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'Preface

Each undergraduate course of algebra -begins with basic notions and
results concerning groups, rings, modules- and linear algebra. That is, it
begins with simple notions and simple results.

Our intention was to provide a roUectionof exercises which cover only
the easy part of ring theory, what we have named the "Basics of Ring
Theory". This seems to be the parteach student or beginner iIi. ring theory
(or even algebra) should know ~ but surely trying to solve as many of
these exercises as possible independently.

As difficult (or impossible) as this may seem, we have made every
effort to avoid modules, lattices and field extensions in this collection and
to remain in the ring area as much as possible.

A brief look at the bibliography obviously shows that we don't claim
much originality (one could name this the folklore of ring theory) for the
statements of the exercises we have chosen (but this was a difficult task:
indeed, the 28 titles contain apprmilinatively 15.000 problems and our
collection contains only 346). The real value of our book is the part which
contains all the solutions of these exercises. We have tried to qraw up ,
these solutions as detailed as possible, so that each beginner can progress
without skilled help.

The book is divided in two parts each consi~ting of seventeen chapters,
the first part containing the exercises and the:second part the solutions.

For the reader's convenience, each chapter begins with a short
introduction giving the basic definitions and results one should know in
order to solve the corresponding exerciSes. Some basic facts concerning
groups and modules (vector spaces) are naturally assumed (e.g. cyclic

xi



xii PREFACE

groups, Lagrange theorem etc.). Also simple topology notions and results
are assumed especially in the chapter devoted to rings of continuous
functions.

A small part of-this- collection with hints and partial solutions, written
by the first author, was ready in 1978, but only for internal use for
problem sessions. The rest- of the 346 exercises were almost all solved in
problem sessions in -the :last 28 years. The chapter with exercises
concerning rings of continuous functions is part of a one year course and
series of seminars .given by the second author.

Recently, the authors.: have become aware of the new publication
Exercises in Classical Rtng Theory written by T.Y. Lam, an excellent problem
book published by Springer-Verlag. With only a few exceptions, this book
actually doe&not contain genuinely simple exercises in ring theory, such as
the exercises our collection provides. As Pham Ngoc Anh told us: "this is
the book one should have before the problem book written by T.Y. Lam".
Needless to say, the intersection of these two collections is nearly void. We
therefore strongly hope that, using, in this order, these two books, one
should have the best possible start in ring theory.

The first author acknowledges his colleague Horia F. Pop, lecturer in
Computer Science, for his constant guidance and assistance in using
computers and especially Latex and Scientific Word.
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Chapter 1
,.

Fundamentals

An element r of a ring R is called a
left (right) zero divisor if there is a nonzero s E R : rs = O(sr = O)j
zero divisor if it is left and right divisorj
left (right) cancellable if for every a, b E R : ra = rb(ar = br) ~

a = bj
idempotent if r2 = rj two idempotents e, e' are orthogonal if ee' =

e'e = OJ in a ring R we denote by I d(R) the set of all the idempotent
elements. A ring is called Boole if all its elements are idempotent.

nilpotent if there is a n E IN* : rn =OJ
central if rx = xr holds for each x E Rj central elements form a

subring denoted by Z(R) and called the center;
regular if there is a s E R: r = rsr.
If R has identity 1 an element r is called a
left (right) unit if there is a s E R : rs = l(sr = 1); s is called a

right (left) inverse for r
unit if it is left and right unitj the units form, together with multi­

plication, a group denoted U(R).
For two non-empty subsets X, Y ~ R we denote by X + Y ­

{x +Ylx E X,y E Y} ,X· Y = {xylx E X,y E Y} and

X ~ Y = {t xiydxi E X, Yi E Y, 1 :5 i :5 n, n E IN} .
t=1

A subgroup 5 of (R, +) is called a subring if 5·5 ={ss'ls, s' E 5} ~

5. In a ring R with identity subrings may contain or not the identity.

3



4 CHAPTER 1. FUNDAMENTALS

If Rand R' are two rings then R x R' together with componentwise
addition and multiplication forms a ring called the direct product. of
Rand R'. This generalises to an arbitrary family {~} ie! of rings, the
direct product being denoted by II~. The canonical projections Pi :

ie!

II~ -+ Rj, U E I) are defined by Pi ((ri)ief) = ri'
ief

Universality of direct product: for each family {Ji : R -+ Rhe!
of ring homomorphisms there is a unique factorization homomorphism
f : 'R -+ II R such that Ji = Pi 0 f.

ie!
A map f : R -+ R' between two rings is called a ring homomor-

phism if f(x + y) = f(x) + f(y),J(x.y) = f(x).f(y). A bijective ring
homomorphism is called isomorphism. A ring homomorphism between
rings with identity is called unital if f(l) = 1/. We denote by im(J) =
f(R) = {f(r)lr E R} the image of f and ker(J) = {r E Rlf(r) =Of}
the kernel of f.

We denote by End(R) the set of all the group endomorphisms of
(R, +). Together with the usual addition and composition this forms a
ring with identity In.

We denote by Mn(R) the ring of the n x n (square) matrices with
entries in the ring R together with the usual addition and multiplica­
tion.

The Dorroh extension each ring can be embedded in a ring
with identity. In fact, if R is an arbitrary ring then (R x 7l., +,'),
together with (r,n) + (s,m) = (r+s,n+m) and (r,n)' (s,m) =
(rs +ns +mr, nm), is the stated exte:asion ((0,1) is the identity) and
ep : R -+ R x 7l., ep (r) = (r, 1) is the required embedding.
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Ex. 1.1 In the definition of a ring with identity, the commutativity of
the addition is a superfluous axiom.

Ex. 1.2 In each ring (R, +, .) we can define a new operation called the
circle composition a a b = a +b - ab, a, bE R.

(a) Show that (R, 0) is a monoidj
(b) Calf an element r E R right (left) quasi-regular if there is an

element s E R such that r 0 s = 0 (s a r = 0). In a ring with identity
show that the quasi-regular (right + left) elements form a group, with
respect to the circle composition.

Ex. 1.3 An arbitrary ring R js commutative iff for each a, b E R one .
has (a + b)2 = a2+ 2ab + b2.

Ex. 1.4 If a,b are elements in a ring Rand n,m E IN*,(njm) =
gcd(n, m) = 1 are such that an =bn and am =bm then a = b.

Ex. 1.5 On JR? consider the addition (Xl,X2)+(YbY2) = (Xl +Yl,X2+
Y2) and two multiplications:

(a) (Xl, X2) . (Yll Y2) = (XIX2, XIY2 +X2Yl) and
(b) (Xl, X2) * (Yl, Y2) = (XIYl - X2Y2, XIY2 +x2yd·
Verify that (JR.?, +,.) and (JR?, +, *) are rings with identity. Find

zero divisors in the first ring and prove that the second ring is isomor­
phic to (C, +, .). Are these two rings isomorphic? Generalize.

Ex. 1.6 Let M be an arbitrary set and P(M) the set of all its subsets.
Consider the operation + :P(M) x P(M) ~ P(M) defined by X +Y =
(X \ Y) U (Y \ X) (also called the symmetric differencejalso denoted
by 6). Show that (P(M), +, n) is a commutative ring with identity
and zero divisors, such that each element is idempotent.

Ex. 1.7 Describe all the ring structures on (71, +).

Ex. 1.8 On (71n , +)all the ring with identity structures are isomorphic
with the well-known ring (71n , +, .).

Ex. 1.9 Describe all the nonisomorphic ring with identity structures
one can define on a set with four elements. Hint: there are four such
structures.
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Ex. 1.10 Describe all the nonisomorphic noncommutative ring struc­
tures one can define on a set with four elements·. Attentionl Long
solution.

Ex. 1.11 Let p E lP. Show that there are only two nop.isomorphic rings
with p elements.

Ex. 1.12 Let (R,+,·) be a ring with identity and- (End(R,+),+,o)
the corresponding endomorphism ring. Show that:

(a) if for each f E End(R, +) and every x E R one has f(x) = f(l).x
then the following ring isomorphism holds

(R, +,.) tV (End(R, +), +, 0)

(b) If R is a commutative ring then End( R, +) is commutative iff
it is ring-isomorphic to R. Applications for R = 7l and R =Q.

Ex. 1.13 Let R be a ring with identity and a E R.
(a) If a has a left (or right) -sided inverse but no right (resp.left)

_ -sided inverse then a has at least two left (or right) -sided inverses.
(b) If a has more than a left (or right) -sided inverse then it has an

infinite number of such inverses.

Ex. 1.14 Let Mn(R) denote the ring of all the.n x-n-matrices with
elements in a ring R (n E IN*).

(a) Show that Mn(R) has identity iff R has identity._
(b) For n 2: 2 show that Mn(R) is commutative iff R2 = {OJ (I.e.

Va, bE R: ab = 0).
tc) The center of Mn(R) consists of all the diagonal matrices r.ln

such that r E Z(R) = {r E Rlrx = xr, Vx E R} (the center of R).

Ex. 1.15 If a ring R has no zero-square non-zero elements (I.e. a =f:­

0, a2 = 0 =? a = 0) then prove that each idempotent element belongs
to Z(R) (the center of R).

Ex. 1.16 Show that if r 2
- r E Z(R) holds for every r E R, then R is

commutative.
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Ex. 1.17 Compute the (multiplicative) group of the units (also called
invertible elements) for the ring Z[i] == {a + bila, b E Z} of the Gauss
integers.

Ex. 1.18 For a non-negative square-free integer d consider the ring
Z[Vd] = {~ +bVdla, b E Z} j show that its group of units is infinite.

Ex. 1.19 Let R be a ring with identity and a, b E R. If 1 - ab is a unit
in R, show that 1 - ba i.s a unit in R too.

Ex. 1.20 The ring Zn (n 2:: 2, n E IN) has non-zero nilpotent elements
iff n is not square-free.

Ex. 1.21 Let n = p~l ••p'k" E IN·. Prove that m E Zn is a nilpotent
element iff Pl ..Pk divides m.

Ex. 1.22 Determine the idempotent elements of the ring (Zn, +, .).
Application. The ring Zn has no nontrivial idempotent elements iff

n is a power of a prime number.

Ex. 1.23 (a) Prove that each Boole ring is commutative.
(b) (Faith) Show that a commutative ring is Boole iff it has no

nonzero nilpotent elements and for each a, b E R :(a +b)ab = O.

Ex. 1.24 In a Boole ring show that for elements x, a, b if a = xab then
a = xa. Further, if x = a +b+ab then a = xa and b = xb. Finally, for
all a2, .. , an elements find an element x such that ai = xai, VI ::; i ::; n.

Ex. 1.25 Let x be a nilpotent element and y an unit in a commutative
ring R with identity. Show that x + y is an unit too. For y = 1, is one
of the hypothesis unnecessary? If the elements x, y do not commute
show that the property does not hold.

Ex. 1.26 If T ~ {(aij) E Mn(R)laij = 0, Vi,j E {I, 2, .. , n}, i > j} is
the set of all the triangular matrices, show that T is a subring of Mn(R).

Ex. 1.27 Is {m +nV'5lm, n E Z} a subring ofC ?

Ex. 1.28 Show that Z4 x Z4 has exactly three subrings with identity.
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E~ 1.29 Let q EQ and M = {(;b :) la,b EQ}. Prove that Mis

asubring with identity of M 2(Q) which is a division ring iff there is no
r EeQ such that q = r2

•

Ex. 1...30 Characterize all the subrings with identity of (Q, +, .).

Ex. 1.31 In a ring R with identity such that x6 = X, \Ix E R show that
Xl = x,\lx E R.



Chapter 2

Ideals

A subgroup I of (R, +) is called left (right) ideal if
R·I = {rilr E R, i E I} ~ I (resp. I·R ~ I) and idealif it is left and

right ideal. We denote by (X) = n {I (left or right) ideal in RIX ~ I},
if X ~ R, called the (left or right) ideal generated by X. In an arbitrary

n mit

ring (X) = {L rjXj +L x~r~ +L r~x~r:' +L njYj}
i=1 k=1 s=1 j=1

'th . , " III R '" X 71.. d th dWI rj.,rk,rs,rs E ,Xj,Xk,Xs,Yj E ,nj E an e rea er can
provide the simplier forms if the ring has identity or is commutative
(or both).

An ideal I is called finitely generated (resp. principal) if for a finite
(resp. one element) subset F one has I = (F). A domain R is called a
principal ideal domain if all its ideals are principal.

An left ideal I of R is called
maximal if I =f:. Rand rt is not properly contained in any left ideal

=f:. R;
minimal if I =f:. (0) and it contains not properly any nonzero left

ideal of R. Maximal, minimal right ideals and maximal, minimal ideals
are defined in a similar way.

A subset X ~ R is called
nil if each element in X is nilpotent;
nilpotent if there is a n E IN : xn = X 0 X 0 .. 0 X = (0). The

smallest n' with this property is called the nilpotency index of X. Nil
and nilpotent left (right) ideals or ideals are defined in a similar way.

9



10 CHAPTER 2. IDEALS

In a ring with identity each proper (left,right) 'ideal is contained in
a maximal (left,right) ideal. ,

A ring R is called regular (von Neumann) if for each element a E R
there is an element bE R : a = aba.

Noether Isomorphism Theorems. (1) If f : R -7 R' is a ring
homomorphism then

f(R) SE Rj ker(f).

(2) If I, J are ideals in a ring R then (I + J) j I SE Jj (I n J).
(3) If I ~ J are ideals in a ring R then J j I is an ideal in RjI and

(Rj I) j (Jj I) rv RjJ.
A right ideal I of a ring R is called modular if there is an element

e E R such that for all r E R the element r - er E I (Rhas a left
identity element modulo I).

The subset l(X) = Ann.l.(X) = {r E Rlrx = 0, "Ix E X} for a sub­
set X of a ring R is called the left annihilator of X in R. Similarly,

r(X) = Ann.r.(X) = {r E Rlxr = 0, "Ix E X} is called the right
annihilator of X in R.

"
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Ex. 2.1 Let F = {!I! : [-1,1] -T lR} the commutative ring together
with the usual addition and multiplication. Which of the following
subsets are subrings and which are ideals:

(i) P the polynomial functions;
(ii) Pn the polynomial functions of degree at most n (n E IN*)j
(iii) Qn .the polynomial functions of degree nj

(iv) A = {f E FIf(O) = O} j

(v) B = {! E FI!(O) = I} .

Ex. 2.2 Let R = P(T), where T = [0, 1] ~ lR, the ring together with
the usual ring laws of symmetric difference and intersection (see 1.6).

For A = [O,~] and B = {t} compute (A), (B), (A, B) and (A) 0 (B),
the ideals generated by the corresponding subsets of T.

Ex. 2.3 (a) For a subset X of a ring R show that l(X) is a left ideal
and r(X) is a right ideal in R..

(b) If X is a left (right) ideal in R then l(X) (resp. r(X)) is an
ideal in R.

(c) The following inclusions and equalities hold: (i) X ~ Y =>
l(Y) ~ l(X) and r(Y) ~ r(X); (ii) X ~ r(l(X)) and X ~ l(r(X))j (iii)
l(X) = l(r(l(X))) and r(X) = r(l(r(X))).

Ex. 2.4 Show that if R = 1+ J holds with I, J right modular ideals
then I n J is a right modular ideal too.

Ex. 2.5 :E:'ind all the ideal~ of (n71., +, .) for n E IN*.

Ex. 2.6 Let I, J, K be ideals in a ring R. Show that I ~ K implies
(I + J) n K = 1+ (J n K).

Ex. 2.7 In 71. show that the set-reunion of two ideals needs not to be
an ideal too.

Ex. 2.8 Give an example of ring (without identity) such that not every
ideal is included in a maximal ideal.

Ex. 2.9 If M is a maximal right ideal of a ring R with identity and
a E R\M then verify that a-I M = {r E Rlar E M} is also a maximal
right ideal.
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Ex. 2.10 Show that in a Boole ring each finitely generated ideal is
principal.

Ex. 2.11 For two commutative rings Rand S, determine the ideals of
the direct product (sum) R x S. Applications: 7L. x 7L. and K x K for
a division ring K.

Ex. 2.12 Show that the following implication is false: "if A is a left
ideal and B is a right ideal in the same ring R then A n B is an ideal
of R".

Ex. 2.13 Let A : B denote {r E RIVb E B : rb E A} for A and B ideals
of a ring R.

(a) Show that A : B is an ideal of Rj
(b) A: B is the l.u.b.{I ~ RIIB ~ A}.
(c) Verify the following equalities: A: A = Rj (AI n .. nAn) : B =

(AI: B) n .. n (An: B) and A: (BI +.. +B) = (A : Bd n.. n (A: Bn).
(d) In 7L. show that n7L. : m7L. = [n:J7L. (here [nj m] denotes the

l.c.m.(n, m)).

Ex. 2.14 In a commutative ring R prove the following properties:
(i) (A: B) 0 B ~ A, (A: (A +B)) = (A: B)j
(ii) ((A: B) : C) = (A: (B 0 C)) = (A : (B : C))j
(iii) if R has identity A : B = R iff B ~ A.

Ex: 2.15 Let I be an ideal in a commutative ring R.
(a) Show that VI = {r E RI3n E IN" : r~.E I} is an ideal too.

(b) Verify the following equalities: J..fi :.... VIj VI n J = ..fi n
v'Jand VI +J = J..fi +v'J.

(c) Can this exercise be used in order to show that the set of all thy
nilpotent elements form in a commutative ring an ideal? Is commuta-'
tivity essential?

Ex. 2.16 Let I be a left ideal and J an ideal of R. If I,J are nil (or
nilpotent) ideals show that I +J has the same property.
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Ex. 2.17 Verify the following properties: subrings and quotient rings
of nil rings are nilj for an ideal I in R, if I and R/I are nil then R is
nil.

Ex. 2.18 For a prime number p and n E IN, n > 1 show that each
proper ideal of 7l.pn is nilpotent. For each n let In be a proper ideal in
7l.pn and

I = {(Xn) E II. llpn IXn E In and (xn) has finite support} .
neIN

Show that I is a nilideal but is not a nilpotent ideal.

Ex. 2.19 Let U be an ideal of the ring R. We say that in R idempotents
can be lifted modulo U if for each idempotent element y E R/U there is
an idempotent x E R such that x +U = y. Show that if U is a nilideal
of R then the idempotents can be lifted modulo U.

Ex. 2.20 Let R be a ring with identity.
(a) Show that every ideal in the ring of all square matrices Mn(R)

has the form Mn(A) where A is an ideal of Rj
(b) Verify the ring isomorphism Mn(R)/Mn(A) ~ Mn(R/A).
(c) In M 2(271), using the set S = {aii E M2(271)lau E 471} show

that the existence of the identity of the ring is essential.
(d) The result from (a) holds for left (or right) ideals?

Ex. 2.21 Show that M 2 (lR) has no nontrivial ideals.

Ex. 2.22 Give an example of a non-commutative ring with a proper
commutative quotient ring.

Ex. 2.23 Let X be a non-empty set and Y a proper subset of X.
Con~ider P(X) and P(X\Y) as (boolean) rings (see 1.6) relative to
the symmetric difference and the intersection. Show that:

(a) P(X\Y) ~ P(X)/P(Y)j
(b) IfX is finite every ideal of P(X) has the form P(Y) for a suitable

subset Y of Xj
(c) If X is infinite (b) fails.
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Ex. 2.24 Let [ and J be ideals in a ring R. Prove that the canonical
ring homomorphism R / [n J -+ R/[ x R/J is an isomorphism iff
[ + J = R (so called comaximal ideals).

Ex. 2.25 Let R be a commutative ring and [ = [2 a finitely generated
ideal of R. Find an idempotent element e E R such that [ = Re.

Ex. 2.26 Show that in a commutative regular (von Neumann) ring
every finitely generated ideal is principal.

Ex. 2.27 ForaprimenumberpletQ(p) = {,:: EQI(njp) = I} (as above
(nj p) denotes the g.c.d.(n, p) and all fractions are irreductible). Verify
the following properties:

(a) Q(p) is a subring ofQj
(b) For every x E Q either x E Q(p) or x-I E Q(p);

(c) The only subrings ofQ which contain Q(p) are Q(p) and Q';
(d) Every ideal of Q(p) has the form (pn) = pn .Q(p) for a suitable

n E lNj
(e) nQ(p) = 7L (here lP denotes the set of all the prime numbers).

PElP



Chapter 3

Zero Divisors

Zero divisors are defined in the introduction of the first chapter.
A nonvoid subset S of a ring R is called a multiplicative system if

it is closed under multiplication.
A proper ideal P is called prime if for each ideals I I J the inclusion

10 J ~ P implies I ~ P or J ~ P.

15
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Ex. 3.1 In a ring with identity show that each idempotent element
which differs from 0 and 1 is a zero divisor.

Ex. 3.2 Let R = C[0,1] = {f: [0,1] -t lRlf continuous} be ring with
the usual addition and multiplication. Prove that fER is a zero
divIsor iff there is an open interval in [0,1] such that the restriction of
f vanishes. Find also the idempotent resp. nilpotent elements from R.

Ex. 3.3 Let M be an infinite arbitrary set, (P (M) ,+, n) the ring of
all the subsets of M (see 1.6) and poeM) the subset of all the finite
subsets of M. Show that:

(i) poeM) is a subring of P (M);
(ii) each element from Po (M) is a zero divisor in poeM);
(iii) each element -I M from P (M) is a zero divisor in P (M).

Ex. 3.4 Let m,n E IN*,gcd(mjn) = 1 and q = mn. If
T = {mxlx E 7l., (Xj n) = I} ~ 7l.q , show that T is closed. under

multiplication in 7l.q and (T,·) is a group of zero divisors from 7l.q•

Ex. 3.5 Show that a finite ring R with left and right non-zero divisors
has. identity.

Ex. 3.6 Let 5 be a multiplicative system in a commutative ring R
which contains only non-zero divisors. Show that the following subset
T = {a E RI3s E 5,3r E R: s = ar}, has the same properties.

Ex. 3.7 Let (0) -I I an ideal without non-zero divisors in a ring R.
If there are elements 0 -I a E I and ~ E R such that ra = 0 then
rI=Ir=(O).

Ex. 3.8 If I is an ideal of the ring R then· show that if R has no
non-zero divisors then R/(l(I) n r(I)) has the same property.

Ex. 3.9 Prove that every ring without non-zero divisors can be em::':
bedded in a ring with identity which has no non-zero divisors.

Ex. 3.10 Let R be a commutative ring and f E R[X]. Prove that f
is a' zero divisor in R[X] iff there is an element 0 -I r E R such that
rf = O.
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Ex. 3.11 If R is a finite ring with identity then each non-zero element
is either a one-sided zero divisor or a unit in R.

Ex. 3.12 Let K be a field and A E M 2 (K), Ai- O. Show that A is a
unit iff A is a left non-zero divisor in M 2(K). If K is not a field, does
this hold?

{ (
a +bi c + di ) }

Ex. 3.13 .If M = ~c +di a _ bi E M 2 (C) la, b, c, dE lR ,

verify that M is a ring without zero divisors.

Ex. 3.14 Let R be a ring, a IE Rand 0 i- b E R such that aba = O.
Prove that a is left or right zero divisor in R.

Ex. 3.15 In a commutative regular (von Neumann) ring show that
each nonunit is a zero divisor.

Ex. 3.16 Do the zero divisors of a ring R form an ideal?

Ex. 3.17 Show that the set D of all the zero divisors of a commutative
ring contains at least one prime ideal.

Ex. 3.18 If D is an integral (commutative) domain show that D (X) =
D [[X)) , the ring of all the power series with coefficients in D is also an
integral domain.

Ex. 3.19 For a surjective'ring homomorphism f : R -r R' of commu­
tative rings with identity analyse the following statement: "f(r) isa
zero divisor iff r is a zero divisor" .



"J"



Chapter 4
,.

Ring Homomorphisms

Let f : R'--t R' a ring homo~orphism. If the rings have identity f is
called unital if f(l) = 1'.

ker(J) = {r E Rlf(r) = O'} is an ideal of R.
For any subset Y ~ R' one defines the preimage
f-l(y) ={r E Rlf(r) E Y}.
Correspondence theorem. IfA is a subring and I an ideal of R

then f(A) is a subring in Rand f(1) is an ideal in f(R). Conversely, if
A' is asubring and I' an ideal ofR' then f- 1(A') is a subring and f- 1(1')
is an ideal of R. Iff is surjective, F : {A subring in RI ker(J) ~ A} -+
{ subrings of R'} defined by F(A) = f(A) is an order isomorphism
which preserves and reflects ideals and in particular maximal ideals.

If R, R' are rings there is always at least one ring homomorphism:
0-: R --t R',o(r) = 0', Vr E R the zero (trivial) homomorphism.

Let a be a fixed eleme~t in a ring R. Define the map ta : R --t R
by-ia(r) = ar, Vr E R, the left translation with a (right translations are
·defined in' a symmetrical way). The translations are group endomor­
phisms of (R, +).

19
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Ex. 4.1 Show that for a homomorphism f : R'~ R' of rings with
identity, f(l) is an identity in f(R) but not necessarily in R'.

Application: each surjective homomorphism of rings with identity
is unital.

Ex. 4.2 Let I< be a simple ring and f : I< ~ R a ring homomorphism.
Prove that f is either trivial or injective.

Ex. 4.3 Let R be a ring and f,g : Q ~ R be ring homomorphisms
such that f(n) = g(n), "In E 7l. Prove that f = g.

Ex. 4.4 Prove that the map f : 7l ~ 713 X 7l5 ,J(x) = ([xb, [x]5)is a
surjective ring homomorphism and determine its kernel.

Ex. 4.5 If, for a non-zero square-free integer d, 7l [Jd] denotes the

subring {a +bJdla, bE 7l} of C, find all the elements x such that the

composition 7l ~ 7l [Jd] ~ 7l [Jd] / (x) is surjective. As a special

case, when is the canonical map 7l/ (x) n 7l ~ 7l [Jd] / (x) a ring
isomorphism ?

Ex. 4.6 Give an example of a ring homomorphism f : R ~ R' and an
ideal I of R such that f(1) is not an ideal of R'.

Ex. 4.7 Determine (a) all the unital ring endomorphisms of 7l and (b)
all the ring homomorphisms from 7l to Q.

Ex. 4.8 For n 2: 2, n E :IN determine the ring endomorphisms of 7ln •

Ex. 4.9 For n, m E 7l, n, m 2: 2 determine the ring homomorphisms
7ln ~ 7lm •

Ex. 4.10 Let f : R ~ R' be a surjective homomorphism of rings with
identity and a E R. Show that if a is either idempotent, nilpotent,
central or a unit then f( a) is also idempotent, nilpotent, central re­
spectively a unit. Is any converse true?
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Ex. 4.11 Let j: R -+ R' be an isomorphism of rings with identity.
(a) Show that j preserves elements which satisfy the relation x 2 =

1 + 1;
(b) Infer: 7l[V2] is not isomorphic to 7l[/3]. Generalize.

Ex. 4.12 Prove that R = { (~ :), la, bE Q} is a nO\lcommutative

subring of M 2(Q). If I = {A E RIA2 = O} show that I is an ideal and
R/I '::!-Q.

Ex. 4.13 Let j : R -+ R' be a ring homomorphism, A an ideal in
Rand {Bi}ieI ideals in R'. Show that j-l (f(A)) = A + ker(f) and

j-l (n Bi) = nj-l (Bi).
ieI ieI

Ex. 4.14 Give an example of a homomorphism j : R -+ R' of commu­
tative rings and a maximal ideal M in R' such that j-,.1 (M) =J R but
j-l (M) is' not a maximal ideal.

Ex. 4.15 Does a commutative ring with identity R such that R[X] rv

(71, +, .) I exist?
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Chapter 5

Characteristics

,
Denote by ord(a) = Ord(R.+)(a) the (group) order of an element a in
a ring R. If there is arnE IN* such that rna = 0, Va E R then we
denote by char(R) the smallest positive integer (if it exists) having
this property (Le. all elements are of finite order and ord(a) divides
char(R)). In the remaining case (i.e. there are elements of infinite
order or {ord(a)la E R} is not bounded) we say that char(R) = O.

Ifa ring R has identity then char(R) = ord(R.+)(l). More generally,
if a is a unit of R then char(R) = Ord(R,+)(a).

Each r~ng with identity without zero divisors (e.g. integral domains,
division rings, fields) has prime or zero characteristics.

23
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Ex. 5.1 Show that the characteristic of a Boole ring (1.23) is 2.

Ex. 5.2 Compute the characteristic of 7l. x 7l.,71.3 X 7l., End(71.) and
End(71.3 ).

Ex. 5.3 For m, n E IN* prove that the characteristic of 7l.m x 7l.n is
[mj n] , the least common multiple of m and n. Generalize.

Ex. 5.4 Compute the characteristic ofQ x 7l.g •

Ex. 5.5 Show that each division ring has a natural structure of vecto­
rial space over 7l.p (for a prime number p) or Q.

Ex. 5.6 Prove that for each ring R with identity there is a unique
unital ring homomorphism f : 7l. -+ R. Moreover, if char(R) = 0 then
f is injective and if char(R) = n E IN* then ker(f) = (n) = n71..

Ex. 5.7 If there is an unital ring homomorphism f : /{ -+ /{/ between
twb division rings then prove that char(I{) = char(/{').

Ex. 5.8 For two fields /{, /{/ of characteristics different from 2 and 3
and a map f : K -+ /{/ such that f(x + y) = f(x) + f(y), Vx, Y E /{
and f(l) = 1/ show that f is a (unital) ring homomorphism iff f(x3

) =
f(x?, Vx E /{. .

Ex. 5.9 Give an example of commutative ring with identity of prime
characteristic which is not a field.

Ex. 5.10 Show that the characteristic of Kg (see 7.2) is 2.

Ex. 5.11 Let us define on 7l.3 x 7l.3 the following laws: (a,b) + (c,d) =
(a+c,b+d) and (a, b).(c, d) = (ac-bd,ad+bc).Verifythat we obtain a
field (further denoted /{g, see also 7.3) and compute its characteristic.

c'

Ex. 5.12 Give an example of an infinite division ring of finite (and
hence prime) characteristic.

Ex. 5.13 Let /{ be a field of characteristic O. If A, B E Mn(I{) is
AB - BA = In possible?
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Ex. 5.14 Let K be a field and char(K) = p =J O. Prove that the
polynomial Xpn - a E K[X], for a E K, has at most a root in K.

Ex. 5.15 Let K be a division ring and char(K) =J 2. Show that X 2 +
y2 _ 1 is irreducible in K[X, Y].
,

Ex. 5.16 Let K be a field of characteristic p and a, bnon-zero elements
of K. Prove that f E K[X] is either irreducible or factors completely
in K[X] for:

(i) f = XP - X - aj
(ii) f = XP - bP-1X - aj
(iii) f =XP +bP-Ia-IX _'a-I.

Ex. 5.17 Let K be a field such that char(K) #- 2 and a E K such that
a2n+I = 1 for n E IN*. Find a map f: K -+ K such that f(x)+ f(ax) =
2x, \Ix E K (here 2 = 1 + 1 in K).





Chapter 6

Divisibility in Integral
Domains

If a, b E R. a commutative ring, we say that b divides a (denoted bla) if
there is an element c E R : a = be. One checks bla {:} aR = (a) ~ (b) =
bR. Two elements are associated (in divisibility) denoted by a '" b if
bla and alb. Tbis is an equivalence relation and a '" b {:} aR = bR. An
element p is called

irreducible if it is not a unit and has no other divisors then units
and .associated elements;

reducible if it is not irreducible;
prime if it is not a unit and pla.b => pia or plb;
greatest common divisor for 1'1,1'2, .. , 1'n if ph(l ::5 i ::5 n) and if

dh(l ::5 i ::5 n) then dip;
least common multiple is defined similarly;
Eacb prime element is irreducible.
An integral domain D is called Gauss or a unique factorization

domain 'if each a E D which is not a unit decomposes in a product of
irreducible elements, each two such decompositions being associated.

In eacb Gauss ring eacb two elements bave g.c.d. and each irre­
ducible element is prime.

Each principal ideal domain is a Gauss ring.
A pair (D,o) which consists of an integral domain D and a map

0: D* -+ IN* is called an Euclidean ring if Va E D, Vb E D*, 3q, l' ED:
a = bq + l' where l' = 0 or 0(1') < o(b).

27



28 CHAPTER 6. DIVISIBILITY IN INTEGRAL DOMAINS

Each Euclidean ring is a principal ideal domain (and hence, a Gauss
ring).

"
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Ex. 6.1 Let D =f:. 0 be an integral domain such that each pair of
nonzero elements from D are associated. Prove that D is a field.

Ex. 6.2 A commutative ring with identity R is called normed if there
is a map N : R ~ lN such that N(xy) = N(x)N(y) (also called a
multiplicative map), N(x) = 0 iff x divides 0 and N(x) = 1 iff x is
a unit in R. In such a ring show that every element decomposes into
irreducible elements.

Ex. 6.3 Show that each Gaussian ring is normed.

Ex. 6.4 Verify that the rings 7l. [y'n] and 7l. [iy'n] where n E lN, n > 1
is not a square in 7l.,are normed.

Ex. 6.5 Show that 7l.[i] is an Euclidean ring.

Ex. 6.6 Decompose the following numbers in 7l.[iJ2] : 5,1 + iJ2, 2 +
iJ2.

Ex. 6.7 In 7l.[i], the ring of Gauss integers, find a gcd for 5 and 1+ 3i.

Ex. 6.8 Show that in 7l.[iV5] the elements 6 and 2(1 +iJ5) don't have
a gcd.

Ex. 6.9 Find a gcd for 3 and 1 + iV5 in 7l.[iV5].

Ex. 6.10 Using an Euclidean algorithm find in 7l.[i] a generator for the
ideal (1 + i,4 + i).

Ex. 6.11 Let n E IN*, n ~ 3 such that vn i: 7l.. Show that in the ring
7l.[y'n] the element 2 is irreducible but not prime.

Ex. 6.12 In 7l.[i] prove that 1 + 2i is a prime element.

Ex. 6.13 In the ring R = 7l. [iJ6] verify that the following hold:
(a) there are no elements of norm equal to 2 or 5;
(b) the elements 2,5,2 - iJ6 are irreducible but not prime;
(c) in R the identity 1 is a gcd(5, 2 + iJ6) but 1 i: (5,2 + iJ6) .
(d) a gcd(10, 4 + 2iV6) does not exist;
(e) in R the element 10 can be decomposed into two different prod­

ucts of irreducible non-associated elements.
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Ex. 6.14 Show that there are an infinite number of irreducible ele­
ments in 7l[i].

Ex. 6.15 Let D f. 0 be an integral domain such that each element
from D* is a unit or an irreducible element in D. Prove that D is a
field.

Ex. 6.16 Show that 7l[iJ3"] and 7l[iv'6] are not Gaussian rings.

Ex. 6.17 Is the ring 7l[iv'2] Euclidean?

Ex. 6.18 Verify that the ring 7l[J3"] is Euclidean.



Chapter 7

Divi~ion Rings

A ring I< with identity is call~d a division ring if (K* , .) is a group. A
commutative division ring is called a field.

Each division ring has zero or prime characteristics.
Wedderburn'8 Theorem. Every finite division ring is commuta­

tive (a field).
The number of elements in a finite field is a power of its character­

istics (see 7.15).
Any two finite fields with the same number of elements are isomor­

phic.
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Ex. 7.1 Show directly that each field with 4 elements is isomorphic
with K4 (see 1.9}.

Ex. 7.2 On ?l~-define the following 2 laws: (a,b,e) + (u,v,w) = (a +
u, b+ v, e+w) and (a,b, c) . (u, v, w) = (au +bw +ev, av +bu +bw +
ev +ew, aw +bv +eu +ew). Show that a field (further denoted Kg) is
defined in this way.

Ex. 7.3 On 7l; defi-ne the following 2 laws:
(a,b) + (e,d) = (a+ e,b+ d) and
ta, b). (e, d) = {ae -od, ad +be}, Va, b, e, d E 7l3 •

Verify that in this way one obtains a field with 9 elements, denoted
Kg.

Ex. 7.4 Show that {( ~b :) la, bE IR} ~ M 2 (IR) together with

the usual matrices addition and multiplication forms a field isomorphic
to (C.

Ex. 7.5 Show that {( x ~y2Y x ~Y2Y ) lx, y ECQ} ~ M 2(Q) together

with the usual matrices addition and multiplication forms a field iso­
morphic with Q[v1Q].

Ex. 7.6 Letd be-a square-fr.ee integer. Show that

{(:b ~) la, bE Q} ~ M,(Q) to,!ether with the usual matrices

addition and multiplication forms a field isomorphic to Q[Vd].

Ex. 7.7 Let K be a field. Prove that the groups (K, +) and (K":,')
are not isomorphic.

Ex. 7.8 Let [{ be a field and ehar( K) f. O. Prove that there is only
one group homomorphism (K,+) -t (I{*, .). Can this be applied to Q?

Ex. 7.9 Let D be a noncommutative division ring. If there are a, b E
D, nEll such that anbn - bn+Ian+I = 1 and a2n+I + b2n+I = 0 then
show that bnan - an+Ibn+I = 1.
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Ex. 7.10 A non-zero ring R is a division ring iff each x E R, x =/:0 has
a right inverse.

Ex. 7.11 A non-zero -ring R is a division ring iff for each x E R., x =/: 1
one has x +y = xy for a suitable y E R.

Ex. 7.12 Give an example of an infinite non-commutative division
ring.

Ex. 7.13 Prove the existence of a field with p2 elements for each prime
number p.

Ex. 7.14 Compute the center of our solution to the previous exercise.

Ex. 7.15 Show that each finite division -ring K has as number of ele­
ments a p~wer of a prime number.

Ex. 7.16 Let K be a field and f,gnonzero endomorphisms of K. Show
that H = {x E Klf(x} = g(xH is a subfield of K.

Ex. 7.17 If K and K' are -division rings and for n, m E IN* an isomor­
phism Mn(I{) fV Mm(I{'} holds, then n = m and K ~ K'.





Chapter '8

A utomorphisms.

,
, A ring homomorphism i : 1l --t R' is -called automorphism if it is
bijective (an isomorphism) and R = E (an endomorphism).

Each automorphism is unital.
Under usual composition and inverse tne automorphisms of a field

K form a group, denoted Aut(K).
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Ex. 8.1 Prove that tlie only automorphism ofQ "is the identical one.

Ex. 8.2 Determine all the automorphisms of the field (IR, +,.) and the
aut9morphisIDs of the field -(C, +,.) for which IR is invariant.

Ex. 8.3 Describe the automorphisms of Q[Jd] for a square-free non­
negative integer d.

Ex. 8.4 Determine the- itutomorphisms of [{4 (see 1.9).

Ex. 8.5 Deterrninethe automorphisms of Ks (see 7.2).

Ex. 8.6 Show that Kg {-see 7.3} has only two automorphisms.

Ex. 8.7 Give examples of non-identical automorphisms of Z[J3"].

Ex. 8.8 Determine .the automorphisms of Zp.

Ex. 8.9 Let R be an- integral domain.
(a) If a, b E Rand a is a unit, the map r.p : R[X] ~ R[X] defined

by r.p(f(X)) = f(aX +b) is an automorphism of R[X].
(b) Prove that each automorphism of R[X] whose restriction to R

is the identical automorphism has the form pointed out in (a);
(c) Determine the automorphisms of Zp[X] (for p a prime number)

and ofQ[X].

Ex. 8.10 Prove that Q(~ has only one automorphism, for each a E
Q+ which is not a cube in Q.

I

Ex. 8.11 Let [{ be a (commutative) finite field of prime characteristic
p. Show that the map f : K ~ K, f(x) = xP, Vx E [{ is an automor­
phism of [{ (also called the Frobenius automorphism).

Ex. 8.12 Prove that each division ring which has only a finite number
of automorphisms. is commutative.

"

Ex. 8.13 For a finite ring R with identity denote by n(R) the number
of elements of R and by a(R) the number of ring automorphisms of R.
Determine (up to a ring isomorphism) the rings R such that n(R) 2:: 3
and a(R) = {n(R) - 2)! (long solution I).



Chapter 9

The Tens-or Pr-odnet

Let MR be a right R-module,' RN -a left R-module and G an abelian
group. A 7l.-bilinear map 'P : M x N -+ G is called R-balanced if
'P(mr,n) = 'P(m,rnrholds~for each mE M,n E N,r E R.

We denote by L the free 7l.-modute over M x N i.e. L = 7l.(MxN)and
by {[m, n] I(m, n)E M x N} its -canonical basis. Let l< be the sub­
group of L generated byihe elements bfthe form [mi +m2, n]-[mI, n]­
[m2' n]

[m, ni +n2] - [m, nd-- [m, n2] and [mr, n] - [m, rn] for m, mI, m2 E
M,n,nI,n2 E N,r E R. We denote by M &>R N = LIl< and by 'P :
M x N -+ M &>R N,'P((m, n)) = [m, n] + l< ~t m &> n and call this the
tensor pro.duct of M and N. Every element in M &>R N can be written

k

as a finite sum :L: mi &>~.
i=I

The tensor product is-an- abelian group and 'P is all-bilinear R-
balaced map.

If 5MR and RNT are -bimoifules.. tIie tensor product has a natural
structure of S - T-bimodule.

The universality of the tensor product. For each 7l.-bilinear
R-balanced a : M x N -:7 Gthere is a unique '0 : M &>R N -+ G such
that a = '00 'P.

The tensor pro-duet.of module homomorphisms. Iff: MR -+
Mil and 9 :R N -+R N' :be K-module bomorphisms there is a uIiique 7l.­
bilinearmapf&>g::M-0RN -+ M'0RN' such that (J0g)(m0n) =
(f (m) 0 9 (n)), 'imE-M, n-E -N.
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In particular, considering R as R - R-module, there is a surjective
R-module homomorphism, I1R : R ®R N -+ RN defined by

IiR (~(T' ® n,)) = ~ T,n,.
H R is an integral domain a R-module RM is called
torsion if 'rim E M,::Ir E R* :. rm = 0 and
divisible if 'rim E M, 'rIr E R*, ::Iml EM: m = rml (i.e. r M =

M, ';Ir ER*).

"
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Ex. 9.1 For n E IN* verify ?l®?l ?In ~ ?In.

Ex. 9.2 Let n E IN*. Prove that the following equalities hold:
(a) ?In ®?lQ = OJ
(b) ?In ®?l (Q/?l) = OJ
(c) Q ®?l (Q/?l) =·0. Generalization.

Ex. 9.3 Show that if -u : n?l ~ ?l denotes the inclusion then the
homomorphism u ® 171. : n71.®.?l ?In ~ ?l ®?l ?In is not injective.

Ex. 9.4 Let R be a ring, I aq: ideal of Rand RM a left R-module. If

I· M = {t rkxk!rk E I, Xk E M, n E IN*} show that there is a natural
h=l

isomorphism of R-modules.(RII)-®R M I"V Mil· M.
Application: R = ?l.

Ex. 9.5 Let I,J be.ideals ofthe-fing R. Point out an isomorphism of
R:.modules R/I ®R R/J ~ R/(I +J).

Ex. 9.6 Let n,m E IN* and.d.= gcd(m,n). Prove that the following
properties hold:

(a) ?In ®?l ?lm ~ ?ld.
(b) ?In ®?l ?lm = 0 iff d = 1.
(c) ?In ®?l?ln ~ 7ln. Generalization.

Ex. 9.7 Determine a group-isomorphism between Q®?l Q and Q.

Ex. 9.8 {jet U, V, W be. vector spaces over a field I<. Find canonical
isomorphisms K ~KU ::U, U ®/{V ~ V ®K U and (U ®K V) ®K W::
U®K (V®K W)..

Ex. 9.9 Let U* be the dual-of a ¥ectorspace over a field K. For two
finite dimensional vector spaces prove that (U ®K V)* I"V U* ®K V* and
homK(U, V*) ~ (U ~Q9KV)"" hold.

Ex. 9.10 For a field K provethat-K[X, Y] ~ I<[X] ®K I<[Y].
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Ex. 9.11 Establish the following isomorphisms:
(a) JR 0Q JR ~ JR as Q-vector spaces;
(b) C 0Q C ~ C x C as Q-vector spaces;

(c) C ®JR C ~ JR4 as JR-vector spaces.

Ex. 9.12 Prove that the map IlC : C ®JR C -+ C induced by multipli­
cation, is a ring homomorphism but is not injective.

Ex. 9.13 Let M, M l be right R-modules and N, N l be left R-modules
and let j : M -+ Ml , 9 : N -+ N l be R-module homomorphisms. If j, 9
are surjective show that j ® 9 is surjective too and that ker(f ® g) is
the subgroup of M ®R N generated by the union of the following sets
{a ®yla E ker(f) , yEN} and {x ® blx E M, bE ker(g)}.

Ex. 9.14 Let R be a ring and let I be an ideal of R such that J2 i=­
I i=- R. Show that i ® lRlll where i : I -+ R is the inclusion, is not
injective



Chapter 10

Artinian and Noetherian
Rings-

A ring Ris called left (right) artinian if the set of all the left (right) ide­
als of Rsatisfies-the nee (aescending chain condition) Le. each strictly
descending chain of left{(-right) ideals is fini te (or equivalently, each non­
void family ofleft (right) ideals contains a minimal element). Similarly,
a ring is called left -(right) noetherian if the set of all the left (right)
ideals satisfies the ace (ascending chain condition).

Theorem of Hopkins. Every right artinian ring is right noethe­
rian.

In a right .noetherian ring the prime radical (the intersection of all
the prime jdea1s) k the largest nilpotent right ideal and the largest nil
left ideal.

Any left nilideal in a left artinian ring is nilpotent.
Theorem of Hilbert. If R is right noetherian ring with identity.

then R[X] is also rightnoetlJerian.
A ring is right noetherian iff each right ideal is finitely generated.
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Ex. 10.1 Show that Z[i] is a noetherian but not an artinian ring.

Ex. 10.2 For two rings Rand S and a R - S-bimodule M let T =
(~ ~) be a ring with componentwise defined addition and a mul-

( r x) (r' X') (rr' rx' +xs" )tiplication given by as' a s' = ass' . Prove

that:

(a) All the left ideals in T have the form { (~ 7)} where

(r, m) E N a R-submodule of RfBM, s E I a left ideal in S, M I ~ N.
(b) The ring T is left (resp. right) noetherian iff Rand S are left

(resp.right) noetherian rings and M is a left (resp. right) noetherian
R-module (resp. S-module).

Ex. 10.3 Show th.t (~ ~) is. right noetheri.n ring but not • left

noetherian ring.

Ex. 10.4 Show th.t (~ :) is • right aIlinian but not. left ar­

tinian ring.

Ex. 10.5 Show th.t (~ ~) is • left noetherian ring but not. right

noetherian ring.

EX~ 10.6 Show that (~ ~) is a l~ft artinian but not a right ar­

tinian ring.

Ex. 10.7 Let [{ be a field. Show that [{[X] is a noetherian but not
an artinian ring.

Ex. 10.8 Show that if R[X] is a noetherian ring then R has the same
property.

Ex. 10.9 Let Q (X, Y) = Q[[X, V]] the ring of formal series over Q and
R = Q[[X, Y]]/ (X2

, XY). Show that R is not artinian.
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Ex. 10.10 Let R be a ring. Show that R is left artinian (noetherian)
iff M n (R) is left artinian (noetherian).

Ex. 10.11 Verify that each finite product of artinian (noetherian) rings
is artinian (noetherian).

Ex. 10.12 "Show that an integral ring (without zero divisors) with
identity is.1eft artinian iff it -is a division ring.

Ex. 10.13 -We-say that' a ring R satisfies the annihilator conditions if
l(r(A)) =A,r(l(B)) =B hold for every left ideal A and for every right
ideal B (see 2.3}. Show that if a left noetherian ring R which satisfies
the annihilator conditions the~ it is right artinian.

Ex. 10.14 If-a ring Rsatisfies the annihilator conditions and anyone
of the conditions - left noetherian, right noetherian, left artinian or
right artinian -- then it satisfies all four conditions.

Ex. 10~15 Let R be a commutative ring with identity. If R has ideals
which are not finitely generated, prove that the set N:F of all the not
finitely generated ideals ordered by set inclusion is inductive (I.e. each
chain has an upper- bound) and the maximal elements in this ordered
set are prime ideals.

Ex. 10.16 Prove that a commutative ring R with identity is noetherian
iff each prime ideal I is finitely generated.

Ex. 10.17 Let U, V be ideals in a commutative ring R. If U is finitely
generated and R/U, R/V -are artinian (noetherian) rings then prove
that R/(U 0 V) has the same property.

Ex. 10.18 In an artTnian commutative ring R prove that each prime
ideal is maximal.

Ex. 10~19 Let R be a commutative ring. Prove that R is artinian iff
R is noetherian -and each pri-me ideal is maximal.

Ex. 10.20 In a left artinian ring R show that a left ideal L is nilpotent
(i.e. there is -a nE iN* -such -that Ln = (0)) iff L is nil (that is, each
element in. it is- nilp_otent). {Hint: see 17.12).
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Ex. 10.21 In a right noetherian ring show that every nil ideal is nilpo­
tent.

Ex. 10.22 In a left artinian ring R show that:
(a) there are maximal nilpotent left ideals;
(b) there is a greatest nilpotent left ideal N;
tc) N is actually two-sided;
(d) N = rad(R).



Chapter 11

Socle and Radical

The left (right) sode ef a ring R is the sum of all the minimal (simple)
left (right) ideals of R. For commutative rings we shall denote this by

.s(R).
The left (right) (Jacobson) radical of a ring R is the intersection of

all the maximalleft':-(right) ideals of R. For commutative rings we shall
denote this "by rad( R).

An element r ina ring R is called left (right) quasi-regular if there
is an element s E R: r +s - sr = 0 (resp. r + s - rs = 0).

A right (left) ideal I is called
essential (or large) if-for every right ideal J #- 0 =? In J #- OJ
superfluous (or small) if for every right ideal J, 1+ J = R =? J = R.
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Ex. 11.1 If R is an integral domain then R is a field iff s{R) f:. o~

Ex. 11.2 Compute the sode s(71n).

Ex. 11.3 If I c J c K show that I is essential in K iff I Is essential
in J and J is essential in K.

Ex. 11.4 If j : R ~ R' is a ring homomorphism and J i"s essential in
R' prove that the preimage j-l (J) is essential in R.

Ex: 11.5 Prove that the intersection of all the essential ideals is the
sode of a ring.

Ex. 11.6 Show that if I is superfluous then [ C rad(R).

Ex. 11.7 In a ring R with identity, for a right ideal I, show that if
1+ I consists only of units then I ~ rad(R).

Ex. 11.8 If I is a finitely generated right ideal of R and I C rad(R)
then I is superfluous.

Ex. 11.9 Prove that the sum of all the superfluous right ideals is the
radical of a ring.

Ex. 11.10 Compute the radical rad(71n).

Ex. 11.11 In an arbitrary ring show that if rad(R) =f:. R then
rad(R) = {r E RI'v'x, y E R: xry is right quasi-regular}.

Ex. 11.12 In a ring with identity R show that rad(R) =
{r E RI'v's E R the element 1 - rs is right inve~tible}.

Ex. 11.13 Verify that rad(Mn(R)) = Mn(rad(R)).

Ex. 11.14 Show that the radical of a ring contains no nonzero idempo­
tent elements. Then compute rad (Mn(K)) and rad(B) for an arbitrary
ring K with identity and for a Boole ring B.
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Ex. 11.15 For a field Kconsider V= {( ~ ~ ~) la, b, c E K}
subring in Ma(K). Show that V is a commutative ring and compute
the radical of V.

Ex. 11.16 'Compute the radical of the ring Z(p)of all the p-adic inte­
gers.

Ex. 11.11 For a field K and T = {(aij) E Mn(K)li < j :;. aij = O}
compute rad(T) and show that T/rad(T) is a commutative ring.

Ex. 11.18 Let f : R -+ R' be a ring homomorphism. Verify the
inclusion f(rad(R)) ~ rad(R').

Ex. 11.19 Prove that for a commutative ring with identity R, the
radical ra¢(R[X]) and the nilradical N (R[X]) (see 13.11) are equal.

Ex. 11.20 If r E R and r E rad(R[X]) then prove that r is nilpotent.

Ex. 11.21 If R has characteristic 0 then rad(R[X]) # 0 implies R n
rad(R[X]) # 0 (using the natural identification).

Ex. 11.22 Compute rad(K (X)), the ring of formal power series in
one indeterminate with coefficients in a division ring K (also denoted
by K[[X]]).
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Chapter 12

Semisimple Rings

A ring R is called left (right) semisimple if it is a direct sum of minimal
left (right) ideals.

A ring is left (right) semisimple iffit coincides with its corresponding
soele.

A ring R is left (right) semisimple iff every left (right) ideal in R is
a direct summand.
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Ex. 12.1 Show that a product of simple rings need not be semisimple.

Ex. 12.2 Prove that a ring is semisimple iff it has no right essential
ideals.

Ex. 12.3 If I is a proper ideal in a semisimple ring Rr show that R/I
is semisimple too.

Ex. 12.4 Every subring of a semisimple ring has to be.semisimple?

Ex. 12.5 Let f : R ~ R' a surjective ring homomorphism of. rings
with identity. Prove that R' is a semisimple ring iff RR' (via f ) is a
semisimple left R-module.

Ex. 12.6 Find necessary and sufficient conditions in order 7l.n to be a
semisimple ring..

Ex. 12.7 For a family {Ri } ieI of rings show that II Ri is semisimpIe
ieI

iff I is finite and each Ri is semisimple.

Ex. 12.8 Is a union of a chain of semisimple rings semisimple ?

Ex. 12.9 Let A be an ideal in a semisimple ring R. Find a central
idempotent e E R such that A = eA = Ae.

,
Ex. 12.10 Let R be a semisimple ring and e E R, e2 = e =1= O. Show
that Re is a minimal left ideal of R iff eRe is a division ring.

Ex. 12.11 Prove that a ring with identity is left semisimple iff it is
right semisimple.

,.

Ex. 12.12 A ring R is left semisimple iff rad(R) = 0 and R is left
artinian.

Ex. 12.13 Let R be a ring; .show that R is semisimple iff Mn(R) is
semisimple.
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Ex. 12.14 Prove that for a ring with identity R the following condi­
tions are equivalent: (a) R is semisimplej

(b) R is left noetherian and regular von Neumann (see 17.14)j
(c) R is left noetherian and regular von Neumann.

Ex. 12.15 Prove that for a Boole ring R the following conditions are
equivalent:

(a) R is artinianj
(b) R is noetherianj ,
(c) R is semisimplej
(d) R is finite.

Ex. 12.16 Show that the ring of the endomorphisms of a semisimple
module is regular von Neumann (see 17.14).

Ex. 12.17 Let f : R 4- R' be a ring homomorphism of rings with
identity. If R/rad(R) is semisimple show that rad(J(R)) = f(rad(R)).

Ex. 12.18 If R satisfies the descending chain condition on principal
right ideals and R is a semiprime ring, i.e. has no nonzero nilpotent
ideals, then prove that R is semisimple.

Ex. 12.19 Let R = {,:: E QI (6j n) = I}. (a) Prove that R is a ring and
that 2R and 3R are the only maximal ideals. (b) Show that R/rad(R)
is semisimple but idempotents do not lift modulo rad(R).





Chapter 13

Prime Ideals, Local Rings

A proper ideal P of a ring R is called
prime if for each two ideals I, J in R the inclusion 10 J ~ P implies

I ~ Por J ~ Pj
semiprime if it is an intersection of prime ideals.
In a ring with identity every maximal ideal is prime.
The prime radical 'R(R) is the intersection of all the prime ideals of

R.
A ring R is called prime (semiprime) if (0) is a prime (semiprime)

ideal in R.
A nonvoid subset S of a ring R with identity is called a multiplicative

system if 1 E S,O rt Sand S is closed under multiplication.
A ring R is called local if it has a unique maximal left ideal. A ring

is local iff its set of non-units is closed under addition.
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Ex. 13.1 In 7l[i], the ring of Gauss integers, show that (3) and (1 +i)
are prime ideals but (2) is not a prime ideal.

Ex. 13.2 Point out an infinite number of prime ideals in 7l[i].

Ex. 13.3 Let J{ be a division ring, U21 (J{) = {(aij) E M2(J{)la21 = O}
and i : U21 (J{) -+ M 2(I{) the inclusion homomorphism. Prove that
(0) is prime in M 2(J{) but i-1(0) is not prime in U21 (J{).

Ex. 13.4 Show that if an ideal I of R is maximal relative to the prop­
erty InS =0 then I is a prime ideal.

Ex: 13.5 If I is an ideal of a commutative ring R, show that VI (see
also 2.15) is the intersection of all the prime ideals that include I.

Ex. 13.6 Let J{4 denote the field with four elements (see 1.9).
(a) Compute the characteristic of J{4;
(b) Show that both elements from J{4 which don't belong to the

prime subfield verify the equality x 2 = x +1;
(c) Show that (2) is a prime (principal) ideal of the integral domain

7l[w] = {a +bwla, bEll} (here 1 =I w E C);
(d) Verify the isomorphism J{4 ::: 7l[w] / (2).

Ex. 13.7 In the ring 471let A = (8) is maximal in 471 but 471/A is no
field.

Ex: 13.8 If A = { (~ :) la, b, c, d E p7L, p a prime number } prove

that A is maximal ideal in M 2(71) but M 2(71)/A is no field.

Ex. 13.9 Let R be a commutative ring with identity. Show that ap.
ideal M =I R is maximal iff for every x (j. M there is an element r E R
such that 1 - rx E M.

Ex. 13.10 Give an example of a ring (without identity) such that not
every maximal ideal is prime.
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Ex. 13.11 Let n(R) be the intersection of all the prime ideals of R
(the prime radical of R). In a commutative ring show that n(R) is the
set N (R) of all the nilpotent elements of R (the largest nil ideal, also
called the nilradical of R).

Ex. 13.12 Show that n(Rjn(R)) = O.

Ex. 13.13 Let R be an integral domain. Show that in R(X) the inter­
section of all the maxim~l ideals is the zero ideal.

Ex. 13.14 In C[X, Y] prove that the set of all the polynomials with
zero constant term form a maximal ideal.

Ex. 13.15 Which of the following ideals ofQ[X, Y] are prime respec­
"tively maximal: (X2)j (X - 2, Y - 3)j (Y - 3)j (X2 +1); (X2 -1)j (X2+
1, Y - 3) ?

Ex. 13.16 Show that the ideal (n, X) is prime jn Z(X] iff n is prime.

Ex. 13.17 If R is a ring with identity such that for each x E R there
is a n(x) E IN''', n(x) > 1 with the property xn(x) = x show that in R
every prime ideal is also maximal.

Application: a Boole ring.

Ex. 13.18 Let R be commutative ring with identity and Spec(R) the
set of all the prime ideals (::j:. R) of R. For X ~ R we denote by
V(X) = {P E Spec(R)lX ~ P}. Verify the following properties:

(a) if A = (X) then V(A) = V(X)j
(b) V(O) = Spec(R), V(I) = 0j "
(c) V(U Xi) = nV(Xi) for each family {XiheI of subsets of Rj

ieI ieI
(d) V(AnB) = V(A.B) = V(A)UV(B) for every A,B ideals of R;
(e) the subsets {V(X)IX ~ R} define a topology (called Zariski) in

terms of the closed subsets on Spec(R) (also called the prime spectrum
of R).

Ex. 13.19 Determine Spec(Z) and Spec(R).
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Ex. 13.20 For r E R denote by Ur = Spec(R) \ V( {r}). Show that
{Urlr E R} form a base of open sets in the Zariski topology of R (see
the'above exercises). Moreover, verify:

(a) Ur n Us = Ur.s holds for each r, s E R;
(b) Ur = 0 iff r is nilpotent in Rj
(c) Ur = Spec(R) iff r is a unit;

(d) Ur = Us iff ..;r;'J = jW for each r, s E R;
(e) Spec(R) and the 'subsets Ur (r E R) are (quasi)compact (not

necessarily Hausdorff).

Ex. 13.21 Let f : R -+ R' be a ring homomorphism and P' E Y =
Spec(R'). Prove that f- 1(P') E X = Spec(R) and hence define r :
Spec(R') -+ Spec(R) in the following way r(p') = f-l(P'). Verify the
following properties:

(a) if r E R then (J*)-l(Ur) = UJ(r) = Spec(R') \ V({f(r)}) that
is, r is continuous in the corresponding Zariski topologies;

(b) if A is an ideal in R then (J*t 1(V(A)) = V(J(A).R');
(c) if A' is an ideal in R' then f*(V(A')) = V(J-l(A'));
(d) if f is surjective, r is a homeomorphism from Spec(R') onto

V(ker 1) ~ Spec(R);
(e) if f is injective then r(Spec(R')) is dense in Spec(R).

Ex. 13.22 Let R be a Boole ring (see 1.23). Prove that:
(a) for each r E R, Ur is open and closed in Spec(R);
(b) for each finite subset F ~ R there is an element r E R such that

U Ux = Uri
xEF

(c) each open and closed subset from Spec(R) has the form Ur for
a suitable r E R; .

(d) Spec(R) is a compact (i.e. quasicompact and Hausdorff) topo­
logical space..

Ex. 13.23 Show that a ring is local iff the set of all the non-units forms
an ideal in R.

Ex. 13.24 Show that Q(p) (see 2.27) is a local ring.



r
i

57

Ex. 13.25 Let R a commutative ring with identity and M a maximal
ideal of R such that a + 1 is a unit for every a E M. Show that R is
local.

Ex. 13.26 Let R be a commutative ring with identity and M a maxi­
mal ideal of. R. Prove that for each n E IN* the ring Rj(Mn) is local.
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Chapter 14

Polynomial Rings

For an arbitrary ring with identity R, we denote by R[X] the ring of
polynomials of indeterminate X over R.

If R' is a ring with identity and R is a subring of R' which includes
the identity, for each c E R' such that cr = rc, 'TIr E R there exists a
unique unital ring homomorphism Ec : R[X] -+ R' such that Ec(r) =
r, 'TIr E Rand Ec(X) = c.

Universality theorem. If Rand R' are rings with identity then
for each unital ring homomorphism f : R ~ R' and each element c E R'
such that c.f(r) = f(r).c, 'TIr E R there is a unique 1': R[X] ~ R' such
that f'(r) = f(r), 'TIr E Rand 1'(X) = c.

If R is a unique factorization domain, a polynomial f E R[X] is
called primitive if no prime element divides all its coefficients.
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Ex. 14.1 Give an example of a polynomial of degree 2 with 4 zeros
over a commutative ring (which is not a field).

Ex. 14.2 Give an example of a polynomial of degree 2 with an infinite
number of zeros over a non-commutative (infinite) division ring.

Ex. 14.3 Characterize the fields such that the classical formula which
gives the zeros of a degree 2 polynomial holds.

Ex. 14.4 Consider f = X 4 -4,g = X2+2 inQ[X]. Verify that the map
F :Q[X]j (f) -+ Q[X]j (g), F(h +(f)) = h +(g) is a well-defined ring
homomorphism. Prove that ker(F) is a maximal ideal inQ[X][X]j (f).

Ex. 14.5 If K is a field show that (X) is a maximal ideal in K[X].

Ex. 14.6 Let D be an integral domain and a an irreducible (in the
divisibility sense) element. Prove that (a, X) in D[X] is not principal.

Ex. 14.7 Is the polynomial X3 +X2 +X +I divisible by X 2+3X +'2
as elements in the polynomial ring over either Z3, Z5 or Z7 ?

Ex. 14.8 Study the reducibility of the polynomials X2 + I and X3 +
X + '2 in Z3[X] respectively Z5[X],

Ex. 14.9 Does an element a E Z5 exist, such that X4 + aX +I is
irreducible in 7l5 [X] ?

Ex. 14.10 Verify that the polynomials f = X 5 + X3 + X and 9 =
X 5 + '2X E Z3[X] induce the same polynomi~l function.

Ex. 14.11 Let R be a commutative ring with identity and I an ideal in
R. Verify that I. = {ao + a1X + .. + anxn E R[X]lao E I} is an ide;,tl
in R[X]. Moreover, prove that I is prime (or maximal) iff I. is prime
(resp. maximal).

Ex. 14.12 Prove that the ideal (n, X) generated by n E Z and X is
principal in Z[X] iff n E {-I, 0, I}.
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Ex. 14.13 In Z[X] show that the set of all the polynomials with the
constant term even number is an ideal which is not principal.

Ex. 14.14 Prove that in any ring of polynomials R[X] the subset of
all the polynomials with zero degree 1 coefficient is a subring. What
about the case of zero degree 2 coefficient?

Ex. 14.15 Let R be a commutative ring with identity and R[X] the
corresponding ring of polynomials. Describe the units and the nilpotent
elements in R[X].

Ex. 14.16 Let R be a commutative ring with identity. Prove that the
following two conditions are equivalent:

(a) 0 is the unique nilpotent element of R;
(b) every unit in R[X] has zero degree.

Ex. 14.17 Is the quotient ring C[X] / (X 2 + 1) an integral domain?
(Here (X2+ 1) denotes the principal ideal generated by X2+1 in([J[X)).

Ex. 14.18 Verify the following ring isomorphismC:::: lR[X] / (X2+1).

Ex. 14.19 Verify the following ring isomorphism Z[X] / (n, X) ~ Zn.





Chapter 15

Rings of Quotients

In this chapter we deal only with commutative rings with identity.
A nonvoid subset 8 ~ R is called a multiplicative system if 8·8 ~ 8

and 1 E 8.
A multiplicative system 8 of a ring R is called saturated if ss' E

8 {:} s,s' E 8.
For a multiplicative system 8 in a ring R we define on R x 8 the fol­

lowing equivalence relation: (x, s) '" (y, t) {:} 3u E 8 : u (tx - sy) = O.
The corresponding quotient structure R x 81 '" denoted Rs or 8-1R =
{;. not (x, s) Ix E R, s E 8} has a natural structure of commutative ring
with identity called the ring of quotients of R relative to (or with de­
nominators in) 8 given by !. + :ll. = t:u+ay !..:ll. = :!:.:ll..

a t st' a t at
The map <p : R -7 Rs,<p(x) = I is a unital ring homomorphism,

injective iff 8 ~ { non zero-divisors of R} and <p(8) ~ U (8- 1(R)) .
The universality theorem. For every ring R' and every ring

homomorphism 1 : R -7 R' such that 1(8) ~ U(R') there is a unique
ring homomorphism 1:Rs -7 R' such that 1 = 1 0 <p.

Consequently, (Rs,<p) is unique up to a ring homomorphism.
If 8 = {non zero-divisors} we use the notation Q(R), called the

classical (total) ring of quotients. For an integral domain (here 8 = R*)
Q(R) is the field offraetions; for a prime ideal P if 8 =R\P we obtain
the localization of R in P, denoted Rp a local ring.
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Ex. 15.1 Prove that each subring with identity ofQ has the form 7ls
for a suitable multiplicative system S C 7l.

Ex. 15.2 Determine the ring of quotients of the ring 7l[i] of the Gauss
integers.

Ex. 15.3 Let p be a prime number and Q{p) = {: E QI(n; p) = I} (see

2.27 ). Show that Q{p) is an integral domain and determine its ring of
quotients.

Ex. 15.4 If [{ is a field and R a subring of [{ then the field of fractions
Q(R) is ring isomorphic with the subfield of [{ generated by R (Le. the
smallest field that contains R as subring).

Ex. 15.5 If R is a principal ring and 0 ~ S is a multiplicative system
in R prove that Rs is principal too.

Ex. 15.6 Show that S is saturated iff R\S is a union of prime ideals.

Ex. 15.7 Let a E R be a non-zero divisor in a commutative ring with
identity. If S = {1,a,a2

, •• ,an , •• } verify Ra = Rs:: R[X]j(aX -1).

Ex. 15.8 For the canonical homomorphism f: R -T Rs show that the
right cancellability property holds (J is an epimorphism in the category
of of rings).

,
Ex. 15..9 With the above notations, if ql, q2, .. , qn E Rs then there is
an element s E S such that qlS, q2S, .. , qns E f(R).

Ex. 15.10 Prove that the canonical morphism f : R -T Rs is an iso­
morphism iff S ~ U(R), the units of R. In particular, the field of
quotients of a field is isomorphic with itself.

Ex. 15.11 If D is an integral domain and S a multiplicative system in
D then the canonical homomorphism f : D -T Ds is an isomorphism
iff for each element q E Ds there is an monic polynomial Pq E D[X]
such that pq(q) = O.
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Ex. 15.12 If R is a right noetherian ring verify that Rs is also right
noetherian.

Ex. 15~13 For S = 271* U{I} consider the ring of quotients 71.s =
S-171.. Show that 7l.s ~ Q.

Ex. 15.14 -Show that the canonical homomorphism <p : R ~ Rs is
surjective iff Rs is cyclic as a R-module (via <p).

Ex. 15.15 Let n E IN; n ~ 2 and S be a multiplicative system in
71.n • If f : 7l~ ~ (71.n )s is the canonical homomorphism show that
(71.n )s ~ 7l.n / ker}.

Ex. 15.16 IfS = 71.* show that f : (II 71.) ~ II (71.)s' the canonical
IN s IN

homomorphism, is not surjective.

Ex. 15.17 -Let 1 be an ideal in a ring R with identity. Show that
S = 1 + l is a multiplicative system and Is is contained in Rad(Rs ).

Ex. 15.18_ Each injective ring homomorphism D ~ D' of integral do­
mains induces an (injective) ring homomorphism Q(D) ~ Q(D') of
division rings ~

Ex. 15.19- If D ~ D' are integral domains then the fields of quotients
Q(D) ~ Q(D'}.

Ex. 15.20 {a)Jf P is a_prime ideal in a commutative ring with identity
R, show that R\Pis a-multiplicative system.

(b) Fo~ simplification Rp denotes the ring of quotients RR\P. Show
that Rp is .a.local ring. How can its quotient ring modulo its maximal
ideal be--descrihed ?-

Ex. 15.2,1 With the ahove notations show that for all the prime ideals
P of an-IlK R, Rp has no non-zero nilpotent elements iff R has no
non-zeronilpotent-elements.

Ex. Ui.:22. With the above notations, if Rp are integral domains, has
R the same property ?





Chapter 16

Rings of Continuous
Functio-ns.

Let X-be-anonvoid set. A topology on X is a family 7 C 'P(X) of
sUDsets -which is closed under finite intersections and arbitrary unions.
The pair (X ,._7) is: called a topological space, the elements of 7 are called
the open sets of the- space. If 71 and 72 are topologies on X and 71 C
T2 we- say that 72 is finer than 710r that 71 is coarser than 72. It exists
_in X a finest topology TO = 'P(X) (called the discrete topology) and a
coarsest one To = {0, X} (called the indiscrete topology). The elements
of J=-= {X \ GrG E l' } are called the closed sets.

A topological space is called disconnected, if it exists a nonvoid open
set with an open,. nonvoid complement; otherwise it is called connecte~.

The space.is called countably compact if every countable open cover of
X has- -a -finite subcover.

We denote by lRx the set of all real-valued functions on the set
X and with O(X) -CC*(X)) the set of all the continuous (bounded)
real-valued functions on a topological space X. This function sets are
provided with the uS1:lal operations of addition and multiplication. For
Q -E 1R wedenete with Q. the constant function with value Q.

We-recall the fol1ewing property which can be used in order to prove
the continuity-oLa map: if I E IRx and {Gi : i E I} is an open cover
of the space X and each restriction I I Gi is continuous, then I is
continuous on X. The inequality I ::; 9 means I(x) :5 g(x) for each
x EX.
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(IRX, :5), (C(X),:5) and (C*(X),:5) are lattices (and notice that
1/\ 9 = min(f, g) and 1 V 9 = max(f, g)).

If C(X) = C*(X), then X is called pseudocompact.
We associate to each 1 E C(X) his zero-set: Z(f) = 1-1(0), the

preimage. Each zero-set is obviously closed in X. The set of all the
zero-sets of the space X will be denoted by Z(X).

A ring R is the direct sum of two subrings St, S2' if SI n S2 = {O},
and for each a E R it exists al E SI and a2 E S2 with a = al +a2' We
denote this by R = SI EEl S2.

In the following exercises, the main concern is the relations between
the topological properties of X and the algebraic properties of C(X)
and C*(X).
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·Ex. 16.1 Let R be a ring and X a nonvoid set. Denote by RX =
{III: X --? R} the set of all the maps together with the usual opera­
tions of addition and multiplication. Prove that:

(a) (RX, +, -} is a ring;
(b) R commutative {:} RX commutative;
.(c) R has identity #- RX has identity;
(d) If ~ has identity then I E RX is a unit iff I(x) is a unit of R

for each. x E Xj
(e) If R and X have ·both at least two elements then RX has zero

divisors'I
(fJ. If R is a Boolering then RX is a Boole ring too.,

Ex. 16.2 The set C(X) forms a subring with identity and a sublattice
of lRx . 'The set C*(X) forms a subring with identity and a sublattice
ofG(X).

Ex. 16..3 (a) For each topological space X the following inclusions
Co(X) C C*(X) c C(X) C CO(X) hold, where Co(X) = {ala E

JR.} and CO(X) = IRx .
(b) If X is an indiscrete space ( i.e T = To), then C(X) = Co(X).

The ·converse- is not true. [Find a topological space (X, T) with T =F To
such that -C(X) =- Co(X) and X is: (i) finite, (ii) infinite.]

(c) C(Xj =- CO(X) if and only if X is a discrete space (i.e.T = TO).

Ex. 16.4 Describe C(X) for each possible topology in the set
a) X -= £a,b};
b) X = {a,'h, c}.

Ex. 16..5-1f I E C{X}, then also III E C(X). Find an algebraic way
a). to check for I E C(X) whether I ~ 0;
b) to characterize for a given I E C(X) the element III.

Ex. 16..6'· Verify that the following conditions are equivalent:
(iJ X is. diliCOnneCted,
(il) in C(X) the-identity has at least three square roots,
(ii-i) there exist at least three idempotents in C(X),
(iv) O(X) is the ,direct sum of two subspaces.. .
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Ex. 16.7 If X is countable compact, show that X is pseudocompact.

Ex: 16.8 The converse of 16.7 is false. [Hint: see exercise 16.3(b)]

Ex. 16.9 Let X be a topological space, I E C(X) and f* = (-1V J) /\
1. Show that it exists a unit u > 0 of C(X) satisfying f* = uf.

Ex. 16.10 Prove that C(X) and C*(X) have the same zero-sets.

Ex. 16.11 Z(X) is a sublattice of the lattice of all the closed sets of
X.

Ex. 16.12 Find a topological space X such that not all the closed sets
are zero-sets. [Hint: see exercise 16.3(b)].

Ex. 16.13 Prove that in a metric space each closed space is a zero-set.

Ex. 16.14 Verify or analyse the following assertions:
(a) I is a unit in C(X) iff Z(J) = 0.
(b) Under which conditions if I a unit in C*(X) ?
(c) Find a space X and I E C*(X) with Z(J) = 0such that I is no

unit in C*(X).

Ex. 16.15 Let I, 9 E C(X) and let Z(J) be a neighbourhood of Z(g),
Le. there is an open subset G of X such that Z(g) ~ G ~ Z(J). Show
that 9 divides I in C(X) (Le. there is a map h E C(X) such that
I=g·h).

Ex. 16.16 For a map I E C(X) (resp. C*(X)) we say that I has
tbe property II if there is a unit u E C(X) (resp. C*(X)) such that
III = u· I. Show that:

(a) Each I E C(X) has the property II iff each I E C*(X) has the
property IIi

(b) If X has the discrete topology, find the elements 'from C(X)
which have the property IIi

(c) Determine the elements of C(IR) (IR with the usual topology)
which have the property IIi

(d) Find an element in C(Q) (Q with the usual induced topology)
which has not the property IIi
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(e) If f E C(Q) and Z(J) is an open subset then f has the property
II . In the previous conditions find an example of function such that
f i 0 and flO.
Ex. 16.17 Let X be a topological space and I an ideal in C(X). If we
denote by Z = Z[I] = {Z(J)lf E I}, verify the following properties:
. [zd Z ~. Z(X)j

[Z2] Zt,Z2 E-Z =? ZI n Z2 E Zj
[zJ.] ZoE Z,Z~ Z' ~ Z' E Z.

Ex. 16-.18 A family Z ~ P(X) which satisfies [ZI] - [Z3] (see the pre­
vious exercise) is called a z-filter. Show that if I is a proper ideal in
C(X) then the corresponding z-filter is also proper, Le. Z[I] =J Z.

Ex. 16.19' If Z is a z-filter show that Z+-(Z) = {f E C(X)lz(J) E Z}
is an ideal in C(X), proper if Z is proper.

-Ex. 16:20C (a) If M is a maximal ideal in C(X) then Z = Z(M) is
a::maximal z,,:filter (Le. a proper z-filter not properly included in any
other proper z-filter).

(b) Conversely, if Z is a maximal z-filter then Z+-(Z) is a maximal
ideal.

Ex. 16.21 Ja) If P is a prime ideal in C(X) then Z = Z(P) is a
prime z-filter, Le. a proper z-filter with the property [zp] : Zt, Z2 E
Z(P),ZI: UZ2 E Z =? ZI E Z or Z2 E Z.

(h)-If Z is a prime z-filter then Z+-(Z) is a prime ideal in C(X).

Ex. ';16.22 Prove that every maximal z-filter is prime. Moreover, each
maximal-ideal-in C(X) is prime.

Ex. 16.23 -Gonsider llR E C(lR) and the prindpal ideals II = (llR)

and12 = -(1:]R • llR) ' ..
(a) Show that 12C It, 12=J II but Z(Il) =Z(I2)'
RemaFk. The map Z which associates a z-filter to each ideal is

t-herefore-n,otinjeetive. Z+-(Z) is the greatest ideal who maps on Z.
(b) Neither ./1 nor 12 are prime ideals.
(c)Find a maximal ideal which includes II and 12 •

(d) Verify-that Z(Il) is a maximal z-filter.
(ej Determine Z+-(Z(I1)).
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Ex. 16.24 (a) Show that the following subsets are z-filters in lR :
Z+ = {r E lRlr E F,3e > 0 : [a, a+ e[e r} and
z_ = {r E lRlf E F,3e > 0 :]a - e, a] e r} . Are these prime?
(b) Show that Zo = {r l n r 2 \r l E Z+, r 2 E Z_} is also a z-filter.

Is it prime?



Chapter 17

'Special Problems

An idempotent element e =f:. 0 18 called primitive if it cannot be written
as the sum of two orthogonal idempotent elements.

A ring R is called regular (von Neumann) if for every a E R there
-is an :element b E R such that a = aba and strongly regular if there is
-a unique element b E R with this property.
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Ex. 17.1 Let R be a ring with identity. Show that if a, b, a - b are
units then a-I - b-l is a unit too if: (a) is commutative; (b) is not
necessarily commutative.

Ex. 17.2 Let R be a ring with identity such that r3 = r, Vr E R. Show
that R is commutative.

Ex. 17.3 If x 6 = x holds for every element x in a ring R then show
that also x 2 = x.

Ex. 17.4 Let R be a ring without nonzero nilpotent elements. If for
aI, a2, .. , an E R the relation ala2 ..an = 0 holds prove the following:

(a) Vi E {I, 2, .. , n} : ajaj+l ..anal ..aj-l = 0;
(b) for every k E IN"', k :::; n - 1 and for every bl, b2, .. , bk E R :

albla2b2 ..akbkak+l ..an = 0;
(c) for every permutation a E Sn : a cr(l)acr(2) ..a cr(n) = o.

Ex. 17.5 Let R be a ring with identity and n E IN such that (xy)k =
xkyk holds for each x, y E Rand k E {n, n + 1, n + 2}. Show that R is
commutative.

Ex. 17.6 Show that if a ring R has no nilpotent ideals and for every
r E R there is a number n(r) E IN'" such that rn(r) E Z(R) then R is
commutative.

Ex. 17.7 Let I< be a field. Show that there are no nonzero elements
a, b)n I< such that 2a = 3b = O.

Ex. 17.8 Let R be a finite commutative ri:o.g with identity and 0 =f. 1.
Compute the product of all the nonzero idempotent elements of R.

Ex. 17.9 Show that if I is a minimal right ideal of a ring R then 12 = 0
or 1= eR for a suitable idempotent element eEl.

Ex. 17.10 Verify that e =f. 0 is a primitive idempotent iff eRe contains
no idempotents other than 0 and e.

Ex. 17.11 If e is a primitive idempotent in a regular (von Neumann)
ring, prove that eRe is a division ring.
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Ex. 17.12 Let R be a left artinian ring and N a nonnilpotent left
ideal. Prove that there is an element a E N such that an =I 0 for every
n E IN*.

Ex. 17.13 If I< is "a finite field show that each map f : K -+ I< is
polynomia:l.o

Ex. 17.~4 Show that f~r a ring with identity the following conditions
are equivalent:

(i) R is von Neumann;
(ii) each -principal left (right) ideal is a direct summand;
(iii) each finitely generated left (right) ideal is a direct summand.

Ex. 11.15 In a strongly regular ring show:
(a) R has..no zero divisors;
c(b) ba"o =-b (with the above notations);
(c) R has identity;
(d) R is a division ring.

Ex. 17.1 t? In a regular ring R show that for each element a E R there
is an element cE R such that a = aca and c = cae. Application: the
center of a regular ring is also regular.

Ex. 17".17" Show that if a ring with identity is a sum of ideals, then it
is a finite sum.

Ex. 17.18 Let- H be a nonzero ideal of Z[i]. Prove that the ring Z[i]/H
.is finite";.

Ex. 17.19 Let R be a commutative ring with identity. Show that the
foI1o.wingeonditions are equivalent: (i) Spec(R) is not connected;

(-ii)-R ':::.H x V for two suitable nonzero rings;
(iii) There is an idempotent element e E R, e ¢. {O, I} .
Applicatien: R = Zp,,[Xl/ (X2 - X +pi) for p prime, i, k E IN and

1 ::; i 5 k.
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Ex: 17.20 (Chinese remainder theorem) Let III 12 , •• , In be a finite set
of ideals in a ring R. Show that the following assertions are equivalent:

(a) The ideals are comaximal in pairs, that is Ii + Ij = R for each
i -I j.

(b) For each set of elements ai, a2, .. , an from R show that there is
an element r E R such that r - ai E Ii for each 1 :::; i :::; n.

(c) The canonical map

u: R/,QI, --; gR/I"u(a+.C!I,) = (a+I" ..,a+lnl is an

isomorphism.

Ex. 17.21 (Eisenstein criterion) Let R be a unique factorization do­
main and f = aD +alX+..+anxn E R[X], an -I O. If p is an irreducible
element in R such that p divides aD, all'" an-l but p divides not an and
p2 divides not aD then f is irreducible in K[X], where I< is the field of
qua'tients of R. If no prime element divides all the coefficients of f (a
primitive polynomial) in the above hypothesis f is irreducible also in
R[X].
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Chapter 1

Fundamentals

Ex. 1.1 One has only to compute in two different ways (using the
distributivity laws) the element: (1 + l)(a +b) = l(a +b) + l(a +b) =
a +-b +a +band (1 + l)(a +b) = (1 + l)a + (1 + l)b = a +a +b+ b.
Now a +b = b+a follows by additive cancellation.

-Ex. -1.2 (a) For each a,b,eE Ronehas (aob)oe= (a+b-ab)oe=
a+b+e-ab-ae-be =ao(b +e - be) =ao(b 0 e). As for the identity,
in this semigroup we have a 0 0 = 00 a = a.

(b) If QR(R) denotes the set of all the quasi-regular elements it
-is readily checked that QR(R) is closed for the circle composition and
contains 0 (indeed, r 0 s = r' 0 s' = 0 => (r 0 r') 0 (s' 0 s) = 0 and
000- = 0). For every quasi-regular element r E R if r 0 s = 0, and
tor =0 then t = toO = t 0 (r 0 s) = (t 0 r) 0 s =0 0 s = s and this is
the inverse of r in QR(R).

Ex.-1.3 (a+b)2 = (a+b)(a+b) = a2 +ab+ba+b2 so that the stated
condition is equivalent (by addition cancellation) with ab = ba.

-Ex. r.4 If (nj m) = 1 there are integers s, t Ell such that sn+tm = 1.
Sut -then a = a1 = a,m+tm = (an)s. (am)t = (bn)s. (bm)t = bsn+tm =
~bl =0.

Ex. 1.:5 The ring verifications are straightforward. In the first ring
(0,1)2- = (0,0) so that (0,1) is a (twosided) zero divisor. The map
f :-(lR.2,+,*) -t (C,+,·) defined by f(x,y) = x+iy is easily checked

79



80 CHAPTER 1. FUNDAMENTALS

to be a ring isomorphism. The above two rings' are not isomorphic..
More generally, if Rand R' are rings such that R has and R' has
not zero divisors then these two rings are not isomorphic. Indeed, if
f : R -+ R' would be an isomorphism (but injective ring homomorphism
= monomorphism suffices) and ab = 0, a, b E R with a =f:. 0 =f:. b then­
f(a) . f(b) = 0 and f(a) =f:. 0 =f:. f(b), contradiction.

Ex. 1.6 (/) and M are the zero respectivelly the identity element, each.
non~void disjoint subsets of M are zero divisors and clearly A n A = A
so that each element is idempotent. All the ring verifications are simple
with only one exception: the associativity of the addition. Let A, B, C
be subsets of M. One has to use the following immediate formula A +
B = (AUB)nCM(AnB) and to obtain by computation (A+B)+C =
{[(AU B) nCM(An B)] uC}nCM[(AU B) nCM(An B) nc] =(AUBU
c)n(AUCM(B)UCM(C))n(CM(A)UBUCM(C))n (CM(A)UCM(B)UC)
which equals with A + (B + C) by commutativity (which is obv.ious-)
and symmetry.

Ex. 1.7 By the distributivity laws, in order to define a multiplication
* on 71.., we remark that it suffices to define 1 * 1. Indeed, n * m =
(1 + .. + 1) * (1 + .. + 1) = 1 * 1 + .. + 1 *'1 = nm(1 * 1). One easily
checks that for every k E 71.. the multiplication n * m = nmk defines a
ring structure on 71... The only structures with identity are obtained for
k == 1 or k = -1.

Ex. 1.8 Let (A, +,8) a ring with identi,ty e E A and (A, +) = (71n , +).
(A,+) being an abelian group. let m = ord(e). From the well-known
group-theoretic theorem of Lagrange we derive that m divides n. For
each a E A the following holds ma = m(e 8 a) = (e 8 a) +.. + (e G
a) = (e + .. + e) 8 a = (me) 8 a = 08 a = 0 so that for a- = I we
obtain mI = m = 0, that is, n divides m. IT now m = n we have
A = {O, e, 2e, .. , (n - 1)e} and one has only to check that f : A -+ 7ln ,

defined by f( ke) = k for every ke E A, is a ring isomorphism.

Ex. 1.9 In the previous exercise we have seen that on a cyclic group
with four elements, up to an isomorphism, one has only the usual ring
structure on (714 , +,.) But there are (up to a group isomorphism) only
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two (abelian) groups with four elements: the cyclic one and the Klein
group (or (712 x 7l2 , +) )i.e. K, = {O, a, b, c} with the addition given by
table 1.1

Table 1.1:

=0 0 a b c
a a 0 c b
b b c 0 a
c c b a 0

,

The elements a, b, c acting symmetrically, suppose that a is the iden­
tity of the four elements ring. All the possible multiplications will be
defined by tables like table 1.2

Table 1.2:

=0 0 0 0 0
a 0 a b c
b b y
c c

Denoting y = b.b we have b.c = b(a +b) = b+ y, c.b = (a +b)b =
b+ y and c.c = (a +b)(a +b) = a + y. Hence there are four possible
multiplications on K, :

Case 1: b.b = O. We obtain a first ring structure given by the mul­
tiplication in table 1.3

Denote this ring by 14 •

Case 2: b.b = a. We obtain a ring isomorphic with the above one
Indeed, the function f : /C ~ K, defined by f(O) = 0, f(a) = a,

f(b) = c, f(c) = b is easily checked to be a ring isomorphism.
Case 3: b.b = b. We obtain another ring structure given by the

multiplicationin table 1.4
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Table 1.3:

=0 0 0 0 0
a 0 a b c
b 0 b 0 b
c 0 c b a

Table 1.4:

=~
a 0 a b c
b 0 b b 0
c 0 c 0 c

This is a ring isomorphic with the usual direct product of rings
?l2 x ?l2. This ring is not isomorphic with the above one (isomorphic
rings must have the same number (this being finite) of zero-square
elements).

Case 4: b.b = c. We obtain the only field with four elements (denot-ed
in the sequel K:4 ) given by the multiplication in table 1.5

Table 1.5:

=~
a 0 a b c
b 0 b c a
c 0 c a b

Indeed b-1 = c, c-1 = b.
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Remark. If two rings are isomorphic, their subjacent additive groups
are also (group) isomorphic. Hence finally we have four nonisomorphic
rings with identity.

Ex. 1.10 We first prove that all the ring structures one can define on
a cyclic (ab.elian) group are commutative (i.e. commutativity follows
from the distributivity laws). Indeed, m*n =(I +.. +I) *(I +.. +I) =
1* I + .. + I * I = n *m because we use only the commutativity
of integer multiplication. In what follows we use the notation of the
previous exercise. We begin with three remarks:

(i) if the product of two nonzero elements of a, b, c is commutative
then the corresponding ring i's commutative. Indeed, if for instance
a.b =b.a then, a.C =a(a + b) =a.a + a.b =a.a +b.a = (a + b)a = c.aj
the equality b.c = c.b follows analogously.

(ii) if a.a = b the corresponding ring is commutative. Indeed, a.b =
a.(a.a) = (a.a).a = b.a follows from associativity and we apply (i).
Hence a.a = 0 or a.a = a (because the case a.a = c is similar) so that
in order to construct non-commutative rings on a set with four elements
one has to take only idempotent or zero-square elements.

(iii) On K., theprQducts {a.a, b.b, c.c, a.b} determine the ring mul­
tiplication. Indeed: b.a = (c +a)a = c.a + a'.a = c(c + b) + a.a =
c.c+(b+a)b+a.a = a.a+b.b+c.c+a.b, a.c =a.a+a.b, c.a = b.b+c.c+a.b,
h.c = a.a + c.c + a.b, c.b = b.b + a.b. So we have to distinguish the fol­
lowing four cases:

Case r a.a = b.b = c.c = O. The above computations show that
-a.b = b.a. Hence the corresponding ring is commutative.

Case 2 a.a = a, b.b = c.c = O. In these conditions b.a = a +a.b = b.c
so that (using x +x = 0 for each x E K.) we deduce a contradiction as
follows: a = a + (ab + ab) = ba + ab = ba + (a + .ab)b = baa + bab =
ba(a +b) = bac = bcc = O. Hence there are no ring structures in this
case.

Case 3 a.a -:- a, b.b = b,'c.c = O. ·If moreover a.b = 0 we obtain
-b.c- = a which leads to a contradiction, a = 0, by left multiplication
with a. If a.b = c we derive a contradiction, a = 0, via c.b = a by right
multiplication with a (using also b.a = 0). The remaining cases are
a.b E {a, b}. We obtain on Z2 X 712 the following two non-commutative
-multiplications (see table 1.6 and 1.7)
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Table 1.6:

~
~

a 0 a a 0
b 0 b b 0
c 0 c c 0

Table 1.7:

~
~

a 0 a b c
b 0 a b c
c 0 0 0 0

l

that is two nonisomorphic rings 0 4 and D4 • If f : 0 4 -+ D4 would
be a ring isomorphism, first one shows that f(a) E {O, a,e} lead to
contradictions. The remaining case f(a) = b, f(b) = aimpliesb =
f(a) = f(a.b) = f(a).f(b) = b.a = a, a contradiction.

Case 4 a.a = a, b.b = b, C.c = c. We obtain at once b.a = a.b and
hence the corresponding rings are commutative. Finally, there are only
two nonisomorphic non-commutative ring structures on a set with four
elements (obviously each such ring is the opposite ring for the -other
ring) ..

Ex. 1.11 The only (abelian) group with p elements being 7l.p , two ring
structures on this group are already well-known: (Zp, +, 0) with nom =
IT for each n, m E Zp (Le. the zero-square structure) and the usual
structure (Zp, +, .). In what follows we prove that if A is a ring structure
on Zp which is not the zero-square structure, A is isomorphic to the
usual structure. If A2 =/: {O} there are elements a, b E A such that
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ab =J. O. The subset B = {x E Ajax = O} is a proper right ideal of A
so that (being a subgroup of a simple group) B = {O} and hence a is
no left zero divisor in A. Now, a ¢:. C = {x E Alxa = O} and as above
C = {O} so that a is right zero divisor neither. (A,.) being a finite
semigroup and a being a cancelable element, a is an identity in A. But
hence the fl}.nction F : 7l. -+ A, F(n) = nu, \In E 7l. is a surjective ring
homomorphism with kernel p71. so that A is isomorphic with the usual
structure.

Ex. 1.12 The map <p : R -+ End(R, +), <p(a) = ta., \la E R where
to. : R -+ R, to.(x) = a . x is easily checked to be an embedding (Le.
injective homomorphism of rin:gs which preserves the identities).

The condition (a) is equivalent to the surjectivity of <po If R = 7l.
and x E ~* then for each f E End(71., +) we have f(x) = f(l + .. +
1) = f(l) +..+ f(l) = f(l).x and f(O) = 0, f( -x) = - f(x) so that
(71., +,.) rv (End(71., +), +, 0). If R = Q and f E End(Q, +) one has
f(l) = 1(;) = f(~ +.. + ~) = f(l).~ and hence f(r:) = mf(~) =
~ . f(l) for every r: E Q so that (Q, +,.) ~ End(Q, +), +, 0).

(b) The sufficiency of the condition being immediate, conversely, if
(End(R, +) is commutative f(x) = f(x . 1) = f(t x (1)) = (J 0 tx )(l) =
(txo /)(1) = tx(J(l)) ='X' f(l) so by (a) the condition is also necessary.

Ex. 1.13 (a) Let b E R be a left inverse of a and c = 1 - abo We
check that b + c is another left inverse of a. Indeed, c =J. 0 because
otherwise b would be a right inverse for a. So b+ c =J. b. Moreover,
(b +c)a = (b +1 - ab)a = 1+a - a = 1.

(b) Consider A = {b E R Iba = I} where A =J. 0and let aD E A fixed.
The function f : A -+ A defined by f(b) = ab - 1 +aD is injective but
not surjective: f(b) = f(c) =} ab = ac =} b == c (by left multiplication
with b) and aD ¢:. f(A) (if aD would be an image f(b) then ab = 1 and
a (being a unit) would have a unique (left-sided) inverse, contradicting
the hypothesis:A has at least two elements). Finally, for a finite set
X and 0 : X -+ X, the properties "0 injective"and "0 surjective" are
equivalent. Hence A is infinite.

Ex. 1.14 (a) If 1 E R then Mn(R) has the well-known identity matrix
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1 0
o 1

o
o
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. Conversely, if E = (eij h:S;i,j:S;n is the identity of

o 0 1
Mn(R) and a E R , using the matrices A = (aij) with all zero entries
but' an = a and the equalities EA = AE, one proves that en is an
identity in R.

(b) If R2 = {O} then (M n(R))2 = {On} and Mn(R) obviously is a
commutative ring. Conversely, if Mn(R) is commutative and a,b -ER

aO 0 O. Ob
o 0 0 0 0 0

we get a.b = 0 from

o
o

o b
o 0

o 0

a 0
o 0

o
o
o

o o 0

o 0 0 0 0 0
(c) If r E Z(R) and A E Mn(R) then rIn · A = rA = Ar = A· rln.

Co~versely, if U = (Uij) E Z(Mn(R)) let us consider a matrix Eij (a
so called matric unit) with 1 on the i-th row and j-th column and all
the other entries zero. From the equalIties UEij = EijU wededu-ce
Uii = Ujj for each i, j E {l, 2, .. , n} and Uij = 0 for i =f:. j so that U is
diagonal, say u· In. Now if r E R from (u.' In)(r· En) = (r· En)(u· In)­
we also infer U E Z(R),

Ex. 1.15 If e2 = e E R is idempotent and a- E R easy computations
lead to (ea - eae)2 = 0 and (ae - eae)2 = O. Hence by hypothesis
ea = eae = ae holds and e E Z(R).

Ex. 1.16 The elements a2-a, b2-b, (a+b)2- (a+b) = (a2-a) +(b2_
b) +ab +ba belong to Z(R) so that ab +ba E Z(R). Then a(a6 +ba) =
(ab +ba)a or a2b= ba2. These two elements being arbitrary a2 E Z(R)
and' hence a = a2 - (a2- a) E Z(R).
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Ex. 1.17 If (a +bi)(c+ di) = 1 then (computing the absolute values)
(a2 + b2

)(c2 +d2) = 1. The last product having terms in 7L. we must
have a2 + b2 = 1 so that {1,-1, i,-i} are the only units in 7L.[i]. This
is a cyclic,group of order four.

Ex. 1.18 Let N : 7L.[v'd] -t 7L. be a map defined as follows: N(a +
.bVd) = a2 ' - db2 for each square-free integer d. For x = a + bVd
we denote- by x = a - bv'd. Then the following hold: N(x) = x.x =
N(xhx.y-= x-.y, N(x.y).= N(x).N(y). If x is a unit in 7L.[v'd] then, for
a suitable y E 7lIv'dJ, we have 1 = N(l) =N(xy) =N(x)N(y) in 7L. so
'that N(x}·E {-1,1}. Conversely, if N(x) E {-1,1} then x· (±x) = 1
and x is a unit in 7L.[Vd]. Now, for d =2 the real number a =1 + -12
is a unit of 7l[v'd] because N(a) = -1 . We check immediately that all
an(n E N) are different units in 7l[-I2] (a strictly increasing sequence
0f limit oo),-e.g. 3 + 2-12,7 + 5-12,.. .

Ex. ·1.19 Let u E R be an inverse for 1 - abo Then one easily verifies
that 1 +bua is the inverse of 1 - ba. Indeed, for instance (1 - ba)(l +
bucr) =1- ba + bua - babua =1 - ba +b(l- ab)ua =1- ba + ba =1.

Ex. 1.20 If n = p2t with P prime then 0 =f. pt has zero square (is
nilpotent). Conversely, let n be a square-free integer, i.e. n = PIP2 ...Pk
and am =0 a nilpotent element. We prove that a=O. Indeed, am =0
in 7L.n implies nlam and hence pilam (i E {1,2, .. , k}). Then pda and nla
_(beeausepi are different primes) so that a= O.

Ex. =1.21 Ifn = p~1 ..p'k" and m is nilpotent in 7L.n let (m)t = O. Then
n ·divides· m t , and so each Pi divides m t• The numbers {pill :5 i :5 k}
being prime, each Pi divides m. Being different primes to each other,
even .the_p-roduct PI ..Pk divides m. Conversely, let m = SPI ..Pk be an
-integer with·s E 7L. and let r = maXI<i<k rio Obviously, mr = srp1"Pk =

:r r-rl r-r" d h (_)r -0 -. - _. '1 t t' 7L.·n.s PI "Pk- an ence m = , I.e. m IS m po en In n'

-Ex. .1.2.2 Let n = p~1 p~2 ..p'k" the prime decomposition of n and let A be
"the set of all the subsets of {PI, P2, .. ,Pk} . If Id(7L.n ) denotes the set of all
the idempotent elements of 7L.n , in what follows we will prove that the

:-function-<p : Id(7L.n ) -t A defined by <p(x) = {p E Alp divides (xjn)}
(asabove'(xj:nJ den~tes the g.c.d.) for every x E 7L.n , is bijective. From



88 CHAPTER 1. FUNDAMENTALS

this proof we also infer a method of construction for all the idempotent
elements of Zn.

We first prove that ep(x) = ep(y) implies (for idempotent-elements)
(Xj n) = (yj n) property stronger than "ep is well-defined"{Le. x = y :::}
(Xj n) and (yj n) have the same prime divisors). Let x be an idempotent
element in Zn : x2 = x or x(x - I) = aor nlx(x - 1). If d = (xjn)
, x = x'd, n = n'd we surely have (x'j n') = 1. From x(x - I) = in
we get n'lx'(x - 1) and hence n'lx - 1. In general x and-x - 1 are
relatively prime so that d and n' (or their divisors) are also relatively
prime. Hence, if pdd then p?ld so that ep(x) characterizes fx; n) , i.e.
ep(x-) = ep(y):::} (xjn) = (yjn).

Next we prove that ep is injective. If ep(x) = ep(jj) using the aliove
arguments (Xj n) = (y; n) and n' = (x7n) = (y7n) divides x-1 respectively
y - 1 and hence x - y. Clearly (x; n) = (y; n) also divides x - y and
being relatively prime with n' we obtain n = dn'lx - y. Hence x = y.

Finally, in order to verify that ep is surjective, let {Pi}ieI E A and
a = IIpii (with a = 1 if I = 0). Clearly a and; have no common

ieI
divisors so that there are u, v E Z such that ua +v(;) = 1. We choose
x = ua and then x(x -1) = ua.(-v;) = -uvn or nlx(x-l). Then
x E Id(Zn) and from (xjn) = a we get ep(x) = {PiheI'

Examples: n = 12 = 22 .3, A = {0, {2} , {3} , {2, 3}} so that with
the above notations a E {1, 4, 3, 12} and u E {1, 1, -1, OJ. We find
Id(Z12) ={I, 4, 9, a} .

n = 360 = 23 .32.5j a E {1,8,9,5,72,40,45,360} and fd(Z360) =

{--------}1,136,81,145,216,280,225,0 . ,
The application follows immediately using the bijection ep defined

above.

Ex. 1.23 (a) One verifies that a + a = 0 for each a E R (see 5.1).
Hence a +b = (a + b)2 = a2 + ab + ba +b2 = a +b+ ab +ba so that
ab +ba = 0 or ab = -ba = ba (because also ba +ba = 0)..

(b) If R is a Boole ring then a = a2 = .. = an = .. so that obviously
zero is the only nilpotent element. Moreover, (a + b)ab = a2b+ab2 =
ab + ab = O. Conversely, we first take b = a in the relation given
in the hypothesis: (a + a)aa = 0 implies a3 + a3 = 0 so that (by
succesivess multiplication with a) an +an = 0 for each n E IN, n 2:: 3.
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Further, let b = a2- aj we obtain a4 = a5 and so (again by succesivess
multiplication with a) a4 = a5 = .. = an = .. for each n E :IN', n ~ 4.
In particular as = a4 so that we shall verify (a2 - a)4 = O. Indeed,
(a2-a) =a4+a2_a3 _a3 =a4+a2 and hence (a2_a)4 = (a4+a2? =
as +a6 +a6 +a4 = a4+a4 = O.Finally, R having no nonzero nilpotent
elements, a2._ a = 0 and a2 = a.

Remark. If R has identity the solution is immediate (taking b = 1
and b=a) and the condition on nilpotent elements is no more necessary.

Ex. 1.24 From a = xab we infer a = a2 = (xab)2 = x(xa2b2) =
x(xab) = xa respectively from x = a + b+ab we compute xa = (a +
b+ -ab)a = a2+ ab + a2b = a2,+ ab + ab = a2 = a the multiplication
(see the previous exercise) being commutative and the characteristics
Jfor ;definftion see chapter 5) being 2. Finally, the required element is

n

x =2:_ai + 2: aiaj +.. + ala2..a n·
i=1 l:S;i<j:S;n

Ex. 1.25 If yz = 1 and x n = 0, in a commutative ring, a simple
computation leads to (y + x)(x - xz2+ X 2Z3 - .. + (_1)n-l xn-l zn) =
yz + (_l)nxnzn = yz = 1. If y = 1 the commutativity of R is not
necessary: (I + x)(l - x + x 2 - .. + (_1)n-l xn-l) = 1. In M 2(71)

consider A = (~ ~), B = (~ ~1
). Simple verifications lead to

AB,# BA, A unit, B nilpotent and A +B = (~ ~) is not a unit.

Ex. 1.26 Obviously, T is a subgroup of (Mn(R), +). If A = (aij), B =
n n

(bij) and A· B =C = (Cij) then Cij =2: aikbkj =2: aikbkj+2: aikbkj =
k=l k<i k=i

n

D-+ 2: ailJJkj. Now if i > j then k ~ i > j implies bkj =0 and so Cij =O.
-k=i

Ex~ 1.2,7H the given subset would be a subring and u = ~, integers
a, b -would exist such that u2 = au + b. Hence 5 = u3 = u(au +b) =
a(au +b) +bu = (a2+b)u +ab so that the system a2+b = 0 = ab - 5
-would have solutions in 7l. But this is clearly not the case and the
subset is-no subring of(J.
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l

Ex. 1.28 One has clearly A = ((I, I)) = {(O, 0), (I, I), (2,2), E3,-3)}
(the subring with identity generated by the identity) and Z4 x- Z4- as
subrings with identity. Each subring with identity contains A so let B
be such a subring and (a, a+b) E B with b #- 0. If bE {I,3} then_B is

the entire ring and if b=2 then B = AU {(2, 0), (0,2), (1,3), (3, I)y.
Ex. 1.29 Only the second part needs concern. If a2 +b2 #- 0 then the

determinant a
b

b =. a2 - qb2 #- 0 iff q is no square of a rational
q a

number (the matrices with b=0 but a#-O have obvious inverses).

Ex. 1.30 For P E IP we consider A(P) = {:: E Qlpln =? PEP} that
is, all the (irreducible) fractions :: with the prime divisors of n only in
P and, for a subring A with identity ofQ we consider P(A) the set of all
the prime divisors of the denominators of all the (irreducible) fractions
from A. We shall prove that these two correspondences are inverse one
to another (i.e. A(P(A)) = A and P(A(P)) = P) so that there- is
a bijection between the set of all the subrings with identity of Q and­
P(IP) the set of all the (finite or infinite) subsets of prime numbers.

We begin by several elementary remarks. All the fractions are sup­
posed to be irreducible. If a subring with identity contains r;: it must
also contain ~. Indeed, if (m; n) = 1 then um+vn = 1 holds for suitable
u,v E Z and hence ~ = um;vn = u:: +v·l. Further, Z = (1) (the sub­
ring generated by 1) is clearly the smallest subring with identity of Q..
Finally, P(A(P)) = P and A ~ A(P(A)) are immediate by tne above
definitions. In order to verify A(P(A)) ~ A let a =~ E A(P(A));

I PI "Pk

from PI E P(A) there is a fraction *t E A and by an above remark
PI

..!.. E A. Similarly, .1., .. ,..!.. E A so that a E A.
PI P2 Pk

Remark. If P = {PI, ..pd is finite then PEA) is the subrinKgener-
ated by _1_.

Pl"Pk

Ex. 1.31 From x6 = x and (_x)6 = -x we infer x =. -x and S!J
char(R) = 2. From (x +1)6 = X +1 developing the left member of this
equality (notice that no commutativity is required) we obtain (x6 ­

x) + 2(3x5 +7x4 + 10x3 + 7x2 + 3x) + (x4 + x 2
) = 0 or x4 + x2 = o.

Hence x4 = _x2 = x 2 and, multiplying by x 2, we finally have x = x6 =
x4 = x2

•



Chapter 2

Ideals

Ex. 2.1 Only P and A are subrings. A is also an ideal but P is not:
. { x sin! if x =J:. 0
If f E P and 9 E- F, g(x) = 0 :c if x = 0

then f .9 has an infinite number of zero's and hence f .9 f/. P.

Ex. 2.2 Asa Hoole ring, R is .commutative with identity (see 1.23) so
that the principal ideals are -(11) = A.R = P(A) and (B) = B.R =
{0,{~}}. Further, from ,~ E, [O,!J we infer (A) 0 (B) = (B). Finally,

(A, B) = (A)+ (B) = P(A) +{0, {~}} = P(A) = (A).

Ex. 2.3 (a) Obvious.
(b) For instance, if X js a left ideal, r E R and a E l(X) then

(ar)x = a(rx) = 0 for 'each x E X because rx E X. Hence l(X) is a
right ideal (and so twosi9.ed aCGording to (a)).

(c) Th~ inclus-ions~i) are straightforward. (ii) Let x EX; for every
a E [(X) : ax = O. But this implies x E r(l(X)). The second inclusion
is similar. (iii) From (i) and (ii) X ~ r(l(X)) => l(X) ;2 l(r(l(X))).
Replacing X -by l{X) -and using again (ii) we have l(X) ~ l(r(l(X)))
and the requiredequa1i~y.'The last equality is analoguous.

Ex. 2.4 If e is a left: identity modulo I and e' a left identity modulo- .
J then let e =-Xl + YI-,e~ = $2+ Y2(Xl,X2 E I,Yl,Y2 E J). We prove
that e = X2 +YI is a left identity modulo In J. Together with Xl =
e - YI the element·u = (e -Yl) r - X2r E I for each r E R. But

91
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u = r - (X2 +yt} r - (r - er) and so, together with r - er the element
r - (X2 +YI) rEI. The rest follows symmetrically.

Ex. 2.5 Generally, if x E R, a commutative ring, then (x) = Rx +?lx.
In f>articular, for R = n71. ~ 7l. we get (x) = 7l.x, Vx E n71.. Denoting
by S(n71.) the set of all the (cyclic) subgroups of the infinite cyclic
group(71., +) and by I(n71.) the set of all the ideals of n71. one has
S(n71.) = {mn71.lm E 7l.} = {(x) Ix E n71.} ~ I(n71.) ~ S(n71.) .and
hence all the inclusions must be equalities. So n71. is a principal ring.

Ex. 2.6 The inclusion I +(J n K) ~ (I +J)nK is clearly always valid
if I ~ K. Conversely, if k E (I + J) n K, k = i +j (i E I, j E J, k E K)
then j = k - i E K because I ~ K and hence k = i +j E I +(J n K) .

Ex. 2.7 271. U 371. is not an ideal in (71., +, .) neither a subgroup of
(71., +) : 2 + 3 =5 ~ 271. U 371..

Ex. 2.8 Consider the abelian group (Q, +) together with the zero mul­
tiplication ~ . ~ = 0, V~, ~ E Q. The ideals in this ring are precisely the
subgroups of (Q, +) . But, being divisible, Q has no maximal subgroups
(or:' each proper subgroup H has infinite index, so that Q/H is not
simple) and hence 7l. is an ideal not contained in any maximal ideal.

Ex. 2.9 One verifies immediately that a-I M = {r E Rlar E M} is a
right ideal in a ring R. Consider R/M and R/a- l M as right R-modules
(R has identity) and the following right. R-module homomorphism f:
R -+ R/M, f(r) = ar + M, Vr E R. It is easy to observe that R/M is
simple (irreducible) as right R-module iff M is a right maximal ideal.
These two right R-modules are isomorphic: one uses a well-known iso­
morphism theorem R/M = im(J) c::! R/ ker(J) because ker(J) = a-I M
and f is surjective (indeed, a ~ M => aR ~ M => M c M +aR =>
M + aR = R proves that Vb+ M E R/M,3r E R: b + M = f(r)).
Hence R/a- l M is also simple and a-I M is a right maximal ideal.

.,

Ex. 2.10 An obvious induction reduces this to a 2-generatedideal,
i.e. A = RXI + RX2. Each element being idempotent (this assures
that the ring is commutative), one easily verifies the equalities: Xl =
XI(XI +X2- XIX2) and X2 = X2(XI +X2-XIX2). Hence A = RXI +RX2 ==­
R(XI +X2 - XIX2)'
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Ex. 2.11 If for two (commutative) rings with identity Rand S we
have I and J respectively ideals then it is easy to check that I x J is
an ideal of R x S. Conversely, if A is an ideal of R x S then denoting
by PR and PS the projections-from the direct product one verifies that
A = PR(A) x ps(A) where PR(A) is ideal in R and ps(A) is ideal in
S. (The astute reader will-observe that the identities of Rand S are
needed!). Now every division ring K has only the trivial ideals to} and
K. Hence to} x K and K x {O}are the only nontrivial ideals of K x K.

Moreover, the ideals of 71.. x 71.. have the form m71. x n71. for m, n E :IN.
Finally, let us remark that this fails for subrings in a direct product:
6.R = {(r, r)lr E R} is a -subring Df R x R which has not the decompo­
sition A X B for subrings A,B'of R.

Ex. 2.12 Let Rbe a nonzero ring with identity. The set A of all
the matrices with zero entries on the first column form a left ideal of
Mn(R) (which Is not a right ideal) and the set B of all the matri­
ces with zero entr.ies_ on the first row form a right ideal of Mn(R)
(which is .not a-left ideal). The intersection A n B is no ideal of

00.0 11 1
o 1 1 1 1 1

Mn(R) because for instance.

o 0
n-l n-l

-=0·
. n-l

o 1 1 1 1 1

..4. A and hence (j. A n B.

n-l n-l n-l
Remark. If R is "a division ring (or a simple ring) then Mn(R) is

simple (see also 2.20) and the above example (for n 2:: 2) is simplier to
justify: A n B (j. to:' R} .

Ex. 2.13 .(a) rt, r2E A: B implies 'Vb E B (rt - r2)b = rib - r2b E A
(A being subgroup of-(R, +)) so- that A : B is a subgroup of (R, +).
For an arbitrary c E Rand rEA: B the element cr E A: B because
'Vb E B rb E A-=} -(cr)b-= cErb) E A (A ideal) and rc E A: B because
'Vb E B cb E B (B be.ing ideal)·so that (rc)b = r(cb) EA.
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(b) The inclusion (A : B).B ~ A being obvious let I be an ideal
such that (A: B).I ~ A. One shows that I ~ A : B and that between­
all the upper bounds A : B is the lower.

(c) The first and second equality are immediate. As for the third,_
rEA: (B1+ ..+Bn ) implies'v'bi E Bi (i E {I, .. , n}) : r(b l + ..+bn ) E A.
Taking for example bi = 0 (i E {2, .. , n}) we get rbl E A or rEA: B 1•

The rest is analogous; the converse inclusion is simple.
(d) Owing to the well-known form of the ideals in 7l, the following

holds n71 : m71 = {a E 7llam71 ~ n71} . But
am71 C n71 {:} nlam {:} [m;n).(m;n) la[m;n).(m;n) {:} [min) la

- m n m
because [min) and [min) are relatively prime. Hence n71 m71 =

m n
[m;nJ 71.

m

Ex. 2.14 First observe that for 3 ideals I, J, K in R one has J 0 I< C
I {:} I< ~ I : J. Indeed, if k E I< and J 0 I< ~ I then kJ ~ I and
hence k E I : J. Conversely, from K ~ I : J one has kJ ~ I for every
k E I< and so I< 0 J ~ I. Notice that in this exercise the ring R is
commutative and hence 10 J = J 0 I.

(i) From A: B ~ A: B we obtain (using the above remark) B o{A :
B) = (A : B) 0 B ~ A. As for the second, from the previous exercise
A: (A + B) = (A : A) n (A : B) = R n (A : B) = A : B.

(ii) If rEA: (B 0 C) then rB 0 C ~ A and so rC ~ A : B. Hence
r E (A : B) : C and all the rest is similar.

(iii) Clearly, rB ~ B for each r E R so that B ~ A implies A : B-=
R. Conversely, if R has identity, 1 E A : B and so i.B E A or B ~ A-.

Ex. 2.15 (a)It is obvious that r E Vi' and c E R imply rc, cr E ,fi
(R being commutative).For rl,r2 E,fi * rl - r2 E VI one has to use
the binomial formula (R commutative): r~, r2 E I * (rl - r2)n+m =-

(
n + m) n+m _ ( n + m) n+m-l + +(-_l)m ( n + m)_ n m+o rl 1 r 1 r2.. m r 1 r2

.. + (_l)n+m ( ~ ~: ) r2+m , the members in "the left 'side" of the

above sum being in I together with r~ and the members in "the right
side" are in I together with r 2.

(b) The inclusion I ~ ,fi being immediate, other three from the

stated inclusions can be deduced. It remains: r E J,fi * 3n : rn E
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Vi ~ 3m : (rn)m = rnm E I ~ r E Vii r E Vi n .;J ~ 3'11., m :
r n E I,rm E J ~ rn+m = rn.rm E InJ ~ r E vInJ: and

r E JVi + VJ ~ _3k : rk = a +b, a E Vi,b E .;J. In this last proof
if an E I and bm E J, we apply again the binomial formula for the
computation of rk(n+m) =(a +bt+m E I +J and obtain the conclusion
rEVI+J.·

(c) Indeed, the set of all the 'nilpotent elements from R is clearly

J{O}, so it is an ideal in a commutative ring. The commutativity is

essential: in M,(Z) the matrices (.~ ~) and (~ ~) are nilpotent

(ofzero sqnare) 'hnt their sum 'C~ ~) heing a unit is not nilpotent.

Ex. 2.16 If I and J are nilideals~(i.e. contain only nilpotent elements),
each element in I + J is' nilpotent too. Indeed, let x + y = z E I +J
(x E I, y E J)and k_ E IN''' such that xk = O. We have zk = (x + y)k =
xk +a with a suitable a E J(e.g. -in a product xyxy..xy each xy E J
because J is a (left) ideal, xyx E J because J is a (right) ideal again,
etc.) Finally, there ~is. alE IN· such -that at = 0 and hence zkt = at = 0
, z is nilpotent and I + J is -nil.

If1 and J are nilpotent ideals and In = Jm = 0 then (I +J)n+m ~

In+m + In+m shows that I + Jis nilpotent too. The verification of the
previous inclusion goes like this: any element from (I + J)n+m is a sum
of products whichcontarn ''11. +m factors from I or J, that is (at least
'11.) factors from I ,or (at -least m) factors from J (e.g. a finite product
of the form a1bra2b2 .. , where ai -e.l,bj E J can be written as ala~a; ..
with a~ E I -using lleft ideal or blb~ .. with bj E J -using J left ideal)
and one uses the -obvious- inclusions It ~ In+m, Jt S;;; In+m for each
t ::; '11. + m.

Ex. 2.17 Obv:ious.

Ex. 2.18 All the subgroups:- of 7l.p" form a chain: 0 < pn-l71.pn <
.. < p71.pn < 'llpn and :these are t~he only ideals of 7l.pn too. These
are obviously nilpotent and _p71.pn (which has index '11.) contains all the
nilpotent elements-of 7l. pn -see-also the solution of 1.20). Further, I is
clearly a nil ideal, ea¢h element having only a finite number of nonzero
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components. I is not a nilpotent ideal because for each m E IN''' one
can point out a nonzero product of- m + 1 elements in I.

Ex. 2.19 Let 1.£ E Y Le. 1.£ +U =_.y. From~y2- = y we infer 1.£2 - 1.£ E U
and hence (U being nil) thereis am E IN'" such that (1.£2 - u)rn = O. We
have 1.£2_1.£ = 1.£(1-1.£) = (l-u)u. so that 0-= (1.£2 - u)rn = urn (l-u)rn =
Urn - urn+!.g(u) where 9 is a polynomial function with coefficients in R
which commutes with all the powers o£u. Now choose x = urng(u)rn.
The following computations show- that x is the required idempotent:
x2 = u2rng(u)2rn =urn- 1urn+1g(u)g(uJ2m-t =·urn- 1urng(u)2rn-l

= u2rn- 1g(u)2m-l = .. = um.g(u}rn = x, and x +U = urng(u)rn +
U = y(g(u)rn + U) = .. = y(.g(U)2 + U) = y(g(u) + U) = y. Indeed,
y = 1.£ +U = 1.£2 +U = .. = urn +U follows-, y being idempotent and
y = y(g(1.£) + U) is deduced from urn = urn+! g(1.£) and the previous
equalities.

Ex. 2.20 Let I< be a field and T the subring (see 1.26) of Mn(I<)
of all the triangular matrices. The subset A of all the matrices from
T which have zero elements (also) on the diagonal (i.e. aii = 0 for
each i E {I, 2, .. , n}) form an ideal of T. In the quotient ring T /A two
elements a + A = f3 +A iff the matrices a, f3 E T have respectively the
same elements on the diagonal. Hence we can choose a complete set of
representatives for T / A formed only by: -diagonal matrices (Le. which
have non-zero coefficients only on the diagonal: i i- j => aij = 0). The
coefficients commute (I< is a field) so that the commutativity of T/A
is readily checked. Obviously, T is- not ~ecessarily commutative.

Ex. 2.21 For the solution some-linear algebra results are needed; if
R is a ring with identity and A E Mn(R) we call elementary row
transformations the following operations:

(i) the multiplication of any row by any non-zero element, or,
(ii) the addition of any multiple orone row to another row (similarly

we define elementary column transformations). A simple exercise shows
that the interchange of any two rows (or columns) can be realised by
a suitable composition of the above operations. The following result is
needed:
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Theorem.- Any elementary row (column) transformation on a ma­
trix A E Mn(R) can be realized by a left (right) multiplication of A
with a matrix obtained from In by the same transformation. 0

As consequence of this result we observe that any ideal in Mn(R) is
closed under elementary row or column transformations and, as men­
tioned abov~, also under interchange of any two rows or columns. In
what follows we will denote :by

o .oorro

o
Er:· - 0I)

o

.'
.- 0- 0 :0

O-r 0­
000

o
o the matrix with r on the i-th
o

o . U ~ ~ 0
row and the j-th column~and only zero entries elsewhere.

a) Let A be an-arbitra~y ideaLof Mn(R) and A = {aUI(aij) E A}.
We first prove that A is an ideal-of R. The ideal A being closed under
subtraction, au, 1>11 E A implies au - 1>u E A. Using left and right mul­
tiplication with the matrices' with at most one non-zero coefficient men­
tioned above, say Ell' we deduce that au E A impliesr.au, au.r E A
and hence A is an ideal in Mn(R). In what follows we verify the equal­
ity A = Mn(A). 1f (aij) E A -then by interchanges of 2 rows and 2
columns we obtain another matrix which also belongs to A (as we have
noticed above) and has. the-element au in the left-upper corner. But
then aij E A and (aij)E Mn(A). -Conversely, let (aij) E Mn(A). The
element aij E A so that· let Vlj E A a matrix which has aij as left-upper
corner (for every -i,j E {I, 2,~.. , n}}. Now, the products Ell~jEh are
matrices with only one· non-zero element, namely au, on the first row
and first column which-also belong to A, this being an ideal of M n ( R).
Again by interchange of 2 rows-and 2 columns we obtain another ma­
trices in A, sayWiJ,- which .have-the only non-zero element aij on the
i-th row and the i-th -column.. -But obviously (aij) =Ei,j Wij E A.

b) The canonical-projection -PA: R -+ R/A naturally extends to
a surjective ring homomorpliism p-: Mn(R) -+ Mn(R/A) (a careful
reader remarks that Mn(R) = {u-Iu : I x I -+ R} where I = {I, 2, .. , n}
and Mn(RIA) = {ulu =Pit ou} ). The isomorphism is obtained using
a well-known isomorphism theorem and (a) for the kernel of p.
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. c) Obviously 271 is a ring without identity (together with the usual

operations in 7l). The set- {~~: ~~ Ilx, y, z, tEll} is an ideal in

M 2(271) which differs from M--'2(2n71), n E :IN, 2n71 being the only
ideals of 271, so that (a) fails in rings without identity.

d) No. If A is a left ideal of R one checks that Mn(A) is a left ideal
in Mn(R). But the converse does not hold. For instance, i~ is known
that K is a division ring -iff f{2 =f:. {OJ and K has no proper one-side
ideals. But in Mn(K) the subset {(~j) E Mn(K)lail = 0,1 S; i S; n}
is a proper left ideal.

Ex. 2.22 One can use the previous exercise: lR being a field, it has
only the trivial ideals.

Another solution. Let En- = (~ ~), E12 = (~ ~), E21 =

(~. ~"), E" = (~ ~). The following relations hold: E;;· EkI =

{
Eit if j = k
o if j i= k

Each matrix A = .( au a12 ).- is represented as A = allEn +
a21 a22

a12 E 12 + a21E 21 + a22E 22..-

Let I be a nonzero ideal of M 2(lR). If 0 i= U = (un U12) E I
- U21 U22

then the products E ki • U . Ejl = UjjEkl E I. At least one coefficient,
say U12, is not zero. Then Ekl' U ·E21~ U12Ekl E I and hence ak1Eki =
(aklui21 Ekk) • (UI2Ekt) E I. Finally A E I and so 1= M 2 (lR).

Ex. 2.23 Consider the function P(X) -+ P(X\Y) defined as f(A) =
An (X\Y) = A\Y for each A E P(X). Clearly, f is surjective but not
injective. We verify that f is a (unital, f(X) = X\Y see ~.1) ring ho­
mOI?orphism: f(Ab,.B) = (AL\B)\Y = (A\Y)L\(B\Y) = f(A)L\f(B)
and f(A n B) = (A n B)\Y = fA\Y) n(B\Y) = f(A) n fEB).

a) By a well-known isomorphism theorem we obtain P(X\Y) =
im(f) ~ P(X)j ker(f) = P(X)jP(Y). Indeed ker(f) =

{A E P(X)lf(A) = 0} = P(Y) so that for every proper subset Y of
X , P(Y) is an ideal of P(X).
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...
b) Let [be an ideal ofP(X). First check AUB =(A~B)~(AnB)

and hence. for A, B E [ one has also A U B E [. By induction, [ is
also closed to finite unions and moreover [ is closed to lower bounds.
Indeed, if G ::; A E [ then C = en AE [. Now, let Y = UA

Ael
element of [ as finite union {X is finite). Finally we verify the equality
['- P(Y). If AE [then A ~ Y and hence A E P(Y). Conversely, if
B E P(Y) then B ::; Y E [ and hence (as we saw above) B E [.

c) Let X be infinite an,d J = {A E P(X)IA finite}; in order to verify
that [ is an ideal first observe that in the additive group of the ring
(P(X),~) we have -B = B so that A - B = A~B ~ AU B is also
finite and hence A. - BEl . Further, if A E [ and C E P(X) then
A n C ~ A is also finite so that A neE [. Finally, if [ = P(Y) would
hold for a suitable -y ~ X, from Y E P(Y) we see that Y is finite. X
being infinite for Xl} E X\Y obviously Y U {xo} is also finite so that
Y U {xo} E [and hence-Y U- {xo} E P(Y), a contradiction.

Ex. 2.24 'ConsIdering the -canonical ring homomorphisms PI : R ~

R/[, PJ : R ~ R/J, the so called property of universality of the direct
product induces-a: R -~ R/[ x R/J a ring homomorphism which has
the kernel [n J. Using- a Noether isomorphism theorem one deduces
that the canonical ring homomorphism R/[ n J ~ R/[ x R/J is an
isomorphism iff a is surjective. If [ and J are comaximal we prove
that a is surjective. -Fo!' an arbitrary element (a +[, b+ J) E R/[
x R/J we consider a -b.E R = [+ J. If i E [ and j E J are such
that a - b = --i + j denote by r = a +i = b+ j. We immediately
get a(r + (I n .lJ) =--{a+ -l, b+ J) so a is surjective. Conversely, the
surjectivity of a is equivalent to~ Va, bE R,3r E R : a-r E [, b-r E J.
Taking b =0 we obtain a = (a - r) + r E [ + J, that is !l = [ + J.

Ex. 2.25 The id-eall-being finitely generated, let [ = Ral + .. + Ran.
Surely als(} 1 = 1 al + .. + [an_holds (indeed, one has to verify the two
inclusions .using 1 R = I and [2 = I) and then for each k,l < k ::; n
there is an element bJ; -E I -such that (1 - bk) [ ~ [ak + .. + [an' One
verifies this last assertion by induCtion on k (as for k = 1, the element
bi = 0 is obviously suitable; moreover, if an element bk E [ is chosen
there is an element tpro-ve this!) bk+1 E [ such that (1 - bk+l) [ ~

[ak+1 + .. + Jan). Finally , -e = bn+l E [ is the required idempotent.
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l
I

. Indeed, (1 - bn+dI ~ 0 implie:) (t - e}e = 0 or e2
· = e and I = Ie and

hence 1= Re.

Ex. 2.26 It is sufficient to verify that. each ideal generated by 2 ele­
ments, say a, b E R, is principal. Using the solution of 17.14 we can
suppose that these elements are idempotent and a ~ Rb, b ~ Ra. More­
over, Ra is a direct summand inR and- so b = b' + b", where b' E Ra
and ab" = O. Then Rb = Rb' EB REi' because b', b" E Rb. We surely have
Ra + Rb = Ra +Rb" and -this is precisely R(a + b") (i.e. principal)
because a = a(a +b") and b" =- b"fa +H'} (one checks that b' and b"
are also idempotents).

Ex. 2.27 (a) Obvious.
(b) The fractions being irreducible, for each x = :: EQ at least one

of m or n is relatively prime with P and sox E Q(p) or x-I E Q(p).

(c) Let S be a subring ofQ- so that Q(-P) C S (strict inclusion). We
show that Q ~ S (and hence Q- = S). Let r = :: E Q. If (nip) = 1
then r E Q ~ S. If (nip) #- 1 then let n = pSt with (tiP) = 1. By our
hypothesis let r' = ::: E S\Q(p) where-(n'ip) #- 1 and hence (m'iP) = 1.
Then ~, E Q(p) ~ Sand ~/.r' = ~, E S. Nowlin' = pVu with (UiP) = 1
we also have p1v E S and hence pikE Swith k E IN*, k ::; v. But hence,

S tieing a subring, also :k E S for k 2: -v and so :. E S. Finally,

r = 7.;. E S because 7 EQ(P) ~ S.

(d) Let I#-O be an ideal ofQ(p). If I contains a rational number ':
with (mip) = 1 then!!!:. is a unit and I =Q{p). In the remaining case,

n •

let pn be the greatest power of P which divides all the numerators of
the elements from I. Then I ~ pn.Q(p). Conversely, let r = pn.tEl

such that (siP) = 1. Then; E Qlp) andpn =.(~.pn).t E I and hence
p~~I.

(e) For every P E lP we clearly have 71. ~ Q(p). Conversely, if ': EnQ(p) then each P E lP divides n. Hence n E {±1} and ': E 71..
pElP
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Zero Divisors

Ex. -3.1 If e E R is an -idempotent element such that e fI. {O, I} then
obviously e.(l - e) = O.

Ex. 3.2 -Denote byX = {x E [0, l]1g(x) = O} for 0 i- 9 E R such that
I 9 = O. This is a closed _set (g being continuous) and hence I vanishes
on the complement of- X in [0, 1] and then also on an open interval
from [0,1-]". -Conversel-y, if I vanishes on the open interval (a, b) then the
function 9 E R- defined by

(x)={ (x-a)(x-b) forxE.(a,b)
9 - 0 otherWIse

is a zero divisor for f.
Let I E R-be an idempotent element. Hence p = lor 1.(1-J) = 0

denoting by 0- -resp. 1 the corresponding constant functions. Then
I(x) =-0 or I{x) = 1 for each x E [0,1]. But I being continuous only
1= 0. and I =-1 are possible. Similarly, the unique nilpotent element
is O.

Ex. -3.3 (i)-IfA, H are finite subsets in M clearly A +B = (A - B) U
(B - A) -and- An-Bare also finite.

(ii} For eachJinite subset A from M if x E M - A (which is nonvoid,
M being -infinite) then surely An {x} = 0 and so A is a zero divisor in
'Po{M) j

(iii)lfM i-"N E P(M) and x E M - N then N n {x} = 0 and
hence N Tsa zero divisor in 'P (M) .

101
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Ex. 3.4 Ifmx,my E H theaffiX'my = m' mxy s'o that from (m;n) =
1,(x,n) = 1 and (y;n) = 1 we have (mxy;n) = lor m·mxy E T.
Hence T is closed under multiplication. Further, let ta: : T -+ T, ta:(x) =
a.x, the (left) translatIon with a E T. This map is injective: if x, yET
and ta:(x) = ta:(y) then a(x - y) = IT and if a = mal, X = mXI, Y =
myI then (al;n) = (x.l;n) = (YI;·n) = 1. Since q = mn divides
m2al (Xl - yd we deduce tnat n .divides mal (Xl - YI) and hence n
divides Xl - YI (because rr is. relatively prime with m and ad. Hence
q = mn divides mXI - myI or X = mxl = myI = y. T being finite ta: is
also surjective and then' one checks immediately that (T,') is a group.
Finally, the elements from T are zero divisors in 7l.. q : for each mx E T
one has mx . n = O.

Remark. One verifies that (T,') f'V U (71..n ) the multiplicative grpup
of units.

Ex. 3.5 Let L E R (resp. rE R) be a left (resp. right) non-zero
divisor. Consider the corresponding traslations tl : R -+ R, tl(X) = Lx
resp. t~(x) = xr, \/x E R. These are injective (indeed, e.g. t,(X) =
t,(y) ::::} L.(x - y) = 0 ::::} X - Y = 0 ::::}x = y) functions and, R being
finite, also surjective functions. Hence, there are elements a, b E R
.such that tl(a) = Land resp. t~(b) = r. Then tl(ax) = Lax = Lx = t,(X)
and t~(xb) = xbr = xr = t'(x) so-that again by injectivity ax = X =
xb, \/x E R. So a = ab =0 and the corresponding element is an identity
for R.

Ex: 3.6 If s = ar, s' -= a'r' then ss' = ,aa'rr' and so aa' E T, a mul­
tiplicative system. Further, if a E T would be a zero divisor then for
a suitable r E R the corre~ponding element s = ar would be a zero
divisor too.

Ex. 3.7 For r = 0 nothing is. to be proved.. If r =I 0 consider an
arbitrary element X E I. From (xr )a' = 0 follows xr = 0 (be'cause a =I 0
and I has no non-zero divisors) and then x(rx) = O. Again, R having
no non-zero divisors, rx = 0 for X =I 0 (x = 0 is evident).

Ex. 3.8 The intersection J = L(I) n r(I) is an ideal (see 2.3) in R,
so we can consider the quotient ring. If (r + J) (s +J) = J are zero
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divisors in R/J then rs E J and then (rs) a = a (rs) = 0, Va E I. Now,
if sa =f:. 0 then one uses the previous exercise for rI = Ir = (0), Le.
r E J. Finally, if sa = 0 one verifies in an analogous way that s E J j

hence r + J = J or s + J = J and R/J has no non-zero divisors.

Ex. 3.9 With the notations of the previous exercise, (I +J) / J '" I
because clearly In J = (0) and one uses a Noether isomorphism theo­
rem. Finally, apply the previous exercise to the Dorroh extension and
remark that if R has no non-zero divisors then J = l(I) = r(I) =(0).

Ex. 3.10 If1 =ao+a1X+ .. +anXn is a zero divisor let 9 = bo+b1X+
.. +bmXm. polynomial of lowes~ degree with 9 =f:. 0 and 1 .9 = O. Then
anbm = 0 and surely ang = anbo+.. +anbm_lxm-l and (ang) 1 = 0
with deg (ang) :::; m -1 < m. Using the minimality of 9 we must have
ang = O. Next, consider fI = ao +a1X +.. +an_1xn-l. Clearly 19 = 0
and ang = 0 imply fIg = 0 and then an-1bm - 1 = O. As before an-lg = 0
and hence, step by step, akg = 0 for each 0 ~ k :::; n. Finally, akbs = 0
for each 0 :::; s :::; m and so bm • 1 = O. The converse is obvious.

Ex. 3.11 Let a E R be a left non-zero divisor. The ring R being
finite the injective map ta : R -+ R,ta(x) = ax,Vx E R(ax = ay =}

x = y because a is a non-zero divisor) is also surjective. Hence there
is an element b E R such that ta(b) = 1 or ab = 1. The element b
cannot be a left zero divisor because be = 0 (with e =f:. 0) would imply
e = I.e = (ab)e = a(be) = a.O = O. As above tb is surjective and
hence there is an element d E R such that tb(d) = 1 or bd = 1. But
a = a.l = .a(be) = (ab)e '= I.e = e and hence ba = 1 so that a is a unit.

Ex. 3.12 It suffices to show that, equivalently? if A = (: ~) is not

a unit in M 2(K) then A is a left zero divisor. We can suppose that at
least one coefficient is nonzero, say a =f:. O. First, if e = d = 0 then simply

(: ~)( ~a n= (~ n.Finally, if c, d are not both zero,

suppose that, say c # O. Then we have (: ~) (-a;l b -C;ld
) =

(
0 -ae-1d +b ) (0 0)

-ea-1b +d 0 = 0 0 because ad - be = det(A) =
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0, by hypothesis. Finally, if I< is not a field the assertion remains not
valid: take 2· 12 E M2(71)~

(
a +bi- c +di )

Ex. 3.13 A = +d' b' = aI2 + bI + cJ + dI< where-c :'/, a -- ~

I = (~ ~i)' J = ( ~1 ~), K = (~ ntogether with I' =

J2 = I<2 = -j2,IJ = -JI = K,]J{ = -/{J = I, I<I = -IK = J,are
representations of matrices which simplIfy the verifications needed in
order to prove that, together-with the usual laws of addition and mul­
tiplication, the set M is aring-. If A- E M, A =J 0 then det(A) =
a2 +b2 + c2 + d2 =J 0 and so A lias an inverse (which also belongs to
M). This ring is then a division ring, obviously without zero divisors.

Remark. See also 7.12,3.

Ex. 3.14 Indeed, if ba =J O-then a is left zero divisor and if ba = 0 then
a is right zero divisor.

Ex. 3.15 If a E R is not a zero divisor, from aba = a for a suitable
b E R we have (ab - l}a = 0 and- so ab = 1.

Ex. 3.16 No. Generally they do not even form a subgroup of the
additive group (R, +). For instance, in 716 the classes '2 and '3 are zero
divisors but '3 - '2 = r is not.

Remark. A ring is called subdirectly irreducible if the intersection
of all the nonzero ideals is not zero. One can prove that in a subdirectly
irreducible ring the answer is- affirmativ~.

Ex. 3.17 We use 15.6: the multiplicative system 80 of all the non-zero
div~sors is saturated (indeed, iCxy is non-zero divisor obviously x and y
have the same property) and so D = U {PIP prime ideal, P n 80 = 0}.
Moreover, we can show that D contains all the minimal prime ideals,
Indeed; using 13.4, any maximal multiplicative system 8 contains S~
(otherwise, for an element a E 80 , a ¢. 8, the multiplicative system
{1,a,a2

, .. ,an
, .. }·8 ::> 8 and 8 would not be maximal). Finally, for

a minimal prime ideal P, R\P is a maximal multiplicative system and
from 80 ~ R\P we infer P ~ D.
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00

Ex. 3.18 'For fED (X) ,f = L anXn we call the order o(f) the
n=O

lowest n E IN : an #- 0 and 0(0) = -00. One easily checks that
00

o (f +g) ;::: min (o(f), o(g)) and 0 (fg) ;::: o(f) +o(g). If 9 = L bnXn

n=O
and D is an. integral domain, ao(J)bo(g) is the only non-zero product

00

asbt such that s + t = o(f) + o(g). Hence if fg = L cnXn then
n=O

co(J)+o(g) = ao(J)bo(g) =1-' 0 and o(f) + o(g) = o(fg). In particular,
o(fg) = -00 iff at least one from o(f),o(g) is -00, i.e. fg = 0 iff
f = 0 or 9 = O.

Ex. 3.19 Neither implication holds. For P4 : 71.. -+ 71..4,P4(X) = [x]4'
we have P4(2) = [2]4 where [2]4 E 71..4 is a zero divisor ([2]4 . [2]4 = [0]4)
but 2 E 71.. is not. Conversely, let f : 71..6 -+ 71..3 , f([X]6) = [x]3,(see
4.9, the translation with [1]3)' Obviously, f([2]6) = [2b and [2]6 is zero
divisor in 71..6 and [2]3 in 71..3 is not (this is a field and [2b =I- [0]3)'
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Chapter 4

Ring Homomorphisms

Ex. 4.1 If a' is arbitrary in J(R) there is an element a E R such
that a' = f(a). Then a'.f(l) = f(a).f(l) = f(a.l) = f(a) = a' and
similarly J(l).a' = a' so that f(l) is the identity in f(R). An easy (but
not trivial!) counterexample is f : 7112 ~ 7ll2 , f (x) = 4x, \Ix E 7ll2 .

Here 4 is the identityinJ(71l2 ) = {O,4,S} and surely r =/:. 4.
As for -the .application, f( R) = R' and by uniqueness f( 1) = 1'.

Ex. 4.2 Indeed, ker f being ideal in the simple ring K, we have ker f =
K or kerf ={O}. -Hence f is either trivial or injective.

Ex. 4.3 Q being a field (and hence simple), the ring homomorphisms
f, 9 must be either trivial or injective (see the previous exercise). If
f = 9 = 0 there-is nothing to prove. From f(n) = g(n), Vn E 7l we
deduce that the only -ease left is f, 9 both injective. In this case the
subringsf(Q),-y(Q) are fields in R with the same identity l' = f(l) =
.g(I). Now if A-is·thesubring of R generated by f(Q) U g(Q) then l'
is also identity in.A ana f,g considered as ho~omorphisms Q ~ A
are unital. Hence f(n) and g(n) are units in A for each n E 7l*and

[f(n)r1
= J{*~'" [y{n)r1 = 9 (~). But then from f(n) = g(n) we

have also Iftn)rl. =-[g(n)r1 and hence f (~) = 9 (~) . Finally, one

gets J (:) =mf (~)= mg (~) =9 (,:), V,: E Q.

Ex. 4.4 -Obviously-(3j 5) = 1 and 2.3-1.5 = 1. If ([ab, [b]s) E 713 x 7ls
then we consider n = 2.3b-1.5a. Hence x-a = 3.2(b-a),x-b = 5.1(a-

107
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b) or 3Ix-a,5Ix-b.Then:[xb = [ab, [x]s = [b]s arid f(x) = ([a]3' [b]s)'
Moreover, ker f = 37l n57l = [-3;-5:]7l = 157l.

Generalization. If (-n; m) =- 1 and un+vm = 1 then x = unb+vma
does the same job for the surjectivity of f and it only remains to verify
that ker f = nm7l.

Ex. 4.5 The composition-is surjective iff for every y E 7l [v'd] there are

elements u E 7l; v E 7l [Jd] such t1iat·y = u+xv. If x = m +nv'd, y =
a +'bv'd and v = s +tVd then our composition is surjective iff for each
b E 7l there are s, t E 7l such that b-= ms +nt. But this last condition
is equivalent with (m; n) = 1. As for the special case, the kernel of
the composition being (x) n 7l, using an isomorphism theorem, the
canonical homomorphism-is isomorphism iff (m; n) = 1.

Ex. 4.6 Take i : 7l ~ (Q, i(n) = n,Vn E 7l, the inclusion ring homo­
morphism.Obviously,71 is an (-improper) ideal of 7l but i(7l) = 7l is no
ideal in Q.

Remark. Surjective ring homomorphisms preserve also the ideals
(and not only s.ubrings as it is well-known in general).

Ex. 4.7 More generally, for each ring with identity R there a unique
unital ring homomorphism i :.7l -+ R i.e. f(n) = n.1, Vn E 7l. Hence
only 17l is a unital r:ing endomorphism. In order to determine the
ring homomorphisms 7l_ -+ Q: we recall that the group homomorphisms
f : 7l -+ G where G is an abelian group, are determined by f(l) E G
i.e. f(n) = n.f(l), so-for such group ~omomorphisms with f(l) E Q
one has to find which are also- ring homomorphisms or, equivalently,
which are the idempotent elements ofQ (J ring homomorphism¢:} f(l)
idempotent). But the only idempotent elements in a ring with identity
without zero divisors are 0 and 1.

Hence the only ring homomorphisms are the zero and the identity
homomorphisms.

Ex. 4.8 We prove that all the ring endomorphisms of tln are the trans­
lations with the idempotent elements of tln (and one uses 1.22). First,
if f : tln -+ tln js a ring endomorphism then it is also a group endo­
morphism and hence f(m) = f(m.I) = mf(I) = m.f(I) = tJ(I)(m) so
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that 1 = t1(1)' But 1(1) .E Id(71.n ) because 1(1).1(1) = 1(1.1) = 1(1).
Conversely, if a: E I d(71.n ) then ta(x +y) ...:. ta(x) + ta(y) and ta(x.y) =
ta(X).ta(Y) hold.

Ex. 4.9 As above one can verify that the required ring homomor­
phisms are the translations with the idempotent elements [aIm E 7l.m
such that n.[a]m- = [01m holds in 7l.m • Such a translation is now t[a]m :

7l.n --+ 7l.m defined- by t[a]m([X]n) = [a.x]m. The only non obvious thing
to- be verified- -is that this translation is well-defined: [x]n = [yIn and
71.[o.]m = t9Jm => [a.x]m = [a.Y]m. Indeed, from x - Y= nt and no. = ms
we-obtain at-once-_a.x - a.y = mst.

Ex. 4.10 The affirmative way follows by simple computations. None of
the four converses is true. Counterexamples: we denote by Pn : 7l. --+ 7l.n
the projection Pn(x) = x, \:Ix E 7l.. For n = 6, 3 is not idempotent in
7l. hut 3 is idempotent in 7l.6 ; for n = 4, 2 is no.t nilpotent in 7l. but
2" is-nilpotent in71.4 j for n = 5 every integer a ~ {-1, 0, 1} is not
a unit -in 7L but a -is a unit in 7l.s (this being a field). For the last
example it suffices to give an example of non-commutative ring R with
a proper commutative quotient ring R/I and to take PI : R --+ R/I the
corresponding-projection. But this is 2.22.

Ex. 4.11 _(a) Indeed, I(X)2 = l(x2) = 1(1 +1) = 1(1) +1(1) = l' +l'
(note that :ring isomorphisms are unital 4.1).

(b) Jl[yI2] has -elements which satisfy the relation from (a) (e.g.
J2) -but ~fJ3] has not. Indeed, (a + bJ3)2 = 1 + 1 or the system
0.

2 +3b2 = 2,2ab= Obave no solutions in 7l., and one applies (a).
:Generalization. If d #- e are square-free positive integers the same

holds for-~[Jdl-and Z[veJ.

Ex. 4.12 -Ob"jously R is a subring: A, B E R => A - B, A.B E Rj since

( 0- 1)-=-( 00-j. = (0 1) #- (0 0) = (0 0) (0 1) Reo - 0- 1- 00 00 01 00
. . -

has tbe-required properties. Next, (~ :)' = (~ :~) = 0 ~

b = 0 so that I = { (~ ~) la EQ}. Now, A, BEl, C E R =>
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A - B, CA, AC·E I are easily verified. Finally (~. ~: ) - (~ ~:) E

I {::> b1 = b2 so. that the· map f : R -+ Q, f ( (~ ~)) = b, Vb E Q

is a surjective .ring homomorphism with ker f = Ii so the required
isomorphism is given by a well-known isomorphism theorem.

Ex. 4.13 f being-a ring hem-omorphism f(A+ker(f)) = f(A) so that
A+ker(f) ~ f-I(f(A)).Conversely, ifr E f-I(f(A)) then fer) = f(a)
for a suitable a E A and- 1 (r - a) = 0 or r - a E ker(f). Hence
rEa + ker(f) ~ A-+- ker(f). The following equivalences prove the

remaining equality r E f- l (.n Bi). {::> fer) E nBi {::> Vi E I: f(r) E
ieI ieI

Bi {::> Vi E I : r E f- I (Ed {::>

r E nf-I (Bi ).
iel

Ex. 4.14 Consider the inclusion f : II -+ C[X, Y] and M the maxi­
mal ideal (see 13.14) of all the polynomials with zero constant term.
f-l(M) = {O} =I- II is·not a maximal ideal in ll.

Remark. If f :'R -+ R' is -a surjective ring homomorphism and M
is a maximal ideal in R' then f-l(M) is a maximal ideal in R.

Ex. 4.15 Suppose that such a ring R does exist. R being a subring
with identity of R[X], it must be isomorphic with a subring with iden­
tity of (ll, +,.). In particular, (R, +) must be group-isomorphic with
a nonzero subgroup of (ll-, +) and hence 3n E IN· such that R f'V nll.
But. 1 E R implies n = 1 and so II f'V ll[X] a contradiction (e.g. II is
cyclic and obviously ll[X] isn't cyclic). Hence there are no such rings.



Chapter 5

~C-haracteristics

Ex.5.l -If-a E R, a Boole ring, a + a = (a + a)2 = a + a + a + a so
that a + a. = O. Hence the required characteristic is 2.

Ex. 5 .2:- From -char(R) = Ord(R.+) (1) follows
char_(7l :x 7l} = char (7l x 7l3 )

=char (End(7l)) = 00 and char (End(7l3 )) = 3.

Ex. 5.3 As- above char (7lm x 7ln) = ord([l]m' [l]n) = [mj n] the lower
common multiple (indeed, one uses the following group theoretic result:
let x,y be elements in a group G, xy = yx,ord(x) =m,ord(y) = n. If
(x) n Ky) = II} then ord(xy) = [mj n)).

Generalization. If char(R) = m and char(R') = n one proves in a
similar way that' char (R x R') = [mj n].

EXL 5.-4- As in the previous exercise char (Q x 7ls) = ord (1, [l]s) = 00.

Ex. :5.5 Let K be a division ring. If char(K) = p define m' x =
mx, Vm E' 7lp , Vx E K. The definition does not depend from repre­
.sentatives: n E -m ::} nx = mx and so, simple verifications show
that- K actmilly is a vector space over 7lp • If char(K) = 0 define
(:}x = m.-(nxr1 ,V,:: E Q, Vx E K. This case is similar: one shows
that K actually is a vector space over Q.

Ex. 5'.6. If f :- 71.. -+ R is a unital ring homomorphism then surely
f( m) = m.l, Vm-E 71... This proves the uniquenessj the existence follows

111
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obvious)y (for a map defined by this formula) by' straightforward ring
computations. If char(RX = (} then f(m) = f(i) =} m.1 = l.1 =}

(m - i).l = 0 =} m - i = 0 =} m = i. Finally, if char(R) = n then
m.1 = 0 ¢? 3k E 71..: m = kn and hence ker(f) = (n) = n71...

Ex. 5.7 The kernel ker(f) being an ideal in the division ring l< one
has ker(f) = (0) because otherwise f = 0 would not be unital. Apply
the previous exercise (and especially the uniqueness).

Ex. 5.8 The condition is dearly- necessary. Conversely, we have to
show that f(x.y) = f(:r).f(y)-, \I.x,.y E l<. First, we prove that f(x 2) =
f(x)2, \Ix E l<. Indeed, this follows from f((l +X)3) = f(l +X)3 using
f(l) = I', f(x3) = f{X)3 and char(K') =f 3. Finally, from 2xy =
(x + y)2 - x2- y2, applying f (which is a group homomorphism for the
additive subjacent groups) we get 2J(xy) = f((x+y)2)- f(x 2)- f(y2) =
f(x +y)2 - f(X)2 - f(y)2 =-

(f(x) + f(y))2 - f(.x)2 - f(y)2 = 2f(x)f(y) and hence f(xy) ­
f(x)f(y) because char(J<') =f 2.

Ex. 5.9 char(71..p X 71..p) = p and this is no field (one finds easily zero
divisors).

Ex. 5.10 If one uses the representation 0,1, x, 1 + x, x2, 1 + x2, X +
x2, 1+x +x2 together with Zx = O·,for each a E Kg one checks 2a = O.

,

Ex. 5.11 The elements of this field (see also 7.3) may be represented
as 0,1,2, y, 2y, 1 +y, 1+ 2.y, 2 + y, 2 +2y where 3y = O. For each such
element a one verifies a +a +a = O. So the characteristics is 3.

Ex. 5.12 Let 71..p [X] the corresp.onding polynomial ring.' This is ap.
integrity domain (together with 71..p) and char(71..p[X]) = p. Let K be
the ring of quotients of 71..p [X]. Tills is obviously an infinite field and
one has p' (y, y) = (pyP, yp) = CO, yp) the zero element in the ring of
quotients. Hence char(l<) = p. More generally, the ring of quotients of
an integrity domain of characteristic p has the same characteristic.



113

Ex. 5.13 Let A = (aij)l~""< and B = (bij )l<""< . The sum of the.;:,.1,3 n 1,3 n
elements (also called the trace) of the diagonal of The product A· B is

n n

I:::I: aikbki. A simple computation shows that the trace of the product
i=l k=l
B· A is the same. Hence the trace of A· B - B· A is zero (the "trace"
is an additive map). But the trace of In is obviously n . 1 =I- 0 if the
characteristic is O.

Ex. 5.14 Consider f : K ~ K, f(x) = xpn
, \Ix E K. Using char(K) =

p one verifies similarly to 8.11 that f is a unital ring homomorphism
(between fields) and then f is injective (indeed, f =I- 0 ::} ker(J) =I­
K ::} ker(J) = (0)). Hence th~ given polynomial has at most one root
in K.

Ex..5.15 It suffices to prove that X2 +y2 -1 is irreducible in K[Y][X]
applying- the Eisenstein criterion (see 17.21). Indeed, Y + 1 divides
y2 _ 1'but (Y +1)2 does not divide y 2- 1 because otherwise y2 - 1 =
(Y +1)2 or 2Y + 2 = O. But this is impossible without char(K) = 2.

Ex. 5.16 "(i) If u E K is a root for the polynomial f then uP = u +a.

But -then u + k, 1 ::; k ::; p - 1 are also another p - 1 different roots
for f an& so f factors completely in K[X]. Indeed, (u + 1)1' = uP +(nuP-I +.. + ( p ~ 1 ) u +1 =

u!' +1 = (u +a) +1 = (u + 1) +a shows that u +1 is also a root
(char,J K) = p is used) and one continues in this manner for u+2, .. , u+
(p- 1)'.

(ii) Set x = by and use (i)j
~(lii) .Set.·x =Z-l and use (ii).

Ex. 5.1-7 -'First observe that a =I- -1 : otherwise the existence of the
map· f-would imply char(K) = 2. Indeed, for a = -1, f(x) + fe-x) =
2x -and replacing x by -x, f( -x) + f(x) = -2x so that 2[f(x) +
l(-x)] = 0 or (multiplying by 2-1) f( x) + f( -x) = 2x = 0, \Ix E K.

Furthe~, from a2n+1 +1 = (a + 1}(a2n - a2n- 1 +.. - a + 1) follows
1-- a +.. - a.2n- 1 +a2n = 2 (a +1)- (because a+1 =I- 0) .

.::Finally, one checks that the map f : K ~ K, f(x) =2 (a +1)-1 x,
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'Ix E [{ is the required one.
Remark. It can be shOWTI- _that this is the unique map with the

required properties.



Chapter 6

Divisibility in Integral
Domains

Ex. 6.1 If a ::f:. 0 is an element of D then by hypothesis a and a2 must
be associated elements of D. Then a2 = au for a suitable unit u E D.
Hence a(a - u) = 0 and a - u = 0, D having no zero divisors. So, each
nonzero element in D is a unit.

Ex. 6.2 We prove this by induction on the values of N. If N(x) = 2
and x = ala2 then N(x) = N(at}N(a2) = 2 implies N(al) = 1, that is
al is a unit and a2 is associated with x, or, N(at} = 2 and then al is
associated with x. Further, if N(x) = n +1 suppose that x is reducible.
There are' alla2 such that x = ala2 and N(x) = N(al).N(a2) and
.N(ad ::f:. 1. But then N(al), N(a2) < n+1 so that by the induction hy­
pothesis al, a2 decompose into irreducible factors. Hence x decomposes
into irreducible factors.

Ex. 6.3 It suffices to define a norm as follows:

{
o ifx=O

N(x) = 1 for each unit x
2r1 +..+rk otherwise

that is, if x = ep~l ..p';: with e a unit and Pi irreducible elements.
One verifies that N is well-defined and multiplicative.

Ex. 6.4 Let us define N : Z [y'n] -+ IN, N (a + bJTi) = la2
- nb21. If

a + bJTi denotes a - bJTi then z:u = z.U and N(x) = Ix.xl simplify the

115
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verifications of the multiplicativity of- N., The other .two properties are
immediate. For 7l [iJTi) we define the norm by N (a +biJ71) = a2+nb2.
The verifications are similar.

Ex. 6.5 Let N : 7l[i]* -t IN*, N( a +bi) = a2+ b-'2. If Z = a +bi E 7l[i]
and w = c + di E 7l[i]* then let z . w-1 = ,s + ti E Q[i]. If q =
m + ni E 7l[i] is chosen such that Is -m~1 ~ !, jt -:-nj ::; ! then let
u = s - m + (t - n)i. Hence z = wq +wu. Now, z,wq E 7l[i] and
hence also r = wu E 7l[i]. Moreover, N(rJ = N(wu) = N(w).N(u) =
N(1fJ). [(s - m)2 + (t - n)2] ::; !N(w)< N(w).

Ex. 6.6 One has N(5) = 25 but a2 + 2b2 = 5 has no solutions in
7l so that 5 is irreducible. We have 2 +10 = (1 - iV2)(iV2) =
(-1 + iV2)(-iV2) as non-trivial decomposition but N(l + iV2) = 3
prime number, shows that this is an irreducible element so that one has
only associate decompositions 1 + iV2 = (-1)(-1 - iV2).

Ex. 6.7 7l[i] being an Euclidean ring, one has to apply an Euclidean
algorithm in order to get aged. First we obtain 5 = (1 +3i)(-i) +2+i
, searching the quotient as a Gauss integer m +ni such that \! - m\ ::;

!' I-~ - nl ::; ! because 1~3i = ! - ~i so that m = -0, n = -1. Further,
1+3i = (2 + i)(1 + i) so that gcd(5-,1 +3i)-= 2+ i.

Ex. 6.8 Let N : 7l[iv'S] -t lN be the function defined by N(a+biv'S) =
a2 + 5b2 • One verifies N(xy) = N(x).N(y), Vx,JJ E 7l[iv'S] so that if
d would be a gcd(6,2(1 + iv'S) then N(d) divides N(6) = 36 and
N(2(1 + iv'S)) = 24. But 2 divides' 2(1 +.iv'S) and 1 + iv'S divides 6
(indeed (1 +iv'S)(I- iv'S) = 6) so that 'N(2}' 4- and N(1 +iv'S) = 6
divide N(d). Hence N(d) = 12. But there are no integers a, bEll such
that a2 + 5b2 = 12.

Ex. 6.9 If d = gcd(3, 1 + iV5), as above N(d) divides N(3) = 9 and
N(1 + iV5) = 6 so that N(d) E {I, 3}. There are no a, bEll such
that a2+ 5b2= 3 so that N(d) = 1 and hence d is a unit (see 1.18) in
7l[iv'S]. Hence 1 = gcd(3, 1 + iv'S).
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Ex. 6.10 7l[i] being an Euclidean ring a gcd(l + i, 4 + i) will be the
required generator so that we have to apply an Euclidean algorithm.
We have it~ = ~ - ~i = 2 - i + l~i so (see an above solution) 4 + i =
(1 + i)(2 - i) + 1 and hence 1 = gcd(l + i, 4 + i).

~x. 6.11 We have (1 + iy'n)(l - iy'n) = n + 1 = 2k (because y'n rt.
7l, n ;::: 3 surely implies that n is an odd number) so that 21(1+iJn)(1­
iy'n). Simple verifications show that 2 does not divide neither 1 + iy'n
nor 1 - iy'n. So 2 is no· prime element in 1l[iyln]. Further, in order
to show that 2 is irreducible, let 2 = xy with x, y E 1l[iyln], namely
x = a + biy'n, y = c + diy'n, with a, b, c, d E 7l. Using the conjugates
"f,y we obtain (a2 + nb2 )(c2 +'nd2) = 4 so that a2 + nb2 E {1,2,4}
respeetively a2 + nb2 E {I, 2} (using symmetrically c2 + nd2 ). The first
case implies b = O,a E {±1} and hence x is a unit. The second case is
impossible.

Ex. 6.12 The ring 7l[i] being Euclidean (see 6.5 above) the prime and
the irreducible elements coincide so it is sufficient to show that 1+ 2i is
irreducible. As we have seen in previous exercises it suffices to show that
N(l + 2i) is prime (indeed N(x) = N(y) implies x, yare associated).
But N(l +2i) = 5.

Ex. 6.13 (a) According to 6.4 7l [iV6] is normed, by N : 7l [iV6] -+

IN, N (a + biJ6) = a2 + 6b2
• It is readily checked that a2 + 6b2 E {2,5}

have no solutions for (a, b) E 7l X 7l.
(b) For instance, a2 + 6b2 = N (2 - iV6) = 10 with a, b E 7l

implies a E {-2,2} and b E {-1,1} so that 2 - iV6 is irreducible.
The same, judgement is to be made for N(2) = 4 and N(5) = 25.
Next, 6 = 2.3 = iJ6 . (-iJ6) are nonassociated decompositions and

216 #? 21iJ6 nor 21 (-iJ6) , so that neither 2 nor 3 is a. prime element.

For the third element one uses (2 + iV6) (2 - iJ6) = 2.5

(c) We have N (2 + iV6) = 10 and N(5) = 25 so that al2 + iV6
and al5 imply N(a)lgcd(10, 25) that is N(a)15. Hence, using (a), only
N(a) = 1 is possible. Surely, (2 + iV6,5) #- 7l [iJ6] and so 1 rt.
(2 + iJ6,5).
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(d) Similarly N (10) = 100; N (4 -k2iJ6) . 40 so that if d =
gcd (10,4 + 2i.)6) we would have d!10 and dI4·+2i.)6 and so N(d)l20.
But 2110 and 214 + 2i.)6 and so,N(2) = 4IN(d). Analogous,2+iJ6110
and 2+iJ614+2iJ6 imply 10IN(d). Rence N(d) = 20 but a2 +6b2 = 20
has no solutions in 71..

(e) We have already seen that 10 = 2.:5 = (2 +iJ6). (2 - iJ6)
holds..

Ex. 6.14 More generally, we prove that in: a Gaussian ring R which is
not a field with only a finite number of units there are infinitely many
irreducible elements. Indeed', suppose t·hat Pl,P2, .. ,Pn would be the
only nonassociated irreducible elements in R and consider the elements
qk = (PIP2 ..Pn)k +1 for every k E lN~ -If k oF 1 then qk oF ql otherwise
the elements Pi would be units (if k <.1 one has (PIP2 ..Pn)l-k = 1). The
ring R having only a finite number of units there is arE IN* such that
qr is not a unit. If qr = Up~1 p~2 ..p~n is' a; decomposition in irreducible
elements (with at least a r s > 0,1 :::; s -:::; n) a simple computation leads
to the conclusion Psl1 or ps is.a unit, a contradiction.

Ex. 6.15 If an element a E D* would not be a unit, the element a2

would neither be a unit. By hypothesis, being irreducible, a and a2

would be associated elements in D. But this .implies a is a unit (see the
solution of 6.1). This contradiction shows that D is a field.

Ex. 6.16 As above we use the function N : 71.[iJTi] --t IN, N(a +
i.;n) = a2 +nb2 for n E {3,6} in order, to prove that 4 = 2.2 = (1 +
iV3)(l - iV3) respectively 6 = 2.3' = (i·J6) (-i.)6) are non-associated
decompositions in irreducible elements. Indeed, in the first case we
verify that neither 2 divides 1 ± iV3 nor 1 ± iV3 divides 2,and in
the·second case we recall that if N(x) oF N(y) then x and yare not
associated.

Ex. 6.17 For 71.[iV2l we prove a division .algorithm using the corre­
sponding function N : 71.[iV2J --t IN, N(a + biV2) = a2 +2b2 as fol­
lows: let x = a + biV2, y = c +diV2 oF 0 and ; = U + viV2 with
u, v E Q and let s, t E 71. such thatlu - sl :::; ! and Iv - tl :::; ! (the
nearest integers for u,v). We have x = yq+ r with N(r) < N(y) for
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q = s+tiv'2 and r = [(u-s)+(v-t)iV2].y E 7l[iV2]. Indeed, N (;) =

N(;-(s+tiv'2)) = (u-s)2+2(v-t)2 ~ ~+2.~ = ~ < 1. So the
answer is affirmative.

Ex. 6.18 As above we consider N : 7l [v'3] '" -7 IN''', N(a +bv'3) =
1~2 _ 3b21. If a+bv'3,e+dJ3 are nonzero elements it is readily checked

that N(a +bv'3) ~ N[(a +bv'3) (e +dv'3)] . Using the standard di­
vision algorithm in 7l we obtain ae-3bd =q(c2 - 3d2)+r and be-ad =
q' (c2

- 3cP) +r' such that Irl ~ t Ic2
- 3d21, Ir'l ~ t Ic2

- 3cPl. Now,

if we consider s+ tv'3 = (a +bv'3) - (q +q'v'3) (e +dJ3) then we

have the required division algo~ithm in 7l [v'3] because s+ tv'3 = 0 or

N(s +tv'3) < N(c+ dJ3).
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Division Rings

Ex. 7.1 Let K;::: {O,I, a, b} be a field with four elements. Its charac­
teristic being 2 (a prime number dividing 4) we obtain 1+1 ;::: a +a;:::

b+b ;::: O. The group (K, +) being of Klein type we also have a +b ;::: 1.
The inverse of a must be b. Indeed, a-I;::: 1 would imply a ;::: 1, a-I;::: a
would imply a2 ;::: 1 and (a _1)2 ;::: 0 (char( K) ;::: 2) and hence a ;::: 1. So
a-I;::: b or ab ;::: 1 and even a(1 +a) ;::: 1 or a2 ;::: 1+a. An isomorphism
to K4 (from 1.9) is now obviously defined.

Ex. 7.2 One checks that this is a ring with identity. Let us denote by
a ;::: (a, 0,0) and by x ;::: (0, I, 0). Hence the 8 elements are 0,1, x,l +
x, x2,l + x2, x + x2,1 + x + x2. From x3 ;::: 1 + x we infer x(1 + x2) ;::: 1
and so x and 1 + x2 are units. Moreover, x2(1 + x + x2) ;::: 1 and
(1 +x)(x +x2) ;::: 1 show that all the nonzero elements in Kg are units.

Ex. 7.3 As in the previous exercise we denote by a ;::: (a, 0) and by
y;::: (0,n. The 9 elements are 0,1,2, y,2y,1 +y,1 +2y,2+y,2+2y and
the equalities y2 ;::: 2, y. 2y ;::: 1, (1 + y)(2 + y) ;::: 1, (1 + 2y)(2 + 2y) ;::: 1
show that all the nonzero elements in Kg are units.

Ex. 7.4 The map f : C -+ { ('::'b :) la, bE lR} defined by f( a +

b') (a b). h . d" h'z;::: -b a IS t e reqUIre rmg Isomorp Ism.
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Ex. 7.5 The verifications are easier if one uses the decomposition

(
X +2y 3y )M(x, y) = 2y x _ 2y = xh + yA where h denotes the

identity matrix and A = (; ~2)' We note that A' = 1OI, and then

M(x, y)+M(z, t) = M(x+z, y+t), M(x, y).M(z, t) = M(xz+l0yt, xt+
yz). Moreover, if M(x,y) =I M(O,O) we have x2 - 10y2 =I 0 (v'IO
beiI).g not rational) and M(x, yt1 = M (x2_~Oy2' x 2-1oy2 )' The map

f :Q[v'IO] -t {M(x,y)lx,y EQ} defined by f(x +Yv'IO) = M(x,y) is
the required ring isomorphism.

Ex. 7.6 As above one simplifies the verifications decomposing

(:b :) = aI,+bA, where A = (~ ~) and nsing A' = dI,. The

required isomorphism is defined by a +bVd >---t (~ :).

Ex. 7.7 Let f: (I<, +) -t (I<*,.) be a group isomorphism.Then f(O) =
1 and there is an element a E I<* such that f(a) = -1. Now f(-a) =
f(O - a) = f(O) . (/(a)fl = 1· (-It! = -1 and so, f being injective,
a = -a or 2a = O. But then (2 ·1) . a = 0 and hence 2 . 1 = 0 which
implies 2x = 0, Vx E I<. Finally 1 = f(O) = f(2' 1) = (J(1))2 or
(/(1))2 -1 = (J(I) _1)2 = O. Hence f(l) = 1 and using the injectivity
of f , 0 = 1, a contradiction. (see also the following exercise).

Ex. 7.8 If char(I<) < 00 then char(I<) '= p, a prime number. The field
being a commutative ring, the Newton binomial formula gives (see 8.11)
(a±b)P = aP±bP,Va, bE I<. Hence (J(x)]P = f (px) = f (0) = 1, Vx E I<
and then (J(x)]P - IV = (J(x) - It = O. But so f(x) = 1, Vx E I<
and then f is the trivial group homomorphism. This result cannot be
applied to Q because char(Q) = 00. But this result remains true: ther~

is only the trivial group homomorphism between (Q, +) and (Q*,' i.
Indeed, for every x E Qand a such group homomorphism f from f( x) =

f (~ +~) = [f (~)r> O. Next, one checks f(x) = [f(l)t, Vx E Q.
Finally, we prove f(l) = 1. If f(l) = ! with a, bE IN*, a =I b, (aj b) = 1,
choosing p E IN,p > max(a,b), at least one from a and b is not the
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p-th power of a natural number and hence r fI. (Q)P . Hence, f (;) =
I !

[J(I)]P = (r)p eQ, a contradiction.

Ex. 7.9 Multiplying to the right the first relation by an one obtains
anbnan - bn+.la2n+I = an. Further, multiplying by bn+I to the left and
then to the right a2n+I = _b2n+I we get bn+1a2n+I = _b3n+2,

a2n+Ibn+1 = _b3n+2and hence bn+Ia2n+I = a2n+Ibn+I. Using a previ­
ous relation we deduce anbnan - a2n+Ibn+I = an and hence the required
relation follows by left multiplication with a-n •

Ex. 7.10 'Obviously, only the "if" part needs verification. We show
that if xy = 1 then also yx = 1 holds. If xy = 1 then y =f:. 0 so that
there is an element z E R such that yz = 1. But z = l.z = (xy).z =
x(yz) = x.l = x so that yx = 1 as required.

Remark. One surely obtains a similar true statement replacing·.the
existence of the right inverses by the corresponding left inverses.

Ex. 7.11 In a division ring, if x =f:. 1, the equation x +y = xy has the
unique solution y = (x - I)-Ix. Conversely, for an arbitrary element
a e R, a =f:. 0 we have 1 - a =f:. 1 so that there is abe R such that
1 - a +b = (1 - a)b and hence 1 = a(1 +b), Le. a has a right inverse.
By the above exercise, R is a division ring.

Ex. 7.12 In what follows we give three different (but isomorphic) pre­
sentations' of the so-called quaternions division ring.

1. H = lR4 together with the following operations (a, b".c, d) +­
(a', b', d, d') = (a +a', b+ b'e +d, d +d') and (a, b, e, d).(a', b',.(t,-d!) =
(aa' - bb' - ee' - dd', ab' + ba' + cd' .... dd, ad - bd' + ea' + db', ad!- +
be' - eb' +da'). Denoting by i = (0,1,0, O),j = (0,0; 1,0), k =to, O,'O;l}
and by a = (a, 0, 0, 0), Ya e ill. one gets the representation (a,~ e,d}-=­
a + bi + ej +dk together with ai = ia, aj = ja, ak = ka, P =-f =
k2 = -1, ij =k =-ji,jk =i = -kj, ki = j = -ik which simplifies all
the needed verifications. If n = a2+b2 +e2 +cP =f:. 0 then (a, b, e, dtJ =
(

.!!. _i _£ _4)n' n' n' n •
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10)o 1
o 0 and

o 0

2. ; :d ~b) la,b,c,d E lR} ~ M4(IR) to-

-c b a
gether with the usual matrices addition and multiplication. The astute
reader will simplify the verifications decomposing

(

~b : ~d :) .
-c d a -b = aI4 +bJ + cJ{ +dL where

-d -c b a

! = (~1 H~1) ,J{ = (~1 ~
o 0 1 0 0 -1

L = (~ ~ ~1 ~) with similar relations to the above oneso 100
-1 0 0 0

given for the quaternions i,j, k. A natural map gives H ~ H.

3. 1£ = {( ~u ;) Iz, u E C} ~ M 2 (C) where z denotes the

conjugate of z, together with the usual matrices addition and multipli­

cation. The map ( z_ ~) ~ a +bi +cj +dk, where z = a +bi, u-=
-u z

c +di provides 1£ :: H.

Ex. 7.13 For a prime number p consid~r J{ = ~p[X]/(X2 +aX+b).
If the polynomial X 2 + aX + b is irreducible over ~P then the ideal
(X2+aX +b) is maximal and J{ is a field w~th p2 elements (see also
7.15 bellow). In order to prove that such a polynomial (~p being a
field it suffices to consider monic polynomials, i.e. polynomials with the
leading coefficient I) does exist it suffices to make the following simpl.e
computation: there are obviously only p monic polynomials of degree

1 (thatis X,X + T, ..X + p - 1) and so there axe ( ~ ) +p = p(Pill

reducible monic polynomials·of degree 2. Hence there are p2 - p(Pi1) =
P(P;l) irreducible polynomials of degree 2.
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Ex. 7.14 We compute the center of H, the division ring of all the
quaternions. Let q = a +bi +cj +dk E Z(H). From q. i = i· q we infer
ai - b - ck +dj =ai - b+ck - dj and so c =d = O. From q . j = j . q
we deduce b = O. Hence Z(H) = JR.

Ex. 7.15 K.being finite, it has a finite and hence prime characteristic
p. Then K contains the field 7lpand moreover, is a linear space .over
7lp• Indeed, if one uses 5.6, char(K) = p implies that for I, the unique
unital ring homomorphism, I (71) fV 7lJ ker(J) = 7lJ (p) fV 7lp .If
dim71 (K) = n then K has pn elements.

p

Ex. 7.16 Nonzero endomorphisms of fields are injective and hence (the
restriction to K* is homomorphism of groups) unital. So 0, 1 E Hand
so IHI ;::: 2. Moreover, it is readily checked that a, bE H, c E H\{O}=>
a - bE Hand a.c-1 E H (indeed, l(c-1 ) = f(ct 1).

Ex. 7.17 .Let N = {1,2, .. ,n} and M = {1,2, ..m} for n,m E ]N*.

Then if we denote by Eij = Uij(l) (the matrix whose i - j entry is
1, with all the other entries 0) then Mn(I() = {fl/: N x N -+ K}
and Mm(K') = {gig: M x M -+ K'} (all the maps) can beconsid­
ered as linear K-space resp. K'-space with bases {Eijli,j E N} resp.

{E!j\i,j E M}. Now K ~ EnMn(K)En (notice that En is obviously·
an idempotent) and K' ~ E~lMm(K')E~l together with an isomor­
phism F : Mn(K) -+ Mm(K') gives by restriction an isomorphism
K ~ K'. To get this, notice that, for instanj::e {Eijli,j E N} (called
matric units in [25]) are determined as elements in a ring by identities

n

preserved by a ring isomorphism: L Eii = In, EijEkl = 6jkEU.
i=l

Finally, if K ~ K' then dimK(Mn(K)) -:- n2 = m2 =. Mm(K'}
implies n = m.
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Chapter 8

Automorphims

Ex. 8.1 If f :Q~Qis an autoinorphism one easily checksthat f(O) =
oand f(l) = 1. Then for each n E IN* we deduce fen) = f(I+ .. +I) =
f(l) + .. + f(l) =nf(l) = n. Moreover, f(-n) =- fen) = -n sa that
f(m) =m, Vm E 71.. Further, for each nE 71.*,1 = f(I} =-r(n-.~}=
f(n)' f (~) =nf (~) and hence f (~) = ~. Finally, for each:; -EQ-we

have f ( ,:) f (m . ~) = f( m) . f (~) = m . ~ = ,:.

Ex. 8.2 From the previous exercise we know that Qhas on1y- the iden­
tical automorphism. Now, if f : lR ~ lR is an automorphism, as above
f(a) = a, Va E Q. If x E lR and x > 0 then f(x) = f((-fi:}2) =
(f(VX))2 > 0 (f(0) = 0 and the injectivity of f imply f(VX) :f 0).
Taking Xl < X2 and X = X2 - Xlwe infer f(xt} < f(x2.) so that f
is an increasing function. We prove that f is the identical automor­
phism. If we would have f(x) :f x for !1 suitable x E lR suppose for
example f(x) < x. There is an a E Q such that f(x) < a < x so that
a = f( a) < f( x) is a contradiction. Finally, if f : C -+ C· is such
that f(x) = x, Vx E lR then -1 = f( -1) = f(i 2 ) = (f(Z)) 2 -so--that
j(i) E {-i, i}. Hence f is the identical automorphism or the conjugacy
of complex numbers, i.e. f( a + bi) = a - bi for every a +hi e-(J'.

Ex. 8.3 Let f : Q(Vd) ~ Q(Vd) bean automorphism. As ia-the
previous ~xercises from f(O) = 0 and 1(1) = 1 we deduce f (,:) -=
':' V,: E Q. Now, for each a, bE Q, f(a+bVd) = f(a)+ f(b)f(Jd,) = a+ .

127
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b1(y'd) holds so that 1 is determined by 1(y'd). If'!(y'd) = x+yy'd the
following computation is needed: d+I(d) = I(y'd . y'd) = (f( y'd))2 =
(x + yVd)2 =_x2+dy.2 +2xyVd. It implies x2+ dy2 = d, xy = O. If
y = 0 one would- have d = x 2 and hence d would not be square-free. So
x = 0 and y- E {±1}. Hence Q[Vd] has only two automorphisms (the
identical and- "the-conjugation" ones).

Ex. 8.4 For each- automorphism 1 : K4 -t K4 we have 1(0) = 0 and
/(1) = 1. The only bijective functions verifying these conditions are the
identical automorphism and the function 1 such that I(a) = b,/(b) =
a.

Ex. 8:5 We use the representation pointed out in 7.2:
Kg = {O, 1"x, 1 +x, x2, 1 + x2, X + x2,1 +x + x2}. Because 1(0) =

0,/(1) = 1, F(z) (wbich obviously determines an automorphism 1 of
Kg) may be chosen from the other 6 elements. But one verifies that
x3 = 1 + x holds and hence also l(x)3 = 1 + I(x). Straightforward
computations show that this holds only for the elements x, x2, X +x2.
So Kg has only 3- automorphisms: if we denote by a : Kg -t Kg the
automorphism determined by a(x) = x2 -then a 3 = lKs and the 3
automorphisms are the identical one and a, a 2

•

Ex. 8-.6: We-use the representation pointed out in 7.3:
I<g_ = {0,1,2,y,2y,1 + y,1 +2y,2 + y,2 + 2y}. Because 1(0) ­

0,/(1) = 1, f(2) = 2,f(y) (which determines an automorphism 1 of
Kg) may be chosen from the other 7 el~ments. Now, one verifies that
y2 = Y + 1 so that (f{y))2 = 1 + I(y). We easily check that this is .
possible only if I(Y)E {y,1 +2y} so we have only a non-identical
automorphism f3 ~ Kg ~ Kg, determined by f3(y) = 1 +2y.

Ex. 8.7 /l(.J3) is a subring of Q(V3) group-generated by 1 and V3.
One verifies that the only non-identical automorphism is m +nV3 f--:t
m-nV3.

Ex. 8.8 We use 4.8: the ring homomorphisms of ?lp are the transla­
tions with the idefnpotents. /lp being a field, the only idempotent is I
so that /lp has6n'y the identical automorphism.
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Ex. 8.9 (a) If a is a unit, the map 1/J : R[X] -? R[X] , 1/J(p(X)) =
p(a-lX - a-Ib) is the.inverse of ep, so that straightforward verifications
show that these are automorphisms of R[X].

(b) Let f : R[X] -? R[X] be an automorphism with inverse 9 such
that f(a) =a, 'Va E R. We have (J og)(X)' =X so that f(X) and g(X)
ate polynomials of degree one. If f(X) = alX+ao and g(X) =blX+bo
the previous equality gives albl = 1 and albo + ao =0 so that al
is a unit. Hence f is one of the automorphisms pointed out in (a).
Indeed, f(p(X)) = f(C{) +cIX +.. +enxn ) = f(C{)) + f(cdf(X) + .. +

-f(cn)f(xt =p(J(X)) = p(alX +ao).
(c) From the above exercise, each automorphism ep of7lp -is definea

by ep(p(X)) =p(aX +b) where a, bE 7l.p and a is a unit. -Hence 7l.p[X]
has pep - 1) automorphisms, 7l.p having p - 1 units. Similarly, the
cardinal number of Aut(Q[X]) is No.

Ex. 8.10 Indeed, first observe that each automorphism ofQ(~ maps
flO, into a root of the equation x3 = a (if f( fIO,) = b one -has ba. =
f( fIO,)3 = f« fIO,)3) = f( a) = a where the last equality is obtained as
in the first exercise above). But the only real root of this equation is

-?jO. so that the only automorphism of Q((/€i) is the identical-one.

Ex. 8.11 K being commutative we first show that f is a ring ho­
momorphism. Indeed, f(ab) = (ab)P == aPbP = f(a)f(b) and- f(a +

b) = (a +b)P = aP+ ( i )aP-'b+ .. + ( p ~ 1 ) ab"-~+-bp. Onern..,

to know that a prime number p divides all the binomial coeffidents..

(f ),( ~ ),..,( p PI) . Khaving the characteristic p the ahove

computation continues as follows: f(a + b) = aP+ bP -= .fra) +-J(Q).
Each non-trivial ring homomorphism between fields belnginjeetive,~j

is injective. K being finite, f is also surjective and hence,.an automor­
phism.

Ex. 8.12 Let K be a division ring which has only a finIte number of
automorphisms. Among these, for each 0 =f:. a E K surely the maps
fa : K -? K, fa(x) = a-Ixa, 'Vx E K are automorphisrns(called- inner).
Moreover, ({fa la E K*}, 0) has to be a finite group, -a subgroup of
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Aut(I<). Hence each element in this subgroup has finite order, i.e. for
each a E I<* there is an n(a) E IN* such that (fat(a) = 1K But then
(fa 0 fa 0 .. 0 fa)(x) = X or a-n(a)xan(a) = x or xan(a) = an(a)x, Vx E K.
Finally, for each a E K (clearly 0 also has this property) there is a
numbern(a) E IN* such that an(a) E Z(K). But hence K is commutative
according to 17.6 (obviously a division ring has no nilpotent ideals,
excepting (0)).

Ex. 8.13 For each ring automorphism f : R -+ R one has f(O) =
0, f(l) = 1. But there are exactly (n(R) - 2)! permutations of R with 0
and 1 fixed. Hence for the required rings each permutation of R which
fixe!> 0 and 1 must be an automorphism.

First we show that n(R) :::; 4 and more precisely that n(R) 2::
4 =} n(R) = 4. Consider the transposition (j = (ab) E Sn(R) where
a,b E R\ {O, I}. As a permutation which fixes 0 and 1, (j must be an
automorphism of R and consequently, also a group automorphism of
(R, +). Obviously, (j 0 (j = lR and the verification reduces to n(R) 2::
4 =} n(R) = 4 as (abelian) groups. Indeed, consider r E R\ {O, a, b}
and analyse the sum a + r. If a + r = 0 applying (j, b + r = 0 fol­
lows and then a = b, a contradiction. The possibilities a + r = a
and a + r = r clearly provide contradictions (r = 0 and a = 0). If
a +r = r' E R\ {O, a, b, r} we apply (j and obtain b+r = r' and a = b,
a contradiction. Hence, only a + r = b is possible and x = b - a is
uniquely determined. So (R, +) has at most four elements. If one con-

siders the permutation T = (~ ~ i ;), by straightforward com­

put~tion 7(2+2) = 7 (0) = 0=J 2 = r+I = 7(2) +7(2) so that 7 is not
a group homomorphism. So (R, +) ~ (713 , +) or (R, +) ~ (712 X 7l2 , +)
because n(R) 2:: 3.

Using 1.9 (and 1.10) the only rings which could have the required
property are (713 , +,.) and the rings 14 ,I<4 and (712 x 7l2 , +,.) (the
direct product) from 1.9. For these rings the subjacent abelian group'
is the Klein group IC = {O, 1, b, c}. The only permutations which fix
oand 1 are 11;: (which obviously is a ring homomorphism for all the
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structures) and the transposition 0 = (be). This transposition is a ring
endomorphism for K4 and the direct product but is not a ring endo­
morphism for /4 : o(be) = o(b) = e 'I b = eb = -o(b)o(e). Hence the
required rings are (7la, +,'), K 4 and (7l2 x 7l2 , +, .}.





Chapter 9

The Tensor Prodnet

n n

Ex. 9.1 Indeed, the map f : 7i.®71?l.n --7 71.·71.n, f("L, xi®'jh) = "L, xi'fh
i=l i=l

is readily seen to be a 71.-isomorphism.
More generally, if RM is a left R-module the map PR : R ®R M --7

RM defined as above (the corresponding map R x M --7 M, (1', m) H­

1'm being bilinear) is a R-epimorphism which is a R-isomorphism if R
has identity (RM = M and PR1(X) = 1 ® x is the inverse).

Ex. 9.2 (a) Ifx E 71.n and a EQ then x®a = x® (~a) n = xn®~a =
o®!a = O.

n

(b) Similarly x ® (a +71.) = x ® (~a +71.)n = 0 ® (~a +71.) = O.

(c) (~ +71.) ® a = (~ +71.) ® (~a) n= n(~ +71.) ® ~a =
71. ® !a = 0 ® !a = O.

n n

Remark. If R is an integral domain, RM is a torsion R-module and
RN is a divisible R-module, more generally, one has M ®R N = O.

Ex. 9.3 The image of this homomorphism is zero: indeed,
.u ®71. 171.(nx, y) = nx ® y = x ® ny = x ® 0 = o.

- But n71. ®71. 71.n ,...., 71. ®71. 71.n :: 71. =I 0 (see also 9.1). Hence the
homomorphism is not injective.

Ex. 9.4 We first consider the map f : (R/1) x M --7 M/(I . M),
f(r, x) = 1'x. Simple verifications show that f is well-defined (Le.

s E r = l'+I => sx E 'fX =1'x+I .M ) and R-bilinear. The definition of

133
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the tensorial product gives a morphism of R-modules 1: (Rj I)®RM -+
Mj(I· M), l(r® x) = fX.

Conversely, the map h : Mj(I. M) -+ (Rj I) ®R M, hex) = I ® x is
well-defined (Le. y E x = x+I·M => I®x = I®y) and homomorphism
of R-modules. FinallY,l and h are mutually inverse and so they provide
the'required isomorphism.

The application: let G be an abelian group. There is a canonical­
isomorphism tlm ®71 G '" GjmG for each m' E 7l.

Ex. 9.5 Using the previous exercise RjI ®R RjJ ::: (Rj I)j J. (Rj I) =
(Rj I) j (I + J j I) '" Rj(I + J) the only thing the reader has to verify
is the equality J. (Rj I) = (I + J)j I.

Ex. 9.6 (a) Using the previous exercise we have tln ® tlm = 7ljn71 ®
7ljm71 ~ 7lj(n71 +m71) = 7ljd71. = 7ld

(b) If tln ® tlm = 0 using again the previous exercise one gets
n71 +m71 = 7l and then d = 1. The converse follows from (a).

(c) Again using the previous isomorphism one has tln ® tln :::

7lj(n71 +n71) = 7ljn71 = 7ln

For each abelian group G and each n E IN''' one proves tln ®71 G '"
GjnG.

Ex. 9.7 The map m : Q x Q -+ Q, m(a, b) = a.b, 'Va, b E Q is clearly 7l­
bilinear so that there is an abelian groups homomorphism f :Q®71Q -+
Q, f(a ® b) = ab, a, b E Q. But the function g : Q -+ Q ®71 Q,g(x) =
1 ® x, 'Vx E Q is easily checked to be the inverse of f.

Ex. 9.8 Recall that for MR and RN modules, a bilinear map cp : M x
N -+ G (where G is an abelian group) is called universal if for each
bilinear map 'if; : M x N -+ H to an abelian group H, 'if; factors through
cp. The bilinear map ® : M x N -+ M ®R N is universal. .

The map J.L : K x U -+ U, J.L(k, u) = ku is easily seen to be bilinear so
it induces a linear application TI: K ®K U -+ U,p,(k, u) = k ® u. Since
TI(l ® u) = u, 'Vu E U this map is surjective. It is also injective: indeed,
one'establishes at once that each x E K®KU can be represented as l®u
for a suitable u E U (if x = I)ki®Ui) = L:(lki®ui) = L:(l®kiui) =

iii



135

1 ® (~kiUi) = 1 ® U ). If therefore f(x) = f(1 ® u) = 0 then u = 0

and hence x = O.
The above map ® being bilinear, the map ® : U x V ~ V ®K

U, (u,v) ~ v®u, is also bilinear. By ®'s universality there is a unique
linear map t. :U ®K V ~ V ®K U such that t(u ® v) = v ® u. In order
to prove that t is the required isomorphism it suffices to prove that ®
is also universal (providing an inverse for t). Let f : U x V ~ V X

U, f(u, v) :- (v, u) be the obvious isomorphism. For each bilinear map
s : V x U ~ W there is a unique linear map h such that h 0 ® 0 f- I = s
because of the bilinearity of s 0 f and the universality of ® (the above
equality being equivalent to h' 0 ® = so f). Hence I8l 0 f- I = ® is
universal.

For each u E U the map cpu: V x W ~ (U®K V)®K W,CPx(v,w) =
(ul8lv)®w is clearly bilinear and hence there is a unique homomorphism
J.lu : V ®K W ~ (U ®K V) ®K W, J.lu (v ® w) = (u ® v) ® w. Further, we
define cp : U x (V I8lK W) ~ (U ®K V) ®K W by cp(u, E(Vi ® wd) =

i

J.lu(E(Vi ® Wi» = E(u ® Vi) ® Wi and this is also a bilinear map
i i

inducing the homomorphism J.l : U ®K (V ®K W) ~ (U ®K V) ®K
W, J.l(u ® (Ei Vi ® Wi» = Ei(u ® Vi) ® Wi. In an analogous manner one
gets an inverse for J.l, i.e. J.l' : (U ®K V) ®K W ~ U ®K (V ®K W).

Ex. 9.9 If {udiEl and {Vj}jEJ are bases in U respectively V then
{Ui ® Vj}(i,j)ElXJ is a base in U®K V. If I, J are finite sets a natural

K-isomorphism a : (U ®K Vr ~ U* ® V* is then defined using the
.dual bases

(if {eihEl is a base for U then {ethEl where

e'(e.) = { ~ if i =k
if i ;f k

is the dual base for U*)
as follows: a( (Ui ® Vj )*) = ut ® vi, by natural extension. One gets

the second isomorphism in a similar way.

Ex. 9.10 Using again the result mentioned in the previous exercise, a
map f : K[X] ®K K[Y] ~ K[X, Y] can be defined (by usual extension)
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only on the base Xi ® yi E lN x IN. The required [{-isomorphism is
the following f (Xi ® yi) = Xiyi, (i,j) E ]N2.

Ex. 9.11 (a) IR is a liniar Q-space of dimension k{ so that IR f'V Q(.l)

as Q-spaces (where III = k{). But in this case II x II = III so that the
following Q-isomorphisms hold: IR ®Q IR f'V Q(I) ®Q Q(I) f'V

Q(IXI) ~Q(I) ~ IR.

(b) We use the Q-isomorphism C ~ IR2 in the following way: C ®Q
C f'V IR2 ®Q IR2

f'V

'(IR0Q IRt ~IR4 ~C xC.

(c) C having as IR-space the basis {I, i} the IR-space C ®IR C has
dimension 4. Hence it is isomorph with IR4.

Ex. 9.12 The usual multiplication u : C xC -+ C obviously is bilinear
and balanced and hence induces a ring homomorphismJiC : C®IRC -+ C

defined by PC (t. (z; ® W;)) = t. Z;W;. As above, C having as IR.:space

the basis {I, i} we consider 0 =/: 1 ® 1 + i ® i and JiC (1 ® 1 + i ® i) =
1 . 1 + i . i = 0 so that ker(JiC) =J. 0 and hence JiC is not injective.

Ex. 9.13 The formula (J ® g)(x ® y) = f(x) ® g(y) together with the
fact that {x ® ylx E M, YEN} is a generating set for M ® N proves
immediately the first assertion.

Obviously, ker(J ® g) includes the subgroup S generated by the two
sets' mentioned above. Now, ifps: M®N -+ (M®N)jS is the canoni­
cal projection and for x, Xl E M, y, YI E,N we have a = x - Xl E ker(f)
and b= y - YI E ker(g) then Xl ® YI = X ® Y + (a ® Y + X ® b+ a ® b)
and hence (a®y+x®b+a®b E S) ps(x®y) = PS(XI ®yI). So, there is
a balanced map ep: M' x N' -+ (M ® N) IS defined by ep (J(x),g(y)) =
ps(x ® y) and then, a homomorphism 'I/J : M' ® N' -+ (M ® N) IS such
that 'I/J (x' ® y') = ep (x', y'). Then 'I/J (J(x) ® g(y)) = ps(x ® y) and so
'l/Jo(J®g)=ps. .

Finally, if t E ker(J ® g) then ps (t) = 'I/J (J ® g)(t) = 'I/J (0) = 0
and t E S = ker (ps) . Hence ker (J ® g) = S.

Ex. 9.14 For r + I E RII and a E I, denoting by ® the tensor in

I®(RII) we have (II ~ l R/I) (a®(r + I)) =a®(r+I) = 1®(ar+I) =
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100 = 0 and hence ker (II 01R/I) = / 0R (R/ I). Using the previous
exercise, the kernel T of 110 PI : /0 R --+ /0 (R/I) is generated by
{a 0 ria E /, r E R}. It is readily checked that the canonical homomor­
phism f : /0 R --+ /, f(a 0 r) = ar maps T on [2. Since /2 =F / clearly
T =F /0 R and hence /0 (R/I) =F O. Then i 01R/I is not injective.





Chapter 10

Artinian and Noetherian
.Rings

Ex. 10.1 Z[i] is noetherian together with Z. It is not artinian: 3Z[i] ~
32Z[i] ~ .. ~ 3"Z[i] ~ .. is an infinite decreasing sequence of ideals in
Z[i].

Ex. 10.2 (a) Simple verifications are needed in order to prove that the
given sets are left ideals in T. Conversely, let L be a left ideal of T.

Consider the following subsets N= {(r, xl EREll MI (~ ~) E L}
and I = {s E 8/ (~ ~) E L}. Again, one verifies that: Nis a

left submodule of R EBM, I is a left ideal of S, M . I ~ Nand L =

(
PR(N) PM(N))

o I .

(b) Notice that the opposite ring of T is isomorphic with

(

SOP M)o ROP so it suffices to prove only one case, e.g. the left one.

Suppose that R, S are left noetherian rings and M is a left noetherian
R-module: Using (a) T is also left noetherian. Conversely, if T is
left noetherian then R, S are also left noetherian because the maps

f : T -+ R, 9 : T -+ 8 defined by f (~ :)= r, 9 (~ :) = s, r E

R, s E S, x E M are surjective ring homomorphisms. The R-module

139
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REEl M has via I a natural structure of T""module isomorphic with the

ideal (~ ~) and hence is a left noetherian T-module or even left

noetherian R-module. But M is a R-:submodule of R EEl M and hence
is a left noetherian R-module.

Ex. 10.3 One applies the previous" exercis.e: 7l. and' Q are noetherian
rings and Q is not a noetherian (finitely generated) ?l-module (abelian
group).

Ex. 10.4 Another application of 10.2: Qo:ancl-lft are (trivially as fields)
artinian but IR is not an artinian Q-module (linear space).

Generalization. For K C L division rings and [L ~ K] = 00 the ring

( KL). . h .. b t t"l ft t'"o L IS fIg t artIman u no e, ar Iman.

Ex. 10.5 Another application of 10.2.

Ex: 10.6 Another application of 10.2.

Ex. 10.7 If K is a field, K[X] is a principal ideal domain and hence a
noetherian ring (one uses a stronger result: a ring R is right noetherian
iff each right ideal is finitely generated)~ Obviously, it is not an artinian
ring: K[X] J (X) J (X2) J .. J (xnJ J ~ is an jnfinite decreasing
sequence of ideals in K[X].

,
Ex. 10.8 Equivalently, we have to show that each ideal [ in R is finitely
generated. Let us denote by [[X] = [ . RLXl. As an ideal in R[X] it is
finitely generated, i.e. there are polynomials 11, h, ..,In that generate

m"
[[X] in R[X]. If Ik = L aksXs, 1 ::; k ::; n then the ideal (finitely)

s=o
generated by A = {aksIO::; s ::; mkj 1 <k ::; n} in R[X]' is precisely
[[X]. A simple judgement concerning the degrees of the polynomials
shows that A generates also [ in R and hence [ is finitely generated.

Ex. 10.9 If Y = Y + (X2
, XY) E R then (Y) J (y2

) J .. is a strictly
descending chain of ideals in R so that it, is not an artinian ring.
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Another method. One shows, N(R) denoting the nilradical (see
13.11), that R/N(R) ~Q[[Y]] and as above (Y) ~ (y2 ) ~ .. is a strictly
descending chain of ideals in R/N(R). Hence, together with R/N(R),
R is not artinian.

Ex. 10.10 Let II ~ 12 ~ .. be a strictly descending chain of right ideals

. (II II II)
f R U · I' 'fi h 0 0 0o . smg a natura notatIOn one ven es t at .. .. .. .. ~

o 0 ... 0

(

~.2. ~ ~.2. ) ,~ ... is a strictly descending chain of right ideals

o 0 0
in Mn(R). Hence if Mn(R) is artinian then R has the same property.
Conversely, if R is artinian , denote by

{(

r 0 0) }
Dn(R) = ~ ~ ~ Ir E R . Dn(R) is clearly isomorphic

o 0 r
with R and so it is artinian. In the sequel we use the "matric units"
Eij which are matrices with all the entries zero, except for the element
on the i-th row and the j-th column, which is a. If we consider llij =
(E[jlr E R) for each 1 $ i,j $ n these are artinian as Dn(R)-modules
(being Dn(R)-isomorphic to the Dn(R)-module Dn(R)). Moreover,

n
clearly Mn(R) = EB llij and hence (direct sums of finitely many ar-

i,j=I

tinian (noetherian) modules are artinian (noetherian)) Mn(R) is an
artinian Dn(R)-module. Since every right ideal of Mn(R) is also a
Dn(R)-module, we finally obtain that Mn(R) is an artinian ring. The
noetherian case is similar.

Ex. 10.11 We prove a stronger result: let f : R ~ R' be a surjective
ring homomorphism; if ker(f) and R' = im(f) are left (right) artinian
(or noetherian) then R has the same property. In what follows we
deal with the artinian case. If II 2 12 ;2 .. ;2 In d .. is a decreasing
sequence ~fright(left) ideals the hypothesis assure there are m, IE IN'''
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such that 1mn ker(J) = Im+l n ker(J) = .. resp. -1(11) = 1(l1+I)- = ..
For k = max(m, l) one shows that Ik = h+l = .. and hence R is left
(right) artinian.

Now, if Rll R2 , .. , Rn are left (right) artinian (or noetherian) and
R = R I X R2 X .. x Rn - I we apply the previous result to I = Pn : R -+ Rn

the canonical projection in order to "infer that R has the same property.
The rest is a simple induction.

Ex: 10.12 Let 0 #- a E R he an artinian ring. Consider the decreasing
sequence of ideals Ra ;2 Ra? ;2 .. ;2 Ran ;2 .. The ring R being artinian,
for a suitable m E IN* we hav~Ra~ -= Ram+l = .. Hence am = am+lr,
for an element r E R and so I = ar; H being an integral domain, i.e. a
is a unit. The converse is obvious.

Ex. 10.13 Let HI ;2 H2 2 .. ;2 lfn. 2 .. be a decreasing sequence of
right ideals in the ring R. Then l(HI) ~ J(H2 ) ~ .. ~ l(Hn ) ~ .. is
an incr~asing sequence of left ideals. The ring R being left noetherian,
for a suitable m E IN* we have l(Hm) = l(Hm+l) = .. and hence
rl(Hm) = rl(Hm+I) = .. Applying an annihilator condition we get
Hm = Hm +I = ..
Ex. 10.14 We have already seen one implication in the previous ex­
ercise. In what follows we treat another -one, say, each left noetherian
ring R which satisfies the annihilator corrditions is also right noetherian.
First, as above, one verifies (as aoove) that R is right artinian. Then,
the opposite ring ROP is left artinran, and one uses a well-known result
of Hopkins - eacb left artinian ring -is also a left noetberian ring. If ROP

is left noetherian finally R is right noetherian. The other implications
follow similarly.

Ex. 10.15 Let P E N:F be a maximal element. If P would not be a
prime ideal, there should exist elements r, s E R such that ab E P, a f/:.
P, b f/:. P. Then P + Rrand- P +Rs (which properly contain P) must
be finitely generated. Observe that the R-module

(P +Rs) I (P +Rr) (P + Rs) is finitely generated because its R­
module structure is the same with its RI (P +Rr)-module structure
and RI (P +Rr) is noetherian (the astute reader will notice that P be­
ing maximal in NF, RIP is noetherian). Hence PI (P +Rr) (P +Rs)
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is a finitely generated R-module and, together with P+Rr and P+Rs,
P would be a finitely generated R-module, a contradiction.

Finally, let us verify that (NF, ~) is inductive (each chain has an
upper bound). If {Ij}jeJ is a chain of non-finitely generated ideals

in R then surely U = UIj is an ideal in R. The ideal U cannot
. jeJ

be finitely generated; otherwise, for each j E J such that I j includes
all the generators of U we would have U = Ij finitely generated, a
contradiction..

Ex. 10.16 In a noetherian ring each ideal is finitely generated. Con­
versely, if each prime ideal in a ring R is finitely generated, using the
previous e~ercise, in R the set of all the non-finitely generated ideals is
empty. Hence R is noetherian.

Ex. 10.17 Consider the R/(U 0 V)-modules exact sequence
0-+ U/ (U 0 V) -+ R/ (U 0 V) -+ R/U -+ O.
Being trivially (the ring R/U is artinian) an artinian R/U-module,

R/U is also an artinian R/ (U 0 V)-module. Further, U/ (U 0 V) is also
an artinian R/ (U 0 V)-module, because (the ring R/V is artinian) it
is a finitely generated R/V-module. Hence, R/ (U 0 V) must be (ex­
tentions of artinian modules by artinian modules are artinian) also an
artinian R/ (U 0 V)-module and so the corresponding ring is artinian.
The noetherian case is treated similarly.

Ex. 10.18 If P is a prime ideal, R/P is an integral domain, artinian
together with R. One has now to use 10.12 in order to see that R/Pis
a field. Hence P is a maximal ideal.

Ex. 10.19 Each artinian commutative ring is also noetherian (Theo­
rem of Hopkins, see above) so that the proof of the direct implication is
completed by the previous exercise. Conversely, let R be a noetherian
ring such that each prime ideal is maximal and suppose R ~ R/ (0)
is not artinian. There is an ideal U of R maximal (the corresponding
set is not empty) relative to the property that R/U is not artinian. U
cannot be prime by our hypothesis: it would be also maximal and R/U
would be trivially artinian being a field. Hence, there are ideals I, J in
R such that I 0 J ~ U and U C I, U C J. By the maximality of U, the
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quotient rings R/ I, R/J are artinian-. Moreover, R being noetherian, J
is finitely generated and lienee using_1O.17, R/I oj and R/U is artinian,
a contradiction.

Ex. 10.20 Each nilpotent left ideal is obviously nil. The converse re­
duces to 17.12.

Ex. 10.21 The solutionis aninrmediate consequence of the two fol­
lowing results: in a right .noetherian ring the prime radical is the largest
nilpotent right ideal, and, -the largest ni1left ideal. The reader can find
these results in [17],p.69-70.

Ex. 10.22 (a) Using the theorem of Hopkins R is also left noetherian.
The set of all the nilpotent left ideals is not empty (e.g. (0)) so one
simply uses Zorn's lemma.

We show that N = nCR) (see 13.11), the prime radical ofR, which
solves (b) and (c).

First, if I is a nilpotent left ideal of R then there is a n E IN· such
that In = (0) ~ nCR) = n {PIP prime ideal} and hence I ~ nCR).
Next, in a similar way to the solution of 13.11, one shows that in a
left artinian ring R the prime radical n(R) is a nilideal. Finally, an
analogous result of the previous. exercise is needed: any left nilideal in a
left artinian ring is nilpotent, in order to prove that n(R) is nilpotent.

(d) Using 10.12 we obtain nCR) = n {PIP prime ideal} =
{MIM maximal idealY= rad(R)"
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Socle and Radical

Ex. 11.1 If R is a division ring (this is also true for semisimple rings,
see next chapter) surely s(R) = R:I o.

Conversely, first observe that if A is a right minimal ideal and 0 '#
a E A then A = Ra (clearly 0 '# Ra ~ A). Now, if R is a domain with
o:I Ra minimal right ideal then for each r E R we have Rra = Ra (as
above 0 :I Rra ~ Ra) and then a E Rra. If s E R is such that a = sra
then a (1 - sr) = 0 and 1 = sr (because a :I 0 and R is a domain).
Similarly, one gets a right inverse for r.

Ex. 11.2 For n E {O,I} clearly the socle is O. Let n = p~l"Pklc the
prime number decomposition of n > 1. First observe that 71./m71. is a
simple 71.-module (abelian group) iff m is a prime number (indeed, if
m is a prime number then 71./m71. is a field and a simple 7l-modulej
conversely if q is a proper divisor of m then q71./m71. is a proper 71.­
submodule of 71./m71.). Using obvious isomorphisms ~71./n71. :::: 71./pJl.

k n
these are simple submodules of 71./n71. and 2: -71./n71.

i=1 Pi

(

k . n )= '" -71. /n71. = _n_71./n71. ~ s(71.n):
LJ p' Pl"PIc
i=l ' ,

Conversely, if q71./n71. with n = qm is a simple submodule of 71./n71.,
according to the isomorphism q71./n71. :::: 71./m71., m must be one of the
prime numbers PI, .. , Pk and so q = ~ for a suitable i E {I, .. , k}. Hence
s(71.n ) = _n_71.n.

Pl--PIc
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Ex. 11.3 If I is essential- in I< then for each right ideal A included
in {<, A # 0 =} I n A f- 0 and- this holds also for any right ideal
included in J (because J C I<).. Moreover, I n A ~ J n A and hence
J n A # OJ so J is also -essential in I<. Conversely, with the above
notations A # 0 =} J n A =f 0- because J is essential in I< and then
I n A =In (J n A) =f:.. 0 because I is essential in J.

Ex. 11.4 Let A # 0 be a· right ideal in R. We distinguish two cases:
ir"f(A) = 0 then A ~ ker(f) = f- I (0) ~ f- I (J) so that obviously
0# A =An f-I(J). If ftA) # 0 then f(A) n J # 0 (J being essential
in R'). Hence there is an·element 0 # a E A : 0 # f(a) E J so that
a E Anf-I(J) # O.

Another solution. Using 4.13 and 2.6 clearly f-l(J(A) n J) =
f-I(J(A)) n f-I(J) = (A +ker(J)) nf- I (J) = ker(J) +(A n f- I (J)).
Now, if A n r",I(J) = 0 we deduce f-I(J(A) n J) = ker(J). Surely
f(A) n J = f(A') for ·a suitable- A' ~ A and so f-I(J(A')) = ker(J)
implies A'+ker(J) = ker(J) and: A' ~ ker(J). Hence f(A)nJ = f(A') =
O••

Ex. 11.5 First, we show that·each simple ideal B is contained in each
essential one, E. From B #0 we have E n B # 0 and hence E n
B = B (because surely B n E .~ B). Then B ~ E and so s(R) =
L: {BIB simple ideal in R} C 1 = n {EIE essential ideal in R}. Con­
versely, it suffices to verify that. the above intersection I is semisimple
(i.e. sum of simple ideals)~ -·We verify that each ideal A in I is a direct
summand. Indeed, let B be an ideal·of R maximal relative to the prop­
erty An B= O. Then A EEl B is essential In R and then A ~ I ~ A EEl B.
Using 2.6 we obtain I = I n (A EEl B) = A EEl (B n I) and hence A is a
direct summand of I.

Ex. 11.6 If I is a superfluous ideal in R let M be a maximal ideal
of R. Then surely M ~ I + M and so I + M E {M, R}. But I +
M = R implies M = R, impossible (because I is superflu~us) so that
I + M = M and hence I ~ M. Fr-om this follows I ~ rad(R) =
n{MIM maximal ideal in RI.

Ex. 11.7 If x E I we show that xR is superfluous. Indeed, if for a
right ideal A, xR +A = R holds then 1 = xr +a for suitable elements
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r E R and a E A. Since a . 1 - xr E 1 + I, a must be a unit in Rand
hence A = R. Then I ~ rad(R) using the previous exercise.

Ex. 11.8 First, it is readily checked that if I is a finitely generated
right ideal then I is compact, i.e. each cover I :::; 'E Bi (Bi right

ieI

ideals) ha~ a finite subcover I :::; 'E Bi (for a suitable finite subset F
. ieF

of 1).
Next, suppose that afinitely generated right ideal I is not super­

fluous. Then there is a right ideal A =f:. R such that I + A = Rand
hence I g A. The set A = {B right ideal in RII g B, I + B = R} is
inductive (one uses the compa~tnessof I) and so, by Zorn's lemma, let
M be maximal in A. Moreover, M is maximal in R (indeed, if MeN
then I ~ N which implies R = I +M ~ N) and. hence I ~ rad(R)
(otherwise I ~ rad(R) ~ M and M rt. A).

Ex. 11.9 From 11.6 one has E {III superfluous ideal in R} ~ rad(R)
= n{MIM maximal ideal in R}. Conversely, let x E rad(R). We

prove that Rx is a superfluous ideal in R. Suppose that Rx +A = R. lf
A =f:. R then x ~ A and, using Zorn's lemma, let M be maximal relative
to the properties A ~ M and x rt. M. Since M +Rx = R the ideal M is
maximal in R and hence x E rad(R) ~ M, a contradiction. So A = R
and Rx is superfluous and rad(R) ~ E {III superfluous ideal in R}.

Ex. 11.10 Let n = P~I"Pk" the prime number decomposition of n with
ri E IN*, 1 :::; i :::; k. The maximal (or prime) ideals in Z are the principal
ideals generated by the prime numbers. The maximal ideals which

k

include nZ are exactly {PiZI1 :::; i :::; k}. Moreover, nPiZ = Pl ..PkZ
i=l

and hence rad(lln) = (6 Pill) /nll =.P,··pkll/nll.

Ex. 11.11 If rad(R) =n{MIM maximal modular right ideal of R}
(see also 2.4 and 1.2) let H = {r E Rlxry is quasi-regular in R}.
For rad(R) ~ H we first observe that if an element a E R is not

right quasi-regular then there is a modular maximal ideal M 15uch
that a rt. M. Indeed, if a is not right quasi-regular, the right ideal
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U = {ar - rlr E R} does not contain a. The Zorn's lemma shows the
existence of a right ideal M- maximal in the set of all the right ide­
als which contain [J but-not the element a. One verifies that this is a
maximal right ideal in-R. -Moreover, M is modular since ar - rEM
for each r E R. Next, ifb fi. H there are elements x, Y E R such that
xby is not right quasi-regular. Then, there is a maximal modular right
ideal which does. no.t contain- xbyand hence, does not contain b, and
b rt rad(R).

Conversely, onehas--to prove: first that if M is a maximal modular
right ideal in R then- H C R : M ({18] Lemma 6.17; see also 2.13).
Since rad(R) =f. R there actually exist maximal modular right ideals M
in Rand H ~ n{R : MIM maximal modular right ideal in R}. Hence
R.H ~ M for each. M and M being modular, we also have H ~ M.
Finally, H ~ rad(R).

Ex. 11.12 First, we observ-e. that in a ring with identity R an element
r E R is right quasi-regular iffl-r is right invertible (indeed, r+s-rs =
o{:} (1 - r) (1 - s) = 1).- Next, we show that

M = {r E Rlxry is right quasi.;.regular in R, \Ix E R} =
N = {r E Rlxr is right quasi-regular in R, \Ix E R}. The ring hav­

ing identity, clearly M .~ N. Conversely, if xr + t - xrt = 0 then
xry.+ ty - xrty = (xr + t - xrt) y = 0 and so N ~ M. Finally, our
result follows from- thepreviol1s exercise.

Ex. 11.13 We use ILl!. LetA = (aij) E rad(Mn(R)) and x, y E
R. We verify that XaijY is aright quasi-regular element. Consider
B = EiiAEjl = E:~'JY (as before we denote by Efj a matrix with zero
entries excepting the i - j one which is a) which belongs to rad(Mn(R))
together with A. Then there is a matrix C = (Cij) such that B +C ­
BC = 0 and hence x.aijy-+ Cu - XaijYCU = O•.

Conversely, if for every matrix A E Mn(R) one clearly has A =
L EijJ so, if A E Mn(rad(R)) it suffices to prove that .any EijJ E
i,j

Mn(rad(R)). First, for an arbitrary matrix Y = (Yij), we prove that
EfJ'Y is right quasi-regular. Together with aij all the products aijYkl are
right quasi-regular and hence there are elements Zik such that aijYjk +

n

Zik-;aijYjkZik = O. Denoting by Z = L E:~" from the previous equalities
k=l
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follows E~'Y + Z - E;j'YZ = O. The same thing can be done for
XE~'Y for arbitrary Xj Y E Mn(R) and so E~' E Mn(rad(R)).

Ex. 11.14 According to 11.11 let e ERa right quasi-regular idempo­
tent element. If eo e' = 0 then e = e + ee' - ee' = e(e + e' - ee') =
e (e 0 e') = ~ . 0 = o. .

Mn(K) is a simple ring (see 2.20)and so rad (Mn(K» = O. rad(B)
is also zero according to the first part of the exercise.

Ex. I1.Ui For commutativity, denoting by A (a,b, c) = (~ ~ ~).
e 0 a

one verifies A(a, b, e) ·A(x, y, z) = A (ax, ay + bx, az + ex) = A (x, y, z)·
A (a, b, e). Further we show that rad(V) = {A(a, b, e)ra = O} . K being
a field, V is a commutative ring with identity and hence we use 11.12:
h - A (a, b, e)· A (x, y, z) is invertible for each x, y, z E K iff this matrix
has a non-zero determinant. But this leeds to (1 - ax)3 =f:. 0 for every
x E I< and hence a =0 (indeed, if a =f:. 0 the (1 - aa-I)3 = 0).

Ex. 11.16 If 7l(p) denotes the ring (with identity) of the p-adic num­
bers, i.e. {a = ao + alP + .. + anpn + .. 10 ::; an < P, an E 7l, n E IN·}

together with the addition and multiplication accordin~ to the "re­
mainder to the division by p" then we prove that rad(71(p) = J =
{alao = O}. Indeed, it is known that (with the above notations) ap­
adic integer a is a unit iff ao =f:. O. So J is the set of all the nonunits in
7l(p) and (by straightforward computations) actually is an ideal. Hence
(see 13.23) 7l(p) is a local ring and rad(7l(p» = J.

Ex. 11.17 We use the following result (see 11.12):
rad(R) = {r E RI'v's E R the element 1""';' rs is right invertible} -in

order to prove that rad(T) consists of all the triangular matrices that­
have zero entries on the diagonal. We search for the matrices A =
(aij) E T such that In - AB is right invertibl~ for each BET. The field
I< being commutative a matrix is right invertible iff it is left invertlble
(and hence invertible). Now, In - AB is invertible iff det(In - AB) =
(1 - allbu )(1 - a22b22) .. (1 - annbnn ) =f:. 0 for each B = (bij) E T and
hence iff au =a22 =... =ann =O.
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In T/rad(T) we-have A +rad(T) = B +rad(T) iff A - BE rad(T),
that is if the matri-ces.. nave- the same diagonal (see also 2.22). Hence,
in T/rad(T) we can choose as representatives only diagonal matrices
(Le.i =I- j :::} aij = -0 }-and deduce immediately the commutativity of
T/rad(T) from the commutativity of K (diagonal matrices multiply
directly on the diagonal).

Remark. If D~(K) denotes the- subring of all the diagonal matrices
of Mn{I{) then obviously "Tjrad(T) ~ Dn{I{).

Ex. 11.18 Acording- to lL11 it suffices to observe that f(a 0 b) ­
f(a + b - ab) = f(a)+1(b) - f(a)f(b) = f(a) 0 f(b) and hence right
qu~i-regular elements (resp. right ideals) are preserved by ring homo­
morphisms.

Ex. 11.19 One has to use-14.15. Surely N (R[X]) ~ Rad(R[X]). Con­
versely, let f = ao + atX + .. + anxn E Rad(R[X]). So (see 11.12)
1 + X f = 1 + aoX + ..anXn+I is a unit and hence ao, al, .. ,an are
nilpotent. But then f is nilpotent in R[X] and fEN (R[X]) .

Ex. 11.20 Ifr E R according to 11.12 1+rX is a unit and hence (see
14.15) r is nilpotent.

Ex. 11.21 Results ofS.A.Amitsur show that more generally
(see [17],p.59,ex.14) if N = Rnrad(R[X]) then rad(R[X]) = N[X].
First, one shews that the radical R[X] is invariant under all the

aut?morphisms ofR[X]. ,
Next, if rad(R[X)) =I- O-consider f(X) E R[X] a polynomial of min­

imal degree in rad(R[X]). According to 8.9 X I-t X + 1 is an automor­
phism of R[X] and then f(X + 1) E rad(R[X]) and, by the minimality
f(X + 1) - f(X) = 0-. Hence, if char(R) = 0 then only f(X) = a E R
is possible, with a i- O.

Ex. 11.22 We observe that the ring K (X) of power series contains
a single maximal right ideal, namely the ideal (X) which consists of

00

all power series of the form f = L: aiXi(ai E K). In fact, more can
i=l

be proven: the right (left) ideals of K (X) are exactly (0), (XO) =
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I< (X) ,(X), (X2 ) , •• , (xn) , .. (indeed, if I is a right ideal and X k is a
smallest power among the powers of X occurring in the representations
of the non-zero elements of I then one shows that I = (Xk ); see
[16],p.38). Since K (X) has identity, this is also the only modular
maximal right ideal in I< (X) and so rad(I< (X)) = (X) .





Chapter 12

~emisimpleRings

Ex. 12.1 If I< is any field, an infinite product I<l is a nonsemisimple
ring. But it is the product of the (nonisomorphic) simple right id"eafs
{Pihel where Pi = im(qi), and qi : I< -t K1 are the canonical irr­
jections. Indeed, it suffices to remark that isomorphic n..'1gs (or-even
modules) have the same annihilator ideal.

Ex. 12.2 'If R is semisimple, every proper right ideal in R Is a di­
rect summand of R and can not be essential. Conversely, let I be
an arbitrary right ideal of R. Using Zorn's lemma one can verify
that there is another right ideal J maximal relative to the property
I n J = 0 (a so called complement of I ). Then I + J is an -essential
right ideal (indeed, if (I + J) n K = 0 then using the modularity and

In(J +K) ~ (I +J)n(J + K) m~d ((I + J) n K)+J = Jone ohtains
I n (J + I<) = 0 and hence K = 0 by the maximality of J)and -hy hy­
pothesis I EI1 J = R. Hence every right ideal of R is a direct -summand
and R is semisimple.

Ex. 12.3 If R is semisimple each ideal I is a direct summand-of R.
Now if R = I EEl J then surely RjI ~ J. But if each ideal in R is~adirect

summand an ideal I has the same property: indeed, iff; "is _an ideal in:
I and R = (; EEl U then using 2.6 I = (; EEl (I n U) . Hence each ideal and
each quotfent ring are semisimple.

Ex. 12.4 No. Obviously Q is simple and hence semisimple as a field.
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In 7l. no proper ideal is a direct summand so 7l. is a non-semisimple
subring of Q. One can easily generalize this example.

Ex. 12.5 The ring R' has a natural structure of R-module via f (uni­

tal,.being a surjective ring homomorphism) as follows: r' r' de! f(r).r'
The ring homomorphism being surjective, each ideal from R' is a R­
submodule in RR'. Hence R' is semisimple iff RR' is semisimple (each
ideal in R' is a direct summand {:} each R-submodule oCRR' is a direct
summand).

Ex. 12.6 tln is semisimple iff s(71.n ) = tln and one has- only to use
11.2: 7l.n is semisimple iff n is square-free.

Ex. 12.7 Ifeach R is semisimple, it is a finite direct sum ofesimple ide­
als and a finite direct product (or sum) has the same structure. Hence
if I if finite, II Ri is semisimple too. The converse follows- similarly to

iel
our first exercise 12.1.

Ex. 12.8 No. We may construct the chain of total matrix algebras
{kn1,n = 2m

, m E IN'", i.e. k2 C k4 C kg C .. The union is a regular
ring which does not satisfy the ascending chain condition for direct
summands and hence according to 12.14 (in a semisimplering each
(left) ideal is a direct summand), is not semisimple.

Ex. 12.9 In fact, more can be proven: if R is a ring wlth identity, each
ideal which is a direct summand is generated by a central idempotent.
Indeed, if R = A EB B is a direct decomposition in (left) ideals, let
1 = e+b(e E A, bE B). Then e = e2 +eb and eb = e-e2 E AnB= {OJ
so e is an idempotent element. Further, if a E·A then a = ae +ab- and
hence ab = a-ae E AnB = {OJ and a = ae or A = Ae. Symmetrically,
A = eA holds too. Finally, if r E R then if A, B are -ideals one has
re +rb = r.1 = 1.r = er + br and so by uniqueness re ="er; hence e
belongs to the center of R.

Ex~ 12.10 The ring R being semisimple, Re is a direct summand of R.
So Re has an identity, namely e, and hence eRe = Re. Now, if Re is a
minimal left ideal in Rand 0 =J. a E eRe then Ra = Re and hence there
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is an element b E R such that ba = e. But then be E Re = eRe is a left
Inverse for a (don't forget that e is an identity in Re I). Conversely, if
eRe = Re is a division ring for each 0 '/: e E Re there is an element
dE Re such that de = e. Hence Rc =·Re (one checks the two inclusions)
and this is a minimal left ideal.

Ex. 12.11 It suffices to prove one implication, say R left semisimple
=? R right semisimple, the converse being symmetric.

n n

Let R ,= ED Li = ED Rei be a decomposition of R in simple left
i=l i=l

ideals, that is, {ei 11 :5 i :5 n} is a set of central orthogonal idempotents
n n

(i.e. ei '/: 0, eiej = dijei) such that 1 = L: ei. Then clearly R = ED eiR
i=l i=l

holds and the only thing left to be verified is that eiR is a simple
(right) ideal. Let 0 '/: a E eR (where e denotes one of the ei). If a = er
then ea = e2r = er = a and hence aR ~ eR so that we only have
to verify aR = eR. From ea '/: 0 and Re simple follows that the map
f : Re --* Ra, f( re) = rea = ra, "Ir E R is a left R-module isomorphism
(only the injectivity of f needs care). If now R = Ra EB I then the map
9 : R --* R,g(ra + x) = re, "Ir E R, "Ix E I is a ring endomorphism of
R and hence 9 must be (see for example [14], 3.7) a right translation
(multiplication) 9 = tb, with a suitable bE R. But then e = g(a) = ab
implies e E aR or eR·~ aR and hence aR = eR.

Ex. 12.12 If R is a left semisimple ring then rad(R) = 0 (one can
show - using also 12.11 - that there are no superfluous ideals and use
11.9). Moreover, if R = L: mi is a sum of minimal left ideals, using

iel
n

1 E R one deduces R = L: mil: and, using Zorn's lemma, we may
11:=1

.suppose that the last sum is direct. Each minimal left ideal being
obviously left artinian, this finite direct sum of left artinian ideals is
also left artinian. Conversely, if R is left artinian and rad(R) = 0 there
are only a finite number of maximal ideals Mi ,1 < i :5 s such that

snMi = O. Hence if we consider the canonical left R-module projections
i=1

/I

Pi : R --* R/Mi,1 :5 i ::; sand f : R --* E9(R/Md (by universality)
i=1
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8 8

then ker(J) = nker(pi) = nMi = 0 so that R is R-isomorphfc_with
i=l i=l

8

a submodule of EB(R/Mi), a semisimple R-module. But then R is left
i=l

semisimple.

Ex. 12.13 Follows immediately from the previous exercise using l1.r3
and 10.10.

Ex, 12.14 (a)~(b) If R is semisimple, it is a finite sum of simple ideals
(indeed, if R = EB Si then from 1 E R we see that I has_ to be -firiite)­

ie!
and hence an artinian ring. Using 17.14 R is also regular.

(b)~(c) This follows from a well-known result of Hopkins: each left
artinian ring is also left noetherian.

(c)~(a) Using again 17.14 (iii), R has only principalideals. Then,
again by this exercise (ii), each ideal of R is a direct summand. Hence
R is semisimple.

Ex. 12.15 We know from 1.23 that R is a commutative ring (with
identity) all its elements being idempotent. Such a ring is clearly reg­
ular (for every a E R: a = aaa) so that the first three condition are
equivalent by the previous exercise. Finally, each principal ideal (being
generated by an idempotent element) has to be a direct summand. If
R is not finite for each 0 ::/= a E R at least one from Ra and R(l - a)is­
not' finite and one can easily construct infinite strictly descending_ (or
ascending) chains of ideals (R is not artinian or not noetherian). The
converse is similar.

Ex. 12.16 Let RM be a semisimple R-module and f :- M -+ M a
R-endomorphism. Each submodule being a direct summand, there are
submodules S, T such that M = ker(J) ffi S = im(J) ffi T. Using a
well-known isomorphism theorem, clearly f induces an isomorphism
9 : S -+ im(J) with an inverse, say h : im(J) -+ S. This inverse h may
be extended to a R-endomorphism k : M -+ M, defining k{T) =O. But
now we can verify that f = fkf (indeed, if x = u +v, u E ker(J) , v E S
then fkf(x) = fkf(v) = fkg(v) = fhg(v) = f(v) = f(x)) and hence
EndR(M) is regular.
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Ex. 12.17 For a ring homomorphism f surely f(a 0 b) = f(a) 0 f(b),
the circle composition (see 1.2). The inclusion f(rad(R)) C rad(J(R))
is clear using 11.11. Conversely, if Rjrad(R) is semisimple then each
factor ring of it is also semisimple (see 12.3) and has obviously zero
radical. Now, consider the canonical composition

R 4 f(R) .4 f(R)j f(rad(R)) with 1(r) = f(r), \lr E R and pi
the canonical projection. This composition is surjective (together with
f and pi) and rad(R) ~ ker(p' 0 1). Hence the composition factors
through Rjrad(R): there is a surjective (together with the previous
composition) ring homomorphismu : Rlrad(R) -+ f(R)j f(radR))
such that pi 0 1 = u 0 p where p : R -+ Rjrad(R) is the canonical
projection. Then f(R)j f(rad(R)) is semisimple too and according to
12.12, rad.(J(R)j f(rad(R))) = 0 and we obtain the required equality.

Ex. 12.18 We first prove that eacb non-nilpotent minimal rigbt (or
left) ideal m of an arbitrary ring R contains a non-zero idempotent
element e and m = Re = eR. Indeed, from m2 =J. {O} there is an
element a E m such that {O} =J. am ~ m. This being a minimal right
ideal we must have am = m and hence there is an element 0 =J. e E m
such that ae = a. This implies ae2= lie =a or a(e2- e) = O. Consider
the right ideal in R defined as I = {r E mlar = O}. From {O} =J. am
we inter I =J. m. The latter being minimal we must have I = {O} and
hence e2- e = O. Finally, {O} =J. eR ~ m implies, again by minimality
that eR = m.

Now, as for the original exercise, first observe that it suffices to prove
that each element 0 =J. r E R is contained in a sum of minimal right
ideals. According to the descending condition from the hypothesis there
is a minimal right ideal ml included in (r) . The ring having no nonzero
nilpotent rdeals we must have m~ = ml (the other alternative would be
m~ = {O} by minimality) and so, by our previous result, there exists
an idempotent element e such that ml = eR = (e). Next, we consider
al = a - ea such that clearly (a) =ml ffi (al) and one can continue this
procedure until (a) = ml ffi m2 ffi .. ffi mn ffi (an). We have constructed
in this way a strictly descending chain (a) :::> (al) :::> (a2) ::J .. ::J (an) of
principal right ideals. Using again our hypothesis, this chain terminates
for a suitable n E IN* and a E (a) =ml ffi m2 ffi .. ffi mn a finite sum of
minimal right ideals (Le. R = s(R)"the sode).
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Ex. 12.19 (a) Straightforward verifications show that R is a ring (com­
mutative with identity) and surely a subring with identity of Q gen-

erated by {!, t, .. ,;, .. Ip 2: 5 and prime number} Le. R = A ({5, 7, ..})
(see-also the solution of 1.30). Clearly, R/2R ~ 712 and R/3R ~ 713 are
fields and so the corresponding (principal) ideals are maximal. There
aFe no _other maximal ideals: indeed, each x ~ 2R U 3R is a unit in R
and so- the proper ideals I of R satisfy I ~ 2R U 3R. Moreover, one
veri-fies that I\2R #- 0 and I\3R #- 0 also imply 1= R. Hence I ~ 2R
01' I ~ 3R.

(b) From (a) follows that rad( R) = 2Rn3R = 6R which is surely not
a nIl ideal (see also 2.19) and R/rad(R) = R/6R rv (R/2R) EB (R/3R)
a direct sum (see 2.24) of simple rings (fields), i.e. a semisimple ring.
Finally; if we consider in R/6R the idempotent 3 + 6R there is no
elerp:ent x idempotent in R (neither in Q except for 0 and 1) such that
x +6R =3 +6R : the idempotents do not lift modulo rad(R).
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Prime Ideals, Local Rings

Ex. 13.1 We have already used N(xy) = N(x).N(y) in the previous
chapter, for the "norm" N(a + bi) = a2 +b2 in 7l[i]. The units in 7l[i]
being {±1, ±i} i.e. the elements x E 7l[i] with N(x) = 1 we infer that
x is prime in 7l[i] iff N(x) is prime in 7l (indeed, the non-associated
decompositions correspond to each other). Hence N(l + i) = 2 implies
that the ideal (1 + i) is prime.

Further, we can prove that a prime number p E IN· is also prime
in 7l[i] iff the equation a2 + b2 = p has no solutions in 7l. Indeed,
if a2 + b2 = p has integer solutions then p = (a + bi)(a - bi) is a
non-trivial decomposition because N(a + bi) = N(a - bi) = p ::f:. 1.
Conversely, if p = (a +bi)(c +di) is a non-trivial decomposition, from
N(a +bi).N(c+ di) = p2 we must have N(a +bi) = N(c+ di) = p. The
product (a +bi)(c +di) being real and a + bi, c + di having the same
module, c +di = a - bi. Hence p ='a2 +b2 = (a +bi)(a - bi).

Finally, a2 +b2 = 3 clearly has no integer solutions but a2 +b2 = 2
has a = b = 1. Hence (3) is prime but (2) is not.

Ex. 13.2 71.. being a commutative ring, an ideal n71.. is prime iff 71../n71 is
an integral domain, i.e. iff tln is an integral domain. But this happens
iff n is a prime number. Hence 271..,371..,571.., .. , p71.., .. (p prime) are the
prime ideals in 71...

Ex. 13.3 Obviously each simple ring is prime so that, being simple
(see 2.20), Mn(K) is prime. Now, i-1(0) = 0 (i being injective) but the
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subring U21 ([{) is not prime: indeed 1= (~ ~) and J = (~ ~)
_are n-onzero left ideals in U21 (I<) (I is also a left ideal in M 2(I<) but J
is-not) but 10 J = O.

Ex. 13.4 Let A, B be ideals in R such that A rt. I and B rt. I. By
maximality of I, A + I and B + I must meet S, that is, there are
elements 8} E (A + I) n Sand 82 E (B + I) n S. S being multiplicative
8182- E S n (A +I)(B +I) and so 8}82 E AB +I. Hence 8182 ¢ I implies
AB- rt. I.

Ex. 13.5 In order to prove VI = n {P prime ideal II ~ P} we shall
denote the right member by A and verify both inclusions. If I ~ P
and -a E .,fi then for a suitable m E IN*, am E I or am E P and
hence- a E P (P being prime). So VI ~ A. Conversely, let a ~ JI.
The set X = {a, a2

, .. , an, ..} is then disjoint from I and is clearly a
multiplicative set (0 ~ X). As in the previous exercise (one has to
apply in a similar way Zorn's lemma), there is a prime ideal P maximal
with the properties P n X = f/J and I ~ P. Hence a ~ P and a ~ A.

Ex. 13.6 (a) The subjacent additive group of I<4 being of type Klein,
we have x + x = 0 for each x E [(4 so that char( I<4) = 2.

(cb) Clearly 1 +1 = 0 so that the prime subfield P(I<4) = {O, I} rv

7l2 • If we denote by 0,1, a, b the elemnts of [{4 then a2 = a +1 and
b2 = b+ 1 follow by simple verifications.

(c)- Being a complex cubic root of the unity, w ¢ JR., we have w2 +
w +1 ~ 0 so that in 7l[w] multiplication is defined as follows: (a +
bw)(c+ dw) = ac - bd + (ad +be - bd)w. One can easily check directly
that x, y ~ (2) implies x . y ~ (2) and hence (2) is prime.

(d) If x = a + bw then x E (2) = 2 . 7l[w] {:} a, b E 271. The
corresponding congruence relation being defined as x = y(mod(2)) {:}
x -y E (2) the quotient ring will have the following four classes: 271[w]-;
271 +(271 + l)w, (271 +1) +271w, (271 +1) +(271 + l)w; The ideal (2)
beiRg prime the factor ring 7l[w]/(2) is an integral domain. Choosing

as represent.tives 0, 1, w, 1+w the fnnction (~ i ; 1 ~ w ) is the

required isomorphism.
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Ex. 13.7 According to 2.5 all the ideals in 4ll have the form 4nll so
that clearly, (8) = 8ll is a maximal ideal. But 4ll/8ll = {8ll, 4 +8ll}
has obviously no identity (it is a zero square ring), and hence it is not
a field.

Ex. 13.8 Consider the map f : M 2(ll) -)0 M 2 (ll/pll) defined by

f (( ~ ~)) = (\:1: !~:). One verifies that this is a surjective

ring homomorphism and ker f is precisely A. But ll/pll being a field,
M 2(ll/pll) has no proper ideals (see 2.20) and so, using an isomor­
phism theorem M 2(ll/pll) :::: ,M2(ll)/ H and hence H is a maximal
ideal in M 2(ll). Surely, together with M 2(ll/pll), M 2(ll)/ H is no
field.

Ex. 13.9 If M is maximal and x rf. M then M < M + Rx and hence
M + Rx = R. From 1 E M there is an element r E R such tha:t
1 = m + rx for a suitable m EM, Le. 1 - rx E M. Conversely, if
M < N <I R and x E N\M then there is an element r E R such that
1 - rx E M and hence 1 - rx E N. But then 1 E N, N = Rand M is
maximal.

Ex. 13.10 Consider the abelian group (llp, +) together with the zero
multiplication a.1j = 0, Va, b E IIp. Obviously, this is a simple commu­
tative ring (the ideals are precisely the subgroups of IIp) and (0) is a
maximal but not prime ideal (T.1 = 0 does not imply 1 = 0).

Ex. 13.11 If a rf. nCR) there is a prime ideal P such that a rf. P. The
ideal P being prime a2 rf. P and similarly a'J, .. ,a'\.. rf. P. Hence a ·is
not nilpotent, a rf. N(R) and N(R) ~ nCR). Conversely, let a rf. N(R)
and X = {a,a2

, .. ,an, ..}. Then 0 ¢. X and let P be an ideal maximal
with the property P n X = 0. If we prove that P is prime (see also
13.4) then a rf. P implies a rf. nCR) and hence nCR) S; N(R).

Let /, J be ideals in R such that / ¢. P and J ¢. P. By maximality
of P, / +P and J +P must meet X and hence there are n, m E IN'" such
that an E / + P,am E J +P. So amax(n,m) E (/ + P)(J + P) ~ /J + P
and amax(n,m) rf. P implies / J ¢. P.
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Ex. 13~12 If I, J are ideals in a ring R and I ~ J then, using a well­
known isomo.r.phism theorem RjJ ~ (RjI)j(JjI), we deduce that J is
a prime ideal in Riff Jj I is a prime ideal in RjI. Considering 1= 'R.(R)
we infer 'R.(RtR(R))) = (0).

Ex. 13.13 If T denotes the intersection of all the maximal ideals of
R[X] suppose 0 #- JET. Let M be a maximal ideal which includes the

-principal jaeal (1 + X . 1) . Such a maximal ideal exists because f #- 0
implies 1 +X . f is not a unit in R[X] (see also 14.15). But together
with f E M we must have 1 E M, a contradiction.

Ex. -13.14 Let M be the ideal of all the polynomials with zero con­
stant term and let A be an ideal of C[X, Y] which contains strictly
M_ .The ideal A must contain a polynomial with a non-zero constant
term a- #- 0, say f = a + 2: aiiXiyi. But clearly the polynomial

i,i
J - a = 2:aiiXiyi E MeA and hence 0 #- a E A. In qx, Y] the

i,i
units are the non-zero complex numbers (e.g. a) so that A = qx, Y]
(an. ideal which contains a unit).

Ex. 13.15 Q[X, Y] being a commutative ring an ideal P is prime iff
f· g- E P implies f E P or 9 E P. Moreover, being with identity, each
ma:J;Cimal j-deal is prime.

X . X E (X2) but X rt. (X2) so that (X2) is neither prime nor
maximal.

(X -"2, Y - 3) is maximal and so also prime (one makes a similar
judgement as in the previous exercise).

(Y -:- 3) 1S prime (each polynomial in this ideal is a polynomial in
Y - 3 with zero constant term; if a product has this form at least one
factor has also this form). It is strictly included in the previous ideal,
and hence it is not a maximal ideal.

(X 2 +1) is prime because X 2 +1 is irreducible over Qhut it is not
a maximal ideal (being strictly included in (X2 + 1, Y - 3». We have
X 2 - 1 = (X - 1) (X + 1) so this ideal is neither prime nor maximal.

As above (X 2 + 1, Y - 3) is a prime ideal. It is not a maximal ideal
being strictly included in (X2 + 1, Y - 3, X3) i Q[X, Y] (the polyno­
mials of first degree in X do not belong to this ideal).
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Ex. 13.16 According to 14.19 we can use the isomorphism
7l[X]J(n, X) '" ?In' Hence our statement is equivalent to tln is an

integral domain iff n is prime, a well-known result.

Ex. 13.17 Using a well-known result of Jacobson, such a ring is com­
mutative. Now, if P is a prime ideal then the quotient ring RJP is
an integral domain. In order to prove that P is also maximal we have
to verify that RjP actually is a field. Indeed, if x E R\P we have
(x+P) (a;n(xC>-l +p) = j;n(x)+p = x+P = (x+P)(1+P) and hence,

R/P having. no zero divisOl~s, Xn(x)-l + P = 1 "+ P. If n(x) = 2 then
x+P = 1+P is obv-iously a un!t and if n(x) > 2 then Xn (x)-2 is inverse
for x+P. The application is obvious: in a Boole ring 'Vx E R: n(x) = 2.

Ex. 13.18 fa) ::Y.(A) ~ VeE) follows from E ~ A. Conversely, P E
VeE) impIies·-E _~ P and (E) C P or A ~ P. Hence P E YeA).

(b) Ohvious.

(c) Indeed, P E V-(-U Ei) {:} UEi ~ P {:} 'Vi E I : Ei ~ P {:}
ieI ieI

'Vi E I : P E V(Ei) {:} PEn V(Ei)'
ieI

(d) From AoB ~ AnB we deduce V(AnB) ~ V(AoB). Further,
P E V(A 0 B) {:} A 0 B ~ P and P being a prime ideal, {:} A ~ P or
B ~ P {:} P E V(A) U VCB) that is V(A 0 B) = YeA) U V(B). Finally,
P E V(A)UV(B}"#- A ~ P or B ~ P =*' AnB ~ P {:} P E V(AnB)
that is YeA) U V(B) ~ V(A n B) and hence all the inclusions are
equalities.

(e) Ind~ed, the famil-y-V of subsets VeE) for each E E peR), satisfies
the axioms of a topological space defined in terms of the closed subsets:
V is closed under arbitrary Jnterseetions (from (c), V is closed under
finite reunions-tfrom .(~)and (d)) and 0and Spec(R), belong to V (from
(b)).

Ex. 13.19 Fromthe previous chapter (see 13.2) we already know that
Spec(7l) = {p71Jp is a prime number} and Spec(lR) = {OJ because ev­
ery division Iin~ has no _proper ideals. Moreover, the closed sets in
Spec(7l) are the sets- VeE) = {p7lIE ~ p7l} for all E E P (7l). But
VeE) = Y((EH ancl, -aU the ideals in 7l having the form n7l, the
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closed sets are only the finite sets {Pk7111 ~ k ~ m,Pk prime number}.
Indeed, if n = p~l p~2 ..p';;' then the only prime ideals which contain n71
arepl71,p271, .. ,Pm71. On Spec(lR) we obviously have the indiscrete
topology.

·Ex.. 13.20 From an above exercise we deduce immediately that each
open set Spec(R)\V(E) = UUr, so the Ur's form a base for the open

rEE
sets: in the Zariski toplogy.

Ca) Indeed, denoting S = Spec(R) we have Ur nUs = (S\V(r)) n
(S\V~s)}= S\ (V(r) U V(s)) = {P E SI {r,s} ~ P} =

{P E Sir ~ P and s ~ P} = {P E Sirs ~ P} = S\V(rs) = Urs '
(b) Ur = 0 iff V(r) = Spec(R) iff VP E Spec(R) : rEP iff

rEo n(R) the prime radical of R. In a commutative ring (see 13.11)
R(R) is precisely the set of all the nilpotent elements of R.

(c) Ur = Spec(R) iff V(r) = 0. But V(r) = V((r)) and (r) = R
.holds iff" r is a unit so that V (r) = 0 iff r is a unit (one uses also the
fact that each proper ideal is included in a maximal (and hence prime)
ideal of R).

(d) Surely Ur = Us iff V(r) = V(s). According to 13.5 j{;) is the
intersection of all the prime ideals which contain r and hence V(r) =
V(.s) ¢:} j{;) = [W (one checks that for two ideals A, B of R the

inclusion V(A) ~ V(B) is equivalent with B ~ vIA).
(e) Obviously Spec(R) = U1(i.e. r = 1) so it suffices to deal with the

subsets Ur. In order to check that Ur is quasi compact, {Urlr E R} being
a base for the open sets in the Zariski topology, it suffices to show that
if {rdi E I} E P(R) and Ur ~ UUri the're is a finite subset F ~ I such

. iEI

that Ur ~ UUri' Indeed, Ur ~ UUri ¢:} V(r) 2 nV(ri) ¢:} V(r) 2
ieF iEI· iEI

V:(W {ri}) ¢:} (r) ~ J({rdi E I}). But this last condition implies the
lEI .

existence of an E IN* such that r E ({rdi E I}) . Hence there is a finite
subset F ~ I such that r E ({rdi E F}) or Ur ~ UUri'

iEF

Ex. 13.21 (a) Indeed, U*fl (Ur ) = {P' E Ylf*(P') E Ur } =
{P' E Ylf-l(P') E Ur } = {P' E Ylf-l(P'),~ V(r)}

\.
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= {P' E Ylr rt. f-l(P')} = {P' E Ylf(r) rt. P'} = UJ(r)' The sub­
sets Ur being a base for the open sets we deduce that f* is continuous.

(b) A similar computation shows that the required equality is equiv­
alent with {P' -E YIA ~ f-l(P')} = {P' E Ylf(A).R' ~ P'}. Using a
previous. property V(f(A)) = V(f(A).R') and hence all reduces to
A ~ f-lEP') #- f(A} ~ P', which is clear.

(c) Since f*{V(A')) = f-l(V(A')) = {f-l(P')) E XIA' ~ P'} we
only nave to show that f*(V(A')) = n{V(E)lf-l(V(A')) ~ VeE)} =
V(f-l(A'»~. Hence we must verify: .

1° J-l(V(A'H ~ VeE) => V(f-l(A')) ~ VEE), and
2° f-l(V(A!)) ~ V(f-l(A')~. In order to verify the first implication

one needs to show that [VP' E Y, A' ~ P' => E ~ f-l(P')] => [VP E
X, f-l(A')) ~ P => E ~ Pl. If A' is a prime ideal this is clear. If A' is
notprime1et us consider~ which is (in a commutative ring, see 13.5)
the intersection-of an the prime ideals including A'. We surely have
A'·~ JAi .and hence by hypothesis E ~ f- l (~) • But f- l (~) =

Vf-l(A') 'is. ·easilychecked and so from f-l(A') ~ P => Vf-l(A') ~

P we ·deduce E .~ f- l (~) = Vf-l(A') ~ P. Finally, 2° follows
immediately from A' ~ P' => f-l(A') ~ f-l(P').

(d) Clearly, if f is surjective and ker(f) ~ P then f( P) E Y. Hence
we can define a. map g* : V(ker(f)) --+ Y by g*(P) = f(P). From (c)
we remark that if A' = (0) then f*(Y) = f*(V(O)) = V(f-l(O)) =
V(kerU)) and· so f*(Y) ~ f*(Y) = V(ker(J). Hence (g* a f*)(P') =
g*(f-l(P')): = (fa f- l )(P') = P', because f is surjective, and so
g*f* = ly or 1* is injective. All the ideals of R which include ker(f)
having the form f-I(A'), f* is also surjective (we compute the values
j*{V(A'H-= V(J-l(A'»)).

(e) Follows ·fmm (c) because f*(Y) = r(V(O)) = V(f-l(O)) ­
YeO) =-x .(/'-1-(0) = .(0) follows from the injectivity of J).

Ex. "ra.22- (-a) lIT a Boole ring each element is idempotent and Vr E
~'f2 = r ::::} r(l -r) = O. Using a previous property we deduce
urn Ul - r =-Ur(l-r) = Ua = 0. Further, UrU U1- r = Spec(R)\V( {r, 1­
r}) = Spec·(R)\V((r-, 1 - r)) =Spec(R)\V(l) = Spec(RO and so Ur =
Spec{R) \Ul - r is arso, closed.
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(b) We use a previous result (see 2.10): in a Boole ring each finitely
gen~rated ideal is principal.

(.c) Let A ~ Spec(R) an open and closed set. As open set A = UUri
ieI

a union of elements in the base of open sets. A being closed in a qua-
sicompact (see a previous exercise) topological space, is quasicompact
-itself. Then the above cover of A has a finite subcover A = U Ui for a

ieF
firiite-subset F ~ I. Now our result follows from (b).
----ld) We remark that the closure of a point P E Spec(R) is simply
{P} = V(P). Hence {P} is closed iff P is maximal. In a Boole ring,
the prime id-eal being all maximal (see 13.17), "the points" are closed
in Spec(R), so that Spec(R) is Hausdorff. Using (e) from a previous
exercise we obtain the information required: Spec(R) is a Hausdorff
compact topological space.

Ex. 13.23 First observe that each ideal from R which contains a unit
is equal to R. Then if N is the set of all the non-units of R, all the
proper ideals in R are included in N.

Now, let M be the unique maximal ideal of R. We show that M = N.
-From above M ~ N is clear. If r E N then the ideal Rr is included
in- N and hence is proper. But each proper ideal must be included in
a max:imal ideal, and this is only M. From Rr ~ M we infer rEM
(R has identity) and hence N ~ M. Conversely, if N is an ideal it is
clearly also the unique maximal ideal of R.

Ex. 13".24 From 2.27 we know that Q(p) has a descending chain of
ideals of the form Q(p) :::> ~(p) :::> p2Q(p) :::> •• Hence Q(p) has a unique
maximal ideal (the set of non-units) and consequently (see also 13.23),
is a local ring.

Ex. 13.25 Let a E R\M. The ideal M being maximal, the quotient
ring~ RIM is a field and there is an element b E R such that (a + M)(b+
M)'= 1 + M and hence c = ab - 1 E M. Then ab = c +1 is a unit
(see 13.9) .and so is a. But then M is the set of all the non-units (the
converse inclusion is always valid,13.9 again) of Rand R is a local ring.

.Ex. 13.26 Let a EM. We have (a+1)(1-a+a2 - •• +(-1)n-lan-l) =
1 + (_l)nan and hence the coset (a + 1) + Mn is a unit in R/Mn. A
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well-known theorem of isomorphism (R/Mn)/(M/Mn) ~ R/M proves
that M/Mn is also a maximal ideal in R/Mn. But then , using the
previous exercise, R/Mn is a local ring.





Chapter 14

Polynomial Rings

Ex. 14.1 The polynomial 1== X 2
- I has 4 zeros in ZI5: 1,4, IT, 14.

Ex. 14.2 The polynomial 1= X 2 +1 has an infinity of zeros in H (see
7.12). Indeed, ail the quaternions 0: = bi + cj + dk,b2 +c2 +cP = 1 are
zeros for f.

Ex. 14.3 A standard computation goes like this:

x2+px+q = (x +~)2+q2_ (~)2 = 0 and hence x = -~+V(~)2 _q.

In order that ~ (the solution of y +y = p) to exist, the (commutative)
field must not have the characteristic 2. Moreover, each element in the

field has to be a square (and V(~r -q denotes here any solution of

the equati~n Z2 = (~) 2 _ q).

Ex. 14.4 One has to show that hI + (J) = h2 + (J) ::} hI + (g) =
h2 + (g) in order to verify that F is well-defined. But 9 divides I
and hence Ilh} - h2 implies gih i - h2 • F is clearly a surjective ring
homomorphism so that (Q[X}/(J))/ ker(F) ~ Q[X]/(g). But 9 is an
irreducible polynomial inQ and henceQ[X]/(g) is a field and ker(F) is
a maximal ideal in Q[X]/(J).

Ex. 14.5 Consider the map F : R[X] ~ R, F(ao +aIX +.. +anxn) =
ao which surely is a surjective ring homomorphism such that ker(F) =
(X). Then R ~ R[X}/(X) and R[X]/(I) being a field, (I) is a maximal
ideal.

169
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Ex. 14.6 Suppose that a.D[X] +X.D[X] = (J) for a f E D[X]. Then
from a = fg,g E D[X] follows that a E D and from X = f9J.,gl-E
D[X] we deduce that f and then a (associated with 1) isa unit (indeed
if 1 = ua + vX then 0 = (u - uo)a +vX and 1 = uoa where Uo is the
constant term of u E D[X)), a contradiction.

Ex. 14.7 One uses the decompositions: X3 +X 2 + X +I =- eX2 +
I)(X +I) and X2 +3X +2 = (X +2)(X +I). Yes, for 7ls[X].

Ex. 14.8 X2 +I is irreducible in 7l3 [X] but X 2 +I = (X +2}~X +3)
holds in 7ls[X]. The second polynomial is reducible in both 7l3[XI and:
7ls[X]: indeed X3 +X + 2 = (X +I)(X2

- X +2).

Ex. 14.9 7ls being a field, (71;,·) is a group with 4 elements. Using
the well-known Lagrange theorem we obtain t4 = I for each IT =f. toE 7ls.
Hence f(t) = x 4 + at +I = at +2 and obviously for each a =f. 0- the
polynomial has roots in 7ls(a =I, t = 3; a = 2, t = 4" and conversely).
In the case a = IT one finds f = X4 +1= (X2 +2)(X2+3) -by usual
coefficient identification. So f is always reducible.

Ex. 14.10 One simply verifies f(IT) = g(IT) = IT, f(1) = g(1) =-IT--and
f(2) =g(2) = IT.

Ex. 14.11 Consider the map f : R[X] --+ R defined by f(ao +-a1X +
.. + anxn) = ao which obviously is a surjective ring homomorphism.
Then for an ideal I in R we have I. = f-l(I) which is an ideaLin R[XI.
Moreover, R[X]fI. rv R/ I (just take the composition R[X] -4 R -4
R/ j and apply a theorem of isomorphism, ker(PI 01) = I.) and so the
assertions concerning I and I. prime (resp. maximal) follow from tEe
well-known characterizations of these using the quotient ring (integral­
domain resp. field) of a commutative ring with identity.

Ex. 14.12 Ifn =f. 0 and (n,X) = (J),f E 7l[X] then 3p,q E 7l[X] SUCll

that n = j-p, X = f·q. 7l being an integrity domain 0 = deg(J)-tdeg(p)
and hence deg(J) = 0 or f = a E 7l. Then from 1 = deg(J) +degCq) we
deduce deg(q) = 1 or q =bX+ c,where b, cEll. From X = a· (bX +c)
we obtain c = 0 and a E U(71) so that a E {-I, I} and n E {-I, I}.
Conversely, for n = 0 the ideal (n, X) = (X) is clearly principal. For
n E {-I, I} one has (n, X) = 7l[X] also a principal ideal.

.......
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Ex. 14.13 The first verification (ideal) is easy. Moreover, this ideal is
in fact 1= (2, X). If I = (f) then f would be a common divisor of 2
and X and hence f E {-I, I}. But this implies 1= 7l[X], impossible.

Remark. Unless R is a field, R[X] is not necessarily a principal ring.

Ex. 14.14 If TI = {f = ao +alX +.. +anxn E R[X]lal =O} then
-one easily checks the implication f,9 E TI =} f +9, f .9 E TI • Fur­
ther, ifT2={f E R[X]la2 =O}, this is no subring because for instance
X,X +X3 E T2 but X· (X = X3) =X 2+X 4 ~ T2.

-Ex. -1.4.15 Let f E R[X], f = ao +alX +.. +anxn. In what follows
we prove that:

(i) f is a unit in R[X] iff ao is a unit in R and all a2, .. , an are
nilpotent elements in Rj

(ii) f is nilpotent in R[X] iff all the coefficients are nilpotent.
In-order to simplify the notation U(R) and U(R[X)) denote the

corresponding sets of units.
(i) First observe that in a commutative ring a finite sum of nilpotent

elements is also nilpotent (see 2.15). Further, if ao E U(R) and all'" an
are nilpotent then alX +a2X2 +.. +anxn is clearly nilpotent in R[X]
and then f E U(R[X)) (see 1.25). Conversely, if f E U(R[X)) , f· 9 = 1
and 9 =bo+bIX + .. +bmxm then aobo= 1, aOb i +albo= 0, .. , an-Ibm +
a;bm - l = 0, anbm = 0 hold. Multiplying the last equality by an and
usin,g the previous one gets a~ . bm - I = O. Multiplying the next equality
(in reversed order) by a~ we obtain a~bm-2 = 0 and so on. Finally,
a~+Ibo -= 0 implies a~+l = 0 (multiplying by ao) and hence an is
nilpotent in R. Using again 1.25 f -anxn = ao+alX+ .. +an_Ixn-I E
U(R[X)) and we deduce that an-l is nilpotent (and an-2,", a2, ad in
an analogous way. Surely, ao E U(R) follows from aobo= 1.

fii) Using again 1.25, if f E R[X] is nilpotent then 1- f E U(R[X))
-and ~ence' by (i) (1 - ao E U(R) and) -aI, -a2, .. , -an are nilpotent.
But then (using again f nilpotent for ao) ao, aI,", an are nilpotent. The
.:converse is obvious.

Ex. 14.16 (a)=}(b) Let f = ao +aIX + .. +anxn and 9 = bo+blX +
.. +bmxm be polynomials in R[X] (with an #- 0 #- bm) and f· 9 = 1.

-Because aobo= 1 one can suppose (modifying the coefficients of f and
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. .
g) that ao = bo = 1. A simple induction shows that \/k E IN, k :::; m
the equality a~+Ibm_k = 0 (indeed anbm = 0 holds by the definition of
polynomial multiplication. If anbm = a;bm- l = .. = a~bm-k+I =- 0 the
required relation follows from an-kbm +..+an-k+hbm- h+.. +anbm- k = 0
multiplying by a~). Now, from a~+Ibo = 0 (and bo = 1) we have
a~+I = 0 and hence an = 0, a contradiction.

(b)::::}(a) If a E R is a nonzero nilpotent element and an = 0, an- 1 i­
0, n E IN then R[X] has units of degree at least 1. Indeed, (1 +­
an- 1X)(1 - an- lX) = 1 - a2n- 2X2 = 1.

Ex. 14.17 C[X] being a commutative ring, C[X]/(X2+1) is an.integral
domain iff (X2+ 1) is a prime ideal. But X 2 +1 = (X + i)(X - i) E
(X2 + 1) but neither X +i nor X - i does not belong to the principal
ideal (X2 +1).

,Another solution: denoting by U = (X2 + 1) the equality [(X +
i) + U] . [(X - i) +U] = U points out zero divisors in C[X]jU.

Ex. 14.18 LetEi: IR[X] -t C be the surjective ring homomorphism
defined by Ei(f) = ao+ali+a2i2+ .. +anin, \/f = ao+a1X +..+anxn E
IR[X] (such a ring homomorphism exists in more generally conditions:
if R' is a ring with identity and R is a subring of R' which contains
the identity, then for each element c E ZR/(R) the centralizer, there
is a unique unital ring homomorphism Ec : R[X] -t R' such that
Ec(a) = a for each a E Rand Ec(X) = c; one takes IR subring in C
and i E Zc(IR)). Obviously, ker(Ei ) = (X 2 + 1) (the ideal generated
by X 2 +1) and by an isomorphism theor~m IR[X]/ ker(Ej) f'J Ei(:IR[X])
that is, the required isomorphism.

Ex. 14.19 Let us consider the following ring homomorphisms:
~[X] -4 ~ -4 ~n where q(ao +alX +.. +anxn) = ao and p(x) =

x, Vx E ~. The following equalities hold: ker(q) = (X),ker(p) = (n)
and ker(po q) = (n,X) = (n) +(X) (surely (n) ~ ~[X]). The requiree;f
isomorphism is obtained from an isomorphism theorem (q and pare
surjective): ~[X]j ker(p 0 q) ~ (p 0 q)(~[X]).
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Rings of Quotients

Ex. 15.1 71. being an integral domain, for each multiplicative system
S C 71., the ring of quotients is identified with a subring with identity
ofQ, the rational numbers of the form '; with rn E 71. and s E S. Now,

if A is a subring of Q and 1 E A let SA = {n E 71.1~ E A} . Obviously,
SA is a multiplicative system and 71.SA ~ Q. Conversely, if ':: E A with
-(mjn) = 1 let u,v E 71. such that urn +vn = 1. Then u':: +v = ~ E A
and hence. A ~ 71.SA '

Ex. 15.2 71.[i] being an integral (commutative) domain and subring in
Q[i) (as immediate verifications show) the ring of quotients of 71.[i) is
isomorphic with the subfield of Q[i) generated by 71.[i). But this is Q[i)
(indeed only a simple computation is needed: a±b~ = ac±bd + bc-adi E

c±dl c2 ±d2 c2 ±d2
Q[i] for a, b, c, d E 71. and c + di # 0).

Ex. 15.3 In 2.27 it is shown that Q(p) is a subring in Q and that for
-each x E Q one has x E Q(p) or X-I E Q(p). Hence the subfield generated
~by Q(p) in Q is Q itself. So the required ring of quotients is isomorphic
withQ.

Ex. 15.4 For K' the subfield generated by R in K (that is, the inter­
section of all the subfields of K which include R), consider f : R ~
[{',f(x) = x,\lx E R. By the universality property, there is a unique
f : RR· -T [(', l (;) = x.s-1

• One easily checks that f actually is a
ring isomorphism (the injectivity follows directly and the surjectivity
follows using the well-known form of the elements in [(').

173
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Ex. 15.5 If S is a multiplicatively closed set in 'a ring Rand 0 ~ S,.
there is a canonical bijection cp between the set of all the S-saturated
ideals of R (the ideals I of R such that I = Sats{I) where Sats(I) =
{r E RI3s E S : sr E I}) and all the ideals of Rs, namely cp{I)= Is =
{~Ii E I,s E S}. Now, for a principal ideal I = (a) = Ra one has-

cp( I) = Is = Rs . T= (T)' a principal ideal too.

Ex. 15.6 Only one 'way needs comments. If S is a saturated system
clearly R\S =U{PIP is a prime ideal, P n S = 0}. Conversely, if a E_
R\S then first observe that for each unit u E R, uu-1 = 1 implies­
u E S (a saturated system). Now, for the canonical homomorphism
f : R -+ Rs, the image f( a) = TE Rs is not a unit and so there is
a prime ideal B in Rs such that TE B. Hence a E f- 1 (B) com2letes
the proof.

Ex. 15.7 We consider the ring homomorphism f : R[X] -+ R", de­
fined by usual extension of f(X) = a-I. Clearly, ker(f) ;2 (aX -1).
Conversely, if a polynomial q = L anXn E ker(f) then q(a-1) = O.

n
and hence X - a-I divides q in R",[X]. So there is a polynomial g =
Lgnxn E Ra,[X] such that q = g. (aX - 1) holds. We obtain by

n

usual identification -go = ao, -gl + ago = all" Hence gn E Rand
q E (aX - 1) . It only remains to apply a ring isomorphism theorem.

Ex. 15.8 The inclusion 71.. -+ Q is a well-known example of epimor­
phism in the category of rings which is not surjective. This is a natural
generalization of this example. Ifa, {3 : Rs -+ R' are two ring homomor­
phisms and a 0 f = {3 0 f, for the canonical homomorphism f : R -+ Rs
one has to prove that a = {3. The reader is invited to adapt 4.3.

Ex. 15.9 In other words we have to verify that any finite subset in Rs
has a common denominator. Inductively write qlS = rl,'" qn-IS =r-n-l
and write qnsn = rn. Then, picking r' E Rand s' E S such. that
sns' = sr' we obtain rns' = qnsns' and rjr' = qjsr' = qjSnS' for every
1~.i~n-1.

Ex. 15.10 First, if f is injective, then S ~ { non-zera-divisors }. So,
f being also surjective, for each s E S surely ~ E Rs = f(R) so there
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is an element t E R such that f(t) = t '" ~ and hence st = 1 by the
above inclusion. Then S ~ U(R). Conversely, S ~ U(R) clearly implies
S ~ { non-zero-divisors } and so, f is injective. Finally, if S<; U(R)
for each ;- E Rs we have ;- = f(a.s- 1) and hence f is surjective. The
application to fields is obvious.

Ex. 15.11 We use the previous exercise: f is an isomorphism iff S <;
U(D). First, if S ~ U(D) then for each q = ;- E Ds we have (hy natural
identifications) q =a.s-1 and Pq = X - a.s-1• Conversely, if for -each
q E Ds tij,ere is a monic polynomial Pq E D[X] such that pq(q)- = 0
then we use Pi E D[X] for an arbitrary ~ E S. If Pi = X - rE D[X]. ..
then ~ - r = 0 and hence sr =,1 or s E U(R).

Ex. 15.12 Any ideal in Rs has the form Is where I is an ideal (see
n

also 15.5) in R. This being finitely generated, i.e. 1= L &i' -one has­
i=I

n

Is = L (Rs) Xi, also a finitely generated ideal. Hence, together -with
i=l

R, the ring Rs is noetherian.

Ex. 15.13 It is known that 7l.7l.0 ~ Q this being the axiomatic con­
struction of Q from 7l., the rational numbers being represented as frac­
tionswith integer denominators. Obviously, denominators selected
from 271.* U {I} suffice in order to reconstruct the whole Q.

Ex. 15.14 If f is surjective then Rs = f(R) = {f(r)lr E R} =
{f(r.l)lr E R} = {f(r).f(I)lr E R} = (J(I)) is a cyclic R-module

(via J). Conversely, if Rs is cyclic, there is an element s E S s-uch­
that Rs = {f(rHlr E R} . Obviously, S2 E S (being a multiplicative

system) so that there is an element t E R such that 8\'" ~ -and hence­
~ f'V t. But then f(t) = ~ and since f(R) :J j(Rt) = Rs, the canonieal
homomorphism j is surjective.

Remark. One can replace"cyclic" with "finitely generated".

Ex. 15.15 We use the previous exercise: indeed, using a wen-known
isomorphism theorem, it suffices to verify that f is surjective tt-hen
f (71.n ) ~ 7l.n / ker(f)). S being obviously finite, if t = II s clearly

8ES

(71.n )s =(t) is cyclic as 7l.n-module (via I). Hence f is surjective.
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Ex. 15.16 The canonical homomorphism is obviously defined as fol­

lows: I Cxn>;eIN) = (7LeIN' Consider (n~lLelN E II (71)s' If j
IN

would be surjective, for each n E IN''' an element s E S and elements
Yn E 7l should exist such that n~l rv 7 and hence s = (n +1) Yn, s
would be divisible by every natural nuinber, a contradiction.

Ex. 15.17 Clearly, 8182 = (1 + Xl) (1 + X2) = l+Xl +X2+XlX2 E 1+1

if X'l, X2 E I. Further, in order to verify the inclusion Is ~ Rad(Rs) ,
for elements J E Rs and ~ E Is we must prove that 1 + ~ . J is a
unit. But 1+ ~~ = 1 + ~ with xE I and Y = 1 + t with t E I. Hence
I x 1 x !±!±=. . 't' R+ Y = + l+t = l+t IS a um III s·

D ~ Q(D)
Ex. 15.18 Consider the following diagram a..\- ~ /31 ..\- /3 where

D' ~ Q(D')
f : D -+ D' is an injective homomorphism of integral domains with I, I'
the canonical injections. The composition /31 = I' 0a is an injective
ring homomorphism which factors through Q(D) (by the well-known
universality property). The ring homomorphism /3 obtained in this way
is clearly injective.

Ex. 15.19 Let i : D -+ D' be a ring isomorphism and define the_
map i : Q(D) -+ Q(D') by i (~) = *f. This is well-defined because

! rv ~ {:} ab l = alb {:} i(a)i(bd = i(adi(b) {:} *t rv ~~::l. It is
an injective function because one can use the above equivalence (note
that i is injective) in reverse order. Moreover i is surjective and ring
homomorphism together with i.

Ex. 15.20 (a) Let P be a prime ideal in the commutative ring with
identity R. Clearly, 0 ~ R\P; further, if X, Y E R\P then xy E R\P
(otherwise xy E P would imply X E P or YEP).

(b) Pp is its unique maximal ideal (there is a homeomorphism (and
lattice isomorphism) <I> : {P E Spec(R)IP n S = 0} -+ Spec(S-l R)
defined by <I>{I) = S-l1) of Rp (obviously P is maximal relative to
P n (R\P) = 0). Finally, Rp/Pp is isomorphic with the field of quo­
tients of R/P. More generally, if S is a multiplicative system of Z(R)
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(the center of R) then for each ideal I such that InS = 0 there is an
isomorphism S-1 R/S-1 I ::: (PI(S))-1 (PI(R))where PI : R --t R/I is
the canonical projection (this is a simple application of a well-known
isomorphism theorem).

Ex. 15.21 ~f R has no non-zero nilpotent elements, more generally,
for a multiplicative system S and ~ E Rs let (~r = O. There is-an
element s E S such that san = O. Hence (sat = 0 implies sa = 0 and
~ = O. Conversely, if for" each prime ideal P the ring Rp has no non­
zero nilpotent elements suppose that for a E R we have' an = O. Then
clearly, (I) n = 0 and hence for, each prime ideal P there is anelemenl
s ¢: P such that sa = O. If Ann(a) = Ann.l(a) n Ann.r(a) =I R then
there is a maximal ideal M which includes Ann(a). The ideal M being
also prime there is an element s ¢: M with sa = 0, a contradiction.
Hence Ann(a) = R and so a = O.

Ex. 15.22 This is not true. In a noetherian ring R one can show that
the following conditions are equivalent:

(i) for each maximal ideal M of R, the ring RM is an integral domain;
(ii) R is a finite direct product of integral domains.
Hence it suffices to take R = 71.. x 71...





Chapter 16

Rings of Continuous
Functions

Ex. 16.1 (a) Straightforward verifications.
(b) and (c): one uses the constant functions.
(d) Pointwise verifications.
(e) If R = {O, r, ..} and X = {a, b, .. } consider f, 9 : X --+ R defined

as follows:

f (x) = {Or if x = a
if x::f:. a

and

{
r if x = a

g(x) = ° if x ::f:. a

These are zero divisors.
(f) Simple computations.

Ex. 16.2 The proof is straightforward.

Ex. 16.3 a) is obvious.
b) Let T = To; if f E C(X) would not be constant, then it should

exist two elements x,y E X with f(x) ::f:. f(y) and two disjoint open
sets rand:=: in IR with f(x) E rand f(y) E 3. The sets f-1(f), f-l(3)
should be disjoint nonvoid open sets in X, contradicting the hypotnesis­
(T is an indiscrete topology). Hence C(X) =Co(X).

179
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As for the converse, case (i) see exercise 16.4' (a) or (b). For case
(ii), let X = ?l and T = {G C ?lID E G}. There are no disjoint open
sets, therefore the only continuous functions are the constants, C(X) =
C*(X).

c) Let C(X) = CO(X). For each A C X, the so called characteristic
function of A, denoted XA : X -+ lR

XA(X) = { ~ if x E A
if x E X\A

is continuous. It exists an open set f in lR with 1 E f and 0 ~ f and
so A = t- l (f) is open. Hence the topology of X is discrete.

The converse is obvious.

Ex. 16.4 a) If X = {a, b} is endowed with one of the following topolo­
gies Tl = {0,{a},X}, T2 = {0,{b},X} or To, then only the constant
functions are continuous: C(X) = Co(X). For TO see exercise 16.3 (c).

J:» For X = {a, b, c} the equality C(X) = Co(X) holds for most
of the topologies, except for TI = {0, {a}, {b, c}, X}, and in this case
the functions f E lRx with f(a) =J. f(b) = f(c) are also continuous.
One treats similarly the topologies T2 = {0, {b}, {a, b}, X} and Ta =
{0,{c},{b,c},X}.

For the discrete topology TO we have C(X) =CO(X) (see 16.3 (c)).

Ex. 16.5 It is well known that the continuity of Ifl follows from the
continuity of f.

a) f ~ 0 holds iff f is a square, i.~. if it exists 9 E C(X) with
f = g2.

b) Ifl is the (unique) element of C(X) with following two proper­
ties:(i) IfI ~ O,(see (a)) and (ii) Ifl2 = p. '

Ex. 16.6 (i) => (ii) In the ring C(X) the elements -1 and 1 are square
roots of 1 for each space X. For G and H = X \ G, disjoint, nonvoicl
sets' in X, consider c-

if x E G
if x E H

obviously a continuous function. f is a third square root of 1 in C(X).
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(ii) ::::} (iii) If f is a third square root of 1 (l I: f I: 1), then
f(x) = lor f(x) = -1 for each x E X, and 9 = f VQis an idempotent
-in C(X); so g,Q,l are three distinct idempotent elements in C(X).

(iii) ::::} ~i) If9 is an idempotent of C(X) and 1 I: 9 I: Q, then g(x) =
lor 0 for each x E X. The sets r =}-1/2,1/2[ and D. =}1/2,3/2[ are
open -and disjoint in JR. Therefore G = g-l(r) and H = g-l(D.) are
both open, and H = X \ G.

-(i) ::::} (iv) -Let X = Xl U X2 and Xl, X2 be disjoint and open sets.
For 81 = {f E C(X)lx E X2 ::::} f(x) = O} and 82 = {f E C(X)lx E
Xl ::::} fex) =OJ the equality C(X) =81 ffi 82 holds.

-(iv) ::::} (ifIf C(X) = 81 ffi 82 we consider the two identities lSI E 81

and 1s2 -E 82 • From lSI' lSI = i SI follows that for a = lSI the relation
a 2 = a holds. The function lSI takes only 0 and 1 values, and therefore
Xl = 1 81

1(1) = 18;()1/2,3/2[) is an open subset of X. The same holds
for X 2 =-18~(1) and X 1and X2 are disjoint. It only remains to prove
that X = XiUX2 • If x E X there exist two elements f1 E 81 and h E 82

whuse sum- is 1," and so either f1(X) I: 0 or f2(X) I: O. Finally from !I'
lSI = f1 resp. f2' 1s2 = f2 follows that lSI (x) = 1 or 1s2 (x) = 1, and
so x E Xl U X 2•

R.emark In conditions (ii) and (iii) one can replace "three" by
"four" .

Ex. 16-.7 .Let f E C(X). The sets Gn = {x E Xllf(x)1 < n} constitute
a countab-Ieqpen cover of X. If Gnl , Gn2 , "., Gn" is a finite subcover,
then for n = max{nl, n2,,,., nk} and each x E X one easily checks the
ineCD1ality If(x)\ < n. Hence f is bounded.

Ex. 16.8 We have seen in 16.3 (b), that for the space (X, T) with X =
7l and T = {a.c ?lIO E G} the equality C(X) = Co(X) holds and so
C(X} = C*JX) follows. This space is not countably compact: indeed,
the-open -countable cover {[-n, n)ln E IN} has no finite subcover.

E-x. r6_.9 Let
-{ ffx-> if f(x) > 1

u(x) = 1 if -1 ~ f(x) ~ 1 .
- - f(x) if f(x) < -1

One easily-checks .that u has the required properties.
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Ex. 16.10 Indeed, if I E G(X), one simply verifies that the equality
Z(J) = Z(IJI) holds.

Ex. 16.11 The following immediate equalities prove that Z(X) is a
sublattice (is closed under joins and meets) of the lattice of all the
closed subsets of the topological space X:

Z(J· g) = Z(J) U Z(g) and Z(J2 +l) = Z(J) n Z(g).

Ex. 16.12 Let us consider X = 7l and T = {G C 7lID E G}. Clearly
F = 7l* = 7l\ {O} is a closed subset but it is not a zero-set because
G(X) = Go(X) (see 16.3 (b)).

Ex. 16.13 In a metric space (X, d) let F be a closed subset. The map
I : X -+ IR defined by I(x) = d(x, F), 'v'x E X is easily checked to be
the required solution (i.e. I E G(X) and Z(f) = F).

Ex. 16.14 (a) Let I, 9 E C(X) be such that I . 9 = 1. Then clearly
I(x) = D is impossible for x E X. Conversely, if Z(J) =0 then we can
consider 9 : X -+ IR defined by g(x) = ftx)' Moreover, together with I
the map 9 E C(X) and hence I is a unit.

(b) Let I E C*(X). One easily verifies that I is a unit iff there is
an ~lement a E IR~ (i.e. a positive real number) such that III ~ a.

(c) Consider X = IN* with the discrete topology and I : IN* -+
IR,I(n) = ~,'v'n E IN*. Then surely I E C*(X) and if for a map
9 E G*(X) the equality I . 9 = 1 would hold, then g(n) = n, 'v'n E IN*
and so 9 ~ C*(X), a contradiction.

Ex. 16.15 Consider the map h : X -+ IR defined by

{
&l

h(x) = Bb)
if x E X\G

if x E G

One verifies the required properties: h E C(X) and I = g. h.

Ex. 16.16 (a) If each map from G(X) has the property 1\ and I E
C*(X) then there is a unit U E C(X) such that III = u . I and so
for 'each x E X,I(x) > 0 implies u(x) = 1 and I(x) < 0 implies



183

u(x) = -1. Hence u* - (u /\ 1) V -1 E C*(X) and IfI = u* . f.
.Conversely, if each map in C*(X) has the property II and f E C(X)
then for f* = (f /\ 1) V -1 there is a function u* E C*(X) such that
1f*1 = u* . f*. One easily verifies u* E C(X) and IfI= u* . f.

(b) All the maps have the property II. Indeed, one uses the function

{

I if f(x) > 0
u(x) = 0 if f(x) = 0

. -1 if f (x) < 0

Jc) _Only the functions f E C(lR) such that f(x) 2:: 0, Vx E lR or
f-Ex) ::; -0, Vx E lR satisfy the ,property II (one obviously uses u = 1
respectivelly u = -1). Indeed, if f has positive and negative values,
say f(xd > 0 and f(X2) < 0 then f has not the property II: the
-equalities U(XI) = 1 and U(X2) = -1 follow from IfI = u . f and so,
being_ "Continuous, u must have also zero values and hence u is not a
unit.

(d) -In lRQ consider the inclusion i (Le. i(x) = x, Vx E Q). i is
clearly continuous and, if Iii = u· i then u(x) = 1 holds for x > 0 and
u(x) = -1 -holds for x < O. Hence u is not continuous in x = O.

(e) If f E C(Q) and Z(f) is an open subset in Q consider u :Q -t lR
defined by .

u(x) = { ~1 if f(x) > 0
if f(x) < 0

First, we show that u is continuous, that is, for each open subset r ~ lR
the preimage u-l (r) is open in Q. Indeed, we distiiIguish the following
caseS'

(i) if (-I, I} ~ r then u... l(r) =Qj
-(ii) if-l E rand 1 ~ r then u-l(r) = [j < 0] where [j < 0] =

{x € ~If(x) < O}j _ .
(Hi) if -1 ~ rand 1 E r then u ... l(r) = [j > 0] U Z(f), and
(i-v) if 1, -1 ~ r then u...1(r) = 0.
As for the requested example, one can take f :Q-t lR,

f(X)={ ~
-1

if x> .J2
if - v'2 < x < J2

if x < -.J2
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Then I is continuous on Q and u = I is a unit in C(Q) such that
III =u . I holds.

Ex. 16.17 [zd is obvious.
[Z2] If I,g E I, an ideal in C(X), then j2 + g2 E I and clearly

Z(j2 +g2) = Z(J) n Z(g).
[Z3] If I E I, Z = Z(J) and Z ~ Z' = Z(g) then for h = I· gone

checks h E I and Z(h) = Z U Z' = Z' E Z.

Ex. 16.18 If Z[I] = Z there exists a map I E I suc;b. that Z(J) = 0.
Ac~ording to 16.14, (a) I is a unit and so there is a map 9 E C(X)
such that I· 9 = 1 holds. I being an ideal, 1 E I and hence 1· h E I
for each h E C(X). So 1= C(X).

Ex. 16.19 Obvious.

Ex. 16.20 (a) For a maximal ideal M let Z = Z(M) be the corre­
spondi~g proper z-filter and let Z ~ ZI be another proper z-filter. If
we denote by 1= Z+-(ZI), this is a proper ideal and Z+-(Z(M)) ~ I.
Clearly, Al ~ Z+-(Z(M)) and so M ~ I and M = I. Hence Z+-(Zd =
Z+-(Z) and so ZI = Z(Z+-(ZI)) = Z(Z+-(Z)) = Z, i.e. Z is a maximal
z-filter.

(b) Let Z be a maximal z-filter and M = Z+-(Z) the corresponding
proper ideal. If for another proper ideal I we have M ~ I then Z( I)
is a proper z-filter and Z(I) 2 Z(Z+-(Z)) = Z. From maximality
ZU) = Z(M) and so Z+-(Z(I)) = Zt-;(Z(M)) = Z+-(Z(Z+-(Z))) =
Z+-(Z) = M. According to (a) I ~ Z+-(Z(I)) and hence I = M, Le.
M is a maximal ideal.

Ex. 16.21 (a) Let P be a prime ideal in C(X) and I,g E C(X) such
that Z(J) UZ(g) E Z(P). We show that Z(J) E Z(P) or Z(g) E Z(P).
Consider the continuous function h = III-igi. From (h VQ) . (h AQ) -:­
.Q E P we infer hI = h V.Q E P or h2= h A.Q E P. If for example hI E P
one uses in the sequel Zo = Z(ht} E Z(P) and the hypothesis.

(b) Let Z be a prime z-filter. Then P = Z+-(Z) is a proper ideal
and if I· 9 E P we deduce Z(f . g) = Z(f) U Z(g) E Z. If for instance
Z(f) E Z then I E Z+-(Z) = P, and hence P is prime.
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Ex. 16.22 Suppose that the z-filter Z is not prime. Then there are
ZI, Z2 E Z[X} such that ZI U Z2 E Z and ZI <t Z ,Z2 fi Z and so
the set Z' = {Z' E Z[XJi3Z E Z: Z n Z2 c Z'} is a z-filter, Z C Z'
and Z =f:. Z' (indeed, Z2 E Z', Z2 fi Z). It is a proper one because
ZI <t Z'. In fact, the hypothesis ZI E ZI implies that ZI ~ Z n Z2
for a suitable Z E Z. But then, from ZI U Z2 E Z and Z U Z2 E Z
follows ZI = (Z n Z2) U ZI = (Z U Zt) n (Z2 U ZI) E Z and so Z is not
maximal.

Ex. 16.23 (a) Notice that 9 E 12 means that g(x) = x2 f(x), 'v'x E lR
for some f E C(X). But then g(x) = xft(x) where ft(x) = xf(x)
and ft E C(X). Hence 9 E II' Clearly llR E II but llR <t 12 because
its derivative takes the value 1 for x = 0 and the derivative of each
element from 12 has the value zero in x = 0 (indeed if f(x) = x2h(x)

with h E C(X) then lim f(x) - f(O) = limxh(x) = lirnx.limh(x) =
x-+o x x-+o x-+o x-+o

O.h(O) = 0). Hence II =f:. 12•

Now, Z(Id = Z(I2) because both contain only the closed subsets
r c lR which include O. Indeed, for such a subset r let h(x) be the
distance between x and r. Then for f( x) = xh(x) and g(x) = x2h(x)
one checks f E· Il,g E 12 and Z(f) = Z(g) = r.

(b) It suffices to observe that llR .1lR E 12 but llR fi 12 respectively
1 2

(1IR) 3" • (llR) 3" E II but none of these factors does belong to II.
(c) Mo = {f E C(X)lf(O) = O} obviously includes II and 12• In

order to prove that it is also a maximal ideal, let I be an ideal in C(X)
such that Mo C I and Mo =f:. I. Using a map f E I\Mo from f(O) =f:. 0
we infer Z (p + 1m) = Z(f) n Z(1rn) = 0 and so p + 11R E I. Using
the exercise 16.14 (a) p + 11R is a unit and so 1= C(X).

(d) We already saw in (a) that Z(Id = {r c lRjr E ,r,Q. E r}.1f Z
is a z-filte~ such that Z(Id C Z and Z(II) =f:. Z, choose Z E Z\Z(Id.
From 0 fi Z and {O} E Z(It} we obtain {O} n Z =0 included in Z and
so Z is not a proper z-filter. Hence Z(It} is maximal.

Remark. If Z(I) is a maximal z-filter, I must not be a maximal
ideal.

(e) Z+-(Z(It}) is the maximal ideal from (c).
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Ex: 16.24 (a) The first part is straightforward. Z+ is not prime be­

cause it includes not Zl = [0,1]\ U ]2-, 1 1[ and
IN

• 2n 2n-
nE

Z2 = [0,1]\ U ]2 1 l' -2
1

[but it includes Zl U Z2. One similarly'
IN• n + n

nE
treats Z_ .

(b) Zo is equal to Z(Id from the previous exercise. It is maximal
and hence prime.
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Special problems

Ex. 17.1 (a) One checks that'(a-l - b-Irl = -a(a - btlb holds.
(b) Indeed, -a(a - btlb(a-l - b- l ) =
-a (a - btl ba-l +a (a - btl = a (a - btl (1 - ba-l ) =
a (a - btl (aa- l - ba-l ) = a (a _b)-l (a - b) a-I = 1. Similarly

-(a-I_b-l)a(a_b)-lb= 1.

Ex. 17.2 First we verify that for every r,s E R the equality r2sr2 =
r2s holds.. Indeed, simple computations show that (r2sr2 - r2s)2 = 0

. 3
and so r2sr2 - r2s = (r2sr2 - r2s) = O. Similarly r2sr2 = sr2 and
hence r2s = sr2 or {r2 lr E R} ~ Z(R). Finally, rs = r3s3 = r(r2s3) =
rs3r2 = rs2sr2 = s2rsr2 = s(sr)(sr)r

= s(sr)2r = (sr)2 sr = (sr)3 = sr for every r,s E R.

Ex. 17.3 If the ring has identity this was 1.31. We obtain char(R) = 2
identically. Now, x +x2 = (x +X

2
)6 = x6 +6x7 +15x8 +20x9 +15xlO +

6xll +X l2 = X+ x3+ x5+x2 so that x3+ x5 = 0 or x5 = _x3 = x3.
Multiplying by x we have also x = x6 = x4 and hence x2 = x5 or
x2 = x3. Finally, x = x6 = X2.X4= x2.x = x3 = x2.

. 2
Ex. 17.4 (a) Indeed, (ai ..anal ..ai-l) = ai..an (al ..an) al ..ai-l =

ai ..an.O.al ..ai-1 = O.
(b) We use an induction on k. Indeed, if k = 1 then
(albla2a3 ..an)2 = albl (a2a3 ..anal)bla2..an = albl.O.bl ..an = 0 (us­

ing (a)). Further, if the statement is true for k -1 we compute

187
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(al bl . .akbkak+l' .an)2 =
a1bl ..akbk (ak+I ..analbla2 ..bk-Iak) bkak+l ..an = 0 the bracketts con­

taining a zero product (one has to apply (a) to the induction hypothe­
sis). So the statement holds also for k.

(c) Each permutation being a product of transpositions it suffices
to prove the assertion for a transposition (J' = (ij), i.e.

P = al ..ai_Iajai+l ..aj_Iaiaj+l ..an = O. What follows is a little bit
harder: we compute the j - 1 power of this last product, choose j - 1
suitable elements b and apply (b). Indeed, each element b (except­
ing bi - l , bi and bj _ l , bj ) has n factors (the exceptions have only j - i
resp. n - j + i"factors) from P (in fact a "circular" permut~tion of
it): if we choose bl = a2 ..anallb2 = a3..ala2, .. ,bi-1 = ajai+l ..aj-llbi =
aHI ..ai-1 aj and bi+l = ai+2 ..ajai+l, .. , bj - l =

aiaj+l ..ai-l, bj = ai+l ..aj-Iai then (p)j-l = albl ..ajbjaj+l ..an = 0
and hence P = O.

Remark. If R has identity the cube p3 suffices for the proof, with
only 4 suitable elements b.

Ex. 17.5 Let x, y E R. From xn+1yn+l = (xy)n+l = (xy)n xy = xnyn xy
we obtain

xn(xyn - ynx)y = O.

Replacing in (1) x by x +1 we obtain

(x +1)n(xyn - ynx)y = O.
,

(17.1)

(17.2)

Developing (x +1)n binomially (the commutativity is not needed),
multiplying (2) to the left with xn - l and using again (1) we deduce

xn-l(xyn - ynx)y = O. (17.3)

Repeating the (1) :::} (3) procedure we now get step by. step

and even

(17.5)
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We now begin with xn+2 yn+2 = (xy)n+2 = (xy)n+I xy == xn+Iyn+Ixy
and obtain

xn+I(xyn+I _ yn+Ix)y = 0..

Repeating the technique (1) => (5) we now obtain

. (xyn+I _ yn+I~)y = 0:.

But (5) implies xyn+I = yn xy or

(17.6)

(17.7)

(17.8)

From (7) and (8) follows (xy - yx)yn+I = OJ the replacement of y
by y +1 and a repeated application of the:(l) => (5) technique leads to
(xy - yx)y = 0 and finally to xy - yx = O. Hence R is commutative.

Ex. 17.6 The solution needs knowledge of field extensions (which are
not treated in this collection). Briefly, the proof relies on a lemma due
to Kaplansky: if K =f:. F is an extension field of F and for each given
a E K there is a n(a) E IN* such that an (l1) E F then either K is purely
inseparable over For, K is of prime characteristics and is algebraic
over its prime field P, and a result concerning. algebras established by
Noether and extended by Jacobson~ if D is a noncommutative division
algebra algebraic over its center Z then there1s an element in D, not in
Z, separaBle over Z. The proof is divided -into three cases: for division
rings, for primitive rings and for the generalcase where R is represented
as a subdirect sum of prime rings so that the proof finally reduces to
prime rings. For a complete treatment see--[-7], p.'l9, Theorem 3.2.2.

Ex. 17.7 More generally, one can prove the following statement: if a
ring R has a left (or right) nonzero divisor (J; E R then char(R) =
Ord(R,+) (a). Indeed, if Ord(R,+) = 00 rrotrung is to ,be proved. If

Ord(R,+)(a) = n then Vr E R : '0 = (.na)h = a(nr) => nr = 0, a
being no left zero divisor. We deduce ffom this result that all nonzero
elements in a field K have the same .order -in the-adaitive group (K, +).
Hence 2a =3b =0 for nonzero elements in K is not ·possible.
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Ex. 17.8 First observe that for each idempotent element e E R,1 - e
is also idempotent. 1 -# 0 implies that e -# 1 - e. So we can group the
nonzero elements in pairs, but e(1 - e) = 0 and hence:

(i) if 1 is the only nonzero idempotent element of R, then the re­
quired product is evidently 1;

(ii) if there is an idempotent e f/:. {O, I} then the product is O.

Ex. 17.9 If 12 -# 0 there is an element a E I, a -# 0 such that the
rigllt ideal al = {ax Ix E I} -# o. 1 being a minimal right ideal we
must have al = I and hence there is an element eEl such that
ae = a. One easily gets a (e2 - e) = 0 and so e2 - e E Ann.r(a) n 1
where Ann.r(a) = {r E Rlar = O} is the right annihilator of a in R.
But Ann.r(a) n 1 -# 1 because al -# 0 and hence Ann.r(a) n 1 =0 and
e2 - e = 0, e is idempotent. From a -# 0 we get e -# 0 and, 1 being
minimal, we obtain 1 = eR.

Ex. 17.10 First observe that if e is an idempotent element of R then
eRe is a subring of R with the identity e E eRe (no identity in R
is needed: e = eee E eRe). Next, if ere E eRe is an idempotent
then e - ere is also an idempotent (by straightforward computation),
obviously orthogonal with ere. Now if e is primitive then from e =
ere+(e-ere) follows that ere E {O, e}. Conversely, if e is not primitive,
let e = u +V,u -# 0 -# v,u2 = u,v2 = V,uv = O,vu = O. Then
eue is idempotent in eRe and eue -# 0 (indeed from eue = 0 we infer
e =' eee = e(u + v)e = eue + eve = eve and then u = u2 = (e - v)2 =
e2 - ve - ev +v2 = 0 because ev = (u + v)v = v and similarly ve = v
or e = eve = ev).

Ex. 17.11 As in the previous exercise, eRe is a: subring of R with
identity e. If exe -# 0 then, R being regular, let y E R such that
exe = (exe)y(exe). Then (exe)(eye) = exeye is idempotent: indeed

(exe)(eye)(exe)(eye) = (exeyexe)ye = exeye. Using the previous
exercise (e is primitive) (exe)(eye) E {O, e} and hence (ex"e)(eye) = e
(indeed (exe)(eye) = 0 implies exe = (exe)y(exe) = 0), the identity in
eRe. So exe is a left unit and the rest follows symmetrically.

Ex. 17.12 First observe that there is a left ideal M :::; N such that
o -# M2 = M. Indeed, R being left artinian the descending chain of
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left ideals N .2 N2 2 .. 2 N k = Nk+l = .. becomes stationary and
M = N k • Further, choose a left ideal L ::; M minimal with respect to
the property M . L #- O. This can be done using the descending chain
condition on the set of all the left ideals-A = {AIM· A #- O}.

Next, we show that there is' an element bEL such that Mb = L.
Indeed, since M· L #- 0 there-is an element bEL such that Mb #- 0
and then 0 #- Mb = M 2b = M-(Mb). Hence Mb E A and by minimality
Mb=L.

Finally, there is an element a E M < N such that ab = b (from
Mb = L). This is the required element. Indeed, if a is nilpotent, that
is, as = 0, s E IN·, then b = a'b = a2b= .. =aSb = 0, which contradicts
the selection of L. //~,

/ ~

Ex. 17.13 Consider P~ K[X] 'defined'as follows

P(X) =' L (1(0) IT X ~:\ . ~bviously, 1(0) = Pta), Va E
aEKbEK\{al a -}

I<.

Ex. 17.14 (i)=?(ii) If aE Rand b E R :aba = a then e = ba is an
idempotent and then Re .~ Ra. ,Moreover, since a = ae E Re we have
Re = Ra and hence R = Re EB Rp ,- e) = Ra EB R(l - e).

(ii)=?(i) If a E R, by hypothesis -there is a left ideal I such that
R = Ra EB I and hence 1 = ba + x with b E R, x E I. But then
a = aba +ax = aba because 0 = ax- ,E Ra n- I.

(ii)=?(iii) By hypothesis it suffices, to show that for every two idem­
potents e, e' E R the sum Re +Re""is-,generated also by a single idem­
potent. First observe that Re+Re.r = Re + R(e' - e'e). Then choose an
element b E R such that e' - e'e = (e' - e'~)b(e' - e'e) ((i) and (ii) are
already verified to be equivalent). If- u -den0tes b(e' - e'e) one checks
u2 = u and ue = O. Hence He +-Re'-= Re +Ru = R(e +u - eu) with
an idempotent e + u - eu.

(iii)=?(ii) is obvious.

Ex. 17.15 (a) Iffor instance ac = 0 or ca = O-,one deduces a = a(b+c)a
and so by uniqueness b =b+ c holds. Hence c =O.

(b) From aba =a we deduce abab-=-ab Qf a(bab - b) =O. Using (a)
we get bab = b.
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(c) For any a E R, a =/:0 denote e = abo This is the identity of R:
for every c E R we have (ce - c)e =cabab - cab = cab - cab = O. Again
by (a) e=/:O and hence ce = c. Similarly, ec = c.

Remark. In an analogous manner one proves ba is the identity and
so ba = e (by the uniqueness ofidentity).

(d) For each c=/:O if c =cdc then (as we have seen in (c)) e = cd is
the identity. Using the above remark, e = de and so c has inverse.

Ex. 17.16 If the ring R is regular, for each a E R there is an element
b E R such that a = aba. We take c = bab and then cae = b(aba)bab =
babab = bab = C. ·As for the application, let a E Z(R) for a regular ring
R. As we have seen there is an element c E R such that a = aca, c =cae
and' we check that also c E Z(R). For each r E R using a E Z(R) and
a = aba = a2b the following hold: (a) babr = (babr)ba = (ba)2 rb = barb,
(b) r(ba)-(ba)r = (rba-bar)ba = rba-ba2rb = (rb-br)a = O. Finally,

(a) (b)
rc - cr = r(bab) - (bab)r = rbab - barb = (rba - bar)b = O.

Ex. 17.17 Let R = I: Ai with Ai ideals in R. Then 1 E I: Ai and
iE! ie!

hence there are {i l , .. , ik} ~ I such that 1 =ail + .. + ai" with suitable
k

ail E Ai}. But then R =I: Ai}'
j=l

Ex. 17.18 We know that 7l[i] is an Euclidean ring (see 6.5) together
with the norm N. Let a + bi be a nonzero element from 7l[i] and H =
(a +bi). For each element Z E 7l[i] there,are elements q and r such that
z = (a + bi)q + r where r = 0 or N(r) < a2 + b2

• Hence, each nonzero
element in 7l[i]jH has the form r + H where N(r) < a2 +b2

• But the
set M = {x E 7l[i]IN(x) < a2 +b2

} is obviously finite, and ·then so is
also 7l[i]jH.

Ex. 17.19 (b) => (c) is obvious: (0,0) =/: (1,0) =/: (1,1) in"U X V and
(1,0)2 = (1,0) is the required idempotent in U X V ~ R.

(c) => (b) If e2 = e is idempotent in Rand e rt. {O,I} then Re and
R(l - e) are proper ideals in R and even comaximal (see 2.24) that is
Re+R(l-e) = R. But RenR(l-e) = (0) and so R ~ Rj(RenR(l­
e)) ~ RjRe X RjR(1 - e) the required proper decomposition.
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(a) => (c) We consider again (see also 13.11 and 13.12) 'R(R), the
nilradical of R, that is n{PIP E Spec(R)}, the smallest ideal (in a
commutative ring) such that 'R (RI'R(R)) = (0). We split our proof
into -two cases. First, suppose that 'R(R) = (0). Spec(R) being not
connected, there are FI, F2 closed, disjoint, proper subsets of Spec(R)
such that Spec(R) = F1 U F2• Let Ii = n{PIP E Fi}, i E {I, 2}; Fi
being closed subsets we have Fi = Fi = V(Ii). It is easily checked that
t-here is no P E Spec(R) such that II + 12 C P and hence II +12 =
R. So nCR) = (0) implies II n 12 = (0) with II =I (0) =I 12 and
hence R ~ Rill x RII2• Next, suppose that 'R(R) =I (0) and consider
R/'R(R) ring with zero nil (or prime) radical. Each prime ideal includes
nCR) so that there is a topological bijection between Spec(R) and
Spec(RI'R(R)) and hence Spec(Rln(R)) is not connected. Using the
first case, there are rings U =I 0 =I V such that RI'R(R) ~ U x V. Using
(b) => (e) let x ~ {O, r} an idempotent element in RI'R(R). "Lifting"
.this idempotent (see 2.19) in R, (c) => (b) ends this proof.

"(c) => (a) We ~e-V(ettJ-V~_l-e) = V(e.(l-e)) =YeO) = Spec(R)
and hence, 0 =I e =J 1 implies that~v(e) and V(l- e) are closed subsets
that differ from 0 and Spec(R).

Ex. 17.20 The map u is evidently in'ective. It is also surjective iff (b)
takes place (there is a solution r for t e system of congruences modulo
-the ideals Ii)' The rest is a generalisation of 2.24.

Ex. 17.21 Together with R, R[X] is a unique factorization domain and
....so there is al1 irreducible element 9 E R[X],g = bo+blX +.. +bmxm
which divides f and p divides boo Let us denote the polynomial h =
Co +CI X +.. +c,X' such that f = 9 . h. Now p divides ao = boCo and
p2 diviCles not ao so that p divides not Co. Let k E IN be minimal with
the property that p divides not bk. But p divides not an = bmCI and
~hence -k < m ::; n. Surely ak = bkCo +bk- 1Cl +.. +bOCk and so (by the
minimality of k) p divides ak - bkCo. But p divides not bkCo and by the
-~h~pothesis- k = n, l = O. Hence in R[X] we have f = Cog with Co E R
ana 9 E -RIX] irreducible.

In K[X] suppose that we have the decomposition f = jl ..jm. For
-a suitable element t E R, all the polynomials tjs E R[X] and Cotmg =
(til) .. (tim) . R[X] being a unique factorization domain 9 divides one
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of the terms, say tJj. Hence there is an element u E'R such that ug = t jj
and so f = (C{)t) Jj is irreducible in K[X].

As for the final remark one uses the following result: for a unique
factorization domain Rand K his field of quotients, a polynomial f is
irreducible in R[X] iff f is primitive and irreducible in [([X].
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