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Preface

Each undergraduate course of algebra begins with basic notions and
results concerning groups, rings, modules and linear algebra. That is, it
begins with simple notions and simple results.

Our intention was to provide a collection of exercises which cover only
the easy part of ring theory, what we have named the “Basics of Ring
Theory”. This seems to be the part each student or beginner in ring theory
(or even algebra) should know - but surely trying to solve as many of
these exercises as possible independently.

As difficult (or impossible) as this may seem, we have made every
effort to avoid modules, lattices and field extensions in this collection and
to remain in the ring area as much as possible.

A brief look at the bibliography obviously shows that we don’t claim
much originality (one could name this the folklore of ring theory) for the
statements of the exercises we have chosen (but this was a difficult task:
indeed, the 28 titles contain approximatively 15.000 problems and our
collection contains only 346). The real value of our book is the part which
contains all the solutions of these exercises. We have tried to draw up -
these solutions as detailed as possible, so that each beginner can progress
without skilled help.

The book is divided in two parts each consisting of seventeen chapters,
the first part containing the exercises and the:second part the solutions.

For the reader’s convenience, each chapter begins with a short
introduction giving the basic definitions and results one should know in
order to solve the corresponding exercises. Some basic facts concerning
groups and modules (vector spaces) are naturally assumed (e.g. cyclic
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groups, Lagrange theorem etc.). Also simple topology notions and results
are assumed especially in the chapter devoted to rings of continuous
functions.

A small part of -this collection with hints and partial solutions, written
by the first author, was ready in 1978, but only for internal use for
problem sessions. The rest. of the 346 exercises were almost all solved in
problem sessions in the last 28 years. The chapter with exercises
concerning rings of continuous functions is part of a one year course and
series of seminars given by the second author.

Recently, the authors. have become aware of the new publication
Exercises in Clussical Ring Theory written by T.Y. Lam, an excellent problem
book published by Springer-Verlag. With only a few exceptions, this book
actually does not contain genuinely simple exercises in ring theory, such as
the exercises our collection provides. As Pham Ngoc Anh told us: “this is
the book one should have before the problem book written by T.Y. Lam”.
Needless to say, the intersection of these two collections is nearly void. We
therefore strongly hope that, using, in this order, these two books, one
should have the best possible start in ring theory.

The first author acknowledges his colleague Horia F. Pop, lecturer in
Computer Science, for his constant guidance and assistance in using
computers and especially Latex and Scientific Word.
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Chapter 1
Fundamentals

An element r of a ring R is called a

left (right) zero divisor if there is a nonzero s € R : rs = 0(sr = 0);

zero divisor if it is left and right divisor;

left (right) cancellable if for every a,b € R : ra = rb(ar = br) =
a=b;

idempotent if r? = r; two idempotents e, ¢’ are orthogonal if ee’ =
e’e = 0; in a ring R we denote by Id(R) the set of all the idempotent
elements. A ring is called Boole if all its elements are idempotent.

nilpotent if there is a n € IN* : ™ = 0;

central if rz = zr holds for each z € R; central elements form a
subring denoted by Z(R) and called the center;

regular if thereisa s € R:r =rsr.

If R has identity 1 an element r is called a

left (right) unit if thereisa s € R:rs = 1(sr = 1); s is called a -
right (left) inverse for r

unit if it is left and right unit; the units form, together with multi-
plication, a group denoted U(R).

For two non-empty subsets X,Y C R we denote by X +Y =
{z+ylzeX,yeY}, X -Y ={zylz € X,y €Y} and

n

XoY={Z-’Biyil-’vi€X,inYJSiS"vnEIN}'

i=1
A subgroup S of (R, +) is called a subring if S-S = {ss'|s,s' € S} C
S. In a ring R with identity subrings may contain or not the identity.

3
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If R and R’ are two rings then R x R’ together with componentwise
addition and multiplication forms a ring called the direct product of
R and R'. This generalises to an arbitrary family { R;},.; of rings, the
direct product being denoted by H R;. The canonical projections p; :

iel
I R: = R;,(j € I) are defined by p; ((r,-)iel) =r;.
iel
) Universality of direct product: for each family {f; : R = R;},,
of ring homomorphisms there is a unique factorization homomorphism
f: R = [ R: such that f; =p;o f.
iel

A mag f : R = R' between two rings is called a ring homomor-
phism if f(z +y) = f(z) + f(y), f(z.y) = f(z)-f(y). A bijective ring
homomorphism is called isomorphism. A ring homomorphism between
rings with identity is called unital if f(1) = 1. We denote by im(f) =
f(R) = {f(r)|r € R} the image of f and ker(f) = {r € R|f(r) =0}
the kernel of f.

We denote by End(R) the set of all the group endomorphisms of
(R,+). Together with the usual addition and composition this forms a
ring with identity 1g.

We denote by M,(R) the ring of the n x n (square) matrices with
entries in the ring R together with the usual addition and multiplica-
tion.

The Dorroh extension each ring can be embedded in a ring
with identity. In fact, if R is an arbitrary ring then (R x Z,+,-),
together with (r,n) + (s,m) = (r+s,n+m) and (r,n) - (s,m) =
(rs + ns + mr,nm), is the stated extension ((0,1) is the identity) and
p:R—>RXZ,p(r)=(r,1) is the required embedding.



Ex. 1.1 In the definition of a ring with identity, the commutatlwty of
the addition is a superfluous axiom.

Ex. 1.2 In each ring (R, +,) we can define a new operation called the
circle composition aob=a + b—ab,a,b € R.

(a) Show that (R, o) is a monoid;

(b) Call an element r € R right (left) quasi-regular if there is an
element s € R such that ros =0 (s or = 0). In a ring with identity
show that the quasi-regular (right + left) elements form a group, with
respect to the circle composition.

Ex. 1.3 An arbitrary ring R is commutative iff for each a,b € R one -
has (e + b)? = a® + 2ab + V2.

Ex. 1.4 If a,b are elements in a ring R and n,m € IN* (n;m) =
ged(n,m) =1 are such that a® =b" and @™ = b™ then a = b.

Ex. 1.5 On R? consider the addition (z, z2) + (v1,%2) = (21 4+ y1, Z2 +
vy2) and two multiplications:

(a) (z1,22) - (y1,92) = (2172, T1Y2 + T271) and

(b) (z1,22) * (¥1,¥2) = (2191 — T2y2, T1Y2 + Tay1).

Verify that (R?, +,.) and (RR?, +, *) are rings with identity. Find
zero divisors in the first ring and prove that the second ring is isomor-
phic to (C,+,.). Are these two rings isomorphic 7 Generalize.

Ex. 1.6 Let M be an arbitrary set and P(M) the set of all its subsets.
Consider the operation + : P(M)xP(M) = P(M) defined by X +Y =
X\ Y)U(Y \ X) (also called the symmetric difference;also denoted
by A). Show that (P(M),+,N) is a commutative ring with identity
and zero divisors, such that each element is idempotent.

Ex. 1.7 Describe all the ring structures on (Z, +).

Ex. 1.8 On (Z,, +) all the ring with identity structures are isomorphic
with the well-known ring (Z,, +, .).

Ex. 1.9 Describe all the nonisomorphic ring with identity structures

one can define on a set with four elements. Hint: there are four such
structures.
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Ex. 1.10 Describe all the nonisomorphic noncommutative ring struc-
tures one can define on a set with four elements. Attention! Long
solution.

Ex. 1.11 Let p € P. Show that there are only two nonisomorphic rings
with p elements. '

Ex. 1.12 Let (R,+,') be a ring with identity and (End(R,+),+,0)
the corresponding endomorphism ring. Show that:

(a) if for each f € End(R,+) and every ¢ € R one has f(z) = f(1).z
then the following ring isomorphism holds

(R, +, ) = (End(Ra +)1 +, 0)
(b) If R is a commutative ring then End(R,+) is commutative iff
it is ring-isomorphic to R. Applications for R = Z arnd R =Q.

Ex. 1.13 Let R be a ring with identity and @ € R.
(a) If a has a left (or right) -sided inverse but no right (resp.left)
. -sided inverse then ¢ has at least two left (or right) -sided inverses.
(b) If @ has more than a left (or right) -sided inverse then it has an
infinite number of such inverses.

Ex. 1.14 Let M,(R) denote the ring of all the n x-n-matrices with
elements in a ring R (n € IN¥).

(a) Show that M, (R) has identity iff R has identity.

(b) For n > 2 show that M,(R) is commutative iff R? = {0} (i.e.
Va,b€ R:ab=0).

{c) The center of M, (R) consists of all the diagonal matrices 7.1,
such that r € Z(R) = {r € R|rz = zr,Vz € R} (the center of R).

Ex. 1.15 If a ring R has no zero-square non-zero elements (i.e. a #
0,a® = 0 = a = 0) then prove that each idempotent element belongs
to Z(R) (the center of R).

Ex. 1.16 Show that if 2 — r € Z(R) holds for every r € R, then R is
commutative.



Ex. 1.17 Compute the (multiplicative) group of the units (also called
invertible elements) for the ring Z[i] = {a + bi|a,b € Z} of the Gauss
integers.

Ex. 1.18 For a non-negative square-free integer d consider the ring
Z[Vd) = {q +bVd|a,be Z} ; show that its group of units is infinite.

Ex. 1.19 Let R be a ring with identity and a,b € R. If 1 —ab is a unit
in R, show that 1 — ba is a unit in R too.

Ex. 1.20 Thering Z,, (n > 2,n € IN) has non-zero nilpotent elements
iff n is not square-free.

¢

Ex. 1.21 Let n = pi'..p}* € IN*. Prove that 7@ € Z, is a nilpotent
element iff p;..px divides m.

Ex. 1.22 Determine the idempotent elements of the ring (Z,,+,.).
Application. The ring Z, has no nontrivial idempotent elements iff
n is a power of a prime number. '

Ex. 1.23 (a) Prove that each Boole ring is commutative.
(b) (Faith) Show that a commutative ring is Boole iff it has no
nonzero nilpotent elements and for each a,b € R :(a + b)ab = 0.

Ex. 1.24 In a Boole ring show that for elements z, a,b if ¢ = zab then
a = za. Further, if z = a + b+ ab then @ = za and b = zb. Finally, for
a,ds, .., a, clements find an element = such that a; = za;, V1 <¢ < n.

Ex. 1.25 Let z be a nilpotent element and y an unit in a commutative
ring R with identity. Show that z + y is an unit too. For y = 1, is one
of the hypothesis unnecessary ? If the elements z,y do not commute
show that the property does not hold.

Ex. 1.26 If T = {(a;;) € Ma(R)|ai; =0,Vi,j € {1,2,..,n},i > j} is
the set of all the triangular matrices, show that T is a subring of M,(R).

Ex. 1.27 Is {m +nv/5|m,n € Z} a subring of C ?

Ex. 1.28 Show that Z4 x Z, has exactly three subrings with identity.
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Ex. 1.29 Let ¢€Q and M = {( )la bEQ} Prove that M is

a subring with 1dent1ty of M3(@) which is a division ring iff there is no
r €@ such that ¢ = r?

Ex. 1.30 Characterize all the subrings with identity of @, +, ).

Ex. 1.31 In aring R with identity such that £® = z,Vz € R show that
2 = z,¥Yz € R.



Chapter 2

Ideals

A subgroup I of (R, +) is called left (right) ideal if

R-I = {rilr € R,i € I} C I (resp. I-R C I) and idealif it is left and
right ideal. We denote by (X) = N {I (left or right) ideal in R|X C I},
if X C R, called the (Ieft or right) Jdeal genera,ted by X.In an arbitrary

ring (X) = {ET.-‘B. + Z-’"k"k + E":’ o +En,yJ

=1
with r;, i, 70,7 € R, Ti, Tk, Th,y; € X, nj E Z and the reader can

provide the simplier forms if the ring has identity or is commutative
(or both).

An ideal I is called finitely generated (resp. principal) if for a finite
(resp. one element) subset F' one has I = (F). A domain R is called a
principal ideal domain if all its ideals are principal.

An left ideal I of R is called

maximal if I # R and it is not properly contained in any left ideal
# R;

minimal if I # (0) and it contains not properly any nonzero left
ideal of R. Maximal, minimal right ideals and maximal, minimal ideals
are defined in a similar way.

A subset X C R is called

nil if each element in X is nilpotent;

nilpotent if thereisan € N : X" = XoXo..0X = (0). The
smallest n" with this property is called the nilpotency index of X. Nil
and nilpotent left (right) ideals or ideals are defined in a similar way.

9
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In a ring with identity each proper (left,right) ideal is contained in
a maximal (left,right) ideal. A

A ring R is called regular (von Neumann) if for each element a € R
there is an element b € R : a = aba.

Noether Isomorphism Theorems. (1) If f : R = R' is a ring
homomorphism then

f(R) & R/ ker(f).

(2) If 1, J are ideals in a ring R then (I + J) /I 2 J/(INJ).

(3) If I C J are ideals in a ring R then J/I is an ideal in R/I and
(R/I)/(J/I)= R/J.
, A right ideal I of a ring R is called modular if there is an element

e € R such that for all r € R the element r — er € I (R has a left

identity element modulo I).

The subset {(X) = Ann.l.(X) = {r € R|rz = 0,Vz € X} for a sub-
set X of a ring R is called the left annihilator of X in R. Similarly,

r(X) = Ann.r.(X) = {r € Rlzr =0,Vz € X} is called the right
annihilator of X in R.
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Ex. 2.1 Let F = {f|f :[-1,1] = R} the commutative ring together
with the usual addition and multiplication. Which of the following
subsets are subrings and which are ideals:
(1) P the polynomial functions;
ii) P, the polynomial functions of degree at most n (n € IN*);
iii) @, the polynomial functions of degree n;
iv) A= {f € FIf(0) = 0};
v) B={f € FIf(0) = 1}.

Ex. 2.2 Let R = P(T), where T = [0,1] C IR, the ring together with
the usual ring laws of symmetric difference and intersection (see 1.6).
For A = [0, %] and B = {%} compute (A), (B), (A, B) and (A) o (B),
the ideals generated by the corresponding subsets of T.

Ex. 2.3 (a) For a subset X of a ring R show that [(X) is a left ideal
and r(X) is a right ideal in R.

(b) If X is a left (right) ideal in R then [(X) (resp. r(X)) is an
ideal in R.

(c) The following inclusions and equalities hold: (i) X C Y =
(Y) CI(X) and r(¥) C r(X); (i) X C r(I(X)) and X C I(r(X)); (i)
(X) = 1(r(1())) and r(X) = r({(r(X))):

Ex. 2.4 Show that if R = I + J holds with I, J right modular ideals
then I N J is a right modular ideal too.

Ex. 2.5 Find all the ideals of (nZ,+,") for n € IN*,

Ex. 2.6 Let I,J, K be ideals in a ring R. Show that I C K implies
(I+H)NK=I+(JNK).

Ex. 2.7 In Z show that the set-reunion of two ideals needs not to be
an ideal too.

Ex. 2.8 Give an example of ring (without identity) such that not every
ideal is included in a maximal ideal.

Ex. 2.9 If M is a maximal right ideal of a ring R with identity and

a € R\M then verify that a™!M = {r € R|ar € M} is also a maximal
right ideal.
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Ex. 2.10 Show that in a Boole ring each finitely generated ideal is
principal.

Ex. 2.11 For two commutative rings R and S, determine the ideals of
the direct product (sum) R x S. Applications: Z x Z and K X K for
a division ring K.

Ex. 2.12 Show that the following implication is false: "if A is a left
ideal and B is a right ideal in the same ring R then AN B is an ideal
of R”.

Ex. 2.13 Let A: B denote {r € R|¥b € B :rb € A} for Aand B ideals
of a ring R.

(a) Show that A : B is an ideal of R;

(b) A: B is the Lub.{I S R|IB C A}. '

(c) Verify the following equalities: A: A=R; (A;N..NA,):B=
(A;: B)N..N(Ay:B)and A: (By+..+B)=(A: B))N..N(A: By).

(d) In Z show that nZ : mZ = I%IZ (here [n;m] denotes the

l.c.m.(n,m)).

Ex. 2.14 In a commutative ring R prove the following properties:
(i) (A: B)oBC A,(A:(A+ B))=(A: B);
(i) (A: B): C)=(A:(Bo(C))=(A:(B: C));
(iii) if R has identity A: B= R iff B C A.

Ex! 2.15 Let I be an ideal in a commutative ring .
() Show that /T = {r € R|3n € N : v € I} is an ideal too.

(b) Verify the following equalities: \/\/— \,/— VIind =4/In
VJand VT +J = VI ++/J.

(c) Can this exercise be used in order to show that the set of all the.

nilpotent elements form in a commutative ring an ideal 7 Is commuta~
tivity essential ?

Ex. 2.16 Let I be a left ideal and J an ideal of R. If I,J are nil (or
nilpotent) ideals show that I + J has the same property.
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Ex. 2.17 Verify the following properties: subrings and quotient rings
of nil rings are nil; for an ideal I in R, if I and R/I are nil then R is

nil.

Ex. 2.18 For a prime number p and n € IN,n > 1 show that each
proper ideal of Z,» is nilpotent. For each n let I, be a proper ideal in
an and

I= {(mn) € [[ Zp|zn € I, and (z.) has finite support } .
nG]N.
Show that I is a nilideal but is not a nilpotent ideal.

Ex. 2.19 Let U be an ideal of the ring R. We say that in R idempotents
can be lifted modulo U if for each idempotent element y € R/U there is
an idempotent z € R such that z + U = y. Show that if U is a nilideal
of R then the idempotents can be lifted modulo U.

Ex. 2.20 Let R be a ring with identity.

(a) Show that every ideal in the ring of all square matrices M,(R)
has the form M, (A) where A is an ideal of R;

(b) Verify the ring isomorphism M, (R)/M,(A) = M.(R/A).

(c) In M2(2Z), using the set S = {a;; € M2(2Z)|ay; € 4Z} show
that the existence of the identity of the ring is essential.

(d) The result from (a) holds for left (or right) ideals ?

Ex. 2.21 Show that M;(IR) has no nontrivial ideals.

Ex. 2.22 Give an example of a non-commutative ring with a proper
commutative quotient ring.

Ex. 2.23 Let X be a non-empty set and Y a proper subset of X.
Consider P(X) and P(X\Y) as (boolean) rings (see 1.6) relative to
the symmetric difference and the intersection. Show that:

(a) P(X\Y) & P(X)/P(Y),

(b) If X is finite every ideal of P(X) has the form P(Y)) for a suitable
subset Y of X;

(c) If X is infinite (b) fails.
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Ex. 2.24 Let I and J be ideals in a ring R. Prove that the canonical
ring homomorphism R / INJ — R/I x R/J is an isomorphism iff
I+ J = R (so called comaximal ideals).

Ex. 2.25 Let R be a commutative ring and I = I’a finitely generated
ideal of R. Find an idempotent element e € R such that I = Re.

Ex. 2.26 Show that in a commutative regular (von Neumann) ring
every finitely generated ideal is principal.

Ex. 2.27 For a prime number p letQ® = {-’7'1-‘- €Q|(n;p) = 1} (as above
(n; p) denotes the g.c.d.(n, p) and all fractions are irreductible). Verify
the following properties: ‘

(a) Q¥ is a subring of Q;

(b) For every z €Q either z € Q™ or -1 € QP

(c) The only subrings of @ which contain @® are Q) and @;

(d) Every ideal of Q) has the form (p*) = p*Q® for a suitable
n € N;

(e) () Q® = Z (here IP denotes the set of all the prime numbers).

pE]P



Chapter 3.

Zero Divisors

Zero divisors are defined in the introduction of the first chapter.

A nonvoid subset S of a ring R is called a multiplicative system if
it is closed under multiplication.

A proper ideal P is called prime if for each ideals I, J the inclusion
IoJCPimpliesI CPorJCP.

15
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Ex. 3.1 In a ring with identity show that each 4idempotent element
which differs from 0 and 1 is a zero divisor.

Ex. 3.2 Let R = C[0,1] = {f : [0,1] = R|f continuous} be ring with
the usual addition and multiplication. Prove that f € R is a zero
divisor iff there is an open interval in [0, 1} such that the restriction of
f vanishes. Find also the idempotent resp. nilpotent elements from R.

Ex. 3.3 Let M be an infinite arbitrary set, (P (M),+,N) the ring of
all the subsets of M (see 1.6) and Po(M) the subset of all the finite
subsets of M. Show that:

(i) Po(M) is a subring of P (M);

(i) each element from Po (M) is a zero divisor in Po(M);

(iii) each element # M from P (M) is a zero divisor in P (M).

Ex. 3.4 Let m,n € N*,ged (m;n) =1 and ¢ =mn. If
T = {mz|z € Z,(z;n) =1} C Z,, show that T is closed under
multiplication in Z, and (T, -) is a group of zero divisors from Z,.

Ex. 3.5 Show that a finite ring R with left and right non-zero divisors
has identity.

Ex. 3.6 Let S be a multiplicative system in a commutative ring R
which contains only non-zero divisors. Show that the following subset
T = {a € R|3s € S,3r € R: s = ar}, has the same properties.

Ex. 8.7 Let (0) # I an ideal without non-zero divisors in a ring R.
If there are elements 0 # a € I and r € R such that ra = 0 then
rl = Ir = (0).

Ex. 3.8 If I is an ideal of the ring R then show that if R has no
non-zero divisors then R/(I(I) Nr(I)) has the same property.

Ex. 3.9 Prove that every ring without non-zero divisors can be em-
bedded in a ring with identity which has no non-zero divisors.

Ex. 3.10 Let R be a commutative ring and f € R[X]. Prove that f
is a zero divisor in R[X] iff there is an element 0 # r € R such that
rf=0.
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Ex. 3.11 If R is a finite ring with identity then each non-zero element
is either a one-sided zero divisor or a unit in R.

Ex. 3.12 Let K be a field and A € M3(K), A # 0. Show that A is a

unit iff A is a left non-zero divisor in My(K). If K is not a field, does
this hold 7 -

a+bi c+di
—c+di a-—bi €M2(C)|“’b’°’dem}’

verify that M is a ring without zero divisors.

Ex. 3.13 If M =

Ex. 3.14 Let R be aring, a € R and 0 # b € R such that aba = 0.
Prove that a is left or right zero divisor in R.

Ex. 3.15 In a commutative regular (von Neumann) ring show that
each nonunit is a zero divisor.

Ex. 3.16 Do the zero divisors of a ring R form an ideal ?

Ex. 3.17 Show that the set D of all the zero divisors of a commutative
ring contains at least one prime ideal.

Ex. 3.18 If D is an integral (commutative) domain show that D (X) =
D{[X]], the ring of all the power series with coefficients in D is also an
integral domain.

Ex. 3.19 For a surjective ring homomorphism f : R — R’ of commu-
tative rings with identity analyse the following statement: " f(r) is a
zero divisor iff r is a zero divisor”.







Chapter 4
Ring Homomorphisms

Let f: R'— R' aring homom'.orphism. If the rings have identity f is
called unital if f(1) =1".

ker(f) = {r € R|f(r) = 0'} is an ideal of R.

For any subset Y C R’ one defines the preimage

fMY)={r € R|f(r) e Y}.

Correspondence theorem. If A is a subring and I an ideal of R
then f(A) is a subring in R and f(I) is an ideal in f(R). Conversely, if
A’ is a subring and I' an ideal of R' then f~(A') is a subring and f~1(I')
is an ideal of R. If f is surjective, F' : {A subring in R|ker(f) C A} —
{ subrings of R'} defined by F(A) = f(A) is an order isomorphism
which preserves and reflects ideals and in particular maximal ideals.

If R, R’ are rings there is always at least one ring homomorphism:
0: R— R',o(r) =0,Vr € R the zero (trivial) homomorphism.

Let a be a fixed element in a ring R. Define the map t, : R = R
by i.(r) = ar,Vr € R, the left translation with a (right translations are -
defined in a symmetrical way). The translations are group endomor-
phisms of (R,+).

19
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Ex. 4.1 Show that for a homomorphism f : R — R’ of rings with
identity, f(1) is an identity in f(R) but not necessarily in R'.

Application: each surjective homomorphism of rings with identity
is unital.

Ex. 4.2 Let K be a simplering and f : K — R a ring homomorphism.
Prove that f is either trivial or injective.

Ex. 4.3 Let R be a ring and f,g : Q — R be ring homomorphisms
such that f(n) = g(n),Vn € Z. Prove that f = g.

Ex. 4.4 Prove that the map f : Z — Z3 X Zs, f(z) = ([z];, [z])is a
surjective ring homomorphism and determine its kernel.

Ex. 4.5 If, for a non-zero square-free integer d, Z [\/E] denoi;es the
subring {a + b\/Ela,b € Z} of C, find all the elements = such that the
composition Z — Z [\/E] = Z [\/E] / (z) is surjective. As a special

case, when is the canonical map Z/(z)NZ — Z [\/E] /(z) a ring
isomorphism ?

Ex. 4.6 Give an example of a ring homomorphism f : R — R' and an
ideal I of R such that f(I) is not an ideal of R'.

Ex. 4.7 Determine (a) all the unital ring endomorphisms of Z and (b)
all the ring homomorphisms from Z to @.

Ex. 4.8 For n > 2,n € IN determine the ring endomorphisms of Z,.

Ex. 4.9 For n,m € Z,n,m > 2 determine the ring homomorphisms
Ly = Lo,

Ex. 4.10 Let f : R = R' be a surjective homomorphism of rings with
identity and @ € R. Show that if a is either idempotent, nilpotent,
central or a unit then f(a) is also idempotent, nilpotent, central re-
spectively a unit. Is any converse true ?
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Ex. 4.11 Let f : R — R’ be an isomorphism of rings with identity.
(a) Show that f preserves elements which satisfy the relation z2 =
141;
(b) Infer : Z[+/2] is not isomorphic to Z[v/3]. Generalize.

Ex. 4.12 Prove that R = {( g Z ) la, b EQ} is a noncommutative

subring of My(@). If I = {A € R|A? = 0} show that I is an ideal and
R/I =Q. -

Ex. 4.13 Let f : R — R be a ring homomorphism, A an ideal in
R and {Bi},; ideals in R'. Show that f~'(f(A)) = A + ker(f) and
a (ﬂ B*‘) =N/ (B).

iel iel -
Ex. 4.14 Give an example of a homomorphism f : R =+ R’ of commu-

tative rings and a maximal ideal M in R’ such that f~'(M) # R but
f~Y(M) is not a maximal ideal.

Ex. 4.15 Does a commutative ring with identity R such that R[X] =
(Z,+,-), exist ?







Chapter 5

Characteristics

Denote by ord(a) = ord(p,+)(a) the (group) order of an element a in
a ring R. If there is a m € IN* such that ma = 0,Ve € R then we
denote by char(R) the smallest positive integer (if it exists) having
this property (i.e. all elements are of finite order and ord(a) divides
char(R)). In the remaining case (i.e. there are elements of infinite
order or {ord(e)|e € R} is not bounded) we say that char(R) = 0.

If a ring R has identity then char(R) = ord(g +)(1). More generally,
if @ is a unit of R then char(R) = ordg, 4)(a).

Each ring with identity without zero divisors (e.g. integral domains,
division rings, fields) has prime or zero characteristics.

23|~ -
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Ex. 5.1 Show that the characteristic of a Boole ring (1.23) is 2.

Ex. 5.2 Compute the characteristic of Z x Z,Z3 x Z,End(Z) and

Ex. 5.3 For m,n € IN* prove that the characteristic of Z,, x Z, is
[m;n], the least common multiple of m and n. Generalize.

Ex. 5.4 Compute the characteristic of Q x Zs.

Ex. 5.5 Show that each division ring has a natural structure of vecto-
~ rial space over Z, (for a prime number p) or Q).

Ex. 5.6 Prove that for each ring R with identity there is a unique
unital ring homomorphism f : Z — R. Moreover, if char(R) = 0 then
f is injective and if char(R) = n € IN* then ker(f) = (n) = nZ.

Ex. 5.7 If there is an unital ring homomorphism f : K — K’ between
two division rings then prove that char(K) = char(K’).

Ex. 5.8 For two fields K, K’ of characteristics different from 2 and 3
and a map f : K — K’ such that f(z +y) = f(z) + f(y),Vz,y € K
and f(1) = 1’ show that f is a (unital) ring homomorphism iff f(z?®) =
f(z)?,Vz € K. '

Ex. 5.9 Give an example of commutative ring with identity of prime
characteristic which is not a field.

Ex. 5.10 Show that the characteristic of K3 (see 7.2) is 2.

Ex. 5.11 Let us define on Z3 x Z;3 the following laws: (a,b) + (c,d) =
(a+c,b+d) and (a,b).(c,d) = (ac—bd, ad + bc). Verify that we obtain a
field (further denoted Ko, see also 7.3) and compute its characteristic.

Ex. 5.12 Give an example of an infinite division ring of finite (and
hence prime) characteristic.

Ex. 5.13 Let K be a field of characteristic 0. If A,B € M, (K) is
AB — BA = I, possible 7
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Ex. 5.14 Let K be a field and char(K) = p # 0. Prove that the
polynomial X?" —a € K[X], for ¢ € K, has at most a root in K.

Ex. 5.15 Let K be a division ring and char(K) # 2. Show that X% +
Y? — 1 is irreducible in K[X,Y].

Ex. 5.16 Let K be a field of characteristic p and a, b non-zero elements
of K. Prove that f € K[X] is either irreducible or factors completely
in K[X] for: :

() f=X"-X—gq

(i) f=XP =P X — g

(iil) f=XP 4+ P 1071 X —a™l.

Ex. 5.17 Let K be a field such that char(K) # 2 and ¢ € K such that

a?™*! =1 for n € IN*. Find amap f : K — K such that f(z)+ f(az) =
2z,Vz € K (here2=1+1in K).







Chapter 6

Divisibility in Integral
Domains

If a,b € R a commutative ring, we say that b divides a (denoted bla) if
there is an element ¢ € R : a = bc. One checks bla & aR = (a) C (b) =
bR. Two elements are associated (in divisibility) denoted by a ~ b if
bla and a|b. This is an equivalence relation and a ~ b & aR = bR. An
element p is called

irreducible if it is not a unit and has no other divisors then unifs
and associated elements;

reducible if it is not irreducible;

prime if it is not a unit and p|a.b = pla or p|b;

greatest common divisor for ry,rq,..,ry if pjri(l < ¢ < n) and if
d|ri(1 < ¢ < n) then d|p;

least common multiple is defined similarly;

Each prime element is irreducible.

An integral domain D is called Gauss or a unique factorization
domain if each a € D which is not a unit decomposes in a product of
irreducible elements, each two such decompositions being associated.

In each Gauss ring each two elements have g.c.d. and each irre-
ducible element is prime.

Each principal ideal domain is a Gauss ring.

A pair (D, ) which consists of an integral domain D and a map
0 : D* — IN* is called an Euclidean ring if Va € D,VYb € D*,3q,r € D :
a = bq+ r where r =0 or 6(r) < §(b).

27
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Each Euclidean ring is a principal ideal domain (and hence, a Gauss
ring).
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Ex. 6.1 Let D # 0 be an integral domain such that each pair of
nonzero elements from D are associated. Prove that D is a field.

Ex. 6.2 A commutative ring with identity R i$ called normed if there
is a map N : R = IN such that N(zy) = N(z)N(y) (also called a
multiplicative map), N(z) = 0 iff z divides 0 and N(z) = 1 iff « is
a unit in R. In such a ring show that every element decomposes into
irreducible elements.

Ex. 6.3 Show that each Gaussian ring is normed.

Ex. 6.4 Verify that the rings Z [\/n] and Z [i\/n] where n € N,n > 1

is not a square in Z,are normed.
Ex. 6.5 Show that Z[t] is an Euclidean ring,.

Ex. 6.6 Decompose the following numbers in Z[z\/_ ]:5,1+ z\/_ 2,2+
V2.

Ex. 6.7 In Z[i], the ring of Gauss integers, find a gcd for 5 and 1+ 3.

Ex. 6.8 Show that in Z[i1/5] the elements 6 and 2(1 +1+/5) don’t have
aged.

Ex. 6.9 Find a gcd for 3 and 1+ iv/5 in Z[i/5).

Ex. 6.10 Using an Euclidean algorithm find in Z[i] a generator for the
ideal (1 +¢,4 + 7).

Ex. 6.11 Let n € IN*,n > 3 such that v/n ¢ Z. Show that in the ring -
Z[/n] the element 2 is irreducible but not prime.

Ex. 6.12 In Z[i] prove that 1 4+ 27 is a prime element.

Ex. 6.13 In the ring R = Z [i/6] verify that the following hold:
(a) there are no elements of norm equal to 2 or 5;
(b) the elements 2, 5,2 — i1/6 are irreducible but not prime;
(c) in R the identity 1 is a gcd(5,2 + i/6) but 1 ¢ (5, 24+ z\/_) .
(d) a gcd(10,4 + 2i+/6) does not exist;
(e) in R the element 10 can be decomposed into two different prod-
ucts of irreducible non-associated elements.
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Ex. 6.14 Show that there are an infinite number of irreducible ele-
ments in Z[i].

Ex. 6.15 Let D # 0 be an integral domain such that each element
from D* is a unit or an irreducible element in D. Prove that D is a

field.
Ex. 6.16 Show that Z[iy/3] and Z[i1/6] are not Gaussian rings.
Ex. 6.17 Is the ring Z[i1/2] Euclidean ?

Ex. 6.18 Verify that the ring Z[/3] is Euclidean.



Chapter 7
Division Rings

A ring K with identity is called a division ring if (K*,) is a group. A
commutative division ring is called a field.

FEach division ring has zero or prime characteristics.

Wedderburn’s Theorem. Every finite division ring is commuta-
tive (a field). '

The number of elements in a finite field is a power of its character-
istics (see 7.15). '

Any two finite fields with the same number of elements are isomor-
phic.
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Ex. 7.1 Show directly that each field with 4 elements is isomorphic
with Ky (see 1.9).

Ex. 7.2 On Z3 define the following 2 laws: (a,b,¢) + (u,v,w) = (a +
u, b+ v,c+ w) and (a,b,c) - (u,v,w) = (au + dbw + cv,av + bu + bw +
cv + cw, aw + bv + cu + cw). Show that a field (further denoted K3) is
defined in this way.

Ex. 7.3 On ZZ define the following 2 laws:
(a,0) + (¢,d) = (a + ¢c,b+ d) and
(a,d) - (¢, d) = (ac —bd, ad + bc),Va, b,c,d € Zs3.
Verify that in this way one obtains a field with 9 elements, denoted

-

.[19.

a

b 2 ) la,b € ]R} C M;y(R) together with

the usual matrices addition and multiplication forms a field isomorphic

to C.

Ex. 7.4 Show that {(

z+2 3
% y . __yZy |z, y EQ} - MQ(Q) together

with the usual matrices addition and multiplication forms a field iso-

morphic with Q[+/10].

Ex. 7.5 Show that

Ex. 7.6 Let d be-a square-free integer. Show that
{( ;b z ) la,b EQ'} C M,@) together with the usual matrices
addition and multiplication forms a field isomorphic to Q[/d].

Ex. 7.7 Let K be a field. Prove that the groups (K,+) and (K*,-)

are not isomorphic.

Ex. 7.8 Let K be a field and char(K) # 0. Prove that there is only
one group homomorphism (K, +) — (K*,-). Can this be applied to Q?

Ex. 7.9 Let D be a noncommutative division ring. If there are a,b €
D,n € Z such that a™b™ — b"*1a"t! = 1 and a?*! + 2"t = ( then
show that b*a™ — a™+16™! =1,
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Ex. 7.10 A non-zero ring R is a division ring iff each z € R,z # 0 has
a right inverse.

Ex. 7.11 A non-zero ring R is a division ring iff for each z € R.,z # 1
one has z + y = zy for a suitable y € R.

Ex. 7.12 Give an example of an infinite non-commutative division
ring.

Ex. 7.13 Prove the existence of a field with p? elements for each prime
number p.

Ex. 7.14 Compute the center of our solution to the previous exercise.

Ex. 7.15 Show that each finite division ring K has as number of ele-
ments a power of a prime number.

Ex. 7.16 Let K be a field and f, g nonzero endomorphisms of K. Show
that H = {z € K|f(z) = g(z)} is a subfield of K.

Ex. 7.17 If K and K’ are division rings and for n,m € IN* an isomor-

phism M, (K) & M,(K’) holds, then n = m and K = K'.







Chapter 8
Automorphisms

" A ring homomorphism f : R — R is called automorphism if it is
bijective (an isomorphism) and R = R’ (an endomorphism).

Fach automorphism is unital.

Under usual composition and inverse the automorphisms of a field
K form a group, denoted Aut(K).
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Ex. 8.1 Prove that the only automorphism of Q is the identical one.

Ex. 8.2 Determine all the automorphisms of the field (R, +,.) and the
automorphisms of the field (€, +,.) for which R is invariant.

Ex. 8.3 Describe the automorphisms of Q[v/d] for a square-free non-
negative integer d.

Ex. 8.4 Determine the automorphisms of K (see 1.9).

Ex. 8.5 Determine the automorphisms of K (see 7.2).

Ex. 8.6 Show that Ky (see 7.3) has only two automorphisms.
Ex. 8.7 Give examples of non-identical automorphisms of Z[/3).
Ex. 8.8 Determine the automorphisms of Z,.

Ex. 8.9 Let R be an integral domain.

(a) If a,b € R and a is a unit, the map ¢ : R[X] — R[X] defined
by go(f(X)) f(aX + b) is an automorphism of R[X].

(b) Prove that each automorphism of R[X] whose restriction to R
is the identical automorphism has the form pointed out in (a);

(c) Determine the automorphisms of Z,[X] (for p a prinie number)

and of Q[X].

Ex. 8.10 Prove that Q(</a) has only one automorphism, for each a €
Q, which is not a cube in Q.

Ex. 8.11 Let K be a (commutative) finite field of prime characteristic
p. Show that the map f : K — K, f(z) = 2?,Vz € K is an automor-
phism of K (also called the Frobenius automorphism).

Ex. 8.12 Prove that each division ring which has only a finite number
of automorphisms. is commutative.

Ex. 8.13 For a finite ring R with identity denote by n(R) the number
of elements of R and by a(R) the number of ring automorphisms of R.

Determine (up to a ring isomorphism) the rings R such that n(R) > 3
and a(R) = (n(R) — 2)! (long solution !).



Chapter 9
The Tensor Product

Let Mg be a right R-module, pN -a left R-module and G an abelian
group. A Z-bilinear map ¢ : M x N — G is called R-balanced if
@ (mr,n) = ¢ (m,rn) holds.for each m € M,n € N,r € R.

We denote by L the free Z-module over M x N i.e. L = ZM*N)and
by {[m,n]|(m,n) € M x N} its canonical basis. Let K be the sub-
group of [ generated by the elements of the form [m; + mq, n]—[m,,n]—
[m2, n]

[m,ny + na] — [m, n4} — [m,n2] and [mr,n] — [m,rn] for m,m,,m, €
M,n,n,n; € N,r € R. We denote by M g N = L/K and by ¢ :
M x N —+ M ®gN,p((m,n)) = [m,n] + K ¥ m@n and call this the
tensor product of M and N. Every element in M @ g N can be written

k
as a finite sum Zm; ® n;.

The tensor :p_rloduc-t is-amr abelian group and ¢ is a Z-bilinear R-
balaced map.

If gMgp and pNr are bimodules.the tensor product has a natural
structure of S — T-bimodule.

The universality of the tensor product. For each Z-bilinear
R-balanced o : M x N — (G there is a unique @ : M ®r N — G such
that a = @o ¢.

The tensor product of module homomorphisms. If f : Mp —

t and g :p N =g N' be R-module homorphisms there is a unique Z-
bilinear map f®g: M @r N — M'Q@rN' such that (fQ@ g)(m®n) =
(f(m)®g(n)),Yme-M,neN.
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In particular, considering R as R — R-module, there is a surjective
R-module homomorphlsm, pr: R®r N = RN defined by

k
LR (Z (r: @ n; )) X:rm,I
1 =1
If R is an integral domain a R-module g M is called

torsion if Ym € M,3r € R* : rm = 0 and
divisible if Vm € M,Vr € R*,3m; € M : m = rm; (ie. TM =
M,Yr € R*). '
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Ex. 9.1 For n € IN* verify Z @7y Z, = Z,.

Ex. 9.2 Let n € IN*. Prove that the following equalities hold:
(a) Zo ®7Q = 0;
(c) Q ®7 @Q/Z) =0. Generalization.

Ex. 9.3 Show that if v : nZ — Z denotes the inclusion then the
homomorphism u ® 17 : nZ @z Z, = Z @z Z, is not injective.

Ex. 9.4 Let R be a ring, I an:ideal of R and gpM a left R-module. If

I-M= {Z rezk|rk € I,z € Myn € IN"‘} show that there is a natural
b=1
isomorphism of R-modules (R/I)®r M = M/[/I - M.
Application: R =Z.

Ex. 9.5 Let I,J be ideals of the ring R. Point out an isomorphism of
R-modules R/I ®r R/J = R/(I + J).

Ex. 9.6 Let n,m € IN* and d = gcd(m,n). Prove that the following
properties hold:

(a.) Z, ®Z Z, =X,
b)Z, @z Zm =0iff d=1.
(¢) Z, @z Z, = Z,.. Generalization.

Ex. 9.7 Determine a group-isomorphism between Q ®7 Q and Q.
Ex. 9.8 Let U,V,W be.vector spaces over a field K. Find canonical
isomorphisms K @g U U, UV 2V @k U and (UQkg V) W =
Uk (V®x W)

Ex. 9.9 Let U* be the dual of a vector space over a field K. For two
finite dimensional vecior spaces prove that (U @k V)* 2 U* @k V* and

homg (U, V*) = (U @k V)* hold.

Ex. 9.10 For a field K prove that K[X,Y] = K[X] ®x K[Y].
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Ex. 9.11 Establish the following isomorphisms:
(a) R @y R=R as Q-vector spaces;
(b)C ®nC = C x C as Q-vector spaces;
(c) CO®RC = R* as IR-vector spaces.

Ex. 9.12 Prove that the map pp : C @ g C — C induced by multipli-
cation, is a ring homomorphism but is not injective.

Ex. 9.13 Let M, M; be right R-modules and N, N; be left R-modules
and let f: M — My,g: N — N; be R-module homomorphisms. If f, g
are surjective show that f ® g is surjective too and that ker(f ® g) is
the subgroup of M @gr N generated by the union of the following sets

{a ®yla € ker(f),y € N} and {z ® blz € M,b € ker(g)}.

Ex. 9.14 Let R be a ring and let I be an ideal of R such that I? #
I # R. Show that i ® 1g/s, where i : I — R is the inclusion, is not
injective



Chapter 10

Artinian and Noetherian
Rings

A ring R is called left (right) artinian if the set of all the left (right) ide-
als of R satisfiesthe dcc (descending chain condition) i.e. each strictly
descending chain of left {right) ideals is finite (or equivalently, each non-
void family of left (right) ideals contains a minimal element). Similarly,
a ring is called left (right) noetherian if the set of all the left (right)
ideals satisfies the acc (ascending chain condition).

Theorem of Hopkins. Every right artinian ring is right noethe-
rian. :
In a right noetherian ring the prime radical (the intersection of all
the prime ideals) is the largest nilpotent right ideal and the largest nil
left ideal.

Any left nilideal in a left artinian ring is nilpotent.

Theorem of Hilbert. If R is right noetherian ring with identity .
then R{X] is also right noetherian.

A ring is right noetherian iff each right ideal is finitely generated.
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Ex. 10.1 Show that Z[i] is a noetherian but not an artinian ring.

Ex. 10.2 For two rings R and § and a R — S-bimodule M let T =
R M
0 S

/ ! ! ! ”
tiplication given by ( 6 i: ) . ( G i:, ) = ( rg e ;l;la:s ) . Prove

that:
(a) All the left ideals in T have the form {( r T )} where

be a ring with componentwise defined addition and a mul-

0
(r,m) € N a R-submodule of RO M,s € I aleft idealin S, MI C N.
(b) The ring T is left (resp. right) noetherian iff R and S are left
(resp.right) noetherian rings and M is a left (resp. right) noetherian
R-module (resp. S-module).

Ex. 10.3 Show that ( % g ) is a right noetherian ring but not a left

noetherian ring,.

Ex. 10.4 Show that (% % ) is a right artinian but not a left ar-
tinian ring.

Ex. 10.5 Show that ( dg g ) is a left noetherian ring but not a right
noetherian ring,.

Ex. 10.6 Show that ( I(E){ FQ{ ) is a left artinian but not a right ar-

tinian ring.

Ex. 10.7 Let K be a field. Show that K[X] is a noetherian but not

an artinian ring.

Ex. 10.8 Show that if R[X] is a noetherian ring then R has the same
property.

Ex. 10.9 Let Q (X,Y) =Q[[X, Y]] the ring of formal series over Q and
R =Q|[X,Y]]/ (X% XY). Show that R is not artinian.
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Ex. 10.10 Let R be a ring. Show that R is left artinian (noetherian)
iff My(R) is left artinian (noetherian).

Ex. 10.11 Verify that each finite product of artinian (noetherian) rings
is artinian (noetherian).

Ex. 10.12 Show that an integral ring (without zero divisors) with
identity is left artinian iff it is a division ring.

Ex. 10.13 We say that a ring R satisfies the annihilator conditions if
I(r(A)) = A,r(l(B)) = B hold for every left ideal A and for every right
ideal B (see 2.3). Show that if a left noetherian ring R which satisfies
the annihilator conditions then it is right artinian.

Ex. 10.14 If-a ring R satisfies the annihilator conditions and any one
of the conditions - left noetherian, right noetherian, left artinian or
right artinian - then it satisfies all four conditions.

Ex. 10.15 Let R be a commutative ring with identity. If R has ideals
which are not finitely generated, prove that the set A/F of all the not
finitely generated ideals ordered by set inclusion is inductive (i.e. each
chain has an upper bound) and the maximal elements in this ordered
set are prime ideals.

Ex. 10.16 Prove that a commutative ring R with identity is noetherian
iff each prime ideal [ is finitely generated.

Ex. 10.17 Let. U,V be ideals in a commutative ring R. If U is finitely .
generated and R/U, R/V .are artinian (noetherian) rings then prove
that R/(U o V) has the same property.

Ex. 10.18 In an artinian commutative ring R prove that each prime
ideal is maximal.

Ex. 10.19 Let R be a commutative ring. Prove that R is artinian iff
R is noetherian -and each prime ideal is maximal.

Ex. 10.20 In a left artinian ring R show that a left ideal L is nilpotent
(i.e. there is.a n € IN* such that L™ = (0)) iff L is nil (that is, each
element in it is nilpotent). {Hint: see 17.12).
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Ex. 10.21 In a right noetherian ring show that e';fery nil ideal is nilpo-
tent.

Ex. 10.22 In a left artinian ring R show that:
(a) there are maximal nilpotent left ideals;
(b) there is a greatest nilpotent left ideal N;
(c) N is actually two-sided;

(d) N = rad(R).



Chapter 11
Soclé an—d Radical

The left (right) socle of a ring R is the sum of all the minimal (simple)
left (right) ideals of R. For commutative rings we shall denote this by
-s(R).

The left (right) (Jacobson) radical of a ring R is the intersection of
all the maximal left (right) ideals of R. For commutative rings we shall
denote this by rad(R)

An element r in a ring R is called left (right) quam-regular if there
is an element s € R:r+ s —sr =0 (resp. r + s —rs = 0).

A right (left) ideal I is called

essential (or large) if for every right ideal J # 0= INJ # 0;

superfluous (or small) if for every right ideal J,/+J = R = J = R.
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Ex. 11.1 If R is an integral domain then R is a field iff s(R) #0.
Ex. 11.2 Compute the socle s(Z,).

Ex. 11.8 If I ¢ J C K show that [ is essential in K iff 7 is essential
in J and J is essential in K.

Ex. 11.4 If f : R = R’ is a ring homomorphism and J is essential in
R' prove that the preimage f~1(J) is essential in R.

Ex: 11.5 Prove that the intersection of all the essential ideals is the
socle of a ring.

Ex. 11.6 Show that if I is superfluous then I C rad(R).

Ex. 11.7 In a ring R with identity, for a right ideal I, show that if
1 + I consists only of units then I C rad(R).

Ex. 11.8 If I is a finitely generated right ideal of R and I C rad(R)
then [ is superfluous.

Ex. 11.9 Prove that the sum of all the superfluous right ideals is the
radical of a ring.

Ex. 11.10 Compute the radical rad(Z.).

Ex. 11.11 In an arbitrary ring show that if rad(R) # R then
rad(R) = {r € R|Vz,y € R: zry is right quasi-regular }.

Ex. 11.12 In a ring with identity R show that rad(R) =
{r € R|Vs € R the element 1 — rs is right invertible}.

Ex. 11.13 Verify that rad(M,(R)) = Mﬂ(rad(R))..
Ex. 11.14 Show that the radical of a ring contains no nonzero idempo-

tent elements. Then compute rad (Mﬂ(K )) and md(B) for an arbitrary
ring K with identity and for a Boole ring B.
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a 00
Ex. 11.15 For a field K consider V = {( b a 0 ) la,b,c € K}

c 0 a
subring in Ma(K). Show that V is a commutative ring and compute
the radical of V.

Ex. 11.16 ‘Compute the radical of the ring i(p)of all the p-adic inte-
gers.

Ex. 11.17 For a field K and T = {(ai;) € Mu(K)|t < J = a;; = 0}
compute rad(T) and show that T'/rad(T) is a commutative ring.

Ex. 11.18 Let f : R — R' be a ring homomorphism. Verify the
inclusion f(rad(R)) C rad(R').

Ex. 11.19 Prove that for a commutative ring with identity R, the
radical rad(R[X]) and the nilradical A" (R[X]) (see 13.11) are equal.

Ex. 11.20 If r € R and r € rad(R[X]) then prove that r is nilpotent.

Ex. 11.21 If R has characteristic 0 then rad(R[X]) # 0 implies R N
rad(R[X]) # 0 (using the natural identification).

Ex. 11.22 Compute rad(K (X)), the ring of formal power series in

one indeterminate with coefficients in a division ring K (also denoted
by K[[X])).







Chapter 12
Semisimple Rings

A ring R is called left (right) semisimple if it is a direct sum of minimal
left (right) ideals.

A ring is left (right) semisimple iff it coincides with its corresponding
socle.

A ring R is left (right) semisimple iff every left (right) ideal in R is
a direct summand.
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Ex. 12.1 Show that a product of simple rings need not be semisimple.

Ex. 12.2 Prove that a ring is semisimple iff it has no right essential
ideals.

Ex. 12.3 If ] is a proper ideal in a semisimple ring R, show that R/I
is semisimple too.

Ex. 12.4 Every subring of a semisimple ring has to be semisimple ?

Ex. 12.5 Let f : R — R’ a surjective ring homomorphism -of rings
with identity. Prove that R’ is a semisimple ring iff gR' (via f ) is a
semisimple left R-module.

Ex. 12.6 Find necessary and sufficient conditions in order Z, to be a
semisimple ring..

Ex. 12.7 For a family {Ri}ie ; of rings show that H R; is semisimple
el
iff I is finite and each R; is semisimple.

Ex. 12.8 Is a union of a chain of semisimple rings semisimple 7

Ex. 12.9 Let A be an ideal in a semisimple ring R. Find a central
idempotent e € R such that A = eA = Ae.

Ex. 12.10 Let R be a semisimple ring and e € R,e* = e # 0. Show
that Re is a minimal left ideal of R iff eRe is a division ring.

Ex. 12.11 Prove that a ring with identity is left semisimple iff it is
right semisimple.

Ex. 12.12 A ring R is left semisimple iff rad(R) = 0 and R is left
artinian. '

Ex. 12.13 Let R be a ring; show that R is semisimple iff M,(R) is
semisimple.
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Ex. 12.14 Prove that for a ring with identity R the following condi-
tions are equivalent: (a) R is semisimple;

(b) R is left noetherian and regular von Neumann (see 17.14);

(c) R is left noetherian and regular von Neumann.

Ex. 12.15 Prove that for a Boole ring R the following conditions are
equivalent:

(a) R is artinian;

(b) R is noetherian; -

(c) R is semisimple;

(

c
d) R is finite.

Ex. 12.16 Show that the ring of the endomorphisms of a semisimple
module is regular von Neumann (see 17.14).

Ex. 12.17 Let f : R — R' be a ring homomorphism of rings with
identity. If R/rad(R) is semisimple show that rad(f(R)) = f(rad(R)).

Ex. 12.18 If R satisfies the descending chain condition on principal
right ideals and R is a semiprime ring, i.e. has no nonzero nilpotent
ideals, then prove that R is semisimple.

Ex. 12.19 Let R = {-’f:— €Q|(6;n) = 1} . (a) Prove that R is a ring and
that 2R and 3R are the only maximal ideals. (b) Show that R/rad(R)
is semisimple but idempotents do not lift modulo rad(R).







Chapter 13
Prime Ideals, Local Rings

A proper ideal P of a ring R is called

prime if for each two ideals I, J in R the inclusion [oJ C P implies
ICPorJCP

semiprime if it is an intersection of prime ideals.

In a ring with identity every maximal ideal is prime,

The prime radical R(R) is the intersection of all the prime ideals of
R.

A ring R is called prime (semiprime) if (0) is a prime (semiprime)
ideal in R.

A nonvoid subset S of a ring R with identity is called a multiplicative
system if 1 € 5,0 ¢ S and S is closed under multiplication.

A ring R is called local if it has a unique maximal left ideal. A ring
is local iff its set of non-units is closed under addition.
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Ex. 13.1 In Z[i], the ring of Gauss integers, show that (3) and (1 + 1)
are prime ideals but (2) is not a prime ideal.

Ex. 13.2 Point out an infinite number of prime ideals in Z[i].

Ex. 138.3 Let K be a division ring, Uz; (K) = {(ai;) € M2(K)|az1 = 0}
and i : Uy (K) — M;y(K) the inclusion homomorphism. Prove that
(0) is prime in My(K') but ¢~(0) is not prime in Uz (K).

Ex. 13.4 Show that if an ideal I of R is maximal relative to the prop-
erty INS = () then I is a prime ideal.

Ex. 13.5 If I is an ideal of a commutative ring R, show that /T (see
also 2.15) is the intersection of all the prime ideals that include I.

Ex. 13.6 Let K4 denote the field with four elements (see 1.9).

(2) Compute the characteristic of Ky;

(b) Show that both elements from K4 which don’t belong to the
prime subfield verify the equality z2 = z + 1;

(c) Show that (2) is a prime (principal) ideal of the integral domain
Z[w] = {a + bw|a,b € Z} (here 1 # w €C);

(d) Verify the isomorphism K4 = Z[w] / (2).

- Ex. 13.7 In the ring 4Z let A = (8) is maximal in 4Z but 4Z /A is no

field.

Ex:13.8 If A= Z IZ ) la,b,c,d € pZ,p a prime number } prove

that A is maximal ideal in M3(Z) but My(Z)/A is no field.
Ex. 13.9 Let R be a commutative ring with identity. Show that an

ideal M # R is maximal iff for every z ¢ M there is an element r € R
such that 1 —rz € M.

Ex. 13.10 Give an example of a ring (without identity) such that not
every maximal ideal is prime.
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Ex. 13.11 Let R(R) be the intersection of all the prime ideals of R
(the prime radical of R). In a commutative ring show that R(R) is the
set A (R) of all the nilpotent elements of R (the largest nil ideal, also
called the nilradical of R).

Ex. 13.12 Show that R.(R/R(R)) = 0.

Ex. 13.13 Let R be an integral domain. Show that in R[X] the inter-
section of all the maximal ideals is the zero ideal.

Ex. 13.14 In C[X,Y] prove that the set of all the polynomials with
zero constant term form a maximal ideal.

Ex. 13.15 Which of the following ideals of Q[X, Y] are prime respec-
‘tively maximal: (X?2);(X —2,Y =3); (Y —3); (X2 +1); (X2 -1);(X*+
1,Y —3) 7

Ex. 13.16 Show that the ideal (n,X) is prime in Z[X] iff n is prime.

Ex. 13.17 If R is a ring with identity such that for each = € R there
is a n(z) € IN*,n(z) > 1 with the property ™) = z show that in R
every prime ideal is also maximal.

Application: a Boole ring.

Ex. 13.18 Let R be commutative ring with identity and Spec(R) the
set of all the prime ideals (# R) of R. For X C R we denote by
V(X) = {P € Spec(R)|X C P}. Verify the following properties:

(2) if A = (X) then V(A) = V(X);

(b) V(0) = Spec(R), V(1) = 0; |

(c) V(U Xi) = [ V(X;) for each family {X;},.; of subsets of R;

i€l i€l

(d) V(AN B) = V(A.B) = V(A)UV(B) for every A, B ideals of R;

(e) the subsets {V(X)|X C R} define a topology (called Zariski) in
terms of the closed subsets on Spec(R) (also called the prime spectrum
of R).

Ex. 13.19 Determine.Spec(Z) and Spec(R).
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Ex. 13.20 For r € R denote by U, = Spec(R) \ V({r}). Show that
{U.|r € R} form a base of open sets in the Zariski topology of R (see
the above exercises). Moreover, verify: :

(a) U, N U, = U, holds for each r,s € R;

(b) U, = 0 iff r is nilpotent in R;

(c) U, = Spec(R) iff r is a unit;

(d) U, =U; iﬂ’\/(—r_'5= \/(_sgfor each r,s € R;

(e) Spec(R) and the subsets U, (r € R) are (quasi)compact (not
necessarily Hausdorff).

Ex. 13.21 Let f : R — R' be a ring homomorphism and P' € Y =
Spec(R'). Prove that f~!(P') € X = Spec(R) and hence define f* :
Spec(R') — Spec(R) in the following way f*(P') = f~!(P'). Verify the
following properties:

(a) if 7 € R then (f*)~1(U;) = Uj(,y = Spec(R') \ V({f(r)}) that
is, f* is continuous in the corresponding Zariski topologies;

(b) if A is an idéal in R then (f*)"'(V(A)) = V(f(A).R));

(c) if A’ is an ideal in R’ then f*(V(A4")) = V(f~1(A4"));

(d) if f is surjective, f* is a homeomorphism from Spec(R') onto
V (ker f) C Spec(R); |

(e) if f is injective then f*(Spec(R')) is dense in Spec(R).

Ex. 13.22 Let R be a Boole ring (see 1.23). Prove that:

(a) for each r € R, U, is open and closed in Spec(R);

(b) for each finite subset F' C R there is an element r € R such that
U U:c = Ur;

z€F
(c) each open and closed subset from Spec(R) has the form U, for

a suitable r € R;
(d) Spec(R) is a compact (i.e. quasicompact and Hausdorff) topo-
logical space.. : ,

Ex. 13.23 Show that a ring is local iff the set of all the non-units forms
an ideal in R.

Ex. 13.24 Show that Q) (see 2.27) is a local ring.
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Ex. 13.25 Let R a commutative ring with identity and M a maximal
ideal of R such that @ + 1 is a unit for every a € M. Show that R is
local. ‘

Ex. 13.26 Let R be a commutative ring with identity and M a maxi-
mal ideal of. R. Prove that for each n € IN" the ring R/(M™) is local.







Chapter 14
Polynomial Rings

For an arbitrary ring with idéntity R, we denote by R[X] the ring of
polynomidls of indeterminate X over R. _

If R' is a ring with identity and R is a subring of R' which includes
the identity, for each ¢ € R’ such that cr = rc,Yr € R there exists a
unique unital ring homomorphism E. : R[X] — R’ such that E.(r) =
r,Vr € R and E,(X) =c.

Universality theorem. If R and R’ are rings with identity then
for each unital ring homomorphism f : R = R’ and each elementc € R -
such that c.f(r) = f(r).c,¥r € R there is a unique f' : R[X] — R’ such
that f'(r) = f(r),Yr € R and f'(X) =c.

If R is a unique factorization domain, a polynomial f € R[X] is
called primitive if no prime element divides all its coefficients.
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Ex. 14.1 Give an example of a polynomial of degree 2 with 4 zeros
over a commutative ring (which is not a field).

Ex. 14.2 Give an example of a polynomial of degree 2 with an infinite
number of zeros over a non-commutative (infinite) division ring.

Ex. 14.3 Characterize the fields such that the classical formula which
gives the zeros of a degree 2 polynomial holds.

Ex. 14.4 Consider f = X*—4,g = X?+2 inQ[X]. Verify that the map
F:Q[X])/(f) = Q[X])/(g),F(h+(f)) = h+(g) is a well-defined ring
homomorphism. Prove that ker(F') is a maximal ideal in Q[ X][X]/ (f) -

Ex. 14.5 If K is a field show that (X) is a maximal ideal in K[X].

Ex. 14.6 Let D be an integral domain and a an irreducible (in the
divisibility sense) element. Prove that (a, X) in D[X] is not principal.

Ex. 14.7 Is the polynomial X3 4+ X2+ X +1 divisible by X? 43X +2

as elements in the polynomial ring over either Z3, Z5 or Z7 7

Ex. 14.8 Study the reducibility of the polynomials X2 +1 and X3 +
X + 2 in Z3[X] respectively Zs[X].

Ex. 14.9 Does an element ¢ € Z;s exist, such that X4 4 aX 4+ 1 is
irreducible in Zs[X] ?

Ex. 14.10 Verify that the polynomials f = X% + X34 X and g =
X5 +2X € Z3[X] induce the same polynomial function.

Ex. 14.11 Let R be a commutative ring with identity and I an ideal in
R. Verify that I, = {ap + a1.X + .. + @, X™ € R[X]|ao € I} is an ideal
in R[X]. Moreover, prove that I is prime (or maximal) iff I, is prime
(resp. maximal).

Ex. 14.12 Prove that the ideal (n, X) generated by n € Z and X is
principal in Z[X] iff n € {-1,0,1}.



T

61

Ex. 14.13 In Z[X] show that the set of all the polynomials with the
constant term even number is an ideal which is not principal.

Ex. 14.14 Prove that in any ring of polynomials R[X] the subset of
all the polynomials with zero degree 1 coefficient is a subring. What
about the case of zero degree 2 coefficient ?

Ex. 14.15 Let R be a commutative ring with identity and R[X] the

corresponding ring of polynomials. Describe the units and the nilpotent
elements in R[X].

Ex. 14.16 Let R be a commutative ring with identity. Prove that the
following two conditions are equivalent:

(a) 0 is the unique nilpotent element of R;
(b) every unit in R[X] has zero degree.

Ex. 14.17 Is the quotient ring C[X] / (X% + 1) an integral domain ?
(Here (X? + 1) denotes the principal ideal generated by X%+1 inC[X]).

Ex. 14.18 Verify the following ring isomorphismC = R[X] / (X% +1).

Ex. 14.19 Verify the following ring isomorphism Z[X] / (n, X) & Z,,.







Chapter 15
Ringé of Quotients

In this chapter we deal only with commutative rings with identity.

A nonvoid subset S C R is called a multiplicative systemif S-S C S
and 1 € S.

A multiplicative system S of a ring R is called saturated if ss’ €
S & s,8' €.

For a multiplicative system S in a ring R we define on R x S the fol-
lowing equivalence relation: (z,s) ~ (y,t) & Ju € § : u(tx — sy) = 0.
The corresponding quotient structure R x S/ ~ denoted Rs or S™'R =
{"' Y(z,s)|teRs€eS } has a natural structure of commutative ring

with identity called the ring of quotients of R relative to (or with de-
nominators in) § given by £ 4 ¢ = ‘”—t’l,: L=y

The map ¢ : R — Rs,cp(m) = § is a unital rmg homomorphism,
injective iff S C { non zero-divisors of R} and ¢(S) C U (S~(R)).

The universality theorem. For every ring R' and every ring
homomorphism f : R — R' such that f(S) C U(R') there is a unique .
ring homomorphism f : Rs — R' such that f = f o ¢.

Consequently, (Rs, ¢) is unique up to a ring homomorphism.

If S = {non zero-divisors} we use the notation Q(R), called the
classical (total) ring of quotients. For an integral domain (here § = R*)
Q(R) is the field of fractions; for a prime ideal P if S = R\ P we obtain
the localization of R in P, denoted Rp a local ring.
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Ex. 15.1 Prove that each subring with identity of @ has the form Zg
for a suitable multiplicative system S C Z.

Ex. 15.2 Determine the ring of quotients of the ring Z[i] of the Gauss
integers.

Ex. 15.3 Let p be a prime number and Q¥ = {mn— eQ|(n;p) = 1} (see

2.27 ). Show that Q' is an integral domain and determine its ring of
quotients.

Ex. 15.4 If K is a field and R a subring of K then the field of fractions
@ (R) is ring isomorphic with the subfield of K generated by R (i.e. the
smallest field that contains R as subring).

Ex. 15.5 If R is a principal ring and 0 ¢ S is a multiplicative system
in R prove that Rg is principal too.

Ex. 15.6 Show that S is saturated iff R\S is a union of prime ideals.

Ex. 15.7 Leta € R be a non-zero divisor in a commutative ring with
identity. If S = {1,4a,d?,..,a",..} verify R, = Rs & R[X]/(aX —1).

Ex. 15.8 For the canonical homomorphism f : R — Rs show that the
right cancellability property holds (f is an epimorphism in the category
of of rings).

Ex. 15.9 With the above notations, if ¢, ¢s,..,q, € Rs then there is
an element s € S such that g;s, ¢ss,..,q.5 € f(R).

Ex. 15.10 Prove that the canonical morphisfn f: R — Rg is an iso-
morphism iff § € U(R), the units of R. In particular, the field of
quotients of a field is isomorphic with itself. ;

Ex. 15.11 If D is an integral domain and S a multiplicative system in
D then the canonical homomorphism f : D — Ds is an isomorphism
iff for each element g € Dg there is an monic polynomial p, € D[X]
such that p,(g) = 0.
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Ex. 15.12 If R is a right noetherian ring verify that Rs is also right
noetherian.

Ex. 15.18 For S = 2Z* U {1} consider the ring of quotients Zg =
S—1Z. Show that Zs = Q.

Ex. 15.14 ‘Show that the canonical homomorphism ¢ : R — Rg is
surjective iff Rg is cyclic as a R-module (via ¢).

Ex. 15.15 Let = € IN;n > 2 and S be a multiplicative system in
Z,. If f :Z, - (Z,)s is the canonical homomorphism show that

(Zn)g 2 Znfker f.

Ex. 15.16 If § = Z* show that f : (H Z) — J] (Z)s, the canonical
S

. . N
homomorphism, is not surjective.

Ex. 15.17 Let T be an ideal in a ring R with identity. Show that
S =1+ I is a multiplicative system and Is is contained in Rad(Rs).

Ex. 15.18. Each injective ring homomorphism D — D’ of integral do-
mains induces an (injective) ring homomorphism Q(D) — Q(D’) of
division rings.

Ex. 15.19 If D 2 I are integral domains then the fields of quotients
Q(D) = QD).

Ex. 15.20 (a)If P is a prime ideal in a commutative ring with identity
R, show that R\P is a-multiplicative system.

(b) For simplification Rp denotes the ring of quotients Rg\p. Show
that Rp is alocal ring. How can its quotlent rmg modulo its maximal

ideal be described 7

Ex. 15.21 With the above notations show that for all the prime ideals
P of a ring %, Rp has no non-zero nilpotent elements iff R has no
non-zerc nilpotent-elements.

Ex. 15.22 With the above notations, if Rp are integral domains, has
R the same property ?







Chapter 16

Rings of Continuous
Functions

Let X be.a nonvoid set. A topology on X is a family 7 C P(X) of
subsets ‘which is closed under finite intersections and arbitrary unions.
The pair (X,7) is called a topological space, the elements of 7 are called
the open sets of the space. If 7, and 7, are topologies on X and 7, C
T, we say that 7 is finer than mor that 7 is coarser than 7. It exists
in X a finest topology 7° = P(X) (called the discrete topology) and a
‘coarsest one 7, = {@l, X'} (called the indiscrete topology). The elements
of F={X \ G|G € 7} are called the closed sets.

A topological space is called disconnected, if it exists a nonvoid open
set with an open, nonvoid complement; otherwise it is called connected.
The space is called countably compact if every countable open cover of
X has a finite subcover.

We denote by IR* the set of all real-valued functions on the set
X and with C(X) (€*(X)) the set of all the continuous (bounded)
real-valued functions on a topological space X. This function sets are
provided with the usual operations of addition and multiplication. For
o € IR we denote with ¢ the constant function with value a.

Wertecall the following property which can be used in order to prove
the continuityof a map: if f € RX and {G; : ¢ € I} is an open cover
of the space X and each restriction f | G; is continuous, then f is
continuous on X. The inequality f < g means f(z) < g(z) for each
ze X
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(R*, <), (C(X),<) and (C*(X),<) are lattices (and notice that
f A g=min(f,g) and fV g = max(f, g)).

If C(X) = C*(X), then X is called pseudocompact.

We associate to each f € C(X) his zero-set: Z(f) = f~'(0), the
preimage. Each zero-set is obviously closed in X. The set of all the
zero-sets of the space X will be denoted by Z(X).

A ring R is the direct sum of two subrings Si, S, if S; N S, = {0},
and for each a € R it exists ¢; € S; and a; € Sz with ¢ = a; + a;. We
denote this by R = S, @ 5.

In the following exercises, the main concern is the relations between
the topological properties of X and the algebraic properties of C(X)
and C*(X).
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‘Ex. 16.1 Let R be a ring and X a nonvoid set. Denote by RX =

{fIf : X = R} the set of all the maps together with the usual opera-
tions of addition and multiplication. Prove that:

(a) (RX,+, ) is a ring;

(b) R commutative & RX commutative;

* (c) R has identity & RX has identity;

(d) If R has identity then f € R¥ is a unit iff f(z) is a unit of R
for each z € Xj;

(e) ¥ R and X have both at least two elements then RX has zero
divisors;

(f) If R is a Boole ring thEI} RX is a Boole ring too.

Ex. 16.2 The set C(X) forms a subring with identity and a sublattice
of R*. The set C*(X) forms a subring with identity and a sublattice
of C(X).

Ex. 16.3 (a) For each topological space X the following inclusions

Co(X) C C’“(X) C C(X) € C°(X) hold, where Co(X) = {g]a €
R} and C’°(X )=

(b) If X is an 1ndlscrete space ( i.e 7 = 7,), then C(X) = Co(X).
The converse is not true. [Find a topological space (X, 7) with 7 # 7,
such that C(X) = Co(X) and X is: (i) finite, (ii) infinite.)

(c) C(X) = C°(X) if and only if X is a discrete space (i.e.7 = 7°).

Ex. 16.4 Describe C(X) for each p0531ble topology in the set
a) X = {a,b};
b) X = {a,b,c}.

Ex. 16.5.H f € €(X), then also |f| € C(X). Find an algebraic way
a) to check for f € C(X) whether f > 0;
b) to characterize for a given f € C(X) the element |f].

Ex. 16.6 Verify that the following conditions are equivalent:
() X is disconnected,
(i) in C(X) the-identity has at least three square roots,
(iif) there exist at least three idempotents in C(X),
(iv) C(X) is thedirect sum of two subspaces.
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Ex. 16.7 If X is countable compact, show that X is pseudocompact.
Ex: 16.8 The converse of 16.7 is false. [Hint: see exercise 16.3(b))

Ex. 16.9 Let X be a topological space, f € C(X) and f* = (=1Vf)A
1. Show that it exists a unit u > 0 of C(X) satisfying f* = uf.

Ex. 16.10 Prove that C(X) and C*(X) have the same zero-sets.

Ex. 16.11 Z(X) is a sublattice of the lattice of all the closed sets of
X.

Ex. 16.12 Find a topological space X such that not all the closed sets
are zero-sets. [Hint: see exercise 16.3(b)].

Ex. 16.13 Prove that in a metric space each closed space is a zero-set.

Ex. 16.14 Verify or analyse the following assertions:

(2) fisaunit in C(X) iff Z(f) =

(b) Under which conditions if f a unit in C*(X) ?

(c) Find a space X and f € C*(X) with Z(f) = @ such that f is no
unit in C*(X).

Ex. 16.15 Let f,g € C(X) and let Z(f) be a neighbourhood of Z(g),
i.e. there is an open subset G of X such that Z(g) C G C Z(f). Show
that g divides f in C(X) (i.e. there is a map h € C(X) such that

Ex. 16.16 For a map f € C(X) (resp. C*(X)) we say that f has
the property || if there is a unit v € C(X) (resp. C*(X)) such that
|f] = u- f. Show that:

(a) Each f € C(X) has the property || iff each f € C*(X) has the
property ||;

(b) If X has the discrete topology, find the elements from C(X)
which have the property ||;

(c) Determine the elements of C(IR) (]R with the usual topology)
which have the property ||;

(d) Find an element in C(Q) (@ with the usual induced topology)
which has not the property ||;

O |
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(e) If f € C(Q) and Z(f) is an open subset then f has the property
|| . In the previous conditions find an example of function such that

f£0and f 20.

Ex. 16.17 Let X be a topological space and I an ideal in C(X). If we
denote by Z = Z[I| = {Z(f)|f € I}, verify the following properties:
[21] 2 C Z(X);
[22] 21,22 €EZ=>71N4, € Z;
23l Z€ 2,ZC 2= Z'€ Z.

Ex. 16.18 A family £ C P(X) which satisfies [2;] — [23] (see the pre-
vieus exercise) is called a z-filter. Show that if I is a proper ideal in
C(X) then the corresponding z-filter is also proper, i.e. Z[I] # Z.

Ex. 16.18 If Z is a z-filter show that Z*(Z) = {f € C(X)|2(f) € Z}
is an ideal in C(X), proper if Z is proper. '

Ex. 16.20° (a) If M is a maximal ideal in C(X) then Z = Z(M) is
a-maximal z:filter (i.e. a proper z-filter not properly included in any
other proper z-filter).

(b) Conversely, if Z is a maximal z-filter then Z*(Z) is a maximal
ideal.
Ex. 16.21 (a) If P is a prime ideal in C(X) then Z = Z(P) is a
prime z-filter, i.e. a proper z-filter with the property [zp] : Z;,2Z; €
Z(P), 21V Z,€ Z=>7Z,€Zor Z, € Z.

(b)-If Z is a prime z-filter then Z*(Z) is a prime ideal in C(X).

‘Ex. 16.22 Prove that every maximal z-filter is prime. Moreover, each
maximal ideal in C(X) is prime.

Ex. 16.23 Consider 1|y € C(IR) and the principal ideals I; = (1)
and 15 =_‘(1']R . IIR) '

(a) Showthat I, C I, I # I, but Z(I,) = Z(I,).

Remark. The map Z which associates a z-filter to each ideal is
therefore not injective. Z*(Z) is the greatest ideal who maps on Z.

(b) Neither I; nor I, are prime ideals.

(c) Find a maximal ideal which includes I; and I,.

(d) Verify that Z(I;) is a maximal z-filter.

(&) Determine Z*(Z(1;)).
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Ex. 16.24 (a) Show that the following subsets are z-filters in IR :
Z,={TeRIlT'eF,Ie>0:[a,a+e[CT} and
Z_={l'eR|['e F,3e > 0:]a —€,a] C I'}. Are these prime ?
(b) Show that Z5 = {I'; NIy € Z24,T, € Z_} is also a z-filter.
Is it prime ?




Chapter 17
?Special Problems

An idempotent element e # 0 is called primitive if it cannot be written
as the sum of two orthogonal idempotent elements.

A ring R is called regular (von Neumann) if for every a € R there
is-an element b € R such that a = aba and strongly regular if there is
a unique element b € R with this property.
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Ex. 17.1 Let R be a ring with identity. Show that if a,b,a — b are
units then a™! — b~! is a unit too if: (a) is commutative; (b) is not
necessarily commutative.

Ex. 17.2 Let R be a ring with identity such that 73 = r,Vr € R. Show
that R is commutative.

Ex. 17.3 If 2% = z holds for every element z in a ring R then show
that also z? = z. ‘

Ex. 17.4 Let R be a ring without nonzero nilpotent elements. If for
ay,ds,..,a, € R the relation a;a;..a, = 0 holds prove the following:

(a) Vi € {1,2,..,n} : giaiy1..anay..ai—1 = 0;

(b) for every k € IN*,k < n — 1 and for every by,b;,..,br € R :
a1byasbs..arbragy..a, = 0;

(c) for every permutation o € S, : a,(1)a0(2).-Gs(n) = 0.

Ex. 17.5 Let R be a ring with identity and n € IN such that (zy)* =
z*y* holds for each z,y € Rand k € {n,n + 1,n + 2}. Show that R is
commutative.

Ex. 17.6 Show that if a ring R has no nilpotent ideals and for every
r € R there is a number n(r) € IN* such that r™") € Z(R) then R is
commutative.

Ex. 17.7 Let K be a field. Show that there are no nonzero elements
a,bin K such that 2a = 3b = 0.

Ex. 17.8 Let R be a finite commutative ring with identity and 0 # 1.
Compute the product of all the nonzero idempotent elements of R.

Ex. 17.9 Show that if I is a minimal right ideal of a ring R then I = 0
or I = eR for a suitable idempotent element e € 1.

Ex. 17.10 Verify that e # 0 is a primitive idempotent iff eRe contains
no idempotents other than 0 and e.-

Ex. 17.11 If e is a primitive idempotent in a regular (von Neumann)
ring, prove that eRe is a division ring.
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Ex. 17.12 Let R be a left artinian ring and N a nonnilpotent left
ideal. Prove that there is an element @ € N such that a™ # 0 for every
n € IN*.

Ex. 17.13 If K is -a finite field show that each map f : K = K is
polynomial.-

Ex. 17.14 Show that for a ring with identity the following conditions
are equivalent: ’

(i) R is von Neumann;

(it) each principal left (right) ideal is a direct summand;

(iii) each finitely generated left (right)-ideal is a direct summand.

Ex. 17.15 In a strongly regular ring show:
{a) R has no zero divisors;
(b) bab =-b (with the above notations);
(c) R has identity;
(d) R is a division ring,

Ex. 17.16 In a regular ring R show that for each element @ € R there
is an element ¢ € R such that a = aca and ¢ = cac. Application: the
center of a regular ring is also regular.

Ex. 17.17 Show that if a ring with identity is a sum of ideals, then it
is a finite sam.

Ex. 17.18 Let H be a nonzero ideal of Z[t]. Prove that the ring Z[i]/ H
1s finite. ' )

Ex. 17.19 Let R be a commutative ring with identity. Show that the
foliowing conditions are equivalent: (i) Spec(R) is not connected;
(i)} R =U x V for two suitable nonzero rings;
(iii) There is an idempotent element e € R,e ¢ {0,1}.
Application: R = Z«[X]/ (X% — X + p') for p prime, ¢,k € IN and
1<i<k
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Ex. 17.20 (Chinese remainder theorem) Let Iy, I, .., I, be a finite set
of ideals in a ring R. Show that the following assertions are equivalent:

() The ideals are comaximal in pairs, that is I; + I; = R for each
1% 7.

(b) For each set of elements a,, a,..,a, from R show that there is
an element r € R such that r —a; € I; for each 1 < i < n.

(c) The canonical map

v: R/ = HR/I,-,u(a+ﬂL~) = (a+ L,..,a+1I,) is an

. t=1 i=1 t=1
isomorphism.

Ex. 17.21 (Eisenstein criterion) Let R be a unique factorization do-
main and f = ap+a1 X +..+a, X" € R[X],a, # 0. If pis an irreducible
element in R such that p divides ay, a4, .., a,—; but p divides not a, and
p? divides not ao then f is irreducible in K[X], where K is the field of
quotients of R. If no prime element divides all the coefficients of f (a

primitive polynomial) in the above hypothesis f is irreducible also in
R[X].
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Chapter 1
Fundamentals

Ex. 1.1 One has only to compute in two different ways (using the
distributivity laws) the element: (1 + 1)(a +b) = 1(a + b) + 1(a + b) =
a+b+a+band (1+1)(a+d)=(1+1)a+(1+1)b=a+a+b+bd
Now a + b = b+ a follows by additive cancellation.

Ex. 1.2 (a) For each a,b,c € Rone has (aob)oc=(a+b—ab)oc=
a+b+c—ab—ac—bc=ao(b+ c—bc) =ao(boc). As for the identity,
in this semigroup we have a0 0 =0o0a = a.

(b) If QR(R) denotes the set of all the quasi-regular elements it
is readily checked that QR(R) is closed for the circle composition and
contains 0 (indeed, ros =1 o0s’' =0 = (ror)o(s'os) = 0 and
000 = 0). For every quasi-regular element r € Rif ros = 0, and
tor=0thent=to00=1to(ros)=(tor)os=00s=s and this is

the inverse of r in QR(R).

Ex..1.3 (a+b)% = (a +b)(a+b) = a® + ab+ ba + b? so that the stated
condition is equivalent (by addition cancellation) with ab = ba.

Ex. 1.4 If (n;m) = 1 there are integers s,t € Z such that sn+tm = 1.
But then a = a' = o™ = (a*)°.(a™)' = (b")°. (™)' = bnHim =
bt =5,

Ex. 1.5 The ring verifications are straightforward. In the first ring
(0,1)* = (0,0) so that (0,1) is a (twosided) zero divisor. The map
f 1 (R%+,%) = (C,+,) defined by f(z,y) = z + iy is easily checked

79
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to be a ring isomorphism. The above two rings are not isomorphic..
More generally, if R and R’ are rings such that R has and R’ has
not zero divisors then these two rings are not isomorphic. Indeed, if
f : R = R' would be an isomorphism (but injective ring homomorphism
= monomorphism suffices) and ab = 0,a,b € R with a # 0 # b then
f(a) - f(b) =0 and f(a) # 0 # f(b), contradiction.

Ex. 1.6 () and M are the zero respectivelly the identity element, each
non-void disjoint subsets of M are zero divisors and clearly AN A= A
so that each element is idempotent. All the ring verifications are simple
with only one exception: the associativity of the addition. Let A, B,C
be subsets of M. One has to use the following immediate formula A +
B = (AU B)NCp(AN B) and to obtain by computation (A+ B)+C =
{[(AUB)NCM(ANB)]UCINCM[(AUB)NCu(ANB)NC) = (AUBU
C)N(AUCH(B)UCM(C))N(Cu(A)UBUCK(C))N (Cu(A)UCH(B)UC)
which equals with A + (B + C) by commutativity (which is obvious)
and symmetry.

Ex. 1.7 By the distributivity laws, in order to define a multiplication
* on Z, we remark that it suffices to define 1 * 1. Indeed, n*m =
1+.4+1)*(1+..4+1)=1%1+4+..4+1%1=nm(l*1). One easily
checks that for every k € Z the multiplication n * m = nmk defines a
ring structure on Z. The only structures with identity are obtained for
k=1lork=-1.

Ex. 1.8 Let (A, +,®) aring with identity e € A and (A4, +) = (Z,, +).
(A, +) being an abelian group. let m = ord(e). From the well-known
group-theoretic theorem of Lagrange we derive that m divides n. For
each a € A the following holds ma = m(e®a) = (e®@a)+ ..+ (e®
a)=(e+.+e)®a=(me)®a=00a=0so that for a = 1 we
obtain ml = m = 0, that is, n divides m. If now m = n we have
A ={0,e,2e,..,(n — 1)e} and one has only to check that f: A = Z,;
defined by f(ke) = k for every ke € A, is a ring isomorphism.

Ex. 1.9 In the previous exercise we have seen that on a cyclic group
with four elements, up to an isomorphism, one has only the usual ring
structure on (Z4, +,.) But there are (up to a group isomorphism) only
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two (abelian) groups with four elements: the cyclic one and the Klein
group (or (Z3 X Z3,+) )i.e. K = {0, a,b,c} with the addition given by
table 1.1

Table 1.1:
0Ota|b]c
Off0flajbl|c
aflalO0]lc]|b
blf{bi{c|0]|a
clfilctbjal]O

The elements a, b, c acting symmetrically, suppose that a is the iden-
tity of the four elements ring. All the possible multiplications will be
defined by tables like table 1.2

Table 1.2:

0Olalb|c
0ffoy10]01{0
aff0Olalb]|c
blibly
cic

Denoting y = b.b we have b.c=bla+b) = b+ y, c.b=(a+b)b =
b+ y and c.c = (a + b)(a + b) = a + y. Hence there are four possible
multiplications on £ :

Case 1: b.b = 0. We obtain a first ring structure given by the mul-
tiplication in table 1.3

Denote this ring by I4.

Case 2: b.b = a. We obtain a ring isomorphic with the above one
. Indeed, the function f : K — K defined by f(0) = 0, f(a) = q,
J(b) = ¢, f(c) = b is easily checked to be a ring isomorphism.

Case 3: b.b = b. We obtain another ring structure given by the
multiplication in table 1.4
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Table 1.3:
0Ojalblc
offof(oJo0}o0
afl0jal|b]c
biio|b|0]|Db
clff0Ojc|{bla
Table 1.4:
0Olal|b]c
0 0]01}0
all0jalb]c
biio|b|b|0
clil0ic|0}c

This is a ring isomorphic with the usual direct product of rings
Zy x Z,. This ring is not isomorphic with the above one (isomorphic
rings must have the same number (this being finite) of zero-square
elements).

Case 4: b.b = c. We obtain the only field with four elements (denoted
in the sequel X4) given by the multiplication in table 1.5

Table 1.5:
Ojalb|c
ofofofojo
all0la|b]|c
bji0jblc|a
cli0Ojclalb

Indeed b~! = ¢,c™! = b.

e e
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Remark. If two rings are isomorphic, their subjacent additive groups

are also (group) isomorphic. Hence finally we have four nonisomorphic
rings with identity.

Ex. 1.10 We first prove that all the ring structures one can define on
a cyclic (abelian) group are commutative (i.e. commutativity follows
from the distributivity laws). Indeed, m*fi = (I1+..+1)*(1+..+1) =
1#14+.41%1 = 7 * ™ because we use only the commutativity
of integer multiplication. In what follows we use the notation of the
previous exercise. We begin with three remarks:

(2) if the product of two nonzero elements of a,b, c is commutative
then the corresponding ring is commutative. Indeed, if for instance
a.b=b.a then , a.c=a(a+b) =a.a+ab=a.a+ba=(a+b)a=cg;
the equality b.c = c.b follows analogously.

(22) if a.a = b the corresponding ring is commutative. Indeed, a.b =
a.(a.a) = (a.a).a = b.a follows from associativity and we apply (7).
Hence a.a = 0 or a.a = a (because the case a.a = ¢ is similar) so that
in order to construct non-commutative rings on a set with four elements
one has to take only idempotent or zero-square elements.

(74¢) On K, the products {a.a,b.b, c.c,a.b} determine the ring mul-
tiplication. Indeed: b.a = (c+a)a = ca+ aa = ¢(c+bd) + a.a =
c.ct+(b+a)b+a.a = a.a+b.b+c.cta.b,a.c = a.a+a.b,c.a = b.b+c.cta.b,
b.c = a.a + c.c+a.b, c.b = b.b + a.b. So we have to distinguish the fol-
lowing four cases: '

Case 1 a.a = b.b = c.c = 0. The above computations show that
-a.b = b.a. Hence the corresponding ring is commutative.

Case 2 a.a = a,b.b = c.c = 0. In these conditions b.a = a + a.b= b.c
so that (using = + z = 0 for each z € K) we deduce a contradiction as
follews: a = a + (ab + ab) = ba + ab = ba + (a + ab)b = baa + bab =
ba(a + b) = bac = bec = 0. Hence there are no ring structures in this
case. S

Case 3 a.a = a,b.b = b,c.c = 0. If moreover a.b = 0 we obtain
-b.c = a which leads to a contradiction, ¢ = 0, by left multiplication
with a. If a.b = ¢ we derive a contradiction, a = 0, via ¢.b = a by right
multiplication with @ (using also b.a = 0). The remaining cases are
a.b € {a,b}. We obtain on Z; x Z; the following two non-commutative
-multiplications (see table 1.6 and 1.7)
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Table 1.6:
Olalbjc
offol{ojolo
aff0talal0
bi{iO|bib|o0
clf0jclciO

and

Table 1.7:
0Olalblc
0jlojoj01o0
all0lalblc
bj0la|b]c
cjl0]0]0}0

that is two nonisomorphic rings C4 and Dy. If f : Cy — D, would
be a ring isomorphism, first one shows that f(a) € {0,a,c} lead to
contradictions. The remaining case f(a) = b, f(b) = a implies b =
f(a) = f(a.b) = f(a).f(b) = b.a = a, a contradiction.

Case 4 a.a = a,b.b = b,c.c = c. We obtain at once b.a = a.b and
hence the corresponding rings are commutative. Finally, there are only
two nonisomorphic non-commutative ring structures on a set with four
elements (obviously each such ring is the opposite ring for the-other

ring).

Ex, 1.11 The only (abelian) group with p elements being Z,, two ring
structures on this group are already well-known: (Z,, +, o) with 7o7 =
0 for each 7,7 € Z, (i.e. the zero-square structure) and the usual
structure (Z,, +, ). In what follows we prove that if A is a ring structure
on Z, which is not the zero-square structure, A is isomorphic to the
usual structure. If A% # {0} there are elements a,b € A such that
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ab # 0. The subset B = {z € Alaz = 0} is a proper right ideal of A
so that (being a subgroup of a simple group) B = {0} and hence @ is
no left zero divisor in A. Now, a ¢ C = {z € A|za = 0} and as above
C = {0} so that a is right zero divisor neither. (A,-) being a finite
semigroup and a being a cancelable element, a is an identity in A. But
hence the function F' : Z — A, F(n) = nu,VYn € Z is a surjective ring
homomorphism with kernel pZ so that A is isomorphic with the usual
structure. '

Ex. 1.12 The map ¢ : R — End(R,+), ¢(a) = %5, Va € R where
t.: R = R, t4(z) = ez is easily checked to be an embedding (i.e.
injective homomorphism of riﬁgs which preserves the identities).

The condition (a) is equivalent to the surjectivity of . f R = Z
and z € IN* then for each f € End(Z,+) we have f(z) = f(1 +.. +
1) = f(1) + ..+ f(1) = f(1).z and f(0) = 0, f(—=2) = —f(z) so that
(Z,+,") =& (End(Z,+),+,0). I R =Q and f € End(@,+) one has
F(1) = £(2) = F(L + + &) = f(1).L and hence f(2) = mf(L) =
2. f(1) for every 2 €Q so that @, +,.) & End@,+),+,0).

(b) The sufficiency of the condition being immediate, conversely, if
(End(R, +) is commutative f(z) = f(z - 1) = f(tz(1)) = (f o t:)(1) =
(tzo f)(1) = tz(f(1)) =z f(1) so by (a) the condition is also necessary.

Ex. 1.13 (a) Let b € R be a left inverse of a and ¢ = 1 — ab. We
check that b + ¢ is another left inverse of a. Indeed, ¢ # 0 because
otherwise b would be a right inverse for a. So b+ ¢ # b. Moreover,
(b+cla=(b+1—abla=14+a—-a=1.

(b) Consider A = {b € R | ba = 1} where A # () and let ag € A fixed.
The function f: A — A defined by f(b) = ab— 1 + ao is injective but
not surjective: f(b) = f(¢) = ab = ac = b = ¢ (by left multiplication
with b) and ao ¢ f(A) (if e would be an image f(b) then ab = 1 and
a (being a unit) would have a unique (left-sided) inverse, contradicting
the hypothesis:A has at least two elements). Finally, for a finite set
X and a : X — X, the properties "« injective”and " a surjective” are
equivalent. Hence A is infinite.

Ex. 1.14 (a) If 1 € R then M,(R) has the well-known identity matrix
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10..0
01..0

I,=| . . . . . |.Conversely,if E = (ei;)1i<ij<n is the identity of
00. .1

M, (R) and @ € R , using the matrices A = (a;;) with all zero entries
but' a;; = a and the equalities FA = AEFE, one proves that e;; is an
identity in R.

(b) If R? = {0} then ( = {On} and M, (R) obviously is a
commutative ring. Conversely, 1f M (R) is commutatlve and a,b €-R
.0 b
0 0
we get a.b =0 from | . 1=
0 O 0
0 0 . 0
0 0 0 0
0 . . O -
(c)IfrEZ andAG thenr[ A=rA=Ar=A-rl,.
Conversely, if U= (u) € R) ) let us consider a matrix E;; (a

so called matric unit) with 1 on the i-th row and j-th column and all
the other entries zero. From the equalities U Ey; = E;;U we deduce
ui; = uj; for each 1,5 € {1,2,..,n} and u;; = 0 for i # j so that U is

diagonal, say u- I,. Now if r € R from (u- L,)(r- En1) = (r- Eny)(u - L)

we also infer u € Z(R).

Ex. 1.15 If e = e € R is idempotent and a € R easy computations
lead to (ea — eae)? = 0 and (ae — eae)? = 0. Hence by hypothesis
ea = eae = ae holds and e € Z(R).

Ex. 1.16 The elements a’?—a,b?—b, (a+b)?—(a+b) = (a?—a)+(b*—
b) + ab + ba belong to Z(R) so that ab+ ba € Z(R). Then a(ab+ ba) =
(ab+ba)a or a®b = ba?. These two elements being arbitrary a? € Z(R)
and hence a = a? — (a? — a) € Z(R).
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Ex. 1.17 If (a 4 bi)(c+ di) = 1 then (computing the absolute values)
(a® 4 b?)(c® + d®) = 1. The last product having terms in Z we must
have a? + b® = 1 so that {1,—1,i,—:} are the only units in Z[i]. This
is a cyclic group of order four.

Ex. 1.18 Let N : Z[vd] = Z be a map defined as follows: N(a +
b\/E) = @ — db? for each square-free integer d. For z = a + b\/d
we denote by Z = a — bv/d. Then the followmg hold: N(z) = z.Z =
N(z),7= .5, N(z.y).= N(z).N(y). If z is a unit in Z[V/d] then, for
a suitable y € Z[V/d], we have 1 = N(1) = N(zy) = N(z)N(y) in Z so
that N(w) € {-1,1}. Conversely, if N(z) € {—1,1} then z - (£7) =1
and = is a unit in Z[v/d]. Now, for d = 2 the real number a =1 + /2
is a unit of Z[/d] because N (a) = —1 . We check immediately that all

a*(n € IN) are different units in Z[v/2] (a strlctly increasing sequence
oflnmt 00)5e.8. 3+ 22, T4 5v2,..

Ex. 1.19 Let u € R be an inverse for 1 — ab. Then one easily verifies
that 1 4 bua is the inverse of 1 — ba. Indeed, for instance (1 — ba)(1 +
bua) = I — ba + bua — babua =1 — ba + b(1 — ab)ua = 1 — ba + ba = 1.

Ex. 1.20 If n = p?t with p prime then 0 # pf has zero square (is
nilpotent). Conversely, let n be a square-free integer, i.e. n = p;p,...px
and @™ = 0 a nilpotent element. We prove that @ = 0. Indeed, @™ = 0
in Z, implies n|a™ and hence p;|a™ (¢ € {1,2,..,k}). Then p;|a and n|a
(because p; are different primes) so that @ = 0.

Ex. 1.21 If n = p'..pj* and 7 is nilpotent in Z, let (72)" = 0. Then -
n divides m* , and so each p; divides m’. The numbers {p;|1 < i < k}
being prime, each p; divides m. Being different primes to each other,
even the product p;..px divides m. Conversely, let m = sp;..px be an
integer with s € Z and let r = max; <i<x ri. Obviously, m" = s"p[..p} =

n.8"p7 " ..pi-™ and hence (f7)" =0, i.e. 7 is nilpotent in Z,.

Ex. 1.22 Let n = p{'pP..p}* the prime decomposition of n and let A be
‘the set of all the subsets of {py, p2, .., px} . If Id(Z,) denotes the set of all
the idempotent elements of Z,,, in what follows we will prove that the

“function - : Id(Z,) — A defined by ¢(z) = {p € Alp divides (z;n)}
(as above (z;m) denotes the g.c.d.) for every Z € Z,, is bijective. From
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this proof we also infer a method of construction for all the idempotent
elements of Z,.

We first prove that ¢(Z) = ¢(7) implies (for idempotent elements)
(z;n) = (y;n) property stronger than "¢ is well-defined”(i.e. Z =9 =
(z;n) and (y; n) have the same prime divisors). Let Z be an idempotent
element in Z, : 2> = z or Z(Z — 1) = 0 or n|z(z — 1). If d = (z;n).
, ¢ = z'd , n = n'd we surely have (z';n’) = 1. From z(z — 1) = in
we get n'|z'(z — 1) and hence n'|z — 1. In general z and-z — 1 are
relatively prime so that d and n’ (or their divisors) are alse relatively
prime. Hence, if p;|d then p}‘|d so that ¢(Z) characterizes (z;n) , i.e.
¢(2) = ¢(7) = (z;n) = (y;n).

Next we prove that ¢ is injective If go(:i) ©(y) using the above
arguments (z;n) = (y;n) and n’ = (I o = ( ) divides z—1 respectively
y — 1 and hence = — y. Clearly (z;n) = (y, n) also divides z — y and
being relatively prime with n' we obtain n = dn'|z — y. Hence & = 3.

Finally, in order to verify that ¢ is surjective, let {p,}IE ; € A and
a = 1__[171 (with @ = 1 if I = (). Clearly a and 2 have no common

tel
divisors so that there are u,v € Z such that ua 4 v(;) = 1. We choose

z = ua and then z(z — 1) = ua.(—v2) = —uvn or n|z(z — 1). Then
Z € Id(Z,) and from (z;n) = a we get ¢(Z) = {pi};¢; -

Examples: n = 12 = 223, A = {0,{2}, {3},{2,3}} so that with
the above notations a € {1,4,3,12} and v € {1,1,-1,0}. We find
Id(Z,,) = {1,4,9,0}.

n = 360 = 23.32.5; a € {1,8,9,5,72,40,45,360} and Fd(Zss) =
{1,136, 8T, 145, 216, 280, 225, 0} . ,

The application follows immediately using the bl_]ectlon ¢ defined
above.

Ex. 1.23 (a) One verifies that a + a = 0 for each a € R (see 5.1).
Hence a + b = (a + b)? = a® + ab+ ba + b* = a + b + ab + ba so that
ab+ba =0 or ab = —ba = ba (because also ba + ba = 0).

(b) If R is a Boole ring then a = a? = .. = @™ = .. 50 that 0bv1ously
zero is the only nilpotent element. Moreover, (a + b)ab = a?b 4 ab? =
ab + ab = 0. Conversely, we first take b = a in the relation given
in the hypothesis: (a 4+ a)aa = 0 implies a® + @® = 0 so that (by
succesivess multiplication with @) a™ + @™ = 0 for each n € N,n > 3.
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Further, let b = a? — a; we obtain a* = a® and so (again by succesivess
multiplication with @) ¢ = a® = .. = ¢" = .. for each n € N,n > 4.
In particular a® = a* so that we shall verify (a? — a)* = 0. Indeed,
(a?—a) = a* + a® —a® —a® = a* + a® and hence (a2 —a)* = (a*+a?)? =
a®+a® + a®+a* = a* + a* = 0. Finally, R having no nonzero nilpotent
elements, a> — ¢ = 0 and @® = a.

Remark. If R has identity the solution is immediate (taking b =1
and b= a) and the condition on nilpotent elements is no more necessary.

Ex. 1.24 From a = zab we infer ¢ = a® = (zab)? = z(za??) =
z(zab) = ra respectively from z = a + b + ab we compute za = (a +
b—+ab)a = a® + ab+ a?b = a%+ ab + ab = a® = @ the multiplication
(see the previous exercise) being commutative and the characteristics
(for definition see chapter 5) being 2. Finally, the required element is
T =‘Z_a=- + Z a;a; + ..+ a1a;..a,.

i=1 1<igj<n

Ex. 1.25 If yz = 1 and 2" = 0, in 2 commutative ring, a simple
computation leads to (y + z)(z — 2% + 222° — .. + (=1)""1z"" 1) =
yz + (-1)*z"z" = yz = 1. f y = 1 the commutativity of R is not
necessary: (1 + z)(1 — z + 2% — .. + (—=1)"1z""1) = 1. In My(Z)

(1) (1) ,B = g _;)1 ) . Simple verifications lead to

00
10

consider A =

AB # BA, A unit, B nilpotent and A+ B = ( is not a unit.

Ex. 1.26 Obviously, T is a subgroup of (M,(R),+). If A = (a;;),B =
(b,‘j) and A-B=C= (C,J) then Cij = Z a.-kbkj = Za;kbkj-l-z Gikbkj =

k=1 k<i k=i
n .
Hzaikbkj- Now if i > j then k >4 > j implies by; = 0 and so ¢;; = 0.

k=i .
Ex. 1.27 f the given subset would be a subring and u = /5, integers
a,bwould exist such that u? = au + b. Hence 5 = v® = u(au +b) =
a(au +b) + bu = (a® + b)u + ab so that the system >+ b=0=ab—5
would have solutions in Z. But this is clearly not the case and the
subset is no subring of C.
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Ex. 1.28 One has clearly A = ((1,1)) = {(0,0),(1,1),(2,2),(3,3)}
(the subring with identity generated by the identity) and Z4 x Z4 as

subrings with identity. Each subring with identity contains A so let B
be such a subring and (@,@+b) € Bwithb#0.Ifbe {1 3} then B is

the entire ring and if b= 2 then B= AU { (2,0),(0,2),(1,3), (3, 1)} .

Ex. 1.29 Only the second part needs concern. If a? 4 b? # 0 then the
determinant | * b = a? — gb® # 0 iff q is no square of a rational

gb a

number (the matrices with b = 0 but a # 0 have obvious inverses).

Ex. 1.30 For P € IP we consider A(P) = {% €Qlpln=p €P.} that
is, all the (irreducible) fractions ™ with the prime divisors of n only in
P and, for a subring A with identity of @ we consider P(A) the set of all
the prime divisors of the denominators of all the (irreducible) fractions
frorh A. We shall prove that these two correspondences are inverse one
to another (i.e. A(P(A)) = A and P(A(P)) = P) so that there is
a bijection between the set of all the subrings with identity of @ and
P(IP) the set of all the (finite or infinite) subsets of prime numbers.
We begin by several elementary remarks. All the fractions are sup-
posed to be 1rreduc1b1e If a subring with identity contains T it must
also contain L Indeed if (m;n) = 1 then um+vn = 1 holds for suitable
u,v € Z and "hence L = umtun = u2 +v. 1. Further, Z = (1) (the sub-
ring generated by 1) is clearly the smallest subring with identity of Q.
Finally, P(A(P)) = P and A C A(P(A)) are immediate by the above
definitions. In order to verify A(P(A)) C C Alet a= ;—r-;—r— € A(P(A));

from p; € P(A) there is a fraction ;-e— € A and by an *above remark
L ¢ A. Similarly, ;1-;,..,;,1: € A so that a € A.

P
l Remark If P = {pi1,..px} is finite then P(A) is the subring gener-
ated by

Pi- Pk

Ex. 1.31 From z® = z and (—z)° = —z we infer z = —z and so
char(R) = 2. From (z + 1)°® = £ + 1 developing the left member of this
equality (notice that no commutativity is required) we obtain (z°® —
z) 4+ 2(32° 4+ 7z* + 1023 + 722 4+ 3z) + (z* +2%) =0 or z? + 2% = 0.
Hence z* = —z? = z? and, multiplying by z?, we finally have z = z° =
zt = 1.



Chapter 2
Idealqs

Ex. 2.1 Only P and A are subrings. A is also an ideal but P is not:
. zsinl ifz#0

if fe Pand g€ F,g(z) = 0 2= 0

then f - g has an infinite number of zero’s and hence f - g ¢ P.

Ex. 2.2 As a Boole ring, R is commutative with identity (see 1.23) so
that the principal ideals are (A) = A.R = P(A) and (B) = B.R =
{(Z),{i}}. Further, from § € [0, -,i;] we infer (A) o (B) = (B). Finally,
(4,B) = (4)+ (B) = P(4) + {0, {}}} = P(4) = (4).

Ex. 2.3 (a) Obvious.

(b) For instance, if X is a left ideal, r € R and e € {(X) then
(ar)z = a(rz) = 0 for each £ € X because rz € X. Hence I(X) is a
right ideal (and so twosided according to (a)).

(c) The inclusions (i) are straightforward. (ii) Let z € X; for every .
a € I(X) : ax = 0. But this implies z € r({(X)). The second inclusion
is similar. (iii) From (i) and (ii) X C »({(X)) = (X) 2 I(r({(X))).
Replacing X by {(X) and using again (ii) we have {(X) C I(r(I(X)))
and the required equality. The last equality is analoguous.

Ex. 2.4 If e is a left identity modulo I and e’ a left identity modulo
J then let e = zy + y, € = @3+ yo(z1,22 € I,y1,y2 € J). We prove
that € = x5 + ¥ is a left identity modulo I N J. Together with z; =
e — y; the element v = (e —y1)r — zor € I for each r € R. But
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u=r—(z2+y)r— (r — er) and so, together with r — er the element
r — (22 + y1)r € I. The rest follows symmetrically.

Ex. 2.5 Generally, if z € R, a commutative ring, then (z) = Rz + Zz.
In particular, for R = nZ C Z we get (z) = Zz,Yz € nZ. Denoting
by S(nZ) the set of all the (cyclic) subgroups of the infinite cyclic
group(Z,+) and by Z(nZ) the set of all the ideals of nZ one has
S(nZ) = {mnZ|m € Z} = {(z)|z € nZ} C I(nZ) C S(nZ) and

hence all the inclusions must be equalities. So nZ is a principal ring.

Ex. 2.6 Theinclusion I+(J N K) C (I + J)NK is clearly always valid
if I C K. Conversely,ifke (I+J)NK,k=i+j(i€l,j€ J k€ K)
then j =k—1i € K because I C K and hencek =i+ j€ I+ (JNK).

Ex. 2.7 2Z U 3Z is not an ideal in (Z,+,.) neither a subgroup of
(Z,+):24+3=5¢2ZU3Z.

Ex. 2.8 Consider the abelian group (Q,+) together with the zero mul-
tiplication % - § = 0,V$,$ € Q. The ideals in this ring are precisely the
subgroups of (Q,+) . But, being divisible, Q has no maximal subgroups
(or: each proper subgroup H has infinite index, so that Q/H is not

simple) and hence Z is an ideal not contained in any maximal ideal.

Ex. 2.9 One verifies immediately that a='M = {r € Rlar € M} is a
right ideal in a ring R. Consider R/M and R/a~'M as right R-modules
(R has identity) and the following right- R-module homomorphism f -
R — R/M, f(r) = ar + M,Vr € R. It is easy to observe that R/M is
simple (irreducible) as right R-module iff M is a right maximal ideal.
These two right R-modules are isomorphic: one uses a well-known iso-
morphism theorem R/M = im(f) = R/ ker(f) because ker(f) =a M -
and f is surjective (indeed, a ¢ M == aR € M = M C M +aR =
M + eR = R proves that Vb+ M € R/M,3r e R: b+ M = f(r)).

Hence R/a~'M is also simple and ™' M is a right maximal ideal.

Ex. 2.10 An obvious induction reduces this to a 2-generated ideal,
ie. A = Rz, + Rz, Fach element being idempotent (this assures -
that the ring is commutative), one easily verifies the equalities: z; =
z1(z1+ 22— T122) and T2 = z9(zy + 22— z,7;). Hence A = Rz + Rzy =
R(zy + z2 — z122).
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Ex. 2.11 If for two (commutative) rings with identity R and S we
have I and J respectively ideals then it is easy to check that I x J is
an ideal of R x S. Conversely, if A is an ideal of R x S then denoting
by pr and ps the projections from the direct product one verifies that
A = pr(A) x ps(A) where pr(A) is ideal in R and pg(A) is ideal in
S. (The astute reader will .observe that the identities of R and S are
needed!). Now every division ring K has only the trivial ideals {0} and
K. Hence {0} x K and K X {0} are the only nontrivial ideals of K x K.

Moreover, the ideals of Z x Z have the form mZ x nZ for m,n € N.
Finally, let us remark that this fails for subrings in a direct product:
Ag = {(r,r)|r € R} is asubring of R x R which has not the decompo-
sition A x B for subrings A, B'of R.

Ex. 2.12 Let R be a nonzero ring with identity. The set A of all
the matrices with zero entries on the first column form a left ideal of
Mn(R) (which is not a right ideal) and the set B of all the matri-
ces with zero entries on the first row form a right ideal of M,(R)
(which is not a left ideal). The intersection A N B is no ideal of

(0 0 . .0 11 . .1
01 . .1 11 1
M., (R) because for instance | . . . . . |.] . . . . .| =
01 1 11 1
0 o .. 0
n-1 n-1..n-1
| ¢ A and hence ¢ AN B.
n—-1 n-1 .. n-1

Remark. If R is-a division ring (or a simple ring) then M,(R) is
simple (see also 2.20) and the above example (for n > 2) is simplier to
justify: AnB ¢ {0,R}.

Ex. 2.13 .(a) ry,ro € A-: B implies Vb€ B (r) —re)b=rb—rbe A
(A being subgroup of (R,+)) so-that A : B is a subgroup of (R,+).
- For an arbitrary ¢ € R and r € A : B the element cr € A : B because
Vbe B rbe A= (cr)b= c(rb) € A (Aideal) and rc € A : B because
Vb € B c¢b € B (B being ideal) so that (re)b = r(ch) € A.
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(b) The inclusion (A : B).B C A being obvious let I be an ideal
such that (A : B).I C A. One shows that ] C A : B and that between
all the upper bounds A : B is the lower.

(c) The first and second equality are immediate. As for the third,

r € A:(By+..+B,) impliesVb; € B; (i € {1,..,n}) : r(bi+..4b,) € A.
Taking for example b; =0 (2 € {2,..,n}) weget rb; € Aorr € A: B;.
The rest is analogous; the converse inclusion is simple.

(d) Owing to the well-known form of the ideals in Z, the following
holds nZ : mZ = {a € Z|amZ C nZ} . But

amZ C nZ & nlam & [m;"{im‘")la{m‘"]im‘") & [":;"] la

because [":;"] and [mn;"] are relatively prime. Hence nZ : mZ =

Iminl 7.

Ex. 2.14 First observe that for 3 ideals I,J, K in R one has Jo K C
I & KC1I:J Indeed, if k € K and Jo K C I then kJ C I and
hence k € I : J. Conversely, from K C I : J one has kJ C I for every
k € K and so K o J C I. Notice that in this exercise the ring R is
commutative and hence [oJ = JoI.

(i) From A : B C A: B we obtain (using the above remark) Bo(A :
B) = (A: B)o B C A. As for the second, from the previous exercise
A:(A+B)=(A:A)N(A:B)=RnN(A:B)=A:B.

(i)Ifre A: (Bo(C) thenrBoC C Aand so rC C A: B. Hence
r € (A: B): C and all the rest is similar.

(iii) Clearly, rB C B for each r € R so that B C A implies A: B =
R. Conversely, if R has identity, 1 € A: B and so 1.B € Aor B C A.

Ex. 2.15 (a)It is obvious that r € v/T and ¢ € R imply re,er € /I
(R being commutative).For ry,r; € VI = r; —ry € VT one has to use
the binomial formula (R commutative): 7,75 € I = (ry — r)™t™ =

+ nt+m + nm-—- m . n..m
(nom)rl+ _(nlm)rl+ Lyt (=1) (n-ri-nm)rlr2
_1\n+m n+m n+4m
'+( ]‘) n+m 2

above sum being in I together with r{ and the members in "the right
side” are in I together with ri.
(b) The inclusion I C +/T being immediate, other three from the

stated inclusions can be deduced. It remains: r € \/\/T =dn:r" e

, the members in "the left side” of the

oo
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\/7=>3m:(r")"‘=r""‘€I=>r€\/7;r€\/fﬂ\/7=>3n,m:
melrmel=>rmtm=r"rm"eclInd =reVINJ:and
re \/\/7+\/«7=>E|k :r* =a+b,a € VI,be +/J. In this last proof
if a® € I and b™ € J, we apply again the binomial formula for the
computation of r*("*™) = (¢ 4 b)"t™ € I+ J and obtain the conclusion
revVI+J.

(c) Indeed, the set of .all the nilpotent elements from R is clearly
+/{0}, so it is an ideal in a commutative ring. The commutativity is

essential: in M3z(Z) the matrices ( g 3 ) and ( 00

10 ) are nilpotent

(of zero square) but their sum ( (1) 3 ) being a unit is not nilpotent.

Ex. 2.16 If I and J are nilideals(i.e: contain only nilpotent elements),
each element in I -+ J is nilpotent too. Indeed,let z4+y=2€ I+ J
(z € I,y € J) and k. € IN* such that zF = 0. We have zF = (z + y)f =
=¥ 4+ a with a suitable @ € J (e.g. in a product zyzy..zy each zy € J
because J is a (left) ideal, zyz € J because J is a (right) ideal again,
etc.) Finally, thereis a [ € IN* such that a! = 0 and hence z¥ = af =0
., z is nilpotent and I + J is nil.

If I and J are nilpotent ideals and I™ = J™ = 0 then (I + J)™*™ C
"™ 4 g™ shows that I + J is nilpotent too. The verification of the
previous inclusion goes like this: any element from (I 4+ J)**™ is a sum
of products which-contain n 4+ m factors from I or J, that is (at least
n) factors from I -or (at least m) factors from J (e.g. a finite product
of the form a;byazbs.., where a; € 1,b; € J can be written as a,aaj..
with a} € I -using I left ideal or bjby.. with b, € J -using J left ideal)
and one uses the obvious-inclusiens I* C I**™ J! C J™*™ for each
t<n+m. :

Ex. 2.17 Obvious.

Ex. 2.18 All the subgroups: of Z» form a chain: 0 < p"'Z,n <
w < plyn < Ly and these are the only ideals of Zy» too. These
are obviously nilpotent and pZ,n (which has index n) contains all the
nilpotent elements-of Z,n -see-also the solution of 1.20). Further, I is
clearly a nil ideal, each element having only a finite number of nonzero
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components. [ is not a nilpotent ideal because for each m € IN* one
can point out a nonzero product of m + 1 elements in I.

Ex. 2.19 Letu € yie v+ U =y. Fromy? =y weinferu’ —u e U
and hence (U being nil) there is a m € IN* such that (v? — u)™ = 0. We
have u?—u = u(1-u) = (1—u)u sothat 0 = (v? — u)” = u™(1—u)™ =
u™ —u™*! g(u) where g is a polynomial function with coefficients in R
which commutes with all the powers of u. Now choose z = u™g(u)™.
The following computations show that z is the required idempotent:
2 = u?mg(u)Zm — um-—lum-{-lg(u)g(u)'?h-—l' =.u'm—1umg(u)2m-1

= vt lg(u)?™! = .| = umg(u)™ = 7, and z + U = u™g(u)™ +
U = y(glu)™ 4+ U) = .. = y(g(u)? + U) = y(g(u) + U) = y. Indeed,
y=u+U=ul+U =. =u™+ U follows, y being idempotent and

y = y(g(u) + U) is deduced from u™ = u™*'g(u) and the previous
equalities.

Ex. 2.20 Let K be a field and T the subring (see 1.26) of M,(K)
of all the triangular matrices. The subset A of all the matrices from
T which have zero elements (also) on the diagonal (i.e. a; = 0 for
each 7 € {1,2,..,n}) form an ideal of T. In the quotient ring T/A two
elements a + A =  + A iff the matrices o, § € T have respectively the
same elements on the diagonal. Hence we can choose a complete set of
representatives for T/A formed only by diagonal matrices (i.e. which
have non-zero coefficients only on the diagonal: ¢ # j = a;; = 0). The
coefficients commute (K is a field) so that the commutativity of T/A
is readily checked. Obviously, T' is not necessarily commutative.

Ex. 2.21 For the solution some linear algebra results are needed; if
R is a ring with identity and A € M,(R) we call elementary row
transformations the following operations:

(i) the multiplication of any row by any non-zero element, or,

(ii) the addition of any multiple of one row to another row (similarly
we define elementary column transformations). A simple exercise shows
that the interchange of any two rows (or columns) can be realised by
a suitable composition of the above operations. The following result is
needed:
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Theorem.- Any elementary row (column) transformation on a ma-
trix A € M,(R) can be realized by a left (right) multiplication of A
with a matrix obtained from I, by the same transformation. O
As consequence of this result we observe that any ideal in M,(R) is
closed under elementary row or column transformations and, as men-
tioned above, also under interchange of any two rows or columns. In
what follows we will denote by

0o..000..090
0..000..0
E; =10 . .0 r 0. . 0] the matrix with r on the i-th
0o..000..0
0 0eo 0

row and the j-th column-and only zero entries elsewhere.

a) Let A be an arbitrary ideal.of M,(R) and A = {a11|(a;;) € A}.
We first prove that A is an ideal-of R. The ideal A being closed under
subtraction, a11,b11 € A implies a;; — b1y € A. Using left and right mul-
tiplication with the matrices with at most one non-zero coefficient men-
tioned above, say ET;, we deduce that a;; € A implies r.a11,¢1:.7 € A
and hence A is an ideal in M, (R). In what follows we verify the equal-
ity A = M,(A). If (a;;) € A then by interchanges of 2 rows and 2
columns we obtain another matrix which also belongs to A (as we have
noticed above) and has the -element ¢;; in the left-upper corner. But
then a;; € A and (ai;) € M,(A). Conversely, let (a;;) € M, (A). The
element a;; € A so that-let V}; € A a matrix which has a;; as left-upper
corner (for every 4,j € {1,2,..,n}). Now, the products E{,V;;E}, are
matrices with only one non-zero element, namely a;;, on the first row
and first column which-also belong to A, this being an ideal of M,(R).
Again by interchange of 2 rows and 2 columns we obtain another ma-
trices in A, say W;;, which have-the only non-zero element a;; on the
i-th row and the j-th -column. But obviously (a;;) = 3, ; W;; € A.

b) The canonical-projection pa : R — R/A naturally extends to
a surjective ring homomeorphism 7. : Mp(R) - M,(R/A) (a careful
reader remarks that M,(R) = {uju : I x I — R} where I = {1,2,..,n}
and M,(R/A) = {t|Z = pa ou} ). The isomorphism is obtained using
a well-known isomorphism theorem and (a) for the kernel of 7.
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c) Obviously 2Z is a ring without identity (together with the usual
4z 2y
"2z 2
M3(2Z) which differs from M,(2nZ),n € N, 2nZ being the only
ideals of 2Z, so that (a) fails in rings without identity.

d) No. If A is a left ideal of R one checks that M,(A) is a left ideal
in M, (R). But the converse does not hold. For instance, it is known
that K is a division ring iff K% # {0} and K has no proper one-side
ideals. But in M,(K) the subset {(ai;) € Mp(K)lain =0,1 <i<n}
is a proper left ideal.

operations in Z). The set. |z,y,2,t € Z; is an ideal in

Ex. 2.22 One can use the previous exercise: IR being a field, it has
only the trivial ideals.

Another solution. Let El‘l’ = ( é 8 ) ,E12 = ( g :(l) ) ,E21 =

( (1) g ) ,Eag = ( g 2 ) . The following relations hold: E;; - Ey =
Ey ifj=k
0 ifj#k
Each matrix A = | ™ %2 | is represented as A = a);Ey +
a21 Q22
a12F12 + agFa1 + azBo.
Let I be a nonzero ideal of M,(R). If 0 # U = Zu Zm ) el
: 21 Usz
then the products Ey; - U - Ej = u;;E € 1. At least one coefficient,

say Uiz, is not zero. Then Ey; - U - Egt = uppEy € I and hence ay By =
(leul_glEkk) . (ulgEH) € I.Finally A€ I and so I = Mz(IR)

Ex. 2.23 Consider the function P(X) — P(X\Y) defined as f(A) =
AN(X\Y) = A\Y for each A € P(X). Clearly, f is surjective but not
injective. We verify that f is a (unital, f(X) = X\Y see 4.1) ring ho-
momorphism: f(AAB) = (AAB)\Y = (A\Y)A(B\Y) = f(A)Af(B)
and f(AN B) = (AN B)\Y =(A\Y)Nn(B\Y) = f(A) N f(B).

a) By a well-known isomorphism theorem we obtain P(X\Y) =
im(f) = P(X)/ ker(f) = P(X)/P(Y). Indeed ker(f) =

{A € P(X)|f(A) = 0} = P(Y) so that for every proper subset Y of
X , P(Y) is an ideal of P(X).
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b) Let I be an ideal of P(X). First check AUB = (AAB)A(AN B)
and hence for A, B € I one has also AU B € I. By induction, [ is
also closed to finite unions and moreover I is closed to lower bounds.
Indeed, if C < A€ Ithen C =CnNA €I Now,let Y = UA

Ael
element of I as finite union (X is finite). Finally we verify the equality

I'=P(Y).If Ac I then ACY and hence A € P(Y). Conversely, if
B € P(Y) then B <Y € I and hence (as we saw above) B € I.

c) Let X be infinite and 1 = {A € P(X)|A finite}; in order to verify
that I is an ideal first observe that in the additive group of the ring
(P(X),A) we have —B = B so that A— B = AAB C AU B is also
finite and hence A — B € I . Further, if A € I and C € P(X) then
ANC C A is also finite so that ANC € I. Finally, if I = P(Y’) would
hold for a suitable’Y C X, from Y € P(Y) we see that Y is finite. X
being infinite for 7o € X\Y¥ obviously Y U {zo} is also finite so that
Y U {zo} € I and hence Y U {z¢} € P(Y), a contradiction.

Ex. 2.24 ‘Considering the -canonical ring homomorphisms pr : R —
R/I, p;: R = R/J, the so called property of universality of the direct
product induces«: R— R/I X R/J a ring homomorphism which has
the kernel I N J. Using a Noether isomorphism theorem one deduces
that the canonical ring homomorphism R/INJ — R/I x R/J is an
isomorphism iff o is surjective. If I and J are comaximal we prove
that «a is surjective. For an arbitrary element (e + I,b+ J) € R/I
X R/J we consider a —b€ R=1+J Ifi € I and j € J are such
that @ — b = —7 + 7 denote by r = a + 7 = b+ j. We immediately
get a(r + (I NJ)) ={e+1I,b+ J) so a is surjective. Conversely, the
surjectivity of a is equivalent to: Va,b€ R,3r€e R:a—r € I,b—r € J.
Taking b =0 weobtain e =(a —r)+r €I+ J,thatis R=1T+J.

Ex. 2.25 The ideal T being finitely generated, let I = Ra; + .. + Ra,.
Surely also- I = Ia; + .. + e, holds (indeed, one has to verify the two
inclusions .using TR = I and I? = I) and then for each k,1 <k <n
there is an element bx € I such that (1 —b;) I C Iax + .. + Ia,. One
verifies this last assertion by induction on % (as for k& = 1, the element
b, = 0 is obviously suitable; moreover, if an element b; € I is chosen
there is an element (prove this !) bi41 € I such that (1 —bx4q)] C
Iag4y + ..+ Ja,). Finally , € = bnyy € I is the required idempotent.
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‘Indeed, (1 — bpy1)I C 0 implies ( — e)e = 0 or €2 = ¢ and I = Ie and
hence I = Re.

Ex. 2.26 It is sufficient to- verify that each ideal generated by 2 ele-
ments, say a,b € R, is principal. Using the solution of 17.14 we can
suppose that these elements are idempotent and a ¢ Rb,b ¢ Ra. More-
over, Ra is a direct summand in R and so b = b’ + b", where V' € Ra
and ab” = 0. Then Rb = Rb' @ Rb” because b',b"” € Rb. We surely have
Ra + Rb = Ra + Rb" and this is precisely R(a + b") (i.e. principal)
because ¢ = a(a + b") and b = b"(e +b"') (one checks that &’ and b”

are also idempotents).

Ex. 2.27 (a) Obvious.

(b) The fractions being irreducible; for each z = 2 € Q at least one
of m or n is relatively prime with p and so z € Q® or z~! € Q.

(c) Let S be a subring of @ so that Q¥ c § (strict inclusion). We
show that Q C S (and hence @ = S). Let r = Z € Q. If (n;p) = 1
then r € Q C S If (n,p) # 1 then let n = p°t with (t;p) = 1. By our
hypothesis let 7 = 2 € S\Q™ where (n'; p) # 1 and hence (m';p) = 1.
Then 2; EQ(”) CSand Lr=1% 7 € S. Nowif n' = p¥u with (u;p) =1
we also have =+ € S and hence = € S with k € IN*, k < v. But hence,
S being a subnng, also lk € S for k > v and so ;1; € S. Finally,
r= 1;‘—;1; € S because % EQ‘(”) CS.

(d) Let I # 0 be an ideal of Q). If I contains a rational number &
with (m;p) = 1 then 2 is a unit and I = = Q. In the remaining case,
let p™ be the greatest power of p which divides all the numerators of
the elements from I. Then I C p* Q(”) Conversely, let r = p*.2 € T
such that (s;p) = 1. Then £ € Q™ and p =.(-§.'p”) .%£ € I and hence
pPrQCl -

(e) For every p € IP we clearly have Z C Q). Conversely, if = e

N Q™ then each p € IP divides n. Hence n € {1} and 2 el
relP




Chapter 3
Zero | Divisors

Ex. 3.1 If e € R is an idempotent element such that e ¢ {0,1} then
obviously e.(1 — €) = 0.

Ex. 3.2 Denote by X = {z € [0,1]|g(z) = 0} for 0 # g € R such that
fg =0. This is a closed set (g being continuous) and hence f vanishes
on the complement of X in [0,1] and then also on an open interval
from [0,1]. Conversely, if f vanishes on the open interval (a, b) then the
function g € R defined by

' t —a)(z—b) for z € (a,b)
9(z) = { (() X ) otherwise

is a zero divisor for f.

Let f € R'be an idempotent element. Hence f2 = for f.(1—f) =0
denoting by 0.-resp. 1 the corresponding constant functions. Then
f(z) =0 or f{z) =1 for each z € [0,1]. But f being continuous only
f=0and f =1 are possible. Similarly, the unique nilpotent element -
is 0. ‘

Ex.3.3 (i) If A, B are finite subsets in M clearly A+ B=(A— B)U
(B — A) and AN B are also finite. '

(ii)y For each finite subset A from M if z € M — A (which is nonvoid,
M being infinite) then surely AN {z} = 0 and so A is a zero divisor in
Po(M); |

(i) M #N € P(M)andz € M — N then NN {z} = 0 and

hence NV is a zero divisor in P (M).
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Ex. 3.4 If mz,my € H then Mz -y = m - mzy so that from (m;n) =
1,(z,n) = 1 and (y;n) = 1 we have (mzy;n) = 1 or m-mzy € T.
Hence T is closed under multiplication. Further, let tz : T — T,tz(Z) =
@.T, the (left) translation with @ € T. This map is injective: if T,5 € T
and t3(Z) = tz(y) then @(Z— %) = 0 and if @ = ma;,T = Mz,§ =
my; then (a;n) = (z13n) = (y13n) = 1. Since ¢ = mn divides
m?a; (z; — y1) we deduce that n divides ma; (z1 — y1) and hence n
divides z; — y; (because n is relatively prime with m and a;). Hence
g = mn divides mz; — my; or T = Ty = My; = §. I being finite ¢; is
also surjective and then one checks immediately that (T, -) is a group.
Finally, the elements from T are zero divisors in Z, : for each mz € T
one has mz -7 = 0.

Remark. One verifies that (T',-) = U (Z,) the multiplicative group
of units.

Ex. 3.5 Let [ € R (resp. r € R) be a left (resp. right) non-zero
divisor. Consider the corresponding traslations ¢; : R — R,t(z) = lz
resp. t.(z) = zr,Yz € R. These are injective (indeed, e.g. #(z) =
t(y) = l(z—y)=0=z—y=0= z = y) functions and, R being
finite, also surjective functions. Hence, there are elements a,b € R
such that #;(a) = [ and resp. t.(b) = r. Then t)(az) = laz = Iz = t)(z)
and t.(zb) = zbr = zr = t/(z) so-that again by injectivity az = z =
zb,Vz € R. So a = ab = b and the corresponding element is an identity

for R.

Ex: 3.6 If s = ar,s' = d/r’ then ss’ = aa'rr’ and so ad’ € T, a mul-
tiplicative system. Further, if a € T would be a zero divisor then for
a suitable r € R the corresponding element s = ar would be a zero
divisor too.

Ex. 8.7 For r = 0 nothing is to be proved. . If r # 0 consider an
arbitrary element z € I. From (zr)a = 0 follows zr = 0 (because a # 0
and [ has no non-zero divisors) and then z(rz) = 0. Again, R having
no non-zero divisors, rz = 0 for z # 0 (z = 0 is evident).

Ex. 3.8 The intersection J = I(I) N r(I) is an ideal (see 2.3) in R,
so we can consider the quotient ring. If (r + J)(s+ J) = J are zero
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divisors in R/J then rs € J and then (rs) a = a(rs) = 0,Va € I. Now,
if sa # 0 then one uses the previous exercise for rI = Ir = (0), i.e.
r € J. Finally, if sa = 0 one verifies in an analogous way that s € J;
hencer +J =J or s+ J = J and R/J has no non-zero divisors.

Ex. 3.9 With the notations of the previous exercise, (I + J)/J = I
because clearly I N J = (0) and one uses a Noether isomorphism theo-
rem. Finally, apply the previous exercise to the Dorroh extension and
remark that if R has no non-zero divisors then J = I(I) = r(I) = (0).

Ex. 3.10 If f = ap+a1 X +..4a,X™ is a zero divisor let g = bg+b, X +
.. + b X™. polynomial of lowest degree with g # 0 and f - g = 0. Then
@b = 0 and surely a,g = a.by + .. + @ybp-1 X™ ! and (ang) f = 0
with deg (@¢.g) < m — 1 < m. Using the minimality of g we must have
a.g = 0. Next, consider f; = ag+a: X +.. + @, X™!. Clearly fg =0
and a,g = 0 imply f;¢g = 0 and then @,_1b,,—1 = 0. As before a,,.1g =0
and hence, step by step, arg = 0 for each 0 < k < n. Finally, axb, =0
for each 0 < s <m and so by, - f = 0. The converse is obvious.

Ex. 3.11 Let a € R be a left non-zero divisor. The ring R being
finite the injective map ¢, : R = R,t,(z) = az,Vz € R(az = ay =
T = y because a is a non-zero divisor) is also surjective. Hence there
is an element b € R such that ¢,(b) = 1 or ab = 1. The element b
cannot be a left zero divisor because bc = 0 (with ¢ # 0) would imply
¢ = l.c = (ab)c = a(bc) = a.0 = 0. As above ¢, is surjective and
hence there is an element d € R such that ¢,(d) = 1 or bd = 1. But
a = a.1 = a(bc) = (ab)c = l.c = c and hence ba = 1 so that a is a unit.

Ex. 3.12 It suffices to show that, equivalently, if A = Z 3) is not

a unit in M,(K) then A is a left zero divisor."We can suppose that at
least one coeflicient is nonzero, say a # 0. First, if c = d = 0 then simply

(i 3)(_2 g) = (g g) Finally, if ¢,d are not both zero, .

—a-1h —o-1
suppose that, say c # 0. Then we have z z ) ( a1 b c1 d ) _

0 —ac”ld 4+ b 00 :
( —cab4d 0 ) = ( 00 ) because ad — bec = det(A) =
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0, By hypothesis. Finally, if K is not a field the assertion remains not
valid: take 2- I, € M,y(Z).

a+bi c+di

Ex. 3.13 A = et di a—bi

= aly + bl + ¢J 4+ dK where

0 — \-10)° t 0
P=K=-0I]=-JI=K JK=~-KJ=I1,KI=—-IK = Jare
representations of matrices which simplify the verifications needed in
order to prove that, together- with the usual laws of addition and mul-
tiplication, the set M is a ring. If A € M,A # 0 then det(4) =
a’ 4 b 4 % + d% # 0 and so A has an inverse (which also belongs to
M). This ring is then a division ring, obviously without zero divisors.

Remark. See also 7.12,3.

1—_—(’ O.>,J=( 0 _1_) K--:(q z)togetherwithﬂ:

Ex. 8.14 Indeed, if ba # 0 then a is left zero divisor and if ba = 0 then
a is right zero divisor.

Ex. 3.15 If a € R is not a zero divisor, from aba = a for a suitable
b € R we have (ab— 1)a = 0 and so ab = 1.

Ex. 3.16 No. Generally they do not even form a subgroup of the
additive group (R, +). For instance, in Z¢ the classes 2 and 3 are zero
divisors but 3 — 2 =1 is not.

Remark. A ring is called subdirectly irreducible if the intersection
of all the nonzero ideals is not zero. One can prove that in a subdirectly

4

irreducible ring the answer is affirmative.

Ex. 3.17 We use 15.6: the multiplicative system So of all the non-zero
divisors is saturated (indeed, if zy is non-zero divisor obviously z and y
have the same property) and so D = |J {P|P prime ideal , P N So = 0}.
Moreover, we can show that D contains all the rmmma.l prime ideals,
Indeed, using 13.4, any maximal multiplicative system S contains So
(otherwme, for an element a € Sp,a ¢ S, the multiplicative system
{1,a,a%..,a",..}- S D S and S would not be maximal). Finally, for
a minimal prime ideal P, R\ P is a maximal multiplicative system and

from So C R\P we infer P C D.
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Ex. 3.18 For f € D(X),f = )_a.X" we call the order o(f) the
n=0

lowest n € IN : a, # 0 and o(0) = —oo. One easily checks that
o(f +g) 2 min(o(f),0(g)) and o(fg) > o(f) +o(g). f g = 3 _ b X"

n=0
and D is an integral domain, a,(f)b,() is the only non-zero product

asb; such that s+t = o(f) + o(g). Hence if fg = chX" then
n=0

Co(f)tols) = @o(f)lo(g) # 0 and o(f) + o(g) = o(fg). In particular,

o(fg) = —oo iff at least one from o(f),o(g) is —oo, i.e. fg = 0 iff

f=00rg=0.

Ex. 3.19 Neither implication holds. For py : Z — Z4,ps(x) = [z],,
we have py(2) = [2], where [2], € Z4 is a zero divisor ([2], - 2], = [0],)
but 2 € Z is not. Conversely, let f : Zs — Z3, f([z];) = [x];,(see
4.9, the translation with [1],). Obviously, f([2];) = [2], and [2], is zero
divisor in Z¢ and [2], in Z3 is not (this is a field and [2], # [0],).







Chapter 4
Ring | Homomorphisms

Ex. 4.1 If o' is arbitrary in f(R) there is an element ¢ € R such
that o' = f(a). Then a'.f(1) = f(a).f(1) = f(e.1) = f(e) = @' and
similarly f(1).a' = a’ so that f(1) is the identity in f(R). An easy (but
not trivial!) counterexample is f : Zy; = Zy3, f (T) = 4z,VT € Zy,.
Here 4 is the identity in f(Z,3) = {U, q, §} and surely 1 # 4.

As for the application, f(R) = R' and by uniqueness f(1) = 1".

Ex. 4.2 Indeed, ker f being ideal in the simple ring K, we have ker f =
K or ker f = {0}. Hence f is either trivial or injective.

Ex. 4.3 Q being a field (and hence simple), the ring homomorphisms
f,g must be either trivial or injective (see the previous exercise). If
f = g = 0 there is nothing to prove. From f(n) = g(n),Vn € Z we
deduce that the only case left is f,g both injective. In this case the
subrings f(®),g(Q) are fields in R with the same identity 1’ = f(1) =
g(1). Now if A-is the subring of R generated by f(Q) U g(@) then 1’
is also identity in A and f,g considered as homomorphisms Q@ — A
are unital. Hence f(r) and g(n) are units in A for each n € Z*and
[f(n)]™* = f(;l;), g™ = g(%) But then from f(n) = g(n) we
have also {f(n)]™" = [g(n)]™" and hence f (71;) =g (;11-) . Finally, one
gets f(3) =mf (1) =mo (}) =9 (%) V3 €@

Ex. 4.4 -Cbviously (3;5) = 1 and 2.3—1.5 = 1. If ((a],, [b];) € Z3 X Zs
then we consider n = 2.3b—1.5¢. Hence —a = 3.2(b—a),z—b = 5.1(a—

107




108 CHAPTER 4. RING HOMOMORPHISMS

b) or 3]z — a,5fz — b.Then [¢], = [al, ], = [t and f(z) = ({al,  Bly)-
Moreover, ker f = 3Z N5Z = [3;5] Z = 15Z.

Generalization. If (n;m) =1 and un+vm = 1 then z = unb+vma
does the same job for the surjectivity of f and it only remains to verify

that ker f = nmZ.

Ex. 4.5 The compositionis surjective iff for every y € Z [\/_ ] there are
elementsu € Z,v € Z [\/_] such that y = u+zv. fz =m+nVd,y =

a+ b\/z and v = s +t1/d then our composition is surjective iff for each
b € Z there are s,t € Z such that b.= ms + nt. But this last condition
is equivalent with (m;n) = 1. As for the special case, the kernel of
the composition being (z) N Z, using an isomorphism theorem, the
canonical homomorphism-is isomorphism iff (m;n) = 1.

Ex. 4.6 Takei: Z — Q,z(n) = n,¥n € Z, the inclusion ring homo-
morphism.Obviously, Z is an (lmproper) ideal of Z but i(Z) = Z is no
ideal in Q.

Remark. Surjective ring homomorphisms preserve also the ideals
(and not only subrings as it is well-known in general).

Ex. 4.7 More generally, for each ring with identity R there a unique
unital ring homomorphism f : Z —+ Rie. f(n) =n.1l,Vn € Z. Hence
only 1z is a unital ring endomorphism. In order to determine the
ring homomorphisms Z — @: we recall that the group homomorphlsms
f : Z — G where G is an abelian group, are determined by f(1) €
i.e. f(n) = n.f(1), so-for such group homomorphisms with f(1) € Q
one has to find which are also- ring homomorphisms or, equivalently,
which are the idempotent elements of @ (f ring homomorphism<> f(1)
idempotent). But the only idempotent elements in a ring with identity
without zero divisors are 0 and 1.

Hence the only ring homomerphisms are the zero and the identity
homomorphisms.

Ex. 4.8 We prove that all the ring endomorphisms of Z,, are the trans-
lations with the idempotent elements of Z,, (and one uses 1.22). First,
if f:Z, = Z, is a ring endomorphism then it is also a group endo-

morphism and hence f(7) = f(m.I) = mf(1) = m.f(T) = t; () so
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that f = t;4). But f(@) € 1d(Z,) because f(1).f(1) = f(1.1) = .
Conversely, if @ € Id(Z,) then tz(Z + 7) = tz(T) + tz(7) and tz(Z. ) =
tﬁ(':ll_).ta'(y) hold.

Ex. 4.9 As above one can verify that the required ring homomor-
phisms are the translations with the idempotent elements [a], € Z,,

such that n.[e]m = [0} holds in Z,,. Such a translation is now #f;,,

Z, — Z,, defined by t{,,,([z]s) = [a.z]m. The only non obvious thlng
to-be verified is that this translation is well-defined: [z], = [y], and

n.[alm = [0)n = [6.7]m = [@.Y]m. Indeed, from & — y = nt and na = ms

we obtain at-once-a.z — a.y = mst.

Ex. 4.10 The affirmative way follows by simple computations. None of
the four converses is true. Counterexamples: we denote by p, : Z = Z,
the projection p.(z) = T, Vz € Z. For n = 6, 3 is not idempotent in
Z but 3 is idempotent in Zg; for n = 4, 2 is not nilpotent in Z but
2 is nilpotent .in-Z4; for n = 5 every integer a ¢ {—1,0,1} is not
a unit in Z but @is a unit in Zs (this being a field). For the last

example it suffices to give an example of non-commutative ring R with

a proper commutative quotient ring R/I and to take py: R — R/ I the
correspondmg projection. But this is 2.22.

Ex. 4.11 (a) Indeed, f(z)? = f(2?) = f(1+1) = fQ)+ f(1) =1V +1
(note that ring isomorphisms are unital 4.1).

(b) Z[+/2] has elements which satisfy the relation from (a) (e.g.
v/2) but Z[+/3] has not. Indeed, (¢ + 5/3)® = 1 + 1 or the system

a? +3b? = 2,2ab = 0 have no solutions in Z, and one applies (a).

‘Generalization. If d # e are square-free positive integers the same

holds for Z[v/d}-and Z[/e].

Ex. 4.12 .bvmusllesasubrmg A, Be R= A-B,A.B€ER;
013{00)_ (01 » 00y (00 01 R
0’-0 . (}1"— 00 00/ \01 00

2
has the-required properties. Next, ( g Z) = ( 0 ab) =0<
0 a

'b=OSotha.tI={(0 O)IaEQ}.Now, A Bel,C e€R=
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A—B,CA, AC € I are easily verified. Finally ( 0 a )_( 0 a ) c

0 b 0 b
I & by = by so that themap f: R = Q, f g Z = bVbeQ

is a surjective ring homomorphism with ker f = I; so the required
isomorphism is given by a well-known isomorphism theorem.

Ex. 4.13 f being-a ring homomorphism f(A + ker(f)) = f(A) so that
A+ker(f) C f~1(f(A)).Conversely, if r € f~'(f(A)) then f(r) = f(a)
for a suitable ¢ € A and f(r—a) = 0 or 7 — a € ker(f). Hence
r € a + ker(f) € A+ ker(f). The following equivalences prove the

remaining equality r € f! n B,‘) & f(r) € ﬂ B;eViel: f(r)e

iel iel
B;evYiel:re f1(B) &
re(f(B).
iel

Ex. 4.14 Consider the inclusion f : Z — C[X,Y] and M the maxi-
mal ideal (see 13.14) of all the polynomials with zero constant term.
f~Y(M) = {0} # Z is-not a maximal ideal in Z.

Remark. If f 'R — R’ is-a surjective ring homomorphism and M
is a maximal ideal in R’ then f~!'(M) is 2 maximal ideal in R.

Ex. 4.15 Suppose that such a ring R does exist. R being a subring
with identity of R[X], it must be isomorphic with a subring with iden-
tity of (Z,+,-). In particular, (R, +) must be group-isomorphic with
a nongero subgroup of (Z,+) and hence 3n € IN* such that R = nZ.
But 1 € R implies n = 1 and so Z = Z[X] a contradiction (e.g. Z is
cyclic and obviously Z[X] isn’t cyclic). Hence there are no such rings.
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Characteristics

Ex. 5.1 Ifa € R, a Boole ring, a +a = (a+a)? =a+a+a+aso
that a + a.= 0. Hence the required characteristic is 2.

Ex. 5.2 From char(R) = ordg,4)(1) follows
char (Z x ZY = char (Z x Z3)
= char (End(Z)) = oo and char (End(Zs)) = 3.

Ex. 5.3 Asabove char (Z,, x Z,) = ord([1],, ,[1],) = [m; n] the lower
common multiple (indeed, one uses the following group theoretic result:
let z,y be elements in a group G, zy = yz, ord(z) = m,ord(y) = n. If
(2) 1 (y) = {1} then ord(zy) = [m; ).

Generalization. If char(R) = m and char(R') = n one proves in a
similar way that char (R x R') = [m;n].

Ex. 5.4 As in the previous exercise char (Q x Zs) = ord(1,[1]3) = co.

Ex. 5.5 Let K be a division ring. If char(K) = p define m -z =
mz,Vm € Z,,Vz € K. The definition does not depend from repre-
sentatives: n € @ = nz = maz and so, simple verifications show
that. K actually is a vector space over Z,. If char(K) = 0 define
(-’;i):c = m-(nz)™ , V2 € Q,Vz € K. This case is similar: one shows
that K actually is a vector space over Q.

Ex. 56 If f : Z — R is a unital ring homomorphism then surely
F(m) = m.1,Vm-€ Z. This proves the uniqueness; the existence follows

111




112 CHAPTER 5. CHARACTERISTICS

obviously (for a map defined by this formula) by straightforward ring
computations. If char(R). = @ then f(m) = f(l) = m.1l =11 =

(m—-0.1=0=m-—10=0= m =l Finally, if char(R) = n then
m.1 =0« 3k € Z: m = kn and hence ker(f) = (n) = nZ.

Ex. 5.7 The kernel ker(f) being an ideal in the division ring K one
has ker(f) = (0) because otherwise f = 0 would not be unital. Apply
the previous exercise (and especially the uniqueness).

Ex. 5.8 The condition is ¢learly necessary. Conversely, we have to
show that f(z.y) = f(z).f(y),Vz,y € K. First, we prove that f(z?) =
f(z)?,Vz € K. Indeed, this follows from f((1 + z)?) = f(1 + z)? using
f(1) = 1, f(z®) = f(z)® and char(K') # 3. Finally, from 2zy =
(z 4 y)? — 2% — y?, applying f (which is a group homomorphism for the
additive subjacent groups) we get 2f(zy) = f((z+y)*)—f(2?)—f(y?) =
flz+y)* = f(2)* = f(y)* =

(f(z) + f())* — f(z)® = f(y)* = 2f(2)f(y) and hence f(zy) =
f(z)f(y) because char(K') # 2.

Ex. 5.9 char(Z, x Z,) = p and this is no field (one finds easily zero
divisors).

Ex. 5.10 If one uses the representation 0,1,z,1 4 z,z%,1 + 2%,z +
22,14 z + z? together with 2z = 0, for each @ € K3 one checks 2a = 0.

Ex. 5.11 The elements of this field (see also 7.3) may be represented
as 0,1,2,y,2y,1 4+ y,1 4 2y,2 + y,2 4 2y where 3y = 0. For each such
element a one verifies a + a + a = 0. So the characteristics is 3.

Ex. 5.12 Let Z,[X] the corresponding polynomial ring.- This is an
integrity domain (together with Z,) and char(Z,[X]) = p. Let K be
the ring of quotients of Z,[X]. This is obviously an infinite field and
one has p- (y,y) = (py?,y?) = {0,y”) the zero element in the ring of
quotients. Hence char(K) = p. More generally, the ring of quotients of
an integrity domain of characteristic p has the same characteristic.
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Ex. 5.13 Let A = (aij),¢; <, 20d B = (bij),; ;<. - The sum of the
elements (also called the frace) of the diagonal of the product A B is

3" aibii. A simple computation shows that the trace of the product
i=1 k=1 .

B- A is the same. Hence the trace of A- B— B A is zero (the "trace”
is an additive map). But the trace of I, is obviously n - 1 # 0 if the
characteristic is 0.

Ex. 5.14 Consider f: K — K, f(z) = 27",Vz € K. Using char(K) =
p one verifies similarly to 8.11 that f is a unital ring homomorphism
(between fields) and then f is injective (indeed, f # 0 = ker(f) #

K = ker(f) = (0)). Hence the given polynomial has at most one root
in K.

Ex. 5.15 It suffices to prove that X2+Y? —1 is irreducible in K[Y][X]
applying the Eisenstein criterion (see 17.21). Indeed, Y + 1 divides
Y?—1but (Y +1)? does not divide Y2 — 1 because otherwise Y2 —1 =
(Y +1)? or 2Y + 2 = 0. But this is impossible without char(K) = 2.

Ex. 5.16 (i) If u € K is a root for the polynomial f then u? = u + a.
But then u + k,1 < k < p — 1 are also another p — 1 different roots
~ for f and so f factors completely in K[X]. Indeed, (u +1)" = u? +
.(g’):u”"l+..+ ( p—l-J-l ut+l=

u?+1=(u+a)+1=(u+1)+ashows that u + 1 is also a root
(char(K) = pis used) and one continues in this manner for u+2,..,u+
(p— 1.

(ii) Set z = by and use (i);

{(iii) Set z = z~! and use (ii).

Ex. 5.17 First observe that a # —1 : otherwise the existence of the
map f-would imply char(K) = 2. Indeed, for a = -1, f(z) + f(—2z) =
2z -and replacing ¢ by —=z, f(—z) + f(z) = —2z so that 2[f(z) +
f(—z)] = 0 or (multiplying by 27!) f(z) + f(—z) =2z =0,Vz € K.
Further, from a?"t! + 1 = (a + 1)(a?" — a2 + .. — a + 1) follows
l—a+..—a® 1 +a®=2(a+1)"" (because a + 1 # 0).
Finally, one checks that the map f: K — K, f(z) =2(e + 1)"1 T,
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Vz € K is the required one.
Remark. It can be shown that this is the unique map with the
required properties.



Chapter 6

Divisibility in Integral
Domains

Ex. 6.1 If a # 0 is an element of D then by hypothesis a and a? must
be associated elements of D. Then @® = au for a suitable unit u € D.

Hence a(a —u) =0 and ¢ —u = 0, D having no zero divisors. So, each
nonzero element in D is a unit.

Ex. 6.2 We prove this by induction on the values of N. If N(z) = 2
and z = aja; then N(z) = N(a;)N(a;z) = 2 implies N(a;) = 1, that is
a; is a unit and a; is associated with z, or, N(a1) = 2 and then q, is
associated with z. Further, if N(z) = n 41 suppose that z is reducible.
There are a;,a; such that £ = a;a; and N(z) = N(a;).N(a;) and
‘N(a1) # 1. But then N(a1), N(a2) < n+1 so that by the induction hy-
pothesis @, a; decompose into irreducible factors. Hence 2 decomposes
into irreducible factors. '

Ex. 6.3 It suffices to define a norm as follows:
0 fz=0
N(z)=4q1 for each unit z
orit-tre  otherwise

that is, if ¢ = ep'..pi* with ¢ a unit and p; irreducible elements.
One verifies that N is well-defined and multiplicative.

Ex. 6.4 Let us define N : Z[\/n] = IN,N (a + by/n) = |a® — nb?|. If
a + by/n denotes a — by/n then z7@ = 2.W and N(z) = |z.%| simplify the
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verifications of the multiplicativity of N. The other two properties are
immediate. For Z [iy/n] we define the narm by N (a + biy/n) = a®+nb.

The verifications are similar.

Ex. 6.5 Let N : Z[{]* - N*,N(a + &) = a® + 8. If 2 = a + bi € Z]i]
and w = c+di € Z[1]* then let z-w™! = s+t € Q)] Hq =
m + ni € Z[1] is chosen such that |[s —m] < 1,{t —n| < I then let
u = s —m+ (¢t — n)i. Hence z = wq + wu. Now, z,wq € Z[i] and
hence also r = wu € Z[i]. Moreover, ¥(r) = N(wu) = N(w).N(u) =
N(w). [(s —m)’ +(t— n)z] < IN(wy< N(w).

Ex. 6.6 One has N(5) = 25 but a? 4+ 20> = 5 has no solutions in
Z so that 5 is irreducible. We have 2 +iv2 = (1 — iv/2)(1v/2) =
(=1 + i1/2)(—iv/2) as non-trivial decomposition but N(1 +i/2) = 3
prime number, shows that this is an irreducible element so that one has
only associate decompositions 1 4 i/2 = (—1)(—=1 — iv/2).

Ex. 6.7 Z[i] being an Euclidean ring, one has to apply an Euclidean
algorithm in order to get a gcd. First we obtain 5 = (14 37)(—i)+2+1
, searching the quotient as a Gauss integer m + ni such that I-;- - ml <

L 5 _1_3

3 1 5 _ C _ —
3 '-—-5 —_ nl < 7 because 5 = 3 — 5t so that m = 0,n = —1. Further,

14+ 3i = (2+1¢)(1 +71) so that ged(5,1 + 37)-= 2+ 1.

Ex. 6.8 Let N : Z[i+/5] = IN be the function defined by N(a+biv/5) =
a® 4 5b%. One verifies N(zy) = N(z).N(y),Vz,y € Z[iv/5] so that if
d would be a gcd(6,2(1 + iv/5) then N(d) divides N(6) = 36 and
N(2(1 4 iv/5)) = 24. But 2 divides 2(T 4 4+/5) and 1 4 i+/5 divides 6
(indeed (1 +iv/5)(1 — i+/5) = 6) so that N(2) = 4 and N(1 +i/5) =6
divide N(d). Hence N(d) = 12. But there are no integers a, b € Z such
that a? + 5b% = 12. :

Ex. 6.9 If d = gcd(3,1 + i+/5), as above N(d) divides N(3) = 9 and
N(1 +iv/5) = 6 so that N(d) € {1,3}. There are no a,b € Z such
that a® + 5b6% = 3 so that N(d) = 1 and hence d is a unit (see 1.18) in
Z[z\/g] Hence 1 = gcd(3,1 + zx/g)
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Ex. 6.10 Z[:] being an Euclidean ring a ged(1 + ¢,4 + i) will be the
required generator so that we have to apply an Euclidean algorithm.
We have 3+t = 2 — 3; =2 — i + 1={ 50 (see an above solution) 4 +i =

(1 +1)(2-1) +1 and hence 1 = gcd(l + 1,4 4+ ).

Ex. 6.11 We have (1 +i4/n)(1 — iv/n) = n + 1 = 2k (because /n ¢
Z,n > 3 surely implies that n is an odd number) so that 2|(1+4/=)(1—
i4/n). Simple verifications show that 2 does not divide neither 1 +i/n
nor 1 — iy/n. So 2 is no prime element in Z[i\/n]. Further, in order
to show that 2 is irreducible, let 2 = zy with z,y € Z[i\/n], namely
T = a + biy/n,y = ¢+ diy/n, with a,b,¢,d € Z. Using the conjugates
T,§ we obtain (a2 + nb?)(c® +'nd?) = 4 so that a® + nb® € {1,2,4}
respectively a? 4+ nb? € {1,2} (using symmetrically ¢ +nd? ). The first
case implies b = 0,a € {£1} and hence z is a unit. The second case is
impossible.

Ex. 6.12 The ring Z[i] being Euclidean (see 6.5 above) the prime and
the irreducible elements coincide so it is sufficient to show that 1+ 27 is
irreducible. As we have seen in previous exercises it suffices to show that

N(Q +2)is prlme (1ndeed N (a:) N(y) implies z,y are associated).
But N(1 +2) =

Ex. 6.13 (a) According to 6.4 Z [1\/(_3] is normed, by N : Z [1\/(_3] —
IN,N (a + bzx/(_i) = a? 4 6b%. It is readily checked that a® 4 6b% € {2, 5}
have no solutions for (a,b) € Z x Z.

(b) For instance, a? + 60 = N(2—-i\/(_3) = 10 with ¢,b € Z
implies ¢ € {—2,2} and b € {-1,1} so that 2 — i1/6 is irreducible.
The same judgement is to be made for N(2) = 4 and N(5) =
Next, 6 = 2.3 = i/6 - (—Qi\/(_)') are nonassociated decompositions and
2|6 % 2|i+/6 nor 2| (—-zx/(—i) , S0 that neither 2 nor 3 is a prime element.
For the third element one uses (2 + z\/(_i) (2 - z\/g) = 2.5

(c) We have N (2 + z\/g) = 10 and N(5) = 25 so that a|2 +iv/6
and a|5 imply N(a)|gcd(10,25) that is N(a)|5. Hence , using (a), only
N(e) = 1 is possible. Surely, (2+i\/§, 5) # Z [z\/(_i] and so 1 ¢
(2+1v6,5).
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.

(d) Similarly N (10) = 100, N (4 +2iv/6) = 40 so that if d =
ged (10,4 + 21\/6) we would have d|10 and d[4~+2i\/6 and so N(d)|20.
But 2|10 and 2|4 4 2iv/6 and so. N(2) = 4|N(d). Analogous, 2+i+/6|10
and 2+1v/6|4+2:1/6 imply 10| N(d). Hence N(d) = 20 but a®+6b% = 20
has no solutions in Z.

(e) We have already seen that 10 = 2.5 = (2 + z\/G_) . (2 - z\/ﬁ-)
holds. -

Ex. 6.14 More generally, we prove that in- a Gaussian ring R which is
not a field with only a finite number of units there are infinitely many
irreducible elements. Indeed, suppose that p;,ps,.., p, would be the
only nonassociated irreducible elements in R and consider the elements
g = (p1p2.-pn)¥ + 1 for every k € IN. If k # I then gx # g otherwise
the elements p; would be units (if & < ! one has (p;p2..p.)"* = 1). The
ring R having only a finite number of units there is a r € IN* such that
g- is not a unit. If g, = up('p3*..p" is & decomposition in irreducible
elements (with at least a r, > 0,1 < s < n) a simple computation leads
to the conclusion p|1 or p; is a unit, a contradiction.

Ex. 6.15 If an element a € D* would not be a unit, the element a?
would neither be a unit. By hypothesis, being irreducible, ¢ and a?
would be associated elements in D. But this implies a is a unit (see the
solution of 6.1). This contradiction shows that D is a field.

Ex. 6.16 As above we use the function N : Z[iy/n] = N, N(a +
ivn) = a® +nb? for n € {3,6} in order, to prove that 4 = 2.2 = (1 +
iv/3)(1 — i4/3) respectively 6 = 2.3 = (¢4/6)(—iv/6) are non-associated
decompositions in irreducible elements. Indeed, in the first case we
verify that neither 2 divides 1 #+ i4/3 nor 1 & iv/3 divides 2,and in
the second case we recall that if N(z) # N(y) then z and y are not
associated.

Ex. 6.17 For Z[i/2] we prove a division algorithm using the corre-
sponding function N : Z[iv/2] = N, N(a + bi+/2) = a? + 2b? as fol-
lows: let £ = a + bi\/i,y = c+div/2 # 0 and f = u + viv/2 with
u,v € Q and let s,t € Z such that |u—s| < 1 and Jv—¢| < 1 (the
nearest integers for u,v). We have z = yg+ r with N(r) < N(y) for
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g =s+tiv2and r = [(u—s)+(v—1)iv2].y € Z[iv2). Indeed, N () =
N(f—(s+ti\/§)) =(u—s)?+20v-t)?2<1+23=3<1 Sothe

answer is affirmative.

Ex. 6.18 As above we consider N : Z [\/g]t - N, N (a +b\/§) =
|¢22 -3¢ . Ha +bv/3, c+ dv/3 are nonzero elements it is readily checked
that N (a +bv3) < N [(a+ bv3) (c+ dv/3)] . Using the standard di-
vision algorithm in Z we obtain ac—3bd = ¢(c? — 3d%)+r and bc—ad =
q (c* — 3d%) + 1’ such that |r| < 1| = 3d%, '] < %]|c? — 3d%|. Now,
if we consider s + /3 = (a + b\/g) - (q + q’\/g) (c+ d\/ﬁ) then we
have the required division algoi'ithm inZ [\/§] because s +t4/3 =0 or
N (s+tv3) < N (c+dv3).







Chapter 7

D1V1Slon Rings

Ex. 7.1 Let K = {0,1, a,b} be a field with four elements. Its charac-
teristic being 2 (a prime number dividing 4) we obtain 1+ 1 =a+a =
b+b = 0. The group (K, +) being of Klein type we also havea+b = 1.
The inverse of a must be b. Indeed, a™! = 1 would implye = 1,a™! = a
would imply a? = 1 and (¢—1)% = 0 (char(K) = 2) and hence a = 1. So
a”! =borab=1and evena(l+a) =1 or a® = 1+a. An isomorphism
to K, (from 1.9) is now obviously defined.

Ex. 7.2 One checks that this is a ring with identity. Let us denote by
a = (a,0,0) and by z = (0,1,0). Hence the 8 elements are 0,1,z,1 +
z,22, 14+ 22,z 4+ 2%, 1+ z + 22 From z° = 1 + = we infer z(1 +z?) = 1
and so z and 1 + z? are units. Moreover, z2(1 + z + z?) = 1 and
(1+z)(z + %) = 1 show that all the nonzero elements in K3 are units.

Ex. 7.3 As in the previous exercise we denote by a = (a,0) and by
y = (0,1). The 9 elements are 0,1,2,y,2y,1+y,1+2y,2+y,2+ 2y and
the equalities g = 2,y- 2y = 1,(1+y)(2+y) =1,(1 + 2y)(2+ 2y) = 1
show that all the nonzero elements in Ky are units.

Ex. 7.4 The map f : C — {( -fb :)Ia,bEIR} defined by f(a +

bt) = ( -fb Z ) is the required ring isomorphism.
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Ex. 7.5 The verifications are easier if one uses the decomposition
2 3
M(z,y) = ( v ;-y y . -—y2y ) = zl; + yA where I; denotes the
; _32 ) . We note that A? = 10], and then
M(z,y)+M(z,t) = M(z+z,y+t), M(z,y).M(z,1) = M(z2+10yt, zt+
yz). Moreover, if M(z,y) # M(0,0) we have 22 — 10y # 0 (v/10

being not rational) and M(z,y)™' = M (zgjoyg , —32_”10212) . The map

f:Q[V10] = {M(z,y)|z,y €Q} defined by f(z + yv/10) = M(z,y) is

the required ring isomorphism.

identity matrix and A =

Ex. 7.6 As above one simplifies the verifications decomposing

( ;b : ) = al;+bA, where A = ( 2, (1) ) and using A? = dI,.The

required isomorphism is defined by a + bv/d — ( ;b : ) .

Ex. 7.7 Let f: (K,+) — (K*,-) be a group isomorphism.Then f(0) =
1 and there is an element a € K™ such that f(a) = —1. Now f(—a) =
F(0—a) = f(0)- (f(a))™" =1-(=1)"! = 1 and so, f being injective,
a = —aor 2a = 0. But then (2-1)-a = 0 and hence 2-1 = 0 which
implies 2z = 0,Vz € K. Finally 1 = f(0) = f(2-1) = (f(1))? or
(f(l))2 -1=(f(1) - 1)2 = 0. Hence f(1) = 1 and using the injectivity
of f,0=1, a contradiction. (see also the following exercise).

Ex. 7.8 If char(K) < oo then char(K) = p, a prime number. The field
being a commutative ring, the Newton binomial formula gives (see 8.11)
(a£b)? = aP£b*,Va,b € K. Hence[f(z)]” = f(pz) = f(0) =1,Vz € K
and then [f(z))f — 17 = [f(z) — 1] = 0. But so f(z) = 1,Vz € K
and then f is the trivial group homomorphism. This result cannot be
applied to @ because char(@Q) = co. But this result remains true: there
is only the trivial group homomorphism between (Q,+) and (Q*,)
Indeed, for every € Q and a such group homomorphism f from f(z) =

2

f(% + %) = [f (%)] > 0. Next, one checks f(z) = [f(1)]",Vz € Q.
Finally, we prove f(1) = 1. If f(1) = § with a,b € IN*,a # b,(a;b) = 1,
choosing p € IN,p > max(a,b), at least one from a and b is not the
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p-th power of a natural number and hence § ¢ (Q)”. Hence, f (%) =
[f(l)]% = (%); €Q, a contradiction.

Ex. 7.9 Multiplying to the right the first relation by a® one obtains
a*bta™ — b*t1g?t! = g™, Further, multiplying by b™*! to the left and
then to the right a?*! = —p?**! we get b"t1g?nt! = —pn+2

a?+1pntl = _pP+2 and hence b*tla?t! = o+t | Using a previ-
ous relation we deduce a™"a™ — a®*+1p™*! = g™ and hence the required
relation follows by left multiplication with ¢=".

Ex. 7.10 ‘Obviously, only the ”if” part needs verification. We show
that if zy = 1 then also yz = 1 holds. If zy = 1 then y # 0 so that
there is an element z € R such that yz = 1. But z = 1.z = (zy).z =
z(yz) = z.1 = z so that yz = 1 as required.

Remark. One surely obtains a similar true statement replacing the
existence of the right inverses by the corresponding left inverses.

Ex. 7.11 In a division ring, if z # 1, the equation z + y = zy has the
unique solution y = (z — 1)~1z. Conversely, for an arbitrary element
a € Rya # 0 we have 1 — a # 1 so that there is a b € R such that
1—a+b=(1-a)band hence 1 = a(l + b), i.e. a has a right inverse.
By the above exercise, R is a division ring.

Ex. 7.12 In what follows we give three different (but isomorphic) pre-
sentations of the so-called quaternions division ring.

1. H = R* together with the following operations (a,b,¢,d) +
(", b,c,d") = (a+d,b+bc+,d+ d') and (a,b,c,d).(d",V,,d) =
(aa’ — bY — e/ — dd',ab’ + ba' + cd' — dc',ac' — bd' + ca’ + db',ad +
bc’ — cb’ + da’). Denoting by i = (0,1,0,0),j = (0,0,1,0), k =(0,0,0,1)
and by a = (a,0,0,0),Ve € IR one gets the representation (a,b, ¢,d)=
a + bi + cj + dk together with ai = ig,aj = ja,ak = ka, i =% =
k? = —-1,ij = k = —ji, jk =1 = —kj, ki = j = —ik which simplifies all
the needed verifications. If n = a?+b?+c? +d? # 0 then (a,b,¢,d)™' =

e b _c _d
n? n? n' nj)°
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a b ¢ d
—b —d

2. H = e 3 . _cb la,b,c,d e R} C My(R) to-
—d —c b a

gether with the usual matrices addition and multiplication. The astute
reader will simplify the verifications decomposing

a b ¢ d
b a —-d ¢ :
= aly + bJ + cK + dL where
—c d a -=b
—d —c b a
0 10 0 0 0 10
-1 00 O , 0 0 01
T=1 9 00 1 |"®E={-1 0 00|
0 01 0 0 -1 00
0 0 0 1
0 0 -1 0 . . . .
L = 0 1 0 0 with similar relations to the above ones
-1 0 0 O
given for the quaternions i, j, k. A natural map gives H & H.
( 5 |z,u €Cp C M,(C) where 7 denotes the
conjugate of z, together with the usual matrices addition and multipli-
cation. The map ( _z_ﬂ ; ) — a+bi+cj+dk, where z = a+ bi,u=

¢ + di provides H = H.

Ex. 7.13 For a prime number p consider K = Z,[X]/(X? + aX +b).
If the polynomial X? + aX + b is irreducible over Z, then the ideal
(X? + aX +b) is maximal and K is a field with p? elements (see also
7.15 bellow). In order to prove that such a polynomial (Z, being a
field it suffices to consider monic polynomials, i.e. polynomials with the
leading coefficient T) does exist it suffices to make the following simple
computation: there are obviously only p monic polynomials of degree
1 (that is X, X + 1,..X + p—1) and so there are ( 5 > +p= —L’ﬁ'ﬁ
reducible monic polynomials-of degree 2. Hence there are p? — 2 ”2"' b =
ﬂ”z;ll irreducible polynomials of degree 2.
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Ex. 7.14 We compute the center of H, the division ring of all the
quaternions. Let ¢ = a + bl + ¢j +dk € Z(H). From ¢-i=1-q we infer
agi—-b—ck+dj=ai~b+ck—djandsoc=d=0. Fromg-j=j-gq
we deduce b = 0. Hence Z(H) = R.

Ex. 7.15 K being finite, it has a finite and hence prime characteristic
p. Then K contains the field Z,and moreover, is a linear space over
Z,. Indeed, if one uses 5.6, char(K) = p implies that for f, the unique
unital ring homomorphism, f (Z) = Z/ker(f) = Z/(p) & Z,.If
dimzp(K ) = n then K has p" elements.

Ex. 7.16 Nonzero endomorphisms of fields are injective and hence (the
restriction to K™ is homomorphism of groups) unital. So 0,1 € Hand
so |H| > 2. Moreover, it is readily checked that a,b € H,c € H\{0} =
a—b¢ H and a.c! € H (indeed, f(c™!) = f(c)™}).

Ex. 7.17 .Let N = {1,2,..,n} and M = {1,2,..m} for n,m € IN".
Then if we denote by F;; = U;;(1) (the matrix whose i — j entry is
1, with all the other entries 0) then M,(K) = {f|f: N x N = K}
and Mn(K') = {glg: M x M — K'} (all the maps) can be consid-
ered as linear K-space resp. K'-space with bases {E;;|i,j € N} resp.
{E{jli,j € M} . Now K 2 E;; M, (K)Eq (notice that Ey; is obviously
an idempotent) and K' & E{,M,(K')E], together with an isomor-
phism F : My(K) = Mn(K') gives by restriction an isomorphism.
K = K'. To get this, notice that, for instance {E;;|i,j € N} (called
matric units in [25]) are determined as elements in a ring by identities
preserved by a ring isomorphism : Z Ei =1, E;;E = 0k Ey.
=1
Finally, if K 2 K’ then dimg(M,(K)) = n? = m? = M,(K")

implies n = m.







Chapter 8
Automorphims

Ex. 8.1 If f :Q — Q is an autofnorphism one easily checksthat f(0) =
0 and f(1) = 1. Then for each n € IN* we deduce f(r) = f(1+..4+1) =
f()+..4+ f(1) =nf(1) = n. Moreover, f(—n) = —f(n) = —n sa that
f(m) = m,Ym € Z. Further, for each n € Z*,1 = f(1) =.f=(n-- %) =

f(r)-f (;1;) =nf (-,1;) and hence f (-,1;) = L. Finally, for each 2 € Q we
have f (2) = f (m-L) = f(m)- f () =m- L =12,

Ex. 8.2 From the previous exercise we know that @ has only the iden-
tical automorphism. Now, if f : R — IR is an automorphism, as abeve
f(a) = a,Va € Q. f £ € R and = > 0 then f(z) = f((VT)?) =
(f(v/z))® > 0 (f(0) = 0 and the injectivity of f imply f(v/z) # 0).
Taking z; < z, and * = z; — z,we infer f(z;) < f(z,) so that f
is an increasing function. We prove that f is the identical automor-
phism. If we would have f(x) # z for a suitable z € IR suppose for
example f(z) < . There is an a € Q such that f(z) < ¢ < z sothat
a = f(a) < f(z) is a contradiction. Finally, if f : C = C is such
that f(z) = z,Vz € R then —1 = f(-1) = f(i?) = (f(7))?-so-that
f(3) € {—i,%}. Hence f is the identical automorphism or the conjugacy
of complex numbers, i.e. f(a + bi) = a — b for every a + bt €C.

Ex. 8.3 Let f : Q(vd) — Q(+/d) be an automorphism. As in the
previous exercises from f(0) = 0 and f(1) = 1 we deduce f (’{:—) =

2 V2 €Q. Now, for each e, b €Q, f(a+bV/d) = f(a)+F(b)F(Vd) = at
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bf(+/d) holds so that f is determined by f(v/d). If f(v/d) = z+y+/d the
following computation is needed: d + f(d) = f(\/_ Vd) = (f(Vd))? =

(z + yVd)? = z® 4 dy? + 2zyV/d. It implies 22 + dy® = d,zy = 0. If
y = 0 one would have d = z? and hence d would not be square-free. So
z = 0 and y € {+1}. Hence Q[v/d] has only two automorphisms (the
identical and ”the conjugation” ones).

Ex. 8.4 For each automorphism f : Ky — K; we have f(0) = 0 and
f(1) = 1. The only bijective functions verifying these conditions are the
identical automorphism and the function f such that f(a) =b, f(b) =
a.

Ex. 8.5 We use the representation pointed out in 7.2:

Kz ={0,1,2,1 + z,2%,1 + 2%,z + 2%,1 4+ = + z?}. Because f(0) =
0, f(1) =1, f(z) (which obviously determines an automorphism f of
K3s) may be chosen from the other 6 elements. But one verifies that
z® = 1 4+ = holds and hence also f(z)® = 1 4+ f(z). Straightforward
computations show that this holds only for the elements z, 2%,z + z2.
So Kg has only 3 automorphisms: if we denote by o : Kz — Kjz the
automorphism determined by a(z) = z? then o® = 1k, and the 3

automorphisms are the identical one and o, o?.

Ex. 8.6 We use the representation pointed out in 7.3:

Ko, = {0,1,2,y,2y,1 + y,1 4+ 29,2 + v,2 + 2y}. Because f(0) =
0,f(1) = 1, f(2) = 2, f(y) (which determines an automorphism f of
Ko) may be chosen from the other 7 elements. Now, one verifies that
y? = y + 1 so that (f(y))® = 1 + f(y). We easily check that this is -
possible only if f(y) € {y,1+ 2y} so we have only a non-identical
automorphism § : Ky — Ko, determined by 8(y) = 1+ 2y.

Ex. 8.7 Z(+/3) is a subring of Q(+/3) group-generated by 1 and /3.
One verifies that the only non-identical automorphism is m 4 n/3 —

m — n\/3.

Ex. 8.8 We use 4 8: the ring homomorphisms of Z, are the transla-
tions with the idef potents. Z, being a field, the only idempotent is T
so that Z, has only the 1dentlca1 automorphlsm
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Ex. 8.9 (a) If ¢ is a unit, the map ¥ : R[X] — R[X] , ¢¥(p(X)) =
p(a~!X — a~'b) is the inverse of ¢, so that straightforward verifications
show that these are automorphisms of R[X].

(b) Let f : R[X] — R[X] be an automorphism with inverse g such
that f(a) = a,Va € R. We have (f 0g)(X) = X so that f(X) and g(X)
are polynomials of degree one. If f(X) = a1 X +ap and g(X) =b, X +bo
the previous equality gives ¢;b; = 1 and a;bp + ap = 0 so that q;
is a unit. Hence f is one of the automorphisms pointed out in (a).
Tndeed, £(p(X)) = f(co+ 1 X + . + eaX™) = f(co) + f(e1) F(X)+ .. +

f(ea) O™ = p(F(X)) = plerX + o)

(c) From the above exercise, each automorphism ¢ of Z, is defined
by ¢(p(X)) = p(aX + b) where a,b € Z, and a is a unit. Hence Z,[X]
has p(p — 1) automorphisms, Z, having p — 1 units. Similarly, the
cardinal number of Aut(Q[X]) is No.

Ex. 8.10 Indeed, first observe that each automorphism of Q(/a) maps
Ya into a root of the equation z? = a (if f(¥a) = b one has b* =
f(¥/a)? = f((¥/a)®) = f(a) = a where the last equality is obtained as
in the first exercise above). But the only real root of this equation is
/a so that the only automorphism of Q({/a) is the identical one.

Ex. 8.11 K being commutative we first show that f is a ring ho-
momorphism. Indeed, f(ab) = (ab)? = a?b* = f(a)f(b) and f(a +
b) = (a+b)P = a? + ’1’ L S P | ) aP™>+17. One has
to know that a prime number p divides all the binomial coefficients -
( 11’ ) , ( g ) s ey ( p f 1 ) . K having the characteristic p the above
computation continues as follows: f(a + b) = a? + b = f(a) + f(b).
Each non-trivial ring homomorphism between fields being injective, f
is injective. K being finite, f is also surjective and hence,an automror-
phism.

Ex. 8.12 Let K be a division ring which has only a finite number of
automorphisms. Among these, for each 0 # a € K surely the maps
fo: K = K, fu(z) = a”'za,Vz € K are automorphisms (called inner).
Moreover, ({fsla € K*},0) has to be a finite group, & subgroup of -
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Aut(K). Hence each element in this subgroup has finite order, i.e. for
each a € K* there is an n(a) € IN* such that (f.)™® = 1x But then
(fao fa0..0f)(z) =z or a™za™®) = z or za™®) = a™®)z,Vz € K.
Finally, for each a € K (clearly 0 also has this property) there is a
numbern(a) € IN* such that a™® € Z(K). But hence K is commutative
according to 17.6 (obviously a division rlng has no nilpotent ideals,
excepting (0)).

Ex. 8.13 For each ring automorphism f : R — R one has f(0) =
0, f(1) = 1. But there are exactly (n(R) —2)! permutations of R with 0
and 1 fixed. Hence for the required rings each permutation of R which
. fixes 0 and 1 must be an automorphism.

First we show that n(R) < 4 and more precisely that n(R) >
4 = n(R) = 4. Consider the transposition ¢ = (ab) € S,(r) where
a,b € R\{0,1}. As a permutation which fixes 0 and 1, & must be an
automorphism of R and consequently, also a group automorphism of
(R,+) . Obviously, o 0 0 = 1 and the verification reduces to n(R) >
4 = n(R) = 4 as (abelian) groups. Indeed, consider r € R\ {0,a, b}
and analyse the sum ¢ 4+ r. If a + r = 0 applying o, b+ r = 0 fol-
lows and then ¢ = b, a contradiction. The possibilities a + r = a
and ¢ 4+ r = r clearly provide contradictions (r = 0 and @ = 0). If
a+r=r'€ R\{0,a,b,r} we apply ¢ and obtain b+ r = r' and a = b,
a contradiction. Hence, only @ + r = b is possible and z = b — a is
uniquely determined. So (R, +) has at most four elements. If one con-
2
T

ol o
o} =
T el @)

siders the permutation 7 = ) , by straightforward com-

putation 7(2+2) =1 ( ) 0#£2= +1= 7(2) + 7(2) so that 7 is not
a group homomorphism. So (R, +) 2 ( y+)or (R, +) & (Zyx Zy, +)
because n(R) > 3. :
. Using 1.9 (and 1.10) the only rings which could have the required
property are (Zs,+,-) and the rings Iy, Ky and (Z3 x Z3,+,-) (the
direct product) from 1.9. For these rings the subjacent abelian group’
is the Klein group X = {0,1,b,c}. The only permutations which fix
0 and 1 are 1¢ (which obviously is a ring homomorphism for all the
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structures) and the transposition § = (bc). This transposition is a ring
endomorphism for K4 and the direct product but is not a ring endo-
morphism for I : §(bc) = §(b) = ¢ # b = cb = §(b)é(c). Hence the
required rings are (Zs,+,+), K4 and (Z3 X Z3,+,").







Chapter 9
The Tensor Product

Ex. 9.1 Indeed, themap f : ZQzZ, — Z-Z,, f(3_z:®F;) = Y ;
i=1 i=1
is readily seen to be a Z-isomorphism.

More generally, if gM is a left R-module the map pyp: RQr M —
RM defined as above (the corresponding map R x M — M, (r,m) —
rm being bilinear) is a R-epimorphism which is a R-isomorphism if R
has identity (RM = M and pz'(z) = 1 ® z is the inverse).

Ex. 9.2 (a)ffr € Z, and ¢ €Q then z®a = :c®(;l;a)n =znQla=
0@ L sa=0.
(b) Slmllarlyz®(a+Z) =z®(2a+Z)n=0Q (—a+Z) = 0.
© (24+2)9a=(2+2Z)® (le)n=n(2+2Z)®Lla=
ZRLta=002a=0.
Remark. If R is an integral domain, g M is a torsion R-module and
rN is a divisible R-module, more generally, one has M @ g N = 0.

Ex. 9.3 The image of this homomorphism is zero: indeed,
u®g lz(nz,y)=nz®@y=2Q@ny=2Q0=0.
~ But nZ @y Zn 2 Z Qg L, = Z # 0 (see also 9.1). Hence the

homomorphism is not injective.

Ex. 9.4 We first consider the map f : (R/I) x M — M/(I - M),
J(7,z) = 7z. Simple verifications show that f is well-defined (i.e.
s€F=r+l= sz € 7T =rz+1-M) and R-bilinear. The definition of
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the tensorial product gives a morphism of R-modules f : (R/I)®pM —
M/(I-M),fF®z)=7T.

Conversely, the map h: M/(I- M) = (R/I)®r M,h(z) =1Q =z is
well-defined (i.e. y €T =z+I[-M = 1®z = 1®y) and homomorphism
of R-modules. Finally, f and k are mutually inverse and so they provide
the required isomorphism.

The application: let G be an abelian group. There is a canonical

isomorphism Z,, @ G = G/mG for each m € Z.

Ex. 9.5 Using the previous exercise R/I ®r R/J = (R/I)/J-(R/I) =
(R/I)/(I+J/I) = R/(I + J) the only thing the reader has to verify
is the equality J - (R/I) = (I + J)/I.

Ex. 9.6 (a) Using the previous exercise we have Z, @ Z,, = Z/nZ ®
ZimZ S Z[(nZ + mZ)=Z|dZ =7,

(b) If Z, ® Z,, = 0 using again the previous exercise one gets
nZ + mZ = Z and then d = 1. The converse follows from (a).

(c) Again using the previous isomorphism one has Z, ® Z,
Z/(nZ +nZ)=Z[nld =1,

For each abelian group G and each n € IN* one proves Z, @7 G =
G/nG. ,

14

Ex. 9.7 The map m :Q xQ —Q, m(a,b) = a.b,Va,b € Q is clearly Z-
bilinear so that there is an abelian groups homomorphism f : Q®Z7Q —
Q, f(a ® b) = ab,a,b € Q. But the function ¢ : Q =+ Q @7 Q,g(z) =
1® z,Vz € Q) is easily checked to be the inverse of f.

Ex. 9.8 Recall that for Mr and g N modules, a bilinear map ¢ : M x
N — G (where G is an abelian group) is called universal if for each
bilinear map 1 : M x N — H to an abelian group H, 1 factors through
. The bilinear map ® : M x N -+ M ®g N is universal.

The map p : K xU — U, pu(k,u) = ku is easily seen to be bilinear so
it induces a linear application iz : K Qg U — U, E(k,u) = k ® u. Since
E(1®u) = u,Yu € U this map is surjective. It is also injective: indeed,
one'establishes at once that each £ € K@x U can be represented as 1Qu
for a suitableu € U (if z = Z(k;@u;) = E(lk;@u;) = E(l@k;u,-) =

t i i
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1Q® (Ek,-u,-) =1®u ). If therefore f(z) = f(1 @ u) = 0 then u =0

and hence z = 0.

The above map @ being bilinear, the map ® : U x V —» V ®x
U, (u,v) — vQu, is also bilinear. By ®’s universality there is a unique.
linear map ¢ : U ®x V = V @k U such that {(u ® v) = v ® u. In order
to prove that ¢ is the required isomorphism it suffices to prove that ®
is also universal (providing an inverse for t). Let f: U xV = V x
U, f(u,v) = (v,u) be the obvious isomorphism. For each bilinear map
s : V xU — W there is a unique linear map h such that ho@o f~! = s
because of the bilinearity of s o f and the universality of ® (the above
equality being equivalent to ho® = so f ). Hence ® o f~! = ® is
universal.

For eachu € U themap ¢, : VXW = (UQk V) Qrx W, 0z (v,w) =
(u®v)®w is clearly bilinear and hence there is a unique homomorphism
Lo VKW = (UQk V) ®kx W, ttu(v® w) = (v ® v) ® w. Further, we
define  : U x (V @k W) = (U ®x V) @k W by o(u, Y (v ® wy)) =

L (vi ® wi)) = 3 (v ® v;) ® w; and this is also a bilinear map

inducing the homomorphism ¢ : U @k (V ®x W) = (U ®x V) ®x
W, p(e ® (i vi ® w;)) = Ti(u ® v;) @ w;. In an analogous manner one
gets an inverse for p, i.e. p': (UQk V)Qx W = U @k (V Qx W).

Ex. 9.9 If {u;};; and {v;},.; are bases in U respectively V' then

{ui ® v} j)erxs is @ base in U®k V. If I, J are finite sets a natural
K-isomorphism « : (U @k V)* — U* ® V* is then defined using the
-dual bases

(if {ei};; is a base for U then {e}};c; where

“(eg) = 1 ifi=k
S\KI=Y0 itk
is the dual base for U*)

as follows: o((u; ® v;)*) = uf ® v}, by natural extension. One gets
the second isomorphism in a similar way.

Ex. 9.10 Using again the result mentioned in the previous exercise, a

map f : K[X]®x K[Y] = K[X,Y] can be defined (by usual extension)
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only on the base X! ® Y7 € IN x IN. The required K-isomorphism is
the following f (X’ ® Y7) = X'Y7,(4,5) € N

Ex. 9.11 (a) R is a liniar Q-space of dimension X so that R = QY
as Q-spaces (where |I| = R). But in this case |I x I| = |I] so that the
following Q-isomorphisms hold: R ®g IR = QWD ®Q Q)

Q(IXI) gQ(I) ~R.

(b) We use the Q-isomorphism € = IR? in the following way: C ®Q
C = R? ®Q R? =

(RegR) = R*=C xC.

(c) € having as IR-space the basis {1,7} the R-space C ® g C has

dimension 4. Hence it is isomorph with IR*.

Ex. 9.12 The usual multiplication u : C x C — € obviously is bilinear
and balanced and hence induces a ring homomorphism yg : CQRC =+ C

defined by pg (Z (z: ® w,-)) =Y _ zw;. As above, C having as R-space
i=1 1=1

the basis {1,i} we consider 0 # 1®1+:i®iand o (1®1+i®i) =

1-144-i=0so that ker(yg) # 0 and hence yg is not injective.

Ex. 9.13 The formula (f ® 9)(z ® y) = f(z) ® g(y) together with the
fact that {z ® y|z € M,y € N} is a generating set for M ® N proves
immediately the first assertion.

Obviously, ker(f ® g) includes the subgroup S generated by the twe
sets mentioned above. Now, if ps: M N — (M ® N)/S is the canoni-
cal projection and for z,z, € M,y,y; € N we have a = z — z; € ker()
and b=y —y; €ker(g) thenz; ®y1 =zQy+ (¢ Qy+2zQb+a®b)
and hence (a®@y+z®b+a®b € 5) ps(z®y) = ps(z1®y1). So, thereis
a balanced map ¢ : M' X N' =+ (M ® N) /S defined by ¢ (f(z),9(y)) =
ps(z ® y) and then, a homomorphism ¢ : M'Q N' -+ (M ® N) /S such
that ¢ (z' ®y') = ¢ (a',y'). Then ¢ (f(z) ® g(y)) = ps(z ® y) and so
Po(f®g)=ps.

Finally, if ¢ € ker(f ® g) then ps(t) = ¥ (f®g)(t) = ¥ (0) =0
and t € S = ker (ps) . Hence ker (f ® g) = S.

Ex. 9.14 For r + I € R/I and a € I, denoting by ® the tensor in
I®(R/I) we have (11 ® 1R/1) (a®(r+ 1)) =a®(r+1I) =1Q(ar+I) =
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1® 0 =0 and hence ker (11 ® lR/I) = I @gr(R/I). Using the previous
exercise, the kernel T of 1; ® pr : I® R — I ® (R/I) is generated by
{a®r|a € I,r € R}. 1t is readily checked that the canonical homomor-
phism f: IQ R — I, f(a ® r) = ar maps T on I2. Since I? # I clearly
T #1Q® R and hence I ® (R/I) # 0. Then i ® 15/; is not injective.







Chapter 10

Artinian and Noetherian
Rings

Ex. 10.1 Z[i]is noetherian together with Z. It is not artinian: 3Z[{] D

32Z[i] O .. D 3*Z[t] D .. is an infinite decreasing sequence of ideals in
Z[i].

Ex. 10.2 (a) Simple verifications are needed in order to prove that the

given sets are left ideals in 7. Conversely, let L be a left ideal of T.

Consider the following subsets N = {(r, z) € R M| ( 6 :(l): ) € L}

and [ = {s €S| (8 2 ) € L}. Again, one verifies that: N is a

left submodule of R & M, I is a left ideal of SSM - I C N and L =
pr(N) pu(N) | |

0 I
(b) Notice that the opposite ring of T' is isomorphic with
Ser

0 R )% it suffices to prove only one case, e.g. the left one.

Suppose that R, S are left noetherian rings and M is a left noetherian
R-module: Using (a) T is also left noetherian. Conversely, if T is
left noetherian then R,S are also left noetherian because the maps

r oz r T
f.T—}R,g.T—}Sdeﬁnedbyf(O 8).=r,g 0 s):s,re

R,s € S,z € M are surjective ring homomorphisms. The R-module
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R ® M has via f a natural structure of T-module isomorphic with the

ideal B M and hence is a left noetherian T-module or even left

0 0
noetherian R-module. But M is a R-submodule of R @& M and hence

is a left noetherian R-module.

Ex. 10.3 One applies the previous. exercise: Z and Q) are noetherian
rings and @ is not a noetherian (finitely generated) Z-module (abelian

group).

Ex. 10.4 Another application of 10.2: Qand R are (trivially as fields)
artinian but IR is not an artinian Q-module (linear space).
Generalization. For K C L division rings and [L : K] = oo the ring

( Ig i ) is right artinian but not left artinian.

Ex. 10.5 Another application of 10.2.
Ex: 10.6 Another application of 10.2.

Ex. 10.7 If K is a field, K[X] is a principal ideal domain and hence a
noetherian ring (one uses a stronger result: a ring R is right noetherian
iff each right ideal is finitely generated). Obviously, it is not an artinian
ring: K[X] D (X) D (X?) D> .. D (X™) D .. is an infinite decreasing
sequence of ideals in K[X].

Ex. 10.8 Equivalently, we have to show that each ideal I in R is finitely
generated. Let us denote by I[X] = I - R[X]. As an ideal in R[X] it is
finitely generated, i.e. there are polynomials fi, fo,.., f» that generate

my,

IIX] in RX). If fi = Zak,,X“’,I < k < n then the ideal (finitely)
9=0

generated by A = {ar,|0 < s <my;1 <k <n} in R[X] is precisely

I[X]. A simple judgement concerning the degrees of the polynomials
shows that A generates also I in R and hence I is finitely generated.

Ex. 10.9 IfY = Y + (X%, XY) € R then (‘17) » (?2) S .. is a strictly

descending chain of ideals in R so that it is not an artinian ring.
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Another method. One shows, N(R) denoting the nilradical (see
13.11), that R/N(R) 2 Q[[Y]] and as above (Y) D (Y?) D .. is a strictly

descending chain of ideals in R/N(R). Hence, together with R/N(R),
R is not artinian.

Ex. 10.10 Let I; D I; O .. be a strictly descending chain of right ideals

L I, .. I
. . . 0 0 .. 0
of R. Using a natural notation one verifies that D
00 .. 0
L I, .. I
0 0 .. 0 L . . c 1,
D ... is a strictly descending chain of right ideals
0 0 .. 0

in M, (R). Hence if M,(R) is artinian then R has the same property.
Conversely, if R is artinian , denote by

r 0 .. 0
D.(R) = 0 r .0 |r € R} . Dn(R) is clearly isomorphic
00 .. r

with R and so it is artinian. In the sequel we use the ”matric units”
Eg; which are matrices with all the entries zero, except for the element.
on the i-th row and the j-th column, which is a. If we consider R;; =

(E,'JIT € R> for each 1 < 7,7 < n these are artinian as D, (R)-modules
(being D,,(R)—isornorphic to the D,(R)-module D,(R)). Moreover,

clearly M,(R) = @ R;; and hence (direct sums of finitely many ar-
i,j=1

tinian (noetherian) modules are artinian (noetherian)) My,(R) is an
artinian D,(R)-module. Since every right ideal of M,(R) is also a
D, (R)-module, we finally obtaln that M,(R) is an artinian ring. The
noetherian case is similar.

Ex. 10.11 We prove a stronger result: let f : R = R' be a surjective
ring homomorphism; if ker(f) and R' = im(f) are left (right) artinian
(or noetherian) then R has the same property. In what follows we
deal with the artinian case. If I, D I, D .. D I,, D .. is a decreasing
sequence of right(left) ideals the hypothesis assure there are m, ! € IN*
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such that I, Nker(f) = 41 Nker(f) = .. resp. f() = f(fi1) = ..
For k = max(m,!) one shows that Iy = It4; = .. and hence R is left
(right) artinian.

Now, if Ry, Ry, .., Rn are left (right) artinian (or noetherian) and
R = Ry xRy X..x R, we apply the previous result to f = p, : R = R,
the canonical projection in order to infer that R has the same property.
The rest is a simple induction.

Ex. 10.12 Let 0 # a € R be an artinian ring. Consider the decreasing
sequence of ideals Ra D Ra® O .. D Ra™ D .. The ring R being artinian,
for a suitable m € IN* we have. Ra™ = Ra™*! = .. Hence a™ = a™*!r,
for an element r € R and so 1 = ar; R being an integral domain, i.e. a
is a unit. The converse is obvious.

Ex. 10.13 Let H, D Hy O .. 2 H, 2 .. be a decreasing sequence of
right ideals in the ring R. Then [(H,) C I(H;) C .. C I(H,) C .. is
an increasing sequence of left ideals. The ring R being left noetherian,

for a suitable m € IN* we have [(H,) = [(Hm41) = .. and hence
rl(Hn) = rl(Hm41) = .. Applying an annihilator condition we get
H, = m4l = ..

Ex. 10.14 We have already seen one implication in the previous ex-
ercise. In what follows we treat another one, say, each left noetherian
ring R which satisfies the annihilator conditions is also right noetherian.
First, as above, one verifies (as above) that R is right artinian. Then,
the opposite ring R is left artinian, and one uses a well-known result
of Hopkins - each left artinian ring -is also a left noetherian ring. If R°°
is left noetherian finally R is right noetherian. The other implications
follow similarly.

Ex. 10.15 Let P € N'F be a maximal element. If P would not be a
prime ideal, there should exist elements r,s € R such that ab € P,a ¢
P,b ¢ P. Then P + Rr and P 4+ Rs (which properly contain P) must
be finitely generated. Observe that the R-module

(P + Rs) /(P + Rr){(P + Rs) is finitely generated because its R-
module structure is the same with its R/ (P + Rr)-module structure
and R/ (P + Rr) is noetherian (the astute reader will notice that P be-
ing maximal in N'F, R/P is noetherian). Hence P/ (P + Rr) (P + Rs)
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is a finitely generated R-module and, together with P+ Rr and P+ Rs,
P would be a finitely generated R-module, a contradiction.

Finally, let us verify that (MF, C) is inductive (each chain has an
upper bound). If {I;} jes 15 @ chain of non-finitely generated ideals
in R then surely U = |J [; is an ideal in R. The ideal U cannot

. ied
be finitely generated; otherwise, for each j € J such that I; includes
all the generators of U we would have U = I; finitely generated, a
contradiction. . :

Ex. 10.16 In a noetherian ring each ideal is finitely generated. Con-
versely, if each prime ideal in a ring R is finitely generated, using the
previous exercise, in R the set of all the non-finitely generated ideals is
empty. Hence R is noetherian.

Ex. 10.17 Consider the R/(U o V)-modules exact sequence

0=2U/(UoV)= R/(UoV)—= R/U = 0.

Being trivially (the ring R/U is artinian) an artinian R/U-module,
R/U is also an artinian R/ (U o V)-module. Further, U/ (U o V) is also
an artinian R/ (U o V)-module, because (the ring R/V is artinian) it
is a finitely generated R/V-module. Hence, R/ (U o V) must be (ex-
tentions of artinian modules by artinian modules are artinian) also an
artinian R/ (U o V)-module and so the corresponding ring is artinian.
The noetherian case is treated similarly.

Ex. 10.18 If P is a prime ideal, R/P is an integral domain, artinian
together with R. One has now to use 10.12 in order to see that R/P is
a field. Hence P is a maximal ideal.

Ex. 10.19 Each artinian commutative ring is also noetherian (Theo-
rem of Hopkins, see above) so that the proof of the direct implication is
completed by the previous exercise. Conversely, let R be a noetherian
ring such that each prime ideal is maximal and suppose R & R/(0)
is not artinian. There is an ideal U of R maximal (the corresponding
set is not empty) relative to the property that R/U is not artinian. U
cannot be prime by our hypothesis: it would be also maximal and R/U
would be trivially artinian being a field. Hence, there are ideals I, J in
R such that ToJ C U and U C I,U C J. By the maximality of U, the
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quotient rings R/I, R/J are artinian. Moreover, R being noetherian, J
is finitely generated and hence using 10.17, R/IoJ and R/U is artinian,
a contradiction.

Ex. 10.20 Each nilpotent left ideal is -obvioﬁsly nil. The converse re-
duces to 17.12.

Ex. 10.21 The solution is an immediate consequence of the two fol-
lowing results: in a right noetherian ring the prime radical is the largest
nilpotent right ideal, and, -the largest nil left ideal. The reader can find
these results in [17],p.69-70.

Ex. 10.22 (a) Using the theorem of Hopkins R is also left noetherian.
The set of all the nilpotent left ideals is not empty (e.g. (0)) so one
simply uses Zorn’s lemma.

We show that N = R(R) (see 13.11), the prime radical of R, which
solves (b) and (c).

First, if I is a nilpotent left ideal of R then there is a n € IN* such
that I* = (0) C R(R) = N{P|P prime ideal} and hence I C R(R).
Next, in a similar way to the solution of 13.11, one shows that in a
left artinian ring R the prime radical R(R) is a nilideal. Finally, an
analogous result of the previous exercise is needed: any left nilideal in a
left artinian ring is nilpotent, in order to prove that R(R) is nilpotent.

(d) Using 10.12 we obtain R(R) = N{P|P prime ideal} =

{M|M maximal ideal} = rad(R).




Chapter 11
Soclé and | Radical

Ex. 11.1 If R is a division ring (this is also true for semisimple rings,
see next chapter) surely s(R) = R # 0.

Conversely, first observe that if A is a right minimal ideal and 0 #
a € A then A= Ra (clearly 0 # Ra C A). Now, if R is a domain with
0 # Ra minimal right ideal then for each r € R we have Rra = Ra (as
above 0 # Rra C Ra) and then a € Rra. If s € R is such that a = sra
then a(1 —sr) = 0 and 1 = sr (because a # 0 and R is a domain).
Similarly, one gets a right inverse for r.

Ex. 11.2 For n € {0,1} clearly the socle is 0. Let n = pi'..p}* the
prime number decomposition of n > 1. First observe that Z/mZ is a
simple Z-module (abelian group) iff m is a prime number (indeed, if
m is a prime number then Z/mZ is a field and a simple Z-module;
conversely if q is a proper divisor of m then ¢Z/mZ is a proper Z-
submodule of Z/mZ). Using obvious isomorphisms 2Z/nZ = Z |p;Z

k
these are simple submodules of Z/nZ and ) —T-lTZ/nZ

i=1 I

= (zk;'iz) InZ = SE=T[nZ C s(Zy).

=1 p' .
Conversely, if ¢Z /nZ with n = gm is a simple submodule of Z /nZ,
according to the isomorphism ¢Z/nZ = Z /mZ, m must be one of the
prime numbers py, .., px and so ¢ = > for a suitable i € {1,..,k}. Hence

s(Zy,) = 2-Z,.

P1--Pk
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Ex. 11.3 If I is essential in K then for each right ideal A included
in K, A # 0= INA%.0 and this holds also for any right ideal
included in J (because J C K). Moreover, /N A C JN A and hence
JN A # 0; so J is also -essential in K. Conversely, with the above
notations A # 0 = J N A # 0 because J is essential in K and then
INA=1InNn(JN A)#0 because [ is essential in J.

Ex. 11.4 Let A # 0 be a right ideal in R. We distinguish two cases:
if f(A) = 0 then A C ker(f) = f~1(0) C f~!(J) so that obviously
0# A= AN f1(J). If f(A) # 0 then f(A)N J # 0 (J being essential
in R'). Hence there is an-element 8 # a € A : 0 # f(a) € J so that
ace AnfY(J)#0.

Another solution. Using 4.13 and 2.6 clearly f~!(f(A)N J) =
(A N F1(T) = (A+ker(£)) 0 f71(J) = ker(f) + (AN f1 (J)).
Now, if AN f~1(J) = 0 we deduce f~1(f(A) N J) = ker(f). Surely
f(A)NJ = f(A') for a suitable A’ C A and so f~1(f(A")) = ker(f)
implies A'+ker(f) = ker(f) and A’ C ker(f). Hence f(A)NJ = f(4) =
0.

Ex. 11.5 First, we show that-each simple ideal S is contained in each
essential one, E. From S # 0 we have EN S # 0 and hence E N
S = S (because surely SNE C S). Then S C E and so s(R) =
> {S|S simple ideal in R} C T = {E|FE essential ideal in R}. Con-
versely, it suffices to verify that the above intersection I is semisimple
(i.e. sum of simple ideals). We verify that each ideal A in [ is a direct

summand. Indeed, let B be an ideal-of R maximal relative to the prop-
erty ANB = 0. Then A® B is essential in R and then ACI C A® B.
Using 2.6 we obtain I = IN(A® B)=A®(BNI) and hence Ais a

direct summand of 1.

Ex. 11.6 If I is a superfluous ideal in R let M be a maximal ideal
of R. Then surely M C I+ M and so I + M € {M,R}. But I +
M = R implies M = R, impossible (because I is superfluous) so that
I+ M = M and hence I C M. From this follows I C rad(R) =
N{M|M maximal ideal in R}.

Ex. 11.7 If z € I we show that zR is superfluous. Indeed, if for a
right ideal A, zR + A = R holds then 1 = zr + a for suitable elements
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r€ Randa€ A. Sincea=1—zr € 1+ I, a must be a unit in R and
hence A = R. Then I C rad(R) using the previous exercise.

Ex. 11.8 First, it is readily checked that if I is a finitely generated

right ideal then I is compact, i.e. each cover I < ZB,- (B; right

, i€l

ideals) has a finite subcover I < Z B; (for a suitable finite subset F
' i€F

of I). )

Next, suppose that a finitely generated right ideal I is not super-
fluous. Then there is a right ideal A # R such that I + A = R and
hence I € A. The set A = {B right idealin R|I € B,I+ B =R} is
inductive (one uses the compactness of I) and so, by Zorn’s lemma, let
M be maximal in A. Moreover, M is maximal in R (indeed, if M C N
then I C N which implies R = I + M C N) and. hence I € rad(R)
(otherwise I C rad(R) C M and M ¢ A).

Ex. 11.9 From 11.6 one has ¥ {I| superfluous ideal in R} C rad(R)
= N{M|M maximal ideal in R}. Conversely, let z € rad(R). We
prove that Rz is a superfluous ideal in R. Suppose that Rz + A = R. If
A # R then z ¢ A and, using Zorn’s lemma, let M be maximal relative
to the properties A C M and z ¢ M. Since M + Rz = R the ideal M is
maximal in R and hence = € rad(R) C M, a contradiction. So A = R
and Rz is superfluous and rad(R) C ¥ {I| superfluous ideal in R}.

Ex. 11.10 Let n = p}'..p}¥ the prime number decomposition of n with
r; € IN*,1 < ¢ < k. The maximal (or prime) ideals in Z are the principal
ideals generated by the prime numbers. The maximal ideals which

k
include nZ are exactly {p;Z|1 < i < k}. Moreover, ﬂp;Z = p..pe

i=1

k
and hence rad(Z,) = (ﬂ p;Z) [nZ = py.pZ [nZ.
. i=1

Ex. 11.11 If rad(R) = N{M|M maximal modular right ideal of R}
(see also 2.4 and 1.2) let H = {r € R|zry is quasi-regular in R}.
For rad(R) C H we first observe that if an element ¢ € R is not

right quasi-regular then there is a modular maximal ideal M such

that @ ¢ M. Indeed, if a is not right quasi-regular, the right ideal
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U = {ar — r|r € R} does not contain a. The Zorn’s lemma shows the
existence of a right ideal M maximal in the set of all the right ide-
als which contain U but not the element a. One verifies that this is a
maximal right ideal in- R. Moreover, M is modular since ar —r € M
for each r € R. Next, if b ¢ H there are elements z,y € R such that
zby is not right quasi-regular. Then, there is a maximal modular right
ideal which does noet contain zby and hence, does not contain b, and
b ¢ rad(R). '

Conversely, one has-to prove first that if M is a maximal modular
right ideal in R then H C R : M ({18] Lemma 6.17; see also 2.13).
Since rad(R) # R there actually exist maximal modular right ideals M
in Rand H C N{R : M|M maximal modular right ideal in R}. Hence
R.H C M for each M and M being modular, we also have H C M.
Finally, H C rad(R).

Ex. 11.12 First, we observe that in a ring with identity R an element
r € R is right quasi-regular iff 1—r is right invertible (indeed, r+s—rs =
04 (1—-r)(1-s)=1).Next, we show that

M = {r € R|zry is right quasi-regular in R,Vz € R} =

N = {r € R|zr is right quasi-regular in R,Vz € R}. The ring hav-
ing identity, clearly M C N. Conversely, if zr + ¢t — zrt = 0 then
zry.+ ty — zrty = (zr+t —zrt)y = 0 and so N C M. Finally, our
result follows from- the previous exercise.

Ex. 11.13 We use 1L.11. Let A = (ai;) € rad(M,(R)) and z,y €
R. We verify that za;;y is a right quasi-regular element. Consider
B = EGAE} = Ey;" (as before we denote by Ef; a matrix with zero
entries excepting the ¢ —j one which is ¢) which belongs to rad(M,(R))
together with A. Then there is a matrix C = (¢;;) such that B+ C —
BC = 0 and hence a;a_,-jy‘-l-. cir — zazyen = 0.

Conversely, if for every matrix A € M,(R) one clearly has A =
Y E;j’ so, if A € My(rad(R)) it suffices to prove that any Ejj’ €

1,2

Mp(md(R)). First, for an arbitrary matrix Y = (y;;), we prove that
E;;’Y isright quasi-regular. Together with a;; all the products a;;y are
right quasi-regular and hence there are elements z;, such that a;;y;x +

zix—aijyjrzix = 0. Denoting by Z = ) E7* from the previous equalities
k=1
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follows Ej;’Y + Z — E;;’YZ = 0. The same thing can be done for
XE;’Y for arbitrary X;Y € My(R) and so E;” € My(rad(R)).

Ex. 11.14 According to 11.11 let e € R a right quasi-regular idempo-
tent element. If ece’ = 0 thene=e+ ee' —ee’ =e(e+ € —e€) =
e(eoe)=e-0=0. '

M, (K) is a simple ring (see 2.20)and so rad (M (K)) = 0. rad(B)
is also zero according to the first part of the exercise.

a 0 0

Ex. 11.15 For commutativity, denoting by A (a,b,c) = ( b a 0 )
' c 0 a
.one verifies A(a, b, ¢)- A(z,y, 2) = A(az,ay + bz,az + cz) = A(z,y,2):
A(a,b,c). Further we show that rad(V) = {A(a,b,c)je = 0} . K being
a field, V' is a commutative ring with identity and hence we use 11.12:
I3—A(a,b,c): A(z,y, 2) is invertible for each z,y, z € K iff this matrix
has a non-zero determinant. But this leeds to (1 — az)® # 0 for every
z € K and hence a = 0 (indeed, if a # 0 the (1 — aa~1)? = 0).

Ex. 11.16 If 2(,,) denotes the ring (with identity) of the p-adic num-
bers, i.e. {e=ap+a1p+ ..+ azp” +..|0 < a, < p,a, € Z,n € N*}
together with the addition and multiplication according to the "re-
mainder to the division by p” then we prove that rad(Zy = J =
{alap = 0} . Indeed, it is known that (with the above notations) a p-
adic integer a is a unit iff ap # 0. So J is the set of all the nonunits in
Z(p) and (by straightforward computations) actually is an ideal. Hence |
(see 13.23) 2(,,) is a local ring and rad(z(p)) = J.

Ex. 11.17 We use the following result (see 11.12):
rad(R) = {r € R|Vs € R the element 1 — rs is right invertible} in

order to prove that rad(T") consists of all the triangular matrices that
have zero entries on the diagonal. We search for the matrices A =

(ai;) € T such that I, — AB is right invertible for each B € T. The field

K being commutative a matrix is right invertible iff it is left invertible

(and hence invertible). Now, I, — AB is invertible iff det(/, — AB) =

(l — aubu)(l - (122622)..(1 -— a,mb,m) # 0 for each B = (btJ) € T and

hence iff ajy = a9 = .. = azn = 0.
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In T/rad(T) we have A+rad(T) = B+rad(T) iff A~ B € rad(T),
that is if the matrices have the same diagonal (see also 2.22). Hence,
in T/rad(T) we can choose as representatives only diagonal matrices
(i.e.t # j = ai5 =0 )-and deduce immediately the commutativity of
T/rad(T) from the commutativity of K (diagonal matrices multiply
directly on the diagonal).

Remark. If D,(K) denotes the subring of all the diagonal matrices
of M, (K) then obviously T/rad(T) = D,(K).

Ex. 11.18 Acording to 11.11 it suffices to observe that f(a ob) =
fla+b—ab) = f(a)+f(b) — f(a)f(b) = f(a) o f(b) and hence right
quasi-regular elements (resp. right ideals) are preserved by ring homo-
morphisms.

Ex. 11.19 One has to use 14.15. Surely N (R[X]) C Rad(R[X]). Con-
versely, let f = ag + a1 X + .. 4+ ¢, X" € Rad(R[X]). So (see 11.12)
14+ Xf =1+ aX + ..a,X™*"! is a unit and hence ao,ay, ..,a, are
nilpotent. But then f is nilpotent in R[X] and f € N (R[X]).

- Ex. 11.20 If r € R according to 11.12 1 47X is a unit and hence (see
14.15) r is nilpotent.

Ex. 11.21 Results of S.A.Amitsur show that more generally

(see [17],p.59,ex.14) if N = RNrad(R[X]) then rad(R[X]) = N[X].

First, one shews that the radical R[X] is invariant under all the
automorphisms of R[X]. ,

Next, if rad(R[X]) # 0-consider f(X) € R[X] a polynomial of min-
imal degree in rad(R[X]). According to 8.9 X ~ X + 1 is an automor-
phism of R[X] and then f(X + 1) € rad(R[X]) and, by the minimality
f(X +1) = f(X) = 0. Hence, if char(R) =0 then only f(X)=a € R
is possible, with a # 0.

Ex. 11.22 We observe that the ring K (X) of power series contairis
a single maximal right ideal, namely the ideal (X) which consists of
all power series of the form f = Y a;X*(a; € K). In fact, more can
) =]

be proven: the right (left) ideals of K (X) are exactly (0),(X°) =
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K(X),(X),(X?,.,(X"),.. (indeed, if I is a right ideal and X* is a
smallest power among the powers of X occurring in the representations
of the non-zero elements of I then one shows that I = (X"); see
[16],p.38). Since K (X) has identity, this is also the only modular
maximal right ideal in K (X) and so rad(K (X)) = (X).
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Chapter 12
SemiSimple Rings

Ex. 12.1 If K is any field, an infinite product K7 is a nonsemisimple
ring. But it is the product of the (nonisomorphic) simple right ideals
{P};c; where P; = im(g), and ¢; : K — K’ are the canonical ir-
jections. Indeed, it suffices to remark that isomorphic rings (or-even
modules) have the same annihilator ideal. '

Ex. 12.2 'If R is semisimple, every proper right ideal in R is a di-
rect summand of R and can not be essential. Conversely, let I be
an arbitrary right ideal of R. Using Zorn’s lemma ome can verify
that there is another right ideal J maximal relative to the property
INnJ =0 (a so called complement of I ). Then I + J is an essential
right ideal (indeed, if (I + J) N K = 0 then using the modularity and
INJ+K)CI+J)n(J + K) 2 (I+J)N K)+J = J one obtains
INn(J+ K) =0 and hence K = 0 by the maximality of J) and by hy-
pothesis I @ J = R. Hence every right ideal of R is a direct summand

and R is semisimple. ' '

Ex. 12.3 If R is semisimple each ideal I is a direct summand of R.
Now if R = I @ J then surely R/I = J. But if each ideal in R is-a direct
summand an ideal I has the same property: indeed, if ¢ is .an ideal in
I'and R =@ U then using 2.6 I =¢ @ (I N U). Hence each ideal and
each quotient ring are semisimple.

Ex. 12.4 No. Obviously @ is simple and hence semisimple as a field.

153
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In Z no proper ideal is a direct summand so Z is a non-semisimple
subring of Q. One can easily generalize this example.

Ex. 12.5 The ring R’ has a natural structure of R-module via f (uni-
tal, being a surjective ring homomorphism) as follows: r -/ =) f(r).r
The ring homomorphism being surjective, each ideal from R' is a R-
submodule in gR'. Hence R’ is semisimple iff g’ is semisimple (each
ideal in R’ is a direct summand < each R-submodule of R’ is a direct
summand).

Ex. 12.6 Z, is semisimple iff s(Z,) = Z, and one has only to use
11.2: Z, is semisimple iff n is square-free.

Ex. 12.7 Ifeach R; is semisimple, it is a finite direct sum of-simple ide-
als and a finite direct product (or sum) has the same structure. Hence

if I if finite, H R; is semisimple too. The converse follows. similarly to
i€l
our first exercise 12.1.

Ex. 12.8 No. We may construct the chain of total matrix algebras
{kn},n =2™,m € IN*, i.e. ks C ks C kg C .. The union is a regular
ring which does not satisfy the ascending chain condition for direct
summands and hence according to 12.14 (in a semisimple ring each
(left) ideal is a direct summand), is not semisimple.

Ex. 12.9 In fact, more can be proven: if R is a ring with identity, each
ideal which is a direct summand is generated by a central idempotent.
Indeed, if R = A® B is a direct decomposition in (left) ideals, let

=e+b(e € A,b€ B). Thene =e?+eband eb=e—e? € ANB = {0}
so e is an idempotent element. Further, if @ € A then a = ae + ab and
hence ab = a—ae € ANB = {0} and a = ae or A = Ae. Symmetrically,
A = eA holds too. Finally, if r € R then if A, B are ideals one has
re +rb = r.1 = 1.r = er + br and so by uniqueness re = er; hence €
belongs to the center of R.

Ex. 12.10 The ring R being semisimple, Re is a direct summand of R.
So Re has an identity, namely e, and hence eRe = Re. Now, if Re is a
minimal left ideal in R and 0 # a € eRe then Ra = Re and hence there
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is an element b € R such that ba = e. But then be € Re = eRe is a left
inverse for a (don’t forget that e is an identity in Re !). Conversely, if
eRe = Re is a division ring for each 0 # ¢ € Re there is an element
d € Re such that dc = e. Hence Rc = Re (one checks the two inclusions)
and this is a minimal left ideal.

Ex. 12.11 It suffices to prove one implication, say R left semisimple
= R right semlslmple, the converse being symmetric.

Let R = @L = @Re, be a decomposition of R in simple left
r-'l

ideals, that is, {e,]l <i<n}isasetof central orthogonal 1dempotents
(i.e. e; # 0,e;e; = &;;€;) such that 1 = Ze,. Then clearly R = @e,

holds and the only thing left to be \;erliﬁed is that ;R is a ‘si}nple
(right) ideal. Let 0 # a € eR (where e denotes one of the ¢;). If a = er
then ea = e*r = er = a and hence aR C eR so that we only have
to verify aR = eR. From ea # 0 and Re simple follows that the map
f: Re = Ra, f(re) = rea = ra,VYr € R is a left R-module isomorphism
(only the injectivity of f needs care). If now R = Ra @ I then the map
g: R — R,g(ra + z) = re,Vr € R,Vz € I is a ring endomorphism of
R and hence g must be (see for example [14], 3.7) a right translation
(multiplication) g = ¢, with a suitable b € R. But then e = g(a) = ab
implies e € aR or eR C aR and hence aR = eR.

Ex. 12.12 If R is a left semisimple ring then rad(R) = 0 (one can
show - using also 12.11 - that there are no superfluous ideals and use
11.9). Moreover, if R = ) m; is a sum of minimal left ideals, using

iel
n

1 € R one deduces R = Z_n_z_,-k and, using Zorn’s lemma, we may
k=1
.suppose that the last sum is direct. Each minimal left ideal being

obviously left artinian, this finite direct sum of left artinian ideals is
also left artinian. Conversely, if R is left artinian and rad(R) = 0 there
are only a finite number of maximal ideals M;,1 < i < s such that
g

() M; = 0. Hence if we consider the canonical left R-module projections
=1

:R—> R/M,1<i<sand f: R = @(R/M) (by universality)

i=1
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then ker(f) = () ker(p:) = (| M: = 0 so that R is R-isomorphic with
=1 i=1

a submodule of @D(R/M;), a semisimple R-module. But then R is left
1=1
semisimple.

Ex. 12.13 Follows immediately from the previous exercise using 11.13
and 10.10.

Ex, 12.14 (a)=(b) If Ris semisimple, it is a finite sum of simple ideals.
(indeed, if R = @Si then from 1 € R we see that I has to be finite)
and hence an a,rfzier{ia,n ring. Using 17.14 R is also regular.

(b)=>(c) This follows from a well-known result of Hopkins: each left
artinian ring is also left noetherian.

(c)=>(a) Using again 17.14 (iii), R has only principal ideals. Then,
again by this exercise (ii), each ideal of R is a direct summand. Hence
R is semisimple.

Ex. 12.15 We know from 1.23 that R is a commutative ring (with
identity) all its elements being idempotent. Such a ring is clearly reg-
ular (for every a € R: a = aaa) so that the first three condition are
equivalent by the previous exercise. Finally, each principal ideal (being
generated by an idempotent element) has to be a direct summand. If
R is not finite for each 0 # a € R at least one from Ra and R(1 — a).is
not'finite and one can easily construct infinite strictly descending_ {or
ascending) chains of ideals (R is not artinian or not noetherian). The
converse is similar.

Ex. 12.16 Let gM be a semisimple R-module and f : M — M a
R-endomorphism. Each submodule being a direct summand, there are
submodules S,T such that M = ker(f) ® S = im(f) @ T. Using a
well-known isomorphism theorem, clearly f induces an isomorphismi
g: S — tm(f) with an inverse, say h : im(f) — S. This inverse & may
be extended to a R-endomorphism k : M — M, defining k(T') = 0. But
now we can verify that f = fkf (indeed, if z = u+v,u € ker(f),v € S
then fkf(z) = fkf(v) = fkg(v) = fhg(v) = f(v) = f(z)) and hence
Endp(M) is regular.
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Ex. 12.17 For a ring homomorphism f surely f(a o b) = f(a) o f(b),
the circle composition (see 1.2). The inclusion f(rad(R)) C rad(f(R))
is clear using 11.11. Conversely, if R/rad(R) is semisimple then each
factor ring of it is also semisimple (see 12.3) and has obviously zero
radical. Now, consider the canonical composition

R % f(R) % f(R)/f(rad(R)) with F(r) = f(r),¥r € R and pf
the canonical projection. This composition is surjective (together with
f and p') and rad(R) C ker(p’ o f). Hence the composition factors
through R/rad(R): there is a surjective (together with the previous
composition) ring homomorphism v : R/rad(R) — f(R)/f(radR))
such that pof = uop where p : R — R/rad(R) is the canonical
projection. Then f(R)/f(rad(R)) is semisimple too and according to
12.12, rad (f(R)/ f(rad(R))) = 0 and we obtain the required equality.

Ex. 12.18 We first prove that each non-nilpotent minimal right (or
left) ideal m of an arbitrary ring R contains a non-zero idempotent
element ¢ and m = Re = eR. Indeed, from m? # {0} there is an
element a € m such that {0} # em C m. This being a minimal right
ideal we must have am = m and hence there is an element 0 # e € m
such that ae = a. This implies ae? = ae = a or a(e? — ) = 0. Consider
the right ideal in R defined as [ = {r € m|ar = 0}. From {0} # am
we infer I # m. The latter being minimal we must have I = {0} and
hence e? — e = 0. Finally, {0} # eR C m implies, again by minimality
that eR = m.

Now, as for the original exercise, first observe that it suffices to prove
that each element 0 # r € R is contained in a sum of minimal right
ideals. According to the descending condition from the hypothesis there
is 2 minimal right ideal m, included in (). The ring having no nonzero
nilpotent ideals we must have m? = m, (the other alternative would be
m? = {0} by minimality) and so, by our previous result, there exists
an idempotent element e such that m; = eR = (e). Next, we consider
ay = a — ea such that clearly (a) = m, ® (a;) and one can continue this
procedure until (a) = m; ® my ® .. ® m, @ (¢,). We have constructed
in this way a strictly descending chain (a) D (a1) D (a2) D .. D (@) of
principal right ideals. Using again our hypothesis, this chain terminates
for a suitable n € IN* and a € (¢) =m; ®m, ® .. ® m, a finite sum of
minimal right ideals (i.e. R = s(R) the socle).
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Ex. 12.19 (a) Straightforward verifications show that R is a ring (com-
mutative with identity) and surely a subring with identity of  gen-
erated by {—15;, 3. %, ..|p > 5 and prime number} ie. R=A{5,7,..})
(see also the solution of 1.30). Clearly, R/2R = Z; and R/3R = Z; are
fields and so the corresponding (principal) ideals are maximal. There
are no other maximal ideals: indeed, each z ¢ 2R U 3R is a unit in R
and so- the proper ideals I of R satisfy I C 2R U 3R. Moreover, one
verifies that T\2R # 0 and I\3R # 0 also imply I = R. Hence I C 2R
or I C 3R.

(b) From (a) follows that rad(R) = 2RN3R = 6 R which is surely not
a nil ideal (see also 2.19) and R/rad(R) = R/6R = (R/2R) & (R/3R)
a direct sum (see 2.24) of simple rings (fields), i.e. a semisimple ring.
Finally, if we consider in R/6R the idempotent 3 4+ 6R there is no
element = idempotent in R (neither in Q except for 0 and 1) such that
z+6R =3+ 6R : the idempotents do not lift modulo rad(R).




Chapter 13
Primé Ideals, Local Rings

Ex. 13.1 We have already used N(zy) = N(z).N(y) in the previous
chapter, for the "norm” N(a + bi) = a? + % in Z[i]. The units in Z[7]
being {+1,+:} i.e. the elements z € Z[] with N(z) =1 we infer that
z is prime in Z[i] iff N(z) is prime in Z (indeed, the non-associated
decompositions correspond to each other). Hence N(1 +7) = 2 implies
that the ideal (1 4 4) is prime.

Further, we can prove that a prime number p € IN* is also prime
in Z[7] iff the equation a? 4+ > = p has no solutions in Z. Indeed,
if a®> + b = p has integer solutions then p = (a + bi)(a — bi) is a
non-trivial decomposition because N(a + bi) = N(a — bi) = p # 1.
Conversely, if p = (a 4 bi)(c + di) is a non-trivial decomposition, from
N(a+bi).N(c+di) = p* we must have N(a + bi) = N(c+di) = p. The
product (a + bi)(c + di) being real and a + bi,c + di having the same
module, ¢ + di = a — bi. Hence p = a% + b? = (a + bi)(a — bi).

Finally, a® + b® = 3 clearly has no integer solutions but a2 + % = 2
has @ = b = 1. Hence (3) is prime but (2) is not. '

Ex. 13.2 Z being a commutativering, an ideal nZ is prime iff Z /nZ is
an integral domain, i.e. iff Z, is an integral domain. But this happens
iff n is a prime number. Hence 2Z,3Z,5Z,..,pZ, .. (p prime) are the
prime ideals in Z.

Ex. 13.3 Obviously each simple ring is prime so that, being simple .
(see 2.20), M, (K) is prime. Now, :7!(0) = 0 (¢ being injective) but the
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subring Usz; (K) is not prime: indeed I = ( g g ) and J = g IO{
-are nonzero left ideals in Uy (K) (I is also a left ideal in Mo(K) but J

isnot) but ToJ =0.

Ex. 13.4 Let A, B be ideals in R such that A ¢ I and B ¢ I. By
maximality of [, A + I and B + I must meet S, that is, there are
elements s; € (A+1)N S and s; € (B+I)NS. S being multiplicative
5182 € SN(A+I)(B+1I)and so s18; € AB+1. Hence s;5; ¢ I implies
AB-¢ I.

Ex. 13.5 In order to prove /I = N{P prime ideal |I C P} we shall
denote the right member by A and verify both inclusions. If I C P
and @ € VI then for a suitable m € IN*, @™ € I or a™ € P and
hence a € P (P being prime). So /I C A. Conversely, let a ¢ /1.
The set X = {a,d?,..,a",..} is then disjoint from I and is clearly a
multiplicative set (0 ¢ X). As in the previous exercise (one has to

apply in a similar way Zorn’s lemma), there is a prime ideal P maximal
with the properties PN X =@ and I C P. Hencea ¢ P and a ¢ A.

Ex. 13.6 (a) The subjacent additive group of K, being of type Klein,
we have z 4 z = 0 for each z € K, so that char(K,) = 2.

(b) Clearly 1 41 = 0 so that the prime subfield P(K,) = {0,1} &
Z,. If we denote by 0,1, a,b the elemnts of K4 then a? = a 4+ 1 and
b = b+ 1 follow by simple verifications.

(c) Being a complex cubic root of the unity, w ¢ R, we have w? +
w+1 = 0 so that in Z[w] multiplication is defined as follows: (a +
bw)(c+ dw) = ac — bd + (ad + bec — bd)w. One can easily check directly
that z,y ¢ (2) implies z - y ¢ (2) and hence (2) is prime.

(d) fz = a4+ bwthen z € (2) = 2 Z[w] & a,b € 2Z. The
corresponding congruence relation being defined as z = y(mod(2)) &
z—y € (2) the quotient ring will have the following four classes: 2Z[w];
2Z + (2Z + 1)w, (2Z+ 1)+ 2Zw, (2Z + 1) + (2Z + 1)w: The ideal (2)
being prime the factor ring Z[w]/(2) is an integral domain. Choosing

. . 01 a b .
as representatives 0,1,w, 1 4+ w the function ( 015 170 ) is the
required isomorphism.
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Ex. 13.7 According to 2.5 all the ideals in 4Z have the form 4nZ so
that clearly, (8) = 8Z is a maximal ideal. But 4Z/8Z = {8Z,4 + 8Z}
has obviously no identity (it is a zero square ring), and hence it is not

a field.

Ex. 13.8 Consider the map f : May(Z) = M2 (Z/pZ) defined by

f (( Z, 3 )) = ( [[z]]P E’i]]‘" ) . One verifies that this is a surjective |

ring homomorphism and ker f is precisely A. But Z/pZ being a field,
M(Z[pZ) has no proper ideals (see 2.20) and so, using an isomor-
phism theorem Mq(Z/pZ) = M3(Z)/H and hence H is a maximal
ideal in Mgy(Z). Surely, together with MJy(Z/pZ), Mo(Z)/H is no
field.

Ex. 13.9 If M is maximal and £ ¢ M then M < M + Rz and hence
M + Rz = R. From 1 € M there is an element r € R such that
1 = m + rz for a suitable m € M, i.e. 1 —rz € M. Conversely, if
M < N < R and z € N\M then there is an element r € R such that
l—rz€ Mand hencel —rz € N. But then 1 € N, N=R and M is
maximal.

Ex. 13.10 Consider the abelian group (Z,,+) together with the zero
multiplication @.b = 0,Va@,b € Z,. Obviously, this is a simple commu-
tative ring (the ideals are precisely the subgroups of Z,) and (0) is a
maximal but not prime ideal (1.1 = 0 does not imply T = D).

Ex. 13.11 If a ¢ R(R) there is a prime ideal P such that a ¢ P. The
ideal P being prime ¢ ¢ P and similarly 6%, ..,a",.. ¢ P. Hence ais
not nilpotent, a ¢ N (R) and N'(R) C R(R). Conversely, let a ¢ N(R)
and X = {a,a?..,a"..}. Then 0 ¢ X and let P be an ideal maximal
with the property P N X = (). If we prove that P is prime (see also
13.4) then @ ¢ P implies a ¢ R(R) and hence R(R) C N (R).

Let I,J be ideals in R such that I ¢ P and J ¢ P. By maximality
of P, I+ P and J+ P must meet X and hence there are n,m € IN* such
that a" € I + P,a™ € J + P. So a™*™™) ¢ (] + PY(J+ P) CIJ+ P
and @™*(*™) ¢ P implies IJ ¢ P.
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Ex. 18.12 If I, J are ideals in a ring R and I C J then, using a well-
known isomorphism theorem R/J =2 (R/I)/(J/I), we deduce that J is
a prime ideal in R iff J/I is a prime ideal in R/I. Considering I = R(R)
we infer R (R/R(R))) = (0).

Ex. 13.13 If T denotes the intersection of all the maximal ideals of
R[X) suppose 0 # f € T. Let M be a maximal ideal which includes the
-principal ideal (1 + X - f). Such a maximal ideal exists because f # 0
implies 1 + X - f is not a unit in R[X] (see also 14.15). But together
with f € M ‘we must have 1 € M, a contradiction.

Ex. 13.14 Lei M be the ideal of all the polynomials with zero con-

stant term and let A be an ideal of C[X,Y] which contains strictly

M. The ideal A must contain a polynomial with a non-zero constant

term a # 0, say f = a + Za,-jX 'Y?. But clearly the polynomial
ij

f—a=)>Ya;X'¥’ € M C Aand hence 0 # a € A. In C[X,Y] the

i
units are the non-zero complex numbers (e.g. a) so that A = C[X,Y]
(an ideal which contains a unit).

Ex. 13.15 Q[X,Y] being a commutative ring an ideal P is prime iff
f-g € P implies f € P or g € P. Moreover, being with identity, each
maximal ideal is prime.
XX € (X?) but X ¢ (X?) so that (X?) is neither prime nor
maximal.
(X —2,Y — 3) is maximal and so also prime (one makes a similar
judgement as in the previous exercise).
(Y — 3) is prime (each polynomial in this ideal is a polynomial in
Y — 3 with zero constant term; if a product has this form at least one
factor has also this form). It is strictly included in the previous ideal,
and hence it is not a maximal ideal.
(X% 4 1) is prime because X2 + 1 is irreducible over @ but it is not
a maximal ideal (being strictly included in (X2 4+ 1,Y — 3)). We have
X2 —-1=(X=1)(X+1) so this ideal is neither prime nor maximal.
: As above (X? 4+ 1,Y — 3) is a prime ideal. It is not a maximal ideal
being strictly included in (X2 +1,Y — 3, X®) # Q[X, Y] (the polyno-
mials of first degree in X do not belong to this ideal).
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Ex. 13.16 According to 14.19 we can use the isomorphism
Z[X]/(n,X) = Z.. Hence our statement is equivalent to Z, is an
integral domain iff n is prime, a well-known result.

Ex. 13.17 Using a well-known result of Jacobson, such a ring is com-
mutative. Now, if P is a prime ideal then the quotient ring R/P is
an integral domain. In order to prove that P is also maximal we have
to verify that R/P actually is a field. Indeed, if z € R\P we have
(z+ P) .(a;"(‘"')"l + P). = ™*)+ P =z + P = (z+ P)(1+ P) and hence,
R/P having no zero divisors, z"®)~! + P = 14 P. If n(z) = 2 then
g+ P =1+ P is obviously a unit and if n(z) > 2 then 2™(*)~? is inverse
for =+ P. The application is obvious: in a Boole ring Vz € R : n(z) = 2.

Ex. 13.18 (a) V(A) C V(FE) follows from E C A. Conversely, P €
V(E) implies’ £ C P and (E) C P or A C P. Hence P € V(A).
(b) Obvious.

(c) Indeed, P € V(UE,) S| UECP&VYiel :E;CP&
iel i€l
Viel:PeV(E)& Pe(|V(E)
iel

(d) From Ao B C AN Bewe deduce V(AN B) C V(Ao B). Further,
PcV(AoB)& Ao B C P and P being a prime ideal, & A C P or
BC P& P e V(A)UV(B) that is V(Ao B) = V(A)U V(B). Finally,
PeV(A)UV(By& ACPor BCP=ANBC P& PeV(ANB)
that is V(A) U ¥(B) C V(AN B) and hence all the inclusions are
equalities. '

(e) Indeed, the family V' of subsets V' (E) for each E € P(R), satisfies
the axioms of a topological space defined in terms of the closed subsets:
V is closed under arbitrary intersections (from (c), V is closed under
finite reunions-(from (&) and (d)) and () and Spec(R), belong to V (from
(b))-

Ex. 13.19 Fromthe previous chapter (see 13.2) we already know that
Spec(Z) = {pZ]p is a prime number} and Spec(IR) = {0} because ev-
ery division ring has no proper ideals. Moreover, the closed sets in
Spec(Z) are the sets V(E) = {pZ|E C pZ} for all E € P(Z). But
V(E) = V((F)) and, ali the ideals in Z having the form nZ, the
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closed sets are only the finite sets {p+Z|1 < k < m, px prime number} .
Indeed, if n = p{'p3*..p;™ then the only prime ideals which contain nZ
are pZ,poZ,..,pnZ. On Spec(IR) we obviously have the indiscrete
topology.

Ex. 13.20 From an above exercise we deduce immediately that each

open set Spec(R)\V(E) = |J Ur, so the U,’s form a base for the open
reE
sets in the Zariski toplogy.

{a) Indeed, denoting S = Spec(R) we have U, N U, = (S\V(r)) N
(S\V(s)) = S\ (V{r) UV(s)) = {P € S| {r,s} € P} =

{Pe€S|r¢ Pand s ¢ P} ={P € Slrs ¢ P} = S\V(rs) = U,,.

(b) U, = 0 iff V(r) = Spec(R) iff VP € Spec(R) : r € P iff
r € R(R) the prime radical of R. In a commutative ring (see 13.11)
R(R) is precisely the set of all the nilpotent elements of R.

(c) Ur = Spec(R) iff V(r) = 0. But V(r) = V((r)) and (r) = R
holds iff r is a unit so that V(r) = @ iff r is a unit (one uses also the
fact that each proper ideal is included in a maximal (and hence prime)
ideal of R).

(d) Surely U, = U, iff V(r) = V(s). According to 13.5 \/Z;)- is the
intersection of all the prime ideals which contain r and hence V(r) =

V(s) & +/(r) = /(s) (one checks that for two ideals A, B of R the
inclusion ¥ (A4) C V(B) is equivalent with B C /A).

(€) Obviously Spec(R) = U,(i.e. r = 1) so it suffices to deal with the
subsets U,. In order to check that U, is quasi compact, {U,|r € R} being

a base for the open sets in the Zariski topology, it suffices to show that
if {r‘lz €I} € P(R)and U, C | Uy, there is a finite subset F* C I such

i€l
that U. C J U Indeed, U. C YU, & V(r) 2 V() & V(r) D
i€F i€l - el
(U {r:} ) & (r) C+/({r:li € I}). But this last condition implies the
el

existence of a n € IN* such that r € ({r;}i € I'}). Hence there is a finite
subset F' C [ such that r € ({r;|i € F}) or U, C | Us,.
ieF
Ex. 13.21 (a) Indeed, (f*)™" (U,) = {P' € Y|f*(P") € U,} =
{P'eY|f(P)elU}={P eY|f(P)¢V()}

N
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= {P' eY]|r¢ f-Y(P)} = {P' €Y|f(r) ¢ P’} = Uy The sub-
sets U, being a base for the open sets we deduce that f* is continuous.

(b) A similar computation shows that the required equality is equiv-
alent with {P' € Y|A C f~1(P")} = {P' € Y|f(A).R' C P'}. Using a
previous property V(f(A)) = V(f(A).R') and hence all reduces to
AC f~Y{P") & f(A) C P, which is clear.

(c) Since f*(V(4)) = FV(A) = {F(P') € X|A' C P'} we
only have to show that f*(V(4’)) = N{V(E)|f"1(V(A)) CV(E)} =
V(f~(A')). Hence we must verify: '

1° f7H(V(A)) € V(E) = V(f7}(4)) C V(E), and

20 f-Y{(V(A')) CV(f~1(A")). In order to verify the first implication
one needs to show that VP’ € Y,A'C P'= EC f~Y(P')] = [VP €
X,f Y (A))C P= EC P].If A'is a prime ideal this is clear. If A’ is
not primelet us consider /A’ which is (in a commutative ring, see 13.5)
the intersection-of all the prime ideals including A’. We surely have

A' C /A’ and hence by hypothesis E C f! (\/W) . But f1 (\/Z;) =
v/ f1(A) is easily checked and so from f~'(A’) C P = /f~1(A") C
P we deduce E C f1 (\/ﬁ) = /f~Y(A") C P. Finally, 2° follows
immediately from A’ C P’ = f~1(A") C f~1(P").

(d) Clearly, if f is surjective and ker(f) C P then f(P) € Y. Hence
we can define a. map g* : V(ker(f)) = Y by ¢*(P) = f(P). From (c)
we temark that if A’ = (0) then f*(Y) = f*(V(0)) = V(f~1(0)) =
V(ker(f)) and so f*(Y) C f*(Y) = V(ker(f)). Hence (g* o f*)(P') =
g (f"YPY)): = (fo fY)P) = P, because f is surjective, and so
g*f* = 1y or f* is injective. All the ideals of R which include ker(f)
having the form f~'(A’), f* is also surjective (we compute the values
FVAY = V).

(e) Follows from (c) because f*(Y) = f*(V(0)) = V(f~1(0)) =
V(0) =X (f~%(6) = (0) follows from the injectivity of f).

Ex. 18.22 (a) Im a Boole ring each element is idempotent and Vr €
Ryr* = r = r(1 —r) = 0. Using a previous property we deduce
U,nUy—r =Ur1-r) = Up = 0. Further, U, UU,_, = Spec(R)\V({r,1 -
r}) = SpecR)\V((r,1 — r)) = Spec(R)\V (1) = Spec(R0 and so U, =
Spec{ R)\U:-. is also. closed.
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(b) We use a previous result (see 2.10): in a Boole ring each finitely
generated ideal is principal.

(c) Let A C Spec(R) an open and closed set. Asopenset A= |J U,
a union of elements in the base of open sets. A being closed in z;,etllua.—
sicompact (see a previous exercise) topological space, is quasicompact
itself. Then the above cover of A has a finite subcover A = U U; for a

ieF
finite subset F' C I. Now our result follows from (b). :

d) We remark that the closure of a point P € Spec(R) is simply
{P} = V(P). Hence {P} is closed iff P is maximal. In a Boole ring,
the prime ideal being all maximal (see 13.17), ”the points” are closed
in Spec(R), so that Spec(R) is Hausdorfl. Using (e) from a previous
exercise we obtain the information required: Spec(R) is a Hausdorff
compact topological space.

Ex. 13.23 First observe that each ideal from R which contains a unit
is equal to R. Then if N is the set of all the non-units of R, all the
proper ideals in R are included in N.

Now, let M be the unique maximal ideal of R. We show that M = N.
TFrom above M C N is clear. If r € N then the ideal Rr is included
in N and hence is proper. But each proper ideal must be included in
a maximal ideal, and this is only M. From Rr C M we inferr € M
(R has identity) and hence N C M. Conversely, if N is an ideal it is
clearly also the unique maximal ideal of R.

Ex. 13.24 From 2.27 we know that Q) has a descending chain of
ideals of the form Q® > pQ® > p?Q® > .. Hence Q¥ has a unique
maximal ideal (the set of non-units) and consequently (see also 13.23), -
_ is a local ring.

Ex. 13.25 Let a € R\M. The ideal M being maximal, the quotient
ring R/M is a field and there is an element b € R such that (a+ M)(b+
M)=1+ M and hence ¢ = ab—1 € M. Then ab = ¢+ 1 is a unit
(see 13.9) and so is a. But then M is the set of all the non-units (the
converse inclusion is always valid,13.9 again) of R and R is a local ring.

Ex. 13.26 Let a € M. We have (a+1)(1—a+a? —..+(—1)""1a"!) =
1 4+ (=1)"a™ and hence the coset (a + 1) + M™ is a unit in R/M™. A
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well-known theorem of isomorphism (R/M™)/(M/M") = R/M proves
that M/M™ is also a maximal ideal in R/M™. But then , using the
previous exercise, R/M™ is a local ring.




.




Chapter 14
Polyhomial Rings

Ex. 14.1 The polynomial f = X? —1 has 4 zeros in Z;5: I, 4,11, 14.

Ex. 14.2 The polynomial f = X?+1 has an infinity of zeros in H (see
7.12). Indeed, all the quaternions a = bi + ¢j + dk,b? + c2 4+ d? = 1 are

zeros for f.

Ex. 14.3 A standard computation goes like this:

2 2 2
zl4pr4q = (:1: + g) +q2—(§-) = (0 and hencez = ——§+\/ (g) -q.
In order that £ (the solution of y + y = p) to exist, the (commutative)
field must not have the characteristic 2. Moreover, each element in the

2
field has to be a square (and (g) — ¢ denotes here any solution of

2
the equation 2% = (g) - q).

Ex. 14.4 One has to show that A1 + (f) = k2 + (f) = 1+ (9) =
ha + (g) in order to verify that F is well-defined. But g divides f -
and hence flh; — hy implies glh; — ho. F is clearly a surjective ring
homomorphism so that (Q[X}/(f))/ ker(F) = Q[X]/(g). But g is an
irreducible polynomial in @ and hence Q[X]/(g) is a field and ker(F') is
a maximal ideal in Q[X]/(f).

Ex. 14.5 Consider the map F': R[X] = R, F(ap+ a1 X + ..+ a,X") =
ap which surely is a surjective ring homomorphism such that ker(F) =
(X)- Then R = R[X}/(X) and R[X]/(I) being a field, (I) is a maximal
ideal.

169
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Ex. 14.6 Suppose that a.D[X]+ X.D[X] = (f) for a f € D[X]. Then
from ¢ = fg,g € D[X] follows that ¢ € D and from X = fq1,¢ €
D[X] we deduce that f and then a (associated with f) is a unit (indeed
if 1l =ua+vX then 0 = (u —uo)a + vX and 1 = upa where up is the .
constant term of u € D[X])), a contradiction.

Ex. 14.7 One uses the decompositions: X 4+ X2 + X +1 = (X% +
(X +71)and X24+3X +2=(X+2)(X +1). Yes, for Z;5[X)].

Ex. 14.8 X? 41 is irreducible in Z3[X] but X2 +1 = (X +2)(X +3)
holds in Z5[X]. The second polynomial is reducible in both Z3{X] and
Z5[X]: indeed X° 4+ X +2 = (X + )(X> - X +2).

Ex. 14.9 Z; being a field, (ZZ,*) is a group with 4 elements. Using
the well-known Lagrange theorem we obtain ! = T for each 0 # t-€ Zs.
Hence f(t) = z* + at + 1 = at + 2 and obviously for each a # 0 the
polynomial has roots in Zs(a = 1, = 3;a = 2,t = 4 and conversely).
In the case a = 0 one finds f = X*+ 1 = (X% 4+ 2)(X? + 3) by usual

coefficient identification. So f is always reducible.

Ex. 14.10 One simply verifies f(0) = g(0) = 0, f(I) = g(I) =0-and
7@ = 9@ =0.
Ex. 14.11 Consider the map f : R[X] = R defined by f(ao +a: X +

..+ @, X™) = ap which obviously is a surjective ring homomorphism.

Then for an ideal I in R we have I, = f~!(I) which is an ideal in R[X].

Moreover, R[X]/I. = R/I (just take the composition R[X] LrH

R/I and apply a theorem of isomorphism, ker(p; o f) = I,) and so the

assertions concerning I and I, prime (resp. maximal) follow.from the

well-known characterizations of these using the quotient ring (integral -
domain resp. field) of a commutative ring with identity.

Ex. 14.12 Ifn # 0 and (n, X) = (f), f € Z[X] then 3p,q € Z[X] such
that n = f-p, X = f-q. Z being an integrity domain 0 = deg(f)+deg(p)
and hence deg(f) = 0or f = a € Z. Then from 1 = deg(f) + deg(q) we
deduce deg(q) = 1 or ¢ = bX 4 ¢,where b,c € Z. From X = a-(bX +¢)
we obtain ¢ = 0 and a € U(Z) so that a € {-1,1} and n € {-1,1}.
Conversely, for n = 0 the ideal (n,X) = (X) is clearly principal. For
n € {—1,1} one has (n, X) = Z[X] also a principal ideal.
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Ex. 14.13 The first verification (ideal) is easy. Moreover, this ideal is
in fact I = (2,X). If I = (f) then f would be a common divisor of 2
and X and hence f € {—1,1}. But this implies I = Z[X], impossible.

Remark. Unless R is a field, R[X] is not necessarily a principal ring.

Ex. 1414 I 71 = {f =ao+a1X +.. + an X" € R[X]|a; =0} then
cone easily checks the implication f,g € T} = f+g,f g € T;. Fur-
ther, if T, = {f € R[X]|az = 0}, this is no subring because for instance
X, X+X3eThbut X (X=X3)=X24+X1¢ T,

Ex.14.15 Let f € R[X],f = a0+ a1 X + .. + a, X™. In what follows
we prove that: '

(i) f is a unit in R[X] iff o is a unit in R and a,,ay,..,a, are
nilpotent elements in R;

(ii) f is nilpotent in R[X] iff all the coefficients are nilpotent.

In-ordér to simplify the notation U(R) and U(R[X]) denote the
corresponding sets of units.

(i) First observe that in a commutative ring a finite sum of nilpotent
elements is also nilpotent (see 2.15). Further, if ap € U(R) and a;, .., a,
are nilpotent then ;X + a;X? +..+ @, X™ is clearly nilpotent in R[X]
and then f € U(R[X]) (see 1.25). Conversely, if f € U(R[X]),f-g=1
and g = vbo+le+..+me’" then aobo = 1, aobl +a1b0 = 0, .y a,,_lbm+
@pbn—1 = 0,a.b;, = 0 hold. Multiplying the last equality by a, and
using the previous one gets a2 - b;,—; = 0. Multiplying the next equality
(in reversed order) by a2 we obtain a3b,,—; = 0 and so on. Finally,
am*1by = 0 implies a*! = 0 (multiplying by a¢) and hence a, is
nilpotent in R. Using again 1.25 f—a,X™ = ap+a,; X +.. 4+ a1 X* ! €
U(R[X]) and we deduce that an-; is nilpotent (and @,3,..,a3,41) in
an -analogous way. Surely, ap € U(R) follows from agby = 1.

(i1) Using again 1.25, if f € R[X] is nilpotent then 1 - f € U(R[X])
-and hence by (i) (1 — ap € U(R) and) —a;,—as, .., —a, are nilpotent.
But then (using again f nilpotent for ag) ao, a1, .., @, are nilpotent. The
converse is obvious.

Ex. 14.16 (a)=>(b) Let f = ao+ a1 X+ ..+ @, X" and g = by + b X +
o + b X™ be polynomials in R[X] (with a, #0 # b,) and f-g = 1.
Because agby = 1 one can suppose (modifying the coefficients of f and
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g) that ap = by = 1. A simple induction shows that Yk € N,k < m
the equality a*+!b,,_x = 0 (indeed a,b,, = 0 holds by the definition of
polynomial multiplication. If anb, = a2bpn_; = .. = afb,_ry1 =0 the
required relation follows from a,_tby + ..+ @ne g b+ ..+ anbpr = 0
multiplying by af). Now, from a™*'b, = 0 (and by = 1) we have
a™*! = 0 and hence a, = 0, a contradiction.

(b)=(a) If a € R is a nonzero nilpotent element and a™ = 0,a""? #
0,n € IN then R[X] has units of degree at least 1. Indeed, (1 +

n—-lX)(l n—lx) =1 — 2n—2X2 = 1.

Ex. 14.17 C[X] being a commutative ring, C[X]/(X?%+1) is an integral
domain iff (X2 4 1) is a prime ideal. But X2+ 1 = (X +i)(X —1) €
(X? + 1) but neither X + ¢ nor X ~ 1 does not belong to the principal
ideal (X% +1).

Another solution: denoting by U = (X? + 1) the equality [(X +
i)+ U] - [(X — i) + U] = U points out zero divisors in C[X]/U.

Ex. 14.18 Let F; : R[X] — C be the surjective ring homomorphism
defined by Ei(f) = ao+a1i+asi®+..+a,i",Vf = ap+a; X +..+a, X" €
R[X] (such a ring homomorphism exists in more generally conditions:
if R' is a ring with identity and R is a subring of R’ which contains
the identity, then for each element ¢ € Zg/(R) the centralizer, there
is a unique unital ring homomorphism E. : R[X] — R’ such that
E.(a) = a for each a € R and E.(X) = c; one takes IR subring in C
and i € Zp(R)). Obviously, ker(E;) = (X? + 1) (the ideal generated
by X?+1) and by an isomorphism theorem R[X]/ ker(E;) = E;(R[X])
that is, the required isomorphism.

Ex. 14.19 Let us consider the following ring homomorphisms:

Z[X] A Z B 7, where g(ao+ a1 X + .. 4+ anX™) = ap and p(z) =
Z,Vz € Z. The following equalities hold: ker(q) = (X),ker(p) = (n)
and ker(po ¢) = (n,X) = (n) + (X) (surely (r) C Z[X]). The required
isomorphism is obtained from an isomorphism theorem (g and p are

surjective): Z[X]/ ker(p o q) = (po q)(Z[X]).




Chapter 15
Ringé of Quotients

Ex. 15.1 Z being an integral domain, for each multiplicative system
S C Z, the ring of quotients is identified with a subring with identity
of Q, the rational numbers of the form % with m € Z and s € S. Now,
if Ais asubringof@Qand1 € Alet Sy = {n € Z[;l; € A}. Obviously,
S is a multiplicative system and Zs, C Q. Conversely, if 2 € A with
(mjn) =1let u,v € Z such that um + vn=1. ThenuZ +v=1€ A
and hence A C Zs,.

Ex. 15.2 Z[:] being an integral (commutative) domain and subring in
Q[7] (as immediate verifications show) the ring of quotients of Z[7] is
isomorphic with the subfield of [} generated by Z[i]. But this is Q[¢]
(indeed only a simple computation is needed: :;'_'db: = :,‘;'_’3;‘ + 25;‘;}1’ €
Q[¢] for a,b,c,d € Z and c + di # 0).

Ex. 15.3 In 2.27 it is shown that Q® is a subring in Q and that for
each = € Q one has ¢ € Q® or 27! € Q). Hence the subfield generated
by Q) in Q is Q itself. So the required ring of quotients is isomorphic
with Q.

Ex. 15.4 For K’ the subfield generated by R in K (that is, the inter-
section of all the subfields of K which include R), consider f : R —
- K, f(z) = z,Vr € R. By the universality property, there is a unique

f: Rpe — K’,-f(-f) = z.s™!. One easily checks that f actually is a
ring isomorphism (the injectivity follows directly and the surjectivity

follows using the well-known form of the elements in K’).

173




174 CHAPTER 15. RINGS OF QUOTIENTS

Ex. 15.5 If S is a multiplicatively closed set in a ring R and 0 ¢ S,
there is a canonical bijection ¢ between the set of all the S-saturated
ideals of R (the ideals I of R such that I = Satg(I) where Sats(I) =
{r € R|3s € S : sr € I}) and all the ideals of Rg, namely ¢(I) = Is =
{ﬂz el,se S}. Now, for a principal ideal I = (a) = Ra one has-

e(I)=Is=Rs-} = (%), a principal ideal too.

Ex. 15.6 Only one way needs comments. If S is a saturated system
clearly R\S = |J{P|P is a prime ideal ,P N S = 0} . Conversely, ifa €
R\S then first observe that for each unit « € R, uu™' = 1 implies
u € S (a saturated system). Now, for the canonical homomorphism
f: R = Rs, the image f(a) = } € Rs is not a unit and so there is
a prime ideal B in Rs such that ¢ € B. Hence a € f~! (B) completes
the proof.

Ex. 15.7 We consider the ring homomorphism f : R[X] — R, de-
fined by usual extension of f(X) = a~!. Clearly, ker(f) 2 (aX —1).
Conversely, if a polynomial ¢ = ) a,X" € ker(f) then g(a™') = 0

and. hence X — a~! divides ¢ in R:[X ]. So there is a polynomial g =
Y g X" € R.[X] such that ¢ = g (aX — 1) holds. We obtain by

usual identification —gyp = ap,—¢1 + ago = a;,.. Hence g, € R and
g € (aX —1). It only remains to apply a ring isomorphism theorem.

Ex. 15.8 The inclusion Z — @ is a well-known example of epimor-
phism in the category of rings which is not surjective. This is a natural
generalization of this example. If @, § : Rg — R’ are two ring homomor-
phisms and a0 f = o f, for the canonical homomorphism f : R — Rs
one has to prove that a = 3. The reader is invited to adapt 4.3.

Ex. 15.9 In other words we have to verify that any finite subset in Rg
has a common denominator. Inductively write ;5 = r1,.., ¢r-18 = )
and write ¢,8, = 7. Then, picking ' € R and s’ € S such that
sps' = sr' we obtain r,s' = q,s,s" and v’ = gisr’ = g;s, 8’ for every
1<i<n-1

Ex. 15.10 First, if f is injective, then S C { non-zero-divisors }. So,
f being also surjective, for each s € S surely 2 € Rs = f(R) so there
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is an element ¢ € R such that f(t) = } ~ 1 and hence st = 1 by the
above inclusion. Then S C U(R). Conversely, S C U(R) clearly implies
S C { non-zero-divisors } and so, f is injective. Finally, if S C U(R)

for each ¢ € Rs we have 2 = f (a.s‘l) and hence f is surjective. The
application to fields is obvious.

Ex. 15.11 We use the previous exercise: f is an isomorphism iff S C
U(D). First, if S C U(D) then for each ¢ = £ € Dg we have (by natural
identifications) ¢ = a.s™! and p, = X — a.s™!. Conversely, if for each
q € Dg there is a monic polynomial p, € D[X] such that p,(g) = 0
then we use p1 € D[X] for an arbitrary s € S. If pp = X —r € D[X]
then ! — r = 0 and hence sr =1 or s € U(R). 4

Ex. 15.12 Any ideal in Rg has the form Is where I is an ideal (see
also 15.5) in R. This being finitely generated, i.e. I = E Rz;,-one has-

s=1
Is = Y (Rs) x;, also a finitely generated ideal. Hence, together with
t=1
R, the ring Rs is noetherian.

Ex. 15.13 It is known that Zz+ = Q this being the axiomatic con-
struction of @ from Z, the rational numbers being represented as frac-
tions with integer denominators. Obviously, denominators selected
from 2Z* U {1} suffice in order to reconstruct the whole Q.

Ex. 15.14 If f is surjective then Rs = f(R) = {f(r)|r € R} =

{f(r.1)|r € R} = {f(r). f(l)lr € R} = (f(1)) is a cyclic R-module
(via f). Conversely, if Rg is cyclic, there is an element s € S such
that Rs = {f(r)i|r € R}. Obviously, s* € S (being a multiplicative
system) so that there is an element ¢ € R such that & ~ %.and hence
1~ % Butthen f(t) =1 and since f(R) 2 f(Rt) = Rg, the canonical
homomorphism f is surjective.

Remark. One can replace "cyclic” with "finitely generated”.

‘Ex. 15.15 We use the previous exercise: indeed, using a well-known

isomorphism theorem, it suffices to verify that f is surjective (then

f(Z,) = Z./ker(f)). S being obviously finite, if ¢ = J] s clearly
€S

(Zn)g = <-:—> is cyclic as Z,-module (via f). Hence f is surjective.




176 CHAPTER 15. RINGS OF QUOTIENTS

Ex. 15.16 The canonical homomorphism is obviously defined as fol-
tows: 1 (22} = (=) . Comsider (), € [1@)s- 1 £
ne n ]N,

would be surjective, for each n E IN* an element s € S and elements
yn € Z should exist such that —-—- ~ ¥ and hence s = (n 4 1) yn, s
would be divisible by every natural number a contradiction.

Ex. 15.17 Clearly, s;52 = (1 + 1) (1 + 22) = 1+ 21+ 2o+ 7122 € 141
if z,,z9 € I. Further, in order to verify the inclusion Is C Rad(Rs),

for elements $ E Rs and # € Is we must prove that 1+ 3-5isa
unit. But 1+ =1+% w1thz€landy-1+tw1tht€l Hence

1+z—l+m=—f—ilit” 1saun1t1nRs
D L QD)

Ex. 15.18 Consider the following diagram a | N\ 61 1§ where
D L Q)

f: D — D'is an injective homomorphism of integral domains with f, f’

the canonical injections. The composition §; = f' o a is an injective

ring homomorphism which factors through @Q(D) (by the well-known

universality property). The ring homomorphism f obtained in this way

is clearly injective.

Ex. 15.19 Let ¢ : D — D' be a ring isomorphism and define the
map ¢ : @Q(D) = Q(D') by z(%) = i(i)l This is well-defined because

t~ B e abh = ab e i(ailk) = i(a)i(d) & ’;((%% ~ ';((';—:% It is
an injective function because one can use the above equivalence (note
that ¢ is injective) in reverse order. Moreover ¢ is surjective and ring

homomorphism together with z.

Ex. 15.20 (a) Let P be a prime ideal in the commutative ring with
identity R. Clearly, 0 ¢ R\P; further, if z,y € R\P then zy € R\P
(otherwise zy € P would imply z € P or y € P).

(b) Pp isits umque maxunal ideal (there is a homeomorphism (and
lattice isomorphism) ® : {P € Spec(R)|[PN S =0} — Spec(5S~'R)
defined by ®(I) = S-'I ) of Rp (obviously P is maximal relative to
P N (R\P) = 0). Finally, Rp/Pp is isomorphic with the field of quo-
tients of R/P. More generally, if S is a multiplicative system of Z(R)
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(the center of R) then for each ideal I such that I NS = @ there is an
isomorphism S~'R/S~'I = (p(S))™! (pr(R))where pr : R — R/I is
the canonical projection (this is a simple application of a well-known
isomorphism theorem).

Ex. 15.21 If R has no non-zero nilpotent elements, more generally,
for a multiplicative system S and § € Rs let (%)" = (. There is-an
element s € S such that sa™ = 0. Hence (sa)" = 0 implies sa = 0 and.
t = 0. Conversely, if for each prime ideal P the ring Rp has no non-
zero nilpotent elements suppose that for a € R we have:a™ = 0. Then
clearly, (%)n = 0 and hence for each prime ideal P there is an element
s ¢ P such that sa = 0. If Ann(a) = Ann.l(a) N Ann.r(a) # R then
there is a maximal ideal M which includes Ann(a). The ideal M being
also prime there is an element s ¢ M with sa = 0, a contradiction.
Hence Ann(e) = R and so a = 0.

Ex. 15.22 This is not true. In a noetherian ring R one can show that
the following conditions are equivalent:
(i) for each maximal ideal M of R, the ring Ry is an integral domain;
(ii) R is a finite direct product of integral domains.
Hence it suffices to take R =7Z x Z.







Chapter 16

Rings of Continuous
Functions

Ex. 16.1 (a) Straightforward verifications.
(b) and (c): one uses the constant functions.
(d) Pointwise verifications.

(e) If R={0,r,..} and X = {a,b,..} consider f,g: X — R defined

as follows:
0 ifz=a
f(z)_{r ifz#a
and
(z) = r fz=a
NE)=V10 ifzs#a

These are zero divisors.
(f) Simple computations.

Ex. 16.2 The proof is straightforward.

Ex. 16.3 a) is obvious.

b) Let 7 = 7,5 if f € C(X) would not be constant, then it. shouild
exist two elements z,y € X with f(z) # f(y) and two disjoint open
sets I' and = in IR with f(z) € [ and f(y) € =. The sets f~1(T), f~YE)
should be disjoint nonvoid open sets in X, contradicting the hypothesis
(7 is an indiscrete topology). Hence C(X) = Co(X).

179
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As for the converse, case (i) see exercise 16.4 (a) or (b). For case
(ii), let X = Z and 7 = {G C Z|0 € G}. There are no disjoint open
sets, therefore the only continuous functions are the constants, C(X) =
C*(X).

¢) Let C(X) = C°(X). For each A C X, the so called characteristic
function of A, denoted x4 : X - R

=1 ifzea
XATI=10 ifzeX\A

is continuous. It exists an open set I'in R with1 € T and 0 ¢ T and
so A= f~!(T') is open. Hence the topology of X is discrete.
The converse is obvious.

Ex. 16.4 a) If X = {a,b} is endowed with one of the following topolo-
gies 1 = {0,{a}, X}, 7 = {0,{b},X} or 7., then only the constant
functions are continuous: C(X) = C,(X). For 7° see exercise 16.3 (c).

b) For X = {a,b,c} the equality C(X) = C,(X) holds for most
of the topologies, except for 1 = {0, {a}, {b,c}, X}, and in this case
the functions f € R¥ with f(a) # f(b) = f(c) are also continuous.
One treats similarly the topologies m, = {0, {b},{¢a,b},X} and 7 =
0, {c}, {b,c}, X}.

For the discrete topology 7° we have C(X) = C°(X) (see 16.3 (c)).

Ex. 16.5 It is well known that the continuity of |f| follows from the
continuity of f.

a) f > 0 holds iff f is a square, i.e. if it exists g € C(X) with
f=g.

b) |f| is the (unique) element of C(X) with following two proper-
ties:(i) | f] > 0,(see (a)) and (ii) |f|* = f2.

Ex. 16.6 (i) = (i1) In the ring C(X) the elements —1 and 1 are square
roots of 1 for each space X. For G and H = X \ G, disjoint, nonvoid
sets in X, consider |

. 1 ize@
f@”“{-1 ifze H

obviously a continuous function. f is a third square root of 1 in C(X).
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(22) = (dit) If f is a third square root of 1 (1 # f # —1), then
f(z) =1or f(z) = —1 for each z € X, and g = f V0 is an idempotent
in C(X); so g,0,1 are three distinct idempotent elements in C(X).

(732) = (2) If g is an idempotent of C(X) and 1 # g # 0, then g(z) =
1 or 0 for each z € X. The sets ' = ]—1/2,1/2[ and A =]1/2,3/2[ are
open and disjoint in IR. Therefore G = g~!(T') and H = g~!(A) are
both open, and H = X \ G.

(7) = (iv) Let X = X; U X, and X, X, be disjoint and open sets.
For $) ={f €C(X)|lz € X2 = f(z) =0} and S, = {f € C(X)|z €
X, = f(z) = 0} the equality C(X) = S1 @ S holds.

(iv) = () I C(X) = 51 ® S, we consider the two identities 15, € S;
and 1s, € S;. From 1g, - 15, = 15, follows that for a = 15, the relation
a? = a holds. The function 1g, takes only 0 and 1 values, and therefore
X1 =15'(1) =15!(]1/2,3/2[) is an open subset of X. The same holds
for X; = 15!(1) and Xjand X, are disjoint. It only remains to prove
that X = XjUX,. If z € X there exist two elements f; € S; and f;, € S
whose sum is 1, and so either fy(z) # 0 or fa(z) # 0. Finally from f;-
1s, = fy resp. fa lg, = f follows that 15 (z) =1 or 15,(z) = 1, and
soz € X1 U .Xz.

Remark. In conditions (¢) and (iii) one can replace "three” by
"four”.

Ex. 16.7 .Let f € C(X). Thesets G, = {z € X||f(z)| < n} constitute
a countable open cover of X. If Gy,,Ghy,...,Gn, is a finite subcover,
then for n = max{n,,ny,...,nt} and each z € X one easily checks the
inequality |f(z)] < n. Hence f is bounded.

Ex. 16.8 We have seen in 16.3 (b), that for the space (X, 7) with X =
Z and 7 = {G' C Z|0 € G} the equality C(X) = Co(X) holds and so
C(X) = C*(X) follows. This space is not countably compact: indeed,
the open countable cover {[—n,n]|n € IN} has no finite subcover.

Ex. 16.9 Let ) .
] 7@ if f(z) >1
u(z) = 1 if -1<f(z)L1 .
1 -15 if f(z) < -1
One easily checks that u has the required properties.
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Ex. 16.10 Indeed, if f € C(X), one simply verifies that the equality
2(5) = (1) holds

Ex. 16.11 The following immediate equalities prove that Z(X) is a
sublattice (is closed under joins and meets) of the lattice of all the
closed subsets of the topological space X:

Z(f -9) = 2(f) U Z(g) and Z(f* + ¢*) = Z(f) N Z(g).

Ex. 16.12 Let us consider X = Z and 7 = {G C Z|0 € G}. Clearly
F = 7" = Z\ {0} is a closed subset but it is not a zero-set because
C(X) = Co(X) (see 16.3 (b)).

Ex. 16.13 In a metric space (X, d) let F' be a closed subset. The map
f: X = R defined by f(z) = d(z, F),Vz € X is easily checked to be
the required solution (i.e. f € C(X) and Z(f) = F).

Ex. 16.14 (a) Let f,g € C(X) be such that f-g = 1. Then clearly
f(z) = 0 is impossible for z € X. Conversely, if Z(f) = () then we can
consider g : X — R defined by g(z) = :;(1;5 Moreover, together with f
the map g € C(X) and hence f is a unit.

(b) Let f € C*(X). One easily verifies that f is a unit iff there is
an element o € R} (i.e. a positive real number) such that |f] > a.

(c) Consider X = IN* with the discrete topology and f : IN* —
R, f(n) = 1,Vn € IN*. Then surely f € C*(X) and if for a map
g € C*(X) the equality f - g = 1 would hold, then g(n) = n,Vn € IN*
and so g ¢ C*(X), a contradiction.

Ex. 16.15 Consider the map h: X — IR defined by

(= :
h(:c):{ M ifzeX\G
ifreG

One verifies the required properties: & € C(X) and f = g- h.

Ex. 16.16 (a) If each map from C(X) has the property || and f €
C*(X) then there is a unit v € C(X) such that |f| = v - f and so
for 'each z € X, f(z) > 0 implies u(z) = 1 and f(z) < 0 implies
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u(z) = —1. Hence v* = (uAl)V =1 € C*(X) and |f| = u*- f.
.Conversely, if each map in C*(X) has the property || and f € C(X )
then for f* = (f A1) V =1 there is a function u* € C*(X) such that
|f*| = u* - f*. One easily verifies u* € C(X) and |f| = u*- f.

(b) All the maps have the property ||. Indeed, one uses the function

1 if f(z)>0
u(z) = {

0 if f(z) =0
~1 if f(z) <0

(c) Only the functions f € C(R) such that f(z) > 0,Vz € R or
ftz) < 0,Vz € R satisfy the property || (one obviously uses u = 1

respectivelly u = —1). Indeed, if f has positive and negative values,
say f(z;) > 0 and f(zz) < O then f has not the property ||: the
equalities u(z;) = 1 and u(z;) = —1 follow from |f| = u - f and so,

being continuous, v must have also zero values and hence u is not a
unit.

(d) In RY consider the inclusion § (ie. i(z) = 2z,Vz € Q). ¢ is
clearly continuous and, if |¢| = u -7 then u(z) = 1 holds for z > 0 and
u(z) = —1 holds for z < 0. Hence u is not continuous in z = 0.

(e) ¥ f €C (@) and Z(f) is an open subset in @ consider u : Q -+ R

defined by
1 if f(z)>0
ue) = { -1 if f(a:; <0
First, we show that u is continuous, that is, for each open subset I' C IR
the preimage u™!(T') is open in Q. Indeed, we distinguish the following
cases:
(i) if {=1,1} C T then v~}(") = Q;
(i) if -1 € I' and 1 ¢ T then v !(I') = [f < 0] where [f < 0] =
{z € Rf(z) < 0}; |
(i) if =1 ¢ T'and 1 € T then u l(I‘) [f >0]U Z(f), and
(iv) if 1,1 ¢ ' then v~}(T) =
As for the requested example, one can take f :Q — IR,

1 if £ >+/2
f(a:)={ 0 if —vV2<z<v2
' -1 if z < —/2
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Then f is continuous on Q and u = f is a unit in C(Q) such that
|f] = u- f holds.

Ex. 16.17 [z] is obvious.

[22) If f,g € I, an ideal in C(X), then f? + ¢* € I and clearly
Z(f*+g¢°) = Z(f)N Z(g).

(5| fel,Z=2(f) and Z C Z' = Z(g) then for h = f - g one
checks h€ [ and Z(h)=ZUZ'=7Z'€ Z.

Ex. 16.18 If Z[I] = Z there exists a map f € I such that Z(f) = 0.
According to 16.14, (a) f is a unit and so there is a map g € C(X)
such that f-g =1 holds. I being an ideal, 1 € ] and hence 1 -h € I
for each h € C(X). So I = C(X).

Ex. 16.19 Obvious.

Ex. 16.20 (a) For a maximal ideal M let Z = Z(M) be the corre-
sponding proper z-filter and let Z C Z, be another proper z-filter. If
we denote by I = Z*(Z2,), this is a proper ideal and Z*(Z(M)) C I.
Clearly, M C Z*(Z(M)) and so M C I and M = I. Hence Z*(2;) =
Z+(2)andso 2y = Z(Z*(2,)) = Z(Z+(2)) = Z,i.e. Z is a maximal
z-filter.

(b) Let Z be a maximal z-filter and M = Z* (Z) the corresponding
proper ideal. If for another proper ideal I we have M C I then Z(I)
is a proper z-filter and Z(I) 2 Z(Z*(2)) = Z. From maximality
Z(I) = Z(M) and so Z(2(1)) = Z(2(M)) = Z-(2(2(2))) =
Z%(Z2) = M. According to (a) I C Z+(Z(I)) and hence I = M, i.e.
M is a maximal ideal.

Ex. 16.21 (a) Let P be a prime ideal in C(X) and f,g € C(X) such
that Z(f)UZ(g) € Z(P). We show that Z(f) € Z(P) or Z(g) € Z(P).
Consider the continuous function b = |f|—|g|. From (A V 0)-(h AQ) =
0€ Pweinferhy =hVQ€ Por hy =hAQ € P. If for example hy € P
one uses in the sequel Zg = Z(hy) € Z(P) and the hypothesis.

(b) Let Z be a prime z-filter. Then P = Z*(Z) is a proper ideal
and if f-g € P we deduce Z(f - g) = Z(f) U Z(g) € Z. If for instance
Z(f) € Z then f € Z*(2) = P, and hence P is prime.
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Ex. 16.22 Suppose that the z-filter Z is not prime. Then there are
Zy,Zy € Z[X] such that Z, U Z; € Z and Z, ¢ Z,Z;, ¢ Z and so
the set Z' = {Z' € Z[X)|i3Z € Z2:ZN 2, C Z'} is a zfilter, Z C 2’
and Z # Z' (indeed, Z; € Z',Z, ¢ Z). It is a proper one because
Zy ¢ Z'. In fact, the hypothesis Z;, € Z’ implies that Z; D Z N Z,
for a suitable Z € Z. But then, from Z,UZ; € Z and ZU Z; € Z
follows Z; = (ZNZ;)UZ, =(ZU Z;)N(Z,U Z,) € Z and so Z is not
maximal.

Ex. 16.23 (a) Notice that g € I; means that g(z) = z*f(z),Vz € R
for some f € C(X). But then g(z) = zfi(x) where fi(z) = zf(z)
and f; € C(X). Hence g € I. Clearly 1|y € I, but 1| ¢ I; because
its derivative takes the value 1 for £ = 0 and the derivative of each
element from I; has the value zero in = = 0 (indeed if f(z) = z%h(z)

with h € C(X) then lim f2) =50 _ limeh(z) = limz. lim h(z) =

T z—0 =0
Oh(O) - O) Hence Il 75 Iz.
Now, Z(I,) = Z(I;) because both contain only the closed subsets
I' € R which include 0. Indeed, for such a subset ' let h(z) be the
distance between = and I'. Then for f(z) = zh(z) and g(z) = z?h(z)
one checks f € I,9 € I, and Z(f) = Z(g) =T.
(b) It suffices to observe that IR -1g € L but 1j ¢ I respectively

(1]R) v, (1]R)5' € I; but none of these factors does belong to I.

(¢) Mo = {f € C(X)|f(0) =0} obviously includes I; and I,. In
order to prove that it is also a maximal ideal, let I be an ideal in C(X)
such that My C I and My # I. Using a map f € I\M, from f(0) # 0
we infer Z (f2 + 1%R) = Z(f)NZ(1R) = 0 and so f* +1%; € I. Using
the exercise 16.14 (a) f2 + 1} is a unit and so [ = C(X).

(d) We already saw in (a) that Z(I;) ={T CR|[[ € F,0€T}.IfZ
is a z-filter such that Z(I;) C Z and Z(I;) # Z, choose Z € Z\Z(I,).
From 0 ¢ Z and {0} € Z(I;) we obtain {0} N Z = { included in Z and
so Z is not a proper z-filter. Hence Z(I;) is maximal.

Remark. If Z(I) is a maximal z-filter, ] must not be a maximal
ideal.

(e) Z*(Z(I)) is the maximal ideal from (c).
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Ex. 16.24 (a) The first part is straightforward. Z, is not prime be-

o 1
cause it includes not Z; = [0,1]\ |J -]5—7;, 5 1[ and
1 1 nE]N
Zy ={0,1)\ EL]I)\I.]-Q—m, 5;[ but it includes Z; U Z;. One similarly

treats Z_ .
(b) 2, is equal to Z(I;) from the previous exercise. It is maximal

and hence prime.




Chapter 17

Special problems

Ex. 17.1 (a) One checks that'(a=! — b~1)™" = —a(a — b)~1b holds.
(b) Indeed, —a(a — b)"1b(a™? - b71) =
—a(a—b)"tba  +a(a—b) " =a(a—b)"' (1 —ba?) =
a(a—b)"(aa~! —ba') = a(a—b)""(a—b)a! = 1. Similarly
—(a'=bNa(a=b)""b=1.

Ex. 17.2 First we verify that for every r,s € R the equality r2sr? =
r2s holds.. Indeed, simple computations show that (r2sr? —r2s)? =0
and so r2sr? — r2s = (rsr? —r2s)® = 0. Similarly r2sr? = sr? and
hence r?s = sr? or {r?|r € R} C Z(R). Finally, rs = r*s® = r(r2s%) =
rs®r? = rsfsr? = strsr? = s(sr)(sr)r

= s(sr)?r = (sr)2sr = (sr)3 = sr for every r,s € R.

Ex. 17.3 If the ring has identity this was 1.31. We obtain char(R) =2
identically. Now, ¢+ 22 = (z + 22)° = 25+ 627 + 1528 + 202° + 15210 +
6z!' + 212 =z 4+ 2% + 2% 4+ 2% so that 23 + 2% = 0 or 2° = —2% = 25,
Multiplying by = we have also z = z® = z* and hence 7% = z° or

z? = 23, Finally, z = 25 = 22,2 = 2%.2 = 23 = 2% '

Ex. 17.4 (a) Indeed, (a,-..a,,al..Aa,-..l)2 = @i..0,(01..ap) @1..G;—1 =
a;..04,.0.a1..a;_1 = 0.
(b) We use an induction on k. Indeed, if k = 1 then
(alblagas..an)z = albl (02(13..(1-,,,(11)131(12..(1-,,, = a1b1.0.b1..an =0 (us~
ing (a)). Further, if the statement is true for k — 1 we compute
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(albl..akbkak+1..an)2 =

aiby..arbi (ak41..ana1b1as..bg_10;) bragyy..an = 0 the bracketts con-
taining a zero product (one has to apply (a) to the induction hypothe-
sis). So the statement holds also for k.

(c) Each permutation being a product of transpositions it suffices
to prove the assertion for a transposition o = (ij), i.e.

P = ay..a4;-10;0i41..0j-10;0j41..a, = 0. What follows is a little bit
harder: we compute the j — 1 power of this last product, choose j — 1
suitable elements b and apply (b). Indeed, each element b (except-
ing b;_y,b; and bj—;,b;) has n factors (the exceptions have only j — 1
resp. n — j + i factors) from P (in fact a ”circular” permutation of
it): if we choose by = as..ana1,b2 = asz..a10q,..,bi-y = @;ai41..05-1,b; =
aj41..0i-105 and b,‘+1 = Q4200 A541 oy bj—l =

Q;Qj41.-Gi-1,0; = @iy1..a5-10; then (PY~! = arby..a;b;a;41..0, = 0
and hence P = 0.

Remark. If R has identity the cube P2 suffices for the proof, with
only 4 suitable elements b.

Ex. 17.5 Let z,y € R. From z™"1y™*! = (zy)™*! = (zy)"zy = z™y"zy
we obtain

™ (zy™ — y"z)y = 0. (17.1)
Replacing in (1) z by z 4+ 1 we obtain

(z4+1)"(zy" - y’j‘z)y = 0. (17.2)

Developing (z 4+ 1)* binomially (the commutativity is not needed),
multiplying (2) to the left with z"~! and using again (1) we deduce

" Yzy™ — y"z)y = 0. (17.3)

Repeating the (1) = (3) procedure we now get step by. step

z(zy" —y"z)y =0 (17.4)

and even

(zy" —y"z)y = 0. (17.5)
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We now begin with z"t2y"+? = (zy)™+? = (zy)"Hzy = z"Hy"tlzy
and obtain

" (zy™t — ")y = 0. (17.6)

Repeating the technique (1) = (5) we now obtain

: (myn+l _ yn+l;)y = (. (177)
But (5) implies :i:y""‘ll = y"zy or

yoy"t! =y Flay. (17.8)

From (7) and (8) follows (zy — yz)y™*! = 0; the replacement of y
by y +1 and a repeated application of the (1) = (5) technique leads to
(zy — yz)y = 0 and finally to zy — yz = 0. Hence R is commutative.

Ex. 17.6 The solution needs knowledge of field extensions (which are
not treated in this collection). Briefly, the proof relies on a lemma due
to Kaplansky: if K # F is an extension field of F' and for each given
a € K there is a n(a) € IN* such that a™® € F then either K is purely
inseparable over F or, K is of prime characteristics and is algebraic
over its prime field P, and a result concerning algebras established by
Noether and extended by Jacobson: if D is a noncommutative division
algebra algebraic over its center Z then thereis an element in D, not in
Z, separable over Z. The proof is divided-into three cases: for division
rings, for primitive rings and for the general case where R is represented
as a subdirect sum of prime rings so that the proof finally reduces to
prime rings. For a complete treatment see-[7], p.79; Theorem 3.2.2.

Ex. 17.7 More generally, one can prove the following statement: if a
ring R has a left (or right) nonzero divisor @ € R then char(R) =
ord(g,+)(a). Indeed, if ord(g,4) = oo nothing is to be proved. If

ord(r4)(a) = n then Vr € R : 0 = (na)r = a(nr) = nr =0, a
being no left zero divisor. We deduce ffom this result that all nonzero
elements in a field K have the same order in the.additive group (K, +).
Hence 2a = 3b = 0 for nonzero elements in K is not -possible.
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Ex. 17.8 First observe that for each idempotent element e € R,1 — ¢
is also idempotent. 1 # 0 implies that e # 1 — e. So we can group the
nonzero elements in pairs, but e(1 — e) = 0 and hence:

(i) if 1 is the only nonzero idempotent element of R, then the re-
quired product is evidently 1;

(ii) if there is an idempotent e ¢ {0,1} then the product is 0.

Ex. 17.9 If I? # 0 there is an element a € I,a # 0 such that the
right ideal al = {az|z € I} # 0. I being a minimal right ideal we
must have al = [ and hence there is an element e € I such that
ae = a. One easily gets a(e? —¢) = 0 and so € — e € Ann.r(a)N [
where Ann.r(a) = {r € R|ar = 0} is the right annihilator of a in R.
But Ann.r(a) NI # I because al # 0 and hence Ann.r(a) NI =0 and
e’ —e = 0, e is idempotent. From a # 0 we get e # 0 and, I being
minimal, we obtain [ = eR.

Ex. 17.10 First observe that if e is an idempotent element of R then
eRe is a subring of R with the identity e € eRe (no identity in R
is needed: e = eee € eRe). Next, if ere € eRe is an idempotent
then e — ere is also an idempotent (by straightforward computation),
obviously orthogonal with ere. Now if e is primitive then from e =
ere+(e—ere) follows that ere € {0, e} . Conversely, if e is not primitive,
let e = u+v,u # 0 # v,u? = u,v? = v,uv = 0,vu = 0. Then
eue is idempotent in eRe and eue # 0 (indeed from eue = 0 we infer
e = eee = e(u + v)e = eue + eve = eve and then u = u? = (e —v)? =
e’ — ve — ev 4 v? = 0 because ev = (u + v)v = v and similarly ve = v
or e = eve = ev). '

Ex. 17.11 As in the previous exercise, eRe is a subring of R with
identity e. If eze # 0 then, R being regular, let y € R such that
exe = (exe)y(eze). Then (eze)(eye) = exeye is idempotent : indeed

(exe)(eye)(eze)(eye) = (ezeyeze)ye = ezeye. Using the previous
exercise (e is primitive) (exe)(eye) € {0,e} and hence (eze)(eye) = ¢
(indeed (ezxe)(eye) = 0 implies eze = (eze)y(eze) = 0), the identity in
eRe. So eze is a left unit and the rest follows symmetrically.

Ex. 17.12 First observe that there is a left ideal M < N such that
0 # M? = M. Indeed, R being left artinian the descending chain of
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left ideals N O N? D .. D N* = NFt! = | becomes stationary and
M = NE¥. Further, choose a left ideal L < M minimal with respect to
the property M - L # 0. This can be done using the descending chain
condition on the set of all the left ideals A = {A|M - A # 0}.

Next, we show that there is an element b € L such that Mb = L.
Indeed, since M - L # 0 thereis an element b € L such that Mb # 0
and then 0 # Mb = M?b = M(M?b). Hence Mb € A and by minimality
Mb= L.

Finally, there is an element @ € M < N such that ab = b (from
Mb = L). This is the required element. Indeed, if a is nilpotent, that
is, a®* = 0,s € IN*, then b = ab = a®h = .. = a’b = 0, which contradicts
the selection of L. e

Y

Ex. 17.18 Consider P'€ K[X]-defined as follows

P(X) =) (f(a) —)—(——:ﬁ)'.-()bviously, f(a) = P(a),Va €

a€K beK\{a} a—b,

K.
Ex. 17.14 (i)=(ii) fa € Rand b € R : aba = a then e = ba is an
idempotent and then Re C Ra. Moreover, since a = ae € Re we have
Re = Ra and hence R = Re ® R(1—¢) = Ra® R(1 —¢).

(ii)=(i) If a« € R, by hypothesis there is a left ideal I such that
R = Ra®1I and hence 1 = ba + ¢ with b € R,z € I. But then
a = aba + ax = aba because 0 = az € Ra N 1. _

(ii)=>(iii) By hypothesis it suffices-to show that for every two idem-
potents e, e’ € R the sum Re + Reis.generated also by a single idem-
potent. First observe that Re+ Re' = Re+ R(e’ — €'e). Then choose an
element b € R such that €' — e'e = (¢/ — e’e)b(e’ — €’e) ((i) and (ii) are
already verified to be equivalent). If.u-denotes b(e’ — e’e) one checks
u? = u and ue = 0. Hence Re +-Re'-= Re + Ru = R(e + u — eu) with
an idempotent e + u — eu.

(iii)=>(ii) is obvious.

Ex. 17.15 (a) If for instance ac = 0 or ca = 0-one deduces a = a(b+c)a
and so by uniqueness b = b 4 ¢ holds. Hence ¢ = 0.

(b) From aba = a we deduce abub-=-ab or a(bab—b) = 0. Using (a)
we get bab = b.
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(c) For any a € R,a # 0 denote e = ab. This is the identity of R:
for every ¢ € R we have (ce — c)e = cabab — cab = cab— cab = 0. Again
by (a) e # 0 and hence ce = c. Similarly, ec = c. ‘

Remark. In an analogous manner one proves ba is the identity and
so ba = e (by the uniqueness of identity).

(d) For each ¢ # 0 if ¢ = cdc then (as we have seen in (c)) e = cd is
the identity. Using the above remark, e = dc and so ¢ has inverse.

Ex. 17.16 If the ring R is regular, for each a € R there is an element
b € R such that a = aba. We take ¢ = bab and then cac = b(aba)bab =
babab = bab = c. As for the application, let a € Z(R) for a regular ring
R. As we have seen there is an element ¢ € R such that ¢ = aca,c = cac
and we check that also ¢ € Z(R). For each r € R using a € Z(R) and
a = aba = a®b the following hold: (a) babr = (babr)ba = (ba)*rb = barb,
(b) r(ba)—(ba)r = (rba—bar)ba = rba—ba’*rb = (rb—br)a = 0. Finally,
rc — cr = r(bab) — (bab)r @ rbab — barb = (rba — bar)b ®y,

Ex. 17.17 Let R = Y A; with A; ideals in R. Then 1 € )_ A; and
iel el ‘
hence there are {71, ..,1x} C I such that 1 = a;, + .. + a;, with suitable
k

a;, € A,'J. But then R = ZA,'J.

i=1

Ex. 17.18 We know that Z[i] is an Euclidean ring (see 6.5) together
with the norm N. Let a + b be a nonzero element from Z[i] and H =
(a+ b7). For each element z € Z[i] there.are elements q and r such that
z = (a+ bi)g+ r where 7 = 0 or N(r) < a® + b%. Hence, each nonzero
elethent in Z[i]/H has the form r + H where N(r) < a® + b But the
set M = {z € Z[i{]|N(z) < a® + b*} is obviously finite, and then so is
also Z[t]/H.

Ex. 17.19 (b) = (c) is obvious: (0,0) # (1,0) # (1,1) in U x V and
(1,0)2 = (1,0) is the required idempotent in U x V = R.

(c) = (b) If €2 = e is idempotent in R and e ¢ {0,1} then Re and
R(1 — e) are proper ideals in R and even comaximal (see 2.24) that is
Re+R(1—e) = R. But ReNR(1—e) = (0) andso R = R/(ReNR(1 —
e)) = R/Re x R/R(1 — e) the required proper decomposition.
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(a) = (c) We consider again (see also 13.11 and 13.12) R(R), the
nilradical of R, that is N{P|P € Spec(R)}, the smallest ideal (in a
commutative ring) such that R (R/R(R)) = (0). We split our proof
into two cases. First, suppose that R(R) = (0). Spec(R) being not
connected, there are Fy, F; closed, disjoint, proper subsets of Spec(R)
such that Spec(R) = FiUF,. Let I = N{P|P € F;},i € {1,2}; F;
being closed subsets we have F; = F; = V(I;). It is easily checked that
there is no P € Spec(R) such that Iy + I; C P and hence I, + I; =
R. So R(R) = (0) implies I N I; = (0) with I; # (0) # I, and
hence R = R/I; x R/I,. Next, suppose that R(R) # (0) and consider
R/R(R) ring with zero nil (or prime) radical. Each prime ideal includes
R(R) so that there is a topological bijection between Spec(R) and
Spec(R/R(R)) and hence Spec(R/R(R)) is not connected. Using the
first case, there are rings U # 0 # V such that R/R(R) = U x V. Using
(b)=(c) let T ¢ {5, T} an idempotent element in B/R(R). ”Lifting”
this idempotent (see 2.19) in R, (c) = (b) ends this proof.

«(c) = (a) We have V(e)uV(1-€) = V(e.(1—e¢)) = V(0) = Spec(R)
and hence, 0 # e # 1 implies that\V(e) and V(1 — €) are closed subsets
that differ from 0 and Spec(R).

Ex. 17.20 The map u is evidently injective. It is also surjective iff (b)
takes place (there is a solution r for the system of congruences modulo
-the ideals I;). The rest is a generalisation of 2.24.

Ex. 17.21 Together with R, R[X] is a unique factorization domain and
- so there is an irreducible element g € R[X],g =bo + i X + .. + b, X™
which divides f and p divides by. Let us denote the polynomial h =
co+ X +..+ X' such that f = g h. Now p divides ag = bycp and
p? divides not ap so that p divides not cp. Let £ € IN be minimal with
the property that p divides not b;. But p divides not a, = b,¢; and
hence £ < m < n. Surely ax = brcg + be—1¢1 + .. + bock and so (by the
minimality of k) p divides a; — brco. But p divides not brcp and by the
‘hypothesis k = n,! = 0. Hence in R[X] we have f = cog with ¢ € R
and g € B[X] irreducible.

In K[X] suppose that we have the decomposition f = fi..fn. For
a suitable element ¢ € R, all the polynomials tf, € R[X] and cot™g =
(tfl) . (t’ fm) . R[X] being a unique factorization domain g divides one
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of the terms, say tf;. Hence there is an element u € R such that ug = ¢ f_,-
and.so f = (Coi) f; is irreducible in K[X].

As for the final remark one uses the following result: for a unique
factorization domain R and K his field of quotients, a polynomial f is
irreducible in R[X] iff f is primitive and irreducible in K[X].
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annihilator conditions, 43
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automorphism, 35
Frobenius, 36
inner, 129

center, 3

characteristic, 23
characteristic function, 180
circle composition, 5
comaximal ideals, 14
complement, 153

direct product, 4

direct sum, 68

division ring, 31

Dorroh extension, 4, 103
dual base, 135

Eisenstein criterion, 76, 113
element
idempotent, 3
central, 50, 154
orthogonal, 155
primitive, 73
irreducible, 27
nilpotent, 3 '
prime, 27
quasi-regular, 5, 45
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regular, 3
elementary transformations, 96
Euclidean algorithm, 29, 116

field, 31
field of fractions, 63

g.cd., 27

Hopkins theorem, 41

ideal
compact, 147
essential, 45
finitely generated, 9
maximal, 9
minimal, 9
modular, 10
prime, 15, 53
principal, 9
semiprime, 53
simple, 153
superfluous, 45

l.c.m., 27
lifted idempotent, 13

matric uAit, 86, 125

module
divisible, 38
torsion, 38
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multiplicative map, 29
multiplicative system, 15, 53, 63

saturated, 63

nil subset, 9
nilpotent subset, 9
nilradical, 44, 55

polynomial

primitive, 59

preimage, 19
prime spectrum, 55
property I1, 70

quasicompact, 56
quaternion, 123

radical, 45

prime, 41, 53

ring

artinian, 41
Boole, 3
Euclidean, 27
Gaussian, 27

‘local, 53, 56

noetherian, 41

‘normed, 29

of formal series, 42, 47
of p-adic numbers, 149
of polynomials, 59

of quotients, 63
opposite, 84

prime, 53

regular(von Neumann), 10
semiprime, 51, 53
semisimple, 49

simple, 50

strongly regular, 73
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subdirectly irreducible, 104

socle, 45

space
connected, 67, 75
countably compact, 67
pseudocompact, 68

subring, 3

symmetric difference, 5

tensor product, 37
topology
discrete, 67
indiscrete, 67
trace, 113
translation, 19

unit, 3

unital homomorphism, 19
universal bilinear map, 134
universality, 37, 59, 63

z-filter, 71
maximal, 71
prime, 71
proper, 71

Zariski topology, 55

zero divisor, 3

zero-set, 68



