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(e) There is an exact sequence of finitely generated modules:

Defining <& to be the composition Qn-l = 8 > T, elementary diagram

chasing gives an exact sequence O —> K' => Ker @ => U => 0. Since U and 0=>X = eee > X, >N—=>0 Whe?e G-dim X, = 0 for each 0 <1i <k.
K' are in A , so is Ker a. Now let W be the pull-back of the maps Proof: First, we show the equivalence of (a) and (b). By definition,
2 . 12 ] ,
. . . . k+1
(T > ) end (Qﬁ . 8> T). Then we have an exact and commutebive diagram: G-dim M <k if and only if G-dim Ext™ (M, ) = O. Suppose (a) holds;
), n- - . .

K then G-dim Ext (0™, ) = 0. Now G-dim F = O implies Godim S,F=0 by

0 0 lExtl(QkM, ) = 0. Since

Lemma (3.4). It follows that G-dim S

s, Bt (Y, ) ~ 8,570, ) = (@), ) we heve G-aim(9f, ) = 0. Therefore,

G-dim 05M = 0 and hence (b) holds. Conversely, suppose (b) holds. Then

Ker o === Ker « .
‘ G-dim(@,_) = 0. By Lemma (3.4t) we see that

k-1

0 = G-ain(9"M, ) = G-din sM(e"M, ) = G-dim Ext (@, ) = G-dim ExtSTR(e, ).
oo » ' : ' Therefore, G-dim M <k and so (a) holds. Thus, (a) and (b) are equivalent.
0, > ¥, > W — Q. > 0 ‘ _
n To prove that (b) implies (c) we just observe that the sequence
! L 0= QkM - Pk-l—> cee = PO —=>M-—=> 0, with the Pi the usual projective.s P
i . : _> T > 0 - ‘ ' '
; ! O_ > Yn > Yn—l > satisfies our regquirement (sin(_:e projectives have G-dimension zero).
Finally, we show that (c) implies (b). Consider the sequence
0 . 0 0= Q}%/I > P = e > P, > M-> 0. Since the I—’:.L are projectives, fchez/;

0

. . have zero G-dimension. By assumpbion there exists an exact sequence
Since Y. 1 and Ker ¢ are in A, we see that W is in - A. Since Qn-l ’ .
n- ' ’ 0=>X =>X )= ...>X —>M->0 vhere the X have zero G-dimension.

is projectivé, the middle row splits and an is a direct summand of W. 3By o
By Lemma (3.12) we conclude that G-dim o = 0 s concluding our proof.
property (b) we conelude that Y isin A , completing the proof. v

: o (3.14) COROLLARY: When M is finitely generated, G-dim M < pd. M. .
' ' Let us return to the category of R-modules. As we observed prior to

‘ : L. Proof: If M has projective dimension k , then there is an exact
(3.11), the full subcategory & of modules of zerc G-dimension satisfies B
sequence 0O —=> Pk - Pk-l = 0

generated projectives. Since . G-dim Pi =0 for 0<ic<k, we apply the

eee => P, = M = 0 vhere the Pi are finitely

the hypotheses of Lemma (3.12). An application of this fact is contained in

| the following important characterization of G-dimension. )
previous Theorem to conclude that G-dim M < k.
(3.13) THEOREM: For an integer k > O and a finitely generated module M, - ="

: (3.15) COROLLARY: Suppose M is finitely generated.
the following statements are equivalent: :

(a) If G-dim M < then G-dim M = the smallest integer k > O such

| () G-gim M <k. |
i ' kM that there exists an exact sequence
(v) G-dim QM = O. :
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0> X > ... >X >M->0 with G-dimX, =0 for 0<1i <k.

0
(b) If G-dimM #0 and O0~>N-=>X->M-> 0 is exact with

G-dim X = 0 , then (G-dim N) = (G-dim M) - 1.
The proof of this Corollary (using Theorem (3.13)) is analogous to the
proof of similar statements for projective dimension.

(3.16) COROLIARY: Suppose 0 —=> M, > Mg‘ —>M; > 0 is exact with M

finitely generated (i = 1, 2, 3) and with G-dim M3 =n<w. If t>n,

then G-dim M2 <t if and only if G-dim Ml <t.

Proof: Consider the exact and commutative diagram:

0 0 . 0
% . F
—_— —_— — —_ 0
0 > My > M, > Mg
—_ N — — 0
0 > F, > By + Q > Q,

/ T
0 —> B, —> P ,*+Q , —>Q , —> 0
0 —> B, —> B .+0Q >Q, , —> 0
—_ — — —> 0
0 > K > K, > K,
A .
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where -the P, eand Q; are projective (0 <i <t -1) . Then K, ~ Qt(Mi)

s0  G-dim Ki = G-dinm Qt(Mi)‘ for i=1, 2, 3. Since G-dim M3 =n, and
n<t we have G-dim QtM3 = G-dim K3 = 0 (by Theorem 3.13) . Since
0= Kl - K2 - K3 —> 0 is exact, we have G-dim K2 =0 if anq only if
G-dim Kl = 0. Thus, G-dim QtM2 =0 if and only if G-dim .QtMl = 0. By
Theorem (3.13) this is equivalent to saying G-=dim M2 <t if and only if
G-dim Ml <t , so our result is proved.

We conclude. this Chapter with a re‘sul:c which will be consi‘dera,bly
strengthened in the next Cha.pteruwhere our rings will ’pe commutative.
(3.17) PROPOSITIOI\T: Suppose M is finitely generated and G-dim M = n < w.
If grade ‘Exti(M,R) >21i+k forall 1< 1 <n then M is k-torsion free.
_ Proof: Since grade Exti(M,\R) >i+k for 1<i<nmn, Proposition
(2.28) tells us that M is k-torsion free if and only if O°M is
(n + k)-torsion free. Since G-dim M <n we have G-dim Q"M = .O by
Theorem (3.13)-.. By Proposition (3.8) we must have the. "M is j-torsion

free for all j—-ih particular, for j =n + k. Therefore, M is k-torsion

. free and we are done.
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Chapter Four: Applications to Commutative Rings
In this chapter we shall strengthen many of our previous results--parti-
cularly for modules of finite Gorenstein dimension. This will be possible

for two important reasons. First, we shall have at our disposal the tech-

R niques of localization. Second, we shall be able to describe the previously
defined notion of dépth in terms of éo-called regular sequences. ‘This will
enable us to argue inductively on the depth of a ring or module.

In §4 we shall relate Gorensteif dimension with the notion of a Gorenstein
| , ring [3].
| For the remainder of this paper, all rings will be assumed comutatiﬁe

and noetherilan ar;d, unless stated to the contrary, all modules will be

finitely generated.
§1. Depth in Commutative Rings
If M and 1\T> are R-modules, recali that the M-depth of N is‘tI‘le
113 : o smallest non—negatiw}e ipteger i such that Exti(M,_l\T) # 0. (If Exti(M,l\T) =0
- for all i, then M-depth of N is o). ' v
If a is an ideal of R, we éhall say that a sequence (Xl’ ...,XS)‘ of
elements of R is an N-regular sequence in a (N is an R-module) if (a)»
i each x, lies in a; (b) x; is regular (nqn-zero divisor) in
N/(xl,...,xi_l)l\T for i=1,...,8 (vhen i=1 then x, is regular in

1
N); and (c) (xg,-- .,xs)l\T # N. If these conditions hold, then CIPRPRPE

)

s

will be called a maximal N-regular sequence iri a 1if, for any y ¢ R,
(xl, RRPEN y) 1s no longer an N-regular sequence in a. |

Proofs of the following properties of depth may be found in [é] and [3].
} . (4.1) Any N-regular sequence in a can be completed to a maximal such
sequence. If ac rad(R), thén any pemutaéion' of an N-regular sequence in

a 1s again such a seguence.
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(k.2) Let M be an R-module and §= Ann M (the annihilator of M).
If av 7! N then M-depth N < «» and M-ciepth N = thé length of any maximal
N-regular sequence contained in a or the radical of a. Furthermore, if
(Xl""’x’u) is any N-regular seqﬁence in. a , then we have:

(2) Etl(LN) =0 for i<t

() Extlji(M,N) ~ Exté_t(M,l\T/(xl, . ..,xt)N) for ‘i>t .Where
S = R/(Xl”"’xt)R’
(4.3) Let Supp(M) = {p e Spec Rh&% 0}. If M-depth N < o then:

M-depth N = Min {R/p-depth N[p & Supp M}

Min { R/p_—depth Nf;p_ is minimal in Supp M} .
(4.4) Defirition: Let R be a local ring with maximal ideal- m. Then'
depthRM fér an R-module M wi\ll denote the R/E—depth of M (this is
sometimes called the codimension of = M).

The foilowing Lemma will be guite useful to us in later sections.
(1.5) IEMMA:  If M-depth N < e thén: |

M-depth N = Min {depthR NP_I'E' e Supp M}. -
]

Proof: Suppose p ¢ Supp M; then po>.Ann M. If (Xl""’x‘b) “is a
maximal N-regular sequence in Ann M then >(xl, .. "Xt) c ERE. “and

('xl, .o "Kt) is l\TP_—regular. Therefore depthR NR >t and we have shown

B
the inequality:

M-depth N < Min {depthR NEIB e Supp M} .
B

Now let p be arbifrary in Supp M and suppose R/p_—depth M= t.
We shall produce a prime g¢g> p (hence in Supp M) such that
depth .qu\T.g = t. Let (Xl, cee ’Xt) be a maximal N-regular sequence in p.
Then every element of p is a zero-divisor for l\T/(xl, ...,xt)N. Since the
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set of zero-divisors for a module is the union of its associated primes, p
is contained in this union for N/(Xl’ ""Xt)N' Since there are finitely
many pfimes associated to a finitely generated module, and since an ideal

contained in a finite union of primes is contained ih one of them, we see

‘that p is contained in some prime g associated to I\T/(xlJ .. .,xt)l\T. Now

gRq is an associated p;‘ime of Ng/(xl""’x’c)Ng so the elements of gRg

are all zero divisors for this module. Hence (xl, ""Xt) is a maximal

N -regular sequence for R. so depth _ N = %.
o gu al gl g’ 1Y Rq q

Thus, we have shown that for any prime D & Supp M,

R
q 4

R/p-depth N = depth Nq for some q in Supp M. Therefore:
M-depth N > Min { depthR N [g € Supp M}
Since we have:already proved the reverse inéquality, we are done.

(4.6) COROLLARY: If M is a non-zero R-module, then grade M.< © and

gradeR

(recall that grade

M = Min {depth RE[ P € Supp M}

gM = M-depth R).

Proof: By virtue of Lemma (4.5) we need only show that grade M < .
However, if a = annihilator of M, then aR=a# R (since M # 0);
gl = M-depth R < = by (k.2).

§2: Gorenstein Dimension in Commutative Rings

therefore  grade

We now turn to the study of R-modules of finite G~dimension. Our first

goal will be to prove for such modules that (when R is local):

(G-dim M) + (depthR_ M) = depth, R

_To do this, we must first_,_See how G-dimension behaves with respect to regular

sequences.

The following is a standard result:
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(4.7) IEMMA: If x e R is both M and R regular, then
(a) Torf(4LR/(x)) = 0 for all 1> o.

() EXté{M,R/(X)) ~ Eit;/(x)(M/(x)M, R/(x))‘ for all i > 0.

Proof': Part‘(a) is obtaiﬁed by tensoriné; the exact sequence: .
0>R5r > R/(x) = 0 by M Part (b) follows from part (a) via a
standard result on change of rings [L, p. 118, Pro_"p‘. 4.1.3]7.

Since we shall often be working with. quo‘bienfs and. localizations of R,
we shall use the following_no’ca’sion when confusion may arise. ‘If S -is
any commutative ring, m(s) will denote the category of f‘initely generated
S-modules, and G(S)-dim M will denote the Gorenstein dimension‘ of the §-
module M. We shall let £(S) denote the fillllsubca'begory of modules of
zero G(S)-dimension. Fiﬁally, . DS( ) ij;ll denote the functor D defined
on the category #(8). .

(4.8) LEMMA: If" x is R—regular,‘ then DR/(X)(M/(X)M) ~ DR(M)/(Xj DR(M),
the isomorphism occurring in (R/(x)). ' ‘ '

Proof: Let P —> P, —> M >0 be exact with P

o’ Pl the usual pro-
Jectives. Tensoring by R/(x) gives the exact sequence:

Pl/(X)Pl - Po/(x)PO - M/(x)M»—> 0
Furthermore, it is well-known that P/(x)P is R/(x)-projective when P is

R-projective. Therefore we can use this sequence to compute Dy /(x) M/ (x)M)

P/ () M/ (M) = eoker(Fomy ) (Bo/ (x)Ps B/ (x)) > Homy 1 (21/(x)2,8/(x)

Since each Pi is projective and X is R-regular, we see that x is Pi-

regular also. From Lemma (L4.7) we conclude that

Hé@R/(X)(Pi/(X)Pi,R/(x) ~ Homp (B, ,R/(x)) for i=0,1. Thgrefore:

DR/(X) (M/ (x)M) ~ coker(HomR(PO, R/x) = Hom, (P, ,R/(x)))




110 M. AUSLANDER AND M. BRIDGER

But now we have the exact and commutative diagram:

0 0
HomR(PO,R) _— HomR(Pl,R) ¥—> DR(M), ——%—> o
X X ) X
Hon(Po, R) —————> Hom (], R) > D, (2) > 0
Hom (2., B/ (x)) ——> HomR(I:l, R/ (x)) ——> D{0)/(x)D (1) ——> O
0 0 o 0

Therefore coker (HomR(PO,R/(x)) - ﬁémR(,Pl,R/(X))) ~ DR(M)/(X)DR(M) hence

DR/(X) M/ (M) ~ DR(M)/(X)DR(M), concluding the proof.

(4.9)  LEMMA: The full subcategory &(R) of R-modules having zero G-
dimension has the folléwing propérties: . '

(a) L is in &(R) Aif and only if DR(L) is in Z(R).

(®) If I is in #(R) then I* is in &(R).

(¢) 1If (Xl""’x’c) is an R-regular sequence and L is in %(R), then
(xl, e .,x_b) is L-regular and L/(xl, .. .,xt)L is in '.&(R/(xl, .. .,x_b)).

Proof: To prove (a) we recall that G-dim L =0 if and only if
Exti(L,R) = Exti(D(L),R) =0 for all i> 0. ‘Since D(D(L)) ~ L we see
that Exti'(D(D(L)),R)m Exti(L',R) for i'> 0. Therefore G-dim T = O
if and only if Exti(D(D(L)),R) = Exti(D(L),R) =0 for all i > 0; that is,
if and only if G-dim D(L) = O. This proves (a).
| Now suppose L is in %(R). From the usual preséntation:

1
By part (a) we have that D(L) is in Z(R). Since P

1

0

P> PO > T, = 0 we get the exact sequence 0 —=> L* > Pzg = P¥ -> D(L) ;>O-

and Pl are finitely
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gehera‘ted projectives, so are P*Oe and P*f, hence they too are in &(R).
Now when O —=> A -> B = C —=> 0. is exact with C in £(R), then A is
in %(R) if and only if B is in %(R)--this by Lemma (3.10). Applying
this twice to O => I* —> PY > P¥ > D(L) = 0 we conclude that IL¥ is in
%(R), proving (b).

We now prove (c) by induction on +t. When t= 1 let x = x,. Then
X is R-regular. Since G(R)-dim L = 0, we know that I is Il-torsion
free (since Extl(D(L),R) = 0), hence a submodule of a free module. It
follows that x 1is L-regular. DNow the exact sequence
0= ‘R BN R = R/(x) = 0 gives rise to exact sequences
Exté(L,R) - Ext;(L;R/(x)) - Ext?l(L,R). Since G-dim L = O, we have
Extig(L,R) = 0 for all i > O. ‘Therefore EX’tiR(L,R/(X)) =0 for all i> 0.
Now x is both R and L-regular, so Lemma (4.7) tells us that
Ethf;(L,R/(X)NExt;/(x)(i/(x)L,R/(x)), s0 Exti/(x)(L/(x)L,R/(x)) -0 for
all i > 0. By part (a), already proved, DR(L) is in %(R), so the same
reasoning just used gives Extlf;/(.x) (DR(L)/(X)DR(L),R/(X)‘) = 0 for all

i> 0. But DR(L)/(X)DR(L) ~ DR/(X)(L/(X)L) by Lemma (4.8). We thgrefore

v i i ‘

have: 0 = Ext D L/(x)L),R/(x)) = Ext AL/(X)L,R/(x
B o) P ey (B V), ) = B (1 (03, 3/ )
1> 0. We conclude that L/(x) is in #(R/x), completing the case t = 1.
Now suppose that %t > 1 and (c¢) holds for all positive integers less

than t. Then L/(xl, ""’Xt-l)L is in G<R/(Xl""’xt-l)' Since x_ 1is
R/(xl, ...,xt_l)-regular by assumption, the case € = 1 already proved shows
that x,

t
regular sequehce. Also, by the case t = 1, we conclude that

is (L/(xl, .. ”Xt-l)L) regular; therefore (xl, .. "Xt) is an L-

L/(Xl’ . "X'b-l’x‘c)l' is in &(R/(xl, . ,Xt)) _This completes the induction
and the proof. ‘
(4.10) 1EMMA: If G(R)-dim M < o and x is both R and M regular, then
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G(R/(x))-dim M/(x) M < =.
Proof: When G(R)-dim M = O we have G(R/(x))-dim M/(x)M = O by the
previous Lemnﬁa.. We proceed by induction on G(R)-dim M, assuming the state-

ment true for O < G-dim M < n. When G-dim M = n, choose an exact sequence

0->K->P->M->0 with P projective. By Corollary (3.15) we must

have @(R)-dim K = n - 1 < n. By induction hypothesis we have
G(R/(x))-dim K/(x)K = t < ». This means that we have an exact sequence

0> Xt = ... _>_XO

- K/(x)k = 0 where G(R/(x))-dim X, = 0 for
0<1i<t. '

Since x is R and M~ regular, fori(M,R/(x)) = 0 by Lemma (J+7),
therefore 0 —= K/(X)K = P/(x)P = M/(x) M —>.'>0 is exact. Since
P is R-projective, P/(x)P is R/(x)-projective, hence has G(R/(X))—

dimension zero. Splicing, we have an exact sequence:

0=>X, > ... >X) > P/(x)P = M/(x)M = 0

where all modules except M/(x)M have G(R/(x))-dimension equal to zero.
Therefore G(R/(x))-dim M/(x)M <t + 1 <= and we are done.

When R is a ring which has no R—reg@lar seq_uencés (e._g. R 1is lgcal
of dimensio.n zerc) then we can give a fairly simple criterion for a module
%o have zero (or finite) G-dimension. We observe first that if E* = O
for an R-module E, then HomR(E,R) =0 so grade E > 0. Since grade E
for T # 0 is always finite (by (4.6)) we see that the annihilator of E
contains an R-regular sequence of length at least 1. This being impossible
by assumption on R, we must have E = 0. Thus, for a ring of the type
under consideration, E¥ = 0 implies E = O. We now can prove:

(%.11) PROPOSiTIOl\T: Suppose every non-zero-divisor of R is a unit. TFor
an R-module M the following statements are‘then equivalent: '

(a) G-dim M =0
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(b) G-dim M <
(¢) There exists an exact sequence:
L E > >F D F S F > F > > F >

of free modules such that M = coker(J?:L - FO) and M,_ = coker(F

t w1 Ty

is reflexive for each -« < t < o,

Proof: We show the equivalence of (a) and (b) first. Since (a) clearly
implies (b), suppose that (b) holds, so that G-dim M < n < o for some
pbsitive integer n. We shall prove (&) by induction on n. Suppose first
that G-dim M = n 5 1. Then we have an exact sequence. ‘
0->1 > Ly—>M-—>0 where G-dim I, = O for i=0,1l. Dualizing this
sequence, we obtain the exact séquehgé: 0 = M¥ > I¥ = L¥ —> Extl(M, R) = 0.

1
Dualizing again, we see that 0. — (Extl(M,R))* = Li* > L¥* is exact.

0
Since modules of finite G-dimension are reflexive (see Proposition (3.8)),
Wwe have L:*a,a L; fof i = 0,1. Therefore (Extl(M;R))* = 0. By remarks
made above, we conclude ‘that- Extl(M, R) = 0. Now
G-dim M = max {t[Extt(M,R) # 0} <1 (see remarks after (3.7)). We conclude
that G—dim M= 0. DNow suppose -that G-‘dim M<n -1 implies G-dim M = O.
If G-dim MS n, consider the exact sequené_e 0—=>XK-=P-=>M->0 where
G-dim P = 0 (say P s projective). Then G-dimKX<n -1 sé G-dim X = 0
by induction hypothesis. We then have G-dim M < 1, so G-dim M = O by the
case n = 1 already proved. .

Thus, G-dim M < o if and only if G-dim M = O.

We now show that (a) and (c) are equivalent. Suppose first that

G-dim M = 0. Let ... —> Fi - . = Fl - Fo =M —=> 0 be a free
resolution of M. When Mt = coker(Ft+l -> Ft) we have exact sequences
O( - MJG_Fl - Ft'-> Mt = 0. If G-dim Mt = 0 then G-dim Mt+l = 0 since
F, (being free) has G-dimension zero (see (3.11)). However, M. = M has

0




Furthermore, M,, = Q M, so Extl(M_t,R) ~ Extl(M
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G-dimension zero; therefore G-dim Mt =0 forall >0, so Mt is

reflexive for all t > O. Now since G-dim M = O, we have that M is k
torsion free for all k. By Theorem (2.17) we can find an exact sequence

0>M=>F >F > ... > F_; > ... wvhere the Et(t < Q) are free

modules. If M = coker (F

0>M—>F_ = .m0 >F >F >M >0,

Since G-dim M = 0, we have G-dim Mt <t <o Therefore G-dim M’c =0, so

41 - Ft) then we have an exact sequence:

Mt is reflexive. Thus, the sequence

C>E > D F) ST >F > > TF >

obtained by splicing satisfies the requirements of (e).
Finally, suppose (c) holds. From the exact sequence

0 - M’c+l - Ft - Mt - 0 we get the exact sequence:

1
- * — X = % - —
0 = Mf = F¥ = Mf ., > Ext (1,R) > 0.

1

1
A ¥ —> MER. > TR, §i
This gives the exactness of 0 —> (Ext (Mt,_R)) > Mpx, > F¥ Since F,

is free, F, 1is reflexive, while M . is reflexive by assumption. There-

t 1
for (Extl(Mt,R))* =0, 80 Extl(Mt,R) = 0 (this for each -®»< t < @),

s R) = 0. Thus

s T % i1,

E‘xtl(Mt,P) = 0 for each t and all i > 0; in particular, this holds for
Yo
exact. sequence O > M > F-l = ... >F

= M. DNow suppose that k > O is an arbitrary integer. Ve have an

= M., = 0. Since

-k -k

Extl(M_k,R) =0 forall i>0, we see that

% > B = LF¥. > M¥ = i . 3
F-k > F—(k—l) > .. F—l > M¥ = 0 is exact The existence of a sequence

0>M—>F 2> ... >F with this property (and the F

X free) is

kS
equivalent, by Theorem (2.17), to M being k-torsion free. Since k was
arbitrary, we have that M is k-torsion free for all k; that is,

Ext (D(M),R) = O for all i > 0. Since Ext (M,R) = 0 for all i > 0 as
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well, we have G-dim M = 0, concluding the proof.

We now turn our atténtion to local rings. When R is local with maximal
ideal m, and M is an R-module, let us recall that depth M means R/g—
depth M. This is the length of a maximal M-regular sequence in m, and is
always finite when M # O (since mM # M by Nakeyama's Lemma).

(4.12) PROPOSITION: ZIet (R,m) be a local ring and M # O an R-module of
finite G-dimension. The following statements are equivalent: .

(2) G-dim M = 0

(b) Torlj?(M,A) =0 for all i > 0 and every R-module A such that
rd A < o,

(e)- Every R-regular sequence in m is M-regular

(d) depth M > depth R

(¢) depth M = depth R

(£) Exti(M,R) =0 for all. i > 0.

i
(g) Ext (M;A) = O for all i> 0 and every R-module A such that
pd A < o,
Proof: Assume G-dim M = O; we shall i:rove (b). Suppose pd A = n.

Since G-dim M = 0, we have that M is n-torsion free (for all n), so
M is an n-syzygy; i.e. M ﬁ for some X (see Theorem (2.17)). Since
To:r‘i vanishes on projectives for i > 0 we have:
Tori(M,A) ~ Tori(QnK,A) ~ Tori+n(K,A) = 0 (since i >0 and hence
n+1i>n=7pdA).

Now suppose (b) holds,. and let (Xl""’xt) be an R-regular sequence
in m. The Koszul complex Rx:l, st provides a finite projeétive
resolution for R/(xl,. . "Xt)R' If we tensor this resolution by M, we

obtain the XKoszul complex Mx-l % whose ‘homology modules are clearly
. : Rt
the Tori(M,R/(Xl, .. "Xt)R) . 'Since pd R/(Xl, .. "Xt)R < these

are all zero by assumption. Thus, Mx~l " is acyeclic. It is a
1, ...
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standard result that this acyclicity is equivalent to (Xl’ . "Xt) being
M-regular. Thus, (b) implies (c).

It is clear from the definitions that (c) implies (d).

We now _deduce (e) from (d) by induction on depth R. Suppose depth R = O.
Then every element of m is a zero divisor so m is contained in the union
of‘ the associated primes of R. Since m is contained in a finite union of
primes, and is maximal, m itself is associated. We therefore have an
injection: 0 -> R/m —=> R. Applying the functor (M¥, ) we obtain an
exact sequence: 0 —=> (M*,R/rﬁ) —> M¥*%, @ince depth R= 0 and G-dim M < » ,
Proposition (4.11) gives G-dim M = O. Therefore M, M¥*¥. Now the module
(M*,R/g) cannot be zero. If it were, thén the annihilator of M¥ would
have to confcain én R/g—regu.lar element which would then be a unit. Conseg-
uently we would have M¥ = 0 which gives Ma M¥¥ = O, cdn'zrary to
asswnption. Thus, Mz M*¥¥ contains the non-zero submodule (M*,R/gl_)
which is clearly annihilated by' m. It follows thatv m cannot contain an
M-regular élement, S0 d_epth M = depth R = O.

Now supposé depth R > 1 and that the implication holds for r.ings‘ of
smaller depth. By assumption, depth M > depth R > 1. We can find an
elemeh’c in m Whiéh is both M and R regular. If not, m would be
contained in th_e union of the associated primes of M and of R. 1In this
case, m would be associated to either M or. R which is not true since
M and R each have depth > 1. Therefore let x em be M and R-regular.
Since G(R)-dim M < », Lemma (4.10) gives G(R/(x))-dim M/(x)M < «. By
induction assumption, depth M/(x)M = depth R/(x) = (depth R) - 1. Since
depth M/(x)M = (depth M) - 1, we conclude that depth M = depth R, completing
the induction. |

Now suppose (e) holds. We prove (f) by induction, again on depth R. When
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depth R = 0, ZIemma (4.11) gives G-dim M = 0, so Exti(M,R) = 0 for all
1> 0. Thus, (f) follows in this case. Now suppose depth R > 1 and the
implication holds for rings of smaller depth. As above, we can find an x
which is both R and M regular. Since depth M = depth R we have
depth M/(x)M = depth R/(x) = (depth R) - 1. Since G(R/(x))-dim M/ (x)M < o,
our induction hypothesis gives Extg/(x)(M/(x)M, R/(x)) = 0. for all i > O.
Since x is M and R-regular we also have, from Lemma (4.7), that

Ext;'{(M,R/(x)) s Extl:;/(x)(M/(x)M,R/(x)) =0

for all i > 0. Now the exact sequence

0>R5 R R/(x) > 0
yields the exact sequence: Extl:';(M,R) N Extlj%(M,R) - Ext;(M,R/(X)) whose
last term is zero for 1 > 0. We conclude that Ext;(M,R) = (%) Exti(M,R).
By Nakayama's Lemma we obtain our result: Exti(M,R) =0 for i > 0.

Now suppose (f) holds, so that Exti(M,R) =0 for all i3> 0. We
procéed by induction on pd A. Since Exti(M, ) is projectively stable
for 1> 0, Ex’c_i(M,A) =0 vhen pd A= 0 and i > 0. Now suppose
pd A> 0 and (f) holds for modules of smaller projective dimension. TLet
0->K-—=>P->A->0 beexact with P projective. Then pd K= (pd 4) - 1
50 Exti(M,K) = Exti(M,P) =0 for all i > 0 by induction hypothesis. The
exact sequence Ext (M,P) —> Ext (,A) = Ext TT(L,K) gives Ext (M,4) = O
for all i > 0 completing the induction. Taus, (f) implies (g).

Finally, when (g) holds we have Extj-'(M,R) =0 for all i > 0. Since
G-dim M < ®» we have ‘

G-dim M = max {t|Ext°(14,R) £ 0} = 0
thus, (g) implies (2). This completes our proof.
: We now come to the main result of this se'ction, relating depth and

G-dimension. Note that part (b) generalizes the well-known result for
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modules of finite projective dimension.

(4.13) THEOREM: Let (R,m) be a local ring and M an R-module with
G-dim M < =,
(a) The following numbers are equal:
(1) G-dim M
(ii) The smallest integer t > O such that Torlf(M,A) = 0 for

all i>t and all modules A with pd A<,

(iii) The smallest integer + > O such that Ext;'{(M,A) = 0. for
all 1>t and all modules A with pd A < o,
(iv) The smallest integer t > O such that Extlji(M,R) =0 for

all 1> t.

(r) (G-dim M) + (depth M) = depth R.

Proof: We shall prove only that the integer aescribed in (ii) is equal
to G-dim M. The remaining equalities of part (a) are proved in an analogous
manner, using Proposition (h.lz)‘, and the details will ’k:;e left to the ‘reader.

Suppose then that k is the smallest non-negative integer such that
Tor?(M,A) =0 for all i>k and all A of finite projective dimension.
Consider QKM Since G-dim M < ® we have G-dim QKM < G-dim M <, If
pd A < « then Torl;(QkM,A) ~ Tor§+j(M,A} =0 when J>0 (so j+k> k)
By Proposition (4.12) we. conclude that G-dim °M = 0; therefore G-dim M < k.
On the other hand, if G—é.im M=n<k, then G-dim "M =0. If i>n we
have Tor?(M,A) ~ Tor?_n(QnM,A) = 0 . by Proposition (4.12) again. Tﬁis,
however, contradicts the minimality of k, so we must have G=dim M = k.

As was mentioned, the other parts of (a) are proved similarly, so we
turn our attention to part (b). We shall proceed by induction on G-dim.M.
When G;dim M = O we have already proved in Proposition (4.12) that |

depth M = depth R.- Therefore suppose G-dim M = n > 0 and ‘the assertion holds
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for modules of smaller G-dimension. Consider the exact sequence
O>K—=>P—=>M-=0

where P 1is projective. It is well-known ahd easily proved that
depth X = (depth M) + 1. Furthermore, G-dim K = n - 1, so our induction
hypothesis gives n-1 = G-dim K = (depth R)-(depth X) = (depth R)-(depth M)-1.
We therefore obtain (since n = G-dim M): (depth M) + (G-dim M) = depth R.
This completes our induction and the proof of the theorem.

§3: Localization

We now turn to the behavior of G—dimension under localization. We first
recal:!_ that when S is a nﬁltiplicative subset of a commutative ring R,
and the R-module M is finitely pr‘esented, then .
S-]T(Ext;(M,l\T)) ~ Exti_]R(S'—lM,S_lN).b Since all rings under consideration
are noetherian and ail modules f‘ini'bely generated, we have, in particular,

i i
that (ExtR(M,R_) )P_m EXtRB(MP.’RE) where p is a prime ideal. Furthermore,

‘it is easily seen that (DR(M))ER:: Dy (MR), the isomorphism taking place

in @_(RB). Now G(R)-dim M = 0 if and only if Exti(M,R) = Exti(D(M),R) =0
for all i > 0. Since a module is zero if and only if each of its local-
izations at prime (resp. maximal) ideals is zero, we have the following:
(k.1L) IEMMA: G(R)-dim M = O if and only if G(Rp_)-dim M12 = 0 for each
prime (resp. meximal) ideal p. ‘ ‘

Since localization preserves projectives and exactness, we see that
(QDM)P-m (SZDME) Therefore, applying Lemma (4.14) to Q"M gives the
following.

(u.15) COROLLARY: G(R)-dim M < n if and only if é(RE)—dim MP_ <n for

each prime (resp. maximal) ideal p--
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As we have seen in the preceding Chapter, the assumption
grade Exti(M,R) >1 (or i - 1) is very intimately related to questions of .
torsion freeness and the existence of certain modules of finite projective
dimension. In the case of modules of finite G‘—dimension we have a very
satisfactory situation.
(4.16) PROPOSITION: Suppose G(RB)-dim MB< ® for each prime ideal p
of R. Then grade Ext'(M,R) > i for all i > O.

Proof: As we have seen in Corollary (L.6): ‘

grade E = min {depth RE[B € Supp E} .

Suppose D £ Supp Extl(M,R) for some i > 0. e must show that

depth R_ > i. Since (Ext;(M,R) )p # 0, we have Ext;i (MB,RE) # 0. There-
2 , D

fore G(RB)—dim MP_ > i. By Theorem (4.13) we have:

depth R = (depth M) + (G(R )-dim M_) > G(R )-dim M > i. Therefore
pth R, = (aeptn 1) + (6(R)-dim 1) » (R )-in M 2 ,

depth RE > 1 and we are d.one;
(4.17) COROLLARY: If M has finite projective (or Gorenstein) dimension,
then grade Exti(M,R) >i for all i > 0. v

Recall that in Corollary (2.27) it was shown that if R is such that
grade Exti(A,R) >1 for 1<i<k and for each module A of finite
projective dimension, ’;hen for any R—mo‘dule M, Qk’M being k-torsion free
implies QiM is i-torsion free, 1< i < k. Consequently we have:
(4.18) COROLIARY: If 0% is k-torsion free then 0'M is i-torsion free
for all 1<1 5 k (R being assumed commutative).

Now let us go back to Theorem (2.L41), the Approximetion Theroem. This
result states that if grade Exti(M,R) >i for 1<1i<k then there is a

module Hk(M) with pd H (M) <k, and amep M —> Hk(M) which is universal
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with respect to maps of M into modules of projective dimension < k. Let
us then define the following full subcategories of J(R):

7 (R)

4, (%)

Denote by Jk(R) and :Z.K(R) the corresponding full subcategories of

category of modules M with grade Ex‘bl(M,R) >i for 1<1i<k.

category of modules M with pd M < k.

M(R). By virtue of Corollary (4.17) we have inclusion functors:

We now make H, into a functor JK(R) -> z‘k(R). Clearly Hk(M) is in

={LK(R). Suppose f: M = N is a morphism in ;rk(R). Then the universality

of M-> HK(M) gives a unique morphism Hk(i) : Hk(M) = Hk(N) such that

the following commtes in 7(R):

\

1=

> H (M)

(I

H(£)

1:=¢

> HK(N)

Thus, H_ defines a functor JK(R) _>°'£'k(R)' Furthermore, if M is in

Jk(R) and A is in zk(R‘) we have an isomorphism:

(since M —> A -factors uniquely through Hk(M) by the universality of

M > Hk(M)) This may be stated in the following way.

(4.19) PRrOPOSITION: H: 7, (R) > £ (R) is a left adjoint to the inclusion

functor £k(R) —>_Jk(R).

§k: CGorenstein Rings
Let us recall that a local ring R is called a Gorenstein ring when

inj. dimRR < ®. An arbitrary commutative ring R is called a Gorenstein
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ring when pr is a Gorenstein ring for each prime ideal p. We now justify

some of our terminology by proving the following result.
(LL.QO) THEOREM: The local ring R is a Gorenstein ring if and only if
every finitely generated R-module has finite Gorenstein dimension.

Proof: First let us suppose R ig Gorenstein, with inj. di%R =n< o,

If M is finitely generated, we show that G-dinm < n. Consider .QnM Since

inj. &mR=n we have Ext (QM,R)~ Ext™1(,R) = 0 for 411 i> 0. Iow

consider an exact sequence Pn - Pn = .. > Pl PO - QnM =0 vwhere

+1
the P, are finitely generated projectives. Since Extl(QnM,R) =0 for all

i >0 we have, upon dualizing, the :f‘ollow:mg exact sequénce:

0 = (2M)* = px

- Pi = ...

coker(Pg = Pélé) (at least up o projective equivalence)

- Px = %* =
> P > PX, - Let ¢ coker(Pn > P¥

n+l)'
Since D(Q™M) ~
we have an exact sequence

0 -> p(a™M) = P§ > ... > x> px

4 ey = C = 0.

Therefore DanM} ~ o and we have

Ext*(D(0),R) - Ext™ (0, R) =
for all 1 >0 (by our assumption on R). We conclude that
G-din 0% = 0 so G-aim u <n<w,
Conversely, suppose G-dim M < « for 'everj finitely generated R-module
M. Let n=

depth R < o (since R is local). Then no proper ideal of

R contains an R- regular sequence of length > n. Since G-dim M < « we hdve
grade Ext (M,R) 21 for all 1> 0 by Proposition (4.16).. When i > n
this would mean that the.annihilator of Ext (M,R) contains an R-regular
sequence of length i > n. This being impossible we must have Exti(M-,R) =0
for i>n and every finitely generated R-module M. Since injective

dimension can be tested by cyclic (hence finitely generated) moduleé, we

'R/(xl, .. .,xn)R—depth R = n.
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conclude that inj. dimRR <n<® and our proof is complete.

Remark: When inj. dimRR <o then inj. d.imRR = depth R. We have
already proved inj. dim. R < depth R (see last line of‘ above proof). If
(Xl, ERPE ) is a maximal R-regular sequence (so n = depth R) then
Therefore Extn(R/(xl,...,xn)R, R) # 0 and
we get our equality. TFor an alternate proof of this fact, see r3j.

We now record a series of conditions relating k-syzygles, and k~torsion
free modules.

(4.21) PROPOSITION: For R commutative and k > 1 an integer, the fol-
lowing statements are equivalent.

(a) o5y is ' (k + 1)-torsion free for all R-modules M.

() QJM is j-torsion free for all M and 1 <Jj<k+1

(¢) For a prime ideal D, depth RR <k implies RE is a Gorenstein
ring. ‘

(d) grade Exti(M,R) >1 for all M énd 1<i<k.

Proof: We have seen in 'Coroilary (4.18) that (a) and (b) are equivalent -
for commutative rings. Now suppose that (;b) holds. In Proposition (2.26)
it was shown that (b) is equivalent to the condition:
grade Exti(M,R) 21-1 for 1<i<k+1 andall M. Therefore for any

k+1

D we have either (Ext (M,R))E= 0 or p 1lies in Supp(Extkfl(M,R)), in

Which case depth RR >k, If depth RE'< k we must therefore have

(Ext (M,R)) ~ Extk l(M JR) =0 forall M.
P_

for some R-module M, we conclude that inj. dj.nﬁq RE <k

Since every RE-module is
of the form M
2

s0 Ré is Gorenstein. Thus, (b) implies (c).

 Now suppose (c) holds. Choose any prime pe Supp(EthM,R)) where

1<i<k. To prove (&) we must show that depth R2 >i. If depth RE' >k
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then we are done (since k > i). If depth RE < k then RZE_’ is a Gorenstein

(MB,RE) # 0 by assumption, we

. i . . i
ring so grade, Extp (ME, RE) > 1. Since ExtR

2R 2
must have depth RP > 1 in this case as well.
To complete the proof, we show that (d) implies (b). Let M be any
R-module. " It suffices to show that grade Eth+l(M,R) >k since (d) gives

grade Ext™ “(M,R) > i for 0<i<k. Now Ext: L

(M,R)mExtk(Qli\’I,R). By
assumption (d), grade Extk(Q]T%,R) >k so we are done. .
(4.22) COROLILARY: The commitative ring R 1is a Gorenstein ring if and
‘only if, for each integer k > 1, the following conditions are equivalent
for any R-module M:
(1) M is k-torsion free.

(ii) - M  is k-reflexive.

(iii) M is a k-syzygy.

Proof: We always have that (i) implies (ii) and (ii) implies (111) It
(iii) implies (i) then o'N s k-torsion free for all N and all k > 1.
Therefore RP. is a Corenstein ring for all p since (b) and (c) of the
previoﬁs proposition are equivalent. Therefore R is a Gorenstein ring.
Conversely when RE is a Gorenstein ring for each P, then the equivalence
of (b) and (c) tells us that (iii) impliés (1), so We. are done.

§$5: Application to Vector Bundles |

Let R be a local ring with depth R >2. ILet X = Spec R,

Y = Spec R - {:ﬂ} where m is the maximal ideal of R. It is vfell-known
that the category of X (= R/g)-vector bundles on Y is isomorphic to the
full subcategory of R—quules determined by those M satisfying:

(a) depth M > 2

(v) MP_ is free for all p # m.
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This isomorphism of categories is given by § ~> I'(9) where T(g) denotes
the global sections of the bundle 14 1: Y —>X. That I(¢) is an R-
module follows from the hypc;’chesis depth R > 2. For details and proofs,
see [T]. That depth I'(§) > 2 follows from the fact that I'(g) is reflexive
(since 2 1is) and thé following general result:
(4.23) IEMMA: Suppose M = le\T. Then every R-regular sequence of
length < k is also M-regular.

Proof: Let RSERE Xy be R-regular with t < k.v To prove this sequence
is M-regular it suffices to prove that Tori(M,R/(xl, ...,Xt)R) = 0 for |

1<i<t. However, we have

Tori(M,R/(xl, .. "Xt)R) ~ Tor, (0 N,R/(Xl, .. .,Xt)R>) ~ Tori+k(N’R/(Xl’ ""Xt)R.)'

Since t <k we see that (when i>0) i+k>t=rpd R/(xl, ...,Xt)Rg
therefore Tori(M,R/(xl,...,xt)R) =0 forall i>0.
Suppose now that R is local and has the following properties:
(1) depth R=k > 3

(ii) RE is a regular local ring when P # m.

(Condition (ii) holds when R is the local ring at an isolated singularity).

If M is any R-module, consider the mep: M= Di_l(M) .

. .2 .

Claim: (a) Dk-l(M) =T(g2) vhere 2 is a vector bundle on Y.

(b) Given M = (g') where @' is a vector bundle on ¥ and r(g")
is a (k-1)-syzygy, there is a unique map: Di_l(M) = r(g#') such that the
following commutes:

2
ke

olgh)
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Proof: To show (a) we must verify that depth Di_l(M) >2 and
(Di_l(M))E is free for p # m. Since depth R=k > 3, we have k - 1> 2.
Therefore Di_l(M) = QK_IDQR‘]D(M) is at least a 2-syzygy. By Lemma (L.23)
we conclude that depth Di_i(M) > 2. Furthermore, if‘ D # m then RP_ is

regular by assumption (ii), so dim RB = depth RE <k - 1. S8ince’ (Dlec-l(M))P_

is a (k-1)-syzygy over a régu.lar local ring of dimension less than Xk, we
must have (Di_l(M).):E projective--hence free. This proves (a).
2 .
To prove (b) we must construct a map: Dk-l<M) = I(g'). We are given

amap M~—>T(4') so we may apply 2

.. 2 2 o
1> Obtaining: »Dk-l(M) - D, _,(T(g").

We shall prove that I(g') is (k-1)-reflexive, so that Di_l(l“(g’)) ~T(g")

Here we shall use the fact that T(g') was assu.méd to be a (k-1)-syzyey.

Now RE is a regular local ring, hence g Gorens‘tein ring, for p 74 m . Thus,
if depth RR <k ‘then R.E is Gorenstein. .As we have seen in Proposition
(4.21), this last condition on R is equivalent to the condition that QjM
be ,j—forsion free for 1< j <k + 1-and each R-module M. Therefore 1"(51'),
being a k-1 syzygy, is (k-1)-torsion free. Since (k-1)-torsion freeness

implies (k-1)-reflexivity (see Theorem (2.17)), we see that r(g') is

. . 2
(k-1)-reflexive. Thus, the map M —>[(g') gives us a mep Dk-l(M) =>T(g')-

It is easily seen that the required diagram commutes and that this uniquely
determines our map. This proves the claim.

We can phrase this result in another fashion. Let gk_l(Y) denote
the category of bundles on Y ﬁhose globél sections are (k-1)-syzygies. We

now form the category o(zk_l(Y) in a way analogous to the construction of the

projective stabilization of a category. The objects of- oqk—l(Y) are the

objects of gi{_l(.Y) while the morphisms are equivalence classes of bundle
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| maps: two such maps being equivalent when their difference factors through

a trivial (i.e. product) bundle. . This notation is reasonable since a bundle
§ is trivial if and only if [(g) is free, while f: g => g' is equivalent

to zero if and only if T[(f): I'(g) =>T(2") (in %(R)) is zero. We now have:

(4.24) PROPOSITION: ' The global section functor I': ﬂk_l(Y) —= m(R) has a

2
left adjoint--namely M —> Dk_l(M)

§6: Modules of finite G-dimension

The next result shows that the torsion freeness of 'M 1is directly .
related to grade Exti(M, R) for i> 0. : |
(L.25) TﬂEOREM: Suppose for every prime ideal p of R we have that
G(RB) -dfrﬁ Mp < w. For any integer k > 1 the following statements are
fhen equivalent: .

() M is k-torsion free . |

(b) There is an exact sequence 0 —=> M —> Py > .- >PF > B

where the Pi are projective } ' ) [

(c) There is an exact sequence O —> M —> X, g™ > X > Xy

where the Xi have G-dimension zero.
(a) gradeRExtl(M,R) >i+k forall i> 0.

(e) grade Exti(M,R) )P_ >i+k for all i>0 and each prime p.

(
R
B .
(f) For each prime ideal p every RB-regular sequence of length < k
is M -regular
2 _ :
(g) For all 1<i<k and each prime ideal p, depth R.P_ > i implies
that depth MP_ > 1.

Proof: We shall use tﬁe following scheme of implications:

(e) 4*—__:__..—§~(f)

(a)4
0 N i U
\l{(c):>(d)7/] (8) &=—=(e)




128 i M. AUSLANDER AND M. BRIDGER

We have already shown that (a) implies (b) in Proposition (2.17), while
(b) implies (c) since projectives have zero G-dimension. To show that (c)

implies (d), let N = coker(X:L = X Since ‘Extl(Xj,/R) = 0 for each j

i+k

-
and all i > 0, we see that Exti(M,R) ~ Ext” "(N,R). TFurthermore,
G(RB)-dim I, < (G(RE)—dim MB) +k <®, for each p. Therefore |

grade Exti(M,R) = grade Extifk(l\T,R) > i+ k by Proposition (4.16) - this for
all i > 0. Thus, (@) holds. That (d) implies (e) is clear. Now suppose
(e) hol(is. Proposition (3.17) tells us that ME is k-torsion free (over
RE) for each p. Therefore (Exti(D(M),R) )E =0 for 1<i<k andall
P. We conclude that Ex’ci(D(M),R) =0 for 1<i<k so M is k-torsion
free and (2) holds.

Now assume that (e) holds. Since (e) implies (2), we see that MZQ is
k-torsion free, hence MB is a k-syzyey for each p. By Lemma (4.23) this
means that every RE-regular sequence of length < k is ME—regular. Thus
statement (f) holds. That (f) implies (g) is obvious. We complete our
proof by showing that (g) implies (d) (since we already know that (d) implies
(e))- o

Choose p & Supp (Exti(M,R)) for any i > 0. We must show that

depth R_> i + k. Since Ext. (M ,R ) # 0, - we must have G(R )-dim M_ > i.
R~ RP_ R 2 P~

Now if depth RB =t <k our assumption gives depth MB > t. Since ME

has finite G(RE) -dimension over RE, we have the formula:

depth RE =t= (G(RE)-dim MB) + (depth ME> > i+ t. This can only happen
when i = 0, contradicting 1> 0. Therefore depth RP_ >k and our
assumption (g) givés depth ME > k. By the above formula we have:

depth RE > i+ k, completing our proof.

Remark: From the exact sequence 0 — M¥ — Pé - P*f = D(M) = 0

‘projectives.
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defining D(M), we have observed that Exti(M*,R) ~ Exti+2(D(M),R) for
i > 0. Furthermore, M is reflexive if and only if Extl_(D(M),R) =
Extz(D(M),R) = 0. Therefore, if M is reflexive and k > 2, we see that
M - is k-torsion free if and only if Exti(M%,R) =0 for 1<i<k-2.
Combining this fact with the equivalence o.f' (a) and (b) of the theorem
above, we see that for a reflexive module M of finite G-dimension, M is
a k-syzygy (k> 2) if and only if Ex’ci(M*, R)=0 for 1<i<k-2.
In the case where R is a Gorenstein ring (so all modules have finite G-
dimension) we obtain Theorem 8.2 of [3].

Looking back at those results which require the condition
grade Exti(M,R) > i, we reexamine the Spherical Filtration Theorem (2.37).
We shall apply this result to a module of finite G-dimension. Recall that
if W and E are R-modules, E 74 0, then "N 1s said to be j-spherical of
type E (3 >0) if pd N = j, ExtJ(,R) ~ E and Ext (,R) = O for

1<i<j-1. When E =0, the spherical modules of type E are the

(4.26) PROPOSITION: Suppose G-dim M = k < . Then there is a projective
P and a filtration:

'MkCMk—lc ...chCMo=M+P
such that:

(a) oM, ~ @M and Extl(MJ.,R) =0 for 1<i<j, and 0<J<k.
(b) M, /M, is j-spherical of type ExtY (M,R), 1< j < k.
(¢) G-dim My =% for 1<j<k- 1

0.

G-dim M
(4) If H= coker(M, —>M+P) then pdH=k and

Ext (H,R) ~ Ext (M,R) for all i > O.
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Proof: The existence of the filtration satisfying (a) and (b) is
obtained from Theorem (2.37) - since grade Ext (M,R) >i for all i > 0.

If 1<3j<k-1, the fact that 'l ~ 2% gives G-dim M, = G-aim M = k.

Now consider M ; we have the exact sequence 0 —> M —> ML_:-ZL - Mk—l/Mk —=0.
Since %—l/Mk is k-spherical of type Extk(M,R) # 0, its G-dimension is
precisely k. As we have seen, G-dim M _, =k aswell. By Corollary (3.16),
G-dim M, < G-dim M. = k. However, Exti(Mk,R) =0 for 1<ic<k, so
G-dim M, = 0. This proves (c) ‘

To prove (d), we just observe that coke:r'(l\/Jk = M+ P) is Hk(M) - the

module of projective dimension < k associated to M by the Approximation

Theorem (2.41). This theorem gives us Ext (M,R) = Ex‘bl(Hj (M),R) for

1<i<k. Since G-dim M = k, Extk(M,R) #0 so pd H (M) =k and

Ext (M,R) = Ext‘l(Hk(M),R) = 0 for all i > k. This completes our proof.

(4.27) COROLLARY: Every module of finite G-dimension is projectively
equivalent to an extension of a module of zero G—dimenéion by a module of
finite projective dimension.

Proof: We have the exact sequence 0 —=>M, =M+ P > Hk(M) —= 0 vhere

M+ Pa M

Suppose now that we focus our attention on a module M of G-dimension
k, and its associated filtration:

Mkc...CMO=M+P.

Let /(M) =M, ,/M;. Then S, is j-spherical of type Extd(M,R) and, by
Proposition (2.&5_), is determined up to projective equivalence by this
property. Our next result relates the torsion freeness properties of M

with those of the M, the SJ.(M), and of HK(M)

(4.28) PROPOSITION: For any n > O the following statements are equivalent:
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(a) M is n-torsion free
(v) Each Mj’ J=0,...,k, 1is n-torsion free.
(¢) Each Sj(M), j=1,...,k, is n-torsion free.

(a) Hk(M) = (M+ P)/Mk is n-torsion free.

Proof: We note that all of the modules M, Mj, sj(M), and HK(M)
have G-dimension < k. Therefore Theorem (4.25) shows that their torsion
f;'reeness properties are determined by the grades of the Exti(M,R),
.Exti(Mj,R), E;cti(sj (M),R) and Exti(Hk(M),R) respectively (i > 0). Now
each Exti(M,R) is isomorphic to Exti(M-J.,R) for at leé,st one value of .j.
Conversely, each Exti(Mj,R) is either zero (so has infinite grade) or is
isomorphic to Exti(M,R) - Thus, with the aid of Theorem (4.25) we see that
(a) and (b) are equivélent. The remainder 6f the proposition is proved
similarly.

Thus, the torsion freeness properties of M are determined by (and

determine) those of the associated sphericals Sj (M). Now the relation

between grade and torsion freeness for sphericals is relatively straight-

forward. Suppose S ~is spherical with pd S = n > 2. Let

' 0> Pn = el > PO =8 -—>0 be a projective resoluticn. Sincé

i .
Ext™(S,R) = 0 for 1<i<n - 1 we have the exact diagram:

— —V -’ . ) n N
0 => §% => B% > P¥ >P926—>...—>P§—>Ext(S,R)—>_O

D(8)

N

0 0
D(s) ~ 0% tExt™(s, R)

5% ~ 2% lExt"(s,R)

We can now rewrite the exact sequence 0 —> Extl(.ZD(S) JR) = 8 = g%

We deduce that:

2
- = Ext (D(8),R) = 0 as
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n+l
0 = Ext®(Ext™(S,R),R) = § = S¥* = Ext  (

Ext™(S,R),R) = O
and record the following:

() S is l-torsion free if and only if Ext” (Ext"(S,R)5 R)

1
Ke)

]

(b) S is 2-torsion free if and only if Ext (EZxt"(S,R),R)

PLopet®(8,R),R) = O

Ext
Note that since pd § < w, Ext  (Ext™(S,R),R) = 0 for O < i< n., Therefore

Ext™(Ext™(S,R),R) = O is equivalent to grade Ext®(S,R) > n + 1. If, in

addition, Bxt™ L (xt¥S,R),R) = 0, then grade Ext"(S,R) > n + 2. Conseq-
uently, statements (a) and (b) are consistent with Theérem (k.25), and the
preceding exact sequence serves to explain (at least for sphericals) why -
grade Exti(M,R) is related to 1 and 2-torsion freeness.

Now let us examine k-torsion freeness for S when k> 2. Since
pd § < ®, Dbeing k-torsion free is equivalent to being a k-syzygy. To see
when § is such, we consider a projective resolution of S¥%:

G Q> . > Q) >Ry > S >0

Dualizing, and supposing that § is 2-torsion free (so reflexive), we
obtain a complex:

— S S QRS L. S QS ...
0—=>8 >QO>Q1> >Q1>

Tt is easily seen that 8§ will be a k-syzygy when this complex is exact
at Q? for 0< i<k -2. This is clearly equivalent to:

. + :
Exti(8%,R) = 0 for 1<i<k-2. Since S¥~ 0" Ext’(S,R), we can
L gxt™(s,R),R) = 0 for 1<i<k-2.

+i+
Since S 1is 2-torsion free, Ext™ © L

write this condition as Extn+
(Ext"(S,R),R) = 0 for i= -1, 0 as
well., Thus, the sequence:

0=>8-—>a5>0f > ... > Q.

~ Extlf;/_(x)_(M/(x)M,R/'(x))= 0 (for all i > 0) when G(R/(x))-dim M/(x)M = O.
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is exact (and S is a k-syzygy) if (and only if)

Grade Ext"(S,R) > n + k.

§7: Perfect Modules

We now have two fairly extensive classes of mbdules of finite Gorenstein
dimension: the modules of finite projective dimension over an arbitrary
Noetherian ring, and the modules over any Gorenstein ring. The following
series of results gives us means to construct new modules of finite G-
dimension from these.

In Lemma (4.9 c) we proved that if x dis both R and M regular then
G(R)-dim M = 0 implies G(R/(x))-dim M/(x)¥ = k. We now establish the
converse when R is local.

(4.29) IEMMA: Tet R be local and M be an R-module. If x is both
R and M regular then G(R/(Xj)—dim M/(x)M =0 implies G(R)-dim M = O.

Proof: Since x is both M and R regular, EXt;(M,R/(X))

From the exact sequence 0 —> RS R = R/(x) = 0 we get for each i an

exact sequence:
Ext(M,R) %> Exto(M,R) > Ext:(M,R/(x)).

Since EXt%(NLR/(X)) =0 for all i >0, we may use Nekayama's lemma to
conclude that Ext%(M,R) =0 for all i > 0. It remains to show the same
for D(M).

Claim: x is D(M) regular. To prove this we must show that
Tori(D(M),R/(x)) = 0. As we have seen in Corollary (2.9),
Tori{(D(M), )~ (M, ). Furthermore, we havée from 0 —> R Er~> R/(x) = 0O
the.exact sequence:

(M,R) = @,3) = (4LR/(x)) = Extl(M,R) - (see Temma (1.35)).
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Since R 1s projective, (M,R) = O; also, we have shown Extl(M,R) = 0.
R s
Therefore Tor,(M,R/(x) ~ (M,R/(x)) = O and our claim is proved.
‘As we have seen, G-dim L = O if and only if G-dim D(L) = 0 (by Lemma

* (%.9)). Therefore G(R/(x))-dim DR/(X)(M/(X)M) =O Since

DR/(X) M/ (x)M) ~ DR(M)/(X)DR(M) we see that

G(R/(x))—dim[DR(M)/(X)DR(M)] = 0. Since x is both R and DR(M) regular,
DR(M) satisfies the same hypothesis as M so the same argument as for M
shows:; Ext;{(D(M),R) =0 forall i>0. Thus, G(R)-dim M = O and we
are done.

(k.30) COROLLARY: Let R be local, M an R-module, and let x be R

and M .regular. Then G(R)-dim M = k if and only if G(R/(x))-dim M/)x)M=k.

Proof: Suppose G(R/(x))-dim M/(x)M = k. We proceed by induction on
k. When k = 0 we get our result from the previous lemma. Now suppose
k> 0 and the result true foi‘ k-1, et 0O>N—=>P—=M~-=>0 be an
exact sequence of R-modules with P projective. Since x is R .and M
regular, Tor,(M,R/(x)) = O so 0 -> N/(x)N = P/(X)P = M/(x)M =0 is
an exact sequence of R/(x)-modgies. Since G(R/(x))-dim P/(x)P = 0 and
G(R/(x))~dim M/(x)M = k # 0, we see that ‘G(R/(x'))—dim N/(x)N = k-1 (note
that 'x 'is N regular since x is R-regular and N c the projective .P).
Now G(R)-dim M # 0 since, if it were, G(R/(x))-dim M/(x)M would also
be zero-contrary to assumption. Therefore G(R)-dim ﬁ: (G(R)-dim N) + 1 = &
and we are done.

An easy induction argument now gives:
(4.31) COROLIARY: ILet R be local and M va.n R-module. Suppose
(Xl""’,xt) is an R and M-regular sequence. -Then we have

G(R)-dim' M = G(R/(xl, - e5%))~dim M/(xl, S X M. 4
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We also need the following.
(k.32) IEMMA: Iet R be local and let x be an R-regular element con-
%ained in the annihilator of M. TIf G(R/(x))-dim M=% then
G(R)-dim M = k + 1.

Proof: Tensoring the exact seciuence 0 =R %IR - R/(x) - O by M

gives Torl(M,R/(x)) = ker(M & M) = M since x annihilates M. DNow let

. 0=>K->P-=>M->0 be an exact sequence of R-modules with P projective.

Since Torl(M,R/(x)) = M, tensoring this sequence by R/(x) gives an
exact sequence of R/(x)-modules: 0 —=> M = K/(x)K = P/(x)P = M => 0
where P/(x)P is R/(x)-projective. If L - ker(P/(x)P = M), then we
have short exact sequences (of R/(x)-modules):

0=>L-=>P/(x)P>M—=>0

0=>M—=>K/(x)k >L—=>0
Since G(R/(x))-dim M = k and G(R/(x))-dim P/(x)P = 0, we have
G(R/(%))-dim L <k - 1. By Corollary (3.16) we get, from the second sequences
that G(R/(x))-dim K/(x)K < max {G(R/(x))-dim M, G(R/(x))-dim I} = k. On
the other hand, if G(R/(x))-dim K/(x)K S‘k - 1, the same Corollary gives
G(R/(x))-dim M < k ~ 1, which is false. Therefore
G(R/(x))-dim K/(x)K = k. Since X is contained in the projective P, x
is K-regular (x being R-regular). By the previous Lemma, G(R)-dim K = k, so
G(R)-dim M = k + 1 (note that M camnot have zero G(R)-dimensién since x.
annihilates M).
(4.33) COROLLARY: ILet R be a local ring and M an R-module. If
(Xi’ ene ’Xt) is an R-séquence contained in the annihilator of M, then

G(R/ (x5 - -5%,))-dim M/(xp5...5%, )M = k implies that G(R)-dim M =k + t.

Proof: This result follows from Lemma (4.32) by straightforward induction
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on t.

We now extend the notion of perfect module from the case of finite

projective dimension to the case of finite Gorenstein dimension.

(4.34) Definition: The R-module M is perfect if grade M = G-dim M < w .,
Our main resul"E about perfect modules is the following.

(4.35) PROPOSITION: (C. Peskine, IL. Szpiro): Let R. be a local ring and
(Xl""’xt) an R-regular sequence. ILet M be an R/(xl,...,xt)-module
(hence an R-module as well_). vThen M is a perféc’c R-module with .
G(R)-dim M = t if and only if G(R/(Xl,...,x_b))-dim M = O. When this is

the case, we have EX'E;(EX'CE(M, R),R) »~ M.

Proof: Suppose first that G(R/(xl, ...,xt))-dim M = O. By Corollary
(4.33) above, we see that G(R)-dim M = t. Since (xl,’...,xt) is R-
regular and annihilates M, we have gradeR(M) > t. If gradeR(M) >t then
we would have ExtE(M,R)' = 0. which is impossible since G(R)-dim M = t.
T'hereforé M is perfect with G(R)-dim M = t.

Suppose, conversely, that M is a perfect R—module of dimension %.
Consider the exact sequence:

t ‘
0=>aM=>P ) => ... >F >N->0

where the P, are R-projective, and G(R)-dim a% = 0. gince

grade M = t, Ext (M,R) = O for O < i < t. Therefore the seguence:

0> Pf > Pt > ... > Pt > ()% > ¢ >0

0 L

is exact, where C = coker(P?é_ - (QtM)*) Dualizing the exact sequence

1

0 - {ltM - Pt-—l - -Qt_lM —=> 0 we get the exact sequence:

PX . = (QtM)* - Extl(szt']M,R) —=> 0. We know that

t-1
Ex’cl(Qt—lM,R) ~ Extt(M,R), so Cas Ex’ct(M,R). Thus, from the exact sequence:

0—>Pf > ... > (QtM)* - Extt(M,R) = 0 we see that G(R)-dim Extt(M, R) <t.
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Since the diagram

0 = (Q'M)#* = PEX, > ... = BE¥ > M > 0

2 2 2 I

%
0=>aM > P _,-=>..>P >MN>0

is exact and commutative, we see that Exti(EXtt(M, R),R) =0 for 0<i<t,
and Extt(Ext't(M, R);R) ~ M.  Thus, Extt(M,R) is also a perfect module of
dimension t. Furthermore, since the X annihilate M, they also
annihilé’ce Extt(M,R). We conclude that Extt(M,R) _satisfies the same
hypothesis as M. .

Now let ﬁs consider M and Ex’c.-b(M,R) as modules over R/(Xl"""xt)'
By Rees' result (4.2) we have:

i : i+t
ExtR/(Xl,”.,Xt)(M;R/(xl,...,xt)) ~ Extl C(M,R).

) i _
Since G(R)-dim M = t, we conclude that EXtR/(xl, ) (M,R/xl, ...,Xt) =0

. .,Xt)

t
for all i >0, and Hom (M,R/(xl,...,xt) ~ ExtR(M,R).

R/(Xl, .. "X‘c)

i ‘ i
Let E~ denote the functor EXtR/(Xl, B "Xt)( ,R/(Xl, -++5%.)). Then

we have shown that El(M) =0 for all i>0 and EO(M) - Ex‘bE(M, R). Since
we have observed that Extt(M, R) satisfies the same hypothesis as M, we
have

Ei(Extt(M,R)) = Ei(EO(M)) = 0,
for all 1> 0, and ‘ ,

Eo(Extt(M,R) = EO(EO(M)) ~ M.
A tedious calculation shows that this last isomorphism is induced by
M~ 50(8°()): the map of M inmto its R/(xl,...,xo)-dduble dual. Thus,

M is R/(Xl"“’xt) reflexive. Now Proposition (3.8), characterizing
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modules of zero G-dimension, tells us that ,G(R/(xl, ...,xt))-dim.M =0 if

]

and only if M is R/(Xl,...;xt)-reflexive and E-(M) = El(EO(M)) 0 for

all i< 0. @Since this has been verified, we are done.

§8: A Computation

Tet us introduce the following notation. If n. is a positive integer
and M a module, n * M will denote the firect sum: M + M+ ... + M
(n factors). If n = (:) (pinomial coefficient), then (:) + M will be

the direct sum of . M with itself (:’) times.

(4.36) PROPOSITION:
Let R be a local ring and M a perfect R-module with
G(R)-dim M = t (= grade M). Suppose (xl, . ""Xt) is an R-regular sequence

in the annihilator of ‘M, and N is an R/(x .,Xt)—module with

170
PdR/(Xl, "’Xt) ¥ < w. Then we have for 0 < i < t:

. v
,Torfi‘(M,N)m- Q) -(M_®R/(Xl,_ )

¥y
while Tor?(M,N) =0 for 1i>+t.

Proof':
Since (xl, ...,Xt) is an R-regular sequence, the Koszul complex

Rx:l, eest provides a free res§lutlon of R/(xl,...,xt):_
: i

t
0=>X => ... >X > R/(Xl,...,xt) —> 0. Here, X, = A{t * R) ~ (i) R.

0]
If we tensor this complex by M, we obtain a complex whose homology is the
'{Torli:{(M,R/(xl, ""Xt))}' However, since the {Xi} annihilate M, the.
boundary operator in this new complex is zero. Therefore we have:

Torlg(M,R/(xl,...,xt))z [(:) * R]® M~ (:) M for 0<i<t, and O

for i > t.
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Now there exists a spectral sequence ([4], XVI, §5):

R/(xl,'...,xt) R R
Torp (Torq(M, R/(x]-_, . .,Xt)),N)w Torn(M,l\T)

- Since M is perfect with G(R)-dim M = %, we see that

G(R)/(xl, .. .,xt))-dim M= 0 by Proposition (4.35) of the previous section.

. R T
Since Torq(M,R/(xl,...,x,G)) s (i) . M, we see that
G(R/(xl,.;.,xt))-dim Tori(M,R/(xl,...,xt)) = 0. Now if § is a ring,
G(S)-dim M= 0 and P& N <, then Tor (LN) = 0 for all 1> 0 by
Proposition (4.12). We conclude that

R/(Xl,...,Xt) )
E['o:r'p _ (Torq(M,R/(xl,...,’xt)),N) =0

for all p > 0. Thus, the spéctral sequence collapses to glve isomorphisms

R R geessX
Torn(M,l\T)m Toro/(Xl t)((fl;) . M,N_)
= Gee m.

R/(X.l’ “eesE,)
(k.37) PROPOSITION: Under the same hypothesis as (14.36) we have:
Exti(M l\T).~ (t) - Ho : ‘(M N)

RV7T/F N mR/(xl,...,xt) ?

for 0<i<t, and Extl:;(M,N) =0 for i3> t.

Proof: The proof is entirely similar to that of (4.36),-except that

the spectral sequence ([4], XVI, §5):

D R : - n
. oo ;
EX_R/(Xl, . .,Xt)(Torq(M’ R/(}_fli . :Xt)):N) = EX'CR(M:N)

. is used, together with the fact that G(8)-dim M= 0 and pdSN < oo imply‘

Extg(M,N) = O for-all i>0 (Proposition (4.12)).
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Appendix: The Maps M = Dli (M)

We take a closer look here at the modules Di(M) and the maps M — Di(M).
As we have seen, when k = 0, Dré(M) = DD(M) is projectively equivalent to
M, the isomorphism being induced by the indentity map (so every module is

O-reflexive). To compute Di(M),‘ let P; > P, > M >0 be exact with the

vPi projective. Dualizing, we obtain the exact sequence:

0 > M¥ > P¥ > P¥ —> DM -> 0. If X = ker(P*l - DM), +then there is a
wiique isomorphism Ext™(K, ) ~ Extl(a'Di, ) such thet the following
commutes: . '
Extg(DM, )

Exte(DM, )

ExtT(K, )

Ext"(o'DM, )

Henceforth, all such isomorphisms will be taken as identifications‘. We

therefore have an exact sequence 0 = M¥ —> Pg — Q]DM - 0., If we now

choose Q — M¥ = 0 exact, with Q projective, we have the presentation:

Q > PS - Q]DM —> 0. Dualizing then gives the exact sequence:

0> (QlDM)* > Py > % > pa'DM = 0. Therefore

1.1 1) < 1 ' s
Q (Do DM) = ker(Q* => DR DM) = coker((Q DM)* —> Po), and the following is
exact: 0 —> (QIDM)* = By > Di(M) —= 0. From the exact sequence
Q > P¥ > P¥, we see that the composition (Pl > By > Q%) is zero; there-
fore there is a map Pl - (QJ'.DM)* which renders the following diagram com-

mutative (the bottom row is exact):

P, —> B,

v
0 ——> (QJ'DM)* > P — > Q¥
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From this, we construct an exact and commutative diagram.

Py > By > M > 0
v : v
(e'myr — B, . ——> D5) > 0
v
'(QJDM)_* > B, > ME%

Diagram chasing shows that M — Di(M) is surjective, Di(M) = M¥* is in-

jective, and the composition (M —> D?_(M) = M¥¥%) is the canonical map M > M¥¥;.

We conclude that, up to projective equivalence, Di(M) ~ Im(M->M** )= M/t(M)
and M = Di(M) is induced by M -> M/t(M). In general, (M) = Extl(DM,R) .
When R is a (commutative) domain, +(M) is the torsion submodule of M .
Claim: M is 1-torsion free if and only if M is 1-reflexive.  In fact,

when M is l-torsiom free, Extl(DM,R) =0 so M>M/AM) and M is
.l-refle\:d.ve. To prove the converse, we observe that when ACB and ‘B is
1-torsion frée, we have the diagram:

A C.__>B

\I/ v

—> Bk

injective

A¥¥

. Therefore A —> A¥* is injective so A is l-torsion free. Now M¥¥, beiné
‘a submodule of ‘a projective, is ;—tors)ion free by tﬁis observation; M/t(M),
being a submodule of M¥¥, is also 1l-torsion free. If M -is Il-reflexive,
then P + M ~ M/t(M) .+ Q lfor suitable projectives P and Q. Therefore M,
being a sutmodule of the l-torsion free module M/t(M) +Q, is itsélf
:L-;torsion free. '

Now we turn to the case k = 2, From the exact sequence
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0 = M¥ > Pé - P]*f = DM —=> 0 we see that M* ~ QzDM ;3 replacing M by

QQ.DM, we see that DE(M) ~ (QaDM)* ~ M¥¥ . Tt can be shown (see 2.1k) that

the map l\_/I'—> DS(M) is induced by M -> M¥*, This being true, it is clear

that if M is reflexive (i.e. M > M¥%) then M is 2-reflexive
(i.e. M > l\i*i). We now look ab the question as to when a module which is
2-reflexive is reflexive;

We begin with the following.

PROPOSITION: Let R Dbe a two-sided noetherian ring and M a finitely
generated left R-module which is l-reflexive (i.e. l-torsion free). Then
M is 2-reflexive if and only if the coker(M —> M¥*%) is projective, or
what is the same thing, if snd only if ExtE(D(M),R)' is projective.

Proof: Since M is l-torsion free, we have the exact sequence
0= M —> M¥* = Extg(D(M),R) - 0 . Hence, if ExtE(D(M),R) is projective
then we have that M & Exte(D(M) 5R) = M¥* . This shows that the map M —> M¥¥
gives an isomorphism M:>l\ﬁ and hence M is 2-reflexive.

Suppose now fhat M is a 2-reflexive module over the ring R. Since
M+ P~ M* +Q for suitable projectives P and Q , we have:

(1) ExtT(e*, ) > Ext*(M, ) for all i >0, and

(8) M -is 1l-torsion free.

From (2) we obtain the short exact sequence: ‘

0 =M = M¥¥ > Ex‘ce(DM,R) =0
This leads to the exact sequence: )
ExtT(ix%, ) 3> ExtT(M, ) -> ExtS(ExtS(DM,R), ) = Exto(eex, ) 5> Bxt2(u, )
Therefore Extg(Extz(DM,R), ) =0, so pd. Extg(DM,R) <1 . However, applying
Ext( ,R) to our short exact sequence gives the exact sequence:
0 => (Ext™(DIL,R))* —> #ex —> 1t —> Ext (Ext2(DM,R),R) — Ext (we%,R) "> Ext (1)

Since M¥ —> M¥¥¥ —> M¥ is always the identity map of M¥, we see that
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MFRK > M* is surjective. We conclude that Extl(Ext2(DM,R) JR) = 0 ;
therefore ExtE(DM,R) is projective.

We describe in the following' Proposition exactly what it means for a two-
sided noetherian ring that every left 2-reflexive module is reflexive,

PROPOSITION: TLet R be a two-sided neotherian ring. Then the following
statements are equivalent:

‘(a) Each finitely generated left R-module which is 2-reflexive is
reflexive. ‘

(v) If for a finitely generated right R-module N we have that Extg(l\T,R)
is projective, then Extg(l\T,R) is zero. |

Proof: (a) => (b).‘ Let N Dbe a finitely generated right R-module such
that Extz(l\T,R) is projective. If we let M be the left 1-torsion free

module D(IN) / £D(I) we deduce from the exact sequence

0 = Ext (W,R) = D(N) = D(W)** —> Ext (I,R) = 0

‘bhé exact seguence
0 = M -> 1#% > Ext2(,R) = 0

since M¥% = D(I)¥% . Since Bxt2(W,R) is projective, by hypothesis, and M
is 1-torsion free, it follows from our previous Proposition that M is
o-reflexive. Therefore by the hypothesis of (2) we know that M is reflexive,
i.e. The Map M —> M¥¥ is an isomorphism. From this we have our desired con-
clusion that Ext-(N,R) = O .

(b) = (a). Suppose M is 2-reflexive. Then M is clearly 1-torsion
free and therefore by our previous Proposition Ex’ce(D(M),R) is projective.
Since the hypothesis of (b) implies that ExtE(D(M),R) = 0 we conclude that
M is reflexive.

Now for an arbitrary commutative ring R we have by Theorem (4.1) of [2]

that if M is a finitely generated R-module and .C .is an arbifcrary R-module,

-Chapter Two we defined these maps as special cases of the morphisms of functors:

STABLE MODULE THEORY L5
then zero is the only projective submodule of Extl(M,C) . Combining the last
Proposition with this remark, we obtain:

PROPOSITION: If R is a commutative noetherian ring, and M is a
finitely generated R-module, then M is reflexive if and only if M is

2-reflexive.

Remark: It would be interesting to know if it is possible for Extg(N,R)
to be a non-trivial projective module over a non-commutative two-sided noether-
ian ring R and N finitely generated.

We now turn our attention to the maps M —> DE(M) where k> 2. In

SkSkF = F (by letting F = (M, )). We now give a module-theoretic deserip-

tion using resolutions. As a "generic" example, we construct M = D;(M) .

Start by choosing Pl - PO > M = 0 exact with the Pi projgctive;
Then O+->M¥—>Pg—>P€l—>DM = 0
exact with the Ql projective, and splice; we obtain the exact sequence:

>

is exact. Choose Q, = Ql = Q’O —= M¥

0—=q S Gl

DM—>Q2—->Q,l—>QO—>P*—>P*—>DM—>O .
Now let Qu - Q,3 - 95 DM => O be a presentation with the Qi

projective.
Then 0 —> (Q7DM)% —> @ > of = D(@DM) > O is exact. Finally, choose
Gy = & > G, > (95DM)* —> 0 exact with the G, projective. We then have

an exact sequence:

Sp00

0 = @’DA°DM > G, => G

1
QL; - Q3 - Q2 - Ql - Qo = M¥ = 0. gives

= = Q¥ = — =
>G2 >Q3 >Qﬁ >D§Z5DM >0 .
Now dualizing the exact sequence

a complex: O > M¥¥ = ng - Qﬁf - Q’>2e - (2,193e - Q,z: . Consider the diagram:

o ‘
-0 > D5(M) > Gy > G > G, > Q936 > Qf

|

> Qf > @ > 0F > 0§ > @

0 = M¥¥
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Since the top row is acyclic and Qﬁ{ is projective for each 1 , we can find
maps Q?.:E - G:T. i:or 0<ig? which leave the diagram commutative. Since

0 = M¥¥ > Q¥ —> Q¥ is exact, this induces a map M¥¥ —> D; (M) . Composing
with M = M¥¥ gives our desired map M —> DE(M) . As pointed out in Proposi-

tion (2.14) this induces our standerd map M —> D?(M) .




