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Preface

The first international congress of algebras and combinatorics (in short,
ICAC) was held in Hong Kong dated 17-23 August 1997. The aim of the
congress was to celebrate the re-unification of Hong Kong to China and to
celebrate the 25th anniversary of the Southeast Asian Mathematical Soci-
ety. Also 1997 was the 100th anniversary of the International Mathematical
Union (IMU). On this very special occasion, the congress was initiated by
Professor Earl Taft, the former chief editor of Communications in Algebras
and Professor Zhe-xian Wan, the chief editor of Algebra Colloquium. There
were over 350 participants attended this congress from over 24 countries.

The experts who were invited to give main lectures in the congress
include B. H. Neumann, L. A. Bokut, E. Zelmanov, A. V. Mikhalev, P.
Solé, J. M. Howie, Z. Arad, H. J. Hoehnke, K. Saito, M. M. Deza, V. Dlab,
L. J. Carbone, A. M. Hinz, C. P. Milies, H. J. Vogel, R. Wisbauer, P.
Vamos, O. Grosek, A. Cherubini, K. Denecke, B. Piochi, M. Ito, S. Cohen,
M. Harada, Nguyen Van Sanh, R. Gonchigdorzh, K. H. Kim, A. C. Kim,
B. Schein, Y. H. Xu, M. Cohen, M. K. Sen, M. Tokizawa, J. C. Meakin,
J. P. Zhang, N. Q. Ding, etc. Professor Stephen Hill, Regional Director of
UNESCO, specially came to Hong Kong address the opening ceremony of
ICACY7.

The ICAC97 in Hong Kong was regarded as a great success. Profes-
sor B. H. Neumann who was 88 at 1997 said in the closing ceremony that
he hoped the participants in ICAC to keep up their momentum for more
activities and he expected that the second ICAC to be held again every
10 years with more participants. In fact, since August 1997, there were
many international conferences in algebra and combinatorics being held in
Manila, Bangkok, Yujarkata, Hanoi, Chongqing, Moscow, Dennison, Ky-
oto, Islamabad, Tirupathi, Calcutta, Taipei, Pusan, Tainan, Kashan, ---
Fruitful results in this area were produced by many young mathematicians.

The second ICAC2007 was first initiated by President Li Wei of Beihang
University, that is, Beijing University of Aeronautics and Astronautics and
President Xu Delong of Xi’an University of Architecture and Technology.
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In particular, Professor Li Wei was very keen to host ICAC2007 because
he realizes that algebras and combinations have extensive applications in
coding theory, in the design of computers, in electronic communications
and even in space technology. Moreover, Beihang University has helped
China to develop the project of launching the moon in 2007. He thinks
that this would be an excellent occasion to hold the ICAC, 2007 at their
university. On the other hand, Professor L. A. Bokut has been appointed
by the South China Normal University as the research chair and to help the
establishment of a center of combinatorial algebra in the university. On the
occasion of his 70th anniversary, President Wang Guo-jiang was more than
happy to host a conference for his birthday. This idea was strongly applaud
by Professor E. Zelmanov, one of the former students of L. A. Bokut. Hence,
with such a background, the ICAC2007 was composed by three chapters.
The first chapter was held in South China Normal University at Guangzhou,
2-4 July; the second chapter was held in Beijing, 6-11 July; and the third
chapter was held in Xi’an, 12-15 July.

There were over 150 participants coming to Guangzhou. The main
speakers included Professors E. Zelmanov (Chairman, Scientific Commit-
tee), Lance Small, L. A. Bokut, A. V. Mikhalev, B. Schein, K. Kalorkoti,
S. H. Ng, Y. M. Wang, W. J. Shi, W. B. Guo, X. Y. Guo, N. Q. Ding, Z. F.
Hao, Q. H. Zhang, Michel Jumbu, K. Denecke, etc. A boat tour along the
Pearl River at night was arranged. For the second chapter in Beijing, there
were around 350 participants. Professor M. Bréue, the chief editor of Jour-
nal of Algebra has made a special effort to come to the congress for giving a
special plenary talk. The other main speakers included Professors Zvi Arad,
Susan Montgomery, A. V. Mikhalev, A. A. Mikhalev, Pavel Kolesnikov, Li
Wei, Agata Smoktunowicz, Ivan Shestakov, Ts. Dajdorz, A. P. Pojidaev, A.
Kemer, A. Yu. Olshanskii, V. A. Artamonov, N. A. Vavilov, Kenji Ueno,
V. K. Kharchenko, G. O. H. Katona, Jan Okninski, Yong-Chuen Chen,
Jiping Zhang, Tasuro Ito, Ilias Kotsireas, Leslie Hogben, Simone Rinaldi,
M. R. R. Moghaddom, Das Dorz, Shangzhi Li, P. H. Lee, T. K. Lee, Y.
Q. Zhou, W. S. Cheung, Ling Long, George Szeto, M. R. R. Moghaddam,
A. R. Moghaddamfar, Wanida Hemakul, L. Sabinina, L. Sbitneva, etc. A
tour to Great Wall was arranged. For the chapter in Xi’an, there were over
400 participants, including many graduate students. The main speakers
in Xi’an included Professors Claus Ringel, Victoria Gould, Stephen Pride,
Masami Ito, Lészl6 Mérki, J. C. Meakin, S. K. Jain, Pal Domosi, V. Bovdi,
K. C. Chowdhury, Nguyen Van Sanh, Masami Ito, Y. Kobayashi, K. B.
Nam, Le Anh Vu, Y. Q. Guo, G. C. M. Gomes, H. France-Jackson, K. P.
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Shum, etc. A tour to visit Terre Cotta was specially arranged. There were
over 600 participants in total in the ICAC2007, coming from 27 countries.
This congress is in fact one of the largest scale international conference
held in China in recent years. We all hope that the quality of research in
algebras and combinatorics will be further improved and promoted after
the ICAC2007.

To organize an international conference is not an easy task. Apart from
inviting the eminent main speakers, there are many arranging difficulties to
be overcome. I would like to take this opportunity to thank the staffs and
students, especially, the main organizers Professors Yuqun Chen, Shangzhi
Li and Xueming Ren, in South China Normal University, Beihang Univer-
sity and Xi’an University of Architecture and Technology for their help and
effort. Without them, the congress will not be so successful.

The congress has been made possible by the following sponsors for whose
generosity the organizing committee is much indebted.

-NNSF, China

-IMU(CDC) Committee

-South China Normal University

-Beihang University

-Xi’an University of Architecture Technology
-Southeast Asian Mathematical Society
-Southeast Asian Bulletin of Mathematics
-World Scientific INC at Singapore

K. P. Shum
Chairman, Organizing Committee

March 10, 2008
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HYPERIDENTITIES IN THE CLASS (z(yz)) ~ ((z(yy))z)
GRAPH ALGEBRAS OF TYPE (2,0) *

AMPORN ANANTPINITWATNA and TIANG POOMSA-ARD

Department of Mathematics, Faculty of Science, Mahasarakham University
Mahasarakham 44150, Thailand
E-mail: tiang@kku.ac.th

Graph algebras establish a connection between directed graphs without mul-
tiple edges and special universal algebras of type (2,0). We say that a graph
G satisfies an identity s ~ t if the corresponding graph algebra A(G) satisfies
s = t. A graph G = (V, E) is called an (z(yz)) = ((z(yy))z) graph if the graph
algebra A(QG) satisfies the equation (z(yz)) = ((z(yy))z). An identity s = t of
terms s and ¢ of any type T is called a hyperidentity of an algebra A if whenever
the operation symbols occurring in s and ¢ are replaced by any term operations
of A of the appropriate arity, the resulting identities hold in A.

In this paper, we characterize the class of (z(y2)) ~ ((z(yy))z) graph
algebras, (z(yz)) =~ ((z(yy))z) class, identities and hyperidentities in the class
of (z(yz)) ~ ((x(yy))z) graph algebras.

Keywords: Identities; Hyperidentities; Term; Normal form term; Binary alge-
bra; Graph algebra; (z(yz)) = ({(z(yy))z) graph algebra.

1. Introduction

An identity s =~ t of terms s, ¢t of any type 7 is called a hyperidentity of
an algebra A if whenever the operation symbols occurring in s and ¢ are
replaced by any term operations of A of the appropriate arity, the resulting
identity holds in A. Hyperidentities can be defined more precisely using the
concept of a hypersubstitution, which was introduced by K. Denecke, D.
Lau, R. Péschel and D. Schweigert in {1].

We fix a type 7 = (n;)ier, n: > 0 for all 4 € I, and operation symbols
(fi)ic1, where f; is n; — ary. Let W, (X) be the set of all terms of type 7
over some fixed alphabet X, and let Alg(7) be the class of all algebras of

*2000 Mathematics Subject Classification. 05C25, 08B15.



type 7. Then a mapping
o {fili € I} — Wr(X)

which assigns to every n; — ary operation symbol f; an n; — ary term will
be called a hypersubstitution of type 7 (for short, a hypersubstitution). By
&, we denote the extension of the hypersubstitution ¢ to a mapping

& Wy (X) — Wir(X).
The term &t] is defined inductively by

(i) é[z] = z for any variable x in the alphabet X, and
(i) G1fi(t1, - tns)] = a(fi) VXN (Bt1), ..., Bltn,]).

Here o(f;)¥~(X) on the right hand side of (ii) is the operation induced by
o(f;) on the term algebra with the universe W (X).

Graph algebras have been initiated in [13] to obtain examples of non-
finitely based finite algebras. To recall this concept, let G = (V, E) be a
(directed) graph with the vertex set V and the set of arcs E C V x V.
Define the graph algebra A(G) corresponding to G with the underlying set
V U {0}, where oo is a symbol outside V, and with two basic operations,
namely a nullary operation pointing to co and a binary one denoted by
juxtaposition, given for u,v € V U {00} by

u, if (u,v) €E,
Uy = )
0, otherwise.

The graph identities were characterized in [5] by using the rooted graph of
a term t, where the vertices correspond to the variables occurring in ¢. Since
on a graph algebra we have one nullary and one binary operation, o(f) in
this case is a binary term in T(X5), i.e., a term built up from variables of
a two-element alphabet and a binary operation symbol f corresponding to
the binary operation of the graph algebra. In [12}, R. Pdschel showed that
any term over the class of all graph algebras can be uniquely represented
by a normal form term and that there is an algorithm to construct the nor-
mal form term to every given term t. K. Denecke and T. Poomsa-ard [2],
T. Poomsa-ard (8], T. Poomsa-ard, J. Wetweerapong and C. Samartkoon
[9,10] characterized graph hyperidentities, associative graph hyperidenti-
ties, idempotent graph hyperidentities and transitive graph hyperidentities
respectively by using normal form graph hypersubstitutions.

A graph G = (V,E) is called an (z(yz)) ~ ((z(yy))z) graph if the cor-
responding graph A(G) satisfied the identity (z(y2)) ~ ((z(yy))z). In this
paper, we characterize the class of all (z(yz)) =~ ((z(yy))z) graph algebras,
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(z(yz)) = ((x(yy))z) class, identities and hyperidentities in the class of all
(#(y2)) ~ ((z(yy))2) graph algebras.

2. (z(yz)) = ((z(yy))=z) graph algebras

R. P&schel introduced terms for graph algebras in [L1], the underlying for-
mal language has to contain a binary operation symbol {juxtaposition) and
a symbol for the constant co (denoted by oo, too).

Definition 2.1. The set T'(X) of all terms over the alphabet
X = {.’L‘l, 2,23, }
is defined inductively as follows:

(i) every variable z;,i = 1,2,3,..., and co are terms;
(ii) if ¢4 and ¢, are terms, then (¢1t2) is a term;
(iii) T'(X) is the set of all terms which can be obtained from (i) and (ii) in
finitely many steps.

The leftmost variable of a term ¢ is denoted by L(¢) and rightmost variable
of a term ¢ is denoted by R(t). A term, in which the symbol oo occurs, is
called a trivial term.

Definition 2.2. To each non-trivial term ¢, one can define a directed graph
G(t) = (V(t), E(t)), where the vertex set V(t) is the set Var(t) of all
variables occurring in ¢, and where the edge set E(t) is defined inductively
by E(t) = ¢ if t is a variable and E((t1t2)) = E(t1)UE(t2)U{(L(t1), L(t2))}.
where t = (tit2) is a compound term and L(t1), L(tz) are the leftmost
variables in #; and tg, respectively.

L(t) is called the root of the graph G(t), and the pair (G(t), L(t)) is the
rooted graph corresponding to t. We recall, a root of a graph G is a vertex
v, such that every vertex w € V(G) is accessible from v via a directed path.
A rooted graph is a pair (G,v), where G is a nonempty graph and v is root.
Formally, to every trivial term ¢ we assign the empty graph ¢.

Definition 2.3. A graph G = (V, E) is said to satisfy an identity s ~t if
the corresponding graph algebra A(G) satisfies s ~ ¢ (i.e., we have s = ¢ for
every assignment V (s)UV (t) —» VU{oo}). In this case, we write G |= s = t.

Definition 2.4. Let G = (V, E) and G = (V',E') be graphs. A homo-
morphism h from G into G’ is a mapping h : V — V' carrying edges to
edges, that is, for which (u,v) € E implies (h(u), h(v)) € E.



The following result was proved in [5].

Proposition 2.1. Let s and t be non-trivial terms from W(X) with vari-
ables V(s) = V(t) = {zo,1,....,Zn} and L(s) = L(t). Then a graph
G = (V,E) satisfies s = t if and only if the graph algebra A(G) has the
following property:

a mapping h : V(s) — V is a homomorphism from G(s) into G if and
only if it is a homomorphism from G(t) into G.

Proposition 2.1 gives a method to check whether a graph G = (V, E) sat-
isfies the equation s ~ t. Hence, we can check whether a graph G = (V, E)
has an (z(yz)) = ((z(yy))z) graph algebra.

Proposition 2.2. Let G = (V, E) be a graph. Then the following state-
ments are equivalent:

(i) G has an (z(yz)) = ((z(yy))z) graph algebra,
(ii) if (a,b) € E and c € V, then (b,c) € E if and only if (a,c),(b,b) € E.

 Proof. (i) = (ii): Suppose that G = (V, E) has an (z(yz)) = ((z(yy))?)
graph algebra. Let s and ¢ be terms such that s = (z(yz)), t = ((z(yy))2).
Let (a,b),(b,c) € E and h : V(s) — V be a function such that h(z) =
a, h(y) = b and h(z) = c. We see that h is a homomorphism from G(s)
into G. By Proposition 2.1, we have h is a homomorphism from G(t) into
G. Since (z,2), (4,y) € B(t), (h(z), h(2)) = (a,¢) € E and (h(y), h(y)) =
(b,b) € E. Let (a,b), (a,c),(b,b) € E and h: V(t) — V be a function such
that h(z) = a, h(y) = b and h(z) = c. We see that h is a homomorphism
from G(t) into G. By Proposition 2.1, h is a homomorphism from G(s) into
G. Since (y, 2) € E(s), (h(y), h(2)) = (b,c) € E.

(1) = (i): Suppose that G = (V,E) is a graph satisfing (ii). Let
s and ¢ be terms such that s = (z(y2)), ¢t = ((@z(yy))z). Suppose
that A : V(s) — V is a homomorphism from G(s) into G. Since
(z,9), (v, 2) € E(s), (h(z), M(y)), (h(y),h(2)) € E. By assumption, we get
(h(z), h(2)), (h(y), h(y)) € E. Therefore, h is a homomorphism from G(t)
into G. By the same way, if h is a homomorphism from G(t) into G, then
we can prove that it is a homomorphism from G(s) into G. Hence, by
Proposition 2.1, A(G) satisfies s ~ t. O

By Proposition 2.2, the following graphs have (z(yz)) =~ ((z(yy))z)
graph algebras;
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and all graphs such that each component of every subgraph induced by at
most three vertices is one of these graphs.

3. Identities in (z(y2)) = ((x(yy))z) graph algebras

Graph identities were characterized in (5] by the following Proposition:

Proposition 3.1. A non-trivial identity s = t is an identity in the class
of all graph algebras if and only if either both terms s and t are trivial or
none of them is trivial, G(s) = G(t) and L(s) = L(t).

Further it was proved.

Proposition 3.2. Let G = (V,E) be a graph and let h : X U {0} —
V U {0} be an evaluation of the variables such that h(oo) = oco. Consider
the canonical extension of h to the set of all terms. Then the following
holds: if t is a trivial term then h(t) = oo. Otherwise, if h : G(t) —
G is a homomorphism of graphs, then h(t) = h(L(t)), and if h is not a
homomorphism of graphs, then h{t) = co.

The following lemma was proved in [8].

Lemma 3.1. Let G = (V, E) be a graph, let t be a term and let
h: X — VU/{oo}
be an evaluation of the variables. Then:
(i) If h is a homomorphism from G(t) into G with the property that the
subgraph of G induced by h(V (t)) is complete, then h(t) = h(L(t)).

(it) If b is a homomorphism from G(t) into G with the property that the
subgraph of G induced by h(V (t)) is disconnected, then h(t) = co.

Now we apply our results to characterize all identities in the class of
all (z(y2)) = ((z(yy))z) graph algebras. Clearly, if s and ¢ are trivial, then
s = t is an identity in the class of all (z(yz)) ~ ((z(yy))z) graph algebras
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and z = z (z € X) is an identity in the class of all (z(yz)) = ((z(yy))2)
graph algebras, too. Further, if s is a trivial term and ¢ is a non-trivial
term, then s &~ ¢ is not an identity in the class of all (z(yz)) = ((z(yy))z)
graph algebras, since for a complete graph G, we have an evaluation of
the variables h such that h(s) = oo and h(t) # co. Hence, we only need
to consider the case that s and t are non-trivial and are different from
variables. Before we do this, we first introduce some notation. For any term
t € T(X) and the graph G(t) = (V(¢), E(t)), let Ni(z) = {y € V(¢) |
(x,y) € E(t)} be the set of all out-neighbors of the vertex z € V (t) and
Ni(z') ={y' e V(t) | (#',y') € E(t)} be the set of all in-neighbors of the
vertex ' € V/(t). Then all identities in the class of all (z(yz)) = ((z(yy))z)
graph algebras are characterized by the following theorem:

Theorem 3.1. Let s and t be non-trivial terms. Then s =~ t is an identity

in the class of all (x(yz)) =~ ((x(yy))z) graph algebras if and only if the
following conditions are satisfied:

(i) L(s) = L(t),
(i) V(s) =V(2),
(iii) Nf(L(s)) # ¢ if and only if Nf(L(t)) # ¢,
(iv) for any x € V(s), Ni(z) # ¢ if and only if Ni(z) # ¢.

Proof. Suppose that s &~ t is an identity in the class of all (z(yz)) =
((z(yy))z) graph algebras.

Suppose that V(s) # V(f) and let z € V(s) but x ¢ V(t). Consider
the (2(y2)) ~ ((z(yy))2) graph G = (V,E) with V = {0}, E = {(0,0)}
and an evaluation of variables h : V(s) UV (t) — V U {oo} such that
h(x) = oo and h(y) = 0 for all other y € V(s) U V(t). We have h(s) = oo
and h(t) = 0. Hence A(G) does not satisfy s = t. Now let G = (V, E) be a
complete graph with V = V(s) = V(t) and let h: V(s) — V be an identity
evaluation of variables. By Lemma 3.1, we have L(s) = h(L(s)) = h(s) =
h(t) = h(L(t)) = L(t).

Suppose that Nf(L(s)) # ¢ but N}(L(t)) = ¢. Consider the graph
G = (V, E) such that V = {0,1}, E = {(0,1),(1,1)}. By Proposition 2.2,
A(G) has an (z(yz)) = ((z(yy))z) graph algebra. Let h : V(s) — V be
the restriction of an evaluation of the variables such that h(L(s)) = 0 and
h(y) =1 for all other y € V(s). We see that h(s) = co and A(t) = 0. Hence,
A(G) does not satisfy s ~ t. Similarly, we can prove the converse.

Suppose that there exists z € V(s) such that N2(z) # ¢ but Ni(z) = ¢.
Consider the graph G = (V, E) such that V = {0,1}, E = {(0,0),(0,1)}.
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Then by Proposition 2.2, A(G) has an (z(yz)) = ((z(yy))z) graph algebra.
Let h: V(s) — V be the restriction of an evaluation of the variables such
that h(x) = 1 and h(y) = 0 for all other y € V(s). We see that h(s) = o0
and h(t) = 0. Hence, A(G) does not satisfy s ~ t. Similarly, we can prove
the converse. T

Conversely, suppose that s and ¢ are non-trivial terms satisfying (i), (i),
(443) and (iv). Let G = (V, E) be an (z(yz)) =~ ((z(yy))z) graph. Suppose
that a function h : V(s) — V is a homomorphism from G(s) into G and let
(z,y) € E(t). If z = y = L(s), (i.e., (L(s), L(s)) € E(t)), then by (iii) there
exists u € V(s) such that (u, L(s)) € E(s). Hence there exists v € V(s) such
that (u, L(s)),(L(s),v) € E(s). We have (h(u), h(L(s)), (h(L(s)), h(v)) €
E. By Proposition 2.2, we have (h(L(s)), h(L(s))) € E. If z = y # L(s),
then by (iv) and G(s) is a rooted graph with root L(s), there exist u,v €
V(s) such that (u,z),(z,v) € E(s). Hence (h(u), h(z)), (h(z), h(v)) € E.
By Proposition 2.2, we have (h(z),h(z)) € E. If z # y and z = L(s),
then because G(s) is a rooted graph with root L(s), there exists a di-
path from L(s) into y. By the homomorphism of A and Proposition 2.2,
we get (h(z),h(y)) € E. If z # y and ¢ # L(s), then there exist
u,v € V(s) such that (u,z), (z,v) € E(s). Hence we get (h(z), h(z)) € E.
Since G(s) is a rooted graph with rooted L(s) again, there exist dipaths
from L(s) into z and y. Thus (h(L(s)), h(z)), (R(L(s)),h(y)) € E. Since
(h(L(s)), h(z)), (R(L(s)), h{y)), (h(z), h(x)) € E. By Proposition 2.2, we
get (h(z), h(y)) € E. This shows that h is a homomorphism from G(¢) into
G. By the same way, if h is a homomorphism from G(t) into G, then we can
prove that it is a homomorphism from G(s) into G. By Proposition 2.1, we
prove that A_(g_)_ satisfies s = ¢. o

4. The (z(yz)) = ((x(yy))z) class

Let G’ be the class of all (z(yz)) ~ ((x(yy))z) graph algebras and Id(G’)
the set of all identities satisfied in G’. In this Section, we characterize the
equation of terms s = t such that the class of all s &~ ¢ graph algebras is
the class G’. We begin with a definition of a relation between the equation
of terms.

Definition 4.1. For any term equation s ~ t and s’ ~ t/, we call s & ¢
relate to s’ ~ t' if and only if the class of all s ~ ¢ graph algebras and

the class of all s’ ~ t' graph algebras are the same. In this case, we write
s=t~s =t
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We see that this relation is an equivalence relation. If s ~ t ~ (z(yz)) ~
((z(yy))z), then we call s ~ ¢ belongs to the class (z(y2)) = ((z(yy))z).
Clearly, if s and ¢ are trivial terms, then s ~ ¢ does not belong to the
class (z(yz2)) = ((z(yy))z) and = = z, z € X does not belong to the class
(z(y2)) = ((z(yy))z), too. Hence we consider the case that s and t are non-
trivial and are different from variables. Before we do this, we introduce some
notation. For any term t, let L;(t) = {y € V(t) | d(L(t),y) = i in G(t)}.
Then all equations s ~ ¢ in the class (z(yz)) = ((z(yy))z) are characterized
by the following theorem:

Theorem 4.1. Let s and t be non-trivial terms and different from vari-
ables. Then s = t belongs to the (x(yz)) = ((z(yy))z) class if and only if
the following conditions are satisfied:

(i) s =t eId(G),

(it) one of G(s) and G(t), G(t) say, has the properties that Ly(t) # ¢,
L3(t) = ¢ and for any x € V(s) if z € L;(t), then there exists no =’ € L;(t)
which j > i such that (', z) € E(t),

(iii) if G(t) has the properties in (ii), then (a) there exists z € Lo(t)
such that Nf(z) = {L(s)} or (b) there ezists w € L,(t) which Ni(w) = ¢
such that (L(s),w) ¢ E(s) or (c) there exists z € Ly(t) and there exist
y,w € L1(t) which Ni(w) = ¢ such that (L(s), 2), (y,w) € E(s).

Proof. Suppose that s = t belongs to the class (z(y2)) =~ ((z(yy))2).
Clearly, s = t € Id(G').

Suppose that both of G(s) and G(t) do not have the properties in (ii).
Consider the graph G = (V, E) such that V = {0, 1, 2}, E = {(0,1),(1,2)}.
We see that G ¢ G’ and h(s) = h(t) = oo for all assignment h: V(s) =V
such that the range of k is V. Hence, -h(s) = h(t) for all assignment & :
V(s) — V. Thus, G is an s =~ ¢ graph but G ¢ G'. Consequently s ~ ¢ does
not belong to the class (z(yz)) ~ ((z(yy))z).

Suppose that G(t) has the properties in (). then, by Theorem 3.1(i4i),
we have N#(L(s)) = ¢. If G(s) does not have the properties (a), (b) and
there exists no z € Lo(t) such that (L(s),z) € E(s), then consider the
graph G = (V, E) such that V = {0,1,2}, E = {(0,1),(1,1),(1,2)}. We
see that G ¢ G’. Consider the assignment h : V(s) — V such that the
range of h is V. Since s =~ t € Id(G’) and by our assumption, we see that
if h(L(t)) = 0, h(z) = 2 for some z € Ly(t), and h(y) = 1 for all other
y € V(t), then h(t) = h(s) = 0. Otherwise h(t) = h(s) = co. Thus, we have
h(s) = h(t) for all assignment h : V(s) — V. Hence G is an s = ¢ graph but
G ¢ G'. Therefore s ~ t does not belong to the class (z(yz)) = ((z(yy))z).
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Suppose that G(s) does not have the properties (a), (b) and there exist
no y',w’ € Ly(t) which N}(w') = ¢ such that (y',w’) € E(s). Consider
the graph G = (V,E) such that V = {0,1,2}, E = {(0,1),(1,1),(0,2)}.
We see that G ¢ G’. Consider the assignment 4 : V'(s) — V such that the
range of h is V. Since s = t € Id(G’) and by our assumption, we see that
if R(L(t)) = 0, h(w') = 2 for some w’ € L1(t), Ni(w') = ¢ and h(z) =1
for all other z € V/(s), then h(t) = h(s) = 0. Otherwise h(t) = h(s) = oco.
Thus, we have h(s) = h(t) for all assignment h : V(s) — V. Hence G is
an s =~ t graph but G ¢ G'. Therefore, s ~ t does not belong to the class
(2(y2) ~ (a(ww))2).

Conversely, suppose that s and ¢ are non-trivial terms and are different
from variables satisfying (i), (i) and (). Since s = t € Id(¢’), G' is a
subset of the class of all s ~ t graphs. Hence, we only prove that the class
of all s ~ t graphs is a subset of G’. Further, we suppose that G(t) has the
properties in (ii). Then by Theorem 3.1(ii3), Nf(L(s)) = ¢. Let G = (V, E)
be an s ~ t graph. Suppose that there exists z’ € La(t) such that Nj(2') =
{L(s)}. If (a,b), (b,c) € E, then let h: V(s) — V be the function such that
h(L(t)) = a, h{y) = b for all y € L1(t) and h(z) = c for all z € L(t). We
see that & is a homomorphism from G(t) into G. By Proposition 2.1, h is
a homomorphism from G(s) into G. We have (h(L(s)), h(2)) = (a,c) € E.
If there are y,y’ € L1(t) such that (y,y’) € E(s), then (h(y),h(y’)) =
(b,b) € E. If there are no y,y’ € Lq1(t) such that (y,y’) € E(s), then
the function A’ : V(s) — V such that A'(L(s)) = a, h'(y) = b, for all
y € N2(L(s)) and h'(z) = c, for all other z € V(s) is a homomorphism from
G(s) into G. We have h is a homomorphism from G(t) into G. Since there
exists y € NY(L(t)) such that (y,2') € E(t), (k' (y),h' (")) = (b,b) € E.
If (a,b), (b,b),(a,c) € E, then let h : V(s) — V be a function such that
h(L(s)) = a, h(z’) = cand h(y) = bfor all other y € V/(s). Wesee that hisa
homomorphism from G(s} into G. By Proposition 2.1, A is a homomorphism
from G(t) into G. Since there exists ¥’ € L1(t) such that (3, 2') € E(t), we
have (h(y'), h(2')) = (b,c) € E. Hence G is an (z(y2)) = ((z(yy))z) graph.
Suppose that there exists w € Ly (t) which N}(w) = ¢ such that (L(s),w) ¢
E(s). If (a,b),(b,c) € E, then let h : V(s) — V be a function such that
h(L(t)) = a, h(y) = b for all y € L;(t) and h(z) = c for all 2z € Ly(t). We
see that h is a homomorphism from G(t) into G. By Proposition 2.1, h is
a homomorphism from G(s) into G. Since (L(s),w) ¢ E(s), there exists
y € Ly(t) such that (y,w) € E(s) and so (h(y), h(w)) = (b,b) € E. Now
let i : V(s) — V be the function such that h'(L(s)) = a, '(w) = ¢ and
W (y) = b for all other y € V(s). We see that &’ is a homomorphism from
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G(s) into G. By Proposition 2.1, h' is a homomorphism from G(t) into G.
Since (L(1),.1) E E(t), (h'(L(t), h'(w)) = (a,C) EE. If (8 b), (b,b), (a,c) E
E, then let h : V(s) =+ V be the function such that h(L(t)) = a, h(w) = ¢
and h(y) = b for dl other y E V(t). We see that h is a homomorphism
from G(t) into G. By Proposition 2.1, h is a homomorphism from G(s) into
G. Since there exists y' E L(t) such that (y',w) E E(s), (h(y),h(w)) =
(b,c) E E. Hence G is an (z(y2) x ((z(yy))2) graph. Suppose that there
exists Z E &(t) and there exist y',w E LI(t) with N:(w’) = g5 such
that (L(s),z'),(y’.w') E E(s). If (ab),(b,c) E E, then let h : V(s) -, V
be a function such that h(L(t)) = a h(y) = b for dl y E LI(t) and
h(z) = cfor dl z E L,(t). We see that h is a homomorphism from G(t)
into G. By Proposition 2.1, h is a homomorphism from G(s) into G. Since
(L(9.,4,(Y,4 E E(s), (h(L(9)),h(z)) = E E S and (h(Y)-h(w)) =
(b, b) E E. Hence Gis an (~(y2)) x ((z(yy))2) graph. If (&, b), (b, b), (a,c) E
E, then let h: V(s) -+ V be the function such that h(L(t)) = a, h(w) =c¢
and h(y) = b for dl other y E V(t). Hence, h is a homomorphism from
G(t) into G. By Proposition 2.1, h is dso a homomorphism from G(s)
into G. Since (y',\w") E E(s), (h(y),h(w)) = (b,c) E E. Hence G is an
(~(y2)) x ((z(yy))2) graph. Therefore, the class of al s x t graph agebras
is asubset of 0. 0

By Theorem 4.1, we see that ((x(y2))w) « ((X(yw))2), ((x((y2)u))w) w
(((z(/z))uM,  (X(y2)uti;)  w ((x((/u)w),  ((yDwW)u)  »
((x((y2W)'w), (0(y2)iy)ii) w ((x((yy)2))iu)u) are the examples of the
equations of terms which belong to the (x(y2)) w ((x(yy))2) class.

5. Hyperidentities in the class (~(yz)) M ((z(yy))r) graph
algebras

Now we want to formulate precise a concept of a hypersubstitution for

graph agebras.

Definition 5.1. A mapping u : {f,~} -, T(X), where X; = (21,~~)
and f is the operation symbol corresponding to the binary operation of a
graph algebra is caled graph hypersubstitution if U(M) = 00 and a(f) =
s E 77xy). The graph hypersubstitution with g(f) = s is denoted by us.

Definition 5.2. An identity s M tis an (~(y2)) x ((z(yy))z) “rapft %o-
peridentity if and only if for dl graph hypersubstitutions u, the equations
s x &[f] areidentitiesin Q.
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Let s =~ ¢t be in the class (z(yz)) =~ ((z(yy))z). Then, by Theorem 4.1,
we see that if we want to find all hyperidentities in the class of all s ~ ¢
graph algebras, then it is enough to find all hyperidentities in the class of
all (z(yz)) =~ ((z(yy))2) graph algebras.

Further if we want to check that s ~ ¢ is a hyperidentity in the class of
G', we can restrict our considerations to a (small) subset of Hyp(G) - the
set of all graph hypersubstitutions.

The following relation between hypersubstitutions was defined in [6].

Definition 5.3. Two graph hypersubstitutions 01,02 are called G'-
equivalent if and only if o1(f) & o2(f) is an identity in G’. In this case,
we write o3 ~g 02.

The following lemma was proved in [3,6].

Lemma 5.1. If 51[s] = 61[t] € Id(G') and 01 ~g: o2 then &a[s] = 63ft] €
1d(g").

Therefore, it suffices to consider the quotient set Hyp(G)/ ~g:. It was
shown that any non-trivial term ¢ over the class of graph algebras has a
uniquely determined normal form term NF'(t) and there is an algorithm to
construct the normal form term to a given term t. Now, we are going to
describe how to construct the normal form term[11]. Let ¢ be a non-trivial
term. Then, the normal form term of t is the term NF(t) constructed by
the following algorithm:

(i) Construct G(t) = (V(¢t), E(1)).

(i) Construct for every x € V(t) the list I = (i, ..., i, ,,) of all out-
neighbors (i.e., (z,z;;) € E(t),1 < j < k(z)) ordered by increasing
indices iy < ... < ik, and let s, be the term (...((z%:, )3, ) .. T4 ) )-

(iii) Starting with = := L(t),Z := V(¢),s := L(t), choose a variable z; €
Z NV(s) with the least index i, substitute the first occurrence of z;
by the term s:,, denote the resulting term again by s and put Z :=
Z \ {z:}. While Z # ¢ continue this procedure. The resulting term is
the normal form NF(t).

The algorithm stops after a finite number of steps, since G(t) is a rooted
graph. Without difficulties, one shows that G(NF(t)) = G(t), L(NF(t)) =
L(t).

The following definition was given in [2].

Definition 5.4. The graph hypersubstitution oy F(3) is called the normal
form graph hypersubstitution. Here NF(t) is the normal form of the binary
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Since for any term ¢ the rooted graphs of ¢t and NF(t) are the same, we
have t ~ NF(t) € Id(G'). Then for any graph hypersubstitution ¢; with
0t(f) =t € T(X2), one obtains oy ~g' onp(y)-

All rooted graphs with at most two vertices were considered in [2].
Now we formed the corresponding terms and use the algorithm to con-
struct normal form terms. The results are given in the following table.

normal form term

graph hypers.

normal form term

graph hypers.

(z172)

2

(z222)
((z121)z2)
(z1(2272))
(z121) (Z222)
(z1(2221))
((z121)(2271))
(z1((z271)22))

(z121)((@221)22))

(2]

o2

04

J6

Js

g10

012

014

O16

o18

1

(z121)

(z21)
((z2z1)72)
(za(z121))
((z2(z121))72)
(za(z122))
(z2((z121)72))
((z2(z122))72)

((z2((z121)T2))2)

o1

o3

s

o7

O9

o11

g13

015

o7

019

By Theorem 3.1, we have the following relations:

(i) o1r0~g O12~g T14~g T16~ 0’ 018,
(il) o11~vg1013~g 015G 017G O19-

For oio~g0o12 consider by the following way: since L(oio(f))
View(f), NV

L(o12(f))

T, V(Ulo(f))

1) #

¢ and
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NT s(.f](zl) £ @, Ngw(f)(zl) #j> and NOCT:lz(f)(wl) £ &, N§'°(”(a:2) £ ¢
and N&?-\x2) ~ 0. By Theorem 3.1 we have <rio~g><Ti2- For the other
cases, we consider by the similar way. Let Mg> bethe set of all normal form
graph hypersubstitutionsin Q. Then we get

Mgi = {<To,(Ti,(T2,<T3,<74,cr5,cr6,0'7,a8,a9,(710jO'll} -
We defined the product of two norma form graph hypersubstitutions in
Mqgi asfollows.

Definition 5.5. The product O-\N °N <*2N of two normal form graph hy-
persubstitutions is defined by (CTIV Oy <72./V)(/) = NF{&iN0'2N{f)})-

The following table gives the multiplication of elements in Mg,

On 00 o'l 02 a3 (T4 05 06 (7 08 09 010 011
00 oo O o02 ~3 (I 05 06 (77 08 09 oi10 811
0-1 (71 0] o2 O o2 o2 0-1 o2 o1 o2 ay 02
02 72 0 o2 01 (o, 01 0-2 0-2 aga 0-1 a3 o2
0-3 o3 0 g2 o3 O~4 024 03 04 03 (74 "3 0-4
04 04 0] o2 03 (74 o3 (74 (74 0-4 3 (74 04
oh Ooh 01 o2 03 74 00 0-9 011 07 06 011 (T

7 (77 0-6 (77 010 0N o010 (MW
T4 0"6 011 011 07 0-6 011 011

O¢ o6 C'| o2 03

(
(
g7 @7 O o2 03
(

08 o8 Ol 02 o3 (I 09 OO0 omn 08 09 0w (CAN
09 09 01 02 03 (I 08 09 011 011  0MO oil O\
0lo | Oio c1 o, o3 O« o1 o1 ol o0 011 o010  (IWN
oil o1i °1 02 03 (« o0 011 011 o011 010 ou (CA\

The concept of aleftmost normal form graph hypersubstitution was defined
in[2).

Definition 5.6. A graph hypersubstitution O is caled leftmost hypersub-
stitution if L(o(f)) = 21.

The set M (~) of dl leftmost normal form graph hypersubstitutions in
MGl is

ML(Q) = {g0,01,03,06708,010).
The concept of a proper hypersubstitution of a class of agebras was
introduced in [6].

Definition 5.7. A hypersubstitution O is called proper with respect to a
classK of algebrasif &[s] M"8[t] E Id(K) for al sx t E 1d{X).
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A graph hypersubstitution with the property that o(f) contains both
variables =1 and zy is called regular, which was introduced in [4]. It is

easy to check that the set of all regular graph hypersubstitutions forms a
groupoid M,.g.

We want to prove that {oo,06,08,010} is the set of all proper graph
hypersubstitutions with respect to G'.

The following lemma was proved in {2].

Lemma 5.2. For each non-trivial term s, (s # x € X) and for allu,v € X,
we have

E(dss]) = E(s) U {(u, u)|(w,v) € E(s)}
and
E(ds[s]) = E(s) U {(v,v)|(w,v) € E(s)}.
Then we obtain the following theorem.

Theorem 5.1. {09, 06,0s,010} is the set of all proper graph hypersubsti-
tutions with respect to the class G' of (z(yz)) = ((z(yy))z) graph algebras.

Proof. If s ~ t € Id(G') and s, t are trivial terms, then dg[s], ds[s],
F6[t] and di|t] are also trivial terms and thus dg(s] ~ dsft] € Id(G’) and
dals] = dilt] € Id(G') € Id(G'). In the same manner, we see that ds(s] ~
delt] € Id(G’) and ds(s| = dsft] € Id(F') if s=t =z.

Now, assume that s and t are non-trivial terms, different from variables,
and s ~ t € Id(G’). Then (i), (i1), (44) and (iv) of Theorem 3.1 hold.

For o¢, 0s, we obtain:

L(3sls]) = L(s) = L(t) = L(&s[t]),
and

L(3s(s]) = L(s) = L(¢) = L(ds]t])-
Since og and gg are regular, we have:

V(d6ls)) = V(s) = V(t) = V([t])
and

V(s(s]) = V(s) = V(2) = V(&s[t]).
By Lemma 4.2, we get:

E(86[s]) = E(s) U{(u,u) | (v,v) € E(s)},
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E(6s[t]) = E(t) U{(w,u) | (v,v) € E@)},

E(83s]) = E(s) U{(v,v) | (u,v) € E(s)}
and
E(6s[t]) = E(t) U{(v,v) | (u,v) € E(?)}-

For 06, by Lemma 4.2, we see that (L(s), L(s)) € E(oa[s]) and (L(t),L(t)) €
E(6¢[t))- Further for any z € V(s), we get N&tl(z) # ¢ if and only if
Ni(z) # ¢ and NZel (:B) + ¢ if and ounly if ,1(11) # ¢. By Theorem 3.1
(i43), we have NZelel (z) # ¢ if and only if NZelt (z) # ¢. By Theorem 3.1,
we get G¢[s] = G¢[t] € Id(G').

For og, by Lemma 4.2 we see that for any x e V(s) with z ;ﬁ L(s),
(z,z) € E(63[s)) and (z, x? € E(5s]t]), hence NZell(z) # ¢ and NEW(z) £
¢. Further we get N”ss (L(s)) # ¢ if and only if NJ(L(s) # ¢ and

Gs[t](L(t)) # ¢ if and only if Nf(L(t) # ¢. By Theorem 3.1(iii) we get
NZU(L(s)) # ¢ if and only if NZM(L(£)) # ¢. By Theorem 3.1, we get
Gsls] = aslt] € Id(G').

For 019, since og on 08 = 010 and g, o are proper, we see that oig is
a proper graph hypersubstitution.

For any ¢ ¢ {00,06,08,010}, We give an identity s = t in G’ such
that 6[s] = 6{t] ¢ Id(G’). Clearly, if s and ¢ are trivial terms with different
leftmost and different rightmost, then & [s] = d¢1[t] ¢ Id(G’), d3[s] = d3[t] ¢
1d(G'), dals] = dalt] ¢ Id(G") and dy[s] = d4t] & Id(G').

Now, let s = (z1(z2z1)) and t = (z1((z2z1)x2)). By Theorem 3.1,
we get s ~ t € Id(G'). If 0 € {05,07,00,011}, then L(o(f)) = z2. We
see that L(&[s]) = z; and L(6]t]) = =5 for o € {o5,07,09,011}. Thus
6[s] ~ &[t] ¢ 1d(G’). w

Now, we apply our results to characterize all hyperidentities in the class
of all (z(yz)) = ((z(yy))z) graph algebras. Clearly, if s and ¢ are trivial
terms, then s ~ ¢ is a hyperidentity in G’ if and only if they have the
same leftmost variable and the same rightmost variable and z =z, z € X
is a hyperidentity in G’, too. Now, we consider the case that s and t are
non-trivial and different from variables.

The concept of a dual term s¢ of a non-trivial term s can be defined in
the following way in [2].

If s =z € X, then z¢ = z, if s = (t1t2), then s¢ = (t4t4). The dual
term s¢ can be obtained by application of the graph hypersubstitution os,
namely 65[s] = s¢. Then, we prove the following Theorem:
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Theorem 5.2. An identity s ~ t in G', where s, t are non-trivial and
8 # T, t # x, is a hyperidentity in G' if and only if the dual identity s@ ~ ¢4
is also an identity in G'.

Proof. If s ~ t is a hyperidentity in G, then &5(s] & 4s[t] is an identity
in @, i.e., s¢ = s¢ is an identity in G'. Conversely, assume that s =~ ¢ is an
identity in G’ and that s? =~ t¢ is an identity in ¢, too. We have to prove
that s ~ ¢ is closed under all graph hypersubstitutions from Mg.

If o € {00,06,08,010}, then ¢ is a proper and we get that ols) = 6]t) €
Id(G'). By assumption, 65(s] = s% = t% = §5]t] is an identity in G’.

For 01,02,03 and g4, we have &1[s] = L(s) = L(t) = 61[t], dals] =
L(s%) = L(t?) = 6[t], 63[s] = L(s)L(s) = L(t)L(t) = 63[t] and &4s] =
L(s%)L(s%) = L(t*)L(t%) = 64[t).

Because of OgONOy = 07, OgONO5 = 09, O100N05 = 011 and 6’6[&5[25'1] =
&6[t'"], 8s[65[t']] = 6s[t'Y], G10[65[t']] = G10[t"%] for all ¢ € T(X), we have
G7[s] = G7[t], Go[s] = o[t] and G11[s] ~ 611[t] are identities in G'. a
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The paper contains a survey of some recent results on ring-theoretical proper-
ties of quantum affine space and actions on them of finite dimensional pointed
Hopf algebras

1. Introduction

Let k be a field with a fixed matrix
q= (sz) GMat(n,k), n>21

whose entries g;; € k* satisfy the relations ¢;; = ¢;5¢; = 1 forall 1 < ¢,5 <
n. Let also r be an integer and 0 < r < n. Denote by
O = ko[ XEY, o XEN, Xrg1y e eese vy X (1)

the associative k-algebra with a unit element generated by elements

X, X7 X X7 X1y 0 X
subject to defining relations

XX '=X7'X =1, 1<i<n @
XiX; = qi; X; X, 1€4,j<n.

The algebra (2) is an algebra of quantum polynomials. The elements g;; are
multiparameters. The algebra Oq is a generic algebra of quantum polyno-
mials if all multiparameters g;; with 1 <4 < j < n, are independent in the
multiplicative group k* of the field k.

*Research partially supported by grant RFBR 06-01-00037
tTo Prof. L.A. Bokut on the occasion of his 70th anniversary.
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The algebra Q4 can be viewed as a coordinate algebra of a quantum
affine space Ag if r =0 [13] and a coordinate algebra of a quantum torus
% if r = n [13]. Unifying both cases we can consider a case of an arbitrary
r where 0 < 7 < n. Then the algebra Oy can be considered as a coordinate
algebra of TS x A5™" [13]. In the case n =2, r =0, the algebra Oy is also
called a quantum plane, where ¢ = q12.
It is an easy exercise to check that every element of Oq has a unique
representation as a linear combination of monomials

Xi=Xh ...X;‘rxrirll oo Xin,
where i = (i1,...,in) € Z™ and ir41,...,%, = 0. The ring O4 a left and
right Noetherian domain, it satisfies Ore condition and it has a division

ring of fractions F = FractOq = kq(X1,...,Xn).

2. Valuations

Let T be a linearly ordered additive (not necessarily commutative) group. A
T-valuation is a surjective group homomorphism v from the multiplicative
group F* of the quantum field F onto the group I' with the following
properties:

(1) if a,b,a+ b € F*, then v(a + b) > min [v(a), v(b)];

(2) if a,b,a+ b € F* and v(a) # v(b), then v(a + b) = min [v(a), v(b)].

We shall also assume that »(k*) = 0.

Theorem 2.1 (Sabitov A. Yu.). A valuation of o quantum division ring

F, not necessarily a generic one, is Abelian in the sense that the group T
is Abelian.

Let 1 : F — I'y and v : F — T's be two valuations. Set vy > vy if there
exists an epimorphism of ordered groups 7 : I'; — I'z such that 7v; = vs.
It means that the diagram

T
F T
r
F____ Y . TI:; 3)

is commutative. A valuation v, : F — T’y has a mazimal rank if for any

valuation v; : F — T’ such that »; > v, the morphism 7 in (3) is an
isomorphism.
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Theorem 2.2. A wvaluation v: F — T of a general quantum division Ting
F' is has mazimal rank if and only if T’ ~ Z™.

Observe that the set of all maximal valuations on F' can be identified with
the set of all linear orderings of the additive group Z".

Let R™ be a vector space of all rows (ry,...,7,), r; € R, of a length
n. We shall assume that R™ is equipped with the lexicographic order. The
following result is presented in ([16], Chapter 6]).

Theorem 2.3. Let < be a linear order in the additive group Z". Then
there exists order preserving group embedding Z™ — R™,

The general linear group GL(n,R) acts on the set of embeddings Z™ —
R™. A linear order essentially lexicographic if it belongs to the orbit under
the action of the group GL(n, Z) of the standard embedding of Z" into R".
If we apply an element A = (a;;) € GL(n,Z) to the standard embedding
of Z"™ into R™ then we choose in F' a new set of variables

Yi=X{ - X2 4=1,...,n (4)
In other words we choose a new quantum polynomial algebra
Dyt o [Ylils e sYniI]

which is again a generic one and it has the same division ring F.

Thus if we consider an essentially lexicographic order then making a
change of variables of the form (4) we obtain a lexicographic order with
respect to the new set of variables Y7,...,Y,.

According to ([25], Chapter 6) points of affine quantum space Ag are
related to valuations of F. The coordinate algebra of a quantum affine
space Aj is the subalgebra kq[X1,...,Xn] € Oq generated by Xi,..., Xn.
Since the algebra O is simple [18] the only prime ideals of kq[X1, ..., Xn]
are just the ideals generated by some sets of variables. So a choice of a
set of variables belonging to kerv can be identified with an element of
Speckq[X1, ..., Xn). Recall that prime ideals of an algebra kq[X1, ... , Xnl,
which is not supposed to be a generic one, are classified in [13].

3. Completions of quantum fields

Throughout the rest of the paper we fix a maximal Z"-valuation v of F' and
Theorem 2.2 where Z" is equipped with (essentially) lexicographic linear
order.
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Definition 3.1. Following [2] denote by F the set of all maps f : Z" — k
and the zero element such that suppf = {m € Z" | f(m) # 0} is Artinian
with respect to the lecxicographic order on Z™. An element f € F can
be identified with a power series f = 3., czn f(M)X™. We say that a
monomial X* = X}*...X¥n, u € Z", occurs in an element f € F if

flu) #0.

Expand the valuation v to f € F in the following way. If f € F then v(f)
— the least element from suppf. Put

O={feF|v(f)20}, m={feF|v(f)>0}

As in [3] it can be shown the set F is a division ring containing F. The
skew field F is called a completion of F with respect to v. Moreover O
is a subring in F and m is an ideal in O. It is generated as an ideal in
O by the elements X;',..., X5 provided v(X7'),...,v(X5") > 0, where
€1,...,€ = x1. Furthermore O/m ~ k.

Conjecture 3.1. A valuation v is associated to an essentially lexicographic
order on Z™ if and only if Npx1m® = 0.

4. Projective module, elementary matrices and
Morita-equivalence

A survey of results on projective modules over quantum polynomials can
be found in [1]. We shall remind some of the basic results on the subject.

Theorem 4.1. ([1]) Let P be a finitely generated projective modules over
a generic quantum polynomial algebra Og. Suppose that the rank of P is
at least 2. Then P is free. If n > 2 then there erists a non-free projective
Oq-modules of rank 1.

Theorem 4.2. ([1]) Assume that each multiparameter g;; is a root of one.
Let P be a finitely generated projective modules over a quantum polynomial
algebra Oq. Suppose that the rank of P is at least 2. Then P is free. If
the ring Oq is non-commutative then there exists a non-free projective Oq-
modules of rank 1. Moreover the group of elementary matrices E(m, Oq)
acts transitively on the set of unimodular rows of length m > 3. Ift > 4
then GL(t,0q) = E(t,O4)D, where D is the group of invertible diagonal
malrices.

In the paper [2] we study Morita-equivalent generic quantum polynomials
and prove Zarisky-type theorem for these algebras.
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Theorem 4.3 (2). Let Oy and Oy be two non-commutative quantum
polynomial algebras, one of which a generic one. If Og and Oy are Morita-
equivalent then they are isomorphic. Moreover the Picard group of a generic
quantum polynomial algebra is trivial.

This result was generalized in [23].

Theorem 4.4 (L. Richard). Let Oq, Oy be two quantum polynomial al-
gebras with r = n and the algebra O is simple. The following are equivalent:

(1) Oq = O';

(2) the division rings of fractions of Oq and of Og are isomorphic;

(3) the algebras of differential operators on Oq and on Oy are isomorphic;

(4) the division rings of fractions of algebras of differential operators on
Oq and on Og' are isomorphic.

The next theorem is a solution of the Zarisky problem for generic quantum
polynomials.

Theorem 4.5. ([2]) Let Oq be a generic quantum polynomial algebra which
is a skew polynomial extension either of the form Oq = B(X, 0] or Oq =
B[X%1,q] for some subalgebra B in Oy and for some automorphism a of
B. Then the subalgebra B is itself a generic quantum polynomial algebra.

5. Automorphisms of generic quantum polynomials

Each quantum polynomial algebra is provided with a subgroup of toric
automorphisms v such that

¥(X:i) =viXi, ywe€kt, 1<i<n.

Each toric automorphism can be expanded to automorphisms of division
rings F, F. If r = n then the algebra O, has also mirror automorphisms
7, where

(X)) = 1. X[, ek, 1<i<n

Each mirror automorphism can be expanded to the division ring F', but
it cannot be expanded to the division ring F from Section 3. A mirror
automorphism has always order 2.

Now we shall consider the case n = 2. Then the algebra Oy, ¢ = q12,
is generated by two elements X,Y (possibly also by, X~1, Y~ if r > 0)
subject to the defining relation XY = ¢Y X. This algebra is a generic one
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if and only if ¢ is not a root of 1. If h is a rational function in one variable,
then the maps
X = h(Y)X, X~ X,
Y— Y, Y — h(X)Y;
determine automorphisms of the division ring F. Moreover F' has also toric
and mirror automorphisms.

(%)

Conjecture 5.1 (J. Alev). The automorphism group of F' is generated
by toric, mirror automorphisms, by automorphisms of the form (5) and by
conjugations.

The next theorem refines one of results from [22] in the case of quantum
torus r = n = 2

Theorem 5.1. Let v be an endomorphism of a generic algebra Oy where
n=2. Ifr =n = 2 then there exist integers 1, s,t,v and elements B, € k
such that

X)) =BX'Y?, A(Y)=£XYY,

and lv — st = 1. In particular v is an automorphism.
Ifr =1 and v(Y) # O then there exists elements h € k[X*!]| and B € k*
such that

YX) =pX, ~(Y)=hX)Y. (6)
If r = 0 then any automorphism of Oq is toric.

Assign the matrix

w(y) = (i Z) € SL(2,7)

to an automorphism v from Theorem 5.1. The map 7 : AutO; — SL(2,Z)
is a group homomorphism and kern consists of toric automorphisms. If
r = 2 then the map 7 is surjective.

Theorem 5.2. Let G be a finite automorphism group of a generic quantum
plane. If r < 2 then G consists of toric automorphisms. If r = n = 2
then the group G is a semidirect product of a normal subgroup of toric
automorphisms in G and a cyclic group of order 1 — 4, 6.

An automorphism group of a generic quantum polynomial algebra 04 in
the case n > 3 is determined in [11]. If r = n > 3 the following theorem
can also be deduced from [22].
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Theorem 5.3. ({11,22]) Let v be an injective endomorphism of a generic
quantum polynomial algebra Oy where n > 3. Then v is either toric or
in the case r = n either toric or a mirror automorphism. In particular
the group AutOq is a semidirect product of a normal subgroup of toric
automorphisms and a cyclic group of order 2. If r < n, then AutOq consists
of toric automorphisms and therefore is Abelian.

Theorem 5.4. ([11]) Let G be a finite automorphism group of a generic
quantum polynomiol algebra Oq and n > 3. Then the subalgebra of invari-
ants (’)g" is left and right Noetherian and Oq is a left and right finitely
generate (’)qG -module.

This theorem was proved in |{22] for any quantum polynomial algebra pro-
vided r = n.

Theorem 5.5. ([11]) ) Let G be a finite automorphism group of a generic
quantum polynomial algebra Oq and n > 3. Let F be the division ring of
fraction of Oy. Then the subalgebra of invariants FC is the division ring of
fractions of Og.

Conjecture 5.2. Let n > 3 and F from Theorem 5.5. Prove that the
automorphism group of the division ring F is generated by toric, mirror
automorphisms and by all conjugations.

Theorem 5.6. (/25]) Let Oq with r = n be a simple algebra (not neces-
sarily a generic one). Then any endomorphism of Oq is an automorphism.

Conjecture 5.3. Let Oq4 be a generic quantum polynomial algebra and ¢
a nonzero endomorphism of the division ring F. Prove that ¢ is an auto-
morphism of F.

A partial solution of this conjecture was presented by J. Alev and F. Dumas
in [10].

An endomorphism v of the division ring of Laurent power series F is
continuous, if it is determined by its images v(X1),...,v(Xn).

Another partial solution of Conjecture 5.2 is presented in

Theorem 5.7. Suppose that Oqg is a generic quantum polynomial algebra
and v is a continuous automorphism of F. Assume vy has a finite order if
n = 2. Then there ezists an element z € F and a toric automorphism '

such that v s a product (Ad z)y' where (Ad2)x = zzz71.
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Theorem 5.8. Let Oq be a generic quantum polynomial algebra and G a
finite automorphism group of continuous automorphism of F. Then there
ezists an element w € F such that (Adw)G(Adw)™?! consists of toric au-
tomorphisms.

6. Commutative subalgebras

In this section we are exposing some results on commutative subalgebra
in quantum polynomial algebras O (not necessarily generic ones) and in
division ring of fraction F.

Theorem 6.1. ([8]) Let f € ky(X,Y)\k and g is not a root of 1. Then the
centralizer C(f) is a commutative subalgebra (in fact a mazimal subfield)
in ke(X,Y).

Theorem 6.2. ([24]) Let F be obtained from a generic quantum polyno-
mial algebra Oq and f € F \ k. Then the centralizer C(f) of f in F is
commutative and is a mazximal subfield in F.

Theorem 6.3 (K. Goodearl, private communication). Let K be a
subfield in F (it is not necessarily assumed that Og is a generic quan-
tum polynomial algebra). Then the transcendent degree of K over k does no
exceed Krull dimension of ku[XE!, ..., XY,

If 7 = n the Krull and global dimensions of O4 are equal to the maximal

number of commuting monomials whose multi-indices are independent in
2Zn [12].

Theorem 6.4 (Zelenova S.). Let K be a commutative subalgebra of the
algebra Oq which is not supposed to be generic. Then the mazimal number
of algebraically independent elements in K does not exceed Krull and global
dimensions of Ogq.

Conjecture 6.1. Any mazimal commutative subalgebra in Og is affine
(finitely generated).

Conjecture 6.2. Let K be a mazimal subfield in kq(X,Y) (q is not a root
of 1). Then the extension K/k is a purely transcendental of degree 1.

Observe that the division ring k,(X,Y’) coincides with the division ring
of quantized Weyl algebra A,(1) = k(a,b | ab — gba = 1). In the meantime
as it was shown by J. Dixmier the conjecture similar to Conjecture 6.2 did
not hold for the division ring of an ordinary Weyl algebra A;.
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7. Actions of Hopf algebras

We start this section with explication of some basic ideas related to non-
commutative algebraic geometry and the theory of Hopf algebras.

Let V,W be affine algebraic varieties with coordinate k-algebras
k[V], k]W] respectively. Then

k[V x W] ~ k[V] ® k[W]. )
In particular if G is an affine algebraic group then morphisms of multipli-
cation, of inverse, and of unit

GxG—-G, G—G, {e} -G,

z,y »—>:c,x»—>m_1 e —e.
(z,9) — zy ,

induce by (7) k-algebra morphisms

A: k[G] = k[G] 9 k[G], (Af)(z,y) = f(zy),

S: kG- kG,  (Sf)(=) =fl=),

e: k[G] — k, ef = f(e).
These morphisms are called comultiplication, antipode and a counit, respec-
tively. It means that k[G] is a commutative Hopf algebra. Recall that a Hopf

algebra H with a comultiplication A is cocommutative if A = 7A, where
T(u®v)=v®uforall u,v € H.

Proposition 7.1. A Hopf algebra k[G] is cocommutative if and only if G
is an Abelian group.

In algebraic geometry we consider actions GxV — V of algebraic group
G on affine algebraic variety V. According to (7) it means that there is given
a k-algebra (structure) morphism

p: k[V] = k[G x V] ~ k[G] @ k[V]

such that (A ® 1)p = (1 ® p)p, (¢ ® 1)p = 1. It means that the following
diagram with A = k[V] and H = k[G] is commutative

H*® A p A

(8)
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The main idea of noncommutative algebraic geometry is to consider a co-
ordinate algebra A (not necessarily commutative) which is an H-comodule
algebra for some Hopf algebra H. It means that there is given a k-algebra
morphism p: A — H ® A with the properties (8).

A dual notion of H-comodule algebra is a notion of H-module algebra.
We say that an algebra A is an H-module algebra if A is an H-module and
h(ab) = Eh(h(l)a)(h@)b)’ where A(h) = Eh h(l) ® h(z). If H is a finite
dimensional Hopf algebra then H* = Homy(H, k) is again a Hopf algebra
and H** ~ H. An algebra A is an H-module algebra if and only if A is an
H*-comodule algebra.

In noncommutative geometry [14] a quantum polynomial algebra Oq
with 7 = 0is a coordinate algebra of a quantum affine space Ay is considered
together with quantum Grassman algebra I" which is generated by elements
£1,...,&, subject to the defining relations

& =0, && = pi&st (9)
where p;; € k*, and pi; = pi;pjs = 1 for any 4,5 = 1,...,n. The algebra of
functions on matrices of size n is introduced in the book [14] as a universal
bialgebra My, q(n) such that Og, T’ are My, (n)-comodule algebras.

Starting from now we shall assume in this section that Ogq is a generic
quantum polynomial algebra. We shall consider cocommutative and pointed
Hopf algebras H such that Oq4 is an H-(co)module algebra. From geomet-
rical point of view (see Proposition 7.1) we consider commutative quantum
groups acting on the affine space Aj. We shall now study the Lie alge-
bra DerQq of derivations of Oy and the Lie algebra DerF of continuous
derivations of F. A derivation of F is continuous if it is determined by
the images of X1,...,X,. The subalgebra DerintOq of inner derivations
is always an ideal in DerOgq. Similarly the subalgebra DerintF, of inner
derivations is an ideal in DerF. We also have derivation 8y,...,08, such
that 0;(X;) = 0;;X;. Observe that [8;,0;] = 0, [8;,ady] = ads,,. More-
over if chark = p > 0 then 8 = §;. Thus the span L of 8y,...,8, is an
-Abelian Lie algebra of dimension n. The following theorem can be deduced
from [9] in the case r = 0 and from [22] in the case r = n.

Theorem 7.1. ([4-6]) Let Oq be a generic quantum polynomial algebra.
There is a direct decomposition of vector spaces DerOq = DerintOq @ L.
Similarly DerF = DerintF & L. Any finite dimensional Lie subalgebra in
DerQOq and in DerF is Abelian.

Let v be an automorphism of Oy. A linear operator D on Oq is a v-
derivation if D(zy) = D(z)y + v(z)D(y) for all elements z,y € Oq. D is



29

an inner y-derivation if there exists an element w € Oq such that
D(z) = (ad,w) z = wz — y(z)w
for all z € Oq. The next theorem expands Corollaries 1.10 and 1.14 from

[5]-

Theorem 7.2. ([6]) Suppose that n > 3 and that v has a finite order. Let
D be a vy-derivation of a generic algebra Oq. Then either D is an inner y-
derivation ory is a toric automorphism and there exists an element w € Oq
such that

D(X) = (ad,w)X + 60X, D(Y)= (ad ,w)Y +7Y
where (8 —1)7 = (£ —1)0 =0.

A similar result holds for a continuous v-derivation of F with n > 3.
Suppose that n = 2 and v from Theorem 5.1.

Theorem 7.3. ([6]) If either | # 1, or v # 1, then D is an inner v-
derivation of a generic algebra O,.

Theorem 7.4. ([6]) Suppose that D is a y-derivation of a generic algebra
O, such that v(X) = X, v(Y) = EX'Y. If t # O, then there exists an
element w € Oy such that

D(X) = (adyw)X, D(Y) = (ad,w)Y + g(X)Y**,
where g(X) € k[X*!) and B = q~b. Ift = O then there erists an element
w € Oq4 such that
D(X) = (ad,w)X + X, 6eck, ¢€=g",
D(Y) = (ad,w)Y + 77XV, rek, B=g¢7" (10)

Theorem 7.5. ([6]) Let D be a algebraic y-derivation of a generic algebra
Oq with a non-toric automorphism . Then D = 0.

Theorem 7.6. ([6]) Let k have characteristic zero, D an algebraic v-
derivation of a generic algebra Og and v a toric automorphism. Then
D=0.

Similar results can be proved for continuous algebraic automorphism of F.
Observe that if 7 = n then the algebra Q4 is simple [18]. Hence by {15]
DerintOq ~ Oq4/k is a simple Lie algebra. Similarly [15] the special Jordan

1
algebra O;r with respect to the new multiplication a o b = -Q—[ab + ba] is a

simple Jordan algebra.
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Proposition 7.2. Let chark = 0 and J either a derivation of a generic
Oq4 or a continuous derivation of F. Suppose that there exists a nonzero
polynomial f(T) € k[T such that f(8) =0. Then 8 = 0.

There is a natural cocommutative Hopf algebra Hp, for which Oq is an
Hp,-module algebra. Let U be the (restricted) universal enveloping algebra
of Der. Then the group G = AutOq acts on U by conjugations. In fact by
Theorem 5.3

a(?ja"l = 0y, aadya~ ! = adg(y)-

So we can form smash product Hp, = UffkG. Then both Oq4 and I' (from
above) are Hp,-module algebras.

Theorem 7.7. ([6]) Suppose that k is an algebraically closed field of char-
acteristic zero and H is ¢ cocommutative Hopf algebra such that Oq is a
generic quantum polynomial algebra which is an H-module algebra. Then
there exists a Hopf algebra homomorphism £ : H — Hep_ such that the
action of H on Oq is induced by § and the action of Ho, on Oq.

Definition 7.1. ([19], p. 45 ) Let H be Hopf algebra acting in Oy. An
extension of algebras Oq/ (’)é{ is Schelter-integral if for any element f € Oq
there exists a positive integer m such that f™ +q(f) = 0, where q is a sum
of elements of the form

a f™---agf™ag, ni+-oAng<m

H
for some ay,...,aq4+1 € Oy .

Proposition 7.3. Let H be a Hopf subalgebra in Ho,, the field k alge-
braically closed of characteristic zero and the extension Oq /Ofi’ Schelter-
integral. If P(H) # 0 then Of and P(H) are commutative.

Proposition 7.4. The action of H = Ho,,n 2 3, can be expanded to

F =kq(Xy,...,X5) and to F. Let FH be the set of all invariants for each
element of H. Then FY is a skew subfield in F.

Theorem 7.8. ([6]) Let H be a Hopf subalgebra in Ho, such that F has
a finite left (right) finite dimension over FH . Suppose k has characteristic
zero and some multiparameter ¢;;, 1 < i < j € n, is algebraically indepen-
dent over the subfield of rationales Q in k. Then P(H) = 0 and H = kG,
where G is a subgroup of AutOy.
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8. Actions of pointed finite dimensional Hopf algebras

A Hopf algebra H over a field & is pointed if all simple co-subalgebras in
H have dimension 1. For example group algebra and universal (restricted)
algebra are pointed. A Hopf algebra is pointed if and only if any maximal
ideal of the dual algebra H* has codimension 1. In particular any cocommu-
tative Hopf algebra over an algebraically closed field is pointed. Consider
standard pointed Hopf algebras acting of quantum polynomial algebras Ogq.
Let C = (r) is a cyclic group of order 1 — 4, 6. Fix an injective group ho-
momorphism ¢ : C — SL(n,Z) such that if n > 2 then the order of C
is either 1 or 2. By Theorem 5.1, Theorem 5.2 Theorem 5.3 the required
homomorphism @ exists.

Let U be a ZC-submodule in Z™ of a finite index. Denote by A the finite
abelian group Z" /U written multiplicatively.

The homomorphism @ : C — SL(n,Z) induces an action of £C on the
dual algebra (kA)*. Namely if f € (kA)*, c € C, and z € A then

Fé(@) = f (2(e)"H(2)) - (11)

The smash product (kA)*kC is a Hopf algebra. We shall call it a standard
Hopf algebra. Note that if n > r, then a standard Hopf algebra has the
form (kA)*.

An algebra Og with r = n admits the natural A-grading, induced by
Zn-grading with respect to Xi, ..., X,. According to!® there exists a left
coaction

ptoq-ﬁkA(@Oq, ,O(X,) ‘—‘(eiU)@Xi, i=1,...,n, (12)
where e; = (0,...,0,{,0,..‘,0) € Z". In other words O, admits a left
action of the dual Hopf algebra (kA)* [19], namely

f(X")=flv+U)X*, veZ™. (13)

We can define an action of kC on O, with r = n as follows. If the order of
C is equal to 2, then

ToX;=&Xt, &LeEKki=1,...,n (14)
Suppose now that n =7 =2 and

o(r) = (‘; 2) € SL(2,2Z)

has one of the orders 3,4,6. Then we put
70 (X)=£X°Y?, To(Y)=nX°Y?, (15)
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where &,1 € k*.

Proposition 8.1. There exists an action of (kA)*§kC on Oq extending
actions of (kA)* and the action (14), (15) of kC.

An element a € O is an invariant under an action of H if ha = ¢(h)a for
all h € H. All invariants form a subalgebra O in Og.

Theorem 8.1. ([7]) Suppose that Oq is a generic quantum polynomial
algebra and H is a finite dimensional Hopf algebra. Then an action of H
in Oq is a composition of ¥ and a "standard” action of a ”standard” Hopf
algebra in Oq. If (’)H is the subalgebra of invariants then it is left and right
Noetherian ring and Oy is a finitely generated left and right (’)H ~maodule.

Theorem 8.2. ([6]) Let a finite dimensional Hopf algebra H act con-
tinuously on F. Then there exists a nonzero element z € F such that
h(X?) = zxu,(R)X°27Y for any monomial X¥ € F,v € Z", and any el-
ement h € H. Here x, € H*. The division ring F has a finite left and right
dimension over the subdivision ring on invariants FIT.

9. Poisson structures

A Poisson structure on a k-algebra A is a k-bilinear multiplication Poisson
bracket {, } : A® A — A such that

(1) A is a Lie algebra with respect to the multiplication {z,y};
(2) {zy,z} ={z, 2}y +x{y,z} for all z,y,z € A.

An algebra A with a Poisson bracket is called Poisson algebra.

Poisson algebras are considered in [17). It is shown in [20] that under
some assumptions on a set of multiparameters in an algebra Og with r =
0, n there exists a Poisson algebra Og such that the topological spaces of
primitive (prime) ideals in Q4 and of sympectic (prime Poisson) ideals in
Oq are homeomorphic. A study of Poisson brackets is related to a study of
the Lie algebra DerQ, of derivation of the algebra O, because that map
a+ {b,a} is a derivation of Oq for any b € O4.

Theorem 9.1. ([6]) Let a Poisson bracket be given in a generic quan-
tum polynomial algebra Oy. Then there exists an element € € k such that

{a,b} =¢&la, b).

A Poisson bracket on F is continuous if it is uniquely determined by the
set of values {X;, X;}, 1 <i< j < n. As above we can prove



33

Theorem 9.2. ([6/) Let a continuous Poisson bracket be given on Lau-
rent quantum power series F which is associated with a generic quan-
tum polynomial algebra Oy. Then there exists an element & € k such that

{a,b} = ¢[a, b].
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1. Introduction

In this survey, we report the activities of the first author who has been
staying in the South China Normal University, at Guangzhou, in Spring
2006, Spring 2007 and November-December 2007. With the participation
of the second author, we are running an algebra seminar with 12 students
(most of them are master degree students) and some young teachers at
5 times per week, two hours each session. The subjects of this seminar
include from Combinatorial group theory, Free Lie algebras, Semi-simple Lie
algebras to Non-associative algebras, Conformal algebras, Quantum groups,
Semigroups and Dialgebras with emphasizing in Grobner-Shirshov bases.
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The second author visited Sobolev Institute of Mathematics at Novosi-
birsk as a visiting professor in July-October, 2006.

As the result of all these activities, more than 10 papers have been
prepared. We now give a brief survey for some of the papers. We also
mention some papers which were done during the first author’s visiting to
Prof. K. P. Shum, the Chinese University of Hong Kong, 2003-2005.

We divide these papers into three blocks:

(I) New Composition-Diamond (CD-) lemmas,
(I1) Applications of known CD-lemmas,
(111) Ezpository papers.

We first explain what it means of “CD-Lemma” for a class (variety or
category) M of linear Q-algebras over a field k (here § is a set of linear
operations on M) with free objects.

M-CD-Lemma Let M be a class of (in general, non-associative) -
algebras, Freep(X) a free Q-algebra in M generated by X with a linear
base consisting of “normal (non-associative 1-) words” [u], S C Freesm(X)
a subset and < a monomial well order on normal words. Let S be a Grébner-
Shirshov basis (this means that any “composition” of elements in S is “triv-
ial”). Then

(a) If f € Ideal(S), then [f] = [a5b], where |f] is the “leading monomial”
of f and [asb] is a “normal s-word”, s € S.

(b) Irr(S) ={[u]|[u] # [a5b], s € S, [asb] is a normal s — word} is a linear
basis of the algebra M(X|S) with defining relations S.

In many cases, each of conditions (a) and (b) is equivalent to the condi-
tion that S is a Grébner-Shirshov basis in Freex(X). But in some of our
“new CD-Lemmas”, this is not the case. Here, M may be as follows:

—Associative algebras ([56], [7], [3])-

A free associative algebra. is k(X), the algebra of non-commutative poly-
nomials; normal words are words on X; the A. I. Shirshov’s composition
(f+9)w is equal to fb —ag, if w = fb = ag, deg(f)+deg(g) >deg(w), or
f—agb, if w= f = agb, where a,b € X* and X* the free monoid gener-
ated by X; a polynomial h is called trivial mod(S) if it goes to 0 by using
the Eliminations of Leading Words (ELW) of S (see below an equivalent
definition).

~Lie algebras ([56)).

A free Lie algebra is Lie(X), the algebra of Lie polynomials in k(X)
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(this theorem was proved by W. Magnus and E. Witt); by the normal words
we mean the non-associative Lyndon-Shirshov words [u] on X the leading
word f of a Lie polynomial f is the same as the associative polynomial; A.
1. Shirshov’s composition [f, g, of two Lie polynomials is its associative
composition with some extra bracketing defined in [53]; a normal s-word
for s € Lie(X) has the form [asb] with extra bracketing as before.
—-Commutative algebras ([17], [18]).

A free commutative algebra is k[X], the algebra of polynomials on
X over a field k; normal words are monomials; the composition S(—,—)
is the operation of taking the B. Buchberger’s S-polynomial: S(f,g) =
fb — ag for any polynomials f,g, where w = fb = ag = Lc.m(f,7) and

deg(f)+deg(g) >deg(w).

—(Commutative, anti-commutative) non-associative algebras ([55]).
There is only composition of inclusion in the cases.

-Lie superalgebras ([45]).
The Composition-Diamond lemma for Lie superalgebras is known and
proved.

—Grassmann algebras ([57]).
There is new composition of multiplication by a monomial.

—Supercommutative associative superalgebras ([45], [46]).
There is new composition of multiplication by a monomial.

—Conformal associative algebras (C, (n), n >0, D) ([12}).

There are 6 types of compositions including inclusion, intersection, D-
inclusion, D-intersection, left (right) multiplication by a generator. The
condition (a) ((b)) in the CD-lemma is not equivalent to the condition that
S is a Grobner-Shirshov basis.

~Modules ([36], [29]).

2. CD-lemma for associative algebras

In this section, we cite some concepts and results from the literature which
are related to the Grobner-Shirshov bases for the associative algebras.

Definition 2.1. ([56], see also [6], [7]) Let f and g be two monic poly-
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nomials in k(X) and < a well order on X*. Then, there are two kinds of
compositions:

(i) If w is a word such that w = fb = ag for some a,b € X* with
deg(f)+deg(g) >deg(w), then the polynomial (f,g)w = fb — ag is called
the intersection composition of f and g with respect to w.

(i3) If w = f = agb for some a,b € X*, then the polynomial (f,g)w =
f — agb is called the inclusion composition of f and g with respect to w.

Definition 2.2. ([6], [7], [56]) Let S C k(X) with each s € S monic.
Then the composition (f,g)y is called trivial modulo (S,w) if (f,g)w =
3" a;a;8:bi, where each a; € k, a;,b; € X*, 5; € § and a;s:b; < w. If this is
the case, then we write (f,g)w =0 mod(S,w)

Definition 2.3. ([6], [7], [56]) We call the set S with respect to the well
order “ < ” a Grobner-Shirshov set (basis) in k(X) if any composition of
polynomials in S is trivial modulo S.

If a subset S of k(X) is not a Grobner-Shirshov basis, then we can add
to S all nontrivial compositions of polynomials of S, and by continuing this
process (maybe infinitely) many times, we eventually obtain a Grébner-
Shirshov basis S°°™P. Such a process is called the Shirshov algorithm. It is
an infinite algorithm as well as Kruth-Bendix algorithm (see [38]).

A well order > on X* is monomial if it is compatible with the multipli-
cation of words, that is, for u,v € X*, we have

U > U = wuwy > wivws, for all wy, we € X*.

A standard example of monomial order on X* is the deg-lex order to com-
pare two words first by degree and then lexicographically, where X is a
linearly ordered set.

The following lemma was proved by Shirshov [56] for the free Lie alge-
bras (with deg-lex ordering) in 1962 (see also Bokut [6]). In 1976, Bokut
[7] specialized the approach of Shirshov to associative algebras, see also

Bergman [3]. For commutative polynomials, this lemma is known as the
Buchberger’s Theorem in [17] and [18].

Lemma 2.1. (Composition-Diamond Lemma) Let k be a field, A =
k(X|S) = k(X)/Id(S) and < a monomial order on X*, where Id(S) is
the ideal of k(X) generated by S. Then the following statements are equiv-
alent:

(i) S is a Grébner-Shirshov basis in k(X).
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(ii) f € 1d(S) = f = asb for some s € S and a,b € X*.
(iii) Irr(S) = {u € X*|u # asb,s € S,a,b € X*} is a basis of the algebra
A=kX|S).

3. New CD-lemmas
3.1. CD-Lemma and HNN-extensions

Y. Q. Chen and C. Y. Zhong in [27] give a version of CD-lemma in which the
order may not be monomial. A Grébner-Shirshov basis for HNN extensions
of groups is obtained by using the new CD-lemma. This is the first paper
to give a Grobner-Shirshov basis by using a non-monomial order.

Theorem 3.1. ([27]) Let S C k(X) and “ <” a well order on X* such
that

(I) asb=a3b for anya,bc X*, s€S;
(II) for each composition (s1,82)w in S, there exists a presentation

(s1,82)w = Zaiaitibi, a;t:b; <w, where t; €8, ai,b; € X*, a; €k

1

such that for any c,d € X*, we have ca;t;b;d < cwd.
Then, the following statements hold.

(i) S is a Grébner-Shirshov basis in k({(X).
(ii) For any f € k(X), f € Id(S) = f = a3b for some s € S, a,b € X*.
(iii) The set

Irr(S) = {u € X*|u # asb,s € S,a,b e X"}
is a linear basis of the algebra k(X|S).

We call the order satisfying the conditions in Theorem 3.1 an S-weak
monomial order.

Let G = gp(H,t|t"lat = ¢(a),a € A) be an HNN-extension of a group
H, where A is a subgroup of H and ¢ a group isomorphism. By using
Theorem 3.1, it is proved in [27] that there exists an explicit Grébner-
Shirshov basis S of G relative to some explicit S-weak monomial order
such that the set Irr(S) of S-irreducible words coincides with the set of
normal forms in the Normal Form Theorem for HNN-extensions (see [4]
and [43]).
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3.2. Dialgebreas

In this section, we report some recent results of L. A. Bokut, Y. Q. Chen
and C. H. Liu [10].

Let D(X) be a free dialgebra (J.-L. Loday, 1995, [40]), where multipli-
cations “F”, “-” are both associative and for any a,b,c € D(X),

ad(bkFc)=a-db-g,
(adb)Fe=alkblc,
atF(b-de)=(akFb) e

A linear basis of D(X) consists of normal diwords
[u] =Z_pb b A Hxyg=x2_,, - Zo-- -2y,

where z; € X, m, k > 0,xo is the center of [u] (see J.-L. Loday, 1995, [40]).
We define the deg-lex order [u] < [v], by using the lex-order of the weight
wtlu] = (k+m+1,m,2_p,...,Tk).

Now, for f,g € S, we define the compositions of inclusion, intersection
and left(right) multiplication by a letter.

We call the set S a Grobner-Shirshov set (basis) in D(X) if any com-
position of polynomials in S is trivial modulo S (and [w]).

Theorem 3.2. ([10] CD-Lemma for dialgebras) Let S C D(X) be a monic
set and the order < as before. Then (i) = (i) & (i13) = (iv), where

(i) S is a Grobner-Shirshov basis in D(X).
(i) For any f € D(X), f € Id(S) = [f) = [a[3]b] for some s € S, a,b €
[X*] and [asb] a normal S-diword.
(iii) The set Irr(S) = {u € [X*]|u # [a[3]b], s € S,q,b € [X*],
[asb] is normal S-diword} is a linear basis of the dialgebra D(X|S).
(iv) Each composition is trivial modulo S.

As an application of the above theorem, we obtain a Grobner-Shirshov
basis for the universal enveloping algebra of a Leibniz algebra. It is the
PBW-Theorem for the Leibniz algebras. This is the third proof of the the-
orem after M. Aymon and P. P. Grival (2003) in [1], and P. Kolesnikov
(2007) in [39].

Recall that a Leibniz algebra L is a non-associative algebra with a mul-
tiplication [zy] € L such that [[zy)z] — [[z2]y] — [[yz]z] = O (see [40]).
For any dialgebra (D,H,t), the linear space D with the multiplication

[ty = * 4 y —y + z is a Leibniz algebra. For any Leibniz algebra
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L = Lei({e;}1][eie;] = 304 afex, 4,4 € I), one can define the universal en-
veloping D-algebra U(L) = D({e;}1le; He; —e; - e; =3, ofiex, 1,5 € I),
where {e;}; is a basis of L.

Theorem 3.3. ([10]) Let L be a Leibniz algebra over a field k with the
product {, }. Let Lo be the subspace of £ generated by the set {{a,a}, {a, b} +
{b,a} | a,b € L}. Let {z;|i € Ip} be a basis of Lo and X = {zii € I} a
linearly ordered basis of L such that Iy C I. Let (D(X),-,F) be the free
dialgebra and the order < on [X*| as before. Let S be the set which consists
of the following polynomials:

L fi=z;ba;—z 25 + {z,7;} (i,jel)

2. fim=aj bbby —a bz by + {24,z F ooy (i,5,t€l, §>1)
3. gkt = T4 F T (o€ lp, tel)

4. fryji=zedzj Az — oy 2 Az + 20 A {24, 75} (i,5,t€l, j7>1)
3. htiy = T - T4 (ig € Iy, t € I).

Then

(i) S is a Grébner-Shirshov basis in (D(X).
(i) The set

{zj Az 4 Hzg |jeLipel-Io, 1Sp<k, iy <--- S, k2 0}

is a linear basis of the universal enveloping algebra U(L) = D(X|S).
In particular, L can be embedded into U(L).

3.3. Free I'-algebras k(X;T')

In this section, we summary the results given by L. A. Bokut and K. P.
Shum [14].

Let X be a set, I a group, I'(z), I''(z) isomorphic subgroups, z € X.
Then the algebra k(X ;I") with defining relations

vz =zy (y€T(x), ¥ €T'(),x € X), v=up(y,6uel)

is called free I'-algebra.
A linear basis of k(X;T) consists of I'-words

U= YoTi Y1 - L Ve, Ti € X, 7 €1,k >0,

which are equivalent under transformations yx — 7y’ above.
We input a quasi-order on I'-words:

u<ve [y <[,
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where [u] = x;1 -+ - Zik is the projection of u, and {u] < [v] a monomial order
on X*.

A T-polynomial f may have several leading monomials of f. We call f a
strong polynomial if f is unique. We define compositions of inclusion and
intersection of two strong I'-polynomials, and a strong I'-Grébner-Shirshov
basis. The later is a set of strong I'-polynomials that is closed under com-
positions.

Theorem 3.4. Let k(X;T) be a free strong I'-algebra, S C k{X;T') a strong
T'-Grébner-Shirshov basis. Then

(a) If f € Id(S), then f = a3b, where f is a leading monomial of f, s € S,
a,b D-words.

() Irr(S) = {u # asbls € S,a,b are T-words} is a linear basis of
k(X;T|S).

There are many examples of I'-algebras with strong I'-Grébner-Shirshov
bases.

(a) Group algebras of universal groups G(R*) of multiplicative semi-
groups R* of some rings R.

Let R = m, where S = sgp(X|w;h; = w;fi, w;, hiyui, fi € X), k a
field, k(S) the semigroup algebra, W the algebra of formal series over S.
In particular, if S is a free semigroup, then k(S) = k(X) is the Magnus
algebra of formal series over X,

These examples are from Bokut’s solution to the Malcev embedding
problem: There exists a semigroup S such that £(S)* C G (the multiplica-
tive semigroup of k(S) is embeddable into a group), but k(S) ¢ D (k(9) is
not embeddable into any division ring) (see [5]).

(b) Group algebras k(G) for Tits systems (G, B, N, S) (see [16]). Here
G has strong I'-Grébner-Shirshov basis, where I' = B and I'-normal form
is the Bruhat normal form.

3.4. Tensor product of free algebras

In A. A. Mikhalev and A. A. Zolotykh [47], a CD-lemma for the algebra
k[X] ® k(Y) was found, where k[X] is a polynomial algebra generated by
X and k(X) is a free algebra.

In this section, we introduce the CD-lemma, for tensor product k(X) ®

k(Y) of free algebras, which is from L. A. Bokut, Y. Q. Chen and Y. S.
Chen [23].
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Let X and Y be linearly ordered sets, S = {yx = zyjz € X, y € Y}.
Then, with the deg-lex order (y > z for any z € X, y € Y) on (X UY)*,
S is a Grobner-Shirshov basis in k(X UY'). Then, the set

N =X"Y* =Irr(S) = {u = v*u’|uX € X* and u¥ € Y*}
is the normal words of the tensor product of the free algebras
MX)QKY)=k(XUY |S).

Let kN be a k-space spanned by N. For any u = uXuY,v = vXv¥Y € N,
we define the multiplication of the normal words as follows

w = uXoXu¥o¥ e N,
Then, kN clearly coincides with the tensor product k(X) ® k(Y).
Now, we order the set N. For any u = uXuY,v = vXo¥Y € N,
u> v |ul > vl or (Jul = [v] and (uX > vX or (WX = vX and u¥ > oY),

where |u| = |uX|+|uY | is the length of u. It is obvious that > is a monomial
order on N. Such an order is also called the deg-lex order on N = X*Y™*,
Let f and g be monic polynomials of kN and w = wXwY € N. Then
we have found 16 types of compositions of inclusion and intersection.
S is called a Grébner-Shirshov basis in kN = k(X) ® k(Y) if all com-
positions of elements in S are trivial modulo S.

Theorem 3.5. Let S C k(X ) ® k{Y') with each s € § monic and “ <" the
deg-lex order on N = X*Y™ as before. Then the following statements are
equivalent:

(1) S is a Grébner-Shirshov basis in k(X) @ k(Y).

(2) fe€lId(S)= f=a3b for somea,be N, s€§.

(3) Irr(S) = {w € N|w # a3b, a,b € N, s € S} is a k-linear basis for
the factor k(X UY|yz = zy,x € X,y € Y)/Id(S).

4. Application of known CD-Lemmas
4.1. Schreier extensions of groups
Consider a Schreier extension of group

1-A->G—->B—-1.

Then we have Schreier’s theorem (see [50]): A group G is a Schreier
extension of A by B if and only if there exist a factor set {(b,b')|b,d’ € B}
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of BinAand{b: A— A, a— a® is an automorphism} such that for any
bV, b€ Biac A,

(b,b)a® = al?1(b,8') and (b, b'H")(¥,b") = (bb',b")(b,b')"",

where [bb'] is the product of elements b,b" in G.

M. Hall in his book [33] wrote down the following statement: “It is
difficult to determine the identities [in A] leading to conditions for an ex-
tension”, where the group B is presented by generators and relations.

In a recent paper, Y. Q. Chen [21], by using Grobner-Shirshov bases,
the structure of Schreier extensions of groups is completely characterized
and an algorithm is given to find conditions for any Schreier extension of
a group A by B, where B is presented by a presentation. Therefore, the
above problem of M. Hall is solved.

Let A, B be groups. By a factor set of B in A, we mean a subset of A
which is related to the presentation of B, see below.

Let the group B be presented as semigroup by generators and relations:
B = sgp(Y|R), where R is a Grobner-Shirshov basis for B with the deg-lex
order <pg on Y*. For the sake of convenience, we can assume that R is
a minimal Grobner-Shirshov basis in a sense that the leading monomials
are not contained each other as subwords, in particular, they are pairwise
different. Let G be as in the following Theorem 4.1, where A; = A\{1}, S =
{aa' = [aad'],v = hy - (v), ay = ya¥|v € Q, a,d’ € A, y € Y}, {(v)lv €
Q} C Aafactorsetof Bin A, ¢, : A — A, a+> a? an automorphism.

We define a tower order on {4; UY)* which extends the order <g on
Y™

For wy = w = vic = dvy, v1,v2 € Q, ¢,d € Y™, deg(vy) + deg(vg) >
deg(w), we have,

Juic —dfy, = dhy, — hy,c =0 mod(R,w)
It means that there exists a z € Y™* such that
hy,c = dhy, = 2 mod(R,w)
and thus, there exist £, ,4,),, (v), {wy,s), (V) € A such that
9= 2(61,02),, (V) — Cug,00),, (V) mod(S,w, ) (1)

where {(y,,05),, (V) and {(v, v,), (v) are functions of {(v)jv € 0}, and g =
(’01 — h"-’l . (’U1),1)2 et hv2 . (’Ug))wl.

In fact, by the previous formulas, we have an algorithm to find the
functions {(y;,v,),, (v) and (ry,v,), (V).
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Theorem 4.1. (/21]) Let A, B be groups, B = sgp(Y'|R), where R = {v —
holv € Q} is a minimal Grébner-Shirshov basis for B and v the leading
term of the polynomial f, =v — h, € R. Let

G = E(AY,dY, (v)) = sgp(A; UY|S)

where Ay = A\{1}, § = {ad’ = [aa’], v=h,-(v), ay =ya¥lv € Q, a,d’ €
A, yeY} by A— A, a— a¥ an automorphism, {(v)jv € Q} C A a
factor set of B in A with (v) =1if fy=yy ¢ ~1, y€Y, e==+1.

(i) For the tower order, S is a Grébner-Shirshov basis for G if and only if
for any v € ), a € A and any composition (fu,, fu,), of R in k(Y),

(v)a® = alv (v) and w1 w2), (V) = Co1,0),, (V) (2)

hold in A, where (v, vy, (V) and {(v, vy),, (v) are defined by (1). More-
over, if this is the case, G is a Schreier extension of A by B in a natural
way.

(ii) A group C is a Schreier extension of A by B if and only if there ex-
ist {a¥ly € Y, A — A, a — a¥ is an isomorphism} and a factor
set {(W)lv € Q} of Bin A with (v) = 14 f, = yy°—1, y €
Y, € = %1 such that (2) holds. Moreover, if this is the case, C 2 G =
E(AY,aY, (v)) = sgp(A1 UY]S).

Remark. In the above theorem, let the group A = gp(X|R4) be also
presented by generators and relations, where R4 = {u = fy|u € A} is a
Grobner-Shirshov basis for A with the deg-lex order <4 on X*. Then, by
replacing A; with X, aa’ = [aa’] with R4 and = with a, the results hold.

As a corollary of the above theorem, in [21], by using the result in Y. Q.
Chen and C. Y. Zhong in [27], a criteria in the case that B is HNN-extension
is formulated.

Another solution to the M. Hall’s problem can be referred in [2].

4.2. Eztensions of algebras

In the paper of Y. Q. Chen [20], he gave the same kind of answer to an
analogy of the M. Hall’s problem in the above section for Schreier extensions
of algebras.

Definition 4.1. Let & be a field, M, B, R k-algebras (not necessarily with
1). Then R is called an extension of M by B if M 2 = 0, where M is an
ideal of R and R/M = B as algebras. Such an extension is called a singular
extension in [34].
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The following classical result is known. Let M, B, R be k-algebras with
M? = 0. Then R is an extension of M by B if and only if M is a B-bimodule
and there exists a factor set {(b,4’)|b,b’ € B} of B in M such that for any
bbb € B,

b(v,b") — (BB, b") + (b, b'6") — (b, b)b" = 0.

In [20], by using Grobner-Shirshov bases, the structure of extensions
of algebras is completely characterized and an algorithm is given to find
conditions for any extension of an algebra M by B, where B is presented
by a presentation.

As results, by using this theorem, in [20], a characterization theorem of
the extension of M by B is given, when B is a cyclic algebra, free commu-
tative algebra, universal envelope of a Lie algebra, and Grassmann algebra,
respectively.

4.3. Anti-commutative algebras

In the paper of L. A. Bokut, Y. Q. Chen and Y. Li [11], an application of
Shirshov’s CD-lemma for anti-commutative algebras (see [55])} is given. This
application gives an anti-commutative Grobner-Shirshov basis of a free Lie
algebra.

Let X = {z;|i € I} be a linear ordered set. Let X** be the set of all
non-associative words (u) in X. We assume that (u) is a bracketing of w.
Then we define normal words N = {[u]} and order them by using induction
on the length n = |[u]| of [u]:

(i) If n =1, then [u] = z; is a normal word. Define z; > z; if i > j.
Let Np—1 = {[u]|[u] is a normal word and |[u]] < n—1}, n > 1 and
suppose that “ < ” is a well order on N,,_;{. Then

(ii) If n > 1 and (u) = ((v){w)) is a word of length n, then (u) is a normal
word, if and only if

(2) both (v) and (w) are normal words, that is, (v) = [v] and (w) = [w],
and

(b) [v] > [w].

Let [u], [v] be normal words of length < n. Then [u] < [v], if and only if
one of the following three cases holds:

(a) |[u]] < n, |[v]| < n and [u] < [v].
(b) |[u]| < n and |[v]| = n.
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(©) I ){u)] =[]} = n, [u] = [[u1][us]] and [v] = [[va][va]], then [us] < [v1]
or ([u1] = [v1] and [uz] < [va]).

It is clear that the order “<” on N is a well order.

Let AC(X) be a k-space spanned by normal words. Now, we define the
product of normal words by the following way:

o k) : > D)
] = { ~[lolled] ¢ [u] <[o)
0 [u]=[)

Then AC(X) is the free anti-commutative algebra generated by X.

Let S C AC(X) be a set of monic polynomials, s € S and (u) € X**.
We define S-word (u), by induction as a non-associative word in X US with
only one occurrence of s € S. An S-word (u), is called a normal S-word if
(u)s = (a[5]b) is a normal word.

There is only one kind of compositions that is inclusion one.

Theorem 4.2. ( [55], [11]) Let S € AC(X) be a nonempty set of monic
polynomials and the order “ < ” as before. Then the following statements
are equivalent:

(i) S is a Grobner-Shirshov basis in AC(X).
(i) f € Id(S) = {f] = [a[3]b] for some s € S and a,b € X*, where [asb] is
normal S-word.
(iii) Irr(S) = {ju] € Nl|u # [af5] a6 € X*, s €
S and [asb] is a normal S-word} is a basis of the algebra AC(X1S).

By using this theorem, a Grébner-Shirshov basis S in AC(X) is given
in [11] which shows that the Hall words in X forms a basis for the free
Lie algebra Lie(X), where S = {([u][v])[w] — ([u][w])[¥] - [u]([v][w]) |[u] >
[v] > [w] and [u], [v], [w] are Hall words}.

4.4. Akivis algebras

This section is from the paper of Y. Q. Chen and Y. Li [25].

An Akivis algebra is a vector space A over a field k¥ endowed with a
skew-symmetric bilinear product [z,y] and a trilinear product (x,y,z) that
satisfy the identity [[z,v], z] + [y, 2], 2] + [[z, 2], 4] = (z,9,2) + (z,2,9) +
(y,2,2) — (z,2,9) — (y,2,2) — (2,9, ). For any (non-associative) algebra
B, one may obtain an Akivis algebra Ak(B) by considering in B the usual
commutator [z,y] = zy — yr and associator (z,y, 2) = (zy)z — (yz).
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The CD-lemma for non-associative algebras is invented by Shirshov in
[55]. By applying this lemma, in [25], a Grobner-Shirshov basis in AC(X)
is given for the universal enveloping algebra of an Akivis algebra which
gives an another proof of I. P. Shestakov’s result (see [51)] that any Akivis
algebra is linear. An Akivis algebra A is linear if A can be embedded in
some non-associative algebra B with above operations.

Theorem 4.3. (/25]) Let (A,+,[,],(,,)) be an Akivis algebra with a lin-
early ordered basis {e;| i € I}. Let

[e’He]] - Za”emv 6276]7610 Z/Bz]ke’nd

m

where of}, B, € k. We denote Za” em and Zﬁ”ken by {eie;} and

{eiejer}, respectively. Let

U(A) = M({ei}1] eiej—eje; = {eiej}, (eiej)en—eilejex) = {eejex}, 0,5,k €.

be the universal enveloping algebra of A. Let

S = {eie; — eje; — {eie;} (1> 7), (eiej)er —ei(ejer) — {eiejern} (4,5, k € I),
ei(ejer) — ej(esex) — {esejYer — {ejeien} + {eiejex} (i >4, k> 75)}-

Then

(i) S is a Grébner-Shirshov basis for U(A),
(it) A can be embedded into the universal enveloping algebra U(A).

4.5. Some one-relator groups

This section contains the results of Y. Q. Chen and C. Y. Zhong in [28].

It is well known the Magnus algorithm for a solution of the word problem
for any one-relator group.

Using the Magnus rewriting procedure (see R. C. Lyndon and P. E.
Schupp [43)], one may embed any one-relator group into a tower of HNN-
extensions. For towers of HNN-extensions of groups, L. Bokut (see [13])
developed a method of groups with the standard normal forms in 1965.
Actually, for these groups, Grébner-Shirshov bases are also “standard” in a
sense, so we may speak about “groups with the standard Grobner-Shirshov
bases”.

By the way, we give here a story about applications of groups with
the standard normal forms. At our seminar, we have studied the following
interesting paper
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K. Kalorkoti, Turing degree and the word and conjugacy problem for
finitely presented groups, Internet.

Actually, it is a part of his Thesis in London University, 1979.

C. Y. Zhong was the speaker for almost two months at the seminar and
she pointed out that K. Kalorkoti used successfully the method of L. A.
Bokut on groups with the standard normal forms.

As a result of this study, we suggested K. Kalorkoti to publish his paper
in the SEA Bull. Math. (see [35]).

Now, we back to one-relator groups. There is a chance that any tower
of HNN-extensions produced by the Magnus method has the standard
Grobner-Shirshov basis and the standard normal form. In particular, it
would give another algorithm for the word problem for any one-relator
group.

The problem is that the Magnus embedding is not easy to observe and
write down explicitly. Hence, we need to go step by step. Any one-relator
group can be effectively embedded into one-relator group with two genera-
tors

gp(X{r) - G = gp(:L-7 y|xn1ym1 .. ':Ztn"ym’c — 1>’

where z; — - %yz' (W. Magnus, see also [43]), n;, m; #0, k> 0. We call
k the depth of G.

Theorem 4.4. ([28]) Any two-generator one-relator group of the depth 3
is effectively Magnus embeddable into a tower of HNN-extensions, which
is a group with the effective standard Grobner-Shirshov basis and effective
standard normal form.

4.6. The Chinese monoid

The Chinese monoid CH(X) on a well ordered set X has the following
defining relations:

cha =bca=cab, ¢c>b>a, abceX.

A fundamental paper on the Chinese monoid has been published in 2001
[19].

In the paper of Y. Q. Chen and J. J. Qiu [26], a Grobner-Shirshov basis
for the Chinese monoid is found.

Theorem 4.5. ([26]) Let S = {x,2;Z—T;TiTk, TiTeT;—TjTiTh, TiT;L5—
J J

TiTiTj, TiTiZj — TiTi&q, TiliTiTk — TiTkTiTj, Ti, Tj, Tk € X, i>73> k‘}

Then
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(i) sgp{X|T) = sgp(X|S) and with deg-lex order, S is a Grébner-Shirshov
basis of the Chinese monoid CH(X).

(i) The Irr(S) is the set which consists of words on X of the form u, =
wiwsy - - Wp,n > 0, where

wy = xi”

wo = (.’1:21)1)t211‘g22

wg = (5631171)t31 (.’1,'3132)1532.’1:;33

Wy = (il:n.’ltl)t"l (xnm2)tn2 e (xnxn_l)tn(n—l)xﬁlnn

withz; € X, x1 < 19 < +-- < z,, and all ezponents are non-negative
integers.

Then Irr(S) coincides with the set of staircase words of the paper by
J. Cassaigne et al. [19]. Also, the insertion algorithm of J. Cassaigne et al.
[19] coincides with the elimination of leading words algorithm.

4.7. Markov and Artin normal form theorem for braid
groups

In the paper of L. A. Bokut, V. V. Chaynikov and K. P. Shum [8], the
authors present the classical results of Artin-Markov on braid groups by
using the Grébner-Shirshov bases. As an application, one can reobtain the
normal form of Artin-Makov-Ivanovskiy as an easy corollary.

5. Expository papers

5.1. Grébner and Grobner-Shirshov bases: an elementary
approach

There is an elementary approach in L. A. Bokut and K.P. Shum [15] to
Grobner-Shirshov bases theory with quite a few examples, including the
example for Lie algebras.

5.2. Shirshov’s CD-lemma for Lie algebras

What is now called the Grobner-Shirshov method for Lie algebras originally
invented by A. L. Shirshov in 1962 ([56]). Actually, that paper based on his
paper [53] where Shirshov invented a new linear basis for a free Lie alge-
bra now called the Lyndon-Shirshov basis (it was defined independently in
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the paper [24] in the same year). Remarkably, Lyndon-Shirshov basis is a
particular case of the series of bases of a free Lie algebra invented by A. I.
Shirshov in his Candidate of Doctor of Science Thesis (Moscow State Uni-
versity, 1953, advisor was A. G. Kurosh) and published in 1962 ([54]) (cf.
[49] where these bases are called Hall Bases). We now cite the Zbl review by
P. M. Cohn [31] of the paper [53]: “The author varies the usual construction
of basis commutators in Lie rings by ordering words lexicographically and
not by length. This is used to give a very short proof of the theorem (Mag-
nus [44], Witt [58]) that the Lie algebra obtained from a free associative
algebra is free. Secondly he derives Friedrich’s criterion (this Zbl 52,45) for
Lie elements. As the third application he proves that every Lie algebra L
can be embedded in a Lie algebra M such that in M any subalgebra of
countable dimension is contained in a 2-generated subalgebra.” We would
like to add that it was a beginning of Grobner-Shirshov bases theory for Lie
and associative algebras. Lemma 4 of the paper, on special bracketing of
a regular (Lyndon-Shirshov) associative word with a fix regular subword,
leads to the algorithm of elimination of the leading word of one Lie polyno-
mial in other Lie polynomial , i.e., to the reduction procedure that is very
familiar in the cases of associative and associative-commutative polynomi-
als. Also this Lemma 4 leads to the crucial notion of composition of two Lie
polynomials that will be defined lately in the paper {56]. Last but not least,
Shirshov [52] proved the following result for connections of some ideals of
free Lie and free associative algebras.

Let Lie(a,b) be the Lie algebra of Lie polynomials of k{a,b) (it is the
free Lie algebra over a set {a,b} and a field k). Let J = J([a?bFab] =
[la[[ab] - - - b]]][ab], & > 1) be the Lie ideal of Lie(a,b) generated by
{[a®b*ab], k > 1} and I the associative ideal of k{a,b) generated by J.
Then, I N Lie(a,b) = J. The proof is dealing with leading monomials of Lie
and associative polynomials. This result and its proof are the real beginning
of Grobner-Shirshov bases theory for Lie and associative algebras.

As for the paper [56] itself, it is a fully pioneer paper in the subject. He
defines a notion of the composition (f, g),, of two Lie (associative) polyno-
mials relative to an associative word w (it was called lately by S-polynomial
for commutative polynomials by B. Buchberger [17] and [18]). It leads to
the algorithm for construction of a Grobner-Shirshov basis (GSB(S)) of
Lie (associative) ideal generated by some set S: to joint to S all nontrivial
compositions and to eliminate leading monomials of one polynomial of S
in others. Shirshov proves the lemma, now known as the Composition, or
Composition-Diamond lemma, that if f € Idp:(S), then 7, the leading
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associative word of f, has a form f = uSv, where s € GSB(S), u,v € X*.
Several years later the first author formulated this lemma in the modern
form (see [6]). Let S be a set of Lie polynomials that is complete under com-
position ( i.e., any composition of polynomials of S is trivial; on the other
word, S is a Grobner-Shirshov basis). Then if f € Idp:(S), then T = u3v,
where s € S, u,v € X*. Of course, from Shirshov’s Composition-Diamond
lemma it follows that the set Irr(S) of S—irreducible Lyndon-Shirshov
words constitutes a linear basis of the quotient algebra Lie(X)/Id(S). The
converse is also true.

Lately explicitly Shirshov’'s Composition-Diamond lemma for associa-
tive algebra was formulated by L. A. Bokut [7] in 1976 and G. Bergman (3]
in 1978.

The paper by L. A. Bokut and Y. Q. Chen [9] contains a comprehensive
proof of the Shirshov’s Composition-Diamond lemma for Lie algebras. We
follow Shirshov’s ideas of his papers [52], [53], [54] and [56]. In particular,
we prove all necessary properties of both associative (see also [42]) and
non-associative Lyndon-Shirshov words by using the Shirshov’s elimination
in [52] (that is, the so called Lazard elimination in [41] and [49]).

5.3. CD-lemma for modules

Composition-Diamond lemma for modules was first formulated and proved
by S.-J. Kang and K.-H. Lee in [36] and [37]. According to their approach,
a Grobner-Shirshov basis of a cyclic module M over an algebra A is a pair
(S,T), where S is the set of the defining relations of A, A = k(X|S), and
T is the defining relations for the A-module 4M =4 M(e|T). Then Kang-
Lee’s Lemma says that (S, T) is a Grébner-Shirshov pair for the A-module
AaM =4 M(e|T) if S is a Grobner-Shirshov basis of A and T is closed under
the right-justified composition with respect to S, and for f € S, g € T,
such that (f,g)w is defined and (f,g)w = 0 mod(S, T, w). A composition
(f,9)w is called right-justified if w = f = ag for some a € X*.

Some years later, E. S. Chibrikov [29] suggested a new Composition-
Diamond lemma for modules that treat any module as a factor module of
“double-free” module.

Let X,Y be.sets and mody(x)(Y') a free left £(X)-module with the basis
Y. Then modyx)(Y) = ®yeyk(X)y is called a “double-free” module.

Suppose that < is a monomial order on X*, < a well order on Y and
XY = {uylu € X*, y € Y}. We define an order “ < ” on X*Y: for any
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w1 = Y1, Ws = Ugyz € X*Y,
wy < Wy & ug < Uz OF U = U, Y1 < Yo 3)

Let S C mody(x)(Y) with each s € § monic. We define a composition
(£,9)w = f —ag, where w = f = ag, a € X*, f,g € modyx)(Y) are
monic.

If (f,g9)w = f—ag = Y osais;, where o; € k, a; € X*, s; € S
and a;3; < w, then this composition is called trivial modulo (S, w) and is
denoted by (f, g)w = 0 mod(S, w).

Definition 5.1. ([29]) Let S C modi(x)(Y) be a non-empty set with each
5 € S monic. Let the order “<” be as before. Then we call S a Grébner-
Shirshov basis in the module modyx)(Y") if all the compositions of poly-
nomials in S are trivial modulo S.

Lemma 5.1. (/29], Composition-Diamond lemma for “double-free” mod-
ules) Let S C modyx)(Y) be a non-empty set with each s € S monic
and “ <" the order on X*Y as before. Then the following statements are
equivalent:

(i) S is a Grébner-Shirshov basis in modyx)(Y).
(i) fek(X)S= f=a3 for somea€ X*, s€S.
(iii) Irr(S) = {w € X*Y|w # a3, a € X*, s € S} is a k-linear basis for
the factor mody xy(Y'|S) = mody(x)(Y)/k(X)S.

As applications of Lemma 5.1, Y. Q. Chen, Y. S. Chen and C. Y. Zhong
[22], found the Grobner-Shirshov bases for highest weight modules over
Lie algebra sla, Verma modules over Kac-Moody algebras, Verma modules
over Lie algebras of coefficients of free conformal algebras and the universal
enveloping modules for Sabinin algebras. (The last modules are defined in

[48)).
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Using a given ring, we define the Weyl-type non-associative rings in this work.
If the ring is simple, then we show that the Weyl-type non-associative ring is
simple in this work. All the derivations of a Weyl-type non-associative algebra
are found in the papers (see [4, 6]). In this work, we find all the derivations of
a Weyl-type algebra which includes the algebras in the papers (see [4, 6]). We
show that the associators of the algebras W N, 0,n; and W Ny, n,0, are zeroes.
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Derivation invariant.

1. Introduction

For a given ring, we define a non-associative ring and an antisymmetrized
ring. We show that if a ring R is simple, then we can define a simple non-
associative ring and a simple antisymmetrized ring such that these rings
contain R and R~ respectively. In Herstein’s book (see [9]), the well known
result is that if A is a finite dimensional simple algebra over its center,
then any derivation of A is inner. For a Lie algebra case, if L is a finite
dimensional semi-simple Lie algebra, then every derivation of L is inner (see
[10]). There is an infinite dimensional simple and Lie ring (algebra) which
have an outer derivation. If an algebra is not (semi-simple) simple, then the
algebra may have an outer derivation (see {14, 18]). Because of the additive
group Der(WiNy 0,,,,) of all the derivations of the algebra Wiy gny, We
can find that any two algebras in the class {WN,gn,|n € N} are not
isomorphic (see Section 2).
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2. Preliminaries

Let IF be a field of characteristic zero (not necessarily algebraically closed).
Throughout this paper, N (resp. N*) and Z will denote the non-negative
(resp. positive) integers and the integers respectively. Let R be an associa-
tive ring and M = {4]0 is a mapping from R to itself}. The evaluation ring
Ry = {adla € A,6 € R} with the obvious addition and the multiplication
* is defined as follows:

@101 * azdz = a1 61(a2)ds

for any a101,a202 € Ry (see [17]). For Ry, if M = {id}, then the
ring Ry = R where id is the identity map of R. Note that Ry =<
Ry, +,% > is generally not an associative ring. Using the commutator [, ]
of Ry, we can define the antisymmetrized ring Ry~ =< Rum,+,[,] >.
If the Jacobi identity holds in Ras~. Then Ry~ is a Lie ring. Let
pn = {g1," - ,9n} be the set of given polynomials in the polynomial
ring F[z1, -+ ,Tm+s)- For p, and m,s € N, we define the F-algebra
Fp,ms = Fle¥9, ... jeFon gFl ... g2l g 1 oo, Ty, in the formal
power series ring F{{z1,- -, Tm4s)] such that ¥y, ., is called a stable al-
gebra(see [12]) with the standard basis

_ 2191 Q. i im+ y y
B = {e B~ ngnmll --'CCT,T_[_;ICLI,--- 1ny 1,00 3 im EZ’
im+1"" aim+s € N} (1)

and under obvious addition and usual multiplication (see (1, 2, 4, 5, 6])
where we take g1, ,gn so that B is the standard basis of Fp, ;5. Let
Ow, 1 < w € m+ s. Denote the usual partial derivative with respect to z,
on Fp.m,s For partial derivatives Oy, - ,0, of Fp, m,s, the composition
Ol o --- 003" of them is denoted by &%+ --- 82>, where ji, -+, jmis € N.
We put D = {0f' -9\, ,jmes € N} where 89 ---8% = id
is the identity map of Fp . For a given ring R, we can define an
infinite group ring R, . s as the algebra Fp,,m,s- For a subset D; of
P, we can define the evaluation rings Fp, m,s p, and R, ms, respec-
tively. Thus we can also define their antisymmetrized rings Fonmisp,
_ . Ty 1 1
and Ry, msp - If Dy is D, then the algebra Fp o, p, s the algebra
WNp, m,s- If Dy = {8{1 : "8%7?;‘0 S ) +" ++ Jm+s < 7}, then we put
]Fpn,m,le = Wan,m,sr' It D, = {8{1 n;n-{-+38|0 <Ji+ o+ Jmys < 7'},

then we put ¥y imsp, = WhNpms,r Dy = {82v = 1 < u <
m + s}, then we put Fp,msp, = WNpmm,s[T]. Using Ry, m,sp, in-
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stead of Fp,,m,s, we can define the rings WN,, m s(R), WNp, ms.(R),
W Ny, m,sp+(R), and WN,, 5(r] (R) similarly. Thus we can define their
corresponding antisymmetrized rings or algebras naturally. For any basis
element 2191 ... g3n9n gil ... gimbegiu ... v of the algebra WN,, m.s» We

define the degree deg,(€%191 - .. gon9n gh .. :,'L"j; dx ---9J°) of z, as i, and

the total degree degior (€919 - - . e2nIn gl ... :,'{‘I;’ OJu - .. 8I») of the element
3 i i . . .

e¥191 .. etndngil e Giu . 33v a8 fiy| + -+ lim] dmgr oo i

Thus for any element ! of the algebra m, we define deg,(l) of z, as
the highest degree of x, in the basis terms of [ and degy,:(l) as the high-
est total degree of the basis terms of I. It is well known that the algebra
W Ny, m,s is simple, even though it has the right annihilator (see [7, 8]). For
any element ! of the algebra WN,,_ ... ,, an element I; (resp. ;) is a right
(resp. left) identity of [, if I % I; = [ (resp. l3 x I = ). Note that the algebra
W Ny, m,s contains the algebra Fp, m . The ring WN,_ ., s is Z"-graded
as follows:

Wan,m,s = @ N(aly"' ,an) (2)
(a1, ,an)EZ™
where (a1, - ,an)-homogeneous component N, ...o,) is the vector
i i ] ] . .
space spanned by {e®9i...efnongil... G- Gt i, 0 im €

Z, imi1, yimts Jia s Jmes € N} Thus WNp mss WiNp mspys
WNp,.,m,s(R), WNp, m,s,.(R), WNp, m,a (R), and their appropriate cor-
responding antisymmetrized algebras or rings are also Z"-graded. If p, is
{.]1 < u £ n} and Dy is {0{*|1 < u < n}, then we define the non-
associative algebra mm = le and its antisymmetrized al-

gebra Wiy, 00p, = WNno0p, appropriately. We can also define the
degree of each of the W-type rings or algebras respectively in this paper.
The algebra WNn 0,0p, has neither a right nor left identity. Throughout the
paper, for a positive 1nteger t, let us define the finite dimensional subalgebra
M (F) of the algebra W N, g, such that the algebra M, * (F) is spanned by

n n
(ot o 00 iy = Ju =t yin g1, e €N}
u= =

For a given ring R, we can define the ring M}, (R) as the ring W Ny, m,s(R)
(see [15]). Note that M (R) is the matrix ring over R.
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3. Simplicities
Note that a ring R is simple if and only if every non-zero element [ of R is
full, i.e., the ideal generated by ! is R. If I is a two-sided ideal of the ring R,

then WN,_ n.s(I) (resp. WN,_ m, sr(I) or WNp,. m, 3T+(I)) is a two-sided
ideal of the ring W, n.s(R) (resp. Wi, m.s,.(R) or WiNp, mspt (1))

Theorem 3.1. If R is a simple ring, then the non-associative ring
W N, m,s,(R) is simple. If R is a simple ring and its antisymmetrized ring
R~ is simple, then the antisymmetrized ring WN,,mm,sr(R)— is simple.

Proof. Since WN,, m,s.(R) (resp. WN,, m, a,[T](R) ) is graded, it is easy
to prove that every non-zero element of the algebra WN, m s, (R) (resp.
W Ny, m,s,(R) ) is full. O

Corollary 3.1. If R is the field F, then the non-associative al-
gebra WN, mo(F) = WNp. ms (resp. antisymmetrized algebra
WNp, m,s(F)” =WNp,.m,s ) issimple. The matriz algebra M, (F) (resp.
(sln(F)) is a simple (resp. Lie) subalgebra of the algebra W Np,, m o(F) (resp.
WN,, ms )-

Proof. The proof of the corollary is straightforward by Theorem 3.2. O

Corollary 3.2. If R is simple, then the mnon-associative ring
WNp., m.s 1 (R) is simple. If R and its antisymmetrized ring R~ are simple,
then the Lie ring WNpmm,sm(R)_ is simple.

Proof. Since it is easy to check the Jacobian identity of the ring
WNpmm,s[l](R), the remaining proofs of the corollary are straightforward
by Theorem 3.1 and Theorem 3.2. Hence, the proof of the corollary is omit-
ted. a

Proposition 3.1. If p, is {zu|l <u < n} and Dy is {821 <u<n, 1,0 #
ay € N}, then the algebra WN,, o0 p, and the Lie algebra WN,0.0 p, are

simple. If n is greater than or equal to 2, then the matriz algebra is not a

subalgebra of the algebra WN, 0.0 Dy

Proof. The proofs of the Proposition are also easy, so they are omitted.C1

Theorem 3.2. The C(n +t — 1,t)2-dimensional algebra MY (F) is simple.
If R is a simple ring, then Mt(R) is also simple.
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Proof. Every non-zero element of the algebra M} (F) and M} (R) is full,
so the algebras M (F) and M} (R) are simple. This completes the proofs of
the theorem. a

4. Derivations of the algebras W N, 0,n, and WN,, ,, 0,
The algebra W N, 0,n, (resp. WNy n0,) can be decomposed as follows:

Winomy =Fle*™, .- e*™n 21, 20 D NP
(resp. WNy 0.0y = Fle*®, - e¥on Tt ... 2l @Nza) (3)

where N? (resp. N?) is the appropriate complimentary vector subspace of
the algebra WN, o.n; (resp. W Ny 0.0,)-

Note. 1 For any basis elements e%1%1...¢on%ngil ... glp and e
e“"””wil‘ co.xind), of the algebra WiN,on, (resp. WiNpno;), k €
{1,--- ,n}, if we define F-maps D, 4, D, and Sy, 1 < u,v,w < n, from

the algebra Wiy o.n; (resp. Wy, 5 0,) to itself as follows:

AT b % _ a1T1 AnTn i1 ., peiv+l ’bu+1___ in
1,,,,(e““”---e"":1:11-”:1:")—(1,,6 e FLRRRY: A z

v+1 no
Dy (e171 .. ea"m".’l,‘ . znak)
= q,eM " ... ea"’:ﬂml .. m’v+1zz"_:11 ces :{lak
+(iy — Okp)e* "t - cetndngit . .gingy, for1<v<n

a1T1 , ip+1 ty41 .. w’in

AnTn a0
Dv)w(eamn . _eanznx"il .. x:zn) = Que . gfn nxll R 34 x'u+1 . e

Dyu(€7 - eaf -2y Ok)

a1z, ea"n.znxil . z.,+1z11:-11 . xi,"ak,

. i -1 %
+,Lwea1$1 ___eana:nzil ‘..x;ij"'l...m::;’ ...xn'"ak

—6p ,€%172 ---e"""“mi1 cegin Oy, forl<vFwW N
b

= Q@€

i i Ann .H1 !
D,‘I)(ealxi “.eanwnm‘il _”x:{.) =aveal.’lil oo edn nxl ,,,xnn.,

D;(ealzl . ea"mﬂxil P xilnak) = avealzl Ve ea’"xﬂw? . 1%8]‘:’

: i . ai T AnLn i1 iy—1 1v+1___ in
Sv(e“”" .- .ean:z:,.xtl) .- .’II:I") =4, . TR Ty Ty Tn

Sv(ealxl PP ea""znm‘lil - z:’{lak)

= '):,Uea’lzl een ea"zﬂxill [ xiv_lm:;’_:'ll e x;ﬂak
then the maps F-maps D, ., Dy, and Sy, 1 < u,v,w < n, of the algebra

W Nnompy (resp. WNn,n,om) can be linearly extended to non-associative
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algebra derivations of WiNn,0,ny {resp. WNn,n,om) (see [2, 6]).

Note. 2 We know that the derivations D, ,, and Sy, 1 < u,v,w < n, of
the algebra WNy, 0., (resp. WNy n0,) are inner. We call the derivations
D!, 1 <wv < n, of the algebra W N, o,»; scalar derivations.

Remark 4.1. The algebra W N, 0,n; (resp. WNpnp,) is Lie admissible,
but only the elements 7,8, and 9y, 1 < u,v < n, of the algebra induce
inner derivations of the algebra. The algebra W Ny 0,n, (resp. WNp,n0,) is
simple, but it has an outer derivation. By Note 2, we know that the inner
derivation D!, + S!, induced by 84, 1 < u < n, is the sum of the scalar
derivation D/, and the degree reducing derivation S,.

Proposition 4.1. Every derivation of Flzy,---,z,] is of the form

ZZ:lfua forflv"' 1f7‘ GIF[3:17"' ,J;n]-

Proof. The reader is referred Proposition 1.3 in the text (see [7]). g
Corollary 4.1. Every derivation of]F[zi“, .o ,a:,ﬁl,:cmﬂ, s Tmts] 18 of
the fom E;_——_-l f'u'/ fO'f' fla Y .f'r € ]F[zzlklv e 7x;|:nlvxm+17 e ,xrn-}—s]‘

Proof. The proof of the Corollary is straightforward by Proposition 4.1,
so it is omitted. O

Note. 3 The restrictions D) := D.:)I]F[I:I{:l’_” o1y and Sy = Sv'lF[xf‘,--- 2]
of the derivations D, and S, in Note 1 to the subalgebra Flzi!,. ..  z¥l]
(resp. Dy := DyFz,,... zn] @a0d S}, := Sy|F(z,, ,2,]) Can be a derivation of
the F-algebra FlzF!, ... ,z£!] (resp. Flzy, - ,2,)).

Proposition 4.2. Every derivation of Fle®®,... e¥on zFl ... gEl] 4
of the form 37 f1puBut Yooy fow Dif +3ou1 f3,uSh, where D! and
S,, are the derivations in Note § for fiup, fo1, s fows fa1s -+ »faw €
F[eizl, ey, eizﬂ’m:ltl, - ,xfl]'

Proof. The proof of the Proposition is easy, thus it is omitted. a

Corollary 4.2. If m s not egqual to m, then the F-algebras
F[eiZIv"' ’eiznazzltla"' ’z;{:l] and ]F[e:hzl"" ) eﬂ:xm’mfl,_” 71"7:}7:11] are
not isomorphic.

Proof. By Proposition 4.2, the algebras in the Proposition have different
dimensions of all outer derivations of them, so they are not isomorphic. [
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Lemma 4.1. Only the elements Oy, 1 < u < n, and 1,8, 1 < u,w < n,
of the algebra W Ny, 0,0, (resp. WN, n0,) induce inner derivations of the
algebra WiNp o,ny (resp. WiNp n0,).

Proof. Let D be the derivation in the lemma. Since F is a field
of characteristic zero, we can assume that either D(1) is zero

or D(1) is not in the F-algebra Flet®:,...e%%n g, ... yZn| (resp.
Flex=1, .- eXon,af!, ... 1)), First let us assume that D(1) is not in
the F-algebra Fle*®1,...e*%n 3,... z,] (resp. Fle*®!,. . . e£on ¥l ...

z£!]). Note that 1 is the identity of itself. We can put D(1) as follows:
D(1) =
> Cagyeessamyin, e in 1 Susn€ Tt o enEnglt oo g,
a1, 80,01, i, 1<usn

with appropriate coefficients. Without loss of generality, we can assume
that @, is not zero. Since 1 is in the right annihilator of 8;, we have

D(al) *x1 =

—1 * ( > Cayysamyit, o imy 1 Sugn€ T e €T - R By
Q1,7 80,01, e, 1<uln
(4)
Since a; is a non-zero integer, D(1) has no term in the F-algebra
Fle*®t,...eX%n x),...  z,] (resp. Fle*®1,... e*®n gl ... zFl)). This

implies that the equality (4) does not hold. Thus we can assume that
the element D(1l) is zero. Since 1 is the right identity of z,, 1 <
v < n, D(z,) is in the F-algebra Fle*®:,...e¥%n zq,... ,z,] (resp.
Flet®1,...ex%n gfl ... zZ1]). Similarly, we can prove that the F-algebra
Fle£®:, . exon g, x,] (vesp. Fle£e, ... X% zf! ... zE!]) is deriva-
tion invariant. We can also prove that D(N?) ¢ N? (resp. D(N§) C Ng)
holds where N? (resp. N?) is in (3). By Proposition 4.2, we know that only
the elements 9, 1 < u < n, and z,0,, 1 < u,w < n, induce inner deriva-
tions of the algebra WN, o ,, (resp. W Np, n,0y)- Therefore we the Lemma
is prove. ]

Lemma 4.2. For any basis elements zi' -+ -zip and 23 -+ -zir8y,, 1 <u <
n, of the algebra WNp 0 pn, (resp. WNp no0,) qnd for any derivation D
of the algebra WNpon, (resp. WiNp no,), D(z7' +o-zind,) holds in Note
1 or D(z---z¥p) = 0 and D(z} ---zipd,) = 0 i.c., the homogeneous
component N,... oy of the algebra W Ny 0,n, (resp. W Ny n0,) is derivation
invariant.
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Proof. Let D be the derivation in the Lemma. Let z% ...z be a basis
element of the algebra WNy 0., (resp. W Np,n,0,)- Let us prove the lemma
by induction on the degree of the element | = 3! - -- z. If deg(l) is zero,
then by Lemma 4.1, it is easy to prove that D(l) and deg(D(l0,)), 1 <u <
n, are zeroes. If deg(l) is one, then it is also easy to prove that either D(I)
and D(18,), 1 < u < n, hold in Note 1 such that deg(D(l)), deg(D(10,)) <
1,1 < u < n, or D(1) and D(13,) are zeroes. By induction, we can assume
that if deg(l) is p, then we can assume that either D(I) and D(l9,), 1 <
u < n, hold in Note 1 such that p — 1 < deg(D(l)),deg(D(l0,)) < p, or
D(l) and D(18,) are zeroes. Let us assume that the degree of the element !
is p+1. Since 37, <, <, ZTuOu is a right identity of the subalgebra mfll
(resp. WNp no 0[] ) of the algebra WNn ony (resp. WNy, 01), we are able
to prove that elther D(l) and D(18,), 1 < u < n, hold Note 1 such that p <
deg(D(1)),deg(D(18,)) < p+ 1, or D(I) and D(l8,) are zeroes. Therefore
by induction, we can prove the lemma routinely. a

Remark 4.2. By Lemma 4.1 and Theorem 2 (resp. Theorem 2) of the
paper [6] (resp. [2]), the restrictions Dv,wlevo,o, , (resp. D, leNono,)
D;!W—Nmal (resp. Duml), and Svlml (resp Sy |WN0 ) 1<
u,v,w < n, of WNpon, (resp. WNpn0,) of the derivations to the subal-
gebra WNgon, (resp. WNono,) are derivations of the algebra WiNg o n,
(resp. WiNo n0,)- The reader is referred to Lemma 1-Lemma 4 of the paper
( [6]) for more details of similar proofs of Lemma 4.1 and Lemma 4.2.

Theorem 4.1. For any derivation D and of the algebra W Ny o, (resp.
W N, no,), D is the linear sum of the derivations D, ., D), and S,, 1 <
u,v,w < n, which are defined in Note 1.

Proof. Let D be a derivation of the algebra WNp 0, (resp. WiNp pno,).
We first show that every homogeneous component of the algebra, ml
(resp. W Ny, n0,) is a derivation invariant. By Lemma 4.1 and Lemma 4.2,
the homogeneous component N ... o) is derivation invariant. Since is Z"-
graded and by Remark 4.2, for any element e%1%1 ... %% of the algebra, we
can prove that either D(e® "1 ...¢% %) and D(e%1...e3%n9,), 1 < u <
n, are in the homogeneous component Ng,,... o,) or D(e®%t ... gdn%n) =
D(e®1#1...e%%n3,) = 0. By Remark 4.2 and Lemma 4.1, we can eas-
ily prove that either D(I) holds Note 1 or D(l) = 0. This implies that
D(Nay, - ,an)) C Nay, ... ,an)- For any element | = e®121 ... gfnZnglit ... gin ¢
N(a1, an)» if deg(l) is zero, then we can also prove that either D(l) =
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0 = D(18y), 1 £ ud,, or D(I) and D(18,) hold in Note 1 such that
deg(D(l)),deg(D(ld,)) < 1. By induction on the degree deg(l) of the el-
ement [, we can assume that if deg(l) is p, then either D(l) and D(18,),
1 < u < n, hold Note 1 such that p < deg(D(l)),deg(D(18,)) < p+1, or
D(l) = D(18,) = 0. If we assume that deg(l) is p + 1, then we are able
to prove that either D(l) and D(18,), 1 < u < n, hold Note 1 such that
p+1 < deg(D(l)),deg(D(18,)) < p+2, or D(l) = 0 = D(Id,) holds easily.
Therefore, the Theorem is proved. O

Corollary 4.3. For any derivation D and of the algebra WNy, no,, D is
the linear sum of the derivations D, 4, D., and Sy, 1 < v,w < n, in Note
1.

Proof. Let D be the derivation in the corollary. For any ba-
sis element el ... ngil...gind; of the algebra Wipon;, if
deg(e®1®1 ... en%ngil ... xin8,) = p, then by Theorem 4.1 either p <
deg(D(e*1%1 - - - e git ... gin G )) < p+1 holds or D(l) = 0 holds. Either
of these two cases, we can prove that D is the linear sum of the derivations
Dy, D., and Sy, 1 < u,v,w < n, in Note 1 holds routinely (see [8]). This
completes the proof the corollary. O

Corollary 4.4. The associator of the algebra WNp o.n, (resp. WNpn0,)
is the matriz ring My (F).

Proof. The proof of the corollary is straightforward by Note 1 and Theo-
rem 4.1. This completes the proof of the Corollary. O

Corollary 4.5. The dimension of Der(WNp o) (resp. Der(W Npno,))
of the algebra WNp 0.ny (resp. WiNp no,) is n° + 2n.

Proof. The proof of the corollary is straightforward by Note 1 and Theo-
rem 4.1. This completes the proof of the Corollary. O

Corollary 4.6. The matriz ring M,,(F) is a subalgebra of W Ny o n, (Tesp.
WNpno0,) For a derivation D of My (F), D can be extended to a derivation
of the algebra WiNp 0., (resp. WNp n,) in Note 1 (see [1, 6]).

Proof. The proof of the corollary is straightforward by Note 1 and Theo-
rem 4.1. This completes the proof of the corollary. a
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Proposition 4.3. The algebras WNy g1, (resp. WN11,0,) and WiNp 0,1,
(resp. WNo,1,0,) are not isomorphic.

Proof. Let 6 be isomorphism from the algebra W Ny g1, (resp. WN1,1,07)
to the algebra WNg o1, (resp. WNg 1,0,- Since x0 is a right identity of
WNi,1; (resp. WNy,1,0,), we have that 6(zd) = 20 + cd and 6(0) =
where ¢ € F and ¢y € F®. Since 8 is a left identity of e*d, we have that
cp0 * 6(e"0) = 6(e*0) (5)
There is no element (e*d) in WNp0,1, (resp. WNo1,0,)- This contradic-
tion shows that there is no isomorphism from the algebra WN; 1, (resp.
WNi,1,0,) to the algebra WNo,0,1, (resp. WNo,l,ol)- Therefore the Propo-
sition is proved. 0

Theorem 4.2. The algebras W Ny 0, and WNg 0 n, (resp. WNg no,) are
not isomorphic.

Proof. Since Dim(Der(WN; 0,n,)) is n? + 2n and Dim(Der(WNgg.n;))
(resp. WNon0,) is n? + n, the algebras of the theorem are not isomorphic
(see [6]). Therefore the Theorem is proved. a

Corollary 4.7. If m is greater than n, then Hom(W No o,m,, W Non0,) =
{0} where O is the zero homomorphism.

Proof. Since the algebras W Ny 0m, and WNp 0, are simple and they
have right identities, if there is a non-zero homomorphism from the algebra
WNo,o,m, to the algebra WNp,0,, then we can derive a contradiction
easily. This completes the proof of the corollary.

Theorem 4.3. If m is not equal to n, then the algebras WNm0m, and
WNn o,ny (resp. WiNpy o ,mq and W Ny 0, ) are not isomorphic.

Proof, Since m is not equal to n, we have Dzm(Der(ml))
# Dzm(Der(WNnOnl)) (vesp.Dim(Der (WNp0,m,)) # Dim (Der
(WNpno0,)) (see [6]). This implies that the appropriate algebras in the
theorem are not isomorphic. Therefore the theorem is proved.

Corollary 4.8. If m is not equal to n, then the algebras WNmo0,m, and
W Npno, are not isomorphic.

Proof. By the assumptions of the Corollary and Theorem 4.3, the proof of
the corollary is obvious, so it is omitted. O



67

Corollary 4.9. Ifm is greater than n, then Hom(W N, 0,m1; WNp n0,) =
{0} where 0 is the zero homomorphism.

Proof. Since the algebras W Ny,0,m, and W Ny n0, are simple, the results
of the corollary is straightforward by Theorem 4.3 and Corollary 4.6. O

Note that if m is not equal to n, then it is an interesting problem to find
HOTn(WN0,0,ml, WNO,n,Ol) and Hom( WNm,O,mly WNn,n,01)~
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SEMIGROUP PROPERTIES OF COOPERATIONS ON
FINITE SETS*
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Let AY" ;= {1,...,n} X A be the n-th copower of the set A. An n-ary cooper-
ation is a mapping f : A — AY™. If f is an n-ary cooperation and if g1,...,9n
are k-ary cooperations on A, we may define a composition comp} (f,91,...,9n)
and obtain a new k-ary cooperation defined on A. Together with the injection
cooperations Z:"’A : A > AY" defined by a — (4,a) for 1 < i < n, all coopera-
tions defined on A form a multibased algebra. This algebra is called the clone
of all cooperations defined on A. If we define by f + g := compl(f,9,...,9) 2
binary operation on the set of all n-ary cooperations, the set of all n-ary co-
operations defined on A forms a semigroup with respect to this operation. We
determine the order of the elements of this semigroup, characterize all idempo-
tent and regular elements, ask for bands of n-ary cooperations and characterize
Green’s relations £ and R.

Keywords: Cooperations; Regular elements; Green'’s relations.

1. Introduction

Let A be a non-empty set. For each n > 1 we denote the n-th copower of
A, that is the union of n disjoint copies of A by A"". Specifically, A"" :=
{1,...,n} x A, and an element (i,a) corresponds to the element a in the
i-th copy of A. N-ary cooperations on A are mappings f: A — AY" and
are uniquely determined by a pair (f1, f2) of mappings f1: A — {1,...,n}
and fo: A — A.

Let cO% be the set of all n-ary cooperations defined on A and let

cO4 = U cO% be the set of all cooperations defined on A. If f € cO}
n>1
and g1,...,9n € cO%, then we define a k-ary cooperation f[g1,...,9xs] :

*December 26,2007
AMS Subject Classification: 68Q55, 08A46.
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A — A" by a — (g5,0))(f2(a)) for all @ € A (see [1]). The coop-
eration f[g1,...,9n] is called the composition of f and g1,...,g,. In-
stead of flg1,...,gn] we will also write comp}(f,g1,...,9n). The injec-
tions z?’A are special cooperations which are defined by z?’A A — AY?
with @ — (i,a) for 1 < i < n. Then we get a multi-based algebra
((cO%)n>1; (compy)k,n>1, (17*)1<i<n). This multi-based algebra is an ab-
stract clone, i.e., satisfies the clone axioms (C1), (C2), (C3) (see [3]) with
(C1) S2.(z,S%(¥1,T1,- s Zn)se- -, S (Ups T1y- -+, Tn))

~ ST (SP(2,Y1,- -1 Yp)y T1,y+ -+, Tn), for myn,p=1,2,3,...,

(C2) Sp(Aj,z1,...,2n) R, for 1< j<nandm,n=123,...,

(C3) Sm(zj, A1y s Adm)RTj,for1<j<mand m=1,23,...,

where SP,,S™ SP, ST are operation symbols corresponding to the op-
erations comp?, ,comp?,, comp?, and compyy, respectively; A1,..., A, are
nullary operation symbols, and z,v1,...,Yp, Z1,..., Ty are variables.
Using the operation comp” we define a binary operation 4+ on cO%,n > 1
and by (C1) we obtain the semigroup (cO%;+) of all n-ary cooperations
on A. We will study this semigroup and its subsemigroups.

We recall the following notions from semigroup theory. Let S = (S;0)
be a semigroup. Then an element a € § is called regular if there is an
element b € S such that aba = a. Clearly every idempotent element is
regular and more general, every element a € S satisfying a™ = a, n > 2
is regular. If every element of a semigroup is regular, then the semigroup
is called regular. A regular semigroup S is called orthodoz if its set E(S)
of idempotents forms a subsemigroup. Bands are idempotent semigroups.
A semigroup (S;o0) is called a rectangular band if it is idempotent and if
zyr =z for all z,y € S, a normal band, if it is idempotent and zyuv = Tuyv
for all z,y,u,v € S. Semigroups satisfying xy = z for all z € S are called
left-zero semigroups. If zy = y for all z,y € S we speak of a right-zero
semigroup and if xy = uw for all z,y,u,v € S, the semigroup S is called a
constant semigroup.

Green’s relations £ and R are defined by

alb:wa=bor3Icde S(ca=bAdb=a),

aRb:=>a=borJe feSae=bAbf =a).

Let a € S be an element of the universe of the semigroup S = (S; o). The
order of a is the cardinality of the cyclic subsemigroup (a) of S: o(a) = |(a)|.
If S is finite, then the set {i € N\ {0}|3j € N(a* = a7, # j)} is non-empty
and has a least element m which is called the indezr of a. Then the set
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{z € N\ {0}|a™*® = a™} is non-empty, and so it also has a least element
r which is called the period of a. By the minimality of m and r we deduce
that (a) = {a,a?,...,a™*"~!} and thus o{a) = m + r — 1. Further, for all
u,v € N\ {0} we have a™** = ™" iff y = v mod .

If g: A — Ais a transformation on the finite set A with |A| > 1, then
g is an element of the semigroup (H 4;0) of all transformations defined on
A. If Im(g) = {b|Ja € A(b = g(a))} is the image of g, then the index of
g is the least non-negative integer A(g) such that Im(g*9)) = Im(g*(¥)+1)
and the period of g is the order of the restriction function h := g|Im(g*(9))
(which is a permutation).

The kernel of a mapping f : A — A is the equivalence relation Kerf :=
{(a,b) | f(a) = f(b),a,b € A}. For more background on semigroups see [4].

2. Idempotent and Regular Elements

We consider the semigroup (cO%;+) of all n-ary cooperations defined on
the finite set A and its subsemigroups. First of all we are interested in
idempotent and regular elements of {cO%; +).

Theorem 2.1.

(i) The n-ary cooperation f € cO% is an idempotent element of (cO%;+)
iff a € f~1((4,a)) for all (i,a) € Im(f).

(ii) f is a reqular element of (cO%;+) iff for any two elements (i,a), (4,b)
of Im(f) there follows a =b=i=j.

Proof.

(i) Let (¢,a) € Im(f). Then there is an element z € A such that f (z) =
(i,a). Since (f + f)(z) = f(z) and (f + f)(z) = f(fa(z)) = f(a) we
get f(z) = f(a) = (i,a) and a € f7((i,a)).

Conversely, we assume that a € f~1((¢,a)) for all (4,a) € Im(f). Let
z 6 A. Then f(z) = (f1(z), f2(z)) € Im(f) and by assumption fa(z) €

“1(f1(z), f2(z)) and then (f + f)(z) = f(f2(z)) = (fi(2), f2(2)) =
f (z) and f is idempotent.

(ii) If f is a regular element, then there exists a cooperation g € ¢O% such
that f + g+ f = f. Let (3,a), (j,b) € Im(f) such that a = b. Since
(i,a), (j,b) € Im(f), there are elements &,y € A such that f(z) = (i, a)
and f(y) = (,) (Lew fi(@) = i, fa(z) = a, fi(y) = 4, faly) = b) and
fa(z) = faly). Moreover, we use that (f+g)(z) = g(f2(z)) by definition
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of the composition. Then we have

fi(z) (f+g+ iz
f1(g2(f2(2)))
fi(g2(f2(v)))
(f+9+ M)
fily)

Conversely, assume that for any (¢, a), (j,b) € Im(f) wehavea=0b=>i=j.
If (i,a) € Im(f), then there is an element d, € f~!((i,a)). We define a
cooperation g : A — A" as follows
(i,dz) if z € {a|l(i,a)€ Im(f)}
9(@) = { Goz) if = ¢{al(i,a) € Im(f)} for some j € {1,...,n}.
Let now z € A, then z € f~1((1,b)) for some (I,b) € Im(f), i.e.

f(@) = (1,b), fi(@) =1, fa(x) = b.

i

I

Then we have

(f+g+ =) = (f+9)+ )=
FU(S + g)a(x))
Fg2(f2(2)))
f(g2(b))
f(db)
= (l’ b)
= f(=).
This shows that f is regular. a

i

Let E(cO%) and Reg(cO7) be the sets of idempotent and regular el-
ements, respectively. In [2] was proved that for A = {0,1} the regular
elements of (CO?M}; +) form a subsemigroup and the idempotent elements
form a subsemigroup of the semigroup of all regular elements, i.e., the set of
all regular elements forms an orthodox semigroup. In the general situation,
ie., if |A] > 2, this is not the case as the following example shows:

Let A = {a,b,c} and let f,g € cO% be defined by the following tables

| f | g
a| (i,a) | (k,a)
b (ia) | (,b)
c| (o) | (Lb)

for some 4,5, k,1 € {1,...,n}.
Since a € f7((i,a)), ¢ € f7H(5,0)), a € g7 ((k,a)), b € g71((,b)),
the cooperations f and g are idempotent. Since

(f +9)(c) = g(f2(c)) = g(c) = (1,})
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and

(f +9)(b) = 9(f2(b)) = g(a) = (k,a)

we have b & (f + g)~1(l,b) and therefore f + g is not idempotent. But the
sum of two regular elements is regular since if f and g are regular and if
(4,a), (4,b) € Im(f + g), then because of Im(f +g) C Im(g) from a = b we
obtain ¢ = j. This shows that f -+ g is regular.

Any cooperation f on the set A is uniquely determined by the pair
(f1, f2) consisting of the mapping f; : A — {1,...,n} and the transforma-
tion f; : A — A. Because of (if)(a) = f((f2)""}(a)) for any i > 2, i € N,
any a € A and any cooperation f € cO?, the order of f is determined by
the order of fs. Let A(f2) be the index and let r be the period of f5. Then

f;(h)(a) — le\(f2)+r(a)
for all a € A and then
O(fz) = )\(fz) +r—1

and we have
(A(f2) + 7 +1)f)(a) F(HY (@)
75299 (a))

((A(f2) + 1)f)(a).

This means, o(f) < A(f2) +r and o(f) < o(f2) + 1. For the index m
of the cooperation f, we have m < A(f2) + 1. If f is regular, then for any
s,t € Nt we have f§ = f§ iff sf = tf. Since for each a € A,

fa)=fia) & (H(f57Ha), f5(a)) = (f1(f37(a)), f§(a))
& (sf)(a) = (tf)(a).
Therefore in this case o(f) = o(f2) and m = A(fz). To characterize the
order of f € cO% such that f is not regular we need the following lemma.

i

Lemma 2.1. Let |A| = m. Then for every f € cO% the cooperation mf is
regular.

Proof. Suppose that mf is not regular.

Claim: If kf is regular, then (k + 1)f is regular.

Assume that kf is regular. Since (k+1)f = f +kf, we have Im(f +kf) C
Im(kf). By the characterization of regular elements, (k + 1)f must be
regular. Since mf is not regular and by using the contraposition of our claim
we get that (m—1)f is not regular. By using the same argument we get that
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(m —2)f,..., f are not regular. Then mf,(m —1)f,..., fare not regular.
Since (m — 1)f is not regular, then there are (i,c), (j,c) € Im({m —1)f)
such that i # j € {1,...,n}. Let a,b € A such that ((m —1)f)(a) = (i,¢)
and ((m —1)f)(b) = (j,c). Then
(mf)(a) = f(((m—1)f)2(a))

= f(o)

= F((m—1DF)2®)

= (mf)().

We consider the mapping ¢ : Im{((m — 1)f) — Im(mf) defined by
e((m — 1)f)(z)) = (mf)(z). As we have seen, the surjective mapping ¢
maps the different elements (3, ¢), (4, ¢) € Im((m—1)f) to f(c) € Im(mf).
Therefore together with Im(mf) C Im((m — 1)f) we get Im(mf) C
Im{(m — 1)f). Similarly, one can show that Im((m —1)f) C ... C Im(f).
Then there follows that |[Im(mf)| < ... < |Im(f)| = m. This implies that
|[Im(mf)| = 1. Therefore mf is regular, a contradiction. |

From Lemma 2.2, we have {k € N*|kf is regular } is non-empty.

Definition 2.1. Let f € cO” such that f is not regular. Let 3(f) be the
least positive integer such that 8(f)f is regular.

For every cooperation f € cO% we have 8(f) < A(f2) + 1.
Corollary 2.1. Let f € cO% such that f is not regular. Then

(1) 1f B(F) < A(f2), then o(f) = o(f2).
(i) If B(f) = A(f2) + 1, then o(f) = o(f2) + 1.

Proof.

(i) Assume that 8(f) < A(f2). This implies that A(fs)f is regular. Then it
follows that for any s,t € N, we have fé\(h)“ = f;‘(h)ﬂ ff (A(fo)+s)f =
(A(f2) +t)f. Therefore o(f) = o(f2).

(ii) Assume that B(f) = A(f2) + 1. Then (A(f2) + 1)f is regular and by the
minimality of B(f) we get that (A(f2)f) is not regular. Let r be the period
of fo. This implies that f3U2%" = £2U2) byt (M(f2) + r)f # Mfa)f.
Therefore o(f) = A(f2) +7 = o(f2) + 1. (]

For unary cooperations, we have (cO%;+) = (Hy;0) and therefore by
the theorem of Cayley every abstract semigroup is isomorphic to a semi-
group of cooperations.
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3. Bands of n-ary Cooperations

After having determined all idempotent elements of (cO%;+) we ask for
subsemigroups which consist only of idempotent elements, i.e., for bands of
n-ary cooperations.

First of all, we are interested in right-zero semigroups and in left-zero
semigroups. If f + g = g, then (f + g)(z) = g(fa(x)) = g(z) for all z € A.
From this it follows that Ker(f) = Ker(g). Indeed, we have

(z,v) € Ker(f) = f(z)= f(y)
= faolz) = f2(y)
= g(f2(x)) = g(f2(y))
and therefore g(z) = g(y) and then (z,y) € Ker(g) and Ker(f) C Ker(g).
Similarly, from g+ f = f there follows Ker(g) C Ker(f).If f+g = f, then
clearly we have Im(f) C Im(g) and g+ f = g implies Im(g) C Im(f).
Altogether we have:

Proposition 3.1. Let S C E(cO%). Then

(i) S is a right-zero semigroup iff for all f,g € S we have Ker(f) = Ker(g),
(ii) S is a left-zero semigroup iff for all f,g € S we have Im(f) = Im(g).

Proof.

(i) By the previous remark, if S is a right-zero semigroup, then Ker(f)
= Ker(g). Let conversely f,g € S such that Ker(f) = Ker(g). Since f is
idempotent, we have f(a) = (f + f)(a) = f(f2(a)) and thus (a, f2(a)) €
Ker(f) = Ker(g). Therefore g(a) = g(f2(a)) = (f + g)(a) foralla € A
and thus f + g = g. In a similar way we prove g + f = f. Clearly, S is
closed with respect to + and therefore it is a right-zero semigroup.

(ii) If S is aleft-zero semigroup, then for all f,g € S we have Im(f) = Im(g).
Conversely, assume that Im(f) = Im(g) for all f,g € S. Let a € A. Since
f(a) = (fi(a), f2(a)) € Im(f), we have also (f1(a), f2(a)) € I'm(g). Since
g is idempotent, by Theorem 2.1, we have f2(a) € g~ '(f1(a), f2(a)) and
therefore (f + g)(a) = g(f2(a)) = (fi(a), f2(a)) = f(a) and this shows
f+g = f. In a similar way we show g + f = g. Hence, S is a left-zero
semigroup. O

Qur next aim is to characterize rectangular bands.

Lemma 3.1. Let f,g € cO%. Then f+g+ f = f iff g2(a) € 5 Ha) for
all a € Im(fs).
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Proof. Assume that f+g+f = f and a € Im(f2). Then there are elements
z € Aandi€ {1,...,n} such that f(z) = (¢,a). Then we also have

(f + 9+ f)(@) = (i,0) and (f + (9 + f))(z) = (i, a)

= (g9+ f)(fo(x) = (4,0)
= (9+f)(a) = (,0)

= f(92(a) = (i,0)

= fa(g2(a)) =a,

and therefore g;(a) € f5 *(a).
If conversely go(a) € f31(a) for all @ € Im(f,), then there is an element
j€{1,...,n} and an element y € A such that f(y) = (j,a) and then

(f+9+NHw) (f+ g+ 1)
(9+ N (f2(v)
(9+ f)(a)
f(g2(a))

(j,a)

f@).

This shows that f+g+ f = f. a

O T

The set Rec:= | {{f.g}|f+g+f=fandg+f+g=g}
£f.9€cO%y

is in general not a semigroup as the following counter-example shows. We
consider the six element set A = {a,b,¢,d, e, f} and cooperations o, 8,7 €
cO% defined by

a({b,c,d}) = {(i,09)}, e{a,e, f}) = {06, N}
B({a,b, f}) = {(k,a)}, B({c, d, e}) = {(L,d)};
7({a’b’ C}) = {(mv b)}?')'({d’ €, f}) = {(O’ e)}

for some 3, j, k,l,m,0 € {1,...,n}.
Since

cea™'(i,c), f € a71(j, f),a € Bk, a),

de B7(1,d),b eyt (m,b),e € v (o,¢),

the cooperations «, 3,y are idempotent. Since

Ba(c) = d € a3} (c), B2(f) = a € 03 (f), 72(c) = b € a5 (¢)



77
and
n(f) =eca;'(f)
we have a + 8+ o = a and a4+ v+ a = a. For a,d € Im(B;), we have

az(a) = f € By (a), a2(d) = ¢ € B51(d),

72(a) = b € B3 (a), v2(d) = e € G5 1(d).
This shows
Bra+pf=Fand B+v+ =0
For b,e € Im(7ys), we have
az(b) =c€ v 1(b),an(e) = f € v5 (e, Ba(b) = a € 75 1(b)
and
Bale) = d € 47 (e).
This shows
Y+a+vy=vyandy+B+7=1.

Since o+ 8 : A — AY" is an n-ary cooperation with

(e +B)({d,c,d}) = {(l,d)}
and

(a+ B){a,e, f}) = {(k,a)},
for a,d € Im((a + f)3), we have

v2(a) =b & (o + B)7 ' (a) and yo(d) = e & (@ + )z ' (d).
Therefore
(a+8)+7+(@+P) #a+pfand atps ¢ Rec.
Then we obtain the following characterization of rectangular bands.

Theorem 3.1. Let S C E(cO%) be a subsemigroup. Then S is a rectangu-
lar band iff for all f,g € 8 we have ga(a) € f5*(a) for all a € Im(f2) and
f2(b) € g51(b) for all b € Im(g2).
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Proof. If $ is a rectangular band, then for any f,g € S we have f+g+f =
f and g + f + g = g and by Lemma 3.2, we obtain g2(a) € f; '(a) for all
a € Im(f) and fa(b) € g5 *(b) for all b € Im(ga).

If conversely these conditions are satisfied, then for any two elements
fge Swehave f+g+f=fandg+f+g=g O

Now we characterize normal bands.
Lemma 3.2. Let f,h,l,g € cO%. Then

f+h+l+g=f+1+h+giff(la o h2)(a), (hz 0 l2)(a)) € Ker(g)
for all a € Im(f2).

Proof. Assume that f+h+1+g=f+1+h+gand a € Im(f2). Then
there are elements b € A and i € {1,...,n} such that f(b) = (3,a). Since

(f+h+1+g)d)=(F+1+h+g)b)

we get
(f+h+0+9)b)=((f +1+h)+9)(b)
= g((f + h + 1)2(0)) = g((f + 1+ h)2(b))
= ((f +h +10)2(0), (f + 1+ h)2(b)) € Ker(g).
Then
(f+I+h)20b) = (f+D)+h)20)
= hao((f +D2(b)
= ha(l2(f2(b)))
= (hzol2)(f2(b))
= (h2 Q 12)((1)

and similarly
(f +h+1)2(b) = (I3 © ha)(a).
Therefore we get
((h2 0 l2)(a), (2 © h2)(a)) € Ker(g).

Conversely, we assume that

((hz o f2)(a), (I2 0 h2)(a)) € Ker(g)
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for all a € Im(f3). Let b € A. Then

f2(b) € Im(f2)

;I;ld by our assumption we have ((hz o l2)(f2(b)), (2 0 h2)(f2(b))) € Ker(g).
en

9((hz2 o La)(f2(b))) = g((I2 o h2)(f2(b)))
g(ha((l2 0 f2)(b))) = g(la((h2 o f2)(b)))
(h+ g)((Iz 0 f2)(8)) = (I + g)((h2 © f2)(b))
(L + Rk +g)(f2(b)) = (h+ 1+ g)(f2(b))
(f+I+h+g)(b) = (f+h+1+g)b)

Therefore, f+1+h+g=f+h+1+g. O

P44y

Altogether we have:

Theorem 3.2. Let S C E(cO%) be a subsemigroup. Then S is a normal
band iff for all f,h,l,g € S we have ((I3 0 hy)(a), (ke 0l2)(a)) € Ker(g) for
all a € Im(f3).

To characterize semilattices we need conditions which guarantee com-
mutativity.

Theorem 3.3. Let S be a subsemigroup of (cO%;+) and assume that S C
E(cO%). Then S is a semilattice iff for any two cooperations f,g € S the
following conditions hold:

(i) Im(f + g) = Im(g + f),
(ii) For each (i,b) € Im(f + g) we have fo(z) € g 1(i,b) & ga(z) €

F7HED).

Proof. Assume that S is a semilattice. Then f + g = g + f implies
Im(f + g) = Im(g + f). Let (4,b) € Im(f + g) and fa(z) € g7'(3,b).
Then £(92(2)) = (g + £)(@) = (f +9)(®) = g(fa(x)) = (i,b). Therefore
g2(z) € f~'(i,b). Similarly, we show that gz(x) € f~'(i,b) implies that
f2(x) € g_l(i,b).

Conversely, we assume that for any f,g € S conditions (i) and (i)
are satisfied. To show that f + g = g + f we assume that £ € A. Then
there exists a pair (i,b) € Im(f + g) such that (f + g)(z) = (4,b). Since
(f +9)(@) = 9(f2(x)) and (f + 6)(&) = (i,}), we get g(fa(=)) = (i,b) and
then fa(x) € g~(i,b). Condition (i) implies go(z) € f~'(4,b). Therefore
(g9 + f)(x) = F(g2(2)) = (4,b) = (f + g)(z). This implies f +g =g+ f and
S is a semilattice. 0
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4. Green’s relations £ and R

Let (S;0) be a semigroup. Then Green’s relations £ and R are defined on
(S;0) as follows:

(e,b) e L:a=bVIe,de S(coa=bAdob=a)

(a,b) ER:=a=>bVIe feSlace=bAbof=a)

for a,b € S. Clearly £ and R are equivalence relations on S. We want to
characterize Green’s relations £ and R on (cO%;+). It is well-known (see
[4]) that for transformation semigroups there holds: (f, g) € £ iff Im(f) =
Im(g) and (f,g) € R iff Ker(f) = Ker(g). For n-ary cooperations we have

Theorem 4.1. Let f,g € Reg(cO%). Then (f,g) € L iff Im(f) = Im(g)
and (f,9) € R iff Ker(f) = Ker(g).

Proof. If (f,g9) € £ and f # g, there are n-ary cooperations h,l € cO%
suchthat h4+ f=gand [+ g=f. Let a € A. Then

f(a) = (1 + g)(a) = g(l2(a)) € Im(g)

and thus Im(f) C Im(g). In the corresponding way from g = h + 1 we get
Im(g) C Im(f), altogether Im(g) = Im(f). If f = g, then Im(f) = Im(g).

Conversely, assume that Im(f) = Im(g), For each (i,a) € Im(f) =
Im(g) we choose d, € f~1((i,a)) and d,, € g~*((3,a)) and define coopera-
tions A,! € cO% in the following way:

h(z) = (i,d}) for all z € f~*((4,a)) and

Wy) = (i,d,) for all y € g~((i,a)).
The cooperations h and ! are well-defined and we have
(h+9)(z) = g(ha(2)) = g(de,) = (i,0) = f(z)
and
((+ )y) = f(l2(v)) = f(da) = (4,0) = g(y)
and thus

h+g=fand !+ f=gandthen (f,g) € L.
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As we have seen, this proof did not need that f and g are regular. Therefore,
the first part of the proposition holds also for arbitrary f, g € cO%.

Assume now that (f,g) € R. If f = g, then Ker(f) = Ker(g). Assume
that f # g. Then there are u,v € cO% such that f = g + u and g=f+w.
Let (a,b) € Ker(f). Then

f(a) = f(b) = fa(a) = f2(b) = v(f2(a)) = v(f2(a)) =

(f +v)(a) = (f + v)(b) = g(a) = g(b) = (a,) € Ker(g).

This shows Ker(f) C Ker(g). In a similar way we show Ker(g) C Ker(f)
and altogether we have equality.

Conversely, assume that Ker(f) = Ker(g). We denote the equivalence
relation Ker(f) (= Ker(g)) by m. We form the quotient set A/m. Since A
is finite consisting of k elements, there is an integer p with 1 < p < k such
that |A/@| = p. Since

|A/x| = [Im(f)| = lIm(g)|

we can write

Im(f) = {(j1,21), -, (Gpr ap) }, Im(g) = {(k1,b1), ..., (kp, bp)}

for some j1,...,Jp k1,...,kp € {1,...,n} and a1,...,ap,b1,...,bp € A.
From each equivalence class with respect to = we choose one element d; € A
fori =1,...,p. For the elements dy, . .., d, we have then f(d;) = (ji,a;) and
g(d;) = (ki, b;). There is no pair of elements (ji,a;), (ji, a;) € Im(f) with
1 <i <1 < p such that a; = a;, but j; # j; and there is no pair of elements
(ki, b3), (ki br) with 1 < ¢ < I < p such that b; = b; but k; # k; since f and g
are regular (see Theorem 2.1). Now we define o, 8 € cO% by afa;) = (ki, b;)
foralli=1,...,pand a(z) = (r,z) forall z € A\{ai,...,a,} and for some
r e {1,...,n} and B(b;) = (ji,a;) for all i = 1,...,p and B(y) = (s,y) for
ally € A\{b1,..,b,} and for some s € {1,...,n}. Because of the regularity
of f and g the cooperations o, 3 are well-defined. We prove that f+a =g
and g+ 3 = f. Let ¢ € A. Then there is an element i € {1,...,p} such that
(c,d;) € m and we have

(f + a)(e) = a(fa(e)) = a(fa(di)) = alai) = (ki, b:) = g(di) = 9(c)
and thus f +a=g.
In a similar way, we show g + 8 = f. Hence (f,g) € R. a

The regularity of f and g is not needed to prove that (f,g) € L iff
Im(f) = Im(g). Therefore this is true for any f,g € cO7}. But for the
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second proposition of Theorem 4.1, we need the assumption that both f
and g are regular. Indeed, if f € cO% \ Reg(cO%) and g € cO" such that
Ker(f) = Ker(g) and f # g, then we will show that (f,g) € R. Since
f € 0% \ Reg(cO%), there are elements a,b,z € A and there are integers
i # j € {1,...,n} such that f(a) = (¢,z) and f(b) = (j,z). Let o € cO%.
Then (f+a)(a) = a{fo(a)) = a(z) and (f+a)(b) = a(f2(b)) = a(z). There
follows (f+a)(a) = (f-+a)(b). Since (a,b) & Ker(f) and Ker(f) = Ker(g),
we have also g(a) # g(b) and thus g # f + « for all & € ¢O% and then

(f.9) ¢ R.
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Hypersubstitutions map operation symbols to terms of the corresponding ari-
ties. Using hypersubstitutions from each algebra one can derive new algebras.
We compare properties of congruence lattices, of subalgebra lattices and of
clones of the derived algebras with the corresponding properties of the start-
ing algebras. If both algebras have the same clone of term operations, then
they have the most properties in common. This is for instance the case if the
hypersubstitution is surjective. We characterize surjective hypersubstitutions
and prove that for finite types surjective hypersubstitutions are bijective. This
will be applied to i-closed varieties of n-ary type.

Keywords: Hypersubstitution; Clone; Derived algebra; i-closed variety.

1. Preliminaries

Let (f;)ier be a sequence of operation symbols where f; is n;-ary. We assume
that n; > 1 for all i € I. The sequence 7 = (n;):cs is called a type. Let

Xn = {z1,...,2,} be an n-element alphabet. Let W,(X,) be the set of
all n-ary terms of type 7 and let W, (X) := |J Wr(X,) be the set of all
n>1

terms of type 7.
On the sets W, (X,) and W,(X,,) an operation Sy, :

Wr(Xn) X Wi (Xm)"* — Wr(Xm)
is defined inductively as follows:

i) S;}l(flij,tl,. cotn) =1, x5 € Xyt 80 € Wo(Xm),
(]1) S;,‘l(fz(sl, -73ni)7t17-~-1tn) =

fi(SgL(Slytl, e ,tn), ey S,’.,‘l(sm,tl, ‘e ,tn))

with f,-(sl, . ,Sni) € WT(Xn), t1,...,th € WT(Xm)

83
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With these operations and the variables as nullary operations we form the
multi-based (heterogeneous) algebra

cloner := ((WT(Xn))nEN"'; (S?n)m,nEN'*" (zi)iSn,n€N+)

(with N* := N\ {0} ). This algebra is an abstract clone, i.e. it satisfies the
clone axioms

(C1) 852, 5p (T2, Xy, ., Xn), o, S (W Ky, X))
sn (S”(Z Yl,... p) Xi,... n) (m,n, p€N+)
(C2) S{,‘l(é Xi,... n)~X,, (m ne Nt 1<i<n)

(C3) S(Y,er,.. ,en) ~Y (neN*).

Here Z, }71,...,}7,,,5(1,...,5(,, are variables for terms, S,’,’l, 5’,’;1, S'ﬁ, 5’,’{ are
operation symbols and &7 are symbols for variables.

Sometimes it is necessary to measure the complexity of a term. A very
common complexity measure is the depth of a term defined by the following
steps:

(i) depth(z;) :=0ifz; € X,
(i) depth(fi(t1,...,tn,)) := maz{depth(t1),...,depth(t,,)} + 1.

Every term can be visualized by a tree diagram. The depth of ¢ is then the
maximum length of all pathes going from the root to one of the leaves of
the tree. Considering only pathes going from the root to leaves labeled by
the variable x; we get the j — depth, depth;(t) of the term ¢.

A hypersubstitution ¢ is a mapping which sends operation symbols to
terms preserving the arities. Based on a hypersubstitution one can induc-
tively define a mapping & : W, (X) — W, (X) by the following steps:
6lz] ;= z if x € X is a variable and &{fi(t1,...,tn;)] = S (o (f:),6{ta],

.+, 0[tn,]) where f; is n;-ary and ¢1,...,tn, € W, (X,).

The last equation shows that & is an endomorphism of the algebra
cloner if we regard & = (6n)nen+ 85 a sequence of mappings where
Gn : We(Xpn) — Wi (X,).

Hypersubstitutions can be composed by o105 09 := &} 002 where o is the
usual composition of mappings. Together with the identity hypersubstitu-
tion giq : fi = fi(Z1,...,2n;) We get a monoid Hyp(t) = (Hyp(T); on, 0s4).

Let A = (A;(f#)icr) be an algebra of type 7. Every term of type T
induces a term operation ¢4 on the algebra A. Let W,(X,,)* be the set of

all n-ary term operations of the algebra A. If we define a superposition of
operations on A by
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fpn’:(fA;giq)- - 7g£)(al,---,am) =
f (gl (0’11"'90’771)""7971?((‘7'1"-"0'771,))

where f4 is n-ary and at,..., g2 are m-ary, then we obtain another clone
T('A) = ((WT(XTL)A)neN"‘; (Sg{A)m,nGN‘*' ) (e?’A)'isn,neN‘F)

where e?’A are the n-ary projection mappings on the i-th components. It
is easy to see that this clone is generated by the fundamental operations
{f# | i € I} of the algebra A. Let T(™(A) be the set of all n-ary term
operations of A. The set T(")(A) is closed under the (n + 1)-ary operation
S™4 and contains all n-ary projections. Therefore one can form an algebra
(T™(A); SMA, e, ... em4) of type (n +1,0,...,0).

Let Sub(A) be the subalgebra lattice of A, Con(A) be the lattice of
congruence relations of A4, V(A) be the variety generated by .A and let
£(V(A)) be the subvariety lattice of the variety V(A).

Two algebras A and B of possibly different types are called rationally
equivalent {term equivalent) if A and B have the same universe and the
same term operations, i.e. if T(A) = T(B). As a consequence we have
Sub(A) = Sub(B), Con(A) = Con(B) and the subvariety lattices £(V(A))
and £(V(B)) are isomorphic.

Hypersubstitutions can be applied to equations as well as to algebras
of type 7. Let s = t be an identity satisfied in the algebra A, i.e. s4 =tA,
The identity s ~ t is said to be satisfied as a hyperidentity in the algebra A
if 5[s] ~ [t] are identities in A for all hypersubstitutions o.

Applying a hypersubstitution o to an algebra A of type 7 gives the
algebra o(A) := (4; (0(fi)*)ier) which is called algebra derived from A by
the hypersubstitution o. There is the following connection between the term
operation induced by a term t on the algebra A and the term operation
induced by the same term on the algebra o(A) (see e.g. [6]).

Proposition 1.1. Lett € W,(X) be a term of type 7. Let o be a hypersub-
stitution of type T and let A be an algebra of type T. Then o) = g[t]A.

Proof. The proof is by induction on the complexity (depth) of the term ¢.
If t = z; € X, is a variable, then

A A ~
x;’( ) — e = z;“ = o[xj]A.
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If t = fi(t1,...,ts,) and if we inductively assume that tZ(A) = §lty]* for
all 1 < k < ny, then
to‘(.A)

= Sn’ivA(f.a(A), tg('A)’ -
= SrA(a(fi) A, 610)A, - B tn]?)
= (S A0 (f:), 8[ta), - - - Ot ]))A = S1t1A. =

tn )

We gave the simple proof of this proposition here since the property plays
an important rule in what follows.
In [4] the following formula for the depth of &{t] with t = fi(t1,...,ts,)
was proved:
depth(6t])
= maz{depthi(a(f;)) + depth(6[ts]) | 1 < k < ny,zx € var(o(f;))}-

2. Term Operations of Derived Algebras

Let B be an algebra of type 7 and let o be a hypersubstitution of type
7. By o(Sub(B)) we understand the set of all algebras derived by ¢ from
subalgebras of B, i.e.

o(Sub(B)) = {o(C) | C C B}.

Directly from the definition of a derived algebra we obtain the following
simple propositions:

Proposition 2.1.

(i) The clone of o(B) is a subclone of the clone of B: T(a(B)) C T(B).
(it) The congruence lattice of B is a sublattice of the congruence lattice of
a(B): Con(B) C Con(a(B)).
(i) a(Sub(B)) forms a sub-meet-semilattice of Sub(c(B)): o(Sub(B)) C
Sub(c(B)).

Proof.

(i) Let t be an arbitrary term of type 7 and t°® ¢ T(a(B)). Because of
T(o(B)) = W,(X)°®) any element of T(c(B)) can be written in this
form. By Proposition 1.1 we have 6(t]° € T(o(B)). Since 6{t] € W,(X),
we get &[t]® € T(B) and thus T(0(B)) C T(B).

(ii) Let 6 be a congruence relation on B. Then for every n-ary term oper-
ation t® of B and for all elements ay, ... ,Qn,b1,...,by € B we have
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(a1,b1) €6,...,(an,bs) € 6 = (tB(an,...,a,),tB(b1,...,b,)) € 6.

Therefore for every i € I we have

(U(fi)B(ah' .o ,a’"i)’a fi)B(bl""’b"i)) =
(ff(B)(al,... ,ani),f;rglg)(bla-- "bm)) € g

and thus 6 € Con(g(B)). This means Con(B) C Con(a(B)). The sub-
lattice property is clear as well.

(iii) Let C € o(Sub(B)). Then there is a subalgebra ¢’ C B such that
C = o(C’). From C' € B we obtain that ¢(C’) is also ‘a subalgebra of
o(B); i.e. C = o(C") € Sub(c(B)) and then o(Sub(B)) C Sub(c(B)).
Let 0( A1), 0(Az2) € o(Sub(B)). We show that o(A4;1)No(A2) = a(A1N
Az) € o(Sub(B)). In fact, the universe of both algebras, of o(A;) N
o(Az) and of o(A; N Ay) is the intersection A; N A,. Since o(A; N
A2) and o(A;) N o(Az) are both subalgebras of o(B) they must be
equal. This shows that o(Sub(B)) is a meet-semilattice and therefore
a submeet-semilattice of the meet-semilattice Sub(a(B)). ]

It is very natural to ask for which algebra B and for which hyper-
substitution ¢ do we have equality in one of the propositions (i)-(iii).
Clearly, if B is a two-element algebra, then Con(B) = {A g, B} and then
Con(a(B)) = Con(B) since Con(c(B)) is also two-element.

Let O(B) be the clone of all operations defined on B, then for any
algebra B = (B; (f£):cr) the clone T(B) is a subclone of O(B). The least
subclone of O(B) is the clone Jp of all projection mappings defined on B.

Assume that 7(B) is a minimal element in the lattice of all subclones
of O(B) and that T(c(B)) # Jp. Then we must have T(c(B)) = T(B),
i.e. the algebras B and o(B) are rationally equivalent. Then we have also
Con(B) = Con(o(B)) and Sub(B) = Sub(o(B)). In this case the properties
of the algebra B lead to the equation T'(c(B)) = T(B).

Proposition 2.2. Let B be an arbitrary non-trivial algebra of type 7 =
(ni)ier,ni > 1 for all i € I. If o is surjective, meaning that the extension
& is surjective, then T(c(B)) = T(B).

Proof. We noticed already that W, (X)? = T(B). Let t® € T(B). Then
there is a term s € W, (X) such that ¢ = &[s]. From this equation we get
t8 = 4[s]f = s°® € T(o(B)) by Proposition 1.1. This shows T(B) C
T(0(B)) and together with Proposition 2.1 (i) we have equality. O
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If conversely T(B) = T(o(B)), then for any t® € T(B) = T(o(B)) =
W, (X)?®) there is a term s € W,(X) such that t8 = s7B) = 5[s]B. But
this means that ¢ ~ &]s] is an identity in B but in general t # &[s].

Clearly, we have

Proposition 2.3. Let B be a non-trivial algebra and let o be a hyper-
substitution of type 7. Then T(B) = T(c(B)) if and only if for any term
t € W,(X) there exists a term s € W, (X) such that t ~ [s] is an identity
in B.

Proposition 2.2 motivates to look at all surjective hypersubstitutions.
Proposition 2.3 shows once more the influence of the properties of the al-
gebra B. In the next section we want to characterize all surjective hyper-
substitutions of type .

3. Surjective Hypersubstitutions of Type T
We noticed already that the heterogeneous algebra

cloner := (Wr(Xn))nen+; (Sm)m,nents (-’Ci)isn,neN+)

is an abstract clone, i.e. satisfies the clone axioms (C1), (C2), (C3).
Let I, be the set of all indices from I such that f; is n-ary and let
Fm = {fiz1,...,zn) | ¢ € I,} and F := (F"),en+. Clearly, F/ :=

{fi(z1,...,zn) |2€I}= U F™
neN+
By the definition of terms the sequence F' generates cloner. Another

important property of cloner is that it is free in the heterogeneous variety
of clones (defined by (C1), (C2), (C3)), freely generated by the sequence F.

We noticed also that extensions & of hypersubstitutions ¢ are endomor-
phisms of cloner. Conversely, as a consequence of the freeness of cloner and
the fact that F is a free generating system, any endomorphism of cloner is
the extension of a hypersubstitution (see [1]). Let kero be the kernel of &,
i.e. kero := {(s,t) | s,t € W,(X) A &[s] = 5[t]} and let Imo be the image
of 5,1.e. I'mo :={t|t € W,(X)A3s € W,(X)(6[s] = t)}. Then o is called
injective or surjective or bijective if & has these properties. If Bij(r) and
Surj(t) denote the sets of all bijective and surjective hypersubstitutions,
then Bij(r) and Surj(r) form submonoids of Hyp(r) since the composi-
tion of two bijective or of two surjective mappings is bijective or surjective,
respectively.

Since o preserves arities, it can be regarded as a sequence (0, )pen+ of
mappings on : F® — W;(X,). The extension & can also be regarded as a
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sequence (6n)nen+, On : Wr(Xn) = Wir(X,). Therefore the image Imo can
also be regarded as a sequence (Imo)’ := (IMm6n)nen+, Imén C Wo(Xn).

Clearly o is injective iff kero = Aw, (x)- Since F is a generating system
of cloner we have:

Proposition 3.1. A hypersubstitution o of type T is surjective iff F' C
Imo.

Proof. If F C Imo, then for the subalgebras of cloner generated by F
and (Imo) we have (F)aoner € {(IMo)Veioner, i.€. W.(X) C Imo C
W-(X) since (Imo)’ is a (heterogeneous) subalgebra of cloner. Here we
used that & is an endomorphism of cloner. Altogether, Imo = W, (X) and
o is surjective. If conversely o is surjective, then F’ C Imo is clear. O

(Proposition 2.3 is true for arbitrary (homogeneous and heterogeneous)
algebras, for generating systems and for endomorphisms).
Bijective hypersubstitutions were characterized in (3] (see also [6]).
Let B denote the set of all bijections on the set {f; | ¢ € I} preserving
the arities, i.e. B’ := (Bp)nen+ Is a sequence with |J B, = B where

neN+
heB,iffh: {fi|i€ I,} — {fi| i€ I} is bijective. Let S, be the set of
all permutations on the set {1,...,n} forn € N*. Weset A:= |J S»

1<neN+
and P := {p € AT | p(i) € Sp, for i € I}. Then Bij(r) can be characterized
by the following theorem:

Theorem 3.1. Let T = (n;)icr be a type with ny > 1 for all i € I. For
each o € Hyp(t) the following statements are equivalent:

(i) o € Bij(r).
(ii) There are elements h € B and p € P such that o(f;) =
h(fi)(:l:p(i)(l), e ,xp(i)(m)) foralliel.

Not every surjective hypersubstitution is bijective. As a counterexample we
consider the type 7 = (n;)ien+ = (£)ien+-

We consider the hypersubstitution which is defined by o(fz) :=
fi(@1,...,2;) for i € Nt and o(f2iq1) = fasr1(®1,---,%2i41) for i € N+,
Since fi(z1,...,2;) € We({Z1,...,Zi, ..., T2,,, }), O is arity-preserving and
thus a hypersubstitution. By Proposition 3.1 we get that ¢ is surjective, but
not injective since for example for i = 3 we have o(fg) = f3(1,72,73) =
o(f3) and then also &(fs(z1, %2, . . ., T6)| = f3(21,Z2,23) = o[ f3(z1, 22, 23))s
but fﬁ(ml, Ty ... ,(Ee) # f3(:l:1,:1:2,.’1,'3).
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Surjective hypersubstitutions can be characterized as follows:

Theorem 3.2. Let 7 = (n4)ies be a type with n; > 1 for all i € I. Then
for each o € Hyp(r) the following statements are equivalent:

(i) o € Surj(t).

(ii) For eachi € I there is an element j € I such that nj > n; and such that
61fi(yrs---1¥n;)] = filz1,...,Tn,) for some variables y1,...,yn; €
Xp, with {y1,...,Yn; Y =ni foralli e I.

Proof. (ii)=>(i) By Proposition 3.1 and by (ii) we get that o is surjective.

(i)=(ii) Since o is surjective, for every i € I there is a term ¢; such that
6[ts] = fi(z1,...,Tn,).- Depth(t;) = 0 is impossible since otherwise ¢; = i
is a variable and then (x| = . Therefore t; = f;j(s1,...,5n,;) and as-
sume that ¢; is a term with minimal depth and &(t;] = fi(z1,...,Zn,)-
Then &[t;) = Sni(a(f;),6s1],...,6(sn;]) = fi(z1,---,2n,) and because
of depth(6(t;]) = max{depthi(co(f;)) + depth(é[sk]) | 1 < k < nj,zx €
var(o(f;))} = 1 we must have o(f;) € Xn; or o(f;) = fi(zj,...,%j,,)
with x;,,...,%;,. € Xn, and [{z;,,...,2;, }} = n: and thus n; > ny
and depth(é[sy]) < 1 for all 1 < k < n;. If o(f;) € Xn,, let say
o(f;) = z, for some 1 < 7 < nj, then 6{t;] = 6[s;| = fi(z1,...,2Tn;) Where
depth(s,) < depth(t;). This contradicts the minimality of the depth of ¢;.
Therefore there are variables zy,,..., 21, € Xn; with [{zy,,..., 1, } = n
and with o(f;) = fi(zy,,...,71,,). Then we have fi(z1,...,2,,) = 6[t;i] =
ng(fi(zll,...,mlni),&{sl],...,&[snj]). From this equation there follows
that z1 = &[sy,], z2 = Gsy,),...,2n, = &[s1, |- For each i € {1,...,n;}\
{l1,...,1n;} the term s; can be an arbitrary element of W, (Xy,).

Now ‘we consider the following term & = f;(y1,... +Yn;) Where y;, =
Ty Y, =Tn, and Yy =z1 i k€ {1,...,n;}\ {l1,...,In,}. Then

&t
— 61501y,
= SZLI: (U(fj), &[yl]’ s ’&[ynj])

= Sni (fi(@ry, -y @,, ), 6001, - .., 6lym,])
:fi(xlw'-a-'vni)-

Now we assume that I is finite. Then m := maz{n; | i € I'} exists.
Let W, (Xm)1 := {t € W, (Xp) | depth(t) = 1}. Then by a similar proof
we show that the following propositions are equivalent:

Lemma 3.1. Let 7 = (n;)ic; be a type with n; > 1 for all i € I and



N

assume that I is finite. Then for each 0 € Hyp(r) the following statements
are equivalent:

(i) o € Surj(r).
(it) o is bijective on W,(Xp,)1 where m is the maximum of all arities
ni,i € I (i.e. the restriction 6|w, (x,,), is bijective).

Proof. (ii)=>(1) If o is bijective on W,(X,,)1, then for every
filz1,...,zn;) € F' there is a term t € W,(X,,)1 such that 6]t] =
fi(z1,...,2Zp,), i.e. F' C Imo and by Proposition 3.1 we get that o is
surjective.

(i)=(Gi) Let t € W,(X;)1. Then there are elements ¢ € I
and &,...,%i,, € Xm such that ¢ = fi(a;il,...,a:ini). We consider
now the term fi(x1,...,2Z5,). Theorem 3.2 implies that there are el-
ements § € [ and y1,...,Yn; € Xn; € X such that n; >
ni, Hyrs..sun; Yl = ns and 6[f(y1,.-.,9n;] = fi(z1,...,2n,). Then
S (0(fi)yy1s--1Un;) = fi(@1,...,Zn,) and there are Tiys-o o @, €
Xn; € Xy such that o(f;) = fi(zyy,- .., 71,,). So S (e(Fi) 151 Yny) =
Se? (fl@1ys+ - T1,, )y Y15+ -+, Yn,) and then we obtain yi, = z1,..., Y, =
Tn,. Let t = f;(§1,...,Tn,) such that §i, = z4,,..., G, = Ti,, and Jx = Yk
ifke{1,...,n;}\{l1,...,1n;}. Then § € W, (X): and

&lt]

= &{fj(glv cee aﬂnj)]

= Swi (0(f3)> G- - - Uny)

= Sfr'fllj(fi(mlw- . 1$lni)vgl’ e ,g’ﬂj)

= fi(lus- - Gin;)

= fi(Tiyy e s Tin,)-
This shows that & is surjective on W, (X,)1. Since W, (Xy,)1 is finite, so o
is bijective. O

Then we obtain:

Corollary 3.1. Let 7 = (n;)icr be a type with n; > 1 for all1 € I and
assume that I is finite. Then for each o € Hyp(T) the following statements
are equivalent:

(i) o € Surj(r).

(ii) For each i € I there is a uniquely determined element j € I such that

n; > n; and such that &[f;(y1,...,Yn;)] = fi(z1,...,2Zn,) for some
variables y1,...,Yn; € Xn; with {y1y- -+ Un; H = na
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Proof. (ii)=(i) follows from Theorem 3.1.

(i)=(ii) If 0 € Surj(r), then o is bijective on W;(X)1 and this means
that for every f;(z1,...,Zn,) there is exactly one j and there are variables
Y1,---,Yn; € Xn; such that 6(f;(y1,...,¥n,)} = filzr,... ,Zn,;). Further we
have n; > n; since & is arity preserving. (m}

As a consequence we get that for finite types we have Bij(7) = Surj(r).

Theorem 3.3. Let T = (n;)icr be a finite type and let o be a hypersubsti-
tution. Then o is surjective iff o is bijective.

Proof. If o is bijective, then o is also surjective.

Assume that ¢ is surjective. Then by Lemma 3.1, we obtain that o is
bijective on the set W, (X,,)1. Now we consider & as a sequence (Gn)nen+
of mappings 6, : W, (X,) — Wr(X,). Let W, (X»)T be the set of all
n-ary terms contained in W, (X,,)1. Clearly W, (Xn)T = W, (X )1 since
all elements in W,(X,,)1 are m-ary. By the definition of terms we know
that every m-ary term can be regarded as n-ary term if n > m and then
W X))t = Wo (X)) for all n > m. Since 6 is bijective on W, (X, )1 and
preserves arities, so 6 |Wr(Xm)7 is also bijective on W, (X,,)T. We consider
the sequences (Wr(Xm)?)nen+ and 6|Wr(Xm), = Onl(Wr(Xin)T)nen+-
Then the first sequence generates the free heterogeneous algebra cloner.
But we know that 6|(W,(Xm)T),en+ is bijective on (Wr(Xm)T)nen+ since
On|Wr(Xm)T is bijective on W (X,)T for all n € N*. S0 6|(Wr(Xm)T) pen+
can be extended to a bijection & on (W, (Xn)}),cn+ and then & is bijective
on W.(X). ]

4. i-closed Varieties

Now we consider a finite type 7, where every operation symbol has the
same arity n > 1. Let V be a variety of type 7, and let Id"*V be the set of
all identities satisfied in V' consisting of n-ary terms. Let V,, be the variety
defined by the equations Id"V, i.e. V, = ModId™V. Clearly, V C V.

In [5], the concept of an i-closed variety was defined in the following
way:

Definition 4.1. Let V be a variety and B be an algebra of type 7,,. Then
V is called i-closed if whenever A € V and T(A) = T(B), then Be V.

Let M be a submonoid of the monoid Hyp(7) of all hypersubstitutions of
type 7. A variety V is said to be M-solid if V contains all derived algebras
o(A) for every o € M. In [5] it was proved:
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Theorem 4.1. Let V be a variety of type 7,, which is the model class of its
n-ary identities, i.e. V. = ModId™V. Then V is i-closed iff it is Surj(r,)-
solid.

Now Theorem 3.3 gives:

Corollary 4.1. Let V be a variety of a finite type T, which is the model
class of its n-ary identities, i.e. V = ModId™V. Then V is i-closed iff it is
Bij(ry)-solid.

As an example we consider the variety CI = Mod{z1zs =~ T211, 2} = 7}
of commutative and idempotent groupoids.

Proposition 4.1. The variety CI of all commutative and idempotent
groupoids is i-closed.

Proof. The type 7 = (2) has the required form and we can apply Theorem
4.1. From {172 = z2z1,7? ~ x1} C Id?CI there follows CI O CI, and
therefore CI = V5. By Theorem 3.1, we obtain Bij(2) = {04, 0z,z, } Where
o, is the hypersubstitution mapping the binary operation symbol f to the
term t. Since 64,z, [{T172 ~ Toz1, 7% = 71} = {7122 &~ 7271, 27 ~ 21}, the
variety CI is Bij(2)-solid. Therefore C1 is i-closed. ]

Let M be the monoid of all regular hypersubstitutions, i.e. all hypersub-
stitutions sending f to a binary term ¢ containing z; and z;. We remark
that for this M all M-solid varieties of commutative idempotent groupoids
were studied in [2]. Such M-solid varieties are called regular-solid. The va-
riety V12 = Mod{z1z2 =~ ToZ1,T2 = Ty, (T1Z2)Z2 X T1Z2} is the least
non-trivial regular-solid variety of commutative idempotent groupoids and
Vo = Mod{z1z2 = 171,75} = 21,7123 ~ 27} is the greatest one. The
lattice of all non-trivial regular-solid varieties of commutative idempotent
groupoids is the interval [V} 2, Vo o]. Here z123 means (2122)%2.
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Due to properties of the topological tensor product of ultrametric Banach
spaces, the algebraic notion of coalgebra has a natural ultrametric counter-
part. An important class of ultrametric Banach coalgebras is provided by the
spaces C{G, K) of continuous functions from a totally discontinuous compact
group G with values in a complete ultrametric valued field K. The coproduct
on C(G, K) is induced by the law of multiplication of the group G.

Related to ombral calculus is the characterization of the endomorphisms
of a coalgebra. For a wide class of ultrametric Banach colagebras the monoid
of the continuous coalgebra endomorphisms is anti-isomorphic to the monoid
of continuous and weakly continuous algebra endomorphims of dual algebra.
Hence, we recover earlier results obtained on the coalgebra C(Z,, K), where Z,
is the additive group of the ring of p-adic integers and K is a complete valued
field of the field extension of p-adic numbers Q. In addition for such ground
fields K and more generally for K of residue characteristic p, we consider the
coalgebra C(Vg, K), where V; is the infinite compact monothetic subgroup of
the group of units of K generated by ¢ which is not a root of unit such that
lg" — 1} < 1, for h an integer > 1. One obtains, as for formal power series, a
procedure of substitution on the algebra of p-adic bounded measures M (Vq, K)
which gives the continuous and weak*-continuous algebra endomorphisms of
M (Vg, K) and which in turn gives the continuous coalgebra endomorphisms of
Cc(Vy, K.

Keywords: Coalgebra endomorphism; Hopf algebra; Banach spaces.

1. Introduction

Let K be a complete ultrametric valued field.
Let us recall ([16]) that for two ultrametric Banach spaces over K, the
topological tensor product of E and F is the completion EQF of the tensor

*2000Mathematics subject classification: Primary 16W30 Secondary, 05A40, 05A30,
26E30, 46S10.
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product E® F with respect to the tensor norm that is defined for 2 € E® F
by setting ||z|| = ||lzlle = _ inf  max [|z:[l|z:ll.
Y zi®yi=z &

i

A remarkable fact in ultrametric functional analysis is that if X a totally
discontinuous (= zero-dimensional ) compact topological space and F is an
ultrametric Banach space, then for the Banach spaces of continuous func-
tions C(X, E) and C(X, K) the canonical linear map IIg from C(X, K)@)E
into C(X, E) such that IIg(f ® z)(s) = f(s)z, for s € X and z € E is an
isometrical isomorphism of Banach spaces. Furthermore, if ¥ is an other
zero-dimensional compact topological space then the linear map II form
C(X, K)®C(Y, K) into C(X x Y, K) such that II(f ® g)(s,t) = f(s)g(t), for
s€ X and t €Y is again an isometrical isomorphism of Banach spaces.

A K- vector space is said to be a Banach coalgebra, if H is an ultrametric
Banach space and if there exists a continuous linear operator ¢ : H ~—
H®H = topological tensor product (the coproduct )} and a continuous
linear form o : H — K (the counit) , such that

(i) (c®id)oc= (id ® c) o ¢ ( coassociativity) and

(ii) id®o)oec = id = (60 ®id) oe. By transposition, the coproduct
induces on the strong dual H' of H a structure of a unitary normed
algebra, the product being the convolution given by uxv = (u®v)oc
and the unit is o, with [ju*v|| < ||| [|xllllv]-
An important class of ultrametric Banach coalgebras is provided by
the spaces C(G, K) of continuous functions from a totally discontinu-
ous compact group G with values in K. More precisely, let p be the
linear map from C(G, K) into C(G x G, K) such that p(f)(s,t) = f(st),
then the coproduct on C(G, K) is ¢ = II7! o p with II the above de-
fined map for X = Y = G. The counit is the Dirac measure at the
neutral element o(f) = f(e). In fact, if one assumes only that G is
a totally discontinuous compact monoid then one again have a coal-
gebra structure on C(G, K) and this coalgebra is a bialgebra, i.e. the
coproduct and the counit are algebra homomorphisms of C(G, K) into
C(G,K)®C(G, K) (resp. into K). When G is a group, considering the
linear endomorphism 7 of C(G, K) such that n(f)(s) = f(s™1), one
verifies that

(iii) mo (lg®n)oc=koo =mo(n® ly) o c, where k is the canonical
injection of K into C(G, K).
The map 7 is called the inversion (or antipode) of C(G, K). The coal-

gebra C(G, K) is then a complete ultrametric Hopf algebra. (see for
instance [5])
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The dual Banach algebra M (G, K) of the coalgebra C(G, K) is the space of
bounded measures of G with values in K, and the product being the usual
convolution of measures.

Definition 1.1. A continuous linear endomorphism ¢ of the ultrametric
Banach coalgebra H is said to be a coalgebra endomorphism if one has
cop=(pQplocandgop =a0.

It is readily seen that the continuous linear operator ¢ on H’ obtained by
transposition of ¢, is a continuous algebra endomorphism of the algebra
H'.

Let us notice that if the duality (H’, H) is separating and if H' is an
integral domain, then any continuous linear endomorphism ¢ of H such
that co ¢ = (¢ ® ) o ¢ is the nul operator or is such that o o ¢ = 0.

The duality theory of ultrametric Banach spaces is not so easy as in
classical analysis. It may happens that, for non-spherically complete field
K that the dual of certain Banach spaces is reduced to the null space
([16]). Nevertheless within a wide class of Banach spaces, considering on
the strong dual H’' of H the weak* topology o*(H', H), one can show that
the operation of transposition induces a bijection between continuous linear
endomorphisms of H and continuous linear endomorphisms H’ that are at
the same time o*(H’, H )-continuous. As a result, one also obtain a bijection
between continuous coalgebra endomorphism of H and continuous algebra
endomorphisms of H’ that are at the same time o*(H’, H)-continuous.
Examples are provided by coalgebras which are pseudoreflexive Banach
spaces, as for instance the coalgebras C(G, K).

In particular, we recover earlier results obtained on the coalgebra
C(Zy, K), where Z, is the additive group of the ring of p-adic integers and
K is a complete valued field, extension of the field of p-adic numbers Q.
In addition for such ground fields K and more generally for K of residue
characteristic p, we consider the coalgebra C(Vy, K), where V is the infinite
compact monothetic subgroup of the group of units of K generated by ¢
which is not a root of unit such that |¢g" — 1| < 1, for h an integer > 1.
One obtains, as for formal power series, a procedure of substitution on the
algebra of p-adic bounded measures M(V,, K) which gives the continuous
and weak*-continuous algebra endomorphisms of M(V,, K) and which in
turn gives the continuous coalgebra endomorphisms of C(V,, K).
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2. Weak*-continuous linear operators

The few reminders, on duality on ultrametric Banach spaces, which follow
will be useful in the sequel.

Let E be an ultrametric Banach space over the complete valued field
K.

The weak* topology o*(E’, E) on the Banach space E’ dual of E is the
locally convex toplogy on E’ having as a fondamental system of neighbour-
hoods of zero the sets :

W(0; z1, - ,Zn,€) = {2’ € B : [{&',z;)] < &1 < i < n}, where
z; € Hand 0 < € € R. Put V = (z1,---,Zn) be the vector sub-
space of E spanned by (2i)1<i<n, one has that the subspace V+ = {2’ €
E' [/ (z',z) =0, Yz € V} of E’, i.e. the orthogonal of V in H’, is contained
in W(0; z1,--+ ,Zn,€),¥e > 0.

Proposition 2.1. Let E be an ultrametric Banach space such that any
finite dimensional subspace V of E has a topological complement in E. For
the weak* topology on the dual space E' of E, one has that the dual space
of the locally convex vector space (E',0*(E', E)) is equal to E.

Proof. Let f : E/ — K be a ¢*(E’, E)-continuous linear form. There

exists a real number 7 > 0 and a finite family of elements 21, -+ ,2,, € F
such that for 2’ € W(0;z1,- -+ ,Zn,,7e) one has |f(2')] < 1.
The subsapce Vi = (z1,---,Zn,) of E is such that Vi*@ C

W(0;21,- -+ ,&n,,7n). Hence for ' € Vi* and X € K, one has [f(A\z')| <
1= |f(z)] <|A7Y, VA € K\ {0}. Therefore f(z') = 0,Vz’ € Vi*, that is
Vit C kerf.

By hypothesis, there exists a continuous linear projection p; from E onto
V1. For any (continuous) linear form v} from V; onto K, setting =’ = v} opy,
one obtains a continuous linear form from E into K whose restriction to
Vi is v]. It follows that the canonical map w : E/ — V/ which associates
to ' € E’ its restriction ‘”(V, is surjective. Obviously kerw = Vi* C kerf

and E'/Vit = V{. Reducing modulo Vil, one obtains the linear from f:
E'/Vi- = V| — K such that f(z') = f(z'), where for z’ € E/, T = the
class of ' modulo Vi*.

Since Vi = (%1, ,2n,) is finite dimensional, one has (E'/Vi) =
V=V, and f = Zaimi. One then has in the duality (V1,V{) : f(z') =

i=1

"
Zai (z;,2'). However, for z/,y’ € E’ such that for =’ — y' € Vit, one has
i=1
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ny ni
(*' —y',z;) = 0,Vi,1 < i < ny. It follows that (Zaiwi,x’) = (Z 04z, y')
1,—1

and f(z') = f(T') = Zam, ). Setting x = Zalz,, one has f(z') =

i=1
(z',z),Vz' € E. ‘

Let us remind ([16]) that an ultrametric Banach space is pseudoreflexive
if the canonical map jg of E into its bidual E” is isometric, i.e. for any

(', )|

z € E, one has ||z|| = S\;p T . This condition is equivalent to say that
x'#0

E is norm polar according to [13]. g

Theorem 2.1. Let E be an ultrametric Banach space. If E is pseudore-
flezive, then any finite dimensional linear subspace of E has a topological
complement in E.

Proof. We proceed the proof by induction as in [13].
/
Let z € E, z # 0. Then by hypothesis, one has ||z|| = sup l(lql;—’lali)—l
z'#0 z
Hence, one sees that for a real number r > 1, there exits zj € E’ such

[(wh, 2)] (zh, )
that |z|| < r EA . Setting for y € E, ¢.(y) = w2y "

continuous linear projection of E onto K.z with norm |/g;|| < 7. Then one
has the topological direct sum F = K - z & ker g, with ker g, = ker zg,.

Let V be a finite dimensional subspace of E . Assume that any subspace
of E with finite dimension < dim V' has a topological complement in E. Let
V1 be a subspace of V such that dimV; =dimV — 1.

Let p; : E — E be a continuous linear projection from FE onto Vi.

Fix zo € V \ V4, then one has 2o = p1(zo) + (id — p1)(z0) = p1(20) +a
with a = 2o — p1(z0) € V\ V1 and p1(a) =0

Consider as above, the projection g, of E onto K - a.

Setting m = g, o (id — p;), one again has a projection of E onto K - a.

Furthermore (||| < [lgafl[lid — pll < llgallilp]| and mop = 0.

It is then readily seen that the continuous linear endomorphism P =
p1+7 of E is a projection of E onto V and V' has a topological complement
in E equal the space (id — P)(FE). O

x, one defines a

Corollary 2.1. Let E be a pseudoreflexive ultrametric Banach space.
Then the dual space of E' endowed with the weak® topology, that is
(E',o*(E',E)), is equal to E.
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Remark 2.1.

(i) For more informations on the duality theory, see for instance [16] and
for complementation of subspaces, see the more recent paper [13] by
C. Perez-Garcia and W.H. Schikhof.

(ii) Let us add here that if E and F are two pseudoreflexive Banach spaces,
then their topological tensor product E ® F is pseudoreflexive. The
converse is also true ([13]).

If the ground field K is spherically complete, then by the Ingleton
theorem, any ultrametric Banach space over K is pseudoreflexive.
(iti) By the proof of Theorem 2.1, one can prove that the condition in
Proposition 1 can be restricted to a one-dimensional subspace and this
is equivalent to say that any linear form on any one-dimensional space

can be extended as a continuous linear form on all the space.

We are now ready to give an application of the above facts on duality theory,
to the set of coalgebra endomorphisms of the class of Banach ultrametric
coalgebras which are pseudoreflexive spaces

Theorem 2.2. Let H be an ultrametric Banach coalgebra which is a pseu-
doreflexive normed space. Then the transposition of continuous linear oper-
ators induces a bijective correspondence between the set End.cog(H) of the
continuous coalgebra endomorphisms of H and the set Alg,~(H) of the con-
tinuous algebra endomorphisms of the normed algebra H' dual of H which
are at the same time o*(H', H)-continuous.

Proof. We first assume that F and F are Banach spaces which satisfy the
condition of Proposition 2.1.

Let £ and F be two ultrametric Banach spaces. If u : E — F is
a continuous linear operator, then by transposition, one obtains a norm-
continuous operator *u : F' — E’ that is weak*-continuous ( E’ and
F’ each endowed with its weak™® topology. If furthermore E and F satisfy
the condition of Proposition 1, if v ; F/ — E’ is a norm-continuous linear
operator which is weak*-continuous, then one sees that *v : E” — F” gives
by restriction a continuous linear operator ‘v : E = (E',0*(E’,E)) —
F = (F,o(F,F)).

Suppose that the Banach coalgebra H is a pseudoreflexive normed
space.Then since H®H is also pseudoreflexive, one sees by transposition
that "c : H = (H',0*(H',H)) — ((H®H),c*((H®H), HRH)) =
H®H is equal to the restriction of the map **c : H” — (H®H)" and
therefore coincides with c.
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Let 4 be a norm-continuous algebra endomorphism of H’ that is also
weak*-continuous. Then by transposition, one has the continuous linear
endomorphism ¢ of H = (H',o*(H', H))'.

For z € H and ',y € H’', one has

@@y, oY) oca)) = (VP ®Y) > z:i®y)

= Z<¢($’) ® ¢(y'),2i® ¥i)

= ff(w(x'),wmw(y'),y»

_ §<z',w(xi>><y',t¢(yi>>

— Zi'lep v, (Y ® tw)(; i ® Yi))

= (@', (Y ®'P)oc(z)).

It follows that *(v ® ¥) o ¢ = (*1 ® ) o c. But, by definition if 9 is
an algebra endorphism, one has 9 o 'c = *co (¥ ® ¥). Since ¢y = ¢, one
obtains by transposition that co'y =t (¥ @ Y)oc= (Y ®*¥)oc.

On the other hand, since any continuous coalgebra endomorphism ¢
of H is such that its transpose !y is a norm-continuous endomorphism of
the complete algebra H’ that is equally weak* -continuous, one obtains the
bijective correspondence by noticing that **¢ = ¢ and ) = 1. O

Corollary 2.2. Let H be an ultrametric Banach coalgebras which is a pseu-
doreflexive normed space. The sets End.cog(H) and Algs~ (H) with the law
of composition of operators are monoids and the transposition of operators
induces an anti-isomorphism of monoids.

Remark 2.2. Here are some examples of pseudoreflexive normed spaces

([16])

(1) If the ground field K is spherically complete, then any ultrametric K-
Banach space is pseudoreflexive.

(2) If X is a totally discontinuous compact topological space, then the
space of continuous functions is pseudoreflexive as any Banach space of
bounded continuous functions. If G is a totally discontinuous compact
monoid, then Theorem 2.2 applies to the Banach coalgebra C(G, K).

(3) Any free Banach space (resp. Banach of countable type, i.e. containing a
dense subspace of denumerable dimension) is pseudoreflexive. Theorem
2.2 can also be applied to the coalgebras of divided power ([6]).
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We can now state the following corollary.

Corollary 2.3. Let G be a totally discontinuous compact group ( or
more generally a totally discontinuous compact monoid ). Then the
monoid End.cog(C(G,K)) of the continuous coalgebra endomorphisms of
the Banach coalgebra C(G,K) is anti-isomorphic to the monoid
Alg,«(M(G, K)) of the norm-continuous algebra endomorphisms of the Ba-
nach algebra of bounded measures M(G, K) which are at the same time
weak*-continuous.

3. Two examples of p-adic Hopf algebras

Let p be a prime number. We shall consider in the sequel that the ground
field K is a complete valued field extension of the field of p-adic numbers
Q, (or more generally of residue characteristic p). We will consider the case
where the group G = Z, and the case where G = V an infinite compact
monothetic subgroup of the group of units of K.

3.1. The divided powers Banach coalgebra of the p-adic
continuous functions on Z,

Assume that K is a valued field extension of Q,. We notice that the follow-
ing statement is also true if the field is generally assumed to be of residue
characteristic p.

The Banach algebra C(Z,, K) is a Hopf algebra. The coproduct c is such
that ITo ¢(f)(s + t) = f(s,t) and the counit is o(f) = f(0).

It is well known that the sequence of the binomial polynomial By(s) =
1, Ba(x) = (), m > 1 is an orthonormal basis of C(Z,, K) ( the Mahler
basis). Any continuous function f € C(Z,, K) can be expanded as an uni-
formly convergent series f = Z anBy, with ||f|| = sup |a,|. Moreover

n>0 n=0

an, = A™(f)(0), where A = 7; — id and 7 is the operator of translation by
L:m(f)(s) = f(s+1).

One can easily deduce from the Chu-Vandermonde identities B, (s+t) =

Z B;(s)Bj;(t) that ¢(B,) = Z B; ® Bj. One says in this case that

i+j=n i+j=n
the sequence (Bp)n>0 is a powers divided sequence of polynomials of the
coalgebra C(Z,, K).

It is readily seen that the dual Banach algebra M (Zp, K) of C(Zyp, K)
with the convolution % v = (u ® v) o ¢ is isometrically isomorphic to the
Banach algebra K(X) of the formal power series of bounded ccefficients
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S = Z b, X™ with norm ||S|| = sup |an|. It is well known that the norm
n>0

on K(X) is multiplicative (see for mstance (14] ). Furthermore, the closed
ball of K (X) of center 0 and radius 1 is equal to the ring A[[X]] of formal
power series with ccefficients in the ring of valuation A of K. If M is the
maximal ideal of A, then the set N’ = M + X A[[X]] is the unique maximal
of the ring A[[X]].

One identifies the algebra M(Z,,K) with K(X) and puts o* =
o*(K(X),C(Zy, K)) the weak* topology on K (X).

Lemma 3.1. Let p be a continuous coalgebra endomorphism of C(Z,, K)).
Then the continuous algebra endomorphism ¢ of K(X) is such that the

formal power series 'p(X) = Z b X™ belongs to the mazimal ideal N =

Mt XAIX] of AIKT.

Proof. The transpose *p of the continuous coalgebra endomorphism ¢ of
C(Zp, K) is a continuous algebra endomorphism of K(X) with tp(1) = 1.
Moreover, for any integer n > 0, one has [|[@(X)|* = [le(X™)| <
||t<PHHX”|l = [*||. It follows that [|*o(X)|| < 1.

Put ‘p(X) = Zb X™;: then ||to(X)| = sup|b[ < 1. Furthermore

20
to(X") = tp(X)" = Y bi(n)X*, with b(n) = Y b, ---bsy, and
i20 i1t tin=i
Ifo(X™)|| = sup|bi(n)] < 1. Since 1 = *p(1), one has b;(0) = do,i( the
i>0

Kroneker symbol).
The endomorphism ¢ of K(X) obtained by transposition is o*-

continuous. Hence, for any continuous function f : Z, — K, one has
lim (o(X™),f) = lim (X", ¢(f)) = 0. It follows that for any integer
n—+00 n—+00

£>0,0ne has lim (*¢(X"™),Be) =0, lim be(n) =0, V£>0.
tcular Tim " " = lim bF =0. Hence
In particular nllvrﬁ{loo< ©(X™),Bo) = nll»Too bo(n) = JJm b = 0.
|bo] < 1 and *¢(X) belongs to V. O

For any integer m > 0, the expansion ¢(Bpn, Zam ¢By is such
£>0
that = (X", @(Bm)) = (*o(X™), Bg) = bpn(n),Vn 2 0, ie., p(Bm) =
me(f)Be. As a consequence, one sees that ||| = 1.
€0 .
Notice that c o ¢(Bg) = (¢ ® ) o ¢(Bs) = ¢(Bo) ® ¢(Bg). This means
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that ¢(By) is a grouplike element of the coalgebra C(Zy, K'). The grouplike
elements of C(Z,, K) are readily seen to be the continuous characters of Z,
into K and are of the form x, = By + }: a'B,, with @ € K such that
né>1

|l <1 ({7])-

In particular setting ¢(Bp) = Xa, one has by = a.

Obviously, any S = Z anX™ € K(X) is o*-continuous. Clearly, one

n>0
has in K(X), the o*-convergent series *p(S) = Z an'o(X)™. Putting
n>0

u =! p(X). Then we can substitute u in the series S and we set *p(S) =
Sou.

What we have established for ¢ is true for any norm-continuous algebra
endomorphismi of K (X) which is at the same time o*-continuous. In other
words, one has Y(X) =u=a+ Y ,5; X" € N = M+ XA[[X]] and for
any S € K(X), one has ¢(S) = S o u.

Conversely ([7]) , if u belongs to the maximal ideal N' = M + X A[[X]]
of A[[X]], then one can perform the substitution by u inside any formal
power series S with bounded ccefficients. Hence, by setting 1,,(S) = S o u,
one has a norm-continuous algebra endomorphism of the Banach algebra
K{X) that is also ¢*-continuous.

Let us notice that the law of substitution o induced on N' = M +
XA[[X]] is a structure of monoid with unit X.

Summing-up, we have the following theorem:

Theorem 3.1. Let K be a complete valued field, extension of the field of
p-adic numbers. Then

(i) With the law of composition of linear operators, the monoid
End.cog(C(Zy,K) of the continuous coalgebra endomorphisms of
C(Zyp, K) is anti-isomorphism to the monoid Algo™(K (X)) of the con-
tinuous algebra endomorphism of the Banach algebra K{X) that are
also weak* -continuous.

(1) Moreover, the monoids End.cog(C(Zy, K) and N' = M 4 XA[[X]] are
isomorphic.

The reader is referred to [7] for more details and complements on this
example.
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3.2. The Hopf algebra C(Vy, K) for K of residue
characteristic p

A topological group is said to be monothetic if it contains a dense subgroup
that is generated by a single element.

In the sequel, we assume that K is a complete valued field, extension of
the field of p-adic numbers Q,, or more generally a field of residue charac-
teristic p, that is, K may be of characteristic p.

Let V be a compact monothetic subgroup of the group of units U = {a €
K, |a| = 1} of the field K with residue characteristic p. Then in the residue
field K of K, the residue set V is a finite subgroup of the multiplicative.
group of the non-zero elements of K. Hence V is contained in a finite field
Fp C K, and b > 1 is such that p is the least power of p such that V ¢ Fpo.

Let ¢ be a topological generator of V which has the order h of g € K di-
vides £~ 1. Then we put ¢ = el'grnoo q”“ to be the Teichmiiller representative

of gin U. Now one has [~ ¢| <1 and |¢" —1| < 1.
Let us notice that if p=2,and V C Fy, theng=1, h=1and ¢ = 1.
We also set Vg equal the closure of the set {g™,m € N}.
Put q; = ¢"lq. Then one sees g1 € V, and |g; — 1| < 1 . For any
x € Zp the series ¢f = Z (%) (g1 — 1)™ converges, even uniformly with
n>0
respect to x. Here, (%) is the nth binomial polynomial function and if K
is of characteristic p, (%) will designate again the class of (%) in the finite
field with p elements F, C K.

Proposition 3.1. Let K be a complete ultrametric valued field of residue
characteristic p # 0, and V a monothetic compact subgroup of the group
of units U of K. Let ¢ € U be a topological generator of the monothetic
compact subgroup V of U. Then V =V, = the adherence of {¢" / n € N}
i U.

Moreover, one has Vy = U ¢?V,,, where ¢ is the Teichmiiller rep-

0<j<h—1

resentative of the residue class of ¢ and g1 = (~1q is such that |g1 — 1] < 1.

Proof. See[8]. O

We assume in what follows that the unit ¢ is such that there exists an
integer h > 1 such that |¢” — 1| and that it is not a root of unit. Then the
monothetic group V, generated by ¢ is an infinite compact group.

The Banach algebra C(V,, K) is then a complete Banach Hopf algebra.
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Let us define the sequence of polynomials (2 — 1)(™ € K|[z] such that
(z-1)@ =1land (z-1)™ =(z-1)-+-(z—~¢" ), forn>1.

It is associated with this sequence of polynomials the sequence of poly-
(z—1)™
@)™

Let us notice here that the g-integers are defined by setting [n]; =
q" -

nomials Qn(z) =

1, the g-factorials being [0]4! = 1 and [n]y! = [1] - - - [n]q. Furthermore

[n]!

— " —— 0 < j < n. One sees
=l

the g-binomial ccefficients are [ﬂ

that B-‘]q = Qn(¢%)

Let 7, be the translation operator of C(Vy, K) defined by setting for
fFeC(Vy, K), 7,(f)(s) = f(gs), seV,.

One also has the symbolic powers of the operator 7, — id defined by
setting D™ = (7, — zd)( n) = (1, —id) -+ (1, — ¢" " id).

One verifies that D (Qn)(s) = q 7 =DgiQ,_;(s),¥0 < j < n. Hence
D™ (Qn)(s) = s™ and D((,’)(Qn)(s) =0,Vj >n+1.

Let X be the linear operator defined on C(V,, K) such that for f €
C(Vy, K), X(f)(s) = sf(s), s € V,. For any integer n > 0, one has
X™(f)(s) = s"f(s). In particular X"(1)(s) = s™ and one can write
DY(@n) = DX (Qn-;) = I D X3 (1)Qn-;.

Theorem 3.2. The sequence of polynomials (Qn)n>0 s an orthonormal
basis of the ultrametric Banach space C(V,, K) of the continuous functions
of Vg with valued in K.

In other words, for any element f € C(V,, K), one has
f= ;anQn,an ¢ K, nll»rfooa" =0 and ||f|| = ilé;())lanl.

Moreover, a, = D{™ ()(1).

Proof. See [8]. a

(1) As an application, one sees that for any continuous function f : V; —

K,and s € V,, one has 7,(f) = Z D,S")(Ts(f))(l)Qn, where 75(f)(t) =
n>0

f(st). Since the operators 7, and Dé") commute, one obtains that

7s(f) = ZD,(I")(f)(s)Qn, that is p(f)(s,t) = ZD(")(f)(s)Qn(t)'

n>0 n>0
From this, one deduces that the coproduct of the Banach coalgebra
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C(Vy, K) is given by c(f) = Z D(") (f) ® Q. In particular, on the
n>0

above basis (Qn)n>0, called the Van Hamme basis, one has ¢(Q,,) =

m

Y DPQm)®Qr= Y. ¢ *X"(Qk)® Qn.

n=0 n+k=m

Let us remind as a consequence of a general result on ultrametric Ba-
nach coalgebras ([6]), that the algebra M (V,, K) of bounded measures,
that is the Banach dual C(V,, K)' of the coalgebra C(V,, K) is isomet-
rically isomorphic to the algebra W(V,, K) of the continuous comodule
endomorphisms of C(Vg, K) ; this space of linear operators coincides
with the continuous linear endomorphisms u of C(V,, K) that commute
with the translations : u o 7y, = 74 0 4, Vs € V. More precisely, one as-
sociates to u € M(Vy, K) a unique element (id ® u) o c € W(V,, K)
and reciprocally, there corresponds to u € W(Vg, K) a unique measure
u=ocou€ M(V,, K), where o is the counit o(f) = f(1).

We only verify here that setting for u € W(V,, K), 61(u) = cou,
noticing by % the convolution product on M(V,, K), one has 0(u) *
0(v) = 01(u) 061 (v). Indeed, v € W(V,, K) <= cov = (id®@wv)ov. But
for f € C(V,, K), one has ¢(f) = Zfi@gﬂ = o )=ij.(go

j21 i>1
v)(g;). Then, one sees that (6(u)*8(v))(f) = ((cou)®(cov))oc(f) =

Zaou(fj)-aov)(gj) :aou(ij coou(g;)) = (cou)ov(f) =

jz1 j21
oo (uov)(f) =601(uov)(f).
Considering the dual family (Q.)n>0 of the orthonormal basis
(Qn)nzo of C(Vg, K), for m > 0 one has (id ® QL) o c(Qm) =
Y X QO < Q4 Qe >= ¢ TVEX™(Qmon), for 0 <

+k=m
n < m and if n > m + 1, one has (id ® Q) o ¢(Qm) = 0. It fol-

lows that (id ® Q) cc = D.g") and therefore Q/, = o o Dén) =
(g—0) %+ x(e—q"to) = (e - o)™, where £, is the Dirac measure
5q(f ) = f(q)-

We also know that any difference operator, i.e. any element u €
W(V,, K) can be written as a strong uniformly convergent series
u = E anD(”), moreover |jull = sup lon]. And in the same way, any

n>1
bounded measure u € M(Vgq, K) can be expanded as a weak® conver-
gent series p = Zb e—o)™, with ||u| = sup[b [.
n>1
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More on the convolution product of M(V,, K).
One has in the ring of polynomials K{z] the followmgs identities:

(z - 1) (z~1)® Y lla—1)q E‘ 1,5, -1®

i

i+j=n+k G .
= 3 blMa - 17T ], (8, (e - 0D
i+j=n ]
= 3 e - a7, (8], (- D
i+j=k

It follows that if
= Zb}l(eq —0)™ and pp = Ebi(eq — o)™ are two elements of

n>0 n2>0
M(V,, K), one has
pxpz = 3,3 b (eg — o)W x (gg — 0)®
n>0k>0
= TS0 Y Ulda—17a7 T 5], B, (e = )
n>0k>0 i+j=n .
= Zzbﬁ-g [] '(q_l)] e [H-J] Ec] Eq ——0’ (k+1’)
1,5 k>0
= Z'Yf(eq"a)(z)
£20
with s
o= 3D Ula -1 T[] ], bheth
J>o k+z_e
=YY ke ! SR [E] ), Bt
k=0 j=0

3.2.1. Substitution in M(V,, K).

Let ¢ be a continuous coalgebra endomorphism of the Banach coalgebra
C(V,, K). Then the transpose ‘¢ of ¢ is a continuous algebra endomorphism
of the Banach algebra M(V,, K), that is, at the same time weak* continu-
ous. However, the weak* basis ((€; — 0)™),>0 converge weakly towards 0.
Hence we can see that in the weak” topology, 7lliLn_H’otcp((Eq —g)™) =0.

Put p(g4) = v. Then one has *o((gq — 0)™) = tp(eq — 0) x - x tp(gq —

" o) = W—0)x-x(v—g"10) = (v — o)™ and the sequence

((v — 0)™),;5p converges weakly towards 0. Therefore, for any bounded

measure u expanded as a weak* convergent series p = Z bn(eg — a)(™,
n>0

one has tp(u) = Z bp(v — o)™,
n>0



109

In other words, one can substitute v in the weak* expansion of u and
one sets *o(u) = pov. In fact for any norm continuous algebra endomor-
phism % of the Banach algebra M(V,, K) which is at the same time weakly
continuous, setting v = 1¥(e4), one defines as above a sequence of bounded
measures Y((e; — 0)™) = (v — ¢)(™ which converges weakly towards 0.

Hence one can perform the substitution of v in the weak* expansion of any
measure L.

Lemma 3.2. Let ¢ be a norm-continuous algebra endomorphism of the
Banach algebra which is also weakly continuous. Put ¥(eq) = v. Then,
the sequence of measures (v — o)™ = ¢((e, — o)) converges weakly
towards 0 and for any measure p = Z bn(eq — a)(”) € MV,, K) one has
n>0
by substitution Y(u) = Z bu(v — o)™ = pov.
n>0

Conversely, let v € M(Vy, K) be such that the sequence ((v — )™ )n>0

converges weakly towards 0, then for any p = Z bn(eq ——a)(”) € M(Vyq, K),
n>0
the series pov = Z bo(v — )™ is weak* - convergent.
n2>0

Furthermore the map ¢ : u — pov is a continuous algebra endomor-

phism of the Banach algebra M (Vy, K) which is also weakly continuous.

Proof. It remains only to prove that if v satisfies the required condition,
then the mapping ¢ : 4 — p o v which, is easily seen to be linear con-
tinuous both for the norm topology, and the weak* topology is an algebra
homomorphism.

However the rule of the multiplication of the polynomials (z— 1)(") gives
here

V-o)xw—-a)® = 3 -1 7], (], - o)
i+j=n+k
= 3 blMa - P B, B
i+j=n

Then suppose that
= 370 (eq = 0™ and i = 3 B (e — ),
n>0 n>0
are two elements of M(Vy, K). Then one has

(1 ov)* (paov) = ZZblbz(u )M (y—g)® = Zce v—o)®,

n>0k>0 €20
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with ¢ = Z Z[J]q'(q ~1)q” [l k“] [’;] byt 50k
k=0 j=0
But, we have seen above that the ccoefficients v, of the measure p; * p2

£k
are such that v, = Z Z[j]q!(q - I)J‘q'w'i_2 [l k+’] B‘] by k+]bk Hence
k=0 j=0
ve = ce. It follows that (u o v) * (2 o v) = (1 * ug) o v. a

What we have just proved is that there is a bijective correspondence
between the set of the continuous algebra endomorphisms of the Banach
algebra W(V,, K) that are also weakly continuous and the bounded mea-
sures v such that the sequence sequence (v — 0)("))n20 converges weakly
towards 0.

We recall that p® is the least power of p such that in the residue class
field K of K. Hence one has § € F,» C K, where Fs is the finite field with
p® elements.

Proposition 3.2. Let v € M(V,, K). Then the sequence (v — )™),>0
converges weakly towards 0 if and only if the sequence (uh”bk) k>0 converges
weakly towards o.

Proof. The monomials 2" and the symbolic monomials (z — 1) are
n
linked by the formulas z" = Z[ﬂq(z - 19 and (z - )™ =
n
Z n ] B_L] {n— Zzgnfz—lzzj.
=0
Let v € M(V,, K) be such that lim+ (v — o)™ = 0. Then by
o* ,n—+00
considering the associated algebra endomorphism 4 of M(V,, K) defined
by ¥(u) = po v, one has ¢(e;) = v. For any integer k > 0, one sees
bk
that (e npor) = vhP™" | Since kliT q'”f’“c = 1 and €; = o, one sees that
—+00
hpbk

lim v
o* k—4+00

=J0.

. bk
Conversely, assume that lim /" =o.
o* k—+o0

Since Z( nn-d [’7‘ =DG==D o,

one sees that (v — o)™ = Z(—l)“_j [;-‘]q g (V' —0)

and for any continuous function f : V;, — K, one has
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n
—o)™ = —J (Y
(=)™, 1) = 30 g = o), ),
]:
Then, by an appropriate splitting of the index summation 0 <j<n
One can easily prove as in the proof Theorem 12 of [6] (see also [8]) that
lim ((v—o)™, ) =0.

n—+oo

Note
(1) Let v be an element of M(Vy, K). Then one deduces from the identities
n n
y = n —o)® —g)n) — i [n neDojmy
j;)[:]q(v o)) and (v—0a) ;( 1) L]qq‘—m—f——lz y
that sup || = sup||(v — 0)™||.
n>0 n>0

(2) Let ¥ be a continuous algebra endomorphism of M(V,, K). Since ¢,
is an invertible element of M (Vy, K), the measure v = v(g,) is also
invertible.

Moreover, for any integer n > 1, one has
V' =yleg) = 7 < Wl = p(v) = lim sup |7F < 1.
n—>+0o

By the same way, p(v~!) < 1. Hence, one obtains p(v) = 1.
Assume furthermore that 9 is also weakly continuous. Then 1¥(u) = uo
v="> ba(v=0)" = ||| < sup [ba]ll(v5) ™| < ||l sup (v —)™].
"0 n>0 n>0
1t follows that ||| = sup ||(v — &)™)} = sup |- 0
n>0 n>0

Remark 3.1. Let ¢ € K be such that |¢ — 1| < 1 and not a root of unit.
Then the map z — ¢* = Z(q—— 1)™(2) is an isomorphism of the compact
n>0

additive group Z, onto the compact multiplicative group V, : (2) is taken to
be its residue class if K is of characteristic p. With such ¢, the Hopf algebras
C(Zy, K) and C(V,, K) are isometrically isomorphic. It follows that the
Banach algebras M (Z,, K) and M(V,, K) are also isometrically isomorphic.
Hence, as for the norm of M(Z,, K), that of M(V,, K) is multiplicative.
Then, as a consequence, one sees that if ¢ is a continuous endomorphism
of the Banach algebra M(V,, K) then ||¢| = 1. If in addition ¢ is weakly
continuous, then the measure v = 9(g,) is such that |[v|| = 1.

Proposition 3.3. Let v; and vy be two elements of M(Vy, K) such that
bk bk

one has the weak limits : lim vI? =o= lim P .

o* k—+o0 o*,k-—+00
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Then v and v, can be substituted to e, in any bounded measure p
ezpanded with respect to the weak® basis (€, — o)™ )n>0 and one has p o
(r1ovp) = (povy)ovs.

For the law of substitution o, the set S of the bounded measures v such
that lim V" =0 is a monoid with unit £q-

o*,k—+oo

Proof. Applying the previous proposition, one can use the substitution by
v, and vy. Let 4, and v be the continuous algebra endomorphisms of the
unitary Banach algebra M(V,, K) associated with v; and v, respectively.
then for u € M(V,, K), one has 93 o 1 () = ¥1(p) ova = (Lo v)ovs.
Obviously, the substitution in the measure £, by v € S leaves v unchanged.
Hence 11 (g,) = €40v1 = v1. Also Pa01p1(gq) = P1(€)ova = v10v2. It follows
that vy o, is the measure associated with the algebra endomorphism ¢g01;.
Therefore 93 0 11(p) = po (v1 0 v2) and one as (pov1)ovy = po (V1 o).
It is then clear that the law of substitution ¢ is associative on S.

bk
It is readily seen that ’lcim+ s’;” = g1 = 0, i.e. o belongs to S.
o* k=400

Notice that one has poe, = p, i.e. the identity map I is the continuous
algebra endomorphism of M(Vy, K) associated with &4. In particular, for
v € §, one has v 0 g, = v and g4 is the unity of S, because e, 0v=v. O

Note

The counit ¢ belongs to S. For any v € S, one has g o v = ¢ and
voag = ¢ - 0, where ¢ is the ceefficient of order 0 in the weak* expansion
of v.

Corollary 3.1. Let Alg,+(M(Vy, K)) be the set of the continuous algebra
endomorphisms of the Banach algebra M(Vy, K) that are also weak* con-
tinuous. For the law of composition of linear operators, Algs-(M(V,, K))
is a monoid that is anti-isomorphic to the monoid (S,9).

Proof. This corollary follows immediately from Proposition 3.2, 3.3. 0O

Note

(i) Let ¥ € Algs-(M(Vy, K)), Then ¢ is an automorphism of algebra if
and only if v = v(gg) is an invertible element of the monoid (S, o).

(ii) C(Vy, K) is a Banach space of countable type. If K is a non-spherically
complete valued field, then the Banach spaces C(Vg, K) and M(V,, K)
are reflexive. This is a consequence of a well known theorem of M, van
der Put ([16]). In this case one has Alg,+ (M (V,, K)) = Alg(M(V,, K))
which is the set of the continuous endomorphisms of M(V,, K).
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Ceoefficients of the symbolic powers (v — ¢)® of a measure v.

Letv = Z ce(eq— a)“) be the expansion of the measure v with respect
£0

to the weak* basis (g4 — 0)®)¢>0. For any integer j > 0, one also has
v—gio = (co—¢7)o) + o, with 1 = Zce(eq —0)®. One has (v—0)™ =

£21
n—1 n—1
H((Co - o +u) = Zq(n)(eq - g)(f), with co(n) = H(CO —¢) =
j=0 £0 j=0

The coefficients of the measures (v — )™ can be obtained by using
induction as follows. Set v — ¢"o = (co — ¢*)o + Z crleqg — o)™,

k>1
Then, by applying the formula of the product of two measures, one has
(v—0)m ) = (v — o)™ x (v —q"0) = Y ce(n + 1)(gg — 0)?
£>0
and ce(n + 1) =

e k
. . j Z'—l! _ .
ce(n)(co — g™+ > lilala—1¥a" 7 [ [§], ce-rrs(n)en.
k=135=0
For instance ¢;(n+1) = (cg — ¢" + (¢ — 1)er)er(n) + crco(n).
If ¢g = 1, then ¢1(n) = 0,Vn > 1. Hence, for n > 2, one has
an)=>010-q¢"+(¢g—1)c)a(n—1),

and
n—1

an)=a H(l ~ ¢ +(g—er).

Jj=1
1
Furthermore, if ¢; # 0, then one can obtain ¢;(n) = -1 ((L+(q—
ep) — 1)™.

Remark 3.2. Let v™ = Z”yg(n)(eq — 0)® be the expansion of the nth

£>0
power of v. Then one has :
n o n '
ce(n) = S (=13 HETTE 1] () and ye(m) = D [7], ced)-

Note
On can prove that the ccefficients y(n) of the expansion of v™, n > 2
are given by the formulas:

’Ye(n)z Z Z Z aq(il,"',in;jl,"' ,Jn)z

7120 Jn20iy4-tin=L
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Z Z Z ﬁ[js]q!(q - 1)1'3(11’11‘%_—12 [i1+-1:;is_1]q [is-i;ia]q, The

120 jn2041++in=£Ls=0

sums are finite, since for 2 < s < n, we have [“""j's'““] =0,Vj, > £+1,
q

and in this case, i3+ +i5-1 L <L+ 1 < Js.
Notice that vo(n) = cf. As a corollary of Proposition 3.2, we have the
following proposition

Proposition 3.4. Let V™ = Z Ye(n)(eq —o ) be the expansion of the nth
>0
power of the measure v. Then v belong to S if and only if kgrfw Yo (hp

1 and lim ~(hp®*) =0, V£> 1.
k— 400

bk)=

Note
bk
We observe that yo(n) = ¢f. If v € S, then one has klir_:loo cg” = 1.

This is equivalent to say that ¢y belongs to the set W = U CA+M),
0<j<h—1

where M is the maximal ideal of the ring of valuation A of K and ( is a

primitive root of unit of order h € K.

3.2.2. The coalgebra endomorphisms of C(Vg, K).

Let End.cog(C(V,, K)) be the continuous coalgebra endomorphims of the
ultrametric complete Hopf algebra C(Vg, K). With the law of composition
of linear operators, End.cog(C(Vy, K)) becomes a monoid.

Theorem 3.3. Any element ¢ of End.cog(C(Vy, K)) is uniquely deter-
mined by the measure v = tp(g,).

Moreover, the mapping ¢ — *¢(g,) is an isomorphism of the monoid
(End.cog(C(V,, K)),0) onto the monoid (S,o).

Proof. Being a free Banach space and also a space of bounded func-
tions, C(Vg, K) is pseudreflexive Banach space. Hence, the operation of
transposition of operators induces an anti-isomorphism of the monoid
End.cog(C(Vy, K)) onto the monoid Algy«(M(Vy, K)). Then, by applying
the Corollary 3.1, we see that the monoids (End.cog(C(V,, K)), ) and (S, ¢)
are isomorphic. o

Corollary 3.2. Let ¢ be an element of the monoid (End.cog(C(V,, K))
and v ="tp(g,) be its corresponding element in S.
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Let (Qn)n0 be the Van Hamme basis of C(Vy, K) and ¢(Qm) =
E:Ozk(m)({hC be the expansion of ¢(Q.,,) with respect to this basis.
k>0
If (v — o)™ =ty((g, — o)) ZCg(n (eq — o)) is the expansion of
£>0
the n-th symbolic power of v with respect to the weak* basis (g, — o)™ of
M(V,, K), then we have an(m) = cpp(n), ¥n,m > 0.

Proof. Indeed for the integers m and n > 0, we have
an(m) = {(eq =)™, 0(Qm))

= ("o((eq —0)( 1), Qm)
(v =)™, Qm)

(D ce(m)(eg — 0) @, Q)

£20
= cm(n). |

Examples of elements of §

(1) The Dirac measures €s.
Let s € V,. The one has s = (7 - ¢f, where ( is a primitive root of
unit of orbder h, g1 = ("!q and 7 is a p-adic integer. One also has
= 1. Hence, for any continuous function f:V, — K, we

. . bk
Jm (e, f) = lim f(s") = f(1) = (0, f).
Therefore €, belongs to S.
For s,t € V;, we have

T(f)(t) = f(st) = > DI (F)(£)Qn(s)-

n>0

Hence

=Y " Qu(s)D{ and e, = 3 Qn(s)(eg — o) ™.

n>0 n>0

m
(a) For m an integer > 0, we have g;m = Z [;-"]q (eq — o),
§=0
(b) If m is an integer > 1, then we have :
—n2m4n—1 _
fgm = 3 (~1g = [manet) (g, _ o)™,
n>0
In particular g4-1 = Z(—l)"(sq — o)™,
n>0
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(c) Since for any integer n > 0, we have g5n = Z Qu(s™) (e, — )P, iLe.
£20
¥s,e(n) = Q¢(s™). We also have (g, — o)™ = ch,e(n)sq o)),
£20 .
with ¢ ¢(n) = Z( 13 HEE 1] Q).

For s=q™, m > O we deduce that :

e a() = Y (-1 SRR g ]

mn
Hence cgm ¢(n) = 0, V£ > mn and (ggm — o)™ = Z cqm e(n)(gq —
£=0
o)® is a polynomial function in the ”variable” ¢4
(d) In any case, the coalgebra endomorphism ¢, corresponding to &, is

given by ‘Ps(Qn) = ch,n(Z)Qe-

£20

(2) LetveSandaeW= U ¢?(1+ M). Then a- v belongs to S.
0<j<h-1

Indeed for any contmuous function f Vy — K, we have :

khm <(a- V)h” Jf >= hm oM. < I/h”bk,f >=a(f).

e For a € W, one has a- ¢ € § and for any integer n > 0, one has (a-0 —

o)™ = (a—1)(™ 4. Furthermore for any measure y = Z bn(gq— o),
n>0

one has yo(a-o) = Zb (@a—1)™ ] .0
n>0
e If o € Wand v € S, with previous notations, one obviously has (a-v)" =

Za"’Ye(”)(E —0)® and (a-v - o)™ = Zce (n)(gq, — 0)® with
0 £20

cy(n) = Z(—l)“‘jq nlig= [’;]qaj’yg(j). In particular, for v = ¢,,

one has cZ,(n Z( 1)"ig (a=d)(=j=1) B}]qane(sj).

e Foraand § € W one has (- g4) 0 (8- &) = (aff) - £4. Hence (a - &4) is
reversible, i.e. invertible in S, ) with reverse a=! - ¢,.
The corresponding algebra endomorphism 1 : g —s ¥(p) = p o (a- €q)
of M(V,, K) is an automorphism.
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Remark 3.3. Let v = ch(eq —0)® € S. Then v is reversible if and
120

only if vy = ¢j' - v is reversible. In this case,we use ¥<~1> to denote the

reverse of v. Then, we have v<=1> = yF"1> o (c5! - &,).

Ifv= U+Z ce(eg—0)® € S is reversible, then we have caa(l)=c #0

1
n—1
1 .
and ¢ci(n) = 1 H(l — ¢’ +(g—1)c1). The reverse v<—1> = ng(eq -
=0 €0

0)(£) € §. is such that dy = 1 and d,, can be obtained by the infinite system
of linear equations :

Z dnci(n) =1

GRS

> dnee(n) =0, £>2
n>1
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6*-PAIRS AND THE STRUCTURE OF FINITE GROUPS*

HAIHUI FENG and XIUYUN GUO

Department of Mathematics, Shanghai University,
Shanghai 200444, P. R. China

Let H, C and D be subgroups of a finite group G. We call the pair (C, D) a 0*-
pair for H if it satisfies the following conditions: (i) D = (CNH)g,{(CY9, H) =G
for every g € G, (ii) KH < G for every K/D < G/D with K/D < C/D. In
this paper, we obtain several results on the maximal 8*-pair which implies G
to be solvable, supersolvable and nilpotent.

Keywords: 8*-pair; Solvable group; Supersolvable group; Nilpotent group.

1. Introduction

The relationship between the properties of subgroups of a finite group G
and the structure of G has been studied extensively. In 1990, Mukherjee
and Bhattacharya first introduced the concept of #-pair associated with a
maximal subgroup of a finite group in [1] and characterized the structure
of the groups. Since then, many results on the structure of a finite group G
were obtained by using this concept( see [1, 2, 3, 4]). Because the definition
of f-pair is only for maximal subgroups of a finite group, Xianhua Li and
Shiheng Li gave the concept of #-pair for any subgroup of a finite group
in [7] and obtained some new results. However, further research requires
additional conditions. We now introduce the concept of #*-pair for any
subgroup of a finite group which is special case of f-pair in [1]. By using
the concept of @*-pair, we can generalize some known theorems and obtain
some new results.

Throughout the paper, all groups are finite and all unexplained notation
and terminologies are standard [6].

Firstly, we recall the concept of f-pair associated with a proper subgroup

*The research was partially supported by the National Natural Science Foundation of
China(10771132), SGRC(GZ310), the Research Grant of Shanghai University and Shang-
hai Leading Academic Discipline Project(J50101).
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of a finite group given in [7].

Definition 1.1. Given a proper subgroup H of a group G, we call (4, B)
a -pair for H in G if

(i) A<G, (H, A)=G and B=(ANH)g,

(ii) if A;1/B is a proper subgroup of A/B and A;/B < G/B, then G #
<H7 Al)

As an improvement, we introduce the following concept

Definition 1.2. Let H, C and D be subgroups of a group G. We call the
pair {(C, D) a *-pair for H in G if

(1) D=(CNH)¢ and (C9, H) =G for every g € G,

(2) KH < G for every K/D <1 G/D with K/D < C/D.

Remark 1.1. We can easily observe that a 8*-pair for a subgroup must
be a @-pair. However, the converse is not true. For example, let G = S3
and H = ((12)). Then, it is easy to check that (((23)), 1) is a #-pair of H.
However, ({(23)), 1) is not a §*-pair for H.

A 0*-pair (C, D) is said to be maximal if there is no #*-pair (C1, D)
such that C is a proper subgroup of C;. A #*-pair (C, D) is said to be
normal if C is normal in G.

It is clear that if H = G, then (1, 1) is the unique 6*-pair for H.
If H = 1, then (G, 1) is the unique 8*-pair for H. Therefore we always
assume that H is a proper subgroup of G in the following discussion.

2. Preliminaries

We need the following elementary results.

Lemma 2.1. Let H be a subgroup of a group G.

(1) If (C, D) is a mazimal normal 0*-pair for H, then D = Hg.

(2) Let (C, D) and (A, B) be both 0*-pairs for H with C < A. If C <G,
then A< G and A/B~C/D.

(3) If (C, Hg) is a normal 6*-pair for H, then it is a mazimal 0*-pair
for H.

Proof. (1) We consider the pair (CHg, Hg). If (CHg, Hg) is not a 6*-
pair for H, then there exists a normal subgroup K of G such that Hg <
K <CHgand G = KH. Thus K = (CNK)Hg and G = (CNK)H. Since
D<CNK and CNK < C, it follows that (C, D) is not a 8*-pair for H
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in G, which is a contradiction. Hence (CHg, Hg) is a 6*-pair for H. The
maximality of (C, D) implies that CHg = C and therefore D = Hg.

(2) If D = B, then B < C and therefore A = C. If D < B, then
C < CB and CB < @G. Noting that H(BC) = G and B < BC < A, we see
that A = BC and therefore (A, B) is a normal 8*-pair for H. Observe that
CNB<(CnH)g =D, wehave D=CnB. Hence A/B =~ C/D.

(3) It is clear by (1) and (2). O

Remark 2.1. Lemma 2.1 (2) implies that a maximal normal 6*-pair for a
subgroup H of a group G is a maximal #*-pair for H. However, a maximal
@*-pair is not necessarily a normal §*-pair. For example, let H = S, K =
Qs and G = H x K. We denote Hy a Sylow 2-subgroup of H and 4 a
subgroup of K with order 4. It is easy to check that (Hy x K, 1 x A) is a
maximal §*-pair for subgroup ((123)) x A. However, H, X K is not normal
in G.

Lemma 2.2, Let H be a subgroup of a group G and N a normal subgroup
of G with N < H.

(1) If (C, D) is a 8*-pair for subgroup H and N < D, then (C/N, D/N)
is a 6*-pair for H/N and the converse is true. In particular, (C, D) is a
mazimal 6*-pair for H if and only if (C/N, D/N) is a mazimal 0*-pair for
H/N.
(2) If (C, D) is a maximal 0*-pair for subgroup H with N £ D, then
there exists a normal 6*-pair (A, B) such that N < B and A/B is isomor-
phic to a subgroup of a homomorphic image of CN/DN.

Proof. (1) This part obvious by the definition of 6*-pair.

(2) Since N £ D, it follows that N £ C and C < CN. Let B =
(CN N H)g. By the maximality of (C, D), we see that (CN, B) is not a
g*-pair for H. Therefore, there exists a normal subgroup A/B of G /B with
A/B < CN/B such that (A4, B) is a normal §*-pair for H. Noting that
DN < B, we have A/B is isomorphic to a subgroup of a homomorphic
image of CN/DN. m]

Lemma 2.3. Let H be a subgroup of a group G. Suppose (C, 1) is a
mazimal 0*-pair for H. If N is the unique minimal normal subgroup of G
and N % C, then C is a mazimal subgroup of CN.

Proof. If C is not maximal in CN, then there exists a maximal subgroup
K of CN such that C is a proper subgroup of K. By the maximality of
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(C, 1), (K, 1) is not a 0*-pair for H. Noting that G = (K9, H) for every
g € G, we see that there exists a normal subgroup L of G with L < K such
that (L, 1) is a §*-pair for H. The uniqueness of N implies that N < L
and therefore CN < K, a contradiction. Hence C is a maximal subgroup
of CN. O

Lemma 2.4. Let H be a subgroup of G. Then all the conjugated subgroups
of H in G have the same §*-pairs as H.

Proof. It is clear by the definition of #*-pair. O

We need the following terminology(see [12] P.130).

A class J# of groups is closed if for every X € J¢: (i) The homomorphic
images of groups from J¢ are in J¢, (ii) The subgroups of groups from J¢°
are in J¢, (iii) Direct products of groups from J¢ are in £

Lemma 2.5. Let % be a closed class and H a subgroup of a group G, then
the following statements are equivalent .

(1) There exists a mazimal 6*-pair (T, Hg) for H such that T/Hg € X .
(2) There ezists a mazimal 6*-pair (C, D) for H such that C/D € & .

Proof. It is clear that (1) implies (2).

Now suppose that there exists a maximal §*-pair (C, D) for H such
that C/D € . Let us consider the pair (CHg, Hg). If it is a 6*-pair
for H, then C = CHg and D = Hg by the maximality of (C, D). Hence
(C, D) is the required pair. If (CHg, Hg) is not a §*-pair for H, then there
exists a proper normal subgroup K/Hg of G/Hg with K/Hg < CHg/Hg
such that (K, Hg) is a 6*-pair for H. Since CHg/Hg = C/C N Hg &
(C/D)/(CNHg/D) and K/Hg is a subgroup of CHg/Hg, it follows that
K/Hg € J. By Lemma 2.1(3), (K, Hg) is a maximal #*-pair for H. Thus
(K, Hg) is the required pair. (m}

Lemma 2.6. Let H be a subgroup of a group G, (C, D) = (C, 1) a
mazimal 6*-pair for H and C a nilpotent subgroup. If N is the unique
minimal normal subgroup of G and N is non-solvable, then C N N is a
Sylow 2-subgroup of N.

Proof. By the hypothesis, it is clear that C 4 G and N £ C. By Lemma
2.3, C is a maximal subgroup of E = CN.



123

If CNN =1, let P be a Sylow p-subgroup of C for a prime divisor
pof |C|. If P E, then P < Cg(N) < G, a contradiction. Thus we may
suppose that P 4 E. The maximality of C 1mphes that Ng(P)=C and N
is a p -group. Now the p-group P acts on the p'-group N with Cn(P)=1.
By Theorem 6.2.2 [6] , N has the unique P-invariant Sylow g-subgroup Q
for each prime ¢ dividing the order of N. Then for each ¢ € C, we have
(Q9)F = QF° = Q° and the Sylow g-subgroup ()¢ is also P-invariant. Hence
the uniqueness of @) implies that Q is C-invariant. By the maximality of C,
we have E = CQ and Q < E. It follows that E is solvable and so is N, a
contradiction.

Now let CN N > 1 and P a Sylow p-subgroup of C N N for a prime
divisor p of |C N N|. Since C is nilpotent and CNN <1 C, P < C. Moreover,
since C is maximal in E = CN, P must be a Sylow p- subgroup of N.
Assume that p > 2. Denote by J(P) the Thompson-subgroup of P. Then
we have 1 < Z(J(P))<C. Noting that Z(J(P)) is not normal in N, we have
Ng(Z(J(P))) = C by the maximality of C in E. Hence Ny(Z(J(P))) =
Ng(Z(J(P)))N N = C N N is nilpotent. By Theorem 8.3.1 of (6], N is
p-nilpotent, a contradiction. Therefore, P is a Sylow 2-subgroup of N. O

3. Main results

Theorem 3.1. Let G be a group. If there exists a mazimal 8*-pair (C, D)
such that C/D is nilpotent for each 2-mazimal subgroup H of G, then G is
solvable.

Proof. Assume that the result is not true and let G be a counterexample
with minimal order. If G is a non-abelian simple group, then (G, 1) is the
unique maximal #*-pair for each 2-maximal subgroup H of G. By the hy-
pothesis, G is nilpotent, a contradiction. Therefore G is not a simple group.
Let N be a minimal normal subgroup of G. For each 2-maximal subgroup
H/N of G/N, by our hypothesis, there exists a maximal 6*-pair (C, D) of
H such that C/D is nilpotent. If N < D, then we have (C/N, D/N) is a
maximal 6*-pair for H/N by the Lemma 2.2(1) and (C/N)/(D/N) = C/D
is nilpotent. If N £ D, then there exists a normal 6*-pair (A, B) for H such
that A/B is isomorphic to a subgroup of a homomorphic image of CN/DN
by the Lemma 2.2(2). By Lemma 2.1, we can suppose that (A/N, B/N) is
a maximal 8*-pair for H/N and (A/N)/(B/N) is nilpotent. The minimality
of G implies that G/N is solvable. Since the class of all solvable groups is a
saturated formation, we can assume that N is the unique minimal normal
subgroup of G and ®(G) = 1.
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Let M be a maximal subgroup of G with N ¢ M. Then G =
MN, Mg = 1 and Cg(N) = 1. For each maximal subgroup H of M,
we have Hp = 1. By our hypothesis, there exists a maximal 6*-pair (C, 1)
for H such that C is nilpotent. By Lemma 2.3, we have C is a maximal
subgroup of E = CN. We claim that

(1) C is a Sylow 2-subgroup of G and

(2) C is a maximal subgroup of G.

Let C = Cq x C,, where Cs is the Sylow 2-subgroup of C and Cy is the
Hall 2'-subgroup of C. Since C is maximal in E and nilpotent, by Theorem
lin [8], Cy is normal in E. Since N is a direct product of some non-abelian
simple groups, we see that C,y " N = 1 and therefore C,r < Cg(N) = 1.
Hence C is a 2-subgroup of G. The maximality of (C, 1) implies that C is
a Sylow 2-subgroup of G.

Let S = CNN. Then S is a Sylow 2-subgroup of N and S > 1. It follows
that C < Ng(8) < G. Suppose that K is a maximal subgroup of G such
that C < Ng(S) < K. If C < K, then we have K¢ > 1 by the maximality
of (C, 1) and it follows that N < K. By applying Frattini argument, we
have G = NNg(S) < K, a contradiction. Hence C is a maximal subgroup
of . Thus, our claim is established. Let C; be a maximal subgroup of C.
Then, by our hypothesis, there exists a maximal 6*-pair (T, 1) for C; such
that T is nilpotent. By the above discussion, T is a Sylow 2-subgroup of G.
By the Sylow’s Theorem, there exists an element g € G such that C; < T9.
It follows that G = (T9, C;) = TY, a contradiction. This completes the
proof. ]

Theorem 3.2. A group G is nilpotent if and only if there exists a mazimal
0*-pair (C, D) such that C/D is nilpotent for each 2-maximal subgroup H
of G.

Proof. The necessity holds trivially. Conversely, assume that the result is
not true and G is a counterexample with minimal order. By Theorem 3.1,
G is solvable. Let N be a minimal normal subgroup of G. Then N is an
elementary abelian p-group for some prime divisor p of |G|. By Lemma 2.2,
G/N satisfies the hypothesis of the Theorem and thus G/N is nilpotent,
by the counterexample of G. Since the class of all nilpotent groups is a
saturated formation, we can suppose that N is the unique minimal normal
subgroup of G and ®(G) = 1. Hence, there exists a maximal subgroup M of
G such that G = MN, MNN =1and Mg = 1. If p||M], let P € Syl,(M),
then Ng(P) > M since M 2 G/N is nilpotent. Thus P < G. This leads
to a contradiction. It hence follows that M is a Hall p'-subgroup of G and
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N is Sylow p-subgroup of GG. For each maximal subgroup H of M, we have
Hg = 1. Thus by our hypothesis, there exists a maximal §*-pair (C, 1) for
H such that C is nilpotent. If C is a p-group, then C < N. This implies
G =(C, H) < NH < NM = G, a contradiction. Thus there exists a prime
q # p such that ¢||C|. If p 1 |C|, then there exists an element g € G such
that C9 < M and G = (C9, H) < M, a contradiction. Therefore, we have
C=Cpx Cp/, where C, and C’p/ are both non-trivial. If N < C, then
Cp < Ce(N) = N, a contradiction. Hence C ¢ G and N £ C. By the
Lemma 2.3, C is a maximal subgroup of £ = CN and Cyisa pl-subgroup
of G. Therefore, there exists an element g € G such that C9, < M. Without
loss of generality we can suppose C,; < M. Then we ha\Ir)e Ne(Cy) > C.
By the maximality of (C, 1), Ng(C)) contains a normal subgroup of G
and this implies N < Ng(C’p/). Hence, we have C,; < Ca(N) = N, which
is the final contradiction. O

Theorem 3.3. Let G be a group, q the largest prime of |G|. If there exists
a mazimal 0*-pair (C, D) such that C/D is q-closed and solvable for each
mazimal subgroup of each Sylow subgroup of G, then G is solvable.

Proof. Suppose that the result is not true and G is a counterexample with
minimal order. It is obvious by our hypothesis that G cannot be simple.
Let N be a minimal normal subgroup of G. If N is solvable, then N is
an elementary abelian p-group for some prime divisor p of |G|. By Lemma
2.2, it is easy to check that G/N satisfies the hypothesis of the Theorem.
Thus G/N is solvable by the counterexample of G and it follows that G is
solvable, a contradiction. Hence we can suppose that N is nonsolvable. For
each prime p||G| and each maximal subgroup P; of Sylow p-subgroup P of
G, there exists a maximal 6*-pair (C, 1) for P, such that C is g-closed and
solvable. For any minimal normal subgroup N, (CN, 1) is not a 6*-pair
for P;. Then there exists a normal subgroup K of G with K < C'N such
that (K, 1) is a 6*-pair for P;. It is obvious that G/K = Pi/K N Py is
solvable and so is G/KN. Since KN/N < CN/N = C/CN N is solvable,
G/N is solvable. By the counterexample of GG, we can suppose that N
is the unique minimal normal subgroup of G. For any prime p||N|, let
Py € Syl,(N). If Py is a Sylow p-subgroup of G, then we have (P =1
for each maximal subgroup P of Pg. If (G, 1) is a 6*-pair for Py, then it is
the unique maximal §*-pair and G is solvable, a contradiction. Thus there
exists a proper normal subgroup K of G such that (K, 1) is a maximal
6*-pair for P,. Noting that N < K, we have G = KP, < KN = K, a
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contradiction. Hence N does not contain any Sylow p-subgroup of G. Let
P € Syl,(G), p # ¢. For each maximal subgroup Py of P, there exists a
maximal 6*-pair (C, 1) for P, such that C is g-closes and solvable. Thus
C 4 G and C is not a p-group. Moreover, we see that (CN, 1) is not a
¢*-pair for P, and there exists a normal subgroup K of G such that (K, 1)
is a maximal @*-pair for P; and G = CNP;. Obviously ¢ is a prime divisor
of |C| and C is maximal in E = CN by Lemma 2.3. Let Q € Sylq(C).
Then Q < C. If g||N|, then Ng(Q) > C and Q < E. Since NNQ =1,
Q < Cg(N) = 1, a contradiction. Hence, ¢ t |N| and Q is a Sylow g¢-
subgroup of G. Let Q1 < Q. Then there exists a maximal §*-pair (Cy, 1)
for P; such that C; is g-closes and solvable. Thus, we have G = C1NQ;
and q||C1| since g 1 |N|. Let Q2 € Syly(Ci). Then Q2 < C;. Thus, we have
Ng(Q2) > C1 and Ng(Q2) contains a normal subgroup of G. It follows
that N < Ng(Q2) and Q2 £ Cg(N) =1, a contradiction. O

Theorem 3.4. A group G is supersolvable if and only if there exists a
mazimal 0*-pair (C, D) such that C/D is supersolvable for each mazimal
subgroup of each Sylow subgroup of G.

Proof. The necessity holds trivially. Conversely, by Theorem 3.3 G is solv-
able. Suppose that the result is not true and G is a counterexample with
minimal order. By our hypothesis, G cannot be simple. Let NV be a mini-
mal normal subgroup of G. Then N is an elementary abelian p-group for
some prime divisor p of |G|. It is easy to check that G/N satisfies the
hypothesis of the Theorem, hence G/N is supersolvable by the counterex-
ample of G. Since the class of all supersolvable groups is a saturated for-
mation, we can suppose that N is the unique minimal normal subgroup of
G and ®(G) = 1. Thus there exists a maximal subgroup M of G such that
G=MN, Mg=1, NN M =1 and N = F(G) = Cg(N). Suppose that
N is a Sylow p-subgroup of G. Let P be a maximal subgroup of N. Then
Pg =1.If (G, 1) is a 0*-pair for P, then (G, 1) is the unique maximal §*-
pair and G is supersolvable, a contradiction. Thus there exists a proper nor-
mal subgroup K of G such that (K, 1) is a 8*-pair for P. However, N < K
implies G = K, a contradiction. Hence N is not a Sylow p-subgroup of G.
Suppose that g is the largest prime divisor of |G| and Q € Syl,(G). Then
QN/N<G/N.If ¢ = p, then we have Q<G and Q < F(G) = N. This con-
tradiction implies ¢ # p. Since G/N is supersolvable, we can suppose that
Q1 <@ such that @; N/N <G /N. By our hypothesis, there exists a maximal
0*-pair (C, 1) for @, such that C is supersolvable. Suppose that N < C. If
q)|C|, then Qo <1 C for each Qp € Syly(C). This implies Qo < Cg(N) = N,
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a contradiction. If ¢ { |C|, then we have G/N = (C/N, Q:N/N) = CQ,/N
since G = (C, @1). This implies |G|, = |Q1| < |Q| = |G|, a contradiction.
Thus we have N £ C and C < CN. By the maximality of (C, 1), (CN, 1)
is not a 6”-pair for Q,. Hence there exists a normal subgroup K of G such
that K < CN and (K, 1) is a 6*-pair for Q;. Moreover, G = CNQ; implies
g}|C|. Let Qo be a Sylow g-subgroup of C. Then Qo <t C. By the definition
of (C, 1), we can suppose that Qo < M. It is clear that Ng(Qo) > C. Thus
Nc(Qo) contains a normal subgroup of G. It follows that N < Ng (Qo) and
Qo < Ce(N) = N, a contradiction. a

Theorem 3.5. A group G is nilpotent if and only if there ezists a mazimal
0*-pair (C, D) such that C/D is nilpotent for each mazximal subgroup of
each Sylow subgroup of G.

Proof. The necessity holds trivially. Conversely, suppose that the conclu-
sion is false and G is a counterexample with minimal order. It is obvious
by the hypothesis that G cannot be simple. Let N be a minimal normal
subgroup of G.

By Theorem 3.3, G is solvable and N is an elementary abelian p-group
for some prime divisor p of |G|. It is easy to check that G/N satisfies the
hypothesis of the Theorem. Thus G/N is nilpotent by the minimality of
(. Since the class of all nilpotent groups is a saturated formation, we can
suppose that N is the unique minimal normal subgroup of G and ¢(G) = 1.
Then there exists a maximal subgroup M of G such that G = M N, Mg =
1, NNM =1and N = F(G) = Cg(N). If N is not a Sylow p-subgroup
of G, then we let P/N € Syl,(G/N). Hence we have P/N < G/N. It
follows that P < G and P < F(G) = N, a contradiction. If NV is the Sylow
p-subgroup of G, then let P <« N, and consequently Pe = 1. If (G, 1)
is a 6*-pair for P, then (G, 1) is the unique maximal 6*-pair and G is
nilpotent, a contradiction. Hence there exists a proper normal subgroup K
of G such that (K, 1) is a 6*-pair for P. However, N < K implies G = K,
a contradiction. This completes the proof. O
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Let Lg denote the language of (right) S-acts over a monoid S and let g be
a set of sentences in Lg which axiomatises S-acts. A general result of model
theory says that ¥g has a model companion, denoted by T, precisely when
the class £ of existentially closed S-acts is axiomatisable and in this case, Tg
axiomatises £. It is known that Ts exists if and only if S is right coherent.
Moreover, by a result of Ivanov, T's has the model-theoretic property of being
stable.

In the study of stable first order theories, superstable and totally tran-
scendental theories are of particular interest. These concepts depend upon the
notion of type: we describe types over Tg algebraically, thus reducing our ex-
amination of T to consideration of the lattice of right congruences of S. We
indicate how to use our result to confirm that Ts is stable and to prove an-
other result of Ivanov, namely that Tg is superstable if and only if S satisfies
the maximal condition for right ideals. The situation for total transcendence
is more complicated but again we can use our description of types to ascertain
for which right coherent monoids S we have that Ty is totally transcendental
and is such that the U-rank of any type coincides with its Morley rank.
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1. Introduction

In this paper we are concerned with the investigation of stability properties
of certain complete theories of S-acts. We emphasise that we are taking the
algebraist’s approach in the sense that our first aim is to associate stability
properties of Ts with algebraic properties of the monoid S, our further
investigations then focussing on the latter.

Stability properties (see Sections 2 and 5 for the relevant definitions)
arose from the question of how many models a theory (a set of sentences
of a first order language) has of any given cardinality. The seminal work
of Shelah shows that an unstable theory, indeed a non-superstable theory,
has 2* models of cardinality A for any A > |{T'| [30]. The philosophy then
is that, in these cases, there are too many models to attempt to classify
by means of a sensible structure theorem. It is reasonable therefore for
the algebraist to consider for a given class of algebras ‘how stable’ is the
theory associated with it, before embarking on the search for structure or
classification theorems.

For a monoid S, a (right) S-act is simply a set A upon which § acts on
the right with the identity of S acting as the identity map on A. Associated
with S is the first order language Lg for S-acts. We denote by g the set
of sentences axiomatising S-acts, and refer to Xs as the theory of S-acts.
Further details are given in Section 2. We can think of an S-act as being
analogous to a module over a ring; this observation inspires our charac-
terisation of types and our approach to stability and superstability, after
which more significant differences arise between the situation for modules
and that for acts.

The model theory of modules has been and continues to be extensively
investigated (see [28]), yielding both structure results for modules and giv-
ing concrete realizations of model theoretic concepts. In contrast, only a
few studies have been made of the model theory of S-acts. Some results in
the latter theory are close parallels of corresponding results for modules. As
indicated above, there are, however, several major differences between the
two theories. Essentially, these differences arise since right congruences on
monoids cannot be determined by right ideals (as is the case for rings). For
the model theorist, this means that atomic formulae without parameters
cannot be replaced by formulae involving parameters.

Given any R-module M over a ring R, or any S-act A over a monoid
S, we can consider the set of all sentences (in the appropriate language)
that are true in M or in A. These theories are exactly the complete theories
of R-modules or S-acts, where a theory T is complete if for any sentence
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¢ of the language, ¢ € T or ~¢ € T. A notable difference between the
model theory of modules and that of S-acts is that, as demonstrated by
Mustafin [23], for some monoids S, there are S-acts which have unstable
theories whereas all complete theories of modules are stable. Mustafin goes
on to describe all monoids S for which every S-act has a stable theory or
superstable theory. The thrust of his later papers in this area is to move
toward a description of those monoids S over which all S-acts are w-stable
[3,24]. On the other hand Stepanova [31] has characterised monoids such
that all regular S-acts have stable, superstable or w-stable theories.

Rather than imposing conditions on the theories Th(A) for all S-acts A
over a given S, we are concerned here with theories of existentially closed S-
acts: we now explain our motivation. An important notion of model theory
is that of model companion. For a theory T one defines in a natural way
the notion of an existentially closed model of T' and we denote the class of
existentially closed models of T by £(T'). If T is an inductive theory, such
as Lg, then T has a model companion if and only if £(T") is axiomatisable.
In this case, The(&(T)) is a model companion of 7. Following Wheeler [32]
the notion of right coherence for monoids was introduced in [11] where it
is shown that the theory of all S-acts (for fixed S) has a model companion
Tg if and only if S is right coherent. It follows that the models of T are
precisely the existentially closed S-acts, and further, that Ts is a complete
theory so that Ts = Th(M) for any existentially closed S-act M. Ivanov
[17] argues that T is a normal theory (see [25]) and hence stable.

Given that T is stable it is natural to investigate conditions under which
it satisfies the stronger stability properties of being superstable, w-stable or
totally transcendental. In (4] the corresponding questions in module theory
are posed and answered. This work both inspired and heavily influenced
the present paper. For a right coherent ring R, the model companion of
the theory of all R-modules is denoted by Tr. Properties such as stability
are dependent upon the number of types (the details of which are given
in Section 3). In [4] types are characterised by pairs consisting of a right
ideal of R and an R-homomorphism. This is the key to a thorough analysis
of complete types and so to finding for which rings R the theory Tg is
superstable or totally transcendental.

In a ring R, a right congruence is determined by a right ideal, but as
remarked above, this is not true for monoids in general. For this reason, in
the case of right S-acts, complete types are characterised by triples consist-
ing of a right ideal of S, a right congruence on S and an S-morphism. It
is this result which allows us to translate model theoretic properties of T
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into algebraic properties of S and hence to apply the theory of semigroups.
An immediate consequence is that we can easily find upper bounds for the
number of types. This enables us to deduce Ivanov’s result [17, Proposition
1.4] that the theory Ts is stable. Further, if every right ideal of S is finitely
generated, then Ts is superstable, and if in addition S is countable and has
at most N right congruences, then T is w-stable.

To obtain the converse of these results we use the U-rank of types and
the fact that a complete theory is superstable if and only if the U-rank
of each type is defined (see [27]). Our approach is similar to but slightly
more complicated than that of Bouscaren. The end results are that Tg
is superstable if and only if every right ideal of S is finitely generated
and that for a countable S, Tg is w-stable if and only if S has at most
Ro right congruences and every right ideal of S is finitely generated. The
superstability result is also a straightforward consequence of [17, Theorem
2.4]. In these results there is of course the underlying assumption that S is
right coherent, for this is needed for the theory Ts to exist. Right coherence
does not follow from the property that every right ideal is finitely generated
as shown by Example 3.1 in [12]. The equivalent results for modules are
that superstability and total transcendence of Tr are both equivalent to R
being right noetherian.

Another important rank of types is the Morley rank. This is used to
define the concept of total transcendence, a complete theory T being totally
transcendental if and only if every type has Morley rank. Morley rank
is always greater than U-rank, so that a totally transcendental theory is
certainly superstable. In fact a countable theory T is totally transcendental
if and only if it is w-stable [27].

For a complete theory T of modules, the Morley rank of a type (when
it exists) coincides with the U-rank of the type [28]. This is not the case for
S-acts and we find necessary and sufficient conditions on S for the theory
Ts to be totally transcendental with the Morley rank of any type being
equal to its U-rank. The final section of the paper is devoted to a study of
monoids which satisfy these conditions. If S is such a monoid and is weakly
periodic, then S is finite. On the other hand, the infinite cyclic monoid
satisfies the conditions.

The structure of this paper is as follows. In Section 2 we outline the
basics of model theory we require; since the new work of this article is
almost entirely semigroup theoretic, we keep these details to a minimum.
We also give some details concerning S-acts over a monoid S. In Section 3
we discuss types and, crucially, show how a type of Ts over an S-act A is
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associated with what we call an A-triple. It is this result which allows us to
translate arguments from model theory into algebra. We omit most proofs,
since the ideas are rather straightforward and may be thought of as being
inherent in the work of Ivanov [17]; full details appear in the notes [10]. The
next section outlines how we may use our description of types to capture U-
rank and the superstability result of {17]. Sections 3 and 4 may be regarded
as a survey. The new material begins in Section 5 where we discuss Morley
rank and find a criterion for a right coherent monoid S such that Ty is
totally transcendental and the U-rank of any type of T coincides with its

Morley rank. In our final section we investigate the monoids satisfying this
criterion.

2. Preliminaries

This paper is intended to be accessible to algebraists with some familiarity
with the basic ideas of first-order logic and, with the exception of the final
section, only a very little semigroup theory. We recommend [6] and [9] for
the former and [15] for the latter. Full accounts of the stability theory we
use can be found in the books [1,4,19,26-28]; we extract the key ideas and
main results which we need. Any unreferenced results may be found in these
texts.

We begin with some brief details concerning S-acts. Further details may
be found in the comprehensive [18].

Let S be a monoid. A (right) S-act is a set A on which S acts on the
right, that is, there is a map - from A x S to A satisfying :

(a-8)-t=a-(styanda-1=a

for all 5, € S,a € A, where - maps (a, 8) to a-s. We usually write as for a-s.
Clearly we can think of the elements of S as unary operation symbols and
A as a unary algebra in the sense of universal algebra. We thus have all the
standard concepts and results of universal algebra at our disposal (see, for
example [21]). In particular, we have S-subacts, S-morphisms, congruences
on S-acts and quotient S-acts A/p where A is an S-act and p is a congruence
on A. For an S-subact B of an S-act A, the relation pp is defined by a1ppa2
if and only if a1 = as or a1, as are both in B. It is easy to see that pp is a
congruence on A; the quotient S-act A/pp is usually denoted by A/B and
is called the Rees quotient of A by B. We differ from standard semigroup
terminology in that we make the convention that the empty set @ is an
S-subact of every S-act.
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For any congruence p on an S-act A we denote the p-class of an element
a of A by ap. For an S-morphism f : A — B we denote by Kerf the
congruence on A determined by

(a,b) € Kerf if and only if f(a) = f(b).

The multiplication in a monoid § makes S itself into a right S-act.
The S-subacts of S are called right ideals of S and S-act congruences on
S are called right congruences on S, to distinguish them from semigroup
congruences on S.

The category of S-acts and S-morphisms has arbitrary products and
coproducts. Another property enjoyed by this category which is useful for
our purposes is the strong amalgamation property. This asserts that if A, B
are S-acts with common S-subact U, then there is an S-act C and injective
S-morphisms f : A — C,g: B — C such that f|U = g|U and f(A)Ng(B) =
f(0).

Let I be a right ideal of a monoid S and p be a right congruence on S.
The p-closure of I, denoted by Ip, is defined by

Ip={seS:sptiorsometel}

It is easy to see that Ip is a right ideal of S containing I and that (Ip)p = Ip.
We say that a right ideal J of S is p-saturated if Jp = J; thus Ip is p-
saturated for any right ideal I. If v, p are right congruences on S and v C p,
then any p-saturated right ideal is also v-saturated.

When I is a p-saturated right ideal of § we say that the pair (7, p) is a
congruence pair. We denote by C(S) or C the set of all congruence pairs of
S.

This paper is concerned with one aspect of the model theory of S-acts.
Let L be a first order language. A class U of L-structures is axiomatisable
if there is a set of sentences Il of L such that an L-structure U lies in U
if and only if every sentence of II is true in U, that is, U = 7. We use
the standard notation that if ¢(z1,...,z,) is a formula of L, then the free
variables of ¢(z1,...,zpn) lie in {z1,...,2,}. If T is a theory in L (that is,
a set of sentences of L, which without loss of generality we may assume
to be closed under deduction), then models of T will be denoted by letters
M, N, P; we use the same notation for their universes. If M is an L-structure
then Th(M) is the set of sentences true in M; if M is a model of a theory
T then certainly T CTh(M). The letters A, B,... are used for subsets of
models. For a set A, the language L(A) is obtained from L by adding a new
constant symbol to L for each element a of A. Again, we follow the usual
practice and do not distinguish elements of A from the constants of L(A)
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which they label. We may denote an L(A)-structure by (B, a)qca, Where
A C B, so that if T is a theory in L and A C M =T, Th(M,a)aca is the
set of sentences in L(A) true in M.

The language Lg of the theory of S-acts consists of a unary function
symbol f; for each element s of S. We follow the usual convention and

write as for fs(a). Clearly the class of S-acts is axiomatised by the set of
senternces

Tg = {(Vz)(zl = 2)} U {(Vz)((zs)t = z(st)) : s,t € S}.

An eguation over an S-act A is an atomic formula of Lg(A) and has one
of the forms:

xs=uxt, xs=yt, TS =a

where s,t € S and a € A. An inequation over A is simply the negation of
an equation over A.

A set 3 of equations and inequations over A is consistent if ¥ has a
solution in some S-act containing A. An S-act A is ezistentially closed if
every consistent finite set of equations and inequations over A has a solution
in A. Since the class of S-acts is inductive, that is, is closed under unions
of chains, every S-act is contained in an existentially closed S-act.

To say that the theory of all S-acts has a model companion is equivalent
to saying that the class of all existentially closed S-acts is axiomatisable by
a theory Ts; then T is the required model companion. In [11] it is proved
that Ts exists if and only if S is right coherent, where a monoid S is right
coherent if for any finitely generated right congruence p on S, every finitely
generated S-subact of S/p is finitely presented. This result was generalised
to varieties of S-acts in [17]. A careful study of right coherence for S-acts
is made in [12].

Given two existentially closed S-acts A, B it is certainly the case that
A, B can be embedded in an S-act C (the coproduct of A and B for ex-
ample) and C can be embedded in an existentially closed S-act. It follows
from this and the model completeness of T that Ts (when it exists) is
complete (Proposition 3.1.9 of [6]). That is, for any sentence ¢ of Lg either
¢ € Ts or ~¢ € Ts; equivalently, Ts = Th(M) for any of its models M.
Since the theory of all S-acts is universal and as Ty is actually the model
completion of this theory [11], we have by Theorem 13.2 in [29] that Ts
admits elimination of quantifiers. These properties, not all used explicitly
here, ensure that T is precisely the kind of theory most amenable to the
application of stability theory.
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3. Types

The notion of a type is crucial to our investigations of stability properties
of T. To define types, it is useful to employ the so-called monster model of
a theory; justification of its existence (which uses the notion of saturation)
and use can be found in [5]. Let T be a complete theory in L. The monster
model of T is a model M of T such that all models of T are elementary
substructures of M and all sets of parameters are subsets of M.

Let A be a subset of M and let ¢ € M. Then

tp(c/A) = {4(z) € L(4) : M = ¢(c)}

is a (complete 1-)type over A. Clearly tp(c/A) is a complete set p(z) of
sentences of L(A,z) such that a model exists for p(z)UTh(M, a)sca. Con-
versely, if p(z) is a set of formulae satisfying these conditions, then prop-
erties of M (concerned with saturation) give that p(z) = tp(b/A) for some
b € M. The Stone space S(A) of A is the collection of all types over A4;
S(A) is equipped with a natural topology, which comes into play in the
definition of Morley rank (see Section 5).

For a cardinal s, T is s-stable if for every subset A of a model of T' with
|A| < & we have |S(A)| < . If T is x-stable for some infinite x, then T is
stable and T is superstable if T is x-stable for all k > 2!T!. If T is not stable,
then it is said to be unstable. Morley argued that a theory T in a countable
language is w-stable if and only if T" is xk-stable for every infinite & [22].

From now on we shall concentrate on the theory Ts for a fixed right
coherent monoid S. The purpose of this section is to give a straightforward
characterisation of types over S-acts. We do not present the proofs, as they
involve quite standard concepts. Some of these ideas appear implicitly in
[17]; explicit proofs may be found in the unpublished notes [10] of the au-
thors. Ivanov [17] shows that Ts is a stable theory, and also characterises
those monoids S such that T is superstable. By making the characterisa-
tion of types explicit, we have both an alternative approach to these results
of Ivanov, and a solid tool with which to characterise ranks of types, needed
for our later discussions.

If A is an S-act, then an A-triple is a triple (I, p, f) such that (I, p) € C
and f: I — Ais an S-morphism with Kerf = pn (I x I). We denote the
set of all A-triples by T(A).

Let 7 = (I, p, f) be an A-triple and let £7 be the union of the following
sets of formulae of Lg(A):

{zs=a:a=f(s),sel},{zs#a:s5¢I,ac A},



137

{zs =t : (s,t) € p}, {ws # at : (s,t) ¢ p}.

An easy argument using quantifier elimination and the fact that the
class of S-acts has the strong amalgamation property yields the following.

Lemma 3.1. [10] Let A be an S-act and let T be an A-triple. Then there
is an embedding of A into an existentially closed S-act E, and an element
¢ € E such that tp(c/A) = pr is the unique type over A containing X7.

Conversely, given p € S(A) we obtain an A-triple 7,,.
Lemma 3.2. [10] Let p be a type over an S-act A. Let

I,={se€ S:xzs=ae€p for somea € A},

pp=1{(s,t) € S x S:zs5=ut €p},
and
fo 1 Ip — A be defined by fp(s) = a where s = a € p.
Then T, = (Ip, pp, fp) is an A-triple.

The next result is crucial. Essentially, it allows us to translate arguments
involving types, and ranks thereof, into arguments internal to our monoid

S.
Proposition 3.1. [10] The maps
p T, T—pr
are mutually inverse bijections between S(A) and T(A).
The corollary below is an immediate consequence of the proposition.
Corollary 3.1. [10]

(1) Let A be an S-act and let p,q € S(A). Then p = q if and only if
Ip = Iq,pp = pq artd fp = fo.

(2) There is a bijection between the set of right congruences on S and S).

(8) For any congruence pair (I,p) on S there is an S-act A and a type p
over A with I, = I and p, = p.

(4) Let p be a type over an S-subact A of B. Then there is a type q over
B such that I, = I, p, = pq and f; = jf, where j : A — B s the
inclusion map.
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Let A be an S-act and I be a right ideal of S. The number of S-
morphisms from I to A is at most |A|lS!, the number of right ideals of §
is at most 25! and the number of right congruences on S is at most 2!S\°.
Hence the number of A-triples is at most 251215 |2|A||S|. Thus, if we take
k =max{Ro, 251} and |A| < &, then |T(A)| < & and, in view of Proposition
3.1, 1S(4)| £ k.

Now consider an arbitrary subset B of the S-act M. It is easy to see that
|S(B)] = |S(A)|, where A is the S-subact of M generated by B (indeed,
the Stone spaces are homeomorphic, see [1,19]). We can therefore deduce
that the theory T is stable.

We can do better than this when every right ideal of S is finitely gener-
ated, that is, when S is weakly right noetherian. Then, for any right ideal
I, the number of S-morphisms from I to A is at most max{No, |A|} so that
there are no more than 2'5'max{R¢,|A|} A-triples. Hence for any infinite
cardinal x with 2/5! < k we have that if |A| < &, then |S(4)| < k. Now
|Ts| =max{Ro, |S|} so that Ts is superstable [17].

If we assume that S has at most max{No,|S|} right congruences in
addition to being weakly right noetherian, then we see that the number
of A-triples is at most max{Ro,|S|}?max{Ry,|4|}. Thus for any infinite
cardinal x with |S| < k we have that if |A| < &, then |S(A)| < . Hence,
for a countable S which is weakly right noetherian and has only countably
many right congruences we have that Tyg is w-stable. In particular, Ty is
w-stable for any finite monoid S.

A monoid S is right noetherian if every right congruence on S is finitely
generated; since every right ideal of S is determined by a right congruence,
it follows that such a monoid is weakly right noetherian. Moreover, every
right noetherian monoid is right coherent [12]. Thus if S is a countable,
right noetherian monoid, then Tg is w-stable.

If S is countably infinite and T's is w-stable, then [S(#)| < Rg so that
by Corollary 3.1, S has only countably many right congruences.

The following result summarises the above discussion; (1) and (2) are
also consequences of results in [17].

Proposition 3.2. [10,17] Let S be a right coherent monoid. Then

(1) the theory Ts is stable;

(2) if S is weakly right noetherian, then T is superstable;

(3) if S is weakly right noetherian and has at most maz{No, |S|} right con-
gruences, then Ts is k-stable for all k with maz{Ry,|S|} < &;

(4) if S is countable, then if S is weakly right noetherian and has at most
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Ro right congruences, Ts is w-stable;
(5) if S is finite, then Ts is w-stable;
(6) if S is countable and right noetherian, then Ts is w-stable;

(7) if S is countable and Ts is w-stable, then S has at most No right con-
gruences.

The converses of (2) and (4) of the above proposition will be obtained
in Section 4.

By an ertension of a type p in S(A) we mean a type q in S(B) where
A is an S-subact of B and p C ¢. The proof of the following result follows
easily from Lemma 3.1.

Proposition 3.3. [10] Let A be an S-subact of B, p € S(A) and g € S(B).
Then q is an extension of p if and only if

() I, C I,

(i) fallp = fo,
(iii) f72(A) =1,
(iv) pp = pqg.

A consequence of Proposition 3.3 is that if p and g are as in Corollary
3.1 (4), then ¢ is an extension of p.

For the final result of this section we again make use of the fact that
the class of S-acts has the strong amalgamation property.

Proposition 3.4. [10] Let A be an S-act and p € S(A). Let J be a pp-
saturated right ideal containing I,,. Then there is an S-act B containing A
and an extension q of p in S(B) such that I, = J. Moreover, B can be
chosen to be existentially closed.

4. U-rank and superstability of Ts

Rank notions are an important tool in determining stability properties of
theories. In this section we relate the U-rank of a type p, introduced by
Lascar in [20], to what we call the py-rank of the right ideal Ip. It is then
straightforward to prove the converse of (2) of Proposition 3.2. As in Sec-
tion 3, we omit most arguments, which may be found in detail in [10].
First we recall the foundation rank on a set S partially ordered by <.
We define subclasses S, of S for each ordinal o by transfinite induction:

(i) So=5;
(i) So =N{Ss: B < a}, if a is a limit ordinal;
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(iii) = € Sq41 if and only if z < y for some y € S,.

We thus obtain a nested sequence of subclasses of & indexed by the ordinals.
The foundation rank of z € S, denoted by R(z), can now be defined as
follows:

If z € S, for all ordinals , then we write R{(z) = oo. Otherwise,
R(z) = a where « is the (unique) ordinal such that 2 € S \ Sa+1; in this
case we say that z has R-rank.

The convention that o < oo for all ordinals a simplifies the statements
of the following standard proposition (see for example (27], p. 35).

Proposition 4.1.
(i) For any z € S and any ordinal o,
R(z) > a if and only if x € S,.

(ii) Let z,y € S where z < y. If R(y) is an ordinal then R(x) >R(y).
Moreover, if R(z) is an ordinal then so is R(y).

(i5i) For any xr € S, R(z) is an ordinal if and only if there are no infinite
chains of the form

T=290< Ty < ...

For the first application of foundation rank, consider a right congruence
pon S and put

S=8,={J:(J,p)eC}.
The relation < is taken as the usual inclusion order of right ideals. If J € S,

then R(J) is said to be the p-rank of J and is written as p-R(J).

Corollary 4.1. Let (I,p) € C. Then p-R(I) is an ordinal if and only if S
has the ascending chain condition on p-saturated right ideals containing I.

Our second application of foundation rank is to obtain the U-rank U(p)
of a type p € S(A), where AC M =T and T is a complete, stable theory
in a first order language L. First we review some definitions associated with
types of T'; for more details the reader can consult one of the standard texts.

If p € S(A), where A C M, then the class of p, written cl{p), is the set
cl(p) = {é(z,41,---,yn) € L: for some ay,...,an € A, ¢(z,01,...,a,) € p}

and Cj, is the set

Cp={clg):pCq,9€ S(M),AC M T}
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It is a fact that C), has a unique minimum element (under inclusion) denoted
by B(p). Clearly, if p € S(M) where M |= T, then cl(p) = B(p). For AC B
and an extension q € S(B) of p, it is obvious that 8(p) C 8(g). Then ¢ is a
non-forking extension of p if B(p) = B(q); otherwise, q is a forking extension
of p.

Put

S ={B(p) : p € S(A) for some A C M}.

Clearly S is partially ordered by set inclusion. The U-rank of p € S(A),
denoted U(p), is the foundation rank of B(p). If U(p) is an ordinal, then we
say that p has U-rank. Clearly, in our discussion of U-rank, we can assume
that all types are over L-substructures of models of T'.

Our objective in this section is to characterise those monoids S for
which Ts is superstable or w-stable. In other words, our goal is to prove
the converses of (2) and (4) of Proposition 3.2. In fact, the converse of (4)
follows easily from that of (2) so our effort is directed towards showing that
if Ts is superstable, then S is weakly right noetherian. To do this, we use
the characterisation of superstable theories in terms of U-rank of types.
Then, by associating the U-rank of a type p € S(A4) with p,-R(Ip), we are
able to achieve our goal.

Theorem 4.1. [20] Let T be a complete, stable theory in a first order
language. Then T is superstable if and only if all types have U-rank.

Turning our attention to the theory Ts, we have the following charac-
terisation of forking. Recall from Proposition 3.3 that if ¢ is an extension
of a type p, then I, C I; and p, = pq.

Lemma 4.1. [10] Let A C B be S-acts, and let g € S(B) be an extension
of p € S(A). Then q is a forking extension of p (equivalently, U(p) >U(q))
if and only if I, C I,.

From Proposition 3.4 we know that if for an S-act A we have p € S(A4)
and I, C J for some pp-saturated right ideal J, then there is an S-act
B D A and q € S(B) with p C q. From Lemma 4.1, U(p) >U(g).

We can now associate the U-rank of types over Ts with ranks assigned
to members of C.

Proposition 4.2. [10] For any S-act A and p € S(A),

UR(p) = pp-R(Ip).
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Corollary 4.2. For any S-act A and p € S(4), p has U-rank if and only
if the set of pp-saturated right ideals containing I, satisfies the ascending
chain condition.

Part (1) of the following theorem is also a consequence of [17] (Theorem
2.4).

Theorem 4.2. Let S be a right coherent monoid.

(1) The theory Ty is superstable if and only if S is weakly right noetherian.
(2) If S is countable, then the theory Ts is w-stable if and only if S is weakly
right noetherian and has only countably many right congruences.

Proof.

(1) If S is weakly right noetherian, then Ts is superstable by (2) of Propo-
sition 3.2. Alternatively, this follows from Theorem 4.1 and Corollary
4.2.

Conversely, if Ty is superstable, then applying Corollary 4.2 to the type
in S(@) corresponding to the identity congruence gives that S is weakly
right noetherian.

(2) Suppose that S is countable. If Ts is w-stable, then it is superstable
by [22] and so by (1), S is weakly right noetherian. Also we must have
|S(0)] < Rg and hence by Corollary 3.1, the number of right congruences
on S is countable. The converse is (4) of Proposition 3.2. O

This theorem allows us to give examples of monoids to illustrate the
various possibilities. Thus if S = {1} U T where 1 acts as an identity and
I is an infinite set with ab = a for all a,b € I, then I is a right ideal of S
which is not finitely generated; moreover, it is easy to see that S is right
coherent. Hence T exists, but is not superstable.

On the other hand, T is superstable for any group G. But, for exam-
ple, the group of rationals Q has 2/?! subgroups (and hence 29! (right)
congruences) so that Ty is not w-stable.

Both the infinite cyclic group and the quasi-cyclic group Z(p™) (p a
prime number) have Ry subgroups so they provide specific examples of
infinite groups G such that Ty is w-stable.

Of course, for any finite monoid S we have that Ts is w-stable.
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5. Total transcendence of Tg

Having considered U-rank of types in the previous section we now turn our
attention to another rank, the Morley rank MR(p), of a type p. This rank
is used to define totally transcendental theories; to be precise a complete
theory T is totally transcendental if and only if for all subsets A of models
of T, all types over A have Morley rank.

For a countable theory T, it is a fact that T is totally trancendental if
and only if T is w-stable [22]. There are, however, uncountable theories T
which are not totally transcendental but are x-stable for all k with T £ k.

When T is a theory of modules, if p is a type over a subset of a model of
T such that MR(p) is defined, then MR(p) = U(p) [28]. For S-acts, however,
the picture is different and rather subtle. In this section we investigate those
monoids S for which MR(p) = U(p) < oo for all types p over subsets of
models of Tg, introducing a condition (MU). We also refer the reader to
[16], where Ivanov presents a condition bearing some resemblance to (MU)
that will imply MR{p) = U(p). In a subsequent article [13] the second
author builds on the techniques developed here to consider the more general
question of for which monoids S do we have U(p) <MR(p) < oo. Our
algebraic characterisation of such monoids allows us to give examples of S
such that Ts is totally transcendental but is such that U(p) < MR(p) for
some type p. We remark that for a complete, stable theory T, if p € S(A)
and ¢ € S(B) with A C B, p C g and MR(p) an ordinal, then U(p) = U(q)
if and only if MR(p) = MR(q) [27].

The two conditions on monoids used in the characterisation theorem
are the right noetherian property (that is, all right congruences are finitely
generated) and the condition (MU) which we now explain. Let S be a
monoid and let (I, p) be a congruence pair, that is, (I, p) € C. We say that
(I,p) is critical if there is a finite subset K of (S x S) \ p such that for all
right congruences # which saturate /, contain p and agree with p on I (i.e.
NI xI)=pn(IxI))wehave

K C (8 x 8)\ 8 implies p = 8 or 8-R(I) < p-R(I).

We then say that S satisfies (MU) if every congruence pair of S is critical.

Note that for any right congruence p, the congruence pair (.5, p) is crit-
ical. In the very special case where S is a group, to show that S satisfies
(MU) we need only show that (0, p) is critical for every right congruence p.
In this case, for any right congruence #, we have that 6-R(@) = 1. Thus to
show that (0, p) is critical, we need to find a finite set K C (S x S)\ p such
that if p C 0 and K C (S x S)\ 0, then p= 4.
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For any right coherent monoid S, if (I,p) € C and {sp : s ¢ I} is finite
it is then easy to see that the pair (I, p) is critical.

Lemma 5.1. For any right ideal I of a monoid S with S/I finite, every
congruence pair (I, p) is critical. In particular, every finite monoid satisfies

(MU).

We now consider a useful sufficient condition for a monoid to satisfy
(MU).

Proposition 5.1. Let C,.(S) be the lattice of right congruences of a monoid
S. If C,(S) satisfies the minimal condition and each p € C(S) has only a
finite number of covers, then S satisfies (MU).

Proof. Let (I,p) be a congruence pair. If S = I, then we have already
noted that the pair is critical. Otherwise, p cannot be universal since I is p-
saturated and so the set of right congruences strictly containing p contains
minimal members which are covers of p. Let p1,..., p: be these covers. For
each i € {1,...,t} choose a pair (a;,b;) in p; \ p. Now put

K= {(al,bl), ey (at,bt)}.

Suppose that § € C,.(S) and p C 0. If p # 6, then it follows from the minimal
condition that p; C @ for some i. Thus (a;,b;) € 0 and consequently K is

not contained in (S x )\ 6. Hence the pair (I, p) is critical and consequently
S satisfies (MU). 0

For groups, the converse of Proposition 5.1 is true as we now demon-
strate,

Proposition 5.2. A group G satisfies (MU) if and only if the lattice L(G)
of subgroups of G satisfies the minimal condition and every subgroup has
only finitely many covers in L(G).

Proof. Suppose that G satisfies (MU) and let

prL2p2 2 ...

be a decreasing sequence of right congruences. Put p = N{p; : i € w}.
By assumption, (0, p) is critical and so there is a finite set K such that
K C(GxG)\pandif K C (G xG)\ pm, then p = p,,. If (a,b) € K, then
(a,b) & p; for some t and since K is finite, it follows that for some m we

do have K C (G x G) \ pm. Hence pm = ppi1 = ... and C,(G) satisfies the
minimal condition.
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In view of the minimal condition, every p € C,(G) except G x G actually
does have covers. If {p) : A € A} is the set of covers of p, then py N p, = p
for each A, u € A with X # p. Hence, if (a,b) ¢ p, then (a,b) can belong to
at most one of the covers of p. Since (@, p) is critical, there is a finite set K
such that K C (G x G) \ p and K is not contained in (G x G) \ py for any
cover py of p. But any given pair in K is in at most one cover of p and so
there are only finitely many covers of p.

Now use the fact that the lattice of right congruences on a group is
isomorphic to the lattice of subgroups. O

We note that the quasi-cyclic group Z(p*>) where p is a prime number
satisfies the conditions of Proposition 5.2 and thus satisfies (MU). On the
other hand the infinite cyclic group does not satisfy the minimal condition
for subgroups and hence does not satisfy (MU). It is, in fact, easy to show
that the congruence pair (f,:) is not critical in this case.

We have introduced the condition (MU) to help in our discussions of
Morley rank. To define the latter we use make use of the natural topology
on Stone spaces of types.

Let T be a complete theory and let A C M. Then S(A) may be made
into a topological space by specifying the sets

(¢(z)) = {p € S(4) : ¢(z) € p}
as a basis of open sets, where ¢(z) is a formula of L(A). The space S(A)
has a basis of clopen sets (¢(z)), and is compact and Hausdorff.

If T is a theory which has elimination of quantifiers (for example, T’),

then a routine argument gives that the sets (6(z)) where 6(z) is a conjunc-
tion of atomic and negated atomic formulae form a basis for the topology
of S(4).

Let T be a complete theory in a first order language L and let A be a
subset of a model of T'. Subsets M R*(A) of S(A) are defined by induction

on the ordinal « as follows:

(i) MRO(A) = S(4).
(ii) If o is a limit ordinal, then

MR*(A) = {MRP(4): B < a}.
(iii) For any o, MR**'(A) = MR*(A)\ X*, where
X* ={pe MR*(A): for all B2 A and all extensions ¢ of p on B,

g ¢ MR*(B) or g is isolated in MR*(B)}.
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We may take B to be an L-substructure of a model of T

For p € S(A), the Morley rank of p is MR(p) where, if p € MR*(A) for
all o, then MR(p) = oo and otherwise MR(p) is @ where p € MR*(A) \
MR*t1(A). If MR(p) < oo, then we say that p has Morley rank.

It is a standard result that for all types p, U(p) < MR(p) [27]; we need
this in the proof of the main result of this section. We first note that for any
type p over an S-act A, MR(p) = 0 if and only if I, = S, that is U(p) = 0.
For if I, = S and p C q where ¢ € S(B), then since 1 € Iy, z =b € ¢
for some b € B and {x = b} isolates ¢ in S(B). Thus p ¢ M R!(A) so that
MR(p) = 0. The converse is clear.

We can now state the main result of this section; the interested reader
may wish to compare our result with that of [17], where some conditions
are given which imply that for a relevant type p, MR{p) = U(p).

Theorem 5.1. For every type p over an S-act A, MR(p) = U(p) < oo if
and only if S is Tight noetherian and satisfies (MU).

Proof. Suppose first that the condition on ranks of types holds. Let (I, p)
be a congruence pair. By Corollary 3.1, there is an S-act A and a type p
over A with I, = I,p, = p. Let the associated A-triple be (I,p, f) and
let p have Morley rank a. Then there is an open set U in S(A) such that
p €U and MR(q) < a for all ¢ in U \ {p}. Let U = (¢(z)) where ¢(z) is a

conjunction of sets of formulae:-

{zri=a; i€ A}, {zs; =xt; 1 § € Ao},

{zup # zvg 1 k € Ag}, {zwe #£ by 1 £ € Ay}

where the index sets Ay, ..., A4 are all finite. Since p € (¢(x)), each r; is a
member of I and each pair (s;,¢;) is in p.

Let 6 be any right congruence on S which saturates I, properly contains
p and agrees with pon I. Then (1,6, f) is an A-triple; let B be the associated
type over A. Certainly each pair (s;,¢;) is in 8 since p C 8. Thus we see that
the sets {zr; = a; : ¢ € A1} and {zs; = zt; : j € A2} are contained in . If
the formula xw, = by is in P for some £ € A4, then w, € I and f(wy) = by
and consequently, zwy = b¢ is in p, a contradiction. Thus each inequation
Twe 7 be is in P and we see that ¢(z) € p if and only if zuy # zvg is in p
for each k € Aj.

Let K = {(u1,v1), ..., (¥m,vm)}; since zuy # zvg is in p we certainly
have that K C (Sx S)\p. If K C (S x S)\#8, then we have ¢(z) € P so that
P € (¢(z)) and hence MR(P) < MR(p). But U(p) = MR(p) and U(p) =
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MR(p) so that 8-R(I) < p-R(I). Thus (I, p) is critical and hence S satisfies
(MU).

To see that S is right noetherian we consider the case I = (). Let ¢ be
the right congruence on S generated by {(s;,t;) : 7 € A2}. Certainly o C p
and if py is the type over ) associated with o, then clearly p; € (¢(x)).
Hence, using our assumption on ranks,

MR(p) = U(p) = p-R(0) < 0-R(9) = U(p1) = MR(p;) < MR(p),

that is, MR(p1) = MR(p). By the choice of (¢(z)), we have that p = p; so
that p = ¢ and p is finitely generated.

Conversely, suppose that S is right noetherian and satisfies (MU). By
Theorem 4.2, T is certainly superstable so that for every S-act A, every
type p in S(A) has U-rank. We show by induction that for every p, MR(p) =
U(p).

If U(p) = 0, then I, = S and so, as already noted, MR(p) = 0.

Now let p € S(A) and U(p) = a and suppose that for all S-acts B and
all types ¢ € S(B) with U(q) < a we have MR(q) = U(q). Let I = I,
p = pp. Certainly U(p) € MR(p) so we have p € MR*(A) and we wish
to show that p ¢ MR*t1(A), that is, for every S-act B containing A and
every extension ¢ of p over B we want either ¢ ¢ MR*(B) or q is isolated
in MR*(B).

So let ¢ € S(B) where B is an extension of A and g|A = p. Suppose that
q € M R*(B). We have to find an open set U such that M R*(B)NU = {q}.
By Proposition 3.3, we have I C I; and p = pg. Now a < MR(g) and so by
the inductive assumption we cannot have U(g) < a. But U(g) < U(p) = o
so that U(g) = a. Now by the definition of U-rank, we must have that ¢ is
a non-forking extension of p and so by Lemma 4.1, I = I,,.

As S is right noetherian, I = | J{w;S : i € A} for some finite set A and p
is generated by a finite subset H of $x S. For each i € A, let a; = fo(w;). By
assumption, the pair (I, p) is critical. Let K be the finite subset of (Sx S)\p
required in the definition of criticality and let £(z) be the formula obtained
by taking the conjunction of the following sets of formulae:

{zw; = a;:i € A}, {zs ==zt : (s,t) € H}, {xu # zv: (u,v) € K}

Then ¢ € (£(z)). Let 7 € (£(z)) and suppose that MR(r) > . Our aim is
to show that r = ¢ and this will complete the proof that U(p) = MR(p)
and hence prove the result by induction.

Note that I C I, and p C p, so that I. is p-saturated. If I # I, then,
by Proposition 3.4, ¢ has an extension § with /3 = I and by Lemma 4.1,
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g is a forking extension of q. Hence, U(g) < U(g) = a. By Proposition 3.3,
pg = p and thus

U(r) = pr-R(I;) < peR(Iz) = U(g) <

The inductive assumption gives MR(r) < «, a contradiction, so that we
may suppose that I = I.

Since f, and f, agree on the set of generators {w; : 4 € A} of 1, it follows
that f, = fr and p, N (I x I) = kerf, = kerfy = pN (I x I).

If p # pr, then as K C (S x S) \ pr we have p-R(I;) < p-R(I) so
that U(r) < U(g) = @ and the inductive assumption gives MR(r) < a, a
contradiction. Thus p, = p and, as f, = f4, Corollary 3.1 now gives r = ¢
as desired. O

We have noted already that the infinite cyclic group does not satisfy
(MU) although, of course, it is (right) noetherian. On the other hand the
group Z(p™) is not (right) noetherian but does satisfy (MU). Thus the two
conditions in the theorem are independent. Furthermore, these observations
also show that there are monoids S such that Ts is totally transcendental
(w-stable) but such that for some S-act A there is a type p in S(A) with
U(p) < MR(p).

We can be more precise with our two examples. For any group G and
any type p over a G-set A we have I, = G or I, = ). In the former case
U(p) = MR(p) = 0 and in the latter case U(p) = 1. It is not difficult to see
that if p € S(0) (so that necessarily I, = @), then for any G-set A there
is exactly one extension p4 of p in S(A) with I, = 0. A simple argument
using transfinite induction shows that for all ordinals a > 1, MR(p) > «
if and only if MR(p4) > a for all G-sets A. It follows that MR(p) = o if
and only if p € M R*(0) and p is isolated in M R*(P). Moreover, MR(p) =
MR(pa) for all G-sets A.

It is now not difficult to show that for the infinite cyclic group G with
generator g, if py, is the type in S(0) corresponding to the subgroup gener-
ated by ¢g", then MR(p,) = 1 for n > 1 and MR(po) = 2. Thus U(py) <
MR(po).

Similarly, if G = Z(p*°) is regarded as the group of all p™-th roots of
unity for all n > 1 and if for each n, p, is the type in 5(0) corresponding to
the subgroup generated by a primitive p™-th root of one, then MR(p,,) = 1.
For the type poo in S(@) corresponding to G itself we find that MR/(pec) = 2
so that U(pso) < MR(poo)-
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6. Right noetherian monoids which satisfy (MU)

The main result of the preceding section makes it natural to consider the
monoids of the title. As the condition (MU) is rather complicated it is
far from clear precisely which monoids satisfy (MU). Of course, any finite
monoid is right noetherian and also, by Lemma 5.1, satisfies (MU). One of
the main results of this section shows that the converse is true for an exten-
sive class of monoids, namely the weakly periodic monoids. However, not
every right noetherian monoid which satisfies (MU) is finite. We will show
that an infinite example is the free commutative monoid on one generator.

Our first objective is to show that (right) noetherian groups which sat-
isfy (MU) are finite. To this end we need the lemma below which can be
deduced from Koénig’s Lemma, but which is very easy to prove directly in
much the same way that Konig's Lemma is proved.

Lemma 6.1. Let Y be a lattice satisfying the finite chain condition. If
every member of Y has only finitely many covers, then Y is finite.

Proof. Since Y satisfies the descending chain condition, it has a least ele-
ment zg. If Y is infinite, then since xq has only finitely many covers, xo has
a cover z such the filter above z; is infinite. But z; has only finitely many
covers, so there must be one of these, say s, such that the filter above x4
is infinite. Continuing in this way we find an infinite chain

o<1 <xT2 < ...

of elements of Y, contradicting the ascending chain condition. O

Corollary 6.1. Let G be a right noetherian group which satisfies (MU).
Then G is finite.

Proof. By Proposition 5.2, the lattice £(G) of subgroups of G satisfies
the minimal condition and every subgroup has only finitely many covers in
L£(@G). Since £(G) also satisfies the maximal condition, it has the finite chain
condition and by Lemma 6.1, £(G) is finite. As pointed out on pp.170-171
of [2], it follows easily that G is finite. m]

The next stage in our argument is to show that any subgroup of a
monoid which is right noetherian and satisfies (MU) inherits these prop-
erties. To do this we utilise some classical semigroup theory, in particular,
basic results about Green’s relations £, R and H. The relation £ is defined
on a monoid S by the rule that for any a,b € S, a Lb if and only if Sa = Sb.
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The relation R is defined dually; H = £ N R. Note that £ (R) is a right
(left) congruence. Details may be found in any of the standard texts. We
recommend [15].

Lemma 6.2. If the monoid S is right noetherian, then so is every subgroup.

Proof. Let G be a subgroup of S. For any right congruence p on G, let p
denote the right congruence on S generated by p. If a,b € S and a b, then
a = b or there exists a sequence

a = Clt],dltl = cata, . .. adftl = bv

where (c¢;,d;) € p,1 <1 < £. Notice in particular that a £b. Suppose now
that a,b € G. We claim that 7N (G x G) = p. Let e be the identity of G.
Then we certainly have

a = ci(ety),d1(et1) = caleta), ..., de(ete) = b.
Taking inverses in G we have
et1 =c]la €G.
This gives that a pdi(et;). Now
ety = c2_1d1(et1) €aq,

so that a pda(etz). Continuing in this manner we obtain apb. Thus G is
p-saturated and p N (G x G) = p as required. It is now easy to see that if
S is right noetherian, so also is G. (m]

Lemma 6.3. If the monoid S is right noetherian and satisfies (MU), then
so does every maximal subgroup.

Proof. Let G be a maximal subgroup of S, so that G is a group H-class.
We already know from Lemma 6.2 that G is (right) noetherian. Suppose
now that S satisfies (MU). To show that G satisfies (MU) we need only
prove that the pair (0, p) is critical for any right congruence p on G.

Let e be the identity of G, let

I=U{SaS: SaS C SeS} and J = SeS.

Then I and J are ideals of S. From Theorem 1.3 of [14] we know that
the principal factor J/I is completely 0-simple or completely simple. Let P
be defined as in Lemma, 6.2; since p C £ and L is a right congruence, we
have that p C L. Thus any ideal of S is p-saturated. Let v; be the Rees
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congruence associated with I, so that for any a,b € S, avyr b if and only if
a =bora,b e I Since I is p-saturated and v;-saturated, it is clear that
p = pUvy is a right congruence saturating I. Moreover, for any a,b € S,
if @ # b and a b, then either a,b € I or a,b € J\ I. In the latter case, we
have ap b and so, since J/I is completely (0)-simple, it follows that a H b R e.
Consequently, any right ideal containing I is j-saturated. Thus if  is any
right congruence on G, then p-R(I) = 6-R(I).

The congruence pair (I, ) is critical; let K C (S x S)\ g be a finite set
of pairs guaranteed by the fact that (I, 5) is critical. We need to pick a set
of pairs of elements of G that will enable us to show that (@, p) is critical.

For any pair

(a,b) € K NH N (Re x Re)

choose and fix ¢ = ¢(ap) € J \ I with ac,bc € G. It follows from the fact
that J/I is completely (0)-simple that (ac, bc) ¢ p. We now put

H = {(ac,bc): (a,b) e KNHN (R X Re)},

so that H C (G x G) \ p.

Let 8 be a right congruence on G containing p and such that H C
(G x G)\ 8. Certainly 5 C 8, I is f-saturated and N (I x I) =8N (I x I).
If K Z (S x 8)\ 6, then there exists (a,b) € K N 6. But (a,b) ¢ 5, so we
are forced to deduce that a,b € R, and a H b. Consequently,

(ac,bc) €N (GxG)=0N(GxG)=6.

But (ac,bc) € H, a contradiction. Thus K C (S x §) \ 8. Now by the
definition of critical pair, 5 = @ or p~R(I) < 6-R(I). But the latter is
impossible by previous comments on saturation of right ideals. We conclude
that 5 = 6 and consequently, p = # as required. O

From Lemmas 6.1, 6.3 we deduce the following.

Theorem 6.1. If S is a right noetherian monoid which satisfies (MU),
then all subgroups of S are finite.

A semigroup S is weakly periodic if for every element s of S there is
a positive integer n = n(s) such that I? = I where I = S's"S'. If S
is a semigroup which satisfies the minimal condition for principal ideals
or for principal right (or left) ideals or if S is periodic, then § is weakly
periodic. Regular and eventually regular (some power of any element is
regular) semigroups are weakly periodic as are semisimple semigroups, that
is, semigroups with no null principal factors.
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Corollary 6.2. If S is a weakly periodic right noetherian monoid which
satisfies (MU), then S is finite.

Proof. By Theorem 6.1, all subgroups of S are finite. Hence by Theorem
2.3 of [14], S is finite. O

Corollary 6.3. Let S be a right noetherian monoid which satisfies (MU).
If the relation R is a congruence on S and there are only finitely many
trivial R-classes, then S is finite.

Proof. We show that S is weakly periodic so that the result follows from
Corollary 6.2. Let a € S and consider the sequence S 2 aS 2 a’S D ...
Let I = ({a’S : i € w}, p be the Rees right congruence associated with /
and p; that associated with a'S. If I = 0, then we take p to be ¢. The pair
(I, p) is critical and so there is a finite subset K of (S x §) \ p such that for
any right congruence ¢ with K C (S x S) \ 8 where 6 saturates I, agrees
with p on I and contains p, we have either p = 6 or §-R(I) < p-R([). Since
K is finite, K C (S x S) \ pn for some n. By hypothesis, a?S = I for some
p, or there is an element a™ with n < m whose R-class is non-trivial.

In the latter case, suppose that a™S # I. Let z,y be distinct elements
in the R-class of a™ and let v be the right congruence generated by the set
pU{(z,v)}. It is easy to see that if (u,v) € v and u # v, then u,v € a™§
and either ¥ R v or u,v € I. Thus p C v C p,, and hence K C (S x S)\v.
Furthermore, v saturates I and agrees with p on I and consequently, v-
R{I) < p-R(I). But all right ideals which contain I are both p-saturated
and v-saturated since as noted above, if (u,v) € v and u,v ¢ I, then u R v.
Hence v-R(I) = p-R(I), a contradiction. It follows that if @ € S then the
descending chain of principal right ideals S D aS D a?S D ... is finite. Thus

a?S = I for some q so that a?S = a9t!S = ... Hence a9 = %95 for some
s € S and so a?S = (a95)?. It follows that Sa%S = (Sa?S)?, and S is
weakly periodic. O

On a commutative monoid the relations H,R and £ coincide and R
is automatically a congruence. The following result is thus an immediate
consequence of Corollary 6.3.

Corollary 6.4. Let S be a noetherian commutative monoid which satisfies
(MU). If S has only finitely many trivial R-classes, then S is finite.

We now give an example of an infinite noetherian commutative monoid
which satisfies (MU). Of course, in view of Corollary 6.4, our example must
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have infinitely many trivial R-classes.

Proposition 6.1. The additive monoid N of non-negative integers is
noetherian and satisfies (MU).

Proof. It is well known and easy to show directly that N is noetherian. If I
is a non-empty ideal of N, then N/I is finite so that it follows from Lemma
5.1 that any congruence pair (I, p) is critical. It remains to consider pairs
(0, p). If p = 1, then :-R(@) = w. When p # ¢, let r, m be the smallest integers
such that (r,7 + m) € p and m > 1. In fact, from page 137, Exercise 5 of
[7] we know that p is generated by (r,r +m). It is then easy to see that
p-R(D) is finite so that (0, ¢) is critical by choosing K = (8. Further, putting

K={(s,5+n):0<s<r,0<n<m}\{(r,r +m)},

it is clear that K C (Sx.S)\p. Butif p C 6, then KNf # @ and consequently
the pair (0, p) is critical. Thus N satisfies (MU). m]

In our final result we show that N is the only infinite commutative
cancellative principal ideal monoid which is both noetherian and satisfies
(MU).

Proposition 6.2, Let S be a commutative, cancellative principal ideal
monoid. Then S is noetherian and satisfies (MU) if and only if S is a
finite group or is isomorphic to N.

Proof. Suppose that S is noetherian and satisfies (MU). If S is finite, then
since it is cancellative, it must be a group.

If S is infinite, then by Corollary 6.4, S must have infinitely many trivial
‘H-classes. Let a be a unit of S so that a H 1. For any element ¢ € S, we
have ac H ¢ since H is a congruence on .S. If ¢ # 1 then ac # c since S is
cancellative and so H, is non-trivial unless ¢ = 1. Thus the group of units
of S is trivial. It follows from Theorem 12 of [8] that S is isomorphic to NJ
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The Greeks understood, around 350 B.C., how to construct, with Euclidean
tools, regular N-gons for N = 2°Np, where Ng =1, 3,5 or 15. Two thousand
years later, Gauss proved that a Euclidean construction of a regular N-gon is
possible if and only if N = 2¢ x (product of distinct Fermat primes).

Here we are content to constuct arbitrarily close approximations to regular
polygons. Qur constructions lead to some interesting number theory involving
the Euler totient function. For a given odd number b, and a given odd number
a < —%, we construct a numerical array, called a symbol and describe an explicit

procedure based on the symbol for constructing a regular star {%}-gon,

We can combine the symbols for a given b to produce a complete symbol
where each constituent symbol is called a coach. We present two theorems, the
Quasi-Order Theorem and the Coach Theorem, which show how the numbers
appearing in the symbol (and hence the steps in our constructions) are governed
by the values of ®(b) and the quasi-order of b mod 2. We then generalize the
results to any arbitrary base.
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1. Introduction

As is well-known, roundabout 350 B.C. the Greeks were fascinated with
the idea of constructing regular N-gons with Euclidean tools (straight
edge and compass). They were successful in constructing regular N-gons
for N = 2°Np, with No =1, 3, 5,0r 15, and N > 3 (so that the polygon
will exist). Naturally the Greeks would have liked to answer the question
for every N, but, in fact, it seems that no further progress was made until
about 2000 years later, when Gauss (1777 — 1855) completely settled the
question by proving that a Euclidean construction of a regular N-gon is
possible if and only if IV is of the form

N = 2¢(a product of distinct Fermat primes) .

A Fermat number has the form F, = 22" + 1. If it is prime we call it a
Fermat prime.

Gauss’ remarkable theorem tells us when a Euclidean construction is
possible, provided we know which Fermat numbers are prime — which we
don’t! However, we do know that the following Fermat numbers are prime:

=3, A1 =5, I, =17, F3=257,and Fy = 65537.

The great Swiss mathematician Euler (1707 — 1783) showed that Fs(=
232 1 1) is not prime and, although many composite Fermat numbers have
been identified, to this day no other Fermat numbers have proven to be
prime, beyond those listed above. Thus, even with Gauss’s contribution, a
Euclidean construction of a regular N-gon is known to exist for very few
values of N; and, even for these N, we do not know, in all cases, an
explicit construction.

In the middle of the 20th century one of the authors (JP) discovered
a systematic folding procedure, using straight strips of paper (like adding
machine tape), that produced some regular polygons to any desired degree
of accuracy.® Shortly thereafter she began working with PH and they
described a systematic method of producing a regular b-gon, to any desired
degree of accuracy, for any number b > 3. We note here that our objective
is distinctly different from what the Greeks and Gauss were attempting
to do, in that we systematically fold straight strips of paper, as will be
described briefly below, and, once sufficient convergence has taken place,

& The paper-folding result came about by trying to construct hexa-flexagons, written
about by Martin Gardner in Scientific American (December 1956.) Martin Gardner later
wrote about JP’s braided polyhedra in his book Wheels, Life, and Other Mathematical
Amusements (both of these may be found in [1]).
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we use the folded strip to construct an approximation to the desired regular
polygon, or star polygon.

Thus JP and PH redefined the Greeks’ original problem. They agreed
that they would be content to produce approximations to regular b-gons as
long as they could depend on the error constantly becoming smaller. This
seems reasonable since Euclidean constructions are only perfect in the mind
— after all, what is actually produced is a function of how sharp your pencil
is, how steady you hold the compass, and how carefully you place the ruler.
Thus, even with Euclidean constructions, there are inevitable inaccuracies,
due to human error. In the systematic folding procedures which we use,
each correct fold that is made cuts any previous error in half — and, as
you would expect, this produces very respectable (even if not completely
perfect!) regular polygons.

The work constructing regular polygons leads to some fascinating num-
ber theory involving the Euler totient function®. To deal with some of the
mathematical questions arising, JP and PH brought in the third author
BW.

In order to set the scene for the number-theory aspect of our story we
now give a very abbreviated version of how polygons may be obtained from
the folded paper and refer the interested reader to the various references
for more details about the actual constructions.

First we need to explain how a suitably creased strip of tape may be
folded by what we call the FAT-algorithm to produce a regular convex p-
gon. Figure 1(a) shows a strip of paper on which the dotted lines indicate
certain special crease lines. Assume that the crease lines at the vertices
labeled Vi, Vy, -+ which are on the top edge, form identical angles of = (m
radians= 180 * ) with the top edge with an identical angle of ¥ between the
two downward crease lines. Now, if you fold first on the longer crease line
coming from V; and then (twisting the paper in the same spiral direction)
on the shorter line coming from Vi you will see that the top edge of the
strip has rotated through an angle of 25. Repeating the process at the
points Va, Vs, Vi, will produce the portion of a regular polygon shown in

b The Euler totient function, ®, counts the number of positive numbers less than
a positive number b that are relatively prime to b. It is a well-known result of
number theory that if p is prime then ®&(p™) = (p — 1)p”~1. Furthermore, for all
mutually prime positive numbers k and £, ®(k-£) = ®(k)®(¢). Thus we can
calculate ®(m) for any positive integer m. Another, equivalent, definition of @ is

— _ 1 _1y...(1-X . isti i
®(n)y=n (l pl) (1 7 (1 pk) , where p1, p2, + -+, pr are the distinct prime
factors of n.
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Figure 1(b). When this process of folding and twisting, which we call the
FAT algorithm, is repeated p times the top edge will have rotated through
an angle of 27 and hencea regular p-gon will emerge.

FIGURE 1

Since the 7-gon is the polygon with the smallest number of sides for
which no Euclidean construction exists, we show a suitably folded strip of
paper in Figure 2(a) that can be used to construct it. This strip of paper
may be obtained by starting with an arbitrary fold line going downwards at
the left-hand side of the strip. We assume that this line makes an angle of
2./—,75 with the top edge of the tape and fold according to the following rules:
(1) Each new crease line goes in the forward (left to right) direction along

the strip of paper.

(2) Each new crease line bisects the angle between the last crease line and
the edge of the tape from which it emanates.

(3) The bisection of angles at any vertex continues until a crease line pro-
duces an angle of the form 9(5—’3 where @’ is an odd number; then the
folding stops at that vertex and recommences at the intersection point
of the last crease line with the other edge of the tape.

To prove that the smallest angle on the tape in Figure 2(a) does ap-
proach %, simply assume that the original angle indicated as measuring 7
on the top left-hand side is % + € (where € is any number). Then calculate
the measure of each new angle that appears on the tape between a fold line
and the edge of the tape. For example, if we were to call the successive new
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FIGURE 2

angles appearing next to the edge of the tape z1, 2, z3, - -+, then we see
immediately, from elementary geometry, that x; (the angle formed by the
first fold line sloping upwards and the bottom edge of the tape) satisfies
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the equation
T
7 +e+ 2z =m,

from which it follows that z; = 37" —£. Then the next angle formed between
a fold line and an edge of the tape (namely the second small angle along
the top of the tape) satisfies the equation

377r - % +4zy =7,
from which it follows that x2 = 7 4 57. From these two elementary
calculations it is clear that, every time the tape is folded UP once and
DOWN twice (we call the folded strip (2,1)-tape), the original angle will
get closer still to Z. This “error correction” method is an example of what
we call our optimistic strategy in action. In fact, in this setting, it is always
the case that if we assume we HAVE what we want (provided it is a rational
multiple of =), and fold according to the 3 rules given above, we always
GET what we want!). The proof of this, in general, is given in [2,3,6].

Figure 2(b) shows the FAT 7-gon produced by performing the FAT-
algorithm on consecutive vertices along the top of the folded tape shown in
Figure 2(a). But, as so often happens in mathematics, we get more than
we expected.  Figures 2(c), (d) show the regular {Z}- and {I}-gons
that are produced from this (2,1)-tape by executing the FAT-algorithm on
the crease lines that make angles of 2 and 3Z, respectively, with an
edge of the tape (we always orient the folded tape so that the angle we are
using, for the FAT algorithm, is along the top edge of the tape). In Figures
2(c), 2(d) the FAT-algorithm was executed on every other suitable vertex
along the edge of the tape so that, in (c), the resulting figure, or its flipped
version, could be woven together in a more symmetric way and, in (d), the
excess could be folded neatly around the points to obtain the figure on the
right.

What we have described for b = 7 will work for any odd number. When
b is an even number it is necessary to make secondary fold lines. The
reader will probably see just where these secondary fold lines should be
made in the tape of Figure 2(a) in order to produce tape from which it is
possible to construct a regular FAT 14-gon. Similarly, more secondary fold
lines may be made on this tape to produce the FAT 28-gon, 56-gon, and, in
general, the 2"7-gon, n > 1. Detailed instructions for doing this, and for
constructing all star polygons, may be found, for example, in Section 4.5 of

[2]. Thus we need only concern ourselves with finding folding procedures
for odd numbers b.
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We notice, from our example, that the folded tape produced some regu-
lar star polygons as well. We will call these regular star polygons {2 }-gons®,
where a > 2; and we observe that it makes sense to require that a < g,
since to take larger values of a would just result in star polygons where the
top edge visits vertices in the opposite order around the bounding b-gon —
and each of those star polygons is identical to one already produced. For
example, a {{ }-gon is the same as a { I }-gon.

Encouraged by the observation that having an angle of 371 on the tape
at equally spaced intervals allows us to construct a regular star {Z}-gon,
we ambitiously try to construct, by similar means, a regular star {4 }-gon.
Once again we can obtain the instructions by using our optimistic strategy,
which means that we assume that we can fold the desired angle of 31% at
Ay in Figure 3(a), and we adhere to the same three folding principles that
we used in constructing the regular 7-gon.

i
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AR
\\“'ﬁ'
\
N
.
N
\\
e
(@)
i
Ap Ay A, Ag
2 3 -
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i v T “TY",-' vy ‘TTW‘\W T £ N ¢
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FIGURE 3

Once again the optimistic strategy works; and, using the three rules

¢ One may think of the g—}-gon as a polygon where the top edge of the tape visits

every ath vertex of the bounding b-gon. For example we see in Figure 3(c) that for the
{%}-gon the top edge visits every 2nd vertex of the bounding 7-gon.
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above, we get the tape whose angles converge to those shown in Figure
3(b). We could denote this folding procedure by D*USD'U*D*U?, inter-
preted in the obvious way on the tape — that is, the first exponent “1”
refers to the one bisection (producing a crease in a downward direction) at
the vertices Agn (for n =1, 2, ---) on the top of the tape; similarly the
“3” refers to the 3 bisections at the bottom of the tape (producing creases
in an upward direction) made at the vertices Aeny1; etc. However, since
the folding is duplicated halfway through, we can abbreviate the notation
for the folding procedure and write simply (1,3,1), with the understand-
ing that we alternately fold from the top and the bottom of the tape as
described, with the number of bisections at each vertex running, in order,
through the values 1,3,1,---.

The convergence can be shown using an error-correction type of proof
similar to that described earlier for the tape that produced the 7-gon. The
reader should have no difficulty in supplying the details.

FIGURE 4

Now consider the tape in Figure 3(b). If the FAT-algorithm is performed
on consecutive parallel creases of the same length, some {%}—gon will result.
If, for example, we use the crease lines Ag, Agni1, 0 < n < 10, (all of which
make an angle of %w with the top edge of the tape) we can get the {%}—
gon shown in Figure 4(a). Likewise, if we perform the FAT-algorithm on
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the shortest crease lines emanating downward from Agnta (0 n < 10), we
can get the {l}-gon shown in Figure 4(b).

In fact, it is possible to fold, from this tape, ALL of the possible regular
star 11-gons;! namely, the {i}-, {il}., {5} {&}- and {&}-gon.
Notice that there are fold lines of five different lengths on this tape.

Now, in preparation for the number theory, and to enable us to system-
atically determine the folding procedure for any given a and b, let us look
at the patterns in the arithmetic of the computations for this last example
where a=3 and b=11. Referring to Figure 3(b) we observe that

the smallest angle to  is of the form and the number of bisections

the right of A, where a7 at the next vertex
n=>0 a=3 =3
n=1 a=1 =1
n=2 a=2>5 =1
n=23 a=3 =3
n=4 a=1 =1
n=2=5 a=>5 =1

We could write this as a shorthand symbol in the following way:

(a1 =)3 (a2 =)l (az=)5

b= ] ; 1)

Notice that (1) only has three entries in the top and bottom row (instead
of the six you might have expected from the layout above it); this is because
we stop when the next a;4; will be the same as the initial number a; in
the top row. We then say that the symbol (1) is contracted.

Observe that if we had started with the assumption that our original

ki

angle was {7 (say, at vertex Aj4), we would have gotten identically the
same folded tape, but then the symbol would have taken the form

(a1 =)1 (a2 =)5 (az=)3

b=y 1 3

In fact, it should be clear that we can start anywhere (with a; =1, 3,
or 5), and the resulting symbol (1’), analogous to (1), will be obtained by
cyclic permutation of the matrix component of the symbol, placing our
choice of a; in the first position along the top row.

d We will consider the regular 11-gon to be a special regular star polygon denoted, more
elaborately, as a {%}-gon.



166

If we followed this procedure in an effort to construct a {3—93}-gon we
would obtain the symbol

a1 =)9 (a2 =)3 (az=)15

_)33(¢
(b=)33["" ) 1

Notice that this gives precisely the same folding procedure as that for
an {13—1}-g0n in the symbol shown in (1). This means that if you fold the
(3,1,1)-tape and perform the FAT-algorithm on the tape on the crease lines
making an angle of %— with the top of the tape you willobtain an {13—1}-
gon; because, of course 3’93 = 531 This is, as we like to say, the most difficult
method known to man for reducing fractions! We will avoid this difficulty
by requiring that a; and b are mutually prime. We may specify this
by restricting a; so that ged(a1,b) =1 and we will then call our symbol
reduced.

In general, if we wish to fold a {%}-gon, with b,a odd and mutually

prime, a< %, then we may construct a symbol as follows. We write

a1 as e Oy
b
ki ke ok (2)
where b, a; areodd, a; < %, ged(ay,b) = 1 (reduced) and
b—a; = QkiaH_l, i=1,2,---, 7, ary1 = a1(contracted) 3)

In fact, (3) implies that if ged(ai,b) = 1, then ged(a;,b) = 1 for
i=1,2,---,71.

Example 1.1. Suppose we wish to construct all possible star 31-gons. We
start by finding instructions for folding a convex 31-gon; thus b = 31,
a1 =1 and we construct the symbol

(b=)31

(al =)1 15
1 4

which tells us that by using the (1,4)-folding procedure we can produce
tape that can be used to construct a FAT 31-gon. In fact, we get more;
the (1,4) tape can be used to construct FAT

() ) G 3 (3o



167

But this folding doesn’t produce a {4} }-gon. To obtain the {2!}-gon
we start with b=31, a=3 obtaining the symbol

(b =)31

(a1 =)3 7
2 3’
which tells us that by using the (2, 3)-folding procedure, we produce (2, 3)-

tape from which we can fold the FAT {3l }-gon. Again, we get more than
we initially sought, the (2,3)-tape can be used to construct FAT

(5 ) (B (2] m ()

However, we still don’t have a procedure for folding a {%l }-gon. So, in
order to get the {2 }-gon, we construct a 2-symbol with b= 31, a; =5
obtaining

(b=)31"" 1 1 2

(@a=)5 13 9 11'

which tells us that, by using the (1,1, 1,2)-folding procedure, we produce
tape from which we can fold the FAT {%l}-gon. Once again, we get
bonuses. In fact, the (1,1,1,2)-tape can be used to construct FAT

{3_51}‘ {%}_ {%}‘ {3’91}— and {%}—gons.

We can combine all the possible symbols for & = 31 into one complete
symbol, which we will write ¥(31), calling each part a coach, with the
number of coaches being denoted by ¢. The complete symbol 3(31) then
takes the form

5 13 9 11

31 111 2

1 42 3 “

What do you notice about the value of the bottom row sum in each
coach of (4)? Tt is the same, namely, 5. Notice, too, that the parity in the
number of entries is the same in each coach (namely, in this case, even).
Is this an accident? The interested reader should try writing out a few
complete X(b) symbols for odd numbers b of your choice and looking for
patterns among the numbers involved. Our first theorem applies to any
coach of a complete X(b) symbol.

1 15)3 7
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Theorem 1.1 (The Quasi-Order Theorem). Suppose that a,b are
odd, with a=a; < %, and the symbol

a1 a9 PPN ar
5
ey ke oo Ky (5)

is obtained using the calculation
b—a; = 2%a; 1 (with k; mazimal). (6)

Let 3°0_, ki = k, and assume that (5) is not only contracted (Gry1 =
ay), but also reduced (ged(as,b) = 1). Then the quasi-order of 2 mod b is
k. That is, k is the smallest positive integer such that

2 =41 mod b.

In fact, 2% = (=1)" mod b. (This means that b exactly divides 25 —
(—1)", which may be written as b|2% — (=1)".)

The proof of Theorem 1.1 may be found in (3].

Notice that the symbol (1) may now easily be obtained by using (6),
where b = 11, a; = 3. As a result we see that r = 3, and k = 5 and the
quasi-order theorem then tells us that 11|2°—(—1) or 11|32 + 1 = 33, and
that 5 is the smallest positive exponent m such that 11|2™+1. Again, the
quasi-order theorem would tell us, for any coach of the symbol (4), where
b=31,k=5,and r = 2 or 4, that 31 exactly divides 2° — 1 (which can
hardly be considered a surprise!)

The example of £(31) also gives us a glimpse of what is to come. Notice
that ®(31)= 30, where & is the Euler totient function, ¢ =3, and k = 5, so
that, in this case ®(b)= 2ck. Here are a couple of other complete symbols
for you to examine to see whether the relationships you have observed are
just happy accidents, or whether you believe that they must always happen.
(Of course, you may construct some for yourself as well, just to make sure

we haven’t chosen the only ones for which the relation ®(b)= 2ck holds.)
Thus

$(43) : 4311 21 11[3 5 19‘7 9 17 13 15‘,

1 1 5813 1 3121 1 1 2
D(43) =42, k="7,¢c=3.

3(51): 51

(51) 5|1 1 1 511 2 2 3

®(51) =32, k=8, c=2.

1 25 13 19[5 23 7 11'
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o |13 31 177 2 911 27 19 23 21
E(65) : 65|61 1 4‘12 311112 |

$(65) = 48, k=6, c=4.

Now we enunciate our theorem about £(6). Let b > 1 be an odd number,
and let $(6) be the Euler totient function of b. Let us fom £, the
complete symbol of b; and let ¢ be the number of coachesin £ (b). Finaly
let k bethe quasi-order of 2 mod b. Then we have

Theorem 1.2 (The Coach Theorem). *(6) = 2&.

The proof of this theorem appears in [10]. We omit the proof, because it
may be obtained, with mild variations, by lettingt = 2 in the next section.

A particularly interesting example occurs when b = 641. If we construct
the first coach of £(641) we obtain

a1l 5 159 241 25 77 141 125
72 1 4 3 2 2 2 af

We see that k = 32, and, since $(641)= 640, we can infer, from the Coach
Theorem, that the number of coaches will be 10. However, an even more
striking fact in this example is that the Quasi-Order Theorem tells us that
snce k=32and r =9 2* = (—I)° mod 641, or, equivaently that
641]2* + 1. Thus we have proved that the Fermat number F° = 2% 4-1
is not prime!  We would like to think that Fermat and Euler would have
been interested in this argument.

Having come this far it is natural to ask if Theorems 11 and 12 can be
generalized. The answer is "yes' and we cany out the details in Sections
2and 3.

2. The Generalized Quasi-order Theorem

We should point out that when we generalize the Quasi-order Theorem we
are leaving the realm of paper-folding and entering that of pure number
theory. But, of course, we are hoping that some of the things that were true
in our origina theorem will hold in general. We now think of our origina
case as having base 2, because we were hisecting the angles and it was the
power of 2 that we were aways factoring out of the difference b—ai to get
the next entry in our symbol. We now wish to get analogous results in a
general base t.

So, how should we generdize the Quasi-Order Theorem? It is interest-
ing, and not altogether surprising, that our main difficulty in generalizing
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this theorem to a general base t lies not in proving the generalization but
in stating it. For generalization is an art, not an algorithmic procedure,
so judicious choices must be made in formulating the generalization. It
is particularly striking that the appropriate generalization of the relation
a=a < -% is not, as we originally thought, a = a1 < %,but rather the
original a = a1 < % ! We are now ready to formalize the appropriate gen-
eralization.

Theorem 2.1 (The General Quasi-Order Theorem). Suppose b, a
are mutually prime, with b prime to the base t, wheret{a, and a1 = a < -g—
Then construct the contracted (ar+1 = a1), reduced (ged(a;,b) = 1), t-
symbol

al az .. ar
ko .. k
b kl 2 r (7)
61 62 PR e'f'
Q q2 - 4r
where
gib+ (=1)%a; = tha;pr, 1=1,2,- 7 (@1 = a1). (8)

Moreover, when €; = 0, we use g;b+a,1 < ¢; < £—1, and when ¢; = 1,
we use gb—a, 1< ¢; < &, choosing the smallest q; such that g;b+(—1)%a;
has t as a factor. Then the quasi-order of tmod b is k=>_k;. Indeed

tkF = (=1)% mod b,
where E =3 ¢;.

The proof of Theorem 2.1 appears in [3] where the bottom row of the
symbol, involving the g;, doesn’t appear because it isn’t essential to the
proof. We include the bottom row here because we have discovered that it
plays a role when one is “looking for patterns” among the coaches of the
complete symbol. This brings up the question: Does The Coach Theorem
hold for any base ¢? Before we try to answer this, let us look at some

examples of ¥,(b), where ;(b) is the complete symbol of b for the base
t.

Example 2.1. Construct £4(17) and state what it means in terms of the
quasi-order of 4 mod 17.

Solution: For each coach we use the equation (beginning with the smallest
available a;)

Gib+ (=1)%a; = 4" - aipq
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where ¢; =1, or 2, ¢; =0, or 1. A routine approach would be to calculate
b—a;, b+ a;,and 2b— a; in that order, stopping at the first one that yields
at least one factor of 4. Proceeding in this way, and only recording the
successive calculations we obtain, for each coach, the calculations below,
that are then recorded in the symbol (9).

First coach: 17—1=4%.1
Second coach: 2-17—2=42.2
Third coach: 17+3=4-5

17—-5=4.3
Fourth coach: 2-17—6=4-.7
17+7=4-6
so that
112135167
2|2111 |11
E = = =
1(17) 17110110,k 2,c=4 (9)
1j2]111421

From any coach in (9) we see that the quasi-order of 4mod 17 is 2. In
fact,

4% = (-1)! mod 17.

Furthermore, ®(17) = 16 = 2-2-4, where ® is the Euler totient function, so
the Coach Theorem holds.

Example 2.2. Construct 5(67) and state what it means in terms of the
quasi-order of 5 mod 67.

Solution: For each coach we use the equation (beginning with the smallest
available a;) ¢;b+ (—1)%a; = 5% . a;41, where ¢; =lor2, ¢ =0or 1.
This time we calculate b — a;, b + a;, 2b — a;, and 2b + a; in that order,
stopping at the first one that yields at least one factor of 5. The calculations
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for the first coach are

2.67+1=5'.27

67—27=5'-8
67+8=25%-3
67+3=514

2.67—14=5"-24

2.67—24=>5'.22
67—-22=5'-9
2.67-9="5%1

And we can then write down the first coach:

1 27 8 3 14 24 22 9
11 21 1 1 1 3
67 01 00 1 1 11
2 1 11 2 2 1 2

5
In a similar way we obtain, for the second and third coaches (always begin-
ning the coach with the smallest a; available):

2131662819231817|4 26 32 7 12 11 29 21 31 33
67 112111112y1 1 1t 1 1 1 1 1 1 2
1000010011 0 1 1 1t 0 1 0 0 O

11221211122111222215

k=11,c = 3, and E is always an odd number so that (—1)% = —1.
These three coaches comprise L5(67) (but there isn’t space to write the
complete symbol across the page herel!).

From any coach of ¥5(67) we see that the quasi-order of 5 mod 67 is
11 and, in fact,

5! = ~1 mod 67.
Once again The Coach Theorem seems to hold; that is, ®(67)= 66 = 2-11-3.

3. The Generalized Coach Theorem
In this section we enunciate and prove the main theorem of this paper.

Theorem 3.1 (The Generalized Coach Theorem). ®(b) = 2ck,

where ® is the Euler totient function , k and ¢ are as given in Section
2.
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Proof. Let Zj be the multiplicative group of residues mod b prime to
b, so that order (Z;) = ®(b); and let 7' be the subgroup of Zy; generated
by —1 and 2. We first observe that, with ¢ = 2, where t is the base,

T={(-1)"2' modb; 0<i<1, 0<j<k—1}, (10)

with k being the quasi-order of 2 mod b. We now modify (10) to accom-
modate the replacement of base 2 by a general base t; we will then write T
in place of T', so that T = T5. Thus we start by modifying (10) to handle
the case of base t. Then (10) is replaced by

T:={(-1)% mod b; 0<i<1, 0<j<k-1},

where b is prime to ¢, k is the quasi-order of ¢t mod b, t* = +1 mod b. Note
that, independently of the choice of ¢,

[T = 2k,

Thus a coach is a t-symbol analogous to the 2-symbol defined on p. 126 of
[2]. We will construct the modified ¢-symbol analogous to that introduced
on p. 131 of [2], and show how the generalized y-symbol is related to the
generalized @-symbol. In fact, we will obtain a modified symbol from a
given element of Zj/Ty; but it is then an automatic step — which we will
describe — to obtain the symbol itself, that is, the coach.

The argument now proceeds in a way similar to the case t = 2, as
described in [10]. First we show that each element of Zj/T; is represented
by a number a which is (i) # 0 mod ¢, (ii) prime to b, and (iii) less
than % We claim that it is obvious from the structure of T; that we may
represent an element of Z;/T; by a number a’ whichis (i) #0 mod ¢,
(ii) prime to b, and (iii)’ less than b. The argument at this point very
closely resembles that given in the case ¢ = 2 in [10].

Thus let o’ be such a number. If @’ < £, there is nothing further to do.
But if o’ > %, then, for some g;, €;,and t, gf’T__%?‘fi < % and represents
the same element ¢ of Z;/T;. However, b—a’ is a multiple of ¢, so we
may set b— a’ = tfa, with a # 0 mod ¢, and £ > 1. Again a represents
the same element of Z}/T; as a’, and a satisfies conditions (i), (ii), (iii).

‘We now apply the generalized reverse algorithm ¢ (that is, the reverse
of ), given by

gib— triaiy

“(—1= =a (11)
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Thus, writing a; for a, we obtain a sequence of numbers # 0 mod ¢

ay, G2, ***y Qr, Gr41, (12)

all satisfying conditions (i), (ii), (iii), where

ar41 = aj. (13)

Explicitly, the passage from a; to as is achieved by repeatedly multiplying
: : ¢ b . q1b—t"tay,

a1 by t until we achieve t“1a; > 3, with £; > 1 and then set as = s YL
and we continue to generate the entire sequence ai, ag, « + -, ar. Plainly
a1, ag, - - -, ar all represent the same element of Z}/T;. Now let us insert
the multiples of ¢, tai, t2aq, - - -, tfa; between a; and as, and proceed
similarly between as and a3, - -, a,_1 and ar, ar and a;. The result

is now precisely the effect of the generalized ¢-algorithm on the modified
symbol. The generalized p-algorithm is, of course, inverse to the generalized
1p-algorithm used in the construction of the symbol. Let us now pause to
sum up the steps so far. Starting with a; satisfying (i), (ii), and (iii), and
representing a given element £ of Zj;/T;, we then apply the generalized
(reverse) (-algorithm (11) to @ = @1, and iterate the applications,
obtaining (12), namely,

ai, @2, ***y Qry Qry41,
all satisfying conditions (i), (ii), (iii) and with ar+1 = a1. Thus, starting
with a; satisfying conditions (i), (ii), (iii) and representing a given element
€ of Z; /T, we apply to a; the reverse -algorithm, that is, we construct
the sequence

£
al’ta17 o '7 t 1a1,

such that ¢; is minimal for the property t‘ta; > %, (so that £; > 1) and
set

b —tay
g = —r—
~De
We begin again with ay and again apply the generalized ¢-algorithm to
obtain a3. We continue in this way until we reach - - -, a,, ar41, with

ar+1 = ay. This must occur eventually since ¢ is a permutation, indeed,
the permutation inverse to the ¢-algorithm (see p. 116 of [3]), which was
used to construct the symbol in the first place.

Indeed, it is easy to see how the symbol may be derived from the element
of Zj/T; represented by the number a; satisfying conditions (i), (i), (iii).
We write down the sequence arising from the process of multiplying by t,
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together with (13), to pass from a; to ag, and then proceed as described
above, obtaining

£ 'z
ay, tal, T t 10‘1) az, t(l2, Tt Y t 2a27 ag, a'r‘7tara Y terar, ai (14)

It is then not difficult to see that we obtain from (14) a coach as follows.

We write down the terms # 0 mod ¢ in (14) as the modified top line of
the modified coach, thus

ai, az, - -+ Qr, 01, (15)

and the modified second line of the coach simply lists the number of t-
multiples between successive entries (15) in the sequence (14). Thus the
second line is

ela £2a Y E'I‘- (16)

The result is a modified symbol, from which the true symbol (or coach) is
obtained by omitting the repeated a; from the start of (15) and then
writing each of (15), (16) backwards.

We demonstrate the procedure with the particular, but not special, case
t = 5, using the first coach of X5(67). The reverse symbol, incorporating
the facts of (8), using (15), may be written as

1 9 22 24 14 3 8 27 1
31 1 1 1 2 1 1
1+ 1 1 0 0 1 O
21 2 2 111 2

67 (17)

5
Thus if we start with the element of Z},/Ts represented by the number
1, the sequence (14) isgiven by the following two lines (to read as a single
sequence)

3 1 . — 1_ . _ 1.
2f(7_15) 1 1_{5(7_5 9 257(_51) 22 26_7(_51) 24
! ! ! !

5, 25, 125, 9, 45, 22, 110, 24, 120, 14,
1.67—5%.14 1.67—5%.3 1.67—5'-8 2.67-5'.27
e —Cp e

! ! l
70, 3, 15, 75, 8 40, 27, 1

From this sequence we can construct the modified symbol (17). Then,
by writing (17) in reverse, and omitting the repeated “1” we can re-



176

cover the first coach of X5(67). Of course, each of the numbers
1,27, 8, 3, 14, 24, 22, 9 represents the same element § of L7 [ Ts.

It is now plain that, in general, the process thus far described sets up
a one-one correspondence between the set of coaches and the elements of
Z; | T;.

We are now in a position to complete the proof of Theorem 3.1. We
simply have to count the elements in Zj/T;. But, of course,

(Zg| = 2(b)
and
|T3| = 2k,
as follows easily from (10). Thus

¢ =Z;| /1Tl = 2(b) /2,
so that
(b) = 2ck. (18)

4. Some corollaries

Of course, Theorem 3.1 implies that @®(b) is even. However, the standard
algorithm for calculating ®(b) shows that ®(b) is even if b has an odd
prime factor, but in general all we have assumed is that b is relatively
prime to the base ¢t and b > 1. However, it is striking that

k %(I)(b). (19)

This follows easily if b is prime, but is not so obvious if b is composite.
However, (19) is a trivial consequence of (18).

Let us say that & has a cyclic coach in base t if ¢ = 1; that is, if we can
obtain only one coach from b. We then have

Theorem 4.1. b has a cyclic coach in base t if, and only if, ®(b) = 2k,
where k is the quasi-order of t mod b.

An example is given by X3(21). In this case b= 21, and ®(21) = 12,
k = 6. Other examples are

e 33(70), where ®(70) = 24 and k = 12;

o ¥4(27), where ®(27)=18 and k = 9;
e ¥10(43), where ®(43) = 42 and k = 21.
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5. Some open questions

We leave the reader with some open questions.

(1) How can you tell if a complete symbol ¥;(b) will have only one coach?
How can you predict how many coaches a symbol will have?

(2) How can you tell what the value of r will be for a given coach? Is it
the case that the smallest r always occurs in the first coach (where
a) = 1)?

(3) Given b, how are the values of r for different coaches in the complete
symbol related? Can you tell in which coach the largest r will occur?

(4) Given b, can you tell which collection of numbers will come together as
the top row of a coach?

(5) For a fixed k, can the sequence of numbers ki, k2, - - -k, appear in the
bottom row of two distinct coaches? (The answer is no: see pages 135-6
of [2]) Are there simple a priori necessary and/or sufficient conditions,
beyond " k; = k, that can tell you whether such a sequence is a
bottom row of a coach, short of running the entire computation?

(6) Given the last 3 rows of a generalized ¥; symbol, can you determine
the values of b and a;?
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7. Note on references

References [1] through [9] have illustrations showing how we were able to
produce respectable polygons, both convex and star by paper-folding. Ref-
erences [3,8,9] show how to construct Platonic solids that are braided from
the straight strips of folded paper, and how to construct other polyhedra
including non-convex ones that collapse in interesting ways. Reference [10]
concerns complete symbols, and the related theorems, in the case ¢ = 2.
Reference [11] uses our techniques in a variety of other geometrical con-
structions involving circles and angle dissections.
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This is a survey to apply theory from noncommutative graded algebras to
questions about the holonomy algebra and the Orlik-Solomon algebra of a hy-
perplane arrangement. We first recall the main properties of Koszul algebras
and hyperplane arrangements. Then, we focus our interest on the class of hy-
persolvable arrangements which includes both the fiber-type and the generic
arrangements. For these hypersolvable arrangements, the holonomy algebra is
Koszul and koszulness of the Orlik-Solomon algebra characterizes the subclass
of fiber-type’s.

1. Koszul Duality and Koszul Algebras (overall)

Let k be an arbitrary field and let V be an n-dimensional k-vector space

(V = k™) and let T(V) = @,,50 T be the k-tensor algebra over V where

To k, Ty =2 V. Then T(V) 2 k < z1,...,%T, >, the free associative

k-algebra. Let A be a k-graded algebra, A = ZA,,. Assume that A is
p20

connected, i.e. Ag = k and is generated by A;. A is “naturally” represented

as the factor of the tensor algebra T'(A;) by a homogeneous ideal I = Z I,
p=2

R 1R

A= T(A)/]

Definition 1.1. A is said to be quadratic if I is generated by I» C
A1 @ A

Therefore, a quadratic algebra A is determined by a vector space of
generators V=A; and a subspace of quadratic relations I C V @ V. Such
a quadratic algebra is denoted as A = {V;I}.

179



180

Definition 1.2. Let A = {V;I} be a quadratic algebra. The quadratic
dual or Koszul dual algebra of A is defined by A' = {V*; I}, where V*
is the dual of V, I+ C V*@® V™ is the orthogonal complement to I with
respect to the natural pairing: (v ® v/,v* @ v"*) = (v,v*){(v',v"™) between
VRV and V*Q V™.

Remark 1.1. (4')' = A.

Example 1.1.
A= Kklzi,...,2,] (commutative polynomial algebra)
= klr1,...,Tp)/{ziz; — xjz;) for i < J.
Then A = S,, which is the symmetric algebra. A is a quadratic algebra.

A= By, ua)/ Gk viys — yivs) (for i <)
= /\(yl, ...,yn) (exterior algebra).

Definition 1.3. Let A be a quadratric algebra,and 4k be the trivial graded
left A-module A/A* where A% is the augmentation ideal EBA,,. A is said

p>0
to be Koszul if 4k admits a free graded resolution:

--—)Pi—+Pi_1——>---—>P1——)PO—aAk—ao,
where P! is generated by its components of degree 1.

Let denote the following objects:

E(A) := Ext} (4k,a k) the graded cohomology algebra of the trivial graded
A-module 4k.
The Hilbert series H(A,t) := »  dim(An)t".
n>0
The Koszul complex of A:

..—)K,L'%Ki_l—)---—)Kl—)Ko—éAk——)O,

where K; free A-modules, K; = Homy (A}, A) and d; is defined as d; fla) =
Zf(mia)ei, a € Ai_l, (%1,...,T,) is the basis of A}, dual basis of the

k=1
basis (e1,...,e,) of Ay.

Theorem 1.1. Let A be a quadratic algebra. Then the following assertions
are equivalent:

(1) A is Koszul;
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(2) A' is Koszul;

(3) E(A) = AY;

(4) The Koszul complex of A is acyclic;

(5) H(A,t).H(E(A),—t) = 1.

Corollary 1.1. A is Koszul iff H(A,t).H(A',~t)=1.

Example 1.2. A = k[z,,...,z,] is Koszul and H(A,t) = KI—IW’
A'= N(y1,...,ys) is Koszul and H(A',t) = (1 +t)™.

2. Hyperplane Arrangements

We refer the reader to [6] as a general reference on arrangements.

Let A be an arrangement of hyperplanes over C i.e. A = {Hy,...,Hy},

where H; are linear hyperplanes of C'. Define the complement M(A) =
n

C - U H; and L(A) the geometric lattice intersection of hyperplanes with
i=1
reverse order

X<YHYCX.

Notice that rk(X) = codim(X).
Orlik-Solomon algebra (combinatorially defined)

1A = Nler,...,en)/T = H*(M(A);k),

where J ideal generated by the relations of the form:

8

Z(—l)i_leil . gij .6y

j=1

forall 1 <i; <...< i, <nsuch that rk(H;, N---NHy,) < s.
A%(A) is not necessary quadratic.
Poincaré polynomial

P(At) =) dimAL(A)t'

— Z M(X) (_t)codim(X)
XeL(A)
= P(Ai(A),1)

Quadratic Orlik-Solomon algebra

AL (A) = /\(el,...,en)/7
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where 7 ideal generated by:
ee; —ejex +eje, 1 <i<j<k<n,
and
tk(H;NH; N Hy) =2.

A7 (A) only depends on La(A), the elements of codimension 2 of L(A).
Quadratic Poincaré polynomial

P(A,t) := P(AE(A), 1)

Example 2.1. Braid arrangements in C.

Ay ={H;; |1 <i<j<I}, where Hj; = ker(z; — z;).

Notice that the fundamental group of the complement is isomorphic to
the Pure braid group P,.

Moreover, A} (A;) = Af(A;), the Orlik-Solomon algebra of a braid ar-
rangement is quadratic.

Remark 2.1. There is a linear fibration given by forgetting the last coor-
dinates:

C — {(l — 1) points} — M(A;) — M(A;_;)
where M(A;) is the complement of the braid arrangement in C!.

Cl N Cl-—l

u U

M(A) — M(A_1)

Remark 2.2. The Coxeter arrangements D, [ > 4 in C'! are defined by
{(zi —z5),(zi +25), 1 <4 < j < n}. Then Af(Dy) # AL(Dy), and the
Orlik-Solomon algebra is not quadratic.

As a “natural” generalization of braid arrangements, we define the
fiber-type arrangements.

Definition 2.1 (Falk,Randell). [1] A= {0} is a fiber-type arrangement
in C. The arrangement A in C' is fiber-type if it is strictly linearly fibered
with base M(B) the complement of the fiber-type arrangement B in C-1.



183

Then A is a fiber-type arrangement iff there is a composition series
A C...CACAL1C...CA=A
where tkA; =1 and (A;41,.4;) defines a linear fibration
C — {|Aiy1 — Ai| points} — M (A1) — M(A;).
A is fiber-type iff the lattice L(A) is supersolvable.
Proposition 2.1. Let A be a fiber-type arrangement. Then
A3 (A) = AZ(A).

2.1. Holonomy Lie Algebra
Let Liby(A) be the k-graded free Lie algebra over {z1,...,2,}.

Definition 2.2 (Kohno). [{/ The holonomy Lie algebra of A is denoted
Gr(A) :
Gi(A) := Libg(A)/N,
where N ideal generated by [mik,Z;zl zi,) fork=1,--+,51<i; <+ <
8
is < n such that vk ﬂ H;; = 2 and it is mazrimal with this property.
j=1
Remark 2.3. Let H,(M(A)) be the homology coalgebra with coefficients
in k and comultiplication dual to the cup product,

Gr(A) 2 Liby (H1 (M (A)) /ker (Hg(M(A)) — AZH; (M(A))) :

Definition 2.3. The holonomy algebra of A denoted U (.A) is the uni-
versal enveloping algebra of Gi(A).

A holonomy algebra is a quadratic algebra.
Lemma 2.1.  Ug(A) = (A5(A))".

In the following, we will study a “large” class of arrangements for which
Ui (A) is Koszul. However, let us give an example showing that this result
is not always true.

Example 2.2. Let A be the arrangement defined by the linear forms z, y, z,
4 y,z+ 2,y + 2z Then P(At) = 1+ 6t + 12¢2 + 7t3 and P(A,t) =
1+ 6t 4 12t% + 8t3 +-t1. The holonomy algebra Uy (.A) is not Koszul because
(1 — 6t + 12t — 8t° + t4)~! has some negative coefficients (eg #'2).
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Remark 2.4. Let (I‘nm (M (A))) o1 be the Lower Central Series of the
nz
fundamental group, defined as follows:

(1) Tami (M(A)) =1 (M(A)),
(2) Tpyimi(M(A)) = [71(M(A)),Tami (M(A))],

gt (m1 (M(4))) = Pt (m (M),

i>1
where grk. (7r1 (M(A))) =Ti1m (M(A)) /Timy (M (A)) -
Then as graded Lie algebras
G (A) = griv(m (X)) Q) Q.

2.2. Hypersolvable Arrangements

This is a “large” class of arrangements containing both, the fiber-type ones
(whose the complement is a K[, 1]-space), and the generic ones (whose the
complement is never a K|, 1]-space).

Let B be a subarrangement of A, denote B = A — B. In the following
definition, we denote rk(a, ) as rk(Hq N Hg), where H, = kera and Hp =
kerg.

Definition 2.4. [2] (A, B) is said to be a solvable extension if

(1) For any H,, Hz € B and any H, € B, then rk(e, 8,a) = 3.
(2) Given Hy, Hy € B, a # b, there exists H,, € B such that tk(a,b,7v) = 2.
Denote v = f(a,b).
(3) Given distinct elements H,, Hy, H. € B, then
rk(f(a,b), f(b,c), f(c,a)) = 2.

Then we can distinguish 2 cases:
(1) There is a fibration:
C — {| A — B| points} — M(A) — M(B)

called the fibered case.
(2) kB = rkA, called the singular case.

In case 2, there exists a deformation such that we eliminate singular
case in order to get a fibration as in case 1.
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Definition 2.5. [2,3] A is said to be hypersolvable if there is a compo-
sition series

A C ...C.AiC.Ai.H - ...C.AI(A) =A
with rk(A4;) =1 and (A;41,4;) is a solvable extension.

Then, after “enough” deformations, we can eliminate all the fibered cases
and we get A which is a fiber-type arrangement with the same lattice up
to rank 2. :

Remark that both fiber-type and generic arrangements are hypersolv-
able. The arrangement defined (in the Example 2.2) by the defining equa-
tion:

zyz(z + y)(z + 2)(y + 2z) = 0 is not hypersolvable.

The arrangement defined by the following equation:

(z+y)(x —y)(z+ 2y)(z + y)(z — y)(z — 2y)z = 0 is hypersolvable but
neither fiber-type nor generic.

The Orlik-Solomon algebra of a hypersolvable arrangement is not nec-
essary quadratic.

Theorem 2.1 (Jambu, Papadima). [2] Let A be a hypersolvable ar-
rangement; then A% (A) is Koszul, for any field k; therefore Uy (A) is Koszul.

Corollary 2.1 (Jambu, Papadima). [2] Let A be a fiber-type arrange-
ment; then A;(A) is Koszul.

Sketch of the (algebraic) proof of the theorem:
(1) H*(\/ S': k) 2 T(V) is Koszul where V = k™.
(2) Suppmose (A, B) solvable, then as Aj(B)-modules
AL(A) 2 AL(B) @ H*(\/ S%iE).
IB]

(3) Recall that a graded subalgebra B* of A* is normal if AB* = Bt A.
Then there is a canonical graded algebra projection 7 : A — F =
A/AB*T (B— A— F).

(4) Lemma : Suppose B normal subalgebra of A such that A is free as a
right B-module and all algebras are quadratic. If B and F are Koszul,
then A is Koszul. L

(5) Let point out that A}(B) is normal in Aj(A) which is a free right
A (B)-module, the quotient F' = H *(\/ S': k) is Koszul. Then Aj(A)

B
is Koszul if A%(B) is Koszul.
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Another proof is given using Shelton and Yusvinsky’s result (8] saying that
the Orlik-Solomon algebra of a fiber-type arrangement is Kos~zu1 altogether
with the deformations from A to a fiber-type arrangement A.

Theorem 2.2 (Jambu, Papadima). [2/(Generalized LCS Formula) Let
A be a hypersolvable arrangement; then for any field k:
o0 .
P(A,—t) = [ (1 - #)dimGeA).

=1

Proof. Recall that for all arrangements Uy (A) = (Z,f(A))'
Compute the inverse of the Hilbert series of Uy (A) by the well-known
Poincaré-Birkhoff-Witt theorem:

H(Us(A),t)" = ﬁ(1 — tt)dimGi(A4),
A7 (A) is Koszul, then H(AL(A), t).H((AL(A))', —t) = +1. m|

Corollary 2.2. (LCS Formula) Let A be a fiber-type arrangement. Then

P(A,—t) =[] (1 - ¢)dimGi (),

i=1

Remark 2.5. Kohno obtained this result for braid arrangements.

Theorem 2.3 (Jambu, Papadima). [2/ Let A be a hypersolvable ar-
rangement. Then

G5(A) = gri (m (M(4))
as graded Lie algebras.

The main point of the proof is to show that G3(A) is torsion-free as a
graded abelian group.

Definition 2.6. A is said to be a rational K[r, 1]-arrangement if the Q-
completion of M (A), denoted Qoo (M(.A)), is aspheric.

Equivalently, A is rational K[r,1] iff the 1-minimal model M of M(A)
satisfies f*: H*(M) — H*(M(A), Q) is an isomorphism.

Theorem 2.4 (Papadima, Yuzvinsky). [7] A is rational Kr, 1] iff
H*(M(A);Q), (= AQ(A)) is a Koszul algebra and the LCS formula holds.
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Theorem 2.5 (Jambu, Papadima). /2] Let A be a hypersolvable ar-
rangement. Then the following assertions are equivalent:

(1) A is fiber-type.
(2) Qoo (M(A)) is aspheric. (ie AQ(A) is Koszul)
(8) The LCS formula holds.

Let us remark that if A is hypersolvable, then A*(A) is quadratic iff A
is fiber-type. Therefore for the hypersolvable arrangements, quadraticity of
AG(A) is equivalent to being fiber-type so is equivalent to being rational
Kim, 1].

Question : Is quadraticity of Ag(.4) sufficient for M(A) being rational
K{m,1]?

Example 2.3. A in C2 given by the following linear forms (z,y,2z,z +
YT —2,y—2,2+y—2z). A*(A) is quadratic (but A is not hypersolvable
and therefore not fiber-type). P(A,t) = (1 +1t)(1 + 6t + 10t2). If A is ratio-
nal K[z, 1], then A*(A) is Koszul and P(A, —t)~! = H(U(A),t), therefore
(1 —6t+10t2)~! as an infinite formal series has its coefficients integer and
nonnegative which implies that 1 —6t+ 102 has a real root r € (0, 1] (inter-
esting exercise for undergraduate students following a course on Complex
Analysis). Hence we obtain a contradiction.
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1. Basic Definitions

In this section, we give the basic definitions and recall some old results.

Consider the free associative algebra F'(X) over an associative and com-
mutative ring F' generated by a countable set X. The elements of the set
X are called variables and the elements of the algebra F(X) are called
polynomials (depending on the variables from X).

Let A be an arbitrary associative F-algebra and f = f(z1,...,%r) €
F(X). We say the algebra A satisfies the (polynomial) identity f = 0 if for
every elements a; € A, the equality

f(al,...,an)=0

holds in A. Denote by T'[A4] the set of all polynomials f € F(X) such that
f = 0is an identity of the algebra A. Evidently, the set T[A] forms an ideal
of the free algebra F'(X). This ideal is called the ideal of identities of the
algebra A. An arbitrary ideal I' of the algebra F'(X) is said to be a T-ideal
if ' is an ideal of identities of some algebra. The class of alebras satisfying
a given set of identities is called a variety (of algebras). Denote by T'[V]
the set of all polynomials f € F{X) such that f = 0 is an identity of every
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algebra from the variety V. The set T[V] also forms a T-ideal. This ideal
is called the ideal of identities of the variety V. We say that the algebra A
generates the variety V if T[A] = T[V].

Now we recall the concepts of algebras with trace and trace identities.

Let A be an associative algebra with unit over F, R be an associative
and commutative F-algebra with a unit. Let C(A) be the center of A and
m: R — C(A) be a homomorphism of F-algebras. Put ar = am(r) for a €
A,r € R. Then, it turns the algebra A into an R-algebra. Let Tr: A — R
be an arbitrary R-linear mapping satisfying the property: T'r(ab) = Tr(ba),
for every a,b € A. Then we call the set (4, R, w,Tr) an algebra with trace.
Sometimes we simply say that A is an algebra with trace, having in mind
that the algebra R and the mappings 7, Tr are given.

Example 1.1. The full matrix algebra M, (F) with trace T'r : M, (F) — F
defined in the usual way is an algebra with trace.

Example 1.2. Let G be the Grassmann algebra with unit generated by a
countable set. Let Go be the subspace generated by the products of even
number of generators and G be the subspace generated by the products of
odd number of generators. Denote by M, ;. the subalgebra of the algebra
M +1(G) consisting of all matrix of the form

(é5)

where A and D are the submatrices of the sizes n X n and k x k respectively
with the elements from Gp; B and C are the submatrices of the sizes n x k
and k x n respectively with the elements from G;. Define the trace T :
M, — Gg by putting

AB
Tr (C’ D) =Tr(A) —Tr(D),
where Tr(A) and Tr(D) are the usual traces of the matrices over commu-
tative algebra Gp.

Let X be a countable set and F*(X) be the free associative algebra
with unit generated by the set X. Define an equivalence on the semigroup
with unit (X) generated by the set X, putting u; ~ uy if and only if
there exist elements v,w € (X) such that u; = vw,uy = wv. If u € (X)
then we put T = {v € (X)|v ~ u}. Denote by T(X) the free associative

and commutative algebra with unit generated by all elements Tr(T), where
u € (X).
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The algebra F(X ) = F¥(X)®T(X) is called the free algebra with trace
generated by the set X. Identifying the algebras F#(X) ® 1 and FYX), we
have the inclusions:

X C F(X) C F}X) C F(X).

We identify also the algebras T(X) and 1 ® T(X). Then an arbitrary ele-
ment f € F(X) can be written as an F-linear combination of the elements
upTr(u1) - Tr(uy), where u; € (X),n > 0. We call the elements of this
form trace monomials and the elements of the algebra F (X)) the trace poly-
nomials in the variables from X. We also call the polynomials from F(X)
the ordinary polynomials.

Let A be an algebra with trace f = f(z1,...,2,) € F(X). We say the
algebra A satisfies the trace identity f = 0 if for arbitrary a;,...,a, € A
the equality f(a1,...,an) = 0 is satisfied in A. The ideal

T[A} = {f € F(X)|f =0 is an idenity of A}

is called the ideal of trace identities of the algebra A. An arbitrary ideal of
the algebra F(X) which is an ideal of the trace identities of some algebra,
is called a T-ideal.

Obviously, the ideal of trace identities of an arbitrary algebra contains
the ideal of the ordinary identities of the same algebra.

A class of all algebras with trace satisfying a given set of trace identities
is called a variety of algebras with trace. If Visa variety of the algebras
with trace then we denote by T[V] the ideal of trace identities of V.

Example 1.3. Let A be a square matrix of order n, which elements are
considered as variables. It is well-known that if charF = 0 then the coeffi-
cients of the characteristic polynomial X, () of the matrix A are F' - linear
combinations of expressions of the form

Tr(AY). .- Tr(AF).

It follows from this and the Cayley - Hamilton theorem that the matrix
algebra M, (F) satisfies the trace identity X, (z) = 0. The identity Tr(1) =
n is also the trace identity (of degree 0) of the algebra M, (F).

Denote by P the set of all ordinary multilinear polynomials of F(X).
Let T be a T-ideal of F(X). The intersection PNT is called the multilinear
component of I'. The multilinear component of the ideal of identities of a
variety is called the multilinear component of the variety.
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2. Prime classical and non-classical varieties

Let P, be the set of all multilinear polynomials with trace of degree n
depending on the variables z1,...,z,. We denote also by P the set of all
multilinear polynomials with trace. It follows from the definition of the free
algebra with trace that every polynomial f € P, can be written in the
unique way as an F-linear combination of the monomials

uo(TT(l))lTr(ul) - Tr(ug), v € (X)), n,01 >0,
which belong to P, and satisfy the properties:
(1) u; # 1 for every i > 0;

(2) For every i > 0 the least number j, such that z; occurs in wu;y1, is
greater than the least number k, such that zx occurs in u,.

Denote by K the subalgebra with unit of the algebra F (X) generated
by the element Tr(1). Let KS,;1 be the group algebra (over K) of the
symmetric group of permutations Sy, acting on the set {0,1,...,n} . We
define the K-linear mapping A, : 13n — K S, 11 by putting

An (@i oz, Tr(zjy - x5, )Tr(Xe, - Thy) -+ ) = 0 € Snga,
where ¢ is a permutation which decomposition into cycles is the following

g = (O,il,...,i_g)(jl,...,jt)(kl,...,kl)....
We can see the symbol 0 plays a role of a label which indicates the non-
trace part of the monomial. It follows from the definition of the free algebra
with trace that the mapping )\, is the isomorphism of K - modules. If
f € Pa,a € KSpy1 then we put fa = A1 (An(f)a),af = A (@dn(S))- It
turns the space P, into K Sy, 4i-module.

Example 2.1. Put
Xn(@1,...20) = A1 ) (=1)%0).
O’GS"+1

Then we can be proved that the polynomial Xy (z1,...,z,) is the full lin-
earization of the Cayley - Hamilton polynomial X,,(z).

The description of the base of trace identetities of the algebra M, (F) in
the case of characterstic 0 was obtained by Yu. P. Razmyslov in 1974 [13].
He proved the following remarkable theorem.

Theorem 2.1. (see [13]). If char F = 0 then every trace identity of the
algebra My, (F) follows from the Cayley - Hamilton identity X,(z) = 0 and
identity Tr(1) = n.
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In 1995 A.R.Kemer has generalized this theorem:

Theorem 2.2. (see [3]). Let F be a field of an arbitrary characteristic. Ev-
ery multilinear trace identity of the algebra M, (F) follows from the identity
Xn(Z1,...,2,) =0 and identity Tr(1) = n.

We note that A. Zubkov [17] also used the other techniques to obtain
the same result later.

In 1985, Yu. P. Razmyslov [14] described the trace identities of the
superalgebras My, i over a field of characteristic 0. We recall the description.

Consider a rectangle Yuong diagram containing n+1 rows of length k+1.
Put m = (n+1)(k+1). Fill this diagram by the numbers 0, 1,...,m in the
standard order: From top to bottom and from left to right. Denote by Dy,
the Young tableau we obtained. Let R be the subgroup of the group Sy,+1
consisting of all permutations o such that for every ¢ the numbers 7 and
o (%) belongs to the same row of Dy, k, C is the subgroup of all permutations
o such that for every i the numbers ¢ and o (i) belongs to the same column.
Put

Xnge = Xnk(@1,-.,7m) =AY (=1)7pg).
pER,qeC

Theorem 2.3. (see [14]). If char F = 0 then every trace identity of the al-
gebra M, (F) follows from the identities 0 X x = 0,0 € Sppy1 and identity
Tr(l)=n—k.

We remark that in the case k = 0 we provided Theorem 2.2. Recently
L. Samoilov [15] has obtained a shorter proof of Theorem 2.3.

A T-ideal T of the algebra F'(X) is called a verbally prime if and only if
for every T- ideals T'1, T’y inclusion I';I'y C T implies one of the inclusions
Iy CTorTy €T A T-ideal T is called a verbally semiprime if and
only if there are no non-trival nilpotent modulo I' T-ideals. A variety of
the algebras is called a prime (semiprime) if the ideal of identities of this
variety is verbally prime (semiprime). In the same manner, we define the
prime and semiprime varieties of the algebras with trace.

In the case of characteristic zero, the prime varieties were described by
A.R.Kemer [2]. The following structure Theorem is valid.

Theorem 2.4. (see [2]). Let char F =0. 1. For every non-zero T-ideal I
of the algebra F(X) there exists a nilpotent modulo T' verbally semiprime
T-ideal containing T'. 2. A T-ideal T is verbally semiprime if and only if
T is the intersection of finite number of the verbally prime T-ideals. 3. A
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variety is prime if and only if either this variety is generated by the algebra
M,y or Mn(G), where G is the Grassmann algebra of infinite rank.

The problem of classification of prime varieties in the case of character-
istic p is open. First of all, we remark that this problem scarcely can be
solved in full sense because the Finite Bases Problem in characteristic p has
a negative solution. Perhaps it can be solved at multilinear level.

Take an arbitrary ¥ € F. Then we call a T-ideal I' y-classical if

W) Tr)-vels
(2) For every n a set Ap(I' N Py,) is a two-sided ideal of the group algebra
KSpy1 .

A variety V of the algebras with trace is called +y-classical if the ideal
of trace identities of V is v-classical. A variety of ordinary algebras V is
called a v-classical if

T|V] = T[V]n F(X)

for some ~y-classical variety of the algebras with trace V.
Using Razmyslov’s results [14], it is easy to describe the y-classical va-
rieties of the algebras with trace in the case of characteristic zero.

Theorem 2.5. Let char F = 0,7 € F. A proper variety of the algebras
with trace V is a y-classical if and only if 1. The number v is integer; 2.
The variety V' is generated by the algebra (My ), where n —k =17.

It also can be proved in the case of characteristic zero that the varieties
Var(M,(G)) are non-classical, i.e. they are not vy-classical for any v € F.

An ordinary (non-trace) multilinear polynomial h = h(z1,...,z,,) is
called a trace-killer of the matrix algebra M (F') if the algebra My (F)
satisfies the trace identity of the form

h(x1, . s )T (Tmg1) = (21, - -, Ty Trg1)
for some ordinary multilinear polynomial g.

Example 2.2. It is easy to verify that the algebra M,(F) satisfies the
following trace identity

[m,y,z]TT(t) = [[z,y] °t7z]

(aob = ab+ ba). Consequently, the polynomial [z,y, 2] is a trace-killer of
the algebra My (F).
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Consider a proper T-ideal I' of the free algebra F(X) over a field of
characteristic p. It was proved in [3] that T[M(F)|NP C T for some k (we
recall that P is the set of all multilinear ordinary polynomials). A minimal
number k with this property is called the matrix type of I'. The matrix type
of the ideal of identites of the variety is called the matrix type of variety.

Example 2.3. It is easy to prove that the matrix type of the Grassmann
algebra G (over F) of infinite rank is < p. Indeed, if we define the trace in G
trivially: T'r(g) = 0 for every g € G, then the algebra G satisfies the Cayley
- Hamilton trace identity X, = 0, because G satisfies the full linearization
of the identity P = 0. By theorem 2.2 G satisfies every multilinear identity
of the matrix algebra My(F'), i.e. the matrix type of the algebra G is not
greater than p. Later, we shall see that the matrix type of G is equal to p.

Let &k be the matrix type of a T-ideal I'. Then we call a T-ideal I" regular
if and only if I" does not contain some trace-killer of the algebra M (F). A
variety is called regular if and only if its ideal of identities is regular.

Theorem 2.6. (see [4]). Every regular prime variety of the matriz type k
is k-classical.

If a prime variety V of the matrix type k is non-classical then by Theo-
rem 2.6, this variety is irregular. It means that the algebras from V' satisfy
every identity h = 0, where the polynomial h is a trace killer of the alge-
bra My (F). This condition is very strong. For example, if k& = 2 then the
algebras from V must satisfy the identity [z,y, z] = 0. It follows from this
immediately that in the case p # 2, there are no such variety V.

Example 2.4. If char F # 2 then the verbally prime variety generated by
the Grassmann algebra of infinite rank G is non-classical. Indeed, assume
on the contrary that T[G] = I'n F(X), where T is y-classical T-ideal for
some v € F. Since [z1,22,23] € . Then o[z, s, z3] = 0 modulo T for
every o € S(4). In particular, if the permutation ¢ is a cycle (0,1,2) then
we have the identity modulo T

0 = ofz1, 22, T3]
71((0,1,2)((0,1,2,3) — (0,2,1,3) — (0,3,1,2) + (0,3,2,1)))

31((0,2,3,1) — (1,3) — (0,3,2,1) + (0, 3))
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= [z2, z3)z1 — Tr(z123)Tr(22) + z3Tr(z1)Tr(z2).

Substituting £; = 2 = 1 into this identity, we obtain y(z3 — T'r(z3)) =
0. Hence, v = 0 (if 23 — Tr(z3) € T then [z3,z;] € T[G]). Substituting
z1 = 1,72 = z,73 = y into our identity, we obtain the following identity
modulo T

[z,y] = Tr(y)Tr(z),
This implies that identity 2(z,y] = 0. Since charF # 2 then [z,y] €
T'[G]. We obtain a contradiction.

In conclusion we mention two conjectures about the non-classical prime
varieties. Yu.P. Razmyslov [14] has formulated the conjecture about the
identities of the algebras M,(G).

Conjecture 2.1. If char F =0 then
T[Mw(G)) = (T|Mnn] + {Tr(@)}7) N F(X)
({g}T is a T-ideal generated by g).

The following conjecture about the multilinear components of the non-
classical prime varieties in arbitrary characteristic generalizes the conjecture
1 and also looks quite probable.

Conjecture 2.2. IfV is a non-classical prime variety then
PNTV] = PN (TV) + {Tr(z))T)

for some 0-classical prime variety V.

3. Prime subvarieties of VarM.(F)

In this Section, we give the description of the multilinear components of
the prime subvarieties of the variety VarM,(F) generated by the matrix
algebra of order 2 over a field F' of characteristic p > 0 [5].

Let Z(X), Q(X) are the free algebras with trace over the ring of integers
Z and over the field of the rational numbers @ respectively. To formulate
the description we need the following lemma.

Lemma 3.1. Let n = p* — 2, | be the mazimal number with property:
p' divides (n + 1)!. Then there exists a unigely defined modulo T[Mg(Q)]
polynomial g, € Z(X) such that

Xo,n = plgk
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modulo T[MQ(Q)]

We recall the formula

)\n(XO,n)= Z .

0€Sn11

Thus by the lemma, the polynomial ;}TXO,n is equal to some polynomial gi
with interger coefficients modulo trace 1dent1t1es of the algebra M (Q).

Let ¢ be the natural homomorphism Z(X) - F(X ). Put fr = &(gk).
Denote by Ty, the T-ideal of the algebra F {X) generated by the polynomial
fx, the Cayley - Hamilton polynomial X, and Tr(1) — 2. Let V}, be the
variety corresponding to the T-ideal

Ty = F(X)NT.

Then we call a subvariety V of VarM,(F) trivial if either V is a subva-
riety of the variety of commutative algebras or the multilinear components
of the varieties V and VarM,(F) are equal.

Theorem 3.1. (see [5]).

(1) If V is a non-trivial prime subvariety of VarMa(F) then for some k
the multilinear component of the varieties V and Vi are equal;
(2) For every k there exists a prime subvariety V which multilinear com-

ponent is equal to the multilinear component of Vi;
(8) If k < s then

PN fk DPn fs.
It is easy to calculate the polynomial f; in any characteristic:
fl = _'Xp—2

The prime variety V; is known and was found by Yu. P. Razmyslov {13]. The
relatively free algebra of countable rank of this variety is very interesting.
This algebra satisfies the Engel identity of degree p — 1 but it is not Lie
nilpotent.

It is also easy to calculate the polynomial f5 for p = 2.

fo=z1020+ TT(.’El)TT‘(.’L‘Q).

The relatively free algebra of countable rank satisfying identities f; = 0 and
Tr(1) =0 is also very interesting and can be considered as the Grassmann
algebra in characteristic 2.
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Recently T. Antipova, A. Antipov and A.Kemer [6] with a help of com-
puter have calculated the polynomial f3 for p = 2 by using computer. The
result is:

fa(z,y, 2, t, u, v) = Tytvzu + syuvtz + cyuzvt + cyvutz + Tyztuv
+zyztvu + zyzvut + styuvz + slyvuz + rtuvzy + stuzuy + zuvtzy
+xvutzy + Tzvuyt + ytuvzz + ytvzzu + yuztvz + yuzzvt + yuvtcz
+yuzvtz + yvtzuz + yvutzz + yztuve + yztvux + yzouts + truyvz
+tyuvzz + tuvzyr + tvzzuy + tvzuyx + uvtzyr + uzzvty + uzvtyr
+vutzyzr + zxtuvy + zxtvwy + zxvuty + 2tuvyr + ztvuyc + zuxtvy
+zuvyts + zvyuzt + 2vtzuy + zvuytz + czutyTr(v) + ztyuzTr(v)
+ytuzzTr(v) + zuytzTr(v) + zytzTr(uww) + zyuzTr(tv) + zyzulr(tv)
+zuzyTr(tv) + zzvtTr(yu) + yuxtTr(zv) + yuzzTr(tv) + yvuzTr(zt)
+yzuxTr(tv) + tzuyTr(zv) + tvzeTr{yu) + vzyeTr(tv) + zzuyTr(tv)
+ztyrTr(uww) + zuyzTr(tv) + zuvyTr(zt) + cyztTr(uw)Tr(v)
+zztyTr(u)Tr(v) +xtzyTr(u)Tr(v) +yztzTr(uw)Tr(v) +ytzaTr(u)Tr(v)
+tzyzTr(u)Tr(v) + zytTr(zuv) + zytTr(zvu) + zyzTr(tuv)
+atyTr(zvu) + zuzlr(yvt) + zzuTr(ytv) + ytzTr(zuv) + tyxTr(zuv)
+tyzTr(2vu) +uzalr(yvt) + zyzTr(tvu) + zuaTr(ytv) + zytTr(zu) Tr(v)
+zyzTr(tu)Tr(v) +zyzTr(uww)Tr(t) + ctyTr(zu)Tr(v) + ytaTr(zu) Tr(v)
+yuzTr(xt)Tr(v) +tyxTr(zu)Tr(v) + zyzTr(tu)Tr(v) + zyzTr(uv)Tr(t)
+2uyTr(2t)Tr(v) + zy2Tr(t)Tr(u)Tr(v) + zyzTr(t)Tr(u)Tr(v)

+zyTr(ztuwv) + z2Tr(ytuv) + z2Tr(ytvw) + z2Tr(yvut) + yrTr(zvut)
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+ytTr(zzuv) + ytTr(zzvu) + tyTr(zuvz) + tyTr(zvuz) + zaTr(ytuv)
+22Tr(yuvt) + z2Tr(yvut) + 2yTr(touw)Tr(2) + z2Tr(ytu)Tr(v)
+yzTr(tuv)Tr(z) +ytTr(xzu)Tr(v) + z2Tr(yut)Tr(v) + tyTr(zuz)Tr(v)
+ayTr(zt)Tr(uv) +otTr(yu)Tr(zv) + yaTr(zt) Tr(wv) +tzTr(yu)Tr(zv)
+2yTr(w)Tr(2)Trt) +yzTr(ww)Tr(2)Trt) + 2yTr(z)TrE)Tr(w)Tr(v)
+yzTr(2)Tr(t)Tr(u)Tr(v) + eTr(ytuvz) + zTr(yzvut) + yTr(ztuvz)
+yTr(ztvzu) + yTr(zuvtz) + yTr(zuzvt) + yTr(zvutz) + yTr(zztu)
+yTr(zztvu) +yTr(zzvut) + 2Tr(ztoyu) + 2Tr(zuyvt) + 2Tr (ztuww) Tr(y)
+xTr(zvut)Tr(y) +zTr(yuz)Tr(tv) + Tr(yzu)Tr(tv) + zTr (tuv)Tr(yz)
e Tr(tow)Tr(yz) + yTr(ztz)Tr(uw) + yTr(wzt)Tr(uw) + 2Tr(yw)Tr(zt)
2Tr(you)Tr(zt) + 2Tr(tuv)Tr(y)Tr(z) + Tr(tvu)Tr(y)Tr(z)
+Tr(zytvuz) + Tr(ztyuvz) + Tr(zzuvty) + Tr{zzvuyt)
FTr(ytouz)Tr(z) + Tr(yuvt2)Tr(z) + Tr(yvutz) Tr(z) + Tr(yztuw) Tr(z)
+Tr(yztvw)Tr(z)+Tr(yzuvt)Tr(z)+ Tr(ztvz)Tr(yu) + Tr(zzvt) Tr(yu)

+Tr(ytuv)Tr(zz) + Tr(ytvu)Tr(zz) + Tr(yuvt) Tr(zz) + Tr(yvut)Tr(zz)

+Tr (ztuv) Tr(zy)+Tr(zvut) Tr(zy) + Tr(zytz) Tr(u)Tr(v)+Tr(zzty)Tr(w)Tr(v)

T (ytuz)Tr(z)Tr(v) + Tr(yzut)Tr(z)Tr(v) + Tr(ztw)Tr(z)Tr(y)
+Tr(zvut)Tr(z)Tr(y)+Tr(zyt) Tr(zuv)+ Tr(zty) Tr(zvu)+Tr(zuz)Tr(yvi)
+Tr(z2u)Tr(ytv) + Tr(zyt)Tr(zu)Tr(v) + Tr(zyz)Tr(tu)Tr(v)
Tr(zty)Tr(zu)Tr(v) + Tr(zzy)Tr(tw) Tr(v) + Tr(yte)Tr(zz)Tr(v)

+Tr(yut)Tr(x2)Tr(v) + Tr(ztu)Tr(zy)Tr(v) + Tr(zut)Tr(zy)Tr(v)
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T (zyz)Tr(t)Tr(uw)Tr(v) + Tr(zzy)Tr) Tr(uw)Tr(v)
+Tr(y2t)Tr(z)Tr(u)Tr(v) + Tr(ytz)Tr(z) Tr(u)Tr(v)
+Tr(tuw)Tr(2)Tr(y)Tr(z) + Tr(tvw)Tr(z)Tr(y)Tr(z)
+Tr(2tw)Tr(z)Tr(y)Tr(v) + Tr(zut)Tr(z)Tr(y)Tr(v)

+Tr(z)Tr(y)Tr(z)Trt)Tr(w)Tr(v).

We have also calculated the polynomial f3 for p = 3, but this polynomial
can not be written down because it contains more then 1000 summands.
Finally, we are sure that the other polynomials f cannot be calculated by
any computer. This result shows that in the case of characteristic p the
verbally prime varieties cannot be described in traditional way. _

The T—idgals I'x can be described in other terms. Let A C Z(X). We
denote by AZ the T-ideal of the algebra Z (X) generated by the set A.

Theorem 3.2.
~ ~ 1 5
T = Fo(Z(X) N E{XQ, Xn,0,Tr(1) — 2}%)
(the numbers n and l are the same as in lemma).

Now we give another approach which looks quite promising.
Let n, k, v, m be the integers satisfying the properties:

(1) n,k,m are non-negative;
(2) n—k =~ modulo p.

Put

T k(v,m) = F$(Z(X) N ;%{UXn,k,TT(l) — 4]0 € Stnenywin}D)-
(the polynomial X, ; was defined ealier).
Theorem 3.3. T, =Ty % (2 +p'+1 K+ 1).

This theorem shows that the variety Vj is a slightly transformed vari-
ety VarM, ,«. In conclusion, we formulate the first conjecture about the
multilinear components of the classical prime varieties as following:

Conjecture 3.1. IfV is a classical prime variety then for some n, k, v, 1,
the multilineaa component of the variety V is equal to the multilinear com-
ponent of the T-ideal T'y, k(7y, m).
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4. Trace-killers for Mj3(F)

The results mentioned above show that the trace-killers are very important
for describing prime varietes of algebras. It is obvious that trace-killers
for My (F) form a T-ideal.We now denote it by T'K). For any algebra A
we also denote by T,[A] the ideal T[A] N F(zy, -+ ,2,) of F{zy1,---,x,),
i, - ,Z, € X. We put I‘S,S) =TO®nF,, - , Tp). In this Section we give
fine description of I'®) | if char F = 0, 1‘513), if char F = p with p > 3. We
use the results of A.R.Kemer [1,2], which imply that if char F = 0, then
there exist a finite dimensional classical algebra A for which I'® = T[A]; f
char F = p, p > 3 then for each n there exist a finite dimensional classical
algebra A, for which F%B) = T.[An].

Let E=e;F+ eF, €2 =¢; ee; =0if i # j, B = Exp (x1, - ,24).
Let B be the factor-algebra of B, defined by relations

(a) ejuejlejvewe;, ejae;] = 0,[e;uejve;, e;ae;le;we; = 0;

(b) esuejve;wejfejae;, ejbe;] = 0,e;uejejaey, ejbejlejvewe; = 0,
(b') [eiaes, esbeslejuejve;we; = 0, ejuejve;lejaes, esbesle;we; = 0;

(c) [eiuejves, e;aejbe;] = 0;

(d) eiuejS4(ejaej, ejbej, €45CE4, ejdej) = 0,
(d") Sa(ejaej,e;bej,ejce;j, ejde;)ejue; = 0;

(e) eiuejlejae;, ejbe;, ejce;] = 0,]ejae;, ejbe;, ejeeslejue; = 05

(f) eiuej[ejaej, e]-bej][ejcej, ejdej] =0,

(f') [ejae;,ejbe;llejce;, ejdeslejue; = 0;
(g) [eiaei, eibe;le;uejlejee;, ejde;] = 0;
(h) [euejves, [eiae;, eibes]] = 0;
(i) |eiuejvei, e;aes, ebei) + [esuejve;, esbey, eaei] = 0;
() [esuejves, eae;, esbe;] = 0;
(k) [eiaes, esbe;)[esue;ves, eice;] = 0;

(1) [esue;lejae;, e;bejle;ve, esces) = 0;
(m) eialejbleiazejbzei%ej = 0',

a,b,c,d,u,v,w,ax, b, € B,{i,7} = {1,2}

One can see, that e;Fe; = D; + Ri,D; = e;F, D;NR; = (0), R; is

ideal of e;Fe;. We also put e;ae;aze;aze;ase; = 0 in B for each a; € R;
Obviously B is a finite dimensional classical algebra.

Theorem 4.1. (see [10]) If char F = 0, then there exist a finite-
dimensional local (noncommutative) algebra C' such that T'(3) = T[Mz(F)]n
T[B]NT[C].

Theorem 4.2. (see [10]) If char F = p, p > 3, then for each n
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there exist a finite-dimensional local (noncommutative) algebra C such that

T = T, [Ma(F)| N Tn[B] N To[C).

Corollary 4.1. If char F = p, p > 3 then for each n there exist N such
that if f € Tp[Mo(F)], degf > N and f is representable as a sum of
products of five or more commutators, then f is a trace-killer for M3. If
char F = 0, then there exist N such that if f € T[M2(F)|, degf > N and
f is representable as a sum of products of five or more commutators, then
f is a trace-killer for M3(F').

5. Conjecture of C.Procesi

Let Rg, and R, be the algebras of generic matrices of order n over ring
@, and field F), respectively, where @, is the ring of rational numbers with
denominators not divisible by p, and F, is an infinite field of characteristic p.
The conjecture of C.Procesi is well-known {11} : the kernel of the canonical
epimorphism Rg, — RF, is equal to pRq,.

In 1985, W.Shelter [16] gave a negative answer to this conjecture for
n = 2, p = 2. Later A.Kemer [8] obtained the following result: for each
prime p, there exists n < p such that the conjecture of Procesi is not true
for the pair p,n. We also prove that the conjecture of Procesi is true for
n=3,p>3

Theorem 5.1. (see [9]) Let Rg, be a 2-generated algebra of generic 3 x 3
matrices over ring Qp, R, is a 2-generated algebra of generic 3x 3 matrices
over an infinite field F}, of characteristic p > 3. Then the kernel of the
canonical epimorphism Rq, — RF, is equal to pRq,.

6. Matrix type of some algebras

In this Section, we discuss results obtained by the A.R.Kemer in [7].

Denote by ¢, the matrix type of the algebra M,(G), where G is the
Grassmann algebra of infinite rank over a field F of characteristic p # 2.
We mentioned above that the algebra G satisfies every multilinear identity
of the algebra M, (F). It follows from this that the algebra M, (G) satisfies
every multilinear polynomial identity of the algebra M,,(F) i.e. t, < pn.It
is also easy to see that the matrix type of the Grassmann algebra is greater
than E;—l because G does not satisfy the Standard identity of degree p — 1.
Thus we have the trivial estimations for £,

-1
p—2—n<tn§pn.
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The main result of the paper [7] gave a precise formula for ¢,.

Theorem 6.1. t,, = pn.

This Theorem is equivalent to the following statement:

There exists a multilinear polynomial f € T[M,,—1(F)] such that f ¢
T[Mn(G)).

The problem of calculation of such polynomials is very difficult even for
n = 1. This problem is also connected with the divisibility by p.

Denote by Sy, the standard polynomial of degree m:

Sm = Sm(l‘l, e ,.’Em) = Z (——1)0.'120(1) s .’Ba(m).
oc€S(m)

For n = 1, the statement of Theorem 6.1 can be formulated in the
following form.

For sufficiently large even m, there exists a multilinear polynomial f €
Z(X) and a number a € Z which is not divisible by p such that aS,, = p'f
modulo T{M,_1(Q)] N T[G], where p* is the mazimal power of p dividing
ml.

Actually Theorem 6.1 follows from the following theorem which gives
a good estimation for the minimal degree of the standard identity of the
algebra M,(G).

Let d,, be the minimal number m such that the algebra M (G) satisfies
the standard identity of degree m. Then we have the following theorem:

Theorem 6.2. 2pn > d, > (2n —3)p — 1.

The problem of calculating of the number dj is very interesting. We
formulate the following conjecture.

Conjecture 6.1. dy = (2k — 1)p+ 1.
The following statement is formulated as a lemma in [6].

Theorem 6.3. For even number m > (3p+1)(p—1), there exists a multi-
linear polynomial f € Z(X) and a number a € Z, which is not divisible by
p, such that aSp, = p'f modulo T[M,_1] N T[G], where p' is the mazimal
power of p dividing m!

References

1. Kemer A.R. Identities of finitely generated algebras over an infinite field, Jzv.
AN SSSR. Ser Mat. ,1990, vol 54, no 4, pp 726-753 (Russian).



204

10.

11.

12.

13.

14.

15.

16.

17.

Kemer A.R. Ideals of identities of associative algebras, Amer. Math. Soc.
Translations of Math. Monographs, 1991, Vol 87, Providence, R.I.

Kemer A. Multilinear identities of the algebras over a field of characteristic
p, Intern. J. of Algebra and Computations, 1995, no 2, pp 1-9.

Kemer A. Multilinear components of the regular prime varieties, Lecture
notes in pure and applied mathematics, 1998, Vol 198, pp 171-183.

Kemer A. Multilinear components of the prime subvarieties of the variety
Var(My(F), Algebras and Representations 2001, Vol. 4, no 1, pp.87-104.
Kemer A., Antipova T., Antipov A. On the traditional way of description
of the prime varieties in characteristic p, Analele stiintifice Univ. Ovidius.
Constanta, 2000, no 8.

Kemer A. Matrix Type of Some Algebras over a Field of Characteristic p J.
of Algebra 2002, Vol. 251, no 2,pp. 849-863(15)

Kemer A. R. On some problems in PI-theory in characteristic p connects
with dividing by p, Proc. of 8 Intern. Algebra conf., Kluwer Acad. Publish.,
2003, pp. 53-67.

Kemer A.R. Averyanov 1.V. Conjecture of Procesi for 2-generated algebra of
generic 3 x 3 matrices J. Algebra , 2006, Vol. 299, pp. 151-170.

A. Kemer, I. Averyanov Description of the algebras generating the variety of
trace-killers Adv. in Appl. Math., 2006, Vol. 37, Issue 3, pp.390-403.

Procesi C. The invariant theory of n x n matrices, Adv. in Math., 1976, Vol
19, pp 306-381.

Procesi C. Computing with 2 x 2 matrices, J. Algebra, 1984, Vol. 87, no 2,
pp 342-359.

Razmyslov Yu. P. Trace identities of the matrix algebras over field of char-
acteristic zero, Izv. AN SSSR (russian), 1974, Vol. 38, no 4, pp 723-756.
Razmyslov Yu. P. Trace identities and central polynomials of the matrix
superalgebras M, i, Mat. sbornik (russian), 1985, Vol. 128, no 2, pp 194-
215.

Samoilov L.M., A new proof of Razmyslov’s theorem about trace identities
of matrix superalgebras, Fundam. Prikl. Mat., 6:4, 2000, pp 1221-1227
(russian).

Schelter W. F. On question concerning generic matrices over the integers, J.
Algebra, 1985, Vol. 96, pp 48-53.

Zubkov A. N. On the generalization of the theorem of Procesi - Razmyslov,
Algebra i Logika, 1996, Vol. 35, no 4, pp. 433-457.



Advances in Algebra and Combinatorics
edited by K. P. Shum et al.
© 2008 World Scientific Publishing Co. (pp. 205-217)

ON IRREDUCIBLE SUBALGEBRAS OF MATRIX WEYL
ALGEBRAS* 1
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Novosibirsk 630090, Russia
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We observe an application of conformal algebra theory to the following natural
problem: describe those subalgebras of the algebra of differential operators
with polynomial coefficients (Weyl algebra) that act irreducibly on the space
of polynomials.

1. Introduction

Since the celebrated paper [9], the Weyl algebras have become a topic of
precise algebraic study. In a formal way, the nth Weyl algebra A,, n > 1,
can be defined as follows. Let k(X,,) stands for the free associative algebra
generated by the set X, = {p;,q; | + = 1,...,n}, and let X, be a subset
of k(Xy) that consists of pip; — p;pi, 945 — ¢8> @iP;j — Pj% — bs;, where
i,j=1,...,n. Then

A, =k(X, | Zn) = k(X,)/(Z).
Throughout the paper, we assume char k = 0. The algebra A,, is simple,
and it has a canonical faithful irreducible representation on the space of
polynomials H, = kiz,...,z,]. Namely,

pif (1. .., zn) =T f(T1,. .., Tn),

S, ) = L Ean), (1)

i=1,...,n.

Weyl algebras are in some sense the simplest (after finite-dimensional
ones) simple noncommutative algebras. Since a linear basis of A, can be

*Partially supported by RFBR
11991 Mathematics Subject Classification. 16S50; 14R10; 16532
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chosen in the form pf? ...p?{‘q’l’l ...qln, a;,b; > 0, the Gel’fand—Kirillov
dimension of A, is equal to 2n.

Less is known on subalgebras of Weyl algebras. For example, this is an
open question whether 4; contains a proper subalgebra isomorphic to A;
(the Dixmier problem). This question is known to be equivalent in a certain
sense to the famous Jacobian Conjecture, see [2,5].

Also, for example, it had been staying unknown for a long time whether
a Weyl algebra (e.g., 4;) contains a non-Noetherian subalgebra. Recently,
the problem was solved (positively) in [3].

In this paper, we consider the following task which seems very difficult
to complete in general.

Problem 1.1. Describe those subalgebras of A, that act irreducibly on the
module H, with respect to the representation (1).

Note that a similar problem can be stated in a more general form for
matrix algebras (subalgebras of My (A,,)) with canonical (left) action on
H,ok".

This problem remains unsolved even for n = N = 1. However, it is
possible to define a special class of subalgebras that occur to be related with
so called conformal algebras [12]. In the context of conformal algebras, a
special case of Problem 1.1 naturally appears as an analogue of the classical
Burnside theorem [6].

This paper is devoted to a discussion of the relations between Problem
1.1 (for n = 1) and a structure theory topic of associative conformal alge-
bras. We will also state a conjecture that relates to the case of n-conformal
algebras, n > 1.

2. Conformal algebras

In this section, we consider a generalization of the notion of a conformal
algebra from [12] which is complementary in some sense to the one studied
in [1].

Suppose G is a linear algebraic group over an algebraically closed field
k. Denote by H the algebra of regular functions k[G) on G. This is an affine
commutative algebra equipped with the structure of Hopf algebra dual to
the group structure on G. Namely, the coproduct A, counit ¢, and antipode
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S are defined on H as follows:

AH—H®H A(f)= fuy® f,
H

Z f(1) (gl)f(z) (92) = f(g192),
6]

e(f)=fle), S(NHlg)=Fg™"),
where f € H, g,91,92 € G, e is the identity of G.

Definition 2.1. A (G)-conformal algebra C is a left H-module endowed
with k-bilinear operations (- 4 ), g € G, such that

e for every a,b € C the function (a ; b) : G — C is regular, i.e.,
(azb)=3fi®ci€ H®C, where (a 4 b) =3, fi(g)ei, g € G;
o for every a,b € C, and for every f € H, g € G we have
(fagb)=F(g)agb), (agfb)=Lgflagh), (2)
where (L, f)(z) = £(g2).

For G = {e}, a (G)-conformal algebra is just an algebra over the field
k. If G = A! (affine line) then Definition 2.1 coincides with the definition
of a conformal algebra from [12] in terms of A-brackets.

Let us call an (A™)-conformal algebra by n-conformal algebra for sim-
plicity. This is exactly a pseudo-algebra over H, = Kk[zi,...,Z] in the
sense of [1].

Example 2.1. Suppose A is an algebra over k. Then the free H-module
C = H ® A equipped with the operations

(f®a), (h®b) = flg ) Lsh®ab, f,heH, abeC, geq,
is called the current (G)-conformal algebra over A.

Example 2.2. Suppose A is an H-comodule algebra, i.e., a (non-associa-

tive, in general) algebra endowed with a coassociative coaction Ay : A —

H® A, As(a) =) aq) ® a). Then the free H-module C = H ® A with
(a)

respect to the operations given by
(f®a)y (h®b) = flg~"buy(9)Lsh ®abyy, f,heH, abeC, g€,

is called the differential (G)-conformal algebra over A.
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Current conformal algebra is a particular case of a differential one, when
Aala) = 1®a, a € A. A series of examples of H-comodule algebras is
provided by affine G-varieties.

Suppose V is a Zariski closed subset of an affine space, and let the
group G act on V continuously. Then the coordinate algebra A = k[V] is
an H-comodule algebra (A 4 is dual to the action of G on V). Then the dif-
ferential (G)-conformal algebra over A is denoted by Cendgc’v) (conformal
endomorphisms of 1-generated free A-module). The (G)-conformal algebra
of (N x N)-matrices over Cendgc’v) is denoted by Cendg\?’v).

The conformal algebra Cendg\?’w has the following natural “geometric”
interpretation. Denote by My the linear space of all k™V-valued regular
functions on V. Then an element of Cendﬁg’v) can be thought of as a
transformation rule of the space My by means of the group G. For example,
the left shift transformation L defined by

L:g— Ly, (Lgu)(z) =u(gz), 9g€G, u€ My, z€V,

belongs to Cendg\?’v) (it plays the role of a unit in this conformal algebra
[20]).

It is clear how to define subalgebras, left and right ideals of a (G)-
conformal algebra (these are H-submodules closed under all g-products in
an appropriate way).

Proposition 2.1. ([18]) The (G)-conformal algebra Cendg\?’v) is simple
if and only if V is an irreducible G-set.

The following identity is easy to verify for Cends\?’v):
az(byc)=(azb)yc, (3)

a,b,c¢c Cendg\?’v), z,y € G. A (G)-conformal algebra C which satisfies the
relations (3) is said to be associative.

This definition of associativity is coherent to the general operadic ap-
proach by [10] assuming the base multi-category (pseudo-tensor category
in [4]) is the category of left H-modules M*(H) [1].

In this case, the opposite family of g-products on a (G)-conformal al-
gebra C' can be defined as follows. Given a,b € C, consider (a z b) =
2ifi®ci € H®C and set

{a b} = Z S(fi2) ® S(fiy)es- (4)
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The operations {- 5 -}, g € G, defined by (4) satisfy “dual” definition of
a (G)-conformal algebra. Namely, (a ; b)°P := {b , a} define a structure of
a (G°P)-conformal algebra on the same H-module C.

If the group G is abelian, then the multi-category M*(H) is symmetric
(see, e.g., [19]), and the following identities have sense:

(commutativity) (a5 b) = (a » b)°P;
(anti-commutatvity) (a , b) = —(a , b)°P;

(Jacobi) az(byc)—by(asb)=(a,b)yec

It is also clear how to define “super” versions of commutativity and
Jacobi identity. For an arbitrary variety of algebras one may define its (G)-
conformal analogue following the general scheme of [17]. However, the group
G has to be abelian if the set of defining identities of the variety contains
an identity with a permutation of variables.

Proposition 2.2. Let C be an associative (G)-conformal algebra over an
abelian linear algebraic group G. Then the same H-module C with respect
to new operations [a 4 b] := (a 4 b) — (a 4 b)°P is a Lie (G)-conformal
algebra denoted by C).

Proof. Straightforward computation. |

In the paper [8], the structure theory of Lie (A')-conformal algebras
over k = C of finite type was developed. In this case, H = C|z], and a
(G)-conformal algebra is simply called a conformal one. The finiteness con-
dition for a (G)-conformal algebra C' means that C is a finitely generated
H-module. As a corollary, the structure theorem for associative conformal
algebras of finite type was obtained in [13]. In [21], the analogue of the Wed-
derburn principal theorem was proved for associative conformal algebras of
finite type.

The first steps beyond the finite type case were done in the papers
[20] and [6]. In the first one, the simple unital finitely generated conformal
algebras of linear growth were described: it turns out that such a conformal
algebra is isomorphic to Cendsé“l’Al). In the second paper mentioned above,
conformal subalgebras of Cend; were described, and the general conjecture
on the structure of such subalgebras in Cendy was stated.

The last conjecture was proved in [14], that led to a structure theory of
associative conformal algebras infinite type (but with a finite faithful rep-
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resentation, see below). Also, this result allowed to complete classification
of simple associative conformal algebras of linear growth [15].
Let us return to the case of an arbitrary linear algebraic group G. Sup-

pose V is an affine G-set and consider the (G)-conformal algebra Cendg\,G’V),

N > 1. Recall that Cendg\,G’v) = Cendgc’v) QMn(k) ~ H @ My (A), where
A=Kk[V].

Supposea = 3, fi®a; € HOMy(A). Then for every u € My := ARkY
and for every g € G we are given (a g u) = Y, fi(g7")ai(Lyu) € My. The
family of operations obtained satisfy the properties of Definition 2.1 and
also the relation 3. This shows a way to the definition of what is a module
over an associative (G)-conformal algebra (c.f. [7]).

Definition 2.2. (c.f. [6]) A conformal subalgebra C' C Cendg\?’v) is said
to be irreducible if My contains no nonzero proper A-submodules invariant
with respect to (a4 -),a € C, g € G.

Recall that a left ideal of a ring is called essential if it has a nonzero
intersection with every nonzero left ideal of a ring. The same notion can be
applied to (G)-conformal algebras.

Let V = G, where G acts on itself by left multiplications. Then A = H
and Cend%?’c) ~ HQMy(H).

Theorem 2.1. ([18]) Suppose the base field k is algebraically closed. Let
C be an irreducible subalgebra of Cends\?’a). Then C1 = 1@ H)C is an

essential left ideal of Cendg\?’G).

For the case G = A' Theorem 2.1 was proved in [14]. The generalization
to the case G = A" appeared in [16].

Finally, note that all left ideals of Cendg\?’v) have the following form:
§(H ® I), where I is a left ideal of My (A) and § is the formal Fourier

transform, i.e.,

Fhefoa)=) hS(fn)® fiz ®a,
03]
he H, fe A, aecMpk).
Throughout the rest of the paper we will mainly consider the case G =
A", n > 1. The (A™)-conformal algebra Cend}, := Cendgén’y) is closely
related to the matrix nth Weyl algebra My (A, ). Subalgebras of Cend?; give

rise to a special class of subalgebras in My (4,,). In the following section,
we state a formal description of such subalgebras.
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3. TC-algebras

Let us fix a natural number n > 1 and consider the polynomial algebra
H = H, = k[z1,...,z,) as a topological algebra with respect to z-adic
topology.

Suppose A stands for a (Hausdorfl) topological algebra (non-associative,
in general) equipped with continuous derivations 81, ..., 0,.

An A-valued field is a continuous map a : H — A which is translation-
invariant (T-invariant, for short), i.e.,

a =8&a, i=1,...,n. (5)

8.'177;
Denote the set of all A-valued fields by F(A).

The space of flelds F(A) can be considered as a left H-module with
respect to the action defined by

(@a)(f) = -a (3L

If B is a subspace of A which is invariant under all 8;, i = 1,...,n, then
the space of B-valued fields F(B) is an H-submodule of F(A). Conversely,
if C is an H-submodule of F(A) then denote by A(C) the space of values
of fields from C, i.e.,

A(C)={a(f) |a€C, feH}

This construction is a particular case of so-called annihilation space [1] of
an H-module.
Note that the following relations always hold:

B2 A(F(B)), F(A(C))=2C,

)=—6ia(f), a€ F(A), feH

and also
A(F(A(F(B)))) = A(F(B)).

Definition 3.1. A topological algebra A with continuous derivations &;,
i = 1,...,n, is said to be a TC-algebra (from “translation invariance”,
“continuity”) if A = A(F(A)).

Tt is clear that for any TC-algebra the derivations 0; necessarily com-
mute with each other, and each of them is locally nilpotent.

A homomorphism of TC-algebras is a continuous 9;-invariant homomor-
phism of algebras.

Example 3.1. (see [16])
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(i) The polynomial algebra H = k{z1,...,zxs] itself is an associative TC-
algebra with respect to the r-adic topology and §; = 8/9z;,i =1,...,n.
(ii) If n is even then the same H with respect to the Poisson bracket

0f 99 _ _Of 9y
{f.g}= ;B_TzaT—kﬂ T WL on " 2k, f,g € H,

is a Lie TC-algebra.

(iii) The Weyl algebra A, is an associative TC-algebra with respect to the
g-adic topology and 8;(a) = ap; — pia, a € An,i=1,...,n.

(iv) A left/right ideal B of the algebra A, is a TC-subalgebra if and only if
B = A,f(p) or B = f(p)Ay,, respectively. Here p = (p1,- -+ ,pn).

(v) The Lie algebra W, C AS7) is also a TC-algebra, as well as its classical
subalgebras S, = {D € W,, | Dv =0} and H, = {D € W, | Ds = 0},
v=d1 A---ANdT,, s = Ek:dTi/\di.,_i, n = 2k.

i=1

It is clear how to expand the examples from (i), (iii}, (iv) to matrices
over H or over A,.

Recall that H = k[z1,...,2y]; this is the coordinate Hopf algebra for
the group G = A™. Suppose M is a finitely generated H-module. Then
E = Endyg M can be considered as a topological algebra with respect to the
finite topology in the sense of [11] and continuous derivations 8; = [, z;],
i =1,...,n.Indeed, a sequence ¢, € E, k > 1, converges to zero in F if and
only if for every finite number of u; € M, j =1,...,m, we have ¢ru; =0
for k > 1. Therefore, if ¥, — 0 then ;¢ — Oforalli=1,...,n.

Proposition 3.1. If M is a free N-generated H-module then
A(F(Endx M)) ~ Mn(4,)
as TC-algebras.

Proof. Note that My(A,) is a subalgebra of Endy M, where the embed-
ding is given by the canonical representation (1). This representation is
obviously a continuous open map with respect to the g-adic topology on
Mn(A,) and the finite topology on Endx M. Moreover, since the matrix
algebra over a TC-algebra is also a TC-algebra, we have

A(F(Endk M)) 2 A(F(Mn(An))) = Mn(An).
Suppose ¢ € A(F(Endy M)), ie., ¢ = a(f), a € F(Endy M), f € H.

. m
Consider ¢y, m, = a(z["...27").
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It follows from (5) that the field a is completely defined by an arbitrary

family of values us,?l,,,,,mn = Pmy,...,mn(€:i), where {e&; | i =1,...,N}isa
basis of M over H. Indeed, since the map a : H — Endy M is continuous,
for each i there exist only a finite number of (my,...,m,) € Z2, such

that u%)l,...,mn = Z;V:I f'r(rfﬁ?..,mnej # 0, fﬁ;’;?..,mn € H. Now for every
h=h(.’L‘1,...,IL‘n) €H

1 aml 6mn
a(h) = —F M T - TR
® ml,.gnnzoml!---mn! T ggim 6q1{‘"h(q1’ @) (6)

where Fop,.....m, = (f,(,:';’;?,_,m") € My(k[p1,...,pn]). In particular, ¢ =
a’(f) € MN(An)' a

4. Irreducible TC-subalgebras of matrix Weyl algebras

Let us say that S is a TC-subalgebra of My (Ay) if S = A(F(S)). As before,
suppose M is a free N-generated left module over H = k[z1,...,Z5]. In
order to study T'C-subalgebras of My (A,) we will use a conformal algebra
structure on the space of all fields over F(Endx M).

Proposition 4.1. The H-module F(Endy M) can be endowed with an n-
conformal algebra structure isomorphic to Cendy.

Proof. Aswe have already seen in the proof of Proposition 3.1, an arbitrary
field from F(Endg M) is uniquely defined by a finite family of matrices
Fy,....,mn» mi = 0. Suppose a is such a field as in (6). Then consider

— mi —_ m
a= 3 (zz)™ (2™ g e Cend.
my! my! Lyeetin
M1y yMip

The correspondence a — & is obviously a bijective H-linear map between
F(Endx M) and Cendy;. O

Therefore, we can identify Cendy with F(Endy M).

For every a € Cendy we have two associated families of linear maps
a(f) € Endg M, f € H, and (a » -) € Endg M, X € A™. It is easy to obtain
the relation between these families:

@r)= 3 2 M), "

sp!
s€Zl, n
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where us = z{' ... 25" € H. Note that for every fixed v € M the expression
for (a » v) contains only a finite number of summands.
In a straightforward computation one may get the following explicit
expression for (a ) b) € Cendyy, A € A™:
)\«91 /\sn
(@xb)(h) = 3 Ty 32 > alusay)b(Susa)h), (8)
€23, ™ (ua)
where u, = z3'...z3* € H. Note that for every fixed a and b the sum
contains only a finite number of summands.

Corollary 4.1. A TC-subalgebra S of MiN(A,) is equal to A(C), where C
is a conformal subalgebra of Cendy .

Proof. Given a TC-subalgebra S, consider C = F(S). By (8), this is a
conformal subalgebra of F(Endy M) which is now identified with Cend},.
TC-property implies S = A(C). O

Proposition 4.2. A conformal subalgebra C of Cend}, is irreducible if
and only if the TC-subalgebra K[p1,...,pn]S C Mn(4,), S = A(C), is
irreducible.

Proof. Suppose C is an irreducible conformal subalgebra, S = A(C), S1 =
klp1,...,pn]S. Assume U C My is an S;-invariant subspace. Then U; =
S1U C U is an H-submodule.

Moreover, if v € U; then relation (7) implies (C () v) € Sv C Uy, ie.,
U, is an H-submodule invariant with respect to (a ), e € C, A € A™. If
Uy =0then Uy = {ve M| Sv=0}2U #0, but it is easy to derive from
the properties of S that Us is a C-invariant H-submodule. If Uy = M then
S = 0 which is impossible.

Conversely, suppose S1 =Kk[p,...,p,]S is irreducible, and assume 0 #
U <y M is a C-invariant submodule, i.e., (a y v) € U foralla € C, A € A",
v € U. For a fixed v € U, choosing different A’s, we obtain from (7) a system
of linear equations that can be resolved in a(us)v, i.e., all a(f)v € U for all
f € H. Hence, U is an S-invariant subspace; since U is an H-submodule,
we also have k(p1,...,p,|SU C U. a

The following theorem provides an approach to a solution of the problem
stated in the Introduction for the class of TC-subalgebras.

Theorem 4.1. Let S be an irreducible TC-subalgebra of Mn(A,). Then
k[p1,...,pn]|S is an essential left TC-ideal of My (An).
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Proof. By Corollary 4.1, S = A(C), where C is a conformal subalgebra
of Cendy,. If S is irreducible then so is k|py,...,pn]S. By Proposition 4.2,
C is an irreducible conformal subalgebra. It follows from Theorem 2.1 for
G = A" that (1 ® H)C is an essential left ideal of Cend?;.

It follows from (8) that A((1 ® H)C) is a left ideal of My (A,) which
has a nonzero intersection with every nonzero left TC-ideal of My (4,).
Finally, note that A((1 ® H)C) =k{p1,...,ps)S. n]

Corollary 4.2. An irreducible TC-subalgebra of My (A1) is equal to
Mp(A1)Q, where Q € My (k[p1]), det Q # 0.

Proof. Denote p; and g1 by p and ¢, respectively. The description of left
ideals of Cendy = Cend}, was found in [6): all these ideals are of the form
Cendy,g = F(H ® HQ(x)), where H = k[z]. Such an ideal is essential if
and only if det @ # 0.

Therefore, an irreducible TC-subalgebra S of My (A1) has the following
property: k[p]S = A(Cendy,qg) = Mn(A1)Q(p), det Q # 0. For C = F(S),
we have (1 ® H)C = Cendy,q.

If the sum

S+pS+p*S+--- =Mn(4A1)Q(p) 9)
is direct, then
C+(1®2)C+(1®z*)C+... (10)

is also direct. In this case, GKdim C = 0; these conformal subalgebras were
described in [6], the subalgebra S is not irreducible itself.

If the sum (9) is not direct, then so is (10), and it is easy to show (see
[14]) that C = Cendy,q, therefore, S = Mn(41)Q. |

Finally, let us state a conjecture that is supposed to be a description of
the picture for n > 1.

Conjecture 4.1. Let S be a TC-subalgebra of My (Ar). Then the following
are equivalent:

(1) S is irreducible;
(2) GKdim S = 2n and K[p1,...,Ps]S is an essential left ideal of Mpy(Ar);
(8) S is an essential left ideal of My (Ar).
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ON THE LENGTH OF CONJUGACY CLASSES AND
P-NILPOTENCE OF FINITE GROUPS*t
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We investigate the influences of lengths of conjugacy classes of finite groups on
the structure of finite groups. Some sufficient conditions for a finite group to
be p-nilpotent and supersolvable are obtained. Some known results are gener-
alized.
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1. Introduction

All groups considered in this paper are finite. If G is a group, then we use
z% to denote the conjugacy class containing z, |x€| the length of € and
Con(G) the set of the conjugacy classes of G.

One of the questions that were studied extensively is what can be said
about the structure of the group G if some information is known about
the arithmetic structure of Con(G). The answers in many cases were given
in many papers. For example, Chillag and Herzog in [1] proved that G is
supersolvable and both [G/F(G)| and |F(G)'| are square-free numbers if
|C| is a square-free number for each C € Con(G). Cossey and Wang in [2]
showed that G is a solvable p-nilpotent group and the Sylow p-subgroups of
G/0,(G) is of order at most p if there is no conjugacy class whose length of
G is divisible by p? and g does not divide p—1, where p, q are prime divisors
of |G|. Recently in [3], Liu, Wang and Wei replaced “all conjugacy classes”
by “some conjugacy classes” and obtained many interesting results. In this
paper, we continue to investigate influences of conjugacy classes of finite

*The research was partially supported by the National Natural Science Foundation of
China(10771132), SGRC(GZ310), the Research Grant of Shanghai University and Shang-
hai Leading Academic Discipline Project(J50101).

TMSC: 20D10; 20D20.
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groups on the structure of finite groups. We will concentrate to put our
emphasis on the p-part structure of conjugacy class length of p’-element of
prime-power-order of G and obtain some theorems on p-nilpotent groups
and supersolvable groups. Some results in [1-3] are generalized.

2. Basic definitions and preliminary results

In this section,we give some lemmas which are useful for our main results.

Definition 2.1. An element = of a group G is called a p’'—element or a
p—regular element if the order of z is a p’—number, that is, (o(z),p) = 1.

Lemma 2.1 (1,Lemma 1). Let N 4G,z € N, andy € G. Then

(i) |=N] | ]=©].
(i) (NS | 1ye].

Let p be a prime and Z, a cyclic group of order p. We denote (Z,)" x Z,
for a Frobenius group with Frobenius kernel (Z, % - -+ X Zp) and Frobennius
(N ———

complement Z,, and (Z, X -+ X Zp) as Zg-module is irreducible.
N, e

n

Lemma 2.2. Let G be a solvable group and p a prime dividing the order
of G. Then G is not p-nilpotent but every proper normal subgroup of G and
every proper quotient group of G are p-nilpotent if and only if there exist a
prime q and a positive integer n such that G ~ (Z,)" x Z,.

Lemma 2.3 (1,Proposition 3). If the fized prime p||Cq(z)| for all z €
G, then G is not a nonabelian simple group.

3. Main results

In this section, we will study the structure of finite groups by using the

conjugacy class length of p’-element of prime-power-order. Our first results
is the following:

Theorem 3.1. Let G be a group and p a prime divisor of |G|. Suppose
that no conjugacy class length of p’-element of prime-power-order of G is

divisible by p®. Then P/Oy(G) is an elementary abelian p-group, where
P ¢ Syl (G).
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Proof. Since (0,(G/0y(G)) = 1 and the quotient group G/0,(G) sat-
isfies the hypothesis of the theorem by Lemma 2.1, we may assume that
Op(G) = 1. Now,set: U = ®(P) () Z(P) and we consider Cq(U). It is easy
to prove that there exists an element z € G such that g centralizes some
maximal subgroup of P® for every p’-element g of prime-power-order of
G, and whence g centralizes U®. On the other hand, it is also easy to
prove that g centralizes some G-conjugacy of U for every p-element g, so
Useg Ca(U?) = Ureq Ca(U)* contains all elements of prime-power or-
der of G. As a consequence of the finite simple groups(see [7]), we have
G = U,;eq Ca(U)*. Tt follows that G = Cg(U), and so U < 0,(G) = 1.
Hence ®(P) = 1, and therefore P is an elementary abelian p-group. The
proof is completed. (]

Theorem 3.2. Let G be a solvable group and p be a prime with (|G|,p —
1) = 1. Suppose that no conjugacy class length of p’-element of prime-power
order of G is divisible by p* and G is (Zp X Z,) X Zy-free for any prime q
with q # p. Then G is a p-nilpotent group.

Proof. Assume that the result is false and let G be a counterexample of
minimal order. If G is a simple group, then G is a cyclic group of prime
order, a contradiction. Hence, G contains proper normal subgroup. For any
proper normal subgroup N of G, we have N and G/N are p-nilpotent by
Lemma 2.1. Hence, by Lemma 2.2, G is a Frobenius group (Zp,)" % Z,.
Thus there exists a conjugacy class C € Con(G) such that |C| = p™. The
hypothesis implies that n < 2 and therefore |P| < p? if P € Syl,(G).

If n = 1, then G ~ Z, x Z,. Since (|G|,p — 1) = 1, it follows that
Ng(P) = Cg(P). By Burnside theorem [7;10.1.8] we see that G is p-
nilpotent, a contradiction. If n = 2, then G ~ (Z, x Z,) x Z,, again a
contradiction. Qur proof is hence completed. O

By using a similar arguments, we obtain the following theorem.

Theorem 3.3. Let G be a solvable group and p be a prime with (|G|, p? —
1) = 1. If no conjugacy class length of p'-element of prime-power-order of
G is divisible by p°, then G is p-nilpotent.

Remark 3.1. In Theorem 3.2 and Theorem 3.3, the condition that G is
(Zp X Zp) X Zy-free and the condition (|G, p?—1) = 1 can not be dropped.
For example, let G = A4 be the alternating group of degree 4. Then Ay
has four conjugacy classes C1,Cq,C3,C4 and |C1] = 1,|Cq| = 3,|C3| =
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4,|C4| = 4. Let p = 2, obviously 2% { |C;|, where i = 1,2,3,4. but A4 is not
2-nilpotent.

If p is the smallest prime dividing the order of a group, then we deduce the
following Theorem:

Theorem 3.4. Let G be a group and p be the smallest prime divisor of
|G|. Suppose that no conjugacy class length of element of G is divisible by
p® and G is Ay—free. Then G is a p-nilpotent group.

Proof. Suppose that G, € Sylp(G). If Gy, is cyclic, then G is p-nilpotent by
Burnside theorem. If |G,| = p? and G, ~ (2, X Zp), then Ng(G,)/Cs(Gp)
isomorphic to a subgroup of GL(2.p). If p > 2, then it is easy to see that
Ng(Gp) = Ce(Gyp)- Hence G is p-nilpotent by Burnside theorem.

If p = 2, then it is easy to see that Ng(Gp) = Cg(Gp) or that
Ng(Gp) =~ A4. But Ng(G,) ~ A4 is impossible. Hence Ng(G,) = Ca(Gyp)
and therefore G is p-nilpotent.

Now we suppose that |Gp| > p3. Since p? { |C| for any C € Con(G) and
|C| = |G : Ca(z)]| for any z € G, p||Cg(x)|- By Lemma 2.3 G is not a simple
group. By Lemma 2.1 and by induction, for every proper normal subgroup
N of G and every proper quotient group G/N of G, we have N and G/N
are p-nilpotent. If G is not p-nilpotent, then by Lemma 2.2, there exist a
prime ¢ and a positive integer n such that G ~ (Z,)” x Z,;. Hence, there
exists a conjugacy class C € Con(G) such that |C| = p". By hypothesis,
we have n < 2, and thereby, |G| < p?, a contradiction. This shows that G
is p-nilpotent. O

Theorem 3.5. Let A and B be normal subgroups of a group G such that
G = AB. If G is (Zp)* x Zy-free for any distinct primes p and q, and |z€|
is cube-free for every element x of A|J B, then G is a supersolvable group.

Proof. The hypotheses are clearly inherited by quotient groups.

We first prove that A and B are supersolvable. We only prove that
A is supersolvable. Assume that A is not supersolvable and choose A a
counterexample of minimal order. Because the class of supersolvable groups
forms a saturated formation , we may suppose that A has a unique minimal
normal subgroup N and ®(A) = 1. Then by Lemma 2.1 and Theorem 3.4,
we see that A has a Sylow tower of supersolvable type. Hence A is solvable.
Thus we may suppose that N is an elementary abelian p-group and |N| = p*
with k > 1. If k = 1, then G/N is supersolvable by Lemma, 2.1. This leads
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to A is supersolvable, a contradiction. Hence we may suppose that k > 1
and A has no normal subgroup of prime order. Since ®(A) = 1, there
exists a maximal subgroup M of A such that A = MN and M\N = 1.
Clearly M = A/N is supersolvable. Let Q be a minimal normal subgroup
of M. Then |Q| = g, a prime. Set Q = (z). If Ca(z) N = Cn(z) # 1,
then M < N4(Q) = A. Thus Q is a minimal normal subgroup of prime
order of A, a contradiction. Hence, C4(x) (N = Cn(z) = 1 and it follows
that N{z) is a Frobunius group and by hypotheses, |N| = p?. That is,
N(z) is Frobenius group (Z, x Z,) x Z,, a contradiction. Therefore there
is no counterexample and A is supersolvable. In the same way, B is also
supersolvable.

Next we prove that G is solvable. Since A and B are supersolvable and
G/A=AB/A= B/A( B, G is solvable.

Now we prove that G is supersolvable. Assume that the result is false.
Then, we choose GG a counterexample of minimal order. Because the super-
solvable groups forms a saturated formation , we may suppose that G has
a unique minimal normal subgroup N and ®(G) = 1. Let |N| = p* with
k > 1. Then F(G) = N = Cg(N). If A’ =1 or B’ =1, G is supersolvable
by [AB, theorem 3]. a contradiction. So both A’ and B’ are nonidentity nor-
mal subgroups of G. By the uniqueness of N we can get that N < A’ and
N < B'. On the other hand, A’ < A since A is solvable. Thus there exists
a subgroup H of A such that H/N is a minimal normal subgroup of G/N.
Since G/N is supersolvable, |H/N| = ¢, which is a prime. If ¢ = p, then
K is a normal p-subgroup of G, which implies H < F(G) = N, a contra-
diction. If g # p, then, by Schur-Zassenhaus Theorem, there is an element
x such that H = N(z) and |z| = ¢. Suppose that there exists an element
y # 1 in N such that y € Cg(z). Since N is abelian, H = N(z) < Ca(y).
So Z(H) > 1. But Z(H) char HJG. Thus Z(H)<G. Again by the unique-
ness of N, we have that N < Z(H). This implies H = N x (), which is
a nilpotent normal subgroup of G. Thus H < F(G) = N, a contradiction.
Hence, Cy(z) = (z) and |zf| = |H : Cy(z)| = |N| = p* with k > 1.
If k = 2, then H = N{z) is a Frobenius group (Z, x Z,) X Z4, which is
contrary to the hypotheses. If k > 3, again contradicts to the hypotheses.
Hence there exists no counterexample and our proof is hence completed. O
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Finite index subgroups of the modular group are of great arithmetic impor-
tance. Farey symbols, introduced by Ravi Kulkarni in 1991, are a tool for
working with these groups. Given such a group T, a Farey symbol for I is a
certain finite sequence of rational numbers (representing vertices of a funda-
mental domain of T') together with pairing information for the edges between
the vertices. They are a compact way of encoding the information about the
group and they provide a simple way to do calculations with the group. For
example: calculating an independent set of generators and decomposing group
elements into a word in these generators, finding coset representatives, elliptic
points, and genus of the group, testing if the group is congruence, etc. We will
discuss Farey Symbols and explicit algorithms for working with them.

1. Introduction

Modular forms are certain functions defined on the upper half plane dis-
playing certain symmetries under the Mobius transformation action of a
finite-index subgroup of PSLy(Z). The theory of modular forms has been in
the central stage of number theory for more than one century and continues
to be one of its most exciting areas. Working with modular forms requires
knowing information about their underlying groups. There is a vast litera-
ture about many aspects of finite index subgroups of the modular groups
and their relations with other fields such as combinatorics, algebraic curves.

*2000 Mathematics Subject Classification. 11F06
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Interested readers are referred to articles like [1, 2], or a recent survey article
by the second author on these groups and their modular forms [9].

Some finite index subgroups of the modular group can be described
purely by congruence relations, and as such are called congruence subgroups
of the modular group. These groups are relatively easy to work with, as they
contain a certain normal subgroup I'(V), such that the quotient of the group
by T'(N) is just a subgroup of PSLo(Z/NZ). Most computational methods
for working with modular forms work only for congruence subgroups [14].
Noncongruence subgroups are finite-index subgroups of (PSL2(Z)) that can-
not be described by congruence relations. Even though they make up the
majority of finite-index subgroups of PSLy(Z) there are few tools for work-
ing with them. One tool that works equally well with both congruence and
noncongruence groups is the method of Farey symbols introduced by Ravi
Kulkarni [6]. In this paper we will recast how to use Farey symbols and some
related computational topics. We will discuss some explicit algorithms for
working with Farey symbols. The first author has implemented a collection
of such algorithms into a free SAGE package called “KFarey”. It should
be made clear to the readers that “KFarey” is an undergoing project and
we will continue to improve the current functions, implement other existing
algorithms such as [4, 8], and investigate new algorithms to make “KFarey”
useful to a large audience.

2. Subgroups of PSL3(Z)

Let SL2(Z) be the group of 2 x 2 matrices with integer coefficients and
determinant 1, and let PSLy(Z) = SL2(Z)/{I,—1I}. Let H be the upper
half plane H := {z € C : Im(z) > 0}, Then PSLy(Z) acts faithfully on H
under the action

L, +b
T cztd’
b
where v = (z d) € PSL3(Z). The objects of our study will be the finite

index subgroups of PSLy(Z). For example, the standard congruence groups,
I'(N), I'1(N) and To(N).

If T is a finite index subgroup of PSLy(Z) then the action of T partitions
QU {oo} into equivalence classes, where g, ~ g3 if g1 = gz for some v € T.
These equivalence classes {q} are called the cusps of I" and the width of

the cusp {q} is [Stabpgy,(z)(q) : Stabr(g)]. We say that the level of I is the
least common multiple of the cusp widths of I.
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Recall that a congruence subgroup of PSLy(Z) is a subgroup I' that
contains a principal level N congruence subgroup I'(N) for some N. If N
is the smallest such N such that this is true, then I has level N.

Definition 2.1. Let I' be a finite index subgroup of PSLy(Z). For our

purposes, a fundamental domain of I is a hyperbolic polygon P on HUQU
{o0} such that:

(1) If z is in the interior of P and y € T, then vz € P implies vy = I.
(2) For every z € H there is v € T" such that yz € P.

Lemma 2.1. LetT be a finite index subgroup of PSLy(Z) and P a hyper-
bolic polygon. Suppose P is such that:

(1) If z is in the interior of P and vy € T, then vz € P implies v = I.
(2) For each side e of P, there is v € I such that v maps e to another side
of P in an orientation reversing manner.

Then P is a fundamental domain of T.

Proof. Let the images vP of P under elements v of I' be called P-tiles. By
Condition (1) they cannot overlap. Also, given Condition (1), we only need
to show that H C U ~P. Suppose this is not true. Then there is n € T
yer
such that nP has an edge e without a P-tile on the other side. Then 7 e
is an side of P and the v of Condition (2) maps 7~ 'e to another side of P.
Specifically, v~! maps P to a P-tile adjacent to P across the side e. Then
ny~ 1P is a P-tile adjacent to nP across the side e. Contradiction. D

1

3. Farey Symbols
3.1. Special Polygons

Farey Symbols were introduced by Ravi Kulkarni in 1991 [6] as a compact
and efficient way to compute with finite index subgroups of PSL2(Z). The
idea is to describe the group by a fundamental domain with vertices at
certain rational numbers and certain hyperbolic arcs joining these rational
numbers. Most of the theory here is summarized from [6].

If z and y are two points on H U Q then there is a unique circle passing
through = and y with center on Q. We say the hyperbolic arc joining
z and y is the arc of this circle contained in HU Q joining z and y. We
also say the hyperbolic arc joining z € H to oo is the vertical line segment
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{z+1ti:0<teR}U{oo}. We write H;y for the hyperbolic arc joining z
and y. A hyperbolic polygon is a polygon composed of hyperbolic arcs.

Through the course of this paper, when a vertex of a hyperbolic arc is
in Q it will always be assumed to be in the form ¢ with a,b € Z, (a,b) =1
and b > 0. If the vertex is oo, we will write it either :ol or -(15 {depending on
if it is the leftmost or rightmost element of a Farey sequence).

Let p = % + @z and let T be the hyperbolic triangle with vertices p,
p? and oo. Then T is a fundamental domain for PSL2(Z) ([5] Prop. IIL.1).
Let E,. be the edge joining i to oo, E, be the edge joining p to co, and Ef
be the edge joining i to p. Then we call an arc A in the upper half plane
an even edge (resp. odd edge, resp. f-edge) if A = vE, (resp. A = vE,,

resp. A = vEj) for some v € PSLy(Z) (See Figure 1). E, and <(1) —E)l> E,

together form a hyperbolic arc from 0 to 0o, and in general even edges come
'

in pairs joining rational numbers £, and % with |a’b — ab’| = 1 because of

the following lemma:

Lemma 3.1. Ify € PSL2(Z) and a1/b1, az2/bs, ai /by, and ay /b, are ra-
tional numbers in simplest form such that

v(a1/b1) = a} /by, and y(az/b2) = a3 /by,
then

azby — a1ba = ash] —alby .

Proof. Ify= (é g) then

a, Aa; + Bb a} a Aas + B !
") = Garioh ~ i 1) " Gar s o i
So:
aby — asb) = (Aay + Bb1)(Caz + Dby) — (Aag + Bby)(Cay + Dby)
= ADayby + BCazb; — ADagb; — BCayby
= (AD — BC)(a1b2 — asb;)
= (a1by — azby). 0

So the quantity asb; — aiby is invariant under transformations in
PSL2(Z). Note that even edges, odd edges and free edges only map to

even edges, odd edges and free edges respectively under transformations
v € PSLy(Z).
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1] 1 2

Fig. 1. Even edges are thick, odd edges are thin, and f-edges are dashed

Definition 3.1. A special polygon P is a convex hyperbolic polygon to-
gether with a side pairing defined in the following way: The polygon is such
that:

(1) The boundary of P consists of even and odd edges.

(2) The even edges of P come in pairs, each pair forming a hyperbolic arc
between elements of Q U {oo}.

(3) The odd edges of P come in pairs, each pair meeting a vertex with
inner angle 2.

The sides of the polygon are denoted as follows:

(1) Each odd edge is called an odd side.
(2) As even edges come in pairs, either each edge of the pair is an even
side, or the union of the two edges (a semicircle) is called a free side.

The side pairing on the edges is defined as follows:

(1) Each odd side is paired with the odd side it meets at an angle of 2
This is called an odd pairing.

(2) Each even side is paired with the even side with which it forms a semi-
circular arc. This is called an even pairing.

(3) There are an even number of free sides and they are partitioned into
sets of two, each called a free pairing.

We will always assume that 0 and oo are vertices of P.
The sides of a special polygon P have a natural orientation obtained
by tracing the perimeter of the polygon in a certain direction. If {s,s’}
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is a side pairing then there is a unique ¥ € PSL2(Z) such that v maps
s to &' in an orientation-reversing manner. We call this the side pairing
transformation associated with the side pairing, and we let I'p be the
group generated by all the side pairing transformations of P. Note that it
doesn’t matter which side we pick for s and which for s’ because the two
possible ¥’s are inverses of each other. Also note that if s is an even side
(resp. odd side) then v is order 2 (resp. order 3).
Two theorems of Kulkarni are fundamental here:

Theorem 3.1. ([6] Theorem 3.2) If P is a special polygon then P is a
fundamental domain for Up. Moreover, the side pairing transformations
{v} are an independent set of generators of I'p (i.e. the only relations on
the v;’s are v} = 1 or v3 =1 for any finite-order v;’s).

Theorem 3.2. (/6] Theorem 8.3) For every I' C PSLy(Z) of finite index,
there is a special polygon P such thatT' =Tp.

Proof. [6] and also follows from the proof of the algorithm in Section 4.
a

Note that although it is true that any subgroup of PSL,(Z) with funda-
mental domain F is generated by the transformations that map its edges
together, the fact that the set of generators of a special polygon is an
independent set of generators is something special to the special poly-
gon. For example, consider the fundamental domain shown in Figure 2.

There are six sides, and the three side pairing transformations are <é ?),

10 3 -2
(2 1), and (2 B 1) But this is not a independent list of generators be-

-1

3 -2 12 10 .
cause (2 _ 1) (O 1) = (2 1). A special polygon for I'(2) is shown in
Figure 3. The pairing transformations from the special polygon are ((1) 3)

3-2
and (2 B 1). These are independent generators of I'(2).
3.2. Farey Symbols

Recall that the classical Farey sequences F, are constructed by taking
all the rational numbers 0 < a/b < 1 with denominator at most n and



231

Fig. 2. A fundamental domain for T'(2)

Fig. 3. A special polygon for I'(2)

(a,b) = 1 and writing them as a finite sequence in ascending order
{ag/bo,-.,an/bn}. Then for each i we have a;11b; — a;b,41 = 1. We are
interested in sequences that satisfy this condition.

Definition 3.2. A generalized Farey sequence is a finite sequence:

-1 1

{TsxOv o9 Lny 6}

such that:

(1) Each z; = a;/b; is a rational number in reduced form with b; > 0.
Additionally, we often consider z_; = _Tl and z,4+1 = %.
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(2) If welet a—y = —1,b-1 =0, any1 = 1, and bp41 = 0 then
a¢+1bi - a,-bi+1 =1 (1)
for -1 <1< n.

Note that this definition forces zo and x, to be integers. We will always
assume z; = 0 for some 1.

Definition 3.3. A Farey symbol is a generalized Farey sequence with
some additional pairing information. Namely, between each adjacent entries
z;—1 and x; we assign a pairing p; which is either a positive integer called
a free pairing or the symbol “o” called an even pairing or “e” called an
odd pairing. Each integer that appears as a free pairing appears exactly
twice in the pairing information.

So if P is a special polygon, let zg, ...,y be the vertices of P lying in
Q listed in ascending order. Recall these vertices satisfy a;1b; — a;bi+1 =
1. Then {—Tl,mo,...,a:n, %} is a generalized Farey sequence. We make a
Farey symbol out of the generalized Farey sequence by adding the pairing
information in the obvious way.

On the other hand, if F' is a Farey symbol we can construct a special
polygon for F'. For adjacent entries of the Farey sequence z;_; and z;, if p;
is a free pairing or an even pairing we let P have as a side the hyperbolic arc
joining x;_1 and x;. Otherwise if it is odd we let v be the unique element
of PSL3(Z) such that v(0) = z;—; and v = x; and join z;_; and x; by the
arcs y(Hp,p) and v(H,, ). Thus we get a hyperbolic polygon which is made
into a special polygon by adding pairing information in the obvious way.

Example 3.1. T'(2) has a Farey symbol —oc 0o .

—]—

0 2
— T T -1~

1 2 2 1

3.3. Generators

If P is a special polygon for a group I' then I' is independently generated
by the transformations mapping each side to its paired side. If F is a Farey
symbol:

—00 ao/bo arfby v+ ap_1/bpy an /by o0,
Po P1 D2 Pn—-1 Pn Prn+1

then we can explicitly give formulas for the +y corresponding to a given side
pairing.
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Theorem 3.3. Suppose (a;/b;,aiy1/bi+1) are two adjacent vertices of F.
Then if the pairing between them p;y1 is an even pairing, let:

Gipt = <ai+1bi+1 +ab;  —a?—a?,
2 - 2 2 .
b +b%1 —Git1bit1 —asb;

If piy1 is an odd pairing, let:

Giyy = (ai+1bi+1 +aibii1 +ab;  ~af — a4 —aly,
1 e 2 2 .
bf +bibit1 +bi11  —air1big1 — aip1bs — asb;

And if piy1 is a free pairing that is paired with the side between ay /bx and
aky1/bry1, let:

Cipr = (ak+1bi+1 + agb; —aka; — Gr410i41
2 _ .
bebi + bry1bit1 —aip1bryr — aiby

Then Gy11 is the side transformation corresponding to the pairing p;y1.

Proof. [6] Theorem 6.1. O

3.4. Group Invariants

Several invariants of the group I' can be read off from the Farey symbol F.
Firstly, the number of inequivalent order-2 (resp. order-3) elliptic points, es
(resp. e3), is the number of even (resp. odd) pairings in F. Also, the number
of free pairings in F' (half the number of free edges) is equal to r, the rank
of w1 (I'\H) (the fundamental group of the uncompactified modular curve).

To discuss the cusps of T, note that if (z;, z;+1) is an edge with an even
or odd pairing, then z; and z;+; are equivalent cusps (since Gi4+1 € I’ maps
T; to T;+1). Likewise, if (z;,Z;4+1) and (z;,z;4+1) are paired edges then
z; and z;41 are equivalent cusps and z; and T;41 are equivalent cusps.
This defines an equivalence relation on the vertices of P. The equivalence
classes are easy to compute, because the defining equivalences occur in a
cyclic patten. So the number of cusps ¢ can be counted as the number of
equivalence classes.

For an edge (#, %&) let v = <Zz Zi+1>. So v~ Y(z;) = oo and

* i Oi41

7 Y (@i41) = 0. Then define the width of a vertex x; to be the “width” of
~P at oco. That is:

|@i—1biy1 — @it1bi-1] if ; is adjacent to no odd edge
width(z;) = ¢ |@i_1biy1 — @s1bi—1| + 1/2 if z; is adjacent to 1 odd edge .
lai—1biy1 — aip1bie1] +1  if 2; is adjacent to 2 odd edges
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The cusp width of a cusp x of I is then the sum of the widths of the vertices
of P T-equivalent to z.

T'\H is a genus g orientable surface with ¢ points missing, one for each
cusp. The rank of its fundamental group is r = 2g+t—1, so we can calculate
the genus g = Z=£L. Moreover, using the Hurwitz formula ([13], Prop. 1.40)
we get the index of I" in PSLy(Z), p = 3ez + 4e3 + 12g + 6t — 12. An even
simpler formula for the index comes from noting that n+2 =2r +e; +e3
where n+1 is as in Definition 3.2. This, combined with the previous formula,
implies p = 3n + e3.

4. Coset Permutation Representation of a Group

Another method of representing groups that will be useful to us in deter-
mining if a group is congruence is the coset permutation representation
developed by Millington [10], [11]. Let T be a subgroup of PSLy(Z) with
[PSLy(Z) : T] = p and PSLy(Z) = UL o4 a coset decomposition with
oy = I. Let F be the standard fundamental domain for PSLy(Z). Then
U4 a7 'F is a fundamental domain for I'. Let

5= (%0 v=(40) 1= () a=().

E and V generate PSLs(Z), as do L and R. The conversions between them
are:

E=LR™'L, V=R'L (2)

L=EV'!, R=EV~? (3)

We have E? = V3 = 1. In fact it is well-known that PSLy(Z) is isomorphic
to the group [12]:

PSLo(Z) 2 {e,v: e =03 =1) (4)

For each v in PSLy(Z), left multiplication acts on the left cosets of I' in
PSL»(Z) by permutation, i.e. there is a homomorphism ¢ : PSLy(Z) — Sy,
such that if ¢(y) = o4 then youI' = . ()I'. In this way every finite-index
subgroup of PSL2(Z) is associated with a pair of permutations e = ¢(E)
and v = @(V) with €2 = v® = 1 which generate a transitive permuta-
tion group (transitivity comes from E and V generating PSLy(Z)). We
call (e,v) a coset permutation representation of I' and (I,7) an LR-
representation of T', where | = ¢(L) and r = ¢(R). Each form can
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be obtained from the other form by the equations (2) and (3). Note that
7 € PSLo(Z) is in T if and only if 4T =T, i.e., 0, (1) = 1.

On the other hand, suppose € and v are a pair of permutations on y let-
ters with e> = v® = 1 that generate a transitive permutation group S (such
a permutation we call valid). Define a homomorphism ¢ : PSLy(Z) — S
such that ¢(E) = e and (V) = v (This is well-defined because of (4)).
Let I' = {y € PSLy(Z) : ¢(v)(1) = 1}. Then T is an index-y subgroup of
PSL3(Z). Thus we have a correlation between valid pairs of permutations
and finite-index subgroups of PSLy(Z). To test if A € PSLy(Z) is in T
we write A as a word in L and R (Using, essentially, the Euclidean Algo-
rithm) and replace L and R with the permutations [ and r. If the resulting
permutation fixes 1 then A is in T,

If one of the cosets is fixed by e, say e(z) = i, it corresponds to an elliptic
element in T, for Ea;I' = o;I' means o 'Eo;T" = T, meaning ai“lEa,-
(which is order 2) is in T'. So ez, the number of inequivalent elliptic elements
of order 2 in I, is equal to the number of elements fixed by e. Similarly, e
is the number of elements fixed by v.

The cusp width of T" at oo is the smallest positive integer n such that
L™ € T. Thus the cusp width at infinity is the order of the cycle in (L)
which contains “1”. Likewise, suppose 4 is in a cycle of length & in ¢(L),
ie. LFa,T" = T, but Lo, # oI for 0 < n < k. Then a{lLkai e,
but o;'L"e; ¢ T for 0 < n < k. If ¢ = ;oo then ai’lLkaiq = ¢ but
a;'L"a;q # qfor 0 < n < k. Thus aj ' L*q,; is a generator for the stabilizer
of the cusp ¢, and this cusp has width k.

5. Algorithms
5.1. Calculating a Farey Symbol

Recall that T is the standard fundamental domain for PSL2(Z), and let T
be the hyperbolic triangle with vertices p, ¢ and oo (So 7' =T™* U (=T%)).
IT = {yT : v € PSLy(Z)} is a tessellation of the upper half plane and
any finite index subgroup I' has a fundamental domain which is a simply
connected union of Z-tiles. Let I* = {yT™ : v € PSLo(Z)} U {~(-T*) :
v € PSLy(Z)}. F* is also a tessellation of the upper half plane, and we
will construct a fundamental domain for I' out of J *-tiles. The starting
point for our construction will be the six tiles around an odd vertex. The
following lemma shows this is a reasonable starting point:

Lemma 5.1. Let T' be a subgroup of PSLy(Z) with index > 3. Then the
stabilizer of p = % + %31 orp—1= —-% + 3’;—51‘ is trivial (i.e. one of these
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Fig. 4. A hyperbolic triangle

points is not elliptic in T').

Proof. If the two stabilizers are not trivial then they must be I, =
01 -11
{I,A,A?} andT,_y = {I, B, B*} where A = <_1 _1) and B = (_1 0).
But A and B generate an index-2 subgroup of PSLy(Z). So I' is either the
(unique) index-2 subgroup of PSL2(Z) or PSLy(Z) itself. And if the index
of T in PSLy(Z) is bigger than 2, at least one of A and B cannot be in I'0

So if T' is not PSL,(Z) or ['5, the unique index 2 subgroup of PSLy(Z)
([12]), then the hyperbolic triangle with vertices either 0, 1 and oo, or —1,
0 and oo is contained in a fundamental domain of I'. The triangle is made
of 6 J*-tiles (see Figure 4). We will make a polygon P starting with this
triangle, then attach Z*-tiles to P and assign partial pairing information
to sides until we get a fundamental domain for T' (at which point all the
pairing information will be filled in). In the algorithm we will say a J*-
tile T is adjoinable to P if T is adjacent to a tile of P and if PUT is
contained in some fundamental domain of I'. Note that if T is adjacent to

P with adjacency edge e and if € cannot be paired with any other edge of
P then T is adjoinable.

Algorithm:
(1) If T' = PSL2(Z) let P be the special polygon with Farey symbol

or if ' = I'; let P be the special polygon with Farey symbol

—00 0 00 .
— —
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02

Fig. 5.

In either case return P and terminate.

-11\, .
(2) If (_ 10) not in I" then let P be the hyperbolic polygon with vertices
0, 1, and oo. Otherwise let P be the hyperbolic polygon with edges —1,
0 and oo.

(3) If any of the three sides of P map to each other by a v € T, assign that
pairing to the side. (Note that initially all sides are even sides).
(4) P is now a polygon where every side is either:

(a) even and already paired.
(b) odd and already paired.
(c) even and unpaired.

(5) Pick an unpaired even side e. Figure 5 shows the typical case (The
other cases are the same as this case with everything translated by
some v € PSLy(Z)). Since e is unpaired, T and 7> must be adjoinable.
If 0; and o, are the new odd edges of P after adding 77 and T3 to P
then either vyo; = 04 for some v € I, or there is no such +. If there is v
pair the two edges and go to Step (3).

(6) If 01 doesn’t pair with oz then it doesn’t pair with any other side
because the only other unpaired sides are odd. So tiles T3 and likewise
T, are adjoinable. Each of these tiles has a free edge and the free edges
cannot pair with each other (because their common vertex would have
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an internal angle of %”, so the pairing transformations would make
things overlap), so T5 and Tg are adjoinable,

(7) We’ve now added 6 7 *-tiles to P (One even triangle). If either of the
new even edges pair with any of the old unpaired even edges then assign
that pairing.

(8) If all the sides of P are paired then we are done. Otherwise go to Step
(4).

The output of the algorithm is a special polygon P with I'p =I". Note
that the algorithm must terminate, because a fundamental domain of T’
has hyperbolic area F[PSL2(Z) : I'] and a single J*-tile has area %. So
for P to be contained in a fundamental domain of I" it can have at most
2. [PSLy(Z) : T'] T *-tiles.

To effectively implement the algorithm we use Farey symbols. We need
only a way to test for group membership. Note that if p;/¢; and pi+1/¢i+1
are two adjacent vertices of the fundamental polygon then the hyperbolic
triangle added to the edge H;, ;,,, in Step (6) is the triangle with vertices
Pi/%i, Pi+1/Qi+1, and (Di + Piy1)/ (G + Git1)-

So given a finite-index subgroup I" of PSLy(Z), if we have a way to test
for group membership we can calculate a Farey symbol by the following
algorithm:

Algorithm for calculating a Farey Symbol:

11 0-1
(1) It (0 1) and (1 0 > are in I' then I' = PSLy(Z), so return

and terminate. If ( 0 1 ) and <

—1-1 ) are in I’ then I' = T';, so

return

and terminate.
-11
(2) If 1 0) ¢ I then let F be the (partial) Farey symbol:
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Otherwise let F be:

_ =1
o0 1

—

o

o0 .

—_—

(3) For each ¢ with 0 < i < n + 1, if the pairing between z;_; and z;
is not filled in then check if it can be paired with itself (even or odd
pairing), or if it can be paired with another unpaired edge (i.e., check if
the appropriate G; is in I'). Wherever something can be paired, assign
that pairing.

(4) If all edges are now paired, return F and terminate.

(5) If there is still an unpaired edge, say between p;/q; and p;1/q;+1, make
a new vertex (p; +pi+1)/(gi + ¢i+1) with no pairing information on the
edges adjacent to it. Go to Step (3).

The output is a Farey symbol for I'.

5.2. Group Membership

The following algorithm described in [7] tests if A € PSL2(Z) is an element
of the group corresponding to a Farey symbol F. We will need a lemma
about even lines:

Lemma 5.2. Let ] be an even line (a semicircle on the upper half plane
with rational endpoints a/b and a’/b' such that |ab’ — a’bl =1). Let P be a
special polygon in H. Then either L C P orIlNP = 0.

Proof. [7] Proposition 2.1. a

Let T be a finite index subgroup of PSLo(Z) and A an element of

PSL,(Z).
co Ch '
4= (do dz> ®

A maps the even line Ho oo to I = Het jar co/d,- BY the lemma, either I C P
or it is disjoint from P (except possibly at endpoints). If it is disjoint there
is an edge which it is naturally “closest” to (In a sense discussed in [7].
The idea of the algorithm is to translate P across the “closest” edge until
P intersects Hc/q,c'/d, at which point A will be in T’ if and only if [ is the
image of (0, 00) or the an edge paired with (0,00). In the actual algorithm
we work in the other direction, translating the even line instead of the
special polygon.
Algorithm: [7]
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Let k = 0 and F be a Farey symbol for I' with 0 as one of its vertices.
Without loss of generality, we can assume ‘—3% < ﬁf.

(1) There are two possibilities: If %: and g& are both vertices of P then

terminate. Otherwise we must have z; < 5 —& < < x;41 with at least
one “<” a strict inequality.

(2) Let g;+1 be the generator corresponding to the pairing pi11 (recall this
is the transformation mapping | = He, /d; ¢, /d, YO its paired side). If
pi+1 is a free or even palnng, let ax = gH.l If p;y1 is an odd pamng,
let m = ';—:1% where z; = &, Ziy1 = b . Then the interval (3 & %)
must be between either z; and m or between m and z;41. If -—l: 5 m,
let ax = gip1- Otherwise let o = 9y

(3) Let %’ﬁ = ok &, a,—"‘— =g d, Replace k with &+ 1 and go to Step

(1).

The algorithm returns 5;1 and 2, which are two vertices of P, and a
list of a;’s

Theorem 5.1. The algorithm terminates, and A is in T if and only if one
of the following is true:

W (o) ==07)

(2) (d, , §&) is a free side paired with (0, c0).

-1
(3) (;l; Cc;) = ((1) 0 ) and 0 and co are adjacent vertices with an even
k

pairing between them.
Proof. See [7]. o

In addition, if A is in I', A can be written as a word in the generators

-1~ —1{ck ¢c
of T because A = aglayt...af ! ( dk d’,‘), and each term in that product
k G

is one of the generators for F.

5.3. Coset Representatives

Let I' be a group with special polygon P. Let T be the hyperbolic triangle
with vertices i, p, and oo. By the construction of P, T is contained in P.
The set of ¥ € T" such that 47 is in P is a set of coset representatives of I
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Let a;/b; and ai41/bi+1 be a vertex of the special polygon, and let T' =
11 i Qi1 - -
(O 1) and ¢ = (bi by ) Then ¢~1(ai/b;) = oo and ¢~ (a1 /bip1) = 0.
Let w; be |a;—1b; 41 —ai11b;—1] if the pairing between a;/b; and @i+1/biy1 is
not an odd pairing and |a;_1b;+1 —a;41bi—1|+1 if it is. Then w; is the num-

ber of F*-tiles of the form T in P. Thus a list of left coset representatives
for T is Ufo{T7¢; : 0 < j < w;}.

5.4. Congruence Testing

Let T be a finite index subgroup of PSL2(Z). Lang, Lim and Tan give a test
purely in terms of Farey symbols to determine if I' is a congruence group
[7]. Their test relies on Wohlfahrt’s Theorem [15] which says that if I" has
level N then T is a congruence group if and only if I' contains I'(N). In
Lang, Lim and Tan’s test, if [' has level N one computes a Farey symbol
for T'(V), giving a complete set of generators for I'(IV). One then checks
if each of these generators is contained in I' using the above algorithm.
The difficulty with this algorithm is that the index of I'(N) increases very
quickly with N, so if T has large level, the calculation of a Farey symbol
for T(N) can be very lengthy, even if I' has relatively small index.

Another test for congruence was developed by Tim Hsu using Milling-
ton’s coset permutation representations [3]. If we have an LR-representation
of T there is a list of relations that are satisfied if and only I'" is congruence.

To calculate an LR-representation from a Farey symbol, use the above
algorithm to calculate a list of left coset representatives a; € PSLa(Z)
where PSLy(Z) = Ué;l ;. To calculate [, for instance, recall that [ is the
permutation such that La;I" = oy(;)I. So I sends ¢ to the unique j such
that aj_lLai € I'. So we run through every 1 < i < u and calculate the
permutation. r can be calculated similarly. (Actually, although we need !
and T it is easier to calculate e and v, because we know beforehand that
they are order 2 and 3 respectively. Then [ = ev™! and r = ev™2).

Knowing ! and r we can directly apply Tim Hsu’s congruence algorithm
(3]. Depending on the order of I, (i.e. the level of I') there are different lists
of relations of { and r that are satisfied if and only if T is congruence. For
example, if N is the order of [ and N is odd then I is a congruence group
if and only if r21~7 is the identity permutation (where % is the inverse of 2
modulo N).

6. Implementation

Helena Verrill has a written a MAGMA package for working with Farey
symbols for congruence groups. Also, for congruence or noncongruence
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groups, the algorithms described above have been implemented by the first
author as a collection of functions for SAGE. The package and basic exam-
ples may be downloaded at:

http://www.public.iastate.edu/ kurthc/research/index.html
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In this paper, Grébner—Shirshov bases and normal forms of elements for the
Coxeter groups Eg and E-; are found. These results support the conjecture in
[4] about the general form of Grébner—Shirshov bases for all Coxeter groups.

Keywords: Grobner—Shirshov basis; Composition—Diamond Lemma; Normal
form; Coxeter group.

1. Introduction

Coxeter groups are abstract groups of reflection symmetries of great im-
portance in geometry, combinatorics and other areas of mathematics. They
are usually defined by generators and defining relations. Let S be a to-
tally ordered set of n elements. An n x n symmetric matrix M = (m;;) is
called a Coxeter matrix if mj; = 1 and my; > 2 or oo for i # j. The fol-
lowing (semi)group presentation defines the corresponding Coxeter group:
W = smg(S|(s:8;)™ =1, where 1 <4,5 < n,my; # 00).

This article deals with the finite Coxeter groups of types Eg and E-.
The main problem is to obtain the Grobner—Shirshov bases of the groups
and a normal form of their elements.

In {4], Grobner—Shirshov bases and normal form of the elements were
already found for the Coxeter groups of types A, By, D; and a general form
of the Grébner—Shirshov bases for all Coxeter groups was conjectured. All
results presented here support the conjecture.

This article provides another application of the method of Grébner—
Shirshov bases for semigroups and groups, defined by generators and defin-
ing relations. Usually other methods were applied in these cases, partic-

*Mathematics Subject Classification(2000): 16515, 20F05, 20F55.
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ularly: Newman’s lemma, the method of elementary reduction and so on.
Though we consider the method of Grébner—Shirshov bases more conve-
nient in many cases. Various specializations of the method are the Euclidean
algorithm, the Gaussian elimination algorithm, some results of Grobner and
Newman. Works of A. I. Shirshov [4], H. Hironaka (7] and B. Buchberger
[5] considerably generalized this method.

To apply Grobner—Shirshov method often requires a large amount of
calculation. For this reason, computers are very helpful in some cases. A
lot of software today is capable of performing such calculations.

In our case, all calculations were reduced to several series of simpler
calculations and the main result was derived without the aid a computer.
But we used a computer to make additional checks of auxiliary results
derived during the work. We expect the main result of this work will be
used for solving the same problem for the Coxeter group of type Es.

2. Grobner—Shirshov bases

Take a totally ordered set X, the free associative algebra k(X) over some
field &, and the set X™* of words over X (including the empty word 1). We
consider X* totally ordered too. Also we assume that the order on X* is
monomial, i.e. if u > v then aub > avb for all words u, v, a,b. Denote by f
the leading word of f € k(X). The polynomial f is monic if the coefficient
of f is equal to 1. We denote by |u| the length of a word u.

For two monic polynomials f,g and a word w, we define their
composition (see [3], [8]):

{f—agb, if w= f = agb,
fo—ag, ifw=7Ffo=ag, [f|+7] > |uw|.

The word w is called the ambiguity of f and g. The first type of com-
position is called the composition of including g in f, and the second type
of composition — the composition of intersection of f and g.

Take some set S of monic polynomials and f,g € S. The composition
(f>9)w is called trivial relative to S (more precisely, relative to S and w) if

(f,g)w =

(f,9)w = Taja;s;b;, where a; € K,a;,b; € X*,a;5:b; < w,
we write this as (f, g)w =0 (mod S,w)) (see [2], [3]).

The reduction f +— f — agh, where f = agb, is called the
elimination of the leading word of the polynomial g in f. It is easy to ver-
ify if the elimination of the leading word of polynomials from S in (f, Dw

reduces (f, g),, to zero, then (f, g),, is trivial.
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The set S is called Gréobner—Shirshov bases if all compositions (f, g)u
of all polynomials f,g € S are trivial. In the original articles (2] and [3],
this set S is called a set closed with respect to compositions.

Lemma 2.1. (Composition—Diamond Lemma) (see (2], [3], [8], [4]) A set
S is a Grobner—Shirshov basis in k(X) if and only if the set of S-reduced
words

Red(S) = {u € X*;u # a3b,s € S,a,b € X*}
is a linear basis of the algebra
k(X)/Id(S) = (X]|S).

If § C k(X) is not a Grébner—Shirshov basis, then we can add to S
all nontrivial compositions of polynomials from S. Having repeated this
procedure (possibly infinitely many times) we obtain a Grébner—Shirshov
basis §°°™P. The process is called the Buchberger-Shirshov algorithm (see
(8], [5])-

If the set .S consists of semigroup relations (i.e. v — v, where u,v €
X*), then each nontrivial composition of polynomials from § has the same
semigroup form. Hence, S°°™? consists of semigroup relations too.

Consider that some semigroup A = smg(X|S). Then § C k(X) and
we can obtain the Grébner—Shirshov bases $°°™P, The set 5°°™P does not
depend on the field k and consists of semigroup relations. We will call §°°™?
the Grobner—Shirshov bases for the semigroup A.

3. Coxeter groups of types Eg and Ey

Take some Coxeter group W defined as above by a Coxeter matrix:

W = smg(S|(sis;)™7 =1, where 1 <4,j < n,my; # 00).

Ifn=6,70r8 mi_i=3fori<n—1, my,_3=3and my; = 2 for
i — j > 2, then the corresponding Coxeter groups are the Coxeter groups
of types Eg, B7 and Eg. In other words, the Coxeter groups of types Eg, E7
and Fg have the following defining relations with [ = 6,7, 8 respectively:

sf =1,

8i8i—18; = 8;-18;8i—1, t<I—15

8181381 = $1-351851-3-

For ms, < 00, let us introduce the following notation which we will use
to formulate the conjecture mentioned in the introduction:

m(s,s')=ss" ...
(the word of length m, , consisting of alternating letters s and s),
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(m~1)(s,8') =ss"...

(the word of length m,s — 1, consisting of alternating letters s and s').
For example, if m,y = 2 then m(s,s’) = ss’ and (m —1)(s,s') = s.
The defining relations of the Coxeter groups have the following form in

this notation:

$2=1, m(s,&)=m(s,s), s> (1)

Let us call two words in S equivalent, if they are equal modulo the commu-
tative relations involved in (1). Two relations a = b and ¢ = d are equiva-
lent if their right and left sides are equivalent correspondingly. Grébner—
Shirshov bases and normal form of elements of A;, By, D; were obtained in
the work [4]. That article proposes the conjecture about a general form of
the Grobner—Shirshov bases of all Coxeter groups. Now we formulate the
conjecture here:

Conjecture (see [4]) Grébner—Shirshov bases of W consists of (1)
and relations equivalent to the following:

(m —1)(s,8")(m — 1)(s1,82) ... (m — 1)(s2k—1, 52} (M) (S2k+1, S2k-+2)

= (m)(s, s")(m — 1)(s1, s2) ... (m — 1)(S2k—1, S2k) (M — 1)(S2k+1, S2k+2)>

where s > §', 51 < 89, ..., S2p_1 < Sok, S2k+1 < S2r+2, all adjacent
pairs (s,5’), (s1,52), -..(S2k~1,52k), (S2k+1,S2k+2) are distinct, and also
we have:

sg =8 if mgy is even,
sy = 8 if mey is odd,

Sok+2 = Sok  if Mgy, _1s,, IS even,
S2k+2 = S2k—1 if Mggs 150k is odd.

The main idea for solving the problem stated above is as follows. First,
we determine a set of relations that follow from the defining relations of
the Coxeter group. Then we compute the number of all reduced words
with respect to this set of relations. This number turns out equal to the
number of elements (which is well-known) of the corresponding Coxeter
group. By the Composition—Diamond Lemma this equality means that
the set of relations obtained is a Grébner—Shirshov basis. The reduced
words describe the normal form of elements in the Coxeter group.

4. Groébner—Shirshov basis of the Coxeter group Eg

For | = 6,7 we introduce the following notation:
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su=gS(_3si_4...Sj, wherei < | — 3;
su-2 = si;

su-i = 1

s = §Si_iSi_2...5j, wherel —1>i > j;
si41 = 1, where | — 1_>i.

Theorem 4.1. Thefollowing relations hold in the Coxeter group Eg:

(1) s = 1.
(2) S+ijS+i = S9+ij, I<j <i<lIl-\.

(3) snsi-2i = si-psusi-2i+i, | <I| -2.

(4 sud-2j9-lj = g-isud-2jd-ij+i, | < j < I - 1

(B) SHA = si3zsu, i < | - 2.

(6) sug-2j9j = 9-.39i9-2j9.i, i <j < | -2

(7) ud-2j9-19] —=9-33ud-2j9-i9j+l, % <j < | —1.

B Su,9-2j9-il-290,9-2j + | = J-39u,SI~2; 8i—11—-250i; S1-2§+2,

h<j<Il-2i,<j+1J+1<I|-1
(9) SuS-.2j:9-11-39i,9-2j,9-.ik,Siz =
81— 28tiy 8- 2]y S1—1~3Fi2 S 1—2ja $1— 1k Fliz+1»

h <ji<l-3, i2 '<h < fo, h < h-

Proof, sf = 1 is defining relation of the E.. Since sy and §j_i are subject
of relations A5, dl relations which hold in A& must holdin EQ . Therelation
S+ijS+1 = S§S+ij, i+ 1 < |-1 was proved in [4] that dealt with the group
Ai.

3.

gSig9-2i

= 8181-3...8;{81-28]-8...84

= 8181—3..8i4151-28!-3-.-F¢8i+18]

=2 8181 _3-+-8{4151-28]-3---8i+18i8i+1

= 818[-3..:8i4251-281-3...5i+15i+2%4418i5{4+1

= 81813484251 —281—3.--8i4+28i428:i4+25i8i+1

= 8181-381-281-3.-.3i4+25i8i+1

= 8{81-281-381-2--.81425:8i+1

= 81_28151-381-2.++5i4+28:8i+1

= 8§1-2518({—3...3{81-28]-3.-- 8415

4. We can prove it Smilarly to the previous relations;
5. uS = S9-3..99 = 9SI-3818[—4.--F; = 3[-35;

6.
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SUS1—2; 515

= $1i81—28(—35151—451-351— 45155 51—5j

= SUSI-2S1-3S1S1-3S1-4S -39 -.SISI-5)
= suSl-299-399-49-39-5)9-4j, 1
- S1-3SUSL-291-3S19-4S1 -39 -5 -4+ |

7. U relation 6:

15125811515

= Spi81—2581551-1

= $1-381;81-2§ 51 +1581-1

= 813818125 81-1815+1;

8. Userelation 7:

SI §-2j9- 11-29i, H-2j+1

= Sy 5125 81— 15125181342 SI-251-35+1

= 814 51—2581—-15181-281 381281445 S~ 3j+1

= 814 81—24 8115181 -351-281-381-4i, SI-3j+1

= 8liy St-2581-181381-25,

here we can userelation 7:

813y 8425 81— 112814, S1—25 41

= 81380, $1—-25 311515 +181-25

= 81-35813, 812581181231 +181 -2 4285

= S1-38Yi, $1-2581--1{-2515 81— 242

9. This relation can be easily proved similarly to relation 8.
a

Theorem 4.2. The algorithm of elimination of the leading words of rela-
tionsin Theorem 4-1 reduces each word in Coxeter group Eeto one of the
following form:

1) Sms2m---9-Imi-,;ig-2j, I'sj<l1-1, 1<m <U+ 1;
(%) SmS2m2---9-Im-9i9-2j9-ik, i< j.<k<|—I, I_<m, <n+ [;
(3  SmS2m2-9-Im,_;SU;9-2j19-1k SH,S-2j,9-ik,,
Nn<h<h,2<h<h,h<h,fci>l-21<m,<sn+1;
4  SmS2m2-S-Im-;SU,9-2),9-1-290,S-2329 -1k,
h<ji<l~2,i, <32 < ky, h+1 <X 1<un,<.n+ 1
(5) S S2mi--S-lyi 19115 2j19-11-390U,9-2),9 -1k, SHa1

h<ji<l-3,i,< h <ks<I, 32 < 13, 1 <rn, < n+ 1

Proof. These forms of words can be easily obtained using the algorithm
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of elimination of leading words. In addition the result was verified on a
computer. a

Theorem 4.3. The Gréobner—Shirshov basis of the Cozeter group Eg con-

sists of the relation in Theorem 4.1. A normal form of elements in Eg is
described in Theorem 4.2.

Proof. Note that each reduced word u can be presented as a product
of two words: u = v - w, where v is a maximal subword which does not
contain the letter sg, and w is a maximal subword containing the letter
sg. Moreover, the word v runs over all words which are reduced relative
to the Grobner—Shirshov basis of As. The number of such words is equal
to (5+1)! (see [4]). Thus, in order to calculate the number of all reduced
words we have to calculate the number of words w. It is easy to see that
in the series of words from Theorem 4.2 the numbers of possibilities for w
are: 11, 10, 12, 18, 21. Thus we see that the number of all reduced words is
equal to (11 + 10 + 12 + 18 4 21) - (5 + 1)! = 51840, which is equal to the
order of the group Eg. This means that the series of words in Theorem 4.2
define the normal form of elements in Fg. By the Composition—Diamond
Lemma relations in Theorem 4.1 comprise a Grobner—Shirshov basis of
the Coxeter group Es. o

5. Grobner—Shirshov basis of the Coxeter group E;.

We can handle the Coxeter group E7 almost in the same way as Eg. How-
ever, this case is much more complicate than the case of Eg. The use of a
computer reduces the time of calculations.

Theorem 5.1. The following relations are valid in the Cozeter group Eq:

(1) 82 = 1.

(2) s1iSi—2i = S1—281:S1-2i41, 1 <1 —2.

(3) S1iS1-2;S1-1j = S1-181i81-25S1-1j41, ¢ <J S 1 — L

(4) siis1 = 81-3s1, 1 <1 —2.

(5) Susi—2;S; = Si-381iS1-2381i+1, 1 < J <1 —2.

(6) S1iS1-2S1—181; = S1-351iS1-2;S1-1815+1, 4 < J <I—1.

(7) Sti, S1—25S1—11—251iy S1-2j+1 = S1—3S1i; S1—25S1—11—251i2 S1-2j+2,
i1<j<l—2ip<j+1,j+1<I-1L

(8) Siiy S1-2j, S1—11—3Sli, S1—~2j, 51— 1k Slia
= 8]—35143 S1—2j1 S1—11—381i5 81— 253 S1~1kSliz+1,
i1 < g1 <1l-3, i2<j2<k,kE{l,l——l},i3=j1+2<l—1.
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(9 Si9-2j,9-11-Z90,9-2329 - 1k Stiz S1-24s5

= 8135l SI—2j, SI—1—350ia B1—2j 31— 1k 3tz S1—24a+1»
i <ji<l1-3i<R<KKE{l-21-3},i3<J3 h< J3
h=h+3
the left side of each relation with jz=1—1 ends not in sjjssj_2js+i but
rather in SHs+I-

(10) 9i;9-2n9-il-290,9-2),9-11-i U9 -2j 5
= Sj-sSjii SF23 S 11 3SH, 5I-2j, SI-1i-4SH3 S(-2j3+I,
i\<jl<l- 3, 12<32<1-°4, 13 <33, 22 <33, ' h = 3 + 2,
the left side of each relation with j3 = | — 1 ends not in susi-2jz+i,
but rather in 8tig+41

(11) Si19-24 81— 11—4%1i S1—2558tiz S1-2
= 8138l S1—24; Si—11—431i2 81— 25, 8lig>
h<ji<l—4,*2<R2<h<l|-2

(12) S 9-2)9-11-4SUS;—24, 81—18li3 $1—2j3 -1
= 81381y $1—2j; S1—11—451i 51—2j, S1 -1 8143 51243
h<ji<l-4, h<h<h<l-1, h<h<]l-1-

(13) SH.S(_2j:S(_K_4S(i2Si_2,Si_i(_2SjisS(_2jsSi-|
= 49-349i,9-2ji9-U-49i,9-2329-11-29U:9-2j 5,
h<ji<l-4 i<d<l~2 i3 <3 <1-1 -1 22

(14) SGSi_2i:1S( i3 _4S(i,S(_2j>S(_i(_3S:isS(_2jsSi-|
=  S-33u9-2j,9-U-49i,9_2j,9-U-39i:9-2j3,
k<ji<l- 4, i2<J2<l~ 3, iz < js < | - L

{15) $15,81—2;, 81— 11— 48155 1252 S1— 11— 4SJis S[—2j5 S1—11—2
= 81—351i; S1—2j; SI— 11— 451ip S1— 25y 81— 11-481ig 81243 81~1,
H <j\ < | ~4, ixd<I~ 4, iz <js < |- 2.

Proof. Relations 1-8 are analogous to the relations in Theorem 4.1 and
they can be proved asin Theorem 4.1. So we will prove here relations 9-15
only.

9. We prove herethecase k =1 — 2, thecase k = 1 —3— is similar. Use
relation 8:

8tiy SI—2j) ST—11—381i5 S1—24; S1—11—251iy S1—27,

= 814 S1—2j1 811~ 388i, $1 24, S1- 1 SI81—281-. 34, $1-245

= 814 81-24) SI-11-381:, 8124, S1--18{ 8! 251351 28]—4i3 $1-3j5

= 813y 81—241 S1—U—-38i2S1— 242 SI—15U—381—2i3 S1—- 345

]

= S5y S1-24, S1— 1 -85ty 5127, 51— 182 —181-2i5,
use relation 8:



Stiy S1—25) $1-1—381i, S1—2j, S1-131—3 51245 81— 34,

= 81-3814; 51— 241 S1—-11-350iy 81— 25, 51— 1815 S1—2ig

= 8[—381i; 812, S1—-1-38i2 81 -2, SI—1—28i3 81—243 +1}

10. Use relation 9:

31 8125 $1 - 1381 S1—297 S1— 11— 4 8ig 81— 24,

= 814, 8125 S1- U381y 51—2j2 F1- 11 -3 5151481 -3 51— 44, S1—2j5
= 814y 81—25, S1—11-381ip S1—25, 811 -35U—481-351—Fip 124,
= 814y 1251 S1— 13814 $1— 255 S~ U—38U 48513 S1-351--242
= 81y 81-24, S1—-11—354i; 81-2j, 81— 11-381i5 81— 255 S1-2,

use relation 9:

Stiy 81—25, S1-11—381i, St —2j2 S1—- 114533 S 253

= 81-38li; S1—2j; 31— 1 —351in 81—, S1—11—-38liy 81— 2j3+1 512
= S/-3SH! 9-2J3! 9-U-3Su, 9-5j» S- U-49i3 S(-2j3+1 5

11. Userelation 8:

8lh 9-2j; S- 134«Jia Si-2j, iz «i-2

= 8idy B1--25, B1-1—-381—4 814, 8125, i3 81-2

= Si; §1-24; -1 —38iy SI-351-2j3 §li5 S/-2

= 814y $1—24, SI—1—35Li5 5242 81— 251ig $1-2

22 81y 812y $1—1—38liy 81—242 S181-251- 351281 gy

= 81y, S1—24q 81— 1—3514; 51242 813 51— 2ig»
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because of ii <j\ < | —4and Z =7, thenji =Z—5; i.e, we can use

relation 8 here:

Sh 9-2j! 9-U-4Su, S;_2j, iz %1-2

= 8138k, 8125, S 113503 51-27, $151— 24y

= 81-350iy 81—-241 H—11-3 81y $1—242 512804

= 81-381iy 81—, S1—11—- 481 8125, Sliss

12. Userelation 11:

8liy SI—25; 8111 —481i, 81—253 $1- 151043 51255 811

= 81§, 81-24, Si-11—48ti, S1—2j, Sliy S1—-151-25, S1—1
= Sli) 8{—2j; SI—1U—4 5, 51253 8113 $1—151-281-151-37,
= Siy S1—251 SI— L1 —4S1ig 81—2jg Sliy 81281181243+
use relation 11:

8145y 51-2jy S1— 1— 4515 S1—243 S1—181iy 51243 81—1

= 81_381i, 81251 St—1—48kip S1—2, Stiz S1-151-2j
= 813815, 81—-2jy S1—11—451ip §1 -0, $1-151i3 51— 253
13. Userelation 12:

Sli) S1—2j; SI—10—dSkig 51— 25, 81=11-281i9 $1-2j, 81-1

= 814, 81—2j; SI— 114 8tip S1-2j, S1—1 8181281381281 —4i5 135, 811
= 814, S1-241 S1-1—481iy S1-2j3 31— 1 81—38[-251-351— 443 51353 51— 1
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i

Stiy 81—251 F1— -4 8, F1 -2, S1—151j3—151-2{3 911

S1iy S1—251 SI— L — 4513 81— 253 8118743 —1 81233 81— 1845 — L,ig+
use relation 12:

Sii 9-2ji 9-ll-iSiz S-232 S-11-2SH3 -2I39-1

== S1—381iy S1—2j, SI—1—48ip S1—2j, S1—18j5 - 151-243 83— 1,is
= $1-381i; 81--24; S1-1—45kiz S1~242 51—158j3— 15124,

= 813515 81—, SI— U— 4512 S1-252 81— 1128143 524,

14. Userdation 13:

84y S1—24y Sl—1—4S5liz 51245 S1-11-381i3 51-2j3 811

= 814, $1—251 91— 11— 45143 81—2j2 S1-11—-251-381ia S1-25351-1

= 8§35, S1—241 $1—11—481i3 S1—242 S1—- 11 28143 S1 51— 253 51 -1

= 815, S1—241 S1— 145145 81 =252 SI—11-257i3 81251183

use relation 13:

S1iy 81— 25, S1-11—45Lig S1-2j, 81— LI -3 5143 81254 51-1

= 81-3804y S1—24, S1—1— 45145 81-24, $1-11—-281i3 S1-28{j,

== 813814 S1—2j1 ST—1— 4580 S1—25, SI-1 28143 8181255

= ${—350i1 S1—24y SI—1i—450iz $1—-2jy $I— 135082 $1-25,

15. Userelation 14

Sliy 81— 2451 St—1— 48y S1— 245 51— 11—4 5143 51~253 51— 1—2

= Sty S1—21 81— U—481i3 S1-252 S1- 13515145134y 81— 245 51112
= Bpqy 81251 Sl 11— 480ip S1=2jo SI—11—3514, $1- 35125, S1-11-2
8141 81— 251 SI— L — 45, 31 -25;3 81— 1L~381i5 81253 81281 -11-2
= 814y §1—-25, 81— 11— a8 SI=252 S1— 113513 81 -2 S1- 1 81 -281 -1,
use relation 14

Sty Sty 81— 10— 4818y S1— 255 51— 11— 451y 81~ 255 51~ 11 -2

= 81351, 81-24; $1—-11—481ip 81— 252 8111 - 3843 51~ 245 S1-251—1
= 81380, 51-24, SI— 14814, 81-24, Sl 11— 3514, 51-238{ -2, 511
= 8513814, S1—24, 8i—11-45n; 9-2j, S{_ii_4S(js S(_2jsS|_I.

i

i

D

Theorem 5.2. T/ie method of elimination of the leading words for rela-
tionsin Theorem 5.1 reduces each word in Coxeter group Ej to one of the
following form:

() I Rme—-Smi-Sig-2S-k i < j < k <, _1 < _m, <_71+ 1
{2) S1m1S2my---SimImyoy Stiy S1=24y S1—1ky $1ia81-25; 81— 1ka+

h <ji < hi, <3 <hji <i2h 6 {11131 <m, <n + I
(B SimiSom2---Si_imi_1SH1Sj_2j1Si_ii_2Sij,Si_2j>S(_uy,

h<h<h,i2<h<”2ji+1<R2l1<m,<n4l;
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h <ii < fci,22 <32 < kyki e {/-3,/-4} ,|_<m, <n+lI;
(<7 8imy S2my o Sl—1ry_ ) Stiy 8124, S1— 1k, Stin S1— 25, S1— kg Stiss
» < ji <hi,< 32 < kkk € {1,1-1},j, < i3j| < iz
[<m<nzl;
(6) 31'71132mz-"31—l.m;_l3I£131—‘2j33£—1k13£i:3!—-2]'2:3[—11-23u3,
b < <kni <j, <I-2k € {11-1},jotr < Jad1 < b2,
lowinsn+ 1
{7) SImi 2m2~-S-1m-19i,9-2j19-i1-291,9 ) S -i koS,
h<h<1-22<h<kyke{l/-1},j<inx+1<j,,
1<my<m+ 1;
(8) SmiS2mo-S-Im ,_, 8tiy S1-24, S1— 112514, 81245 Si—11—351is,
h <h <|~21i2 < j2 < I_21 J2+1 <j3:j1+1 < j2r 1 S My < n+1;
(9) 31my82my ++-81—1my_y Stz 812y SI=11-38145 512 5 51 Lky Skis
h<jl <1-3lp<j2 <kska €{3j_13 j,; <tahr+3 < iy,
l<sm<n+ 1
(10) $1my $2my-++St—1my_y Stéy S1—24; S1— 1= 3515, S1— 25, Stl— Li—2Stig
< <l-3i,<f2<1—2,ji+4<j;,1<m<n+ 1
(11} 81m,y$2my--S1—1m_y Sliy S1=25, 51— 1U—381iy S1—245 S1—1—351ig
U <iji </-3i2<32<|-3,ii +4<j3,1<m, <.n+ 1
(12) 81m, 82mg-+81=1my_, Stiy SI—2j, 51— 11—3S1iy 8125, S1— H—45tiy $1—253 $1— 1ky)»
h<3i<i-3,»2<X]<Z4i3<33< Bji+td <jzl<m<n+1;
(18} $1m,82my 81— 1my_ ; Stiy S1—24y SI—11-481i, $1-253 Slig»
6 <j1<J—3,i,<32<1—D»Ji<M3ls<rn<n+ 1
(14} 81my82mger Bl Stiy S1-25 St—1i—48liy $1-245 S1—18tis S1—-23a >
i1 <ji <14, <32<Z—1i3<IB<2-1ji <*3, 1< wi,<n+1;
(19} 81m;82mg - 81— 1my_ ) Sliy S1=25, S1-11— 4513 81-24, S1— 1 —-28Li3 S1-25»
M<Ji<*~4,«u<P<i-2,6<I3<1-1J3<32+ 3,
l<m<n+ ]
fItf)  SimiS2Ma...SI Imi_1SH1S(-2j1Si-n-4Sii»Si-2j,S!-1i-3Slis%(-2j3'
i<ji<i-4,i.<P<2-3i3<B</-Ll<smy<n+1
ATA Bl pi52Mae—eS/-Im, i SKiS/-2j,S/-1/-45«,S;_2,7,S/-li-4S/t3Sj-2j35)-Ife3.
li<ji<J-4i,<R<'—313<B<I—Lllsmp,=sn+1
Sy $2my - Sl-1my_q Stiy S1=251 SE=1—484i5 SI— 242 51—1814y 81— 254 Slig»
i <1 <l—4,ip <jo<l—3i3 <js <l~173 <igfe <ig
l<m, <n+l;
(19) S1m, 82mg - 81—1Lmy_, Sliy S1—24y S1—11— 4515, S1—2ja S1— H-21ia 51273 Sliqs
< fi<l—4d<jo<l=3i3<jg<l—Ljs<igo+1<Js
l<sm,sn+1



254

(20) S1my S2my 81— 1my—1 Stiy St—2j; S1— -4ty S1—2j5 S1—1—33Liy S1—23 Sliqs
h<h<i-4,i2<J2 </-3,i3<j3< I-,J3 <U, 1<m,<n+];

(21) SImiS2m,-S(-1m,_iSINS(-2j:S(_li_4SH»Si-2j,S(_1i-4Sli55(-2I35H 4
H<h<1-4i2<J2</-4,i3<j3</-1,J3<*4, 1<m,<n+]

(22) S1my -8ty Stéy S1—2jy Sl—11—48liz S{—2j5 Sl—11- aStis 51— 253 S1-181i4 554>
h<h<l-42<to<'-4»3<h<1-11<%* <ji:
1<m,<n+1

(28] S1my Soma e Si—Lmg_y Stiy =251 SI— 1— 4516 81~ 252 SU—11-45lia SI—21-551-1
U-4S1-21-3S1 (the longest word in E7).

Proof. Asin Theoran 4.2, we use acomputer, it condderably goed up the
calculations of the reduced words .

Theorem 5.3. The Grobiner—Shirshov bases of the Coxeter group E7 con-
sists of the relations of Theorem 5.1. A normal form of e ementsin E7 is
describedin Theorem5.2.

Proof. The proof is the same as the proof of Theorem 5.3. But in this
case we have (6+1)! possihilities for the word v and 576 possibilities for
the word w. Thus we obtain that the number or reduced words relative
to the relations in Theorem 5.1 is equd to the order of the group E7:
576 . (6+1)! =2903040 =I E7 | . This proves the theorem. 0
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ON OVERGROUPS IN GL(n, F) OVER A SUBFIELD OF F
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Let F be a field and K a subfield of F. We classify the overgroups in GL(n, F) of
an Sp(n, K, fi), SU(n, K, fk) or (n, K, Q k) provided that the index [F : K]
is not much bigger than the Witt index v(fx) or ¥(Qx).
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1. Introduction

In classifying the maximal subgroups of finite classical groups, it is impor-
tant to investigate the maximality of the subgroups in the classes C; ~ Cg
defined in Aschbacher in 1984. This research has been done by P. Kleidman-
M. Liebeck [3]. The analysis depends heavily on the classification of finite
simple groups. The author has done research on this topic as well; however,
the results obtained are for the classical groups over arbitrary fields (not
necessarily finite) or sometimes over arbitrary division rings. Our method
is based on matrix techniques. In this paper, we concentrate mainly the
treatment of Aschbacher class Cs. For a classical group G acting on an
n-dimensional space V over a field F, the class Cs, by definition, is the col-
lection of the normalizers of the classical groups acting on the n-dimensional
spaces Vi over maximal subfields K of F' so that V = F ®k Vk.

2. Notations

We first denote by Mat,xnR the set of all the m x n matrices (@ij)mxn
with entries a;; in a ring R. We also write Mat,, R instead of Mat,,xmR.
By A(m*™) (resp.A(™)), we mean A € Mat,xnR (resp. A € Mat, R) and
we use A’ to denote the transpose of A.

A matrix A € Maty,xnR can be identified with the R-linear map-
ping A : MatixmR — Matixp R,z — zA. We define ImA = ImA and .
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KerA = KerA. In this point of view, the general linear group GL(n, R),
i.e., the multiplication group of all the invertible matrices in Mat,R, can
be identified with the group of all the invertible R-linear transformations
z +— A (with A € GL(n, R)) on MatixnR.

We write diag(Ai,...,Ax) to denote the quasi-diagonal matrix with
Ay, ..., Ay as its diagonal blocks. We use I and O to denote the identity
and the zero matrices, respectively. Also E;; € Maty,xn R means that the
matrix in Matmxn R having a singel 1 as its (3, j)-th entry, and all other
entries are zero. For each ¢ € R and i # j, we denote T;;(c) = I + cEy,
and define SL(n, R) = (T;;(c) € Mat,R | i # j,c € R). We denote P;; =
I—F;— Ejj -+ Eij — Eji € S'L(n, R) when i # j.

An n-dimensional vector space V over a field F will be written as the

space Matxn F of all the n-dimensional rows relative to a basis {e1,...,en}
of V, by identifying a vector Z?=1 zie; € V with its coordinate z =
(z1,...,2n) € MatixnF. A basis vector e; becomes the row (ay,... ,0n)

with all a; = 0 except a; = 1. The linear group GL(V) is written as the
matrix group GL{n, F). Let 7 : a — @ be an involution of F, e = +1 € F.
Then an H = A + A € GL(n,F) (with A € Mat,F) determines a uni-
tary group U(n,F,H) = {A € Mat,F | AHA = H} relative to 7, which
is geometrically the group U(V, f) = {g € GL(V) | f(zg,yg9) = f(z,y)
Vz,y € V} determined by the nondegenerate trace-valued e-hermitian
form f(z,y) = xHY/ on V. We admit the case 7 = 1, hence U(n, F, H)
may be a symplectic group Sp(n, F, H) or an orthogonal group O{n, F, H)
(with charF # 2). When U(n, F, H) # O(n, F, H), we may always assume
that ¢ = —1, and in such case the SU(n, F,H) = U(n, F, H) N SL(n, F)
coincides with the commutator group of U(n, F,H) with a few excep-
tions for small n and F. The normalizer of SU(n, F,H) in GL(n,K) is
GU(n,F,H) = {A € GL(n,F) | AHA = )H for a ) € F*}.

The orthogonal groups acting on V are defined to be an O(V,Q, L) =
{9 € GL(V) | Q(zg) — Q(z) € L,Vz € V} which is determined by a
quadratic form Q(z) = zAz’ (with A € Mat,F) and an L = 0 when
charF # 2 or an F%subspace L # F of F when charF = 2. Without
loss of generality, we may assume that Q associates with a nondegenerate
symmetric form f(z,y) = Q(z+y)—Q(z) —Q(y) = xHy' with an invertible
H = A+A' and assume that 1 € L when L # 0. We also define O(V, Q, L) =
Sp(V,f) for L = F. O(V,Q, L) which can be identified with the matrix
group O(n, F,A,L) = {A € GL(n,F) | AAA’ — A € Ki(n,F)}, where
KL(n,F) = {A = (aij)nxn € Mat,F | A= —4 and all a;; € L} The
commutator of O(n, F, A, L) is denoted by Q(n, F, A, L). The normalizer
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of (n, F\A, L) in GL(n, F) is GO(n, K,A,L) = {A € GL(n,F) | ADA’ —
AA € Ki(n,F) for a A € F*}, (with exceptions for small n and F). The
O(n, F, A,0),Q(n, F,A,0),GO(n, F,A,0) are just the orthogonal groups
O(n, F,A),Q(n, F,A),GO(n, F, A) as usually defined.

The Witt index v of a U(n,F,H) is defined as the dimension of
a maximal totally isotropic subspace of the V equipped with the form
f(z,y) = zHY'. We shall always choose a suitable basis of V at the be-
ginning, hence by replacing H by a PHP (P € GL(n, F)), we can reduce
to the case in which H is in the standard form

0o IV
EI(I/) 0] )
Hy

where Hy € Mat,_5,K is diagonal and definite, where ‘definite’ means
that HoZ' # 0 for all 0 # z € Matyx(n-2)K. The Witt index v of an
O(n, F, A, L) is defined as the dimension of a maximal totally L-singular
subspace W of V (satisfying zHy' = 0 and zAz’ € L for all z,y € W, where
H = A+ A'). We can reduce to the case in which A is in the standard form

(0] I(V)
A= 0] ,
Ao

where Ay € Mat,_2, K is L-definite that is, tA¢z’ ¢ L for all 0 # z €
Matyx (n—2,)K, and Ag + Aj is monomial.

3. Main Results

Let K be a subfield of a field F. Then GL(n, K) = GL(n, F)N Mat, K is a
subgroup of GL(n, F). Clearly, the underlying spaces Vi, Vr of GL(n, K)
resp. GL(n, F) have the relation V7 = F ® Vk. When A € Mat,K and
L C K, O(n,F,A, L) contains O(n,K,A, L) as its subgroup If 7 is an
involution of F which extends an involution J of K, H = —H € GL(n, K),
then a U(n, F, H) relative to 7 contains the U(n, K, H) relative to J as its
subgroup.

Let K be a maximal subfield of F and Nr a classical group acting on
MatianF, N = SL(n,K), SU(n,K,H) or Q(n,K,A,L). Then the nor-
malizer M of N in N is a member of the class Cs defined in [1]. We need
to verify that M is a maximal subgroup of N. It suffices to determine all
the overgroups of M in Np. However, instead of just considering this case,
we can do something more, that is, we want to classify the overgroups in
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GL(n,F) of an N = SL(n,K),Sp(n,K,H),SU(n,K, H) or Qn, K,AL)
for an arbitrary subfield (not necessarily maximal) K of F. When F' is
finite, then this has been done in [2] and [3]. Also we have discussed the
overgroups of SL(n,K) in GL(n, F) in [4]. In this paper we will treat the
other cases and classify the overgroups of N = Sp(n,K,H),SU(n, K, H) or
Q(n, K, A, L) in G = GL(n, F) for an infinite field F'. Our treatment applies
to arbitrary fields F, K, but only exclude the case K; = F> for avoiding
lengthy discussion. For each field E between K and F, we have certain
classical groups Ng > SL(n, E),Sp(n,E,H),SU(n,E,H),Q(n, E,A) or
Q(n,E, A, L) over E as overgroups of N in G. The question is : are there
any groups between N and G other than those corresponding to the inter-
mediate fields E 7 We will settle the cases under certain assumption on the
index r = [F : K| and the Witt index v of N. The following theorem is our
main result.

Theorem 3.1. Let K be a subfield of a field F with [F : K] =7 < oo and
Kj #£ Fy. Let N < X < GL(n, F) of Witt indez v satisfying one of the
following conditions:

(a) N =Sp(n,K,H), and n>r orn(n+2) > 8r.
(b) N = SU(n,K,H) and v? > 2r.

(¢) N=Q(n,K,A) andv(v — 1) > 4r.

(d) N=Q(n,K,A,L) with L #0, and v(v — 1) > 2r.

Then there exists a field E between K and F such that one of the
following condition holds:

(i) SL(n,E) 2 X < GL(n, E) - K*.
(i) SU(n,E,H) 1 X <GU(n,E,H)- F*, (including the case
SU(n,E,H) = Sp(n, E, H)).
(lii) X > Q(n,E,A,L)> N for an L, (L D K in case (a) when charK = 2).

When K is a maximal subfield, one can easily deduce a corollary on the
maximality of the groups over K in the groups over F.

4. Some Preliminary Results

In our proof, we need the following known results.

Theorem 4.1. Let E be a field. Let N = SU(n,E, f) with Witt index
v(f) 2 1 with N < X < GL(n,E). Then either X > SL(n,E) or X
SU(n,E, f). Let N = Q(n, E,Q) with Witt index v(Q) >1 and N < X <
GL(n,E). Then one of the following condition holds:



261

(i) X & SL(n, E);
(i) X > Q(n,E,Q), or X > Q(n, E,Q, L) for an L when charE = 2;

(iti) GL(n,E) = SL(4,2) = Ag, N = Q~(4,2) & A5 and X = Sp(4,2)’
AG or X 2 A7, or N = Q+(4,2) = (Sg X Sg X 82)0148 and X =

(S3 X Ss) N Ag.
Proof. See [5]. o

Theorem 4.2. Let K be a subfield of a field F with [F : K] =r < 0c. Let
SL(n,K) < X < GL(n,F) withn > r or n(n—1) > r. Then SL(n,E) <
X < GL(n,E) - K* for a field E between K and F.

Proof. See [4]. mi

5. Group Extension by an Element with Zero Entries

For each field E between K and F, we denote Gg = GL(n, E) - F*, and
write Gg = GL(n,K) - F*. We also use Ng to denote an SU(n, E, H)
or §}(n,E,A, L) containing N = SU(n,K,H) or Q(n,K,A,L). Recall
that SU(n,E,H) is a Sp(n,E,H). We denote by Gg the normalizer of
Ng in GL(n, E) which is equal to GU(n,E,H) or GO(n,E,A, L;). Let
7 be an involution of E relative to Ng = SU(n, E, H). Then we denote
E.={a € E|a” =a}, and we write Eg = E, when Ng = SU(n,E, H)
or charE # 2, while Ey = E? = {a? | a € E}. When charE = 2, then
Ng =Q(n,E, A, L). In particular, Ko = K; or K2.

Throughout this section, we suppose that Ng = SU(n, K, H) of Witt
index v > 2 or Nx = Q(n,K,A, L) of Witt index v > 3. We consider
the extension group ¥ = (Nk, go) of Nk by a go € GL(n, F) \ Gx with
certain entries zero. We prove that if go has enough zero entries, then YV
will contain an Ng over a field £ O K.

Since the overgroups of SL(n,K) in GL(n,F) has been classified in
Theorem 4.2, we need only to consider the case in which ¥ z SL(n, K ).
By Theorem 4.1, X NGL(n,K) &> NK for a Nk = SU(n,K,H) or Ng =
Q(n, K, A, Ly). Replacing Nk by Nk, we may assume that Y NSL(n, K) >
Ng. Namely, Y N SL(n, K) lies in the normalizer Gx = GU(n, K, H) or
GO(n, K,A, L) of Nk in GL(n, K).

We now prove the following theorem.

Lemma 5.1. Let Ny = SU(n, K, H) with Witt index v > 2, or Ng =
Q(n, K, A, Ly with Witt index v > 3. Suppose that go = (dij)nxn €
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GL(n,F)\ Gk with dy,,4+1 = 0 when Ng # Q(n, K, ), or di s =0 for
1<14,j <2 when Ng = Q(n,K,A). If Y = (Nk, go) withY NGL(n,K) <
Gk, thenY > Ng > Nk for Ng = SU(n,E, H) or Q(n,E,A, L) over a
field ED K.

This result leads to the following lemmas.

I 0
For an S € Mat,F, we shall denote Tp(S) = ( S I® ) . We now
I

write To(S) for an S € MatyF with k < v. Denote To(diag(S, 0*~%)).
Note that To(S) € SU(n, K, H) when §' = 8, while To(S) € Q(n, K, A, L)
when S’ = S having the diagonal entries in L. We also denote H =

o I %~ _[(0I¥ . : .
(6 I 0 > and A = 0 0 ) . These matrices are just the submatrices of

H with respect to A which contains the (i, j)-th entries with 1 <4, 5 < 2v.
For group elements a, b, we denote by [a,b] = aba~1b~! as their com-
mutator.

Lemma 5.2. Let gy = (a;j)nxn € GL(n, F)\ Gk, with alla1; =0 (j > 2)
when Ng = SU(n,K,H) or Q(n,K,A,L) (L # 0), or with all ay; =
azj = 0 (j > 3) when Nx = Q(n,K,A). Let Y = (Nk,g1Nkgi'), with

YNGL(n,K) < Gg. Then'Y contains T = Tg (Z g) with either b ¢ K
orcé¢ K.

Proof. Write g7! = (@ij)nxn- Define Uy = {(¢ij)nxn € GL(n,F) | a11 =
Lavs1,041 € K*and ey = ¢ 1 =0Vj # 1,0 # I/+1}, Us = {(Cij)n)(n €
Ui | ev41,041 = 1}. For each g € GL(n, F), we denote by ¢(g) the matrix
obtained by deleting the first and the (v + 1)-st rows and columns of g.
Then ¢ : Uy — GL(n — 2, F) defines a homomorphism of groups.

Step I. We first replace g; by a g € U \ 'k with gNgg~! < Y. Then
we reduce it to the case g, € U,.

In case Nk = SU(n, K, H) or Q(n,K,A,L) (L # 0), we have Ty(1) €
Nk, and hence g; = ngo(l)gi—l =T+b0Eyn+--+bE,; €YN Uy,
with b; = a;,41a7) (6 > 2). If g, ¢ Tk, then we are done. Otherwise,
for go € SL(n, K)NY < Gk, we have gy = Tv+1,1(byy1). Thus, b; = 0
and hence a;,41 = 0 for i # v + 1, and a,,+1,,,+1a1_11 = b,41 € K*. Now
we replace g1 by gial;' so that we can make a;; = 1 and hence g1 € Us,
without changing Y.

In case if N = Q(n, K,A), then we take gy = ¢;T} ( 01 é) =1+
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Z bijEi; € YNUp. If go ¢ Tk, then we are done. Otherwise,

we have g2 € SL(n,K)NY < GO(n, K, A). Hence g = T0< 0 s) €

—50
O(n,H,A), for an s € K*. This implies that a;; = asy = 0 for all § ¢
{1,2,v + L,v + 2}, and (“"“’"“ “"+1»”+2) = s( 22 ““21). Take

Aut2,041 Cu42,042 —a12 a1

93 = 1Ta(1)Tq1043(=1)g7! = (cijluxn € Y NUp for I = 1,2. If gg ¢
'k for I = 1 or 2, then we are done. Otherwise, if g5 € SL(n, K) for
! = 1,2, then (ci1,c2) = ags(an, ae) € MatixoK for t ¢ {1,2,v +1,v+
2}. Since g; is invertible, we can choose a t ¢ {1,2,v +1,v + 2} with
a3 = A # 0. Hence, (@ij)1<ij<2 = A"1A for an A € GL(2,K). Take z =
diag(A~1,I™=2, 4’ I?»=v=2)) € O(n, K,A). Then (Az)~'Ng(Az) = Nk.
Replacing g, by g1(Az)~! and without changing Y, we can reduce it to the
case (6ij)15i,j52 = 1(2) Thus (aij)lsi,jsz = 1(2), g1 € Ul, as desired.

Step II . To make g; € Up and ¢(g;) = I.

Note that our standard H is a monomial matrix. Now in each k-th
row of H, there is a unique nonzero entry at some k’-th column. In other
words, for each ey, there is a unique exs such that f(ex,ex) # 0. For each
k & {1,v+1}, there is an element 2y = I+ Ex1 +aEy+1,1 + BEy 414 € Nk
for suitable a € K and 8 € K*. We consider g = glzlgl_l €Y. Then gy =
(bij)nxn € Y NUy with ¢(g2) = I. If we can choose k to obtain a g ¢ Gk,
then step II is finished. Otherwise we have g» € SL(n, K)NY < Gk for all
k, biy = ai, € K for all i ¢ {1, + 1}. Thus ¢(g1) € GL(n — 2, K).

Let No = ¢(Ng NUp). Then Ny = SU(n ~ 2,K,¢(H)) when Ng =
SU(n,K,H),or Ny =Q(n—2,K,¢(A),L) when Ng = Q(n, K, A, L). Con-
sider the normalizer Gy of Ny in GL(n—2, K) and suppose that ¢(g) ¢ Go,
(which implies No # Sp(2, K, ¢(H))). If Yo = (No,$(g1)Nod(g1)™") <
¢(Y NUp), then by Theorem 4.1, either Yo = SL(n — 2, K), or Y5 = Q(n —
2, K, ¢(A),Ly) with Ly D L when charK = 2 and Ng = Q(n, K, A, L).
For the case Yy = SL(n — 2,K), we can take g3 € Y N Up with
&(93) = Tn—2,1(1) ¢ Go when n > 5, or with ¢(g3) = T21(8) ¢ Go
(8 # 6) when Nx = SU(4,K,H) # Sp(4,K, H). Then we obtain g» =
931 (DT 41,042(—1)g3 ' € Y NUp with ¢(g2) = I, and g2 ¢ Gk. Hence,
g2 ¢ T'x. Replacing g1 by g2, then we are done. For the case charK = 2,
Ng =Q(n,K,A,L) and Ny = Q(n — 2,K,A, L) (with L; D L), we take
g3 € Y NUp with ¢(gs) = T11(0) ¢ Go for a 8 € Ly \ L, and consider
go = [2,93] €Y for any z = To1(8)Ty41,0+2(s) € Ng with s € K2. We have
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g2 =Tp (ﬂ(s) y ) Uy, with B(s) = s(b + ¢) + s?0 depending on s, where

b, ¢ are the (v +1,2)-nd,(v + 2, 1)-st entries of g3 respectively. If go ¢ 'k
for an s then we are done. Otherwise, then for all the s € K2, we have
g2 € Y N Gk hence B(s) € L. Taking a 1 # s € K? # F, we see that
B(s) +sB(1) = (s® + s)6 € L and hence 6 € L, a contradiction.

Now we suppose that ¢(g1) € Go = GU(n — 2,K,¢(H)) or GO(n —
2, K, ¢(A),L). Take 20 = (2ij)nxn € U1 N GL(n, K) with ¢(20) = &(91),
21 = Zy41,; = 0 for all ¢ > 2 and j # v + 1. Since &d(20) € Go, we can
choose which is zy41,,41 sultable to make zp € Gg. Hence z INgzo =
Ng. Replacing g; by 912:0 we can reduce to the case ¢(g;) = I, without
changing Y. Moreover, from g1, 41.2(1)T,42,1(—€)g7* € SL(n,K)NY <
'k, we can see that a,41,,41 = 1 and hence g1 € Up.

Step III . Y contains T as required by the lemma.

By step I, we can assume that gy € Uy and ¢(g1) = I. First we suppose
that as; ¢ K or ay4142 ¢ K. When Ng # Q(n,K,A), we have T =
[T,,+2,2(1), g1l = To(aE.,+1,1—a,,+1,,,+2E,,+1,2+a21E,,+2,1) € Y forsomea €
F'. That is what we need. When Ng = Q(n, K, A) (with v > 3), we can take
Ty = [Tu42,3(—1)To43,2(1),01] € Y. Then T = [T52(~1)To42,43(1), 1] =
To(@v+1,0+2Fv+1,2 + aEy2,1) which is what we need.

Suppose that a1, au41,+2 € K, but ax1,au+1,6 ¢ K for some k, k' ¢
{1,v + 1} with f(ex,ex) # 0. Then by taking a 2 = I + Egi + aF2 42 +
BEw 12 € Nk with 8 # 0, and replacing g1 by [2,91] € Y we can reduce
it to the known cases a1 ¢ K or ay41,+2 ¢ K.

In the remaining case, gy has all the entries in K except a, 41,1 ¢ K. Take
21 = P12P,,+1,,,+2 € Nk and 29 = T21(_1)Ty+1,y+2(1) € Ng. Replacing [}
by (22, 21 glzl_l], then we can reduce it to a known case . |

Lemma 5.3. Let N = SU(n,K,H) or Q(n,K,A, L) of Witt index v = 2

or 3 respectively, Nk <Y < GL(n,F). If Y contains a T = Ty (ag
c

withb¢ K orc¢ K, thenY > Ng > Nk for an Ng = SU(n,E,H) or
Q(n,E,A,L;) over a field E D K.

Proof. Step L. Y contains all the T, 2(0)T,+2,1(—¢6) (8 € E) for an
E D K endowed with a 7 : @ — @ which extends J.

The set M = {S € Mat, F | To(S) € Y} is an additive group. Moreover,
if for A,B € GL(v, F), then we can find a g = diag(A, B,...) € Y. Thus
for each S € M, we have gTo(S)g~! = To(BSA™'), ie., BSA™! € M,
BMA™! = M. In particular, A MA = M holds for all A € SL(»,K),
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and this equality holds for an A € GL(v, K) with suitable value of det A,
(e.g., det A € K or det A € K*? when Nx = SU(n, K, H),Q(n, K, A, L)
respectively).

We have Sy = aE;; + bE12 + cEy; € M. Thus we can deduce the
following conclusions (a)~(c).

(a) So = A(AN)SoA(X) = aE1 + bAE13 + AcEy1 € Y, where A()\) =
diag(1,A,...), with A ranging over K% when Nx = SU(4,K, H), or
over K* otherwise.

(b) Taking 1% X € K% in (a), we see that Sp = A(A — 1)-1(Sp — So)A(A —
1) 1= bEq2 + cE2, € M, and thus Sl Se—So=aE;; € M.

(c) Considering PSP, PSzP’ € M for P = P;; € SL(v, K), we know that
bE;; + cEji,aE; € M for all 1 < i # j < v. Moreover, considering the
conjugates of To(bEy; + cEj;) € Y by suitable z € Ni fixing e;, e,
when interchanging (e;), (e,+:) we know that T;;(5)T,+; ., +i(ec) € Y.
For any aEq; € M and b;F12 —ec;Ey € M (i = 1,2), we have the
following conclusion (d)and (e).

(d) Since aFE5y € M and T21(_01)Tu+1,u+2(b1) €Y, T12(b1)aE22T21(c1) —
aBss = biaci By +biaFEy+aci Es; € M, and thus byaci E11, biaE12+
ac By € M.

(e) When v > 3, since 52 = b2E13—602E31 € M and T32(—b1)Ty+2,u+3(C1)
€Y (by (c)), Taa(c1)S2Ta2(b1) — Sz = bab1 E1a — ecicaBay € M.

We now assume that T € Y can be chosen with a ¢ K. Then aF;; €
M by (b) and (c). We prove by induction on k that S(k) = Aa*E;3 —
( €a)*AE2; € M holds for all integers k > 0 and A € K. S(0) = AEy2 —
eAEs1 € M is known (since Tp(S(0)) € Nx < Y). Assume that S(k) €
M. Then, by (d) we have S(k) € M and aEy; € M. These imply that
(Aa¥)aE12+a(—e(—ea)*X)E1a = S(k+1) € M. Hence, we have proved that
S(k) € M for all the k. Now, it follows that k(a)Ei2 — eh(—ca)E2 € M
holds for all the polynomials h(z) € K|[z], where h(z) € K|[z] is obtained by
operating J : A — X on the coefficients of h(z). Clearly, 0E12 — €0Ey; e M
for all § € E, where E = K|a] is a proper extension field of K endowed
with an involution 7 : 8 — 8 . This extends J with h(a) = h(—ea). Now Y
contains the 2-transvections T},112(8)Ty+2,1(—€0) (6 € E) of SU(n, E, H),
as desired.
For the other cases, we can easily see that a € K holds for all the chosen
T. Hence b, c are not both in K. By (b) we have aEy; € M, i.e., T,41,1(a) €
Y N SL(n,K) < Gk. This implies that a = 0 when Nx = Q(n, K, A). By
(a), we have that Ac + bX € K for all A € K*. In particular, b+ c € K,
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and hence neither of b, ¢ lies in K. Clearly, b = —c when Ng = Q(n, K, A).
IfJ#1,X#Mfora)e K* then A(b+c)— (Ae+bX) =(A=Nece K
and hence ¢ € K, a contradiction. Thus this case occurs only when J = 1,
ie., Nk = Sp(n,K,H) or Q(n,K,A,L). When Ng # Q(n, K, A), since
Ei1 € M, beEy; € M by (d), and hence be € K. From b+ c,bc € K,
we conclude that E = K[b] = K]c] is a quadratic extension of K and
7 : h(b) - h(b) = h(c) (h(x) € K][z]) defines an involution of E which
extends J = 1. 0E;p + 0F2 € M holds for all § = X or 6§ = b (by
(a)) with A\ € K, and hence it holds for all § € E = K @ Kb. It is clear
that, Ty11.2(0)Ty+21(0) € Y for all the § € E. In the remaining case
Ng = Q(n, K,A) (with v > 3), we have b = —c, bE13 —bE3; € M. We now
prove that S(k) = b*A\E13 — Ak Eo € M, for all integers k > 0. The case
S(0) € M is known. Now we assume that S(k) € M. Then S(k+1) e M
follows from bE1s — bEy; € M and S(k) € M by (e). This proves that
S(k) € M for all the k. Thus 0F> — 0E2; € M for all the § € E = K|[b],
Ty+1’2(6)Ty+2’1(—'0) €Y, as desired.

Step II . Y contains N(2v, E) x I =diag(4,1®2) | A€ N(2v,E) <
SU(n, E, H), where N(2v, E) = Q(2v, E, A) when Nk = Q(n, K, A, L) or
Nk = Sp(n, K, H) = Q{n,K,A,K) (in case charK = 2}, or N(2v, E) =
SU(n, E, H) if otherwise.

We have shown that Y contains all the T'(8) = T,4+12(8)Ty+2,1(—¢0)
(¢ € E). Now by onsidering the conjugates of these T'(d) with elements in
Ng which are permutating {xe; | 1 <4 < 2v}, we know that Y contains all
Ty 14,500 15,i(—€9), Tiu1 50V T 1i(—€8), Tij(0)T,ps,045(—0) with 6 € E
and 1 < i % j < 2v, these elements are enough to generate the group
NQ2v,E) x I.

Step III . Y > N > Nk for an Ng = SU(n, E,H) or Q(n, E, A, Ly).

First we assume that Ng = SU(n,E,H) = SU(Vg, f), where Vg =
Mat\xnE, f(z,y) = cHY'. It ia clear that SU(VE, f) can be generated
by all the unitary transvections p, s : £ — = + f(z,u)su on Vg, with
0#u€ Vg flu,u) =0, and 0 # s € E,. For any 2v < k < n, we denote
Wi = Ee1®- - -® Eey, and define SU(W) = SU(W,, fIWk)@lwa-- We now
prove by induction on k that SU(Wj) <Y for all k > 2v. For k = 2v, we
have SU(W2,) = N(2v,E) x I <Y. If n = 2v, then we are done. Suppose
that n > k > 2v + 1. If SU(Wi—-;1) <Y is known, then Pu,s €Y for all
u € Wg_1. Thus, for any p, s € SU(W;) \ SU(Wy_1) we can write u =
Aw + ex) with 0 # wy, € Wi_1 and X € E*. We can take a zj € Nx which
sends e; to a v+ e with 0 # v € Mat,, k. Note that f(w + ex,w + ;) =
f(v+ek,v+ex) = 0 implies that f(w,w) = f(v,v) = —f(ex, ex). By Witt’s
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extension theorem, we can take a 29 € SU(Wy-1) <Y which sends v to w.
Hence, sending A(v + ex) to u. We have p, s = (2122) "1 ppe,,s(2122) € Y.
Hence SU(Wx) < Y. This holds for all k. In particular, Ng = SU(W,,) € Y.

Now we consider the case Ng = Q(n,E,A, L) = Q(Vg,Q, L), where
Q(z) = zAz'. We first prove that Y > Q(Vg, Q). In this purpose, it suffices
to prove that Y contains all the root elements ty,, : £ — = + f(z,w)u —
f(z,u)(w + Q(w)u) of Q(Vg, Q), with Q(u) = f(u,w) = 0, where f(z,y) =
(A + A')y Vz,y € Vg. Clearly, N(2v,E) x I <Y contains all the #, ,,
with u,w € Wy, = Fe; @ --- ® Eey, and Nk contains the elements z;
(1 <14 < n—1), which all fixing e; such that all the esz; form an E-basis
of ef. Also, Y contains all the zi"ltAehezz,- = ey epz; = ley,hepz;» HeENCE,
it contains all the [];te, x;enz; = tey,w, Where w = Y, A;e22; ranges over
ef-. For any z € Y, we have z7t,, 2 = te,zwz € Y with wz ranges over
(e1z)*. Hence, we need only to prove that e,z (z € Y) which ranges over
all the singular vectors in Vg. Clearly, e1z (2 € N(21, E) x I < Y) ranges
over singular v € Wa, so that ¢,, € Y when u € Wy,. Let v # 0 be
any singular vector in Vg. Then we can find singular vectors u, uy,v; with
u,u; € Wa,, with f(u,u1) = f(v,v1) =1 and (Fu @ Eu;) L (Ev® Ev).
Thus (tyAvistui, e | A € E) <Y induces SL(2,E) on Eu & Ev which
can send u to v. This proves that Y contains all the ¢, ,,, and clearly it
contains Q(Vg, Q). When Nk = Q(n, K, A), then Ng = Q(n, E, A) is what
we need. Suppose that Nx = Q(n, K, A, L) with L # 0, including the case
Nx = Sp(n, K, H) = Q(n, K, A, K) when charK = 2. We need to find in
Y and Ng = Q(n,E,A,Ly) > Ng. For each 1 < ¢ < 2v, Nk contains
all the p, s acting on Vg with s € L. For any A € E*, we can see that
N(2v,E) x I < Y contains z sending e; to Ae;, and hence Y contains
z‘lpehsz = Pres,s = Pe,,a2s- Lhis implies that Y contains pe,,s for all s
in the E2-subspace L; of E spanned by L. We claim that Y > Ng =
Qn,E,A,Ly) > Ng. To see this, it suffices to prove that py,s € Y for all
s € Ly and 0 # u € Vg with Q(u) = uAv’ = ¢ € Ly, since all these py s
generate Q(n, E, A, L1). Now 2zp = pe,,,,c € Y sends e to u1 = e1 +ceuq1
with Q(u1) = ¢ = Q(u) and Q(n, E,A) <Y contains a z; sending u; to u.
Hence pu,s = (2120) " pe,,s(2120) € Y as desired. ]

Lemma 5.4. Let g € GL(n,F)\Tx and Y = (Nk,g0) < Gk. Sup-
pose that 0 # S € Mat, K satisfying To(AS1) € Nk and T1(AS;) =
goTo(A\S1)go ' € Tk, for all X € Ko. Then there ezists a g1 € Y \T'k
satisfying the condition described in Lemma 5.2 . Namely, g1 has the (1, §)-
th entries zero for all j > 2 when Nx # Q(n, K, A), or it has the (i,7)-th
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entries zero for 1 < i < 2,7 > 3 when Ng = Q(n, K, A).

Proof. We first prove that all 71(\S;) lie in GL(n, K). Since (T1(S1) —
I? = go(To(S1) — I)?95* = 0, T1(S1) cannot be a diagonal matrix. Let b
be a nonzero entry of Ty(S;) at some (k,!)-th position with k # I. Note
that To(ASl) =T+ XTp(51) — I) = ATo(S1) + (1- )\)I Hence Tl(/\Sl) =
ATi(S1) + (1 — A)I. This leads to T1(AS1) contain the (k,[)-th entry which
is equal to Ab 5 0. Since T (AS)) lies in T = GL(n, K) - F*, b= T1(ASy).
But b~1Ty(A\S1) has its (k,I)-th entry which is equal to A € K§ C K™,
we must have b=1T;(\S;) € GL(n, K). Write b=IATy(S1) + b~ 11— M)I €
GL(n,K). Taking A = 1, then we know that b~'T(S1) € GL(n,K), and
thus b-1AT1(S1) € GL(n, K) for all A € K§. This implies that b~!(1-A)I €
Mat, K, b=1(1 — \) € K. Since |Kp| > 2, we can choose 1 # A\ € K,
b=1(1—X1) € K* implies b € K*. This leads to T1(AS1) € GL(n, K) for all
X € K¢. In particular, we have T1(S1) € GL(n, K).

For each A € K, since To(AS1) € Nk, T1(AS1) € Y and Yx =
(Ni,T1(AS1) | A€ K}) <Y NSL(n,K) < Gk. Hence N < Yi. We take
z1 € Ng which sends To(S;) to zl_lTo(Sl)zl = Tp(So) by conjugacy with
Sp = diag(Ag, 0) for Ag € GL(k, K), where k = rankS; < v. Moreover, for
each X € K¢, 27 "To(ASo)z1 = I + 27 H(To(ASo) — INz1 = I+ A2y H(To(So) ~
Dz; = To(ASp) hold. We have (T1(S:) — I)? = 0 since (Tp(S) — I)2 = 0.
Thus Im(Tl(Sl) et I) - Ker(Tl(Sl) - I) = {U € Vi | ’I)Tl(Sl) = ’U}.
Hence we have T1(S;) € Yk < Gk < GU(n,K,H), (H = A+ A’
when Ng = Q(n,K,A,L)). This proves that T1($1) € U(n, K, H) and
that Im(T1(S1) — I) is a totally isotropic subspace relative to the form
f(z,y) = zHY . Moreover, when charK = 2 and Ng = Q(n, K, A, L) <Yk
we can also prove that Im(Ty(S1)—I) is totally L-singular. If Im(T}(51)—1I)
is not totally isotropic, then f(u,v) # 0 for some u,v € Im(Ty(S1) —
I) € Ker(Ty(S1) — I). From f(u,v) = f(uTy(S1),vT1(51)) # 0 and
Ti(51) € GU(n,K,H), it follows that T1(S1) € U(n,K,H). This im-
plies that Im(T1(S1) — I) = Ker(T1(S1) — I)* € Im(Ty(S1) — I)*. Thus,
Im(T1(81) — I) is totally isotropic, which is a contradiction. From this re-
sult, we conclude that Im(T}(S1) — I) should be totally isotropic. Observe
that Im(T1(AS1) —TI) = Im(MT1(S1) —1I)) = Im(T1(S1) —I) holds for each
A € K*, and that dim(Im(T1(S1) — I)) = rank(T1(S1) — I) = rankS; = k.
Let 0 # u € Im(T1(S;) — I). Since f is nondegenerate, there exists v € Vi
with f(u,v) = 1. We have vT1(S1) — v € Im(Ty(S;) — I), and hence
f(u,vT1(81) — v) = 0, F(uT1(51),vTi(S1)) = F(u,vTi(S1)) = fu,v) = 1.
This implies that T3 (S1) € U(n, K, H) since T1(S1) € GU(n, K, H), this im-
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plies that T1(S1) € O(n, K, A, L) when Ng = Q(n, K, A, L) since T1(51) €
GO(n, K, A, L). Now we suppose charK = 2 and Nk = Q(n, K,A,L). We
prove that Q(z1) € L holds for all the z; = z(Ty(S1) ~I) € Im(Ty(S1) 1)
with z € Vk. For each A € K§, we have Az; = z(A(T1(S1) — I)) =
z(T1(AS1) — I). Hence, T1(AS1) = z+ Azy. From T1(AS;) € O(n, K, A, L)
we know that sy = Q(z + Az1) — Q(z) = A\2Q(zy) — Af(z,z1) € L, and
81 = Q(z1) — f(x,z1) € L in particular. Recall that L is a Ky-space in this
case, and |Ko| > 2 by our assumption. Hence, we can take a 1 # X € K¢,
and Q(z1) = (A2 — X)~Y(sx — As1) € L follows as desired.

Let Wy = {(a1,...,44,0,...,0) | a; € F for 1 < i < k} be
a k-dimensional totally isotropic subspace spanned by the first k vec-
tors ej,...,er in the standard basis {e; | 1 < i < n}. Suppose that
Im(Ty(S1) — I) and Wy are both totally isotropic and are totally L-
singular when Ng = Q(n, K,A,L) 4 Yg. Then by Witt’s extension the-
orem, there exists z € Yx which sends Im(T1(S;) — I) onto Wj. Write
Wi = Im(Ty(S1) ~— I)z = Im(Ty — I) for the conjugate T> = 2~ 1T1(S1)z
of T1(S51). Suppose that z sends Ker(T1(S1) — I) = Im(Ty(S;) — I)* to
Wi = Ker(T; — I). Then we have T> = Tp(S2) for an S; = diag(),0)
with A € GL(k,K). Let g2 = 27'goz;. Then g2 € Y \ [Tk and
To(S2) = Ta = g2To(So)g5*. Comparing the both sides of the equality
(To(S2) — I)g2 = g2(To(S0) — I), we see that g = (bij)nxn has the en-
tries by; = baj = biy41 = bi 42 = 0 for all the j > k£ + 1 and all the
i ¢ {v+1,...,v+k}. If Nk # Q(n,K,A), then Nk contains the uni-
tary transvections Ty,4+1,1(A = To(diag(A,0,...,0)) for all the 0 # X € K.
Clearly, T3(\) = g2T,+1,1(A)g5; ' € Y have the (1, j)-th entries zero for all
j>2 I T3()\) ¢ Tk for a \; € K§, then g; = T3(\;) is what we need.
Otherwise, T3(\) € T’k for all the A € K3}. By the preceding treatment for
the case k = 1, we can find a 25 € Nk such that g1 = zz_lgz e Y \I'kg
has its (1,j)-th entries zero for all j > 2, as what we need. In case if
Nk = Q(n, K, A), then 1 # Tp(S1) € Nk must have rankS; = k > 2. We

~ ~ . 01 .
take a 2-transvection Tp(Sp) € Nx with Sy = diag (_ 1 0) , and consider
Ts(X) = g2To(ASo)g5 * € Y for all the A € Ko. Then T3()) has all its (4, j)-
th entries zero for 1 < i < 2 and 7 > 3. If T3(\;) ¢ 'k for a A\, € Ky,
then g3 = T3(\;) works for it. Otherwise, T3(A) € ' for all the A € Kj.

By using the preceding treatment for the case k = 2, we know that the gy
exists, as what we need. a

Proof of Lemma 5.1. We only need to show that Y contains a g as
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described in Lemma 5.2. If such g; exists, then we can apply Lemma 5.2
and 5.3 to conclude that Y contains an Ng, as Lemma 5.1 says.

In case if N # Q(n, K, A), then Nk contains To(s) = Ty,41,1(s) for all
0 # s € Ky. Hence g2(s) = goTo(s)gé‘1 = (bij)nxn € Y, with the entries
bij = 0 for all j > 2. If go(s1) ¢ Tk for an s1, then gy = g2(s1) is what
we need. Or if otherwise, then ga(s) € 'k for all the s € K§. Thus g;
exists by Lemma 5.4. In the other case, we have N = Q(n, K, A), for each
s € K*. Now we have a 2-transvection T'(s) = Ty41,2(8)Tv+2,1(—8) € Nk.
Take ga(s) = g2T(s)g; ' = (bij)nxn € X. Then b;; = 0 holds for all the
1<i<2and3<j<n Ifgss1) ¢ 'k for an s1, then g1 = ga(s1) works.
For if otherwise, we can apply Lemma 5.4 to show the existence of a needed
g1. O

6. Proof of Theorem 3.1

We consider the set X of all the fields R between K and F such that X
contains an Ng = SU(n, R, H) or Q(n, R, A, L). Suppose that 3 contains
K which is non-empty, then ¥ contains a maximal element F such that
there is no subfield R of F' proper containing E so that X contains an
Ng = SU(n,R,H) or Q(n,R,A,L). If X > SL(n,E) > SL(n, K), then
under the requirements on v and r in Theorem 3.1 we have n > r or
3n(n —1) > r, and hence X is known by Theorem 4.2. We now assume
that X # SL(n, E). Then by Theorem 4.1, X N GL(n, E) > Ng for some
Ng = SU(n,E,H) or Q(n, E, A, L) containing Ng. Replacing Ng by K’E,
we may assume that X N GL(n,E)> Ng. If X < Tg = GL(n,E) - K*,
then X < (XNGL(n, E))-K* normalizes Ng, Theorem 3.1 holds . Now we
assume that X £ T'g. Then X contains some elements g ¢ T'g. If X contains
go ¢ T'r as described in Lemma 5.1. Then by Lemma 5.1, X contains an
Nr = SU(n,R,H) or Q(n,R,A, L;) for an R 2 E. This contradicts the
maximality of E. Thus in order to complete the proof of Theorem 3.1, it
suffices to find a go € X \ I'g with enough zero entries as in Lemma 5.1 .
In fact, we need only to prove the following Lemma 6.1.

Lemma 6.1. Under the requirements on v and r given in Main theorem,
we have a group X with N < X < GL(n,F) and X £ T'g contains go =
(dij)axn ¢ TE, with d1,y+1 = 0 when N # Q(n, K, A), or with d; y4+; =0
for 1 <4,5 <2 when N =Q(n,K,A).

Proof. Take a g = (a;5)nxn € X \Tg. Write g™! = (@ij)nxn. Now we
proceed to prove that the subgroup Y = (N, g) of X contains a go ¢ I'g,
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as required.

Case 1. N = Sp(n,K,H) and n > r = [F : K]. In this case, the n
elements a;; € F are linearly dependent over K, and so there exists a
nonzero (A1,...,A,) € Mat;x,K such that Z 1 Aja1; = 0. We can take
a matrix P € Sp(n K, H) having \; as its (j,v + 1)—st entry for 1 < j < n.
Then, we have go = gP = (b;;)nxn € X\I'k, with by , 41 = di—1Aja1; =0,
as desired.

In other cases, we can consider T} (S) = gTp(S)g~! € Y with Tp(S) € N.
Denote by M the set of all the admitted S with 71(S) having the (1,v+1)-
st entry zero when Ng # Q(n, E, A), or with the (¢, v + j)-th entries zero
for 1 £4,5 < 2 when Ng = Q(n, E,A). If we can find an Sy € M with
T1(So) ¢ Tk, then go = T1(So) is what we need. Certainly, such Sy # 0.
Hence we first proves that M # 0. Observe that T5(S) € N implies that
To(AS) € N, for all the A € Ko, where Ky = K2 when N = Q(n, K, A, L)
and charK = 2, while Ko = K. Otherwise. Now we have T;(AS) = I +
A(T1(S) — I). Consequently, S € M implies A\S € M for all X\ € K. If
we can prove M # 0, then we take a 0 # Sy € M and consider all the
To(ASp) € Y (X € K§), which have zero entries at the needed positions. If
T1(MoSo) ¢ T'k for a chosen A = A, then go = T7(ASp) is what we need.
Otherwise, T1(ASp) € 'k holds for all the A € K. Thus we can apply
Lemma 5.4 to conclude that Y contains a g; as Lemma 5.2 requires. This
certainly satisfies our requirement on go. Hence we only need to prove that
M # 0. All we need is to find an S = (sg1)yxp 7# 0 with T1(S) = (bij)nxn
which have entries b;,,1; = EZ,!:I Skls 4 10kp+ =0for 1 <4, <t t=1
or 2.

Case 2. N = Sp(n,K,H) and n(n + 2) > 8r. We have n = 2v, and
hence v(v+1)/2 > r. Also §' = S, and hence sg; = sy for all 1 < k, 1 < v.
Thus b1 p4+1 = ZKKK” sricky for some ¢y € F,1 < k < | < v. Since

viv+1)/2>r=|F: K], the v(v +1)/2 elements c;y € F (1 < k <1 <v)
must be linearly dependent over K. We now choose sg; € K not all zero
so that we can make 21<k<l<u Skidr; = 0. These si; constitute a nonzero
S € M, as desired. T

Case 3. N = SU(n, K, H) # Sp(n, K, H) and v? > 2r. In thls case, we
have [K : K;] =2, K = K;® K ;0 for a given § € K\ K. And S =9, ie.,
sip =Sriforalll < k,l < v. Write sg; = ag+0kif forallthe 1 <k <1 <vw,
with oy, Bk € K. Then all Bxx = 0 and sjx = o + Bri56. We need to
choose S # 0 so that we can make b1 ,41 = Elsk,lgu SKIO1 p kOl 41 =
Yo 1<k<y CkkCkk + X 1<ker<y(QriCrl + Brick) = 0, where ¢y (1 < k,l <
v) are some elements in F. We have v > 2r = 2[F : K| = [F : K}].
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Consequently, the v? elements ¢y € F (1 < k,I < v) must be linearly
dependent over K ;. Now we can choose ay; (1 < k <1 < v) and By
(1 € k <! < v)not all zero, so that we can make b; 41 = 0. These o1, B
construct a 0 # S € M, as what we need.

Case 4. N = Q(n,K,A) and v(v — 1) > 4r. S is alternating i.e., all
spe =0 (1 <k <v)andall sy = —sip (1 £ k <1 < v). We need to
choose S # 0 which makes b;,4+; = El§k<15u sklcfc’l’) forl1 <i,j <2
where cgj) are certain elements in F. First we choose an § # 0 to

make b1,41 = biu42 = 0, i.e., to annihilate the 2-dimensional vector

(b1,0+1:b1,042) = Dickeicy skl(cgll),cfclf)) over F. Since v(v — 1) > 4r,

ie., % (v—1) > 2r and Mat;x2F has dimension 2r over K, the 35 1/(1/ -1)
vectors (cfdl),cgf)) € Mat1x2F (1 < k <1 < v) must be linearly depen-
dent over K. We now choose sp; € K (1 < k <! < v), not all zero which
annihilate (b1,,41,b1,,+2). These sk constitute an S1 # 0 with T1(S1) hav-
ing the entries 41,41, b1,,+2 zero. Moreover, all the T1(AS1) (A € K*) have
their (1, +1)-st and (1, v+ 2)-nd entries zero. Hence, for each s € K™, the

To(A, 8) = Thi(AS1)To < Os S) T1(AS1)~! € X has its (1, 5)-th entries zero

for all j > 2. If T1(AS;) € I’k for all A € K*, then by Lemma 5.4, we can
find a g; as required in Lemma 5.2. Otherwise, we have T1(\15:1) ¢ T'x for
a Ay. If To(Mq, s) € Tk for all the s € K*, then we can apply again Lemma
5.4 to obtain g; as in Lemma 5.2. Otherwise, we have T3(\1, 1) ¢ I'x for
an s1, and we can replace g1 by T2(A1, s1) € X \ 'k at the very beginning,
to reduce it to the case in which g = (ai;)nxn has the entries a1; = 0, for
all j > 2. For such a g all the T1(S) = gTo(S)g~! = (bij)nxn have their
entries by; = 0 for all j > 2. We need only to choose an § # 0 which
makes by 41 = bguq2 = 0 . Since 2v(v — 1) > 2r = dimg(MatixoF),
(cfll),c,(jm) € Maty1xoF (1 < k <l < v) should be linearly dependent
over K. We now choose si; € K (1 < k <l € v), not all zero which an-
nihilates (b1,,41,b1,,+2). These si; constitute an S; # 0 to annihilates the
entries b1,,4+1 and by, 42 of T1(S1). Thus, T1(S1) has its entries b;,1; = 0
for 1 <4,7 <2and 0+#8S; € M, as desired.

Case 5. N = Q(n, K, A, L) with L # 0 (hence 1 € L), and v(v—1) > 2r.
We have spy=sjp forall 1<k <I<v,and sgx € Lforalll1 <k <v. We
need to choose S # 0 which makes by 41 = Zl$k<l<u skic; for certain
ckl € F,1<k<I<wv. Wehave 3v(v—1)+1>r = [F : K]. Hence, the

1v(v —1) + 1 elements ¢ (1 < k <1< v) and ¢11 in F must be linearly
dependent over K. We can find \jy € K (1 <k <!l<v)and \py € K,
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not all zero, such that Elgkdsy Agickr + Aricin = 0. If Ayy ¢ L (hence
A1 # 0), then we can replace all the Ay by A (1 <k <l <wvor
k =1=1), so that reduce it to the case A\;; =1 € L. Hence we can always
make A1; € L. Take spy = Mg for 1 < k <l <wvork=1[=1, and take
sk = 0 for all the 2 < k < v. Then all these sg; determine 2 0 # S € M,
as desired. This completes the proof of Lemma 6.1. And thus the proof of

Theorem 3.1 is completed . O
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A symbolic calculus named as the R-calculus is built to revise the defects of
axiomatic systems mechanically when some counterexamples are found. The R-
calculus consists of the rules of logical connective symbols and logical quantifier
symbols of first order languages. The concept of reachability, soundness and
completeness of the R-calculus are introduced. The basic theorem of software
testing based on the R-calculus is also introduced to help mechanizing model
checking.
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1. Introduction

In scientific investigations of a specific field, one always extracts the most
fundamental and important properties from a large amount of knowledge
of the field so as to establish axiomatic systems. Up to now, none of the
axiomatic systems that are significant to mathematics or natural sciences
are accomplished in one stroke. Usually, an axiomatic system describing
the knowledge of a specific field might contain some axioms, laws or rules
that are inconsistent with some counterexamples, researcher’s observations
or experiments. Under such circumstances, these axioms, laws or rules are
called defects of the axiomatic system, and counterexamples, researcher’s
observations or experiments are called refutation by facts.

The aim of this paper is to build a symbolic calculus that can revise
the defects mechanically when some refutations by facts of an axiomatic
system are found. The idea of building R-calculus comes from the following

This work was supported by the National Basic Research Program of China (973 Grant
No. 2005CB321901).
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comparison:

The proof of a mathematical theorem is a procedure of making analysis
and reasonings on the logical connectives and quantifiers inherent in the
theorem. Most mathematical theorems can be described by first order lan-
guages. Symbolic calculi of various styles on logical connective symbols and
quantifier symbols, which are usually called inference systems, were estab-
lished within the frame of first order languages [1,2]. As a result, the proof
of a mathematical theorem, which can be represented by a tree structure
called a proof tree, can be accomplished through these symbolic calculi.
Furthermore, some computer aided proof systems can be built to perform
such a mathematical proof mechanically.

In contrast, the procedure of revising defects in an axiomatic system
for some given refutation by facts is also a procedure of making analysis
and reasoning on the logical connectives and quantifiers inherent in the
axiomatic system and the refutation by facts. This kind of analysis and
reasoning can also be described by first order languages. Thus a symbolic
calculus, which is a defect-revision system on logical connective symbols
and quantifier symbols, should be established within the frame of first order
languages as well. The revision of defects in the process can be represented
by a tree structure through this symbolic calculus. Similarly, some computer
aided defect-revision systems should be built to perform defect revision
mechanically.

The aim of this paper is to solve the problem of defect revisions based on
the above strategy within the frame of the syntax and semantics of classical
first order logic. Thus, Section 2 is a brief outline to the basic concepts of
the syntax and semantics of first order languages. In Section 3, a symbolic
inference system named as G-calculus is given to formalize and symbolize
mathematical proofs. In Section 4, the concepts of refutation by facts and
maximal contraction are introduced to describe the defects contained in
an axiomatic system. In Section 5, R-calculus is introduced to perform
defect-revisions “mechanically”. Reachability, soundness and completeness
of R-calculus are defined in Section 6. And finally, the basic theorem of
testing is introduced in Section 7.

2. A formal language for symbolic calculus

First order languages are chosen to be the formal language to describe
axiomatic systems and symbolic calculus (1] and [2]. Briefly, a first order
language £ has two sets of symbol strings. They are the set of terms and
set of formulas. Terms are used to describe constants and functions used in
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formulas. The set of terms is defined inductively as below

t = Cl.’l) I f(tl,tg,...,tn).

The formulas of £ are used to describe the laws, rules, principles or non-
logical axioms. The set of formulas of £ is defined inductively as follows

A = tl itz | P(tl,tz,"' ,tn)
|~B|ANB|AVB|A>B|VzA|3zA.

A formula is called a sentence if there does not exist free variables in
it. A formula is called atomic if it is a predicate (t; = t; is treated as a
predicate)[1].

Definition 2.1. A finite consistent set I" of sentences is called an axiomatic
system.

The sentences contained in I' can be interpreted as non-logical axioms,
rules, principles in mathematics and natural sciences.

A model M is a pair (M, I). M is called the domain of M which is a
nonempty set. I is called the interpretation of M which is a mapping from
L to M. The form M = A means that for the given domain M and the
interpretation I, A is true in M. M k= T’ means that for every A € T,
M [ A.

Finally, A is called a logical consequence of I" and is written as T |= A,
if and only if for every M, if M =T holds, then M |= A holds.

3. G-calculus: A logical Inference System

The G-calculus is a Gentzen-style logical inference system which is a mod-
ified version of the inference system given in [1]. It is used to perform
mathematical proofs symbolically. The G-calculus is built on sequents. A
sequent is formed as I' - A, where I" and A could be any finite sets of formu-
las. I is called the antecedent of the sequent and A is called the succedent
of the sequent, and - denotes the deductive relation [1,2]. The G-calculus
consists of a logical axiom, the rules for logical connective symbols, rules
for quantifier symbols, as well as the cut rule. Each rule of the G-calculus
is a symbolic manipulation of the logical connective symbols and quantifier
symbols G is given as below:

Definition 3.1. The logical axiom
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Let T, A, A, © be sets of formulas, and A be a formula. The following
sequent

T,AJAFAAQ
is called the logical axiom of G.

The above logical axiom means that if a formula appears in the succe-
dent of the sequent as well as its antecedent, then the sequent holds without
any proof.

Definition 3.2. V-rule
T,AAAFA T,B,AFA ) T+AAB,©

L: T.AVB,AFA "TFAAVB,O

Definition 3.3. A-rule
L I' A, B,AFA R T'FAA© THAB,O
"T,AAB,AFA ’ T'HAAAB,B6

Pefinition 3.4. D-rule

L I''"AFAA BT,AFA R ATFB,A©
) T,ADB,AFA "THAADB,G
Definition 3.5. —-rule
I T,AFAA  ATFAG
T T,-AAFA "THA-A O

Definition 3.6. V-rule
T Alt/z],VzA(z),AF A R T'F A, Aly/z],©

Ly — vam.ara " TFA,VzA(2),0
Definition 3.7. 3-rule

- T Aly/z}, A+ A R Tk A Alt/z], Iz A(x),©

" I,3zA(z),AF A ' 'k A, 3zA(z),®

In the rules V-R and 3-L, y is a “new” variable. Here “new” means y is
different from the variables contained in T, A, A and A. y is formally called
an eigen-variable. In the rules V-L and 3-R, the term ¢ can be any term,
but the condition z ¢ FV(t) must be satisfied.

The formulas AA B, AV B, A D B, ~A, VzA(z) and 3zA(z) in the
denominators of the rules of the G-calculus are called principal formu-

las [1], and A, B, A[t/z], Aly/z] in the numerators of the corresponding
rules are called side formulas.
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Definition 3.8. Cut-rule
'Aja ao,AFO
TVAFAO

The above cut rule can be derived from other rules in the G-calculus [1].
Since in many cases it is convenient to construct formal proofs using the
cut rule, it is adopted as a rule in the G-calculus.

It should be mentioned that the A-L rule and the V-R rule tell us that
in the sequent A;,..., A, F By,..., B, the commas on the left hand side
of I- can be viewed as A, and the commas on the right hand side of I can
be viewed as V.

A proof of a given sequent T" - A is a finite tree 7. Each node of 7" and
its direct sons form an application of an inference rule of the G-calculus.
The root of 7 is ' - A, and every leaf of T is an application of the axiom
of G. The tree 7 is called a proof tree of I' - A. The sequent I - A is
proved or holds if there exists a proof tree of the sequent. A is called a
formal consequence of I'. According to first order languages, the G-calculus
is both sound and complete. Thus if A is a formal consequence of T', then
A is a logical consequence of I', and vise versa.

Finally, it is assumed in this paper that two formulas A and B are
treated as the same formulas if and only if A = B, in other words, (A D
B) A (B D A) is a tautology.

4. Necessary antecedents of formal consequences

In this section, we shall introduce the concept of necessary antecedent of a
formal consequence A with respect to I

Definition 4.1. Antecedent set of a proof tree.

Let T be a formula set, A be a formula and I" - A be provable. Also let
T be its proof tree with P, @ and R being formulas appearing in the proof
tree 7.

(1) If T is a formula set and IV, P - P is a leaf of the proof tree 7, then
the P on the left hand side of I is the antecedent of the P on its right
hand side with respect to the proof tree 7.

(2) If a node of the proof tree 7 is an instance of a right rule of the G-
calculus with Q appearing as the BAC, BV C, B — C, —B, VzB(z)
or 3zB(z) in the denominator of the rule, i.e. as the principal formula
of the rule, and P appearing as the B, C, B[t/z] or Bly/z] in the
numerator of the rule, i.e. as the side formula of the rule, then P is an
antecedent of @ with respect to the proof tree 7.
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(3) If a node of the proof tree is an instance of a left rule with P appearing
asthe BAC, BVC, B — C,-B,V zB(z) or 3 xB(z) in the denominator
of the rule, i.e. as the principal formula of the rule, and @ appearing as
the B, C, B[t/z] or Bly/z] in the numerator of the rule, i.e. as the side
formula. of the rule, then P is an antecedent of ) with respect to the
proof tree 7. The side formula B, C, B[t/z]| or By/x] is the antecedent
of the side formula on the right hand side of I in the denominator of
the rule with respect to the proof tree 7.

(4) If P is an antecedent of @ with respect to the proof tree 7 and Q
is an antecedent of R with respect to the proof tree 7, then P is an
antecedent of R with respect to the proof tree 7.

Let P(I", A,T) be the set consisting of all the antecedents of A with
respect to the proof tree 7. The formula set I' N P(T", A, T) is called the
necessary antecedent set of the formula A with respect to T.

Example 4.1.

Consider the sequent C, A,Vz(A — B(z)) F 3zB(z). According to the
above definition, The necessary antecedent set of the formal consequence
JzB(xz) of the sequent C, A,Vz(A — B(z))  JzB(z) with respect to the
proof tree 7T is:

{C, A, V2(A - B(z))} n {B[t/z],Vz(A — B(z)), A — Blt/z], A},
that is,

{4,Vz(A — B(z))}.

Lemma 4.1. If the sequent T' - A is provable and T is the proof tree of
the sequent, then set P(T', A, T) is decidable.

It should be mentioned that all the proofs of lemmas and theorems are
omitted because of the limitation on the length of the paper. The interested
readers can refer to [7] for the details.

Example 4.2. Given the sequent A,A — B,B — C F C, consider its
proof tree as follows([1]):

A- A% B,C AB?FB"C -
AASBRrELe @ CLA-BBE-CRCE)

AASB (BoOPFEC (1)

we can verify that the necessary antecedent set of C' with respect to the
proof tree 7T is:

{A,A- B,B - C).
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It should be mentioned that a provable sequent might have several proof
trees, the necessary antecedent sets of A do not have to be unique as well.

5. R-refutation and R-contraction

In this section, we shall discuss the concept of refutation by fact which
formally describe counterexamples and researcher’s observations and ex-
periments in first order languages.

Definition 5.1. R-refutation.
Let T' be an axiomatic system and A be an axiomatic system consisting

of finite atomic sentences or their negations. If A and I' are inconsistent,
then we name A as an R-refutation of T,

Definition 5.2. Model of R-refutation.

Let A be an axiomatic system {A;,..., A,} consisting of finite atomic
sentences or their negations such that ' | —=A; V-V —A,, holds. If there
exists a model M such that M = A holds, then we name the model M as
the model of R-refutation of I' with respect to A, or I' is refuted by the
model M with respect to A, under the condition that the following set of
formulas

FM(A) Z={B’B€F, M'=B, M}ZA}
is maximal, that is, there does not exist another model M’ satisfying
I'ma) CTvray-

Another form of A is Ay A-++- A A,,. Thus the model of R-refutation of
T" with respect to A is just the model of R-refutation of I' with respect to
{A1 A NALL

Definition 5.3. R-contraction.

We name an axiomatic system A as an R-contraction of an axiomatic
system I' with respect to an R-refutation A if A is a maximal subset of I'
that is consistent with A.

Example 5.1. R-contraction.
Let I" be an axiomatic system consisting of the following set of sentences:

{A,A— B,B— C,E — F}.

We can prove that I' - C holds. There are three maximal subsets of '
that are consistent with -C:

{A,A->B,E—~F}, {AB-CE—F} {A-B,B—C,E—F}
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They are all R-contractions of I' with respect to =C'. This example shows
that the R-contraction of an axiomatic system with respect to its R-
refutation is not unique.

6. R-calculus

In this section we shall define R-calculus on logical connective symbols
and quantifier symbols. It can deduce all the R-contractions for a given
R-refutation.

Definition 6.1. Let I' be a finite set of sentences and A be a finite ax-
iomatic system consisting of atomic sentences or their negations. We name

AT

as an R-configuration.
If T is an axiomatic system with A being the R-refutation of T, then
we name A | I" as an R-regular configuration.

For convenience, the axiomatic systems A and I' on the two sides of “|”
in the configuration can be regarded as either sets of sentences or sequences
of sentences. They can be written in the form of A, B, A and A, B, " as well.

Lemma 6.1. IfAis{A;,...,A,} and A | T is an R-regular configuration,
then

(A A---NA,)
is provable.
Definition 6.2.
AT = A"|TY

is named as an R-transition. It transforms the R-configuration A | T into
the R-configuration A’ | IV,

In particular, the R-transition
A|JAT= A|T

represents transforming the R-configuration A | A,T into A | T or equiva-

lently speaking, the A in the sentence sequence A4, T on the right hand side
of “|” is deleted.
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We shall introduce the R-calculus henceforth.

Definition 6.3. The R-calculus is a set of rules consisting of the R-axiom,

R-logical connective symbol rules, R-quantifier symbol rules and R-cut
rules.

Definition 6.4. R-axiom.
AA|-AT= AA|T

The R-axiom shows that if the axiomatic system {—A,T} on the right
hand side of the R-configuration contains —A, then it is inconsistent with
A on the left hand side and hence the ~A on the right hand side of the
R-configuration must be deleted.

Definition 6.5. R-A rule.
AJAT=A|T A|B,l'=A|T
AJAAB, = A|T A|AANBT= AT’

This rule shows that if A is deleted, then AAB must be deleted. Similarly
if B is deleted, then A A B must be deleted.

Definition 6.6. R-V rule.
AJAT=A|T A|B,Il'= A|T
AJAVB,T = A|T ’

This rule shows that if A and B can be deleted respectively, then A v B
must be deleted.

Definition 6.7. R-— rule.
Al-AT=A|T A|B,T =T
A|A-BT'= A|T

The R-— rule is a special case of the R-V rule.

Definition 6.8. R-V rule.
A Alt/z],T = A|T
A |VzA(z),[ = A | I

t is a term and z is not a free variable in ¢.

The R-V rule can be interpreted as: if there exists a term ¢ such that Aft/z]
is inconsistent with A, then VzA(z) cannot be consistent with A and hence
it must be deleted.
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Definition 6.9. R-3 rule.
A|Aly/z],T = A|T
A | IzA(z),I = A|T

y is an arbitrary eigen-variable, i.e. the variable y cannot appear as a free
variable in the denominator of the R-3 rule.

This rule can be interpreted as: for every eigen-variable y, if Aly/x] is
deleted, then 3z A(z) must be deleted as well.

Definition 6.10. R-cut rule.

Fl,A,FzFC At C AlC,F2=>AIF2
A|F1,A,F2==>A|F1,F2 ’

The numerator of the R-cut rule specifies the following conditions:

(1) T, A, Ty + C is provable and its proof tree is 7. This indicates that
the formula C is a formal consequence of I'y, A, T'y;

(2) The condition A —7 C is true. This indicates that A is a necessary
antecedent of C with respect to the proof tree 7

(3) The R-transition A | C,T'y == A | Iz is true. This indicates that the
formal consequence C of T'1, A,y is formally refuted by A and hence
should be deleted.

The R-cut rule shows that when all the conditions of the numerator are
satisfied, the A on the right hand side of the R-configuration A | I'y, A,T;
in the denominator should be deleted as well.

Lemma 6.2. The R-— derived rule
A|AT= A|T
A|AT=A|T

is true with A and A’ determined by the following table:

A | ~«(BAC) | ~{BVC) | ==B | o(B—C) | -VzB(z) | ~3zB(x)
A"| -=BV-C | -.BA-C B BA-C 3z-B(z) | Vz—B(x)

Definition 6.11. R-proof tree.
Given an R-transition A | T = A | I/, the tree 7 is named as an

R-proof tree of the R-transition if each node of 7 is an R-transition and
satisfies:
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(1) If the R-transition A | ' = A | [V is an instance of the R-axiom,
then the R-proof tree 7 is a single node tree with the R-transition as
its single node. In this case the single node is also the root of the tree

T.

(2) Suppose T is an R-proof tree whose root is the R-transition A | I'; =
A | T} If the following fraction (a) is an instance of a rule of the R-
calculus, then the tree structure

T

All= AT AT = ALY
AT = AT

(a)

AT =A|T'

is an R-proof tree of A |I' = A | T".
(3) Suppose 77 and T3 are R-proof trees whose roots are A | I’y => A | T
and A | T'; = A | T}, respectively. If the following deduction (b)
AIT=A|IY

2 (3)

is an instance of a rule of the R-calculus, then the tree structure

Al = A|TY ATy => AT

AIT=A|T

is an R-proof tree of A [ = A [ T".

Definition 6.12. We name an R-transition provable if there exists an R-
proof tree with the R-transition as its root. Otherwise we say that the
R-transition A [T => A | I" is unprovable.

We name

All'=...= AT,
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as an R-transition sequence and denote it as
AIT="A|T,

with =" denoting finite transitions. We say that A |I' =" A | I'y is
provable if for every i < n, the R-transition sequence A |I' =* A | I; is
provable.

Definition 6.13. For a given R-configuration A | T, if A and I’ are con-
sistent, then we name A | T" as an R-termination.

Example 6.1. Special theory of relativity.

In his famous book [5], Einstein explained how he discovered his special
theory of relativity. Let us use the R-calculus to verify his informal reason-
ing. We use the sentence R to stand for the principle of relativity, Ny, N, N3
for the three Newton laws of mechanics respectively, and E for the law of
universal gravitation. The Galilean transformation can be described by the
following sentence:

V : Vz(B(z) — A(z)),

where B(z) stands for “z is a rigid body” and A(z) stands for “If the
velocity of z relative to a coordinate system K is V and the velocity of a
coordinate system K’ relative to K is W, then the velocity of z relative to
K'isV+W”.

We can use the following axiomatic system to describe the laws in clas-
sical physics:

{VI(B(:E) —QA(x))a-Rc N17 N2,N3a E}
Using the G-calculus, we know that
Blc],Vz(B(z) — A(z)) + Al (%+)

is provable. This sequent can be interpreted as: the classical physics predicts
that “the velocity of light in K’ depends on both the relative velocity of K’
to K and the velocity of light in K.

Nonetheless all the scientific experiments and astronomical observations
agree with its negation —A[c], i.e. “the light velocity does not depend on the
velocity of the luminous body”. In this case, Alc] is refuted by the above
scientific experiments and astronomical observations. By his powerful logic

intuitions, Einstein reached his conclusion that the Galilean transformation
should be deleted.
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We can now use the R-calculus to verify that Einstein’s logic intuition
is correct. Let
L= {B{C],VZ:(B((IJ) - A(III)),R, Nla Ng,Ng, E}7
.= {R, Nl, Nz,Ng, E}

The —A[c] is an R-refutation of ' that has to be accepted since it is
supported by experiments and observations and I' - A[c| is provable. Since
the photon can be treated as a particle, {B[c|,~A|c]} is an R-refutation of
T'. The verification by the R-calculus is as follows.

Blc],-A[c] | Alc],I" = Blc],-A[c] | T’
is an instance of the R-axiom and
Blc],~Alc] | ~B|d,I" = Blc],-A[c] | I”

is an instance of the R-axiom as well. According to the R-— rule, we know
that the following R-transition:

Blc|,~Alc] | Ble] — Alc],I" = Blc],—A[c] | I"

is provable, that is, B[c] — A[c] is deleted. Finally, according to the R-V
rule we know that the following R-transition:

Blc|,-Alc] | Vz(B(z) — A(z)),I" = Blc|,-Ald] | T’

is provable as well. This amounts to Vz(B(z) — A(z)) being deleted, i.e.
we formally verified that the Galilean transformation should be deleted.

In the following example the R-calculus can deduce all the possible
R-contractions.

Example 6.2. R-cut rule.
Let T be the axiomatic system given in Example 5.1 in Section 5:
{A,A— B,B— C,E — F}.
According to the G-calculus, ' F C is provable. Suppose that the logical

consequence C of I is refuted by fact, that is, 7C is an R-refutation. There
are three R-contractions of I" with respect to ~C:

{A,A-B,E—~F}, {AAB->C,E—F}, {A-B,B—-C,E—F}.

In this example we will prove that, using the R-calculus, we can deduce
every R-contraction as above. We first consider {A,A — B,E — F}. Let

Iy :={A,A— B}, T';:={F— F}.
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According to the G-calculus we know that:
Fl, B — C, Fg +C

is provable. Since B — C, which is an element of T, is an antecedent of C,
B — C — C is provable. According to the R-axiom we also have:

-C | C, 'y = -C |Ts.
Thus we can apply the R-cut rule to obtain:
-C | I'n,B— C,Fz = - ! Fl,Fz.

And I'y,T; is just {4,4 — B,E — F}.
With the R-cut rule we can deduce another R-contraction {4,B —
C,E — F}. In fact, let

Iy = {A}, Fy:={B—-C,E— F}.
According to the G-calculus we know that:
both I'',A—- BFB and B,T2+C

are provable. The A — B, which is an element of T', is an antecedent of B
and hence A — B+ B is provable. Further, the R-axiom indicates that:

-C | C,Ty = ~C | Ts.
Using the R-cut rule we have:
~C|T1, A — B,T'y = -C | T, T2
holds. And T'1,T; is just {A,B — C,E — F}. Finally, let
I'y =0, I'y:={A—-B,B—C,E— F}.

Using the R-cut rule we can obtain the third R-contraction {4 — B, B —
C,E — F}.

7. Reachability, soundness and completeness

For a given R-refutation A, can the R-calculus deduce all the R-
contractions of I with respect to A?

Definition 7.1. R-reachability.

Suppose that A | T is a given R-regular configuration. I'V is an arbi-
trary R-contraction of I' with respect to A. If there exists an R-transition
sequence of length n such that:

A|T =" AT’
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is provable with A | IV being an R-termination, then we say that the R-
calculus is R-reachable.

We can prove the following theorem.

Theorem 7.1. R-reachability.
The R-calculus is R-reachable.

The converse theorem of Theorem 7.1 does not hold. In fact, for an
arbitrary R-transition sequence of length n:

AT ="A|T

with A | I being an R-termination, I is not necessarily an R-contraction
of I with respect to A. Consider the following example:

Example 7.1. Let T be:
{A,A—-B,B—->C,A—E,E - C}.

According to the G-calculus, I' - C is provable. Consider the formal refu-
tation —=C of I'. We can apply the R-cut rule to delete A — B. Since

AJLA—-EE-CFC
is provable, we can apply the R-cut rule again to delete A and obtain:
{B—-C,A—E,E—C}.

Nonetheless the above formula is not a maximal subset of I' with respect
to =C because the maximal contraction is:

{A-B,B—C,A—E,E— C}.
Lemma 7.1.

If A | T is an R-termination, then there does not exist an aziomatic
system IV C T" such that the R-transition

A|lT= AT
is provable.

Definition 7.2. If for an arbitrary R-regular configuration A | I" and an
arbitrary R-contraction I'V of I with respect to A, that is, for an arbitrary
provable R-transition sequence of length n:

AT ="A|T,

there always exists a model M of R-refutation such that both M |= A and
I'm(a) = I’ hold, then we say that the R-calculus is R-sound.
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Theorem 7.2. The R-calculus is R-sound.

Definition 7.3. If for an arbitrary R-regular configuration A | I' and an
arbitrary model M of R-refutation of I' with respect to A, there always
exists a provable R-transition sequence of length n:

A | r="A | FM(A)7
then we say that the R-calculus is R-complete.

Theorem 7.3. The R-calculus is R-complete.

8. Basic theorem of testing

The following example shows that, even if I is inconsistent, the R-calculus
can still deduce every maximal subset of I that is consistent with A.

Example 8.1. Inconsistent set of axioms.
Let

Aw={z=z}, T:={f@) =y f¥)=2~(f(f=)=2)}

T is not an axiomatic system. In fact, since f(z) = y, we can substitute
the variable y in f(y) = z by f(z) to obtain f(f(z)) = 2. This formula is
inconsistent with —(f(f(z)) = z).

Using the R-cut rule, we can obtain all the maximal subsets of I" that
are consistent with A. For instance, let I'y := {f(z) = y} and T'y :=
{~(f(f(x)) = z)}. First, the transitivity of = indicates that:

T, fly) =2k f(f(z)) = 2

is provable. The —-L rule and axiom rule further indicate that
f(f(@)) = z,T2 F ~(z = )

is provable. Hence according to the cut rule,
Ty, f(y) = 2, 0ok ~(z = x)

is provable. It is not difficult to prove that f(y) = z is a necessary antecedent
of ~(z = z). And by the R-axiom, the R-transition

z=z|(z=zr)=x=2|0
is provable. The R-cut rule indicates that f(y) = z should be deleted, i.e.
c=x|T=z=z|{f(z) =y, ~(f(f(z)) = 2)}
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is provable. And {f(z) = y,~(f(f(x)) = 2)} is a maximal subset of I" that
is consistent with z = z. Similarly, we can deduce the other two maximal
consistent subsets:

{f(y) = 2,=(f(f(2)) = 2)} and {f(z) =y, f(y) = 2}.

Theorem 8.1. Basic theorem of testing.

Let A be an arbitrary aziomatic system consisting of finite atomic sen-
tences or their negations, and I' be an arbitrary finite formula set. If IV is
an arbitrary maximal subset of ' that is consistent with A, then there exists
an R-transition sequence of length n

A|T=s"A|T"

that is provable.

In summary, we have introduced the R-refutation and constructed
the R-calculus and proved its R-reachability, R-soundness and R-
completeness. Up to now we have two formal calculi and they are the
G-calculus and R-calculus. They solved two different kinds of problems.
The G-calculus solved the problem of converting mathematical proofs into
symbolic calculus. However the R-calculus solved the problem of converting
the defect-revisions of axiomatic systems into symbolic calculus. Finally, we
also proved the basic theorem of testing that converted the defect-revisions
of an inconsistent set of axioms into symbolic calculus as well. We believe
it is a helpful approach to mechanizing software testings.

References

1. Gallier, J. H., Logic for Computer Science: Foundations of Automatic Theo-
rem Proving (John Wiley and Sons, New York, 1987).

2. Paulson, L., Logic and Computations: Interactive Proof with Cambridge LCF
(Cambridge University Press, Cambridge, 1987).

3. Li, W., A logical framework for the evolution of specifications, Proc. 5th Eu-
ropean Symp, on Programming, LNCS 788, Edinburgh, 394-408. Springer-
Verlag (Berlin, 1994).

4. Burgess, J. P., Forcing. In Barwise, J. (eds), Handbook of Mathematical
Logic, North-Holland Publishing Company (Amsterdam, 1977).

5. Einstein, A., Relativity: The Special and General Theory, Translated by
Robert Lawson, W. Henry Holt (New York 1920).

6. Li, W., A Development Calculus for Specifications, Science in China (Series
F), 46, 390-400 (2003).

7. Li, W., R-Caleulus: An Inference System for Belief Revision, The Computer
Journal, 50(4), 378-390 (2007).



This page intentionally left blank



Advances in Algebra and Combinatorics
edited by K. P. Shum et al.
© 2008 World Scientific Publishing Co. (pp. 293-302)

SOME REMARKS ON THE BURNSIDE PROBLEM FOR
LOOPS

PETER PLAUMANN *

Mathematisches Institut, Universitit Erlangen-Niirnberg,
Bismarckstrasse 1 1/2, D-91054 Erlangen, Germany
E-mail: peter.plaumann@mi.uni-erlangen.de

LIUDMILA SABININA

Facultad de Ciencias, Universidad Auténoma del Estado de Morelos,
Avenida Universided 1001, 62209 Cuernavaca, Morelos, México
E-mail: liudmila@buzon.uaem.mz

In a previous paper we have begun to study the Restricted Burnside Problem
for some classes of loops reducing it to the positive solution for the class of
groups. Here we continue this work, giving a positive answer for those Bruck
loops which can be obtained by Glauberman’s construction from a Moufang
A-loops.

The restricted Burnside problem (see [14]) for a class £ of loops is the
question whether the following propositon holds:

There are natural numbers B(d,n) such that |L| < B(d,n) for every
finite loop L € L having d generators and exponent n.

If this proposition holds for £, we call the class £ an RB—class. In this
case we call the numbers 8(d, n) Burnside coefficients for the class L.

It should be mentioned that the loops considered by us do not have to
be power associative. Consequently we say that a loop L has exponent n if
for every word w in the free magna with one generator and for every a € L
one has w(a) = 1.

By a celebrated result of Zelmanov (see [21]) the class of all groups

*The first author (Peter Plaumann) thanks to SRE, Cétedra especial at UAEM, for
support and the second one (Liudmila Sabinina) to CONACyT, Grant C2-44100, to
PROMEP and to the University of California.
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is an RB-class. Reducing the restricted Burnside problem for the class of
Moufang A-loops to the corresponding problem for groups, in [18] we have
shown that the class of Moufang A-loops is an RB—class. We shall use this
result and the methods applied in [18] to discuss the restricted Burnside
problem for further classes of loops.

Amongst the loops treated here one finds the class V of all Bruck loops
obtained by Glauberman’s construction (see [9]) from Moufang A-loops
and a large class of left Bol loops.

In a concluding section we add some remarks on the representation of
a Moufang loop from a group with a triality which may be of interest with
respect to our use of Moufang loops to obtain Bruck loops.

1.
In any loop L the associator (z,y, 2) of elements z,y,z € L is defined by
the equation

(zy)z = [z(y2)(x,y, 2)-

The subloop (L, L, L) generated by all associators in L is called the associ-
ator subloop of L. Obviously (L, L, L) is a characteristic subloop of L, i.e.
every automorphism of L fixes (L, L, L). As usual, we define the nuclei of
a loop L by

N(L)={u€ L|[u,z,y] =1forall x,y € L},
Np(L) ={u€ L|[z,u,y] =1 forall z,y € L},
N.(L)y={ue€ L|[z,y,u] =1forall z,y € L},
N(L) = Ny (L) N N (L) N Ny (L).

Observe that, like the associator subloop, the nuclei of a loop are charac-
teristic, but in general not normal. In (18] we have shown the following

Lemma 1.1. Let L be a loop in which the nucleus N(L) is normal. If
L/N(L) is finite, then (L, L, L) is generated by at most |L/N(L)|® elements.

‘We define the associator series
L=Ao(L) 2 A(L)2---DA(L) 2 Aiga(L) D -+,
of a loop L recursively by
Ait1(L) = (Ai(L), Ai(L), Ai(L)).
If A;(A) =1# A,_1(A), we say that L is a-solvable of length n.
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Lemma 1.2. Let L be a class of loops such that in every loop in L the
nucleus and all terms of the associator series are normal subloops. If all
loops in L are a—solvable of bounded length s, then L is an RB-class.

Proof. Let v(d,n) be Burnside coefficients for the class of all groups and
let L € L satisfy the hypothesis of the Lemma. By Lemma 1.1 the groups
A;+1/A,; are generated by d; elements, where the numbers dg, - -+ ,d,_; are
bounded by a function of d. Hence |L| < TI3Z3v(d;, n). n|
We will now indicate some situations in which Lemma 1.2 can be applied.
For any loop @ the right and the left multiplications are defined by

xR, = za, zL, = azx.
The group Mltg generated by the right and left multiplications of Q is
called the multiplication group of Q. The subgroup Inng of Mltg consisting
the mappings fixing the identity of Q is called the group of inner mappings

of Q.
It is known that the group Inng is generated by the mappings

Ly, =LyL,L;}, R,,=R,R R}

yT? TY !

T, = R, L

The loop Q is called an A—loop if Inng consists of automorphisms of Q.
If only the mappings L., are automorphisms of @, then Q is called an
Aj~loop.

Theorem 1.1. Every class of A-loops of bounded solvable length is an
RB-class.

Proof. In an A-loop every characteristic subloop is normal ([2], Theorem
2.2, p. 309). Hence Lemma 1.2 applies. O

Proposition 1.1. Let L be a loop with nucleus N(L) for which L/N(L) is
a group. Hence L is a—solvable of length at most 2.

Proof. The associator (L,L,L) is contained in N(L) and is a normal
subloop of L (see [13], Lemma 2.5, p. 4). a

Recently Buchsteiner loops, that is loops satisfying the identity
x\(zy - 2) = (y - 23)/7
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have found some interest (see [4]).

Theorem 1.2. The variety of Buchsteiner loops is an RB-class.

Proof. In a Buchsteiner loop L the condition (L, L, L) C N(L) is satisfied
(see [4], Theorem 7.17). The theorem follows from Proposition 1.1. a

A loop L is called a CC-loop if the the set of the of all left multiplications
and the set of all right multiplications of L are closed under conjugation
(see [7]). Already in [18] we have shown that the class of CC-loops is an
RB-class. Since CC-loops are a-solvable of length < 2, this also follows
from our Proposition 1.1.

In (3] loops L considered for which the inner mapping group J. is
abelian. Conditions on J; and its embedding in the multiplication loop
M(L) are given which imply that L is centrally nilpotent of class < 2. By
Proposition 1.1 the loops satistying these conditions form an RB-class.

2.
A loop is called a (left) Bruck loop (see {19, 20]) if the left Bol identity
a(boac) = (aoba)c
and the identity
(zy) "t =27ty

are satisfied. Glauberman ({8, 9]) has described a principle to construct a
Bruck loop G(1/2) from a given finite Moufang loop G of odd order (see
also ([1], Chapter VILS5, p. 120ff) and ([12], Theorem 6.14, p. 77)). On the
set G the multiplication in G(1/2) is definded by

1, 1
aob=1q%ba?.

For a class V of finite Moufang loops of odd order we denote by V(1/2)
the class of all Bruck loops G(1/2) with G € V.

For a finitely generated loop G the number rk(G) is the minimal number
of generators of G.

Proposition 2.1. For qa finite Moufang loop G of odd order the following
statements are true:

(i) G and G(1/2) have the same exponent,
(ii) TE(G) < rk(G(1/2)).
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Proof. Statement (i) follows from the fact that the n—th power of an el-
ement of the set G is the same in the loop G and the loop G(1/2). If
{91, ,94} is a set of generators for the Bruck loop G(1/2), then the

Moufang loop G is generated by {glé s gf }. Hence (ii) holds. u|

As an immediate consequence of Proposition 2.1 we obtain

Theorem 2.1. If £ is an RB-class of finite Moufang loops of odd order,
then £(1/2) is an RB—class, too.

Corollary 2.1. If £ is a class of finite Moufang A-loops, in particular a
class of finite groups, of odd order, then £(1/2) is an RB-class.

Proof. By Corollary 11 in [18] the class A of all Moufang A-loops is an
RB-class. Hence A(1/2) is an RB—class by Theorem 2.1. a

Corollary 2.2. If L is o class of finite Moufang loops of prime exponent
p > 2, then £(1/2) is an RB-class.

Proof. By [10] and [16] the class of finite Moufang loops of prime exponent
p > 2 is an RB—class. u]
Proposition 2.2. For any loop L the following statements hold
(i) (ap,q,7) = (p,q,7) for all p,q,r € L, a € Ni(L)
(i) If L is a Bol Aj-loop L, then Ni(L)< L.
Proof. For p,q,r € L, a € Ni(L) put s = (ap,q, 7). Then one has
(ap - q)r = (ap - qr)s.
On the other hand,
(ap-g)r = (a-pg)r = a(pg - 7)
and
(ap-qr)s = (a- (p-ar))s = a((p- ar)s)-

1t follows that s = (p, ¢,7). Hence (i) holds.
Assume now that L is a Bol A;-loop. By hypothesis one has

Ni(L)Ly,y = Ni(L)
for all z,y € L.
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For a € Nj(L) and z,y € L one has aRgy = a. Thus N(L)Ry,y =
Ni(L).

For elements a € Ny(L), t € L, we put a* =t~ - at. By ([12], §6) one
knows that that the element (a~¢t~')(at) lies in N;(L) and as a consequence
of (ii) one has

(@~ 't Y)(at) = a~al,
since a~! € Ny(L). Using (i) we obtain
(at,z,y) = (e tat,z,y) =1
for all z,y € L. Thus a* € Ny(L) and we have shown that N;(L) is invariant

under all inner mappings. O

In 1986 T. KRINKO, a student of L. Sabinin, showed in her diploma
thesis the following

Theorem 2.2. If B is a Bol A;-loop, then the factor loop B/Ni(B) is a
Bruck loop.

Proof. The theorem is easily deduced from ([12], Theorem 6.6, p. 72). O

Theorem 2.3. Let V be an RB-class of Moufang loops and let Vi be the
class of all Bol Aj-loops B satisfying the conditions

(A) B/Ni(B) € V(1/2),
(B) (Q,Q,Q)<Q for all epimorphic images of B.

Then V; is an RB-class.

Proof. For a finite loop S € V; the Bruck loop T' = S/N;(S) € V(1/2)
has odd order. Hence it follows from ({9], Theorem 14, p. 412) that T is
solvable. Thus the associator series

T=AT)2A4(T) 2 2 A4(T) 2 Ain(T) 2,

satisfies A;(T") = 1 for some natural number s.

Assume that S has rank d and exponent n. It follows from Theorem 2.1
that |T'| < 0y,4(V(1/2)) where 0, 4(V(1/2)) denotes the Burnside constant
for the class V(1/2). In particular the inequality s < o, 4(V(1/2)) holds.
Thus by Krinko’s theorem one has Ag, .v/2))+1(8) = 1. The proposition
now follows from Lemma, 1.2. m|
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3.

A group G is called a group with a triality if on G one has automorphisms
o, p satisfying

(971 9%) (g7 2¢%) (g7 g%)"" =1 forall g € G.

The group S generated by o and p is an epimorphic image of the symmetric
group Sjs.

Glauberman [8] and Doro [6] have observed that groups with a triality
can be used to define Moufang loops. Recently Grishkov and Zavarnit-
sine [11] have described the construction of a Moufang loop from a group
(G,0,p) with a triality in the following way. Put H = {g € G| ¢° = g} and
M = {g='¢° | g € G}. Then the multiplication defined on M by

m-n=m"Pnm "
turns the set M into a Moufang loop M(G). One observes that
m-n=n"mnP
holds, too. Conversely, every Moufang loop can be obtained this way (see
[11, 6, 15)).

In [8] one finds another way to obtain a Bruck loops from groups (Ex-
ample 4, p. 379): Let G be a torsion group and ¢ be an automorphism of
G satisfying 02 = 1. Assume that the set G, = {g7'g” |g € G} does not
contain elements of order 2. Then the multiplication a0 b = atba? defines

the structure of a Bruck loop on G, and every Bruck loop can be obtained
in this way([8], p. 382).

Proposition 3.1. Let G be a group with triality (o, p) such that the set
Gs = {9g7'¢° |g € G} does not contain elements of order 2. Then the
Bruck loops G, and M(G)(1/2) are isomorphic.

Proof. For z,y € M we denote by

1 1
xoy:xi.y.xz

the multiplication in M(G)(1/2) and by

1 1
TxY=1T2yxr?
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the multiplication in G,. Then

Toy = (a:% -y)_”:z:%(x

[
| =
e
|
A~}

using for the last two transformations the triality condition. a

Remark 3.1. We observe that not every involutorial automorphism of a
group G can be embedded into a triality (o, p) as the following obvious
example shows: Let C be the cyclic group of order 5 and take ¢ = (z —
z~1). Then C, is isomorphic to C. Since C does not admit an automorphism
of order 3, for a triality (o, p) on C the mapping p had to be trivial. But then
the triality condition would imply 3 = 1 for every element z € C. This
example, however, does not answer the question whether for a given Bruck
loop B one always can find (G, (o, p)) such that B can be obtained in the
form M(G)(1/2). Observe that for C, considered as a Bruck loop, this can
be done. For this we choose the group A = C x C and the automorphisms
«,T given by

(@,9)* = (y,2), (z,9)" = (y,z7'y™).

Then the relations a? = 7% = 1,ara = 7! hold and (o, 7) is a triality on
A such that M(A) is isomorphic to C. Hence M(A)(1/2) = C
In a group (G, p,0) with a triality as before we use the notation M =

{9719° |g € G}. For z,y € M we put

¥(z,y) = [y*,2"").

Using the triality relation and the definition of the multiplication (-) on M
one shows that

=" 2] = [y*, 2*"]
holds for all z,y € M.

Theorem 3.1. Let G be a group with a triality. Then u € M belongs
the nucleus of the Moufang loop (M,-) if and only if uw commutes with all
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elements ¥(z,y), ,y € M. In particular, for a group G with a triality,
which is nilpotent of class at most 2, the Moufang loop M(G) is a group.

Proof. The element v € M lies in the nucleus of M if and only if
A)z-(u-y)=(z-u)y

for all z,y € M (see [1], Theorem 2.1, p. 114). Computing

z(u-y)=z- (y"”2 uy~?) = :z*”(y"“’zuy_"’)m_"’2
and

(@-u)-y =@ uz) y =y @ Pus" )y ",
the equation (A) takes the form

x—p(y—p’uy—p)$~p2 = y—pzm—pum-pzy—p.
But this equivalent to
uy“p:c_”zy”z"z = ypzmpy—pzx—pu,

i.e. equivalent to

u[y",x”z} = [y“’z,z"’]u. D
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RPP SEMIGROUPS, ITS GENERALIZATIONS AND
SPECIAL SUBCLASSES * T #
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In this survey article, we will briefly introduce the recent development of rpp
semigroups, its generalizations and some of its special subclasses. Some meth-
ods of constructions for such semigroups are introduced. Several structure the-
orems of such semigroups are described.

Keywords: Completely regular semigroups; Quasi-adequate semigroups; Rpp
semigroups; Abundant sernigroups; Ehresmann semigroups; Cyber groups.

1. Introduction

Recall that a semigroup S is regular if for any a € S, there exists z € §
such that axa = a. A regular semigroup S is called completely regular if
every element has an inverse with which it commutes. We call a completely
regular semigroup Clifford if the set of its idempotents is in its center.
It is well known that a Clifford semigroups can always be expressed as a
strong semilattice of groups ( see [2,28] ). Because of this remarkable result,
people usually regard semigroups as generalized groups and the class of
regular semigroups plays a most important role in the theory of semigroups.
We call a regular semigroup S a left Clifford semigroup, for brevity, LC-
semigroup | RC-semigroup ] if eS C Se [Se C &S] holds for all e € S. A
completely regular semigroup S is said to be an orthogroup if the set of its
idempotents E(S) of S forms a subsemigroup of S. A completely regular
semigroup S is called inverse if every element of S has a regular inverse in
S (see [2]). It was noticed by Yamada (see [50]) that the properties of E(S)
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of the regular semigroups S can be used to determine the structure of the
regular semigroups,in particular, he considered the regular semigroups in
which the idempotents satisfy certain identities. The structure of the above
regular semigroups have been extensively investigated by many authors
since 1950 (see [28,38,39,43,49,50] etc). For further generalization of regular
semigroups, we can consider the quasi-regularity of the semigroups. We call
a semigroup S quasi-regular if for any a € S, there exists a positive integer
n such that @™ is regular. In particular, all regular semigroups are special
quasi-regular semigroups. The structure and the properties of quasi-regular
semigroups and generalized orthogroups have been investigated by many
authors, for instance, see the references in [46]. The structure of orthogroups
was also studied. There are also some other ways to generalize orthogroups.
Recently, Petrich and Reilly [39] have discussed some special orthogroups,
that is, the C orthogroups. They called an orthogroup S a C orthogroup if
its set of idempotents forms a C band. The most well known C bands were
tabled in the text of Howie [28] as follows:

(i) regular band: the band satisfying the identity efge = efege,
(ii) left regular band: the band satisfying the identity ef = efe,
(iii) right regular band: the band satisfying the identity fe = efe,
(iv) normal band: the band satisfying the identity efge = egfe,
(v) left normal band: the band satisfying the identity efg = egf,

(vi) right normal band: the band satisfying the identity gfe = fge.

The most known C-orthogroups are completely regular semigroups
whose sets of idempotents form regular bands. In the literature, these semi-
groups are called crytogroups and have been studied by Reilly and Petrich
[39] and Guo, Shum and Zhu called them quasi-C-semigroups [23]. Also,
regular semigroups whose sets of idempotents form regular bands can be
called cryptic groups. In studying the structure of a semigroup S, we usually
use the well known Green’s relations £, R, D, H and J. Their relationships
are given in the following diagram:
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Q

D=LVR=LoR

N

L R

H=LAR

We denote the set of all transformations of the semigroup S by 7°(S).
For any f € 7(S), the image of f is denoted by I'mf, and the kernel of f
is denoted by Kerf. By definition,

Imf={f(z)lx €8}, Kerf={(z,y) €S xS|f(z)=Fy)}

respectively. For any a € 8, let a,(a;) € 7(S') be the inner right [left]
translation on S' determined by a:

ar:x+—za (a;:x+—— ax).
Then, £, R and J can be defined as follows:

alb <= Ima, = Imb,,
aRb <> I'ma; = Imb,
aJb <= S'aS' = §'bS.

2. rpp Semigroups

In generalizing regular semigroups, apart from generalizing the definition of
regularity, another approach is to modify the Green’s relations. In fact, by
using this approach, many new results and new semigroups were obtained.
Roughly speaking, if we extend the definition of regularity, then this is more
or less equivalent to extend the landscape of regular semigroups to a bigger
one. But if we modify the Green’s relations, then we are going to build
a huge pyramid on the ground regular semigroups. For rpp semigroups,
we actually start to build, say the 60th floor, of the pyramid of regular
semigroups. We call this floor the rpp floor of regular semigroups.

The concept of rpp semigroups was first inspired by rings. Recall that a
ring R is a left p.p.-ring, for brevity [.p.p.-ring if every principal left ideal of
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R, regarded as a left R-module, is projective. This concept was first intro-
duced around 1960. Dually, we may define the right p.p.-rings. Naturally,
we call a ring R a p.p.-ring if R is both an l.p.p.- and r.p.p.-ring. It can be
observed that the class of p.p.-rings contains the classes of regular rings;
hereditary rings; Baer rings; p-q Baer rings and semi-hereditary rings as
its proper subclasses. In the literature, p.p.-rings have also been extensively
studied by many authors. It is noteworthy that the definition of p.p.-rings
can be extended to semigroups, in particular, Fountain [9] has introduced
the concept of rpp-monoids in 1977. He called a semigroup abundant {11]
if it is both an Ipp- and rpp- semigroup. Similar to p.p.-rings, the class of
abundant semigroups contains the class of regular semigroups as its proper
subclass. The rpp-semigroup in which every idempotent is central is called
C-rpp. It was proved by Fountain [9] that the C-rpp monoid is a strong
semilattice of left cancellative monoids. Thus, by comparing the result of
Fountain [9] with the well known Clifford theorem, we can immediately see
that a C-rpp-semigroup is indeed a generalization of Clifford semigroup.
Since a C-rpp semigroups, by definition, need not to be regular, we can
regard C-rpp semigroups as a generalization of regular semigroups, from
another approach which is different from just weakening the regularity of
the semigroups. Perhaps we need to mention here that the theorem of Foun-
tain on C-rpp monoids has been recently restricted to perfect abundant
semigroups. It has been just proved that a perfect abundant semigroup can
be expressed as a strong semilattice of cancellative planks. Thus, rpp semi-
groups can be further studied along this direction. Apart from abundant
semigroups, there are still many other important subclasses within the class
of rpp semigroups. If we regard the class of rpp semigroups as the 60th floor
of the pyramid of regular semigroups , then the class of the abundant semi-
groups can be regarded as the 58th floor of this pyramid and the class of
perfect abundant semigroups may be at the 56th floor.

In the theory of semigroups, it is well known that the idempotents of
a semigroup play a crucial role and even more important than the idem-
potents in a ring. In particular, we notice that the Green’s relation H is a
congruence on a semigroups S and indeed it contains an unique idempo-
tent of S. In studying rpp semigroups, Fountain has adopted the Green *-
relations on semigroups introduced by Pastijn in [37]. In fact, the Green *-
relations on the semigroup S are the usual Green relations on some over
semigroup of a semigroup S. Thus, in this connection, the Green *- con-
gruence H* on S behaves as the usual Green H congruence which has a
nonempty intersection with the set of idempotents of a semigroup S, in
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particular, it contains an unique idempotent. Hence the Green *- relations
are indeed the analogous Green’s relations on the semigroup S and they are
appropriate relations to study the structure of semigroups. The following
diagram shows the relationships between the mutual Green *- relations on
a semigroup S:

\7*

D* = L*VR* # L* oR* (in general)

N

L R*

AN

H*=L*AR”

By definition, we have

al*h & Kera; = Kerb,,
aR*b <= Kera, = Kerb,,
aT*b = J*(a) = J*(b)

and J*(a) is the smallest ideal containing a saturated by £* and R*.

Clearly, £*[R*] is a right [left] congruence on S.

We observe that the Green *- relations £ and R on a semigroups S can
also be explicitly defined as follows: for any two elements a,b € S,, aL*b
[aR*b] if and only if az = ay [za = ya] <= bz = by [xb = yb], for all
z,y € S [37).

In order to amend that £* V R* # L* o R* in general, Pastijn [37] has
further modified the Green *-relations by using the new Green relations
DU, O, RO and H® and he has done some ground work for this kind
of Green’s relations. The above relations together with 7() form a new set
of Green’s relations which lie between the above two mentioned sets of the
Green relations on S. We call them the Green ({)-relations. Relationships
of Green (£)-relations are shown in the following diagram:
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Jo

DO = O yRO = £O o RY

L0 = o+ RO =R

N

HO — O ARO®

where aJ Vb => JW(a) = JV(b), and TP (a) is the smallest ideal con-
taining a which is saturated by £, Clearly, DY refines 7 since J¢)(a)
is also saturated by R.

According Fountain, a semigroup S is rpp if all of its principal right
ideals aS'(a € S), regarded as the right S'-systems, are projective [9].

Definition 2.1.
(i) A semigroup S is called rpp if and only if for any a € S, the set
M, = {e € E(S)|S'a C Se (Vx,y € S') az = ay => ex = ey}

is nonempty, where E(S) is the set of all idempotents of S.
(ii) An rpp semigroup is said to be strongly rpp [21] if

(MVae 8) (AeeM,) ea=a.
We now denote such e by af where a' € RX N E(S).

The concept of Ipp semigroups is the left-right dual of rpp semigroups.
A semigroup is said to be abundant [11] if it is both rpp and lpp. By
the definition of £* [R*], S is rpp (¢pp, abundant) if and only if S is
L*-abundant, that is, at € RN E(S) (R*-abundant, £*-abundant and R*-
abundant). Obviously, M, is the set L% N F(S), where L is the £L*-class
containing a € S. For R*, we have similar properties.

It is clear that £ < £* [R < R*] and for a,b € RegS, the set of all
regular elements of S, aL*b [aR*b] implies aLb [aRb]. In fact, rpp [abun-
dant] semigroups actually form a larger class of semigroups than the class of
abundant [regular| semigroups, for example, a left cancellative [cancellative]
monoid is clearly rpp [abundant} but it may not be abundant [regular].
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By using the (£)-Green relations, a completely regular semigroup S can
be described as a (= L£L*NR)-abundant semigroup, in this case, DY) = D
is a semilattice congruence on S and every H()(= H)-class is a group. A
semigroup S is said to be superabundant if S is H*(= £* N R*)-abundant
(11]. For such a semigroup S, we can see that D* = L£* o R* on S and
DW = D* is a semilattice congruence on S. In this case, every H*-class is
a cancellative monoid, for brevity, a c-monoid. For super-abundant semi-
groups, Ren, Kong and Shum have recently obtained some new results in
[see 30,42].

‘We now call a super-abundant semigroup S an ortho-c-monoid if E(S) C
S forms a subsemigroup.

It can be easily seen that a cancellative monoid is not necessarily a
group and hence,

{orthogroup} G {ortho-c-monoid}.

Obviously, super-abundant semigroups (ortho-c-monoid) play a similar
role in the class of abundant semigroups to the case of completely regular
semigroups (orthogroups) in the class of regular semigroups.

Fountain (see [9,13]) was the first to observe that the Green *- relations
can be applied to study abundant semigroups, in particular, super-abundant
semigroups. A series of papers have indicated that the Green *-relations are
particularly appropriate for the study of abundant semigroups which play
the same role as the usual Green’s relations in regular semigroups. Recently,
X. J. Guo, Shum and Ren have applied the Green (£)- relations to study rpp
semigroups, in particular, strongly rpp semigroups. Further applications of
Green (¢)-relations to rpp semigroups were described in [45].

The relation R* on a semigroup S has been generalized to the relation
R by El-Qallali [4] as following:

aRb < (Ve € E(S))“eca=a — eb=1b".

The £ on S is the left-right dual of Ron S.

The following theorem describes the relationships between the Green
(€) relations and the Green *-relations.

Theorem 2.1.

() £SO, DGDO, JG IV and H & HO.
(i) RM g Rr*, DO g D*, g g J* and H® g H*.
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We introduce here an important condition on abundant semi-
groups,namely,the “idempotent connected” condition, in short, the IC
condition which was first introduced by El-Qallali and Fountain (8] in
1981. They called a semigroup S an idempotent-connected (for brevity
IC) semigroup if for every a € S, with its corresponding idempotents
at € R*(S) and a* € L}(S), respectively, there exists a bijection mapping
a: (at) — (a*) satisfying za = a(za), where z € (a¥). In particular,an
adequate semigroups satisfying the IC condition is called type A and these
type A semigroups were studied by Armstrong [1] and then by Lawson
[31], respectively. As described by Armstrong and Lawson, we can easily
see that the type A semigroup is precisely an analogue of an inverse semi-
group in the class of abundant semigroups. On the other hand, El-Qallali
and Fountain [7] also discovered that the quasi-adequate semigroups are
abundant whose set of idempotents forms a subsemigroup. A special quasi-
adequate semigroup is called type W. By studying the structure of a type
W semigroup, one can see that the type W semigroup is closely related to
the orthodox semigroup which was described by Hall [25]. Recently, X. J.
Guo has shown that a semigroup S is a type W semigroup if and only if
S is a quasi-adequate semigroup satisfying the IC condition (see [22]). By
using the result of X. J. Guo, we can easily see that a type W semigroup
is an analogue of orthodox semigroup in the class of regular semigroups.
Furthermore, El-Qallali [6] discussed the L*-unipotent semigroup which
is an abundant semigroup whose set of idempotents forms a left regular
band. Inspired by his idea, Shum and Ren [40] have recently introduced
the concept of £*—inverse semigroup. They call an IC abundant semigroup
an L*-inverse semigroup if its idempotents form a left regular band. In
fact, Ren and Shum [40] have proved that a semigroup S is an £*-inverse
semigroup if and only if S is a left wreath product of a left regular band
B and a type A semigroup I'. Hence, a £*-inverse semigroup is a special
kind of abundant semigroups sitting between the type A semigroup and
the type W semigroup. Thus, the L£*-inverse semigroup is an analogue of
the left inverse semigroup. Since Yamada [50] also studied the quasi-inverse
semigroups within the class of regular semigroups, it is natural to ask what
will be the analogous semigroup of this kind of quasi-inverse semigroups
within abundant semigroups? In answering this question, Ren and Shum
have recently constructed such an analogue, namely the quasi Q*-inverse
semigroups within the class of abundant/rpp semigroups. Their method of
construction also used wreath product, in fact, we can see that such an
analogue, namely the quasi Q*-inverse semigroup, is an IC abundant semi-
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group whose idempotents form a regular band. For completely regular semi-
groups, their analogues in the class of abundant semigroups are naturally
the superabundant semigroups. Thus, in the class of regular semigroups,
the Clifford semigroups, inverse semigroups, left inverse semigroups, quasi-
inverse semigroups and orthodox semigroups form a semigroup hierarchy.
Their corresponding analogues in the range of rpp semigroups are therefore
the C-a semigroups, abundant semigroups, adequate semigroups, type A
semigroups, L£*-inverse semigroups, quasi Q*-inverse semigroups and type
W semigroups, respectively. This set of new generalization of semigroups
forms a corresponding semigroup hierarchy within the class of rpp semi-
groups.

It was observed by El-Qallali in [4,5] that the class of abundant semi-
groups not only contains regular semigroups, but also contains cancella-
tive monoids, semilattices of cancellative monoids, bands of cancellative
monoids etc., as its special subclasses. Although many properties of abun-
dant semigroups can be inherited from regular semigroups, but there are
some remarkable differences between these two kinds of semigroups, both
in structures and properties. We now list some of their main differences
below:

(i) The homomorphic image of a regular semigroup is still regular, but the
homomorphic image of an abundant semigroup is not necessarily abun-
dant [5]. In other words, if p is a congruence on an abundant semigroup
S then its quotient semigroup S/p is not necessarily abundant.

(ii) The semilattice of regular semigroups is obviously regular, however it

is not true for semilattice of abundant semigroups. We cite here an
interesting example, given by Fountain [11] for illustration.
Let A be a free monoid generated by elements z,y with identity 1. Let
B ={e, f} be aleft zero band and form § = AU B. Define the multi-
plication on S as follows: for elements in A and B, the multiplications
in A and B are the same and we always let 1 be the identity element of
S. For any w € A\ {1}and any b € B, we define wb = e if w is a word
starting from x. Otherwise, we define wb = f. Also, we define bw =b.
Then, we can verify that S is a non-commutative semigroup. Clearly A
and B are both abundant semigroups and S = AU B is a semilattice
of the abundant semigroups A and B, however, S itself need not be
abundant. This is because that 1,e, f are the only idempotents of S,
but there does not exist any L£*-relation between the element z and
these three idempotents.

(iii) In regular semigroups, it is well-known that Lallement lemma holds,
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that is, if p is a congruence on a regular semigroup S and ap is an
idempotent of S/p, then there exists an idempotent e € S such that
ep = ap. However, in abundant semigroups or rpp semigroups, the
Lallement lemma may not hold. The following is an example.

Let S be a free semigroup generated by z,y. Define a relation p on §
by (u,v) € p if and only if the words u, v have the same alphabet. Clearly,
such a semigroup is abundant and p is a congruence on S. We observe that
there are only two p-classes on S, and consequently, S/p forms a left zero
semigroup of two elements. Clearly, zp is an idempotent but there does not
exist an idempotent e € S such that ep = xp, since S does not contain any
idempotent. Thus, Lallement lemmsa fails to be true in abundant semigroups
and rpp semigroups.

From the above examples, we can see that although abundant semi-
groups and rpp semigroups are generalized regular semigroups, they have
many particular properties which are not shared by regular semigroups. Be-
cause of these distinguished differences, we can not just simply say that rpp
semigroups and abundant semigroups are analogues of regular semigroups.

In study rpp semigroups and abundant semigroups, El-Qallali and Foun-
tain [8] introduced some useful concepts. We first let L%(S) and R}(S) be
respectively the L£*—class and the R*—class containing ¢ € §. Also, we let
a’ and a* be the idempotents in R}(S) and L%(S), respectively. For the
set E of idempotents of S, we let B = (F) be the core of S. For any e € E,
(e) is the subsemigroup generated by the idempotent in eBe. Clearly, {e)
is generated by all the idempotents f with f <e.

Another important concept is the concept of good homomorphisms. We
call a semigroup homomorphism ¢ : § — T good if for any a,b € S,
al*(S)b implies that a@L*(T)by and aR*(S)b implies that apR*(T)by.
Correspondingly, we call a semigroup congruence p good if its natural ho-
momorphism ¢# : S — S/p is good . Equipped with the above definitions,
we can see immediately that the good homomorphic image of an rpp [ abun-
dant] semigroups is still rpp [abundant). It was pointed out by El-Qallali
[5] that every regular semigroup S is an IC semigroup. This is because for
any a € S and any a’ € V/(a), if we define a mapping « : (aa’) — (a’a) such
that za = a’za for x € {aa’), then we can easily observe that such mapping
« is the required mapping that makes the regular semigroup S an IC semi-
group.Furthermore, El-Qallali [6] introduced the concept of £L*—unipotent
semigroup. He called an rpp semigroup S £*-unipotent if its set of idem-
potents forms a subsemigroup and every L£*-class of S contains a unique
idempotent. As inspired by Yamada [50] and El-Qallali [4], we can define
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the L£*-inverse semigroup. We call an abundant semigroup S a L*-inverse
semigroup if S is an IC semigroup whose idempotents form a left regular
band [40]. Clearly, every left inverse semigroup is an £*- inverse semigroup
because left inverse semigroup is obviously abundant and IC. To construct
the £*- inverse semigroup, Ren and Shum have recently introduced the con-
cept of ”left wreath product” so that the structure theorem of left inverse
semigroup obtained by Yamada [50] becomes a special case of their result.
In fact, the £*- inverse semigroup is not only a generalization of left inverse
semigroup in the class of rpp semigroups, but is also the most appropriate
generalization of left inverse semigroup.

In constructing L£*-inverse semigroups, we need some properties of the
L*- unipotent semigroups.

The following is a crucial observation:

Let S be a quasi-adequate semigroup with band of idempotent E. Then
the following conditions are equivalent :

(i) S is £*-unipotent ;

(i1) eSNfS =efS foranye,f € E;
(ii3) efRfefor anye,f € E;

(ii) Green’s relations R and J coincide on E ;
(iii) atea=ea forallee E,a€ S,at € R;NE.

In closing this Section, we provide an example of L*-inverse semigroup
and show that such semigroup contains the type A semigroup and the left
inverse semigroup as its major components [40].

10 10
Example 2.1. Let a = (00) and b= (1 0). Put

T ={2"a, 2"b | n > 0}.

It is easy to see that T is a semigroup under the usual matrix multipli-
cation.

We form a semigroup S = {a,b,c,d,¢, f,9,h,u, V,W, T, Y, Z,8ny b} DY
the following Cayley table:
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*x la b cde fghuvwzy?zan bj
a la a ddffhhvvzozzan aj
b b b ddffhhvvezxzzb b;
clc ¢ cceegguuwwyyc c
dld d ddffhhovvzrzzszzd d
e le e eeccwwyygguue e
flf f ffddzzzzhhovovf I
g9 l9 9 ggyyccwwuueeg g
hih B hhzzddzzvv ffh h
u |lu ¥ tuwwyycceeggu u
v v v vovzxzzzzddffhhuv v
wl|lw w wwuueeggyyccecuw w
z |t 2 zxvv ffhhzzddr T
Yy |y ¥ yygguueeccwwy y
z |z z zzhhvov ffddzzz z
amlemamd d f fhhvvezrzzaminamtj
bi by by dd ffhhvveooexzazby, by

where a, = 2"a, @, = 2™a, b; = 2'b and b; = 27b for any n,m,3,j > 1.

In fact, the multiplication on S is defined by extending the multiplica-
tion on the matrix semigroup 7T so that S becomes an infinite semigroup,
where E(S) = {a,b, ¢, d} is the set of all idempotents of S.We can check that
the £*-classes of S are {c,d, ¢, f, 9, h,u,v,w, z,¥, z}; {a,b,an,b;| n,i 21}
and the R*-classes of S are {a,an | n = 1};{b,b; | i > 1};{c,e,9,u, w,y}
and {d, f, h,v,z, 2}, respectively. Thus each R*-class and each L*-class of
S contains an idempotent and hence by definition, S is an abundant semi-
group.

Furthermore, we can easily see that $1 = {a,0,¢,d, e, f,g,
h,u,v,w,z,y,z} is a left inverse subsemigroup of S and E(S) forms a left
regular band. Since (a) = {a,d},(b) = {b,d},(c) = cand (d) = d in S,
where (a) denotes the subsemigroup of S generated by all z € E(S) with
z < a, it can be checked that S is an IC abundant semigroup and by def-
inition, § is an L*-inverse semigroup. Because every element of S\ &) is
non-regular, S is not a left inverse semigroup. Also, since the idempotents
of S do not commute each other, S is not type A. This example illustrates
that the class of type A semigroups and the class of left inverse semigroups
are two proper subclasses of the class of £*-inverse semigroups.

3. Quasi-adequate semigroups and cyber groups

We now introduce some special rpp semigroups, namely the good quasi-
adequate semigroups and cyber groups. As mentioned above, the homo-
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morphic image of an abundant | quasi-adequate ] semigroup is not neces-
sarily abundant [ quasi-adequate ], El-Qallali and Fountain in [7] therefore
considered the good homomorphism again on quasi-adequate semigroups.
It was shown in [7] that the minimum adequate good congruence + exists
in a quasi-adequate semigroup. Thus if S is an orthodox semigroup, then
7 is just the minimum inverse semigroup congruence on S (see [43]). It
is noted that the quasi-adequate semigroups within the class of abundant
semigroups are a kind of semigroups corresponding to the class of orthodox
semigroups within the class of regular semigroups.

For an abundant semigroup S, since L} N E(S) # @ and R:NE(S) # 0,
for all @ € S, we use a* to denote any idempotent in L%, and use af to
denote any idempotent in R%. In order to locate the minimum adequate
good congruence on a quasi-adequate semigroup S, Fountain [10] defined a
relation 6 on S by

adb <= E(a")aE(a*) = E(bNbE(®")

for some at,a*,bf,b*, where E(e) is the J-class containing e in the band

E(S),e € E(S). Because E(S) = |J Ea, where each E, is a rectangular
a€Y
band and Y is a semilattice, we see that E(e) is the one of the rectangular

bands E, . Moreover, if a semigroup S is orthodox , then § is the minimum
inverse congruence. The following result was proved in (7]:

Lemma 3.1. The following statements hold on a quasi-adequate semigroup
S.

(i) The relation & is a congruence on S if and only if for all a,b € 5,
aE(a*)E(b")b C E((ab)")abE((ab)*),
(ii) H* N8 = 1, where H* = L* NR*.

We note here that an 1C-adequate semigroup is type- A and it was
proved in [1] that an adequate semigroup S is type- A if and only if for all
e € E(S),a € S, ae = (ae)la and ea = a(ea)*.

Lawson [31] has shown that the type -A semigroups play a crucial role
in the structure of adequate semigroups. Naturally, one would ask: Can we
find some special adequate semigroups which correspond to some type A
semigroups among the adequate semigroups 7 For this question , we give
the following weak type A conditions.

Definition 3.1. Let S be a quasi-adequate semigroup. Then we define the
the weak type- A condition if for any a € S and any e, f € E(S),
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(i) aefR*(ae)faf,
(i) feal*fa(ea)®.

We formulate a definition:

Definition 3.2. A quasi-adequate semigroup S is called good if the fol-
lowing conditions hold:

(i) the relation § on S is a congruence,
(ii) the weak type A condition holds on §.

We can easily see that § is the minimum adequate good congruence on a
good quasi-adequate semigroup. We now formulate the following theorem:

Theorem 3.1. A regular band E is a good quasi-adequate semigroup. Con-
versely, if a good quasi-adequate semigroup is a band, then it is regular.

In the above theorem, we observe that the idempotents set of a good
quasi-adequate semigroup forms a regular band. Also, an adequate semi-
group S is good if S is good as a quasi-adequate semigroup, that is, the weak
type-A condition holds on § (since § = «y = ¢ in an adequate semigroup).
According to the above observation, it is clear that a type-A semigroup is
always good adequate but not conversely. The following is an example.

Example 3.1. (see [30]) Let S = {e, f, g, h, 2,0, b, c} having the following
Cayley table

e f g h z a b c¢
ele f g z z a b ¢
FI\F F 2z 2 z b b =z
glg z g 2z 2z ¢ z ¢
hlz 2z 2z h z z z =z
z|z 2z z 2z z z 2z 2
alz z z a z z 2z 2
blz 2 2 b 2z z z z
clz z 2z ¢ z z z =z

In the above table, L*-classes of S are {a,b,c, h}, {e}, {f}, {g}, and {z}.
And we can see that the R*-classes of S are {a, €}, {b, f}, {c, g}, {h}, {2}
Thus S is an abundant semigroup. Also we observe that the idempotents
e, f, 9, h,z commute with each other. Obviously § = v = ¢ on S. We can
check that the weak type A condition holds on S. Hence, S is a good
adequate semigroup. However, since fa = b # a = ah = a(fa)*, this shows
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that the type-A conditions does not hold on S. Hence S is a good adequate
semigroup but not type A.

Inspired by the Ipp and rpp conditions for good quasi-adequate semi-
groups, Y. Q. Guo X. J. Guo and Shum introduced the concept of left
GC-lpp semigroup in [16]. They called an lpp semigroup § left GC-lpp if
E(S) forms a left regular band and ae = (ae)?a holds for all elements a € S
and e € E(S), where E(S) is the set of idempotents of § and (ae)' is a
corresponding idempotent of ae lying in the R*-class R},. The left GC-lpp
semigroups can be described by using McAlister triples and weak semidirect
products in [18]. Some construction theorems of lpp semigroups were also
established in [14,16]. It can be easily seen that the class of Ipp semigroups
is a common generalization of the classes of left type-A semigroups and
right inverse semigroups. More precisely, a left type-A semigroup is just a
left GC-lpp semigroup whose band of idempotents forms a semilattice, and
conversely [16].

We call an abundant semigroup S a left cyber group [16] if the set
of idempotents E(S) is a left regular band (that is, a band satisfying the
identity 2yz = zy and also ae = (ae)ta holds for all a € S and e € E(S)).
Clearly, left cyber groups are special left GC-lpp semigroups. In fact, a
cyber group is a natural generalization of a regular cryptogroups within
the class of abundant/rpp semigroups.

A Ipp semigroup S is called strongly lpp if for all x € S, there exists
a unique idempotent z*, which is R*-related to z, such that z = zz*.
Dually, we may define strongly rpp semigroup. In the literature, Y. Q.
Guo, Shum and Zhu [22] were the first who investigated the so called right
C-rpp semigroup. The structure of right C-rpp semigroups have recently
been investigated by Shum and Ren [49]. Dually, a left C-lpp semigroup S
can be defined as an Ipp semigroup in which D(") is a congruence on S and
eS C Se for all e € E(S), where D) is the smallest equivalence relation on
the semigroup S containing R* and L. According to [14], an lpp semigroup
S is left C-lpp [22] if and only if D(") is a semilattice congruence on S such
that D|gs) = L|Eg(s)- In particular, it is also known that E(S) forms a
left regular band and a' = a*, for all a € S. In view of the results in [41],
a super abundant semigroup S is a left super cyber group if the set E(S)
of idempotents of the super abundant semigroup S forms a left regular
band. In addition, new structure theorems of generalized superabundant
semigroups have been given in [30,42].

The structure of left cyber groups can be described by using McAlister
triple and weak semi-direct product (see [18,43]). We have the following
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properties of the left GC-lpp semigroups [16]:

(i) Let S be an Ipp semigroup whose set of idempotents forms a left regular
band. Then S is a left GC-lpp semigroup if and only if for all a € S
and e € E(S), there exists b € S such that ae = ba.

(i) Let S be a left GC-lpp semigroup. Then the following conditions hold:

(a) Define a relation
vy={(z,y) €S xS:z=ey,e€ E(y")}onS,

where E(y') is the D-class of E(S) containing the idempotent
y' € Ry N E(S). Then v is the minimum R*-congruence (aR*-
congruence is a congruence preserving the relation R*) such that
S/ is a left type-A semigroup;
(b) y(YR* = ts ( the identity relation on §).

We call a non-empty set M a partial groupoid if there is a partial binary
operation defined on M. A partial groupoid (M, o) is called a partial band
groupoid if for all a € M, a o a is defined, then a 0 a = a. Moreover, (M, o)
is called a strong band groupoid provided that for all z,y,z2 € M, if yo z
and z o (y o 2) are defined, then z o y is also defined. A nonempty subset
N of (M, o) is called a left regular subband of M if (N, o) is a left regular
band.

We now construct a left GC-lpp semigroup by using McAlister triple:

(McAlister triple) Let X be a strong band groupoid, YV a left regular
subband of X with structure semilattice Y in which there is 1 € X’ but

i¢Y, and Y= | J E,

acY

the semilattice decomposition of Y over left zero bands E, (o € Y). Let
T be a left type-A semigroup with semilattice Y of idempotents such that
X is a left T'-system with 1z = z for all z € X, but vy ¢ Y |J{i} for all
yeYU{i},veT.

Suppose that the following conditions hold:

(M1) THY Ui} = &5

(M2) forall z€ Y and t € T, z o (ti) = z if and only if x € Ey1;

(M3) forallz € Y and t € T, if z o (ti) = z, then z o (ty) € J;

(M4) for all z,y € ¥,Z € X\Y(J{i} and t € T, if yo z and z o (t(y 0 2)) are
defined, then (zoty)o(tz) is also defined and zo(t(yoz)) = (zo(ty))o(tz);

(M5) forallz,y € Yand a €Y, if zo(ai) =z, then z o (ay) =z oy.
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Put

M=MT, X, V) ={(y,t) €Y x T :yo (ti) =y}

and define a multiplication on M by

(z,t) % (y,w) = (z o (ty), tu).

Then (M, %) is a left GC-lpp semigroup such that M/y = T. Conversely,
any such semigroup can be so constructed. In this case, the triple (T, X,Y)
is called a McAlister triple.

The following is an important tool for constructing the left GC-lpp
semigroups:

(Weak semidirect product) Let T be a left type-A semigroup with semi-
lattice Y of idempotents and L = (Y, L,) the semilattice decomposition of
the left regular band L into left zero bands L, (o € Y'). Denote by End(L)
the semigroup of endomorphisms of L. Suppose that ¢ is a mapping of T
into End(L) satisfying the following conditions:

(WS1) for all u € T and = € Ly, pu € Liyat;

(WS2) for all u,v € T, there exists (uv)® € L)t such that ¢, =
A(uv)ePuvs Where ¢, is the image of v € T and A; is the inner left
translation determined by = € L.

Now, form the following set WS by

WS =WS(L,T;o) ={(z,t) e LxT:x €Ly}
and define a multiplication e on WS by

(z,u) ® (y,v) = (2(puy), uv).

Then (WS, o) is a left GC-1pp semigroup with WS/ = T'. Conversely,
any left GC-lpp semigroup can be constructed in the above manner.

We call (WS, e) the weak semidirect product of the left regular band
L together with the left type-A semigroup T over the mapping ¢ : T —
End(L).

In the above construction, (WS, ) is named the weak semidirect prod-
uct of a left regular band L, together with a left type-A semigroup T with
respect to the mapping ¢ : T — End(L).

By using McAlister triples and weak semidirect products of semigroups,
we obtain a construction theorem for right inverse semigroups.
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Theorem 3.2. Let (T, X,Y) be a McAlister triple in which T is an inverse
semigroup. Then M(T,X,Y) is a right inverse semigroup. Conversely, ev-
ery right inverse semigroup can be so constructed in the above manner.

In the following, we characterize the left cyber groups by considering
the quasi-adequate semigroups [20].

Theorem 3.3. Let S be a quasi-adequate semigroup. Then S is a left cyber
group if and only if the relation «y is a congruence on S such that S/v is a
left type-A semigroup.

Another important subclass of rpp semigroups is the perfect rectangular
band of adequate semigroups [15]. For this topic, we have the following
theorem.

Theorem 3.4. Let S be an abundant rectangular band I x A of adequate
semigroups Sy for (i,A) € I x A.Then S is a perfect rectangular band of
adequate semigroups Siy for (i,X) € I x A if and only if RegS is a perfect
rectangular band I x A of inverse semigroups RegS;y for (i,A) € I x A.

In view of the above theorem , we establish the following theorem.

Theorem 3.5. Let S be an abundant perfect rectangular band I x A of
adequate semigroups S;y for (i,)) € I x A. Then

(1) every S;» is a quasi-ideal adequate transversal of S;

(2) S is a locally adequate semigroup, that is, the local submonoid eSe
of S is an adequate semigroup for all e € E(S).

Because an IC abundant perfect rectangular band of type-A semigroups
can be described as an IC abundant semigroup which can be expressed as
a disjoint union of quasi-ideal adequate transversals, it is natural to ask
whether an abundant semigroup which is the disjoint union of quasi-ideal
adequate transversals can be expressible as a perfect rectangular band of
adequate semigroups or not ? We do not know whether the general case
holds or not, however, if the semigroup satisfies the regularity condition,
then the answer to this problem is positive.

Theorem 3.6. (see [15]) Let S be an abundant semigroup satisfying the
regularity condition, that is, RegS is a subsemigroup of S. Then S can be
expressed as a perfect rectangular band of adequate semigroups if and only
if S is a disjoint union of quasi-ideal adequate transversals [21].
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We also have the following construction theorem for abundant perfect
rectangular band of adequate semigroups.

Theorem 3.7. (see [33,35]) Let I,A be indexzed sets and T an adequate
semigroup. Then the Rees matriz semigroup M(T, I, A; P) is expressible as
an abundant perfect rectangular band of adequate semigroups and each of
which is isomorphic to T.

Conversely, an abundant perfect rectangular band of adequate semi-
groups can be constructed in the above manner.

4. Quasi-C-Ehresmann semigroups and their subclasses

We consider a generalization of rpp semigroups, namely, the quasi-C-
Ehresmann semigroups which are special U-semiabundant semigroups that
are orthodox. In generalizing the regular semigroups, we also use the Green
*- relations. Since E(S) of the semigroup S plays an essential role in the
structure of abundant semigroup so that the semigroup S itself can be more
or less determined by the properties of E(S). It was noticed by Lawson [35]
that we only need to pay special attention to a subset U of E(S) instead
of the whole set E{S). In particular, if U is a subset of E(S) of a semi-
abundant semigroup S then U is perhaps good enough to provide sufficient
information for the whole semigroup S. In order to emphasize that U is a
subset of E(S) of a semigroup S, we usually denote this semigroup by S(U).
Then, he introduced the concept of U-semiabundant semigroup. Unlike the
usual Green’s relations, Lawson [35] observed that LY is not necessarily a
right congruence on S and RY is not necessarily a left congruence on S.
Due to the above observation, Fountain, Gomes and Gould in [12] called a
semigroup S(U) satisfied the condition C [(CR) , (CL) | if LY is a right con-
gruence on S | RY is a left congruence |. They also called a U-semiabundant
semigroup S(U) an Ehresmann semigroup if U is a subsemilattice of S and
S(U) satisfies both conditions (CR) and (CL). An Ehresmann semigroup
S(U) in which the idempotents of U are central is called a C-Ehresmann
semigroup. The structure of fundamental C-Ehresmann semigroups have
been described in [13]. In fact, this kind of semigroups is a special gener-
alization of Clifford semigroups within the class of U-semiabundant semi-
groups.

On the other hand, for any element a of a semigroup S, Y. He [27]
defined the orbit of a in U C E(S) by U, = {u € U| ua = a = au}
and defined QU = {(a,b) € S x S| U, = U,}. Clearly, QU is an equivalence
class of the semigroup S containing a € S. The semigroup S(U) is called U-
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liberal in [26] if every Q-class of 5 contains an dement in U. It is routine to
check that a §"-class contains at most one element of U. Denote the unique
dement in Q*C\U, if it exists, by afj. The structure of [/-liberal semigroups
and left C-Ehresmann semigroups have aso been recently investigated by
Y. He [26], G. Li-Shum [35] and others.

For a [/-liberal semigroup SU), we cdl the following condition the
ET-condition:

(Va,6€5) (ab)b V(U) albfr,
where
D) = {(e HEUxXU\ (3g £ U) eUgzf}.

Now, an [/-liberal semigroup SU) is caled orthodox if U is a subsemigroup
of SU) and the ET-condition holds on SU) [36]. We obsarve that U-
liberal semigroups are not aways orthodox. For example, if we let S'=
{l,eab, /, 0} be a semigroup with the following Cayley table,

1 e a 1 b O
111 e a 1 b O
ele e a O O O
ala O O a e O
/sy 0 O ;y b O
blb b ; 0 0 O
0O0J]0 0O 0O O O O

then S is a finite inverse monoid and hence SE(S) is a ~(Sj-liberal.
Clearly, E(S) is a subsemigroup of SE(S). Since a° By = 1 &%, —e€
and (ae)°s(9) ~ 0, we see that the ET-condition does not aways hald in
SE(S). Thus, the above semigroup is an [/-liberal semigroup but if is not
orthodox.

We note that the orthodox [/-liberal semigroups are generalization of
orthogroups within the class of [/-semiabundant semigroups.

As an analogue of regular orthogroups , we cal an orthodox [/-liberal
semigroup SU) quasi-C-Ehresmann if U forms a regular band. Clearly,
guasi-C-Ehresmann semigroup is a generdized rpp-semigroup. The struc-
ture of quasi-C-Ehresmann semigroups has been recently described by G.
Li and Shum in [24 and they have provided a construction method for
such kind of semigroups. Consequently, many important results on quasi-
C-semigroups within the class of regular semigroups are extended to quasi-
C-Ehresmann semigroups within the class of rpp semigroups, in particular,
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within the class of U-semiabundant semigroups. We cite some useful defi-
nitions given by Lawson [32] and Y. He [26].

Notation 4.1. Let U # 0 be a subset of E(S). Then the following set
Regu(S)={a€ S|(3e,feU)e L a R f}

is called the set of U-regular elements of S.

Remark 4.1. Clearly U C Regy(S). Moreover, it is clear that a €
Regy(S) if and only if a € Reg(S) and Vy(a) = {a’ € V(a)| ad’,a’a €
U} # 0. We now call the elements in Viy(a) the U-inverses of a € S.

For any a € S. Define U} = {u € U|ua = a} and U] = {u € U| au = a}.
Let U, = UL NUZ. Then U, = {u € U] ua = a = au}. We call U, the orbit
ofain U.

Notation 4.2. Define the following relations on the semigroup S with
respect to U C E(S):

U ={(a,b) € S x 8| Uy = U§},
RY = {(a,b) € S x S| UL = U}},
HY =LVNRY,

OV = {(a,b) € S x S| Uy = Us}.

As usual, we denote the £V, RU, HY and QU-classes containing a € S
by I?E{, EGU, I~{g and ég, respectively. We state here repeatedly that £y
is not necessarily a right congruence on S and RV is not. necessarily a left
congruence on S.

Notation 4.3. Let S be a semigroup. Denote the semilattice of the semi-
groups S, by S = (Y; Sa). In particular, if S is a band, then (Y;S,) is the
greatest semilattice decomposition of S. By § = [Y; Sa; ¢ 8], we mean S is
a strong semilattice of the semigroups S, with structure homomorphisms

¢a,ﬁ-
Definition 4.1.

(i) A semigroup S(U ) is called an U-semiabundant if every LV- and every
RVU_class of S contains at least one element in U, that is, LU NU #£9
and RUNU £Qforallac S.

(ii) A semigroup S(U) is called an U-semi-superabundant if every HV-class
of S contains an element of U, that is, H UNU # 0 for all a € S. In this
case, the unique element in H aU N U is denoted by ag;.
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The following results were given by Y. He in [26].

Lemma 4.1. Let F be one of the Green relations L, R or H and FU its
corresponding Green relations on the semigroup S. Then, for any a,b € S,
we have

(i) FC FU and for a,b € Regy(S), (a,b) € FU if and only if (a,b) € F.
(i) HY C QU and QU contains at most one element in U.
(iii) If S(U) is a U-semi-superabundant semigroup then S(U) is U- liberal
with QU HY.

Definition 4.2. Let T = (Y;T,) be a semilattice of monoids T,, whose
identity is denoted by 17 . If T = [Y; Ty, ¢a,g] is a strong semilattice with
structure homomorphisms ¢q s such that ¢ 5 : To — T is defined by
z +— zlr, for any 8 < o, then T is called an E— semilattice of monoids
Ty, where E = {17 |a € Y}.

The following identification result of C-Ehreshmann semigroup was given
in [24].

Lemma 4.2. Let T be a semigroup with E C E(T). Then T(E) is a C-
Ehresmann semigroup if and only if T(E) is a E-semilattice of monoids.

By the above Lemma, we call T' = (Y'; T,) a C-Ehresmann semigroup
if T(E) is a E-semilattice of monoids Ty, where E = {11 |a € Y}.

For brevity, we call I x T' x A the direct product of a rectangular band
I x A and a monoid T, a rectangular monoid. The direct product I x T of
a left zero semigroup I and a monoid T is called a “left monoid”.

Now, let I = (Y;1,) and T = (Y;T,) be two semigroups. Form the

set product So = I, X T and the set union § = |J S,. Define the
acY

following mapping 7 : § — T;(I) by (i,a) — (3,a)*, where 7;(I) is the left
transformation semigroup acting on 1.

If the mapping 7 satisfies the following conditions: for any (i,a) € S,
and (j,b) € Sg,

(i) (5,@)!j € I4p, in particular, (i,a)!j = ij when o < 8;
(i) (3,0)(G,b)F = (5, a)*3, ab)",

then we can verify that S becomes a semigroup under the multiplication

(7:7 a)(jv b) = (('La a)ﬁj7 ab)
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According to [19], the above semigroup S is called a left semi-spined product
of I and T with respect to Y and 7, denoted by I xy, T

An U-liberal semigroup S(U) is called left C-Ehresmann if U is a sub-
semigroup of S such that S(U) satisfies the ET-condition and uS C Swu for
allu e U.

The following is a construction theorem of left C-Ehresmann semi-
groups.

Theorem 4.1. Let T = (Y;Ty) be a C-Ehresmann semigroup and S =

U Sa, where Sy = Iy X Ty, I, is a non-empty set. Let U = {(¢,11,)}i €
acY

In,a €Y} Foranyy<ainY, let
Vary : Sa = TilL) by (i,0) > 952

satisfies the following conditions for any a,B €Y :

(1) for any (i,a) € S, 1/)“ '2) s the constant mapping on I, whose value

is 4; '

(ii) for any (i,a) € Sy and (4,b) € Sg, ¢S”2)ﬁ¢ﬂ352, is the constant mapping
on Ing, whose value is denoted by < gbg,zziwg’fz, >; .

(iii) for any § < af €Y, p5P = 9P uFy, where k =< YOI >,

Then S(U) forms a left C-Ehresmann semigroup under the multiplication
(4,a)(5,b) = (< YLLpyl )y >, ab),

for all (i,a) € S, and (j,b) € Sg.
Conversely, every left C-Ehresmann semigroup can be constructed in the
above manner.

We give here an example to illustrate that not all quasi-adequate semi-
groups are good quasi-adequate.
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Example 4.1. Let Sbe a semigroup with the fallowing Caylay table
-le mn I fghabctwgrso
e mn 1 000 abctwgrsO
mml 1000tbstqgqgrsO
n 1  nlOOOwrcqwgrsO
1 1 11o00grsqqgrso
0 O OO fgh O OO0 O OO0
0 oo0gggo 000 0 0000
O0O00ARARRO 00000000
0O 000Oabc0O 000 0 00O0O.
0 O OObbbOOOOOOOOO
0
0
0
0

000CCCOO000O0O0000
000t bs O OOO O OO0O
O OOwrcO0O0O000000
0ooo0grsoo00000000
0000rrrooo0000000
O o0o0ssso00000000
0 0 000000000 00000

By direct computation, E(S) = {e, m,n, I, f, g, h, 0} is aband and
S/t = {{e, {m}, {n}, {1}, {fatwga}, {ghbcrs}, {0},

S/R* = {{e<}, {mb}, {ncw}, {l.ars {7}, {#, {h}, {0}}.
Thus 5 is a quasi-adequate semigroup. Since 6 = t§ U {(g, ft), (ft,3)} but
(a<7, &t) = (b, ©) & 5, Sis not good quasi-adequate.

We provide here a method of construction for quasi-C-Ehresmann semi-
groups.

Do w e B o0 R TR Th e 33 0

Theorem 4.2. Let T = [Y; T,] be a C-Ehresmann semigroup, | = [\ 1] a
left regular band and A= [Y; Ay) aright regular band, let %{A) betheright
transformation semigroup acting on A and %(l) the left transformation
semigroup acting on |. If thefollowing mappings

Ee | | @ XT)—-»T(I) (3,2) v (i,2)},
n: (J (Taan) >7(A) (I, A) > (x,A)*

satisfy the following cond|t| ons and their duals

(L1) if(i,2 E IXT, andj E I,, then (i,2~ E I,,;
(Ly) ifa<IPin (LY fora, PEY, then (i, 2ff] = i;
(Ly) if (i,x) EL, X T and (j,y) E Ip x Tp, then (i,2)4(5, y)! = ((i, x)t5, zp)l.
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Then S(U) = J (Io X Ta X Ag) forms a quasi-C-Ehresmann semigroup,

a€Y
where U = Uy(Ia x {17, } x Ay) , under the following multiplication:
ac

(2, )G, 1) = (3, 2)' 5, 29, Ay, )*)-

Conversely, every quasi-C-Ehresmann semigroup can be constructed by
the above manner.

5. Some applications

Let S be a semigroup. Denote the equivalent relations QF(S), £E(S) RE(S)
and @E(s) by é, E,’ié and 7'~l, respectively. In fact, the notations of E,f\’:
and H were first mentioned by El-Qallali [4] . If S(E(S)) is a E(S)-liberal
semigroup, that is, every O-class of S contains an idempotent of S, then
S is called liberal and in this case, we simply denote a‘;;(s by a°. Simi-
larly, if S(E(S)) is an orthodox E(S)-liberal semigroup, that is, U = E(S),
then § is said to be a full orthodox liberal semigroup. If S(E(S)) is an
C-Ehresmann semigroup, then we simply call the semigroup S a full Ehres-
mann semigroup with central idempotents (see [36]).

Now, we let T be an unipotent semigroup. Then the direct product
S =IxT x A of a rectangular band I x A with T is called the rectangular
unipotent semigroup. In particular, the direct product S = I x T of a
left zero band I and a unipotent semigroup T is called a left unipotent
semigroup. Right unipotent semigroups can be dually defined [6]. It can be
easily proved that S is a C- full Ehresmann semigroup if and only if S is a
semilattice of unipotent semigroups and that S is a left C-full Egresmann
semigroup if and only if S is a semilattice of left unipotent semigroups.

Hereafter, a semigroup T = [Y;T,] is called a C-full Ehresmann semi-
group if T itself is a C-full Ehresmann semigroup which can be expressed
as a semilattice of unipotent semigroups To{(a € Y), and the semigroup
S =[Y; I, x T,] is said to be left C-full Ehresmann when S itself is a left
C-full Ehresmann semigroup which can be expressed as a semilattice of left
unipotent semigroups S, = I, X Tp(a € Y).

The structure of orthodox liberal semigroups and quasi-C-full Ehres-
mann semigroups can be described by the following theorem:

Theorem 5.1. The following statements are equivalent for o semigroup S

(i) S is an orthodoz liberal semigroup;
(ii) S is a semilattice of rectangular unipotent semigroups Sy(a € Y') and
E(S) is a subsemigroup of S;



328

(iii) S is a semi-superabundant semigroup satisfying the (C) condition and
E(S) is a subsemigroup of S.

Theorem 5.2. A semigroup S is a quasi-C-full Ehresmann semigroup if
and only if S is isomorphic to a spined product Sy xT Sz of a left C-
full Ehresmann semigroup S1 = [Y; I x T] and a right C-full Ehresmann
semigroup Sa = [Y; Ta X Ao] having a common C-full Ehresmann semigroup
component T = [Y;To] with respect to the semigroup homomorphisms ¢ :
(i,z) — z for (i,x) € S1 and ¥ : (z, ) — z for (z,A) € 3.

Following Fountain [11], a semigroup S is said to be superabundant if
every H*-class of S contains at least one idempotent of S. He observed that
if S is a superabundant semigroup then H* = H = Q, and, for any a € S,
a® =a®.

Now, we give the following definition.

Definition 5.1. A superabundant semigroup S is called orthodox su-
perabundant if E(S) forms a subsemigroup of S. In particular, a super-
abundant semigroup with central idempotents is called a C-superabundant
semigroup. An orthodox superabundant semigroup S is said to be
left C-superabundant; right C-superabundant and quasi-C- superabun-
dant,respectively when E(S) forms a left regular band; a right regular band
and a regular band, respectively.

We have the following lemma.

Lemma 5.1. Let S be an orthodox superabundant semigroup. Then S is an
orthodoz liberal semigroup which can be expressed as a semilattice of direct
products of cancellative monoids and rectangular bands. In particular, if S
is a left (resp., right) C-superabundant semigroup, then S is a left (resp.,
right) C-full Ehresmann semigroup which is expressible as a semilattice of
direct products of cancellative monoids and left (resp., right) zero bands.

Recall that a semigroup S = [Y'; I, x T, [resp., S = [Y; Ty x Ag] is said
to be a left [resp., right] C- superabundant if S is a left [resp., right] C-
superabundant which can be expressed as a semilattice of direct products of
left zero bands and cancellative monoids I, x Tp(a € Y) (resp., cancellative
monoids and right zero bands (T, X A, ). Then, by Fountain [11], one can
easily show that a semigroup S is C-superabundant if and only if S is a
semilattice of cancellative monoids. Thus, a C-superabundant semigroup
S =[Y;T,] is C-superabundant which can be expressed as a semilattice of
cancellative monoids T, (a € Y).
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The following theorem characterizes the quasi-C-superabundant semi-
groups. In fact, it also gives a method of construction of such semigroups.

Theorem 5.3. Let S be a semigroup. Then S is a quasi-C-superabundant
semigroup if and only if S is isomorphic to a spined product Sy x1S2 of a left
C-superabundant semigroup S1 = [Y'; I, x T,] and a right C-superabundant
semigroup Sz = [Y; Ty X Ag] having a common C-superabundant semigroup
component T = [Y;T,] with respect to the semigroup homomorphisms ¢ -
(t,z) — x for (i,x) € S1 and Y : (z,A) > z for (z,)) € S,.

It is well known that a regular orthogroup S is a completely regular
semigroup whose set of idempotents E(S) forms a regular band. Such regu-
lar orthogroups were called quasi-C-semigroups. By observing that regular
orthogroups are quasi-C-superabundant regular semigroups and cancella-
tive regular monoids are groups, we re-obtain the following known theorem
in (36].

Theorem 5.4. The following statements are equivalent :

(i) A semigroup S is a quasi-C-semigroup if and only if S is isomorphic
to a spined product Sy X1 S of a left C-semigroup Sy = [Y; I, X Ty)
and a right C-semigroup Sz = [Y;Ty x Ao| having a common Clif-
ford semigroup component T = [Y'; Ty| with respect to the semigroup
homomorphisms ¢ : (i,x) — z for (i,z) € S1 and ¥ : (z, ) — z for
(33, )\) € Ss.

(ii) A semigroup S is a quasi-C-semigroup if and only if S can be express-
ible as the semi-spined product of a Clifford semigroup, a left regular
band and a right regular band.

(i4) A semigroup S is a quasi-C-semigroup if and only if S can be express-
ible as a A-product of a Clifford semigroup, a left regular band and a
right regular band.

6. Conclusion

According to Fountain [11] and Lawson [32], the relations £* and LY on 8§
are defined by

£* ={(a,b) € S x S|(Vx,y € S!) ax = ay & bz = by},
LU = {(a,b) € S x S|U; =U}}.

The equivalent relation c = LFs] on S was first discussed by El-Qallali in
[4]. The left congruence R* and the equivalent relations R, RY on S can
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be defined dually. The equivalent relations H*, H and ‘HU are defined by
H =LNR*, H=LnR, HY=°LYnRY.

It is clear that the results of £ [ L*, £ and LU, resp.] are duals of R [ R,

R and RY, resp.].

Let p and o be equivalent relations on the semigroup S. Then, we have
the following statements:

(1) (p,U)-surjective if for any a € S, |po NU| > 1;

(2) strongly (p,U)-surjective if for any a € S, |pa NUa| = 1;

(3) super (p,U;o)-surjective if S is strongly (p, U)-surjective and for any
a € S, the unique element in p, N U, is o-equivalent to a.

It is evident that we have the following properties for p and o) on $:

super(p, U; o)-surjective = strongly (p, U)-surjective =>
(p, U)-surjective.

By using the above notations, we call a semigroup S a completely regular
if S is (H, Es)-surjective. Denote the class of completely regular semigroups
by CReg. The structure of completely regular semigroups has been fully
described in [39].

The following results can be used to describe various types of generalized
regular semigroups and generalized rpp semigroups.

Lemma 6.1. Leta € S and e € Eg. Then the following statements hold:
(i) LCL*CLCLY;

(u) Z:IES = £*|ES = CLES and CUIU = ﬁiu,'

(i) if S € Rpp, then L = L*;

(iv) if S € Reg, then £ = L* = L;

(v) (a,e) € L* if and only if e € I” and, for all z,y € S, ax = ay implies
er = ey;

(vi) each HY -class in S contains at most one element of U.

By applying Lemma 6.1, we can easily see that, for a semigroup S, we
have the following terminologies:

(HY, U)-surjective = strongly (HY,U)-surjective,
(H, Eg)-surjective = strongly (')"Z, Eg)-surjective,

(H*, Es)-surjective = strongly (H*, Es)-surjective,
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In closing, we give a table which provides useful information for sev-
eral known classes of generalized regular semigroups and generalized rpp

semigroups.

Class Definition Notation

completely regular semigroups (H, Es)-surjective CReg

regular semigroups (L, Eg)-surjective or, Reg
alternatively, (R, Eg)-surjective

superabundant semigroups (H*, Eg)-surjective SA

abundant semigroups (L*, Es) and (R*, Es)-surjective | Ab&

super rpp semigroups super (L*, Eg; ﬁ)-surjective SuR

strongly rpp semigroups strongly (L*, Eg)-surjective SR

rpp semigroups (L*, Eg)-surjective Rpp

semi-superabundant semigroups (’Fl, Eg)-surjective SSA

semiabundant semigroups (E, Eg) and (R, Eg)-surjective AbS

strongly semi-rpp semigroups strongly (E, Eg)-surjective

semi-rpp semigroups (E, Eg)-surjective

:3;?1?;:1511:)18) erabundant (HY, U)-surjective

‘P-semiabundant semigroups ([,U, U) and (ﬁ,U, U)-surjective | PAbS

strongly P-semi-rpp semigroups | strongly (EU, U)-surjective SPSrrp

P-semi-rpp semigroups (EU , U)-surjective calPSrrp

(i) In the above table, the dual of a “ rpp ”

semigroups is a “ Ipp ”

semigroup. Consequently,the (j.vual classes of the classes of semigroups
Rpp, SR, SuR, SSR and §PSrrp are the classes of the semigroups
Lpp, SL, SuL, SSL and SPSlpp, respectively.

(if)

In the last four cases in the table, the set U is the set of all projections

of S, and S with such a subset U of (£(S) is denoted by S(U). The P-
semiabundant semigroup S(U) was called a U-semiabundant semigroup
by Lawson in [33]. The Rees matrix semigroups investigated by Lawson

in [33,34] are in fact the P-semi-superabundant semigroups.

Furthermore, we can also see that SA, SSA and PPSSA are the general-
izations of CReg in the categories of abundant semigroup, semiabundant
semigroup and P-semiabundant semigroup, respectively. In a recent paper
[27], it has been shown by Y. He, Chen and Shum that SR, SSR and
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SPSR are generalizations of CReg in the categories rpp semigroups, semi-
rpp semigroups and P-semi-rpp semigroups, respectively. Hence, we can
call the members of SA, SSA, PSSA, SuR, SR, SSR, SPSR, Sul, SL,
SSL and SPSR the generalized completely regular semigroups. We notice
that many results in CReg have already been generalized into SA, SuR
and SR ( see [12,14,15,21,24,29,41,44,46,48,51] ). Thus, by using the above
table as an aid, we can establish a platform for various kinds of general-
izations of rpp semigroups and we can therefore further study their mutual
relationships systematically.

Finally, we propose a problem: By using the techniques proposed by
Lawson ( see [33-35]), can we establish a Rees Matrix cover theorem for a
quasi-adequate semigroup or a type A-semigroup ?
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1. Introduction

In the preset paper we shall report our recent results with J. E. Andersen
([1-3]) on Modular Functor and Topological Quantum Field Theory .

Conformal field theory (CFT) is a functor from the category of pointed
Riemann surfaces with coordinates to the category of finite dimensional
complex vector spaces, which satisfies several basic properties (see §3 be-
low). Modular functor (MF) is a functor from the category of pointed ori-
ented surfaces with tangent vectors and Lagrangian subspace to the cat-
egory of finite dimensional complex vector spaces, which satisfies similar
properties to those of conformal field theory (see §2). The difference is that
CFT does depend on a complex structure of a surface but MF only depends
on a differentiable structure of a surface. Nevertheless we can construct a
modular functor by using non-abelian and abelian conformal filed theories
([1,2]), and the naturally defined projectively flat connections.

Modular functor defines Topological Quantum Field Theory (TQFT)
([6,15]), which gives invariants of three dimensional manifolds. Thus, to
construct TQFT is is enough to construct MF.

In the following, we shall discuss how to construct MF form CFT. De-
tails can be found in our paper [2].

2. Modular Functor

In this section, we shall give the axioms for a modular functor. These are
due to G. Segal ([9]). We present them here in a topological form which is
due to K. Walker [15] ( see also [6]).

By a closed surface, we mean a smooth real two-dimensional manifold.

335



336

For a closed oriented surface ¥ of genus g we have the non-degenerate
skew-symmetric intersection pairing

() : Hi(%,Z2) x Hi(%,Z) — Z.

Suppose T is connected. In this case a Lagrangian subspace L C H(X,Z)
is by definition a subspace, which is maximally isotropic with respect to the

intersection pairing. A Z-basis (&, 3) = (a1, ..., 0, B1,. .- B,) for Hi(Z,Z)
is called a symplectic basis if

(i, B5) = 855, (i, 05) = (Bi, ) = 0,
foralli,j=1,...,9.

For any real vector space V, we define PV = (V' \ {0})/R,.

A pointed surface (X, P) is an oriented closed surface X with a finite set
P C X of points. A. A morphism of pointed surfaces f : (31, P1) — (Zg, Ps)
is an isotopy class of orientation preserving diffeomorphisms which maps
P1 to Pg.

A marked surface ¥ = (2, P,V, L) is an oriented closed smooth surface
¥ with a finite subset P C ¥ of points with projective tangent vectors
V € UpepPT,X and a Lagrangian subspace L C Hy(X,Z).

A morphism £ ; B; — X2 of marked surfaces ¥; = (£;, P, V;, L;) is
an isotopy class of orientation preserving diffeomorphisms f : ¥; — X5
that maps (P1, V1) to (Pz, V2) together with an integer s. Hence we write
f={(fs).

Let (3, {p—,p+} U P,{v—,v4+} UV, L) be a marked surface, where we
have selected an ordered pair of marked points with projective tangent
vectors ((p—,v_), (p+,v+)), at which we will perform the glueing. Let
c: P(T,_X) — P(Tp,X) be an orientation reversing projective linear iso-
morphism such that ¢(v_) = vy. Such a c is called a glueing map for ¥.
Let ¥ be the oriented surface with boundary obtained from ¥ by blowing
up p- and py, i.e.

S =G\ {p-,p+)UP(T,_T) U P(T,, B),

with the natural smooth structure induced from ¥. Let now X. be the
closed oriented surface obtained from 3 by using ¢ to glue the bound-
ary components of 5. We call ¥, the glueing of ¥ at the ordered pair
({p-,v=), (p+,v+)) with respect to c.

Let now X’ be the topological space obtained from ¥ by identifying p_
and p;. We then have natural continuous maps q: £, — =/ and n : 3 — Y,
On the first homology group n induces an injection and ¢ a surjection, so
we can define a Lagrangian subspace L. C H1(Z.,Z) by L. = g; ' (n.(L)).
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We note that the image of P(T,,_X) (with the orientation induced from X)
induces Paturally an element in H;(X,, Z) and as such it is contained in L.
Let ¥ = (%, {p-,p+} U P,{v_,v; } UV, L) be a marked surface. Let

¢: P(T,_%) — P(T,, %)

be a glueing map and X. the glueing of ¥ at the ordered pair
((p-,v-), (p+,v4)) with respect to c. Let L, C Hi(Z.,Z) be the La-
grangian subspace constructed above from L. Then the marked surface
Yo = (Z, PV, L,) is defined to be the glueing of & at the ordered pair
((p-,v-), (p+,v4+)) with respect to c.

To define Modular Functor we need a label set. A label set A is a finite
set furnished with an involution A — At and a trivial element 0 such that
0! = 0. Let A be a label set. The category of A-labeled marked surfaces
consists of marked surfaces with an element of A assigned to each of the
marked point and morphisms of labeled marked surfaces are required to
preserve the labelings. An assignment of elements of A to the marked points
of £ is called a labeling of £ and we denote the labeled marked surface by
(£, 1), where ) is the labeling.

Definition 2.1. A modular functor based on the label set A is a functor
V from the category of labeled marked surfaces to the category of finite di-
mensional complex vector spaces satisfying the axioms MF1 to MF5 below.

MF1( Disjoint union aziom): For any pair of labeled marked surfaces,
there is an isomorphism

V((E1, A1) U (E2, ) = V(E1, M) ® V(E2, Ao).

The identification is associative. 3

MF2 (Glueing aziom): Let £ and ¥. be marked surfaces such that X, is
obtained from ¥ by glueing at an ordered pair of points and projective tan-
gent vectors with respect to a glueing map c. Then there is an isomorphism

V(e =P VE p N,
HEA

which is associative, compatible with glueing of morphisms, disjoint unions
and it is independent of the choice of the glueing map in the obvious way.
MF3 (Empty surface ariom): Let @ denote the empty labeled marked sur-
face. Then

dimeV(0) = 1.
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MF4 (Once punctured sphere aziom): Let ¥ = (52, {p}, {v},0) be a marked
sphere with one marked point. Then

. = LA=0
dszV(E,/\)={0 A £0.

MF5 ( Twice punctured sphere aziom): Let & = (52, {py, p2}, {v1,v2}, {0})
be a marked sphere with two marked points. Then

e 1A=t
aimev (8,0 = { 53 5 4
3. Conformal Field Theory

A pointed Riemann surface with formal neighbourhoods

X= (C#Il,JN"fh,,nN)

consists of a Riemann surface C and an ordered N-tuple of N distinct
points (g1, -..,qn) on C together with formal neighbourhoods

n; : Oc,q; = Cll&]]
forj=1,...,N.

3.1. Non-Abelian Conformal Field Theory

Let us first consider non-abelian conformal field theory (WSWN model).
Let g be a simple Lie algebra over the complex numbers C, which we
fix throughout the paper. Let § be its Cartan subalgebra.
Let (,) be a constant multiple of the Cartan-Killing form of the simple
Lie algebra g. For each element of A € §, there exists a unique element
H) € h* such that

A(H) = (Hy, H)

for all H € h. For a € A, H,, is called the root vector corresponding to the
root a.

On b* we introduce an inner product by

()‘7 lu‘) = (H)\aHp,)-

Let us normalize the inner product (,) by requiring that 4, the highest (or
longest) root, has length squared

0, 8) = 2.
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A weight X € b}, is called an integral weight if
2\, 0)/(a,0) €2
for any a € A. A weight ) € b}, is called a dominant weight if
w(A) <A

for any element w of the Weyl group W of g. By P, we denote the set
of dominant integral weights of g. A weight X is the highest weight of an
irreducible left g-module if and only if A € P,. Let V), be the irreducible
left g-module of highest weight \. It is well-known that a finite dimensional
irreducible left g-module is a highest weight module and two irreducible left
g-modules are isomorphic if and only if they have the same highest weight.

Let w be the longest element of W. Then we define an involution t on
P_.]_ by

A= —w(N).
One has that the opposite of dual of the left-g-module V) is isomorphic to
left-g-module V,+, meaning there exists a non-degenerate g-invariant perfect
pairing
():WheW —C.
The affine Lie algebra g over C((£)) associated with g is defined to be
§=90C((¢) ®Cc,

where ¢ is an element of the center of g and the Lie algebra structure is
given by

(X ®f(&), Y ®g(8)] =X, Y] ® f(§)9(§) +¢- (X,Y) gi__fig(g(ﬁ)df(ﬁ)),

for

X, Y eg, f(£), 9(&) € C((£)-
Let us fix a positive integer £ (called the level) and put
Pp={Me P, |0<(0,)) <t}
For all levels £ we observe that { takes P; to itself.

Theorem 3.1. For each A € P,, there exists a unique left g-module H)
(called the integrable highest weight §-module of level £) satisfying the fol-
lowing properties.
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(1) Va = {|v) € Ha| G+lv) = 0} is the irreducible left g-module with
highest weight A.

(2) The central element ¢ acts on Hy as £ id.
(8) Hy is generated by Vi over g_ with only one relation

(Xo @Y=M =0

where Xp € g is the element corresponding to the mazimal root 6 and
|A) € V) is a highest weight vector.

We use the following notation

X(n)=X®¢&", Xeg
X(z) =Y X(n)z=""!

nez

where z is a variable. The normal ordering S 3 is defined by

X(n)Y (m), n < m,
s X(MY(m)g = { 3(X(n)Y(m) +Y(m)X(n)) n=m,
Y(m)X(n) n > m.

Note that, if n > m and X =Y, we have
°X(n)X(m)S = X(n)X(m) — nénim,o(X,X) - c.
The energy-momentum tensor T'(2) of level £ is defined by

dimg

T(z) = o+ 0 ; o JH(2)J%(2)3 ,

where {J',J?%,...,J4m9} is an orthonormal basis of g with respect to the

Cartan-Killing form (,) and g* is the dual Coxeter number of g.
Put

dimg

Ln=%}—+7)z S It (m)J%(n—m)3.

meZ a=1

Then we have the expansion
T(z) = Z Lpz~ "2
n€eZ

The operator L, is called the n’th Virasoro operator and it acts on H,.
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For X € g, f = f(z) € C((2)) and £ = e(z)di € C((z));—, we use the
following notation. ' 2 z
X[f] = Res(X(2)f(2)dz)
T(g = Res(T(2)4(z)d2).

In particular, we have

Lo= T[{%].

To define a filtration {F,} on My, we first define the subspace H(d) of
‘H, for a non-negative integer d by
Ha(d) = {|v) € Ha| Lojv) = (d+ A)lv) },

where

(A A) +2(, p) 1
Ay = QA F2A0) 1 es
A 2(g* + £) p 2 a§+

The subspaces H(d) are finite dimensional vector space and one has that

Ha = é’h{,\(d).

d=0
Now we define the filtration {F,H,} by

)4
FpHa =Y Ha(d).
a=0

Put
H} (d) = Homc(Ha(d),C).
Then the dual space ’H:’\ of H,, is defined to be

H} = Home(H»,C) = [[ HL(a)-
d=0

By our definition ) is a right §-module. A decreasing filtration (FPH!}
is defined by

FrHl = [ Hi(a).
d>p

There is a unique canonical perfect bilinear pairing

(| Y:HLxHy —C. 1)
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The Lie algebra gy is defined as

N
v = PoecC((E)) ®Ce

j=1

with the following commutation relations.

N
(X5 ® £:), (Y ® 93)] = (X5, Y3 ® fig5) +€d_(X;,Y5) Res(9;df3)
j=1
where (a;) means (a1, az,...,ay) and c belongs to the center of gn.

Let X = (C;q1,42,--+,qN; M, M2, - - - , N be a pointed Riemann Surface
with formal neighbourhoods and define

N
5(%) = 9 ®c H(C,0c(* Y _ q;))-
j=1

We have the natural embedding

N N
t=ot;: H(C,0c(* y_ g)) — _EB‘C((&J‘))

=1

given by Laurent expansion using the formal neighbourhoods. In the fol-
N

lowing we often regard H°(C, O (* E;\J: 145)) as a subspace of @C((ﬁj)).
j=1
One has by lemma 1.1.15 in [14], that g(X) is a Lie subalgebra of gn.
Let us fix a non-negative integer £. For each X = (\1,...,An) € (P)Y,
the left gny-module H; and a right gy-module Hy; are defined by

H; = Hx, Q¢ -+ ®¢c Hay
ML =H] 8¢ BcH],.

The hats over the tensor product means that the algebraic tensor product
has been completed with respect to the induced filtration.

For each element X; € g, f(§;) € C((§;)), the action p; of X;[f;] on M
is given by

pi(Xilfiln ® - @vN) = |v1 @ - @ vj—1 ® (X;[f])v; ® V41 ®---vn)
where |v1 ®- - ®@uy) means |v1)®---®|un), [v;) € Ha,. The left gn-action

is given by

N
(X1® fr- o, XN @ f)v1 ® - un) = Y pi (X5 [fil)|or @ -+ o).
i=1
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Similarly, the right gy-action on 'H} is defined by

N
(W@ un|(X1 ® fr,-.., XN ® fn) = Y (w1 ® -~ un|p; (X;1f;]).

=1

As a Lie subalgebra, g(X) operates on Hy and H} as

N
(XN ®---@un) =) p;(X ()1 ®---vy)
j=1

and as
N
(e ®un|(X®f) =3 (w e Sunls(X &t(f)).
=1
The pairing ( | ) introduced in (1) induces a perfect bilinear pairing
(| ):HlxHz—C ()
given by

(1 ®...0un|,|v1 ® ... ®un)) — (u1]v1)(ualve) - - - (un|un)

which is §x-invariant:

(T(X; ® f;)I12) = (¥|(X; ® £;)®).

Now we are ready to define the space of abelian conformal block attached
to X.

Definition 3.1. Assume that X is saturated. Put

Vy(X) = HiH; /8(X)Hs.

The vector space Vy(X) is called the space of covacua attached to X. The
space of conformal blocks attached to X is defined as

VL(%) = Homc(V3(%),C)-
One gets that k
VLX) = { (¥ € VL [(¥]5(x) =0 }. (3)

Moreover, the pairing (2) induces a perfect pairing

(1) :ViE x Vs - C
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Note that the above definitions can be extended to the case in which the
curve C may have singularities but the points g;’s are non-singular point
of C.

The following theorem is proved in [11].

Theorem 3.2. The vector spaces Vi (t) and V&(p) are finite-dimensional.
We let D be the automorphism group AutC((£)) of the field C((£)) of

formal Laurent series as a C-algebra. There is a natural isomorphism

D ~ {Zan§"+llaoaé0}

n=0

h = h(¢)

where the composition h o g of h, g € D corresponds to the formal power

series h{g(¢)).
Put

DP = {heD|h(E) = E+ape? 4}

for a positive integer p. Also let
d
d= C[[&]Md—f
d
& = Clel|ertt— p=0,1,2,...
d 13113 Z P

For any | € d and f(£) € C[¢]] define exp(1)(f(£)) by

exp((F(€) = 3 U FE).
k=0~
Set
Dy ={heD|hE)=at+a®+ -, a>0}

d
&= {lOF U =at+me®++, aeR}
Then, we have the following result.

Lemma 3.1. The exponential map
exp : d— D
L exp(l)
is surjective. Moreover, the exponential map induces an isomorphism

exp : _do+ :Dg_.
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For any element [ € DY we define exp(T'[]) by
= 1
_ k
BT = 3 T

Then, exp(T[l]) operates on H, from the left and on HI‘ from the right.
By Lemma 3.1, for any automorphism h € DY, there exist a unique [ € Qﬂ’r
with exp(l) = h. Now for h € DY define the operator G[h] by

Glh] = exp(-T[l)) (4)

where exp(l) = h. Then, G[h] operates on H,, from the left and on ’HI‘ from
the right.

Theorem 3.3 ([14], Theorem 3.2.5). Forany h; € DY, j=1,2,...,N
and a pointed Riemann surface with formal neighbourhoods

X= (C;QI,Q%-~-»QN;§1,§2,---,§N)
put
X = (Ciq1,92,- -, qni hi(€1), ha(&2), ..., hn(€N))-
Then, the isomorphism G[h1]® - - - ®G[hn]
i t
Hs =M
(18- Bdn| = (41G[M]B - - - BdNG[hN]|
induces the canonical isomorphism
G[R) = G[M)®--- 8Glhn] : VLX) = VL(Ew))-

Now let us compare the axioms of MF and properties of the space of
conformal blocks.
Corresponding to MF1 by (3) we have

v;.h 5, (%11 %2) = V3, (X1) ® Vg, (%2)-
Corresponding to MF2 we have the following theorem.

Theorem 3.4. Let X = (C;q1,q2,- -, qNi T, 72y - - - ,mN) be a pointed nodal
curve with formal neighbourhoods. We let v : C — C be the desingulariza-
tion at the node p. Put

E=(C;t1,92, - +AN,P+> P31, M2, - s INs €45 €=)
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where v=1(p) = {p4+,p-} and & (resp. {_) is a coordinate with center p4
(resp. p—.) Then there exists a canonical isomorphism

V@) = ) Vi, (B
HEP,
Corresponding to MF3 by Theorem 3.1 and (3) we have
V() =C,
since we may regard g(0) =g.
Finally corresponding to MF4 and MF5 we have
1 A=0

di PYgn) =
ime VA(P*5 ¢;m) {0 A£0,

0 X#uh

Thus our CFT has similar properties to the axioms of MF. But CFT
does depend on complex structures of Riemann surfaces, namely for pointed
Riemann surfaces with coordinates

dimc V» . (P*; 1, 42 M1, 72) = {

X= (CQQ1»Q2,~--,QN;T)1,7I2,---,77N)
X =(C;ql, 5 AN T Mas e+ > TN)

there is an isomorphism
1 ~ Vi
VX(Z*?) o~ V;\.(ff )

but the isomorphism is not canonical. To study the isomorphism let us
consider a family of pointed Riemann surfaces with coordinates.
A family of pointed Riemann surfaces with formal neighbourhoods

F=(rC — B;57)
is the following date:

(1) Connected complex manifolds C and B, such that dimcC = dimeB+1.
(2) A holomorphic submersion 7 : C — B.

(3) Holomorphic sections s;, j =1,...,N of 7.

(4) Filtered Og-algebra isomorphisms

M i 6/81 = LH_H OY/I;'1 =~ Og[¢]],

n—oo

where I; is the defining ideal of s;(B) inC, j=1,...,N.
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Let § = (m : C — B;sy,...,8N;M,--.,Mn) be a family of pointed
saturated Riemann Surfaces of genus g with formal neighbourhoods.
The sheaf g (B) of affine Lie algebra over B is the sheaf of Og-module

N
inB) =gac (POs((¢)) 005 c

Jj=1
with the following commutation relation, which is @g-bilinear.
(X1® f1,.... XN @ fn),(¥1®g1,..., YN ® gN)]
N
= (X1, 1] ® (fig1), .- [ XN, YN] ® (fngn)) ® - Z(Xj’n)gg%(gjdfj)
=

j=1

where X;,Y; €9, f;, g; € Os((§;)) and we require ¢ to be central. Put
9(3) = g ®c ™ (Oc(+5)),

where we define

N
=Y s;(B)
i=1
Tu(Oc(*S)) = lim 7. (Oc(kS)) -
%

Laurent expansion using the formal neighbourhoods 7;’s gives an inclu-
sion:

t: m.(08(x8)) — D 05((&))
j=1

—~ 4
and we may regard g(§) as a Lie subalgebra of gn(B). For any A
(A].’ v vAN) € (PZ)N, put
The pairing (2) induces an Op-bilinear pairing

(1 ):HLUB) x Hz(B) — Os.
The sheaf of affine Lie algebra gn(B) acts on H3(B) and fo(B) by

(X1® Y aPep),...,(Xn® Y eV (F 1)

nez nezZ

N
=Y "> (@9 F) ® p;(X;(m))|¥)

j=1neZz
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The action of gn(B) on ’HTT\.(B) is the dual action of H~(B), that is,
(Va|®) = (¥|a®) for any a € Gn.

Now we can define a sheaf V; (%) of conformal blocks and a sheaf V;-(%) of
covacua similarly as above.

Definition 3.2. For the family § of pointed Riemann surfaces with formal
neighbourhoods, we define the sheaves of Op-modules on B

Vi(8) = Hz(B)/3(3)H5(B)

VL(3) = Home,, (V5(B), Os).

These are the sheaf of covacua and the sheaf of conformal blocks attached
to the family §.

Note that we have
Vi) = {(¥| e HL(®)| (Y]a=0 forany a€F(F)}
For a point b € B put
& = (T71(0); 510); - -, SN (B); M (B), -, (D).

Theorem 3.5 ([11]). The sheaves Vx(3) and v§(3) of conformal blocks
and covacua are locally free Og-modules of finite rank and carries projec-
tively flat connections. In particular we have have

V5(F) ®0s Co = Vi(Fs)

VH(®) ®os Cs = V1(5s)
where Vx(3s) = Op,bp/ms.

3.2. Abelian Conformal Field Theory

By using the fermion Fock space we can construct abelian conformal field
theory. Details can be found in [1].

In abelian conformal field theory, to each pointed Riemann surface with
formal neighbourhoods

x=(C9(I1,~--,¢IN§771,---,77N)

we associate a vector space V(%) called abelian conformal block. We can
prove the following theorems.
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Theorem 3.6 ([1], Theorem 3.2). For any pointed Riemann surface
X=(C;Q,...,Qn;&,...EN) with formal neighbourhoods we have

dime Vi,(%) = 1.

Theorem 3.7 ([1], Theorem 3.2.). The space of abelian conformal
blocks V1, (%) is isomorphic to the determinant of the canonical bundle we.

Next let us consider a nodal curve C with node P. Let C be the Riemann
surface obtained by resolving the singularity at P and let 7 : C — C be
the natural holomorphic mapping. Then 7~!(P) consists of two points Py
and P.. Let

X=(Ciq,-..,an; 1,1 6N)
be a pointed nodal curve with formal neighbourhoods and we let
x= (5’;P+,P_,q1,...,qN;z,w,§1,...,EN)
be the associated pointed Riemann surface with formal neighbourhoods.
Theorem 3.8 ({1}, Theorem 3.5). There ezists a natural isomorphism
G-t VIp(®) = VI (%).
About the coordinate change we have the following proposition.

Proposition 3.1. For any h; € ’D?,_, ji=12,...,N and N-pointed curve

X=(C;Q1,Q2,-.-,@Qn;&1,62,...,&N)
with formal neighbourhoods, put
Xny = (C;Q1,Qa,...,Qni ha(&1), ha(€2), - . ., R (€n))-
Then there ezists a canonical isomorphism
Vie(%) = Vi (Ew)

Now similar to the case of non-abelian conformal field theory we can
define a sheaf of abelian conformal blocks Vlb(%) for a family ¥ = (#C —
B;si,...,SN;M,-..,nn) of pointed curves surfaces of formal coordinates.

Theorem 3.9. The sheaf V;b(S) is an invertible Og-module and carries a
projectively flat connection.
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4. Modular Functor
4.1. Teichmiiller space

The Teichmiiller space T(x, py of the pointed surface (%, P) is by definition
the set of equivalence classes of complex structures on (I, P).

Theorem 4.1 (Bers). There is a natural structure of a finite dimensional
complex analytic manifold on Teichmiiller space Tz p). Associated to any
morphism of pointed surfaces f : (21,P1) — (X2, P2) there is a biholo-
morphism f* : Iz, p,) — T(z,,p,) which is induced by mapping a complex
structure C = (C,Q, W), ¢ : Z; — C to ¢o f~! : £y — C. Moreover, com-
positions of morphisms go to compositions of induced biholomorphisms.

There is an action of R on Tz, p) given by scaling the tangent vectors.
This action is free and the quotient ’Zzg,)},) = T(z,p)/R is a smooth manifold,
which we call the reduced Teichmiiller space of the pointed surface (X, P).
Moreover the projection map 7p descend to a smooth projection map from
'Zzg,)l,) to Upe pP(T,X), which we denote wg). We denote the fiber of this
map over V € UpepP(TpXE) by Tz p,v). Teichmiiller space of a marked
surface ¥ = (X, P,V, L) is by definition 7s = 75 p,v), which we call the
Teichmiiller space of the marked surface. Morphisms of marked surfaces
induce diffeomorphism of the corresponding Teichmiiller spaces of marked
surfaces, which of course also behaves well under composition. We observe
that the self-morphism (id,s) of a marked surface acts trivially on the
associated Teichmiiller space for all integers s. General Teichmiiller theory
implies that

Theorem 4.2. The Teichmiiller space Ts: of any marked surface X is con-
tractible.

‘We note that we have a canonical isomorphism
(’)c,q/mz ~Co® T;C’,

Hence a firsts order neighbourhood determines and is also determined by a
non-zero vector in Ty'C, specified by the property that it maps to 1 € C or
equivalently a vector in T,C pairing to unity with this vector.

4.2. Construction of Modular Functor

Let § = (#C — B; §;7) be a family of pointed Riemann surfaces with formal
neighbourhoods and assume we have a smooth fiber preserving diffeomor-
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phism @z from Y = X x B to C taking the marked points to the sections &
and inducing the identity on B. This is always possible if B is small enough.
This data induces unique holomorphic map ¥z from B to the Teichmiiller
space Tz, py of the surface (X, P) by the universal property of Teichmiiller
space. Note that the Teichmiiller space 7z p) s covered by the image U5
of families § of pointed Riemann surfaces with coordinates.

As is shown in [2] §5, there exists a holomorphic vector bundle
V;‘\. = V;\.(E,P) over Teichmiiller space 73 p) is specify to be the bun-
dle (\Ilgl)*V;.S) over ¥z(B) for any good families of complex structures on
(%, P). The holomorphic bundle V)I‘ is called the bundle of conformal blocks
over the Teichmiiller space.

Now by the above Theorem 3.5 the holomorphic bundle V;r\. — Tz,p)
carries a projectively flat connection. If the connection were flat, then then
the space of flat sections HY,,,(7(z,p), V}) would define Modular Functor.
To define a flat connection one possibility is to find a holomorphic line
bundle £ on the Teichmiiller space 7z, p) such that V;.'\. ®oy L caries a flat
connection. To do this we use the above abelian conformal field theory.

First note that similar to above we have the sheaf V};b of abelian confor-
mal blocks over the Teichmiiller space 7z, py. Then we have the following
result on curvatures.

Theorem 4.3. The curvature form w of V;. — T(x,p) and the curvature
form wgp are related by

w= %”—wab ® id

where
£-dimc g
A
Here g* is the dual Cozeter number of the Lie algebra g.

Thus the desired line bundle £ would be given by
—cy/2
c=(Vh) (5)

But since ¢, /2 is a rational number, the definition (5) has a meanmg if and
only if there exists nowhere vanishing holomorphic section of V over the
Teichmiiller space. In our paper (1] it is shown that such a sectlon indeed
exists, if we fix a Lagrangian subspace of each pointed Riemann surface (for
the details see {1]). Thus we can define the line bundle £ as in (5). Moreover
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in our paper [2] we show that the vector space
H{o(Tin.p), V) ®05 L)

defines a modular functor.

Finally, in our paper [3] it is shown that in case g = sl(n,C), TQFT
obtained form our MF is equivalent to the Reshetikhin-Turaev TQFT de-
veloped in [4] and [5].
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In this paper, we study a subclass of the class of MD-algebras, i.e., the class of
solvable real Lie algebras such that the K-orbits of its corresponding connected
and simply connected Lie groups are either orbits of dimension zero or orbits
with maximal dimensions. Our main result is to classify, up to isomorphism,
all the 5-dimensional MD-algebras having commutative derived ideals.
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1. Introduction

The method of describing the structure of C*-algebras by using K-functors
was first suggested by D. N. Diep ([2]) in 1974. By applying the K-homology
functors proposed by Brown - Douglas - Fillmore (for brevity, the BDF' K-
functors), Diep gave a description for the C*(AffR) of the group AffR of
the affine transformations of the real line. In 1975, by using the method
of Diep, J. Rosenberg ([7, 8]) gave a description for the C*-algebra of the
group AffC and some other groups. In 1977, D. N. Diep ([3]) further gave
a complete system of invariants of C*-algebras of type I by using the BDF
K-homology functors. Hence, it is natural to propose the following two
general problems:

e Generalize the K-homology functors so that these functors can be applied
to a larger class of C*-algebras.

* AMS Mathematics Subject Classification (2000): Primary 22E45, Secondary 46E25,
20C20.
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e Find the C*-algebras which can be described by using the generalized
K-functors.

Concerning the first problem, we note that G. G. Kasparov ([5]) in 1980
introduced the concept of K K-functors which is a generalized concept of
BDF K-homology functors. Then by using K K-functors, G. G. Kasparov
described theC*-algebra of the Heisenberg groups Hop 1.

For the second problem, it was noticed that this problem is closely re-
lated with the Orbit Method proposed by A. A. Kirillov ([6]) in 1962. After
studying the Kirillov’s Orbit Method, Diep in 1980 suggested to consider
the class of Lie groups and Lie algebras MD and MD ([4]) so that the
C*-algebras of them can be described by using K K-functors. If G is an n-
dimensional real Lie group, then G is called a M Dn-group or a M D-group
with dimension n iff the orbits of G in the K-representation (K-orbits) are
orbits of dimension zero or orbits of maximal dimension (i.e. dimension k,
where k is some even constant, k < n). When k = n, we call G an MDn-
group or M D-group of dimension n. The corresponding Lie algebra Lie(G)
of G is said to be an M Dn-algebra or M Dn-algebra, respectively. It is
clear that the class MD is a subclass of the class M D. Thus, the problem
of classifying M D-algebras, describing the K-representation of M D-groups
and characterizing the C*-algebras of M D-groups is significant. Note that
all the Lie algebras and the Lie groups of dimension n with n < 4 are
M D-algebras and M D-groups, and moreover they can be listed easily. So
we only take interest in M Dn-groups and M Dn-algebras for n > 4.

We remark here that all M D-algebras (of arbitrary dimension) was
classified, up to isomorphism, by H. H. Viet in [9]. This class includes only
the following algebras:

e R" - The commutative Lie Algebra of dimension n;

o Lie(AffR) - The Lie algebra of the group of affine traformations of the
real straight line;

e Lie(AffC) - The Lie algebra of the group of affine transformations of the
complex straight line.

It is noteworthy that Viet [9] also described the C*-algebras of the universal
covering of group AffC by using K K-functors. Thus, the C*-algebras of all
groups of the class M D were described by Diep, Rosenberg and Viet.

The problem for the class of M D-algebras is much more complicated
than MD-algebras. In 1984, Dao Van Tra [11] listed all M D4-algebras.
In 1990, all M D4-algebras were classified, up to isomorphism, by Vu (see
(12-14]). Until quite recently, Vu together with Nguyen Cong Tri, Duong
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Minh Thanh and Duong Quang Hoa introduced some M D5 - algebras and
M D5 - groups (see [15-20]). Until the present moment, there is no complete
classification for M Dn-algebras with n > 5.

On the other hand, by studying the foliated manifold, Connes ([1]) in
1982 proposed the notion of C*-algebras associated with a measured folia-
tion. The following question naturally arises: Can we describe the Connes
C*-algebras by using K K-functors? In fact, Torpe has shown in [10] that
the K K-functors are very useful and effective to describe the structure of
Connes C*-algebras associated with the Reeb foliations.

The other reason for studying the class M D is based on the following
fact: if G is a certain M D-group, then the family of its K-orbits with
maximal dimension forms a measured foliation. This foliation is called M D-
foliation associated with G. Furthermore, the C*-algebra of G can be easily
described when the Connes C*-algebra of M D-foliation associated with G
is known. Hence, the problem of classifying the topology and describing the
Connes C*-algebras of the class of M D-foliations is worth to study.

On this aspect, Vu in 1992 gave a topological classification of all M D4-
foliations and described all Connes C*-algebras of them by using the K K-
functors (see [12-14]). We noticed that the Connes C*-algebras of M Dn-
foliations with n > 4 has not yet been described. Following [9], if G is an
M D-algebra then the second derived ideal G2 = [G,G!] = (G, 6], (G, 9]]
is commutative, however, the converse is not true. Therefore, we need to
consider only G for which G2 is commutative. In particular, if G2 = 0 (i.e.
G! is commutative) then G could be an M D-algebra. Hence, we will restrict
ourself only to this case. Our main result is to classify, up to an isomor-
phism, all M D5-algebras G having commutative derived ideal G' = [G, G].
The topology of M D5-foliations associated with the M D5-groups and the
description of Connes C*-algebras of these foliations will be considered and
studied later on.

2. Preliminaries

We first recall in this Section some preliminary results and notations which
will be used in the sequel. For more detailed information, the reader is
referred to [4] and [6].

2.1. The co-adjoint Representation and K-orbits

Let G be a Lie group. Let G = Lie(G) be the Lie algebra of G and we use
G* to denote the dual space of G. For every g € G, we denote the internal
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automorphism associated with g by A(g), and whence, A : G — G can
be defined as follows
Ay () = gz.g” !, Vz €G.
The above automorphism induces the following mapping:

A(g)* : g - g
d -1
X — A (X) 1= Zlg-ezp(tX)g ] lt=0

which is called the tangent mapping of Ag).
We now formulate the following definitions.

Definition 2.1. The action
Ad: G — Aut(G)

gr— Ad(g) := A,
is called the adjoint representation of G in G.
Definition 2.2. The action
K :G — Aut(G")

g+— K
such that
(K@yF, X):=(F,Ad(g™")X); (FegG*, X¢€g)
is called the co-adjoint representation or K-representation of G in G*.

Definition 2.3. Each orbit of the co-adjoint representation of G is called
a K-orbit of G.

Thus, for every F € G*, the K-orbit containing F' defined above can be
written by
Np:={KF/g € G}.

The dimension of every K-orbit of an arbitrary Lie group G is always
even. In order to define the dimension of the K-orbits 2r for each F' from
the dual space G* of the Lie algebra G = Lie(G) of G, it is useful to consider
the following skew-symmetric bilinear form By on G

Br(X,Y) = (F,[X,Y]); VX,Y €G.
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Denote the stabilizer of F' under the co-adjoint representation of G in
G* by Gr and Gr := Lie(GFp).
We shall need in the sequel the following result.

Proposition 2.1. (see [6], Section 15.1) KerBr = Gp and dimQ2p =
dimG — dimGp.

2.2. M Dn-Groups and M Dn-Algebras

Definition 2.4. (see [4] Chapter 4, definition 1.1) An M Dn-group is an
n-dimensional real solvable Lie group such that its K-orbits are orbits of
dimension zero or maximal dimension. The Lie algebra of an M Dn-group
is called an M Dn-algebra.

The following proposition gives a necessary condition for a Lie algebra
belonging to the class of all M D-algebras.

Proposition 2.2. (see [9], Theorem 4) Let G be an M D-algebra. Then its
second derived ideal G2 := [[G, G, (G, G| is commutative.

We point out here that the converse of the above result is in general
not true. In other words, the above necessary condition is not a sufficient
condition. We now only consider the 5-dimensional Lie algebras G having
a second derived ideal G2 = {0}, i.e. the derived ideal G' is commutative.
Thus, the G could be an M D5-algebra.

3. The Main Result

From now on, we use G to denote an Lie algebra of dimension 5. We always
choose a suitable basis (X1, X3, X3, X4, X5) in G so that G is isomorphic to
R5 as a real vector space. The notation G* will be used to denote the dual
space of G. Clearly, G* can be identified with R® by fixing in it the basis
(X3, X3, X%, X3, X2) which is the dual of the basis (X1, X2, X3, X4, X5).

Theorem 3.1. Let G be an MD5-algebra whose G := [G,G)] is commuta-
tive. Then the following assertions hold.

(i) If G is decomposable, then G = H ® R, where H is an MD4-algebra.

(i) If G is indecomposable, then we can choose a suitable basis (X1, Xq, X3,
X4, Xs5) of G such that G is isomorphic to one and only one of the
following Lie algebra.



i&,l : [XI,X2] = [X3X4] = Xs; the others Lie Brackets are
trivial.

2.G'=R.X, @R Xs=R?

21 &21 : [XI,XZ] = X4, [X,X3] = Xs; the others Lie brackets
aretrivial.

22, a22A) 1 [Xi,X)] = [XaXq] = X5, [X,X3] = \Xq,
A GR\{0}; the othersLie Bracketsaretrivial.

3. ¢ = R: ®RX, ® RXs= Rlady = 0, ady G End{g) =
Mah(R), [Xl,XZ):X3.

31 &53|(AiA2) °

Al 0O
ad = {0 A0 |, Ai, A, GR\{1}, Ai * A, #0.
\0 0 1/
2.2, 95,3’2{;\):
100
ade= [010 }; AGR\{0,1}.
0 OA
33, G533(X)
[AO0 O
ade = (010} A€R\{1}.
\001
34. G534 :

100
adx,=q10 }|.
ool

)
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3.5. g5'3’5{).) :
A00
adx, = 01); AeR\{l}.
001
3-6. g5,3,6(¢\] M
a 10>
adx, = ‘ 010); AeR\{O,l}.
ooRy
3.7 s5372.

110
C&dx;,: Oil .
001

, cosp —simp 0 _
adx; = | simp cosip 0 ]; A eR\{0}, »€ (OT1T).
VO O

3’ 8’ g5,3,8(l,(ﬂ) :

4. Gl =RX:8R.X;
adx, E Bnd(G') = Mat4(R).

4.1 G5,4100,3009) !

AL0 0O,
0X,00j .
b ‘l 00 xgcl)}?
000
Al,AZiAggR\{OJ}, /\1?5/\25'41\39'5’\1
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4.2 G5420000) ¢

M 000
_ | 02001, R\ {0,1}, A # Ja.
ady = 0010’ A1, Ag € \{?}’ 17 A2
0 001
4.8. G5430) ¢
/AOO0D
0 AOO
adx, = | 5o10| AGEMO.1}.
\OOOI
4.4, Gsa400 :
IAOOON
0100
- : AeR\{O,l}.
ady =010 |° {01}
\0001
4.5 8545:
1000
0100
ada = 19010
0001
4.6. Us4600,.09) °
M 000
0 A00 . .
adx, = | o C10 |5 AILAGR{OI}AIRA,.
0 001
4.7 Gsamrn
AQ00
_f{oxoo]
ad,, = 0011’ AER\{O,l}.

0001



4-8. (BA8A) :
(\10Q\
0AO0O
adxy= | ooty |3 AeE\{0,l}.
VO001/
49. Gsa000 *
A0Q0Q
0110
ada = | gg11l5 AsR\{0,l}.
0001
4-10- 054,10
(1 100\
_lo110
adx =1 09p11}"
\0001/

411 6540100 a0}

coscp—sinp 0 O
sirup cosip 0 O |,
adx =19 o a0}’

0 0 0A

i A, € R\ {0}, Ay # A2, € (0,77).

4-12. Gs4,13000) ¢

cosp —Sincp 00
sing cosp 001}
adX1 = O O AO !
(0] O ox

X e R\ {0}, € (0, 7).

361
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4-13. G5,4,1800,0)

cos<p—sirup0 ¢
simp cos<p 00|
0 o A1}’

.0 0 O0A

ady = AERN{O>>vE(O]ir)-

4.14. G5 41400 u.0) °

‘cosip —sirup 0 0
L1 costp 0 O
adx, T p " :

0 0 A-

AueRO0 0 fi A
Jj>0,((3€ (O, TT).

In proving Theorem 3.1, we need some lemmeas.

Lemma 3.1. For X, Y E Q\Bl, X #Y, by considering adx, ady as oper-
ators on Q' we have adx °2dy = ,dy ° adx.

Proof. By using the Jacobi identity for X, Y and consder an arbitrary
gement Z E G, we have
[[X,Y1,Z] +“Y,ZI Xl +*“~XI,YI=0
* [X,[Y,ZII-[Y,[X,211=0
<=> adx°ad,(2)=ad,0ady(2).VZ E G'
<$+ adx ° *dy = ady o adx . 0

Lemma3.2. (see[2], Chapter 2, Proposition 2.1) Let G be an MD-algebra
with F E Q* is not vanishing perfectly in Q, i.e. there exists U E Q" such
that (F, U) # 0. Then the K-orhit RF as one of the K-orbits having maximal
dimension.

Proof. Assume that RF is not a K-orbit with maximal dimension, that is,
dimQ g = 0. Then we have

dimGr = dim6 — dimRF = dimQ.
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Consequently, KerBr = Gr = G D G! and F is perfectly vanishing in G!.
This contradicts the hypotheses of the Lemma. Therefore, ) must be a
K-orbit with maximal dimension. O

Lemma 3.3. Let F be an arbitrary element of G*. Then dimQp =
rank(B), where B = (b;;)s := ((F, [X;, X;])),1 < 4,j < 5, is the matriz of
the skew-symmetric bilinear form Bp in the basis (X1, X2, X3, X4, X5) of
g.
Proof. Let U = aX; + bX5 + cX3 + dX4s + eX5 € G. Then we have
Gr = KerBr
= {U € G/(F’[U1X1,]) =0; 1= 172”3,475}'

By simple computation, we obtain

UegGr & B

- AN o8
i
o O O O O

Hence, dimQp = dimG — dimGr = rank(B). O

Lemma 3.4. If G is a real solvable Lie algebra of dimension 5 with the
first derived ideal G! = R* then G is a MD5-algebra.

Proof. Let G be areal solvable Lie algebra with dimension 5 such that G! is
the commutative Lie algebra with dimension 4. Without loss of generality,
we may assume that G! = RX; @R X; O R.Xy ®R.Xs = R, ady, =
(aij)4 € End(G') = Mat4(R); a;; € R, 1 <4,j < 4.

Let F = aX1* + 8X2* +vX3* + 6 X" + 0X5* = (a,8,7,6,0) be an
arbitrary element from G* = R%;a, 8,7, 6,0 € R. Then, by simple compu-
tation, we can see that the matrix B of the bilinear form Bp in the basis
(X1, X2, X3, X4, X5) of G is a matrix of the following

0 Y a G20 — Yy Qi3 — Y oi Gialh — Do, Gis 4
E?:Z a0, 0 0 0 0
Z?=2 ;30 0 0 0 0
¥ ip Gia 0 0 0 0
E?:z Gi2Q; 0 0 0 0
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It is now clear that rank(B) € {0, 2}. Hence, according to Lemma 3.3,
QF is the orbit with dimension 0 or 2, i.e. G is an M D5-algebra. o

We now prove the main theorem.

Proof. It is clear that assertion (i} of Theorem 3.1 holds obviously. We
only need to prove assertion (ii). Assume that ¢ is an indecomposable
MD5-algebra with basis (X1, X2, X3, X4, X5) and its first derived ideal Gt
is commutative. Then dim G! € {1,2,3,4}. In [16], Theorem 2.1 and [19],
Theorem 3.2, the cases had been considered when dim G! € {3,4}. There-
fore, we only need to consider the remaining cases when dimG! € {1,2}.
However, for the sake of completeness, we now consider here all cases.

1. dimG! = 1. Without loss of generality , we may assume that G! = R. X5 =
R.

1.1. Assume that there exists i € {1,2,3,4} with [X;, X5] # 0. Renumber
the given basis, if necessary, and we suppose that [X4,X5] = aXs, for
some a € R\{0}. Then, by changing X4 with X, = —X4, we obtain
[X4 , X5] = X5. Now, without any restriction of generality, we can assume
that [X4, Xs5] = X5.

Let [X,,Xg,] = asz,[X,,X4] = b;X5:a:,b; € R;i = 1,2,3. Then by
changing X, = X; — a; X4 + b;Xs(t = 1,2,3), we get [X1 ,Xs] =
[Xi',X4] = 0;1 = 1,2,3.. Hence, we can always suppose right from the
start that [X;, X5] = [X;, X4] =0;1=1,2,3.

Now, let [X;, X;] = ¢;; X5, ¢ij € R;1 <4 < j < 3. Then, by using the
Jacobi identity, we get ¢;; = 0 for all 4,4, 1 < i < j < 3. But this shows
that G is decomposable, which is a contradiction. Thus, this case cannot
happen.

1.2. Assume that [X;, Xs] = 0 for all i = 1, 2, 3, 4. Then, there exists
[Xi, X;] = ¢i; X5, ¢ # 0 for some 4,5 € {1,2,3,4},i # j. By apply-
ing the same argument as in Case 1.1, we can suppose that [X;,X3] =
(X3, X4] = X5 and [X;, X3] = [X;, X4] = 0;¢ = 1,2. Therefore, G 2 Gs ;.

2. dimG! = 2. Without loss of generality, we now assume that ¢! = R. X4 @
R.Xs =R?; adx,, adx,, adx, € End(G') = Maty(R).
2.1. [X;,X;]=0,1<i<j<3.
If there exists adx, = 0 then G is decomposable, which is a contradiction.
Hence, adx; # 0,7 = 1,2,3. We now show that we can always obtain

adx, = 0 by changing the basis. Indeed, we can let ad x, be (a,- Z’) #
: ci a;
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00y . :
(0 O) ; ©=1,2,3. We first assume that ag # 0. Then, by writing X; =

_ 06\ . '
Xi-;&;x3, we get adyr = ( , d’,) , t = 1,2. Hence, we can suppose that
* Ci G4

adx, = (0 Z’) , 1 =1,2. According to Lemma 3.2, adx, cadx, = adx, o
?

ad x:- 1t follows that adx, = k.adx,, for some k € R\{0}. By changing

X2 = X9 — k. X1, we get adX = 0, a contradiction. When d3 # 0, then

by using the same argument, we can also obtain a contradiction. Finally,

assume that ag = d3 = 0, b2 + ¢ # 0. In view of Lemma 3.2, we get

adxi o adx3 = a,d)(3 o adxi(i = 1 2)

Hence, it follows that adx, =k; (1 0) 0 #k; € R, i =1,2. In particular,

adx, = k.adx,,k = #2. Now, by changing X, = X3 ~ kX, we get
ad, 0= 0, again a contradlctlon Hence, Case 2.1 can not happen.
Assume that there exists [X;, X;] # 0,1 < i < j < 3 and adx;, = 0
1=1,2,3.

It is clear that G' = ([ X1, X2], [X1, X3), [ X2, X3)), and whence, the rank
of {[X1, X2), [X1, X3], [ X2, X3]} is 2 and without restriction of generality,
we can assume that {{X1, Xz], [Xs, X3]} is a basis of G. Let [X1, X3] =

aX4+bXs, (X2, X3] = cX4+dXs with D :=det (Z z> # 0. By changing

basis as follows

1 1 ' 1 ; ,
Xy = 5(dX4 —bX5), X5 = E(-—CX4 +aXs)

we get [X1,Xo] = X4‘, [X2, X3] = X5'. Hence, we can assume that
[X1, X2] = X4, [X2, X3] =
Let [X1, Xa] = X4 + BX5. Then, by changing the basis as follows:

Xy = X1 — BX2,Xg = X2,X3 = —0Xs+ X3
we get
[X)', X2 = Xa, X5, X'} = X5, [X2', X1 = 0.
Thus, we can always assume that
(X1, Xa} = X4, [X2, X3] = X5, [X1, X3] = 0.

Therefore G =G5 3.1.
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2.3.

2.3a.

2.3b.

2.3c.

Assume that there exists [X;, X;] #0 and adx, #0,1<i#j<3,1<
k < 3. Then, without loss of generality, we may assume that adx, # 0.
We can always change basis of G such that adx, becomes one of the
following matrices

00 10 11 cosp —sing\
(1 0) ’ (0 ,\> ’ (0 1) ’ (sin(,a cosp ) i AER,p € (0,m).

Assume that adx, = ((1) g) Then by using an argument analogous to

that in Subsection 2.2, we get adx, = adx, = 0. Again, by Jacobi identity,
we obtain [Xl,Xz] =aXs,a €R.

Let [Xi, X3) = a; X4 +b: X5 a,,b € R, i=1,2. If a = 0, then by changing
X, = X;+ b X4, we get [X, ,X3] = a;X4, i =1,2. Hence, we can always
assume from the outset that [X;, X3] = a;Xa;1 = 1,2; a12 + a2? # 0.
Without loss of generality, we may assume that a; # 0. Now, we change
again the basis as follows

y . 1
X1 = X1 - a—l.Xg, X2 = —Xg.
a2 az

Then we get [Xll,Xg] =0, [le,X3] = X3, i.e. G is decomposable, a con-
tradiction. Hence, a # 0.

In the same way, we obtain
[X17X2} = [X31X4] = XS’ [X21 X3] = AX4: 0 # AER.
Therefore G = Gs 2 2().

10
Assume that adx, = (0 NE A € R. Then, by using a similar argument
as above, we get Gs 23! (X1, X2) = X5, [X3, X4] = X4. By using Lemmas
3.1 and Lemma 3.2, and by direct computation, we can show that G523
is not an MD5-algebra. Hence, this case has to be rejected.

11 cosp —sing
A that ad ; i
ssume that adx, € {(0 1) , (simp cosp ) ; @ € (0, 7r)} By using a

similar argument as above, these cases have to be also rejected.

. dimG! = 3. We can always change basis to obtain g! = RX;dR.Xy @

R.X5 = R3; adx,, adx, € End(G') = Mats(R).
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It is obvious that adx, and adx, cannot be the trivial operators con-
currently because G! = R3. Without loss of generality, we may assume
that adx, # 0. Then, by changing basis, if necessary, we obtain a similar
classification of adx, as follows

AL 0O

. 0’\20)’ (A1, 22 € R\ {1}, Ay # Az # 0);
001

100

e [010], (AeR\{0,1})

00X
A00
e [010], (neRr\{1});
001
100
e {010];
001
A00
e {011}, (AeR\{1});
001
110
e [010], ( eR\{0,1})
00A
110
e |011]);
001

cosp —sing 0
e | sing cosp 0, (AeR\{0}, ¢ € (0,m)).
0 0 A

Assume that [X1, Xo] = mXs +nX4+pXs;m,n,p €R. We can always
change basis to have [X1, X2] = mXs. Indeed, if

A 0O
adx, = | 0 220, (1,20 €R\ {1}, At # Xa 0),
001

then by changing X for Xll = X1+ X4 +pXs we get [ X1, Xo) = mXs,
m € R. For the other values of ady,, we can also change basis in the
same way. Hence, without restriction of generality, we can assume that
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[Xl,Xz] =mXs, m€R.

3.1.

3.2.

3.2a.

3.2b.

3.3.

There are three cases which contradict each other as follows.

[X1,X2] =0 (ie.m=0)andadx, =0. Then G = HOR. X, where H is
the subalgebra of G generated by { X2, X3, X4, X5}, i.e. G is decomposable.
Hence, this case is rejected.

[X]_,XQ] =0 and adxl 9é 0.
A 00

Assume that adx, = | 0 A2 0| ; A1, A2 € R\ {1}, A1 # A2 # 0. In view
0 01

of Lemma 3.1, it follows by a direct computation that

nw00
adx, =[0v0|;pv€eR,; p2 4+ 2+ €240,
00¢

If £ # 0, by changing Xll = X; — {Xa, we get

w00
ady ' = 0v0];
000

where /J,I = u— &, vV o=v-— &Aq. Thus, we can assume that

©00
adx, = | 0vO0];uveR; p?+12£0.
000

Using Lemmas 3.2, 3.3, and by direct computation, we can show that G
will not be an M D5-algebra in Case 3.2a . So this case must be rejected.

In exactly the same way, but replacing the considered value of adx, with
the others, we can easily see that Case 3.2 cannot occur.

[X1,X2] # 0 (i.e. m # 0 ). By changing X; by X, = %Xl, we have
X 1/,X2] = X3. Hence, without loss of generality, we may assume that
[X1,X5] = X3. By using a similar argument as the one in Case 3.2a,
we obtain again a contradiction if adx, # 0. In other words, ad x, = 0.
Therefore, in the dependence on the value of adx,, G must be isomorphic
to one of the following algebras:

— G53100.02) (A1, A2 € R\ {1}, A1 # A2 # 0);
— Gs3200, (A€eR\{0,1});
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- Gs330n), (AeR\{1});
—~ 053,45
- gs,s,s(x), (A eR\ {1});
= 5360, (AE€R\{0,1});
- G537
- g5,3,8(A,<p)1 (>‘ €R \ {0})’ pe (O’ 7!') )
Obviously, these algebras are not mutually isomorphic to each other.

4. dimG* = 4. Without loss of generality, we may assume that G! = R. X,
RXsdR X4 dpR. X5 = R4, adx, € End(gl) = Mats(R).

According to Lemma 3.4, the final assertions of Theorem 3.1 can be
obtained by using similar classification of ady, .

In view of Lemma 3.3, it follows by direct computation that all algebras
listed in Theorem 3.1 are M D5-algebras. This completes the proof. o

3.1. Concluding Remark

Recall that every real Lie algebra G defines only one connected and sim-
ply connected Lie group G such that Lie(G) = G. Therefore, we obtain a
collection of twenty - five families of connected and simply connected M D5-
groups corresponding to given indecomposable M D5-algebras in Theorem
3.1. For the sake of convenience, we denote every M D5-group from this
collection by using the same indices as its corresponding M D5-algebra.
For example, G53,1(2,,,) 18 the connected and simply connected MD5-
group which corresponds to Gs 3.1(x,,5,)- All of these groups are indecom-
posable M D5-groups. In the next papers, we shall compute the invariants of
given M D5-algebras, describe the geometry of K-orbits of its correspond-
ing M D5-groups and also we shall classify topologically the M D5-foliations
associated with these M D5-groups. In addition, characterization theorems
of Connes C*-algebras corresponding to these M D5-foliations will also be
established.
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