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STABLE MODULE THEORY
. by
M. Auslander(l) and M. Bridger(e)

Introduction. The notions of torsion and torsién’freeness have played a
very important role in modﬁle theory‘——particularly in the study of m‘odules over
integré.l domainé.. Mthermore » the use of homological technigues in this con.—
nection has been Well-establiéhed. It is the aim of this paper to extend these
techniques and to show that this extension leads naturally to several new con-
cepts (e.g. k-torsion freeness and Gorenstein dimension) which are useful in the ‘
classification of modules and rings.

We shall assume henceforth that all rings are noetherian and 'all modules
finitely generated.. It is well-known that, when 'R, is a domain (commutative) |
and M an R-module, then M 1is torsicn free if and only if the canonical map
M > M*¥*¥ "is an injection; here M¢ = Hng(M,R) . Furthemﬁore, if t(M) is the
kernel of this mep, then t(M) is the torsion submodule of M, M/t(M) is-
torsion free, and M — M/t(M) is universal with respect to maps-of M into
torsion free R-modules .> It is therefoi-e of sorﬁe interest to have a description
of the kernel (and col;ernel) of the map M > M¥* ,

We now place ourselves in the following setting. R will denote a notv
necessarily commutative ring with u.nibt, noetherian on both sides. A1l modules
under consideration will be assumed finitely generated, and R will always be
considered a two-sided R-module. For an R-module M +we can find an ekact
seguence Pl o PO —=> M —=> 0 where PO and P:L are finitely generated pro-
Jectives. Dualizing, we obtain an exact sequence -0 —=> M¥ —> P¥ —> P¥ . Lef

0 1

us denote by D(M) the cokernel of Pé > P . In [1] it is shown that there

is an exact sequence:
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2
(0.1) 0= Extl(D(M),R) — M = M¥% = Ext (D(M),R) =0
where M —> M¥¥ .is the usual map of & module into its double dual. Further-
more, it is shown in (2.6) below that the functors Ext (D(M), ) for 1i>0
= M —> 0.

depend only on M and not on the particular presentation Pl - PO

We therefore may make the following definition.

Definition: The R-module M is said to be k-torsion free (k is an

integer > 1) when Ext (D(M),R) = 0 for 1<1i<k.

Tn the case where R "is a domein, we see from the sequence (0.1) that

1-torsion freeness is equivalent to the usual notion of torsion freeness. In

the general case, We also see from (0.1) that M is 2-torsion free if and
only if M is reflexive (i.e. M —> M¥¥ is an isomorphism). Finally, 1t is

easily shown (2.17) thet M is k-torsion free if and only if there exists an

exact sequence O ¥> M —=> Pk—l = .. > PO - N = 0 such that Pi 1s

projectivé for 0<1i<k-1 and the dualized seguence:

0 = N¥ —=> Pé = ... > Pﬁ_l - M¥ = 0 is also exact.

This last. description of k-torsion freeness leads to the related notion

of syzygies. If ... —> Pj+l - Pj = ... > Pl - PO = N-—=>0 is a

projective resolution of I, then we shall denote by Q9(N) the cokernel

of Pj+l - Pj. The module N is called a jth SyZyey of N. Since

.Y {4
Ext(29(N), D~ Ext™ (N, ), for i>0, we see that the functors
Extl(ﬂj(N), ) depend only on N when 1> 0. From the criterion for k-

torsion freeness of the preceding paragraph we note that every k-torsion free

module is a k-syzyey-
If one denotes by Dk(M) the module QKD(M), then it is shown in the
2 2
Appendix that D%(M) ~ M, 'D?_(M) ~ M/t(M) and D?(M) ~ M¥¥*  where Di(M).;, Di(D.l(M)]

(Actually, these isomorphisms hold only up to the addition of a finitely

© properties of M . The fairly strong condition: grade Exti(NLR) > i is
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generated projective module). Furthermore, it is shown in Chapter 2 (and,
alternatively, in the Appendix) that there is a natural map: M —> bE(M)
for each integer k > O. For k=0, 1, 2 these maps are ihduced, respect-
ively, by the identity: M —> M, . the natural map M —> M/t(M), and the
natural map: M —=> M¥¥,
Definition: The module M is said to be k-reflexive when M —> D2(M) : |
induces an isomorphism Extl(Di(M), ) S Extl(Nb ). ‘
It is easily seen that every module is O-reflexive, while M is
l-reflexive if and only if M is torsion free (or 1-torsion free). in the

cormutative case, M 1is 2-reflexive if and only if M is reflexive in the

usual sense (see Appendix). When R is commutative, the condition M .is
k-torsion free, M is k-reflexive. M is a k—éyzygy_for all k>0, are
equivalent if and only if R is a Gorenstein riné (Corollary (4.22)). |

In trying to find criteris for QiM to be i-torsion freé we naturally
enc?unter the notion of grade [9]. We shall write grade M‘= n when
Extl(M,R).= 0 for 0<i<n and Ext"(4,R) #0; grade M= » will mean
t?at Extl(NpR) =0 for all i > 0. In Proposition (2.26) it is shown that
QM is i-torsion free for 1< i <k if and only if grade Ext (M,R) > i - 1

for each 1<1i<k.

' el
The grade of the modules Ext (M,R) is bound up with a number of other

related to the existence Qf certain modules of finite projective dimension,
described below. Furthermore, when R is commutative and M has finite
projective dimensibn (or finite "Gorenstein" dimensioﬁ, as we shall see),
then the tgrsion freeness properﬁies of M are completely determined by the

rad 1 i
grade of the Ext (M,R) . When R is commutative, this grade is seen to

depend only on the support of Exti(NLR)-}
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We now give a brief description of some of the principal results to be
found in various sections of this paper.

In Chapter one we establish the rather general functorial techniques to
be applied in the proofs of subsequent module-theoretic results. ' Let us
consider half-exact functors F from T to 4, where I' and A are
abelian categories, I having enough projectives and injectives. Let
E = coker (LOF —> F) where LOF -> F is the usual map of the zero ™™ leff
derived of F into F. We say that F is projectively stable when the
epimorphism F—=>F 1is aﬁ isomorphism. Thié condition is equivalent %o
the conditién that F vanish on every projective object. Dually, we let
F = ker(F = ROF), call F injectively stable when F = F and observe
that this happens if and only if F vanishes on .injectives. Our fundamental
tools are the following exact sequences (1.15):

1 1

o> 8, S F > LT > ST >8,  §F >

.—>LF—>F——>S1S1F—>O

0
and:

0> slle > F > 7> ...

. >R sl+lle - s'F > RF > ..

Here, SiF(fesp. SlF) denotes the ith left (resp. . right) satellite of

.. 1 —_
F. We see immediately that F = S;8F and F = SlSlF.

i
Using these sequences we define transformations F —> SiS F and

" and n - Hex(F,A)b.are isomorphic categories via the functors é and Sn.
N n

" into $G. Denoting these b F 1 1 cctiv
g vy (¥,G) and (8'F, 87G). respectively, we
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SiSiF = F for i > 0. 1In Theorem (1.25) it is shown that SiSiF = F is
an isomorphism for O < i < n when SiF is injectively stable for

0 < i< n. Theorem (1.26) gives a dual version of this result. Other parts
of these theorems lead to the following rather interesting result. Let

n - Hex(T',A) denote the category of half exact functors .F: f - A such
that STF is projectively stable for O < i < n.. Dually, n - Hex(T,A)
denotes the catggory of F such that SiF is injectively stable for
0<1i<n. In(1.25) we see that Sn(n - Hex(T,4)) € n - Hex(T,4), and in
(1.26) that s%(a - §§§(P,A))<: n - Hex(I',A). Furthermore, we have seen that
T SnSnF (resp. SnSnF,w F) when F is in n f'EEE(F:A> (resp. n - ﬁgg(f,ﬁ».

Taking these isomorphisms as identifications,'we conclude that n —AHex(F,A)

After gstablishing a number of technical results about stability of
satellites, we turn to a consideration of the relation between the natural

transformations of the functor F  to the functor G, and those of SiF
observe that Sl induces a map:
(£,6) = (87F, §70).

for i > 0. In.Corollary (1.34) it is shown that str projectively stable
for 1<i<n implies that this map is an isomorphism fér_ 1<1 <vn and
all half exact functors G. When i = 2 the converse holds as Weli (1.33).
If A = the category of abelian gréups, then, for each object A of '
I' we have a functor Hom(A, j: [ = A, which we denoté (4, ). TIts
projective stabilization is written Qé,;){ One séeé easily that

(&B) ~ ((B,_), (A,_)) (natural transformations of (B, ) into (4, ))
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. » 1
while this last is isomorphic to (Extl(B, ), Bxt (A, )). We also have an

exact sequence:
0—->K—=> (4,B) > (4,3B8) >0

where K= {f ¢ (4B) [ £ factors through a projectivel. When:

Fo (3 ), G= (4 ), themsp (58 = (5'7, s'6) becomes

(A,B) > (Exti(B, ), Exti(A, )). Applying the general theorem mentioned
above shows that this mep is an isomorphism for 1< 1i<n and all B if
Exti(A,P) =0 for 1L<i<n andeach projéctive P; when i=12 the
converse holds as well. This is also a result of Hilton-Rees [é].

Tinally, to provide a suitable setting for some of the preceding matters
we introduce the (projectively) stabilized category [. .Here, the objects”
are those of T, but the morphisms between two objects A and B are the
elements of (A4,B). In (1.h44) it is shown that A and B are isomorphic
in- T (Wriften Ax B) if and only if A+ Px B+ Q in I, for suitable
projectives P and Q. .

~In Chapter two we deal with finitely generated modules over an arbitrary
vring R with unit, noetherian on both sides. We introduce the functors
D and Qi already discussed, and record some of their elementary properties
in (2.6) and (2.7). Our fundamental tools of calculation are the following
exact sequence of functors (Theorem (2.8)) whose existence comes from reéults

in [1]: (kx> 0)

@ 0> bl ) > e ) > (e, ) > Bk )

() Tori(oa'y, )-> (ExtS(LR) @ ) > Bxte(M, ) > Tory (0, ) >0
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(M 1is a finitely generated left or right R-module, while R is always con-
sidered as a two-sided R-module).

When ﬁn is the category of finitely generéted R-modules, then the
isomorphism class of a module M in ﬁﬂ (the "projective equivalence class"
of M) is determined by the functor (M, ). Since the torsion freeness and
reflexivity properties of M depend only on the projective equivalence class
of M, we shall "represent” .M by the functor (M, ). An easy calculation,

using the above exact sequences, gives the following: (%,j > 0)

() 5,870, ) ~ Tor (™, )
(b) 551, ) ~ Bxt®(D0dDy,
56 ) ~ Ext (pa<oM, )
Recalling that Dk = 0D, and letting Jk = an, we also find that:
k 2
' k 2,
(a) §°S, (16 ) ~ (D,(0); _ )

Letting . F = (M,_) the usual maps F —=> SkSkF and SkSkF - f defined
in Chapter one give us maps Ji-lM = M and M= DiM. The latter is the
map already discussed in relation k-reflexivity (see Appendix for an alternate
construction). To apply Theorems (1.25).and'(l.26), describing when these
meps are isomorphisms, we need the key observation that M is k-torsion free
if and only if Tori(D(M), ) = Si_l(yg_) is injectivelj stable for
1< i< n. Theorem (2.17) now asserts the equivalence of the following state-
ments (for n > 1 and integer, and M finitely generated):

(1). M is n-torsion free.

(2) M 1is n-reflexive and Dn(M) is n-torsion free.

. - 2
(3) M is an n-syzygy and . Dn(M) is n-torsion free.




S e AR

8 M. AUSLANDER AND M. BRIDGER
In Chapterv One it was shown (Proposition 1.21) that SkF is a direct sum-
mand of SkSkSIL.E‘ in a natural way. If we let F = (M, ), this is reflected
in Proposition (2.20) where we see that Dk(M) is a direct summend (up to pro-
jective equivalence ) of Dl:z(M) Thinking of Dk as a generalized
"dua.lizatj.on" functor, .we obsérve the analogy with the well-known fact that
M¥ is a direct summand of M¥¥¥,
In §4 we discuss the relation between grade and k-torsion freeness. We
observe Ffirst that, for a module E, grade E>n if and only if Sj (& @R )
i+l

(M,R), the functor

M, )) . In Proposition (2.21) it is shown that

is injectively stable for O <j<n . Now when E = Ext
(= & ) is simply Lo(Exti+l(
a'M is i-torsion free if and only if sjExtiJ’l(M, ). is injectively stable
for 0<Jj<i+ 1. The relation between the »stébili‘by properties of F and
of LOF is deécribed in Proposition (2.25); Pﬁtting these pieces togethér,
we obtain Proposition (2.26) which asserts that Q:LM ‘is i-torsion free for
1<i<n if and only if grade Ext' (L,R) > 1 for 0<i<n.

In § we discuss the question of when an element of (A,E) is representable
by a monomorphism: ‘A= B + P for some projective P (equivalently, when
a given natural transformation Ex‘bl(B, ) = Eﬁtl(A, ) is induced by a
monomorphism A -> B + P). A necessary and sufficient condition is that the
cokernel of the induced map (B,__) = (&, ) be injectively stable. The
special cases of the maps Ji(M) - JIE;-l(M) and Ji(M) = M are dealt with
in Theorem (2.31).

In §6 we use Theorem (2.31) and fhe techniques of the p:c‘evious section to
prove two of our main results: the Spherical Filtration and Approximation
Theorems. To state the first of these, let us ‘s_ay that a module § is”

n-spherical of type E (E' is an R-module) when pd § <n, Ext™(S,R) = 0

for 0<i<n, and Ext"(S,R) ~E. Suppose now that M is a finitely
generated R-module with the property that grade Ext™(M,R) >i for 1<ic<k.

STABLE MODULE THEORY : 9

The Spherical Filtration Theorem gives the existence of a finitely generated

projective P and a sequence of submodules :

MKCMK-J_C ...chc:MO=M+}>

2 . . . ..
such that M, ~ Ji(M)‘ (up to projective equivalence) and Mi—l/Mi is i-
spherical of type Ext (M,R).
These sequences seem to be related to filtrations of M ‘derived and‘

studied by J.-E. Roos . (Comptes Rendues, 26 fevrier 1962) and R. M. Fossum

(Math. Scand. - to appear).. The interested reader is referred to these papers.

Under the same hypotheses, nemely that grade Exti(M, R) > i for
1<i<k, we can find a module Hk(M) and‘a map M = Hk(M) ﬁith the
properties:

(a) pd Hk(M) <k

(b) Exti(Hk(M),R) = Exti(M,R) "for 1<i<k. If M= TN is giveﬁ

where pd N < k, then there is a unique map Hk(M) —> N such that M > N

is the composition M —> Hk(M) -> N.. The existence of H'K(M) is the content

of the Approximation Theorem.

We close Chapter two With a strengthening of previous resul‘ﬁs about the
maps (4,3B) - (Exti(B, )s Exti(./-\., )).

Chapter three is a short one, devoted to the definition of Gorenstein
dimensivon for half exact functors. The most important application of this
definition is to the functor (M, ), whose Gorenstein dimension is called
the Gorenstein dimension of the module M. The following conditions on M

are equivalent (Proposition 3.8):

(a) G-@m M= 0

(b) Ext™(M,R) = Ext (D(M),R) = O for 1> O
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(¢) M > w#* and Ext (M,R) = Ext (M¥,R) = 0 for i>0
(a) M and D(M) are k-torsion free for all k > O.
It turns out that G-dim M < n when there is an exact sequence:

0—=>IL > ... >1L, =L
n i

0

When there is no shorter such resolution, G-dim M = n. If it is known that

- M = 0 where G-dim Li=0 for 0< i< n.

G-d'im M<ew (and M# 0), then G-dim M= sup{t | Extt(M,R) # 0}. From
this 1t follows. thé.t G-dim M < pd M, and that these agree when the latter
is finite. '

Finally, Chapter four is devoted to the study of modules (alway; finitely
genera’céd) over commutative noethérian rings--a setting in which the notion
of Gorenstein dimension is particularly useﬁll.

Suppose first that (R,g) is a local ring. Wheh G-dim M= n < =, then
n is also the smallest integer > 0 such that Tori(M,A) =0 for i>n
and all modules A of finite projective dimension (Theorem 4.13). Further-

more, we have the important formula (4.13):
(G-dim M) + (depth M) = (depth R)

(Here, depth M means the length of a maximal M-regular sequence contained

in the maximal ideal m of R: this number is also known as the "codimension"
of M). This generalizes a similar formula for modules of finite projective
dimension.

Using this last formula and the techniques of localization, we arrive at
the key Iproperty of modules of finite G-dimension over an arbitrary (no’b
necessarily local) ring R. Nemely: if G-dim M <« then grade Exti(M,R) > i
for all i >0 (Corollary LL.l?). As a consequence of previous results, we
see that QiM is always i-torsion free for 1 >0 when M hés finite

Gorenstein dimension.
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In §&4 we discuss Gorenstein Rings (rings which, locally, have finite
injective dimension over themselves). Our main result, Theorem (4.20),
asserts that a‘local‘ ring R 1is Gorenstein if and only if every finitely
generated R-module has finite Gorepstein dimension. More precisely, we. see
in Proposition (lL.2l) that the following conditions are equivalent for a

commutative ring R ané. an integer Xk > 1:
(a) Qkﬂ'M is (k+l)-torsi§n free for all R-modules M.
() odu is j-torsion free for all M and 1< j<k+1
(¢) For a prime' E:. depth RE < k implies R is a Gorenstein ring.
(d) grade Exti(M, R) >i forall M and 1<1ic<k.

Consequently, we see that R 1is a Gorenstein ring if and only if the

following properties are egquivalent for any R-module M and integer k > O:

(i) M is k-torsion free (ii) M .is k-reflexive, and (iii) M is a

k-syzygy. '

In §6 we discuss locally free sheaves (vector bundles) at isolated
singularities. More precisely, let R be a local ring which is regular at
every ‘non-maximal prime. Let Y = Spec R - {m}, X= Spéc R, end suppose
depth R =k _>_ 3. Lgt GY be the sheaf of local rings induced on. Y by the
usual sheaf OX on Spec R. Any coherent sheaf 7 of (}Y-m'odules is fhe
restriction to Y of a sheaf of the form M on X, where M 1is an ﬁ—
module (for details, see [7]). Consider the mép M= Di_l(M) described
above. It is easily seen that Di_l(M) is free at every non-maximal prime,
so determines a locally free sheaf ;%{_l(,;f) on Y. Since Di?l(M) is
defined up to the addition of a projective (hence free) module, ;ﬁk_l(J) is

defined up to the addition of a free sheaf of GY-modules. The map
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g’->»£k_lg7) induced by M = Di_l(M) satisfies the following universal
mapping property. Supéose J = & 'is a map of coherent Gy—modules such
that & comes from an R-module N which is a (k-1)-syzygy. Then there is
a map z%{_iﬁy) — %, unique up to the addition of a map factoring through a
free Oy-module, such that the maps (¥ = &) and (¥ = ’fk—l(J) = %)
differ (at mést).by a map factoring through a free'@Y—module. Thus
g‘—>-£k_l(y) is "stably" universal with respect to meps of J into sheaves
coming from (k-1)-syzygiles.

An impoitant property of modules M of finite Gorenstein aimensién is
that their torsion freeness properties are complefely determined by their
Exti(M,R) (in fact, by the supports of fhe Exti(NLR)). In Theorem (4.25)
the following properties'for a module M of finite G-dimension, and integer

k > 0, are seen to e equivaleﬁt.
(1) M is k-torsion free.
(2) M is a k-syzysy-
(3) grade E_xti(M, R) >i+k forall i > 0.

(M) Por any prime p every %E regular sequence of length < k is also

M regular.
D gu

An insight into the structure of modules of finite G-dimension is given by
the following result. When G-dim M = n < =, we can find a projective P
and an exact éequence 0 —§ M >P+N-> Hn(M) —=> 0 where M~ is given
by the Spherical Filtration Theorem and Hn(M) by the Approximatipn Theorem.
It is easily seen that G-dim Mn =0 and pd Hn(M) = n. Therefore we see
that, up to the addition of a projective, every modulé of finite G-dimension
is the extension of a module of zero G—diﬁension by a module of finife pro-
jective dimension (h.26_§pd_u;27).“ Furthermore, the k-torsion freeness of
M (G-dim M = n < @) for any  k > O is equivalent to the k—torsion freeness

of the modules in any of the following groups:
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(a) The modules M;, 0<1<n given by the Spherical Filtration
Theoremn.
(b) The i-spherical modules of type Ext (M,R) for 1 <i<n

(¢) The module Hn(M) given by the Approximation Theorem.

In §7 we consider perfect modules. The R-module M is called perfect
When grade M= G-dim M < o, Qur main result is that when R is a local
ring, Xl"'f’xt’ an R-regular sequence, and M an R/(xl,...,xt)—module,
then M is a perfect R-module of G-~dimension t if and only if AM has
zero G-dimension as an 'R/(xl,...,xt)—module (a result of C. Peskine and
L. Szpiro){ As an application, we compute Tor?(M,N) when M‘ is a perfect
R-module of G-dimension t, (Xl,...,xt) is an R-regular sequence iﬁ the.
annihilat?r of M (such always exists), and XN ié an R/(Xl,...,xt)-module
of finite projective dimension. We see in Proposition (ﬁ.36) that:

.7.,xt)N)

. . o
Toro(M,l\T) = (i) . (M ®R/(X'l:

for 0<i<+t (and zero for i > t). By (E)-M is meant (?) direct
i

sum copies of M. A similar result is proved for Exté(NLN) in (4.37).
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Chapter 1: Satellites and Stable Functors

§1: sStability

In this Section we define stable functors and list some of their basic
properties. These 1ldeas will be central to the remainder of the paper.

Tet I be an abelian category with enough projectives and injectives,
and lef A be an arbitrary abelian category. We shall denote by Hom([,4)
the abelian category of all covariant additive functors from I’ %o A. )
(Technically, I' should be small; in all applications described here, T
may, indeed, be so chosen). »
(1.1) We recall that we can construct a functor Lyt Hom(T',4) —> Hom(T',4)
--the "Zeroth' left derived“--together with a natural transformation:

Iy > Tdentity (so we have for any F & map: LO(F) —> F) which satisfies:

(a) .Fvor all F in Hom(T,4), L,F is right exact.

(b) If G in Hom(T,A)  is right exact, then the map L F —> F induces
an isomorphism: (G,LOF) > (6,F).

(We shall denote the group of maps from A to B by (A,B) for A and B
objects of a fixéd abelian category)

(c) The map LOF —> F is the identity on the full subecategory of
projective objects of . I. | ‘

(a) (Uniqueneés of LOF%' If G is a right exact functor in Hom(l,4)
and there is a map G —=> F which is an isomorphism on projectives, then
there exists a unique isomorphism Ga LOF such that the following
diagram commutes:

G————>F

v

LOF

For details and proofs, see [4, ch. V §5].
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(1.2) Definition: For each functor F in Hom([,4) we define F, the
projective stabilization of F, to be the cokernel of LOF —=> F. We thus
have the exact sequence of functors i,OF > F > F -> 0. We say that F
is projectively stable if the map. F—=>F is an isozﬁox’phism.
(1.3) PROPOSITION: For any F in Hom(I,4) the following statements are
equivaient:

(a) F is projectively stable.

(b) F(®)=0 forball projectives P.

(e) LyF = 0.

(@) (6,F)

(e) (G,F) = O for all functors G in Hom(l",4A) which preserve

0 for all right exact functors G in Hém(I’,A).

epimorphisms. -

Proof: If F is projectively stable then F = F 1s an isomorphism.
Let P be any projective. Then the exact sequence LOF >7> F=>0 ‘
gives the exact sequence LOF(-P) - 7(P) > F(P) > 0. Since Lf =>F is
an isomorphism on projectives, we conclude that LOF(P) = F(P) = 0. There-
fore (a) implies (b). To prove that (D) ‘implies (¢) note that the
ZEero :E'unc‘bqr is right exact and agrees with F on projéé,’oives when F

vanishes on projectives. By the uniqueness of L.F (property (1.1d) we

6]
have LF = 0. Now suppose LF = 0; we prove (c) implies (d). vPropert:y'
(1.1)b tells us that when G is right exact, (G,LOF) ~ (G,F). We thei‘efore
conclude that (G,F) = O. ©Now suppose (d) holds. Let G be a functor
Preserving epimorphisms. Claim: the sequence LOG = G—=> 0 is exact. In
fact, let A Dbe ‘a.ny object and let P —=> A —=> 0 bé exact with P projective

(we assumed that I has enough projectives). We have the exact and commit-

ative diagram:
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LOG(P) - LOG(A) -0
2
a(P) = @A) =0

Theréfore LOG(A) — @(A) is an epimorphism and the claim is provgd. From
LG > G—=>0 we get the exact sequence: 0 —=>(G,F) —>(LOG,F). Since LG
is right éxact, our hypothesis (d) gives - (LOG,F) = 0; we conclude that
(G,F) = O as well. Finally, we prove (e) implies (a). sSince L7 1is
right exact it preserves epimorphisms. By assumption (LOF,F) =0 . There-

fore L.F = F is the zero map, and the exact sequence LOF =~ F-—>F >0

0
gives F = F.

We shall denote by Hom(T',A) the fuil subcategory of Hom(I",A) con-
sisting of the projectively stable functors. It is easily» seen that given an
exact sequence O —> F; —> Fy = F3 —= 0 in Hom([',A) then T, is in
Hom(T',A)  if and only if both El and. F3 are in Hom([,4). In other words,
Hom(T',A) is a dense subcategory of Hom(T,A). |
(1.4) PROPOSITION: For each F in _ﬁom(l"‘,A) we have:

(a) F is projectively stable.

(b) For each projectively stable G in Hom(T,4) themap F > F
induces an isomorphism: (F,G) > (7,6). ‘Thus, the functor Hom ([, &)—>Hom(r, 4)
given by F ~—> F is a left adjoint to the inclusion functor
Hom(T,4) —> Hom(l,4). ‘

Proof: To prove (;) note that LOF(P) - F(P) => F(P) = 0 is exact. When
P is any projective, LOF(P) % F(p), so F(P) = 0. By Proposition (1.3)

a functor is projectively stable if and only if it vanishes on projectives;
therefore  '(a). holds.. . |

Now suppose that G is projectively stable. Since F—>F—>0 is

exact, we have that (F,G) <> (F,G) is one-one. To prove it is surjective,
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choose any map- F > G and consider the diagram:

IF=>F->F->0

0

G

The composition LOF = F = G is an element of (LOF,G). By Propositioni
(1.3) the fact that G is projectively stable and LOF‘ is right exact gives
(LOF,G) = 0. Thus the composition LOF > F -> G 1is zero. Since F is a
cokernel, ‘there is a (unique) map F —> G which leaves the diagram commit-
ative. Thei'efo’re (F,6) = (F,G) is surjective, henée an isomorphism.

We now récord the dual version of everything whiéh we have done sb far.
(1.5) There is N functor rY: Hom(T,A) —> Hom(T,A)--called the "zero®™ right
derived"--together with a natural transformation: Tdentity —=> EO (so a map
F > ROF for é.ny F) having tﬁe following properties:

(a) RUF is left exact. ' .

(b) If G is left exact then F —> ROF induces an isomorphism
&%,q) = (F,0). ‘

(¢) The map F > ROF is the identity’on the full subcategory of
injective o“ﬁjvects_of T.

(d) (Uniqueness of ROF): If G is a left ‘exact functor in Hom(T,4)
and there is a map F -> G which is an isomorphism.on injectives, tflen there
exists a unique isomorphism ROF~ G such that the following diagram

commutes: F ——> G

@

ROF

(1.6)  Definition: For each functor F. in Hom(T',A) we define F, the
injective stabilization of F, +to be the kernel of F —> ROF. We then have

the exact sequence of functors O -> F —=> F —> ROF. We say that F dis
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injectively stable if the map F - F is an isomorphism.

The proof of the following is entirely dual to-the proof of Proposition
(1.3).
(1.7) PROPOSITION: TFor any F in Hom(l',A) the following statements are
equivalent:

(a) F is injectively stable.

®) 2% = o.

(¢) F(I) = 0 for all injectives I in T.

(d) (F,G) = O for all left exact functors G in Hom([,4).
(e) (F,¢) = 0 for all functors G in Hom([,4A) which preserve
monomorphisms.

We shall denote the full subcategory of injectively stable functors in
Hom(T',4) by Hom(T,a). ‘
(1.8) PROPOSITION: For each F in Hom([,4) we have:

(&) T is injectively stable.

(b) If G is injectively stable the map (G,F) > (G,F) . induced
by F—=>F is an isomorphism. Thus, the functor | Hom(T",A) —=> Hom(T',4)
given by F ~~> F is a right adjoint to the inclusion functor:
Hom(T,4) —> Hom(T,4).
(1.9) Remark: Suppose that G —> F is.a mep of functors where G is
right exact and F 1is half exact. A simple diagram chase proves that
coker (G => F) is a half exact functor. As a result, we see that if F
is half exact then coker (LOF —> F) = F is also half exact. In a similar
fashion F = ker.(F - ROF) is half-exact when F is.

Recall now that an“ epimorphism A —> B is said to split if there
exists a map B -> A such that B —> A —> B is the identity map of B.

Dually, & monomorphism C —> A 1s said to split if there is a map A —> C
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such that € -> A —> C is the identity of . The following lemma will be
of use later. »
(1.10) IEMMA: ILet F De any half exact functor in Hom(T,4).

(a) Suppose the epimorphism F —> F splits. Then the sequence

0->1F—>F->F-0 is exact and splits.

o)
() Suppose the monomorphism F > F splits. Then the sequence
0=>F=>F = ROF —=> 0 1is exact and splits.
Proof: Let K = ker(F -> F); then the sequence 0 >X >F>7F >0
is exact and splits. We show that K LOF. If P 1is any projective then
;F_(P) = 0 since "F is always projectively stable. Therefore the map

K(®) = F(P) is an isomorphism. Furthermore K is half-exact since it is

19

a direct summand of the half exact functor F. From the exact and commutative

diagram:

LfF>F>F->0

vl

0>K >F->F—=>0

)

we conclude that LOF - K 1is an epimorphism. Since L.F is right exact, ’

it follows easily that K preserves epimorphisms. Since X is also half
exact, K is right exact. By the uniqueness of LOF we conclude that
Lif~ K and | (a) now follows. The proof of (b) is entirely similar.
For the remainder of this paper we shall identify' F and F if vF is
projvectively stable. We also identify F and F if F is injectively

stable.

§2: satellites
Important examples of projectively (resp. injectively) stable functors
are provided by taking various satellites of a functor. Let us briefly

recall some of the.main properties of satellites. For details and proofs
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see [4, Ch. IIT].
(1.11) The first left satellite is an (additive) functor

S :‘Hdm(F,A) — Hom([,A) +together with the following additional structure.

1
For each F in Hom(I,A) and each exact sequence E; O => C' = C —=> C"=>0

in ' we are given a map (SlF)(C”) — F(C') which is functorial in both
F and E and which satisfies:

(a) If C 4is projective then 0O —=> le(c") = F(¢') = F(C) is exact
(this serves to define SlF(C")). ‘

(b) The sequence: s,F(c*) = s,7(c) - le(c"‘) - F(c') = F(c) = F(C")

" is of order two and is exact if F is half exact.

(¢) S,F 1is projectively stable (i.e. §,F vanishes on projectives).

(1.12) Remark: From (b) we see that if F is half exact, so is S F.
If, in addition,” F is left exact, pfoperty (a) gives 8 F = 0.

We shall write 8, = identity on Hom(T,A), and define 8. to be

8 (Sn-l) for n> 1.

1

In a &ual manner we define the right satellites.
(1.13) Thé first right satellite is an additive functor
Sl: Hom(f,A) —> Hom(I",A) +together with the following structure. For each
F in Hom(T,4) ‘and exact sequence E: 0 =>C' > C = C" =0 in I there
is amap F(C") = SlF(C'), functofial in F and E, satisfying:

(a) If C is injective then F(C) = F(C") - SlF(C’) = 0 1is exact
(this serves to define SlF(C')).

(b) The sequence
F(c') = F(C) = F(C") = SlF(C') - s]T(c) - le(c")v_ is of order two and.
is exact if F is half exact.

(e) st s injectively stable (i.e. SlF vanishes on injectives).
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(1.14) Remark: From (b) we see that if F is half exact, so is s'F. 1£

lF = 0. We define: SO = ildentity

F is right exact, then (a) shows that
on .Bom(T,4) ana S°F = s(s*71F) for o> 1.

From now on we shall be primarily interested in half exact functors. We
shall denote by Hex([,4A) the full subcategory of Hom([,A) consisting of
the half exact functors. We shall denote by Hex([,4) and bﬁgi(F,A) the
full subcategories of half exact projectively stable and half exact injectively
stable functors respectively. Our fundemental tool in determining the stab-
ility properties of satellites is the following result.

(1.15) PROPOSITION: (Fundamental exact sequences): For any F in Hex(T,4)

(i.e. F Half exact) there are exact sequences:

1 1 '
* : - = = - -
(*) > 8,08 >LF—>8F->8§ §F—>...

.. > L.F > SiF = SQS]T SLF-=>F -5 8F >0

T 0 1
(%) _ 0 — slle > F > BF > sgle = P > RF > ...
o> 8" lle = §"F > 7% - sn+gle - ...

Furthermore, these sequences are functorial in F.
Remark: The construction of these sequences is described in [h, Exercise

3, . 105]. 1In the case of (¥) one constructs the exact sequence

1 .
LyF = E = 8. SF >0 (where L.F —=>F is the usual map), then applies S,

1 (0]
to it, obtaining sequences SiLOF ol SiF - Si+lSlF. These are then spliced

together to form a long exact sequence. Finally, one observes that

~ .th . ‘ v
SiLOF L;F = 1% 1ert derived of F. In the case of (¥*) one starts with

1 0 i
0> 5 SlE = F >R F, applies Sl, splices, and notes that
i.0 t

S'RFa RF = 1% right derived of T.
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(1.16) COROLLARY: Suppose F is in Hex(T,A). Then there are unique
isomorphisms SlSlF ~ F and SlSlF ~ F such that the following diagrams

commutes .

F—>7F : F

> B
@ - T
1

4

1 ) 1

Proof: The assertion follows di‘rectly‘ from the existence of the exact

0
sequences LOF = F = SlSlF = 0 and 0O = SlSlF = F >R F.

Now recall that by (1l.1l)c we know that 8, is projectively stable
for any functor F. In particular §;F ié in Hex(T,A) Wh.en F is in
Hex(T',A)s Thus, we may think of S, asa functor 8,: Hex([',4) = Hex(T,4)-
On the other fland, for any ‘F we have SlF is injectively stable, i.e. »
S'F is in Hom(',A). In particular, we can think of s' as a functor
sh: Hex(T,4) > Hex(l,0). '

Now for any half exact F, the previous Corollary gives Fa SlSlF.
If F lies in }_Iig(f’,A); then we have F =F SlSlF. Let us agree to
take the isomorphism F SlSlF as an iden'bi_.fica.tion. Then for F in
Hex(r,4), F = s,8'F. Similarly, if F isin Hex(r,4) andwe take the

isomorphism F = F a SlSlF as an identification, then F = SlSlF. Thus,

1 S
the compositions Hex(T',4) 55 Hex(T",4) NN Hex(T,4) and

S ok
Hex(T',4) 5 Hex([',4) £ Hex(I',A) are the respective identities.
Consequently we have proved:
(L.17) . COROLLARY: . The functors st Hex(I,4) = Hex(I',4) and

S.: Hex(l,4) => Hex([,A) establish an isomorphism of categories.

1

(1.18) COROLLARY: Tet F and G be in Hex(I,4).
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1
(a) S]T ~ G if and only if Fa G, while Sle SlG if and only

if Fa G
(b) F->F induces SF > §'F, while T > F induces s,F > 8 F.
(¢) Taking the isomorphisms of (b) as identifications, we have that
the meps (G,F) —S—l> (SlG, S:LF) and (G,F) ﬁ> (SlG’ SlF) are isomorphisms.

Proof: = Suppose SlFm SlG. Applying Sl we have

1
SlS G = G. Conversely, suppose Fa G. Applying Sl we have

1
F=55Fa
1, 1 —

s's, (s'F) = SE~ s¢ = s7s,(576). TNow §'G is in Hex(T,4), so
1, 1 T ‘
s's,(s'6) = s'e.  similarly s's, (S'F) = S'F. We conclude s'F ~ s'e. The

other part of (a) is proved dually.
Part (b) follows from part (a).

To prove part (c), just note that .8

1 and Sl' respectively provide

inverses to the maps in question.

§3: Stability of Satellites

The satellites §,F (i > 0) are always projectively stable, while the
satellites SF (i > 0) are always injectively stable. In this Section
we shall be concerned with finding conditions under which the Sif are
injectively stable, and the SiF are projectively stable. One such charact-
erization will involve the c.onstruction of maps F —=> SiSiF and SiSiF -=> F,
and will have later applicatiéns to reflexivity and torsion-freeness of
modules. Another set of criteria will involve the maps (G,F) = (SiG, SiF)
and will be useful later in determining when maps Exti(N, )y > Exti(M, )
come from maps M —> N. o

- n

We begin by defining natural transformations S -d - SJ.Sn for

0<3 < n. We ;pfroceed by inductioh on j-. When J = O we have simply the

n

identity map S” —> s”. Suppose, then, that the map Sn"'(j"l) =S, ;8
; : J-
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has been defined, and that J > 1. If we apply Sl to this map we obtain

p-gtl sjsn. Let us now write slsn'j+l

a map S8 as Slsl(sn—‘j). For
any half exa.c;b functor F we have a map (% 9F) > (S_n___‘]_F) = Slsl(sn—‘jF).
Therefore we have a natural transformation RS SlSl(Sn—j). By
composition we obtain our desired map: Sn—j - S:I_S]'Srl"j - San.

If we denote by ?3,n 'bhe.transformation: Sn_‘j ol Sjsn then we have

the following commutative dlagram:

(1.19) | . S.9.
- ghd 17,8, n
sls - > Sj+ls
©1 n-Jj qJj+ZL n
1] S 2
Sn J-1

for 0< j < n.

Tn a dual manner we may construct natural transformations

Q-pj,n: sjsn - Sn—j’ for which the following diagram‘c'omut'es:

(1.20) o J*in

for 0< J3<n.

We now consider the following special case. When Jj= 1 we have a map

n-1 n . . . n-1 n-1 _ l,qn-1
(pl,n's > 5,8 This map is simply S = 8 = 8,8 (87 7). If we

now apply Sn-l we geb: Sn_'lSn_l - SnSn. We obtain, by iteration of this

construction, a natural transformation SiSl = SJSJ. Furthermore, if

i<j<n it is easily seen that the following diagram commutes:
21 )
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S.Sj —_— > 3 SIl
dJ \ /n
s.s*
i

Dually, of course, we have transformations SJSJ. - Slsi for i< j,

and when i< j<n we have a commutative diagram:

Jj .
s Sj<i\s ;////ﬁ s,
siss

Before going further, let us recall that in Corollary (1.18) we proved
that for any_half exact 'F, the map F —> F induces an isoniorphism

1~ . = =~
SF = Sl_}:, Whlle the map F —=> F induces an isomorphism SZLF - SlF'

Henceforth we shall take these isomorphisms as indentifications, and write

s'F = s%g, §,F = s,F. Furthermore, we shall write F = sile, F= slle,

and F = F (resp. F=f) when F is projectively (resp. injectively) stable..
k k.

Let us now go back to the maps SiSl - SkS and S Sk - SiS. . When
i

i =0 we have, for a functor F, the maps: F —> Si{SkF and SkSkF - F.

. k .
Applying S to the first of these, we obtain SkF - SkSkSkF. On the

other hand; replacing F by the functor SkF in the second, we have the
map SkSkSkF - :SkF.l We therefore have SkF ol SkSkSkF = SKF. In a similar
fashion we have maps SkF - SKSKSKF - SkF' As we shall see la'l.:er, the
following result is ‘a generalizétion of the fact that M¥, the dual of a‘
module, is a direct sunﬁnand of M¥x¥,

(1.21) PROPOSITION: ‘Let F be a half exact functor and k > O an integer.

(a) The compbsition SkF - SkSkSkF —= SkF is the identity. Tﬁerefore

SKF is a direct summand of SkSkSkF.

- k
(b) The composition SkF - SkS SkF - SkF “is the identity. Therefore
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S. F i direct summand of S SkS F
k 18 a irec X K .

Proof: We shall prove only (a) since (b) is proved by a dual demonst-

ration. We proceed by induction on k. When k=0, SOF = SO_SOSOF = SOF F

and the maps in question are all the identity transformation. Suppose k
: 1. . ]T ~C ata ok .
The map F > F = SlS T induces S F —> §8.8°F which we have agreed to
- 1

write SlF = SlSlS]T. On the other hand, SlF is always injectively stable,

so we have SlSlSJT = SlF = SJ'E‘. Therefore both maps SlF - SlSlSlF and

SlSlSlF > S'F are the identity (modulo our identification), so their

composition: ' S]'F - SlF is also the identity. This takes care of k = 1.
Suppose that the proj_oosition holds for 1,...,k. ILet us apply Sk to -

the map VSKF - SlSl(SkF). We obtain the usual mep SKSKF = 8, +lSk+1F.

If we apply Sk+l to the following commutative diagram:

SkSkF — 5
\ /
F

we obtain the commutative diagram:

k+ ]T

k+1 k+1 k+1
S SkSkF > § Sk " lS F

(1.22) \ /
| klp -

S

Tet us now apply the natural transformation SkSk = SOSO = identity,

. k :
to the map S F —> SlSl(SkF). We obtain a commutative diagram:

sksk(skF) — 8 F

!

k 1.k 1,k
§78, (8,878 F) —> 8,8 (SkF)

If we now apply Sl to this diagram, and combine it with diagram (1.22),

]
]

STABLE MODULE THEORY . 27

we obtain the following commutative diagram:

Sk+llF — Sk+lSkSkF o &+
e kil ket 1. Xkt
s¥ip > 5, .8 r > s's;s Iy

Now the right-hand vertical map was obtained by applying S:L to the map

K X 1,.k% N . ~
s5F > $°F = 8,87(s"F). The induced isomorphism s % 575 5 we

agreed to call the identity. Furthermore, the composite

k+1 k+ 1 k+ k+ . . K+
§%s,, .8 > s'ss Lr > &5 is the usual mep § lSk+lSk+lF - ¢y

We now rewrite our diagram as:

sH(s"F) ———> s7(s%s,8F) ——— st (s*r)
s sk+lsk+lsk+lF gl

The top row is obtained by applying Sl to the composition

X, K

SF—=>¢8 SF —> S%. Since this composition is the identity by induction

Sk
hypothesis, we see that the composition of the maps in the top row is the
identity. - It now follows that the composition of the maps in the bottom
row is the identity. This completes the irduction and the proof.

Let us now return to the general situation and the maps ©3,n° We shall
soon see that '(pj’n(F): Sn-j(-F) - SjS.n(F) is an isomorphism for all
0<j<n if and only if SJ.(F) is injectively steble for 0< j<n. In
order to phrase this last condition more economically, ‘we establish the
following terminology.

(1.23) Definition:
(a) Denote by - Stab F the largest integer n such that SiF is

Projectively stable for all 0<1i<n. If SiF is projectively stable for
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all i3> 0 we write Stab F =

(b)' Denote by Stap F the largest integer n such that SiF is .
injectively stable for all 0<i<n. If SiF is in‘jectively stable for
a1l i3 0, wevrite Stap F= @

(1.24) Examples:

(i) If i>1, then Stab SiF > 1. This is clear since STF is always
1n3ect1vely stable. |

(1) If 1 >2, then §tab § F > 2. To see this, note that gy
is 1n3ect1vely stable, and we have an epimorphism S lF = 8 S S lF) It
follows that S S (Sl lF) = SlS F is also injectively stable. By definition,
to say that Sj(S F) is injectively stable for j = 0,1 is to say that
Stab SiF > 2. As we shall see, it is not in general true that Stap S F > 1.

(iii) Similar arguments give Stab 8.F > i for i=1,2 and any half-
exact F. ‘ .

We now come. to our first important results. The following two theorems,
dual to each other,‘ give important criteria for stability, and will have many
applications in the sequel. |
(1.25) THEOREM: For F in Hex(l”,Aj- ‘and an integer n > 0, the following
statements are equivalent: v '

(a) Stab F>n

(v) The maps q;j’k(F): SjSkF = Sk;jF are isomorphisms for all
0<3i<k<nm.

(¢) The maps QP (F) g8 JF =8 F are isomorphisms for O <3<

(@) For 0<k<m g  (F): 8 Fs,F > T is an isomorphism,

Stab SkF >k, and, when F is projectively stable, Stab SKF > k

- (e) StabsF2n and © LEE): S s JF>F is an isomorphism.

(f) Fa g?q for some G in HeX(I‘,A) end Stab §°8 F > n.

RS
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(1.26) THEOREM: For G in Hex(T,A) and an integer n > 0, the.following
statements are equivalent:
(2) Stab G>n
(p) The ma R x i i
_ ps cpj’k(G). s G > SJ.S G are isomorphisms for all
0<5<k<n.
03
(¢) The maps cpj’n(G): S JG - SanG are isomorphisms for all
0<Jj<n.
(@) For 0Z k f_ n, ka’k(G): ¢ = 5,8 G 1is an isomorphism, Stab Fa > k,
and, when G is injectively stable, Stab SKG > k.
—_n n . ‘ .
(e) Stab S°G>n and cpn’n(G): G =>8,SG is an isomorphisu.

(f) G=~ S H for some’ H in Hex(I',4), and Stab SnSn.GZ n.

Proof: We prove only (1.25), leaving the dual proof to the reader.

To show (a) implieés (b) wo proceed by induction oil k. When k=0
there is nothing to prove. Suppose the implication holds for O,...,k - 1.
We now prove the implication for X by induction on Jj. When J = 'O there
is again nothing to prove. When J = 1 we note that S S ( ) - S
is an isomorphism since the assumption Stab F > k contains the assertion

that Sk_lF is injectively stable. This map, however, is simply

L¥y. sls | =1 i '

vl : kF_ - Sk-lF' Thus, J = 1 is taken care of. To complete our

. . 3 ~, :

induetion, suppose S8°S F - Sk F for some 0< J<k. Applying Sl we
J+1 l

get 8° U8, F > S F via S J,x (F). Since 3 >0, we have k - Jj<k.

By our induction h‘ypo’chesis (on k) we have S S F3 8
. k-3 k-(3+1)

(F). Now the commutative diagram (1.20) tells us that ch+l,k

F via
(F), the
map we are interested in, is the composition of "isomorphisms:
1 Jrk +1,k
(F) « ?%(F);  hence cpJ ? (F) is an isomorphism and we are done.

The impllcatlon,(b) implies (c) is clear.

We now show that (b) and (c) are equivalent by proving (¢) implies (b).




