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In this treatise, the authors present the general theory of orthogonal polyno­
mials on the complex plane and several of its applications. The assumptions
on the measure of orthogonality are general, the only restriction is that it
has compact support on the complex plane. In the development of the the­
ory the main emphasis is on asymptotic behavior and the distribution of
zeros.

In the first two chapters exact upper and lower bounds are given for the
orthonormal polynomials and for the location of their zeros. The next three
chapters deal with regular nth-root asymptotic behavior, which plays a key
role both in the theory and in its applications. Orthogonal polynomials
with this behavior correspond to classical orthogonal polynomials in the
general case, and many extremal properties of measures in mathematical
analysis and approximation theory turn out to be equivalent to this type of
regularity. Several easy-to-use criteria are presented for regular behavior.

The last chapter contains applications of the theory, including exact rates
for convergence of rational interpolants, best rational approximants, and
nondiagonal Pade approximants to Markov functions (Cauchy transforms
of measures). The results are based on potential-theoretic methods, so both
the methods and the results can be extended to extremal polynomials in
norms other than £2 norms. The Appendix contains a brief introduction
to potential theory.
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Preface

The theory of orthogonal polynomials can be divided into two loosely re­
lated parts. One of them is the formal, algebraic aspect of the theory, which
has close connections with special functions, combinatorics, and algebra,
and it is mainly devoted to concrete orthogonal systems or hierarchies of
systems such as the Jacobi, Hahn, Askey-Wilson, '" polynomials.

The investigation of more general orthogonal polynomials with meth­
ods of mathematical analysis belongs to the other part of the theory. Here
the central questions are the asymptotic behavior of the polynomials and
their zeros, recovering the measure of orthogonality, and so forth. This part
has applications to approximation processes such as polynomial and ratio­
nal interpolation, Pade approximation, and best rational approximation,
to Fourier expansions, quadrature processes, eigenvalue problems, and so
forth.

Textbooks on orthogonal polynomials usually cover material from both
parts of the theory but give different emphasis in accordance with indi­
vidual preference. Only the classical book [Sz3) by Gabor Szego aims at a
treatment of the subject in an encyclopedic manner. The present book is
exclusively devoted to the second part of the theory. The main emphasis is
on the investigation of the asymptotic behavior of general orthogonal poly­
nomials, but related questions as, for instance, the distribution of zeros are
also taken into consideration. A whole chapter is devoted to applications
of the results in other areas.

Until now most of the asymptotic theory of orthogonal polynomials has
concentrated on orthogonal systems for which the measure of orthogonality
is supported on the real line or on the unit circle. Even then it has usu­
ally been assumed that the measure of orthogonality is sufficiently thick
on its support. The present work is devoted to orthogonal polynomials
with respect to general measures u, The only requirement on J-l is that it
has compact support in C, that is, both the support 8(11) of J-l and the
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"thickness" of p can be arbitrary. Thus, we allow both the measure and its
support to be "wild," each of which has its own reflection in the general
theory.

For orthonormal polynomials Pn(p; z), as for sequences of polynomials
in general, there exists a hierarchy of types of asymptotic behavior. We
mention here the most common ones, which are called power (or Szego),
ratio, and nth-root asymptotic behavior. Roughly speaking, these mean
that the sequences

(P.l)

(P.2)

and

(P.3)

{
Pn(Pi z) ~I}

c.p(z)n n E I~ ,

{
pn+l (p;z) ti E N} ,

Pn(p; z)

{ ylPn(P; z) In EN}.

respectively, tend to a limit on a certain set of values z E C as n --+ 00

(in (P.l) the function ip has to be appropriately chosen). It is easy to see
that each type of asymptotics in the hierarchy (P.l) to (P.3) implies the
next one. Consequently, the nth-root asymptotic behavior is the most gen­
eral of the three types and it requires the weakest assumptions. At the
same time it is sufficient for many applications, as, for instance, the conver­
gence of polynomial (Chebyshev-Fourier) expansions based on the system
{Pn(JL; z) I n EN}, or the convergence of continued fractions or Pade ap­
proximants to Markov functions (for other applications see Chapter 6).

In this context the present work can be classified as a monograph on nth­
root asymptotic behavior. Earlier research in this direction has been mainly
due to P. P. Korovkin, J. Ullman, P. Erdos, G. Freud, P. Turan, and H.
Widom, although the case of general support has barely been touched upon.
It was especially J. Ullman who systematically studied different bounds and
asymptotics on orthogonal polynomials with respect to arbitrary measures
p on [-1, 1], and we owe a lot to his research and personally to him for
initiating and keeping alive the subject.

The present monograph synthesizes and considerably extends earlier re­
search concerning general orthogonal polynomials. A large part of it (d.
Chapters 3-6) contains new results very often without any precedence (d.
Chapter 5, Sections 3.2-3.4, 4.2-4.6). We have put special emphasis on ex­
amples illustrating that our results are sharp. It has also been important
for us to illustrate the possible connection with and the applicability of our
theory to other fields of mathematical analysis (see Chapter 6).

Our proofs use potential-theoretic considerations. The usefulness of log­
arithmic potentials in the general theory can be easily understood if we
recall that the modulus of a polynomial is basically nothing else than the
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exponential of a discrete potential. We very rarely use explicitly the orthog­
onality property - most of our proofs are based on the L 2 minimality of the
monic orthogonal polynomials. Hence, our method works for V-extremal
polynomials as well.

The content of the different chapters is briefly as follows. In Chapter 1 we
give sharp upper and lower bounds for orthonormal polynomials and their
leading coefficients. Chapter 2 examines the location and asymptotic dis­
tribution of the zeros. An extremely important concept 1 "reqular (nth-root)
asymptotic behavior" (in symbols, /-1 E Reg), is introduced and character­
ized in Chapter 3. Polynomials with this property are the natural analogue
of classical orthogonal polynomials in the general case, and they have many
applications and equivalent formulations in different subjects of approxima­
tion theory. To facilitate these applications one needs easy-to-use criteria
for /-1 E Reg, which are given in Chapter 4. In Chapter 5 a surprising
phenomenon is investigated: The regularity is basically a local property.
Finally, Chapter 6 contains several applications of /-1 E Reg of which we
mention here only the results in Sections 6.1 and 6.2, where the classical
connection between continued fractions and orthogonal polynomials is ex­
tended to rational interpolation and best rational approximation of Cauchy
transforms of measures /-1, and it is shown that /-1 E Reg is equivalent to
an exact maximal rate of convergence for these rational interpolants or
approximants.

In the Appendix we assemble those results from the theory of logarithmic
potentials that are frequently used in the text. A list of symbols and an
index helps the reader to keep track of notations.

We used formula numbers of the form (a.b), where a denotes the section
number within the actual chapter, and b the formula number within the
section. If we want to refer to a formula in a different chapter, then we use
the form (c.a.b)l where c denotes the chapter number and a and b are as
above.
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1

Upper and Lower Bounds

This chapter is devoted to sharp upper and lower bounds for orthonormal
polynomials with respect to general weights. The two bounds are given in
terms of Green functions related to the carriers of the measure in question. As
a corollary, sharp bounds are obtained for the leading coefficients. All subse­
quent chapters use both the notations and the results from the present one.

The chapter is organized as follows: Section 1.1 contains the statement
of the main results; in Section 1.2 we prove some potential-theoretic pre­
liminaries needed in the proofs. The actual proofs of the upper and lower
estimates are carried out in Section 1.3, and the proof of their sharpness
is given in Section 1.4. Finally, in Section 1.5 we construct some examples
that illustrate the results.

1.1 Statement of the Main Results
The main results in this section are lower and upper asymptotic bounds for
the nth root of the orthonormal polynomials Pn(J.l; z) as n ---+ 00, as well as
their unimprovability.

In what follows cap(S) denotes the (outer logarithmic) capacity of a
bounded set S C C, that is, cap(S) = infu cap(U), where the infimum
extends over all open sets U :J S (see Chapter 11, Section 2 of [La] or
Appendix I), and we say that a property holds qu.e. (quasi everywhere)
on a set S C C if it holds on S with possible exceptions on a subset of
capacity zero. The abbreviation "qu.e." will be also used for "quasi every."
By gB (z; (0) we denote the (generalized) Green function with logarithmic
pole at infinity associated with a Borel set B C C with bounded comple­
ment C \ B. For our investigation and especially for the definition of the
minimal-carrier Green function given in (1.3), it is essential that the Green
function is defined for Borel sets B C C, and not only for domains in C,
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as it is the case in most text books. More details about the definition of
Green functions will be given at the beginning of the next section and in
the Appendix (see Appendix V).

/-1 will always denote a finite Borel measure on C with compact support
8(/-1) := supptu]. Let 0 = 0(/-1) denote the outer domain of 8(/-1), that
is, the unbounded component of C \ 8(/-1), Co(S(/-1)) the convex hull, and
Pc(8(/-1)) the polynomial c~nvex hull of S(p), that is, Pc(8(/-1)) = C \ O.
(The name polynomial convex hull is derived from the fact that for any
compact set 8 C C the set Pc( S) is the intersection of all sets Sp := {z E

C I Ip(z)1 < sUPxES Ip(x)l} with p a polynomial not identically zero.) The
set 80 C 88(/-1) is called the outer boundary of 8(p).

We shall always assume that the support of p consists of infinitely many
points. Then we can form the uniquely existing orthonormal polynomials

In(/-1) > 0, n E N,

with respect to /-1, which are defined by the orthogonality relations

/ Pn(/L; z)Pm(/L; Z)d'L(Z) = on,m,

where 8n,m = 1 if n = m and 8n,m = 0 otherwise. In (/-1) is called the
leading coefficient of Pn(/-1; .).

Whereas cap(S(p)) and go(z; (0) depend only on the set 8(/-1), or more
precisely, on the outer boundary 80 of S(l.t) , we now introduce a type of
capacity and Green function that depends on the carriers of the measure /-1.

Definition 1.1.1. Let f(/-1) be the set of all carriers of the measure /-1, that

'lS,

(1.1) f(/-1) := {C C C I C a Borel set and /-1(C \ C) = O},

then the minimal-carrier capacity (of the measure /-1) is defined as

(1.2) cJ.L := inf{ cap(C) ICE f(/-1), C bounded}

and the minimal-carrier Green function (of the measure /-1) is defined as

(1.3) gJ.L(z; (0) := sup{9C\c(z; (0) ICE f(/-1), C bounded}, z E C.

Lemma 1.1.2. We have

(1.4 )

and

(1.5)

for all z E C.

cJ.L < cap(8(/-1))

gJ.L(z; (0) > go (z; (0)
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Proof. The lemma immediately follows from S(J-l) E I'(u).

3

D

The Examples 1.5.1 and 1.5.2 show that in (1.4) and (1.5) proper In­

equality as well as equality may hold true.
Before we come to the main theorems of this section, we state a lemma

about the location of the zeros of the orthonormal polynomials Pn (J-l; z),
n E N. It will be proved together with related materials in Section 2.1.

Lemma 1.1.3. All zeros of the orthonormal polynomials Pn(J-l; z), n E N,
are contained in the convex hull Co(S(J-l)), and for any compact set V C n
the number of zeros of Pn(J-l; z), n E N, on V is bounded as n ---+ 00.

Remarks. (1) If S(J-l) ~ IR, then Co(S(J-l)) is the smallest interval I C R
containing S(J-l). Lemma 1.1.3 shows that a well-known result from the
theory of orthonormal polynomials associated with measures J-l with sup­
port S(J-l) C IR, namely, that all zeros of Pn(J-l; z), n E N, are con­
tained in Co(S(J-l)) (see Section 1.2.2 of [Fr]), carries over to weight
measures J-l with compact support in C. However, the result that all zeros
of Pn(J-l; z), n E N, are simple, which holds in the case of measures u with
S(J-l) C IR, is no longer true in the general case. (See, for instance, the very
simple Example 1.5.1.)

(2) In the case S(J-l) C IR the orthonormal polynomials Pn(J-l; z), n E N,
can have zeros outside Pc(S(J-l)) only if S(J-l) is disconnected. The arc
measure on the unit circle and Example 2.1.2 show that for measures J-l
with support in C the situation is different. There the support S(J-l) can be
a continuum (but not convex), and the orthonormal polynomials Pn (J-l; z)
can have zeros outside Pc(S(J-l)). These zeros may even cluster outside of
Pc(S(J-l)) as n ---+ 00. The phenomenon explains why in the next theorem
the lower asymptotic bound requires different formulations for each of the
three cases z ¢ Co(S(J-l)), zEn n Co(S(J-l)), and z E an.

For the formulation of our main result we introduce the following limit
relation. We say that

lim inf Ifn (z)I > h(z)
n~oo

holds true locally uniformly in an open set D if for every zED and Zn ---+ z
as n ---+ 00 we have

lim inf 1f n ( Zn) 1 > h (z ) .
n--+oo

Thus, the two notions "locally uniformly in D" and "uniformly on compact
subsets of D" are different. In general, the latter is stronger than the former
one. However, if h is continuous, or merely upper semicontinuous (for a
lim sup relation, h lower semicontinuous), then these two notions coincide.
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Theorem 1.1.4. We have

(1.6) lim sup IPn (fl; z) Il/ n < e91'- (z;oo)
n-oo

locally uniformly in C, and

(1.7)

locally uniformly in C \ CO(S(fl)). In CO(S(fl)) n n the asymptotic lower
bound (1.7) holds true only in capacity, that is, for every compact set V C n
and every e > 0 we have

(1.8) lim cap({z E V I IPn(fl; z)ll/n < e9n (Zjoo) - c}) = O.
n-oo

In Co( S (fl)) n n the lower bound can also be given in the following form:
For every infinite subsequence N C N we have

(1.9) lim sup IPn(fl; z)ll/n > e9n (Zjoo)
n-oo, nEN

qu.e. in nn CO(S(fl)),

and on the outer boundary an of S(fl) we have

(1.10) lim sup IPn(fl; z )Il/n > 1
n-oo, nEN

qu.e. on an.

Remarks. (1) If the two Green functions gn(z; (0) and gJ1(z; (0) are iden­
tical, then we have proper and identical limits in (1.6) and (1.7). (The exis­
tence of a proper limit and equality in (1.7) will be called regular asymptotic
behavior in Section 3.1.) If the two Green functions are not identical for a
weight measure u; that is, if we have a proper inequality in (1.5) for some
value z E C, then it will be shown in Theorem 1.1.9 that there exists a
measure v having the same set of carriers as u; that is, I'(v) = r(fl) and
hence gJ1(z; (0) =gv(z; (0), such that we have equality in both (1.6) and

(1.7) for {IPn(v; z)11/n I n EN}. Hence, both bounds are sharp.

(2) Whereas the upper asymptotic bound (1.6) holds true locally uniformly
on C, the lower bound (1.7) holds true in this strong sense only on compact
subsets of C \ CO(S(fl)). This weakness of the lower asymptotic bound in
Co(S(J1)) is caused by the zeros that the polynomials Pn(fl; z) may have
everywhere in CO(S(fl)). In Corollary 1.1.5 the zeros in CO(S(fl)) n n will
be factored out.

(3) The upper asymptotic bound (1.6) is not specific for orthonormal poly­
nomials. It holds true for any sequence of polynomials normalized in L 2(fl ),
as will be shown in Theorem 1.1.8.

(4) On the outer boundary an of S(fl) an asymptotic estimate in capacity
such as the one in (1.8) cannot, in general, be true since there the asymp­
totic density of the zeros can be positive almost everywhere.
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(5) The simple Example 1.5.1 shows that in the interior of the polynomial
convex hull Pc(8(J1)) we cannot, in general, expect 1 as a lower asymp­
totic bound. The special case Int(Pc(8(J1))) = 0, which includes all weight
measures J1 on the real axis, is formulated separately in Corollary 1.1.6.

Corollary 1.1.5. Let U, V c n be two compact sets, U containing V in its
interior, and let Xn,l, ... ,Xn,m(n) be the zeros ofPn(J1jz), n E N, on U.
Then we have

(1.11)

uniformly on V.

liminf Pn(J1jz)
n~oo nm(n)( )

j=l Z - Xnj

l/n

> e9n (Zjoo)

Corollary 1.1.6. If the interior ofPc(8(J1)) is empty, then for any infinite
subsequence N C N we have

(1.12) lim sup IPn(J1; z)ll /
n > 1

n~oo, nEN

Note that the interior of Pc(8(J1)) is empty exactly when 8(J1) has con­
nected complement and empty interior.

If we consider the orthonormal polynomials Pn(J1; z), n E N, near infinity,
then from the upper and lower asymptotic bounds (1.6) and (1. 7) in Theorem
1.1.4 we immediately deduce upper and lower asymptotic bounds for the nth
root of the leading coefficient /n(J1) of the orthonormal polynomials:

Corollary 1.1.7. We have

(1.13)

where cap( S (J1)) = 0 or cll = 0 is allowed.

It has already been mentioned in Remark 3 to Theorem 1.1.4 that the
upper asymptotic bound (1.6) is not specific for orthonormal polynomials.
In the next theorem we state the result for arbitrary sequences of polyno­
mials. The upper bound (1.6) then follows as a corollary.

Theorem 1.1.8. For any sequence of polynomials Pn not identically zero
and of degree at most n E N, we have

(1.14)

locally uniformly in C.
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Finally, we show the sharpness of the estimates in Theorem 1.1.4. To do
this let us call two measures v and p, carrier related (denoted v ,....., p,) if v
and p, have the same carriers, that is, f(v) = f(p,). Obviously, this is the
same as their mutual absolute continuity on each other. Since for carrier­
related measures u and p, the Green functions gJ.L and gl) are identical, and
furthermore S(v) = S(p,), it follows that the upper and lower bounds (1.6)
and (1.7) are the same for' carrier-related measures. Now, from this point
of view they are sharp.

Theorem 1.1.9. (a) There is a Vl ,....., P, such that

(1.15)

locally uniformly for z rt. Co(S(p,)).

(b) There is a V2 ,....., P, such that

(1.16)

locally uniformly for z rt. Co(S(p,)).

(c) There is a V3 ,....., P, such that

(1.17)

and

(1.18) lim sup IPn(v3; z)!l/n = e9 /L (Zjoo)
n---too

for every z rt. Co(S(p,)).

The unimprovability of the other estimates in Theorem 1.1.4 can also be
verified. Without going into details we only remark concerning (1.8):

Corollary 1.1.10. With p, and V2 as in Theorem 1.1.9, for every compact
set V c n we have

(1.19)

uniformly on V

lim sup IPn(V2; z)1 1/ n < e9o (z;oo)
n---too

1.2 Some Potential-theoretic Preliminaries
Minimal carriers will be introduced in this section. Representations for the
minimal-carrier Green function gp,( Zj 00) and a related principle of domina­
tion will be proved. All results will be used throughout the whole chapter.
We start with some terminology.
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(2.1)

A sequence of measures {vn} is said to converge weakly (or in the weak*

topology) to a_measure v (in C), written Vn. ~ v, if for every function f
continuous in C we have

! fdvn ~ ! fdv as n ~ 00.

Since the unit ball of positive measures is weak* compact, from every
sequence {vn } of probability measures we can select an infinite subsequence
with index set N C N such that {vn I n E N} is weak* convergent. This
result is often called Helly's selection theorem.

For a (Borel) measure v with compact support S(v) in C we set

p(v; z):= ! log Iz ~ xl dv(x),

and call it the (logarithmic) potential of u,
For a polynomial P we denote by vp the positive measure that has at

every zero of P a mass equal to the multiplicity of that zero. This measure
is called the zero distribution of P. Thus, IIvpll = deg(P) and for monic
polynomials P we have log IP(z)1 = -p(vp; z).

The Green function gB (z; (0) of a Borel set B C C with bounded com­
plement has already been mentioned in Section 1.1. In order to have a basis
for proofs, we state three fundamental properties of gB (z; 00 ), which can
be taken as defining properties:

(i) gB(Z; (0) is nonnegative and subharmonic in C, and harmonic in
Int(B) \ {oo}.

(ii) gB(Z; (0) = log Izi - log(cap(C \ B)) + 0(1) as [z] ~ 00, where 0(1)
tends to 0 as Izi ~ 00.

(iii) gB (z; (0) = 0 for qu.e. z on C \ B.

If cap(C\B) = 0, then 9B(Z; (0) - 00. The function 9B(Z; (0) exists and is
uniquely determined by (i) to (iii) for every Borel set B C C with bounded
complement C\B; see Appendix V. We note that we have defined gB(Z; (0)
for all z E C. If the bounded complement C := C \ B is of positive capacity,
that is, if

(2.2) cap(C) > 0,

then (see Appendixes IV and V) there uniquely exists a probability measure
we. called the equilibrium distribution of C, with S(wc) C C such that the
Green function 9B(Z; (0) has the representation

(2.3) gB(Z; (0) =-p(WC; z) -log(cap(C)).

If C is a compact set, then S(wG) is contained in the outer boundary
8Pc(C) of C; in general, however, we only know that S(wG) C C. Since
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Wc is in general not carried by C, it is sometimes useful to know that the
set C can be exhausted from within by nested compact sets Cn C C so the
capacity, the associated Green functions, and the equilibrium distributions
converge to the corresponding objects of the set C. More formally:

There exist compact sets Cn C C, n E N, with Cn C Cn+ l and cap( Cn) > 0
such that

(2.4)

(2.5)

lim cap(Cn ) = cap(C),
n-too

for all z E C, and wCn ~ wo as n ---+ 00. The sequence {gC\Cn(z; oo)} is
monotonically decreasing.

We will only sketch the proof: From the capacitability of Borel sets (see
Appendix I) it follows that a sequence {Cn } exists so that (2.4) holds true.
The existence of limit (2.5) and the weak* limit of the equilibrium distri­
butions follows from the monotonicity of the sequence {9C\Cn (z; oo)} (see

Theorem 1.26 of [La]). That the limit (2.5) is identical with the Green
function 9B (z; 00) can then be derived with the help of the three defining
properties of Green functions by standard techniques (see also the reason­
ings applied in Appendix IV and V).

We note that all sets and functions to be subsequently defined are Borel
measurable and therefore we do not have to care about inner and outer
capacity.

After these general results from potential theory we turn to results re­
lated to the minimal-carrier Green function 9J.L (z; 00).

The elements of f(J.L) are partially ordered by inclusion and the capacity
is a monotone set function. It is therefore possible and often useful to
consider elements in f(J.L) which are minimal with respect to capacity.

Definition 1.2.1. The elements of the set

(2.6) fo(J.L) := {C E f(J.L) I cap(C) = cJ.L and C C S(J.L)}

are called minimal carriers.

Lemma 1.2.2. The set fo(J.L) is not empty, and for every C E f(J.L) there
exists an element Co E fo(J.L) with Co ~ C.

Remark. Contrary to the minimal-carrier capacity cJ.L and the minimal­
carrier Green function 9J.L(z; CXJ), which are both uniquely defined, there
exist in general more than one minimal element in fo(J.L).

Proof. Let C E f(lL) be arbitrary. By (1.2) there exists a sequence
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C n E T(j.L), n E N, with cap(Cn ) --t cp, as n --t 00. If we set COn .­

S(p,) n Cn , n E N, then we have COn E r(p,) for all n E N, and therefore
00

(2.7) Co:= nCOn E f(p,) and cap(Co) = Cw
n=1

Hence, Co E fo(j.L) and Co c C. D

The minimal carriers of fo(p,) provide us with a representation of the
minimal-carrier Green function gp,(z; (0) as an ordinary Green function.

Lemma 1.2.3. For any C E ro(p,) we have

(2.8) gC\c(z; (0) - gp,(z; (0),

and

(2.9) gp,(Z; (0) = 0 qu.e. on C.

Proof. If c{l = 0, then fJC\c(z; (0) - 00 and cap(C) = 0 for all C E fo(J.L).
Since in this case we also have gp,(z; (0) =00, the identities (2.8) and (2.9)
hold true.

Let us now assume c{l > 0, and let C1 and C2 be two arbitrary elements of
fo(J.L). Co := C1 nC2 also belongs to fo(J.L), and therefore cap(Cj) = cp, for
j = 0,1,2. By checking the three defining properties (i) to (iii) of a Green
function, it is easy to verify that both Green functions gc\C} (z; (0), j =

1,2, are at the same time the Green function of the set C \ Co. Hence, by
the uniqueness of Green functions we have

(2.10) gC\C1(z; (0) - gC\C
2
(z; (0),

which shows that all Green functions fJC\c(z; (0), C E fo(J.L), are identical.
Since for two bounded Borel sets C1, C2 ~ C the inclusion C1 C C2

implies

gC\C1(Zioo) > gC\C
2(z;00)

for all Z E C,

and since every carrier C E f(J.L) contains a minimal carrier Co E fo(J.L),
identity (2.9) follows from identity (2.10) and definition (1.3) of the mini­
mal-carrier Green function g{l(z; (0). Equality (2.9) then follows from the
corresponding property of gC\C(z; (0). D

The next lemma immediately follows from Lemma 1.2.3 together with
representation (2.3) for ordinary Green functions.

Lemma 1.2.4. If Cp, > 0, then all C E fo(J.L) possess the same equilib­
rium distri-ution, which we denote by wp" and for gp,(z; (0) we have the
representation

(2.11) gp,(Z;oo) - -P(Wp,iZ) -logcp,.
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Definition 1.2.5. The probability measure w/-l is called the minimal-carrier
equilibrium distribution associated with J-L.

Lemma 1.2.6. We have

(2.12)

if and only if

(2.13)

gO (z; (0) - 9/-l ( z; 00 )

C/-l = cap(S(J-L)).

Proof. Let us assume (2.12). Then (2.13) follows from considering both
Green functions in (2.12) near infinity.

Let us now assume (2.13). Then S(J-L) is a minimal carrier and (2.12) is
a consequence of (2.8). D

Next we investigate the special case when the weight measure J-L is equal
to the equilibrium distribution WS(/-l) of S(J-L). We shall need the results
later. But besides that, the lemma shows that the equilibrium distribution
is an instructive example of a weight measure J-L that satisfies (2.13).

Lemma 1.2.7. Let S C C be a compact set with cap] S) > 0, and set
W := ws. Then we have

(2.14)

(2.15)

and

(2.16)

Cw = cap(S) = cap(S(w)),

gw (z; (0) = .9C"\S(z; 00 ) ,

Ww =w.

(2.17)

Proof. If we represent 90(z; (0), n := C \ Pc(S(w)), and gw(z; (0) as in
(2.3) and (2.11), respectively, by logarithmic potentials and apply Fubini's
theorem, then we get

Jgw(z; oo)dw(z) =Jgn(z; 00 )dww(z) + log cap~(w))

(For the case cap(S(w)) = Cw = 1, equality (2.17) is known in potential
theory as the formula of reciprocity.)

Let Co be the set of all z E C with gw(z; (0) = O. Then from Lemma
1.2.3 we know that cap(C \ Co) = 0 for any C E fo(w). Since w = ws is
of finite energy it follows that w(C \ Co) = 0 and therefore Co E f(w).
Hence, the integral on the left-hand side of (2.17) is zero. The integral on
the right-hand side of (2.17) is nonnegative, which implies Cw > cap(S(w)),
and with inequality (1.4), formula (2.14) follows.
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Identity (2.15) then follows from Lemma 1.2.6, and (2.16) follows from
(2.15) together with representation (2.11). 0

The last result in this section is a domination principle for the mini­
mal-carrier Green function Yj1\z; (0). It turns out that a combination of
the measure-theoretic "J.L-almost everywhere" and the potential-theoretic
"quasi everywhere," which we call "J.L-quasi everywhere," is very appropri­
ate in this connection. It is also very helpful for the formulation of polyno­
mial extremality problems in L2(J.L).

Definition 1.2.8. We say that a property holds /1- quasi everywhere (j.L­
qu.e.) on a set 8 C C if there exists a Borel set 80 C S with cap(80) = 0
and the property holds J.L-almost everywhere on 8 \ 80· If S = C or = C,
the reference to 8 may be dropped.

From Lemma 1.2.3 we know, for instance, that the minimal-carrier Green
function gj1(z; (0) is equal to zero J.L-quasi everywhere.

Lemma 1.2.9. Let v be a probability measure with compact support 8(v) C

C, and let c be a constant such that

(2.18)

Then we have

(2.19)

and

(2.20)

p(v; z) + c > 0 ii-quas» everywhere in C.

p(v; z) + c > -gj1(z; (0) for all Z E C,

Remark. The case cj1 = 0 has not been excluded in Lemma 1.2.9. The
assumption that 8(v) is compact is not essential; it has been made here in
order to safeguard the existence of p(v; z).

Proof. If cj1 = 0, then gj1( z; (0) _ 00, and (2.19) and (2.20) are trivially
satisfied. Let us now assume cj1 > 0, and let c' be the set of all points
Z E C where the inequality in (2.18) holds true. From Definition 1.2.8
it follows that there exists a Borel set e" C 8 (J.L) of capacity zero such
that Cf U C" E f(J.L). From Lemma 1.2.2 we know that there exists a
minimal carrier C E fo(J.L) with C C C f U C". As in (2.4) and (2.5) there
exist compact sets Cn C C, n E N, with Cn C Cn+l, cap(Cn ) > 0,
such that the limits (2.4) and (2.5) hold true. Let W n be the equilibrium
distribution of the set Cn. Because cap(Cn ) > 0, the measures Wn are of
finite logarithmic energy and therefore wn(C") = 0 and so C' E r(wn ) for
all n E N.
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From 0' E f(wn ) and from the definition of the set 0' it then follows
that

(2.21) p(v; z) + c > 0 > -.Yc\C
n

(z; 00) - p(wn ; z) + log(cap(Cn))

wn-almost everywhere. Since Wn is of finite energy, it follows from (2.21)
and from the principle of domination of potential theory (see Appendix III)
that

(2.22) p(v; z) + c > -fJC\C
n

(z; (0) for all z E C.

Using the limit (2.5) and representation (2.8) for gj1(z; (0), we derive (2.19)
from (2.22). The inequality (2.20) follows from (2.19) by considering both
sides in (2.19) near infinity. 0

1.3 Proof of the Upper and Lower Bounds

The positive results of Section 1.1 will be proved here. There are two groups
of problems which require separate treatment: On the one hand, the upper
asymptotic bound in Theorem 1.1.4 and in Theorem 1.1.8, and on the
other hand, Lemma 1.1.3, the lower asymptotic bounds (1. 7) to (1.10) in
Theorem 1.1.4, and the lower asymptotic bound (1.11) in Corollary 1.1.5.
We start with the first group.

The proof of Theorem 1.1.8 is a combination of the principle of domi­
nation for gp.(z; 00), which has just been proved in Lemma 1.2.9, and the
next lemma.

Lemma 1.3.1. For any infinite sequence of functions hn E L 2 (J.L ), n E

N, N C N, with

(3.1 ) limsup Ilhnll~() < 1
n-+oo, nEN j1

there exists an infinite subsequence No C N such that

(3.2) limsup Ihn (z)]l jn < 1 p.-olmost everywhere.
n-+oo, nENo

Proof. Set in := {lhn l/ (n llhnll£2(j1»)}2, n E N. Then in ---+ 0- in L 1(Ji- ),
and therefore there exists an infinite subsequence No C N such that

(3.3) lim fn(z) = 0 J.L-almost everywhere.
n-+oo, nENo
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Proof of Theorem 1.1.8. Since the polynomials Pn , n E N, in Theorem
1.1.8 can be multiplied by a nonzero constant without changing the value
of the terms on the left-hand side of (1.14), we can assume without loss of
generality that all polynomials Pn , n E N, are monic.

(a) In a first stage we still assume that all zeros of the polynomials Pn are
contained in a disc {z Ilzl < R} with a fixed radius R > O. From Helly's
selection theorem and an ordinary compactness argument it follows that we
can select an infinite subsequence N ~ N so that the following two limits
exist:

1 *-Vp ~ v.n n '

(3.4)
1
n log IIPnIIL2(/-L) ---+ C E IR U {-oo}

as n ----+ 00, n E N. It is easy to verify that the measure v is positive,
S(v) C {z I Izl < R}, and IIvll < 1. From (3.4), the principle of descent
and the lower envelope theorem of potential theory (see Appendix III) we
deduce that

(3.5)
. 1 IPn(z)1

hmsup -log < -p(v; z) - C
n-too, nEN n IIPnIIL2(/-L)

locally uniformly for all z E C, and equality holds true in (3.5) for qu.e. z in
C. If we now apply Lemma 1.3.1 to the sequence hn := Pn/IIPnIIL2(/-L)' n E

N, then (3.1) is trivially satisfied. From (3.2), from the fact that we have
equality quasi everywhere in (3.5), and from the definition of J.L-quasi ev­
erywhere (see Definition 1.2.8) it follows that

(3.6) -p(v; z) - c < 0 J.L-quasi everywhere.

From Lemma 1.2.9 it then follows that

(3.7) -p(v; z) - c < g/-L(z; (0) for all z E C.

This together with (3.5) proves (1.14) for the subsequence N.
From (3.7) the proof that (1.14) holds true locally uniformly in C is easy:

Suppose on the contrary that the latter one fails to hold. Then there are a
subsequence N of the natural numbers, a point z E C, and for every n E N
a point Zn E C such that Zn ---+ z as n ---+ 00, n E N, but

I" (IPn(zn)l) lin 9 (ztoc)1m =:, > e I-' , •

n-too IIPn IIL2(/-L)

From N we can select a subsequence, which we continue to denote by N,
for which the limits in (3.4) exist. Now the preceding relation implies via
the principle of descent that

exp( -p(v; z) - c) > , > exp(g/-L(z; (0)),
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but this contradicts (3.7), and this contradiction fully proves that (1.14)
holds true locally uniformly.

(b) In the second stage of the proof we drop the temporary assumption
that all zeros of the polynomials Pn are contained in a disc {z Ilzl < R}.
Let V ~ C be a compact set and let R > 0 be so large that S(J-L) U V c
{z I Izi < R}. Furthermore let k > 1 be a fixed constant. We factorize the
polynomials Pn into two monic polynomials hn and qn so that

(3.8)

hn(z) i 0 for all Izi < kR. and qn(z) i 0 for all Izi > kR. By elementary
calculations we can show that

(3.9)

for all z E {z I Izi < R}. Since the sequence of polynomials qn, n E N,
satisfies the assumption of the first part of the proof, and since k can be
chosen arbitrarily large, from (3.9) the theorem follows in full generality.

D

Together with Theorem 1.1.8 we have also proved the upper asymptotic
bound (1.6) of Theorem 1.1.4.

Next we come to the second group of problems: the proofs of the lower
asymptotic bounds (1.7) to (1.10) of Theorem 1.1.4, and the lower asymp­
totic bound (1.11) of Corollary 1.1.5. These proofs are based on the fol­
lowing well-known and easily provable extremality property of the leading
coefficient rn(J-L) of the orthonormal polynomial Pn(J-L; z), n E N, in L 2(J-L):

We have

(3.10)

(3.11)

for every monic polynomial 'lri(z) = z" +... of degree n, and equality holds
in (3.10) if and only if qn = Pn(J-L; z)/rn(J-L). In fact, it is enough to write
qn as a linear combination of the Pk(J-L; ')s, and to apply orthogonality.

In the sequel we denote the monic orthogonal polynomial with respect
to the measure p, by

( )
Pn(J-L; z)

qnP,;z:= rn(P,)'

Besides minimality (3.10) the next lemma plays a major role.

Lemma 1.3.2. Let V, S C C be two compact sets.

(a) If V and Pc(S) are disjoint, then there exist a < 1 and mEN such that
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(3.12)

for arbitrary m points Xl, ... ,xm E V there exist m points Yl, .. , ,Ym E C
for which the rational function

m
Z - y.

rm(z) := II J
z - x·

j:::::1 J

has on S a supremum norm satisfying

(3.13) Ilrmlls < a.

(b) If V and Co(S) are disjoint, then we can assume in part (a) that
m=1.

Proof. Without loss of generality we may assume that cap(S) > 0 and
that Pc(S) is regular with respect to the Dirichlet problem in C \ Pc(S).
For otherwise we can replace S by {z Eel dist( z; S) < €} with € > 0
sufficiently small.

(a) Let us assume that V and Pc(S) are disjoint, and let us further assume
that part (a) of the lemma is wrong. Then there exists No C N such that
for every m E No there exists a set X m := {Xl, ... ,xm } C V of m points
so that for any choice of a set Ym := {Yl, '" ,Ym} C C of m points we have

(3.14) lim inf II r m "S > 1,
n-+oo,mENo

where Trn. is defined as in (3.12). We will disprove (3.14).
By Helly's selection theorem there exists an infinite subsequence N C No

with

(3.15) 1 *-vx -----+ v as m ~ 00, mEN,m m

(3.16)

where v is a probability measure with S(v) C V. We consider the Green
potential

q(z):= f gC\Pc(S)(z;x)dv(x),

where .9C\Pc(S)(z; x) is the Green function of the domain C \ Pc(S) with
logarithmic pole at x ¢ Pc(S). Since Pc(S) has been assumed to be regular,
we have gC\Pc(S) (z; x) = 0 for all z E Pc(S) and x ¢ Pc(S) (see Theorem
4.7 of [La] or Appendix VI). As a consequence we have q(z) = 0 for all
Z E Pc(S). As an analogue to representation (2.3) of the Green function
Yc\Pc(S)(z; (0), we have for x E C \ Pc(S) the representation

.9C\Pc(S)(z; x) =p(Dx - W x ; z) + .9C\Pc(S) (x; (0),

where Wx is the balayage of the point mass Dx on 8Pc(S) (see (A.18) in
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Appendix VII or Chapter IV, Section 3, p. 217 of [La)) and Ox is Dirac's
measure of the point x, This representation yields the identity

q(z) =Jp(bx - Wx; z)dv(x) +JYc\Pc(S) (x; 00 )dv(x),

from which we see that

(3.17) p(lJ - W v ; z) =q(z) - q(oo),

(3.18)

where Wv is the probability measure on 8Pc(S) defined by

W v := JwxdlJ(x),

and

(3.19) q(00) = J~\Pc(S) (x; 00 )dlJ(x) > 0

is a positive constant since !lC\Pc(S) (x; 00) > 0 for all x E V. It may be
of some help for the reader to remark that (3.18) is nothing else than the
balayage of lJ onto 8Pc(S) (see Appendix VII).

Since the discrete measures are weak* dense in the unit ball of posi­
tive measures, we can select a sequence of sets Ym := {Y1, .. ' ,Ym} C

8Pc(S), mEN, with

(3.20) 1 *
-Vy; --i' Wv as m ~ 00, mEN.m m

From (3.15) it follows that

(3.21)
1 m 1

lim -log II I I = p(lJ; z)
m-+oo, mEN m j=l z - Xj

uniformly on S, and from (3.20) together with the principle of descent of
potential theory (Appendix III) it follows that

(3.22)
m

liminf ~ log II I 1 I > p(wv ; z)
m-+oo, mEN m j=l Z - Yj

locally uniformly on S. Since the regularity of Pc(S) implies that p(wv; z)
is continuous throughout C, it follows that (3.22) is true uniformly on S.
Hence, by (3.17) and the fact that q(z) = 0 for all z E S, we have shown
that

(3.23) limsup Ilrmll¥m< e-q(oo) < 1,
m-+oo, nEN
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where the rational function Tm is defined as in (3.12) by the points of the
two sets X m and Ym . The asymptotic estimate (3.23) contradicts (3.14),
and therefore part (a) of the lemma is proved.

(b) Let us now assume that V and Co(S) are disjoint. Set m = 1 and

(3.24) a '.= 1/ 1 + (dist(V, S))2 < 1
diam(S) .

For an arbitrary Xl E V define Yl E Co(S) as the nearest point to Xl in
Co(S). By elementary geometrical considerations we can easily show that
the convexity of Co(S) implies that

(3.25)
z - Yl < a for all Z E Co(S).
Z - Xl -

Thus, part (b) of the lemma is also proved. o

Proof of Theorem 1.1.4 and Corollary 1.1.5. Since the upper asymp­
totic bound (1.6) in Theorem 1.1.4 follows immediately from Theorem 1.1.8,
only the different forms of the lower asymptotic bounds (1.7) to (1.11) re­
main to be proved. We start with the proof of (1.10), which turns out to
be the key for the proof of all other lower bounds.

(a) By Helly's selection theorem and an ordinary compactness argument we
know that any infinite subsequence N C N contains an infinite subsequence,
which we continue to denote by N, such that the two limits

(3.26)

1 * 1
nVpn(J.tj.) ------t v and n log,n(J-l) ---+ c E IR U {oo} as n ---+ 00, n E N,

exist (d. also Lemma 1.1.3 which easily follows from Lemma 1.3.2 and will
be proved in Theorem 2.1.1). From the lower envelope theorem of potential
theory it then follows that

(3.27) lim sup !..log IPn(J-l; z)1 = -p(v; z) + c
n--+oo, nEN n

(3.28)

qu.e. in C. Note that the right-hand side of (3.27) is defined quasi every­
where even if c = 00, for a potential can be infinite only on a set of zero
capacity (see, e.g., Theorem 7.33 of [He]). From Lemma 1.1.3 we know that
Pn(J-l; z) has all its zeros in Co(S(J-l)). Therefore, (3.26) implies

lim !..log IPn(J-l; z)1 = -p(v; z) + c
n-H)(l, nEN n
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locally uniformly for z E C \ Co(S(Ji)). Furthermore, from (3.26), Lemma
1.1.3, and from the fact that deg Pn(Ji;') = ti, it follows that v is a proba­
bility measure with

(3.29) S(v) ~ Pc(S(Ji)).

Because of (3.27), the lower asymptotic bound (1.10) is proved if for any
infinite subsequence N C N, for which the two limits in (3.26) exist, we
can show that

(3.30) -p(v;z)+c>O

for qu.e. z on an. Actually, we shall prove that (3.30) holds true for all
z E an. The proof will be carried out indirectly.

Let us assume that (3.30) does not hold true for all z E an. Then

(3.31) an n Ao i- 0 for the set Ao:= {z Eel - p(v; z) + c < O}.

This implies that there exists 8 > 0 such that

(3.32) an n A8 i- 0 for A8:= {z Eel - p(v; z) + c < -8}.

From the upper semicontinuity of -p(v; z) it follows that A8 is open. The
subharmonicity of -p(v; z) implies that every component of A8 is simply
connected. Every such component A8 has the same boundary aA8 in the
fine topology and in the ordinary planar topology (see Appendix II). This
combined with that fact that potentials are continuous in the fine topology
implies that on aA8we must have

-p(v; z) + c = -8.

In particular, if n > 8 and A~ is a component of A7J lying in A8, then

we have A; C A8. By the minimum principle of harmonic functions this
is possible only if A8n S(v) i- 0. Hence every component of the set As
has a nonempty intersection with S(v). Therefore, there exists a simply
connected domain B with

(3.33) B n S(v) i- 0, B n n i- 0, and

Since B is simply connected, the set

(3.34) S := Pc(S(Ji)) \ B

is polynomially convex. Now let V C B be a compact set with

(3.35) Int(V) n S(v) i- 0.

Since S is polynomially convex and S and V are disjoint, part (a) of Lemma
1.3.2 can be applied. Let a < 1 and mEN be the two numbers introduced
in part (a) of Lemma 1.3.2. Because of (3.35) and the first limit of (3.26),
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for sufficiently large n E N there exist at least m zeros Xl,n,.·. ,xm,n
of the polynomial Pn(J1; z) on V. From Lemma 1.3.2 we know that there
also exist m points Yl,n,'" ,Ym,n E C so that the rational function r m
defined in (3.12) by the points Xl,n, ... ,xm,n and Yl,n, ... ,Ym,n satisfies
the inequality (3.13).

Using the rational function rm, we construct the modified monic poly­
nomial

(3.36)

where qn(J1; .) are the monic orthogonal polynomials corresponding to J1,
and derive an upper estimate for the £2(J1) norm of iin.

Since the polynomials iin and qn(J1; z), n E N, differ only in m zeros,
both sequences of polynomials have the same asymptotic zero distribution,
that is, we have

(3.37) 1 *- u« ~ v as n -t 00, n E N,n qn

where v is the same probability measure as in (3.26). From (3.37), (3.32),
and the principle of descent of potential theory (see Appendix III) we derive
that

(3.38) lim sup ~ log Iqn(z)1 < -p(v; z) < -0 - C

n--too, nEN n

locally uniformly for z E A8 and so the inequality between the left- and
right-hand sides holds true uniformly for z E B. From (3.38) and the second
limit in (3.26) it follows that there exists a zero sequence {En> O} SO that
the supremum norm of qn on B satisfies

(3.39) 11- II < 1 -n8/2 < Enqn B _ ()e _ ()
'"'In J1 '"'In J1

for all n E N sufficiently large. We consider now the £2(J1) norm of iin
and use (3.34), (3.36), (3.39), and the estimate (3.13) for the supremum
norm of the rational function Tsn» which give us the following sequence of
inequalities

II<inlli,(!') = In l<inI2d/l + Is l<inI 2d/l

(3.40) < /l(B)II<inll~ + IIrmll~ Is Iqn(/l; o)12dl'

J1(B)E2 a2 1< n+ < __=
- '"'In (J1)2 '"'In (J1)2 '"'In (J1)2

for all n E N sufficiently large. The estimate (3.40) contradicts the mini­
mality (3.10) of the monic orthogonal polynomials qn(J1; z). Hence, (3.30)
and thereby also (1.10) is proved.
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(b) In the next stage we prove the lower asymptotic bounds (1.7) and
(1.9). If cap(8(/1)) = 01 then there are po lynomials1 say, the Chebyshev
polynomials of 8(/1), that tend to zero on 8(/1) faster than any geometric
progression. This implies limn -+oo In(/1)l/n = 00 and hence the estimates
(1.7) and (1.9) are trivially true (use also Lemma 1.1.3 and for (1.9) also the
fact, see, e.g., Chapter II, Section 41 p. 173 of [LaL that if Pn(z) = zn + ...
then the lemniscate set {z I IPn(z)1 < an} has capacity a). Therefore we
can assume without loss of generality that cap(8(/1)) > O.

Let us assume that N ~ N is an infinite subsequence such that the two
limits in (3.26) exist. If c = 00 then exactly as before we are ready. Thus,
let c < 00. Since gn (z; (0) = 0 for all regular points of an (see Appendix
VI), it follows from (3.30), which has been proved in part (a) for all z E an,
that

(3.41) -p(lJ; z) + c - gn(z; (0) > 0 for all regular points on an.

Seeing that quasi every point of an is regular (see Appendix VI or Kellogg's
lemma in [La, Chapter IV, Section 101 p. 232]) we get the inequality in
(3.41) for quasi every z E an. We claim that

(3.42) -p(lJ;Z) + C > gn(z; (0) for all zEn.

Suppose that on the contrary there is an E > 0 such that the set

Ac:={zEnl -p(lJ;z)+c-gn(z;oo) <-E}

is not empty. Then by a variant of the minimum principle for harmonic
functions (see, e.g., Theorem III.28 of [Ts]) for every component A; of Ac:
we must have

cap(aA; nan) > o.
Thus, there is a point zo E aA; nan for which (3.41) holds with z replaced
by zo. Since zo is also a boundary point of A; in the fine topology, and the
left-hand side of (3.41) is continuous everywhere in this topology, we have

-p(lJ; zo) + c - gn(zo; (0) < -E 1

which contradicts the choice of zo (namely, that (3.41) holds true at zo)·
This contradiction proves (3.42).

From (3.42) together with (3.27) the estimate (1.9) follows for any infinite
subsequence N ~ N for which the two limits in (3.26) exist. But since any
infinite subsequence N ~ N contains an infinite subsequence for which
the two limits in (3.26) exist, and since the right-hand side of (1.9) is
independent of the subsequence N, (1.9) is generally proved.

The lower asymptotic bound (1.7) follows for any infinite subsequence
N ~ N for which the two limits in (3.26) exist from limit (3.28) and in­
equality (3.42). Since the right-hand side of (1.7) is independent of the
sequence N, (1.7) is also generally proved.
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(c) Next we prove the lower asymptotic estimate (1.11) of Corollary 1.1.5.
Let U, V ~ n be two arbitrary compact sets with U containing V in its
interior. Consider the factorization

(3.43)

where hn(z) i- 0 for all z ¢ U, hn a monic polynomial, and sn(z) i- 0 for
all z E U, that is,

(3.44) hn(z) = zm(n) + ... ,

(3.45)

with m(n) the number of zeros that the polynomial b« has on the set U.
By Lemma 1.1.3 this number is bounded as n ~ 00. Therefore, we have

1
lim -m(n) = O.

n-too n

Let now N C N be an infinite subsequence such that the two limits in
(3.26) exist. Since the polynomials Sn and Pn(J.l; z), n E N, differ only in
m(n) zeros, both sequences of polynomials have the same asymptotic zero
distribution, and as in (3.37) we have

(3.46) 1 *
-Vs ~ v as n ----t 00, n E N,n n

where v is the same probability measure as that in (3.26). Since the zero
distributions VS n of the polynomials Sn have no mass on U, that is, S(vsJn
U = 0 for all n E N, it follows from (3.46) and the second limit of (3.26)
that

(3.47) lim ~ log ISn(z)1 = -p(v; z) + c
n--too, nEN n

uniformly for z E V, which is an analogue of (3.28). From (3.47) and in­
equality (3.42) we deduce (1.11) for the subsequence N. Since the right­
hand side of (1.11) is independent of the subsequence N, (1.11) is generally
proved.

(d) We now come to the last stage of the proof: the verification of the lower
asymptotic bound (1.8), which holds only in capacity. We assume that the
two sets V and U are the same as in part (c) and that for the infinite
subsequence N ~ N the two limits in (3.26) exist. Let E: > 0 be arbitrary
with E: < 1. There exists tj (0 < tj < (0) such that

(3.48)

Set

(3.49)

egO(ZjOO) - E:
-tj > log ( for all z E V.

ego z;oo) - 2
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Since hn is a polynomial of degree m(n), we can exactly calculate the
capacity of the lemniscate sets An (see Chapter II, Section 4, p. 173 of
[La]) and we have

(3.50)
-_n_8

cap(An ) = e m(n) for n E N.

Equations (3.42), C3.47), (3.48), and (3.49) imply for sufficiently large
n E N that

(3.51)

IPn(J.l; z)1 1/ n = Ihn(z)ll/nlsn(z)ll/n > e-8 (e911 (z ;oo ) - ~) > e911 (ZiOO ) - e

for all z E V \ An. With (3.50) this proves (1.8).

1.4 Proof of the Sharpness of the Upper
and Lower Bounds

In this section we verify Theorem 1.1.9 and Corollary 1.1.10.

o

Proof of Theorem 1.1.9. We may assume 11J.l1I = 1. First of all we remark
that it is enough to show the existence of measures VI, v2, V3 with the
properties that they are carrier related to J.l and

(4.1)

(4.2)

and

1. ()l/n _ 1
im 'Yn V2 - (S()) ,n---+oo cap J.l

(4.3) r . f ( )l/n _ 1
im m 'Yn V3 - (S( ))'n---+oo cap J.l

respectively.
In fact, the verification of, for example, (1.15) then runs as follows: Let

e > O. By (1.6) for large n the functions

1
hn,c:(z) = gJ.t(z; (0) - n log IPn(J.l; z)1 + c

are nonnegative and harmonic in C \ Co(S(J.l)), and since (4.1) implies

lim hn c;( (0) = C,
n---+oo '

(1.15) follows from Harnack's inequality (see Appendix III, d. also (1.6)).



(4.4)

I1**Pn En'

(4.5)

(4.6)
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In what follows let u « J-L denote the absolute continuity of the measure
II with respect to J-L. First we prove the following lemma.

Lemma 1.4.1. For each n there is a J-Ln « J-L such that IIJ-Ln II < 2n-2 and
rn(J-Ln) < V2n "Yn(wsC/L ))'

Proof. It follows from Lemma 1.2.7 and Corollary 1.1. 7 that

1. ( )l/n _ 1
n~~ "[n. wSC/L) - cap(S(J-L))

Now keep the natural number n fixed throughout the proof. Let I1~ be
the set of monic polynomials Pn (z) = zn + ... , and let

I1~* = {Pn E I1~ I JIPn1 2dJ-L < 2 max IzI2n
} .

zES(/L)

We will set J-Ln = 7&(J-L + p), where p «J-L, Ilpll < 1 (= IIJ-LII). In estimating
rn(/Ln) from above we have to estimate the infimum of f IPnl 2dJ-Ln for Pn E
II~ from below. Now in minimizing f IPnl2dJ-Ln for Pn E I1~ we may assume
Pn E I1~* (otherwise p~(z) := zn is a better choice). But I1~* is already
compact in C (S(J-L )), hence for some E > 0

( IPn!2dwSC/L) > ~JIPnI 2dWSC/L) ,
} z: IPn (z) I?c: 4

This and the uniform equicontinuity of the PnS in I1~* easily imply the
existence of a {j > 0 such that if as(J-L) = uf1 Sj, Sj n Sjl = 0 for j =I i',
is a decomposition of as(J-L) into measurable subsets SIl ... ,SM in such
a way that WS(/L)(Sj) < {j, diam(Sj) < {j, and Al,." ,AM are arbitrary
measurable sets with diam(A j ) < {j, dist(Sj,Aj) < S, j = 1, ... ,M, then
for any measure p for which p(Aj) = WSC/L) (Sj), j = 1, ... , M, we have

JIPnl 2dp > ~JIPnI2dwSC/L)'

Take such a decomposition {Sj} of as(J-L). Since supp(J-L) = S(J-L), we can
choose {Aj} with the aforementioned properties such that J-L(Aj) > 0 also
holds for each j = 1, ... , M. Now if

M

p:= L(WSC/L)(Sj)/J-L(Aj))J-LIAJ

j=l

and J-Ln = ~ (J-L + p), then for Pn E Il~*

J 2 IJ 2 1/ 2
IPnl dJ-Ln > n2 IPnl dp > 2n2 IPnl dWS(/l)'
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Since the infimum of the left-hand side for Pn E I1~* gives 'Yn(fLn)-2,
whereas that of the right-hand side for Pn E I1~ ::> II~* gives 'Yn(wS(JL))-2,
Lemma 1.4.1 is proved. 0

Now we return to the construction of VI, 1/2, V3 with properties (4.1)-(4.3).
Let

00

V2 := fL + L fLn,
n=1

where the fLns are the measures from Lemma 1.4.1. Since fLn « fL for every
n (actually we have fLn r-..J fL), V2 and fL are carrier related. Now the estimate

'Yn(V2) < 'Yn(fLn) < V2n'Yn (wS(JL ))

together with (4.4) and (1.13) yields (4.2).
Next we consider (4.1). Take a carrier Co of fL of minimal capacity. There

are then compact sets K1 C K2 C ... C Co with cap(Km ) / cJL and
fL(Km ) / IlfLll as m ~ 00. Then C := U1K m is again a carrier of u.

Corollary 1.1.7 applied to fLlK
m

implies that there are numbers Nm and

polynomials p~m) E I1~, n > Nm , such that

We may assume N1 < N2 < ., .. We can choose positive constants Cm such
that for N m < n < Nm + l the inequality

holds, and again we may assume 1 > C1 > C2 > .. , .
Set

00
C·

VI := "~fLIKL....J 2) )
j=1

and

Using the fact that

00
c·

'""" ~ < Cm andL....J 2J-
j=m+l

00
c·

'""" -4 < 1,L....J 2J -
j=1
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we getfor Nm < n < Nm +1 , m = 1,2, ... ,

JIqnl2dIJ
I =JIph

m
) 1

2 (d (t ~; I'IKj ) + d(. f: ~; I'IK'))
1 )=m+l

< JK= ]ph
m

)12dl' + C>ffl J Iph
m

)12dl' < 2 (cap(Kml + ~r'
and so

1
. 1
im sup 1/ < C/-L'
n~DO rn(Vl) n

This and (1.13) prove (4.1), because Vj r..J /-l easily follows from our con­
struction. Thus, the existence of VI has been established.

Finally, we construct a V3 r..J /-l that satisfies (4.3).
Let K m be as in the preceding proof, and consider the measures /-In from

Lemma 1.4.1. Easy modification of the proof of Lemma 1.4.1 shows that
/-In can be chosen in such a way that it is supported in some K m n (this is
why we wrote /-In « /-l in the lemma and not /-In r..J /-l) and /-In > n -2 /-lIKn '

In fact, assuming /-l( K 1) > 0, consider the set

{ pn E I1~ I { IPn12d/-l < 2 max Izl2n }
JKn zES(/-L)

instead of I1~*, and with /-In = 7b- (/-ll K n + p) argue as in the proof of
Lemma 1.4.1. If AI, ... , AM are the sets constructed just before (4.6) then
we must have /-l(Km n n Aj) > 0 for all j provided m-. is large enough, and
so replacing in (4.6) each A j by K m n n A j our claim (suPP(/-ln) C K m n

and /-In > n~2/-lIKJ follows.
We set

DO

lJ3 := L /-ll)
j=l

for Some {lj} to be chosen subsequently. Let II = 1, and suppose that
h, ... ,1)'-1 have already been selected. Since we may suppose that ml <

. 1m2 < .. , , the measure 2:~==1 /-llk is supported on K m 1j _
1

• Thus, by Corol-
lary 1.1.7, there is an L j - 1 such that

(~ 1'1.) 1/£,_, > 1 _ !.
k=1 cap(Km 1)_1) j

But then, if Ij is sufficiently large compared to L j _ 1, we have independently
of the choice of 1j+l, Ij+2,' .. that the inequality

(4.7) r£ ( lJ3)1/£)-1 > 1 1
) -1 cap(Km l) -1) J
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= e9o (z ;oo )
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holds (note that Ilttnll < 2n- 2 ) . Choose such an lj > L j - 1 , and this com­
pletes the definition of the indexes {l j }.

By Lemma 1.4.1

1'l
J
(1J3)ljlj < 1'lj (ttl)l jlJ < (hlj )lj l

J 1'l
J
(wS({t))l jl j,

which, together with (4.4), yields

lirninfrn(lJ3)l/n < (~( ))
n---.oo cap tt

Since (4.7) implies

lim sup 1'n (1J3) 1jn > 2.-,
n---.oo c{t

the limits in (4.3) follow by Corollary 1.1.7 once we verify the carrier relat­
edness of 1J3 and u: But this is easy: 1J3 « tt follows immediately from the
construction, and tt «: 1J3 follows from the facts that each ttl., and hence

J

1J3 itself, is at least as large as r;2 ttl K 1j , and U~lKl j is a carrier of u: 0

Proof of Corollary 1.1.10. By letting z ---. 00 in (1.16) we get (4.2).
Now arguing as in the beginning of the proof of Theorem 1.1.9 but with
the functions

* 1 Pn(1J2,Z)
hn,~(z) := n log nm(n) ( ) - gn(z; 00) + E

j=l z - Xnj

instead of hn,~, where Xn1, . . . ,Xnm(n) are the zeros of Pn(1J2, z) contained

in some suitable fixed compact subset of C \ Pc(S(tt)) containing V in its
interior (cf. Corollary 1.1.5), we can derive from (4.2) and Corollary 1.1.5
that

Pn(1J2;Z)
lim

n---.oo nm(n) ( )
j=l Z - xn,n

uniformly on V. Now since m(n) < Ds) for some constant Ds) (see Lemma
1.1.3), this implies (1.19). 0

1.5 Examples

Three examples will be given, which have been used in Section 1.1 to illus­
trate results or to prove their sharpness. The last two of the three examples
could actually be saved in view of Theorem 1.1.9, but their simplicity may
show more insight into the nature of minimal carries than the more general
construction of Theorem 1.1.9.
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Example 1.5.1. Let J-l be the planar Lebesgue measure on the open disc
D := {z Ilzl < 1}.

The support S(J-l) = D is convex and its complement is connected. Hence,
we have Co(S(J-l)) = Pc(S(J-l)) = S(J-l) and n = {z Ilzl > 1}. The orthonor­
mal polynomials (and the leading coefficients) are given by

(5.1) ( "In (I') = Vn : 1) for n E N,

Hence, we have

(5.2) lim IPn (J-l; z)11jn = Izi locally uniformly for z E C.
n-too

(5.3)

With the help of Criterion A (d. Theorem 4.2.1) we can easily derive that
in this example

{
log Izi for Izi > 1;

9 (z; 00) = gn(z; 00) =
J.t 0 for Izi < 1,

and furthermore that cap(S(J-l)) = cJ.t = 1. Hence, in this example the
lower and upper asymptotic bounds (1.7) and (1.6) of Theorem 1.1.4 are
identical. 0

With respect to the value of cJ.t and the function gJ.t(z; 00) we shall observe
the extreme opposite situation in the next example.

Example 1.5.2. We construct a weight measure J-l on the closed unit disc
D with S(J-l) = D so that cJ.t = 0, cap(S(J-l)) = 1, and

(5.4) gn(z;oo) =max(O,loglzl) < gJ.t(z;oo) =00 for all z E C.

In this example the nth root of the orthonormal polynomials Pn(J-l; z), n E
N, asymptotically assume the upper bound (1.6) in Theorem 1.1.4.

Let Do := Q n {z llzl < 1} be the set of all rational points in the unit
disc, and let {rn I n E N} = Do be an enumeration of these points. The
measure J-l is defined as

(5.5)

where Dx is Dirac's measure of the point x E C. We have Co(S(J-l)) =

Pc(S(J-l)) = S(J-l) = D, and cap(Do) = 0 since Do is a countable set.
As Do E r(J-l), we have cJ.t = 0 and therefore gJ.t(z; 00) _ 00. From the
extremality property (3.10) of the monic orthogonal polynomials qn(J-l; z),
we derive

(5.6) n E N,
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where in (5.6) qn is the monic polynomial of degree n having zeros at
the first n points q, ... .r«- From (5.6) it follows that 'Yn(p)l/n ---+ 00

as n ---+ 00. Together with the fact that all zeros of Pn(p; z) l n E N, are
contained in {z Ilzl < I} (see Lemma 1.1.3) this implies

(5.7) lim IPn(l1; z)1 1/
n = ,00 locally uniformly for Izl > 1.

n-+oo

Hence, in this example the upper asymptotic bound (1.6) in Theorem 1.1.4
is assumed, whereas the lower bound (1.7) stays far away. D

For upper estimates of the leading coefficient 'Yn (p) the following lemma
is often very helpful.

Lemma 1.5.3. Let 11 and v be positive measures with compact support in
C, and c > O. Then

(5.8)

D

(5.9)

Proof. From the extremality property (3.10) of the monic orthogonal poly­
nomials qn (11; z) it follows that

(1 )2 = JIqn(cl1 + v; x)1 2
d(cl1 + v)(x)

'Yn CI1 + v

> cJIqn(C/l + v; x)1
2d/l(x) > "In t/l)2'

In the next example we construct a weight measure 11 on aD, for which
(5.4) holds true as in Example 1.5.2, but now the nth roots of the polyno­
mials IPn(l1;z)l, n E N, behave like the lower bound in (1.7).

Example 1.5.4. We construct a weight measure 11 on aD with cJ.L = 0,
cap(S(I1)) = 1, such that limn -+ oo IPn(l1; z)1 1/ n = egn(Zjoo) for Izi > 1.

Let Sn := {z E aD Izn+l = I} be the set of the (n + 1)th roots of unity.
For every n E N we define the probability measure

(5.10)
1

I1n := LOx'
n + 1 SxE n

(5.11)

It is easy to verify that Pk(l1n;Z) = zk, and therefore 'Yk(l1n) = 1 for all
o< k < n. The weight measure Mis defined by

00 1
11:= L 2 11n.n

n=l
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We have S(J-t) = an and Co(S(J-t)) = Pc(S(J-t)) = D. Since J-t has countable
carriers, cJ.L = O. For the leading coefficient In (J-t) we can derive from Lemma
1.5.3 the upper estimate

(5.12)

which implies with Corollary 1.1.7 that In(J-t)ljn -+ 1 as n --t 00. Now this
yields (cf. the beginning of the proof of Theorem 1.1.9 or Theorem 3.1.1)

(5.13) lim !Pn(J-t; z)11jn = Izi = e9o (z;oo) locally uniformly for Izi > 1,
n---+oo

which shows that here the lower asymptotic bound (1.7) of Theorem 1.1.4
is assumed. 0
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Zero Distribution of Orthogonal
Polynomials

This chapter is devoted to the investigation of the asymptotic zero distri­
bution of general orthogonal polynomials. In Section 2.1 we characterize all
possible weak* limits of the zeros and show that they can actually occur
at some orthogonal polynomial systems. In Section 2.2 the relation be­
tween zero asymptotics and asymptotics for the leading coefficients (called
norm asymptotics) is explored. It turns out that in the case when S(J.l) has
empty interior and connected complement, the existence of the asymptotic
zero distribution implies norm asymptotics and in the two extreme cases
appearing in Corollary 1.1.7 the converse implication also holds: Norm
asymptotics implies the existence of the asymptotic zero distribution. In
general, no other implication is possible in between these concepts, which
is demonstrated by several nontrivial constructions. Finally, in Section 2.3
we discuss the more difficult problem of characterizing weak* limits when
cJ.L > O.

2.1 Zeros of Orthogonal Polynomials
Recall that for a polynomial P by vp we denote the measure that places
mass 1 to every zero of P (counting multiplicity). Then Ilvpll = deg(P)
and vp/llvpll = deg

1(p )vp is often referred to as the normalized counting

measure on the zeros of P.
We are primarily interested in the location of the zeros of orthogonal

polynomials and in their distribution. Of course, by the existence of the
(asymptotic) distribution of the zeros we mean that the sequence of nor­
malized counting measures

(1.1 )
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converges in the weak* topology of Borel measures. Similarly, by a weak*
limit of the zeros we mean a weak* limit point of the measures (1.1) (we
prefer the short but somewhat inaccurate expression "weak" limit of the ze­
ros" to the more precise "weak" limit of the normalized counting measures
on the zeros").

Our first result, which is an immediate consequence of Lemma 1.3.2, is
basically the repetition of Lemma 1.1.3.

Theorem 2.1.1. All zeros of the orthonormal polynomials Pn(t-t; z), n EN,
are contained in the convex hull Co(S(t-t)) of S(t-t), and for any compact
set V ~ n the number of zeros of Pn (t-t; z), n E N, on V is bounded as
n ~ 00. Consequently, every weak* limit point of the zeros is supported on
the polynomial convex hull Pc(S(t-t)) of S(t-t).

Recall that n is the unbounded component of the complement of the
support of t-t. We also mention (see (Sa2]) that the zeros lie strictly inside
the convex hull of S(t-t) unless this support is on a line.

Proof of Theorem 2.1.1. (a) Let us first assume that V is a compact set
contained in n. Then part (a) of Lemma 1.3.2 can be applied with S = S(t-t).
Let a < 1 and mEN be the two numbers from part (a) of Lemma 1.3.2,
and let us assume that Pn (t-t; z) has at least m zeros Xl, ... ,xm on V. By
Lemma 1.3.2 there exist m points YI, ... ,Yrn E C such that the rational
function Tsn. defined as in (1.3.12) by the points Xl, ... ,Xm and uv. ." ,Yrn
satisfies the inequality (1.3.13). With rm we define the modified monic
polynomial

iin(z) := rm(z)qn(t-t; z) = zn + .. , ,
For the L 2 (t-t ) norm of this polynomial we have the estimate

IliinIIL2(/L) < Il r mIIS(/L) llqn(t-t ; ·)II£2(/L) < Ilqn(t-t; ')IIL2(/L)'
which contradicts the minimality (1.3.10) of the monic orthogonal polyno-

mial qn(t-t; z). Hence, we have proved that Pn(t-t; z) has at most m -1 zeros
On V.

(b) Now let V be a compact set contained in C \ Co(S(t-t)), and let Pn(t-t; z)
have at least one zero on V. Then it follows from part (b) of Lemma 1.3.2
that we can repeat the analysis of part (a) of the proof, but now with m = 1.
This proves that Pn(t-t; z), n E N, cannot have any zero in C \ Co(S(t-t)).

D

In general, nothing more can be said about the zeros in n, as is shown
by the following example.

Example 2.1.2. A weight measure u with a nonconvex simply connected
support S(t-t) is constructed. For this measure J-l it is shown that infinitely
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many of the orthonormal polynomials Pn(p,; z), n E N, have at least one
zero outside of 8(J-l), and these zeros cluster at every point of a prescribed
set in Co(8(p,)) \ 8(J-l).

Let 8 be the semicircle {z = eit I t E [0,7r]},

(1.2) ip : [0,1] ---; 8 with <p(t) = ei-rrt

a parametrization, and

(1.3) {
2j -1 }

8n := <p(t) I t = 2n+1 ' j = 1, ... ,2n C 8, n=O,I, ... ,

a finite, equally spaced set of 2n points. For m =I- n the two sets 8n and
8 m are disjoint. Set

(1.4) Tn := Sn-l U ... U 81, n = 1,2, ....

This is again an equally spaced set in 8, it contains 2n - 1 points, and for
m > n the two sets Tn and 8 m are disjoint. The measure p, is constructed
as an infinite sum

(1.5) J-l = J-l0 + P,1 + ... ,

in which the single terms J-lj with support on Sj, j = 1,2, ... , will be
recursively defined.

We assume that the first n measures J-lO, ... ,J-ln-l have been defined in
such a way that

(1.6) IIJ-lj II > 0 and S(J-lj) = 8j for j = 0, ... , n - 1

(J-l0 is the unit measure at z = i). Let now Yl and Y2 be two arbitrarily
selected distinct points from 8n , and distribute to these points two masses
bl > 0 and oz > 0 with bl + b2 ::; IIJ-ln-Iil/4. If bl + b2 is sufficiently small,
then the orthonormal polynomial

has 2n - 1 zeros close to the 2n - 1 points of the set Tn and exactly one
zero close to the line connecting the two points Yl and Y2. Depending on
the ratio bl/b2, this last zero will be located closer to Yl or Y2.

Since the last two sentences are very important for the understanding of
the whole example, we will elaborate on them in more detail: Let

(1.8)

be the measure used in (1.7), qm = qm(J-l(n);.) := Pm(p,(n); ')/'Ym(J-ln) the
monic orthogonal polynomial with respect to the measure p,(n) , and q(z) =
zm + ... the monic polynomial having a zero at every point of Tn and
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one zero at Z = O. From the minimality property (1.3.10) of orthogonal
polynomials we derive

(1.9) JIqmI2dj.l(n) < JIqI 2d!L(n) = ou, + b2) as hI + b2 ~ O.

From (1.9) it follows that the orthogonal polynomial qm has m - 1 zeros
near the m - 1 points of the set Tn and that these zeros converge to the
points of Tn if bl + b2 tends to zero. Let the first m - 1 zeros of the
polynomial qm in an appropriate order be denoted by Zl, ... ,Zm-l, the
points of Tn by Xl, ... ,Xm-l, and the differences between corresponding
pairs by .6.Zj := Zj - Xj, j = 1, ... ,m - 1. In order to have more precise
information about the magnitude of the differences .6.Zj, j = 1, ... .m - 1,
we expand the integral on the left-hand side of (1.9) with respect to the
differences .6.zj :

(1.10)
m-lJIqmI2dj.l(n) = L j.l(n)({xj})lq~(xj)121.6.zjI2 +bllqm(Yl)1 2

j=l

+ b2Iqm(Y2)12++0 (~ ID.Zj I3) as bl + b2 ---> O.

This immediately implies the preliminary estimate l.6.zj I = O((bl +b2)1/2).
Because of the minimality (1.3.10) of 'lm in L2(j.l(n)), the directional deriva­
tive of the left-hand side of (1.10) with respect to zk in any direction must
vanish. Taking this directional derivative of both sides in (1.10) in the di­
rection "X""kik leads to

o= /l(n) ( {Xk} )lq:"(Xk)1221D.zkl +0 (~ID.ZjI2) +ou, + b2),

which, together with the preceding preliminary estimates gives l.6.zk I
O(bI + b2) provided Iq~(Xk)1 is not small, that is, provided that the last
zero Zm of qm is not near to any point of Tn. This will be justified in the
sequel, hence we can conclude

(1.11)

for j = 1, . . . ,m - 1.
Now let the polynomial Qm-l be defined by qm(z) = Qm-l(Z)(Z - zm).

From (1.10) and (1.11) we derive

(1.12)

JIqmI 2dj.l(n) = blIQm-dYl)1 2IYl - zml2 + b2IQm-l(Y2)12IY2 - zml2

+ O((bl + b2)2) as bl + b2 ---+ O.
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(1.13)

If we neglect terms of higher order in bI + b2 then we see that the integral
in (1.12) is minimal if

bIIQm-I(YdI2YI + b2IQm-l(Y2)12Y2
Zm = bIIQm-I(YI)12 + b2IQm-I(Y2)12 '

which is a point on the line connecting the two points YI and Y2. The
position on this line depends on the ratio of bI and b2. If we do not
neglect the terms of higher order in bI + bz, then the point Zm may move
away from the position given in (1.13), but the movement will be small
if we keep bI + bz sufficiently small. Finally, to justify the aforementioned
claim that the last zero Zm cannot lie close to Tm we have only to observe
that the integral in (1.12) obtained by the value (1.13) is smaller than the
smallest value of the analogous integral if the zero Zm of 'lm is close to a
point of Tn.

With this last remark our investigation of the location of the zeros of
the orthonormal polynomial (1.7) is completed. We continue with the con­
struction of the single terms in (1.5).

If we add further terms to the measure (1.8), then the location of the
zeros of the polynomial (1.7) will move. However, the movement can be
kept small if the total mass of the added terms is kept sufficiently small.
Having this connection in mind, we distribute a small total mass b > 0
uniformly to all 2n points of En. The measure Pn is then defined as

(1.14)

In this way we can go on and define all further terms in (1.5). At every
step we have ~o take care that the zeros of the orthonormal polynomials of
degree m = 2J , j = 1, ... ,n, do not change too much. Ultimately we get a
measure P with the property that the associated orthonormal polynomials
Pm(P; z) have at least one zero outside of S = S(p) for mEN := {m =
2n I n E N} C N, and, as m ---. 00, mEN, this zero will cluster at
prescribed points in Co( S) \ S if at every step the points YI and Y2 and the
corresponding masses bI and b2 have been appropriately selected.

It is not difficult to see that the construction of the example can be
refined so that more than one zero of any Pm(p; z), mEN, lies outside
of S. However, because of Theorem 2.1.1, there exists an upper bound for
the number of zeros that any polynomial Pm(P; z}, mEN, may have on a
given compact subset of Co( S) \ S. 0

P. Turan [Tu] raised the following problem. Suppose that the measure
P is supported on the unit circumference. Can it happen that the set of
all zeros of all orthogonal polynomials Pn (p; .), n = 1,2, ... , is dense in
the unit disk? The affirmative answer was given in [AIVi]. With obvious
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modifications in the construction given in Example 2.1.2 we can get the
following stronger statement.

Theorem 2.1.3. Let S be any compact subset of C. Then there is a measure
J1 such that its support is S and every point of the convex hull Co( S) of S
is a limit point of the zeros ofPn(J1; '), n = 1,2, ....

Next we characterize the sets of measures that arise as weak* limit points
of zeros of orthogonal polynomials corresponding to measures IJ in the
important special case when 8(J1) = (0,1]' although our method works in
many other cases as well. In other words, we want to determine the sets

MI' = {" I" is a weak* limit point of the measures ~"pn(I';')'

n = 1,2, ... }

when the support of J1 is contained in (0,1]. Then, of course, MJ-L ~ M(O, 1],
where M[O, 1] denotes the set of unit Borel measures on (0, 1], and we always
think of the latter space as equipped with the weak* topology.

Theorem 2.1.4. MJ-L is a closed and connected subset of M[O, 1], and if
M* is any closed and connected subset of M[O, 1], then there is a J1 such
that MJ-L = M*.

Proof of Theorem 2.1.4. Let {fk} be a countable dense set in the unit
ball of C[O, 1] and set

00

d(J1, lJ) = L 2-k JfkdJ-L - Jfk dv .
k=l

Then the topology on M[O, 1] associated with the metric d is exactly the
weak* topology.

Obviously, MJ-L is closed. To prove its connectedness we mention first
of all that the interlacing property of the zeros of consecutive orthogonal
polynomials implies that d(~lJpn(J-L;')' n~llJpn+l(J-Lj'») ---; °as n ---; 00. Now
suppose that MJ-L is not connected, and there are two nonempty disjoint
closed subsets Kl and K2 of MJ-L such that their union is MJ-L' Since M[O, 1]
with the metric d is compact, the distance of Kl and K2 is positive, say do.
Now the points ~lJpn(J-Lj') wander from points close to K 1 to points close to
K2 and back, while their distance tends to zero, so it is obvious that there
is a sequence {;k lJpnk(J-Lj')}k-l with the property d(Kj, n\lJpnk(J-L;'») > do/3
for all k and j = 1,2. But then no weak* limit of {n\ lJpnk(J-L;')}~l can
belong to Kl U K2, which is a contradiction and hence the connectedness
has been proved.
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Suppose now that M* is closed and connected. Then we can choose a
sequence {Pn} C M* such that its closure is M* and d(Pn, Pn+l) -+ 0 as
n -+ 0, the existence of which is guaranteed by the connectedness of M*.
We choose a sequence Y = {Yk}k=1 C [0,1] of distinct points such that
with

1 m
cr(m; Y) = - L fJYkm

k=1

for some sequence {Nn} we have

(1.15) lim d(cr(m; Y), Pn) = O.
m--t(X)

N n::;m<Nn +1

That this is possible is standard, but for completeness we give a sketch
here.

For each n there are sequences y(n) = {Ykn)}~1 C (0,1] such that

lim d(cr(m; y(n)), Pn) = 0
m--t(X)

(see, e.g., [ToI]). Without loss of generality we may assume that all the
points {Ykn

) } are different. Now with some fast increasing sequence {Nn } ,

NI = 1, to be chosen subsequently, let

_ (n)
Yk - Yk-Nn+1 for n; < k < Nn+l.

If Nn < m < Nn+1 then cr(m; Y) is a convex linear combination of

cr(N2 - NI, y(I)), cr(N3 - N2, y(2)), ... , cr(Nn - Nn-l, y(n-I)),

cr(m - Nn + 1, y(n))

with corresponding coefficients

Nn - Nn-I m - Nn + 1
m m

, '" ,
m m

and if Nn > Nn_In2 is large compared to Nn-I then only the last two
terms will not be negligible, that is,

d (u(m; Y), Nn -:n-l u(Nn - Nn-l, y(n-l))

m - s; + 1 ( )) 1+ cr(m-Nn+l,yn) <-.
m n

Since for large N n either

m - N n + 1 1
-----<-

m n
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or

and furthermore

d( ( (n-1))) 1a Nn - N n- 1, Y ,Pn~l <-,
n

we get

(
»; - N n - 1 m - n; + 1 ) 4

d cr(m; Y), Pn-1 + Pn <-.
m m n

Finally, since d(Pn-1, Pn) ~ 0 and

Nn - Nn- 1 m - Nn + 1 1
-----+ > 1- 2'

m m n

we obtain

37

and (1.15) is proved.

What we have done so far implies that if {x1n
) H~=l' n = 1,2, ... , is an

arbitrary point system such that

(1.16)

as n ~ 00, then the set of the weak* limit points of the sequence

coincides with M*. Thus, it is enough to show a f-l such that the zeros of
the corresponding orthogonal polynomials in a suitable numbering satisfy
(1.16). But this is easy: Set

00

f-l = L CjfJyJ ,

j=l

where the positive coefficients Cj will be chosen in a moment.
We claim that if C1, ... ,Cn have already been chosen, then there is a

number an > 0 such that if

n

P = 2:CjfJYJ + PO
j=l
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is any measure with IIPol1 < an, then the zeros x~n), ... ,xh
n)

of Pn(p;') (in
a suitable ordering) satisfy

IYj - xJn)I < ~, 1 < j < n,

In fact, let f3n = min1:5j,1:5n IYj - Y11/n, and set Pn(x) = Ilj=l(x - Yj)'
• j-::j:l

For this we have

/ p;dp < Ilpoll < an,

but for any polynomial Pn of degree n with real zeros and leading coefficient
1, if Pn does not have a zero in (Yj - f3n, Yj + j3n) for some 1 < j < n, then
we have

/ P;dp > P;(Yj)Cj > j3~Cj'

Therefore, if an < j3~ min1:5j:Sn Cj, then Pn(P; '), having minimal L2(p)

norm, must have a zero in each of the intervals (Yj - j3n, Yj + (3n), which
proves the claim.

Now using this claim we can choose the coefficients one after the other
to satisfy 0 < Cn+1 and L:~n+1 Ck < min1:5j:5n aj for the corresponding
ajs and the theorem is proved. 0

In the proof above the measures that we constructed were discrete ones,
that is, for them cJ.L = O. The analogous problem when cJ.L > 0 is much more
difficult and will be discussed in Section 2.3.

Our last result in this section shows that weak* limits need not be equi­
librium distributions even if cJ.L > 0 is assumed (see the historical notes at
the end of the book). Actually this follows from the more difficult result of
Section 2.3 but we found it instructive to give here the following concrete
example.

Example 2.1.5. Let W[a,b] be the equilibrium (or Chebyshev) distribution
of the interval [a,b], that is, dW[a,b] (x) = 7r- 1((x - a)(b- x ))- 1/ 2dx for x E

[a, b]. We set /'i, = ~(W[-l,lJ + W[-2,2]) and show a /-l with support in [-2,2]
and cJ.L > 1/2 such that r: is a weak* limit of the zeros of the orthogonal
polynomials Pn(/-l; .). This shows the aforementioned phenomenon, since /'i,
is not the equilibrium distribution of any set.

Let

v(x) = exp(p(/'i,;x) - ~log2) = Ix+ ";x2 _11-1/ 2
, X E [-2,2]'

with the branch of the square root that is positive for positive x, and first
we establish the following properties of these weights. For simpler notation
let I1~ be the set of all polynomials of the form zn + .. , .
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(a) There are polynomials Qn E I1~ with zeros in [-2,2] and

IIQn vnIILoo[-2,2] < 8. 2-n/2.

(b) If for some polynomials P; E I1~, n ENe N,

1· II D n111/n 2- 1/ 2
im sup .rnV Loo[-22] < ,

n--HX) , nEN '

*then vt; ---1 '" as n ---1 00, n E N.

39

(1.17)

Property (a) follows from the fact that for the Chebyshev polynomials

Tn(x) = 2-n+1 cos(n· arccos x)

= 2-n((x + Vx2 - I )" + (x - Vx2 - L)")

we have IITnII Loo [- l ,l ] = 21- n , and so, for example, for even n we can put

Qn(x) = 2n/2Tn/2(X)Tn/2(X/2) (when n is odd replace the second n/2 by
(n + 1)/2 and the other two ones by [n/2]).

Property (b) obviously follows from the following somew hat more general
lemma that we will also need in subsequent sections.

Lemma 2.1.6. Let 0" be an arbitrary probability measure with support
in [a, b] and suppose that its potential p(O";') is continuous. Set w(x) =
exp(p(O"; x) -maxp(O"; ')), where maxjxo; .) denotes the maximum ofp(O";·)
on [a, b]. If for some polynomials Pn E I1~, n ENe N, with zeros in some
interval [A, B] containing [a, b]

limsup 11Pnwnll~:[a,b]< exp( - maxp(O"; -j),
n--+oo, nEN

then VP; ~ 0" as n ---1 00, n E N.

Proof of Lemma 2.1.6. Let w be a weak* limit point of the measures
{~vPn }nEN' We have to prove that w = 0". Without loss of generality we
may assume that the whole sequence {kvPn }nEN converges to w. For E > 0
and large n E N we have

1 1
n log IPn(x)1 + E > p(O"; x)

for all x E [a, b]. Since the latter set contains the support of 0" and 0" has
finite logarithmic energy (this follows from the continuity of the potential
p(0"; .) by integration with respect to 0"), we can conclude from the principle
of domination of potential theory (see Appendix III) that (1.17) holds for
all x E C. Letting n tend to infinity through N we get for x E C \ [A, B] the
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inequality p(w;x)(x) + E > p(O";x), and finally for E ~ 0 we get p(w;x)­
p(O"; x) > 0 outside [A, B]. But the left-hand side is harmonic in C \ [A, B]
and vanishes at infinity, so therefore the two potentials p(0"; .) and p(w; .)
coincide outside [A, B]. But then they coincide everywhere and we get
w = 0". 0

Before we can turn "to the actual construction of the measure J..l we need
one more lemma.

Lemma 2.1.7. If w is a positive continuous weight on [a, b] then

sup (1IPnwnIIV"'[a b]/IIPnwnIIL2[a bl)l/n ~ 1
Pn;to ' ,

degPn=n

as n ~ 00.

Proof of Lemma 2.1.7. The proof is an easy consequence of the well­
known Nikolskii inequality [Ti, 4.9.6] according to which

IIPnII Lco[a,I3J < 3(,8 - a)-1/2nIIPnIIL2[a,/3J' degPn = n.

In fact, if E > 0 is given, then using the continuity of w we can decompose
[a, b] into finitely many intervals Ikl 1 < k < 1, such that w(x)/w(y) < I+E
if x and y belong to the same interval I k. Let Tk E I k be a fixed point in
Ik' Since

IIPnwnllLoo[hl < (1 + E)nW(TkfIIPnIILco[hJ

< (1 + Etw(Tkf3IIkl-l/2nIIPnIIL2[hl

< 3(1 + E)2nIIkl-l/2nIIPnwnIIL2[a,bl'

we get the statement. o

(1.18)

After these preliminaries let J..lO be the Lebesgue measure on [-1, 1] and

I
N n
'" ( (n))2nJ.:J..ln = -n'=""2N- L..J v x k Ux~n),

n k=l

where {X~n) }~~l are the left endpoints of the intervals obtained by dividing
[-2,2] into Nn equal parts, and where Nn are chosen in such a way that
for polynomials Pn of degree at most n we have

~ / P~dl-'n < n-2 [22 P~(x)v2n(x)dx < 2 / P~dl-'n.

We show that with an appropriate sequence {nk} the measure J..l = J..lo +
Lk=l J..lnk satisfies the requirements.
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cp > ~ is obvious because /-l > /-lO· Let mk = L:~t Nns' Lk = nk - mk,
and choose {nk} so that mk/nk tends to zero as k tends to infinity. With

Pnk(x) = QLk(X) II (x - x~ns)),
15:t5:Nns ,15:s5:k-l

where QLk are the polynomials from (a), we have deg(Pnk) = nk and

JP~kd/-lns = 0, s = 1,2, .. , ,k - 1.

When s ~ k then

Jp2 di: < 2n -2 /2 p2 (x)v2ns(x)dxnk ,-.ns - s nk
-2

< 2n;2 /2 P~k (x)v2Lk(x)dx
-2

< 2· 4mkn;21lQL
kvLkIlioo[-2,2]

and

JP~, dl'O = tl P~, (x)dx

= ill P~,(x)v2n'(x)dx < 4
m'IIQL,vL' 111=[_2,2j'

from which we have

Jp2 d.u < 4m k+l llQ vLk 11 2 < 4mk+72-Lknk r" - Lk £00[-2;2] - .

But

Je. (/-l; x )d/-l(x) < JP~k du,

and from (1.18) and Lemma 2.1.7 we have for any C > 1 and large k

Ilqnk (/-l; .)vnk
11100 [-2,2] < C2nk Jq~k (/-l; x)v2nk(x)dx

< 2, C2n, n~Jq~, (I'; x)dl'n, (x) < 2 ' C2n, n~Jq~, (I'; x)dl'(x),

Which, together with the previous estimates and Lk/nk ---+ 1, yields

I, II ( ) nk Il
l / nk < 2- 1/21msup qnk /-1;' v Loo [-22] _ .

k~oo '

Thus, vpnk (p;.) ~ r: as k ---+ 00 follows from proposition (b), D
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(2.3)

2.2 Norm Asymptotics and Zero Distribution
Since l/r n(fl) equals the £2(fl) norm of the monic orthogonal polynomial
Pn(fl; Z)/rn(fl), asymptotics for {r:!n(fl)} are often referred to as norm
asymptotics for orthogonal polynomials. As we shall see they are closely
related to zero asymptotics.

To avoid pathological cases (d. Theorem 2.1.4 and Examples 1.5.1, 3.5.2,
and 2.2.5), in this section we will assume that cJ-L > 0 and Int(Pc(8(fl))) =
0, that is, that fl does not have a carrier of zero capacity and 8(fl) =
SUPP(fl) has connected complement and empty interior. Recall also that
vpn(J-L,.) denotes the normalized counting measure on the zeros of Pn(fl, .).

Theorem 2.2.1. We assume that cJ-L > 0 and Int(Pc( 8(fl))) = 0.
(a) The existence of the weak* limit

1
(2.1) n vpn(J-Lj') ---+ v as n ---+ 00, n E N,

for an infinite subsequence N C N implies the existence of the limit

(2.2) lim rn(fl)l/n.
n-+oo, nEN

Furthermore, if for each of two infinite subsequences Nl, N2 C N the limit
(2.1) exists, and the two limits are identical, then also the two corresponding
limits (2.2) are equal.
(b) If

r ( )l/n _ 1
im "[n. fl - (8())n-+oo cap fl

nEN

for some subsequence N eN, then we also have

(2.4)

in the weak* sense.
(c) If

(2.5)

then
1

(2.6) n vPn (J-L;') ---+ W J-L as n ---+ 00, n E N

in the weak* sense.

Recall that wS(J-L) and wJ-L are the equilibrium measure of 8(fl) and the
minimal-carrier equilibrium distribution associated with fl (see Definition
1.2.5), respectively.
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Remarks. (1) Note that (see Corollary 1.1.7) l/cap(S(J1)) and l/cJ.L are
the smallest and largest possible limit points of the sequence {Tn (J-L )l/n},
thus (b) and (c) provide the converse of (a) in these two extreme cases. In
Example 2.2.7 we will show that nothing similar can be true in between
l/cap(S(J1)) and l/cJ.L.

(2) Both assumptions cJ.L > 0 and Int(Pc(S(J1))) = 0 are really necessary.
The necessity of cJ.L > 0 will be shown in Example 3.5.2. For the necessity
of Int(Pc(S(J1))) = 0 see Example 2.2.5.

(3) Part (a) of the theorem is true together with its proof if we merely
assume S(J-L) = an, that is, that the support of J-L lies on the boundary of
its polynomial convex hull.

Next we list some corollaries of Theorem 2.2.1. In each of them we keep
the assumptions

(2.7) cJ.L > 0, Int(Pc(S(J1))) = 0.

Corollary 2.2.2. With assumption (2.7) the existence of the limit distri­
bution of zeros implies norm asymptotics (i. e., the existence of the limit of
{Tn (J1 )l/n}) for the orthonormal polynomials.

Corollary 2.2.3. Assuming (2.7), the relations

(2.8)

and

(2.9)

are equivalent.

I. ( )l/n _ 1
un Tn J1 - (S())n--HX) cap J1

Corollary 2.2.4. Assuming (2.7), the relations

and

1
. 1
im -Vp (II.") = WI/.n--+oo n n,..., r:

are equivalent.

Proof of Theorem 2.2.1. (a) Let us assume that for an infinite subse­
quence N C N the limit (2.1) exists, but the limit (2.2) does not. From
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Corollary 1.1.7 we know that the sequence in (2.2) is bounded, and there­
fore we can select two infinite subsequences Nl' N2 C N so that the two
limits

(2.10)

exist and Cl t= C2. If we apply, as in (1.3.27), the lower envelope theorem
of potential theory (Appendix III) to the two sequences

we derive from the upper and lower asymptotic bounds (1.1.6) and (1.1.10)
of Theorem 1.1.4 that

(2.11) o< -p(v; z) + Cj < gJ.L(z; (0), j = 1,2,

holds true qu.e. on an. From (2.11) and Lemma 1.2.3 it follows that for
every minimal carrier C E r O(/1) we have

(2.12) -p(v; z) + Cj = 0 qu.e. on C.

(2.13)

Since cap(C) = c/-l > 0, we get from (2.12) that C1 = C2, which disproves
our assumption that the limit (2.2) does not exist.

If for two infinite subsequences Ns , N2 C N the two limits (2.1) exist and
are identical, then we can merge these sequences, and for the new sequence
we have convergence again. Therefore, the limit (2.2) also exists for the
merged sequence, which proves that the two original limits (2.2) have to
be equal. Thus part (a) is proved.

(b) Let us now assume (2.3). It has been proved in the beginning of the
proof of Theorem 1.1.9 that (2.3) implies

lim IPn(/1; z)1 1/ n = e9o (ZiOO )
n-->oo,nEN

for z E C \ Co(8(/1)), where Co(S(/1)) denotes the convex hull of 8(/1).
Thus, if a is any weak* limit point of {~vpn (/-lj') }nEN then for its potential
p(u; z) in C \ Co(8(/1)) we have

1
p(u; z) = -go(z; 00) + log cap(S(/1)) = p(WS(J.L); z).

Here a is supported on S(/1) (see Theorem 2.1.1), hence (2.13) holds true
in 0., as well, because the two sides are harmonic in n. Since both sides
are continuous in the fine topology and the boundary of 0. in this topology
contains an = S(/-l), (2.13) extends to all z and so a = WS(J.L) by the prin­
ciple of domination and the one-to-one correspondence between measures
and their potentials. This proves (2.4) because a was an arbitrary weak"
limit point of {~vpn(J-L;.) }nEN'
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(c) Exactly as in the proof of (b), condition (2.5) implies

lim(X) IPn(fl; z)1 1/ n = egJ.L(z;oo) ,
n-t
nEN

and, on applying

1
gp,(z; (0) = -p(WS(p,); z) + log­

ct-t

(see (1.2.11)), we can complete the proof as before.

Corollary 2.2.2 is an immediate consequence of Theorem 2.2.1.
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Proof of Corollary 2.2.3. We only have to show that (2.9) implies (2.8).
If we assume (2.9), then part (a) of Theorem 2.2.1 ensures the existence of
the limit

and we have to prove c = l/cap(S(fl)). Now with the lower envelope the­
orem of potential theory (Appendix III) it follows from these assumptions
that

(2.14)

qu.e. in C. If we compare (2.14) with the upper asymptotic bound (1.1.6)
of Theorem 1.1.4, then we derive with representation (A.10) in Appendix
V of the Green function gn(z; (0) the inequality

(2.15) gn(z; (0) + logcap(S(fl)) + logc < gt-t(z; (0) qu.e. on C.

From Corollary 1.1.7 we know that log c > -log cap(S(fl)). It follows from
Lemma 1.2.3 that cp, > 0 implies gp,(z; (0) = 0 on a set of positive capacity,
hence in (2.15) we must have logc = -logcap(S(fl)). 0

Proof of Corollary 2.2.4. As in the preceding proof we only have to show
that

1
lim -vp (/I.',) = WII , lim rn(fl )l/n = C

n-too n n rl r: n-t(X)

imply c = l/cp,. Instead of (2.14) now we have

lim sup !.log IPn(fl; z)1 = -p(wp,; z) + logc,
n-too n

and taking into account (1.1.10) and the representation (1.2.11) we get for
qu.e. z E an = 8(fl)

o < -p(Wp,; z) + log c = gp,(z; (0) + log cp, + log c,
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and so cp, > 0 implies again c > 1/cp,. Finally, here the equality must hold
because of Corollary 1.1.7. 0

We promised the following example in Remark 2 after Theorem 2.2.1.

Example 2.2.5. We construct a measure J1 with cp, > 0 such that for some
NCN

(2.16)
1

lim -v ( ..)n-+oo n Pn p"
nEN

exists, but {')'n(J1)l/n}nEN does not converge. Of course, for this J1 we must
have by Theorem 2.2.1(a) that Int(Pc(S(J1))) =I- 0.

The construction is based on the following lemma.

Lemma 2.2.6. Let qn(z) = z" + ... be any monic polynomial of degree n
and let

AL(qn) = AL := {zllqn(z)1 = L}

be a level set of qn. Then Pn(WA L ; z)/')'n(WAJ =qn(z), that is, the nth
monic orthogonal polynomial with respect to the equilibrium distribution of
A L is exactly s«.

Proof of Lemma 2.2.6. It is known that cap(AL) = L1/ n (see [La,
Chapter II, Section 17, p. 173]) and so (see [Ts, Theorem III.12])

P(WA L ; z) < -logL1
/
n , z E C.

Now if Rn(z) = (z - zI) ., . (z - zn) is any monic polynomial of degree n
then from the inequality between the geometric and quadratic means we
have

II Rnll u (wALl > exp (J log IRn(z)ldwA,_ (Z))

= exp (t -P(WAL ; Zj)) ~ (L 1/ n t = L,
J=l

and since for qn we have

our claim follows from the extremality property and uniqueness of monic
orthogonal polynomials with respect to minimal £2 norm. 0
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Returning now to Example 2.2.5 we set
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(2.17)
00

J.L = J.Lo + L J.Lkl
k=l

where J.LO is the Lebesgue measure on [-1,1] and J.Lk, k > 1, will be some
discrete measures on some level sets of certain polynomials. In any case

cp. > cJ.Lo = ~.
We set

m

J.L(m) = J.Lo + L J.Lk·

k=l

Each J.Lk, k > 1, will have finite support; therefore, for J.L(m) the lower
and upper bounds in (1.1.13) are identical to 2, and on applying Corollary
2.2.3 we can conclude that the limit zero distribution of the orthogonal
polynomials corresponding to J.L(m) coincides with W[-l,ll' Using the metric
d introduced in the proof of Theorem 2.1.4 for weak" topology, we can thus
guarantee a large number Nm , which is then fixed in the rest of the proof,
such that

(2.18)

and at the same time

(2.19)

(2.20)

In (2.17) we require that each J.Lk has norm IIJ.Lk II < €k, where the positive
sequence {€k} will also be defined during our construction. If €k+l < €k/2
is satisfied, then we have in any case

00

L J.Lk < 2€m+l.
k=m+l

Therefore if €m+l is small enough, then independently of the actual choice
of Ilm+l, J.Lm+2, ... (2.18) and (2.19) imply

d (;m vP N m (1';.); W[-l;l]) < ~
and

(2.21)

Fix such an €m+l > 0 (which we can also choose smaller than €m/2 pro­
vided em has already been chosen).
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For large n the level set of IPn(J.l(m); ·)1 corresponding to L = IOn is
contained in the disk DlO := {zllzl < 10} because outside supp(J.l(m)) we
have locally uniformly

lim IPn(J.l(m); ')1 1/ n = e9C\ [- 1 ,1] ( Z iOO)
n---too

and

9C\[-1,lj(Z; (0) = log Iz + J z2 - 11.

Now set

qn(z) =qn,m(z) = Pn(J.l(m); z)lrn(J.l(m))

and L = L(m, n) = Ion Irn(J.l(m)) in Lemma 2.2.6. This lemma then asserts
that with

W '=WA =Wn,m . L(m,n) AL(m,n)(qn,m)

the nth monic orthogonal polynomial corresponding to wn,m is qn,m. Since
the same was true for the measure J.l(m) , we can conclude that the monic
orthogonal polynomial with respect to J.l(m) + cm+lWn,m is again qn,m, and
so for large n

l/r~(J.l(m) + cm+lWn,m)

= JIqn,m(z)1
2dJ.l(m)(z) + cm+l / Iqn,m(z)12dwn,m(Z)

= (1 + cm+l102n) Irn (J.l(m))2 < 2cm+l (IOn l t« (J.l(m)))2,

because IPn(J.l(m); z)1 = IOn on the support of wn,m' Thus, we can choose
a large number n = M m such that

(2.23)

(2.24)

=d(~mvPMm(l'(m);.);W[-l;ll) < ~
(for (2.23) consider (2.22) and

lim rn(J.l(m))l/n = 2
n---tOO

established previously). Fix an Mm > N m with properties (2.23) and
(2.24). If J.lm+l is a sufficiently good discrete approximation with finite
support in DlO of the measure cm+lwMm such that IIJ.lm+lll = cm+b then
we have with (2.23)-(2.24)

(2.25) rM
m

(J.l(m) + J.lm+l)l/Mm = 'tu; (J.l(m+l))l/Mm > 4,
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(2.26) d (~m VPM~(I'(~+,);.);W[-l,ll) < ~.

Now if f m+ 2 is sufficiently small (compared to l/Mm , which has already
been fixed) then independently of the actual choice of /-lm+2, /-lm+3, . . . we
will have from (2.25) and (2.26)

(2.27) '"YM
rn

(/-l)l/Mrn > 4,

and

(2.28)

This finishes the induction step during which we choose the numbers
{em}, {Nm }, {Mm} and the measures {/-lm} in the order ... , Nm , fm+l,
Mm , /-lm+l, Nm+l, f m+ 2, '" depending on the terms that have already
been chosen. The construction yields a /-l with supp(u) C DlO, ciL > 1/2,
and properties (2.20), (2.21), (2.27), and (2.28). Setting N to be the se­
quence with terms Nm and M m , m = 1,2, ... , we can see that the limit
(2.16) exists (= W[-l,l]) but {'"Yn(/-l)l/n }nEN does not have a limit. 0

Our final result shows that, contrary to Corollaries 2.2.3 and 2.2.4, norm
asymptotics, in general, does not imply zero asymptotics even if ciL > °
and Int(Pc(S(tt))) = 0.

Example 2.2.7. We construct a weight measure /-l with support on [0,3]
such that ciL > i and

(2.29)

but every equilibrium measure W[T,T+2] , T E [0,1]' is a weak* limit point
of the zeros of orthogonal polynomials corresponding to /-l.

Let /-l0 be the Lebesgue measure on [1,2], and with a sequence {an} C

[0, 1] to be chosen subsequently let /-In be the measure that assigns mass
n-5 to each of the points of the set Sn = {an + 2tn-3}t~1' Choose {an} C

[0, 1] in the following way: For an nand f > °let n~ < n < nt be the
smallest and the largest integers, respectively, with the property that for
n; < k < »: we have Ian - akl < f. Now it is easy to construct a sequence
{an} C [0,1] in such a way that each point of [0, 1] is a limit point of {an}
and for every f > 0

hold as n -+ CXJ.

Let

Tn(x; a, b) = (b - a)n2-2n+1 cos ( n . arccos (2~~aa) - 1))
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be the classical Chebyshev polynomials on (a, b] with leading coefficient 1.
The estimates

(2.30) ITn(x; a, b)1 < (b - a)n2-2n+1 , x E [a, b],

and

(2.31) Ir; (x·; a, b)I < 3n , X E (0, 3], a, b E [0, 3],

follow immediately from the definitions.
Now for an nand E > 0 set m n = n -I Uk<n; SkI, an = max(an - E, 0),

f3n = min(an + 2 + E, 3), and

II (x - T).

Since IUk<n; Ski < (n~)4, we have tti-, > n - (n~)4, deg(Pn) = n, and
Pn has leading coefficient 1. For x E [an - E, an + 2 + E] n [0,3] we get from
(2.30) that

IPn(x)1 < (1 + E)mn2-mn+13(n;)4,

and this combined with (2.31) and the fact that Pn vanishes on the support
of J-lk for 1 < k < n~ yields

n~ 00

,,;2(JL) < JP;dJL =JP;dJLO + L JP;dJLk + L JP;dJLk
k=n; k=nl+1

< (1 + E)2mn2-2mn+232(n;)4 (1 + ~_ k-2) + 32n f v?
k=ne k=nl +1

< 4(1 + E)2mn2-2mn+232(n;)4 + 32n jnt < exp(o(n))(1 + E) 2n2-2n

from which

(2.32) lim inf ,~/n (J-l) > 2
n-+oo

follows.
On the other hand, we easily get from Markov's inequality

IIq~(J-l; ')1ILoo[an,an+2] < n
2

I1 qn(J-l ; ')IILOO[an,an+2j

that

,:;:2 = / q;(J-l; ·)dJ-l > / q;JJ-l; ·)dJ-ln > n-5 max q;(J-l; x)
xESn

> 1n- 5 I1 qn(J-l )III oo [a
n

,a
n
+2j > 2-2nn - 5

,
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where, in the last step, we used the well-known fact that the supremum
norm of any polynomial of degree n with leading coefficient lover an
interval of length 2 is at least as large as 2-n+1 . This together with (2.32)
proves (2.29).

Now let 7 E [0, 1] be arbitrary. There is a sequence {ank }k=l converging
to T. Before, we verified that

(this immediately follows from the well-known Bernstein-Walsh lemma; see
[Wa, p. 77] or (A.31) in Appendix IX for w =1) yields

likm sup IIqnk (tt; .) II i:[T,T+2] < ~.
--tOO

Now

k~~ "v-,(w) = ~[T,T+2]

is an immediate consequence of this and Lemma 2.1.6 (applied to a
W[T,T+2] , [a, b] = [7,7+ 2]). D

2.3 Asymptotic Behavior of Zeros when cp >0

Now we return to the question of characterizing the sets

MIL = {v I u is a weak* limit point of the measures ~Vpn(J.Lj')}'

For arbitrary weight measure tt with support in [0,1] this was done in
Theorem 2.1.3, but the question for cJ.L > 0 was left open (note that different
J.LS may have the same MJ.L classes).

In the sequel we will encounter potentials p(v; .) that are bounded above
and at some point they take on their supremum. We shall write MAXp(tt; .)
for the set of maximum points ofp(v; .) with the agreement that MAXp( v; .)
is empty if the potential is not bounded above or if its supremum is not
attained. With this concept we prove the following theorem.

Theorem 2.3.1. Let S(tt) c [0,1]. If CJ.L > 0 and C is a minimal carrier
of I-L then any weak* limit u of the zero distributions {k "»« (J.L;.)} satisfies
C "C "MAXp( v; .) and supp(v) C C, where "C" means inclusion except for
a set of zero capacity. Conversely, if C ~ [0, 1] is of positive capacity and
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Me is the set of probability measures u satisfying C" C" MAXp(v; .) and
supp(z/) C C, then there is a measure /l such that C is a minimal carrier
of /l and Mp, = Me·

This theorem says that all possible weak* limits can occur among the
limit distributions of the zeros of orthogonal polynomials even in the case
ep, > O.

Proof of Theorem 2.3.1. Let ep, > 0 and v E M w supp(v) ~ suppiu) C

C follows from the well-known fact that in any interval contiguous to
supp(u) each of the polynomials Pn (/l; .) can have at most one zero (other­
wise there would be a polynomial of degree at most n - 1 having the same
sign as Pn (/l; .) on suppfzz), contradicting orthogonality). Furthermore, if
the subsequence {~vpn(P,;.)}nEN converges to v then {1'~:;.)}nENalso con­

verges to some number Q; (see Theorem 2.2.1.(a)) and by the lower envelope
theorem (see Appendix III) p(Vi x) - log Q; coincides quasi everywhere with
the lim inf of the sequence

{ ~ log(l/IPn(/l; x) I)}
n nEN

But

limsuplpn(/l;x)1 1/n = 1
n--+oo
nEN

quasi everywhere on C (see (1.1.6), (1.1.10) of Theorem 1.1.4, and Lemma
1.2.3) and

lim sup !Pn(/l; x)1 1
/
n > 1

n--+oo
nEN

quasi everywhere (see Theorem 1.1.4), thus the potential p(v;·) satisfies
p(v; x) < log Q; quasi everywhere, and equality holds for quasi every x E C.
From the lower semicontinuity of p(v;·) we finally obtain p(v; x) < log a
everywhere, and C "C" MAXp( v; .) has been verified.

The second half of the theorem requires a more sophisticated argument
and we divide the construction into several steps.

(I) Choose a dense sequence {Vk}~l in Me. Then there is a Co C C
such that cap(Co) = cap(C) and Co ~ MAXp(Vk;') for all k. Co is not
necessarily compact, but we can choose an increasing sequence C1 ~ C2 ~

... of compact subsets of Co such that cap(Cn) -+ cap(C) as n tends to
infinity.

(II) Fix a k. By [La, Theorem 1.2.7] there is an increasing sequence {v~}~l

of measures (with total mass at most one) such that the support of vk is
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contained in the support of Vb p(vk;') is continuous, vk ~ vk as i ---+ 00,

and for all x we have

(3.1)

Since then {p(vk; ·ni-:.l must be increasing on [0,1]' and on the compact
set Ok it converges to the constant maxp(vk;'), on Ok we have uniform
convergence in (3.1). These imply that there is a probability measure ak(=

vL/llvkll for sufficiently large i) such that

(i) d(ak; Vk) < 11k,
(ii) supp]ak) C SUPP(Vk) CO,

(iii) p(ak;') is continuous,
(iv) maxp(ak;') - k< p(ak; x) < maxp(ak;') for all x E Ok'

In (i) d is the metric for the weak" topology introduced in the proof of
Theorem 2.1.4.

(III) We set

Wk(X) = exp(p(ak; x) - maxp(ak; .)).

Then Wk is continuous,

for x E [0,1]' and

e- 1/ k < Wk(X) < 1

for x E Ok' For any polynomial Pn of degree at most n we have

(3.2)

(3.3)

In fact, if M is the right-hand side, then

1 1
n log IPn(x)1 > p(ak; x) - maxp(ak;') - (log M)/n

for all x E supp(ak), and since ak has finite logarithmic energy, the principle
of domination implies that (3.3) holds true for all x E C and this implies
(3.2).

(IV) Now we select a certain finite subset of supp(ak) on which the max­
imum of every weighted polynomial IPnWkl is comparable with the norm
of Pnwk.Let

{ (k,n) (k,n) (k,n)} {
Xo ,xl , ... , xn = xo, xI, '" , x n}

be n + 1 points from supp(ak) maximizing the determinant
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among all such systems. If Pn(X) = 2:."]=0 ajxj is any polynomial and

x E SUPP(Uk) is fixed, then the vector Vx := \xjwk(X))O~j::;n E IRn +1 is

a linear combination of the vectors V X t := (xi Wk(Xi))O~j~n, 0 < i < n
(note that n+ 2 vectors in Rn +1 are always linearly dependent whereas the
latter n + 1 vectors form a linearly independent system by the choice of the
points {Xi}):

n

v« = L {liVx t ,

i=O
where the coefficients rBi also depend on x. Recalling the way the {liS

are computed (Cramer's rule) and the maximality of the determinant

Ix{Wk(Xi) IO~i,j::;n we get that each (li is at most 1 in absolute value. But

n

Pn(x)wk(x) = L f3i Pn(xdwk(Xi),
i=O

from which we get

Finally, if we also take into account that supp(Uk) C C and that Wk is
continuous, a simple compactness argument yields an (n + I)-point set
Sk,n C C such that for all polynomials Pn of degree at most n we have

(use the fact that the set of polynomials Pn , deg(Pn ) < n, with
IIPnwkllsuPp(O"k) < 1 is compact).

(V) Next we need the existence of polynomials Pn k of the form x n + ...,
such that

lim IIPn kWkI11[o/n1] = exp( - maxp(uk; .)).
n--too' ,

The existence of such polynomials follows from the theory of weighted
potentials sketched in Appendix IX (d. (A.30) in that appendix), but for
completeness we present a direct construction using the points from the
previous step.

Consider the points {XdO<i<n = {x~k,n) }O<i<n from the preceding step,_ _ t _ _

and without loss of generality we may assume that

(3.4) II (xo - Xj)wk(xO) < IT (Xi - Xj)wk(Xi)
j#O j#i

for all i. If we factor out wk(Xj) from the jth row of the determinant
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D({xd), then what remains is a Vandermonde determinant; hence the
product of the right-hand sides of (3.4) for i = 0, I, ... ,n equals

Now if Pn,k(X) := TIf=l (x - Xi), then the extremality of the system
{XdO:=;i:=;n implies

for X E supp(uk) and so by the choice of Xo and by what we have just said
(d. also step IV)

We recall that the points {XilO<i<n = {x~k,n) }O<i<n depend on both Wk_ _ 1. __

and n. We claim that the corresponding counting measures

1 n

Pk n := 1~ D (k,n), n + L..J Xi

i=O

converge to Uk in the weak* topology. In fact, let {Pk,n }nEN converge to
some a. Then with

(v, fl) =JJlog Iz ~ tl dv(t)dfl(Z)

we have

(0", o ) - 2(a, Uk) + 2 max P(Uk; .)

=JJ(log Iz ~ tl - P(Uk; z) - p(17k; t) + 2 maxp(uk; .)) du(t)du(z)

= lim lim JJ(min(M, log I 1 I) -P(Uk; z) - P(Uk; t)
M~oon~oo z-t

nEN

+ 2 maxp(uk; ·))dPk,n(t)dPk,n(Z)

M 2 n
< lim Iim sup( - (n + 1)2 (~. (P(Uk; X1.\k,n)) - maxp(uk; .)))
- M~oo n~oo n + 1 L..J

nEN 1.=0

+ 1 log(D-2({x\k,n)}))) = lim sup log(D- 2/ n(n+l )({x~k,n)})).
(n+ 1)2 1. n~oo 1.

nEN
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But by the definition of the extremal points {x~k,n)} we have for any points

{ydf=o C SUPP(O"k)

log(D-2({x~k,n)} )) < log(D-2({Yd)),

and integrating this inequality with respect to dO"k(YO) ... dO"k(Yn) we ob­
tain

log(D-2({x~k,n)})< n(n+ 1)

xJJ(lOg Iz ~ tl - P(Jk; z) - P(Jk; tj + 2 maxp(ak; .)) d(Jk(tjd(Jk(Z)

= n(n + 1)(- (0"k , 0"k) + 2 max p(0"k; .) ) .

Collecting the previous estimates we Can finally conclude that

o< -(0",0") + 2(0", O"k) - (O"k' O"k) = -(0" - O"k, 0" - O"k),

which is possible only when 0" = O"k (see [La, Theorem 1.16]).
Thus we have proved 0" = O"k and as a side product of our computations

we get that the limit of log(Rk,n) from (3.5) as n tends to infinity is

(O"k' O"k) - 2 maxp(O"k; .) - J(p( O"k; t) - maxp(O"k; .) )dO"k( t) = - maxp(O"k; '),

by which the existence of the polynomials Pn k with the requested property,
is proved.

(VI) With a sequence {nk} to be chosen subsequently we set

1 1 "" 2n
k ( ) '"Jik := ( 1)2wCk + ( 1)3 LJ wk T 8T =: Jik + 11k'

nk + nk + STE nk ,k

where WCk is the equilibrium measure of the compact set Ck (cf. step I)
and Snk ,k is the subset of C appearing in step IV. Finally, let

00

Ji:= L Jik'
k=l

We will show that Mc = MJ.L and C is a minimal carrier of u; by which
the proof will be complete.

That

cap(C) > cJ.L > sup cap(Ck) = cap(C)
k

is obvious because SUPP(l1k) C Ck C C, Ji > WOk for all k, and it is easy
to show that Ck is a minimal carrier of wCk • Thus, C is a minimal carrier
for 11. Then, of course, by the first part of our theorem, we must have
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MJ-L C Me; therefore we only have to show the converse inclusion. This
will be done in step VIII after the preparation to be done in step VII.

(VII) Set.

Tnk(x) := Pmk,k(X) II (x - r),
rEUSn ,.., ,..

r<k
where the Pmk,k are the polynomials from step V and Sn,..,r are the sets
from step IV, and where

k-1
mk = nk -I u~:i Snr,r! > nk - L(nr + 1).

r=l

Thus, deg(Tnk) = nk and Tnk has leading coefficient 1. Clearly, Tnk van­
ishes on the support of J-t~ for 1 < r < k, and since on the support of J-t~ for
1 < r < k, which are all contained in Ok, we have by step III the inequality
1 > Wk(x) > e- 1/k, we get

< IITnkII~k < e2nk/kllTnk W";k 11[0,1] < e2nk/kIIPmk,kW";k 11[0,1]

< e2n
. /

k exp (2mk ( - maxp(uk; 0) + ~))

< e7nk/k exp(2nk( - maxp(ak; '))),

provided nk is large enough compared to nk-1' By the definition of I-l% we
have

/ T~kdl-l% < IITnkwZkll[o,l]'

for which the preceding estimate can be applied. Finally,

00 00

< L IIJ-trll < 2 L (nr + 1)-2
r=k+1 r=k+1

2
< -- < 2 exp(2nk( - maxp(ak; .)))

nk+1

provided nk+l is large compared to nk.
Until now we have not said anything about the sequence {nk}' Let us

choose it to be so fast increasing that all the estimates in this step hold.
From these we get

/ T~kdl-l < e8nk/kexp(2nk(-maxp(ak;'))),
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(3.7)

Jq~. (/-'; 0)d/-, < e8n
. / k exp(2nk( - max p(Uk; 0))),

where qnk (Ji; .) denotes the monic orthogonal polynomials belonging to u,
But the left-hand side is at least as large as

Jq~. (/-'; 0 )d/-'k > (nk + 1)-311 qn. (/-,; 0 )w~'11 ~n. o'

> (nk + 2)-41Iqnk (J1; ')W~k II[o,lJ'

where we used the property of the sets Snk,k established in step IV. Thus,
finally we can conclude

(VIII) Now we complete the proof. Let (J E Me be arbitrary. By the choice
of the measures Vk (step I) and (Jk (step II) there is a sequence N C N
such that (Jk converges in the weak* topology to (J as k tends to infinity
through N. By (3.6) we have for all x E [0,1]

-.!..-log 1 > P((Jk' x) _ ~ _ log((nk + 2)2) kEN.
nk Iqnk(Ji;x)1 - 'k nk '

By the principle of domination then this holds for all x E C. Now if 7J is a
weak* limit point of the measures Vqnk(J.L;')' kEN, then going to infinity
through a suitable subsequence of N we get from (3.7) for x ~ [0,1] (note
that all the zeros of qnk are contained in [0,1])

p(7J;x) > p((J;x),

from which 7J = (J follows as at the end of the proof of Lemma 2.1.6. 0

It is an open problem to determine which subsets of M[O, 1], where
M[O,l] denotes the set of probability measures on [0,1], arise as MJ.L for
some J1 with cJ.L > 0. That this class is quite extensive is indicated by
Theorem 2.3.1 and also by the following result that can be verified by
combining the methods applied in the proofs of Example 2.2.7 and Theo­
rem 2.3.1. Suppose that K is a set of compact subsets of (0,1] such that
the set MK. of the corresponding equilibrium measures is a closed subset
of M [0, 1] and all K E K contain a common set C of positive capacity.
Suppose further that each pair K, K' from K can be joined for every
c > °by a sequence K = Ko, Kv,>. ,Kn = K' from K in the sense that
cap((Ki\Ki+I)U(Ki+l \Kd) < c. Then there is a J1 with cj, > cap(C) > °
such that MK. = M w



3

Regular nth-root Asymptotic Behavior of
Orthonormal Polynomials

If the weight measure jL is sufficiently dense on its support, then in The­
orem 1.1.4 the lower bound (1.1.7) is asymptotically assumed. If this is
the case, then the measure and the corresponding orthonormal polynomi­
als are said to have regular (nth-root) asymptotic behavior. Orthogonal
polynomials of regular asymptotic behavior are the natural generalization
of classical orthogonal polynomials if we only want to preserve the asymp­
totic behavior in the nth-root sense, and they appear in many applications
(see, e.g., Chapter 6). There exist several definitions of regular asymptotic
behavior, which will be discussed together with their immediate conse­
quences in this chapter.

3.1 Regular Asymptotic Behavior

Different definitions of regular nth-root asymptotic behavior of orthonor­
mal polynomials will be reviewed and relationships among them will be
studied.

The sequence {Pn(jL; z) I n E N} is said to have regular exterior asymp­
totic behavior if

(1.1) lim IPn(jL; z)1 1/ n = e9o (ZiOO )
n-+oo

locally uniformly for z E C \ Co(8(jL)). This terminology has been intro­
duced by J. Ullman (cr. [UI2]) for the special case of weight measures jL
with 8(11) = [-1,1], in which case (1.1) takes the form

(1.2) lim IPn(jL; z)1 1/ n = [z + Jz2 - 11,
n-+oo

where that branch of the square root is taken which is positive for positive
z, The meaning of (1.2) is that Pn(jL; z) asymptotically behaves like the
classical orthogonal polynomials, say, Chebyshev or Jacobi polynomials.
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If S(J-t) = [-1,1], then the outer boundary an of S(J-t) is identical
with [-1, 1]. For this case in [U12] it has been said that the sequence
{Pn (J-t; z) I n E N} has regular interior asymptotic behavior if

(1.3) lim sup IPn(J-t; z)1 1/ n = 1 qu.e. on an.
n---+oo

The notations "exterior" and "interior" asymptotic behavior keep their in­
tuitive meaning so long as Int(Pc(S(J-t))) = 0, since then we have an =
S(J-t). We shall show in the next theorem that exterior and interior asymp­
totic behavior, as well as some other related relations, are equivalent.

A comparison of (1.1) and (1.3) with the asymptotic bounds given in The­
orem 1.1.4 shows that regular asymptotic behavior means that the lower
bound (1.1.7) is assumed asymptotically. This, of course, will always be the
case if the weight measure p, is sufficiently dense everywhere on its support
S(J-t)' and since this is often the case, the name "regular" for this type of
asymptotic behavior is justified. For example, the normalized Jacobi poly­
nomials, which can be seen as the prototypes of orthonormal polynomials
associated with a weight measure with compact support, possess the reg­
ular asymptotic behavior (1.1) and (1.3). Of course, they also possess the
stronger types of regular asymptotic behavior sketched in (1.1) and (1.2) of
the introduction (see, for instance, [Sz3], [Gel, or [Fr]).

We remark that cap(S(J-t)) = 0 has not been excluded in (1.1) and (1.3),
and neither will it be excluded in the next theorem, although this case is
somewhat special: we have 90(z; 00) = 00, and therefore the limit (1.1)
follows from the lower and upper bounds (1.1.6) and (1.1.7) of Theorem
1.1.4 for any weight measure J-t with cap(S(J-t)) = O.

Our definition of regular (nth-root) asymptotic behavior is based on the
following theorem.

Theorem 3.1.1. The following four assertions are equivalent.

(i) The limit

(1.4) lim In(J-t)l/n = 1
n---+oo cap(S(J-t))

holds true, where In (p,) is the leading coefficient of the orthonormal poly­
nomial Pn(J-t; z).

(ii) The limit

(1.5) lim IPn(P,; z)1 1/ n = e9o (z ;oo )
n---+oo

holds true locally uniformly in C\ Co(S(p,)).

(iii) The limit

(1.6)

holds true qu.e. on an.

lim sup IPn(J-t; z)1 1/ n = 1
n---+oo
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(iv) The limit (1.5) holds true locally uniformly in C \ Co(S(1-£)), and in
capacity in nn Co(S(J.l)), that is, for every compact set V c nn Co(S(1-£))
and every e > 0 we have

and furthermore the limit (1.6) holds true quo e. on an, and we have

(1.7) lim sup IPn(1-£; z)1 1/ n < e9o (z;oo)
n--+oo

locally uniformly in C.

Definition 3.1.2. If one of the four assertions of Theorem 3.1.1 holds
true, then the orthonormal polynomials Pn(1-£; z), n E N, associated with
the measure J.l are said to have regular (n-th root) asymptotic behavior, and
we write J.l E Reg. We shall also often refer to 1-£ E Reg simply as 1-£ is
regular.

Remarks. (1) A weight measure 1-£ is regular, that is, 1-£ E Reg, if J.l is
sufficiently dense on S(J.l). This can be intuitively best understood as a
consequence of the minimality property of the monic orthogonal polynomi­
als

in L2(J.l). We have

IIqn(J.l; ·)11£2(11) = (inf Ilqll£,(I') = ~)' n E N.
q z )=zn +... In J.l

Monic polynomials cannot be arbitrarily small, but if the measure J.l is thin,
then their L2(J.l) norm may be small and therefore In(J.l) large. Corollary
1.1.7 shows that in the regular case In (J.l)l/n assumes asymptotically the
smallest possible value. The preceding relation shows that this will be the
case only if J.l has a certain density on S(J.l).

(2) A measure J.l may belong to Reg, although the lower and upper bounds
given in Theorem 1.1.4 are different. This is, for instance, shown by Exam­
ples 1.5.4 and 3.5.1.

(3) Definition 3.1.2 gives definite information about the asymptotic be­
havior of Pn(1-£; z) as n ---+ 00 only for z E n. Nothing, except the upper
bound in (1.7), is said about the asymptotic behavior in the interior of the
polynomial convex hull Pc(S(1-£)).

We postpone the proof of Theorem 3.1.1 until after the statement of
Theorem 3.1.4.
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Besides regular asymptotic behavior in the sense of Definition 3.1.2, we
consider a closely related type of asymptotic behavior: regular asymptotic
zero distribution of the orthonormal polynomials Pn(J..L; z) as n --+ 00. It can
only be defined if cap(S(J..L)) > 0, since its definition involves the equilibrium
distribution WS(J-L)'

Definition 3.1.3. Let·cap(S(J..L)) > O. Then the orthonormal polynomials
Pn(/1; z), n E N, associated with the measure J..L are said to have regular
asymptotic zero distribution if

1 *
(1.8) n Vpn(J-Li') ----+ WS(J-L) as n --+ 00.

Recall that Vv« is the counting measure on the zero set of Pn.
When S(J..L) = [-1,1], this definition gives the classical arcsine distribu­

tion:

lim .!..#{zeros of Pn (/1; .) lying in (ex,,8n = .!.. (arccos ex - arccos,8)
n---+oo n 1r

for all (ex,,8) ~ [-1,1].
Having representation (1.2.3) of the Green function go (z; (0) in mind,

we are not so surprised that regular asymptotic zero distribution is very
closely related to regular asymptotic behavior (in the sense of Definition
3.1.2); however, as the next theorem shows, the two notions are not fully
identical. For further results in this direction see Section 6.7.

Theorem 3.1.4. Assume cap(S(J..L)) > O.

(a) If Int(Pc(S(/1))) = 0, then J..L E Reg implies regular asymptotic zero
distribution of the orthonormal polynomials Pn(J..L; z), n E N.

(b) If S(/-L) c an, in particular, if Int(Pc(S(J..L))) = 0, and cJ-L > 0, then
regular asymptotic zero distribution of {Pn(/1; z) I n E N} implies J..L E Reg.

(c) Thus, if CJ-L > 0 and Int(Pc(S(J..L))) = 0, then J..L E Reg and regular
asymptotic zero distribution are equivalent.

Remarks. (1) In case of a weight measure J..L with S(J..L) c IR, we have
Int(Pc(S(J..L))) = 0, and therefore for such weight measures regular asymp­
totic zero distribution follows from J..L E Reg. That the reverse is in general
not true is shown by Example 3.5.2, hence the assumption cJ-L > 0 in asser­
tion (b) cannot be dropped.

(2) For weight measures with Int(Pc(S(J..L))) :f:. 0 it can be questioned
whether (1.8) is the natural way to define regular asymptotic zero dis­
tribution (see, for instance, the very simple Example 1.5.1, which does not
satisfy (1.8)). An alternative definition could, for example, allow on the
right-hand side of (1.8) any probability measure v on Pc(S(/1)) that gen­
erates the same logarithmic potential in n as the equilibrium distribution
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WS(p)' With such modification the assumption Int(Pc(S(j.L))) = 0 in asser­
tion (a) would no longer be necessary. We will, however, keep Definition
3.1.2 since it is the usual one in the literature.

as n --+ 00, n EN.
1
- log In (j.L) --+ c E lR U { 00 }
n

and

Proof of Theorem 3.1.1. We shall use some results from the proof of
Theorem 1.1.4 from Sections 1.2 and 1.3. Without loss of generality we
can assume that cap(S(t-t)) > 0 since otherwise all four assertions of The­
orem 3.1.1 are satisfied for any measure u; which can easily be verified via
Theorem 1.1.4.

(i)*(iv): Let N ~ N be an infinite subsequence such that the two limits
in (1.3.26) exist, that is,

(1.9)

1 *
n u.Pn (p;.) ------f V

In part (b) of the proof of Theorem 1.1.4 it has been shown that (1.9)
implies inequality (1.3.42), that is,

(1.10) -p(v; z) + c > gn(z; (0) for all zEn.

Assertion (i) implies c = -log cap(S(j.L)). Together with (1.10) this yields
that the function

(1.11) -p(v; z) + c - gn(z; (0)

has a zero at infinity and is nonnegative for all zEn, and because
supp(v) C Pc(S(t-t)), it is harmonic in n. By the minimum principle for
harmonic functions it then follows that the function (1.11) is zero for all
zEn. In the same way as in the proof of Theorem 2.2.1(b) we can show,
by using the continuity of (1.11) in the fine topology, that this equality
extends to n (see Appendix II).

From what we have shown so far, and from the fact that -p(v; z) IS

subharmonic in C, it follows that

(1.12) {
gn (z; oo) forzEn;

-p(v; z) + c =
< 0 for z E I nt(Pc(S(t-t))).

From (1.12), the principle of descent (Appendix III), and the general
estimates (1.1.7) and (1.1.10) we can derive the limits (1.5) and (1.6) pro­
vided n tends to infinity through N. Since the right-hand sides of (1.5) and
(1.6) are independent of N, (1.5) follows from this.

With (1.6) one has to be a little cautious, because for general functions Pn
the fact that (1.6) is true qu.e. on an whenever n tends to infinity through
a sequence N for which the limits in (1.9) exist does not imply that (1.6)
is true for n tending to infinity arbitrarily. Fortunately, however, here we
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are speaking of potentials and (1.6) easily follows from what we have done
before with a simple application of the principle of descent. Equation(1.6)
is a consequence of (1.1.10) and (1.7), so it is enough to prove (1.7).

Suppose on the contrary that (1.7) is not true. Then there is a sequence
N* C N, a point z" E C, and for every n E N* a point Zn E C such that
Zn ---+ z" as n ---+ 00, n E N*, but

Let N C N* be a subsequence of N* for which the limits in (1.9) hold true.
Then we also have

and so the principle of descent yields

-p(v; z*) + c > gn(z*; (0).

This, however, contradicts (1.12) and this contradiction proves (1.7) and
at the same time (1.6) as well.

The proof of convergence in capacity follows in the same way as the proof
of the lower estimate (1.1.8) in part (d) of the proof of Theorem 1.1.4; we
only have to replace the right-hand side of (1.3.47) by gn(z; (0), which is
possible because of (1.12).

(iv)~(iii): This implication is trivially true.

(iii)~(i): Again let N C N be an infinite subsequence such that the two
limits in (1.9) exist. From assertion (iii), (1.1.9), and the lower envelope
theorem it follows that

(1.13) -p(v; z) + c = gn(z; (0) qu.e. on an.

Let C C an be the set of points z at which we have equality in (1.13)
and at which gn(z; (0) = O. We have cap(an \ C) = O. Since we have
assumed cap(S(J,t)) > 0, the equilibrium distribution w = WS(J.L) exists and
is of finite energy. Hence, w(an \ C) = 0 (see Appendix I). Together with
representation (1.2.3) (or see (A.10) in the Appendix) of the Green function
gn (z; (0) this implies that

o= / gn(x; oo)dw(x) = - / p(v; z)dw(x) + c = - / p(w; z)dv(x) + c

= / gn(z; oo)dv(x) + log capfS'(u)) + c.

Here the last integral is nonnegative, and therefore we have

(1.14)
1

c < log cap(S(Jt))'
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In Corollary 1.1.7 the converse inequality was proved. Hence, we have shown
that in (1.14) equality holds true, which proves (1.4) for any subsequence
N for which the two limits (1.9) exist. Since the right-hand side of (1.14)
is independent of N, (1.4) is generally proved.

(iv)~(ii): This implication is trivially true.

(ii)=>(i): By considering (1.5) near infinity the limit (1.4) can easily be
verified. 0

Proof of Theorem 3.1.4. (a) Let J-t E Reg and Int(Pc(S(J-t))) = 0.
Furthermore, let N C N be an infinite subsequence such that the two
limits in (1.9) exist. Since J1 E Reg, assertion (i) of Theorem 3.1.1 holds
true. As in the proof of Theorem 3.1.1, (i)~(iv), we can deduce (1.12).
Because Int(Pc(S(J1))) = 0 we have therefore shown that

-p(v; z) + c _ gn(z; (0).

As a consequence we have v = WS(/l) , which proves the limit (1.8) for the
considered subsequence N. Since the right-hand side of (1.8) is indepen­
dent of N, the limit (1.8), that is, regular asymptotic zero distribution, is
generally proved.

Part (b) has essentially been proved in Section 2.2 in Corollary 2.2.3. In
fact, in that proof the only change we have to make is that now the constant
c should be any accumulation point of the sequence {rn(J1)l/n }~=1' and
the the rest of the argument has to be repeated for the subsequence N of
the natural numbers for which

lim rn(J1)l/n = C
n-+oo,nEN

(the reason for that change is that now we do not assume Int(Pc(S(J-t))) = 0,
which is needed in Theorem 2.2.1(a)). 0

3.2 Characterization of Regular
Asymptotic Behavior

Regular asymptotic behavior discussed in the preceding section is equiva­
lent to several statements relating the size of general polynomials to their
£2 (J-t) (or LP(J-t)) norm. We discuss such relations in this section with re­
spect to £2(J1) and £OO(J-t) norms, and in Section 3.4 with respect to V(J1)
norms, 0 < p < 00. These results have applications to several problems of
approximation theory.

Theorem 3.2.1. The following five statements are equivalent/or a measure J1.

(i) The sequence {Pn (J-t; .)}~=1 has regular (nth-root) asymptotic behavior,
that is, J-t E Reg.
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(ii) We have

(2.1) lim sup IPn(tt; z)llln < e9o (z;oo )
n-too

locally uniformly in C.

(iii) For any sequence {rn}~=l of nonzero polynomials of degree deg(Pn) <
n we have

(2.2)
( )

lin
lim sup IPn(z)1 < e 9o (z;oo )
n-too IIPn IIL2(/-L ) -

locally uniformly for z E C.

(iv) We have

(2.3) lim sup IPn(tti z)1 1l n < 1
n-too

for quasi every z E an.
(v) For any sequence {Pn} as in (iii) we have

(2.4)

for quasi every z E an.
Ifin addition we also have S(tt) c an, in particular, if Int(Pc(S(tt))) =

0, then each of (i)-(v) is equivalent to the following statement.

(vi) Let gn > 0 be weight functions defined on S (tt) in such a way that
limn-too g:!n = 9 exists uniformly on S(tt), where 9 > 0 and 9 is continuous
on S(tt). We set dIJ-n := gndIJ-. Then for any sequence {Pn} of polynomials
as in assertion (iii) we have

(2.5)

for quasi every z E an = S(tt).

Remark 3.2.2. (1) We mention that the L 2(IJ-) norm in (iii), (v}, and (vi)
can be replaced by any LP(IJ-) norm, 1 < P < 00. For more on this see
Section 3.4.

(2) It may be useful to note that the pairwise equivalence of (ii) and (iii)
and that of (iv) and (v) hold pointwise, that is, say (2.3) is true at a single
point z if and only if (2.4) is true there. To show this is actually very easy
and it will come from our proof in what follows.
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(3) Note that as a consequence of Theorem 1.1.4 we must automatically
have equality in (2.1) for z rt. Co( S(Jl)) and in (2.3) for quasi every z E an.
(4) Condition (v) plays a distinguished role and we shall make a separate
definition for it in Section 5.2. There we will call a point z Jl-regular if for
every sequence of nonzero polynomials {Pn}~=l of corresponding degree n
we have

( )

lin
lim sup IPn(z)1 < 1.

n-+oo IIPn ll£2(p.) -

This is obviously equivalent to

lim (sup IPn(Z)I) lin = 1.
n-+oo degPn::;n IIPnII L 2(J.l )

Pn~O

It is also clear that if z is a Jl-regular point then z E Pc(S(Jl)). Jl-regularity
will be of most interest when z E an, that is, when z is on the outer
boundary of S(Jl). Paraphrasing the equivalence of (i) and (v), we can say
that Jl E Reg if and only if quasi every z E an is Jl-regular (for more
details see Chapter 5).

(5) If we assume (i), then (2.3) and (2.4) are actually true for quasi every
z E Pc(S(Jl)). This follows from (2.2) if we note that go(z, 00) = 0 for qu.e.
z E Pc(S(Jl)) (see also the corresponding proofs in the sequel).

When the support S (Jl) of u; more precisely its outer boundary, is regular
with respect to the Dirichlet problems in the domain n, then the condi­
tions in Theorem 3.2.1 hold uniformly whenever Jl E Reg. Because of its
importance, we state this case as a separate theorem.

Theorem 3.2.3. Suppose that S(Jl) is a regular set with respect to the
Dirichlet problem in n. Then the following five statements are equivalent.

(i) Jl E Reg.

(ii)

uniformly on C.

limsuplpn(Jl;z)ll/ne-gn(ZjOO) < 1
n-+oo

(iii)
( )

lin

lim sup IPn(z)1 e-gn(Zioo) = 1
n-too degPn:Sn IIPn ll£2(p.)

Pn~O

uniformly on C.

(iv) lim I!Pn (Jl; .)Ill/n S( ) = 1,n-too sup, J.t
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where II . Ilsup,sC~) denotes the supremum norm on S(J-t).

(

IIPn Ilsup,su.t)) lin = 1

nl~~ de;~~~n IIPn IIL2C/.l ) .
Pn~O

If in addition S(/-t) c ·an, then any of (i)-(v) is equivalent to the follow­
ing statement.

(vi) If {gn} is a sequence as in assertion (vi) of Theorem 3.2.1, then

where du-, := gndJ-t is the measure from Theorem 3.2.1.

Proof of Theorem 3.2.1. First we verify the equivalence of the assertions
(i)-(v).

(i)=>(ii): This was verified in Theorem 3.1.1.

(ii)=>(iii): Let Pn be any polynomial of degree at most n, without loss of
generality we may assume its L 2 (J-t ) norm to be 1. Thus, if

n

Pn(z) = 2: CkPk(J-t; z)
k=O

is its Fourier expansion in the orthonormal polynomials {Pk(J-t; ')}, then
Lk=O ICk 1

2 = 1, that is, each Ck is at most 1 in absolute value.
Now if (2.1) holds at a point z, then for every f > 0 there is a Cc: such

that

and so
n

IPn(z)1 < 2: !ckllpk(J-t; z)l < nCc:(e90CZ;OO) + f)n,
k=O

which proves (2.2) at z.
Thus, if (2.1) holds at every z then so does (2.2). From this the locally

uniform convergence in (2.2) Can be derived from the following general
argument.

Suppose on the contrary that the convergence does not hold locally uni­
formly. Then there is a sequence N* C N, a point z" E C, and for every
n E N* a point Zn E C such that Zn ----t z" as n ----t 00, n E N*, but

liminf IPn(zn)11jn > e90 (z · ;oo) .
n---+oo,nEN·
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If we replace all zeros ~ of Pn lying outside the disk {z Ilzl > R} by R~jl~l,

then for large Rand Iz - z*I < 1 the ratio

changes by a factor that lies in the interval

((R -lz*I-1)j(R + Iz*1 + 1), (R + Iz*1 + l)j(R -lz*l- 1)),

hence by choosing R large enough we can assume that the zeros of the
polynomials Pn lie in a fixed compact set (besides the normalization
IIPnIlLP(J.L) = 1 assumed at the beginning of the proof).

Let N C N* be a subsequence of N* for which the limits

1 *-vp ----+ v andn n

1
- log Tn ---+ c E R U { 00}
n

as n ---+ 00, n E N,

hold true, where Tn is the leading coefficient of Pn. Then we also have

Iirn inf IPn(zn)11jn > e9o (z *;oo) ,
n~oo,nEN

and so the principle of descent yields

-p(v; z*) + c > go(z*; 00).

Since both sides are continuous in the fine topology (see Appendix II), it
follows that the inequality

-p(v; z) + c > go(z; 00)

must hold on a set of positive capacity (see Appendix II). But we have
previously verified (2.2) pointwise for every z, hence the lower envelope
principle gives

-p(v; z) + c < go(z; 00)

for quasy every z and this contradicts the preceding statement. This contra­
diction shows that in fact, the convergence in (2.2) holds locally uniformly.

(iii)=>(v): This follows from the fact that

go(z; 00) = 0 for qu.e. z E an.
(v)=>(iv): This is obvious and (iv)=>(i) follows from Theorem 3.1.1 (ef.
Theorem 3.1.1(iii)) if we take into account (1.1.10).

With this the equivalence of the first five statements (i)-(v) has been
proved. Finally, we show that in the case S(tt) C an condition (v) im­
plies (vi). Since (vi)=}(v) is trivial (take gn =1, n = 1,2, ... ), this will
complete the proof.
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In the proof of (v)::::}(vi) we need the following lemma about approxi­
mation on an by absolute values of polynomials.

Lemma 3.2.4. The set

{IPI I P is a polynomial}

is dense in C+(8n), that is, every nonnegative continuous function on an
can be uniformly approximated by absolute values of polynomials.

Proof of Lemma 3.2.4. It is known that the set

{ReP I P is a polynomial}

is dense in the space CR(an) of real-valued continuous functions on an (see
[CaD. If g E CR(an) is strictly positive, then we can uniformly approximate
log g by real parts of polynomials:

lim RePk(z) = logg(z)
k~oo

uniformly on an. Then we will have uniformly on an

1
. M(k) (Pk(Z)).9
irn '"" = lim Iexp(Pk(z))1

k~oo ~ s! k~oo
.9=0

= lim exp(RePk(z)) = exp(log g(z)) = g(z)
k~oo

for some appropriately chosen sequence {M(k) }k=l' which proves Lemma
3.2.4 for positive functions. Of course, it is then true for nonnegative func­
tions as well. 0

Consider now the function g from (vi). Since we have assumed 8(11,) s;;;
an, which is equivalent to 8(J-L) = an, Lemma 3.2.4 yields a polynomial
Q = Qc: with

1- f < g(z)1/2/IQ(z)1 < 1 + e, Z E 8(J-L),

whatever f > 0 is given. Then for large n we will have

1 - 2f < gn(z)1/2n /IQ(z)1 < 1 + 2f,

which implies with Rn(z) = Pn(z)Qn(z)

gn(z)1/2IPn(z)I < (1 + 2f)n IRn(z) I
IIPn ll £2(l-t n) - (1 - 2f)nIlRnII£2(I-t)
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If deg(Q) = k then deg(Rn) < n(l + k) and (v) applied to Rn(z) implies

( )

l/n(l+k)
limsu IRn(z)1 < 1
n-+cxr IIRnlip (/-L) -

for qu.e. z E an. But then

( )

l/n

1
. Rn(z)
un sup < 1
n-+oo IIRn IIL2(/-L)

is also satisfied quasi everywhere on an, and so, in view of (2.6), the left­
hand side of (2.5) is at most (1 + 2c)j(1 - 2c) for qu.e. z E an = S(J.1')'
Because of the arbitrariness of c, (2.5) holds. D

Proof of Theorem 3.2.3. Recall that the assumption of Theorem 3.2.3
is equivalent to the fact that go C; 00) is continuous throughout C.

In the proof we can be very short because basically we only have to
repeat the preceding proof. In fact, (i)*(ii) follows from Theorem 3.1.1,
(1.7), and the maximum principle for harmonic functions if we use the fact
that, because of the continuity of go('; 00), (1.7) holds true uniformly on
compact subsets of C provided it holds locally uniformly on C. Then (iii)
follows from (ii) as in the preceding proof. (iii)*(v) is true because the
regularity of S(J.L) implies that go(z; 00) vanishes on Pc(S(J.L)). (v)*(iv) is
again trivial and that (iv) implies (i) follows from Theorem 3.2.1.

Finally, (vi) obviously implies (v) and (v)*(vi) follows exactly as III

Theorem 3.2.1. D

In Theorem 3.2.1 we have verified that (i) and (vi) are equivalent. The
implication (vi)*(i) means that if (2.5) holds true quasi everywhere on
an = S(J.L) for every sequence {gn} and corresponding limit function 9
satisfying the conditions in (vi), then J.L E Reg. This does not mean that
if (2.5) is true for a single sequence {gn} and corresponding limit 9 then
JL E Reg. Consider, for example, the following:

Example 3.2.5. Let supptu) = [-1,1] U [2,3],

00

J.L = J.L* +L dkOXk'
k=l

where J.L* is the Lebesgue measure on [-1,1]' dk 10 sufficiently fast (to be
specified subsequently), and {Xk} ~ [2,3] is a dense subset of [2,3]. With
1> 2 set

if x E [-1, 1];

if x E [2,3].
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Then

lim g~/n(x) = 2-1' exp(,p(W[_llj; x)),
n-+oo '

where W[-l,l] is the equilibrium distribution of the interval [-1,1].
By Theorem 3.2.3 we have for every x E [-1,1]

for any sequence Pn '¥. 0, degPn < n, because J..L* is regular in the sense
of Definition 3.1.2. But (2.5) actually holds for every x E [2,3] as well,
because

gn(X)1/2\Pn (x )1< IIPn ll [- l ,l j(X + Vx2 _1)(1-1'/2)n

< 3nIIPnIIL2(~*)(X + Vx 2 _1)(1-1'/2)n,

where in the first inequality we applied the Bernstein-Walsh lemma and in
the second one Nikolskii's inequality (see [Ti, 4.9.6]).

Thus, (2.5) is true for every x E supptu}, but if {dk } decreases sufficiently
fast then It will not be in the class Reg (cr. Theorem 4.2.8). D

3.3 Regular Behavior in the Case of
Varying Weights

In one of our applications we will need to conclude It E Reg from (2.5)
provided we know it only for a single sequence {gn} and corresponding limit
function g. Despite Example 3.2.5 we shall show that such a conclusion is
possible if we know some additional properties of g. In our application the
following will be sufficient.

Theorem 3.3.1. Suppose that

(3.1) g(z) = exp(,p(O"; z)), z E S(J..L) ,

where 0 < , < 2 and 0" is a probability measure with compact support in n.
Assume further that the assumptions of Theorem 3.2.1 (vi) are satisfied, that
is, S(J..L) can, g:!n ---+ 9 uniformly as n ---+ 00, and dltn = gndJ..L. Then if

(3.2) limsupg(z)1/2IPn(ltn; z)1 1/ n < 1
n-+oo

for quasi every z E an = S(J..L) then J..L E Reg.

Remarks. (1) A constant factor in g does not make any difference, so in
(3.1) the exponential term can be multiplied by a constant and the result
is still true.
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(2) The. theorem is not true if r > 2 is allowed. In fact, Example 3.2.5
already shows this phenomenon, although there the support of a was not
contained in n. To get a proper example, move the support of a a little, for
example, let g be defined by (3.1) (with I > 2), where a is the equilibrium
measure of the segment [-1 + if, 1 + if] for some small E > O.

(3) A comparison of the two assertions (ii) and (iv) in Theorem 3.2.1 with
assertions (iii) and (v}, respectively, shows that the orthonormal polynomi­
als Pn(JJ,; '), n E N, are optimal test functions for the two inequalities (2.2)
and (2.4). Whereas in assertions (iii) and (v) the inequalities have to hold
for all sequences {Pn } of nonzero polynomials with deg(Pn ) < n, in the
two assertions (ii) and (iv) it is enough that the inequalities hold only for
the sequence {Pn(t.t; .)}. It is an interesting question (and it arises also in
applications, see, e.g., Sections 6.1 and 6.2) whether in the case of weighted
L2(J1,n) norms (cf. assertion (vi) in Theorem 3.2.1) the orthonormal polyno­
mials {Pn(J1,n; ')}nEN have a similar testing power in L2(J1,n). Theorem 3.1.1
implies that this is in fact the case for weights like the ones in (3.1) with
1 < 2; furthermore, the preceding remark shows that for general weights
{J1,n} this is not so.

Proof of Theorem 3.3.1. The proof will be carried out indirectly; that
is, we assume that (3.2) holds but J1, is not regular. Then there is an a < 1
and a subsequence N C N such that for the monic polynomials

we have

(3.3) JIqn(J1,; ')1 2dJ1, < a 2n(cap(S (J1, )))2n, n EN.

Let a' be the balayage of a onto S (J1,). Then

p(a'; z) = pea; z) + Jgo(z; oo)da(x)

for quasi every z E S(J1,) (see Appendix VII) and hence for the measure

p = ~al + (1 - ~) WS(jj) ,

where wS(jj) denotes the equilibrium distribution of S(J1,) , we have

(3.4) pcP; z) = ;p(a; z) + c = log(gl/2(z)) + c

for quasi every z E S(J1,), where the constant c is given by

(3.5) c := ; Jgo(x; oo)da(x) + (1 - ~) log cap(~(J1,))'
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In fact, formula (3.4) is an immediate consequence of the definition of the
measure p and the relation

1
p(WS(J.L); z) = log cap(S(lL)) for qu.e. z E S(p,).

We shall show subsequently that relation (3.3) implies that there exists
an infinite subsequence N* C N with

(3.6)

where P,n is the varying measure dp,n = gnd/-l. But first we prove that (3.6)
and (3.2) are incompatible, and the so obtained contradiction will prove
our theorem.

Let v be a weak" limit point of the zero distributions of the orthogonal
polynomials {qn(P,n; .)}nEN*, and suppose that the weak* limit is u along
the subsequence N** C N*. It follows from Theorem 2.1.1 that v is a
probability measure with support in S(p,). By the lower envelope theorem
of potential theory (see Appendix III)

lim sup Iqn(P,n; z)1 1
/
n = exp( -p(v; z))

n-790
nEN U

for qu.e, z E S(p,), and hence, in view of (3.6),

(3.7) lim sup IPn (P,n; z)1 1
/
n = exp( -p(v; z) + co)

n-790
nEN**

for qu.e. z E S(p,). Together with the representation (3.4) of g we deduce
from (3.2) and (3.7) the inequality

(3.8) -p(v; z) + co < -p(p; z) + c

for quasi every z E S(p,) = an. Since p is of finite logarithmic energy.
this inequality extends to all C by the principle of domination (see Appen­
dix III). Considering (3.8) around infinity we can conclude co < c, which
contradicts (3.6), and this contradiction proves our theorem.

Thus, it remains to be shown that (3.3) implies (3.6). In order to prove
this we need some preparations.

Let c < idist(S(p,), supp(a)), and

K = Kg = {zldist(z, S(p,)) < c}.

We shall specify e > 0 at a later stage of the proof. It is obvious that K is a
compact subset of C, Knsupp(a) = 0, K contains S(p,) in its interior, and
OK, the unbounded component of C \ K, contains supp(a) for sufficiently
small c > 0, say, e < cO < idist(S(/-l), supp(a)); furthermore, anK is



3.3 Regular Behavior in the Case of Varying Weights 75

(3.10)

regular with respect to the Dirichlet problem in OK' For the time being
the only requirement on E > 0 is that all these properties are satisfied, that
is, E < EO·

Let a" be the balayage of a onto K. We know that supp(a") C aOK and
the regularity of aOK implies

(3.9) pio"; z) = p(a; z) + / gnK (x; oo)da(x), z E K

(see Appendix VII). Our first objective is to compare a" and the equilib­
rium distribution WK of K.

Let h > 0 be an arbitrary continuous function on aOK. By the regularity
of aOK there is a function, which we continue to denote by h, that is
continuous on OK and harmonic on OK (including 00). By Appendix VII
we have then

[ hda" = [ lido = [ hdo,
lank lnk lsupp(a)

In a similar fashion, since the balayage of 000 onto K is W K, we get

(3.11)

But h is nonnegative, so by Harnack's inequality (see Appendix III) there
are two positive constants q and C2 such that independently of the choice
of h > 0

qh(oo) < h(z) < C2h(00), z E supp(a).

Combining this with (3.10) and (3.11), we can see that for the signed mea­
sures

"al = a - CIWK,

with support in aOK the integrals

[ lulo j , j = 1, 2,
lanK

are always nonnegative when h E C(aOK) is nonnegative. But then it
follows from the Riesz representation theorem for positive functionals that
both signed measures al and a2 are nonnegative, that is,

(3.12)

Now let 1 < A < 1 + CI/C2 be of the form A = k/(k - 1), kEN, with a
fixed k. It follows from (3.12) that the signed measure

a = ).a" - (A - l)WK
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is actually a probability measure that satisfies (cf. (3.9))

pea; z) = >..p(a; z) + d, z E K,

(3.13)

d= x/ gaK(x; oo)da(x) - (>.. - 1) log(l/cap(K)).

From our discussion it is clear that the same constants Cl, C2, >.. can serve
for all K = K; with c < cO, that is, k can be chosen independently of
o< c < ca.

Choose now a sequence of discrete measures

1 n

- '" 8x ·Tt~ ',n
i=l

with support in anK that converges in the weak* topology to a, and set
n

Rn(z) = II (z - Xi,n).
i=l

Since S(fJ;) and anK are disjoint, we get from (3.13) that

lim IRn(z)11/ n = exp( ->..p(a; z) - d)
n---too

uniformly on S(fJ;).
On the other hand, if {Yi nh<i<n n>O C aK are chosen in such a way, - - , -

that the discrete measures
1 n

- '" 8n. Z:: Yi,n
i=l

converge to WK, then for the polynomials

n

R~(z) = II(z - Yi,n)
i=l

we have uniformly on S(fJ;)

lim 1~(z)ll/n = cap(K)
n--+oo

because P(WK; z) = log(l/cap(K)) on S(fJ;).
Thus, for the polynomials

Qn(Z) = R[wy/2] (z)R[n(1_,/2)] (z)(z - a)n-[n,/2]-[n(1-,/2)]

of degree n, where a ¢ S(fJ;) is any fixed number introduced to attain
deg(Qn) = Tt, we have uniformly on S(fJ;)

(3.14) lim \Qn(z)11/n = exp (- >""Y pea; z) - d*) ,
n--+oo 2
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where

* AI' / ( ( 1') I' ) 1(3.15) d ="2 gOK (x; 00 )dcr(x) + 1 - 2 - 2(A - 1) log cap(K)"

After these preparations we are ready to prove that (3.3) implies (3.6).
Multiplying both sides of (3.3) by

(Qn (z) )2(k-l) gkn(Z)

and making use of the facts

gkn(z) = (exp (>'2"1 p(O"; z)) ) 2(k-l)n ,

2(k -1) ((1 - ~) - ~ (A - 1)) + 2= 2k (1 - ~)

(recall that A = k/ (k - 1)) as n --+ 00, we get for the monic polynomials

Pkn(z) = qn(/l; z) . Q~-l(z)

of degree kn from (3.14)~(3.15) and from (3.3) the estimate

(3.16) li~-:~ (/ IPknl2gkndl') 1/2kn < o)/ke-d,

nEN

where

(3.17) d = d« = ; / 9flK(X; oo)ddx) + (1- ;) log cap~K)

_ ~ log cap(S(/l)) .
k cap(K)

If we replace on the left-hand side of (3.16) the polynomials Pkn by the
corresponding monic orthogonal polynomial qkn(/lkn; .), then the left-hand
side does not increase, hence

limsup(l'kn(/lkn))-l/kn < alike-d.
n--+oo
nEN

Recall now that d = d« (cf. (3.17)) depends on K = Kg. If € --+ 0 then
cap(Ke ) --+ cap(S(/l)) and gOK(X;OO) --+ gn(x;oo) uniformly on the sup­
port of (J, and these imply that then d = d«, tends to

c = ~ / 90(x; oo)dcr(x) + (1 - ~) log cap(~(/l))
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(see (3.5)). Thus, if a 1/ k < {3 < 1 is fixed then we can choose 0 < c < cO
in such a way that together with (3.18) we also have

limsup(1kn(ttkn))-1/kn < (3e- c ,
n~oo

nEN

and this proves (3.6) with co = c + log -b. o

With respect to the applications in Section 6.1 it is desirable to complete
Theorem 3.3.1 by further results about orthonormal polynomials with re­
spect to varying weights. In the next theorem the lower asymptotic bounds
(1.1.7) and (1.1.10) of Theorem 1.1.4 are extended to these more general
polynomials, and the analogue of Theorem 3.1.1 is proved.

Theorem 3.3.2. Let g(z) = exp(1P(a; z)) be defined as in (3.1); that is,
o < 1 < 2 and a is a probability measure with compact support in n.
Suppose further that the assumptions of assertion (vi) of Theorem 3.2.1
are satisfied, that is, S(tt) c an, g~n -+ g uniformly on S(tt) as n -+ oc,
and dttn = gndtt. Then for any infinite subsequence N C N we have

(3.19) lim sup Ign(Z)1/2pn(ttn; z)1 1/n > 1
n~oo,nEN

(3.21)

for quasi every z E an, and

(3.20)

liminf IPn(ttn; z)1 1/n > exp (" (g(a, n; z) - pea; z)) + 2 -1 gn(z; 00))
n--+oo 2 2

locally uniformly for z E C \ Co(S(tt)), where

g(a, 0; z) := Jgn(z; x)da(x)

denotes the Green potential of the measure a in the domain O.

Theorem 3.3.3. With the same assumptions as in Theorem 3.3.2, the
following four assertions are equivalent.

(i) tt E Reg.

(ii) ( )
1- .1. (J ). 1n 1 ? 1

n~moo 1n(ttn) / = cap(S(tt)) exp 2 gn(x; oo)da(x) .

(iii)

lim IPn(ttn; z)1 1/n = exp (2
2

(g(a, 0; z) - pea; z)) + 2 - 1 gn(z; 00))
n--+oo 2

locally uniformly for z E C \ Co(S(tt)).
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lim sup !gn(Z)lj2pn(Jtn; z)1 1j n = 1
n~oo

79

for quasi every z E an.

Proof of Theorem 3.3.2. The proof is practically a repetition of the proof
of the estimates (1.1.7) and (1.1.10) in Theorem 1.1.4. We will therefore
closely follow the proof given in Section 1.3.

The estimate (3.19) will be proved first. In this proof we can assume that
the potential p(0"; .) of 0" is continuous throughout C. In fact, if this is not
the case then we can replace 0" by its balayage onto a regular compact set
lying in C \ supp(rr) and containing Pc(S(Jt)) in its interior.

As in (1.3.26), let N ~ N be an infinite subsequence such that the two
limits

1 * 1
(3.22) -vp (II ..) -+ v and - log )'n(Jtn) -+ c E IR U {oo}n n ,..n, n

exist as n -+ 00, n E N. We have supp(v) C Pc(S(Jt)) as a consequence of
Theorem 2.1.1. With the same arguments as applied for the derivation of
(1.3.27) and (1.3.28), and with the fact that g;jn -+ g uniformly on S(Jt),
we derive from (3.22) that

(3.23) lim sup ~ log Ign(z)lj2pn(Jtn; z)11jn = p (I' 0" - v; z) + c
n-+oo,nEN n 2

for quasi every z E an, and

(3.24) lim ~ log IPn(Jtn; z)11jn = -p(v; z) + c
n-+oo,nEN n

locally uniformly for z E C \ Co(S(Jt)). The lower estimate (3.19) is proved
if we show that

(3.25) P (~ 0" - v; z) + c > 0

for every z E an, which is the analogue of (1.3.30) in the proof of Theorem
1.1.4. This inequality can be proved by contradiction in exactly the same
way as has been done in the case of (1.3.30). The general strategy is to
replace the measure lJ everywhere by u -1-0", and the weight measure Jt by
#J.n. The details are as follows.

Let us assume that, on the contrary, (3.25) does not hold true for all
Z E an. Then

(3.26) an n A8 i- 0 for A8 := {z Eel - P (v - ~O"; z) + c < -8}

for some 8 > O. From the upper semicontinuity of -p(v - 10"; z) (recall
that p(0"; .) has been assumed to be continuous) it follows that A8 is open.
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Every component A8of A8 has the same boundary 8A8in the fine topology
and in the ordinary planar topology, and this combined with that fact that
potentials are continuous in the fine topology implies that on 8A8we must
have

-P (v - ~ a; z) + c = -8.

Thus, if 'f} > 8 and A~ is a component of A T7 lying in A8, then we have
A~ C A;5. By the minimum principle for superharmonic functions this is
possible only if A:5 n S(v) f:. 0. Hence every component of the set A8 has a
nonempty intersection with S(v). Therefore there exists a simply connected
domain B with

(3.27) B n S(v) f:. 0, B n n f:. 0, and

Since B is connected, the set

(3.28) S := Pc(S(It)) \ B

is polynomially convex. Let now V C B be a compact set with

(3.29) Int(V) n S(v) f:. 0.

Since S is polynomially convex and S and V are disjoint, part (a) of Lemma
1.3.2 can be applied. Let a < 1 and mEN be the two numbers introduced
in part (a) of Lemma 1.3.2. Because of (3.29) and the first limit of (3.22),
for sufficiently large n E N there exist at least m zeros Xl,n, ... ,xm,n of
the polynomial Pn(ltn; z) on V. From Lemma 1.3.2 we know that there also
exist m points Yl,n, ... ,Ym,n E C so that the rational function

m

( )- II z - Yj,n
Ttn. z -

. lz-xJ'nJ= ,

satisfies the inequality

(3.30) Ilrmlls < a.

Consider now the modified monic polynomials

Since the polynomials iin and qn (It; z), n E N, differ only in m zeros, these
two sequences of polynomials have the same asymptotic zero distribution,
that is, we have

(3.31) 1 *-v- -----t u as n -+ 00, n E N,n ««
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where v is the same probability measure as in (3.22). From (3.31), (3.26),
the principle of descent of potential theory, and from the limit relation
g;/n -+ g, which holds uniformly on S({L), we derive that

(3.32) . 1 1/2 _ (,)lim sup -log Ign qn(z)1 < -p u - -a; z < -8 - c
n--+00 , nEN n 2

locally uniformly for z E A8 n S({L), and so the inequality between the left­
and right-hand sides holds true uniformly for z E B n S({L). From (3.32)
and the second limit in (3.22) it follows that there exists a zero sequence
{en> O} such that the supremum norm of g:l2iin on B n S({L) satisfies

(3.33)

(3.35)

for all n E N sufficiently large. For the L 2 ({Ln) norm of iin we get from
(3.28), (3.30) and (3.33)

(3.34)

Iliinlli2(Jl ) = r liinl
2gn d{L + r Iqnl

2gnd{L
n JBnS(p,) JSnS(Jl)

< {L(B)llg~/2qnI11ns(Jl) + IIT'mll~ r Iqn({L; ·)12gnd{LJSnS(Jl)

{L(B)c~ a2 1
< ( 2 + 2 < )2- ,n {Ln) ,n({Ln) ,n({Ln

for all sufficiently large n E N. The estimate (3.34) contradicts the minimal­
ity (1.3.10) of the monic orthogonal polynomials qn({Ln; z). Hence, (3.25)
and thereby also (3.19) is proved.

Next we prove (3.20). We have

, 2-,
2 g(a, n;z) + 2 gn(z; 00) = 0

for all z E an which are regular points with respect to the solution of
Dirichlet problems in n, and hence this inequality holds quasi everywhere
on an. We claim that

( ("Y ) ' 2 - ,3.36) p 2"a - v; z + c > 2g(a, n; z) + 2 gn(z; 00)

for all zEn.
Suppose that on the contrary there is an c > 0 such that the set

{ . ("Y ), 2 - , }Ae = zEn I p 2 a - v; z + c - 2 g(a, n; z) - 2 gn(z; 00) < -c
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is not empty. We shall make use of the fact that the expression

(3.37) p(a; z) - g(a, n; z)

is harmonic in n. In fact, this follows from (1.3.16) and (1.3.17) if we
consider that the measure W lI in (1.3.17) is supported on the boundary of
n. By the minimum principle for harmonic functions (see, e.g., Theorem
III.28 of [Ts]), for every component A; of Ac we must have

cap(aA; nan) > o.
Thus, there is a point zo E aA; nan for which (3.35) holds with z replaced
by zo. Since zo is also a boundary point of A; in the fine topology, and the
left-hand side of the following inequality is continuous everywhere in this
topology, we have

(
, ), 2 -,

P 2 a - v; zo + c - 2 g(a, n; zo) - 2 gn(zo; 00) < -f,

which contradicts the choice of zoo This contradiction proves (3.36).
We get (3.20) from (3.24) and (3.36) if the limit on the left is taken

through the subsequence N for which the limits in (3.22) exist. Since the
right-hand side is independent of the choice of N, (3.20) is fully proved.

D

Proof of Theorem 3.3.3. We prove the implications (i) {:} (iv) and (iii)
:::;. (iv) :::;. (ii) :::;. (iii).

(i){:}(iv): (iv):::;'(i) immediately follows from Theorem 3.3.1. The direction
(i):::;'(iv) is obtained from Theorem 3.2.1, (i):::;.(vi) and from (3.19).

(iii):::;'(iv): From (3.23) it follows that assertion (iv) is equivalent to

(3.38) p (~ a - v; z) + c = 0

for quasi every z E an and for any subsequence N C N for which the two
limits in (3.22) exist (see also the proof of Theorem 3.1.1 concerning the
sufficiency of considering the limits in question for subsequences).

On the other hand, assertion (iii) is equivalent to

(3.39)
, 2-,

-p(v; z) + c = 2 (g(a, n; z) - p(a; z)) + 2 gn(z; 00)

for all z E C \ Co(S(/l)) and for any subsequence N C N for which the two
limits in (3.22) exist. Since supp(v) C Pc(S(/l)), we get from the harmonic­
ity of the function in (3.37) that (3.39) holds also for all zEn, and since
both sides of (3.39) are logarithmic potentials plus constants (cf. formulas
(1.3.16)-(1.3.17)), the equality in (3.39) extends to all z E an, for these
functions are continuous in Cartan's fine topology.
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Using.(3.35) we see immediately that (3.39) implies (3.38) and this proves
(iii)=?(iv).

(iv)=?(ii): Choose again an N C N with property (3.22). If we consider
(3.36) around infinity we get

'J 2-, 1(3.40) c> 2" gn(x;oo)dO"(x)+ 2 logcap(S(JL))'

From (iv) we can conclude (3.38) and hence

p (~ 0" - V; z) + c = 0

holds true for quasi every z E an. Hence the same equality holds true
WS(p.) =: w-almost everywhere and we can write (cf. also the proof of
(1.14) in Section 3.1)

0= Jp(~a - v; z)dw(z) + c = Jp(w; z)d(~a - v)(z) + c

= - ~ Jgo(z; 00 )da(z) + (~ - 1) log cap(~(/L)) +Jgo(z; 00 )dv(z) + c

'J 2-, 1> - 2 gn(z; oo)dO"(z) - 2 log cap(S(JL)) + C,

which gives the opposite of (3.40). Thus, we have in (3.22)

'J 2-, 1
C = 2 gn(x; oo)dO"(x) + 2 log cap(S(JL))'

which proves (ii) if the limit in (ii) is taken along N. But then (ii) is
generally proved by standard arguments.

(ii)=?(iii): Let Nand c be as in (3.22). If we assume (ii) then the two sides
in (3.36) coincide at infinity, hence we must have equality in (3.36) for all
zEn, and this proves (iii). D

3.4 Characterization of Regular Asymptotic
Behavior in LP (p )

Whereas in Section 3.2 regular asymptotic behavior was characterized by
relating the size of general polynomials to their L 2(JL) norms, we now in­
vestigate the same problem with respect to V(JL) norms for 1 < p < 00, or
V(Jl) quasinorms for 0 < p < 1.

The minimality of monic orthogonal polynomials qn(JL; z) in L 2(JL ) (see
(1.3.10)), which is equivalent to their orthogonality, motivates us to con­
sider also minimal monic polynomials

(4.1) qn(JL,p;z)=zn+ ... , nEN,
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in V(/-L) for 0 < p < 00 1 that iS 1

Ilqn(/l,p;z)IILP(t-t) = inf IlqIILP(Jl)'
q(z)=zn+ ..

The existence of qn(/-L1 p; z) follows for every n E N from a simple compact­
ness argument, and we get from Lemma 1.3.2 that all zeros of qn(/-L,p; z)
lie in the convex hull of S(/-L) (see the proof of Theorem 2.1.1). In general,
these polynomials are not unique if 0 < p < 1. We note that II . IILP(p) is
a norm only for 1 < p < 00, whereas for 0 < p < 1 the triangle inequality
does not hold, and II . IILP(p) is therefore only a quasinorm.

For p = 2 the polynomials (4.1) are the monic orthogonal polynomials
with respect to /-L, and for p = 00 they are the Chebyshev polynomials OIl

S(/-L) since for continuous functions 1I·llvxJ(t-t) is identical with the supremum

norm II . Ilsup,S(p) on S(/-L).

Theorem 3.4.1. If

(4.3) ( )

l / n

lim inf IlqIILP(p) = cap(S(tt))
n---+oo q(z)=zn+ ..

holds for one p with 0 < p < 00, then (4.3) holds true for all 0 < p ::; 00.

Remarks. (1) The case p = 00 is special as then the minimal polynomials
qn(/-L, 00; z), n E N 1 depend only on the support S(/-L) and not on the
measure /-L itself, and (4.3) holds for any measure /-L with compact support
(see [Ts 1 Theorem III. 26]).

(2) By the inequalities

(4.4) /-L(C)-l/PllfIILP(p) < /-L(C)-l/qllfIILq(p) < Ilfllsup,S(p)l

which hold for 0 < p < q < 00 and any bounded measurable function l, we
have

for all 0 < p < q < 00 and any weight measure /-L. The inequalities in (4.5)
show that in (4.3) only the proper limit and an lower estimate by cap(S(/-L))
are critical.

Equality in (4.3) means that the weight measure /-L has a certain sufficient
density in a neighborhood of an. From Theorem 3.4.1 together with the
definition of regularity of a weight measure /-L in (1.4) and the identity
Ilqn(/-L, 2; ·)IIL2(t-t) = l/,n(tt) (see (1.3.10)) we derive the next corollary.
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which shows that the definition of regularity (Definition 3.1.2) is not specific
for orthogonal polynomials; it can be equivalently based on the size of monic
minimal polynomials qn(tt,p; z}, n E N, in IY(tt), 0 < p < 00.

Corollary 3.4.2. Let 0 < p < 00. Then tt E Reg if and only if (4.3) holds.

Proof of Theorem 3.4.1. If cap(S(tt)) = 0, then (4.5) proves our claim.
Hence, let cap(S(tt)) > 0, and then, by making use of a linear transforma­
tion, we may assume without loss of generality that cap(S(tt)) = 1.

In view of (4.5) it is enough to show that if for some 0 < p < 00 we have

(4.6)

then for all r with p < r

(4.7)

By (4.6) there is an a < 1 and an infinite sequence N; such that for all
nE N:

(4.8)

IT s is any fixed natural number and [njs] denotes the largest integer not
greater than njs, then the relation

which follows, with some constant Os depending only on S(tt) and the
number s, from the definition of the extremal polynomials qn (tt, p; '), shows
that we can replace all large n E Nl by s([njs] + 1). Hence, we can assume
without loss of generality that for every natural number s all but finitely
many terms in N2 are divisible by s.

We can also select a subsequence N2 ~ Nl such that the limits

(4.9) lim "« (u. p") = V,
n-+oo,nEN2 n,.."

1 1
lim -log = c

n-+oo,nEN2 n \Iqn(tt,P; ·)IILP(/l)

exist. It is easy to check that the proof of Theorem 2.1.1, which gives
information on the location of minimal L 2 (tt ) polynomials, carries over to
the LP(tt)-extremal polynomials qn(J.L,P; .). Therefore, we know that v is a

. probability measure with support in Pc(S(tt)).
As a further simplification, we may assume c < 00, for in the opposite

case (4.7) trivially holds by choosing qn(z) = qn(J.L,P; z) for n = 1,2, ...
(taking into account that the norms Ilqn(J.L, p; .) II¥cn(S(/l)) are uniformly



86 3. Regular Asymptotic Behavior of Orthonormal Polynomials

bounded in n because all the zeros of qn (JL, p; .) are contained in the convex
hull of S(JL)).

Now we need some basic facts from the theory of weighted potentials
discussed in Appendix IX. Set ~ = Pc(S(JL)), Q(z) = p(v; z), and w(z) =
exp(-Q(z)) = exp(-Ap(V;Z)) for z E ~. Then w A is admissible for all
A > 0 in the sense of Appendix IX, so we can consider the problem of
finding the minimal eriergy

inf{/ / log It ~ zl dw(t)dw(z) + 2A / Q(t)dw(t)} ,

where the infimum is taken for all probability measures w supported on L
Let WwA be the unique minimizing measure. Then we know that for some
constant FWA

(4.10)

for quasi every z E Pc(S(JL)), and we know that the constant FWA and the
corresponding weighted Chebyshev constant, which is defined by

are connected by

(4.11)

(see (A.30) in Appendix IX). Furthermore, if Sw>' is the support of W w >' ,

then we know that SWA decreases as A increases.
We shall need some further preparation before we can turn to the proof

of (4.7). First we show that

(4.12)
A

t W
~ cap(S(JL)) = 1 as A~ 0 + O.

It is clear that tWA < tlCA, where t l denotes the Chebyshev constant
corresponding to the weight identically 1 on E, and C is an upper bound of
w on ~. By Szegd's theorem (see Appendix IX, especially (A.30) for w =1)
t l = cap(~), hence from ~ = Pc(S(JL)) we can deduce

On the other hand, if, < 1 then there is an t > 0 such that for the set

EE = {z E Pc(8(JL)) Iw(z) > t}

we have
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and so for any monic polynomial Pn of degree n

II nA Il l / n All Il l / n A Aw Pn Pc(S(/L)) > E Pn E. > E cap(E£) > E ')'cap(S(J-L)) ,

where we have used the fact that

IIPnllK > cap(K)

(see (A.29) in Appendix IX for w = 1) for every compact K. This, together
with what we have shown previously proves (4.12).

Paraphrasing (4.12) we can write (d. (4.11))

(4.13)

In (4.17) we shall prove a stronger version of this limit relation, but first
we show that (4.13) implies

(4.14) cap(SWA) ---+ 1 as A ---+ O.

In fact, for any monic polynomial Pn of degree n we have (d. (A.29) in
Appendix IX)

where C is an upper bound for w on Pc(S(J-L)). Hence (4.14) follows from
(4.13) and the fact that there are monic polynomials Pn for which

(see (A.30) in Appendix IX).
Now let

So = USwA •

A>O

Then cap(So) = 1 = cap(S(J-L)) and So ~ Pc(S(J-L))' hence

9c\So (z; 00) = 9c\Pc(S(/L)) (z; 00),

furthermore, from the decreasing character of the sets SWA we get

9C\Sw A (z; 00) ~ 9c\So (z; 00) = 9c\Pc(S(/L)) (z; 00)

monotonically as A ~ 0 (see the proof of Theorem A.l in Appendix IV).
Hence by the monotone convergence theorem

f 9c\Sw A (z; 00)dv(z) -, f 9c\Pc(S(/L» (z; OQ )dv(z).
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Next we verify that here the right-hand side is zero, that is,

(4.15) j 9c\pc(S(I')) (z; 00 )dv(z) = 0,

which, together with the previous relations, will prove

(4.16) iim j 9c\s A (z; 00 )dv(z) = O.
A~O w

Since supp(v) C Pc(S(JL)), and 9c\Pc(S(/-L))(z; 00) = 0 for quasi every z E

Pc(S(JL)), the relation (4.15) is false only if the set

Pc(S(JL))[ = {z E Pc(S(JL)) I9c\Pc(S(/-L))(z; 00) > O}

of the so-called irregular points ofPc(S(JL)) (see Appendix VI) has positive
v measure.

Now we show that this is not the case. Indeed, as the proof of (1.3.30) can
be repeated word for word for the polynomials 'In. (JL, P; .) having minimal
LP(p,) norm, we get that

P(v; z) < c, z E an
(for the definition of c see (4.9)). In fact, the key ingredient of that proof
is Lemma 1.3.2, which is independent of p. Since we have assumed that
the constant c is finite, it follows that the restriction of v to an has finite
logarithmic energy. But the set of irregular points is of zero capacity and
lies on an, hence v(Pc(S(JL) h) = 0 must hold, as we have claimed.

With (4.16) we are prepared to prove that

(4.17) lim FwA / A = O.
A~O

From formula (A.28) in Appendix IX we know that

Fw ' = log (~) - AjP(v;Z)dWS A(Z) > AjP(WS ).;z)dv(z),cap w A W W

where ws x denotes the equilibrium measure of the compact set SWA, and
where wewhave also used the fact that this latter set is part of Pc(S(p,)).
and hence it has capacity at most 1. This inequality together with (4.14),
(4.16), and the formula

1
p(WS A; z) = 9c\S A (z; 00) + log (S)

w w cap ui?

proves
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On the other hand, using (4.10) and the fact that the set of exceptional
points of Pc(S(JL)) for which the inequality (4.10) does not hold is of ca­
pacity zero, and hence it has wS(j.l.) measure zero, we can write

Fw >' < Jp(WSw>' + AV; z)dwS(I')(z) = Jp(wS(I'); z)d(WSwA + AV) < 0

because by (A.8)(a)

1
p(WS(j.l.); z) < log cap(S(JL)) = 0

for all z E C. These equations prove (4.17).
After these preparations we are ready to prove that (4.6) implies (4.7).

By (4.11) and (4.17), if E > 0 is given, then there is a A€ > 0 such that for
all 0 < A < A€ there is a monic polynomial RnA of degree nA such that

(4.18)

Let r > p be arbitrary. Choose an I: > 0 so that

(4.19)

is satisfied (for the definition of a see (4.8)) and for this E choose 0 < A < AE

of the form A = (r - p)/rk, where k is an integer. From (4.18) and the
principle of descent we get

(4.20)

for every Z E Pc(S(JL)) and every sequence {zm} converging to z. We claim
that this implies

(4.21)

In fact, in the opposite case there is a l > (1+1:)\ a subsequence N3 C N2,
and for each m E N3 a point Zm E Pc(S(JL)) such that

(4.22)

Without loss of generality we can assume that the sequence {Zm}mEN
3

con­
. verges to some point Z ofPc(S(p;)). But the sequence {llqm(JL,P; ·)II¥;(s(p))}
is bounded and the function IRn A(z)11jn>. is continuous on Pc(S(J.L)), hence
(4.22) contradicts (4.20), and this contradiction proves (4.21).
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We have assumed that all but finitely many terms in N2 are divisible by
n)" hence these terms can be written in the form m = nAI with an integer
1. From (4.21) and A = (r - p)jrk we get for each large m

(4.23) Illqm(JL,P; ')lr-PIRnAlrklllpc(S(It)) < (1 + 2f)(r-
p)m.

Consider now for m = InA E N2 the monic polynomials qm(JL, p; z) x
RnA(z)lk of degree m + nAlk = m(l + k). For their Lr(JL) norm we have

(J )
l/rm(l+k)

. lk l/m(l+k) _ . lk r
Ilqm(JL,P, .)RnAIILr(JL) - Iqm(JL,P, .)RnAI dJL

(J )
l/rm(l+k)

< Illqm(JL,Pi ')lr-PIRnAlrklllpc(S(JL)) Iqm(JL,P; ·)IPdJL

< ((1 + 2f)(r-P)ma m p ) l/rm(l+k) = ((1 + 2ft-PaP) l/r(l+k) < 1,

where we have used (4.23), (4.8), and (4.19). The last relation verifies (4.7),
and the proof is complete. 0

Like the definition of regularity of a weight measure JL, also its char­
acterization given in Theorem 3.2.1 could be extended to £P norms or
quasinorms. However, the proofs tend to be rather technical, so instead we
only consider the case when the support S(JL) is a regular set with respect
to the Dirichlet problem, that is, we consider the analogue of Theorem 3.2.3
but now with £P norms or quasinorms instead of £2 norms.

Theorem 3.4.3. Suppose that S(JL) is a regular set with respect to the
Dirichlet problem in n and a < p < 00. Then the following five statements
are equivalent.

(i) JL E Reg.

limsup ( !qn(JL,P; z)1 ) l/n e-gn(ZiOO) < 1
n-->oo Ilqn(JL,Pi ')IILP(JL)

uniformly on C.

(iii )

uniformly on C.

(iv)
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where II ··llsup,S(p) denotes the supremum norm on S(J-L).

(

IIPnllsup,S(fL) ) lin = 1

nl~moo de:~:sn IIPnIILp(p) .
Pn~O

If in addition S(J-L) c an, then any of (i)-(v) is equivalent to the follow­
ing statement.

(vi) If {gn} is a sequence as in assertion (vi) of Theorem 3.2.1, then

lim ( sup Ilg~/ppnIISUP,S(fL)) lin _ 1

n~oo degPnsn IIPnIILP(Pn) - ,
Pn~O

where dJ-Ln := gndJ-L are the measures from Theorem 3.2.1.

Proof of Theorem 3.4.3. We mention first of all that if for a sequence
{Pn } of polynomials we have

lim (11Pn II sup,s(j.J)) lin = 1
n-+oo 11Pn ll£2 (j.J) ,

then the same is true with LP(J-L) norms:

lim (IlPnIIsup,s(P)) lin = 1.
n-+oo IIPnIILP(p)

For p > 2 this follows from Holder's inequality, whereas for p < 2 we can
apply the estimate

JIPn12dJl. < lI Pnll;::'S(tt) JIPnlPdJL

Hence, in this case all the LP(p) norms are asymptotically equivalent in
. the nth-rooth sense.

But then any of the implications (i)=>(j) where (j) is any of (ii)-(v)
follows from the corresponding implications in Theorem 3.2.3 (use also
Theorem 3.2.3, (i)=>(v)). As for (i)=>(vi), the proof of this is also identical
with the proof of the corresponding implication in Theorem 3.2.3 if we use
(i)=>(v) and replace 2 by p throughout in that proof. Now since each of the
statements (ii)-(vi) implies (iv), it remains only to prove that (iv) implies
(i).

But this is a consequence of Theorem 3.4.1. Indeed, for any monic poly­
nomial of degree n, hence in particular for qn(J-L, p; -}, we have

Ilqn(J-L,P; ')II;~;,s(P) > cap(S(J-L)).
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(see (A.29) in Appendix IX with the special choice w _ 1, or [Ts, Section
111.5]), and so (iv) implies

(4.24)

(recall that the inequality

lim sup Ilqn(It,P; ')II~n( ) < cap(S(It))
n---too J.L

automatically holds since for the Chebyshev polynomials Tn(z) = zn + ...
associated with S(It) we have

lim IITnlll/ns( ) = cap(S(It))
n-wcx: sup, J.L

(see [Ts, Theorem 111.26] or (A.30) in Appendix IX with the special choice
w =1)). Now having (4.24) at our disposal, all we have to do to conclude
the implication (iv)::::}(i) is to apply Theorem 3.4.1. 0

3.5 Examples

Three examples will be given, which supplement our results from Sections
3.1 and 3.2.

Example 3.5.1. We construct a weight measure It with S(It) = [-2,2].
cJ.L = 0, and It E Reg.

This example shows that It E Reg can happen even if the lower and
upper bounds in Theorem 1.1.4 are different.

Actually such an example trivially follows from the regularity criteria
to be discussed in the next chapter but we need the bases of the present
construction in the more sophisticated Example 3.5.2.

Let tm(x) := 2 cos(m arccos(x/2)), -2 < x < 2, mEN, be the monic
Chebyshev polynomials of the first kind on [-2,2]' and set Sn := Z( tm ),
the set of zeros of tm for m = 3n , n E N. Each set Sn consists of 3n distinct
points that are contained in [-2,2]' and Sn C Sn+l' Set

(5.1) Itn := 3-n L Dx for n E N,
xESn

and define the weight measure It by

(5.2)
00

It := L anltn (an> 0, Lan < 00),
n=l

where in this example we set

(5.3) an := (1 - b)bn - 1 for some 0 < b < 1 and n = 1,2, ....
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for polynomials p with deg(p) < 2· 3n -1,

We have IIJLII = ~ an = 1 since the JLn are probability measures. Since
81 U 82 U ... is a countable carrier of JL, we have cJ.L = 0.

From the Gauss-Jacobi quadrature formula it follows that

(5.4)

f d - ~ /2 p(x)dx
p JLn -

1r -2 '1'4 - x 2

and therefore

(5.5)

(5.6)

From Lemma 1.5.3 together with (5.2) we know that

if b(1-n)/2
( ) < () < for m < 3n

.
"[m. JL - an "[m. JLn - /2(1 _ b)

If we use estimate (5.6) for 3n - 1 < m < 3n , n = 1,2, ... , then we easily
derive

(5.7) limsUP1m(JL)1/m < 1.
m~oo

Together with the lower bound of Corollary 1.1.7 this implies that
"Ym(JL)1/m ---+ 1 as m ---+ 00, which shows JL E Reg (see Definition 3.1.2).

o

The next example shows that, in the case cJ.L = 0, regular asymptotic
distribution of the zeros of the orthonormal polynomials Pn(JL; z), n E N,
does not necessarily imply JL E Reg. The example further shows that the
assumption cJ.L > °is really necessary in Theorem 2.2.1.(a) and Corollary
2.2.3.

Example 3.5.2. We construct a weight measure JL with 8(JL) = [-2,2]'
cJ1. = 0, and JL ¢ Reg, but in spite of JL ¢ Reg, the orthonormal polynomials
Pn(JL; z), n E N, have regular asymptotic zero distribution. Furthermore,
we will have

(5.8)

Another measure JL with similar properties but for which rn(JL)1/n tends
to infinity can be obtained from the construction that we used in the proof
of Theorem 2.1.4.

The measure JL is defined by (5.1) and (5.2) as in Example 3.5.1, but now
the coefficients an > 0, n E N, tend faster to zero and they are defined by

(5.9) an := (1 - b3)b3n
for some 0 < b < 1 and n = 1,2, . " .
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We first show that /-L ~ Reg. Let T = W[-2,2] be the equilibrium distri­
bution on [-2,2), that is,

(5.10)

and set

(5.11)

dx
dT(X) := , -2 < x < 2,

7rV4 - x 2

00

/-L(n) := L aj/-Lj.

j=n

From (5.9) it follows that

00

(5.12) (1 - b3)b3n < II/-L(n)II = L aj < b
3n

for n = 1,2, ....
j=n

The measure T has already been used on the right-hand side of (5.4). The
monic Chebyshev polynomials t-« are not only orthogonal with respect to
/-Ln for m < 3n (see (5.5)), but also with respect to the measure T, and we
have

On [-2,2] all tm are bounded by 2. In order to derive a lower estimate for
the leading coefficients "Ym(/-L) we use the test polynomials

(5.14) qm(z) := tm-3n-1 (Z)t3n-1 (z) for 3n
-

1 < m < 3n

in the minimality property (1.3.10) of the monic orthogonal polynomial
qm(/-L; z). The test polynomial qm has zeros at every point of the set Sn-l
if 3n - 1 < m < 3n . From (1.3.10) and (5.13) it follows that

(5.15)

I'm~/L)2 < JIqml
2d/L

= JIqmI2d/L(n) < 4JIt3n-112d/L(n) = 811/L(n)1

for 3n - 1 < m < 3n , which, with (5.12), implies that

2 1 1(1) 3
n

(5.16) "Ym(/-L) > 811/-L(n) II >"8 b for 3
n- 1 < m < 3

n,

and, furthermore,

(5.17)

The estimate (5.17) shows that J.L ~ Reg.
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In order to show that (5.8) holds true we have also to establish an upper
estimate for the coefficients rm(/l). From Lemma 1.5.3 together with (5.4)
and (5.12) it follows that

(5.18)

'Ym(/l) < 'Ym(/l(n)) = ~'Ym(T) < (2(1- b3)b3n
)- 1/ 2 for m < 3n.

II/l(n) II

From (5.16) and (5.18) we derive

(5.19) 8-1/ 2 < b3n/21m(/l ) < (2(1 - b3) )- 1/ 2 for 3n- 1 < m < 3n .

If N := {3n I n EN}, then from (5.19) it follows that

(5.20) (1)3/2
lim 1m(/l)1/m = -b

m~oo, mEN

and

(5.21) (1)1/2
lim 1m_1(/l)1/(m-1) = -

m-oo, mEN b

Since these two limits are different 1 inequality (5.8) is proved.
Last we show that the orthonormal polynomials Pm(/l; z), mEN, have

regular asymptotic zero distribution. For this purpose we consider the
monic orthogonal polynomials qm(/l; z) instead of the orthonormal ones.
We have

for 3n - 1 < m < 3n . Indeed, the first inequality was proved in (5.15) 1 the
second one follows from /l > /l(n), and the equality follows from (5.4) and
(5.11). From this we derive

(5.22)

From Theorem 1.1.8 it follows with (5.22) that

l/m

< e9T(Z;OO )(5.23) limsup Iqm(/l; z)1 1
/

m < limsup II q(~~;I~)
m-oo m-oo 'lm. /l,' L2(T)

locally uniformly for z E C. Since T is identical with the equilibrium dis­
tribution W[-2,2] of the interval [-2,2], we know from Lemma 1.2.7 that
gr(Zj 00) =9n(z; 00) with n = C \ [-2,2J. Hence, from (5.23) it follows
that

limsuplqm(J1;z)1 1
/
m < 1 = exp(p(W[_22j;Z) - max P(W[-22];Z))

m-oo ' zE[-2,2] ,
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uniformly on [-2,2], and so

(5.24)

follows from Lemma 2.1.6. This proves that the orthonormal polynomials
Pm (J1; z), mEN, have regular asymptotic zero distribution. 0

Example 3.5.3. In connection with Theorem 3.2.3 we show by an example
that it is possible for a regular measure J1 to have orthonormal polynomials
with

lim sup IIPn(J1; ')II~~n S( ) > 1.
n--too p, I-L

Of COurse, then S(J1) is not regular with respect to the Dirichlet problem
in n.

Let

S = {O} U U(2- n , 2-n + exp(_n3 ) ) ,

nEN

for some subsequence N = {nl = 1, n2, n3, ... } of the natural numbers,
and let

S* = {O} U U(2-n , 2-n + exp( _n3 ) ) .

nEN

By Wiener's test [Ts, Theorem III. 62] 0 is not a regular point of S*, so
gC\S.(O; (0) =: a > O. With N m = {nl,n2,n3, ... ,nm } and

Sm = U (2-n, 2-n + exp( -n3 ) )

«e«;

we obviously have

whatever the sequence N be.
Suppose that the numbers {nl, n2, . . . ,nm } have already been chosen.

Let p~m) be the orthonormal polynomials with respect to the restriction
of linear Lebesgue measure to Sm. Obviously, this is a regular measure, so
we have

Choose M m in such a way that
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and then a Pm so that with

e; = s« U U (2- n
, 2-n + exp( _n3 ) )

n'2Pm
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we have IIPt:: 11£2(S~) < 2. Finally, let us choose n m+ l > Pm arbitrarily,
and this completes the inductive choice of the numbers {nk}.

If J.L is the restriction of the Lebesgue measure to S, then by the con-

struction of the polynomials Pt:: we have

hence we must have for the orthonormal polynomials p(J.L; .) the relation

(see the proof of Theorem 3.2.3, (iv)=>(v)). On the other hand, J.L is regular:
For every z E S = S(J.L), z -=I 0, and any sequence {Pn} condition (2.4) is
satisfied because it is satisfied with the restriction of J.L to the interval of S
containing z (the restriction of Lebesgue measure to any interval is regular),
so we can apply Theorem 3.2.1. 0

3.6 Regular Behavior and Monic Polynomials

In many applications it is not regular nth-root asymptotic behavior but
regular zero distribution that plays a central role. We saw in Section 3.1
that these two notions are strongly related (cf. Theorem 3.1.4) but they
are not fully equivalent (see Examples 2.2.5 and 3.5.2). In this section we
briefly discuss characterization of regular zero distribution in the sense of
Section 3.1. Incidentally we get a variant of Theorem 3.1.1 for the monic
orthogonal polynomials {qn(J.L; .)} as well. However, we would like to point
out that, although our next result is very similar to Theorem 3.1.1, it is
much less deep than the latter one.

Theorem 3.6.1. Let cap(S(J.L)) > O. The following three assertions are
equivalent.

(i)

locally uniformly in C \ Co(S(J.L)).

(ii) lim sup Iqn(J.L; z)1 1
/ n = cap(S(J.L))

n----->oo
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for quasi every z E an.

(iii)

in the weak* topology, where f) denotes the balayage of the measure v onto
n.

Furthermore, each of·(i)-(iii) follows from J.l E Reg.
If Int(Pc(S(J.l))) = 0, that is, S(J.l) has empty interior and connected

complement, then (iii) takes the form

(iii) ,

which is nothing else than the regular asymptotic zero distribution of
{Pn(J.l; .)}.

Proof. That (i)-(iii) follow from J.l E Reg is an immediate consequence
of Theorem 3.1.1, hence we only have to prove the pairwise equivalence of
(i)-(iii) .

(i)=>(iii): Let a be a weak* limit point of {Oqn(/-ljz)}nEN. By Theorem 2.1.1
the measure a is supported on an. We have to show that a = wS(/-l)' Since
for zEn we have

(6.1)

and (i) is equivalent to

lim ~loglqn(J.l;z)1 = -P(WS(H);Z)
n-oo n r:

for z E C \ Co(S(J.l)), it follows that

(6.2)

for z E C \ Co(S(J.l)). Since here both sides are harmonic in 0., the equality
extends to 0., and then, by the fine-topology argument of the proof of
Theorem 2.2.1(b), to all z E n. From (6.2) for all z E an we get

I(eJ) : = Jp(eJ; z)deJ(z) = Jp(WS(/-l); z)deJ(z)

=Jp(eJ; z)dwS(/-l)(z) =Jp(WS(/-l); z)dwS(/-l)(z) = I(wS(/-l)) < 00,

that is, together with WS(/-l) the measure a also has finite logarithmic energy.
Hence we can apply the principle of domination twice to extend (6.2) (for
all z E an) to all z E C, and so o = wS(/-l) follows from the one-to-one
relation between measures and potentials (see Appendix III).
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(iii)=>(ii): If we use

1
p(WS(J.L); z) = log cap(S(J-l)) for qu.e. z E an
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and (6.1) for qu.e, z E an, then (ii) is an immediate consequence of (iii)
and the lower envelope theorem (see Appendix III).

(ii)=>(i): Let C1 be a weak* limit point of the zero distributions {vqn(J.L;')}'

By Theorem 2.1.1 we know that C1 is supported on Pc(S(J-l)) and every zero
of qn(J-l;') is contained in Co(S(J-l)). Hence, we only have to show that (ii)
implies p(C1; z) = p(WS(J.L); z) for all zEn. But (ii) and the lower envelope
theorem yield

(6.3)

for qu.e. z E an = supp(WS(J.L); z), hence we get from the principle of

domination that the same holds true for all z E C (note that wS(J.L) has
finite logarithmic energy and so the set of z E an for which (6.3) is false
has zero wS(J.L) measure). But at infinity we have equality in (6.3), and
since both sides are harmonic in n, the equality sign in (6.3) must hold
for all zEn by the minimum principle for harmonic functions, as we have
claimed. 0
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Regularity Criteria

For applications of our results concerning regular (nth-root) behavior of
orthonormal polynomials we need easy-to-use criteria for the inclusion
J.L E Reg. In Section 4.1 we review the existing regularity criteria and com­
pare their strength. In Section 4.2 we give several new criteria. Their com­
mon feature is that they directly relate the size of J.L on disks to J.L E Reg.
These new criteria turn out to be much stronger in applications than those
in Section 4.1 and they are very easy to use. The proofs that they imply
the regularity of J.L are given in Section 4.3. In Section 4.2 we also discuss
the sharpness of our criteria - they turn out to be "almost optimal." Their
sharpness is shown in Section 4.5 after some potential-theoretic prepara­
tions in Section 4.4. Finally, in Section 4.6 we give a review of all criteria
discussed by us and establish their relative strength.

4.1 Existing Regularity Criteria and
Their Generalizations

We review the existing criteria that ensure regular (nth-root) asymptotic
behavior of the orthonormal polynomials {Pn(J.L; ')}, in short, the regularity
of J.L (J.L E Reg).

It follows from Corollary 1.1.7 and Definition 3.1.2 that every measure
with support of zero capacity is regular. Therefore, in what follows until
the end of this chapter we shall always assume cap(8(J.L)) > O. This also
implies the existence of WS(J.l-) , the equilibrium distribution of 8(J.L).

The definition of regularity, that is,

1. ( )l/n _ 1
rm Tn J.L - (8())n-----.oo cap J.L

(cf. Theorem 3.1.1), and also the equivalent formulations of it presented in
Section 3.1 refer directly to the orthogonal polynomials in question, and
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therefore, except for a few concrete cases, it is very difficult to check its
validity. Besides this, the story is usually the opposite, namely, we want to
derive different properties of the orthogonal polynomials (say, zero asymp­
toties, asymptotics away from the support, etc.) from the knowledge of the
regularity of J.l (see the results in the preceding chapter). Therefore, we are
looking for criteria that directly connect J-L to its regularity.

The first such criterion was given in an influential paper by P. Erdos
and P. Turan, [ErTu]. They claimed that if J.l is a measure on [-1, 1] and
Ii (x) > 0 almost everywhere on [-1, 1], then J-L is regular (of course, I-L' (x)
denotes the Radon-Nikodym derivative of J.l with respect to Lebesgue mea­
sure, which, in the present case, coincides a.e, with the usual derivative of
the function J.l([-1, x])). Seeing that W[-l,l] and the Lebesgue measure on
[-1,1] are mutually absolutely continuous with respect to each other, we
have the following criterion as an obvious generalization:

Erdos-Turan criterion:

WS(/-L) -olmosi everywhere.(1.1) dJ.l > 0
dWS(/-L)

Inequality (1.1) should be understood in the following sense: Let J.l =
/-La + I-Ls be the decomposition of J.l into its absolutely continuous and
singular parts with respect to wS(/-L)' Then the Radon-Nikodym deriva­
tive dJ.la/dwS(/-L) exists wS(/-L)~almost everywhere and (1.1) means the
wS(/-L)~a.e. positivity of this derivative. Thus, the Erdos--Turan criterion
actually refers only to the absolutely continuous part of J.l (with respect to
WS(J-L))' but, of course, the regularity of J.la implies that of J-L.

Theorem 4.1.1. The Erdos~Turdn criterion implies J.l E Reg.

Remark. Condition (1.1) can be equivalently expressed in at least two
other ways:

(i) Inequality (1.1) is equivalent to

f(J.l) C f(wS(/-L))'

Where I'(v) denotes the set of carriers defined in (1.1.1).

(ii) Inequality (1.1) is equivalent to the assertion that the measures J-La and
wS(J-L) are equivalent in the measure-theoretic sense, that is, J-La(B) = 0 if
and only if WS(/-L) (B) = 0 for all Borel sets B, which is also equivalent to
the equality

f(J.la) = f(wS(/-L))'

that is, to the mutual absolute continuity of J.la and WS(/-L) with respect to
each other.
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Corollary 4.1.2. If S(J.L) = Al U··· UAn UE with AI,··· ,An smooth and
compact Jordan arcs in C, Al U ... U An does not separate C, and E C C
is a Borel set with cap(E) = 0, then

dp, > 0 A f . 1ds a.e. on j or J = , ... ,n,

implies p, E Reg. Here ds is the line element of the arc length on Aj .

Corollary 4.1.3. If S(J.L) = [-1,1], then

(1.2) dJ.L(x) > 0 a.e. on [-1,1]
dx

implies p, E Reg.

Remark. As has already been mentioned, Corollary 4.1.3 contains the orig­
inal result of Erdos and Turan [ErTu]. It may be interesting to note that
more than 40 years later E. A. Rahmanov ([Ra1] and [Ra3]) succeeded in
showing that (1.2) is not only sufficient for regular nth-root asymptotic
behavior, but also for the stronger ratio asymptotic behavior (1.2) of the
introduction. However, in Rahmanov's result the fact that S(J.L) is an in­
terval is essential. The weaker assumption of Corollary 4.1.2, even in its
most special form of two disjoint real intervals Al and A2 and E = 0, is
no longer sufficient for regular ratio asymptotics (see [Ra2]).

A weaker condition than the Erdos--Turan one was introduced by J. L.
Ullman in [UIl]. It claimed for a measure p, with S(p,) = [-1,1] that c/-l = i
be satisfied. Thus, we have the following criterion.

Ullman's criterion: c/-l = cap(S(p,)).
Recall that C/-l is the minimal carrier capacity of p, (see (1.1.2)).

Theorem 4.1.4. Ullman's criterion implies the regularity of J.L.

This is obvious from Corollary 1.1.7. It is not difficult to show that the
Erdos-Turan criterion implies Ullman's criterion. In fact, by dilation we
can assume diam(S(p,)) < 1. Now (1.1) implies that if C is a carrier of
p, and KI C K2 C ... ~ C are compact subsets with p,(Kn ) ~ 11p,11 as
n ~ 00, then we have also wS(/-l)(Kn ) ~ 1, and so for the logarithmic
energy

I(vn) = JflOg Iz ~ tl dvn(z)dvn(t)

of the unit measures
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we have

Since 10g(1/cap(Kn ) ) is at most I(vn) and I(wS(J-L)) equals 10g(1/cap(S(Jl))),
we can conclude

(1.4) Iim inf cap(Ks) > cap(S(J.l)),
n---.(X)

by which cap(C) > cap(S(Jl)), and so cJ-L > cap(S(Jl)), is established. This
proves that in the presence of (1.1) Ullman's criterion cJ-L = cap(S(Jl)) is
satisfied.

Thus, Theorem 4.1.4 proves also Theorem 4.1.1. Corollary 4.1.2 follows
from Theorem 4.1.1 because WS(J-L) and the arc measure on Al U· .. UAn are
mutually absolutely continuous (cf. [Wi2, p. 141]) and cap(E) = 0 implies
WS(J-L) (E) = O.

In the case when Int(Pc(S(J.l))) #- 0, the Erdos-Turan criterion can
be trivially weaker in strength than Ullman's criterion, see, for example,
Example 1.5.1, where the measure Jl is the planar Lebesgue measure on
the open disc {z I Izl < I} and J.l E Reg. The equilibrium distribu­
tion WS(J-L) is in this case supported on the circle {z I Izl = I}, and the
open disc {z I [z] < I} is a carrier of u. Hence, the derivative (1.1) is
zero wS(J-L)-a.e., and the Erdos-Turan criterion is not satisfied, despite the
fact that Jl E Reg. It is much less trivial that Ullman's criterion can be
significantly stronger in strength than the Erdos-Turan criterion even if
Int{Pc(S(J.l))) = 0, say, if S{J.l) C R. In Lemma 1.3., part (b) of [UIl]
it was shown that for every E > 0 there exist weight measures J.l with
S(J.l) = [-1,1]' cJ-L = cap([-l, 1]), and a carrier C E f(J.l) with the linear
Lebesgue measure >'(C) < E. Since the equilibrium distribution W[-l,l] of
the interval [-1,1] is absolutely continuous with respect to >., it follows
that W[-l,l](C) < 1.

In the next example the relation between the minimal-carrier capacity
cJ-L and the linear Lebesgue measure>. of minimal carriers is carried to an
extreme. We show that there exist weight measures on [0,1] with minimal
carriers of linear Lebesgue measure zero and cJ-L = cap([O, 1]). Thus, in this
example "linear Lebesgue measure" and the "minimal-carrier capacity" are
maximally different.

Example 4.1.5. We construct a measure J.l such that S(Jl) = [0,1], cJ-L =
cap([O,l]) = t, and there exist carriers C E f(J.l) with linear Lebesgue
measure >'(C) = O.

The basic idea of the construction is to paste linearly transformed Cantor
sets together. The measure J.l is then defined as a weighted sum of the
equilibrium distribution on these transformed Cantor sets.



104 4. Regularity Criteria

Let K be the classical Cantor set on [0,1]. Then >'(K) = 0 and cap(K) >
O. A set A C [0,1] is constructed by filling up the gaps in the Cantor set K
with linearly transformed Cantor sets. We describe the construction more
formally as follows.

For any set S ~ IR the linearly transformed set as + b is defined by

(1.5) as + b := {dx + b IXES} with a, b E IR, a > O.

The set A is defined as

(1.6)
A:=KUGK+Du[GK+D

UGK+~)UGK+D]u""
or in a compact formulation as

(1. 7)

where

(1.8)

00 [3
j

-1 ]
A := K U U U Kjk ,

j=O k=O

1 3k + 1
K j k := 3j+1 K + 3j+1

(1.9)

for i, k E I\l and 0 < k < 3j .

Let fLjk denote the equilibrium distribution of the transformed Cantor
set (1.8). The weight measure fL is then defined as

00 3j-1

1 1
fL := "2 WK +L 32j+1 L fLjk'

j=O k=O

It is easy to see that fL is a probability measure, A E r(fL) is a minimal
carrier, and >'(A) = O. It remains to be shown that

(1.10) Cil = cap(A) = cap([O, 1]) = !.
The Cantor set K is regular with respect to the Dirichlet problem in

C \ K (see Theorem III.63 of [Ts]). From Lemma 1.2.7 and Definition 1.1.1
it therefore follows that

(1.11)

for all z E C and j, kEN (0 < k < Ji). From the regularity of the Cantor
sets Kjk it then follows that

(1.12) g/t(Z; (0) = 0 for all Z E A.
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We next show that for any x E [0,1] and the sets

(1.13)

we have

(1.14)
00

]; log(l/C:p(An )) = oc.

(1.15)

Indeed, because of the regular structure of the set A, for every subinterval
I C [0,1] of length III > 3-(j-l), j E N, there exists at least one trans­
formed Cantor set (1.8) with Kjk c I (0 < k < 3j ) . Let j E N be the
first number with 3-(j-1) < 2-(n+1). Then there exists a Kjk C An with

o< k < 3), and therefore

1 1
cap(An ) > 3-7+ 1 cap(K) > 272~(n+l)cap(K).

This proves (1.14).
From (1.14) it follows that all x E [0,1] are regular points of the Borel

set A, which implies that

(1.16) gC\A(Z; (0) = 0 for all Z E [0,1].

o

As a reference for this last result see [La], Chapter V, Section 1/6, espe­
cially the second to last paragraph. Since [La] contains only a very sketchy
treatment of irregular points of Borel sets for logarithmic potentials, we
also refer to [Ts], where also only closed sets are considered, but the proofs
of Theorem III.61 and Theorem 111.62 can be generalized without using
earlier results so that the derivation of (1.16) from (1.14) is covered.

From (1.14) and (1.16) it follows that

gJ.L(z;oo) - gC\A(z;oo) - gC\[O,lj(z;oo),

which proves (1.10).

Obviously, in Example 1.5.1 the collapse of the Erdos-Turan criterion is
somewhat artificial. However, the example is instructive for the following
strengthening of the Erdos-Turan criterion, which is, up to a small modifi­
cation, identical with a regularity criterion introduced by Widom in [Wi1].
The original formulation of the criterion is given as Corollary 4.1.7.

Widom'8 criterion: For every carrier C of the measure /-l there exists a
sequence of compact sets Vn C S(/-l), cap(Vn ) > 0, n E N, with

(i) cap(Vn) - cap(S(jl)) as n - 00
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and

(ii)
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WV
n

(C) ---t 1 as n ---t 00.

Theorem 4.1.6. Widom!s criterion implies /-L E Reg.

Remarks. (1) In Theorem 4.1.6 it is sufficient to check the assumption
for only one minimal carrier C E rO(/-L). However, it is essential that the
carrier be really minimal, which is in general as difficult to decide as to
decide whether Ullman's criterion is satisfied or not.

(2) If all sets Vn are taken to be identical to S(/-L) ~ then condition (i) is
trivially satisfied and condition (ii) becomes equivalent to condition (1.1) of
the ErdosTuran criterion. Hence, Widom's criterion is in general stronger
than the Erdos-Turan criterion.

As a corollary to Theorem 4.1.6 we state the original formulation of
Widom~s criterion from [Will.

Corollary 4.1.7. If there exists a family of compact sets Vi C S (/-L) 1 0 <
t < to, with

(i) lim cap(Vi) = cap(S(/-L)),
t~to

and for any carrier C E r(/-L) we have

(ii)

then /-L E Reg.

lim sup Wvt (C) = 1,
t~to

Remarks. (1) Similarly as in Theorem 4.1.6 we can choose all Vi (0 <
t < to) to be identical to S(/-L), and condition (ii) of Corollary 4.1.7 is then
equivalent to condition (1.1) of the Erdos-Turan criterion. Hence, Widoms
criterion in its original formulation is also stronger than the Erdos-'Turan
criterion.

(2) Since in Theorem 4.1.6 for every carrier C E r(/-L) we may select a
different sequence {Vn } , the new formulation of the criterion is easier to
apply than Widom's criterion in its original form, where the family {Vi} of
compact sets has to be the same for all carriers C E I'(u}. The proof of the
corollary will show that the criterion of Theorem 4.1.6 is at least as strong
as the one in Corollary 4.1. 7.

Proof of Corollary 4.1.7 and Theorem 4.1.6. Corollary 4.1.7 imme­
diately follows from Theorem 4.1.6. In fact, let Vi, 0 < t ~ to, be a family
of compact sets satisfying the assumptions of Corollary 4.1.7. Let further
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C E r(jL) be an arbitrary carrier. From (ii) of the corollary it then follows
that there exists a sequence tn E [0, to) with s« ~ to such that for the
sequence of sets Vn := vtn the two limits (i) and (ii) in Theorem 4.1.6 hold
true. Hence, by Theorem 4.1.6 we have J.L E Reg.

As for Theorem 4.1.6 itself, we only have to prove that Widom's criterion
implies Ullman's criterion and then apply Theorem 4.1.4. But this is easy:
If C is a carrier of jL and {Vn } are as in (i) and (ii) in Widom's criterion,
then for each n there is a compact set K n C C such that Wl-T

n
(Kn ) ~ 1 as

n -+ 00. Now setting

Vn. = WVnlK n /wvJKn )

and taking into account that for the logarithmic energy of wV
n

we have

lim I(wv, ) = lim log(l/cap(Vn ) ) = log(l/cap(S(jL))),
n---+oo n n---+oo

we can conclude exactly as in (1.3)-(1.4) that

cap(C) > liminfcap(Kn ) > cap(S(jL)),
n---+oo

proving cll = cap(S(jL)). o

Thus, we have verified that Widom's criterion implies Ullman's criterion.
Now we show that they are actually equivalent. In fact, if we assume Ull­
man's criterion, that is, cll = cap(S(jL)), and C is a carrier of jL then there
are compact sets Vn C C such that cap(Vn ) ~ cap(S(jL)) as n ~ 00. For
this sequence {Vn } the two conditions (i) and (ii) in Widom's criterion are
satisfied.

As an illustration we show how to apply Widom's criterion to Example
1.5.1. In Example 1.5.1 the measure jL is the planar Lebesgue measure of
the open disc{z I Izi < I}. Set Vi := {z I Izi < r}, °< t < 1. The
equilibrium distribution Wt of the set vt is uniformly distributed on the
circle {z Ilzl = t}. Let C E f(jL) be arbitrary. Then for almost all t E (0,1)
we have

A(C n {z Ilzl = t}) = 21ft,

where A denotes the linear Lebesgue measure on {z I Izi = t}. Hence,
there exists a sequence {tn } with t n -+ 1 such that the corresponding sets
Vn := vtn satisfy the two conditions (i) and (ii) of Theorem 4.1.5. Hence,
by Widorri's criterion, we have jL E Reg.

Of course, Widom's criterion is of a different quality than Ullman's or
the Erdos-Turan criterion. Its application depends on the skill of the in­
vestigator in selecting the sequences {Vn } . For every carrier C E r(jL) a
different sequence may be selected. This different quality gives a practical
value to the equivalence between Ullman's and Widom's criteria.

As a summary of our findings we state the following theorem.
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(2.1)

(2.2)

(2.3)

Theorem 4.1.8. Let cap(S (J.L)) > O. The following dependencies hold:

Erd6s-Turtin criterion

=> Widom's criterion {:} Ullman's criterion

=> J.L E Reg.

All the these criteria 'are rather weak. The problem with them is that
the two stronger criteria, namely, Ullman's and Widom's criteria, simply
do not take into account the size of J.L, they only refer to the carriers of u:
Furthermore, they work only when in Theorem 1.1.4 and Corollary 1.1.7
the upper and lower bounds coincide, that is, only in the "trivial" case
For example, they never can be used to check the regularity of a discrete
measure. In the next section we present some incomparably weaker (and
hence in applications stronger) criteria for regularity of measures. Their
common feature will be that they relate the size of Ji, on disks to J.L E Reg.

4.2 New Criteria and Their Sharpness

Let 6.r(z) = {z' liz' - zl < r}. We start with

Criterion A:

cap ({z lim sup log l/IL(~T(Z)) < oo}) = cap(S(J.L)).
r---+O+ log 1 r

Theorem 4.2.1. Criterion A implies J.L E Reg.

We remark that A is weaker than Ullman's criterion (which is equivalent
to Widom's criterion) because the set

{ 1· log 1/J.L(6. r(z)) < 2}z lmsup--~~--~-

r---+O+ log 1jT -

is always a carrier for J.L (cf. Theorem 4.6.1).
Theorem 4.2.1 is about as far as anyone can go even if S(J.L) = [0. 1]:

namely, we show that in (2.1) the function log l/r cannot be replaced by a
much bigger one.

Theorem 4.2.2. There exists a measure J.L such that S(J.L) = [0,1], the set

{
. logljJi,([x-r,x+r]) }

x;~ (log 1jr)1+17 = 0 for every rJ > 0

is of capacity i but Ji, ft Reg.
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Condition A says that the measure p, is sufficiently dense in the points of
a set of full capacity. Note that from a measure-theoretic point of view, in
general, this requires denseness only in a relatively sparse set (see Example
4.1.5 or Corollary 4.4.4). But actually, we do not need this; all we need is
a kind of "denseness in the average." Therefore we introduce the following
"moving variant" of A.

Criterion A*: There exists a constant L > °such that

(2.4)

Theorem 4.2.3. Assume that S(J.L) = supp(rr) is regular with respect to
the solutions of Dirichlet problems in n = c \ Pc(S(J.L)). Then criterion A*
implies the regularity of J.L.

We shall show in Section 4.6 that A* can be significantly weaker than A
even for S(J.L) = [0,1]; namely, we will exhibit a p, with S(J.L) = [0,1] for
which (2.4) is true for every L > 1 but the set

1
. log 1/J.L([x - r, x + r]) }
im sup -----'---------"-'- < 00
r---+O+O log l/r

is of zero capacity.
Theorem 4.2.3 is the best possible, as is shown by the following theorem.

Theorem 4.2.4. If ,: (0,1) ~ (0,1) is any function tending faster to zero
than any xL, L > 0, as x -t °+ 0, then there exists a measure J.L such that
S(J-t) = [0, 1] and

lim cap({x I p,( [x - r, x + r]) > ,(r )}) = ~,
r---+O

but J-t rt Reg.

Conditions A and A* require that at a relatively large set of the points
x the J.L measure of the disk of radius r around x be at most polynomially
small in r, We have already remarked that this relatively large set must
be large only in capacity and not, say, in Lebesgue measure (when, e.g.,
S(J-t) = [0,1]). Now we show that the J.L measure of those disks can be almost
exponentially small in r provided we assume it to hold at more points. We
only consider the classical and most important case S(J.L) = [0,1].
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Criterion l: S(M) = [0, 1] and for almost every x E [0, 1]

(2.5) lim inf r log M([x - r, x + r]) > 0.
T---tO

Inequality (2.5) is a much weaker - "almost exponentially weaker" ­
density assumption than the one defining the set (2.1). The price we pay
for it is that it must hold at more points (recall that meas(E) = 1 for a set
E C [0,1] implies cap(E) = !).

Theorem 4.2.5. Criterion .x implies ME Reg.

This is the best possible in the sense of the following theorem.

Theorem 4.2.6. If ,: (0,1) -+ (0,1) is any function with ,(r)/r -+ °as
r -+ 0 + 0, then there exists a measure M such that S(M) = [-1, 1] and for
all x E [0,1]

lim ,(r) log M([X - r, x + r]) = 0,
T---tO+O

but Mrt Reg.

The "moving variant" of criterion .x - in the sense of Theorem 4.2.3 - is

Criterion l *: S(M) = [0,1] and for every 7] > 0

Here "meas" denotes linear Lebesgue measure on ~.

Theorem 4.2.7. Criterioti );* implies the regularity of M.

Since condition .x* is obviously weaker than .x, we do not have to demon­
strate the unimprovability of Theorem 4.2.7 in the sense of Theorem 4.2.6
because it follows from that of the latter one.

In Section 4.6 we shall show that condition .x* implies condition A* (and
so Theorem 4.2.7 is a consequence of Theorem 4.2.3). However, to ver­
ify this requires much more sophisticated arguments than directly proving
Theorem 4.2.7, so in Section 4.3 we shall present a direct proof for Theorem
4.2.7. This is also warranted by the simplicity of criteria .x and .x",

Finally, we present a necessary condition for ME Reg in the case when
S(M) = [0,1].
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Theorem 4.2.8. Let jL be regular and S(jL) = [0,1]. Then for every 'TJ > 0

This should be compared to criteria ,,\* and A*. To our knowledge Theo­
rem 4.2.8 is the only nontrivial necessity result for regularity of measures.

Let us shortly illustrate the aforementioned criteria by the examples ofSec­
tion 1.5. In Section 4.1 we showed how one can apply Widorn's criterion to
prove that the planar measure on the unit disk from Example 1.5.1 is regular.
Since for this jL we have for every 0 < r < 1, Izi = 1, the estimate jL(~r(Z)) >
lr2, criterion Ais trivially satisfied and jL E Reg follows from Theorem 4.2.1.
In a similar fashion, if jL is the measure from Example 1.5.4, then for Izi = 1

1
jL(~5/n(Z)) > (n + 1)n2

immediately follows from the definition of jL in (1.5.10) and (1.5.11); there­
fore again jL E Reg by Theorem 4.2.1.

Although our criteria are easy to work with, neither of them gives neces­
sary and sufficient conditions for regularity (with the possible exception of
A*). Thus, giving a necessary and sufficient condition for jL E Reg that is
not a mere reformulation of the definition of regularity is an open problem.
Theorems 4.2.2, 4.2.4, and 4.2.6 at least show that our criteria that connect
regularity to the size of jL are not very far from the truth.

4.3 Proof of the Regularity Criteria

In this section we prove Theorems 4.2.1, 4.2.3, 4.2.5, and 4.2.7.

Proof of Theorem 4.2.1 Let c > O. Then there exist constants K, a > 0
such that the set

S = {x log 1/jL(~r(x)) < K for 0 < r< a}
K,a log l/r - -

has capacity

cap(SK,a) > cap(S(jL)) - c.
By [An1,An2] there is a compact set E C SK,a such that

cap(E) > cap(S(jL)) - e

and E is regular with respect to the solution of Dirichlet problems in the
unbounded component of C \ E, which is equivalent to the continuity of
gC\Pc(E)(Z; 00) throughout C. Thus, for some 8 > 0

(3.1) gC\Pc(E)(Z) < log(l + c)l/K

if d(z; E) < 8.
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Now let Pn(z) = z" + ... be an arbitrary monic polynomial. The norm
of Pn on E is at least as large as (cap(E))n (see [Ts, Theorem III. 15]);
therefore there exists a Zn E E such that

Inequality (3.1) implies via the Bernstein-Walsh lemma [Wa, p. 77]

IPn(z)1 < M(l + etlK

for d(z; E) < 8. But then for d(z; E) < 8/2 we have

2
IP~(z)1 < 8M(1 + et lK ,

and so for fn = 8(1 + e)-nIK /4 and z E ~rn (Zn) we get

For large n we will have f n < Q, and since Zn E SK,a' we can write for
such ns

Since here the infimum of the left-hand side for Pn with deg(Pn ) = n is
Tn(/1-)-2, it follows that

. ( lin < 1 + e
lim sup Tn /1-) - (S()) ,
n-oo cap /1- - e

and for e ---t 0 we get

With Corollary 1.1.7 and Definition 3.1.2 this proves the regularity of /1-.
o

Proof of Theorem 4.2.3. We break the proof into several steps.

Step 1. If K, Kj, j = 1,2, ... are compact sets and K j C K with

(3.3) .lim cap(Kj ) = cap(K) > 0,
)-00

then W K
J

---t W K as j ---+ 00 in the weak* topology.
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Of course, this is a well-known statement but for completeness we present
its proof.

Without loss of generality we may assume that w«. ~ 0- for some 0­
J

in the weak* sense (subtract a suitable subsequence if necessary), and we
have to show that 0- = WK' We know that for quasi every x E K

1
P(WK; x) = log cap(K) '

and the left-hand side is never larger than the right-hand one (see [Ts,
Theorem III.12]). Applying the same identity to Kj in place of K we get
from Kj C K that

cap(K)
(3.4) P(WK; x) < P(WK; x) + log (K )

J cap i

for qu.e. x E K j . Since the exceptional set where (3.4) is not true is of
zero capacity and WK. has finite logarithmic energy, it follows that (3.4)

J

is true wK.-almost everywhere. But then by the principle of domination
J

inequality (3.4) holds for all x E C. As j ~ 00 we obtain from the principle
of descent and (3.3) that

(3.5) p(o-;x) < P(WK;X), x E C.

However, P(WK;') - p(o-;.) vanishes at 00, so by the minimum principle for
harmonic functions we have equality in (3.5) for x E C\Pc(K). Using fine­
topology argument (cf. the Appendix and the proof of (1.1.10) in Section
1.3) the equality in (3.5) extends to all x E 8Pc(K), which means that for
x E SUPP(WK)

(3.6) p(o-; x) > P(WK; x).

Applying once more the principle of domination we deduce (3.6) for all
x E C. This and (3.5) yield P(WK;') =pio: '), proving WK = 0-.

Step 2. With the assumptions of Step I, for regular K (here and in what
follows by "regular K" we mean the regularity of K with respect to Dirich­
let problems in C \ Pc(K)) we have

1
(3.7) li~infminp(wK·jX) > minp(wK;x) = log (K)

J-+OO xEK J xEK cap

In fact, we know from Step 1 that WK. tends to WK in the weak* topology.
J

The principle of descent says that if x j E K, x j ~ x* as j ---t 00, then

li~infp(wK ;Xj) > P(WK;X*).
J-+OO J

If we apply this to convergent subsequences of a sequence of points
{Yj }~l C K, where Yj is chosen to satisfy

P(w K . ; Yj) < min P(wK ; x) + 1/i,
J xEK J

we get (3.7).
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Step 3. If K is regular, then for every c > 0 there exists a 8 > 0 such that
for every compact subset V of K for which cap(V) > cap(K) - 8 and for
every polynomial Pn of degree at most n we have for the supremum norms
IIPnllK and IIPnllv the inequality

(3.8) IIPnllK < (1 + c)nIIPnll v ..
To prove this, first of all we deduce from Step 2 that for every tt > 0 there
is a 8 > 0 such that cap(V) > cap(K) - 8 implies

1
p(wv; x) > log cap(K) - n, x E K.

But then for x E K we get from the Bernstein-Walsh lemma that

IPn(x)1 < IIPn IIv exp ( n ( -p(WV; x) + log capl(V)) )

< II Pnllv exp (n (lOg ~:~i~i + 1)) )
< IIPnllvexp(n(log(l- 8/cap(K))-1 + .,,)),

and if here 8 and Tl are sufficiently small, (3.8) holds.

Step 4. If K is regular, then for every c > 0 there is a 8 > 0 and an n« E N
such that if V C K is compact, cap(V) > cap(K) - 8, and Pn(z) = zn+...
is a monic polynomial of degree n > ne, then we can find a zo = zo(V, Pn) E

V such that for Iz - zol < (1 + c)-n we have

(3.9)

By Step 3 if C1 > 0 then there is a 0 < 81 < e/2 such that cap(V) >
cap(K)(l - 8I) implies

IIPnllK < (1 + cI)nIIPnllv.

The regularity of K yields a 82 > 0 such that if d(z; K) < 82 then
gC\Pc(K) (z; (0) < 1 + cl, hence by the Bernstein-Walsh lemma

IPn(z)1 < (1 + cdnllPnllK < (1 + c1)2nIIPnllv.

Thus, for d(z; K) < 82/2

IP~(z)1 < 8~ (1 + c1)
2nIIPnllv.

Now if zo E V is chosen to satisfy IPn(zo)1 = IIPnllv and Iz - zol <
82(1 + CI)-2n /4, then

IPn(z)1 > ~IPn(zo)1 = ~IIPnllv > ~(cap(V))n

> ~(cap(K)(l - 81))n > ~(cap(K))n (1 _~) n ,
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where in the second inequality we have used the fact that for monic poly­
nomial Pn(z) = zn + ...

IIPnllv > (cap(V))n

(see [Ts, Theorem 111.15]). Thus, if Cl is chosen so that (1 + cl)2 < 1 + c,
then for large n, say, n > ne, (3.9) will hold.

Step 5. Finally, we prove that condition A* implies J1, E Reg.
Let L > 0 be such that

(3.10)

and for K = S(J1,) and C > 0 let 8, ne be as in Step 4.
From (3.10) we can deduce that for every sufficiently large n; say, n >

n(8), there exists a compact set V = Vn of capacity bigger than cap(S(J1,))­
8 such that for x E Vn and Tn = (1 + c)-n

(3.11 )

Thus, if Pn(z) = z" + ... is a monic polynomial of degree n >
max(n(8), ne) and zo = zo(Vn, Pn) E Vn is the point ensured by Step
4, then (3.11) applied to zo yields (see (3.9))

f IPn12dJ1, > f IPn1
2dJ1, > ( min IPn(Z)I)2 J1,(~rn (Zo))

) fl r n (zo) zEfl r n (zo)

> (cap(K))2n ((1 -c)2)n
- (1 + c)L '

provmg

. lin (1 + c)L 1
hm sup 'Yn(/l) < ( )2 (S( ))'n-oo 1 - c cap J1,

Now for c -+ 0 the regularity of J1, follows from this, Corollary 1.1.7, and
Definition 3.1.2. 0

Proof of Theorems 4.2.5 and 4.2.7. Since criterion). implies criterion
'x*, we only have to prove Theorem 4.2.7.

Choose c > 0 arbitrarily small and let Pn(z) = z" + ... be a monic
polynomial. Remez's inequality says that for Q: > 0

where
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(3.12)

are the Chebyshev polynomials (see [Fr, Chapter III, Lemma 7.3]). Seeing
that

r; (1/(1
2
+ e) -1) =Tn(l + 2e) < (1 + 4v1c)n

and that IIPn ll[a,l ] > 4-n , we have that the set

An = {x E [0,1] IIPn(x)1 < 4-n(1 + 4y'E)-n}

has Lebesgue measure

meas(An) < (1 + c)-l < 1 - c/2.

The set [0,1 ]\An consists of at most n+1 intervals, and if we disregard those
that have length at most c/8n, then the remaining intervals 11, ... ,Ik' each
of length> c18n, form a set B n of total measure > c14. If Ij is the interval
that we obtain from Ij by shrinking it around its center by a factor of 2,

then the so-obtained set B~ = U7=lIj has measure > c/8.
Now condition A* implies that there is an ma E N such that for m > ma

the set
2

C(m) = {x I tL([x -l/m,x + 11m]) > e-t: m}

has measure at least 1-c/16. Thus, for large nand m = [32n/c] +1 (> mo)
the sets B~ and C(m) intersect each other and thus we can find a point
X n E B~ for which

"([xn- ~,xn + ~]) > exp(-e2m) > e~64£n.

But then Xn E Ij for some j and IIj I > c18n, hence

[xn -~, Xn +~] C [xn - -c-,Xn +_C_] C Ij C [0,1] \ An,
m m 32n 32n

which means that for all t E [xn - ~, X n + ~] we have

IPn(t)1 > 4-n(1 + 4y'E)-n.

This together with (3.12) shows that

JIPnl2dtL > rX n

+
1

/
m

IPnl2dtL > 4-2n(1 + 4y!e)-2ne-64t:n
}xn-1/m

and so

limsuPl'n(tL)l/n < 4(1 + 4y'E)e32t: ,
n-oo

and the arbitrariness of e > °proves the regularity of tL in the usual way
(see Corollary 1.1.7). 0
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4.4 Preliminaries for Proving the Sharpness
of the Criteria

In this section we prove some results concerning the equilibrium distribu­
tion and capacity of sets consisting of finitely many intervals. Our proofs
in the next section will heavily rely on these lemmas. We have separated
the content of Section 4.4 because the results to be proved are interesting
in themselves, for example, Corollary 4.4.4 provides the "best" method for
constructing sets with small linear measure but large capacity.

Lemma 4.4.1. Let H C [0,1] be a set consisting of k intervals Ij
[aj, bj], bj < aj+ll j = 1, ... ,k. Then there are numbers Yj E (bj, aj+l),
j = 1, ... ,k - 1 such that W H, the equilibrium measure of H, is given by

d ()
Il;:i [z - Yj I d H

WH x = k x, x E .
1r1 Ilj=l (x - aj)(bj - x)\l/2

Proof. Consider the function

Q(z) = JdWH(t)
z-t

on the Riemann sphere C cut along H. On the cut the real part of Q
vanishes because there Re Q is the derivative of the equilibrium potential
of H and the latter is constant on H. For the same reason there is a point
Yj E (bj,aj+l) where Q vanishes. Since Q(z) = Q(z), the function Q2(z)
is continuous and hence analytic on uj=l(aj,bj), so Q2 is analytic on C\
{aj, bj }j=l' Clearly, Q2 can have at most single poles at the points aj, bj,
and hence Q2 is a rational function on C. Q2 has at least 2k zeros (two at
each Yj, j = 1, ... ,k - 1, and at (0) and at most 2k poles, hence we must
have

k-l k

Q2(z) = const. x II (z - Yj)21 II (z - aj)(z - bj).
j=l j=l

But Q2(z) t'V 11z2 as z ---+ 00, so therefore the constant is 1. In summary,

where that branch of the square root is taken which is positive for positive
z. Cauchy's formula gives

(4.3) Q(z) =~ 1 Q(~) .u; = ~ f Q(t) dt,
21r'l ! H ~ - Z 1r'l } H t - z

where the last integral is taken on the upper part of the cut.
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Since on the upper part of the cut

k-1 k 1/2
1

-iQ(t) = II It - Yjl! II(t - aj)(bj - t)
j=1 j=l

and the Cauchy transform uniquely determines the measure, (4.1) follows
from (4.2) and (4.3). D

Lemma 4.4.2. Let H C [0,1] be as in the previous lemma and let VH =
wH' the density of the equilibrium measure (with respect to Lebesgue mea­
sure). ThenforxE (aj,bj), j = 1, ... .k;

1 1/2(4.4) VH(X) < -((x - aj)(bj - x))-
7r

and

(4.5)

Proof. Inequality (4.4) follows immediately from the representation (4.1).
Similarly, to prove (4.5) we only have to remark that, for example, for
x E (aj, bj )

d (g(x - Yl)/((X - all (x - bl ))1/2) /dx

(IT(x - Yl)/((X - al)(x - bl))1/2) ((x - Yj_l)-1
l=1

- ~((x - aj_d-1 + (x - bj_l)-1) + (x - Yj_2)-1 - ...

+ (x - Yl)-l - ~((x - a1)-1 + (x - bd-1) < (x - Yj_l)-1

< (bj - x)((x - aj)(bj - x))-l < ~(bj - x)((x - aj)(bj - x))-3/2.

A similar estimate for the derivative of
k-l
II (x - Yl)!((al+l - x)(bl+ 1 - x))1/2
l=j

and the estimate

d(((x - aj)(bj - x))-1/2) 1 3/2
dx < "2 ((x - aj ) (bj - x))-

yield (4.5). D
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Lemma 4.4.3. Let H = uj=daj, bj]be as in Lemma 4.4.1,

b = min (b· - a .)
l<-<k J J'_J_

and

(4.6)

If

(4.7)

and

(4.8)

are satisfied then we have

(4.9) cap(H n E(n, a)) > cap(H) exp( _a1/ 5 ) .

Remarks. (1) Inequality (4.9) claims that the capacity of H n E(n, a) is
about as large as that of H although E(n, a) consists of almost exponen­
tially small n intervals.

(2) Typical applications of Lemma 4.4.3 will use n = 2m , b = 2-o(m ) , a =
b5•

We would like to emphasize that the estimate (4.9) is uniform in H in the
sense that the thresholds (4.7)-(4.8) depend only on b and do not depend
on the actual size and position of the intervals in H.

Setting H = [0,1] in Lemma 4.4.3 we get the following corollary.

Corollary 4.4.4. For a < 4-10 and a > n -1/3 we have

cap(E(n, a)) > ! exp( _a1/ 5) .

Note that E(n, a) consists of intervals of total length < 2ne-a n ; that
is, when an --+ 0 as n --+ 00, the capacity of E(n, an) tends to the ca­
pacity of [0,1] but E(n, an) has "almost exponentially" small Lebesgue
measure: m(E(n, an)) < exp( -(a n/2)n). This is sharp in the sense that
cap(E(n,an ) ) < e-a n (see, e.g., (4.27)) and so for an > log8 we have
cap(E(n, an)) < ~cap([O, 1]).

Proof of Lemma 4.4.3. We keep the notations from the preceding lemma,
and fix a,n with properties (4.7) and (4.8).
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Let
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k

H(8) = Uraj + 6, bj - 6],
j=l

S!n) = {i >H 8
} ,

and for i E S( n) let Xi n be a point in the interval,

J. = [2i - 1 2i + 1]
t,n 2n' 2n

where v = VH attains its minimum on Ji n' If Vi n denotes the equilibrium, ,
measure of the interval [* _e-o:n , *+e-o:nj then we shall prove the claim
in the lemma with the aid of the measure

1
v = - ~ V(Xi n)Vi n'n ~ , ,

iES(n)

We shall show that v has sufficiently small logarithmic energy and norm
Ilvll close to 1, and thereby normalizing v so that it becomes a probability
measure, we will be able to prove the statement in Lemma 4.4.3 concerning
the capacity of H n E(n, a).

The 6 in the definition of H(8) will be chosen subsequently (we will set

6 = _1_b7/3a2/3)
9·16

and that will complete the definition of the preceding sets and measure.
Note that in any case we have supp(v) ~ H n E(n, a) whenever n > 2/6.

According to Lemma 4.4.2 we have for v(x) := VH(X) = wn-(x)

(4.10) v(x) < ~((x-aj)(bj _x))-1/2, Iv'(x)1 < ((x-aj)(bj _x))-3/2
7r

for
X E (aj, bj) =; Ij, j = 1,2, ... ,k,

which imply for 6 < bl4 and n > 2/6

r v(x)dx > 1 - 3k(6Ib)1/2,JH (2 li )

where k, the number of intervals in H, is at most lib. Thus

(4.11)

1 1(2i+1)/2n ( 21/ 2 )
II vll = n L V(Xi,n) > L. v(x) - (b6/ 2)3/2 dx

iESCn) iESCn) (2t-1)/2n n

> r v(x)dx - 4(b6)~3/2n-1
JH (2 li )

> 1 - 3b1/ 2b- 3/ 2 _ 4(b8)-3/2n-1 =: ,.;;:-1,
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where, in .the first inequality, we have used that by the second estimate in
(4.10)

~ L V(Xi,n) < L I. v(x)dx < /, v(x)dx = 1
n iESCn) iESCn) i.; H

where, in the first inequality, we used that xi,n was chosen to be an (abso­
lute) minimum point for v on Ji,n-

In order to estimate the logarithmic energy of v we mention first of all
that because

21/ 2
v(x· ) > v(x) - ---

'I.,n - (b8/2)3/2n

when x E [2~~1
1 2~t1] , i E S( n ) .

We shall also need that 1 is an upper bound for the left-hand side of
(4.11 ):

(4.12)

we have

Z JIx - tl > - --
n n

(4.14)

(4.13) (Vi,n, Vi,n) :=!!log Ix ~ tl dVi,n(X)dvi,n(t) = an + log 2.

Next, for Ii - jl > 1 we get from

1
, x E SUPP(Vi,n), t E sUPP(Vj,n)

n

that

(Vi nl v)' n) := !!log I 1 Idu; n(x)dv)· n(x) < log I' ~I ." x-t" z-J -1

When Ii - j1 = 1 then we apply (4.13) and the Cauchy-type inequality

(Vi,n, Vj,n) < (Vi,n, Vi,n)1/2(Vj,nl Vj,n)1/2,

which follows from the fact that for supp(v), supptrz) ~ [0,1] the inner
product (v, J.l) is positive definite: (v, v) > 0 (see [La, Chapter I, Theorem
1.16]). From it we deduce

(Vi,n, Vj,n) < an + log 2.

All these show that the logarithmic energy of v can be estimated as

(u, v) < (a + IO~ 2
)

1 ""'" n+ 2" L.- log I' '1 1V(Xi,n)V(Xj,n) = ~O + ~1'n Z - J -
i,jEs(n) ,
li-jl~2
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According to (4.10)
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(4.15)

hence (4.12) yields

(4.16) EO < 4a(8b)-1/2

(4.17)

because a > 11n. For E1 we can write

1 1
E1 = 2" L log 1'/ -; I I· V(Xi n)V(Xj n)n zn-Jn+ln"

i,jEs(n)
li-jl~2

1" Ii - jl + 1
+ n2 ~ log Ii _ '1 _ 1V(Xi,n)V(Xj,n)

, 'ESn JZ,J
li-jl~2

= Ell + E12·

Here, because of the choice of Xi nand xJ' n,, ,

(4.18)

En < L r r log I ~ Iv(x)v(t)dxdtJJ JJ. x ti,jES(n) l.n J,n

< JJlog Ix ~ tlv(x)v(t)dxdt = log cap~H)'

In E12 we use again (4.15) and (4.12) in the form

1 n-1 r + 1
E12 < (8b)-1/2_2 "log-- " V(Xi n)

n ~ r-l ~ ,
r=2 iES(n)

(4.19)
n-1

< (8b)-1 /2 ~ log II r + 1 = (8b) -1/2 log n .
n r=2 T - 1 n

We obtain from (4.11) and (4.16)-(4.19) the upper estimate for the log­
arithmic energy (ii, i/) of the probability measure ii = 1I1111111 :

where

(4.21) "In = (1- 381/2b-3/2 - 4(b8)-3/2n-1)-1

was defined in (4.11) and

(4.22) e; = (4Q(6b)-1/2 + (bb)-1/210~ n ) 'Y~.
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Setting now

6 = _1_b7/3a2/3
9·16

and taking into account a < 4- lOb4 , n > a-3 we get for the terms in In

and f3n
361/2b-3/2 < ! (alb )1/3,

4(bO)-3/2n-1 < 1a1/3- '4 ,

4a(6b)-1/2 < i(alb)1/3,

(6b)- 1/2Iog n < ~a1/3.
n - 42

Obviously,
1 4

log cap(H) < log b'
by which

(
1)2 1 2 4

log cap(H) In < log cap(H) + (,n - 1) log b'

Since a < 4- lOb4 also implies

(alb)1/3 < 4-5 / 6a 1/4 ,

the above estimates together with (4.20)-( 4.22) easily yield that the loga­
rithmic energy of v is at most

1 1/5
log cap(H) + a .

This and supp(v) C HnE(n,a) proves (4.9).

We shall also need the following sharper form of Corollary 4.4.4.

o

Lemma 4.4.5. Let n-1/30 < a < 4-10 , 0 < c < 1, and E;(n,a) be a
Borel set such that for at least (1 - c)n of the js in the set {j}~ we have

(4.23) cap (E;(n, 0)n[2j
2: \ 2j

2: 1]) > e-a n .

Then for c < a/2

cap(E;(n, a)) > ! exp( _a1/ 5 - 2c/a).

Proof. Let J ~ {j}r, be the set of those js that satisfy (4.23), and for
each j E J let Kj be a compact subset of

E*( )n[2j-12j+1]
e ti, Q 2n' 2n
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of capacity

If j ¢ J then we set

(4.24)

and consider the sets

4. Regularity Criteria

n

E* = UKj.
j=1

Since E; C E; (n, 0:), it is enough to prove

(4.25) cap(E;) > ! exp( _0:1/ 5 - 2f/0:),

which will be done by estimating the capacity of E* first and then by
showing that E* \ E; has small capacity (depending on f).

As for E*, we can repeat the proof of Lemma 4.4.3 for H = [0, 1] with
WK, replacing "i»: We have formulated the proof of Lemma 4.4.3 in such
a way that all the estimates hold in the present case (actually with a lot of
simplifications because H = [0,1] and v(x) = VH(X) = Crr(x(1-x))1/2)-1).
Thus, we can conclude

(4.26) cap(E*) > ! exp( _0:1/ 5) .

E* \ E; consists of at most en intervals of the form (4.24), hence the
inequality

(4.27)
1 1

------:-~--:-- < '" , E = Ue;
log(l/cap(E)) - L..J log(l/cap(Es ) )

s s

which is valid whenever diam(E) < 1 (see [Ts, Chapter III, Theorem
III.17]), shows that

(4.28)

Applying once again (4.27) with the choice E
E* \ E;, we get from (4.26) and (4.28) that

1 1 e
------:-::-=-< +-
log 4 + 0:1/ 5 - log(l/cap(E;)) 0:'

which proves (4.25). o
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4.5 Proof of the Sharpness of the
Regularity Criteria

In this section we verify Theorems 4.2.2, 4.2.4, 4.2.6, and 4.2.8. We present
the proof of the necessity result Theorem 4.2.8 here because it is verified
via a construction like the other proofs of this section. In these proofs we
will heavily rely on the results from Section 4.4.

Proof of Theorem 4.2.2. Consider the sets

E(n,Q) = n[~-e-a n
, ~ + e-an

]

'1,=1

from Lemma 4.4.3, and set cO = tn, Mo = 4, Mk+1 = 2Mk, ck+1 =
exp( -5MkCk), k = 0,1, ... , and ok = exp( -kMk-l)' One can easily show
that ck ---+ a and

MkCk = exp(Mk-l(10g2 - 5Ck-1)) ---+ 00

as k ---+ 00, hence if 11 > a then we have for large k

log 1/0k < (Mk_1ck_d1+7] /k.

Let /l = Lk=l Ilk, where Ilk assigns mass ok to each point of the set

._ { j }Mk-1

8Mk ' - M
k j=l

Obviously, u is a finite measure with sUPP(/l) = [0,1].
If

exp( -Mkck) < r < exp(-Mk-1ck-l)
and x E E(Mk, ck), then at least one point of BM

k
belongs to [x - T, X + T]

and so for large k

log 1/ /l([x - T, X + T]) < log 1/0k < (Mk_1ck_1)1+7] [k < (log 1/1')1+7] [k.

This shows that if x belongs to almost all the sets E(Mk; Ck) (i.e., it belongs
to all of them with finitely many exceptions) then for x

(5.1) lim log 1/ /l([x - T, X + 1']) = a
r-tO (log 1/1')1+7]

holds. Therefore, to prove that the set of those points x for which (5.1) is
satisfied for all 11 > ahas capacity! it is enough to show that

has capacity j ,
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Applying Lemma 4.4.3 with H = E(Mb ck), n = Mk+1 = 2M k , and
Q; = ck+1 = 2-5MkCk, which satisfy

n > Q;-3 ,
Q; < 4-1°(2. 2-M kCk)4

provided n is sufficiently large (notice that H = E(Mk' ck) consists of inter­
vals oflength 2 . 2-M kCk, which are of distance > 1/2Mk apart), we get that

1/5
cap(E(Mk; ck) n E(Mk+b ck+1)) > cap(E(Mk, ck)) exp( -ck+1)

1 1/5 1/5> 4 exp( -ck - ck+1)

(see also Corollary 4.4.4).
We would like to repeat this process by setting

H = E(Mk' ck) n E(Mk+b ck+1),

n = Mk+2, Q; = ck+2' Everything works well if H consists of intervals
of length 2-MHICHI or larger because then we can apply Lemma 4.4.3.
Unfortunately, H may contain intervals of length smaller than 2-MHICHl;
however, there can be at most 2Mk such intervals, hence 1 divided by the
logarithm of the reciprocal of their total capacity is at most (see (4.27))

2Mk/log(4· 2 M k+l Ck+l) < 2Mk/(log2)Mk+1ck+1

= 2Mk exp( -Mk(log 2 - 5ck))/ log 2,

which is much smaller than ck+1' Now if we drop these intervals from

H = E(Mk,ck) n E(Mk+1,ck+1),

weget a set H' consisting ofintervals oflength 2-Mk+lCk+l or bigger for which

cap(H') > ! exp(_c~/5 - 2c~~1)

(apply (4.27) again for E = H, E1 = H', E2 = H\H'). Thus, we can then
continue with H' instead of H. However, to keep things simple, in what
follows we shall assume H' = H.

Applying repeatedly Lemma 4.4.3 in this fashion to
s

H = nE(Mm,cm)
m=k

and n = Ms+l, Q; = cs+b we get in a similar fashion that for every s > k

(5.2) cap C~kE(Mm,om)) > ! exp (-2fk 0;(5)
> ! exp ( -2 fk e-

m
) > ! exp( -2/k),
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where we have used that for large

m:Em = exp(-Mm-l(log2 - 5Em- d ) < e-10m.

Now the sets E(Mm, Em) are closed, hence for s ---t 00 the left-hand side in
(5.2) tends to

cap COk E(Mm , em)) .
This and (5.2) already prove our claim that

cap(liminf E(Mk, Ek)) = !.
k---+oo

It is left to prove that p. is not regular. But this is easy: If

PM.(X) = Mit (x - ~ ),
. 1 kJ==:='

then PMk vanishes on the support of 2:~==:='1 P.m and so

(J IPM.12d/-lf2M. < C~+l/-lmf/2M . < C~+l Mmomf/2M .

= ( f 2Mm-1. 2-mMm_1) 1/2M
k

m==:=.k+l

< (2, 2-kMk) 1/2M
k

---t °
as k ---t 00, proving p. ¢ Reg, because the preceding estimate gives

lim 'M
k
(p.)l/Mk = 00.

k---+oo

Proof of Theorem 4.2.4. Let us suppose that ,: (0,1) ---t (0,1) decreases
faster than any power xL as x ---t 0+0. Clearly, we can assume without
loss of generality that, is monotonically increasing. Then we can choose
Ek > 0, e» ---t 0, and lk / 00 such that if Mo = 1, Mk+l = 2Mk then
,(2-Mkf:k) = 2-Mkh. Now let Ok = 2-Mk-lh-l, and consider the measure
p. constructed in the proof of Theorem 4.2.2 with this Ek and Ok' Exactly
as there, we get for x E E(Mk, Ek) and 2- Mkf:k < r < 2-Mk- 1f:k-l that

p.([x - r, x + r]) > Dk = ,(2-Mk-lf:k-l) > ,(r),

and so

cap({x I p.([x - r: x + r]) > ,(r)}) > cap(E(Mk; ck)) ---t !
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~1/3
as k --t 00, by Corollary 4.4.4 (clearly we may assume ck > M k to be
able to apply Corollary 4.4.4).

But J..t is far from being regular because the same computation that was
done at the end of the preceding proof shows (for the same PM

k
as there)

when k --t 00, and then J..t <t Reg follows. D

Proof of Theorem 4.2.6. Without loss of generality we may assume
that ,(r) j r is monotonically increasing. There is a sequence {In} such that
In / 00 as n --t 00 and ,(2-n) = l:;;22-n. Let J..tn be the measure that
assigns mass exp(-ln_12n-1) to each point jj2n, j = 1, ... ,2n, and set

J..t = 2:~=1 J..tn·
If 2-n < r < 2-n+1 then for every x E [0,1]

J..t([x - r, x + rD > J..tn([X - r, x + r]) > exp(-In_12n-1)

= exp( -(,(2-n+1)) -1 j ln-1) > exp(-(,(r)) -1 j ln-1),

which proves

lim ,(r) 10g(J..t[x - r, x + rD = O.
T-O+O

On the other hand, J..t is not regular because for the polynomial

of degree 2n we have

00 00JIP2n 12dl' < L Ililkil = L 2
k exp( -lk_12k- 1)

k=n+1 k=n+1

< 2n+2 exp( -ln2n),

showing that

as n --t 00. o

Proof of Theorem 4.2.8. Let us suppose that for some T/ > 0 and a < !
the sets
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have capacity at most 0: for infinitely many ms, say, for mEN C N. We
have to show that then IJ is not regular.

Let mEN and

Clearly,

(5.3) U [x __
1

,x+_
1

] CAm'
2m 2m

xEB m

Let H m be a set of the form

(5.4) H m = U (x - Em(X), X + 8m(x)),
xEB m

(5.5)

where the functions Em, 8m take only the values 112m or 114m. We claim
that we can choose Em(X) and 8m(x) in such a way that every interval
contiguous to H m is of length greater than or equal to 114m. In fact, let
us start with Em - 8m = 114m, and let the corresponding set (5.4) be

H:n. If Jl = (~il); ~~l)), l = 1,. " ,la, are those intervals contiguous to H:n
that have length smaller than 114m, then for each l there are x~l), x~l) E

Bm satisfying x~l) < ~~l) < ~~l) < x~l), x~l) - x~l) < 314m. Thus, if we

set Em(X~l)) = 8m(x~l)) = 112m, l = 1,2, ... ,la, and leave all the other
cm(x),8m(x) unchanged (= 114m), then for the resulting set (5.4) our
claim is satisfied.

If x ~ H m then x ~ Bm ; therefore

~ ((x - 2~'x+ 2~)) < e-~m.
The compact set [0, l]\Hm is covered by the open intervals {(x-1/2m,x+
1/2m)}xEHm and by taking a minimal subcover we can conclude from (5.5)
that

(5.6)

(note that in a minimal cover no three intervals can have common points,
therefore the number of intervals (x - 112m, x + 112m) in a minimal cover
is at most 4m).

We shall use (5.6) and

(5.7) cap(Hm ) < cap(Am ) < 0: < !
(see (5.3)) to construct monic polynomials Pn with small L2U.t ) norm. The
degree n of these polynomials will be n = [1]m/4], which ensures that the



(5.10)

130 4. Regularity Criteria

integral of IPn l
2 over [0,1] \ Hm with respect to J-L will be much smaller

than 4-2n in view of (5.6). On the other hand, we shall construct Pn in
such a way that on Hm the absolute value IPnl will not be much larger
than an ~ this is where (5.7) enters the picture. Note, however, that the
sets Hm change with m (or n), that is, we essentially have to solve the
Chebyshev problem for the case when the set where the polynomials should
be minimalized changes together with the degree of the polynomials.

Since Hm consists of certain intervals Ijm) = (ajm) , bjm»), j = 1, ... ,
k(m), of length greater than equal to 112m, and every interval contiguous
to Hm is of length > 114m, we have k(m) < 2m. Lemma 4.4.2 tells us that
if dWHm (x) = vm(x)dx is the equilibrium distribution of Hm then

vm(t) < ( ) 1 ( ) ,t E (ajm) , bjm»), j = 1, ... ,k(m),
- 7r1(t - a ,m )(b.m _ t)1 1/ 2

J J

from which one can obtain by easy calculation that

(5.8) Ilvm IIL3/2[O,1] < 11m

(recall also that k(m) < 2m).
Fix now a 1 > , > 0 such that

e"Y a < !'
and let

n = [17m/4].
From (5.8) and Holder's inequality we obtain for every interval 1 C [0,1]
and x E [0,1]

(5.9)

/, Ilog [z - tllvm(t)dt = r + r
I Jlx-tl~e-1n J1x-tl>e-

1n

< ( r Ilog Ix - t l13dt) 1/3I1vmIIL3/2[O,I] + "In/, vm(t)dt
Jlx-tl~e1n I

< llmne-1n / 3 + "In /, vm(t)dt < 50· .,.,-ln2e-1n /3 + "In /, vm(t)dt.

Let us now consider the points

o= y (n) < y(n) < . . . < y~n~ < y(n) = 1
O,n l,n ,n+l,n

with the property (set vm(t) = 0 if t ~ Hm)
(n)

l.YJ + 1,r. 1
vm(t)dt = ,j = 0,1, ... ,n,

Y ( n ) n + 1
J,n
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and form. the monic polynomials

n

Pn(x) = II (x - y~n))
i-»

j=l

of degree n. It was shown in (LuSa1, pp. 40-2] that this Pn(x) satisfies

(5.11)

(5.12)

where p(vn; x) denotes the potential of the measure vn(x)dx and where l is

chosen to satisfy xE [Yi;:, yi~tn] (see (6.13) and (6.14) in [LuSa1]). To be
more precise (LuSa1] contains the previous estimate for [-1, 1] instead of
[0,1] but linear transformation does not introduce any new constant. Since
for x E Hm we have -p(vn; x) = 10g(cap(Hn ) ) , we get from (5.9), (5.11),
and (5.7) that

IIPnllH
m

< (cap(Hm))n+1exp((n + 1)(50ry-1n2e- 'Yn/3 +,))
< 2(a e'Y )n

provided n = (rym/4]' mEN, is sufficiently large, say, n > no.
On [0,1] \ n.; we have IPnl < 1; therefore (5.6) yields

(5.13) r IPn 1
2dJ-L < 4me-rym < 20ry-1ne-4n < (t)2n

J[O,lJ\Hm

for large n, say, n > n1.
Now if n > max{no, n1} and n is of the form n = [rym/4]' mEN, then

(5.12) and (5.13) imply

JIPn1
2dJ-L < 2(a e 'Y )2n

llJ-L 11+ (!)2n ,

and so, in view of ae" < !, we have

which proves that J-L is not regular.

4.6 Summary of Regularity Criteria and
Their Relations

o

For the convenience of the reader we give a summary of the criteria given in
Sections 4.1 and 4.2 for the regularity of measures and discuss their relative
strength. Let us first recall their definitions.
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Erdos-Turan, awdf.t
S(jJ.)

>0

4. Regularity Criteria

Ullman. cl-i = cap(S(J-L)).

Widom. For every carrier 0 of J-L there exist compact sets Vn C S(J-L) with

cap(Vn ) --+ cap(S(J-L)), wV
n
(0) --+ 1 as n --+ 00 .

.
A ({ 11' log 1/1-i(~r(z)) }) (S( )). cap x im sUPr-+O+ log 1/r < 00 = cap J-L.

A*. For some constant L > °

1. S(J-L) = (0, 1] and for almost every x E (0,1]

lim inf r log J-L([x - r, x + rD > 0.
r-+O

1*. S(J-L) = [0,1] and for every T/ > °

All of these imply regularity (for A* we have assumed that S(J-L) =
suppfu) is regular with respect to the Dirichlet problems in .0), and con­
versely, S(J-L) = [0,1] and J-L E Reg implies for every "7 > 0

(see Sections 4.1 and 4.2).
We have already seen in Section 4.1 that the Erdos-Turan criterion im­

plies Ullman's criterion and the latter one is equivalent to Widom's crite­
rion. Examples 1.5.1 and 4.1.5 show that in general Ullman's criterion does
not imply the Erdos-Turan one.

Now we show that each of these imply critera A and A". Clearly, this
follows from Theorem 4.6.1.

Theorem 4.6.1. For any J-L the set

1· log 1/J-L(L~r(z)) < 2}im sup --=---.:......:.........;._....:........::...:....

r-+O+ log l/r

is a carrier of J-L.

Proof of Theorem 4.6.1. Suppose that 0 is not a carrier. Then there
exists a compact set K in the complement of C which has positive J.L
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measure. We set v = t-LIK, and it is enough to show that for some zo E K
and c > 0

(6.1)

for every 0 < r < 1.
But this can be easily verified by the usual quartering process. In fact, if

Qo is a closed square with one side equal to some number q and parallel to
the x-axis containing K, and Qoo, Q01, Q02, Q03 are the four closed quad­
rants of Qo (containing one vertex of Qo), then for some e1 E {O, 1, 2, 3}

lJ(QOcJ > v(Qo)/4 = v(K)/4.

Dividing QOCl into four equal squares Qoclo, QOcl1, QOc12 , QOc13 , we have
an e2 E {O, 1,2, 3} with

V(QOclC2) > v(QOcl)/4 > v(K)/42.

Proceeding this way we get nested closed squares Qo, QOC1' QOC1C2" .. with
sides equal to q, q/2, q/22 , . . . , each containing the next one such that

V(QOclC2'''Ck) > v(K)/4k
.

If zo is the common point of these squares then (6.1) is satisfied and obvi­
ously we must have zo E K (recall that supp(v) C K and K is compact).

o

Next we consider criteria A and A*. We mention first of all that A does
not imply A". Based on criterion A* it is not too difficult to construct a
measure, say, on [0,1], which is regular and satisfies (2.1), but for which
(2.4) does not hold (in fact, Theorem 4.2.3 implies that if

lim cap( {x E [0,1 - eLl I t-L([x - r, x + r]) > r L}) = (1 - e£)/4
r---+O

for some eL, where eL -t 0 as L -t 00, then t-L is regular and such a t-L can be
chosen in such a way that (2.1) is true but (2.4) fails to hold for a single L).

Conversely, A* can be much weaker than A as is shown by the following
theorem.

Theorem 4.6.2. There exists a t-L such that S(t-L) = [0,1], and for every
L > 0 and x E [0, 1l
(6.2) lim cap( {x I t-L([x - r, x + rD > r L

} ) = !
r---+O

holds, but the set

(6.3) 1. log 1/t-L([x - r, x + r]) < oo}im sup ---'-------:---~

r--+O+ log l/r

is of zero capacity.



134 4. Regularity Criteria

Proof of Theorem 4.6.2. Let

E(n,o:) = nOl [i.- _e-a n , i.- + e-a n ]

i=l n n

be the sets introduced in Lemma 4.4.3, Sn = {* }i:::-l, and p,n the measure
that assigns mass

On = exp( _2n In2 )

to each point of S2n. We show that

00

p, = L P,n

n=l

satisfies (6.2) and (6.3).
Let L > 0 be fixed and

exp(-2n In) < r < exp(_2n~1 I(n - 1)).

Then for x E E(2 n
, lin) the interval [x - r, x + r] contains at least one

point of S2 n; therefore for large n, say, n > n L,

p,([x - r, x + r]) > On > (exp( _2n
-

l I(n - l)))L > rL,

and this proves (6.2) (making use of Corollary 4.4.4).
To prove that the set in (6.3) is of zero capacity, let L > 0 be fixed and

exp( _2k+l I(k + 1)3) < r < exp( _2k Ik 3 ) .

Since for large k, say, k ~ kL,

00 00 00

I: Ill/nil < L 2non = L 2n exp( _2n In2
)

n=k+l n=k+l n=k+l

the inequality

(6.4)

can only hold when

[x - r, x + r Jn(n~l 82") # 0.

Now taking into account that

k

US2n = S2k and r < exp( _2k Ik 3
) ,

n=l
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it follows that (6.4) implies

Thus, the set in (6.3) is contained in

00 00

liminf E(2k , k- 3 ) = U nE(2 k , k- 3 ) .
k~oo

n=l k=n

It is easy to check that for n < k < 2n j 2

E(2n ,n- 3 ) nE (2k , k- 3 )

~ 2Ul [;n - exp(-2k /k3 ) , ;n + exp( _2k /k 3 )] ;

3=1

therefore

2n 2n-1..

nE(2 k
, k-3

) c U [;n - En, ;n +En] =: e.;
k=n j=l

where
2n j 4

En = exp( -2 ).

The inequality

1 1----<2: 'log(ljcap(E)) - . log(ljcap(Ej ) )
3

valid for E = UJ=l E j , diam(E) < 1 (see (4.27) or [Ts, Chapter III, Theo­
rem III. 17]) , when applied with E = Bn and

Ej = Un - on, ;n + En], j = 1, ... ,2n- 1,

gives

as n ---+ 00, and together with this we have

proving

cap (lim inf E(2k , k- 3 ) ) = O.
k~oo

D
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Finally, we consider criteria A and A*. Thus, in what follows let S(IJ) =
[0,1]. It is clear that A~ A* but not vice versa. It is much less obvious
that A* ~ A*.

Theorem 4.6.3. Condition A* implies A*.

We shall prove more, namely, that A* implies

lim cap({x I IJ([x - r,x + rD > r L
} ) = !

r-O+O

for every L > 1.

Proof of Theorem 4.6.3. Let us fix an L > 1, 0 < a < 4~lO(L - 1), and
set c = a 2. According to condition A* there is an no such that for n > no
we have for the set

the inequality
E

meas(An ) > 1 - 2'
If

[
, 1 . 1 ] }1<J'<n A n L __ L+_ ..J-0

- - , n n 4n' n 4n"""

then we must have IJn I > (1 - c )n. But for each j E I n the definition of
An gives

( [
2j - 12j + 1] ) -a2 nIJ , >e.2n 2n -

This implies that there is an interval Ij,n of length 4e-a n in [(2j - 1)/2n,
(2j + 1)/2n] for which

"([j,n) > " ([2 j

2: 1,2j

2: 1]) e-an > 4l+2ae-(a+2a')(n-l)

provided n is sufficiently large, say, n > nl (just divide the interval
[(2j-l)/2n, (2j+1)/2n] into [exp(an)] equal parts; one will have IJ-measure
at least as large as

IJ([(2j - 1)/2n, (2j + l)/2nDe-a n
;

this interval enlarged so as to have length 4e-a n will suffice as Ij,n). But
then for

4e-a (n - l ) > r > 4e-a n
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and any x E Ij,n, j E I n ,

p,([x - r, x + r]) > I-t(Ij,n) > 41+2ae-(a+2a2)(n-l)

= (4e-a(n-l))1+2a > rL (n > n2).

In summary, for large n (n > max(no, nl, n2)) the set

E;(n, a) = U Ij,n
jEJn

is contained in

B(r, L) = {x II-t([x - r, x + r]) > rL } .

To E;(n, a) we can apply Lemma 4.4.5 (note that each Ij,n has capacity
> e-a n ) to conclude for large n

cap(B(r,L)) > cap(E;(n,L)) > ! exp(-a1/ 5 - 2c/a)

= ! exp( _a1/ 5 - 2a).

Thus

lim inf cap(B(r, L) > ! exp(_a1/ 5 - 2a),
r-O+

and since here a > 0 is arbitrary, condition A* holds.

As a final summary we state the following.

D

Summary. The order of the criteria discussed above with regard to de­
creasing amount of assumptions on I-t (and hence increasing strength in
applications) is roughly:

Erd6s- Turtin criterion
Ullman's and Widom's criteria
>t
>t*
A
A*.
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Localization

In this chapter we show that in many cases regularity of a measure is a
local property. This is more remarkable if one considers that the definition
itself of the regularity of a measure p, involves the whole support of u. For
example, if the support of J.l is the unit circle, then it will turn out that p,
is regular if and only if its restriction to every arc is regular, and, of course,
the Green functions associated with subarcs (that appear in the definition
of regularity) are hardly related to the Green function of the exterior of the
unit disk. On the other hand, if we consider that regularity means that p,
must be sufficiently dense around an, then we can see that localization is
actually a natural procedure.

5.1 Global Versus Local Behavior

Although each orthonormal polynomial Pn (p,; .) is determined by the whole
measure p" experience shows that their asymptotic behavior on certain
subsets of S(p,) depends only on the restriction of p, to this subset. In this
section we shall elaborate on this idea.

The upper estimates of Chapter 1 seemingly used the whole measure p,
(cf. Definition 1.1 of the minimal-carrier Green function). But Theorem
1.1.4 easily implies that if we restrict p, to a subset K then for the measure
P, IK we also have

lim sup IPn(P,; z)1 1/ n < e9 /LI K ( Z i
OO

)

n----oo

locally uniformly on C. In fact, this follows from the obvious inequali­
ty gp,(z;oo) < gp'IK(Z;oo). The situation is very different for the lower
estimates in Theorem 1.1.4 (away from the support): Since the support
of P,IK is smaller than that of p" the corresponding Green function
gC\Pc(S(P,1 K)) (z; (0) is bigger than gC\Pc(S(p,)) (z; (0).
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If we consider the definition of regular (nth-root) behavior from Section
3.1 and its equivalent formulations given in Section 3.2, we can see that the
situation is similar to the lower estimates in Theorem 1.1.4: Everything,
even the definitions, heavily relies on the whole measure M, for example, the
support of p, has played a prominent role. Despite these facts, in the next
sections we will show that in many cases the regularity of Mis inherited by
restriction.

In this section we only show the following sufficient local condition for
regularity.

Theorem 5.1.1. Let us suppose that {Kj }~1 are compact sets and quasi

every point ofan is contained in the union of the supports {sUPP(P,IKj )}~1'

Then if every MK
j

:= MIKj is regular, then ts is also regular.

Remark. It is not enough to assume that quasi every point of an is con­
tained in the sets {Kj }~1' Consider, for example, a nonregular measure
Mthat is the sum of a thin discrete measure with support in the unit disk
plus the arc measure on a closed proper subarc I of the unit circumference.
If each Kj is the unit circumference then each MK

J
is regular but Mis not.

Proof of Theorem 5.1.1. If each p,K. is regular then by Theorem 3.2.1(v)
J

for every j quasi every point z on 8(MK
J

) satisfies

lim sup ( IPn(z)1 ) lin < 1
n-oo IIPnIIL2(p.IKj) -

whatever the polynomial sequence {Pn}~=l with deg(Pn) < n is (see also
Remark (5) after Theorem 3.2.1). But then

(1.1 ) ( )

l /n
1· IPn(z)1 < 1rm sup
n-oo IIPn IIL 2(p.) -

also holds for quasi every z E S(P,K
j

) , and since these sets cover quasi every
point of an, we can conclude (1.1) for quasi every z E an. Now p, E Reg
follows from the equivalence of (i) and (v) of Theorem 3.2.1. D

In Section 5.3 we shall consider a certain converse to Theorem 5.1.1;
namely, we will conclude the regularity of restrictions P,K of Mto compact
sets K from the regularity of p,. That the set K for which we take the
restriction cannot be arbitrary is shown by the following example.

Example 5.1.2. Let K be the classical Cantor set and M1 a measure with
support 8(P,1) = K that is not regular. Since cap(K) > 0, the existence of
such a P,1 follows from Theorem 1.1.9 if we consider an arbitrary discrete
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measure with support K. With 110 the Lebesgue measure on [0,1] we set
11 = 110 + 111· Then, of course, 11 > J.10 is regular but I1IK = 111 is not. Note
that in this case

cap(an(I1K) \ Int(K)) = cap(K) > O. D

The preceding example showed that for localization we need the condi­
tion

cap(an(J.1K) \ Int(K)) = O.

Now we show that in general cap(an(I1K) \ an) = 0 is also indispensable.

Example 5.1.3. The idea is that regularity of 11 does not imply any dense­
ness of the measure 11 inside Pc(S(J.1)). Based on this observation it is an
easy task to construct a measure 11 and a compact set K such that 11 is
regular, cap(an(I1K) \ Int(K)) = 0, and 11K is not regular. Let, for exam­
ple, 110 be the Lebesgue measure on the unit circle, 111 be a sufficiently
sparse discrete measure with compact support equal to the right half of
the unit disk, J.1 = J.10 + J.11, and K be a square containing this half disk
but not containing -1. Then J.1 is regular, but 11K is not. In this example
cap(an(I1K) \ an) i- 0. 0

5.2 Localization at a Single Point
We start with the following definition.

Definition 5.2.1. A point zo is called a l1-regular point if

This is equivalent to

lim ( sup
n-HX) degPn-:;n

Pnto

and also to (see the proof of Theorem 3.2.1, (ii):=>(iii))

lim sup lPn(l1; zo)1 1
/
n < 1.

n-oo

The equivalence of (i) and (v) of Theorem 3.2.1 asserts that 11 is regular if
and only if quasi every point of an is l1-regular. Here an can be replaced
by S(J.1) or Pc(S(J.l)) (see Theorem 3.2.2, Remark (5)). Our main result in
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this section says that under some mild condition tt-regularity of a point is
a local property on an.

Theorem 5.2.2. Let zo E an and U be a neighborhood of zoo Suppose that
p;lu does not have a carrier of zero capacity. Then zo is u-reqular if and
only if it is ttlu-regular.

The condition is obviously equivalent to saying that every carrier of tt
intersects U in a set of positive capacity.

Proof of Theorem 5.2.2. Obviously, ttlu-regularity of zo implies its tt­
regularity, so we only have to prove the converse.

Without loss of generality we may assume that S(tt) has diameter at
most 1. Since p;lu does not have a carrier of zero capacity, it follows
from Corollary 1.1.7 that {,n(P;IU)lln}~=l is a bounded sequence. Hence
{IPn(P;IU; ')llln}~=l is uniformly bounded on compact subsets of the plane.
Expanding now an arbitrary polynomial Pn of degree at most n into its
Fourier series in {Pk(p;lu;')} we can see that there exists a constant C
independent of nand Pn for which

degPn < n, n = 1,2, ....

After this let us assume that zo is not a ts IU-regular point. Then there
are an 0: > 1, a subsequence N C N of the natural numbers, and for each
n EN a polynomial Pn of degree at most n such that

(2.2)

but

(2.3)

Choose an 1 > E > 0 such that 1 + 2c < 0: and let 0 > 0 be such that U
contains the disk

Dc5(ZO) := {z liz - zol < o}.

Let now 00 = 0/2C. By Lemma 3.2.4 there is a polynomial Q of degree,
say, k, such that IQ(zo)1 = 1, IQ(z)1 < l+c for all z E an, and IQ(z)1 < olC
for z E an, [z - zol > 00. We claim that

(2.4) IQ(z)1 < 11C for z E S(p;) \ U.

In fact, consider the polynomial

Q*(z) = (z - zo)Q(z)
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on the set K := Pc(S(p,)) \ Doo(zo). The boundary of K is contained in
the union of aDoo(zo) n Pc(S(IJ)) and ao \ Doo(zo). On the former set
we have IQ*I < 200 = olG because (by the maximum modulus theorem
for IQI) IQI < 1+ c < 2 on Pc(S(p,)), whereas on the latter set we have
IQ*I < IQI < olG by the choice of Q. Applying the maximum modulus
theorem for IQ*I we can conclude that IQ*I < olG on K and therefore

1 1
IQ(z)1 < 8IQ*(z)1< G

when z E Pc(S(p,)) \ D8(ZO)' Finally, our claim follows from the fact that
the latter set contains S(p,) \ U.

Consider now the polynomials

R n(l +k)(Z) = Pn(z)Qn(z)

of degree at most n(1 + k) for n EN. From (2.1), (2.2), and (2.4) we can
derive

{ { IRn(1+k)12dIJ } 1/ 2 < { ( IPnI2dIJ}1/2 = 1,
JS(tt)\U Ju

whereas IQ1 < 1 + c for z E S(IJ) yields

{fu IRn(l+k)12dj.! }1/2 < (1 + ct.

Taking into account (2.3) and IQ(zo)1 = 1 we have

(
IR (z )1 ) l/n(l+k) ( ) l/(l+k)

1· n(l+k) 0 > a 1
im sup > ,
~(IN IIRn(l +k) IIL2(fL) - 1 + 26

proving that zo is not a IJ-regular point. o

As a supplement to Theorem 5.2.2 we show that Theorem 5.2.2 is not
true without any further assumption on zo and U (such as the one in the
formulation of the theorem).

Example 5.2.3. We construct a measure p, with support in [-1,3] such
that Zo = 2 is IJ-regular but not IJlu-regular, where U is the disk around
zo of radius 1.

Let nk = kk, ak = 10-nk, and P,k be the point measure that has mass
link at 2 + ak. Finally, with Lebesgue measure p,o on [-1,1] we set

00

p, = IJo + 2: P,k·
k=l
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First we verify that zo = 2 is p,-regular. Indeed, if we assume that Pn , n E
N, are polynomials with deg(Pn ) < n,

(2.5)

and

(2.6)

for some a > 1, then we get a contradiction as follows. Equation (2.5)
implies

IIPn IIL 2(JLO) < 1,

and so the Markov-Bernstein inequality (see also Nikolskii's inequality [Ti,
4.9.6.]

implies

(2.7)

1£0 is certainly regular, so if we apply Theorem 3.2.1(iii) to P~ we get from
(2.7)

IP~(x)1 < 6n

for x E [2,3] and large n E N (this is also a trivial consequence of (2.7),
Nikolskii's inequality [Ti, 4.9.6], and the Bernstein-Walsh lemma). This
and (2.6) imply for nk < n < nk+1

IPn (2 + ak+1)\ > an - ak+16n > an - 10-n6n > an - 1,

which in turn yields

IIPnII L2(JL ) > I\Pn ll£2 (Jtk+l ) > (an - 1) . n;~i2 > (a nk - 1)n;~i2 > 1,

contradicting (2.5). This proves the p,-regularity of Zo = 2.
With U as in the statement of the example we have

00

J-lIU = L J-lk'
k=l

Now let
k

Pk(x) = n(x - (2 + as)).
s=l

For this polynomial we have

k

IPk(2)1 = II as,
s=l
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whereas for x E [2,2 + ak+1]

hence

5. Localization

k

IPk(X)1 < II as,
s=l

! IPkl 2d
l' IU = s ~l! IPk I2dl's < (Q as) 2 Cfl ~s )

< (Qa} 2nk~1'
and so

o

5.3 Localization Theorems
In this section we state and prove our main localization theorems as well
as a localized version of the results of Section 3.2.

First we consider the problem of relating the regularity of the restriction
IJK = plK of P to some compact set K to properties of {Pn(P; .)}. That is,
we ask if the regularity of PK is reflected in the original orthonormal poly­
nomials associated with IJ(!). Here K cannot be arbitrary (see Examples
5.1.2 and 5.1.3), what we need is that the part of P carried by K should
be essentially carried by the interior Int (K) as well. More precisely, we will
assume

(3.1) Cap(an(IJK) \ (Int(K) nan)) = o.

Recall that n(PK) is the unbounded component of C \ S(PK) = C \
SUPP(PK)' Typical examples of such Ks are closed disks when P is sup­
ported on the real line or on the unit circumference (in these cases the
set appearing in (3.1) has at most two points). Note also that for the case
S(p) = an condition (3.1) is equivalent to

(3.2) cap(S(PK) \ Int(K)) = O.

We have seen in Examples 5.1.2 and 5.1.3 that (3.1), in general, is indis­
pensable for the regularity of PK .
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Our first theorem is the following.

145

Theorem 5.3.1. Let K be a compact set such that the support of lLK :=

J.L1K is an infinite set and (3.1) holds. Then the following statements are
equivalent.

(i) lLK E Reg, that is, the sequence {Pn(lLK; ·)}~=o has regular (nth-root)
asymptotic behavior.

(ii) We have

(3.3) lim sup IPn(lL; z)\ljn < e9n CI'K )(z;oo)
n-l>OO

(3.4)

locally uniformly for z E C.

(iii) For any sequence {Pn} of nonzero polynomials of degree deg(Pn) < n
we have

lim sup ( IPn(z)1 ) ljn < e9n CI'K )(z ;oo)

n-l>OO IIPn IIL2(f-L)

locally uniformly for z E C.

(iv) The relation

(3.5) lim sup IPn(lL; z)lljn < 1
n-l>OO

(3.6)

holds quasi everywhere on an(lLK)'

(v) For any sequence {Pn} as in (iii)

lim sup ( IPn(z)1 ) ljn < 1
n-l>OO IIPnIIL2(f-L) -

for quasi every z E an(J.lK).

If in addition we have S(lLK) c an(lLK), in particular, if

Int(Pc(S(lLK)) = 0,

then each of (i)-(v) is equivalent to the following statement.

(vi) For any infinite sequence {Pn} of nonzero polynomials of degree
deg(pn ) < n and for any sequence of weight functions gn > 0, n E N,
defined on S(lL) such that lim g;.,;n = 9 uniformly on S(lLK), where g > 0
is continuous on S(lLK), we have with dlLn = gndlL

lim sup (gn(z)lj2 IPn(Z)I)ljn < 1

n-l>OO IIPn IIL2(ILn) -

for quasi every z E an(J.lK) = S(lLK).
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If S(J..lK) is a regular set with respect to the solution of the Dirichlet
problem in the domain n(J..lK) = C \ PC(S(J..lK)) then our estimates hold
uniformly in the range described.

Remarks. (1) Note that the equivalence of (i)-(v) with J..l replaced by J..lIK
in (3.3)-(3.6) was stated in Theorem 3.2.1. Here the main point is that p.
and not J..lK stands in (3".3)-(3.6). Of course, the equivalence of (i)-(vi) to,
for example,

is contained in Theorem 3.2.1.

(2) We have already mentioned that assumption (3.1) cannot be dropped.
Without it one can only prove the pairwise equivalence of (ii)-(vi) and that
each of them follows from (i).

(3) It is worth noting that the implication (i)=:>(vi) holds without the as­
sumption (3.1), and the limit superior is uniform on S(J..lK) if the latter set
is regular with respect to the Dirichlet problem in n(J..lK)' Moreover, the
L2(J..l) norm can be replaced by any LP(J..l) norm for 1 < P < 00 (cf. Section
3.4).

Corollary 5.3.2. Let K be as in Theorem 5.3.1 and assume that S(J..lK) is
regular with respect to the Dirichlet problem in n(J..lK)' Then J..lK is regular
if and only if

Another equivalent condition is

lim
n--too

lin

= 1, 1 <p < 00.

Proof of Theorem 5.3.1. (i)=:>(ii) follows from (i)=:>(iii) of Theorem 3.2.1
applied to J..lK in place of J..l and to Pn(J..l;·) in place of Pn (using also that
the L2(J..l) norm is at least as large as the L2(J..lK) norm).

In a similar manner (i)=:>(vi) follows from the corresponding implica­
tion in Theorem 3.2.1, furthermore (vi)=:>(v) is obvious. Now the proof
of (ii)=:>(iii) and (iv)=:>(v) is the same as that of (ii)=:>(iii) in Theorem
3.2.1 (use Fourier expansion in {Pk(P.;·)}), and (iii)=>(iv) is trivial because
gO(I-LK)(Z; (0) = 0 quasi everywhere on an(P.K)' Thus, all that remains to



5.3 Localization Theorems 147

be proved is the implication (v)=}(i) and this is the only place where we
use condition (3.1).

We show (v)=}(i) by making use of the localization Theorem 5.2.2. Sup­
pose on the contrary that (v) holds but f-LK is not regular. Then there are
a 0 < A < cap(S(f-LK)) and an infinite subsequence N C N such that for
each n E N the monic orthogonal polynomial

satisfies

/ Iqnl 2d f-LK < A
2n

.

Without loss of generality we may assume that S(f-LK) is contained in the
disk D 1/2(O) = {z Ilzl < ~}, and so Theorem 2.1.1 implies Iqn(z)1 < 1 for

z E S(f-LK)'
We choose an e > 0 with the property

(3.7)

and set p = A2/e . According to (3.1) the set Int(K) n S(f-LK) is of positive
capacity (otherwise cap(S(f-LK)) = 0 and so the regularity of J-LK would
follow); therefore for some Zo E Int(K) n S(J-LK) the set Int(K) n S(J-LK) n
Dp(zo), where

Dp(zO) = {z liz - zol < p},

is of positive capacity, and hence it contains a compact set Ko of positive
capacity. Let

u = J-LK + WKo '

where W«; is the equilibrium distribution of the set Kty. For the polynomials

of degree n + [en] < n(l + e) we have for n EN

/ IQnl2dv < / Iqn 1
2dJ-LK + p[en] < A2n + p[en]

< (A1/(1+e))2n(1+e) + ~ (pe/2(1+e) )2n(1+e)
p

= ( 1 +D(>J/C!+e»)2nC!+e),

which, in view of (3.7) and supp(v) = S(f-LK), shows that v is not regular.
But then, by Theorem 3.2.1(v) there is a set E ~ an(f-LK) of positive
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capacity such that no point of E is a v-regular point. From (3.1) we can
deduce that then

El := En Int(K) n aO(Il)

also has positive capacity.
Set now

Ji = JLIS(J.L)\S(J.LK) + u.

Then Jillnt(K) = vllnt(K) > WKo does not have a carrier of zero capacity and
no point of El C Int(K) is Jillnt(Krregular (recall that since Jillnt(K) <
u, Ji IInt(Krregularity of a point implies its v-regularitYl and the points in
El are not v-regular). Thus we can apply Theorem 5.2.2 with U = Int(K)
to every point of El from which we get that no point of El is Ji-regular,
and since Ji > 11 we finally conclude that no point of El is JL-regular. But
this contradicts (v) (note that cap(El) > 0) and this contradiction proves
the implication (v)=}(i).

With this we have verified the equivalence of (i)-(vi). The statement
concerning the uniformity of the estimates when S(JLK) is regular can be
easily checked based on our earlier proofs (cr. Theorem 3.2.3). D

The following theorem immediately follows from Theorems 5.1.1 and
5.3.1.

Theorem 5.3.3. Let us suppose that {Kj }~l are compact sets such that
quasi every point of an is contained in the union of the of the supports
{S(JLKj )}~l and that each Kj satisfies the condition

(3.8)

Then 11 is regular if and only if every JLK = JLIK is regular.
J J

When Int(Pc(8(JL))) = 0, in particular, if 11 is supported on IR, or even
when only S(JL) = an, then condition (3.8) reads as

(3.9)

Proof of Theorem 5.3.3. That the regularity of 11 implies the regularity
of each 11K follows from Theorems 3.2.1 and 5.3.1. The COnverse statement

J

is Theorem 5.1.1.
That (3.8) and (3.9) are the same conditions when 8(JL) = ao follows

from the fact that then aO(IlK
J

) c 8(IlK
J

) ~ 8(11) = an. 0
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Applications

In this chapter we give some applications of the results from Chapters 1-5.
These amply illustrate that Reg is an important and natural class of mea­
sures that appears in different pro blems of mathematical analysis. In Section
6.1 we consider rational interpolants to Markov functions and see how regu­
larity of the measure defining the Markov function in question is related to
the rate of convergence of the interpolants. Section 6.2 characterizes the reg­
ularity of a measure generating a Markov function by an exact, maximal rate
of convergence of best rational approximants on compact sets. In Section 6.3
we consider similar questions but for ray sequences of Pade approximants.
An interesting feature of the proof is that the problem on the upper half of
the Pade table is reduced to that on the lower half by the localization theo- .
rems of the preceding chapter. In Sections 6.4 and 6.5 we connect regulari­
ty to weighted polynomials and answer the question of where the LP norm
of these weighted polynomials lives. Section 6.6 is devoted to the rela­
tion of J." E Reg to Fourier coefficients and best L 2 polynomial approxi­
mation of analytic functions. Finally, in Section 6.7 we investigate sets E
that have the property that orthonormal polynomials with respect to any
weight that is positive on E have regular nth-root behavior.

6.1 Rational Interpolants to Markov Functions

Orthogonal polynomials are closely related to continued fractions, and
one of the classical results in the analytic theory of continued fractions
is Markov's theorem (see [Ma] or [Pe]). In this section we prove a gener­
alization of this theorem to sequences of interpolating rational functions.
With the help of results from Chapter 3 it is not only possible to prove
convergence, but also to determine the exact rate of convergence for these
approximants.
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A function of the form

6. Applications

(1.1) f(z) = / dJ.L(x) = co + !2. + .,.
x - z z Z2

(1.2)

is called a Markov function if J.L is a positive measure with compact support
S (J.L) C IR; that is, Markov functions are Cauchy transforms of positive mea­
sures J.L with compact support in IR. The coefficients Cj in the development
of (1.1) can easily be recognized as the moments

Cj = - / xjdJ.L(x) , j = 0,1, ... ,

of the measure /1. For functions of type (1.1) A. Markov [Ma] proved in
1895 that the continued fraction development

(1.3)

of f at infinity converges locally uniformly in C\ Co(S(J.L)). Since S(J.L) C ~,

the convex hull Co(S(J.L)) is equal to the smallest interval I(S(J.L)) containing
S(J.L).

The numerators An and the denominators B n of the convergents

An(z)

Bn(z)
n = 1,2, ... ,

satisfy the recurrence relations

An(z) = (z - an)An- l (Z) + bnAn- 2(Z), Ao =0, A-I - 1;

Bn(z) = (z - an)Bn-I(z) + bnBn- 2(Z), Bo - 1, B-1 = 0,

and it is well known that the nth convergent is the [n - lin] Pade approx­
imant to the function (1.1) (see [Pe]). Hence the convergents of (1.3) are
rational interpolants with all interpolation points being identical to infinity.

We will consider here rational interpolants with more general systems
of interpolation points. Basically, there will be only two restrictions: The
interpolation points have to be chosen from outside of I(S(J.L)) and have to
stay away from S(p,), and have to lie symmetric with respect to the real
aXIS.

In order to avoid the compulsory zero which the function (1.1) has at
infinity, we investigate a slightly more general class of Markov functions,
namely, functions of the form

(1.4) f(z) = c +! dJ.L(x) .
x-z
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where c is a real constant and ft is again a positive measure with compact
support 8(/1) C IR.

For every n E N we select a set An = {XO,n, ... ,X2n,n} of 2n + 1 interpo­
lation points from C \ I(8(ft)). The points need not to be distinct. Hence,
An is in general a multiset. Put

(1.5)
2n

Wn(z):= II (z - Xjn)'
j=O

x)n1=oo

The degree of Wn is equal to the number of finite points in An. In order that
wn(x) be real and do not change its sign on 8(/1), we assume that nonreal
points in An appear only in conjugate pairs, that is, we assume that

(1.6) An = An := {x E C Ix E A} and An C C \ I(S(ft)).

Denote by Rm,n =R mn the set of all rational functions with numerator
degree < m, denominator degree < n, and complex coefficients.

Definition 6.1.1. By rn = rn(f, An,') E R nn , n E N, we denote the ra­

tional function that interpolates the function f of type (1.4) in the 2n + 1
points of the set An = {XOn,'" ,X2n,n}. If some of these points are con­
fluent (identical), then the interpolation is understood in Hermite's sense,
that is, if an interpolation point Xjn appears k > 1 times in An, then the
value of f at Xjn together with the first k - 1 derivatives has to be interpo­
lated by r«. It is easy to see that this is equivalent to the assertion that the
left-hand side of

(1.7) f(z) - rn(f, An; z) = O(z-(2n+l)) as Izi ---* 00

wn(z)

is bounded at every finite point of An and at infinity it has the indicated
behavior. We note that interpolation at infinity has not been excluded.

Contrary to the polynomial case, the existence of a rational interpolant
with the properties required in Definition 6.1.1 can in general not be guar­
anteed. However, because of the special structure of the Markov functions
and because of the assumptions made in (1.6), the situation is different
here. We have the following lemma, in which, besides the unique existence,
some other important properties of the interpolant and a remainder formula
are proved.

Lemma 6.1.2. (a) For any set An = {xon , ... ,X2n,n}, n E N, of2n + 1
interpolation points from C\I(S(ft)) possessing the symmetry property (1.6)
there exists uniquely a rational interpolant

Pn(z)
(1.8) rn(z) = rn(f, An; z) = () E R nn

qn Z
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to the function (1.4). We assume that the denominator polynomial qn is

tnotuc.

(b) The polynomial qn is of degree n, all its zeros are simple and contained
in I(S(J.t)), every component of I(S(J.t)) \ S(J.t) contains at most one zero,
and qn satisfies the weighted orthogonality relation

(1.9)
/

kdJ.t(x)
qn(x)x wn(x) =0 fork=O, ... ,n-l.

(c) The two polynomials Pn and qn in (1.8) have no common factors.

(d) The remainder term of the interpolant has the representation

(1.10)

for all zEn.

(f - rn(f, An; .))(z) = wn(z) / q~(x)dJ.t(x)
q~ (z) Wn (x) (x - z)

Remark. The assumptions made in (1.6) with respect to the location
of the interpolation points are necessary for Lemma 6.1.2 to hold true.
The least obvious is perhaps the assumption that no interpolation points
are allowed to lie in the set I (S (J.t)) \ S (J.t ), not even if their number is
even in every component of I(S(J.t)) \ S(J.t) , which would be compatible
with the requirement that Wn does not change its sign on S(J.t). The next
example shows that such a relaxation of (1.6) could lead to interpolation
defects.

Example 6.1.3. Let J.t be defined by dJ.t(x) = dx for xES := [-2, -1] U
[1,2]'

(1.11) f(z) = / dJ.t(x) = { dx ,
x-z lsx-z

n = 1, and the interpolation set Al = {O, 0, oo}. We have f(O) = f(oo) = 0
and f'(O) = 1. Since R1,l contains only Mobius transforms or constants,
that is, only functions that are univalent on C or constants, the data cannot
be interpolated. 0

A proof of the assertions of the lemma can be found in [GoLo]. Since
part (b) especially is basic for the understanding of the relationship between
weighted orthogonality and rational interpolation and since a proof does not
require too much space we shall give one in what follows after completing
the statement of the main results of this section.

Since our interest here is the convergence problem, we have to make
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assumptions about the asymptotic distribution of the interpolation points
Xjn, j = 0, ... ,2n, as n ~ 00. A triangular matrix

Ao aOO

Al aOl an a2I

(1.12) A =
aOn a2n,n

of interpolation points is called an interpolation scheme. By L(A) we denote
the set of all limit points of {Xjn}J~o as n ~ 00.

Definition 6.1.4. We say that the scheme A has a pmbability measure
a = a (A) as its asymptotic distribution if

(1.13)
1 2n

---~ Ox' ~ a as n ~ 00
2n + 1 L In

j=O

in the weak* topology of measures in C. Another formulation of this fact is
the assertion that for any Borel set B ~ C with a(8B) = 0 we have

(1.14)
1

lim card{j I Xjn E B} = a(B).
n~oo 2n + 1

It is obvious that supp(a) C L(A).

Definition 6.1.5. We call an interpolation scheme A admissible if for
every n E N the set An ~ C \ I (S(J-L)) possesses the symmetry pmperty
(1.6) and if

(1.15) L(A) C n = C \ S(J-L).

Assumption (1.15) means that the interpolation points have to stay away
asymptotically from S(/l), although they may approach points in I(S(J-L)) \
S(J-L) .

The next theorem is the main result of this section. It is a generalization
of Markov's classical theorem on the convergence of continued fractions.

Theorem 6.1.6. Let f be a Markov function of type (1.4) and A an ad­
missible interpolation scheme with asymptotic distribution a = a( A).
(a) We have

(1.16) lim sup I!(z) - rn(!. An; z)1 1j 2n < e-g(a,O;z)
n-too
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(1.17)

locally uniformly in C \ I (S(J-l)), where

g(a, 0; z) = / go(z, x)da(x)

is the Green potential of a in 0 = C \ S(/1).

(b) The following three assertions are equivalent.

(i) J-l E Reg.

(ii) We have

(1.18) lim If(z) - rn(f, Ani z)1 1/ 2n = e-g(a,O;z)
n-----.oo

locally uniformly in C \ (I(S(J-l)) U L(A)).

(iii) For any infinite subsequence N C N we have

(1.19) limsup If(z) - rn(f, An; z)!1/2n = e-g(a,O;z)
n~oo,nEN

for quasi every z E C \ I(S(J-l)).

Remark. If cap(S(J-l)) = 0, then g(a, 0i z) - 00.

Corollary 6.1.7. If the interpolation scheme A is admissible, then the
sequence {rn(f, Ani ')}~=l converges locally uniformly in C \ I(S(J-l)) to f.

Remark. If all interpolation points ajn in (1.12) are chosen to equal in­
finity, then the scheme is admissible, and Corollary 6.1.7 specializes to
Markov's classical theorem.

Proof of Corollary 6.1.7. From Helly's selection theorem it follows that
any infinite subsequence N C N contains an infinite subsequence, which
we continue to denote by N, such that the weak" limit (1.13) exists in the
weak* topology on C. For the natural numbers n not belonging to N we
can choose interpolation sets An ~ C \ I(S(/1)) of 2n + 1 points in such
a way that (1.6) is satisfied and that the newly chosen sets have also a
as their asymptotic distribution. For the completed interpolation scheme
Theorem 6.1.6 is applicable. Since exp( -g(a, 0; z)) < 1 for all z E 0, the
corollary follows from (1.16). 0

Proof of Lemma 6.1.2. (a) First we prove the uniqueness of r ­

rn(! ,An; '), n E N. Let rl, r2 E R nn, rj = Pj/qj, j = 1,2, be two in­
terpolants of ! in the 2n + 1 points of An. Multiplying rl - r2 by qlq2wn
gives with (1.7) that

(q2PI - qlP2)(Z) = O(zdeg(wn)-I) as Izi --+ 00.
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Hence, here the left-hand side is a polynomial of one degree less than Wn .

But since this polynomial interpolates the zero function at all finite points
of An, it has to be identically zero, and therefore q2Pl =qlP2, and further­
more "t =r2.

Next we prove the existence of the interpolants. Let q E II~ be the
monic orthogonal polynomial with respect to the orthogonality relation
(1.9). From this orthogonality and the identities

(1.20)

Jq(z)xl - zlq(x) dfL(X) = J(q(Z) xl _ zl) (x _ z)-lq(x) dfL(X)
x - z Wn(x) q(x) Wn(x)

[

9..S..!lxl _ zn+lxl-n-l]
= J zl-l + zl-2 x + ... + zn+lxl-n-2 + q(x) X _ Z

( )
dfL(x)

x q x ()wn X

it follows that for all 2n + 1 > I > n the expressions in (1.20) are polyno­
mials of degree at most n, From this we immediately derive that the
polynomial

()-Jq(z)Wn(x) - wn(z)q(x) dfL(X) ( )
pz - ()+cqzx - z Wn x

J[() wn(z) ( )] dJ-L(x) ( )= qz- ()qx +cqzWn x X - Z

is also of degree at most n, and from here and the orthogonality relation
(1.9) we derive

(1.21)

q(z)f(z) - p(z)

- () J q(x)dfL(X)
- W n Z

wn(x)(x - z)

J[ 1 x xn-1 xn] dfL(x)= wn(z) -- - - - '" - -- + q(x)-.;;.......;...
z z2 zn zn(x - z) wn(x)

= Wn(Z)O(z~(n+l))

as Izi --+ 00. A comparison with (1.7) then shows that vt« is a rational
function interpolating f in the points of the interpolation set An that was
used in (1.4) to define W n .
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(1.22)

(1.23)

(1.25)

(b) First we prove that the denominator polynomial qn satisfies the or­
thogonality relation (1.9). Multiplying (1.7) by qn and performing some
elementary transformations we get

qnf - Pn (z)
Wn

= / [qn(z)"_ qn(x)] dJ-l(x) + cqn(z) - Pn(z)
wn(z) wn(x) X - Z wn(z)

+ / qn(x)dJ-l(x) = O(z-(2n+l)+deg(qn ) ) as lzl ~ 00.
wn(x)(x - z)

The first two terms on the right-hand side of (1.22) are rational functions
with poles only at zeros of Wn or at infinity. Since both the last term on the
right-hand side and the term on the left-hand side of (1.22) are bounded at
the zeros of Wn and are zero at infinity, it follows that the first two terms
on the right-hand side of (1.22) cancel out, and we have

qnf - Pn (z) = / qn(x)dJ-l(x) = O(z-(n+l)) as [z] ~ 00.

Wn wn(x)(x - z)

Expanding the integrand in the second term in powers of z as in (1.21), it
is easy to see that (1.23) implies that qn satisfies the orthogonality relation
(1.9).

Since Wn does not change its sign on S(J-l), it follows from Theorem 2.1.1
that deg(qn) = n and all zeros of qn are contained in I(S(J-l)). In Remark (1)
to Lemma 1.1.3 it has been noted that in the case of S(J-l) C ~ we further
know that all zeros are simple and every component of I (S(J-l)) \ S(J-l)
contains at most one of them.

(c) If Pn and qn in (1.8) had common factors, there would exist a reduced
representation of 'fn(f, An; z) with a denominator polynomial qn of degree
less than n. But since Qn satisfies (1.9) this is not possible.

(d) From the orthogonality (1.9) it follows that for every l = 1, ... .n we
have the identity

(1.24)

/
l qn(x)dJ-l(x) l/ [ 1 x

l- 1
xl] qn(x) dJ-l(x)

x wn(x) (x - z) = z - -;- - ... - ----;t + zl (x - z) wn(x)

= zl / qn(x)dJ-l(x) ,
Wn(x)(x - z)

which implies that

/
qn(x)dJ-l(x) 1 / qn(x)2dJ-l(x)

wn(x)(x - z) = qn(z) wn(x)(x - z)'

Together with (1.23) this proves the remainder formula (1.10). 0
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(1.26)

Next we come to the proof of Theorem 6.1.6. It is based on the following
theorem, which is, from the point of view of the subject of this book,
even more interesting than Theorem 6.1.6 itself. The theorem shows that
there exists a one-to-one correspondence between the asymptotic behavior
of certain weighted orthonormal polynomials and the convergence behavior
of rational interpolants.

Theorem 6.1.8. Let f be a Markov function of type (1.4), let A be an in­
terpolation scheme with interpolation sets possessing the symmetry property
(1.6), and let f-ln be the weight measure defined by

df-l
df-ln := -, n E N.

Wn

Then

(1.27) lim
n-+oo

locally uniformly in C \ I(S(f-l)), where Pn(f-ln; z), n E N, denote the or­
thonormal polynomials with respect to the weight measure J.tn.

Remarks. (1) It is not necessary to assume that condition (1.15) holds
true for the interpolation scheme A.

(2) Because of the symmetry property (1.6) the polynomials Wn are real
and do not change their sign on S(f-l). We can therefore assume without
loss of generality that f-ln is positive for all n E N.

Proof of Theorem 6.1.8. Set, as in Lemma 6.1.2, rn(f, An;') = Pn/qn
with monic qn. From the orthogonality (1.9) we know that

(1.28)

(1.29)

and therefore the remainder formula (1.10) yields that

(
f - rn(f, An; .)) () ( .)2 _ 1 / qn(x)2df-l(x)

Z Pn f-ln, Z - 2 () () .
Wn IlqnIIL2(~n) x - z Wn x

For x E S(f-l) and z ¢ ~ we have

(1.30) > __IIm_(z--,-)I_-"..
- diam({z} U S(f-l))2'

for z E {x E ~ I x < inf S (f-l )}

1 1
(1.31) x-z > diam({z}US(f-l))'
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for z E {x E ~ I x > SUPS(IL)}

-1 1
(1.32) x - z > diam({z} U S(IL)) ,

for all z ~ I(S(IL))

(1.33)
1. 1

< .
x - z - dist(z, S(IL))

From (1.30)-(1.33) it follows that there exist two positive continuous func­
tions dl(Z) > 0 and d2(Z) < 00 on C \ I(S(IL)) independent of n such
that

for all z E C \ I(S(IL)). From these inequalities together with (1.29) the
limit (1.27) follows immediately. 0

Finally, we turn to Theorem 6.1.6.

Proof of Theorem 6.1.6. With Theorem 6.1.8 the ground work of the
proof is done. We start with a consideration of the interpolation points
equal to infinity.

Without loss of generality we can assume in Theorem 6.1.6 that 00 ~

L(A). For if 00 E L(A), then by a Mobius transformation the original
problem can be transformed into an equivalent one with 00 ~ L(A). More
precisely: There exists a E ~ \ (L(A) U I(S(IL))); we consider the new
variable w defined by

(1.35)
1

w = rp(z) =--
z-a

(1.36)

In this variable the function f has the form

- 1 / djj(y)f(w) := (f 0 cp- )(w) = f(a) -
y-w

with djj(y) := y2dlL(cp-1(y)), y E rp(S(IL)), and the interpolants Tn and the
polynomials Wn, qn, and Pn are given by

(1.37)

with An = cp(An), and

wn(w) = w2n+1(Wn
0 cp-l)(w) E TI2n+l,

(1.38) qn(w) = wn(qn 0 rp-l)(w) E TIn,

Pn(w) = wn(Pn 0 cp-l)(w) E TIn.



6.1 Rational Interpolants to Markov Functions 159

The function j is, except for its sign, again of the type (1.4). To verify
(1.36) we consider the identity
(1.39)

j (_1) _ c +Idp,(x) _ I( 1 __1 )-1 ( 1 )2 dp,(x)
z-a x-a x-a z-a x-a

I[ 1 z-a]= c+ - ( )( ) dp,(x) = J(z).x-a x-a z-x

After this preparation we come to the actual proof, which consists of a
combination of the asymptotic results from Theorems 3.3.2 and 3.3.3 with
Theorem 6.1.8. Since we have assumed that 00 ~ L(A), we know that
supp(a) C L(A) has compact support in 0\ {oo}, and Theorems 3.3.2 and
3.3.3 are applicable with the weight functions

1
(1.40) gn(x) := ()' n E N.

W n x

It is easy to see that (1.13) and (1.15) imply g~jn -+ 9 := exp(2p(a; .))
uniformly on S(p,) as n -+ 00. The measure a in Theorems 3.3.2 and 3.3.3
is now a and the constant 1=2.

(a) From (1.13) and the lower envelope theorem it follows that

(1.41) lim sup Iwn(z)1
1j n < e-2p(a ;z )

n-+oo

locally uniformly for z E C and equality holds true in (1.41) quasi every­
where.

From (3.3.20) of Theorem 3.3.2 with I = 2 and a = a together with
(1.41) it follows that

(1.42)
Wn(Z)

lim sup
n-+oo Pn(P,n; z)2

1j2n
< e-g(a,Ojz)

locally uniformly for z E C\I(S(p,)). By Theorem 6.1.8 this implies (1.16).

(b) We prove the chain of implications: assertion (iii) of Theorem 3.3.3
:::} Theorem 6.1.6(iii) =} Theorem 6.1.6(ii) :::} assertion (iii) of Theorem
3.3.3. Since in Theorem 3.3.3 it has been shown that Theorem 3.3.3(iii) is
equivalent to p, E Reg, part (b) of Theorem 6.1.6 is then proved.

If cap(S(p,)) = 0 then (i) holds as well as (ii) and (iii) by (1.16). Hence
we may assume in what follows that cap(S(p,)) > O.

Assertion (iii) of Theorem 3.3.3 :::} Theorem 6.1.6(iii): From (iii) in
Theorem 3.3.3 we know that

(1.43)
1 lin

lim = eP(a jz )- g(a ,!1;z )
n-oo Pn(P,n; z)
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locally uniformly for z E C \ I(S(/-L)). From the limit (1.13) it follows by
the lower envelope theorem that (1.41) holds true also for any infinite sub­
sequence N c N, and we again have equality quasi everywhere. Therefore
we have

(1.44)
Wn(z) lj2n

lim sup = e-g(a,!1;z)
n--+oo,nEN Pn(Pn; z)2

(1.45)

for quasi every z E C \ I(S(/-L)). With Theorem 6.1.8 this implies (1.19).

(iii):=>(ii): Since the rational interpolant rn(!, An;') has all its poles in
I(S(p)), it follows from the remainder formula (1.10) that the functions

1
2n log I!(z) - rn(!, An; z)1

are harmonic on every compact set in C\ (I(S(/-L))UL(A)) for n sufficiently
large, and they are bounded because of (1.16). Hence, we can deduce from
the pointwise convergence quasi everywhere in (1.19), which is true for any
infinite subsequence N c N, that we have the proper limit (1.18) locally
uniformly in C \ (I(S(/-L)) U L(A)). The conclusion can be drawn by local
considerations of the sequence of harmonic functions.

Theorem 6.1.6(ii) :=> assertion (iii) of Theorem 3.3.3: By Theorem
6.1.8 the limit (1.18) is equivalent to

(1.46)
lj2n

=e-g(a ,!1jz )

locally uniformly for z E C \ (I(S(/-L)) U L(A)). From (1.13) it then follows
that

(1.47)

also holds locally uniformly for z E C\(I(S(/-L))UL(A)). Since the logarithm
of the function on the left-hand side of (1.47) is harmonic in C \ I(S(/-L))
(cf. the harmonicity of (3.3.37) in the proof of Theorem 3.3.2), the conver­
gence extends locally uniformly to C \I(S(/-L)) = C \ Co(S(/-L)). This proves
assertion (iii) of Theorem 3.3.3 with a = a and I = 2. 0

6.2 Best Rational Approximants to
Markov Functions

We continue the study of rational approximants to Markov functions by
investigating the convergence of best rational approximants. The type of
result is similar to that in the last section. First we prove a general estimate
for the rate of convergence, and then we show that the rate is sharp in the
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sense of geometric convergence if and only if the measure J-l in the definition
of the function (2.1) is regular.

The function f to be approximated is, as in (1.4), of the form

(2.1 ) fez) = / dJ-l(x) + c,
x-z

where J-l is a positive measure with compact support S(J-l) C Rand c E R
is a constant. We approximate f on a compact set V ~ C \ S(J-l) that is
assumed to be symmetric with respect to R, that is,

(2.2) V=V:={zEClzEV}.

Definition 6.2.1. By r~ = r~(f, V;·) E R n n , n E N, we denote any
rational function that satisfies

(2.3) Ilf - r~llsup,v = inf Ilf - rllsup,v,
rER n n

It is called the best rational approximant of degree n to f on V.

Under our rather general assumptions the best rational approximant
r~(f,V;·) may not exist. We know that r~(f,V;·) exists for every n E N
if V is a real interval or the union of finitely many real intervals (see, e.g.,
[Br, Section III]), but it may not exist if V contains isolated points. In any
case there exists a near best rational approximant r~ (f, V; .) in the sense
that

Ilf - r~llsup,v < 2 inf 11f - rllsup,v,
rER n n

For simplicity we use the convenient terminology "best approximant" for
r~(f, V; ·)s in the case of near best approximants. The results to follow are
not touched by this change in the definition. The question of uniqueness
of best rational approximants is even more difficult to answer than the
existence problem. The uniqueness of r~(f, V;·) is known only in the case
when V is a real interval and the best approximant is selected from R~,

the set of a11 rational functions of degree at most n with real coefficients.
In this special case uniqueness can be proved by considering alternation
points (see [Brj), On the other hand, no example of a Markov function
(2.1) and a symmetric compact set V ~ C \ S(J-l) is known for which the
best rational approximant r~ (f, V; .) is not unique. In general, that is, for
arbitrary analytic functions i. uniqueness of best rational functions in R n n

is not true. (For more references concerning the nonuniqueness problem see
Section 6.2 in the historical notes.)

In the statement of our main result we need the condenser capacity
cap(V, S) of two disjoint compact sets V, S C C, which is defined in Section
VIII of the Appendix.
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Theorem 6.2.2. Let f be a Markov function of type (2.1) and V C C\S(JL)
a compact set with the symmetry property (2.2).

(a) We have

(2.4) lim sup Ilf - r~(f, V; ')II~~~nv < e-ljcap(V,S(It))
n-+oo '

(b) If cap(V) > 0, then

(2.5) lim Ilf - r*(f, V; ')11 1j 2n = e-ljcap(V,S(It))
n-+oo n sup,V

if and only if JL E Reg.

Remark. If cap(V) = 0, then cap(V, S(JL)) = 0, and by (2.4) we have

lim Ilf - r~(f, V; ')II;~p2nv = 0
n-+oo ,

independently of whether JL E Reg or not. Hence, in part (b) the assump­
tion cap(V) > 0 is necessary.

Since the proof of Theorem 6.2.2 is very long and technically quite in­
volved, we present the following outline of it.

The outline of the proof of Theorem 6.2.2. Parts (a) and (b) are
separately proved.

Two lemmas, Lemmas 6.2.3 and 6.2.4, prepare the proof of part (a).
Lemma 6.2.3 is a simple technical one on approximating measures by dis­
crete ones. Part (a) of Lemma 6.2.4 easily follows from the results in the pre­
ceding section: It gives an estimate on rational interpolants via Green po­
tentials of limit distributions of the interpolation points (d. (2.10), (2.11)).
The most important step is part (b) of Lemma 6.2.4 which gives a tech­
nique as to how to get good rational approximants on V from rational
interpolants. The idea is to cancel in the partial-fraction representation of
the interpolants all those terms that contain poles closer to V than ooln,
where n is the degree in question (d. (2.17)). This yields rational approxi­
mants with rate of approximation expressed by suprema of potentials that
are majorized by the above Green potentials (cf. (2.12)). Then the proof
of part (a) of Theorem 6.2.2 is obtained by taking interpolation schemes
with asymptotic distribution equal to the equilibrium distribution on V of
the condenser (V, S(JL)). Much of the technical details are caused by the
irregular points of V.

In the necessity part of Theorem 6.2.2(b) we use the same rational inter­
polants. The idea is that they yield an approximation that is in between
the optimum rate (lif - rrillv) and the rate expressed by the condenser
capacity (this is what is proved in Theorem 6.2.2(a)); hence if these two
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rates collapse (i.e., we have equality in (2.4)) then we know sufficient infor­
mation on the rate of approximation given by the rational approximants
to be able to apply the results of the preceding section.

The most severe proof is that of the sufficiency part in Theorem 6.2.2(b),
that is, when we want to conclude equality in (2.4) from the regularity of
u, The method is rather ad hoc, and most of the difficulties arise because V
may not be regular with respect to the Dirichlet problems in C \ v. Jl E Reg
is applied in the form that is guaranteed by the equivalence of (i) and (vi)
of Theorem 3.2.1, where the weight functions gn are associated with the de­
nominator polynomials of the best approximants (cf. (2.56), (2.59), (2.60)).
Two lemmas, Lemmas 6.2.5 and 6.2.6, contain essential steps of the proof.
The first one simplifies the structure of V. The second, and technically most
difficult, one is concerned with moving the zeros of polynomials Qn from
C \ V onto V in such a way that the so-obtained polynomials behave on V
in a fashion similar to that of the original polynomials Qn (d. (2.66) and
(2.67)). This is done by selecting symmetric, weighted Fekete points with
respect to weights 1/Qn. D

We prepare the proof of Theorem 6.2.2(a) by stating two lemmas. In both
of them we use the equilibrium distribution w1!,So on V of the condenser
(V, So) (see Appendix VIII).

Lemma 6.2.3. Let V be as in Theorem 6.2.2, and assume in addition
that 8V n I(S(Jl)) has only finitely many points, cap(V) > 0, and 00 fI.
V. Let further So ::) S(Jl) be a compact set with So ~ ~, V n So = 0,
and cap(So) > O. Then there exists an admissible interpolation scheme
A = (Ai, ... ,An, ... )t with all its interpolation points in 8V \ I(S(Jl))
and wV,So as its asymptotic distribution a(A).

Recall that I (S(Jl)) is the smallest interval on IR containing S(Jl), and the
admissibility of A means that A is symmetric onto ~, each interpolation
set An is disjoint from I(S(Jl)), and no point of L(A), the set of limit points
of the sets An, belongs to S(Jl) = supptu}.

Remark. In the sequel a compact set So different from S(Jl) will be used
if cap(S(Jl)) = 0, otherwise we can set So = S(Jl).

Proof of Lemma 6.2.3. Since V is symmetric with respect to ~, the same
is true for wV,So' It is easy to verify that we can select for each n E N an
interpolation set An with 2n + 1 points XO,n, .. ' ,X2n,n E 8V possessing
the symmetry property (1.6) and having wV,S(/-L) as their asymptotic dis­
tribution, that is, the limit (1.13) holds true with a = wV,S(J.L)' Since we
have assumed that avn I(S(j.t)) consists of only finitely many points, the
wV,S(/-L) -measure of these points is zero, and we can therefore select all
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points Xjn, 0 <j < ti, n E N, from 8V \ I(S(Jl)). Hence, the interpolation
scheme A := (Al' A2,' .. )t is admissible in the sense of Definition 6.1.5.

o

x E S(Jl), n E N.
dJl(x)

dJln (x) := () ,
W n X

(2.6)

If A = (A l , A2," .)t is an admissible interpolation scheme with finite
interpolation points then define, as in (1.5) and (1.26),

Wn(z):= II (z - x),
xEAn

Since A is admissible, we can assume without loss of generality that Jln is a
positive measure. (If Wn is not positive on S(Jl), then it has to be negative
everywhere on S(Jl), and we can multiply it by -1.)

n E N,n ---t 00,as

Lemma 6.2.4. Let V be as in Theorem 6.2.2, and let A be an admis­
sible interpolation scheme with finite interpolation points and asymptotic
distribution a = a(A).
(a) Let qn be the monic denominator polynomial of the rational interpolant
r n = rn(f, An; '), n E N, and let N C N be an infinite subsequence such
that the two limits

(2.7)

1 *- "« -----+ VQ,n n

exist. Then

(2.8)

(2.9)
. 1

lim sup -log If(z) - rn(z) I <p(vQ - a; z) + co
n-+oo,nEN 2n

locally uniformly for z E C \ I(S(Jl)), with equality quasi everywhere in
C \ I(S(Jl)),

(2.10) lim ~ log If(z) - rn(z)1 = p(vQ - a; z) + co
n---+oo,nEN 2n

locally uniformly for z E C \ (I(S(Jl)) U L(A)), and

(2.11) P(vQ - a; z) + co < - g(a, n; z)

for all z E C (the Green potential g(a, n; z) was defined in (1.17)).

(b) There exist rational functions r« E R nn, n E N, such that for every
infinite subsequence N C N for which the two limits (2.7) exist we have

(2.12) limsup Ilf - rnll:~~nv < exp ( sup p(vQ - a; x) + co).
n---+oo,nEN ' xEV
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Remark. The functions rn are obtained from the rational interpolants
Tn = Tn 'J, An; .) by removing all poles that the functions Tn have on V
and in certain neighborhoods of V.

Proof of Lemma 6.2.4. (a) It has been shown in Lemma 6.1.2 that the
denominator polynomial qn is the nth orthogonal polynomial with respect
to the measure p.,n, and therefore it has at most one zero in every component
of I(S(p.,)) \ S(p.,). This implies (2.8).

Since qn is assumed to be monic, we have

qn(z) = IIqn IIL2(J.l.n)Pn (p.,n; z),

where Pn (J-ln; .) is the orthonormal polynomial with respect to /-Ln' From the
assumption that a is the asymptotic distribution of the scheme A, that is,

1 *
(2.13) 2n + 1 v An ----+ a as n ---+ 00,

and from the assumed limits in (2.7) we immediately deduce by the prin­
ciple of descent and the lower envelope theorem that

)
.. 1 Pn(p.,n; z) 2

(
(2.14 lim inf -2 log () > P a - vo; z) - CO

n-+oo,nEN n Wn Z

locally uniformly for z E C \ I (S (p.,) ), and equality holds quasi everywhere
in C \ I(S(p.,)). From Theorem 6.1.8 we then know that (2.14) is equivalent
to (2.9).

In the same way we deduce (2.10) from (2.7) and (2.13) by Theorem
6.1.8.

From (1.16) in Theorem 6.1.6 together with (2.9) we know that (2.11)
holds true for quasi every z E C \ I(S(p.,)). Since both sides of (2.11) are
continuous in the fine topology (see Appendix II), the inequality in (2.11)
extends to all z E C.

(b) It has to be shown that there exist rational functions in E R nn, n E N,
satisfying (2.12). This part of the proof causes most of the technical diffi­
culties.

We start from the rational interpolants Tn = Tn (!, An; .) and remove the
poles of these functions from V and from certain neighborhoods of V. Since
Tn has only simple poles, it can be represented as

n
'"' ajnTn(Z) = L..J + Cn
j=l z - Yin

with ajn, Cn E C, Yjn E I(S(p.,)). Set

1on := -00,
n

Vn := {z Eel dist(z, V) < On},

V2,n := {z Eel distf z. V) < 20n } , n EN,



166 6. Applications

(2.17)

where we assume 60 > 0 small enough to ensure that V2,1 n S(J.l) = 0, and
that both V2,1 and V intersect exactly the same components (intervals) of
I(S(J.l)) \ S(J.l). Let

(2.16) Yn := {YIn, . . . ,Ym(n)n}

be the set of all poles of T1J in Vn . The numbers m(n) are bounded by the
number of components of I(S(J.l)) \ S(J.l) that intersect V. We define

rn(z) := Tn(f, Ani z) - TIn(z) E R nn,

m(n)
( ._ """" ajnTIn z) .- ~ _ . E Rm(n)-I,m(n)'

j=l Z YJn

m(n)

hn(z):= IT (z - Yjn).
j=l

First, we derive asymptotic estimates for hn and hn(f - Tn) as n -t 00.

Since the degree m(n) of hn is bounded, and since all zeros of hn are
contained in Vn C VI, we have

(2.18) limsuplhn(z)l l / n < 1
n-----Jooo

locally uniformly in C and

(2.19)

locally uniformly in C\(I(S(J.l))nV). Then (2.18) together with (2.9) yields

. 1
(2.20) hmsup -2 log Ihn(f - Tn)(z)1 < p(vo - (Xi z) + cO

n-----Jooo n

locally uniformly in C \ I(S(J.l)).
We need a version of the estimate (2.20) that holds true not only in

C \ I(S(J.l)), but also on I(S(J.l)) n V, and asymptotically on the points of
the sets Yn as n -t 00. To get such an estimate, we introduce a sequence
of compact sets Un, n E N, with

V C tt« C V2,n'

Let Z(qn) denote the set of zeros of the polynomial qn. Then for every
n E N we can choose Un such that

(2.21)

1 1
dist(8Un,Z(qn)) > '2 8n = 2n 80,

o; n Z(qn) = Yn, n E N.
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Indeed, in every component of I(S(p,)) \ S(p,) there is at most one zero of
qn· If this zero is in Vn, then it belongs to Yn, and we will choose BUn close
to aV2,n in the critical region. This is always possible since BV2,n has a
distance k80 from Vn . If, however, the zero in question does not belong to
Vn, then it does not belong to V, and therefore we choose BUn close to V,
which is again always possible.

Next, we show that it follows from (2.21) that for any sequence of points
Zn E BUn, n = 1,2, ... , we have

(2.22)

lim Ihn(zn) Il/n = 1,
n---*oo

lim sup -2
1

loglhn(f - Tn)(zn)1 < maxp(vo - a; x) + CO.
n---*oo,nEN n xEV

In the proof of (2.22) we can restrict ourselves to convergent sequences
Zn E aUn, n E No ~ N, with Zn ---. Zo as n ---t 00, n E No. Clearly zo E V.

For sufficiently large n E No every polynomial hn can have only one zero
close to Zn since all the other zeros belong to components of I(S(p,)) \ S(p,)
that do not contain zo, and their distance from Zn is therefore bounded
away from zero. But also the zero of hn that asymptotically comes close to
Zn has a distance from Zn not smaller than -in8o because of (2.21). These
considerations show that there exists a constant a > 0 independent of n
such that

(2.23) Ih (z )I > ~8 am(n)-l
n n - 2n 0 ,

which proves the first limit of (2.22).
The proof of the second relation in (2.22) starts from the modified re­

mainder formula

(2.24) [hn(f - Tn)](Z) = Wn(Z) J[qn !f;;] (x)dp,(x) ,
(t: )(z)2 wn(x) (x - z)

(2.25)

(2.26)

which follows from (1.23) and (1.24). By the same arguments as were ap­
plied in the derivation of (2.23) we can show that

1 qn
lim -log -h (zn) = -p(vo; zo)

n---*oo,nENo n n

for any sequence Zn E BUn, n E No ~ N, with Zn ---. zo as n ---. 00, n E No
(also making use of the first limit in (2.7)). From (2.13) and the principle
of descent it follows that

limsup-
2
1

loglwn(z)1 < -p(a;z)
n---*oo n

locally uniformly on C. Since the limit (2.19) holds true uniformly on S(J.L),
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(2.27)

we can repeat the estimate (1.34) in the rzt.h-root sense for the integral in
(2.24). With the second limit in (2.7) this yields

. 1 / [qn~ ](x)dlh(X)
lim -log n = CO

n-+oo,nEN 2n wn(X)(x - z)

uniformly for z E V1 ~ V..Formula (2.24) together with (2.25), (2.26), and
(2.27) proves that

(2.28)
. 1

lim sup "2 log Ihn(f - Tn)(zn)1 < p(vo - a, zo) + co
n-+oo,nENo n

for all sequences Zn E aun ,n E No C N, with Zn --+ Zo as n --+ 00, n E No,
where N is the same subsequence of N as was used in (2.7).

From (2.28) the second relation of (2.22) immediately follows.
With the two limits in (2.22) we are prepared to prove (2.12). First, we

derive an estimate for the sequence {qn} (cf. (2.17)) on avn . From the
definition of hn and q,n in (2.17) it follows that

P1n(Z) := hn(z)qn(z) E IIm(n)-b n E N,

and furthermore that

(2.29)

P1n(Yjn) = h~(Yjn)ajn = -[hn(f - Tn)(Z)]Z=Yjn for j = 1, ... ,m(n),

where {Yjn} are the m(n) zeros of hn . Since the last expression in (2.29)
is analytic on Un, it follows from the maximum principle and the second
relation in (2.22) that

. 1
lim sup . max -2 log IP1n(Yjn )1< maxp(vo - a; x) + co·

n-+oo,nEN )=1, ... ,m(n) n xEV

Using Lagrange's interpolation formula

m(n)
P () = L P1n(Yjn)hn(z)

1n Z j=l h~(Yjn)(z - Yjn) ,

we derive

z E C.
P1n (Yjn)hn(z)

h~(Yjn)(z - Yjn) ,

m(n)

IP1n(z )1< L
j=l

Since hn has at most one zero in every component of I(S(p,)) \ S(p,), we
have

1 m(n) Ih)1
limsup -log 2:, n(z < 0

n-+oo,nEN 2n j=l Ihn(Yjn)(z - Yjn)1
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uniformly on every compact set in C. Hence, we have shown that

(2.30)
. 1

hmsup -log IPln(z)1 < maxp(vo - a; x) + co
n---+oo,nEN 2n xEV

(2.32)

locally uniformly for z E C.
From the definitions in (2.17) we immediately derive the identity

f - Tn = h
1

n
[hn(f - Tn + TIn)] = h

1

n
[hn(f - Tn) + Pin],

and with both limits in (2.22), it follows from (2.30) that

(2.31) lim sup -2
1

log If(zn) - Tn(zn)1 < max P(vo - a; x) + CO
n---+oo n xEV

for any sequence of points Zn E aun ,n E N. Since f - Tn is analytic on U«,
(2.31) proves (2.12) and the proof of Lemma 6.2.4 is complete. D

Proof of Theorem 6.2.2(a). Using, if necessary, the same transformation
as in (1.35)-(1.39), we can assume without loss of generality that 00 ¢ V,
that is, V is a compact subset of C.

Since we do not know whether V is regular with respect to Dirichlet
problems in C \ V, nor that cap(S(J..L)) > 0, we introduce auxiliary sets V8,
which are defined for 8 > 0 by

V8 := {z E C Idist(z, V) < 8},

V8 := V8 U {z E C Idist(z, V8 n I(S(J..L))) < 8}.

The set V8 is regular with respect to Dirichlet problems in C\ V8, cap(V8) >
0, and aV8 n I(S(J..L)) consists of only finitely many points. From the outer
continuity of the condenser capacity (see Appendix VIII) it follows that
for every e > 0 there exists a 8 > 0 and a compact set So with lR :> So :>
S(J1,) , cap(So) > 0, and V8 n So = 0 such that

(2.33) e-i/cap(Vo,So) < e-I/cap(V,S(/L)) + c.

Let wVo,So be the equilibrium distribution of the condenser (V8, So) on Vb'
(see Appendix VIII). Since V8 is regular, we have

(2.34)
- 1

g(WVo,So, C \ So; z) = (\0 S)cap 8, 0

for all z E V8.
Since the set V8 satisfies the assumptions of Lemma 6.2.3, we therefore

know that there exists an admissible interpolation scheme A with asymp­
totic distribution a(A) = wVo,So' We apply Lemma 6.2.4 to the set V8 and
set a = wVo,So' For any infinite subsequence N ~ N for which the two
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limits -n and Co in (2.7) exist, we deduce from (2.12) and (2.11) in Lemma
6.2.4 together with (2.33) and (2.34) that

(2.35)

limsup Ilf - r~II;~~~vo < sup exp(p(vo - WVo,So;x) + co)
n---+oo,nEN xEVo

< sup exp( -g(WVo,So' 0; x))
xE\!6

< sup exp( -g(w\!6 .s,, C \ So; x))
xEVo

= exp (- 1 ) < e-1/cap(V,S(p)) + c.
cap(V8, So) -

Since the right-hand side of (2.35) is independent of the subsequence N,
and since e > 0 is arbitrary, (2.35) proves (2.4). D

In the proof of Theorem 6.2.2(b) we shall use the following lemma that
simplifies the structure of the set V.

Lemma 6.2.5. Let V C C \ S(J-L), cap(V) > 0, be a compact set as in
Theorem 6.2.2(b). Then for every e > 0 there exists a compact set V* C V
such that V* is symmetric with respect to R,

dist(V* \ R, R) > 0,

C \ V* is connected, Int(V*) = 0, V* is regular with respect to the Dirichlet
problem in C \ V*, and

cap(V*, S(J-L)) > cap(V, S(J-L)) - c.

Remark. Applying twice the lemma we get the following: If VI, V2 C C
are disjoint compact sets then for every c > 0 there are compact subsets
vt C VI and V2* C V2 such that Int(Vt U V2*) = 0, C \ (vt U V2*) is
connected and regular with respect to the Dirichlet problem, and

Proof of Lemma 6.2.5. Since cap(V, S(J-L)) = cap(8V, S(J-L)), we can as­
sume from the beginning that Int(V) = 0.

First we remove two small strips from V around R: For 1] > 0 set

VT} = {z E V I dist(z, R) > 1]} U (V n R).

We claim that
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In fact, in the opposite case there is an 0:' > l/cap(V, S({L)) such that
with the equilibrium distributions w'rJ := WV1J ,S(/-l) and w'rJ := wS(/-l),V1J of
the condenser (V, S({L)) (see Appendix VIII) we have for some sequence
{ 1]j }r;-l tending to 0

p(w'rJ - w'rJ; z) - p(w'rJ - w'rJ; w) > 0:', 1] = 1]1,1]2, ... ,

for quasi every z E V'rJ and quasi every W E S({L). Without loss of generality
we can assume that {w'rJJ} and {w'rJj} converge to some measures w* and
w* in the weak* topology. Since each w'rJ is supported on V and each w'rJ
is supported on S({L), and U~lV'rJj = V, we get from the lower envelope
theorem that

for quasi every z E V and w E S({L), which implies 0:' < l/cap(V, S({L)) (see
(A.25) in Appendix VIII), and this contradicts the choice of 0:'.

Thus, if we set VI = V'rJ then for some small 1] > 0 we will have

cap(Vl, S({L)) > cap(V, S({L)) - £/3.

Next we erase some vertical strips from Vl to obtain a compact set
with connected complement. Let Gl, ... ,Gk,'" be an enumeration of
the components of C \ Vl, and let Zk E Gk, k = 1,2, .... We are going to
construct nested compact sets VI = Vp :J Vl :J V12 :J '" in such a way
that for each k

(2.36) cap(VI
k , S({L)) > cap(Vl, S({L)) - e/3

and V1
k does not have any point in a strip

(2.37)

for some ak > O. In fact, if V1
k- 1, k = 1,2, ... , has already been con­

structed with the property (2.36), then by the argument that we used in
the selection of Vl we can omit all points of a strip (2.37) from vt-1 so
that the remaining points form a compact set V1

k with the property (2.36).
Now let

00

V2 = nV1
k

.

k=l

By the upper continuity of the Green capacity (see [He, Lemma 7.18]) it
easily follows then that

cap(V2,S({L)) = lim cap(VIk,S({L)) > cap(VI,S({L)) -e/3.
k--+oo

Clearly, C \ V2 is already connected.
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Finally, we turn to the construction of V* itself. By [Anl,2] for each
mEN there is a regular compact set v2m C V2 such that

cap(V2
m ) > cap(V2) - 2...

m

Replacing V2
m by

if necessary, we may assume that each V2
m is symmetric with respect to IR

(note that V2 has this property) and the sequence {V2
m } is increasing. We

claim that for large m the set V* = V2
m satisfies the requirements in the

lemma. By the previous construction it has only remained to prove that

(2.38)

for all large m.
Let gm(z;w) = gC\v2m (z, w) be the Green function of the domain C \ v2m

with pole at wEe \ v2
m . It is verified in the Appendix during the proofs

of Theorems A.l and A.2 that

gm(Z; 00) I gC\V2(Z; 00), Z E C \ V2,

locally uniformly in Z E C \ V2 as m ---t 00. Since gm(z,w) > gC\V2(z,w),
we get from Harnack's inequality (Appendix III) and the preceding relation
that

(2.39) lim gm(z, w) = gC\V (z, w)
m-oo 2

locally uniformly and monotonically for z, wEe \ V2. If v is the probability
measure on S(J-L) that minimizes the Green energy

/
{ gC\V (z, w)dii(z)dii(w) = (V

1
S( ))'

} S(j.L) 2 cap 2, J-L

then by (2.39) and the monotone convergence theorem we get

( 1 S( )) = lim / r gm(z,w)dJJ(z)dJJ(w)
cap V2, fl, m-oo } S(j.L)

1
. 1> im sup ,

- m-oo cap(V2
m,S(fl,))

from which (2.38) follows for all large m, 0

Proof of Theorem 6.2.2(b). Without loss of generality we can assume
in the proof of part (b) that cap(S (J-L)) > 0 since otherwise both the limit
in (2.5) and J-L E Reg hold for J-L.
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Proof of the necessity of the condition: J-t E Reg in (b). We assume
the limit in (2.5) to hold true and prove that this implies J-t E Reg. Most of
the technical difficulties here are due to the fact that V may contain points
from I(S(J-t)) \ S(J-t) or that V may not be regular with respect to Dirichlet
problems in C \ V.

Let Zo E C \ (I(S(J-t)) U V) be fixed, and let Cm > 0 be a sequence
of numbers with Cm ---+ 0 as m ---+ 00. From the outer continuity of the
condenser capacity it follows, as after (2.32), that there exists a sequence
of numbers Om > 0 with Om ---+ 0 as m ---+ 00 such that the sets Vm .­
V8m , mEN, defined in (2.32) satisfy

(2.40)

and

0< 1
- cap(V, S(J-t))

1
------<cm
cap(Vm , S(J-t))

(2.41 )

where W m = WVm,S(p)' mEN, denotes the equilibrium distribution on Vm

of the condenser (Vm , S({L)). As in the proof of part (a), it follows from
Lemma 6.2.3 that for every mEN there exists an admissible interpolation
scheme Am = (Ar\ A2\ ... )t on 8Vm with asymptotic distribution

(2.42)

For every mEN, let N m C N be an infinite subsequence such that the
two limits

(2.43)

exist as n ---+ 00, n E N m , where q~ is the denominator polynomial of
the interpolant Tn(!, A~; .) and J-t":: is the measure defined as in (2.6) by
the interpolation set A~. We know from (2.10) of Lemma 6.2.4 that for
sufficiently large m

(2.44)
. 1

hm -2 log I!(zo) - Tn(! ,A~; zo)1 = p(vm - W m ;zo) + em'
n---:"oo,nENm n

From (2.11) of Lemma 6.2.4 it follows that with n = C \ S({L)

(2.45)

for all z E C. Since we have assumed that the best rational approximants
T~ = T~(!, V;.) have a rate of convergence given by (2.5), it follows from
(2.12) of Lemma 6.2.4 that

(2.46)
-1

sup p(vm - W m ;x) + em > (V S( )).
xEV cap , I-l
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Indeed, if (2.46) were false, then by (2.12) applied to Vm instead of V there
would exist rational approximants that were better than assumed in (2.5).

With the two equilibrium distributions W m =wVm,S(J-L) and wm =WS(/-l),Vm
of the condenser (S(p,), Vm) we have the representation

(2.47)

for all Z E C with a constant Tm (see (A.22)-(A.23) in the Appendix).
Subtraction of the Green potential (2.47) from (2.45) and (2.46) gives the
inequalities

(2.48)

and

O<p(wm-vm;Z)-Cm-Tm forzEO,

(2.49)
1

p(w
m

- Vm ; zm) - Cm - Tm < cap(V, S(p,)) - g(wm, 0; zm)

1 1
-----<cm

cap(V, S(p,)) cap(Vm , S(p,))

for some Zm E V. The second to last inequality follows from the regularity
of Vm , whereas the last one follows from (2.40).

Since both measures Vni and w m have their support on S(p,), the po­
tentials in (2.48) and (2.49) are harmonic in O. From Harnack's inequality
(see Appendix III) we know that there exists a constant C = C(zo, V,O)
such that any function h positive and harmonic in 0 satisfies

independently of Zm E V. With this inequality we deduce from (2.48) and
(2.49) that

and with (2.43) and (2.47) further that

(2.50)

(2.51)

for all large mEN (for which Zo rt Vm ). From (2.44) it then follows together
with (2.41) and (2.50) that for every mEN there exists an nm such that

1
2n log I!(zo) - Tn(!, A~; zo)1 + g(WV,S(/-l) , 0; zo) < (C + 2)c

for n > nm .

Now let the interpolation scheme A = (Al, A2, .. . )t be defined by the
sets

An := A~ for nm < n < nm+l.
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Then it is easy to verify that, because of (2.42), A has the asymptotic
distribution

(2.52) a(A) = wV,S(p;)

if {nm } tends fast enough to infinity. From this and (2.51) it follows that for the
sequence of rational interpolants Tn 'J, An; .), n E N, we have the convergence

(2.53) lim If(zo) - Tn(f,An;zo)1
1

/
2n = exp(-g(wVS(II.),OiZO))'

n-too ' r:

It is easy to see that all these can be done uniformly in zo provided IzoI is
large enough, that is, one and the same sequence {An} can be chosen for
all Izol > R provided the disk {z Ilzl < R} contains S(IJ) U V, in such a
way that the limit in (2.53) is uniform in Izol > R. Since A is an admissible
interpolation scheme, it follows from the equivalence of assertions (i) and
(ii) in part (b) of Theorem 6.1.6 that (2.52) and (2.53) imply p, E Reg. To
be more precise, to make this conclusion we have to remark that the proof
of (ii)=>(i) in Theorem 6.1.6(b) works word for word if we only know (1.18)
uniformly for Izi > R and not locally uniformly in C \ (I(S(p,)) U L(A)) as
was assumed in Theorem 6.1.6(ii).

Thus, we have shown that (2.5) implies p, E Reg, which is the first half
of the claimed equivalence.

Proof of the sufficiency of the condition: IJ E Reg in (b). It will be
shown indirectly that IJ E Reg implies (2.5). We assume p, E Reg and

(2.54) liminf IIf - r~111/2n =: flo < e-1/cap(V,S(p;)),
n-too sup,V

and show that this leads to a contradiction.
Replacing V by V* C V from Lemma 6.2.5 with some small e > 0,

without loss of generality we can assume besides (2.54) that Int(V) = 0,
C \ V is connected and regular with respect to the Dirichlet problem, and

(2.55) dist(V \ ~, V n IR) > O.

Let R~ = T~(f, Vi') = Pn/qn with Pn and qn relatively prime. For every
n E N we define

(2.56)

Qn(z) := qn(z)qn(z) =: qn(z)qn(z), k = kn = deg(Qn) + 2 < 2(n + 1).

The normalization of qn and Qn, n E N, is still open. We have Qn(z) =
Iqn(z)1 2, z E IR. Let the positive measures Vn and the constants Cn E IR be
defined by

1
(2.57) p(vn ; z) + Cn = log IQn(z)I'

We have Ilvnll = deg(Qn) and supp(vn) ~ C \ v.

n E N.
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Let lJ;; be the balayage measure of Vn defined by sweeping out Vn from
C \ V onto V. The polynomials Qn and qn will now be normalized by
choosing the constants Cn so that

(2.58) p(Vn - lJ;;; z) + Cn = 0

for every z E V. We haveUlJ;;1I = Ilvn II, supp(lJ;;) c av, and

! gC\v(x; oo)dvn(x) = Cn > O.

For every n E N we are going to select kn distinct points x j n E V, j =
1, ... ,kn , that are symmetric with respect to IR. As in (2.6), we define

(2.59)

k n

wn(z) = II (z - Xjn),
j=l

dp(x)
dPn(x) = ()' x E S(p).

W n x

(2.60)

x E S(p),

For the time being we assume that I1n is positive for every n E N. At the
end of the proof we shall indicate the necessary changes if this is not the
case.

Next we verify that

( 1)1/2n
lim sup Qn(x) 2 < 1

n-----oo wn(x) IlqnIIL2(J.Ln) -

for quasi every x E S(p). Since all Xjn E V, the set {lwnl- 1/2n IS(J.L)}~=l is
a compact subset of C+(S(p)). Hence, for every c > 0 there is an l = lE,

-1/2nsuch that for each W n we can find a polynomial Zj, > 0 of degree In < l
for which

1 - c < Iw~1/2n(x)I/Tln (x) < 1 + e, x E S(p).

This implies for the polynomial Rn(z) = qn(z)Tln(z)n of degree at most
n(l + l) that

Qn (x) 1 < (1 + c)2n IRn (x) 1
2

wn(z) Ilqnlli 2(J.Ln) - (1 - cpnIIRnlli2(J.L) ,

where we also have used that Qn(x) = Iqn(x)12 for x E S(p). By Theorem
3.2.1, (i)=}(v), we can conclude from 11 E Reg that

( )

l/n(l+l)
lim sup IRn(x)1 < 1

n-----oo IIu; II £2 (J.L) -
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for quasi every x E S(J.L). Since here l is independent of n, this and the
preceding relation imply (2.60) with 1 replaced by (1 + £)/(1 - s ) on the
right, and for £ -+ 0 we finally get (2.60) for quasi every x E S(J.L).

Set en = f - T~, n E N, and let 'Y be a connected integration path that
separates S(J.L) from V. Since C \ (S(J.L) U V) is connected, there is such a
'Y. Then we have with appropriate orientation of 'Y

(2.61)

t Q;(Xjn) en(Xjn) = ~ 1. [qn7in (f - T~)] (z)dz
j=l wn(Xjn) 21TZ I, Wn

= -1. 1 Pn7in (z)dz +~ 1 qn7in (z) JdJ.L(x) dz
21TZ 1, W n 21TZ 1, Wn x - Z

= J-1. 1 qn7in (z) dz dJ.L(x) = JIqn(x)1
2

dJ.L(x)
21TZ I, Wn Z - X Wn(X)

= Ilqnll7. 2 (fL n)·

The first equality in (2.61) follows from the residuum theorem since all the
Xjn are chosen to be distinct. The other equalities in (2.61) can easily be
verified. Note that the integrand is analytic "inside" 'Y, and also that l/wn
has singularities only on V and deg(w n ) > deg(qn7in) + 2.

The identity (2.61) implies

(2.62) II 11 1/ n < k1/2n ( Qn(Xjn) ) 1/2n Ilf _ * 11 1/ 2n
a« L2(lI. n ) - n ,_max I ( . ) Tn sup,V'

r: )-1"., ,kn wn XJn

Our next aim is to get rid of the large zeros in Qn. To this end let R be
a large positive number and

(2.63)

q;;(z) = qn(z) II
Iwl>R

qn(W)=O

Q~(z) = q~(z)qt;(z)

II
z-R

= Qn(z) z _ w exp(gC\v(w; (XI) - gc\v(R; (0)),
Iwl>R
Qn(Z)

that is, replace each zero of Qn and qn of modulus greater than R by R. The
normalizing constants exp(gC\v(w; (0) - gc\v(R; (0)) have been chosen so

that (2.58) is still valid for Q;;; that is, if we set

R R 1
p(vn; z) + en = log IQt;(z)I'
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then

(2.64)

6. Applications

p(v;; - ~; z) + C;; = 0

holds for every z E V. In fact, by Appendix VII the constant Cn in (2.58) is
given by JgC\v(x; 00 )dvn (x) and so c:; equals JgC\v(x; 00 )dv[!(x), which,
again by Appendix VII, yields (2.64).

Seeing that the ratio

z-R
--exp(gC\v(w; (0) - gc\v(R; (0)), Iwl > R,
z-w

tends to 1 uniformly on compact subsets of C as R ---* 00, by (2.62) and
(2.63) we can choose for every 1] > 0 an R = Rr, such that

(2.65)

R ljn lj2n ( Q:;(Xjn) ) lj2n * lj2n
Ilqn IIU(/-in) < (1 + 1])kn "=ml aX

k
,(.) Ilf - Tnllsup,v'

J ,... , n wn xJn

In Lemma 6.2.6 it will be shown that the kn points Xjn E V, j =
1, ... ,kn , can be chosen for every n E N in such a way that

(2.66)

and

(2.67)

lj2n

1, inf Q:;(z) > 1im III
n-HXl wn(z)

holds uniformly for z E V.
Let N C N be an infinite subsequence such that the lower limit in (2.54)

is assumed through N, that is,

(2.68) lim ~ log II! - r~llsup,v = logRo < (;~( ))'n-+oo,nEN 2n cap , M

(2.69)

and furthermore that the limits

1 R* 1 R* hI * * lR
2n V n ----+ u, 2n vn -----t u, 2n VW n ----+ u , 2n Cn ---* C E IR

exist as n ---* 00, n E N. Recall that here vW n denotes the measure that has
mass 1 at every zero of W n . In (2.69) the second limit follows from the first
one because the regularity of V with respect to the Dirichlet problem in
C \ V implies that the balayage operator v ---* [; is continuous in the weak*
topology (see [La, Chapter IV, Section 3/17]).



R ) 1/2n
Qn (Xjn) II! _ r* 11 1/ 2n

w' (x· ) n sUP,Vn In
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From (2.65) together with (2.66) and (2.68) it follows that for some
subsequence No c N

. I R11 1
/
n

lim sup Iqn L2(lin)
n-tCXJ,nENo

< lim sup (1 + 'I7)(kn )1/ 2n (. max
n-tCXJ,nENo J=l, ... ,kn

< (1 + '17 )Ro·

The proof of (2.60) shows that

(
QR(x) 1 ) 1/2n

lim sup n R 2 < 1
n-tCXJ wn(x) Ilqn II L 2(lin) -

is also true for quasi every x E S(p) (just replace Qn by Q;; everywhere in
that proof), and hence from the preceding relation it follows that

1 QR(z)
lim sup - log n () < log Ro + log(1 + '17)

n-tCXJ,nEN 2n W n Z

for quasi every z E S(p). With the lower envelope theorem and three of
the four limits in (2.69) this proves that

(2.70) p(v* - Vi z) - c < log Ro + 10g(1 + '17)

for quasi every z E S(/l} Note that W n has all its zeros in V, and fur­
thermore the measures {v~} have support in {z I Izi ::; R}, so the lower
envelope theorem can be applied.

From the limits in (2.69) and the lower envelope theorem we also deduce

liminf ~ log Q;;(z)
n-too,nENo 2n wn(z)

111
< limsup -log IQ;;(z)1 + liminf -log Iwn(z)1

n-too,nENo 2n n-too,nEN 2n

= p(v* - V; z) - c

for quasi every z E C. With (2.67) this proves that

(2.71) p(v* - V; z) - c > 0

for quasi every z E V
In the function p( i/" - Vi .) the two measures V and u" are positive and

Ilv*11 = Ilvll < 1. Hence, it follows from (2.70) and (2.71), and the definition
of the condenser capacity (see Appendix VIII) that

(2.72)
1

-logRO -log(l + '17) < cap(V, S(p))



180 6. Applications

Since here Tf > 0 is arbitrary, this inequality contradicts the assumption
made in (2.54), and we have therefore proved that J-L E Reg implies (2.5).

In the last proof we assumed that dJ-Ln was a positive measure for all n,
that is, wn(z) does not change sign on S(J-L). Now we indicate the necessary
changes if this is not the case.

Let h, ... ,II be those intervals of IR\S(/-l) that have common points with
VandletusfixineachofthemonepointY1,"" Yl. Wesetkn = deg(Qn)+
l + 2 and choose kn points Xjn E V, j = 1, ... ,kn, as before (2.59). The
proof of Lemma 6.2.6 easily yields a choice of Xjn with properties (2.66)
and (2.67).

Now if Wn(z), which now has degree kn = deg( Qn) + l + 2, does not change
sign on S(J-L) then the last proof is unchanged. If, however, for some ns Wn
does change its sign on the intervals lIen), ... ,lIen), tn < l, then we set

1 t n

dJ-L( X)
dJ-Ln(x) = Iwn(x)I'

and consider the polynomials

t n

sn(x) = II (x - Y[e n ) )

. 1 J
J=

of degree at most l. Clearly, sn(x)jwn(x) does not change its sign on S(/-l)
and deg(wn) > deg(snqnqn) + 2; hence with

d1 = min dist(Yj, S(/-l))
15,j5,1

we get exactly as in (2.61)

dlllqnlli,(/',,) < JIqn(:~I;;)(x) dJL(x) =".

~ Qn(Xjn) ) )
L '( , ) sn(Xjn en(Xjn
j=1 wn xJn

which leads to the following analogue of (2.62):

Ilqnl11~n < M 1j2n (max Qn(Xjn)) 1j2n II! _ r* 11 1j2n
L (J-Ln) )'=1 k w' (X' ) n sup,V

"." n n )n

with

( )

l
_ 1j2n -I

M - kn !llax l}j - x I+ 1 . d1 .
1~)~I,xEV

The rest of the proof is the same as before.
For simplicity, in Lemma 6.2.6 we retain the case kn = deg(Qn) + 2,

o
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The last part of the proof of Theorem 6.2.2 has made essential use of the
following lemma, in which we write Qn instead of Q;;.

Lemma 6.2.6. Let V C C \ S(p) be a compact set as in Theorem 6.2.2
with the simplifications carried out in the sufficiency proof for Theorem
6.2.2(b), that is, we assume that cap(V) > 0, V is symmetric with respect
to IR, Int(V) = 0, C\V is connected and regular with respect to the Dirichlet
problem, and

(2.73) d := dist(V \ IR,~) > O.

Let further Qn, n E N, be polynomials of degree < 2n with the properties:
Qn is symmetric on IR, Qn has zeros only outside V, there is a common
compact subset of C containing all the zeros of every Qn, and Qn is nor­
malized according to (2.58) and (2.64), that is, if we set

(2.74)

then

(2.75)

1
p(vn ; z) + Cn = log IQn(z)I'

p(Vn - JJ:;;; z) + Cn = 0

(2.76)

for all z E V.

Let for everynE N the setXn = {Xl,'" ,Xk} = {Xln, ... ,Xknn} C V
of k = kn = deg(Qn) + 2 points be selected so that X n is symmetric on
~ (X n = X n) and it maximizes the expression

IT ( ) _ TIl <i<j<k IXi - xjl
YmnXl,···,Xk - k

TIj=l Qn(Xj)

among all symmetric subsets of V.

With the polynomials

kn

wn(z) = II (z - Xjn)
j=l

we then have

(2.77)

and

(2.78)

(
Q ( . ) ) 1/2n

1
. n xJnim sup max < 1
n-too j=l, ... ,kn wri(Xjn) -

Qn(Z) 1/2n
liminf > 1
n-too W n (z)

uniformly on z E V.
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(2.79)

Remarks. (1) We call the reader's attention to the fact that the present
Qns are not the same as in the preceding proof; they correspond to the Q~
that we obtained by modifying the large zeros of Qn there.

(2) The points Xl, . . . ,Xk can be called weighted, symmetric Fekete points,
since the concept of their definition is a generalization of that of Fekete
points. It is easy to verify that a selection is always possible and that all
points Xl, ... ,Xk are necessarily distinct.

(3) The result (at least in a weak form) holds true for more general sets
V than stated in Lemma 6.2.6. Since the proof is quite involved even in
the simplified case given in Lemma 6.2.6, we will not go into details in
connection with possible generalizations.

(4) The proof would be considerably simpler without the symmetry as­
sumption on X n .

Proof of Lemma 6.2.6. We shall first assume that both sets V \ IR and
V n IR are of positive capacity. The other two cases are simpler and are
discussed at the end of the proof.

Let the enumeration of the points {Xl, ... ,xn } be such that the first m

pairs of the points (X2l-l, X2l), l = 1, 2, . .. ,m, are contained in V \ IR and
they are pairwise conjugate, that is, X2l-1 = X2l, and the remaining k - 2m
points Xj, j = 2m + 1, ... .k, are contained in V n IR. Then 0 < m < k/2
and temporarily we assume 0 < m < k/2 for all n E N, that is, there
always exist points in V \ IR and V n R The opposite case is simpler and
are discussed at the end of the proof.

We consider the rational functions

wn(z)
Rj (z) = Qn(z)(z _ X j ) , j = 1, .. . ,k;

(z - w)
~j(Z,W)=Ri(Z)Rj(w)( )( )' i,j=l, ... ,k.

Z - Xj W - xi

For special values of z and W we have

for j = 1, ... ,k;

(2.80)

for i = 2l - 1, j = 2l, l = 1, .. , ,m, and 2m < i < j < k;

w~(Xj )
IRj(xj)1 = Qn(Xj)

1

I X2l- 1 - X2l!

for l = 1, .... m.
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In the first identity we have used that Qn = Qn and Wn = Wn. From the
definition of Vmn in (2.76) it follows that

(2.81 )

Vmn(Xl, .. . ,x2(l-1)' Z, Z, x2l+1,'" ,Xk) = const. x IR2l-1,2l(Z, z)1
for l = 1, ... ,m;

Vmn(Xl, .. · ,Xj-l,Z,Xj+l,'" ,Xk) = const. x IRj(z)1

for j = 2m + I, ... ,k;

Vmn(Xl, . " , Xi-I, z, Xi+l, ... , Xj-I, w, Xj+l, ... ,Xk)

= const. x IRij(z,w)1 for 2m < i < j < k.

From the extremality of Vmn it then follows that for all j = 1, ... ,2m and
for all Z E V \ IR we have

(2.82)
W~(Xj) > wn(z) (lz-zllxj-Xji)1/2 > wn(z) d

Qn(Xj) - Qn(z) Iz - xjllz - xjl - Qn(z) diam(V)'

where d is the constant from (2.73), and for all j = 2m + 1, ... ,k and all
Z E V n IR we have

(2.83)

The inequality (2.82) follows from the first and last identities in (2.80) and
the first identity in (2.81) by varying the pair of points (Xj,Xj) in V\IR. In
the same way (2.83) follows from the second identity in (2.80) and (2.81)
by varying the point x j in V n IR.

If a pair of points (Xj, Xj) is moved from V \ IR to V n R, and thereby m
is altered to m - 1, or if this operation is done in the opposite direction,
then the next two inequalities follow similarly to the way (2.82) and (2.83)
have been derived from the extremality of Vmn. For all j = 1, ... ,2m and
all z , w E V n IR we have

(2.84)

Wn (z)wn(w)
Qn(z)Qn(w)

> wn(z)wn(w)
Qn(z)Qn(w)

Iz - wllxj - xjl
[z - Xjl21w - Xjl2

dlz-wl
diam(V)4 '

and for all 2m < i < j < k and all z E V \ IR we have

(2.85)

W~(Xj) > wn(z) 2 Iz - zllxi - xjl > wn(Z) 2 dlxi - xjl
Qn(Xj) Qn(z) Iz - xil 21z - Xjl2 - Qn(z) diam(V)4'
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(2.86)

Since deg(Qn) < deg(wn) and since all zeros of W n are simple, Lagrange's
interpolation formula implies that

k
Qn(z) = L Qn(Xj)wn(z) ,

j=1 w~(Xj )(z - Xj)

and we have the upper estimate

k
Qn(z) < '" Qn(Xj) 1 for all Z E C.
wn(z) f:1 w~(Xj) Iz-xjl

Now set

(2.87)

Qn(Xj)
Mln:= max

j=I, ... ,2m wri(Xj) ,

Qn(Xj)
M2n:= max

j=2m+l, ... ,k w~(Xj)

MOn := max(Mln, M2n), n E N.

Then it follows from (2.82), (2.83), and (2.86) that

k
Qn(z) 11,4' L 1< 1V10n

wn(z) - j=1 Iz - xjl
for Z E C,

for z E V n IR.

for Z E V \ IR,
___ < Qn(z)

wn(z)

___ < Qn(z)
wn(z)

d
M1ndiam(V)

1
M2n diam(V)

(2.88)

Most of the remaining investigation consists of systematic exploitation of
the information contained in these three inequalities.

We have

(2.89)
(

k ) Ij2n

1
. 1
1m =1

n-oo ?= Iz - x ·1J=1 J

1 1
2n en ---* c E IR, 2n log M jn ---* mj E R U { -oo,oo}, j = 0,1,2,

(2.90)

locally uniformly for z E C \ V.
Let N ~ N be an infinite subsequence. Then we can select a subsequence

of N, which we continue to denote by N, so that the limits

1 * 1 __ * A 1 * *
-Vn --+ V, -Vn --+ v, -Vw --+ l/ ,
2n 2n 2n n
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exist as n ---+ 00, n E N, where the measures Vn and the constants Cn have
been defined in (2.74) and (2.75). Here f) is the balayage measure that one
gets by sweeping out the measure u from C \ V onto V. In fact, the only
thing in (2.90) that needs explanation is the compatibility of the first two
limits, but this follows from the fact that the balayage operator v ---+ f)

is continuous in the weak* topology if the set V, onto which we take the
balayage, is regular with respect to the Dirichlet problem in C \ V (see [La,
Chapter IV, Section 3/17]).

Let us also mention that, since all Qn have zeros in a fixed compact set,
with the measures Vn that are the counting measures on the zeros of Qn,
we have that the sequence {cn } with terms

(d. (2.75) and Appendix VII) is bounded, hence C in (2.90) is a finite num­
ber. Furthermore, the regularity of V, which is equivalent to the continuity
of gC\v- implies that

(2.91 )

At this moment the only thing we know about the limits mj in (2.90) is
that ma = max(m 1, m2), which follows immediately from the definition of
the numbers M j in (2.87). We shall see that actually ma = ml = m2 = 0
is true.

The first estimate in (2.88) and (2.89) and the last limits in (2.90) yield

. 1 Qn(z)
11m sup - log () < rna for z E C \ V,

n-tCXJ,nEN 2n W n Z

which, together with the first and fourth limits in (2.90), implies via the
lower envelope theorem

(2.92) p(v* - v; z) - C < rna

for quasi every z E C\ V. By continuity in the fine topology of the left-hand
side we get (2.92) for all z E C \ V and since C \ V is a domain, also for all
Z E av = V. Making use of (2.91) and formula (A.13) from the Appendix
we can conclude from (2.92)

(2.93) p(v* - v;z) < rna for all z E V.

Next, we draw conclusions from the second and third inequalities in
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(2.88). We deduce by the lower envelope theorem from the normalization
(2.74)~(2.75) of Qn and the limits in (2.90) that

liminf .l. log ',Qniz?1 < limsup -2
1

log IQn(z)1
n-+oo,nEN 2n Wn Z n-+oo,nEN n

(2.94)

for quasi every z E C, and analoguously

1 1
+ liminf -log Iwn(z)1n-+oo,nEN 2n

lim sup -;}p( -1/;;; z)
n-+oo,nEN n

+ p(v*; z) = p(v* - 0; z)

(2.95)

(2.96)

for quasi every z E C. From the second and third inequalities in (2.88) and
the last limit in (2.90) it follows that

1 Qn(z)
ml < liminf -2 log

n-+oo,nEN n wn(z)

uniformly for z E V \ Rand

(2.97) m2 < liminf ~ log Qn(z)
n-+oo,nEN 2n Wn(z)

uniformly for z E V n R. With (2.94) this implies that

(2.98)

(2.99)

ml < p(v* - v; z) for quasi every z E V \ R,

m2 < p(v* - v; z) for quasi every z E V n R.

(2.100)

Making use of the inequalities (2.84) and (2.85) we will improve (2.97)
and (2.98). For this aim we consider the cases ml > m2 and ml < m2

separately.
We assume first that ml > m2. From (2.84) and the definition of Mln

in (2.87), it follows that

Qn(z)Qn(w) > dlz - wi M 2
wn(z)wn(w) - diam(V)4 In

for all z, w E V n IR. Because of (2.93), (2.94), and the assumption that
cap(VnlR) > 0, there exist wo E VnR and an infinite subsequence No ~ N
such that

1 Qn(WO)
lim -log = p(v* - v; WO) < mo = rnj .

n-+oo,nENo 2n wn( WO)
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From this and the inequality in (2.100) with W = WQ, it follows that

(2.101)
., 1 Qn(z)

m1 < lim inf -log--
- n--+oo,nENo 2n wn(z)

uniformly on compact subsets of z E (V n R) \ {wQ}. However, since it is
possible to select not only one point WQ but two different points WQ, W1 E
V nR with the aforegoing properties, it follows that (2.101) holds true also
uniformly for z E V n R. From (2.101) and (2.94) with N replaced by No
we deduce that

(2.102) mo = m1 < p(v* - D; z) for quasi every z E V n R

in the case m1 > m2.
We next assume that m1 < m2. As a first step we derive a lower asymp­

totic estimate for

as n ....... 00, n E N. Let i« E {2m + 1, ... ,k} be the index such that

and set

(2.103)

Since deg(Qn) + 1 < deg(wn), it follows from Lagrange's interpolation
formula that

and as in (2.86) and (2.88) we deduce

Qn(z) ~ 1
()

IZ-Xjnl<M3n~1 __ I forallzEC.
W n Z j=l z xJ

In the same way as (2.93) was proved we can get that this implies

(2.104)

where

(2.105)

p(v* - v; z) < m3 for all z E av = V;

m3 = lim sup .-.!-log M3n'
n--+CXJ,nEN 2n
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Combining (2.99) with (2.104) and the assumption cap(V n R) > 0, it
follows that m2 < m3. From the definition of M3n, M2n, m3, and m2 it
follows on the other hand that m3 < m2, which proves that m3 = m2. In
particular, since we have assumed ml < m2, the i in (2.103) for which the
maximum is attained must be one of 2m + 1, 2m + 2, ... ,k for all large n.

Now let No C N be an infinite subsequence such that we have a proper
limit in (2.105). With t.hedefinition of M3n and the last limit in (2.90) it
then follows that

lim max ~ log Qn(Xi)Qn(Xj) (x' - x·) = 2m2.
n-too,nENo 2m<i~j~k 2n W~(Xi)W~(Xj) t J

From the inequality (2.85) we deduce

(2.106)
1 Qn(z)

m2 < lim inf ~ log
n-too,nENo 2n wn(z)

uniformly for z E V \ R. With (2.94) (applied for No instead of N) this
proves that

(2.107) mo = m2 < p(v* - D; z) for quasi every z E V \ R

in the case ml < m2.
Summarizing the results in (2.96), (2.97), (2.101), and (2.106), we can

see that

(2.108)
.. 1 Qn(z)

mo < lim inf ~ log
- n-too,nENo 2n wn(z)

uniformly on V. Furthermore from (2.98), (2.99), (2.102), and (2.107) we
can conclude

(2.109) mo < p(v* - D: z)

for quasi every z E V.
Now we use again the regularity of V. It is equivalent to the fact that

V is dense in itself in the fine topology (see Appendix VI), which implies
that the points z E V with property (2.109) are also dense in V in this
topology (cf. the equivalence of the statements (a) and (d) in Appendix
II), and hence (2.109) extends to all z E V. Combining this with (2.93) we
get

(2.110)

on V.
From the formula

p(v*; z) = p(v; z) + mo

1 .....
log Ix _ zl = p(6z ; x) - gC\v(z; (0)
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(see (A.13) in Appendix VII) valid for x E V and z ¢ V we obtain by
integration with respect to a given (J, where (J is a measure of compact
support on V with total mass II(JII = 1, the so-called Riesz formula

p((J;Z) = Jp(6;;x)d(J(x) -gC\v(z;oo)

= Jp((J; x)dbz(x) - gC\v(z; (0).

On applying this with (J = v" and (J = v, respectively, we can derive from
(2.110) that

p(lJ*; z) = p(v; z) + mo

for all z E C \ V. For z --+ 00 this yields mo = 0, and then u" = v follows
because, as we have just seen, (2.110) is true for every z E C.

Recalling the definition of mo in (2.90) this verifies (2.77), since our
starting subsequence N C N before (2.90) was arbitrary.

In a similar fashion, since mo = 0 in (2.108), we get (2.78) from (2.108)
again because N was arbitrary before (2.90).

At the beginning of the proof it has been assumed that for all n E N the
parameter m satisfies m 1:- 0 and m 1:- k/2. It is rather easy to check that a
violation of this assumption only simplifies the proof since then all points
Xl, ... ,xk are either contained in V n IR or in V \ IR.

We have also assumed in the beginning that cap(V \ IR) > 0 and cap(V n
IR) > O. But if either of these capacities is zero then the corresponding set
(V \ IR or V n IR) is actually empty because of the regularity of V and the
assumption (2.73). Hence the preceding remark applies and the proof with
considerable simplifications runs through. 0

6.3 Nondiagonal Pade Approximants to
Markov Functions

The convergence and divergence of nondiagonal sequences of Pade approx­
imants to a Markov function f will be investigated.

We assume that the Pade approximants

(3.1 ) [ / ]( )
_ Pmn (~ ) ~ I

m n z - I' m,n E 1"lII,

qmnCz)
to a Markov function f are developed at infinity, that is, Pmn E TIm, qmn E
II n, qmn 't 0, and the pair (Pmn, qmn) satisfies
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It is easy to see that polynomials Pmn, qmn exist for every pair of indexes
(m, n) E N2. These polynomials are not unique, but the Pade approximant
(3.1) is uniquely determined by (3.2). (For a general discussion of Pade
approximants see [Bak] and [BaGM].)

We will primarily consider the convergence and divergence of ray se­
quences

(3.3) {[min] I (m, n) E N(A)}, 0 < A< 00,

which are defined by the property that the sequence of indexes N = N(A) C

N2 satisfies

(3.4) 1· n l' n ,
1m - = 1m - = A.

m+n-too,(m,n)EN m N m

For A =I- 1 the degrees of the numerators and denominators grow with
a different rate, and the corresponding [mln(z)] approximants are called
nondiagonal Pade approximants. The value of A describes the angle in
the Pade table along which the sequence tends to infinity. If A > 1, the
approximants are asymptotically contained in the upper triangle, and if
A < 1, they are eventually in the lower triangle of the Pade table.

Since the Pade approximants are developed at infinity, there is no ad­
vantage in considering the extended class of Markov functions defined in
(1.4) or (2.1), and we assume in this section the more classical definition

(3.5) j(z) = f dJ.t
x-z

of a Markov function, where, as usual, J.t is a positive measure with compact
support S(J.t) C IR. In order to facilitate the analysis and to have a more
explicit determination of the convergence and divergence domains, we make
the assumption that

(3.6) S(J.t) ~ [0,1].

(3.7)

The main result of this section is the following theorem.

Theorem 6.3.1. Let 0 < A < 00 be fixed and set

I-A
0'- --.- l+A'

J = J(O) := [0 2 ,1],

h(z) = h(O; z) := !7C\J(z; 00) -IOI9C\J(z; 0),

D,\ := {z Eel h G~ ~; z) < a},

c, := C \ (D>. U [0,1]).
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Then for h we have the representation

(3.8)

-1 h1 1 x - (j2 1
h(e; z) = ~ log I 1 2( ) dx - lei log -izi

1r (}2 Z - X x 1 - x

4 1 + lei
+ log 1 _ e2 - lei log 1 _ leI' z E C.

Let further f be a Markov function of type (3.5) satisfying (3.6).

(a) Ray sequences (3.3) converge locally uniformly in the domain G>. to f.
More precisely: We have

(3.9) lim sup If(z) - [mln](z)1 1/(m+n) < exp (-h (1 - ~; z))
m+n-oo,nEN(>.) 1 +

locally uniformly for z E G>..

(b) Let {L>. be the restriction {LIJ' If supp({L>.) = J and {L>. E Reg, then

(i) we have equality and a proper limit in (3.9) locally uniformly for z E C>.,
and

(ii) for A f:. 1, we have

(3.10)

lim l[mln](z)1 1/(m+n) = exp (sign(A - l)h (11 - AI; z))
m+n-oo,(m,n)EN(>') 1 + A

locally uniformly for zED>..

Remarks. (1) It is easy to verify that C>. and D>. are domains. They
are called convergence and divergence domains. We have C>. = G1/>. and

D>. = D1/>' for 0 < A< 00, and D>. f:. 0 if and only if A f:. 1.

(2) The right-hand side of (3.10) is smaller than 1 for all zED>. and A > 1,
and it is larger than 1 for all zED>. and A < 1. Hence, in the first case
the approximants [min] converge to 0 and in the second case to 00 for all
ZED>.. Since f(z) rt. {O,oo} for all zED>. \ [0,1], we get from (3.10)
that the approximants do not converge to f in D>. \ [0,1]. This shows that
for the case {L>. E Reg, the domain C>. is the largest possible convergence
domain for ray sequences (3.3).

(3) The proof of Theorem 6.3.1 is rather different for sequences in the
lower and the upper triangles of the Pade table. For the transfer of results
from one to the other half of the table, we use the localization results from
Chapter 5 in a decisive way.
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Corollary 6.3.2. Let f and C>.. be as in Theorem 6.3.1 and let 1 < .x* < 00

be fixed. Then any sequence

{[mjlnj] Imj,nj EN}

of Pede approximants to f with

(3.11)
1 n' n'-; < lim inf _J < lim sup _J <.x*x J--+OO mj j--+oo mj

converges to f locally uniformly in C>..*.

The Pade approximants [min] are rational interpolants with all interpo­
lation points identical to infinity. Because of the special properties of the
function f there are no interpolation defects. The next lemma is in one di­
rection a generalization of Lemma 6.1.2 since now we no longer have m = n,
but on the other hand it is more special since now each interpolation point
equals infinity.

Lemma 6.3.3. Let m, n E N with m > n.

(a) If (Pmn, qmn) E TIm X TIn are a pair of polynomials satisfying (3.2), we
assume qmn to be normalized so that the inverse polynomial

(3.12)

(3.13)

is monic. Then Qmn is unique and it satisfies

/ xiQmn(x)xm-ndJ.t(x) =0 for j = 0, ... , n-l.

We have deg( Qn) = n, all zeros of Qmn are simple, they are contained in
I(S(J-t)), and every component of I(S(J-t)) \ S(J-t) contains at most one zero.

(b) We have the remainder formula

(3.14) (f - [mjn])(z) = Q~n(:)zm-n / Q~m;~:m-n dJ.t(x)

for all z E C \ [0, 1].

Proof. (a) Let h E IIn be an arbitrary polynomial. It follows from multi­
plying (3.2) by zmh(z) that

(hfQmn)(z)zm-n - h(z)zmpmn G) = O(z-l-n+deg(h))
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as Izi --+ (X). This gives the identity

(hfQmn)(z)zm-n

= J(hQmn)(z)zm-n - (hQmn)(x)xm-n dt-t(x)
x-z

+J(hQm;)~~Xm-n dll(x)

= h(z)Pmn (~) zm + O(z-l-n+deg(h) as Izl---> 00.

The first integral in (3.15) is a polynomial of degree at most m -1 +deg(h),
and the second integral is analytic and equal to zero at infinity. This implies

(3.16)

h(z)Pmn (!) zm = J(hQmn)(z)zm-n - (hQmn)(x)x
m-n

dt-t(x).
z x-z

With h _ 1 it follows from (3.15) and (3.16) that

JQmn(X)xm-n dt-t(x)
x-z

J[ 1 xn
-

1 x n
]= -- - ... - + Qmn(x)xm-ndt-t(x)

z zn zn(x - z)

= O(z-n-l) as Izi --+ 00.

A comparison of the coefficients of 1/z, ... , 1/zn then proves the orthogo­
nality relation (3.13).

Since Qmn is the monic orthogonal polynomial with respect to the posi­
tive measure xm-ndt-t(x) , we know from Theorem 2.1.1 that deg(Qmn) = n
and all zeros of Qmn belong to I(S(t-t)). In Remark 1 to Lemma 1.1.3 it
has been noted that for the case S(t-t) C R we know further that all zeros
are simple and every component of I(S(t-t)) \ S(t-t) contains at most one of
these zeros.

(b) If in (3.15) and (3.16) we set h = Qmn, then it follows from these two
identities that

Q;'n(z)zm-nu - [m/n])(z) = (Q;'nJ)(z) - Qmn(z)Pmn G) z'"

= JQ~n(x)xm-n dt-t(x) ,
x-z

which proves the remainder formula (3.14). o
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Analogously to Theorem 6.1.8 we can prove the next lemma. We have
only to substitute the remainder formula (1.10) by (3.14).

Lemma 6.3.4. For m > n we define the positive measure t-tmn by

(3.17)

For any sequence (3.3) with A < 1 we have

(3.18)
lim I(f(z) - [m/n](z))Pn(t-tm n; z)2 zm-nll/(m+n) = 1

m+n-+oo ,(m,n)EN(,x)

locally uniformly for z E C \ (I(S(t-t)) U {O}), where Pn(t-tmn;') is the or­
thonormal polynomial with respect to the weight measure t-tmn.

The proof of Theorem 6.3.1 and Corollary 6.3.2 will be broken down in
four pieces.

Proof of representation (3.8). With J = J((}) = [(}2, 1], 0 < (} < 1, we
have

t' 1 dx 4
(3.19) flC\J(z; 00) = - 1()2 log Iz _ xl1rJ(x _ (}2)(1 _ x) + log 1 _ (}2

for all z E C, which follows from a linear transformation of the domain
C \ [-2,2] onto C \ J. Let J* denote the interval [1, (}-2], which is the
inversion of J on the unit circle. Then we have

gC\J(z; 0) = 1Jc'IJ0 G; 00) .

For flC\J.(~; 00) a representation like (3.19) gives

( ~ . 00) - _ r()-2 10 1 dx + 10 4
flC\J* z ' - 11 gl~-xl1rJ(X-l)((}~2-x) g(}-2-1'

If we transform the integral by the substitution x t---t l/x, we arrive at

(3.20)

1Jc'IJ(z;O) = 1Jc'IJ0 G; 00)

1 i 1
1 (ft)dx

= log-I1- log I I x +flC\J·(O;oo).z ()2 z - x 1ry'(x - (}2)(1 - x)

Let 'P denote the conformal mapping of C \ J* onto {z I Izi > I} with
'P( 00) = 00. Then it is easy to verify that

2(}2 ( 1 + (}2 . I )
<p(z) = 1 _ (}2 z - 2(}2 + V (z - 1)(z - (}-2) .
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Hence,

(1 + 0)2 1 + 0
ac\J* (0; 00) = log I'P(O)I = log 1 _ 02 = log 1 _ O·

With (3.19) and (3.20) this proves (3.8).
We shall also need that

(3.21) h(O; z) < 0 for z E [0,02].

This follows from h(O; ( 2) = 0 (in fact, h(O; z) = 0 for all z E [02, 1]) and
from h'(O; z) > 0 for z E [0,02]. To prove the latter inequality we observe
that for z E (0,0 2]

and here the last integral is 1 (with the substitution x ---+ l/x it transforms
to

{O-2 _~==:=1=:=::;:r==:= dx = 1).
i1 1rJ(x - 1)(0-2- x)

This proves (3.21).

Proof of Corollary 6.3.2. We first show that ).1 < ).2 < 1 implies

o

(3.22)

With 01 := (1 - ).t) \ (1 + ).1) > 02 := (1 - ).2) \ (1 + ).2) it follows from
(3.7) that J1 := J(Ot) ~ J2 := J((2). From (3.21) we therefore deduce that

(3.23)

for z E J2 and for z in a neighborhood of z = O. Since the difference of the
two functions h(Ol;') and h(02;') is harmonic in C \ (J2 U {O}), it follows
from the minimum principle for harmonic functions that (3.23) holds for
all z E C. This implies (3.22).

Let N C N be an infinite subsequence such that

n·
_J ---+).0 as j ---+ 00, j E N.
mj

Then by (3.11) we have

1 . (1) (1) *).* <i min ).0 ' ).0 < max ).0' ).0 <).,
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and therefore C1/ ).. . = C)... ~ C)..o because of (3.22). From Theorem 6.3.1(a)
we therefore know that

. lim [mj/nj](z) = 1(z)
J--+oo,JEN

locally uniformly for z E C)..•. Since the domain C)... is independent of the
selection of the subsequence N, the corollary is generally proved. D

Proof of Theorem 6.3.1 for the case m > n. (a) From Lemma 6.3.3
we know that

1
Qmn(z) = ( )Pn(J-lmn; z),

Tn J-lmn
where J-lmn was defined in (3.17). Despite many similarities, we cannot ap­
ply Theorem 3.3.2 since the assumptions made there with respect to the
varying measure J-lmn are not satisfied here. Therefore we give an indepen­
dent proof.

Let N ~ N(A) be an infinite subsequence such that the two limits

(3.24) 1 *-v ( ) ----+ von pn J.Lmn;· ,
1
- log "tn(J-lmn) ---+ CO E IR U {00}
n

exist as m + n ---+ 00, (m, n) E N. It follows from Theorem 2.1.1 that
supp(vo) ~ S(J-l) ~ [0,1]. By the assumption (3.4) we have

n 2n 2A m - n
- ---+ A, ---+ A = 1 - 0, ---+ 0, A < 1, and 0 > O.
m m+n 1+ m+n

From these limits together with the limits assumed in (3.24) and the prin­
ciple of descent (see Appendix III) it follows that

(3.25)

lim sup 1 log IPn(J-lmn; z)2zm-n
l < (1 - O)(CO - p(vo; z)) + olog Izi

m+n-oo m + n
(m,n)EN

locally uniformly in C and

(3.26)

lim 1 log IPn(J-lmn; z)2zm-n
l = (1 - O)(CO - p(vo; z)) + 0 log Izi

m+n_oo m+ n
(m,n)EN

locally uniformly for z E C \ (I(S(J-l)) U {O}). In (3.26) we have used the
fact that the orthonormal polynomials Pn(J-lmn; .) have all their zeros in
I(S(J-l)) (Theorem 2.1.1).

We first prove that

(3.27)
o

co - p(vo; z) + 1 _ 0 log Izi > 0



(3.28)

(3.29)

6.3 Nondiagonal Pade Approximants to Markov Functions 197

for all z .E supp(vo). The proof will be carried out indirectly. There are
strong similarities to the proof of (1.1.7) and (1.1.10) in Theorem 1.1.4.
However, since the situation is now much simpler, it will be sufficient to
consider a two point variation of zeros of Pn(J-lmn; .).

We assume that (3.27) is false. Then there exists a q > 0 such that the
set

()
U = {z E (0,1) I co - p(vo; z) + --() log Izi < -q}

1-
has common points with supp(vo). Since U is open in IR, there exist a C2 > 0
and two intervals h, 12 C U of the form 12 = [xo, YO], II = [xo +C2, YO - C2]
with vo(Int(h)) > O. This implies for (m, n) E Nand m + n sufficiently
large the existence of two zeros Xmn < Ymn of Pn(J-lmn;') in II.

Consider the monic polynomials

Q
- () _ 1 ( .) (z - Xmn + C2)(Z - Ymn - C2)

mn Z - ( ) Pn J-lmn, z ( ) ( )'
"[n. J-lmn Z - Xmn Z - Ymn

(m, n) E N, which differ from Qmn only by the variation of two of its zeros.
It is easy to verify that there exists a C3 < 1 such that

(z - Xmn + C2)(Z - Ymn - C2) < f 11 E S( ) \ I
( )( )

_ C3 or a z J-l 2,
Z - Xmn Z - Ymn

(m, n) E N, and m + n sufficiently large. With the principle of descent it
follows, as in (3.25), that

lim sup IQmn(z)2zm-nl1/2n < e-C1 - CO

m+n~oo,(m,n)EN

uniformly for Z E 12 since 12 C U. This implies that for (m, n) E Nand
m + n sufficiently large we have

- 2 l- C3
lQmn(z) zm-nl < (1) ( )2

J-l 2 'Yn J-lmn

for all z E 12. With (3.28) and (3.29) we derive an upper estimate for Qmn
in the L 2(J-lmn ) norm. We have

"[n.(J-lmn) ,

which contradicts the minimality of the monic orthogonal polynomial Qmn
in L 2(J-lmn). Therefore (3.27) is proved.
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From (3.27) we deduce that
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(3.30) (1 - B)(cQ - p(vQ; z)) + Blog Izi > h(B, z)

(3.31)

(3.32)

for all z E C. Indeed, if we use the representation of h(B; .) in (3.8) then we
get for the difference

d(z) = (1 - B)(cQ - P(vQi z)) + Blog Izl- h(B, z)

= constant + P(V1 - (1 - B)vQ; z),

where V1 is the measure supported on [B2 , 1] and given by the density
function

1 x - B2

1r x 2(1-x)'

Since h(B; z) < 0 for all z E [0,1] (see (3.21)), it follows from (3.27) that
d(z) > 0 for all z E supp(vQ). In particular, the potential p(vQ; z) of VQ on
supp(vQ) is bounded from above by a constant plus (1 - B)-l times the
potential of P(V1; z), and since the latter is bounded we can conclude that
the potential pun; z) is bounded from above. Hence VQ has finite logarithmic
energy. By the principle of domination then the inequality d(z) > 0 extends
from supp(vQ) to the whole plane (note that V1 has total mass 1 - B) and
this proves (3.30).

From (3.26) and (3.30) we deduce that

liminf 1 log IPn(J.lmn; z)2zm-n
l > h(B; z)

m+n~oo,(m,n)EN(A) m + n

locally uniformly for z E C \ [0, 1] and for the special subsequence N instead
of N(A). Since the right-hand side of (3.31) is independent of N, (3.31) is
generally proved. With Lemma 6.3.4 then (3.9) follows not only for z E CA,

but also locally uniformly for z E C \ [0,1].

(b) We first assume that m - n is even for all (m, n) E N(>.). Then we have

Since we have assumed that J.lA = J.lIJ E Reg, and since SUPP(J.lA) = J is
regular with respect to the Dirichlet problem in C \ J, it follows from
Corollary 5.3.2 that

1
. ( IQmn(z)2zm-nl ) 1j(m+n) < 1
IffiSUp m-n

m+n--+oo,(m,n)EN(A) IIQmn(z)z-2-IIL2(/L)

for all z E J.
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If m - n is odd, then for every compact set K C C \ {O} there exists a
constant k = k(K), which is independent of m, n, such that

for z E K.

(3.33)

This inequality shows that (3.32) also holds true if the sequence N(A)
contains elements (m, n) with m - n odd.

Our next aim is to show that (3.32) implies equality in (3.30) for all
z E C. From the limits in (3.24)l the lower envelope theorem, and (3.32) it
follows that

(1- 8)(co - p(vo; z)) + 8 log Izi < 0

for quasi every z E J. Since p(vo, .) is continuous in the fine topology,
the inequality must hold for all z E J (see Appendix II). From (3.30)
and h(8; z) = 0 for all z E J, it then follows that the function d defined
after (3.30) vanishes on J. Since J is the support of Vl and Vl has finite
logarithmic energy, we can conclude from the principle of domination that
d(z) < 0 for all z E C. Thus d =0 (cf. (3.30)), and we have shown equality
in (3.30) for all z E C.

By (3.26) we deduce from this that

1
lim log IPn(J.lmn; z)2zm- n

l = h(8; z)
m+n~oo,(m,n)EN('\) m + n

locally uniformly for z E C\[O, 1] and for the special subsequence N (instead
of N(.>t.)) for which the limits in (3.24) exist. Since the right-hand side of
(3.33) is independent of N, (3.33) is generally proved. With Lemma 6.3.3
and (3.33) assertion (i) in Theorem 6.3.1(b) then follows for z E C,\ and
assertion (ii) follows for z E D,\ \ [0,1].

Assertion (ii) is proved for all zED,\ if we can show that no point
of [0, ( 2 ) is the limit point of zeros of Pn(J.lmn; .). This can be done by a
variational argument similar to that used in the proof of the inequality
(3.27), but now only one zero has to be varied. Let N C N(A) be an infinite
subsequence such that for every (m, n) E N there exists a zero X mn E [0, ( 2)

of Pn(J.lmn;·) so that Xmn ~ xo E [0, ( 2 ) as m+n ~ 00, (m, n) EN. Then,
by a variation similar to that in the proof of the inequality (3.27), it can be
shown that this assumption leads to a contradiction. In that proof replace
h by [0, Xo + C2] with some small C2 > 0 and Qmn by

Then the analogue of (3.29) holds true because we have equality in (3.30)
and h(8; z) is strictly negative on [0, XQ + C2] (d. the proof of (3.21)) and
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from these we get a contradiction to the £2 minimality of orthogonal poly­
nomials exactly as we did after (3.29). D

In the last part of the proof of Theorem 6.3.1 we have to consider ray
sequences in the upper triangle of the Pade table; that is, we have to con­
sider the case n > m. In this part of the proof we simultaneously use both
the function f and its reciprocal II f and the Pade approximants [min] to
f together with approximants to 1I f.

Lemma 6.3.5. (a) If f is a Markov function of type (3.5), then

1
(3.34) f(z) = ao - alz - g(z)

and

(3.35) g(z) = Jdv(x) ,
x-z

where u is a positive measure with support S(v) C [0,1], that is, g is again
a Markov junction of type (3.5). The constants ao and al in (3.34) are
given by

The total variation of v is

(b) For n > m > 1 let [mln]j and [n - 11m - l]g be Pade approximants
to f and g, respectively. Then we have the identities

(3.38)

and

1
[mln]j(z) = ao - alz - [n - 11m - l]g(z)

(3.39) fez) - [mln]j(z) = f(z) [mln](z)(g(z) - [n - 11m - l]g(z)).

Proof. (a) In the development

fez) = JdJ.l(x) = fl + f2 + ...
x - z z z2

the coefficients fj are the moments

fj = - Jx j- 1dJ.l(z), j = 1,2, ....
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We have.

_1_ = 2- z _ 12 _ 13 - Ii Ih ~ + O(z-2) as Izi ---t 00.

I(z) h If If z

A comparison of coefficients proves (3.36).
Since I (z) "# 0 for all z ¢ [0, 1], the function g is analytic in C \ [0, 1],

and g(00) = O. If we apply Cauchy's integral formula for g on contours
close to [0,1] and approach [0,1] with these contours then we can get a
representation like (3.35) with a possibly complex-valued measure. That
the so-obtained v is actually positive follows from the facts that g(z) = g(z)
and, as it can be easily seen by a convexity argument, that Im(g(z)) > 0
for all z with Im(z) < 0 and Im(g(z)) < 0 for all z with Im(z) > O.

From the development of 1/1 it further follows that

which proves (3.37).

(b) Let Pmn and qmn be the numerator and denominator polynomials of
[min]!. From (3.2) it follows that

(3.40)

and

(3.41)

Pmn(O) = 0

Multiplying (3.2) by II I we get

as Izi ---t 00.(1) (1) 1 (-m-n)qmn ;- - Pmn ;- f (z) = 0 z

With the identity (3.34) we derive

(3.42)

'lmn. G) -Pmn G) ftz)

= qmn G) -Pmn G) (ao -aJZ) +Pmn G) g(z)

= ~qmn (~) - ~Pmn (~) g(z) = ~o(z-m-n+l) as
z z z z z

[z] ---t 00,
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where we have set
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(3.43)

qmn (~) = z (qmn (~) - Pmn (~) (ao - «r Z)) ,

Pmn (D = -ZPmn G}

(3.44)

It follows from (3.40) that Pmn E IIm-b and from (3.36), (3.40), (3.41),
and n > m that iimn E IIn- l . This together with the last row of (3.42)
proves that

[n -11m - l]g(z) = ~mn(~).
Pmn(-z)

The identity (3.38) then follows from (3.43).
From (3.34) and (3.38) together we derive that

1 1
[mln]j(z) - j(z) = g(z) - [n - 11m - l]g(z).

Multiplying this identity by j(z)[mln]j(z) we get (3.39). D

Proof of Theorem 6.3.1 for the case of n > m. (a) If n > m then
the [min] Pade approximant is contained in the upper triangle of the Pade
table and correspondingly we have A > 1 in (3.3). Simultaneously with
the sequence of indexes N(A) we consider the sequence N1 = N1(A1) :=
{(n - 1, m - 1) E N2 I (m, n) E N(A)}, and together with j we consider
the function g defined in (3.34). The A value associated with N is given by

and correspondingly we have a evalue

1 - Al A- 1
e1 = 1 + Al = A+ 1 = -e.

Hence, jell = lei, h(e1,Z), G1/ ),. = G),., and D),.l = D),..
The sequence

(3.45) {[n - 11m - l]g I (n - 1, m - 1) E N1}

belongs to the lower triangle of the Pade table, Al < 1, and for such se­
quences (3.9) has already been proved. Therefore we know that the sequence
converges to g locally uniformly in G),., and since j (z) -=I 0 for all z E G),.,
we deduce from (3.44) that

~lj(z)1 < l[mln]j(z)1 < 2Ij(z)1



(3.47)

6.3 Nondiagonal Pade Approximants to Markov Functions 203

for z on any compact set in C>.. and (m, n) E N(A) and m + n sufficiently
large. With (3.39) we then have

(3.46)

~lf(z)12Ig(z) - [n - 11m - l]g(z)1 < If(z) - [mln]f(z)1

< 2If(z)12Ig(z) - [n - 11m - 1]g(z)l.

Since (3.9) has already been proved for the sequence (3.45), (3.46) proves
it for the sequence {[mln]f I (m, n) E N(A)} with n > m.

(b) In order to carry out the same transfer of results from the lower to the
upper triangle of the Pade table, we have to know whether the assumption
J.lIJ E Reg also carries over to the measure u defined in (3.35). In order
to verify a positive answer to this question we use the localization results
from Chapter 5.

We consider the two diagonal sequences {[nln]f I n E N} and {[n ­
lin - 1]9 I n E N} of Pade approximants to f and g, respectively. From
the identity (3.39) it follows that

. ( If(z) - [nln]f(z)1 )l/n _ . l/n_
lim I () [ 1I ] ( )I - lim If (z)[n In] f (z)I - 1
n~oo 9 z - n - n - 1 9 z n~oo

locally uniformly for z E C \ [0,1] (recall that for the diagonal sequence
{[nln]f} the corresponding C>.. is the whole complement C \ [0,1]). With
Lemma 6.3.3 this implies that

lim ( IPn(J.l;z)1 )l/n_ l
n~oo IPn-l(V; z)1 -

locally uniformly for z E C \ [0,1].
Since J is an interval, condition (5.3.2) is satisfied if we set K to be the

disk with diameter J, and so Theorem 5.3.1 is applicable. In this theorem
the connection between the asymptotic behavior of orthonormal polynomi­
als Pn(J.l; z) near J and the regularity of J.lIJ has been investigated. From the
assumption that J.lIJ E Reg it follows by assertions (i) and (ii) of Theorem
5.3.1 that

lim sup IPn(J.l; z)Il/n < e9cv (Zjoo)
n~oo

locally uniformly for z E C. From (3.47) then we can deduce

(3.48) lim sup IPn(v; z)ll/n < e9cV (z joo )
n--+oo

locally uniformly for z E C \ [0,1]. The maximum principle easily yields
then (3.48) for all z E C. Applying again Theorem 5.3.1, it follows from
(3.48) that v>.. = vlJ E Reg. Therefore we know that the assumptions of
part (b) are satisfied for the function 9 and the assertions (i) and (ii) are
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(3.49)

already proved for the sequence (3.45). From assertion (i) for the sequence
(3.45) together with (3.46) and f(z) i=- 0 for all z E C).. we can derive
assertion (i) also for the sequence {[min]! I (m, n) E N(,x)}.

In the same way we deduce for ,x > 1 assertion (ii). Since ao - za1 is
bounded in D).., we have by (3.10) and ,xl = 11>' < 1 that

lim I[h - 11m - 1] (z)1 1/ (m+n- 2)
m+n-+oo 9

(n-1,m-1)EN1()..1)

lim I[n - 11m -1] (z) - ao + a1z!1/(m+n)
m+n-+oo 9

(n-1,m-1)EN1 ().. d

= exp (-h C~: ~~I;z))

locally uniformly for zED)... With (3.38), 1 = sign(,x1), and 11 - ,x11/(1 +
,xl) = 11 - >'11(1 + ,x), the limit (3.10) then follows from (3.49) for the
sequence {[min]! I (m, n) E N(,x)}. D

6.4 Weighted Polynomials in LP(p)
Let E C C be a closed set, and let w(z) = exp( -Q(z)), Q: E ---+ (-00,00],
be a continuous and not identically vanishing weight function on E with
the property that Izlw(z) ---+ 0 as z ---+ 00 and z E E for the case E is
unbounded. In several recent investigations weighted polynomials of the
form wn(z)Pn(z), deg(Pn) < ti, have played a significant role, and one
of the most basic questions concerning them is where the norms of such
polynomials "live."

To make this more precise we need the concept of the equilibrium distri­
bution associated with w (for the subsequent discussion see also Appendix
IX). It can be shown (see Appendix IX) that there is a unique probability
measure Ww with support in E, called the extremal or equilibrium measure
associated with w, minimizing the weighted energy

Iw(w) = f f (lOg Iz ~ tl + Q(z) + Q(t)) dw(z)dw(t)

among all probability measures with support in E. Let Sw = sUPP(ww) C ~

be the support of this extremal measure. It is known (see Appendix IX)
that Sw is compact and Q is bounded on Sw-

To avoid technical difficulties, let us assume that E is of positive capacity
at each of its point, that is, for every open set U the intersection U n E
is either empty or it is of positive capacity, and that E is regular with
respect to the Dirichlet problem in C \ E. This is the case in every relevant
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(4.1)

application. Under these conditions the potential of Ww is continuous and
we have

p(ww; z) > -Q(z) + Fw, z E ~,

with equality for z E Sw,

where the constant Fw is determined by

If deg(Pn ) < nand

(4.2) wn(z)IPn(z)1 < M for z E Sw,

then (see (A.31) in Appendix IX)

(4.3) IPn(z)1 < M exp(n( -p(ww; z) + Fw )), z E C.

Inequality (4.3) is the analogue of the Bernstein-Walsh lemma and (4.1)­
(4.3) tell us that the supremum norm of every weighted polynomial ui"Pn

"lives" on Sw, that is,

(4.4)

(4.5)

It turns out that Sw is the smallest compact set with this property (see
[SaTo2, Theorem II.2.2]).

Now what about the V(J-l) norm if J-l is a given measure with compact
support in ~? Of course, if J-l is supported outside Sw then the V(J-l) norm
of weighted polynomials cannot live on Sw, but if we assume that the
restriction of J-l to Sw is regular, then it does so (at least in the nth-root
sense).

Theorem 6.4.1. With the above notations and assumptions let us also sup­
pose that the support of J-lisw is Sw, J-lISw E Reg, and that Int(Pc(Sw)) = 0,
or at least that the support Sw is on the outer boundary of Sw, that is, on
the boundary of the unbounded component of C \ Sw. Then the V (J-l) norms
of weighted polynomials wn Pn essentially live on Sw in the sense that

. ( IlwnPnIILP(J.L) ) lin
lim sup = l.

n--+oo degPn::;n IlwnPnIILP(J.Llsw)
Pnto

Furthermore, if S is any compact subset of ~ and

(4.6)

then s; C S.
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We shall show after the proof that the assumptions of the theorem cannot
be essentially weakened.

Remarks. (1) In many cases the continuity of w can be relaxed to upper
semi-continuity but not always; for example, if w has a large jump at a
mass point of tt outside Sw then (4.5) may be violated. The same remark
applies if we want to relax the condition that L be of positive capacity at
each of its point.

(2) Of course, the regularity of ttlsw is not necessary for the conclusion
(4.5); for example, every tt with suppfrz) C Sw satisfies (4.5).

(3) After the proof of Theorem 6.4.1 we shall show by examples that the
assumptions of the theorem cannot be essentially relaxed.

(4) The theorem holds for locally finite measures u even if the total mass
of tt is infinite, provided the quantity tt(.6.R(O)) does not grow faster than
a power of R as R ---t 00, and IzlG" w(z) ---t 0 as z ---t 00 for some a > 1. The
proof of this fact easily follows from (4.3) and the following proof.

Proof of Theorem 6.4.1. If ttlsw is regular then (see Theorem 3.4.4,
(i)=>(vi), and Remark 3.4.5(1) made after it)

lim (sup Ilw
n

Pn Iisw ) lin = 1.
n-too degPn ~n Ilwn Pn II LP(J.tlsw)

Pn:;i:O

Therefore (4.5) immediately follows from (4.4).
Now let S be a compact set not containing Sw. Then S is disjoint from

some Dh(ZO) neighborhood of a point Zo E Sw. Let Ll = L \ Dh(ZO) and
Wl = WII;l' We cannot have

P(WWl; z) - FW1 > -Q(z)

for every z E SwnDh(ZO) because then (4.3) applied first to Wl rather than
to wand then to w would yield for any polynomial Pn of degree < n

(4.7) IlwnpnllI; = IlwnPnlls
w l

'

But (4.7) is possible only for s; C SWI (see Theorem 11.2.2 of [SaTo2])
and this cannot happen because Zo E s; \ Ll C s; \ SWI' Thus, from (4.1)
applied to Wl we can conclude the existence of e > 0, Zl E Sw, and p > 0
such that Dp(Zl) n SWI = 0 and for Z E Dp(Zl) we have

(4.8) P(WWl; z) - FW1 < -Q(z) - 2c.

For each n let z'» = {z~n), . . . ,z~n)} be a point system in Ll maximizing

IT Iz;n) - zjn)I W1(z1n))Wl(zjn)).

l~i,k~n

iij
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We can choose z(n) so that z'» C SWI is satisfied (this follows from the
extremality of Z(n) and of (4.3) applied to Wi; see, e.g., Theorem II.2.5 in
[SaT02]). But then the polynomials

n

wn(z) = IT (z - Z)n))
j=l

satisfy

(4.9)

and (see Corollary II.1.9 of [SaT02])

lim l'Pn(z)ll/n = exp(-p(WWl;z) + FW 1 )
n~oo

locally uniformly outside SWI' Together with (4.8) this shows that for large n

(4.10)

Since we have assumed that the support of ItISw is Sw and Zl E Sw, we
must have It(D8(Zl)) > 0 and so we get from (4.9) and (4.10) that

1. ( Il wn'PnIIL2(jj) ) lin> 1
im sup + e,
n~oo Ilwn'Pn IIL2(jj 's) -

proving that (4.6) is not true. This proves the second claim in the theorem.
D

Now we show that the assumptions of Theorem 6.4.1 cannot be essen-
tially relaxed.

Example 6.4.2. First we show that it is essential that the support of
Itls, be on the outer boundary of Sw. In fact, let b = {z I IzI < 2} and
w(z) = exp(-llzl - ~ I). It can be shown (see, e.g., [SaT02, Section III.6])
that in this case Sw is the ring R = {z I ~ < Izi < I}. Now we set
It = 80 + Itl + 1t2 with Itl the Lebesgue measure on the unit circumference
and 1t2 = Lk=l 'r/k 8x k a discrete measure with support R, where the very
fast decreasing coefficients 'r/k will be chosen later. It is obvious that the
restriction of It to R = Sw is regular with support equal to Sw.

Now let
m

Pm(z) = IT (z - Xk)·
k=l
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For n > m it is a polynomial of degree at most n, and the L 2(J-t ) norm
of the weighted polynomial ui"Pk is at least as large as e-n/3IPm(0)1
e-n / 3 rr~llxkl, whereas its L 2(J-t ISw ) norm is at most

so by appropriate choice of the sequence {'f/k} and the numbers n = n( m)
(4.5) will not be satisfied.

In this example the measure J-tls
w

was not supported on the outer bound-
~~~ 0

Example 6.4.3. Next we show that the assumption that the support of
J-tlsw is Sw is also indispensable. This is very easy: Let ~ = [-1,2], w = 1
on [-1,1]' and

1
w (x) = -----,==;;<==

x+ v'x2 - 1

if x E [1,2]. Since the logarithm of this w is the equilibrium potential of
[-1,1] plus a constant (-log2), it easily follows from (4.1) that Ww must
be equal to the equilibrium measure of [-1,1] (d. the proof of Theorem
6.5.1) and so Sw = [-1,1].

Now let J-t be the Lebesgue measure on the set [0, 1/4]U[I, 2]. It is obvious
that J-tls

w
is regular, but with Pn(z) = zn the L2(J-t) norms of the weighted

polynomials wnpn do not live on Sw = [-1,1] in the sense of (4.5) because

(note that for x > 1 we have wnPn(x) > ~), whereas

o

Example 6.4.4. That J-tIS
w

E Reg also cannot be dropped in Theorem
6.4.1 can be shown by an example very similar to the previous one. In fact,
if we add to the measure J-t of Example 6.4.3 a discrete measure 2:bl 'f/k6xk
with support equal to [-1,1]' where the coefficients 'f/k decrease very fast,
then arguments similar to that applied in Examples 6.4.2 and 6.4.3 show
that for this measure (4.5) is not satisfied although all the assumptions of
Theorem 6.4.1 except the regularity assumption J-tls

w
E Reg are true in

t~c~. 0

One could also show that in general the regularity of Sw with respect to
solutions of Dirichlet problems is also a necessary condition but we do not
elaborate on this.
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6.5 Regularity and Weighted
Chebyshev Constants

Let tt be a measure satisfying the condition of Theorem 3.2.3(vi); that is,
let us assume that S(tt) = an and that an is regular with respect to the
Dirichlet problem in n. Let E = S(tt) and consider a positive continuous
weight w on ~ as in the preceding section. The constant Fw from Section
6.4 gives the solution of the weighted Chebyshev problem: Find the limit
of the nth root of the weighted Chebyshev numbers

t~ := inf{llwnPnll L I Pn(z) = z" +"'},

namely, (see (A.30) in Appendix IX)

lim (tw )l /n = e-Fw.
n---i>OO n

If we take into account Theorem 3.2.3, (i)=>(vi), we can see that for the
case tt E Reg, in the nth-root sense the L oo (tt) Chebyshev numbers t~ are
asymptotically the same as the L2(tt) Chebyshev numbers

But these are the leading coefficients of the nth orthonormal polynomials
with respect to the varying measures dttn = w2ndtt; hence Fw is also closely
related to leading coefficients of orthonormal polynomials with respect to
varying measures. This gives the first half of the following theorem.

Theorem 6.5.1. Let S(tt) = an and suppose that an is regular with respect
to the Dirichlet problem in n. If gn > 0 are weight functions on S(tt) such
that g!,(n uniformly converges to w 2, where w is continuous and positive on
S(tt), then for the case tt E Reg for the varying measures dttn = gndtt we
have

(5.1)

where Fw is the constant introduced in (4.1) in the preceding section in
connection with w on ~ := S(tt).
If in addition w is given by w( z) = exp( fJp( a; z)) where a is a probability
measure of compact support in nand 0 < fJ < 1, then (5.1) is equivalent
to tt E Reg.

Example 6.5.2. Let WA(x) = exp(-lxIA), .A > 0, x E R. Then for the
corresponding orthonormal polynomials Pn(W1; z) = in(W1)zn + .,. we
have

(5.2)
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In fact, the substitution x ---+ n1/>"t carries Wr(x) into (w>..(t))2n with
w>..(t) = exp(-Itl>"); hence with /.L the Lebesgue measure on IR (5.1) can
be applied. The corresponding extremal measure ww). is called the Ullman
distribution and that exp(Fw). ) equals the right-hand side of (5.2) was
calculated in [MhSa2]. That we can do this despite the fact that /.L has IR
as its support (and not a compact set) is due to the fact that W>.. decreases
rapidly (say the preceding proof works in this case as well). 0

Proof of Theorem 6.5.1. We only have to verify the very last assertion
concerning the equivalence. This is done via the equivalence of (i) and (ii)
in Theorem 3.3.3. In fact, let a' be the balayage of a onto S(/.L). We claim
that the extremal measure Ww of Section 6.4 is given by

(5.3) Ww = {)o" + (1 - {))WS(J.L) '

where, as usual, wS(J.L) denotes the equilibrium measure of S(/.L). In fact, if
the measure on the right-hand side of (5.3) is denoted by v then we have

pry; z) = t? (P(O"; z) +! .qn(x; 00 )dO"(X)) + (1 - t?) log cap(~(I'))

= logw(z) + c

for all z E S(/.L) , where

c = t?! gn(x; oo)dcr(x) + (1- t?) log cap(~(I'))"

Thus, by (4.1) we have

p(Ww; z) - Fw + c > p(v; z)

for all z E supp(v), so this inequality extends to all C by the principle of
domination. In quite similar manner we have by (4.1)

p(Ww; z) - Fw + c < p(v; z)

for all z E supp(Ww), so this inequality extends again to all C by the
principle of domination (it easily follows from the definition of Ww that it
has finite logarithmic energy, so the principle of domination is applicable).
Hence

p(ww; z) - Fw + c = p(v; z)

for all z and it follows that Ww = v as we claimed.
We also have that

r; = t? Jgn(x; oo)dO"(x) + (1 - t?) log cap(~(I'))'
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so the equivalence of (5.1) and /J; E Reg immediately follows from the
equivalence of the statements (i) and (ii) in Theorem 3.3.3 (set 1=219).

D

As a side product of the preceding proof it also follows that /J; E Reg is
equivalent to the fact that in C \ Co( S(/J;)) the nth-root asymptotics for the
orthonormal polynomials Pn (/J;n; .) with respect to the varying measures /J;n
are given by

lim IPn(/J;n; z)1 1/ n = exp(Fw - p(ww; z))
n-+oo

(d. Theorems 1.1.4 and 3.3.3). Furthermore, for the case Int(Pc(S(/J;))) = 0
the asymptotic distribution of the zeros of Pn(/J;n; .) is ww.

6.6 Regularity and Best L2 (/I) Polynomial
Approximation

In this section we shall relate the regularity of /J; to best L2 (/J;) polynomial
approximation of analytic functions. To avoid unnecessary complications
we shall always assume that an is regular with respect to the solutions of
the Dirichlet problems in n.

Let

En(f)LP(J.t) = infdegPn:::;nllf - PnIILP(J.t), 1 <p< 00,

be the best V(/J;) approximation of f by polynomials of degree at most n.
A well-known result of S. N. Bernstein says that {En(f)LOO(J.t)}k=l tends
geometrically to zero if and only if f is analytic on S(/J;) (see [WaD. More
precisely, if

a(f) = inf{81 f is analytic in the region {x Ign(z;oo) < 10gl/8}}

and

c(f)£p(J.t) = limsup(En(f)£p(J.t))l/n,
n-+oo

then Bernstein's formula

(6.1) a(f) = c(f) £oo(J.t)

holds for every f. Note that in this result the measure /J; actually does not
play any role; the statement only refers to the compact set S(/J;) = supptu).
Of course, the situation will radically change if we consider the case P < 00.

We shall show in what follows that the V(/J;) analogue of the preceding
result is true if and only if /J; E Reg.

Besides o.(f) and c(f)£p(J.t) we also introduce

cp(f)J.t = limsuPI!(n)1 1
/
n

,
n-+oo
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where
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j(n) = ! fPn(I-£;·)dl-£

are the Fourier coefficients of f with respect to the orthonormal polynomials
{Pn (1-£; .)}.

Let us also agree to write II . Ils(j.t), En (f)S(J.t) , and so forth instead of

II· IILOO(J.t)' En(f)Loo(J.t), ....
Consider the following statements.

AJ.t : o(f) < 1 ¢} c(f)L2(J.t) < 1 for f E L2(1-£);

that is, geometric order of best L 2 (/-L) approximation of a function f is
equivalent to the analyticity of f (i.e., f coincides I-£-a.e. with a function
that is analytic on 8(1-£)).

A~ : o(f) = C(f)L2(J.t) for every f E L2(1-£).

FJ.t : o(f) < 1 ¢} <p(f)J.t < 1 for f E L2(1-£);

that is, analyticity is equivalent to geometric decrease of Fourier coeffi­
cients.

F * .J.t' o(f) = I.p(f)J.t for every f E L2(1-£).

CJ.t: If Ilf - 8n(f)IIL2(J.t)' where 8n(f) denotes the nth partial sum of the
Fourier series of f in {Pk(l-£; ')}, converges geometrically to zero as n -t 00,

then 8n(f ) uniformly converges on 8(1-£);

that is, geometric convergence of the Fourier series in L2 (1-£) implies its
uniform convergence.

Now each of these is equivalent to the regularity of 1-£.

Theorem 6.6.1. Assume that an is regular with respect to the Dirichlet
problem in n. Then the following six statements are equivalent: 1-£ E Reg,
AJ.t, A~, FJ.t, F;, c.;

Remarks. (1) Instead of the L2(1-£) norm we could use the V(I-£) norm in
the definition of AJ.t, A~ so long as 1 < P < 00, and Theorem 6.6.1 would
still hold.

(2) In CJ.t we could have requested pointwise convergence of the Fourier
series on 8(1-£) without uniform convergence and Theorem 6.6.1 would still
be valid. Furthermore, from CJ.t it always follows that the Fourier series
geometrically converges to the function in the supremum norm as well.

Proof of Theorem 6.6.1. It is a standard matter that c(f)L2(J.t) = <p(f)JL
for every f E £2(1-£); therefore the statements concerning FJ.t and F; follow
from those on AJ.t and A~.
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Suppose. first that J-L E Reg. Then we have by Theorem 3.2.3

(6.2) limsup(IIPnIIS(J-t)/IIPnII L2(J-t))1 /n = 1
n~oo

for every sequence of polynomials {Pn}, deg(Pn) < n. Now if {Sn(f)} are
the partial sums of the Fourier series of f (with respect to {Pn(J-L; .)}) then

limsupIISn+1(f) - Sn(f)ll~n( ) <c(f)L2(J-t)'
n~oo J-t

Together with (6.2) this tells us that

lim sup IISn+1(f) - Sn(f)II¥(n) < C(f)L2(J-t)
n~oo J-t

and this easily implies C(f)LOO(J-t) < C(f)L2(J-t)' The converse inequality is
evident, so J-L E Reg => A~ follows from this and (6.1).
A~ => AJ-t is trivial; therefore to verify the equivalence of the first five

statements in the theorem (J-L E Reg, AJ-t, A~, FJ-t, F;) it only remains to
show that AJ-t => J-L E Reg. Suppose J-L ¢ Reg. Then there exist an a < 1
and a subsequence N C N of the natural numbers such that for each n E N
there are polynomials Pn, deg(Pn) < n, satisfying

(6.3) IIPnIIU(J-t) <an,

In fact, we claim that

r; = Pn (J-L; .) / En-1 (Pn (J-L; .))S(J-t)

will do the job. To see this we only have to remark that

En-1(Pn(J-L; -))S(J-t) = in(J-L)IITnIIS(/L)'

where {Tn} are the Chebyshev polynomials associated with S(J-L) , and that

lim IIt; II SlI(n) = cap(S(J-L))
n~oo J-t

(see [Ts, Chapter III, Theorem III.26]), whereas J-L ¢ Reg implies

limsUP(1'nU,))l/n> (~( l)
n~oo cap J-L

Choose now a sequence {nk} C N with the property nk+1 > 4nk and
set

We get from (6.3)

(6.4)
00

< L IIFn k IIL2(J-t)
L2(J-t) k=l+l
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if l is chosen to satisfy nl < n < nl+l' At the same time it is not difficult
to see that if n is fixed in (6.3) then there is a fJ = fJ(n) > 0 such that
for every subset S of S(/-L) with the property /-L(S(/-L) \ S) < fJ we have
En - l (Pn )S > ~. If we also consider the fact that for n EN and

An = {z IIPn(z)1 > 1}

we have /-L(An) < a 2n (d. (6.3)), it easily follows that for sufficiently fast
increasing {nk} ~ N with Sl = S(/-L) \ Uk=l+1 Ank we get

(
1) 00 1 3 1 00 1 1 1

E n l - l (! )S(II. ) > E n l - l -Pn l - '" - > -- - '" - > --,
r: nl S L nk 4 nl L nk 4 nl

I k=l+1 k=l+1

and hence AJ-L does not hold by (6.1).
Until now we have verified the equivalence of /-L E Reg, AJ-L' A~, FJ-L' and

F;. As for CJ-L' it follows from /-L E Reg because this is what we verified in
the proof /-L E Reg :::} A~. That CJ-L :::} /-L E Reg also holds is shown by the
function

00 00

h = L Pnk = L Pnk (/-L; .) / e., -1 (Pnk (/-L; .)) S(J-L)
k=1 k=1

(cf. (6.3)), where {nk} eN. In fact, for this we have exactly as in (6.4)

En(h )L2(J-L ) < Can,

and at the same time for the partial sums of the Fourier expansion of !1
we have

IISnk(!d - Snk-1(!dIIS(J-L) > Enk- l (Pnk) = 1,

that is, if /-L rt Reg then CJ-L does not hold either. o

Before closing this section we show that the regularity of an in Theorem
6.6.1 is essential to make the conclusions of the theorem.

Example 6.6.2. We construct a measure /-L and a function! defined on
the support of /-L such that! cannot be extended to an analytic function
in a neighborhood of S(/-L) but its best L 2(/-L ) polynomial approximation
satisfies

limsupEn(!)~n( ) < l.
n-+oo J-L

Of course, then an cannot be regular with respect to the Dirichlet problem
in n.

Consider the construction given in Example 3.5.3, and let
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By the construction given in Example 3.5.3 there exist a , > 1 and three

sequences {nm},{Mm},{p1~} such that

deg (P1~) < u.; and IIP1~11£2(jj) < 2

but

Here tt is the restriction of the linear Lebesgue measure to the set S =
UmI(nm). Without loss of generality we can assume {Mm} to be increasing
so fast that

1-M81IPt~IIL=(I(nm+d) < 2-
8

is satisfied for all m and s > m. In fact, we only have to mention that
by Nikolskii's inequality (see [Ti, 6.9.6]) the supremum norm of IP.Aisl on
I(nm+1) is bounded by O(Ms) times its L 2 norm (the 0 depends on n m+1),
and this latter one is assumed to be less than 2 (recall that in Example
3.5.3 the numbers Mm+b Mm+2,'" were chosen to be large enough after
the selection of n m +1).

Set
00

1 = L ,-Mmp1~·
m=l

We claim that this 1 and tt satisfy the preceding requirements. In fact, let
Mk < n < Mk+1' k = 1,2, .... Then

00

E (1) "-M IIP(m) II 2, -M 2,-n
n L2(jj) < L..J' m u.; L2(jj) < _ l' k+l < 'V _ l' ,

m=k+1 ' I

so the rate of L 2(tt) polynomial approximation to 1 is geometric. Since
the series representing f uniformly converges on any interval of S, 1 is
continuous on S\ {O}; hence any analytic function that coincides tt-almost
everywhere with f must actually coincide with 1 on S \ {O}. On the other
hand, for the supremum norm of f we get

m-1 00

- L ,-M81IPt~ IIL=(I(nm+ l )) - L ,-M81IPt~ IIL=(I(nm+d) > ,Mm

s=l s=m+1

if m is large enough. But here the right-hand side tends to infinity as
m ---+ 00, so f cannot agree on S = S(tt) with any function analytic in a
neighborhood of S. 0
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6.7 Determining Sets

In connection with the Erdos-Tunin Criterion J. Ullman [Ull] and P. Erdos
and G. Freud [ErFr] studied and solved the following problem: For what
Borel sets A C [-1, 1] is it true that if w is a weight function on [-1, 1]
that is positive on A and dv(x) = w(x)dx, then the orthogonal polyno­
mials {Pn (Vi')} belonging to v have arcsine zero distribution. Obviously
A must have positive Lebesgue measure in every interval [a, b] C [0,1],
which implies Cll > 0 and supp(v) = [-1, 1] for all v in question. But for
Cll > 0 the polynomials {Pn (Vj .)} have arcsine distribution if and only if
u is regular (see Corollary 2.2.3), so the preceding problem can be refor­
mulated as: For what sets A ~ [-1,1] is it true that if v is a measure on
[0,1] such that v'(x) > 0 for almost every x E A then v is regular. Setting
df.-t(x) = XA(x)dx, where

(7.1) ( {
1 if x E Aj

XA x) = o otherwise,

this problem is equivalent to characterizing for a measure f.-t the implication

Recall that r(f.-t) denotes the set of carriers of u,
Using our results from Chapter 1 we can easily characterize all such

measures u.

Theorem 6.7.1. The following statements are equivalent for a measure u.

(1) If v is any measure with supp(v) ~ S(f.-t) and I'(v) C f(f.-t) , then v E
Reg.

(2) cJ1. = cap(S(f.-t)).

(3) For every c > 0 there is a fJ > 0 such that f.-t(E) < fJ implies

cap(S(f.-t) \ E) > cap(S(f.-t)) - c.

Theorem 6.7.2. Let A be a Borel subset of S, where S consists of a finite
number of rectifiable Jordan curves such that C \ S is connected, and let m
denote the arc measure on S. Then the following statements are equivalent.

(i) If v is a measure such that supp(v) ~ Sand

dv(s) > 0
dm(s)

for m- almost every sEA then v E Reg.

(ii) With the assumptions of (i) the orthogonal polynomials {Pn (v; .)} have
asymptotic zero distribution wS>
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(iii) If B C A such that m(B) = 0 then

cap(A \ B) = cap(S).
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(iv) For every e > 0 there is a 8 > 0 such that B ~ A, m(B) < 8 implies

cap(A \ B) > cap(S) - c.

Remark. For S = [-1,1] and m equal to Lebesgue measure, Theorem 6.7.2
reduces to the aforementioned results of Ullman and Erdos and Freud. In
this special case Ullman called sets A with property (ii) determining sets
whereas Erdos and Freud used the terminology of having minimal capacity
~ for property (iii).

Proof of Theorem 6.7.1. (1)=>(2) because of Theorem 1.1.9 (ef. also
Theorem 3.2.1).

(2)=>(1) because Corollary 1.1.7 (or Ullman's Criterion), for cp. = cap(S(J.L)),
and f(v) C f(J.L) imply Cll = cap(S(J.L)).

(3)=>(2) is obvious, so it is only left to prove that (2) implies (3).
Assume that (3) is false, that is, for some e > 0 there are sets En C S(J.L)

such that J.L(En) < 2-n but

cap(S(J.L) \ En) < cap(S(J.L)) - c.

Then
00 00

E* = lim sup En =
n-+oo

has zero J.L-measure. Therefore C := S(J.L) \ E* is a carrier of J.L. But

caprC) = cap CQl nOm(S(JL) \ En))

= ,J~oo cap COm(S(JL) \ En)) < cap(S(JL)) - e,

where, in the second equality, we have applied the monotonicity of the
sequence of sets {n~::::m(S(J.L)\En)}~::::l (cr. [La, Chapter II, Lemma 2.10]).
This means, however, cp. < cap(S(J.L)) and (2)=>(3) is also verified. D

Proof of Theorem 6.7.2. If we set

dl-l(s) = XA(s)ds

as before (7.1), and apply Theorem 6.7.1 we get the equivalence of 0), (iii),
and (iv) from the corresponding statements (1), (2), and (3) in Theorem
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6.7.1, provided we can show that each of (i), (iii), and (iv) implies 8(f.-t) = 8.
In proving this we can argue as follows. If 8(f.-t) =1= 8 then on some subarc I
of 8 the set A has zero arc measure: m(I n A) = O. It is easy to show that
because C \ 5 is connected and cap(I) > 0, we have then

(7.2) cap(8 \ I) < cap(5).

This proves that each of (iii) and (iv) implies 8(f.-t) = 8 by setting there
B=I.

To prove that (i) also implies 5(f.-t) = 8 we choose as the measure v in
(i) the restriction mls\I of m to 8 \ I. From (7.2) and Corollary 1.1.7 we
can see

(7.3)

Now we modify v by setting

where {Xj} is a dense subset of I. Applying a standard argument, the
positive coefficients {Cj} can be chosen in such a way that

limsuPl'n(v)l jn > \8)
n----+oo cap

also holds. But supp(v) = 5, so this v is not regular although the assump­
tion of (i) is satisfied for it. This proves the implication (i) => 8(f.-t) = 5
and with it the equivalence of (i}, (iii), and (iv) has been verified.

Finally, we consider (i) and (ii). In the sequel we shall show Cl/ > 0 for
every measure v satisfying the assumption in (i), hence (i)=>(ii) follows from
Theorem 2.2.1(b) together with the just established fact that supp(v) = 5
for every v in (i). If we apply Theorem 2.1.1 instead of Corollary 1.1.7 in
the preceding proof establishing the implication (i) => 8(f.-t) = 8, we can
similarly conclude that (ii) => 8(f.-t) = 8 and that if (ii) holds then A has
positive arc measure on every arc of 8. We shall show in a moment that
then Cl/ > 0 for every measure v satisfying the condition in (i), and this
will complete the proof of (ii)=>(i) because of Corollary 2.2.3.

In proving that Cl/ > 0 for every v satisfying the assumption in (i),
we remark first of all that if v is a measure with dv( s) / dm( s) > 0 for
m-almost every sEA and C is a carrier of v then m(C) > 0 (recall that
m(A) > 0 has already been established). Of course, then for at least one of
the connected arcs, say, for 80, in 8 the intersection Co = C n 80 also has
positive m measure (actually, C must have positive arc measure on every
subarc I ~ 8). Let ,(t), t E [0,1], be a parametric representation of 80,
and let

To = {t I ,(t) E Co}.
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0< m(CO) = r 1r'(t)ldt,
lTD
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we must have meas(To) > 0, and hence cap(To) > O. Now pick a to E
To, 8 > 0, and c > 0 such that for t E To n [to - 8, to + 8] we have, say,

(7.5) Re(,(t) -,(to)) > c(t - to),

and at the same time cap(To n [to - 8, to + 8]) > O. The existence of such
to, 8, c follows from (7.4) with possibly replacing Re or t - to by Im or to - t
in (7.4). Inequality (7.5) shows that t -+ ,(t)jc is an expansive mapping
on [to - 8, to + 8], hence the image of To under, is of positive capacity (cf.
[Ts, Chapter III, Theorem III.26]) and this proves cap(C) > 0 and together
with it also ell > 0 (see Lemma 1.2.2). 0
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We give a brief review of those aspects of the theory of logarithmic poten­
tials that are relevant to the main body of the monograph.

The readers can be recommended to turn for details to the texts by N. S.
Landkof [La], M. Tsuji [Ts], L. L. Helms [He], W. K. Hayman and P. B.
Kennedy [HaKe], W. K. Hayman [Hal, J. 1. Doob [Do], C. J. de la Vallee­
Poussin [dVP], E. Hille [Hi], C. Pommerenke [Po], or O. D. Kellogg [Ke]. Un­
fortunately, none of these could serve as our standard reference for either they
consider logarithmic potentials a little tangentially by putting the emphasis
on Riesz or Green potentials or their exposition is of a different character or
not as deep as we would need.

We restrict ourselves to the basic definitions and facts with two excep­
tions: We treat the Green functions and equilibrium measures correspond­
ing to general Borel sets with full details. The reason for doing this is that
our whole theory rests on these notions and they are omitted from most
textbooks in the generality needed for us.

In our terminology "measure" means nonnegative (= positive) finite Bo­
rel measure. We will always use the adjective "signed" if signed measures
are allowed.

A.I Energy and Capacity
Let p, be a signed Borel measure with compact support on C. Its logarithmic
energy is defined by

(A.I)

provided that the integral has meaning, the simplest case of which is when
I(Ip,1) is finite (here lp,1 denotes the total variation measure of p,).
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It can be shown ([La, Theorem 1.16]) that I(I-£) > 0 if either

(a) I-£(C) = 0, or
(b) supp(je) is contained in a circle of radius 1

holds. Furthermore, in both cases I (1-£) > 0 unless 1-£ = o.
A measure 1-£ is said to be of finite logarithmic energy if I(I-£) < 00.

If K C C is a compact set, then we set

(A.2) VK = inf{I(I-£) I supp(l-£) ~ K, 1-£ >0, 111-£11 = I},

221

that is, the infimum is taken for all probability Borel measures supported
on K. The (logarithmic) capacity of K is defined as

(A.3)

To extend the notion of capacity to arbitrary Borel sets E we introduce
the notion of inner and outer capacity:

capi(E) = sup{cap(K) I K C E,K compact}

and

capo(E) = inf{capi(U) IE C U,U open}.

Then every Borel set E is capacitable in the sense that capi(E) =
caPo(E) ([La, Theorem 2.8]) and we can simply write cap(E) for this com­
mon value.

A property is said to hold quasi everywhere (qu.e.) if it holds outside a
set of zero capacity. A countable union of sets of (outer) capacity zero has
again zero capacity ([La, Chapter II, No.6, rem. (1)]).

It follows from the definitions that if 1-£ has finite logarithmic energy and
E is of zero capacity, then I-£(E) = O. In particular, if a property holds
quasi everywhere, then it holds I-£-almost everywhere provided 1-£ has finite
logarithmic energy.

A.II Potentials, Fine Topology
The logarithmic potential of a measure 1-£ is defined by

(A.4)

Logarithmic potentials are superluirmonic functions, that is,

(0:) they are lower semicontinuous, and
(f3) if h is harmonic on the closure of a bounded domain D and p(l-£; z) =

h(z) for z E Bl), then p(l-£; z) > h(z) inside D.
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Conversely, F. Riess's representation theorem ([Ts, Theorem II.24]) asserts
that if H is superharmonic in a domain D, then there is a unique measure
f.-t such that for every subdomain D* ~ D with D* C D we have

(A.5) H(z) = h(z) +;; log I 1 Id/-£(t) ,
D* z - t

where h is a harmonic function on D*.
Since the minimum of two superharmonic functions is again superhar­

monic, it follows that the minimum of two logarithmic potentials is again
a logarithmic potential.

In the definition of superharmonicity condition j3 can be replaced by

(A.6) for all z E C, r > O.

The fine topology on C is the coarsest topology on C for which all su­
perharmonic functions are continuous. This is finer than ordinary planar
topology. However, if U is a connected open set then the boundary of U
in the fine and Euclidean topologies coincide. In fact, this follows from the
fact that if x is not in the fine closure of a set E, then there is an arbitrary
small r > 0 such that C \ E contains the circle Cr (x) of radius r around x
([He, Theorem 10.14]).

The following four statements are equivalent for a Borel set E ([He,
Theorem 10.2, Corollary 10.10], [La, Chapter III, Section 1]):

(a) cap(E) = 0,
(b) there exists a f.-t such that p(f.-t; z) = 00 for z E E,
(c) E is a discrete set in the fine topology,
(d) E has no limit point in the fine topology.

A.III Principles

The following five principles for logarithmic potentials are frequently used.
In each of them the measures are assumed to be nonnegative Borel measures
on C.

Principle of descent. Let f.-t and {f.-tn}~=l have their support in a compact

subset of C and f.-tn ~ f.-t as n ~ 00 in the weak* topology. Then

p(f.-t; z) < lim inf P(f.-tn; z)
n~oo

locally uniformly on C.
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See [La, Theorem 1.3]. In our terminology "locally uniformly" means that
for any sequence {zn} of points with Zn --t Z we have

p(f..L; z) < lim inf P(J.tni zn).
n~oo

If p(J.t; .) happens to be continuous in a domain D, then the limit-inferior
relation in the principle of descent holds uniformly on compact subsets of
D (this automatically follows from the assumed continuity of P(J.ti .) and
the fact that the preceding relation holds locally uniformly on D).

Let us also remark that weak* convergence J.tn ~ f..L means

Jfdl"n ---> Jfdl" as n ---> oc

for every f continuous on C.

Lower envelope theorem. With the same assumptions as in the prin­
ciple of descent we have

P(J.ti z) = lim inf P(J.tni z)
n~oo

for quasi every z E C.

Compare [La, Theorem 3.8].

Principle of domination. Suppose that u, v are positive measures of
compact support, II vii < 11J.t11, and J.t is of finite logarithmic energy. If for
some constant c the inequality

p(v; z) + c > p(J.t; z)

holds J.t- almost everywhere, then it holds everywhere in C.

Compare [La, Theorem 1.27].

First maximum principle. If J.t is of compact support and

(A.7) piu: z) < M

for every z E supptu}, then (A.7) holds for every z E C.

See [Ts, Theorem IlL!] or [La, Theorem 1.6], but this is also an imme­
diate consequence of the principle of domination.

Second maximum principle. Let D be a subdomain of C such that
cap(8D) > 0, and let h be a subharmonic function on D that is bounded
from above. If for quasi every points x of 8D we have

limsup h(z) < M,
z~x,zED

then h < M in D. Furthermore, we have h < M in D unless h is constant.
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See [HaKe, Theorem 5.16]. In particular, this yields a strong form of the
maximum principle for harmonic functions.

Related to the maximum principles is the following inequality.

Harnack's inequality. Let D be a subdomain of C, zo E D an arbitrary
point, and K C D a compact subset of D. Then there is a constant M =
M(zo, K, D), such that for 'every positive harmonic function h on D the
inequality

h(z) < Mh(zo)

holds for every z E K.

See the inequality [HaKe, Theorem 1.18], and apply a standard "chains
of overlapping disks" argument.

Finally, we mention the following uniqueness theorem ([La, Theorem
1.12']): If two potentials corresponding to measures with compact support
coincide almost everywhere with respect to planar Lebesgue measure, then
the two measures are the same.

A.IV Equilibrium Measures

If K C C is compact with positive capacity, then there is a unique mea­
sure J.1, for which the infimum in (A.l) is attained. We shall denote this
extremal measure by W K and it is called the equilibrium measure of K. For
its potential

we have

(f3)

(a)

(A.8)

1
P(WK; z) < log cap(K) for every z E C,

1
P(WK; z) = log cap(K) for quasi every z E K

(see [Ts, Theorem III.12]). We would like to extend the notion of equilib­
rium measure to an arbitrary bounded Borel set E. This was done by de
la Vallee-Poussin in [dVP], but since the existence and uniqueness of equi­
librium measures play a central role in our investigations and the afore­
mentioned extension is beyond the scope of most standard texts, we have
found it necessary to give complete details.

Theorem A.I. If E is a bounded Borel subset of C of positive capacity,
then there exists a unique probability measure wE with the following prop­
erties:



(A.9)

(i)

(ii)

Appendix

1
P(WE;Z) < log () for Z E C,

cap E

1
P(WE; z) = log cap(E) for quasi every z E E.
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Unlike the compact case when the set (more precisely, its outer boundary)
carries the equilibrium measure, in the present case we only can assert that
supp(wE) is contained in the closure of E.

Proof. We first prove the result in the case that E is an F(J set, and then
extend it to the general case.

First assume that E is a bounded F(J set with cap(E) > 0. Let E =
U~=lK n, where the Kn are compact, K n C Kn+l, and let Wn be the
equilibrium measure for K n , n = 1,2,3, .... Because cap(E) > 0, we may
assume without loss of generality that cap(Kn) > 0, n = 1,2,3, .... By
properties (A.8) of the equilibrium measures

p(Wn; z) < 10g(ljcap(Kn)) for all z E C,

p(wn; z) = 10g(ljcap(Kn)) for all z E Kn \ Zn,

where cap(Zn) = 0, n = 1,2,3, .... Let fJ, be a weak* limit of the sequence
{wn}~=l' Replacing Wn by a subsequence if necessary, we may assume
that lirnn-H)o W n = /1. We will show subsequently that /1 is an equilibrium
measure for E.

From the principle of descent we infer

p(fJ,; z) < liminfp(wn; z)n_oo

< lirninflog(l/cap(Kn ) )n_oo

= 10g(l/cap(E)),

so condition (i) is satisfied. For z E E \ {Zo U U~=l Zn}, where Zo is
the exceptional set of capacity zero in the lower envelope theorem for the

convergence W n ~ fJ" it follows from the lower envelope theorem that

p(/1; z) = liminfp(wn; z)
n-oo

= lirninflog(l/cap(Kn))n-oo

= 10g(l/cap(E)).

Since U~=oZn is of zero capacity, fJ, also satisfies condition (ii), so fJ, is an
equilibrium measure for the bounded F(J set E.

To prove uniqueness, let E be a bounded F(J set of positive capacity, and
let /11 and /12 be equilibrium measures for E. It follows from the defining
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properties (A.9) (i) and (ii) that 113 = (111 + 112)/2 is also an equilibrium
measure for E.

Let A = {z IP(113; z) = log(1/cap(E))}. Our next aim is to prove that
113(A) = 1. If {Kn} are as before, then, by Section A.II, the energy of the
signed measures 113 - WK; is nonnegative. This implies that

! P(113; ·)dI13 > ! p(wn; ·)dI13 + ! P(113; ·)dwn - ! p(wn; ·)dwn

= 2! P(113; ·)dwn - ! p(wn; ·)dwn

= 210g(1/cap(E)) -log(1/cap(Kn ) ) ,

where we have used the defining properties (A.8) and (A.9) of the equilib­
rium measures and the fact that any set of zero capacity has WK; measure
zero. Letting here n --+ 00 we can conclude

! P(113; ·)dI13 > log(1/cap(E)),

from which 113(A) = 1 follows from the defining property (A.9)(i) of an
equilibrium measure.

From

1 = 113(A) = ~[111(A) + 112 (A)]

it follows that 111(A) = 112(A) = 1; moreover if P(113; z) = log(1/cap(E))
for a z, then necessarily we must have

P(111; z) = P(112; z) = log(1/cap(E)).

Thus

I(f.L1 - f.L2) = L(p(f.L1; .) - P(f.L2; .))d(f.L1 - f.L2) = 0,

and by Section A.I we may conclude that 111 = 112.
We continue the proof of Theorem A.1 by demonstrating the existence

of an equilibrium measure for E, where E is any bounded Borel set of
positive capacity. Let K n be a compact subset of E satisfying cap(Kn ) >
cap(E) -lin and K n C Kn+l, n = 1,2,3, ... , and let El = U~=1K n. We
will show that wEI is an equilibrium measure for E.

First, note that

P(WE1; z) < 10g(1/cap(EI)) = 10g(1/cap(E))

for every z E C, so condition (i) is also satisfied. We argue by contradiction
to show that condition (ii) is also satisfied. Assume on the contrary that
P(WE1;Z) < log(l/cap(E)) for all z E B, where B is a subset of E with
cap(B) > O. Let K be a compact subset of B with cap(K) > 0, and let
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E2 = El UK. It follows that W E
2

is also an equilibrium measure for El, so
W E 2 = W E

1
, since El is an Fer set. Thus we have

P(WE
I

; z) = P(WE
2

; z) = 10g(ljcap(E))

for some z E B, and this contradicts the choice of B. This contradiction
shows that (A.9)(ii) is also satisfied and WEI is an equilibrium measure for
E.

Now let J.-ll and J.-l2 be two equilibrium measures for the Borel set E.
There exists an Fer subset F of E such that cap(F) = cap(E), and it
readily follows that J.-ll and J.-l2 are both equilibrium measures for F. The
uniqueness of the equilibrium measure for a bounded Fer set of positive
capacity implies that J.-ll = J.-l2· 0

A.V Green Functions
Let U be a subdomain of C and let a E U. The Green function gu(z; a)
corresponding to U with pole at a E U has the following properties.

(a) st: (z; a) is nonnegative, subharmonic in C\ {a}, and harmonic in U\{a}.
((3) gU(z; a) + log [z - al remains bounded as z --+ a.
(,) gU(z; a) = 0 for quasi every z E C \ u.

su exists if and only if au is of positive capacity and it is always unique.
Furthermore, gU is a symmetric function in its arguments.

For a = 00 assumption ((3) takes the form that

gu(z; (0) - log Izi

remains bounded near infinity, and it turns out that in this case

((3)' gu(z; (0) = log Izl-Iog(cap(C \ U)) +0(1) as Izl--+ 00

holds.
If U is the complement of a compact set K of positive capacity, then it

follows from (A.8) that gu(z; (0) has the form

gC\K(Z; (0) = -P(WK, z) -log(cap(K)),

where WK is the equilibrium measure of K.
We need to extend the notion of Green function with pole at 00 for an

arbitrary Borel set B ~ C with bounded complement. In this case the
defining properties of gB(Z; (0) are

(i) gB(Z; (0) is nonnegative, subharmonic in C, and harmonic in Int(B) \
{oo}.

(ii) gB(Z; (0) = log Izi -log(cap(C \ B)) + 0(1) as Izi --+ 00.

(iii) gB(Z; (0) = 0 for quasi every z E C \ B.
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Of course, if cap(C \ B) = 0, then we set 9B(Z; 00) =00. Otherwise we
have the following theorem.

Theorem A.2. If B is a Borel set such that C \ B is bounded and of
positive capacity, then the Green function gB with properties (i)-(iii) exists
and is uniquely determined.

Proof. The existence easily follows from Theorem A.I. In fact, if E = C\B
and we set

(A.IO) 9B(Z; (0) := -P(WE; z) -log(cap(E))

then (i)-(iii) follows from the corresponding properties of WE (recall also
that WE is supported on E).

To prove uniqueness, suppose that 9B satisfies (i)-(iii). On applying
Riesz's representation theorem (see Section A.II) we get a measure Ji such
that for every R > 0

-gB(Z;OO) = hR(Z) + [ log I 1 Id!'(t), Izi < R,
Jjtl<R Z - t

where hR is a harmonic function in the disk DR(O) = {z I Izi < R}. We
also know that Ji does not have mass in an open set U if 9B is harmonic in
U (see [Ts, Theorem II. 25]). Thus, Ji is restricted to C \ B, and it follows
that if E := C \ B C D Ro(0), then for Ro < u, < R2 and Izi < u, we have
hR

1
(z) = hR

2
(z). Hence, by letting R ---+ 00 we get the representation

(A.11)

with a harmonic function h and a nonnegative measure Ji with compact sup­
port. (A.II) and (ii) imply that h is bounded from above on C if IIJiII < 1,
whereas it is bounded below if IIJiII > 1, and in either case h must be constant.
Thus, (A. 11) and (ii) yield that IIJiII = 1 and then that h = log(cap(C \ B)).

We can summarize our findings as follows: If gB satisfies (i)-(iii), then
there is a probability measure Ji with bounded support such that

9B(Z; (0) = -p(Ji; z) -log(cap(E)).

Thus, (i) and (iii) show that Ji is the equilibrium measure of E = C\B. Now
the uniqueness of gB follows from the uniqueness of equilibrium measures
(see Theorem A.l). 0

A.VI Dirichlet's Problem
Let U be a subdomain of C and suppose that C \ U is of positive capacity.
Suppose that f is a continuous function defined on the boundary au of U.
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Dirichlet's problem consists of finding a function u that is harmonic in U, is
continuous on U, and has ulau = f. We say that U is regular with respect
to the Dirichlet problem if the above u exists for every f. Sometimes we
also use the terminology that au (or C \ U) is regular with respect to the
Dirichlet problem in U.

The following statements are equivalent:

(a) U is regular with respect to the Dirichlet problem,
(b) any Green function gU(z; a) associated with U is continuous throughout

C\{a},
(c) C \ U is dense in itself in the fine topology.

See [He, Corollary 10.12].
The generalized Dirichlet problem on U can be formulated as follows. Let

f be a real-valued function on au. For simplicity assume that 00 rt au.
Consider the so-called upper and lower classes

Uf = {u I u superharmonic in U;liminfu(y) > f(x)
y-.--+X

for all x E au, u bounded from below on U}

and

£f = {u Iu subharmonic in U;limsupu(y) < f(x)
y-.--+X

for all x E au, u bounded from above on U}.

We define the upper and lower solutions of the generalized Dirichlet prob­
lem with boundary values f as H f = inf{ u I u E Uf} and H f = sup]u I u E
£ f }. If H f = H f' then this common function H f is called the solution
of the generalized Dirichlet problem with boundary function f. It can be
shown (see [He, Theorem 8.13]) that this is always the case if f is a Borel
measurable function that is bounded from above or below. Furthermore in
the definitions of the classes Uf and Lf we could have requested the limit
relations liminfy-.--+x u(y) > f(x) and limsupy_x u(y) < f(x) only for quasi
every z E au without changing the lower or upper functions.

A point x E au is called regular if for every continuous f on au we have
limz--+x,zEU Hf(z) = f(z). Then for all bounded f that are continuous at x
the same relation holds; furthermore the following statements are equivalent
for an x E au:

(a) x is a regular point,
((3) x is a fine limit of C \ u,
(,) there exists a positive superharmonic function u in a neighborhood of

x in U such that limy_x,YEU u(y) = O.

See [He, Theorem 10.11 and Corollary 10.12]. The last property is often
referred to as the barrier property.
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It is obvious that U is regular with respect to the Dirichlet problem if
and only if every point of au is regular. On the other hand, for every U
quasi every point on the boundary is a regular boundary point (see [Ts,
Theorem III. 33] ).

A'.VII Balayage

Consider in C an open set G with compact boundary aG and let /-l be a
measure with SUPP(IL) C G. The problem of balayage (or "sweeping out")
consists of finding a new measure IL' supported on aG such that Ii/-lil = 11/-l'11
and

(A.12) P(IL; z) = p(/-l'; z) for quasi every z rt G.

For bounded G such a measure always exists ([La, Chapter IV, Section 2]),
but for unbounded G we must replace (A.12) by

(A.13) P(IL; z) = p(/-l'; z) + c for quasi every z rt G,

where the constant c turns out to be equal to

where n is the component of G that contains the point infinity ([La,
(4.2.6)]). If we also require the measure /-l' to vanish on the set of irregular
points of aG, then /-l' is unique ([La, Chapter IV, Theorem 4.6, Corollary
2]) (see the uniqueness theorem in [La, Chapter IV, Section 14, p. 245]).
Furthermore, if G is connected and it is regular with respect to the Dirichlet
problem, then in (A.12)-(A.13) we have equality for all z rt G.

Besides (A.12)~(A.13) we also know that

(A.14)

(A.15)

respectively, hold for all z E G.
The balayage measures /-l' also have the property that if h is any function

that is continuous on G and harmonic in G, then

(A.16) r hdlL' = '-- tuiu.JaG Je
With the concept of balayage it is easy to describe the Green function
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of a domain G of compact boundary and cap(8G) > O. In fact, if G is
bounded, then

(A.17)
1 ,

gC(z; a) = log I I - p(ba ; z},
z-a

where b~ denotes the balayage of the Dirac mass ba at a onto the boundary
of G. On the other hand, if G is unbounded (and so 00 E G), then

(A.18)

and

(A.19)

1
so'»: a) = log I I - p(b~; z) + gC(a; (0), a i- 00,

z-a

gc(z; (0) = -p(z; b~) -log(cap(8G)).

(A.20)

(A.21)

Furthermore, the equilibrium measure of a compact set K is the same as
the balayage of boo onto the outer boundary of K.

A.VIII Green Potential and Condenser Capacity
Let U C C be a domain and J.l a measure in C. The Green potential of J.l in
U is defined as

g(/l-,U;z):= / gu(z;x)d/l-(x),

If cap(C \ U) = 0, then g(J.l, U;·) =00.

Let K, S ~ C be two disjoint compact sets. The pair (K, S) is called
a condenser. For probability measures J.ll, J.l2 with SUPP(J.ll) C K and
SUPP(J.l2) C S and the signed measure a = J.ll - J.l2 consider the energy

I(a) = / / log Iz ~ tl da(z)da-(t)

defined in (A.I), and set

YKS = inf{I(cr) I a = J.ll - J.l2, SUPP(J.ll) C K,SUPP(J.l2) ~ S,

J.ll, J.l2 > 0, II J.llil = II J.l211 = I}.

The condenser capacity is defined as

1
cap(K, S) = -Y.

KS

The capacity is symmetric in K and S, and cap(K, S) = 0 if and only if
either cap(K) = 0 or cap(S) = O.

As in the case of logarithmic capacity, there exists an equilibrium distri­
bution, which now is a pair of two probability measures: If K and S are of
positive capacity, then there uniquely exists a pair of probability measures
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(WKS,WSK) with SUPP(WKS) C K, sUPP(WSK) C S, and two constants Vs

and VK such that

(i)

(ii)

VK - Vs = VKS,

Vs < P(WKS - WSKi z) < VK for all z E C,

(iii)
qu.e. on S;

qu.e. on K

(see [Ba, Theorem 1] and [SaTo2, Chapter VII]). The measures WKS and
W SKare called equilibrium distributions of the condenser (K, S) on K and
S, respectively. With a = wKS - WSK the minimum is assumed in (A.20).

The properties (i) and (iii) imply that WKS (WSK) is the balayage of
WSK (WKS) onto K (S).

We call

the condenser potential. If U = C \ S is connected and cap( S) > 0, then
we have the representation (cf. (A.17) and (A.18))

(A.22)

if 00 rt U, and

(A.23)

otherwise.
From [Ba, Theorem 1] (cf. also [SaTo2, Chapter VII]) it follows that

if for two probability measures /11 and /12 in ( of compact support and
VI, V2 E R we have

(A.24)

then

qu.e. on S;

qu.e. on K,

(A.25)
1

V2 - VI < VKS = cap(K, S)

It is easy to see (e.g., by adding to /1j discrete measures of the form
const.·8x with Ixl--+ (0) that (A.24) implies (A.25) for all positive mea­
sures /11 and /12 of compact support in C with 11/1111 < 1 and JI/1211 < 1.

The condenser capacity is outer continuous: If for a 8 > 0 Ktj (respec­
tively, Stj) denote the sets of points the distance of which to K (respectively,
S) is at most 8, then

lim cap(Ks, 8tj) = cap(K, 8).
tj-o
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A.IX The Energy Problem in the Presence of an
External Field

Let E ~ C be a closed set and let w: E ---+ R+ be a weight function on E.
We call w admissible if the following three conditions are satisfied:

(i) w is upper semicontinuous,
(ii) w > 0 on a set of positive capacity, and

(iii) if E is unbounded, then w(z)z ---+ 0 as z ---+ 00, z E E.

We shall set w(z) = exp( -Q(z)) and for admissible w consider the prob­
lem of minimizing the weighted energy

for all probability measures w with support in E. There is a unique probabil­
ity measure Ww with support in E, called the extremal or equilibrium mea­
sure associated with w, minimizing the weighted energy (see [SaTo2, Section
1.1]). This Ww has finite logarithmic energy. Let Sw = supp(ww) C E be
the support of the extremal measure. Then (see [SaTo2, Sections 1.1 and
1.3]) Sw is compact and of positive capacity, and Q is bounded on Sw.

There exists a constant Fw such that for the potential of Ww we have
([SaTo2, Section 1.1])

(A.26)

and

(A.27)

p(ww; z) > -Q(z) + Fw for quasi every z E E

p(ww; z) < -Q(z) + Fw for every z E Sw.

(A.28)

The constant Fw is determined by

r; = Iw(ww) - / Qdww·

Another representation for Fw is (see [SaTo2, Section II1.2])

Fw = log cap~sw) + / QdwS.

=1'!I: {lOg cap~K) + / QdWK } ,

where the infimum is taken over all compact subsets of E.
Fw is connected to the weighted Chebyshev problem with varying weights

ui" as follows (for the following results see [SaTo2, Sections II.2 and 11.3]).
First of all, if Pn(z) = z" + ... is any monic polynomial of degree n then

(A.29)
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On the other hand, if

Appendix

is the nth weighted Chebyshev number, then the limit, which is called the
Chebyshev constant for the weight w,

(A.30) lim (t~)l/n = tW

n-oo

exists and is equal to exp( -Fw ) .

If deg(Pn ) < nand

wn(z)IPn(z)1 < M for qu.e. z E Sw

then

(A.31) IPn(z)1 < M exp(n( -p(ww ; z) + Fw ) ) for qu.e. z E C.

Inequality (A.31) is the analogue of the Bernstein-Walsh lemma, and (A.26)
and (A.31) tell us that the supremum norm of every weighted polynomial
w n Pn "essentially lives" on Sw. It turns out that Sw is the smallest compact
set with this property.

If we consider the weights w>' with A > 0, then in the range of the AS for
which w>' is admissible, the support sets Sw>" form a decreasing family as
A increases (see [SaTo2, Section III. 2]).

The classical case corresponds to ~ being compact and w - 1 on ~. Of
course, then the energy problem just discussed coincides with the one in
Appendix I, and in this case Ww _ WE, Fw = log(l/cap(~)), and {W = t1 =
cap(~).
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asymptotic behavior have been given by Erdos and Turan [Er'Iu] , Widom
[Wi1]' Ullman lUll], and Erdos and Freud [ErFr], and Korovkin [Ko1,2]. A
good survey of recent developments of the whole theory (not only nth-root
theory) of asymptotic behavior of orthogonal polynomials can be found in
[LuI] and [Ne2].

Chapter 1

Lemma 1.1.3 is due to H. Widom; see [Wi1, Lemma 4].
The upper asymptotic bound (1.1.6) of Theorem 1.1.4 was proved by

Ullman in Theorem 1.5 of [Ull] for weight measures with S(tt) = [-1,1]'
and in Theorem 3 of [U13] for general weight measures J1 in C. Theorem
1.1.8 seems to be new, but, of course, it is a rather obvious generalization
of the upper bound (1.1.6).

The lower asymptotic bound (1.1.7) in Theorem 2.4 has been proved by
Widom [Will for special weight measures J-L in C, which he calls admissible,
that is, measures satisfying Widom's criterion (in its original formulation,
as given in Corollary 4.1.7). For these measures the lower bound can be
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established by a comparison with monic Chebychev polynomials of the set
8(11,). For weight measures J.L on IR the lower bound (1.1.7) has been stated
without proof in [UI2].

The lower estimate in (1.1.13) was proved in [ErFr] for the special case
8(J.L) = [-1,1].

The sharpness of the estimates is shown in [UWZ] and [UIWy] for the
special case S(J.L) = [-1,1]. In its generality Theorem 1.1.9 is new. In con­
nection with Theorem 1.1.9 and Corollary 1.1.7 we mention the following
result of M. F. Wyneken [Wy1]: Let suppfu) C IR and [A, B] be a subinter­
val of [1/cap(8(J.L)), 1/c/L]' Then there is a measure 1I carrier related to J.L
such that the accumulation points of the sequence {1'n (ll )l/n} are exactly
[A, B]. It can also be shown that the set of accumulation points must be a
subinterval of [1/cap(8(J.L)), 1/c/L]'

Lemma 1.3.1 is due to Ullman [Ull].
Lemma 1.3.2 is new in the form as it is stated; however, it can be rather

directly deduced from Widom's original proof for Lemma 1.1.3 via a com­
pactness argument. We have chosen a new, potential-theoretic argument
for the proof that is close in spirit to the rest of the book. We mention that
Lemma 1.3.2 can be very helpful in proving the analogue of Lemma 1.1.3
for many other extremal polynomials, for example, for polynomials having
minimal weighted LP(J.L) norm with any weight.

Most of the proofs in Chapter 1 and many from later chapters are based
on the results of Section 1.2.

Chapter 2

Some of the results of Section 2.2 belong to the folklore of the theory of
orthogonal polynomials although they have never been investigated in the
details presented in Section 2.2. See, for example, the survey paper [Sa2].

Theorem 2.1.1 is a consequence of Lemma 1.3.2 and it is due to Widom
[wu].

For a simple proof of the Turan problem see [NeTo]. In connection with
its generalization given in Theorem 2.1.3 it is an interesting problem that
if 8 is given then precisely what subsets of Co(8) can be the weak* limit
points of zeros of orthogonal polynomials corresponding to a measure with
support equal to 8?

Concerning Theorems 2.1.3 and 2.1.4 we raise the following problem:
Can it happen that the support of the measure J.L of orthogonality is the
unit circle and the support of the asymptotic distribution of the orthogonal
polynomials Pn(J.L; '), or of a subsequence of them, is a prescribed closed set
in the unit disk? Or more generally, what kind of measures can be obtained
as weak* limits of zeros in this situation?

Theorem 2.1.4 solves a problem of Ullman and Wyneken (problem (c) of
[UIWyD asking for a characterization of possible weak* limits of zeros. In
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connection with the case ell > 0 Ullman and Wyneken showed in [UIWy]
that if C c [0, 1] is any carrier of J.L then there is a measure J.L' with the same
carriers as J.L such that the limit distribution of the orthogonal polynomials
corresponding to J.L' is the equilibrium distribution of C. They asked (see
problem (a) of [UIWy]) if in the case cll > 0 the weak* limits of zeros must
always be equilibrium distributions of some carriers of J.L. Example 2.1.5
shows that the answer for this problem is "no."

Lemma 2.1.6 follows from the general theory of weighted potentials (see
[SaTo2]) outlined in Appendix IX.

Theorem 2.2.1(a) was used in [UI2] and [UWZ] to show that for the case

lim inf 1'n (J.L) l/n < lim sup 1'n (J.L)l/n
n ---l> 00 n -+ 00

the zeros of the orthogonal polynomials {Pn(J.L; .)} have continuum many
different weak* limits. In fact, this follows from Theorem 2.2.1(a) and from
the fact that the limit points of the sequence {'n(J.L)ljn} are always an
interval.

Example 2.2.7 answers the following problem of [UIWy] in the negative: If
{1'n (J.L )ljn} converges to A E (1/cap(S(J.L)), 1/cll ) , does {lIpn(ll i' ) } converge?

The construction of Section 2.3 uses some ideas of the theory of weighted
potentials (d. Appendix IX and also the notes on Section 6.5). The points
{xg,nl, -:: .,. , x~,n)} from step IV are called Fekete points associated
with the weight Wk (see [SaTo2]). Note also that in step V of the proof we
essentially verify the formula (A.30) from Appendix IX.

Chapter 3

The results in Section 3.1 must be compared with those announced in [UI2].
Ullman considers asympotics for the monic orthogonal polynomials qn (J.Li .)
for measures J.L with support in [-1,1]. Let us consider the statements

(a) limn---l>oo Iqn(J.LiZ)lljn = [z + y'z2 -11 for z E C \ [-1,1]'
(b) limsuPn---l>oo Iqn(J.L; z)lljn = ~ for qu.e. z E [-1,1]'
(c) the orthogonal polynomials qn(J.L; .) have arcsine zero distribution,
(d) limn---l>oo 1'n(J.L)ljn = 2.

In this setting (a),(b), and (c) are equivalent and (d) implies each of
them. Thus, the theorem in Section 3.6 is nothing else than the extension
of Ullman's results to the case when the support can be a general set on
the complex plane.

[ErFr] contains the equivalence of (i) and (ii) of Theorem 3.1.1 in the
special case S(J.L) = [-1,1]. The same equivalence when the support is the
unit circle was proved in [LSS].

The results of Sections 3.2-3.5 are new.
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Orthogonal polynomials with respect to varying weights, such as the ones
in statement (vi) of Theorem 3.2.1 or those in Section 3.3, are important
in multipoint Pade approximation and in best rational approximation (d.
Sections 6.1-6.3). Such polynomials have been the subject of some recent
investigations (see, e.g., [GoLo], [Lo]).

Asymptotics for the leading coefficients of the polynomials Pn (J.L; z), n E

N, orthonormal with respect "to measures J.L of the type defined in (3.5.1) and
(3.5.2) have been studied in [VAMa] and [Lu2] with a higher degree ofpreci­
sion than obtained and needed in Section 3.5. For example, Lubinsky (and
by a somewhat different argument Van Assche and Magnus) verified that
by properly choosing the coefficients {an} in (3.5.2), one can get a purely
discrete measure J.L for which the recurrence coefficients {I'n (J.L) l'Yn+l (J.L)}
converge to ~ as n ~ 00.

Chapter 4

The results of Sections 4.2-4.6 are new, as well as parts of Section 4.1 (the
generalization of and the relation among the Erdos-Turan, Ullman, and
Widom criteria).

Let us mention that Ullman's original criterion was independently found
also by P. P. Korovkin [K01] in a slightly different form.

The results in Chapter 4 solve a problem of D. S. Lubinsky [LuI] that
asked for the extension of Ullman's criterion to "weights spread over several
intervals or with even more complicated supports."

Lemma 4.4.1 is probably known but we could not find a reference to it.
We have proved in Section 4.6 that neither criterion A* nor criterion A

implies the other one. In connection with this we mention the following
open problem: We have found no regular J.L for which

does not tend to cap(S(J.L)) as L ~ 00. If there is no such J.L then criterion
A* is almost necessary and sufficient for regularity.

Chapter 5

The results of Chapter 5 are new. Chronologically they were preceded by
the results of [St3], which paper contains a different method for proving
localization theorems in the special case when the support is on the real
line (for yet another method that works in this special case see [To2]).

Related to the localization results of Chapter 5 is the following theorem
on the local density of zeros (see [UITo]): Suppose that S(J.L) has empty
interior and connected complement, and let K C S(J.L) be a compact subset
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of S(J.L). If J.L IK is regular (with respect to nth-root asymptotic behavior),
then for any weak * limit point 1/ of the zeros of Pn (J.L; .) we have

In other words, if Kl ~ K is any compact set and U is any neighborhood
of Kl, then asymptotically there are at least nWS(IL)(Kl) zeros of Pn(J.L;·)
in U.

As a corresponding upper bound for the density of the zeros on K we
mention

1/IK < WK,

which means that if Kl C K is any compact set and U is any neighborhood
of K 1, then asymptotically there are at most nwK (U) zeros of Pn (J.L; .) in
«;

Chapter 6

Section 6.1

The connection between rational interpolation and orthogonal polynomi­
als is classical. This is not only the case for the more special situation of
continued fractions, where it has long been known that the denominator
polynomials satisfy an orthogonality relation. Jacobi [Ja] already knew the
orthogonality (6.1.9) of denominators of interpolating rational functions,
representing, however, the integral by a sum of residues. From the orthogo­
nality he deduced different determinantal representations for denominators
and numerators. Jacobi did not investigate the convergence problem, nei­
ther did he care about the possibility that in general not all interpolation
conditions can be satisfied by rational interpolants. Apparently, the pos­
sibility of interpolation defects was for the first time realized, or at least
mentioned, by Kronecker in [Kr].

The first convergence result relevant for the subject of Section 6.1 goes
back to A. Markov [Ma], and was formulated for Chebyshev continued
fractions. Their approximants are rational interpolants at the point infin­
ity. In [GoLo] Gonchar and Lopez proved part (a) of Theorem 6.1.6 and
proved exact rates of convergence under the assumption that S(J.L) con­
sists of finitely many closed intervals and the measure J.L has a derivative
J.L' > 0 almost everywhere on S(J.L). This last condition corresponds to the
regularity criterion of Corollary 4.1.2.

Part (b) of Theorem 6.1.6 is new.

Section 6.2

A discussion of the uniqueness problem for best rational approximants with
real or complex coefficients can be found in the paper [SaVa] by Saff and
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Varga. A comparison of the minimal error of real versus complex rational
functions can be found in [GuTr], [Le], [RuVal,2], and [SaVa].

We have already mentioned earlier the conjecture that for the case of a
Markov function! and a compact set V with symmetry (6.2.2) the best
rational approximants r~ 'J, V; .), n E N, are all unique. This conjecture is
still open.

W. Barrett [Barl,2] and T. Ganelius [Ga] have investigated the rate of
convergence of best rational approximants to Markov functions with mea­
sures that belong to the Szego class. Gonchar proves part (a) of Theorem
6.2.2 in [Go] for sets V C IR, and gives the exact rate of convergence under
the assumption that S({l) consists of finitely many closed intervals and the
measure {l has a derivative {l' > 0 almost everywhere on S({l). In its general
form Theorem 6.2.2 is new.

Section 6.3

The convergence and divergence regions for nondiagonal sequences of Pade
approximants have been investigated in [Stl] for more general measures
{l than in section 6.3 (see also [St2]). A very elementary (non-potential­
theoretic) proof of part (a) of Theorem 6.3.1 for ray sequences in the lower
triangle of the Pade table is contained in [GrM]. In [Sal] the connection
between nondiagonal Pade approximants and incomplete polynomials has
been studied.

Section 6.4
The theory of weighted potentials has a long history. The existence of the
equilibrium measure in the presence of a continuous outer weight function
was already proved by Gauss in the nineteenth century (see [He]). The recent
interest in weighted potentials is due to the works of H. N. Mhaskar, E. B.
Saff [MhSal,2,3]' E. A. Rahmanov [Ra4], D. S. Lubinsky [LuSal,2], and A.
A. Gonchar [GoRal]. Weighted potentials have played a prominent role in
the solution of Freud's conjecture by Lubinsky, Mhaskar, and Saff [LMS] and
in the solution of the 1/9-th conjecture by Gonchar and Rahmanov [GoRa2].
A detailed study of weighted potentials can be found in [SaTo2].

In connection with Theorem 6.4.1 we mention that it is possible and
in many situations it is desirable to consider stronger forms of (6.4.5). In
[MhSa3] it was stated that if ~ is a finite subinterval of ~ and w is positive
and continuous on ~ then for every '" > 0 there are constants ci and C2

and a compact set ~ ~ ~ of Lebesgue measure < '" such that

(N.l) Ilwn
PnIILP(~) < (1 + Cle-C2n )llwn

PnIILP(SwU~)'

However, the ~ and w used in Example 6.4.3 show together with the clas­
sical Chebyshev polynomials

Pn(x) = ~ {(x + Jx2 - l)n + (x - Jx2 - l)n} ,
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that such a general statement is impossible to hold (cf. [MhSa4]), hence the
nth root is natural in Theorem 6.4.1 to get a general statement. Of course,
using special properties of the weight w we can often sharpen Theorem 6.4.1
in the sense of (N.1). This is the case, for example, for weight functions
w(x) = exp(-lxI A) , ..\ > 1, x E IR; see [LMS], [LuSa1], or [Lu3]. See also
[SaTo2] for general conditions ensuring (N.1).

Section 6.5

The expression cW := exp( -Iw(ww)), where Iw(ww) is the minimal weighted
energy of Section 6.4, is called the weighted capacity associated with the
weight w. Another classical notion of potential theory is the transfinite
diameter of a set, the weighted analogue of which is the limit

Ow:= lim o~,
n--+oo

where

( )

2j(n(n-l))

o~ := sup II IZi - zjlw(zdw(zj)
l~i<j~n

with the supremum taken for all n-tuples {Xl, .. , ,Xn } ~ ~. In the classical
case (w - 1, 1; compact) the three quantities capacity (cap(~)), Chebyshev
constant (tw := limit of {(tif)l/n}), and transfinite diameter (OW) coincide
(see [Ts, Theorem III.26]). In the weighted case there is only a slight mod­
ification (see [SaTo2, Theorems II.1.3 and 11.3.1])

cW = OW = tWexp (-JQdWw ).

Far better asymptotics than (6.5.2) are available these days in the lit­
erature, due mainly to D. S. Lubinsky and E. B. Saff [LuSa1], for the
leading coefficients for orthogonal polynomials with respect to so-called
Freud weights exp( -lxI A) . For asymptotics on the orthogonal polynomials
themselves with respect to Freud weights see [Ra4] and [Lu3].

Section 6.6

Some of the equivalences in Theorem 6.6.1 were proved in [SaTo1] for
suppuz) C [-1, 1], where also infinite measures were treated. Similar ques­
tions for the case when supptu) is the unit circle were considered in [LSS].

Section 6.7

If one considers orthogonal polynomials with respect to a weight function
and not a measure then much depends on the set where the weight function
is positive. Such an attitude has led the authors of [Ull] and [ErFr] to
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consider weight functions that are positive on a given set E ~ [-1,1] and to
investigate properties of orthogonal polynomials that depend exclusively on
E. The results of Section 6.7 extend earlier investigations in this direction.

Appendix

In the proof of Theorem A.i we follow the presentation of [Wy2].
In connection with Appendix VIII we mention that it is usual to put

additional assumptions on V and S in the definition of a condenser. For
example, in [Ba] it is assumed that there is an open set U separating V and
S in the sense that U is the only connected component of C\ {V UU} that
has a common boundary with both V and S. However, the results that
we use in Section 6.2 in connection with the condenser capacity are valid
without any further assumption on V and S, V n S = 0 (see, e.g., [SaTo2,
Chapter VII]).
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