Algebra 2 2004/2005

Notation: A C B means A isasubset of B, possibly equal to B.

1. Revision

All rings are commutative rings with unity.
11. Let f: A — B bearing homomorphism.

Theorem on ring homomorphisms. Thekernel I of f isanideal of A, theimage
C of f isasubringof B. Thequotientring A/I isisomorphicto C.

Proof. Considerthemap ¢g: A/I — C, a+I — f(a). Itiswell defined: a+1 =a'+1
implies a — o’ € I implies f(a) = f(d)).

Thedement a + I belongsto the kernd of ¢ iff g(a +1) = f(a) =0, i.e. a €1,
i.e. a+I=1 isthezeroelementof A/I. Thus, ker(g) = 0.

Theimageof g is g(A/I) ={f(a) :a € A} =C.

Thus, ¢g isanisomorphism. Theinverse morphismto g isgivenby f(a) — a+1.

Correspondence theorem. Let / be anideal of aring A. Then thereis a bijection
between the set of all ideals J of A suchthat I C J andtheset of all idealsof A/I:

{J:Tanidealof A, I CJ} — {K:Kanideaof A/I}
J — J/I

Proof. Denoteby h themorphism h: A — A/I, a — a+1, itsimageis A/I andits
kernel is I.

Foranideal J of A, I C J, denoteby h|;:J — A/I,j — j+1 therestriction
of h to J. Itskernel is I and so by the previous theorem its image is isomorphic to
J/I. Thelatterisanideal of A/1I.

For anideal K of A/I define K’ = h~}(K) of A. Then K’ isanideal of A,
ICcK'.

Now we have two maps, J — J/I and K +— h~1(K). They are inverse to
each other, i.e. h~Y(J/I) = J and h~}(K)/I = K. Thus, there is a one-to-one
correspondence between the ideals.
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1.2. Theintersection of idealsof A isanidea of A. Givenasubset S of A, one
can speak about the minimal ideal of A which contains .S. Thisideal isequa to

{ags1+ -+ amsm 1 a; € A;s; € Sym > 1}

Oftenitiscalled theideal generated by S'.

Let 7,J beidedsof aring A.

Their sum I +J isthe minimal idea of A which contains both I and .J, more
explicitly

I+J={i+j:iel,jeJ}.
Certainly, I +(J + K) = ([ +J)+ K. Similarly one defines the sum of several ideals
S 1.

Their product I.J isthe minima ideal which containsall ij : i € I,5 € J, more
explicitly

IJ={igja+ - +ipjn:n>=Liy, €I1,j, € J}
The product is associative:
(IJ)K = I(JK)
and distributive:
(I+J)K =IK + JK.
Similarly one defines the product of several ideals I ... I,,.

Notethat (I +J;)(I +.J>) istheminimal ideal which contains products (i1 +j1)(i2 +
j2) = (i1i2 +i2j1 +i1j2) + j1j2, SOitiscontainedin I + JyJo:

(I +J)I +J2) C 1+ 1)y,
but the inverse inclusion does not hold in general.
For an element a of A the principal ideal generated by a is
(@) =aA={ab:bec A}.

In particular, (0) = {0} isthe smallestideal of A and (1) = A isthelargest ideal of
A. Unless A = {0}, these aretwo distinct ideals of A.
For severa elements a1, ..., a, of A theideal generated by the a; isdenoted

(a1, ...,ap)=a1A+ ---+a,A={aibs + - - +a,b, 1 b; € A}.

1.3. Aring A isafieldif it contains a non-zero element and every non-zero element
of A isinvertiblein A.

Lemma. A non-zero ring is a field iff it has exactly two different ideals, (0) and (1)
(they are called improper idealsof A).
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Proof. If I isanon-zeroideal of afield F, then I contains a non-zero element a.
Thereforeit contains aa~! = 1 and thereforeit contains 1b = b for every b in F; so
I=F.

Conversely, if a non-zero ring has only two distinct ideals then it is a field: for
every nonzero element aA must be equal to (1), henceamultiple of ¢ island a is
invertible.

Anidea I of aring A iscaled maximal if I # A and every ideal J such that
I C J C A either coincideswith A or with 7. By 1.1 this equivalent to: the quotient
ring A/I has no proper ideals. By the previous lemmathisis equivalentto A/l isa
field. Sowe proved

Lemma. I isamaximal ideal of A iff A/I isafield.

14. Aring A isanintegral domainif A #0 andfor every a,b € A ab =0 implies
a=0o0rb=0.

Example: every field isanintegral domain: ab =0 and a Z 0 implies b= atab =
0. Z isanintegra domain. More generaly, every non-zero subring of an integral
domain is an integral domain.

If A isanintegral domain, one can form the field of fractions ' of A as

{a/b:ac Abec A\ {0}}.

By definition a/b = ¢/d iff ad = be.

This is an equivalence relation: if a/b = ¢/d and ¢/d = e/f then ad = bc and
cf =ed s0 adf =bcf =edf, dlaf —be) =0. As d isnot zero, af = be.

Define two ring operations a /b + ¢/d = (ad + bc) /(bd) and (a/b)(c/d) = (ac)/(bd).
Thezeroof F' is 0/1=0/a for any non-zero a. Every nonzero element a/b of F' is
invertible: if a/b %0 then (a/b)~1 = b/a. Thus F isafield. Thering homomorphism
A — F, a— a/lisinjective. a/1=0/1 implies a =0. Thus A can be identified
with thesubring A/1 of F'. Then a/b canbeidentified with ab—! giving the meaning
of fraction to the symbol a/b.

Thus, every integral domain is a non-zero subring of a field, and the latter is an
integral domain. So the class of integral domains coincides with the class of non-zero
subrings of fields.

15 Anidea I of aring A iscalled primeif I # A and for every a,b € A the
inclusion ab € I impliesthat either a € I or b € I.
Example: every field hasaprimeidea: (0).

Lemma. [ isaprimeideal of A iff A/I isanintegral domain.

Proof. Let I beaprimeideal of A. Let (a+I)(b+1)=0+1,thenabe I. Soat
least one of a,b isin I which meansthat either a + 7 =0+7 or b+ 1 =0+1. Thus,
A/I isanintegral domain.
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Conversely, let A/I beanintegral domain. If ab € I then (a+I)(b+I)=1=0+1,
henceeither a+ I =7 andsoa € I, or b+ =1 andso b € I. Thus, I isaprime
ideal of A.

Example: for aprime number p theideal pZ isaprimeidea of Z. Thezero ideal
(0) isaprimeideal of Z.

Corollary. Every maximal ideal isprime.
Proof. Every field isan integral domain.

Remark. In general, not every prime ideal is maximal. For instance, (0) is aprime
ideal of Z which isnot maximal.

1.6. Forrings A; definetheir product A; x --- x A,, asthe set theoretical product
endowed with the componentwise addition and multiplication.

Chinese Remainder Theorem. Let Iy, ..., I, beidealsof A suchthat I; +1; = A
for every ¢ #Z j. Then

Al L)~ ] A/, a+Ii. Iy = (a+ Iicken:
1<k<n
Proof. Firstlet n =2. Then
LIhchnl=(I1NQR)A=U1N L)1+ 1) C([aN)I1+ 1N 1) C Ihlp.
So I11o, = I N I». Thekernel of the homomorphism
A— H A/, a— (a+1,a+ 1)
1<k<2

is I1 NI, = I11,. Itissurjective: since I1+ 1, = A, therearedements z € I,y € I,
suchthat x +y = 1 and hence bx +ay = a+ (b — a)r € a + 11 and similarly
br +ay € b+ 1.

Now proceed by induction on n. Denote J; = I1,Jo = Ir...I,, S0 J1Jp =
Iy...I,. Since I1 + I, = A fordl k> 1, we deduceusing 1.2 that

Ji+th=Li+thh...[,>DU1+1)...(I1+1,)=A,
so J1+J2 = A. Now inthesameway asin thepreviousparagraphonegets A/(J1.J2) ~
[l1<k<2A/Jx- By theinduction hypothesis A/J; >~ [[o< <, 4/1k. Thus,

A/ L)~ ] A/

1<k<n

Example. Let p; bedistinct primesand r; positive integers. Then

Z/(py ... prZ) ~ [ 2/p} 2.
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2. Modulesover rings

21 Let A bearing. An abelian group M is called an A-module if there is a
multiplication A x M — M suchthat a(x +vy) = ax + ay, (a + b)x = ax + bx, a(bz) =
(ab)x, 1z = x.

Examples. Every abeliangroupisa Z-module, so the class of abelian groupscoincide
with the class of Z-modules.
Every vector space over afield F' isan F-module.

22. Amap f:M — N iscaled a homomorphism of A-modulesif f(z +y) =
flx)+ f(y) forevery x,y € M and f(ax) =af(x) forevery a € A, x € M. A ho-
momorphism f of A-modulesiscalled anisomorphismof A-modules, or aternatively
an A-isomorphism, if f isbijective.

2.3. A subgroup N of an A-module M iscaledan A-submoduleof M if an € N
forevery a € A,n € N.

Example: Submodules of the A-module A areidealsof A.

For an A-module M andits A-submodule N define the quotient module M /N
as the quotient set of cosets m + N with the natural addition and multiplication by
elementsof A.

Similarly to 1.1 one proves. If M,N are A-modulesand f: M — N isan
A-module homomorphism, then the kernel of f isasubmodule of M and the image
of f isasubmoduleof N, and M /ker(f) is A-isomorphicto im(f).

Similarly to 1.1 submodulesof thequotient module M /N arein 1-1 correspondence
with submodules of M containing N.

Inparticular, if f: M — N isan A-module homomorphism, and K isasubmodule
of ker(f), then f inducesan A-module homomorphism g:M/K — N, m+K —

f(m).

24. For A-modules M, N theintersection M N N isan A-module. Soif M, N
are contained in alarger module L, one can speak about the minimal A-module which
contains afixed set of elementsrelatedto M and N.

Thenthe M + N = {m+n:m € M,n € N} isthe minima A-module which
contains all all elementsof M and N.

Define the direct sum of modules as the set theoretical product with the natural
addition and multiplication by elements of A.

Lemma. Let N, K be A-submodulesof an A-module M. Amap f: N K — N+K,
f((n, k)) =n+k isasurjective A-module homomorpismwhosekernel isin one-to-one
correspondencewiththeset N N K. Therefore, if NNK = {0}, N& K isisomorphic
to N+ K.
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Proof. Clearly f issurjective. Itskernel is {(n,k) : n+k =0}. Thenn = —k €
NNK. Amap {(n,k):n+k=0} - NNK, (n,—n)— n isabijection.

2.5. Thesubmodule M generated by elements z; isthe minimal submodule which
containsall of them, it consistsof finite A-linear combinationsof z,; elements z; € M
are called generatorsof M.

The minimal number of generators (if it exists) of M iscalled therank of M.

M issaidto be of finite typeif it has afinite number of generators. Every module
of finite type has finite rank.

An A-module M iscalled free if M has generators x; such that > a;xz; =0
implies a; =0 foral i. Thesetof x; iscaledthen abasisof M.

2.6. Lemma.

(1) Themodule A™ = ®1¢;<n A isfreeof rank n.

(2) Let M bean A-module of finitetypeand let z1, ..., z, begeneratorsof M.
Define a homomorphism

fiA" > M, (a1, ...,a,)— Zaixi.

Itissurjective. If N isthekernel of f, then M isisomorphic to the quotient module
(A)"/N. Thus, every A-module of finite type is isomorphic to a quotient of a free
module.

(3) Every free module of finite rank n isisomorphicto A™.

Proof. (1), (2) follow from the definitions. If A isfreeand the number of generators
isfinite equal to n, then the homomorphism (A)" — M issurjective and injective.

Elementsof N serve asrelations for generatorsof M.
As acorollary we deduce that the direct sum of free modulesisfrees A™ @ A™ ~
Antm,

Examples. 1. From linear algebrait is known that every module of finite rank over a
field hasabasisand is free.

2. Let A=7Z and M =Z/nZ for n > 1. Then M hasrank 1 and is not a free
A-module, since every element of M isannihilated by multiplication by n.

3. Polylinear constructions

3.1. Thesetof A-modulehomomorphismsfroman A-module M to N isan A-module:
af(m) = f(am), (f +g)(m) = f(m) + g(m). Itisdenoted Hom, (M, N).

Examples. Hom4(0, N) = Hom,4(M,0) =0. Homu (A, N) ~ N,
HomA(M7 Nl b N2) = HomA(M7 Nl) @ HomA(Ma N2)
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32. Amap f:M x N — R iscaled A-bilinear if for all m,m1, mo,n,n1,n2,a

f(ma ny + nZ) = f(m7 nl) + f(m7 nZ)a f(m7 an) = af(ma n)
f(ml +mo, n) = f(mla n) + f(m27 n)7 f(a’ma CL) = a’f(mv n)

So for every m themap N — R,n — f(m,n) isahomomorphism of A-modules
and for every n themap M — R, m +— f(m,n) isahomomorphism of A-modules.
Note that an A-bilinear map f does not induce a homomorphism of A-modules
M & N — R, since f(a(m,n)) = f(am,an) = a®f(m,n) is not equal to af(m,n)
in general. Denote the set of all A-bilinear maps f: M x N — R by Bil 4(M, N; R).
Thelatter isan A-module with respect to the sum of maps and multiplication of amap
by an element of A.
Similarly one can define A-n-linear maps.

Example. Let A = F be afield, and let M be an F-vector space of dimension
d1 and N be an F-vector space of dimension d,. Fix abasis {m;} in M and a
basis {n;} in N. Let C' be amatrix of order dy x do with entriesin F'. Define
amap f:M x N — F, f(m,n) = mCn° where m is written as a row and n°
asacolumn. Themap f isan F-bilinear map. Conversely, every F'-bilinear map
M x N — F isdetermined by itsvalueson {(m;,n;) : 1 <i < dj,1 < j < dp}:
Q- aimi, > bjng) = > aib; f(mi,n;). Now form a matrix C' out of f(m;,n;).
Thus, there is a one-to-one correspondence between bilinear maps M x N — F and
matrices of order d; x do with entriesin F'.

3.3. Tostudy A-bilinear maps from M x N to R itisuseful to introduce another
A-module T and abilinear map g: M x N — T suchthat bilinear maps f: M x N —
R are in one-to-one correspondence with homomorphisms of A-modules T — R
via g. In other words, we define an isomorphism of A-modules Bil 4(M, N; R) ~
Homu(T, R).

Todefine T first denoteby L thefree A-modulewith abasisconsisting of elements
lm.n indexed by elements of M x N. So an arbitrary element of L is afinite sum
> il n, With a; € A, m; € M and n, € N. Let K bethe A-submodule of L
generated by elements

lm1+m2,n - lml,n - lmz,na lm,n1+n2 - lm,nl - lm,nza
lam,n - alm,ny lm,an - alm,n
(fordl a€ A, me M and n € N).
Denote 7' = L/K. Theimageof [, , in T, i.e. thecoset [, , + K isusudly

denoted by m ® n.
Since L isgenerated by [,, ,,, themodule T" is generated by m @ n, i.e.

T={Zaimi®ni ta; € A,m; € M,n; € N}.
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These satisfy the relations:

(mi+m)@n=m1@n+my®n, (am)@n=alm®n),

mRMi1+tn)=mRni+meny, me (an) =a(m n)

(fordl a€ A, me M and n € N).

The module T isdenote M ® N and is called the tensor product of M and N
over A. Inparticular, wehave n ® 0=0(n ® 1) = 0.

Now definethemap g: M x N — M ® N by (m,n) — m®n. Itisan A-bilinear
map.

3.4. Theorem. For an A-bilinear map f: M x N — R define f"M @4 N — R
as f'O-aim; @ n;) = > a;f(m;,n;). 1tisawell defined map and it is a homomor-
phism of A-modules. The correspondence f — f’ isan isomorphism of A-modules
Bil 4(M, N; R) and Hom4(M ®4 N, R).

Proof. Extend f to a homomorphism L — R by l,,, — f(m,n). Since f is
bilinear, all generatorsof K are mapped to zero, soweget f' = a(f): M ® N — R,
F'O-amm; @n;) => a; f(m;,n;). Themap a isahomomorphism of A-modules.
Conversdly, if f': M @ N — R is ahomomorphism of A-modules, then define
f=06()MxN — R as f(m,n)=f og(m,n). Then f isan A-bilinear map.
Now a0 B(f") = a(f' o g) andso avo B(f) (> aimi @n;) = Y a; f’ o g(mi,n;) =
'O aym; @ n;). Wedso have 3o a(f)(m,n) = f(m,n).
Thus, o and 8 areisomorphisms.

So using the tensor product one can reduce the study of bilinear maps to the study
of linear maps.

Example. Let A =F beafield. Let M, N betwo F-vector spaces of dimensions
d1 and dy. In accordance with the previous lemma the vector space of linear maps
M ® N — F isisomorphic to the vector space of bilinear maps M x N — F. In
accordance with Example in 3.2 the dimension of the space Bil(M, N; F) is didy; if
my, ...,mq, iSabasisof M and nq,...,ne, isabasisof N, then every bilinear
map f: M x N — F isdetermined by itsvalueson {(m;,n;)}.

Therefore, the dimension of thevector space Hom (M ® N, F) is didy. Itisknown
from linear algebrathat the dimension of avector space V' equals to the dimension of
Hompg(V, F). Sothedimension of M ® N is did»; the F'-vector space M ® N has
abaSiSmi(X)nj, 1<K dl,lgj < ds.

Note that in the particular case of M = N thespace N ® N has dimension equal
to the square of the dimension of N. Inphysics, N over F' = C represents the state
vector of aparticle,and N @ N representsthe state vectorsof two independent particles
of the same kind.
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3.5. First properties of the tensor product:

Lemma. (1) M ®4 A~ M,
(i) M®sN~N®yM,
(4ii) (M ®a N)®@a R~M ®4 (N ®4 R),
(iv) M®a(N®R)~(M®aN)d(MeaR),
(v) Homuy(M®aN, K)~ Homu(M,Hom4 (N, K)) ~ Hom4 (N, Hom (M, K)).

Proof. To prove (i) we first define an A-homomorphism f:L — M,l,, ., — am
where L is afree A-module with abasis [,,, ,, m € M,a € A. Then K (which
is the submodule of L defined as in 3.3) isin the kernel of f. So f induces an
A-homomorphism g: M ®4 A = L/K — M, m ® a — am. Define h: M —
M®4 A, m—m®1 Then g and h areinverseto each other.

To prove (ii) use an A-homomorphism f:M @ N - N® M,m®n — n®@m
which correspondsto a map l,,, , — I, and an A-homomorphism ¢: N ® M —
M®N,n®m—m®®@n. [ and g areinverseto each other.

Toprove(iilusem@(n@r)— (Mmn)Rr,(mn)dr—me (nr).

For (iv) use m ® (n,r) — (m®n,m®7r), (M ®n,my®r) — my & (n,0)+
mp ® (0,r).

For(v)useh € Hom (M ®4 N, K) — h' € Homs(M,Hom (N, K)), h'(m)(n) =
h(m®n) and b’ € Hom (M, Hom (N, K)) — h € Homy(M ®4 N, K), h(m®n) =
h'(m)(n).

3.6. Examples.
() A" @4 A™ = A™™,
(2) Q ®z Z/mZ = 0. Indeed,

p/q® (n+mZ) =m(p/qm) @ (n+mZ) = p/(gm) @ (mn+mZ) =p/(gm) ©0=0.

Notethat Z/mZ isnot afree Z-module.

(3) Q ®2Q = Q. Indeed, define f:m®@n — mn. Itissurjective. If Y m; ®@n; —
0, then > m;n; = 0. Let ¢ be aleast common multiple of denominators of n; and
then n; =r;/q forinteger r;. Weget > m; ®n; =>_ m;r; ® (1/q) =0. Thus f is
an isomorphism.

3.7. Themodule M° =Hom,4(M, A) iscaled the A-dual moduleto M.

We have a bilinear pairing M x M° — A, (m, f) — f(m) which induces a
homomorphism M ® 4 M° — A and a homomorphism M — M?°°. For vector
spaces over afield it isinjective and by counting the dimensions of the spaces one can
show that the latter homomorphism is an isomorphism.

We have a homomorphism

Homa (M, N) — Homu(N®, M®),  f—(9—gof).

In the case of vector spaces the latter is an isomorphism.
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We have a homomorphism
M° @4 N° = (M®aN)°, [f@gr—(m@n— f(m)g(n)).

In the case of vector spacesit is an isomorphism.
Asacorollary of 3.5, (iv) we get (substitute K = A)

(M ®4 N)° =Homs(M @4 N, A) ~ Hom (M, Hom (N, A)) = Homyu (M, N°).

In the case of vector spaces over a field, counting dimensions, we deduce that the
homomorphism M° @4 N° — (M ®4 N)° — Homux (M, N°) is an isomorphism,
which gives a new definition of the tensor product of vector spaces. M ®4 N =
Hom,(M°, N).

Inthe casewhere NV = M° weconcludethat M° ® 4 M isisomorphic to the space
of A-linear operators Hom 4 (M, M) of M.

3.8. Extension of the ground ring.
Let B bean A-modulewhichisaring. Foran A-module M define Mg = B M
with

b aibi @ mi)) = > ai(bb;) @ ms.

This makes Mg a B-module, which is obtained from M by “extension of scalars’
A — B.

Examples. 1. To every R-vector space V' one associates its comlexification V¢ =
V ®r C whichisavector space over C of the same dimension asthe dimension of V
over R.

2. For afinitely generated abelian group M the Q-module Mg is afinite dimen-
sional vector space over Q. Notethat if M istorsion (i.e. for every m € M thereis
anon-zerointeger n such that nm = 0) then Mg = 0.

4. Noetherian modules

4.1. Proposition-Definition. An A-module M is called Noetherian if it satisfies one
of the following equivalent conditions:

(i) every submodule of M isof finitetype;

(ii) every increasing sequence of submodules stabilizes;

(iii) every nonempty family of submodules contains a maximal element with respect
to inclusion.

Proof. (i) = (i7): if M, isan increasing sequence of submodules, then consider
UM,, which is a submodule of finite type = > x;A; if al x; belongto M,,, then
Mszm+1: cees
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(44) = (i4i): if there is a nonempty family of submodules without a maximal el-
ement, then for every submodule in the family there is a submodule which is strictly
larger; then one gets an strictly increasing infinite sequence of submodules, a contra-
diction;

(7i7) = (i): let N beasubmodule of M andlet £ be amaxima module in the
family of submodules of finitetype of IV, thenfor every x € N thegroup E + Ax is
asubmodule of finitetypeand £ € E+ Az. Thus E+ Ax = F andso E = N.

4.2. Definition. A ring A is called Noetherian if A is a Noetherian A-module. In
other words the conditions of 5.1 hold for A with submodules replaced by ideals.

4.3. Example. Anintegral domainiscalled aprincipal ideal domain if every ideal is
principal. Every principal ideal domain is Noetherian; in particular, every field and Z
are Noetherian rings.

Corollary. Every nonempty family of ideals in a principal ideal domain contains a
maximal element.

4.4. Example. Let A bearingandlet B bethe polynomial ring A[ X3, Xp, ...] of
polynomialsin infinitely many variables X;. Then

(X1) C (X1, X2) C (X1, X2, X3) C ...
isastrictly increasing sequence of idealsof B. Thus, B isnot a Noetherian ring.

4.5. Lemma. Ifthequotientring A/I isaNoetherian A-module, thenitisaNoetherian
A/I-module, i.e. it isa Noetherian ring.

Proof. By the correspondence theorem A-submodulesof A/I arein one-to-one cor-
responence with A-submodules of A which contain I, the latter being the set of all
ideals of A which contain I and by the correspondence theorem it is in one-to-one
correspondence with the set of all idealsof A/I.

46. Lemma. Let M bean A-moduleand N isasubmoduleof M. Then M isa
Noetherian A-moduleiff N and M/N are.

Proof. Work with increasing sequences of submodules ((ii) in4.1. Let M be Noethe-
rian. Then increasing sequences of submodules of N stabilize and so do increasing
sequencesof submodulesof M /N, sincethey arein 1-1 correspondencewithincreasing
sequences of submodulesof M which contain V. This proves oneimplication.

Let N and M/N be Noetherian and let )/; be an increasing sequence of sub-
modules of M. Then thereis i; suchthat M; "N = M;41 " N for i > i; and
thereis ip suchthat (M; + N)/N = (M;+1 + N)/N for i > ip. Let i3 = max(i1, i)
andlet i > i3. Let a € M;+1. Thena=b+c forsome b € M; and c € N. So
ce M;sm1NN=M;,NN C M; andhence a € M;; thus M;+1 = M;.
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Corollary 1. If N; areNoetherian A-modules, sois ©[L 1 N; .

Proof. Induction on n using 4.6 and the property that the quotient module
@ N/ @'t N; isisomorphicto N,,.

Corollary 2. A homomorphic image of a Noetherian module is Noetherian.

Corollary 3. Let A be a Noetherian ring and let M be an A-module of finite type.
Then M isa Noetherian A-module

Proof. Let M haverank n. Then M isaquotient module of A™. Since A isa
Noetherian A-module, so is so is A™. Hence M as a quotient module of A™ is
Noetherian.

4.7. Theorem. Let A bea Noetherianring. Then A[X] isa Noetherian ring.

Proof. Let J beanon-zeroidea of A[X]. For n > O define
Jp={a€ A: thereis f(X)=ag+ - ---+aX" € J}.

Then J,, isanideal of A. Since X(ag+ ---+aX") = aoX + --- +aX", we
deducethat J, C J, C .... Since A is Noetherian, we deduce that thereis n such
that J, = J,+1 = .... For m < n theideal J,, as an ideal of the Noetherian
ring A isfinitely generated, let Cg_m) for 1 < j < k,,, beits generators. Denote by
f](m)(X) = ~--+c§m)Xm any polynomial of thistypein J.

Let f € J beof degree m. If m > n, then f(X) =ag+---+aX™ and a € J,,, =
Ins sother_ea_re aj € A suchthat a =3, ajcgn). Then f(X) — Zj(anm—”)f](.”) is
apolynomial in J of degree smaller than m.

If m < n, then there are a; € A such that a = Zj ajcg.m). Then f(X) —
Zj ajf](m) isapolynomial in J of degree smaller than m.

We see that we can decrease the degree of a polynomial on J subtracting from it an
appropriate A[X]-linear combination of f](m)(X ). By induction on m we deducethat
every polynomia in J isalinear combination with coefficientsin A[X] of f](.m)(X),
0<m<n, 1<j<k,,. Thus, J isfinitely generated and A[X] is Noetherian.

Remark. Note that the Noetherian ring A[X] is not a module of finite type over
A, since 1, X, X2, ... are A-linear independent. So A[X] is not a Noetherian
A-module.

Corollary. The polynomial ring K[ X3, ..., X,], where K isafield, isa Noetherian
ring. Thequotientring K[Xj, ..., X,]/I of thepolynomial ringisa Noetherianring.
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5. Unique factorization domains

All ringsin this section are integral domains.

5.1. Recdl that aunit of aring A isaninverstible element of A. All units A* of a
ring A form agroup with respect to multiplication.
Recall that for non-zero a, b

(a) C (b) iff b divides a (i.e. thereis ¢ € A suchthat a = be).

Hence (a) = (b) iff aA* = bA*. Denote by F' the field of fractions of A. Then
(a) = (b) iff ab~1 € F belongsto A*.

Definition. A non-zero element a of aring A which is not a unit of A iscalled a
prime element if a = be implies b isaunit or ¢ isaunit.

Note: if a isaprimeelement, then au isaprime element for any unit .

Exercise: a isaprime element iff theideal (a) isamaximal element in the family
of proper principal idealsof A (call such ideals maxp).

Example: if A is aprincipal ideal ring, then an ideal is a maxp ided iff it is a
maximal ideal.

5.2. Theorem. Everyproper non-zeroideal of aprincipal ideal domain A isthe prod-
uct of maxp ideals whose collection (counting multiplicities) is uniquely determined.

Proof. Let (a) beaproperideal of A. Consider thefamily of properidealsof A which
contain (a). The Noetherian property of A implies this family contains a maximal
eement, say (p1). So (p1) isamaximal principal ideal of A. Write a = pya; with
a1 € A. Since pp isn't aunit, (a) isproperly contained in (a1). Continuefor a1, get
ap, €tc. By 4.3 the chain of ideals (a1) C (a2) C ... should stabilize, which means
that (a,) = A forsome n (i.e. a, isaunitof A). Then (a) = (p1) ... (pn).

Let (p1)...(n) = (q1)-..(gm). Since A isaprincipa ideal domain, (p1) isa
maximal ideal of A, and henceitisaprimeidea of A. From ¢1...¢q,, € (p1) we
deduce that, say, q1 € (p1). S0 (q1) C (p1) and since (q1) isamaximal idea of A,
(q0) = (p1). So, uptoaunitof A theproduct p5...p, isequato ¢,... ¢, and hence
(p2) .- (n) =(g2) - .. (gm). Theinduction hypothesisimplies the uniqueness.

5.3. Definition. A ring A is called a unique factorization domain if every non-zero
dement of A is uniquely factorized into a product of prime elements and a unit.
Equivalently, every proper non-zero idea (a) is a product of a uniquely determined
collection (counting multiplicities) of maxp ideals.

Example. Every principal ideal domain is a unique factorization domain.
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Recall that every field, Z and every polynomial ring K[X] over afield K isa
principal ideal domain.

Indeed, for fields it is clear. For the ring of integers and the polynomial rings over
fieldsone can usethedivision algorithm. Namely, if I isanon-zero proper ideal of such
aring A, thenit containsan element a # 0 whose module |a| isminimal (resp. whose
degree is minimal) positive. Now for every b € I write using the division algorithm
b=ac+q withce A where0< ¢=b—ac e I issmallerthan |a| (resp. of degree
smaller than that of a) or ¢ = 0. The former is impossible, so the latter means that
I C (a), but obviously, (a) C I, so I =(a) isaprincipa ideal.

The previous theorem now implies that every field, Z and every polynomial ring
K[X] over afield K isa unique factorization domain.

Prime elements of afield F': none; units: all non-zero elements.

Primeelementsof Z: +£2,+3,45, ...; units; +1.

Prime elements of K[X]: irreducible polynomials of positive degree; units. ele-
ments of K <.

5.4. Lemma. If A isa unique factorization domain. Let p be a non-zero element of
A, notaunitof A. Then p isaprimeelement of A iff (p) isanon-zero prime ideal
of A.

Proof. Since p isnotaunit and not zero, theideal (p) isaproper non-zeroideal of A.
Let p beaprimeeement. Then from ab € (p) one deducesthat ab = pc and the
unique factorization property shows that either a or b isdivisibleby p, i.e. a € (p)
or b € (p); thus, (p) isaprimeideal of A.
Let (p) be aprime proper ideal of A. If p = ab then either a or b belongs to
(p). If, say, a =pc, then p = pch, so ¢cb =1 and b isaunit of A; thus p isaprime
element.

5.5. Definition. Let A be aunique factorization domain. For two elements a, b their
gcdisany element ¢ of A suchthat ¢ divides a and b, and every d which divides a
and b divides c. A gcd isunique up to multiplication by aunit of A.

Equivalently, d = gcd(a,b) iff (d) isthe minimal principal ideal of A containing
(a,b).

If both a, b arenon-zero and non-units, and a = upy* ... p!' and b = vpy™* ... p/"
with units w,v, prime p; and non-zero m;,n;, then d = wplll...pl; where [; =
min(n;, m;) and w isaunit.

Similarly one definesa gcd of several elements.

Lemma. Let A be a principal ideal domain. Then d isagced of a and b iff (d) =
(a) +(b).

Proof. Theideal generated by gcd(a,b) istheminimal principal ideal of A containing
(a,b) = (a) + (b), asnoted above.
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Elements a, b arecaled relatively prime if their gcd isaunit of A. Two elements
a,b arerelatively prime iff every factorization of a does not involve a prime element
which divides b. In particular, aprime element p isrelatively primewith b iff p does
not divide b. Inprincipal ideal domains a,b arerelatively primeiff (a,b) = ().

6. Polynomial ringsover unique factorization domains

In this section A isaunique factorization domain.

6.1. Definition. A polynomial f € A[X] is called primitive if there is no prime
element of A which dividesall the coefficientsof f.

Lemma. Every polynomial in A[X] canbewrittenas af with a € A and a primitive
polynomial f. Here a isagcd of the coefficients of f.

6.2. Lemma. Let K be the quotient field of A. For every non-zero polynomial f €
K[X] thereisanon-zero a € K suchthat af € A[X] isprimitive.

Proof. Let d € A be the product of denominators of all coefficients of f. Then
g =df € A[X]. Let e beagcd of al coefficientsof g. Then a =d/e.

6.3. Lemma. The product of two primitive polynomialsis primitive.

Proof. Let p beaprimedement of A. Let f(X) = a, X"+ --- +ag and ¢g(X) =
by, X™ + --- +bg. Let r bethe minima number such that p doesn’t divide a,;
similarly, s the minimal number such that p doesn't divide b,. The coefficient ¢ of
X7 of fgisa,bs+ D iy @ibres_i ¥ qu ar+s—jb;. Since a; for i < r and b;
for j < s aredivisbleby p, p doesn't divide c.

6.4. Lemma. If f, g areprimitivepolynomialsin A[X] and f = cg with ¢ € K, then
c isaunit of A.

Proof. Let ¢ = a/b with relatively prime a,b € A. Then ag = bf and so b divides
ag. Since agcd of the coefficients of g isaunit of A, agcd of the coefficients of ag
is a timesaunit v of A. Theelement b isrelatively primeto a and divides au, S0 b
isaunit of A. Similarly, a isaunit of A. Thus, ¢ isaunit of A.

6.5. It is easy to see that the units of the polynomial ring A[X] (i.e. invertible
polynomials) areunitsof A. A polynomia f in A[X] iscaledirreduciblein A[X]
if itisaprimeelement of A[X], i.e. if from f = gh with g, h € A[X] it followsthat
either g or h isaunit of A[X], i.e. belongsto A*.

Lemma. Let A bea unique factorization domain and K be the quotient field of A.
Let f € A[X] bea primitive polynomial of positive degree. Then f isirreduciblein
A[X] iff f isirreduciblein K[X].
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Proof. First, if f isirreduciblein K[X], and f = gh isits factorization in A[X]
then either g or h isof degree zero, and so isan element of A dividing f(X). Since
f(X) isprimitive, thiselementisaunit of A. Thus, f isirreduciblein A[X].

Now suppose f isirreduciblein A[X]. Let f = gh withpolynomials g, h over K.
Using6.2 let a,b € K \ {0} besuchthat ag,bh € A[X] are primitive polynomials.
Then abf = agbh isaprimitive polynomial by the previouslemma. Since f and abf
are primitive polynomials, we deduce from 6.4 that ab isaunit of A. Let vab =1 for
v € A. Thus, f = (vag)(bh) isafactorization of f in A[X]. Then either the degree
of vag (and henceof ¢) iszero or the degree of bh (and henceof h)iszero. Thus f
isirreduciblein K[X].

6.6. Theorem. Let A be a unique factorization domain. Then A[X] is a unique
factorization domain. Itsunitsareunitsof A andits prime elementsare prime el ements
of A and primitive irreducible polynomials over A of positive degree.

Proof. Let K be the quotient field of A. Recall that the ring K[X] is a unique
factorization domain and its prime elements are irreducible polynomials of positive
degreeover K.

If p isaprimeelement of A, thenfrom p = fg with f, g € A[X] it follows that
f,g € A; thus p isaprimeelement of A[X]. In6.5we saw that irreducible primitive
polynomials of positive degree are prime elements of A[X].

Let f be a non-zero polynomial in A[X]. Write f = ag with some non-zero
a € A and aprimitive polynomial g. The latter can be factorized in K[X] as [] g
with irreducible polynomials g; € K[X]. In accordance with 6.2 let a; € K* be
such that a;g; is a primitive polynomial. Since a;g; isirreducible in K[X], it is
irreduciblein A[X] by 6.5. Then g []a; = [][(a;g;) isaprimitive polynomia by 6.3.
Since g isprimitive, [Ja; isaunitof A by 6.4. Let v][[a; =1 forav € A*, then
f =av]](a;ig;). If a =]]b; isafactorization of a in A, then f =v][][b;[[(a;g:)
isafactorization of f inthe product of prime elements of A[X]. Thus, al the prime
elements of A[X] are prime elements of A and primitive polynomials of positive
degree which areirreducible over A.

If f=2"]]b;]]f/ isanotherfactorizationof f in A[X], thenfromtheuniqueness
of factorization in K[X] we deduce that up to a permutation f; = ¢;f! for some
c; € K* anddl i. By Lemma4 dl ¢; are units of A. Then from uniqueness of
factorization in A we conclude that up to a permutation b; = u;b; for units u; of A.

6.7. Examples.

1. Primeeementsof Z[X]: +£2,4+3,+£5, ... and X, X -1 X+1 ..., 2X+1 2X+
3,...,X%2+1,.... Notetha Z[X] is not a PID (since the ideal (2, X) is not
principal). Moregeneraly, Z[ X4, ..., X.,], F[X41, ..., X,] (F isafield) areunique
factorization domains.
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2. Prime elements of F[X][Y]: irreducible polynomialsin F[X] and irreducible
polynomials f(X,Y) = go(X) + g1(X)Y + --- + ¢, (X)Y"™ in F[X,Y], n > 0, such
that (go(X), ..., 9,(X)) = F[X]. Notethat F[X][Y] isnotaPID.

6.8. Reduction criterion of irreducibility. Let A be a unique factorization domain
and p aprimeelement of A suchthat F' = A/pA isafield. Let f(X) € A[X] bea
polynomial of positive degree whose leading coefficient is not divisible by p. Denote
theimage of f(X) in A[X]/pA[X] by f(X). If f(X) isirreduciblein F[X] then
f(X) isanirreducible primitive polynomial in A[X].

Proof. If f = gh with polynomia g,h over A of positive degree then their leading
coefficients are not divisible by p. Hence f = gh with polynomias g, h of positive
degree, a contradiction.

Example. X2+ X +1 hasno rootsin Z/2Z, hence it is irreducible over Z/2Z.

Then (2n+ 1) X2+ (20 + 1) X + (2k + 1) isirreduciblein Z[X] for all integer n, 1, k.

6.9. Eisenstein criterion of irreducibility. Let p beaprimeelement of A. Let
fX)=ap, X"+ - +ag € A[X],

n > 0. Assumethat a,, isvtdivisibleby p, a,_1, ... a0 aredivisbleby p and ag

isn't divisible by p2. Then f(X) isanirreducible polynomial in A[X] andin K[X].

Proof. If f = gh with polynomials g, h over A of positive degree then their leading
coefficients are not divisible by p. Let ¢g(X) = b, X™ + --- +bg and h(X) =
aXl+ .- +¢p. Since ag = bgcg isdivisibleby p and not by p?, only one, say bg is
divisbleby p and cq isreatively primeto p. Let s > 0 bethe smallest integer such
that b, isnot divisbleby p. Then a, = bsco+ ) o, bics—i +bocs iSV'tdivisible by
p, S0 s =n and thedegreeof ¢ is n, andthat of h iszero. Thus, f isirreducible.

Example. X" +pX" 1+ ...+pX +p isirreducible over Z.

7. Modules over principal ideal domains

Everywherein this section A isaprincipal ideal domain.

7.1. Lemma. (1) M(A)>* consist of matrices whose determinant is a unit of A.
(2) Let x4, ...,z be generators (a basis) of an A-module M. Then for every
matrix T € My (A)* elements y1, ..., yx given by

are generators (resp. a basis) of M.
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Proof. ()If T'e My(A)* then TT' = E forsome T’ € M(A). So det(T") det(T”) =
1, and det(T") € A*. Conversely, let det(T)) € A*. Recal that the inverse matrix 17"
of anonsingular matrix 7' can be found by aformula

T' = det(T)~*(aiy)

wheretheentry a;; of theadjugateto 7" matrix is (—1)**/ timesthe determinant of the
matrix obtained from 7" by cutting off the 7 th column and j th row. In particular, since
T € My(A), (ai;) € My(A). Now, since det(T) € A* weconclude T" € My (A).

(2) Since T isinvertiblein M (A), not only elements v, ...,y, are A-linearly
expressible via dlements x4, ..., xz, but x1, ...,z are A-linearly expressible via
dements y1, ..., yk.

7.2. Theorem (On submodules of a free module). Let M be a free A-module of
finiterank n. Let N beanon-zerosubmoduleof M. Then (i) N isfreeof rank k < n;
(i) M hasabasis 1, ...,z, suchthat ajzq, ...,arz, isabasisof N where a;
arenon-zero elements of A suchthat (a1) D (a2) D --- D (ax) # 0. Thissequence of
idealsis uniquely determined by N.

Proof. Existence.

The module M is of finite type over the Noetherian ring A, so it is a Noetherian
A-module by Corollary 3in4.6. N isitssubmodule, so it is a Noetherian A-module
by Lemma4.6.

Let 29, ...,z, beabasisof M. Let y1, ...,y begeneratorsof N. Each of
them can be written as a linear combination of x; with coefficientsin A:

Y1 T
<>=(a”)<>, CLijEA.
Ym In

Due to the previous lemma one can (by passing to another generatorsof M and N)
multiply (a;;) by invertible matricesin M,,(A) on the left and invertible matricesin
M, (A) ontheright. We aim to show that as a result of such permited transformations
the matrix (a;;) can be transformed to the matrix of the form

al 0
0 as

““l o o 0o a ..
0 0 0 0 0
0 0 0 0
with (a1) D (a2) D -+ D (ax).
Note that some of those multiplications correspond to interchange of columns or

rows, multiplication of acolumn or row by aunit of A, and addition of acolumn (row)
with another column (row) multiplied by an element of A.
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For a non-zero element a of A define I(a) as the number of prime eements
(counting multiplicities) in a factorization of «; this number does not depend on the
choice of factorization. a isaunitiff I(a) = 0. Put [(0) = +oc.

It easy to seethat if d isagcdof a,b then I(d) < min(i(a), i(b)). If (d) # (a),# (b),
then I(d) < min(i(a), [(b)).

The proof goes by induction on max(m, n).

Base of induction. If max(n,m) = 1, the statement is clear, since the matrix (a;;)
islx1.

Induction step. It is sufficient to prove the following claim: A can be transformed
ap O
0 B
applies the induction hypothesisto B, and aq will divide the entries of transformed
B). The proof of the claim goes by second induction on ! = min(l(a;;)).

Let [ =0. Thenoneof a;; isaunitin A. By interchanging rows and columns
one can assumethat ¢ = j = 1. So ajy; divides al other elements of the matrix. By
subtracting from the 4 th row thefirst row multiplied by ailal_ll and by similar operation
with the columns we can transform the original matrix to a new one (denote it still by
(a;;) whoseentriesin thefirst row and column except a11 arezeroand a1y dividesall
other entries.

Let [ > 0. Using the induction hypothesis (on /) we can assume that no permitted
transformation of the matrix (a;;) makesits number [ strictly smaller.

One can assume without loss of generality that [ = i(ayy). If a1p doesn't divide
some ag; OF some a;1, Say aq, thenlet d beagedof aq; and a1p andlet e, f € A
besuchthat eaj1/d+ fap/d =1. Let

e —ap/d O
T=|(f awu/d 0
0 0 E

to amatrix with aq dividing all entries of the matrix B (so that then one

The matrix 7' has determinant 1 and

(aij)T:<.C.l. 0 )

Since I(d) < I(a11) =1, we get a contradiction.

S0 ay; must divideall az; and a;1. By subtracting from the i th row the first row
multiplied by ailal_ll and by similar operation with the columns we can transform the
original matrix to a new one (denote it still by (a;;) whose entriesin the first row and
column except a1 arezeroand [ = I(a11) isstill the minimum of I(a;;).

If a11 doesn’t divide some a;; with 4, j > 2, then add to the first row the i th row
which puts a,; inplace 1;j. Repeating the previous argument we get a contradiction.

Thus, bothincase /=0 and [ > 0 aj = ay; dividesall a;; andentriesin the first
row and column except a;; are zero.
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Thus, M has abasis z1, ...,z, suchthat N isgenerated by aix1, ..., arzk.
Clearly k < n. From ) ¢;(a;z;) = 0 one deduces c;a; = 0 (since z; is abasis of
M) and hence ¢; =0. Thus, ayxy, ...,arx, formabasisof N.

Uniqueness. Let d; beagcd of the i-rowed minors of (a;;). Since the rows (resp.
columns) of T'(a;;) (resp. (ai;)1") arelinear combinations of rows (resp. columns) of
(ai;), d; divides agcd of the i-rowed minors of 7'(a;;) and of (a;;)7. Since T is
invertible, we conclude that d;((a;;))A* = d;(C)A*. Sincethe i-rowed minorsof C'
isay...a;, wededucethat

d;(C)=aq...a;u=a;d;_1(C)v
for units u,v. Thus a, areequal up to aunit of A to d;((ai;))/di—1((ai;)). So (a;)
are uniquely determined by the submodule N.

7.3. TheMain Theorem on modulesof finitetypeover aprincipal ideal domain. Let
A beaprincipal ideal domain. Let R #0 bean A-module of finite type. Then
R~A/L® ---®A/L,

where I, O --- D I, areproper ideals of A (some of which may be zero) uniquely
determined by R.

Proof. Let rq, ...,r, beaminimal set of generatorsof R. By 2.6 thereisasurjective

homomorphism f:(A)” — R sothat R isisomorphicto (A)"/N where N is the

kernel of f. Let M = (A)™; apply the previous theorem. Put a; =0 for ¢ > k and

I; = a; A. Sothe sequenceof theideals I4, ..., I, isuniquely determined by R.
Defineamap

g:®A/a; A — (Bx; A)/(Da;x;A), (b +a;A) — (x;b;) + Da;z; A.
It isanisomorphism. Thus,
R~ (A)"/N ~ (®z;A)/(®a;x;A) ~ DA/a; A = DA/ ;.
Example.  Finitely generated abelian groups. every such group is isomorphic to
®iZ)a;Z & (Z)"~* with ay dividing ay dividing ag, ..., dividing a; 7 0.

7.4. Corollary. Everymoduleof finitetypeover aprincipal ideal domainisisomorphic
to the direct sum @M, of modules M; where M; = A or M; = A/p™A where p isa
prime element of A.

Proof. If Iy = (a1) and a1 = [[p;* with prime p; then by the Chinese Remainder
Theoremin1.5wehave A/I1 ~ [[ A;/p;" A.

7.5. Definition. A module M over an integral domain A istorsion freeif am =0
implies a =0 or m =0.
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Examples. (A)" istorsionfree; A/I isnottorsionfreeif I 0.

Corollary. Every torsion free module of finite type over a principal ideal domain is
free.

Proof. Indeed, if R isatorsion free module of finite type then al I, in theorem 8.3
must be zero, so R ~ A™ isfree.

Exercise. Q isatorsionfree Z-module and is not free. Of course, Q isnot of finite
type over Z.

8. Spectrum of rings

8.1. Onecantrytostudy aring A by looking at all of its surjectiveimagesin integral
domains, which is equivalent to looking at al prime ideals of A. Alternatively one
can study A by looking at all of its surjective images in fields, which is equivalent to
looking at all maximal idealsof A.

Definition. The spectrum Spec(A) of aring A isthe set of primeideals P of A.
The maximal spectrum m-Spec( A) of aring A isthe set of maximal ideals M of A.

8.2. Examples. 1. Spec of afield consists of one element —the zeroideal (0).

2. Spec(Z) isin one-to-one correspondencewith all positive prime numbers and 0.

3. If A isaprincipal ideal domain, then Spec(A) consistsof principal primeideals
(a) where a runsthrough all classes of prime elements of A up to multiplication by a
unit of A and zero.

If K isafidd, then Spec(K[X]) consists of the zero ideal and principal ideals
generated by monic irreducible polynomials.

In particular, elements of Spec(C[X]) differentfrom {0} (i.e. elementsof the max
spectrum m-Spec (C[ X])) are one-to-one correspondence with complex numbers.

4. If A isaprincipal idea domain, thenit canbeshownthat Spec (A[X]) consistsof
thezeroideal, principal idealsgenerated by irreducible polynomials f(X) and maximal
ideals M = (p, q(X)) generated by two elements, where p is a prime element of A
and the reduction of ¢(X) modulo p isan irreducible polynomial over A/pA.

8.3. Let f: A — B beahomomorphismofrings. Let P beaprimeideal of B. Then
itspreimage f~1(P) isaprimeideal of A (notethat 15 ¢ P implies 14 ¢ f~1(P)).
So we get amap of sets

f*: Spec(B) — Spec(d), P fTH(P).

Examples. Spec(Z/pZ) — Spec(Z), Spec(Z[i]) — Spec(Z).
Let M beamaximal ideal of B. Then f~1(Af) isn't necessarily amaximal ideal
of A.
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Example: f:Z — Q, f~%({0}) = {0}.

However, if f is surjective, then A/f~Y(M) ~ B/M, so f~(M) isamaximal
ideal of A.

It is more natural to work with Spec rather than with m-Spec even though the
latter is more naturally related with analytic and geometric objects.

8.4. Geometric interpretation of spectrum. Let I beanidea of C[X1, ..., X,].
Theset V = V(1) of all solutions of polynomia equations f(X1, ..., X,) =0, fel
iscalled an algebraic variety.

For asubset X of C™ consider the set of all polynomias g € C[ X3, ..., X,] for
which g(X) =0. Itisanidea of C[X1, ..., X,] and caledtheidea J(X) of the set
X.

So one has two maps.

V:.idedlsof C[ X4, ..., X,] — agebraic varietiesof C",
J:subsets X of C" — idedlsof C[ X7, ..., X,].
We have J(X1) C J(Xp) if X1 D X, and V(Iy) C V(1) if Iy D I, J(®) =
Cl[X4, ..., X], JVI) DI, V(J(X)) D X.

Definition. For an idea I its radical v/T is the set of elements a of A such that
a” € I forsome n > 0.

Theny/T isanided: if a™,b™ € I then (a+b)"*™ e I. If I isprimethen/T = 1.

Hilbert theorem on zeros. J(V(I)) =v/I. In particular, if I isprimethen J(V (1)) =
1.

An algebraic variety X iscaledirreducibleif X = V(1) for aprimeidea I.

Theorem. Themaps V, J inducea1-1 correspondencesbetween Spec(C[ X 1, ..., X,])
and irreducible algebraic varietiesof C™. They induce a 1-1 correspondence between
m-Spec ((C[ X1, ..., X,]) and pointsof C".

Proof. The previous theorem implies that if an algebraic variety V' is irreducible
= V() foraprimeideal I, then J(V) = I isaprimeideal. Wealso have V (J(V (1)) =
V(I). Hencethemaps V' and J are 1-1 correspondences between

Spec(C[X71, ..., Xn]) and irreducible algebraic varietiesof C™ .

To prove the second part we need to describe the image of maximal ideals.
If = isapoint of C™, thenthe map

ClX1, ..., Xn] = C, = f(2)

is asurjective homomorphism whose kernel M, consists of polynomialswhich have x
asazero. Thus, M, isamaximal idea of C[Xq, ..., X,]. Obviousy x € V(M,).
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Since for y /x there is a polynomial f such that f(z) = 0 # f(y) we deduce
V(M) = {z}. If M isamaxima idea then V(M) is not empty, since by the
Hilbert theorem J(V(M)) = M # C[Xq, ..., X,] = J(0). Let z € V(M) then
M, = J({z}) D J(V(M)) = M, hence since the LHS and RHS are maximal idedls,
M, =M.

Thus, m — Spec((C[ X1, ..., X,]) = {M,} anditsimage with respectto V' areall
pointsof C™.

8.5. For anagebraicvariety V' define thering
ClV] =C[Xq, ..., Xu]/J(V).

It is called the ring of polynomial functionson V. If V isirreducible C[V] isan
integral domain.

By the correspondence theorem we have a one-to-one correspondence between
ideals of C[V] andidedsof C[Xy, ..., X,] which contain J(V). Itiseasy to see
that maximal ideals of C[V] correspond to maximal ideal of C[X73, ..., X,] which
contain J(V'). Thus, from the previoustheorem we deducethat for an algebraic variety
V' themaps V, J induce a 1-1 correspondence between m-Spec (C[V]) and points of
V.

8.6. Analytic interpretation of spectrum. Let X beabounded closed set in afinite
dimensional vector spaceover R or C. Denoteby C(X) the set of al real continuous
functionson X. Itisaring. For z € X denote by M, the set of all functions g in
C(X) forwhich g(x) = 0. Itisamaximal ideal of C'(X) asthekernel of the surjective
map C(X) — R, f— f(x). We havethe map

O: X — m-Spec(C'(X)), z+— M,.

From analysisit is known that for = # y thereis f € C(X) suchthat 0 = f(x) #
fy), so f e M,,f¢& M, andthen M, 7 M,. Hence @ isinjective.

Let M be a maxima idea of C(X) and V = V(M) = {z € X : f(z) =
0 foral f e M}. If V isempty, thenfor every x € X thereis f, € M such
that f.(z) #0. Since f, iscontinuous, thereisaneighbourhood U, of = where f,
takes only non-zero values. So X = UU,.. One can deduce that there arefinitely many
U, whose unionis X. Let X = U, U ---UU,,. Consider f = f2 +---+ f2 .
Then f € M. Sincefor every z € X thereis f,, suchthat f,, (z)> > 0 we
deduce f(z) > O forevery z € X. So f~1 € C(X). Recal that f € M. Then
1= ff~1 e M, acontradiction. Thus, V isnon-empty. Tekeany =z € V. Then
M Cc M,, so M =M,. Thus, ® isabijection and we proved

Theorem. There is a 1-1 correspondence between points of a bounded closed set
X in a finite dimensional vector space over R or C and the maximum-spectrum
m-Spec (C'(X)) of thering of all real continuous functionson X .
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9. Localization

9.1. Definition. Let A bearingand S isasubset of A. S iscalled amultiplicative
(sub)setif 1€ S and a,b e S =abesS.

Examples of a multiplicative sets:

1. S= A\ {0} isamultiplicative set if A isan integral domain.
2. Foraprimeidea P theset S = A\ P isamultiplicative set.
3. For c€ Atheset S, ={1,¢,¢?, ...} isamultiplicative set.

92. Let 0¢ S. Definearelation = on A x S:
(a,s) ~ (b,t) iff thereis u € S suchthat (at — bs)u =0.

One can think of (a,s) as a/s. Trangtivity of the relation: if (a,s) ~ (b,t) and
(b,t) ~ (c,p), thenthere are u,v € S such that (at — bs)u = (bp — ct)v = 0. Then
(ap — cs)tuv = 0. Since tuv € S, we conclude that (a, s) ~ (¢, p).

Denote by a/s the equivalence class of (a, s) with respectto =. Let S~1A4 be
the set of all equivalence classes. Define the ring structureby a/s +b/t = (at + bs)/st,
(a/s)(b/t) = ab/st. The RHS doesn’t depend on the choice of representatives. The
zeroof S~1A is 0/1 and the unity is 1/1.

Thering S—1A iscalled thering of fractions of A with respectto S.

9.3. Examples.
1) A isanintegral domain, S = A\ {0}. Then S~1A isthefractionfield of A.

2) Let P beaprimeideal of A. Then S = A\ P isamultiplicative subset of A.
Thering

Ap=(A\P) YA={r/s:rec A s¢P)}
iscalled the localization of A a P. For example,
Ly =A{r/s:r,s € L,s ¢ pL}.

3) Geometric interpretation of the localization.

Let V' be an irreducible algebraic variety. Then P = J(V) is a prime ideal of
C[Xy,...,X,] andso C[V] =C[X4, ..., X,]/J(V) isanintegral domain.

The localization C[X3, ..., X,]p isasubring of C (X4, ..., X,,) consisting of
rational functions {f/g : f,g € C[X1, ..., X,],9 ¢ P} which are defined on a
nonempty subsetof V. If V = {«} isapoint,then P ismaximaland C[ X1, ..., X,]p =
{f/g: f,g€C[Xy,...,X,],¢9(x) # 0} consists of rational functions which are de-
fined at x.
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9.4. Define ahomomorphism

p:A— STTA, #(a) = a/1.

The kernel of ¢ isequal to {a € A : thereiss e S suchthat as=0}. If A
is an integral domain then ¢ isinjective. It isn't injective in general, for example,
A=7[X]/(2X), S =252, ¢(X +(2X)) =0.

We have ¢(S) C (S~1A)* since (s/1)(1/s) = 1. For example, al primesin Z not
divisible by p havetheir imagesin the localization Z,) as units of the latter ring.

9.5. Proposition. Everyideal J of S—1A isof theform
S~r={a/s:aecl,seS},
where T = ¢~1(J) isanideal of A.

Proof. If I isanidea of A then S—17 isanideal of S—1A.

If J isanidea of S—1A, put I =¢~1(J); itisanidea of A.

We have ¢(I) ¢ J and hence S—1I C J.

If a/s € J, thenfor every s € S wehave (a/s)(s/1) = a/1 = ¢(a), SO ¢(a) € J,
hence a € I, and a/s € S~I. Thus, J C S~1I.

Corollary. If A isNoetherian, sois S—1A.

9.6. Proposition. Primeidealsof S—1A arein one-to one correspondencewith prime
idealsof A digoint with S:

P,PNS=0— S7P,
Q— ¢ HQ).
Thus, Spec(S—1A4) = {PS—1A: P € Spec(A),PN S =0}.

Proof. Let P beaprimeideal of A digoint with S.

If 1/1 were equal to p/s € S—1P, then we would have (p — s)u = O for some
u € S. Then su = pu € P which contradicts su € S.

If a/s-b/t =p/u with p € P, u € S, then (abu — pst)v = 0 and (ab)(uv) =
pstv € P. Since uv € S doesn’'t belong to P we deducethat ab € P and therefore
gither a € P or b € P. Then either a/s € S™1P or b/t € S™1P and the ided
S—1p isprime.

If Q isaprimeidea of S—1A, thenitspreimage P = ¢—(Q) isaprimeideal of
A by 8.3.

From the proof of Proposition 9.5 we get Q = S~1P. If PN S # (), then for
s € PNS wewouldhave 1= s/s € @, acontradiction. Therefore, P isdigoint with
S.

It remains to show that maps «: P — S—1P for PN S =0 and 5:Q — ¢ 1Q)
are inverse to each other. From 9.5 we already know that « o 3 is the indentity map.
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To show 3 o a isthe indentity map let a € ¢~1(S~1P). Then a/1 = p/s for some
p € P,s € S. Hencethereis u € S suchthat u(p —as) =0, i.e. a(us) € P.
Since us € S, we have us ¢ P. Since P is prime we deduce a € P. Thus
»~1(S~1pP) = P.

9.7. Corollary. Let P beaprimeideal of A. Thenthelocalization Ap hasonly one
maximal ideal, namely Mp = PAp. Thus, Spec(Ap) = {QAp : Q € Spec(A),Q C
P}, m-Spec(Ap) = {PAp}.

Proof. Indeed, primeidealsof Ap correspondtoprimeidealsof A whicharecontained
in P. Hence the only maximal ideal of Ap correspondsto P. All other maximal
ideals of A dissappearin Ap.

Definition. Let P beaprimeideal of aring A. Theresiduefieldof A a P is
k‘(P) =AP/MP.

Example. pZ,) isthe only maximal ideal of Z,). Notethat Z ) isv't afield (p
isn'tinvertiblein Z, ). Theresiduefield of Z at (p) is

k((p)) = Zy)/pZp) = .

9.8. Definition. Aring A iscaledalocal ringif m-Spec(A) consists of one element,
i.e. A hasexactly one maximal ideal.

Example. Thelocalization Ap isalocal ring. Every field isalocal ring.

99. If Aisaloca ringand M isits maximal ideal, then 1+ M C A*. Indeed,
if for some m € M 1+ m werenot aunit of A, thentheidea (1+m) isaproper
ideal of A, henceitiscontainedinthe maximal ideal M ; since m € M wewould get
1=1+m —m € M, acontradiction.

9.10. Nakayama's Lemma. Let N be a module over aring A generated by k&
elements nq, ...,n;. Let I beanideal of A.

a)If N=IN ={Y"c;n;:c; €I} thenthereisan element a € 1+ suchthat
aN =0.

b) If M isthemaximal ideal of alocal ring A and M N = N, then N =0.

Proof. a)Let N =IN. Assumethat N #0. Let nq, ...,nx € N betheminimal set
of generators of the A-module N with the minimal possible k. Then n1 € N = IN,
SO ny = Z;?:l bljnj with blj € I. Then (1 — by1)ng — bong — -+ — byng = 0.
Similarly wefind b;; for i =2, ..., n. Soforthematrix C = E — B, B = (b;;) we
have C' times the column consisting of n1, ...,n; equals 0. Multiplying N by its
adjugate matrix we obtain det(C)N =0. Findly, a =det(C) € 1+ 1.



2004/2005 27

b) If M isthe maximal ideal of alocal ring A, then every element of 1+ M isa
unit, so the conditions of (a) are satisfied. So thereisan element a € 1+ M such that
aN =0. Since 1+ M C A*, thereisb € A suchthat ba = 1. Now N =baN = 0.

Corollary. Let A beacommutativeringwith unityandlet N bean A-module of finite
type. Let f: N — N bea homomorphism of A-modules. Then f isan isomorphism
iff f issurjective.

Proof. Defineontheabeliangroup N the structure of A[ X]-module by indicating the
actionof X on N:
X-n:=f(n), neN.

Let 7 = XA[X]. Then f(N) =N implies IN = N and by part (a) of Nakayama's
Lemmawe know that thereisan element a € 1+ I suchthat aN =0. Theelement a
can bewrittenas 1+ p(X)X forapolynomia p(X) € A[X]. Thenfor every n inthe
kernel of f we have
O=an=0A+pX)X)n=n+p(X) - (X -n)=n+p(X)-(f(n))=n+0=n.

Thus, f isinjective.



