of R" for some h € N, the Matlis dual D(N} is isomorphic to a
submodule of D{R"); since D(R") = D(R)" = E", we deduce from 10.2.8 that
D(N) is Artinian. Furthermore, it is straightforward to check that the diagram

Vv

N

N ®r HomR{E, E)

Hy 3

DD(N)

where &y pp 18 the isomorphism given by 10.2.16, commutes. By 10.2.2(i), the
natural map uy is injective; by 10.2.11, Hompg(E, E) = R under an isomorphism
which maps Idg to 1, and so, speaking loosely, we can regard the duality map
iy : N — DD(N) as the embedding of N into its completion.

(v) Let 4 be an Artinian R-module. Part (i) shows that A can be regarded
as an Artinian R-module in a natural way; by 10.2.5, the R-module E is
Artinian, and so it too can be regarded as an Artinian R-module in a natural
way; by 10.2.10, there is an ﬁ-isomorphism E{R/m) = Eﬁ(ﬁ/fﬁ). Also, D(4) =
Hompg(A4, E) = Homg(A, E), by part (i) (and 10.2.9), and so D(A) has a natural
{unambiguous) R-module structure. It follows from these observations that, as
R-module, D{4) = Homz(d, Ex(R/f)); the Matlis Duality Theorem 10.2.12
shows that this is a Noetherian R-module.

We now summarize some of the main points of 10.2.18 in a Partial Matlis
Duality Theorem.

10.2.19 Partial Matlis Duality Theorem. Suppose that (R,m) is local (but not
necessarily complete ), and use the notation of 10.2.1. (Thus E = E(R/m) and
D = Homg(.,E).) By 10.2.5 and 10.2.9, the R-module E has a natural structure
as an R-module. Let Tit denote the maximal ideal of R.

(i) By 10.2.11, for each f € Homg(E, E), there is a unigue 7; € R such that
flx)=7yx for all x € E.
(i) Whenever N is a finitely generated R-module, the natural homomorphism
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pn N — DD(N) is injective, D(NY} is Artinian, and there is a commu-
tative diagram

N N@Rﬁ

12

DD(N)

in which the horizontal homomorphism is the canonical one.

(iii) Whenever A is an Artinian R-module, it has a natural structure as an
( Artinian ) R-module, and D(A) is a Noetherian R-module R-isomorphic
to the Matlis dual of A over R

Proof. All the claims were explained in 10.2.18. O

We show how the Partial Matlis Duality Theorem 10.2.19 can be used to
extend 10.2.14 to the case where the underlying local ring is not necessarily
complete,

10.2.20 Corollary. Suppose that (R,m) is local (but not necessarily complete )?
and use the notation of 10.2.1.

Let N be a Noetherian R-module, so that D(NY is an Artinian R-module by
10.2.19(i1), and we can form the set AtLD(N)}. Then AttD(N) = Ass N.

Proof. Let p € Ass N, so that N has a submodule B with annihilator equal to
p. Now D is an exact, contravariant functor; also, by 10.2.2(ii), the annihilators
of an R-module M and its Matlis dual D{M} are equal. Therefore D(N} has a
homomorphic image D(B) with annihilator equal to p, and so p € AttD(N) by
7.2.5.

Conversely, let p € Attg D(N), so that D(N} has an R-homomorphic image
A with annihilator equal to v, by 7.2.5. Application of D and another use of
10.2.2(i1) now show that DD(N) has an R-submodule with annihilator equal to
p. By 10.2.19(ii), there is an R-isomorphism DID{N) = N &g R. Therefore there
exists an R-submodule C of N @x R with (0 :z C) = p.

Let CR be the R-submodule of N ®g R generated by C. Note that C Risa
finitely generated R-module, and that

(05 CRINR=(0:g CR)= (0 C) =p.

It follows that there exists P Assi(Cﬁ) such that BN R = p. Of course.
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P c Assz(N ®r ﬁ). We can now use [35, Theorem 23.2] to deduce that
pEAssg N. O

10.2,21 Exercise. Suppose that (R, m) is local and complete, and use the notation
of 10.2.1. Assume that dim R > 0. Prove that there exists an R-module G which
is neither Noetherian nor Artinian but for which pugs : G — DD(G) is an
isomorphism.
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Local duality

Suppose, temporarily, that (R,m) is local, and that M is a finitely generated
R-module. In Theorem 7.1.3, we showed that H] {M} is Artinian for all i € No.
When R is complete, Matlis duality (see 10.2.12) provides a very satisfactory
correspondence between the category of Artinian R-modules and the cate-
gory of Noetherian R-modules, and so it is natural to ask, in this situation,
which Noctherian R-modules correspond to the local cohomology modules
HI (M) (i € Ny). Local duality provides an answer to this question, and also
provides a fundamental tool for the study of local cohomelogy modules with

respect to the maximal ideal of a local ring.

For a Gorenstcin local ring (R, m) of dimension », the Local Duality Theorem
tells us that, if M is a finitely generated R-module, then, for each i € Ny, the
local cohomology module Hi (M) is the Matlis dual of the finitely generated
R-module Extj’{"(M, R), and, as R is Gorenstein, quite a lot is known about
these ‘Ext” modules. The Independence Theorem 4.2.1 then allows us to extend
the Local Duality Theorem to any local ring which is a homomorphic image
of a Gorenstein local ring, and the class of such local rings includes the
local rings of points on affine and quasi-affine varieties, and, by the structure
theorems for complete local rings (see [35, Theorem 29.4(ii)], for example),
all complete local rings. Furthermore, the special case of the Local Duality
Theorem for a Cohen-Macaulay local ring R which is a homomorphic image
of a Gorenstein local ring can be formulated in terms of the canonical module
wg for R.

In the final section of the chapter, we shall use local duality to explore again
certain results established earlier in the book.

197
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11.1 Minimal injective resolutions

The work in this chapter will involve knowledge of the structure of a minimal
injective resolution of a Gorenstein local ring; we begin by reviewing the
concept of minimal injective resolution.

11.1.1 Definition. Let M be an R-module. A minimal injective resolution of M
is an injective resolution

¢ .l ,
Y PN DR SN (LN

of M such that I"* is an essential extension of Kerd” for every n € Np.

11.1.2 fExercise. Let M be an R-module. Prove that M has a minimal injective
resolution. (Start with the monomorphism M — E(M), and, successively, take
the injective envelope of the cokernel of the last map you have constructed.)

Suppose that, with the potation of 11.1.1, the injective resclution I of M is
minimal. There is an angmentation R-homomorphism o : M — [ ¥ such that
the sequence

« Ed . .
0 M—I® 0 7 S P

is exact. Since I° is an essential extension of Kerd® and Ker d0 = Tma 2= M,
it follows that I° = E(M), the injective envelope of M, and so is uniquely
determined up to isomorphism by M (see 10.1.1(v)). Actually, all the terms in a
minimal injective resolution of M are uniquely determined up to isomorphism:
this is the subject of the next exercise.

11.1.3 #Exercise. Let M be an R-module. Let

0 . i .
[‘;0_>[0i+[1_;.-.__,,11i)11+1_},”
and
0 s
.f';0—>J0—0—~>J1H---—yjl_é_;.‘]ifl,._)...

be minimal injective resolutions of M, so that there are R-homomorphisms
o:M —I%and § : M — J such that the sequences

o a® i ;
0—M-Hr S St
and

o i
OHRJ—LJDE—)JI#4-—-—>JEL)JH'1—>---
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are both exact. Show that there is an isomorphism of complexes
¢ = (ﬁbi)feINo =

such that the diagram

o
M——°

.

8
M —— O
commutes.

11.1.4 Notation and Definition. Let M be an R-module. By 11.1.3, for each
i € Ny, the i-th term in a minimal injective resolution of M is uniquely
determined, up to isomorphism, by M. and is independent of the choice of
minimal injective resolution of M. We denote this i-th term by EY(M), or by
ER{M) when it is desirable to emphasize the underlying ring.

Observe that EY(M) = E(M), the injective envelope of M.

For each i € Ny and each p € Spec(R), we define the i-th Bass number of
M with respect to p as follows. By 10.1.8, there is a family (0, )}ueq of prime
ideals of R for which E'(M) = @, , E(R/p,). By 10.1.14 (see [35, Theorem
18.5(iii)]), the cardinality of the set {x € A : p, = p} depends only on E'(M) and
p (and therefore only on M and p) and not on the particular decomposition of
E'(M) {as a direct sum of indecomposable injective submodules) chosen. This
cardinality is denoted by yxf(p, M), and is referred to as the i-th Bass number
of M with respect to p. Symbolically, we write

E{M)= B #p,M)ER/p),

peSpec(R)

where &P uE denotes the direct sum of i copies of E.

In the notation of 11.1.4, we can already give a description of u®(p, M), since
it follows from 10.1.14 (and the fact that E®(M) = E(M)) that

1 (p. M) = dimy,,, Homg, (k(0), E(M),),

where k(p) = R,/pR,, the residue field of the local ring R,. In fact, a refinement
of this, and analogues for the higher Bass numbers, are available: we shall refer
to Matsumura [35, Theorem 18.7] for these results, although we first give, for
the reader’s convenience, a slight refinement of one of Matsumura’s lemmas.
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11.1.5 Lemma. (Sce [35, §18, Lemma 6].) Let f : L — M be a homomorphism of
R-todules such that M is an essential extension of Imf. Let S be a multiplica-
tively close,:d subset of R. Then S7VM is an essential extension of its submodule
Im(S1f) (where S7'f : S™'L — S™IM is the homomorphism induced by f ).

Proof. Snppose that x/s, where x € M and s € §, 18 a non-zero element of
S™IM. Then S '(Rx) is a non-zero submodule of $7'M, and so there exists
p € Ass(Rx) such that pn S = 0. Also, there exists r € R such that (0 : rx) = p.

Since M is an essential extension of Imf, there exists ¥ € R such that
0 #'rx = f(y) for some y € L. Now (0 : #'rx) =p € R S, and so

¢ rrx

Frox
0F 7y

MW s (D) etms o

s
11.1.6 Corollary. Let M be an R-module, and let
0 o
r :O%IOLII —s e ]! L)IH-I _

be a minimal injecrive resolution of M. Let 8 bhe a multiplicatively closed subset
of R. Then
s g
0- S_E(IO) e e S_I(P) - S_I(II*]) - ...

is a minimal injective resolution of the S™'R-module S™'M.
Thus, for all i € Ny,
(1) STHER(M)) = EL_ (S7'M) (as S~'R-modules); and
(i) @S~ tp, S7IM) = ui(p, M) for all p € Spec(R) with p S = 0.

Proof. All the claims follow easily [rom 10.1.13 and 11.1.5. O

11.1.7 Theorem [35, Theorem 18.7]. Let M be an R-module. For each i € Ny
and each p € Spec(R), the i-th Bass number 1/'(p, M) is given by

((ps M) = dimyy, Exty (k(p), My) = dimy, (Exti(R/p, M])p,
where k(p) = R, /pR,, the residue field of the local ring Ry, O

We have not explained the use of the word ‘minimal’ in the phrase ‘minimal
injective resolution”. We do this next,

11.1.8 Conventions. We shall denote the injective dimension of an R-module
M by injdim M or, occasionally, by injdimgz M if it is desirable to specify the
underlying ring concerned. We adopt the convention that a zero medule has
injective dimension —x.
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11.1.9 Remark. Let M be an R-module, and let n & N,

(iy If EX(M) = 0, then E™V(M) = 0 for all i € N, and, consequently,
mjdim M < n.

(1) Conversely, if injdim M < n, then, for all » € Spec(R), we have
Exti(R/p, M) =0, so that g"(p, M) = 0 by 11.1.7; hence E*{M) = 0.

11.1.10 Exercise. Let M be an R-module, and let
010 I1 ---—>Ifi>1i+l——>---
be a minimal injective resolution of M and
YUY\ JOVL AN I (AN (N

be an arbitrary injective resolution of M. Prove that there is a chain map of
complexes

¢ = ()i, I — S

such that the diagram

T
JM . IO
{ d)ﬂ
;
M _r J°

(in which the horizontal maps are the appropriate augmentation homomor-
phisms) commutes, and which is such that ¢' is a monomorphism for all i € Ny,
Deduce that, for each i € Ny, the i-th term J' has a direct summand isomorphic
to E{(M).

11.2 Local Duality Theorems

We assume that the reader is familiar with Matsumura's treatment of Goren-
stein rings in [35, pp. 139-145]. We remind the reader of the following necessary
and sufficient condition, in terms of the Bass numbers y'(p, R), for R ta be a
Gorenstein ring.

11.2.1 Reminder. (See [35, Theorems 18.1 and 18.8].) The ring R is a Gorenstein
ring if and only if, for all i € Ng and all p € Spec(R),

0 if i+ htp,

“(D’R)—{l if i=htp,
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that is, if and only if E\R)= € E(R/p) for all i € No.

pESpec(R)
htp=1

4
11.2.2 Exercise. Suppose that (R, m) is a Gorenstein local ring of dimension n,

and let
d(] dur—l
00— 0 — - e il —— [ — ()

be a minimal injective resolution of R. {We are using 11.2.1 when we ‘terminate’
this resolution after the n-th term.) Set E = I"”, so that £ = E(R/m) by 11.2.1,
Let V = {p € Spec(R) :htp =n— 1 and p = a}, and, for each p € V, let ¢(p}
denote the kernel of the natural ring homomorphism R — R,.

(i) Prove that Im To(d@ ) = 3o (Ui (0 2 P,

(i) Assume now that R is complete. Prove that

H(R) = Homg (ﬂuEVC(p),E) .

(The results of this exercise provided the key steps in a short proof of the
local Lichtenbaum-Hartshorne Vanishing Theorem (see §.2.1) given by F. W.
Call and R. Y. Sharp in [7]: a reader who finds this exercise difficult is referred
to that paper for details.)

We now start our approach to the Local Duality Theorem.

11.2.3 Lemma. Let {R, m) be a Gorenstein local ring of dimension n. Then HJ (R) =
BER/m), the injeciive envelope of the simple R-module R/

Proof. Let

(10 dn—l
10— 0 —— i el e 7 )

be a minimal injective resolution of R. We calculate HY (R) by working out the
n-th cohomology module of the complex I, (I1°).
By 11.2.1,

I'= (B E(R/p) forallie N

peESpeciR)
hip=i

Let p € Spec(R) with p % m. Then there exists » € m* p. Now, by 10.1.3(iii),
multiplication by r provides an automorphism of E{R/p}, and so I'n(E(R/p)) =
0. Hence I, (1) = 0 for all i € Np with i # n.

On the other hand, E(R/m) is m-torsion, again by 10.1.3(iii). Thus all the
terms other than the p-th of the complex I',,(I") are zero, while its n-th term is
isomorphic to E(R/m). Hence H}\(R) = E(R/m). 3

m



11.2 Local Duality Theorems 203

11.2.4 fExercise. (i) Let T : 4(R) —> %(R) be a covariant R-linear functor,
and let B be an R-module,
Show that there is a natural transformation of functors

¢ : T — Homg(Homg(.,B), T(B))

(from % (R) to itsell) which, for an R-module M, i1s such that (dpiyNf) =
T(f)(y) for all v € T(M) and all f € Homg(M, B).

Show also that, if cach endomorphism of B can be realized as multiplication
by precisely one element of R, then ¢y is an isomorphism.

(1) Now supposc that (R,m) is a Gorenstein local ring of dimension n; set

E = E(R/m) and D = Homgz(.,E}.

Use part {i) and 11.2.3 to show that there is a natural transformation of
functors

¢o  H) — D{Homg(.,R})

{from %(R) to itself) which is such that ¢gyx is an isomorphism.

Let M be a finitely generated R-module. Use Grothendieck’s Vanishing
Theorem 6.1.2, together with the fact that M can be included in an exact
sequence F; — Fy — M — 0 in which F; and F; are finitely generated free
R-modules, to show that ¢g s is an isomorphism.

We can now present the Local Duality Theorem for a Gorenstein local ring.

11.2.3 Local duality for a Gorenstein local ring. Ler (R, m) be a Gorengstein local
ring of dimension n; set E = E(R/m) and D := Homg(.,E). By 11.2.4, there
is a natural ransformation of functors

¢0 : H:;Il

—_— D(HOmR( ., R))

{from G(R) to itself) which is such that ¢gy is an isomorphism for every finitely
generated R-module M.
There is a unique extension of ¢y to a homomorphism

D = (q‘)i)iGNu : (H::ri)ﬁE]N[] - (D(EXE%( "R)))f»E]Nn

of {positive strongly) connected sequences of covariant functors from €(R) to
€(R). Furthermore, ®;p Is an isomorphism for all i € Ny whenever M is a
finitely generated R-module.

In particular, for each finitely generated R-module M,

HIZH(M) = D(Exthy(M,R))  foralicZ.
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Proof. By Grothendieck’s Vanishing Theorem 6.1.2, the functor H} is right
exact; it is an easy consequence of this that (H,’f,“"')ieNO is a positive strongly
connected sequence of covariant functors.

Since depth R = n, it follows from 6.2.8 and 3.4.10 that H7/(P) = 0 for all
i &« N and all projective R-modules P ; also D(Exty,(P,R)) = 0 for all i € N and
all projective R-modules P. Tt follows from the analogue of 1.3.4 for positive
connected sequences that ¢y can be incorporated into a (uniquely determined)
homomorphism

D = ((}‘)i)ielNo : (H::rf),'gN” - (D(EXtIR( . ’R)))EG]NO

of connected sequences. Furthermore, it is easy to prove by induction that,
for each i € N, the homomorphism ;s is an isomorphism whenever M 18 a
finitely generated R-module: use the fact that such an M can be included in an
exact sequence 0 —» K — F — M — {} in which F is a finitely generated
free R-module. O

11.2.6 Local Duality Theorem. Suppose that (R, m} is a local ring which is a ho-
momorphic image of a Gorenstein local ving (R, w') of dimension w': let f : R —
R be a surjective ring homomorphism. Set E = E(R/m) and D = Hompg(.,E).

An R-module M can be regarded as an R'-module by means of f: then M, and,
for each j € Ny, the modules Extﬁ,(M, R’y and D(Ext{{,(M, R, inherit natural
(R, R')-bimodule structures.

There is a homomorphism

® = ($hieny  (Hy) o, — (D(Extg:-r(., R,}))ENO

of (negative strongly) connected sequences of covariant functors from ¥(R) o
G(R) which is such that ¢, is an isomorphism for all i € Ny whenever M is a
Jinitely generated R-module.

Consequently {as injdimy R' = #' ), for each finitely generated R-module M,

H: (M) = D(Exts (M, R)) = Homg(Extly (M, R'), E)
forallieZ.

Proof. Let E' .= Ep(R’/m’), and let P’ := Homp/(.,E').
By 11.2.5, there is a homomorphism

W= (pden, () | (D (Exte( R o,
iENy

of (positive strongly) connected sequences of covariant functors from %(R’) to
#(R'} which is such that yy e 1s an isomorphism for all i € Ny whenever M7 is
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a finitely generated R’-module. We can mterpret
(wn'-Af)ieNo : (Hwin’)!‘e][\]ﬂ — (DI(EXtF;{,’_f( *s R!))) .
e i}
as a homomorphism of negative connected sequences.

Let [ g : #(R) — E(R') denote the functor obtained from restriction of
scalars {using f). If we precede each y,_; by [ p, we can deduce from the
Independence Theorem 4.2.1 that there is 2 homomorphism

(e (B ooy, — (DERGTCLRD)
of (negative strongly) connected sequences of covariant functors from %(R) to
%(R’) which is such that ¥}, is an isomorphism for all i € Ny whenever M 1s a
finitely generated R-module.

Let ¢ := Kerf. Let M be an arbitrary R-module. Then {0 :5 ¢}, and, for
each j € Ny, the modules Extf. (M, R') and D'(Ext}, (M, R')), all inherit natural
R-module structures: for each of these modules, and for HMM) we have
fyy =ry for all ¥ € R' and y in the module. It follows that

D'(Exth (M, R')) = Homp(Ext} (M, R}, E')
— Homp(Exth{M,R)}.{0 :p ©))
= Hompg(Exth, (M, R, (0 1 o)),

Thus, for each i € Ny, we can regard
Pyt HL(M) — HomR(Ext” THML RO (0 o))

as an R-homomorphism. All that remains in order to complete the proof is to
note that, by 10.1.15, there are R-isomorphisms

(0 ¢) = Eg(R'/m) = Eg(R/m)=E. O

some readers might think it unsatisfactory that the statement of the Local
Duality Theorem 11.2.6 involves ‘Ext’ modules calculated over the ring R’ of
which R is a homomorphic image. In the case when (R, m) is actually a Cohen-
Macaulay homomorphic image of a Gorenstein local ring, we can give a more
satisfactory formulation of the Local Duality Theorem, This will involve the
theory of canonical modules for such rings, and for this discussion we shall
assume that the reader is familiar with some properties of cancnical modules,
including those developed in 3.3.1-3.3.8 of the book [6] by W. Bruns and J.
Herzog; alternatively, the reader can consult the standard reference [24] by
Herzog and E. Kunz. The main aspects that we shall need are summarized in
11.2.7 below.
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11.2.7 Reminders. Let (R, m) be a Cohen-Macaulay local ring of dimension n.
(i) A finitely generated R-module C is a canonical module for R if and only

if

0 if isn,

1 if i=n

Wm, Cy = {

Note, in particular, that a canonical module for R is a Cohen-Macaulay R-
module of dimension .

(ii) There exists a canonical module for R if and only if R is a homomorphic
image of a Gorenstein local ring; then, any two cancnical modules for R are
isomorphic, we denote by wy one choice of canonical module for R, and
{(0R)p = wg, for all p € Spec(R). (See [6, Theorems 3.3.4(b}, 3.3.5(b) and 3.3.6].)

(iii) If R is a homomorphic image of a Gorenstein local ring (R, m’) of
dimension #’, then the R-module Ext'j{f "(R,R’} is a canonical module for R.
(Sce [6, Theorem 3.3.7].)

(iv) If there exisls a canonical module wy for R, then each endemerphism
of «wg can be realized as multiplication by precisely one element of R. (See [6,
Theorem 3.3.4(d}].)

{v} Let C, " be canonical modules for R. By parts (ii} and (iv},

Homg{C, C") = Homp(wg, wr) = R.

If ¢ is a generator of the (free, cyclic} R-module Homp(C, C’), then ¢ is an
isomorphism. {See [6, Theorem 3.3.4(cj].)

11.2.8 Local duality for a Cohen-Macaulay homomorphic image of a Gorenstein
local ring. Let (R,m) be a Cohen-Macaulay local ving of dimension n which is
a homomorphic image of a Gorenstein local ring. Set E = E(R/m}, and let
D = Homg(.,E).

There is a natural transformation of funciors

$o : H, — D(Homg( .. wr))

which is such that doa is an isomorphism whenever M is a finitely generated
R-module.

There is a unique extension of ¢o to a homomorphism
@ = (Flien, (H'?lm:)ieNo — (D(Ext}{(. ’(OR))):'E]N;;

of (positive strongly) conrected sequences of covariant functors from ¥(R) fo
#E(R). Furthermore, ¢y is an isomorphism for gll i ¢ Ny whenever M is a
finitely generated R-module.
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In particular, for each finitelv generated R-module M,
HI7(M) 2 D(Exth, (M, wg)) Jorall i e Z.

Proof. Let (R, m') be a Gorenstein local ring of dimension #' for which
there exists a surjective ring homomorphism f : R — R. By 11.2.7(iii), we
have wp = Ext}gf”(R,R’). By the Local Duality Theorem 11.2.6, we have
HE(R) = D(Extﬂf”(R, R = D(wg). By Esxercise 6.1.9, the functor HE s
naturally equivalent io (.) &g H/(R). Therefore H?, is naturally equivalent to
(+) ®g Homg(wg, E}. We can now make use of 10.2.16 in order to arrive at a
natural transformation of functors

¢o : Hi, — D(Homg( . wg))

m

which is such that ¢gas is an isomorphism whenever M is a finitely generated
R-module.

We now teason as in the proof of 11.2.5. Since depth R = n, it follows from
6.2.8 and 3.4.10 that Hy/(P) = 0 for all { € N and all projective R-modules
P also D(ExtfR(P,wR)) = 0 for all i € N and all projective R-moduies P. It
follows from the analogue of 1.3.4 for positive connected sequences that ¢y can

be incorporated into a (uniquely determined) homomorphism
O = (Gidieny * (H] 7)oy, — (D(EXLR{-, 0R)) 0,

of connected sequences, and it is easy to prove by induction that, for each
i € N, the homomorphism ¢hiar 18 an isomorphism whenever M is a finitely
generated R-module. 0

11.3 Some applications

Our aim in the remainder of this chapter is to provide illustrations of the use
of the Local Duality Theorem [1.2.6. We shall outline how this theorem can be
used to give a different proof of Theorem 7.3.2, and we shall also present what
we call the “Shifted Localization Principle’. The results we present below are
fairly straightforward consequences of the Local Duality Theorem in the case
when the underlying local ring is a homomorphic image of a Gorenstein local
ring. However, the reader should be warned that not all of them are valid over
general local rings, and that, even for those that are, proofs by this Tocal duality’
route will involve us in delicate arguments about fiat local homomorphisms of
local rings, because we shall employ completions, and Cohen’s Theorem that a
complete local ring is a homomorphic image of a regular local ring.

The next exercise will be useful in applications of the Tocal Duality Theorem.
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11.3.1 2Exercise. Suppose that (R,mt) 13 a local ring which is a homomorphic
image of a local ring (R',m'):let f : R" — R be a surjective ring homomorphism.
Let p € Spec(R), and let p’ = f~!(p), € Spec(R’). Of course, R'/p’ = R/p, so that
these rings have equal dimensions. Moreover, observe that [ induces a surjective
ring homomorphism f* : Rjy — R, which is such that f'(+'/s") = f(+')/f(s'}
forall+ e R and s € R' p'.

Let M be a finitely generated R-module, and let j € Ny, We can form

Ext—j{, {M,, R;,), which has a natural Ry,-module structure. We can also localize
¢

the R-module Ext{z,(M, R’) at p. Show that

Ext‘;?;f(Mp, R} = (Ext-,{;,(M, R’))p as Ry-modules.

11.3.2 Shifted Localization Principle. (See R, Y, Sharp [58, Theorem (3.7)].)
Suppose that (R, m)} is a local ring which is a homomorphic image of a Gorenstein
local ving. Let M be a finitely generated R-module. Let p € Spec(R), and let
dimR/p =t. Let q € Spec(R) be such that q < p, and let i € Z.

By 7.1.3, the Ry-module H;_»R,_,(*MDJ is Artinian, and HTH(M) is an Artinian

R-module. Then qR, € Attg (Hf;Rp(Mp)) if and only if q € Attg(HI (M),

Proof. Let {R',m’) be a Gorenstein local ring of dimension #' for which there
exists a surjective ring homomorphism f : R* — R. Set E := E(R/m).

As in 11.3.1, let p’ = f~i(p). Now R, is a Gorenstein local ring, and
dim R’ /p’ = 1. Since R’ is Gorenstein, we have

dimR, =dimR —dimR'/p' =n"— 1.
Let f* 0 R, — Ry be the surjective ring homomorphism for which
/sy =" /f(sh) forally e R, 5 e R\ p'.
By 11.3.1, there is, for each j € Z, an Ry-isomorphism
Ext), (M;, ;) = (Ext}(M.R)) E
By the Local Duality Theorem 11.2.6, we have
Hyy (My) = Homg, (Bxty " /(My. Ry), Ex, (Rs /PRy )

as Ry-modules, and H™ (M) = Homg(Ext}y " ~'(M, R'), E}.

m

By 10.2.20, we have that aR, € Attg, ( iz (M,)) if and only if

R, € Assg, (Ext’}{;:‘_f(Mp, R;J,)) ,
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that is, if and only if R, € Assy, ((Extg’,—i—f(M,R-'))p) it is elementary that
this is the case if and only if q € Assg(Exty (M, R)); and it follows from
the second of the two isomorphisms deduced above from the Local Duality
Theorem, and another use of 10.2.20, that this is the case if and only if
q € Attp(HI(M)). O

11.3.3 Corollary. Suppose that (R,m) is a local ring which is a homomorphic
image of a Gorenstein local ring. Let M be a non-zero, finitely generated R-
module, and let p € AssM. Suppose that dim R/p = j. Then H{(M) == 0 and
p € Att(H(M)). Moreover, if j > 0, then Hy (M) is not finitely generated.

Proof- Since pR, € Assp, M, it follows that M, has a submodule 1somorphic
to R,/pR,. Hence HSRV(MP) is a non-zero R,-module, necessarily of finite
length. Therefore, by 7.2.12,

Attg, (H3, (M,)) = (PRo}.

and so the result follows from the Shifted Localization Principle 11.3.2 and
another use of 7.2.12. O

11.3.4 Corollary. (Compare Thereom 7.3.2 and Corollary 7.3.3.} Suppose that
(R, m) is a local ring which is a homomorphic image of a Gorenstein local ving. Let
M be a non-zero, finitely generated R-module of dimension n. Then H (M} # 0
and

{p € AssM :dim R/p = n} = Att(H{M)).
Moreover, if 1 > 0, then HE (M) is not finitely generated. O

In order to provide a ‘local duality’ proof of the full statement of Theorem
7.3.2, even for a local ring which is a homomorphic image of a Gorenstein local
ring, we have to work a little harder.

11.3.5 Corollary. Suppose that (R,m) is a local ring which is a homomorphic
image of a Gorenstein local ring. Let M be a finitely generated R-module, and
let j he an integer for which Hi (M) # 0. For each p € Attr(HL(M)), we have
dimR/p < j.

Proof. Let (R’,n'} be a Gorenstein local ring of dimension #’ for which there
exists a surjective ring homomorphism f : R — R. It follows from the Local
Duality Theorem 11.2.6 and 10.2.20 that Exty, /(3, R’} is a non-zero R-module

having p as an associated prime. Hence (Extﬁ,‘ (M, R}y # 0.
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Let p' = f!{p). so that Ri,, is a Gorenstein local ring with dimR'/p" =
dim R/p. We can use the ideas of 11.3.1 to see that

Xt I (M, R.) = (Ext’;f’i (M, R’)) as R,-modules.
Py P
Hence
W —j<inj dlmR: R, =dimR, = dimR —dimR'/o' = -~ dimR/p

by properties of Gorenstein rings (see [35, pp. 139-145]). We can therefore
deduce that dimR/p < j. O

We now show how to establish the result of 7.3.2, in the special case in
which R is 2 homomorphic image of a Gorenstein local ring, by ‘local duality’
arguments.

11.3.6 Theorem. {Compare Thereom 7.3.2.) Suppose that (R, ) is a local ring
which is a homomorphic image of a Gorenstein local ring Let M be a non-zero,
Sinitely generated R-module of dimension n. Then H® (M) # 0 and

"l

Att(H) (M) = {p € Ass M :dimR/p = n}.

Proof. In view of 11.34, it only remains for us to prove that, if p €
Att(Hj(M)), then dimR/p = n (as it will then be automatic that p is an
associated prime of M),

Of course, p =2 (0 : M), and, when H!\(M) is regarded as an R/(0 : M)-
module, then (by 7.2.5, for example), p/(0 : M) € Attg o.anfHE(M)). By the
Independence Theorem 4.2.1, we have Hi(M) = H] . »;r (M). Therefore, we
can, and do, assume for the remainder of this proof tha.t 0:M})=0.

Of course, dim R/0 < n. Let (R',n) be a Gorenstein local ring of dimension
n' for which there exists a surjective ring homomeorphism f : R — R. Let
¢ = Ker f. Now htc =" —n, and, since a Gorenstein ring is Cohen-Macaulay,
there exists an R’-sequence ri,...,r,_, of length n — n contained in ¢. Now
R /(ry,..., ) is a Gorenstein local ring of dimension n (see [35, Exercise
18.1]), and so we can, and do, assume henceforth in this proof that n’ = n.

It follows from 11.2.6 and 10.2.20 that Homp (M, R') is a non-zero R-module
having p as an associated prime. Let p* = fY(p): it follows that, when we
regard M and Homp (M, R') as R'-modules,

p’ € Assgp(Homp (M, R)).

But, as M is an R'-homomorphic image of a finitely generated free R'-module,
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F' say, Homp (M, R') is R'-isomorphic to a submodule of the finitely generated
free R'-module Hompg (F', R'). Hence

P € Assp(Homp (M, R)) € Assp{Hompg(F',R)) = Assp R,
and so dimR/p =dim R'/p’ = dim R’ = »n since R’ is Gorenstein. O

The results 11.3.2, 11.3.3, 11.3.4, 11.3.5 and 11.3.6 have all becn established
under the hypothesis that the underlying local ring is a homoemorphic image
of a Gorenstein local ring. Unfortunately, they are not all true for general
Iocal rings: see 11.3.14 below. However, the next four exercises, which are
directed at those readers who arc cxperienced at working with the fibres of
flat homomorphisms of commutative Noetherian rings, show that some of the
above-mentioned results do have extensions which are valid over general local
rings.

11.3.7 Exercise. Suppose that (R,m) is a local ring, that (R’,m’} is a second
local ring, and that f : R — R’ is a flat focal ring homomorphism such that
the extension mR’ of m to R’ under f is m’-primary. Let i € Ny, and let M be
a non-zero, finitely generated R-module with the property that Hi (M) # 0.

(i) Use the Flat Base Change Theorem 4.3.2 to see that there is an R'-
isomorphism H! (M @ R') = HL (M) @z R'.

{ii) Let

Hi(M)=58+---+8,  with§; p;-secondary (1 < j<h)

be a minimal secondary representation of H' (M). For each j = 1,....h, let

u; 0 8; — HL(M) be the inclusion map, and let T; = (u; ® Idg)(S; ®r R').
Show that

H1!;1(I\{) @r R = T+ 4Ty

and that {f () : P AttRf(T,-)} = {pj-} forall j=1,... h
(i1} Show that

Attp(Hp (M)} = {f () - B € Attp(H (M @ R'))}.

11.3.8 Exercise: Weak General Shifted Localization Principle. (See R. Y. Sharp
[38, Theorem (4.8)].) Suppose that (R,m) is a local ring. Let M be a finitely
generated R-module. Let p € Spec(R) and let dimR/p = ¢ Let i € Z and
q € Spec(R) be such that q € p and qR, € Allg, (HéRu(Mp)). Prove that
q & Attr(HITH(M)).

m
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(Here are some hints: use Exercise 11.3.7, and Cohen’s Theorem that & com-
plete local ring is a homomorphic image of a regular local ring, in conjunction
with the Shifted Localization Principle 11.3.2)

11.3.9 Exercise. Use Exercise 11.3.8 to extend 11.3.3 to all local rings.

Thus, in detail, suppose that (R, m) is a local ring. Let M be a non-zero,
finitely generated R-module, and let p € Ass M. Suppose that dimR/p = j.
Prove that Hi(M) # 0 and p € Aw(EHL(M)).

11.3.10 Exercise. Use Exercise 11.3.7 and Cohen’s Theorem that a complete
local ring is a homomorphic image of a regular local ring to provide a ‘local
duality’ proof. valid over an arbitrary local ring, of Theorem 7.3.2.

Thus, suppose that (R,m) is a local ring. Let M be a non-zero, finitely
generated R-module of dimension n. Prove that H (M) # 0 and

Att(H”

nt

(M))={pcAssM :dimR/p=n}.

11.3.11 Exercise. Suppose that (R,n1) is a local ring. Let M be a non-zero,
finitely generated K-module. Let p € Supp(M), and let depthy M, = 4 and
dim R/p = {. Show that H3+ (M) # 0.

11.3.12 Theorem. Suppose that (R,m) is a local ring. For a subset Z of Spec(R),
we denote by minZ the set of minimal members of Z with respect to inclusion, by
Z the closure of Z in the Zaviski topology, and by 7 the ‘punctuved’ set Z \ {m}.

Suppose that R is a homomorphic image of a Gorenstein local ring, and let M
be a finitely generated R-module. Let i ¢ Ny. Then

min {p € Supp (M) : depth M, + dimR/p = i}
= (min Att g(F (M) \, | Attg(H (M),

Proof. The claim is clear when i = 0, since Attg{HZ,
suppose that i > 0.
Suppose that p is a minimal member of

{M)) & {m}. We therefore

S M) = {v € Supp (M) : depth M, + dim R/p’ = i}

Then Hy 8™ %% (My) # 0, by 6.2.8. Thus H™**(M,) has an attached prime:
we show next that pR, is the one and only attached prime of this R,-module.

To this end, suppose that there exists a € Spec(R) with q = p such that
aR, € Attg, (H;;‘:i‘“R/”(Mp )). Then, by the Shifted Localization Principle 11.3.2,
we have q € Attg(H. (M)). Another use of the Shifted Localization Principle
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now shows that C|Rq = Atth (H;J—?qdim R/Q(qu)), so that i — dim R/q = depth Mq

by 6.2.8. Hence depth M, + dim R/qg < i. However, by 9.3.3,
depth My + dim R/q = depth M, + dimR/p = i.
Therefore, since v is a minimal member of ¥*(M), we must have g = p. Hence

Attg, (HI d]mR/D(M;,)) = {pR,}, and a further use of the Shifted Localization

Principle shows that p € Attg{H’ (M)).
Next, we prove that p is a minimal member of Attg(H. (M)). To this end,
suppose that g € Attg(H: (M)) with q = p, and look for a contradiction. Since
= (0 : H (M)) 2 (0 : M), we must have q € Supp{M), so that depth M, is
fmite. Since q < p,

depth M, + dim R/q > depth M, +dim R/p = i,
by 9.3.3. As p is a minimal member of (M), it follows that
depth M, 4+ dim R/q > i.

Therefore, by 6.2.8, we have H "™ */%(M,) = 0, so that
4R, ﬁAttR (Hz dlmR/q(M ))

and q ¢ Attg(H! (M)) by the Shifted Localization Principle. This contradiction
shows that p is a minimal member of Attg(H. (M)).

Next, we show that p ¢ U;—o Attg(HL(M)). Suppose that p = q ¢
Attp(HL{M)) for some integer j with 0 < j < i, and look for a contra-
diction. Then qR, € Atty, {Hip!™"*(My)), so that HJ™™ (M) # 0 and
depth M, + dim R/p < j << i. This is a contradiction.

We have now shown that

min {p € Supp (M) : depth M, + dim R/p = i}
© (min Alttr(H, (M) \ U, Atte(BL(M)).

We now prove the reverse inclusion. Let

p € (min Attg(HL(MN) \ Uy Attr(Hn(M)).
The Shifted Localization Principle shows that
PR, € Atty, (Ht™ (M)
so that HyU™**(M,) # 0 and depth M, + dimR/p < i. Let k € Ny with
k < i—dim R/p: we claim that H;CR,,(MP) = 0. If this were not the case, then there
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would exist q € Spec(R) with q < p such that qR, & Attg, (H{;R (Mp)) The
Shifted Localization Principle would then show that q € Attg(He ™2 (an),
and since k + dim R/p < i, this would contradict the hypothesis that » ¢
UI o Attr (H HL(M)). Thus H{;RU(M,,) =0 for all k < i~ dim R/p, as claimed. It
follows from 6.2.8 that

depth M, 4+ dim R/p =i,

so that p € *(M). Finally, if p were not a minimal member of (M), then
it would strictly contain a minimal member » of (M), and, by what we
have already proved in the first three paragraphs of this proof, such a p’ would
belong to Attz(H] (M)), contrary to the fact that p is a minimal member of
this set. Hence

min {p € Supp(M) : depth M, + dim R/p = i}

= (min Attg(HL (M) \U} b AR (HL(M)). 0
11.3.13 Remark. In our opinion, the formula of Theorem 11.3.12 encapsulates
In a concise manner important information connecting attached primes of
local cohomology modules (with respect to the maximal ideal of a local ring
satisfying certain conditions) and adjusted depths. For example, we show now
that it essentially contains the result of Faltings’ Annihilator Theorem 9.5.1
in the case in which (R,m) is a homomorphic image of a Gorenstein local
ring and a = m. We consider this to be of interest, even though Exercise 9.6.6
provides a stronger result.

Let M be a finitely generated R-module and let b he a proper ideal of R.
Recall from 9.1.5 and 9.2.2 that

foMy=inf{ie Ng:b ¢ GO HL (M)}
and
A2 (M) = inf {adj,, depth M, : p € Spec(R}\, Var(b)}
= inf {depth M, +htm/p : p &€ Spec(R) \, Var(b)}

Let i € Ny. Observe that, by 7.2.11(ii), b & /0 : H](M)) if and only
if' there exists » € Attgp(HL (M))" Var(b), that is, if and only if there exists
peE (mm AttR(Hf”(M))) \ Var(b) (with the notation of 11.3.12). Hence 2 (M),
if finite, is equal to the least integer i for which the set

m

(min Attg(H} (M) \ Ui—g Atte(H(M))

containg a prime outside Var(b). It therefore follows from Theorem 11.3.12 that
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f2 (M) = 2% (M); this is the conclusion of Faltings’ Annihilator Theorem 9.5.1

m

in this special case.

11.3.14 Exercise. This exercise shows that if, in Corollary 11.3.5, the hypothesis
that the local ring (R.nt) be a homomorphic image of a Gorenstein local ring
is dropped, then the corresponding statement is no longer always true. At the
same time, we shall show that the Shifted Localization Principle 11.3.2 18 not
true for all local rings.

For a counterexamplc suppose that (R, m) is a 2-dimensional local domain
whose completion (R jft) possesses an embedded prime ideal P (associated to
its zero ideal). Such an example has been constructed by D. Ferrand and M.
Raynaud in [14]. Use Exercises 11.3.9 and 11.3.7 to prove that 0 € Att( H}(R)),
and deduce that the result of Corollary 11.3.5 is not true for all local rings.

Show also that, for each p € Spec(R) having dim R/p = 1,

OR, gZAttRu( O (R, )).

Deduce that the Shifted Localization Principle 11.3.2 is not true for all local
rings. (The Weak General Shifted Localization Principle 11.3.8 shows that one
of the implications in 11.3.2 does remain true in general)
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Foundations in the graded case

If our Noctherian ring R is (Z-)graded, and our ideal a is graded, then it is
natural to ask whether the local cohomology modules HI(R) (i € Ny}, and
H(M) (i € Ng) for a graded R-module M, also carry structures as graded
R-modules. Some of the realizations of these locai cohomology modules that
we have obtained earlier in the book suggest that they should. For instance, if
di,. ..., (where n > 0) denote n homogeneous elements which generate a, then
the Cech complex C*(M) of M with respect to ay,. .., a, 1s composed of graded
R-modules and homogeneous homomorphisms, and so Hi(M) (for i € Ng),
which, by Theorem 5.1.19, is isomorphic to H'(C(MY), inherits a prading. But
is this grading independent of the choice of homogeneous generators for a?
More hopeful evidence is provided by the isomorphism

H.(M) = lim ExtL(R/a", M)
of 1.3.8. For each n € N, since R/a" is a finitely generated graded R-module,
Exth(R/a" M) is actually the graded R-module *Exth(R/a", M) (see [6, pp-
32-33]) with its grading forgotten, and, for n,m € N with n > m, the natural
homomorphism A} : R/a® — R/a™ is homogeneous, so that the induced
homomorphism

* Extp (b, M} © * Exti(R/a™, M) —> * Exti(R/a", M)
is homogeneous; hence lim Exti(R/a", M) is graded, and H!(M) inherits a

grading by virtue of the ?;Elg\]ove isomorphism. But is this grading the same as
that which comes from the approach using the Cech complex described in the
preceding paragraph?

One could take another approach to local cohomology in this graded situa-
tion, an approach which, at first sight, seems substantially different from those

216
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described in the preceding two paragraphs. Again suppose that our Nostherian
ring R is (Z-)graded, and our ideal o is graded. The category *%(R) of all
graded R-modules and homogeneous R-homomorphisms is an Abelian cate-
gory which has enough projective objects [6, p. 32] and enough injective objects
[6, 3.6.2]: we can therefore carry out standard techniques of homological alge-
bra in this category. In particular, the a-torsion functor I'y can be viewed as a
(left exact, additive) functor from *%(R) to itself, and so we can form its right
derived functors *H} (i € Ny} on that category. This will produce, for a graded
R-module M, graded local cohomology modules *Hi(M) (i € Ny), which are
constructed by the following procedure. Since *%(R) has enough injectives, we
can construct an injective resolution of M in this category, that is, we can
construct an exact sequence

& ood i
0M HE S p L E

in *%(R) in which the E’ (i € INg) are injective objects in that category, that is,
they are *injective graded R-modules in the terminology of {6, §3.6]; then we
apply the functor I', to the complex

a ;o y
0—E B E — s B

the i-th cohomology module of the resulting complex is *H!(M) (for each
i € Np). But if we forget the grading on *H!(M), is the resulting R-module
isomorphic to Hi(M), and, il so, is the grading on H.(M) induced by this
isomorphism the same as that which comes from the approaches in the first
two paragraphs of this chapter?

Our main purpose in this chapter is to reconcile these various approaches.
We think it is desirable that it should be established that they all give (up to
isomorphism in *%{R)) the same object of *#(R). Thas we are going to show
that the questions posed at the ends of the first three paragraphs of this chapter
all have affirmative answers.

12.1 *Injective modules

12.1.1 Notation and Terminology. When we writc about a graded ring or
module, it is to be always understood that the grading is by Z. (Of course,
positively graded rings and modules are covered by this.) Also, when we write
that R = B, Ry is a graded ring, it is to be understood that the direct
decomposition is as Z-module and that R,R,, < Ry, for all nym € Z; the
corresponding comment applies to graded modules.
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We shall use the notation and terminology about graded commutative
Noetherian rings and graded modules over them employed by Bruns and
Herzog in [6, §1.5 and §3.6], except that, when our ring R is graded, we shall
use *%(R) to denote the category of all graded R-modules and homogeneous
R-homomorphisms. We shall from time to time quote without proof some
results from the beginnings of the two cited sections of [6]. When R is graded,
we shall use * Spec(R) to denote the set of graded prime ideals of R and, for
t € Z, we shall denote the t-th shift functor by (-)(t) : *€(R) — *#(R): thus,
for a graded R-module M = P, _; M,,, we have (M(1})), = M, for alln € Z;
also, f(O[ (), = f[ w1, for each morphism f in *%(R) and all »n € Z. Note
also that, if N = &B,.z N, is a second graded R-module, then M ®g N is again
a graded R-module: for » € Z, the n-th homogeneous component (M &g N,
is generated, as Z-module, by the clements ¢ @ b with @ € M;, b € N; and
i+ j=n See [6, 1.5.19].

It is perhaps worth pointing out that the use in the introduction to this
chapter of concepts from Abelian category theory in connection with *#(R)
does not cause much complication for us: if f : M — N is a morphism in
*¢(R) (that is, if M and N arc graded R-modules and f is a homogeneous
R-homomorphism), then the ordinary kernel and image of f are graded sub-
modules of M and N respectively, and act as Ker [ and Tm f in *%(R); also, a
sequence M —> N — P of objects and morphisms in *#(R) is exact in that
category il and only if it is exact in €(R).

A word of caution is appropriate. For a graded R-module N, Bruns and
Herzog define, for i € Ng, *Exty( ., N) to be the i-th right derived functor
in *&(R) of *Homp(.,N). As indicated above, we shall follow this ‘first
variable only’ usage; we shall also try to avoid excessive involvement with the
homological algebra of the category *%(R). There are occasional drawbacks
to this approach: for example, part (i) of the lemma below actually has to be
proved!

12.1.2 Lemma. Assume that R is graded, and let 1, M be graded R-modules with
I *injective.

(i) We have * Exth(M, 1} =0 for all i € N.

(i) If M is finitely generated, then Extp(M,I1) =0 for all i € N.

Proof. (1) There is a *projective R-module F and a homogeneous R-
epimorphism yp : F — M;let K = Ker y. Since F is *projective, * Exty(F, 1) =
0 for all i € N. The exact sequence

0K —F 5 M9
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therefore induces an exact sequence
0 — * Homg(M,I) — * Homg(F,I) — * Homg(K,I) — * ExtL(M, 1) — 0

(in the category *%(R)) and homogeneous isomorphisms *Extp(K,I) =
*Exti }(M, 1) for all i € N.

The induced homoemorphism * Homg(F,I}) — ¥ Homg(K,T} is surjective
because ! is *injective. Hence * Exth(M,I) = 0. But M was an arbitrary graded
R-module; therefore * Ext}z(K,I) =0, and so * Ext'}{(M,I) = (. A simple
inductive argument will complete the proof of part (i).

(ii} This is now immediate, since if, for finitely gencrated M, we forget the
grading on * Exth(M,I), then we obtain the ordinary ‘Ext’ module Extgp(M,1)
{see [6, pp. 32-33]). O

Lemma 12.1.2 already enables us to prove the following result, which will
play a key rdle in this chapter.

12.1.3 Proposition. Assume that R is graded and that the ideal o is graded. Let
I be a *injective graded R-module. Then I is I -acyclic.

Proof. For each n € N, the graded R-module R/q" is finitely generated, and
so Exti(R/a™, 1) = 0 for all i ¢ N, by 12.1.2. Hence

Hi(I) = lim Exty(R/a",1) =0 forallie N. O

nEN

The following exercise establishes a graded analogue of the well-known Baer
Criterion (see [52, Theorem 3.20]) for a module te be injective.

12.1.4 $FExercise. Assume that R is graded, and let I be a graded R-module.
Show that I is *injective if and eonly if, for each graded ideal b of R, each i € Z
and each homogeneous homomorphism f : b — T of degree i, there exists a
homegeneous homomorphism f : R — J of degree i such that f'[, = f.

We made use of the (ungraded) Baer Criterion in our proof of Proposition
2.1.4, and the graded version in the above exercise can be used in a similar way
to establish a graded version of that proposition. This 15 the subject of the next
EXErcise.

12.1.5 £Exercise. Assume that R is graded and that the ideal a is graded. Let [
be a *injective graded R-module. Show that I'y(I) is *injective.

12.1.6 Remark. Assume that R is graded.
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In this chapter, much use will be made of the concepts of negative connected
sequence (and negative strongly connected sequence) of covariant functors from
*%(R) to *¥(R’), where R’ is a commutative graded ring. These concepts, and
the concepts of homomorphisms and isomorphisms between such sequences, are
defined by making the obvious modifications to the definitions in 1.3.1 and 1.3.3.
We shall leave the detailed formulations to the reader, but we do stress that, if
(T)en, is a negative connected sequence of covariant functors from *#'(R) to
*(R), and 0 — L oM N — 0 s an exact sequence in *¥(R), then
not only are the induced homomorphisms T'(f) : T'(L) — T{M) (i € Np)
and Tg) : T'(M) — T'(N) (i € Ny) homogeneous, but all the connecting
homomerphisms T/(N) — T'{L) (i € Ny) are homogeneous too.

For the reader’s benefit, we include an exercise to cover the existence of an
isomorphism between connected sequences in certain circumstances: the reader
should be able to solve it by imitating the techniques he or she used for 1.3.4.

12.1.7 ZExercise. Assume that R is graded, and let R’ be a commutative graded
ring. Let (Ti):'E]Nu and (Uf)l.EINU be negative connected sequences of covariant
functors from *#(R} to *%(R'}.

(i) Let 4% : T — U? be a natural transformation of functors. Assume
that

(a} the sequence (T")en, is strongly connected, and
(b} T'(I) = 0 for all i € N and all *injective graded R-modules I.

Show that there exist uniquely determined natural transformations v’ : TF —
U' (i € N) such that (9ien, : (Then, — (U'ien, is @ homomorphism of
connected sequences,

(ii) Now let 2" : T% — U® be a natural equivalence of functors. Assume
that

(a) the sequence (T );cw, is strongly connected,
(b} the sequence (U');en, 1s strongly connected, and

{c) for all *injective graded R-modules I and all i € N, we have
THI)=UYI)=0.

Show that there exist uniguely determined natural equivalences ¢ : T —
U (i € N) such that (p'hen, @ (Tien, — (Uien, is an isomorphism of
connected sequences.
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12.2 The *restriction property

12.2.1 Definition. Assume that R is graded, and let R’ be a commutative graded
ring. :

Let T : ¥(R) — %(R’) be a covariant functor. If

(i) whenever M is a graded R-module, the R'-module T{M) is graded, and
(ii) the gradings in {i) are such that, whenever f : M — N is a homo-
geneous homomorphism of graded R-modules, then T{(f) : T(M} — T(N} is
homogeneous,
then we say that T haos the *restriction property (with respect to the gradings
gpectfied m (1))

Of course, the restriction of T to *¢(R) is a functor T[: *$({R) — E(R).
(We should, strictly speaking, denote T| by T[*%(R)., but we shail use the
shorter notation in the interests of simplicity.) Note that T has the *restriction
property if and only if T| can be viewed as a functor from *%(R) to *@(R).

12.2.2 Example and Definitien. Assume that R is graded, and that the ideal a is
graded. For a graded R-module M, the submodule To(M} =), (0 ar a") is
graded, and T, has the *restriction property. Thus T';| can be viewed as a {left
cxact, additive) functor from *&(R) to itsclf. Since *#(R) has enough injectives,
we can form the right derived functors *H/ (i € Ng) of I';| on that category,
as explained in the third paragraph of the introduction to this chapter.

Then (*H!)en, is an example of a negative strongly connected sequence of
covariant functors from *%(R) to itself.

12.2.3 Definition. Assume that R is graded, and let R’ be a commutative graded
ring,

Let T.U : ¥(R) — %(R’) be covariant functors. Let o : T — U be
a natural transformation of functors (from %(R) to %(R’)). Of course, the
restriction of o to *%(R) provides a natural transformation x[: T[— U[ of
functors from *¢(R) to €(R).

Now assume that both T and U have the *restriction property. We say that
o has the ®restriction property precisely when, for every graded R-module M,
the R’-homomorphism % : T(M) — U{M} is homogeneous.

Note that this is the case if and only if #[ can be viewed as a natural
transformation «[: T[~— UJ of functors frem *#(R) to *&(R’}.

12.2.4 Remark, Observe that, if, in the notation of 1223, : T —» U is a
natural equivalence of functors which has the *restriction properiy, then the
inverse natural equivalence o' ; I/ — T also has the *restriction property.



222 12 Foundations in the graded case

Note also that, if V : %(R) — %(R’) is a third covariant functor having the
*restriction property, and both o and a natural transformation f : U — V
have the *resiriction property, then the composition f oo : T — ¥V again has
the *restriction property.

12.2.5 Definition. Assume that R is graded, and let R" be a commutative graded
ring.

Let (T9)=n, be a negative strongly connected sequence of covariant functors
from %(R) to F(R’). We can regard (T'[)ien, as a negative strongly connected
sequence of covariant functors from *#(R) to €(R').

We shall say that (T%)en, has the *restriction property precisely when

(i) T' has the *restriction property for all i € Ny; and

(ii) whenever 0 — L. — M — N — 0 is an exact sequence in the
‘oraded’ category *#(R), the connecting homomorphisms T'(N) — T*YL) (i €
Np) (which exist by virtue of the fact that (T'),cn, is a connected sequence) are
all homogencous.

Note that this is the case if and only il (T[)ien, can be viewed as a negative
strongly connceted sequence of covariant functors from *#(R) to *€(R').

12.2.6 Definition. Assume that R is graded, and let R be a commutative graded
ring.

Let (T*)ien, and (U')en, be negative strongly connected sequences of covari-
ant functors from %(R) to ¥(R’), and assume that both these sequences have
the *restriction property of 12.2.5. Let ¥ = (¢ ien, * { T hen, — (U'hien, be
a homomorphism of connected sequences. We say that ¥ has the *resmriction
property if and only if, for all i € Ny, the natural transformation p' has the
*restriction property of 12.2.3.

The next proposition will enable us to present an important example of a
negative strongly connected sequence of covariant functors from #(R) to €(R)}
which, when R is graded, has the *restriction property.

12.2.7 Proposition. Assume that R is graded; let G, M be graded R-modules with
G finitely generated. By [6, pp. 32-33], for each i € Ny, Exty(G, M)} is actually the
graded R-module * Extp(G, M) with its grading forgotten; hence each Extk(G, M)
has a natural structure as graded R-module, and these structures are such that,
il G' is a second finitely generated graded R-module and h : G — G’ is a
homogeneous homomorphism, then Exty(h, M) @ Exti(G, M) — ExtR(G, M) is
also homogeneous.

Moreover, with respect to these graded R-module structures, the negative
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strongly connected sequence (Extk(G, . ))ieNu of covariant functors (from G(R)
to itself) has the *restriction property (see 12.2.5).

Proof. Only the claim in the second paragraph requires proof. Let P, be a
*projective resolution of G in *@(R) such that each term in P, is, as R-module,
finitely generated and free.

An exact sequence 0 — L' — M’ — N’ — 0 in ¥{R) induces a sequence

0 — Homp(P,, L') — Homg(P,,M") — Homg(P.,N') — 0

of complexes of R-modules and chain maps of such complexes such that, for
each i € Ny, the sequence

0 — Homp(P;, L'y —> Hompg(P, M') — Homg(P,,N') — 0

(where P; denotes the i-th term of P,) is exacl. It is straightforward to use
the long exact sequences of cohomelogy modules induced by such sequences
of complexes to turn (H {Homg(P,, . )))fENn into a negative strongly connected
sequence of covariant funclors from ¥(R) to itself, and a standard application of
Exercise 1.3.4(ii) then shows that this negative connected sequence is isomorphic
to (Extz(G. « )} n,-

In particular, when we apply this to a morphism f : M — M’ in *¢(R), and
to an exact sequence 0 — L — M — N — 0 of graded R-modulcs and
homogeneous R-homomorphisms, there result, for each i € Ny, commutative
diagrams

H(Homg(P., M))

Hi(Homg(P., M"))

Iz
4

Exth(G.f)

ExtL(G, M) Exth(G, M)

and

Hi(Homg(P.,, N}) H™'(Homg(P., L))

i

R
] |

ExtiR(G, N) Exti (G, L)

4

In these circumstances, Homg(P,, M), Homg(P.,M'), HomgiP.,,N) and
Homg(P.,L) are complexes of graded R-medules and homogeneous R-
homomorphisms, so that all their cohomology modules are graded, and it



224 12 Foundations in the graded case

is easy to check that the top horizontal homomorphisms in the above two
commutative diagrams are homogeneous. Furthermore, the graded module
structures on Exty (G, M), Extk(G, M"), Exti(G, N) and Exty (G, L) induced by
the vertica! isomorphisms in the diagrams are preciscly the graded module
structures referred to in the first paragraph of the statement of the propesition.
All the claims follow easily from these observations. O

12.2.8 Remark. Assume that R is graded. Let (A, 5) be a (non-empty) di-
rected partially ordered set, and let (W,).ea be a direct system of graded
R-modules and homogeneous R-homomorphisms over A, with constituent R-
homomorphisms hf;. : Wy — W, (for each (x, f) € A x A with 2 = $). We can
forget the gradings and calculate the ordinary direct limit

W.. = lim W,,

uEA

in €(R): let h, : W, — W, be the canonical map (for each u € A). It should
be noted that W, inherits a natural grading, for which all the h, (¢ € A} arc
homogeneous, and that W, actually acts as the direct limit of the direct system
(W, ).ea in the category *¢(R).

12.2.9 Examples. Assume that R is graded and that the 1deal a is graded.
(i) For n,m € IN with n = m, the natural homomorphism A7, : R/a" — R/a"

Ll

is homogeneous. It follows from 12.2.7 and 12.2.8 that the negative strongly
connected sequence of covariant functors

(lim Exth(R/a", . ))
nelN =Ny

from #(R) to itself has the *restriction property.

(i} Let ag,...,a, (where # > 0) denote n homogeneous elements which
generate a. Let C* denote the Cech complex of R with respect to ay,...,ay, as
in 5.1.5. Then it is straightforward to check that the negative strongly connected
sequence of covariant functors (H'({.) ®r C ))iery, from %(R) to itself has the
*restriction property.

12.2.10 £Exercise. Assume that R is graded, and that the ideal a is graded.
Show that the functor D, and the natural transformation » of 2.2.4(i)(c) have
the *restriction property.
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12.3 The reconciliation

Qur first theorem in this section will enable us to answer quickly the various
questions raised in the introduction fo this chapter.

12.3.1 Theorem. Assume that R is graded, and let R’ be a commutative graded
ring.

Let (Tien, be a negative strongly connected sequence of covariant additive
functors from €{R) to €(R'). Suppose that, for each graded R-module M, a grad-
ing is given on T°(M), and that, with respect to these gradings, T has the
*restriction property. Suppose further that T'(I) =0 for all i € N whenever I is
a *injective graded R-module.

Then there is exactly one choice of gradings on the T{M) (i € N, M a graded
R-module ) with respect to which (T e, has the Frestriction property.

Furthermore, if we denote by *T : *%(R)} —- *%(R’) the (necessarily left
exact) functor induced by T[ (see 12.2.1), then there is a unique isomorphism

(9 Yien + (T Tieny — (AT e,

of negative strongly connected sequences of covariant functors from *H(R) to
*G(R') for which w° : T°[ = *T% — F°(*T") is the canonical natural equiva-
lence.

Proof. We first show, by induction on t € Ng, that, if (T')ien, has the
*restriction property, then the gradings on the R'-modules TH{M) (M a graded
R-module} are uniquely determined by the gradings on the R'-modules TL)
(L a graded R-module). This statement is certainly true when ¢ = 0, and so we
suppose now that t > 0 and the statement is true for smaller values of t.

Let M be an arbitrary graded R-module. Since the category *#(R) has
enough injective objects, there is an exact sequence

0 M-l -55N—0

in *¢(R) with I a *injective graded R-module. The hypotheses and the as-
sumption that {T9);c, has the *restriction property therefore lead to an exact
sequence

T g}
T=1{1) ——» TUN)

THM) —— 0

of graded R'-modules and homogeneous homomorphisms. Since, by the in-
ductive hypothesis, the grading on T !(N) is uniquely determined by our
assumptions, it follows that the grading on T*(M) is similarly uniquely deter-
mined.
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Thus there is at most one choice of gradings on the T(M} (i € N, M a
graded R-module) with respect to which (T7);en, has the *restriction property.
We still have to show that there is one such choice.

Since (T")icn, is a negative strongly connected sequence of covariant functors
from %(R) to ¥(R’), it is automatic that T is left exact. Therefore *7T° :
“G(R} —> *€(R') is left exact (and additive), (#'(*T))icn, is a negative
strongly connected sequence of covariant functors from *%(R) to *%(R’), and
there is a canonical natural equivalence p° : TO[ = *T% — #°(*TY). Note
that !, is homogeneous for each graded R-module M.

Now forget, temporarily, the grading on R': then (#'(*T%))ien, and (T[)ien,
are negative strongly connected sequences of covariant functors [rom *%(R) to
ER) and p : Tl — #°(*TY) is a natural equivalence (of funciors from
*E(R) to €(R')). Moreover, T'(I) = #(*TWI) = 0 for all i € W and all
*njective graded R-modules I.

At this point, regard, again temporarily, R’ as trivially graded (see [6.
1.5.3(b}]): we can use 12.1.7(ii) to see that there exist uniquely determined natu-
ral equivalences ' : T'[ — #'(*T%) (i € N) such that (ien, (T Jiew, —
(#(*T"))ien, 15 an isomorphism of connected sequences (of functors fror:
*E(R) to €(R')).

Now remember the original gradings on R’ and its graded modules: for eac™
graded R-module M and each i € N, the R'-module #'(*T )} M) is gradec.
For such i and M, we can define a grading on TY(M) in such a way thz:
the R'-isomorphism v}, : TH(M) = H'(* T} M) is homogeneous. With thes=
gradings in place, all the remaining claims of the theorem follow routinely, —

We now draw corollaries from Theorem 12.3.1 which enable us to answe:
questions raised in the introduction to this chapter. In them, we identify a l=-
exact functor with its 0-th right derived functor in the canonical way.

12.3.2 Corollary. Assume that R is graded, and let R’ be & commutative grad::
ring.

Let T be a left exact additive covariant funcior from €(R) to €(R'). Supr--.
that, for each graded R-module M, a grading is given on T(M), and that, with
respect to these gradings, T has the *restriction property. Suppose firther that
each *injective graded R-module I is T-acyclic, that is, #' T(I} = 0 for all i ¢ N.

Then there is exactly one choice of gradings on the ZT(M) (i ¢ N, M a
graded R-module ) with respect to which (9T icw, has the *restriction property.
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Furthermore, if we denote by *T : *&(R) — *¢(R') the functor induced by
T1, then there is a unique isomorphism

(9 ey < (2 T)Diemy —> (' (*T)hiens,

of negative strongly connected sequences of covariant functors from *€(R) to
*E(R'Y for which p° . T[ =*T — *T is the identity. O

We now apply Corollary 12.3.2 to T', (in the case where R is graded and a
is graded). That I, then saiisfies the hypotheses of 12.3.2 follows from 12.2.2
and 12.1.3. Recall the notation *H (i € Np) (introduced in the third paragraph
of the introduction to this chapter, and discussed also in 12.2.2) for the right
derived functors (in the category *${R)) of T,[ : *&(R) — *#(R).

12.3.3 Corollary: comparison of ordinary and graded local cohomolegy, Assume
that R is graded and that the ideal a is graded.

There is exactly one choice of gradings on the H.(M) (i € N, M a graded R-
module ) with respect to which (H!).en, has the *restriction property; furthermore,
when these gradings are imposed, there is a unique isomorphism

(@ )ien, © (HLDieny — (KHien,

of connected sequences of covariant functors from *®(R) to itself for which 30 is
the identity. O

12.3.4 Remark. In the sitnation of Corollary 12.3.3, for a graded R-module M,
we do, of course, grade the H:(M) (i € N) using the unique gradings for which
the conclusions of that corollary are satisfied.

We have therefore made some progress towards our aims for this chapter;
the next resull will enable us to complete the task quickly.

12.3.5 Theorem. Assume that R is graded and that the ideal a is graded.
Let (T)ew, be a negative strongly connected sequence of covariant additive
functors from €(R) to itself. Suppose that

A = (}'i)iEEN(J : (Ti)EEINn ; (H(I-))'F'E]N()

is an isomorphism of connected sequences (from €(R) to itself ). Suppose that, for
each graded R-module M, a grading is given on T'(M), and that, with respect
to these gradings, T has the *restriction property. Suppose also that i° has the
*pestriction property.
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Then there is exactly one choice of gradings on the T'(M) (i € N, M a graded
R-module ) with respect to which (T)en, has the *restriction property; with these
gradings (and those of 12.3.4) imposed, A has the *restriction property of 12.2.0.

Proof. By 12.1.3, we have T/(I) = Hi(I} = 0 for all i € N whenever I is a
*injective graded R-module. Therefore, by 12.3.1, there is exactly cne choice
of ‘gradings on the T/(M) (i € N, M a graded R-module) with respect to
which (T")ew, has the Frestriction property. For each graded R-module M
and each i € N, we can define a grading on H(M) in such a way that Ay, is
homogeneous: it is then automatic that, with respect to these gradings, (Hl)icw,
has the *restriction property, and so these gradings must be those of 12.3.3 and
12.3.4. All the claims of the theorem now follow easily. O

12.3.6 Remarks. Assume that R is graded and that the ideal a is graded.
(1) We apply Theorem 12.3.5 to the isomorphism

O, = (qf;‘ﬂ) : (hm Exth(R/a", .')) = (Hfl)
ieNg — icNy
rEN ieNy
of negative strongly connected sequences of functors (from €(R) to itself) of
138, Tt is clear from the definition of ¢ n 1.2.11(11) that it has the *restriction
property. Hence Theorem 12.3.5 can be applied: there is exactly one choice o
gradings (and that was described in 12.2.9(i}) on the lim Extp(R/a", M) (i € N

HEN
M a graded R-module) with respect to which

(lim ExtR(R/d", . ))
nEN ieNp

has the *restriction property; with these gradings, ®, has the *restriction
property.

(it} Let ay,....a, {where n > 0) denote n homogeneous elements which
generate a. Let C* denote the Cech complex of R with respect to ay,....a,,
as in 5.1.5. 1t is easy to check that Theorem 12.3.5 can be applied to the
isomorphism

(P)ieng : (H((+) ®r CVianty — (Hiew,

of negative strongly connected sequences of functors (from %(R) to itself) of
5.1.19, The conclusion is that there is exactly onc¢ choice of gradings (and that
was deseribed in 12.2.9(ii)) on the H'(M ®g C*) (i € N, M a graded R-module)
with respect to which (H((.) ®r C*)}iew, has the *restriction property; with
these gradings, (y')ien, has the *restriction property.
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(iii) In short, if we use the isomorphism of connected sequences

o i . i i f = i
(Dﬂ - (éa)EGJNo ’ (1}2 EXtR(R/a o )) — (HQ)IEINO
nelN ieINg
of 1.3.8 to define gradings on the H:(M) (i € N) (for a graded R-module M),
or if we use the isomorphism of connected sequences

(7w, : (H'((+) @ C)ien, = (Hi)ie,

of 5.1.19, with any choice of homogeneous generators for a, to define gradings
on the Hi(M) (i € N), the resulting gradings are always the same, and are
precisely those with respect to which (H!);cn, has the *restriction property:
see 12.3.3. (Note also that it would make no difference if we used C(M),
the Cech complex of M with respect to aq,...,d, instead of M ®g C*: the
constituent isomorphisms in the isomorphism of complexes of 5.1.9 are all
homogeneous.) Furthermore, as, when these gradings are imposed, there is a
unique isomorphism (3 )en, © (H.[)ien, =, (*H!}iew, of connected sequences
of covariant functors from *#(R) to itself for which 5" is the identity (see again
12.3.3), all the questions posed in the introduction to this chapter have been
answered affirmatively!

Thus, during the rest of the book, when R is graded and the ideal a is graded,
we shall, without further ado, utilize the gradings on the H.(M) whenever M
s a graded R-module; for each n € Z, we shall denote the n-th component of
the graded R-module Hi(M) by H.(M),. We shall also makc much use of the
fact that, whenever

OHLLM—‘Q—)N——)O

is an exact sequence of graded R-modules and homogeneous homomorphisms,
not only are all the terms in the induced long exact sequence of local coho-
mology modules (with respect to a) graded, but all the homomorphisms in this
sequence, including the connecting homomorphisms, are homogeneous. These
are really crucial facts about graded local cohomology.

12.4 Some examples and applications

There will be several instances later in the book where we shall be able to use
to good effect our work in this chapter on the reconciliation of various different
approaches to graded local cohomology. For instance, in the following example,
we show that the Cech complex approach can quickly lead to important
information about graded local cohomelogy over a polynomial ring.
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12.4.1 Example. Let Ry be a commutative Noetherian ring, let n € N, and let
R = Ro[X1,..., X4, the ring of polynomials over Ry, graded in the usual way
(so that X; has degree 1, for all i = 1,...,n).

We propose to use the Cech complex of R with respect to X1,..., X,,

(0 Lo . m- 1
C':0—>C0;>C1—>-“—>C’L>Cl_'1—>"~£—+C”—>O,

in conjunction with 12.3.6 above, to calculate the graded R-module

.....

There is a homogeneous R-isomorphism between this local cohomology module
and

Ry, x,/ (>fd™™ (Rty. XX X)) -

Now Ry, x, is a [ree Ro-module with (X{1 X;) g 258 base; for each
. (igysdn JEE®
t=1,....n its R-submodule

d"! (RXI-..X,_ X ...Xn)

. Let —IN =

is again free as Ro-module, with base (X 4L X

)ul,,,,,in)eZ”, i;=0
{ne Z :n < 0}. It follows that the graded R-module

Rx,.x,/ (Z?;]dni] (Ry,. %, (¥i1%0))

can be considered as a free Rp-module with base

X an)
( 1 T J (i edn)e (=N

and R-module structure such that, for (ir,....&) € (—IN)* and ¢ € IN with
l<t<n, '

t+1°

XX . XP
X 0 if i =l

}):{ XX xR X <,
Moreover, the grading is such that, for (i1,...,i) € (-—IN)" and ro € Ry, the
element roX| ... X} has degree i1 +... + in.

We refer to this graded R-module as the module of inverse polynomials in
X1....,X, over Ry, and denote it by Ro[XT...., X, ]. To summarize, the Cech
complex approach to the calculation of graded local cohomology modules
quickly yields a homogeneous Re[X Lr-..» X, }-isomorphism

Hi, . x,)(Ro[X1,..., X,]) = Ro[X7..... X, 1

,,,,,
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12.4.2 #Exercise. Assume that R is graded and that the ideal a is graded. By
12.2.10, the natural transformation # of 2.2.4{i){¢) has the *restriction property.

(i) Show that the natural transformation {¥ of 2.2.4(i)(c) also has the
*restriction property, so that, for each graded R-module M, ail the homomor-
phisms in the exact sequence

;-D
0 — To(M) 25 M 2 poar) % H(M) — 0
are homogeneous.
(ii) Let e : M —» M’ be a homogencous homomeorphism of graded R-
modules such that Kere and Cokere are both a-torsion. Show that the unique
R-homomorphism ' : M" — D,(M) for which the diagram

¢

M

Mf

Has l

Do(M)

commufes (see 2.2.13) is homogeneous.

12,4.3 4Exercise. Assume that R is graded and let @ be a homogeneous element
of R. Let M be a graded R-module. Show that the isomorphism

@y Dpo{M) = lim Homp(Ra", M) — M,
nEN

of 2.2.16 is homogeneous, and deduce that the isomorphism
Hp (M) = M, /(M/TraM))

of 2.2.18(i) is also homogeneous.

12.4.4 Exercise. Assume that R is graded and that the ideal a is graded. Let
a1,.... 4, (where n > 0) denole n homogeneous ¢lements which generate a. Let
u € N and let K{a*)* denote the Koszul complex of R with respect to af,..., 4},
as in 5.2.1.

(i) Show that K(a")* has the structure of a complex of graded R-modules
and homogeneous R-homomorphisms in which e; A... A e, has degree 0, the
element 1 € K(a*) has degree —u >, dega;, and, fork € {1,...,n} withk <n
and i € #(k,n} (the notation is as in 5.1.4), the degrec of ejy) A ... /A g is
—u Ez;’f deg ai), where j € #(n —k,n} is the n-complement of i (see 5.1.4).
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(i) Let

(6%en, (lim H,. :(K(a", .)-)) =, (H;')_
J— IE]NO
ueN ieNg

be the isomorphism of connected sequences of functors (from %(R) to itself)

of Theorem 5.2.9. Show that (IimH";(K(a’“’, .)')) has the *restriction
. uelN fENQ

property, and that (6')ew, has the *restriction property, so that, for each

graded R-module M, the isomorphism

5t 1 lim H,_{K(a*, M) —— H!
uclN

(M)

18 homogeneous.

12.4.5 tExercise. Assume that R is graded and that the ideal a is graded. It
follows from 12.2.10 that D, has the *restriction property.

(i} Use 12.2.7 and 12.2.8 to show that the negative strongly connected
sequence of covariant functors

(lim Extr(a”, . ))
—
nelN ieNg

from %(R) to itself has the *restriction property.
(it} Recall from 2.2.2 that there is a unique isomorphism of connected
sequences (of functors from #(R) to itself)

o= (1) o, (20e) L (151? Exth(a”, -))
nelN ieNg

which extends the identity natural equivalence from D, to itselll

Let M be a graded R-module. We define structures as graded R-modules
on the #'Dy (M) (i € N) so that the R-isomorphism ¥} ,, is homogeneous for
all i € IN. A consequence of this definition is that the connected sequence
(# Dqa)ien, from €(R) to itself has the *restriction property.

Denote by *D, : *8(R) — *@ (R} the functor induced by D,[. Show that

(ACD)) ,> (D ), (“L“Eﬁ%(“"")[)
nelN €Ny

are three isomorphic strongly connected sequences of functors from *#(R) to
itself.
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(iii) Let i € N. Show that the natural equivalence ¥ : #'D, —» Hi'l
of 2.2.4{ii} has the *restriction property, so that, for each graded R-module
M, there is a homogeneous R-isomorphism #'D,(M) = HI'(M) of graded
R-modules.

Up to this point, this chapter has been fairly technical. In contrast, we end
the chapter with some concrete illustrations of some of the ideas developed so
far: the next exercise introduces the important concept of Veronesean subring,
and this idea is involved in Example 12.4.7 and Exercise 12.4.8.

12.4.6 #Exercise: Veronesean subrings and functors. Assume that R = 9, 7 R,
is graded and that the ideal a is graded. Let r € N and s € Z be fixed. Define
R =D,z R.n: then R is a subring of R, and is itself a graded (commutative
Noetherian) ring with grading given by (R}, = Ry, for all n € Z. We refer to
R with this grading, as the r-th Veronesean subring of R.

Let M =@, .7 My and L = €, _z L, be arbitrary graded R-modules, and
let f : M — L be a homogencous homomorphism, with n-th component
fu o M, — L, for all n € Z We define M = @, _5 M,py. an RY)-
submodule of M| g ;in fact, M is a graded R")-module with grading given
by (M"™), = M, for all n € Z. Note that M = (M(s))"?. Also, we denote
by £ : M) — L9 the homogeneous homomorphism of graded R"-
modules for which (f*), = frus | Mepss — Ly for all n € Z. With these
assignments, (. )" : #*€(R) — *@(R"") becomes an exact additive covariant
functor, which we refer to as the {(r, s}-th Veronesean functor.

Note that, since a is graded, a® := a9 is a graded ideal of R").

(i) Show that there is an isomorphism of R¥-modules

r--1

@ Mt i AMrR(’l-
i=0

(i) Show that a”'R = ja.
(iif) Show that Tym(MT9) = (To( M)V,
(iv) Let b be a graded ideal of R™, and let I bc a *injective graded
R-module. Let j € N. Show that there is an isomorphism of R'")-modules
r—1

€D H{U"H) — il
i=0

and deduce that the R"-module 1% is T'y-acyclic.
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(v) Show that there is a unique isomorphism

© = (§) g, ¢+ ol () e, — (D) e,

of negative strongly connected sequences of covariant functors from *%(R) to
*%(R") for which ¢° is the identity natural equivalence.
(vi) Use 2.2.13 to show that there is a natural equivalence of functors

(Dal )" — Dol (+)")

from *#(R) to *%(RV),

12.4.7 Example. Let K be a field, let d € IN with d = 3, and let Ay, be the
subring of the ring K{X, Y] of polynomials over K in two indeterminates X
and Y given by

Ay = K[XOXTy, xye vd.

This is a subring of the d-th Veronesean subring K[X, Y] of K[X, Y], de-
scribed in 12.4.6; in fact, Ay, inherits a grading from K [X, Y]9.

In this example, it will be convenient, when considering a positively graded
commutative Noetherian ring R* = €P,, R, to denote the graded ideal
@neN R:: by Ril-

Note that Ayy. is the unique graded maximal ideal of 4wy We shall now
illustraté some of the ideas of this chapter by showing that the ideal transform
Dy, (Ais) can be naturally identified with K [X, Y], and then exploiting this
fact to obtain information about Hj , (As).

Let ¢ : Ay — K[X,Y]"¥ denote the inclusion homomorphism. If m :=
X'YJ with i,j € Ny, i+ j = 0 (mod &) and i+ j > 0, then we can write
m=XWYExXxTyeT for some w,v,r € Ng with 0 < r<d Ifr=0,1,d—1 or d,
then m € Ayy. Now suppose that 2 <r <4 —2. Then

YUy = xS yd xydly e Ay
Xd(d»—rml)m - Xqudv(XJf1y)d*r e A([“,
(XdilY)rm — Xqu-dedrYd c A(d)

(XYd—l)r.’—rm _ Xqurfz'Xde(d*r) c A[d]-

Hence Ker ¢ and Coker ¢ are both A g4-torsion. Note that

VA KX, Y19 = /(X4 XY XYL YOK[X, Y]

= (KX, Y1) = (K[X, Y]
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Therefore, by 12.4.6 and the Independence Theorem 4.2.1, we have, for i € INg,
Hj (KX Y] = H) eyl K X Y1)
= H(K[XY _yedl KX, Y] d))
= (Hiy y (KIX, Y)Y,

and this is zero for i =0, 1.
It therefore follows from 2.2.13 that there is a unigue Ay-isomorphism
¢ K[X,Y]¥ — Dy, (Aw) such that the diagram

Ay

K[X,y]@

| gr
= | ¢
e P

Dy, (A

commutes, and from 12.4.2(ii} that ¢’ is homogeneous. Hence, by 12.4.2(i), there
is a homogeneous Ay -isomorphism Coker ¢ = HAM'H-{A[ ). For each n € Ny,
let A, (respectively Bn) denote the r-th component of the graded A4»-module
Ay (tespectively K[X, Y]@). We now compare A, and B,.

First, when 1 < n < d —2 the monomial X?~Y 7~ cannot be expressed as
a product of r factors all taken from {X¢ XY XY Y9l and so A, < B,.

Next, we consider the case where n > d — 2. Of course, X% € 4,; we
therefore consider a monomial of the form XY 4= where 0 <r < n—1
and 0 < s < d— 1. We claim that cither (a} r+s <nor{b)r+s=>d—1:1if this
were not the case, then we should have

n<r+s—1 and r4s=<d-2,
which would imply that n < d — 3, a contradiction. In case {a), we have
Xralsy(nfrjdfs — (X(I)J'(XYoFl)S(Ydjn—nrms e A
“Lily
while in case (b) we have
er-&-SYm—t’)d—:f — (Xd)r—s-‘rl—d(Xd—] Y)d—S( Y d)n——r—wl c An'

Thus A, = B, in this case.
It follows that the n-th component of HA[(M(AM)) is non-zero if and only if
l<n<d—2. '

1248 fExercise. Let K be a field and let R = K[Xy,...,X,], the ring of
polynomials over K in n indeterminates (where n € IN), graded in the usual
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way (so that X; has degree 1, for all i = 1,...,n). Let r € N, and consider the
r-th Veronesean subring R") of R, as in 12.4.6. Thus R") is'the K-subspace of
R generated by

{X?l X;I" IDfeea.,lp Ng, v11+...+0, =0 (mod .")}.

Let RY denote the unique graded maximal ideal of RY. Show that
H;(,,(R“')) = 0 for all i € Ny \ {n}, and deduce from [6, 1.5.8 and 1.5.9]
+

that R is Cohen-Macaulay.
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Graded versions of basic theorems

We have now laid the foundations of graded local cohomology theory in
Chapter 12. Indeed, in the case where R is graded and the ideal a is graded, we
now know that, for a graded R-module M, there is a natural way in which to
define gradings on the tocal cohomology modules H) (M) (i € Ny); furthermore,
whenever f : M — N is a morphism in *%(R), then H:(f) is a homogeneous
homomorphism for all i € Ny; also, whenever

0—nsL—-M-—wN—70

is an exact sequence in the ‘graded’ category *#%(R), then all the homoemeor-
phisms, including the connecting homomorphisms, in the induced long cxact
sequence of local cohomology modules (with respect to a) are homogeneous.
We shall also need in the following chapters the refinements available in the
graded case of such Tondamental results as the Independence Theorem 4.2.1
and the Flat Base Change Theorem 4.3.2, and the theory of local duality of
Chapter 11. This chapter is concerned with such refinements. In fact, one could
take the view that part of this chapter is a rapid retracing of steps through
earlier chapters, revisiting many of the highlights in order to ‘add graded frills’!
Often, but not always, we shall present graded versions by means of exercises.

13.1 Fundamental theorems

13.1.1 Notation and Terminology. We shall employ the notation and terminology
concerning graded rings and modules described in 12.1.1. In addition, when
R is graded and the ideal a is graded, and M is a graded R-module, we usc
H{(M), to denote the n-th component of the graded R-module H.(M) (for
ieNyand n e Z).

Suppose that R is graded, and let M = B,z M, be a graded R-module.

237



238 13 Graded versions of basic theorems

We define the end of M by end(M) := sup{n € Z : M, # 0} if this supremum
exists, and oo otherwise. (We adopt the convention that the supremum of the
empty set of integers is to be taken as —co, and we interpret —oc + £ as —oo
for all t € Z.) With analogous conventions, we similarly define the heginning of
M, denoted by beg(M), to be inf {n € Z : M, # 0} if this infimum exists, and
—o otherwise.

We shall use ‘deg’ as an abbreviation for degtee {of a non-zero homogeneous
element of R or of a graded module over R). For a graded prime ideal p of
R, the notations Ry and M, will denote the homogeneous localizations of R
and M respectively at p. The concept of homogeneous localization is explained
in [6, p. 30]; it should not be confused with a different concept for which
Hartshorne, in [22, p. i8], uses the notation ‘). We shall say that R is *local
precisely when R has exactly one *maximal graded ideal, that is (see [6, 1.5.13]),
exactly one maximal member of the set of proper graded ideals. The statement
‘(R,m)} is *local’ is to be interpreted as meaning that m is the unique *maximal
graded ideal of the graded ring R. For an ideal b of R, we shall denote by b*
the graded ideal generated by all homogeneous elements of b.

13.1.2 Definition and Remark. Assume that R is graded, let R' = D, 5 R be a
commutative graded ring, and let f : R — R’ be a ring homomorphism.

We say that f is homogeneous precisely when f(R,) < R, for all n € Z.
Assume that this is the case. Let M’ = @, M, be a graded R'-module.
Then the same direct sum decomposition provides the R-module M'[ r with a
structure as graded R-module, Thus, in the terminology of 12.2.1, the functor
[ & 1 €(R"Yy — %(R) has the *resiriction property.

Whenever we regard, in such circumstances, a graded R'-module M’ as a
eraded R-module, it is to be understoed that the same grading is used for the
two structures. Thus we can write (M'[ g}, = (M})[ g, foralln e Z.

13.1.3 Proposition. Assime that R is graded and that the ideal a is graded, and let
R =@,z R, be a second commutative Noetherian graded ring. Let f : R — R
be a ring homomorphism which is homogeneous (see 13.1.2).

The natural equivalence of functors
& :DnR’('JlnR — Dl I-R}
of 2221 (from €(R') to €(R)) has the *restriction property.

Proof. Since aR' is a graded idecal of R', it follows from 12.2.10 and 13.1.2
that both Doe( .} & and D.(- [ g) have the *restriction property.
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Let M’ be a graded R'-module. The homomorphism
Horear | R M| g — Do (M)[ &

is homogeneous by 12.2.10, and has kernel and cokernel which are a-torsion

by 2.2.21. The result therefore follows from 12.4.2(11). O

13.1.4 #Exercise: Graded Mayer-Vietoris Sequence. Assume that R is graded
and that the ideal a is graded; let b be a second graded ideal of R. Show
that, for a graded R-module M, all the homomorphisms in the Mayer-Vietoris
Sequence (see 3.2.3)

0— HY (M) — HYM)® HJ(M) —— H{. (M)
H! (M)

a+bh

HI{M) & HL (M)

Hipp (M)

—— Hiy (M) ——— (M) ® B{(M) —— Hi(M)

e HEWM) ——

are homogeneous.

13.1.5 #Exercise. Assume that R is graded and that the ideal a is graded; let
i € Ng.

(i} Let (A,<) be a (non-emply) directed partially ordered set, and let
(W,leea be a direct system of graded R-modules and homogeneous R-
homomorphisms over A, with constituent R-homomorphisms hﬁ Wy - W,
(for each (=, ) € A x A with o = f). (See 12.2.8))

Show that the isomorphism

lim Hi(W,) —» H. (lim WI)
given by Theorem 3.4.10 (see also 3.4.1) 18 homogeneous.
(ii) Let (Lglocq be a non-empty family of graded R-modules. Show that

the isomorphism
H(l; (@UEQ LU) i’ @{)eg Hé(Lf?)
given by (Theorem 3.4.10 and) Exercise 3.4.5 is homogeneous.

Next we use Theorem 12.3.1 to establish quickly graded versions of the
Independence Theorem 4.2.1 and the Flat Base Change Theorem 4.3.2.
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13.1.6 Graded Independence Theorem. Assume that R = @, 4 R, is graded
and that the ideal a is graded, and let R' = D, R, be a second commutative
Noetherian graded ring.

Let f : R — R be a ring homomorphism which is homogeneous (see 13.1.2).

i} Both the regative (strongly) connected sequences of covariant functors
g q 4
(Hog () wbersy  and — (HI(+ ] rDiens,

Jrom G(R') to G(R) have the Frestriction property.
(it} The isomorphism of connected sequences

A= (e ¢ (Hig (Ol Rliemte —> (HEC T R)envg

of 4.2.1 has the ¥restriction property. Consequently, for each i € Ny and
edach graded R'-module M', there is a homogeneous R-isomorphism

Ayt Hig (M) = Hoy(M").

Proof. (i) Since f is homogeneous, the restriction functor [ g : €(R') — %(R)
has the *restriction property of 12.2.1: see 13.1.2. Since, by 12.3.3 and 12.3 4, the
connected sequence (H!)en, (from %(R) to %(R)) has the *restriction property,
it is immediate that (Hi{( . [ r))ien, has the *restriction property. Since the
extension aR’ of a to R under f is a graded ideal, it is just as easy to see that
(Hig A+ W r)icw, has the *restriction property.

(i1} Since A° is the identity natural equivalence from Top . Wr=Tu.[r)
to itself, /° has the *restriction property.

For cach i € Ny and each graded R’-module M’, we can use the grading
on Hi(M'[ g} of (i) to define a grading on H! (M) & in such a way that the
isomorphism

P THIg (MO g = H{(M'[ g)

is homogeneous: we recover the grading of part (i) on the Iup (M) . With
respect to these gradings, (Hig{ )| Rhen, also has the *restriction property.
Since H p(I')[ g == 0 for all i € N whenever /' is a *injective graded R'-module
{by 12.1.3), 1t follows from 12.3.1 that these gradings coincide with the natural
ones used in part (i). All the remaining claims follow from this, O

Below, we shall use a similar argument to establish a graded version of the
Flat Base Change Theorem 4.3.2, However, the reader might find the following
preparatory remark helpful.

13.1.7 Remark. Assume that R is graded, and let M = @, _; M, be a graded
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R-module. Let R = B, 7 R, be a second commutative Noetherian graded
ring, and let f : R — R’ be a ring homomorphism which is homogeneous
(see 13.1.2). Then R'[ g is a graded R-module (as is explained in 13.1.2), and so
M ®pr R’ has a structure as graded R-module. In fact, the direct decomposition
M@z R = @,z(M @ R'), described in 12.1.1 actually provides M @z R with
a structure as graded R'-module, and

(.}@&r R :4(R) — %(R)
has the *restriction property.
13.1.8 Graded Flat Base Change Theorem. Assume that R is graded und that
the ideal o is graded, and let R' = @, .5 R;, be a second commutative Noetherian
graded ring.

FLet f : R —> R’ be a ring homomorphism which is homogeneous (see 13.1.2)
and flat.

(1) Both the negative {strongly) connected sequences of covariant functors
(Hy(+) ®r R}ien,  and  (Hyp{(+) @& R)iew,

from F(R) to F(R’) have the *restriction property.
(it) The isomorphism of connected sequences

e

('hieny : (HA ) @ Rien, — (Hig((+) ®x R Yhien,

of 4.3.2 has the *restriction property. Consequently, for each i € Ny and
each graded R-module M, there is @ homogeneous R'-isomorphism

Phy  Hy(M) ®r R’ = HlpAM ®g R).

Proof. (i) Since f is homogeneous, the functor (.) ®g R’ : ¥(R) — %(R)
has the *restriction property: see 13.1.7. Since the extension aR’ of a to R’
under f is a graded ideal, it foliows from 12.3.3 and 12.3.4 that the connected
sequence (H!p )i, (from €(R') to ¥(R’)) has the *restriction property. Hence
(H!p((+) ®r R))iew, has the *restriction property. It is just as easy to see that
(HI{ .} ®r R e, has the *restriction property.

(ii) Note that, by 4.3.1, the natural equivalence p° has the *restriction
property.

For cach i € Ny and each graded R-module M, we can use the grading on
Hip (M ®g R of (i) to define a grading on H:(M) @ R’ in such a way that the
isomorphism pl, : Hi(M)@g R’ = H! (M ®g R} is homogeneous: we recover
the grading of part (i} on the I',(M) @z R. With respect to these gradings,
(H!{ .} ®R R')iew, also has the *restriction property. Since H:(I) @z R" =0 for
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all i € N whenever I is a *injective graded R-module (by 12.1.3}, it follows
from 12.3.1 that these gradings coincide with the natural ones used in part (i).
All the remaining claims follow from this. O

Next, we explore the behaviour of graded local cohomology with respect to
a shift functor.

13.1.9 Remarks. Assume that R = €D, ., R, is graded; let t € Z and j € No. Let
r, € R, be a homogeneous element of degree ¢, Let G, M be graded R-modaules.

(i) The graded R-modules * Homg(G, M(¢)) and (* Homgp(G, M))(t) are
equal. Since * Ext{'{( .,N) is the j-th right derived functor of * Homg(.,N) 1n
#@(R), it follows thal the graded modules * Ext;"{(G, M(t)) and (* Ext;fz(G, M)(t)
are again equal (and not just isomorphic in *¥(R)). Hence the graded R-modules

lim Ext,(R/a", M(1))  and (limExti.(R/u”,_M)) (1)
neN neN

are equal.

{ii} If we forget the gradings on M and M(z), we obtain the same ungraded
R-module M. By 12.3.6(i),_the grading on H{(M) can be defined from the grad-
ing of 12.2.9(1) on liin Exth(R/a", M) simply by requiring that the isomorphism

neM
- bc_homogeneous. Similarly, we can obtain the grading on HI{M(1)) by
using ¢/ ,; to ‘lift across’ the grading of 12.2.9(i) on lim Exti(R/a", M(t)). It
nel
thereflore follows from part (i) that the graded modules H{(M{¢)) and (Hg (M)(x)
are equal.

(iii) The fact that 2/D,(M(r)) and (#/D,(M)){t) are the same graded R-

module can be deduced in a similar way {rom 12.4.5(ii).

13.1.10 Lemma. Assume that R = P, Ry is positively graded and that the
ideal a is generated by homogeneous elements of degree 0. Let ay = a N Ry. Lef
ne Z We denote by (), 1 T€(R) —— @(Rq) the functor which assigns, to each
graded R-module, and to each homogeneous homomorphism of graded R-modules,
the n-th component.

There is an isomorphism

(HIC uhieny — CHE (- hdbien,

of negative strongly connected sequences of functors from *€(R) to €(Ro).



13.1 Fundamental theorems 243

Proof. Observe that ['y(.)}, and Ty, ((+),) are the same [unctor. Let { = & ezl
be a *injective graded R-module. Since a = opR, it follows from the Graded
Independence Theorem 13.1.6 and Exercise 3.4.5 that, for afl i € N,

0 = HA(1) = i) = Hi,(IT 8) = Hi (D,221)) = B li (L)

Hence [, is Iy -acyclic. Now endow the commutative Noetherian ring R with
the trivial grading [6, 1.5.3(b)]; the result is then an easy consequence of 12.1.7.
O

13.1.11 Example. Assume that R = &
and let L be an Ro-module. We denote

R, 1s positively graded. Let p € Z

nelNy

..ele... a0 L 906..60a...
S
p

(in which all the components other than the p-th are 0), with its obvious
structure as a graded R-module, by 7L

Assume that the ideal a is graded, and let ag = a N Ry. Let [ € Ng. We show
how to use Lemma 13.1.10 to calculate H (FL). Let Ry = @, Rn; observe
that R_ annihilates *L and that a + R, = apR + Ry. The argument of Example
4,22 can be modified to our ‘graded’ situation to produce homogeneous R-
isomorphisms Hy("L) = H,,p (°L) = Hi x(’L). We can now use 13.1.10 to
deduce that, for n € Z,

Hi(L) if n=p,

HA(L)y = Hiy ('L}, = HY, (L)) = { 0" i nip

Hence there is a homogeneous R-isomorphism PHL’;H(L) = HI("L}).

13.1.12 £Exercise. Obtain a ‘graded’ version of Proposition 8.1.2.

In detail, assume that R is graded and that the ideal a is graded; let & be a
homogeneous element of R. Show that, for each graded R-module M, there is a
long exact sequence of graded R-modules and homogenecus R-homomorphisms

0

HS M) —— > HYM) ——— H(M)

Hl oM} ———— HN{M) ——— H (M)

H5+R5(M) ——— Hi{M} —— HiM,;)

H (M) ——
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such that, whenever f : M — N is a homogeneous homomorphism of R-
modules, the diagram

H gy (M) Hi(M) Hi(My) Hi (M)
H ) Hif) Hi{fs) HEL
H (V) Hi(N) Hi(N3) HL (V)

commutes for all i € Ng.

Our next major aim in this chapter is the presentation of a graded apalogue
of (a special case of) the local Lichtenbaum-Hartshorne Vanishing Theorem
8.2.1. Before we come to that, however, we provide a remark which can be quite
useful in graded situations, and also two preparatory exercises.

13.1.13 Remark. Assume that R is graded, and that M is a graded R-module.
(1) Recall from [6, 1.5.6] that if p € Supp(M), then the graded prime p*
also belongs to Supp{M). Hence if M has no graded prime ideal in its support,
then M = 0.
(il) Consequently, if {R,m) is *local (see 13.1.1) and M., =, then M = 0.

13.1.14 £Exercise. Assume that (R, m) is graded and *local and that m is
actually a maximal ideal of R. Let M be a graded R-module. Use [6, 1.5.6 and
1.5.8] to show that dim M = dimpg, M.

13.1.15 fExercise. Assume that R = (B, . R. is positively graded, and that
the subring Ry is a local ring having maximal ideal n.

{1} Show that R is *local with unigue *maximal ideal
m=mg@&R &R, &...®R, &....

(ii} Show that, for all n,i € IN, the a-th component of m™" is contained in
the Ro-modulc m)R,.

(iii) Assume that R # Ry. By [6, 1.5.4], there exist non-zero homogencous
elements y,...,» of R of positive degrees such that R = Ry[yy,..., ] Let
d .= max{degy; : 1 < i<t} Show that Ry 1,44; = m' for all i, j € N.

(iv) Show that the multiplication in R induces a natural ring structure on
the Abelian group [] R,. (The foltowing hint can ease the checking of the

weENg
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ring axioms. For a = (agp,a,....dy,...) € HHE]NO R, and h € Ny, define
dopp = do, a1,...,a1.0,0,...);

show that (acnbzn)ch = (ab)<s for a,b € [] o, Ro)
{v) Assume in addition that Ry is complete. Prove that the inclusion map
R—s HneNu R, provides the m-adic completion of R.

13.1.16 A Graded Lichtenbaum-Hartshorne Vanishing Theorem. Assume that
R =P, n, Ru is positively graded and an integral domain, and that the subring
Ry is a complete local ring having maximal ideal my.

Assume that the ideal a is graded and proper, and that dim R/a > 0. Set
d = dim R. Then HY(R) = 0.

Proof-Letm =my® R R & ... &R, ®.... By 13.1.15, our graded ring R
is *local with nnique *maximal ideal m. Let R, denote the completion of the
local ring Ry, In view of the natural ring isomorphisms

R/m" = R, /(mR,) forne N,

e,

R, iz isomorphic to the m-adic completion of R, which is an integral domain
by 13.1.15.

Note that dim R,,, = d, by 13.1.14, since m is actually a maximal ideal of R.
Since a is graded, all its minimal primes are graded, and so are contained in
nt. Since dim R/a > 0, it therefore follows that m is not a minimal prime of o
Hence

dim (Ru/aRo ) = dim (Ru/aRy) > 0.

We can therefore use the local Lichtenbaum-Hartshorne Vanishing Theorem
8.2.1 to deduce that HY; (Rn) = 0. Thus (H{(R)).. = 0, by 4.3.3. Therefore
HYR) =0, by 13.1.13(ii). O

Next, we come to graded versions of Faltings’ Annihilator Theorem 9.5.1
and Grothendieck’s Finiteness Theorem 9.5.2. Loosely, these graded versions
say that, in the graded case, both theorems can be reformulated so that only
graded prime ideals need be considered. As the Graded Finitencss Theorem
has important geometric sigaificance in connection with the cohomology of
projective schemes, we provide a proof.

13.1.17 Graded Anpnihilator and Finiteness Theorems. Assume that R is graded
and is a homomorphic image of a vegular { commutative Noetherian } ring. Assume
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that the ideal a is graded; let b be a second graded ideal of R such that b € a.
Let M be a finitely generated graded R-module. Then
f2M) = inf {adj, depth M, : p € *Spec(R) \, Var(b)}
= inf {depth M, + ht(a +p)}/p : p € * Spec(R} "\, Var(b)}.

In particular,
folM) =inl {depth M, + ht{a + p)/p : p € *Spec(R) \, Var(a)}.
Proof. By Faltings” Annihilator Theorem 9.5.1,
®(M) = inf {depth M, + ht{a + p)/p : p € Spec(R) \, Var(b)}.

1t is therefore sufficient for us to show that, for each non-graded prime ideal
p & Spec(R) \ Var(b) for which depth M, is finite, the graded ideal p* (see
13.1.1) 18 such that p* € *Spec(R) ", Var(h) and

depth Mp* -F ht(a + p*)/p* < depth M, + ht{a + p)/p.

This we do.

It is well known (see [6, 1.5.6(a)]) that p* is a graded prime ideal of R, and
it is clear that p* 2 b. Also, depth M, = depth pr* + 1, by [6, 1.5.9].

Let 1 == ht{a + p)/p and let g be a mimimal prime of a + p such that
htg/p = ht{a + p)/p. Now, by [6, 1.5.8(b})], we have htp/p* = 1. Since Ris a
homomorphic image of a regular ning, it is catenary, and therefore

htq/p* = hta/p + htp/p* =1+ 1
Since a + p* = a-+p = q, it follows that hit(a + p*}/p* < htg/p* =+ 1,

Therefore
depth M_s + ht(a -+ p*)/p* < depth M, — 1 +¢+1
= depth M, + ht{a +p)/p,

and this completes the proof. O

13.2 *Indecomposable *injective modules

One of our major aims in this chapter is to provide versions of local duality
which apply in ‘graded’ situations, including versions which involve ‘graded
canonical modules. To prepare for this programme, we recall the ‘graded
analogue of the decomposition theory for injective modules over a commutative
Noetherian ring.
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13.2.1 Reminders and Notation. Assumec that R is graded. Let M be a graded
submodule of the graded R-module L.

(i) We say that L is a *essential extension of M precisely when BN M £ 0
for every non-zero graded submodule B of L.

(i) We say that L is a *injective envelope (or *injective hull) of M precisely
when L is a *injective R-module which is also a *essential extension of M.

(iii} {See [6, Theorem 3.6.2].) Fach graded R-module N has a *injective en-
velope, and between any (two *injective envelopes of N there is a homogengous
isomorphism which restricts 1o the identity map of N. We denote by *E(M) or
*FEr(M) one choice of *injective envelope of M .

Some of the results of the next exercise are stated without proof in {6, §3.6].

13.2.2 gExercise. Assumne that R is graded.
(i) Let (M;)ica be a non-empty family of graded R-modules. Show that
B ,cn M, s *injective if and only if M, is *injective for all 2 € A

{(il) A graded R-module is said to be Findecomposable precisely when it
is non-zero and cannot be written as the direct sum of two proper graded
submodules. Show that, for each p € * Spec(R), the *injective graded R-module
*E(R/p) 1s ¥*indecomposable.

(iii) Show also that each *indecomposable *injective graded R-module is
isomorphic (in the category *®(R)) to *E(R/a}n) for some q € *Spec(R) and
nef.

(iv) Let p € *Spec(R) and let » be a homogeneous element of degree i in
R p. Show that multiplication by r provides a homogeneous automorphism
of degree i of *E(R/p). Show also that each element of *E(R/p) is annihilated
by some power of p.

(v) Let p.q € *Spec(R). Prove that, if *E(R/p) = *E(R/q}n) for some
n € Z (in *¥(R)), then p = q.

(vi) Show that each non-zcro *injective graded R-module has a *indeco-
mposable *injective graded submodule which is a direct summand.

13.2.3 #Exercise. Assume that (R, m) is a *local graded ring. Show that
(i) there is a homogeneous isomorphism * Homg(R/m, *E(R/m)) =

{0 m), and

:$E(R,"l]l)
(ii) the graded R-module (0 E(R/m) nt} is just R/m.

13.2.4 gExercise. (See [6, 3.6.3 and 3.6.4].}) Assume that R is graded, and let M
be a graded R-module.
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(i) Show that each *injective graded R-module [ is a direct sum of
*indecomposable *injective graded submodules. (Here is a hint: when I # 0,
apply Zorn's Lemma to the set of all sets of *indecomposable *injective graded
submodules of I whose sum is direct.)

(iiy A minimal *injective resolution of M is a *injective resolution

F .o :
In:0_"10___)1'1'_"'_)...4)]1__)]?'*'1___)_..

of M (in the category *#(R)) such that I” is a *essential extension of Kerd"
for every n € Ny.

Show that M has a minimal *injective resolution, and that the i-th term in
such a resolution is uniquely determined, up to isomorphism in *%(R), by M.
We denote this i-th term by *EY(M), or by *EL(M).

With the notation of 13.2.4, and for an i € Ny, it follows from 13.2.2(iii) that
there is a family (p,)sea of graded prime ideals of R and a family (r,)sen of
integers for which there is a homogeneous isomorphism

EAM) — (P *E(R/p,)(m).
2EA

Of course, we would like, as in the analogous ungraded situation (see 11.1.4) to
be able to show that, for p € * Spec(R), the cardinality of the set {o € A @ p, = p}
depends only on *E'(M) and p (and therefore only on M and p) and not on
the particular decomposition of *E'(M) {as a direct sum of *indecomposable
*injective submodules) chosen. This is indeed the case, and, interestingly, the
cardinalily in question turns out to bc equal to the ordinary Bass number
wi(p, M) of 11.1.4. We are, in the spirit of this book, going to establish this;
however, instead of trying to imitate the standard ‘ungraded’ argument, we
shall employ the following lemma, which is of interest in its own right.

13.2.5 Lemma. Assume that R = @,z Ry is graded. Let M be a graded submod-
ule of the graded R-module E = @,y E, such that E is a Tessential extension
of M. Then E is an essential extension of M.

Proof. For each element x of a graded R-module N, we let w(x) denote the
number of non-zero homogeneous components of x; we refer to w(x) as the
width of x.

Let 0 £ x € E. We show by induction on w(x) (which is necessarily positive)
that RxnM # 0. When w(x) = 1, this claim is clear, since then x is homogeneous
and we know that E is a *essential extension of M.

We thus assume, inductively, that w = w(x) > 1, and that the claim has
been proved for non-zero elements of E of width smaller than w. We can write
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x=rx1+...+x, where x, € E; fori=1,...,wand dy < ... < d,. If there exist

i,j € {1,....w} such that (0 : x;) & (0 : x;), then there exists a homogeneous

element £ € (0 : x;)\ (0 : x;), and O # tx € E with w{ix) < w(x). It therefore

follows from the inductive hypothesis that Rix N M # 0, so that Rx N M # 0.
Therefore, we can, and do, assume that

O0:x)=...=0:xy}=a

Note that a is a graded proper ideal: let p € ass a, so that p is graded and (by [6,
1.5.6(b)(ii)]) there exists a homogeneous element s € R such that p = (0 : sxq).
Therefore

O:sx)=(0:x): =00 :x1):5)=(0sx))=p foralli=1,...,w

It is clear that p < (0 : sx); our next aim is to show that p = (0 : 5x), and we
shall show, by induction on w(r), that, if » € (0 : sx), then » € p. This is easy
when w{r) < 1, since then r is homogeneous and, as sx = Y ; sx;, where the
sx; (i = 1,...,w) have differeni degrees, and rsx = 0, we must therefore have
rsx;=0foralli=1,...,w.

We thus assume, inductively, that ¢ = w(r) > 1, and that the claim has
been proved for non-zero elements of (0 : sx) of width smaller than ». We
can write # = r; + ...+, where r; € Ry, for i = 1,....0 and h; < ... < h,.
Now 0 = rsx = risx; + y, where all the non-zero homogeneous components
of y have degrees greater than hy + degs + d;. Hence rysx; = 0. Therefore
rpe®:sx))=p<=(0:sx),and sory;+...+71, =r-—r & (0 :sx). Since
w(r —r;) = v — 1, it therefore follows from the inductive hypothesis that
r—r; € p; hence r € p and the inductive step is complete.

We have therefore proved that p = (0 : sx). Note that s(x; + ... + x,y—1) I8
a non-zero element of E of width w — 1, and so it follows from the inductive
hypothesis that Rs(x; +... + xu_1) " M 7 0. Therefore, there exists #* € R such
that 0 == #s(x; + ...+ xy1) € M. Since p = (0 : sx;) forall i = 1,...,w, 1t
follows that " & p.

Since E is a ™essential extension of M, there exists »” € R such that 0 #
#sx, € M; note that ¥" & p. Since v is prime, ¥'r" ¢ p = (0 : sx), and s0
¥'r"sx 7 0. But

Fesx = Fs(xn L X ) P sx) € M

This completes the proof. O

13.2.6 Proposition. Assume that R is graded and let M be a graded R-module.
By 13.2.4(1) and 13.2.2(i1), there is a family (P, heen of graded prime ideals of R
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and a family (ny)ees of integers for which there is o homogeneous isomorphism
*E(M) — @o:EA :kE(R/me)(nz)-

Let p € *Spec(R). Then the cardinality of the set {n €A p, = p} is equal
to the ordinary Bass number 10(p, M) (see 11.1.4), and so depends only on M
and p and not on the particular decomposition of *E(M) (as a direct sum of
*indecomposable *injective submodules ) chosen.

Proof. If (Ny)sea is a family of R-modules, then it is easy to see that the
obvious monomorphism &, n No — Daen £ (N,) provides the injective enve-
lope of @,ca Nu: the fact that @, ., E(N,) is injective follows from 10.1.3(i),
and it is an elementary exercise to show that the extension is essential.

For a graded prime ideal g of R and n € Z, it follows from 13.2.5 that
E(*E(R/q)(n}) = E(R/q). Hence, on use of this, the preceding paragraph and
13.2.5 again,

E(M) = E(CE(M)) 2 E(@,cr"E(R/p,)(n)
= @meAE(*E(R/Da)(HO:)) = @aeAE(R/:p:()!

from which the claim is clear. O

We want to extend the result of 13.2.6 to the ‘higher’ terms in minimal
*{njective resolutions. The following exercise concerns a key point in the theory
of Bass numbers for ungraded situations.

13.2.7 #Exercise. Let M be an R-module, and let

0 — EOM) 55 ENM) —> - — E'(M) 5 BT (M)

be the minimal injective resolution of M, so that there is an augmentation
R-homomorphism « : M - E%(M) such that the sequence

4 0 . i .
0 —s M —* EOM) <55 B' (M) o - = EM) -5 EXH (M) —

18 exact.

(i} Show that, for all p € Spec(R) and all i € Ng, the induced homomor-
phism Homp, (R, /pR,.d,) is zero. (Use 11.1.6.)

(ii) Deduce that the induced homomorphism Homg (Ry/pRp, %) 18 an
isomorphism.

It will also be convenient if we record now some further consequences of
Lemma 132.5.
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13.2.8 Remarks. Assume that R is graded and let M be a graded R-module.
Let

0 - *E°(M) S *EN M) = - — FENM) . *EEN MYy — -

be the minimal *injective resolution of M, with associated (necessarily ho-
mogeneous) augmentation homomorphism f : M — *E%(M). Also, let
o M — E%(M) provide the injective envelope of M.

(i) Since E°(M) is injective, there is a commutative diagram

MJ__.., *EO(M)

£

M EO(M)

of R-modules and R-homomorphisms. Also, 13.2.5 shows that *E°(M) is an
essential extension of Im f, and so, since Ker¢° nIm g = 0, it follows that ¢°
is actually a monomorphism.

(ii) Let p € Spec(R) and set k(p) := R,/pR,. Now

Homp, (k(p), 3} o Homg, (k(v), ) = Hompg, (k(p), ),

which is an isomorphism by 13.2.7; on the other hand, the left-exactness of
the ‘Hom® functor ensures that both Hompg, (k(p), qﬁg) and Homg, (k(p), B,) are
monomorphisms, and so it follows that they are both isomorphisms.

Our need for a proof of the following lemma is explained by our *first variable

only’ approach to the functors * Exty( ., N) (i € Np): see 12.1.1.

13.2.9 Lemma. Assume that R is graded, and let L, M be graded R-modules with
M finitely generated. Let

ro—prlp o p S
be a *injective resolution of L (in the category *%(R)). Then, for each n € WNo,
there is a homogeneous isomorphism
# Exth (M, L) = H"(* Homg(M, I')).
Proof. For each i € Ny, set K' := Ker f%. Note that there is a homogeneous

isomorphism K = L. Suppose that j € N with j > 1. Foreachi=1,...,j—1,
there is an exact sequence

0— K-l — 1" 5K —0
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of graded R-modules and homogeneous homomorphisms. Since M is a finitely
generated graded R-module, it follows from (12.1.2 and) 12.2.7 that there are
homogeneous isomorphisms

* Exth(M, L) = * Ext}(M, K%)= * Ext} ' (M. K ) = .
2 % Exth(M, K/7%) 2 * Extj(M, K/,

This means that it is now enough for us to prove the claim in the statement of
the lemma in the special cases in which n = 0 and n = 1. However, the claims
in these two cases follow easily from the exact sequences

0 — * Homp(M, L) —> * Homg (M, 1°) —> * Homg(M,K ')
— *Exth(M,L)— 0

and 0 —> *Homg(M,K") — *Homg(M,1') — * Hompg(M, K?) of graded
R-modules and homogeneous homomorphisms which can also be obtained
from 12.1.2 and 12.2.7. U

13.2.10 Theorem. Assume that R is graded and let M be a graded R-module.
Let j € Ny, and denote the j-th term in the minimal *injective resolution of M
by *E/(M), as in 13.2.4. By 13.2.4(i) and 13.2.2(iii), there is a Afamily (py)aea of
graded prime ideals of R and a family (nu)uen of integers for which there is a
homogeneous isomorphism

*E/ (M) > D *E(R/p,)(n0).

FETY

Let p € *Spec(R). Then the cardinality of the set {x € A 1 p, = p} is equal to
the ordinary Bass number 1/ (p, M).

Proof. The claim was proved in 13.2.6 in the special case in which j = 0. We
consider next the case in which j= L

Use the notation introduced in 13.2.8, and set K" = Ker & for each i € No.
Also, let

(0 ; d jL
0 s EOM) - E'(M) — -+ —> E{(M) s EFI(M) — -+

be the (ordinary, ungraded) minimal injective resolution of M (with associated
augmentation homomorphism « : M — EY(M)Y). For each i € Ny, set Ct =
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Ker d'. Consider the commutative diagram

0 - M ~ *EO(M) K! 0
‘ J{ﬁ“ E)—D—
Y
0 - M E%(M) C! 0

with exact rows, in which Eﬁ:ﬁ is the homomorphism induced by ¢". Localize
this diagram at p, and then apply the functor Hompg, (ffp), « ). noting that
Extp(R/p, *E'(M)) = 0 by 12.1.2, and that Homg, (k{p), q‘)g) is an isomorphism
by 13.2.8(1). The Five Lemma shows that

Homp, (k(p), $7,) : Homp, (k(p), (K 1)y} = Hompg, (k(p). (C"))

is an isomorphism. Now *E!(M) = *E(K'), and so, by 13.2.6, the cardinality
of the set {z € A : p, = p} is equal to p(p,K'}; we have just shown that this
is 1%(p, C1), which is equal to u'(p, M) by the theory of Bass numbers in the
ungraded case.

Now suppose that j > 1. By 13.2.9, there is a homogeneous isomorphism
* Exth(R/p, K/') = * ExtL(R/p, M), so that pl(p, K/~") = /(p, M). However,

0 — K1 S ) A5 2B (M)

is the start of the minimal *injective resolution of K/, and so it follows from
what we have already proved in the case in which j = 1 that the cardinality
of the set {z € A :p, =p} is equal to u!(p,K’/71), which we now know to be
equal to p/(p, M). U

13.3 *Canonical modules

Recall from 11.2.7 that, if (R, m) is a Cohen-Macaulay local ring of dimension
n, and C 1s a finmtely generated R-module, then C is a canonical module for R
if and only if

; 0 if i#n

i - 3
pim, €)= { 1if i=n

Thus € is a canonical module for R if and only if

0 for i n,

Extfq(R/m,C)E‘{ R/m for i=n
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We use this as motivation for the definition of *canonical module over a
Cohen-Macaulay *local graded ring. Recall from [6, p. 35] that, when (R, mt} is
*]ocal, the height of m is the *dimension of R.

13.3.1 Definition. Assume that (R, m) is a Cohen-Macaulay *local graded ring:
let n ;= htnt Let C be a finitely generated graded R-module. We say that C is
a *canonical module for R precisely when there are homogeneous isomorphisms:

0 for i+#mn,

* i - ~
Extp(R/m, C) = { R/m for i=n

The following lemma will be very helpful in our development of the theors
of *canonical modules.

13.3.2 Lemma. Assume that R is graded. Let » : M — N be a homogeneou:
R-homomorphism of graded R-modules.

(i) If oy : M, — N, is an isomorphism for all p € *Spec(R). then « is ax
isomorphism.

(i) If (Rom} is *ocal and %y, © Mw — Ny is an isomorphism, then o s a»
isomorphism.

Proof. For part (i), note that each of Ker o and Coker a is a graded R-module
with no graded prime ideal in its support, and so must be zero, by 13.1.13(1.
Part (it} is proved similarly. O

13.3.3 Lemma. Assume that (R, 1) is a *local graded ring; set n = htm, Suppos:
that M is a finitely generated graded R-module such that, for all p € *SpeciR

i _ |0 if i#htp,
”(p’M)“{ 1 if i=htp.

(i) There is a family {j,) &) of integers for which there exist homog:-

neous isomorphisms

*EM)= (D *ER/p)j;) forall ie Ny,

pe” Spec(R)

htp=i

pe* Spec

(i1} For any family UP)pe*Spcc(R) of integers as in part (i), there are homog:-
neous 1somorphisms

(a) *Bxth(R/m, M) = 0 for i #n,

(b) * Extp(R/tm, M) = (R/m)(ju), and

(¢} Hy (M) = *E(R/m)(jm).
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Proof. (i) This is immediate from Theorem 13.2.10.

(ii) Let E* denote the minimal *injective resclution of M.

For each p € *Spec{R) " {m}, there exists a homogeneous element ry &
m ' p, and so it follows from 13.2.2(iv} that * Homg(R/m,*E(R/p)) = 0 and
Tw{*E(R/p)) = 0. Hence the complex * Homg(R/my, E*) has all terms other
than its n-th equal to 0, while its a-th term is isomorphic (in *%(R)) to
* Homp(R,/m, *E(R/m)(j)). Parts (a) and (b) therefore follow from 13.2.9 and
13.2.3, while part (c) is a consequence of the fact (see 12.3.3) that we can
calculate the graded R-module H? (M) by application of the functor I'y, to E-.
o

13.3.4 Theorem. Assume that (R, m) is a Cohen-Macaulay *local graded ring, and
let C,C" be *canonical modules for R. Let n :=htm. Then
(i) for each p € *Spec(R), the Ry-module C, is a canonical module for Ry,
so that
0 if i+ htp,
1 i i=htp;
(i) the map B : R —>» Homg(C, C) defined by f(r) =vldc for allr € Ris a

homogeneous isomorphism;

'u,i(])-, C)= ﬂijm Cp) = {

(iii) there exists j € Z and a homogeneous isomorphism ¢ @ C () and

(iv) there is a homogeneous isomorphism H}(C) i (R/m).

Proof. (i) Let ht m =: n. We have homogeneous isomorphisms

0 for i#n,

¥ Extp(R/m, C) = { R/m for i=n

Hence
0 if i#mn,

nu'j(Tanu Crl= Hf(]ﬂ.,C} - { 1 if i=mn,

and so Cy, is a canonical medule for Ry, by 11.2.7(i). Now, for each p & Spec(R)
with p € m, there is an Ry-isomorphism C, = (Cy),g,, When the latter module

is regarded as a module over R, via the natural isomorphism R, =, (R by,
Hence C, is a canonical module for Ry, by 11.2.7(i1). As each graded prime
ideal of R is contained in m, the claim follows.

(ii) We deduce from (i) and 11.2.7(iv) that f, is an isomorphism for all
p € *Spec(R). Since f is clearly a homogeneous homomorphism, it follows
from 13.3.2 that  is a homogeneous isomorphism.

(iii) Let H denote the graded R-module * Homg(C, C'). It follows from part
(i) and 11.2.7(ii),(v) that H, is a free R,-module of rank 1, for all p & * Spec(R).



256 13 Graded versions of basic theorems

There is a graded free R-module F, of the form &B_; R(—h;) for soms
integers hy,..., h;, and a homogeneous R-epimorphism p : F — H:let K =
Kery. Now Extp(H,K), = Exty (Hy, K,) = 0 for all p € *Spec(R), and s¢
* Ext}z(_H,K) = by 13.1.13(1). Therefore the exact sequence

0 K-F s H-—0

splits in *%(R). Hence H is projective, and since it is graded, it follows frem
{6, 1.5.15(d}] that it is free. [ts rank must be I, so that, by [6, 1.5.15(a)], thers
exists a homogencous element ¢ € H, of degree j say, which forms a basz
for H. Thus ¢ : C —» C'(j) is a homogeneous R-homomorphism. It follows
from 11.2.7(v) that ¢, is an isomorphism for all p &€ *Spec(R), so that ¢ 1s ar
isomorphism by 13.3.2(1).

(iv} By part (i) and 13.3.3, there is an integer jin for which there are homoge-
neous isomorphisms * Exti(R/m, C) 22 (R/m}(fr) and Hj(C) &= *E(R/m){jy -
But, by hypothesis, * Exth(R/m, C)} = R/m, so that R/m = (R/m)(j.) anc
*E(R/mt) = *E(R/m)(jin) in *€(R). O

13.3.5 dExercise. Assume that (R, m) is graded and *local.

(i) Show that Gg = {j € Z : R/m = (R/ny)(j) in *¢(R)} is a subgroup o
the Abelian group Z.

(i1) Show that Gy = 0 if R is positively graded.

(iii) Let H be an arbitrary subgroup of Z. Give an example of a (commu-
tative Noetherian) graded *local ring § such that Gs = H.

(iv) Now assume in addition that R is Cohen-Macaulay and that C is &
*canonical module for R. Show that

Gg = {j € Z : C(j) is a *canonical module for R}.

13.3.6 Remark. It is a consequence of 13.3.4 and 13.3.5 that, if (R,m) is a
Cohen-Macaulay *local positively graded ring with a *canonical module, then
any two *canonical modules for R are isomorphic in the graded category *#(R1.

We have yet to see any examples of *canonical modules. The next lemma
will help us to produce some.

13.3.7 Lemma. Assume that (R, m) is a Cohen-Macaulay *local graded ring wir:
htwt = n, and let C he o finitely generated graded R-module such that

0 if i#mn,
1 if i=mn,

that is, such that Cy is canonical for the Cohen-Macaulay local ring Ry

£(m, C) = {
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Then there exists a € Z such that *E"(C) & *E(R/m)(—a) (in *6(R)): fur-
thermore, for any such a, the shifted graded module C(a) is a *canonical module
for R.

Proof. Let p € *Spee(R). Since p © m, it follows from 11.2.7(ii) that C, is a
canonical module for R,, so that

0 if i+ htp,

u-(n,C)=u(prCP):{1 if i=htp.

1t follows from Lemma 13.3.3(1) that there exists @ € Z such that *E™C) =
*E(R/m)(—a) (in *%(R)); furthermore, for any such a, parts (iija),(b) of the
same lemma show that there are homogeneous isomorphisms

0 for i#n,

*Ext}a(R/”“CJg{ (R/m)—a) for i=n

The result therefore follows from 13.1.9(i). O

13.3.8 Corollary. Assume thar (R,m) is a Gorensiein *local graded ring. Then
there exists a € Z such that Ria) is a *canonical module for R.

Proof. This is immediate from 13.3.7 because R, is a canonical module for
R.. O

In the case when (R,m) is a Gorenstein *local positively graded ring, it
follows from 13.3.8 and 13.3.6 that there is a unique a € Z such that R(a) is a
“canonical module for R. We shall have more to say about this invariant at the
end of the chapter; for the present we content ourselves with a calculation of
the invariant in the case of a polynomial ring over a field, graded in the usual
way.

13.3.9 Example. Let K be a field and let R = K[Xy,....X,]. the ring of
polynomials over K in » indeterminates (where n € IN}, graded in the usual
way (so that Xj has degree 1, for all i=1,.. ., n).

Note that R is a Gorenstein *local positively graded ring, with unique
*maximal ideal m = (X1,...,X,}. As was explained just above, there is a
unique @ € Z such that R(a) is a *canonical module for R. We now calculate a.

We now use 13.3.4(iv}, 13.1.9(ii) and 12.4.1 to see that there are homogeneous
1somorphisms

FE(R/m) = Hy(R(a)) = (Hy,

m

(R)}a) =K[X1,.... X l{a).
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" Now the graded submodule R/m of *E(R/m) is generated by a homogeneous
element of degree 0 which has annihilator m; furthermore, the only homoge:-
neous elements of K[X[,...,X;] which have annihilator m are the elemen::
aXi' ... X, where x € K % {0}. It follows that a = —n.

13.4 Graded local duality

The next few exercises are directed towards a graded version of local duality,

13.4.1 tExercise. Assume that (R,m) is a Cohen-Macaulay *local graded riz:
with ht m = »n, and that C is a *canonical module for R.
Bearing in mind the subtle distinction between the {unctors

Homg(.,C) and *Homg(.,C)
(see [6, p. 32]), show that there is a natural transformation of functors

¢ : H' — * Homg(* Homg( ., C), HA(C))

m

(from the ‘graded’ category *%(R) to itself) which, for a graded R-module M. =
such that (@u (yD(f) = HE(F)y) for all y € HA (M) and all f € * Homg(M. C

Make use of Exercise 11.2.4 to prove that ¢ is a (necessarily homogeneou:
isomorphism for each finitely generated graded R-module M.

13.4.2 4Exercise: graded local duality for a *local ring which is Cohen-Macaula:
and possesses a *canonical module. Assume that (R,m) is a Cohen-Macau.z-
*local graded ring with htm = n, and that C is a *canonical module for R. L=
*D denote the functor * Homg( ., *E(R/m)) from *%(R) to itself.

Show that there is a homomorphism

® = (e, * (HI )i, — (DFEXtR(, O} o

of (positive strongly) connected sequences of covariant functors from :z:
‘araded” category *#(R) to itself’ which is such that ¢ is a (necessar.:
homogeneous) isomorphism for all i € Ny whenever M is a finitely genera:::
graded R-module.

Deduce that, for each finitely generated graded R-module M, there is -

homogeneous isomorphism HI /(M) =, #D(* Exth(M, C)) for each i € Z.

n

Suppose that R = @,z R, is graded. It is clear from the structure of graZ:-
commutative Noetherian rings (see {6, Theorem 1.5.5]) that, if Ry 1s a field. 1=z~
R is a homomorphic image of a Gorenstein graded commutative Nogtherz-
ring, and by a ring homomorphism which is homogeneous in the sense
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13.1.2. Thus many of the graded commutative Noetherian rings that occur in
practice are, in fact, (homogeneous) hemomorphic images of Gorenstein graded
commutative Noetherian rings. There is therefore good reason to formulate a
version of graded local duality for this type of ring.

13.43 f#Exercise: Graded Local Duality Theorem. Assume that (R,m) is a
*local graded ring with ht nt = n. Assume also that there is a Gorenstein *local
graded commutative Noetherian ring {R',n) and a surjective homogencous
ring homomorphism f : R' — R. Let htm' = n’. Let *D denote the functor
* Hompg( «, *E(R/m)) from *%(R) to itsclf.

Let M be a graded R-module, let N be a graded R’-medule, and let j €
Ng. Now M can be regarded as a graded R’-module by means of f: then,
* Ext}, (M, N') has a natural structure as graded R-module.

By 13.3.8, there exists «' € Z such that R'(«’) is a *canonical module for R'.
Show that there is a homomorphism

Wi (phens ¢ (Hi) o, — (*DC BT, R@)
of (negative strongly) connected sequences of covariant functors from *¢(R) to
#%(R) which is such that y}, is a (necessarily homogeneous) isomorphism for
all i € Ny whenever M is a finitely generated graded R-module.

13.4.4 Theorem, Assume ithat (R,m) is a Cohen-Macaulay *local graded ring
with htm = n. Assume also that there is a Gorenstein *local graded commutative
Noetherian ving (R',nU'} and a surjective homogeneous ving homomorphism f
R — R Let htm' = n'.

By 13.3.8, there exists a’ € Z such that R'(d’) is a *canonical module for R':
let K denote the finitely generated graded module * Ext’f{?"(R, R'(a)). Then K is
a *canonical module for R.

Proof. First of all, it follows from Reminder 11.2.7(iii} that K., is a canonical
module for Ry, so that, by 13.3.7, there exisls a € Z such that *E*(K) =
#*E(R/m)(—a) (in *$(R)) and K (a) is a *canonical module for R. By 13.3.4(iv)
and 13.1.9(ii), there is 2 homogeneous isomorphism

HI (K) =, *E{R/m)(—a).

Let *D denote the functor * Hompg/( ., *E(R/m)) from *&(R) to itsell. We can

A~

now use 13.4.3 to see that there is a homogeneous R-isomorphism *D(K) =
H"(R).

n
We can use Exercise 6.1.8 to see that there i3 a natural transformation of

functors 6 : (.} ®g HL(R) — H! (from %(R) to ¥(R)) with the property

nt
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that 85 is an isomorphism whenever F is a finitely generated free R-module. -
is easy to check that 8y is homogeneous whenever M is a finitely generaze:
graded R-module. Moreover, since HZ' (M) = 0 for such a graded R-med::
(by 13.1.13(il), since (HIH{(M)), = 0), it is easy to use the Five Lemma --
see that 0 is actually a (homogencous) isomorphism whenever M 1s a finits.>
generated graded R-module. Therefore there are homogeneous isomorphism:

HYK)2= K @r H(R) 2 K @ *D(K) = K ®z * Homp(K, *E{(R/m}).

Next, we can modify the ideas of 10.2.16 to produce a homogeneous isome:-
phism

K ®p * Homg(K, *E(R/m)) 2 * Homg(* Homp(K,K),*E(R/m}).
However, by 13.3.4(ii), there is a homogeneous isomorphism
R = *Homp(K(a),K(a)) = * Homp(K,K);
It therefore follows that there are homogeneous isomorphisms

HE(K) = * Homg(* Homg(K, K ), *E(R/m))
=~ * Homg(R, *E(R/m)) = *E(R/m).

We have thus shown that there are homogencous isomorphisms
*E(R/m) = H!(K) = *E(R/m)(—a) = *E"(K),
and so another use of 13.3.7 shows that K is a *canonical modulc for R. =

Note that the above theorem and Exercise 13.4.2 enable us to formuiz
a Graded Local Duality Theorem for a Cohen-Macaulay *local graded riz
which is 2 homogeneous homomorphic image of a Gorenstein (commuta::”
Noetherian) *local graded ring,

In the situation of 13.4.2 and 13.4.3, the functor

oyt

*D = *Homp(., *E{(R/m))

would seem to be an obvious graded analogue of the fonctor of 10.2.1 usec =:
construct Matlis duals over a local ring. However, there is another approac: ©.
*D which is particularly useful when the 0-th component Ry of the *local ==:
R is a field, and this approach is the subject of the next exercise. The exeri:i:
is based on [6, Proposition 3.6.16], but our approach is a Iittle different -2
that of Bruns and Herzog.
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13.4.5 £Exercise: Graded Matlis Duality. Suppose R = @, . Ry is graded and
*local, and let tn be the unique *maximal ideal of R. Note that Ry is local with
maximal ideal nyg ;= m M Ro; let Ey := Eg,(Ro/mp).

(i} Let M = €D,z M, be a graded R-module. Now Rg can be considered
as a graded ring with trivial grading, and any Rg-module can be considered as
a graded Ry-module concentrated in degree 0. Also, the grading on our graded
R-module M provides a structare as graded Ro-moedule on M.

Show that MY := *Homg,(M, Eg) has a natural structure as a graded R-
module with i-th component (M"); = Homg,(M_;, Ey) for all i € Z. (Remember
that * Homg,(M, Eq) is a submodule of Hompg,(M, Eo), and the latter has a
natural structure as an R-module.)

Deduce that (.)Y is an exact, additive functor from *&(R) to itself.

(ii) Show that the functors (.)¥ and * Homg(.,RY), that is, the func-
tors * Homp,( ., Ep) and *Homg( ., * Homg (R, Ep)), from *@(R) to itself, arc
naturally equivalent. (Here is a hint: if we forget the gradings, there is a nat-
ural equivalence x : Hompg,( -, Eo) — Hompg( ., Homg (R, Eo}); for a graded
R-module M, consider an appropriate restriction of xas.)

(iii) Let ¢p : R — Ly be the Ry-homomorphism whose restriction to Rg
is the composition of the natural epimorphism Ry — Ry/my and the inclusion
Ro/my — Ey = Eg,(Ro/my), and whose restriction to R; for all i € Z* {0} is
zero. Show that RY is a *essential extension of its graded submodule Ry,

(iv) Show that RY = *Ez(R/m) (in the category *%(R)), and deduce that
the functors (.}¥ and *D = * Homg(.,*E(R/m)) (from *#(R) to itself) are
naturally equivalent.

(v) Show that, if’ the local ring Ry is complete, then, whenever M is a
finitely generated graded R-module, there is a homogeneous R-isomorphism
M = MY

Thus, in the situation of Exercise 13.4.5, it is reasonable for us to regard the
functor {.)¥ = * Homg,( -, Er,(Ro/mg)) as the ‘graded Matlis duality functor’.
In the particular case in which Ry is a field K (and this is the situation in
many practical applications of graded ring theory), Eg,(Ro/ng) = K, and, for
a graded R-module M = €,.5 M,, the grading of the ‘graded Matlis dual is
given by the attractively simple formula

M"Y = *Homg(M,K) = @5 Homg (M_,, K).

nek

13.4.6 Example. Here we review graded local duality for a ring of polyno-
mials over a field K in » indeterminates Xi,...,X,. Let R = @jeNﬂ R; =
KIX),...,X,], graded in the usual way, and let i denote the unique *maximal
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graded ideal (Xy,...,X,) of R. We apply 1343 to R: we can take R’ = R
and f : R — R to be the identity ring homomorphism; also, Ry = K and
my = mN Ry =0, so that Ey := Ep,(Ry/mg} is just K. We saw in Example
13.3.9 that —n is the unique ¢ € Z such that R(a) is a *canonical module for R.

It therefore follows from 13.4.3 and 13.4.5 that graded local duality for this
R takes the following form: there is a homomorphism

W= (hemo * ()i, — (* Homg (* Extg (. R(=n)), K )}y,

of (negative strongly) connected sequences of covariant functors from *%(R) to
itself which is such that i, is a (homogeneous) isomorphism for all i € N
whenever M is a finitely generated graded R-module. In particular, for such :
and M, there are homogeneous isomorphisms

Hy(M) = * Homy (* Exty (M, R(—n)),K)
and {since Ry = K is a complete local ting)

* Homg (H:

nt

(M),K) = *Ext}y (M, R(—n)).

13.4.7 Definition and Remarks. Let {R,m)} be a *local positively graded ring
which is Cohen-Macaulay and has a *canonical module. By 13.3.6, this iz
uniquely determined up to homogeneous isomorphism: we denote by wg ons
choice of *canonical module for R. The a-invariant of R is defined to be

a(R) := —beg(wr) = —min{n € Z : (wg), # 0}.

(See 13.1.1 for the definition of the beginning of a graded R-module.)

(1) Note that, when R is Gorenstein, a(R) is the unique integer a for whicx
R(a) is a *canonical module for R. Thus the a-invariant of a polynomial rin 2
over 3 field, graded in the usual way, was calculated in 13.3.9.

(i1} In the general case, we can use graded local duality, as described -
13.4.2, to see that {with the notation *D of that exercise) there are homogeneot:
isomorphisms

H (R) 2 *D{* Homg(R, wg)) = *D(wg),
and so it follows from Graded Matlis Duality 13.4.5 that
a(R} = —beg(wr) = end(*D(wr)) = end(H(R)).

The following proposition gives some hints about ways in which graded loc.
duafity and graded Matlis duality can be used in tandem.
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13.4.8 Proposition. Suppose R = (D, .z R, is graded and *local, and let m be the
unigue *maximal ideal of R. Let htm = n. Assume that R is Cohen-Macaulay
and has a *canonical module.

Then R is Gorenstein if and only if there is a homogeneous isomorphism

(0 oy m) = (R/m)(e)

Lil}
for some e € 4.

Proof. Let C be a *canonical module for R, and let *D denote the functor
* Homg( -, *E(R/m)) from *%(R) to itsclf. It follows from graded local duality
(sce 13.4.2) that there is a homogeneous isomorphism *D(C) = H{ (R). There
are therefore homogeneous isomorphisms

(0 tpnigy m) = * Homg(R/m, H!(R))
* Homp(R/m, * Homg(C. *E(R/m}))

* Hompg{R/m @ C,*E(R/nt))
=~ *Homp(C/mC, *E(R/m}).

ile

II2

(=) By 13.3.4(iii) and 13.3.8, there exists « € Z and a homogeneous isomot-
phism € =2 R(a). The claim therefore follows from 13.2.3 (with e = —ay.

(<=) In view of the first paragraph of this proof, application of *D to the given
homogeneous isomorphism (in conjunction with another use of 13.2.3) yields
a further homogeneous isomorphism *D{*D(C/mC)} = (R/m)(—e). However,
the canonical homomorphism C/mC —- *D(*D(C/mC)) is homogeneous and
monomorphic. Since Cy/MtRnCn #F 0 (because €y, is canonical for R..), it
follows that C,, is a cyclic Ry-module, so that R, is Gorenstein. One can then
use [6, 3.6.6] to deduce that R itself is Gorenstein. O

The result established in the following exercise is due to J. Herzog and E.
Kunz [25].

13.4.9 Exercise. Suppose aj,...,a; € N {1} satisfy GCD(ay,...,a) = 1. Let
S == a;Ng+. .. +a,Ny, the additive subsemigroup of Ny generated by ai, ..., ap.
Let K be a field and let R be the subring of the polynomial ring K [X] given by
R = K[X®%,...,X*]. Of course, R is a I-dimensional Cohen-Macaulay ring;
furthermore, it is positively graded, by virtue of the grading inherited from the
usual grading on K[X], and, with this grading, it is *local. We denote by Ry
the unique graded maximal ideal of R.

(i) Show that there exists ¢ € N such that n € § for all n € N with n = ¢.
Thus L := Ny \ § is a non-empty finite set, which we refer to as the set of
non-members of S, and so has a greatest member, e say. The semigroup § is



m< N arand Te—wnZs
(11} Show that R has & "canenica: modtie.

(iii) Show that K[X]y = K[X.X 77} can be naturaliy identifad wi

isomorphism ¢’ : K [X, X '] — Dy, (R} such that the diagram

R —Y i X, x 1

1z
2.

Dr, (R}

in which ¢ is the inclusion map, commutes.
{(iv) Use 12.4.2(1) to show that, for n € Z,

1 if n<Qorrnel,

dimK(H§+(R)n)={ 0 if nes

and deduce that cnd(H}{‘ (R))=e.

{v} Show that if R is Gorenstein, then § is symmetric.

(vi) Now suppose that § is symmetric. Show that, if n € LU {—i :i € IN},
then s == e —ne S and X*Hy (R), # 0. Deduce that R is Gorenstein.

13.4.10 #Exercise. Lot K be a field and fet R = K[X,,...,X,], the ring of
polynomials over K in n indeterminates (where » € IN), graded in the usual
way. Let # € N, and consider the r-th Veronesean subring R") of R, as in 12.4.6.
In Exercise 12.4.8, the reader was asked to show that R" is Cohen-Macaulay.
Prove that R’ is Gorenstein if and only if n = 0 (mod ).

13.4.11 Exercise. Let {R,m) be a Cohen-Macaulay *local positively graded
ring which has a *canonical module. Let b € R be a homogeneous element
of positive degree d which is a non-zerodivisor on R. Show that R/bR has a
*canonical module and that a(R/ I}R)': al(R) +d.
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Links with projective varieties

One of the reasons for the interest in graded local cohomology 1s provided by
the numerous applications to projective algebraic geometry. This short chapter
is intended to provide a little geometric insight, with the aim of motivating the
work on Castelnuovo regularity in Chapter 15.

In 2.3.2, we saw that the ideal transform has a geometric meaning in certain
cases: if ¥V is an affine variety over K, an algebraically closed field, b is a
non-zero ideal of ¢(V), and U denotes the open subset of V' determined by
b, then the ideal transform Dy(¢(1)} is isomorphic, as an (1 }-algebra, to the
ring of regular functions on U. One of our first aims for this chapter is the
establishment of a graded anologue of this result. This graded analogue applies
to irreducible affine algebraic cones.

14.1 Affine algebraic cones

14.1.1 Notation and Terminology. We shall employ the notation and terminology
concerning graded rings and modules described in 12.1.1. In addition, when R
is graded and the ideal a is graded, and M is a graded R-module, so that (see
12.3.3 and 12.3.4) the H (M) (i € Ny) are all graded R-modules, we use H: (M),
to denote the n-th component of the graded module H:(M) (for i € Ny and
n € Z); also D(M) is graded (by 12.2.10), and we use D,(M), to denote its
n-th component.
Now assume that R = GBHE]NU R, is positively graded. We set

R, :=®RH=€BRH:0®R1@Rgcg...@R”@...,

neN n{)

the irrelevant ideal of R. Of course, R, is graded, and so, for a graded R-module
M, we can define the Ry-modules H,"L(M}n (ic Ny neZ).

265
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14.1.2 Geometric Notation and Reminders. Let K be an algebraically closed
field, and let r € IN. We shall use the notation of 2.3.1, and we shall denote the
origin (0,...,0) of A7(K) simply by 0. For a subset C of a quasi-affine variety
W over K, we shall extend the notation of 6.4.1 to denote the vanishing ideal

(f e (W) : flgh=0forallqgeC}

Of C by IW(C).

(i) By a cone {(with vertex 0) in A'(K) we mean a set € < A'(K) such that
0 e ¢ and, whenever g € C, then 2g € C for all & € K. Such a cone C is called
an affine algebraic cone in A"(K) if and only if it is also an affine algebraic set;
also C is said to be non-degenerate precisely when C £ {0}.

Since a graded ideal can be generated by homogeneous elements, it is clear
that, if b is a proper graded ideal of K{X1,...,X,], then Vargy(b) is an affine
algebraic cone in A’(K). It is easy to see that, conversely, if C is an affine
algebraic cone in A"(K), then Iy (C) is a proper graded ideal. Thus the affine
algebraic cones in A’(K) are precisely the algebraic sets in AT(K) which have
proper graded vanishing ideals.

(i) Now let C be an irreducible affine algebraic cone in AT(K). Since
Ipry(C) is a graded prime ideal of KiXi,...,X], the ring ¢(C) of regular
functions on C inherits a grading from K[X,...,X,], in such a way that the
restriction homomorphism K[X1,..., X,] — ¢{C) is homogeneous (sce 13.1.2).
Of course, for each n & Ny, we denote the n-th component of &(C) by €(C}y.
Note that ¢{C)y can be identified with K. It is also worth noting that ¢(C)
is *local with unique *maximal graded ideal @(C)y; furthermore, ({C); is
actually a maximal ideal in this case.

(iii) With the notation of part (ii), let b be a non-zero graded ideal of
G(C), let Ve(b) denote the closed subset of C determined by b, and let U be
the open subset C\ Ve(b) of C. In fact, if ¢ denotes the inverse image of b
in K[X,,...,X,] under the restriction homomorphism, then Ve(b) = V(s
and U is obtained from C by removal of another affine algebraic cone (or the
empty set).

Let n € Z. A regular function f € @(U) is said to be homogeneous of degree
n precisely when, for each p € U, there exists an open set W < U with p € W,
an integer d & Wy, and g € &{C)y. b € 6{C),.q such that, for each g € W,
we have g(¢) #+ 0 and f(g) = h(g)/g(g). The set of all regular functions on U
which are homogeneous of degree n is denoted by @(U),. The fact that this
definition is not ambiguous in the case when U = C is one consequence of the
next proposition.

14.1.3 Proposition. Let the situation be as in 14.1.2(ili). Thus K is an algebraically
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closed field, r € N, C is an irreducible affine algebraic cone in &'(K), b is a non-
zero graded ideal of ¢{C), and U = C* V(D).

The subsets C{U}, (n € &) defined in 14.1.2(1i1) provide O(U) with a structure
as a graded ring with respect to which the homomorphisms | and vy in the
commutative diagram

o(c) —

G(U)

i3
=
i

e

Dy(¢(C))

of 2.3.2 are homogeneous. (It should be noted that, since b is graded, it follows
from 12210 that De(€{(C)) is a graded O(C)-module and that Reic) is homoge-
neous. )

Proof. Let us abbreviate vey by v and nac) by #. Since v is a ring 1somorphism
{by 2.3.2), it is clearly enough for us to show that ¢(U), = v~ 1{(D(¢{C)},) for
each n € Z, and this 1s what we shall do.

Let y € (Dy(6(C)),. Since Coker 5, being isomorphic to HH(C)), is b-torsion,
there exists ¢ € N such that b'y € Imy. Let p € U, Since U = C ' Ve(b) and
b is graded, there exists a homogeneous element g € b, of degree d € Ny say,
such that g(p) # (. Then W = U Ve(g&(C)) is an open subset of L' which
contains p.

As gy € Imy, there 1s an element b € &(C) with gy = #{h). As gy €
Dp{(C))nyg and as i is homogeneous and injective, we must have h € C(C)yyq.
Now

gl ov () = v il ) = v ine)y) = v Tley)
= v y(hy) = k[ y.

It follows that, for each g € W, we have g(g) # 0 and v~ X{y)(g) = hig)/g(q).
Hence v~l{v} € ¢(U),, and we have proved that G(U), 2 v (Dp(C(C))n).
Now let [ € (U},. Choose p € U then there exists an open sct W < U
with p € W, an integer d € Ny, and g € &(C)y, h € G(C),-y such that, for
each g € W, we have g{g} 5 0 and f(g) = h(g)/g(q). This shows, in particular,
that g[ w.f[ w = h[ w. As W is a non-empty open subset of the irreducible
topological space U, it follows that g[ .f = k[ . Now apply v: we obtain

n(gv (Y =vigl v (f) = vig[ v.f) = v(hl v) = n(h).
As g 1s homogeneous, n{g) € Dp(C(C))g and n(h) € Dp(C(C)yg. As 1 is
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injective and g # 0, we have #{g) # 0; also, as Dy(€(C)) is a domain, it follows
that v(f) must be homogencous of degree n. We have therefore shown that
G{U), = v {DR(C)),), and so the proof is complete. O

Theorem 2.3.2, and its graded refinement 14.1.3, provide a link between local
cohomology and algebraic varieties. Towards the end of the book, we shall
encounter more general versions of these two results, because they are related
to the Deligne Isomorphism Theorem 20.1.14 (see 20.1.16) and its graded
version 20.2.7.

We explore now the special case of Propasition 14.1.3 in which dimC > 0
and the graded ideal b is the irrelevant ideal @{C)y (see 14.1.1) of ¢(C): then
the open set U = C\ {0} is just the punctured cone C of the given irreducible
affine algebraic cone C. .

14.1:4 Corollary. Consider the special case of 14.1.3 in which the irreducible
affine algebraic cone C has dim C > 1 and b= O(C). Then

U=C\ Ve(€(C)y) = C\ {0} = C,

the punctured cone of C; alse

(i) the restriction ring homomorphism | & @ ¢{C) — O(C) makes O(C) into
a finitely generated graded ({C)-module;

(i1} end(Hﬁ‘:(Ch((ﬁ(C))) < oo (see 13.1.1 for the definition of the end of a

graded module ) ;

{iii) H},wh((G‘(C)),1 is a finite-dimensional vector space over K, for all n € Z;

and

(iv) H}[_(c)_k((f}(C)),, =0 for all n < 0.

Proof. Set R = 0(C). Now (R,R,) is *local, by 14.1.2(ii), and a domain.
Hence, by 13.1.14, we have htRy = dimR = dimC > 1. Therefore, for all
p € #Spec(R) Var(R;), we have p < Ry and

depthR, + ht R /p =2 > 1.

It thus follows from the Graded Finiteness Theorem 13.1.17 that H IIL(R) is
finitely generated. By 2.2.4(i)(c), 12.42 and 14.1.3, there is an exact sequence

R r—c> C“(C) — H}L(R) — 0 of graded R-modules and homogencous R-
homomorphisms. 1t is now immediate that [ » makes 6(&) into a finitely
generated graded R-module,

Note also that, since Hj (R) is finitely generated and Ri-torsion, we must
have H} (R), = 0 for all n >> 0 (that is, for all n greater than some fixed
integer mg), and so end(H}, (R)) < «c. We have therefore completed the proofs
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of parts (i) and (ii), while part (iii} is now immediate from the facts that Ry = K
and, for each n € Z, the component H éil{R)n is a finitely generated Ryp-module.

It remains for us to prove part (iv). Use [ » to identify R as a subring of CD‘(&).
It i3 enough for us to show that K = Ry = ((C)y = 65((3)0 and that (@(é)n =0
for all n << 0, and this we do.

First, by part (i), the integral domain G(C)U is an integral extension of the
algebraically closed field K = Ry, and so Ry = (ﬁ'(C)g Second, bll’lCC & C) is a
finitely generated graded R-module and R is positively graded, @ (C’) = 0 for
all n << 0. Hence, for each n < ¢ and each v € (/(C),, there exists ¢ € IN such
that 9* = 0, so that y = 0 since @(C) isa domam. This completes the proof. O

14.1.5 Exercise. Calculate ¢(C), ¢(C ) C) and H} (3. (G{C)) for an irreducible affine
algebraic cone C of dimension 1 in A'(K), where K is an algebraically closed
field and r € N. (Here is a hint. Let ¢ := (cy,..., &) € C\ {0}. Without loss of
generality, one can assume that ¢; # 0: with this assumption, show that

I (C) = (0 X1 — 61 Xz, 03X — 1 X3,.0, 60X — X))

14.1.6 Exercise. Assume that R = D, .y R, is positively graded and an integral
domain, and that the ideal a is graded and non-zero.

(i) Show that, if a M Ry # 0, then D.(R), = HY(R), = 0 for all n < 0.

{11} Assume that the subring Ry is a homomorphic image of a regular ring,
and that ht a > 1. Show that #, makes D,(R} into a finitely generated R-module,
and deduce that D,(R), and H& (R), are finitely generated Ry-modules for all
n & Z. Show further that D,(R), = HL(R), = 0 for all n < 0.

(iil) Assume that Rg is an algebraically closed field K, and that hta > 1.
Using #, to identify R as a subring of D,(R), show that D.(R)y = K and
H(R)g = 0.

14.1.7 Exercise. Let the situation and notation be as in 14.1.3, and assume
that htb > 1. Use 14.1.6(ii},(iii) to show that &(U) is a finitely generated
@& {Cy-module for which (U} =K

14.2 Projective varieties

In the situation of 14.1.3, we have seen (see 2.3.3) that we can regard non-zero
elements of the local cohomology module H(¢(C)) as obstructions to the
extension of regular functions on U to regular Functions on C; we have also
obtained, in 14.1.4, in the case when U is the punctured cone C information
about some of the components H(!;(C)+(@(C))n = H(E(C))p. In the light of the
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connections between irreducible affine algebraic cones and projective varieties
(reviewed in 14.2.1 below), it would be reasonable for one to suspect that
there arc links between graded local cohomology and projective varieties. Such
suspicions would be well founded, and we plan to expose some of the links in
this and subsequent chapters.

14.2.1 Reminders and Notation. Here we specify the notation and terminology
that we shall use for discussion of projective varieties. Let K be an algebraically
closed field, and let r € IN. We shall find it convenient to vary slightly the
notation of 2.3.1 and regard the polynomial ring K[Xy, X1,...,X;] as the
coordinate ring G{A T (K)) of affine (r + 1)-space A" (K) over K. Asin 14.1.2,
we shall denote the origin (0,...,0) of A77K) simply by 0.

(i) For ¢ := (o, ....c,) € A THK)\ {0}, we use {¢p -+ : ¢,) to denote the
line {ic: 4 € K)in A™YK) through ¢ and 0. We shall use IP(K) to denote
projective r-space over K, thal is, the set

{(co s e) (co,....cry € MK {O)}

of all lines through the origin in A™7{K), endowed with the Zariski topology.
We remind the reader that the closed sets in this topology are precisely the
projective algebraic sets, that is, the sets of the form

Viryla) o= {{co 1 e,y € PK) « fleg,....¢,) =0 forall f €al,

where a is a proper graded ideal of K [Xy,...,X;]. (The choice a = (Xq,...,X;)
vields the empty subset.} If fy,..., [, are non-constant homogeneous polyno-
mials in K[Xp,...,X,], then the projective algebraic set Vpx)((f1,....f:)) is
denoted by Vpx,)(f1.....f:). Of course, every projective algebraic set in IP'(K)
can be represented in this form.

We shall use IP" to denotle complex projective r-space IP'(@). All unexplained
mentions of lopological notions, including ‘open’ and ‘closed’ subsets, in con-
nection with projective spaces will refer to the Zariski topology.

(11) By the statement 'V < W(K) is a projective variety’ we shall mean
that 7 is an irredocible closed subset of IP'(K) (with the induced topology),
and by the statement ‘W < IP"(K) is a quasi-projective variety” we shall mean
that W is a non-emply open subset of a projective variety ¥ = IP'(K) (again
with the induced topology). (It is wise for us to include the ‘c P'(KY in the
notation because (and some of our examples below will remind the reader of
this) isomorphic projective varieties, embedded in projective spaces in different
ways, can have non-isomorphic homogeneous coordinate rings! (See parts (vi)
and (viil) below.) This problem does not occur with affine varieties.)
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By a wvariety we shall mean an affine, quasi-affine, projective, or quasi-
projective variety.
(iti) Let V' be the closed subset of IP'(K) given by ¥ = Vp)(a), where a
is a proper graded ideal of K[Xy,...,X,]. The affine cone Cone(V) = AT (K)
over V in A" (K} is defined by

Cone(V) = {(co.....c,) € ATHK) {0} t(co i+~ :c) € VIUIO}
= AJ‘Fi[K}(a):
an affine algebraic cone in A" (K).

On the other hand, for the affine algebraic cone C in A™'(K) defined by
C = VAH—I(K)(CII), where ' is a proper graded ideal of K[X,..., X,], we define
the projectivization C* of C to be the closed subset

CT={{co: ¢t eP(K):{co....,c,) € CNIO0}} = Vpxla')
of IP(K). Thus V + Cone(V'} provides a bijective map from the set T =
1V 2 P{K) : ¥V is closed} of all closed subsets of IP"(K) to the set
{C < A" (K) : C is an affine algebraic cone}

of all affine algebraic cones in AT Y(K); the inverse map is given by C > C™T.
Note that these two maps both preserve inclusion relations.

(iv) It follows from part (iii) and standard facts from affine algebraic
geomelry thal there is a bijective correspondence between the set T of all
closed subsets of (K} and the set of all radical proper graded ideals of
K[Xy,...,X,] under which a closed subset IV € T corresponds to

Lpriv gy (Cone(V)) = {f € K[Xo,...,X,] : flco,.... ¢} =0 for all
{cos..-,¢,) € Cone(V)}
= {f € K[Xo,..., X))+ : f(cos.. ) =0 for all
(cor. i) € BTKY (0}
with (¢ 0 - re) € V]
This is also denoted by Iy (), and is called the vanishing ideal of V.
(v) Note that, if V|,..., ¥} are closed subsets in (K ), then
Cone (|J_ Vi) = (J Cone(Vi} and  Cone ([_ V) =M, Cone(I).

Also, the minimal prime ideals of a proper graded ideal of K[X,,...,X,] are
again graded (by [6. 1.5.6(b){ii)]), and sc it follows that a closed subset ¥ of
IP'(K} is irreducible if and only if Cone{V) is irreducible and non-degenerate,
and that this is the case if and only if Lyring(Cone(V)) is a graded prime ideal
of K[Xy,...,X,] properly contained in (X,,...,X,).
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Thus, in the bijective correspondence of part (iv), the projective varieties
in P"(K) correspond to the graded prime ideals of K[Xy,...,X,] properly
contained in {Xy,..., X}

(vi) Let ¥ < IP(K) be a projective variety. By parts {iv) and (v), the
ideal p 1= Iprmig,(Cone(V)) is a graded prime ideal of K[Xo,...,X,] with
p < (Xo,...,X}). We refer to the positively graded *local ring

G{Cone(V)) = K[Xp,..., X, ]/p =K [Xp,... X/ gy (Cone(V))

as the homogeneous coordinate ring of V < P'(K).

{vil) Remember that the dimension dim V of a variety ¥ is defined as the
maximum length | of a strictly descending chain Cy = C; > ... = ¢} of closed
irreducible subsets of V, and that such a V is called a curve if and only if
dim ¥ = 1 and a surface if and only if dim ¥V = 2. Using the correspondence
described in part (iii) and the observation made in part (v}, we obtain, for a
projective variety V' < IP'(K), that

dim V' = dim(Cone(V')) — 1 = dim(@(Cone(V})) — 1.

(viii} We mentioned in (ii) above that isomorphic projective varieties, em-
bedded in projective spaces in different ways, can have non-isomorphic ho-
mogeneous coordinate rings. Properties of the homogeneous coordinate ring
¢{Cone(V)) of a projective variety V < P'(K) are referred to as arith-
metic properties of V. For example, we say that V < IP(K) is arithmets-
cally Cohen-Macaulay (respectively arithmetically Gorenstein, .__) if and only
if &{Cone(¥')) is a Cohen-Macaulay (respectively Gorenstein, ...) ting. We
also define the arithmetic depth arithdepth V' of ¥ to be the grade of the
unique *maxintal graded ideal of the homogeneous coordinate ring of V. Thus

arithdepth V' = grade @/(Cone{V)}..

14.2.2 Reminder and fExercise: Veronesean transformations. Let K be an al-
gebraically closed field, and let r,d € IN. Let ¥V < P'(K) be a projective
variety, and let p denote (the graded prime) kernel fpx,(}} of the restriction
bomomorphism K[X),..., X,] — ¢(Cone(F)). Set

T =79 = {vose v ENYT tig bt = d},

"

a set with cardinality {"1¥). We shall use a family of (algebraically independent)

r

indeterminates (¥, ),c7 indexed by 7. Let

¢ KIY. :ve 7] — K[Xp,....X,]
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be the K-algebra homomorphism for which DY) = X0 XP for all
(Vo,....w) € % . Let 8 be the composition

’— Cone{ "1

K[Y, v e 7] K[Xo,...,X:]

G(Cone(V)),

and let q := Ker0, a graded prime ideal of K[¥, :v € 9.

(i) Show that, with the notation of 1246, Im¢ = K[Xy,..., X, ]9, the
d-th Veronesean subring of K[Xq,...,X,], that ¢(q) = p'?¥ and lhat Imf =
O{Cone( V)1

Note that, when Veronesean subrings are given the grading described at the
beginning of 12.4.6, both ¢ : K[Y, :v € 7] ~> K[Xy,..., X, ] and

6 K[V, v €T — (Cone( V)

are homogeneous ring homomorphisms.
If we consider K[Y, :ve ] as @@ (A(rt{i)(K ))_, then the graded prime ideal
q of this polynomial ring defines a projective variety

V= Vo (@) € POPE),

called the d-th Veronesean of V. Note that there is a homogencous isomorphism
of graded K-algebras ¢(Cone( V1)) =5 ¢(Cone(V))@.

The main aum of this exercise is to show that the varieties ¥V and 77V
are isomorphic. Some additional notation will be helpful. Given an element
B = (Bu)yer € A7 )(K) A\ {0}, we use f = (B ver to denote the line 1A8
4 € K}, considered as an clement of Pl HK). Also, if ¥y = (bo,..., 1)
is an (r + 1)-tuple of elements of some commutative K-algebra and v =
V0, .-.,v,) € Ny, then we shall use y* todenote ¥’ ...y Foreachi=0,....r,
let ¢ = (0,...,0,1,0,...,0) be the element of Ny whose only non-zero
component is a ‘1’ in the i-th position. In order to simplify notation, we shall
also employ the Z-module structure on Z'T'. For example, with this notation,
we can write that de; € & for alli=0,....r

(i) Let s € N and let o', @, 4, 4 € 7 be such that 377 ¥ =
Zle /_![i). ShOW that Ymm v Yco‘“ — Y‘uu) - Y#m [= L'[
(ii} Let v = {(w,...,v,) € 7. Deduce from part (ii) that, for all i, j,k
10,....7}, we have
(a) eptid--1)e; Yc iHd—1)e; — Ydef YE’[\-“(‘([!*])&'J' €1,
(®) [Toco(Yertane )™ — ¥u(Yge ¥ € g5 and

(C) Y1d — Hc{:O(Ydea) q'
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(iv) Show that there is a morphism of varieties ¥ : IV — V@ which is
such that

Doyt t N =@ her foralla=(u: )V,

(v} Fori=0,....r let U; := Vi Vo i
d)

(K)(Ydef)' Use part (fii){c) to show
that Us,..., U, form an open covering of ¢
(vi} Show that there is a morphism of varicties w ; ¥ — P'(K) which is

such that, for each i = 0,...,r and for all (f, ey € Us

wl{(fhves) = (ﬁeﬁ(d—l)ei S ﬁeﬁr(dfl)?.‘ St Bl

(vii) Show that Ime = V. (Here are some hints. Suppose that i € {0,...,r}
and (fyhes € Up Let o i= (Begtid—Lienr - - - » ferrtd—Die - It 18 enough to show that,
for each homogeneous g € p, we have g%(z) = 0 (as this would imply that
a{e) = 0). Now g¢ € p?; by part (i), we have p(‘” = ¢(q), and so there exists a
homogeneous f € a such that ¢(f) = g% Now use part (iii)(b).)

(viii) Show that o : V¥ — 7 and 3 . ¥V — V@ are inverse iso-
morphisms of varieties. The isomorphism 3¢ is called the d-th Veronesean
transformation of V or the d-th Veronesean map on V.

14.2.3 Example: rational normal curves, Consider the special case of 14.2.2 in
which r = 1, ¥ = P(K), but d is still arbitrary. The d-th Veronesean PY{K )@
of IPY{K ) has the property that there is a homogeneous isomorphism

G (K)Y 2= (P KD = K [Xo. Xy] ¥
= K[X§L XX, XL XY < KX X0

The Veronescan transformation 3 : P(K) —» P (K) is an isomorphism of
varieties, given by

9N )y = (o 0¥ e tor™ 1Yy forall (o 1 1) € PYK).

Thus P'(K)“ = IPY(K) is a curve which is isomorphic to the projective line
PYK); it is called the rational normal curve in projective d-space, and we shall
denote it by Ny < PY(K). The curve Ny € IP*(K) is also called the twisted
cubic.

The phenomenon mentioned in 14.2.1{1),{viii} is illustrated by these rational
normal curves: it follows from 13.4.10 that, provided d = 3, the rational normal
curve Ny = P/(K} is not arithmetically Gorenstein, whereas P'{K), to which
it is isomorphic, is.
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14.2.4 Proposition. Let K be an algebraically closed field, and let ¥,d € N. Let
V < IP(K) be a projective variety of positive dimension, and consider the d-th

Veronesean V@ = PU-)-1(K) of V. Set
e 1= end(Hconeiy, (((Cone(V)))).

Then
. v =1 i d>e,
ithdepth ¥ i '
Amadepty =1 if d=e
In particular, if the projective variety V < W(K) is a curve, then V'@ is arith-
metically Cohen-Macaulay if d > e, and is not arithmetically Cohen-Macawlay if
d=e

Proof. Let R = (¢/(Cone(V)). By 14.1.4(ii),(iv), we have ¢ < oo and H} (R}, =
0 for all n < 0. Hence the (d,0)-th Veronesean submodule Hy (RY*? of H} (R)
{see 12.4.6) is zero if d > e and is non-zero if d = e. But, by 12.4.6(v), there

is a homogeneous R¥-isomorphism H} (R)“% =, H(1R+)M,(R(d-’); furthermore,

(Rp)@ = (R, Note also that HPRM,]+(R“’)) = 0 since R jis a domain and

RY + 0. Since there is a homogeneous ring isomorphism ¢(Cone( V@) = R
by 14.2.2, it follows that arithdepth V9 > 1 if d > e and arithdepth V¥ = 1 if
d=e

K 1 is a curve, then dim R = 2, so that, since R is an integral extension
domain of R, it follows that the *local graded ring ¢(Cone(V@)} is Cohen-
Macaulay if and only if arithdepth V¥ > 1. O

14.2.5 ZExercise. Let K be an algebraically closed field, let d € N with d >
3, and let Ay be the subring of the ring K[X,Y] of polynomials over K
m two indeterminates X and Y described in 124.7 and given by Ay =
KX XY, XY, ¥ 9. Recall that Ay, inherits a grading from K [X, Y],
the d-th Veronesean subring of K[X,Y].

Consider the polynomial ring K[¥y, Y7, ¥o.Y3] in four indeterminates
Yo, Y1, Y2, Y3 as the coordinate ring ((A*K)). Let v : K[Yo, Y1, Yo, ¥3] —
Ay be the (surjective, homogenecous) K-algebra homomorphism for which
(Vo) = X4 p(Y1) = XY, p(¥2) = XY4 ! and p(¥s) = Y7 Let p 1= Kery;
this is a graded prime ideal of K[Yy, Yy, Y3, ¥3] and so defines a projective
variety Ty = Vi, (p) € P(K).

(i} Show that there is a morphism p : P'(K) — Yq of varieties for which
plla :1) ={o* 10917 : g1 1% for all (o : 1) € PYK).
(i) Show that Y — Y 1Y, € p.
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(iii} Set U = Zipy \ Vpogy((Yo)} and U’ = Zggy \ Vi, ((Y3)). Show that U
and U’ form an open covering of Zy).
(iv) Show that there is a morphism g : Xy — PY{K) of varieties for whick

(@:f) if (w:f:y:8)cU,
(y:8)y if (z:B:y:8)el

(v} Show that p and u are inverse isomorphisms of varieties, so that Xy s
again a curve isomorphic to IP'(K),

(vi) Let t € IN. Use 12.4.7 to show that, when d > 3, the curve Z =
P’(K) is not arithmetically Cohen-Macaulay, but that the t-th Veronesear
(T < IP(T)*‘(K ) is arithmetically Cohen-Macaulay provided that ¢ > d—.

d
3

Is ()9 < PB)(K) arithmetically Cohen-Macaulay?

u((a:ﬁ:}’:é))r{

14.2.6 Remarks. Let the situaiion and notation be as in Exercise 14.2.5, where
the curve Xy < P(K) was constructed, for each integer d = 3. As a variety.
X4 1s isomorphic to the projective line PL(K). Note that iy S P(K) is just
the twisted cubic N3 < P*(K) of 14.2.3. The curve Ty © P*(K) is called the
twisted quartic or Macaulay’s curve,

Exercise 14.2.5(vi) shows that the arithmetic structure of £y = P*(K), whic>
reflects the way in which the curve is embedded in PYK), is morc complicated
for d > 3 then it is when d = 3. This is another illustration of the phenomencz
mentioned in 14.2.1(ii),(vii).

In the next Chapter 15, we shall consider the situation where R = (B, .y, R-
is positively graded; we shall study in considerable depth the componen::
Hh(M)n (n € Z) of the i-th (i € Ny) local cohomology module, with respect ::
the irrelevant ideal R, of R, of a finitely generated graded R-module M. There
iz very sirong motivation from projective algebraic geometry for such studs.
and we hope that our discussions of projective varieties in this chapter have
given the reader some hints of this motivation.
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Castelnuovo regularity

In Chapter 14, we have seen that, when (K is an algebraically closed field,
r € N and) R is the homogencous coordinate ring of a projective variety
V < IP'(K) of positive dimension, the end of the (necessarily graded) first local
cohomology module Hi (R) is of interest: see 14.2.4, This is one motivation for
our work in this chapter, where we shall study, in the case when R = EBHEJNU R,
is positively graded, the ends of the local cohomology modules H R, (M) for a
finitely generated graded R-module M. Perhaps the most important invariant
related to these ends is the so-called (Castclnuovo-Mumford) regularity of M.
This invariant is of great significance in algebraic geometry, and, as we shall
see in 15.3.7 and 15.3.8, it provides links between local cohomology theory and
the syzygies of finitely generated graded modules over a polynomial ring over
a field.

15.1 Kinitely generated components

Our first goal in this chapter is to establish the basic fact that, in the notation
of the above introduction, for each i € Ny, the Ry-module HJ{I+ (M), is finitely
generated for all n € Z and zero for ali sufficiently large n. This fact, which
generalizes 14,1.4(iii),(ii), is the basis for much of the work in this and the
next two chapters, We begin by introducing further convenient notation and
terminology.

15.1.1 Notation and Terminology. We shall employ the notation and terminology
concerning graded rings and modules described in 12.1.1, 13.1.1 and 14.1.1.

Recall [6, p. 28] that, when R = @”eNu R, is positively graded, we say that
R is homogeneous if and only if R is generated as an Ry-algebra by its forms
of degree 1, that is, if and only if R = Ry[R;].

277
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Also, when R is merely positively graded, I, = D,z Ln is a graded R-mod:. =
and 1 € Z is fixed, we write
Laf = @ L,,

ned
nzt

a graded submodule of I, For example, in 15.1.6 below, we shall be concerr=-
with the graded R-modules Dg. (M)s, (for a graded R-module M).

We shall need to use the following graded version of the Prime Avoida- .z
Theorem: for a proof, we refer the reader to [6].

15.1.2 Homogeneous Prime Avoidance Lemma. (See [6, 1.5.10].) Assume th:- 5
s graded and that the ideal q is graded and generated by elemenis of poss -
degree. Let P1s--os Py € Spec(R) be such that, Jorall i =1,... n we have az:
Then there exists a homogeneous element in o WP Uoup,). D

We can tmprove on the result of 15.1.2 when Ry is local with infinite resid -
field and a is generated by elements of degree 1.

.yl

15.1.3 Lemma. (See [6, 1.5.12]) Assume thar R = Drcz Re is graded, thar
Is local with infinite residue field, and that the ideal « is graded and pen~--..
by elements of degree 1. Let b, b, be ideals of R such thay, for

L...,n, we have o Z b, Then there eXISiS a homogeneoys element of deg-.
a\ (b U...UD,).

Proof. Set ay = an Ry, and Tet My denote the maximal ideal o = ..
hypotheses ensure that, for all i = 1L...,n

{b; 1 a; + Moar ) /itga, # ty /mya;.

Since Ry/my is infinite, there exists TeaNJL(bina + Miga; b =

15.1.4 Lemma, Assume that R — @nez R, 1s graded ang that the ide - -
and generated by elements af positive degree. Let M pe a finitely .
module such thar aM # M and gradey, a > 0, '

() There exists g homogeneoys element in o which, IS a non-zey - -

(i) If. in addition, Ry is local with infinite residye fleld and o :
elements of degree 1, then there exists g homc;geneous elg,
Lin a which is ¢ non-zerodivisor on M.

Proof. Since a & UDE Assar P, part (i) is immediate from {517
follows from 1513 0
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We are now ready to prove the basic finiteness and vamishing theorem which
was mentioned in the first paragraph of this section.

15.1.5 Proposition. Assume that R = B, ., Ra is positively graded; let M be a
finitely generated graded R-module.

(i) Forallie Ny and all n € Z, the Ry-module Hj'h(M)n is finitely generated.
(ii} There exists r € Z such that Hy (M), =0 for all i € Ny and all n = r.

Proaf. Let i € Ng. We prove, by induction on i, that H f{,.(M )n is a finitely
generated Rg-module for all # € Z, and is zere for all sufficiently large values
of n. This will prove not only part (i} but also part (ii), because, in view of
3.3.3, there can only be finitely many integers i for which Hy (M) # 0, since
Hj, (M) =0 for all i > ara(R.). ‘

We consider first the case where i = 0. Since HY (M) is a submodule of
M, it is finitely generated as R-module, and so there exists u € N such that
(RyJ*HR (M) = 0. Now (Ro}Hy (M)/(R.y*'Hy (M) is a Noetherian R/R,-
madule, and so is a Noetherian Ry-module (for each i =0,...,u— 1). Therefore
HY . (M) is a Noetherian Ro- module. Hence HY (M), is a ﬁmtcly generated
Ry- module for all n € Z, and only finitely many of the Hj (M), can be
non-zeroe.

Now suppose that i > and our desired result has been proved for smaller
values of i (and for all choices of the finitely generated graded R-module M).
Since 'z (M) is a graded submodule of M, it follows from 2.1.7(iii) that, for
all i € N, therc is a {homogeneous) isomorphism Hj (M) & HR (M /g, (M)).
Thus, for the purpose of this inductive step, we can replace M by M /T (M)
and so (in view of 2.1.2 and 2.1.1) assume that Ry contains a non-zerodivisor
on M. This we do.

We can assume that M = 0; we therefore assume that M # Ry M. Then,
by Lemma 15.14, there exists a homogeneous element » € Ry which is a
non-zerodivisor on M. Let ¢ denotc the degree of r.

The exact sequence 0 — M LN M(t) — (M/rM)(t) — 0 of graded
R-modules and homogeneous homomorphisms induces a long exact sequence
(in *#(R}) of local cohomology modules, from which we deduce (with the aid
of 13.1.9(ii)) an exact sequence '

HE (M /rM)ygs —— Hig (M) "> Hy (M)t

of Ry-modules for all n € Z.
By the inductive hypothesis, there exists s € Z such that

H'(M/rM); =0 forall j>s.
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Hence, for all n > s — 1, the sequence 0 — Hj (M), — HL, (M), 1s exact;
therefore, since H}ih,(M) is R;-torsion and r € R., we have H}'LL(M ), = 0 for
alnzs—t

It also follows from the inductive hypothesis that H}{LI(M /rM); is a finitely
generated Ry-module for all j € Z. Fix n € Z and let k € Ny be such that
n+kt =s—t, so that Hy (M), = 0 by the last paragraph. Now, for each
j=10,...,k—1, there is an exact sequence

Hi M /rM)ppene — Hig (M) — Hy (M)

of Rp-modules, and Hj '(M/rM), (31 is finitely gencrated over Ry. We can
therefore deduce, succcséively, that Hy (M), is finitely generated over Ry for
j=k—1k—2,...,1,0; we thus conclude that H;iq+(M)n is finitely generated
over Ry, and the inductive step is complete. O

15.1.6 Corollary. Assume that R = B, Rn s positively graded; let M =
B,cz My be a finitely generated graded R-module. Then (with the notation of
15.1.1)
(1) Prp (M), is a finitely generated R-module for all t € Z,
(i) Dy, (M), is a finitely generated Ry-module for all n € £, and
(i) for all sufficiently large n, the restriction to M, of the map yy * M ——
Dy (M) of 22.4(i)(c) provides an Ry-isomorphism

(Naahy + My, —> Dg, (M),

Proof. These claims are all immediate consequences of Proposition 15.1.5 and
the exact sequence

in 1 a1

0 — Tp, (M) =5 M =5 Dp (M) =5 Hy (M) — 0

of graded R-modules and homogeneous homomorphisms: see 12.4.2. [

Proposition 15.1.5 shows that, when R is positively graded, the theory of
local cohomology with respect to the irrelevant ideal of R is particularly
satisfactory. It is natural to ask whether local cohomology with respect to
other homogeneous ideals exhibits similar properties. The next three exercises
concern examples where the answer is clearly negative: the conclusions of these
exercises should be compared with those of Propesition 15.1.5.

15.1.7 Exercise. Let (Ry, mwRy) be a discrete valuation ring, and let R denote
the polynomial ring Ry[X], regarded as a graded ring in the usval way. Let
m = nR + XR, the unique maximal graded ideal of R, Let M be a non-zero,
torsion-free, finitely generated, graded R-module.
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(i} Use the Graded Finiteness Theorem 13.1,17 to show that H! (M) is
finitely generated.
(ii) Show that HZ(M /X M) = 0.
(1) Use 12.4.3 to see that there exists ny € Z [or which HL(M/XM),, is
not finitely generated as Rg-module.
(iv) Use the exact scquence 0 — M =, M(1) — (M/XM)(1} — 0 to
show that there exists ny € Z such that H2 (M}, is not finitely generated for all

n

n < ny and there exists n; € Z such that H2(M), =0 for all n > ns.

15.1.8 Exercise. Let Ry be a commutative Noetherian ring, and let R denote
the polynomial ring Ro[X,Y], graded in the usual way (by total degree of
polynomials). Use Exercise 12.4.3 to show that, for all n € Z, the Re-module
H{r(R), is free but not finitely generated.

Compare this with the conclusions of Proposition 15.1.5.

15.1.9 Exercise. Let (Ry, nRy) be a discrete valuation ring as in Exercise 15.1.7,
and let R denote the graded ring Ry[X, Y], as in Exercise 15.1.8. Let a =
nR + XR. Use 15.1.5 and 13.1.12 to show that, for all # € Z, the Ry-module
H2(R), is not finitely generated.

15.1.10 zExercise, Assume that R = (B, .y, Ry Is positively graded and such that
(R, o) 1s local Set = myR + Ry, the unique graded maximal ideal of R. Let
M be a finitely generated graded R-module such that d := dim(M / I'r, (M) > 0.
{1) Show that there is a homogeneous element a of positive degree ¢ which

is a non-zerodivisor on M = M /T'g. (M).

(ii} Use Theorem 6.1.4 to show that HY (M) # 0, and part (i) to deduce that
there are infinitely many negative n € Z such that Hé (M), # 0.

(iii) Use 13.1.6 and 13.1.10 to show that, for each i € N, there are only
finitely many integers n € Z for which Hi (T, {M)), # 0.

(iv) Prove that there are infinitely many negative n € Z such that

HI(M), # 0.

152 The basics of Castelnuovo regolarity

Assume that R is positively graded and homogeneous, and let M be a finitely
generated graded R-module. It is clear from 3.3.3 and 15.1.5 that there is an
integer » such that, for all s € Z with s > », we have H}L(M)S_,- = ( for ali
i € Z (or, equivalently, for all i € Ny), The Castelnuovo regularity of M is the
mfimum of the set of integers » with this property (interpreted as —oc if this
infimum does not exist). This is a very important invariant of M, and a topic
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which has featured in much recent research. In this section, we develop the
basic theory of this and some related, slightly more complicated, invariants.

15.2.1 Definitions. Assume that R is positively graded and bomogeneous (see
15.1.1). Let M be a finitely generated graded R-module, and let r € Z and
[ « Ng.

(i) We follow A. Ooishi in [46, Definition 1] and say that M is r-regular in
the sense of Castelnuovo-Mumford if and only if H (M), ;=0foralli,sc Z
with s > r. In practice, the phrase ‘in the sense of Castelnuovo-Mumford' is
usually omitted.

As pointed out just before this definition, therc does exist an r € Z such that
M is r-regular. Note that M is r-regular if and only if Hy (M), ; = 0 for all
i,s € Z with s > r and i > (. This observation leads to the following more
general definition.

(ii) We say that M is r-regular at and above level I if and only if Hy (M), ; =
0 for all i,s € Z with s > r and i > [. |
Thus M is r-regular if and only if it is r-regular at and above level 0.

Motivation for Definition 15.2.1 comes from Theorem 15.2.5 below, which
is a version of a prepositton of D. Mumford [38, p. 99], adapted to the
context of local cohomology. (See also Ooishi [46, Theorem 2]} However,
before presenting Theorem 15.2.3, we provide some technical comments which
will help us to make appropriate reductions in the proof of the theorem and
other resuits,

15.2.2 Remarks. Assume that R = &, _, R, is graded, and that the ideal a is
graded. Let R; be a commutative Noetherian ring, and let f5 : Ry — R be
a flat ring homomorphism. Set R’ := R ®g, R}. and let f : R —» R’ be the
natural ring homomorphism.

(1) Since R is a finitely generated Rg-algebra by [6, Theorem 1.5.5], it
follows that R’ is Noetherian. Furthermore, R’ has the structure of a graded
ring given by R' = @, 5 R}, where R is the natural image of R, ®g, R in R’
for each n € N. Thus the ring homomorphism f is homogeneous (in the sense
of 13.1.2), and flat.

{ii) It therefore follows from the Graded Flat Base Change Theorem 13.1.8
that the sequences

(Hy-)®x R)ien, and  (Hi((.)®x R'ieng

(restricted to the ‘graded’ category *#(R)) are isomorphic negative (strongly)
connected sequences of covariant functors from *#/(R) to *#(R).
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(iii) Let L = &,z L be a graded R-module. Then L ®g R’ is a graded
R’-module; if we use the natural isomorphisms

L ®g R = L ®g (R ®g, Rj) — (L ®r R) ®g, Ry — L ®g, R
to identify I. @z R’ with L ®g, R, =: L', then the grading on L' is given by
L' =@,z L, where L, is the natural image of L, ®g, Ry in L.
(iv) It follows from part (i), and part (iii) applied to the graded R-module
Hi{M) (where M is a graded R-module), that, for all i € Ny and all n € Z,
there is a natural equivalence of functors (from *#(R) to #(Ry))

Hi( ) ®r, Ry — Hip () ®r Ry

(v) We can deduce from 4.3.5, 12.2.10 and the formula in 2.2.13(ii} that
there is a natural equivalence of functors

¢ Dol }®r R — Dop((+) ®r R)

from the ‘graded’ category *&(R) to *%(R').

{vi) If we now use part (v), and part (iii) applied to the graded R-module
Do(M) (where M is a graded R-module), we obtain, for each n € Z, a natural
equivalence of functors (from *%(R) to €(Ry))

Dn( . )n B g, R6 I DaR’(( . ) ®Br R’),,.

We give two examples where the ideas of 15.2.2 can be used.

15.2.3 Example. Assume that R = @B,y R, is positively graded and homoge-
neous (see 15.1.1), let M be a graded R-module, and let py € Spec(Ra).

We can apply the techniques (and notation) of 15.2.2 with the choices a = Ry
and R} = (Ry)y,, a flat Ry-algebra. The ring R' = R&g, (Roy, is again positively
graded and homogeneous, and M’ = M ®g, (Rp)p, is a graded R’-module.
Also, R{R' = Rl the irrelevant ideal of R'. It follows from 13.2.2{iv) that,
for each i € Ny and each n € Z, there is an isomorphism of (Rg),,-modules

(Hj{‘_(M)n)p = H }'{;(M")n. Finally, note that the O-th component of R’ is a

local ring isc(;morphic to (Ro)y,-

15.2.4 Example. Assume that R = @, R, is positively graded and homoge-
neous, and such that {Rg,mg) is local; let M be a graded R-module.

We can apply the techniques (and notation) of 15.2.2 with the choices a = R,
and R} = Rol[Xlmer,x}- the localization of the polynomial ring Ry[X] at the
prime ideal ntgRy[X]. This Ry is a flat Ro-algebra, and R’ = R @, Ro[X Lo Ro ]
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is positively graded and homogencous, M’ = M ®g, Ro[X]im,r,x7 15 2 graded
R'-module, and R.R' = R, the irrelevant ideal of R’.

It follows from 15.2.2(iv) that, for each i € Ny and ecach # < Z, there is an
isomorphism of Rg[X ], g, [x]-modules

Hjil.,.(M)n ®R0 RO[X]"IORU[X] = JQL(M’)M;

thus, since Ro[X]m,r,1x; 18 2 faithfully flat Ry-algebra, H}L(M)n =0 1f and only
if H;'Q;(M’)n = (),

Finally, note that the 0-th component of R’ is a local ring isomorphic to
Ro[X]myr,rx), having infinite residue field.

15.2.5 Theorem. Assume that R = D,qq, Ry is positively graded and homoge-
neous, let M be a finitely generated graded R-module. Fet v € Z and | € N: the
reader should note that we are assuming that | is positive,

Assume that Hy (M),.1.; =0 for all i = 1. Then M is r-regular at and above
level 1 (see 15.2.1(ii) ).

Proof. 1t suffices to show that, for each p, € Spec(Ryg), the (Ry)y,-module
(Hp, (M)s ), vanishes for all i > [ and all 5 > r.

We can apply Examples 15.2.3 and 15.2.4 in turn to see that it is enough for
us to establish the claim in the statement of the theorem under the additional
assumption that (Rg, mg) is a local ring with infinite residue field, and we shall
make this assumption in what follows.

It follows from [6, 1.5.4] that dim M is finite, and we are geing to argue
by induction on dim M. When dim M = —1 there is nothing to prove, and
when dim M = 0 the result is an easy consequence of Grothendieck’s Vanishing
Theorem 6.1.2.

Now suppose that dim M > 0 and our desired result has been proved for all
finitely generated graded R-modules of smaller dimension. Since I'x_ (M) is a
graded submodule of M, it follows from 2.1.7(iii} that, for each i € N, there
is a homogeneous isomorphism Hp (M) = H} (M/T'g,(M)). In particular,
since [ is positive, Hy (M/T'r, (M));41; = 0 for all i = |. Now we must have
dim(M /g (M)) < dim M if this inequality is strict, we can use the inductive
assumption to achieve our aim; otherwise, for the purpose of this inductive
step, we can replace M by M/I'g, (M) and so (in view of 2.1.2 and 2.1.1) assume
that M is R, -torsion-free and that R_ containg a non-zerodivisor on M. This
we do.

Now M # Ry M (since otherwise M = 0), and so, by Lemma 15.1.4(ii),
there exists a homogeneous element ¢ € R; (and so of degree 1) which is a
non-zerodivisor on M.
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The exact sequence 0 — M SN M({1) — (M/aM)(1) — 0 of graded
R-modules and homogeneous homomorphisms induces a long exact sequence
{(in *&(R)) of local cohomology modules, from which we deduce (with the aid
of 13.1.9(i1)) an exact sequence

HYy (M), — Hjy (M/aM), — HZ (M), > HFHM),

of Ry-modules, for all i € N and all n £ Z. Use of this with n = » + 1 —1i shows
that H}L(M/aM),w_l_,- =0 for all { > |. Now dim(M/aM) < dim M (since a
lies outside every minimal prime ideal of Supp(M)), and so it follows from the
inductive hypothesis that M/aM is r-regular at and above level L.

Fix an integer i > [. For each n € Z, there is an exact sequence

Hip (M) — Hy (M)yeg — Hg (M /M),

of Ry-modules. We know that Hy (M), 11 = Hi (M/aM); 1o ; =0, and so it
follows from the above exact sequehce {with n = r+2) that H }'{'.(_M),urg,i =0 We
can now repeat this argument, using induction, to deduce that Hg (M), =0
for all j € IN. It follows that M is r-regular at and above level 1. O

Tn the statement (and proof) of Theorem 15.2.5, we stressed that the integer
[ is assumed to be positive. In fact, if  in that theorem is replaced by 0, then the
resuiting statement is no longer always true: this is illustrated by the following
EXercise.

15.2.6 Exercise. Let the situation and notation be as in Theorem 15.2.5. Find
a counterexample to the statement ‘if H}h(M Yer1— = 0 for all i = 0O, then
M is r-regular at and above level O (that 15, M 15 r-regular) by considering
R = Ry[Xy,...,X.], the ring of polynomials in » (= 1) indeterminates over a
commutative Noetherian ring Ry, graded in the usual way, and M := Ry @ R
for an appropriate value of the integer ¢, where ‘Ry is as defined in 13.1.11.

The result of Theorem 15.2.5 can be rephrased thus: for a fixed positive
integer I, if H§+(1W)r+1_g =0 for all i = I, then H§+(M)S_,- =0foraliz!
and s > r. Some readers might find the interest in ‘reverse diagonal vanishing’
surprising, and they might find the following diagram helpful. The diagram
concerns the special case of Theorem 15.2.5 in which Ry is Artinian, so that,
for all i,n € Z, the Rg-module Hh(M)n has finite length A,(n). In the diagram,
W) is plotted at the position (n,i) in the Oni co-ordinate plane. Theorem
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15.2.5 shows that, if in the diagram

00 00 0i}0 0
00 0 0 0 0 0
0 0 dl
0 ..
0
0
0 0
0]
oo
) 0
i, (n) 000
0 0 0
0 0 0
1—1
& . -1
0 0 0 0 00
0 0 0 0 O 0 0

{(in which d denotes dim M) there is a line of zeros on the line i+n=1r+ 1
above the line i =1 — [, then there must be a similar line of zeros on the line
I+ n = s above the line i =1 — 1 for every integer s = .

Some readers may wonder whether ‘vertical vanishing’ works just as well in
this context as ‘reverse diagonal vanishing”. It doesn’t: the following example
provides a counterexample to the statement ‘if H L(M),‘.H ={0forallie N
{where R is positively graded and homogeneous and M is a finitely generated
graded R-module), then H}"LL(M)S =0forallie Nand s> r.

15.2.7 Example. We consider again the example studied in 12.4.7. Thus K is a
field, d € N with d > 3, and A is the subring of the d-th Veronesean subring
KX, Y] of the ring K[X, Y] of polynomials over K in two indeterminates X
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and Y given by Ay = K[X%, XY, XY4 ! Y9, with grading inherited from
K[X, Y]

Since Ay is a 2-dimensional domain, we have Hj  (Aw) = 0if i =0 or
i>2 By 1247, (or n € Z, we have Hm (Aa)n =0ifand enly if 1 <n < d—3.

Let ¢ : Ay — K[X, Y1 denote the inclusion homomorphism. We showed
in 12.4.7 that there is a homogenecous Ay -isomorphism Coker ¢ = H_}lC o Al )
1t therefore follows from 2.1.7(i) that there is a homogeneous A g-isomorphism
Hi, (Aw) = Hy, (K[X,Y]¥). Further, arguments we provided in 12.4.7,
together with 12.4.6 and the Graded Independence Theorem 13.1.6, show that
there are homogeneous Ay -isomorphisms

(K [JY Y] f”) = Hr2'|4| KXY ldJ(K [X Y}(,} )
H}\ [X.7] )m(K [X, Y](d))
= (H(X,Y)(K [X, Y1)4o.

H @

It now follows from 12.4.1 and 12.4.6 that HﬁW(A[d))n £ 01if and only if 7 < 0.

We can now conclude, for r,s € Z, that HLW (Agy)s— = O forall i e Z if and
only if s > d — 2. Thus Ay, is r-regular if and only il r = d — 2.

Notice also that Hj;ld (Ao = 0 for all i € N, whereas, when d > 3, we have
H] A i) # 01 thus this example shows that the statement “if’ H} R AM)p1 =0
for all i € IN (where R is positively graded and homogeneous and M is a
finitely generated graded R-module), then Hy (M);=0forallic Nands >
is false,

15.2.8 Remarks. Assume that R is positively graded and homogeneous; let M
be a finitely generated graded R-module. Let » € Z and let [ be a positive
integer.

(i) It follows from Theorem 15.2.5 that M is r-regular at and above level /
it and only if HY (M},.;;=0foralli> 1l

(1) However, M is r-regular at and above level 0 (that is, M is r-regular)
it and only if H, (M),.; ;=0 for all i € Z and Hy (M), =0 for all s > r.
This is precisely the condition used to define the condition ‘M is r-regular’ by
D. Eisenbud and S. Goto [8, p. 95].

We arc now ready to define Castelnuovo regularity, and also some refinements
which have been studied by scveral authors, including U. Nagel [40], Nagel
and P. Schenzel [41, Definition 6.1] and L. T. Hoa and C. Miyazaki [27, §2].
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15.2.9 Definition. Assume that R = @”&.NO R, 1s positively graded and homo-
geneous, and let M be a finitely generated graded R-module. Let | € N,. The
end of a graded R-module was defined in 13.1.1.

We define the ( Castelnuovo-Mumford ) regularity reg(M) of M by

reg(M) = sup {end(H (M))+i:i¢ Ng}
= sup {end(Hh(M}) +i:0<i< dimM’} .

Furthermore, the ( Castelnuovo-Mumford ) regularity reg' (M) of M at and above
level 1 is defined by reg(M) = sup {end(HjL(M)) +iix l}. Thus the reg-
ularity reg®(M) of M at and above level 0 is the regularity reg(M) of M.
Furthermore,

reg (M) = inf {r € Z : M is r-regular at and above level I}

Observe that, since there are only finitely many integers i for which H, (M) #
0, it follows from 15.1.5(i1) that reg(M} is either an integer or —oo. Note also
that reg' (M) < reg™ ' (M) < ... < reg®(M) = reg(M).

Observe also that, by 13.1.9(ii), reg(M(t)) = reg/(M) — for all t € Z.

15.2.10 #tExercise. Let the situation be as in 15.2.9.
(i) Show that reg'(M) = —oc if and only if HE (M) =0 for all i > 1.
{it} Let p be a minimal prime of Ry + (0 :x M) and assume. that [ <
ht(p/(0 :x M)). Show that reg'{M) > —ac.
(iti) Assume that Rp is Artinian and local, and that M +# 0. Show that
reg' (M) = —cc if and only if I > ht ((Ry +(0 g M)/0 g M)).

15.2.11 £Exercise. Let Ry be a commutative Noetherian ring, let # € N, and let
R = Ry[X;,..., X;], the ring of polynomials over Ry, graded in the usual way.
Use Example 12.4.1 to show that reg(R) = 0.

15.2.12 Proposition. Asswme that R = D, Ru is positively graded and homo-
geneous, and let M = @, ., M, be a finitely generated graded R-module. Then
reg' (M) = —oo if and only if M, =0 for all n >> 0.

Proof. (<) Suppose ny € N is such that M, = 0 for all n € Z with |n| > ny.
Then (R,)*™M = 0, so that M is R,-torsion. Therefore, by 2.1.7(i), we have
Hp (M) =0 for all i > 0, and so reg'(M) = —o0.

(=) Assume that reg!(M) = —oc. This means that Hp (M) =0 for all i > 0.
It therefore follows from 2.1.7(ifi) and 2.1.2 that H (M /Tg (M)} = 0 for all
i € Np. Hence M/T'r (M) = R.(M/Tg (M}), by 62.7 and 6.2.4. Tt follows
from this that, since M/I'g, (M) is finitely generated and graded, we must have
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M/Tr (M) = 0. Hence M =g (M), and the desired result follows from -~
and the fact that M is finitely generated. O

15.2.13 f£Exercise. Let the situation be as in Proposition 15.2.12. Show tha:
reg(M) = —oo if and only if M = 0.

15.2,14 Exercise. Assume that R = D, Ry is positively graded and homoge-
neous. Let M = (), 7 M, be a finitely generated graded R-module, let 1,1’ € Ny
with [ > I', and let r € Z.

It is clear that if’ M is r-regular at and above level I, then M is r-regular at
and above level I. Give an example to show that the converse statement is not
always true.

15.2.15 gExercise. Assume that R = D,.cw, Rn is positively graded and homo-
geneous, let [ € Np, and tet 0 — L — M — N - 0 be an exact sequence
of finitely generated graded R-modules and homogeneous homomorphisms.
Show that

(i) reg(L) < max {reg(M), reg(N) + 1},

(ii) reg*!(L) < max {reg[“(M), reg'(N) + 1},

(iif) reg'(M) < max {reg(L), reg/(N)}, and

(iv) reg (N) < max {reg!(L) — 1, reg!(M)}.

153 Degrees of generators

The following theorem is one of the main reasons for our introduction of the
concept of regularity. Among its consequences are the links, hinted at in the
introduction to this chapter, between local cohomology theory and the syzygies
of finitely generated graded modules over a polynomial ring over a field.

15.3.1 Theorem. Assume that R = Dren, R is positively graded and homoge-
neous, and let M = &B, ., M,, be a non-zero finitely generated graded R-module.
Then M can be generated hy homogeneous elements of degrees not exceeding
reg(M).

Proof. Our strategy in this proof has some similarities to that for our proof
of Theorem 15.2.5 above, inasmuch as we apply 15.2.3 and 15.2.4 to reduce to
the case in which Ry is local with infinite residue field.

Let N be the graded submodule of M generated by B, crepian My we must
show that M = N.
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It suffices to show that M, = N, for cach py € Spec(Ry). We use 15.2.3:
consider the positively graded, homogeneous ring R = R @g, (Ry),, and the
graded R'-module M’ = M @g, (Ro),,. which is finitely generated. By 15.2.3,
reg(M’) < reg(M); also, under the canonical isomorphism between M’ and M, ,
the R’ -submodule of M’ generated by all homogeneous elements of degrees not
exceeding reg(M) is mapped onto Ny . It is therefore enough for us to establish
the claim in the statement of the theorem under the additional assumption that
Ry is local. We can then use 15.2.4 in a similar way to see that it is enough
for us to establish the claim under the additional assumption that (Rg, ) is
a local ring with infinite residue field, and we shall make this assumption in
what follows.

Now d := dim M is finite, and reg{M) = —oo since M + 0 (by 15.2.13).
We argue by induction on 4. Consider first the case where d = 0. Then
AssM = {my® R, }, so that there exists t+ € N such that (Ry))M = 0. In
this case, M = I'g, (M) and so H}Lr(M) = {0 for all i € N, by 2.1.7(ii). Thus
reg{M) = end(M), and it is obvious that M can be generated by homogeneous
elements of degrees not exceeding end(M).

Now suppose that dim M > 0 and our desired result has been proved for
all non-zero, finitely generated graded R-modules of smaller dimensions. Of
course, I'g, (M), if non-zero, can be generated by homogeneous elements of
degrees not exceeding end(I'g, (M)); since end(T'g (M) < reg(M), it follows
from the exact sequence

0 — T (M)— M— M/Tg (M)-~—0

that it s enough for us to show that M /T g, (M) can be generated by homoge-
neous clements of degrees not exceeding reg{M ). Note that

reg(M/T'x, (M) = reg! (M) < reg(M).

Now dim{M /T'r (M)} < dimM: if this inequality is sirict, we can use the
inductive assumption to achieve our aim; otherwise, for the purpose of this
inductive step, we can replace M by M/I'r (M) and so (in view of 2.1.2 and
2.1.1) assume that M is R, -torsion-free and that R.. contains a non-zerodivisor
on M. This we do.

Note that M == R, M. Then, by Lemma 15.1.4(it), there exists a homogeneous
element ¢ € Ry (and so of degree 1) which is a non-zerodivisor on M. Apply
15.2.15(iv) to the ¢xact sequence

0~ M(—1) -5 M — MiaM — 0
of graded R-modules and homogeneous homomorphisms to see that

reg(M/aM} < max {reg' (M(—1)) — 1, reg(M)} = reg(M).
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Now dim(M /aM} < dim M, and so it follows from the inductive hypothesis that
M/aM can be generated by homogeneous elements of degrees not exceeding
reg(M /aM). Hence M = N+aM. Now R is ¥local with unique *maximal graded
ideal m = my @& Ry; it follows from Nakayama's Lemma that M,, = Ny, so
that M = N by 13.1.13(it} applied to M/N. O

15.3.2 #Exercise. l.et R = K[X1,...,X;], the ring of polynomials in n (= 1)
indeterminales over a ficld K, graded in the usual way. Let a be a proper
graded ideal of R such that H}L(R/a) = Hp (R/a) = 0. Use 15.2.11, 15.2.15
and 15.3.1 to show that 0 < reg!(R/a) = reg*(a) — 1.

In the following definition and subsequent exercises, we consider a geometric
significance of the Castelnuovo regularity.

15.3.3 Definition and Remark. Let K be an algebraically closed field, and let
¥ € N Let V < IP"(K} be a projective variety. Consider R = K[X,,...,X}]
as the coordinate ring (A T (K)). Then the graded prime ideal Ip (V) =
L1 (Cone(l)) of R is non-zero: we define the Castelnuovo-Mumford regu-
larity reg(V) of V by reg{V) = reg(Ipx) (V).

Note that Hg (R) = Hy (R) = 0, and the homogeneous coordinate ring
¢{Cone(V}) of IV is an integral domain. It follows from these cbscrvations and
15.3.2 that

reg(V) = feg(IP"(KJ(V)) = fegl(lu”(r\’)(v)) = fegz(llP’(K)(V))
= reg! (¢{Cone(V))) + I = reg(¢(Cone(V))) + 1.

Note that, by 15.3.1, the vanishing ideal Ip(xy{V) can be generated by homo-
geneous polynomials of degrees not exceeding reg(1).

15.3.4 Exercise. Let K be an algebraically closed field, and let » € IN. Let
V = IP’{K) be a projective variety such that dim V' > 0. Let n € IN be such that
reg(F)<n+ 1.

(i) Show that the n-th Veronesean V™ < IP(T")_I(K) of ¥ 15 such that we
have arithdepth ¥ > .

(ii) Show that reg(F™) < dim V + 2.

15.3.5 Exercise. Let K bc an algebraically closed field, and let d € IN with
d > 1. Here we study again the rational normal curve in projective d-space
Nyy € PYK) of 1423,

Consider the Veronesean subring K[Xg, XY of the ring KXy, X|] of
polynomials over K in two indeterminates Xy, Xy, and the polynomial ring
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K[Y,..., Y] in d+1 indeterminates Y, ..., Y, as the coordinate ring ¢(A™ (K)).
Let ¢ : K[Yy,..., Y] — K[X0,X(]*Y be the K-algebra homomorphism for
which ¢(Yy) = X¢, (Y1) = X§' X1, ¢(Yumt) = XoX{', ¢(¥y) = X2 Then
Ker q‘) = IIPJ(K)(N(d)).
(i) Calculate reg(Ny)), and deduce that Ipigg(Ny) can be generated by
quadratics.
(it} Calculate the dimension of I, (Nig )2, the component of degree 2 of
IPd(K)(N(,;])), as a vector space over K.
(iii) Deduce that I'pz gy (Ng) can be generated by the 2 x 2 minors of the
matrx
Yo i Y, ... Yio Y
Y1 > Ys ... Y Y

15.3.6 Exercise. Use the notation of 14.2.5, but in the special case in which
d = 4. Thus K is an algebraically closed field, and As) is the subring
K[X*X3Y,XY3 Y4 of the ring K[X, Y] of polynomials over K in two inde-
terminates X and Y. Also, y : K[Yy, Y1, V2, ¥3] — Ay, is the K-algebra homo-
morphism for which p(Yg) = X*, (Y1) = X3V, p(Y2) = XY and 1(Y3) = Y4,
and Kerwy is the vanishing ideal of the projective variety ) < PA(K).

(i) Calculate reg(Z4), and deduce that Ips gy (X)) can be generated by
homogeneous polynomials of degrees not exceeding 3.

(ii) For i = 2,3, calculate the dimension of Ip ) (s bis the component of
degree i of Ips (Zs), as a vector space over K. Find a quadratic and three
cubics which generate Ips g )(Z)).

The next exercise uses Theorem 15.3.1 to establish connections between the
regularity of a finitely generated graded module M over a polynomial ring over
a field and the syzygies of M : we hinted at these connections in the introduction
to this chapter. The result of the exercise is presented by Eisenbud and Goto
in [8, p. 89], although they state that it is not new and has origins in ideas of
Castelnuovo and Mumford.

15.3.7 #Exercise. Let K be a field and let R = K[X|,...,X,], the ring of
polynomials over K in » indeterminates (where n € N), graded in the usnal
way. Note that R is *local with unique *maximal graded ideal m = (X1,..., X,,),
and that m is actually maximal. Let M be a non-zero finitely generated graded
R-module having projdimM = p. We refer the rcader to [6, pp. 35-6] for
fundamental facts concerning the minimal graded free resolution of M : let this
be

;
Oﬁ*Fp—P>Fp_.1——>...——>F1Jl-)F0——>O,




-

15.3 Degrees of generators MR

so that there exist by,..., b, € IN and, for each j = 0,...,p, integers a (=
1,...,b;) such that a U) L= a}f) and F; = EB?;I R(agj)); also, fy,...,fp are all
homogencous, there isa homogejneous epimorphism fy : Fy — M, and it and
the other f; are such that the sequence

Om—>Fpi>Fp_1—>...—->Fg—Jl>M—>0

is exact; furthermore, Ker f; = mF; forall j=0,...,p.
The positive integers by,...,b,, and the tuples (a(lj), . a}j)) (j=0,...,p), are

invariants of M.

(1) Show that reg(Fo} = —abo (You m1ght find Exercise 15.2.11 helpful.)

(11) Use Theorem 15.3.1 to show that ab < reg(M).

(ii1) Suppose that p > 0 and let L := Ker fy. Use part (i) above and Exercise
15.2.15(1) to show that reg(l.) < reg(M) + 1.

(1v} Prove, by induction on p, that

reg(M) =max{——agj)—j :j:O,...,p}.

15.3.8 Example. Consider the sitnation of Exercise 15.3.7 above in the special
case in which M = R/b, where b 15 a proper graded ideal of R. Since R/b can
be generated by one homogeneous element of degree 0, and since Ker f; € mF;
for all j = 0,...,p, it follows that, in this Lde bo =1, al” =0, and —a¥"" >
a"}Jrlforallj— p—1 Henee —a’ > jforall j=0,...,p

On the other hand, by 15.3.7(iv), we have —ay)! < reg(M) + j for all j

0,...,p. Thus, for a given integer j such that 0 < j < p, the integers —a!{j) (1=
i < b;) are constrained to lie in the interval

IreNg:j<r<reg(M)+ )}
of length reg(M).
13.3.9 fExercise. Assume that R = (P, R. is positively graded and homo-
geneous, and let M be a non-zero finitely generated graded R-module. Let

di,...,a, be homogeneous elements of R with dega; =m >0fori=1,.... A
and suppose that ay,...,ay is an M-sequence, Use Exercise 15.2.15 to show that

h
reg' (M/Ef:la,-M) < reg'(M) + Z”f — f < reg (M/Zi;la,-M) ,
i=1

and that both inequalities in this display are equalities if grade,(R,) > h.
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Bounds of diagonal type

Let K be an algebraically closed field, let ¥ € N and let ¥V = P'(K) be a
projective variety. Let p denote the vanishing ideal Iy (x, (V) of V, so that p is the
(non-zero) graded prime ideal I alpolCone(V )} of K[Xg,..., X,] = G{ATHK)).
In 15.3.3, we introduced the Castelnuovo-Mumford regularity reg(V) of ¥, and
pointed out that reg(V) = reg(p) = reg!(p) = reg?(p) and that p can be
generated by homogeneous polynomials of degrees not exceeding reg(¥). Since
p can be used to define V, in the sense that V7 = Vprx,(p), the regularity
reg’(p) of p at and above level 2 provides an upper bound on the degrees of
homogeneous polynomials needed to define V. For this reason, we are, in turn,
interested in upper bounds on reg?(p).

This chapter is concerned with upper bounds on the regularity at and above
level 2 which are ‘a priori’ in the sense that they are always available for
finitely generated graded R-modules when R = D, ep, R 18 positively graded
and homogeneous, and Ry is an Artinian ring. In this situation, for a finitely
generated graded R-module M, it follows from Proposition 15.1.5 that the Ry-
module Hy (M), has finite length, for all i € Ny and all n € Z: we denote this
length by hfw(n). The bounds on reg?(M) which we shall obtain in this chapter
will be expressed in terms of the integers h3,(—2), 3, (—3),..., i (—d'), where
d' € N with d" > d := dim M, and they arc accordingly called ‘a priori bounds
of diagonal type’.

It is natural to hope that one might be able to bound rcg?(M) in terms
of fy(—2), 3 (—3),..., k;(—d) (the so-called cohomological lengths of M in the
diagonal at and above level 2) simply because, by Definition 15.2.9 and Theorem
15.2.5, reg’ (M) < 0 if and only if W(—2) =k (-3)=...= W (—d) = 0.
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16.1 Some basic lemmas

In more detail, our main aim in this chapter is to produce, for each integer
d > 2, a ‘right bounding function’ C'¥ . Ng*! — N, such that, whenever
R = P, o, R» 18 positively graded and homogeneous and Ry is an Artinian
ring, and M is a finitely generated graded R-module such that dim M < 4, then

reg® (M) < CY¥90R(=2), ... hy(—d)).

The functions C¥ will be defined, in conjunction with some additional functions
BY (d = 2), inductively, and, indeed, cur proof of the above inequality will use
an inductive argument which requires quite a bit of machinery. The first two
lemmas of the chapter, 16.1.2 and 16.1.3, form the basis for this machinery.

16.1.1 Notation. When R = @”E]NO R, is positively graded and such that Ry
is an Artinian ring, and M is a finitely generated graded R-module, it follows
from Proposition 15.1.5 that the Rg-module Hj§+(M),I has finite length, for all
ieNp and all n € Z: we denote this length by hj,(n).

16.1.2 Lemma. Assume that R = @HENQ R, is positively graded and homogeneous,
and let M = &, _z M, be a finitely generated graded R-module.

If reg®(M) 7& —oc, then each of Dp (M) and H};JM) can be generated by
homogeneous elements of degrees not exceeding teg?(M).

If 1eg* (M) = —c0, then, for each t € Z, both Dg (M) and Hy (M) can be
generated by homogeneous elements of degrees not exceeding t.

Proof. Since there are homogeneous isomorphisms
D, (M) > Dy, (M/Tx,(M)) and Hj (M) > Hs, (M/Tx,(M))

(by 12.2.10, 2.2.8(ii) and 2.1.7(iii)), and since reg> (M) = reg?(M/Tr, (M)), we
can replace M by M/I'g (M) and so (in view of 2.1.2) assume that M is
R, -torsion-free. We shall make this simplification.

Since M is finitely generated, there exists h € Z such that M, = 0 for all
n < h If reg?(M) # —oc, choose t € Z such that ¢ < min {h reg?(M}}; if
reg’(M) = —<0, let ¢ be any integer such that ¢ < h. With the notation of 15.1.1,
let N := Dg, (M), Note that N is a finitely generated R-module, by 15.1.6(1).
Also, by choice of ¢, the homogeneous monomorphism #; : M — Dy (M)
satisfies Imyy S N; thus N/Imny = D (M)/Imay = Hi (M), and so
N/ Imuyy is finitely generated and R__-torsion. It therefore follows from 2.1.7(1)
that there is a (homogeneous) isomorphism Hf (M) SH &, (N) for each i > 1,
so that reg’(M) = reg’(N).
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Let € =P,z C. be the graded R-module Dg, (M)/N. Since
Hp (Dp, (M) =0 fori=0,1
by 2.2.8(iv), it follows from the exact sequence
0—>N-—Dp{M)— C-—0
(in the category *#(R)) that H}%(N) = 0 and there is a homogeneous iso-

morphism I'g, (C) =, H}h(N). Now TI'g, (C) 1s a graded submodule of C, and
C, = 0 for all n > t. Therefore end(H}dN)) +1=¢t—141=t In the case
where reg’(M) # —oc, it follows that

reg(N) = reg?(N) = reg?(M) > 1,

whereas, in the case where reg?(M) = —cc, we have reg(N) < 1.

It follows from 13.3.1 that N = D (M), if non-zero, can be generated by
homogeneous elements of degrees not exceeding reg(N), so that, since H }§+(M)
is a homomorphic image of Dy, (M) by a homogeneous homomorphism, all
the claims are proved. O

16.1.3 Lemma. Assume that R = @, o R 1s positively graded and homogeneous,
and let M be a finitely generated graded R-module. Suppose that a € Ry is a non-
zerodivisor on M. Then

(i} for all integers m > regi(M/aM) — 1, the wmultiplication map
Hi (M)t o HL (M), is surjective; and

(i) for all integers m > reg” (M /aM) such that H}%: (M)t 5= O, the mulripli-
cation map HJ.ZQ'.(_M),,H BN H}%T(M)m is not injective.

Proof. (i) By 13.1.9(1i}, the exact sequence
0 — M -5 M(1) —> (M/aM){1}) —> 0

of graded R-modules and homogeneous homomorphisms induces an exact
sequence
Hit, (M)t —> Hi (M), — HE_(M/aM),

of Ry-modules, for allm € Z, and Hy (M /aM),, = 0 when m+1 > reg?(M /aM).
(ii} For each m € Z, let

Bm : Ry @g, ‘H}L (M/aM),, — Hfle_'_(lw/alw)m+l

be the Ry-homomorphism for which f,(r, ® z) = rz for all r; € R, and
z e H}L:(M/aM)m, and let y, @ Ry ®p, H}h(‘M)m — Hflq(M)mH be defined
similarly.




16.1 Some basic lemmus 297

Let mp € #Z be such that H§+(M/aM) can be generated by homogeneous
elements of degrees not exceeding mg: by Lemma 16.1.2, we can take np =
reg> (M /aM) if reg?(M/aM) #+ —oc, and we can take miy to be an arbitrary
integer if reg’(M/aM) = —co. Since R is homogeneous, it follows that, for
all m > mg, each element y € Hj (M/aM),,1 can be expressed in the form
S @z for suitable ar,...,a, € Ry and zy,...,z, € Hy (M/aM),. In other
words, fi,, is surjective for all m = my.

Let 7o M — M /aM be the canonical epimorphism, and, for each m € Z, let
Sy © Hl‘i.,.(lw)m — H} (M/aM)},, be the m-th component of the homogeneous
homomorphism Hg_(n). Observe that the diagram

m

Ry @, Hy (M}, Hp (M)t
|
Ide Rty Lot 1
i
Ry ®r, H} (M/aM), H) (M/aM)pii

commutes. It follows that, if, for some m > my, we know that =, is surjective,
then ¢, is surjective too.

Consider an m > mg and suppose that H ;%Jr(M Yn—1 4, H§+(M ) 18 injective.
By 13.1.9(ii}, the exact sequence

0 — M(—1) - M — M/aM — 0
induces an exact sequence
Hi (M), = Hk (M/aM), — H} (M), ~—> Hg (M),

of Ry-modules for all n € Z. This exact sequence {(in the case where n = m)
shows that x, is surjective, and so it follows, as explained in the immediately
preceding paragraph, that o, is surjective and =, is surjective for all n = m. It
follows from the above exact sequence that H IZL (M) - H fL(M ),; is injective
for all n > m. Therefore H§+(-M)m_1 = 0 (recall that a € R, and Hi(M ) is
R, -torsion). O

The following lemma is a consequence of Lemmas 16.1.2 and 16.1.3, and it
provides the key for the crucial inductive arguments of this chapter.

16.1.4 Lemma. Assume that R = €D, ., Ry is positively graded and homogeneous,
and that Ry is Artinian; let M be a finitely generated graded R-module. Suppose
that a € Ry is a non-zerodivisor on M.
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Let ng,q € Z with q = max {ng, reg? (M /aM) — 1}, for each n > ny, set

s(n) := hig(no) + Z hiff.paM(m).

m=pp—1
Then
i) for alln=mny;

( (
{ii) s(n} = s(g) for all n = q, and s(q) = s(q — 1) if ¢ > ny; and
(i) k3 (n) < max {0, s(q) + g — n} for all n > q.

Proof. (1) By 13.1.9(i1), the exact sequence
0 — M — M(1) —> (M/aM)(1} — 0

of graded R-modules and homogeneous homomorphisms induces, for each
m € Z, an exact sequence

H3 (M) = HE (M) — Hi (M/aM),
of Rp-moedules, from which we deduce that

Hy(m) = /p,(HE (M),)
< /iy (H (M)n1) + £, (Hg_(M/aM)y,)
= h%f(m -1+ hif’,aM(m),

and the claim follows easily from this.
(i) For m > g > reg’(M/aM) — 1, we have g = end{Hi(M/aM)) + 1, 50
that

H}%.‘.(‘M/alw)m = H;%_(M/G,M)q =1{.

Hence #3,, .. (m) = hi‘,/aM(q) = (. Hence s(n) = s(g) for all » = q, and
s(g) = s(g - 1) if g > ne.

(iify For m = g + 1 > reg’(M/aM), we have, by Lemma 16.1.3, that the
multiplication map Hy (M), = Hi_(M )i 18 surjective, and is not injective
unless Hy (M),—1 = 0; therefore, if h3;(m—1) # 0, then hi;(m) < 3 (m—1)— L.
Thus A3, (m) < max {0,4},(m — 1) —~ 1} for all m > g + 1. Repeated use of this
then shows that

i, (n) < max {0, i (q) — (n — q)} for all n = g + 1,

and the claim follows from part {i). O
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16.2 The right bounding functions

We now come to the definition of the ‘right bounding functions’ mentioned at
the beginning of Section 16.1.

16.2.1 Notation. Let Z._, := {n € Z : n = —2}. We are now going to define,
for each integer d > 1, numerical functions

B9 Ny ' % Zo y — Ny and  CY NG N,

The definitions will be made by induction on d.
First, we define

B@(h;;n) = max 10,k — (n+2)} for all (ha;n) € Ny x Z-_»

and take C® : Ny — Ny to be the identity function, so that C'Z{(hy) = h; for
all hy € Ng.

Now suppose that d > 2 and that the functions B“~" and €~ have already
been defined. To simplify notation, we introduce the function @ : Ny~ ! —
Np*~? defined by

o, hg) = (ha + hay by + gy by + hg) for all (... hy) € Ny,
and set, for (h;n) = (ha, ..., hgin) € Ng™™" % Z.._s,
g =g n) = C V(W) —~2, 7 :=min{nq}.

The new functions BY and CY' are defined as follows: for all (h;n) =
(ha,... .,y n) € No™" x AN

BW(h:n) == max {0, By + Z B9 YW h) my +n— n}

m=—1
and
COhy =g+ 2 + B {h;q).

For cach d = 2, we call C'¥ the d-th right bounding function.
We shall also find it convenient to use the function

N s N
defined by y¥(h) = max{BW(h;n) :n € Z= 5 for all h € Ny,
16.2.2 Remark. We use the notation of 16.2.1. Let d € N with d > 2 and let

h=(h,....h) € Np*™1. As in 16.2.1, denote ¢“¥(h) = C@=Y(a@(h)) — 2 by 4.
Note that
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(1) BD(h:n) = hy + 57 __, B Ug¥(h):m) for n = —2,—1,...,q,

m=—1

(i) BY(h;n) = max {0, B9 (h;q)+q —n} for all n > ¢, and
(i) wh) = Bh;q) = B (h; ¢ ().

16.2.3 4Exercise. We use the notation of 16.2.1. For s € N and & ;= (hy,..., k),
k= (ki,... k) € No', we write h < k precisely when by < k; foralli=1,...,s
Also, we denote the element ((,...,0) of Ng® by 0. Let d € N with d > 1.
(1) Let i,k € Ny®~! be such that & < k. Show that
{a) BY(h;n) < B¥{k;n) for all n > —2, and
(b) CW )y < C¥K).
(i1) Show that
{a) B0;n) = 0 for all n > —2, and
{(b) C9(0) =0.

The next Theorem 16.2.4, which the reader might like to compare with results
m [4], and its Corollary 16.2.6, are the main results of this chapter; they explain
the name ‘right bounding function’.

16.2.4 Theorem. Assume that R = €D,y Ry is positively graded and homoge-
necus, and that (Rg, ) is local and Artinian. Let d € N with d > 1, and let
b= (ho,....ha) € No* L we use the functions introduced in 16.2.1.

Then, for each finitely generated graded R-module M such that dimM < d
and Wy (—i) < Iy for all i=2,....d, we have

(i) "2, (n) < B9 (h;n) for all n= =2, and
(i) reg®(M) < C9(h).

Proof. First, we use the ideas of Example 15.2.4 to see that it is enough for
us to establish the claims in the statement of the theorem under the additional
assumption that the local ring Ry has infinite residue field: in the notation of
15.2.4, note that reg?(M) = reg?(M"), that m|, := mgR} is the unique maximal
ideal of Rf) = RolX}mgrox), that

£r (Hy (M')) = £,{H} (M),)  for all i € No and all n € Z,

and that, since the maximal ideal my 4 R, is the unique *maximal graded ideal
of R, and a similar comment applies to R, we can deduce from 13.1.14 and the
flatness of R’ over R that

dimR: M = dimRJ,

’
M.
1110+R"_‘_ T"EOJ'»R'i-

= dil’anOHL Myyr, = dimg M.

We therefore assume that Ry has infinite residue field in what follows.
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We can, and do, assume that dim M > 0. Twice in this proof, we shall use the
following argument concerning M = M /I'r_(M). Since there are homogeneous
isomorphisms Hy, (M) = H &, (M) for all i € N, we see that Hyrn) = H(in)
foralli > 2 and n € Z and that reg* (M) = reg’(M). Also 0 < dim M = dim M,
and by 2.1.2, 2.1.1 and 15.1.4(ii), there exists a homogencous element in Ry
which is a non-zerodivisor on M.

We are now going to argue by induction on d. First, consider the case where
d = 2. By the previous paragraph, we can replace M by M, and so assume that
there exists @ € Ry which is a4 non-zeroedivisor on M. Then dim(M /aM) < 1,
so that reg’(M/aM) = —x and hjf/aM(m) = 0 for all m € Z. Apply Lemma
16.1.4 with the choices ngp = g = —2: we obtain (for all » = —1, and, clearly,
for n = —2)

hig(n) < max {0, hy(—2) -2 —n}
< max {0,hy — 2 —n} = B¥(hy; n).

This also shows that end(Hfh(M)) < hy — 2, so that, since H}'{_F(M) = () for all
i > 2, we have reg* (M) < hy = C{I,).

Now suppose that d > 2 and that our desired resuits have been proved for
smaller values of d. Again we replace M by M, so that we can assume there
exists a € Ry which is a non-zerodivisor on M. By 13.1.9{ii), the exact sequence

0 — M -5 M{1) — (M/aM){(1) — 0

of graded R-modules and homogenecuns homomorphisms induces an exact
sequence _ _ .
Hp (M) ; — Hg (M/aM)_; — HENM) )

of Rg-modules, for all i € IN; hence
iy rang (1) < By () + B (—(i4+ 1)) foreachi=2,....d—1.
Now ¢ D(hy, ..., ha} = (hy + h3, hs + ha, ..., hy—y + ha), and so it follows from the
inductive hypothesis that
Wy san(m) < BE V(e @(h);m)  for all m = -2,

and reg?(M faM) < CY4 V(g n)), Apply Lemma 16.1.4 with the choices ny =
—2 and g = C¥V(gD{h)) — 2, and bear in mind 16.2.2: for n = —2,...,q, we
obtain

hi(n) < hiy(=2) + Z Fag jang () = (1)

H=—1

<+ Y B (k);m) = BO(h:n);

m=-1
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on the other hand, for n > ¢, we obtain

h%d(n) < max {0,s(q) + ¢ — n}
< max {0, Bk q) +q— n} = BY(k;n).

Hence ki,(n) < B (h;n) for all n > —2.
The last display shows that end(H3 (M)) + 2 < B9(h;q) + ¢ -+2 = CY(h).
Since reg (M /aM) < C¥ V(g ¥(h)) = g + 2, it follows that, for all i > 2,

end(HZ'(M/aM)) <gq-+2— (i~ —1=qg+2—i
So, for each m > g 4+ 2 — i, the exact sequence
H}{TI (“]\/[/a*M)}TH'l I H}ELr(JM)m _a') H}.Lr(M)m%l

shows that the multiplication map H§+(M I = H}'h(M D1 18 injective; hence
H (M), = 0 and

end(Hf (MY <g+1—i<g+2—i—1<C9m)~i— 1L

It follows that reg’(M) < C¥{h). O

16.2.5 Remark. Assume that R = P, 4y, Ry is positively graded and homoge-
neous, and such that Ry is Artinian. Let mg),...,mg) be the maximal ideals of
Ry. Let M be a finitely generated graded R-module. For each j = 1,....¢, set
R =R &R, (R())m({Jj] and MY =M @R, (Ro)mg)j_\.

(i) For each Rg-module N, the natural Ry-homomorphism wy @ N —
EB;.:l chnn (for which wy(y) = (y/1,....y/1) for all ¥y € N} is an isomorphism:
therefore, when N is finitely generated, its length £ (N) satisfies /g (N} =

f
Zizl £ (Raj i (Nm}]-”)'

(1} Since m(()” + R+,...,mg) + R4 are the only *maximal graded ideals of
R and, for j = 1,...,t, the ring R is isomorphic, as a graded ring, to the
homeogeneous localization (see 13.1.1) R( it follows that

m ’+R_¢_) :
dim M = max {dimg MO 1,....t}.

(ifi} Fix an integer j between 1 and ¢ Note that, by 15.2.3, the ring R'Y)

Is positively graded and homogencous, and has 0-th compoenent isomorphic

to the Artinian local ring (Ry), u»; moreover, R, R = R}/ and there is an
(4]
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(Ro), UJ-momorphlsm
(H}h(.f\/f)n)mm = Hj{,r,}(M’U))n for each i € Ny and cach n € Z,
0 -+

Also, by 15.2.2(vi), there is an (Rg)_in-isomorphism

I]l
(D, (M), ) o =D f(p(j\/[ ), for each n € Z.

Note that, by 15.1.6(i1), for each n € Z, the Ry-module Dp, (M}, has finite
length: we denote this length by d3,(n).
(iv) It follows from parts (i) and (iii) that

reg/ (M) = max {reg M"Yy : j=1,...,t}  foralll& Ny,

that i, (n) = Z; i g (n) for all i € Ng and n € Z, and that (with an obvious
notation) dy,(n) Z? 1dw an) for all n € 2.

16.2.6 Corollary. Assume that R = @nemn R, is positively graded and homoge-
neous, and that Ry is Artinian. Let d € N with d > 1.

Then, for each finitely generated graded R-module M such that dim M < d,
we have

reg (M) < C(R%,(=2),..., His(—d)).

Proof. Use the notation of 16.2.5. Tt follows from 16.2.5(iv) and Theorem
16.2.4(ii) that

reg?(M'U) < CO (R, (=2),. .., hi(—d)) forall j=1,....¢

Since reg?(M) = max {reg’(M'U}) : j = 1,....t} (again by 16.2.5(iv}), the result
tollows. O

16.2.7 Exercise. Assume that R = 3, Ry is positively graded and homoge-
neous, and that Ry is Artinian. Let ¢ € Z. Let M be a finitely generated graded
R-module of dimension 1 which can be generated by homogeneous elements
of degrees not exceeding £. Show that hi(n) < max {0,h,(n— 1) — 1} for all
n > t, perhaps by working through the following programme.

(i) Show that it is enough to prove the result under the additional assump-
tions that Ry is local with infinite residue field and I'g (M} = 0, show that,
under these circumstances, Ry contains a non-zerodivisor on M.

(ii) Let @ € Ry be a non-zerodivisor on M. Show that if, for some inleger
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n > t — 1, the multiplication map M, LN M,y 1s an isomorphism, then
il . . .
My N M0 18 an isomorphism too.

(iit) Let @ € Ry be a non-zerodivisor on M. Show that the multiplication map
D, (M) —% Dg_(M)(1) is an isomorphism, and deduce that, for n € Z, the map
M, — My, is an isomorphism if and only if H} (M), — Hj (M), is an
isomorphism. Deduce that, for each n > t—1, the map H }Q(M n —> H }h(M)nH
is (a) surjective, and (b} only injective if H}h(M),l ={.

(iv) Completc the proof that ki (n) < max{0,kl{n-1)—1} for all
n>

16.2.8 Exercise. Assume that R = P, ., R: is positively graded and ho-
mogeneous, and that Ry is Artinian. Let M be a finitely generated graded
R-module of dimension 2. Show that hi (n) < max {0, (n — 1) — 1} for all
n € Z. (Here is a hint: reduce to a situation where Lemma 16.1.3 can be
used.)

The next three exercises indicate how one can extend the result of
16.2.8 to a finitely generated graded R-module of dimension greater
than 2.

16.2.9 Exercise. Assume that R = @,en R, is positively graded, and let M
be a finitely generated graded R-module. Suppose that t € N and ¢ € R,
1s a non-zerodivisor on M/T'z (M); let = : M — M/cM be the natural
epimorphism. Show that, for each integer i > 1 and each n € Z, there is an
exacl sequence

c

H’;L (7hs

Hy (M) Hpg, (M), Hy (M/cM),

H (M),

HE (M), ———s -

16.2.10 Exercise. Assume thal R = @,en, R, is positively graded and homoge-
neous, and let M be a finitely generated graded R-module. For cach graded
R-module N, let N denote the graded R-module N/I’ &, (N). Suppose that
a,b € Ry are such that a is a non-zerodivisor on M and b is a non-zerodivisor
on M/aM. Let i € Z with i > 1.
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(i) Show that, for each n € Z, there is a commutative diagram

. 3 . o
H}'{P(JM/CL‘M)” E—— H}z_'_(M/aM)u-)-l

Hi (M), Hi (M)
o i
Hy, (M)t Hi, (M),

4

H (M /aM), . Hg (M /aM

L

HE (M), HE (M)

of Rg-modules and Ry-homomorphisms with exact columns. Show also that,
again for cach n € Z, there is an exact sequence

r— Hy '(M/aM), LN Hi MM faM),oy —> Hy (M /(a,h)M)y 11
— H@(M/aM)n 2, H}l_l_(M/aM)n_l — e,
(ii) Use part (i) to show that, for all m > end(Hg 1(M/(a b)M)), the

multiplication map Hl"z'_(M)m,] SN Hi (M), is (a) surjective, and (b) only
injective if Hy (M), = 0.

16.2.11 Excrcise. Assume that R = €, ., R, is positively graded and homoge-
neous, and that Ry is Artinian. Let M be a finitely generated graded R-module
of dimension d > 2. Show that i,(n) < max {0, k4 (n—1)—1} foralln e Z.

16.3 Polynomial representations

The reader could be excused [or thinking that Corollary 16.2.6 1s all very well,
but what form do the functions € take, ean they be compared satisfactorily
with polynomials, and, if so, what are the degrees of those comparable poly-
nomials? We are therefore going to produce, in Example 16.3.1 below, explicit
formulae for the B (hy, hz;n) and CP{hy, s} of 16.2.1.
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16.3.1 Example. Using the notation of 16,2.1, but interpreting d as 3, so that
g = hy + hy — 2, we have, by 16.2.2, for all (h, h3;n) € Ng° % Z- s,

By + 5 B (e, hy);m) if —2<n<q,
B™(hy, hysny =9 BW(ho, haiq) + g —n if g <n<BYhyhiq)+y,
0 if By, hyiq)+g<n.

Furthermore, for m € Z with m > —1,
B (g (hy, hs);m) = BD(ha + by m)
= max {0,k + by — (m + 2)}
=h+h—-—m—2 form<h+h —2=q
Thus, for 2 <n < g =hy+ hy — 2, we have

BWNhy,hazn) = ha + 527 (hy 4 s —m — 2)

= hy+ (n 4+ 2)(hy + k1) — $(n+3}n + 2)
= —3n* +nlhy + by — )+ 3k + 20 — 3.
Note also that, for all (hy, /3) € Ny
1 (ha, bs) = B (hy, by q)
= B hy, haihy + by — 2)
= hy 4 (ho 4+ h3)* — L{ha + 2 + 1)(ha + h3)
= 3 {(ha+ Y + o — ha)
and
C¥hy,hy) = q + 2+ B (hahasq) = & ((ha 4 hs) + 3ha + ha) .

Example 16.3.1 sets the scene for Theorem 16.3.3 below, in which we prove
that, for general d > 2, the function C' can be represented by a polynomial
(in d — I indeterminates). Exercise 16.3.2 is included merely for use in the proof
of 16.3.3.

16.3.2 fExercise. Let R’ be an integral domain which contains the rational field
@} as a subring; let f" € R'[Y], where Y is an indetecrminate: and let a.b € R'.

Show, perhaps by induction on degf’, that there is a unique polynomial
feR[Y]such that f(Y)—f(Y — 1) = f(¥) and fla) =b.

16.3.3 Theorem. We again use the notation of 16.2.1. Let d € W with d > 2. For
each h = (hy,... hy) € WNo¥ !, and each i = 2,...,d—1, set

R =g o gt o o g (p)
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and interpret ' as b and C(h'V) as O (even though W'Y has not been defined ).
(i) Forall i=2,...,d and all h € Ng™' we have
0=CVHEM) < COHEP) <. < CHEDHE ) < COHD),

(i1} There exist polynomials [)’(d),...,[)’f{d) e Q[X,,...,. X5 Y] (in d indetermi-
nates Xo,..., X3, Y ) such that, for i € {2,...,d} and all (hy,... hyin) =
(h;n) € Ng¥™ % Zo_y with CHU(REENY 22 < < CORDY — 2,

BW(hiny = B9 (hs, ... hyin),

and there exist rational polynomials m'¥',g¥ € Q[Xs,...,Xy] such that,
for all h = (hy,..., hy) € Ng™!,

) = m Dk, . hy) and COR) = g ¥ (hy, ... ).

Proof. (1) It follows from 16.2.1 that

C[i)(h[i)) — C(Efl)(h[ifl)) + ,u[i)(k(f])
foralli=2,...,d and all h € Ny® !, and the claim follows from this.

(i) We prove all the claims simultaneously by induction on 4. Suitable
B, 8. m™, g™ have (essentially) been found in 16.3.1. We also take m® =
g™ =X, € Q[X,].

Suppose that 4 > 3 and make the obvious inductive assumptions. Obscrve
that, for h € Ng“ !, we have o) € No* % and ¥} = b for all i =
2,....d — 1. Thus there exist polynomials g ", ..., g\ € Q[Xa,..., Xy 15 Y]
such that, for i € {2,....d — 1} and all

(h;n)=(hy,...,hg;n) € ]Nodil X &Zn
with CEDREY -2 < < CO(RDY — 2, we have
B Y hysny = B o (h); ),

and, for all i = 2,...,d — 1, there exist rational polynomials m, g% &
Q[X>, ..., X;] such that, for all h = (b, ..., hy) € No?™!, we have

d By = mOEy and CORDY = gD,

It 1s convenient to extend the ‘o’ notation of 16.2.1 as follows, Fori > 2 and a
general additively written commutative semigroup S, define ¢ ; §7! — §i2
by

s, 080 = (52 + s3,..., 501 + 5) for all (s,...,5) € §71,
and, for s = (s3,...,57) € S! and each j = 2,...,d — 1, write

sV = gUt o g2 o o gM(s).
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We now use 16.3.2 to construct [)’gd),..., ;‘“ g Q[Xo,..., Xy Y] by an in-
ductive process, during which we shall write X = (Xs,..., X} Let ﬂé‘” be the
unique polynomial in Q[X5,..., X;; Y] such that

BT = BPOGY — 1) = B e (X);Y) and PN -2) = X

then, for i = 3,...,d — 1, let (successively) [3!@ be the unique polynomial in
QX ..., X4 Y] such that

B Y ) — B Y 1) = D) Y)

and V(X ;g DXy —2) = g9 (x;g0-D(x D) — 2); and, at the end, let
{lld) be the unique polynomial in Q{X,,..., X;; Y] such that

DX Y)Y =Y — 1) =—1

and B0(X; g =D(x11) - 2) = I (0 DX @Dy —2),
Now let i = (hy,..., hg) € No™t. Note that 7(h; —2) = hy. We make use of
the inductive hypothesis to see that, for CD{EY) —2 < n < CRHED) -2,

BW(hin) =y + 371 B V(6 R); )
= B =2+ 3 B 6 ih); )
= B =2) = 3y (B0 = B0 - 1)
= B (h:m),

and it is equally easy to check that f ..,ﬂé’i) also have the desired properties.
To complete the inductive step, and the proof, set

(d)
3 s

m XY = B (X gU Xy — 2y

and g (X)) = m(X) + g“ V(X Then, for k = (ha,..., hs) € No?!, and
with the notation g'¥(k) of 16.2.1, we have

(k) = B2 (h; g (WD) — 2) = B2 (s €D — 2)
= B{h; g () = pH(h),
and
gty = m'Bih) + gIHEY) = WO (k) + ¢ () + 2 = C(h). O

16.3.4 Exercise. Let the situation and notation be as in 16.3.3.
(1) Show that, for d > 3,

(d—1)(pld—1}
s 4 (u ( y+1

5 ) < uhy
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and

(d=1) p(d—1)
/,L(d)(h) < by + (C(dfl)(h(d—zy) _ 1) lu(d_l)(h{d_l)) + (.u (hz )+ 1)
for all h = (..., gy € Nt
(i) Use part (i} to show that the polynomials m¥,g'¥ of Theorem 16.3.3
both have degree 2972 and both have leading form
d—2

(54 1)x)

=2

16.4 Bounding sysiems for numerical invariants

16.4.1 Definition. Assume that R = @newu R, is graded. Let & be a subclass of
the class of all graded R-modules. By a numerical invariant for R-modules in &
(or on Z') we mean an assignment g which, to each R-module M in &, assigns
(M) & Z U {—ac}, and which is such that (M) = u(N) whenever M and N
are modules in % for which there is a homogeneous isomorphism M = N. We
say that such a numerical invariant y is finite if and only if g takes only finite
values.

Let pi,...,Us ¢ be numerical invariants for R-modules in %, such that
[, ... s are finite. We say that ui,...,n, form a bounding system for p (for
R-modules in 2) (or on 2} if and cnly if there is a function B : Z' — Z such
that

p(M) < B(i(M),..., us(M))

for each R-module M in &. Furthermore, we say that py, ..., us form a minimal
bounding system for p (for R-modules in &) precisely when they form a
bounding system for p on & but no s —1 of py,..., 4 form a bounding system
for p on %.

16.4.2 Remark. Assume that R = EBHE]NQ R, is positively graded and homoge-
neous, and that Ry is Artinian. Let d € N with d > 1. We use M to denote a
finitely generated graded R-module.

Corollary 16.2.6 tells us that the numerical invariants

W20 (=30, B (=)

form a bounding system for the numerical invariant reg? for finitely generated
graded R-modules of dimension not exceeding d.



310 16 Bounds of diagonal type

The family (A, (—i)ETY 15 referred to as the system of cohomological lengths
of M in the diagonal at and above level 2. (Of course, b, (—i) = 0 fori > dim M.)
Thus, loosely speaking, the cohomological lengths in the diagonal at and above
level 2 form a bounding system for the regularity at and above level 2 for finitely
generated graded R-modules. In fact, bounds on reg?(M) given by Corollary
16.2.6 are referred to as ‘a priori bounds of diagonal type’

It should be noted that, for particular classes of finitely generated graded
R-modules, it is sometimes possible to calculate bounds for the regularity at
and above level 2 which are sharper than these a priori bounds.

16.4.3 Exercise. Let Ry be a commutative Artinian ring, let d € N with d > 2,
and let R = Ry[Xj,...,Xy], the ring of polynomials over Ry, graded in the
usual way.

Let ¥ & IN be such that 1 = r < d — 2. Let (i(1).....i(r)) € N" with

2 < i) <i2y < ... <i(r)<dand (1),...,j(d =1 —r) € N7 with
2= jl)y< j2)y<...< jld—1—¥) = d be such that

2onndy = (i1 0(), j(D),. . jld — 1 =)},

so that {{(1),...,«r)} N {j(1),...,j(d—1—r)} =0 Let

. d—I1—r d—j{k)
M= (R Z RX)
k=1
a finitely generated graded R-module.
(i) For n € Z, calculate h‘g{) )(—i(of)) for « = 1,...,r, and also calculate
reg?(M{(n)).
(i1} Use part (i) to show that the numerical invariants

(=20 (=30, B (—d)

form a minimal bounding system (see 16.4.1) for reg? for finitely generated
graded R-modules.

16.4.4 Exercise. Let Ry be a commutative Artinian ring, let d € N with d > 1,
and let R = RyfXy,...,Xy], the ring of polynomials over Ry, graded in the
usual way.

Consider, with the notation of 15.1.1, the graded R-module R., for n €
No. (In fact, R, = (R2)" for all n € Ng.) Calculate reg'(R.,), reg’(Rsy)
and hy, (—i) for i = 1,...,d Conclude that the numerical invariants
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Al (=182 (—2),... .k (—d) do not form a bounding system for the regu-
larity reg! at and above level 1 on the class of all finitely generated graded
R-modules.

16.4.5 Exercise. Let K be an algebraically closed ficld, let 4 € N with d = 3,
and consider the projective curve Ly < P(K) of Exercise 14.2.5. Let Py =
IPJ(K)(ZM)), that is, the kernel of the K-algebra homomorphism

R = K[¥, Y, ¥y, V5] — Ay = KX, XY, Xy v

for which 1(¥y) = X4, (Y1) = XY, (Y1) = XY 1 and p(¥3) = Y
(i) Show that Hj (A =0 wheni=0ori> 2.
(i1) Use 15.2.7 to calculate regl(p((;)).
{iii) Calculate h%lJ)(—Q): haw(—_%) and him(—fl).
(iv) Show that i} (—3) forms a bounding system for reg?® for the class (fam-
ily actually) (p(y)a=3, but that neither h(z‘J(—Q) nor hf'.)(~4) forms a bounding
system for reg? for {(Peayazs-

16.4.6 Exercise. Let K be an algebraically closed field, let r € IN with r = 3, and
let V' = IP'(K) be a projective curve. Use the fact that reg?(M) = reg’(M (1)} +1t
for a graded ¢(Cone(V))-module M and a r € Z to see that

reg(V) < C"0, hgyconey(t — 30,00+t fort=1or2,

where C"~! is as defined in 16.2.1.

Use this to obtain upper bounds for reg(Zs), where iy = P*(K) is as in
Exercise 16.4.5 above, and compare your upper bounds with the actnal value
of reg(Ziq).
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Hilbert polynomials

At the beginning of Chapter 16, we explained why we are interested in bounding
the reguiarity at and above level 2 of a non-zero graded prime ideal p in the
polynomial ring K [Xy,..., X,] in r + 1 indeterminates Xg,..., X, (where r € IN)
over an algebraically closed field K : when p = I'p k(). the vanishing ideal of
a projective variety ¥ < IP'(K), then reg?(p) provides an upper bound on the
degrees of homogeneous polynomials needed to define V.

Suppose that R = @,y Ra is positively graded and Ry is an Artinian ring.
In Chapter 16, we were concerned with a priori bounds of diagonal type for
reg®, and the bounds we obtained are always available for finitely generated
graded R-modules. In this chapter, we are going to establish, in the particular
case when R is a polynomial ring over Ry and Ry is local, a bound on this
regularity which applies to all graded submodules of a given finitely generated
graded free R-module; the bound is expressed in terms of numerical invariants
defined by means of the characteristic function of such a module.

In more detail, let M be a non-zero finitely generated graded R-module of
dimension d. It turns out that, for each i € Ny and n € Z, the n-th component
A'Dg (M), of A'Dp, (M) has finite length as an Rp-module, and we denote
this length by di,(r); it makes sense for us to define the characteristic function
iy Z— Z of M by setting

¥ar(n) = Z(—l)idfu(n) forallne Z.
iEN(J

We shall see in 17.1.6 that there is a polynomial Py € Q[X] of degree d — 1
such that Pay(n) = yu(n) for all » € Z: it follows that there are mtegers
ep(M),. .., eq_1(M) such that, in @X],

d—1 N
Pyt X) = > (—1)ei(M) (X ;_d L 1).
i=(}

312



17.1 The characteristic function

The main result of this chapter is a ring-theoretic formulation of a ciassiz:’
result of D. Mumford on sheaves of ideals on projective spaces. One consz-
quence of it is that, over the polynomial ring K [Xj, ..., X,] discussed in the firs:
paragraph of this introduction, the numerical invariants eq(. ), ..., e, ( .) form a
bounding system for reg? for non-zero graded ideals of K [Xo, .-, X

17.1 The characteristic function

17.1.1 Reminders, Notation and Terminology. We shall use notation and ter-
minology employed by Bruns and Herzog in [6, §4.1]. Consider a function
[ Z -7

(1) We say that f is of polynomial type (of degree d) il and only if there
exists 4 polynomial p € Q[X] (of degree d) such that f(r) = p(n) for all n >> 0
(that is, for all n greater than some fixed constant integer ny). (When this is
the case, the polynomial p will be uniquely determined, of course, since two
rational polynomials which take the same values at infinitely many integers
must coincide. Our convention is that the zero polynomial has degree —1.}

(i) We define Af : Z — Z by Af(n) = f(n + 1) — f(n) for all n € Z. Thus
A is a mapping from the set of functions from Z to Z to itself. For n = N. we
use A" to denote the result of repeating A » times; we also write A? =1

(it} Let d € Ny. Recall from [6, Lemma 4.1.2] that f is of polynomial type
of degree d if and only if there exists ¢ € Z with ¢ # 0 such that Alf{n) = ¢ for
all n >»> 0.

(iv) Recall that, for i € N,

X+ (X +dX+i-1..(X+1)
( i ) 1.23....

; € QLX],
and that (}‘5 0) denotes the constant polynomial 1 € Q[X].

(v} Let d € N. Let P € Q[X] be a non-zero polynomial of degree d — 1.
Recall from [6, Lemma 4.1.4] that P(n) € Z for all n € Z if and only if there
exist integers ey, ..., e, such that

a1
X +d—i—1
PX)= —1Ye .
() =3 l)e,( i1 )
=0
When this is the case, we say that P is a numerical polynomial ; also, the

integers ep,...,e4.; are uniquely determined by P, and we denote them by
CQ(P), i ,edﬁl{P).
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Also, given ¢ == (¢g,....ci 1) € Z%, we shall denote by p. = pieg.eoy) the
polynomial in ©[X] given by

N (XFd—i—1
ptx) = Sy (7O )

i=0

Note that, when d > 1, we have

X+d—i—1 (X —1)+d—i—1
e (L) - (TESTY)

(X)_Pr(X_I

= p(“[)r-—f’d :)(X)

(vi) We shall say that f is of reverse polynemial type (of degree d) if and
only if there exists a pelynomial p € Q[X] (of degree d) such that f(n) = p(n)
for all n << 0 (that is, for all n less than some fixed constant integer ;). Thus f
is of reverse polynomial type of degree 4 if and only if the functiong | Z — @
defined by g(n) = f(—n) for all n € Z is of polynomial type of degree d in the
sense of {i).

17.1.2 #Exercise. Let P € Q[X] be a non-zero polynomial of degree d — 1.
Assume that P takes integer values at d consecutive integers. Show that P{n) €
Zitorall neZ.

17.1.3 fExercise. Suppose that the function f : Z — Z is such that there exists
¢ € Q[X] for which Af(n) = Q(n) for all n € Z. By using, for various values of
the integer ny, the fact that

fln)y= filng) + Z g@)  for all n = ny,

=g

show that there exists P € Q[X] such that f(n) = P(n) for all n ¢ Z.

17.1.4 Further Notation and Terminology. Assume R = &B,en, Rr 1s positively
graded and homogenecus and such that Ry is an Artinian ring, and let M =
P,cz My be a finitely generated graded R-module. In this situation, it follows
from 15.1.6(ii) that the Ry-module Dy, (M), has finite length, for all n € Z. Let
i€ N. For n € Z, we denote the n-th component of #'Dg_(M) by #'Dg, (M),;
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by 12.4.5(ii), this Ry-module is isomorphic to Hj'(M),, and so {by 15.1.5) has
finite Tength.

We denote £z, (#'Dg, (M),)} by din), for all i € Ny and all n € Z. Note
that di,(n) = ki (r) for i > 0, and that this is zero for i = max {1,dim M}. Tt
therefore makes sense for us to define the characteristic function 7y 1 4 — %
of M by setting

zua(n) =D (=1fdyn) forallneZ.

i€y

Note that, for all n € Z, we have di,(n) = #&,(M,) + hl,(n) — k), (n) by 12.4.2,
so that, for any integer d = dim M,

o d
jaaln) = > (—1dy(n) = dig(n) > (1) hiyln)
i=0 =2
d . .
= (R (M) = > (= 1)Hy(n).
=0

It therefore follows from 15.1.5 that ya(n) = £g,(M,) = 0 for all n >> 0.
Note also that, by 13.1.9(ii), we have yu)(n) = yu(t +n} for all e,n € Z.

17.1.5 £Exercise. Assume that R = P, R, is positively graded and homoge-
neous and such that Ry is an Artinian ring, Let

0—L——M-—N—0

be an exact sequence of finitely generated graded R-modules and homogeneous
homomorphisms. Show that, for cach n € Z, we have

a(n) = yp(n) + yn(n).

17.1.6 Theorem. Assume that R = ®»zeNo R, is positively graded and homo-
geneous, and such that Ry is Artinian; let M be a non-zero finitely generated
graded R-module. Then there is a (necessarily uniquely determined ) polynomial
Py € QIX] of degree dim M — 1 such that Puy(n) = yar(n) for all n € Z.

Proof. 1t follows from 16.2.5 (and the fact that yy(n) > 0 for all n >> 0)
that it is sufficient for us to prove this result under the additional assumption
that the Artinian ring Ry is local. We make this assumption in what follows,
and we let my be the maximal ideal of Ry.

We now use 15.2.4 and 15.2.2(vi) to reduce to the case where the residue field
of Ry is infinite, We therefore assume that Ry/my is infinite for the remainder
of this proof.
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We now argue by induction on dim M. Consider first the case when dim M =
0. Then Ass M = {mg @ R..}, so that there exists t € IN such that (Ry M = 0.
In this case, M = I'g, (M) and so H}L(M) =0 for all i € N, by 2.1.7(ii), and
Dg (M) =10 by 2.2.8(1). Thus zu(n) =0 for all n € Z, and our claim is proved
in this case.

Now suppose that dim M > 0 and our desired result has been proved for
all non-zero, finitely generated graded R-modules of smaller dimension. Since
I'r, (M) is a graded submodule of M, it follows from 2.1.7(iii) that, for each
i € N, there is a (homogeneous) isomorphism Hy (M) = Hj (M/Tr (M),
and from 2.2.8(ii) that there is a (homogeneous) isomorphism Dg (M) =
Dr (M/Tgr (M)). Hence 3 = XM /Tx, ip)- Since [g, (M) is annihilated by some
power of R, it follows that

Supp(I'r, (M)) = {my® Ry},

so that dim M = dim(M /1", (M)). Hence, for the purpose of this inductive step,
we can replace M by M/I'p, (M) and so (in view of 2.1.2, 2.1.1 and 15.1.4(ii))
assume that M is R -torsion-free and that R; contains a non-zerodivisor a on
M. This we do.

Application of 17.1.5 to the exact scquence

0—> M(—1) — M — M/aM — 0

of graded R-modules and homogeneous homomorphisms, together with the
observation that ya_1(n) = ya(n— 1) for all n € Z, yields that

() — gpar(n — 1) = yasa(n)  forallm e Z.

Now dim M /aM = dim M — 1 (by 13.1.14), and so it follows from the inductive
hypothesis that there is a polynomial Py € Q[X] of degree dimM — 2
such that Pyyioar(1) = yaranin) for all n € Z. Hence, by 17.1.3, there exists a
polynomial Py € Q[X] such that Py(n) = yuin) for all n € Z. Furthermore, if
Parjame 7 0, then Py must have degree dim M — 1. However, if Py sant = 0 (and
this would be the case if dim M were 1), then the above argument shows only
that deg Py < 0, and we must show that yar(n) # 0 for some n € Z in order to
complete the inductive step.

The assumption that Py = 0, in conjunction with the inductive hypothesis,
implies that dim M = 1. Hence HI"h(M) =0foralli> 1, and so yu(n) = d,(n)
for all n € Z. However, the fact that I'g,(M) = 0 cnsures that the map
#uw * M — Dg (M) of 2.2.4(i) is a monomorphism, so that Dg, (M) +# 0 and
d%,(n) # 0 for some n € Z, O

17.1.7 Remark. Assume that R = @B, Rx is positively graded and homoge-



17.1 The characteristic function 317

neous, and such that Ry is Artinian; let M = €, M, be a non-zero finitely
generated graded R-module of dimension d.

It was pointed out in 17.1.4 that yy(n) = £g,(M,) for all n >> 0. Thus
Hilbert’s Theorem (see [6, Theorem 4.1.3]), that the function

{R(](M(-)) E—

is of polynomial type of degree d — 1, is a corollary of Theorem 17.1.6, and
the polynomial Py of that theorem is just the Hilbert polvromial of M of [6,
4.1.5].

With the notation of 17.1.1(v), for each j = 0,...,d — 1, we set ¢;(M) =
e;(Par) and refer to this as the j-th Hilbert coefficient of M. Note that, in the
terminology of [6, 4.1.5], the integer eo{M) is the multiplicity of M if d > 0.

To sum up, we can write

i1 ;
Py(X) = Z(—l)iei(M)(X :;rf ;_11_ 1)

i=0
and
& ; ntd—i—1
xM(n)—;(—I)ef(M)( P forainez,

17.1.8 #Exercise. Assume that R = €D, Ry is positively graded and homo-
geneous, and such that Ry is Artinian; let M be a non-zero finitely generated
graded R-module of dimension d. Suppose that ¢ € Ry is a non-zerodivisor on
M. Show that

(1) Pagrap(X) = Py(X) — Py(X —1); and

(11) if d > 1, then, with the notation of 17.1.1(v),

Putrant(X) = Pregian, -.eq (v X),
and e;(M/aM)=e; (M) foralli=0,...,d —2.

17.1.9 Theorem and Definition. Assume that R = P, Ry is positively graded
and homogeneous, and such that Ry is Artinian; let M be a finitely generated
graded R-module. Let i € No. Then the function Iy, 1 Z — Ny (see 16.1.1) is
of reverse polynomial type of degree less than i {in the sense of 17.1.1(vi}); in
other words, there is a polynomial p; € Q[X] of degree less than i such that

£ro(Hy, (M)y) = ply(n)  for all n << 0,

The function By, is called the i-th cohomological Hilbert function of M,
while the (uniquely determined) polynomial p', is called the i-th cohomological
Hilbert polynomial of M.
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Proof. By 16.2.5, it is sufficient for us to prove the result under the additional
hypothesis that Ry is local. We therefore assume for the remainder of this
proof that Ry is an Artinian local ring, with maximal ideal mg, say. With this
assumption, R is *local, and /Ry = my + Ry =: m, the unique *maximal ideal
of R.

Since (Ry, m1y) is a complete local ring, we can use Cohen’s Structure Theorem
for such rings (see [35. Theorem 29.4(ii)], for example) in conjunction with stan-
dard facts about the structure of positively graded homogeneous commutative
Noetherian rings (see [6, Proposition 1.5.4]) to see that there is a Gorenstein
graded *local commutative Noetherian ring R and a surjective homogeneous
ring homomorphism § : R* — R, Let & = dim R’.

We are going to use the Graded Local Duality Theorem 13.4.3. Let *D
denote the functor * Homg( .,*E{R/m)) from *#(R) to itself. By 13.4.3, there
exists @' £ Z such that there is a natural transformation

w' o Hy — *D{*Exth (., R'(d))

of covariant functors from *#(R) to *¢(R) which is such that i, is a (nec-
essarily homogeneous) 1somorphism for all i € Ny whenever M’ is a finitely
generated graded R-module.

Tet N =% Ext‘f{f (M, R'(d}), a finitely generated graded R-module. We now
use Graded Maths Duality 13.4.5. We usc the notation (. )V of 13.4.5 to denote
the functor * Homp (-, Eg (Ro/mp)) from *%(R) to itself. It follows from 13.4.5
that, for each n € Z (and with an obvious notation), there are Ry-isomorphisms

Hiy (M), = (*D(N)), = (N},
= {* HomRn(Nv ERO(RO/THO)))n
- HomRn(AN—n: ERU{RO/HIO)]:

s0 that ki, (n} = £, (Homp,(N_,. Er(Ro/mg))) = £g,(N_,) by 10.2.13. Thus, in
order to prove that hl, is of reverse polynomial type of degree less than i, it
is now sufficient for us to prove that the function /g, (N(.)) : Z — Ny is of
polynomial type of degree less than i; hence, by Hilbert’s Theorem (sec 17.1.7
above and [6, Theorem 4.1.3]). it is enough for us to prove that dim N < i.

To do this, let p’ € Suppg(N). Then Extﬂfi(J\/I]t,a,R;.) £+ 0, so that, since
inj dimg R; = htp', we must have htp’ > & - i. Therefore dim R'/p’ < i, so
that din;K N < 0O

17.1.10 #Exercise. Let the situation be as in 17.1.9, and let M be a non-
zero finitely generated graded R-module of dimension d. Show that the d-th
cohomological Hilbert polynomial pd, of M has degree exactly d — 1.
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17.1.11 Exercise. Assume that R = ), R, is positively graded and homo-
geneous, and such that Ry is Artinian; let M be a non-zero finitely generated
graded R-module of positive dimension. This exercise involves the finiteness
dimension fz. (M) of M relative to Ry of 9.1.3, and, for r € N and s € Z,
the notation (.} : *%(R) — *%{R")) of 12.4.6 for the (r,s)-th Veronesean
functor.

(i) Show that fr (M) is finite.

(ii} Show that fg, (M) = max {gradeyu.((R¥'}.) :r e N, s € Z}.

17.2 Bounds in terms of Hilbert coefficients

We now begin to examine situations where Hilbert coefhcients form a bounding
system for reg? on appropriate classes of graded modules over a polynomial
ring Rg[X,..., X;] over an Artinian local ring Ry. The following cxcrcise shows
that, in general, the Hilbert coefficients do not form a bounding system for reg”
on the class of all finitely generated graded Ry[Xy,..., X,]-modules.

17.2.1 Exercise. Suppose that R = Ry[X, X3] is a polynomial ring in 2 indeter-
minates X, X3 over an Artinian ring Rqg.

For each t € Ny, set M® = R{f) ® R(—1), and calculate eg( M), ¢ (M1,
reg”(M®). Conclude that the numerical invariants eg( . ).e;( - ) do not form
a bounding system for reg> on the class of «ll finitely generated graded R-
modules.

17.2.2 Notation and Remark. For (n,i} € Z x N, we set

(n)"' . (?) i n=i

! 0 il n<i

This notation is helpful m the following situation. Suppose that R =
RolX)....,X,] is a polynomial ring in d (> 0} indeterminates Xy, ..., Xy over
an Artinian ring Ry, graded in the usual way, and let @ € Z. Then, lor all
n € Z, the n-th component R(a), of the graded R-module R{a} has length as
an Ro-module given by

ntat+d—1\"
d—1 ’

Iy (Rlaky) = fRU(Ro)(

17.2.3 Lemma. Suppose that R = RolXy,...,X;] is a polynomial ring in d > 1
indeterminates Xy,..., Xy over an Artinian ring Ry, graded in the usual way. Let
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r € Nand let ar,....a, € Z. Let M be a graded submodule of @._, R(a:), and
let f be an integer such thar | > reg’(M /X ;M). Then

f‘f‘a,‘ﬁ*d*:i

b )_—xw(fmsz.

reg(M) < (5 (Ro)y (

=1

Proof. Note that X, is a non-zerodivisor on M, because M is a submodule
of G :=@P_, Rila;). Let iin € Z be such that i > 2 and n > [ —i. Since f >
reg’ (M /X,M) = end H (M /X, M) +i— 1, it follows that Hig ' (M/X M)y =
0. Therefore, the exact sequence

0— M(—1) 25 M > (M/X,;M) — 0

of graded R-modules and homogeneous homomorphisms induces an exact
sequence

. X, ;
0— H;Lr{‘M)” —> Hy (M1

of Rg-modules. Hence Hj (M), = 0 for all i > 2 and n > f —i. Thus, by
Definition [7.1.4,

anlf — 20 = dS (1 —2) — ki (f —2),

so that B {f —2) = d(f —2) — yalf — 2.

We are now going to use Lemma 16.1.4 with ng = f —2 and ¢ = f — 1.
Observe that, with the notation of that lemma, hi{ X (m) = 0 for all m >
g = f —2, so that s(n) = h,(f —2) for all n > ny. Tt follows from 16.1.4 that
ig(n) < max {0, B3 (f — 2} + f — 1 —n} for all n > f — 1. Hence h2,(n) — 0 for
all n > hfu(f ~2)4f — 2. As we know already that hi,;(n) = 0 for all i > 2 and
n> {—i it follows that

reg (M) < By (f — 2 + f = d5(f — 20— yslf — 2} + 1.

As grade; Ry = d > 1, it follows from 6.2.7, 2.2.4(i)(c) and 12.2.10 that
ir. - G — Dy (G) 1s a homogeneous isomorphism. It therefore follows
from the fact that the functor Dy, is left exact that there is a homogeneous
monomorphism Dg, (M) — G; we thus deduce, on use of 17.2.2, that (with an
obvious notation)

(‘f2+af+d—1>+

dig(f = 2) = £r,(Gp2) = £ry(Ra) > o

i=1

The claim now follows, O
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17.2.4 Notation. Let Ry be a commutative Artinian ring. We are now going to
define, for each integer d > 1, each r € N and each r-tuple ¢ := (ay,...,a,) € Z',
a numerical function F{* : Z% — Z. The definition will be made by induction
on d.

First, for (eg,e;) € Z°, we set s == min{— : 1 < i< r} and define (with the
notation of 17.1.1(v))

F‘£2)(605 ey =8+ 1 = peyeyls —1).

Now suppose that d > 2 and that the function F¥-! has already been
defined. Then, for e 1= (eq,...,e4_) € Z4 and with ¢ = (eo,...,eq_2) € Zd’],
we write f = FU" (') and set (again with the notation of 17.1.1(v))

- j+d—3
C RS S (i

i=1

) T

Finally, for the sake of completeness, we set FiV(eg) = —x for all ¢y € Z.

17.2.5 Exercise. Let the situation be as in 17.2.4, but denote £g,(Ry) by 2. Show
that, for (eg,eq,e1) € Z° (and 0 = (0....,0) € Z"), we have F(gz](eg,el) =14e
and

3 S0 +e)er —eleg —ejeq + 2¢F — 2oy + 26, 4+ 2) if e = 1,
Fﬂ (60561562) = 1¢.2 2 :
m§(€I€0+€1€0—2€1+2€2-—2€1—2) if e < L.
Our next theorem is the main result of this chapter. We need one preliminary
lemma.

17.2.6 Lemma. Suppose that R = Ry[Xi....,X,] is a polynomial ring in d inde-
terminates X1,..., Xy over an Artinian local ring (Ry, myg), where d € IN. Regard
R = EB”E]NU Ry, as graded in the usual way.

Let M be a non-zero finitely generated graded R-module, and suppose that there
exists @ € Ry which is a non-zerodivisor on M. Then there exist X, X, e

¢, is algebraically

Ry such that X is a non-zerodivisor on M, the family (X))
independent over Ry, and R = Ro[X;,..., X}].

Proof. We have a = b1 X| + ... + bsX, for some bi,...,by € Ry Now my is
nilpotent, and so there exists j € {1,...,d} such that b; & me. Hence b; is a unit
of Ry, and so, after multiplication by bj*l, we can (and do) assume that b; = 1.
Let ¢ =a-X; € R
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There is a homogeneous Rg-algebra homomorphism ¢ : R — R for which
PX;) =X, +c=aand ¢(X;) = X, for all i = 1....,d with i 5 j. Similarly,
there is a homogeneous Rg-algebra homomorphism p : R — R for which
YX;) =X, —cand p(Xi) = X; forall i = 1....,d with i % j. Since ¢(c) =
w(c} = ¢, it follows that ¢ and v are inverse isomorphisms. If we now take
XJ’- =ag=2X;+cand X/ = X; for all i = 1,....d with i # j, then (X!’)f=l
is algebraically independent over Ry and R = Ry[X],...,X}]; since X'j'- s a
non-zerodivisor on M, we can now reorder the X (if necessary) to complete
the proof. O

17.2.7 Theorem. Suppose that R = RyiX;,..., X,] is a polynomial ring in d inde-
terminates X1,..., Xy over an Artinian local ving (Ry, ), where d € N. Regard
R = QB”GNU R, as graded in the usual way. Let ¥ € N and let a = (ay,...,a,) €
Z7. Let M be a non-zevo graded submodule of @,_, R(a:). Then, with the notation
of 17.2.4,

regh(M) = F(ep(M), ..., e4_1(M)).

Proof. When d = 1, we have dim M = 1, so that Hh(M) =0foralli>1and
reg?(M} = —co. We therefore assume henceforth in this proof that d > 1. As in
the proof of Theerems 17.1.6 and 16.2.4, we can use the ideas of Example 15.2.4
to show that it is enough for us to prove the theorem under the additional
assumption that Ry/my is infinite, and we shall make this assumption in what
follows. We shall prove the resuit by induction on 4. We shall make frequent use
of the fact that, as each associated prime p of a free R-module has dim R/p = d,
every non-zero submodule of a free R-module has dimension d.

First, consider the case where d = 2. Then dimM/XM < 2, and so
reg?(M/X;M) = —o0. Set s ;= min{—a; : 1 < j < r} and use Lemma 17.2.3
with the choice f =s+ l:since f+a,+d—3=s+wu+d—2<d—2<d—1
for each i = 1,...,r, we cbtain that

reg’ (M) < /&,(Ro) ) P
fe=l
=8+ 1 Puyls —1) =541 = pieyaneay(s — 1)

= FP(en(M), er (M),

r .
: i+d—23"
(3“‘1’(11“1’ ) —;I{Mf(S—*I)‘FS+1

Now suppose that d > 2 and our desired result has been proved for smaller
values of d. Set G := (B;_; R(a;). As grade; Ry =d > 1, it follows from 6.2.7,
2.2.4(i)(c) and 12.2.10 that 5, : G — Dg,(G) is a homogeneous isomorphism.
It therefore follows from the fact that the functor Dg, is left exact that there
is a homogeneous monomorphism ¢ : Dg, (M) — G: let L := &(Dg {M)), a d-
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dlmensmnal graded submodule of G. Since there is a homogeneous isomorphism
L — Dgp. (M), it fol]ows from 12.2.10 and 2.2.8(iii) that there is a homogeneous

isomorphism Dg_(L) — Dg, (M), and from 12.3.3, 12.3.4 and 2.2.8(v) that there
are homogeneous isomorphisms

Hi (L) = Hj (M)  foralli> 1.

Hence y; = /w, so that Py, = Py and ¢;(L) = e(M) foralli=0,...,d —1; also
reg’(L) = reg’(M). Now H} (L) = HI]{'_ (Dp_(M))=0by 2.2.8(1V), so that, since
HY AG) =0, we have H °+(G/ L) = 0. It is therefore sufficient for us to complete
thls mductive step under the additional assumption that H,‘%JG/M) = {), and
so we shall make this assumption in the remainder of this proof. In view of
2.1.1 and 15.1.4(ii), this means that R; contains a non-zerodivisor on G/M, and
it follows from Lemma 17.2.6 that we can assume without loss of generality
that X, is a non-zerodivisor on G/M. This we do.

Set R := Ro[Xy,.... Xa 1], G = G/X,;G, and M = M/X ;M. We can view
G and M as R-modules by means of the inclusion homomorphism R —s R,
and the natural map M —- G is an R-monomorphism because X is a non-
zerodivisor on G/M. Note also that there is a homogeneous R-isomorphism

G = P Ra;). 1t therefore follows from the inductive hypothesis that
reg’ (M) < Fi*~"V(eo(M[ p),....eq oM 3))

A straightforward adaptation of 4.2.2 to the graded case, with use of the
Graded Independence Theorem 13.1.6 instead of the Independence Theorem
4.2.1, will show that there are homogeneous R-isomorphisms

HIE (M| 5) = Hp (M)[ g foralli e Ny,

and a similar argument based on 13.1.3 will show that there is a homogeneous
R-isomorphism

Dz, (M[ z) — Dg (3)[
It follows that reg?(M[ ) = reg*(M/X,M) and, in view of 17.1.8, that
M[ J=e(M/X;M)=e{M) foralli=0,.. . d—2
Set ¢ = (eg(M),....eq1(M)) € Z and ¢ = (eg(M),...,eq2(M)) € 7",

Thus reg?(M/X,M) < FU=1(¢). Recall that yy(n) = P\,;( ) = p.(n) for all
n & Z. We can now deduce from Lemma 17.2.3 with the choice f = F{i- ()
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that

(f+a1+d—3 *

reg (M) < 4ry(Ro) Y {77 ) )—xM(f—2)+f

i=1
r

. _ -+
G ) M G IR
i=1

= Fg(;d)(e[}(M)s ceseg1(M)). O

Theorem 17.2.7 is based on work of D. Mumford: see [38, p. 101]. In our
notation {of 17.2.7), Mumford’s work is concerned with the case where v = 1
and ag = 0, that is, where M is just a non-zero graded ideal of R. Mumford
showed that therc exists a rational polynomial ¢ in d indeterminates such
that, for every non-zero graded ideal b of R, reg’(b) is bounded above by
qleo(d), ..., eqs 1(D}), but Mumford did not calculate such a g explicitly in [38].
The following exercise provides an explicit formula for such a 4.

17.2.8 Exercise. Let r € N and a = (ay,...,a.) € Z". Let Ry be an Artinian
local ring and set A := £k, (Ry). Define, for each integer d > 1, a polynomial

W) & Q[Ty, ..., Ta_i] as follows. Extend the notation of 17.1.1(iv),(v) so that
(,£,), for g € @[Ty, ..., Ty_y], is interpreted as

glg—1...{g—d+2)
(d—1)!

and pr,..1, ) is interpreted as the polynomial in @{Tg,..., Ty—1][X] given by

bm.... nr—1)X) Z( 1)1 (X+d 11)

Set s :=min{—a; : 1 < i< r}. Define

€ Q[TD: RS ] Td—l]s

F{Z) =S+1_p('Tu'TL(

1).
For d > 2, and with the inductive assumption that F(*!) has been defined, set

. (FlY + a + d—3 (1} ;
F(d) = /I1 Z ( ) p(TD,...,T,g,t] (F[(;(171) - 2) -+ F.‘.!ld71

Now suppose that R = Rg[X,...,X4] is a polynomial ring in 4 > 1 indeter-
tinates X1,..., Xy over Ry. Show that

reg? (M) < F¥eg(M), ..., eq1(M))

for every non-zero graded submodule M of @5;_, R{4;). (One way to approach
this is to modify the proof of Theorem 17.2.7.)
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Applications to reductions of ideals

In recent years, graded local cohomology theory has played a substantial réle
i the study of Rees rings and associated graded rings of proper ideals in local
rings. We do not have enough space in this book to include all we would like
about the applications of local cohomology to this atea, and so we have decided
to select a small portion of the theory which gives some idea of the flavour.
The part we have chosen to present in this chapter concerns links between the
theory of reductions of ideals in local rings and the concept of Castelnuovo
regularity, diseussed in Chapter 15. The highlight will be a theorem of L. T.
Hoa which asserts that, if b is a proper ideal in a local ring having infinite
residue field, then there exist o € IN and ¢ € INg such that, for all ¢ > ¢, and
every minimal reduction a of b, the reduction number r,(b°) of b¥ with respect
Lo a is equal to ¢. This statement of Hoa’s Theorem is satisfyingly simple,
and makes no mention of local cochomology, and yet Hoa’s proof, which we
present towards the end of this chapter, makes significant use of graded local
cohomology.

18.1 Reductions and integral closures

Reductions of ideals of local rings were first considered by D. G. Northcott
and D. Rees in [45]. Nowadays, the concept is recognized as being of major
importance in commutative algebra. The original paper [45] of Northcott and
Rees was written under unnecessarily restrictive hypotheses, and so we begin
this chapter with a rapid development of the links between the two concepts
of reduction and integral closure of ideals over an arbitrary commutative
Noetherian ring. Throughout this chapter, b will denote a second ideal of R.

18.1.1 Definitions. (i) We say that a is a reduction of b precisely when a = b
and there exists s € Ny such that ab® = b*"!; then the least such s is denoted

325
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by r,(b) and called the reduction mumber of b with respect to a. Note that, if a
is a reduction of b, then o”b/ = b for all m € N and j > ry(b).

(11) We say that a is a minimal reducrion of b 1f and only if a 13 a reduction
of b and there is no reduction ¢ of b with ¢ < a.

(1i1) We say that r € R 1s integrally dependent on a if and only if there exst
neNandey,....c, € Rwith ;€ af fori=1,...,n such that

Frert Mt r+o, =0

18.1.2 #Exercise. Assume that a is a reduction of b.
(i) Show that /o = \/ﬁb‘
(ii} Let ¢ be a third 1deal of R such that b 1s a reduction of ¢. Show that a

is a reduction of c.

18.1.3 fExercise. Show that if a is a reduction of b and also a reduction of
another ideal b’ of R, then «a is a reduction of b + b'.

18.1.4 Notation and ZExercise. Let {a,...,a;} be a generating set for a, and let
T be an indeterminate. We denote by R[aT, T!] the subring of R[T, T~ 1] =
R[T}r given by R[aT, T~ "1 = Rl T,...,a,T, T, and refer to this as the
extended Rees ring of a. (Note that R[eyT,...,a, T, T7'] is independent of the
choice of finite generating set {ay,...,a,} for a.)

Let r € R. Show that r is intcgrally dependent on a if and only if the element
T of R[T, T] is integral over R[aT, T71].

18.1.5 Proposition. Assume that a < b and let r € R.

(i) The element r is integrolly dependent on a if and only if a is a reduction
of a + Rr.

(i1) The ideal a is a reduction of b if and only if each element of b is integrally
dependent on a.

FProof. First we suppose that a is a reduction of b, so that there exists s€¢ N
such that a”b* = b™** for all m € N, Hence, provided we interpret o/ as R when
the integer i is negative, b" = o * for all » € Ny, Therefore, within the ring
R[T,T-1, we have R[bT,T-!] < T*R[aT, T~'], a finitely generated module
over the Noetherian ring R[aT, T7']. It follows that R[bT,T~!] is integral
over its subring R[aT, T~!], and so, by 18.1.4, each element of b is integrally
dependent on a.

(i) It fellows from the above paragraph that if a is a reduction of a + R#
then r is integrally dependent on a. Conversely, if # is integrally dependent on
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a, then there exist » € N and ¢1,...,¢, € R with ¢; € o/ fori = 1,...,n such
that #* +¢i#" 4 4 ¢, 7+ ¢, = 0. Then

(a+ Rr)" = a{a + Rr)"' + Rr" = a(a + Rr)" !

and a is a reductien of a + Rr.

(ii) Suppose that each element of b is integrally dependent on a. Let
{b1,...,b,} be a generating set for b. By part (i), for each i = 1,...,¢, the ideal a
1s a reduction of a+ Rb;. Hence a is a reduction of a + ZLI Rb; = b, by 18.1.3.
The converse statement has already been proved in the first paragraph of this
proof, O

18.1.6 Corollary and Definition. By 18.1.3, the set . of all ideals of R which
have a as a reduction has a unique maximal member,  say: a is the union of the
members of #. By 18.1.5, this ideal @ is precisely the set of all elements of R
which are integrally dependent on a (and so the latter set is an ideal of R): we
refer to a as the integral closure of a. O

18.1.7 Exercise. Show that

(1) the integral closure @ is not a reduction of any ideal of R which properly
contains it, and

(ii) @ = b if and only if a and b are both reductions of a -+ b,

We now reproduce the classical argument of Northcott and Rees which
shows that, when R is local, every reduction of b contains a minimal reduction
of b.

18.1.8 Lemma. Assume that (R, m) is local and that a < b+ an. Then a S b.

Proof. Since b+ u = b+ am, we have (b+ a)/b = m ((b + a)/b), and so the
result follows from Nakayama’s Lemma. O

18.1.9 Lemma (Northcott and Rees [45, §2, Lemma 2]). Assume that (R,m)
is local and that a = b. Then a is a reduction of b if and only if a + bt is a
reduction of b.

Progf. It is clear that if o is a reduction of b then a + bm is a reduction of
b. Now assume that a + bm is a reduction of b. Then there exists # € N such
that (a + bim)b™ = b™*, that is, B! = ab” + b"*m. It therefore follows from
Lemma 18.1.8 that b = ab”, O
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18.1.10 Lemma. Assume that (R,m) is local and thai a is a reduction of b. Let
ag,...,a; € a be such that their natural images in {a + bm) /bt form a basis for
this R/m-space, and set o' = >"\_; Ra;. Then

(i) o« is a veduction of b and o < a; and

(i) if a is @ minimal reduction of b, then a = o' and a Nbm = am.

Proof. (i) Note that o’ = a = b and o' + bt = a + bin. Since a is a reduction
of b, it follows from Lemina 18.1.9 that a 4 bn = o’ + bnt is a reduction of b,
so that o is a reduction of b by the same lemma.

(i) Now suppose that a is a minimal reduction of b. Then o’ = a by part (i).
Also, if r1,...,7 € R are such that 3°_ r,a; € bm, then, by choice of ay,...,q;,
we must have r(,...,#; € ni. The claim follows. O

18.1.11 #Exercise. Assume that (R, m) is local and that a is a minimal reduction
of b. Let D be an ideal of R such that ¢ € 0 < b. Show that every minimal
generating set for a can be extended to a minimal generating set for b.

18.1.12 Theorem {Northcott and Rees [435, §2, Theorem 1]). Assume thar {R,m)
is local and that a is a reduction of 1. Then a contains a minimal reduction of b.

Proof. Let T be the set of all ideals of R of the form b 4 bm, where D is
a reduction of b and is contained in a. Note that o + birt € X. Since b/bm is
4 finite-dimensional vector space aver R/mt, the set £ has a minimal member,
and so there exists a reductton ¢ of b contained in a such that ¢ + b is a
minimal member of X. Let ¢,...,¢, € ¢ be such that their natural images in
(¢ +bnt)/bm form a basis for this R/nt-space, and set ¢ = >_;_, Re,. Now ¢ is a
reduction of b by 18,1.10(i); we shall prove that it is a minimal reduction of b.

First note that if r1,...,#, € R are such that Zf:] ric; € bm, then, by choice
of ¢1,...,¢, we must have rp,...,7, € nt. Hence cnbm € ont.

Now suppose that ¢y is a reduction of b with ¢y = ¢. Then ¢+ bm € X and
¢y + bt & ¢ - b, Hence, by the choice of ¢/, we must have

¢g +bm = ¢ 4 bt = ¢ + bm.

It follows that ¢ = ¢y + bm; therefore ¢ = ¢ + (bm M ¢j S ¢ + et by the
immediately preceding paragraph in this proof. It now follows from 18.1.8 that
€ = cg, 5O that ¢ = ¢, O

There is an important connection between minimal reductions of ideals in
local rings and analytical independence.
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18.1.13 Definition. Assume that (R,m) is local. Then »y,...,2, € b are said
to be analytically independent in b if and only if, whenever # € N and
f € R[X,,...,X,] (the ring of polynomials over R in ¢ indeterminates) is a
homogeneous polynomial of degree k such that f{v1,...,v,) € b*m, then all the
coefficientts of f lie in .

Note that, if vy, ..., 1, € b are analytically independent in b, and ¢ := Zﬁ:l Ru;,
then ¢ Nb"nt = ' for all h e N.

18.1.14 Lemma (Northcott and Rees [45, §4, Lemma 1]). Assume that (R,1m)
is local and that b is proper, and let vy,...,0, € b be analytically independent
in b. Then vy,...,v, form a minimal generating sel for E;f:] Ry;, and, further-
more, if \wi,...,w:} is a minimal generating set for > ' Ru;, then wy,...,w; are
analytically independent in b.

Proof. Set ¢ =3 Ru,. If #,....,7, € R are such that 22:1 riv; € e, then,
since ¢ = b, it follows that »y,...,7, € m. Hence vy,...,r; form a minimal
generating set for c

Next, let h € N and f € R[X|,...,X;] be a homogeneous polynomial of
degree h such that f(w,...,w,) € b"m. There exist rijp € R(1 <14 j<¢)such
that w; = 37°_ #yv; fori = 1,....z, and so

I
-f(Z:f:lrUUf“--=Zj;-1f‘:jvj) < b

Since vy,...,»; € b are analytically independent in b, it follows that all the co-
eificients of the homogeneous pelynomial f(Z}:l ”UXj:---:Z}:] r;X;) belong
to m.

Denote the natural image in &k ;= R/m (respectively k[X;....,X;]) of r € R
(respectively g € R[Xy,..., X ]} by F (respectively g). Now [r;;] is an invertible
¢ x t matrix over k, and so there exists a t x ¢ matrix [s;;] over R such that
[Pl l5] = L, the ¢ x ¢ identity matrix. Since 7(32%, 73X, .., 55, 75 ) =0
n k[X4q,..., X;], it follows that

F (St F7 (TUS7X0) s Dl (U1i52%1) ) =0,
and so f(X|,...,X;} = 0. Thus all the cocfficients of f lie in nm. O

18.1.15 Proposition (Northcott and Rees [45, §4, Lemma 2]). Assume that (R, m)
is local and that k := R/m is infinite. Suppose that b is proper and a is a
minimal reduction of b, and let vy,...,0, form a minimal generating set for a.
Then vr,...,v; are analytically independent in b.
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Proof. Let h € N and f € R[X|,...,X;] be a homogeneous polynomial of
degree h such that f(vy,...,5;) € b"m. Suppose that the coefficient u of Xtis a
unit of R. Then ¢! € b'm + vya"~! + - 4 y,a"!, and so

a = Re" 4 (Rey + 4 Ru)d"™! < bt + (Roa + - + Re)a" .
Set o '= Ros +...+ Re,. Now there exists n € N such that ab® = ", Hence
hh+n _ ahbn c bh+nrn1 + a.'ah—--lbn — bh+nﬂl + a-'bh+n—1.

Hence b < o«'b"™"~! by 18.1.8, so that b = «'B" ! and o is a reduction
of b. This contradicts the fact that a is a minimal reduction of b, since o’ < a.
Hence u & m.

Next let {r;] be a 1 x ¢ matrx over R such that all the elements of the first
column, that is ryy,721,..., 74, are units of R and detfr;] is also a unit. Then
there is a minimal generating set {wi,...,w,} for a such that ; = Z};l riw; for
alli=1,...,r. Since

: f
f(ZFl"U“"J«---ij»:lr,jwj) £ b"m,

it follows from the first paragraph of this proof that fir1,...,r;1), which is the
cocfficient of X¥ in the form f(zijzl rUXj,_..,Z;:l r”-Xj-), fies in m. Thus, if
we denote the natural image in k = R/m (respectively k[X(,...,X;]) of r € R
{respectively ¢ € R[Xy,...,X,]) by T (respectively g), then f{ri,....Fq) = 0. It
follows that f(xi,...,%;) = O for all choices of (ay,...,%) € (k {0}}: hence,
since k is infinite, f = 0. T

18.2 The analytic spread

We now consider the graded rings which will provide the framework for
connections between reductions of ideals and graded local cohomology.

18.2.1 Notation and Definition. Suppose that b is proper and a is a reduction
of b.

{1) By 18.1.6 and 18.1.4, the extended Rees ring R[bT, T~'] is integral over
its subring R[aT, T~']. We denote the associated graded ring Dien, b /b by
%(b) = @EG]NO #%(b);. Since there is a homogeneous isomorphism of graded rings

RIOGT, T /T 'RBT, T = %(b)

(and a similar one for %(a)), it follows that #(b) is integral over the natural
image of %(a).
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(ii) Now suppose, in addition, that (R, m) is local. The cxtension m%(b) of
m to %(b) under the natural ring homomorphism is a graded ideal: in fact,
m#(b) = P, b’ /bt The analytic spread spr(b) of b is defined by

spr(b) = dim (?J”(b)/m%(b)) )

Note that #{(b)/m#(b) is (homogeneously) isomorphic to the graded ring
Dien, b'/mb', in which (r; + b }(r + mbl) = s 4 mb™ for (i, j € Ny and)
all r; € b, r} ebl.

(iii) Note that, since a is a reduction of b, it follows that %(b)/m%(b) is
integral over the natural image of %(a)/m%(a). Observe also that, if a can be
generated by elements which are analytically independent in b, then o' 1 b =
a‘m for all i € N, so that the natural homogeneous ring homomorphism
%(a)/m%(a) — %{b)/mF(b) is injective.

18.2.2 Lemma. Suppose thar (R, m) is local and that b is proper. Then spr(b) =
spr{b") for all t € N,

Proof. By Definition 18.2.1(1i),
spr(b) := dim (%(b)/m%(b))  and  spr(b’) := dim (F(6")/mH (D).
Now there are homogeneous ring isemorphisms
%(b)/m#(b) — CDvi/mb' and  H(B)/mED) —> (P bY/mbe
ieNy ielNy
It is clear from these that %(b’)}/m%(b') is homogencously isomorphic to the
t-th Veronesean subring (see 12.4.6) of #(b)/m#(b). The claim now follows from

the fact that a commutative Noetherian praded ring has the same dimension
as its t-th Veronesean subring because the forimer is integral over the latter. O

The observations in 18.2.1(iii) have some very important consequences.

18.2.3 Note. Suppose that (R, m) is local, that a € b — R and that a is gen-
erated by vi,...,t, which are analytically independent in b. Set k = R/m.
Then vy,...,5, are, of course, analytically independent in a, and it is im-
mediate from Definition 18.1.13 that there is a homogeneous isomorphism
¢ k[X1,..., X =, Dicn, ' /ma’ of graded k-algebras (where Xy,..., X, are
independent indeterminates) such that ¢(X;) =, +ma foralli=1,...,t Since
G(a)/m%(a) = Py, «/ma’, we have dim(%(a)/m%(a)} =1.

18.2.4 Theorem (Northcott and Rces [45, §4, Theorems 1 and 2]} Assume that
(R, m) is local and that k := R/m is infinite. Suppose that b is proper and that
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a is a reduction of b, and let t = dimg(a/ma)}, the number of elements in each
minimal generating set for a. Let {v1,...,v:} be a minimal generating set for a.
Then
(1) spr(b) <t,
(i1) a is a minimal reduction of b if and only if spr(b) =¢;
(it1) hence, at least spr(b) elements are needed to generate a, and if a can be
generated by spr(b) elements, then it is a minimal reduction of b,
(V) a is a minimal reduction of b if and only if vy,...,1, are analytically
independent in b.

Proof. Note that o contains a minimal reduction ¢ of b, by Theorem
18.1.12; let wy,...,w; form a minimal generating set for ¢. Then wy,...,w;
are analytically independent in b by 18.1.15. By 18.2.1(iii), the graded ring
F(b)/m#(b) can be viewed as an integral extension ring of %(c)/m%(¢), and so
dim(%{c)/m#(¢)) = dim(%(b)/m%(b))} = spr(b). However, it is immediate from
18.2.3 that dim{%(c)/m%(c}) = s, and s0 s = spri(b).

(1) By 18.1.11, every minimal generating set for ¢ can be extended to a
minimal generating set for a. Hence spr{b) = s < ¢.

(i1) If a is a minimal reduction of b, then a = ¢ and 1 = s = spr(b).

Now supposc that ¢ = spr(b). By 18.1.11, every minimal generating set for
¢ can be extended to a minimal generating set for a, and so spr(b) =s <t =
spr(b). Therefore s =t and wy,...,w; actually generate a. It follows that a = ¢,
and a is a minimal reduction of b.

(iii} This is a restatement of most of parts (i) and (ii).

(iv} If a is a minimal reduction of b, then »,...,v; are analytically in-
dependent in b by 18.1.15. Conversely, if vy,...,, are analytically indepen-
dent in b, then t = dim(%(a}/m%(a)) by 18.2.3, and %(b)/m%(b) can be
viewed as an integral extension ring of %(a)/m%(a), by 18.2.1(iii); therefore
t = dim{%(b)/m% (b)) = spr(b), so that a is a minimal reduction of b by (ii). O

The next Lemma 18.2.5 1s included to help the reader solve Exercise 18.2.6;
that exercise presents an important result of Northcott and Rees.

18.2.5 Lemma, Suppose that (Rt} is local and that v,... v, are analytically
independent in b. Then t < spr(b).

Proof. Set k := R/m and ¢ := > ;_, Rey. Since ¢/ Nb'm = ¢'m for all i € N,
the natural homogeneous ring homomorphism %(c)/m%(c) — %(b)/m%(H) is
injective. Therefore, by 18.2.3, and with an obvious notation,
i+t—1

dimy, (€(b)/m#(b)), = dimy (4(c)/m%(c)), = ( o

) for all i € INg.
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Hence, with the notation of 17.1.7, deg Py memy = t — 1, and therefore ¢ <
spr(b) by 17.1.6. O

18.2.6 Exercise (Northcott and Rees [45, §4, Theorem 3]). Assume that (R, ) is
local and that k := R/m is infinite. Suppose that b is proper. Show that spr(b)
is the maximum number of e¢lements of b which arc analytically independent
in b

18.2.7 Exercise. Assume that (R, m) is local and let vy,...,o; € R. Recall from
[35, pp. 106-7] that v, ..., v; are analytically independent if and only if, whenever
f € R[Xy,...,X;] 18 a homogeneous polynomial such that f(r,...,5) =0, then
all the coefficients of f He in m.

Show that vy,...,¢, are analytically independent if and only if they are
analytically independent in the ideal $;_, Rr; which they generate.

18.2.8 Exercise (Northcott and Rees [45, §4, Lemma 4, Theorems 4, 5, and §6,
Theorem 1]). Assume that (R, m) is local and that & := R/wm is infinite. Suppose
that b is proper. We say that b is basic precisely when it has no reduction other
than itself. Let v1,...,0, form a minimal generating set for b.
(i) Show that htb < spr{b) < dimy(b/mb) = ¢.
(i1} Show that the following statements are equivalent:
(a) b is basic;
(b) vq,..., v, are analytically independent (see Exercise 18.2.7);
(c) spr(b) = dimy (b/mb).

(i) Show that, if b can be generated by ¢ elements and has height 7, then b
is basic and the members of each minimal generating set for b are analytically
independent.

(1v) Deduce that the members of a system of parameters for R are analyti-
cally independent.

(v} Let q be an m-primary ideal of R. Show that spr(q) = dim R. (Here is
a hint: Zg(q"/q™!) = (R(R/q"") — £r(R/q") for all n € N, where *#* denotes
length.)

18.3 Links with Castelnuovo regularity

Local cohomology has still not made an appearance in this chapter! We are
soon going to make, in the case where (R,m) is local, some calculations with
local cohomology over the associated graded ring %(b) = P, %(b), of 2
proper ideal b of R. We note that %(b) is a positively graded, homogeneous
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commutative Noetherian ring: the theory in the next part of this chapter
concerns such rings and will eventually be applied to 4(b).

18.3.1 Definition. Assume that R = P, ., Ry is positively graded and homo-
gencous. We say that an ideal U of R is a *reduction of Ry if and only if 2 is
sraded, can be generated by homogeneous elements of R of degree 1, and is a
reduction of R,.

18.3.2 Lemma. Assume that R = (B, ., Rn is positively graded and homogeneous,
and let W= P,y N, be a graded ideal of R genevated by homogeneous elements
of degree 1. Then 9 is a *reduction of R.. if and only if there exists m € Ny
such that Ry-1 = Wiy, when this is the case, Ry = sy for all i = m, and
the least i € Ny such that Ry = Wiy Is equal to the reduction number rq(Ry)
{see 18.1.1), so that rg(R.) = end(R /).

Proof. Suppose that R = Ry[xy,....x,], where xi,....x: = Ry, and that 91 is
generated by ap,...,an € U, We use the notation Rs;, foric N, of 15.1.1.

Let i € Ny. Then a typical element of R; is a sum of finitely many elements of
the form f'Ox{‘ ...x-f’, where ry € Ry and ji,..., j, € Ny are such that Efc=1 Jo =1,
and a typical element of ., is a sum of finitely many elements of the form a;r;,
where I € {1,...,h} and r; € R;. Tt follows that if R_; = M then Ry = Ajpa,
that (R} ) = R;. and that 2R, )’ = ., 1. All the claims now follow easily. O

18.3.3 Remark. Assume that R = B, ., Ry is positively graded and that
(Ro.mq) 1s local; set k := Ry/my. Let W = @,y U» be a graded ideal of R
generated by homogeneous elements of degree 1. Then the mintmum number of
homogeneous elements {of degree 1) needed to generate 20 is dimy (21, /MR, ).

18.3.4 Lemma. Suppose that (R,m) is local, and that a = b = R, Let ®{a) denote
the ideal of the associated graded ring %(b) = @ieINu #(b); of b generated by
{a+ b aecal = %0D).

Then o is a reduction of b if and only if ®(a) is a *reduction of %(b).. Fur-
thermore, when this is the case, ro(b) = ruo) (% (D)y.).

Proof. Let i € Ny. Then the (i + 1)-th component ®{a),.; of G(a) is given by
G{a);s; = (ab' + b2 /p+2,

By 18.1.8 and the fact that b is proper, ab’ = b if and only if ab’ -+ b2 = B!,
that is, if and only if G(a),_; = %(b);_;. The claims therefore follow from
183.2. O
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18.3.5 Lemma (L. T. Hoa [26, Lemma 2.3]). Assume that (R, m) is local and that
k = R/m is infinite. Suppose that b is proper. Then spr(b) = ara(#(b),), and
their common value is the greatest integer I such that H,",,,(hh(f?(b)) # (.

Proof. By 18.1.12 and 18.2.4, there exists a minimal reduction a of b, and
this can be generated by s := spr(b) elements. Therefore, by 18.3.4, and with
the notation of that Lemma, B(a) is 4 *reduction of %(b).. Hence, by 18.1.2(3),
we have /®(a) = /%(B);, and so ara(%(b)y) < s. Let M be an arbitrary
%(b)-module. By 3.3.3, we have Hyy, (M} =0 for every i > ara(%4(D).), and so,
in particular, for every i > s.

Consequently, the epimorphism #(by — %(b)/m%(b) induces an epimor-
phism Hg}[bh(?,@(b)) — Hip (%(D)/m%(b)), and so it is enough for us to show
that H,, (%(b)/m%(b)) # 0 in order to complete the proof. This we do.

The extension of %(b}. to the *local graded ring %(b)/m#%(b) is the unique
*maximal ideal, and is, in fact, also maximal; it is therefore of height s, by
13.1.14. Tt therefore follows from Theorem 6.1.4 and the Graded Independence

Theorem 13.1.6 that Hi, (%(b)/m%(b}) # 0. 0

18.3.6 4Exercise. Let the situation be as in Lemma 18.3.5, and let a be a minimal
reduction of b (such an a certainly exists, by 18.1.12). Show that the graded
ideal ®{a) of #(b) defined in [8.3.4 can be generated by spr(b) homogeneous

elements of degree 1, and not by fewer. :

In order to make further progress, we wish to use the fact that, when
R = @, Ry is positively graded, homogeneous, and such that (R, mo) 18
local with infinite residue ficld, and the non-zero graded ideal N = P,y Wy
of R is a *reduction of' R, it is possible to generate 2 by the members of an
R filter-regular sequence of fength dimg, s, (2 /o2y ). We therefore explain
the concept of R, -filier-regular sequence.

18.3.7 Definition. Assume that R is positively graded, and let M be a non-zero
finitely generated graded R-module. Let fi,..., fr be a sequence of homoge-
neous elements of R. We say that fy,..., fy is an R_-filter-regular sequence with
respect to M if and only if, for all i = 1,..., h, we have

fi¢ U P,

PBEASS(M /(i) )M Vari R, )

We collect some elementary properties of R, -filter-regular sequences together
in the next exercise.
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18.3.8 fExercise. Assume that R is positively graded, and let M be a non-zero
finitely generated graded R-module and f1,..., f; be a sequence of homogeneous
clements of R. Show that the following statements are equivalent:

(1) f1,...,fn is an Ry-filter-regular sequence with respect to M ;

{ii) for all B & Spec(R)*, Var(R.}, the sequence f/1,...,f,/1 of natural
images in Ry is a poor My-sequence;

(1) ((fro-enn fietIM g £33/ (F1a- . fio)M is Ro-torsion for all i =1, h:

(iv) end (((f1...., fi- )M /(1. fici)M) < oo for i = L,...,h (the
cnd of a graded R-module was defined in 13.1.1);

(v} fi 13 a non-zerodivisor on M /(f1,..., fi1)M foreach i =1,..., h where
L, for an R-module L, denotes L/Tg, (L).

18.3.9 Exercise. Let the situation be as in 18,3.8, and assume that fi,...,f} is
an R -filter-regular sequence with respect to M. Letdegfi=n; fori=1,...,h
Show that

h
reg! (M/ZLJ;M) < reg' (M) + Z i — M

i=1

We now turn to the construction of R -filter-regular sequences,

18.3.10 Proposition. 4ssume that R = EBHE]NO R, is positively graded, that (Ry, my)
is local with infinite residue field k := Ro/tp, and that the non-zero graded ideal
W = P, Wi of Ris a Freduction of Re. Let ¢ = dimg (W, /my, ). Then there
exist f1,...,fr € Wy such that W="3"I_ Rf; and f1,....f, is an R, -fiiter-regular
sequence with respect to R.

Proof. Suppose, inductively, that i € Ny with i <  and that an R.-filter-
regular sequence (with respect to R) fi,....f; of elements of 9, has been
constructed such that the natural images of fy,..., f: in A /me, are finearly
independent in this k-space. This is certainly the case when i = 0. Set | =
Zi,-=1 Rf;. Naote that m2l 4§ == % and that V"‘jf = /R. by 18.1.2(i). We can
use 15.1.3 to see that there exists

fir € WA | (me + U P

PeAss{ R/ VarlR.)

Then the extended sequence f1,...,f;, fir 18 Ro-filter-regular (with respect to
R), and the choice of fi.| ensures that the natural images of fi,....f; fiy; in
W, /mo; are linearly independent. This completes the inductive step.

In this way, we can construct an R.-filter-regular sequence (with respect to
R) f1,..., f; of elements of ; whose natural images in A, /mipA; form a basis
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for this k-space. Since N can be generated by elements of degree 1, it follows
that fy,...,f; generate ¥[. O

We now show that R -filter-regular sequences lend themselves to satisfactory
calculations with various Castelnuovo regularities. We remind the reader that,
when R is positively graded and homogeneous, the regularity reg (M) of M at
and above level I (for I € INy) of a finitely generated graded R-module M was
defined in 15.2.9.

18.3.11 Proposition. Assume that R = @, Ry is positively graded and
homogeneous, let M be a non-zero finitely generated graded R-module, and let
flo-...fn € Ry be an Ry-filter-regular sequence with respect to M. Then
reg (M) < reg (M /{f1,..., fa)M) for all 1 = h and

reg(M) < reg(M/(f1,.... fr)M) < reg(M).

Proof. We prove this by induction on h, there being nothing to prove when
i = 0. Suppose, inductively, that i > 0, and that both statements in the claim
have been proved for smaller values of . Set § = ﬁ:ll Rf:. By our inductive
hypothesis, reg(M) < reg!~""'(M/fM} for all I = h— 1 and reg" '(M) <
reg(M/TM) < reg(M).

Since (1M :as f)/fM is R, -torsion, we have Hj;'{__((TM )/ MYy = 0 for
all j € N, by 2.1.7(1); therefore, the canonical epimorphism = : M/fM —
M/{fM 3 fr) induces homogeneous isomotphisms

Hj, (m) : HY (M/3M) > HY (M/(IM 2y 1)) forall je N
Hence reg' (M /{M)} = reg' (M /(M .y fo)) for all [ € N.
Multiplication by f, leads to an exact sequence

0 — (M/(GM g fN—1) — M/TM — M/(T+ Rf:)M — 0

of graded R-modules and homogeneous homomorphisms. By 15.2.15(iv) and
the inductive hypothesis,

reg(M/(f + Rfy)M)
< max {reg' (M /(FM :a fa)N—1)) — 1, reg(M /iM) }
= max {reg'(M/fM),reg(M /TM)} = reg(M /TM)
< reg(M).
We can also apply 15.2.15(ii) to deduce that, for { = h,
reg! " THM IM) = reg (M /(TM oy fi))=1)) — 1
< max {reg T M/IM) — 1, reg MM/ (F+ RFIM)},
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so that reg” *"H{M/IM) < reg’"(M/(f + Rf,)M). We can therefore use the
inductive hypothesis to see that

reg (M) < reg " N (M /M) < reg ™" (M /(f + Rfi)M)  for all { > h.

In particular, reg"(M) < reg(M/(f+Rf5)M), and so this completes the inductive
step. O

18.3.12 Theorem (sce N. V. Trung [65, Proposition 3.2]). Assume that (R, m) is
local and that k .= R/ is infinite. Suppose that b is proper, and set s == spr(b).
Let a be a minimal reduction of b, Then

reg'(%(b)) < ra(b) < reg(%(b)).

Proof. By 18.3.4, and with the notation of that lemma, ®(a) is a *reduction
of %(b),, so that ¥(b}/®(a) is #(b);-torsion and (by 18.3.2)

Fa(b) = re@(%(b).) = end(%(b)/®(a)).
Note that, by 2.1.7(1), we have Hj,, (%(b)/®{a)) =0 for all i £ N, and so
ra(b) = end(#(b)/B(a)) = reg(%(b)/G(a)).

Next, we observe from 18.3.6 that (a) can be generated by s := spr(b)
homogeneous ¢lements of degree 1, and not by fewer. Therefore, by 18.3.3 and
18.3.10, there exists in (h(a) a %(b). -filter-regular sequence (with respect to
“(b)) f1.....fy of elements of degree 1 which generate this ideal. Consequently,
by Proposition 18.3.11, we have

reg’(%(b)) < reg(%(h)/®(a)) < reg(%(b))

and this completes the proof because we have already shown that r.(b) =
reg(%(b)/G(a)). O

We are now going to use Trung’s Theorem 18.3.12 to derive a theorem
due to L. T. Hoa, which shows that, in the situation of Trung’s Theorem,
for t € N sufficiently large, the reduction number of b’ with respect to a
minimal reduction of b’ is independent of the choice of minimal reduction and
independent of 1. We need one preparatory result, also due to Hoa.

18.3.13 Proposition (L. T. Hoa [26, Lemma 2.4]). Assume that (R,m) is local
and that k = R/m is infinite. Suppose that b is proper, and assume that s =
spr(b} > 1. For g € ©Q), we use {q] to denote max{i € Z :i < q}; we interpret [g]
as —oc when g = —oc. Let § € N, Then

(i) end (H;;‘.M (-’5([{))) < [end (H(;(b)f (g(b))) / z} for all j € Ny; and
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(i) end( | (@ ))) — [end( S (@ (b))) / }
Proof. By 18.2.2 and 18.3.5, we have

end (H;;(b,h(%’f(b‘))) — end (H;;(m(g(b))) — _x forallj> s

The inequality in part (i} is therefore certainly true when j > s.
Now consider the case where 0 < j < s, and let i € Ny with 7 < 1. The
extension b'@(b) of b’ to %(b') under the composition R — R/b" — #(b') o

canonical ring homomorphisms is a graded ideal of %(b') with grading given
by
blg(bt) _ @ bl.‘1+l'/bt(n+l)‘

nelNy

Note that 0'%(b') = 0. Our strategy is to consider the chain of submodules
G(b") =1%(b) 2 ... 2B%(b) 2 D) 2. 2 PE(E) =0,

and to obtain information about the ‘subquotients’ in the chain by use of
Veronescan functors (see 12.4.6).

There is a natural homogeneous surjective ring homomorphism 0 : %(b') -
(%(bH", and so any graded %(b)?-module can be regarded as a graded %(b")-
module by means of 6. This applies, in particular, to

(g;([)})(r,i) — @ brn+i/bi‘.n+i+1‘

nCINj

It follows that, for i < ¢, there is an exact sequence
0 — b1 (bY) — BF(B") — (F(b)" — 0

of graded %(b')-modules and homogeneous homomorphisms.
Let v € Z with 7 > [end (H}y, (9(0))) /1] Tt follows from the Graded

Independence Theorem 13.1.6 and 12.4.6(v) that therc are homogeneous F(h')-
isomorphisms

H ) (SO)S) s B (507 = (Hi,

#D'), f{([,)[“

(o))"

Hence
HY o, (G0 ), 2= Hi) (G(0))rss = 0,

since rt +i > end(H;;(b)Jr(fé‘(b))). Therefore the short exact sequence displayed
in the last paragraph induces an R/b -cpimorphism

(o' g, — H. . (b'%(b),.

‘”(b #y
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Since B'#(b") = 0, we can therefore deduce by descending induction that
g (bgmY), = 0 for i = ¢—1,...,1,0. Hence H%;(b,”(?f(br))r = 0. Hence

F(b')+
end (H;’?(E()+(%’(bf))) < [end (Hgg(b)+ (g(b))) / r].

Now consider the case where j = 5. Let u = [end (Hg}(bh.(%(b))) / t]. Thus
end(Hg(bL((ﬁ(b))) — ut + i for some integer i with 0 < i <1— 1. Recall from
18.3.5 that s is the greatest integer i such that H;j(b)%_(@(b)) £ 0. It therefore
follows from 15.2.5 that JH':,}(bh(ff](b))H #+ 0 for all n < ut+1, and so, in particular,
for n = ut. Recall also, from 18.2.2 and 18.3.5, that s = ara(%(b");). It therefore
follows from the exact sequence

0 — b{ﬁ(bl) — s G — (g(b)}(r.ﬂ} 50

of graded #(b')-modules and homogeneous homomorphisms that there is an
exact sequence of R/ b'-modules

1, 5, (60— Hiyy, (50 — O

Hence H;(br]_b(@(}bf))u # 0, and end (H,;(bi) (-f!?(bf))) > . This, in conjunction
with the result of part (i), completes the proof. O

We are now ready to present Hoa's proof of his theorem, mentioned in the
introduction to this chapter, about the asymptotic behaviour, with respect to
reduction numbers, of powers of a proper ideal of a local ring having infinite
residue field. We remark again that there is no mention of local cohomology it
the statement of the theorem, but the powerful tool of graded local cohomology

plays a major rdle in the proof.

18.3.14 Theorem (L. T. Hoa [26, Theorem 2.1]). Assume that (R,m) is local
and that R/w is infinite. Suppose that b is proper. Then there exist to € N and
¢ € Ny such that, for all t > 1o and every minimal reduction a of b, we have
ru(b) = ¢

Proof. Let s = spr(b). If s = 0, then b is mlpotent, and the result is
obvious because the only minimal reduction of the zero ideal of R is the zero
ideal itself. We therefore assume that s > 1 for the remainder of this proof.
Set 1y = max{\and(Hﬁé(bL(g(b)))L t i & Ny and Hyg, (%(b)) # 0}. Note that
o € Ng, by 18.3.5.

Suppose that t € N with 1 > fo. By Proposition 18.3.13, we have

end (H;(b.h(g(bf))) <0 fori=0,...5—1
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and
‘ if end  Hgg, (9(0)) =20,
end (H;(b,”(fg(bf))) - _ ol
—1 if end {Hgq (9(b)) <O.
Of course, H;(bf);(@?(b’)) =0 for all i > s, by 18.2.2 and 18.3.5. Hence
s if end Hj,, (%(b))] =0,
reg’(4(H")) = reg(#(b")) = , Ho )
s—1 il end | Hyy (#(0))) <.

The result now follows from Trung’s Theorem 18.3.12. 0
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18.3.15 Exercise. Assume that (R,m) is local and that R/m is infinite; let
dimR = d Suppose that q is an m-primary ideal of R such that #(q) is
Cohen-Macaulay. Show that each minimal reduction ¢ of g has rq(q) =

end (He, (9() +d.

As was mentioned in the introduction to this chapter, we have only been
able to present a small portion of recent work linking graded local cchomology
and reductions of ideals. An interested rcader might like to consult, in addition
to papers already cited in this chapter, T. Marley’s paper [33], and some of the

papers referred to therein.
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Connectivity in algebraic varieties

The study of the topological connectivity of algebraic sets is a fundamental
subject in algebraic geometry. Local cohomelogy is a powerful tool in this field.
In this chapter we shall use this tool to prove some results on connectivity which
are of basic significance. Our main result will be the Connectedness Bound for
Compilete Local Rings, a refinement of Grothendieck’s Connectedness Theorem.
We shall apply this result to projective varietics in order to obtain a refined
version of the Bertini-Gothendieck Connectivity Theorem. Another central
result of this chapter will be the Interscction Inequality for Connectedness
Dimensions of Affine Algebraic Cones. As an application it will furnish a
refined version of the Connectedness Theorem for Projective Varieties due to
W. Barth, to W. Fulton and J. Hansen, and to G. Faltings. The final goal of the
chapter will be a ring-theoretic version of Zariski's Main Theorem.

The crucial appearances of local cohomology in this chapter are just in
two proofs, but the resulting far-reaching consequences in algebraic geometry
illustrate again the power of local cohomology as a tool in the subject. We shall
use little more from local cohomoelogy than the Mayer-Vietoris Sequence 3.2.3
and its graded version 13.1.4, the Lichtenbaum-Hartshorne Vanishing Theorem
8.2.1 and the graded version 13.1.16, and the vanishing result of 3.3.3. The use
of these techniques m this context originally goes back to Hartshorne [21] and
has been pushed further by J. Rung (see [5]).

19.1 The connectedness dimension

To begin, we have to introduce a measure for the connectivity of an algebraic
set, or, more generally, of a Noetherian topological space. We start with some
reminders of topological concepts which are fundamental to cur work in this
chapter.
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19.1.1 Reminders. (i) Recall that a non-empty topological space is said to be
disconnected preciscly when it can be expressed as the disjoint union of two
proper open {or closed) subsets. Otherwise the space is said to be connected. We
adopt the convention whereby the empty set is considered to be disconnected.

(i) Recall also that a topological space T is said to be quasi-compact
precisely when every open covering of T has a finite subcovering, that is, if
and only if, whenever (U,).ea is a family of open subsets of 7' such that
T =1J,es Us then there is a finite subset ® of A such that T = Usea Us

Recall that a non-empty topological space T is said to be irreducible precisely
when 7T is not the union of two proper closed subsets, that s, if and only if
every pair of non-empty open subsets of T has non-empty intersection.

19.1.2 £Exercise. Lel T be a non-empty topelogical space.
(i) Show that the following statements are equivalent:
{(a) T is irreducible;
{b) every non-empty open subset of T is dense in T';
{c) every non-empty open subset of T is connected.

(ii) Let S be an irreducible subset of T (that is, a subset of T which is an
irreducible space in the topology induced from T'), and let (C;}i<i<s be a finite
covering of § by closed subsets of T {so that Cy,...,C, are closed subsets of
T such that § = {J_, ;). Show that S = C; for some i with 1 <i < n.

(iii) Show that, if 7' is irreducible, then every non-empty open subset of T
is irreducible.

(iv) Let (U,)j<ic, be a finite open covering of T, with U; # 0 for all
i = 1,...,n Prove that T is irreducible if and only if U; is irreducible for all
i=1,..,nand U;NU; #0forall i, j=1,...,n

(v) Let 5 be a subset of T. Show that S is irreducible if and only if its
closure S is irreducible.

(vi) Let T’ be a second topological space and let f : T — T be a continuous
map. Show that if T is irreducible, then so too is f(7T).

19.1.3 tExercise and Definition, Use Zorn’s Lemma to show that a non-empty
topological space T has maximal irreducible subsets.
The maximal irreducible subsets of T are called its frreducible components.
Show that the irreducible components of T are closed and that they cover
T: show also that every irreducible subset of T is contained in an irreducible
component of T.

19.1.4 tExercise. Let K be an algebraically closed field, and let » € N.
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(i} Show that the irreducible components of an affine algebraic cone in
A7 (K) (see 14.1.2(i}) are again affine algebraic cones.

(i) Let W be a non-cmpty closed subset of P'{K); suppose that the
distinct irreducible components of W are W),..., W,. Show that Cone(W) (see
14.2.1(ii1)) has Cone(W1},..., Cone(W, ) as its (distinct) irreducible components.

19.1.5 Definition. Let T be a topological space. We say that T is a Noetherian
topological space precisely when it satisfies the following equivalent conditions.
(1) Whenever (Ci)iey is a family of closed subsets of T such that

Ci2CGz2..2CG2C,2...,

then there exists &k € N such that C, = C,; for all i & N.
(i) Every non-empty set of closed subsets of T contains a minimal element
with respect to inclusion.

19.1.6 #Exercise. (i) Let T be a topological space. Show that 7' is Noctherian
if and only if every open subset of T is quasi-compact.

(iiy Show that the spectrum of a commutative Noetherian ring, furnished
with its Zariski topology, is a Noetherian topological space.

(i) Show that a quasi-affine variety over an algebraically closed field (see
2.3.1) is a Noetherian topological space.

19.1.7 Lemma. Let T be a non-empty Noetherian topological space. Then T
has only finitelv many irreducible components. Also, if Ti,..., T, are the disiinct
irreducible components of T, then

L3
Tjg;‘:UTj Joral j=1,...,n
i
Proof. Suppose that T has infinitely many irreducible components. Let .7 be
the set of non-empty closed subsets of T which have infinitely many irreducible
components. Since T is Noetherian, % has a minimal member: let C be one
such. Then C itself cannot be irreducible, so that C can be written as C = C,UC>
for some proper closed subsets €y and C; of C. Note that C; and C, are closed
in T, and so, by the minimality of C, each of C; and C; has only finitely many
trreducible components. But, by 19.1.2(ii), each irreducible subset of C must be
contained in C; or C», and so each irreducible component of C must be an
irreducible component of Cy or C; (by 19.1.3). Hence there can only be finitely
many irreducible components of C, a contradiction.
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The final claim foliows easily from another nse of 19.1.2(i) since, by 19.1.3,
each T (I <i<nyisclosed in T. O

19.1.8 Definition. et T be a non-empty Noetherian topological space. The
dimension of T, denoted by dim T, is defined as the supremum of the lengths
n of all strictly descending chains Zy > 21 = +++ = Z,, of closed irreducible
subsets of T if this supremum exists, and oo otherwise. Thus, by 19.1.3, dim T
is a non-negative integer or oo,

The dimension of the empty space is defined to be —1.

Note that, for our Noetherian ring R, we have dim(Spec(R)) = dim R; thus, in
view of {39, Appendix, Example 1], the dimension of a Noetherian topological
space can be oc.

19.1.9 Definition. Let T be a Noetherian topological space. The conneciedness
dimension ¢(T) of T is defined to be the minimum of the dimensions of those
closed subsets £ of T for which T % Z is disconnected. (Observe that T\ T is
certainly disconnected!) Thus

Ty :=min{dimZ : Z < T, Z isclosed and T \ Z is disconnected}.

For our Noetherntan ning R, we write c(R) = ¢(Spec(R}).

19.1.10 Examples. Let T be a Noetherian topological space.

(i) Note that T is disconnected, that is, T % @ is disconnected, il and only
if ¢(T) = —1. We can thus conclude that ¢(T') is negative if and only if T is
disconnected.

(i1} It follows {rom part (1} that if (R, m) is local, then ¢(R) = 0.

(iif} Suppose that T is irreducible. Then if Z is a proper closed subset of T,
it is impossible for T % Z to be disconnected (by 19.1.2(i)}; on the other hand,
T T is disconnected. Thus ¢(T) = dim T in this case.

(iv) Tt follows from part (iii) that, if R is an integral domain, then ¢(R) =
dim R. Thus, in view of [39, Appendix, Example [], the connectedness dimension
of a Noetherian topological space can be 0.

19.1.11 Example. Assume that {R,m) is lecal, and has exactly two minimal
prime ideals, p and q. Then ¢(R) = 0 if and only if dim R/(p + g} = 0.

Proof. Note that the hypotheses ensure that dim R > 0.
(<) We have Spec(R) = Var(p) U Var{qg). Since m i3 the only prime ideal of
R which contains both p and g, it follows that

Var(p) N (Spec(R)\ {m})  and  Var(q)n (Spec(R)\ {m})
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are two non-empty disjoint closed subsects of Spec(R) Y {m} which cover this
space. Therefore, bearing in mind 19.1.10(i1), we see that ¢(R) = 0.

(=} Assume that ¢(R) = 0. Thus there is a closed subset Z of Spec(R) for
which dimZ = 0 and Spec(R)*, Z is disconnected. We must have Z = {mj}. Set
T = Spec(R) %, {m}. Thus there exist ideals a, b of R such that 7 N Var(a) and
T N Var(b) are non-emply disjoint subsets of T which cover T.

Then p 2 a or p 2 b; also g 2 a or g = b. For the sake of argument, let us
assume that p 2 a

Then q 2 a, since otherwise Spec{R) = Var(a) and T N Var(b) = §. Therefore
q = b, and it follows that (T N 'Var(p)) N {T r Var(g)} = §; from this we deduce
that dim R/{(p 4+ q)=0. O

19.1.12 Exercise. Let f, g be non-constant, irreducible polynemials in C[X, ¥]
which are not associates of each other. Let T := V:(fg). Show thai

_ [ it Ve(f)nVea(g) =0,
oT) = { 0 otherwise.

19.1.¥3 Notation and #Exercise. Assume that {R,m) 1s local. The topclogical
space Spec(R) Y, {m}, with the topology induced from the Zariski topology on
Spec(R), is called the punctured spectrum of R, and denoted by Spec(R). Show
that ¢(Spec(R)) = ¢(R) — 1.

19.1.14 Notation. For » € N, denote by S(r) the set of all ordered pairs (A, B)
of non-empty subsets of {1,...,r} for which AU B = {1,...,r}.

19.1.15 Lemma. Let T be a non-empty Noetherian topological space with (dis-
tinct ) irreducible components Ty,..., T,. Then, with the notation of 19.1.14,

oT) = i {dim ((UesTi) N (UjeaT) } 2 (4.B) € 70}

Proof. We write ¢ = ¢(T) and m for the minimum that occurs on the right
hand side of the display in the above statement.

We first show that ¢ > m. To achieve this, let Z be a closed subset of T
with dimZ = ¢ and such that T\ Z is disconnected. If 7; € Z for some
ie{l,...,r}. then c =dimZ > dim T; > m. Thus we can, and do, assume that
T (TyZYy+£0forallie{l,...,r}. As T\ Z is disconnected we can write
T\Z =U, U, where U; and U, are non-empty open sets in T such that
UinU; =90 Set

A=d{ie{l,..r} TinU #0}, B={je{l,....r} :T;NUy =0},
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Then, the pair (4, B) € $(r). Moreover, 4 and B are disjoint, as otherwise
for any index i € A N B the irreducibe space T; would contain the two
non-empty and disjoint open subsets T; v U; and T; N U;. This shows that
(UieA ) (U;eB ) has no point in common with Uy U Us, so that it is
contained in Z and has dimension not exceeding ¢. This proves that ¢ = m.
To prove the inequality m > ¢, let (4, B) € S (r) be a pair such that
Z = (Ui@l ) (UJEB ) 1s of dirnension m. If r = 1, we have m =dim T = ¢,

as required. Assume therefore that » > 1. Then, by the minimality in the
definition of m, we can, and do, assume that 4 and B are disjoint. Then the
open sets Uy = T\ | T and Uz = T\ ;5 T; are non-empty. Note that

U, N U, = B, since (UleAT) u (U;ea ) =T Hence T WZ =U Ul 18

disconnected. Consequently ¢ < dimZ =m. O

19.1.16 FExercise. Let 7 be an afline variety over the algebraically closed field
K. Let b be an ideal of &(V), and let ¥ (b) denote the closed subset of V
determined by b. Show that ¢(V(b}) = c(E(V)/b).

19.2 Complete local rings and connectivity

We now introduce another invariant of Noetherian spaces.

19.2.1 Definition. Let T be a non-empty Noetherian topological space. The
subdimension sdim T of T is defined as the minimum of the dimensions of
the irreducible components of T. For our Noetherian ring R, we write sdim R
instead of sdim(Spec(R)}.

Notice the following easy fact.

19.2.2 Lemma. Let T he a non-empty Noetherian fopological space of finite
dimension. Then ¢(T) < sdim T'. Moreover, equality holds here if and only if T
is irreducible.

Proof. Let Ty,..., T, be the irreducible components of 7. Then
sdim7 =min{dim T; :i=1,...,r};

also, we have, by 19.1.7, for each j=1,...,r, that

¥

T; N UTi < Tj

H
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so that, since T has finite dimension,

dim [ T, || JTi | | <dimT;.
i=1

it

The claims now follow easily from Lemma 19.1.15. O

19.2.3 Exercise. Calculate ¢(T) and sdim T for the following choices of the
Noetherian topological space T':
(i) T = Vs (X] —~ X1, X§ — Xa);
(11) T = VA4(X1X3,X1X4,X2X3,X2X4);
(i) T = Val{X — DIX? + X7+ X5 —1)).

19.2.4 #Exercise. Assume that (R, m) is locul and that dim R > 0. Show that the
subdimension of the punctured spectrum Spec(R) of R (see 19.1.13) is given by
sdim(Spec(R)) = sdim R — 1.

19.2.5 Remark. We shall frequently consider connectedness dimensions and
subdimensions of spectra of Noetherian rings. Therefore it will be helpful to
translate the previous lemmas into ring-theorctic terms. So, let »y,...,p, be the
distinet minimal prime ideals of R. Then, again using the notation of 19.1.14,
it follows from 19.1.15 that

o(R) = min {dim (R / ((ﬂmpi) n (ﬂ jesP j))) (4,B) € y(r)} .

Also, 19.2.2 shows that sdimR = min{dimR/p; :i=1,....r} = c(R), with
equality if and only if r = 1.

Our applications of local cohomology to connectedness dimensions will
involve use of the concept of arithmetic rank of an ideal, introduced in 3.3.2.
The reader should be aware of the elementary properties of arithmetic rank
described in the following exercise.

19.2.6 £Exercise. (i) Show that, if a is proper, then hto < ara(a).
(ii} Let R’ be a second commutative Noetherian ring and let f : R — R’ be
a ring homomorphism. Prove that ara(aR’) < ara{a).

The next result will play a crucial réle in our approach to connectivity. Its
proof uses most of the main ingredients from local cohomology theory that
we shall need in this chapter. The result relates, in certain circumstances, the
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arithmetic rank ara{anb) of the intersection of two ideals a and b in a complete
local domain R with the dimensions of R and R/{a + b).

19.2.7 Proposition. Assume that (R,m) is a complete local domain. Let b be
a second ideal of R, and assume that a and b are both proper and that
min {dim R/a,dim R/b} > dim R/{a -+ b). Then

ara(anb) > dimR — dim R/(a +b) — 1.

Proof. Set d :=dim R and ¢ = dim R/{a + b). We proceed by induction on
d. First, let 4 = 0. Then, we have to show that ara(a Nb) > 4 — 1. By the
Mayer-Vietoris Sequence 3.2.3, there is an exact sequence

HEHR) — HELL(R) — HYR) @ HY(R).

By the local Lichtenbaum-Hartshorne Vanishing Theorem 8.2.1, we have
HY(R) = HYR) = 0. As 3 = 0, the ideal a-+b is m-primary, and so H?,(R) # 0
by 1.2.3 and 6.1.4. Altogether we obtain that H* /(R) = 0, and so it follows
from 3.3.3 that ara(aNb) = 4 — 1. This proves the claim when 6 = 0.

S0, let & > 0 and put » = ara{a N b). Let ¢1,....¢, € anD be such that
JRer -+ Re ) = janb). As a+Db is not m-primary we can find an element
y € m which lies outside all the minimal prime ideals of o, b and a + b. We
write «’ = a + Ry and b’ =b + Ry and note that dimR/(a’ + b} =6 — 1,

dimR/a’ =dimR/a—1>§—1 and dimR/b =dimR/b—1%>§— 1.

As ARey+ -+ Rer + Ry) = Ao’ ND'), we have ara(a’NDb’) < r+ 1. Therefore,
by the inductive hypothesis, we obtainr+1 > d—(6—1)—1; hence r = d—38—1.
This completes the proof. O

As an application of this we can now prove the following.

19.2.8 Lemma. Asswme that (R, m) is a complete local ring. Let b be a second ideal
of R, and assume that a and b are both proper and that min {dim R/a, dim R/b} >
dim R/(a + b). Then

dimR/(a + b) = min {¢(R),sdim R — 1} — ara{a M b).

Proof. Set & = dmR/{a + D). Let py,...,p, be the distinct minimal prime
ideals of R.
First, we treat the case where, for all i € {1,.,.,n}, either

dimR/(a+p)<d or dimR/(b+p)=<d.
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After an appropriate reordering of the p, there will be an s € INp such that
s < nand dimR/(a+p) < d for 1 < i< s and dimR/(b + p;) < ¢ for
s+l<j<n Asmax{dimR/{a+p,) 1 <k <n} =dimR/a > 0, we sce that
s<n Asmax{dimR/(b+p,) : 1 £k <n} =dimR/b > 6, we see that 1 <.

Now, let p be a minimal prime ideal of the ideal

c=(p N np)+ (P N.0p,)

such that dim R/p = dim R/¢. By 19.2.5, we have dim R/p = ¢(R). Moreover
we can choose indices i and j with 1 <1 < s < j < n and such that p;,p; = p.

It follows that
é = dimR/(a-+p) = dimR/(a+p)

and 0 = dim R/(b + p;) = dim R/(b + p); hence

d > dimR/((a +p}n{b+p)) = dim R/{{aNb)+ p).
As R/p is catenary (see [35, Theorem 29.4(il)]), we can wril¢

dimR/({anb) + p) = dim R/p — ht{{a 1 b) + p)/p.
As dimR/p = ¢(R) and

ht((a N b}y +p)/» < ara(((anb) + p)/p) < ara(a N D),

by 19.2.6, we thus obtain that d = ¢(R) — ara{a N b}.

Therefore, it remains for us to treat the case in which therc exists i € {1,...

such that .
dimR/(a+p;) =6 and  dimR/(b+4p;) > d.
AsdimR/(a+ b+ p,) =:4& <3, it follows from 19.2.7 that
8 =06 =dimR/p, —ara (((a+p)N(b+p)/p)—1
Observing that dim R/p; = sdim R and (by 19.2.6(i1))
ara {((a + p) N6+ p)/p;) =ara (((a ") + p,)/p;) < ara(anb)

we thus deduce that 6 = sdim R — 1 —ara(aMb). O

We are now in a position to prove the first main result of this chapter, namely

the Connectedness Bound for Complete Local Rings.

19.2.9 Connectedness Bound for Complete Local Rings. Assume that (R, m) is a

complete local ring, and let a be proper. Then

¢(R/a) = min {¢(R),sdim R — 1} — ara(a).
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Proof. Without loss of generality we can, and do, assume that a = /a. Let
5. .., P, be the distinet minimal prime ideals of a, and sct ¢ := c(R/a).

If n =1, we have « = p; and ¢ = dim R/p; by 19.2.5. Choose a minimal
prime 1deal v of R with p = p,, and observe that htp,/p < ara(a), by 19.2.6(1).
Since R is catenary, we deduce that

¢=dimR/p—htp,/p = sdim R — ara(a),

from which our claim foliows.
Consider now the case where n > 1. By [9.2.5, there exist two non-empty
subsets 4, B of {1,...,n} for which AU B = {1,...,n} and

e = dim (R/{(Meaps) + (Nicevs) ) 5

moreover, we can, and do, assume that A and B are disjoint. Set r := (};- (s
and s :={),.pp;; then dimR/r > ¢ and dim R/s > ¢ (by the final comment of
19.2.5), and r M s = a. We can now use 19.2.8 to complete the proof. O

19.2.10 Corollary. Ler (R, m) and a be as in 19.2.9. Then
c(R/a) = ¢(R) — ara(a) — 1.
If R has more than one minimal prime ideal, then the ineguality is strict.

Proof. By 19.2.5, we have c(R) < sdim R, with strict inequality if R has more
than one minimal prime ideal. The claim therefore follows from 19.2.9. O

As another application of 19.2.9 we now prove Grothendieck’s Connectedness
Theorem.

19.2.11 Grothendieck’s Connectedness Theorem (see [19, Exposé XIII, Théoréme
2.1]). Assume that (R, m) is a complete local ring, and let o be proper. Let k € Ny
be such that ¢(R) = &k and sdim R = k + 1. Then c(R/a) = k — ara(a).

Proof. By 19.2.9, we have
¢(R/a) = min {¢(R),sdim R — 1} — ara(a) = k — ara(a). O
19.2.12 Remark. Let the situation be as in 19.2.11. In Grothendieck’s original

version of that result, connectivity and subdimension are considered on the
punctured spectrum Spéc(R) of R (see 19.1.13). However, since

¢(Spec(R)) =¢(R)—1 and  sdim(Spéc(R)) = sdim R — 1

(by 19.1.13 and 19.2.4), Grothendieck’s version can be recovered from ours.
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19.3 Some local dimensions

Up to now, we have obtained a certain understanding of the connectivity in the
spectrum of a complete local Noetherian ring. In order to apply this knowledge
to the non-complete case, we prove the following lemma. The reader is warned
that our proof of part (iv) of the lemma uses L. J. Ratliff’s Theorem [48] (see
also [35, Theorent 31.7]) that a local ring (R, nt) 13 universally catenary only if,
for every p € Spec(R) and for every minimal prime R of the ideal pR of R, we

have dim R/ = dim R/p.

19.3.1 Lemma. Assume that (R,m) is local. The following hold:

(i) ¢(R) = ¢(R);
(ii) if pR € Spec(ﬁ) for all minimal prime ideals p of R, then equality holds
in (i);
(i) sdimR = sdim R; and
(iv) if R is universally catenary, then equality holds in (1ii).

Proof. Let & be the set of minimal prime ideals of R and 2 be the set of
minimal prime ideals of R. Note that, by [35, Theorem 7.3(i)] for example, each
p € # is the contraction to R of some member of 2. Also, TN R € # for all
Qe 2 (by [35, Theorem 15.1(ii)], for example).

(i) By 19.2.3, we can find two nom-empty subsets 2 and 2, of # such
that #, U &, = 2 and, if 61 = ﬂpeﬁ}p and ay ;= ﬂpe%p, then

¢ =c(R)=dimR/(a; + az).

Let 2, :={Qe2:QnNRe )} fori=12; then 2; and %, are non-empty
and such that 2, U 2, = 2. Let B; = ﬂDEJM (i = 1,2). Then, by 19.2.5, we
have o(R) < dimR/(B| + B,). Since a;R = B; for i = 1,2, it follows that
¢(R) < dim R/(B; + By) < chmR/(alR +a3R) = c.

(i1} Suppose that pR € Spec(R ) for all p € #. By 19.2.5, we can find two
non-empty subsets 23 and 24 of 2 such that 2; U 2 = 2 and, if B; =g, &
for i = 3,4, then 7 == o(R) = dim R/(*B; + B.).

Set #; = {QNR: Q€ 2} and a; =, p for i = 3,4, Since each p € Z is
the contraction to R of some mimmal prime ideal of R, we have #; U2, =
In particular, we have (2N R)ﬁ = 0 for all Q € 2, and so we can use [35,
Theorem 7.4(ii}] to see that aif\{ = B, for i = 3,4. Hence, by 19.2.5,

7 =dim R/(B5 + By) = dim R/(a3R + a4R) = dim R/(a3 + a4) = ¢(R).

The claim follows from this and part (i).
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(iify Let p € 2 be such that dim R/p = sdim R. Now there exists Q € 2
such that @ MR = p. Then

sdim R < dim R/Q < dim R/pR = dim R/p = sdim R.

(iv) Assumme now that R is universally catenary. Let Q@ € 2 be such that
sdim R = dim R/Q. Wow p := LN R ¢ #; by Ratliff's Theorem [35, Theorem
31.7], we have dim R/8Q = dim R/p. Hence

sdim R = dim R/Q = dim R/p = sdimR.

The claim follows from this and part (iii). O

19.3.2 Definitions. Let T be a Noetherian topological space, and let p € T
The local dimension of T at p, denoted by dim, T, is defined as the supremum
of the lengths of all strictly descending chains

oo Zio 22,

of closed irreducible subsets of T which all contain p if this supremum exists,
and oo otherwise. Thus, by 19.1.3, dim, T is a non-necgative integer or cc.

Note that, for p € Spec(R}), we have dim, Spec(R} = dim R,

Let ¥ be an affine varicty over the algebraically closed field K. Since, in
an integral domain R’ which is a finitely generated K-algebra, every maximal
ideal has height equal to dim R’ (see, for example, [60, 14.33]), it follows that
dim; V =dim Gy, = dim (V) =dim ¥V forallg € V.

If T1,..., T, are the irreduciblc components of T which contain p, we write
T? .= Ty U...U T,, and call this subspace T7 of T the p-component of T.

The local connectedness dimension of T at p, denoted by c,(T), is defined to
be the minimum of the focal dimensions at p of those closed subsets Z of the
p-component T? of T which contain p and for which T?* Z is disconnected.
Thus

cp(T) :=min{dim,Z : Z = T?, peZ, Z is closed

and TP+ Z is disconnected} .

The local subdimension sdim, T of T at p is defined as the minimum of the
Jocal dimensicns at p of the irreducible components of T which contain p. (Of
course, p does belong to at least one irreducible component of T, by 19.1.3))

19.3.3 fExercise. Let T be a Noetherian topological space and let p € T
(i) Show that dim, Z = dim(T? N Z) and sdim, Z = sdim,{T? N Z) for
each closed subset Z of T for which p € Z.
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(i) Let the (distinct) irreducible components of T which contain p be
T1,..., T:. Show that, with the notation of 19.1.14,

¢,(T) = min {dim,,( (UieaTs) 0 (Ujea T,)} (4B e #()}.
(Use the ideas of the proof of Theorem 19.1.15.)

The next exercise provides justification for the appearance of the word “ocal’
in the definitions in 19.3.2.

19.3.4 #Exercise. Let 1" be a Noetherian topological space and let pe T; let U
be an open subset of T which contains p. Show that
HUr=T'Nl;
(i} dim, T = dim, U;
(1i1) sdim, T = sdim, U; and
(iv) ¢, (T = ¢, (U).
{Use Exercise 19.1.2(1),(iii),(v) to establish the existence of a bijection between
the set of irreducible closed subsets of T containing p and the set of irreducible
closed subsets of U containing p; then use Exercise 19.3.3(1i).)

19.3.5 Exercise. Let p € V = V(X X2X1). Calculate (V)
(i) when p = (0,0,0):

(11) when exactly two of the co-ordinates of p are 0; and
(ii1) in all other cases.

19.3.6 AExercise. Let p < Spec(R). Show that ¢,(Spec(R)) = C(Rp.] and
sdimp (Spec(R)) = sdim(R,).

We wish to study the connectivity ol varieties over an algebraically closed
field. We remind the reader about some elementary facts concerning such
varieties.

19.3.7 Reminders. Let K be an algebraically closed field, and let r € IN. Let
¥V < IP(K) be a quasi-projective variety.

(i) Regard the polynomial ring K[Xj, X1,...,X,] as the coordinate ring
(A (K)), and let i € {0,...,r}. Let U;P'(K) denote the open subset of P(K)
given by

UiP'(K) = IP{K)\ V(X))
=Heo g ig)eP(K) L #0).
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There is an isomorphism of varieties o; @ A"(K) =, UIP(K) given by
ollar,...,a)y = (ay 1= a0 1 @y o ca) for all (ay,...,a,) € AT(K).
Note that P(K) = U;=o U;IP'(K); it follows that the quasi-projective variely
V < IP'(K) has a finite covering by open sets each of which is quasi-affine
(in the sense that it is isomorphic to a quasi-affine variety over K). As any
quasi-affine variety has a finite covering by open sets which are affine, we thus
see that quasi-projective varieties also have finite coverings by affine open sets.

The above isomorphisms also show that affine varieties, and also quasi-affine
varieties, are quasi-projective: the rcader should remember that, for us, the
word ‘variety’, as introduced in 14.2.1(ii), is synonymous with ‘quasi-projective
variety’ (and does not mean the same as ‘(abstract) variety’ in the sense of
Hartshorne [22, p. 105]).

(i) Let p € V. By part (i), there is an open subset U of V" such that p € U
and U is an affine variety. We can, and do, identify the local ring ¢y, of p on
V with Gy, = G(U)yy (see 6.41). Let C be a closed subset of 17 such that
p € C. The vanishing ideal I;{C N U} was defined in 14.1.2. Recall that the
local vanishing ideal Iy ,(C) of C at p is the (radical) ideal of (v, consisting of
all germs of regular functions f € ¢(W) defined on some open neighbourhood
W of p in ¥ and such that f{W n C) = 0; hence

Ty ACY = Ty, (€C MUY = I (C N VYU = T C N U

19.3.8 FExercise. Let K be an algebraically closed field,

(i) Let ¥ be an affine variety over K. Let b be a proper ideal of ¢(V), and
let V(b) denote the closed subset of V' determined by b; let p € V(b). Show
that ¢, (V(b}) = e(Cy /b0y ) and

sdim, V(b) = sdim(Cy-, /b0y )
= min {dim &(V)/q : q is a minimal prime of b
such that p € V(q)}.
(i) Let V' be a variety over K. Let W be a non-empty closed subset

of ¥/, and let p € W. Show that, with the notation of 19.3.7(ii), sdim, W =
sdim(p /Iy (W)Y and cp(W) = Gy p /Ty (W), (Use part (1) and 19.34)

19.3.9 Definition. Let V' be a variety over the algebraically closed field K. Let
W be a non-empty closed subset of V, and let p € W. We define the formal
connectedness dimension of W at p, denoted T,(W), by

W) = ¢ (Gra /T o W)Ery) = ((Crp/Trg W)

Here again, Iy ,(W) is the local vanishing ideal of W at p: sce 19.3.7(i1).
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19.3.10 Remark. Let V, W and p be as in 19.3.9. Then it follows from 19.3.1(i)
and 19.3.8 that ¢,(W) = €,(W). Moreover, if V is affine and b is any ideal of
¢(V) for which W = V(b), then C,(W) = ¢ (¢, /b0y ;) 7).

19.3.11 Exercise. (i) Calculate cion(V;) and Con (Vi) for i = 1,2, where V| =
V(X —YHand Vy = V(X2 + X* — Y72).
(ii)Let ¥ be the affine variety in A* of Hartshorne’s Example 2.3.7 given by

Vo= VX Xy — XoX5, XTX5 + X0 Xs — X3, X3+ XX, — XP).
Show, perhaps with the aid of 8.2.13(iv) and 19.1.11, that Taoapm(¥) = 0.

19.3.12 Definition. Let 7 be a variety over the algebraically closed field K.
Let W and Z be closed subsets of V' with Z < W, and let p € Z. Note that
IV:P(W) < IV,p(Z).
We define the (local) arvithmetic rank of Z at p with respect to W, denoted
araw p(Z ), by
araw (Z) = ara (Iy,(Z) /Ty 5(W}) .

(Here, Iy ,(Z)/Iv (W} is considered as an ideal of Oy /Ty ,(W).)

19.3.13 Definition. Let V7 be a variety over the algebraically closed ficld K.
Let W be a non-empty closed subset of V¥, and let p € W. We extend the
terminology of 8.2.15 and say that W is analytically reducible at p precisely
when m /T V,,,(W)CTEI:; has more than one minimal prime ideal. Otherwise,
W is said to be analytically irreducible at p. Note that @;;/IV,F(W)G‘/[; o
(@ /Ty (W)™, and by [35, Theorem 32.2(i) and p. 259, Remark 1], W is
analytically irreducible at p if and only if (Gy /Iy (W)™ is a domain.

19.3.14 Remark. Note that, in the situation of 19.3.9, 19.3.12 and 19.3.13,
the invariants ¢,(W) and araw,(Z), and the notion (for W) of analytical
reducibility at p, do not depend on the ambient variety ¥, and, indeed, remain
unchanged if V', W and Z are replaced, respectively, by U, WU and ZNU,
where U is any open subset of V' containing p.

We can now deduce the following from 19.2.9 and 19.2.10.

19.3.15 Proposition. Let V be g variety over the algebraically closed field K. Let
W and Z be closed subsets of V with Z < W, and let p € Z. Then
(i) €(Z) = min {¢p(W), sdim, W — 1} — araw »(Z);
(ii) 2(Z) = Cp(W) —aray ,(Z) — 1; and
(1) if W is analytically reducible at p, then the ineguality in part (ii) is strict.
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Proof. Let R = Cy /1y (W) and a :=Iv ,(Z)/Iy ,(W). Then
W) =c(R) and GZ)=c (é;‘p / Ip-,p(Z)éﬂ?,p) — o(R/aR).

Next, aray ,(Z) = ara{a) (see 19.3.12), and so araw ,(Z) = ara(aR), by 19.2.6(ii).
Also, sdim, W = sdim R = sdim R, by 19.3.8 and 19.3.1(iv).

We can now apply the Connectedness Bound for Complete Local Rings
19.2.9 to prove part (i), and 19.2.10 to prove parts (i1) and (iii). O

19.3.16 Exercise. Let ¥ be the affine variety in A* of Hartshorne’s Example
2.3.7 given by

Vo= V(X 1 Xy — X0 X5, X%X} + XX —X%, X_n? + X3 X, —-Xz)
Use 19.3.11 and 19.3.15 to show that ara,s g00,(V) = 3.

It seems natural to ask whether, if the formal connectedness dimensions in the
inequality of 19.3.15(ii) are replaced by the corresponding local connectedness
dimensions, the resulting statement is still true. We shall now provide an
example which shows that this is not always the case.

19.3.17 Example. Let R be the subring of R’ == C[X;, X5, X3] = O(A>) given
by R = (]:[X1,X2,X1X3,X2X3,X§ — 1,X3(X3% — 1)]

Let Y,,...,Ys be independent indeterminates over €, and let
FOR8) =Y, Y, Y3, Y3, ¥, Yo] — R

be the C-algebra homomorphism for which f(Y1) = X1, f(Y2) = X», f(Y3) =
Xi1X5, f(Yy) = X2 X;, f(Ys5) = X7 —tand f(Ys) = X3(X;—1). Then p :=Kerf
is a prime ideal of C(A°) (since R is an integral domain); let V' = V,s(p) denote
the affine variety determined by p, so that there is a natural isomorphism of
C-algebras ¢(V) = R.

The inclusion mapping R — R’ = @{A%), which makes R’ integral over its
subring R, therefore gives rise to a finite morphism of varieties = : A SV
such that

(1, ¢, €2)) = (€1, €2, €163, C263,¢5 — Lea(cd — 1)) for all (c1,¢3,¢3) € 2

Let p = (0,0,1).q = (0,0, 1) & &% and let 0 denote (0,0,0,0,0,0) € A% Tt is
straightforward to check that af : £*Y {p,g} — V \ {0} is an isomorphism of



358 19 Connectivity in algebraic varieties

Fig. 19.1.

{gquasi-affine) varieties, with inverse f : 1\ {0} — A3 ip. g} given by

{di.dyds/dy) if di #£0,
Bl(d1, dy, dy, da,ds. de)) = § (di.da,da/dy) if da #0,
(di,do,ds/ds) if ds#0

(fOI' all (dl,dg,d3,d4,d5,d6) cV \\ {0}]

Let W = V N Fye(¥s), a closed subset of V such that 0 € W. Note that
aray o{ W) = ara{ly(W)Cyp) = L.

Let Ey = V(X2 — 1) and Ez = V(X3 + 1} Since o is finite, it 18 a
closed map, and so =(E;) and o(E;) are closed subsets of W with dim(u(E;)) =
dimE; =2fori=1,2.

Since #71(W) = V(X% — 1) = E; U Es, it follows that W can be expressed
as W = a(E)) U a(E;), where 2(E;) and a(E;) are closed irreducible subsets of
dimension 2. Therefore a(£1) and «(E,) must be the irreducible components of
W. Hence, by 19.3.3(ii}, we have co{ W) = dimg(x(E} M o Ez)) = dimg{0} = 0.
On the other hand, since V is irreducible, cg(V) = dimg ¥V = 3. We thercfore
have the strict inequality

W) =0<1=3—1—1=c{V)—arayo(W)— 1.
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Thus, if the formal connectedness dimensions in the inequality of 19.3.15(i)
are replaced by the corresponding local connectedness dimensions, the resulting
statement is not always true. The situation of this example is roughly illustrated
in the diagram in Figure 19.1.

19.4 Connectivity of affine algebraic cones

Connectedness dimensions of affine algebraic cones behave particularly satis-
factorily, and the next two lemmas provide the key to this good behaviour. We
shall use the notation of 14.1.2 for affine algebraic cones.

19.41 Lemma. Let K be an algebraically closed field, and let r € IN, and let
C © A'(K) be an affine algebraic cone. Then C is Irreducible (that is, C is ¢
sariety), if and only if C is analytically irreducible at 0.

Proof. (=) Assume that C is irreducible. Then, by 14.1.2, the ring ¢(C) is a
positively graded *local homogeneous domain with ((C)e = K; furthermore,
@(C),. is the unique *maximal graded ideal of ¢{(C), and is actually maximal and
equal to I¢(0). Hence Geg = ¢(Ca(cy,. Therefore, by 13.1.15, the completion
(L/;E) is a domain, and so C is analytically irreducible at 0.

(<=} Assume that C is reducible, so that C has more than one irreducible
component. By 19.1.4(i), these irreducible components all contain 0. This means
that the local vanishing ideal [ (x10(C) of C at 0 has more than one minimal
prime. Hence ¢y is not 2 domain, and neither is its completion. O

19.4.2 Lemma. Let V be an affine variety over the algebraically closed field K.,
let W = V be a closed subset, let p € W, and assume that all the irreducible
components of W which contain p are analytically irreducible at p. Then T,(W) =
(W)

Proof. Let b := I,(W), and let R := Gy, /bCy . By 19.3.8(ii) and 19.3.10,
it is enough for us to show that ¢(R) = ¢(R): therefore, by 19.3.1(ii), it is
enough for us to show that, for each minimal prime ideal p of R, we have
pﬁ e Spec(ﬁ), and this is what we shall do. Now p = qCy ,/b0y , for some
minimal prime ideal q of b such that q = f-(p). But then Z := V(a}, the closed
subset of 7 determined by g, is an irreducible component of W which contains
p. By hypothesis, Z is analytically irreducible at p, and so, by 19.3.13, the ring
(Cy /Iy p(Z))7 = (Cy /g0y ;)" is a domain. Hence (R/p)” is a domain, so
that pﬁ € Spec(ﬁ). (|
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The next lemma establishes a very useful fact about the connectedness
dimenstons of an affine algebraic cone C: the formal connectedness dimension
of C at the origin and the local connectedness dimension of C at the origin are
equal, and they are both equal to the connectedness dimension ¢(C).

19.4.3 Lemma. Let K be an algebraically closed field, let v € N, and ler € =
H(K) be an affine algebraic cone. As in 14.1.2, we use O to denote the origin of
A(K). Then

(1) dim C =dimg C,
(i1} sdim C = sdimy C, and
(iif) ¢(C) = co(C) =Tol C).

Proof. By 19.1.4(i}, all the irreducible components of C are themselves affine
algebraic cones in A"(K), and so contain 0. Now the dimension of an irreducible
affine algebraic cone ' satisfics dim ¢’ = dimg €’ (by 19.3.2). The claims in
parts (i) and (ii) now follow immediately, while the equality ¢(C) = ¢4(C)
follows from these considerations, 19.1.15 and 19.3.3(ii). Finally, Lemma 19.4.1
shows that all the irredueible components of € are analytically irreducible at
0, and so Lemma 19.4.2 shows that co(C) = G(C). O

We can now deduce the following corollary from 19.3.15.

19.4.4 Corollary. Let K be an algebraically closed field, let ¥ € N, let D,E <
(K} be affine algebraic cones such that E = D, Then

(1) o(E) = min {¢(D},sdim D — 1} —arapy(E);
(it c(E) = (DY —arapp(E}— 1, and
(i) if' D is reducible, then the inequality in part (1) is strict.

Proof. In view of Lemma 19.4.3, statements (i) and (ii) follow immediately
from the corresponding statements of 19.3.15 (used with ¥ = A'(K), W = D
and Z = I}. Statement (iii) follows from 19.3.15(iii) and Lemma 19.4.1, O

19.5 Connectivity of projective varieties

In view of the close relationship between affine algebraic cones and projective
algebraic sets (see 14.2.1(iii)), we can exploit 19.4.4 to study the connectivity of
closed sets in projective varieties, We intend to de this, but first we need a few
preliminaries.
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195.1 Lemma. Let K be an algebraically closed field, let v € N, let W < IP"(K)
be a non-empty closed subset of P'(K), and consider the affine cone Cone(W) =
AHEK Y over W, as in 14.2.1(iii). Then
(1} dim W = dim{Cone{W)) — 1 = dimy(Cone(W}) —1;
(il) sdim W = sdim(Cone(W}) — 1 = sdimg{ Cone(W)) — 1, and
(iii) (W} = c(Cone(W)) — 1 = ¢o{Cone(W)} — 1 = ¢x{Cone(W)j — 1.
Proof. Let the distinct irreducible components of W be Wy,..., W, By

19.1.4(i1), Cone(W;),...,Cone(W,) are the (distinct) irreducible components of
Cone(W). Furthermore, it follows from 14.2.1(vii) that

dim W; = dim{Cone{W;)) —1 fori=1,...,n

In view of 19.4.3, the claims in statermnents (i) and (ii) are now immediate.
(i) With the notation of 19.1.14, let (4, B) € %°(r). By 14.2.1(v), we have

Cone ((g Wi) N (g W’j)) = (gc‘me(wi)) N (g Cone(Wj))

Since Cong{W;} (i = 1,...,n) are the irreducible components of Cone(W), il
now follows from part (i} and 19.1.15 that «(W)} = ¢(Cone(W)) — 1. Finally, we
can use 19.4.3 to complete the proof. O

19.5.2 Definition. Let K be an algebraically closed field and let r € IN. Let
W and Z be non-empty closed subsets of IP'{K} with Z = W. Note that
Loy (Cone(W)) = Iye1 (Cone(Z)), and that

Lpre gy (Cone(Z)) /1 et (Cone(W))

is an ideal of (L‘(A"H(K))/IA,-H(K)(Cone(W)).
We define the arithmetic rank of Z with respect to W, denoted aray (Z), by

araw(Z) = ara (IN1(K)(cone(zn/fw(m(c@ne(W))) .
It should be noted that, by 19.2.6(ii) and 19.3.7(ii), we have
araw (Z) = araconewyo{ Cone(Z ).

We are now able to state and prove a form of the Bertini-Grothendieck
Connectivity Theorem,

19.5.3 The Bertini-Grothendieck Connectivity Theorem (see [19, Expose XIII,
Corollatre 2.3]). Let K be an algebraically closed field and let r € N. Let W
and £ be non-empry closed subsets of P(K) with Z < W. Then
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{i) ¢(Z) = min{c(W),sdim W — 1} —araw(Z);
(i) ¢(Z) = (W) —araw(Z) —1; and
(i) if W is reducible, then the inequality in part (ii) is sirict.

Proof. By Lemma 19.5.1, we have sdim W = sdim(Cone{W)) — 1,
(W) =c(Cone(W) —1 and eZ)=c{Cone(Z))—1

Moreover, ataw(Z) = araceneuo{Cone(Z)} by 19.5.2, while 142.1(v) shows
that Cone(W) is reducible if W is reducible. Therefore, all three statements
follow from the corresponding statements of Corollary 19.4.4. O

Let K be an algebraically closed field and let € IN. Recall that a hypersurface
in P"(K) is a closed set Vi (f) defined by a single homogeneous polynomial
f € K[X0. X1,...,X,] of positive degree. We can now deduce the following
corollary from the Bertini-Grothendieck Connectivity Theorem 19.5.3.

19.5.4 Corollary. Let K be an algebraically closed field, let v € N, lex W be a
non-empty closed subset of P'(K), and let H,...,H, € P'(K) be hypersurfaces.
Then
({) ec(WnH N...NH) > min{c(W),sdimW — 1} —¢;
(i) dWnHN..NH)zc(W)—t—1; and
(iii) if W is reducible, then the ineguality in part (it} is strict.

Proof. For i = 1,...,1, we can write H; = Vpu)lfi), where f; €
KiXg, X1,....X.] is a homogeneous polynomial of positive degree. Set

Z =WnH N, .NH=Vex Ipe(W+ 1, 01)),

so that fpyx)(2) = \/ijr(K}(W)Jr(fl,...,f,). This equation shows that
aray (Z) = ara (Ip,(Z)/Ipuy(W)) < t. The claims now follow from ap-
plication of 19.5.3. O

19.5.5 Exercise. Let K be an algebraically closed field and let » € IN.

(i) Prove the ‘classical’ form of Bertini’s Connectivily Theorem, that if
V= P'(K) is a projective variety such that dim ¥V > 1 and H = P'(K} is a
hypersurface, then ¥ M H is connected.

(ii) Provide an example which shows that if the irreducibility of V is
dropped from the statement in part (i) above, then the resulting statement is
no longer always true.

(iii) Provide an example of an affine variety V = A7(K) with dim ¥V > 1
such that ¥V m H is disconnected for a hyperplane H < A"(K).
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19.6 Connectivity of intersections

Our next aim is the study of the connectivity of the interscction of two affine
algebraic cones. For this, we recall, in 19.6.1 and 19.6.2 below, some elementary
facts about products of affine algebraic sets.

19.6.1 Reminder and Remark. Let K bc an algebraically closed field and let r,s €
IN. We consider polynomial rings K[X,...,X.] = ¢(A"(K)}, K[¥1,..., Y] =
O(AS(K)) and KEXy,..., X Y., Y] = GAT(K)).

Let a be an ideal of K[X,...,X,] and b be an ideal of K[Yy,...,Y,], and set
V= Vargyfa) and W o= Varx)(b). Recall that the product of V' and W is just
the Cartesian product ¥V x W < A""(K); it is an affine algebraic set because

VX W = Vg (6K (X1, Xp s Vi, Yol H DK X0 X0 Vi, YD),

(1) Recall from Hartshorne [22, Chapter I, Exercise 3.15} that, when
V = AT(K) and W < A%(K) are irreducible, then ¥V x W < A™(K) is again
irreducible and, moreover, dim(V x W) = dim V¥ + dim W.

(i} Assume now that r = s. Let A™ be the diagonal {(c,c) : c € A (K)} =
AY(K). Note that A” = V(X1 —Yi,..., X, — ¥,}, so that A" s irreducible,
and also that there is the diagonal isomorphism of varieties 67! | A"(K) — AV
for which 6%¢) = (¢, ¢) for all c € A"(K). IF V, W < A’ (K) are closed subsets
of A"(K), then

SUNV AWy =(V x W)yn A",

and 37 gives rise to a homeomorphism 87 : ¥V W — (V x W) AL,

19.6.2 tExercise. Let K be an algebraically closed field, let r,s € IN, and let
V= A'(K)and W = A%(K) be non-empty closed sets. Consider their product
V ox W o ATH(K), as in 19.6.1,

(1) Show that if ¥ and W are affine algebraic cones, then ¥ x W i3 again
an affine algebraic cone.

(ii) Let ¥i,...,V, be the distinct irreducible compenents of V7 and let
Wi, .... W, be the distinct irreducible components of W. Show that the products
Vi Wii=1,....p, j=1,...,q) are the (distinct) irreducible components of
VxW.

(iii) Show that

dim(V x W)=dimV +dimW  and  sdim{V x W) = sdim V' + sdim W.

19.6.3 Lemma. Let K be an algebraically closed field, let v,s € N, and let V =
A'(K) and W = A*(K) be non-empty closed sers. Then
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(i) oV x W)= min {sdim V + c(W),sdim W + ¢(V)};
(ify eV x W) = (V) + (W), and
(i) if V and W are both reducible, then the inequality in part (1) is strict.

Proof. Let Vy,..., ¥, be the distinct irreducible components of 7 and let
Wi,.... W, be the distinct irreducible components of W. By 19.6.2(ii), the
products V; x W; (i = L,...,p, j = 1,....g) are the (distinct) irreducible
components of V' x W. By 19.1.15, there are two non-empty subsets A, B =
{1,....,p} x{1,...,q} such that AUB = {I,...,p} x {1,...,q} and

(¥ 5 W) = dim ({Ugpea¥s x W) 0 (Uinea Vi x W) ).

The argument now gplits inte two cases. Suppeose first that there exists
io € {1,...,p} such that there are indices j,I € {1,...,q} for which (i, j) € 4
and (ip,]) € B. Then 4 .= {j € N : (in, /) € A} and B := {I € N : (i, ]} € B} are
non-empty sets such that AUB = {1,...,q]}. Set Z = (U}EEWJ) n (UzeEWf)-
By 19.1.15, dimZ = ¢{W). Let ¥ be an irreducible component of Z such that
dimY = dimZ. Then there exist j € A and [ € B such that ¥ = W, and
Y = W Therelore Vi, x Y = (V, x Wik {V;, x Wi}, and so

oV x W) = dim ((V;, x W) N (Vi x W)
> dim(V;, x Y)=dim V;, +dimY = sdim V + c(W).

We now deal with the remaining case, when there is no index iy with the
properties described above. Choose i € {1,...,p} such that (i, j')} € 4 for some
7 e {l,....q}. Then, for all j € {1,...,4}, we must have (1, j) ¢ B, so that
{i,j} € A. But there is also a pair (&, ja) € B; thus (i, jo) € A4 and (&, jo) € B,
and we can use the argument of the previous paragraph, with the rdles of V
and W interchanged, to deduce that ¢{V x W) = sdim W + (V). This proves
statement (i)

Parts (ii) and (iii} are now immediate from part (i) and 19.2.2. 0O

19.6.4 Exercise. (i) Let I := V,2(XY) (with the notation of 2.3.1). Calculate
sdim(V x V) and oV x V).

(i) Let V' be as in part (i) and let W = V,(X). Calculate sdim(V x W)
and e(V x W),

{iii) Show that it is possible for the inequality in 19.6.3(if) to be an equality
when just one of ¥ and W is reducible.

19.6.5 Proposition: the Intersection Inequality for the Connectedness Dimensions
of Affine Algebraic Cones. Ler K be an algebraically closed field, let r € N, and
let C,D = A7(K) be affine algebraic cones.
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{1} We have
c(CND) = min {sdim C 4 sdim D — 1,sdim € + ¢(D), sdim D + e(C)} —r.
(i1) Furthermore,
¢(C N D)= min{sdim C + ¢(D),sdim D + c(C)} —r — 1,

with strict inequality if C or D is reducible.
(ili) Comsequently, c(C N D) = ¢(Cy+e(Dy—7—1+¢ where e = 0,1 or 2
according as none, one or both of C and D are reducible.

Proof. By 19.6.2(1), the product € x D € A”(K) is an affine algebraic cone,
and by 19.6.2(ii1) we have sdim(C x D} = sdim C + sdim D. Also, by 19.6.3,

c(C x D) > min {sdim C + ¢(D},sdim D + c(C)} .

As in 19.6.1, write K[Xy,..., X, ¥1,.... F] = CG(AZT(K )}, and note that the
diagonal A¥ = A™(K)is an affine algebraic cone in A% (K ). Since Azr(K)(A("J) =
(X —Y,..., X, — Y,), we have

Iy ((C x DYN AY) = ‘\/IAZ’(K)(C X D)+ (X1 —Y,.... X, — ).

It therefore follows that arac.pe((C x D) N AV < r. If we now apply 19.4.4(i)
to the two affine algebraic cones (C x D} A < € x D in A¥(K), we oblain

e((€C x DYNAM) = min {sdim C + sdim D — 1,sdim C + ¢(D), sdim D + ¢(C)} —r.
In view of the homeomorphism provided by 19.6.1{ii), we have
e((C x DYN ATy = ¢(C N D),

and so the claim n (1) 18 proved. .

1f C or D is reducible, then so too is € x D {by 19.6.2(ii)); we can therefore
deduce part (i) from 19.4.4(11),(iii}.

In view of 19.2.2, part (iii) follows from part (i} if at least one of C, D
is irreducible, and so we deal now with the case where both C and D are
reducible. Then, by 19.2.2, we have sdim C > ¢(C) 4+ 1 and sdim D > (D) + 1,
so that

sdimC +ce(P) 2 e(C)+ce(P)+1  and  sdimD 4 e(C) z c(C)+ (D) + 1
We use these inequalities in conjunction with part (ii) to see that

¢(C N D) = min {sdim C + ¢(D),sdim D + ¢{(C)} —r — 1+ 1
>e(Cr+eDy+1—r—14+1=c(C)+c(D)—r—1+2.0
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We now apply Proposition 19.6.5 to affine cones over projective algebraic

sets to deduce the following theorem.

19.6.6 Theorem: the Intersection Inequality for the Connectedness Dimensions
of Projective Algebraic Sets. Let K be an algebraically closed field, let v € N,
and let V, W = IP"(K) be non-empty closed sets.

(1) We have
(VW) = min{sdim ¥V +sdim W — 1,sdim V +¢(W),sdim W +c(V)}—r.
(11) Furthermore,
(VW) > min {sdim V 4 (W), sdim W +c(V}} —r = 1,

with strict inequality if V' or W is reducible.
(iliy Consequently, (VN W) > c(V)+c(W)—r— 1+ where e =0,1 or 2
according as none, one or both of V and W are reducible.

Proof. Let C 1= Cone(V) = A7 (K) and D = Cone(W) = A""(K) be the
affine cones in A" (K} over V and W respectively. Note that

CnD = Cone(V) Cone(W) = Cone(V N W).
By Lemma 19.5.1, we have sdim C = sdim V' + 1, sdim D = sdim W 41,
ACy=e(V)+ 1, elD)=c(W)+ 1, AdCnDy=c(VNnW)+1

Moreover, it follows from 14.2.1(v) that € is reducible if and only if V' is, and D
is reducible if and only if W is. All three parts of the theorem now follow from
the corresponding parts of Proposition 19.6.5 applied to the affine algebraic
cones C,D = ATHK). O

Part of Theorem 19.6.6(iii) amounts to the following formulation of the
Connectivity Theorem due to W. Fulton and I. Hansen and to G. Faltings.

19.6.7 Corollary: the Connectivity Theorem of Fulton-Hansen (see [16]} and
Faltings (see [12]). Let K be an algebraically closed field, let v € N, and let
V, W = WP'(K) be projeciive varieties. Then

(VW) >dimV +dimWw —r — 1.

Proof. By 19.1.10(iii), we have ¢(V) = dim V' and ¢(W) = dim W, and so the
claim follows from 19.6.6(1ii). O



19.6 Comnectivity of intersections 367

19.6.8 Corollary (W. Fulton and J. Hansen [16, Corollary 1]). Let K be an
algebraically closed field, let v ¢ N, and let V, W = W'(K) be projective varieties
such that dim V +dim W > r. Then V N'W is connected.

Proof. By Corollary 19.6.7, we have o{ VW) = 0, so that ¥ NW is connected
by 19.1.10(1). O
19.6.9 Example. Interpret the polynomial ring C[X;, X3, X5] as ¢(A%), as in
2.3.1. In A7, we consider the two surfaces
Vi=Ve(Xi —XoX3)  and W= V(X + X5 — X X5 — 1),
Then
VAW = V(X) — X0 X5, X, + X2 — XoX5—1)

= V(X — Xo X5, X3 - 1)

=V (X) —Xo X5, Xo + 1)U Vs (X — Xa X3, X5 — 1)
VX + X3, X5 + B U V(X — X3, X — 1),

so that ¥'n W is the union of the two lines £ = Vja(X; + X3, X3 + 1) and
Lo= V(X1 — X3, X — 1) and is disconnected. On the other hand,

dimV+dimW=21+2>3

and ¥ and W are both irreducible (as their defining polynomials are). Therefore,
the analogue of 19.6.8 for affine varieties is not always true.

Now interpret the polynomial ring C[Xg, X1, X3, X3] as 6‘(&4) and consider
the projective varieties V, W = IP* defined by

V= Vp(XoX) — X2X35)  and W o= V(XX + X5 — XX — X2).
(Note that both XpX) — X3 X5 and XoX; + X7 — XX — X2 are irreducible
polynomials. One can think of ¥ and W as the projective closures of ¥ and W
respectively with respect to the isomorphism of varieties ¢y : &% —> UyIP° of
19.3.7(1): see [22, Chapter I, Exercise 2.9].) Since dim V' = dim W = 2, Corollary
19.6.8 tells us that ¥ N W is connected.
Indeed, we have
VW = Vpr(XoX1 — X2X3, XX + X7 — X0 X5 — X7
= Vps (X1 4+ X5, X, + Xg) U Vpa (X — X3, X — Xgp U Vipa (Xo, X2)
=1 1Ul, UL,

where L; = p X + X5, X+ Xo) and Ly = Vs (X1 — X35, X — Xyy) are the
projective closures of L) and L respectively with respect to oy, and L is the
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‘line at infinity’ Vps(Xg, X2) which intersects Ly at p .= (0 : 1 : 0 : —1) and L
at g := (0 :1:0:1). The diagram in Figure 19.2 illustratcs the situation.

19.6.10 Exercise. Let V == Vs (Xf + Xl2 — Xzz) and W= Vpi(Xz), and
Vo= Vs (X] + XoXT — X0X3), W o= Vp(Xa).

Determine ¥ Wand ¥V N W.

19.7 The projective spectrum and connectedness

We point out that the proofs we have presented in this chapter of several
important results about connectivity, such as the Connectedness Bound for
Complete Local Rings 19.2.9, Grothendieck’s Connectedness Theorem 19.2.11,
the Bertini-Grothendieck Connectivity Theorem 19.5.3, the Intersection In-
equality for the Connectedness Dimensions of Projective Algebraic Sets 19.6.6,
and the Fulton-Hansen Connectivity Theorem 19.6.7, all depend on one result
which has been crucial for our approach. namely Proposition 19.2.7. Further-
more, the only appearance that local cohomology has made so far in this
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chapter is in the proof of 19.2.7: not only does local cohomology not feature in
any of the above-listed results about connectivity, but it does not even feature
in the statement of Proposition 19.2.7! The key argument in our proof of that
Proposition concerned part of an (exact) Mayer-Vietoris Sequence

Hiy (R) — HL(R) — HYR) ® HY(R),

where (R, m) is a d-dimensional complete local domain and a and b are non-
zero proper ideals of R whose sum is m-primary. An exact sequence like the
one displayed above was considered in [5, p. 484], and so we shall refer to
the above sequence as Rung’s display. We used it in conjunction with the local
Lichtenbaum-Hartshorne Vanishing Theorem 8.2.1, the non-vanishing result of
6.1.4, and the vanishing resuit of 3.3.3. From these few arguments from local
cohomology, we have derived far-reaching consequences in algebraic geometry,
none of which involves local cohomology in its statement!

Our final part of this chapter is concerned with a graded analogue of Rung’s
display, which we shall use in conjunction with the Graded Lichtenbaum-
Hartshorne Vanishing Theorem 13.1.16 and the result of 15.1.10{ii) in order to
prove a ring-theoretic version of Zariski’s Main Theorem. To prepare for this,
we remind the reader, in 19.7.1 below, of some facts concerning the projective
spectrum of a positively graded commutative Noetherian ring.

19.7.1 Reminder and #Exercise. Assume that R = Den, Ru is positively graded.

Recall that the projective spectrum Proj(R) of R is the set * Spec(R) Y Var(R.)
of all graded prime ideals of R which do not contain the irrelevant ideal Ry
(see 14.1.1). The Zariski topology on Proj(R) is defined as the topology induced
by the Zariski topology on Spec(R). Note that, since, for an ideal b of R, we
have * Spec(R)nVar(b) = * Spec(R) " Var(b) where b is the ideal of R generated
by all the homogeneous components of all the elements of b, it follows that the
set of closed sets for the Zariski topology on Proj(R) is

{Proj(R) N Var(c) : ¢ is a graded ideal of R}.

Let 7 : Proj(R) — Spec(Ry) be the natural map, defined by n(p) = pN Ky
for all p € Proj(R). In the case when (Ry,mg) is local, we refer to n () as
the special fibre of m.

(1) Show that * Spec(R), with the topology induced by the Zariski topology
on Spec(R), is a Noetherian topological space.
(i) Show that Proj(R) is a Noetherian topological space.
(ii1) Show that the set of closed irreducible subsets of Proj(R} is

{Proj(R) N Var(p) : p € Proj(R)}.
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(iv) Let b be a graded ideal of R. Show that
Proj(R) m Var(b) = Proj(R) N Var(b n Ry),

and deduce that each closed set in Proj(R) can be defined by finitely many
homogeneous elements of positive degree in R,

(v) Show that n~'(Var(by)) = Proj(R) N Var(byR) for each ideal by of Ry,
and deduce that 7 : Proj(R) — Spec(Ry) is continuous.

ivi) Let b be a graded ideal of R. Show that

7(Proj(R) N Var(b)) = Var (J,n(b :r (Re)") N Ry).

(Here are some hints: show that it is sufficient to prove that, for p € Proj(R),
we have z(Proj(R) n Var(p}) = Var(p M Ry); then show that, in the special case
in which (Ro,mo) is local, Ry & ,/moR+p when p € Proj(R).}

Deduce that = is closed and that #(Proj(R)) = Var (Ro N, (R)).

(vii) Assume that (Rg,mg) is local. Show that, for a graded ideal b of R,
we have mg € m(Proj(R) 1 Var(b)) if and only if R, & ,/moR +b. Show that
7~ (me) = 0 if and only if Proj(R) = @ and =~ (my) is connected if and only if
7' (Z} is connected for each non-empty closed subset Z of Spec(Ry).

Our next lemma uses the promised graded analogue of Rung’s display.

19.7.2 Lemma. Assume that R = €D, .\, Ry is positively graded and that (Rg, mo)
is local and complete. Then the following statements are equivalent:

(i) Proj(R) is connected;
(i) the special fibre n= (o) (under the natural map = - Proj{R) — Spec(Rg)
of 18.7.1) is connected.

Proof. (i) = (1) This is immediate from Exercise 19.7.1(vii).

(i) = (ii} Since Proj(R) # §, we have n~1(my) # ¢, by 19.7.1(vii), and R, = 0.
We can, and do, assume that dim Ry > 0.

Suppose that 7~ () = Proj(R) M Var(nR) is disconnected; we shall obtain
a contradiction. Then there exist two non-empty closed subsets Z, Z> of Proj(R)
such that Z; N Z; = @ and Z; U Zy = 7~ Y(my). Let T5,..., T, be the distinet
irreducible components of Proj(R), and set

A={c{l,..r}:TiNZ #0;, B={je{l,. . r}: T;NZ> + 0},

Clearly each of A and B is non-empty, since Z; # @ # Z,. By 19.7.1(vi), the
map = is closed; hence, for each k& € {1,...,r}, we have mg € ={T}), so that
T, N (Z, UZ3) # 0. This shows that AUB = {1,...,r}

We show next that 4 N B # 0. Suppose, on the contrary, that AN B = @, and
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seek a contradiction. Then W = (UiE 4 T,—) M (UjEB TJ,-) would be non-empty
because Proj(R) is connected; also, we would have

T me) W =(Z, UZ) N W = (Z, N WYU(Z N W) =,

contrary to the fact that my & (W) because = is closed (see 19.7.1(vi)). Hence
there exists k ¢ A M B.

Then Z;" Ty # @ fori = 1,2 and so n~!(mg)N T is disconnected. By 19.7.1iii),
there exists p € Proj(R) for which T3, = Proj(R) N Var(p). Let R = Den, Re =
R/p, graded in the natural way, let 7 be the maximal ideal of Ro, and let
7 : Proj{lR) — Spec(Ry) be the natural map. The natural homeomorphism
between T, and Proj(R) maps n~!(ng) N T}, onto 7~!(fy), and so this latter
special fibre is disconnected. Hence, in our search for a contradiction, we can,
and do, assume that the graded ring R is a domain.

There exist graded ideals b, ¢ of R such that

Proj(R) N Var(b) @,  Proj(R)n Var(c) £ 0, Proj(R) N Var(b) N Var(c) = f),
and
(Proj(R) N Var(b)) U (Proj(R) N Var(c)) = =~ ().
Since Proj(R) N Var(b) < =~ '(my), we have
Proj{R) N Var(b) = Proj(R) N Var(b + mgR),

and a stmilar comment applies to ¢; we therefore assume that b = mpR and
¢ 2 myR. We can now deduce that

Vb+e=mR+R, and  bne=/myR.

Set d := dim R. We can now use 1.1.3 in conjunction with the Graded Mayer-
Vietoris Sequence 13.1.4 to see that there is an exact sequence of graded
R-modules and homogeneous homomorphisms

HR(R) — HE oy p (R) — HYR) @ HY(R).

But, by the Graded Lichtenbaum-Hartshorne Vanishing Theorem 13.1.16, we
have H{(R) = H¥R) = 0: also, Lemma 13.1.10 shows that HEW(R), =

HEWR,) for all m € Z, and this is 0 for # < 0. Hence H1‘f101<+g+(R)n =0

i

for all n < 0, contrary to 15.1.10(ii).

19.7.3 Theorem: the Connectedness Criterion for the Special Fibre. Assume that
R =B, on, Ry is positively graded and that (Rg,myp} is local. Let Ry denote the
completion of Ry. As in 15.2.2, set R = Rapg, ?RE; after an obvious identification,
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we can consider R as a graded ring D, (R ®r, fi’\o). Let @ Proj(R) —
Spec(Ry) be the natural map.
The following statements are equivalent :

(i) Proj(ﬁ) is comnected;
(i) the special fibre n=Y(my) is connected;
(iil) for each non-empty closed subset Z of Spec(Ry), the set nY(Z) is con-
nected.

Proof. The equivalence of (i) and (iii) is the subject of part of Exercise
19.7.1(vii). -

(i) = (ii) Let 7 : Proj(ﬁ) — Spec(ﬁo) be the natural map. Let 7 = moRo,
the maximal ideal of Ry. Since there are natural homeomorphisms z~!(mg) ~
Proj(R/mgR) and 7~ 1(iy) = Proj(R/fuR), and since there is a homogeneous
ring isomorphism R/mpR = ﬁ/ﬁiﬁﬁ, there is a homeomorphism 7 (mg) ~
7~ (fg). We can therefore apply Lemma 19.7.2 to complete the proof. O

We are now going to apply the Connectedness Criterion for the Special Fibre
19.7.3 to the (ordinary) Rees ring of an ideal of a commutative Noetherian
ring.

19.7.4 Notation, We shall use %(a) to denote the ordinary Rees ring B, "
of a. If, as in 18.1.4, we let {a:,...,as} be a generating set for a and T be an
indeterminate, then there is a homogeneous isomorphism of graded R-algebras

9(a) —> R[a;T,...,ayT] =: R[aT].

19.7.5 Corollary. Let p € Spec{R) be such that ﬁ; has only one minimal prime
ideal and the ideal aR, of R, is not nilpotent. Let #(a} denote the ordinary Rees
ring of a (see 19.7.4), and let n, : Proj(#(a)} — Spec(R) be the natural map.
Then the fibre n'(p) of p under m, is connected.

Proof. We can use localization at p to see that it is enough for us to prove
the claim under the assumption that (R, m) is local and p = m; we make this
assumption in what follows. Now R is flat over R; also, #(a) can be viewed
as a subring of ﬂ(aﬁ) and there is a homogeneous isomorphism of Z{a)-
algebras #(a) ®x R —> #(aR). Therefore Proj (gs?(a) ®x 1’2) and Proj (gz(aﬁ))
are homeomorphic. By Theorem 19.7.3, it is sufficient for us to prove that
Proj(%#(aR)} is connected.

In order to prove this, we let P be the unique minimal prime ideal of ﬁ, and B
be the ideal of Q'f(aﬁ) given by B == @neNo(a"ﬁﬂ'ﬁ); infact P e* Spec(ﬁ?{aﬁ)).
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Since p = +/0, there exists ¢ € N such that $' = 0; hence T = 0, so that P is
the unique minimal prime of Z(aR).

It follows from the faithful flatness of R —» R that aR & VO =7, and so
a"R NP < a"R for ali n € N. Hence

B € *Spec(#(aR)) \, Var(#(aR), ) = Proj(#(aR)).

As B is the unique minimal prime of %(aﬁ), we also have Proj(%(aﬁ)) =
Proj(#(aR)) N Var{P). Hence, by 19.7.1(iii}, Proj{#{aR)) is irreducible, and so
it is connected by 19.1.2(i). D

We are now ready to present the last main connectedness result of this
chapter.

19.7.6 Ring-theoretic version of Zariski’s Main Theorem. Assume that R is a
domain and that a + 0. Ler p € Spec(R) be such that f{; is also a domain.
Let m, : Proj(é(a)) — Spec(R) be the natural map. Then the fibre n;'(p) is
connected. 0

19.7.7 Exercise. Assume that R is a domain and that a # 0. Define n, :
Proj(#(a}) — Spec(R) as in 19.7.5. Let Z = Spec(R) be a connected closed
subset of Spec(R) such that R, is an integral domain for each maximal ideal
m of R which belongs to Z. Prove that z;1(Z) is connected.

19.7.8 Exercise. Assume that (R, m) is a local domain and that a is non-zero
and proper. We use %(a) to denote the associated graded ring @,y a'/a™:
see 18.2.1.
(i) Show that, if Ris an integral domain, then Proj(%(a)) is connected.
(ii) Show that Proj(%(m)) is connected if and only if Proj(#(mR)) is con-
nected.

19.7.9 Exercise. (i) Let V denote the Cartesian curve V,:(X> + X? — Y?), and
let (R,m) be the local ring @y of the origin 0 on V. Show that R has two
minimal primes, and that Proj(%(m)) is a discrete topological space with just
two points.

(ii) Let W denote the cuspidal curve ¥,2(X* — Y?), and let (R’,m’) be the
local ring @y of the origin 0 on W. Show that R is a domain and that
Proj(#%(m’)) 1s a singleton set.
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Links with sheafl cohomology

In this fast chapter we shall develop the links between local cohomology and the
cohomology of quasi-coherent sheaves over certain Noetherian schemes. Here
we shall assume for the first time that the reader has some basic knowledge
about schemes and sheaves: our reference for these topics is Hartshorne’s
book [22]. The central ideéa in this chapter is to extend our earlier relations
in 232 and 14.1.3 between ideal transforms and rings of regular functions
on varieties to quasi-coherent sheaves over certain Noetherian schemes. We
shall be very concerned with a generalization of the ‘Deligne Isomorphism’
(see [22, Chapter III, Exercise 3.7, p. 217]) which links the group of sections
{over an open subset) of an induced sheaf on an affine scheme with an ideal
transform. More precisely, let M denote the sheaf induced by an R-module
M on the affine scheme Spec(R), and let U = Spec(R) \ Var(a); then the
group of sections 1'(U, rﬂ) is isomorphic to the ideal transform D,(M). We
shall use standard techniques involving negative strongly connected sequences
of functors to extend this Deligne Isomorphism, and our generalization of it,
to produce the Deligne Correspondence 20.3.11. This correspendence provides
connections between higher cohomology groups of induced sheaves on the one
hand, and local cohomology modules on the other,

We shall also examine the case when R is graded in some detail. Here the
central result for us is the Serre-Grothendieck Correspondence 20.3.15, which
we shall also derive from the Deligne Isomorphism by standard ‘connected
sequence’ arguments. In this introduction, we mention only some consequences
of the Serre-Grothendieck Correspondence for projective schemes. Consider,
therefore, the special case in which R = ., R. 13 positively graded and
homogeneous; set

T :=Pro}(R) = *Spec(R) ' Var(R,)

and consider the projective scheme (T, () defined by R {see [22, Chapter II,

374
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§2, p. 76]). If # is a coherent sheaf of @'7-modules, there is a finitely generated
graded R-module N such that & is isomorphic to the sheaf of ¢r-modules
associated to N on Proj(R). The classical form of the Serre-Grothendieck Cor-
respondence yields, for each i € Ny and n € Z, an Ry-isomorphism between the
i-th cohomology group H'(T, % (n)) of the twisted sheaf & (n) and #'Dg_(N),.
so that, for i > 0, we have HY(T, #(n)) = HI";I(N)”. These results enable us to
deduce quickly, from algebraic results about local cehomology established ear-
lier in the book, significant resuits about the cohomology of coherent sheaves
of ¢r-modules. In the final section, we present a few highlights that result from
this approach.

20.1 The Deligne Isomorphisin

The basic result in this chapter is Theorem 20.1.14, a generalized version of the
Deligne Isomorphism. This result is not formulated explicitly in sheaf-theoretic
terms, but rather in terms of certain local families of [ractions. We now start
to develop the notions of ‘S-topology’ and ‘S-local family of fractions’ which
we shall use in our formulation and proof of Theorem 20.1.14.

20.1.1 Notation and Terminology. (i) Throughout this chapter, we shall use §
to denote a non-empty subset of R which is closed under multiplication. It
should be noted that we do not assume that 1 € S. We denote by Us the set
{(§"} : §' = §} of all ideals of R generated by elements of 5. As R is Noetherian,
cach ideal in Wy can be generated by finitely many elements of §. Note that,
if {ai)ies is a family of ideals in s, then >, a; € Wy, and if by,..., b, & g,
then H:’:l [)j e s too.
(it} We shall say that a subset T of Spec(R) is essential with respect to S
precisely when
{a) T = Spec(R), Vari{(§));
(b) there exists b & s such that T = Var{b); and
(©) /& = Myeversyuirrvariy P for all ¢ € As.
Observe that condition (a) is automatically satisfied if § contains a unit, that
condition (b) is automatically satisfied if $ contains 0, and that, for every subset
T of Spec(R), we certainly have

= N p  forall c e 9.
PEVar((SHU(Trvar(c)

Note also that condition () implies that, for each p € T, there exists sp € 84p,
(i1} Let T be a subset of Spec(R) which is essential with respect to S. It is
an easy consequence of the last sentence in part (i) that {T N Var(b) : b ¢ Ag}
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is the set of closed sets in a topology on T': we refer to this topology as the
S-topology on T. We denote by %(ﬁ] the set of open sets in the $-topology on
T: thus %% — {T\ Var(b) : b € Ag}. For p € T, we denote by %(ﬂ, the set
{Ue 02/({:"] :p € U} of all open neighbourhoods of p in the S-topology on T.
Since every non-empty set of closed subsets of T (in the S-topology) has
a minimal member with respect to inclusion, the S-topology makes T into a
Noetherian, and hence (see 19.1.6(i}) quasi-compact, topological space.

We now state the assumptions that will be in force throughout this chapter.

20.1.2 Standard hypotheses. Throughout this chapter, § will denote a non-empty
subset of R which is closed under multiplication, s will denote {(S} : ' = S},
T will denote a subset of Spec(R) which is essential with respect to S (see
20.1.1(i1)), a will denote an ideal in A, and M will denote an R-module.

20.1.3 Examples. (i) If § = R, then s is the set of all ideals of R, and
T = Spec(R) is essential with respect to §. The S-topology on T is just the
ordinary Zariski topology.

(i) Assume that R == €, 5 R, is graded, and take § = |J,_, R, to be the
set of homogeneous elements of R. Then Uy is the set of all graded ideals of
R, and T := *Spec(R) is essential with respect to §. It is easy to see that the
S-topology on T is again the ordinary Zariski topology.

20.1.4 £Exercise. Assume that R = @, R, is positively graded, and take
S = | ey Ru to be the set of homogeneous elements of R of positive degrees,
s0 that s is the set of all graded ideals of R which are contained in R..

Show that T := Proj(R) = * Spec(R) \ Var(R, ) is essential with respect to S,
and that the S-topology on T is the Zariski topology.

The next exercise suggests how the notion of S-topology on T can be
regarded as a generalization of the Zariski topology on an affine variety.

20.1.5 Exercise. Let V' be an affine variety over the algebraically closed field
K. Take R := ((V), and § := R; by 20.1.3(i), we know that T := Spec(R) is
essential with respect to S. Let max T denote the set of all maximal ideals of
R; note that max T is also essential with respect to § (since R is a Hilbert ring),
and that the S-topology on max T is the topology induced from the Zariski
topology on T.

Use the Nullstellensatz to show that there is a homeomorphism j : ¥ =
max T given by j(p) =Iv(p) forallp € V.
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Show that the assignment U —» U nmax T' defines a bijection between %g‘f)
and %)

max T

We next introduce the notion of ‘S-local family of fractions’: this generalizes
the concept of regular function on a quasi-affine variety.

20.1.6 Notation and Terminology. (The hypotheses of 20.1.2 apply.) Note that
HpeT(S \ p) # 0: a member of this set is called a family of denominators in S.

(i) Letp € T. Since S\ p + 0, we can form the commutative ring (S py 1R
and the (S, p)~'R-module (§ % p}~'M.

(i) Let  # U € %%, The elements of [Toew(S \ p)'M are called families
of fractions over U with numerators in M and denominators in S. Such a family
Y= (Vpper € Hpev(S \ )M is called local, or an S-local family of fractions
over U, if and only if, for cach q € U, there exist W ¢ 0]/% and (s,mye S x M
such that, for each p € U N W, it is the case that s&€S\pandy, =m/s in
(S ) M. .

The set of all S-local families of fractions over U is denoted by M(U). We
set M(0) = 0.

Note that HpeU(S \ p)~IM has a natural strocture as a module over the
commutative ring HpeU(S \pPr'R. It is easy to check that INQ(U) is a subring
of TT,exs(S \ p)™'R and that M(U) is an R(U)-submodule of [oeu(S 9y M.

(ii) Now let m € M and let U be as in part (ii). Choose a family of
denominators (s, )perr € [Toeu(S\ p). For each p € U, the fraction Spm/s, €
(S p)~'M is independent of the choice of denominator s, € S\ p. We can
therefore define a family of fractions

i = (M) e [I6s v,
Sp pel pet/

which does not depend on the choice of family of denominators (SpJper-
Moreover, for g € U, we have, for each p € U\ Var((s,)), the relation Sohifs, =
SpSqh/SpSq = sqm/s, in (S \p)~' M. As U\ Var((sy)) € %%, we thus see that the
family of fractions # is local. We can therefore define a map &5y 1 M — M( U)
by efy(m) = it = (sym/s,)ocy for all m e M,

Note that ef : R — R(U) is 4 ring homomorphism, and so turns R(U) into
an R-algebra; furthermore, ¢f] is an R-homomorphism.

(iv) Now let U,V € % with ¢ #+ ¥ < U, and let y = (Vpdoer € M(U).
Then it is clear that the restriction [y = (7o )pev belongi to M(V). We
therefore have a restriction map puv (= puva) : M(U) —» M(V) for which
pov()=vy[y forally e M(U). Of course, we define Prp - K/f(U) — ﬂ(@) =0
to be the zero map.



378 20 Links with sheaf cohomology

It is easy to see that pyyr : E(Ul:—r R(V) 1s a homomorphism of R-
algebras and that ppyay @ M(U) — M(V) 18 an R(U)-homemeorphism. Note
also that the diagram

M(V)
commutes.

The next exercise shows that the notion of local family of fractions, as
introduced in 20.1.6, can be viewed as a generalization of the notion of regular
function on a quasi-affine variety.

20.1.7 Exercise. Let V7 be an affine variety over the algebraically closed field
K, and take R := @(V), § := R and T := Spec(R), as in Exercise 20.1.5; let
iV =5 max T be the homeomorphism introduced in that exercise.

Let b be a non-zero ideal of &(V), and let U be the non-empty open subset

ip eV : f(p) # 0 for some f € b}

of V. Observe that j(I/) = max T\ Var(b).
(i) Recall that, for p € U, we have

Ovp =6V ) = OV )i =8\ J(P) 'R,

and that each f € (V) can be viewed as an element of the ring ¢y ,. Thus we
can define a ring homomorphism max iy : ${U) — I"é(j( U)) by the assignment
> (fmejv)- Show that max 1y is an isomorphism.

(il) Now let’ U be the open subset T\ Var(b) of T = Spec(R). Given
P E U, there exists p € U such that p & j(p), so that R, = (8 \ J(p) 'R
can be viewed as a subring of R, = (S\ p)~'R. Thus we can define a ring
homomorphism 1y : O(U) — }ﬂi(ﬁ) by the assignment f — (f)peff' Show that
iy 18 an isomorphism.

In 2.3.2, we described, in terms of ideal transforms, the ring of regular
functions on a non-empty open subset of an affine algebraic variety over an
algebraically closed field. The last exercise therefore shows that, in one special
case at least, a ring of local families of fractions can be described in terms of

ideal transforms. The next major aim for this chapter is a description of general
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modules of focal families of fractions in terms of ideal transforms, and we now
embark on the preparations for this result.

20.1.8 Lemma. ( The standard hypotheses of 20.1.2 apply.) Set U == T \ Var(a).
Then

(1} for each y = (y)pev € M(U), there exist ¥ € N, sq,....8, € SN a and
miy...my € M such that U = J_, (T\ Var((s.))) and y, = mu/s; for all
pe T Var((sy)) (fori=1,...,r);

(il) TLM(U)) =0; and

(itl) Ker(el) = To(M), and so is a-torsion.

Proof. (1) As T is quasi-compact (see 20.1.1(iii)), there exist n € N, W, .. S Wy
€ Jf’l(]f), fy....ty €8 and Iy,...,1, € M such that U = U?:l W; and, for each
J=1,....,nand each p € W;, we have tigpand p, =1/t

Let j & {L,....n}. Since W; € %Y, there exists b; ¢ s such that W, =

T Var(b;). Now W; = U = T Var(a), and so
Wy=W;NU=(T"\ Var(b;)y N (T Var(a)) = T \ Var{ab;).

We therefore can, and do, assume that b; < a. Suppose that b; is generated
by Wit Wi, € SNa. Set Wy == T\ Var((wy)) for all k = 1,...,n;; then
Wy = UL Wi, and, for k € {1,...,n;} and all p € Wy, we have t;wy € S\ p
(so that Wy = T3 Var((wy)) =T, Var((t;wy))) and we can write

[j _ ijlj

yp:—_

in (S p) M.
Ly Wil

We have thereforc only to relabel the pairs walpwil;) € (SNa)x M (k=
L,...n;,j=1,...,n) in order to complete the proof of part (i).

(ii) Let 3 = (yp)pev € Ta(M{U)). There exists n € N such that a”y = 0.
Consider a p € U = T\ Var(a"). Since a" ¢ p and a" can be generated by
elements of S, there exists s, € ($Na%)\ p. Since spy = 0, we have spy, = 0 and
we see that, in (S \ p)~ 1M,

1
Yo = —(spyp) = 0.
Sp

Hence y = 0.
(iii) As &fy : M — M(U) is an R-homomorphism, we have

ey (Ta(M)) € To(M(U)) = 0

(we have used part (ii) here), and so Ker(e}) 2 TL(M).



380 20 Links with sheaf cohomology

Now let m € Ker(gf;). Choose a family of denominators (sp)per € [[oep(S'\P).
Then 0 = &Yy (m) = (sym/sp)pev, and so, for each p € U, there exists 1, € S\ p
such that f,s,m = 0.

Let b = EpeU Rt,s,; then b is an ideal belonging to g and bm = 0. As,
for each p € U, we have tys, & p, it follows that I/ N Var(b) = @, so that
T N Var(b) < Var(a) and Var((S)} U (T n Var(b)) = Var(a). Therefore, since T
is essential with respect to S,

Jh= N p2 )| p=Ja=a
peVar({S N TNVar(b)) pevar(a}

Thus there exists # € IN such that « < b; therefore a'm < bm = 0 and
me (M) O

20.1.9 Lemma. ( The standard hypotheses of 20.1.2 apply.} Set U = T \ Yar(a},
and let W e %g) be such that U = W. Consider the restriction homomorphism
pwo  M(W) — M(U) of 20.1.6(iv). Then Ker(pwy) = Ia(M{W)).

Proof. By 20.1.8(i), we have ppo(To(M(W))) = To(M(U)} = 0, so that
Ker(pwy) 2 I M(W)).

There exists ¢ € Mg such that W = T\ Var(c). Let 7 = (v, )pew € Ker(pwy).
By Lemma 20.1.831), there exist r € N, s1,...,5 € SNcand my,...,m € M
such that W = | Ji_, (T \ Var((s;))) and, for each i = 1,...,7 and cach p €
T\ Var((s;)}, we have 7, = m;/s;. Since y € Ker(pwy), we have y, = 0 for all
p e U= T\ Var(a).

Letie {1,...,r}. Set U’ :== (T Var{a))" (T\Var((si))) = T\ Var(s;n). Then
m;/s; = 0in (S p)tM for all p € U”. This means that £ (m;) = 0, so that there
exists h; € IN such that (s;a)%m; = 0 by 20.1.8(iii). Let h := max{h; :i=1,...,7}.

Now let p € W. There exists i € {1,...,r} with p € T\ Var({(s;)), and then,
for all d € ", we have, in (5 p)~ M,

dm;  dsim,

— = =0
5 S§1+1

dy, =

Hence a*v = 0, and y € T(M(W)). O

20.1.10 Lemma. ( The standard hypotheses of 20.1.2 apply.) Set U = T\ Var(a).
The homomorphism eY : M — M(U) of 20.1.6(iii) has a-torsion cokernel.

Proof. Let 7 = (7, )pev € M(U). By 20.1.8(i), there exist r € N, s1,...,5, € SNa
and my,...,m, € M such that U = | J_ (T Var((s;))) and, foreach i =1,...,r
and each p € T\ Var((s;}), we have y, = m;/s.
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Letie {1,...,r}, and let U; := T \ Var((s;)). Then, for each p € U, we have
Si¥p = Spm;/s; in (S \ p)~'M. But this means that

poulsy) = sipuu(y) = egi(m) = pyylek(m)),
so that s;y — ely(m;) € Ker(pyp,) = F(SE)(H(U)) by Lemma 20.1.9. Hence there
exists n; € N such that s!'(s;y — &5 (m;)) = 0. Define
no=max{m+1:i=1..r}L

Then, for all i = 1,...,r, we have

sty = s?_l_”‘s?‘sl-}' = S?“1gHES;~1"8§;(m,‘) = af{}(s?‘lmf) € ek (M).

As Th\Var (377 Rs?) = T\ Var (320 Rs;) = J_, Ui = U = T\ Var(a), it
follows that T N Var (3_;_, Rs!) < Var(a). Therefore, since T is essential with
respect to S,

y 2o Ref = N p2 ] p= oz

pever(Spu(Trvar(3 Rs)) pcVarla)
Thus there exists # € N such that o® = 3}, Rs?, and
h~c ar __?'R)_iACUMD
Yy = (Zi:l 1)y = SRl S egg(M).

20.1.11 Lemma, { The standard hypotheses of 20.1.2 apply.) Set U = T\ Var{a),
and let W %g‘—g) be such that U = W. Consider the restriction homomorphism
pwu P M(W) — M(U) of 20.1.6(iv). The R-module Coker pyy is a-torsion.

Proof. Since £} = pwyoely by 20.1.6(iv), Ime¥, = Tm pyyy and Coker pyyy is
a homomorphic image of Coker&l,. The claim therefore follows from Lemma
20.1.10. O

20.1.12 Remark and Notation. With the hypotheses of 20.1.2, let h : M — N
be a homomorphism of R-modules, and let U € J?J(g).

(i) Now & induces, for each p € U, an (§\p)~' R-homomorphism (S\p)~'h :
(Sypr'M — (S p)"'N. There is therefore induced a [TocodS \ Py 'R
homomorphism

s o [T 'y — [~
pelU pel pety

[t is easy to see that the image under this map of an S-local family of fractions
over U with numerators in M is an S-local family of fractions over U with



382 20 Links with sheaf cohomology

numerators in N. Thus h induces an ﬁ(U)—homomorphism f{(U) : ﬁ(U) —
N{U) for which

BU) (p)per) = (S o) h(rDper for all (p)pe € M(U).

(i) It is clear that Idy(U) = 1700
homomorphism of R-modules, then g:—oih(U) = 5(U) o h(U). Thus T(U) is a
covariant functor from 4(R) to (g(ﬁ(U)) It is straighiforward to check that this
functor 18 R-linear {note that an E(U)—module can be regarded as an R-module
by means of £%).

(iii) Now consider a second open set V7 € VIJ(TS) such that V = U, It is clear
that the diagram

and that if g : N — L is another

— I(U) —
M{U} (U)
Puv PUFN
— ) -
M(V) N(V'}

commutes, and so pyyp : V(U) — T(V) 18 a natural transformation of functors
{from %(R) to €(R(UY})).
(iv) Finally, the diagram

h
M

N
5 RY
Ear ox

U

MU} N{U)
also commutes, and so &¥ : Id — “{U) is also a natural transformation of
functors (from ¢(R) to itself).

20.1.13 gExercise. Show that, in the situation of 20.1.12, the functor T(U) :

E(R) — F(R(U)) is left exact.

We are now ready to establish the central result of this chapter; this result is
a version of the Deligne {somorphism.

20.1.14 The Deligne 1somorphism Theorem. ( The standard hypotheses of 20.1.2
apply.) Set U = T Var(a).
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(1) There is a unique R-isomorphism vear : M(U) = D, (M) such that the
diagram

commutes. ( Occasionally, von will be written as v_y, when it is important
to stress the dependence on the open set U.) Moreover, if h : M — N
is a homomorphism of R-modules, then the dingram

M{U) N(U)
{ Duik)
Dy(M) Dq(N)

commuttes, and so vo : V(U) — D, is a natural equivalence of funciors
{ from ¥(R) to itself).

(ii} The map vop : f{(U) = D.(R) is an isomorphism of R-algebras.

Proof. By 20.1.8(iii) and 20.1.10, both the kernel and cokernel of &}, are
a-torsion. It is therefore immediate from 2.2.13(ii) that there is a unique R-
homomorphism v, - M(U) —» D,(M) such that the diagram

L
Lyr —

M M(U)

Do(M)

commutes, and, in fact, it follows from the formula for v, 4 provided EX 2.2.13(1i)
that this map is monomorphic, since we know from 20.1.8(ii) that To(M(U)) = 0.
Note also that it follows from 2.2.14 that v, g is a homomorphism of R-algebras,
and so part (i) will follow from part (i).

To show that v,as is surjective, let v € D,(M). Then there exists n € IN
and & € Homg(a® M) such that y is the natural image of h in D, (M). As
a is generated by elements of S, there exists, for each p € U, an clement
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5p € (an S) Y\ p. Note that
_ [ Htsp) -
§ = (S;’%)pec € lE{(s yp) L
Now, for q € U, we have, for each p € U\ Var((s,)}, that, in (5% P M,
sg) _ sah(sy) _ h(sgsy) _ sph(sy) _ hisy)

it 5585 5585 Sasy 55
3o that & is an §-local family of fractions over U, that is, & € M(U). Our
immediate aim is to show that vou{d) = y.

For each r € o”, we have

o= (HE) L (M) () koo
35 pell Sp pell Sp peU

Hence rvoa(0) = vasr(ré) = vorresy(h(r)) = noa(h(r)), and this is just the
natural image in D.(M) of the homomorphism #' € Homg(a", M) given by
K(r'y = r'h(r) = rhir’) for all ¥ € a". We thus see that rva(8) = ry for all
r € a". Hence v, 3(8) — ¥ € I'y(D,{ M)}, which is zero by 2.2.8(iv). Thus v is
surjective, and so 1s an isomorphism.

To prove the second part, we wish to show that, in the diagram

Dy(M)

Dy(N},

the front square commutes. We know from the first part of this proof that
the two side triangles commute; furthermore, the top square commutes by
20.1.12(iv}, while the sloping rectangle on the underside commutes because #,
is a natural transformation. Therefore

Van 0 MUY 02l = v 08§ 0 b = an 0 b = Do(h) 0 fuss = Dalh) 0 vaps 0 €5

However, EX 2.2.11(ii), 20.1.8(ii1) and 20.1.10, there is a unique R-homomor-
phism i : M{U) — D,(N) such that the diagram
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v

M Ear :‘7\2 (U)
|
h Vi
o

N Du (N')

commutes, and $0 v x © E(U) = Dy(h) o vq a1, as required. O

20.1.15 Exercise. Consider the special case of the situation of 20.1.12 in which
R = K[X,Y] is the polynomial ring in two indeterminates over a fleld K,
and take S = R and T = Spec(R), so that T is essential with respect to
§ {(see 20.1.3(1)). Let U := T \ Var({(X,Y)}. Use the natural homomorphism
R — R/XR to show that the functor T(U} : €(R) —> %(R(U)) is not exact.

The following exercise shows that Theorem 20.1.14 can indeed be viewed as
a natural generalization of the isomorphism established in 2.3.2.

20.1.16 Exercise. Consider again the sitvation of Exercises 20.1.5 and 20.1.7, so
that V is an affine variety over the algebraically closed field K, R = ¢(V),
§ =R, T = Spec(R), b is a non-zero ideal of &{V), U is the open subset of
V" determined by b, and U is the open subset T Var(h) of T = Spec(R).

Let j: V — max T be the homeomorphism of 20.1.5, and consider the ring
isomorphisms 1y : ¢(U) — R(U) and maxry : &(U) — R(j(U)) of 20.1.7.
Show that both vFp o 15 &{U) —> Dy(R) and v)y' o max 1y : 6(U) — Dg(R)
coincide with the isomorphism vpp of 2,32,

20.1.17 ZExercise. Consider again the situation and notation of the Deligne
Isomorphism Theorem 20.1.14.

(i) Show that, when D.(M) is regarded as an R{U)-module by means of
Va,r. the map vy ¢ I‘\?(U) =, D (M) 1s an E(U)—isomorphism.

(ii) Let b € g be such that o = b, and set W := T\ Var(b). Show that the
diagram
WU

M(W) M(U)
|
= l Vo it = l Va, 11
Phe M
DB(A/I) DQ(M) .

in which a4 is the natural map of 2.2.20, commutes.
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20.1.18 £Exercise. Consider once more the situation and notation of the Deligne
Isomorphism Theorem 20.1.14.

(i) Show that if a contains a poor M-sequence of length 2, then the
homomorphism &§; : M -— M(U) of 20.1.6(ii1) is an isomorphism.

(ii) Deduce that, if § contains a unit of R, then ¢l : M — M;(T) is an
1somorphism.

20.1.19 Exercise. Let 1 be an affine variety over the algebraically closed field
K, take R ;= @(V), let (as in 20.1.2) § be a non-empty subset of R which is
closed under multiplication, and let T' be a subset of Spcc{R) which is essentjal
with respect to §. Let b be a non-zero ideal of g, and let U = T Var(b).

Show that the functor Y(U) : ¥(R) — #(R(U)) is exact if and only if the
open subset of ¥V determined by b is affine.

20.2 The graded Deligne Isomorphism

We now intend to ‘add graded frills’ to the Deligne Isomorphism Theorem
20.1.14: we shall call the refined version the ‘Graded Deligne Isomorphism
Theorem’. One can view this refinement process as analogous lo the improve-
ment, in the case of rings of regular functions on affine varieties, in Theorem
2.3.2 afforded, in the graded case, by Proposition 14.1.3. For this work, we
introduce the concept of *homogeneous S-local family of fractions”.

20.2.1 Hypotheses for the Section, The standard hypotheses of 20.1.2 will
be in force throughout this section, and, in addition, we shall assume that
R = @mZ R, and M = @nezz M, are graded, and that S consists entirely of
homeoegeneous elements (so that all the ideals in g are graded).

20.2.2 Remark and Notation. (The hypotheses of 20.2.1 apply.) Let U € ﬁfj(g)
and suppose that U £ @.

(i) For each p € U, the non-cmpty set 5. p consists entirely of homogeneous
elements, so that (S p) 'R carries a natural grading, and the (S p)~'R-
module (S \ p)"'M is also naturally graded; note also that the natural ring
homomorphism R — (§ \ p)~'R is homogeneous in the sense of 13.1.2. For
ne Z, we use (S p)~'R), and ((S\ p)~'M), to denote the n-th components
of (SY p) 'R and (S p)~'M respectively.

(ii) Let n € Z. The elements of [ [, A(S " pY"'M), are called families of
homogeneous fractions of degree n over U with numerators in M and denomina-
tors in §. The set JT/I(U) n HMU((S \ py~'M), of such families which are also
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local will be denoted by 7\?( U),: the members of M(U)n are called homogeneous
S-local families of fractions of degree n over U,

(i) Let n,t € Z. It is easy to check that R(U)p is an Ro-subalgebra of R(U),
that M(U), is an R(U)y-submodule of M(U), and that ¢y € M(U),,, for all
ae E(U)n and all y ¢ H( U).. An important aim for us is to establish that the
R{U), (n € Z) provide a grading on R(U), and that the M(U), (n & Z) provide
a grading on the R( U)-module M(U). Lemma 20.2.3 below provides a key for
the establishment of this aim.

vk Let 7 = (ypher € [Loep(S % p)'M, and let n € Z. Then, for each
p € U, the clement 3, of the graded (S % p)~'R-module (§ W pitM has a-th
component, denoted by (7,),, in ((§ Y, PITI M), We shall refer to the family
o = Aehbper € TLep((S\ p)~'M), as the n-th homogeneous part of the
Jamily y.

20.2.3 Lemma. (The hypotheses of 20.2.1 apply.) Let 0 + U e ag{{ﬁ'l and let
7 = {Yodocu € M(U). Then
(1) yu = ((”;fp)n) & ﬁ(U),, Jor each n € Z;

pel — *
(i1} the set {ne Z .y, + 0} is finite;
{1y y =37 v and
{iv) y =0 ifand only if y, =0 for all n c 7.

Proof. Because T is quasi-compact (see 20.1.1(1ii)), there exist r € NN,
Wi.....W, ¢ 92/(;5}, e..ostr € 8 and I, . L, € M such that U = U:'z1 W;
and, for each j = 1,...,r and each p € W, we have t; ¢ p and o= L/t
For each j = 1,...,r, let d; € Z be such that fj € Ry, (recall that § consists
of homogeneous elements of R), and let (;); denote the i-th homogeneous
compenent of I; (for all i € Z).

(i) It is obvious that, for each j = L.,

('J"p)n = (l—j) = (—!jm for all P& Wj.
G5/ L
Hence the family y, = {((¥p)n)peu is local, and so lies in T’\/I(U),;.

(ii) For each j =1....,r, let H; denote the finite set {n = Z : (Ii}ura, # O},
and observe that (y,), =Oforallne Z\ H ;and all p € W;. Hence y, = 0 for
alln e Z\(H U...UH,).

(11) As y, = 2 ez (¥o s for each p & U, this is now immediate from (ii).

(iv) Just note that y = 0 if and only if 7, = 0 for all p € U, and that this is
the case if and only if (3ple=0forallpec Uandallne Z O
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20.2.4 Remark and Definition. (The hypotheses of 20.2.1 apply) It is now
immediate from 20.2.2(iii) and Lemma 20.2.3 that (ﬁ(U),l) provides a

neZ

grading on the ring E(U) and that (H(U),,) provides M(U] with the

structure of a graded R(U }-module: we refer to thesc gradmgs as the natural
gradings, and any unexplained references to gradings on R(Uyand M( ') should
always be interpreted as references to these natural gradings.

20.2.5 Remarks. (The hypotheses of 20.2.1 apply.)
(i) It is clear that the map &5, : M — M (17} of 20.1.6(1ii) is homogeneous.
(ify Let V € _i?l.(;f) with V= U It 1s also clear that the restriction map
puv (= prvar) : M(U) —> M(V} of 20.1.6(iv) is homogeneous.
(iii) Now lct N be a second graded R-module and let A : M —» N
be a homogeneous R-homomorphism. It is easy o check that the R(U)-
homomorphism AU} : M{U) — N(U) of 20.1.12(j) is homogeneous.

20.2.6 #Exercise. (The hypotheses of 20.2.1 apply.) Let ¢ € Z. This exercise
involves the i-th shift functor described in 12.1.1.

(i) Use the fact that (S p)~ WM = (S p) " M)(r) for all p € U to show
that M(r)(U) = M(U)2).

(1) Let V' JZ/ %) with ¥ = U. Show that PUV M) = PUV, w(t), that 15, that
the restriction homomorphlsm UV M M (r)( y— M (t)(V) 1% the t-th shift
of the restriction homomorphism pry as M(U) — j’\?(V}

(i} Let N be a second graded R-module and let h + M — N be a
homogeneous R-homomorphism. Show that h(t (t )( } = h(U £).

Our promised Graded Deligne Isomorphism Theorem can now be obtained
very quickly.

20.2.7 The Graded Deligne Isomorphism Theorem. (The hypotheses of 20.2.1
apply.) Let U =T % Var(a).

Then the Deligne Isomorphism vy (= \’a ) M(U) — D, (M) of 20.1.14 is
a homogeneous R-homomorphism { with respect to the natural grading of 20.2.4
on M(U) and the grading of 12.2.10 or D,(M)).

Proof. Since a 1s graded, f\uf(U) is graded by 20.2.4, and &, : M — M{ )
is homogeneous by 20.2.5(1), this result is now immediate from 124.2 and the
Deligne Isomorphism Theorem 20.1.14. O

20.2.8 Remarks. (The hypotheses of 20.2.1 apply.) Let U = T\ Var(a).
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{1) 1t 1s clear from 20.2.4 and 20.2.5 that the functor T(U)  B(RY ——
E(R(U)) has the *restriction property of 12.2.1, and that the natural transfor-
mation &Y : Id — T(T7) has the *restriction property of 12.2.3.

(ii) Let V & “?/(;}“ with V' = U. By 20.2.5, the natural transformation of
functors pyy : T(U) — (V) (from €(R) to %"(ﬁ(U)]) of 20.1.12(iii) has the
*restriction property.

(ifi) It follows from 20.2.7 that Vo 18 @ homogeneous R- 1som01phlsm by
20.1.17(i), it is also an R(U) 1somorph1sm since the natural grading on M(U}
is a grading of this as an R(U) module, it is therefore automatic that the
grading of 12.2.10 on D,(M) 1s a grading of D.(M) as an R( J-module. Hence
D, : ¥(R) — fg(ﬁ(U)) has the *restriction property, and v, : T(U}) — D,.
when viewed as a natural equivalence of functors from %R} to Gf(ﬁ(U)) (or,
for that matter, from %(R) to itsel), has the *restriction property.

20.3 Links with sheaf theory

Most serious readers of this chapter will by now have realised that, in view
of the results we have obtained about local families of fractions, we have
essentially started to discuss sheaves, even if only implicitly. We now intend to
make the connection more explicit, and to formulate 20.1.14 and 20.2.7 in sheaf-
theoretic terms, Henceforth, we assume that the reader has some familiarity with
basic knowledge about schemes and sheaves, although we provide numerous
references to Hartshorne’s book [22].

20.3.1 Remarks and FExercise: Sheaf-theoretic Interpretations. (The standard
hypetheses of 20.1.2 apply.)

(1) It is not difficult to check that the family (R( U)) together with

m’
the restriction maps puy g R(U) — R( YU,V €4 f/(S) w1th V' < U) defines
a sheafl R of R- -algebras on the topological space T, so that (T, R) is a ringed
space (see [22, Chapter 11, §2, p. 72]).

(i) Similarly, the family (ﬂ( U)) ,» together with the restriction maps
UE#T

PUV.AM : M(U) — M(V) (U, V & JZ/ "with V < U), defines a shea/ M af
R-modules on T (see [22, Chapter I, 55 p. 109]). We shall call this sheaf M
the S-sheaf induced by M. We shall sometimes use standard notation from
sheaf theory (see [22, Chapter I, §1, p. 61]) and denote M (U) by T(U, M} the
elements of T(U, M) are the sections of the sheaf M over U.

(ii)) Now let /1 : M —> N be a homomorphism of R-modules. 1t follows
from 20.1.12(1)(ifi) that the homomorphisms h(U) : M(U) — N(U) (U € ')
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define a morphism h:M-— N of sheaves of R-modules (see [22, Chapter II,
§5, p. 1093), which we call the morphism induced by h.

(iv) It is now clear that 7 is a functor from %(R) to the category SR) of
sheaves of R-modules.

(v) Let p € T, The stalk Rp = lim R(U) of the sheaf R at p (sce

—=r

ven'!
[22, Chapter 11, 3L, p. 62]) has a natural structurc as an R-algebra. Also, the
stalk ’\/I = hm '\4(U ) of M at p has a natural structure as an R -module.

veh f/m

For U & %(TS’L, we shall use pyy (= pren) M(U) — "\7Ip to denote the
natural map; thus pg,x is a homomorphism of R-algebras and pypar 18 an
ﬁ( U)-homomorphism.

The universal property of direct limits leads to a map 1}, : M — (5% SO
for which v}, (poem(y)) =y, for all U € %(f%' and v = (Y4)qcr € M( ). Show
that % is an isomorphism of R-algebras, and that, as M varies through F(R),
the 1}, constitute a natural equivalence y* : 7, —> (§ % p) ! of functors from
%(R) to itself.

Deduce that the funcior + : 4(R}) — ,Sf’(lni) of part (iv) is exact (see [22,
Chapter TI, Exercise 1.2(c}, p. 66]).

20.3.2 £Exercise. (The standard hypotheses of 20.1.2 apply.) Let h : L — N
be a homomorphism of R-modules.

(i) Show that the induced sheaf M is zero if and only if the R-module M
is (§)-torsion.

(ii) Show that the induced morphism h . T, — N of sheaves of R-modules
is injective (respectively surjective) if and only if Ker i (respectively Coker k) is
(S}-torsion.

20.3.3 The Deligne Isomorphism Theorem again. (The standard hypotheses of
20.1.2 apply.) Let U = T % Var(a). Here we reformulate the Deligne Isomor-
phism Theorem in the language of sheaves.

(i) The functor “(U) : €(R) —» %"(R(U)) of 20.1.12(ii) can be regarded as
the composition of the functor © : ¥(R) — #(R) of 20.3.1(iv) and the section
functor I(U,.) : ,_?(Iﬂi) — %’(R(U}). Therefore, the Deligne Isomorphism
Theorem 20.1.14, with the refinement afforded by Exercise 20.1.17(i), provides
a natural equivalence vy @ (U, 7} = D, of functors from %(R) to %’(?E(U)).
Of course, we can interpret both D, and T(U, 7} as funclors from %{(R) to itself
(strictly, we should then write I'(U, 7} g in the latter case, but we shall often
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omit the [ p" in the interests of notational simplicity), so that v, can also be
interpreted as a natural equivalence of functors from %(R) to itself.

(ii) The above interpretation can be refined in the case of the Graded
Deligne Isomorphism Theorem 20.2.7, for which we assume, in addition, that
R is graded and that S consists entirely of homogenecus elements. Then, in
view of 20.2.4, the sheaf R becomes a sheal of graded R-algebras, and (he
functor 7 : €(R) — 9”(}3) of 20.3.1(iv) restricts to a functor from *E(R) to the
category *.V(E) of sheaves of graded R-modules. We shall again denote this
functor by 7, as we do not expect this to cause confusion. It follows from 20.2.8
that I'(U, 7), considered as a functor from #(R) to either ¥(R) or %(ﬁ(U}), has
the *restriction property, and that, also in the two cases, the natural equivalence
ve ( T(U,T) = Dg of part (i) has the *restriction property.

A special case of 20.3.3(1) yiclds the ‘classical’ form of Deligne’s Isomorphism.

20.3.4 Example: Deligne’s Isomorphism for Affine Schemes. Take S = R and
T := Spec(R) {which is essential with respect to § by 20.1.3(i)). Then the
induced sheaf R of 20.3.1(1) 1s just the structure sheaf ('r of the affine scheme
(T, Cr) defined by R (see [22, Chapter IL, §2, p. 701). Moreover, if M is an
R-module, then the induced sheaf M of 20.3.14i1) is just the sheaf of G-
modules associated to M (see [22, Chapter 11, §5, p. 110]). It follows from [22,
Chapter IL, §5, p. 111, and Proposition 5.4, p. 113] that the induced sheaves
in the sense of 20.3.1(ii) are, up to isomorphism, precisely the quasi-coherent
sheaves of ("r-modules, and that the sheaves which are induced by finitely
generated R-modules are, up to isomorphism, precisely the coherent sheaves of
¢ r-modules.

Any ideal b of R automatically belongs to Ws in this case. Let U =
T % Var(b) = Spec(R) ', Var(b). In this special case, the isomorphism vy
(v, M) = Dy(M) of 20.1.14 and 20.3.3(i) is just the classical isomorphism of
Deligne (see [22, Chapter III, Exercisc 3.7, p. 217]).

20.3.5 £Exercise. Let (T, & 7) be the affine scheme defined by R, and let qcohy
denote the category of all quasi-coherent sheaves of fr-modules. Let M be
an R-module. Use Exercise 20.1.18 to show that el : M — (T, M) is an
isomorphism, and deduce that the functor 7 : %{R) —> geoh is an equivalence
of categories. (See [22, Chapter IL, Corollary 5.5, p. 113].)

20.3.6 gExercise. (The standard hypotheses of 20.1.2 apply.) Let b be a second
ideal of Ay. Set U := T\ Var(a) and Z = T N Var(h). Set

T2(U, M) = {7 € DU, M) : pppar(y) = 0 for all p & U \Z)
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(See [22, Chapter II, Exercise 1.14. p. 67, and Exercise 1.20, p. 68].) Note that
I,(U,7) is a functor from %(R) to ¥(R), and is also a functor from #F(R)
to €(R(V)).

Use Lemma 20.1.10 to show that the restriction of the isomorphism va s :
(v, M} =, Do(M)} of 20.1.14 and 20.3.3(i} provides an isomorphism vapu -

Ty (U, M) = T'{Do(M)), and deduce that the functors I, (U, <) and Co(Dal-}),
whether considered as functors from %(R) to itself or from %(R) to €(R(U)),

are naturally equivalent.

20.3.7 Example. Let (T, @) be the affine scheme defined by R. (See 20.3.4: we
interpret § as R here, so that R as well as a belongs to Ay.) Set Z = Var{a)
and U = T\ Var(a) = Spec(R) \ Z. If we apply 20.3.6 1o the open set T and

the closed set Z. we obtain an isomorphism veaa FZ(T,M) =, I {(Dr(M));
moreover, the diagram

— —  PTU —_—
0 —— IZ(T,M)— (T, M) —T{U, M)

Mo | = (el | = Vau | =

|

HaAf

0 To(M) Do (M) — H{M) —— 0,

M

in which the second map in the top row is the inclusion map, pop =
Fa((nR_M)"'l) o vgoum. and the lower row comes from 2.2.4(i){c), has exact rows
and commutes.

20.3.8 Exercise. Let (T,{+) be the affine scheme defined by R, let Z be a
closed subset of T = Spec(R), and let U := Spec(R)\ Z. Let & be a coherent
sheaf of ¢’p-modules (see Example 20.3.4). Show that the restriction map
pro DT, ) — T(U, F) associated with the sheaf 7 is mjective if and only
if. for all » € Z, the stalk #, of # at p has positive depth. (Remember that
the depth of a zero module over a local ring is interpreted as o0.) Show further
that prg is bijective if and only if depth #, > 1 for all p € Z.

The following exercise and reminders are in preparation for an extension of
the sheaf-theoretic version of Deligne’s Isomorphism, as presented in 20.3.3,
to higher cohomology. This work will lead to what we shall call the Deligne
Correspondence.

20.3.9 £Exercise. (The standard hypotheses of 20.1.2 apply.}
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(i) Let I be an injective R-module. Show that the S-sheaf induced by [ is
flasque, that is (see {22, Chapter 11, Exercise 1.16, p. 67]), for every pair of open
sets U,V € %5 with V = U, the restriction map puvy U LY~ T(V,T)
is surjective.

{ii) Now assume in addition that R is graded and that S consists entirely
of homogeneous elements, Let J he a *injective graded R-module. Show that
the S-sheaf induced by J is flasque.

(iii} Let R, S and J be as in part (1), and let t ¢ Z. Thus J is a sheaf of graded
R-modules. Now (E)g is a sheaf of Ry-algebras and the t-th homogeneous
component (J); of this sheaf carries a natural structure as a sheaf of (R),-
modules: show that (:f }: 1s flasque.

20.3.10 Reminders. (The hypotheses of 20.1.2 apply.) Set U := T\ Var(a). Recall
[22, Chapter II, Exercisc 1.8, p. 66] that the section functor I(U, .) (from the
category of sheaves of Abelian groups on T to the category %(Z) of Abelian
groups) is left exact: for each i € Ny, the i-th right derived functor of I'(U, .)
is denoted by H'(U, .) and is referred to as the i-th sheaf cohomology functor
on U. See {22, Chapter 111, §2, p. 207]. Thus HY(U, .) is again a functor from
the category of sheaves of Abelian groups on T to €(Z); however, if # is a
sheaf of R-modules on T, then, for all i € Ny, the Abelian group HY{(U,F)
carries a natural structure as R(U J-module which is such that, for all 4 I~{( U)
and all ¢ € HY(U,%), we have Jo = H{U, Id#}e). It then follows that
(H(U, ) i, 18 & negative strongly connected sequence of covariant functors
from (R) to E(R(U)).

We noted in 20.3.1(v) that the functor T : %(R) — F(R) of 20.3.1(iv) is
exact. If we follow this with the above sheaf cohomology functors, we find that
(H(U, '.“))I.EINO Is a negative strongly connected sequence of covariant functors
from €(R) to G{f(ﬁ(U)). Of course, for an R-module M, we can regard the E(U)-
module H(U, M) as an R-module by restriction of scalars: this device leads to
a negative strongly connected sequence of covariant functors (H(U,7)f R)l'EiNo
from €(R) to itself (although we shall normally drop the *[ z” from the notation).

We are now ready to present the promised Deligne Correspondence. This
correspondence presents a fundamental connection between sheaf cohomology
and local cohomology.

20.3.11 The Deligne Correspondence Theorem. (The standard hypotheses of
20.1.2 apply.) Set U = T\ Var(a).
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There is a unigue isomorphism

© = (), cag * (U, T) g, (D) 1y,

of negative sirongly connected sequences of covariant functors from €(R) to itself
for which 8° is the natural equivalence v, : I(U,7) =, D, of 20.3.3(1).

Consequently, by 2.2.4(il1), for each i € N, the functors H{(U,7) and H*!
from €(R) to itself are narurally equivalent.

Proof. Let I be an injective R-module. Of course, #'D,(I) = 0 for all i € N.
By 20.3.9(i), the induced S-sheaf I is flasque, so that H{U,)=0forallieN,
by [22, Chapter III, Proposition 2.5, p. 208]. The claim 1s thercfore immediate
from 1.3.4(1). O

20.3.12 Remark. In the situation of 20.3.11, we can, in view of 20.1.17, consider
D, as a functor from ¥(R) to €(R(U)), so that (,%"Da),.g]NO is actually a negative
strongly connected sequence of covariant functors from %(R) te fg(ﬁ(U));
furthermore, v, : I'(T, V) =, D, is actually a natural equivalence of functors
from #(R) to E(R(U)) (see 20.3.3(i)).

One can therefore argue as in the above proof of 20.3.11 to see that there
e, - (HI(U’T))I'G]NU — (%Dﬁ)fem .
strongly connected sequences of covariant functors from 4(R) to ¥(R(U)) for
which 8° is v,; moreover, the uniqueness aspect of Theorem 20.3.11 shows that
&'[ g = 0 for all i € Ny. so that, for each such i and each R-module N, the
maps i, and 0% coincide and €% is an R(U)-isomorphism.

is a unique isomorphism () of negative

20.3.13 A Graded Version of the Deligne Correspondence. Here, we present
refinements of 20.3.11 which are available in the graded case, and so we
assume, in addition to the hypotheses of 20.3.11, that R is graded and that §
consists entirely of homogeneous elements. In particular, this means that a 1s
graded. We consider the isomorphism

@ = (()i) €Ny : (Hi(b"T))fC]Nn _:_) (%iDa)EENn

of negative strongly connected seguences of covariani funciors from %(R)

to F(R(U)) of 20.3.11 and 203.12; recall that 8° is the natural equivalence

vt T{U,7) — D, of 20.3.3(i), which, by 20.3.3(if), has the *restriction property.
(1) Whenever I is a *injective graded R-module, we have

H(U.T)= #D(1) = H (1) = 0,
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by 20.3.11, 2.2.4(iii} and 12.1.3. Since [(U, +) has the *restriction property (see
20.2.8(i)), we can usc Theorem 12.3.1 to deduce that there is exactly one choice
of gradings on the R(U)-modules H' (U, N} (f€ N, N a graded R-modulc) with
respect to which (H(U, ))!EJN has the *restriction property of 12.2.5. We shall
refer to these gradings as the natural gradings, and any unexplained gradings
on these modules are to be interpreted as these natural ones. Notice that they
provide gradings over R, and so must be the unique choeice of gradings with
respect to which (H'(U, N))ier\w considered as a negative strongly connected
sequence of functors from % (R) to itself, has the *restriction property.

(ii} Simailarly, D, : ¢(R) — & (R( 7)) has the *restriction _property (see
20.2.8(1i1)), and there s exactly one chorce of gradings on the R(U) modules
H'DN) (i € N, N a graded R-module) with respect to which (#'D, )lEN
has the *restriction property. We again refer to these gradings as the narwal
gradings; the uniqueness aspect of Theorem 12.3.1 means that these natural
gradings, which work over both R( U) and R, must be the ones found in
Exercise 12.4.5(ii).

Now #° has the *restriction property. We can define gradings on the #'D,(N)
(i N, N a graded R-module) in such a way that all the &, (i € N, N a
graded R-module) are homogeneous. Since @ is an isomorphism of connected
sequences, it follows that, with respect to these gradings, (#'D, ) Ny has the
*restriction property, and so these gradings must be the natural ﬂrddlngs

Thus, with respect to the natural gradings, for all i € Ny, the natural
equivalence (' : H{U,7) — #'D, of 20.3.11 has the *restriction property

(i1} Finally, since, by 12.4.5(iii), the natural equivalence #'Dy —> HIT' of

2.2.4(ii) has the *restriction property, it follows that the natural equrvalenw

HY(U,7y = HI' of the final paragraph of 20.3.11 also has the *restriction
property. This gives a satisfactory extension, to the graded case, of our funda-
mental connection between sheal cohomology and local cohomology.

Next, we are going to study the cohomology of homogeneous components
of induced S-sheaves in the graded situation. This theme has great importance
in the study of sheaf cohomology over projective varieties and, more generally,
over projective schemes. Qur aim is to produce a link between cohomology of
homogeneous components of induced S-sheaves and homogeneous components
of graded ideal transforms and local cohomology modules. We begin with some
preparations.

20.3.14 Remarks and Notation. Here, the hypotheses of 20.2.1 apply. Let t ¢ Z,
and set U == T Var{(n).
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(i) In 20.3.3(ii), we noted that R is a sheafl of graded R-algebras, and
we introduced the functor 7 from *%(R) to the category *#(R) of sheaves of
graded R-modules; this functor is exact, by 20.3.1(v).

We shall use (.), : *%(R) — S({R)g) to denote the functor which associates
to each sheal # of graded R-modules its t-th component % ., which is a sheaf
of (ﬁ)mmodules.

It 1s a consequence of Exercise 20.2.6 that the functors (), and (Iﬂ)g {from
*%(R) 10 S((R)y)) are equal. (Here, (-)(2) : *(R) — *@(R) denotes the r-th
shift functor.)

(i) It follows from the final paragraph of part (i) that, in E((R(UNo),
we have F( (M'(t))o) (U, (M), }=I(U, M),. The natural equivalence v, :
I'{U,7) — D, of 20.3.3 has, by 20.3.3(ii), the *restriction property. Hence,
on taking ¢-th components, we see that Vag ! (U, 7Yy, —> Dg(4), is a natural
equivalence of functors from *%(R) to €{(R(U))y), and also of functors from
*#(R) to €(Ro).

(iii) Since the functor (.’(}))0 from *#(R) to g’((ﬁ)@) 1§ exact, it follows that

U, (-r(?))n)) . can be considered as a negative strongly connected sequence

of covariant functors from *#(R) to either %"((E(U))O) or ¥(Rp). We propose,
1n the Serre-Grothendieck Correspondence Theorem 20.3.15 below, to compare
this connected sequence with (foDa(.)r)j Ny which also can be considered as
a negative strongly connected sequence of covariant functors from *#(R) to
either G((R(L))) or B(Ro).

20.3.15 The Serre-Grothendieck Correspondence Theorem. We adopt the hypothe-
ses of 202.1 here. Let t € Z, and set U = T Var(a).
There is a unique isomorphism

£ = (wi)iENn : (Hf(U’ (:2?5)0))561N

(@?D ( ) )ie]No

]

of negative strongly connected sequences of covariant functors from ><(P(R) to

%((R( Vo) for which @! is the natural equivalence vy, F(U,(:(?))o D,
of functors of 20.3.14(i).

Proof. Let I be a *injective graded R-module. Let i € N. Then #'D, (1) =
H‘“(I) = 0, by 2.24(ii}) and 12.1.3. Also, by 20.3. 14(1) we have [f(?j)o =
( ), and, by 20.3.9(iii), this is a flasque sheaf of (R)o meodules. Therefore

H(U, (I( Mo} = 0 by [22, Chapter 111, Proposition 2.5, p. 208].

If we now endow (E(U))O with the trivial grading, we can use 12.1.7(ii} to
complete the proof. O



203 Links with sheaf theory 397

20.3.16 Remarks. Here we consider further the situation of the Serre-
Grothendieck Correspondence in 20.3.15, and we use the notation of that
result.

(i) Observe that O; can be regarded as an isomorphism of negative strongly
connected sequences of covariant functors from *%(R) to %(Ry).

(1} Let d € Z and r; € Ry. For each graded R-medule N, let try = Mew °
N — N(d) be the homogeneous R-homomorphism given by multiplication by
ra. Set y =t + d. It is straightforward to check that

(B ) (0. )
is a homomorphism of connected sequences of functors from *fg(R] to €(Ro).

(1i1) Let i € Ny, It is straightforward to check that &5, jez Hy(U, (M( FJojhasa

structure as graded R-module such that ryz, = H/(U, ,u,“(t)) )z, for (d &€ Z and)
rg € Ry and z, € HY(U, (M(I))g) It is also straightforward to use the uniqueness
aspect of 12.1.7(i) to show that, with respect to this graded R-module structure,
the Ry-isomorphism

D wisr - P HW, (M) —> D #'Do(M); = #D,(M)

JeZ ez JEZ

— (H(U.Cl))

=Ny <INy

given by the Serre-Grothendieck Correspendence 20.3.15 {and part (1)} is actu-
ally a homogeneous isomorphism of graded R-modules. For i = 0, this is Jjust
the homogeneous R-isomorphism

D @a = varr D TWUM(j)o) = MU} = @D Du(M); = Do(M)
jeZ jeZ jeZ
of 20.3.3.

(tv) Let i € N. It follows from part (iii) and 12.4.5(iii) that there is a

4

homogencous isomorphism Djez H{U, (M(7))o) —> HIAYM) of graded R-
modules.

20.3.17 £Exercise. Here the hypotheses of 20.1.2 apply. Let peT andt e Z.
(1) Show that the isomorphism of R-algebras wR Ry — (S )R of
20.3.1{v) is homogeneous, and that the natural equivalence

T —— (S p)!

of functors from %(R) to itself (again of 20.3.1(v)) has the *restriction property.
(ii) Show that the stalk ((ﬁ) Jp at p of the sheaf (~)0 of Rg-algebras is

isomorphic as an Ry-algebra to (S p)~! R}y, the 0-th homogeneous component

of (8% p)~'R, and that when this isomorphism is used to consider ((JM(I))())



398 20 Links with sheaf cohomology

as an {((S % p)~' R)p-module, then that module is ((S \ p)~'R)p-isomorphic to
(S \p) M),

20.4 Applications to projective schemes

The Serre-Grothendieck Correspondence 20.3.15, as exploited in 20.3.16, can
be used in a very effective manner, in various situations, to derive results about
the cohomology of induced sheaves from purely algebraic results obtained
carlier in the book. We have neither the space nor the intention to present a
comprehensive approach to sheaf cohomology in this book, and so we shall
content ourselves, in this final section, with some applications of the Serre-
Grothendieck Correspondence to the particular case of projective schemes
induced by homogencous, positively graded (Noetherian) rings. This situation
is particularly fertile in this context because the quasi-coherent sheaves are, up
to isomorphism, just the sheaves induced by graded modules.

We hope that the illustrations which we present in this section will convince
the reader of the value of the Serre-Grothendieck Correspondence, and will
whet her or his appetite [or exploration of applicalions of the correspondence
in other situations.

20.4.1 Hypotheses for the Section. Throughout this section, we shall assume
that R = @,.n, Ry 18 positively graded and homogeneous; we shall take
S = |,ew Ry, the set of homogeneous elements of R of positive degrees (so
that g is the set of all graded ideals of R which are contained in R.. (see
20.1.4)); we shall take T := Proj(R) = * Spec(R)' Var(R. }; and we shall assume
that the R-module M is graded.

Recall from 20.1.4 that the S-topology on Proj(R) is the Zariski topology.
Note that, for p € Proj(R}, the natural ring homomorphism

(54 9)7'R— Ry

is an isomorphism.

20.4.2 Remarks. {The hypotheses of 20.4.1 apply.)

(i) The sheaf (R}, of Ro-algebras of 20.3.9(iii} is just the structure sheaf ¢r
of the projective scheme (T, 7)) defined by R: see [22, Chapter II, §2, p. 76].
Note that, for each open subset U of T, we have &¢(U) = (fi( U))g, and, for
p € T, the stalk of @r at p is, by 20.3.17, isomorphic to ((S % p)~'R)o.

(i) Let M be a graded R-module. The sheaf (M)y of (R)g-modules of
20.3.14(1) is just the sheaf of Gr-modules associated to M on Proj(R), as

defined by Hartshorne in [22, Chapter 11, §5, p. 116]. Although Hartshorne's
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notation for this sheaf is commonly used, we shall continue to use the notation
(M Jo, in an attempt to avoid confusing readers,

20.4.3 #Exercise. Show that, in the situation of 20.4.2¢1), for p € T, the stalk
of ¢'r at p is isomorphic to (Rgp))o, the 0-th component of the homogeneous
localization R,y of R at p. (The reader should note that our use of the notation
Ry Is different from Hartshorne’s.)

Show also that, for ¢ € Z, in the situation of 204.2(1), for p € T, the
stalk of (M (1)) at P 18 (Ripy)o-isomorphic to (M;,),, the z-th component of the
homogeneous localization My of M at p,

20.4.4 The classical form of the Serre-Grothendieck Correspondence. { The hy-
potheses of 20.4.1 apply.) Suppose that the graded R-module M is finitely gener-
ated. It follows from the Serre-Grothendieck Correspondence 20.3.15 and 20.3.16
(with a = R, ) that there are homogeneous R-isomorphisms

P H(T.(M(j)lo) — #Dg_ (M) > H'M)  forallieN
Jek

and

D T(T. (M) = D M(T); = M(T) - D, (M). O
JeZ jeZ

We recall now some facts about sheaves over projective schemes which mean
that the classical form of the Serre-Grothendieck Correspondence 20.4.4 is a
powerful tool for translation of algebraic results about local cohomology into
geometric results about sheaf cohomology.

20.4.5 Reminders. (The hypotheses of 204.1 apply.) Let t € Z.

(i) By [22, Chapter 11, Proposition 3. Il{c), p. 116], the sheaf (M)() is a
quasi- -coherent sheaf of (!y-modules; furthermore, if M is finitely generated,
then (M Jo is a coherent sheaf of ¢r-modules.

(ii) The twisted sheaf ( Mo(t), as defined by Hartshorne [22, Chapter 11,
§5, p. 117] is naturally isomorphic (as a sheaf of #'r-modules) to (M(r))o, the
sheaf associated to the shifted module M(z): see Hartshorne [22, Chapter 11,
Proposition 5.12(b), p. 117].

(iii) Let 9 be a sheaf of ¢';-modules. Recall from [22, Chapter TI, §5, p.
118] that I'(#) := B ez TUT', (j}) carries a natural structure as a graded
R-module and is called the graded R-module associated to F.

(iv) Let # be a quasi-coherent sheaf of ¢p-modules. Then, by [22, Chapter
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II, Proposition 5.15, p. 119], there is a natural isomorphism
(rf(?y%))o =7

of sheaves of ¢r-modules. This shows, in particular, that each quasi-coherent
sheaf # of @r-modules is isomorphic to (N), for some graded R-module N.
Furthermore, in this situation, the induced Rp-isomorphism

=T, #(j) =P, (N(Ho)

JEZ JEZ

(which arises by virtue of part (i) above) is a homogeneous R-isomorphism.
This is easily seen by comparing, by means of the natural isomorphism of
part (ii), the action of a homogeneous element ry € Ry (where d € Ny} on
(T, #) as described in [22, Chapter 11, §5, p. 118] with the action of vy on
Djer NTL(N ( o) as described in 20.3.16(iii).

{v) One can use [22, Chapter II, Theorem 5.17, p. 121] to see that each
coherent sheaf of @p-modules is isomorphic to (N} for some finitely generated
graded R-module N.

We can now prove the fundamental Finiteness Theorem of Serre concerning
the cohomology of coherent sheaves over projective schemes.

20.4.6 Serre’s Finiteness Theorem. (Sce [56, §66, Théoreme 1 and Théoréme
2(b)] and [22, Chapter III, Theorem 3.2, p. 228].) ( The hypotheses of 20.4.1
apply.) Let % be a coherent sheaf of ¢ p-modules. Then

(i) HY{T,F{j)) is a finiiely generated Ry-module, for alli € Ngand all j € Z;
and
(ii) there exists v € Z such that H(T,Z())) =0 for all ic N and all j > r.

Proof. By 20.4.5(v), there exists a finitely generated graded R-module N such
that # = (N)y: furthermore, by 20.4.5(iv), there is a homogeneous isomorphism
of graded R-modules I'(T, %} = @, T(T,(N (T)) ). Also, by 20.4.5(i1), for
each i € Ng and j € Z, there is an isomorphism of Ry-modules H (T, #(j)) =
HY(T (N())o)-

Let j € Z and { € IN. We can now use the classical form of the Serre-
Grothendieck Correspondence 20.4.4 to see that there are Rg-isomorphisms
(T, #(j)) = Dr_(N); and H(T, 7 (j}) = HEI(N)J,-. Since Dg. (N); is a finitely
generated Rp-module by 15.1.6(ii), and H}';:I(N)j is a finitely generated Ro-

module by 15.1.5(i), part (i)} is now proved. Part (ii) follows from 15.1.5(ii).
C
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20.4.7 Exercise. Consider the situation and use the notation of Serre’s Finiteness
Theorem 20.4.6. Show that, for all r € Z, the graded R-module

T(T, ) = P TT.70)

JEZ, jzr

is finitely generated.

The philosophy of the above proof of Theorem 20.4.6 suggests that a similar
approach to Castelnuovo regularity of coherent sheaves of ¢!r-modules might
be profitable. This is indeed the case.

20.4.8 Definition. (The hypotheses of 20.4.1 apply.) Let & be a coherent sheaf
of ¢'r-modules, and let r € Z,

We say that & is r-regular in the sense of Castelnuovo-Mumford if and only
if H(T,#(s—1i)) =0 for all i € N and all 5 € Z with s > r. In practice, the
phrase ‘in the sense of Castelnuovo-Mumford’ is usually omitted.

We define the (Castelnuovo-Mumford ) regularity reg(F) of F by

reg(# ) =inf {r €Z : # is r-regular}.

20.4.9 Remarks. In the situation, and with the notation, of 20.4.8, there exists
a finitely generated graded R-module N such that # = (N), by 20.4.5(v).
Furthermore, by 20.4.5 and the classical form of the Serre-Grothendieck Cor-
respondence 20.4.4, for each i € N and each j € Z, there is an Ry-isomorphism
H(T,F(j)) = Hétl(z\!)j; in particular,

H(T,7(s —i)) 2 Hf'(N)yp1-y=1) forallie NandseZ

This enables us to use results from Chapter 15 to make deductions about
the regularity of coherent sheaves of ¢r-modules.
(i) By Theorem 15.2.5, if H(T,#(r —i)) = 0 for all i € N, then # is
r-regular.
(i1} In view of Definition 15.2.1(it}, we can say that & is r-regular if and
only if N is r-regular at and above level 2.
(ili) Hence reg(#) = reg*(N) (see Definition 15.2.9).

20.4.10 Definition and fExercise. (The hypotheses of 20.4.1 apply.) Let # be a
non-zero coherent sheaf of ¢r-modules. Recall that the support of %, denoted
by Supp(#), is the set {p € T : %, # 0} (sce [22, Chapter I1, Exercise 1.14, p.
67]}; the dimension of #, denoted by dim 4, is defined to be the dimension of
Supp(#) (see 19.1.8).
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By 20.4.5(v), there exists a finitely generated graded R-module N such that
F 2 (N);. Show that
(1} Supp(#) = Supp(N) N Proj(R) (a closed subset of Proj(R)), and
(1)) when Ry is Artinian, dim # = dim N — [ {s0 that dim # is finite) (you
might find 19.7.1(iii) helpful here),

20.4.11 Notation. (The hypotheses of 20.4.1 apply.} Assume that Ry is Artinian
and let % be a coherent sheaf of ¢ r-modules.

By Serre’s Finiteness Theorem 20.4.6, for each i € Ny and n € Z, the Ry
module H(T, 7 (j}) is finitely gencrated, and so has finite length: we denote
this length by BT, F ().

20.4.12 Example: a priori bounds of diagonal type for the Castelnnovo regularity.
(See [2].) (The hypotheses of 20.4.1 apply.} Let 4 € N; assume that Ry is
Artinian and let # be a non-zero coherent sheaf of @ T—niodules with dim # <
d. We are going to use the (d + 1)-th right bounding function C4+1 of 16.2.1.

By 20.4.5(v}, there exists a finitely generated graded R-module N such that
F = (N)g; by 20.4.10, dim.# = dim N — 1, so that dim N < d + 1. Therefore,
by 20.4.9(iii) and 16.2.6,

reg(#) = reg’(N) = reg?(N(1)) + 1
< CU R (=2, B (—d — 1))
= CYTVGL (=), ., ki ()
= CYNNT, F(—1)),.. . kT, F(—d))).

Hence reg(#} < CY“V(HY(T, #(—1),..., kT, 7 (—d))).

We show next how the Serre-Grothendieck Correspondence enables us to
produce quickly, for a coherent sheaf % of ¢-modules as in 20.4.11, a Hilbert
polynomial of .# and, for each i € Ny, an i-th cohomelogical Hilbert polyno-
mial of # which play similar r8les to the corresponding polynomials in 17.1.7
and 17.1.9.

20.4.13 Theorem and Definitions. (The hypotheses of 20.4.1 apply.) Assume
that Ry is Artinian and let & be a non-zero coherent sheaf of €-modules. Set
d = dim #.

Now R(T,#) =0 for all i >> 0, and the Euler characteristic (%) of %
is defined by y(F} = 3.0 (—1VI{T, %) (see Hartshorne [22, Chapter ITI,
Exercise 5.1, p. 230] ).

There is a (necessarily uniquely determined ) polynomial Pz € Q[X] of degree
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d = dim.#F such that Pz(n) = y(#(n)) for all n € Z. This polynomial Py is
called the Hilbert polynomial of 4.

With the notation of 17.1.1(v), for each j =0,....d, we set el F) = ei(Psx)
and refer to this as the j-th Hilbert coefficient of #. Thus

U X+d—i
_ ! P
P =3 ey (Y1)

Proof. By 20.4.5(v), there exists a finitely generated graded R-module N such
that # = (N’)o; by 204.10, dim# = dim N — 1, so that dimN = d + 1. Let
n<Zand i € N, We can now use 20.4.5(i} and 20.3.15 to see that there
are Ry-isomorphisms I(T, # (n)} = Dg, (N), and H'(T.#{n) = # Dy 1N, =
HE (N),.

Hence R(T,#(n)) =0 for all i > 4, and, with the notation of 17.1.4. we have
F(n)) = yu(n). The result therefore follows from 17.1.6. T

20.4.14 Definitions and Exercise. (The hypotheses of 20.4.1 apply.) Assume that
Ry is Artinian and let # be a non-zero coherent sheaf of @r-modules. Tet
i € No. The function hly : Z — Ny defined by iiy(n) = K(T, % (n)) for all
n € £ 1s referred to as the i-th cohomological Hilbert function of #.

Show that there is a polynomial pi; € Q[X] of degree at most i such
that Kz(n} = W(T,F(n)) = plz(n} for all n << 0. The (uniquely determined)
polynomial p'; is called the i-th cohomological Hilbert polynomial of #.

Let d := dim #. Show that the leading term of p% is

(—1)eo(#)
d!
where eg(F) is as defined in 20.4.13,

Xd

The next exercise concerns Mumford’s Regularity Bound (see [38, Theorem.,
p. 101]).

20.4.15 Exercise. Suppose that R = Ro[Xy, X1,....X4] is a polynomial ring
in d 4 1 indeterminates Xy, X1,.... X, over an Artinian local ring Ry, where
d e N. Regard R = @HE]ND R, as graded in the usval way. As in 20.4.1, we set
T = ProjiR). (Thus T is just JP”!”, projective d-space over Ry: see [22, Chapter
I, Example 2.5.1, p. 77].)

Let .# be a non-zero coherent sheaf of ideals on T. Use Theorem 17.2.7 to
show that reg(.#) < FédHJ(eg(f), .-, e4(F)), where Féd“) is as defined in 17.2.4
(with r =1 and a = Q).

Also, use 17.2.8 to prove that the polynomial F‘g”'ﬂ) e [Ty, ..., Ty] satisfies
reg(#) < Fi ey #), . ed 7).
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So far in this chapter, the results which we have obtained about shcaf
cohomology have not been obviously related to local properties of the un-
derlying sheaves. In our final sequence of results and exercises, we aim for
the so-called Severi-Enriques-Zariski-Serre Vanishing Theorem (see F. Severi
[571, F. Enriques [9], O. Zariski [66], and J.-P. Serre [56, §76, Théoreme 4]),
which establishes a fundamental link between the local structure of a coherent
sheaf of &r-modules {conveyed by information about the depths of its stalks,
for example) and global properties of the sheaf (described by the vanishing
of certain cohomology groups, for example). Our approach to this Vanishing
Theorem again makes use of the Serre-Grothendieck Correspondence, this time
in conjunction with the Graded Finiteness Theorem 13.1.17.

20.4.16 #Exercise. (The hypotheses of 20.4.1 apply.) Assume that the graded
R-module M is finitelv generated, and set % = (H)O. Fix p=x¢e T, and let
My denote the maximal ideal (pRiy))o of the local ring &1, which we identify
with (Ripy)o by means of the isomorphism of 20.4.3.

(i) Use 19.7.1(v1) to show that, if x is a closed point of T (so that p is a
maximal member of Proj(R) with respect to inclusion), then p N Ry is a maximal
ideal of Ry and dimR/p = 1.

(ii) Since R is homogeneous, there exists ¢t € Ry p. Denote the ring of frac-
tions ('7 . [X]x of the polynomial ring &1 ([X] by G7[X, X~']. Show that there
15 @ unique homogeneous isomorphism of (' -algebras ¢, : Gr [X, X 7}] =
Ry for which ¢(X) =t.

(iil) Identify the stalk #, with (My;))o by means of the isomorphism of
20.4.3. Show that, when M, is considered as an @r, [X, X~ !]-module by
means of the isomorphism ¢, of part (ii), there is a homogeneous isomorphism
of graded 1 .[X, X !]-modules

Wt o 37;\, ®6T‘x G:T,x[X,Xil] —:9 M(m

for which y 4z ® f} = ¢,(f)z for all z € (M) and f € Gr,[X, X71].

{iv) Show that the rsomorphism ¢, of part (ii) leads to a ring isomorphism
O [ XTmpooraix] — Ry, Conclude that dim @7, = htp, that depth @7, —
depth R, and that &7, is a domain, respectively normal, Cohen-Macaulay,
Gorenstein, regular, if and only if R, has the same property.

(v) Show that the isomorphism gy of part (iii) gives rise to an isomorphism
T @c;, O1x[Xmp.rx) — My of O7 [X]mr.er x1-modules. Conclude that
depth@m F= depthRD M, and that #  is free of rank v over ¢ if and only
if My, 1s free of rank r over R,.

(vi) Let g € Spec(R) be such that q* = p. Show that R, is a domain,
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respectively normal, Cohen-Macaulay, Gorenstein, regular, if' ¢, has the same
property.

20.417 Exercise. (The hypotheses of 204.1 apply.) Let = : T = Proj(R) —
Spec(Ry) be the natural map, defined by n(q) = qn Ry for all q € T. Fix
p = x € T. In the graded ring R/p, let Z(p) denote the set of non-zero
homogeneous elements of degree 0. Note that Z(p)~(R/p) is positively graded
and homogeneous: set Ty, = Proj(Z(py HR/p)).

{i) Show that there is a homeomorphism Ty, = ' ({= ()N {x], where
the ‘overline” is used to indicate closure in 7.

{ii) Show that dim Ty, = ht(R- + p)/p — 1.

20.4.18 Notation and Remark. (The hypotheses of 20.4.1 apply.} Let & be a
coherent sheaf of ¢r-modules, We set

5(F) = inf {depth@.m Fetdim Ty xe T},

where T, for x € T, is as defined in 20.4.17.

By 20.4.5(v), there exists a finitely generated graded R-module N such that
F = (N); by 20.4.16(v), for x = p € T, we have depth, %, = depthg, Np.
Therefore, by 20.4.17, with the notation of 9.2.2,

3(F) = inf {depth N, + ht(Ry +p)/p—1 :p € *Spec(R) \, Var(R.)}
= inf {adjg, depth Ny — 1 : p € *Spec(R) \, Var(Ry)}.

In the case when R is a homomorphic image of a regular (commutative
Noetherian) ring, we can deduce from the Graded Finiteness Theorem 13.1.17
that 6(#) = fgr (N)— 1. This observation is the key to our proof of the
Severi-Enriques-Zariski-Serre Vanishing Theorem 20.4.20 below.

20.4.19 Exercise. (The hypotheses of 20.4.1 apply.} Let @ : T — Spec(R;) be
the natural map. Assume that Rg is Artinian, and let # be a coherent sheaf of
@r-modules.

(1) Show that 7~} ({r{x)}) " {x} = {x} forall x & T.

(ii) Use 9.3.3 to show that

8(F) = inf {deplhm_“_\ F. txis a closed point of T}.

20.4.20 The Severi-Enriques-Zariski-Serre Vanishing Theorem. (See Severi [57],

Enriques [9], Zariski [66], and Serre [56, §76, Theoréme 4].) ( The hypotheses of

20.4.1 apply.) Assume that Ry is a homomorphic image of a regular { commutative
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Noetherian) ring. Let F be a coherent sheaf of ('r-modules, and let ¥ € Ny, Then
O(F) >r if and only if H(T, Z(j) =0 for all i < v and all j << 0.

Proof. By 20.4.5(v), there exists a finitely generated graded R-module N such
that & = (N)y. By 20.4.4, there are homogeneous R-isomorphisms

€D H(T.(N(jNo) —> HF'(N)  forallie N
jeZ

and @z T(T,(N(j)k) — Dp,(N). Also, it follows from 2.2.4(i)(c) that
Dg, (N} is finitely generated if and only if H} (N) is.

In view of [6, Proposition 1.5.4], the hypothesis on R, ensures that R is a
homomorphic image of a regular (commutative Noetherian) ring. It therefore
follows from 20.4.18 that 6(F) = fg (N} — 1, so that 8(F) > r if and only
if the graded R-module By HA(T, (IW}))O) is finitely generated for all i < r.
The desired conclusions follow from these observations and Serre’s Finiteness

Theorem 20.4.6. O

Our final exercises are intended to consolidate ideas involved in the Severi-
Enriques-Zariski-Serre Vanishing Theorem.

204.21 Exercise. (The hypotheses of 20.4.1 apply.) Assume that Ry is Ar-
linian, and let % be a coherent sheaf of @r-modules. Recall that Ass #F =
{x € T : depthy  Fy = 0}. Show that the graded R-module [.{T,%) =
@jez T(T, #Z(J)) is finitely generated if and only if Ass.# contains no closed
point of T,

20.4.22 Exercise. (The hypotheses of 20.4.1 apply.} Assume that Ry is a field
and that T = Proj(R) is connccted. Set d :=dim T.

(i) Suppose that T is normal (see [22, Chapter 11, Exercise 3.8, p. 91]), and
that d = 2. Let % be a locally free (see [22, Chapter II, §5, p. 109]) coherent
sheaf of ¢7-modules. Show that H'(T", #(j)) = 0 for all j << 0. (Compare
this with Hartshorne’s presentation of the Enriques-Severi-Zariski Lemma in
[22, Chapter III, Corellary 7.8, p. 244}.)

(it} Suppose that T is regular, that is, the local ring ¢, is regular for
each x € T. Let # be a coherent sheafl of ¢y-modules. Prove that # is locally
free if and only if H(T..#(j)) = 0 for all i < d and all j << 0. (Note that
this provides a cohomological characterization of locally free sheaves over the
regular scheme T.)
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algebraic cone, see cone

n-space (A"(K)), 38
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open set, 355

scheme, 391-392
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variety., 38, 117-122, 378, 386
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of Serre, 119
a-invariant, 262

analytic spread (spr(b)), 330-333, 335, 338-339

anaiytically independent, 333

in b, 329, 331-333
analytically irreducible

local ring, 149
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analyticaily reducible

variety, at p, 150, 356
Annihilator Theorem

of Faltings, 170, 178, 214

Graded, 243
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Artinian
local ring, 186-187, 300, 321-324, 403
module, 123-127, 129131, 146, 186-196, 208
ring, 2835, 297, 302-305, 309-310, 314-321,
402-403, 405
associated graded ring (#(b)), 330, 334335,
373
attached prime ideal, 128
attached primes (Att), 128, 146, 191-192, 195,
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module, 3, 18-21, 28, 110, 124, 379-381
submodule, 3
a-torsion-fres module, 3, 18
a-transform, 17, 22-38, 92, 154, 383
functor (D,), 17, 22-38, 224, 234, 383
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Baer Criterion, 219
basic ideal, 333
Bass number (3#(p, M), 199200, 248, 252
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Bertini-Grothendieck Connectivity Theorem,
361
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local ring, 172, 206, 405
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371
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Conncctedness Theorem
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Bertini-Grothendieck, 361
of Bertini, 362
of Fulten-Hansen and Faltings, 366
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homogeneous, 272, 291
of affine space, 38, 270
curve, 150, 272, 275
Cartesian, 373
cuspidal, 373
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Macaulay’s, 276
rational normal, 274, 291-292
cuspidal curve, 373
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Graded Version of, 394
Deligne Isomorphism Theorem, 382, 385, 390
for Affine Schemes, 391
Graded, 388, 391
depth, 102, 109, 142-143, 136, 404
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Bminimum (AM(M), 157, 214
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dimension
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dimension
injective, 200
local, see local dimension
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dimension
of a coherent sheaf of &'p-modules, 401
of a module, {03, 131
ol a Noetherian tepological space, 345
of a variety, 272
projective, 164-166, 292
disconnected topological space, 343
discrete valuation ring, 280, 281
dual, see Matlis
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local, 201.-207
graded, 258-264
Matlis, 185-192
graded, 261

end of a graded maodule {end(M)), 238
equidimensional local ring, 167
essential extension, 179, 198, 248, 251
essential subset (with respect to §), 375
*egsential extension, 247-253, 261
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extended Rees ring (RlaT, T-1]), 326
extension of an ideal, under 1. 35, 68

Falting’s
Annihilator Theorem, 170, 178, 214
Connectivity Theorem, 366
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family of fractions, 377
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355
formal fibres, 175, 177—178
{ull ring of fractions, 65
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Fulton-Hansen Connectivity Theorem, 366
function
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cohomological Hilbert, 317,403
of polynomial type, 313
of reverse polynomial type, 314
functor
a-torsion (I}, 2
a-transform {D,), 17, 22-38, 224, 234, 383
Iocal cohomotlogy, 3
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section, 390, 303
sheaf cohomology, 393
shift, 218, 242, 388
Veronesean, 233

generalized Cohen-Macaulay module. 1721 74,
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local ring, 142-143, 202-210, 212, 214-215,
405
*local graded ring, 257, 259, 264
ring, 201
grade, 109, 163- 164, 166
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Deligne Correspondence, 394
Deligne Fsomorphism Theorem, 388, 391
Finiteness Theorem, 245, 281
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Lichtenbaum-Hartshorne Vanishing
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graded local cohomelegy, 225-229
and the shift functor, 242
graded local duality, 258-264
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Matlis Duality, 261
Mayer-Vietoris Sequence, 239
graded module, 217
associated to a sheaf, 399
beginning of (beg(A1)), 238
*canonical, see *canonical module
end of (end(M)), 238
*mdecomposable, 247-253
*injective, see *injective graded module
graded ring, 217
associated (%(D)), 330, 334-335, 373
*local, see *local graded ring
Cohen-Macaulay, see Cohen-Macaulay
Gorenslein, see Gorenstein
Grothendieck's
Connectedness Theorem, 351
Finiteness Theorem, 170, 178
Vanishing Theorem, 103

Hartshorne’s Example, 42, 44-45, 57, 78, 121,
149, 336, 357
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of a proper ideal, 21, 77, 348
of the improper ideal, 157
Hilbert
coefficients, 317, 319-324, 403
polynomial, 312-324, 403
cohomelogical, 317, 318, 403
Hilbert’s Theorem, 317
Hoa’s Theorem, 340
homogeneous
coordinate ring, 272, 291
localization, 238, 399
positively graded ring, 277, 205 -298, 300,
302- 305, 309, 314-319, 334
regular function, 266
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hypersurface, 362

ideal transform, 22-38, 92, 224, 234, 378
conditions for exactness of, 112-116, 119,
149
geomoctrical significance of, 3841
is independent of the base ting, 36
right derived functors of, 22-23, 242, 314
universal property of, 28-32, 231
indecomposable module, 181-132
*indecomposable graded module, 247-253
Independence Theorem, 71
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injective
cogenerator, 130
dimension, 200
envelope, 179-183, 198-200
hull, 179
module, 19, 69, 70, 137. 179185, 192,
198-201
resolution, 3, 19, 72, 76, 198-202
minimal, 198-202
*Injective
envelope, 247-253, 261
graded module, 217 220, 225, 226, 233,
247-253, 394
hull, 247
resolution, 217, 248, 251
minimal, 248, 251-252
integral closure, of a (a), 327
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of Affine Algebraic Cones, 364
of Projective Algebraic Sets, 366
inverse family of ideals, 8, 48
inverse polynomials, 230
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ideal, 182
lopological space, 343
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Koszul complex, 94-101, 231
Krull dimension of a module, 103

Lichtenbaum-Hartshorne Vanishing Theorem,

144-147, 202
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line, 270
local arithmetic rank, see arithmetic rank
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iocal cohomology
and depth, 104-110
and dimension, 103-106, 126-127, 132-135,
140
and grade, 109
functor, 3
commutes with direct limits, 64
graded, 225-229
and the shift functor, 242
module, 3
local connectedness dimension, at p (e,(17)),
353
local dimension, at p (dim, T'), 353
local duality, 201-207
graded, 258-264
Lecal-global Principle for Finiteness
Dimensions, 177-178
*local graded ring, 238, 244, 254, 261
Cohen-Macaulay, see Cohen-Macaulay
Gorenstein, see Gorenstien
local ring
analvtically irreducible. 149
Artinian, see Artinian
Cohen-Macaulay, see Cohen-Macaulay
complete, see complete local ring
equidimensional, 167
Gorenstein, sez Gorenstein
of a quasi-affine variety, at g {Fw ), 117
regular, see regular local ring
universally catenary, 175, 177-178, 352
local subdimension, at p (sdimy, T}, 353
local vanishing ideal, at p (I o{(C)}, 355
locally free coherent sheaf, 406

Macaulay’s curve, 276
Matlis dual, 185

graded, 261
Matlis duality, 185-192
Matlis Duality Theorem, 190

Pargal, 194
maximal M-sequence, 108
*maximal graded ideal, 238
Mayer-Vietoris Sequence, 53, 360
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Melkersson’s Theorem, 124, 185
metzic topology, 44
M-grade, 109, 293
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minimal jnjective resolution, 198-202
minimal *injective resolution, 248
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module

acyclic, 67-71, 226

I, 67,219
Artinian, see Artinian
a-torsion, see a-torsion module
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module (cont.) VYeronesean subring of, 234, 236, 264, 286,
a-torsion-free, see a-torsion-free module 29
Buchsbaum, 174 poor M-sequence, 108, 386
canonical, see canonical module positive connected sequences, 12
*canomnical, see *canonical module product of varieties, 363
Cohen-Macaulay, see Cohen-Macaulay projective
faithful, 187 algebraic set, 270
generalized CohemMacau]ay, 172174, 178 dimension, 164-166, 297
graded, 217 module, 65
indecomposabie, 181182 r-space (IP"(K)), 270
injective, see injective module complex (P"}, 270
local cohomolegy, 3 scheme, 398-406
of inverse polynomials, 230 apectrum (Proj(R)), 368--373
projective, 65 variety, 269-276, 291, 292, 360-362, 366-367
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representzble, 128 punctured
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radical ideal, 166
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Partial Matlis Duality Theorem, 194 at and above level 2 {reg?(M)), see
p-component, 353 Castelnuovo
pole, 46 at and above level | (reg! (M), see
isolated, 46 Castelnuovo

polynomial ring, 72, 91, 147, 167. 178, 230, 235, representable R-module, 128
257, 261. 264, 281, 288, 292, 310, 319-324, restriction, 221
331, 403 restriction map, 377



*restriction property, 221-229, 231, 232, 238,
240, 241, 389, 391, 394-367
Ry-filter-regular sequence, 335-337
right bounding function, 299
ring
Artinian, see Artinian
Buchsbaum, 174
catenary, 156, 172
Cohen-Macaulay, see Cohen-Macaulay
discrete valuation, 280, 281
Gorenstein. 201
graded, 217
of palynomials, see polynomial ring
regular, see regular ring
regular local, see regular local ring
ring homomorphism
flat, see flat ring homomorphism
homogeneous, 238
ringed space, 389
R-linear functer, 1, 6
r-regular (in the sense of
Castelnuovo-Mumford), 282, 287, 401
at and above level I, 282
Rung’s display, 369, 370

scheme
affine, 391392
projective, 398--406
Sccond Uniqueness Theorem (for secondary
representation), 129
secondary
module, 127
representation, [27-131, 146
First Uniqueness Theorem for, 128
minimal, 128, 211
Sccond Uniqueness Theorem for, 129
section functor, 390, 393
sections of a sheaf, 389
Serve’s
Affineness Criterion, 119
Finiteness Theorem, 400
Serre-Grothendieck Correspondence, 396
classical form of, 399
Severi-Enriques-Zariski-Serre Vanishing
Theorem, 404, 405
sheaf
associated to M, 391, 398
cohomology functor, 393
induced, 389
flasque. 393
locally free coherent, 406
ol R-algebras, 389
of R-modules, 38%
sections of, 389
twisted, 399
sheaves
morphism of, 390
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shift
functor, 218, 242, 388
of a comples., 87
Shifted Localization Principle, 208, 212, 215
Weuak General, 211, 215
S-local family of fractions, 377
socle, 188
special fibre, 369-372
Connectedness Criterion for, 371
stalk, 390, 367
structure sheaf of an affine scheme, 391
S-topology, 376
subdimension (sdim '), 347-352
local, at p {sdimy, T), 333
sum-irreducible module, 129
surface, 272
alfine, 150
symbolic powers, 49, 137, 143, 182, 202
svmmetric semigroup, 264
system of ideals, 21, 48-51
system of parameters, 173-174
standard, 173-174
syzygies, 292

topological space
connected, 343
disconnected, 343
irreducible, 343
Nostherian, 344
quasi-compact, 343
topology
metric, 44
Zariski, 165, 212, 270, 376
on Proj(R), 365, 374
trivial extensicn, 111
twisted
cubic, 274, 276
quartic, 276
sheaf, 399

universally catenary local ring, 175, 177--178,
352

vanishing ideal, 266, 271, 292
local, at p, see local vanishing ideal
Vanishing Theorem
Lichtenbaum-Hartshorne, 144—147, 202
of Grothendieck, 103
Severi-Enriques-Zariski-Serre, 404, 405
variety, 271, 355
affine, see affine variety
of an ideal (Var{a)). xiv
prajective, see projective variety
arithmetically Cohen-Macaulay, 272,
275276
arithmetically Gorenstein, 272, 274
quasi-affine, see quasi-affine variety
quasi-projective, see quasi-projective variety
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Veronesean, 273, 291
functor, 233
map, 274
subring, 233
of a polynomial ring, 234, 236, 264, 286,
291
transformation, 272, 274
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Weak General Shifted Localization Principle,
211, 215
weak M-sequence, 174

Zariski topology, 163, 212, 270, 376
on Proj(R), 369, 376
Zariski's Main Theorem, 373



