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Preface 

The first international congress of algebras and combinatorics (in short, 
ICAC) was held in Hong Kong dated 17-23 August 1997. The aim of the 
congress was to celebrate the re-unification of Hong Kong to China and to 
celebrate the 25th anniversary of the Southeast Asian Mathematical Soci- 
ety. Also 1997 was the 100th anniversary of the International Mathematical 
Union (IMU). On this very special occasion, the congress was initiated by 
Professor Earl Taft, the former chief editor of Communications in Algebras 
and Professor Zhe-xian Wan, the chief editor of Algebra Colloquium. There 
were over 350 participants attended this congress from over 24 countries. 

The experts who were invited to give main lectures in the congress 
include B. H. Neumann, L. A. Bokut, E. Zelmanov, A. V. Mikhalev, P. 
SolB, J. M. Howie, Z. Arad, H. J. Hoehnke, K. Saito, M. M. Deza, V. Dlab, 
L. J. Carbone, A. M. Hinz, C. P. Milies, H. J. Vogel, R. Wisbauer, P. 
Vamos, 0. Grosek, A. Cherubini, K. Denecke, B. Piochi, M. Ito, S. Cohen, 
M. Harada, Nguyen Van Sanh, R. Gonchigdorzh, K. H. Kim, A. C. Kim, 
B. Schein, Y. H. Xu, M. Cohen, M. K. Sen, M. Tokizawa, J. C. Meakin, 
J. P. Zhang, N. Q. Ding, etc. Professor Stephen Hill, Regional Director of 
UNESCO, specially came to Hong Kong address the opening ceremony of 
ICAC97. 

The ICAC97 in Hong Kong was regarded as a great success. Profes- 
sor B. H. Neumann who was 88 at 1997 said in the closing ceremony that 
he hoped the participants in ICAC to keep up their momentum for more 
activities and he expected that the second ICAC to be held again every 
10 years with more participants. In fact, since August 1997, there were 
many international conferences in algebra and combinatorics being held in 
Manila, Bangkok, Yujarkata, Hanoi, Chongqing, Moscow, Dennison, Ky- 
oto, Islamabad, Tirupathi, Calcutta, Taipei, Pusan, Tainan, Kashan, . * . 
Fruitful results in this area were produced by many young mathematicians. 

The second ICAC2007 was first initiated by President Li Wei of Beihang 
University, that is, Beijing University of Aeronautics and Astronautics and 
President Xu Delong of Xi’an University of Architecture and Technology. 
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In particular, Professor Li Wei was very keen to host ICAC2007 because 
he realizes that algebras and combinations have extensive applications in 
coding theory, in the design of computers, in electronic communications 
and even in space technology. Moreover, Beihang University has helped 
China to develop the project of launching the moon in 2007. He thinks 
that this would be an excellent occasion to hold the ICAC, 2007 at their 
university. On the other hand, Professor L. A. Bokut has been appointed 
by the South China Normal University as the research chair and to help the 
establishment of a center of combinatorial algebra in the university. On the 
occasion of his 70th anniversary, President Wang Guo-jiang was more than 
happy to host a conference for his birthday. This idea was strongly applaud 
by Professor E. Zelmanov, one of the former students of L. A. Bokut. Hence, 
with such a background, the ICAC2007 was composed by three chapters. 
The first chapter was held in South China Normal University at Guangzhou, 
2-4 July; the second chapter was held in Beijing, 6-11 July; and the third 
chapter was held in Xi’an, 12-15 July. 

There were over 150 participants coming to Guangzhou. The main 
speakers included Professors E. Zelmanov (Chairman, Scientific Commit- 
tee), Lance Small, L. A. Bokut, A. V. Mikhalev, B. Schein, K. Kalorkoti, 
S. H. Ng, Y. M. Wang, W. J. Shi, W. B. Guo, X. Y. Guo, N. Q. Ding, Z. F. 
Hao, Q. H. Zhang, Michel Jumbu, K. Denecke, etc. A boat tour along the 
Pearl River at night was arranged. For the second chapter in Beijing, there 
were around 350 participants. Professor M. Br6ue, the chief editor of Jour- 
nal of Algebra has made a special effort to come to the congress for giving a 
special plenary talk. The other main speakers included Professors Zvi Arad, 
Susan Montgomery, A. V. Mikhalev, A. A. Mikhalev, Pave1 Kolesnikov, Li 
Wei, Agata Smoktunowicz, Ivan Shestakov, Ts. Dajdorz, A. P. Pojidaev, A. 
Kemer, A. Yu. Olshanskii, V. A. Artamonov, N. A. Vavilov, Kenji Ueno, 
V. K. Kharchenko, G. 0. H. Katona, Jan Okninski, Yong-Chuen Chen, 
Jiping Zhang, Tasuro Ito, Ilias Kotsireas, Leslie Hogben, Simone Rinaldi, 
M. R. R. Moghaddom, Das Dorz, Shangzhi Li, P. H. Lee, T. K. Lee, Y. 
Q. Zhou, w .  s. Cheung, Ling Long, George Szeto, M. R. R. Moghaddam, 
A. R. Moghaddamfar, Wanida Hemakul, L. Sabinina, L. Sbitneva, etc. A 
tour to Great Wall was arranged. For the chapter in Xi’an, there were over 
400 participants, including many graduate students. The main speakers 
in Xi’an included Professors Claus Ringel, Victoria Gould, Stephen Pride, 
Masami Ito, L6sz16 M l k i ,  J. C. Meakin, S. K. Jain, Pal Domosi, V. Bovdi, 
K. C. Chowdhury, Nguyen Van Sanh, Masami Ito, Y. Kobayashi, K. B. 
Nam, Le Anh Vu, Y. Q. Guo, G. C. M. Gomes, H. France-Jackson, K. P. 
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Shum, etc. A tour to visit Terre Cotta was specially arranged. There were 
over 600 participants in total in the ICAC2007, coming from 27 countries. 
This congress is in fact one of the largest scale international conference 
held in China in recent years. We all hope that the quality of research in 
algebras and combinatorics will be further improved and promoted after 
the ICAC2007. 

To organize an international conference is not an easy task. Apart from 
inviting the eminent main speakers, there are many arranging difficulties to 
be overcome. I would like to take this opportunity to thank the staffs and 
students, especially, the main organizers Professors Yuqun Chen, Shangzhi 
Li and Xueming Ren, in South China Normal University, Beihang Univer- 
sity and Xi'an University of Architecture and Technology for their help and 
effort. Without them, the congress will not be so successful. 

The congress has been made possible by the following sponsors for whose 
generosity the organizing committee is much indebted. 
-NNSF, China 
-IMU(CDC) Committee 
-South China Normal University 
-Beihang University 
-Xi'an University of Architecture Technology 
-Southeast Asian Mathematical Society 
-Southeast Asian Bulletin of Mathematics 
-World Scientific INC at Singapore 

K. P. Shum 
Chairman, Organizing Committee 

March 10, 2008 
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HYPERIDENTITIES IN THE CLASS ( ~ ( y z ) )  = ((z(yy))z) 
GRAPH ALGEBRAS OF TYPE (2,O) * 

AMPORN ANANTPINITWATNA and TIANG POOMSA-ARD 

Department of Mathematics, Faculty of Science, Mahasarakham University 
Mahasarakham 44150, Thailand 

E-mail: tiang@rkku.ac.th 

Graph algebras establish a connection between directed graphs without mul- 
tiple edges and special universal algebras of type (2,O). We say that a graph 
G satisfies an identity s x t if the corresponding graph algebra A(G) satisfies 
s x t. A graph G = (V, E )  is called an ( ~ ( y z ) )  x ( ( ~ ( y y ) ) ~ )  g r a p m h e  graph 
algebra - A(G) satisfies the equation ( ~ ( y z ) )  x ( ( z ( y y ) ) z ) .  An identity s x t of 
terms s and t of any type T is called a hyperidentity of an algebra A if whenever 
the operation symbols occurring in s and t are replaced by any term operations 
of A of the appropriate arity, the resulting identities hold in 4. 

In this paper, we characterize the class of ( ~ ( y z ) )  x ( ( ~ ( v y ) ) ~ )  graph 
algebras, ( ~ ( y z ) )  x ( ( ~ ( y y ) ) ~ )  class, identities and hyperidentities in the class 
of ( 4 Y . Z ) )  = ( ( 4 Y Y ) ) Z )  graph algebras. 

Keywords: Identities; Hyperidentities; Term; Normal form term; Binary alge- 
bra; Graph algebra; ( ~ ( y z ) )  x ( ( ~ ( y y ) ) ~ )  graph algebra. 

1. Introduction 

An identity s M t of terms s ,  t of any type r is called a hyperident i ty  of 
an algebra A if whenever the operation symbols occurring in s and t are 
replaced by any term operations of A of the appropriate arity, the resulting 
identity holds in A. Hyperidentities can be defined more precisely using the 
concept of a hypersubstitution, which was introduced by K. Denecke, D. 
Lau, R. Poschel and D. Schweigert in [l]. 

We fix a type r = (ni)i,=r, ni > 0 for all i E I, and operation symbols 
(fi)i,=r, where fi is ni - a r y .  Let W7(X) be the set of all terms of type r 
over some fixed alphabet X ,  and let AZg(7) be the class of all algebras of 

* 2000 Mathematics Subject Classification. 05C25, 08B15. 
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type r. Then a mapping 

0 : {fi(i E I }  - wT(X) 
which assigns to every ni - a r y  operation symbol fi an ni - a r y  term will 
be called a hypersubstitution of type r (for short, a hypersubstitution). By 
6, we denote the extension of the hypersubstitution u to a mapping 

b : W T ( X )  - WT(X). 
The term b[t] is defined inductively by 

(i) b[z] = z for any variable z in the alphabet X, and 
(ii) 3[fi(tl, ..., tn,>] = ~ ( f i ) ~ ~ ( ~ ) ( b [ t i ] ,  ..., b[tn,]>. 

Here c ~ ( f ~ ) ~ ~ ( ~ )  on the right hand side of (ii) is the operation induced by 
u(fi) on the term algebra with the universe W7(X). 

Graph algebras have been initiated in [13] to obtain examples of non- 
finitely based finite algebras. To recall this concept, let G = (V ,E)  be a 
(directed) graph with the vertex set V and the set of arcs E V x V .  
Define the graph algebra - A(G)  corresponding to G with the underlying set 
V U {m}, where 00 is a symbol outside V ,  and with two basic operations, 
namely a nullary operation pointing to  00 and a binary one denoted by 
juxtaposition, given for u, w E V U {00 }  by 

if (u, w) E E ,  uw= { u, 
00, otherwise. 

The graph identities were Characterized in [5] by using the rooted graph of 
a term t ,  where the vertices correspond to the variables occurring in t .  Since 
on a graph algebra we have one nullary and one binary operation, ~ ( f )  in 
this case is a binary term in T(Xz), i.e., a term built up from variables of 
a two-element alphabet and a binary operation symbol f corresponding to 
the binary operation of the graph algebra. In [12], R. Poschel showed that 
any term over the class of all graph algebras can be uniquely represented 
by a normal form term and that there is an algorithm to construct the nor- 
mal form term to  every given term t. K. Denecke and T. Poomsa-ard [2], 
T. Poomsa-ard [8], T. Poomsa-ard, J. Wetweerapong and C. Samartkoon 
[9,10] characterized graph hyper identities, associative graph hyperidenti- 
ties, idempotent graph hyperidentities and transitive graph hyperidentities 
respectively by using normal form graph hypersubstitutions. 

A graph G = (V, E )  is called an ( ~ ( y z ) )  x ( ( z ( y y ) ) z )  graph if the cor- 
responding graph A(G) satisfied the identity ( ~ ( y z ) )  M ( ( z ( y y ) ) z ) .  In this 
paper, we characterize the class of all ( ~ ( y z ) )  x ( ( ~ ( y y ) ) ~ )  graph algebras, 

- 
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( ~ ( y z ) )  x ((z(yg))z) class, identities and hyperidentities in the class of all 
( d Y Z ) )  = ( ( 4 Y Y ) ) Z )  graph algebras. 

2. ( ~ ( Y z ) )  M ( ( z ( y y ) ) r )  graph algebras 

R. Poschel introduced terms for graph algebras in [ll], the underlying for- 
mal language has to contain a binary operation symbol (juxtaposition) and 
a symbol for the constant 00 (denoted by 00, too). 

Definition 2.1. The set T ( X )  of all terms over the alphabet 

x = { Z 1 , 2 2 ,  23, ...} 

is defined inductively as follows: 

(i) every variable xi, i = 1,2 ,3 ,  ..., and 00 are terms; 
(ii) if tl and t2 are terms, then (tlt2) is a term; 
(iii) T ( X )  is the set of all terms which can be obtained from (i) and (ii) in 

finitely many steps. 

The leftmost variable of a term t is denoted by L( t )  and rightmost variable 
of a term t is denoted by R(t). A term, in which the symbol 00 occurs, is 
called a trivial term. 

Definition 2.2. To each non-trivial term t ,  one can define a directed graph 
G(t)  = (V( t ) ,E ( t ) ) ,  where the vertex set V ( t )  is the set Var(t) of all 
variables occurring in t ,  and where the edge set E ( t )  is defined inductively 
by E(t)  = q5 if t is avariable and E((tlt2)) = E(tl)UE(t2)U((L(tl), L(t2))). 
where t = (tlt2) is a compound term and L(t l ) ,  L(t2) are the leftmost 
variables in tl and t2, respectively. 

L( t )  is called the root of the graph G(t) ,  and the pair (G(t) ,  L ( t ) )  is the 
rooted graph corresponding to t. We recall, a root of a graph G is a vertex 
v, such that every vertex w E V(G)  is accessible from v via a directed path. 
A rooted graph is a pair (G, v), where G is a nonempty graph and v is root. 
Formally, to every trivial term t we assign the empty graph 4. 

Definition 2.3. A graph G = (V, E )  is said to satisfy an identity s M t if 
the corresponding graph algebra - A(G) satisfies s x t (i.e., we have s = t for 
every assignment V(s)UV(t)  + Vu{oo}).  In this case, we write G s M t. 

Definition 2.4. Let G = (V, E )  and GI = (V ' ,  El) be graphs. A homo- 
morphism h from G into G' is a mapping h : V --+ V' carrying edges to 
edges, that is, for which (u, v) E E implies (h(u),  h(v)) E El. 
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The following result was proved in [5]. 

Proposition 2.1. Let s and t be non-trivial terms from W7(X) with vari- 
ables V ( s )  = V(t )  = {zo,z1, ..., zn} and L(s )  = L(t) .  Then a graph 
G = (V, E )  satisfies s x t i f  and only if the graph algebra - A(G) has the 
following property: 

a mapping h : V ( s )  -+ V is a homomorphism from G(s)  into G if and 
only i f  it is a homomorphism from G(t) into G. 

Proposition 2.1 gives a method to check whether a graph G = (V, E )  sat- 
isfies the equation s x t. Hence, we can check whether a graph G = (V, E )  
has an (z(yz)) x ((z(yy))z) graph algebra. 

Proposition 2.2. Let G = (V, E )  be a graph. Then the following state- 
ments are equivalent: 

(i) G has an ( ~ ( y z ) )  M ((z(yy))z) graph algebra, 
(ii) if (a ,  b) E E and c E V ,  then (b,  c) E E if and only if (a ,  c ) ,  ( b ,  b) E E .  

Proof. (i) + (i i):  Suppose that G = (V, E )  has an (~ (yz) )  M ((z(yy))z) 
graph algebra. Let s and t be terms such that s = ( ~ ( y z ) ) ,  t = ( ( ~ ( y y ) ) ~ ) .  
Let (a, b ) ,  (b ,c)  E E and h : V ( s )  4 V be a function such that h(z)  = 
a ,  h(y) = b and h(z) = c. We see that h is a homomorphism from G(s)  
into G. By Proposition 2.1, we have h is a homomorphism from G(t)  into 

(b ,  b) E E. Let (a ,  b ) ,  (a,c), (b ,  b )  E E and h : V ( t )  -+ V be a function such 
that h(z)  = a,  h(y) = b and h(z) = c. We see that h is a homomorphism 
from G(t)  into G. By Proposition 2.1, h is a homomorphism from G(s)  into 
G. Since (y,z) E E(s) ,  (h(y) ,h(z))  = (b ,c )  E E. 

(i i)  + ( i ) :  Suppose that G = (V, E )  is a graph satisfing (ii).  Let 
s and t be terms such that s = (~(yz) ) ,  t = ((z(yy))z). Suppose 
that h : V ( s )  3 V is a homomorphism from G(s)  into G. Since- 
(2, Y), (Y, .) € E(s) ,  (h(z ) ,  h(y)) ,  (h(y) ,  h(t.)) € E.  By assumption, we get 
(h(z ) ,  h ( z ) ) ,  (h(y),  h(y)) E E. Therefore, h is a homomorphism from G(t) 
into G. By the same way, if h is a homomorphism from G(t)  into G, then 
we can prove that it is a homomorphism from G(s)  into G. Hence, by 

0 

G. Since (5, z ) ,  (Y,Y) E E(t ) ,  h(z))  = (a, 4 E E and (h(?-/), h(Y)) = 

Proposition 2.1, - A(G) satisfies s x t .  

By Proposition 2.2, the following graphs have ( ~ ( y z ) )  x ((z(yy))z) 
graph algebras; 
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G11 Gi2 G13 G14 G15 Gl6 G17 

Glt3 Gig G20 G2 1 G22 G23 G24 

G25 G26 G27 G28 G29 G30 G3 1 

G32 G33 G34 G35 G36 G37 G38 
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G39 G40 

and all graphs such that each component of every subgraph induced by at 
most three vertices is one of these graphs. 

3. Identities in ( ~ ( y z ) )  M ((z(yy))z) graph algebras 

Graph identities were characterized in [5] by the following Proposition: 

Proposition 3.1. A non-trivial identity s FZ t is an identity in the class 
of all graph algebras if and only if either both terms s and t are trivial or 
none of them is trivial, G(s) = G(t)  and L(s )  = L(t) .  

Further it was proved. 

Proposition 3.2. Let G = (V,E)  be a graph and let h : X U {m} - 
V U {m} be an evaluation of the variables such that h (m)  = 00. Consider 
the canonical extension of h to the set of all terms. Then the following 
holds: if t is a trivial term then h(t)  = 00. Otherwise, if h : G(t)  - 
G is a homomorphism of graphs, then h(t)  = h(L(t)) ,  and if h is not a 
homomorphism of graphs, then h(t) = co. 

The following lemma was proved in [8].  

Lemma 3.1. Let G = (V, E )  be a graph, let t be a term and let 

h : X - V U {m} 

be an evaluation of the variables. Then: 

(i) If  h is a homomorphism from G(t)  into G with the property that the 
subgraph of G induced by  h(V(t))  is complete, then h(t)  = h(L(t)) .  

(ii) If h is a homomorphism from G(t)  into G with the property that the 
subgraph of G induced by  h(V(t))  is disconnected, then h(t)  = 00. 

Now we apply our results to characterize all identities in the class of 
all ( ~ ( y z ) )  M ((z(yy))r) graph algebras. Clearly, if s and t are trivial, then 
s x t is an identity in the class of all ( ~ ( y z ) )  M ( ( ~ ( y y ) ) ~ )  graph algebras 
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and 3: x z (x E X )  is an identity in the class of all ( ~ ( y z ) )  x ( ( z ( y y ) ) z )  
graph algebras, too. Further, if s is a trivial term and t is a non-trivial 
term, then s x t is not an identity in the class of all (z(9.z)) x ((z(yy))z) 
graph algebras, since for a complete graph G, we have an evaluation of 
the variables h such that h(s) = 00 and h(t) # 00. Hence, we only need 
to consider the case that s and t are non-trivial and are different from 
variables. Before we do this, we first introduce some notation. For any term 
t E T ( X )  and the graph G(t) = (V( t ) ,E ( t ) ) ,  let N i ( z )  = {y E V ( t )  I 
(x,y) E E(t )}  be the set of all out-neighbors of the vertex z E V ( t )  and 
N:(x’) = {y‘ E V ( t )  I (z’,y‘) E E( t ) }  be the set of all in-neighbors of the 
vertex z’ E V ( t ) .  Then all identities in the class of all ( ~ ( y z ) )  M ((z(yy))z) 
graph algebras are characterized by the following theorem: 

Theorem 3.1. Let s and t be non-trivial terms. Then s x t is an identity 
in the class of all ( ~ ( y z ) )  x ((z(yy))z) graph algebras if and only if the 
following conditions are satisfied: 

( 2 )  L (s )  = L( t ) ,  
(ii) V ( s )  = V ( t ) ,  

(iii) N t ( L ( s ) )  # # if and only if N . ( L ( t ) )  # #, 
(iw) for any z E V ( s ) ,  N,”(z) # # if and only if @(z) # #. 

Proof. Suppose that s x t is an identity in the class of all ( ~ ( y z ) )  x 

Suppose that V ( s )  # V ( t )  and let z E V ( s )  but z @ V ( t ) .  Consider 
the (~ (yz ) )  x ((z(yy))z) graph G = (V,E)  with V = {0}, E = {(O,O)} 
and an evaluation of variables h : V ( s )  U V ( t )  + V U {m} such that 
h(z)  = 00 and h(y) = 0 for all other y E V ( s )  U V ( t ) .  We have h(s) = 00 

and h(t) = 0. Hence - A(G) does not satisfy s x t .  Now let G = (V, E )  be a 
complete graph with V = V ( s )  = V ( t )  and let h : V ( s )  -+ V be an identity 
evaluation of variables. By Lemma 3.1, we have L(s)  = h(L(s))  = h(s)  = 

Suppose that N / ( L ( s ) )  # # but N;(L(t))  = #. Consider the graph 
G = (V,E) such that V = (0, l}, E = ((0, l), (1,1)}. By Proposition 2.2, 
- A(G) has an ( ~ ( y z ) )  x ((z(yy))z) graph algebra. Let h : V ( s )  + V be 
the restriction of an evaluation of the variables such that h(L(s))  = 0 and 
h(y) = 1 for all other y E V(s) .  We see that h(s)  = 00 and h(t) = 0. Hence, 
A(G) does not satisfy s x t. Similarly, we can prove the converse. 

Suppose that there exists z E V ( s )  such that N , ~ ( z )  # q5 but N:(z) = #. 
Consider the graph G = (V, E )  such that V = (0, l}, E = {(O,O),  (0,1)}. 

((zc(YY> 1.) graph algebras. 

h(t) = h(L(t))  = L(t) .  

- 
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Then by Proposition 2.2, ~ A(G) has an (~ (yz ) )  x ((z(yy))z) graph algebra. 
Let h : V ( s )  4 V be the restriction of an evaluation of the variables such 
that h(z) = 1 and h(y) = 0 for all other y E V(s ) .  We see that h(s) = 00 

and h(t)  = 0. Hence, A(G) does not satisfy s x t .  Similarly, we can prove 
the converse. 

Conversely, suppose that s and t are non-trivial terms satisfying (i), (ii), 
(iii) and (iv). Let G = (V,E) be an (z(yz)) x ((z(yy))z) graph. Suppose 
that a function h : V ( s )  4 V is a homomorphism from G(s) into G and let 
(5, y) E E(t ) .  If 5 = y = L(s) ,  (i.e., (L(s ) ,  L ( s ) )  E E( t ) ) ,  then by (iii) there 
exists u E V ( s )  such that (u, L(s) )  E E(s).  Hence there exists v E V ( s )  such 
that (u, L(s) ) ,  (L(s),v) E E(s) .  We have (h(.u), h (L(s ) ) ,  (h(L(s)) ,  h (v) )  E 
E. By Proposition 2.2, we have (h(L(s)) ,h(L(s)))  E E. If z = y # L(s) ,  
then by (iv) and G(s) is a rooted graph with root L(s) ,  there exist u , ~  E 

V ( s )  such that (u,z), (z ,v)  E E(s) .  Hence (h(u),  h (z ) ) ,  (h (z ) ,  h(v)) E E. 
By Proposition 2.2, we have (h(z ) ,h(z ) )  E E. If z # y and z = L(s) ,  
then because G(s) is a rooted graph with root L(s ) ,  there exists a di- 
path from L(s )  into y. By the homomorphism of h and Proposition 2.2, 
we get (h(z),h(y)) E E. If z # y and z # L(s) ,  then there exist 
u, Y E V ( s )  such that (u, z), (5, v) E E(s).  Hence we get (h ( z ) ,  h (z ) )  E E. 
Since G(s) is a rooted graph with rooted L(s)  again, there exist dipaths 
from L(s)  into z and y. Thus (h(L(s)) ,  h (z ) ) ,  (h(L(s)) ,  h(y)) E E. Since 
(h (L ( s ) ) ,  h (z ) ) ,  (h(L(s ) ) ,  h(y)), (h(z) ,  h(z))  E E.  By Proposition 2.2, we 
get (h(z ) ,  h(y)) E E. This shows that h is a homomorphism from G(t)  into 
G. By the same way, if h is a homomorphism from G(t)  into G, then we can 
prove that it is a homomorphism from G(s) into G. By Proposition 2.1, we 

- 

prove that A(G) satisfies s x t .  - 

4. The ( ~ ( y z ) )  M ((z(yy))z) class 

Let Q' be the class of all ( ~ ( y z ) )  x ((z(yy))z) graph algebras and Id (E ' )  
the set of all identities satisfied in B'. In this Section, we characterize the 
equation of terms s M t such that the class of all s M t graph algebras is 
the class E'. We begin with a definition of a relation between the equation 
of terms. 

Definition 4.1. For any term equation s x t and s' M t', we call s M t 
relate to s' M t' if and only if the class of all s M t graph algebras and 
the class of all s' x t' graph algebras are the same. In this case, we write 
s x t N s' x t'. 
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We see that this relation is an equivalence relation. If s x t N ( ~ ( y z ) )  x 
( ( ~ ( y y ) ) ~ ) ,  then we call s M t belongs to the class ( ~ ( y z ) )  x ((z(yy))z). 
Clearly, if s and t are trivial terms, then s x t does not belong to the 
class ( ~ ( y z ) )  x ( ( ~ ( y y ) ) ~ )  and z M z, z E X does not belong to the class 
(z(yz)) x ( ( ~ ( y y ) ) ~ ) ,  too. Hence we consider the case that s and t are non- 
trivial and are different from variables. Before we do this, we introduce some 
notation. For any term t ,  let Li(t) = {y E V( t )  I qL ( t ) , y )  = i in G(t)}.  
Then all equations s M t in the class ( ~ ( y z ) )  M ((z(yy))z) are characterized 
by the following theorem: 

Theorem 4.1. Let s and t be non-trivial terms and different from vari- 
ables. Then s x t belongs to the ( ~ ( y z ) )  x ((z(yy))z) class if and only if 
the following conditions are satisfied: 

(i) s x t E Id(Q’), 
(ii) one ofG(s) and G(t) ,  G( t )  say, has the properties that L2(t) # 4, 

L3( t )  = 4 and for any 5 E V ( s )  i f  IC E Li(t) ,  then there exists no x’ E Lj( t )  
which j 2 i such that (d, z) E E(t ) ,  

(iii) i f  G(t)  has the properties in (ii), then (a) there exists z E Lz(t) 
such that N,S(z) = { L ( s ) }  or (b) there exists w E Ll( t )  which N:(w) = 4 
such that (L(s),w) 4 E ( s )  or  (c) there exists z E L2(t) and there exist 
y, w E Ll( t )  which N:(w) = 4 such that (L ( s ) ,  z), (y, w) E E(s) .  

Proof. Suppose that s x t belongs to the class ( ~ ( y z ) )  x ((s(yy))z). 
Clearly, s x t E Id(Q’). 

Suppose that both of G(s) and G(t) do not have the properties in (ii). 
Consider the graph G = (V, E )  such that V = {0,1,2}, E = ((0, l), (1,2)}. 
We see that G 4 Q’ and h(s) = h(t)  = 00 for all assignment h : V ( s )  --+ V 
such that the range of h is V. Hence,-h(s) = h(t)  for all assignment h : 
V ( s )  -+ V. Thus, G is an s x t graph but G 4 S’. Consequently s x t does 
not belong to the class ( ~ ( y z ) )  x ( ( ~ ( y y ) ) ~ ) .  

Suppose that G(t)  has the properties in (ii). then, by Theorem 3.1(iii),  
we have N:(L(s)) = $. If G(s) does not have the properties ( a ) ,  (b)  and 
there exists no z E Lz(t)  such that (L(s),z) E E(s) ,  then consider the 
graph G = (V,E)  such that V = {0,1,2}, E = ((0, l), (1, l), (1,2)}. We 
see that G $! Q’. Consider the assignment h : V(s )  .--t V such that the 
range of h is V. Since s x t E Id(S’) and by our assumption, we see that 
if h(L( t ) )  = 0, h(z) = 2 for some z E Lz(t) ,  and h(y) = 1 for all other 
y E V ( t ) ,  then h(t)  = h ( s )  = 0. Otherwise h(t)  = h(s) = 00. Thus, we have 
h(s)  = h(t) for all assignment h : V ( s )  + V. Hence G is an s M t graph but 
G 4 S’. Therefore s x t does not belong to the class ( ~ ( y z ) )  x ((z(yy))z). 
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Suppose that G(s)  does not have the properties (a), ( b )  and there exist 
no y’,w’ E Ll( t )  which N:(w’) = q3 such that (y’,w‘) E E(s) .  Consider 
the graph G = (V, E )  such that V = {0,1,2}, E = ((0, I), (1,1), (0,2)}. 
We see that G $ Q‘. Consider the assignment h : V ( s )  -+ V such that the 
range of h is V. Since s x t E Id(G’) and by our assumption, we see that 
if h(L(t))  = 0, h(w’) = 2 for some w’ E Ll( t ) ,  N:(w’) = q3 and h(z)  = 1 
for all other z E V ( s ) ,  then h(t) = h(s)  = 0. Otherwise h(t)  = h(s) = 00. 

Thus, we have h(s)  = h(t)  for all assignment h : V ( s )  -+ V .  Hence G is 
an s x t graph but G $ g’. Therefore, s M t does not belong to the class 

Conversely, suppose that s and t are non-trivial terms and are different 
from variables satisfying (i), (ii) and (iii). Since s M t E Id(G’),  Q’ is a 
subset of the class of all s M t graphs. Hence, we only prove that the class 
of all s x t graphs is a subset of B’. Further, we suppose that G(t)  has the 
properties in (ii). Then by Theorem 3.1(iii), N f ( L ( s ) )  = 4. Let G = (V, E )  
be an s M t graph. Suppose that there exists z’ Lz(t)  such that N~(z’) = 
{L( s ) } .  If (a, b ) ,  (b, c)  E E ,  then let h : V ( s )  -+ V be the function such that 
h(L(t))  = a, h(y) = b for all y E Ll( t )  and h(z)  = c for all z E Lz(t). We 
see that h is a homomorphism from G(t)  into G. By Proposition 2.1, h is 
a homomorphism from G(s) into G. We have (h(L(s)) ,  h ( z ) )  = (a,c) E E.  
If there are y, y’ E Ll( t )  such that (y, y‘) E E(s) ,  then (h(y), h(y‘)) = 
(b ,b)  E E. If there are no y,y’ E Ll( t )  such that (y,y‘) E E(s ) ,  then 
the function h’ : V ( s )  -+ V such that h’(L(s)) = a, h’(y) = b, for all 
y E N,S(L(s)) and h’(t) = c, for all other z E V ( s )  is a homomorphism from 
G(s) into G. We have h is a homomorphism from G(t)  into G. Since there 
exists y E N:(L(t))  such that (y,z’) E E( t ) ,  (h’(y),h’(z‘)) = ( b , b )  E E. 
If (a, b) ,  (b ,  b ) ,  (a, c) E E ,  then let h : V ( s )  -+ V be a function such that 
h(L(s ) )  = a, h(z’) = c and h(y) = b for all other y E V(s ) .  We see that h is a 
homomorphism from G(s) into G. By Proposition 2.1, h is a homomorphism 
from G(t) into G. Since there exists y’ E Ll( t )  such that (y’, 2’) E E(t ) ,  we 
have (h(y’), h(z’)) = (b ,  c)  E E. Hence G is an ( ~ ( y z ) )  x ((x(yy))z) graph. 
Suppose that there exists w E Ll( t )  which N:(w) = q5 such that ( L ( s ) ,  w) 6 
E(s) .  If (a, b) ,  (b ,  c)  E E ,  then let h : V ( s )  -+ V be a function such that 
h(L( t ) )  = a, h(y) = b for all y E Ll( t )  and h(z)  = c for all z E L2( t ) .  We 
see that h is a homomorphism from G(t) into G. By Proposition 2.1, h is 
a homomorphism from G(s)  into G. Since ( L ( s ) , w )  4 E(s) ,  there exists 
Y E Li(t) such that (y,w) E E ( s )  and so (h(y),h(w)) = (b ,b)  E E. NOW 
let h’ : V ( s )  -+ V be the function such that h‘(L(s)) = a, h’(w) = c and 
h’(y) = b for all other y E V(s ) .  We see that h’ is a homomorphism from 

(Z(YZ)) “ ( ( 4 Y Y ) ) Z ) .  
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G(s) into G. By Proposition 2.1, h' is a homomorphism from G(t) into G.
Since (L(t),.I) E E(t), (h'(L(t)), h'(w)) = (a, C) E E. If (a, b), (b, b), (a, c) E
E, then let h : V(s) --+ V be the function such that h(L(t)) = a, h(w) = c
and h(y) = b for all other y E V(t). We see that h is a homomorphism
from G(t) into G. By Proposition 2.1, h is a homomorphism from G(s) into
G. Since there exists y' E Ll(t) such that (y',w) E E(s), (h(y'),h(w)) =
(b, c) E E. Hence G is an (z(yz)) x ((z(yy))z) graph. Suppose that there
exists z' E &(t) and there exist y',w' E Ll(t) with N:(w’) = q5 such
that (L(s),z'),(y’,w’) E E(s). If (a,b),(b,c) E E, then let h : V(s) -, V
be a function such that h(L(t)) = a, h(y) = b for all y E Ll(t) and
h(z) = c for all z E L2(t). We see that h is a homomorphism from G(t)
into G. By Proposition 2.1, h is a homomorphism from G(s) into G. Since
(L(s),4,(Y',4 E E(s), (h(L(s)),h(z')) = E E S and (h(Y')>h(w')) =
(b, b) E E. Hence G is an (~(yz)) x ((z(yy))z) graph. If (a, b), (b, b), (a, c) E
E, then let h : V(s) -+ V be the function such that h(L(t)) = a, h(w') = c
and h(y) = b for all other y E V(t). Hence, h is a homomorphism from
G(t) into G. By Proposition 2.1, h is also a homomorphism from G(s)
into G. Since (y',w') E E(s), (h(y'),h(w')) = (b,c) E E. Hence G is an
(~(yz)) x ((z(yy))z) graph. Therefore, the class of all s x t graph algebras
is a subset of 0'. 0

By Theorem 4.1, we see that ((x(yz))w) « ((x(yw))z), ((x((yz)u))w) w
(((z(i/z))uM, (((x(yz))u)ti;) w ((x(((j/z)u))w), (x{((yz)w)u)) »
((x((yz)u))iu;), ((o;((yz)iy))ii) w (((x((yy)z))iu)u) are the examples of the
equations of terms which belong to the (x(yz)) w ((x(yy))z) class.

5. Hyperidentities in the class (~(yz)) M ((z(yy))r) graph
algebras

Now we want to formulate precise a concept of a hypersubstitution for
graph algebras.

Definition 5.1. A mapping u : {f, ~} -, T(X2), where X;! = (21,~~)
and f is the operation symbol corresponding to the binary operation of a
graph algebra is called graph hypersubstitution if U(M) = 00 and a(f) =
s E 77x2). The graph hypersubstitution with g(f) = s is denoted by u8.

Definition 5.2. An identity s M t is an (~(yz)) x ((z(yy))z) ^rapft %-
peridentity if and only if for all graph hypersubstitutions u, the equations
S[s] x &[t] are identities in Q'.
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Let s M t be in the class ( ~ ( y z ) )  M ( (x(yy))z) .  Then, by Theorem 4.1, 
we see that if we want to find all hyperidentities in the class of all s M t 
graph algebras, then it is enough to find all hyperidentities in the class of 

Further if we want to check that s M t is a hyperidentity in the class of 
G’, we can restrict our considerations to a (small) subset of Hyp(G)  - the 
set of all graph hypersubstitutions. 

The following relation between hypersubstitutions was defined in [6]. 

all ( 4 ~ ) )  M ( ( ~ ( y v ) ) . ~ )  graph algebras. 

Definition 5.3. Two graph hypersubstitutions 01,u2 are called GI- 
equivalent if and only if al(f) M ~ ( f )  is an identity in G’. In this case, 
we write 01 N g l  02. 

The following lemma was proved in [3,6]. 

Lemma 5.1. If81[s] M 81[t] E Id(G‘) and 01 NQI 0 2  then &[s] M &[t] E 
Id(G’). 

Therefore, it suffices to consider the quotient set H y p ( B ) /  w g .  It was 
shown that any non-trivial term t over the class of graph algebras has a 
uniquely determined normal form term N F ( t )  and there is an algorithm to 
construct the normal form term to a given term t .  Now, we are going to 
describe how to construct the normal form term[ll]. Let t be a non-trivial 
term. Then, the normal form term of t is the term N F ( t )  constructed by 
the following algorithm: 

(i) Construct G(t) = (V(t) ,  E(t)) .  
(ii) Construct for every x E V ( t )  the list 1, = (xil, . . . , x ik (=) )  of all out- 

neighbors (i.e., ( z , x i j )  E E(t ) ,  1 I j I k(s)) ordered by increasing 
indices il I ... I i k ( z )  and let sz be the term (...((~x~,)x~~)...x~~(~)). 

(iii) Starting with x := L( t ) ,  2 := V( t ) ,  s := L(t) ,  choose a variable xi E 
2 n V ( s )  with the least index i, substitute the first occurrence of xi 
by the term s X i ,  denote the resulting term again by s and put 2 := 
2 \ {xi}. While 2 # 4 continue this procedure. The resulting term is 
the normal form N F ( t ) .  

The algorithm stops after a finite number of steps, since G(t)  is a rooted . ,  
graph. Without difficulties, one shows that G(NF(t ) )  = G(t), L ( N F ( t ) )  = 

L(t)* 
The following definition was given in [2]. 

Definition 5.4. The graph hypersubstitution u N F ( t )  is called the normal 
form graph hypersubstitution. Here N F ( t )  is the normal form of the binary 
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term t. 

Since for any term t the rooted graphs o f t  and N F ( t )  are the same, we 
have t M NF(t )  E Id(E') .  Then for any graph hypersubstitution ( ~ t  with 
ut(f) = t E T ( X z ) ,  one obtains ct 

All rooted graphs with at most two vertices were considered in [2]. 
Now we formed the corresponding terms and use the algorithm to con- 
struct normal form terms. The results are given in the following table. 

u N F ( t ) .  

ormal form term yaph hypers. 

00 

0 2  

04 

06 

0 8  

010 

012 

014 

016 

018 

Eraph hypers. 

By Theorem 3.1, we have the following relations: 
(i) 0lo"~'012"Q'~l4'B'~16"Q'~18, 
(ii) 011 ~ g )  ~13~0)(~15~9'(~17~9'(~19. 

For n10~gtc12 consider by the following way: since L(cio(f)) = 

L(OlZ(f)) = 21, V(UlO(f)) = V(OlZ(f)), N,"'O(f)(Xl) # 4 and 
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T <j> a n d 7VO
CT12(

and No12(-f\x2) ^ 0. By Theorem 3.1 we have <rio~g><Ti2- For the other

cases, we consider by t h e similar way. Let Mg> be t h e set of all normal form

graph hypersubs t i tu t ions in Q'. T h e n we get

Mgi = {<To,(Ti,(T2,<T3,<74,cr5,cr6,0'7,a8,a'9,(7lOjO'll}-

We defined the product of two normal form graph hypersubstitutions in
gi as follows.

D e f i n i t i o n 5 .5 . T h e product O-\N °N <*2N of two normal form graph hy-

persubstitutions is defined by (CTI/V ON <72./V)(/) = NF{&iN\o'2N{f)})-

T h e following tab le gives the mult ipl icat ion of elements in

ON

0 0

0-1

0 2

0-3

0 4

Oh

o6

0 8

09

01o

Oil

00 0

00 O

(71 0

(72 0

O3 0

04 0

Oh 0

06 C

(77 0

0-8 0

09 0

0'io c

01i c

r l 02

r l 02

r l 02

r l 0̂ 2

r l 0"2

r l 0-2

r l 0̂ 2

r l 0"2

r l 0"2

r l 0 2

r l 0 2

'1 O2

r l 0 2

^"3

^*3

O\

01

03

0 3

0 3

0̂ 3

0-3

0^3

0 3

0^3

0-3

(7 4

( 7 4

0^2

(Jo,

O~4

(74

(7 4

(7 4

( 7 4

( 7 4

( 7 4

O-4

( 7 4

0 5

0 5

0^2

0-1

0 4

0^3

0^0

(77

0"6

0-9

0 8

0^11

O'lO

06

06

0-1

0-2

0 3

(7 4

0-9

0-6

011

OlO

O9

0-10

011

( 7 7

( 7 7

0^2

0-2

0 4

( 7 4

0-11

( 7 7

011

0-11

0-11

O"ll

011

0 8

0 8

03

0-4

07

010

0 7

0 8

0-11

0-10

0-11

0 9

0 9

0^2

0-1

(7 4

0^3

0 6

o-n
0-6

0^9

0̂ 10

011

010

010

0 1 0

^ 3

( 7 4

0-11

010

0-11

0-10

O i l

0 1 0

0-11

011

811

0 2

0^2

0-4

0 4

(T\\

(T\\

011

(J\\

(J\\

(J\\

(J\\

The concept of a leftmost normal form graph hypersubstitution was defined
in [2].

Definition 5.6. A graph hypersubstitution 0 is called leftmost hypersub-
stitution if L(o(f)) = 21.

The set ML(~) of all leftmost normal form graph hypersubstitutions in
MGI is

ML(Q') = {go,01,03,06708,010).

The concept of a proper hypersubstitution of a class of algebras was
introduced in [6].

Definition 5.7. A hypersubstitution 0 is called proper with respect to a
class K of algebras if &[s] M 8[t] E Id(K) for all s x t E
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A graph hypersubstitution with the property that u(f) contains both 
variables 21 and 22 is called regular, which was introduced in [4]. It is 
easy to check that the set of all regular graph hypersubstitutions forms a 
groupoid MTes. 

We want to prove that {GO, (76, (78, (710) is the set of all proper graph 
hypersubstitutions with respect to 0’. 

The following lemma was proved in [2]. 

Lemma 5.2. For each non-trivial t erm s, ( s  # x E X )  and for all u, v E X ,  
we have 

w6~4 = -w u u u , u ) i ( ~  E WI 

~ ( 4 S 1 )  = w u u v , V ) i ( ~ , v )  E w). 
and 

Then we obtain the following theorem. 

Theorem 5.1. {uo, c76, (78, ale} is the set of all proper graph hypersubsti- 
tutions with respect to the class 8’ of (~(yz))  M ( ( ~ ( y y ) ) ~ )  graph algebras. 

Proof. If s M t E Id(0‘) and s, t are trivial terms, then $6[S] ,  &[s], 
&s[t] and &[ti are also trivial terms and thus &6[S] M &6[t]  E Id(0’) and 
&[s] M &8[t] E Id(8’) E Id(0’).  In the same manner, we see that &6[s] M 

Now, assume that s and t are non-trivial terms, different from variables, 

For (76, (78, we obtain: 

6 6  [t] E Id(G‘) and $8 [S] M $8 [t] E Id(G’) if S = t = Z. 

and s M t E Id(9’). Then (i) ,  (ii), (iii) and (iv) of Theorem 3.1 hold. 

L($.S[s]) = L(s)  = L( t )  = L(&6[t])7 

and 

L(b8[s ] )  = L(s)  = L(t)  = L(&.8[t]). 

Since c76 and (78 are regular, we have: 

v(36[s])  = v(s) = v(t) = v(66[t]) 

and 

V(&[[sl) = v(s) = v(t) v(86[t]). 

By Lemma 4.2, we get: 

E ( e 6 [ s ] )  = E(s )  u {(u,u) I (u, v) E E(s ) ) ,  
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E(&[S]) = E(s)  u {(V,V) I (w) E E(sH 

and 

E(e8[t])  = E ( t )  u { ( v , V )  1 (u,.) E E(t ) ) -  

For 0 6 ,  by Lemma 4.2, we see that (L ( s ) ,  L(s ) )  E E ( & 6 [ s ] )  and ( L ( t ) ,  L ( t ) )  E 
E(&-s[t]). Further for any z E V ( s ) ,  we get N,"B['](z) # 4 if and only if 
N,9(z) # 4 and # 4 if and only if N t ( z )  # 4. By Theorem 3.1 
(iii), we have N 2 [ ' ] ( z )  # 4 if and only if N?[j(z) # 4. By Theorem 3.1, 

For 08,  by Lemma 4.2 we see that for any z E V ( s )  with z # L(s ) ,  
(z,z) E E(&g[s])and(z,z E E(&8[t]),henceN?['](Z) # 4andN2[ t1(z)  # 
4. Further we get N%!'[')(L(s)) # 4 if and only if N:(L(s) # 4 and 
N,*[tl(L(t)) # 4 if and only if Nj(L( t )  # 4. By Theorem 3. l ( i i i )  we get 
N.?['](L(s)) # 4 if and only if NPLt1(L( t ) )  # 4. By Theorem 3.1, we get 

For g10,  since (76 ON 0 8  = 010 and 0 6 ,  08 are proper, we see that 010 is 
a proper graph hypersubstitution. 

For any 0 @ {go, 06,087 010}, we give an identity s M t in Q' such 
that &[s ]  M &[t] @ Id(Q'). Clearly, if s and t are trivial terms with different 
leftmost and different rightmost, then 6 1  [s] x 8l [t] @ Id(Q'), &[s]  M $3 [t] @ 
Id(G'),  &[s] x &[t] @ Id(G')  and c94[s] M 84[t]  @ Id(Q'). 

Now, let s = ( z 1 ( z 2 z 1 ) )  and t = ( 2 1 ( ( 2 2 5 1 ) 2 2 ) ) .  By Theorem 3.1, 
we get s M t E Id(Q').  If 0 E { 0 5 , 0 7 , 0 9 , 0 1 1 } ,  then L ( a ( f ) )  = z 2 .  We 
see that L(&[s]) = z1 and L(&[t]) = 22 for 0 E { (T5,07 ,09 ,011} .  Thus 

0 

We get &6[S] M &6[t] E Id(Q').  

&8[s] x &8[t] E Id(6'). 

&[s] M &[t] @ Id(Q').  

Now, we apply our results to characterize all hyperidentities in the class 
of all ( ~ ( y z ) )  M ((z(yy))z) graph algebras. Clearly, if s and t are trivial 
terms, then s M t is a hyperidentity in Q' if and only if they have the 
same leftmost variable and the same rightmost variable and z x z, z E X 
is a hyperidentity in Q', too. Now, we consider the case that s and t are 
non-trivial and different from variables. 

The concept of a dual t e rm sd of a non-trivial term s can be defined in 
the following way in [2]. 

If s = z E X ,  then zd = z, if s = ( t l tz ) ,  then sd = (t$$). The dual 
term sd can be obtained by application of the graph hypersubstitution 05, 

namely &[s ]  = sd. Then, we prove the following Theorem: 
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Theorem 5.2. An identity s x t in G‘, where s, t are non-trivial and 
s # x, t # x, is a hyperidentity in G’ if and only if the dual identity sd x td 
is also an identity in G’. 

Proof. If s x t is a hyperidentity in G’, then &j[s]  x &[t] is an identity 
in Q’, i.e., sd x sd is an identity in 0’. Conversely, assume that  s M t is an 
identity in 9‘ and that sd x td is an identity in G’, too. We have to  prove 
that s x t is closed under all graph hypersubstitutions from M p .  

If ff E (60, (Tg,(Ts, ( T ~ o } ,  then (T is a proper and we get that  6[s] x &[t] E 
Id(G‘). By assumption, &[s] = sd M td = &[t] is an identity in Q’. 

For q , c z , c r 3  and ( ~ 4 ,  we have S I [ S ]  = L(s)  = L(t)  = 61[t], 6z[s] = 
L(sd)  = L( td)  = &[t], &3[s]  = L(s)L(s)  = L(t)L(t)  = &3[t]  and &4[s]  = 
L(sd)L(sd) = L(td)L(td) = 

Because of (T60Nff5 = ( ~ 7 ,  f f 8 O N f f 5  = Q, C710ONC.75 = 011 and 86[&5[t‘]] = 
&6[[trd], &8[65[t1]l = 58[[tid], ~lo[&5[tl]l = blo[t’d~ for all t’ E T(x ) ,  we have 
e7[s] x &[t], &[s] M &[t] and &ll[s] x &ll[t] are identities in G‘. 
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The paper contains a survey of some recent results on ring-theoretical proper- 
ties of quantum affine space and actions on them of finite dimensional pointed 
Hopf algebras 

1. Introduction 

Let k be a field with a fixed matrix 

q = (qij) E Mat(n, k ) ,  n 2 2, 

whose entries qij E k* satisfy the relations qii = qijqji = 1 for all 1 6 i, j 6 
n. Let also r be an integer and 0 6 r < n. Denote by 

X n  I (1) f l  0, = kq[XF1, .  . . , X ,  ,Xr+l , . .  . , . . . , 
the associative k-algebra with a unit element generated by elements 

Xl ,X , l , .  . . 7 x,, x;l, &+I,. . ., x7l 
subject to defining relations 

& X i 1  = X i 1 X i  = 1, 1 6 i < r; 
1 < i , j  6 n. XiXj = qijXjXi l  

The algebra (2) is an algebra of quantum polynomials. The elements qij are 
multiparameters. The algebra 0, is a generic algebra of quantum polyno- 
mials if all multiparameters qij  with 1 < i < j < n, are independent in the 
multiplicative group k* of the field k .  

*Research partially supported by grant RFBR 06-01-00037 
tTo Prof. L.A. Bokut on the occasion of his 70th anniversary. 

19 



20 

The algebra 0, can be viewed as a coordinate algebra of a quantum 
affine space A: if r = 0 [13] and a coordinate algebra of a quantum torus 
'Ti'; if r = n [13]. Unifying both cases we can consider a case of an arbitrary 
r where 0 6 r 6 n. Then the algebra 0, can be considered as a coordinate 
algebra of 'Ti': x A:-. [13]. In the case n = 2, r = 0, the algebra 0, is also 
called a quantum plane, where q = 412. 

It is an easy exercise to check that every element of 0, has a unique 
representation as a linear combination of monomials 

xi = Xfl . . . x$x?; . . . xk, 
where i = ( 2 1 , .  ..,in) E Zn and iT+l,. . . ,in 2 0. The ring 0, a left and 
right Noetherian domain, it satisfies Ore condition and it has a division 
ring of fractions F = FractO, = kq(X1, . . . , Xn). 

2. Valuations 

Let I' be a linearly ordered additive (not necessarily commutative) group. A 
I'-valuation is a surjective group homomorphism v from the multiplicative 
group F* of the quantum field F onto the group I' with the following 
properties: 

(1) if a, b, a + b E F*,  then v(a + b) 2 min [v(a),  v(b)]; 
(2) if a,  b, a + b E F* and .(a) # v(b), then v(a + b) = min [ ~ ( a ) ,  v(b)] . 
We shall also assume that v(lc*) = 0. 

Theorem 2.1 (Sabitov A. Yu.). A valuation of a quantum division ring 
F ,  not necessarily a generic one, is Abelian in the sense that the group I' 
is Abelian. 

Let vl : F + l?l and v2 : F -, I'2 be two valuations. Set v1 2 v2 if there 
exists an epimorphism of ordered groups T : rl 4 rz such that T V ~  = v2. 
It means that the diagram 

(3) 
is commutative. A valuation v1 : F -+ has a maximal rank if for any 
valuation 14 : F -+ r2 such that y 2 14 the morphism r in (3) is an 
isomorphism. 
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Theorem 2.2. A valuation v : F t I? of a general quantum division ring 
F is has maximal rank af and only if r N Z". 

Observe that the set of all maximal valuations on F can be identified with 
the set of all linear orderings of the additive group Zn.  

Let R" be a vector space of all rows (r1, . . . , r,), ri E R, of a length 
n. We shall assume that Rn is equipped with the lexicographic order. The 
following result is presented in ([16],  Chapter 61). 

Theorem 2.3. Let < be a linear order in the additive group Zn. Then 
there exists order preserving group embedding Zn --+ R". 

The general linear group GL(n, R) acts on the set of embeddings Zn -+ 

Rn. A linear order essentially lexicographic if it belongs to the orbit under 
the action of the group GL(n,  Z) of the standard embedding of Z" into Rn. 
If we apply an element A = (a i j )  E GL(n,Z)  to the standard embedding 
of Zn into Rn then we choose in F a new set of variables 

i=1 ,  ..., 12. (4) yi = XFil . . . XEin, 

In other words we choose a new quantum polynomial algebra 

which is again a generic one and it has the same division ring F .  
Thus if we consider an essentially lexicographic order then making a 

change of variables of the form (4) we obtain a lexicographic order with 
respect to the new set of variables Y1,. . . , Y,. 

According to ( [ 2 5 ] ,  Chapter 6 )  points of affine quantum space At are 
related to valuations of F.  The coordinate algebra of a quantum a s n e  
space A: is the subalgebra k,[X1,. . . , X,] 2 0, generated by X i , .  . . , X n .  
Since the algebra 0, is simple [18] the only prime ideals of kq[X1, .  . . , X,] 
are just the ideals generated by some sets of variables. So a choice of a 
set of variables belonging to kerv can be identified with an element of 
Speckq[X1,.  . . , X,]. Recall that prime ideals of an algebra kq[X1, .  . . , X n ] ,  
which is not supposed to be a generic one, are classified in [13]. 

3. Completions of quantum fields 

Throughout the rest of the paper we fix a maximal Z*-valuation v of F and 
Theorem 2.2 where Z" is equipped with (essentially) lexicographic linear 
order. 
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Definition 3.1. Following [2] denote by 3 the set of all maps f : Z" -+ k 
and the zero element such that suppf = { m  E Zn I f (m)  # 0 )  is Artinian 
with respect to the lecxicographic order on Z". An element f E 3 can 
be identified with a power series f = CrnEZn f ( m ) X m .  We say that a 
monomial X u  = Xyl . . . Xgn,  u E Zn,  occurs in an element f E 3 if 
f # 0. 

Expand the valuation v to  f E 3 in the following way. If f E 3 then v( f) 
- the least element from supp f .  Put 

0 = {f E 3 I v ( f )  2 O}, m = {f E 3 I v ( f )  > 0). 

As in [3] it can be shown the set 3 is a division ring containing F .  The 
skew field 3 is called a completion of F with respect to v. Moreover 0 
is a subring in 3 and m is an ideal in 0. It is generated as an ideal in 
0 by the elements XE' , .. . , X? provided v ( X f ' ) ,  . . . , v ( X 2 )  > 0,  where 
~ 1 , .  . . , E = fl. Furthermore 0/m N k .  

Conjecture 3.1. A valuation v is associated to an  essentially lexicographic 
order on  Zn if and only if nn21mi = 0.  

4. Projective module, elementary matrices and 
Morit a-equivalence 

A survey of results on projective modules over quantum polynomials can 
be found in [l]. We shall remind some of the basic results on the subject. 

Theorem 4.1. ([l]) Let P be a finitely generated projective modules over 
a generic quantum polynomial algebra 0,. Suppose that the rank of P is 
at least 2. Then  P is free. If n 2 2 then there exists a non-free projective 
0,-modules of rank 1. 

Theorem 4.2. ([l]) Assume that each multiparameter qij is a root of one. 
Let P be a finitely generated projective modules over a quantum polynomial 
algebra 0,. Suppose that the rank of P is at least 2. Then  P is  free. If 
the ring 0, is non-commutative then there exists a non-free projective 0,- 
modules of rank 1. Moreover the group of elementary matrices E(m, 0,) 
acts transitively on  the set of unimodular rows of length m 2 3. If t 2 4 
then GL(t,  0,) = E(t, 0,)D,  where D is  the group of invertible diagonal 
matrices. 

In the paper [2] we study Morita-equivalent generic quantum polynomials 
and prove Zarisky-type theorem for these algebras. 
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Theorem 4.3 (2). Let 0, and 0,t be two non-commutative quantum 
polynomial algebras, one of which a generic one. If 0, and 0,1 are Morita- 
equivalent then they are isomorphic. Moreover the Picard group of a generic 
quantum polynomial algebra is trivial. 

This result was generalized in [23]. 

Theorem 4.4 (L. Richard). Let O,, 0,) be two quantum polynomial al- 
gebras with r = n and the algebra 0, is simple. The following are equivalent: 

(1) 0, 21 0,J; 
(2) the division rings of fractions of 0, and of 0,t are isomorphic; 
(3) the algebras of differential operators on 0, and on  0,1 are isomorphic; 
(4) the division rings of fractions of algebras of differential operators on  

0, and on 0,1 are isomorphic. 

The next theorem is a solution of the Zarisky problem for generic quantum 
polynomials. 

Theorem 4.5. ([L?]) Let 0, be a generic quantum polynomial algebra which 
is a skew polynomial extension either of the form 0, = B [ X , a ]  or 0, = 
BIXf l ,a]  for some subalgebra B in 0, and for some automorphism a of 
B. Then the subalgebra B is itself a generic quantum polynomial algebra. 

5. Automorphisms of generic quantum polynomials 

Each quantum polynomial algebra is provided with a subgroup of toric 
automorphisms y such that 

r ( X i )  = r i X i ,  yi E k", 1 < i < n. 

Each toric automorphism can be expanded to automorphisms of division 
rings F, 3. If r = n. then the algebra 0, has also mirror automorphisms 
7, where 

.(Xi) = 7iX,T1, ~i E k', 1 6 i 6 n. 

Each mirror automorphism can be expanded to the division ring F ,  but 
it cannot be expanded to the division ring 3 from Section 3. A mirror 
automorphism has always order 2. 

Now we shall consider the case n = 2. Then the algebra O,, q = 912, 
is generated by two elements X , Y  (possibly also by, X - l ,  Y-' if r > 0) 
subject to the defining relation X Y  = q Y X .  This algebra is a generic one 
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if and only if q is not a root of 1. If h is a rational function in one variable, 
then the maps 

(5) 
X H  h ( Y ) X ,  X H  X ,  
Y H Y ;  Y H h ( X ) Y ;  

determine automorphisms of the division ring F .  Moreover F has also toric 
and mirror automorphisms. 

Conjecture 5.1 (J. Alev). The automorphism group of F is generated 
by toric, mirror automorphisms, by  automorphisms of the f o m  ( 5 )  and by  
conjugations. 

The next theorem refines one of results from [22] in the case of quantum 
torus r = n = 2 

Theorem 5.1. Let y be an endomorphism of a generic algebra 0, where 
n = 2.  If r = n = 2 then there exist integers 1 ,  s, t ,  v and elements p, 6 E Ic 
such that 

y ( X )  = /3XLYS, y ( Y )  = EXtY" ,  

and lv - st = 1. In particular y is an automorphism. 

such that 
If r = 1 and y ( Y )  # 0 then there exists elements h E Ic[X*l] and /3 E Ic* 

Y ( X )  = 0x7 Y(Y) = h(X)Y.  (6) 

If r = 0 then any automorphism of 0, is toric. 

Assign the matrix 

to an automorphism y from Theorem 5.1. The map 7r : Auto, -+ SL(2,  Z) 
is a group homomorphism and kerT consists of toric automorphisms. If 
r = 2 then the map T is surjective. 

Theorem 5.2. Let G be a finite automorphism group of a generic quantum 
plane. If r < 2 then G consists of toric automorphisms. If r = n = 2 
then the group G is a semidirect product of a normal subgroup of toric 
automorphisms in G and a cyclic group of order 1 - 4 ,  6. 
An automorphism group of a generic quantum polynomial algebra 0, in 
the case n 3 3 is determined in [ll]. If r = n 3 3 the following theorem 
can also be deduced from [22]. 
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Theorem 5.3. ([11,22]) Let y be an injective endomorphism of a generic 
quantum polynomial algebra 0, where n 2 3. Then y is either toric or 
in the case r = n either toric or a mirror automorphism. I n  particular 
the group Auto, is a semidirect product of a normal subgroup of toric 
automorphisms and a cyclic group of order 2. I f  r < n, then Auto, consists 
of toric automorphisms and therefore is Abelian. 

Theorem 5.4. ([ll]) Let G be a finite automorphism group of a generic 
quantum polynomial algebra 0, and n 2 3. Then the subalgebra of invari- 
ants 0: is left and right Noetherian and 0, is a left and right finitely 
generate 0: -module. 

This theorem was proved in [22] for any quantum polynomial algebra pro- 
vided r = n. 

Theorem 5.5. ([ll]) ) Let G be a finite automorphism group of a generic 
quantum polynomial algebra 0, and n 2 3. Let F be the division ring of 
fraction of 0,. Then the subalgebra of invariants FG is the division ring of 
fractions of 0:. 

Conjecture 5.2. Let n 2 3 and F from Theorem 5.5. Prove that the 
automorphism group of the division ring F is generated by toric, mirror 
automorphisms and by all conjugations. 

Theorem 5.6. ([23]) Let 0, with r = n be a simple algebra (not neces- 
sarily a generic one). Then any endomorphism of 0, is an automorphism. 

Conjecture 5.3. Let 0, be a generic quantum polynomial algebra and 4 
a nonzero endomorphism of the division ring F .  Prove that 4 is an auto- 
morphism of F .  

A partial solution of this conjecture was presented by J. Alev and F. Dumas 
in [lo]. 

An endomorphism y of the division ring of Laurent power series 3 is 
continuous, if it is determined by its images y(Xl), . . . , y ( X n ) .  

Another partial solution of Conjecture 5.2 is presented in 

Theorem 5.7. Suppose that 0, is  a generic quantum polynomial algebra 
and y is a continuous automorphism of 3. Assume y has a finite order if 
n = 2. Then there exists an element z E 3 and a toric automorphism y' 
such that y i s  a product (Ad  z)y' where ( A d  z ) x  = zxz-l. 
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Theorem 5.8. Let 0, be a generic quantum polynomial algebra and G a 
finite automorphism group of continuous automorphism of 3. Then there 
exists an  element w E F such that ( A d w ) G ( A d w ) - '  consists of toric au- 
tomorphisms. 

6. Commutative subalgebras 

In this section we are exposing some results on commutative subalgebra 
in quantum polynomial algebras 0, (not necessarily generic ones) and in 
division ring of fraction F .  

Theorem 6.1. ([8]) Let f E k , ( X ,  Y )  \k and q i s  not a root of 1. Then  the 
centralizer C ( f )  is a commutative subalgebra ( in  fact a maximal subfield) 
in k, ( X ,  Y )  . 

Theorem 6.2. ([24]) Let 3 be obtained f rom a generic quantum polyno- 
mial algebra 0, and f E 3 \ k. Then the centralizer C ( f )  of f in 3 is 
commutative and i s  a maximal subfield in 3. 

Theorem 6.3 (K. Goodearl, private communication). Let X be a 
subfield in F (at is not necessarily assumed that 0, is a generic quan- 
tum polynomial algebra). Then  the transcendent degree of K over k does no  
exceed Km11 dimension of l c ~ [ X ? ~ ,  . . . , X;']. 

If r = n the Krull and global dimensions of 0, are equal to the maximal 
number of commuting monomials whose multi-indices are independent in 
Zn [12]. 

Theorem 6.4 (Zelenova S . ) .  Let K be a commutative subalgebra of the 
algebra 0, which is not supposed to  be generic. Then  the maximal number 
of algebraically independent elements in K does not exceed Krull and global 
dimensions of 0,. 

Conjecture 6.1. Any maximal commutative subalgebra in 0, is a f ine  
(finitely generated). 

Conjecture 6.2. Let K be a maximal subfield in k, (X,  Y )  (q is not a root 
of 1). Then  the extension K / k  is a purely transcendental of degree 1. 

Observe that the division ring k , ( X ,  Y )  coincides with the division ring 
of quantized Weyl algebra A,(l) = k(a,  b I ab - qba = 1). In the meantime 
as it was shown by J. Dixmier the conjecture similar to Conjecture 6.2 did 
not hold for the division ring of an ordinary Weyl algebra Al. 
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7. Actions of Hopf algebras 

We start this section with explication of some basic ideas related to non- 
commutative algebraic geometry and the theory of Hopf algebras. 

Let V, W be affine algebraic varieties with coordinate k-algebras 
k[V], k[W] respectively. Then 

k[V x W ]  N k[V] €3 k[W].  (7) 

In particular if G is an affine algebraic group then morphisms of multipli- 
cation, of inverse, and of unit 

G X  G+G, G+G, { e }  + G ,  
(5,y) H zy, 2 w z-l, e + e. 

induce by (7) k-algebra morphisms 

A : k[G] + k[G1 C3 k[G], (Af)(z:,g) = f ( x ~ ) ,  
s : WI + WI, (Sf)(.) = f(z-l), 
E : k[G] --+ k, E f  = f(e). 

These morphisms are called comultiplication, antipode and a counit, respec- 
tively. It means that k[G] is a commutative Hopf algebra. Recall that a Hopf 
algebra H with a comultiplication A is cocommutatiwe if A = TA, where 
~ ( u  €3 w) = w €3 u for all u, w E H .  

Proposition 7.1. A Hopf algebra k[G] is cocommutative if and only if G 
is an Abelian group. 

In algebraic geometry we consider actions G x V 4 V of algebraic group 
G on affine algebraic variety V .  According to (7)  it means that there is given 
a k-algebra (strmcture) morphism 

p : k[V] + k[G x V ]  N k[G] @ k[V] 

such that (A €3 l ) p  = (1 €3 p)p, ( E  @ l ) p  = 1. It means that the following 
diagram with A = k[V] and H = k[G] is commutative 
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The main idea of noncommutative algebraic geometry is to consider a co- 
ordinate algebra A (not necessarily commutative) which is an H-comodule 
algebra for some Hopf algebra H .  It means that there is given a k-algebra 
morphism p : A -+ H @ A with the properties (8). 

A dual notion of H-comodule algebra is a notion of H-module algebra. 
We say that an algebra A is an H-module algebra if A is an H-module and 
h(ab) = C,(h(l)a)(hp)b),  where A(h) = Ch h(1) @ h ( q .  If is a finite 
dimensional Hopf algebra then H* = Homk(H, k )  is again a Hopf algebra 
and H** 21 H .  An algebra A is an H-module algebra if and only if A is an 
H*-comodule algebra. 

In noncommutative geometry 1141 a quantum polynomial algebra 0, 
with r = 0 is a coordinate algebra of a quantum aEne space A: is considered 
together with quantum Grassman algebra I? which is generated by elements 
& ,  . . . , Cn subject to the defining relations 

( L O  t 7 <.(. z 3 - - PijCjCi (9) 
where pij E k* ,  and pii = pijpji = 1 for any i, j = 1,.  . . , n. The algebra of 
functions on matrices of size n is introduced in the book [14] as a universal 
bialgebra Mp,q(n) such that O,, J? are Mp,,(n)-comodule algebras. 

Starting from now we shall assume in this section that 0, is a generic 
quantum polynomial algebra. We shall consider cocommutative and pointed 
Hopf algebras H such that 0, is an H-(co)module algebra. From geomet- 
rical point of view (see Proposition 7.1) we consider commutative quantum 
groups acting on the affine space A:. We shall now study the Lie alge- 
bra DerO, of derivations of 0, and the Lie algebra DerF of continuous 
derivations of F. A derivation of F is continuous if it is determined by 
the images of XI,. . . , Xn.  The subalgebra DerintO, of inner derivations 
is always an ideal in DerO,. Similarly the subalgebra DerintFV of inner 
derivations is an ideal in DerF. We also have derivation 81,. . . ,an such 
that a j ( X i )  = &jXi .  Observe that [&,aj] = 0, [&,ad,] = adai,. More- 
over if chark = p > 0 then @’ = &. Thus the span L of al,  . . . , &, is an 
Abelian Lie algebra of dimension n. The following theorem can be deduced 
from [9] in the case r = 0 and from [22] in the case r = n. 

Theorem 7.1. (I4-61) Let 0, be a generic quantum polynomial algebra. 
There is a direct decomposition of vector spaces Der0, = DerintO, L. 
Similarly D e r 3  = DerintF @ L. Any finite dimensional Lie subalgebra in 
DerO, and in DerF is Abelian. 

Let y be an automorphism of 0,. A linear operator D on 0, is a y- 
derivation if D(zY) = D(z)Y + y(z)D(y) for all elements Z, y E o,. D is 
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an inner y-derivation if there exists an element w E 0, such that 

D(z) = (ad,w) z = w z  - y(z)w 
for all x E 0,. The next theorem expands Corollaries 1.10 and 1.14 from 
151. 

Theorem 7.2. ([6]) Suppose that n b 3 and that y has a finite order. Let 
D be a y-derivation of a generic algebra 0,. Then either D is an inner y- 
derivation or y is a toric automorphism and there exists an element w E 0, 
such that 

D ( X )  = (ad,w)X + OX, D ( Y )  = (ad,w)Y + TY 

where ( p  - 1). = (6  - l)O = 0. 

A similar result holds for a continuous y-derivation of F with n >/ 3. 
Suppose that n = 2 and y from Theorem 5.1. 

Theorem 7.3. ([6]) If either 1 # 1, or v # 1, then D is an inner y- 
derivation of a generic algebra 0,. 

Theorem 7.4. ([6]) Suppose that D is a y-derivation of a generic algebra 
0, such that y(X) = ,OX, y ( Y )  = J X t Y .  If t # 0,  then there exists an 
element w E 0, such that 

D ( X )  = (adyw)X,  D ( Y )  = (ad,w)Y + g ( X ) Y b f l ,  

where g ( X )  E IC[X*l] and ,6' = q P b .  If t = 0 then there exists a n  element 
w E 0, such that 

D ( X )  = (ad,w)x + exd+l, e E IC, 6 = qd,  

D ( Y )  = (ad,w)Y + 7 X d Y b + l ,  T E k ,  p = q-b.  (10) 

Theorem 7.5. ([6]) Let D be a algebraic y-derivation of a generic algebra 
0, with a non-toric automorphism y. Then D = 0.  

Theorem 7.6. ([6]) Let k have characteristic zero, D an algebraic y- 
derivation of a generic algebra 0, and y a toric automorphism. Then 
D = 0. 

Similar results can be proved for continuous algebraic automorphism of 3. 
Observe that if r = n then the algebra 0, is simple [18]. Hence by [15] 

DerintO, N O,/k is a simple Lie algebra. Similarly [15] the special Jordan 

algebra 0: with respect to the new multiplication a. 0 b = -[ab + ba] is a 
simple Jordan algebra. 

1 
2 
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Proposition 7.2. Let char k = 0 and a either a derivation of a generic 
0, or a continuous derivation of F. Suppose that there exists a nonzero 
polynomial f ( T )  E k [ T ]  such that f(8) = 0.  Then 8 = 0.  

There is a natural cocommutative Hopf algebra Ho, for which 0, is an 
Ho,-module algebra. Let U be the (restricted) universal enveloping algebra 
of Der. Then the group G = Auto, acts on U by conjugations. In  fact by 
Theorem 5.3 

craja-1= a.  3 ,  aad,a-' = ad,(,). 

So we can form smash product Ho, = U#kG. Then both 0, and r (from 
above) are Ho,-module algebras. 

Theorem 7.7. ([6]) Suppose that k is an algebraically closed field of ch,ar- 
acteristic zero and H is a cocommutative Hopf algebra such that 0, is a 
generic quantum polynomial algebra which is an H-module algebra. Then 
there exists a Hopf algebra homomorphism I' : H -+ Ho, such that the 
action of H on 0, is  induced b y  < and the action of Ho, o n  0,. 

Definition 7.1. ([19], p. 45 ) Let H be Hopf algebra acting in 0,. An 
extension of algebras O q / 0 t  is Schelter-integral if for any element f E 0, 
there exists a positive integer m such that f" + q( f) = 0, where q is a sum 
of elements of the form 

alfnl...adfndad+l, n l + . . . + n d  < m  

forsomeal ,  . . .  ,ad+l €0:. 

Proposition 7.3. Let H be a Hopf subalgebra in Ho,, the field k alge- 
braically closed of characteristic zero and the extension 0,/0: Schelter- 
integral. I f  P ( H )  # 0 then 0: and P ( H )  are commutative. 

Proposition 7.4. The action of H = H o q , n  2 3, can be expanded to 
F = k,(X1,. . . , Xn) and to F. Let F H  be the set of all invariants for each 
element of N. Then F H  is a skew subfield an F .  

Theorem 7.8. ([6]) Let H be a Hopf subalgebra in No, such that F has 
a finite left (right) finite dimension over F H .  Suppose k has characteristic 
zero and some multiparameter q i j ,  1 < i < j 6 n, is  algebraically indepen- 
dent over the subfield of rationales Q in k .  Then P ( H )  = 0 and H = kG, 
where G is a subgroup of Auto,. 
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8. 

A Hopf algebra H over a field Ic is pointed if all simple co-subalgebras in 
H have dimension 1. For example group algebra and universal (restricted) 
algebra are pointed. A Hopf algebra is pointed if and only if any maximal 
ideal of the dual algebra H* has codimension 1. In particular any cocommu- 
tative Hopf algebra over an algebraically closed field is pointed. Consider 
standard pointed Hopf algebras acting of quantum polynomial algebras 0,. 
Let C = ( T )  is a cyclic group of order 1 - 4, 6. Fix an injective group ho- 
momorphism @ : C 3 SL(n ,Z)  such that if n > 2 then the order of C 
is either 1 or 2. By Theorem 5.1, Theorem 5.2 Theorem 5.3 the required 
homomorphism @ exists. 

Let U be a ZC-submodule in Z" of a finite index. Denote by A the finite 
abelian group Z"/U written multiplicatively. 

The homomorphism @ : C -+ SL(n, Z) induces an action of kC on the 
dual algebra (IcA)*. Namely i f f  E (IcA)*, c E C, and z E A then 

Actions of pointed finite dimensional Hopf algebras 

f"(z) = f (W)-%)). (11) 

The smash product (IcA)*#kC is a Hopf algebra. We shall call it a standard 
Hopf algebra. Note that if n > r ,  then a standard Hopf algebra has the 
form (kA)*. 

An algebra 0, with r = n admits the natural A-grading, induced by 
Zn-grading with respect to X I , .  . . , X,. According to1' there exists a left 
coaction 

p : 0, -+ k A  @ O,, p(X i )  = (eiU) &I X i ,  i = 1 , .  . . ,n, (12) 

where ei = (0 ,... , 0 , 1 , 0  ,..., 0) E Zn. In other words 0, admits a left 
action of the dual Hopf algebra (kA)* [19], namely 

a 

f ( X " )  = f(. + U ) X " ,  2, E Z". (13) 

We can define an action of kC on 0, with r = n as follows. If the order of 
C is equal to 2, then 

r o xi = ( ~ X ~ T ' ,  ti E k*, i = 1 ,  . . . ,  n. (14) 

Suppose now that n = r = 2 and 

has one of the orders 3,4 ,6 .  Then we put 

r o ( X I  = txayb, r o (Y) = q x C y b ,  
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where E ,  77 E lc*. 

Proposition 8.1. There exasts an action of (kh)*#kC on 0, extending 
actions of (kh)* and the action (14), (15) of kC. 

An element a E 0, is an invariant under an action of H if ha = &(h)a  for 
all h E H .  All invariants form a subalgebra 0; in 0,. 

Theorem 8.1. (“‘71) Suppose that 0, is a generic quantum polynomial 
algebra and H is  a finite dimensional Hopf algebra. Then an action of H 
in 0, i s  a composition o j \ k  and a ”standard” action of a ”standard” Hopf 
algebra in 0,. If 0; i s  the subalgebra of invariants then it is left and right 
Noetherian ring and 0, is a finitely generated left and right 0:-module. 

Theorem 8.2. ([6]) Let a finite dimensional Hopf algebra H act con- 
tinuously on 3. Then there exasts a nonzero element z E 3 such that 
h ( X ” )  = z X v ( h ) X V z - l  for any monomial X” E 3, v E Zn, and any el- 
ement h € H .  Here xv E H*. The division ring F has a finite left and right 
dimension over the subdivision ring on  invariants F H .  

9. Poisson structures 

A Poisson structure on a lc-algebra A is a k-bilinear multiplication Poisson 
bracket { , } : A @I A -+ A such that 

(1) A is a Lie algebra with respect to the multiplication { x , y } ;  
(2) { x y ,  z }  = {z, z } y  + x { y ,  z }  for all x ,  y ,  z f A. 

An algebra A with a Poisson bracket is called Poisson algebra. 
Poisson algebras are considered in [17]. It is shown in [20] that under 

some assumptions on a set of multiparameters in an algebra 0, with r = 
0, n there exists a Poisson algebra 0,) such that the topological spaces of 
primitive (prime) ideals in 0, and of sympectic (prime Poisson) ideals in 
0,) are homeomorphic. A study of Poisson brackets is related to  a study of 
the Lie algebra DerO, of derivation of the algebra O,, because that map 
a H { b, a }  is a derivation of 0, for any b E 0,. 

Theorem 9.1. ([6]) Let a Poisson bracket be given in a generic quan- 
tum polynomial algebra 0,. Then there exists an element E E k such that 
{ a ,  b )  = “a, 4. 
A Poisson bracket on F is continuous if it is uniquely determined by the 
set of values {Xi, X j } ,  1 6 i < j 6 n. As above we can prove 
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Theorem 9.2. ([6]) Let a continuous Poisson bracket be given on Lau- 
rent quantum power series 3 which is associated with a generic quan- 
t u m  polynomial algebra 0,. Then there exists a n  element E E k such that 
{a ,  b )  = <[a, 4. 
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1. Introduction 

In this survey, we report the activities of the first author who has been 
staying in the South China Normal University, at Guangzhou, in Spring 
2006, Spring 2007 and November-December 2007. With the participation 
of the second author, we are running an algebra seminar with 12 students 
(most of them are master degree students) and some young teachers at 
5 times per week, two hours each session. The subjects of this seminar 
include from Combinatorial group theory, Free Lie algebras, Semi-simple Lie 
algebras to Non-associative algebras, Conformal algebras, Quantum groups, 
Semigroups and Dialgebras with emphasizing in Grobner-Shirshov bases. 
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The second author visited Sobolev Institute of Mathematics a t  Novosi- 
birsk as a visiting professor in July-October, 2006. 

As the result of all these activities, more than 10 papers have been 
prepared. We now give a brief survey for some of the papers. We also 
mention some papers which were done during the first author’s visiting to  
Prof. K. P. Shum, the Chinese University of Hong Kong, 2003-2005. 

We divide these papers into three blocks: 

(I) New Composition-Diamond (CD-) lemmas, 
(11) Applications of known CD-lemmas, 

(111) Expository papers. 

We first explain what it means of “CD-Lemma’’ for a class (variety or 
category) M of linear R-algebras over a field k (here R is a set of linear 
operations on M )  with free objects. 

M-CD-Lemma Let M be a class of (in general, non-associative) R- 
algebras, F r e e M ( X )  a free R-algebra in M generated by X with a linear 
base consisting of “normal (non-associative 52-) words” [u], S c F r e e M ( X )  
a subset and < a monomial well order on normal words. Let S be a Grobner- 
Shirshov basis (this means that any “composition” of elements in S is “triv- 
ial”). Then 

(a) If f E Ideal(S), then [f] = [asb], where [f] is the “leading monomial” 

(b) Irr(S)  ={[u]I[u] # [aSb], s E S, [asb] i s  a normal s - word} is a linear 
of f and [asb] is a “normal s-word”, s E S. 

basis of the algebra M ( X ( S )  with defining relations S .  

In many cases, each of conditions (a) and (b) is equivalent to  the condi- 
tion that S is a Grobner-Shirshov basis in F r e e M ( X ) .  But in some of our 
‘‘new CD-Lemmas”, this is not the case. Here, M may be as follows: 

-Associative algebras ([56], [7], [3]). 
A free associative algebra is k ( X )  , the algebra of non-commutative poly- 

nomials; normal words are words on X ;  the A. I. Shirshov’s composition 
( f , g ) u  is equal to f b  - ag, if w = f b  = ag, deg(f)+deg@) >deg(w), or 
f - agb, if w = f = agb, where a,  b E X *  and X *  the free monoid gener- 
ated by X ;  a polynomial h is called trivial mod(S)  if it goes to 0 by using 
the Eliminations of Leading Words (ELW) of S (see below an equivalent 
definition). 

-Lie algebras ([56]). 
A free Lie algebra is L i e ( X ) ,  the algebra of Lie polynomials in k ( X )  
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(this theorem was proved by W. Magnus and E. Witt); by the normal words 
we mean the non-associative Lyndon-Shirshov words [u] on X ;  the leading 
word f of a Lie polynomial f is the same as the associative polynomial; A. 
I. Shirshov’s composition [f,gIw of two Lie polynomials is its associative 
composition with some extra bracketing defined in [53]; a normal s-word 
for s E L i e ( X )  has the form [asb] with extra bracketing as before. 

-Commutative algebras ([17], [IS]). 
A free commutative algebra is k[X], the algebra of polynomials on 

X over a field k; normal words are monomials; the composition S(-,  -) 
is the operation of taking the B. Buchberger’s S-polynomial: S ( f , g )  = 
f b  - ag for any polynomials f,g, where w = f b  = ag = l .c.m(f,g) and 
deg(f)+deg(g) >deg(w). 

-(Commutative, anti-commutative) non-associative algebras ( [ 5 5 ] ) .  
There is only composition of inclusion in the cases. 

-Lie superalgebras ([45]). 
The Composition-Diamond lemma for Lie superalgebras is known and 

proved. 

-Grassmann algebras ([57]). 
There is new composition of multiplication by a monomial. 

-Supercommutative associative superalgebras ([45], [46]). 
There is new composition of multiplication by a monomial. 

-Conformal associative algebras (C, (n), n 2 0, D) ([12]). 
There are 6 types of compositions including inclusion, intersection, D- 

inclusion, D-intersection, left (right) multiplication by a generator. The 
condition (a) ((b)) in the CD-lemma is not equivalent to the condition that 
S is a Grobner-Shirshov basis. 

-Modules ([36], [29]).  

2. CD-lemma for associative algebras 

In this section, we cite some concepts and results from the literature which 
are related to the Grobner-Shirshov bases for the associative algebras. 

Definition 2.1. ([56], see also [6], [7]) Let f and g be two monic poly- 
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nomials in k(X)  and < a well order on X * .  Then, there are two kinds of 
compositions: 

( i )  If w is a word such that w = f b  = ag for some a,b E X *  with 
deg(f)+deg(g) >deg(w), then the polynomial ( f , g ) w  = f b  - ag is called 
the intersection composition of f and g with respect to  w. 

(ii) If w = f = agb for some a, b E X * ,  then the polynomial ( f , g ) w  = 
f - agb is called the inclusion composition of f and g with respect to  w. 

Definition 2.2. ([6], [7], [56]) Let S C k ( X )  with each s E S monic. 
Then the composition ( f , g ) w  is called trivial modulo (S,w) if ( f , g ) w  = 
Ccuiaisibi, where each cui E k ,  ai, bi E X * ,  si E S and aisibi < w. If this is 
the case, then we write (f, g ) w  0 mod(S, w) 

Definition 2.3. ([6], [7], [56]) We call the set S with respect to the well 
order " < " a Grobner-Shirshov set (basis) in k ( X )  if any composition of 
polynomials in S is trivial modulo S. 

If a subset S of k ( X )  is not a Grobner-Shirshov basis, then we can add 
to S all nontrivial compositions of polynomials of S, and by continuing this 
process (maybe infinitely) many times, we eventually obtain a Grobner- 
Shirshov basis Stomp. Such a process is called the Shirshov algorithm. It is 
an infinite algorithm as well as Kruth-Bendix algorithm (see [38]). 

A well order > on X *  is monomial if it is compatible with the multipli- 
cation of words, that is, for u, 'u E X * ,  we have 

u > v + w1uw2 > w1vw2, f o r  all wl ,  w2 E X * .  

A standard example of monomial order on X *  is the deg-lex order to com- 
pare two words first by degree and then lexicographically, where X is a 
linearly ordered set. 

The following lemma was proved by Shirshov [56] for the free Lie alge- 
bras (with deg-lex ordering) in 1962 (see also Bokut [6]). In 1976, Bokut 
[7] specialized the approach of Shirshov to associative algebras, see also 
Bergman [3]. For commutative polynomials, this lemma is known as the 
Buchberger's Theorem in [17] and [18]. 

Lemma 2.1. (Composition-Diamond Lemma) Let k be a field, A = 
k ( X ( S )  = k ( X ) / l d ( S )  and < a monomial order on X * ,  where I d ( S )  is 
the ideal of k ( X )  generated b y  S .  Then the following statements are equiv- 
alent: 

( i )  S is  a Grobner-Shirshov basis in k ( X ) .  
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(ii) f E I d ( S )  + f = aSb for some s E S and a,  b E X * .  
(iii) I r r (S )  = {u E X*Ju # ai?b,s E S,a, b E X'} is a basis of the algebra 

A = k(X1S) .  

3. New CD-lemmas 

3.1. CD-Lemma and HNN-extensions 

Y .  Q. Chen and C. Y. Zhong in [27] give a version of CD-lemma in which the 
order may not be monomial. A Grobner-Shirshov basis for HNN extensions 
of groups is obtained by using the new CD-lemma. This is the first paper 
to  give a Grobner-Shirshov basis by using a non-monomial order. 

Theorem 3.1. ([27]) Let S 
that 

k ( X )  and '' < " a well order on  X* such 

- 
(I) asb = aSb for any a,  b E X * ,  s E S;  

(11) for each composition (s1, s ~ ) ~  in S ,  there exists a presentation 

( S I , S ~ ) ~  = x a i a i t i b i ,  aiGbi < w, 

such that for any c, d E X * ,  we have caiGbid < cwd. 

where ti E S, ai ,  bi E X * ,  ai E k 
i 

Then, the following statements hold. 

(i) S is a Grobner-Shirshov basis in Ic(X). 
( i i)  For any f E Ic(X),  f E I d ( S )  + .f = agb for some s E S, a, b E X * .  

(iii) The set 

Irr(S)  = {u E X* Iu # agb, s E S, a,  b E X * }  

is a linear basis of the algebra Ic(X1S). 

We call the order satisfying the conditions in Theorem 3.1 an S-weak 
monomial order. 

Let G = gp(H,t(t- 'at  = cp(a),a E A) be an HNN-extension of a group 
H, where A is a subgroup of H and cp a group isomorphism. By using 
Theorem 3.1, it is proved in [27] that there exists an explicit Grobner- 
Shirshov basis S of G relative to  some explicit S-weak monomial order 
such that the set Irr(S)  of S-irreducible words coincides with the set of 
normal forms in the Normal Form Theorem for HNN-extensions (see [4] 
and [43]). 
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3.2. Dialgebreas 

In this section, we report some recent results of L. A. Bokut, Y .  Q. Chen 
and C. H. Liu [ lo] .  

Let D ( X )  be a free dialgebra (J.-L. Loday, 1995, [40]),  where multipli- 
cations " k l 1  , " i " are both associative and for any a ,  b, c E D ( X ) ,  

a -1 ( b  t C) = a i b -i C ,  

(a  -I b) F c = a t- b t- c, 
a t- ( b  -I c)  = (a  I- b)  4 c. 

A linear basis of D ( X )  consists of normal diwords 

[u] = 2-, t * * t- 20 i . . . i z k  = z-, . . .io.. 'Zk, 

where zi E X ,  m, k 2 0,zo is the center of [u] (see J.-L. Loday, 1995, [40]). 
We define the deg-lex order [u] < [v] ,  by using the lex-order of the weight 

Now, for f , g E S,  we define the compositions of inclusion, intersection 

We call the set S a Grobner-Shirshov set (basis) in D ( X )  if any com- 

wt[u] = ( k + m + l , m , z - , , . . . , z k ) .  

and left(right) multiplication by a letter. 

position of polynomials in S is trivial modulo S (and [w]) .  

Theorem 3.2. ([lo] CD-Lemma for dialgebras) Let S c D ( X )  be a monic 
set and the order < as before. Then ( i )  + (ii) ++ (iii) 

(i) S is a Grobner-Shirshov basis in  D ( X ) .  
(ii) For any f E D ( X ) ,  f E I d ( S )  + [7] = [a[S]b] for  some s E S, a,  b E 

[X']  and [asb] a normal S-diword. 
(iii) The set I r r ( S )  = {u E [X*] lu  # [a[S]b], s E S,a ,b  E [ X ' ] ,  

[asb] is normal S-diword} is a linear basis of the dialgebra D(X1S).  
(iv) Each composition is trivial modulo S .  

( i v ) ,  where 

As an application of the above theorem, we obtain a Grobner-Shirshov 
basis for the universal enveloping algebra of a Leibniz algebra. It is the 
PBW-Theorem for the Leibniz algebras. This is the third proof of the the- 
orem after M. Aymon and P. P. Grival (2003) in [ l ] ,  and P. Kolesnikov 
(2007) in [39]. 

Recall that a Leibniz algebra L is a non-associative algebra with a mul- 
tiplication [zy] E L such that [[zylz] - [[zzly]  - [[yzlz]  = 0 (see [40]). 
For any dialgebra (D, i , I - ) ,  the linear space D with the multiplication 
[zy]  = z i y - y t- z is a Leibniz algebra. For any Leibniz algebra 
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L = Lei((ei}rI[eiej] = c k a f j e k ,  i , j  E I ) ,  one can define the universal en- 
veloping D-algebra U ( L )  = D({e i } l Je i  -I e j  - ej I- ei = Ck a$ek,  i , j  E I ) ,  
where {ei} l  is a basis of L. 

Theorem 3.3. ([lo]) Let C be a Leibniz algebra over a field k with the 
product {,}. Let Lo be the subspace o f L  generated by the set { { a ,  a} ,  { a ,  b}+ 
{ h a }  I a ,  b E C } .  Let {zili E Io}  be a basis of Lo and X = {xili E I }  a 
linearly ordered basis of C such that 10 C I .  Let ( D ( X ) , i , t )  be the free 
dialgebra and the order < on  [X"] as before. Let S be the set which consists 
of the following polynomials: 

1. f j i  = xj t- xi - 22 -1 xj + {xi, Zj} 
2. f j i k t  = xj t xi t- xt - xi t- zj t xt 4- {Zi,Xj} t- xt 

( i , j  E I )  
( i , j , t  E I ,  j > i) 
(20 E 10, t E I )  
( i , j ,  t E I ,  j > i) 
(20 E 10, t E I ) .  

3. 

4. f t - l j i  = xt i xj -I xi - xt i xi -I xj + xt i {xi, xj} 
5. 

Then 

(i) S is a Grobner-Shirshov basis in (D(X).  
(ii) The set 

{xj i xil i . .. -I zik I j E I , i ,  E I-Io, 1 5 p I I c ,  il 5 . . .  5 ik, k 2 0) 

is a linear basis of the universal enveloping algebra U ( C )  = D(XlS). 
I n  particular, C can be embedded into U ( C ) .  

h i o p t  = xi,, t- 2 t  

ht+, = xt i xio 

3.3. Free I?-algebras k(X;I') 
In this section, we summary the results given by L. A. Bokut and K. P. 
Shum [14]. 

Let X be a set, r a group, r(z), r'(x) isomorphic subgroups, x E X .  
Then the algebra k ( X ;  I') with defining relations 

~ a :  = ZY (7 E r(z), E rw ,  a: E X I ,  76 = P (Y,J,  P E r) 
is called f r e e  I?-algebra. 

A linear basis of k ( X ;  I?) consists of r-words 

u=y0xily1...xikyk, z i ~ X , y i  € I ' , k > O ,  

which are equivalent under transformations yx + xy' above. 

'ZL L v 

We input a quasi-order on r-words: 

1.1 5 [u], 
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where [u] = zil . . * z i k  is the projection of u, and [u] 5 [u] a monomial order 
on X*. 

A I?-polynomial f may have several leading monomials off .  We call f a 
strong polynomial if f is unique. We define compositions of inclusion and 
intersection of two strong I?-polynomials, and a strong I’-Grobner-Shirshov 
basis. The later is a set of strong I?-polynomials that is closed under com- 
positions. 

Theorem 3.4. Let k ( X ;  I?) be a free strong I’-algebra, S C k ( X ;  I?) a strong 
r- Grobner-Shirshou basis. Then  

(a) Iff E I d ( S ) ,  then f = aSb, where f i s  a leading monomial off ,  s E S ,  

(b) I rr (S)  = {u # a&ls E S,a,b I?-words} is a linear basis of 
a, b r-words. 

are 
k(x; qs). 

There are many examples of I?-algebras with strong r-Grobner-Shirshov 
bases. 

(a) Group algebras of universal groups G(R*) of multiplicative semi- 
groups R* of some rings R. 

Let R = Ic(s), where S = sgp(Xlwihi = U i f i , W i , h i , u i ,  f i  E X ) ,  k a 
field, k(S)  the semigroup algebra, k(S) the algebra of formal series over S. 
In particular, if S is a free semigroup, then k ( S )  = k ( X )  is the Magnus 
algebra of formal series over X. 

These examples are from Bokut’s solution to the Malcev embedding 
problem: There exists a semigroup S such that k(S)* c G (the multiplica- 
tive semigroup of k ( S )  is embeddable into a group), but k ( S )  D ( k ( S )  is 
not embeddable into any division ring) (see [ 5 ] ) .  

(b) Group algebras k(G) for Tits systems (G, B, N ,  S )  (see [IS]). Here 
G has strong I?-Grobner-Shirshov basis, where I? = B and I?-normal form 
is the Bruhat normal form. 

- 
- -  

3.4. 

In A. A. Mikhalev and A. A. Zolotykh [47], a CD-lemma for the algebra 
k [ X ]  18 k(Y) was found, where k [ X ]  is a polynomial algebra generated by 
X and k ( X )  is a free algebra. 

In this section, we introduce the CD-lemma for tensor product k ( X )  18 
k(Y) of free algebras, which is from L. A. Bokut, Y. Q. Chen and Y. S. 
Chen [23]. 

Tensor product of free algebras 
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Let X and Y be linearly ordered sets, S = {yz = zyJz E X ,  y E Y } .  
Then, with the deg-lex order (y > z for any 2 E X ,  y E Y )  on ( X  IJ Y)* ,  
S is a Grobner-Shirshov basis in k ( X  LJ Y ) .  Then, the set 

N = X * Y *  = I r r ( S )  = {u = uxuylux E X *  and uy E y*}  

is the normal words of the tensor product of the free algebras 

k ( X )  8 k ( Y )  = k ( X  u Y I S) .  

Let k N be a k-space spanned by N .  For any u = ux uy , v = ux uy  E N ,  
we define the multiplication of the normal words as follows 

uu = ~ ~ u ~ u ~ ~ ~  E N .  

Then, kN clearly coincides with the tensor product k ( X )  @ k ( Y ) .  
Now, we order the set N .  For any u = uxuy lv  = vxvy E N ,  

u > u H IuI > IvI or (1.1 = lvl and (ux > vx or (ux = vx and uy  > vy))), 
where (uI = lux I + Iuy 1 is the length of u. It is obvious that > is a monomial 
order on N .  Such an order is also called the deg-lex order on N = X * Y * .  

Let f and g be monic polynomials of k N  and w = wxwy  E N .  Then 
we have found 16 types of compositions of inclusion and intersection. 

S is called a Grobner-Shirshov basis in kN = k ( X )  8 k ( Y )  if all com- 
positions of elements in S are trivial modulo S. 

Theorem 3.5. Let S k ( X )  8 k ( Y )  with each s E S monic and “ < ” the 
deg-lea: order on  N = X * Y *  as before. Then  the following statements are 
equivalent: 

(1) 
(2) f E I d ( S )  
(3) 

S is  a Grobner-Shirshov basis in k ( X )  8 k ( Y ) .  
7 = aSb for  some a ,  b E N ,  s E S .  

I r r ( S )  = {w  E Nlw # aSb, a ,  b E N ,  s E S }  is a k-linear basis f o r  
the factor k ( X  u Y(yz = X Y , ~  E X,y E Y ) / I d ( S ) .  

4. Application of known CD-Lemmas 

4.1. Schreier extensions of groups 

Consider a Schreier extension of group 

1 + A 4 G + B - - + l .  

Then we have Schreier’s theorem (see [50]): A group G is a Schreier 
extension of A by B if and only if there exist a factor set { (b ,  b’)lb, b’ E B }  
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of B in A and { b  : A + A, a H ab is an automorphism} such that for any 
b, b‘, b“ E B ,  a E A, 

( b ,  b’)abb’ = ~ , [ ~ ~ ’ ] ( b ,  b’) and (b ,  b’b’’)(b’, b”) = (bb’, b”)(b, b’)b”, 

where [bb’] is the product of elements b, b’ in G. 
M. Hall in his book [33] wrote down the following statement: “It is 

difficult to determine the identities [in A] leading to conditions for an ex- 
tension”, where the group B is presented by generators and relations. 

In a recent paper, Y .  Q. Chen [21], by using Grobner-Shirshov bases, 
the structure of Schreier extensions of groups is completely characterized 
and an algorithm is given to find conditions for any Schreier extension of 
a group A by B ,  where B is presented by a presentation. Therefore, the 
above problem of M. Hall is solved. 

Let A, B be groups. By a factor set of B in A ,  we mean a subset of A 
which is related to the presentation of B,  see below. 

Let the group B be presented as semigroup by generators and relations: 
B = sgp(Y(R), where R is a Grobner-Shirshov basis for B with the deg-lex 
order < B  on Y*. For the sake of convenience, we can assume that R is 
a minimal Grobner-Shirshov basis in a sense that the leading monomials 
are not contained each other as subwords, in particular, they are pairwise 
different. Let G be as in the following Theorem 4.1, where A1 = A\{I}, S = 

R }  5 A a factor set of B in A, 

Y* .  

deg(w), we have, 

{aa’ = [ a a ’ ] , ~  h, * (v), ay = yaYlv E R,  a , ~ ’  E Al,  y E Y } ,  { ( u ) I u  E 
: A -+ A, a H aY an automorphism. 

We define a tower order on (A1 U Y)*  which extends the order < B  on 

For w1 = w = vlc = dw2 ,  v1, vz E 0, c, d E Y* ,  deg(v1) + deg(v2) > 

fw,c  - df,, = dh,, - h,,c E 0 mod(R, w) 

It means that there exists a z E Y* such that 

h,,c E dh,, = x mod(R,  w) 

and thus, there exist ~(vl,wz), (w), <(,,,,,), (w) E A such that 

9 = ~ ( S ( W l , W Z ) , ( 4  - c(wl,w2)w (v)) mod(S,w,)  (1) 

where J(wl,wz),(v) and ~ ( w l , w , ~ ~ ( w )  are functions of {(w)Iw E R}, and g = 

In fact, by the previous formulas, we have an algorithm to find the 
(211 - hVl * (2111, ?? - hw2 . (.z))w,. 

functions J(wl ,7Jz )w (v> and < ( W l r 7 J Z ) ,  (.I. 
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Theorem 4.1. ((211) Let A, B be groups, B = sgp(YIR) ,  where R = {v - 
h,lv E R} is a minimal Grobner-Shirshov basis for B and v the leading 
term of the polynomial f,, = v - h, E R. Let 

G = E(A,  Y, ay,  (v)) = sgp(A1 u YIS) 

where A1 = A\{l}, S = {aa’ = [aa’], v = h, . (v), ay = yaYlv E 0, a,a’ E 

A i ,  y E Y } ,  qY : A -+ A, a ++ ay an automorphism, {(.)I. E R} C_ A a 
factor set of B in A with (v) = 1 if f, = yEy-€ - 1, y E Y, E = fl.  

(i)  For the tower order, S is a Grobner-Shirshov basis for G i f  and only i f  
for any v E R, a E A and any composition ( f,,, f,,,),,, of R in k(Y),  

(v)aW = ah, and ‘5(w1,7J2)w = <(wl ,w2)w (2) 

hold in A, where E(,,,,,), (v) and ~(,,,,,),,, (v) are defined by (1). More- 
over, if this is the case, G is a Schreier extension of A by B in a natural 
way. 

(ii) A group C is  a Schreier extension of A by B i f  and only if there ex- 
ist {aYJy E Y,  A -+ A, a ++ a Y  is  an isomorphism} and a factor 
set {(v)Iv E R} of B in A with (v) = 1 i f  f, = y‘y-‘ - 1, y E 
Y, E = f l  such that (2) holds. Moreover, i f  this is  the case, C 3 G = 

E(A,  Y, ay, (v)) = sgp(A1 U YIS). 

Remark. In the above theorem, let the group A = g p ( X ( R A )  be also 
presented by generators and relations, where RA = {u = fulu E A} is a 
Grobner-Shirshov basis for A with the deg-lex order < A  on X’. Then, by 
replacing A1 with X,  aa‘ = [aa‘] with RA and x with a ,  the results hold. 

As a corollary of the above theorem, in [21], by using the result in Y. Q. 
Chen and C. Y. Zhong in [27], a criteria in the case that B is HNN-extension 
is formulated. 

Another solution to the M. Hall’s problem can be referred in [2]. 

4.2. Extensions of algebras 

In the paper of Y .  Q. Chen [20], he gave the same kind of answer to an 
analogy of the M. Hall’s problem in the above section for Schreier extensions 
of algebras. 

Definition 4.1. Let k be a field, M ,  B ,  R k-algebras (not necessarily with 
1). Then R is called an extension of M by B if M2 = 0, where M is an 
ideal of R and R I M  E B as algebras. Such an extension is called a singular 
extension in [34]. 
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The following classical result is known. Let M ,  B ,  R be k-algebras with 
M 2  = 0. Then R is an extension of M by B if and only if M is a B-bimodule 
and there exists a factor set { (b ,  b’) Ib, b’ E B} of B in M such that for any 
b, b‘, b“ E B, 

b(b‘, b”) - (bb’, b”) + (b ,  b’b’’) - (b ,  b’)”’ = 0. 

In [20] , by using Grobner-Shirshov bases, the structure of extensions 
of algebras is completely characterized and an algorithm is given to find 
conditions for any extension of an algebra M by B ,  where B is presented 
by a presentation. 

As results, by using this theorem, in [20], a characterization theorem of 
the extension of M by B is given, when B is a cyclic algebra, free commu- 
tative algebra, universal envelope of a Lie algebra, and Grassmann algebra, 
respectively. 

4.3. Anti-commutative algebras 

In the paper of L. A. Bokut, Y. Q. Chen and Y. Li [ll], an application of 
Shirshov’s CD-lemma for anti-commutative algebras (see [55]) is given. This 
application gives an anti-commutative Grobner-Shirshov basis of a free Lie 
algebra. 

Let X = {zili E I} be a linear ordered set. Let X** be the set of all 
non-associative words (u) in X. We assume that (u) is a bracketing of u. 
Then we define normal words N = { [u]} and order them by using induction 
on the length n = 1[u]1 of [u]: 

(i) If n = 1, then [u] = xi is a normal word. Define zi > xj if i > j. 
Let Nn-l = {[u]I[u] is a normal word and 1[u]1 5 n -  l}, n > 1 and 
suppose that ‘‘ < ” is a well order on Nn-l. Then 

(ii) If n > 1 and (u) = ((w)(w)) is a word of length n, then (u) is a normal 
word, if and only if 

(a) both (w) and (w) are normal words, that is, (w) = [w] and (w) = [w], 
and 

(b) [.I > [4* 
Let [u], [w] be normal words of length I n. Then [u] < [w], if and only if 
one of the following three cases holds: 

(4 Ib11 < 12, “11 < and I.1 < [.I. 
(b) 1[u]1 < n and I[w]I = n. 
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(c) If 1b11 = \[.I\ = n, [.I = [[w1"11~11 and [v] = ~ [ Q ] [ ~ z ] ] ,  then [w] < [ W I ]  

or ([WI = [VlI and [WI < [uz]).  

It is clear that the order ''<" on N is a well order. 

product of normal words by the following way: 
Let A C ( X )  be a k-space spanned by normal words. Now, we define the 

114I41 1.1 ' 1.1 

0 : [u] = [TI] 

Then A C ( X )  is the free anti-commutative algebra generated by X .  
Let S c A C ( X )  be a set of monic polynomials, s E S and (u)  E X**. 

We define S-word ( u ) ~  by induction as a non-associative word in XUS with 
only one occurrence of s E S. An 5'-word ( u ) ~  is called a normal S-word if 
( u ) ~  = (a[S]b) is a normal word. 

There is only one kind of compositions that is inclusion one. 

Theorem 4.2. (1551, [ll]) Let S C A C ( X )  be a nonempty set of monic 
polynomials and the order " < " as before. Then the following statements 
are equivalent: 

( i)  S is a Grobner-Shirshov basis in A C ( X ) .  
(ii) f E I d ( S )  =+ [ f ]  = [a[@] for some s E 5' and a ,  b E X * ,  where [asb] is 

(iii) ITT (S)  = {[u] E N ( [ u ]  # [a[a]b] a ,b  E X * ,  s E 

normal S-word. 

S and [asb] is a normal S-word} is a basis of the algebra AC(X1S) .  

By using this theorem, a Grobner-Shirshov basis S in A C ( X )  is given 
in [l l]  which shows that the Hall words in X forms a basis for the free 
Lie algebra L i e ( X ) ,  where S = { ( [ u ] [ u ] ) [ w ]  - ( [ u ] [ w ] ) [ v ] ]  - [ ~ ] ( [ u ] [ w ] >  I[.] > 
[u] > [w] and [u],  [u],  [w] are Hall words}. 

4.4. Akivis algebras 

This section is from the paper of Y. Q. Chen and Y. Li [25]. 
An Akivis algebra is a vector space A over a field k endowed with a 

skew-symmetric bilinear product [x ,  y ]  and a trilinear product (x,y,z) that 
satisfy the identity [ [ x , y ] , z ]  + [ [ y , z ] , x ]  + [ [ z , z ] , y ]  = ( z , y , z )  + ( ~ , S , Y )  + 
( y ,  z,  z) - (z, z,  y )  - (3, IC, 2) - ( z ,  y ,  z). For any (non-associative) algebra 
B,  one may obtain an Akivis algebra Ak(B)  by considering in B the usual 
commutator [z, y]  = x y  - y z  and associator (2, y ,  z )  = ( x y ) z  - z ( y z ) .  
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The CD-lemma for non-associative algebras is invented by Shirshov in 
[55]. By applying this lemma, in [25], a Grobner-Shirshov basis in A C ( X )  
is given for the universal enveloping algebra of an Akivis algebra which 
gives an another proof of I. P. Shestakov’s result (see [51)] that any Akivis 
algebra is linear. An Akivis algebra A is linear if A can be embedded in 
some non-associative algebra B with above operations. 

Theorem 4.3. ([25]) Let (A ,  +, [ , I ,  (, ,)) be an Akivis algebra with a lin- 
early ordered basis {eil i E I } .  Let 

m n 

where ( Y ~ , P , T ; . ~  E k. W e  denote C a g e m  and xp,T;.,e, by {eiej}  and 
m n 

{eiejek} ,  respectively. Let 

U ( A )  = M({e i } l l  eiej-ejei = {eiej} ,  (eiej)ek-ei(ejek) = {eiejek},  i , j ,  k E 

be the universal enveloping algebra of A .  Let 

S = {eiej - ejei - {e i e j }  (i > j ) ,  (eiej)ek - ei(ejek)  - {eiejek} (i,j, k E I ) ,  
ei(ejek) - ej(eiek) - {eiej}ek - {ejeiek} + {eiejek} (i > j ,  k 2 j ) } .  

Then 

(i) S is  a Grobner-Shirshov basis for  U ( A ) ,  
(ii) A can be embedded into the universal enveloping algebra U ( A ) .  

4.5. Some one-relator groups 

This section contains the results of Y. Q. Chen and C. Y. Zhong in [28]. 
It is well known the Magnus algorithm for a solution of the word problem 

for any one-relator group. 
Using the Magnus rewriting procedure (see R. C. Lyndon and P. E. 

Schupp [43)], one may embed any one-relator group into a tower of HNN- 
extensions. For towers of HNN-extensions of groups, L. Bokut (see [13]) 
developed a method of groups with the standard normal forms in 1965. 
Actually, for these groups, Grobner-Shirshov bases are also “standard” in a 
sense, so we may speak about “groups with the standard Grobner-Shirshov 
bases”. 

By the way, we give here a story about applications of groups with 
the standard normal forms. At our seminar, we have studied the following 
interesting paper 
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K. Kalorlcoti, Turing degree and the word and conjugacy problem for 

Actually, it is a part of his Thesis in London University, 1979. 
C. Y. Zhong was the speaker for almost two months at  the seminar and 

she pointed out that K. Kalorkoti used successfully the method of L. A. 
Bokut on groups with the standard normal forms. 

As a result of this study, we suggested K. Kalorkoti to  publish his paper 
in the SEA Bull. Math. (see [35]). 

Now, we back to one-relator groups. There is a chance that any tower 
of HNN-extensions produced by the Magnus method has the standard 
Grobner-Shirshov basis and the standard normal form. In particular, it 
would give another algorithm for the word problem for any one-relator 
group. 

The problem is that the Magnus embedding is not easy to  observe and 
write down explicitly. Hence, we need to  go step by step. Any one-relator 
group can be effectively embedded into one-relator group with two genera- 
tors 

finitely presented groups, Internet. 

gp(X1r) - G = gp(x, ylxnlyml . . .  xnkymk = l), 

where xi H x-Qyxl (W. Magnus, see also [43]), 1Zi, mi # 0,  lc 2 0. We call 
k the depth of G. 

Theorem 4.4. ([28]) Any two-generator one-relator group of the depth 3 
is effectively Magnus embeddable into a tower of HNN-extensions, which 
is a group with the effective standard Grobner-Shirshov basis and effective 
standard normal form. 

4.6. The Chinese monoid 

The Chinese monoid C H ( X )  on a well ordered set X has the following 
defining relations: 

cba = bca = cab, c >_ b >_ a,  a ,  b, c E X .  

A fundamental paper on the Chinese monoid has been published in 2001 

In the paper of Y. Q. Chen and J. J. Qiu [26], a Grobner-Shirshov basis 
~ 9 1 .  

for the Chinese monoid is found. 

Theorem 4.5. ([26]) Let S = { x ~ x ~ x ~ - x ~ x ~ x ~ ,  X i X k X j - X j X i X k ,  x ix jx j -  

Then 
X j X i X j ,  X i X i X j  - X i X j X i ,  xixjxixk - xixkxixj, X i ,  X j ,  xk E x, i > j > k}. 
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(i) sgp(X1T) = sgp(X1S) and with deg-lex order, S is a Grobner-Shirshov 

(ii) The Irr(S)  is the set which consists of words on X of the f o r m  Un = 
basis of the Chinese monoid C H ( X ) .  

wlw2 . . . W n ,  n 2 0, where 
t w1 = 2 1 1 1  

w2 = ( X 2 X l ) t 2 1 X ? 2  

w3 = (Xgx1)~31 (x3x2)t32xp 

w, = (xnx1)~*l(x,x2)t~2 f .  . (2nx,-1)t+--1)xt*n n 

with xi E X ,  2 1  < 5 2  < 
integers. 

< x ,  and all exponents are non-negative 

Then I rr (S)  coincides with the set of staircase words of the paper by 
J. Cassaigne et al. [19]. Also, the insertion algorithm of J. Cassaigne et al. 
[19] coincides with the elimination of leading words algorithm. 

4.7. Marlcov and Artin normal form theorem for  braid 
groups 

In the paper of L. A. Bokut, V. V. Chaynikov and K. P. Shum [8], the 
authors present the classical results of Artin-Markov on braid groups by 
using the Grobner-Shirshov bases. As an application, one can reobtain the 
normal form of Artin-Makov-Ivanovskiy as an easy corollary. 

5. Expository papers 

5.1. Grobner and Grobner-Shirshov bases: an elementary 

There is an elementary approach in L. A. Bokut and K.P. Shum [15] to 
Grobner-Shirshov bases theory with quite a few examples, including the 
example for Lie algebras. 

approach 

5.2. Shirshov’s CD-lemma for  Lie algebras 

What is now called the Grobner-Shirshov method for Lie algebras originally 
invented by A. I. Shirshov in 1962 ([56]). Actually, that paper based on his 
paper [53] where Shirshov invented a new linear basis for a free Lie alge- 
bra now called the Lyndon-Shirshov basis (it was defined independently in 
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the paper [24] in the same year). Remarkably, Lyndon-Shirshov basis is a 
particular case of the series of bases of a free Lie algebra invented by A. I. 
Shirshov in his Candidate of Doctor of Science Thesis (Moscow State Uni- 
versity, 1953, advisor was A. G. Kurosh) and published in 1962 ([54]) (cf. 
[49] where these bases are called Hall Bases). We now cite the Zbl review by 
P. M. Cohn [31] of the paper [53]: “The author varies the usual construction 
of basis commutators in Lie rings by ordering words lexicographically and 
not by length. This is used to give a very short proof of the theorem (Mag- 
nus [44], Witt [58]) that the Lie algebra obtained from a free associative 
algebra is free. Secondly he derives Friedrich’s criterion (this Zbl 52,45) for 
Lie elements. As the third application he proves that every Lie algebra L 
can be embedded in a Lie algebra M such that in M any subalgebra of 
countable dimension is contained in a %generated subalgebra.” We would 
like to add that it was a beginning of Grobner-Shirshov bases theory for Lie 
and associative algebras. Lemma 4 of the paper, on special bracketing of 
a regular (Lyndon-Shirshov) associative word with a fix regular subword, 
leads to the algorithm of elimination of the leading word of one Lie polyno- 
mial in other Lie polynomial , i.e., to the reduction procedure that is very 
familiar in the cases of associative and associative-commutative polynomi- 
als. Also this Lemma 4 leads to the crucial notion of composition of two Lie 
polynomials that will be defined lately in the paper [56]. Last but not least, 
Shirshov [52] proved the following result for connections of some ideals of 
free Lie and free associative algebras. 

Let Lie(a,  b )  be the Lie algebra of Lie polynomials of Ic(a, b) (it is the 
free Lie algebra over a set {a ,b}  and a field k). Let J = J([a2bkub] = 
[ [~[ [ab] .  ..b]]][ab], Ic 2 1) be the Lie ideal of Lie(a,b)  generated by 
{[a2bkab],  Ic 2 1) and I the associative ideal of Ic(a,b) generated by J .  
Then, I n  Lie(a, b) = J .  The proof is dealing with leading monomials of Lie 
and associative polynomials. This result and its proof are the real beginning 
of Grobner-Shirshov bases theory for Lie and associative algebras. 

As for the paper [56] itself, it is a fully pioneer paper in the subject. He 
defines a notion of the composition (f, g)w of two Lie (associative) polyno- 
mials relative to an associative word w (it was called lately by S-polynomial 
for commutative polynomials by B. Buchberger [17] and [IS]). It leads to 
the algorithm for construction of a Grobner-Shirshov basis (GSB(S))  of 
Lie (associative) ideal generated by some set S: to joint to S all nontrivial 
compositions and to eliminate leading monomials of one polynomial of S 
in others. Shirshov proves the lemma, now known as the Composition, or 
Composition-Diamond lemma, that if f E 1 d ~ i ~ ( S ) ,  then 7, the leading 
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associative word of f ,  has a form 7 = U ~ Y ,  where s E GSB(S) ,  u, Y E X * .  
Several years later the first author formulated this lemma in the modern 
form (see [6]). Let S be a set of Lie polynomials that is complete under com- 
position ( i.e., any composition of polynomials of S is trivial; on the other 
word, S is a Grobner-Shirshov basis). Then i f f  E 1 d ~ i ~ ( S ) ,  then 7 = USY, 
where s E S, u, Y E X * .  Of course, from Shirshov’s Composition-Diamond 
lemma it follows that the set I rr (S)  of S-irreducible Lyndon-Shirshov 
words constitutes a linear basis of the quotient algebra L i e ( X ) / l d ( S ) .  The 
converse is also true. 

Lately explicitly Shirshov’s Composition-Diamond lemma for associa- 
tive algebra was formulated by L. A. Bokut [7] in 1976 and G. Bergman [3] 
in 1978. 

The paper by L. A. Bokut and Y .  Q. Chen [9] contains a comprehensive 
proof of the Shirshov’s Composition-Diamond lemma for Lie algebras. We 
follow Shirshov’s ideas of his papers [52], [53], [54] and [56]. In particular, 
we prove all necessary properties of both associative (see also [42]) and 
non-associative Lyndon-Shirshov words by using the Shirshov’s elimination 
in [52] (that is, the so called Lazard elimination in [41] and [49]). 

5.3. CD-lemma for modules 

Composition-Diamond lemma for modules was first formulated and proved 
by S.-J. Kang and K.-H. Lee in [36] and [37]. According to their approach, 
a Grobner-Shirshov basis of a cyclic module M over an algebra A is a pair 
( S , T ) ,  where S is the set of the defining relations of A, A = k ( X I S ) ,  and 
T is the defining relations for the A-module AM = A  M ( e ( T ) .  Then Kang- 
Lee’s Lemma says that (S ,  T )  is a Grobner-Shirshov pair for the A-module 
AM = A  M ( e ( T )  if S is a Grobner-Shirshov basis of A and T is closed under 
the right-justified composition with respect to S ,  and for f E S, g E T ,  
such that ( f ,g)w is defined and (f ,g)w = 0 mod(S,T,w). A composition 
(f, g)w is called right-justified if w = 7 = UQ for some a E X * .  

Some years later, E. S. Chibrikov [29] suggested a new Composition- 
Diamond lemma for modules that treat any module as a factor module of 
“double-free” module. 

Let X ,  Y be. sets and modk(x)  (Y )  a free left k(X)-module with the basis 
Y .  Then rnodk(x)(Y) = @l/cyk (X)y  is called a “double-free” module. 

Suppose that < is a monomial order on X * ,  < a well order on Y and 
X * Y  = {uylu E X * ,  y E Y } .  We define an order “ 4 ” on X * Y :  for any 
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w1 = u1y1, w2 = u2y2 E X * Y ,  

w1 + w2 H u1 < u2 or u1 = u2, y1 < y2 (3) 
Let S C m o d k ( x ) ( Y )  with each s E S monic. We define a composition 

( f , g ) w  = f - ag, where w = J = ag, a E X * ,  f , g  E m o d k ( x ) ( Y )  are 
monic. 

If (flg)w = f - ag = Caiaisi, where ai E k, ai E X * ,  si E S 
and a& + w ,  then this composition is called trivial modulo (S,w) and is 
denoted by (f, g)w E 0 mod(Sl w ) .  

Definition 5.1. ([29]) Let S C mOdk(X)(Y)  be a non-empty set with each 
s E S monic. Let the order “4’ be as before. Then we call S a Grobner- 
Shirshov basis in the module m o d k ( x ) ( Y )  if all the compositions of poly- 
nomials in S are trivial modulo S. 

Lemma 5.1. ([29], Composition-Diamond lemma for “double-free” mod- 
ules) Let s C m o d k ( x ) ( Y )  be a non-empty set with each s € S monic 
and ‘ L  4 ’’ the order on X * Y  as before. Then the following statements are 
equivalent: 

(i) S is a Grobner-Shirshov basis in modk(x)  (Y) .  
(ii) f E k ( X ) S  + 7 = as for  some a E X * ,  s E S.  

(iii) Irr(S)  = { w  E X * Y l w  # as, a E X*, s E S }  is a k-linear basis for 
the factor modk(x)  (Y IS) = modk(x)  ( Y ) / k ( X ) S .  

As applications of Lemma 5.1, Y. Q. Chen, Y. S. Chen and C. Y. Zhong 
[22], found the Grobner-Shirshov bases for highest weight modules over 
Lie algebra s12, Verma modules over Kac-Moody algebras, Verma modules 
over Lie algebras of coefficients of free conformal algebras and the universal 
enveloping modules for Sabinin algebras. (The last modules are defined in 
[481). 
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Using a given ring, we define the Weyl-type non-associative rings in this work. 
If the ring is simple, then we show that the Weyl-type non-associative ring is 
simple in this work. All the derivations of a Weyl-type non-associative algebra 
are found in the papers (see 14, 61). In this work, we find all the derivations of 
a Weyl-type algebra which includes the algebras in the papers (see [4, 61). We 
show that the associators of the algebras WN,,O, ,~  and WN,,,,ol are zeroes. 

Keywords: Simple algebra; Graded; Antisymmetrized ring; Isomorphism; 
Derivation invariant. 

1. Introduction 

For a given ring, we define a non-associative ring and an antisymmetrized 
ring. We show that if a ring R is simple, then we can define a simple non- 
associative ring and a simple antisymmetrized ring such that these rings 
contain R and R- respectively. In Herstein’s book (see [9]), the well known 
result is that if A is a finite dimensional simple algebra over its center, 
then any derivation of A is inner. For a Lie algebra case, if L is a finite 
dimensional semi-simple Lie algebra, then every derivation of L is inner (see 
[lo]). There is an infinite dimensional simple and Lie ring (algebra) which 
have an outer derivation. If an algebra is not (semi-simple) simple, then the 
algebra may have an outer derivation (see [14, IS]). Because of the additive 
group Der(WN,,o,,,) of all the derivations of the algebra WN,,O,,~, we 
can find that any two algebras in the class {WN, ,C, ,~~~TI  E N} are not 
isomorphic (see Section 2). 
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2. Preliminaries 

Let lF be a field of characteristic zero (not necessarily algebraically closed). 
Throughout this paper, N (resp. N+) and Z will denote the non-negative 
(resp. positive) integers and the integers respectively. Let R be an associa- 
tive ring and M = (616 is a mapping from R to itself}. The evaluation ring 
RM = {a61a E A,  6 E R} with the obvious addition and the multiplication 
* is defined as follows: 

a161 * a262 = a161(a2)62 

for any a161,a& E RM (see [17]). For R M ,  if M = {id}, then the 
ring RM = R where id is the identity map of R. Note that RM =< 
R M ,  +, * > is generally not an associative ring. Using the commutator [,I 
of R M ,  we can define the antisymmetrized ring RM-  =< R M ,  +, [ , I  >. 
If the Jacobi identity holds in RM-. Then RM- is a Lie ring. Let 
p ,  = {gl, . . .  ,gn} be the set of given polynomials in the polynomial 
ring F[x l , . . .  ,x,+,]. For p ,  and m , s  E N, we define the IF-algebra 
Fpn,m,s  - 
power series ring F[ [z~ , .  . . , rc,+,]] such that Fp,,m,s is called a stable al- 
gebra(see [12]) with the standard basis 

- P[e*gl, . . . , e*g,,  x:', . . . , x, f l  , xm+l,. . . , xm+,] in the formal 

B = {ealgl . . . eangnx? . . . x$$;lal,. . . ,a,, il ,  . . . , im E Z, 
im+lr**. ,im+s EN} (1) 

and under obvious addition and usual multiplication (see [l, 2, 4, 5, 61) 
where we take g 1 , e . e  ,gn so that B is the standard basis of lFpn,m,3. Let 
a,,,, 1 5 w 5 m + s. Denote the usual partial derivative with respect to x,,, 
on IFpn,m,s. For partial derivatives a,, . . . ,a,, of I F p , , , + ,  the composition 
d e o . . . o d $  ofthemisdenotedbyd$. . .a+,  wherejl, . . . , j ,+, E N. 
We put D = {@'...Cf><;ljl,-.. , jrn+s E N} where d21...d:p = id 
is the identity map of I F p , , m , s .  For a given ring R, we can define an 
infinite group ring ftPn,,+ as the algebra Fp,,m,s. For a subset D1 of 
D, we can define the evaluation rings IF'pn,m,sD1 and Rpn,m,$D respec- 
tively. Thus we can also define their antisymmetrized rings Fpn,m,sD1 
and Rpn,m,sD . If Di is D ,  then the algebra Fp, ,m,sDl  is the algebra 
wNpn,,,,. If Di = {%l . . . $2:; 10 I j1 + * * + jm+s  5 T } ,  then we put 

then we put Fpn,m,SD1 = WNpn,m,sr+. If D1 = {a:\. = r ,1  5 u 5 
m + s), then we put Fpn,m,sD1 = WNPn,m,s[,]. Using Rp,,m,sD1 in- 

- 
- 

IFpn,m,sDl = WNpn,m,3r. If D1 = (8' . * * @ ~ t + s 9 1 0  < jl + + jm+s  5 T ) ,  
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stead of F p n , m , s ,  we can define the rings WNp,,m,s(R), WNpn,m,sT(R),  
WNpn,m,sT+ (R) ,  and WN,,,,,,,,(R) similarly. Thus we can define their 
corresponding antisymmetrized rings or algebras naturally. For any basis 

define the degree deg, (ealgl xam+aaju m+s . .*a+) of 2, as ir and 
the total degree degtot(eulgl . . eangnxy . . xk$ a+ . . . a3,.) of the element 
ealgl . . . eangnxil . . . x a m + s a j u  . . . (ill +. . . + li,l +im+l + . . . + im+s. 
Thus for any element 1 of the algebra WIVpn,m,s, we define deg,(l) of xT as 
the highest degree of 2,. in the basis terms of 1 and deg,,,(Z) as the high- 
est total degree of the basis terms of 1. It is well known that the algebra 
WNPn,,,, is simple, even though it has the right annihilator (see [7, 81). For 
any element 1 of the algebra WNpn,m,s,  an element 11 (resp. 12)  is a right 
(resp. left) identity of 1, if 1 * 11 = I (resp. 12 * 1 = 1). Note that the algebra 
WN,,,,,, contains the algebra Fpn,m,s.  The ring WNpn,m,s is Zn-graded 
as follows: 

element ealgl . . . eangn x- . . . xZm+saju m+s 
, . a  

of the algebra WNpn,,+, we 
. eangn x" 1 

1 m+s u 

where ( ~ 1 , .  . . , an)-homogeneous component N(al,... is the vector 
i m + s p  . . . p + a  ( i l , .  . . , 2, E space spanned by {ealgl . . . eangnx2' 1 . . . 

Z, G ~ + I , . . .  , Z r n + s , j l , * . *  , jm+s E N}- Thus WNpn,m,sr, WNpn,m,s[T], 
WNp,,m,s(R), WNpn,m,sr(R), WNp,,m,sq (R), and their appropriate car- 

Xm+s  1 m+s 

responding antisymmetrized algebras or rings are also Z"-graded. If p ,  is 
{x,ll 5 u 5 n} and D1 is {a$Il 5 u 5 n}, then we define the non- 
associative algebra WNpn,0,OD1 := WNn,0,oDl and its antisymmetrized al- 
gebra WNpn,0,oD1 := WNn,O,OD1 appropriately. We can also define the 
degree of each of the W-type rings or algebras respectively in this paper. 
The algebra WNn,0,oDl has neither a right nor left identity. Throughout the 
paper, for a positive integer t ,  let us define the finite dimensional subalgebra 
ML((F) of the algebra W N , , O , ~  such that the algebra is spanned by 

- - 

n n 

u=l  u=1 

For a given ring R, we can define the ring MA(R) as the ring WNpn,m,s(R)  
(see [15]). Note that MA(R) is the matrix ring over R. 
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3. Simplicities 

Note that a ring R is simple if and only if every non-zero element 1 of R is 
full, i.e., the ideal generated by 1 is R. If I is a two-sided ideal of the ring R, 
then WNpn,m,s(I) (resp. WNPn,,,,,(I) or WNpn,m,s,+(I)) is a two-sided 
ideal of the ring WNp,,,m,s(R) (resp. WNpn,m,s,.(R) or WNp,,m,s,.+ ( I ) ) .  

Theorem 3.1. If R is  a simple ring, then the non-associative ring 
WNpn,m,sr(R) is  simple. If R is a simple ring and its  antisymmetrized ring 
R- is simple, then the antisymmetrized ring WNpn,m,s,(R) 

- 
is simple. 

Proof. Since WNpn,m,s,.(R) (resp. WNpn,m,s[rl(R)-) is graded, it is easy 
to prove that every non-zero element of the algebra WNpn,m,s,.(R) (resp. 
WNp,,m,s,(R)-) is full. 

Corollary 3.1. If R is  the field F, then  the non-associative al- 
gebra WNpn,m,s(IF) = WNPn,,,, (resp. antisymmetrized algebra 
WNpn,m,s(IF)- = WNpn,m,s-) i s  simple. The matrix algebra M,(IF) (resp. 
(&(IF)) i s  a simple (resp. Lie) subalgebm of the algebra WNpn,m,s(IF) (resp. 
WNpn,m,s ). 

- 

Proof. The proof of the corollary is straightforward by Theorem 3.2. 0 

Corollary 3.2. If R is simple, then the non-associative ring 
WNp,,m,sI1l(R) is  simple. If R and its antisymmetrized ring R- are simple, 
then the Lie ring WNpn,m,s[l] (R)- i s  simple. 

Proof. Since it is easy to check the Jacobian identity of the ring 
WNpn,m,s[l] (R) ,  the remaining proofs of the corollary are straightforward 
by Theorem 3.1 and Theorem 3.2. Hence, the proof of the corollary is omit- 
ted. 0 

Proposition 3.1. If p,  i s  {z,ll 5 u I n }  and D1 is  {a,".ll 5 u I n,O # 
a,, E N}, then the algebra WNn,o,oD1 and the Lie algebra WNn,o,oD1 are 
simple. If n i s  greater than or equal to  2, then the matrix algebra is not a 
subalgebra of the algebra WNn,o,oD1. 

Proof. The proofs of the Proposition are also easy, so th.ey are 0mitted.m 

Theorem 3.2. The C(n + t - 1, t)2-dimensional algebra Mi(IF) is simple. 
If R is a simple ring, then Mh(R) is  also simple. 

- 
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Proof. Every non-zero element of the algebra MA(IF) and MA(R) is full, 
so the algebras M;(F) and M i ( R )  are simple. This completes the proofs of 
the theorem. 0 

4. Derivations of the algebras WNn,o,,l and WNn,n,Ol 

The algebra W N , , O , ~ ~  (resp. WNn,,,ol) can be decomposed as follows: 

where Nf (resp. N:) is the appropriate complimentary vector subspace of 
the algebra WN,,O+~ (resp. WN,,O,,~). 

Note. 1 For any basis elements ealX1 eanxnxal 1 . . .x$ and ealzl .. . 
eanxnxy . . . X $ &  of the algebra (resp. WNn,,,ol), k E 
(1,. . , n}, if we define IF-maps DV,,,, Dk, and S,, 1 L u,u ,  w 5 n, from 
the algebra W N , , O , ~ ~  (resp. WNn,,,ol) to itself as follows: 



62 

algebra derivations of WN,,O,,[,~ (resp. WN,,,,o[,]) (see [2, 61). 

Note. 2 We know that the derivations D,,, and S,, 1 5 u,v ,w 5 n, of 
the algebra WN,,O,,~ (resp. WNn,,,ol) are inner. We call the derivations 
D:, 1 5 v 5 n, of the algebra WN,,O,,~ scalar derivations. 

Remark 4.1. The algebra WN,,O,,~ (resp. WN,,,,ol) is Lie admissible, 
but only the elements xu&, and a,, 1 5 u,v  5 n, of the algebra induce 
inner derivations of the algebra. The algebra WN,,O,,~ (resp. WN,,,,ol) is 
simple, but it has an outer derivation. By Note 2, we know that the inner 
derivation DL + SL induced by a,, 1 5 u 5 n, is the sum of the scalar 
derivation DL and the degree reducing derivation s,. 
Proposition 4.1. Every derivation of P[xl, . . .  ,x,] is  of the f o m  
C:=,fU, f o r f i , . . .  , f T  E F [ z i , - . .  ,4. 

Proof. The reader is referred Proposition 1.3 in the text (see ["I). U 

, z,+~] is of Corollary 4.1. Every derivation of IF[ztl, 
the form Cc=lfu, f o r  fi , . . .  ,fT E F[zF1,* .*  , z $ 1 7 ~ m + ~ , . * *  13&L+~1. 

, z$', z,+1, - 

Proof. The proof of the Corollary is straightforward by Proposition 4.1, 
so it is omitted. 

Note. 3 The restrictions 0:: := DhlF~z~~ , . . ,  ,zn and Sh := SvIp[,:1, ... ,zfl l  

of the derivations DL and S, in Note 1 t o  the subalgebra F[xF1 ,. . . , z,f'] 
(resp. 0:: := D:Iqzl ,..., and SL := S,Jqzl ,..., z n l )  can be a derivation of 
the IF-algebra F[z:', - , z,"] (resp. F[zl,. * ,z,]). 

Proposition 4.2. Every derivation of lF[e*"l, . + , efzn,  zF1, . , z,"] is 
of the form fi,,,,aU+ C:=, fi,, 0:: +EL=, f3,,S;, where 0:: and 
Sh are the derivations in Note 3 f o r  f l ,u ,p ,  f i , ~ , . . .  , f2,,, f 3 , 1 , . - .  , f3+ E 
F [ e f z l , . - .  , e f z n , z ? ' , . . .  ,z, fl I. 

Proof. The proof of the Proposition is easy, thus it is omitted. 

Corollary 4.2. I f  m is  not equal to m, then the IF-algebras 
F[e*"',. . .  , e * z n , z f l , . . .  ,z:'] and IF[e*"l,... , e f " m , z f l , . . .  ,xkl] are 
not isomorphic. 

Proof. By Proposition 4.2, the algebras in the Proposition have different 
dimensions of all outer derivations of them, so they are not isomorphic. 
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Lemma 4.1. Only the elements a,, 1 5 u 5 n, and xvdw, 1 5 u, w I n, 
of the algebra WN,,o,,, (resp. WN,,,,ol) induce inner derivations of the 
algebra WNn,o,n1 (rew. WNn,n,ol). 

Proof. Let D be the derivation in the lemma. Since IF is a field 
of characteristic zero, we can assume that either D(1) is zero 

IF[e*"l,. . . e*"", x:', . . , x;']). First let us assume that D(1) is not in 

xcnf']). Note that 1 is the identity of itself. We can put D(1) as follows: 

or D(1) is not in the IF-algebra I F [ e f x l , . . . e f x n  , 21, * * . 7 Xnl (resp. 

* 1  the IF-algebra IF[e*"l,. . . e*"n, 21,. . . , x,] (resp. IF[e*"l,. - .  eiSn 7x1 , * - .  1 

D(l) = 

cal,... ,an,il,... ,in,i<u<nealxl . * * eanxn xy . . . xk a, c 
al,... ,a,,il,... ,in,l<usn 

with appropriate coefficients. Without loss of generality, we can assume 
that a1 is not zero. Since 1 is in the right annihilator of d l ,  we have 

D(&) * 1 = 

Gal,... ,an,il, .- r Z n ,  . l<ulneal"l - . . . eanxnzy . . . x k a u  
-a1 * ( c 

a1 ,... ,a,,il,... , in,l<u<n 

(4) 

Since a1 is a non-zero integer, D(1) has no term in the IF-algebra 
IF[e*"l,. . . efZn, X I , .  . . , x,] (resp. IF[e*"1,. . . e f z n ,  xF1, . . . , x,"]). This 
implies that the equality (4) does not hold. Thus we can assume that 
the element D(1) is zero. Since 1 is the right identity of xu, 1 5 
u I n, D(xu) is in the IF-algebra P[e*zl , . . .e*x~,xl , . . .  ,x,] (resp. 
IF[e*"l, . . . e f Z n ,  x f l , .  - .  , x;']). Similarly, we can prove that the IF-algebra 
IF[e*"l,...e*"n,xl,... ,x,] (resp.IF[e*"l,.. . e fxn ,x t l , .  .. ,x;l])isderiva- 
tion invariant. We can also prove that D(NF) c Nf (resp. D(@) c N;) 
holds where Nf (resp. N,d) is in (3). By Proposition 4.2, we know that only 
the elements a,, 1 5 u 5 nl and xvdw, 1 5 u, w 5 n, induce inner deriva- 
tions of the algebra WN,,O, ,~ (resp. WN,,,,ol). Therefore we the Lemma 
is prove. 0 

Lemma 4.2. For any basis elements xy . x k  and X? . . -xkaul 1 5 u 5 
n, of the algebra WN,,O,,~ (resp. WN,,,,ol) and f o r  any derivation D 
of the algebra WN,,O, ,~ (resp. WN,,,,ol), D(xy . . * xk&) holds in Note 
1 or D(xF . . . x k )  = 0 and D(xy . . .x$&) = 0 i e . ,  the homogeneous 
component N(0, ... ,o) of the algebra WN,,O,,~ (resp. WN,,,,ol) is  derivation 
invariant. 
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Proof. Let D be the derivation in the Lemma. Let xy x$ be a basis 
element of the algebra W N , , O , , ~  (resp. WNn,,,ol). Let us prove the lemma 
by induction on the degree of the element 1 = x: . . . x$. If deg(1) is zero, 
then by Lemma 4.1, it is easy to prove that D(1) and deg(D(ld,)), 1 5 u 5 
n, are zeroes. If deg(1) is one, then it is also easy to prove that either D(1) 
and D(la,), 1 5 u 5 n, hold in Note 1 such that deg(D(Z)), deg(D(Z&)) 5 
1, 1 5 u 5 n, or D(Z) and D(Z8,) are zeroes. By induction, we can assume 
that if deg(1) is p ,  then we can assume that either D(1) and D(l&), 1 5 
u 5 n, hold in Note 1 such that p - 1 5 deg(D(l)),deg(D(ld,)) 5 p ,  or 
D(1) and D(Z&) are zeroes. Let us assume that the degree of the element I 
is p +  1. Since C15,<, xu& is a right identity of the subalgebra W N , , O , , ~ ~ ]  
(resp. WN,,, ,O[,~) of the algebra WN,,o,,, (resp. WN,,,,ol), we are able 
to prove that either D(2) and D(la,), 1 5 u 5 n, hold Note 1 such that p I 
deg(D(l)),deg(D(l&)) 5 p + 1, or D(1) and D(l&) are zeroes. Therefore 

0 by induction, we can prove the lemma routinely. 

Remark 4.2. By Lemma 4.1 and Theorem 2 (resp. Theorem 2) of the 
paper [6] (resp. [2]), the restrictions D z ) , w l m l  , (resp. D u , w ~ ~ ~ ) ~  
D:,hKiGl (resp. D:, Iml ), and S IJ 1- wNo,o,,l ( rev .  S d m 1 ) 7  5 
u, w, w 5 n, of WN,,O,,~ (resp. WN,,,,ol) of the derivations to the subal- 
gebra W N O , ~ , , ~  (resp. WNo,,,ol) are derivations of the algebra W N O , ~ , , ~  
(resp. WNO, , ,~ , ) .  The reader is referred to Lemma 1-Lemma 4 of the paper 
( [6]) for more details of similar proofs of Lemma 4.1 and Lemma 4.2. 

Theorem 4.1. For any derivation D and of the algebra WN,,O,,~ (resp. 
WN,,,,ol), D is the linear sum of the derivations D,,,, Dh, and S,,, 1 5 
u, v, w 5 n, which are defined in Note 1. 

Proof. Let D be a derivation of the algebra WN,,O,,~ (resp. WN,,,,o,). 
We first show that every homogeneous component of the algebra W N , , O , , ~  
(resp. WN,,,,ol) is a derivation invariant. By Lemma 4.1 and Lemma 4.2, 
the homogeneous component N(o,... ,a) is derivation invariant. Since is Z"- 
graded and by Remark 4.2, for any element ealX1 . .. eanxn of the algebra, we 
can prove that either D(eaixi . eamxn) and D(ealX1 . . eamxndu), 1 5 u 5 
n, are in the homogeneous component N(al,... ,am) or D(ealX1 . eanzm) = 
D(ealxl - - .eanxnau)  = 0. By Remark 4.2 and Lemma 4.1, we can eas- 
ily prove that either D(Z) holds Note 1 or D(1) = 0. This implies that 
D(N(al  ,... ,a,,)) C N(a *,... ,a,,). For any element 1 = ealXl . . eanxmxz;' . . . xfi E 
N(al,...,am), if deg(1) is zero, then we can also prove that either D(1) = 
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0 = D(Zi3,), 1 I d,, or D(1) and D(l8,) hold in Note 1 such that 
deg(D(l)),deg(D(ld,)) 5 1. By induction on the degree deg(1) of the el- 
ement 1, we can assume that if deg(1) is p ,  then either D(l)  and D(l&), 
1 5 u 5 n, hold Note 1 such that p 5 deg(D(l)), deg(D(li3,)) 5 p + 1, or 
D(1) = D(li3,) = 0. If we assume that deg(Z) is p + 1, then we are able 
to prove that either D(1) and D(li3,), 1 5 u 5 n, hold Note 1 such that 
p + 1 5 deg(D(l)), deg(D(Zi3,)) 5 p + 2,  or D(1) = 0 = D(Zi3,) holds easily. 

0 Therefore, the Theorem is proved. 

Corollary 4.3. For any  derivation D and of the algebra WNn,n,Ol, D is 
the linear sum of the derivations D,,,, Dh, and S,, 1 5 v, w 5 n, in Note 
1. 

Proof. Let D be the derivation in the corollary. For any ba- 
sis element ealzl a . . eanznxy a ' .  x k 8 k  of the algebra WN,,O,,~, if 

deg(D(ealzl . . . eanZn x? . x?&)) 5 p+ 1 holds or D(1) = 0 holds. Either 
of these two cases, we can prove that D is the linear sum of the derivations 
D,,,, Dh, and S,, 1 5 u,v,  w 5 n, in Note 1 holds routinely (see [S]). This 

0 

deg(eaIz1 . . . eanznx21 ...z$&) = p ,  then by Theorem 4.1 either p 5 

completes the proof the corollary. 

Corollary 4.4. The associator of the algebra WNn,o,nl (resp. WNn,n,ol) 
is the matrix ring Mn (IF) . 

Proof. The proof of the corollary is straightforward by Note 1 and Theo- 
0 rem 4.1. This completes the proof of the Corollary. 

Corollary 4.5. The dimension of Der(WNn,o,n,) (resp. Der(WNn,n,ol)) 
of the algebra WNn,o,nl (wsp. WNn,,,ol) is n2 + 2n. 

Proof. The proof of the corollary is straightforward by Note 1 and Theo- 
0 rem 4.1. This completes the proof of the Corollary. 

Corollary 4.6. The matrix ring Mn(IF) is a subalgebra of W N , , O , ~ ~  (resp. 
WNn,,,ol). For a derivation D of Mn(IF), D can be extended to a derivation 
of the algebra WN,,O,,~ (resp. WNn,,,ol) in Note 1 (see [1, 61). 

Proof. The proof of the corollary is straightforward by Note 1 and Theo- 
rem 4.1. This completes the proof of the corollary. 
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Proposition 4.3. The algebras WNi,o,il (resp. WNi,i,ol) and WNo,o,il 
(resp. WNo,l,ol) are not isomorphic. 

Proof. Let 8 be isomorphism from the algebra WNi,o,il (resp. WNi,i,ol) 
to the algebra WNo,0,ll (resp. WN0,l,ol. Since x8 is a right identity of 
WNl,o,ll (resp. WN1,l,ol), we have that e(x8) = $3 + cd and e(8) = co8 
where c E IF and q, E IF'. Since d is a left identity of e"8, we have that 

c,,d * O(e"8) = 8(e"d) (5) 

There is no element O(e"8) in WN0,o,ll (resp. WNo,1,ol). This contradic- 
tion shows that there is no isomorphism from the algebra WN1,o,ll (resp. 
WN1,1,ol) to the algebra WNo,0,ll (resp. WNo,1,ol). Therefore the Propo- 
sition is proved. 0 

Theorem 4.2. The algebras WN,,O,,~ and WNO,O, ,~  (resp. WNo,,,ol) are 
not isomorphic. 

Proof. Since Dim(Der(WN,,o,,,)) is n2 + 2n and Dirn(Der(WNo,o,,l)) 
(resp. WN0,,,ol) is n2 + n,  the algebras of the theorem are not isomorphic 
(see [S]). Therefore the Theorem is proved. 0 

Corollary 4.7. If m is greater than n,  then HOm(WNO,O,ml, WNo,,,ol) = 
(0) where 0 is the zero homomorphism. 

Proof. Since the algebras W N O , ~ , , ~  and WN0,,,ol are simple and they 
have right identities, if there is a non-zero homomorphism from the algebra 
W N O , O , , ~  to the algebra WNo,,,ol, then we can derive a contradiction 
easily. This completes the proof of the corollary. 

Theorem 4.3. If m is not equal to n, then the algebras WNm,o,ml and 
W N , , O , , ~  (resp. WNm,o,ml and WN,,,,ol) are not isomorphic. 

Proof. Since m is not equal to n, we have Dim(Der(WNm,o,ml)) 
# Dim(Der(WN,,o,,l)) (resp.Dim(Der (WNm,O,ml)) # Dim (Der 
(WNn,,,ol))) (see [6]). This implies that the appropriate algebras in the 
theorem are not isomorphic. Therefore the theorem is proved. 

Corollary 4.8. If m is not equal to n, then the algebras W N , , O , ~ ~  and 
WN,,,,ol are not isomorphic. 

Proof. By the assumptions ofthe Corollary and Theorem 4.3, the proof of 
0 the corollary is obvious, so it is omitted. 
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Corollary 4.9. I f m  is greater than n, then H o ~ ( W N ~ , O , ~ ~ ,  WN,,,,o,) = 
(0) where 0 is the zero h o m o m o v h i s m .  

Proof. Since the algebras WNm,o,ml and WN,,,,o, are simple, the results 
of the corollary is straightforward by Theorem 4.3 and Corollary 4.6. 0 

Note that if m is not equal to n, then i t  is a n  interesting problem to find 
HOm(WNo,O,m1, WNO,,,Ol) and Horn( WNm,O,m1, WNZ,,,Ol). 
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Let AUn := { 1,. . . , n} x A be the n-th copower of the set A. An n-ary cooper- 
ation is a mapping f : A -+ AUn. If f is an n-ary cooperation and if 91, . . . , gn 
are k-ary cooperations on A, we may define a composition compc (f, 91, . . . , gn) 
and obtain a new k-ary cooperation defined on A. Together with the injection 
cooperations %PYA : A + AUn defined by a H (i, a)  for 1 5 i 5 n, all coopera, 
tions defined on A form a multibased algebra. This algebra is called the clone 
of all cooperations defined on A. If we define by f + g := compz( f, g, . . . , g) a 
binary operation on the set of all n-ary cooperations, the set of all n-ary co- 
operations defined on A forms a semigroup with respect to this operation. We 
determine the order of the elements of this semigroup, characterize all idempo- 
tent and regular elements, ask for bands of n-ary cooperations and characterize 
Green's relations L and R. 

Keywords: Cooperations; Regular elements; Green's relations. 

1. Introduction 

Let A be a non-empty set. For each n 2 1 we denote the n-th copower of 
A,  that is the union of n disjoint copies of A by AUn. Specifically, AUn := 
(1,. . . n} x A, and an element (i, a)  corresponds to  the element a in the 
i-th copy of A. N-ary cooperations on A are mappings f : A -+ A'" and 
are uniquely determined by a pair (f 1, f2) of mappings f 1 : A -+ { 1 , . . . , n} 
and f2 : A -+ A. 

Let c 0 2  be the set of all n-ary cooperations defined on A and let 
COA := u con, be the set of all cooperations defined on A. If f E con, .. 

n i  1 
and g1 , . . . , gn E cO2, then we define a k-ary cooperation f [gl , . . . I gn] : 

"December 26,2007 
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A -+ Auk by a H ( g f l ( a ) ) ( f 2 ( a ) )  for all a E A (see [l]). The coop- 
eration f[g1,. . . ,gn] is called the composition of f and 91,. . . ,gn .  In- 
stead of f[gl ,... ,gn] we will also write camp;(f,gl, ... ,gn). The injec- 
tions z y ' A  are special cooperations which are defined by z y y A  : A -+ AUn 
with a H ( i , a )  for 1 5 i 5 n. Then we get a multi-based algebra 
((cOS)"?~; (comp;)k,n>l, This multi-based algebra is an ab- 
stract clone, i.e., satisfies the clone axioms (Cl), (C2), (C3) (see [3]) with 
(Cl) S&(z,  s;(Yl,xl,. . * , G I ) ,  * .  ., s;(Y,,xl, * * .  ,X">> 

w S;(Sg(z,yl,. . . , yp),xl,. . . ,xn), for m, n,p = 1 ,2 ,3 , .  . . , 
(C2) S$(Xj,x1,. . . ,x,) M xj, for 1 5 j 5 n and rn, n = 1 , 2 , 3 , .  . ., 
(C3) S,"(xj, X I , .  . .,Am) M zj, for 1 5 j 5 m and m = 1 ,2 ,3 , .  . . , 
where S&, S;, SE, S," are operation symbols corresponding to the op- 
erations wmpP,, camp:, wmp", and wmp;, respectively; X i , .  . . , A, are 
nullary operation symbols, and z ,  y1,. . . , yp, X I , .  . . , x, are variables. 
Using the operation comp: we define a binary operation + on cO2, n 2 1 
and by (Cl) we obtain the semigroup (cOl;l;+) of all n-ary cooperations 
on A. We will study this semigroup and its subsemigroups. 

We recall the following notions from semigroup theory. Let S = ( S ;  0 )  

be a semigroup. Then an element a E S is called regular if there is an 
element b E S such that aba = a. Clearly every idempotent element is 
regular and more general, every element a E S satisfying a" = a, n 2 2 
is regular. If every element of a semigroup is regular, then the semigroup 
is called regular. A regular semigroup S is called orthodox if its set E ( S )  
of idempotents forms a subsemigroup. Bands are idempotent semigroups. 
A semigroup ( S ;  0 )  is called a rectangular band if it is idempotent and if 
xyx = x for all x, y E S,  a normal band, if it is idempotent and xyuv = xuyv 
for all x,y,u,v E S. Semigroups satisfying xy = x for all x E S are called 
left-zero semigroups. If xy = y for all x,y E S we speak of a right-zero 
semigroup and if xy = uv for all x, y, u, v E S ,  the semigroup S is called a 
constant semigroup. 

Green's relations C and R are defined by 

aCb :($ a = b or 3 c, d E S(ca = b A db = a) ,  

aRb :($ a = b OT 3 e,  f E S(ae = b A b f  = a).  

Let a E S be an element of the universe of the semigroup = ( S ;  0). The 
order of a is the cardinality of the cyclic subsemigroup (a) of S: .(a) = !(.)I. 
If S is finite, then the set {i E N \ {0}13j E N(ai = a j ,  i # j ) }  is non-empty 
and has a least element m which is called the index of a. Then the set 
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{x E N \ { O } ~ U ~ + ~  = am} is non-empty, and so it also has a least element 
r which is called the period of a. By the minimality of m and r we deduce 
that (a) = {a ,  2 , .  . . , am+r-l } and thus .(a) = m + r - 1. Further, for all 
u, v E N \ (0) we have amfu = am+v iff u = v mod r. 

If g : A -+ A is a transformation on the finite set A with /A(  > 1, then 
g is an element of the semigroup ( H A ;  0) of all transformations defined on 
A. If I m ( g )  = (b(3a E A(b = g ( a ) ) )  is the image of g ,  then the index of 
g is the least non-negative integer X ( g )  such that I m ( g X ( g ) )  = I m ( g x ( g ) + l )  
and the period of g is the order of the restriction function h := g [ I m ( g X ( g ) )  
(which is a permutation). 

The kernel of a mapping f : A + A is the equivalence relation Kerf  := 
{ (a ,  b)  I f (a )  = f ( b )  , a, b E A } .  For more background on semigroups see [4]. 

2. Idempotent and Regular Elements 

We consider the semigroup ( ~ 0 2 ;  +) of all n-ary cooperations defined on 
the finite set A and its subsemigroups. First of all we are interested in 
idempotent and regular elements of ( ~ 0 2 ;  +). 

Theorem 2.1. 

(i) T h e  n-ary cooperation f E c 0 2  i s  a n  idempotent  e lement  of (cO2;+) 

(ii) f i s  a regular e l emen t  of ( ~ 0 2 ;  +) iff for a n y  t w o  e l emen t s  (i, a ) ,  ( j ,  b )  
iff a E f - ' ( ( i ,  a ) )  for all (i, a) E I m ( f ) .  

of I m ( f )  there fol lows a = b * i = j .  

Proof. 

(i) Let ( i , a )  E Im(f) .  Then there is an element x E A such that f(z) = 
( i , a ) .  Since (f + f)(s) = f(x) and (f + f)(x) = f ( f 2 ( z ) )  = f ( a )  we 
get f(x) = f ( a )  = (i, a)  and a E f - l ( ( i ,  u ) ) .  
Conversely, we assume that a E f - ' ( ( i , a ) )  for all (&a )  E Im(f) .  Let 
z E A. Then f(x) = ( f ~ ( x ) ,  fz(x)) E I m ( f )  and by assumption fz(x) E 
f d1 ( f1 ( z ) , f 2 (5 ) )  and then (f + f)(.) = f(fz(x)) = ( f i ( ~ ) , f 2 ( x ) )  = 
f(z) and f is idempotent. 

(ii) If f is a regular element, then there exists a cooperation g E c O ~  such 
that f + g + f = f. Let (i ,  a ) ,  ( j ,  b )  E I m ( f )  such that a = b. Since 
(i, a), ( j ,  b)  E Im( f ) ,  there are elements z, y E A such that f(x) = (i,  a) 
and f(y) = ( j , b )  (i.e., fi(x) = i ,  f z ( x )  = a, fi(y) = j ,  fz(y) = b )  and 

= fz(y). Moreover, we use that ( f + g ) ( x )  = g ( f z ( x ) )  by definition 
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of the composition. Then we have 
fl(.) = ( f + 9 + f ) 1 ( z )  

= f1(92(fZ(Y))) 
= ( f + 9 + f ) l ( Y )  
= fl(Y). 

= fl(92 (f2 (x))) 

Conversely, assume that for any (i, a ) ,  ( j ,  b)  E I m ( f )  we have a = b * i = j .  
If ( i , a )  E I m ( f ) ,  then there is an element d, E f - ' ( ( i , a ) ) .  We define a 
cooperation g : A --+ AUn as follows 

(i, dz)  if z E {al(i,  a )  E Im(f)} 
g(z) = { (j ,x) if z 6 {al(i ,  a )  E I m ( f ) }  for  some j E (1,. . . , n}. 

Let now z E A,  then z E f - ' ( ( Z ,  b ) )  for some (Z,b) E I m ( f ) ,  i.e. 

f(.) = (1, b) ,  fi(z) = 1, fz(z) = b. 

Let E(cO2) and Reg(cO1) be the sets of idempotent and regular el- 
ements, respectively. In [2] was proved that for A = (0, l} the regular 
elements of ( C O ~ , , ~ ~ ;  +) form a subsemigroup and the idempotent elements 
form a subsemigroup of the semigroup of all regular elements, i.e., the set of 
all regular elements forms an orthodox semigroup. In the general situation, 
i.e., if IAl > 2, this is not the case as the following example shows: 
Let A = {a, b, c} and let f, g E c 0 2  be defined by the following tables 

$j-@ 
for some i , j , k , Z  E {I,.  . . ,n}. 

the cooperations f and g are idernpotent. Since 
Since a E f - ' ( ( i , a ) ) ,  c E f - ' ( ( j , c ) ) ,  a E g-'((k,a)), b E g-l((Z,b)), 

(f + 9Nc) = 9(f2(c)) = g(c> = (1 ,  b) 
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and 

(f + g ) ( b )  = g ( f 2 ( b ) )  = g(a )  = ( h a )  
we have b $2 (f + g)-'(Z, b) and therefore f + g is not idempotent. But the 
sum of two regular elements is regular since if f and g are regular and if 
( & a ) ,  ( j ,  b)  E Im(f+g),  then because of Im( f + g )  G Im(g) from a = b we 
obtain i = j. This shows that f + g is regular. 

Any cooperation f on the set A is uniquely determined by the pair 
(fi, f 2 )  consisting of the mapping f1 : A + (1, . . . , n }  and the transforma- 
tion f 2  : A -+ A. Because of ( i f ) ( a )  = f((f~)~-l(a)) for any i 2 2, i E N, 
any a E A and any cooperation f E cO2, the order of f is determined by 
the order of f2.  Let X(f2) be the index and let r be the period of f 2 .  Then 

f y ( a )  = f 2  W Z  )+. ( a )  

for all a E A and then 

O ( f 2 )  = W 2 )  + T- - 1 

and we have 
( (X(f2)  + r + l>f>(a) = f(fiX'"'+' (4) 

= f (fix'fz)'(a>) 
= ( ( X ( f 2 )  + l)f>(a). 

This means, o(f) 5 X ( f 2 )  + r and o(f) 5 o(f2) + 1. For the index m 
of the cooperation f, we have m 5 X ( f 2 )  + 1. If f is regular, then for any 
s, t E N+ we have f$ = fi iff s f = t f .  Since for each a E A, 

f29(a) = Ha.)  * (f1(fF1W, fi(a)) = (fl(f;-1(4)7 fi"()) 
++ (sf)(a) = ( t f ) ( a ) .  

Therefore in this case o ( f )  = o(f2) and m = X(f2). To characterize the 
order of f E c02 such that f is not regular we need the following lemma. 

Lemma 2.1. Let /A1 = m. Then for every f E cO2 the cooperation m f  is 
regular. 

Proof. Suppose that mf is not regular. 
Claim: If k f is regular, then (k + 1) f is regular. 
Assume that kf is regular. Since (k + 1) f = f + k f ,  we have Im(f + kf) 
Im(kf). By the characterization of regular elements, (k + l)f must be 
regular. Since r n  f is not regular and by using the contraposition of our claim 
we get that (m- 1) f is not regular. By using the same argument we get that 
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(m - 2)f, .  . . , f are not regular. Then mf, (m - l ) f ,  . . . , fare not regular. 
Since (m - l)f is not regular, then there are (i, c), ( j ,  c) E Im((m - 1)f) 
such that i # j E (1,. . . ,n}. Let a, b E A such that ( (m - l ) f ) ( a )  = (2 ,  c) 
and ( (m - l ) f ) ( b )  = ( j , c ) .  Then 

( m f ) ( 4  = f(((m - l ) f ) 2 ( 4 )  
= f(c) 
= f(((m - l ) f ) a ( b ) )  
= (mf)(b). 

We consider the mapping cp : Im((m - 1)f) 4 Im(mf) defined by 
cp((m - l)f)(x)) = (mf)(x) .  As we have seen, the surjective mapping cp 
maps the different elements (2, c), ( j ,  c) E Im((m - 1)f) to f ( c )  E Im(mf) .  
Therefore together with Im(mf)  Im((m - 1)f) we get Im(mf) C 
Im((rn - 1)f). Similarly, one can show that Im((m - 1)f) C . . . C Im(f) .  
Then there follows that IIm(rnf)I < . . . < IIm(f)I = m. This implies that 

0 IIm(mf)I = 1. Therefore mf is regular, a contradiction. 

From Lemma 2.2, we have { I c  E N+IIcf is regular } is non-empty. 

Definition 2.1. Let f E con, such that f is not regular. Let P(f) be the 
least positive integer such that P(f)f is regular. 

For every cooperation f E cO2 we have P(f) 5 X(f2) + 1. 

Corollary 2.1. Let f E cO2 such that f is not regular. Then 

(ii) I f P ( f )  = X(f2) + 1, then o(f) = o ( f 2 )  + 1. 
(2) I fP(f)  I X ( f 2 ) >  then o(f) = o(f2). 

Proof. 

(i) Assume that P(f) 5 X(f2) .  This implies that A(f2)f is regular. Then it 
follows that for any s, t E N, we have fi(fz)+s = fi(fi)+t Iff . P ( f 2 ) + S ) f  = 
(X(f2)  + t)f. Therefore o ( f )  = o(f2).  

(ii) Assume that P ( f )  = X(f2) + 1. Then (X(f2) + l)f is regular and by the 
minimality of P(f) we get that (X(f2)f)  is not regular. Let r be the period 
of f2. This implies that fi(fa)+r - - fi(f2) 7 but ( X ( f 2 )  + r > f  # A ( f 2 ) f .  
Therefore o(f) = X(f2) + r = o(f2) + 1. 

For unary cooperations, we have ( ~ 0 ; ;  +) 2 (HA;  0) and therefore by 
the theorem of Cayley every abstract semigroup is isomorphic to a semi- 
group of cooperations. 
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3. Bands of n-ary Cooperations 

After having determined all idempotent elements of ( ~ 0 2 ;  +) we ask for 
subsemigroups which consist only of idempotent elements, i.e., for bands of 
n-ary cooperations. 

First of all, we are interested in right-zero semigroups and in left-zero 
semigroups. If f + g = g,  then (f + g ) ( z )  = g( f i ( z ) )  = g(z) for all z E A. 
From this it follows that Ker( f )  = Ker(g). Indeed, we have 

(Z,Y) E K e d f )  * f(.) = f(Y) 
+ f 2 ( 4  = f 2 ( Y )  

* g ( f 2 ( z ) )  = d f 2 ( Y ) )  
and therefore g ( z )  = g ( y )  and then (2, y )  E Ker(g) and K e r ( f )  C Ker(g). 
Similarly, from g + f  = f there follows Ker(g) C Ker( f ) .  If f + g  = f, then 
clearly we have Im( f) C Im(g) and g + f = g implies Im(g)  C I m ( f ) .  
Altogether we have: 

Proposition 3.1. Let S C E(cO2).  Then 

(i) 8 is a right-zero semigroup i f f  for all f ,  g E S we have Ker( f )  = Ker(g), 
(ii) 3 is a left-zero semigroup i f f  for all f, g E S we have Im( f )  = Im(g).  

Proof. 

(i) By the previous remark, if 8 is a right-zero semigroup, then K e r ( f )  
= Ker(g). Let conversely f , g  E S such that K e r ( f )  = Ker(g). Since f is 
idempotent, we have f ( a )  = (f + f)(a) = f(f2(a)) and thus (a ,  f2 (a) )  E 
Ker( f )  = Ker(g). Therefore g(a)  = g ( f 2 ( a ) )  = (f + g ) ( a )  for all a E A 
and thus f + g = g.  In a similar way we prove g + f = f .  Clearly, S is 
closed with respect to + and therefore it is a right-zero semigroup. 

(ii) If 3 is a left-zero semigroup, then for all f, g E S we have Im( f) = Im(g). 
Conversely, assume that I m ( f )  = Im(g) for all f , g  E S. Let a E A. Since 
f(a) = (fl(a), M a ) )  E Im(f), we have also (fi(a), f2(a)) E I d s ) .  Since 
g is idempotent, by Theorem 2.1, we have f2 (a)  E g - ' ( f i ( a ) ,  f 2 ( a ) )  and 
therefore (f + g ) ( a )  = g ( f 2 ( a ) )  = ( f i ( a ) , f 2 ( a ) )  = f(a) and this shows 
f + g = f .  In a similar way we show g + f = g .  Hence, S is a left-zero 
semigroup. 0 

Our next aim is to characterize rectangular bands. 

Lemma 3.1. Let f , g  E c0:. Then f + g + f = f i f f  g2(a)  E fT1(a) for 
all a E Im( f 2 ) .  
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Proof. Assume that f + g + f  = f and a E Im(f2). Then there are elements 
z ~ A a n d i E ( 1 ,  ..., n}suchthatf(z)=(i ,a) .  Thenwealsohave 
(f + 9 + f&) = ( 2 9  a)  and (f + (9  + fN.1 = (2, a)  

(9  + f)(fz(.)> = ( i ,a )  
(9 + f ) (4  = ( i , a )  

+- 
=$ 

=+ f ( g z ( a ) )  = ( % a )  
=+ f2(92(a)) = a,  

and therefore g2(a) E fF1(a). 
If conversely g2(a) E &'(a) for all a E Irn(f2),  then there is an element 
j E (1,. . . , n} and an element y E A such that f (y)  = ( j ,  a )  and then 

(f + 9 + f)(?4) = (f + (9 + f))(Y) 
= (9  + f)(fZ(Y)> 
= ( g + f ) ( a )  
= f ( s 2 ( a ) )  

= (.?.,a> 
= f ( Y ) .  

This shows that f + g + f = f. 0 

The set Rec := U 
f,gEcO2 

{ { f , g )  I f + g  + f = f and g + f + g  = g }  

is in general not a semigroup as the following counter-example shows. We 
consider the six element set A = {a ,  b, c, d ,  e, f } and cooperations a,  P, y E 
c 0 2  defined by 

a(U+ c, 4) = ( ( 2 ,  c)},  a({% e, f>> = { ( j ,  f)); 

for some i , j ,  I c ,  I ,  m, o E (1,. . . , n}. 
Since 

the cooperations a, b, y are idempotent. Since
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and 

P +  a + P = P and P +y + P = P. 
For b, e E Im(y2),  we have 

a2(b) = c E yY1(b),a2(e) = f E yz"(e),Pz(b) = a  E rT1(b) 

and 

y + a + y = yandy + P + y = y. 

Since a + P : A + Au" is an n-ary cooperation with 

(a + P ) ( { b ,  c, 4) = ((4 4)  
and 

(a  + P)({a,  e ,  f )) = {(k a)),  

for a,d E Im( (a  + P ) 2 ) ,  we have 

y2(a) = b @ (a + @);'(a) and y 2 ( 4  = e # (a  + P ) T ' ( d ) .  

Therefore 

(a + P )  + y + (a + P )  # Q + P  and a + P 6 Rec. 

Then we obtain the following characterization of rectangular bands. 

Theorem 3.1. Let S E(cO2) be a subsemigroup. Then S is a rectangu- 
lar band 28 for a21 f ,  g E S we have g2(a) E f;'(a) for a22 a E Im( f 2 )  and 
f 2 ( b )  E g;'(b) for all b E Im(g2). 

This shows

This shows

we have a + b + a = a and a + y + a = a. For a, d E Im(B2), we have
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Proof. If 2 is a rectangular band, then for any f, g E S we have f +g+f = 

f and g + f + g = g and by Lemma 3.2, we obtain g2(a) E &'(a) for all 
a E Im(f2) and fi(b) E g;'(b) for all b E Irn(g2) .  

If conversely these conditions are satisfied, then for any two elements 
f , g E S w e h a v e f + g + f = f  a n d g + f + g = g .  

Now we characterize normal bands. 

Proof. Assume that f + h + 1 + g = f + 1 + h + g and a E Im(f2) .  Then 
there are elements b E A and i E (1,. . . , n}  such that f ( b )  = (2, a) .  Since 

(f + h + 1 + g)(b) = (f + 1 + h + g)(b) 

we get 

Then 

and similarly 

* ((f + h + 1 ) 2 ( b ) ,  (f + 1 + h)2(b)) E Ker(g). 

Lemma 3.2. let f, h, l, g E cOnA. Then

for all a E Im(f2).

Therefore we get

Conversely, we  assume that
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Altogether we have: 

Theorem 3.2. Let S G E(cO2) be a subsemigroup. T h e n  S is a normal  
band if f o r  all f, h, l , g  E S we have ( ( 1 2  o h2)(a),  (h2 o 12)(a)) E K e r ( g )  f o r  
all a E I m ( f 2 ) .  

To characterize semilattices we need conditions which guarantee com- 
mutativity. 

Theorem 3.3. Let S be a subsemigroup of ( ~ 0 5 ;  +) and assume that S C 
E(cO5). T h e n  S is a semilattice iff f o r  any  two cooperations f , g  E S the 
following conditions hold: 

(2) Im(f  + 9 )  = 1 4 7  + f), 
(ii) For each ( i , b )  E Im(f + g )  we have f2(z) E g- ' ( i ,  b) ++ g 2 ( z )  E 

f - I ( i ,  b). 

Proof. Assume that S is a semilattice. Then f + g = g + f implies 
Im( f  + 9)  = I m ( g  + f). Let ( i , b )  E Im( f  + 9)  and f 2 ( z )  E g- ' ( i ,b) .  
Then f ( g z ( 2 ) )  = (9 + f)(z) = (f + g ) ( z )  = g ( f i ( z ) )  = (i, b) .  Therefore 
g 2 ( ~ )  E f - l ( i , b ) .  Similarly, we show that g2(z) E f - ' ( i , b )  implies that 

Conversely, we assume that for any f , g  E S conditions (i) and (ii) 
are satisfied. To show that f + g = g + f we assume that x E A. Then 
there exists a pair (i, b) E Im(f + g )  such that (f + g ) ( z )  = (i, b). Since 
(f + g ) ( z )  = 9( f2(z ) )  and (f + g ) ( z )  = ( i , b ) ,  we get s ( f i ( z ) )  = ( i , b )  and 
then f 2 ( z )  E g-'(Z, b) .  Condition (ii) implies 92(2) E f - l ( i ,  b) .  Therefore 
(9 + f)(z) = f ( g 2 ( ~ ) )  = (i, b) = (f + g ) ( z ) .  This implies f + g = g + f and 
S is a semilattice. 0 

f2(x)  E 9%V. 

- 

Therefore, 

and by our assumption we have
Then

for all Let Then
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4. Green's relations L: and 72 

Let (S; 0) be a semigroup. Then Green's relations L and R are defined on 
(S; 0) as follows: 

(a ,  b) E L :e a = bV 3c,d E S ( c o  a = b A  d o b = a)  

(a ,b )  E R :e a = bV 3e,f E S ( a o  e = b A b o f  = a )  

for a,  b E S. Clearly C and R are equivalence relations on S. We want to  
characterize Green's relations C and R on (COX; +). It is well-known (see 
[4]) that for transformation semigroups there holds: (f,g) E L iff I m ( f )  = 
Im(g) and (f, g) E 72. iff Ker( f )  = Ker(g). For n-ary cooperations we have 

Theorem 4.1. Let f,g E Reg(cO2). Then (f,g) E L zffIm(f) = Im(g) 
and (f,g) E R iflKer(f) = Ker(g). 

Proof. If (f, g) E L and f # g, there are n-ary cooperations h, 1 E cO2 
such that h + f = g and 1 + g = f .  Let a E A. Then 

f ( a )  = (1 g)(a) = 9(12(a)) E Imb) 
and thus Im( f )  G Im(g). In the corresponding way from g = h + I we get 
Im(g) C I m ( f ) ,  altogether Im(g) = Im( f). Iff  = g, then Im( f )  = Im(g). 

Conversely, assume that I m ( f )  = Im(g), For each ( i , a )  E I m ( f )  = 
Im(g) we choose d, E f-l((i,a)) and dk E g-l((i, a)) and define coopera- 
tions h, 1 E c0;  in the following way: 

h(z) = ( i , d b )  for all z E f - ' ( ( i , a ) )  and 

h + g = f and 1 + f = g and then (f,g) E C, 

The  cooperations h and l are well-defined and we have

and

and thus
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As we have seen, this proof did not need that f and g are regular. Therefore, 
the first part of the proposition holds also for arbitrary f, g E cO2. 

Assume now that (f,g) E R. If f = 9, then K e r ( f )  = Ker(g). Assume 
that f # 9. Then there are u, v E c0l;l such that f = g + u and g = f + v. 
Let (a ,  b) E Ker( f ) .  Then 

f(.) = f ( b )  + fz(.) = f d b )  + v(fz(a)) = v(fz(a)) * 
(f + v>(a> = (f + v)(b) * g(a )  = g ( b )  +- (a ,  b) E Ker(g). 

This shows K e r ( f )  C Ker(g). In a similar way we show Ker(g) G Ker( f )  
and altogether we have equality. 

Conversely, assume that K e r ( f )  = Ker(g). We denote the equivalence 
relation K e r ( f )  (= Ker(g)) by T .  We form the quotient set A / T .  Since A 
is finite consisting of k elements, there is an integer p with 1 6 p 5 k such 
that IA/TI = p .  Since 

144 = IWf)I = I M 9 ) I  

we can write 

I W )  = { ( j l ,  a d ,  * f .  7 ( j p ,  a,)}, Im(9) = {(kl, bl) ,  . , ( k p ,  b p ) }  

for some j 1 ,  . . . , j,, kl, . . . , k, E (1,. . . , n} and a l ,  . . . , a,, b l ,  . . . , b, E A. 
From each equivalence class with respect to T we choose one element di E A 
for i = 1,. . . , p .  For the elements d l ,  . . . , d ,  we have then f ( d i )  = (ji, ai)  and 
g ( d i )  = ( k i , b i ) .  There is no pair of elements ($,ai), ( j l ,u l )  E I m ( f )  with 
1 5 i < 1 5 p such that ai = al, but ji # jl and there is no pair of elements 
(ki, bi),  (kl, bz) with 1 5 a < 1 5 p such that bi = bl but ki # kz since f and g 
are regular (see Theorem 2.1). Now we define a, /3 E cO2 by a(ai )  = (ki, b i )  

for all i = 1,. . . , p  and a(z)  = (r,3:) for all 3: E A\{al,. . . , aP}  and for some 
r E (1,. . . , n} and /3(bi) = ( j i ,a i )  for all i = 1,. . . , p  and P ( y )  = (%?I) for 
all y E A\{bl,. . . , b p }  and for some s E {I,. . . , n}. Because of the regularity 
of f and g the cooperations a,  /3 are well-defined. We prove that f + Q = 9 
and g + /3 = f. Let c E A. Then there is an element i E { 1,. . . , p }  such that 
(c,di) E 7r and we have 

(f + a)(c)  = a( fz (c ) )  = a ( f z ( d i ) )  = (.(ail = (ki, bi) = 9(di) = 9(c) 

and thus f + a = g. 
In a similar way, we show g + P = f. Hence (f, 9)  E R. 0 

The regularity of f and g is not needed to prove that ( f , g )  E L iff 
I m ( f )  = I rn(g) .  Therefore this is true for any f , g h  E c0l;l. But for the 
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second proposition of Theorem 4.1, we need the assumption that both f 
and g are regular. Indeed, if f E cO2 \ Reg(cO2) and g E cO2 such that 
K e r ( f )  = Ker(g) and f # g ,  then we will show that (f ,g) $! R. Since 
f E cO2 \ Reg(cO2), there are elements a, b, x E A and there are integers 
i # j E {l,. . .,n} such that f ( a )  = ( i , z )  and f ( b )  = ( j ,x) .  Let a E cO2. 
Then (f +a)(a)  = a ( f ~ ( a ) )  = a(x) and ( f + a ) ( b )  = a ( f i ( b ) )  = a(.). There 
follows ( f + a ) ( a )  = (f +a)(b). Since (a, b) 6 K e r ( f )  and Ker( f )  = Ker(g),  
we have also g ( a )  # g(b)  and thus g # f + a for all a E cO2 and then 
( f , g )  @ R. 
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Hypersubstitutions map operation symbols to terms of the corresponding ari- 
ties. Using hypersubstitutions from each algebra one can derive new algebras. 
We compare properties of congruence lattices, of subalgebra lattices and of 
clones of the derived algebras with the corresponding properties of the start- 
ing algebras. If both algebras have the same clone of term operations, then 
they have the most properties in common. This is for instance the case if the 
hypersubstitution is surjective. We characterize surjective hypersubstitutions 
and prove that for finite types surjective hypersubstitutions are bijective. This 
will be applied to i-closed varieties of n-ary type. 

Keywords: Hypersubstitution; Clone; Derived algebra; i-closed variety. 

1. Preliminaries 

Let ( f i ) i c~  be a sequence of operation symbols where fi is ni-ary. We assume 
that ni 2 1 for all i E I. The sequence T = (ni)iGI is called a type. Let 
X ,  := (21,. . . ,z,} be an n-element alphabet. Let WT(X,) be the set of 
all n-ary terms of type I- and let W T ( X )  := U WT(X,) be the set of all 

terms of type T .  

On the sets W T ( X n )  and W T ( X m )  an operation Sk : 

nZ 1 

WT(x'TL) wT(XWZ)n - WT(xm> 

is defined inductively as follows: 

(i) SE(x j , t l , .  . . , t,) := t j ,  ~j E Xn,t l , .  . . , t, E W T ( X m ) ,  
(ii) SE(fi(s1,. . . , sni) ,  t l , .  . . , t,) := 

f z ( s ~ ( ~ l , ~ l , ~ ~ ~ , ~ , ~ , ~ ~ ~ , ~ ~ ( ~ , a , ~ l , ~ ~ ~ ~ ~ ~ ~ ~  

with fi(~1,. . . , s n i )  E W T ( X n ) ,  t i , .  . . ,t, E WT(Xm).  
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With these operations and the variables as nullary operations we form the 
multi-based (heterogeneous) algebra 

:= ((WT(X72))71.EN+ ; (Sk)771,nEN+ 7 ( z i ) i < n , n E N + )  

(with N+ := N \ (0) ). This algebra is an abstract clone, i.e. it satisfies the 
clone axioms 

(Cl) % ( 2 , s ; ( P l , X l , .  . . , Zn), . . . , 3;(Fp,2l,. . . ,Zn)) = 
zg(sg(<,Pl,. . . ,Yp), 21,. . . A), (m,n,p E N+) 

(C2) s;(Zy, X I , .  . . , Zn) NN xi, (m,n E N+, 1 I i I n)  
(C3) s;(Y,q,. . . ,EE)  = P (n E N+). 

Here 2, TI,. . . , Pp, X I , .  . . , Zn axe variables for terms, sk, sh, sg, 3; are 
operation symbols and E y  are symbols for variables. 

Sometimes it is necessary to measure the complexity of a term. A very 
common complexity measure is the depth of a term defined by the following 
steps: 

(i) depth(zj) := O if zj E X ,  
(ii) depth(fi(t1,. . . , tn,)) := maz{depth(tl), . . . ,depth(t,,)} + 1. 

Every term can be visualized by a tree diagram. The depth o f t  is then the 
maximum length of all pathes going from the root to one of the leaves of 
the tree. Considering only pathes going from the root to leaves labeled by 
the variable xj we get the j - depth, depthj(t) of the term t .  

A hypersubstitution (T is a mapping which sends operation symbols to 
terms preserving the arities. Based on a hypersubstitution one can induc- 
tively define a mapping 6 : W T ( X )  - W T ( X )  by the following steps: 
B[z]  := z if z E X is a variable and B [ f i ( t l , .  . . , tni)] := S$(a(f i ) ,  &-[tl], 
. . . , B[tn,])  where fi is ni-ary and t l , .  . . ,tni E W T ( X n ) .  

The last equation shows that 6 is an endomorphism of the algebra 
c1one.r if we regard B = ( & n ) n E ~ +  as a sequence of mappings where 

Hypersubstitutions can be composed by 01 ohu2 := 6 1  0a2 where o is the 
usual composition of mappings. Together with the identity hypersubstitu- 
tion (Tid : fi ++ f i(z1, .  . . , zni) we get a monoid 'Flyp(.r) = ( H y p ( ~ ) ;  oh, (Tid) .  

Let A = (A; ( f t ) i E ~ )  be an algebra of type 7. Every term of type T 

induces a term operation t A  on the algebra A. Let WT(Xn)A be the set of 
all n-ary term operations of the algebra A. If we define a superposition of 
operations on A by 

: WT(x71) ----$ WT(x'7Z)* 
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where f A  is n-ary and gf, . . . ,g,” are m-ary, then we obtain another clone 

where ea>A are the n-ary projection mappings on the a-th components. It 
is easy to see that this clone is generated by the fundamental operations 
{fp I i E I} of the algebra A. Let T(n) (A)  be the set of all n-ary term 
operations of A. The set T(n)(A) is closed under the (n + 1)-ary operation 
SEIA and contains all n-ary projections. Therefore one can form an algebra 
(T(n)(d); SnyA, e;llA,. . . , etFA) of type (n + 1,0,. . . , o ) .  

Let S u b ( A )  be the subalgebra lattice of A, Con(d) be the lattice of 
congruence relations of A, V(A) be the variety generated by A and let 
C(V(d)) be the subvariety lattice of the variety V(d) .  

Two algebras d and Z3 of possibly different types are called rationally 
equivalent ( t e rm equivalent) if A and B have the same universe and the 
same term operations, i.e. if T(A)  = T(l3). As a consequence we have 
S u b ( A )  = Sub(D),  Con(d) = Con(B) and the subvariety lattices C(V(d)) 
and C(V(Z3)) are isomorphic. 

Hypersubstitutions can be applied to equations as well as to algebras 
of type r. Let s M t be an identity satisfied in the algebra A, i.e. sA = td .  
The identity s M t is said to be satisfied as a hyperidentity in the algebra A 
if &[s] M &[t] are identities in A for all hypersubstitutions a. 

Applying a hypersubstitution a to an algebra A of type T gives the 
algebra a(A) := (A;  ( ~ ( f i ) ~ ) i ~ l )  which is called algebra derived from A by 
the hypersubstitution a. There is the following connection between the term 
operation induced by a term t on the algebra A and the term operation 
induced by the same term on the algebra a(A) (see e.g. [ S ] ) .  

Proposition 1.1. L e t t  E W7(X) be a term of type r. Let a be a hypersub- 
stitution of type r and let A be an algebra of type r .  Then t‘(d) = &[tId. 

Proof. The proof is by induction on the complexity (depth) of the term t .  
If t = z j  E X n  is a variable, then 
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If t = f i ( t 1 , .  . . , tni) and if we inductively assume that 
all 1 5 k 5 ni, then 

= 8[ tkId  for 

t 4 4  
= szqfy), t y , .  . . , t,a 44 ) 

= szJ(a(fp, &[t l ]A, .  . . , 8[tn,]A) 

= (S$+(fi), 8[tl], . . . 7 8“tna]))-4 = 8[ t ]A .  0 

We gave the simple proof of this proposition here since the property plays 
an important rule in what follows. 

In [4] the following formula for the depth of 8[t] with t = f i ( t 1 , .  . . , tni) 
was proved: 

depth (8 [ t] ) 
= rnaz{depthk(a(fi)) + depth(&[tk]) I 1 5 k 5 ni,zk E war(a(fj))}. 

2. Term Operations of Derived Algebras 

Let B be an algebra of type T and let a be a hypersubstitution of type 
7. By o(Sub(B)) we understand the set of all algebras derived by c7 from 
subalgebras of B, i.e. 

a(Sub(B)) := {a(C) I C c B}. 

Directly from the definition of a derived algebra we obtain the following 
simple propositions: 

Proposition 2.1. 

(i) The clone of a(B) is a subclone of the clone off?: ‘T(a(B)) c I ( B ) .  
(ii) The congruence lattice of B is a sublattice of the congruence lattice of 

(iii) a(Sub(B)) f o m s  a sub-meet-semilattice of Sub(o(B)): a(Sub(B)) C 
a(B): Con(B) c Con(o(B)). 

Sub(a(B)). 

Proof. 

(i) Let t be an arbitrary term of type T and t‘(”) E T ( g ( B ) ) .  Because of 
T(a(B))  = WT(X)u(B) any element of T(u(B)) can be written in this 
form. By Proposition 1.1 we have 8[t]” E T(a(B)) .  Since &[t] E WT(X), 
we get 8[t]” E T(B) and thus ‘T(a(B)) 2 I ( B ) .  

(ii) Let 0 be a congruence relation on B. Then for every n-ary term oper- 
ation t” of B and for all elements a ~ ,  . . . , a,, b l ,  . . . , bn E B we have 
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(a17b1) E e7...,(~,,bn) E e + ( t a ( a l , . .  . , an ) , t a (b1 , . . .  ,bn) )  E 8. 

Therefore for every i E I we have 

( ~ ( f i ) a ( a l ~ * * *  , a n i ) , ~ \ f i ) ~ ( b l , - .  . 7bni) )  = 
(ftu(”)(al,. . . ,a,,), j , ~  B)(bl,. . . , bni)) E e 

and thus 8 E Con(a(B)). This means Con(l3) C Con(o(f3)). The sub- 
lattice property is clear as well. 

(iii) Let C E a(Sub(B)). Then there is a subalgebra C’ C B such that 
C = a(C’). From C’ C B we obtain that a(C’) is also a subalgebra of 
a(B); i.e. C = a(C‘) E Sub(a(B)) and then a(Sub(B)) 5 Sub(a(B)). 
Let a(dl), a(d2) E a(Sub(B)). We show that a(dl)na(d2) = a(d1n 
dz) E a(Sub(B)). In fact, the universe of both algebras, of a(dl) n 
4d2) and of a(dl n d2) is the intersection Al n A2. Since a(d1 n 
d2) and a(d1) n a(d2) are both subalgebras of a(B) they must be 
equal. This shows that a(Sub(B)) is a meet-semilattice and therefore 
a submeet-semilattice of the meet-semilattice Sub(a(B)). 

It is very natural to ask for which algebra B and for which hyper- 
substitution a do we have equality in one of the propositions (i)-(iii). 
Clearly, if B is a two-element algebra, then Con(B) = {AB, B2} and then 
Con(a(B)) = Con(B) since Con(a(B)) is also two-element. 

Let O(B)  be the clone of all operations defined on B ,  then for any 
algebra B = (B;  ( fp)iEI) the clone 7 ( B )  is a subclone of O(B) .  The least 
subclone of O(B)  is the clone JB of all projection mappings defined on B. 

Assume that I ( B )  is a minimal element in the lattice of all subclones 
of O(B)  and that T(u(B))  # JB. Then we must have T ( g ( B ) )  = T ( B ) ,  
i.e. the algebras B and a(B) are rationally equivalent. Then we have also 
Con(B) = Con(a(B)) and Sub(B)  = Sub(a(B)). In this case the properties 
of the algebra B lead to the equation T(a(B))  = T ( B ) .  

Proposition 2.2. Let B be an arbitrary non-trivial algebra of type r = 
(ni)iE17ni 2 1 for  all i E I .  If a is  surjective, meaning that the extension 
b is surjective, then T(a(B))  = T ( B ) .  

Proof. We noticed already that WT(X)a = T(B) .  Let ta E T ( B ) .  Then 
there is a term s E W7(X)  such that t = &[s]. From this equation we get 
t” = &[sIa = s‘(a) E T(a(B))  by Proposition 1.1. This shows T ( B )  

0 T ( a ( B ) )  and together with Proposition 2.1 (i) we have equality. 
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If conversely T ( B )  = T ( a ( B ) ) ,  then for any t” E T ( B )  = T(a(B) )  = 

W,(X)“(”) there is a term s E WT(X) such that t” = so(”) = 6[s]”. But 
this means that t x 6 [ s ]  is an identity in I3 but in general t # 6[s]. 

Clearly, we have 

Proposition 2.3. Let B be a non-trivial algebra and let a be a hyper- 
substitution of type r .  Then T ( B )  = T ( a ( B ) )  if and only if for any term 
t E WT(X) there exists a term s E WT(X) such that t x b [ s ]  is an identity 
in 8. 

Proposition 2.2 motivates to look at all surjective hypersubstitutions. 
Proposition 2.3 shows once more the influence of the properties of the al- 
gebra B. In the next section we want to characterize all surjective hyper- 
substitutions of type r. 

3. Surjective Hypersubstitutions of Type T 

We noticed already that the heterogeneous algebra 

clone-r := ((WT(Xn))nEN+; ( S k ) m , n ~ ~ +  7 ( Z i ) i < n , n E N +  1 
is an abstract clone, i.e. satisfies the clone axioms (Cl), (C2), (C3). 

Let I, be the set of all indices from I such that fi is n-ary and let 
Fn ._ .- (fi(x1, ..., 5,) I i E In} and F := (Fn),E~+. Clearly, F’ := 

{fi(xi, . . . ,  xn)  I i € I } =  U Fn. 
n E N +  

By the definition of terms the sequence F generates clone-r. Another 
important property of cloner is that it is free in the heterogeneous variety 
of clones (defined by (Cl), (C2), (C3)), freely generated by the sequence F .  

We noticed also that extensions 6 of hypersubstitutions a are endomor- 
phisms of cloner. Conversely, as a consequence of the freeness of cloner and 
the fact that F is a free generating system, any endomorphism of cloner is 
the extension of a hypersubstitution (see [l]). Let kera be the kernel of 6 ,  
i.e. kera := { ( s , t )  I s , t  E WT(X) A 6 [ s ]  = 6[ t]}  and let Ima be the image 
of 6 ,  i.e. Ima := { t  1 t E WT(X) A 3s E WT(X)(b[s] = t )} .  Then a is called 
injective or surjective or bijective if 6 has these properties. If Bij (7)  and 
S U T ~ ( T )  denote the sets of all bijective and surjective hypersubstitutions, 
then B i j ( ~ )  and Surj(7) form submonoids of X y p ( r )  since the composi- 
tion of two bijective or of two surjective mappings is bijective or surjective, 
respectively. 

Since a preserves arities, it can be regarded as a sequence (a,),EN+ of 
mappings cn : Fn -+ WT(Xn). The extension b can also be regarded as a 
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sequence (B,),€N+, 6, : WT(X,) --f WT(X,). Therefore the image Imo can 
also be regarded as a sequence (Ima)’ := ( Imbn)nE~+, Im& G WT(X,). 

Clearly o is injective iff kero = Aw,(x). Since F is a generating system 
of cloner we have: 

Proposition 3.1. A hypersubstitution a of type r is surjective iff F‘ C 
Ima . 

Proof. If F‘ G Ima, then for the subalgebras of cloner generated by F 
and (Ima)’ we have (Fjclones G ((Ima)’)czoneT, i.e. WT(X) C Ima C 
W,(X) since (Ima)’ is a (heterogeneous) subalgebra of cloner. Here we 
used that b is an endomorphism of cloner. Altogether, Ima = WT(X) and 
u is surjective. If conversely o is surjective, then F’ 0 Ima is clear. 

(Proposition 2.3 is true for arbitrary (homogeneous and heterogeneous) 
algebras, for generating systems and for endomorphisms). 

Bijective hypersubstitutions were characterized in [3] (see also [6]) .  
Let ’23 denote the set of all bijections on the set { f i  I i E I }  preserving 

the arities, i.e. 23’ := is a sequence with U 23, = 23 where 

h E Bn iff h : {fi I i E I,} - {fi I i E I,} is bijective. Let S, be the set of 
all permutations on the set (1,. . . , n} for n E N+. We set A := U S, 

and 9 := { p  E A’ I p ( i )  E Sni for i E I } .  Then Bij(r) can be characterized 
by the following theorem: 

Theorem 3.1. Let r = (ni)iEI be a type with ni 2 1 for all i E I .  For 
each o E H y p ( r )  the following statements are equivalent: 

,EN+ 

l<,€N+ 

(i) a E Bij (7) .  
(ii) There are elements h E ‘23 and p E 9 such that a(fi) = 

h(fi)(xp(i)(l),. . . 1 Z p ( i ) ( n a ) )  for all i E 1. 

Not every surjective hypersubstitution is bijective. As a counterexample we 
consider the type 7 = (ni)iEN+ = ( i ) i E ~ + .  

We consider the hypersubstitution which is defined by o(f2i) := 

fi(xl,. . . ,x i )  for i E N+ and o(fzi+l) := fzi+l(z1,. . . ,x~i+i) for i E N+. 
Since fi(z1,. . . ,xi) E W,({zl,. . . ,xi,. . . , x ~ ~ + ~ } ) ,  o is arity-preserving and 
thus a hypersubstitution. By Proposition 3.1 we get that a is surjective, but 
not injective since for example for i = 3 we have a ( f6 )  = f3(21,22,23) = 

a(f3) andthenalsod[f6(xl,xZ,...,x6)] = f3(zi,zz,23) =~.[f3(xi,x2,x3)1, 
but f6(x1,Zz,...,x6) # f3(xl,xZ,x3). 
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Surjective hypersubstitutions can be characterized as follows: 

Theorem 3.2. Let T = ( n i ) i g I  be a type with ni 2 1 for all i E I .  Then  
for each u E H y p ( r )  the following statements are equivalent: 

( i)  u E S u r j ( r )  . 
(ii) For each i E I there i s  a n  element j E I such that nj 2 ni and such that 

&[fj(yi, .  . . , y n j ) ]  = f i (S1 , .  . ,zni) for some variables y1,. . . , ynj E 
X n j  with \{y1,. . . ,ynj}l = ni for a21 i E I .  

Proof. (ii)+(i) By Proposition 3.1 and by (ii) we get that u is surjective. 
(i)+(ii) Since u is surjective, for every i E I there is a term ti such that 

&[ti] = fi(s1,. . . , zni). Dep th ( t i )  = 0 is impossible since otherwise ti = xk 
is a variable and then &[zk] = z k .  Therefore ti = fj(s1,. . . , s n j )  and as- 
sume that ti is a term with minimal depth and &[ti] = fi(z1, ... ,zn,). 
Then &[ti] = 5':; ( ~ ( f j ) ,  &[sl] ,  . . . , &[snj]> = fi(z1,. . . , zni) and because 
of depth(&[t i ] )  = r n a z { d e p t h k ( a ( f j ) )  + depth(&[sk])  I 1 5 k I nj,zk E 
m r ( u ( f j ) ) }  = 1 we must have u(fj) E X n j  or u(fj) = f i (z j l , .  . . , zjni)  

with zj, ,..., xjni E Xnj and ({xj, ,..., xj,,}( = ni and thus nj 1 ni 
and dep th (b[sk] )  5 1 for all 1 5 k 5 nj. If a ( f j )  E X n j ,  let say 
u(fj) = zT for some 1 5 r 6 nj, then $[ti] = &[sT] = fi(z1,. . . ,zni) where 
depth(s,) < depth(ti) .  This contradicts the minimality of the depth of ti. 
Therefore there are variables q,,. . . ,zlni E Xnj with l{zll,. . . ,zl,,}l = ni 
and with u(fj) = fi(zll, .  . . ,xzni). Then we have f i ( Z 1 , .  . . ,zni) = &[ti] = 
s? (fi(zz,, . . . , xini), ~ [ s I ] ,  . . . , 3[sn j ] ) .  From this equation there follows 
that 2 1  = ~ [ s z , ] ,  z2 = ~ [ s z , ] ,  . . . ,zni = c?[s~,~]. For each i E (1,. . . , n j }  \ 
{Zi,. . . , lnj} the term si can be an arbitrary element of W7(Xnj). 

= fj(yl,. . . , yn j )  where yll = 
21,. . . ,Yini = zni and Yk = X I  if k E (1,. . . , n j }  \ { I I , .  . . ,lni}. Then 

Now we consider the following term 

&[ia] 
= 4 f j ( Y 1 , . . . , Y n j ) ]  

= S2(4fj>, &.[YlI, * ' , &[lJnj]) 
= %(f i ( z l l , .*  , z l n i ) , 8 [ y 1 ] ,  . . . ,&[ynj]) 
= f i ( z l , . . .  , z n i ) .  

Now we assume that I is finite. Then rn := rnaz{ni  I i E I} exists. 
Let W,(X,)l := { t  E W7(Xm) I depth( t )  = 1). Then by a similar proof 

we show that the following propositions are equivalent: 

Lemma 3.1. Let r = (ni)iEI be a type with ni 3 1 for all i E I and 
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assume that I is  finite. Then for each (T E H y p ( 7 )  the following statements 
are equivalent: 

( i )  (T E Surj(7). 
(i i)  (T is  bijective on  WT(Xm)l where m is  the maximum of all arities 

ni, i E I (i.e. the restriction B l ~ T ~ ~ m ~ l  is  bijective). 

Proof. (ii)*(i) If (T is bijective on WT(Xm)l, then for every 
fi(Zir...,xni) E F' there is a term t E wT(xm)1 such that b[t] = 
fi(x1,. . . , x n i ) ,  i.e. F' C ImcT and by Proposition 3.1 we get that o is 
surjective . 

(i)*(ii) Let t E WT(Xm)l. Then there are elements i E I 
and xi,,. . . ,xini E Xm such that t = fi(zil,. . . , xini). We consider 
now the term fi(z1,. . . , x n i ) .  Theorem 3.2 implies that there are el- 
ements j E I and y ~ ,  . . . , yn j  E Xnj  C_ X,,, such that nj 2 
ni, I{yl,...,ynj}l = ni and B[fj(yl,...,ynj] = f i (z l , . . . ,xni) .  Then 
S%(a( fj),y1,. . . , ynj) = fi(x1,. . . ,zni )  and there are xi,,.  . . ,xinj E 
Xnj C X m  such that ~ ( f j )  = f i ( ~ l , ,  . . . , x i n i ) .  SO S % ( ( ~ ( f j ) , y l , .  . . , y n j )  = 
S % ( j i ( q , .  . . ,mni),y1,. . . ,ynj)  and then we obtain yll = XI,. . . ,ylni = 
xni .  Let i= fj(gl,.  . . , g n j )  such that dll = xil , .  . . , dl,, = xi,, and g k  = Y k  
if k E (1,. . . , n j }  \ (11,. . . , lni}. Then $? E WT(Xm)l and 

3 rtl 
= B[fj@l,. . . , @ T I j ) ]  

= s2(ff(fj),g1,...,gnj) 
= s% (fi(Xi,, . . ., xz,a), G l ,  . - > Gnj) 

= f i ( i711 , .  . . 
= f i (5 i l ,  . . * , xini 1. 

This shows that B is surjective on WT(Xm)l. Since W,(Xm)i is finite, so (T 

is bijective. 0 

Then we obtain: 

Corollary 3.1. Let 7 = ( n i ) i E I  be a type with ni 2 1 for all i E I and 
assume that I is  finite. Then for each (T r-2 H y p ( ~ )  the following statements 
are equivalent: 

(i) (T E Surj(7). 
(ii) For each i E I there is  a uniquely determined element j E I such that 

nj 2 ni and such that B[fj(yl, ..., ynj)] = fi(x1, ..., z,,) for some 
variables y1,. . . , ynj E Xnj  with [{yl,. . . , ynj}I = ni. 
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Proof. (ii)+(i) follows from Theorem 3.1. 
(i)+(ii) If u E S u ~ j ( r ) ,  then u is bijective on W,(Xm)l  and this means 
that for every fi(z1,. , . ,zni) there is exactly one j and there are variables 
y1,. . . ,ynj  E X n j  such that b [ f j ( y 1 , .  . . , y n j ) ]  = fi(z1,. . . , z,,). Further we 
have nj 2 ni since b is arity preserving. 

As a consequence we get that for finite types we have Bij(r) = S u r j ( 7 ) .  

Theorem 3.3. Let r = (ni)iEl be a finite type and let u be a hypersubsti- 
tution. Then u is  surjective iff u is bijective. 

Proof. If u is bijective, then u is also surjective. 
Assume that u is surjective. Then by Lemma 3.1, we obtain that u is 

bijective on the set W,(X,)l. Now we consider B as a sequence (Bn)n,W+ 

of mappings bn : W,(Xn) + WT(Xn) .  Let W,(Xm)y be the set of all 
n-ary terms contained in W,(Xm)l .  Clearly W7(Xm)y = W,(Xm)l since 
all elements in W,(X,)l are m-ary. By the definition of terms we know 
that every m-ary term can be regarded as n-ary term if n 2 m and then 
W7(Xm)y = W,(Xm)y  for all n 2 m. Since b is bijective on W,(X,)l and 
preserves arities, so &nlWT(Xm)y is also bijective on W7(Xm)y .  We consider 
the sequences (W,(Xm)T)nEN+ and BlWr(Xm)l = &l(WT(Xm)Y)nEN+. 
Then the first sequence generates the free heterogeneous algebra cloner. 
But we know that C ? ~ ( W ~ ( X ~ ) ~ ) , ~ ~ +  is bijective on ( W T ( X m ) y ) n E ~ +  since 
8nIW,(Xm);Z is bijective on W T ( X m ) l  for all n E N+. So bl(W7(Xm)y)nEN+ 
can be extended to a bijection b on (W,(Xm)l;l)nEN+ and then b is bijective 
on W , ( X ) .  

4. i-closed Varieties 

Now we consider a finite type T~ where every operation symbol has the 
same arity n 2 1. Let V be a variety of type T~ and let IdnV be the set of 
all identities satisfied in V consisting of n-ary terms. Let Vn be the variety 
defined by the equations I d n V ,  i.e. Vn = ModIdnV.  Clearly, V 

In [5 ] ,  the concept of an i-closed variety was defined in the following 
way: 

Definition 4.1. Let V be a variety and f3 be an algebra of type rn. Then 
V is called i-closed if whenever d E V and T(d) E T ( B ) ,  then B E V .  

Let M be a submonoid of the monoid ' H y p ( ~ )  of all hypersubstitutions of 
type r. A variety V is said to be M-solid if V contains all derived algebras 
a(d) for every u E M .  In 151 it was proved: 

V,. 
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Theorem 4.1. Let V be a variety of type 7, which is the model class of its 
n - a y  identities, i.e. V = ModIdnV. Then V is i-closed iff it is Surj(rn)- 
solid. 

Now Theorem 3.3 gives: 

Corollary 4.1. Let V be a variety of a finite type rn which is the model 
class of its n-ary identities, i.e. V = ModId"V. Then V is i-closed iff it is 
Bij(r,)-solid. 

As an example we consider the variety C I  = Mod(x1xz M xzx1,xf x X I }  

of commutative and idempotent groupoids. 

Proposition 4.1. The variety CI of all commutative and idempotent 
groupoids is a-closed. 

Proof. The type r = ( 2 )  has the required form and we can apply Theorem 
4.1. From ( ~ 1 x 2  M zzx1,xf M 21) C - Id'CI there follows C I  2 CIz and 
therefore C I  = Vz. By Theorem 3.1, we obtain Bij(2) = { u i d ,  uz211} where 
ot is the hypersubstitution mapping the binary operation symbol f to  the 
term t. Since 81zzl [{xlxz M ~ 2 x 1 ,  xf M x1}] = {xlxz x x z ~ ,  xf M % I } ,  the 
variety C I  is Bij(2)-solid. Therefore C I  is i-closed. 0 

Let M be the monoid of all regular hypersubstitutions, i.e. all hypersub- 
stitutions sending f t o  a binary term t containing x1 and 2 2 .  We remark 
that for this M all M-solid varieties of commutative idempotent groupoids 
were studied in [2].  Such M-solid varieties are called regular-solid. The va- 
riety V1,2 = Mod(s1xz M x2x1,x: x 21 , ( x1x~)z z  M ~ 1 2 2 )  is the least 
non-trivial regular-solid variety of commutative idempotent groupoids and 
Vz,z = Mod(xlzz x xzx1,xf M x1,x1xi M xzxf} is the greatest one. The 
lattice of all non-trivial regular-solid varieties of commutative idempotent 
groupoids is the interval [VI,~,  V Z , ~ ] .  Here x ix;  means (x1xz)xz. 
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CONTINUOUS COALGEBRA ENDOMORPHISMS OF 
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Due to properties of the topological tensor product of ultrametric Banach 
spaces, the algebraic notion of coalgebra has a natural ultrametric counter- 
part. An important class of ultrametric Banach coalgebras is provided by the 
spaces C(G, K )  of continuous functions from a totally discontinuous compact 
group G with values in a complete ultrametric valued field K .  The coproduct 
on C(G, K )  is induced by the law of multiplication of the group G. 

Related to ombral calculus is the characterization of the endomorphisms 
of a coalgebra. For a wide class of ultrametric Banach colagebras the monoid 
of the continuous coalgebra endomorphisms is anti-isomorphic to the monoid 
of continuous and weakly continuous algebra endomorphims of dual algebra. 
Hence, we recover earlier results obtained on the coalgebra C(Z,, K ) ,  where Z, 
is the additive group of the ring of p-adic integers and K is a complete valued 
field of the field extension of p-adic numbers Q,. In addition for such ground 
fields K and more generally for K of residue characteristic p ,  we consider the 
coalgebra C(V,, K ) ,  where V, is the infinite compact monothetic subgroup of 
the group of units of K generated by q which is not a root of unit such that 
)qh - 1) < 1, for h an integer 2 1. One obtains, as for formal power series, a 
procedure of substitution on the algebra of padic bounded measures M(V,, K )  
which gives the continuous and weak*-continuous algebra endomorphisms of 
M(V,, K )  and which in turn gives the continuous coalgebra endomorphisms of 
w , ,  w. 
Keywords: Coalgebra endomorphism; Hopf algebra; Banach spaces. 

1. Introduction 

Let K be a complete ultrametric valued field. 
Let us recall ([16]) that for two ultrametric Banach spaces over K ,  the 

topological tensor product of E and F is the completion EGF of the tensor 

* 2000Mathematics subject classification: Primary 16W30 Secondary, 05A40, 05A30, 
26330, 46S10. 
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product E @ F with respect to the tensor norm that is defined for z E E @ F 
by setting llzll = l l z l l ~  = inf m ~ p l l ~ i I I I l ~ i ~ \ .  c l iNg i=Z 

A remarkable fact in ultrametric functional analysis is that if X a totally 
discontinuous (= zero-dimensional ) compact topological space and E is an 
ultrametric Banach space, then for the Banach spaces of continuous func- 
tions C ( X ,  E )  and C ( X ,  K )  the canonical linear map IIE from C ( X ,  K)GE 
into C ( X ,  E )  such that n ~ ( f  18 I C ) ( S )  = f(s)z, for s E X and IC E E is an 
isometrical isomorphism of Banach spaces. Furthermore, if Y is an other 
zero-dimensional compact topological space then the linear map II form 
C(X,K)GC(Y,K) into C(X x Y , K )  such that I I ( f @ g ) ( s , t )  = f ( s ) g ( t ) ,  for 
s E X and t E Y is again an isometrical isomorphism of Banach spaces. 

A K- vector space is said to be a Banach coalgebra, if H is an ultrametric 
Banach space and if there exists a continuous linear operator c : H - 
HGH = topological tensor product (the coproduct ) and a continuous 
linear form CJ : H --f K (the counit) , such that 

(i) (c @ id) o c = (id 8 c) o c ( coassociativity) and 
(ii) (id @ CJ) o c = id = (u @ id) o c. By transposition, the coproduct 

induces on the strong dual H' of H a structure of a unitary nomed 
algebra, the product being the convolution given by p * v = ( p  IZI U) 0 c 
and the unit is CJ, with lip * vll I llcll llpll I I v I I .  
An important class of ultrametric Banach coalgebras is provided by 
the spaces C(G, K )  of continuous functions from a totally discontinu- 
ous compact group G with values in K .  More precisely, let p be the 
linear map from C(G, K )  into C(G x G, K )  such that p( f ) ( s ,  t )  = f ( s t ) ,  
then the coproduct on C(G,K) is c = II-' o p with ll the above de- 
fined map for X = Y = G. The counit is the Dirac measure at the 
neutral element u(f) = f ( e ) .  In fact, if one assumes only that G is 
a totally discontinuous compact monoid then one again have a coal- 
gebra structure on C(G, K )  and this coalgebra is a bialgebra, i.e. the 
coproduct and the counit are algebra homomorphisms of C(G, K )  into 
C(G, K)gC(G, K )  (resp. into K ) .  When G is a group, considering the 
linear endomorphism r] of C(G,K) such that r ] ( f ) ( s )  = f(s-l), one 
verifies that 

(iii) m o ( 1 ~  IZI r ] )  0 c = Ic o CJ = m o ( r ]  @I 1 ~ )  0 c, where k is the canonical 
injection of K into C(G, K ) .  
The map r] is called the inversion (or antipode) of C(G, K ) .  The coal- 
gebra C(G,K) is then a complete ultrametric Hopf algebra. (see for 
instance [5]) 
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The dual Banach algebra M ( G ,  K )  of the coalgebra C(G, K )  is the space of 
bounded measures of G with values in K ,  and the product being the usual 
convolution of measures. 

Definition 1.1. A continuous linear endomorphism 'p of the ultrametric 
Banach coalgebra H is said to be a coalgebra endomorphism if one has 
c o  'p = ('p ~3 'p) o c  and u o 'p = u. 

It is readily seen that the continuous linear operator t'p on H' obtained by 
transposition of 'p, is a continuous algebra endomorphism of the algebra 
H'. 

Let us notice that if the duality ( H ' , H )  is separating and if H' is an 
integral domain, then any continuous linear endomorphism cp of H such 
that c o 'p = (cp @I 'p) o c is the nu1 operator or is such that u o 'p = 0. 

The duality theory of ultrametric Banach spaces is not so easy as in 
classical analysis. It may happens that, for non-spherically complete field 
K that the dual of certain Banach spaces is reduced to the null space 
([lS]). Nevertheless within a wide class of Banach spaces, considering on 
the strong dual H' of H the weak* topology u*(H',  H), one can show that 
the operation of transposition induces a bijection between continuous linear 
endomorphisms of H and continuous linear endomorphisms H' that are at 
the same time u*(H' ,  H)-continuous. As a result, one also obtain a bijection 
between continuous coalgebra endomorphism of H and continuous algebra 
endomorphisms of H' that are at the same time u*(H', H)-continuous. 
Examples are provided by coalgebras which are pseudoreflexive Banach 
spaces, as for instance the coalgebras C(G, K ) .  

In particular, we recover earlier results obtained on the coalgebra 
C(Z,, K ) ,  where Z, is the additive group of the ring of padic integers and 
K is a complete valued field, extension of the field of padic numbers Q,. 
In addition for such ground fields K and more generally for K of residue 
characteristic p ,  we consider the coalgebra C(V,, K ) ,  where V, is the infinite 
compact monothetic subgroup of the group of units of K generated by q 
which is not a root of unit such that Iqh - 11 < 1, for h an integer 2 1. 
One obtains, as for formal power series, a procedure of substitution on the 
algebra of padic bounded measures M(V,, K )  which gives the continuous 
and weak*-continuous algebra endomorphisms of M(V,, K )  and which in 
turn gives the continuous coalgebra endomorphisms of C(V,, K ) .  
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2. Weak*-continuous linear operators 

The few reminders, on duality on ultrametric Banach spaces, which follow 
will be useful in the sequel. 

Let E be an ultrametric Banach space over the complete valued field 
n .  

The weak* topology o*(E‘, E )  on the Banach space E‘ dual of E is the 
locally convex toplogy on E’ having as a fondamental system of neighbour- 
hoods of zero the sets : 

W(0; z l , . . .  ,z,,e) = {d E E‘ : l(d,zi)l < e,1 5 i 5 n},  where 
zi E H and 0 < E E R. Put V = ( 2 1 , “ .  ,zn) be the vector sub- 
space of E spanned by ( z i ) l i i in ,  one has that the subspace V L  = {d € 
E’ / (d, z) = 0, Vx E V }  of E’, i.e. the orthogonal of V in H’, is contained 
in W(0; ~ 1 , ” ’  , zn ,e) ,Ve > 0. 

Proposition 2.1. Let E be an ultrametric Banach space such that any 
finite dimensional subspace V of E has a topological complement in E .  For 
the weald“ topology on the dual space E’ of E, one has that the dual space 
of the locally convex vector space (El, u*(E’, E ) )  is equal to  E. 

Proof. Let f : E’ -+ K be a o*(E’, E)-continuous linear form. There 
exists a real number -q > 0 and a finite family of elements 2 1 ,  . . . , xnc E E 
such that for x’ E W(O;zl, . . .  ,zn,,-q,) one has If(z’)l < 1. 

The subsapce V1 = ( ~ 1 , ” .  ,xnl)  of E is such that VF c 
W(O;z1,... , ~ ~ , , - q ) .  Hence for x’ E Vk and X E K ,  one has If(Xz’)l < 
l==+ If(z’)I < I X - l I ,  VX~K\{O}.Therefore f (z ’ )=O,Vx’EVt , tha t i s  
V t  c k e r f .  

By hypothesis, there exists a continuous linear projection p l  from E onto 
Vl. For any (continuous) linear form v: from V1 onto K ,  setting z’ = v{ o p l ,  
one obtains a continuous linear form from E into K whose restriction to 
Vl is v i .  It follows that the canonical map w : E’ - Vi which associates 
to x’ E E‘ its restriction ziVl is surjective. Obviously kerw = Vk  c ker f  
and E‘/Vk = Vi. Reducing modulo V k ,  one obtains the linear from 7: 
E’/Vt = V{ - K such that ?(?) = f (d), where for 2’ E E’, 2’ = the 
class of 5’ modulo VF. 

Since V1 = ( z I , . . .  ,zn,) is finite dimensional, one has (E’lVt)’ = 

V;l = VI, and ?= c a i z i .  One then has in the duality (V1,V;) : f(?) = 

a i ( ~ i , T ) .  However, for z’, y’ E E‘ such that for 2’ - y’ E V k ,  one has 

- 

n 

i= 1 
n 

i= 1 
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n1 n1 
( z ’ - y ’ , z i )  = O , V i , l  I i  In1 .  It followsthat ( E a i z i , ~ ’ )  = ( c a i z i , y ‘ )  

i= 1 i=l 

Let us remind ([lS]) that an ultrametric Banach space is pseudoreflexive 
if the canonical map jE of E into its bidual E” is isometric, i.e. for any 

z E E ,  one has ((z(( = sup - ‘(z’7 ’)I . This condition is equivalent to say that 

0 
X’#O I I 4 I  

E is norm polar according to [13]. 

Theorem 2.1. Let E be an  ultrametric Banach space. If E is pseudore- 
flexive, then any finite dimensional linear subspace of E has a topological 
complement in E. 

Proof. We proceed the proof by induction as in [13]. 
I (XI, 4 I Let z E E, z # 0. Then by hypothesis, one has llzll = sup -. 

X ‘ f O  11x’11 
Hence, one sees that for a real number r > 1, there exits zb E El such 

that (Iz(( < r- I(z”z)’. Setting for y E E ,  qx(y) = - (zb’ ’) z, one defines a 

continuous linear projection of E onto K.z with norm Ilqxll I r. Then one 
has the topological direct sum E = K z @ ker qz, with ker qx = ker zb. 

Let V be a finite dimensional subspace of E . Assume that any subspace 
of E with finite dimension < dim V has a topological complement in E. Let 
V1 be a subspace of V such that dimV1 = dimV - 1. 

Ilxbll (4 7 4 

Let p l  : E 4 E be a continuous linear projection from E onto V1. 

Fix z o  E V\ V1, then one has 20 = p l ( z o )  + ( i d - p l ) ( z o )  = p l ( z 0 )  + a ,  

Consider as above, the projection qa of E onto K . a. 
Setting IT = qa o (id - P I ) ,  one again has a projection of E onto K . a. 
Furthermore 1141 I IlqaIIllid - P I (  I II~aIlllpll and ,r O P  = 0. 
It is then readily seen that the continuous linear endomorphism P = 

pl  +.rr of E is a projection of E onto V and V has a topological complement 
0 

with a = zo - p l ( z 0 )  E V \ V1 and p l ( a )  = 0 

in E equal the space (id - P)(E) .  

Corollary 2.1. Let E be a pseudoreflexive ultrametric Banach space. 
Then  the dual space of El endowed with the weak* topology, that is 
(El, c*(E’, E))’, is equal to E .  
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Remark 2.1. 

(i) For more informations on the duality theory, see for instance [16] and 
for complementation of subspaces, see the more recent paper [13] by 
C. Perez-Garcia and W.H. Schikhof. 

(ii) Let us add here that if E and F are two pseudoreflexive Banach spaces, 
then their topological tensor product E 8 F is pseudoreflexive. The 
converse is also true ([13]). 
If the ground field K is spherically complete, then by the Ingleton 
theorem, any ultrametric Banach space over K is pseudoreflexive. 

(iii) By the proof of Theorem 2.1, one can prove that the condition in 
Proposition 1 can be restricted to a one-dimensional subspace and this 
is equivalent to say that any linear form on any one-dimensional space 
can be extended as a continuous linear form on all the space. 

We are now ready to  give an application of the above facts on duality theory, 
to the set of coalgebra endomorphisms of the class of Banach ultrametric 
coalgebras which are pseudoreflexive spaces 

Theorem 2.2. Let H be an  ultrametric Banach coalgebra which is a pseu- 
doreflexive normed space. Then  the transposition of continuous linear oper- 
ators induces a bijective correspondence between the set E n d . w g ( H )  of the 
continuous coalgebra endomorphisms of H and the set Alg,. ( H )  of the con- 
tinuous algebra endomorphisms of the normed algebra H’ dual of H which 
are at the same time u* (H‘, H )  -continuous. 

Proof. We first assume that E and F are Banach spaces which satisfy the 
condition of Proposition 2.1. 

Let E and F be two ultrametric Banach spaces. If u : E - F is 
a continuous linear operator, then by transposition, one obtains a norm- 
continuous operator tu : F’ - E’ that is weak*-continuous ( E’ and 
F‘ each endowed with its weak* topology. If furthermore E and F satisfy 
the condition of Proposition 1, if v : F’ - E’ is a norm-continuous linear 
operator which is weak*-continuous, then one sees that tv : E” - F“ gives 
by restriction a continuous linear operator : E = (El,  u*(E’, E))’ -+ 
F = (F‘, u(F’, F))’. 

Suppose that the Banach coalgebra H is a pseudoreflexive normed 
space.Then since HGH is also pseudoreflexive, one sees by transposition 
that t t ~  : H = (HI ,  o*(H’, H))’ - ( (HGH)’,  a*((HGH)’,  HGH))’ = 
HGH is equal to the restriction of the map t t ~  : H“ - (HGH)” and 
therefore coincides with c. 
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Let $ be a norm-continuous algebra endomorphism of H’ that is also 
weak*-continuous. Then by transposition, one has the continuous linear 
endomorphism t$ of H = (HI,  o*(H’, H))’. 

For x E H and x‘, y’ E H’, one has 
8 ~ ’ 7  t ( ~  8 $1 0 ~ ( x ) )  = (($ 8 ~ ’ 1 7  C xi 8 Yi) 

i2i 
= 

= C($(x’),xi)($(~’),yi) 

C($(x’) 8 $(Y’), xi 8 yi) 
i2l 

i> 1 

i> 1 

i > l  
= (x’ 8 y’, (V 63 “) 0 c (x ) ) .  

It follows that ‘((lc, 8 $) o c = (t$ 8 ‘(lc,) o c. But, by definition if $ is 
an algebra endorphism, one has o t~ = t~ o ($8  $). Since t t ~ l H  = c, one 
obtains by transposition that c o t$ = ‘((lc, 8 $) o c = (t$ 8 t$) o c. 

On the other hand, since any continuous coalgebra endomorphism cp 
of H is such that its transpose tcp is a norm-continuous endomorphism of 
the complete algebra H‘ that is equally weak* -continuous, one obtains the 

0 bijective correspondence by noticing that t t c p  = cp and t t $  = $. 

Corollary 2.2. Let H be an ultrametric Banach coalgebms which is a pseu- 
doreflexive normed space, The sets End.cog(H) and Alg,. ( H )  with the law 
of composition of operators are monoids and the transposition of operators 
induces an anti-isomorphism of monoids. 

Remark 2.2. Here are some examples of pseudoreflexive normed spaces 
“161) 

(1) If the ground field K is spherically complete, then any ultrametric K- 
Banach space is pseudoreflexive. 

(2) If X is a totally discontinuous compact topological space, then the 
space of continuous functions is pseudoreflexive as any Banach space of 
bounded continuous functions. If G is a totally discontinuous compact 
monoid, then Theorem 2.2 applies to the Banach coalgebra C(G, K ) .  

(3) Any free Banach space (resp. Banach of countable type, i.e. containing a 
dense subspace of denumerable dimension) is pseudoreflexive. Theorem 
2.2 can also be applied to the coalgebras of divided power ([S]). 
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We can now state the following corollary. 

Corollary 2.3. Let G be a totally discontinuous compact group ( or 
mom generally a totally discontinuous compact monoid ). Then the 
monoid End.wg(C(G, K ) )  of the continuous coalgebra endomorphisms of 
the Banach coalgebra C(G, K )  is anti-isomorphic to the monoid 
Also* (M(G,  K ) )  of the norm-continuous algebra endomorphisms of the Ba- 
nach algebra of bounded measures M(G,K)  which are at the same time 
weak* -continuous. 

3. Two examples of padic  Hopf algebras 

Let p be a prime number. We shall consider in the sequel that the ground 
field K is a complete valued field extension of the field of padic numbers 
Q, (or more generally of residue characteristic p ) .  We will consider the case 
where the group G = Z, and the case where G = V, an infinite compact 
monothetic subgroup of the group of units of K .  

3.1. The divided powers Banach coalgebra of the p-adic 
continuous functions on Z, 

Assume that K is a valued field extension of Q,. We notice that the follow- 
ing statement is also true if the field is generally assumed to be of residue 
characteristic p .  

The Banach algebra C(Z,, K )  is a Hopf algebra. The coproduct c is such 
that l I o c ( f ) ( s + t )  = f ( s , t )  and the counit is o(f) = f (0 ) .  

It is well known that the sequence of the binomial polynomial Bo(s) = 
1, B,(x) = (E) , n 2 1 is an orthonormal basis of C(Z,, K )  ( the Mahler 
basis). Any continuous function f E C(Z,, K )  can be expanded as an uni- 
formly convergent series f = c anB,, with 11 f 1 1  = sup lanl. Moreover 

a, = An( f ) ( O ) ,  where A = 71 - id and 71 is the operator of translation by 

One can easily deduce from the Chu-Vandermonde identities B,(s+t) = c Bi(s)Bj(t)  that c(Bn) = C Bi 8 Bj. One says in this case that 

the sequence (Bn)n>o - is a powers divided sequence of polynomials of the 
coalgebra C(Z,, K ) .  

It is readily seen that the dual Banach algebra M(Z, ,K)  of C(Z,,K) 
with the convolution p * v = ( p  8 v) o c is isometrically isomorphic to the 
Banach algebra K(X) of the formal power series of bounded cefficients 

n20 n20 

1 : 71(f)(S) = f (s  + 1). 

i+j=n i+j=n 
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S = bnXn with norm llSll = sup lunl. It is well known that the norm 
n > O  n20 

on K(%) is multiplicative (see for instance [14] ). Furthermore, the closed 
ball of K ( X )  of center 0 and radius 1 is equal to  the ring A [ [ X ] ]  of formal 
power series with coefficients in the ring of valuation A of K .  If M is the 
maximal ideal of A, then the set N = M + X A [ [ X ] ]  is the unique maximal 
of the ring R [ [ X ] ] .  

One identifies the algebra M(Z, ,K)  with K ( X )  and puts o* = 
a*(K(X),C(Z,, K ) )  the weak* topology on K ( X ) .  

Lemma 3.1. Let ‘p be a continuous coalgebra endomorphism of C(Z,, K ) ) .  
Then  the continuous algebra endomorphism tcp  of K ( X )  is such that the 
formal power series “(X) = c bnXn belongs t o  the maximal ideal N = 

n>O 

M + X“ll 0f“XIl. 

Proof. The transpose t c p  of the continuous coalgebra endomorphism cp of 
C(Zp,  K )  is a continuous algebra endomorphism of K ( X )  with tcp ( l )  = 1. 
Moreover, for any integer n 2 0, one has Ilcp(X)II” = Ilt’p(Xn)ll 5 
Ilt’pllllXnll = IltcpII. It follows that IIt’p(X)II 5 1. 

Put  ‘ ‘p(X)  = x b n X n ;  then II‘’p(X)II = suplbil I 1. Furthermore 

t’p(Xn) = t ’p(X)n = x b i ( n ) X i ,  with bi (n)  = c bi, - . . b i n  and 

Iltp(Xn)ll = supIbi(n)l 5 1. Since 1 = t‘p(l), one has bi(0) = &,i( the 

Kroneker symbol). 
The endomorphism t c p  of K ( X )  obtained by transposition is B*- 

continuous. Hence, for any continuous function f : Z p  + K ,  one has 

i20 iZ0 

iZ0  il+...+in=i 

i20 

lim (“p(X”),  f )  = lim (X”,cp( f ) )  = 0. It follows that for any integer 
n-+m n++m 

l! 2 0, one has nzlm(t‘p(Xn), Be) = 0,  lim be(n) = 0, Vl!> 0. n++m 

In particular lim ( t ’p(Xn) ,Bo)  = lim bo(n) = lim b t  = 0. Hence 
0 

n-++w n++w n4+w 

IboJ < 1 and “ ( X )  belongs to  N.  

For any integer m 2 0, the expansion cp(Bm) = Ccum,eBe is such 

= (Xn, ‘p(Bm))  = (‘cp(Xn),Be) = bm(n) ,Vn 2 0,  i.e., cp(Bm) = 

e2o 
that 
C b m ( l ) B e  As a consequence, one sees that JIcpJJ = 1. 
e2o 

Notice that c o ’p(B0) = (’p 8 ‘p) o c(B0) = ‘p(B0) 8 cp(Bo). This means 
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that c(B0) i s  a grouplike element of the coalgebra C(Z,, K ) .  The grouplike 
elements of C(Z,, K )  are readily seen to be the continuous characters of Z, 
into K and are of the form xa = Bo + a'&, with a E K such that 

ne> 1 

I ~ I  < 1 "71). 
In particular setting cp(B0) = xa, one has bo = a. 
Obviously, any S = x a n X n  E K ( X )  is g*-continuous. Clearly, one 

n > O  

has in K ( X ) ,  the o*-convergent series tcp(S) = 

u =t cp(X). Then we can substitute u in the series S and we set tcp(S) = 
s o u .  

What we have established for t p  is true for any norm-continuous algebra 
endomorphismq of K ( X )  which is at the same time o*-continuous. In other 
words, one has $ ( X )  = u = a + b,X" E N = M + X A [ [ X ] ]  and for 
any S E K ( X ) ,  one has q ( S )  = SO 21. 

Conversely ( [7] )  , if u belongs to the maximal ideal N = M + X A [ [ X ] ]  
of R [ [ X ] ] ,  then one can perform the substitution by u inside any formal 
power series S with bounded ccefficients. Hence, by setting ?,hu(S) = S o u, 
one has a norm-continuous algebra endomorphism of the Banach algebra 
K ( X )  that is also o*-continuous. 

Let us notice that the law of substitution o induced on N = M 3- 
X A [ [ X ] ]  is a structure of monoid with unit X .  

Summing-up, we have the following theorem: 

antcp(X)". Putting 
n_> 0 

Theorem 3.1. Let K be a complete valued field,  extension of the field of 
p-adic numbers. Then 

(a) With the law of composition of linear operators, the monoid 
End.cog(C(Z,, K )  of the continuous coalgebra endomorphisms of 
C(Z,, K )  i s  anti-isomorphism to the monoid A l g a * ( K ( X ) )  of the con- 
tinuous algebra endomorphism of the Banach algebra K ( X )  that are 
also weak? -continuous. 

(ii) Moreover, the monoids End.cog(C(Z,, K )  and N = M + X A [ [ X ] ]  are 
isomorphic. 

The reader is referred to  [7] for more details and complements on this 
example. 
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3.2. The Hopf algebra C ( V , ,  K )  f o r  K of residue 
characteristic p 

A topological group is said to be monothetic if it contains a dense subgroup 
that is generated by a single element. 

In the sequel, we assume that K is a complete valued field, extension of 
the field of padic numbers Q p ,  or more generally a field of residue charac- 
teristic p ,  that is, K may be of characteristic p. 

Let V be a compact monothetic subgroup of the group of units U = { a  E 
K ,  la) = l} of the field K with residue characteristic p. Then in the residue 
field is a finite subgroup of the multiplicative. 
group of the non-zero elements of F. Hence v is contained in a finite field 
IFpb C_ F, and b >_ 1 is such that pb is the least power of p such that c IF,b. 

Let q be a topological generator of V which has the order h of i j  E F di- 
vides !- 1. Then we put c = lim qp  to  be the Teichmuller representative 

of i j  in U .  Now one has 1q - 

of K ,  the residue set 

be 

e++w 
< 1 and Iqh - 11 < 1. 

Let us notice that if p = 2, and v c lF2, then i j  = 1, h = 1 and C = 1. 
We also set V, equal the closure of the set {qm,m E N}. 
Put q1 = C-lq.  Then one sees q1 E V, and Iq1 - 11 < 1 . For any 

z E Z P  the series qT = (E) (q1 - l)n converges, even uniformly with 

respect to  2. Here, ( z )  is the nth binomial polynomial function and if K 
is of characteristic p ,  (E) will designate again the class of ( z )  in the finite 
field with p elements IF, C K .  

n20 

Proposition 3.1. Let K be a complete ultrametric valued field of residue 
characteristic p # 0,  and V a monothetic compact subgroup of the group 
of units U of K .  Let q E U be a topological generator of the monothetic 
compact subgroup V of U .  Then  V = V, = the adherence of {qn / n E N} 
in U .  

cjVql, where C is the Teichmuller rep- 

resentative of the residue class of q and q1 = i - ' q  is such that 141 - 11 < 1. 

Moreover, one has V, = u 
osjg-1 

Proof. See[8]. 0 

We assume in what follows that the unit q is such that there exists an 
integer h 2 1 such that (qh - 11 and that it is not a root of unit. Then the 
monothetic group V, generated by q is an infinite compact group. 

The Banach algebra C(V,, K )  is then a complete Banach Hopf algebra. 
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Let US define the sequence of polynomials ( z  - l)(,) E K[z]  such that 

It is associated with this sequence of polynomials the sequence of poly- 
( z  - 1)(’) = 1 and ( z  - I)(,) = ( z  - 1).  * .  ( z  - qn-’), for n 2 1. 

( z  - l ) (n)  

(qn  - 1)(4 * nomials Q,(z) = 

Let us notice here that the q-integers are defined by setting [.Ig = 
qn - 1 
q - 1  

, the q-factorials being [O],! = 1 and [n],! = [l] ,  . . . [n],. Furthermore 

, o 5 j 5 n. One sees the q-binomial ccefficients are E] 
that k], = On($) 

= [.I! 
Q [. - &![A,! 

Let T, be the translation operator of C(V,, K )  defined by setting for 
f E C(Vq,K), Tq(f)(S) = f(qs), s E v,. 

One also has the symbolic powers of the operator T, - i d  defined by 
setting LIP) = (7, - id)(,) = (7, - id) - . (7, - gn- l id) .  

One verifies that Df’(Q,)(s) = q-j(n-j)sjQn.-j(s),VO 5 j 5 n. Hence 
DF’(Q,)(s) = sn and Df’(Qn)(s) = 0,Vj 2 n + 1. 

Let X be the linear operator defined on C(V,,K) such that for f E 
C(V,,K),  X ( f ) ( s )  = s f ( s ) ,  s E V,. For any integer n 2 0, one has 
Xn(f)(s) = snf(s). In particular Xn(l)(s) = sn and one can write 
Of)(&,) = q-j(n-j)Xj(Q n--3 .) = q-j(n- j )Xj( l )Qn-j .  

Theorem 3.2. The sequence of polynomials (Qn)n>o is an orthonormal 
basis of the ultrametric Banach space C ( 4 ,  K )  of the continuous functions 
of V, with valued in K .  

f = anQn, a, E K ,  
I n  other words, for any element f E C(V,, K ) ,  one has 

lim a, = 0 and 1 1  f 1 1  = sup lanl. 
n > O  n++w n > O  

Moreover, a, = D?’(~)(I) .  

Proof. See [8]. 0 

(i) As an application, one sees that for any continuous function f : V, - 
K ,  ands  E Vq,onehasTs(f) = xD~) (Ts ( f ) ) ( l )Qn ,whereTs ( f ) ( t )  = 

f (s t ) .  Since the operators T~ and D F )  commute, one obtains that 
~ s ( f )  = C DP’(f)(s)Qn, that is p ( f ) ( s , t )  = x Dc’(f)(s)Qn(t). 

From this, one deduces that the coproduct of the Banach coalgebra 

n>0 

nz0 n>_Q 
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C ( & ,  K )  is given by c(f) = Dp)(f) @ Qn. In particular, on the 

above basis (Qn)~>o,  - called the Van Hamme basis, one has c(Qm) = 
n20 

m 

n=O n+k=m 
(ii) Let us remind as a consequence of a general result on ultrametric Ba- 

nach coalgebras ( [ S ] ) ,  that the algebra M(V,, K )  of bounded measures, 
that is the Banach dual C(V,, K)' of the coalgebra C(V,, K )  is isomet- 
rically isomorphic to the algebra W(V,, K )  of the continuous comodule 
endomorphisms of C(V,, K )  ; this space of linear operators coincides 
with the continuous linear endomorphisms u of C(V,, K )  that commute 
with the translations : u o T~ = T~ o u,Vs E V,. More precisely, one as- 
sociates to p E M ( & ,  K )  a unique element (id @ p)  o c E W(V,, K )  
and reciprocally, there corresponds to u E W(V,, K )  a unique measure 
p = (T o u E M(V,, K ) ,  where n is the counit a(f) = f(1). 

We only verify here that setting for u E W(&,  K ) ,  Ol(u) = cr o u, 
noticing by * the convolution product on M(V,,K), one has O(u) * 
O(v) = Ol(u)oOl(v). Indeed, v E W(V,,K) ++ c o v  = ( id@v)ov .  But 
for f E C(V,,K), one has c(f) = cfj @ g j  --r' ~ ( f )  = cfj - ((T 0 

v)(gj). Then, one sees that (O(u)*O(v))(f) = ((aou)@(a.ov)) o c ( f )  = 

j>l j21 

j>l j>l 

c(T 0 U(f j )  * (T 0 W)(Sj) = (T 0 u(C fj ' (T 0 V ( g j ) )  = ((T 0 u) 0 V(f) = 

0 (u 0 v)(f) = &(u 0 .)(f). 
Considering the dual family (Q;),~o of the orthonormal basis 

(Qn)n20 of C(V,,K), for m 2 0 one has (id @ QL) 0 c(Qm) = 

e+k=m 
n 5 m and if n 2 m + 1, one has (id €3 QA) 0 c(Qm) = 0. It fol- 

(5, - (T) *. . . * ( E  - qn-ln) = ( E  - u ) ( ~ ) ,  where E, is the Dirac measure 

E 
W(V,,K) can be written as a strong uniformly convergent series 

C q-ekx'(Qk)@ < Qk,Qe >= q-n(m-n)kXn(Qm-n), for 0 5 

lows that (id €3 QL) o c = D P )  and therefore QL = (ToDP) = 

E q ( f )  = f ( d  
(iii) We also know that any difference operator, i.e. any element 

u = anDP) ,  moreover ((u(( = sup \an\. And in the same way, any 
n> 1 

11>1 .-. - 
bounded measure p E M(Vq, K )  can be expanded as a weak* conver- 
gent series p = C b , ( ~  - a)(n) ,  with llpll = sup /bnl. 

n20 n2 l  
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More on the convolution product of M(V,, K ) .  
One has in the ring of polynomials K[z]  the followings identities: 

jo 
( z  - l ) (")(z  - p = c [ j ] , ! (q - 1 ) j q  2 ci"], D], ( 2  - l ) ( i )  

i+j=n 

= C b1qYq - 1 )  j Q w [j"], li"], ( z  - 1)("+9.  
i+ j=k  

It follows that if 
pi = xb;(~, - a)(") and p2 = xb;(~, - a)(") are two elements of 

M(V,, K ) ,  one has 
"20 "20 

3.2.1. Substitution in M(V,, K ) .  

Let cp be a continuous coalgebra endomorphism of the Banach coalgebra 
C(V,, K ) .  Then the transpose t ( o  of cp is a continuous algebra endomorphism 
of the Banach algebra M(V,,K), that is, at the same time weak* continu- 
ous. However, the weak* basis ( ( E ,  - u ) ( ~ ) ) , > o  converge weakly towards 0. 
Hence we can see that in the weak* topology, 'cp((~, - a)'")) = 0. 

Put  t c p ( ~ , )  = v. Then one has 'cp((&, - a)("))  = tcp(e, - a) * .  * 'cp(~, - '  

q"-la) = (v - a) * * (v - q"-'a) = (v - a)(") and the sequence 
((v - a)(")),>,-, converges weakly towards 0. Therefore, for any bounded 
measure p expanded as a weak* convergent series p = - a)(n), 

- 
lim 

u*,n++m 

one has tcp(p) = c b,(v - a)("). 
n>O 

n20 
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In other words, one can substitute u in the weak* expansion of p and 
one sets t(p(p) = p o u. In fact for any norm continuous algebra endomor- 
phism 11, of the Banach algebra M(V,, K )  which is at the same time weakly 
continuous, setting u = l l ,(cq), one defines as above a sequence of bounded 
measures $( (cq - ( T ) ( ~ ) )  = (u - C T ) ( ~ )  which converges weakly towards 0. 
Hence one can perform the substitution of u in the weak* expansion of any 
measure p .  

Lemma 3.2. Let 11, be a norm-continuous algebra endomorphism of the 
Banach algebra which is also weakly continuous. Put l l ,(cq) = u. Then, 
the sequence of measures (u  - ( T ) ( ~ )  = ll,((cq - CJ)'")) converges weakly 
towards 0 and for any measure p = c bn(cq - ( T ) ( ~ )  E MV,, K )  one has 

by substitution $ ( p )  = b,(u - ( T ) ( ~ )  = p o u. 
n20 

n20 
Conversely, let u E M(V,, K )  be such that the sequence ((v - (T)(n))n20 

bn(Eq - ( T ) ( ~ )  E M(V,, K ) ,  converges weakly towards 0 ,  then for any p = 

the series p o u = 

n20 

bn(u - C T ) ( ~ )  is  weaP - convergent. 

f i r t h e m o r e  the map $ : p - p o u is a continuous algebra endomor- 
n>_O 

phism of the Banach algebra M(V,, K )  which is also weakly continuous. 

Proof. It remains only to prove that if u satisfies the required condition, 
then the mapping 11, : p - p o u which, is easily seen to be linear con- 
tinuous both for the norm topology, and the weak* topology is an algebra 
homomorphism. 

However the rule of the multiplication of the polynomials ( z  - l)(n) gives 

i+j=n 
Then suppose that 

mu1 = b;(cq - and p2 = b:(&, - CT)("), 

are two elements of -M( V,, K )  . Then one has 
(p i  o U) * ( p ~  o U) = c C bkbE(u - a)'")(. - (T) (~ )  = C C ~ ( U  - CT)(~),  

n10 k 2 0  e2o 
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.- - *  

But, we have seen above that the cczfficients of the measure p1* p2 
e k  

1-k+j are such that = x [ j l q ! ( q  - 1 ) j q W  [ 1, C]qb:-k+jb:. Hence 
k=O j = O  

= ce. It follows that (pi o v) * (p2 o v) = (pi * p2) o v. 0 

What we have just proved is that there is a bijective correspondence 
between the set of the continuous algebra endomorphisms of the Banach 
algebra W(Vq,K) that are also weakly continuous and the bounded mea- 
sures v such that the sequence sequence (u  - u ) ( ~ ) ) , z ~  converges weakly 
towards 0. 

We recall that pb is the least power of p such that in the residue class 
field K of K .  Hence one has 7j E F p b  C fT;, where F p b  is the finite field with 
pb elements. 

Proposition 3.2. Let v E M(Vq,K).  Then the sequence (v - C J ) ( ~ ) ) ~ > O  

converges weakly towards 0 if and only if the sequence ( v h p b k ) k 2 0  converges 
weakly towards u. 

Proof. The monomials zn and the symbolic monomials ( z  - 1)(..) are 

linked by the formulas zn = [j"],(z - l)(j) and (2 - l)(n) = 
n 

j=O 

j = O  

Let v E M(Vq,K)  be such that lim (v - ,)(n) = 0. Then by 
considering the associated algebra endomorphism 1c, of M(Vq,  K )  defined 
by $(p) = p o v, one has $ J ( E ~ )  = v. For any integer k 2 0, one sees 
that + ( e q h p b k )  = v h p b k .  Since lim qhpbk = 1 and €1 = c, one sees that 

u*,k-++w 

u*,n++w 

k + + m  

lim v h p b k  = u. 

Conversely, assume that lim vhpbk  = u. 
u*,k++ca 

n 

n 

and for any continuous function f : Vq -+ K ,  one has 
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j = O  
Then, by an appropriate splitting of the index summation 0 5 j 5 n. 
One can easily prove as in the proof Theorem 12 of [6] (see also [S]) that 

lim ( (u  - (T) (~ ) ,  f) = 0. 
n-i+m 

Note 

(1) Let u be an element of M(Vq,  K ) .  Then one deduces from the identities 
n n 

1 vn = [j"], ( u - ( T ) ( ~ )  and ( u - - ( T ) ( ~ )  = Z(-l)- [3n],q( n- j ) ( z  n-i-l uj 
j = O  j=O 

(2) Let G b e  a Continuous algebra endomorphism of M(V,,K). Since E, 

is an invertible element of M(V,,K), the measure v = $J(e,) is also 
invertible. 

Moreover, for any integer n 2 1, one has 
un = $ ( E q n )  * I I U ~ J I  5 lllctll- p(u) = lim sup llunll+ 5 1. 

n-+w 
By the same way, p(u-') 5 1. Hence, one obtains p(u) = 1. 

Assume furthermore that 1c, is also weakly continuous. Then $J(p)  = p o  

v = C bn(v-g)(") -7- ((G(p)II 5 SUP IbnIII(uu)(")II 5 IIPII SUP II('-(T)(~)II* 
n>O n Z 0  

Remark 3.1. Let q E K be such that Iq - 11 < 1 and not a root of unit. 
Then the map z - qz = c(q- 1)" (i) is an isomorphism of the compact 

additive group Z, onto the compact multiplicative group V, : (g) is taken to 
be its residue class if K is of characteristic p .  With such q ,  the Hopf algebras 
C ( Z p ,  K )  and C(V,, K )  are isometrically isomorphic. It follows that the 
Banach algebras M(Z,, K )  and M(Vq, K )  are also isometrically isomorphic. 
Hence, as for the norm of M(Z, ,K) ,  that of M ( V , , K )  is multiplicative. 
Then, as a consequence, one sees that if ?1, is a continuous endomorphism 
of the Banach algebra M(V,,K) then (($J(( = 1. If in addition $J is weakly 
continuous, then the measure u = $J(E,) is such that ( ( ~ ( 1  = 1. 

n20 

Proposition 3.3. Let ul and u2 be two elements of M(V,,K) such that 
one has the weak limits : lim u p b k  = (T = lim u2 . hpbk 

a',k++oo u* ,k--r+cc 
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Then v1 and uz can be substituted to  a, in any bounded measure p 
expanded with respect to  the weak* basis (a, - ~ ) ( ~ ) ) ~ > o  - and one has p o 

For the law of substitution 0, the set S of the bounded measures v such 
(v1 0 vz) = ( p  0 v1) 0 vz. 

that 

Proof. Applying the previous proposition, one can use the substitution by 
v1 and vz. Let $1 and $2 be the continuous algebra endomorphisms of the 
unitary Banach algebra M(V,, K )  associated with v1 and vz respectively. 
then for p E M(V,,K),  one has $2 o $1(p) = $ l ( p )  o vz = ( p  o vi) o vz. 
Obviously, the substitution in the measure E, by v E S leaves v unchanged. 
Hence &(a,) = eqov1 = v1. Also $zo$1(aq) = $ ~ ( E ) O V ~  = v10vz. It follows 
that vlovz is the measure associated with the algebra endomorphism $zo$l. 
Therefore $2 o $1(p) = p o (v1 o vz) and one as ( p  o v1) o vz = p o (v1 o vz). 
It is then clear that the law of substitution o is associative on S. 

lim vhpbk  = u is a monoid with unit a,. 
u* ,k++cc  

It is readily seen that 

Notice that one has poa, = p, i.e. the identity map I is the continuous 
algebra endomorphism of M(V,, K )  associated with E,. In particular, for 
Y E S, one has v o a, = v and a, is the unity of S, because a, o v = v. 

lim ahpbk = el = u, i.e. u belongs to S. 
u*,k++oo ' 

Note 
The counit u belongs to S. For any v E S, one has u o v = u and 

v o (T = Q . u, where Q is the cmfficient of order 0 in the weak* expansion 
of v. 

Corollary 3.1. Let Algvl (M(V,, K ) )  be the set of the continuous algebra 
endomorphisms of the Banach algebra M(V,, K )  that are also weald" con- 
tinuous. For the law of composition of linear operators, Alg,. (M(V,, K ) )  
is a monoid that is  anti-isomorphic to  the monoid (S ,  0). 

Proof. This corollary follows immediately from Proposition 3.2, 3.3. 

Note 

(i) Let $ E Alg,. (M(V,, K ) ) ,  Then 1c, is an automorphism of algebra if 
and only if v = $(a,) is an invertible element of the monoid (S,o). 

(ii) C(V,, K )  is a Banach space of countable type. If K is a non-spherically 
complete valued field, then the Banach spaces C(V,, K )  and M(V,, K )  
are reflexive. This is a consequence of a well known theorem of M. van 
der Put ([lS]). In this case one has Alg,*(M(V,, K ) )  = Alg(M(V,, K ) )  
which is the set of the continuous endomorphisms of M(V,, K ) .  
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Cefficients of the symbolic powers (v - a)(") of a measure v. 
Let v = ce(Eq - a)(') be the expansion of the measure v with respect 

to the weak* basis ( ( E ~  - a)('))e?o. For any integer j 2 0, one also has 
v-qja = ( ~ - q ~ ) o ) + v o , w i t h v o  = ~ Q ( E ~ - ~ ) ( ' ) .  Onehas ( ~ - a ) ( ~ )  = 

n ((cg - $)a + YO) = c e ( n ) ( ~ ~  - a)('), with ~ ( n )  = n (cg - q j )  = 
j = O  e2o j = O  

e? o 

e2 1 
n-1 n- 1 

(cg - l)(n) 

induction as follows. Set v - qnu = (cg - qn)a + C ck(Eq - a)(k). 
The coefficients of the measures (v - a)(n) can be obtained by using 

kZ1 
Then, by applying the formula of the product of two measures, one has 
(v - g)(n+l) = (v - a)(n) * (v - 4%) = C c e ( n  + 1)(&, - a)@) 

e2o 
and ce(n + 1) = 

. .  
k = l  j = O  

For instance cl(n + I )  = (Q - qn + (q  - l)cl)cl(n) + qcg(n). 
If Q = 1, then cl(n) = 0,Vn 2 1. Hence, for n 2 2, one has 

and 
C l ( D )  = (1 - qn f ( 4  - l)cl)cl(n - 11, 

n- 1 

c1(n) = c1 U(1 - q j  + ( 4  - 1 ) C l ) .  
j = 1  

1 
Furthermore, if c1 # 0, then one can obtain c ~ ( n )  = - ((1 + ( 4  - 

4 - 1  
1 ) C l )  - l)W 

Remark 3.2. Let v" = ~ - y ~ ( n ) ( c q  - a)(e) be the expansion of the nth 

power of v. Then one has : 
e l 0  

n 
n - j ) ( n - j - l  

n 

ce(n) = C(-l)"-jq' 2 [jn],re(j) and re(n> = C F],ce(j). 
j =O j =O 

Note 
On can prove that the ccefficients ~ ' ( n )  of the expansion of v", n 2 2 

are given by the formulas: 
~ ' ( n )  = C . . *  C C aq( i l , . . .  , ~ ; j 1 , . . *  ,jn) = 

j12o j,>o i ,+...+i,=e 



114 

. . . f i [ j S ] , ! ( q  - 1 ) j a q -  [ i ' + ~ , i " - ' ] q  [is?], . The 
jl20 jn20i ,+ . . .+ i ,=es=o 

and in this case, i l  + . . + i,-l 5 f2 < l + 1 5 j,. 

following proposition 

Proposition 3.4. Let un = C y l ( n ) ( ~ ,  --g)(') be the expansion of the nth 

i l + . . . Z , _ l  sums are finite, since for 2 5 s 5 n, we have [ j , '  ] = 0,vjs 2 c +  1, 
9 

Notice that yo(n) = cg. As a corollary of Proposition 3.2, we have the 

e>o 
power of the measure u. Then u belong to S if and only if lim To(hpbk) = 

k++w 

1 and lim ye(hpbk) = 0, V l  2 1. 
k++w 

Note 
We observe that yo(n) = $. If u E S, then one has lim c p b k  = 1. 

This is equivalent to say that Q belongs to the set W = u Cj(l+M), 

where M is the maximal ideal of the ring of valuation A of K and C is a 
primitive root of unit of order h E K .  

k++w 

O<j<h-l 

3.2.2. 

Let End.cog(C(V,, K ) )  be the continuous coalgebra endomorphims of the 
ultrametric complete Hopf algebra C(V,, K ) .  With the law of composition 
of linear operators, End.cog(C(V,, K ) )  becomes a monoid. 

Theorem 3.3. Any element 'p of End.cog(C(V,,K)) is uniquely deter- 
mined by  the measure u = t ' p ( ~ q ) .  

Moreover, the mapping 'p - t ' p ( ~ s )  is an isomorphism of the monoid 
(End.cog(C(V,, K ) ) ,  0) onto the monoid (S ,  0). 

The coalgebra endomorphisms of C(V,, K ) .  

Proof. Being a free Banach space and also a space of bounded func- 
tions, C(V,,K) is pseudreflexive Banach space. Hence, the operation of 
transposition of operators induces an anti-isomorphism of the monoid 
End.cog(C(V,, K ) )  onto the monoid Alg,,. (M(V,, K ) ) .  Then, by applying 
the Corollary 3.1, we see that the monoids (End.cog(C(V,, K ) ) ,  0) and (S, 0) 
are isomorphic. 

Corollary 3.2. Let 'p be an element of the monoid (End.cog(C(V,,K)) 
and u = t ' p ( ~ q )  be its corresponding element in S .  
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Let ( Q n ) n > ~  be the Van Hamme basis of C(V,,K) and cp(Qm) = 

xak (m)Qk  be the expansion of cp(Qm) with respect to this basis. 
k z O  

If (v - a)(n)  = t c p ( ( ~ q  - a)(n) )  = C [ ( ~ ) ( E ,  - a)(') is  the expansion of 

of 
e 2 o  

the n-th symbolic power of Y with respect to the weak* basis ( E ,  - 
M(V,,K), then we have an(m) = %(n),  Vn,m 2 0. 

Examples of elements of S 

(1) The Diruc measures cs. 
Let s E V,. The one has s = [ j  . q f ,  where C is a primitive root of 
unit of order h, q1 = <-'q and z is a padic integer. One also has 

lim s h p b k  = 1. Hence, for any continuous function f : V, - K ,  we 

have 
k++w 

lim ( E S h p b k , f )  = lim f ( s  hpbk ) = f(1) = (a,f). 
k++w k++w 

Therefore cs belongs to S. 
For s, t E V,, we have 

n20 n20 
m 

(a) For m an integer 2 0, we have cgrn = 

(b) If m is an integer 2 1, then we have : 
mSn-1 

LF], (c, - a)(j) .  

j = O  

-n Prn+n-l 
Eq-rn = C(-l)nq ( 2 ,I [ I,(&, -a )W 

n20 

In particular = C ( - I ) ~ ( E ~  - o)(n). 
n>O 

P r o o f . Indeed for the integers m and n > 0, we have

Hence



Since for any integer n 2 0, we have Esn = Qe(s")(e, -o)('), i.e. 

r,,e(n) = Qe(sn). We also have ( E ~  - C J ) ( ~ )  = x c s , e ( n ) E q  - u)( ' ) ,  

e>o 

n 

with cs,e(n) = x(-l)n-'q- 
j =O 

For s = qm, m >_ 0, we deduce that : 

ezo 

Ej"], Q e ( 2 ) .  

mn 

Hence c,m,e(n) = 0, V! > mn and ( ~ p  - C T ) ( ~ )  = c c,m,e(n)(e, - 

o)(') is a polynomial function in the "variable" E,. 

In any case, the coalgebra endomorphism (ps corresponding to E* is 

e=o 

given by Vs(Qn) = C cs,n([)Qt. 
e l 0  

(2) Let Y E S and a E W = u C j ( l +  M ) .  Then a .  Y belongs to S .  
O < j <  h- 1 

Indeed for any continuous function f : V, -+ K ,  we have : 
lim < ( a .  v)hpbklf >= lim a h p b k .  < vhpbk,f >= o(f). 

k + + w  k++m 

For a E W ,  one has a .  o E S and for any integer n 2 0, one has ( a .  o - 
G ) ( ~ )  = (a - l)(n) .u.  Furthermore for any measure p = bn(sq - a)("), 

n20 

one has p o ( a .  o) = 

If a E W and v E S, with previous notations, one obviously has ( a . ~ ) ~  = . .  

x a n y e ( n ) ( ~ ,  - o)(') and (a v - a)(n) = z c F ( n ) ( e ,  - u)(') with 
e2o e>o 

j = O  
n 

n- ' n- '-1 
one has ~ ; , ~ ( n )  = c(-l)"-'q' 

For a and p E W ,  one has (a . E,) o (p  . E ~ )  = (crp) . E,. Hence ( a .  E,) is 
reversible, i.e. invertible in S, 0) with reverse a-l E,. 

The corresponding algebra endomorphism $J : p - $ J ( p )  = p o ( a .  E,) 

of M(V,, K )  is an automorphism. 

"(2 F], ajQe(s j ) .  
j=O 

116
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Remark 3.3. Let v = ~ C L ( E ~  - a)(’) E S. Then v is reversible if and 
120 

only if VI = cO1 . v is reversible. In this case,we use v<-l> to denote the 
reverse of v. Then, we have v < - ~ >  = v1 <-’> 0 (c;l . E q ) .  

If v = u + ~ c e ( ~ ~ - u ) ( ~ )  E S is reversible, then we have ~ ( 1 )  = c1 # 0 
e2 1 

n-1 
1 

and ci(n) = - n (1 - q j  + ( q  - 1)cl). The reverse v<-’> = de(&, - 

E S. is such that  do = 1 and dn can be obtained by the infinite system 
e>o Q - 1 j=o 

of linear eauations : 
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B*-PAIRS AND THE STRUCTURE OF FINITE GROUPS* 

HAIHUI FENG and XIUYUN GUO 

Department of Mathematics, Shanghai University, 
Shanghai 200444, P. R. China 

Let H ,  C and D be subgroups of a finite group G. We call the pair (C, D)  a 0'- 
pair for H if it satisfies the following conditions: (i) D = ( C n H ) G ,  (C9, H )  = G 
for every g E G, (ii) K H  < G for every KID 4 G/D with KID < C/D.  In 
this paper, we obtain several results on the maximal 0*-pair which implies G 
to be solvable, supersolvable and nilpotent. 

Keywords: 0*-pair; Solvable group; Supersolvable group; Nilpotent group. 

1. Introduction 

The relationship between the properties of subgroups of a finite group G 
and the structure of G has been studied extensively. In 1990, Mukherjee 
and Bhattacharya first introduced the concept of 0-pair associated with a 
maximal subgroup of a finite group in [l] and characterized the structure 
of the groups. Since then, many results on the structure of a finite group G 
were obtained by using this concept( see [l, 2, 3, 41). Because the definition 
of &pair is only for maximal subgroups of a finite group, Xianhua Li and 
Shiheng Li gave the concept of 8-pair for any subgroup of a finite group 
in [7] and obtained some new results. However, further research requires 
additional conditions. We now introduce the concept of 0*-pair for any 
subgroup of a finite group which is special case of &pair in 111. By using 
the concept of 8*-pair, we can generalize some known theorems and obtain 
some new results. 

Throughout the paper, all groups are finite and all unexplained notation 
and terminologies are standard [6 ] .  

Firstly, we recall the concept of 8-pair associated with a proper subgroup 

*The research was partially supported by the National Natural Science Foundation of 
China(10771132), SGRC(GZ310), the Research Grant of Shanghai University and Shang- 
hai Leading Academic Discipline Project(J50101). 
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of a finite group given in [7] 

Definition 1.1. Given a proper subgroup H of a group G, we call (A ,  B )  
a 0-pair for H in G if 

(i) A 5 G, ( H ,  A)  = G and B = ( A  f l  H ) G ,  
(ii) if AI/B is a proper subgroup of AIB and AIIB a GIB, then G # 

( H ,  Al) .  

As an improvement, we introduce the following concept 

Definition 1.2. Let H ,  C and D be subgroups of a group G. We call the 
pair (C, D )  a @*-pair for H in G if 

(1) D = (C n H ) G  and (Cg, H )  = G for every g E G, 
( 2 )  K H  < G for every K I D  a G I D  with K I D  < C / D .  

Remark 1.1. We can easily observe that a 0*-pair for a subgroup must 
be a &pair. However, the converse is not true. For example, let G = 5’3 
and H = (( 12)). Then, it is easy to  check that ( (  (23)), 1) is a 0-pair of H .  
However, (((23)), 1) is not a 0*-pair for H .  

A 0*-pair (C, D )  is said to  be maximal if there is no 0*-pair (Cl, 01) 
such that C is a proper subgroup of C1. A 0*-pair (C, D )  is said to  be 
normal if C is normal in G. 

It is clear that if H = G, then (1, 1) is the unique 0*-pair for H .  
If H = 1, then (G, 1) is the unique 0*-pair for H .  Therefore we always 
assume that H is a proper subgroup of G in the following discussion. 

2. Preliminaries 

We need the following elementary results. 

Lemma 2.1. Let H be a subgroup of a group G. 
(1) If (C, D )  is a maximal normal (?-pair for H ,  then D = HG. 
(2) Let (C, D )  and ( A ,  B )  be both 0*-pairs for H with C 5 A. If C a G ,  

(3) I f  (C, HG)  is a normal 0*-pair for H ,  then it is a maximal d*-pair 
then A a G and AIB P C / D .  

for H .  

Proof. (1) We consider the pair (CHG,  HG).  If (CHG,  HG)  is not a 0*- 
pair for H ,  then there exists a normal subgroup K of G such that HG < 
K < CHG and G = K H .  Thus K = (Cn K ) H G  and G = (Cn K ) H .  Since 
D 5 C n K and C n K < C,  it follows that (C, D )  is not a 0*-pair for H 
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in G, which is a contradiction. Hence (CHG, HG) is a B*-pair for H .  The 
maximality of (C, D) implies that CHG = C and therefore D = HG. 

(2) If D = B ,  then B 5 C and therefore A = C. If D < B, then 
C < CB and CB a G. Noting that H(BC)  = G and B 5 BC 5 A, we see 
that A = BC and therefore (A, B )  is a normal B*-pair for H .  Observe that 
C n B I ( C n H ) , = D , w e h a v e  D = C n B . H e n c e A / B Z C / D .  

0 (3) It is clear by (1) and (2). 

Remark 2.1. Lemma 2.1 (2) implies that a maximal normal 8*-pair for a 
subgroup H of a group G is a maximal B*-pair for H .  However, a maximal 
B*-pair is not necessarily a normal 8*-pair. For example, let H = 274, K = 

Qs and G = H x K .  We denote H2 a Sylow 2-subgroup of H and A a 
subgroup of K with order 4. It is easy to check that (H2 x K ,  1 x A) is a 
maximal B*-pair for subgroup ((123)) x A. However, Hz x K is not normal 
in G. 

Lemma 2.2. Let H be a subgroup of a group G and N a normal subgroup 
of G with N 5 H .  

(1) If (C,  D )  is a B*-pair for subgroup H and N 5 D,  then (CIN, DIN)  
is a B*-pair for HIN and the converse is true. In particular, (C, D) is a 
maximal B*-pair for H if and only if (C/N, DIN) is a maximal B*-pair for 
HIN.  

(2) If (C, D )  is a maximal B*-pair for subgroup H with N f D, then 
there exists a normal B*-pair (A, B )  such that N 5 B and A/B is isomor- 
phic to a subgroup of a homomorphic image of CNIDN.  

Proof. (1) This part obvious by the definition of B*-pair. 
(2) Since N $ D, it follows that N $ C and C < CN.  Let B = 

(CN n H)G. By the maximality of (C, D), we see that (CN, B )  is not a 
B*-pair for H .  Therefore, there exists a normal subgroup AIB of GIB with 
AIB < CN/B such that (A ,  B )  is a normal 8"-pair for H .  Noting that 
DN 5 B ,  we have AIB is isomorphic to a subgroup of a homomorphic 
image of CNIDN. 0 

Lemma 2.3. Let H be a subgroup of a group G. Suppose (C, 1) is a 
maximal B*-pair for H. If N is the unique minimal normal subgroup of G 
and N f C ,  then C is a maximal subgroup of CN.  

Proof. If C is not maximal in CN, then there exists a maximal subgroup 
K of CN such that C is a proper subgroup of K .  By the maximality of 
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(C, l),  ( K ,  1)  is not a B*-pair for H .  Noting that G = ( K g ,  H )  for every 
g E G, we see that there exists a normal subgroup L of G with L < K such 
that ( L ,  1) is a O*-pair for H .  The uniqueness of N implies that N I L 
and therefore CN 5 K ,  a contradiction. Hence C is a maximal subgroup 
of C N .  

Lemma 2.4. Let H be a subgroup of G. Then all the conjugated subgroups 
of H in G have the same 0*-pairs as H .  

Proof. It is clear by the definition of @*-pair. 0 

We need the following terminology(see [12] P.130). 
A class X of groups is closed if for every X E X :  (i) The homomorphic 

images of groups from X are in X ,  (ii) The subgroups of groups from X 
are in X ,  (iii) Direct products of groups from 2 are in X .  

Lemma 2.5. Let X be a closed class and H a subgroup of a group G, then 
the following statements are equivalent . 
(1) There exists a maximal 0*-pair (T,  HG)  for H such that T /HG E 3' . 
(2) There exists a maximal O*-pair (C, D )  for H such that C / D  E 3' . 

Proof. It is clear that (1) implies (2). 
Now suppose that there exists a maximal 0*-pair (C, 0) for H such 

that C / D  E 2. Let us consider the pair (CHG, HG) .  If it is a B*-pair 
for H ,  then C = CHG and D = HG by the maximality of (C, 0). Hence 
(C, D )  is the required pair. If (CHG,  HG)  is not a 0'-pair for H ,  then there 
exists a proper normal subgroup K/HG of G/HG with K/HG < CHG/HG 
such that ( K ,  HG)  is a 0'-pair for H .  Since CHG/HG C / C  n HG E 
( c / D ) / ( c  n HG/D)  and K/HG is a subgroup of cHG/HG,  it follows that 
K / H G  E X .  By Lemma 2.1(3), (K, HG) is a maximal 0'-pair for H .  Thus 
( K ,  HG) is the required pair. 

Lemma 2.6. Let H be a subgroup of a group G, (C, D) = (C, 1) a 
maximal 0'-pair for H and C a nilpotent subgroup. If N is the unique 
minimal normal subgroup of G and N is non-solvable, then C n N is a 
Sylow 2-subgroup of N .  

Proof. By the hypothesis, it is clear that C +I G and N $ C. By Lemma 
2.3, C is a maximal subgroup of E = C N .  
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If C n N = 1, let P be a Sylow psubgroup of C for a prime divisor 
p of ICI. If P a E ,  then P 2 CG(N)  a G ,  a contradiction. Thus we may 
suppose that P +I E.  The maximality of C implies that N E ( P )  = C and N 
is a ;-group. Now the pgroup P acts on the ;-group N with C N ( P )  = 1. 
By Theorem 6.2.2 [6] , N has the unique P-invariant Sylow q-subgroup Q 
for each prime q dividing the order of N .  Then for each c E C, we have 
( Q c ) p  = Qp" = Q" and the Sylow q-subgroup Q" is also P-invariant. Hence 
the uniqueness of Q implies that Q is C-invariant. By the maximality of C, 
we have E = CQ and Q a E. It follows that E is solvable and so is N ,  a 
contradiction. 

Now let C n N > 1 and P a Sylow psubgroup of C n N for a prime 
divisor p of IC n NI. Since C is nilpotent and C n N a C ,  P a C. Moreover, 
since C is maximal in E = C N ,  P must be a Sylow p- subgroup of N .  
Assume that p > 2. Denote by J(P) the Thompson-subgroup of P. Then 
we have 1 < Z ( J ( P ) ) a C .  Noting that Z ( J ( P ) )  is not normal in N ,  we have 
NE(Z(J(P))) = C by the maximality of C in E.  Hence " ( Z ( J ( P ) ) )  = 
NE(Z(J(P))) n N = C n N is nilpotent. By Theorem 8.3.1 of [6], N is 
pnilpotent, a contradiction. Therefore, P is a Sylow 2-subgroup of N .  0 

3. Main results 

Theorem 3.1. Let G be a group. If there exists a maximal O*-pair (C, D )  
such that CID is nilpotent for each 2-maximal subgroup H of G,  then G is 
solvable. 

Proof. Assume that the result is not true and let G be a counterexample 
with minimal order. If G is a non-abelian simple group, then (G,  1) is the 
unique maximal 0*-pair for each 2-maximal subgroup H of G. By the hy- 
pothesis, G is nilpotent, a contradiction. Therefore G is not a simple group. 
Let N be a minimal normal subgroup of G. For each 2-maximal subgroup 
HJN of GIN,  by our hypothesis, there exists a maximal 0*-pair (C, D )  of 
H such that C / D  is nilpotent. If N 5 D, then we have ( C / N ,  D I N )  is a 
maximal 0*-pair for H / N  by the Lemma 2.2(1) and ( C / N ) / ( D / N )  2 C / D  
is nilpotent. If N $ D, then there exists a normal 0*-pair ( A ,  B )  for H such 
that AJB is isomorphic to a subgroup of a homomorphic image of C N / D N  
by the Lemma 2.2(2). By Lemma 2.1, we can suppose that ( A / N ,  B I N )  is 
a maximal O*-pair for H / N  and ( A / N ) / ( B / N )  is nilpotent. The minimality 
of G implies that GIN is solvable. Since the class of all solvable groups is a 
saturated formation, we can assume that N is the unique minimal normal 
subgroup of G and @(G) = 1. 
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Let M be a maximal subgroup of G with N $ M .  Then G = 

M N ,  MG = 1 and C G ( N )  = 1. For each maximal subgroup H of M ,  
we have HG = 1. By our hypothesis, there exists a maximal @*-pair (C, 1) 
for H such that C is nilpotent. By Lemma 2.3, we have C is a maximal 
subgroup of E = C N .  We claim that 

(1) C is a Sylow 2-subgroup of G and 
(2) C is a maximal subgroup of G. 
Let C = Cz x C,, , where Cz is the Sylow 2-subgroup of C and C,t is the 

Hall 2’-subgroup of C. Since C is maximal in E and nilpotent, by Theorem 
1 in [8] , C,, is normal in E.  Since N is a direct product of some non-abelian 
simple groups, we see that C,, n N = 1 and therefore C,/ 5 C G ( N )  = 1. 
Hence C is a 2-subgroup of G. The maximality of (C, 1) implies that C is 
a Sylow 2-subgroup of G. 

Let S = C n N .  Then S is a Sylow 2-subgroup of N and S > 1. It follows 
that C 5 N G ( S )  < G. Suppose that K is a maximal subgroup of G such 
that C 5 N G ( S )  5 K .  If C < K ,  then we have KG > 1 by the maximality 
of (C, 1) and it follows that N I K .  By applying Frattini argument, we 
have G = N N G ( S )  I K ,  a contradiction. Hence C is a maximal subgroup 
of G. Thus, our claim is established. Let C1 be a maximal subgroup of C.  
Then, by our hypothesis, there exists a maximal B*-pair (T,  1) for C1 such 
that T is nilpotent. By the above discussion, T is a Sylow 2-subgroup of G. 
By the Sylow’s Theorem, there exists an element g E G such that C1 5 T g .  
It follows that G = ( T g ,  C,) = T g ,  a contradiction. This completes the 
proof. 

Theorem 3.2. A group G is  nilpotent i f  and only i f  there exists a maximal 
@*-pair (C, D )  such that CID is nilpotent for each 2-maximal subgroup H 
of G. 

Proof. The necessity holds trivially. Conversely, assume that the result is 
not true and G is a counterexample with minimal order. By Theorem 3.1, 
G is solvable. Let N be a minimal normal subgroup of G. Then N is an 
elementary abelian p-group for some prime divisor p of IGI. By Lemma 2.2, 
GIN satisfies the hypothesis of the Theorem and thus GIN is nilpotent, 
by the counterexample of G. Since the class of all nilpotent groups is a 
saturated formation, we can suppose that N is the unique minimal normal 
subgroup of G and @(G) = 1. Hence, there exists a maximal subgroup M of 
G such that G = M N ,  M n N  = 1 and MG = 1. IfplIM1, let P E Syl,(M), 
then NG(P) > M since M GIN is nilpotent. Thus P a G. This leads 
to  a contradiction. It hence follows that M is a Hall i-subgroup of G and 
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N is Sylow psubgroup of G. For each maximal subgroup H of M ,  we have 
HG = 1. Thus by our hypothesis, there exists a maximal @*-pair (C, 1) for 
H such that C is nilpotent. If C is a pgroup, then C 5 N .  This implies 
G = (C, H )  2 NH < N M  = G, a contradiction. Thus there exists a prime 
q # p such that qllCl. If p { IC(, then there exists an element g E G such 
that Cg I M and G = (0, H )  i M ,  a contradiction. Therefore, we have 
C = C, x C,’, where C, and C,) are both non-trivial. If N 5 C ,  then 
Cpl 5 C G ( N )  = N ,  a contradiction. Hence C 56 G and N $ C. By the 
Lemma 2.3, C is a maximal subgroup of E = CN and C,! is a p’-subgroup 
of G. Therefore, there exists an element g E G such that Ci, 5 M .  Without 
loss of generality we can suppose Cp/ 5 M .  Then we have NG(C,/) > C. 
By the maximality of (C, l), NG(C,’) contains a normal subgroup of G 
and this implies N 5 NG(C,’). Hence, we have Cpl 5 CG(N)  = N ,  which 
is the final contradiction. 0 

Theorem 3.3. Let G be a group, q the largest prime of IGI. If there exists 
a maximal @*-pair (C, D) such that CID is q-closed and solvable for each 
maximal subgroup of each Sylow subgroup of G,  then G is solvable. 

Proof. Suppose that the result is not true and G is a counterexample with 
minimal order. It is obvious by our hypothesis that G cannot be simple. 
Let N be a minimal normal subgroup of G. If N is solvable, then N is 
an elementary abelian pgroup for some prime divisor p of \GI. By Lemma 
2.2, it is easy to check that GIN satisfies the hypothesis of the Theorem. 
Thus GIN is solvable by the counterexample of G and it follows that G is 
solvable, a contradiction. Hence we can suppose that N is nonsolvable. For 
each prime pllGl and each maximal subgroup PI of Sylow psubgroup P of 
G, there exists a maximal @*-pair (C, 1) for PI such that C is q-closed and 
solvable. For any minimal normal subgroup N ,  (CN,  1) is not a @*-pair 
for Pl. Then there exists a normal subgroup K of G with K < C N  such 
that ( K ,  1) is a @*-pair for PI. It is obvious that GIK E Pl /K n PI is 
solvable and so is G / K N .  Since KNIN 5 CNIN C/C n N is solvable, 
GIN is solvable. By the counterexample of G, we can suppose that N 
is the unique minimal normal subgroup of G. For any prime pIINI, let 
PO E SyLp(N). If PO is a Sylow psubgroup of G, then we have (PI)G = 1 
for each maximal subgroup Pl of Po. If (G, 1) is a @*-pair for PI ,  then it is 
the unique maximal @*-pair and G is solvable, a contradiction. Thus there 
exists a proper normal subgroup K of G such that ( K ,  1) is a maximal 
8*-pair for Pl. Noting that N 5 K ,  we have G = KP1 5 K N  = K ,  a 
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contradiction. Hence N does not contain any Sylow psubgroup of G. Let 
P E Syl,(G), p # q. For each maximal subgroup PI of P ,  there exists a 
maximal 0*-pair (C, 1) for PI such that C is q-closes and solvable. Thus 
C 56 G and C is not a pgroup. Moreover, we see that (CN,  1) is not a 
O*-pair for PI and there exists a normal subgroup K of G such that ( K ,  1) 
is a maximal 0*-pair for PI and G = CNP1. Obviously q is a prime divisor 
of ICI and C is maximal in E = CN by Lemma 2.3. Let Q E Syl,(C). 
Then Q a C. If qllNI, then NE(Q)  > C and Q a E.  Since N n Q = 1, 
Q 5 C c ( N )  = 1, a contradiction. Hence, q { IN1 and Q is a Sylow q- 
subgroup of G. Let Q1 < Q. Then there exists a maximal fl*-pair (C1, 1) 
for PI such that C1 is q-closes and solvable. Thus, we have G = C1NQ1 
and qllCll since q { INI. Let Q2 E Syl,(C1). Then Q2 a C1. Thus, we have 
N G ( Q ~ )  > C1 and Nc(Q2) contains a normal subgroup of G. It follows 

0 that N 5 N G ( Q ~ )  and Q2 5 CG(N)  = 1, a contradiction. 

Theorem 3.4. A group G is supersolvable if and only if there exists a 
maximal 0*-pair (C, D )  such that CID is supersolvable for each maximal 
subgroup of each Sylow subgroup of G. 

Proof. The necessity holds trivially. Conversely, by Theorem 3.3 G is solv- 
able. Suppose that the result is not true and G is a counterexample with 
minimal order. By our hypothesis, G cannot be simple. Let N be a mini- 
mal normal subgroup of G. Then N is an elementary abelian pgroup for 
some prime divisor p of IGI. It is easy to check that GIN satisfies the 
hypothesis of the Theorem, hence GIN is supersolvable by the counterex- 
ample of G. Since the class of all supersolvable groups is a saturated for- 
mation, we can suppose that N is the unique minimal normal subgroup of 
G and @(G) = 1. Thus there exists a maximal subgroup M of G such that 
G = M N ,  MG = 1, N n M = 1 and N = F(G) = CG(N) .  Suppose that 
N is a Sylow psubgroup of G. Let P be a maximal subgroup of N .  Then 
PG = 1. If (G, 1) is a fl*-pair for P,  then (G, 1) is the unique maximal 0*- 
pair and G is supersolvable, a contradiction. Thus there exists a proper nor- 
mal subgroup K of G such that ( K ,  1) is a @*-pair for P. However, N < K 
implies G = K ,  a contradiction. Hence N is not a Sylow psubgroup of G. 
Suppose that q is the largest prime divisor of IG( and Q E Syl,(G). Then 
Q N I N a G I N .  If q = p ,  then we have Q a G  and Q 5 F(G) = N .  Th' is con- 
tradiction implies q # p.  Since GIN is supersolvable, we can suppose that 
Q1 <Q such that Q I N / N a G / N .  By our hypothesis, there exists a maximal 
O*-pair (C, 1) for Q1 such that C is supersolvable. Suppose that N 5 C. If 
qllCl, then QO a C for each QO E Syl,(C). This implies QO 5 CG(N)  = N ,  
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a contradiction. If q f ICI, then we have GIN = ( C / N ,  Q1N/N) = CQ1/N 
since G = (C, & I ) .  This implies [GIq = 1Q11 < IQI = lGlq, a contradiction. 
Thus we have N $ C and C < C N .  By the maximality of (C, l), ( C N ,  1) 
is not a 0*-pair for Q1. Hence there exists a normal subgroup K of G such 
that K < C N  and ( K ,  1) is a 0*-pair for Q1. Moreover, G = CNQI implies 
qllCl. Let QO be a Sylow q-subgroup of C. Then QO a C. By the definition 
of (C, l), we can suppose that QO 5 M .  It is clear that NG(Qo) > C. Thus 
NG(QO) contains a normal subgroup of G. It follows that N 5 NG(Qo) and 

0 QO I C G ( N )  = N ,  a contradiction. 

Theorem 3.5. A group G is nilpotent i f  and only if there exists a maximal 
O*-pair (C, D) such that C / D  is nilpotent f o r  each maximal subgroup of 
each Sylow subgroup of G. 

Proof. The necessity holds trivially. Conversely, suppose that the conclu- 
sion is false and G is a counterexample with minimal order. It is obvious 
by the hypothesis that G cannot be simple. Let N be a minimal normal 
subgroup of G. 

By Theorem 3.3, G is solvable and N is an elementary abelian pgroup 
for some prime divisor p of IGI. It is easy to check that GIN satisfies the 
hypothesis of the Theorem. Thus GIN is nilpotent by the minimality of 
G. Since the class of all nilpotent groups is a saturated formation, we can 
suppose that N is the unique minimal normal subgroup of G and @(G) = 1. 
Then there exists a maximal subgroup M of G such that G = M N ,  MG = 
1, N n M = 1 and N = F(G)  = CG(N) .  If N is not a Sylow psubgroup 
of G, then we let PIN E Sylp(G/N).  Hence we have PIN a GIN. It 
follows that P a G and P 5 F(G)  = N ,  a contradiction. If N is the Sylow 
psubgroup of G,  then let P Q N ,  and consequently PG = 1. If (G,  1) 
is a 0*-pair for P ,  then (GI 1) is the unique maximal O*-pair and G is 
nilpotent, a contradiction. Hence there exists a proper normal subgroup K 
of G such that ( K ,  1) is a 0*-pair for P. However, N 5 K implies G = K ,  
a contradiction. This completes the proof. 
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Let L s  denote the language of (right) S-acts over a monoid S and let C s  be 
a set of sentences in L s  which axiomatises S-acts. A general result of model 
theory says that C s  has a model companion, denoted by Ts, precisely when 
the class & of existentially closed S-acts is axiomatisable and in this case, Ts 
axiomatises E .  It is known that Ts exists if and only if S is right coherent. 
Moreover, by a result of Ivanov, Ts has the model-theoretic property of being 
stable. 

In the study of stable first order theories, superstable and totally tran- 
scendental theories are of particular interest. These concepts depend upon the 
notion of type: we describe types over Ts algebraically, thus reducing our ex- 
amination of Ts to consideration of the lattice of right congruences of S. We 
indicate how to use our result to confirm that Ts is stable and to prove an- 
other result of Ivanov, namely that Ts is superstable if and only if S satisfies 
the maximal condition for right ideals. The situation for total transcendence 
is more complicated but again we can use our description of types to ascertain 
for which right coherent monoids S we have that Ts is totally transcendental 
and is such that the U-rank of any type coincides with its Morley rank. 
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1. Introduction 

In this paper we are concerned with the investigation of stability properties 
of certain complete theories of S-acts. We emphasise that we are taking the 
algebraist’s approach in the sense that our first aim is to associate stability 
properties of TS with algebraic properties of the monoid S ,  our further 
investigations then focussing on the latter. 

Stability properties (see Sections 2 and 5 for the relevant definitions) 
arose from the question of how many models a theory (a set of sentences 
of a first order language) has of any given cardinality. The seminal work 
of Shelah shows that an unstable theory, indeed a non-superstable theory, 
has 2’ models of cardinality X for any X > IT1 [30]. The philosophy then 
is that, in these cases, there are too many models to attempt to classify 
by means of a sensible structure theorem. It is reasonable therefore for 
the algebraist to consider for a given class of algebras ‘how stable’ is the 
theory associated with it, before embarking on the search for structure or 
classification theorems. 

For a monoid S ,  a (right) S-act is simply a set A upon which S acts on 
the right with the identity of S acting as the identity map on A. Associated 
with S is the first order language Ls for S-acts. We denote by C s  the set 
of sentences axiomatising S-acts, and refer to C s  as the theory of S-acts. 
Further details are given in Section 2. We can think of an S-act as being 
analogous to a module over a ring; this observation inspires our charac- 
terisation of types and our approach to stability and superstability, after 
which more significant differences arise between the situation for modules 
and that for acts. 

The model theory of modules has been and continues to be extensively 
investigated (see [28]), yielding both structure results for modules and giv- 
ing concrete realizations of model theoretic concepts. In contrast, only a 
few studies have been made of the model theory of S-acts. Some results in 
the latter theory are close parallels of corresponding results for modules. As 
indicated above, there are, however, several major differences between the 
two theories. Essentially, these differences arise since right congruences on 
monoids cannot be determined by right ideals (as is the case for rings). For 
the model theorist, this means that atomic formulae without parameters 
cannot be replaced by formulae involving parameters. 

Given any R-module M over a ring R, or any S-act A over a monoid 
S ,  we can consider the set of all sentences (in the appropriate language) 
that are true in A4 or in A. These theories are exactly the complete theories 
of R-modules or S-acts, where a theory T is complete if for any sentence 
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4 of the language, 4 E T or 14 E T .  A notable difference between the 
model theory of modules and that of S-acts is that, as demonstrated by 
Mustafin [23], for some monoids S,  there are S-acts which have unstable 
theories whereas all complete theories of modules are stable. Mustafin goes 
on to  describe all monoids S for which every S-act has a stable theory or 
superstable theory. The thrust of his later papers in this area is to move 
toward a description of those monoids S over which all S-acts are w-stable 
[3,24]. On the other hand Stepanova [31] has characterised monoids such 
that all regular S-acts have stable, superstable or w-stable theories. 

Rather than imposing conditions on the theories Th(A) for all S-acts A 
over a given S ,  we are concerned here with theories of existentially closed S- 
acts: we now explain our motivation. An important notion of model theory 
is that of model companion. For a theory T one defines in a natural way 
the notion of an existentially closed model of T and we denote the class of 
existentially closed models of T by E(T). If T is an inductive theory, such 
as C s ,  then T has a model companion if and only if E(T) is axiomatisable. 
In this case, The(E(T)) is a model companion of T. Following Wheeler [32] 
the notion of right coherence for monoids was introduced in [ll] where it 
is shown that the theory of all S-acts (for fixed S )  has a model companion 
TS if and only if S is right coherent. It follows that the models of Ts are 
precisely the existentially closed S-acts, and further, that Ts is a complete 
theory so that Ts = Th(M) for any existentially closed S-act M .  Ivanov 
1171 argues that TS is a normal theory (see [25]) and hence stable. 

Given that Ts is stable it is natural to investigate conditions under which 
it satisfies the stronger stability properties of being superstable, w-stable or 
totally transcendental. In (41 the corresponding questions in module theory 
are posed and answered. This work both inspired and heavily influenced 
the present paper. For a right coherent ring R, the model companion of 
the theory of all R-modules is denoted by TR. Properties such as stability 
are dependent upon the number of types (the details of which are given 
in Section 3).  In [4] types are characterised by pairs consisting of a right 
ideal of R and an R-homomorphism. This is the key to a thorough analysis 
of complete types and so to finding for which rings R the theory TR is 
superstable or totally transcendental. 

In a ring R, a right congruence is determined by a right ideal, but as 
remarked above, this is not true for monoids in general. For this reason, in 
the case of right S-acts, complete types are characterised by triples consist- 
ing of a right ideal of S ,  a right congruence on S and an S-morphism. It 
is this result which allows us to translate model theoretic properties of Ts 
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into algebraic properties of S and hence to apply the theory of semigroups. 
An immediate consequence is that we can easily find upper bounds for the 
number of types. This enables us to deduce Ivanov’s result [17, Proposition 
1.41 that the theory Ts is stable. Further, if every right ideal of S is finitely 
generated, then Ts is superstable, and if in addition S is countable and has 
at most No right congruences, then Ts is w-stable. 

To obtain the converse of these results we use the U-rank of types and 
the fact that a complete theory is superstable if and only if the U-rank 
of each type is defined (see [27]). Our approach is similar to but slightly 
more complicated than that of Bouscaren. The end results are that Ts 
is superstable if and only if every right ideal of S is finitely generated 
and that for a countable S ,  Ts is w-stable if and only if S has at most 
No right congruences and every right ideal of S is finitely generated. The 
superstability result is also a straightforward consequence of [17, Theorem 
2.41. In these results there is of course the underlying assumption that S is 
right coherent, for this is needed for the theory Ts to exist. Right coherence 
does not follow from the property that every right ideal is finitely generated 
as shown by Example 3.1 in [12]. The equivalent results for modules are 
that superstability and total transcendence of TR are both equivalent to R 
being right noetherian. 

Another important rank of types is the Morley rank. This is used to 
define the concept of total transcendence, a complete theory T being totally 
transcendental if and only if every type has Morley rank. Morley rank 
is always greater than U-rank, so that a totally transcendental theory is 
certainly superstable. In fact a countable theory T is totally transcendental 
if and only if it is w-stable [27]. 

For a complete theory T of modules, the Morley rank of a type (when 
it exists) coincides with the U-rank of the type [28]. This is not the case for 
S-acts and we find necessary and sufficient conditions on S for the theory 
Ts to be totally transcendental with the Morley rank of any type being 
equal to its U-rank. The final section of the paper is devoted to a study of 
monoids which satisfy these conditions. If S is such a monoid and is weakly 
periodic, then S is finite. On the other hand, the infinite cyclic monoid 
satisfies the conditions. 

The structure of this paper is as follows. In Section 2 we outline the 
basics of model theory we require; since the new work of this article is 
almost entirely semigroup theoretic, we keep these details to a minimum. 
We also give some details concerning S-acts over a monoid S. In Section 3 
we discuss types and, crucially, show how a type of TS over an S-act A is 
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associated with what we call an A-triple. It is this result which allows us to 
translate arguments from model theory into algebra. We omit most proofs, 
since the ideas are rather straightforward and may be thought of as being 
inherent in the work of Ivanov [17]; full details appear in the notes [lo]. The 
next section outlines how we may use our description of types to capture U- 
rank and the superstability result of [17]. Sections 3 and 4 may be regarded 
as a survey. The new material begins in Section 5 where we discuss Morley 
rank and find a criterion for a right coherent monoid S such that TS is 
totally transcendental and the U-rank of any type of Ts coincides with its 
Morley rank. In our final section we investigate the monoids satisfying this 
criterion. 

2. Preliminaries 

This paper is intended to be accessible to algebraists with some familiarity 
with the basic ideas of first-order logic and, with the exception of the final 
section, only a very little semigroup theory. We recommend [6] and [9] for 
the former and [15] for the latter. Full accounts of the stability theory we 
use can be found in the books [1,4,19,26-281; we extract the key ideas and 
main results which we need. Any unreferenced results may be found in these 
texts. 

We begin with some brief details concerning S-acts. Further details may 
be found in the comprehensive [MI. 

Let S be a monoid. A (right) S-act is a set A on which S acts on the 
right, that is, there is a map . from A x S to A satisfying : 

( a .  s) . t = a .  (s t )  and a .  1 = a 

for all s, t E S, a E A, where + maps ( a ,  s) to a.s. We usually write as for a.s. 
Clearly we can think of the elements of S as unary operation symbols and 
A as a unary algebra in the sense of universal algebra. We thus have all the 
standard concepts and results of universal algebra at our disposal (see, for 
exkmple [21]). In particular, we have S-subacts, S-morphisms, congruences 
on S-acts and quotient S-acts Alp where A is an S-act and p is a congruence 
on A. For an S-subact B of an S-act A, the relation p~ is defined by alpBaz 
if and only if a1 = or a l ,  a2 are both in B.  It is easy to see that p~ is a 
congruence on A; the quotient S-act A/pB is usually denoted by AIB and 
is called the Rees quotient of A by B. We differ from standard semigroup 
terminology in that we make the convention that the empty set 0 is an 
S-subact of every S-act. 
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For any congruence p on an S-act A we denote the pclass of an element 
a of A by up. For an S-morphism f : A + B we denote by Kerf the 
congruence on A determined by 

(a, b) E Kerf if and only if f(a) = f (b) .  

The multiplication in a monoid S makes S itself into a right S-act. 
The S-subacts of S are called right ideals of S and S-act congruences on 
S are called right congruences on S ,  to distinguish them from semigroup 
congruences on S.  

The category of S-acts and S-morphisms has arbitrary products and 
coproducts. Another property enjoyed by this category which is useful for 
our purposes is the strong amalgamation property. This asserts that if A, B 
are S-acts with common S-subact U ,  then there is an S-act C and injective 
S-morphisms f : A -+ C,g : B + C such that f l U  = glU and f(A)ng(B) = 

Let I be a right ideal of a monoid S and p be a right congruence on S. 
f (W.  

The pclosure of I ,  denoted by Ip,  is defined by 

I p  = {s E S : s p t  for some t E I } .  

It is easy to see that I p  is a right ideal of S containing I and that ( I p ) p  = Ip .  
We say that a right ideal J of S is psaturated if J p  = J ;  thus I p  is p 
saturated for any right ideal I .  If v, p are right congruences on S and v G p, 
then any psaturated right ideal is also v-saturated. 

When I is a psaturated right ideal of S we say that the pair ( I ,  p)  is a 
cong7uence pai,r. We denote by C(S) or C the set of all congruence pairs of 
S.  

This paper is concerned with one aspect of the model theory of S-acts. 
Let L be a first order language. A class U of L-structures is axiomatisable 
if there is a set of sentences II of L such that an L-structure U lies in U 
if and only if every sentence of II is true in U, that is, U 7r.  We use 
the standard notation that if @(XI, ..., zn) is a formula of L,  then the free 
variables of 4(q, ..., zn)  lie in (21, ..., 2,). If T is a theory in L (that is, 
a set of sentences of L,  which without loss of generality we may assume 
to be closed under deduction), then models of T will be denoted by letters 
M ,  N ,  P;  we use the same notation for their universes. If M is an L-structure 
then Th(M) is the set of sentences true in M ;  if M is a model of a theory 
T then certainly T CTh(M). The letters A, B ,  . . . are used for subsets of 
models. For a set A, the language L(A) is obtained from L by adding a new 
constant symbol to L for each element a of A. Again, we follow the usual 
practice and do not distinguish elements of A from the constants of L(A) 



135 

which they label. We may denote an L(A)-structure by (B ,  u ) ~ ~ A ,  where 
A C B ,  so that if T is a theory in L and A C_ M + T ,  Th(M, C L ) ~ ~ A  is the 
set of sentences in L(A) true in M .  

The language Ls of the theory of S-acts consists of a unary function 
symbol fs for each element s of S. We follow the usual convention and 
write as for f s ( a ) .  Clearly the class of S-acts is axiomatised by the set of 
sentences 

cs = {(Vx)(xl = x)} u { (Yx)((zs)t = x ( s t ) )  : s ,  t E s}. 
An equation over an S-act A is an atomic formula of Ls(A) and has one 

of the forms: 

2s = xt, xs = y t ,  xs = a 

where s, t E S and a E A. An inequation over A is simply the negation of 
an equation over A. 

A set C of equations and inequations over A is consistent if C has a 
solution in some S-act containing A. An S-act A is existentially closed if 
every consistent finite set of equations and inequations over A has a solution 
in A. Since the class of S-acts is inductive, that is, is closed under unions 
of chains, every S-act is contained in an existentially closed S-act. 

To say that the theory of all S-acts has a model companion is equivalent 
to saying that the class of all existentially closed S-acts is axiomatisable by 
a theory Ts; then TS is the required model companion. In [ll] it is proved 
that TS exists if and only if S is right coherent, where a monoid S is right 
coherent if for any finitely generated right congruence p on S, every finitely 
generated S-subact of S / p  is finitely presented. This result was generalised 
to varieties of S-acts in [17]. A careful study of right coherence for S-acts 
is made in [12]. 

Given two existentially closed S-acts A, B it is certainly the case that 
A, B can be embedded in an S-act C (the coproduct of A and B for ex- 
ample) and C can be embedded in an existentially closed S-act. It follows 
from this and the model completeness of Ts that Ts (when it exists) is 
complete (Proposition 3.1.9 of [S]). That is, for any sentence 4 of L s  either 
4 E TS or 14 E Ts; equivalently, Ts = Th(M) for any of its models M. 
Since the theory of all S-acts is universal and as Ts is actually the model 
completion of this theory [ll], we have by Theorem 13.2 in [29] that Ts 
admits elimination of quantifiers. These properties, not all used explicitly 
here, ensure that Ts is precisely the kind of theory most amenable to the 
application of stability theory. 
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3. Types 

The notion of a type is crucial to our investigations of stability properties 
of Ts. To define types, it is useful to employ the so-called monster model of 
a theory; justification of its existence (which uses the notion of saturation) 
and use can be found in [ 5 ] .  Let T be a complete theory in L. The monster 
model of T is a model M of T such that all models of T are elementary 
substructures of M and all sets of parameters are subsets of M. 

Let A be a subset of M and let c E M. Then 

tp(c/A) = {4@) E L(A) : M i= d C > l  

is a (complete 1-)type ower A. Clearly tp(c/A) is a complete set p ( z )  of 
sentences of L(A, z) such that a model exists for p(z)UTh(M, u ) ~ ~ A .  Con- 
versely, if p ( z )  is a set of formulae satisfying these conditions, then prop- 
erties of M (concerned with saturation) give that p ( z )  = tp(b/A) for some 
b E M. The Stone space S(A) of A is the collection of all types over A; 
S(A) is equipped with a natural topology, which comes into play in the 
definition of Morley rank (see Section 5). 

For a cardinal n, T is n-stable if for every subset A of a model of T with 
IAl 5 K we have IS(A)I 5 n. If T is n-stable for some infinite K ,  then T is 
stable and T is superstable if T is n-stable for all n 2 2IT1. If T is not stable, 
then it is said to be unstable. Morley argued that a theory T in a countable 
language is w-stable if and only if T is n-stable for every infinite n [22] .  

From now on we shall concentrate on the theory Ts for a fixed right 
coherent monoid S. The purpose of this section is to give a straightforward 
characterisation of types over S-acts. We do not present the proofs, as they 
involve quite standard concepts. Some of these ideas appear implicitly in 
[17]; explicit proofs may be found in the unpublished notes [lo] of the au- 
thors. Ivanov [17] shows that Ts is a stable theory, and also characterises 
those monoids S such that Ts is superstable. By making the characterisa- 
tion of types explicit, we have both an alternative approach to these results 
of Ivanov, and a solid tool with which to characterise ranks of types, needed 
for our later discussions. 

If A is an S-act, then an A-triple is a triple ( I ,  p,  f) such that ( I ,  p )  E C 
and f : I -+ A is an S-morphism with Kerf = p n  ( I  x I). We denote the 
set of all A-triples by I ( A ) .  

Let T = ( I ,  p, f) be an A-triple and let CT be the union of the following 
sets of formulae of Ls(A): 

{ZS = a : u = f(s),s E I},{zs # a :  s @ I , a  E A}, 
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{ x s  = zt : ( s , t )  E p } ,  {zs # xt : ( s , t )  $ p} .  

An easy argument using quantifier elimination and the fact that the 
class of S-acts has the strong amalgamation property yields the following. 

Lemma 3.1. 1101 Let A be a n  S-ac t  and let T be a n  A-triple. Then  there 
is  a n  embedding of A into an  existentially closed S-ac t  E ,  and a n  element 
c E E such that t p (c /A)  = p;r is  the unique type over A containing C I .  

Conversely, given p E S(A) we obtain an A-triple q. 
Lemma 3.2. [lo] Let p be a type over an  S-act A.  Let 

Ip = {s E S : zs = a E p for some a E A } ,  

pp = { ( s , t )  E s x s : zs  = xt E p } ,  

and 

f p  : Ip 4 A be defined by f p ( s )  = a where xs = a E p.  

Then  lp = (Ipl p p ,  fp) is  an  A-triple. 

The next result is crucial. Essentially, it allows us to translate arguments 
involving types, and ranks thereof, into arguments internal to our monoid 
S.  

Proposition 3.1. [lo] The  maps 

P H q l  7 H P 7  

are mutually inverse bijections between S (A)  and ?-(A). 

The corollary below is an immediate consequence of the proposition. 

Corollary 3.1. [lo] 

(1) Let A be a n  S-ac t  and let p , q  E S(A) .  Then  p = q if and only if 

(2) There is  a bijection between the set of right congruences o n  S and S(0).  
(3) For any congruence pair (I, p)  o n  S there is  a n  S-ac t  A and a type p 

ouer A with I, = I and p p  = p. 
(4) Let p be a type ouer a n  S-subact A of B.  Then  there is  a type q ouer 

B such that Ip = Iq,pp = pq and fq = jf, where j : A -+ B is the 
inclusion map. 

I p  = 41 P p  = Pq artd f p  = fq. 
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Let A be an S-act and I be a right ideal of S.  The number of S- 
morphisms from I to A is at most IA(Isl, the number of right ideals of S 
is at most 21'1 and the number of right congruences on S is at most 2lSl2. 
Hence the number of A-triples is at most 21s121slZIAllsl. Thus, if we take 
K =max{No, 21sl} and IAl 5 K ,  then I'T(A)I 5 6 and, in view of Proposition 
3.1, IS(A)I I K .  

Now consider an arbitrary subset B of the S-act M. It is easy to see that 
IS(B)I = IS(A)I, where A is the S-subact of M generated by B (indeed, 
the Stone spaces are homeomorphic, see [1,19]). We can therefore deduce 
that the theory Ts is stable. 

We can do better than this when every right ideal of S is finitely gener- 
ated, that is, when S is weakly right noetherian. Then, for any right ideal 
I, the number of S-morphisms from I to A is at most max{Ho, IAI} SO that 
there are no more than 21S1max(No, \A\} A-triples. Hence for any infinite 
cardinal K with 21'1 5 K we have that if IAl 5 K ,  then (S(A)I 5 K .  NOW 
ITS( =max{NO, IS(} so that Ts is superstable [17]. 

If we assume that S has at most max(N0, IS[} right congruences in 
addition to being weakly right noetherian, then we see that the number 
of A-triples is at most max{No,(S(}2max(No,(A(}. Thus for any infinite 
cardinal r; with IS( I K we have that if (A( 5 n, then (S(A)( 5 n. Hence, 
for a countable S which is weakly right noetherian and has only countably 
many right congruences we have that Ts is w-stable. In particular, Ts is 
w-stable for any finite monoid S. 

A monoid S is right noetherian if every right congruence on S is finitely 
generated; since every right ideal of S is determined by a right congruence, 
it follows that such a monoid is weakly right noetherian. Moreover, every 
right noetherian monoid is right coherent [12]. Thus if S is a countable, 
right noetherian monoid, then TS is w-stable. 

If S is countably infinite and Ts is w-stable, then IS(0)l 5 No so that 
by Corollary 3.1, S has only countably many right congruences. 

The following result summarises the above discussion; (1) and (2) are 
also consequences of results in [17]. 

Proposition 3.2. (10,171 Let S be a right coherent monoid. Then 

(1)  the theory Ts is stable; 
(2) if S as weakly right noetherian, then Ts is superstable; 
(3) if S is weakly right noetherian and has at most max(N0, ISl} right con- 

(4) if S is countable, then if S is weakly right noetherian and has at most 
gruences, then TS i s  K-stable for all K with max(N0, IS(} < r;; 
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No right congruences, Ts is w-stable; 
(5) if S is  finite, then Ts is w-stable; 
(6) a.f S is countable and right noetherian, then Ts is w-stable; 
(7) if S is countable and Ts is w-stable, then S has at most No right con- 

gruences. 

The converses of (2) and (4) of the above proposition will be obtained 
in Section 4. 

By an extension of a type p in S(A)  we mean a type q in S ( B )  where 
A is an S-subact of B and p C q. The proof of the following result follows 
easily from Lemma 3.1. 

Proposition 3.3. [lo] Let A be an S-subact of B ,  p E S ( A )  and q E S(B) .  
Then  q is an extension of p if and only i f  

(i) Ip 2 Iq, 
(ii) f, I IP = f P  7 

(i.1 Pp = Pq. 

(iii) fcl ( A )  = I p  

A consequence of Proposition 3.3 is that if p and q are as in Corollary 

For the final result of this section we again make use of the fact that 
3.1 (4), then q is an extension of p. 

the class of S-acts has the strong amalgamation property. 

Proposition 3.4. (lo/ Let A be an S-act and p E S(A). Let J be a pp- 
saturated right ideal containing Ip .  Then  there is an  S-act B containing A 
and a n  extension q of p in S ( B )  such that Iq = J .  Moreover, B can be 
chosen to  be existentially closed. 

4. U-rank and superstability of TS 

Rank notions are an important tool in determining stability properties of 
theories. In this section we relate the U-rank of a type p ,  introduced by 
Lascar in [20], to what we call the p,-rank of the right ideal Ip .  It is then 
straightforward to prove the converse of (2) of Proposition 3.2. As in Sec- 
tion 3, we omit most arguments, which may be found in detail in [lo]. 

First we recall the foundation rank on a set S partially ordered by 5. 
We define subclasses S, of S for each ordinal a by transfinite induction: 

(i) SO = S; 
(ii) S, = n{Sp : p < a},  if a is a limit ordinal; 
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(iii) x E Sa+l if and only if z < y for some y E S,. 

We thus obtain a nested sequence of subclasses of S indexed by the ordinals. 
The foundation rank of x E S, denoted by R(x), can now be defined as 
follows: 

If x E S, for all ordinals a,  then we write R(x) = 00. Otherwise, 
R(x) = Q where Q is the (unique) ordinal such that x E S, \ & + I ;  in this 
case we say that x has R-rank. 

The convention that a < 0;) for all ordinals a simplifies the statements 
of the following standard proposition (see for example [27], p. 35). 

Proposition 4.1. 

(i)  For any x E S and any ordinal a ,  

R(x) 2 a if and only if x E S,. 

(ii) Let z , y  f S where x < y .  If R ( y )  i s  an ordinal then R(z )  >R(y). 

(iii) For any z E S ,  R(x) is an ordinal i f  and only if there are no infinite 
Moreover, if R(x)  is an ordinal then so is R ( y ) .  

chains of the form 

z = zo < 2 1  < ... . 
For the first application of foundation rank, consider a right congruence 

p on S and put 

s = s, = { J  : ( J ,  p )  E C}. 

The relation 5 is taken as the usual inclusion order of right ideals. If J E S, 
then R(J)  is said to be the prank  of J and is written as p R ( J ) .  

Corollary 4.1. Let ( I , p )  E C .  Then p-R(I) is an ordinal if and only i f S  
has the ascending chain condition on p-saturated right ideals containing I .  

Our second application of foundation rank is to obtain the U-rank U(p) 
of a type p E S(A) ,  where A C M T and T is a complete, stable theory 
in a first order language L. First we review some definitions associated with 
types of T ;  for more details the reader can consult one of the standard texts. 

If p E S(A) ,  where A C_ M, then the class of p ,  written cl(p), is the set 

cl(p) = { d ( x , y ~ , . .  . ,y,) E L : for some a l , .  . . ,a ,  E A, d(x, a l , .  . . ,a,) E p }  

and Cp is the set 

c p  = {Cl(q) : P C 474 E S ( M ) , A  C M I= T } .  
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It is a fact that C, has a unique minimum element (under inclusion) denoted 
by P(p) .  Clearly, if p E S ( M )  where M T ,  then cl(p) = P ( p ) .  For A c B 
and an extension q E S ( B )  of p ,  it is obvious that p ( p )  G p(q). Then q is a 
non-forking extension of p if P(p)  = p(q); otherwise, q is a forking extension 
of p .  

Put 

S = {P(p )  : p E S(A)  for some A c M}. 

Clearly S is partially ordered by set inclusion. The U-rank of p E S(A) ,  
denoted U ( p ) ,  is the foundation rank of p ( p ) .  If U ( p )  is an ordinal, then we 
say that p has U-rank. Clearly, in our discussion of U-rank, we can assume 
that all types are over L-substructures of models of T .  

Our objective in this section is to characterise those monoids S for 
which Ts is superstable or w-stable. In other words, our goal is to prove 
the converses of (2) and (4) of Proposition 3.2. In fact, the converse of (4) 
follows easily from that of (2) so our effort is directed towards showing that 
if Ts is superstable, then S is weakly right noetherian. To do this, we use 
the characterisation of superstable theories in terms of U-rank of types. 
Then, by associating the U-rank of a type p E S(A)  with p,-R(I,), we are 
able to achieve our goal. 

Theorem 4.1. [20] Let T be a complete, stable theory in a first order 
language. Then  T is superstable if and only i f  all types have U-rank. 

Turning our attention to the theory Ts ,  we have the following charac- 
terisation of forking. Recall from Proposition 3.3 that if q is an extension 
of a type p ,  then I, & Iq and p, = pq. 

Lemma 4.1. [lo] Let A C B be S-acts, and let q E S ( B )  be an extension 
of p E S(A) .  Then  q is a forking extension of p (equivalently, U(p)  > U(q) )  
i f  and only i f  I ,  c I q .  

From Proposition 3.4 we know that if for an S-act A we have p E S(A)  
and Ip  c J for some p,-saturated right ideal J ,  then there is an S-act 
B 2 A and q E S(B)  with p c q. From Lemma 4.1, U(p) >U(q). 

We can now associate the U-rank of types over Ts with ranks assigned 
to members of C. 

Proposition 4.2. (lo] For any S-act A and p E S(A) ,  

W P )  = P p - R ( I p ) .  
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Corollary 4.2. For any S-act A and p E S(A) ,  p has U-rank if and only 
i f  the set of p,-saturated right ideals containing I p  satisfies the ascending 
chain condition. 

Part (1) of the following theorem is also a consequence of [17] (Theorem 
2.4). 

Theorem 4.2. Let S be a right coherent monoid. 

(1) The theory Ts is superstable if and only if S is weakly right noetherian. 
(2) If S is countable, then the theory TS is w-stable i f  and only if S is weakly 

right noetherian and has only countably many right congruences. 

Proof. 

(1) If S is weakly right noetherian, then Ts is superstable by ( 2 )  of Propo- 
sition 3.2. Alternatively, this follows from Theorem 4.1 and Corollary 
4.2. 
Conversely, if TS is superstable, then applying Corollary 4.2 to the type 
in S(0) corresponding to the identity congruence gives that S is weakly 
right noetherian. 

(2) Suppose that S is countable. If TS is w-stable, then it is superstable 
by [22] and so by (l), S is weakly right noetherian. Also we must have 
IS( 0) I 5 No and hence by Corollary 3.1 , the number of right congruences 

0 on S is countable. The converse is (4) of Proposition 3.2. 

This theorem allows us to give examples of monoids to illustrate the 
various possibilities. Thus if S = (1) U I where 1 acts as an identity and 
I is an infinite set with ab = a for all a ,  b E I ,  then 1 is a right ideal of S 
which is not finitely generated; moreover, it is easy to see that S is right 
coherent. Hence Ts exists, but is not superstable. 

On the other hand, TG is superstable for any group G. But, for exam- 
ple, the group of rationals Q has 2IQ1 subgroups (and hence 2IQ1 (right) 
congruences) so that TQ is not w-stable. 

Both the infinite cyclic group and the quasi-cyclic group Z(p”) ( p  a 
prime number) have No subgroups so they provide specific examples of 
infinite groups G such that TG is w-stable. 

Of course, for any finite monoid S we have that TS is w-stable. 
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5. Total transcendence of Ts 
Having considered U-rank of types in the previous section we now turn our 
attention to another rank, the Morley rank MR(p), of a type p .  This rank 
is used to define totally transcendental theories; to be precise a complete 
theory T is totally transcendental if and only if for all subsets A of models 
of T ,  all types over A have Morley rank. 

For a countable theory T ,  it is a fact that T is totally trancendental if 
and only if T is w-stable [22]. There are, however, uncountable theories T 
which are not totally transcendental but are K-stable for all K with IT1 5 K .  

When T is a theory of modules, if p is a type over a subset of a model of 
T such that MR(p) is defined, then MR(p) = U(p) [28]. For S-acts, however, 
the picture is different and rather subtle. In this section we investigate those 
monoids S for which MR(p) = U(p) < 00 for all types p over subsets of 
models of Ts, introducing a condition (MU). We also refer the reader to 
[16], where Ivanov presents a condition bearing some resemblance to (MU) 
that will imply MR(p) = U(p). In a subsequent article [13] the second 
author builds on the techniques developed here to consider the more general 
question of for which monoids S do we have U(p) IMR(p) < 00. Our 
algebraic characterisation of such monoids allows us to give examples of S 
such that Ts is totally transcendental but is such that U(p) < MR(p) for 
some type p .  We remark that for a complete, stable theory T ,  if p E S(A)  
and q E S ( B )  with A C B,  p C q and MR(p) an ordinal, then U(p) = U(q) 
if and only if MR(p) = MR(q) [27]. 

The two conditions on monoids used in the characterisation theorem 
are the right noetherian property (that is, all right congruences are finitely 
generated) and the condition (MU) which we now explain. Let S be a 
monoid and let ( I ,  p) be a congruence pair, that is, ( I ,  p) E C. We say that 
( I ,  p)  is critical if there is a finite subset K of ( S  x S )  \ p such that for all 
right congruences 8 which saturate I ,  contain p and agree with p on I (i.e. 
8 n ( I  x I )  = p n ( I  x I ) )  we have 

K ( S  x S) \ I9 implies p = I9 or 8-R(I) < pR(1). 

We then say that S satisfies (MU) if every congruence pair of S is critical. 
Note that for any right congruence p,  the congruence pair (S, p) is crit- 

ical. In the very special case where S is a group, to show that S satisfies 
(MU) we need only show that (8, p)  is critical for every right congruence p. 
In this case, for any  right congruence 8, we have that 8-R(0) = 1. Thus to 
show that (8, p )  is critical, we need to find a finite set K C ( S  x S )  \ p such 
that if p C 8 and K g ( S  x S) \ 6,  then p = 8. 



144 

For any right coherent monoid S ,  if ( I ,  p) E C and { s p  : s # I} is finite 
it is then easy to see that the pair ( I ,  p) is critical. 

Lemma 5.1. For any right ideal I of a monoid S with S / I  finite, every 
congruence pair ( I ,  p) is critical. I n  particular, every finite monoid satisfies 
(MU). 

(MU). 
We now consider a useful sufficient condition for a monoid to satisfy 

Proposition 5.1. Let Cr(S)  be the lattice of right congruences of a monoid 
S. If Cr (S )  satisfies the minimal condition and each p E Cr(S)  has only a 
finite number of covers, then S satisfies (MU). 

Proof. Let ( I , p )  be a congruence pair. If S = I ,  then we have already 
noted that the pair is critical. Otherwise, p cannot be universal since I is p 
saturated and so the set of right congruences strictly containing p contains 
minimal members which are covers of p. Let p1,. . . , pt be these covers. For 
each i E { 1, . . . , t }  choose a pair (a i ,  b i )  in pi \ p. Now put 

K = { ( a l ,  b l ) ,  . . . , (a t ,  &)I.  
Suppose that 6 E C,(S) and p C 6. If p # 6, then it follows from the minimal 
condition that pi 2 6 for some i. Thus (ai ,  bi) E B and consequently K is 
not contained in (Sx S)\O. Hence the pair ( I ,  p) is critical and consequently 
S satisfies (MU). 0 

For groups, the converse of Proposition 5.1 is true as we now demon- 
strate. 

Proposition 5.2. A group G satisfies (MU) if and only i f  the lattice L(G) 
of subgroups of G satisfies the minimal condition and every subgroup has 
only finitely many covers in L(G).  

Proof. Suppose that G satisfies (MU) and let 

p 1  2 p2 2 * . .  
be a decreasing sequence of right congruences. Put p = n { p i  : i E w } .  
By assumption, (0,~) is critical and so there is a finite set K such that 
K C (G x G )  \ p and if K C (G x G )  \,om, then p = pm. If ( a ,  b) E K ,  then 
( a ,  b) $! pt for some t and since K is finite, it follows that for some m we 
do have K C_ (G x G )  \pm. Hence pm = pm+l = ... and C,(G) satisfies the 
minimal condition. 
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In view of the minimal condition, every p E C,(G) except G x G actually 
does have covers. If {px : X E A} is the set of covers of p, then px n pp = p 
for each X,p E A with X # p. Hence, if ( a , b )  $ p, then ( a , b )  can belong to 
at most one of the covers of p. Since (0, p) is critical, there is a finite set K 
such that K 5 (G x G) \ p and K is not contained in (G x G) \ px for any 
cover px of p. But any given pair in K is in at most one cover of p and so 
there are only finitely many covers of p. 

Now use the fact that the lattice of right congruences on a group is 
0 isomorphic to the lattice of subgroups. 

We note that the quasi-cyclic group Z(p") where p is a prime number 
satisfies the conditions of Proposition 5.2 and thus satisfies (MU). On the 
other hand the infinite cyclic group does not satisfy the minimal condition 
for subgroups and hence does not satisfy (MU). It is, in fact, easy to show 
that the congruence pair (0, L )  is not critical in this case. 

We have introduced the condition (MU) to help in our discussions of 
Morley rank. To define the latter we use make use of the natural topology 
on Stone spaces of types. 

Let T be a complete theory and let A C M. Then S(A)  may be made 
into a topological space by specifying the sets 

($(.I) = { P  E S(A) : $(.I E P} 
as a basis of open sets, where $(z) is a formula of L(A).  The space S(A)  
has a basis of clopen sets (q5(x)), and is compact and Hausdorff. 

If T is a theory which has elimination of quantifiers (for example, Ts),  
then a routine argument gives that the sets (B(z)) where B(x) is a conjunc- 
tion of atomic and negated atomic formulae form a basis for the topology 
of S(A).  

Let T be a complete theory in a first order language L and let A be a 
subset of a model of T .  Subsets M R a ( A )  of S ( A )  are defined by induction 
on the ordinal Q as follows: 

(i) MRo(A) = S(A).  
(ii) If a is a limit ordinal, then 

MRa(A) = n{MR'(A)  : ,b < a}. 

(iii) For any a, MR"+'(A) = MR"(A)  \ X", where 

X" = { p  E MRa(A) : for all B 2 A and all extensions q of p on B ,  

q $! M R a ( B )  or q is isolated in MR"(B)} .  
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We may take B to be an L-substructure of a model of T.  
For p E S(A), the Morley rank of p is MR(p) where, if p E MRa(A) for 

all a, then MR(p) = 00 and otherwise MR(p) is a where p E MRa(A) \ 
MRa+'(A). If MR(p) < 00, then we say that p has Morley rank. 

It is a standard result that for all types p ,  U(p) 5 MR(p) [27]; we need 
this in the proof of the main result of this section. We first note that for any 
type p over an S-act A, MR(p) = 0 if and only if I p  = S ,  that is U(p) = 0. 
For if I p  = S and p q where q E S(B) ,  then since 1 E I q ,  x = b E q 
for some b E B and { x  = b }  isolates q in S(B) .  Thus p 6 MR1(A) so that 
MR(p) = 0. The converse is clear. 

We can now state the main result of this section; the interested reader 
may wish to compare our result with that of [17], where some conditions 
are given which imply that for a relevant type p ,  MR(p) = U(p). 

Theorem 5.1. For every type p over an S-act A, MR(p) = U(p)  < 00 if 
and only if S is  right noetherian and satisfies (MU). 

Proof. Suppose first that the condition on ranks of types holds. Let ( I ,  p) 
be a congruence pair. By Corollary 3.1, there is an S-act A and a type p 
over A with I p  = I , p p  = p. Let the associated A-triple be ( I , p ,  f) and 
let p have Morley rank a. Then there is an open set U in S(A) such that 
p E U and MR(q) < a for all q in U \ { p } .  Let U = ($(x))  where $(x)  is a 
conjunction of sets of formulae:- 

{xri = ai : i E RI}, {xsj = x t j  : j E &}, 

{ X U k  # xvk : k E h g } ,  {.We # be : 1 E 

where the index sets R1, ..., A4 are all finite. Since p E (C$(x)), each ri is a 
member of I and each pair ( s j , t j )  is in p. 

Let 8 be any right congruence on S which saturates I ,  properly contains 
p and agrees with p on I .  Then ( I ,  8, f) is an A-triple; let p be the associated 
type over A. Certainly each pair ( s j ,  t j )  is in 6 since p 5 8. Thus we see that 
the sets {xri = ai : i E A,} and {xsj = xtj : j E Rz} are contained in p.  If 
the formula xwe = be is in is for some 1 E h4, then we E I and f (we)  = be 
and consequently, xwe = be is in p ,  a contradiction. Thus each inequation 
xwe # be is in j 3  and we see that C$(x) E j 3  if and only if X U k  # X V k  is in p 
for each k E Ag. 

Let K = {(u1,vl), ..., (um,vm)}; since X U k  # xvk is in p we certainly 
have that K C (S x S) \p.  If K G (S x S) \e l  then we have $(x)  E p so that 
p E ( $ ( x ) )  and hence MR(p) < MR(p). But U(p) = MR(p) and U(p) = 
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MR(p) so that O-R(I) < pR(1). Thus ( I ,  p) is critical and hence S satisfies 

To see that S is right noetherian we consider the case I = 0. Let (T be 
the right congruence on S generated by {(sj, t j )  : j E A2}. Certainly (T C p 
and if p i  is the type over 0 associated with (T, then clearly pl E ( 4 ( ~ ) ) .  
Hence, using our assumption on ranks, 

(MU). 

M R b )  = U(P) = P-R(0) I o-R(0) = U(pi) = MR(p1) 5 MR(p), 

that is, MR(pi) = MR(p). By the choice of ($(x)), we have that p = pl so 
that p = (T and p is finitely generated. 

Conversely, suppose that S is right noetherian and satisfies (MU). By 
Theorem 4.2, Ts is certainly superstable so that for every S-act A,  every 
type p in S(A)  has U-rank. We show by induction that for every p ,  MR(p) = 

U(P). 
If U(p) = 0, then I p  = S and so, as already noted, MR(p) = 0. 
Now let p E S(A)  and U(p) = a and suppose that for all S-acts B and 

all types q E S ( B )  with U(q) < a we have MR(q) = U(q). Let I = I p ,  
p = pp. Certainly U(p) 2 MR(p) so we have p E MRa(A)  and we wish 
to show that p @ MR"+l(A) ,  that is, for every S-act B containing A and 
every extension q of p over B we want either q 4 M R a ( B )  or q is isolated 
in M R a ( B ) .  

So let q E S ( B )  where B is an extension of A and qlA = p. Suppose that 
q E M R a ( B ) .  We have to find an open set U such that M R a ( B ) n U  = { q } .  
By Proposition 3.3, we have I C I ,  and p = p,. Now a! <_ MR(q) and so by 
the inductive assumption we cannot have U ( q )  < a. But U(q) 5 U(p) = a 
so that U(q) = a. Now by the definition of U-rank, we must have that q is 
a non-forking extension of p and so by Lemma 4.1, I = I,. 

As S is right noetherian, I = U{w& : i E A} for some finite set A and p 
is generated by a finite subset H of SX S. For each i E A, let ai = f,(wi). By 
assumption, the pair ( I ,  p )  is critical. Let K be the finite subset of (SX S)\p 
required in the definition of criticality and let c(z) be the formula obtained 
by taking the conjunction of the following sets of formulae: 

{ Z W ~  = ai : i E A}, { ICS = xt : (s, t )  E H } ,  { X U  # xw : (u,  W) E K } .  

Then q E (((x)). Let T E (E(x)) and suppose that MR(T) 2 a. Our aim is 
to show that T = q and this will complete the proof that U(p) = MR(p) 
and hence prove the result by induction. 

Note that I C I,. and p 2 p,. so that I,. is psaturated. If I # I,., then, 
by Proposition 3.4, q has an extension ij with Iq = I,. and by Lemma 4.1, 
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ij is a forking extension of q. Hence, U(ij) < U(q) = a. By Proposition 3.3, 
,q = p and thus 

The inductive assumption gives MR(r) < a, a contradiction, so that we 
may suppose that I = Ir. 

Since f, and fr agree on the set of generators {wi : i E A} of I ,  it follows 
that f, = f, and p, n (I x I) = kerf, = kerf, = p n  ( I  x I ) .  

If p # p,, then as K C ( S  x S> \ pr we have p,-R(I,) < p R ( I )  so 
that U(r) < U(q) = QI and the inductive assumption gives MR(T) < a,  a 
contradiction. Thus pr = p and, as fr = f,, Corollary 3.1 now gives T = q 
as desired. 0 

We have noted already that the infinite cyclic group does not satisfy 
(MU) although, of course, it is (right) noetherian. On the other hand the 
group Z(p") is not (right) noetherian but does satisfy (MU). Thus the two 
conditions in the theorem are independent. Furthermore, these observations 
also show that there are monoids S such that Ts is totally transcendental 
(w-stable) but such that for some S-act A there is a type p in S(A)  with 

We can be more precise with our two examples. For any group G and 
any type p over a G-set A we have I p  = G or Ip = 8. In the former case 
U(p) = MR(p) = 0 and in the latter case U(p) = 1. It is not difficult to  see 
that if p E S(0) (so that necessarily I p  = 0), then for any G-set A there 
is exactly one extension p~ of p in S(A)  with IpA = 0. A simple argument 
using transfinite induction shows that for all ordinals a 2 1, MR(p) >_ a 
if and only if M R ( ~ A )  2 a for all G-sets A.  It follows that MR(p) = a if 
and only if p E M R a ( 0 )  and p is isolated in MRa(0) .  Moreover, MR(p) = 
M R ( ~ A )  for all G-sets A. 

It is now not difficult to show that for the infinite cyclic group G with 
generator g, if p ,  is the type in S(0) corresponding to the subgroup gener- 
ated by g n ,  then MR(p,) = 1 for n L 1 and MR(p0) = 2. Thus U(po) < 

Similarly, if G = Z(p") is regarded as the group of all pn-th roots of 
unity for all n 2 1 and if for each n, p ,  is the type in S(0) corresponding to  
the subgroup generated by a primitive p"-th root of one, then MR(p,) = 1. 
For the type p ,  in S(8) corresponding to  G itself we find that MR(p,) = 2 
so that U(pm) < MR(p,). 

U(P)  < MR(P). 

MR(Po ). 
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6. Right noetherian monoids which satisfy (MU) 

The main result of the preceding section makes it natural to consider the 
monoids of the title. As the condition (MU) is rather complicated it is 
far from clear precisely which monoids satisfy (MU). Of course, any finite 
monoid is right noetherian and also, by Lemma 5.1, satisfies (MU). One of 
the main results of this section shows that the converse is true for an exten- 
sive class of monoids, namely the weakly periodic monoids. However, not 
every right noetherian monoid which satisfies (MU) is finite. We will show 
that an infinite example is the free commutative monoid on one generator. 

Our first objective is to show that (right) noetherian groups which sat- 
isfy (MU) are finite. To this end we need the lemma below which can be 
deduced from Konig’s Lemma, but which is very easy to prove directly in 
much the same way that Konig’s Lemma is proved. 

Lemma 6.1. Let Y be a lattice satisfying the finite chain condition. If 
every member o f Y  has only finitely m a n y  covers, t hen  Y is  finite. 

Proof. Since Y satisfies the descending chain condition, it has a least ele- 
ment 2 0 .  If Y is infinite, then since 20 has only finitely many covers, xo has 
a cover 21 such the filter above 2 1  is infinite. But X I  has only finitely many 
covers, so there must be one of these, say 22, such that the filter above 22 
is infinite. Continuing in this way we find an infinite chain 

20 < 2 1  < 22 < . . . 
of elements of Y , contradicting the ascending chain condition. 0 

Corollary 6.1. Let G be a right noetherian group which satisfies (MU).  
T h e n  G i s  finite. 

Proof. By Proposition 5.2, the lattice C(G) of subgroups of G satisfies 
the minimal condition and every subgroup has only finitely many covers in 
C(G). Since C(G) also satisfies the maximal condition, it has the finite chain 
condition and by Lemma 6.1, L(G) is finite. As pointed out on pp.170-171 

0 

The next stage in our argument is to show that any subgroup of a 
monoid which is right noetherian and satisfies (MU) inherits these prop- 
erties. To do this we utilise some classical semigroup theory, in particular, 
basic results about Green’s relations L,  R and ‘FI. The relation C is defined 
on a monoid S by the rule that for any a,  b E S, a C b if and only if S a  = Sb.  

of [2], it follows easily that G is finite. 
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The relation R is defined dually; 'H = C n R. Note that C (R) is a right 
(left) congruence. Details may be found in any of the standard texts. We 
recommend [15]. 

Lemma 6.2. If the monoid S is right noetherian, then so is every subgroup. 

Proof. Let G be a subgroup of S. For any right congruence p on G, let i j  
denote the right congruence on S generated by p. If a,  b E S and a 7 b, then 
a = b or there exists a sequence 

a = cl t1 ,dl t l  = c2t2,. . . ,dete = b, 

where (ci, di)  E p ,  1 5 i 5 l .  Notice in particular that a C b. Suppose now 
that a ,  b E G. We claim that i j  n (G x G )  = p .  Let e be the identity of G. 
Then we certainly have 

a = c l ( e t l ) , d l ( e t l )  = ca(et2), . . . ,de(ete) = b. 

Taking inverses in G we have 

etl = cy'a E G. 

This gives that apd l (e t1 ) .  Now 

et2 = cTldl(et1) E G, 

so that apdz (e t2 ) .  Continuing in this manner we obtain a p b .  Thus G is 
psaturated and ;iin (G x G )  = p as required. It is now easy to see that if 
S is right noetherian, so also is G. 

Lemma 6.3. If the monoid S is right noetherian and satisfies (MU), then 
so does every maximal subgroup. 

Proof. Let G be a maximal subgroup of S ,  so that G is a group 'H-class. 
We already know from Lemma 6.2 that G is (right) moetherian. Suppose 
now that S satisfies (MU). To show that G satisfies (MU) we need only 
prove that the pair ( 0 , p )  is critical for any right congruence p on G. 

Let e be the identity of G, let 

I = U{SaS : SaS c S e S }  and J = SeS. 

Then 1 and J are ideals of S. From Theorem 1.3 of [14] we know that 
the principal factor J/I is completely 0-simple or completely simple. Let p 
be defined as in Lemma 6.2; since p C_ C and C is a right congruence, we 
have that p C C. Thus any ideal of S is p-saturated. Let VI be the Rees 
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congruence associated with I ,  so that for any a ,  b E S ,  a UI b if and only if 
a = b or a ,  b E I .  Since I is Bsaturated and ur-saturated, it is clear that 
6 = 3 U UI is a right congruence saturating I .  Moreover, for any a ,  b E S ,  
if a # b and u p b, then either a ,  b E I or a ,  b E J \ I .  In the latter case, we 
have up b and so, since J/I is completely (0)-simple, it follows that a IH b R e. 
Consequently, any right ideal containing I is psaturated. Thus if 8 is any 
right congruence on G, then pR(I )  = &R(I). 

The congruence pair ( I ,  p )  is critical; let K C ( S  x S )  \ ,Z be a finite set 
of pairs guaranteed by the fact that (I, p )  is critical. We need to pick a set 
of pairs of elements of G that will enable us to show that (0, p)  is critical. 

( a , b ) E K n I H n ( R , x R , )  

choose and fix c = q a , b )  E J \ I with ac, bc E G. It follows from the fact 
that J / I  is completely (0)-simple that (ac,  bc) @ p. We now put 

For any pair 

H = {(ac,  bc) : ( a ,  b )  E K n IH n (Re x Re)}, 

so that H C (G x G) \ p. 
Let 8 be a right congruence on G containing p and such that H C 

(G x G) \ 8. Certainly p 8, I is &saturated and p n  (I x I )  = 8n (I x I) .  
If K 9 ( S  x S )  \ 8, then there exists ( a ,  b) E K n 8. But ( a ,  b) 4 p ,  so we 
are forced to deduce that a ,  b E Re and a IH b. Consequently, 

(ac,bc) E 8n (G x G) =en(G x G) = 8. 

But (ac,  bc) E H ,  a contradiction. Thus K C ( S  x S )  \ 8. Now by the 
definition of critical pair, p = 8 or pR(I )  < 8-R(I). But the latter is 
impossible by previous comments on saturation of right ideals. We conclude 

0 that p = 8 and consequently, p = 8 as required. 

From Lemmas 6.1, 6.3 we deduce the following. 

Theorem 6.1. If S is a right noetherian monoid which satisfies (MU), 
then all subgroups of S are finite. 

A semigroup S is weakly periodic if for every element s of S there is 
a positive integer n = n ( s )  such that I2 = I where I = S1snS1. If S 
is a semigroup which satisfies the minimal condition for principal ideals 
or for principal right (or left) ideals or if S is periodic, then S is weakly 
periodic. Regular and eventually regular (some power of any element is 
regular) semigroups are weakly periodic as are semisimple semigroups, that 
is, semigroups with no null principal factors. 
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Corollary 6.2. If S is  a weakly periodic right noetherian monoid which 
satisfies (MU), then S is  finite. 

Proof. By Theorem 6.1, all subgroups of S are finite. Hence by Theorem 
0 

Corollary 6.3. Let S be a right noetherian monoid which satisfies (MU). 
If the relation R is a congruence on S and there are only finitely many 
trivial R-classes, then S is finite. 

2.3 of [14], S is finite. 

Proof. We show that S is weakly periodic so that the result follows from 
Corollary 6.2. Let a E S and consider the sequence S 2 aS 2 a2S 2 .... 
Let I = n { a i S  : i E w } ,  p be the Rees right congruence associated with I 
and pi that associated with aiS. If I = 0, then we take p to be L .  The pair 
( I ,  p)  is critical and so there is a finite subset K of ( S  x S )  \ p  such that for 
any right congruence 8 with K C ( S  x S )  \ 8 where 6 saturates I ,  agrees 
with p on I and contains p, we have either p = 8 or 8-R(I )  < p R ( I ) .  Since 
K is finite, K 5 ( S  x S )  \ pn for some n. By hypothesis, aPS = I for some 
p ,  or there is an element a" with n 5 m whose R-class is non-trivial. 

In the latter case, suppose that amS # I .  Let z,y be distinct elements 
in the R-class of am and let v be the right congruence generated by the set 
p U ((2, y)}. It is easy to see that if (u, w) E v and u # v, then u, v E a"S 
a n d e i t h e r u R v o r u , v E I . T h u s p c v S p ,  a n d h e n c e K ( I ( S x S ) \ u .  
F'urthermore, v saturates I and agrees with p on I and consequently, u- 
R(I) < p R ( I ) .  But all right ideals which contain I are both psaturated 
and u-saturated since as noted above, if (u, v) E u and u, w @ I ,  then u R v. 
Hence u - R ( I )  = p R ( I ) ,  a contradiction. It follows that if a E S then the 
descending chain of principal right ideals S 2 aS 2 a2S 2 ... is finite. Thus 
a Q S  = I for some q so that aQS = aQ+lS = .... Hence aQ = a2qs for some 
s E S and so aQS = (aQS)2. It follows that SaQS = (SaQS)2, and S is 
weakly periodic. 0 

On a commutative monoid the relations 'H,R and C coincide and R 
is automatically a congruence. The following result is thus an immediate 
consequence of Corollary 6.3. 

Corollary 6.4. Let S be a noetherian commutative monoid which satisfies 
(MU). If S has only finitely many trivial R-classes, then S is finite. 

We now give an example of an infinite noetherian commutative monoid 
which satisfies (MU). Of course, in view of Corollary 6.4, our example must 
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have infinitely many trivial R-classes. 

Proposition 6.1. The additive monoid N of non-negative integers is 
noetherian and satisfies (MU). 

Proof. It is well known and easy to show directly that N is  noetherian. If I 
is a non-empty ideal of N, then N / I  is finite so that it follows from Lemma 
5.1 that any congruence pair (1 ,p)  is critical. It remains to consider pairs 
(8, p). If p = L,  then L-R(Q)) = w. When p # L,  let r, m be the smallest integers 
such that (r, T + m) E p and m 2 1. In fact, from page 137, Exercise 5 of 
[7] we know that p is generated by (r,r + m). It is then easy to  see that 
pR(8)  is finite so that (0, L )  is critical by choosing K = 0. Further, putting 

K = { ( s , s + n )  : 0 5 s 5 r,O 5 n 5 m}\ ( ( r , r+m)} ,  

it is clear that K C (Sx S)\p. But if p c 6, then Kn6 # 0 and consequently 
0 the pair (8, p) is critical. Thus N satisfies (MU). 

In our final result we show that N is the only infinite commutative 
cancellative principal ideal monoid which is both noetherian and satisfies 
(MU). 

Proposition 6.2. Let S be a commutative, cancellative principal ideal 
monoid. Then  S i s  noetherian and satisfies (MU) i f  and only i f  S is a 
finite group or is isomorphic to N. 

Proof. Suppose that S is noetherian and satisfies (MU). If S is finite, then 
since it is cancellative, it must be a group. 

If S is infinite, then by Corollary 6.4, S must have infinitely many trivial 
'Ft-classes. Let a be a unit of S so that a 'Ft 1. For any element c E S,  we 
have ac 'l-l c since 'Ft is a congruence on S .  If a # 1 then ac # c since S is 
cancellative and so H, is non-trivial unless a = 1. Thus the group of units 
of S is trivial, It follows from Theorem 12  of [S] that S is isomorphic to IQ 
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The Greeks understood, around 350 B.C., how to construct, with Euclidean 
tools, regular N-gons for N = ZCNo, where No = 1,3 ,5  or 15. Two thousand 
years later, Gauss proved that a Euclidean construction of a regular N-gon is 
possible if and only if N = 

Here we are content to constuct arbitrarily close approximations to regular 
polygons. Our constructions lead to some interesting number theory involving 
the Euler totient function. For a given odd number b, and a given odd number 
a < $, we construct a numerical array, called a symbol and describe an explicit 

procedure based on the symbol for constructing a regular star { t}-gon. 
We can combine the symbols for a given b to produce a complete symbol 

where each constituent symbol is called a coach. We present two theorems, the 
Quasi-Order Theorem and the Coach Theorem, which show how the numbers 
appearing in the symbol (and hence the steps in our constructions) are governed 
by the values of @(b) and the quasi-order of b mod 2. We then generalize the 
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1. Introduction 

As is well-known, roundabout 350 B.C. the Greeks were fascinated with 
the idea of constructing regular N-gons with Euclidean tools (straight 
edge and compass). They were successful in constructing regular N-gons 
for N = 2cN~,  with NO = 1, 3, 5,0r 15, and N 2 3 (so that the polygon 
will exist). Naturally the Greeks would have liked to answer the question 
for every N ,  but, in fact, it seems that no further progress was made until 
about 2000 years later, when Gauss (1777 - 1855) completely settled the 
question by proving that a Euclidean construction of a regular N-gon is 
possible if and only if N is of the form 

N = 2‘ (a product of distinct Fermat primes) . 

A Fermat number has the form F, = 22n + 1. If it is prime we call it a 
Fermat prime. 

Gauss’ remarkable theorem tells us when a Euclidean construction is 
possible, provided we know which Fermat numbers are prime - which we 
don’t! However, we do know that the following Fermat numbers are prime: 

The great Swiss mathematician Euler (1707 - 1783) showed that F5(=  
232 + 1) is not prime and, although many composite Fermat numbers have 
been identified, to this day no other Fermat numbers have proven to be 
prime, beyond those listed above. Thus, even with Gauss’s contribution, a 
Euclidean construction of a regular N-gon is known to exist for very few 
values of N ;  and, even for these N ,  we do not know, in all cases, an 
explicit construction. 

In the middle of the 20th century one of the authors (JP) discovered 
a systematic folding procedure, using straight strips of paper (like adding 
machine tape), that produced some regular polygons to any desired degree 
of accuracy.a Shortly thereafter she began working with PH and they 
described a systematic method of producing a regular bgon, to any desired 
degree of accuracy, for any number b 2 3. We note here that our objective 
is distinctly different from what the Greeks and Gauss were attempting 
to do, in that we systematically fold straight strips of paper, as will be 
described briefly below, and, once sufficient convergence has taken place, 

Fo = 3, Fl = 5 ,  Fz = 17, F3 = 257,and F 4  = 65537. 

a The paper-folding result came about by trying to construct hexa-flexagons, written 
about by Martin Gardner in Scientific American (December 1956.) Martin Gardner later 
wrote about JP’s braided polyhedra in his book Wheels, Life, and Other Mathematical 
Amusements (both of these may be found in [l]). 
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we use the folded strip to construct an approximation to the desired regular 
polygon, or star polygon. 

Thus JP and PH redefined the Greeks' original problem. They agreed 
that they would be content to produce approximations to regular bgons as 
long as they could depend on the error constantly becoming smaller. This 
seems reasonable since Euclidean constructions are only perfect in the mind 
- after all, what is actually produced is a function of how sharp your pencil 
is, how steady you hold the compass, and how carefully you place the ruler. 
Thus, even with Euclidean constructions, there are inevitable inaccuracies, 
due to human error. In the systematic folding procedures which we use, 
each correct fold that is made cuts any previous error in half - and, as 
you would expect, this produces very respectable (even if not completely 
perfect!) regular polygons. 

The work constructing regular polygons leads to some fascinating num- 
ber theory involving the Euler totient functionb. To deal with some of the 
mathematical questions arising, JP and PH brought in the third author 
BW. 

In order to set the scene for the number-theory aspect of our story we 
now give a very abbreviated version of how polygons may be obtained from 
the folded paper and refer the interested reader to the various references 
for more details about the actual constructions. 

First we need to explain how a suitably creased strip of tape may be 
folded by what we call the FAT-algorithm to produce a regular convex p 
gon. Figure l(a) shows a strip of paper on which the dotted lines indicate 
certain special crease lines. Assume that the crease lines at the vertices 
labeled VI ,  Vz, . . . which are on the top edge, form identical angles of : (n 
radians= 180 ) with the top edge with an identical angle of : between the 
two downward crease lines. Now, if you fold first on the longer crease line 
coming from Vl and then (twisting the paper in the same spiral direction) 
on the shorter line coming from V1 you will see that the top edge of the 
strip has rotated through an angle of ?$. Repeating the process at the 
points V2, V3, b, will produce the portion of a regular polygon shown in 

The Euler totient function, a, counts the number of positive numbers less than 
a positive number b that are relatively prime to b. It is a well-known result of 
number theory that if p is prime then @ ( p " )  = ( p  - l ) p " - l .  Furthermore, for all 
mutually prime positive numbers k and f? , 9 ( k  . f?) = Q ( k ) @ ( f ? ) .  Thus we can 
calculate @(m) for any positive integer m. is 

@(n) = n (1 - &) (1 - &). . . (1 - 1) Pk , where p i ,  p 2 ,  ..., pk are the distinct prime 
factors of n. 

Another, equivalent, definition of 
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Figure l(b).  When this process of folding and twisting, which we call the 
FAT algorithm, is repeated p times the top edge will have rotated through 
an angle of 2n and hencea regular p-gon will emerge. 

FIGURE 1 

Since the 7-gon is the polygon with the smallest number of sides for 
which no Euclidean construction exists, we show a suitably folded strip of 
paper in Figure 2(a) that can be used to construct it. This strip of paper 
may be obtained by starting with an arbitrary fold line going downwards at 
the left-hand side of the strip. We assume that this line makes an angle of 

with the top edge of the tape and fold according to the following rules: 

Each new crease line goes in the forward (left to right) direction along 
the strip of paper. 
Each new crease line bisects the angle between the last crease line and 
the edge of the tape from which it emanates. 
The bisection of angles at any vertex continues until a crease line pro- 
duces an angle of the form 9 where a’ is an odd number; then the 
folding stops at that vertex and recommences at the intersection point 
of the last crease line with the other edge of the tape. 

To prove that the smallest angle on the tape in Figure 2(a) does ap- 
proach 7 ,  simply assume that the original angle indicated as measuring 
on the top left-hand side is $ + E (where E is any number). Then calculate 
the measure of each new angle that appears on the tape between a fold line 
and the edge of the tape. For example, if we were to call the successive new 
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n 

FIGURE 2 

angles appearing next to the edge of the tape 21, 22, 23 ,  . . . , then we see 
immediately, from elementary geometry, that x1 (the angle formed by the 
first fold line sloping upwards and the bottom edge of the tape) satisfies 
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the equation 
T 
- + E + 221 = T ,  
7 

from which it follows that 2 1  = f - 5 .  Then the next angle formed between 
a fold line and an edge of the tape (namely the second small angle along 
the top of the tape) satisfies the equation 

from which it follows that z2 = + $. From these two elementary 
calculations it is clear that, every time the tape is folded UP once and 
DOWN twice (we call the folded strip (2,l)-tape), the original angle will 
get closer still to  $. This "error correction" method is an example of what 
we call our optimistic strategy in action. In fact, in this setting, it is always 
the case that if we assume we HAVE what we want (provided it is a rational 
multiple of T ) ,  and fold according to  the 3 rules given above, we always 
GET what we want!). The proof of this, in general, is given in [2,3,6]. 

Figure 2(b) shows the FAT 7-gon produced by performing the FAT- 
algorithm on consecutive vertices along the top of the folded tape shown in 
Figure 2(a). But, as so often happens in mathematics, we get more than 
we expected. Figures 2(c), (d) show the regular {$}- and {i}-gons 
that are produced from this (2,l)-tape by executing the FAT-algorithm on 
the crease lines that make angles of $ and f ,  respectively, with an 
edge of the tape (we always orient the folded tape so that the angle we are 
using, for the FAT algorithm, is along the top edge of the tape). In Figures 
2(c), 2(d) the FAT-algorithm was executed on every other suitable vertex 
along the edge of the tape so that, in (c), the resulting figure, or its flipped 
version, could be woven together in a more symmetric way and, in (d), the 
excess could be folded neatly around the points to obtain the figure on the 
right. 

What we have described for b = 7 will work for any odd number. When 
b is an even number it is necessary to make secondary fold lines. The 
reader will probably see just where these secondary fold lines should be 
made in the tape of Figure 2(a) in order to produce tape from which it is 
possible to construct a regular FAT 14-gon. Similarly, more secondary fold 
lines may be made on this tape to produce the FAT 28-gon, 56-gon, and, in 
general, the 2"7-gon, n 2 1. Detailed instructions for doing this, and for 
constructing all star polygons, may be found, for example, in Section 4.5 of 
[2]. Thus we need only concern ourselves with finding folding procedures 
for odd numbers b. 
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We notice, from our example, that the folded tape produced some regu- 
lar star polygons as well. We will call these regular star polygons { $}-gonsc, 
where a 2 2; and we observe that it makes sense to require that a < k, 
since to take larger values of a would just result in star polygons where the 
top edge visits vertices in the opposite order around the bounding bgon - 
and each of those star polygons is identical to one already produced. For 
example, a { $}-gon is the same as a { ;}-gon. 

on the tape 
at equally spaced intervals allows us to construct a regular star {:}-go+ 
we ambitiously try to construct, by similar means, a regular star { y}-gon. 
Once again we can obtain the instructions by using our optimistic strategy, 
which means that we assume that we can fold the desired angle of $ at 
A0 in Figure 3(a), and we adhere to the same three folding principles that 
we used in constructing the regular 7-gon. 

Encouraged by the observation that having an angle of 

(b) 

FIGURE 3 

Once again the optimistic strategy works; and, using the three rules 

One may think of the -gon as a polygon where the top edge of the tape visits 

every ath vertex of the bounding bgon. For example we see in Figure 3(c)  that for the 
{ $}-gon the top edge visits every 2nd vertex of the bounding 7-gon. 

e l  
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above, we get the tape whose angles converge to those shown in Figure 
3(b). We could denote this folding procedure by D1U3D1U1D3U1, inter- 
preted in the obvious way on the tape - that is, the first exponent “1” 
refers to the one bisection (producing a crease in a downward direction) at 
the vertices A6n (for n = 1, 2, - .  .) on the top of the tape; similarly the 
“3” refers to the 3 bisections at the bottom of the tape (producing creases 
in an upward direction) made at the vertices Asn+l; etc. However, since 
the folding is duplicated halfway through, we can abbreviate the notation 
for the folding procedure and write simply (1 ,3 ,  l), with the understand- 
ing that we alternately fold from the top and the bottom of the tape as 
described, with the number of bisections at each vertex running, in order, 
through the values 1,3,1,. . .. 

The convergence can be shown using an error-correction type of proof 
similar to that described earlier for the tape that produced the 7-gon. The 
reader should have no difficulty in supplying the details. 

FIGURE 4 

Now consider the tape in Figure 3(b). If the FAT-algorithm is performed 
on consecutive parallel creases of the same length, some { k}-gon will result. 
If, for example, we use the crease lines AGnAsn+l, 0 5 n 5 10, (all of which 
make an angle of 8.. with the top edge of the tape) we canget the { ?}- 
gon shown in Figure 4(a). Likewise, if we perform the FAT-algorithm on 
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theshortest crease lines emanating downward from Asn+4 (05  n 5 lo) ,  we 
can get the { y}-gon shown in Figure 4(b). 

In fact, it is possible to fold, from this tape, ALL of the possible regular 
star ll-gons;d namely, the { ?}-, { +}-, { ?}-, { ?}-, and { y}-gon. 
Notice that there are fold lines of five different lengths on this tape. 

Now, in preparation for the number theory, and to enable us to system- 
atically determine the folding procedure for any given a and b, let us look 
at the patterns in the arithmetic of the computations for this last example 
where a = 3 and b = 11. Referring to Figure 3(b) we observe that 

the smallest angle to 
the right of A, where 

is of the form and the number of bisections 
at the next vertex fir 

n = O  a = 3  = 3  
n = l  a = l  = 1  
n = 2  a = 5  = 1  
n = 3  a = 3  = 3  
n = 4  a = l  = 1  
n = 5  a = 5  = 1  

We could write this as a shorthand symbol in the following way: 

Notice that (1) only has three entries in the top and bottom row (instead 
of the six you might have expected from the layout above it); this is because 
we stop when the next ai+l will be the same as the initial number a1 in 
the top row. We then say that the symbol (1) is contracted. 

Observe that if we had started with the assumption that our original 
angle was 6 (say, at vertex Ad),  we would have gotten identically the 
same folded tape, but then the symbol would have taken the form 

(a1 =)1 (a2 =)5 (a3 =)3 
1 3 ( b  =)11 

In fact, it should be clear that we can start anywhere (with a1 = 1, 3, 
or 5), and the resulting symbol (1’), analogous to (l), will be obtained by 
cyclic permutation of the matrix component of the symbol, placing our 
choice of a1 in the first position along the top row. 

We will consider the regular 11-gon to be a special regular star polygon denoted, more 
elaborately, as a { y}-gon. 
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If we followed this procedure in an effort to construct a {T}-gon we 
would obtain the symbol 

(a1 =)9 (a2 =)3 (a3 =)15 
( b  =)33 I 3  1 1 

Notice that this gives precisely the same folding procedure as that for 
an { y}-gon in the symbol shown in (1). This means that if you fold the 
(3,1,1)-tape and perform the FAT-algorithm on the tape on the crease lines 
making an angle of with the top of the tape you willobtain an { +}- 
gon; because, of course $ = y .  This is, as we like to say, the most difficult 
method known to man for reducing fractions! We will avoid this difficulty 
by requiring that a1 and b are mutually prime. We may specify this 
by restricting a1 so that gcd(a1, b )  = 1 and we will then call our symbol 
reduced. 

In general, if we wish to fold a { $}-gon, with b, a odd and mutually 
prime, a < g, then we may construct a symbol as follows. We write 

where b, ai are odd, ai < %, gcd(a1, b) = 1 (reduced) and 

b - ai = 2kaai+l, i = 1, 2, . . ., T ,  ar+l = al(contracted) (3) 

In fact, (3) implies that if gcd(a1,b) = 1, then gcd(ai,b) = 1 for 
2 = 1 ,2 ,  * . ., T .  

Example 1.1. Suppose we wish to construct all possible star 31-gons. We 
start by finding instructions for folding a convex 31-gon; thus b = 31, 
a1 = 1 and we construct the symbol 

which tells US that by using the (1,4)-folding procedure we can produce 
tape that can be used to construct a FAT 31-gon. In fact, we get more; 
the (1,4) tape can be used to construct FAT 

{ y }  -, { y }  -, { ;} -, { ;} - and { g} - gons. 
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But this folding doesn’t produce a { ?}-gon. To obtain the { y}-gon 
we start with b = 31, a = 3 obtaining the symbol 

which tells us that by using the (2,3)-folding procedure, we produce (2,3)- 
tape from which we can fold the FAT { y}-gon. Again, we get more than 
we initially sought, the (2,3)-tape can be used to construct FAT 

{ :} -, { y }  -, { E} -, { v} -, and { E} - gons. 

However, we still don’t have a procedure for folding a { %}-gon. So, in 
order to get the { 8 )-gon, we construct a 2-symbol with b = 31, a1 = 5 
obtaining 

which tells us that, by using the (1,1, I, 2)-folding procedure, we produce 
tape from which we can fold the FAT {y}-gon. Once again, we get 
bonuses. In fact, the (1,1,1,2)-tape can be used to construct FAT 

{ +} -, { $} -, { E} -, { :} -, and { g} - gons. 

We can combine all the possible symbols for b = 31 into one complete 
symbol, which we will write C(31), calling each part a coach, with the 
number of coaches being denoted by c. The complete symbol C(31) then 
takes the form 

1 1 5 3  7 5  13 9 11 
1 1 2  311 1 4 2  1 3 1  1 (4) 

What do you notice about the value of the bottom row sum in each 
coach of (4)? It is the same, namely, 5. Notice, too, that the parity in the 
number of entries is the same in each coach (namely, in this case, even). 
Is this an accident? The interested reader should try writing out a few 
completeC(b) symbols for odd numbers b of your choice and looking for 
patterns among the numbers involved. Our first theorem applies to any 
coach of a complete C(b) symbol. 
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1 25 13 19 
~ ( 5 1 ) :  5111 

Theorem 1.1 (The Quasi-Order Theorem). Suppose that a ,  b are 
odd, with a = a1 < $, and the symbol 

5 23 7 11 

is obtained using the calculation 

b - ai = 2"ai+l(with ki maximal). ( 6 )  

Let ki = k ,  and assume that ( 5 )  is not only contracted (aT+l = 
a l ) ,  but also reduced (gcd(ai, b) = 1) .  Then  the quasi-order of 2 mod b is 
k .  That is, k is the smallest positive integer such that 

2 " k l  mod b. 

I n  fact, 2k f (-l)T mod b. (This means that b exactly divides - 
( - l )r l  which may  be written as b12k - (-l)r.) 

The proof of Theorem 1.1 may be found in [3].  
Notice that the symbol ( 1 )  may now easily be obtained by using (6), 

where b = 11, a1 = 3. As a result we see that r = 3 ,  and k = 5 and the 
quasi-order theorem then tells us that 11125-(-1)3 or 11132 + 1 = 33, and 
that 5 is the smallest positive exponent m such that 1112m f 1. Again, the 
quasi-order theorem would tell us, for any coach of the symbol (4), where 
b = 31, k = 5,  and r = 2 or 4 ,  that 31 exactly divides 25 - 1 (which can 
hardly be considered a surprise!) 

The example of C(31)  also gives us a glimpse of what is to come. Notice 
that @(31)= 30, where @ is the Euler totierit function, c = 3 ,  and k = 5 ,  so 
that, in this case (P(b)= 2ck. Here are a couple of other complete symbols 
for you to examine to see whether the relationships you have observed are 
just happy accidents, or whether you believe that they must always happen. 
(Of course, you may construct some for yourself as well, just to make sure 
we haven't chosen the only ones for which the relation (P(b)= 2ck holds.) 
Thus 

(P(43) = 42, k = 7 ,  c = 3. 

(P(51) = 32, k = 8, c = 2. 



169

£(65) : 65 3 31 17
1 1 4

7 29 9
1 2 3

11 27 19 23 21
1 1 1 1 2

$(65) = 48, k = 6, c = 4.

Now we enunciate our theorem about £(6). Let b > 1 be an odd number,
and let $(6) be the Euler totient function of b. Let us form £, the
complete symbol of b; and let c be the number of coaches in £ (b). Finally
let k be the quasi-order of 2 mod b. Then we have

Theorem 1.2 (The Coach Theorem). *(6) = 2c&.

The proof of this theorem appears in [10]. We omit the proof, because it
may be obtained, with mild variations, by letting t = 2 in the next section.

A particularly interesting example occurs when b = 641. If we construct
the first coach of £(641) we obtain

641

We see that k = 32, and, since $(641)= 640, we can infer, from the Coach
Theorem, that the number of coaches will be 10. However, an even more
striking fact in this example is that the Quasi-Order Theorem tells us that
since k = 32 and r = 9, 232 = (—I)9 mod 641, or, equivalently that
641|232 + 1. Thus we have proved that the Fermat number F5 = 22& 4-1
is not prime! We would like to think that Fermat and Euler would have
been interested in this argument.

Having come this far it is natural to ask if Theorems 1.1 and 1.2 can be
generalized. The answer is "yes" and we cany out the details in Sections
2 and 3.

1
7

5
2

159
1

241
4

25
3

77
2

141
2

125
2

129
9.

2. The Generalized Quasi-order Theorem

We should point out that when we generalize the Quasi-order Theorem we
are leaving the realm of paper-folding and entering that of pure number
theory. But, of course, we are hoping that some of the things that were true
in our original theorem will hold in general. We now think of our original
case as having base 2, because we were bisecting the angles and it was the
power of 2 that we were always factoring out of the difference b — ai to get
the next entry in our symbol. We now wish to get analogous results in a
general base t.

So, how should we generalize the Quasi-Order Theorem? It is interest-
ing, and not altogether surprising, that our main difficulty in generalizing
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this theorem to a general base t lies not in proving the generalization but 
in stating it. For generalization is an art, not an algorithmic procedure, 
so judicious choices must be made in formulating the generalization. It 
is particularly striking that the appropriate generalization of the relation 
a = a1 < 4 is not, as we originally thought, a = a1 < :,but rather the 
original a 5 a1 < g ! We are now ready to formalize the appropriate gen- 
eralization. 

Theorem 2.1 (The General Quasi-Order Theorem). Suppose b,  a 
are mutually prime, with b prime to the base t ,  where t { a ,  and a1 = a < 5. 
Then construct the contracted (a,+l = a l ) ,  reduced (gcd(ai,b) = l ) ,  t -  
symbol 

where 

qib+(-l)‘iai=tkiai+l,  i = 1 , 2 , . . . , r  (a,+l = a l > .  (8) 

Moreover, when Q = 0,  we use qib+a, 1 I qi 5 4 - 1,  and when ~i = 1, 
we use qib- a ,  1 5 qi 5 g, choosing the smallest qi such that qib+ (-1)“ai 
has t as a factor. Then the quasi-order of t mod b is k = C ki.  Indeed 

tk E ( - l )E mod b, 

where E = C E ~ .  
The proof of Theorem 2.1 appears in [3] where the bottom row of the 
symbol, involving the qi, doesn’t appear because it isn’t essential to the 
proof. We include the bottom row here because we have discovered that it 
plays a role when one is “looking for patterns” among the coaches of the 
complete symbol. This brings up the question: Does The Coach Theorem 
hold for any base t?  Before we try to answer this, let us look at some 
examples of Ct(b ) ,  where &(b) is the complete symbol of b for the base 
t. 

Example 2.1. Construct &(17) and state what it means in terms of the 
quasi-order of 4 mod 17. 
Solution: For each coach we use the equation (beginning with the smallest 
available a i )  

qib + (-1)‘iui = dkl . ai+l 



171 

C4(17) = 17 

where qi = 1, or 2, ~i = 0, or 1. A routine approach would be to calculate 
b - ai, b + ai,and 2b - ai in that order, stopping at the first one that yields 
at least one factor of 4. Proceeding in this way, and only recording the 
successive calculations we obtain, for each coach, the calculations below, 
that are then recorded in the symbol (9). 

1 2 3 5 6 7  
2 2 1 1  11 
1 1  0 1  1 0  
1 2 1 1  2 1  

, k = 2, c = 4 

First coach : 17 - 1 = 42 . 1 
Second coach : 2 - 17 - 2 = 4 2 .  2 

Third coach : 17 + 3 = 4 . 5  
17 - 5 = 4 . 3  

Fourth coach : 2 . 1 7  - 6 = 4 . 7  
17 + 7 = 4 . 6  

so that 

(9) 

From any coach in (9) we see that the quasi-order of 4 mod 17 is 2. In 
fact, 

42 = (-1)l mod 17. 

hrthermore, a( 17) = 16 = 2.2.4,  where 
the Coach Theorem holds. 

is the Euler totient function, so 

Example 2.2. Construct Cs(67) and state what it means in terms of the 
quasi-order of 5 mod 67. 
Solution: For each coach we use the equation (beginning with the smallest 
available ui) qib+ (-l)'iui = 5ki  -ui+l, where qi = l o r  2, ti = 0 or 1. 
This time we calculate b - ai, b + ai, 2b - ai, and 2b + ai in that order, 
stopping at the first one that yields at least one factor of 5. The calculations 
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1 27 8 3 14 24 22 9 
1 1 2 1 1 1 1 3  

6 7 ~  1 0 0  1 1  1 1  

for the first coach are 

2 * 67 + 1 = 5l - 27 
67-  27 = 5 l .  8 

6 7 + 8  = 5’*3 
6 7 +  3 = 5 l .  14 

2 . 6 7  - 14 = 5l .24  
2 . 6 7  - 24 = 5l * 22 

67-  22 = 5 l .  9 
2 . 6 7  - 9 = 53 * 1 

And we can then write down the first coach: 

2 13 1 6 6 2 8  1 9 2 3  18 17 
1 1 2 1 1 1 1 1 2 1  

1 1 2 2 1 2 1 1 1 2  
6 7 1 ~ ~ ~ ~ 1 ~ ~ 1 1  

4 26 32 7 12 11 29 21 31 33 
1 1  1 1  1 1  1 1  2 

2 1 1  1 2  2 2 2 1 
o 1 1  1 o 1 o o o 

In a similar way we obtain, for the second and third coaches (always begin- 

5 

These three coaches comprise C5(67) (but there isn’t space to write the 
complete symbol across the page here!). 

From any coach of C5(67) we see that the quasi-order of 5 mod 67 is 
11 and, in fact, 

511 = -1 mod 67. 

Once again The Coach Theorem seems to hold; that is, @(67)= 66 = 2.11.3. 

3. The Generalized Coach Theorem 

In this section we enunciate and prove the main theorem of this paper. 

Theorem 3.1 (The Generalized Coach Theorem). @ ( b )  = 2ck, 
where is the Euler totient function , k and c are as given in Section 
2. 
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Proof. Let Zg be the multiplicative group of residues mod b prime to 
b, so that order (Z;) = @(b); and let T be the subgroup of Z i  generated 
by -1 and 2. We first observe that, with t = 2, where t is the base, 

(10) T = {(-l)i2j mod b; 0 5 i 5 1, 0 5 j I k - l} , 
with k being the quasi-order of 2 mod b. We now modify (10) to accom- 
modate the replacement of base 2 by a general base t;  we will then write Tt 
in place of T ,  so that T = T2. Thus we start by modifying (10) to handle 
the case of base t. Then (10) is replaced by 

Tt={(-l)ztj  mod b; O l i s l ,  O s j l k - l } ,  

where b is prime to t,  k is the quasi-order o f t  mod b, tk = f l  mod b. Note 
that, independently of the choice o f t ,  

ITtl = 2k, 

Thus a coach is a t-symbol analogous to the 2-symbol defined on p. 126 of 
[2]. We will construct the modified cp-symbol analogous to that introduced 
on p. 131 of [2], and show how the generalized +symbol is related to the 
generalized cp-symbol. In fact, we will obtain a modified symbolfrom a 
given element of Z;I/Tt; but it is then an automatic step - which we will 
describe - to obtain the symbol itself, that is, the coach. 

The argument now proceeds in a way similar to the case t = 2, as 
described in [lo]. First we show that each element of Zg/Tt is represented 
by a number a which is (i) # 0 mod t ,  (ii) prime to b, and (iii) less 
than %. We claim that it is obvious from the structure of Tt that we may 
represent an element of Zg/Tt by a number a’ which is (i) # 0 mod t, 
(ii) prime to b, and (iii)’ less than b. The argument at this point very 
closely resembles that given in the case t = 2 in [lo]. 

Thus let a’ be such a number. If a’ < 4, there is nothing further to do. 
But if a’ > $, then, for some qi, ~ i , a n d  t, g-(-llE, < and represents 
the same element 5 of ZZ/Tt. However, b - a’ is a multiple of t ,  so we 
may set b - a’ = @a, with a # 0 mod t ,  and t 2 1. Again a represents 
the same element of Zg/Tt as a’, and a satisfies conditions (i), (ii), (iii). 

We now apply the generalized reverse algorithm cp (that is, the reverse 
of +), given by 

ib-tkia’ 
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Thus, writing a1 for a ,  we obtain a sequence of numbers # 0 mod t 

al ,  a27 * * ' 7  a,, G + l r  (12) 

a T + l  = al .  (13) 

all satisfying conditions (i), (ii), (iii), where 

Explicitly, the passage from a1 to a2 is achieved by repeatedly multiplying 
al by t until we achieve telul > g ,  with el 2 1 and then set a2 = q ~ \ ~ ~ ~ ~ l  ; 
and we continue to generate the entire sequence a l ,  a2, . ., a,. Plainly 
a l ,  a2, . . ., a, all represent the same element of Zi/G. Now let us insert 
the multiples of t ,  ta l ,  t 2 a l ,  . . ., telul between a1 and a2, and proceed 
similarly between a2 and a3, . . ., a,-l and a,, a, and a l .  The result 
is now precisely the effect of the generalized p-algorithm on the modified 
symbol. The generalized cp-algorithm is, of course, inverse to the generalized 
+algorithm used in the construction of the symbol. Let us now pause to 
sum up the steps so far. Starting with a1 satisfying (i), (ii), and (iii), and 
representing a given element E of Z;I/Tt, we then apply the generalized 
(reverse) cp-algorithm (11) to a = a l ,  and iterate the applications, 
obtaining (12), namely, 

* * ' 7  arr ~ T + I ,  

all satisfying conditions (i), (ii), (iii) and with a,+l = a l .  Thus, starting 
with a1 satisfying conditions (i), (ii), (iii) and representing a given element 
E of ZE/T, we apply to a1 the reverse cp-algorithm, that is, we construct 
the sequence 

U l , t U l ,  . * ., t e1 .1 ,  

such that el is minimal for the property telul > 4, (so that el 2 1) and 
set 

q1b - t%l 

-(-l)Q * 
a2 = 

We begin again with 132 and again apply the generalized cp-algorithm to 
obtain a3. w e  continue in this way until we reach . . ., a,, aT+l, with 
a,+l = a l .  This must occur eventually since cp is a permutation, indeed, 
the permutation inverse to the $-algorithm (see p. 116 of [3]), which was 
used to construct the symbol in the first place. 

Indeed, it is easy to see how the symbol may be derived from the element 
of Z;I/Tt represented by the number a1 satisfying conditions (i), (ii), (iii). 
We write down the sequence arising from the process of multiplying by t ,  
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together with (13), to pass from a1 to u2, and then proceed as described 
above, obtaining 

al,  ta1, ’ ’  ‘ 7  te lu l ,  a27 ta2, ’ ’  ’ )  te2a21 a 3 ,  * ”) aTltaT, ’ ’  ’ 7  teraT, a 1  (14) 
It is then not difficult to  see that we obtain from (14) a coach as follows. 
We write down the terms # 0 mod t in (14) as the modified top line of 
the modified coach, thus 

u l ,  a27 ’ . ‘ 7  u l ;  (15) 
and the modified second line of the coach simply lists the number of t- 
multiples between successive entries (15) in the sequence (14). Thus the 
second line is 

ll, l 2 ,  . ‘ *, l,. (16) 

The result is a modified symbol, from which the true symbol (or coach) is 
obtained by omitting the repeated a1 from the start of (15) and then 
writing each of (15), (16) backwards. 

We demonstrate the procedure with the particular, but not special, case 
t = 5 ,  using the first coach of C5(67). The reverse symbol, incorporating 
the facts of (8), using (15), may be written as 

(17) 

2 1  2 2 1 1 1  2 1 .  67 ( 
1 9 22 24 14 3 8 27 1 

3 1  1 1  1 2 1  1 
1 1  1 1  0 0 1  0 

Thus if we start with the element of ZE7/T5 represented by the number 
1, the sequence (14) is given by the following two lines (to read as a single 
sequence) 

267-53.1 1.67-51.9 2.67-5l.22 2.67-5l.24 
-(-1)1 -(-1)1 4 - 1 1 1  

1 
120, 14, 

--(--1)l 
1 I 1 

- 1, 5, 25, 125, 9, 45, 22, 110, 24, 
167-51.14 1.67-5’.3 1.67-5l.8 2.67--5l.27 

- ( - 1 ) O  -(--111 - ( - 1 ) O  

1 
70 7 3, 15, 75, - 8 40, 22, - 

-(-I10 
I 1 1 

1 

From this sequence we can construct the modified symbol (17). Then, 
by writing (17) in reverse, and omitting the repeated “1” we can re- 
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cover the first coach of Cg(67). Of course, each of the numbers 
1, 27, 8, 3, 14, 24, 22, 9 represents the same element E of Z&/TS. 

It is now plain that, in general, the process thus far described sets up 
a one-one correspondence between the set of coaches and the elements of 

We are now in a position to complete the proof of Theorem 3.1. We 
z;: /Tt . 

simply have to count the elements in Z;/Tt .  But, of course, 

I q I  = @@) 

ITtI = 2k, 

and 

as follows easily from (10). Thus 

so that 

@(b)  = 2ck. 

4. Some corollaries 

Of course, Theorem 3.1 implies that Q ( b )  is even. However, the standard 
algorithm for calculating Q ( b )  shows that @(b)  is even if b has an odd 
prime factor, but in general all we have assumed is that b is relatively 
prime to the base t and b > 1. However, it is striking that 

k [  $6). (19) 

This follows easily if b is prime, but is not so obvious if b is composite. 
However, (19) is a trivial consequence of (18). 

Let us say that b has a cyclic coach in base t if c = 1; that is, if we can 
obtain only one coach from b. We then have 

Theorem 4.1. b has a cyclic coach in base t if, and only if, Q ( b )  = 2k, 
where k is the quasi-order o f t  mod b. 

An example is given by C~(21) .  In this case b = 21, and Q(21) = 12, 
Ic = 6. Other examples are 

0 Cs(70), where Q(70) = 24 and k = 12; 
0 &(27), where @(27)= 18 and k = 9; 
0 Cl0(43), where @(43) = 42 and k = 21. 
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5. Some open questions 

We leave the reader with some open questions. 

(1) How can you tell if a complete symbol &(b) will have only one coach? 
How can you predict how many coaches a symbol will have? 

(2) How can you tell what the value of T will be for a given coach? Is it 
the case that the smallest T always occurs in the first coach (where 
a1 = I)? 

( 3 )  Given b, how are the values of T for different coaches in the complete 
symbol related? Can you tell in which coach the largest T will occur? 

(4) Given b, can you tell which collection of numbers will come together as 
the top row of a coach? 

(5) For a fixed k ,  can the sequence of numbers k l ,  kz ,  . . .k, appear in the 
bottom row of two distinct coaches? (The answer is no: see pages 135-6 
of [2]) Are there simple a priori necessary and/or sufficient conditions, 
beyond Cki = k ,  that can tell you whether such a sequence is a 
bottom row of a coach, short of running the entire computation? 

(6) Given the last 3 rows of a generalized Ct symbol, can you determine 
the values of b and al? 
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7. Note on references 

References [l] through [9] have illustrations showing how we were able to 
produce respectable polygons, both convex and star by paper-folding. Ref- 
erences [3,8,9] show how to construct Platonic solids that are braided from 
the straight strips of folded paper, and how to construct other polyhedra 
including non-convex ones that collapse in interesting ways. Reference [lo] 
concerns complete symbols,and the related theorems, in the case t = 2. 
Reference [11] uses our techniques in a variety of other geometrical con- 
structions involving circles and angle dissections. 
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This is a survey to apply theory from noncommutative graded algebras to 
questions about the holonomy algebra and the Orlik-Solomon algebra of a hy- 
perplane arrangement. We first recall the main properties of Koszul algebras 
and hyperplane arrangements. Then, we focus our interest on the class of hy- 
persolvable arrangements which includes both the fiber-type and the generic 
arrangements. For these hypersolvable arrangements, the holonomy algebra is 
Koszul and koszulness of the Orlik-Solomon algebra characterizes the subclass 
of fiber-type’s. 

1. Koszul Duality and Koszul Algebras (overall) 

Let k be an arbitrary field and let V be an n-dimensional k-vector space 
(V g k”) and let T ( V )  = @,,oTn be the k-tensor algebra over V where 
To “- k, 7’1 “= V .  Then T(V1 ”= k < 21,. ..,x, >, the free associative 
k-algebra. Let A be a k-graded algebra, A = CAP. Assume that A is 

connected, i.e. A0 = k and is generated by A1. A is “naturally” represented 
as the factor of the tensor algebra T(A1) by a homogeneous ideal I = Ip.  

P a  

P>2 

A E T(Al ) / I  

Definition 1.1. A is said to be quadratic if I is generated by 12  C 

Ai @ Ai.  

Therefore, a quadratic algebra A is determined by a vector space of 
generators V=A1 and a subspace of quadratic relations 12 c V @ V .  Such 
a quadratic algebra is denoted as A = {V;  I } .  
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Definition 1.2. Let A = { V ; I }  be a quadratic algebra. The quadratic 
dual or Koszul dual algebra of A is defined by A! = {V*;I’}, where V* 
is the dual of V ,  I* C V* @ V* is the orthogonal complement to I with 
respect to the natural pairing: (w 8 v’, w* 8 w’*) = (v,~*)(v’,w’*) between 
V @ V and V* @ V*. 

Remark 1.1. (A!)! = A. 

Example 1.1. 

A = k [ q ,  . . . , z,] (commutative polynomial algebra) 

= kk1,. . . ,zn)/(ziq - q z i )  for i < j .  

Then A E Sn which is the symmetric algebra. A is a quadratic algebra. 

A! = k(yl,. . . , yn)/b;; yiyj - ~ j y i )  (for i < j) 
= A ( y l , .  . . , yn) (exterior algebra). 

Definition 1.3. Let A be a quadratric algebra,and A k  be the trivial graded 
left A-module A/A+ where A+ is the augmentation ideal @AP. A is said 

to be Koszul if ~k admits a free graded resolution: 
P>Q 

. . .  + p i  -) pi-’ 4 ...  + p’ 4 Po + A k  -+ 0, 

where Pi is generated by its components of degree i. 

Let denote the following objects: 
E(A) := Ext>(Ak,A k )  the graded cohomology algebra of the trivial graded 
A-module AIC. 

The Hilbert series H(A, t )  := 

The Koszul complex of A: 

dim(An)tn. 
n Z 0  

di  ” ‘  Ki * Ki-1 4 ” ’  K1 + KO +A IC 4 0, 

where Ki free A-modules, Ki = Homk(Ai, A) and di is defined as d i f ( a )  = 

( 2 1 , .  . . ,z,) is the basis of A;,  dual basis of the 
n 

f ( z ia )e i ,  a E 
k=l 
basis ( e l , .  . . , e n )  of Al. 

Theorem 1.1. Let A be a quadratic algebra. Then the following assertions 
are equivalent: 

(1) A is Koszul; 
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(2) A! is Koszul; 
(3) E(A) = A!; 
(4) The Koszul complex of A is acyclic; 
(5) H(A,t).H(E(A), -t) = 1. 

Corollary 1.1. A is KoszuZ iff H(A,t).H(A!, -t) = 1. 

Example 1.2. A = k [ z l , .  . . ,z,] is Koszul and H(A, t )  = -, 
A ! = A ( y l ,  ...,gn) is KoszulandH(A!, t )=(l+t)n.  

2. Hyperplane Arrangements 

We refer the reader to [6] as a general reference on arrangements. 
Let A be an arrangement of hyperplanes over C i.e. A = { H I , .  . . , H,}, 
where Hi are linear hyperplanes of C'. Define the complement M(A) = 

C' - u Hi and L(A) the geometric lattice intersection of hyperplanes with 

reverse order 

n 

i= 1 

X 5 Y if Y X. 

Notice that rk(X) = codim(X). 
Orlik-Solomon algebra (combinatorially defined) 

A*,(A) := A(e1,.  . . , e n ) / J  2 H * ( M ( A ) ;  k), 

where 3 ideal generated by the relations of the form: 

j=1 

for all 1 5 il < . . . < i, 5 n such that rk(Hi, n . . . n Hi,) < s. 
A;(A) is not necessary quadratic. 

Poincarh polynomial 

P(d, t )  := dimAi(d)ti 
i 

Quadratic Orlik-Solomon algebra 
- 
Az(A) := A(e1 , .  . . , e n ) / T  
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where 7 ideal generated by: 

and 

rk(Hi fl Hj fl H k )  = 2. 
- 
A;(A) only depends on &(A), the elements of codimension 2 of L(A). 

Quadratic Poincark polynomial 
- 
P(A,  t )  := P ( z ( A ) ,  t )  

Example 2.1. Braid arrangements in C'. 
dl = {Hij  I 1 5 i < j 5 1 } ,  where Hij = ker(zi - z j ) .  

Notice that the fundamental group of the complement is isomorphic to 

Moreover, A;(d l )  = x ( A ' ) ,  the Orlik-Solomon algebra of a braid ar- 
the Pure braid group Pl. 

rangement is quadratic. 

Remark 2.1. There is a linear fibration given by forgetting the last coor- 
dinates: 

C - ( ( 1  - 1) points} L-) M ( A l )  - M(d'-1) 

where M(dl) is the complement of the braid arrangement in C' 

cl d (31-1 

u u  
M ( A i )  -+ M(Ai-1) 

Remark 2.2. The Coxeter arrangements 231, 12 4 in C1 are defined by 
{ ( Z i  - Zj), ( X i  + Zj), 1 I i < j I n}.  Then Ai(23') # x(Q), and the 
Orlik-Solomon algebra is not quadratic. 

As a "natural" generalization of braid arrangements, we define the 
fiber-type arrangements. 

Definition 2.1 (Falk,Randell). [l] A = ( 0 )  is a fiber-type arrangement 
in C .  The arrangement A an C1 is fiber-type if it is strictly linearly fibered 
with base M ( B )  the complement of the fiber-type arrangement B in C1-l. 
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Then A is a fiber-type arrangement iff there is a composition series 

d1 C .. .  C Ai C Ai+l C . . .  c Al = A  

where rkd l  = 1 and (Ai+l,Ai) defines a linear fibration 

C - { 1 Ai+l - Ai I points} M(Ai+l) -+ M ( d i ) .  
A is fiber-type iff the lattice L(A) is supersolwable. 

Proposition 2.1. Let A be a jiber-type arrangement. Then  

A;(A) = %(A). 

2.1. Holonomy Lie Algebra 

Let Libk(A) be the k-graded free Lie algebra over { X I , .  . . , x n } .  

Definition 2.2 (Kohno). [4] The  holonomy Lie algebra of A i s  denoted 
&(d) : 

&(A) := Libk(A)/N, 

where n/ ideal generated by [ x i k ,  C,”=, x i j ]  for k = 1,. . . , s, 1 5 i l  < . . . < 

a ,  5 n such that rk n Hij  = 2 and it is  maximal with this property. 

Remark 2.3. Let H ,  ( M ( d ) )  be the homology coalgebra with coefficients 
in k and comultiplication dual to  the cup product, 

Gk (d )  ELibk ( H I  (M(A))  /ker (H2(M(A)) --f A2 H I  (M(A) ) )  . 

8 

j=1 

Definition 2.3. The holonomy algebra of d denoted &(d) is the uni- 
versal enveloping algebra of G,+ (A). 

A holonomy algebra is a quadratic algebra. 

Lemma 2.1. &(A) E (%(A))!. 

In the following, we will study a “large” class of arrangements for which 
&(A) is Koszul. However, let us give an example showing that this result 
is not always true. 

Example 2.2. Let A be the arrangement defined by the linear forms x ,  y, z ,  
x + y , z  + z , y  + z .  Then P(A, t )  = 1 + 6 t  + 12t2 + 7t3 and P(A,t) = 

1 + 6 t  + 12t2 + 8t3 + t4. The holonomy algebra &(A) is not Koszul because 
( 1  - 6 t  + 12t2 - 8t3 + t4)-l has some negative coefficients (eg t 1 3 ) .  
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Remark 2.4. Let p n 7 r l ( M ( d ) ) ) n t l  be the Lower Central Series of the 

fundamental group, defined as follows: 

(1) riri(M(d))  = ~ l ( M ( d ) ) ,  
(2) rn+ini (M(d)) = [xi (M(d)), r n ~ 1  (MCd))], 

where gr$ (XI (M(d))) = r i + l X l  (M(d))/riri (M(d4)) 

Then as graded Lie algebras 

G;3(d) gr;(ri(X)) @Q. 

2.2. Hypersolvable Arrangements 

This is a “large” class of arrangements containing both, the fiber-type ones 
(whose the complement is a K[x, 11-space), and the generic ones (whose the 
complement is never a K[x, 11-space). 

Let B be a subarrangement of A, denote B = d - B. In the following 
definition, we denote rk(a, p) as rk(Ha n Hp) ,  where Ha = kera and Hp = 
kerB. 

Definition 2.4. [2] (A, 8) is said to be a solvable extension if 

(1) For any Ha, Hp E B and any Ha E B, then rk(a,P,a) = 3. 
(2) Given Ha, Hb E B, a # b, there exists H7 E 

(3) Given distinct elements Ha,  Hb, H ,  E B, then 

such that rk(a, b, y) = 2. 
Denote y = f(a, b) .  

rk(f(a, b ) ,  f ( b ,  c), f(c,  a)) = 2. 

Then we can distinguish 2 cases: 

(1) There is a fibration: 

C - {Id - B( points} - M(d) - M ( B )  

called the fibered case. 
(2) rkB = rkd, called the singular case. 

In case 2, there exists a deformation such that we eliminate singular 
case in order to get a fibration as in case 1. 
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Definition 2.5. [2,3] d is said to be hypersolvable if there is a compo- 
sition series 

dl C . . . C di C di+l c . . . c di(A)  = d 

with rk(d1) = 1 and (di+l, di) is a solvable extension. 

Then, after “enough” deformations, we can eliminate all the fibered cases 
and we get 2 which is a fiber-type arrangement with the same lattice up 
to rank 2. 

Remark that both fiber-type and generic arrangements are hypersolv- 
able. The arrangement defined (in the Example 2.2)  by the defining equa- 
tion: 

xyz(a: + y) (x + z )  (y + z )  = 0 is not hypersolvable. 
The arrangement defined by the following equation: 
(x + y)(z - y)(z 4- 2g)(z + y)(z - y)(z - 2 g ) z  = 0 is hypersolvable but 

The Orlik-Solomon algebra of a hypersolvable arrangement is not nec- 
neither fiber-type nor generic. 

essary quadratic. 

Theorem 2.1 (Jambu, Papadima). 121 Let d be a hypersolvable ar- 
rangement; then %(A) is Koszul, for any field k; therefore ?&(A) is Koszul. 

Corollary 2.1 (Jambu, Papadima). 1.1 Let A be a fiber-type arrange- 
ment; then A;(d) is Koszul. 

Sketch of the (algebraic) proof of the theorem: 

(1) H * ( V  S1; k) % T ( V )  is Koszul where V 

( 2 )  Suppose (A, B) solvable, then as A;(B)-modules 

k m .  
m 

- 
A;(d) 2 q ( B )  @ H * ( V  S1; k). 

IEI 

( 3 )  Recall that a graded subalgebra B* of A* is normal if ABf = B+A. 
Then there is a canonical graded algebra projection IT : A 4 F = 
A/AB+ (B L+ A -+ F ) .  

(4) Lemma : Suppose B normal subalgebra of A such that A is free as a 
right B-module and all algebras are quadratic. If B and F are Koszul, 
then A is Koszul. 

(5) Let point out that x(B) is normal in x(d) which is a free right 
A;(B)-module, the quotient F 2 H * ( V  S1; I c )  is Koszul. Then x ( A )  

is Koszul if %(B) is Koszul. 

- 

IEI 
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Another proof is given using Shelton and Yusvinsky's result [8] saying that 
the Orlik-Solomon algebra of a fiber-type arrangement is Koszul altogether 
with the deformations from A to a fiber-type arrangement 2. 
Theorem 2.2 (Jambu, Papadima), [Z](Generalized LCS  Formula) Let 
A be a hypersolvable arrangement; then for any field k: 

00 

i d i m g : ( d )  - 
P(Al -t) = n(1- t ) 

i=l 

Proof. Recall that for all arrangements i&(A) 2 (z(d))!. 

Poincarh-Birkhoff-Witt theorem: 
Compute the inverse of the Hilbert series of &(A) by the well-known 

00 

H ( U k ( A ) , t ) - l  = n(1 - t i ) d i m g i ( d ) .  
i= l  

z(d) is Koszul, then H ( q ( d ) ,  t ) . H ( ( q ( d ) ) ! ,  -t) = $1. 

Corollary 2.2. (LCS Formula) Let A be a fiber-type arrangement. Then 
M ~. 

P(A,  -t) = n(1- t i ) d i m G ; ( d ) .  

i=l 

Remark 2.5. Kohno obtained this result for braid arrangements. 

Theorem 2.3 (Jambu, Papadima). [2] Let A be a hypersolvable ar- 
rangement. Then 

Gi (-4 gr; (TI ( M ( 4 ) )  

as graded Lie algebras. 

The main point of the proof is to show that GH(d) is torsion-free as a 
graded abelian group. 

Definition 2.6. d is said to be a rational K[n, 11-arrangement if the Q- 
completion of M(d), denoted Qw ( M ( A ) )  , is aspheric. 

Equivalently, A is rational K[n, 11 iff the 1-minimal model M of M(A) 
satisfies f *  : H * ( M )  - H*(M(d), Q) is an isomorphism. 

Theorem 2.4 (Papadima, Yuzvinsky). /7] d is rational q n ,  11 ifl 
H * ( M ( d ) ;  Q),  (" Ah(d))  is a Koszul algebra and the LCS  formula holds. 
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Theorem 2.5 (Jambu, Papadima). [.,I Let  A be a hypersolvable ar- 
rangement. T h e n  the following assertions are equivalent: 

(1) A i s  fiber-type. 
(2) Qm(M(d)) i s  aspheric. (ie Ah(A) i s  Koszul) 
(3) T h e  LCS formula  holds. 

Let us remark that if d is hypersolvable, then A*(d )  is quadratic iff d 
is fiber-type. Therefore for the hypersolvable arrangements, quadraticity of 
A h ( d )  is equivalent to being fiber-type so is equivalent to being rational 
K[r ,  11. 
Question : Is quadraticity of A h ( d )  sufficient for M ( A )  being rational 
K [ r ,  l]? 

Example 2.3. d in C3 given by the following linear forms (z, y, z ,  z + 
y ,  z - z ,  y - z ,  z + y - 22). A*(d)  is quadratic (but A is not hypersolvable 
and therefore not fiber-type). P(A , t )  = (1 + t ) ( l + 6 t  + lot2). If A is ratio- 
nal K[r,  11, then A*(A) is Koszul and P(d, -t)-' = H ( U ( A ) , t ) ,  therefore 
( 1  - 6 t  + 10t2)- l  as an infinite formal series has its coefficients integer and 
nonnegative which implies that 1 - 6 t  + lot2 has a real root r E (0,1] (inter- 
esting exercise for undergraduate students following a course on Complex 
Analysis). Hence we obtain a contradiction. 
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In this paper, we discuss some problems in PI-theory. Some developments of 
this theory are presented. 

Keywords: Polynomial identity; T r x e  identity; Variety of the algebras. 

1. Basic Definitions 

In this section, we give the basic definitions and recall some old results. 
Consider the free associative algebra F ( X )  over an associative and com- 

mutative ring F generated by a countable set X .  The elements of the set 
X are called variables and the elements of the algebra F ( X )  are called 
polynomials (depending on the variables from X ) .  

Let A be an arbitrary associative F-algebra and f = f(z1,. . . ,z,) E 
F ( X ) .  We say the algebra A satisfies the (polynomial) identity f = 0 if for 
every elements ai E A,  the equality 

f(a1,. . . ,  a,) = 0 

holds in A. Denote by T[A] the set of all polynomials f E F ( X )  such that 
f = 0 is an identity of the algebra A. Evidently, the set T[A]  forms an ideal 
of the free algebra F ( X ) .  This ideal is called the ideal of identities of the 
algebra A. An arbitrary ideal of the algebra F ( X )  is said to be a T-ideal 
if I? is an ideal of identities of some algebra. The class of alebras satisfying 
a given set of identities is called a variety (of algebras). Denote by T[V] 
the set of all polynomials f E F ( X )  such that f = 0 is an identity of every 

189 



190 

algebra from the variety V .  The set T[V]  also forms a T-ideal. This ideal 
is called the ideal of identities of the variety V .  We say that the algebra A 
generates the variety V if T[A] = T[V]. 

Now we recall the concepts of algebras with trace and trace identities. 
Let A be an associative algebra with unit over F ,  R be an associative 

and commutative F-algebra with a unit. Let C(A)  be the center of A and 
7r : R -+ C ( A )  be a homomorphism of F-algebras. Put ar = a.rr(r) for a E 
A , r  E R. Then, it turns the algebra A into an R-algebra. Let Tr : A --+ R 
be an arbitrary R-linear mapping satisfying the property: Tr(ab) = Tr(ba), 
for every a ,  b E A. Then we call the set (A,  R, 7r, T r )  an algebra with trace. 
Sometimes we simply say that A is an algebra with trace, having in mind 
that the algebra R and the mappings 7r, Tr are given. 

Example 1.1. The full matrix algebra Mn(F)  with trace Tr : Mn(F)  -+ F 
defined in the usual way is an algebra with trace. 

Example 1.2. Let G be the Grassmann algebra with unit generated by a 
countable set. Let Go be the subspace generated by the products of even 
number of generators and GI be the subspace generated by the products of 
odd number of generators. Denote by Mn,k the subalgebra of the algebra 
Mn+k(G) consisting of all matrix of the form 

where A and D are the submatrices of the sizes n x n and k x k respectively 
with the elements from Go; B and C are the submatrices of the sizes n x Ic 
and Ic x n respectively with the elements from GI. Define the trace Tr : 
Mn,k -+ Go by putting 

Tr ( A  C D  ”) = Tr(A)  - T r ( D ) ,  

where Tr(A)  and T r ( D )  are the usual traces of the matrices over commu- 
tative algebra Go. 

Let X be a countable set and F n ( X )  be the free associative algebra 
with unit generated by the set X .  Define an equivalence on the semigroup 
with unit ( X )  generated by the set X ,  putting u1 - u2 if and only if 
there exist elements w,w E ( X )  such that u1 = ww,u2 = ww. If u E ( X )  
then we put Ti = {w E (X)lw - u}. Denote by T ( X )  the free associative 
and commutative algebra with unit generated by all elements Tr(Ti), where 
u E ( X ) .  
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The algebra F ( X )  = F l f ( X )  @ T ( X )  is called the free algebra with trace 
generated by the set X .  Identifying the algebras F l f ( X )  @ 1 and F g ( X ) ,  we 
have the inclusions: 

We identify also the algebras T ( X )  and 1 @ T ( X ) .  Then an arbitrary ele- 
ment f E F ( X )  can be written as an F-linear combination of the elements 
uoTr(u1) ...Tr(u,), where ui E ( X ) , n  L 0. We call the elements of this 
form trace monomials and the elements of the algebra g ( X )  the trace poly- 
nomials in the variables from X .  We also call the polynomials from F ( X )  
the ordinary polynomials. 

Let A be an algebra with trace f = f(z1,. . . ,zn) E F ( X ) .  We say the 
algebra A satisfies the trace identity f = 0 if for arbitrary a l ,  . . . , a, E A 
the equality f(a1,. . . ,a,) = 0 is satisfied in A. The ideal 

?[A] = {f E F(X)lf = 0 is an idenity of A )  

is called the ideal of trace identities of the algebra A. An arbitrary ideal of 
the algebra F ( X )  which is an ideal of the trace identities of some algebra, 
is called a ?-ideal. 

Obviously, the ideal of trace identities of an arbitrary algebra contains 
the ideal of the ordinary identities of the same algebra. 

A class of all algebras with trace satisfying a given set of trace identities 
is called a variety of algebras with trace. If v is a variety of the algebras 
with trace then we denote by r?;[p] the ideal of trace identities of v. 
Example 1.3. Let A be a square matrix of order n, which elements are 
considered as variables. It is well-known that if charF = 0 then the coeffi- 
cients of the characteristic polynomial X,(t) of the matrix A are F - linear 
combinations of expressions of the form 

Tr(Ai) ' . Tr(A'). 

It follows from this and the Cayley - Hamilton theorem that the matrix 
algebra M,(F) satisfies the trace identity X n ( z )  = 0. The identity Tr(1)  = 
n is also the trace identity (of degree 0) of the algebra M,(F). 

Denote by P the set of all ordinary multilinear polynomials of F ( X ) .  
Let r be a T-ideal of F ( X ) .  The intersection P n r  is called the multilinear 
component of r. The multilinear component of the ideal of identities of a 
variety is called the multilinear component of the variety. 
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2. Prime classical and non-classical varieties 

Let p, be the set of all multilinear polynomials with trace of degree n 
depending on the variables xl,. . . , x,. We denote also by p the set of all 
multilinear polynomials with trace. It follows from the definition of the free 
algebra with trace that every polynomial f E Fn can be written in the 
unique way as an F-linear combination of the monomials 

uO(Tr(l))'Tr(ul)...Tr(u,), ui E (X) ,  n,l 2 0, 

which belong to  ?, and satisfy the properties: 

(1) ui # 1 for every i > 0; 
(2) For every i > 0 the least number j ,  such that xj occurs in ui+l, is 

greater than the least number Ic, such that xk occurs in ui. 

Denote by K the subalgebra with unit of the algebra F(X) generated 
by the element Tr(1).  Let KS,+1 be the group algebra (over K) of the 
symmetric group of permutations Sn+l acting on the set {0,1,. . . , n} . We 
define the K-linear mapping A, : P, -+ KS,+1 by putting 

- 
An(xil ***xiST~(x.j l  * . ' z ~ , ) T T ( z ~ ,  . . . x k L ) . ' . )  = E Sn+l, 

where cr is a permutation which decomposition into cycles is the following 

CT = ( O , i l , .  . . , i s ) ( j l , .  . . , j t ) (k l , .  . . , I c l )  . . . . 
We can see the symbol 0 plays a role of a label which indicates the non- 
trace part of the monomial. It follows from the definition of the free algebra 
with trace that the mapping A, is the isomorphism of K - modules. If 
f E Fn,u E KSn+i then we put fa = A,'(An(f)a),af = Ai1(aAn(f)). It 
turns the space pn into KS,+I-module. 

Example 2.1. Put 

Xn(x1,. . . x,) = A,'( C ( - ~ ) ~ c r ) .  
UESn+1 

Then we can be proved that the polynomial Xn(51,. . . , z,) is the full lin- 
earization of the Cayley - Hamilton polynomial Xn(z). 

The description of the base of trace identetities of the algebra M n ( F )  in 
the case of characterstic 0 was obtained by Yu. P. Razmyslov in 1974 [13]. 
He proved the following remarkable theorem. 

Theorem 2.1. (see [13]). I f  char F = 0 then every trace identity of the 
algebra M n ( F )  follows f r o m  the Cayley - Hamilton identity X,(x) = 0 and 
identity Tr(1) = n. 



193 

In 1995 A.R.Kemer has generalized this theorem: 

Theorem 2.2. (see [3]). Let F be a field of a n  arbitrary characteristic. Ev- 
ery multilinear trace identity of the algebra Mn(F)  follows f r o m  the identity 
Xn(x1 , .  . . , Z n )  = 0 and identity T r ( 1 )  = n. 

We note that A. Zubkov [17] also used the other techniques to obtain 
the same result later. 

In 1985, Yu. P. Razmyslov [14] described the trace identities of the 
superalgebras Mn,k over a field of characteristic 0. We recall the description. 

Consider a rectangle Yuong diagram containing n+l rows of length k+l. 
Put m = (n + l ) ( k  + 1). Fill this diagram by the numbers 0 , 1 , .  . . , m in the 
standard order: From top to bottom and from left to right. Denote by Dn,k 
the Young tableau we obtained. Let R be the subgroup of the group Sm+l 
consisting of all permutations a such that for every i the numbers i and 
a(i)  belongs to the same row of Dn,k, C is the subgroup of all permutations 
0 such that for every i the numbers i and ~ ( i )  belongs to the same column. 
Put 

Xn,k = Xn,k(x1,.  . * ,xm) = A-'( C (-1)Qpq).  
p E R , q E C  

Theorem 2.3. (see 1141). If char F = 0 then  every trace identity of the al- 
gebra Mn,k(F)  follows f r o m  the identities cTxn,k = 0 ,  a e Sm+l and identity 
T r ( 1 )  = n - k .  

We remark that in the case k = 0 we provided Theorem 2.2. Recently 
L. Samoilov [15] has obtained a shorter proof of Theorem 2.3. 

A T-ideal I' of the algebra F ( X )  is called a verbally prime if and only if 
for every T -  ideals rl, I '2 inclusion r1r2 C I' implies one of the inclusions 
rl g I' or I'z E I'. A T-ideal I' is called a verbally semiprime if and 
only if there are no non-trival nilpotent modulo r T-ideals. A variety of 
the algebras is called a prime (semiprime) if the ideal of identities of this 
variety is verbally prime (semiprime). In the same manner, we define the 
prime and semiprime varieties of the algebras with trace. 

In the case of characteristic zero, the prime varieties were described by 
A.R.Kemer [2]. The following structure Theorem is valid. 

Theorem 2.4. (see [2]). Let char F = 0.  1. For every non-zero T-ideal  I' 
of the algebra F ( X )  there exists a nilpotent modulo r verbally semiprime 
T-ideal containing r. 2. A T-ideal I' i s  verbally semiprime if and only if 
r i s  the intersection of finite number of the verbally pr ime T-ideals. 3. A 
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variety is prime i f  and only i f  either this variety is generated by  the algebra 
Mn,k or Mn(G), where G is the Grassmann algebra of infinite rank. 

The problem of classification of prime varieties in the case of character- 
istic p is open. First of all, we remark that this problem scarcely can be 
solved in full sense because the Finite Bases Problem in characteristic p has 
a negative solution. Perhaps it can be solved at multilinear level. 

Take an arbitrary y E F. Then we call a ?-ideal ?; y-classical if 

(1) Tr(1 )  - y E I?; 
(2) For every n a set An(? n Fn) is a two-sided ideal of the group algebra 

KSn+1 . 
A variety ? of the algebras with trace is called y-classical if the ideal 

of trace identities of v is y-classical. A variety of ordinary algebras V is 
called a y-classical if 

T[V] = F[tl n F ( X )  

for some y-classical variety of the algebras with trace ?. 

rieties of the algebras with trace in the case of characteristic zero. 
Using Razmyslov’s results [14], it is easy to describe the y-classical va- 

Theorem 2.5. Let char F = 0,y E F .  A proper variety of the algebras 
with trace v is a y-classical if and only i f  1. The number y is integer; 2. 
The variety v is generated by the algebra (Mn,k) ,  where n - k = y. 

It also can be proved in the case of characteristic zero that the varieties 
Var(Mn(G)) are non-classical, i.e. they are not y-classical for any y E F .  

An ordinary (non-trace) multilinear polynomial h = h ( q ,  . . . , s,) is 
called a trace-killer of the matrix algebra k f k ( F )  if the algebra Mk(F)  
satisfies the trace identity of the form 

h(z1,. . . , x,)Tr(sm+l) = g(z1,. . . , s,, xm+l) 

for some ordinary multilinear polynomial g. 

Example 2.2. It is easy to verify that the algebra Mz(F) satisfies the 
following trace identity 

(a 0 b = ab + h). Consequently, the polynomial [x, y, z]  is a trace-killer of 
the algebra M2(F).  
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Consider a proper T-ideal r of the free algebra F ( X )  over a field of 
characteristic p. It was proved in [3] that T [ M , 4 F ) ]  n P G r for some k (we 
recall that P is the set of all multilinear ordinary polynomials). A minimal 
number k with this property is called the matrix type of J?. The matrix type 
of the ideal of identites of the variety is called the matrix type of variety. 

Example 2.3. It is easy to prove that the matrix type of the Grassmann 
algebra G (over F )  of infinite rank is I p.  Indeed, if we define the trace in G 
trivially: Tr(g)  = 0 for every g E G, then the algebra G satisfies the Cayley 
- Hamilton trace identity X p  = 0, because G satisfies the full linearization 
of the identity xp = 0. By theorem 2.2 G satisfies every multilinear identity 
of the matrix algebra M p ( F ) ,  i.e. the matrix type of the algebra G is not 
greater than p .  Later, we shall see that the matrix type of G is equal to  p .  

Let k be the matrix type of a T-ideal r. Then we call a T-ideal regular 
if and only if I' does not contain some trace-killer of the algebra Mk(F) .  A 
variety is called regular if and only if its ideal of identities is regular. 

Theorem 2.6. (see 141). Every regular prime variety of the matrix type k 
is k-classical. 

If a prime variety V of the matrix type k is non-classical then by Theo- 
rem 2.6, this variety is irregular. It means that the algebras from V satisfy 
every identity h = 0, where the polynomial h is a trace killer of the alge- 
bra Mk(F) .  This condition is very strong. For example, if k = 2 then the 
algebras from V must satisfy the identity [x, y, z ]  = 0. It follows from this 
immediately that in the case p # 2, there are no such variety V .  

Example 2.4. If char F # 2 then the verbally prime variety generated by 
the Grassmann algebra of infinite rank G is non-classical. Indeed, assume 
on the contrary that T[G] = n F ( X ) ,  - where F is y-classical ?-ideal for 
some y E F .  Since [ z ~ , I c ~ , z ~ ]  E I?. Then c [ x ~ , I c ~ , I c ~ ]  = 0 modulo F for 
every n E S(4). In particular, if the permutation (T is a cycle (0 ,1 ,2)  then 
we have the identity modulo ? 
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= [zz, 2 3 ] 2 1  - Tr(z1z3)Tr(z2) + mTr(zl)Tr(z2). 

Substituting 2 1  = z2 = 1 into this identity, we obtain y(z3 - Tr(z3)) = 
0. Hence, y = 0 (if z3 - Tr(z3) E ?; then [z3,z1] E T[G]) .  Substituting 
z1 = 1, 2 2  = z, z3 = y into our identity, we obtain the following identity 
modulo ?; 

13, Yl = T r ( y ) T r ( z ) ,  

This implies that identity 2 [ z , y ]  = 0. Since charF  # 2 then [ ~ , y ]  E 
T[G].  We obtain a contradiction. 

In conclusion we mention two conjectures about the non-classical prime 
varieties. Yu.P. Razmyslov [14] has formulated the conjecture about the 
identities of the algebras M,(G). 

Conjecture 2.1. If char F = 0 then 

T[Mn(G)] = (?[Mn,n] + {Tr(z)}?) n F ( X )  

(19)' i s  a ?-ideal generated by 9). 

The following conjecture about the multilinear components of the non- 
classical prime varieties in arbitrary characteristic generalizes the conjecture 
1 and also looks quite probable. 

Conjecture 2.2. If V is  a non-classical prime variety then 

P n T[VI = P n (T[i71+ {Tr(z))') - 
for some 0-classical prime variety V .  

3. Prime subvarieties of VarMz(F)  

In this Section, we give the description of the multilinear components of 
the prime subvarieties of the variety VarMz(F) generated by the matrix 
algebra of order 2 over a field F of characteristic p > 0 [5 ] .  

Let z ( X ) ,  G ( X )  are the free algebras with trace over the ring of integers 
2 and over the field of the rational numbers Q respectively. To formulate 
the description we need the following lemma. 

Lemma 3.1. Let n = pk - 2, 1 be the maximal number with property: 
p' divides (n  + l)!. Then  there exists a uniqely defined modulo ?[Mz(Q)] 
polynomial gk E z(x) such that 

x0,n = d g k  
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modulo F[M2(Q)]. 

We recall the formula 

M X o , n )  = c 0. 
oES,+1 

Thus by the lemma, the polynomial $XO,+ is equal to some polynomial gk 
with interger coefficients modulo trace identities of the algebra Mz(Q) .  

Let r$ be the natural homomorphism 2 ( X )  --f F(X). Put f k  = $(gk). 
Denote by ?k the ?-ideal of the algebra F ( X )  generated by the polynomial 
f k ,  the Cayley - Hamilton polynomial X2 and T r ( 1 )  - 2. Let Vk be the 
variety corresponding to the T-ideal 

Then we call a subvariety V of V a r M z ( F )  trivial if either V is a subva- 
riety of the variety of commutative algebras or the multilinear components 
of the varieties V and VarMz(F) are equal. 

Theorem 3.1. (see [5]). 

( 1 )  If V is  a non-trivial prime subvariety of VarMz(F)  then f o r  some k 

(2) For every k there exists a prime subvariety V which multilinear com- 

(3) If k < s then 

the multilinear component of the varieties v and v k  are equal; 

ponent i s  equal to the multilinear component of vk,’ 

PnFk II PnF,. 

It is easy to calculate the polynomial fi in any characteristic: 

f l  = - X p 4  

The prime variety V1 is known and was found by Yu. P. Razmyslov [13]. The 
relatively free algebra of countable rank of this variety is very interesting. 
This algebra satisfies the Engel identity of degree p - 1 but it is not Lie 
nilpotent. 

It is also easy to calculate the polynomial f 2  for p = 2. 

f 2  = 5 1  0 5 2  + T T ( Z l ) T T ( Z 2 ) .  

The relatively free algebra of countable rank satisfying identities fi = 0 and 
T r ( 1 )  = 0 is also very interesting and can be considered as the Grassmann 
algebra in characteristic 2. 
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Recently T. Antipova, A. Antipov and A.Kemer [6] with a help of com- 
puter have calculated the polynomial f3 for p = 2 by using computer. The 
result is: 

fs(x, y, 2, t ,  u, v) = xytvzu + xyuvtz + xyuzwt + xyvutz + xyztuv 

+xyztvu + xyzvut + xtyuwz + xtywuz + xtuvzy + xtvzuy + xuvtzy 

+xvutzy + xzvuyt + ytuvxz + ytvxzu + yuxtwz + yuxzvt + yuvtxz 

+yuzvtx + yvtxuz + yvutxz + yztuvx + yztvux + yzvutx + txuyvz 

+tyuvzx + tuvzyx + tvzxuy + tvzuyx + uvtzyx + uzxvty + uzvtyx 

+vutzyx + zxtuvy + zxtvuy + zxvuty + ztuvyx + ztvuyx + zuxtvy 

+zuvytx + zvyuxt + zvtxuy + zwuytx + xzutyTr(v) + xtyuzTr(v) 

+ytuzsTr(v) + zuytzTr(v) + xytzTr(uv) + xyuzTr(tv) + xyzuTr(tv) 

+xuzyTr(tv) + xzvtTr(yu) + yuxtTr(zv) + yuxzTr(tv) + yvuzTr(zt) 

+yzuxTr(tv) + txuyTr(zv) + tvzxTr(yu) + uzyxTr(tv) + zxuyTr(tv) 

+ztyzTr(uv) + zuyxTr(tv) + zuvyTr(zt) + xyztTr(u)Tr(v) 
+xztyTr ( u p  (v) + xt z yTr ( u)Tr( v) + y ztxTr ( u)Tr( v) + ytzxTr ( u)Tr (v) 

+tzyxTr(u)Tr(v) + xytTr(zuw) + xytTr(zvu) + xyzTr(tuv) 

+xtyTr(zvu) + xuzTr(yvt)  + szuTr(ytv) + ytxTr(zuv) + tyxTr(zuv) 

+tyxTr(zvw) +uzxTr(yvt) + zyzTr(tvu) + zuxTr(ytv) +xytTr(zu)Tr(v) 

+zyzTr (tu)Tr (v) +xyzTr( uv)Tr ( t )  + xtyTr( zu)Tr(v) + ytxTr( zu)Tr (v) 

+YuzTr(xt)TT(w) + tyxTr( zu)Tr(v) + zyxTr ( tu)Tr (v) + zyzTr(uv)Tr ( t )  

+zuyTr ( zt)Tr( v) + x yzTr ( t)TT( U ) T T (  v) + z yxTr ( t)Tr ( U ) T T (  w) 

+zyTr(ztuv) + xzTr(ytuv) + xzTr(ytvu) + xzTr(yvut) + yxTr(zvut) 
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+ y t W z z u v )  + ytTr(zzvu) + tyTr(zuvz) + tyTr(zvuz) + zzTr(ytuw) 

+zzTr(yuvt) + zzTr(yvut) + zyTr(tvu)Tr(z) + zzTr(ytu)Tr(v) 

+Y zTr(tuv)Tr(z) + ytTr( zzu)Tr( w ) + zzTr( yut)Tr (w) + tyTr (zuz)Tr( w) 

+zyTr(zt)Tr (uv) + ztTr ( yu)Tr ( Z.) + yzTr ( zt)Tr (uv) + tzTr ( yu)Tr (zv) 

+zyTr(uv)Tr (z)Tr ( t )  + yzTr (21V)TT (z)Tr (t ) + z y Tr ( z )  Tr ( t )  Tr (u) Tr ( v) 

+ Y ~ T ~ ( Z ) T ~ ( ~ ) T ~ ( ~ ) T T ( W )  4- zTr(ytuvz) + zTr(yzwut) + yTr(ztuvz) 

+yTr(ztvzu) + yTr(zuwtz) -k yTr(suzvt) f yTr(zvutz) + yTr(zztuw) 

+yTr(zztvu) +yTr(szwut) +zTr(ztvyu) +zTr(zuyvt) +zTr(ztuw)Tr(y) 

+zTr( zvut)Tr( y ) + zTr ( yuz)Tr (tw ) + zTr (yzu)Tr (tv) + zTr (tuv )Tr ( y 2) 

zTr (twu)Tr ( y z )  + y Tr (ztr)Tr (uw ) + yTr (zzt)Tr (uw) + zTr ( yuv)Tr ( Z t )  

ZTT ( yZIu)Tr( st) + zTr (tuw)Tr ( y)Tr ( z )  + zTr (twu)Tr ( y )Tr ( 2 )  

+Tr(zytvuz) + Tr(styuwz) + Tr(zzuvty) + Tr(zzwuyt) 

+Tr ( ytwuz)Tr ( z) + Tr  ( yuvtr)Tr (z) + Tr ( ywut z)Tr ( z) + Tr  ( y ztuw )Tr (z) 

+Tr ( y z t wu)Tr (z) + Tr (yzuvt)Tr (z) + Tr (ztvz)Tr ( yu) + Tr (zzvt ) Tr ( y u) 

+Tr ( ytuw )Tr ( zz )  + T r  ( ytvu)Tr ( z z )  + Tr ( yuvt)Tr ( z z )  + Tr ( yvut)Tr ( z z )  

+Tr (atuw)Tr (zy)+Tr ( zwut)Tr ( 2  y) +Tr (zyt Z)TT( u)Tr (w) +Tr (zzty)Tr( u p (  w) 

+Tr ( ytuz)Tr (z)Tr (v) + Tr ( yzut )Tr ( Z ) T T (  w ) + Tr (ztuv)Tr (z)Tr( y) 

+Tr (zvut) Tr (z) Tr (y) +Tr (zcyt) Tr (22121) +Tr (zt y)Tr (zvu) +Tr (zuz)Tr( yvt) 

+Tr (zzu)Tr ( ytw ) + Tr ( z yt )Tr (zu)Tr( v) + Tr ( zyz)Tr( tu)Tr(w) 

+Tr (zty )Tr (zu)Tr (w ) + Tr (zzy)Tr (tu)Tr (21 ) + Tr(ytu)Tr(zz)Tr(v) 

+Tr ( y u t  )Tr (zz)Tr (w ) + Tr  (ztu)Tr (s y )Tr (v) + Tr (zut)Tr (z y )Tr ( U) 
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+Tr (z yz)Tr ( t  )Tr (u)Tr (v) + TT( zz  y)Tr (t  )Tr ( u)Tr (v )  

+Tr ( yzt)Tr (z)Tr (ZL)Tr( 21) + Tr (yt2)Tr (z)Tr (u)Tr( 21) 

+Tr (tuv)Tr ( z )Tr  (y)Tr ( z )  + Tr(tvu)Tr(z)Tr( y)Tr ( z )  

+Tr (ztu)Tr ( z)Tr ( y )Tr (v )  + Tr  (zut )Tr ( z )Tr  ( y )Tr (v) 

+Tr (z )Tr  ( y)Tr (z)Tr ( t  )Tr (u)Tr (v) . 
We have also calculated the polynomial f 2  for p = 3, but this polynomial 
can not be written down because it contains more then 1000 summands. 
Finally, we are sure that the other polynomials f k  cannot be calculated by 
any computer. This result shows that in thc case of characteristic p thc 
verbally prime varieties cannot be described in traditional way. 

The ?-ideals r k  can be described in other terms. Let A C z(X). We 
denote by A; the ?-ideal of the algebra E ( X )  generated by the set A. 

Theorem 3.2. 
1 

P 

- rk = F # ( E ( x )  n c{x2, x ~ , ~ ,  ~ ( 1 )  - 2 1 9  

(the numbers n and 1 are the same as an lemma). 

Now we give another approach which looks quite promising. 
Let n, k ,  y, m be the integers satisfying the properties: 

(1) n, k ,  rn are non-negative; 
(2) n - k = y modulo p.  

Put 
1 

Prn 

- 
F n , k ( ~ , m )  = F # ( Z ( X )  n -{gxn,k,Tr(1) - 710 E ~ ( n + i ) ( k + i ) ) z ) .  

(the polynomial xn,k was defined ealier). 

Theorem 3.3. r,+ = F 2 , p k  (2 + p l + l ,  k + l ) ,  

This theorem shows that the variety V k  is a slightly transformed vari- 
ety VarM2,pk. In conclusion, we formulate the first conjecture about the 
multilinear components of the classical prime varieties a5 following: 

Conjecture 3.1. If V is a classical prime variety then for some n, k, y, 1 ,  
the multilinear component of the variety V is equal to the multilinear com- 
ponent of the ?-ideal rn ,k (y ,  m). 
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4. Trace-killers for M3(F)  

The results mentioned above show that the trace-killers are very important 
for describing prime varietes of algebras. It is obvious that trace-killers 
for M k ( F )  form a T-ideal.We now denote it by For any algebra A 
we also denote by T,[A] the ideal T[A] n F ( x l , . . .  ,x,) of F ( x l , . . .  ,x,), 
XI,. . , z, E X .  We put rf3’ = n F ( z l , .  - . , xn) .  In this Section we give 
fine description of 1’(3), if char F = 0,  l?L3), if char F = p with p > 3. We 
use the results of A.R.Kemer [1,2], which imply that if char F = 0 ,  then 
there exist a finite dimensional classical algebra A for which r(3) = T[A];  f 
char F = p ,  p > 3 then for each n there exist a finite dimensional classical 
algebra A, for which 

Let E = e l F - k e 2 F I e : = e i e i e j  = O i f i # j ,  B = E * F ( x ~ , . . . , x ~ )  . 
Let B be the factor-algebra of B, defined by relations 

(a) eiuej[ejveiwej, ejaej] = O,[eiuejuei, eiaeileiwej = 0; 
(b) eiuejveiwej[ejaej, ejbej] = O,eiuej[ejuej, ejbejlejveiwej = 0,  

(b’) [eiaei, eibeileiuejveiwej = 0 ,  eiuejuei[eiaei, eibeileiwej = 0;  
(c) [eiuejvei, eiaejbei] = 0; 
(d) eiuejSq(ejaej, ejbej, ejcej, ejdej) = 0,  
(d’) S4(ejaej, ejbej, ejcej, ejdej)ejuei = 0;  
(e) eiuej[ejaej, ejbej, ejcej] = O,[ejaej, ejbej, ejcejlejuei = 0;  
(f)  eiuej[ejaej, ejbej][ejcej, ejdej] = 0 ,  

(f’) [ejaej, ejbej][ejcej, ejdejlejuei = 0;  
(g) [eiaei, eibei]eiuej[ejcej, ejdej] = 0; 
(h) [eiuejvei, [eiaei, eibei]] = 0;  
(i) [eiuejvei, eiaei, eibei] + [eiuejvei, eibei, eiaei] = 0; 
(j) [eiuejvei, eiaei, eibei] = 0;  
(k) [eiaei, eibei][eiuejvei, eicei] = 0;  
(1) [eiuej[ejaej, ejbejlejvei, eicei] = 0; 

- = Tn[A,]. 

(m) eialejbleiazejbzeia3ej = 0; 

a ,  b, c, d ,  U ,  21, W ,  ah, bk E B,  { i , j }  = {1,2} 
One can see, that eiEei = Di + Ri,Di  = eiF, Di n Ri = ( O ) ,  Ri is 

ideal of eiEei. We also put eialeia2eia3eia4ei = 0 in B for each aj E Ri 
Obviously B is a finite dimensional classical algebra. 

Theorem 4.1. (see [lo]) If char F = 0, then there exist a finite- 
dimensional local (noncommutative) algebra C such that r(3) = T [ M z ( F ) ] n  
T[B]  n T [ C ] .  

Theorem 4.2. (see [lo]) If char F = p ,  p > 3, then for  each n 
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there exist a finite-dimensional local (noncommutative) algebra C such that 
= Tn[M2(F)]  n Tn[B] n T,[C]. 

Corollary 4.1. If char F = p ,  p > 3 then fo r  each n there exist N such 
that i f  f E T,[Mz(F)], degf > N and f is representable as a s u m  of  
products of five or more commutators, then f is a trace-killer f o r  M3. If 
char F = 0, then there exist N such that i f f  E T[M2(F)] ,  degf > N and 
f i s  representable as a s u m  of products of five or more commutators, then 
f is a trace-killer for  Ms(F) .  

5. Conjecture of C.Procesi 

Let RQ, and RF, be the algebras of generic matrices of order n over ring 
Q p  and field Fp respectively, where Qp is the ring of rational numbers with 
denominators not divisible by p ,  and Fp is an infinite field of characteristic p .  
The conjecture of C.Procesi is well-known [ll] : the kernel of the canonical 
epimorphism RQ, + RF, is equal to ~ R Q , .  

In 1985, WShelter [16] gave a negative answer to this conjecture for 
n = 2, p = 2. Later A.Kemer [8] obtained the following result: for each 
prime p ,  there exists n 5 p such that the conjecture of Procesi is not true 
for the pair p , n .  We also prove that the conjecture of Procesi is true for 
n = 3 , p  > 3. 

Theorem 5.1. (see [9]) Let RQ, be a 2-generated algebra of generic 3 x 3 
matrices over ring Qpr RF, is  a %generated algebra of generic 3x3 matrices 
over a n  infinite field Fp of characteristic p > 3.  Then  the kernel of the 
canonical epimorphism RQ, + RF, is equal to ~ R Q , .  

6. Matrix type of some algebras 

In this Section, we discuss results obtained by the A.R.Kemer in [7]. 
Denote by t ,  the matrix type of the algebra M,(G), where G is the 

Grassmann algebra of infinite rank over a field F of characteristic p # 2. 
We mentioned above that the algebra G satisfies every multilinear identity 
of the algebra M p ( F ) .  It follows from this that the algebra M,(G) satisfies 
every multilinear polynomial identity of the algebra Mnp(F)  i.e. t ,  5 pn .  It 
is also easy to see that the matrix type of the Grassmann algebra is greater 
than 9 because G does not satisfy the Standard identity of degree p - 1. 
Thus we have the trivial estimations for t ,  

'-ln < t ,  5 pn.  2 
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The main result of the paper [7] gave a precise formula for t,. 

Theorem 6.1. t ,  = p n .  

This Theorem is equivalent to  the following statement: 
There exists a multilinear polynomial f E TIMnp- l (F) ]  such that f 4 

The problem of calculation of such polynomials is very difficult even for 

Denote by S, the standard polynomial of degree m: 

T [ M n  ((31. 

n = 1. This problem is also connected with the divisibility by p.  

Sm = Srn(Z1, * * * 9 ~ m >  = C (-l)'xu(l) . . . xu(rn). 

u € S ( m )  

For n = 1, the statement of Theorem 6.1 can be formulated in the 
following form. 

For sufficiently large even m, there exists a multilinear polynomial f E 
Z ( X )  and a number a E Z which is not divisible by p such that aSm = pl f 
modulo T[MP-1(Q)]  n T[G],  where pl is  the maximal power of p dividing 
m! . 

Actually Theorem 6.1 follows from the following theorem which gives 
a good estimation for the minimal degree of the standard identity of the 
algebra M ,  (G) . 

Let d, be the minimal number m such that the algebra M k ( G )  satisfies 
the standard identity of degree m. Then we have the following theorem: 

Theorem 6.2. 2pn 2 d,  > ( 2 n  - 3)p  - 1 

The problem of calculating of the number dk is very interesting. We 
formulate the following conjecture. 

Conjecture 6.1. dk = (2k - l ) p +  1. 

The following statement is formulated as a lemma in [6]. 

Theorem 6.3. For even number m 2 (3p + l)(p - l), there exists a multi- 
linear polynomial f E Z ( X )  and a number a E 2, which is  not divisible by 
p ,  such that a s ,  = plf modulo T IMp- l ]  n T[G],  where p1 is  the maximal 
power of p dividing m! 
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We observe an application of conformal algebra theory to  the following natural 
problem: describe those subalgebras of the algebra of differential operators 
with polynomial coefficients (Weyl algebra) that act irreducibly on the space 
of polynomials. 

1. Introduction 

Since the celebrated paper [9], the Weyl algebras have become a topic of 
precise algebraic study. In a formal way, the nth Weyl algebra A,, n 2 1, 
can be defined as follows. Let k(X,) stands for the free associative algebra 
generated by the set X, = {p i ,  qi I i = 1,. . . , n},  and let C, be a subset 

i , j = l ,  ..., n.Then 
of k(Xn) that consists of pipj - pjp i ,  qiqj - qjqi, qipj - pjqi - S i j ,  where 

An = %(Xn 1 En)  = %(Xn)/(En). 

Throughout the paper, we assume char k = 0. The algebra A, is simple, 
and it has a canonical faithful irreducible representation on the space of 
polynomials H, = %[sl,. . . ,4. Namely, 

p i f ( z 1 7 .  * .  2,) = I C i f ( Z 1 , .  * * 7 %n), 

i = l ,  ..., n. 

Weyl algebras are in some sense the simplest (after finite-dimensional 
ones) simple noncommutative algebras. Since a linear basis of A,  can be 

*Partially supported by RFBR 
t 1991 Mathematics Subject Classification. 16S50; 14R10; 16932 
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chosen in the form pyl . . . p z q ; '  . . . q?, ai, bi 3 0, the Gel'fand-Kirillov 
dimension of A, is equal to 2n. 

Less is known on subalgebras of Weyl algebras. For example, this is an 
open question whether A1 contains a proper subalgebra isomorphic to A1 
(the Dixmier problem). This question is known to be equivalent in a certain 
sense to the famous Jacobian Conjecture, see [2,5]. 

Also, for example, it had been staying unknown for a long time whether 
a Weyl algebra (e.g., Al)  contains a non-Noetherian subalgebra. Recently, 
the problem was solved (positively) in [3]. 

In this paper, we consider the following task which seems very difficult 
to complete in general. 

Problem 1.1. Describe those subalgebras of A, that act irreducibly on the 
module H, with respect to  the representation (1). 

Note that a similar problem can be stated in a more general form for 
matrix algebras (subalgebras of MN(An)) with canonical (left) action on 
H, @ k N .  

This problem remains unsolved even for n = N = 1. However, it is 
possible to define a special class of subalgebras that occur to be related with 
so called conformal algebras [12]. In the context of conformal algebras, a 
special case of Problem 1.1 naturally appears as an analogue of the classical 
Burnside theorem [6]. 

This paper is devoted to a discussion of the relations between Problem 
1.1 (for n = 1) and a structure theory topic of associative conformal alge- 
bras. We will also state a conjecture that relates to the case of n-conformal 
algebras, n > 1. 

2. Conformal algebras 

In this section, we consider a generalization of the notion of a conformal 
algebra from [12] which is complementary in some sense to the one studied 
in [I]. 

Suppose G is a linear algebraic group over an algebraically closed field 
k. Denote by H the algebra of regular functions %[GI on G. This is an affine 
commutative algebra equipped with the structure of Hopf algebra dual to 
the group structure on G. Namely, the coproduct A, counit E ,  and antipode 
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Definition 2.1. A (G)-conformal algebra C is a left H-module endowed 
with k-bilinear operations (. .), g E G, such that 

for every a,b E C the function (a  I b )  : G -+ C is regular, i.e., 

for every a, b E C,  and for every f E H ,  g E G we have 
(a  I b) = xi  fi @ ci E H @ C ,  where (a b) = xi fi(g)c,, g E G; 

(fa g b)  = f(g-l>(a g b ) ,  ( a  9 f b )  = L,f(a g b ) ,  (2) 

where (-&7f)(z) = f(@). 
For G = {e}, a (G)-conformal algebra is just an algebra over the field 

k. If G = A1 (affine line) then Definition 2.1 coincides with the definition 
of a conformal algebra from 1121 in terms of A-brackets. 

Let us call an (A")-conformal algebra by n-conformal algebra for sim- 
plicity. This is exactly a pseudo-algebra over H, = k[z l , .  . . ,x,] in the 
sense of [I]. 

Example 2.1. Suppose A is an algebra over k. Then the free H-module 
C = H @ A equipped with the operations 

(f @ a )  ( h @ b )  = f(g-l)L,h@ab, f,h E H, a, b E C, g E G, 

is called the current (G)-conformal algebra over A. 

Example 2.2. Suppose A is an H-comodule algebra, i.e., a (non-associa- 
tive, in general) algebra endowed with a coassociative coaction AA : A -+ 

H @ A ,  AA(u) = C a(l) 8 a(2). Then the free H-module C = H @ A with 

respect to the operations given by 
(a) 

(f €9 a)  g ( h  €9 b) = f(g-')b(l)(g)Lgh €9 4 2 ) ,  f, h H ,  a, b E c, 9 E G7 

is called the diflerential (G)-conformal algebra over A. 

S are defined on H as follows:

where is the identity of G.
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Current conformal algebra is a particular case of a differential one, when 
AA(u) = 1 @J a,  a E A. A series of examples of H-comodule algebras is 
provided by afine G-varieties. 

Suppose V is a Zariski closed subset of an affine space, and let the 
group G act on V continuously. Then the coordinate algebra A = k[V] is 
an H-comodule algebra (AA is dual to the action of G on V). Then the dif- 
ferential (G)-conformal algebra over A is denoted by Cend$G’V) (conformal 
endomorphisms of 1-generated free A-module). The (G)-conformal algebra 
of (N x N)-matrices over CendiG”) is denoted by CendF’v). 

The conformal algebra CendFVV) has the following natural “geometric” 
interpretation. Denote by MN the linear space of all kN-valued regular 
functions on V. Then an element of CendFIv) can be thought of as a 
transformation rule of the space MN by means of the group G. For example, 
the left shift transformation L defined by 

L : g H L,, (L,u)(z) = u(gZ), g E G, u E M N ,  z E V, 

belongs to CendF’v) (it plays the role of a unit in this conformal algebra 

It is clear how to define subalgebras, left and right ideals of a (G)- 
conformal algebra (these are H-submodules closed under all g-products in 
an appropriate way). 

Proposition 2.1. ((181) T h e  (G)-conformal  algebra CendFtV) i s  simple 
if and only if V is a n  irreducible G-set .  

1201 ). 

The following identity is easy to verify for CendF’v): 

a I ( b  y c)  = (a  I b) yz c, (3) 

a ,  b,c E Cende’v), Z, y E G. A (G)-conformal algebra C which satisfies the 
relations (3) is said to be associative. 

This definition of associativity is coherent to the general operadic ap- 
proach by [lo] assuming the base multi-category (pseudo-tensor category 
in [4]) is the category of left H-modules M*(H) [l]. 

In this case, the opposite family of g-products on a (G)-conformal d- 
gebra C can be defined as follows. Given a , b  E C, consider ( a  I b)  = xi fi 8 ci E H @J C and set 
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The operations {. .}, g E G, defined by (4) satisfy "dual" definition of 
b)"p := { b  a }  define a structure of 

If the group G is abelian, then the multi-category M * ( H )  is symmetric 

a (G)-conformal algebra. Namely, ( a  
a (G"P)-conformal algebra on the same H-module C. 

(see, e.g., [19]), and the following identities have sense: 

(commutativity) ( a  b )  = ( a  b)OP;  

(anti-commutatvity) ( a  b) = -( a b ) O p ;  

(Jacobi) a ( b y  c) - b y  ( a  I b)  = ( a  b)  yz c. 

It is also clear how to define "super" versions of commutativity and 
Jacobi identity. For an arbitrary variety of algebras one may define its (G)- 
conformal analogue following the general scheme of [17]. However, the group 
G has to be abelian if the set of defining identities of the variety contains 
an identity with a permutation of variables. 

Proposition 2.2. Let C be an associative (G)-conformal algebra over an 
abelian linear algebraic group G. Then the same H-module C with respect 
to new operations [a b] := ( a  b) - ( a  b)"P is a Lie (G)-conformal 
algebra denoted by C(-) .  

Proof. Straightforward computation. 0 

In the paper [8 ] ,  the structure theory of Lie (Al)-conformal algebras 
over k = C of finite type was developed. In this case, H = @ [ X I ,  and a 
(G)-conformal algebra is simply called a conformal one. The finiteness con- 
dition for a (G)-conformal algebra C means that C is a finitely generated 
H-module. As a corollary, the structure theorem for associative conformal 
algebras of finite type was obtained in [13]. In [21], the analogue of the Wed- 
derburn principal theorem was proved for associative conformal algebras of 
finite type. 

The first steps beyond the finite type case were done in the papers 
[20] and [6]. In the first one, the simple unital finitely generated conformal 
algebras of linear growth were described: it turns out that such a conformal 
algebra is isomorphic to Cendc""'). In the second paper mentioned above, 
conformal subalgebras of Cendl were described, and the general conjecture 
on the structure of such subalgebras in CendN was stated. 

The last conjecture was proved in [14], that led to a structure theory of 
associative conformal algebras infinite type (but with a finite faithful rep- 
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resentation, see below). Also, this result allowed to complete classification 
of simple assqciative conformal algebras of linear growth [15]. 

Let us return to the case of an arbitrary linear algebraic group G. Sup- 
pose V is an affine G-set and consider the (G)-conformal algebra CendN , 
N 2 1. Recall that Cendr 'v) = Cend$G'V) @ M N ( ~ )  21 H €4 M N ( A ) ,  where 
A = k[V]. 

Suppose a = xi  f i@ai  E H @ M N ( A ) .  Then for every u E MN := A@kN 
and for every g E G we are given (a u) := xi fi(g-')ai(Lgu) E M N .  The 
family of operations obtained satisfy the properties of Definition 2.1 and 
also the relation 3. This shows a way to the definition of what is a module 
over an associative (G)-conformal algebra (c.f. [7]). 

Definition 2.2. (c.f. [S]) A conformal subalgebra C C Cendg'v) is said 
to be irreducible if M N  contains no nonzero proper A-submodules invariant 
with respect to ( a  

(G,V) 

.), a E C ,  g E G. 

Recall that a left ideal of a ring is called essential if it has a nonzero 
intersection with every nonzero left ideal of a ring. The same notion can be 
applied to (G)-conformal algebras. 

Let V = G, where G acts on itself by left multiplications. Then A = H 
and CendE'G) N H €4 MN (H). 

Theorem 2.1. ([18]) Suppose the base field k is  algebraically closed. Let 
C be a n  irreducible subalgebra of CendFPG). Then C1 = (1 @ H)C i s  an  
essential left ideal of Cend, (G,G) . 

For the case G = A' Theorem 2.1 was proved in [14]. The generalization 
to the case G = A" appeared in [16]. 

Finally, note that all left ideals of Cendr'") have the following form: 
5 ( H  @ I ) ,  where I is a left ideal of M,(A) and 3 is the formal Fourier 
transform, i.e., 

5(h  @ f €4 a )  = c hS(f(1)) @ f(2) €4 a,  
(f) 

h E H ,  f E A,  a E M N ( ~ ) .  
Throughout the rest of the paper we will mainly consider the case G = 

A", n 2 1. The (A")-conformal algebra Cendk := Cend$"'An) is closely 
related to the matrix nth Weyl algebra M,(An). Subalgebras of Cendk give 
rise to a special class of subalgebras in MN(An). In the following section, 
we state a formal description of such subalgebras. 
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3. TC-algebras 

Let us fix a natural number n 2 1 and consider the polynomial algebra 
H = H, = k.[xl,. . . ,x,] as a topological algebra with respect to x-adic 

Suppose A stands for a (Hausdorff) topological algebra (non-associative, 

An A-valued field is a continuous map a : H -+ A which is translation- 

topology. 

in general) equipped with continuous derivations 81,. . . , a,. 

invariant (T-invariant, for short), i.e., 

Denote the set of all A-valued fields by F(A).  

respect to the action defined by 
The space of fields F(A)  can be considered as a left H-module with 

If B is a subspace of A which is invariant under all & ,  i = 1,. . . , n, then 
the space of B-valued fields F ( B )  is an H-submodule of T ( A ) .  Conversely, 
if C is an H-submodule of F(A)  then denote by d ( C )  the space of values 
of fields from C,  i.e., 

d(C> = {a(f) I a E C, f E H). 

This construction is a particular case of so-called annihilation space [l] of 
an H-module. 

Note that the following relations always hold: 

B 2 d ( F ( B ) ) ,  F ( d ( C ) )  2 C, 

and also 

d ( F ( d ( F ( B ) ) ) )  = d ( F ( B ) ) *  

Definition 3.1. A topological algebra A with continuous derivations di, 
i = 1,. . . , n, is said to be a TC-algebra (from “translation invariance”, 
“continuity”) if A = d ( F ( A ) ) .  

It is clear that for any TC-algebra the derivations & necessarily com- 

A homomorphism of TC-algebras is a continuous &-invariant homomor- 
mute with each other, and each of them is locally nilpotent. 

phism of algebras. 

Example 3.1. (see [16]) 
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(i) The polynomial algebra H = k[xl,. . . ,xn] itself is an associative TC- 
algebra with respect to the x-adic topology and ai = a/dxi, i = 1,. . . , n. 

(ii) If n is even then the same H with respect to the Poisson bracket 

is a Lie TC-algebra. 
(iii) The Weyl algebra A, is an associative TC-algebra with respect to the 

q-adic topology and &(a) = api - pia, a E A,, i = 1,. . . , n. 
(iv) A left/right ideal B of the algebra A, is a TC-subalgebra if and only if 

B = A, f ( p )  or B = f ( p ) A , ,  respectively. Here p = (pl, . . . ,pn) .  
(v) The Lie algebra W, c Ai-) is also a TC-algebra, as well as its classical 

subalgebras S, = {D E W, 1 Dw = 0 )  and X, = { D  E W, 1 Ds = 0}, 
k 

v = dT1 A . .  . A dT,, s = dTi A dTk+i, n = 2k. 
i=l 

It is clear how to expand the examples from (i), (iii), (iv) to matrices 
over H or over A,. 

Recall that H = k[xl,.  . . , x,]; this is the coordinate Hopf algebra for 
the group G = A". Suppose M is a finitely generated H-module. Then 
E = Endk M can be considered as a topological algebra with respect to the 
finite topology in the sense of [ll] and continuous derivations ai = [.,xi], 
i = 1,. . . , n. Indeed, a sequence $k E El k 2 1, converges to zero in E if and 
only if for every finite number of uj E M ,  j = 1,. . . , m, we have $kUj = 0 
for k >> 1. Therefore, if $k --+ 0 then &$k -+ 0 for all z = 1,. . . , n. 

Proposition 3.1. If M is a free N-generated H-module then 

4 J W n d k  M ) )  N Miv(A,) 

as TC-algebras. 

Proof. Note that MN(A,> is a subalgebra of Endk M ,  where the embed- 
ding is given by the canonical representation (1). This representation is 
obviously a continuous open map with respect to the q-adic topology on 
M N ( A ~ )  and the finite topology on Endk M .  Moreover, since the matrix 
algebra over a TC-algebra is also a TC-algebra, we have 

A(F(Endk M ) )  2 .A(.T(Miv(An))) = Mjv(An).  

Suppose cp E d(F(EndaM)), i.e., cp = a(f) ,  a E F(Endk M), f E H .  
Consider cpml ,..., m, = a(xC;nl . . . x c n ) .  
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It follows from (5) that the field a is completely defined by an arbitrary 
family of values uml,..., (i) m, - - pml ,..., m, (e i ) ,  where {ei I i = 1, . . . , N }  is a 
basis of M over H .  Indeed, since the map a : H -+ Endk M is continuous, 
for each i there exist only a finite number of (ml, . . . , m,) E ZT0 such 

that uml (4 ,..., m, = Ey=1 fi$!..,m,ej # 0, f2$!..,mn E H .  NOW for every 
h=h(z1, ..., 2,)EH 

- 

4. Irreducible TC-subalgebras of matrix Weyl algebras 

Let us say that S is a TC-subalgebra of Mn,(A,) if S = d(T(S)). As before, 
suppose M is a free N-generated left module over H = k[zl,. . . , z,]. In 
order to study TC-subalgebras of Mn,(A,) we will use a conformal algebra 
structure on the space of all fields over F(Endk M ) .  

Proposition 4.1. The H-module F(EndkM) can be endowed with an n- 
conformal algebra structure isomorphic to Cendk. 

Proof. As we have already seen in the proof of Proposition 3.1, an arbitrary 
field from F(Endk M )  is uniquely defined by a finite family of matrices 
F,,,...,,,, mi 2 0. Suppose a is such a field as in (6). Then consider 

(-21)m1 . . .  (-Zn)mn 8 Fml,...,m, E Cendk 
ml! m,! ii =  c 

mi, ..., mn 

The correspondence a H ii is obviously a bijective H-linear map between 
F(Enda M )  and Cendk. 0 

Therefore, we can identify Cendk with F(Endk M ) .  
For every a E Cendk we have two associated families of linear maps 

0 )  E Endk M ,  X E A". It is easy to obtain a( f )  E Endk M ,  f E H ,  and ( a  
the relation between these families: 
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where u, = xf’ . . . x z  E H. Note that for every fixed v E M the expression 
for ( a  

In a straightforward computation one may get the following explicit 
expression for (a  

v) contains only a finite number of summands. 

b) E Cend;, X E An: 

where us = xi’ . . . xEn E H. Note that for every fixed a and b the sum 
contains only a finite number of summands. 

Corollary 4.1. A TC-subalgebra S of MN(A, )  i s  equal to d(C), where C 
is  a conformal subalgebra of Cendk. 

Proof. Given a TC-subalgebra S ,  consider C = F(S) .  By ( B ) ,  this is a 
conformal subalgebra of F(Endk M )  which is now identified with Cend;. 

0 TC-property implies S = d(C). 

Proposition 4.2. A conformal subalgebra C of Cendg is irreducible if 
and only i f  the TC-subalgebra k[pl, . . . , pn]  S 5 MN(A, ) ,  S = d(C), is 
irreducible. 

Proof. Suppose C is an irreducible conformal subalgebra, S = d(C), S1 = 
k[pl,. . . ,p,]S. Assume U C MN is an &-invariant subspace. Then U1 = 
S1U c U is an H-submodule. 

Moreover, if v E U1 then relation (7) implies (C (A) u) C_ Su C_ U I ,  i.e., 
U1 is an H-submodule invariant with respect to  (a  a ) ,  a E C ,  X E An. If 
U1 = 0 then U2 = {v E M I Sv = 0) 2 U # 0, but it is easy to derive from 
the properties of S that Uz is a C-invariant H-submodule. If U2 = M then 
S = 0 which is impossible. 

Conversely, suppose S1 = k[pl,. . . ,p,]S is irreducible, and assume 0 # 
U < H  M is a C-invariant submodule, i.e., ( a  v)  E U for all a E C ,  X E An, 
v E U .  For a fked v E U ,  choosing different A’s, we obtain from (7) a system 
of linear equations that can be resolved in a(us)v,  i.e., all a(f)v E U for all 
f E H .  Hence, U is an S-invariant subspace; since U is an H-submodule, 

o we also have k[pl,. . . ,p,]SU c U .  

The following theorem provides an approach to a solution of the problem 
stated in the Introduction for the class of TC-subalgebras. 

Theorem 4.1. Let S be an irreducible TC-subalgebra of MN(A,). Then  
k[pl,. . . ,p,]S i s  an  essential left TC-ideal of MN(A , ) .  
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Proof. By Corollary 4.1, S = d(C), where C is a conformal subalgebra 
of Cendg. If S is irreducible then so is klpl, . . . ,pn]S. By Proposition 4.2, 
C is an irreducible conformal subalgebra. It follows from Theorem 2.1 for 
G = An that (1 8 H ) C  is an essential left ideal of Cendg. 

It follows from (8) that d((1 8 H)C)  is a left ideal of MN(An) which 
has a nonzero intersection with every nonzero left TC-ideal of MN(A,). 

0 Finally, note that d ( ( 1 8  H ) C )  = k[p1,. . . ,p,JS. 

Corollary 4.2. An irreducible TC-subalgebra of M,(Al) is equal to 
Miv(Ai)Q, where Q E MN(k[PI]), det Q # 0. 

Proof. Denote pl and 41 by p and q, respectively. The description of left 
ideals of CendN = Cendh was found in 161: all these ideals are of the form 
CendN,g = S ( H  8 HQ(z)), where H = k[z]. Such an ideal is essential if 
and only if det Q # 0. 

Therefore, an irreducible TC-subalgebra S of M N ( A ~ )  has the following 
property: kb]S = d(CendN,g) = MN(Al)Q(p), det Q # 0. For C = F ( S ) ,  
we have (1 8 H ) C  = CendN,Q. 

If the sum 

is direct, then 

is also direct. In this case, GKdim C = 0; these conformal subalgebras were 
described in [6], the subalgebra S is not irreducible itself. 

If the sum (9) is not direct, then so is (lo), and it is easy to show (see 
0 [14]) that C = CendN,Q, therefore, S = Mjv(A1)Q. 

Finally, let us state a conjecture that is supposed to be a description of 
the picture for n > 1. 

Conjecture 4.1. Let S be a TC-subalgebra of MN(A,). Then the following 
are equivalent: 

(1) S is irreducible; 
(2) GKdimS = 2n and k[pl,. . . , p n ] S  is  a n  essential left ideal of M N ( A ~ ) ;  
(3) s as an essential left ideal of MN(An). 
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We investigate the influences of lengths of conjugacy classes of finite groups on 
the structure of finite groups. Some sufficient conditions for a finite group to 
be pnilpotent and supersolvable are obtained. Some known results are gener- 
alized. 

Keywords: Conjugacy classes; P-nilpotent groups; Finite groups. 

1. Introduction 

All groups considered in this paper are finite. If G is a group, then we use 
xG to denote the conjugacy class containing x, lxGl the length of xG and 
Con(G) the set of the conjugacy classes of G. 

One of the questions that were studied extensively is what can be said 
about the structure of the group G if some information is known about 
the arithmetic structure of Con(G). The answers in many cases were given 
in many papers. For example, Chillag and Herzog in [l] proved that G is 
supersolvable and both IG/F(G)I and IF(G)‘I are square-free numbers if 
ICI is a square-free number for each C E Con(G). Cossey and Wang in [2] 
showed that G is a solvable pnilpotent group and the Sylow psubgroups of 
G/O,(G) is of order at most p if there is no conjugacy class whose length of 
G is divisible by p2 and q does not divide p -  1, where p ,  q are prime divisors 
of ]GI. Recently in [3], Liu, Wang and Wei replaced “all conjugacy classes” 
by “some conjugacy classes” and obtained many interesting results. In this 
paper, we continue to investigate influences of conjugacy classes of finite 

*The research was partially supported by the National Natural Science Foundation of 
China(10771132), SGRC(GZ310), the Research Grant of Shanghai University and Shang- 
hai Leading Academic Discipline Project(J50101). 
tMSC: 20DlO; 20D20. 
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groups on the structure of finite groups. We will concentrate to  put our 
emphasis on the p-part structure of conjugacy class length of p’-element of 
prime-power-order of G and obtain some theorems on pnilpotent groups 
and supersolvable groups. Some results in [l-31 are generalized. 

2. Basic definitions and preliminary results 

In this section,we give some lemmas which are useful for our main results. 

Definition 2.1. An element x of a group G is called a p’-element or a 
p-regular element if the order of x is a p’-number, that is, (o(x),p) = 1. 

Lemma 2.1 (1,Lemma 1). Let N 9 G,a: E N ,  and y E G. Then 

(2) lxNl I IZGI. 

( Y W ” I  I IYGL 

Let p be a prime and 2, a cyclic group of order p. We denote (2,)” x 2, 
for a Frobenius group with Frobenius kernel (2, x . . . x 2,) and F’robennius 

complement Z,, and (2, x . . x 2,) as 2,-module is irreducible. 

__J 

n 

Y 

n 

Lemma 2.2. Let G be a solvable group and p a prime dividing the order 
of G. Then G is not p-nilpotent but every proper normal subgroup of G and 
every proper quotient group of G are p-nilpotent if and only if there exist a 
prime q and a positive integer n such that G II (2,)“ x 2,. 

Lemma 2.3 (1,Proposition 3). If the fixed prime plIC~(a:)1 for all x E 
G, then G is not a nonabelian simple group. 

3. Main results 

In this section, we will study the structure of finite groups by using the 
conjugacy class length of p’-element of prime-power-order. Our first results 
is the following: 

Theorem 3.1. Let G be a group and p a prime divisor of ]GI. Suppose 
that no conjugacy class length of p‘-element of prime-power-order of G is 
divisible by p2. Then P/O,(G) is an elementary abelian p-group, where 
P E Syl,(G). 
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Proof. Since (O,(G/O,(G)) = 1 and the quotient group G/O,(G) sat- 
isfies the hypothesis of the theorem by Lemma 2.1, we may assume that 
O,(G) = 1. Now,set: U = @ ( P )  n Z ( P )  and we consider CG(U). It is easy 
to prove that there exists an element II: E G such that g centralizes some 
maximal subgroup of P" for every p'-element g of prime-power-order of 
G, and whence g centralizes U". On the other hand, it is also easy to 
prove that g centralizes some G-conjugacy of U for every pelement g ,  so 
UzEG CG(U") = UIEG CG(U)" contains all elements of prime-power or- 
der of G. As a consequence of the finite simple groups(see [7]), we have 
G = U I E G C ~ ( U ) Z .  It follows that G = CG(U), and SO U 5 O,(G) = 1. 
Hence @(P)  = 1, and therefore P is an elementary abelian pgroup. The 
proof is completed. 0 

Theorem 3.2. Let G be a solvable group and p be a prime with (IGl,p - 
1) = 1. Suppose that no conjugacy class length of p'-element of prime-power 
order of G i s  divisible by p3 and G is (2, x 2,) >a Z,-frze for any prime q 
with q # p .  Then  G is a p-nilpotent group. 

Proof. Assume that the result is false and let G be a counterexample of 
minimal order. If G is a simple group, then G is a cyclic group of prime 
order, a contradiction. Hence, G contains proper normal subgroup. For any 
proper normal subgroup N of G, we have N and GIN are pnilpotent by 
Lemma 2.1. Hence, by Lemma 2.2, G is a Frobenius group (2,)" >a 2,. 
Thus there exists a conjugacy class C E Con(G) such that ICI = p". The 
hypothesis implies that n 5 2 and therefore [PI 5 p2 if P E Syl,(G). 

If n = 1, then G 21 2, >a 2,. Since ( IGl ,p  - 1) = 1, it follows that 
NG(P) = CG(P).  By Burnside theorem [7;10.1.8] we see that G is p 
nilpotent, a contradiction. If n = 2, then G N (2, x 2,) >a Z,, again a 

0 contradiction. Our proof is hence completed. 

By using a similar arguments, we obtain the following theorem. 

Theorem 3.3. Let G be a solvable group and p be a prime with (IGl,p2 - 
1) = 1. If no  conjugacy class length of p'-element of prime-power-order of 
G i s  divisible by p3 ,  then G is p-nilpotent. 

Remark 3.1. In Theorem 3.2 and Theorem 3.3, the condition that G is 
(2, x 2,) >a Z,-free and the condition ( IGI,p2 - 1) = 1 can not be dropped. 
For example, let G = A4 be the alternating group of degree 4. Then A4 
has four conjugacy classes C1,Cz1C3,C4 and JC11 = 1,JCzJ = 3,JC3) = 



4, IC41 = 4. Let p = 2, obviously Z3 f ICil, where i = 1,2,3,4. but A4 is not 
a-nilpotent. 

If p is the smallest prime dividing the order of a group, then we deduce the 
following Theorem: 

Theorem 3.4. Let G be a group and p be the smallest prime divisor of 
IGJ. Suppose that no conjugacy class length of element of G is diwisibZe by 
p3 and G is A4-free. Then G is a p-nilpotent group. 

Proof. Suppose that G, E SyZ,(G). If G, is cyclic, then G is pnilpotent by 
Burnside theorem. If (G,( = p2 and G, N_ (2, x Z p ) ,  then NG(Gp)/CG(Gp) 
isomorphic to a subgroup of GL(2.p).  If p > 2, then it is easy to see that 
NG(G,) = CG(G,). Hence G is pnilpotent by Burnside theorem. 

If p = 2, then it is easy to see that Nc(GP) = Cc(Gp) or that 
NG(G,) 2~ A4. But NG(G,) N A4 is impossible. Hence Nc(Gp) = C G ( G ~ )  
and therefore G is pnilpotent. 

Now we suppose that IG,J 2 p3. Since p3 + ICI for any C E Con(G) and 
ICI = IG : CG(S)( for any z E G, p l l C ~ ( ~ ) l .  By Lemma 2.3 G is not a simple 
group. By Lemma 2.1 and by induction, for every proper normal subgroup 
N of G and every proper quotient group GIN of G, we have N and GIN 
are pnilpotent. If G is not pnilpotent, then by Lemma 2.2, there exist a 
prime q and a positive integer n such that G N (2,)" x 2,. Hence, there 
exists a conjugacy class C E Con(G) such that ICI = p". By hypothesis, 
we have n I 2,  and thereby, lGpl I p2 ,  a contradiction. This shows that G 
is pnilpotent. 0 

Theorem 3.5. Let A and B be normal subgroups of a group G such that 
G = AB. I f  G is  (2p)2 x Z,-free f o r  any distinct primes p and q, and lxGI 
is cube-free fo r  every element x of A U B ,  then G is a supersolvable group. 

Proof. The hypotheses are clearly inherited by quotient groups. 
We first prove that A and B are supersolvable. We only prove that 

A is supersolvable. Assume that A is not supersolvable and choose A a 
counterexample of minimal order. Because the class of supersolvable groups 
forms a saturated formation , we may suppose that A has a unique minimal 
normal subgroup N and @(A) = 1. Then by Lemma 2.1 and Theorem 3.4, 
we see that A has a Sylow tower of supersolvable type. Hence A is solvable. 
Thus we may suppose that N is an elementary abelian pgroup and IN1 = pk 
with k L 1. If k = 1,  then GIN is supersolvable by Lemma 2.1. This leads 
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to A is supersolvable, a contradiction. Hence we may suppose that k > 1 
and A has no normal subgroup of prime order. Since @ ( A )  = 1, there 
exists a maximal subgroup M of A such that A = M N  and M n N  = 1. 
Clearly M 2 A / N  is supersolvable. Let Q be a minimal normal subgroup 
of M .  Then I Q I  = q, a prime. Set Q = (z). If C A ( Z ) ~ N  = C N ( X )  # 1, 
then M < NA(Q) = A. Thus Q is a minimal normal subgroup of prime 
order of A,  a contradiction. Hence, CA(X)  n N = CN(Z) = 1 and it follows 
that N ( z )  is a Frobunius group and by hypotheses, IN] = p 2 .  That is, 
N ( z )  is fiobenius group (2, x 2,) M Z,, a contradiction. Therefore there 
is no counterexample and A is supersolvable. In the same way, B is also 
supersolvable. 

Next we prove that G is solvable. Since A and B are supersolvable and 
G / A  = A B / A  

Now we prove that G is supersolvable. Assume that the result is false. 
Then, we choose G a counterexample of minimal order. Because the super- 
solvable groups forms a saturated formation , we may suppose that G has 
a unique minimal normal subgroup N and @(G) = 1. Let IN1 = pk with 
k > 1. Then F(G)  = N = CG(N).  If A' = 1 or B' = 1, G is supersolvable 
by [AB, theorem 31. a contradiction. So both A' and B' are nonidentity nor- 
mal subgroups of G. By the uniqueness of N we can get that N 5 A' and 
N 5 B'. On the other hand, A' 5 A since A is solvable. Thus there exists 
a subgroup H of A such that H / N  is a minimal normal subgroup of GIN. 
Since GIN is supersolvable, IH/NI = q, which is a prime. If q = p ,  then 
K is a normal psubgroup of G,  which implies H 5 F(G)  = N ,  a contra- 
diction. If q # p ,  then, by Schur-Zassenhaus Theorem, there is an element 
z such that H = N ( z )  and 1x1 = q. Suppose that there exists an element 
y # 1 in N such that y E C G ( ~ ) .  Since N is abelian, H = N ( z )  5 C G ( ~ ) .  
So Z ( H )  > 1. But Z ( H )  char H g  G. Thus Z ( H )  g G. Again by the unique- 
ness of N ,  we have that N < Z ( H ) .  This implies H = N x (z), which is 
a nilpotent normal subgroup of G. Thus H < F(G)  = N ,  a contradiction. 
Hence, CH(Z) = (z) and ( zH(  = ( H  : C H ( ~ ) J  = JNJ = pk with k > 1. 
If k = 2, then H = N ( z )  is a F'robenius group (2, x 2,) M Z,, which is 
contrary to the hypotheses. If k 2 3, again contradicts to the hypotheses. 
Hence there exists no counterexample and our proof is hence completed. 0 

B / A  n B ,  G is solvable. 
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Finite index subgroups of the modular group are of great arithmetic impor- 
tance. Farey symbols, introduced by Ravi Kulkarni in 1991, are a tool for 
working with these groups. Given such a group r, a Farey symbol for I? is a 
certain finite sequence of rational numbers (representing vertices of a funda- 
mental domain of r) together with pairing information for the edges between 
the vertices. They are a compact way of encoding the information about the 
group and they provide a simple way to do calculations with the group. For 
example: calculating an independent set of generators and decomposing group 
elements into a word in these generators, finding coset representatives, elliptic 
points, and genus of the group, testing if the group is congruence, etc. We will 
discuss Farey Symbols and explicit algorithms for working with them. 

1. Introduction 

Modular forms are certain functions defined on the upper half plane dis- 
playing certain symmetries under the Mobius transformation action of a 
finite-index subgroup of PSLz(Z). The theory of modular forms has been in 
the central stage of number theory for more than one century and continues 
to be one of its most exciting areas. Working with modular forms requires 
knowing information about their underlying groups. There is a vast litera- 
ture about many aspects of finite index subgroups of the modular groups 
and their relations with other fields such as combinatorics, algebraic curves. 

" 2000 Mathematics Subject Classification. l lF06 
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Interested readers are referred to articles like [l, 21, or a recent survey article 
by the second author on these groups and their modular forms [9]. 

Some finite index subgroups of the modular group can be described 
purely by congruence relations, and as such are called congruence subgroups 
of the modular group. These groups are relatively easy to work with, as they 
contain a certain normal subgroup r ( N ) ,  such that the quotient of the group 
by r ( N )  is just a subgroup of PSLz(Z/NZ). Most computational methods 
for working with modular forms work only for congruence subgroups [14]. 
Noncongruence subgroups are finite-index subgroups of (PSL2 (Z)) that can- 
not be described by congruence relations. Even though they make up the 
majority of finite-index subgroups of PSLz(Z) there are few tools for work- 
ing with them. One tool that works equally well with both congruence and 
noncongruence groups is the method of Farey symbols introduced by Ravi 
Kulkarni [6]. In this paper we will recast how to use Farey symbols and some 
related computational topics. We will discuss some explicit algorithms for 
working with Farey symbols. The first author has implemented a collection 
of such algorithms into a free SAGE package called “KFarey”. It should 
be made clear to the readers that “KFarey” is an undergoing project and 
we will continue to improve the current functions, implement other existing 
algorithms such as [4, 81, and investigate new algorithms to make “KFarey” 
useful to a large audience. 

2. Subgroups of PSLa(Z) 

Let SL2(Z) be the group of 2 x 2 matrices with integer coefficients and 
determinant 1, and let PSL2(Z) = SL2(Z)/{I,-I}. Let W be the upper 
half plane W := { z  E C : Im(z) > 0). Then PSLz(Z) acts faithfully on W 
under the action 

az + b , -  yz = - 
c z + d ’  

where y = (: 1) E PSL2(Z). The objects of our study will be the finite 

index subgroups of PSLz(Z). For example, the standard congruence groups, 
r ( N ) ,  rl(N) and TOW). 

partitions 
Q U {m} into equivalence classes, where q1 N qz if q1 = yq2 for some y E r. 
These equivalence classes { q }  are called the cusps of I’ and the width of 
the cusp { q }  is [StabpsL,(Z)(q) : Stabr(q)]. We say that the level of r is the 
least common multiple of the cusp widths of I’. 

If I’ is a finite index subgroup of PSL2(Z) then the action of 
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Recall that a congruence subgroup of PSL2(Z) is a subgroup r that 
contains a principal level N congruence subgroup r ( N )  for some N .  If N 
is the smallest such N such that this is true, then r has level N .  

Definition 2.1. Let I' be a finite index subgroup of PSL2(Z). For our 
purposes, a fundamental domain of I? is a hyperbolic polygon P on W U Q u 
{m} such that: 

(1) If z is in the interior of P and y E I?, then y t  E P implies y = I .  
(2) For every z E IHI there is y E r such that yz E P. 

Lemma 2.1. Let r be a finite index subgroup of PSL2(Z) and P a hyper- 
bolic polygon. Suppose P is such that: 

(1) If z is in the interior of P and y E r, then yz E P implies y = I. 
(2) For each side e of P, there is y E such that y maps e to another side 

of P in an orientation reversing manner. 

Then P is a fundamental domain of I?. 

Proof. Let the images y P  of P under elements y of r be called P-tiles. By 
Condition (1) they cannot overlap. Also, given Condition (l), we only need 
to show that W 5 u yP. Suppose this is not true. Then there is q E r 
such that qP has an edge e without a P-tile on the other side. Then q-le 
is an side of P and the y of Condition (2) maps q-le to another side of P. 
Specifically, y-' maps P to a P-tile adjacent to P across the side e. Then 

0 

-m- 

qy-lP is a P-tile adjacent to q P  across the side e. Contradiction. 

3. Farey Symbols 

3.1. Special Polygons 

Farey Symbols were introduced by Ravi Kulkarni in 1991 [6] as a compact 
and efficient way to compute with finite index subgroups of PSLz(Z). The 
idea is to describe the group by a fundamental domain with vertices at 
certain rational numbers and certain hyperbolic arcs joining these rational 
numbers. Most of the theory here is summarized from [6]. 

If x and y are two points on W U Q then there is a unique circle passing 
through z and y with center on Q. We say the hyperbolic arc joining 
x and y is the arc of this circle contained in W U Q joining z and y. We 
also say the hyperbolic arc joining z E W to 00 is the vertical line segment 
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{x + ti : 0 5 t E R} U {m}. We write H,,g for the hyperbolic arc joining 2 
and y. A hyperbolic polygon is a polygon composed of hyperbolic arcs. 

Through the course of this paper, when a vertex of a hyperbolic arc is 
in Q it will always be assumed to be in the form f with a, b E Z, (a, b) = 1 
and b > 0. If the vertex is 00, we will write it either 2 or $ (depending on 
if it is the leftmost or rightmost element of a Farey sequence). 

+ qi and let T be the hyperbolic triangle with vertices p, 
p2  and 00. Then T is a fundamental domain for PSL2(Z) ( [ 5 ]  Prop. 111.1). 
Let E, be the edge joining i to 00, E, be the edge joining p to 00, and E f  
be the edge joining i to p. Then we call an arc A in the upper half plane 
an even edge (resp. odd edge, resp. f-edge) if A = yEe (resp. A = YE,, 

resp. A = yEf) for some y E PSL2(Z) (See Figure 1). E, and 

together form a hyperbolic arc from 0 to 00, and in general even edges come 
in pairs joining rational numbers f ,  and $ with la% - ab’l = 1 because of 
the following lemma: 

Lemma 3.1. I f y  E PSL2(Z) and a l /b l ,  a2/b2, a’,/b;, and uh/bh are ru- 
tional numbers in simplest form such that 

y (a i /bd  = @;, and y(a2/b2) = @a, 

Let p = 

(; il) Ee 

then 

Proof. I f y =  (: i) then 

so: 

So the quantity a2bl - alb2 is invariant under transformations in 
PSL2(Z). Note that even edges, odd edges and free edges only map to 
even edges, odd edges and free edges respectively under transformations 
y E PSL2(Z). 
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- 
0 1 2 

Fig. 1. Even edges are thick, odd edges are thin, and f-edges are dashed 

Definition 3.1. A special polygon P is a convex hyperbolic polygon t e  
gether with a side pairing defined in the following way: The polygon is such 
that: 

(1) The boundary of P consists of even and odd edges. 
(2) The even edges of P come in pairs, each pair forming a hyperbolic arc 

(3) The odd edges of P come in pairs, each pair meeting a vertex with 
between elements of Q U {co}. 

inner angle 9. 
The sides of the polygon are denoted as follows: 

(1) Each odd edge is called an odd side. 
(2) As even edges come in pairs, either each edge of the pair is an even 

side, or the union of the two edges (a semicircle) is called a free side. 

The side pairing on the edges is defined as follows: 

(1) Each odd side is paired with the odd side it meets at an angle of 9. 
(2) Each even side is paired with the even side with which it forms a semi- 

(3) There are an even number of free sides and they are partitioned into 

This is called an odd pairing. 

circular arc. This is called an even pairing. 

sets of two, each called a free pairing. 

We will always assume that 0 and 0;) are vertices of P. 
The sides of a special polygon P have a natural orientation obtained 

by tracing the perimeter of the polygon in a certain direction. If {s,s’} 
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is a side pairing then there is a unique y E PSL2(Z) such that y maps 
s to s' in an orientation-reversing manner. We call this the side pairing 
transformation associated with the side pairing, and we let r p  be the 
group generated by all the side pairing transformations of P. Note that it 
doesn't matter which side we pick for s and which for s' because the two 
possible y's are inverses of each other. Also note that if s is an even side 
(resp. odd side) then y is order 2 (resp. order 3). 

Two theorems of Kulkarni are fundamental here: 

Theorem 3.1. ([6] Theorem 3.2) If P is a special polygon then P is  a 
fundamental domain for r p  . Moreover, the side pairing transformations 
{yi} are an independent set of generators of r p  (i.e. the only relations on  
the 7i 's are 7: = 1 or 7: = 1 for any finite-order -yi 's). 

Theorem 3.2. ([6] Theorem 8.8) For every r c PSLz(Z) of finite index, 
there is a special polygon P such that r = rp. 

Proof. [6] and also follows from the proof of the algorithm in Section 4. 
0 

Note that although it is true that any subgroup of PSL2(Z) with funda- 
mental domain F is generated by the transformations that map its edges 
together, the fact that the set of generators of a special polygon is an 
independent set of generators is something special to the special poly- 
gon. For example, consider the fundamental domain shown in Figure 2. 

There are six sides, and the three side pairing transformations are 
. .  (1 ;) , and (: 1;) But this is not a independent list of generators be- 

cause (" -2)-1 (: ;) = (: ;). A special polygon for r(2) is shown in 
2 -1 

(: 3 Figure 3. The pairing transformations from the special polygon are 
. ,  

and (i 1:). These are independent generators of r(2). 

3.2. Farey Symbols 

Recall that the classical Farey sequences F,, are constructed by taking 
all the rational numbers 0 I a / b  5 1 with denominator at most n and 
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0 1 

Fig. 2. A fundamental domain for r(2) 

0 1 2 

Fig. 3. A special polygon for r(2) 

(a ,b )  = 1 and writing them as a finite sequence in ascending order 
{aolbo,. . . ,an/bn}. Then for each i we have ai+lbi - aibi+l = 1. We are 
interested in sequences that satisfy this condition. 

Definition 3.2. A generalized Farey sequence is a finite sequence: 

such that: 

(1) Each xi = ai/bi is a rational number in reduced form with bi > 0. 
1 Additionally, we often consider 2-1 = and xn+l = 5.  
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(2) If we let a-l = -1, b-l= 0, a,+l = 1, and bn+l = 0 then 

ai+lbi - aibi+l = 1 (1) 

for -1 5 i 5 n. 

Note that this definition forces xo and xn t o  be integers. We will always 
assume xi = 0 for some i. 

Definition 3.3. A Farey symbol is a generalized Farey sequence with 
some additional pairing information. Namely, between each adjacent entries 
xi-l and xi we assign a pairing pi  which is either a positive integer called 
a free pairing or the symbol “0” called an even pairing or “0” called an 
odd pairing. Each integer that appears as a free pairing appears exactly 
twice in the pairing information. 

So if P is a special polygon, let 20, . . . , 2, be the vertices of P lying in 
Q listed in ascending order. Recall these vertices satisfy ai+lbi - aibi+l = 
1. Then { 2, XO, . . . , xn, i} is a generalized Farey sequence. We make a 
Farey symbol out of the generalized Farey sequence by adding the pairing 
information in the obvious way. 

On the other hand, if F is a Farey symbol we can construct a special 
polygon for F. For adjacent entries of the Farey sequence xi-1 and xi, if pi 
is a free pairing or an even pairing we let P have as a side the hyperbolic arc 
joining xi-1 and xi. Otherwise if it is odd we let y be the unique element 
of PSL2(Z) such that y(0) = xi-1 and y = xi and join xi-1 and xi by the 
arcs ~ ( H o , ~ )  and Y ( H ~ , ~ ) .  Thus we get a hyperbolic polygon which is made 
into a special polygon by adding pairing information in the obvious way. 

Example 3.1. r(2) has a Farey symbol -00 - 7 - 2 - 0 0 .  

1 2 2 1 

3.3. Generators 

If P is a special polygon for a group I’ then I? is independently generated 
by the transformations mapping each side to its paired side. If F is a Farey 
symbol: 

-00 - ao/bo alibi _ *  * * - an-l/bn-i - an/bn - 
PO Pl PZ Pn-1 Pn Pn+l 

then we can explicitly give formulas for the y corresponding to a given side 
pairing. 
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Theorem 3.3. Suppose (ai/bi,ai+l/bi+l) are two adjacent vertices of F .  
Then if the pairing between them pi+l is  a n  even pairing, let: 

If pj+l is  an odd pairing, let: 

ai+lbi+l + aibi+l + aibi -a2 - a .  2 2a2+1 - G + 1 =  ( b: + bibi+l+ b:+1 -ai+ibi+i - ai+lbi - aibi 

And if pi+l is  a free pairing that is  paired with the side between aklbk and 
ak+l/bk+l, let: 

ak+lbi+l f akbi -akai - ak+l%+l 
bkbi + bk+lbi+l -ai+lbk+l - aibk 

Gi+l=  

Then Gi+l is  the side transformation corresponding to the pairing pi+l. 

Proof. [6] Theorem 6.1. 0 

3.4. Group Invariants 

Several invariants of the group I? can be read off from the Farey symbol F .  
Firstly, the number of inequivalent order-2 (resp. order-3) elliptic points, e2 
(resp. e3), is the number of even (resp. odd) pairings in F .  Also, the number 
of free pairings in F (half the number of free edges) is equal to T ,  the rank 
of rl(I’\lHI) (the fundamental group of the uncompactified modular curve). 

To discuss the cusps of I?, note that if (xi ,  xi+l) is an edge with an even 
or odd pairing, then xi and xi+l are equivalent cusps (since Gi+l E I? maps 
xi to xi+l). Likewise, if (xi,xi+l) and (x j ,x j+l)  are paired edges then 
xi and xj+l are equivalent cusps and xj and xj+l are equivalent cusps. 
This defines an equivalence relation on the vertices of P. The equivalence 
classes are easy to compute, because the defining equivalences occur in a 
cyclic patten. So the number of cusps t can be counted as the number of 
equivalence classes. 

. So y - l ( x i )  = 00 and 

y-’(xi+l) = 0. Then define the width of a vertex xi to be the “width” of 
y P  at 00. That is: 

if xi is adjacent to no odd edge 

if xi is adjacent to 2 odd edges 

ai 
(bi bi+l) 

For an edge (e, 2) let y = 

(ai-lbi+l- ai+lbi-ll 

lai-lbi+l - ai+lbi-ll + 1 
lai-lbi+l - ai+lbi-ll + 1/2 if xi is adjacent to 1 odd edge I 
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The cusp width of a cusp x of l? is then the sum of the widths of the vertices 
of P r-equivalent to x. 

r \ H  is a genus g orientable surface with t points missing, one for each 
cusp. The rank of its fundamental group is r = 2g+t -1, so we can calculate 
the genus g = q. Moreover, using the Hurwitz formula ([13], Prop. 1.40) 
we get the index of r in PSL2(Z), p = 3e2 + 4e3 + 129 + 6t - 12. An even 
simpler formula for the index comes from noting that n + 2 = 2r + e2 + e3 

where n+l is as in Definition 3.2. This, combined with the previous formula, 
implies p = 3n + e3. 

4. Coset Permutation Representation of a Group 

Another method of representing groups that will be useful to us in deter- 
mining if a group is congruence is the coset permutation representation 
developed by Millington [lo], [ll]. Let r be a subgroup of PSLz(Z) with 
[PSL2(Z) : l?] = p and PSL2(Z) = Uy=L=laJ a coset decomposition with 
a1 = I. Let F be the standard fundamental domain for PSLz(Z). Then 
U;="=,(ri'F is a fundamental domain for l?. Let 

E = ( " ) ,  -1 0 V = ( " ) ,  -1 0 L = ( i : ) ,  R = ( t : )  

E and V generate PSLz(Z), as do L and R. The conversions between them 
are: 

E = LR-IL, V = R-'L (2) 

L = EV-l, R = EV-2 (3) 

We have E2 = V3 = 1. In fact it is well-known that PSL2(Z) is isomorphic 
to the group [12]: 

(4) PSL~(Z) (e, w : e2 = w 3  = 1) 

For each y in PSL2(Z), left multiplication acts on the left cosets of r in 
PSLZ(Z) by permutation, i.e. there is a homomorphism 4 : PSLz(Z) -+ S,, 
such that if $(y) = u7 then Tail? = In this way every finite-index 
subgroup of PSL2(Z) is associated with a pair of permutations e = cp(E) 
and w = cp(V) with e2 = v3 = 1 which generate a transitive permuta- 
tion group (transitivity comes from E and V generating PSLz(Z)). We 
call (e,v) a coset permutation representation of I? and (I,.) an LR- 
representation of I?, where 1 = cp(L) and r = cp(R). Each form can 
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be obtained from the other form by the equations (2) and (3). Note that 
y E PSL2(Z) is in r if and only if y r  =I?, i.e., ~ ~ ( 1 )  = 1. 

On the other hand, suppose e and v are a pair of permutations on p let- 
ters with e2 = v3 = 1 that generate a transitive permutation group S (such 
a permutation we call valid). Define a homomorphism cp : PSL2(Z) -+ S 
such that p(E) = e and p(V) = v (This is well-defined because of (4)). 
Let I? = {y E PSLz(Z) : cp(y)(l) = 1). Then r is an index-p subgroup of 
PSLz(Z). Thus we have a correlation between valid pairs of permutations 
and finite-index subgroups of PSLz(Z). To test if A E PSLz(Z) is in I? 
we write A as a word in L and R (Using, essentially, the Euclidean Algo- 
rithm) and replace L and R with the permutations l and r. If the resulting 
permutation fixes 1 then A is in I’. 

If one of the cosets is fixed by e ,  say e ( i )  = i ,  it corresponds to an elliptic 
element in r, for Eair = air means a;lEair = r, meaning a i l ~ a i  
(which is order 2) is in r. So e2, the number of inequivalent elliptic elements 
of order 2 in r, is equal to the number of elements fixed by e. Similarly, e3 
is the number of elements fixed by ZI. 

The cusp width of I? at 00 is the smallest positive integer n such that 
Ln E r. Thus the cusp width at infinity is the order of the cycle in cp(L) 
which contains “1”. Likewise, suppose i is in a cycle of length k in cp(L), 
i.e. LkaJ  = ail?, but LnaJ # air for 0 < n < k. Then ai L ai E I?, 
but ai lLnai  4 I? for 0 < n < k. If q = a i ’m then aT1Lkaiq = q but 

of the cusp q, and this cusp has width k. 

-1 k 

ailLnaiq # q for 0 < n < k. Thus ai -1 L k ai is a generator for the stabilizer 

5. Algorithms 

5.1. Calculating a Farey Symbol 

Recall that T is the standard fundamental domain for PSLz(Z), and let T* 
be the hyperbolic triangle with vertices p, i and 00 (So T = T* U (-F)). 
9 T  = { y T  : y E PSLz(Z)} is a tessellation of the upper half plane and 
any finite index subgroup I’ has a fundamental domain which is a simply 
connected union of 9-tiles. Let 9* = {yT* : y E PSLz(Z)} U {y(-T*) : 
y E PSLz(Z)}. 9* is also a tessellation of the upper half plane, and we 
will construct a fundamental domain for r out of 9*-tiles. The starting 
point for our construction will be the six tiles around an odd vertex. The 
following lemma shows this is a reasonable starting point: 

Lemma 5.1. Let r be a subgroup of PSLz(Z) with index 2 3. Then the 
stabilizer of p = + or p - 1 = --+ + qi is trivial (i.e. one of these 
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Fig. 4. A hyperbolic triangle 

points i s  n o t  elliptic in r). 
Proof. If the two stabilizers are not trivial then they must be rp  = 

-1 1 
{ I , A , A 2 }  and ) and B = ( -1 0 ). -1 -1 
But A and B generate an index-2 subgroup of PSLz(Z). So I' is either the 

= { I , B , B 2 }  where A = ( 
(unique) index-2 subgroup of PSLz(Z) or PSLz(Z) itself. And if the index 
of in PSLz(Z) is bigger than 2, at least one of A and B cannot be in ro 

So if r is not PSLz(Z) or rz, the unique index 2 subgroup of PSLz(Z) 
([12]), then the hyperbolic triangle with vertices either 0 ,  1 and 00, or -1, 
0 and 00 is contained in a fundamental domain of I?. The triangle is made 
of 6 Y*-tiles (see Figure 4). We will make a polygon P starting with this 
triangle, then attach 9*-tiles to P and assign partial pairing information 
to sides until we get a fundamental domain for l? (at which point all the 
pairing information will be filled in). In the algorithm we will say a Y*- 
tile T is adjoinable to P if T is adjacent to. a tile of P and if P U T is 
contained in some fundamental domain of I?. Note that if T is adjacent to 
P with adjacency edge e and if e cannot be paired with any other edge of 
P then T is adjoinable. 

Algorithm: 

(1) If I' = PSLz(Z) let P be the special polygon with Farey symbol 

--00_,0-0O 
0 

or if r = l?z let P be the special polygon with Farey symbol 

--oo_,O-cQ.  
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P 0-1 

i 
i 
j 
1 
I 
I 

T-1 1 T-3 
I 

Fig. 5. 

In either case return P and terminate. 

(2) If (-I ') is not in I' then let P be the hyperbolic polygon with vertices 
-1 0 

0, 1, and 00. Otherwise let P be the hyperbolic polygon with edges -1, 
0 and 00. 

(3) If any of the three sides of P map to each other by a y E I?, assign that 
pairing to the side. (Note that initially all sides are even sides). 

(4) P is now a polygon where every side is either: 

(a) even and already paired. 
(b) odd and already paired. 
(c) even and unpaired. 

(5) Pick an unpaired even side e. Figure 5 shows the typical case (The 
other cases are the same as this case with everything translated by 
some y E P S L 2 ( Z ) ) .  Since e is unpaired, TI and T2 must be adjoinable. 
If 01 and 0 2  are the new odd edges of P after adding TI and T2 to P 
then either yo1 = 02 for some y E I', or there is no such y. If there is y 
pair the two edges and go to Step (3). 

(6) If 01 doesn't pair with 0 2  then it doesn't pair with any other side 
because the only other unpaired sides are odd. So tiles T3 and likewise 
T4 are adjoinable. Each of these tiles has a free edge and the free edges 
cannot pair with each other (because their common vertex would have 
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an internal angle of $, so the pairing transformations would make 
things overlap), so T5 and Ts are adjoinable. 

(7) We've now added 6 Y*-tiles to P (One even triangle). If either of the 
new even edges pair with any of the old unpaired even edges then assign 
that pairing. 

(8) If all the sides of P are paired then we are done. Otherwise go to Step 
(4). 

The output of the algorithm is a special polygon P with r p  = I?. Note 
that the algorithm must terminate, because a fundamental domain of 
has hyperbolic area $[PSL2(Z) : I?] and a single 9*-tile has area t .  So 
for P to be contained in a fundamental domain of I? it can have at most 
2 a [PSL2(Z) : I?] 9*-tiles. 

To effectively implement the algorithm we use Farey symbols. We need 
only a way to test for group membership. Note that if pi /q i  and pi+l /q i+l  

are two adjacent vertices of the fundamental polygon then the hyperbolic 
triangle added to the edge Hxi ,x i+l  in Step ( 6 )  is the triangle with vertices 

of PSLz(Z), if we have a way to test 
for group membership we can calculate a Farey symbol by the following 
algorithm: 

p i /q i ,  pi+l/qi+l, and (pi + p i + l ) / ( q i  + q i + l ) .  
So given a finite-index subgroup 

Algorithm for calculating a Farey Symbol: 

(1) If (i t) and (: il) are in I? then r = PSL2 (Z), so return 

and terminate. If (!l :1) and (1; i) are in I? then I? = r2, so 

return 

-0O_,o-00 
0 0 

and terminate. 
(2) If (-' ') @ r then let F be the (partial) Farey symbol: 

-1 0 
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Otherwise let F be: 

(3) For each i with 0 I i I n + 1, if the pairing between q - 1  and xi 
is not filled in then check if it can be paired with itself (even or odd 
pairing), or if it can be paired with another unpaired edge (i.e., check if 
the appropriate Gi is in I?). Wherever something can be paired, assign 
that pairing. 

(4) If all edges are now paired, return F and terminate. 
( 5 )  If there is still an unpaired edge, say between pi/qi  and pi+l/qi+l, make 

a new vertex (pi +pi+l)/(qi  + qi+l )  with no pairing information on the 
edges adjacent to it. Go to Step (3). 

The output is a Farey symbol for I?. 

5.2. Group Membership 

The following algorithm described in [7] tests if A E PSL2(Z) is an element 
of the group corresponding to a Farey symbol F .  We will need a lemma 
about even lines: 

Lemma 5.2. Let 1 be an  even line (a  semicircle o n  the upper half plane 
with rational endpoints a l b  and a‘lb‘ such that lab’ - a’bl = 1). Let P be a 
special polygon in W. Then either 1 c P or 1 n P = 8. 

Proof. [7] Proposition 2.1. 0 

Let I? be a finite index subgroup of PSL2(Z) and A an element of 
PSLZ (Z). 

A maps the even line H O , ~  to 1 = Hcb/db,co/&,. By the lemma, either 1 C P 
or it is disjoint from P (except possibly at endpoints). If it is disjoint there 
is an edge which it is naturally “closest” to (In a sense discussed in [7]. 
The idea of the algorithm is to translate P across the “closest” edge until 
P intersects Hc/d,ct/dt, at which point A will be in r if and only if 1 is the 
image of ( 0 , ~ )  or the an edge paired with ( 0 , ~ ) .  In the actual algorithm 
we work in the other direction, translating the even line instead of the 
special polygon. 

Algorithm: [7] 
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Let k = 0 and F be a Farey symbol for I' with 0 as one of its vertices. 
Without loss of generality, we can assume dk  < a. dk  

( 1 )  There are two possibilities: If % and 2 are both vertices of P then 

terminate. Otherwise we must have xi 5 $ < 2 5 zi+l with at least 
one "5" a strict inequality. 

(2) Let gi+l be the generator corresponding to the pairing pi+l (recall this 
is the transformation mapping 1 = H C ; / d ; , C k / d k  to its paired side). If 
pi+l is a free or even pairing, let a k  = gi+l. If pi+l is an odd pairing, 
let = ai+ai+l where zi = 2, zi+l = 2. Then the interval (g, 2)  
must be between either xi and m or between m and xi+l. If 5 m, 
let (Yk = gi+l. Otherwise let Qk = 9 ~ ' ~ .  

(3) Let 2kkL = (Yk . Sk dk  && d;+, = ak *. Replace k with k 4- 1 and go to Step 

(1). 

bi +bi+ 1 

dk+i  

The algorithm returns and z, which are two vertices of P, and a 
d ;  

list of 

Theorem 5.1. The algorithm terminates, and A i s  in I' i f  and only i f  one 
of the following i s  true: 

(2) ($, 2)  i s  a free side paired with (0, m). 

(3) ( Ck "') = f ( y  2) and 0 and 00 are adjacent vertices with an  even 
dk d', 

pairing between them. 

Proof. See [7]. 0 

In addition, if A is in I', A can be written as a word in the generators 

of I' because A = ai la l l  . . . a;' ("' cL), and each term in that product 
dk dL 

is one of the generators for F .  

5.3. Coset Representatives 

Let I' be a group with special polygon P. Let T be the hyperbolic triangle 
with vertices i, p, and CQ. By the construction of P,  T is contained in P. 
The set of y E I' such that yT is in P is a set of coset representatives of I'. 
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Let ai/bi and ai+l/bi+l be a vertex of the special polygon, and let T = 

(i :> and CP = (;: ;:::). Then p-'(ai/bi) = 00 and p-l(ai+l/bi+l) = 0. 

Let wi be (ai-lbi+l-ai+lbi-ll if the pairing between ai/bi and ai+l/bi+l is 
not an odd pairing and lai-lbi+l -ai+lbi-l I + 1 if it is. Then wi is the num- 
ber of Y*-tiles of the form yT in P. Thus a list of left coset representatives 
for I' is U:&{T+&' : 0 5 j < wi}. 

5.4. Congruence Testing 

Let I' be a finite index subgroup of PSLz(Z). Lang, Lim and Tan give a test 
purely in terms of Farey symbols to determine if r is a congruence group 
[7]. Their test relies on Wohlfahrt's Theorem [15] which says that if r has 
level N then r is a congruence group if and only if r contains r ( N ) .  In 
Lang, Lim and Tan's test, if I? has level N one computes a Farey symbol 
for I '(N),  giving a complete set of generators for r ( N ) .  One then checks 
if each of these generators is contained in I' using the above algorithm. 
The difficulty with this algorithm is that the index of r ( N )  increases very 
quickly with N ,  so if has large level, the calculation of a Farey symbol 
for r ( N )  can be very lengthy, even if r has relatively small index. 

Another test for congruence was developed by Tim Hsu using Milling- 
ton's coset permutation representations [3]. If we have an LR-representation 
of I' there is a list of relations that are satisfied if and only r is congruence. 

To calculate an LR-representation from a Farey symbol, use the above 
algorithm to calculate a list of left coset representatives ai E PSL2(Z) 
where PSLz(Z) = U X ,  air. To calculate I ,  far instance, recall that 1 is the 
permutation such that Lair = al(i)I'. So 1 sends i to the unique j such 
that a;lLai E r. So we run through every 1 5 i 5 p and calculate the 
permutation. T can be calculated similarly. (Actually, although we need I 
and T it is easier to calculate e and u, because we know beforehand that 
they are order 2 and 3 respectively. Then 1 = eu-l and T = eu-2). 

Knowing 1 and T we can directly apply Tim HSU'S congruence algorithm 
[3]. Depending on the order of 1, (i.e. the level of I?) there are different lists 
of relations of 1 and T that are satisfied if and only if r is congruence. For 
example, if N is the order of 1 and N is odd then I' is a congruence group 
if and only if ~ ~ 1 - i  is the identity permutation (where 4 is the inverse of 2 
modulo N ) .  

6. Implementation 

Helena Verrill has a written a MAGMA package for working with Farey 
symbols for congruence groups. Also, for congruence or noncongruence 
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groups, the algorithms described above have been implemented by the first 
author as a collection of functions for SAGE. T h e  package and  basic exam- 
ples may be downloaded at: 

http://www.public.iastate.edu/~kurthc/research/index.html 
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In this paper, Grobner-Shirshov bases and normal forms of elements for the 
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[4] about the general form of Grobner-Shirshov bases for all Coxeter groups. 
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1. Introduction 

Coxeter groups are abstract groups of reflection symmetries of great im- 
portance in geometry, combinatorics and other areas of mathematics. They 
are usually defined by generators and defining relations. Let S be a to- 
tally ordered set of n elements. An n x n symmetric matrix M = (mij) is 
called a Coxeter matrix if mii = 1 and mij 2 2 or co for i # j. The fol- 
lowing (semi)group presentation defines the corresponding Coxeter group: 
W = smg(Sl(sisj)mij = 1, where 1 5 i , j  5 n,mij # co) . 

This article deals with the finite Coxeter groups of types EG and E7. 
The main problem is to obtain the Grobner-Shirshov bases of the groups 
and a normal form of their elements. 

In [4], Grobner-Shirshov bases and normal form of the elements were 
already found for the Coxeter groups of types Az, Bi, DI and a general form 
of the Grobner-Shirshov bases for all Coxeter groups was conjectured. All 
results presented here support the conjecture. 

This article provides another application of the method of Grobner- 
Shirshov bases for semigroups and groups, defined by generators and defin- 
ing relations. Usually other methods were applied in these cases, partic- 

*Mathematics Subject Classification(2000): 16S15, 20F05, 20F55. 
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ularly: Newman’s lemma, the method of elementary reduction and so on. 
Though we consider the method of Grobner-Shirshov bases more conve- 
nient in many cases. Various specializations of the method are the Euclidean 
algorithm, the Gaussian elimination algorithm, some results of Grobner and 
Newman. Works of A. I. Shirshov [4], H. Rironaka [7] and B. Buchberger 
[5] considerably generalized this method. 

To apply Grobner-Shirshov method often requires a large amount of 
calculation. For this reason, computers are very helpful in some cases. A 
lot of software today is capable of performing such calculations. 

In our case, all calculations were reduced to several series of simpler 
calculations and the main result was derived without the aid a computer. 
But we used a computer t o  make additional checks of auxiliary results 
derived during the work. We expect the main result of this work will be 
used for solving the same problem for the Coxeter group of type E8. 

2. Grobner-Shirshov bases 

Take a totally ordered set X ,  the free associative algebra k ( X )  over some 
field k, and the set X *  of words over X (including the empty word 1). We 
consider X *  totally ordered too. Also we assume that the order on X *  is 
monomial, i.e. if u > v then aub > avb for all words u, v, a,  b. Denote by 7 
the leading word of f E k ( X ) .  The polynomial f is monic if the coefficient 
of 7 is equal to 1. We denote by 1.1 the length of a word u. 

For two monic polynomials f , g  and a word w ,  we define their 
composition (see [3], [S]): 

- 
f - agb, if w = f = agb, { f b  - ag, if w = f f b  = ag, 171 + 1lJ1 > IwI. 

( f , g > w  = 

The word w is called the ambiguity of f and g. The first type of com- 
position is called the composition of including g in f, and the second type 
of composition - the composition of intersection off and g.  

Take some set S of monic polynomials and f ,  g E S. The composition 
(f, g)w is called trivial relative to S (more precisely, relative to S and w )  if 

(f ,g), , ,  = Caiaisibi, where ai E K,ai, bi E X*,a&bi < w ,  

we write this as ( f , g ) w  3 0 (mod S, w ) )  (see [2], [3]). 
The reduction f H f - agb, where 7 = a@, is called the 

elimination of the leading word of the polynomial g in f. It is easy to ver- 
ify if the elimination of the leading word of polynomials from S in ( j , ~ ) ~  
reduces (f, g ) w  to zero, then (f, g ) w  is trivial. 
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The set S is called Grobner-Shirshov bases if all compositions ( f  , g),,, 
of all polynomials f , g  E S are trivial. In the original articles [2] and [3], 
this set S is called a set closed with respect to compositions. 

Lemma 2.1. (Composition-Diamond Lemma) (see 121, 15'1, [81, 141) A set 
S is a Grobner-Shirshov basis in k ( X )  if and only if the set of S-reduced 
words 

Red(S)  = {u E X * ;  u # aSb, s E S, a, b E X*} 

is a linear basis of the algebra 

k ( X ) / l d ( S )  = ( X I S ) .  

If S C k ( X )  is not a Grobner-Shirshov basis, then we can add to S 
all nontrivial compositions of polynomials from S. Having repeated this 
procedure (possibly infinitely many times) we obtain a Grobner-Shirshov 
basis Stomp. The process is called the Buchberger-Shirshov algorithm (see 

If the set S consists of semigroup relations (i.e. u - v, where u,v E 
X * ) ,  then each nontrivial composition of polynomials from S has the same 
semigroup form. Hence, Stomp consists of semigroup relations too. 

Consider that some semigroup A = s m g ( X ( S ) .  Then S c k ( X )  and 
we can obtain the Grobner-Shirshov bases Stomp. The set Stomp does not 
depend on the field k and consists of semigroup relations. We will call Stomp 

the Grobner-Shirshov bases for the semigroup A. 

PI, [51). 

3. Coxeter groups of types E6 and E, 

Take some Coxeter group W defined as above by a Coxeter matrix: 
W = smg(Sl(sisj)maj = 1, where 1 5 i , j  5 n,mij # 00) .  

If n = 6,7 or 8,  mii-1 = 3 for i 5 n - 1, mnn-3 = 3 and mij = 2 for 
i - j 2 2, then the corresponding Coxeter groups are the Coxeter groups 
of types &, E7 and E8. In other words, the Coxeter groups of types E6, E7 
and E8 have the following defining relations with 1 = 6,7,8 respectively: 

sp = 1; 
sisi-lsi = s i - l ~ i ~ i - 1 ,  
SlS1-3S l  = S1-3S[S1-3. 

For msst < 00, let us introduce the following notation which we will use 

m ( s ,  s') = ss' . . . 

i 5 I - 1; 

to formulate the conjecture mentioned in the introduction: 

(the word of length mssr, consisting of alternating letters s and s'), 
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(m - l ) ( s ,  s’) = ss’. . . 
(the word of length mssi - 1 ,  consisting of alternating letters s and s’). 

For example, if msst = 2 then m(s, s’) = ss’ and (m - l ) ( s ,  s’) = s. 
The defining relations of the Coxeter groups have the following form in 

this notation: 

s2 = I ,  m(s, s’) = m(s’, s), s > s’ ( 1 )  

Let us call two words in S equivalent, if they are equal modulo the commu- 
tative relations involved in (1). Two relations a = b and c = d are equiva- 
lent if their right and left sides are equivalent correspondingly. Grobner- 
Shirshov bases and normal form of elements of Ai, Bi, Di were obtained in 
the work [4]. That article proposes the conjecture about a general form of 
the Grobner-Shirshov bases of all Coxeter groups. Now we formulate the 
conjecture here: 

Conjecture (see 141) Grobner-Shirshov bases of W consists of (1) 
and relations equivalent to the following: 

(m - l ) ( S , s ’ ) ( m  - l ) ( S l ,  % ) . a .  (m - l ) ( S Z k - l ,  S Z k ) ( m ) ( S Z k + l ,  SZk+Z)  

= ( m ) ( S ,  s’)(m - l ) ( s ~ ,  ~ 2 ) .  . . (m - 1 ) ( 3 2 l c - - l ,  s 2 k ) ( m  - 1 ) ( S Z k + l ,  S Z k + 2 ) ,  

where s > s’, s1 < SZ, . . . , SZk-1  < S 2 k ,  s 2 k + l  < S 2 k + 2 ,  all adjacent 
pairs (s, s’), ( s l ,  sz), . . . ( S Z k - 1 ,  szlc), ( S Z k + l ,  S Z k + 2 )  are distinct, and also 
we have: 

s2 = s’ 
sz = s 

S 2 k f Z  = S 2 k  if mszk-lszk is even, 
s2k4-2  = S 2 k - 1  

The main idea for solving the problem stated above is as follows. First, 
we determine a set of relations that follow from the defining relations of 
the Coxeter group. Then we compute the number of all reduced words 
with respect to this set of relations. This number turns out equal to the 
number of elements (which is well-known) of the corresponding Coxeter 
group. By the Composition-Diamond Lemma this equality means that 
the set of relations obtained is a Grobner-Shirshov basis. The reduced 
words describe the normal form of elements in the Coxeter group. 

if mssl is even, 
if mssf is odd, 

. . .  

if mszk-lS2k is odd. 

4. Grobner-Shirshov basis of the Coxeter group Eo 

For 1 = 6,7 we introduce the following notation: 
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su = sjS(_3si_4...Sj, where i < I — 3;

su-2 = si;

su-i = 1;

s»j = SjSi_iSi_2...Sj, where I — 1 > i > j;

= 1, where I — 1 >i.

Theorem 4.1. The following relations hold in the Coxeter group

(1) s} = 1.
(2) Si+ijSi+i = SiSi+ij, l < j < i < l - \ .

(3) snsi-2i = si-2susi-2i+i, i <l - 2 .

(4) SuSl-2jSl-lj = Sl-iSuSl-2jSl-ij+i, i < j < I - 1.

(5) SHSI = si-3su, i < I - 2.

(6) SuSl-2jSlj = Sl-.3SliSl-2jSlj+i, i < j < I - 2.

(7) SuSl-2jSl-lSlj — Sl-3SuSl-2jSl-iSlj+l, % < j < I — 1.

(8) Su1Sl-2jSl-il-2Su2Sl-2j + l = Sl-3Su1S

h < j < I - 2, i2 < j + 1, J' + 1< I - 1.
(9) Su1Si-.2j1Sl-ll-3Sli2Sl-2j2Sl-.ik2Sli3 =

h <ji<l-3, i2 <h < fo, h < h-

Proof, sf = 1 is defining relation of the Ee. Since sy and sj_i are subject
of relations A5, all relations which hold in A& must hold in EQ . The relation
si+ijSi+i = SiSi+ij, i + 1 < I-1 was proved in [4] that dealt with the group
Ai.
3.
SliSl-2i

4. We can prove it similarly to the previous relations;
5. SuSi = SiSi-3...SiSl = SlS

6.
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= SUS1-2S1-3S1S1-3S1-4SI-3SI-.SJSI-5J

= SuSl-2SlSl-3SlSl-4Sl-3Sl-5jSl-4j+1

— S1-3SUS1-2SI-3S1SI-4SI-3SI-.5JSI-4J+I

7. Use relation 6:

8. Use relation 7:
SJ»! S{-2jSl- ll-2Sli2 Sl-2j

here we can use relation 7:

9. This relation can be easily proved similarly to relation 8.
a

Theorem 4.2. The algorithm of elimination of the leading words of rela-
tions in Theorem 4-1 reduces each word in Coxeter group Ee to one of the
following form:

(1) SimiS2m:l---Sl-lmi-1SliSl-2j, I < j < I - 1, 1 < mn < U + 1;

(%) SimiS2m2---Sl-lml-1SliSl-2jSl-ik, i < j <k <l — l, 1 <mn <n + l;

(3) SimiS2m2-Sl-lm,_1SU1Sl-2j1Sl-lk1SH2Sl-2j2Sl-ik2,

n < h < h, *2 < h < h, h < h, fci > I - 2, 1 < mn < n +1;
(4) Slm1S2m2-Sl-lml-1SU1Sl-2j1Sl-ll-2Su2Si-2J2Sl-lk2,

h<ji<l~ 2, i2 < 32 < k2, h + 1 < J2, 1 < rnn < n + 1;
(5) SimiS2mi--Sl-lmi_1Sli1Si_2j1Sl-ll-3Su2Sl-2j2Sl-lk2SH31

h<ji<l-3,i2< h <k2<l, 32 < 13, 1 < rnn < n + 1;

Proof. These forms of words can be easily obtained using the algorithm
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of elimination of leading words. In addition the result was verified on a 
computer. 

Theorem 4.3. The Grobner-Shirshov basis of the Coxeter group E6 con- 
sists of the relation in Theorem 4.1. A normal fo rm of elements in & is 
described in  Theorem 4.2. 

Proof. Note that each reduced word u can be presented as a product 
of two words: u = v . w, where v is a maximal subword which does not 
contain the letter s6, and w is a maximal subword containing the letter 
S6. Moreover, the word v runs over all words which are reduced relative 
to the Grobner-Shirshov basis of As. The number of such words is equal 
to (5+1)! (see [4]). Thus, in order to calculate the number of all reduced 
words we have to calculate the number of words w. It is easy to see that 
in the series of words from Theorem 4.2 the numbers of possibilities for w 
are: 11, 10, 12, 18, 21. Thus we see that the number of all reduced words is 
equal to (11 + 10 + 12 + 18 + 21) . (5 + l)! = 51840, which is equal to the 
order of the group E6. This means that the series of words in Theorem 4.2 
define the normal form of elements in E6. By the Composition-Diamond 
Lemma relations in Theorem 4.1 comprise a Grobner-Shirshov basis of 
the Coxeter group EG. 

5. Grobner-Shirshov basis of the Coxeter group E7 
We can handle the Coxeter group E, almost in the same way as E6. How- 
ever, this case is much more complicate than the case of &. The use of a 
computer reduces the time of calculations. 

Theorem 5.1. The following relations are valid in the Coxeter group E7: 

(1) s: = 1. 

(3) SliSl-ZjSl-lj = SL..ISliS&2jS&1j+l, i < j 5 1 - 1. 

(5) S l i S l - 2 j S l j  = S&3SliS1-2jSl j+lr  i < j 5 1 - 2. 

il < j  < 1 - 2 ,  i 2  < j +  1, j + l  < 1 - 1. 

il < j ,  < 1 - 3, 22 < j2 < k, k E (1 , l -  l}, 23 = j ,  + 2 < 1 - 1. 

(2) slis1-2i = s1-2slisl-2i+l, i 5 1 - 2. 

(4) slisl = S I - ~ S ~ ( ,  i < 1 - 2. 

(6) slisl-2jsi-lslj = sl-3slis1-2js1-1sij+1, i < j < 1 - 1. 
(7) sli, sl-2jsl- 11-2sli2 ~ 1 - 2 j + 1  = si-3s1il sl-~jsl- 11-2sli2 ~ 1 - 2 j 4 - 2 ,  

(8) siil si-zjl s1--11-3sli2 ~ l - z j ~ s z - l l ~ ~ l i ~  
- - s1-3slil s1-2j1 s1-11-3sli2 s1-2jz sl- I kS l i3+l ,  
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(9) SiilSl-2jlSl-ll-ZSu2Sl-2J2Sl-

ii < ji < I - 3, i2 < J2 < k, k £ {I - 2,1 - 3}, i3 < J3, h < J3,

h = h + 3,
the left side of each relation with jz — I — 1 ends not in sjj3sj_2j3+i but
rather in SH3+I-

(10) Sli1Sl-2nSl-il-2Su2Sl-2j2Sl-1l-iSu3Sl-2j3

= Sj-sSjii SJ-2J! S(_11_3SH2
 s l -2 j 2 Sl-li-4SH3 S(-2j3+l,

i\<jl<l- 3, 12<32<1- 4, l3 < J3, J2 < J3, h = 3l + 2,
the left side of each relation with j3 = I — 1 ends not in suisi-2j3+i,
but rather in

(11) Sii1Si-2

h < ji < I — 4, *2 < J2 < h < I - 2.
(12) SiilSl-2jlSl-ll-4Su2S

h<ji<l- 4, h < h < h < I - 1, h < h < I - 1-
SH1S(_2j1S(_K_4S(i2Sj_2j2Sj_i(_2Sji3S(_2j3Sj-l

= Sl-3Sli1Sl-2jiSl-U-4Sli2Sl-2J2Sl-ll-2SU3Sl-2j3,

h < j i < l - 4, i2<J2<l~ 2, i3 < J3 < I - 1, J3 - J2 > 2.

S(ilSj_2j1S(_iJ_4S(i2S(_2j2S(_i(_3S;i3S(_2j3Sj-l

= Si-3SulSl-2j1Sl-U-4Sli2Si_2j2Sl-U-3Sli3Si-2j3,

k<ji<l- 4, i2<J2<l~ 3, i3 < j3 < I - 1.

H < j\ < I ~ 4, i2<J2<l~ 4, i3 < j3 < I - 2.

Proof. Relations 1-8 are analogous to the relations in Theorem 4.1 and
they can be proved as in Theorem 4.1. So we will prove here relations 9-15
only.
9. We prove here the case k = 1 — 2, the case k = 1 — 3— is similar. Use
relation 8:

use relation 8:
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10. Use relation 9:

use relation 9:

= S/-3SH! SI-2J! Sl-U-3Su2 Sl-2j2 Si- U-4Sli3 S(-2j3 + l 5

11. Use relation 8:

lh Sl-2j1 Si- lJ-4«Jia Si-2j2 S(i3 «i-2

li3 S/-2

because of ii < j\ < I — 4 and Z = 7, then ji = Z — 5; i.e., we can use
relation 8 here:

Sin Sl-2j! Sl-U-4Su2 S;_2j2
 sli3

 sl-2

12. Use relation 11:

use relation 11:

13. Use relation 12:
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use relation 12:
Sjii Sl-2ji Sl-ll-iSliz SI-2J2 SI-II-2SH3 Sl-2J3Sl-l

14. Use relation 13:

use relation 13:

15. Use relation 14:

use relation 14:

l-4Sn2 Sl-2j2 S{_ii_4S(j3 S(_2j3S|_l.

D

Theorem 5.2. T/ie method of elimination of the leading words for rela-
tions in Theorem 5.1 reduces each word in Coxeter group Ej to one of the
following form:

(1) SlmiS2m2---Sl-lmi-1SliSl-2jSl-lk, i < j < k <l, 1 < mn < 71+ 1;

h <ji < h,i2 <J2 <h,ji <i2,h 6 {1,1-1},1 <mn <n + l;

(3) SimiS2m2...Si_lmi_lSH1Sj_2j1Si_ii_2Sij2Si_2j2S(_u2,

h < h < h,i2 < h < ^2, ji + 1 < J2,1 < mn < n 4-1;
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h < i i < fci,22 < 32 < k2,ki e { / - 3 , / - 4 } , l <mn < n + l ;

»i < ji < h,i2 < 32 < k2,ki,k2 € {1,1 - 1}, j2 < i3,
l<mn<n+l;

< Win <

j 2

j 2

{1,1 - 1}, j

Jl <

<

(8)

(9)

slmiS2m2~-Sl-lml-1Sli1Sl-2j1Sl-il-2Sli2Sl-2j2Sl-ik2SH3,

h < h < I - 2,i2 < h < k2,k2 e {/,/ - 1}, j2 < i3,jx + 1 < j 2 ,
1 < mn < n + 1;1 < mn < n +
SimiS2m2-Sl-lm

h <h <l~2,i2 <

h < jl < I- 3,l2

1 < mn < n + 1;

- 3, i 2

J
J,i - 1}, j 2

'2 < I — 2, ji + 4 < j 3 , 1 < mn < n + 1;

U < ji < / - 3, i2<32<l- 3, ii + 4 < j3, 1 < mn < n + 1;

h < 3i < i - 3 , »2 < J2 < Z—4,i3 < 33 < /C3 j i + 4 < j 3 , l<mn< n + 1 ;

< j ! < J — 3, i2 < 32 < I — 1» Ji < ^3, 1 < rnn < n + 1;

_ < ji < l-4,i2 < 32 < Z — 1,i3 < J3 < 2 - 1 ji <*3, 1 < win < n + 1;

»i < Ji < * ~ 4, «2 < J2 < i - 2, e3 < J3 < I - 1 J3 < 32 + 3,
1 < mn < n + 1;

fltf,) SimiS2m2...SJ_lm!_1SH1S(-2j1Si-n-4Sii2Si-2j2S!-li-3Sli3
s(-2j3'

ii < ji < i - 4, i2 < J2 < 2 - 3, i3 < J3 < / - 1, 1 < mn < n + 1;
^ 7 ^ 5lmi52m2—•S/-lm,_iSKiS/-2jIS/-l/-4S«2S;_2i72S/-li-4S/t3Sj-2j3SJ-lfe3.

ii < j i < J - 4, i2 < J2 < ' — 3,13 < J3 < J — 1, 1 < m n < n + 1;

1 < mn < n + 1;
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(20)
h <h < i-4,i2 <J2 </-3,i3 <j3 < l-l,J3 <U, 1 <mn <
SlmiS2m2-S(-lm,_iSlnS(-2j1S(_li_4SH2Si-2j2S(_li-4Sli3

S(-2J3SH

H < h < 1-4,i2 <J2 < / -4 , i 3 < j3 < /--1,J3 <*4, 1 < mn <
(22)

h < h < I - 4,̂ 2 < to < l - 4,»3 < h < I - 1.J3 < *4 < ji
1 < mn < n + 1;

SU-4S1-21-3S1 (the longest word in E7).

Proof. As in Theorem 4.2, we use a computer, it considerably sped up the
calculations of the reduced words. •

Theorem 5.3. The Grobner—Shirshov bases of the Coxeter group E7 con-
sists of the relations of Theorem 5.1. A normal form of elements in E7 is
described in Theorem 5.2.

Proof. The proof is the same as the proof of Theorem 5.3. But in this
case we have (6+1)! possibilities for the word v and 576 possibilities for
the word w. Thus we obtain that the number or reduced words relative
to the relations in Theorem 5.1 is equal to the order of the group E7:
576 . (6 + l)! = 2903040 =I E7 I . This proves the theorem. 0

Acknowledgement: The author expresses his deepest gratitude to
Professor L. A. Bokut and Dr P. Kolesnikov for their kind guidance and
useful discussions.
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Let F be a field and K a subfield of F .  We classify the overgroups in G L ( n ,  F )  of 
an Sp(n ,  K, f ~ ) ,  SU(n ,  K ,  fK) or n(n, K, Q K )  provided that the index [F : K] 
is not much bigger than the Witt index u ( f ~ )  or ~ ( Q K ) .  
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1. Introduction 

In classifying the maximal subgroups of finite classical groups, it is impor- 
tant to investigate the maximality of the subgroups in the classes Cl N Cs 
defined in Aschbacher in 1984. This research has been done by P. Kleidman- 
M. Liebeck [3]. The analysis depends heavily on the classification of finite 
simple groups. The author has done research on this topic as well; however, 
the results obtained are for the classical groups over arbitrary fields (not 
necessarily finite) or sometimes over arbitrary division rings. Our method 
is based on matrix techniques. In this paper, we concentrate mainly the 
treatment of Aschbacher class C5. For a classical group G acting on an 
n-dimensional space V over a field F ,  the class C5, by definition, is the col- 
lection of the normalizers of the classical groups acting on the n-dimensional 
spaces VK over maximal subfields K of F so that V = F @K VK. 

2. Notations 

We first denote by Mat,.,R the set of all the m x n matrices (aij),xn 
with entries aij in a ring R. We also write Mat,R instead of Mat,.,R. 
By A(".") (resp.A(")), we mean A E Mat,xnR (resp. A E Mat,R) and 
we use A' to denote the transpose of A. 

A matrix A E MatmxnR can be identified with the R-linear map- 
ping A ; Matl,,R + Mat lxnR ,x  H xA.  We define ImA = I m A  and 
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K e r A  = Kerd.  In this point of view, the general linear group GL(n, R),  
i.e., the multiplication group of all the invertible matrices in Mat,R, can 
be identified with the group of all the invertible R-linear transformations 
x H zA (with A E GL(n, R))  on Mati,&. 

We write diag(A1,. . . , Ak) to denote the quasi-diagonal matrix with 
Ax,. . . , Ak as its diagonal blocks. We use I and 0 to denote the identity 
and the zero matrices, respectively. Also Eij E MatmxnR means that the 
matrix in MatmxnR having a singe1 1 as its (i,j)-th entry, and all other 
entries are zero. For each c E R and a # j, we denote Tij(c) = I + CEij, 
and define SL(n, R) = (Tij(c) E Mat,R 1 i # j , c  E R). We denote Pij = 
I - Eii - Ejj + Eij - Eji E SL(n, R) when i # j .  

An n-dimensional vector space V over a field F will be written as the 
space Matl,,F of all the n-dimensional rows relative to a basis {e l , .  . . , en} 
of V ,  by identifying a vector ~ ~ = , x i e i  E V with its coordinate x = 
( X I , .  . . ,zn) E Matl,,F. A basis vector ei becomes the row ( a l ,  . . . ,an) 
with all aj = 0 except ai = 1. The linear group GL(V)  is written as the 
matrix group GL(n, F ) .  Let 7 : a H iz be an involution of F ,  E = f l  E F .  
Then an H = A + EX‘ E GL(n, F )  (with A E Mat,F) determines a uni- 
tary group U ( n ,  F,  H )  = { A  E Mat,F I AHZ’ = H }  relative to T, which 
is geometrically the group U(V,f) = {g E GL(V)  I f ( x g , y g )  = f ( z l y )  
V x ,  y E V }  determined by the nondegenerate trace-valued c-hermitian 
form f ( x ,  y) = xHq/  on V .  We admit the case T = 1, hence U ( n ,  F, H )  
may be a symplectic group Sp(n, F, H )  or an orthogonal group O(n, F,  H )  
(with charF # 2). When U ( n ,  F,  H )  # O(n, F,  H ) ,  we may always assume 
that E = -1, and in such case the SU(n, F, H )  = U ( n ,  F,  H )  n SL(n, F )  
coincides with the commutator group of U ( n , F , H )  with a few excep- 
tions for small n and F .  The normalizer of SU(n, F, H )  in GL(n, K )  is 

The orthogonal groups acting on V are defined to be an O(V, Q ,  L )  = 
{g E GL(V)  I Q(zg) - Q ( x )  E L,Vx E V }  which is determined by a 
quadratic form Q ( x )  = xAx’ (with A E Mat,F) and an L = 0 when 
charF # 2 or an F2-subspace L # F of F when charF = 2. Without 
loss of generality, we may assume that Q associates with a nondegenerate 
symmetric form f(z, y) = Q(x+y) -Q(x ) -Q(y )  = xHy’ with an invertible 
H = A+A’ and assume that 1 E L when L # 0. We also define O(V, Q ,  L )  = 
Sp(V, f) for L = F .  O(V, Q ,  L )  which can be identified with the matrix 
group O ( n , F , A , L )  = { A  E GL(n, F )  I AAA’ - A E K L ( ~ , F ) } ,  where 
K L ( ~ , F )  = { A  = (aij)nxn E Mat,F I A‘ = -A and all aii E L}. The 
commutator of O(n,  F,  A, L )  is denoted by R(n, F, A, L).  The normalizer 

G U ( ~ ,  F, H )  = { A  E G L ( ~ ,  F )  I AHX = AH for a x E F*}.  
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of G(n,  F, A, L) in GL(n, F )  is GO(n, K ,  A, L )  = { A  E GL(n, F )  I AAA’ - 
XA E K L ( ~ ,  F )  for a X E F*}, (with exceptions for small n and F ) .  The 
O(n, F,  A,O), R(n, F, A,O), GO(n, F, A, 0 )  are just the orthogonal groups 
O(n,  F,  A),Q(n, F, A) ,  GO(n, F, A) as usually defined. 

The Witt index Y of a U ( n , F , H )  is defined as the dimension of 
a maximal totally isotropic subspace of the V equipped with the form 
f ( x , y )  = xHV‘. We shall always choose a suitable basis of V at the be- 
ginning, hence by replacing H by a PHF‘ ( P  E GL(n, F ) ) ,  we can reduce 
to the case in which H is in the standard form 

(E:,) I:) H o )  1 

where Ho E Mat,-z,K is diagonal and definite, where ‘definite’ means 
that zH&’ # 0 for all 0 # x E MatlX(,-2,)K. The Witt index v of an 
O(n,  F, A, L) is defined as the dimension of a maximal totally L-singular 
subspace W of V (satisfying xHy’ = 0 and XAX’ E L for all X, y E W ,  where 
H = A +A’). We can reduce to the case in which A is in the standard form 

A =  

where A0 E Mat,-o,K is L-definite that is, XAOX’ 6 L for all 0 # x E 

MatlX(,-2,)K, and A0 + Ah is monomial. 

3. Main Results 

Let K be a subfield of a field F .  Then GL(n, K )  = GL(n, F )  n Mat,K is a 
subgroup of GL(n, F ) .  Clearly, the underlying spaces VK, VF of GL(n, K )  
resp. GL(n, F )  have the relation VF = F 8 VK. When A E Mat,K and 
L K ,  O(n,  F, A, L)  contains O(n, K ,  A, L) as its subgroup. If 7 is an 
involution of F which extends an involution J of K ,  H = -H’ E GL(n, K ) ,  
then a U ( n ,  F, H )  relative to T contains the U ( n ,  K ,  H )  relative to J as its 
subgroup. 

Let K be a maximal subfield of F and NF a classical group acting on 
MationF,  N = SL(n, K ) ,  SU(n, K , H )  or R(n, K , A ,  L). Then the nor- 
malizer M of N in NF is a member of the class C b  defined in [l]. We need 
to verify that M is a maximal subgroup of NF.  It suffices to determine all 
the overgroups of M in NF.  However, instead of just considering this case, 
we can do something more, that is, we want to classify the overgroups in 
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GL(n,F)  of an N = SL(n, K ) ,  Sp(n, K ,  H ) ,  SU(n, K ,  H )  or R(n, K,  A, L )  
for an arbitrary subfield (not necessarily maximal) K of F .  When F is 
finite, then this has been done in [2] and [3]. Also we have discussed the 
overgroups of SL(n, K )  in GL(n, F )  in [4]. In this paper we will treat the 
other cases and classify the overgroups of N = Sp(n, K ,  H ) ,  SU(n, K ,  H )  or 
R(n, K,  A, L )  in G = GL(n, F )  for an infinite field F .  Our treatment applies 
to arbitrary fields F, K ,  but only exclude the case KJ = F2 for avoiding 
lengthy discussion. For each field E between K and F ,  we have certain 
classical groups NE k SL(n, E),Sp(n,  E , H ) ,  SU(n, E ,  H ) ,  R(n, E ,  A) or 
R(n, E ,  A, L )  over E as overgroups of N in G. The question is : are there 
any groups between N and G other than those corresponding to the inter- 
mediate fields E ? We will settle the cases under certain assumption on the 
index r = [F : K ]  and the Witt index Y of N. The following theorem is our 
main result. 

Theorem 3.1. Let K be a subfield of a field F with [F : K ]  = T < 00 and 
KJ  # F2. Let N 5 X 5 GL(n, F )  of Witt index Y satisfying one of the 
following conditions: 

(a) N = Sp(n, K ,  H ) ,  and n > r or n(n + 2 )  > 8r. 
(b) N = SU(n, K ,  H )  and u2 > 2r. 
(c) N = R(n,  K ,  A) and Y(V - 1) > 4r. 
(d) N = R(n, K ,  A, L )  with L # 0, and Y(Y - 1) >_ 2r. 

Then there exists a field E between K and F such that one of the 
following condition holds: 

(i) SL(n,  E )  5l X 5 GL(n, E )  . K*. 
(ii) SU(n, E ,  H )  5l X 5 GU(n, E ,  H )  - F*,  (including the case 

SU(n, E ,  H )  = Sp(n, E ,  H ) ) .  
(iii) X P R(n, E ,  A, L )  2 N for an L, ( L  2 K in case (a) when charK = 2). 

When K is a maximal subfield, one can easily deduce a corollary on the 
maximality of the groups over K in the groups over F.  

4. Some Preliminary Results 

In our proof, we need the following known results. 

Theorem 4.1. Let E be a field. Let N = SU(n, E ,  f )  with Witt index 
v(f) 2 1 with N I X i GL(n, E) .  Then either X P SL(n ,E)  or X p 
SU(n, E ,  f ) .  Let N = n(n, E ,  Q )  with Witt index v(Q) 2 1 and N 5 X 5 
GL(n, E ) .  Then one of the following condition holds: 
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(2) X E SL(n,E);  
(ii) X I> R(n,E,Q),  or X I> R(n, E l  Q ,  L )  for an L when charE = 2; 

(iiz) GL(n, E )  = SL(4,2) 2 Ag, N = R-(4,2) ci A5 and X = Sp(4,2)' 2 
A6 or X %' A?, or N = R+(4,2) 2 (S3 x S3 x SZ) n Ag and X 2 

( s 3  x s5) n A g .  

Proof. See [5 ] .  0 

Theorem 4.2. Let K be a subfield of a field F with [F : K ]  = r < 00. Let 
SL(n, K )  5 X I GL(n,F)  with n > r or in(n-  1 )  > r .  Then SL(n, E )  
X 5 GL(n, E )  . K* for a field E between K and F .  

Proof. See [4]. 0 

5. Group Extension by an Element with Zero Entries 

For each field E between K and F ,  we denote GE = GL(n, E )  . F*,  and 
write GK = GL(n, K )  . F*. We also use NE to denote an SU(n, E ,  H )  
or R(n, E l  A, L1) containing N = SU(n, K ,  H )  or R(n, K ,  A, L) .  Recall 
that SU(n, E , H )  is a Sp(n, El  H ) .  We denote by GE the normalizer of 
NE in GL(n, E )  which is equal to GU(n, E ,  H )  or GO(n, E ,  A, L1). Let 
r be an involution of E relative to NE = SU(n, E ,  H ) .  Then we denote 
E, = { a  E E I a,  = a} ,  and we write EO = E, when NE = SU(n, El  H )  
or charE # 2,  while Eo = E2 = {u2 1 a E E}.  When charE = 2, then 
NE = R(n, E l  A, L).  In particular, KO = K J  or K2.  

Throughout this section, we suppose that N K  = SU(n, K ,  H )  of Witt 
index v 2 2 or NK = R(n ,K ,A ,L )  of Witt index v 2 3. We consider 
the extension group Y = ( N K ,  go) of NK by a go E GL(n, F )  \ GK with 
certain entries zero. We prove that if go has enough zero entries, then Y 
will contain an N E  over a field E 3 K .  

Since the overgroups of SL(n, K )  in GL(n, F )  has been classified in 
Theorem 4.2, we need only to consider the case in which Y 2 SL(n, K) .  
By Theorem 4.1, X n GL(n, K )  I> f i ~  for a NK = SU(n, K ,  H )  or f i ~  = 
R(n, K ,  A, L1). Replacing NK by f i ~ ,  we may assume that Y nSL(n ,  K )  I> 
N K .  Namely, Y n SL(n, K )  lies in the normalizer GK = GU(n, K ,  H )  or 
GO(n, K ,  A, L)  of NK in GL(n, K) .  

- 

We now prove the following theorem. 

Lemma 5.1. Let N K  = SU(n,K,H) with Witt index v 2 2,  or NK = 
R(n ,K ,A ,L )  with Witt index v 2 3. Suppose that go = ( d i j ) n x n  E 
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GL(n, F )  \ GK with dl,,+l = 0 when NK # R(n, K ,  A),  or di,,+j = 0 for 
1 I i , j  I 2 when NK = R(n, K ,  A). If Y = ( N K , g o )  with Y n GL(n, K )  I 
G K ,  then Y 2 NE > NK for NE = SU(n, E ,  H )  or R(n, E ,  A, L1) over a 
field E 3 K .  

This result leads to  the following lemmas. 
/ I ( , )  0 \ 

For an S E Mat,F, we shall denote To(S) = ( s I(”) J . We now 

write To(S) for an S E MatkF with k < v. Denote To(diag(S,O(”-’))). 
Note that To(S) E SU(n, K ,  H )  when 3’ = S ,  while To(S) E R(n, K ,  A,  - L )  
when S’ = S having the diagonal entries in L. We also denote H = 

(,“I ‘1)) and A = ( ) . These matrices are just the submatrices of 

H with respect to  A which contains the (i,j)-th entries with 1 I i , j  5 2v. 
For group elements a , b ,  we denote by [a ,b]  = aba-lb-l  as their com- 

mut ator. 

Lemma 5.2. Let g1 = (uij)nxn E GL(n, F )  \ G K ,  with all alj  = 0 ( j  2 2 )  
when NK = SU(n,K,H)  or R(n ,K ,A ,L )  (L # 0), or with all alj  = 

Y n GL(n, K )  I GK.  Then Y contains T = TO (z i) with either b q! K 

or.$ K .  

Proof. Write g T 1  = (Eij),xn. Define U1 = { ( ~ i j ) , ~ ,  E GL(n,F)  I all  = 

Ui I ~ ~ + i , ~ + i  = 1). For each g E GL(n ,F) ,  we denote by d ( g )  the matrix 
obtained by deleting the first and the (v + 1)-st rows and columns of g .  
Then 4 : U1 + GL(n - 2,  F )  defines a homomorphism of groups. 

Step I. We first replace g1 by a g E U1 \ rK with gNKg-’ < Y .  Then 
we reduce it to  the case g1 E Ul. 

In case NK = SU(n, K ,  H )  or R(n, K ,  A, L )  ( L  # 0) ,  we have To(1) E 
N K ,  and hence g2 = g l T o ( l ) g ; l  = I + b2E21 + ... + b,E,1 E Y n UO, 
with bi = ai,Y+iaT: ( 2  1 2). If g2 q! rK, then we are done. Otherwise, 
for g2 E SL(n ,K)  n i G K ,  we have g2 = T,+l~(b,+~). Thus, bi = 0 
and hence ai,,+l = 0 for i # v + 1, and a,+l,,+laT; = b,+l E K*. Now 
we replace g1 by gla;; so that we can make all  = 1 and hence g1 E Ul, 
without changing Y .  

- 0 I(,) 

a2j = 0 ( j  2 3)  when NK = a ( n , K , A ) .  Let Y = ( N K , g l N K g l l ) ,  with 

1, av+l,v+l E K*,  and clj = ++I = 0 V j  # 1, i # v+ I}, Uo = { ( ~ j ) ~ x ,  E 

In case if NK = R(n, K ,  A) ,  then we take g2 = g lTo  
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bijEij E y n Uo. If gz $ r K ,  then we are done. Otherwise, 
3<i<n,l<j<2 

(2) we have 92 E SL(n ,K)  n Y I GO(n,K,A) .  Hence g2 = To 

O(n,  H ,  A) ,  for an s E K*. This implies that ail = ai2 = 0 for all i $ 

{1,2,v + 1 , ~  + 2}, and av+l,u+l au+1tu+2) = ( a22 - a 2 1 )  . Take 

93 = glT3~(1)T~+l,~+3(-1)g1~ = ( C i j ) n x n  E y fl Uo for 2 = 1,2 .  If g3 $ 
r K  for 1 = 1 or 2,  then we are done. Otherwise, if g3 E SL(n ,K)  for 
1 = 1 ,2 ,  then (ctl,ct2) = ats(Zz1,iTiz) E Mat1,zK for t $ {1,2,v + l , v  + 
2 ) .  Since g1 is invertible, we can choose a t $ {1,2,v + 1,v + 2 )  with 
at3 = X # 0. Hence, ( Z i j ) 1 2 i , j 9  = X-'A for an A E GL(2,K).  Take z = 
diag(A-l, A', E O(n,  K ,  A) .  Then (XZ>-'NK(XZ) = N K .  
Replacing g1 by gl (Xz) - l  and without changing Y ,  we can reduce it to the 
case ( Z i j ) i < i , j < z  = I (2) .  Thus (aij)i<i,j<z = I (2 ) ,  g1 E U1, as desired. 

( au+2,u+1 au+2,u+2 -a12 all 

Step I1 . To make 91 E Uo and $ ( g l )  = I .  
Note that our standard H is a monomial matrix. Now in each k-th 

row of H ,  there is a unique nonzero entry at some k'-th column. In other 
words, for each e k ,  there is a unique e p  such that f ( e k ,  e p )  # 0. For each 
k $I ( 1 ,  v+1), there is an element z1 = I+Ekl +c\lEu+l,l +pEV+l,kt E N K  
for suitable 01 E K and p E K*. We consider g2 = glzlg;' E Y .  Then g2 = 
( b i j ) n x n  E Y n Uo with $(g2)  = I .  If we can choose k to obtain a 92 $ G K ,  
then step I1 is finished. Otherwise we have g2 E SL(n, K )  n Y 5 GK for all 
k, bil = U i k  E K for all i $ { I ,  v + 1). Thus $(g1) E GL(n - 2,  K ) .  

Let NO = $(NK n UO). Then NO = SU(n - 2,K,$(H))  when NK = 
SU(n, K ,  H ) ,  or NO = a(n-2,K, $(A),  L )  when N K  = R(n, K,  A, L) .  Con- 
sider the normalizer Go of NO in GL(n - 2,  K )  and suppose that $ ( g )  $ Go, 

$(Y n UO),  then by Theorem 4.1, either YO = SL(n - 2,  K ) ,  or YO = Q(n - 
2, K ,  $(A) ,  L1) with L1 2 L when charK = 2 and NK = R(n, K ,  A, L) .  
For the case YO = SL(n - 2,K) ,  we can take g3 E Y n UO with 
$(93) = Tn-2,1(1) $! GO when n 2 5 ,  or with $(93) = T21(8) $! GO 
(3 # 8) when NK = SU(4, K ,  H )  # Sp(4, K ,  H ) .  Then we obtain g2 = 
93T21(1)Tu+1,~+2(-1)S3~ E Y n UO with $(a) = 1, and g2 $ GK.  Hence, 
g2 $ r K .  Replacing g1 by g 2 ,  then we are done. For the case charK = 2 ,  
N K  = R(n, K ,  A, L )  and NO = R(n - 2,  K ,  A,  L1) (with L1 2 L) ,  we take 
g3 E Y n UO with $(g3)  = Tul(8) $I Go for a 0 E L1 \ L,  and consider 
92 = [z ,g3] E Y for any z = T21(~)T,+1,~+2(s) E NK with s E K2.  We have 

(which implies No # Sp(2,K,$(H))). If yo = ( ~ o , # ( s 1 ) ~ o $ ( ~ l ) - ' )  I 
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P(s )  SO 92 = TO ( s6 ) UO, with P(s)  = s(b + c)  + s20 depending on s, where 

b, c are the (u + 1,2)-nd,(u + 2,l)-st entries of 93 respectively. If g2 $! r K  

for an s then we are done. Otherwise, then for all the s E K2, we have 
g2 E Y n GK hence P(s)  E L. Taking a 1 # s E K2 # F2 we see that 
P(s )  + sP(1) = (s2 + s)O E L and hence 8 E L,  a contradiction. 

Now we suppose that $(g1) E Go = GU(n - 2,  K ,$ (H) )  or GO(n - 
2, K,C#J(A),L). Take zo = ( z i j ) nxn  E U1 n GL(n,K)  with $(zo) = $(a), 
zil = z,+l,j = 0 for all i 2 2 and j # u + 1. Since C#J(zo) E Go, we can 
choose which is z,+l,,+l suitable to  make zo E GK. Hence Z;'NKZO = 
NK. Replacing g1 by gl.zrl we can reduce to  the case $(g1) = I ,  without 
changing Y .  Moreover, from g1T,+1,2(1)T,+2,1(-~)g~~ E SL(n, K) n Y I 
r K ,  we can see that a,+l,,+l = 1 and hence g1 E UO. 

Step I11 . Y contains T as required by the lemma. 
By step 11, we can assume that g1 E Uo and d(g1) = I. First we suppose 

that a21 # K or aV+l,,+2 $! K. When NK # R(n ,K ,A) ,  we have T = 
[Tv+2,2(1), 911 = ~ ~ ( ~ ~ ~ + ~ , ~ - ~ ~ + i , ~ + ~ ~ , + ~ , ~ + ~ ~ ~ ~ , + ~ , ~ )  E Y for Some a E 
F. That is what we need. When NK = R(n, K ,  A)  (with u 2 3), we can take 
Ti = [Tu+2,3(-1>Tu+3,2(1),gi] E Y .  Then T = [T32(-1)Tv+2,,+3(1),Tl] = 
T0(a~+1,,+2E,+1,2 + uE,+z,l) which is what we need. 

Suppose that a21, av+l,,+2 E K, but akl, a,+l,kt # K for some k, k' # 
(1, u + 1) with f(ek, ep) # 0. Then by taking a z = I + E2k + aE2,,+2 + 
PEk',,+2 E NK with P # 0 ,  and replacing g1 by [z,gl] E Y we can reduce 
it to  the known cases a21 # K or aU+l,,+2 4 K. 

In the remaining case, g1 has all the entries in K except a,+l,l 4 K. Take 
zi = p12Pu+i,Y+2 E NK and z2 = T2i(-1)TV+i,,+z(l) E NK.  Replacing g1 

I7 by [z2, ~igiz,~], then we can reduce it to  a known case . 
Lemma 5.3. Let NK = SU(n, K, H )  or R(n,  K ,  A, L )  of Witt index u = 2 

or 3 respectively, NK < Y 5 GL(n ,F) .  If Y contains a T = To 
with b 4 K or c 4 K ,  then Y 1. N E  > NK for an N E  = SU(n,E,H) or 
R(n, E ,  A, L1) over a field E II K .  

(a:) 
Proof. Step I. Y contains all the Tv+1,2(0)Tv+2,1(-~8) (6  E E) for an 
E II K endowed with a r : a H ii which extends J .  

The set M = {S E Mat,F I To(S) E Y} is an additive group. Moreover, 
if for A, B E GL(u, F), then we can find a g = diag(A,B,. . .) E Y .  Thus 
for each S E M ,  we have gTO(S)g-l = To(BSA-~) ,  i.e., BSA-' E M, 
BMA-l = M. In particular, X'MA = M holds for all A E SL(v ,K) ,  
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and this equality holds for an A E GL(v, K )  with suitable value of det A, 
(e.g., detA E KJ or det A E K * 2  when NK = SU(n, K ,  H ) ,  O(n, K ,  A,  L )  
respectively). 

We have So = aEii + bEi2 + cE21 E M .  Thus we can deduce the 
following conclusions (a)-(.). 

(a) 30 = A(X)SoA(A) = aE11 + bXE12 + XcE21 E Y ,  where A(X) = 
diag(1, A,. . .), with X ranging over K; when NK = SU(4, K ,  H ) ,  or 
over K* otherwise. 

(b) Taking 1 # X E K; in (a), we see that S2 = A(X - l)-l(,?o - So)A(X - 
1)-’ = bE12 + cE21 E M ,  and thus g1 = S2 - SO = aEll E M .  

(c) Considering PSlP’, PS2P’ E M for P = Pij E SL(v, K ) ,  we know that 
bEij + CEji, aEii E M for all 1 <_ i # j <_ v. Moreover, considering the 
conjugates of T’(bEij + CEji) E Y by suitable z E NK k i n g  e j ,  ev+j 

when interchanging (e i ) ,  (ev+i )  we know that Tij(b)Tv+j,v+i(&c) E Y .  
For any aE11 E M and biEl2 - ~ciE21 E M (i = 1,2), we have the 
following conclusion (d)and (e) . 

(d) Since aE22 E M and Tzi(-cl)Tv+1p+2(b1) E Y ,  Ti2(b1)a&2T21(~1) - 
aE22 = biaclEil+blaEl2+aclEzl E M ,  and thus blaclEl1, blaEl2+ 
ac1E21 E M .  

(e) When v L 3,  since 3 2  = b2E13-&C2&1 E M and T32(-bl)Ty+2,v+3(Cl) 

E Y (by (c)), T 2 3 ( C l ) Z 2 T 3 2 ( b l )  - 3 2  = bzb1Ei2 - ~ ~ 1 ~ 2 E 2 1  E M .  

- 

We now assume that T E Y can be chosen with a $! K .  Then aEii E 
M by (b) and (c). We prove by induction on k that S ( k )  = XakEl2 - 
E ( - - E U ) ~ X E ~ ~  E M holds for all integers k 2 0 and X E K .  S(0) = XE12 - 

E M is known (since To(S(0)) E N K  < Y ) .  Assume that S ( k )  E 
M .  Then, by (d) we have S ( k )  E M and aEl1 E M .  These imply that 
(Xak))aE12+a(-~(-~a)kX)E,2 = S(k+l )  E M .  Hence, we have proved that 
S(k)  E M for all the k. Now, it follows that h(a)E12 - ~ z ( - ~ a ) E 2 1  E M 
holds for all the polynomials h(z) E K [ z ] ,  where E(z) E K[z]  is obtained by 
operating J : X H X on the coefficients of h(z). Clearly, 8E12 - dE21 E M 
for all 8 E E,  where E = K[a] is a proper extension field of K endowed 
with an involution r : 8 H 8 . This extends J with h(a) = E(-Eu). NOW Y 
contains the 2-transvections Tv+1,2(8)Tv+2,1(-&8) (8 E E )  of SU(n, E ,  H ) ,  
as desired. 

For the other cases, we can easily see that a E K holds for all the chosen 
T .  Hence b, c are not both in K .  By (b) we have aE11 E M ,  i.e., T’+i,i(a) E 
Y n SL(n ,K)  I GK.  This implies that a = 0 when NK = n(n, K , A ) .  By 
(a), we have that Xc + bX E K for all X E K*.  In particular, b + c E K ,  
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and hence neither of b, c lies in K .  Clearly, b = -c when NK = R(n, K ,  A). 
If J # 1, x # X for a X E K*,  then X(b + c) - (Xc + b x )  = (A - 1). E K 
and hence c E K ,  a contradiction. Thus this case occurs only when J = 1, 
i.e., NK = Sp(n, K ,  H )  or R(n, K ,  A, L).  When NK # R(n, K ,  A), since 
El1 E M ,  bcE11 E M by (d), and hence bc E K .  From b + c, bc E K ,  
we conclude that E = K[b] = K[c] is a quadratic extension of K and 
T : h(b) H h(b) = h(c) (h(s) E K [ 4 )  defines an involution of E which 
extends J = 1. 8E12 + 3E21 E M holds for all 8 = X or 8 = Xb (by 
(a)) with X E K ,  and hence it holds for all 0 E E = K @ Kb. It is clear 
that, Tv+1,2(8)Tv+2,1(e) E Y for all the 8 E E. In the remaining case 
NK = R(n, K,  A) (with v 2 3), we have b = -c, bEl2 - bE21 E M .  We now 
prove that S ( k )  = bkXE12 - Xb’E21 E M ,  for all integers Ic 0. The case 
S(0) E M is known. Now we assume that S ( k )  E M .  Then S(k  + 1) E M 
follows from bE12 - bE21 E M and S ( k )  E M by (e). This proves that 
S ( k )  E M for all the I c .  Thus 8E12 - 8Ezl E M for all the 8 E E = K[b], 
Tv+l,~(8)Tv+2,~(-8) E Y ,  as desired. 

Step I1 . Y contains N(2v, E )  x I =diag(A,I(n-2v) I A E N(2v, E )  < 
SU(n, E ,  H ) ,  where N(2v, E )  = R(2v, E ,  A) when NK = R(n, K ,  A, L )  or 
NK = Sp(n,  K ,  H )  = R(n, K ,  A, K )  (in case charK = 2), or N(2v, E )  = 
SU(n, E ,  H )  if otherwise. 

We have shown that Y contains all the T(0) = Tv+1,2(0)Tv+2,1(-&8) 
(0 E E).  Now by onsidering the conjugates of these T(8) with elements in 
NK which are permutating { fe i  I 1 5 i 5 2v}, we know that Y contains all 

and 1 5 i # j 5 2v, these elements are enough to  generate the group 

Step I11 . Y L NE > NK for an NE = SU(n, E ,  H )  or R(n, E ,  A, L1). 
First we assume that NE = SU(n, E ,  H )  = SU(V,,  f) ,  where VE = 

M a t i X n E ,  f (z ,y)  = xHV’. It ia clear that sU(v~,f) can be generated 
by all the unitary transvections pZl+ : z I+ z + f ( z , u ) su  on VE, with 
0 # u E VE, f (u, u) = 0, and 0 # s E E,. For any 2v 5 k 5 n, we denote 
W k  =Eei$...$Eek,anddefineSU(Wk) =SU(Wk,flwk)@lw;. Wenow 
prove by induction on k that SU(Wk) 5 Y for all Ic 2 2u. For Ic = 2v, we 
have SU(Wzv) = N(2v, E )  x I 5 Y .  If n = 2v, then we are done. Suppose 
that n L k 2 2v + 1. If SU(Wk-1) 5 Y is known, then pU,+ E Y for all 
‘11 E Wk-1. Thus, for any pU,= E SU(Wk)  \ S ~ ( w k - 1 )  we can write u = 

X(W + ek)  with 0 # Wk E W k - 1  and E E*. w e  can take a 21 E NK which 
sends el to  a TJ + e k  with 0 # TJ E M a t l , ~ .  Note that f (w + e k ,  w + e k )  = 
f (v+ek ,v+ek)  = 0 implies that f (w ,w)  = f(w,v) = - f ( e k , e k ) .  By Witt’s 

- 
Tv+i,j(0)Tv+j,i(-~e)7 Ti,v+j(8)Tj,y+i(-&e), Tij(8)Tv+i,v+j(-8) with 8 E E 

N(2v,E) x I .  
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extension theorem, we can take a z2 E SU(Wk-1) 5 Y which sends w to w. 
Hence, sending X(w + erc) to u. We have pu,s = ( z ~ z ~ ) - ~ P x ~ ~ , ~ ( z ~ z z )  E Y .  
Hence SU(Wk) 5 Y .  This holds for all k. In particular, NE = SU(W,) E Y. 

Now we consider the case NE = R(n,E,A,L) = R(VE,Q,L), where 
Q(z) =  AX'. We first prove that Y 2 ~ ( V E ,  &). In this purpose, it suffices 
to  prove that Y contains all the root elements tu,, : z H z + f(z, w)u - 
f(z, u)(w + Q(w)u) of ~ ( V E ,  Q), with Q(u) = f(u, w) = 0, where f(z, y) = 
z(A + A')y' Vz,y E VE. Clearly, N(2v,E)  x I 5 Y contains all the tu,, 
with u, w E W2, = Eel @ @ Ee2, and NK contains the elements zi 
(1 I i I n - 1)) which all fixing el such that all the e2zi form an E-basis 
of e t .  Also, Y contains all the z,T1tXel,ezzi = t X e l , e z z i  = t e l , X e z z i .  Hence, 

e f .  For any z E Y, we have zZ-lte,,wz = t,,,,,, E Y with wz ranges over 
(el.)'. Hence, we need only to prove that elz  ( z  E Y )  which ranges over 
all the singular vectors in VE. Clearly, e lz  ( z  E N(2v,E)  x I < Y )  ranges 
over singular u E W2, so that tu,, E Y when E W2,. Let w # 0 be 
any singular vector in VE. Then we can find singular vectors u, 211, w l  with 
u, u1 E W2,, with f (u, ul) = f (w, 211) = 1 and (Eu Eul) I (Ew @ Ewl). 
Thus ( tu ,~ , l , t u l ,~ ,  I X E E )  I Y induces SL(2 ,E)  on Eu @ Ew which 
can send u to w. This proves that Y contains all the t,,,, and clearly it 
contains ~ ( V E ,  9 ) .  When NK = R(n, K ,  A), then NE = R(n, E, A) is what 
we need. Suppose that NK = R(n, K,A,  L )  with L # 0, including the case 
NK = Sp(n, K ,  H) = R(n, K, A, K) when charK = 2. We need to find in 
Y and NE = R(n,E, A, L1) > NK.  For each 1 5 t 5 2v, NK contains 
all the pet,s acting on VE with s E L. For any X E E*, we can see that 
N(2v,E)  x I < Y contains z sending et to Xet, and hence Y contains 
~ - ~ p ~ ~ , ~ z  = p ~ ~ ~ , ~  = p e t , ~ z s .  This implies that Y contains pet,s for all s 
in the E2-subspace L1 of E spanned by L.  We claim that Y 2 NE = 
R(n, E ,  A, L1) > N K .  To see this, it suffices to prove that pu,s E Y for all 
s E L1 and 0 # u E VE with Q(u) = UAU' = c E L1, since all these pu+ 
generate R(n, E ,  A, L1). Now zo = pe,+*,c E Y sends el to ui = el + ce,+i 
with Q(u1) = c = Q(u) and R(n, E ,  A) 5 Y contains a z1 sending u1 to u. 

0 

it contains all the n i t e l , ~ i e z z i  - - te,,,, where w = C i X i e 2 z i  ranges over 

Hence pU+ = ( Z I Z o ) - l p e l , a ( Z I Z o )  E Y as desired. 

Lemma 5.4. Let go E GL(n,F) \ rK and Y = (NK,go) 5 G K .  sup- 
pose that 0 # S1 E Mat,K satisfying To(XS1) E NK and Tl(XS1) = 
goTo(XS1)gL1 E rK, for  all X E KO. Then there exists a g1 E Y \ rK 
satisfying the condition described in Lemma 5.2 . Namely, g1 has the (1, j ) -  
th entries zero for all j 2 2 when NK # R(n, K,  A), or it has the ( i , j ) - t h  
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entries zero for 1 5 i 5 2 , j  2 3 when NK = n(n, K ,  A). 

Proof. We first prove that all Tl(XS1) lie in GL(n,K).  Since (Ti(&) - 
1)2  = go(To(S1) - I)2gO1 = 0, Tl(S1) cannot be a diagonal matrix. Let b 
be a nonzero entry of T1(S1) at some (k,l)-th position with k # 1. Note 
that To(XS1) = I + X(To(S1) - I )  = XTo(S1) + (1 - X ) I .  Hence Ti(XS1) = 
XTl(S1) + ( 1  - X ) I .  This leads to Tl(XS1) contain the (k, Z)-th entry which 
is equal to Xb # 0. Since Tl(XS1) lies in I'K = GL(n,K) - F*, b-lTi(XSi). 
But b-lT1(XS1) has its (k,Z)-th entry which is equal to X E K,* C K*, 
we must have b-'TI(XSl) E GL(n,K).  Write b-lXT1(S1) + b-'(l - X ) I  E 
GL(n,K).  Taking X = 1, then we know that b-'Tl(Si) E GL(n,K),  and 
thus b-lXT1(S1) E GL(n, K )  for all X E K,*. This implies that b-'(l-X)I E 
Mat,&, b - l ( l  - A) E K .  Since (KO1 > 2, we can choose 1 # X i  E K,*, 
b-'(l - X I )  E K* implies b E K*. This leads to Tl(XS1) E GL(n,K) for all 
X E K,*. In particular, we have Tl(S1) E GL(n,K).  

For each X E K,*, since To(XS1) E N K ,  Tl(XS1) E Y and YK = 
(NK,TI(XSI)  I X E KO) I Y i l  SL(n, K )  I GK.  Hence NK a YK. We take 
21 E NK which sends TO(&) to . ~ ~ ~ T o ( S l ) r l  = TO(&) by conjugacy with 
SO = diag(A0,O) for A0 E GL(k ,K) ,  where k = rank& I Y. Moreover, for 
each X E K,*, ~ ~ ~ T o ( X S o ) a l  = I+z;~(To(XSO) - I ) q  = I+XZ~' (TO(SO)  - 
I )z l  = To(XS0) hold. We have (TI (&)  - I ) 2  = 0 since (To(S) - I ) 2  = 0. 
Thus Im(Tl(S1) - I )  C Ker(Tl(S1) - I )  = {w E VK I wTl(S1) = w}. 
Hence we have TI(&)  E YK 5 GK 5 GU(n,K,H) ,  ( H  = A + A' 
when NK = R(n ,K ,A ,L ) ) .  This proves that Tl(S1) E U ( n , K , W )  and 
that Im(Tl(S1) - I )  is a totally isotropic subspace relative to the form 
f(z, y) = xH$. Moreover, when charK = 2 and NK = n(n, K ,  A, L )  9 YK 
we can also prove that Im(Tl(S1)-I) is totally L-singular. If Im(Tl (&)-I)  
is not totally isotropic, then f(u,w) # 0 for some u,w E Im(Tl(S1) - 
I )  C Ker(Tl(S1) - I ) .  From f(u,w) = f(uTl(S1),vTl(S1)) # 0 and 
Ti(S1) E G U ( n , K , H ) ,  it follows that Tl(S1) E U ( n , K , H ) .  This im- 
plies that Im(Ti(S1) - I )  = Ker(Tl(S1) - I)' 5 Im(Tl(S1) - I)-'-. Thus, 
Im(Ti(S1) - I )  is totally isotropic, which is a contradiction. From this re- 
sult, we conclude that Im(Tl(S1) - I )  should be totally isotropic. Observe 
that Im(Ti(XSi)-I) = Im(X(Tl(S1) - I ) )  = Im(Tl(S1) - I )  holds for each 
X E K*, and that dim(Im(Tl(S1) - I ) )  = rank(Tl(S1) - I )  = ranks1 = k. 
Let 0 # u E Im(Tl(S1) - I ) .  Since f is nondegenerate, there exists w E VK 
with f (u ,v)  = 1. We have wTi(S1) - v E Im(Tl(S1) - I ) ,  and hence 

This implies that Tl(S1) E U(n ,  K ,  H )  since Tl(S1) E GU(n, K ,  H), this im- 
f(U,WTl(Sl) - w) = 0,  f(uTl(Sl),VTl(Sl)) = f(U,WTl(Sl)) = f(u,v) = 1. 
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plies that Ti(%) E O(n, K, A, L) when NK = Q(n, K, A, L) since Tl(S1) E 
GO(n, K, A, L). Now we suppose charK = 2 and NK = Q(n, K, A, L). We 
provethat Q(Q) E Lholdsforal l theq =z(T1(S1)-I) E I ~ ( T ~ ( S ~ ) - I )  
with z E VK. For each X E K,*, we have X q  = z(X(T1(S1) - I ) )  = 
z(Ti(XS1) - I ) .  Hence, zTl(XS1) = x+Xzl. From Tl(XS1) E O(n, K, A, L) 
we know that SA = Q(z + Xzl) - Q(z) = X2Q(x1) - Xf(z,xl) E L, and 
si = Q(z1) - f(z, z1) E L in particular. Recall that L is a KO-space in this 
case, and [KO[ > 2 by our assumption. Hence, we can take a 1 # X E K,*, 
and Q(z1) = (A2 - X)-'(SA - Xsl) E L follows as desired. 

Let Wk = {(a1 ,..., a k , O  ,..., 0) I ai E F for 1 5 i 5 k }  be 
a k-dimensional totally isotropic subspace spanned by the first k vec- 
tors el, ..., ek in the standard basis {ei I 1 5 i 5 n}. Suppose that 
Im(T1(&) - I )  and Wk are both totally isotropic and are totally L- 
singular when NK = Q(n, K, A, L) 9 YK. Then by Witt's extension the- 
orem, there exists z E YK which sends Im(Tl(S1) - I )  onto wk. Write 
Wk = Im(Tl(S1) - I). = Im(T2 - I )  for the conjugate T2 = ~ - ~ T l ( S l ) z  
of Tl(S1). Suppose that z sends Ker(TI(S1) - I )  = Im(Tl(S1) - I)' to 
Wk = Ker(T2 - I ) .  Then we have T2 = TO(&) for an S 2  = diag(X,O) 
with X E GL(k,K). Let g2 = z-lgozl. Then g2 E Y \ r r K  and 
To(S2) = T2 = g2To(SO)g,'. Comparing the both sides of the equality 
(To(S2) - I)gz = gz(To(S0) - I ) ,  we see that g2 = (b i j )nxn  has the en- 
tries bl j  = bzj = b++l = bi,v+2 = 0 for all the j 2 k + 1 and all the 
i $ {v + 1 ,..., v + k } .  If NK # Q(n,K,A), then NK contains the uni- 
tary transvections TV+1,1(X = To(diag(X, 0,. . . , O ) )  for all the 0 # X E KO. 
Clearly, T3(X) = g2Tv+1,l(X)g;' E Y have the (1,j)-th entries zero for all 
3 -  ' > 2. If T3(X1) 4 l?K for a X1 E K,", then g1 = T3(X1) is what we need. 
Otherwise, T3(X) E r K  for all the X E K;. By the preceding treatment for 
the case k = 1, we can find a z2 E NK such that 91 = ZT1g2 E y \ r K  

has its (1,j)-th entries zero for all j 2 2, as what we need. In case if 
N K  = R(n, K ,  A), then 1 # To(S1) E N K  must have ranks1 = k L 2. We 

take a 2-transvection TO(&) E NK with $0 = diag ( :) , and consider 

T3(X) = gzTo(XSo)g;l E Y for all the X E KO. Then T3(X) has all its ( i , j ) -  
th entries zero for 1 5 i 5 2 and j 2 3. If T3(X1) $! r K  for a X i  E K:, 
then g1 = T3(X1) works for it. Otherwise, Ts(X) E r K  for all the X E K,*. 
By using the preceding treatment for the case k = 2, we know that the g1 

0 exists, as what we need. 

Proof of Lemma 5.1. We only need to show that Y contains a g1 as 
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described in Lemma 5.2. If such g1 exists, then we can apply Lemma 5.2 
and 5.3 to conclude that Y contains an N E ,  as Lemma 5.1 says. 

In case if NK # R(n,  K ,  A ) ,  then NK contains To(s) = Tu+l,l(s) for all 
0 # s E KO. Hence gZ(s) = goTo(s)gT1 = (bij)nxn E Y ,  with the entries 
b1j = 0 for all j 1 2. If gZ(s1) q! l?K for an s1, then g1 = gZ(s1) is what 
we need. Or if otherwise, then gz(s) E l?K for all the s E K,*. Thus g1 
exists by Lemma 5.4. In the other case, we have NK = R(n,  K ,  A), for each 
s E K*. Now we have a 2-transvection T ( s )  = Tu+1,2(s)Tu+2,1(-s) E N K .  
Take g2(s) = g2T(s)gF1 = ( b i j ) n x n  E X .  Then bij = 0 holds for all the 
1 5 i 5 2 and 3 5 j 5 n. If gz(s1) q! r K  for an s1, then g1 = gZ(s1) works. 
For if otherwise, we can apply Lemma 5.4 to show the existence of a needed 
91. 0 

6. Proof of Theorem 3.1 

We consider the set C of all the fields R between K and F such that X 
contains an NE = SU(n,  R, H )  or R(n,  R, A, L).  Suppose that C contains 
K which is non-empty, then C contains a maximal element E such that 
there is no subfield R of F proper containing E so that X contains an 
NR = SU(n,  R, H )  or R(n, R,A,L).  If X L SL(n ,  E )  2 SL(n ,  K ) ,  then 
under the requirements on u and r in Theorem 3.1 we have n > r or 
$n(n - 1) > r ,  and hence X is known by Theorem 4.2. We now assume 
that X 2 SL(n ,  E ) .  Then by Theorem 4.1, X n GL(n,  E )  f i ~  for some 
NE = SU(n,  E ,  H )  or R(n, E ,  A, L1) containing N E .  Replacing N E  by f i ~ ,  
we may assume that X n GL(n, E )  P NE.  If X 5 r E  = GL(n,  E )  . K*, 
then X 5 ( X n G L ( n ,  E ) )  .K* normalizes N E ,  Theorem 3.1 holds . Now we 
assume that X $ r E .  Then X contains some elements g 4 r E .  If X contains 
go $! r E  as described in Lemma 5.1. Then by Lemma 5.1, X contains an 
NR = SU(n,  R, H )  or R(n,  R, A,  L1) for an R 2 E.  This contradicts the 
maximality of E. Thus in order to  complete the proof of Theorem 3.1, it 
suffices to find a go E X \ r E  with enough zero entries as in Lemma 5.1 . 
In fact, we need only to prove the following Lemma 6.1. 

Lemma 6.1. Under the requirements on u and r given in Main theorem, 
we have a group X with N < X 5 GL(n, F )  and X =$ r E  contains go = 
( d i j ) n x n  4 r E ,  with d1,”+1 = 0 when N # R(n,  K ,  A), or with di,u+j = 0 
for 1 5 i , j  5 2 when N = R(n,  K ,  A). 

- 

Proof. Take a g = (a i j )nxn  E X \ r E .  Write 9-l = ( i 5 i j ) n x n .  Now we 
proceed to prove that the subgroup Y = ( N , g )  of X contains a go q! r E l  
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as required. 
Case 1. N = Sp(n ,K,H)  and n > r = [F : K]. In this case, the n 

elements a 1 j  E F are linearly dependent over K ,  and so there exists a 
nonzero (X i , .  . . , A n )  E M a t l x n K  such that C;=, X j a l j  = 0. We can take 
a matrix P E Sp(n, K, H )  having X j  as its (j, u + 1)-st entry for 1 I j 5 n. 
Then, we have go = gP = ( b i j ) n x n  E X\FK, with bi,,+l = C;=, X j a i j  = 0, 
as desired. 

In other cases, we can consider Tl(S)  = gTo(S)g-' E Y with To(S) E N .  
Denote by M the set of all the admitted S with T l ( S )  having the (1, u + l ) -  
st entry zero when NE # R(n, E ,  A) ,  or with the (i, v + j)-th entries zero 
for 1 I i , j  I 2 when NE = R(n, E ,  A). If we can find an So E M with 
Ti(So) 4 r E ,  then go = Tl(S0) is what we need. Certainly, such So # 0. 
Hence we first proves that M # 0. Observe that To(S) E N implies that 
To(XS) E N ,  for all the X E KO, where KO = K 2  when N = R(n, K , A , L )  
and charK = 2, while KO = KJ. Otherwise. Now we have Tl(XS) = I + 
X(Tl(S) - I ) .  Consequently, S E M implies AS E M for all X E KO. If 
we can prove M # 0, then we take a 0 # SO E M and consider all the 
To(XS0) E Y ( A  E K:), which have zero entries at the needed positions. If 
Tl(XoS0) 4 rK for a chosen X = XO, then go = Tl(XS0) is what we need. 
Otherwise, Tl(XS0) E r K  holds for all the X E K:. Thus we can apply 
Lemma 5.4 to conclude that Y contains a g 1  as Lemma 5.2 requires. This 
certainly satisfies our requirement on go.  Hence we only need to prove that 
M # 0. All we need is to find an S = ( s k l ) v x v  # 0 with Tl(S)  = ( b i j ) n x n  

which have entries b i , v + j  = x;,,=, S k l a i , v + l a k , v + j  = 0 for 1 5 i , j  5 t ,  t = 1 
or 2. 

Case 2. N = Sp(n, K ,  H )  and n(n + 2) > 8r. We have n = 2u, and 
hence V(V + 1)/2 > T .  Also S' = S, and hence s k l  = s l k  for all 1 I k, 1 I V. 

V(V + 1)/2 > r = [F : K ] ,  the V(V + 1)/2 elements c k l  E F (1 I k 5 1 I V) 
must be linearly dependent over K .  We now choose S k l  E K not all zero 
so that we can make x l S k < l S v  s k l d k l  = 0. These S k l  constitute a nonzero 
S E M ,  as desired. 

Case 3. N = SU(n, K, H )  # Sp(n, K ,  H )  and u2 > 2r. In this case, we 
h a v e [ K : K J ] = 2 ,  K =  Kj@KjBforagivenBE K\Kj.  AndS'=S,i.e.,  
S l k  = %for d l  1 I k, 1 5 V .  Write S k i  = Q k l + P k l @  for all the 1 5 k I 1 5 V ,  

with Q k l ,  ,8kl E KJ. Then all p k k  = 0 and S l k  = Qkl + p k l p 6 .  we need to 
choose S # 0 so that we can make bl, ,+l = C l ~ k , l l v S k i u l , v + k ~ i , v + i  = 

~ l l k < v ~ k k C k k  + E i < k < l < , ( a k l c k l  + p k l c l k )  = 0, where c k l  ( l  5 k i l  5 
v) are some elements in F. We have v2 > 2r = 2[F : K ]  = [F : KJ]. 

- 

Thus b l , v + 1  = x l < k < l l v S k l C k l  for some c k l  E F,1 I k I 1 5 V. Since 
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Consequently, the v2 elements ckl E F (1 5 k, l  5 v) must be linearly 
dependent over K J .  Now we can choose a k l  (1 I k I 1 I u )  and h i  

(1 5 k < I 5 v)not all zero, so that we can make bl,,+l = 0. These a k i , P k i  
construct a 0 # S E M ,  as what we need. 

Case 4. N = R(n, K , A )  and v(v - 1) > 4r. S is alternating i.e., all 

choose S # 0 which makes bi,,+j = ~ 1 5 k < 1 5 , ~ k l ~ ~ )  for 1 5 i , j  5 2, 

where c g )  are certain elements in F .  First we choose an s # 0 to 
make b ~ , ~ + l  = b1,,+2 = 0, i.e., to annihilate the 2-dimensional vector 

i.e., av(v - 1) > 2r and Matlx2F has dimension 2r over K ,  the +v(v - 1) 
( 1 1 )  ( 1 2 )  vectors ( c k l  ,ckl ) E Matl,2F (1 5 k < I 5 v) must be linearly depen- 

dent over K .  We now choose Skl  E K (1 I k < 1 I v), not all zero which 
annihilate ( b 1 , ~ + l , b l , ~ + 2 ) .  These Ski  constitute an S1 # 0 with Tl(S1) hav- 
ing the entries bl,,+l,bl,,+2 zero. Moreover, all the Tl(XS1) (A E K*)  have 
their (1, v +  1)-st and (1, v +  2)-nd entries zero. Hence, for each s E K*, the 

T2(X,s) = Tl(XS1)To ( x> T1(XS1)-l E X has its (1,j)-th entries zero 

for all j 2 2. If Tl(XS1) E l?K for all X E K*, then by Lemma 5.4, we can 
find a 91 as required in Lemma 5.2. Otherwise, we have Tl(X1S1) $ r K  for 
a X I .  If Tz(X1, s) E l?K for all the s E K*, then we can apply again Lemma 
5.4 to obtain 91 as in Lemma 5.2. Otherwise, we have Tz(X1, s1) $ I’K for 
an s1, and we can replace 91 by T2(X1, s l )  E X \ I’K at the very beginning, 
to reduce it to the case in which g = (a i j )nxn  has the entries alj = 0, for 
all j 2 2. For such a g all the Tl (S)  = gTo(S)g-l = ( b i j ) n x n  have their 
entries b l j  = 0 for all j 2 2. We need only to choose an S # 0 which 
makes b2,,+1 = b2,,+2 = 0 . Since au(v - 1) > 27- = d i m ~ ( M a t 1 , 2 F ) ,  
( c g l ) , c r ) )  E Matlx2F (1 I k < 1 I v) should be linearly dependent 
over K .  We now choose S k i  E K (1 5 k < 1 5 u), not all zero which an- 
nihilates (bi,,+i, b1,,+2). These s k i  constitute an S1 # 0 to annihilates the 
entries bl,,+i and b1,,+2 of TI(&) .  Thus, TI(&)  has its entries bi,,+j = 0 
for 1 i i,j I 2 and 0 # S1 E M, as desired. 

Case 5. N = R(n, K ,  A, L )  with L # 0 (hence 1 E L ) ,  and v(v-1) 2 2r. 
We have ski = S l k  for all 1 I k < 1 I v, and S k k  E L for all 1 I k I v. We 
need to choose S # 0 which makes bi,,+i = ~ l ~ k ~ l < V S k l C k l  for certain 
cki E F, 1 I k 5 1 I v. We have av(v - 1) + 1 > r = [F : K ] .  Hence, the 
gv(v - 1) + 1 elements ckl (1 I k < 1 I v) and c11 in F must be linearly 
dependent over K .  We can find Xkl  E K (1 I k < 1 L: v) and E K ,  

S k k  = 0 (1 5 k I V) and d l  S k l  = - s l k  (1 I k < 1 5 V). w e  need to  

( b l , v + l ,  b1,V-l-z) = Cl<k<l<, s k l ( C L 1 ) ,  C C ” )  over F .  Since v(v - ‘1 > 4r7 
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not all zero, such that C l < k < l S v X k l ~ k l  + X l l c l l  = 0. If A11 4 L (hence 
A11 # 0), then we can replace all the Xkl by (1 5 k < 1 5 v or 
k = I = l), so that  reduce it to the case A11 = 1 E L. Hence we can always 
make A11 E L. Take skz = X k l  for 1 5 k < 1 5 v or k = 1 = 1, and take 
skk = 0 for all the 2 5 k 5 v. Then all these sk l  determine a 0 # S E M ,  
as desired. This completes the proof of Lemma 6.1. And thus the proof of 
Theorem 3.1 is completed . 0 
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A symbolic calculus named as the R-calculus is built to revise the defects of 
axiomatic systems mechanically when some counterexamples are found. The R- 
calculus consists of the rules of logical connective symbols and logical quantifier 
symbols of first order languages. The concept of reachability, soundness and 
completeness of the R-calculus are introduced. The basic theorem of software 
testing based on the R-calculus is also introduced to  help mechanizing model 
checking. 
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1. Introduction 

In scientific investigations of a specific field, one always extracts the most 
fundamental and important properties from a large amount of knowledge 
of the field so as to establish axiomatic systems. Up to now, none of the 
axiomatic systems that are significant to mathematics or natural sciences 
are accomplished in one stroke. Usually, an axiomatic system describing 
the knowledge of a specific field might contain some axioms, laws or rules 
that are inconsistent with some counterexamples, researcher’s observations 
or experiments. Under such circumstances, these axioms, laws or rules are 
called defects of the axiomatic system, and counterexamples, researcher’s 
observations or experiments are called refutation by facts. 

The aim of this paper is to build a symbolic calculus that can revise 
the defects mechanically when some refutations by facts of an axiomatic 
system are found. The idea of building R-calculus comes from the following 

This work was supported by the National Basic Research Program of China (973 Grant 
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comparison: 
The proof of a mathematical theorem is a procedure of making analysis 

and reasonings on the logical connectives and quantifiers inherent in the 
theorem. Most mathematical theorems can be described by first order lan- 
guages. Symbolic calculi of various styles on logical connective symbols and 
quantifier symbols, which are usually called inference systems, were estab- 
lished within the frame of first order languages [1,2]. As a result, the proof 
of a mathematical theorem, which can be represented by a tree structure 
called a proof tree, can be accomplished through these symbolic calculi. 
Furthermore, some computer aided proof systems can be built to perform 
such a mathematical proof mechanically. 

In contrast, the procedure of revising defects in an axiomatic system 
for some given refutation by facts is also a procedure of making analysis 
and reasoning on the logical connectives and quantifiers inherent in the 
axiomatic system and the refutation by facts. This kind of analysis and 
reasoning can also be described by first order languages. Thus a symbolic 
calculus, which is a defect-revision system on logical connective symbols 
and quantifier symbols, should be established within the frame of first order 
languages as well. The revision of defects in the process can be represented 
by a tree structure through this symbolic calculus. Similarly, some computer 
aided defect-revision systems should be built to perform defect revision 
mechanically. 

The aim of this paper is to solve the problem of defect revisions based on 
the above strategy within the frame of the syntax and semantics of classical 
first order logic. Thus, Section 2 is a brief outline to the basic concepts of 
the syntax and semantics of first order languages. In Section 3, a symbolic 
inference system named as G-calculus is given to formalize and symbolize 
mathematical proofs. In Section 4, the concepts of refutation by facts and 
maximal contraction are introduced to describe the defects contained in 
an axiomatic system. In Section 5 ,  R-calculus is introduced to perform 
defect-revisions “mechanically”. Reachability, soundness and completeness 
of R-calculus are defined in Section 6 .  And finally, the basic theorem of 
testing is introduced in Section 7. 

2. A formal language for symbolic calculus 

First order languages are chosen to be the formal language to describe 
axiomatic systems and symbolic calculus [l] and [2]. Briefly, a first order 
language C has two sets of symbol strings. They are the set of terms and 
set of formulas. Terms are used to describe constants and functions used in 
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formulas. The set of terms is defined inductively as below 

t ::= c 12 I f ( t l , t Z , .  . . ,tn). 

The formulas of C are used to describe the laws, rules, principles or non- 
logical axioms. The set of formulas of L is defined inductively as follows 

A ::= t i  A t z  I P(tl , t2,  ,tn) 
1 4 3  1 A A B 1 A V B 1 A 3 B 1 VZA I ~ z A .  

A formula is called a sentence if there does not exist free variables in 
it. A formula is called atomic if it is a predicate ( t l  A t 2  is treated as a 
predicate) [ 11. 

Definition 2.1. A finite consistent set I' of sentences is called an axiomatic 
system. 

The sentences contained in I' can be interpreted as non-logical axioms, 
rules, principles in mathematics and natural sciences. 

A model M is a pair ( M ,  I ) .  M is called the domain of M which is a 
nonempty set. I is called the interpretation of M which is a mapping from 
L to M .  The form M F A means that for the given domain M and the 
interpretation I ,  A is true in M .  M /= I' means that for every A E I', 
M F A .  

Finally, A is called a logical consequence of I' and is written as I' F A ,  
if and only if for every M, if M F I' holds, then M F A holds. 

3. G-calculus: A logical Inference System 

The G-calculus is a Gentzen-style logical inference system which is a mod- 
ified version of the inference system given in [l]. It is used to perform 
mathematical proofs symbolically. The G-calculus is built on sequents. A 
sequent is formed as I' k A, where I' and A could be any finite sets of formu- 
las. I' is called the antecedent of the sequent and A is called the succedent 
of the sequent, and k denotes the deductive relation [1,2]. The G-calculus 
consists of a logical axiom, the rules for logical connective symbols, rules 
for quantifier symbols, as well as the cut rule. Each rule of the G-calculus 
is a symbolic manipulation of the logical connective symbols and quantifier 
symbols G is given as below: 

Definition 3.1. The logical axiom 



278 

Let I?, A, A, 0 be sets of formulas, and A be a formula. The following 
sequent 

I?, A, A I- A, A,@ 

is called the logical axiom of G .  

The above logical axiom means that if a formula appears in the succe- 
dent of the sequent as well as its antecedent, then the sequent holds without 
any proof. 

Definition 3.2. V -rule 
r , A , A I - A  F , B , A t A  R :  r t - A , A , B , @  

r , A  V B , A  t A I? I- A,A V B, 0'  L :  

Definition 3.3. A-rule 
r , A , B , A t A  R :  r I - A , A , @  r t A , B , @  

L :  r , A  A B , A  I- A I ' t -A,AAB,@ ' 

Definition 3.4. 3 -rule 

L :  

Definition 3.5. 1-rule 

F , A I - A , A  B , l ? , A t A  R :  A,I ' I -B,A,@ 
r , A  II B , A  I- A r t A,A 3 B,@' 

r , A  t A,A A , r t A , @  
r , -A ,A t A r t  A , l A , @ '  L :  R :  

Definition 3.6. V-rule 

L :  

Definition 3.7. ]-rule 

L :  

r ,A[t /z] ,VzA(z) ,A I- A R :  I- A, AIylzl, @ 
r ,VzA(z),  A t A r I- A, v ~ A ( ~ ) ,  0. 

r, A[ylzI, A t- A 
r, I ~ A ( ~ : ) ,  A I- A 

R : r t A, A[t/z], 3zA(z), 0 
r t A, 3zA(z), 0 

In the rules V-R and 3-L, y is a "new" variable. Here "new" means y is 
different from the variables contained in r, A, A and A. y is formally called 
an eigen-variable. In the rules V - L  and 3-R, the term t can be any term, 
but the condition x 6 F V ( t )  must be satisfied. 

The formulas A A B,  A V B, A 3 B,  -A, VzA(z) and 3zA(z) in the 
denominators of the rules of the G-calculus are called principal formu- 
las [l], and A, B,  A[t/z], A[y/z] in the numerators of the corresponding 
rules are called side formulas. 
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Definition 3.8. Cut-rule 
I ' t A , a  a , A t O  

r,At A,Q 
The above cut rule can be derived from other rules in the G-calculus [l]. 

Since in many cases it is convenient to construct formal proofs using the 
cut rule, it is adopted as a rule in the G-calculus. 

It should be mentioned that the A-L  rule and the V - R  rule tell us that 
in the sequent AI, . . . , A ,  I- B1,. . . , B,, the commas on the left hand side 
of I- can be viewed as A, and the commas on the right hand side o f t  can 
be viewed as V .  

I- A is a finite tree 7.  Each node of 7 and 
its direct sons form an application of an inference rule of the G-calculus. 
The root of 7 is r t A,  and every leaf of 7 is an application of the axiom 
of G. The tree 7 is called a proof tree of r I- A. The sequent r I- A is 
proved or holds if there exists a proof tree of the sequent. A is called a 
formal consequence of F. According to first order languages, the G-calculus 
is both sound and complete. Thus if A is a formal consequence of J?, then 
A is a logical consequence of r, and vise versa. 

Finally, it is assumed in this paper that two formulas A and B are 
treated as the same formulas if and only if A = B,  in other words, ( A  2 
B )  A ( B  3 A )  is a tautology. 

A proof of a given sequent 

4. Necessary antecedents of formal consequences 

In this section, we shall introduce the concept of necessary antecedent of a 
formal consequence A with respect to r. 
Definition 4.1. Antecedent set of a proof tree. 

Let J? be a formula set, A be a formula and I' l- A be provable. Also let 
7 be its proof tree with P, Q and R being formulas appearing in the proof 
tree 1. 

(1) If J?' is a formula set and I", P F P is a leaf of the proof tree 7, then 
the P on the left hand side oft- is the antecedent of the P on its right 
hand side with respect to the proof tree 7.  

(2) If a node of the proof tree 7 is an instance of a right rule of the G- 
calculus with Q appearing as the B A C ,  B V C ,  B + C,  i B ,  VxB(x)  
or 3xB(z) in the denominator of the rule, i.e. as the principal formula 
of the rule, and P appearing as the B, C ,  B[t/z] or B[y/z] in the 
numerator of the rule, i.e. as the side formula of the rule, then P is an 
antecedent of Q with respect to the proof tree 7.  
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(3) If a node of the proof tree is an instance of a left rule with P appearing 
as the BAC, BVC, B -+ C,  4 3 ,  V zB(z)  or 3 zB(z)  in the denominator 
of the rule, i.e. as the principal formula of the rule, and Q appearing as 
the B,  C ,  B[t/z] or B[y/z] in the numerator of the rule, i.e. as the side 
formula of the rule, then P is an antecedent of Q with respect to the 
proof tree 7. The side formula B,  C,  B[t/z] or B[y/z] is the antecedent 
of the side formula on the right hand side of t- in the denominator of 
the rule with respect to the proof tree 7. 

(4) If P is an antecedent of Q with respect to the proof tree 7 and Q 
is an antecedent of R with respect to the proof tree 7, then P is an 
antecedent of R with respect to the proof tree 7. 

Let P ( r , A , 7 )  be the set consisting of all the antecedents of A with 
n P ( r , A , 7 )  is called the respect to the proof tree 7. The formula set 

necessary antecedent set of the formula A with respect to I?. 

Example 4.1. 
Consider the sequent C, A, Vz (A  -+ B(z) )  I- 3zB(z). According to the 

above definition, The necessary antecedent set of the formal consequence 
3zB(z) of the sequent C, A, Vz(A -+ B(z) )  I- 3zB(z) with respect to the 
proof tree 7 is: 

{C, A, W A  B ( z ) ) }  n { B [ t / z I , W A  -+ B(z) ) ,  A -+ B[t / z] ,  A } ,  
that is, 

{ A , W A  -+ Wz))}. 
Lemma 4.1. If the sequent r I- A is provable and 7 is the proof tree of 
the sequent, then set P ( r ,  A, 7) is decidable. 

It should be mentioned that all the proofs of lemmas and theorems are 
omitted because of the limitation on the length of the paper. The interested 
readers can refer to [7] for the details. 

Example 4.2. Given the sequent A , A  -+ B , B  t C I- C,  consider its 
proof tree as follows( [ I ] ) :  

( 2 )  

A , A  -+ B,  ( B  -t C)*l I- C 

C * l , A  -+ B , B  -+ C t- C (3) 
A t- A*=, B ,  C A, B*2 I- B*l, C 

( 1 )  
A, ( A  -+ t- B*l, C 

we can verify that the necessary antecedent set of C with respect to the 
proof tree 7 is: 

{ A ,  A -+ B ,  B -+ C}.  
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It should be mentioned that a provable sequent might have several proof 
trees, the necessary antecedent sets of A do not have to be unique as well. 

5. R-refutation and R-contraction 

In this section, we shall discuss the concept of refutation by fact which 
formally describe counterexamples and researcher's observations and ex- 
periments in first order languages. 

Definition 5.1. R-refutation. 
be an axiomatic system and A be an axiomatic system consisting 

of finite atomic sentences or their negations. If A and r are inconsistent, 
then we name A as an R-refutation of I'. 

Let 

Definition 5.2. Model of R-refutation. 
Let A be an axiomatic system { A I ,  . . . , A,} consisting of finite atomic 

sentences or their negations such that I' k 7Al  V . . V TA,  holds. If there 
exists a model M such that M k A holds, then we name the model M as 
the model of R-refutation of r with respect to A, or r is refuted by the 
model M with respect to A, under the condition that the following set of 
formulas 

rM(A)  := { B 1 B E r, M B,  M /= A }. 
is maximal, that is, there does not exist another model M' satisfying 
~ M ( A )  C I'M/(A)- 

Another form of A is A1 A . - A A,. Thus the model of R-refutation of 
r with respect to A is just the model of R-refutation of I? with respect to 
{A1 A * . . A A,}. 

Definition 5.3. R-contraction. 
We name an axiomatic system A as an R-contraction of an axiomatic 

system r with respect to an R-refutation A if A is a maximal subset of I? 
that is consistent with A. 

Example 5.1. R-contraction. 
Let be an axiomatic system consisting of the following set of sentences: 

{ A ,  A -+ B,  B -+ C, E -+ F } .  

We can prove that r k C holds. There are three maximal subsets of I' 
that are consistent with -6': 

{ A , A - + B , E - t F } ,  { A , B + C , E + F }  { A + B , B - + C , E +  F } .  
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They are all R-contractions of r with respect to 7C. This example shows 
that the R-contraction of an axiomatic system with respect to its R- 
refutation is not unique. 

6. R-calculus 

In this section we shall define R-calculus on logical connective symbols 
and quantifier symbols. It can deduce all the R-contractions for a given 
R-refut ation. 

Definition 6.1. Let be a finite set of sentences and A be a finite ax- 
iomatic system consisting of atomic sentences or their negations. We name 

A I F  

as an R-configuration. 

we name A 1 r as an R-regular configuration. 
If I’ is an axiomatic system with A being the R-refutation of I‘, then 

For convenience, the axiomatic systems A and r on the two sides of “ 1 ”  
in the configuration can be regarded as either sets of sentences or sequences 
of sentences. They can be written in the form of A ,  B, A and A ,  B, r as well. 

Lemma 6.1. If A is {Al, . . . , A,} and A I r is an R-regular configuration, 
then 

is provable. 

Definition 6.2. 

A 1 r ==+ A’ I r’ 
is named as an R-transition. It transforms the R-configuration A 1 I’ into 
the R-configuration At I I”. 

In particular, the R-transition 

A I A , r  a A I 
represents transforming the R-configuration A I A, into A I I’ or equiva- 
lently speaking, the A in the sentence sequence A ,  r on the right hand side 
of “I” is deleted. 
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We shall introduce the R-calculus henceforth. 

Definition 6.3. The R-calculus is a set of rules consisting of the R-axiom, 
R-logical connective symbol rules, R-quantifier symbol rules and R-cut 
rules. 

Definition 6.4. R-axiom. 

A, A I i A ,  I- +- A, A I I- 

The R-axiom shows that if the axiomatic system {lA,I-} on the right 
hand side of the R-configuration contains l A ,  then it is inconsistent with 
A on the left hand side and hence the -A on the right hand side of the 
R-configuration must be deleted. 

Definition 6.5. R-A rule. 
A I A,I- +- A I I- 

A I A A B,I- ==+ A I I- 

if B is deleted, then A A B must be deleted. 

A I B,I- ==+ A I I- 
A I A A B,I- +- A I I-' 

This rule shows that if A is deleted, then AAB must be deleted. Similarly 

Definition 6.6. R-V rule. 
A I A,I- +- A I I? A I B , r  +- A I I- 

A 1 A v  B , r  ==+ A 1 J? 

This rule shows that if A and B can be deleted respectively, then A V B 
must be deleted. 

Definition 6.7. R--t rule. 
A 1 TA,I-==+ A 1 I- A I B , I - * I -  

A I A + B,I- ==+ A I F 

The R-+ rule is a special case of the R - V  rule. 

Definition 6.8. R-V rule. 
A 1 A[t/s],I' ==+ A I I- 

A I VxA(z),r ==+ A I I-' 
t is a term and x is not a free variable in t .  

The R-V rule can be interpreted as: if there exists a term t such that A[t/z] 
is inconsistent with A, then VxA(x) cannot be consistent with A and hence 
it must be deleted. 
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Definition 6.9. R-3 rule. 

A I A l Y l 4 , r  * A I r 
A 1 3zA(z),I' * A I I? 

y is an arbitrary eigen-variable, i.e. the variable y cannot appear as a free 
variable in the denominator of the R-3 rule. 

This rule can be interpreted as: for every eigen-variable y, if A[y/z] is 
deleted, then 3xA(z) must be deleted as well. 

Definition 6.10. R-cut rule. 

r l , A , r 2 t - C  A w 7 C  AlC,I'z!*Alr2 
A I r i , A , r 2  ==+ A I ri,r2 

The numerator of the R-cut rule specifies the following conditions: 

(1) rl, A, r2 t- C is provable and its proof tree is 7. This indicates that 
the formula C is a formal consequence of rl, A, r2; 

(2) The condition A -7 C is true. This indicates that A is a necessary 
antecedent of C with respect to the proof tree 7; 

(3) The R-transition A I C,r2 ==+ A I r2 is true. This indicates that the 
formal consequence C of I-1, A, r2 is formally refuted by A and hence 
should be deleted. 

The R-cut rule shows that when all the conditions of the numerator are 
satisfied, the A on the right hand side of the R-configuration A I rl, A, I'2 

in the denominator should be deleted as well. 

Lemma 6.2. The R-1 derived rule 

A I A',r  e- A I r 
A I A , r  * A I I? 

is  true with A and A' determined by the following table: 

Definition 6.11. R-proof tree. 
Given an R-transition A 1 I- .j A 1 r', the tree 7 is named as an 

R-proof tree of the R-transition if each node of 7 is an R-transition and 
satisfies: 
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(1) If the R-transition A 1 I? * A 1 r’ is an instance of the R-axiom, 
then the R-proof tree 7 is a single node tree with the R-transition as 
its single node. In this case the single node is also the root of the tree 
7 .  

(2) Suppose 5 is an R-proof tree whose root is the R-transition A I rl =+ 
A I rl,. If the following fraction (a) is an instance of a rule of the R- 
calculus, then the tree structure 

is an R-proof tree of A I r =+ A I r’. 

and A I I‘z =+ A I 
(3) Suppose I; and ;rZ are R-proof trees whose roots are A 1 rl =+ A I rl, 

respectively. If the following deduction (b )  

( b )  
A I ~ ~ * A ~ ;  A ~ , = + A I ~ ;  

A I .j A I r‘ 
is an instance of a rule of the R-calculus, then the tree structure 

is an R-proof tree of A 1 I? =+ A 1 I”. 

Definition 6.12. We name an R-transition provable if there exists an R- 
proof tree with the R-transition as its root. Otherwise we say that the 
R-transition A I r & A 1 r’ is unprovable. 

We name 



286 

as an R-transition sequence and denote it as 

A I I? ==+, A I I?, 
with *n denoting finite transitions. We say that A I I’ =jn A I I’, is 
provable if for every i 5 n,  the R-transition sequence A I I’ ==+i A I I‘i is 
provable. 

Definition 6.13. For a given R-configuration A I I’, if A and I? are con- 
sistent, then we name A I I? as an R-termination. 

Example 6.1. Special theory of relativity. 
In his famous book [ 5 ] ,  Einstein explained how he discovered his special 

theory of relativity. Let us use the R-calculus to verify his informal reason- 
ing. We use the sentence R to stand for the principle of relativity, N1, Nz, N3 
for the three Newton laws of mechanics respectively, and E for the law of 
universal gravitation. The Galilean transformation can be described by the 
following sentence: 

V : Vx(B(x)  --+ A(x) ) ,  

where B(x )  stands for “x is a rigid body” and A(z )  stands for “If the 
velocity of z relative to a coordinate system K is ? and the velocity of a 
coordinate system K‘ relative to K is I?’, then the velocity of x relative to 
K’ is C + I,?,,. 

We can use the following axiomatic system to describe the laws in clas- 
sical physics: 

{vx(B(z) -i A(x) ) ,R ,  N l ,  NZ,N3, E } .  

Using the G-calculus, we know that 

B[cI ,WB(z )  -+ A ( z ) )  t- A[c] (**> 

is provable. This sequent can be interpreted as: the classical physics predicts 
that “the velocity of light in K’ depends on both the relative velocity of K’ 
to K and the velocity of light in K”. 

Nonetheless all the scientific experiments and astronomical observations 
agree with its negation iA[c] ,  i.e. “the light velocity does not depend on the 
velocity of the luminous body”. In this case, A[c] is refuted by the above 
scientific experiments and astronomical observations. By his powerful logic 
intuitions, Einstein reached his conclusion that the Galilean transformation 
should be deleted. 



287 

We can now use the R-calculus to verify that Einstein’s logic intuition 
is correct. Let 

:= {B[c17Vz(B(z) A(%)),  R, Nl, N2, N3, E},  
r’ := {R, N ~ ,  N2,N3, E}.  

The 7A[c] is an R-refutation of r that has to be accepted since it is 
supported by experiments and observations and r t A[c] is provable. Since 
the photon can be treated as a particle, {B[c],  lA[c]}  is an R-refutation of 
I?. The verification by the R-calculus is as follows. 

B[c],TA[c] I A [ c ] , ~ ’  =+ B[c],TA[c] I I” 
is an instance of the R-axiom and 

B[c],iA[c] I+I[c],I” =+ B[c], lA[c]  I r’ 
is an instance of the R-axiom as well. According to the R--t rule, we know 
that the following R-transition: 

B[c], lA[c]  I B[c] + A [ c ] , ~ ’  * B[c],  ~ A [ c ]  I r’ 
is provable, that is, B[c] -+ A[c] is deleted. Finally, according to the R-V 
rule we know that the following R-transition: 

B[c],lA[c] I Vx(B(z)  + A ( x ) ) , r ’  =+ B[c],lA[c] I r’ 
is provable as well. This amounts to Vx(B(z)  + A(z ) )  being deleted, i.e. 
we formally verified that the Galilean transformation should be deleted. 

In the following example the R-calculus can deduce all the possible 
R-contractions. 

Example 6.2. R-cut rule. 
Let r be the axiomatic system given in Example 5.1 in Section 5: 

{A,  A -i B,  B -+ C, E .+ F}.  

According to the G-calculus, k C is provable. Suppose that the logical 
consequence C of I’ is refuted by fact, that is, 4’ is an R-refutation. There 
are three R-contractions of r with respect to 4’: 

{ A , A - t B , E - - t F } ,  { A , B - t C , E - t F } ,  {A- ,B ,B+C,E.+F}.  

In this example we will prove that, using the R-calculus, we can deduce 
every R-contraction as above. We first consider {A,  A -t B, E -+ F } .  Let 

rl := {A ,A  + B} ,  rz := { E  .+ F } .  
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According to the G-calculus we know that: 

rl, B -t c,r2 t c 
is provable. Since B -+ C, which is an element of r, is an antecedent of C, 
B -t C H C is provable. According to the R-axiom we also have: 

-c I c,r2 * lc I r2. 

lc I rl, B -+ c,r2 * lc I rl,r2. 
Thus we can apply the R-cut rule to obtain: 

And rl, r2 is just {A,  A -t B,  E -t F } .  

C, E -+ F } .  In fact, let 
With the R-cut rule we can deduce another R-contraction {A,  B 4 

rl := {A} ,  r2 := { B  -+ C, E -+ F ) .  

According to the G-calculus we know that: 

both F1,A-t B t B  and B , I ' z t C  

are provable. The A -+ B ,  which is an element of r, is an antecedent of B 
and hence A -t B H B is provable. Further, the R-axiom indicates that: 

-c I c,r2 ===+ 7c I r2. 
Using the R-cut rule we have: 

1C I r1,A -+ B,r2 =+ 4 I l ? I , r 2  

holds. And rl, r2 is just {A,  B 4 C, E + F } .  Finally, let 

ri :=0, I ' 2 :={A-+B,B-+C,E-+F} .  

Using the R-cut rule we can obtain the third R-contraction { A  -t B ,  B 3 
C , E  -+ F ) .  

7. Reachability, soundness and completeness 

For a given R-refutation A, can the R-calculus deduce all the R- 
contractions of 

Definition 7.1. R-reachability. 
is a given R-regular configuration. I" is an arbi- 

trary R-contraction of r with respect to A. If there exists an R-transition 
sequence of length n such that: 

A I 

with respect to A? 

Suppose that A I 

==+n A I r' 
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is provable with A I I" being an R-termination, then we say that the R- 
calculus is R-reachable. 

We can prove the following theorem. 

Theorem 7.1. R-reachability. 
The R-calculus is R-reachable. 

The converse theorem of Theorem 7.1 does not hold. In fact, for an 
arbitrary R-transition sequence of length n: 

A 1 I? +n A 1 r' 
with A I r' being an R-termination, I?' is not necessarily an R-contraction 
of 

Example 7.1. Let be: 

with respect to A. Consider the following example: 

{ A , A - +  B , B  + C , A +  E , E  -+ C}.  

According to the G-calculus, 
tation 4' of r. We can apply the R-cut rule to delete A -+ B. Since 

I- C is provable. Consider the formal refu- 

A , A  -+ E ,  E -+ C t- C 
is provable, we can apply the R-cut rule again to delete A and obtain: 

{ B -+ C, A -+ E ,  E 4 C}.  

Nonetheless the above formula is not a maximal subset of I' with respect 
to 4' because the maximal contraction is: 

{ A  -+ B , B  --f C , A  -+ E , E  -+ C}.  

Lemma 7.1. 

system I?' c I' such that the R-transition 
If A I r is an R-termination, then there does not exist an axiomatic 

A ( r + A ( I "  

is provable. 

Definition 7.2. If for an arbitrary R-regular configuration A I r and an 
arbitrary R-contraction I?' of I? with respect to A, that is, for an arbitrary 
provable R-transition sequence of length n: 

A I r ==P A I r', 
there always exists a model M of R-refutation such that both M 
rM(a) = I' hold, then we say that the R-calculus is R-sound. 

A and 
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Theorem 7.2. The R-calculus is R-sound. 

Definition 7.3. If for an arbitrary R-regular configuration A 1 r and an 
arbitrary model M of R-refutation of r with respect to A, there always 
exists a provable R-transition sequence of length n: 

A I r =+n A I ~ M ( A ) ,  

then we say that the R-calculus is R-complete. 

Theorem 7.3. The R-calculus is R-complete. 

8. Basic theorem of testing 

The following example shows that, even if r is inconsistent, the R-calculus 
can still deduce every maximal subset of I' that is consistent with A. 

Example 8.1. Inconsistent set of axioms. 
Let 

A := {z = 21, r := {f(z) = y, f (y )  = Z, -(f(f(~)) 1 z ) ) .  

is not an axiomatic system. In fact, since f(z) y, we can substitute 
the variable y in f (y )  z by f(z) to obtain f(f(z)) z .  This formula is 
inconsistent with -(f(f(z)) = z ) .  

Using the R-cut rule, we can obtain all the maximal subsets of I' that 
are consistent with A. For instance, let rl := {f(z) = y} and r2 := 
{-(f(f(z)) 2 2)). First, the transitivity of = indicates that: 

is provable. The 1 - L  rule and axiom rule further indicate that 

f(f(z)) z ,  r2 t- + z) 

rl, f(y)  A Z , r z  I- 

is provable. Hence according to the cut rule, 

A 

is provable. It is not difficult to prove that f (y )  
of ~ ( z  = z). And by the R-axiom, the R-transition 

z is a necessary antecedent 

2 2 1  l ( z k z ) * z = z l  0 
is provable. The R-cut rule indicates that f(y) A z should be deleted, i.e. 

2 = z I r - = z I {f(.) 2 y, -(f(f(.)) = 



291 

is provable. And {f(x) = y ,  l( f (f (z)) = z ) }  is a maximal subset of r that 
is consistent with x = x. Similarly, we can deduce the other two maximal 
consistent subsets: 

{f (9) = z ,  l ( f  (f(.)) = .)) and {f (z) = y, f ( Y )  A z} .  

Theorem 8.1. Basic theorem of testing. 
Let  A be a n  arbitrary axiomatic system consisting of f ini te  atomic sen- 

tences or their  negations, and I' be a n  arbitrary finite formula set. If I" i s  
an arbitrary maximal  subset of r that i s  consistent with A, then  there exists 
a n  R-transi t ion sequence of length n 

A I F = = P  A I I" 
that is provable. 

In summary, we have introduced the R-refutation and constructed 
the R-calculus and proved its R-reachability, R-soundness and R- 
completeness. Up to now we have two formal calculi and they are the 
G-calculus and R-calculus. They solved two different kinds of problems. 
The G-calculus solved the problem of converting mathematical proofs into 
symbolic calculus. However the R-calculus solved the problem of converting 
the defect-revisions of axiomatic systems into symbolic calculus. Finally, we 
also proved the basic theorem of testing that converted the defect-revisions 
of an inconsistent set of axioms into symbolic calculus as well. We believe 
it is a helpful approach to mechanizing software testings. 
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In a previous paper we have begun to study the Restricted Burnside Problem 
for some classes of loops reducing it to the positive solution for the class of 
groups. Here we continue this work, giving a positive answer for those Bruck 
loops which can be obtained by Glauberman’s construction from a Moufang 
A-loops. 

The restricted Burnside problem (see [14]) for a class L of loops is the 
question whether the following propositon holds: 

There are natural numbers / ? ( d , n )  such that IL( 5 P ( d , n )  f o r  every 
finite loop L E L having d generators and exponent n. 

If this proposition holds for L,  we call the class L an RB-class. In this 
case we call the numbers P(d ,  n )  Burnside coefficients for the class L. 

It should be mentioned that the loops considered by us do not have to 
be power associative. Consequently we say that a loop L has exponent n if 
for every word w in the free magna with one generator and for every a E L 
one has w(a)  = 1. 

By a celebrated result of Zelmanov (see [21]) the class of all groups 

*The first author (Peter Plaumann) thanks to SRE, CAtedra especial a t  UAEM, for 
support and the second one (Liudmila Sabinina) to CONACyT, Grant C2-44100, to 
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is an RB-class. Reducing the restricted Burnside problem for the class of 
Moufang A-loops to the corresponding problem for groups, in [18] we have 
shown that the class of Moufang A-loops is an RB-class. We shall use this 
result and the methods applied in [18] to discuss the restricted Burnside 
problem for further classes of loops. 

Amongst the loops treated here one finds the class V of all Bruck loops 
obtained by Glauberman’s construction (see [9]) from Moufang A-loops 
and a large class of left Bol loops. 

In a concluding section we add some remarks on the representation of 
a Moufang loop from a group with a triality which may be of interest with 
respect to our use of Moufang loops to obtain Bruck loops. 

1. 

In any loop L the associator (2, y, z) of elements z, y, z E L is defined by 
the equation 

(ZY). = [zc(YZ)l(z, Y, z). 
The subloop ( L ,  L ,  L )  generated by all associators in L is called the associ- 
ator subloop of L. Obviously ( L ,  L ,  L)  is a characteristic subloop of L, i.e. 
every automorphism of L fixes ( L ,  L ,  L) .  As usual, we define the nuclei of 
a loop L by 

Nl(L) = {u E L ]  [u,z,y] = 1 forall z,y E L} ,  
N,(L) = {u E L I [z,u,y] = 1 for all s,y E L } ,  
N,.(L) = {u E L I [x, y , u] = 1 for all z, y E L } ,  
N ( L )  = Nl(L)  n N,(L) n N,(L). 

Observe that, like the associator subloop, the nuclei of a loop are charac- 
teristic, but in general not normal. In [18] we have shown the following 

Lemma 1.1. Let L be a loop in which the nucleus N ( L )  is normal. If 
L / N ( L )  is finite, then (L, L, L )  is generated b y  at most IL/N(L)I3 elements. 

We define the associator series 

L == Ao(L) 2 Al(L) 2 . . *  2 Ai(L) 2 Ai+l(L) 2 . - *  , 
of a loop L recursively by 

Ai+l(L) (Ai(L), Ai(L),Ai(L)). 

If &(A) = 1 # A8-1(A), we say that L is a-solvable of length n. 
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Lemma 1.2. Let C be a class of loops such that in every loop in C the 
nucleus and all terms of the associator series are normal subloops. If all 
loops in C are a-solvable of bounded length s, then C is an RB-class. 

Proof. Let y ( d , n )  be Burnside coefficients for the class of all groups and 
let L E C satisfy the hypothesis of the Lemma. By Lemma 1.1 the groups 
Ai+l/Ai are generated by di elements, where the numbers do,. . - , d,-l are 

El bounded by a function of d. Hence ILI 5 ITg:iy(di, n). 

We will now indicate some situations in which Lemma 1.2 can be applied. 
For any loop Q the right and the left multiplications are defined by 

xR, = xa ,  xL, = ax .  

The group M l t Q  generated by the right and left multiplications of Q is 
called the multiplication group of Q. The subgroup InnQ of M l t Q  consisting 
the mappings fixing the identity of Q is called the group of inner mappings 
of Q. 
It is known that the group I n n Q  is generated by the mappings 

Lx,g = LxLyLL:, Rx,y = RxRyRLi, 

T, = R,L,’ 

The loop Q is called an A-loop if InnQ consists of automorphisms of Q. 
If only the mappings Lx,u are automorphisms of Q, then Q is called an 
Al-loop. 

Theorem 1.1. Every class of A-loops of bounded solvable length is an 
RB-class. 

Proof. In an A-loop every characteristic subloop is normal ([2], Theorem 
2.2, p. 309). Hence Lemma 1.2 applies. 

Proposition 1.1. Let L be a loop with nucleus N ( L )  for which L / N ( L )  is  
a group. Hence L is  a-solvable of length at most 2. 

Proof. The associator ( L , L , L )  is contained in N ( L )  and is a normal 
0 subloop of L (see [13], Lemma 2.5, p. 4). 

Recently Buchsteiner loops, that is loops satisfying the identity 

x\(xy. 2 )  = ( y  * Z.)/X 
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have found some interest (see [4]). 

Theorem 1.2. The variety of Buchsteiner loops is  an RB-class. 

Proof. In a Buchsteiner loop L the condition ( L ,  L,  L )  N ( L )  is satisfied 
0 (see [4], Theorem 7.17). The theorem follows from Proposition 1.1. 

A loop L is called a CC-loop if the the set of the of all left multiplications 
and the set of all right multiplications of L are closed under conjugation 
(see 171). Already in 1181 we have shown that the class of CC-loops is an 
RB-class. Since CC-loops are a-solvable of length 5 2, this also follows 
from our Proposition 1.1. 

In [3] loops L considered for which the inner mapping group 3.~ is 
abelian. Conditions on 3~ and its embedding in the multiplication loop 
M ( L )  are given which imply that L is centrally nilpotent of class 5 2. By 
Proposition 1.1 the loops satisfying these conditions form an RB-class. 

2. 

A loop is called a (left) Bruck loop (see [19, 201) if the left Bol identity 

a(b o ac) = (u o ba)c 

and the identity 

(zy)-l = x-1y-1 

are satisfied. Glauberman ([S, 91) has described a principle to construct a 
Bruck loop G(1/2) from a given finite Moufang loop G of odd order (see 
also ([l], Chapter VII.5, p. 120ff) and ([12], Theorem 6.14, p. 77)). On the 
set G the multiplication in G(1/2) is definded by 

1 1  a o b = aTbaz. 

For a class 1.’ of finite Moufang loops of odd order we denote by V(1/2) 

For a finitely generated loop G the number rk(G) is the minimal number 
the class of all Bruck loops G(1/2) with G E V .  

of generators of G. 

Proposition 2.1. For a finite Moufang loop G of odd order the following 
statements are true: 

(a) G and G(1/2) have the same exponent, 
(ii) rk(G) 5 rk(G(1/2)). 
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Proof. Statement (i) follows from the fact that the n-th power of an el- 
ement of the set G is the same in the loop G and the loop G(1/2). If 
{ g ~ , . . .  , g d }  is a set of generators for the Bruck loop G(1/2), then the 

0 
1 1 

Moufang loop G is generated by (9: ,. . , g i  }. Hence (ii) holds. 

As an immediate consequence of Proposition 2.1 we obtain 

Theorem 2.1. If C is an RB-class of finite Moufang loops of odd order, 
then C(1/2) is an RB-class, too. 

Corollary 2.1. If ,C is a class of finite Moufang A-loops, in particular a 
class of finite groups, of odd order, then C(1/2) is an  RB-class. 

Proof. By Corollary 11 in [18] the class A of all Moufang A-loops is an 
0 RB-class. Hence A(1/2) is an RB-class by Theorem 2.1. 

Corollary 2.2. If C is a class of finite Moufang loops of prime ezponent 
p > 2,  then C(1/2) as an  RB-class. 

Proof. By [lo] and [ IS]  the class of finite Moufang loops of prime exponent 
p > 2 is an RB-class. 

Proposition 2.2. For any loop L the following statements hold 

(a) (UP,  4 ,  r )  = ( P ,  4, r )  for all P ,  4, r E L,  a E NdL) 
(ii) If L is a Bol Al-loop L ,  then Nl(L) Q L.  

Proof. For p ,  q, r E L, a E Nl(L)  put s = (up, 4,r). Then one has 

( u p .  q)r = ( u p .  qr )s .  

On the other hand, 

( U P .  4)r = ( a .  pq)r = 4 P 4  . .) 
and 

( u p . q r ) s =  ( a .  ( p . q r ) ) s = a ( C p . q r ) s ) .  

It follows that s = (p ,  q ,  r ) .  Hence (i) holds. 
Assume now that L is a Bol Al-loop. By hypothesis one has 

Nl (L)Lz , ,  = N ( L )  

for all z, y E L. 
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For a E Nl(L) and z,y E L one has aR,,y = a. Thus Nl(L)R,,, = 

For elements a E Ni(L),  t E L,  we put at = t-' at. By ([12], 56) one 
knows that that the element (a - l t - l ) (u t )  lies in Nl(L) and as a consequence 
of (ii) one has 

Nl(L).  

(a - l t - l ) (a t )  = a-lat ,  

since a-l E Nl(L).  Using (i) we obtain 

(a t ,z ,y )  = (a - ' a t , z , y )  = 1 

for all z,y E L. Thus at E Nl(L) and we have shown that Nl(L)  is invariant 
under all inner mappings. 0 

In 1986 T .  KRINKO, a student of L. Sabinin, showed in her diploma 
thesis the following 

Theorem 2.2. If B is a Bol Al-loop, then the factor loop B/Nl(B)  is a 
Bruck loop. 

Proof. The theorem is easily deduced from ([12], Theorem 6.6, p. 72). 0 

Theorem 2.3. Let V be an RB-class of Moufang loops and let V1 be the 
class of all Bol A1-loops B satisfying the conditions 

( A )  BIN(B)  E V ( W ,  
(B) (Q,  Q ,  Q )  a Q f o r  all epimorphic images of B. 

Then V1 is  an RB-class. 

Proof. For a finite loop S E V1 the Bruck loop T = S/Nl(S)  E V(1/2) 
has odd order. Hence it follows from ([9], Theorem 14, p. 412) that T is 
solvable. Thus the associator series 

T = A o ( T ) > A l ( T ) > . . . > A i ( T ) > A i + l ( T ) > . . .  , 
satisfies A,(T) = 1 for some natural number s. 

Assume that S has rank d and exponent n. It follows from Theorem 2.1 
that IT1 5 an,d(V(1/2)) where an,d(V(1/2)) denotes the Burnside constant 
for the class V(1/2). In particular the inequality s 5 un,d(V(1/2)) holds. 
Thus by Krinko's theorem one has AU,+(~(1p))+1(S) = 1. The proposition 
now follows from Lemma 1.2. 0 
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3. 

A group G is called a group with a triality if on G one has automorphisms 
(T, p satisfying 

a2 = p3 = 1, ap(T = p- 1 , 

(g-1gu>(g-1gu>p(g-1gu>p2 = 1 for all g E G. 

The group S generated by CJ and p is an epimorphic image of the symmetric 
group 5'3. 

Glauberman [8] and Doro [6] have observed that groups with a triality 
can be used to define Moufang loops. Recently Grishkov and Zavarnit- 
sine [ll] have described the construction of a Moufang loop from a group 
(G, (T, p )  with a triality in the following way. Put H = {g E G 1 g' = g} and 
M = {g-lg" I g E G}. Then the multiplication defined on M by 

m . n = m-pnm-p' 

turns the set M into a Moufang loop M(G).  One observes that 

m . n = n-p'mn-p 

holds, too. Conversely, every Moufang loop can be obtained this way (see 

In [8] one finds another way to obtain a Bruck loops from groups (Ex- 
ample 4, p. 379): Let G be a torsion group and (T be an automorphism of 
G satisfying cr2 = 1. Assume that the set G, = {g-lg" I g E G} does not 
contain elements of order 2. Then the multiplication a o b = a+ ba* defines 
the structure of a Bruck loop on G, and every Bruck loop can be obtained 
in this way([8], p. 382). 

Proposition 3.1. Let G be a group with triality (o,p)  such that the set 
G, = {g-lg" 1g E G} does not contain elements of order 2. Then the 
Bmck loops G, and M(G)(1/2) are isomorphic. 

111, 6, 151). 

Proof. For x , y  E M we denote by 

the multiplication in M(G)(1/2) and by 
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the multiplication in G,. Then 
1 1  

5 0 y = (.+ . y)-”zZ (zV . y)-P2 
= ((xi)-”y(z+)-f~)-”x+ ((z+)-Py(z+)- ”2 ) -2 

= (,iy-P ((zi)”y-”zz+) 

- - z t y - P ( (  x ) -  t ” , Z ( , q P ) y - P 2 z t  

= x+ ( y - P y - P ~ ) z ~  

1 1  = xZyxT 

= x * y ,  

using for the last two transformations the triality condition. 

Remark 3.1. We observe that not every involutorial automorphism of a 
group G can be embedded into a triality (a,p) as the following obvious 
example shows: Let C be the cyclic group of order 5 and take a = (z ++ 

z-’). Then C, is isomorphic to C. Since C does not admit an automorphism 
of order 3, for a triality (a, p )  on C the mapping p had to be trivial. But then 
the triality condition would imply x3 = 1 for every element x E C. This 
example, however, does not answer the question whether for a given Bruck 
loop B one always can find (G, (a, p ) )  such that B can be obtained in the 
form M(G)(1 /2 ) .  Observe that for C, considered as a Bruck loop, this can 
be done. For this we choose the group A = C x C and the automorphisms 
a,  7 given by 

(X,Y)* = (Y,X) 7 (Z,Y)‘ = (YJ-lY-l). 

Then the relations a2 = T~ = 1, m a  = 7-l hold and (a ,  T )  is a triality on 
A such that M ( A )  is isomorphic to C. Hence M ( A ) ( 1 / 2 )  E C. 

In a group ( G , p , o )  with a triality as before we use the notation M = 
{g-’g“ 1g E G}. For x ,y  E A4 we put 

Y(Z,Y) = [Y”,x”21. 

[y-PZ, x-”] = [y”, zP2] 

Using the triality relation and the definition of the multiplication ( a )  on M 
one shows that 

holds for all z, y E M .  

Theorem 3.1. Let G be a group with a triality. Then u E M belongs 
the nucleus of the Moufang loop (M, . )  if and only if u commutes with all 
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e lemen t s  ~ ( x ,  y ) ,  x, y E M .  In particular,  for a group G with a triali ty,  
wh ich  is ni lpotent  of class a t  most 2, t h e  Mou fang  loop M ( G )  is a group. 

Proof. The element u E M lies in the nucleus of M if and only if 

(A) x . (U . y )  = ( X  . U )  y 

for all z, y E M (see [l], Theorem 2.1, p. 114). Computing 

Ic . (u . y )  = x * (y-”uy-P) = x-P(y-P2uy-P)x-Pz 

and 

(x . u)  . y = (x-Pux-P2).  y = y - p 2 ( x - - p u ~ - p 2 ) y - ~ ,  

the equation (A) takes the form 

But this equivalent to 

i.e. equivalent to 

u[yP, xP2] = [y-P2, x-”u. 
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In this survey article, we will briefly introduce the recent development of rpp 
semigroups, its generalizations and some of its special subclasses. Some meth- 
ods of constructions for such semigroups are introduced. Several structure the- 
orems of such semigroups are described. 
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1. Introduction 

Recall that a semigroup S is regular if for any a E S ,  there exists 2 E S 
such that m a  = a. A regular semigroup S is called completely regular if 
every element has an inverse with which it commutes. We call a completely 
regular semigroup Clifford if the set of its idempotents is in its center. 
It is well known that a Clifford semigroups can always be expressed as a 
strong semilattice of groups ( see [2,28] ). Because of this remarkable result, 
people usually regard semigroups as generalized groups and the class of 
regular semigroups plays a most important role in the theory of semigroups. 
We call a regular semigroup S a left Clifford semigroup, for brevity, LC- 
semigroup [ RC-semigroup ] if eS C Se [Se eS] holds for all e E S .  A 
completely regular semigroup S is said to be an orthogroup if the set of its 
idempotents E ( S )  of S forms a subsemigroup of S. A completely regular 
semigroup S is called inverse if every element of S has a regular inverse in 
S (see [2]). It was noticed by Yamada (see [50]) that the properties of E ( S )  

*AMS Mathematics subject classification : 20 M10 
t This presentation is partially supported by a grant of Wu Jiehyee Charitable Foundation 
(HK) ( 2007/08. 
*to Professor L. A. Bokut on the occasion of his 70th anniversary. 
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of the regular semigroups S can be used to determine the structure of the 
regular semigroups,in particular, he considered the regular semigroups in 
which the idempotents satisfy certain identities. The structure of the above 
regular semigroups have been extensively investigated by many authors 
since 1950 (see [28,38,39,43,49,50] etc). For further generalization of regular 
semigroups, we can consider the quasi-regularity of the semigroups. We call 
a semigroup S quasi-regular if for any a E S, there exists a positive integer 
n such that an is regular. In particular, all regular semigroups are special 
quasi-regular semigroups. The structure and the properties of quasi-regular 
semigroups and generalized orthogroups have been investigated by many 
authors, for instance, see the references in [46]. The structure of orthogroups 
was also studied. There are also some other ways to generalize orthogroups. 
Recently, Petrich and Reilly [39] have discussed some special orthogroups, 
that is, the C orthogroups. They called an orthogroup S a C orthogroup if 
its set of idempotents forms a C band. The most well known C bands were 
tabled in the text of Howie [28] as follows: 

(i) regular band: the band satisfying the identity e f ge = e f ege, 

(ii) left regular band: the band satisfying the identity ef = efe, 

(iii) right regular band: the band satisfying the identity f e = e f e, 

(iv) normal band: the band satisfying the identity efge = egfe, 

(v) left normal band: the band satisfying the identity efg = eg f ,  

(vi) right normal band: the band satisfying the identity g f e = f ge. 

The most known C-orthogroups are completely regular semigroups 
whose sets of idempotents form regular bands. In the literature, these semi- 
groups are called crytogroups and have been studied by Reilly and Petrich 
[39] and Guo, Shum and Zhu called them quasi-C-semigroups [23]. Also, 
regular semigroups whose sets of idempotents form regular bands can be 
called cryptic groups. In studying the structure of a semigroup S, we usually 
use the well known Green’s relations L, R, D, 7-l and 3. Their relationships 
are given in the following diagram: 
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/\ 

We denote the set of all transformations of the semigroup S by 7 ( S ) .  
For any f E T ( S ) ,  the image of f is denoted by I m f ,  and the kernel of f 
is denoted by Kerf .  By definition, 

I m f  = {f (.)I. E SI, Kerf = ((2, Y> E s x Slf (.I = f (Y)), 
respectively. For any a E S ,  let a,(al) E 7(S1) be the inner right [left] 
translation on S1 determined by a: 

a , : a : N z a  ( a l : z - a z ) .  

Then, .C, R and J can be defined as follows: 

aCb * Ima, = Imb,, 
aRb u Imal= Imbl, 
a J b  M S1aS1 = S1bS1. 

2. rpp Semigroups 

In generalizing regular semigroups, apart from generalizing the definition of 
regularity, another approach is to modify the Green’s relations. In fact, by 
using this approach, many new results and new semigroups were obtained. 
Roughly speaking, if we extend the definition of regularity, then this is more 
or less equivalent to extend the landscape of regular semigroups to a bigger 
one. But if we modify the Green’s relations, then we are going to build 
a huge pyramid on the ground regular semigroups. For rpp semigroups, 
we actually start to build, say the 60th floor, of the pyramid of regular 
semigroups. We call this floor the rpp floor of regular semigroups. 

The concept of rpp semigroups was first inspired by rings. Recall that a 
ring R is a left p.p.-ring, for brevity Z.p.p.-ring if every principal left ideal of 
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R, regarded as a left R-module, is projective. This concept was first intro- 
duced around 1960. Dually, we may define the right p.p.-rings. Naturally, 
we call a ring R a p.p.-ring if R is both an 1.p.p.- and r.p.p.-ring. It can be 
observed that the class of p.p.-rings contains the classes of regular rings; 
hereditary rings; Baer rings; p-q Baer rings and semi-hereditary rings as 
its proper subclasses. In the literature, p.p.-rings have also been extensively 
studied by many authors. It is noteworthy that the definition of p.p.-rings 
can be extended to semigroups, in particular, Fountain [9] has introduced 
the concept of rpp-monoids in 1977. He called a semigroup abundant 1111 
if it is both an lpp- and rpp- semigroup. Similar to p.p.-rings, the class of 
abundant semigroups contains the class of regular semigroups as its proper 
subclass. The rpp-semigroup in which every idempotent is central is called 
C-rpp. It was proved by Fountain [9] that the C-rpp monoid is a strong 
semilattice of left cancellative monoids. Thus, by comparing the result of 
Fountain [9] with the well known Clifford theorem, we can immediately see 
that a C-rpp-semigroup is indeed a generalization of Clifford semigroup. 
Since a C-rpp semigroups, by definition, need not to be regular, we can 
regard C-rpp semigroups as a generalization of regular semigroups, from 
another approach which is different from just weakening the regularity of 
the semigroups. Perhaps we need to mention here that the theorem of Foun- 
tain on C-rpp monoids has been recently restricted to perfect abundant 
semigroups. It has been just proved that a perfect abundant semigroup can 
be expressed as a strong semilattice of cancellative planks. Thus, rpp semi- 
groups can be further studied dong this direction. Apart from abundant 
semigroups, there are still many other important subclasses within the class 
of rpp semigroups. If we regard the class of rpp semigroups as the 60th floor 
of the pyramid of regular semigroups , then the class of the abundant semi- 
groups can be regarded as the 58th floor of this pyramid and the class of 
perfect abundant semigroups may be at the 56th floor. 

In the theory of semigroups, it is well known that the idempotents of 
a semigroup play a crucial role and even more important than the idem- 
potents in a ring. In particular, we notice that the Green's relation 'FI is a 
congruence on a semigroups S and indeed it contains an unique idempo- 
tent of S. In studying rpp semigroups, Fountain has adopted the Green *- 
relations on semigroups introduced by Pastijn in [37]. In fact, the Green *- 
relations on the semigroup S are the usual Green relations on some over 
semigroup of a semigroup S. Thus, in this connection, the Green *- con- 
gruence 'FI* on S behaves as the usual Green 'FI congruence which has a 
nonempty intersection with the set of idempotents of a semigroup S, in 
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particular, it contains an unique idempotent. Hence the Green *- relations 
are indeed the analogous Green’s relations on the semigroup S and they are 
appropriate relations to study the structure of semigroups. The following 
diagram shows the relationships between the mutual Green *- relations on 
a semigroup S: 

J*  

D* = c* V R *  # C* o R* (in general) 

l-t* = c* A R *  

By definition, we have 

aC*b Keral = Kerbl, 
aR*b u Kera, = Kerb,, 
aJ*b a J*(a) = J*(b)  

and J*(a)  is the smallest ideal containing a saturated by L* and R*. 
Clearly, L* [R*] is a right [left] congruence on S.  
We observe that the Green *- relations L and R on a semigroups S can 

also be explicitly defined as follows: for any two elements a, b E S,, aL*b 
[aR*b] if and only if az  = ay [xa = ya]  u bx = by [zb = yb], for all 
z, y E S1 [37]. 

In order to amend that L* V R* # C* o R* in general, Pastijn [37] has 
further modified the Green *-relations by using the new Green relations 
D(l) ,  L(I), R(I) and ‘Id’) and he has done some ground work for this kind 
of Green’s relations. The above relations together with J ( l )  form a new set 
of Green’s relations which lie between the above two mentioned sets of the 
Green relations on S. We call them the Green (&relations. Relationships 
of Green (!)-relations are shown in the following diagram: 
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where aJ(l)b =j $z)(a) = J ( ' ) ( b ) ,  and J"')(a) is the smallest ideal con- 
taining a which is saturated by C('). Clearly, D(') refines $') since J( ' ) (a)  
is also saturated by R. 

According Fountain, a semigroup S is rpp if all of its principal right 
ideals aS1(a E S), regarded as the right S1-systems, are projective [9]. 

Definition 2.1. 

(i) A semigroup S is called rpp if and only if for any a E S, the set 

M a  = {e E E(S)IS1a C Se (Vz,y E S1) az = ay  + ex = ey} 

is nonempty, where E(S)  is the set of all idempotents of S. 
(ii) An rpp semigroup is said to be strongly rpp [21] if 

(Va E S) (3 !  e E Ma) ea = a. 

We now denote such e by at where at E R: n E(S) .  

The concept of lpp semigroups is the left-right dual of rpp semigroups. 
A semigroup is said to be abundant [ll] if it is both rpp and lpp. By 
the definition of C* [R*], S is rpp (lpp, abundant) if and only if S is 
C*-abundant, that is, at E R:nE(S) (R*-abundant, C*-abundant and R*- 
abundant). Obviously, Ma is the set L: n E ( S ) ,  where L: is the C*-class 
containing a E S. For R*, we have similar properties. 

It is clear that L 5 C* [R I R*] and for a,b E RegS, the set of all 
regular elements of S, aC*b [aR*b] implies aCb [aRb]. In fact, rpp [abun- 
dant] semigroups actually form a larger class of semigroups than the class of 
abundant [regular] semigroups, for example, a left cancellative [cancellative] 
monoid is clearly rpp [abundant] but it may not be abundant [regular]. 
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By using the (l)-Green relations, a completely regular semigroup S can 
be described as a 'FI(')((= L*nR)-abundant semigroup, in this case, D(l) = D 
is a semilattice congruence on S and every 7dZ)(= 'FI)-class is a group. A 
semigroup S is said to be superabundant if S is E*(= ,C* n R*)-abundant 
[ll]. For such a semigroup S ,  we can see that V* = C* o R* on S and 
D(') = V* is a semilattice congruence on S. In this case, every "+-class is 
a cancellative monoid, for brevity, a c-monoid. For super-abundant semi- 
groups, Ren, Kong and Shum have recently obtained some new results in 
[see 30,421. 

We now call a super-abundant semigroup S an ortho-c-monoid if E( S) 
S forms a subsemigroup. 

It can be easily seen that a cancellative monoid is not necessarily a 
group and hence, 

{orthogroup} 5 {ortho-c-monoid}. 

Obviously, super-abundant semigroups (ortho-c-monoid) play a similar 
role in the class of abundant semigroups to the case of completely regular 
semigroups (orthogroups) in the class of regular semigroups. 

Fountain (see [9,13]) was the first to observe that the Green *- relations 
can be applied to study abundant semigroups, in particular, super-abundant 
semigroups. A series of papers have indicated that the Green *-relations are 
particularly appropriate for the study of abundant semigroups which play 
the same role as the usual Green's relations in regular semigroups. Recently, 
X. J. Guo, Shum and Ren have applied the Green (l)- relations to study rpp 
semigroups, in particular, strongly rpp semigroups. Further applications of 
Green (l)-relations to rpp semigroups were described in [45]. 

The relation R* on a semigroup S has been generalized to the relation e by El-Qallali [4] as following: 

a z b  

The 2 on S is the left-right dual of 

(Ve E E(S))"ea = a - eb = b". 

on S. 

The following theorem describes the relationships between the Green 
( l )  relations and the Green *-relations. 
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We introduce here an important condition on abundant semi- 
groups,namely,the “idempotent connected’’ condition, in short, the IC 
condition which was first introduced by El-Qallali and Fountain [8] in 
1981. They called a semigroup S an idernpotent-connected (for brevity 
IC) semigroup if for every a E S, with its corresponding idempotents 
a+ E Rz(S) and a* E L:(S), respectively, there exists a bijection mapping 
Q : (a+) -+ (a*) satisfying za = ~ ( z Q ) ,  where z E (a f ) .  In particular,an 
adequate semigroups satisfying the IC condition is called type A and these 
type A semigroups were studied by Armstrong [l] and then by Lawson 
[31], respectively. As described by Armstrong and Lawson, we can easily 
see that the type A semigroup is precisely an analogue of an inverse semi- 
group in the class of abundant semigroups. On the other hand, El-Qallali 
and Fountain [7] also discovered that the quasi-adequate semigroups are 
abundant whose set of idempotents forms a subsemigroup. A special quasi- 
adequate semigroup is called type W. By studying the structure of a type 
W semigroup, one can see that the type W semigroup is closely related to 
the orthodox semigroup which was described by Hall [25]. Recently, X. J. 
Guo has shown that a semigroup S is a type W semigroup if and only if 
S is a quasi-adequate semigroup satisfying the IC condition (see [22]). By 
using the result of X. J. Guo, we can easily see that a type W semigroup 
is an analogue of orthodox semigroup in the class of regular semigroups. 
Furthermore, El-Qallali [6] discussed the L*-unipotent semigroup which 
is an abundant semigroup whose set of idempotents forms a left regular 
band. Inspired by his idea, Shum and Ren 1401 have recently introduced 
the concept of C*-inverse semigroup. They call an IC abundant semigroup 
an L*-inverse semigroup if its idempotents form a left regular band. In 
fact, Ren and Shum [40] have proved that a semigroup S is an L*-inverse 
semigroup if and only if S is a left wreath product of a left regular band 
B and a type A semigroup r. Hence, a L*-inverse semigroup is a special 
kind of abundant semigroups sitting between the type A semigroup and 
the type W semigroup. Thus, the L*-inverse semigroup is an analogue of 
the left inverse semigroup. Since Yamada [50] also studied the quasi-inverse 
semigroups within the class of regular semigroups, it is natural to ask what 
will be the analogous semigroup of this kind of quasi-inverse semigroups 
within abundant semigroups? In answering this question, Ren and Shum 
have recently constructed such an analogue, namely the quasi &*-inverse 
semigroups within the class of abundant/rpp semigroups. Their method of 
construction also used wreath product, in fact, we can see that such an 
analogue, namely the quasi &*-inverse semigroup, is an IC abundant semi- 
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group whose idempotents form a regular band. For completely regular semi- 
groups, their analogues in the class of abundant semigroups are naturally 
the superabundant semigroups. Thus, in the class of regular semigroups, 
the Clifford semigroups, inverse semigroups, left inverse semigroups, quasi- 
inverse semigroups and orthodox semigroups form a semigroup hierarchy. 
Their corresponding analogues in the range of rpp semigroups are therefore 
the C-a semigroups, abundant semigroups, adequate semigroups, type A 
semigroups, C*-inverse semigroups, quasi Q*-inverse semigroups and type 
W semigroups, respectively. This set of new generalization of semigroups 
forms a corresponding semigroup hierarchy within the class of rpp semi- 
groups. 

It was observed by El-Qallali in [4,5] that the class of abundant semi- 
groups not only contains regular semigroups, but also contains cancella- 
tive monoids, semilattices of cancellative monoids, bands of cancellative 
monoids etc., as its special subclasses. Although many properties of abun- 
dant semigroups can be inherited from regular semigroups, but there are 
some remarkable differences between these two kinds of semigroups, both 
in structures and properties. We now list some of their main differences 
below: 

(i) The homomorphic image of a regular semigroup is still regular, but the 
homomorphic image of an abundant semigroup is not necessarily abun- 
dant [5]. In other words, if p is a congruence on an abundant semigroup 
S then its quotient semigroup S/p  is not necessarily abundant. 

(ii) The semilattice of regular semigroups is obviously regular, however it 
is not true for semilattice of abundant semigroups. We cite here an 
interesting example, given by Fountain [ll] for illustration. 
Let A be a free monoid generated by elements x, y with identity 1. Let 
B = { e, f } be a left zero band and form S = A U B. Define the multi- 
plication on S as follows: for elements in A and B, the multiplications 
in A and B are the same and we always let 1 be the identity element of 
S. For any w E A \  { 1 }and any b E B, we define wb = e if w is a word 
starting from x. Otherwise, we define wb = f. Also, we define bw = b. 
Then, we can verify that S is a non-commutative semigroup. Clearly A 
and B are both abundant semigroups and S = A U B is a semilattice 
of the abundant semigroups A and B,  however, S itself need not be 
abundant. This is because that l , e ,  f are the only idempotents of S ,  
but there does not exist any L*-relation between the element x and 
these three idempotents. 

(iii) In regular semigroups, it is well-known that Lallement lemma holds, 
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that is, if p is a congruence on a regular semigroup S and ap is an 
idempotent of Sip, then there exists an idempotent e E S such that 
ep = up. However, in abundant semigroups or rpp semigroups, the 
Lallement lemma may not hold. The following is an example. 

Let S be a free semigroup generated by z,y. Define a relation p on S 
by (u ,v )  E p if and only if the words u,v have the same alphabet. Clearly, 
such a semigroup is abundant and p is a congruence on S. We observe that 
there are only two pclasses on S ,  and consequently, S/p  forms a left zero 
semigroup of two elements. Clearly, xp is an idempotent but there does not 
exist an idempotent e E S such that ep = xp, since S does not contain any 
idempotent. Thus, Lallement lemma fails to be true in abundant semigroups 
and rpp semigroups. 

From the above examples, we can see that although abundant semi- 
groups and rpp semigroups are generalized regular semigroups, they have 
many particular properties which are not shared by regular semigroups. Be- 
cause of these distinguished differences, we can not just simply say that rpp 
semigroups and abundant semigroups are analogues of regular semigroups. 

In study rpp semigroups and abundant semigroups, El-Qallali and Foun- 
tain [8] introduced some useful concepts. We first let L:(S) and R:(S) be 
respectively the C*-class and the R*-class containing a E S. Also, we let 
a+ and a* be the idempotents in R:(S) and L:(S), respectively. For the 
set E of idempotents of S, we let B = ( E )  be the core of S. For any e E E ,  
(e) is the subsemigroup generated by the idempotent in eBe. Clearly, (e) 
is generated by all the idempotents f with f 5 e. 

Another important concept is the concept of good homomorphisms. We 
call a semigroup homomorphism cp : S -+ T good if for any a,b E S ,  
aC*(S)b implies that apL* (T)bp and aR*(S )b  implies that apR*(T)bp .  
Correspondingly, we call a semigroup congruence p good if its natural ho- 
momorphism (pfl : S -+ S / p  is good . Equipped with the above definitions, 
we can see immediately that the good homomorphic image of an rpp [ abun- 
dant] semigroups is still rpp [abundant]. It was pointed out by El-Qallali 
[5] that every regular semigroup S is an IC semigroup. This is because for 
any a E S and any a’ E V ( a ) ,  if we define a mapping a : (aa’) 4 ( d a )  such 
that za = a’xa for z E (ad), then we can easily observe that such mapping 
a is the required mapping that makes the regular semigroup S an IC semi- 
group.Furthermore, El-Qallali [6] introduced the concept of C*-unipotent 
semigroup. He called an rpp semigroup S L*-unipotent if its set of idem- 
potents forms a subsemigroup and every C*-class of S contains a unique 
idempotent. As inspired by Yamada [50] and El-Qallali [4], we can define 
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the L*-inverse semigroup. We call an abundant semigroup S a L*-inverse 
semigroup if S is an IC semigroup whose idempotents form a left regular 
band [40]. Clearly, every left inverse semigroup is an L*- inverse semigroup 
because left inverse semigroup is obviously abundant and IC. To construct 
the C*- inverse semigroup, Ren and Shum have recently introduced the con- 
cept of ”left wreath product” so that the structure theorem of left inverse 
semigroup obtained by Yamada [50] becomes a special case of their result. 
In fact, the L*- inverse semigroup is not only a generalization of left inverse 
semigroup in the class of rpp semigroups, but is also the most appropriate 
generalization of left inverse semigroup. 

In constructing L*-inverse semigroups, we need some properties of the 
L*- unipotent semigroups. 

The following is a crucial observation: 
Let S be a quasi-adequate semigroup with band of idempotent E. Then 

the following conditions are equivalent : 

(i) S is L*-unipotent ; 
(ii) eS n fS = e f S  for any e, f E E ; 
(iii) efRfe for any e l f  E E ; 
(ii) Green’s relations R and ,7 coincide on E ; 

(iii) a+ea = ea for all e E El a E S, a+ E n E. 

In closing this Section, we provide an example of C*-inverse semigroup 
and show that such semigroup contains the type A semigroup and the left 
inverse semigroup as its major components [40]. 

Example 2.1. Let u = ( l o )  0 0  a n d b =  (::).Put 

T = {2nu, 2nb n 2 0).  

It is easy to see that T is a semigroup under the usual matrix multipli- 

We form a semigroup S = {a,  b, c,  d, e, f, 9, h, u, v, w, x, y, z,  a,, bm} by 
cation. 

the following Cayley table: 
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a b c d e f g h u v w x y ~ a n  bj 
a a d d f f h h v v x x z t a n  aj  

c c c c e e g g u u w w y y c  c 
d d d d f f h h v v x x z z d  d 
e e e e c c w w y y g g u u e  e 
f f f f d d x x z z h h v v f  f 
g g g g y y c c w w u ' U , e e g  9 
h h h h z a d d x x v v f f h  h 
u u u u w w y y c c e e g g u  u 
v v v v x x z z d d f f h h v  v 
w w w w u u e e g g y y c c w  w 
x x x x v v f f h h z z d d x  x 
Y Y y y g g u u e e c c w w y  Y 
z z z z h h v v f f d d ~ ~ z  z 
am a, d d f f h h v v x x z z am+n am+j 

b b d d f f h h v v x x z z b n  bj 

bi bi d d f f h h v v x x z z bi+n bi+j 

where an = 2na, a,  = 2ma, bi = 2ib and b j  = 2jb for any n, m,i,j 2 1. 
In fact, the multiplication on S is defined by extending the multiplica- 

tion on the matrix semigroup T so that S becomes an infinite semigroup, 
where E ( S )  = {a ,  b, c, d }  is the set of all idempotents of S.We can check that 
the C*-classes of S are {c, d,e, f ,g ,  h, u, v, w, z, y, z } ;  {a,  b, a,,bi( n,i 2 1 } 
and the R*-classes of S are {a,  a, 1 n 2 1); {b, bi 1 i 2 1); {c, e, g, u, w, y} 
and { d ,  f ,  h, v, z, z } ,  respectively. Thus each R*-class and each C*-class of 
S contains an idempotent and hence by definition, S is an abundant semi- 
group. 

Furthermore, we can easily see that S1 = {a,b,c,d, e , f ,g ,  
h, u, v, w, z, y,  z }  is a left inverse subsemigroup of S and E(S)  forms a left 
regular band. Since (a) = {a ,d } ,  (b) = {b ,d} ,  (c) = c and (d) = d in S ,  
where (a) denotes the subsemigroup of S generated by all z E E ( S )  with 
x < a, it can be checked that S is an IC abundant semigroup and by def- 
inition, S is an L*-inverse semigroup. Because every element of S \ S1 is 
non-regular, S is not a left inverse semigroup. Also, since the idempotents 
of S do not commute each other, S is not type A. This example illustrates 
that the class of type A semigroups and the class of left inverse semigroups 
are two proper subclasses of the class of C*-inverse semigroups. 

3. Quasi-adequate semigroups and cyber groups 

We now introduce some special rpp semigroups, namely the good quasi- 
adequate semigroups and cyber groups. As mentioned above, the homo- 
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morphic image of an abundant [ quasi-adequate ] semigroup is not neces- 
sarily abundant [ quasi-adequate 1,  El-Qallali and Fountain in [7] therefore 
considered the good homomorphism again on quasi-adequate semigroups. 
It was shown in [7] that the minimum adequate good congruence y exists 
in a quasi-adequate semigroup. Thus if S is an orthodox semigroup, then 
y is just the minimum inverse semigroup congruence on S (see [43]). It 
is noted that the quasi-adequate semigroups within the class of abundant 
semigroups are a kind of semigroups corresponding to the class of orthodox 
semigroups within the class of regular semigroups. 

For an abundant semigroup S ,  since L;E n E(S)  # 0 and R;E n E ( S )  # 0, 
for all a E S ,  we use a* to denote any idempotent in L*,, and use at to 
denote any idempotent in Rt. In order to locate the minimum adequate 
good congruence on a quasi-adequate semigroup S,  Fountain [lo] defined a 
relation 6 on S by 

abb E(at)aE(a*) = E(bt)bE(b*) 

for some ut,a*, b t ,  b*, where E(e) is the 3-class containing e in the band 
E(S) , e  E E(S) .  Because E(S)  = IJ Ea, where each E, is a rectangular 

CYEY 
band and Y is a semilattice, we see that E(e) is the one of the rectangular 
bands E, . Moreover, if a semigroup S is orthodox , then 15 is the minimum 
inverse congruence. The following result was proved in [7]: 

Lemma 3.1. The following statements hold on  a quasi-adequate semigroup 
S .  

(2)  The relation 6 is a congruence on S ij and only if for all a ,  b E S,  

(ii) 'H* n b = L, where 'H* = C* n R*. 
UE(U*)E(bt )b  E( (Ub) t )UbE( (Ub)* ) ,  

We note here that an IC-adequate semigroup is type- A and it was 
proved in [l] that an adequate semigroup S is type- A if and only if for all 
e E E(S) ,  a E S, ue = (ae)ta and ea = a(ea)*. 

Lawson [31] has shown that the type -A semigroups play a crucial role 
in the structure of adequate semigroups. Naturally, one would ask: Can we 
find some special adequate semigroups which correspond to some type A 
semigroups among the adequate semigroups ? For this question , we give 
the following weak type A conditions. 

Definition 3.1. Let S be a quasi-adequate semigroup. Then we define the 
the weak type- A condition if for any a E S and any e ,  f E E(S) ,  
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(i) a e f R * ( a e ) + a f ,  
(ii) f e d *  fa (ea )* .  

We formulate a definition: 

Definition 3.2. A quasi-adequate semigroup S is called good if the fol- 
lowing conditions hold: 

(i) the relation 6 on S is a congruence, 
(ii) the weak type A condition holds on S. 

We can easily see that 6 is the minimum adequate good congruence on a 
good quasi-adequate semigroup. We now formulate the following theorem: 

Theorem 3.1. A regular band E is a good quasi-adequate semigroup. Con- 
versely, i f  a good quasi-adequate semigroup is  a band, then it is  regular. 

In the above theorem, we observe that the idempotents set of a good 
quasi-adequate semigroup forms a regular band. Also, an adequate semi- 
group S is good if S is good as a quasi-adequate semigroup, that is, the weak 
type-A condition holds on S (since 6 = y = L in an adequate semigroup). 
According to the above observation, it is clear that a type-A semigroup is 
always good adequate but not conversely. The following is an example. 

Example 3.1. (see [30]) Let S = {e ,  f , g ,  h, z, a,  b,c} having the following 
Cayley table 4 U C 

e f g h z a b c  
e f g z z a b c  
f f z z z b b z  
g z g z z c z c  
z z z h z z z z  
z z z z z z z z  
z z z a z z z z  
z z z b z z z z  
z z z c z z z z  

In the above table, C*-classes of S are {a,  b, c, h } ,  { e } ,  {f}, {g},  and { z } .  
And we can see that the R*-classes of S are { a , e } ,  {b, f}, {c ,g} ,  { h } ,  { z } .  
Thus S is an abundant semigroup. Also we observe that the idempotents 
e, f ,  g ,  h, z commute with each other. Obviously 6 = y = L on S. We can 
check that the weak type A condition holds on S. Hence, S is a good 
adequate semigroup. However, since f a  = b # a = a h  = a( fa)*, this shows 
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that the type-A conditions does not hold on S. Hence S is a good adequate 
semigroup but not type A. 

Inspired by the lpp and rpp conditions for good quasi-adequate semi- 
groups, Y. Q. GUO X. J. Guo and Shum introduced the concept of left 
GC-lpp semigroup in [l6]. They called an lpp semigroup S left GC-lpp if 
E(S)  forms a left regular band and ae = (ae)ta holds for all elements a E S 
and e E E ( S ) ,  where E ( S )  is the set of idempotents of S and (ae)t is a 
corresponding idempotent of ae lying in the R*-class R;e. The left GC-lpp 
semigroups can be described by using McAlister triples and weak semidirect 
products in [18]. Some construction theorems of lpp semigroups were also 
established in [14,16]. It can be easily seen that the class of lpp semigroups 
is a common generalization of the classes of left typeA semigroups and 
right inverse semigroups. More precisely, a left type-A semigroup is just a 
left GC-lpp semigroup whose band of idempotents forms a semilattice, and 
conversely [16]. 

We call an abundant semigroup S a left cyber group [16] if the set 
of idempotents E ( S )  is a left regular band (that is, a band satisfying the 
identity xyx = xy and also ae = (ae)ta holds for all a E S and e E E(S) ) .  
Clearly, left cyber groups are special left GC-lpp semigroups. In fact, a 
cyber group is a natural generalization of a regular cryptogroups within 
the class of abundant/rpp semigroups. 

A lpp semigroup S is called strongly lpp if for all x E S ,  there exists 
a unique idempotent x*, which is R*-related to x, such that x = XX*. 
Dually, we may define strongly rpp semigroup. In the literature, Y. Q. 
Guo, Shum and Zhu [22] were the first who investigated the so called right 
C-rpp semigroup. The structure of right C-rpp semigroups have recently 
been investigated by Shum and Ren [49]. Dually, a left C-lpp semigroup S 
can be defined as an lpp semigroup in which V(') is a congruence on S and 
eS Se for all e E E(S) ,  where P(r) is the smallest equivalence relation on 
the semigroup S containing R* and L. According to [14], an lpp semigroup 
S is left C-lpp [22] if and only if D(r) is a semilattice congruence on S such 
that P l E ( S )  = LIE(s). In particular, it is also known that E(S)  forms a 
left regular band and at = a', for all a E S. In view of the results in [41], 
a super abundant semigroup S is a left super cyber group if the set E(S)  
of idempotents of the super abundant semigroup S forms a left regular 
band. In addition, new structure theorems of generalized superabundant 
semigroups have been given in [30,42]. 

The structure of left cyber groups can be described by using McAlister 
triple and weak semi-direct product (see [18,43]). We have the following 
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properties of the left GC-lpp semigroups [16]: 

(i) Let S be an lpp semigroup whose set of idempotents forms a left regular 
band. Then S is a left GC-lpp semigroup if and only if for all a E S 
and e E E(S), there exists b E S such that ae = ba. 

(ii) Let S be a left GC-lpp semigroup. Then the following conditions hold: 

(a) Define a relation 

where E(y t )  is the 23-class of E(S)  containing the idempotent 
yt E Rt n E(S) .  Then y is the minimum R*-congruence ( a R*- 
congruence is a congruence preserving the relation R*) such that 
Sly is a left type-A semigroup; 

(b) y n R *  = LS ( the identity relation on S) .  

We call a non-empty set M a partial groupoid if there is a partial binary 
operation defined on M .  A partial groupoid ( M ,  0) is called a partial band 
groupoid if for all a E M ,  a o a is defined, then a o a = a. Moreover, ( M ,  0 )  

is called a strong band groupoid provided that for all x, y, z E M ,  if y o z 
and x o (9 o z )  are defined, then x o y is also defined. A nonempty subset 
N of ( M ,  0) is called a left regular subband of M if ( N ,  0) is a left regular 
band. 

We now construct a left GC-lpp semigroup by using McAlister triple: 
(McAlister triple) Let X be a strong band groupoid, Y a left regular 

subband of X with structure semilattice Y in which there is i E X but 

i @ Y ,  and Y = u E, 

the semilattice decomposition of Y over left zero bands E, (a  E Y ) .  Let 
T be a left type-A semigroup with semilattice Y of idempotents such that 
X is a left T1-system with la: = x for all x E X, but vy 4 YU{i}  for all 

aEY 

y E YU{i} ,  v E T .  
Suppose that the following conditions hold: 

(Ml) T'YU{i} = X; 
(M2) f o r a l l x E Y  a n d t € T , a : o ( t i ) = z i f a n d o n l y i f x E E t + ;  
(M3) for all x E Y and t E T, if x o (ti) = 2, then x o (ty) E Y ;  
(M4) for all x, y E Y ,  2 E X\Y U{i} and t E T,  if y o z and x o (t(y o z ) )  are 

defined, then (xoty)o(tz) is also defined and zo(t(yoz)) = (xo( ty))o( tz);  
(M5) f o r a l l x , y E Y a n d a E Y , i f x o ( c r i ) = x , t h e n z o ( a y ) = x o y .  
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Put 

M = M (T,  X, 3’) = { (y, t )  E 3’ x T : y o (ti) = y) 

and define a multiplication on M by 

(x, t )  * (9, = (. 0 (ty), tu). 

Then (M,* )  is a left GC-lpp semigroup such that M / r  % T.  Conversely, 
any such semigroup can be so constructed. In this case, the triple (T, K, y) 
is called a McAlister triple. 

The following is an important tool for constructing the left GC-lpp 
semigroups: 

(Weak semidirect product) Let T be a left type-A semigroup with semi- 
lattice Y of idempotents and L = (Y, L a )  the semilattice decomposition of 
the left regular band L into left zero bands L, (a E Y ) .  Denote by End(L) 
the semigroup of endomorphisms of L. Suppose that ‘p is a mapping of T 
into End( L )  satisfying the following conditions: 

(WS1) for all u E T and x E La, ‘p,x E L(,,)t; 
(WS2) for all u,w E T ,  there exists (uw)’ E L(,y such that ‘pUcpv = 

A(,,)ocp,v, where cpu is the image of u E T and A, is the inner left 
translation determined by x E L. 

Now, form the following set W S  by 

W S  = WS(L,T;cp) = {(z , t )  E L x T : x E L,+} 

and define a multiplication on W S  by 

(% .) (Y, V) = (4 ’puY) ,  uw). 

Then (WS,  0 )  is a left GC-lpp semigroup with WS/r  = T. Conversely, 
any left GC-lpp semigroup can be constructed in the above manner. 

We call ( W S ,  0 )  the weak semidirect product of the left regular band 
L together with the left type-A semigroup T over the mapping cp : T 4 

End(L). 
In the above construction, (WS, 0 )  is named the weak semidirect prod- 

uct of a left regular band L, together with a left type-A semigroup T with 
respect to the mapping cp : T -+ End(L). 

By using McAlister triples and weak semidirect products of semigroups, 
we obtain a construction theorem for right inverse semigroups. 
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Theorem 3.2. Let (T, X ,  Y )  be a McAlister triple in which T is an  inverse 
semigroup. Then  M (T, X ,  Y )  i s  a right inverse semigroup. Conversely, ev- 
ery right inverse semigroup can be so constructed in the above manner. 

In the following, we characterize the left cyber groups by considering 
the quasi-adequate semigroups [20]. 

Theorem 3.3. Let S be a quasi-adequate semigroup. Then  S is a left cyber 
group if and only if the relation y is a congruence o n  S such that Sly is a 
left type-A semigroup. 

Another important subclass of rpp semigroups is the perfect rectangular 
band of adequate semigroups [15]. For this topic, we have the following 
theorem. 

Theorem 3.4. Let S be an  abundant rectangular band I x A of adequate 
semigroups Six for (i, A) E I x A. Then S is a perfect rectangular band of 
adequate semigroups Six for  ( i , A )  E I x A if and only if R e g s  is a perfect 
rectangular band I x A of inverse semigroups RegSix for ( i , A )  E I x A.  

In view of the above theorem , we establish the following theorem. 

Theorem 3.5. Let S be an  abundant perfect rectangular band I x A of 
adequate semigroups Six for ( i , A )  E I x A. Then 

(1) every Six is a quasi-ideal adequate transversal of S; 
(2) S is a locally adequate semigroup, that is, the local submonoid e S e  

o f S  i s  an  adequate semigroup for all e E E(S) .  

Because an IC abundant perfect rectangular band of type-A semigroups 
can be described as an IC abundant semigroup which can be expressed as 
a disjoint union of quasi-ideal adequate transversals, it is natural to ask 
whether an abundant semigroup which is the disjoint union of quasi-ideal 
adequate transversals can be expressible as a perfect rectangular band of 
adequate semigroups or not ? We do not know whether the general case 
holds or not, however, if the semigroup satisfies the regularity condition, 
then the answer to this problem is positive. 

Theorem 3.6. (see (151) Let S be an  abundant semigroup satisfying the 
regularity condition, that is, R e g s  is a subsemigroup of S.  Then  S can be 
expressed as a perfect rectangular band of adequate semigroups if and only 
i f  S is a disjoint union of quasi-ideal adequate transversals [21]. 
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We also have the following construction theorem for abundant perfect 
rectangular band of adequate semigroups. 

Theorem 3.7. (see [33)35]) Let I ,  A be indexed sets and T a n  adequate 
semigroup. Then  the Rees matrix semigroup M ( T ,  I ,  A; P )  is  expressible as 
an  abundant perfect rectangular band of adequate semigroups and each of 
which i s  isomorphic to T .  

Conversely, an  abundant perfect rectangular band of adequate semi- 
groups can be constructed in the above manner. 

4. Quasi-C-Ehresmann semigroups and their subclasses 

We consider a generalization of rpp semigroups, namely, the quasi-C- 
Ehresmann semigroups which are special U-semiabundant semigroups that 
are orthodox. In generalizing the regular semigroups, we also use the Green 
*- relations. Since E ( S )  of the semigroup S plays an essential role in the 
structure of abundant semigroup so that the semigroup S itself can be more 
or less determined by the properties of E(S) .  It was noticed by Lawson [35] 
that we only need to pay special attention to a subset U of E ( S )  instead 
of the whole set E ( S ) .  In particular, if U is a subset of E ( S )  of a semi- 
abundant semigroup S then U is perhaps good enough to provide sufficient 
information for the whole semigroup S. In order to emphasize that U is a 
subset of E(S)  of a semigroup S ,  we usually denote this semigroup by S(U) .  
Then, he introduced the concept of U-semiabundant semigroup. Unlike the 
usual Green's relations, Lawson [35] observed that zu is not necessarily a 
right congruence on S and nu is not necessarily a left congruence on S. 
Due to  the above observation, Fountain, Gomes and Gould in [12] called a 
semigroup S ( U )  satisfied the condition C [(CR) , (CL) ] if J? is a right con- 
gruence on S [ nu is a left congruence ]. They also called a U-semiabundant 
semigroup S ( U )  an Ehresmann semigroup if U is a subsemilattice of S and 
S ( U )  satisfies both conditions (CR) and (CL). An Ehresmann semigroup 
S(U)  in which the idempotents of U are central is called a C-Ehresmann 
semigroup. The structure of fundamental C-Ehresmann semigroups have 
been described in [13]. In fact, this kind of semigroups is a special gener- 
alization of Clifford semigroups within the class of U-semiabundant semi- 
groups. 

On the other hand, for any element a of a semigroup S,  Y. He [27] 
defined the orbit of a in U C E ( S )  by U, = {u  E U )  u a  = a = a u }  
and defined @ = { ( a ,  b) E S x SI U, = Ub}. Clearly, @ is an equivalence 
class of the semigroup S containing a E S. The semigroup S ( U )  is called U- 
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liberal in [26] if every Q^-class of 5 contains an element in U. It is routine to
check that a Q^-class contains at most one element of U. Denote the unique
element in Q^C\U, if it exists, by afj. The structure of [/-liberal semigroups
and left C-Ehresmann semigroups have also been recently investigated by
Y. He [26], G. Li-Shum [35] and others.

For a [/-liberal semigroup S(U), we call the following condition the
ET-condition:

(Va,6€5) (ab)b V(U) albfr,

where

= {(e, f)€UxU\ (3g £ U) eUgZf}.

Now, an [/-liberal semigroup S{U) is called orthodox if U is a subsemigroup
of S(U) and the ET-condition holds on S(U) [36]. We observe that U-
liberal semigroups are not always orthodox. For example, if we let S =
{l,e,a,b, /, 0} be a semigroup with the following Cayley table,

1
e
a

/
b
0

1
1

e
a

/
b
0

e
e
e

O

0
b
0

a
a

a
O
0

/
0

1
1
O
a

/
0
0

b
b

O
e
b
0
0

O
O
O
O
0
0
0

then S is a finite inverse monoid and hence S(E(S)) is a ^(S'j-liberal.
Clearly, E(S) is a subsemigroup of S{E(S)). Since a°E,s^ = 1, e%s-, — e
and (ae)°E(S) - 0, we see that the ET-condition does not always hold in
S(E(S)). Thus, the above semigroup is an [/-liberal semigroup but if is not
orthodox.

We note that the orthodox [/-liberal semigroups are generalization of
orthogroups within the class of [/-semiabundant semigroups.

As an analogue of regular orthogroups , we call an orthodox [/-liberal
semigroup S(U) quasi-C-Ehresmann if U forms a regular band. Clearly,
quasi-C-Ehresmann semigroup is a generalized rpp-semigroup. The struc-
ture of quasi-C-Ehresmann semigroups has been recently described by G.
Li and Shum in [24] and they have provided a construction method for
such kind of semigroups. Consequently, many important results on quasi-
C-semigroups within the class of regular semigroups are extended to quasi-
C-Ehresmann semigroups within the class of rpp semigroups, in particular,
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within the class of U-semiabundant semigroups. We cite some useful defi- 
nitions given by Lawson [32] and Y. He [26]. 

Notation 4.1. Let U # 0 be a subset of E ( S ) .  Then the following set 

Regu(S) = { a  E S1(3e, f E U ) e  2 a 'E f) 
is called the set of U-regular elements of S. 

Remark 4.1. Clearly U C Regu(S). Moreover, it is clear that a E 
RegU(S) if and only if a E Reg(S) and Vu(a) = {a' E V(a)I aa',a'a E 
U }  # 0. We now call the elements in Vu(a) the U-inverses of a E S. 

ForanyaES.DefineUA={uE U l u a = a } a n d U , = { u E U ( a u = a } .  
Let U, = UL n U,T. Then U, = {u E UJ ua = a = au}. We call U, the orbit 
of a in U .  

Notation 4.2. Define the following relations on the semigroup S with 
respect to U 5 E(S):  

2" = { (a ,b )  E s x SI u, = u;}, 
'E" - = { (a ,  b) E S x SJ UA = @}, 
xu 2u n g u ,  
S" = {(a,b) E s x SI U, = IJ~,}.  

As usual, we denote the E", 'Eu, GU and @-classes containing a E S 
by z y ,  ky, @ and G,", respectively. We state here repeatedly that J? 

is not necessarily a right congruence on S and 'EU is not necessarily a left 
congruence on S. 

Notation 4.3. Let S be a semigroup. Denote the semilattice of the semi- 
groups s, by S = (Y;  s,). In particular, if S is a band, then (Y; s,) is the 
greatest semilattice decomposition of S. By S = [Y; S,; $,,PI, we mean S is 
a strong semilattice of the semigroups S, with structure homomorphisms 
$%P.  

Definition 4.1. 

(i) A semigroup S(U) is called an U-semiabundant if every z"- and every 
g"-class of S contains at least one element in U, that is, ?.: n U # 0 
and ky n U # 0 for all a E S. 

(ii) A semigroup S(U) is called an U-semi-superabundant if every @-class 
of S contains an element of U ,  that is, gy n U # 8 for all a E S. In this 
case, the unique element in gy n U is denoted by a;. 
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The following results were given by Y. He in [26]. 

Lemma 4.1. Let 3 be one of the Green relations L,  R or 'H and Fu its 
corresponding Green relations on the semigroup S .  Then, for any a,  b E S, 
we have 

(i) 3 Fu and for a, b E Regu(S), (a ,  b) E FU if and only if (a ,  b)  E 3. 
(ii) '$' c @' and @ contains at most one element in U. 

(iii) If S(U)  is a U-semi-superabundant semigroup then S (U)  is U- liberal 

- 

with @' = GU. 
Definition 4.2. Let T = (Y;T,) be a semilattice of monoids T, whose 
identity is denoted by 1 ~ ~ .  If T = [Y; T,, &,p] is a strong semilattice with 
structure homomorphisms &,p such that +,,p : T, - Tp is defined by 
x H x 1 ~ ~  for any p 5 a, then T is called an E- semilattice of monoids 
T,, where E = {l~,Ia E Y } .  

The following identification result of C-Ehreshmann semigroup was given 
in [24]. 

Lemma 4.2. Let T be a semigroup with E c E(T) .  Then T(E) is a C- 
Ehresmann semigroup if and only if T(E) is a E-semilattice of monoids. 

By the above Lemma, we call T = (Y;T,) a C-Ehresmann semigroup 
if T ( E )  is a E-semilattice of monoids T,, where E = { l ~ ,  la E Y}. 

For brevity, we call I x T x A the direct product of a rectangular band 
I x A and a monoid T ,  a rectangular monoid. The direct product I x T of 
a left zero semigroup I and a monoid T is called a "left monoid". 

Now, let I = (Y;I,) and T = (Y;T,) be two semigroups. Form the 
set product S, = I ,  x T, and the set union S = u S,. Define the 

CXEY 
following mapping r] : S t % ( I )  by ( i ,  u )  H ( i ,  u ) f ,  where % ( I )  is the left 
transformation semigroup acting on I .  

If the mapping r] satisfies the following conditions: for any ( i , a )  E S, 
and ( i b )  E so,  

(i) ( i ,  ~ ) ~ j  E I,p, in particular, (2, u)gj = ij when a I 0; 
(ii) (2, a)n(j, b)n = ( ( 2 ,  a)dj, ab)n, 

then we can verify that S becomes a semigroup under the multiplication 
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According to 1191, the above semigroup S is called a left semi-spined product 
of I and T with respect to Y and q, denoted by I xy,? T.  

An U-liberal semigroup S(U)  is called left C-Ehresmann if U is a sub- 
semigroup of S such that S(U)  satisfies the ET-condition and U S  C_ Su for 
all u E u. 

The following is a construction theorem of left C-Ehresmann semi- 
groups. 

Theorem 4.1. Let T = (Y;T,) be a C-Ehresmann semigroup and S = 
U S,, where S, = I ,  x T,, I ,  is a non-empty set. Let U = {(i,l~-)Ii E 

(rEY 
I,,a E Y } .  For any y 5 a in Y ,  let 

: S, -+ %(Ir) by (i, a)  H $2;;) 

satisfies the following conditions for any a ,  p E Y: 

(i) for any ( i ,a)  E S,, $$,‘El is the constant mapping on  I,, whose value 

(ii) for any (i, a )  E S, and ( j ,  b) E So, $!$$fib is the constant mapping 

(iii) for any 6 5 ap E Y, +zips”) = +~,‘~)+gf), where k =< +!$,$g$ >. 

is i; 

on  I,p, whose value is denoted by < $,,& P,ap >; (i a) + ( A b )  

Then S ( U )  forms a left C-Ehresmann semigroup under the multiplication 

for all (2 ,  a )  E S, and ( j ,  b) E So. 

above manner. 
Conversely, every left C-Ehresmann semigroup can be constructed in the 

We give here an example to illustrate that not all quasi-adequate semi- 
groups are good quasi-adequate. 
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Example 4.1. Let S be a semigroup with the following Caylay table

e mn l fghabctwqrso

m

f

e mn 1 0 0 0 abctwqrsO
mm I 1 0 0 0 t b s t q qr sO
n 1 nlOOOwrcqwqrsO
1 1 11oooqrsqqqrso
0 O OO f g h O OOO O OOOO
0 o o o g g g o o o o o o o o o
0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 a b c 0 0 0 0 0 0 0 0 0 .
0 O O O b b b O O O O O O O O O
0 o o o c c c o o o o o o o o o
0 0 00 t b s O OOO O OOOO
0 O O O w r c O O O O O O O O O
0 0 o o oq r s o o o o o o o o o
0 O O O r r r O O O O O O O O O
0 o o o s s s o o o o o o o o o
0 0 0 0 0 0 0 0 0 0 0 00000

By direct computation, E(S) = {e, m, n, I, f, g, h, 0} is a band and

= {{e}, {m}, {n}, {I}, {f,a,t,w,q}, {g,h,b,c,r,s}, {0}},

= {{e,«}, {m,b,t}, {n,c,w}, {l,q,r,s}, {/}, {#}, {h}, {0}}.

Thus 5 is a quasi-adequate semigroup. Since 6 = t§ U {(g, ft), (ft,3)} but
(a<7, aft) = (b, c) & 5, S is not good quasi-adequate.

We provide here a method of construction for quasi-C-Ehresmann semi-
groups.

Theorem 4.2. Let T = [Y; Ta] be a C-Ehresmann semigroup, I = [Y\ Ia] a
left regular band and A = [Y; Aa) a right regular band, let %{A) be the right
transformation semigroup acting on A and %(I) the left transformation
semigroup acting on I. If the following mappings

£ • I I (I x T ) -

n: (J (Ta x Aa) -> 7;(A), ( I , A) i-> (x,

satisfy the following conditions and their duals

(LI) if(i,z) E I,xT, andj E I,, then (i,z)~j E I , p ;
(Lz) if a < IP in (L1) for a, P E Y, then (i, z)ffj = i;
(L3) if (i, x) E I, x T’ and (j, y) E Ip x Tp, then (i,
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Then S ( U )  = u (I, x T, x A,) forms a quasi-C-Ehresmann semigroup, 
,GY 

where U = U (I, x ( 1 ~ ~ )  x A,) , under the following multiplication: 
CiEY 

( 4  x ,  w, Y ,  CL) = ( ( 4  x>% X Y ,  X ( Y ,  PI* ) .  

Conversely, every quasi-C-Ehresmann semigroup can be constructed by  
the above manner. 

5. Some applications 

Let S be a semigroup. Denote the equivalent relations ,?(s), eE(S) 
and GE(') by Q , C , R  and <, respectively. In fact, the notations of 2,g 
and were first mentioned by El-Qallali [4] . If S(E(S ) )  is a E(S)-liberal 
semigroup, that is, every a-class of S contains an idempotent of S ,  then 
S is called liberal and in this case, we simply denote by a'. Simi- 
larly, if S(E(S ) )  is an orthodox E(S)-liberal semigroup, that is, U = E(S) ,  
then S is said to be a full orthodox liberal semigroup. If S ( E ( S ) )  is an 
C-Ehresmann semigroup, then we simply call the semigroup S a full Ehres- 
mann semigroup with central idempotents (see [36]). 

Now, we let T be an unipotent semigroup. Then the direct product 
S = I x T x A of a rectangular band I x A with T is called the rectangular 
unipotent semigroup. In particular, the direct product S = I x T of a 
left zero band I and a unipotent semigroup T is called a left unipotent 
semigroup. Right unipotent semigroups can be dually defined [6]. It can be 
easily proved that S is a C- full Ehresmann semigroup if and only if S is a 
semilattice of unipotent semigroups and that S is a left C-full Egresmann 
semigroup if and only if S is a semilattice of left unipotent semigroups. 

Hereafter, a semigroup T = [Y;T,] is called a C-full Ehresmann semi- 
group if T itself is a C-full Ehresmann semigroup which can be expressed 
as a semilattice of unipotent semigroups T,(a E Y ) ,  and the semigroup 
S = [Y; I ,  x T,] is said to be left C-full Ehresmann when S itself is a left 
C-full Ehresmann semigroup which can be expressed as a semilattice of left 
unipotent semigroups S, = I, x T,(a E Y ) .  

The structure of orthodox liberal semigroups and quasi-C-full Ehres- 
mann semigroups can be described by the following theorem: 

Theorem 5.1. The following statements are equivalent for a semigroup S: 

- - -  

(a) S is an orthodox liberal semigroup; 
(ii) S is a semilattice of rectangular unipotent semigroups S,(a E Y )  and 

E ( S )  i s  a subsemigroup of S;  



328 

(iii) S i s  a semi-superabundant semigroup satisfying the (C)  condition and 
E (S )  i s  a subsemigroup of S.  

Theorem 5.2. A semigroup S is a quasi-C-full Ehresmann semigroup if 
and only i f  S i s  isomorphic to  a spined product S1 XT S2 of a left c- 
full Ehresmann semigroup S1 = [Y; I ,  x T,] and a right C-full Ehresmann 
semigroup S2 = [Y; T, x A,] having a common C-full Ehresmann semigroup 
component T = [Y;T,] with respect to  the semigroup homomorphisms 4 : 
(i, z) H z f o r  ( i ,  z) E S1 and + : (z, A) H z f o r  (z, A) E S2. 

Following Fountain [ll], a semigroup S is said to be superabundant if 
every H*-class of S contains at least one idempotent of S .  He observed that 
if S is a superabundant semigroup then l-t* = % = 6, and, for any a E S ,  
a' = aQ. 

Now, we give the following definition. 

Definition 5.1. A superabundant semigroup S is called orthodox su- 
perabundant if E ( S )  forms a subsemigroup of S. In particular, a super- 
abundant semigroup with central idempotents is called a C-superabundant 
semigroup. An orthodox superabundant semigroup S is said to be 
left C-superabundant; right C-superabundant and quasi-C- superabun- 
dant,respectively when E ( S )  forms a left regular band; a right regular band 
and a regular band, respectively. 

We have the following lemma. 

Lemma 5.1. Let S be an  orthodox superabundant semigroup. Then  S i s  an 
orthodox liberal semigroup which can be expressed as a semilattice of direct 
products of cancellative monoids and rectangular bands. I n  particular, if S 
i s  a left (resp., right) C-superabundant semigroup, then S is a left (resp., 
right) C-full  Ehresmann semigroup which is expressible as a semilattice of 
direct products of cancellative monoids and left (resp., right) zero bands. 

Recall that a semigroup S = [Y; I ,  x T,] [resp., S = [Y; T, x A,] is said 
to be a left [resp., right] C- superabundant if S is a left [resp., right] C- 
superabundant which can be expressed as a semilattice of direct products of 
left zero bands and cancellative monoids I ,  x T,(a E Y) (resp., cancellative 
monoids and right zero bands (T, x A, ). Then, by Fountain [ll], one can 
easily show that a semigroup S is C-superabundant if and only if S is a 
semilattice of cancellative monoids. Thus, a C-superabundant semigroup 
S = [Y; T'] is C-superabundant which can be expressed as a semilattice of 
cancellative monoids T,(a E Y ) .  
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The following theorem characterizes the quasi-C-superabundant semi- 
groups. In fact, it also gives a method of construction of such semigroups. 

Theorem 5.3. Let S be a semigroup. Then S is a quasi-C-superabundant 
semigroup if and only if S i s  isomorphic to a spined product S1 X T S ~  of a left 
C-superabundant semigroup S1 = [Y; Ia x T,] and a right C-superabundant 
semigroup 5'2 = [Y; T' x A,] having a common C-superabundant semigroup 
component T = [Y;T,] with respect to the semigroup homomorphisms (p : 
( i ,  z) t-+ z for  (i, z) E S1 and $J : (2,  A) H z for (.,A) E Sz. 

It is well known that a regular orthogroup S is a completely regular 
semigroup whose set of idempotents E ( S )  forms a regular band. Such regu- 
lar orthogroups were called quasi-C-semigroups. By observing that regular 
orthogroups are quasi-C-superabundant regular semigroups and cancella- 
tive regular monoids are groups, we re-obtain the following known theorem 
in [36]. 

Theorem 5.4. The following statements are equivalent : 

(a) A semigroup S is a quasi-C-semigroup i f  and only i f  S i s  isomorphic 
to a spined product S1 X T  S2 of a left C-semigroup S1 = [Y; I ,  x T,] 
and a right C-semigroup Sz = [Y;Ta x A,] having a common Clif- 
ford semigroup component T = [Y;T,] with respect to the semigroup 
homomorphisms (p : ( i ,  z) H z for ( 2 ,  z) E S1 and $J : (2, A) ++ z for 

(ii) A semigroup S is a quasi-C-semigroup if and only if S can be express- 
ible as the semi-spined product of a Cliflord semigroup, a left regular 
band and a right regular band. 

(iii) A semigroup S is a quasi-C-semigroup if and only if S can be express- 
ible as a A-product of a Clafford semigroup, a left regular band and a 
right regular band. 

(.,A) E s 2 .  

6. Conclusion 

According to Fountain [ll]  and Lawson [32], the relations C* and zu on S 
are defined by 

L* = { ( c L , ~ )  E S x S ( ( ' d ~ , y  E S') az  = ay 
ZU = ( ( a ,  b) E S x SlUl = U;}. 

bz = by} ,  

The equivalent relation 2 [= ,?s] on S was first discussed - -  by El-Qallali in 
[4]. The left congruence R* and the equivalent relations R, RU on S can 
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- 
be defined dually. The equivalent relations '?I*, 'FI and Gu are defined by 

%* =L*nR*, g=,EnE, G u = E u n E U .  

It is clear that the results of C [ C* , E and zu, resp.] are duals of R [ R*, 
and gu, resp.]. 
Let p and (T be equivalent relations on the semigroup S. Then, we have 

the following statements: 

(1) (p ,  U)-surjective if for any a E S,  /Pa n U J  L 1; 
( 2 )  strongly (p ,  U)-surjective if for any a E S, \pa n Val = 1; 
(3) super (p ,  U ;  a)-surjective if S is strongly (p ,  U)-surjective and for any 

a E S ,  the unique element in pa f l  Ua is a-equivalent to a. 

It is evident that we have the following properties for p and a) on S: 

super(p, U ;  a)-surjective ===+- strongly ( p ,  U)-surjective =+ 
(p ,  U)-surjective. 

By using the above notations, we call a semigroup S a completely regular 
if S is (X, Es)-surjective. Denote the class of completely regular semigroups 
by CReg. The structure of completely regular semigroups has been fully 
described in [39]. 

The following results can be used to describe various types of generalized 
regular semigroups and generalized rpp semigroups. 

Lemma 6.1. Let a E S and e E Es. Then the following statements hold: 

(i) L c_ C* c_ Ec_ Eu; 
I 

(ii) C ( E ~  = C * ( E ~  = L ( E ~  and Eu(u = C(u;  
(iii) if S E Rpp, then 
(iv) if S E Reg, then C = C* = z; 
(v) (a, e) E C* if and only if e E I: and, for all x, y E S1, a x  = ay implies 

(vi) each G'-class in S contains at most one element of U .  

= C*; 

ex = ey; 

By applying Lemma 6.1, we can easily see that, for a semigroup S, we 
have the following terminologies: 

(flu, U)-surjective = strongly (Gu, U)-surjective, 

('6, &)-surjective = strongly (G, Es)-surjective, 

( H * ,  Es)-surjective = strongly ( H * ,  Es)-surjective, 
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Class 

completely regular semigroups 
regular semigroups 

superabundant semigroups 
abundant semigroups 

Notation Definition 
('HI Es)-surjective CReg 
(C, Es)-surjective or, 
alternatively, (R, ES)-surjective 
('H*, ES)-surjective SA 
(C*, E s )  and (R*, E.q)-suriective Ab& 

Reg 

~~ 

super rpp semigroups I super (L*, ~ . 9 ;  *)-surjective TS~R 
strongly rpp semigroups 
rpp semigroups 
semi-superabundant semigroups 

~~ 

strongly (C*, ES)-surjective SR 

(g ,  Es)-sur.ject ive SSA 
(C*, ES)-surjective RPP 

~ 

semiabundant semigroups I (2, E.9) and (E,  E.9)-surjective r A b s  ~ 

strongly semi-rpp semigroups 

semi-rpp semigroups 

strongly (2, ES)-surjective 
(2, ES)-surjective 

P-semi-superabundant 
semigroups 
P-semiabundant semigroups 
strongly P-semi-rpp semigroups 

P-semi-rpp semigroups 

(GU, U)-surjective 

(Cu, V )  and (E', U)-surjective 
strongly (Z', U)-surjective 

(F, U)-surjective 

PAbS 
SPSrrp 
calPSrrp 

(9 

(ii) 

In the above table, the dual of a " rpp " semigroups is a " Ipp " 
semigroup. Consequently,the dual classes of the classes of semigroups 
Rpp, SR, SuR, SSR and SFSrrp are the classes of the semigroups 
Lpp, SL, SuL, SSL and SF'Slpp, respectively. 
In the last four cases in the table, the set U is the  set of all projections 
of S, and S with such a subset U of (E(S) is denoted by S(U) .  The P -  
semiabundant semigroup S( U )  was called a U-semiabundant semigroup 
by Lawson in [33]. The Rees matrix semigroups investigated by Lawson 
in [33,34] are in fact the P-semi-superabundant semigroups. 

Furthermore, we can also see that SA, SSA and PPSSA are the general- 
izations of CReg in the categories of abundant semigroup, semiabundant 
semigroup and P-semiabundant semigroup, respectively. In a recent paper 
[27], it has been shown by Y. He, Chen and Shum that SR, SSR and 

(H, ES)-surjective = strongly (H, ES)-surjective.

In closing, we give a table which provides useful information for sev-
eral known classes of generalized regular semigroups and generalized rpp
semigroups.
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SPSR are generalizations of CReg in the categories rpp semigroups, semi- 
rpp semigoups and ?-semi-rpp semigroups, respectively. Hence, we can 
call the members of SA, SSA, PSSA, SuR, SR, SSR, SPSR, SuL, SL, 
SSL and SPSR the generalized completely regular semigroups We notice 
that many results in CReg have already been generalized into SA, SuR 
and SR ( see [12,14,15,21,24,29,41,44,46,48,51] ). Thus, by using the above 
table as an aid, we can establish a platform for various kinds of general- 
izations of rpp semigroups and we can therefore further study their mutual 
relationships systematically. 

Finally, we propose a problem: By using the techniques proposed by 
Lawson ( see [33-35]), can we establish a Rees Matrix cover theorem for a 
quasi-adequate semigroup or a type A-semigroup ? 

Acknowledgement 

The author would like to thank Professor Mario Petrich for giving him many 
valuable comments and helpful suggestions concerning the presentation of 
this paper. 

References 
1. Armstrong S., The structure of type A semigroups, Semigroup Forum 29 

(1984), no. 3, 319-336. 
2. Clifford A. H. and G. B. Preston, The algebraic theory of sernigroups, Vol. I 

& Vol. 11, Math. Surveys of the American Math. SOC., Providence R.I., (1961) 
& (1967) 

3. Du L. and K. P. Shum , On left C-wrpp semigroups, Semigroup Forum 67 
(2003), no. 3, 373-387. 

4. El-Qallali A., On the construction of a class of abundant semigroups, Acta 
Math. Hung., 1990, 56(1-2), 77-91. 

5. El-Qallali A., Abundant semigroups with a multiplicative typeA transversal, 
Semigroup Forum ,1993, 47, 327-340. 

6. El-Qallali A., L*-unipotent semigroups, J. Pure and Applied 
Algebra,( 1989) ,19-23. 

7. El-Qallali A. and J. B. Fountain , Quasi-adequate semigroups, Proc. Roy. 
SOC. Edinburgh Sec. 91A (1981), 91-99. 

8. El-Qallali A. and J. B. Fountain , Idempotent-connected semigroups, Proc. 
Roy. SOC. Edinburgh Sec.,91A (1981), 79-90. 

9. Fountain J. B., A class of right PP-monoids. Quart. J. Math., Oxford Ser., 
(2) 28 (1977), no. 111, 285-300. 

10. Fountain J. B., Adequate semigroups, Proc. Edinburgh Math. SOC., 22 (1979), 

11. Fountain J. B., Abundant semigroups, Proc. London Math. SOC. (3) 44 
113-125. 

(1982), 103-129. 



333 

12. Fountain J. B., G. M. S. Gomes and V. A. Gould , A Mum type repre- 
sentation for a class of E-semiadequate semigroups, J. Algebra, 218( 1999): 

13. Gomes G. M. S. and V. A. Gould , Fundamental Ehresmann semigroups, 
Semigroup Forum, 63(2001): 11-33. 

14. Guo X. J., Abundant left Glpp proper semigroups, Southeast Asian Bull. 
Math., 2000, 23, 41-50. 

15. Guo X. J., K. P. Shum and Y. Q. Guo , Perfect rpp semigroups, c o r n .  
Algebra ,29 (2001), no. 6, 2447-2459. 

16. Guo X. J, Y .  Q. Guo and K. P. Shum , On left abundant semigroups, C o r n .  
in Algebra, Vol 32, no 6,2061-2085, 2004. 

17. Guo X. J. and K. P. Shum , On translational hulls of type-A semigroups. J. 
Algebra, 269 (2003), no. 1, 240-249. 

18. Guo X. J., K. P. Shum and L. Zhang , Regular F-abundant semigroups, 
Comm. Algebra 33 (2005), no. 12, 4383-4401. 

19. Guo X. J., Y. Q. Guo and K. P. Shum , Semispined product structure of left 
C-a semigroups, In: Semigroups edited by K.P. Shum, Y .  Q. Guo, M. Ito and 
Y. Fong , Springer-verlag, Singapore,l995., p.157-166. 

20. Guo X. J. and K. P. Shum , On left cyber groups. Int. Math. J., 5 (2004), 
no. 8, 705-717. 

21. Guo X. J. and L. M. Wang , Idempotent-connected abundant semigroups 
which are disjoint unions of quasi-ideal adequate transversals, Comm. in Al- 
gebra, 2002, 30, 1779-1800. 

22. Guo, X. J. and K. P. Shum , Left semi-perfect abundant semi-groups of type 
W, Proc. Roy. SOC. Edinburgh Sect. A 135 (2005), no. 3, 603-613. 

23. Guo Y. Q., K. P. Shum and Zhu P.Y. , The structure of left C-rpp semigroups, 
Semigroup Forum , 1995 , 50(1):9-23. 

24. Guo Y. Q., K.  P. Shum and P. Y. Zhu , On quasi-C-semigroups and some 
special subclasses, Algebra Colloquium, V.6, N.l (1999), 105-120. 

25. Hall T. E. , On regular semigroups. J. Algebra, 24 (1973), 1-24. 
26. He Y., F. Shao and Shi-gun Li and W. Gao , On left C-U-liberal semigroups, 

Czechoslovak Math. J. 56(131), (2006), no. 4, 1085-1108. 
27. He Y., Chen Y .  Q. and K. P. Shum , Projectively condensed Semigroups, ( 

to appear in Acta %lath Hung. Sci., 2008). 
28. Howie J. M., Introduction to Semigroups,Academic Press,1976. 
29. Kong X. Z. and K. P. Shum , On the structure of regular crypto semigroups 

, Comm. Algebra, 29 (2001), no. 6, 2461-2479. 
30. Kong X. Z. and K. P. Shum , A structure theorem of generalized superabun- 

dant semigroups , ( to appear in Algebra Colloqium 2008). 
31. Lawson M. V. , The structure of type-A semigroups, Quart. J. Math. Oxford 

32. Lawson M. V. , The natural partial orders on an abundant semigroups , Proc. 
Edinburgh Math. SOC. 1987, 30, 169-186. 

33. Lawson M. V. , Abundant Rees matrix semigroups , J. Austral. Math. SOC. 
(Series A) 1987, 42, 132-142. 

34. Lawson M. V. , Rees matrix semigroups , Proc. Edinburgh Math. SOC., 1990, 

693-714. 

(2), 1986, 37, 279-298. 



334 

33: 23-37. 
35. Li G. and K. P. Shum , A Rees matrix representation theorem for U-semi- 

superabundant semigroups , Int. Math. J., 3 (2003), no. 3, 353-363. 
36. Li G., Y. Q. Guo and K. P. Shum , Quasi-C-Eliresmann semigroups and their 

subclasses, Semigroup Forum , 70 (2005), no. 3, 369-390. 
37. Pastijn F. , A generalization of Green’s equivalence relations for halfgroupoids 

, Simon Stevin 49 (1975/76), no. 4, 165-175. 
38. Petrich M. , The structure of completely regular semigroups , Tkans. Amer. 

Math. SOC. 1974(189):211-236. 
39. Petrich M. and N. R. Reilly , Completely Regular Semigroups , A Wiley & 

Sons, Intersience Publication, (1999). 
40. Ren X. M. and K. P. Shum , The structure of L*-inverse semigroups , Sci. 

China Ser. A 49 (2006), no. 8, 1065-1081. 
41. Ren X. M. and K. P. Shum , Supper abundant semigroups ,Science in 

China,Series A,( 2004) No. 1,l-15. 
42. Ren X. M. and K. P. Shum , The structure of superabundant semigroups , 

Sci. China Ser. A 47(5), 2004, 756-771. 
43. Shum K. P. and Y. Q. Guo , Regular semigroups and their generalizations 

, “Rings, groups, and algebras”, 181-226, Lecture Notes in Pure and Appl. 
Math., 181, Dekker, New York,l996. 

44. Shum K.  P. and X. M. Ren , Abundant semigroups with left central idem- 
potents , Pure Math. Appl., 10 .(1999), no. 1, 109-113. 

45. Shum K.  P., X. J. Guo and X. M. Ren , (l)-Green’s relations and perfect rpp 
semigroups , Proceedings of the Third Asian Mathematical Conference, 2000 
(Diliman), 604-613, World Sceintific Inc (2002). 

46. Shum K. P., X. M. Ren and Y. Q. Guo , On C*-quasiregular semigroups , 
Comm. Algebra,1999,27 (19) ,4251-4274. 

47. Shum K.  P. and X. M. Ren , Abundant semigroups and their special sub- 
classes , Proceedings of the International Conference on Algebra and its 
Applications ,(ICAA 2002) (Bangkok) ,66-86,Chulalongkorn Univ., Bangkok, 
2002. 

48. Shum K.  P. and X. M. Ren , On generalized orthogroups , Comm. Algebra 
29,2001,no. 6, 2341-2361. 

49. Shum K. P. and X. M. Ren , The structure of right C-rpp semigroups , 
Semigroup Forum ,68 (2004), no. 2, 280-292. 

50. Yamada M. , Orthodox semigroups whose idempotents satisfy a certain iden- 
tity , Semigruup Forum, 6 (1973), 113-128. 

51. zhu P.Y., y. Q. Guo and K. P. Shum , Struture and chacterizations of left 
C* semigroups , Science in China, Series A, 6(1992):791-805. 



Advances in Algebra and Combinatorics 
edited by K. P. Shum et al. 
@ 2008 World Scientific Publishing Co. (pp. 335-352) 

CONFORMAL FIELD THEORY AND MODULAR FUNCTOR 

KENJI UENO 
Department of Mathematics, Graduate School of Science, 

Kyoto University, Kyoto, 606-8502, Japan 
E-mail: ueno@math. kyoto-u.ac.jp 

1. Introduction 

In the preset paper we shall report our recent results with J. E. Andersen 
([l-31) on Modular Functor and Topological Quantum Field Theory . 

Conformal field theory (CFT) is a functor from the category of pointed 
Riemann surfaces with coordinates to the category of finite dimensional 
complex vector spaces, which satisfies several basic properties (see 53 be- 
low). Modular functor (MF) is a functor from the category of pointed ori- 
ented surfaces with tangent vectors and Lagrangian subspace to  the cat- 
egory of finite dimensional complex vector spaces, which satisfies similar 
properties to those of conformal field theory (see 52). The difference is that 
CFT does depend on a complex structure of a surface but MF only depends 
on a differentiable structure of a surface. Nevertheless we can construct a 
modular functor by using non-abelian and abelian conformal filed theories 
([1,2]), and the naturally defined projectively flat connections. 

Modular functor defines Topological Quantum Field Theory (TQFT) 
([6,15]), which gives invariants of three dimensional manifolds. Thus, to 
construct TQFT is is enough to construct MF. 

In the following, we shall discuss how to  construct MF form CFT. De- 
tails can be found in our paper [2]. 

2. Modular Functor 

In this section, we shall give the axioms for a modular functor. These are 
due to G. Segal ([9]). We present them here in a topological form which is 
due to K. Walker [15] ( see also [S]). 

By a closed surface, we mean a smooth real two-dimensional manifold. 
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For a closed oriented surface C of genus g we have the non-degenerate 
skew-symmetric intersection pairing 

(.,.) : H l ( C , Z )  x H l ( C , Z )  + z. 
Suppose C is connected. In this case a Lagrangian subspace L c H1(C, Z) 
is by definition a subspace, which is maximally isotropic with respect to the 
intersection pairing. A %basis (6, @) = (al ,  . . . , ag, PI,. . . Pg) for H I ( &  Z) 
is called a symplectic basis if 

for all i, j = 1, . . . , g .  
For any real vector space V ,  we define PV = (V \ {O})/R+. 
A pointed surface ( C ,  P )  is an oriented closed surface C with a finite set 

P c C of points. A. A morphism of pointed surfaces f : (XI, PI)  --+ (C2, P2) 
is an isotopy class of orientation preserving diffeomorphisms which maps 
PI to Pz. 

A marked surface X = ( C ,  P, V ,  L )  is an oriented closed smooth surface 
C with a finite subset P c C of points with projective tangent vectors 
V E UpEpPTpC and a Lagrangian subspace L C H I ( &  Z). 

A morphism f : X 1  -+ X 2  of marked surfaces Xi = (Ci,Pi,V,,Li) is 
an isotopy class of orientation preserving diffeomorphisms f : C1 -+ C2 

that maps (PI ,  V1) to (Pz, V2) together with an integer s. Hence we write 

Let (C, {p-,p+} U P, {w-, w+} U V, L )  be a marked surface, where we 
have selected an ordered pair of marked points with projective tangent 
vectors ( ( p - ,  w-), (p+,w+)), at which we will perform the glueing. Let 
c : P(T,-C) -+ P(Tp+C) be an orientation reversing projective linear iso- 
morphism such that c(w-) = w+. Such a c is called a glueing map for C .  
Let 2 be the oriented surface with boundary obtained from C by blowing 
up p- and p+, i.e. 

f = (f,s). 

with the natural smooth structure induced from C .  Let now C ,  be the 
closed oriented surface obtained from 2 by using c to glue the bound- 
ary components of 2. We call C ,  the glueing of C at the ordered pair 
( ( p - ,  v-), (p+ ,  w+)) with respect to c. 

Let now C’ be the topological space obtained from C by identifying p- 
and p + .  We then have natural continuous maps q : C, -+ C’ and n : C -+ C’. 
On the first homology group n induces an injection and q a surjection, so 
we can define a Lagrangian subspace L, C H I  (C,, Z) by L, = q1-l (n, ( L ) ) .  
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We note that the image of P(Tp- C) (with the orientation induced from 2) 
induces naturally an element in H1(C,, Z) and as such it is contained in L,. 

Let 2 = ( C ,  { p - , p + }  U P, {v-, v+} U V, L )  be a marked surface. Let 

c : P(Tp-C) --+ P(Tp+C) 

be a glueing map and C, the glueing of C at the ordered pair 
((p-,v-),(p+,v+)) with respect to c. Let L, C Hl(C, ,Z)  be the La- 
grangian subspace constructed above from L. Then the marked surface 
2, = (Cc, P,V,Lc) is defined to be the glueing of 5 at the ordered pair 
((p-,v-), ( p + ,  v+)) with respect to c. 

To define Modular Functor we need a label set. A label set A is a finite 
set furnished with an involution X I--+ At and a trivial element 0 such that 
0t = 0. Let A be a label set. The category of A-labeled marked surfaces 
consists of marked surfaces with an element of A assigned to each of the 
marked point and morphisms of labeled marked surfaces are required to 
preserve the labelings. An assignment of elements of A to the marked points 
of 2 is called a labeling of 2 and we denote the labeled marked surface by 
(2, A), where X is the labeling. 

Definition 2.1. A modular functor based on the label set A is a functor 
V from the category of labeled marked surfaces to the category of finite di- 
mensional complex vector spaces satisfying the axioms MF1 to MF5 below. 

MF1( Disjoint union axiom): For any pair of labeled marked surfaces, 
there is an isomorphism 

V((21, X l )  LJ ( $ 2 ,  X 2 ) ) )  V (%,  XI) 63 V(22, X 2 ) .  

The identification is associative. 
MF2 (Glueing miom): Let 2 and 2, be marked surfaces such that 2, is 
obtained from 5 by glueing at an ordered pair of points and projective tan- 
gent vectors with respect to a glueing map c. Then there is an isomorphism 

V(%, @ V ( 2 ,  P, P,  4, 
P E A  

which is associative, compatible with glueing of morphisms, disjoint unions 
and it is independent of the choice of the glueing map in the obvious way. 
MF3 (Empty surface axiom): Let 0 denote the empty labeled marked sur- 
face. Then 

dirn@V(0) = 1. 
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MF4 (Once punctured sphere miom): Let 2 = (S2, { p } ,  {w}, 0 )  be a marked 
sphere with one marked point. Then 

1 , X = O  
dirncV(2, A) = ( O , x # O .  

MF5 (Twice punctured sphere miom): Let 5 = (S2, { p l , p 2 } ,  (01, wz}, (0)) 
be a marked sphere with two marked points. Then 

3. Conformal Field Theory 

A pointed Ftiemann surface with formal neighbourhoods 

x = (C; Q1, . . ., Q N ;  71,. . . , 7 N )  

consists of a Ftiemann surface C and an ordered N-tuple of N distinct 
points (q1, . . . , q N )  on C together with formal neighbourhoods 

7j : %,q3 C"&ll 

f o r j = l ,  ..., N .  

3.1. Non-Abelian Conformal Field Theory 

Let us first consider non-abelian conformal field theory (WSWN model). 
Let g be a simple Lie algebra over the complex numbers C, which we 

fix throughout the paper. Let ti be its Cartan subalgebra. 
Let (,) be a constant multiple of the Cartan-Killing form of the simple 

Lie algebra g. For each element of X E fj, there exists a unique element 
H A  E f j*  such that 

X(H) = ( H A , H )  

for all H E fj. For a E A, Ha is called the root vector corresponding to the 
root a. 

On fj* we introduce an inner product by 

(A, P )  = ( H A ,  H p ) .  

Let us normalize the inner product (,) by requiring that 8, the highest (or 
longest) root, has length squared 

(e,  e) = 2. 
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A weight X E l& is called an integral weight if 

2(X,a)/(a,a) E z 

w(X) 5 

for any a E A. A weight X E tj; is called a dominant weight if 

for any element w of the Weyl group W of g. By P+ we denote the set 
of dominant integral weights of 8. A weight X is the highest weight of an 
irreducible left g-module if and only if X E P+. Let Vx be the irreducible 
left g-module of highest weight A. It is well-known that a finite dimensional 
irreducible left 8-module is a highest weight module and two irreducible left 
g-modules are isomorphic if and only if they have the same highest weight. 

Let w be the longest element of W .  Then we define an involution t on 
p+ by 

A+ = -w(X). 

One has that the opposite of dual of the left-8-module V, is isomorphic to 
left-g-module V,t, meaning there exists a non-degenerate g-invariant perfect 
pairing 

(,) : vx 63 v,, + c. 

Ll = 8 8 a=((<)) a3 @c, 

The affine Lie algebra $ over @((<)) associated with 8 is defined to be 
A 

where c is an element of the center of $ and the Lie algebra structure is 
given by 

[X 63 f(<), Y 8 g(E)] = 1x9 YI 63 f (E )g (<)  + c * (X, y> Res(g(J)df(<)), 

x, y E 8, f(<), 9(<) E C ( ( 0 ) .  

{=O 

for 

Let us fix a positive integer C (called the level) and put 

Pe={XEP+1O<(O,X><e}.  

For all levels C we observe that t takes Pe to itself. 

Theorem 3.1. For each X E Pe, there exists a unique left $-module X x  
(called the integrable highest weight $-module of level C) satisfying the fol- 
lowing properties. 
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(1) Vx = { Iv) E 7-Ix I g+Iw) = 0 )  is the irreducible left g-module with 

(2) The central element c acts on ‘HA as f 2 .  id. 
(3) 7 - l ~  is generated by Vx over g- with only one relation 

highest weight A. 

where Xe E g is the element corresponding to the maximal root 6 and 
IA) E Vx is a highest weight vector. 

We use the following notation 

X ( n )  = X atn,  X E g 

where z is a variable. The normal ordering z is defined by 

X ( n ) Y ( m ) ,  n < m, 
z X ( n ) Y ( m )  = ? j ( X ( n ) Y ( m )  + Y(m)x(n) )  n = m, 

n > m. i y ( m ) X  (n) 

Note that, if n > m and X = Y ,  we have 

z X ( n ) X ( m )  z = X ( n ) X ( m )  - n6n+m,0(X, X )  c. 

The energy-momentum tensor T ( z )  of level f2 is defined by 

. dimg 

where { J 1 ,  J 2 , .  . . , Jdime} is an orthonormal basis of g with respect to the 
Cartan-Killing form (,) and g* is the dual Coxeter number of 8. 

Put 

Then we have the expansion 

T ( z )  = c L,z-”-Z 
nEZ 

The operator L, is called the n’th Virasoro operator and it acts on ‘HA. 
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d d 
dz 

For X E g, f = f (z)  E C((z))  and k = !(z)- E C((z) )z l  we use the 
following notation. 

In particular, we have 
d Lo = T[&--]. 
dt 

To define a filtration {F.} on 7ixl we first define the subspace 
‘HA for a non-negative integer d by 

NA(d) = { Iv) E ‘ H A  I L o b )  = (d+ A d 1 4  1, 
where 

The subspaces ?tx(d) are finite dimensional vector space and one has that 

Now we define the filtration { F p N ~ }  by 

Put 

Then the dual space ‘Hi of Nx is defined to be 

By our definition 7-l; is a right 5-module. A decreasing filtration {FPNfi} 
is defined by 

FPN: = n Xi@). 
d 2 p  

There is a unique canonical perfect bilinear pairing 
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The Lie algebra & is defined as 
N 

A 

gN = @ g @c c((rj)) @ cc 
j=1 

with the following commutation relations. 
N 

[(Xj €3 fj), (y3 63 g j ) ]  = ([Xj,Y,1€3 fjgj) + CC(x37y3) $$wJ%) 
j=1 

where (a j )  means (al, a2,. . . , UN) and c belongs to the center of $N. 

with formal neighbourhoods and define 
Let X = (c; qi, q2 ,  . . . , QN; 71, ~ 2 ,  . . . , VN) be a pointed Nemann Surface 

N 

$(X) = g @c Oc(* &)). 
j=1 

We have the natural embedding 
N N 

t = @ti : Oc(* c Q j ) )  - @C((G)) 
3=1 j=1 

given by Laurent expansion using the formal neighbourhoods. In the fol- 

lowing we often regard Ho(C, Oc(* C:=, q j ) )  as a subspace of @C((&)). 

One has by lemma 1.1.15 in [14], that $(X) is a Lie subalgebra of $N. 

the left $N-module 7 - t ~  and a right $N-module 7 - t ~  are defined by 

N 

j=1 

Let us fm a non-negative integer 1. For each x' = (XI, . . . , AN)  E (Pe)N,  

7-tX = 7ix1 €3c. * * €3c X x ,  
7-t; = 7 - t p c . .  . €3@7-tAN. - t  

The hats over the tensor product means that the algebraic tensor product 
has been completed with respect to the induced filtration. 

For each element Xj E g, f((j) E C((&)), the action pj of Xj[fj] on 7 - i ~  
is given by 

pj(xj[fjl)lvl @'*.@vN) = Ivl€3'...€3vj-l€3(xj[fj])vj @vj+l@*"vN)  

where Ivi@*.-@viv) means l v 1 ) € 3 . - . @ 1 ~ ~ ) ,  Ivj) E 7 - l ~ ~ .  The leftzN-action 
is given by 

N 

( x i  €3 fi, . . . , XN €3 fN)lvi €3 . . . vnr) = C pj(xj[fj])lvi €3 . * * vN). 

j=1 
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Similarly, the right ZN-action on Hi is defined by 

N 
(ul '8 ' "uNI(x1 '8 f l ,  . * * , x N  '8 fN)  = z ( U 1  '8 ' * *uNlpj(xj[fj]). 

j=1 

As a Lie subalgebra, z(X) operates on Hi and 7-l; as 

N 
(x '8 f)lvl  '8 * * '8 vN) = pj(X '8 t j(f))  lvl '8 * * ' vN) 

j=1 
and as 

N 

(ul '8 * . * '8 uN I(x '8 f) = c ( u i  '8 * * * '8 " ~ I p j  ( x  '8 t j  (f)). 
j=1 

The pairing ( I ) introduced in (1) induces a perfect bilinear pairing 

( I ) : H ; x H X - , c  (2) 
given by 

((u1 @ * * . @ ' u N l ~ l ~ l  @-..NUN)) --+ (ul~vl)(~Z[vZ)"'(uIV(vN) 

which is ZN-invariant: 

(Wfj '8 fj>l@) = ( W X j  €9 fj>W 
Now we are ready to define the space of abelian conformal block attached 

to x. 
Definition 3.1. Assume that X is saturated. Put  

V,;(X) = X$- ls /g(X)Hp 

The vector space Vs(X)  is called the space of covacua attached to X. The 
space of conformal blocks attached to X is defined as 

v p )  = Hom@(v,(X),c). 

One gets that 

V$X) = { (@I E v; I(@[ Z ( r )  = 0 ). 

Moreover, the pairing (2) induces a perfect pairing 
(3) 
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Note that the above definitions can be extended to the case in which the 
curve C may have singularities but the points qj 's  are non-singular point 
of c. 

Theorem 3.2. The vector spaces Vx ( f )  and Vi (p)  are finite-dimensional. 

formal Laurent series as a C-algebra. There is a natural isomorphism 

The following theorem is proved in [ll]. 

We let 2) be the automorphism group AutC((J)) of the field cC((c)) of 

n=O 

h h ( 0  
where the composition h o g of h, g E 2) corresponds to the formal power 
series h(g(<)) .  

Put 

V p  = { h E V I h(<) = E + ~ ~ c ~ + ~  +.  . . } 
for a positive integer p .  Also let 

Set 

D$ = { h E D I h([)  = f alE2 + . . *  , u > 0 } 
d & = { Z(C)- I l ( C )  = a t f a l J 2 + * . .  , a E R }  4 

Then, we have the following result. 

Lemma 3.1. The exponential map 

exp : d -+ v 

is surjective. Moreover, the exponential map induces an isomorphism 
1. - exp(l) 

exp : & N v:. 
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For any element E 23: we define exp(T[i]) by 

Then, exp(T[L]) operates on 'HA from the left and on 1-11 from the right. 
By Lemma 3.1, for any automorphism h E D:, there exist a unique E cii 
with exp(l) = h. Now for h E D: define the operator G[h] by 

G[hl = exp(-T[Ll) (4) 

where exp(l) = h. Then, G[h] operates on 1 - 1 ~  from the left and on 'Hi from 
the right. 

Theorem 3.3 ([14], Theorem 3.2.5). For any hj E D:, J' = 1 , 2 , .  . . , N 
and a pointed Riemann surface with formal neighbourhoods 

X = (C; q1, q 2 ,  . . . , q N ;  t 1 7 5 2 ,  . . . , t N )  

Put 

x ( h )  = ( C ; q i , ~ z , . . . , ~ ~ ; h i ( ~ i ) , h 2 ( ~ 2 ) , .  . . , ~ N ( < N ) ) .  

Then, the isomorphism G[h&. . . G G [ ~ N ]  

1-12 + 1-12 

(41& * * * G ~ N I  ++ (41G[hl]G.. . & ~ N G [ ~ N I I  

induces the canonical isomorphism 

G[L] = G[hi]G - s G [ h ~ ]  : Vi(X) + Vi(X(h)). 

Now let us compare the axioms of M F  and properties of the space of 

Corresponding to MF1 by (3) we have 
conformal blocks. 

V i  ,A, - (XI LJ X2) = VXI (El) 8 V i ,  (X2). 

Corresponding to MF2 we have the following theorem. 

Theorem 3.4. Let X = (C; 41, q2,  . . . , q N ;  771, ~ 2 , .  . . , VN) be a pointed nodal 
cumte with formal neighbourhoods. We let v : + C be the desingulariza- 
tion at the node p .  Put - - 

x = (C; (21,427 . . ., QN , P+, P-; Vl, 72 ,  * . * , V N ,  t+, t-1 
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where u-'(p)  = { p + , p - }  and <+ (resp. E - )  is  a coordinate with center p+ 
(resp. p - . )  Then there exists a canonical isomorphism 

Corresponding to MF3 by Theorem 3.1 and (3) we have 

V(0)  = @, 

since we may regard c( 0) = g. 
Finally corresponding to MF4 and MF5 we have 

Thus our CFT has similar properties to the axioms of MF. But CFT 
does depend on complex structures of Riemann surfaces, namely for pointed 
Riemann surfaces with coordinates 

X = (C; q1,q2 , . . . , q N ;  771,772, . * . , rlN 

X' = (C;  q: , q;, . . . , qL; rl: t 4, . . . I rlL) 

there is an isomorphism 

Vi(X) 11 Vi(X') 
but the isomorphism is not canonical. To study the isomorphism let us 
consider a family of pointed Riemann surfaces with coordinates. 

A family of pointed Ftiemann surfaces with formal neighbourhoods 

8 = ( 7 r C C B ; < i i )  

is the following date: 

(1) Connected complex manifolds C and 8, such that dim&' = dim@B+ 1. 
(2) A holomorphic submersion T : C -+ B. 
(3) Holomorphic sections sj, j = 1 , .  . . , N of 7r. 

(4) Filtered 0s-algebra isomorphisms 
h 

T j j  :: O/,i = l@ 0 y p ;  N 0s"C]], 
n-cc 

where I j  is the defining ideal of sj(f3) in C, j = 1,. . . , N .  
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Let 5 = (T : C -+ B; si,. . . , S N ; ~ ] I , .  . . , V N )  be a family of pointed 

The sheaf ~ N ( B )  of affine Lie algebra over B is the sheaf of 0s-module 
saturated Riemann Surfaces of genus g with formal neighbourhoods. 

N 

s N  (a) = g @C ($ 0L3 ( ( C j ) ) )  @ Oa * C 

j=1 

with the following commutation relation, which is 0s-bilinear. 

[ (x l  €3 f l , .  . - , x N  '8 f N ) ,  (yl @ g l , . - *  , y N  @9gN)] 

N 

= ([Xl,y1] €3 (fi91),. . . Y  [ x N , y N ]  €3 ( f ~ 9 ~ ) )  Cl3 C. c ( x j , q )  Res(gjdfj) 

fj, gj E Oa((&)) and we require c to be central. Put 

E3 =o 
j=l 

where Xj, rj E g, 

35)  = B @c n*(Oc(*S)), 
where we define 

N 

j=1 

7r*(Oc(*S)) = limT*(OC(kS)). 
k 

Laurent expansion using the formal neighbourhoods rlj 's gives an inclu- 
sion: 

N 

f : .rr*(@i(*S>) -+ @ O B ( ( C j ) )  
j=1 

4 

and we may regard s(5) as a Lie subalgebra of &(a). For any X = 

p l y . .  ., AN) E (PelN, Put 
The pairing (2) induces an Oa-bilinear pairing 

( I ) : 7 - p )  x WX(B) --+ Oa. 

The sheaf of affine Lie algebra &(B) acts on ni(B) and 'FIi(B) by 

( (x l  €3 aF'Cr), . . - 7  (XN €3 c akN)<E))(F €3 lQ)) 
nEZ nEZ 
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The action of G p ~ ( f 3 )  on 7d;(l?) is the dual action of 7 d ~ ( B ) ,  that is, 

( s a l e )  = (*la@) for any a E &. 
Now we can define a sheaf Vx(5) of conformal blocks and a sheaf V i ( 5 )  of 
covacua similarly as above. 

Definition 3.2. For the family 5 of pointed Riemann surfaces with formal 
neighbourhoods, we define the sheaves of Oa-modules on B 

Vx((5) = ~x(f3)/5(5W#9 

V ; ( 5 )  = Homo,(Vx(B), 0 3 ) .  

These axe the sheaf of covacua and the sheaf of conformal blocks attached 
to the family 5. 

Note that we have 

v ~ ( s )  = { (\3rl E . ~ : ( 5 )  I (ola = 0 for any a E ii(~) 1. 
For a point b E B put 

56 = (T-'(b); s1 ( b ) ,  * * . 7 S N ( b ) ;  V l ( b ) ,  - * . 7 V N ( b ) ) *  

Theorem 3.5 ([ll]). The sheaves V i ( 8 )  and V i ( 5 )  of conformal blocks 
and covacua are locally free Oa-modules of finite rank and carries projec- 
tively flat connections. In particular we have have 

Vx((5) Cb = Vi((Sb) 

3.2. Abelian Conformal Field Theory 

By using the fermion Fock space we can construct abelian conformal field 
theory. Details can be found in [l]. 

In abelian conformal field theory, to each pointed Ftiemann surface with 
formal neighbourhoods 

x = (C;ql,  * - , q N ; V l ,  . , V N )  

we associate a vector space V:,(X) called abelian conformal block. We can 
prove the following theorems. 
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Theorem 3.6 ([l], Theorem 3.2). For any pointed Riemann surface 
X = (C; & I , .  . . , QN; El,  . . . E N )  with formal neighbourhoods we have 

dime Vi,(X) = 1. 

Theorem 3.7 ([l], Theorem 3.2.). The space of abelian conformal 
blocks V:,(X) is  isomorphic to the determinant of the canonical bundle w c .  

be the Riemann 
surface obtained by resolving the singularity at P and let T : --+ C be 
the natural holomorphic mapping. Then T-'(P) consists of two points P+ 
and P-. Let 

Next let us consider a nodal curve C with node P. Let 

x = (C; 91 7 .  . ., 9N; El I . . . , t N )  

be a pointed nodal curve with formal neighbourhoods and we let 
- -  
x = (c; p+, p-, q1, * * .  q N ;  z, w, tl,. . - E N )  

be the associated pointed Ftiemann surface with formal neighbourhoods. 

Theorem 3.8 ([l], Theorem 3.5). There exists a natural isomorphism 
- 

L*+,- : V i , ( X )  = Vi*(X). 
About the coordinate change we have the following proposition. 

Proposition 3.1. For any hj  E D:, j = 1,2, .  . . , N and N-pointed curve 

X = (C;Q1,&2, .  . . , Q n ; E 1 , E 2 , .  - .  , E N )  
with formal neighbourhoods, put 

X ( h )  = (C;Q1,&2,...,Q~;hi(ti),ha(t2),.. . , ~ N ( E N ) ) .  

Then there exists a canonical isomorphism 

vi,(X) 21 vib(X(h)) 

Now similar to the case of non-abelian conformal field theory we can 
define a sheaf of abelian conformal blocks Vi,(X) for a family 3E = (d + 

B; s1,. . . , S N ;  ~ 1 , .  . . , T I N )  of pointed curves surfaces of formal coordinates. 

Theorem 3.9. The sheaf VJb($) is an invertible 0s-module and carries a 
projectively flat connection. 



350 

4. Modular Functor 

4.1. Teichmiiller space 

The Teichmuller space qx,p) of the pointed surface ( C ,  P )  is by definition 
the set of equivalence classes of complex structures on (C, P).  

Theorem 4.1 (Bers). There is a natural structure of a finite dimensional 
complex analytic manifold on Teichmuller space q q p ) .  Associated to any 
morphism of pointed surfaces f : (Cl ,Pi)  + (C2,P2) there is a biholo- 
morphism f * : q ~ ~ , p , )  + ‘T(,,,p2) which is induced by mapping a complex 
structure c = (C, &, w), 4 : c1 4 C to 4 o f  -l : C2 + C. Moreover, com- 
positions of morphisms go to compositions of induced biholomorphisms. 

There is an action of W on ‘T(z,p) given by scaling the tangent vectors. 
This action is free and the quotient ‘I$:p) = qx,p)/W is a smooth manifold, 
which we call the reduced Teichmuller space of the pointed surface (C, P).  
Moreover the projection map np descend to a smooth projection map from 
7$!p) to UpEpP(TpC), which we denote ng’. We denote the fiber of this 
map over V E UpEpP(TpC) by qx,p,v). Teichmuller space of a marked 
surface X = (C,P,V,L) is by definition IC = q ~ , p , v ) ,  which we call the 
Teichmuller space of the marked surface. Morphisms of marked surfaces 
induce diffeomorphism of the corresponding Teichmuller spaces of marked 
surfaces, which of course also behaves well under composition. We observe 
that the self-morphism (id,s) of a marked surface acts trivially on the 
associated Teichmuller space for d integers s. General Teichmuller theory 
implies that 

Theorem 4.2. The Teichmuller space 7~ of any marked surface X is con- 
tractible. 

We note that we have a canonical isomorphism 

Oc,q/mi N CC @ T;C, 

Hence a firsts order neighbourhood determines and is also determined by a 
non-zero vector in Tp*C, specified by the property that it maps to 1 E CC or 
equivalently a vector in T& pairing to unity with this vector. 

f (f(4, dfd. 

4.2. Construction of Modular Functor 

Let 3 = (nC -, t3; s’; 9 be a family of pointed Remann surfaces with formal 
neighbourhoods and assume we have a smooth fiber preserving diffeomor- 
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phism from Y = C x B to C taking the marked points to the sections 3 
and inducing the identity on B. This is always possible if B is small enough. 
This data induces unique holomorphic map 9 3  from B to the Teichmiiller 
space qc,p) of the surface ( C ,  P )  by the universal property of Teichmuller 
space. Note that the Teichmiiller space qc ,p)  is covered by the image 9 3  
of families 5 of pointed Riemann surfaces with coordinates. 

As is shown in [2] $5, there exists a holomorphic vector bundle 
V t  = V$(C,P) over Teichmiiller space qc,p) is specify to be the bun- 
dle (Qi')*V@) over Qs(B)  for any good families of complex structures on 
(C, P).  The holomorphic bundle V i  is called the bundle of conformal blocks 
over the Teichmiiller space. 

Now by the above Theorem 3.5 the holomorphic bundle V i  -+ qc,p) 
carries a projectively flat connection. If the connection were flat, then then 
the space of flat sections HfOlat((Tic,p), V i )  would define Modular Functor. 
To define a flat connection one possibility is to find a holomorphic line 
bundle C on the Teichmuller space qc,p) such that V$ @oB C caries a flat 
connection. To do this we use the above abelian conformal field theory. 

First note that similar to above we have the sheaf Vfib of abelian confor- 
mal blocks over the Teichmiiller space qc,p).  Then we have the following 
result on curvatures. 

Theorem 4.3. The curvature form w of V i  4 qc,p) and the curvature 
form Wab are related by 

x 

c, 
2 

W = -wab @ i d  

where 
e .  dim@ g 

g * + e  * 
c,= 

Here g* is the dual Coxeter number of the Lie algebra g. 

Thus the desired line bundle C would be given by 

But since c,/2 is a rational number, the definition ( 5 )  has a meaning if and 
only if there exists nowhere vanishing holomorphic section of Vfib over the 
Teichmuller space. In our paper [l] it is shown that such a section indeed 
exists, if we fix a Lagrangian subspace of each pointed Ftiemann surface (for 
the details see [l]). Thus we can define the line bundle L as in (5 ) .  Moreover 
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in our paper [2] we show that the  vector space 

defines a modular functor. 
Finally, in our paper [3] it is shown that in case g = s[(n,C), TQFT 

obtained form our MF is equivalent to the  Reshetikhin-Turaev TQFT de- 
veloped in [4] and [5].  
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In this paper, we study a subclass of the class of MD-algebras, i.e., the class of 
solvable real Lie algebras such that the K-orbits of its corresponding connected 
and simply connected Lie groups are either orbits of dimension zero or orbits 
with maximal dimensions. Our main result is to  classify, up to  isomorphism, 
all the 5-dimensional MD-algebras having commutative derived ideals. 

Keywords: 
K-orbits. 

Lie group; Lie algebra; MDbgroup; MD5-algebra; C*-algebra; 

1. Introduction 

The method of describing the structure of C*-algebras by using K-functors 
was first suggested by D. N. Diep ([2]) in 1974. By applying the K-homology 
functors proposed by Brown - Douglas - Fillmore (for brevity, the BDF K- 
functors), Diep gave a description for the C*(AffR) of the group Am of 
the affine transformations of the real line. In 1975, by using the method 
of Diep, J. Rosenberg ([7, 81) gave a description for the C*-algebra of the 
group AffC and some other groups. In 1977, D. N. Diep ([3]) further gave 
a complete system of invariants of C*-algebras of type I by using the BDF 
K-homology functors. Hence, it is natural to propose the following two 
general problems: 

0 Generalize the K-homology functors so that these functors can be applied 
to  a larger class of C*-algebras. 

* AMS Mathematics Subject Classification (2000): Primary 22345, Secondary 46325, 
20c20. 
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0 Find the C*-algebras which can be described by using the generalized 
K-functors. 

Concerning the first problem, we note that G. G. Kasparov ((51) in 1980 
introduced the concept of KK-functors which is a generalized concept of 
B D F  K-homology functors. Then by using KK-functors, G. G. Kasparov 
described theC*-algebra of the Heisenberg groups H2n+1. 

For the second problem, it was noticed that this problem is closely re- 
lated with the Orbit Method proposed by A. A. Kirillov ([S]) in 1962. After 
studying the Kirillov’s Orbit Method, Diep in 1980 suggested to consider 
the class of Lie groups and Lie algebras MD and MD ([4]) so that the 
C*-algebras of them can be described by using KK-functors. If G is an n- 
dimensional real Lie group, then G is called a MDn-group or a MD-group 
with dimension n iff the orbits of G in the K-representation (K-orbits) are 
orbits of dimension zero or orbits of maximal dimension (i.e. dimension k, 
where k is some even constant, k 5 n). When k = n, we call G an MDn- 
group or m - g r o u p  of dimension n. The corresponding Lie algebra Lie(G) 
of G is said to be an MDn-algebra or MDn-algebra, respectively. It is 
clear that the class M D  is a subclass of the class MD. Thus, the problem 
of classifying MD-algebras, describing the K-representation of MD-groups 
and characterizing the C*-algebras of M D-groups is significant. Note that 
all the Lie algebras and the Lie groups of dimension n with n < 4 are 
MD-algebras and MD-groups, and moreover they can be listed easily. So 
we only take interest in MDn-groups and MDn-algebras for n 2 4. 

We remark here that all MD-algebras (of arbitrary dimension) was 
classified, up to isomorphism, by H. H. Viet in [9]. This class includes only 
the following algebras: 

0 Rn - The commutative Lie Algebra of dimension n; 
Lie(AfflW) - The Lie algebra of the group of affine traformations of the 

0 Lie(AffC) - The Lie algebra of the group of affine transformations of the 

- 

- 

- 

real straight line; 

complex straight line. 

It is noteworthy that Viet [9] also described the C*-algebras of the universal 
covering of group AffC by using KK-functors. Thus, the C*-algebras of all 
groups of the class M D  were described by Diep, Rosenberg and Viet. 

The problem for the class of MD-algebras is much more complicated 
than MD-algebras. In 1984, Dm Van Tra [ll] listed all MD4-algebras. 
In 1990, all MD4-algebras were classified, up to isomorphism, by Vu (see 
[12-141). Until quite recently, Vu together with Nguyen Cong Tri, Duong 

- 

- 
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Minh Thanh and Duong Quang Hoa introduced some MD5 - algebras and 
MD5 - groups (see [15-201). Until the present moment, there is no complete 
classification for MDn-algebras with n 2 5. 

On the other hand, by studying the foliated manifold, Connes ([l]) in 
1982 proposed the notion of C*-algebras associated with a measured folia- 
tion. The following question naturally arises: Can we describe the Connes 
C*-algebras by using KK-functors? In fact, Torpe has shown in [lo] that 
the KK-functors are very useful and effective to describe the structure of 
Connes C*-algebras associated with the Reeb foliations. 

The other reason for studying the class MD is based on the following 
fact: if G is a certain MD-group, then the family of its K-orbits with 
maximal dimension forms a measured foliation. This foliation is called MD- 
foliation associated with G. Furthermore, the C*-algebra of G can be easily 
described when the Connes C*-algebra of MD-foliation associated with G 
is known. Hence, the problem of classifying the topology and describing the 
Connes C*-algebras of the class of MD-foliations is worth to study. 

On this aspect, Vu in 1992 gave a topological classification of all MD4- 
foliations and described all Connes C*-algebras of them by using the KK-  
functors (see [12-141). We noticed that the Connes C*-algebras of MDn- 
foliations with n > 4 has not yet been described. Following [9], if G is an 
MD-algebra then the second derived ideal G2 = [G',G1] = [[G,Q], [8,8]] 
is commutative, however, the converse is not true. Therefore, we need to 
consider only G for which G2 is commutative. In particular, if G2 = 0 (i.e. 
Q1 is commutative) then Q could be an MD-algebra. Hence, we will restrict 
ourself only to this case. Our main result is to classify, up to an isomor- 
phism, all MD5-algebras 0 having commutative derived ideal G1 = [G, GI. 
The topology of MD5-foliations associated with the MD5-groups and the 
description of Connes C*-algebras of these foliations will be considered and 
studied later on. 

2. Preliminaries 

We first recall in this Section some preliminary results and notations which 
will be used in the sequel. For more detailed information, the reader is 
referred to 141 and [6] .  

2.1. The co-adjoint Representation and K-orbits 

Let G be a Lie group. Let Q = Lie(G) be the Lie algebra of G and we use 
G* to denote the dual space of G. For every g E G, we denote the internal 
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automorphism associated with g by A(g),  and whence, A@) : G --+ G can 
be defined as follows 

A(, ) (x)  := g . ~ . g - l ,  V X  E G. 

The above automorphism induces the following mapping: 

A@)* : 8 4 B 

d 
X - A @ ) * ( X )  : = -[g.ezp(tX)g-'] dt  I ~ = o  

which is called the tangent mapping of A@). 
We now formulate the following definitions. 

Definition 2.1. The action 

Ad: G - Aut(8) 

9 - 4 9 )  : = A@)* 
is called the adjoint representation of G in 8. 

Definition 2.2. The action 

K : G - Aut(Q*) 

9 - %7) 

such that 

(K(,)F, X) : = (F ,  Ad(g - l )X) ;  ( F  E S*, X E 8) 
is called the co-adjoint representation or K-representation of G in 8.. 
Definition 2.3. Each orbit of the co-adjoint representation of G is called 
a K-orbit of G. 

Thus, for every F E G*,  the K-orbit containing F defined above can be 
written by 

OF := {K(,)F/g E G}. 

The dimension of every K-orbit of an arbitrary Lie group G is always 
even. In order to define the dimension of the K-orbits for each F from 
the dual space 8* of the Lie algebra 8 = Lie(G) of G, it is useful to consider 
the following skew-symmetric bilinear form BF on Q 

B*(X,  Y )  := (F ,  [ X ,  Y ] ) ;  vx, Y E 8. 
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Denote the stabilizer of F under the co-adjoint representation of G in 

We shall need in the sequel the following result. 
S* by GF and GF := Lie(GF). 

Proposition 2.1. (see [6], Section 15.1) KerBF = BF and d imRF = 
d i m B  - dimSF.  

2.2. MDn-Groups and MDn-Algebras 

Definition 2.4. (see [4] Chapter 4, definition 1.1) An MDn-group is an 
n-dimensional real solvable Lie group such that its K-orbits are orbits of 
dimension zero or maximal dimension. The Lie algebra of an MDn-group 
is called an MDn-algebra. 

The following proposition gives a necessary condition for a Lie algebra 
belonging to the class of all MD-algebras. 

Proposition 2.2. (see [9], Theorem 4 )  Let B be an MD-algebra. Then i ts  
second derived ideal 9' := [ [ S ,  91, [ S ,  S ] ]  is  commutative. 

We point out here that the converse of the above result is in general 
not true. In other words, the above necessary condition is not a sufficient 
condition. We now only consider the 5-dimensional Lie algebras 9 having 
a second derived ideal 9' = { 0 } ,  i.e. the derived ideal S1 is commutative. 
Thus, the 9 could be an MD5-algebra. 

3. The Main Result 

From now on, we use Q to denote an Lie algebra of dimension 5. We always 
choose a suitable basis ( X I ,  X z ,  X3, Xq, X5)  in so that 9 is isomorphic to 
R5 as a real vector space. The notation S* will be used to denote the dual 
space of 9. Clearly, Q* can be identified with R5 by fixing in it the basis 
( X i ,  X l ,  X;, X i ,  X,") which is the dual of the basis ( X i ,  X z ,  X3,  X4, X5).  

Theorem 3.1. Let 9 be an MD5-algebra whose G1 := [ G , S ]  is commuta- 
tive. Then the following assertions hold. 

( i)  If 9 is  decomposable, then Q 2 'FI 03 R, where 'FI is  an MD4-algebra. 

(ii) If G is  indecomposable, then we can choose a suitable basis ( X I ,  X,, X s ,  
X4 ,X5)  of S such that B is  isomorphic to  one and only one of the 
following Lie algebra. 



358

1. gl = R.X5 = R.

i&,,l : [Xl,X2] = [X3,X4] = X5; the others Lie Brackets are
trivial.

2. G1 = R.X4 @ R.X5 = R2

2.1. &,2,1 : [Xl,Xz] = X4, [X2,X3] = X5; the others Lie brackets
are trivial.

2.2. a5,2,2(A) : [Xi,X2] = [X3,X4] = X5, [X2,X3] = \X4,
A G R\{0}; the others Lie Brackets are trivial.

3. g1 = R.X3 ® R.X4 ® R.X5 = R3,adXl = 0, adXl G End{gl) =
Mah(R); [X1,X2)=X3.

3-1. &5,3,l(Ai,A2) :

A l 0 0\
adX2 = 0 A2 0 ; Ai, A2 G R \ {1}, Ai ^ A2 # 0.

\ 0 0 1/

0 0\
adX2= 0 1 0 ; A G R \ { 0 , 1 } .

0 0A

3.3. G5,3,3(X) :

/A0 0\
adX2 = 0 1 0 ; A € R \ {1}.

\ 0 0

3.4. G5,3,4 :

= 0 1 0

O O l ;
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= 0 1 1 ; AeR\{l}.

a io>
0 1 0 ) ; AeR\{0, l}.

vOOAy

S5,3,? :

= O i l .

cosp —simp 0

adx2 = I simp cosip 0 ; A e R \ {0}, ^ € (O,TT).

V 0 0 V

4. G1 =

adx, E Bnd(G1) = Mat4(R).

adXx =

A1 0 0 0
O X2 0 0 j
0 0 X3 0 ) ;

0 0 0 1

A1,A2iA3€R\{0,l},
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adXl =

4.4.

adXl =

/A 0 0
0 AOO
0 0 1 0

\ 0 0 0 I)

/A 0 0 ON
0 1 0 0
0 0 1 0

\ 0 0 0

AGE\{0,1} .

AeR\{0,l}.

4.5. 85,4,5

adXl =

Ai,A2GR\{0,l},Ai^A2.

adx, = AER\{O,l}.
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4-8. (/5,4,8(A)

4.9.

adx1 =

adXl =

(\ 1 0 Q\
0 AOO
0 0 1 1

VO 0 0 1/

AeE\{0,l}.

AsR\{0,l}.

4-10- 05,4,10

adXl —

(I 1 0 0\
0110
001 1

\0 0 0 1/

adXl =

coscp
sirup

0
0

—sinp
cosip

0
0

0
0
Ai
0

0
0
0
A2

1 ; A2 € € (0,7r).

—sincp 0 0
costp 0 0

0 0 A0
0 0 o x
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4-13.

adXl =

cos<p —sirup 0
simp cos<p 0 0

0 0 A 1
. 0 0 0 A/

A € R N { 0 > > v € ( 0 | i r ) .

cosip —sirup 0 0
costp 0 0(

0 0 A -
0 0 fi A

,/ j>0,((J€ (0,TT).

In proving Theorem 3.1, we need some lemmas.

Lemma 3.1. For X, Y E Q\B1, X #Y, by considering adx, ady as oper-
ators on Q1 we have adx ° ady = ady ° adx.

Proof. By using the Jacobi identity for X, Y and consider an arbitrary
element Z E G1, we have

[[X,YI,Z] + “Y,ZI,Xl + “~,XI,Yl=0
* [X,[Y,Zll-[Y,[X,211=0

<=> adx°ady(2)=adyoadx(2);VZ E G1

<$• adx ° ady = ady o adx . 0

Lemma 3.2. (see [2], Chapter 2, Proposition 2.1) Let G be an MD-algebra
with F E Q* is not vanishing perfectly in Q1, i.e. there exists U E Q1 such
that (F, U) # 0. Then the K-orbit RF as one of the K-orbits having maximal
dimension.

Proof. Assume that RF is not a K-orbit with maximal dimension, that is,
= 0. Then we have

= dim6 — dimRF = dimQ.
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Consequently, KerBF = 0~ = 0 3 G1 and F is perfectly vanishing in G1. 
This contradicts the hypotheses of the Lemma. Therefore, RF must be a 

0 K-orbit with maximal dimension. 

Lemma 3.3. Let F be an arbitrary element of G*. Then dimRF = 
rank (B) ,  where B = ( b i j ) 5  := ( ( F ,  [ X j ,  X i ] ) ) ,  1 5 i , j  5 5, is  the matria: of 
the skew-symmetric bilinear form BF in the basis ( X I ,  X2,  X3,  X4 ,  X5)  of 
0. 

Proof. Let u = a x 1  + bX2 + cX3 + dX4 + ex5  E 0. Then we have 

GF = KerBF 
= {U E G/(F, [U,Xi] )  = 0;  i = 1 , 2 , ,  3,4,5}.  

By simple computation, we obtain 

Hence, dzmOF = dim0 - dzmGF = rank(B) .  0 

Lemma 3.4. If 0 is a real solvable Lie algebra of dimension 5 with the 
first derived ideal G1 R4 then 0 is a MD5-algebra. 

Proof. Let 0 be a real solvable Lie algebra with dimension 5 such that Q1 is 
the commutative Lie algebra with dimension 4. Without loss of generality, 
we may assume that Q1 = R.X2 @ R.X3 @ R.X4 @ R.X5 = R4, adx,  = 
(aij)4 E ~ n d ( S l )  = Mat4(R); aij E R, 1 I i , j  I 4. 

Let F = aX1* + OX,* + 7X3* + 6X4* + gX5* = (a ,P ,y ,  6 , ~ )  be an 
arbitrary element from G* 3 W5; a, p, y, 6, r~ E R. Then, by simple compu- 
tation, we can see that the matrix B of the bilinear form BF in the basis 
( X I ,  X2 ,  X3,  X4,  X5)  of 0 is a matrix of the following 

5 0 - ~25=2 aiaai - ~ & 2  a i 3 ~ i  - ~ i = 2  ai4ai - ~ 2 5 = 2  a i 5 ~  
~ : = 2  ai2ai 0 0 0 0 
~ 2 5 = 2  ai3ai 0 0 0 0 
~ : = 2  ai4ai 0 0 0 0 
~ : = 2  ai2ai 0 0 0 0 
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It is now clear that rank (B)  E {0,2}. Hence, according to Lemma 3.3, 
is the orbit with dimension 0 or 2, i.e. C.7 is an MD5-algebra. 

We now prove the main theorem. 

Proof. It is clear that assertion (i) of Theorem 3.1 holds obviously. We 
only need to prove assertion (ii). Assume that Ci is an indecomposable 
MD5-algebra with basis ( X 1 , X 2 , X 3 , X 4 , X 5 )  and its first derived ideal G1 
is commutative. Then dirnG1 E {1,2,3,4}. In [16], Theorem 2.1 and [19], 
Theorem 3.2, the cases had been considered when dim@ E {3,4}. There 
fore, we only need to consider the remaining cases when d imG1 E {1,2}. 
However, for the sake of completeness, we now consider here all cases. 

1. dimG1 = 1. Without loss of generality, we may assume that Q1 = R.X5 
R. 

1.1. Assume that there exists i E {1,2,3,4} with [Xi ,X5]  # 0. Renumber 
the given basis, if necessary, and we suppose that ( [X4,  X5] = aX5, for 
some a E R\{O}. Then, by changing X4 with X4 = i X 4 ,  we obtain 
[X4’, X5] = X5. Now, without any restriction of generality, we can assume 
that [X4, X,] = X5. 
Let [Xi ,X5]  = aiX5, [Xi ,X4] = b iX~;a i ,b i  E R;i = 1,2,3.  Then, by 
changing X i  = X i  - aiX4 + biX5(i = 1,2,3) ,  we get [Xi’,X5] = 
[Xi’, X4] = 0; i = 1,2,3. .  Hence, we can always suppose right from the 
start that [X i ,  X5] = [X i ,  X4] = 0; i = 1,2,3.  
Now, let [X i ,  X j ]  = cijX5, cij E EX; 1 I i < j 5 3. Then, by using the 
Jacobi identity, we get cij = 0 for all i , j ,  1 5 i < j I 3. But this shows 
that G is decomposable, which is a contradiction. Thus, this case cannot 
happen. 

1.2. Assume that [Xi ,X5] = 0 for all i = 1, 2, 3, 4. Then, there exists 
[xi,xj] = ci jx5,  czj # 0 for some i , j  E {1,2,3,4} , i  # j .  By apply- 
ing the same argument as in Case 1.1, we can suppose that [X l ,X2]  = 
[X3, X4] = X5 and [Xi ,  X3] = [X i ,  X4] = 0; i = 1,2.  Therefore, 0 E G5,l.  

I 

2. dimG1 = 2. Without loss of generality, we now assume that G1 = R.X4 @ 
R.X5 = R2; adx,, adx,, adxJ E End(@) = Matz(R) .  

If there exists adxi = 0 then G is decomposable, which is a contradiction. 
Hence, adxi # 0, i  = 1,2,3.  We now show that we can always obtain 

adx, = 0 by changing the basis. Indeed, we can let adx, be 

2.1. [XZ,Xj]  = 0 , l  5 i < j 5 3. 
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(: :) ; i = 1,2,3.  We first assume that a3 # 0. Then, by writing Xi’ = 

Xi-EX3,wegetadx: = ( ’, ”:) , i = 1,2.  Hence, we can suppose that 

adx, = (: 2) , a = 1,2. According to Lemma 3.2, adx, oadxz = adxz 0 

ad?,. It follows that adx, = k.adx,, for some k E R\{O}. By changing 
X2 = Xp - k.X1, we get adx; = 0, a contradiction. When d3 # 0,  then 
by using the same argument, we can also obtain a contradiction. Finally, 
assume that a3 = d3 = 0, b$ + cg # 0. In view of Lemma 3.2, we get 
adxi o adxJ = adx, o adxi (i = 1,2) 

Hence, it follows that adx, = ki (i y )  0 # ki E W, i = 1,2.  In particular, 

adXz = k.adx,,k = &. Now, by changing X2’ = Xp - k.X1, we get 
adx; = 0, again a contradiction. Hence, Case 2.1 can not happen. 

2.2. Assume that there exists [Xi, Xj] # 0 , l  5 i < j 5 3 and adx, = 0 
i = 1,2,3.  
It is clear that G1 = ([X1,Xz], [XI, X3], [Xp,X3]), and whence, the rank 
of ([XI, Xp], [XI, X,], [X,, X,]} is 2 and without restriction of generality, 
we can assume that ([XI, XZ], [X,, X3]} is a basis of G1. Let [Xi, Xp] = 

aX4 + bX5, [Xp, X3] = cX4 + dX5 with D := det (: 1) # 0. By changing 

basis as follows 

X4 = D(dX4’ - bX5’), X5 = -(-cX4’ + aXs’) 

we get [Xl,Xp] = X4‘, [Xp,X3] = X5’. Hence, we can assume that 
[Xi, X2] = X4, [XZ, &I = X5. 
Let [XI, Xs] = ax4 + pX5. Then, by changing the basis as follows: 

G di 

1 1 
D 

I 

XI’ = x1- px2,x2’ = x2,x3 = -ax2 + x3 
we get 

Thus, we can always assume that 

[X,, X,] = x4, [Xz,X3] = x5, [X,, X3] = 0. 

Therefore G 2 G5,2,1. 
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2.3. Assume that there exists [ X i , X j ]  # 0 and adx, # 0, 1 5 i # j 5 3, 1 5 
k 5 3. Then, without loss of generality, we may assume that adXs # 0. 
We can always change basis of G1 such that adx, becomes one of the 
following matrices 

2.3a. Assume that adx, = ( y  "o>. Then by using an agument analogous to 

that in Subsection 2.2, we get adx, = adx, = 0. Again, by Jacobi identity, 
we obtain [ X I ,  X Z ]  = aX5, a E R. 
Let [X i ,  X3] = aiX4+biXs; ai, bi E R, i = 1,2 .  If a = 0, then by changing 
Xi' = X i  + biX4, we get [Xi ' ,  X3] = aiX4, i = 1,2. Hence, we can always 
assume from the outset that [Xi ,X3] = aiX4; i = 1,2; a12 + a22 # 0. 
Without loss of generality, we may assume that a2 # 0. Now, we change 
again the basis as follows 

Then we get [XI ' ,  X3] = 0, [Xz ' ,  X3] = X4, i.e. G is decomposable, a con- 
tradiction. Hence, a # 0. 

In the same way, we obtain 

[ X I ~ X Z ] = [ X ~ , X ~ ) = X ~ ,  [X27X3] = x X 4 , O # X  

Therefore G % g 5 , 2 , 2 ( ~ ) .  

2.3b. Assume that adx, = (: oh) , X E R. Then, by using a similar argument 

as above, we get G5,2,3: [ X I ,  Xz]  = X5, [X3, X4] = X4. By using Lemmas 
3.1 and Lemma 3.2, and by direct computation, we can show that G5,2,3 
is not an MD8algebra. Hence, this case has to be rejected. 

similar argument as above, these cases have to be also rejected. 

3. dimGI = 3. We can always change basis to obtain G1 = R.X3 g, R.X4 @ 

W.X5 E R3; adx,, adx, E End(G1) = Mat3(R). 
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It is obvious that a d x ,  and adxz  cannot be the trivial operators con- 
currently because G' "= R3. Without loss of generality, we may assume 
that adx ,  # 0. Then, by changing basis, if necessary, we obtain a similar 
classification of adxz  as follows 

7 ( h , A 2  E It \ {1}, A1 # A2 # 0 ) ;  

(AER\{O,l}) ;  

wsp -sinp 0 
\ (01, CP E ( 0 , ~ ) ) .  

Assume that [ X I ,  X2] = mX3 + nX4 + pX5; m, n, p E W. We can always 
change basis to have [X1,X2] = mX3. Indeed, if 

A1 0 0 

0 0 1  
adxz  = ( 0  A2 0 )  , (A1,X2 E It\ {I}, A1 # A2 #o) ,  

then by changing X I  for X I '  = X I +  E X 4  +pX5 we get [ X I ' ,  X,] = mX3,  
m E R. For the other values of adx,, we can also change basis in the 
same way. Hence, without restriction of generality, we can assume that 
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[Xi,Xz] = mX3, m E R. 
There are three cases which contradict each other as follows. 

3.1. [XI, Xz] = 0 ( i.e. m = 0 ) and a d x ,  = 0. Then Q = ‘H@R.Xl, where ‘H is 
the subalgebra of Q generated by {Xz, X3, Xq, XS}, i.e. Q is decomposable. 
Hence, this case is rejected. 

3.2. [X,,Xz] = 0 and a d x ,  # 0. 

3.2a. Assume that a d x 2  = ; XI ,  X2 E R\{l}, XI # A2 # 0. In view 

of Lemma 3.1, it follows by a direct computation that 

; p , v , J  E R; p2 + v 2  +c2 # O .  

I 

If J # 0, by changing X1 = XI - JXz, we get 

where p’ = p - JX1,  v’ = v - JX2. Thus, we can assume that 

; p,  v E R; p2 + v2 # 0. 

Using Lemmas 3.2, 3.3, and by direct computation, we can show that G 
will not be an MD5-algebra in Case 3.2a . So this case must be rejected. 

3.2b. In exactly the same way, but replacing the considered value of a d x 2  with 
the others, we can easily see that Case 3.2 cannot occur. 

3.3. [X,,Xz] # 0 ( i.e. m # 0 ). By changing XI by XI1 = $XI, we have 
[Xl’,X2] = X3. Hence, without loss of generality, we may assume that 
[X1,Xz] = X3. By using a similar argument as the one in Case 3.2a, 
we obtain again a contradiction if a d x ,  # 0. In other words, a d x ,  = 0. 
Therefore, in the dependence on the value of a d x z ,  Q must be isomorphic 
to one of the following algebras: 

- G5,3,1(X1,Xz)r 

- 65,3,2(X), 

(XI, X2 E IW \ {l), A1 # A2 # 0);  
(A 6 IW \ (0 ,  l)); 
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Obviously, these algebras are not mutually isomorphic to each other. 

4. dimGI = 4. Without loss of generality, we may assume that Q1 = B.Xz@ 
B.X3 @ B.X4 @ w.x5 = B4, adx, E End(G1) = Mat4(W). 

According to Lemma 3.4, the final assertions of Theorem 3.1 can be 
obtained by using similar classification of adx,  . 

In view of Lemma 3.3, it follows by direct computation that all algebras 
listed in Theorem 3.1 are MD5-algebras. This completes the proof. 

3.1. Concluding Remark 

Recall that every real Lie algebra E defines only one connected and sim- 
ply connected Lie group G such that Lie(G) = Q. Therefore, we obtain a 
collection of twenty - five families of connected and simply connected MD5- 
groups corresponding to given indecomposable MD5-algebras in Theorem 
3.1. For the sake of convenience, we denote every MD5-group from this 
collection by using the same indices as its corresponding MD5-algebra. 
For example, G 5 , 3 , 1 ( ~ 1 , ~ z )  is the connected and simply connected MD5- 
group which corresponds to 65,3,1(~1,Xz). All of these groups are indecom- 
posable MD5-groups. In the next papers, we shall compute the invariants of 
given MD5-algebras1 describe the geometry of K-orbits of its correspond- 
ing MD5-groups and also we shall classify topologically the MD5-foliations 
associated with these M D5-groups. In addition, characterization theorems 
of Connes C*-algebras corresponding to these MD5-foliations will also be 
established. 
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