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Again we proceed by induction on k. When k = O there is nothing fto prove.
Suppose the implication holds for 0,...,k-1; we prove it for k by induction
on j. The case J= 0 is trivial, so suppose J = 1. We have the commut-

ative diagram:

1

878, F — > S, _F
. I
S sl(sk_lF) > 8, 1 F
2 Q
1y (oB-k+1 n-k+l
578, (s sF) —> 8 S F

where the vertical maps are isomorphisms by Assumptions (c¢). Since k < n,

Sn—]::+l

we have n -k + 1> 0, hence (SnF) is injectively stable. TWe

conclude that the bottom horizontal map Ais an isomorphism; therefore ,
SlSlF - Sk—lF : is. dn isomorphism. This disposes of j = 1. Suppose then
that we have our result for some O < j < k. By induction hypothesis (on 3J)
we have S‘jSkFN Sk—jF' Applying Sl gives S‘j+lSsz SlSk_jF. Since
k - j <k, our induction hypothesis on k gives SlSl;_ij .Sk—j—lF' There-
fore we have Sj+lSkF ~ Sk—(j+l)F’ completing the proof. ‘

Tet us now assume that (b) holds. Tﬁen SkSkF = F is cleariy an
isomorphism for O 5 k <n. Let us consider SjSkF. For 'any J<k we
have, from (b), that SjSsz Sk—jF' When 0< j <k wehave k -J> 0
s0 Sk-jF is projectively stable. Therefore SjSkF is projectively stable‘
for 211 0< j <k which is exactly the conditioﬁs Stab SkF > k. TWhen
j =k we have SjSkFN F. When F is projectively stable, so is SkSkF;
hence Stab §,F > k. Thus, condition (&) holds.

That (d) implies (e) is clear.

At this point let us remark that arguments completely dual ﬁo_ the ones

just given imply, for Theorem (1.26), that the implications
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(a) ==> (b) <==> (c) ===> (a) ===> (e) all hold. In particular, Stab G>n
implies Stab SnG >n for any half exact G.

Returning to the proof of Theorem (1.25), we assume that (e) holds. Then
Fr 'Sn(SnF) and .S_@ (SnF) > n. Using the remark just made, that Theorem
(1.26) (a) ==> (‘e) holds, we see that Stab Sn(SnF) >n (simﬁly replace
G by SnF)' Thus, (e)‘implies (£).

Finally, let us prove (f) implies (a). Suppose F s"G. As we have
seen in Proposition (1.21), s"¢ is a direct summand of SnSnSnG. ~ Therefore
F is a direct summand of SnSnF and S,F is a direct sumand of Si(SnSnF)
for a1l 1> 0. The assumption Stab S'S,F >n tells us that sisnénF
vanishes on injectives for 0 < i < n. Conseguently SiF é.lso vanishes
on injectives for O S‘i < n. This means that Stab F _>_>n which completes
our proof. »

Recall now that it was shown in Corollary (1.17) that
st: Eex(r,8) = Fex(l,4) and § ¢ Fex(r,4) —> Hex([',4) estsblish an iso- ‘
morphism of categories (modulo the identification F = SlSJT when F is
projectively stabie, and F = ‘SlleA when F 1s injectively sta.ble). To
use the precedihg two theorems to generalize this, we establish the following
terminology: .

(1.27) Denote by n - Hex(T,4) (resp. n - Hex([,4)) the full subcategory
of Hex(I',A) determined by those functors F such that Stab F > n (resp.
Stab F > n).

By Theorem (1.25), if F is in n - Hex([",4) then S,F is in

n - Hex(l',A), and the map SnSnF = F is an isomoi'phism. By Theorem (1.26),

if P is in n - Hex(T,A) then §'F -is in n - Hex(I,4A) and
n, . . .
F—> sns F is an isomorphism. Thus, we can think of s® and Sn as

functors:
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§: 1 - Hex(T,4) = n - Hex(T,4)

s%: n - Hex(T,4) = n - Hex(T',4)

whose compositions snsn and snsn are isomorphic to the appropriate

identity functors. If we agree to take these isomérphisms as idehtifications

then we get:
(1.28) COROLLARY: 'The categories n - Hex(T,4) and n - Hex(T,4) are
isomorphic via the functors s® and Sn. _ -

The next Theorem gives a characte‘rizatioh of half-exact functors F
such that Stab sF >n. (by (1.26) we know that this holds when Stab F > n).
Furthermore, it gives a universal mapping property for the functor SnSn
restricted to the full subcategoi‘:y' of such F. |
(1.29) TECREM: Suppose F is in Hex(T,A). Then Stab s"F >n if and
only if there is a map F —=> G such that $tab G>n and SnF - SnG is
an isomorphism. Furthermore, if such a map exists then there is & unique
isomorphism SnSnF —> ¢ such that the composition F —> SnSnF = G i.s ,'Ehe
given map: F —> G. |

Proof: Suppose Stab S'F > n. 3By applying Theorem (1.25) to s'F we.
have Stab Sn(SnF) >n and SnSn(SnE) - (s"F) is an isomorphism. Since
the composition SnF F> SnSnSnF - ¢"F is an isomorphism, we conclude that
s'r > SnSnSnF is an isomorphism. This map, however, is obtained by applying
? to T SnSnF. Therefore, letting G = sns“F, we obtain the desired
nap.

Conversely, _:‘Lf F = G induces s'r s"G then it induces
s‘-lsnsnF > snsnsne. If Stsb G > n then applications of (1.25) and (1.26)
give Stab SnSnSnG Z;n. Since SnF is a direct summand of

SnSnSnF ~ SnSnSnG, we conclude that Stab SnF > n which is Whaf we wanted.
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Suppose now that the conditions just proved equivalent hold. Consider

the commutative diagram:

Since Stab G > n, the map G => SﬁSnG is an isomorphism. Therefore we

may define a map O 'SnSnF 2> ¢ such that the following commutes:

Pe—>c
\ / o
’ s s'F ‘
n
Now for any & rendering this diagram commutative we have the fdllowing

commitative diagram:

F
: » i
S SDF —> Sns G
" ,

A my ”

S .S
n n n
SnS SnS F A &@—_—— SnS a

e
K Tz

s s —_—a

n .

> G
Therefore o is uniquely determined by F —> G, and our proof.is cozhpleté.
We now state the dual result, whose proof is left to the reader.
(1.30) THEOREM: Suppose‘ F is in Hex([,A). Then Stab S F>n if and
only if there is a map G —> F such that §.G~> SnF' is an isomorphism
and  Stab G > n. If such a map exists, then thers is a uniqué isomorphism
¢ > SnSnF such that G —=> F is the composition G :>v SnSnF = F.

Now let us turn our a’cte_ntion to a different sort of characterization of
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to 1%,

Given a map: _q - F we can apply S

s -

determines a homomorphism:

of stability of sat_ellites.

obtaining a map SiG - SiE_. Since S p for i> O,‘ we . get a map

i : i, A
ste = st Thus, st (&,F) = (876G,8 F) for

any 1>0. Ina similar way we have, for 1 > 0, a homomorphism:

(E,F) - (siGJ SiF>'
(1.31) LEMMA:

2 14 13
() The maps (G,F) & (sP6,6PF) ena (57G,8°F) > (87G,8°F) (induced

bby SlF - SlF) have isomorphic kernels .and. cokernels.

S . ——
3,7 = | = have
(p) The maps (G,F) —> (SQG,SEF) and (SlG, le) > (SlG, le)

isomorphic kernels and cokernels.

Proof: We prove (2) only, leav:mg the aual proof to the reader. As was

shown in Corollary (1.18), gt Gefines an isomorphism (G,F) = (S G, SlF)

Replacing F DY SlF and G by S G, we -also get an isomorphism:

is prdjectively stable, the

(slG,_s_lg).

. 1
(S G, SlF) - (S G,S F) Finally, since S F

map S e > $G 1t induces an isomorphism (S G,8°F F) Putting

these maps and isomorphisms together, one sees easily that the following

commutative diagram results:

2
> (5%6,5°F)

(GF)
T A
' (' ')
R
(s'e,8'F) > (576,8F)

. - 3 1
Therefore the horizontal maps have isomorphic kernels and isomorphic cokerne
(1.32) PROPOSITION: For F in Hex(I',A) the following statements are

equivalent:

(a) (Q_:E) N (SEG,SZF) = 0 »is exact for all G in Hex(T,4).

" existence of G.
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(b) There exists a G in Hex(,4) such that SlG% S% and

(G,F) = (S G, S F) - 0 1is exact.

(c) The epimorphism st = slr = 0 splits.

Proof: To show that (a) implies (b) we need only demonstrate the

. 1 . e
Since §8F vanishes on injectives, the exact sequence

le - SlF —= 0 shows that SlF does as well. Therefore SlF =

s's, (s'F)
so we may take G = Sl(_Sj_).

Suppose now that (b) holds. Since

(G,F) = (SEG, SEF) and
1
(s7G,8°F) = (SlG,S F) have isomorphic cokernels by Lemma (1.31), we con-

clude that the latter map is surjective. Since SlGQ,a S% by assumption,

(s'r,s'F) > (s'r,5%F) = o.

. 1 )
is amap S F —=> SlF su_ch that the composition S]T - S]T - SlF is the

.we see that the exact sequencs: Thus, there

identity. This, however, is what is menat by SJT - SlF = 0 splifting.

Finally, suppose that SlF —= SlF —= 0 splits. As we have seen in

Lemma (1.10), this is eQuivalent to the splitting of the exact sequence

1
0=>1 (S F) - (S]T) —> §°F > 0. Applying the (additive functor (SlG, ) .

we get the sequence

1 1
0 > (s'6,5,(s'F)) > (s*e,s'F) =(s'e,87F)> 0

which is exact and splits. Since the cokernel of (SlG,'SlF) - (SlG,SlF)

1s isomorphic to the cokernel of (G,F) = (SEG, SQF), we see that this last

map is surjective, and we are done.

(1.33) PROPOSITION: For F in Hex(T',4), the following statements are

equivalent:

s o _ _
(a) (G,F) =>(s°G,s°F) is an isomorphism for all G in Hex(T,A).

(b) there exists a G in Hex(I',A) such that vSlGN LOS]T and
2., .2 ’
(GF) > (s G,S F) is a monomorphism.

(e) S]T is projectively stable. : '
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Proof: To prove (a) implies (b) we must find G. By the prgvious
‘ Proposition SlF - §E§ - 0 splits. Again, by Lemma (1.10), this shows
that 0 = LO(SlF);€> SlF - §E§ = 0 is exact and splits. Since Lole
is then a direct summand of the injectively stable functor SlF, it follows

that LOSlF is injectively stable. Therefore LOSlF = Slsl(LOSlF) s0 we

nay take = leole.

 Now suppose (b) holds. Sinde Snga LéSlF, we see fhat ste is right
exact. As was pointed out in (1.14), the right satellites of a right exact
functor are all zero. Therefore e = Sl(SlG) = 0. Since
0= (GF) = (SEG, SEF) is exact we conclude that (g,F) = O. Since
(G F) ~ (SlG,SlF), we have (§%G,S°F) = 0. But s~ LOSlF, so
(LOSlF,SlF) = 0. -Since the canonical_map LO(SlF) = S'F. is an isomorphism
on projsctives, we must have SlF vanishing on projectives. Therefore SlF
is projectively stable. ‘

Finaily, suppose SlF is projectively stablg. Then SlF = §EE 80

(SlG,SlF) = (slc,gfg) is an isomorphiém. Since this ﬁap has the same

kernel and cokernel as (G,F) = (SQG,SEF), we conclude that this last map

is also an isomorphism. Therefore (c) implies (2) and our proof is complete.

" We shall see in Proposition (1.39) below that when A is the category

of sbelian groups, and F is of the form F = (4, ) where A is an object

of T, then we ﬁeed only test condition (a) of the previous proposition on
functors of thé form G= (B, )-
(1.34) COROLLARY: Consider the following conditions on the half exact
functor F and the integer' n:

(a) SiF vislprdjectiﬁely stable for 1< i < n.

(v) (GF) = (SiG,SiF) is an isomorphism f&r 1<i<n andall G

in Hex(T,48).
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Then for ahy F, condition (a) implies condition (b). If,.for each
1<j<n thereisa Gj in ‘HeX(F,A). such that Sjstw LOSJF, then
(a) and (b) are each equivélent to:

(c) (ii,g) = (SiGj,SiF) for 1<i<j+tl and 1< J<n.

Proof: That (a) implies (b) follows, by straight-forward induction on
n, from Proposition (1.33). .

Suppose the functors 'Gj exist. Then clearly (b) implies,(é). Let us
prove (c) implies (a). We proceed by induction on n. When n=1 condition
(a) is vacuous so there is nothing to prove. When n = 2 we have precisely
the condition: (b) implies (c); of Proposition (1.33). Assume our implication
holds, then? for 1,2,...,0-1. By induction hypothesis SiF is‘érojectively’
stable for 1 S 1< n-1, so we need only show that Sn—lF vis projéctively
stable. | | |

Let G = Sn_EGn_l. By assumption we have Sley_LoSl(Sn-ZF). “Consider .

the following commutative diagram:

(a §22p) — (0,57 (s% %)
- ' |
(slg, G (SnGn_”l, §r)
(sn'lc;n_l, Shi ) Qo — (Gn_l,_[_“)

Propert i | ' e n-1
perty (c) gives that the maps (Gh_l,E) = (87 ¢ 158 F) and

=
n n
(Gh—l’z) = (8 G,_158 F) ‘are isomorphisms. ' Therefore

—_—

n-2 -
G, S - 2., 2,02 . " .
(68 7F) - (87G,87(8" “F)) is an isomorphism. From Proposition (1.33) we

con l,.n-2 n-1 o . : )
clude that $7(S° “F) = § F is projectively stable, finishing the

induction and the proof.

We s :
now pursue a slightly different line of investigation. If F is
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half exact we have, for every short exact sequence 0= ¢t =>Cc—=>Cc"=>0

the usual long. exact sequence:
P(cr) = F(C) = F(c") = STF(cT) > STF(C) > IO
o s pen) = siE(er) = stR(e) > STR(ET) > -

If we apply S:LS:L to this we obtain a sequence of order two:
(8): B(cT) = F(C) = E(C") > ... => STE(C) > str(c) » glE(c") > ...
We wish to determine when this is exact for 1<i<n and all short exact
sequences 0 => C' > C => C" = O.

We note first that if sir is projectively stable for ‘1 <i<n
then S’iF = §i§ so the sequence ($) reduces to the preceding sequence for
1<i<n, hence is e_iact. To prove the converse we need the following
Lemma.
(1.35) ILEMMA: For any F in Hex(r,4A) and short exact sequence
0->¢' = ¢ = C" -=> 0 we have: '
coker (F(C) = F(CM)) ~ cokér (F(c) = E(CcM)-

Proof: Consider the following exact and commutative diagram:

LOF(Q) > ' »LOFSLC") > 0
F(C) > F(c™) > U > 0
v |
F(C) > F(c") > TV > 0
y | \
0 o

We must prove Ux V. But this is a trivial exercise in diagram chasing.

We now can prove:

(1.36) PROPOSITION: Let F e half exact and n > O be an integer. Thes

the following statements are equivalent:

(a) s'F is projectively stable for 1 <1 <n.
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(b) The sequence ($) is exact for 1< i <n and all short exact
sequences 0 —=> C' => C > ¢" = 0.

(c) The sequence ($) is exact for 1< i < n and 2ll short exact
sequences 0 > C' => C => ¢" => 0 where (' 1is projective and C is
injective.

Proof: As we have seen, condition (a) gives sl = _S_J_'E_ for 1<i<n
so we need only consider the sequence )
F(c') = E(C) = E(C") = SJT(C') - le(c) - S]T(C”) . Since
F is helf exact when F is, the sequence F(C') —> F(c) = E(c"‘) is exact.
By the previous Lemma, coker (F(C) —=> E(C")) o coker (F(C) = F(C"). This
last cokernel is isomorphic to ker (S]T(C') = SJT(C)) .since the segquence
F(c') = F(C) = F(C") = S]T(Q’) - SJT(C) - SJF(C") is exact. ﬁlerefo}e
we may splice F(C') = E(C) = g(q") 'fco S:LF(C’) - le(c) -—>':SJT(CY'),
preserving exactness. ' '

Since it is clear that (b) dmplies (c), we need only prove that (c)
implies (a). Let P Ybe any projective. Choose an injective .I so that
there is an exact sequence 0 ~>P = I - I/P = 0. Let G= Si-]F. Since
G(p) —z (1) > i(I/P) - SlG(P) - SlG(I) —; SlG(I/P) is exact,‘we have
ker (S7G(P) = $7G(I)) ~ coker (G(I) = G(I/P)). By Lemma (1.35) we have
coker (G(I) = G(I/P)) ~ coker (G(I) — ¢(1/P)). Finally; if 1<i<n,
then condition (c) gives the exactness of: i
&(?) = o(1) = 6(1/?) = 576(P) = S7G(I) - §76(1/7) so
coker (G(I) = g(I/P)) ~ ker (_Si(P) - §J£(I)) Putting these isomorphisms
together, we deduce that ker (SlG(P) - slG(I),) ~ ker (Sl_G(P) - SlG(I)).

Denoti 3 s
ing these isomorphic kernels by X, .we have the exact and commutative

dlagram:
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0 > K > sta(P) > s76(1)
0 > K > giq(P) > g &{1)
. e s . 1 1 . . . .
Since I . is injective, SG(I)=0=8 G(I). Since P is projective,
ig(P) = 0. We conclude that SlG(P) = 0, or: s'F(p) = 0. Since P was

arbitrary, we conclude that SlF is projectively stable f_‘or 1<i<n. ’

We conclude this section by using the Proposition just proved to

strengthen a previous result. In (1.33) it was shown that s'r is project-

ively stable if and only if (G,F) - (»SEG, S2F) is an isomorphism for all

half exact G. We shall now suppose that A is .the category of abelian

groups and F 1is of the form (&, ) ‘for A an object of T'. We shall

show that it suffices to test the map (G,F) = (SZG, SEF) on functors of

the form G = (B, ) in order to ascertain whether &F is projectively

stable.
We shall need the following well-known result of Yoneda:

(1_37) TEMMA: Tet x be-a category and F 'a‘ set-valued functor. Iet

A be any object of x. If & isa hatural transformation (&, ) =>TF,

then @(lA) ¢ F(A) and the correspondence & ~> é(lA) establishes an
‘isomorphism: ((A, ),F) = F(A). Furthermore, this isomorphism is functori
in F and A ' |
(1.38) COROLLARY: Let I’ be an abelian category with enough projectives.
),. for A in I, be the projective stabilization of the

)5

of a functor into its projective stabilization.

Tet Hom(4,

) be the natural map

functor Hom(A, and let Hom(A, ) —> Hom(4,

Then there is a natural
jsomorphism: (Hom(B, ), Hom(A, )) ~ Hom(4,B) such that the following

disgram commutes:

* 1s precisely the image of 1B°f = f under

. Thus the diagram commutes, and our desired
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Hom(A, B)

i

(Hom(B, ) , Hom(s, Hom(4,B)

))

Proof: We note first that the map Hom(A,B) —=> (Hom(B, ),Hom(A,

))

may be described in the following way. For f ¢ Hom(A,B) we get a trans-

))-

shows that ' determines an element of

formation (Hom(B, ),Hom(4, Composing with the natural map

Hom(4, ) —> Hom(4, )
)). Now we have seen--Proposition (1.4)--for any functors
(F,8) ~ (F,Q).

Hon(2,B) => (Hon(B, ),Hom(, ))~ (Hom(3, ),Hom(s, )).

(Hom(B, )s M(A;

F and G we have Our map is then the composition:

Furthermore, Yoneda's result gives (Hom(B, ),Hom(4, ))~ Hoin(A,B). We

now ‘have the following diagram which we claim is commutativeé:

‘Hom(4,B)

N

(Hon(s, ),Hom(s, ))~ (Hom(B, )Hom(s, ))~ Hom(4,B)

In fact, starting with f ¢ Hom(4,B) we see that its image in

(Hom(B, ),Hom(4, )) is the composition

Hom(B E:_l ¢ ' ‘
(3 ) > Hom(A, ) -> Hom(4, ). The image of this in Hom(A,B)

der the Yoneda isomorphism is simply the image of lB' (identity of B)

)(B)-

Hom(A,B) —> Hom(A,B).

via iti :
the composition: Hom(B,B) —> Hom(A,B) -> Hom(A, This, however,

the niap :

isomorphism is the composition of

the i 3
two isomorphisms appearing in its bottom row.

We now ¢ et y »
om i
e to our main requ.t. Tet I' be once again an abelian category

With en st s ' '
ough projectives and injectives, A +the category of abelian groups,
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and A any object in T. ILet F 1in Hom(T',4A) be the functor Hom(A, )-

Then F = Hom(4, ). Furthermore, it is easily seen that SiF = Exti(A, )
for i > O--for details see [U; Ch. V, 6.1]. When 1> 0 we also have-
sly = SiE = Ex’ci(A, ). If B is another object of T and G = Hom(B, ),
then the maps (G,F) = (SiG, SiF) become the maps
(Hom(B, ), Hom(a; ) = (Ex‘ci(B, )s Exti(A, )) if i > 0. We now.prove:
(1.39) PROPOSiTION: let F = Hoxﬁ(A, ) for A in T. The following
conditions are equivalent:

(a) Extl(A, ) is projectively stable.

(v) (G,Hom(4, ) = (SEG, EXtE(A, ) is an isomorphism for all half
exact functors G: I' => abelian groups. .

(c) (Hom(B, ), Hom(4, )) = (ﬁtQ(B, Y, Extz(A, }) is an isomorphis
for all objects B in T.

Proof: That (a) implies (b) has been shown in Proposition (1.33), while
(b) clearly implies (c) We now prove that (c) implies (a). We recall that
Proposition (1.36) tells us that §'F = Ex’cl(A, ) will be projectively
stable if, for any short exact sequence 0 —>P > 1 > I/P - 0, with P
projective and I injective, the following six term sequence is exact:
Hom(4,P) —$ Hom(A,I) = Hom(4,I/P) = _Eggl(A,P) > E_x_'gl(A,I) - E_xEl(A, 1/P).
Since Hom(A, ) and E}_{El(A, ) are projectively stable, and P is
projective, _I-_Io;n(A,P)= E_xjs_l(A,P) = O; _ Furthermore, Hom(4, ) and 'J_Z‘}_‘El(A,‘
are half-exact, so we have, in any case, the exact sequencesﬁ
0 —> Hom(A,I) = Hom(A,I/P) and O —> Eﬁl(A,I) - Ex_tl(A,I/P). Thus, to
prove the six term sequence is exact, ‘it is only reguired to.show that
Hom(A,I) —> Hom(4,I/P) is an isomorphism. By Corollary (i.38)' we have the

following commutative dai a.grém :
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@(A,I) ~ (@(I: ): @(AJ ))

4 b

Hom(A,I/P) *~ (Hom(I/P, ), Hom(h, ))

Therefore it will suffice to prove that the right-hand vertical map is an
isomorphism. However, by Assumption (c) the horizontal maps in the following

commutative diagram are isomorphilsms:

(Hom(I, ), Hom(a, )) ~ (Ext(I, ), Ext (s, ))

! b

(Hom(1/?, ), Hom(d, )) ~ (Ext™(I/P, ), Ext°(4, ))

It now suffices to prove that this right-hand vertical mep is an isoﬁoxphism.
Now the exact sequence O —> P'—> I —> I/P => O and the fact that P is
projective give EXtE(I/P, )~ ExtQ(I, ), so |

(ExtE(I, s Extg(A, )) > (ExtE(I/P, )s EXtE(A, . Therefoz'-e. our six

term sequence was exact. Since 0 =>P=>I1I = I/P —= 0 was arbitréry, .
Proposition (1.36) gives SlF_: Extl(A,' ) is projectively st.able.

§4: The Stabilization of Hom(4, )

In this Section we take a close look at the functor ;—I_g@(A‘, )= the
Projective stebilization of the functor Hom(A, ). To simplify notation
we shall write (4, )  for Hom(4, ) Thus, (4,B) will denote
Hom(4, )(B). Since our firstl results will be quite general we shall assunme,
until further notice, only that I' is an abellan category with enough

r0j i
brojectives. All functors under consideration will have values in the

© cate 1 .
gory of abelian groups. Unless otherwise stated, objects and mapé will

be those of T.

We have, by definition, an exact sequence of functors:

L.(A =
o ) > (4, ) > (4, ) = 0. Therefore, for any object B we have:

]
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K = ker((4,B) = (4,B)) = im(LO(A, )(B) => (&,B)). To compute X, Ilet commtes:

Pl - PO = B > 0 be ex§ct with PO and Pl projective. By definition ) : (4,3)

LO(A, )(B) = coker((A,Pl) = (A,PO)) and. the transformation N

LO(A" ) = (4, ), epplied to B, renders the following diagram commutatiy

’ £ : 1
- (A’PO) - L()(A’ )(B) = 0 However, for any functors F and G we know that (:E_,g) ~ (8 F,slg).

(A, P A
\l/ Applying this to F = (B, ) and G= (4, ) we obtain

?y)

| \l

. 1 , 1
(A’Pl> = (4,y) > (4,B) ((B,_)s (A& _))~ (Ext™(B, ); Ext™(A, )). We now have the commutative

‘ diagram:
Claim: The element £ ¢ (4,B) lies in X if and only if there is a
factorization of f of the form: £= (A > P —> B) where P is projective, T / (8,B)
T ee thi hat =i = (A =i A = (A,B)). 1
o see this, note that X 1m(LO(A, Y(B) = (4,B)) = im(( ,PO) > (4,B)) (Bxt™(B, ), Extl(A, )) ~ (4,B)

Thus, if £ e X then T factors A —> PO - B, and PO wags chosen pro- i .
From this and the previous description of (é,g) we obtain the well-

jective. Conversely, if £ factors: A= P =B with P projective, then .
nown result of Eckmann-Hilton [5] that every natural transformation

we have the following commutative diagram: 1 1
‘ Ext™(B, ) -> Ext (4, ) comes from a map: A => B, while a map A —> B

induces the zero transformation if and only if it factors through a projective

A ————> B
%L /__ S j We summarize our results in the following.

0 ’ ' '
1l.bo : i
k 4 ( ) THEOREM: Let I be an abelian category with enocugh projectives.
Since P.—=> B is an epimorphism and P 1is projective, the dotted mep For & i : : :
X ) ny object A let. (4, ) denote the projective stabilization of the
exists, leaving the diagram commuitative. We can now write £  as the funect 13 | |
, or (4, ). Finally, for objects A and B let K= {£e (4,3B)f

composition A > P —>P,>B so fe im((A,Po) = ‘(A,B)) K and the factors through a projective}. Then there is an isomorphism

c aim is Provei’l. e O de a’ ¢} each A ‘and B i : J ) (EX (BJ )’ > .
: A | tl , for 1. n I there 1 (_ _E ~ t Ext (A ) ) and an exact and commutative diagram
] concliu &

exact sequence: . :
0

‘ ’ > K > (4,B) > (4,3 >
0 = {fg(A,B)[f factors through a projective} —> (A4,B) = (4,B) = 0. “ | _;2—) ’
We may ‘ther!efore.fl'dentify (4,B) with (A,B) modulo the equivalence ‘relatd 0 > K > (A;‘B) > (Extl(B, )5 Extl(A, )) > 0.
defined by: £ ~ g if and only if f - g factors through éprojective- Turning now from maps to cﬂojecfs, 'W; note that since Ext i | dditi
. is an additive

. We can give a‘nother description of (A,B). As was seen in Corollary (]-'E functor, and since xtl = i and only i is ve, w
E (7, ) 0 if (and only if) P i j i
] projective, we

“there is an isomorphism (4,B) ~ ((B,_)> (4,_)) such that the following  S€e that Extl(A +p, )™ Extl(A ) if the object P i ective (tn
. 2 1s projective (the

]
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isomorphism being induced by A > A+ P). - It follows that if A and B
are two objects such tha‘é, for some projectives P and Q, A+ Pw B+ Q,
then Extl(A, ) ~ Extl(B, ). Here the isomorphism is induced by}
B->B+ Q~ A+ P> A. That the converse is also true is & result of
Tekmann-Hilton [5] and Hilton-Rees [6] which we record here for future

reference:

(1.41) PROPOSITION: For ‘objects A and B of I', the following are

"equivalent:

() If Q->A >0 is exact with q projective, then there is a
projective P and an isomorphism B + Q~ At P.
(b) There exist projectives P and Q such that A+ P= B+ Q.

(¢) There is a natural isomorphism Extl(A,' ) ~ Extl(B, ).

(1.42) COROLLARY: If ,E:;tl(A,' )~ ExtT(B, ), then Ext (&, )=~ Ext™ (B, -

for all 1> 0.
Proof: By Proposition (1.41), there exist projectives P and Q such
that A+ P~ B+ Q. Therefore we have for 1> 0:

ExtT(h, )~ Ext (A+ P )w Ext~(B + Q, )~ Ext (B, ).

'§5: The Stabilized Category L

In order to formalize the discussion of the previous section - v - it
is convenient to construct from the category T (abelian, with enough
projectives) a new category ca.l;l.ed the (projective) stabiliza'biori of T.
This category will provide a natural setting for the study of the Ext and T0
functors, and their stability properties.
(1.43) Definition: If I is an abelian cétegory with enough projéctives,
gefine the category [ in the following way:

(a) The objects of I are the objects of T.

(b)  Hom I\(A:B) = I’EE(A:B) = (_—E{:E)
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' is called the projective stabilization of T.

In order to avoid' confusion, we shall denote ‘the object A by A when
considering it as an object o.f.‘ L. It fe (A,B),” we shall denote its image
in (4,B) by £. This image is an equivalence class of maps in (A,B) which
differ from f by a map factoring through a projective (1.40).

Now in any category, the isomorphism class of an object is determined by

its maps into other objects, i.e. by the functor (4, ). It follows that

AN B . r‘ s .

in ' if and only if (4, )~ (B, ). Furthermore, a straight
forward application of the isomorphism
(&5 (B_))~ (Bxt™(a, ), Bxt™(8, ) shows that (4, )~ (3,_)

if and i = =
only if Ext (4, )m Ext (B, ). Combining this with Proposition

(1.41) we obtain: .

(1.4k) PROPOSITION: The following are equivalent:

(a) A~ 3B in T.

(®) (4 _ )~ (B,__) as functors.
N ‘
(e) Ext™ (&, )~ Ex’cl(B, ) as functors.

(d) There exist projectives P and Q in I such that
A+ P~ B + Q. |

(3.6) Definition

a i | v '
() If f and g are in (4,B), we say that f and g are pro-
Jectively equivalent if f£=g in (4,B). |

b ' :
( ) We say that A and B are projectively equivalent if A~ B.

Su; i
Ppose now that AG is the category of abelian groups and I“* denotes

the du
al category of [. Then the functor E* = (I',AG) given by

A > EX l .
t (A, ) establishes a natural equivalence between l“%' and the

full Subcate
gory of (T;AG) determined by functors of the form Ext (A )
2

for A in :
. . . .
For a discussion of this representation and related questions

See [l] angd [2]‘
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Chapter 2: Applications To Noetherian Rings

In this Chapter we shall apply the technigues of Chapter one to theb study

. of finitely generated modules over noetherian rings. Such a module M will

be represented by 'b_he functor F = (}_/I_,_) and the stability properties of F
will be examinej. and interpreted. Throughout, R will be a ring with wnit,
nsetherian én both sides ,‘ Unless stated otherwise, those R-modules undér
consideration will be assumed finitely genera.teci,

Tet us denote by RWZ (resp. WzR). the category of finitely generated left

(resp. right) R-modules, In general, our results will be stated for modules

in RWZ ; however, if no remark is made to the contrary it will be assumed

that a similar result holds for right R-modules. Finally, RE é.nd 7—7? will

denote the (projective) stepilizations of the categories R’/?Z and W‘R
respectively.

§1: The Functors D and o,

In +this section we construct a functor D which will be useful in
describing the left satellites of (M, ). We begin by recalling from (11

S that if Pl - PO — M = 0 is any exact sequence of finitely generated

modules with Pl and - PO projective, +then there is an exact sequence.of
functors:

(2.1) 0 - Ex’c;(Z', ) = (M e ) % M*, ) —> Ex’cg(Z', ) =0

where

(a) Z' = coker (Pg - P»{) and

(®) M & ) & (¥, ) is defined in the following manner. For a
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module N , o(m ®n) (m*) =m*(m)-n where meM, nelN and m¥ e M*
Furthermore, this exact sequence is functorial in the exact sequence
Pl-—> PO — M = 0, In other words, for every exact commutative diagram of

. -t l . . y ) . . i
finitely generated modules, with the Pi and Qi projective:

P, > P, >MU=>0

I

Ql—>QO—>N—>o

we obtain an exact and commutative diagram of functors:

0= Extl(Z', )>‘—> (M & ) = (M¥, ) > Extz(Z', y=0

(f'®R ) (£*, )

e N N

1 _ -
0> Ext (2", ) > (Mg )-=> (0, ) - Exti(z", ) >0

where Z" = ccker (Qg - Qﬁf_)

From this diagram it is clear that the map Extl(z', ) = Extl(Z", ) is
uniquely determined by f. This map is also obtained by applying Ext 10

-th no_s .
emap 2" => Z' induced by the following diagram:

. y .
PO >P9£ > 7' 2> 0
1T 1

E— '__ "o
Qr > Qf > 2" >0

We ‘ 1
now show that Ext (2!, ) —> Ex‘cl(Z", ) depends only on the image

£ of £ in
= M,N -
(4,N) (Recall that (M,N) = Homp (M, ) (N)). Suppose that
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£ factors through a projective--i.e. £ =0, It is easily seen that f
then factors through any projective mapping onto N. Since N is finitely
generated, we may assume that £ factors through a projective P which is
finitely generated. It foilows that Extl(Z', ) = Ex‘tl(Z", ) factors

through the kernel of (P & ) —=> (¥, ). Now it is well known that 2

finitely generated module P is projective if and only if

(P& ) - (%, ) ié an isomorphism, By our choice of P, we conclude
that ‘Extl(Z', ) - Ex‘tl(Z", ) is zero, Since all functors involved here
are additive, we conclude that if £ and g lie in (M,N) and if £-g
fac’cérs through a projective, then - f and g induce the same map

Extl(Z', ) = Extl(Z", ). In other words, we have:

(2.2) IEMMA: The map Extl(Z', ) = Extl(Z", ) induced by f € (M,N)
depends only on f € (M,N).

(2.3) COROLLARY: If M ~N in M, then Z' ~ 2" in g -

R peh

Proof: By Proposition (1.44), A and B are isomorphic in R?_?l (resp. Z%

if and only if Ex‘bl(A, ) ~ Ex’cl(B, )y . If M~ N then we can

find maps O:M —=> N and B:N—=>M such that Q' -2 =1y and O+ B = Xy
Ir Ee(2t, ) > Exti(z", ) snd ExtT(z", ) > Ext>(z!, ) are induced
by o and B respectively, then Lemma (2.2) tells us that the compositions
i@, ) > B, )= Exti(z', ) snd Ext (2", ) => ExtT(z', )~

Extl(Z", ) are induced by 1y and lg respectively, Therefore

Exti(z', ) ~Ext (2", ) so Z'~Z"

As we have just seen, if Pl - PO — M = 0 is an exact sequence of

finitely generated (left) R-modules, with Pl and PO projective, then

.coker (P*S - Pae_) is a (right) R-module whose projective equivalence class
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depends only on the projective equivalence class of M, We now construct a

functor D: Rﬁ - Z‘R which formalizes this correspondence between M and Z',

We begin by choosing once and for all, for each R-module M (ho‘b
necessarily finitely generated) an epimorphism P(M) = M = O such that:
(a) P(M) 1is projective andv P(M) > M 1is the identi'by‘if M is

itself projective,
(b) If M dis finitely gemerated, so is P(M).
(2.4) Definition: QO(M) =M
o)
) = ot ).
th

The module Q™M is called the fth syzygy of M (sometimes the 1

ker (P(M) = M)

Ql’J.

—

suspension of M). We also denote by Pi(M) the projective: P(QiM),

In effect, we have supplied each module M with a projective resolution

>R > > P‘l =P, > M - 0 (where B, = Pi(M)) made up from

short exact sequences:

e ot > o,

1

If M is finitely generated, so are all the modules Pi and QlM Unless
otherwise indicated, a projective resolution for a module will mean this one,
(2.5) Definition: For M in 7, (i.e. finitely generated) define D(M)
to be coker(PO(M)* - Pl(M)*),_ If fe (M,N) then f induces a map
Eml(D(M); ) = Extl(D(N), ) , hence a map D(N) => D(M) which we shall
denote D(f). .

Remarks: That D(£) ¢ (D(N) , D(M)) depends only on g' is the content
of Lemma (2,2), The Corollary to this same Lemma ssserts that the

isom s .
orphism class of D(M) in T, depends only on the isomorphism class of
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RZ?_Z. This enbire construction can be carried out for modules in M.

For such a module M, D(M) is in R?g. We shall use the same letter D

M in
for both constructions since it will always be clear (or unimportant) whether
left or right modules are involved.

(2.6) PROPOSITION: D is a functor g —> My end Mg —> Mg with the .
following properties:

(a) TFor every finitely generated module M , there is an exact sequence

of functors:

0 = Extl(Db_g, ) = (M & )y > (Mx, ) > Extg(Dm, ) = 0

(b) D(R) = 0 if and only if P is projective.
(¢c) Suppose P - Q—=>M—=>0 1is an exact sequence of finitely generatel

R-modules with P and Q Dproj ective, If C = coker(@* —> P*) +then there

ig a unique isomorphism C~ D(M) such that the following commutes:

Extt(C, ) > M& )
2 I

Extt (DM, )—> M & )
(@) There is a natural isomorphism between DoD and the identity

functor of M (resp. z_nR) .
Proof: We have already noted property (a). Part (b) follows from (a)
and the fact, already mentioned, that (M & ) = (M¢, ) , for finitely

generated M , is an isomorphism if and only if M is projective, Part (c)

also follows directly from part (a) and the diagram:

0= Extt(mM, ) > Mg ) > M )
2 i f
0= Exti(c, ) > (Mg ) > 0% )
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To prove () recall that if P is a finitely generated projective, so is
p* , and P. - P¥¥ 1is an isomorphism. Starting with the exact sequence-
Pl(M) - PO(M) —> M —> 0 we obtain the exact sequence
PO(M)* - Pl(M)* - Dp(M) = O, " From part (c) already proved, we have that
coker (Pl(M)** - PO(M)**F) -is projectively equivalent to D(DM). But ‘
coker (P (M)** —> P (M)¥*) ~ coker (P () = P (M) ~M. Thus M~ D(DM)
defines our iscmorphism: DeD ~ identity.

Remark: As a consequence of this proposition Wé see that as faf as ‘l:hosé
properties of D(M) which depend only on its projective equiv‘alence class
are concerped, the particular choice of projective resolutioﬁs for modules
has no effect. Indeed, another choice for such resélutions would yield a
functor D' isomorphic to D , the isomorphism being given by part (c) a.‘bove,

We can also make the Qi into functors, Here we need oniy_ éssume that
we are working in an abelian category I in which every object has been
assigned an epimorphism P(A) => A , where P(A) is projective. .Then ot
is the i°® iterate of ot , where Ql(A) = ker (P(A) => A). From the exact
sequence 0 —=> qlA —=> P(A) > A => 0 we see that Ext (0’4, )-;wEth(A; ).

i+l(

By induction it follows that Ext- (0'A, ) ~Ext’ (4, ). Thus, oA is

determined up to projective equivalence by the projective equivalence class

i . i
of A, To make @ into a funector on [ , we must define ‘Ql(f) for
. .
£e(A,B). Now fe (4,B) determines a transformation: Extl+l(
i+l '

£, ):
Ext s i+l :
(B, )->Ext™ (A, ) , hence a transformation:
Extl(QlB ) > E 1,1 R 1.1 1.1
. s xt (A, ). Since (Ext™(Q'B, ) , ExtT(Q7A, )) ~
(4,0 . i . ' S
QA2 B) , we define Q (£) +to be the element of (QlA,QlB-) corresponding
t0 this " ’ .
this last transformation, It is easily seen that if f ¢ (M,N)
repre . ' il
sents f e (M,N) , then the map Ql(j) is represented by any map

ol = ot ; ot '
QN coming from a commutative diagram:
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o Pi_l(M) - ... >P,M) >M—>0

.

0—=>aN >Pi-’1-(N) > . >PO(N) - N-=>0

Summarizing this discussion we have:

r = I with

(2.7) PROPOSITION: Tor each 1 >0 there is a functor at:

the ,properties:
. 1,1 i+l
(a) For any object A ‘Ext (o (é), )~ BxtT (A, )

(p) 1If £:M—>N, then there is a commutative diagram:

el )

ExtT T(N, ) _— Bt e, )
2 Extl(nig, ) 2

Ext (o'W, ) > Bt (0, )

() o (A) is determined up to [-iscmorphism by property (a).

§2: Calculation of Satellites.

We now turn to ‘the calculation of the satellites of Tor and Ext. Of

central importance will be the following:

(2_8) THEOREM: Let M be a finitely generated R-module and k >0 an

integér, Then there are exact sequences of functors:

(a) 0> Ext%(DQkM, ) = Torf;(M, ) => (Ext?(M,R), ) > Extg(DQkM, )

(b) .Torlz(DQkM, )= (Ext};(M,R) & )-> Exbl;(-M, Y= Torli(mkm, Y= 0

Proof: These statements follow, respectively, from [1, Prop. 5.8¢] and

[1, Theorem 7.5]. In the case of (a) we note that Z]!__l of [1]+is actuallf
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DgiM , while in the case of (b) a careful reading of the discussion following
[1, Temma 7.4] shows that N = poM when F = Extt(M; ).

We can immediately obtain some resﬁlts abc;ut satellites from the exact
sequences (a) and (b). If we apply (a) t‘o' an arbitrary injective I , and
note that Extl(DQKM,I) = Extg(DQKM,I) =0 , we see that the map
Tork(M,I) - (Extk(M,R),I) is an isomorphism, Thus Tork(M,' );->(Extk(M,R), )
is an isomorphism» on injectives, while the functor’ (Ex-b.K (M,R), ) 1is clearly
ieft exact, It follows from the uniqueness of RO (1.54) that we have an
isomorphism of functors (Extk(M,R), ) gr° Tork(M, ) , and a commutative
diagram:

0]

0= TorkZM, ) — Tor.

k(M’ ) =>R Tork(M, )

l 2

0= Extl(DQKM, ) = Tork(M, ) = (Extk(M,R), ).

, 1 . o .
e conclude that Ext (DQKM, ) is the injective stabilization of Tork(M, )

By applying sequence (b) to a projective P , andknot'ing that
Tor, (D = ' ‘

l( QkM,P) = Tore(DQkM,P) = 0 , we obtain isomorphisms and a commutative
diagram: ' V

(Ext™(M,R) ) = Bxt®
R) € xt®(M, ) = Tor (02N, ) >0

2 I 2

. .
Ly Ext (M, ) —> Extk(M, ) = Ext* (M, ) =0

R 1 -
eiterating these observations we have:

(2.9) coro
. LIARY : is i ig i
If M ;.s in R?_R . then DQkM is in 7_723 and we have

(k>0):
(a) Ext(po®M —
q - s
X ( s ) A TorkZM, ) =8 SlTork(M, ) » all as functors:
R™> T . .
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(b) Tor (DQKM, ) NExtk M, ) =8 SlExtk(M, ) , all as functors:
1 1

> R?fc .

'(2,10) COROLLARY: TFor any finitely generated M and integer k>0, the-

following conditions are equivalent:

() Bxt (4,R) =
() Extk(M, ) is projectively stable

(c) Tor, M, ) is injec‘tively stable

proof: If Ext (M,R) O then the second sequence of Theorem (2.8)

givest Torl(DQk'M, )mEx‘c (M, ) , so Ext ( , ) is projectively stable.

Hence (a) implies ().

On the other hand, 1f Extk(M, ) is projectively stable; Extk(M,R) =0

(since R 1is projective). From (2.8), sequence (a), we have

Tor,, M, ) ~Ext (DQKM ). Therefore Tor, (M, ) is injectively stable.
Finally, supp

sequence (a), we see that (Ext (M,R),I) = 0 for each injective I. Since

any module = in partlcular Ext (M R) — can be embedded in some injective,

we conclude that Ext (M,R) = 0 , completing the proof.

Remark: The equivalence of (a) and (b) may by proved independently of

(2.8). Clearly (b) implies (a). To see the converse, recall that when M

is finitely generated, M, ) , hence its derived functors Ex‘b o, ) s

commute with direct 1imits. In perticular, Ex’c (M, ") commutes with

arbitrary direct sums. Clearly (a) implies (b) since any projective is a

direct summand of a direct sum of copies of R.

Before proceeding, let us recall the following facts already coserved

abdut satellites:

ose Tor (M 1) = 0 for each 1n3ect1ve module I, From (2.8),
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(1) s, & )~TorQL ) )
@) st ) aExtTOM, ) [4, Theorem 6.1]

i

(3) s'F=8"F for 1>0

1t

(1) S.F Corollary (1_18)

1

1}

siF for 1>0
We can now prove the following.

(2_11) PROPOSITION: Let M be finitely generated, Then

a) F ' ‘ J ‘ =Ly,
(a) For k, J > O.'we have SkS M, ) ,~‘»To:z'k(DQ‘:l lM, )

(b) For k¥, §>0 we have SkS.(M, SkTor L(om, )
. . 2
When k >0 , SkTor (M, ) ~ Ext (DQJDM ).
Proof: S.§9 -1
Proof: S, (M,_) 51525570 ) ~ 8y (5 RNEE M, )=

j=1
S, .Bxtd (M ~ J- =
k'l__-_(.i ~ Sk-ILTorl(DQ ;M’ ) ~ TOTK(DQJ lM; ). This proves (a).

To prove (b) we first note that siﬁce M, ) is projectiveiy stable,
M, ) = SlSl(bﬁ,_), By part (a) already proved we have | ’.
S5, ) ~Tor (DM, ). Therefore sksj(lg, ) 858 Tor |
This proves the first assertion of (b) Now supposeJ k > 0, Then we can

write SkTor . (oM, ) as

k-1_1
87 7878 Tor k" ) o
I (DM, ~s or g M, )~ lEx‘sl(DQJDM, )mEx‘tk(DQJDM, )

This completes the proof.‘

To simpli i in
plify our notation in future calculations we shall introducé the
following functors (k >0 is an integer):

(2 12) Definiti '
.12) Definition: D, = 0D 2 _p s
* and Dk = Dk Dk

. x 2
d o A
k nd Jk _ kch,r

1i
[

il

(2.13) I-EMMA:

(2) 5,850, ~ (72, 00),_)

(oM, )g_SkTorj+l®M, )
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() 88,000 ~

(0200),_)

Proof: The long exact sequence for Tor applied to:

) ~ TOTE(N: )

Tnduction now

0= oW —>P—>N->0 gives Torl(Q]l\T,

Proposition (2.11a) gives

A i
gives 'I‘orl(Q N, )zTori_‘_l(N, )

By the same proposition we have

(E:_) ] Torl<DN: ).
zTorl(Qk—lDQk-JM, ), Since DDN ~ N we have

k k-
8,8 (M,_) ~ Tor, (D0 e, )

(letting N = Qk—lDQk-lM): Torl(nk']mk’,lM, ) ~ Torl(DDQk-]DQk-]M, ) ~

(oa ot e, ) = (Jleg—lM:_; ). Tuis proves (a).

: k+1
To demonstrate (b), we compute: &% (M, ) =8 slsks (M, ) =8,8 78 (M, ]
. TR 1 k 1 k
R e .
lextk’Ll(DokDM, ) ~ SlExtl(QkDQkDM, ) ~ slsl(gkmkDM,_ Y = (gFpetm, ) =

(DE(M),'_), This completes the proof.

Now the usual map SkSkF —> F defined in Chapter 1, §3 can De applied
. 1L e
to T = (M, ) , giving a map. §%5, 06, ) > (). Applyine 5,87 to this

using the Lemma just proved; the following:

gives,

sfe, 00) > (L)

2 I

(p20),0) > (6.

PSS

' 2
The transformation (DE(M),_) - (M,_) now gives a map: M- DK(M)’

the transformation

Tn an analogous manner, M, ) > SKSK(B_{I_,_) determit

a map 32 (M) = M.
k-1 bt

For completeness wWe state the following:

The map M —> Di(M) just described 1is induced by the

(2.1%) PROPOSITION:

map M > QRDQKDM , defined via resolutions, which is described in the

Appendix,
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The proof of this Proposition, though cumbersome, is essentially straight-

forward and will be omitted, The demonstration is achieved by.reducing (via

induction) to the case k =1 , and then unravelling the map

1 . :

Ext (DoDM, ) —> Torl(DM, ) , as described in [1,4,12],
§3: Applications to Torsion Freeness and Reflexivity.

We now return to some of the other concepts mentioned in the Introduction

Let M be in R??z,

(a) M is said to be k-reflexive when M o DE(M) is an isomorphism

prm—-

(2.15)

Definition:

-

(b) M is said to be k-torsion free when Exti(DM,R)

in
=0 for 1<i<k,
(¢) M is said to be a k-syzygy when M~ QKN for some N in _7
— — R .
We shall now let F Dbe the functor (1\_/{,__) and interpret some of the
results already proved about stable functors in this special case First,

however, we need a Lemma,

2,16 : i i
( ) IEMMA: The following are equivalent for M in R‘77( :
(a) M is n-torsion free,
b s
(b) Tori(DM, ) is injectively stable for 1 <1 <n.
. e
(e) §;(M,_) 1is injectively stable for 0 < i <n-l.
(4) Stab (M, ) >n,

T o L
(e) Stab Bxt~(M, ) > n+l,

Proof: By corol v‘ v
=t lary (2,1 is inj il s
Y (2. 0) we have Tori(M, ) 1s‘1n3ect1 ely stable if

and only if i
y if Ext (M,R) = O, Replacing M by DM we see that (a) is

equivalent
nt to (b). Now Proposition (2,11b) with k =J =0 gives

(M: ) ~ To .
=/ ~ lor (DM, ), Con. N
1 sequently Si(M, )gSiT_orl(DM, )NToriﬂ(DM, ).

rhex efot’e
. S.(M ) is jn'ect"v e 3 M ais
: i \=2 J kA ely stab i Y i Q. ) i

) abl bl and onl; if Tor. 1 (D 53 ) .

. We conclug
; et
‘ hat (c) and (b) are equivalent. Statements (d) and (c) are




. 60 M. AUSIANDER AND M. BRIDGER

equivalent by definition, Finally, to prove that (d) and (e) are equivalent

; 1 1 1
we observe that si(rg,_) = si(sls (1\_4_,___)) = si+ls M,_) ~ 84 BT (M, ) when

i > 0. We now get our result by definition of Stap and the fact that.

Extl(M, ) is always injectively stabie.

We now come to the first important application of our results on stability

of functors. We shall make strong use of Theorem (1,25), so the reader is

advised to look back at that result.

(2,17) THEOREM: For n 21 and M in RW‘ the following statements are

equivalent:

(a) M is n-torsion free.

(b) ‘There exists an exact sequence o0—=M—> Fl - ,,. > Fn’ with the

Fi finitely generated free modules, such that the sequence

x> L= FY > Mx —> 0 1is exact.

(c)' M is k-reflexive and DkM is k-torsion free for 0 < k < n,

'(d) M is n-veflexive and DnM' is n-torsion free,

(e) M is an n-syzygy and D121(M) is n-torsion free,

Proof: To show that (a) implies (v) we proceed by induction on 1.

Suppose M is 1-torsion free., ZFrom the exact sequence
0= Ex‘bl(DM,R) = M = M > Extz(DM,R) — 0 (sequence (2.1) applied to R):

we see that M —> M¥* is an injection, Iet G —> M* —> 0 be exact with G

a finitely generated free module. Then G¥ is a finitely generated free

i
module and G —=> G¥¥ 1is an isomorphism., Letting Fl = G¥ , we have an exac‘ﬁ‘{;
sequence F*f_ — M¥ —=> 0. Dualizing, we have a monomorphism O —> M¥¥ - Fl. 4

‘ i
4

Composing with M —> M¥¥* we obtain the exact sequence O —>M —=> Fl By
construction F*i - M* —=> 0 is exact, so the case n = 1 -is pr_Qveh, When i

o i
M is 2-torsion free we have M ~ M¥%_ In a manner similar to the preceding;

construct FE - F*{ — M¥ => 0 exact with Fl and F2 free, Dualizing anﬂ%
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repla?ing M¥*¥ by M , we obtain the desired exact sequence 0= M->F. >F

. . 1 2
Now suppose the implication holds for 1,..,,n-1 (with n > 2) and s
: ‘ * uppose
that M is n-torsion free, Then M  is 2-torsion free so we get the sequence

0O—>M—> Fl - F2 as above, Let .C be defined by the exact sequence

F. =>F.~>C —>0. Then D(C) ~ co =
1> ¥ D(C) ~ coker(F§ —> F¥) = M*, However, dualizing

the exact sequence Pl - PO > M-> 0 gives

- * — - — . .
0 —=>M¥ => P¥ =>P¥ >D(M) =>0 so I‘_Q*NOZDQM}, When 1 >0 these

calculations give:

i i ‘ i : .
Bt (D0, ) ~Ext (%, ) ~Exet(eDM, ) ~ Bt (oM, )

Since M 1is n-torsion free, Ex‘bl+2(DM,R) =0 for 0<1i<n-2 Hence

i
Ext = i i »
xt~(DC,R) 0 for 1<1i<n-2, which means that C is n-2 torsion‘ free

By 1nductj.on hypothesis we have an exact sequence O - C > F, > == F

3 oo n

N - a . . s
with the r equire Proper ties S pllCln thi 1 > . > >

gives our result,

T L
o rrove that (b) implies (a), splice the sequences

O_‘>M*—>P*—>P*— - 0 K — ¥ = *—.()
0 ] > DM —> and F ‘> e > Fl > M > together,
Obtaining the exact e % —. — ¥ —=> P% ~> P¥ ~= -= 0 C
sequence F > .
n cea > Fl > 0 > 1 > DM ~> . Since

the dual ' ' '
of this sequence is exact, we have Ext (DM,R) =0 for 1<4i<n
This means that M is n-torsion free o
Now su; ‘ ]
ppose that (a) holds; we shall deduce (c). By Lemme (2,16) we know
that (a) implies B3Tam ' .
plies Stab@,_) >n. By Theorem (1,25) (with F = (M, )) we

know that thi iti
1s last condition is equivalent to the conjunction of the -

conditions: sk ~ .
i SK(M:_) = (M:_) and Stab SK(M-’—> >%k (since F = (M, ) is

Projectively stable) for

0<k < k,
(DaM, ) o ) Sk <n, We conclude that S SK(M’—-) ~ M, ) so
kK =/ =M, ).

This implies = i i
= P that M — D@VI is an isomorphism for
Sk<n; i i
~*%5 1l.e, M is k-reflexive for O <k <n, The condition
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Stab sk(rg,_) >k means that slsk(lyi_,__) is projectively stable for 0 <1 <k

The calculation of Proposition (2.11), however, gives
SlSk(I\_Q,__) ~ Ext - (0aFDM, ) = Extl(DDk(M), ). To say tbat this functor is

projectively stable for 1 <1<k is to say that Dk(M) is k-torsion free,

Thus (a) implies (c).
Tt is clear that (c) implies (&).
Suppose (d4) holds. Since M is n-reflexive, MNDIZI(M) = o™ (pe"DM);

therefore M is an n-syzygy. Since ’Dn(M) is n-torsion free, the fact that

(a) implies (d) which we have just proved allows us to conclude that Dn(DnM)‘

is n-to_réion free, Thus, (d4) implies (e).
Finally, we prove that (e) implies (a), Let F = Extl(M, ). ‘Straight

forward ealculations of the type used to prove (2.11) give

N , _
s lSn+1F NExtl(Di(M), ). Lemma (2,16) tells us that Di(M) is n-torsion

free if ahd only 1f Stab Extl(Dfl(M),- ) > n+l, Thus, assumption (e) yields

— n+
Stab s lSn+lF > n+l, Furthermore, M ~ o™N for some N , so

. . . ‘
F = Ext" _l(l\T, ) = g™ l(l\T, ). By Theorem (1.25) we may now conclude .that

Stab F > ntl, By Lemma (2.16) again, we know that Stab Extl(M, )> ntl is

equivalent to M being n-torsion free, Thus (a) holds and we are done,

Recall now that for any module M , we have that M¥ (single dual) is

a direct summand of M¥¥¥ (triple dual)., We show that on analogous results
holds when the dualization functor ( )* 1is replaced byi Dk( ) (resp: Jk);
i

" iy suitably interpreted in terms of proj ec’G;

and the phrase "direct summand

equivalence, To obtain this result we shall apply a general fact about ,
functors, already proved. ' !

By Proposition (1,21) the composition:

r+

+ k+1_
$Elp o g5 lskﬂT =g i
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is the identity, for any half-exact ' i :
4 Y functor F. Applying Sl to this gives

+
that slsk T > s.s5 %

k+ k+ .
1 lS jT - sls JT‘ is the identity. DNow let

k+
F = (}_/[,_), A simple calculation of thg type made previously shows that

Kl K+l ko
5,8 o) ena 5,558, 57F = (D00, ). e conclude that

the composition: (2, ) > (9*Do¥pa™, ) => (g, ) is the idemtity

Hence we have maps:
(2.18) 2" = oo = o

whose comp}osi'bion is the identity. If we replace M by DM , and recall
2

3 .
kM g DkM is the

that DkM = QkDM , we see that the composition DkM —= D

identity, On the other hand, if we apply D to (2.18) and recall that
J.M = D™ we see that th iti : . b
" B e composition JkM g JE;M —= JKM is the identity, .

T .
t follows that, in the category 7 DM is a direct sumand of D3M

e
R K o

and i i ‘ : :
JkM is a direct summand of JS;M. Furthermore, 1t is easily verified

that the various maps involved are induced by the maps M —=> D2M and
i@ —=> M already described, o =

It remains to determir}e what being a direct summand in Z‘R means from
the module theoretic stendpoint, The answer is given by the following.
(2.19) I1EMMA: Let T be an abelian category with enough frojectives,‘
Suppose the composition A—=>B->A is the identity of A in I, If P
is any projective for which there is an epimorphism P —=> A , then—A is a
direct summand of B + P in .
' Proof: Applying Ext® we see that Extl(A, )y = Extl(B, ) > Extl(A,)
s the identity, Therefore Extl(A, )= Ex‘cl(B, ) is a monomorphism,

Our re :
Sult now follows directly from [6, Theorem 2,47,

(2.20) PROPOSTTTON: Let M be in 7%
v
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3 = . o . . >
a) DM~—>DM—=>D M is the identity and DM is-a direct summand of .
( K X Xk X Proof: By Lemma (2.16) we have that QKM is k-torsion free if and
and only
k+1

—_— 1
(D%ll) + P for any projective P mapping onto DkM' ‘ if Stab Ext (QkM; ) >.k+1, Since Ext (,QKM, ) ~ExtSNM, ), we see that
(b) M - JiM = JM is the identity and J M is a divect summand of | (a) and (b) are equivalent,
Now 1 = k+1 '
‘ et F= (M, ). Then Ext™ (M, )w~ 5% ang we want to know when

(J}‘?;M) + @ for any projective Q mapping onto JKM.’ ;
| a0 KT
i Stab S lF > k+1 .
ion freeness, We have seen that > x+1. By Theorem (1.29) this happens if and only if

Let us return now td the study of tors
) : k+
: : stab 8. (85TF) > K+ K+l . k+l .
every k-torsion free module is a k-syzygy. We now ask about the converse: | — k+l( ) 2 k*l and 8 ]T > 8 (Skﬂ_sk JT) is an isomorphism, As
i k+1 '
{we have seen, S S ~ 2
5 SpS (M) ~ (T, (M), ). The condition Stab sk_t._lsk+lF S g

when does this imply that QlM i

when is QKM x-torsion free, and if it is,
’ j;is therefore equivalent to E 152
xt (JK(M),R) =0 for 1<1i<k, while the

j~torsion free for 1 <1< X 2 ~The answers will be provided below.
. . ) o $t3 k+l
(2,21) PROPOSITION: For M in _7 and k >1 an integer the following | Second condition becomes Ext M = k+1,.2

. R - ’ (M, ) = Ext (Jk(M)’ ). Thus, conditions

. (b) and (c) are equivalent, Now if N ->M is any other map sati fyi
N—->M sfying

are equivalent, ‘ 1
conditi ] = + =
» ition (e¢), let G = (N, ). Then Stab ¢ > k+l since Ext.(N R) 0 fo
5 T

k+1

(a) o is k-torsion free
1<
1<i<k (see Corollary (2,10)). Also S°'*F = 5713 is an isamorphi
. morphism,

+
(v) STEp EeSTQL ) > kAL
iB 5 . .

such that: By the uniqueness assertion of Theorem (1,29) there is U.niQue isomorphi
‘ phism

(c) There exists a map N >N
: | ket
G~ B8 T suen that the diagram

(1) ExtT(N,R) = 0 for 1< 1<k ‘
l(M, ) = Extkfl(l\T, ) (so {_z_kM_zQ__kl\T_) .

= - = - 3 ¢
0=>B—=>C-=>M-—>0 in R?]z such tha: \/ -

s, g%y

k+1

+
(ii) Ext®
(a) There is an exact seque_hce

(1) pd.RB<k

_ . .,
(i1) B* = Ext-(M,R) =0 is exact and Extt(B,R) = Bxt™ T(M,R)

jcommutes, Thus
. (E:_) ~ (i@vl—,_) s 8O ENJE.M

for 1<1i<Kk. , ‘ -
€ now show th . .
‘ at (c) implies (d). Let N —=>M represent the map N > M

when condition (c) holds there is a 'unique R?_V( isomorphism%et P

Eur‘bhermo:r e,
>M b i i ‘
epimorphism with P projective By additioh e obtain
. in a

N~ JIZ;M such that the following commutes: x map N + P
| : - . . .
| ‘ M which is evidently surjective, Let C =N+ P and
. = il

B = ker (N + - M
). Then 0 => B = C—=>M—=>0 is exact, By assumption,

Exti(C,R) i
= Ext~ (N =
(N,R) = 0 for 1 <1<k, The long exact sequence for

() / ' | : Ext( ,R) gives B* —> mgil )
. . s B > Ext (M;R) = 0 ‘ET-X.'B..CJD_ and EXJG:L(B,R) = EXti+l(M R)
2

J.
i’f’OI‘ 1<
S1<k, Si k+1
nce Ext® (M, ) ~ Ex R+l

N M

2
k
~ Ext™ T(C, ), the same sequence gives

<
EXt (B)R> =0
=0, No
- W apply Ext to 0 ->B ->C =M = O , obtainine th
> g €
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exact sequence of functors: (2.22) LEMMA:

K+l 2
(

K+l K+l k+2 ok s
L. > Ext (M, ) > Ext ¢, )= Ext (B, )—>Ext (M, )=>Ext (C,) (a) If E is finitely generated, then grade E >n if and only if
- 1

M

. . . . ) -
since BxtSTROM, )= Ext” Yc, ), we bave st ) ESI(, ) fo 5D (B & )>n.

+ . e s
35 >0 by Corollary (1.42). Therefore Ext® l(B, )=0 , and so P& B <k (b) If M 1is finitely generated, then grade ExtT(M,R) > (£ and
. ‘ sR) >n if an
On the other hend, since pd B < , we have * only if Stab L, Extl(M, )>n. '
P4 B = sup{t | Extt(B,P) #0 for some projective P}, Since ExtK(B,R) =0 Proof: We first prove (a). To say that Stab (B X Y>n is
: ~ : > o say

we have that Extk(B, ) is projectively stable. Therefore DdgB <% andy thet S,(E & ) is injectively stable for O < i < n. Since

nave deduced (d). 18,8 & )nTor;(B, ), we see that %&b (E & )>n if and only if

Finally, suppose (d) holds. We shall prove (a). The hypothesis pd B < Tori(E, ) is injectively stable for 0 < i <n, Now in Corollary (2.10)

gives Ext?(B, ) =0 for J 2>k SO the long exact sequence for Ext yieli it was shown that TOTi(E: ) injectively stable is equivalent to
k

+ : ; : = ST
Extk l(C, )mExtk+l(M, }. We conclude that kM ~QC. It will therefore - Ext (E,R) = O, Thus, Stab (T ®R )_>_ n if and only if Exti(E R) =0 for
. -_— R =

k

cuffice to prove that QC 1is k-torsion free. Now part (ii) of (d) togeth 0<i<n., This last condition, by Definition (2.,21), means grade E >n

with the long exact sequence for Ext( ,R) eives Ext (C,R) = 0 for To prove (b) we recall that when M is finitely generated, so is
B Ny : i 2
1<i<k Thus, Sfab (¢, ) >k+l. By Theorenm (1.26) we have Stab G 2 n' 2t (M:R) > and we have the exact sequence:
—_ — K+l . ;
implies Stab 8°G > n. Therefore Stab S ¢, ).> k+1., Since 1 3 .- .
o - (_’_) - TOTQ(DQ M, )—> (Bxt (M;R) % )= Ex'tl(M: )= TOI‘]_(DQJT\(\; )= 0

Skﬂ'(g,_) = Extl(akc, ), we conclude that oc , hence o , is k-torsion .
LAS W . . i s

‘ e have seen, this gives L. Ext (M, ) ~ (Ext*(M,R) & ). Thus

. >

: ) 0
{S%ab L. Ext®

free, Our'proof ig now complete,
: 0 (M, ) >n if and only if Stab (Eth(M;R) ®R )>n. By part (a)

g4: Grade and Torsion Freeness s
i . 1Just . s
} Proved, this means grade Extl(M,R) >n , so we are done

We now find a criterion for QM to be i-torsion free for 1<isk y‘ We have s i '
: een in Proposition (2,21) that QM is i-torsion free if and

order to state is we reca the notion of depth. ” . Ex‘t' M, )> W >
+h 11 B) i+l, If we can relate Stab E .
T ¥ if Stab xt (M ) to

(2.21) Definition: I M and N are left (resp. right) R-modules, then $Tap L Exti+l(M )
- 0 4 then we can relate the torsion freeness of QiM to the

V{—dep th- o is ( )
4 J
£ N the sm g

res u'lt's 11 deSCI‘J b th s 1
e e connection between Stab S°F a‘ nd Stab L:S F for
| wi 1

M-depth N = ., o e
N v hal
: f exact functor ¥, They make use of the fundamental seguence

Exbt(M,l\T) # 0., If no such exists (i.e. Ext-(M,N) = 0 for all 12 0) the

The M-depth of R will be written: gradegl, (or simply grade M). '\,(*) of (1.15),

- TSy [ —
» 0 . Then the map S.G = S. ]S G 1is an
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isomorphism on injectives for 0<1ic< k-1 , and is an epimorphism for i =

Thus, if 0 <t <k+l and Stab G >t , then Stab SlGZtﬂ._ If 0<t¢¥

then B%apb G >t if and only if Stab Sl(} > ¢+l

proof: The assumption Stab LOG >k means that SiLOG , which equals

LiG (ith left derived), is injectively stable. The conclusion of the Lemmgs

may now be deduced from the following section of fundamental seqﬁence (1.15%{

. > LiF - SiF - Si+lS]T - Li—lF - ...

The following Lemma ig proved in a similar fashion,

(2.24) IEMMA: Suppose Stad sl >x. Then LG ->8,6 is an isomorphisn

én injectives for 1< i<k3,; a.nd is an epimorphism for "4 = k-2, Thus,

for 1<t <k-1 we have that Stab LOG >+t implies Stab G > t. When

1<t <k-2, we have Stab LOG'_>_ + 4if and only if Stab G > t.

Our main result along these lines is the following:

(2,25) PROPOSITION: For any half exact functor F and integer n > 1 th

following statements are equivalent.
(a) STap §°F >J  for 1<J <ol

(b) SEWE LS Fxi for l<ign.

Proof: We prove that (a) implies (b), using induction on n. Suppose

n =21 and Stab sIF >3 for 1<J< 3. In particular, we have

§tab sl(saﬁ) >3, Ifwelet G = <% anad k =3 in Lemma (2,24) we. conc!

that Stab LOSEF >1 if and only if Stab 32F > 1. The condition

Stab 52F > 1 holds for any functor, since SEF is always injectively stal

Thus Stab LOS% >1 and so n = 1 is disposed of, Now assume I >1 9

the implication holds for 1,...,n-1. Suppose Stab SJF > for

l(Snﬂ'F).Z n+2, If we let

1< j<n+2, In parsticular, we have S%ap 9
+lg ;

. .
¥ =nt2 and G = <"y in Lemma (2.24), we conclude that Stab LOSn

——— — n+ ‘
if and only if Stab s lF >n, But by assunption Stab s? ]T >n+l >0
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9
e conclude 3tab L.s"F > ; : = 1
0 F >n, By induction hypothesis Stab Losl+lF > i
for 1<1i<n, soour argument is complete
To prove that (b) implies (a) we again proceed by induction on n, Let
=1 and assum 2 ;2
n e Stab LS F > 1. When G =8"F and k =1 in Lemma (2.23)
3

we conclude that Stab S% > 2 implies Stab S°F > 3. As we have seen in

example (l.2h), Stab S% > 2 for any functor F , so we conclude

3

§tap S°F > 3, Thus, the case n =1 is proved, Now suppose (b) imélies (a)

for 1l,.,..,n-1 and n > 1, Assume Stab LOSiH‘F >i for 1<i<n, By
virtue of our induction hypothesis we need only show Stab Sn‘+2F > n+2, Let
. > .

¢ =5""F and k =n - in Lemma (2.23). We conclude that Stab "y > pi1
implies Stab Sn+% > n+2, By induction hypothesis the inequality - )
5%a5 5°"LF > n+1 holds, o we are dome.

We can now state and prove a criterion for QlM be i-torsion free for
1<i<k,
(2.26) TPROPOSITION: Let M be finitely generated, Then Q.iM is i-torsion
free for 1 < i<k if and only if grade Exti+l(M,R) >i for 1<i<k-l
‘M: As we have seen, QlM is i-torsion free if and only if )
Stab Extl+l(M, )> i+l, Therefore QJM is i;-torsion free for 1 <1<k
if and only if Stab sir >1i for 1<1i<k+tl, where F = (M, ),— By_the
Preceding Proposition this is. equivalent to Stab LoSi+lF >3i ;or
1<i<ke ' o
Ex;iﬂ?M}jR])-; ]iBy zznnal(i,IEEb) this last condj.tion is equivalent to grade

> <1i<k-1,

, .
(2.27) COROLLARY: Suppose R has the property that grade Exti(B,R) > i

for all j (¢} +
> l
and ever \j left and I‘lght R~module B of finite PI‘Oj ective

dimension

oY is i

Th ‘ i
en for any M we have QKM . ig k~torsion free if and only if

-torsion free for all 1< i<k,
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Proof: Clearly s‘le being i-torsion free for 1 < i <k implies QKM
ig k-torsion free, Let us suppose, then, that QKM is k-torsion free, By

Proposition (2.21) there is an exact sequence 0—=>B->0C—=>M->0 with

i B <k and Extt(B,R) ~ Ext TT(M,B) for 1< i <k-l. When R bas the

stated property, grade Extl(B,R) > i for all i >0, so grade

i+
Ext® l(M,R) >1i for 1<1i< k-1, By the previous Proposition we conclude

QlM ig i-torsion free for 1< i <k.

Remark: We shall see in the next section that for any commutative
Noetherian ring R we have grade Ex‘b;(B ,R) >1 for any R-module B of
finite projective dimension, For these ”rings, then, we have Q is

k-torsion free if and only if QlM is i-torsion free for 1<i<k
(for any M ).
We now reverse our outlock and ask: When does Q,nM being (n+j )-torsia

free imply that M is j-torsion free? As usual we shall state the answer i
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TL

the following result about half exact functors,
(2.29) PROPOSITION: Let F be half exact, n and j be non-negative
integers, and suppose Stab LOSiF > i+] fér 0< 1 < n, Then the following
are equivalent:

(a) Stab slr > 341,

(b) Stab ghtly > n+j+l,

Proof: We prove that (a) implies (b) by induction on n, When n =0,
conditions (a) and (b) are clearly the same, When n = 1 ‘we are given
7Y LOS]T >1+j and 3%ab S'F > j+l. let G = §°F .and k = j+1 in Lemma

(2.23). Then Stab S% > J+1 implies Stab S% > J+2 so the case n =1

holds, Now suppose (a) implies (b) for 0,1,...,n-1 where n > 1. Assune
that (a) holds. By induction ‘hypothesis we have Stab s"F > n+j, We now
apply the case n =1 a_lready proved to the functor G.= Sn—lﬁ“ Since

Stab j :
ab L8°G > (n+j-1) +'1 and Stab sle > (n+j-1) + 1L , we conclude that

terms of modules, but view the problem in a more general setting to provide gom SEG > (n+5-1) + 2. Since 82(} ) snﬂT T Snﬂ__,
4 a F > n+j+l,

a proof,
(2.28) PROPOSITION: Suppose 1,J Z'o and grade Exti(M,R) > i+j for all
1<1i<n, Then the followj.ng are equivalent (M 1is, of course, assumed
finitely generated):

(a) M is j-torsion free.

() QnM is (n+j)-torsion free.

We immediately translate this into the language of functors, Let
F o (). Then S'F ~BExt (M, ) snd LS'F ~ (Bxt (M,R) ® ). As we
have seen, M is j-torsion free if and only if Stab S]T >3+, while Qnﬂ
is (n+j)-torsion free if and only if Stab §™lF > pej+l. Finally, the

condition grade Ext (M,R) > i+j we have seen to be equivalent to

Stab LOSlF > i+j, Reformulating Proposition (2,28) in these terms, we ot

.2 Proposition (2.21)

SO our induction argument is complete

W .
e prove (b) implies (a) by induction on n. When n = O it is clear

that (a) and (b) are equivalent, Suppose that () j_mp]_ibes (a) for 0,...,n ,
ﬁsuﬁpose n>0, Ifwelet G = snF then condition (b) for n+l becomes:
St8b STG > ntj+1, Taking k = n+j+l 1in Lemma (2,24) we see that the
Resumption S%ab LG > n+j gives §%ab 6> n+j. Thus, §tab S'F > at. By

induetig B s~ —
n hypothesis Stab S F > n+j implies that Stab S% > J+l , so we
= H

are done

§5:

Representation by Monomorphisms,
Let us . ‘
ecall the following argument used to prove that (c) implies (d)

. We had amap f: N = M 1in the projectively
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stabilized category R7_f(, This map was represented by f: N —=>M in R??(,
Choosing P —> M 1o be any epimorphism with P proj ective, we obtained

the induced epimorphism. P + N —> M Furthermore, the following diagram

evidently commutes:

P4+ N > M
N £ > M

where N —> P+N is the canonical map of a direct summand, Passing to Rﬁ ;

and noting that N —=> PN is an isomorphism in this category, we obtain the

following commutative diagram:

P+N —m——> M

2 ' H

L)

N ————> ¥

In this sense, then, we represented the map £ in sz.t by an epimorphis

RW( . D_ua.lly,'we_ may ask when I may be represented by a

moncmorphism in R??z, The answer, which will have applications to the maps

P+N =>'M in

Je(M) = M, is provided by the following result,

k

(2,30)' .PROPOSITION: ILet £: N =>M be a morphism in RW(, The following

statements are equivalent.

(a) Thereiis a projective P and a monomorphism N —> M+P in Rm_ SU.

that the following commutes in R_?__T(‘:

f
X = > M
1 ,
N > M+ P
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where M => M+P 1s induced by the direct summand map M —=> M+P. Furthermore,
N —> M+P may be chosen so that the sequence (M+P)* = % = 0 is exact,

(b) coker ((M, )=> (N, )) is an injectively stable functor,

Proof: Suppose (a) holds, From the commutative diagram, we see that
coker ((M,_) => (N,_)) ~ coker ((M+P, ) —> (N, )). Therefore it suffices to
prove that coker ((M+P, ) —> (N, )) is injectively stable in order to prove

(b). Consider the following exact and commutative diagram:

M+P, )—> (N, )—>C—>0

g Lo

M+Pp,_ ) —> (W) —>Cc'—>0
l |
0 o}

It is easily seen that if C. vanishes on injectives then
C' = coker ((M+P, ) = (N, )) does also, Thus, it suffices to prove that
C is injectively stable, ILet W be the cokernel of the monomorphism
N => M+P, From the exact sequence O > N > M+P > W —> 0 we get the exact
sequence: (M+P, )= (N, )—=> Extl(W, y= Extl(M+P, ).  Since
€ =coker ((M+P, )=> (N, )) , we see that C ~ ker (Ex’cl(W, )= Ex‘bl(M"'P; ).
Thus ¢, being a subfunctor of Ex‘bl(w, )}, is injectively sta’ble, We
conclude that C , hence cokernel ((M, )= (N, )), is injectively stable.
Thus (a) implies (b), '

Now suppose that (b) holds., Let F —> N¥ —=> 0 bé exact in Wh with | F

free, 1p =
P=F* , then P¥ = N* = 0 is exact. Dualizing we have a map:

N¥% - .
P¥* = P By composition with W —> ¥ we obtain a map h: N =P
With th,
€ Property that h*: P¥ = N* ig surjective, Now let f ¢ (N,M)

Tepresent .
fe (N,M). Define the map N —> M+P +to be (f,h). It is easily
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seen that the following commutes in R’?ﬁ:

£

N

| |

X

Furthermore

ig surjective, Therefore it remains only to prove that N —> M+P is a

monomorphism,
(M,_) > (W,_)
|
(M+P) > (5,)

By assumptioh the top horizontal map has an injectively stable cokernel,
Therefore C = coker ((M*P), ) =>((N,_)) is injectively stable as well.

now claim that L, ((M+p, ))—=> LO((I\T, ))  is surjective, In fact, the

exact sequence TorE(DU, )=> (U*g, Y= (U, )—> Torl(DU, )=> 0 shows th

-~ ¥ .
LO(U: ) =~ (U & ). Therefore we have:

1,02, )~ ((1P)R )

LO(N: )

((M+P)* —=> N¥) = (M¥+P* —> W*) is surjective since h¥: P¥ —>]

From the above commutative diagram we obtain the following on

We

Since (M#P)* —> I* —> 0 is exact, we see that LO(M+P, )= LO(N, Y= 01

is exact, which establishes our claim, Now consider the exact and cormnutaﬁ“

diagram:

!
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>
Ly + B, ) —>Ly(N, ) —>0
M+P, ) —> (N, ) —>E—>0
v v
M+P, ) —> (N,) —>C—>0

O <«

Easy chasing gives E ~ C, As we have seen, C 1s injectively stable;
therefore E vanishes on injectives, Choose an exact 0 —=> N —=>TI with I
injectives. Since E(I) = O we have that (M+P,I) = (N,I) = 0 is exs.ét,
Thus, there is a map M+P —=> I such that N —=> I is thebcomposite
N—=>MP—=>1I, Since N—>1I isa monomorphism, N —> M+P mnust be a
monomorphism, This completes the proof,

We now give an important application of this Proposition, 'Rec_all that

Jk(M) = DQkM and that we have the commutative diagram:

,.) > 8,85, )
| 2
(M,_) > (@2,

We shall ¢ 3 2 .
onsider the maps Jk(M) —= M and ask when coker {(M, )—> (JE(M),_))
k+1
(

i S . —_—
S 1njectively stable for 1 <k <n, Since (JE(M), ) ~S, .8 M, ) we

k+1

t
wrn to the following general result,
(2.31 . ;

) THEOREM: For an integer n > 1 and half exact functor F , the
£ .
ollowing Statements are equivalent.

a) Foom r ol .
(a) Stab LSF >1i for 1<1i<n.
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i+
(b) For 1<1i<m we have coker (F = si+lsfL Tp) is injectively

stable, and B%aD LS F > i-L.

(c) For 1<i<n we have coker (SiSiF - Si+lSi+lF) is injectively
stable, and m LOSiF > i-1.

Proof: Tirst we prove (a) implies (b), Clearly Stap LOSiF >1i implies
Steb LOSiF >i-1 (for 1<1 < n), We now proceed by induction on> n., If
n =1 the fundemental sequence (1,15*) applied to the functor SLF gives

the exact sequence SlSlF - sés%" - LOS:LF_ Since LOSlF was assumed to

e injectively gtable, it follows that coker (SlSlF - SESEF) is injectively

stable. Since F —> SlSlF - 0 is exact, we have the exact and commutative

diagram:
T > SlSlF > 0
\.\ }
ve
7 > 9 25 F

Diagram chaging gives coker (F

coker (F —> SQSZF) is injectively stable, giving our result for n = 1.

Syppose now thet n>1 and the implication nolds for all smaller integers.

Consider the exact and commutative diagram:

s ———

| L

n+
I——
7 > Sn+ls r

L

L .8°F

n-1

_—> 0
> Uy

- 32821? ) ~ coker (slle - SESEF), Therefor
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wner
e the exact middle c olumn comes from the amental sequence a, lie

to the functor o ’
§°F. From the usual properties of cokernels we deduce the

existence of maps U, > U, and U, =L
n_

g .
1 > s ik F  which commute with the others

‘n the di . .
in the diagram, Str_alghtforward diagram chasing gives the exactness of:

U > U, > L sPF.

o . e .
o o1 ow Ul is injectively stable by induction hypothesis
2

. n ——
vhile L -S"F ~ “F) is injectiv
NRCR RS Sn-l(LOS F) ‘is injectively stable since §tab L s"F >n
o >n,
Therefore U, = cok - n+l is inj ;
5 er (F > Sn+ls F) is injectively stable, completing our

induction argument,

TO . Iy . )
prove that (v) implies (c¢), consider the exact and commutative diagram:

F —— i
SiS F
. v 3
7 i+l .
_— Si+ls ¥ > C > 0
C!
v
0

By the usual i
properties of cokernel i
els there is a map C —> ¢’ , which is easily

seen to b j i
e surjective, By assumption (v), C wvanishes on injectives.

Therefo: !
re C' does as well, Thus, (b) implies (c)

Now
suppose that (c) holds; we prove (a). By assumption

\S 5 i > i
L8 E i-1 for 1<i<n sy SO wWe need Only show that S, ]LOS F 1s

Injectivel: ; '
y stable for 1 <1 <n in order to prove (a), If we apply the

dame ‘
fun ntal * ot W
sequence (¥) to the functor S°F e obtain the ekxact sequence:

i i '
s.slr - e i :
R S; 415 > s, 1(18°F) = si_,lle




_ grade Extl(M,R) >1i-1 for 1<1i<mn. This last condition we knhow, by
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Proposition (2,25) tells us that the condition Stab LS'F > i-1 for The parts of condition (c) of Theorem (2,31) may be i
: e interpreted in
a

1<i<n is equivalent to BTab SF>i for 1<i<ntl Therefore similar fashion for F = (M, ). We therefore
M, ). refore have the followin, i
g specilal case

Si_lSlF is certainly injectively stable for 1 <1 <n, Let of (2.31):
i i+l e e s .
C.l = coker (SiS F > Si+lS F); then Ci is injectively stable by assumptia (2_32) COROLIARY: For M in R‘7/T it m 51 the foil
' = - following are 5
when 1 <1 <mn. From the above exact sequence we see that the following is (2) grade Exti(M R) > i s g are equivalent:
> z 1 or 1 S i< n,
exact: (b) For 1<1i i
<i<n we have oM is i- i
o> 8, (15F) >, ST ot i-torsion free and there is a
i i-170 -1 projective P, and a momomorphism Jo(M) —> M+P, such that the foll
: . . 1 i e following
. i . L . . comnmutes in _7:
Since Ci and Si—ls T Tboth vanish on injectives for 1<i<n, we R=

L.8'F is injectively stable, and we are done.

conclude that Si-l o A o .
75 () >

We now apply Theorem (2.31) just proved to the functor F o= (M, ). = Y + P
Gondition (a) of the Theorem becomes S%ab Ly mxti(M, )>i for 1<i<m ' ” T
. 2
By Lemma (2.22) this is equivalent to grade Ext (M,R) > i for 1<isSn 'Jz(M) :
e i > M
+ < 4
Now consider condition (b). Since Si+lSl v o (J?(M),_) , the injective
) i+1 . - : .
o . _ X . e s e .
stability of coker (F = Si+ls F) 1is clearly equivalent to the injective (¢) For 1 <i<n we have 'QlM is i-torsion free and there is a
. 2 . . - : .
ins s - e - . projec R 2 .
stability of coker ((,_) = (Ji(M),_)). Now this last condition 1s _ jective Q, and a monomorphism Ji(M) > +Q, such that the following
- i
equivalent, by Proposition (2,30)-, to the existence of a projective Pi and Ccommutes in Rﬁ:
a monomorphi‘sm J i(M) —> M+P, such that the following commutes in RZT_L:
| 72) 2
2 : i > Ji_l<M) +Q
g, () _> M +P _ 1
_ H A
| | - ' z
t ‘ 2
J M) ——— 2
: j _ 5 () > 7, (0)
Ji(M) —_— M

Furth V i
ermore, when these equivalent conditions hold, the maps

2
Ji(M) = M+P, and J 2(M 2
i i ) - J

" 2 . ) -
and (M+Pi)* - (Ji(M) J* => 0 is exact. The remaining part of condition it i_l(M) +Q, may be chosen so that

e o alm S . . ) Pty = (72 .
that Stab LOS F>1i-1 for 1<i<n, 1s clearly equivalent to * = (Jl(M))* - 0 and (Jf-l(M) + Q’i)* -~ (JE(M))* 5 0 are exact
for 1 S i<n . 1

Proposition (2,26), to be equivalent to oM being i-torsion free for lﬁiﬁ
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§6: Spherical Tiltrations and the Approximation Theorem.

Recall that for an arbitrary functor F we have a sequence of

transformations:

2 KL
F—>SlSlF >3 8%F > ... > 8y F > .

such that the following commutes:

s .8°F
1

S, 448

Now suppose F = (M, ) for a finitely generated R-module M,

] Ky & (@ 2y ) and the above sequence of functors may b
k+] ~ K -

sequence of modules:

Let us assume, until further notice,
grade Ext~(M,R) > 1 for 1< i<nm.
section we can find a projective Qn-l

2 - * = i act and the followi
such thet (Jn_lM+Q,n_l)* > (JrelM) > 0 is ex

-2
> Jn_lM + Qn-l

n e e et

“ | 2

Then

e replaced by @

tnat M has the property that
By Corollary (2.32) of the previous

2
and & monomorphism J 1%4 - Jn-lM+Qn-‘

ng commubest
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Using the same Corollary again, we can find a projective Q’n o and a

such that (JE

monomorphism: Ji_ M—=>J noot Qﬁ_g

2
+ = -
1 n-2 Q1_'1-2 » = (Jn-lM)* > 0

is exact and a diagram siﬁilar to the one above commutes, By adding the

identity map Qn—l - Qn—l , we obtain monpmorphism:

2 2
= + = =
Jn-lM+Q'n-l > Jn—2 + Qh—2 Qn-l' Now let Pn 0, Q

+ =
n-1 PnQ

Pn—l n-1 ’

and Pn—2= Q‘n-2+ Pn-l= Q’n—2 +Q,n_l . ‘Then we have a sequence of monomorphism:

. 2 2 :
Jiv[ * Pn > Jn-lM i l:n—l - Jn-EM * Pn—2

. . . 2
We now proceed inductively, Assuming JEM + Pk d Jk-lM + Pk_-l has been

: R 2 2 .
constructed, apply Corollary (2.32) to obtain Jk—lM > Jk—EM + Q’K-2‘ This

. 2 2 . .
+ - = +
induces Jk-lM Pk-l > JK-QM\ + Qk—E + Pk-l' Let Pk-E Qk-E Pk—l' Then

we obtain ‘JEM+P.-—>J2 M+ P —>J2M+P

k k-1 k-1 k=g Dt Furthermore

2 Pl ‘
+ ¥ = % = i
(Jk_gM Pk_g) > (Jk_lM + Pk_l) > 0 1is exact.
Thus, when grade Extl(M,R) >i for 1<i<n, we obtain a sequence of
moncmorphisms ¢

J2M+P—>J2M+P = ..
n. n n-

- 1 _—>J12M+Pl—>M+P

0
These monomorphisms have the property that their duals are surjective and the

following diagram commutes in /7.

R

(2.33)

o l'ﬁ‘;\) —
2 P
< =

g +
+ +d
g

V;f—i
M=
2
oy
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(‘Here the horizontal maps are induced by direct summand morphisms, while the
right-hand vertical maps are induced by the sequence of monomorphisms)_
(2.34) LEMMA (Assumptions and notation as above):

(a) For. each 1<k<n the monomorphism JiM + Pk - M + PO induces
isomorphisms Extk%(ﬁ + Py ) => Extkﬂ(Jéfl + B ) for all t > 0.

2
i + - +
(b) For each 1<k <n the moncmorphism JTQM P] > Jj —lM PT -1 \

KHt, 2 ok
Bt @I M+ B, ) Ext (J;‘;M v, ) forsll

induces isomorphisms:
t >0, ‘
(¢) Ext’ (I + BR) ~ Extt (74,R) .0 for 1<i<kx end 1<k<D |
Proof: Since grade Eﬁi(M,R) >1i> i-1 for 1 _<_ i<n , we have that ‘

|

oM is i-torsion free for 1<i<n, By Proposition (2,21) we know that

when QkM is k-torsion free, the map JiM = M induces an isomorphism

—

EtS e, )= Extk“Ll(inM, ). Tt follows that ng§4 > "M isan \

; +
isomorphism, Therefore Ex’ck-l)G M, )= Extk t(JiM, ) for all t > O.

+ "o .
Applying Extk‘ t +o the top square of diagram (2,33) above, and using “this l
jsomorphism, gives part (a) of the Lemma.,

To prove part (b), consider the following commutative diagram:

2
J_k%i > 7, M

=

Applying Ey:tk‘_l‘t yields:

BetE o2 M, ) > Ext

k+t
k-1 @

A,

~

Bxtt oM, )
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When 1<k <n, part (a) just proved shows that the diagonal maps are

. - ; k+t .2 ~. k+ ‘
isomorphisms, Therefore Ext (I° M, )= Ext t(JiM, ) for all t >0,

k-1"
Using this fact, we obtain our result by applying FbcthrJD

to the bottom square
of diagram (2.33).

Finally, part (c) follows directly from Proposition (2.21)

In order to facilitate the statement of our next result, we introduce the
following terminology:

(2.35) Definition: Given E £0 in M, and an integer k > 0 , we say that

a module M in R??z is k-spherical of type E when M satisfies:

(a) deM =k
(b) Ext (M,R) =0 for 1<i<k
Ext (M,R) ~F

We say that M 1is k-spherical of typé 0 when M is projective.
(2.36) Remark: We shall see in Proposition (2.45) velow that if M and N

are both k-spherical of type E then M =N in RW(.

(2,37) THEOREM (Spherical Filtration): Suppose M 1is finitely geﬁerated
i . '
and grade Ext (M,R) >1i for 1< i <n. Then there exists a projective P

and a sequence of submodules:

M cM C,,,CMlCM

n n-1 =M=+PF

0

such that:

(a) Mszi

for 0<k<mn,

() MK_l/Mk is k-spherical of type Ext (M,R) for 1<k <m,
Proof: As we have seen, there is, under our hypotheses, a sequence of

nonomorphisms : JIQIM + Pn - J2

+ —
S MR >

1 ...">J12M+Pl->M+PO. For

each 1< k <n consider SkM defined by the exact sequence:




. seen that Mk-l/Mk ~ SkM for 1<k <n soweare done.
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: 2
(2.38) 0 - JEM +B > Jk_lM + P > 8, M —> 0

By Lemma (2,34) the map: J2M+P - J M+P induces isomorphisms

kit -2 oo ~ K+t .
Bxt (T M 1o ) => Ext (Ji\/HPk, ) for all t > 0. This fact,

together with the long exact sequence for Ext determined by (2.38) shows
K+
that Ext t(SkM, )= 0, Therefore pd.RSM<k+l

Yow apply Ext( ,R) to (2.38). One obtains exact sequences:

2 ' 1
M * = +p ¥ =
(J] ]M Pj l) > (J]EM P] )* = Ext (S] M,R)

.
> Extt(72_M+R__,R) > ... > Exb Y(ohwp, R) > Bt (

M
k-1 Ey S, M,R)

. ‘+
152 e R) > Ext™ l(J§M+Pk,R) - .

— Ext -

By construction, (J2 MAR ¥ => (JKM+PK)*’ is surjective, while

k-1 k-l
Extl(Jé\/HPk,R) =0 for 1<i<k and 1<k<n, by Lemma (2.34)..
k+t,_ 2
Furthermore we have Ext (Jk_lM e l,R) => Ext JiM+PK,R) for all © > 0. Wei

conclude from the last exact sequences that Ext ,(SKM,R)=O for 1<1i<k and for
>k Also we get Ext (SQM,R) => Ext®(32_ MR 1 oR) ~ ExtS(M,R) (this last
isomorphism coming from Lemma (2.34)). Since pd, S M <« we have
pd. § M =k if ExtT(M,R) £ O and pd SM =0 if ExtS(M,R)=0 for 1<k <Y
) 2
= i = = M+P
If we let M m(J§M+PK > 02 wep, ) for 1SE<m, Y M

then we have inclusions: M c M l ... C Ml < Mo = M+PO, It is easily

0 2

We now turn to the following question: Given 'El,. "’En , when does
there exist a module M, pd. M <n , such that Ext™(M,R) ~E; for
1<i<n? As one would expect, the answer involves a depth condition on

the E..
i
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(2.39) LEMMA: Suppose E £0 is in 77(R and grade E >k, Then there is
a k-spherical module M in. R7f<~ of type E.

Proof: Let Pk‘-> Pk—l - ., > Pl - PO —E = 0 be part of a
resolution of B by finitely generated projectives. Since grade E >k

we have Ext (E,R) =0 for 0<1i < k-1, Therefore

0 —=> Pé - P*i - .., > Pfr_—l e Pﬁ igs an exact sequence of projective modules

in R?T(. Let M = ccker (P¥x . = Pz;); an easy calculation verifies that M is

k-1
k-spherical of type E.

(2.40) COROLIARY: If grade &, >k for 1<k<n then there is a module
M such that pd. M <n (eq_uallty if and only if E_ #0) end Ext (M R) & ~ B
for 1<k < n,

Proof: By the preceding Lemma we can find S which is k-spherical of

type Ek‘ for 1<k <n, -Let M= 2 S 3 then M satisfies our requirements.

k_l

Now suppose that the modules E

Ls-.sB, are of the form: 2 ~ Ext” (M,R)

for 1 < i <n , where M  does not necessiarily have finite projective
dimension, Our next result shows that under suitable depth conditions we can
"approximate"” M by a module of projective dimension < n, Furthermore, this
approximation satisfies a universal mapping property.
(2.41) THEOREM (Approximation Theorem): Let M be finitely generated with
grade Exti(M,R)'z i for 1< i<mn, Then there is a finitely generated
module HnM , projective P , and exact sequence 0 —> JI%M - M+P > HnM —= 0
with the following properties:

(a) pd. H] M < n , with equality if and only if Ext®(M,R) # O

(b) . The map M+P —=> HnM induces isomorphisms: Ext (H M,R) => Ext (M,R)
for 1<i<n. S

(¢) If M —>§ is any map with pd N <n then there is a unique

R7_7l -morphism HnM - N such that the diagram:
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y ———> 1
HM
n

i

commutes in RZ(‘ Tt follows that HnM is unique up to R?_Z( ~isomorphism.
Proof: As we have seen, our hypotheses imply the existence of a
‘monomorphism J121M > M+P, such that (M+PO)* - (JrglM)* is surjective and
Ext® T (R, ) BTt (JiM, ) is an isomorphism for all ©>O.
Let HnM = coker (JiM - M+Po)" Applying Ext +to the exact sequence
0 = JEM - M+]?O - HnM - 0 we obtain ‘bhe exact sequence of functors:

‘ + + +2 ~
Bt (R, )= Bt O, ) met™ S (100, ) met (g )P

+ : ) o
Ext® 2(J§M, ). We conclude that Ect? B, ) =0 so PA AN < ntl,
From the above short exact sequehce we obtain also +he following exact

seguences:
(M+PO)* = (JiM)* - Extl(HnM,R) - Extl(M+PO,R) - Extl(JiM,R) - ..

=S Exti(:riM,R) > Extt - (HM,R) > Extt TP R) = Ex‘ci+l(J§M,R) - .
Since Exti(anM,R) =0 for 1<i<n by Lemma (2.34) and
gt 1E (B R) 2> Exti+t(JiM,R) cor all © >0 , we conclude from these
exact sequences that Ex‘bi(HnM,R) 2> et (#B,R) for 1<1Zmo and
Ex‘bi(HnM,R) =0 for i >mn, This proves (b). Since pd EM < we have
pd. EM<n which gives (a). ?art (¢) now follows from parts (a) and ()
and the following Lemma.,
(2.42) IEMMA: 1et f: A —>B. be a map of finitely generated modules which
induces Exti(B,R) =$ Exti(A,R) for 1<i<mn If pd, C=%<n, then
£ induces:

(1) Extj (B,C) = Extj (A,c) for 1< < n-t.
&3
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(2) (B,C) = (A,C).

Proof: To show (1) we proceed by induction on t, We first note that
since A and B are finitely generated, Exti(B,R) => Ex‘ci(A,R) is
equivalent to Ex‘bi(B,P) = Ex—bi(A,P) for any projective P, Thus, when
t =0 we get ou.? result (1). Now suppose (1) holds for modules of projective
dimension < t , and suppose pd, ¢ =1t >0, Let 0= K - P—=>C—=0 be
exact with P projective, Then pd, K = t-1 <>’o , and we have the following

exact. comutative diagram:

p . . ) _ )
xtd (B,K) = Ext? (B,P) = Extd (B,0) = Bxtd H(B,K) = Extd T1(B,P)

Extd (A,K) = Bxtd (K,) = Exct? : Jrl L
K) - s x4 (2,0) = Extd T(A,K) = Ext?(A,P)
The indicated isomorphisms exist by induction hypothesis (noting that
1 . _ . . . :

< 3 <n-t implies l <J+l<n -(t-1)). Thus, the middle map is an
isomorphism by the five Lerma, This complete's the induction and the proof
of (1). | |

To prove (2), let 0K =P = C >0 be exact with P projective

We obtain a commutative diagram whose rows are exact by Lemma (1 35):

(8,B) = (B,¢) => Ext (B,K) —> Ext(B,P)

| : z
(&,B) = (A,C) => Ext (A,K) = Ext™(A,P)
H . . Ry
ere the isomorphisms exist by part (1) already proved, Since P is
vrojective, (B,P) = (A,P) = 0. Therefore the map (B,¢) = (4,C) is an
isomorphism, This completes the proof of.;bhe Lemma

To see how part (c) of Theorem (2.41) folldws, let A =M and B =HM
. ) n )
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By part (2) of the Lemma, (HnM,g) = (M,N) for any N with pd N < n,

This is the statement of part (c), so our proof of Theorem (2.41) is complete.

§7: Lifting Maps of Syzygles.

. ) i i
We conclude this Chapter with & discussion of the map (Iﬁ,lj) - (QlM,Q N),

given by £ ~> Ql;‘_. We shall extend Proposition (1,39) and deduce the

uniqueness--up to mn -isomorphism--of a k-spherical module of given type.

Recall from Chapter 1 that for any two half exact functors G and F we

have & map (G,F) = (S G,S F) induced by s} 1fwe fix F, then

Corollary (1.34) gives a suffl

for 1<1i< h+l and all half exact G ; namely: that S F be projectively

When F = (M,_) where M is in RWE , then

stable for 1< i< n.
) and SlF is proaectlvely stable if and only if

s F ~ BxtT (M,
g S lF) becomes :

(N, ) then the map (a,F) = (8
), Extt 0L ).

Eetehy, )~ @),

Ext (M,R) = Ir G =

() »

anfi we have seen that

M, ) = (mxt T, Now Exb (M,

(Extl(QiN, )

(W, ) » M, ) =~ (M,N). It is easily seen that we have a comutative diagral

i+l .

: + +1

() 5 W) — > (@ ) 0, )

2 Q
i
i
(4,) — (@'M,0'm)

~ As a direct result of our sufficient condition for the tLop map to be an

isomorphism, we deduce the following.

(2.43) PROPOSITION: If Exti(M,R) = O for 1<i<n then the maps

(M,N) => (Qj'M,Qll\T) , induced by ot , are isomorphisms for 1<iSm and

any R-module N,

cient condlt:.on for this map to be an igsomorphism

),.NVEX‘t (QLM, )

Furthermore,
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To apply this to spherical modules we will need the following result:
(2,.411-) IEMMA: If pd, M =n and M is finitely generated, then
Ext” (M, )~ (Bxt QLR)®, ). |
Proof: Since pd. M = n we see that QnM , hence DQnM , is projective,

R 2
Therefore Ext (DQnM, ) = Ext (DQnM, )= 0 and we get our result from the

exact sequence (2.8):

0 = ExtT (DM, )—> (Extn(M,R)éR )= Ext" (M, )—=> Exto(Da™M, )

Now _suppose that & and T are both k-sphefical modules of type E.

X .
Then pd., S =pd, T =k and Ext (S,R) zExtk(T,R) ~E. By the Lemma we

k k - -
have Ext (S,' )m(E@R Y Ext (T, ). Therefore & s ~ ot 11 Since S

is k-spherical we have: Extl(S,\R) =0 for 1<i<k-1. By Proposition

(2.43) we conclude that (S,N) =~ (Qk-lS Qk-lN) for any R-modulé N,
K- - -
~ (& 1T,Qk lN), Since s o

(g,_N_) for any R-module N,

we have (T,N) Qk_lT, it follows that

(S,N) ~ Tn other words: (S, ) ~ (T,_). This,

of course, is equivalent to § =~ T, We have proved:

(2.45) PROPOSITION: A_ny two k-spherical médules of the same type are

projectively e@uivalent (i.e, isomorphic in R?[()

When the Exti(M,R) have the right grade we can prove the following
converse to Proposition (2.43) with the help of the Approximation Theorem
and Lemma (2.44).

(2.46)

PROPOSITION: Suppose M is finitely generated and grade Exti(M,R)>i

for 1<i<n. Then the following conditions are equivalent:
i
(a) Ext ™ (M,R) =0 for 1<i<n.

(0) LX) = (@MW)

is an isomorphism for 1< i <n and all

R-modules N,

Similarly
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(e) (QLN) - (QlM,sﬂT_) is an isomorphism for 1 <i <o and every
R-module N with pd. N < n,
‘ \

; Proof: That (a) implies (o) is Proposition (2.43), while (b) clearly
implies (c). We need only prove that (c) implies (a). Let F = (M, ); we

must show that gtF is projectively stable for 1<1<n. By Corollary

| _(l,3l+) this will be true if we can find functors Gy for 1< 3 <n such
‘: that
(1) stj ~ LOSjF
(2) (g_j,g) - (SiGj,SiF) is an isomorphism for 1 <1< n+l and
1< <.
" As we bave cbserved before, LOSjF ~ Ly sxtd (1, )n (Ext? (LR)E, ) -
Suppose that 1< <n. Since grade Exti(M‘,R) >i for 1 <i<idos
the Approximation Theorem (2.41) gives the existence of a module HjM such

that pd. HM < i and Extl(HjM,R) ~ExtT(M,R) for 1<ic<d.

When Extd(M,R) = O we have LOSJF = (Ex’c:J (M,R)@R ) =0 so conditions (1)
and (2) are satisfied. When Ext(M,R) #0 we have Dd. Hj (M) =3.. By

- B  (fostd _ J N J
Temma (2.44) S Gj ~ BExt (HjM, )~ (Ext (HJ.M,R)@R Y~ (Bxt (M,R)@R )~ LSF.
Thus, condition (1) is satisfied. Since d. HjM =j<n, our hypothesis

. ~. i i . .
(c) gives (M,H.M) => (Q™M,0 HJ.M) for 1<1i<mn., From the commutative

diagram:
(6,5 —_— '(sl+lGj 53 e)

2 Q

(0 5 (L)) ——— (B (M ) B0, )
4 : 4 |
(ah,0M)

M ,HJ.M) -

Let G = (5., ) if ExtI(QL,R) #0 , and let g =0 if ExtS(M,R) = O.
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~ i+l i+ .
we see that (Gj JE) = (8 GJ.,S lF) for 0 < i<n, Therefore the G.
4 . J

satisfy (2). Corollary ( 1.34) therefore applies and we are done,

o1
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Chapter 3: Gorenstein Dimension

Tn this Chapter we define the Gorenstein ‘dimension of a half-exact functor
Fo-written: G-dim F. When M is an R-module, we define G-dim M ‘o be
G-dim F where F = (M, ). As we shall see, in this Chapter and the next,
modules of finite Gorenstein dimension have many.pleasing .properties with res-
pect to torsion freeness and reflexivity. As we shall see, modules of finite
‘projective dimension and modules over Gorénstein rings are all examples of
modules having finite G-dimension.

We deal with functors first. Suppose that T and A are abelian cate-
gories where T has enough projectives and injectives.

(3.1) Defimition: Tet F:T > A be a half-exact functor.

(a) G-dim F = O when Stab F = = = Stab F.

(b) G-&im F =k for k> 1 when G-ain(s5F) £ 0 but G-ain(s*F) = 0.
(3.2) Remark: When k> 1 we see that G-dim F = k if and only if
% = minft]|c-ain(s*7F) = 0}. If k=0 this is no longer true. For &
counter-exemple, lebt F = (7, ) where P is a non-zero projective. Then
(P,P) # 0 so F 1is not projectively stable. Thus, G-dim F > 0. On the
other hand, S°F = Ext'(P, ) =0 so 0 = min{t|c-aim §*F = 0}. It is
clear from this example, however, that when F is projectively stable we do
get G-dim F = min{t|G-din s"*p = o3,

(3.3) Remark: Technically, what we have defined should be called the right
Gorenstein dimension of F, and should be denoted: G-aim F. To define
G-dim F, we should replace Sk(resp. Skﬂ') vy Sk(resp. Sk+l) inbpart (v)
of the definition, obtaining: '

(p): G-din F = k if G-aim(8,F) = O ut G-ain(S, . F) # 0.
can be trans-

Statements about the right G-dimension of F when F = (M, _)

lated into statements about M, while statements about the left G-dim are
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related to DM. Because of the duality between M and DM we have sup-
pressed the notion of G-dim in favor of m. For the sake of notation
we have Writfsen this last as simply: G-dim.

(3.4) IEMMA: If G-dim F = O then G-dim S'F = g-dim §,F = 0.
Proof: Since the property "G-dim F = 0" is symmetrical in left and
right satellites, we shall only prove that G-dim SlF = 0, leaving thé dual

prc'iof‘ to the reader.

First, we have Stab(S'F) = « since ST(S'F) = §™F which is projec-

1]

tively stab;l_e since §Stab F = «.

On the other hand,» F is projectively stable, so F = SlSIF. Since
Steb F = w , ’st = sjﬂ(s]]“) is injectively stable for all j > O. Futher-
more, S]F is always injectivgly stable. Thus, ‘Sj(S]T) is injectively‘
stable for a.llbj >0, so Stab SJF‘ = w, By definition of G-dimension,
G-dim SJF = 0 so we are done.

Where we are dealing with a flmctof known to have finite G-dimension,
this dimensi}on depends only on the stability of its right satellites, as is
shown by the following. |
(3.5) PROPOVSITION: Let k> 0 be an integer and suppose that G-dim F < .
Then G-dim F 5 k if and only if SiF is projectively stable for ali i>ke

Proof: Suppose G-dim F < k. Then G-d:‘m(SkﬂF) = 0. By repeated appli-
cation of Lemma (L4.4) we see that G—dim(S_iF) =0 for i>k. Thus, s'r
is projectively stable for all i > k.

Conversely, suppose that SiF is projectively stable for all i > k. To
Prove that G-dim F <k we must show that G-dim SKHT =03 i.e. that
Ftab 5 = @ = stap $5F. mow () = 5P ana is projectively
stable when i > 0 by assumption (since ktl+i > k). Thus, Stab Sk+lF = o,

It remains to show that Stab SKHT =, Let H= SkF. B’y assumption
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o'y - ¥*ip vamishes on projectives for i > 0. By Proposition (1.3) this
is equivalent to LO'(SiI-I) =0 for all i3> 0. This being the case, we have,
trivially: Stab LOSiH =0>j+1i for all i > 0, j > 0. DNow when this
condition holds, Proposition (2.29) tells us that the following statements are
equivalent (for any J > 0):

(a) Stap STE> 3 +1

() T S E>n+ g+l
where n is any integer > O. In particuler, when n = G-dim F we have
Snﬂ'H = n+k+lF. whiéh has G-dimension zero by repeated é,pplication of Lemme
(3.4). It follows that Stab g > 5+ 1 for eny - § > 0. Thus
Stap 5% = « and our proof is 'complete.
(3.6) COROLLARY: ILet G-dim F < .

(a) If s'F is not projectively stable for some 12> 0, then
G-dim F = sup{t]StF is not projectively stablel}.

(v) If slF is projectively steble for all i > 0, then G-dim F = O.

Proof: Part (a) follows directly :E‘rém the preceding Proposition. To
prove (b), note that the argument of Proposition (3.5) shows that
Godim SF = 0. By Lema (3.4), G-dim sl(le) - 0. Since F is projectively
steple, §,5'F=F so G-aim ¥ =0. '

With the case [ ‘= category of R-m‘odules in mind, we make the following
definition:
(3.7) Definition: Fof M an object of T we define G-dim M (= Gorenstein
dimension of M) to be G-dim F where F = o, ).

Remarks: e nobe immediately that if M~ N then (4, ) ~ (X, ) so
G-dim M = G-dim N, In particular, G-dim P =0 if P is projective. If we
now write (M, ) for F in Corollary (3.6) and note that (M, ) is pro-

jectively stable, we see that.if G-dim M <e, then G-dim M = sup{t]Extt(Ms )
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is not projectively stable}.

Now, let.us suppose that I is the category of finitely generated lef?t
(resp. righ‘b) R-modules, whére R is noetheria;n on both sides. Since
Ext (M, ) is projectively stable if and only if Ext™(M,R) = 0, we see .
that if G-dim M < «» then:

G-din M = sup{t]Extt(M,R) £ 0} .

We now turn our attention to modules of zero G-dimension. To say that
G-dim M'= O is bo say that ST(M, ) ~ Exti(M, ) is projectively stsble for
all i>0 and that si(ng,_) ~ Tor, +l(DM, ) is injectively stable for all
i> 0. The first condition is just simply: Ex‘bi(M,R) =0 for all i> 0.
As we have §een in Corollary (2.10), the second condition is equivalent to:
ExtT(DM,R) = 0 for all i > O.

»_We can write these conditions in another form. From the exact sequence:
0 = ExtI(DM,R) —> M <> M¢% —> Exto(DM,R)=> O
we see that M is reflexive if and only if Extl(DM,R) = Extg(DM,R) = 0.
Frorfl the exact sequence 0 = M¥ = Pé = P*l = DM ;> 0 we see that
Ext™(DM,R) = O if and only if Exti‘e(M*,R) =0 (for i> 2'). Thus,
Exti(DM,R) =0 for all 1> 0 if and only if M is reflexive and |

Ext™ (M¥,R)

0 for all i > 0. In summary, we have
(3.8) TROPOSITION: For M a finitely generated R-module the followihg
statements are equivalent:

(a) G-dim M = O,

(b) Ext (M,R) = Ext~(DM,R) = O for all i > O.

(¢) M is reflexive and Exti(M,R) = Exti(M*,R) =0 for all i> 0.

(@) M and IM are both i-torsion free for all i > 0. (Condition (&)

is equivalent to (b) by definition of i-torsion freeness and the fact that

M) ~M).
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To proceed further, we need the following Lemmas.

(3.9) IEMA: Let 0 =M =M, > M3 = 0 be an exact sequence of finitely

generated left R-modules. Then there exist finitely generated right R-modules

= M¥ = M% = M¥ - = = =
and an exact sequence O >M3 > M >Ml >D3 >D2 >D:|_ > 0

Dl’ D2, D3
such that:

(a) There exist isomorphisms D, ~ D(Mi)’ 1<i<3, anda commtative

diagram:
p, ——> D _—> D
1 2 2
D(M,) > D) — (1))

= > D¥ —> D¥ = :
(v) 0 - D¥ > Df > D% > 0 is exact.
Proof: We can find finitely generated projectives P> Q; (i=1,2, 3)

and maps so that the following diagram is exact and commutative:

0 %Ql >92 —> Q5 —> 0
o

0 > Py >\I:2—>P3—}O
|

0 > My >M2—>M3—>O
I
o 0

We note that the top two rows split. Define: D, = coker (P*{ = Qﬁié) for
i = 1,2,3. The uniqueness properties of the functor D , described in Propo-
sition (2.6), give us assertion (a). If we dualize the first diagram we

obtain the exact commutative diagram:
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0 0 0
v Voo
*  — *  — %
M3 > M2 > Ml
Y ! .
0 — ——3 —_— —
P§ > P*é > P*l > 0
A\ L v
— K ¥  — ¥ —
0 > Q3 > QX > QF > 0
4 .
D3 —_— ]?2 —_— Dl
. 2
0 0 0

Tt is now a standard result of diagram chasing (the so-called "snake dia-

3 1 3 2 1

If we now dualize once more, we obtain the following exact and commutative

gram") that we have an exact sequence O > ME > Mg - M¥ = D_—> D~ D.—>0.

diagram (recalling that finitely generated projectives are reflexive):

0 0 0
v l : j/
¥ — % ——
Dl > i)le > D936
0 —> @ —> § —> o —> 0
L «l/
o — Pl —_— P2 > P3 > 0
l/ +
Ml ——-- > M2 _— M3
v ‘ J/ R
0 0 0
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Applying the "snake diagram" again, we see that the sequence

= D¥ = - = = = = 3 ine
0= D:L > DX > 1393e > M, > M, > M3 > 0 is exact. Furthermore, since
Ml - M2 is a monomorphism, we conclude that 0= Df - D92<' - Iﬁ§ = 0 is

exact. This proves (b) and we are done.

(3.10) IEMMA: Suppose O —>M; —=> M, =>M;—=> 0 is exact with the M,

Pfinitely generated. Suppose also that G-dim M3 = 0, Then G-dim M2 =0 if

and only if G-dim M:L = 0.
Proof: Since G-dim M3 =0 ,‘ we know from Proposition (3.8) that
Extl(M3,3) = Extl(DM3,R) =0 for all i> 0. In particular, Extl(M3,R) = 0.

Dualizing our short exact sequence then gives the exact sequence

0= M%§ - Mg > Méf = 0. Now by Lemma (3.9) there exists an exact sequence:

- ¥ = [ = [ - — - X ~ = .
0 > M > Mg > M 3 > D, =D, = 0 where Jii_ND(Mi) for "1 = 1,2,3
Mége surjective, we deduce the exactness of:

0= ]33 —? D2 - Dl

Since - Mif is

— 0, We now have two long exact sequences, obtained

- Dl -> 0 respectively:

from 0 —>M, —> M, > Mz >0 and 0->Dy—=>Dy

: . X Y
crn > Bxt(M,R) > mxt} (v ,R) = Ext” (4 R) > Ext l(M3,R) > ...

and:

. 1 ! 1 .
0 > D¥ > D¥ > Da3e = Bxt (Dl,R) - Bxt (DE,R) - Ext (D3,R) SN

. . . 5
ces = Ext” l(D3,R) - Extl(Dl,R) - Ext"(Dy,R) —> Bxt (D3,R) > ...
Since Extl(Ms,R) =0 for all i > 0 , we deduce from the first of these

sequences that Bxt™ (M,,R) > Ex‘bl(Ml,R) for all i > O.

D% is surjective. Furthermore,

3
Exti(:o3,3) = Exti(D(M3),R) -0 for 2all i>0

From Lemma (3.9) we have that DX —>

since lzémD(M3) and

G-dim M., = O. Thus, the second long exact sequence gives

3
Extl(Dl,R) = Extl(Dz,R) for all i > 0. Since Ji ND(Ml) and . Dy ND(ME)

[

we have, in summary:

tion (3.8), we see that G-dim M

| (3.11)

| o-ain(s, ) = G-ain(g, )

- (3.12) IEMMA:
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Extl(Ml,R) o Extl(MZ,R)

Exti(D(Ml),R) ~ Ext”(D(M,),R)

for all i > 0. By the characterization of G-dim = O contained in Proposi-

1= 0 if énd only if G-dim M2 = 0.

Suppose now that & denotes the full subcategory of R??Z - determined by
the modules of zero G-dimension. Then & has the following properties:
(a) Suppose 0 —=> A ->B->C —=> 0 1is exact and C  lies in .
Then A  is in & if and only if B is in & .

(b) If 0> A->B-—>C >0 splits, then B is in & if and only

:ifboth A and C are in £ .

(¢) If P is projective, them P dis in &.
Property (a) is a restatement of Lemma (3.10). Now if B~ A+ C then

(B, ) ~ (&,_) + (C, ). sSince satellites commute with taking direct sums of

- functors, we see that G-dim(B, ) = 0 if and only if

= 0. This proves (b). Finally, if P is projective,

) i i :
o is D(P) and Ext (P,R) = Ext"(D(P),R) = O for all 1> 0. By Proposition

(3.8), G-dim P = O.
We now prove a general Lemma about subcategories having properties (a),

(b) ana (e¢) listed above. Such categories are sometimes called resolving

subcategories.

Suppose [ is an abelian category with enough projectives,

and A is a full subcategory of [ having properties (a), (b) and (c) of

(3.11). Then A has the following property:

Ir 0= =
>Xn >Xn-l 5

0> - s o .
Yn > Yn—l vee = YO
¥

s in A for 0<i<mn-1, them X is in A if end only if Y = is in A.

= .e. > X > A-=>0 and

= A= 0 are exact in I with the Xi and
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(This tells us that any two "minimal" resolutions, by objects of A of
an object in I' , have the same length.)
Proof: We sketch a proof, leaving the details to the reader. It é-learly

suffices to prove that if Xn is in A then Yn is in A . We can construct

a commutative exact diagrams:

0 0 0 0
0—> %, —> X g —> Ky o> e — X, —> X, —> ;ii_ —> 0
0—>K —> B | —>F p—> o —> P —>F—> A7 0

R N

0T —>L 4 —> DL p—> oo —> L) —> 5 —>0
1 0 0 o = 0

where the P, (0<ign - 1) are .projective——hence in A by property (c).
Since the X, for 1<i<n arein A, v pi*operty (a) applied to the exact
columns gives that Li jsdin A for 1<i<n-1. Repeated application
of (a) to the bottom row now shows thet L is in A as well. Since X 1s
in A, (a) applied to the firgt column shows that XK is in A .

Now suppose that O = XK' —=> Qn-l = eee = QO = A -> 0 is any exact
sequence with ;the Q projective. Then X' ~K (from the above diagram)
since Ext (K, )~ ExtT(A, )~ Ext (K, ). Thus, K' + QK+ P for
suita,ble_ projectives P and Q . We have shown that K isin A . By (¢);
P isdin A hence K+ PxK' +Q isin A by (b). Agein by (v), we have

XK' isin A .
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We now construct an exact and commutative diagram:

0 0 0 0
O —>V —= —_— —_
> vn—l >Vn_2 > e ——> VO -— 0
0 —> K —s J/ —_ )
>Qn-l >Qn—2 > e >QO —_ A —>0
v J/ R ”
0 —> —_— T e
Yn > Yn—l >Yn_2 > vee —> YO _ A —> 0
L d
0 0 0 0

where the Q‘i are all projective. Then the "Qi are all in A . By assump-
tion, the Y, are in‘ A for 1 ‘5 i<m - l therefore, properfy (a) applied
to-the columns of the di_agram assures that the Vi are in A for
1<i<n-1. Property (2) invoked repeatedly now shows that all kei‘nels
and cokernel§ in the exact sequence 0 = V —> vn—l = e > VO —=> 0 belong
to A In particular, V isin A.and U = coker(V = vn—l) isdin A .

Consider the Tfollowing exact and commutative diagram: .

0 0 0
4 » L
0 > T —_—
> Vn_l > U e—> 0
0 v L L R)
> K! —_—
> Q4 > 8 > 0
N
04
N
N\ Vv v
0 Y]
> Yn > 'Yn-l —_— T —> 0
v J/




