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QUASI-FROBENIUS RINGS

The study of quasi-Frobenius rings grew out of the theory of group represen-
tations in the 1940s and has produced an enormous body of results. This book
makes no attempt to be encyclopedic but provides an elementary account of
the basic facts about these rings at a level allowing researchers and graduate
students to gain entry to the field. Many earlier results about self-injective rings
are extended to the much wider class of mininjective rings; the methods used
unify and simplify what is known in the area and so bring the reader up to
current research. Sufficient background knowledge can be found in standard
texts on noncommutative rings. However, appendices on Morita equivalence;
on perfect, semiperfect, and semiregular rings; and on the Camps–Dicks the-
orem are included to make the book self-contained. After the basic results are
established in Chapters 1 through 6, recent work is reviewed on three open
problems in the field (the Faith conjecture, the FGF-conjecture, and the Faith–
Menal conjecture). Some new results are provided and new and old methods
for attacking these problems are outlined in an easily accessible format.
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Preface

A ring R is called quasi-Frobenius if it is right or left self-injective and right
or left artinian (all four combinations being equivalent). The study of these
rings grew out of the theory of representations of a finite group as a group of
matrices over a field – the corresponding group algebra is quasi-Frobenius. At
the turn of the twentieth century G. Frobenius carried out fundamental work
on representations of “hypercomplex systems” – finite dimensional algebras in
modern terminology. This topic was revived in the late 1930s and early 1940s by
Brauer, Nesbitt, Nakayama, and others in their study of “Frobenius algebras.”
Nakayama introduced quasi-Frobenius rings in 1939 and, in 1951 Ikeda charac-
terized them as the left and right self-injective, left and right artinian rings. The
subject is intimately related to duality, the duality from right to left modules
induced by the hom functor, and, more importantly for us, the duality related to
annihilators. The present extent of the theory is vast, and we make no attempt
to be encyclopedic here. Instead we provide an elementary, self-contained
account of the basic facts about these rings at a level allowing researchers and
graduate students to gain entry to the field. This pays off by giving new insights
into some of the outstanding open questions about quasi-Frobenius rings.

Our approach begins by extending many earlier results to a much wider
class of rings than heretofore investigated. We call these rings mininjective. The
remarkable thing is that our general methods yield basic information about these
rings that has been overlooked in more focused studies. We present important
facts about mininjective rings that were not known even for the (much smaller
class of) self-injective rings studied classically. Moreover, the methods we have
developed unify and simplify what is known in this area of research and so bring
researchers and graduate students up to the research level.

The required background knowledge of noncommutative rings can be found
in texts such as T. Y. Lam’s Lectures on Modules and Rings (Springer-Verlag,
1998) or F. Anderson and K. R. Fuller’s Rings and Categories of Modules

xv
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(Springer-Verlag, 1992). Appendices are included that develop the basic facts
about Morita equivalence and about perfect, semiperfect, and semiregular rings
to a level sufficient for our purposes. For more detailed information, the reader
is referred to C. Faith’s Algebra II, Ring Theory (Springer-Verlag, 1976),
F. Kasch’s Modules and Rings (Academic Press, 1982), and R. Wisbauer’s
Foundations of Module and Ring Theory (Gordon and Breach, 1991).

Consider the following four theorems: A ring R is quasi-Frobenius if it
satisfies any of the following conditions:

1. R is right (or left) artinian and, if {e1, e2, . . . , en} is a basic set of primitive
idempotents of R, there exists a permutation σ of {1, 2, . . . , n} such that
soc(Rek) ∼= Reσk/Jeσk and soc(eσk R) ∼= ek R/ek J.

2. R is right (or left) perfect and left and right self-injective.
3. Every right (or left) R-module embeds in a free module.
4. R is right (or left) noetherian and every one-sided ideal of R is an annihilator.

Here (1) and (4) are essentially due to Nakayama, (2) is due to Osofsky, and
(3) is due to Faith and Walker. There are numerous other equivalent conditions
that a ring is quasi-Frobenius; we have chosen these because of their relevance
to three problems that we will refer to as follows:

The Faith conjecture: Every left (or right) perfect, right self-injective ring is
quasi-Frobenius.

The FGF-conjecture: Every right FGF ring is quasi-Frobenius. (A ring is
called a right FGF ring if every finitely generated right module embeds in
a free module.)

The Faith–Menal conjecture: Every strongly right Johns ring is quasi-
Frobenius. (A ring R is called right Johns if R is right noetherian and
every right ideal is an annihilator; and R is called strongly right Johns if
the matrix ring Mn(R) is right Johns for all n ≥ 1.)

This book reviews recent work on these conjectures and provides some new
results. One of the main purposes of the monograph is to clearly outline both
new and old methods for attacking these problems in an easily accessible format.

The chapter dependencies are pretty much in the order they appear, except that
neither Chapter 3 nor Chapter 4 depends very much on the other. The required
background about injectivity and continuity is developed in Chapter 1. A ring
is called right mininjective if every isomorphism between simple right ideals
is given by multiplication, and the basic properties of these rings are derived
in Chapter 2. The profound consequences of insisting that a right mininjective
ring is semiperfect are investigated in Chapter 3, leading to some important
subclasses (the right minfull rings and the right min-PF rings) that are referred
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to throughout the book. Chapter 4 varies the theme of Chapters 2 and 3 and
deals with the min-CS rings in which every simple right ideal is essential in a
direct summand.

Two important subclasses of mininjective rings are introduced in Chapters
5 and 6. The right principally injective rings (for which every linear map from
a principal right ideal to the ring is given by multiplication) are described in
Chapter 5 and are shown to be closely related to the right FP-injective rings.
This motivates the study of the FP rings [semiperfect, right FP-injective with
essential right (or left) socle] as a generalization of the well-known class of
pseudo-Frobenius rings. A ring is called right simple injective if every linear
map with simple image from a right ideal to the ring is given by multiplication.
These rings are investigated in Chapter 6 and are used to study dual rings (for
which every one-sided ideal is an annihilator) and right Ikeda–Nakayama rings
[for which l(A ∩ B) = l(A) + l(B) for all right ideals A and B of R, where
l(X ) denotes the left annihilator].

A ring is called a right C2 ring if every right ideal that is isomorphic to a
direct summand is itself a direct summand. In Chapter 7 the FGF-conjecture is
shown to be closely related to these right C2 rings: A ring is quasi-Frobenius
if every matrix ring over it is a C2 ring and every 2-generated right module
embeds in a free module. This implies several important results in the literature
and leads to a reformulation of the conjecture: The FGF-conjecture is true if
and only if every right FGF ring is a right C2 ring. More recently, extensive
work on the conjecture has been carried out by Gómez Pardo and Guil Asensio.
They show that a right FGF ring is quasi-Frobenius if it is a right CS ring (every
right ideal is essential in a direct summand). This in turn stems from their more
general result: Every right Kasch, right CS ring has a finitely generated essential
right socle, generalizing (and adapting the proof of) a well-known theorem of
Osofsky in the right self-injective case.

The Faith–Menal conjecture is investigated in Chapter 8; in Chapter 9 a
generic example is constructed to study the Faith conjecture and provide a
source of examples of many of the rings studied in the book.

Of course a book like this rests on the research of many mathematicians,
and it is a pleasure to acknowledge all these contributions. Special thanks go to
Esperanza Sánchez Campos who gave the entire manuscript a thorough reading,
made many useful suggestions, and caught a multitude of typographical errors.
In addition, we thank Joanne Longworth for many consultations about the
computer. We also acknowledge the support of the Ohio State University, the
University of Calgary, NSERC Grant A-8075, and a Killam Resident Fellowship
at the University of Calgary. Finally, we thank our families for their constant
support during the time this book was being written.





1

Background

To make this monograph as self-contained as possible, this preliminary chap-
ter contains basic characterizations of quasi-Frobenius and pseudo-Frobenius
rings, together with the necessary background material. We assume familiarity
with the basic facts of noncommutative ring theory, and we refer the reader to the
texts by Anderson and Fuller [1] or Lam [131] for the relevant information. How-
ever, we make frequent use of facts about semiperfect, perfect, and semiregular
rings and about Morita equivalence, often without comment. All these results
are derived in the Appendices, again to make the book self-contained.

Throughout this book all rings considered are associative with unity and all
R-modules are unital. We write J = J (R) for the Jacobson radical of R and
Mn(R) for the ring of n×n matrices over R. Right and left modules are denoted
MR and R M respectively, and we write module homomorphisms opposite the
scalars. If M is an R-module, we write Z (M), soc(M) and M∗ = hom R(M, R)
respectively, for the singular submodule, the socle, and the dual of M . The
uniform (Goldie) dimension of a module M will be referred to simply as the
dimension of M and will be denoted dim(M). For a ring R, we write

soc(RR) = Sr , soc(R R) = Sl , Z (RR) = Zr , and Z (R R) = Zl .

The notations N ⊆max M, N ⊆ess M , and N ⊆sm M mean that N is a maximal,
(essential, and small) submodule of M, respectively, and we write N ⊆⊕ M if
N is a direct summand of M. Right annihilators will be denoted as

r(Y ) = rX (Y ) = {x ∈ X | yx = 0 for all y ∈ Y },

with a similar definition of left annihilators, lX (Y ) = l(Y ). Multiplication maps
x 
→ ax and x 
→ xa will be denoted a· and ·a respectively. If π is a property of
modules, we say that M is a π module if it has the property π and that the ring
R is a right π ring if RR is a π module (with a similar convention on the left).

1



2 Quasi-Frobenius Rings

1.1. Injective Modules

Injective modules are closely related to essential extensions. If K ⊆ M are
modules, recall that K is called an essential submodule of M (and K ⊆ M is
called an essential extension) if K ∩ X �= 0 for every submodule X �= 0 of
M. This state of affairs is denoted K ⊆ess M. We begin with a lemma, which
will be referred to throughout the book, that collects many basic properties of
essential extensions.

Lemma 1.1. Let M denote a module.

(1) If K ⊆ N ⊆ M then K ⊆ess M if and only if K ⊆ess N and N ⊆ess M.

(2) If K ⊆ess N ⊆ M and K ′ ⊆ess N ′ ⊆ M then K ∩ K ′ ⊆ess N ∩ N ′.
(3) If α : M → N is R-linear and K ⊆ess N , then α−1(K ) ⊆ess M, where

α−1(K ) = {m ∈ M | α(m) ∈ K }.
(4) Let M = ⊕i∈I Mi be a direct sum where Mi ⊆ M for each i, and let

Ki ⊆ Mi for each i. Then ⊕i∈I Ki ⊆ess M if and only if Ki ⊆ess Mi for
each i.

Proof. (1) and (2). These are routine verifications.
(3). Let 0 �= X ⊆ M ; we must show that X ∩ α−1(K ) �= 0. This is clear if

α(X ) = 0 since then X ⊆ α−1(K ). Otherwise, α(X ) ∩ K �= 0 by hypothesis,
say 0 �= α(x) ∈ K , x ∈ X. Then 0 �= x ∈ X ∩ α−1(K ).

(4). Write K = ⊕i∈I Ki , and assume that Ki ⊆ess Mi for each i. Then
K ⊆ess M if and only if m R ∩ K �= 0 for each 0 �= m ∈ M. Since m lies
in a finite direct sum of the Mi , it suffices to prove (4) when I is finite, and
hence (by induction) when |I | = 2. Let π1 : M1 ⊕ M2 → M1 be the projec-
tion with ker (π1) = M2. Then K1 ⊕ M2 = π−1

1 (K1) ⊆ess M1 ⊕ M2 by (3).
Similarly, M1 ⊕ K2 ⊆ess M1 ⊕ M2, and (4) follows from (2) because K1 ⊕
K2 = (K1 ⊕ M2) ∩ (M1 ⊕ K2). �

This book is concerned with injective modules and their generalizations, and
the main properties of these modules are derived in this section. A module
ER is called injective if whenever 0 → N

α→ M is R-monic, every R-linear
map β : N → E factors in the form β = γ ◦ α for some R-linear map

0 → N
α→ M

β↓
γ

↙
E

γ : M → E .These modules admit a characterization that we will use repeatedly
in the following.
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Lemma 1.2. A module E is injective if and only if, whenever K ⊆ M, every
R-linear map β : K → E extends to an R-linear map γ : M → E .

Proof. The condition clearly holds if E is injective. Conversely, if N
α→ M is

R-monic, the map α′ : α(N ) → N is well defined by α′(α(n)) = n for n ∈ N .

Then, given β : N → E , the map β ◦ α′ : α(N ) → E extends to γ : M → E
by hypothesis, and one checks that γ ◦ α = β. �

Corollary 1.3. If E = �i Ei is a direct product of modules, then E is injective
if and only if each Ei is injective.

Proof. Let Ei
σi→ E

π j→ E j be the canonical maps. If E is injective, and if
K ⊆ M and β : K → Ei are given, there exists γ : M → E such that γ =
σi ◦ β on K . Then πi ◦ γ : M → Ei extends β, proving that Ei is injective by
Lemma 1.2. Conversely, if each Ei is injective, let α : K → E , where K ⊆ M.

For each i, there exists γi : M → Ei extending πi ◦ α. If γ : M → E is
defined by γ (m) = 〈γi (m)〉 for each m ∈ M, then γ extends α because x =
〈πi (x)〉 for each x ∈ M. It follows that E is injective by Lemma 1.2. �

Surprisingly, to prove that a module E is injective, it is enough to verify the
condition in Lemma 1.2 when M = R.

Lemma 1.4 (Baer Criterion). A right R-module E is injective if and only if,
whenever T ⊆ R is a right ideal, every map γ : T → E extends to R → E,

that is, γ = c· is multiplication by an element c ∈ E .

Proof. The condition is clearly necessary. To prove sufficiency, let K ⊆ M be
modules and let β : K → E . In this case, let F denote the set of pairs (K ′, β ′)
such that K ⊆ K ′ ⊆ M and β ′ : K ′ → E extends β. By Zorn’s lemma, let
(K

′′
, β

′′
) be a maximal member of F . We must show that K

′′ = M. If not, let
m ∈ M −K

′′
, let T = {r ∈ R | mr ∈ K

′′ } – a right ideal, and define λ : T → E
by λ(r ) = β

′′
(mr ). By hypothesis there exists λ̂ : R → E extending λ, and we

use it to define β̂ : K
′′ +m R → E by β̂(y+mr ) = β

′′
(y)+ λ̂(r ), where y ∈ K

′′

and r ∈ R. This is well defined because y + mr = 0 implies that mr ∈ K
′′

and so λ̂(r ) = λ(r ) = β
′′
(mr ) = β

′′
(−y) = −β

′′
(y). Since β̂ is R-linear and

extends β
′′

this contradicts the maximality of (K
′′
, β

′′
) in F . �

It is a routine matter to show that an (additive) abelian group X is injective
as a Z-module if and only if it is divisible, that is, nX = X for any 0 �= n ∈ Z.

Examples include Q and the Prüfer group Zp∞ for any prime p. Divisible groups
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can be used to construct injective modules over any ring. The second part of
the next lemma was discovered by Baer in 1940.

Lemma 1.5. Let R be a ring. Then the following hold:

(1) If Q is a divisible group then ER = homZ(R, Q) is an injective right
R-module.

(2) (Baer) Every module MR embeds in an injective right module.

Proof. (1). If λ ∈ E and a ∈ R, E becomes a right R-module via (λ · a)(r ) =
λ(ar ) for all r ∈ R. Now let γ : T → ER be R-linear, where T is a right ideal
of R. By Lemma 1.4 we must extend γ to RR → ER . Define θ : T → Q by
θ (t) = [γ (t)](1). Then θ is a Z-morphism; so, since Z Q is injective, let θ̂ :
R → Q be a Z-morphism extending θ. Since θ̂ ∈ E, define γ̂ : R → E by
γ̂ (a) = θ̂ · a for all a ∈ R. One verifies that γ̂ is R-linear, and we claim that it
extends γ ; that is, γ̂ (t) = γ (t) for all t ∈ T . If r ∈ R, we have

[γ̂ (t)](r ) = [θ̂ · t](r ) = θ̂ (tr ) = θ(tr ) = [γ (tr )](1) = [γ (t) · r ](1) = [γ (t)](r )

because γ is R-linear and γ (t) ∈ E . Hence γ̂ (t) = γ (t), as required.
(2). Given MR, let ϕ : Z(I ) → M be Z-epic for some set I, so that Z M ∼=

Z(I )/K ⊆ QI /K , where K = ker (ϕ). Write Q = QI /K and note that Q is
divisible. Since MR

∼= hom(RR, MR) via m 
→ m·, we get

MR
∼= hom R(RR, MR) ⊆ homZ(R, M) ↪→ homZ(R, Q).

Since ER = homZ(R, Q) is injective by (1), this proves (2). �

Corollary 1.6. A module E is injective if and only if every monomorphism
σ : E → M splits, that is, σ (E) ⊆⊕ M.

Proof. If σ : E → M is monic there exists γ : M → E such that γ ◦ σ = 1E .

Then M = σ (E) ⊕ ker (γ ). The converse is clear from Lemma 1.5 because
direct summands of injective modules are injective. �

Before proceeding, we need another basic property of essential extensions.
If K is a submodule of a module M, it is a routine application of Zorn’s lemma
to see that there exist submodules C of M maximal with respect to K ∩ C = 0.

Such a submodule C is called a complement1 of K in M. Thus K ⊆ess M if
and only if 0 is a complement of K .

1 It is sometimes called an intersection complement, or relative complement.
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Lemma 1.7 (Essential Lemma). Let K ⊆ M be modules. If C is any comple-
ment of K in M then the following hold:

(1) K ⊕ C ⊆ess M .
(2) (K ⊕ C)/C ⊆ess M/C.

Proof. (1). Let X be a nonzero submodule of M ; we must show that X ∩
(K ⊕ C) �= 0. This is clear if X ⊆ C. Otherwise the maximality of C shows
that K ∩ (X + C) �= 0, say 0 �= k = x + c with the obvious notation. Hence
x ∈ X ∩ (K ⊕ C), and x �= 0 because K ∩ C = 0.

(2). Let Y/C ∩ (K ⊕ C)/C = 0. If Y �= C then Y ∩ K �= 0 by the choice of
C, say 0 �= a ∈ Y ∩ K . Then a + C ∈ Y/C ∩ (K ⊕ C)/C = 0 so a ∈ C. But
then 0 �= a ∈ C ∩ K = 0, which is a contradiction. �

Given any module M, an R-monomorphism M
σ→ E is called an injective

hull (injective envelope) of M if E is injective and σ (M) ⊆ess E . The following
result is a famous theorem that traces back to Baer, to Eckmann and Schopf,
and to Shoda.

Theorem 1.8 (Baer/Eckmann–Schopf/Shoda). Let MR be a module.

(1) M has an injective hull.
(2) If M

σ1→ E1 and M
σ2→ E2 are two injective hulls there exists an isomor-

phism τ : E1 → E2 such that σ2 = τ ◦ σ1.

Proof. (1). By Lemma 1.5 let M ⊆ Q R where Q R is injective, and, by Zorn’s
lemma, let E be maximal such that M ⊆ess E ⊆ Q. Then let C ⊆ Q be maxi-
mal such that E ∩C = 0; it suffices to show that E ⊕C = Q (so E is injective).
By Lemma 1.7 we have E ∼= (E ⊕ C)/C ⊆ess Q/C. Define σ : (E ⊕ C)/
C → Q by σ (x + C) = x if x ∈ E . Since Q is injective, σ extends to
σ̂ : Q/C → Q. Then σ̂ is monic because ker (σ̂ ) ∩ (E ⊕ C)/C = 0, and so
im(σ ) = σ̂ ((E ⊕ C)/C) ⊆ess σ̂ (Q/C). Since M ⊆ess E = im(σ ) it follows
that E ⊆ess σ̂ (Q/C), and so E = σ̂ (Q/C) by the maximality of E . But then
σ̂ (Q/C) = E = σ̂ ((E ⊕ C)/C) and we conclude that Q = E ⊕ C because σ̂

is monic. This is what we wanted.
(2). The given map τ exists because E2 injective. Moreover, τ is monic be-

cause ker (τ ) ∩ σ1(M) = 0 (since σ2 is monic) and σ1(M) ⊆ess E1. Hence
τ (E1) ⊆⊕ E2 by Corollary 1.6. But τ (E1) ⊆ess E2 because σ2(M) =
τσ1(M) ⊆ τ (E1) and σ2(M) ⊆ess E2 by hypothesis. It follows that τ is onto
and so is an isomorphism. �
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Hence we are entitled to speak of the injective hull of a module M and to denote
it by E(M). We will usually assume that M ⊆ E(M); so, for example, we have
E(Z) = Q and E(Zpn ) = Zp∞ for any prime p and n ≥ 2. The assumption that
M ⊆ E(M) is justified by the following result.

Lemma 1.9. Let σ : M → E(M) be an injective hull of the module M. If
M ⊆ G, where G is any injective module, there exists a copy E ∼= E(M) in-
side G such that M ⊆ess E ⊆⊕ G.

Proof. As G is injective, there exists τ : E(M) → G such that m = τσ (m)
for every m ∈ M. Since ker (τ ) ∩ σ (M) = 0 it follows that τ is monic, and we
are done by Corollary 1.6 with E = τ [E(M)]. �

Lemma 1.9 will be used frequently in the following, usually without com-
ment. In particular, let M = ⊕n

i=1 Mi be a direct sum of modules, and let
M ⊆ E(M). By Lemma 1.9 we can choose a copy of E(Mi ) such that
Mi ⊆ess E(Mi ) ⊆ E(M) for each i. One verifies that E(M1) ∩ E(M2) = 0, so
(by Lemma 1.1) M1 ⊕ M2 ⊆ess E(M1) ⊕ E(M2). Continuing inductively, we
conclude that �n

i=1 E(Mi ) is direct and that M = ⊕n
i=1 Mi ⊆ess ⊕n

i=1 E(Mi ).
Since ⊕n

i=1 E(Mi ) is injective (Corollary 1.3) we have proved the following:

Proposition 1.10. If M = ⊕n
i=1 Mi is a finite direct sum of modules then

E(⊕n
i=1 Mi ) = ⊕n

i=1 E(Mi ).

1.2. Relative Injectivity

Let M and G denote right R-modules. We say that G is M-injective if, for any
submodule X ⊆ M , every R-linear map β : X → G can be extended to an R-
linear map β̂ : M → G, equivalently (see the proof of Lemma 1.2) if, for every

X ↪→ M

β↓
β̂

↙
G

monomorphism σ : X → M there exists λ : M → G such that β = λ◦σ. Thus
G is injective if and only if it is M-injective for every module M, equivalently
(by the Baer criterion) if G is R-injective. The proof of Corollary 1.3 gives

Lemma 1.11. Let G = �i∈I Gi and M be modules. Then G is M-injective if
and only if Gi is M-injective for each i ∈ I.



1. Background 7

Lemma 1.12. If G is M-injective and N ⊆ M then G is both N -injective and
(M/N )-injective.

Proof. Given X
β→ G, where X ⊆ N , extend β to β̂ : M → G by hypothesis.

Then the restriction β̂ |N : N → G extends β, so G is N -injective. Now let
α : X/N → G, N ⊆ X ⊆ M, and let π : X → X/N be the coset map. Then
α ◦ π : X → G extends to λ : M → G by hypothesis. Hence α̂ : M/N → G
is well defined by α̂(m + N ) = λ(m), and α̂ extends α. This shows that G is
(M/N )-injective. �

Note that if G is both N - and (M/N )-injective it does not follow that G is
M-injective. Indeed, there is a monomorphism Zp

σ→ Zp2 of abelian groups,
given by σ (n + pZ) = pn + p2Z for all n ∈ Z. Let G = Zp and N = im(σ ).
Then G is both N - and (Zp2/N )-injective (because N and Zp2/N are simple),
but G is not Zp2 -injective because any map λ : Zp2 → Zp satisfies λ(N ) = 0.

However, we do have

Lemma 1.13 (Azumaya’s Lemma). If G and M = M1 ⊕ · · · ⊕ Mn are mod-
ules, then G is M-injective if and only if G is Mi -injective for each i =
1, 2, . . . , n.

Proof. If G is M-injective, then G is Mi -injective for each i by Lemma 1.12.
Conversely, if G is Mi -injective for each i, let β : X → G be R-linear, where
X ⊆ M. As in the proof of Lemma 1.4, let (C, β∗) be maximal such that
X ⊆ C ⊆ M and β∗ : C → G extends β. We show C = M by proving that
Mi ⊆ C for each i. By hypothesis there exists αi : Mi → G such that αi = β∗

on Mi ∩ C. Construct βi : Mi + C → G by βi (mi + c) = αi (mi ) + β∗(c) for
all mi ∈ Mi and c ∈ C. Then βi is well defined because αi = β∗ on Mi ∩ C,

and βi extends β because X ⊆ C and β∗ extends β. Hence Mi + C = C by the
maximality of (C, β∗), so Mi ⊆ C, as required. �

It is not surprising that there is a characterization of when G is M-injective
in terms of the injective hulls E(G) and E(M).

Lemma 1.14. A module G is M-injective if and only if λ(M) ⊆ G for all
R-linear maps λ : E(M) → E(G).

Proof. If the condition holds, let β : X → G be R-linear, where X ⊆ M. Since
E(G) is injective there exists β̂ : E(M) → E(G) extending β. But β̂(M) ⊆ G
by hypothesis, so the restriction β̂ |M : M → G extends β.
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Conversely, assume that G is M-injective, and let λ : E(M) → E(G) be
R-linear. We must show that λ(M) ⊆ G. If X = {x ∈ M | λ(x) ∈ G} then the
restriction λ|X : X → G extends to μ : M → G. Hence it suffices to show
that (λ − μ)(M) = 0. Since G ⊆ess E(G), it is enough to show that G ∩
(λ − μ)(M) = 0. But if g = (λ − μ)(m), where g ∈ G and m ∈ M, then
λ(m) = μ(m) + g ∈ G, so m ∈ X. This means that λ(m) = μ(m) by the
definition of μ. Hence g = λ(m) − μ(m) = 0, as required. �

A module M is called quasi-injective if it is M-injective, that is, if every map
β : X → M, where X is a submodule of M, extends to an endomorphism of M.

Clearly every injective or semisimple module is quasi-injective, but the converse
is false (for example, Z4 is quasi-injective as a Z-module, as we shall see).

Lemma 1.14 leads to an important characterization of quasi-injective mod-
ules. We say that a submodule K ⊆ M is fully invariant in M if λ(K ) ⊆ K for
every λ ∈ end(M). Then taking G = M in Lemma 1.14 gives immediately

Lemma 1.15 (Johnson–Wong Lemma). A module is quasi-injective if and
only if M is fully invariant in its injective hull E(M).

Thus, for example, Zpn is quasi-injective as a Z-module for any prime p because
it is fully invariant in its injective hull Zp∞ .

Corollary 1.16. Let M be a quasi-injective module. If E(M) = ⊕i∈I Ki , then
M = ⊕i∈I (M ∩ Ki ).

Proof. Let m = �n
i=1ki ∈ M , where each ki ∈ Ki . If πi : E(M) → E(M) is

the projection onto Ki , then ki = πi (m) ∈ πi (M) ⊆ M by Lemma 1.15, so
ki ∈ M ∩ Ki . Hence M ⊆ ⊕i∈I (M ∩ Ki ); the other inclusion is clear. �

If p is a prime, the Z-module Q ⊕ Zp is not quasi-injective even though
Q is injective and Zp is simple. (The coset map Z → Zp does not extend to
Q ⊕ Zp → Zp because there is no nonzero map Q → Zp.) Hence the direct
sum of two quasi-injective modules need not be quasi-injective. However, we
do have the following lemma:

Lemma 1.17. If M is quasi-injective so also is every direct summand N .

Proof. If M = N ⊕ N ′ and β : X → N is R-linear, where X ⊆ N , then β

extends to β̂ : M → M by hypothesis. If π : M → N is the projection with
kernel N ′, then λ = (π ◦ β̂)|N is in end(N ) and extends β. �
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The next result uses Lemma 1.15 to identify when a finite direct sum of
quasi-injective modules is again of the same type.

Proposition 1.18. Let M1, . . . , Mn be modules and write Ei = E(Mi ) ⊇ Mi

for each i. The following are equivalent:

(1) M1 ⊕ · · · ⊕ Mn is quasi-injective.
(2) λ(Mi ) ⊆ M j for all R-linear maps λ : Ei → E j .

Proof. Let M j
σ j→ ⊕k Mk

πi→ Mi denote the canonical maps, and write E =
E(⊕k Mk) = ⊕k Ek .

(1)⇒(2). Given (1) and λ : Ei → E j , let mi ∈ Mi . We have π j ◦ σ j = 1E j

for each j, so λ(mi ) = (π jσ jλπiσi )(mi ) = π j (σ jλπi )(σi mi ) ∈ M j because
(σ jλπi )(⊕k Mk) ⊆ ⊕k Mk by (1) and Lemma 1.15.

(2)⇒(1). Given λ : ⊕k Ek → ⊕k Ek, we must show (by Lemma 1.15) that
λ(⊕k Mk) ⊆ ⊕k Mk . Let m̄ = m1 + · · · + mn ∈ ⊕k Mk . Since �kσkπk = 1E ,

we compute

π jλ(m̄) = π jλ(�kσkπkm̄) = �k(π jλσk)(πkm̄) = �k(π jλσk)(mk) ∈ ⊕k Mk

because (π jλσk)(Mk) ⊆ M j for all j and k by (2). �

Thus, for example, Zn is quasi-injective as a Z-module for each n ∈ Z. In
fact, Zn = Zp

n1
1

⊕ · · · ⊕Zp
nk
k

for distinct primes pi , each Zp
ni
i

is quasi-injective,
and homZ(Zp∞ , Zq∞ ) = 0 if p and q are distinct primes.

Corollary 1.19. A module M is quasi-injective if and only if Mn is quasi-
injective.

1.3. Continuous Modules

In his work on continuous rings, Utumi identified three conditions on a ring
that are satisfied if the ring is self-injective. The analogs of these conditions for
a module M are as follows:

(1) M satisfies the C1-condition if every submodule of M is essential in a direct
summand of M.2 (Note that we regard the zero submodule as essential in
itself.)

(2) M satisfies the C2-condition if every submodule that is isomorphic to a
direct summand of M is itself a direct summand.

2 This condition is also referred to as the CS-condition because it is equivalent to the requirement
that every complement submodule is a direct summand (complement submodules are also called
closed submodules). We return to this topic in the following section.
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(3) M satisfies the C3-condition if, whenever N and K are submodules of M
with N ⊆⊕ M, K ⊆⊕ M , and N ∩ K = 0, then N ⊕ K ⊆⊕ M.

A ring R is called a right C1 ring (respectively C2 ring, C3 ring) if the module
RR has the corresponding property.

If M is an indecomposable module then M is a C3 module; M is a C1 module
if and only if it is uniform (that is X ∩ Y �= 0 for all submodules X �= 0 and
Y �= 0) and M is a C2 module if and only if monomorphisms in end(M) are
isomorphisms. The Z-modules Z2 and Z8 each satisfy the C1-, C2- and C3-
conditions, but their direct sum N = Z2 ⊕ Z8 is not a C1 module because,
writing S = Z2 ⊕ 0 and K = Z(1 + 2Z, 2 + 8Z), we see that K is contained in
only two direct summands N and S ⊕ K and is essential in neither. Moreover,
N is not a C2 module because the non-summand 0 ⊕ Z(4 + 8Z) is isomorphic
to the summand Z2 ⊕ 0. Hence a direct sum of C1 modules, or C2 modules,
may not inherit the same property.

As an abelian group, Z satisfies both the C1- and C3-conditions, but it is not
a C2 module. However, if F is a field let R = [ F V

0 F

]
, where V = F ⊕ F. If

e = [ 1 0
0 0

]
then eR = [ F V

0 0

]
is indecomposable (in fact eRe ∼= F) and is a C2

module because monomorphisms are epic, but it is not a C1 module because it
is not uniform.

Example 1.20. Let R = [ F F
0 F

]
, where F is a field. Then R is a right and left

C1 ring, but neither a left nor right C2 ring.

Proof. We have J = [ 0 F
0 0

] ∼= e12 R (where ei j is the matrix unit), so R is not
right C2 because JR is not a direct summand of RR . Similarly, R is not left C2.
To see that R is right C1, let T �= 0 be a right ideal. If T � Sr = [ 0 F

0 F

]
then

T = e11 R or T = R, so T is a summand. If T = Sr then T ⊆ess RR because R
is right artinian. So we may assume that dim F (T ) = 1, say T = x R, x ∈ Sr .

If x2 = x �= 0 we are done. Otherwise x ∈ J, so T = J and one verifies that
T ⊆ess e11 R = [ F F

0 0

]
. Hence R is right C1; similarly R is right C2. �

Lemma 1.21. The C2-condition implies the C3-condition.

Proof. Let N ⊆⊕ M and K ⊆⊕ M satisfy N ∩ K = 0; we must show that
N ⊕ K ⊆⊕ M. Write M = N ⊕ N ′, and let π : M → N ′ be the projection with
ker (π ) = N . If k ∈ K and k = n + n′, n ∈ N , n′ ∈ N ′, then π (k) = n′ and
it follows that N ⊕ K = N ⊕ π(K ). Hence we show that N ⊕ π(K ) ⊆⊕ M.

Since π|K : K → M is monic we have π (K ) ⊆⊕ M by the C2-condition.
Since π (K ) ⊆ N ′, it follows that N ′ = π(K ) ⊕ W for some submodule W and
hence that M = N ⊕ π(K ) ⊕ W. Thus M satisfies the C3-condition. �
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A module is called continuous if it satisfies both the C1- and C2-conditions,
and a module is called quasi-continuous if it satisfies the C1- and C3-conditions,
and R is called a right continuous ring (right quasi-continuous ring) if RR has the
corresponding property. As the terminology suggests, every continuous module
is quasi-continuous (by Lemma 1.21). Clearly every injective or semisimple
module is continuous; in fact:

Proposition 1.22. Every quasi-injective module is continuous.

Proof. Let M be quasi-injective. If N ⊆ M then E(M) contains a copy of
E(N ) = E, and E(M) = E ⊕G for some submodule G because E is injective.
But then Corollary 1.16 shows that M = (M ∩ E) ⊕ (M ∩ G). Moreover,
N ⊆ess E , so N ⊆ess (M ∩ E). This shows that M has the C1-property.

Now suppose that N ∼= P ⊆⊕ M. Since M is M-injective, it follows from
Lemma 1.11 that P is also M-injective and hence that N is M-injective. But
then the identity map 1N : N → N extends to λ : M → N , and it follows that
M = N ⊕ ker (λ). This proves C2. �

The following lemma is a useful connection between essential submodules
and singular modules.

Lemma 1.23. If K ⊆ess M are modules then M/K is singular, that is,
Z (M/K ) = M/K .

Proof. If K ⊆ess M and m ∈ M, we must show that rR(m + K ) ⊆ess RR,

that is, bR ∩ rR(m + K ) �= 0 for every 0 �= b ∈ R. This is clear if mb = 0.

Otherwise, we have mbR ∩ K �= 0 by hypothesis, say 0 �= mba ∈ K , a ∈ R.

But then 0 �= ba ∈ bR ∩ rR(m + K ), as required. �

We can now prove two important results about endomorphism rings. A ring
R is called semiregular3 if R/J is (von Neumann) regular and idempotents lift
modulo J, equivalently (by Lemma B.40 in Appendix B) if, for each a ∈ R
there exists e2 = e ∈ a R such that (1 − e)a ∈ J. We are going to prove
that the endomorphism ring S of a continuous module MR is semiregular and
J (S) = {α ∈ S | ker (α) ⊆ess M}. We will need the following lemma.

Lemma 1.24. Given MR, write S = end(M) and S̄ = S/J (S), and assume S
is semiregular and J (S) = {α ∈ S | ker (α) ⊆ess M}.
(1) If π2 = π and τ 2 = τ in S satisfy π̄ S̄ ∩ τ̄ S̄ = 0 then π M ∩ τ M = 0.

(2) If M satisfies the C3-condition and �i∈I π̄i S̄ is direct in S̄, where π2
i =

πi ∈ S for each i, then �i∈I πi M is direct in M.

3 These rings are also called F-semiperfect in the literature.
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(3) If M is quasi-continuous and �i∈I πi M is direct in M , where π2
i = πi ∈ S

for each i, then �i∈I π̄i S̄ is direct in S̄.

Proof. (1). We begin with a simplifying adjustment.

Claim 1. We may assume that τ̄ π̄ = 0.

Proof. As S̄ is regular, let π̄ S̄ ⊕ τ̄ S̄ ⊕ T = S̄, with T a right ideal of S̄. Let
η̄2 = η̄ be such that τ̄ S̄ = η̄S̄ and π̄ S̄ ⊕ T = (1 − η̄)S̄. By hypothesis, we may
assume that η2 = η in S. Note that η̄π̄ = 0. Then γ = τ + τη(1 − τ ) satisfies
γ 2 = γ, γ τ = τ , and τγ = γ, so τ M = γ M and τ̄ S̄ = γ̄ S̄. Moreover, γ̄ = η̄

because τ̄ η̄ = η̄ and η̄τ̄ = τ̄ . Hence γ̄ π̄ = η̄π̄ = 0, so replacing τ by γ proves
Claim 1.

By Claim 1 we have τπ ∈ J (S), so writing K = ker (τπ ), we have K ⊆ess

M by hypothesis. It follows that π K ⊆ess π M (if 0 �= X ⊆ π M then πx = x
for each x ∈ X, so 0 �= X ∩ K ⊆ X ∩ π K ). However, τπ K = 0, so
π K ⊆ ker (τ ), whence π K ∩τ M = 0. This in turn implies that π M ∩τ M = 0
because π K ⊆ess π M.

(2). It is enough to show that �i∈Fπi M is direct for any finite subset F ⊆ I.
Write F = {1, . . . , n} and proceed by induction on n. If n = 1 there is nothing
to prove, and if n = 2 then (2) follows from (1). Assume inductively that
π1 M + · · · + πn M is a direct sum, n ≥ 1. Then the C3-condition implies that
π1 M ⊕ · · · ⊕ πn M = π M for some π2 = π ∈ S.

Claim 2. π S = π1S + · · · + πn S.

Proof. We have ππi = πi for each i (because πi M ⊆ π M), so �n
i=1πi S ⊆ π S.

For each i = 1, . . . , n, let ρi : π M → πi M be the projection, so that πρi = ρi

for each i and π = �n
i=1ρiπ = �n

i=1τi , where we define τi = ρiπ for each i.
Then πτi = τi for each i, and so π S = �n

i=1τi S = �n
i=1πiτi S ⊆ �n

i=1πi S.

This proves Claim 2.

By Claim 2 we have π̄ S̄ = π̄1 S̄ ⊕ · · · ⊕ π̄n S̄, so π̄ S̄ ∩ π̄n+1 S̄ = 0.

But then (1) implies that π M ∩ πn+1 M = 0. Since π1 M ⊕ · · · ⊕ πn M =
π M, this shows that π1 M ⊕ · · · ⊕ πn M ⊕ πn+1 M is a direct sum, as
required.

(3). For each i ∈ I let Ci be a closure of ⊕ j �=iπ j M, so that ⊕ j �=iπ j M ⊆ess Ci .

It follows that πi M ∩ Ci = 0. But Ci is a direct summand of M by the C1-
condition, so the C3-condition implies that M = πi M ⊕ Ci ⊕ Ni for some
submodule Ni ⊆ M. So, for each i ∈ I, let τ 2

i = τi ∈ S satisfy τi M = πi M
and ker (τi ) = Ci ⊕ Ni . Then πiτi = τi and τiπi = πi , and so τi S = πi S.

Furthermore, τiπ j = 0 for all j �= i because π j M ⊆ Ci ⊆ ker (τi ). But then
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τiτ j = τi (π jτ j ) = (τiπ j )τ j = 0 whenever i �= j, so the τi are orthogonal.
Thus �i π̄i S̄ = �i τ̄i S̄ is direct in S̄ because the τ̄i are also orthogonal. �

We can now prove an important result about the endomorphism ring of a
continuous (or quasi-injective) module.

Theorem 1.25. Let MR be a continuous module with S = end(MR). Then:

(1) S is semiregular and J (S) = {α ∈ M | ker (α) ⊆ess M}.
(2) S/J (S) is right continuous.
(3) If M is actually quasi-injective, S/J (S) is right self-injective.

Proof. (1). Write � = {α ∈ S | ker (α) ⊆ess M}. It is a routine exercise to
show that � is a left ideal of S; it is also a right ideal using (3) of Lemma 1.1.
If α ∈ � the fact that ker (α) ∩ ker (1 − α) = 0 means that ker (1 − α) = 0.

Hence (1 − α)M ∼= M , so, by C2, (1 − α)M ⊆⊕ M. But ker (α) ⊆ (1 − α)M ,
so it follows that (1 − α)M = M. Hence 1 − α is a unit in S, and it follows
that � ⊆ J (S).

Let α ∈ S and (by C1) let ker (α) ⊆ess P where P ⊕ Q = M. Then αQ ∼= Q,
so (by C2) let αQ ⊕ W = M. Then β ∈ S is well defined by β(αq + w) = q,

q ∈ Q, w ∈ W. If π2 = π ∈ S satisfies π M = Q, then βαπ = π. Define
τ = απβ. Then τ 2 = τ ∈ αS and (1 − τ )α = α − απβα is in � because
ker (α − απβα) ⊇ ker (α) ⊕ Q and ker (α) ⊕ Q ⊆ess P ⊕ Q = M (by Lemma
1.1). It follows that S/� is regular and hence that J (S) ⊆ �. This proves that
J (S) = � and so S is semiregular by Lemma B.40. This proves (1).

In preparation for the proof of (2) and (3), let T be a right ideal of S̄ and, by
Zorn’s lemma, choose a family {π̄i S̄ | i ∈ I } of nonzero, principal right ideals
of S̄ maximal such that π̄i S̄ ⊆ T for each i and �i π̄i S̄ is direct. Since S̄ is
regular, we may assume that each π̄i is an idempotent; since idempotents lift
modulo J (S) we may further assume that π2

i = πi in S. Then �iπi M is direct
by Lemma 1.24.

(2). Let ⊕iπi M ⊆ess π M , where π2 = π ∈ S (by C1). Since πi M ⊆ π M
for each i, we have π̄i S̄ ⊆ π̄ S̄, so ⊕i π̄i S̄ ⊆ π̄ S̄.

Claim. ⊕i π̄i S̄ ⊆ess π̄ S̄.

Proof. Suppose that η̄S̄ ∩ (⊕i π̄i S̄) = 0, where η̄ ∈ π̄ S̄. As before, we may
assume that η2 = η in S. Thus ηM ∩ (⊕iπi M) = 0 by Lemma 1.24. Since
π̄ η̄ = η̄, we have (πη − η) ∈ J (S) = � and so (πη − η)K = 0 for some
K ⊆ess M. But this implies that ηK ⊆ π M, and it follows that ηK = 0 because
(⊕iπi M) ⊆ess π M. Hence η ∈ J (S), so η̄ = 0. This proves the Claim.
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We can now show that T ⊆ess π̄ S̄. Since ⊕i π̄i S̄ ⊆ T it suffices (by the
Claim) to show that T ⊆ π̄ S̄. Let 0 �= τ̄ ∈ T . Since ⊕i π̄i S̄ ⊆ T it follows
that τ̄ S̄ ∩ (⊕i π̄i S̄) ⊆ess τ̄ S̄. Also, τ̄ S̄ ∩ (⊕i π̄i S̄) ⊆ τ̄ S̄ ∩ π̄ S̄ ⊆ τ̄ S̄, so we have
τ̄ S̄ ∩ π̄ S̄ ⊆ess τ̄ S̄. But τ̄ S̄ ∩ π̄ S̄ is generated by an idempotent (S̄ is a regular
ring) so it follows that τ̄ S̄ ∩ π̄ S̄ = τ̄ S̄. In particular, τ̄ ∈ π̄ S̄, as required.
Thus S̄ satisfies C1 and (2) follows (S̄ satisfies C2 because it is regular by
(1)).

(3). Let f : T → S̄ be S̄-linear, where T is a right ideal of S̄; we must show
that f = δ̄· is left multiplication by an element δ̄ of S̄. By Lemma 1.7 we may
assume that T ⊆ess S̄ S̄. Write f(π̄i ) = σ̄i , where σi ∈ S. Since M is quasi-
injective the map ⊕i∈I πi M → M given by (�iπi mi ) 
→ �iσi (πi mi ) extends
to δ ∈ S. Hence δ(πi m) = σi (πi m) for every m ∈ M, so δπi = σiπi in S for
each i. But then δ̄π̄i = σ̄i π̄i = f(π̄i )π̄i = f(π̄i ) for each i, and so δ̄· agrees with
f on ⊕i π̄i S̄. This implies that δ̄· = f because ⊕i π̄i S̄ ⊆ess S̄ S̄ and Z (S̄ S̄) = 0
(because S̄ is regular). This proves (3). �

If MR is continuous and S = end(MR) then Z (SS) ⊆ J (S) because S is
semiregular (Lemma B.40), and we have equality if M is free (see Lemma
7.43). If we specialize Theorem 1.25 to the case of a right continuous ring, we
obtain one of the original results about continuity.

Theorem 1.26 (Utumi’s Theorem). If R is right continuous, then R is semireg-
ular, Zr = J , and R/J is right continuous.

Proof. This is Theorem 1.25 where M = RR , except that J = {α ∈ R |
ker (α·) ⊆ess RR}. But ker (α·) = r(α), so this shows that J = Zr . �

1.4. Quasi-Continuous Modules

If K ⊆ M are modules, recall that a complement C of K in M is a submodule
of M maximal with respect to K ∩ C = 0 and that in this case K ⊕ C ⊆ess M
by the Essential lemma (Lemma 1.7). A submodule C of M is said to be closed
in M if C is the complement of some submodule of M. These submodules will
play an important role in what follows, and the following characterizations will
be referred to frequently.

Proposition 1.27. The following conditions are equivalent for a submodule C
of a module M :
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(1) C is closed in M.

(2) If C ⊆ess N ⊆ M then C = N .

(3) If C ⊆ N ⊆ess M then N/C ⊆ess M/C.

(4) If D is any complement of C in M then C is a complement of D in M.

Proof. (1)⇒(2). Let C be a complement of K ⊆ M. Given N as in (2), it
suffices to show that K ∩ N = 0. But if K ∩ N �= 0 then, as C ⊆ess N , we
have 0 �= C ∩ (K ∩ N ) = C ∩ K , which is a contradiction.

(2)⇒(3). If (3) fails let C ⊆ N ⊆ess M and assume that (X/C)∩(N/C) = 0,
where X/C �= 0. By (2), C is not essential in X, say Y ∩C = 0 with 0 �= Y ⊆ X.

Then Y ∩N = (Y ∩X )∩N = Y ∩(X∩N ) = Y ∩C = 0, which is a contradiction
because N ⊆ess M.

(3)⇒(4). If D is a complement of C, let D ∩ N = 0, where C ⊆ N ; we must
show that C = N . We have D ⊕C ⊆ess M by Lemma 1.7, so (D ⊕C)/C ⊆ess

M/C by (3). Hence it suffices to show that (N/C) ∩ [(D ⊕ C)/C] = 0. But if
n + C = d + C, n ∈ N , d ∈ D, then n − d ∈ C ⊆ N , so d ∈ N ∩ D = 0.

(4)⇒(1). If D is any complement of C in M, then C is a complement of D
by (4). �

It is a routine matter to verify that every direct summand of a module M
is closed in M and that M is semisimple if and only if every submodule is
closed in M (using Lemma 1.7 and (2) of Proposition 1.27). We regard the zero
submodule as closed and as essential in itself.

If K is a proper submodule of M, Zorn’s lemma provides modules C max-
imal with respect to the condition K ⊆ess C ⊆ M ; these maximal essential
extensions of K are closed in M by Proposition 1.27 and will be referred as
closures of K in M. Direct summands of M have a unique closure in M ; if M
is nonsingular we can say more, and the result will be needed later.

Lemma 1.28. Let MR be a nonsingular module; that is, Z (M) = 0. Then every
submodule K ⊆ M has a unique closure K̂ in M given by

K̂ = {m ∈ M | m I ⊆ K for some I ⊆ess RR}.

Proof. Let m and m1 be in K̂ , say m I ⊆ K and m1 I1 ⊆ K , where I and I1

are essential in RR . Then m ± m1 ∈ K̂ because I ∩ I1 ⊆ess RR, and ma ∈ K̂
for all a ∈ R because a−1 I = {r ∈ R | ar ∈ I } ⊆ess R by Lemma 1.1. It is
clear that K ⊆ K̂ ; we claim that K ⊆ess K̂ . For if 0 �= m ∈ K̂ , say m I ⊆ K ,

I ⊆ess RR, then m I �= 0 because m /∈ Z (M) and so 0 �= m I ⊆ K ∩ m R.
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Hence it remains to prove that if K ⊆ess C ⊆ M then C ⊆ K̂ . But if c ∈ C
then K ⊆ess (cR + K ), so (cR + K )/K is singular by Lemma 1.23. Hence
(c + K )I = 0 for some I ⊆ess RR, whence cI ⊆ K and c ∈ K̂ . �

If M is a C1 module and C ⊆ M is a closed submodule, then C is essential in
a direct summand of M and so is a summand of M by (2) of Proposition 1.27.
Conversely, if every closed submodule of M is a summand, then every submod-
ule is essential in a summand (any closure), so M is C1. Thus C1 modules are
often referred to as CS modules, and a ring R is called a right CS ring if RR is
a CS module. We have seen that the direct sum of two C1 modules need not
be C1 (see the discussion preceding Example 1.20). However, we are going to
prove that the C1-condition is inherited by direct summands, and we need the
fact that closure is transitive.

Lemma 1.29. If C ⊆ D ⊆ M , where C is closed in D and D is closed in M,

then C is closed in M.

Proof. Let C ′ be a complement of C in D, and let D′ be a complement of D in
M. Then C ⊕ C ′ ⊆ess D and D ⊕ D′ ⊆ess M, so Proposition 1.27 shows that

C ⊕ C ′

C
⊆ess D

C
and

D ⊕ D′

D
⊆ess M

D
. (*)

Claim. C+C ′+D′
C ⊆ess M

C .

Proof. Observe first that (C + C ′) ∩ (C + D′) = C (in fact, if c + c′ = c1 + d ′

then c + c′ − c1 = d ′ ∈ D ∩ D′ = 0). Hence (*) and Lemma 1.1 give

C + C ′ + D′

C
= C + C ′

C
⊕ C + D′

C
⊆ess D

C
⊕ C + D′

C
= D + D′

C
,

so it suffices to show that D+D′
C ⊆ess M

C . To this end, consider α : M
C → M

D
given by α(m + C) = m + D. Then D+D′

C = α−1( D⊕D′
D ) ⊆ess M

C by (*) and
Lemma 1.1, proving the Claim.

Now suppose that C ⊆ess N ⊆ M ; we must show that C = N . We have
C ∩ (C ′ + D′) = 0 (because c = c′ + d ′ means c − c′ = d ′ ∈ D ∩ D′ = 0), so
N ∩ (C ′ + D′) = 0. Hence N

C ∩ C+C ′+D′
C = 0, and the Claim applies. �

Since a module satisfies the C1-condition if and only if every closed submod-
ule is a direct summand, and since direct summands are closed, it is clear by
Lemma 1.29 that every direct summand of a C1 module is again a C1 module.
This proves the first part of the following result; the rest is a routine verification.
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Proposition 1.30. Each of the conditions C1, C2, and C3 is inherited by direct
summands. In particular, any summand of a (quasi-) continuous module is again
(quasi-) continuous.

The following theorem presents some important characterizations of quasi-
continuous modules and clarifies their relationship to quasi-injective modules
(see Lemma 1.15 and Corollary 1.16).

Theorem 1.31. The following conditions on a module M are equivalent:

(1) M is quasi-continuous.
(2) If C and D are complements of each other then M = C ⊕ D.

(3) τ (M) ⊆ M for every τ 2 = τ ∈ end[E(M)].
(4) If E(M) = ⊕i∈I Ei then M = ⊕i∈I (M ∩ Ei ).

Proof. Write E(M) = E for convenience.
(1)⇒(2). Given C and D as in (2), each is closed by Proposition 1.27, so

each is a direct summand by C1. But C ∩ D = 0, so C ⊕ D = M by C3.
(2)⇒(3). Given τ 2 = τ : E → E, write K = M ∩ τ (E) and N = M ∩

(1 − τ )(E). Thus K ∩ N = 0, so let C ⊇ K be a complement of N in M.

Thus C ∩ N = 0, so let D ⊇ N be a complement of C in M. Since C is
closed it is also a complement of D (by Proposition 1.27), so M = C ⊕ D by
(2). Let π : M → C be the projection with kernel D. Because M ⊆ess E,

it suffices to show that M ∩ (τ − π )(M) = 0. But if m = (τ − π )(x), where
m and x are in M, then τ (x) = m + π(x) ∈ M ∩ τ (E) = K ⊆ C. Hence
(1 − τ )(x) ∈ M ∩ (1 − τ )(E) = N ⊆ D so, since x = τ (x) + (1 − τ )(x), we
have π (x) = τ (x) by the definition of π. Hence m = 0, proving (3).

(3)⇒(4). Let m ∈ M, say m ∈ E1 ⊕ · · · ⊕ En, and let τ1, . . . , τn be
orthogonal idempotents in end(E) with τi (E) = Ei for each i. Then τi (M) ⊆
M for each i by (3), so m = �n

i=1τi (m) ∈ ⊕n
i=1(M ∩ Ei ). It follows that

M ⊆ ⊕i∈I (M ∩ Ei ); the other inclusion is clear.
(4)⇒(1). If K ⊆ M write E = E(K ) ⊕ G. Then M = (M ∩ E(K )) ⊕

(M ∩ G) by (4), and K ⊆ess M ∩ E(K ). Thus M satisfies C1. To prove C3,
let K1 ⊆⊕ M and K2 ⊆⊕ M , where K1 ∩ K2 = 0. We must show that
(K1 ⊕ K2) ⊆⊕ M. For each i, choose an injective hull Ei = E(Ki ) such that
Ki ⊆ Ei ⊆ E . Then E1 ∩ E2 = 0 because Ki ⊆ess Ei for each i. Since
E1 ⊕ E2 is injective, we get E = E1 ⊕ E2 ⊕ H for some H. Then (4) gives
M = (M ∩ E1)⊕ (M ∩ E2)⊕ (M ∩ H ), so it suffices to show that Ki = M ∩ Ei

for each i. But this follows because Ki ⊆ess M ∩ Ei (since Ki ⊆ess Ei ), and
Ki ⊆⊕ M ∩ Ei (since Ki ⊆⊕ M). �
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Corollary 1.32. If M = K ⊕ N is quasi-continuous, then K is N -injective.

Proof. If X ⊆ N and α : X → K is R-linear, we must extend α to N → K .

Put Y = {x − α(x) | x ∈ X}. Then Y ∩ K = 0, so let C ⊇ Y be a complement
of K in M. Since K is closed in M it is a complement of C by Proposition
1.27, so M = K ⊕C by Theorem 1.31. Let π : M → K be the projection with
ker (π ) = C. Then Y ⊆ ker (π), so π(x) = π [α(x)] = α(x) for any x ∈ X.

Thus the restriction of π to N extends α. �

Theorem 1.33. The following conditions are equivalent for a module M =
M1 ⊕ · · · ⊕ Mn:

(1) M is quasi-continuous.
(2) Each Mi is quasi-continuous and Mi is M j -injective for all i �= j.

Proof. (1)⇒(2). Given (1), each Mi is quasi-continuous by Proposition 1.30.
If i �= j then Mi ⊕ M j is quasi-continuous by the same Proposition, so Mi is
M j -injective by Corollary 1.32.

(2)⇒(1). If N = M2 ⊕ · · · ⊕ Mn then N is M1-injective by Lemma 1.11 and
M1 is N -injective by Lemma 1.13 (Azumaya’s lemma). Hence we may assume
that n = 2. In that case write E = E(M), and choose Ei = E(Mi ) ⊆ E for
each i. Then

E = E(M) = E(M1 ⊕ M2) = E(M1) ⊕ E(M2) = E1 ⊕ E2.

So let τ 2 = τ ∈ end(E); by Theorem 1.31 we must show that τ (M) ⊆ M.

We can represent τ as a matrix τ = [
τ11 τ12
τ21 τ22

]
, where τi j : E j → Ei . Hence

τ M1 = τ11 M1 + τ21 M1 and τ M2 = τ12 M2 + τ22 M2. Moreover, τ21 M1 ⊆ M2

by Lemma 1.14 because M2 is M1-injective, and similarly τ12 M2 ⊆ M1. Hence
it suffices to show that τ11 M1 ⊆ M1 and τ22 M2 ⊆ M2; we verify the former.

Since τ 2 = τ we have τ11 = τ 2
11 + τ12τ21. For convenience, write α = τ11

and β = 1 − τ11, so αβ = βα = α − α2 = β − β2 = τ12τ21 in end(E1). Write
K = ker (αβ).

Claim 1. K = αK ⊕ βK .

Proof. If x ∈ αK∩βK thenαx ∈ αβK = 0, so x = x−αx = βx ∈ βαK = 0.

Thus αK ∩ βK = 0. We have αK ⊆ ker (β) ⊆ ker (αβ) = K and (similarly)
βK ⊆ K , so αK ⊕ βK ⊆ K . Since α + β = 1, Claim 1 is proved.

Now, since E1 is injective choose injective hulls E(αK ) ⊆ E1 and E(βK ) ⊆
E1. By Claim 1, K = αK ⊕βK ⊆ E(αK ) ⊕ E(βK ), and E(αK ) ⊕ E(βK ) is
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a direct summand of E1. Hence there exist orthogonal idempotents μ and ν in
end(E1) such that αK ⊆ μE1 and βK ⊆ νE1. It follows that μ(αK ) = αK ,

ν(βK ) = βK , and μ(βK ) = 0 = ν(αK ).

Claim 2. The restriction α|βμE1 is monic.

Proof. Observe first that μK = μ(αK ⊕ βK ) = αK , so K ∩ μE1 ⊆ μK =
αK ⊆ K ∩ μE1. Hence K ∩ μE1 = αK ⊆ ker (β). Now suppose that
x ∈ ker (α) ∩ βμE1, say x = βμe1 where e1 ∈ E1. Then αβ(μe1) = 0, so
μe1 ∈ ker (αβ) = K . Then μe1 ∈ K ∩ μE1 ⊆ ker (β) and so 0 = βμe1 = x .

This proves Claim 2.

Write ι : βμE1 → E1 for the inclusion map in the diagram. Since E1 is
injective there exists λ ∈ end(E1) such that βμ = λαβμ on E1. Observe that

0 → βμE1
α→ E1

ι↓ ↙ λ

E1

μ(M1) ⊆ M1 because M1 is quasi-continuous (by Theorem 1.31) and μ2 = μ ∈
end(E1), and observe that τi j (M j ) ⊆ Mi for i �= j because Mi is M j -injective.
So we have

βμM1 = λαβμM1 ⊆ λαβM1 = λτ12τ21 M1 ⊆ (λτ12)M1 ⊆ M1.

Similarly, ανM1 ⊆ M1, so

αM1 = α(μ + ν)M1 ⊆ αμM1 + ανM1 = (1 − β)μM1 + ανM2 ⊆ M1.

Since α = τ11, this is what we wanted. �

We have verified that the following implications hold for modules:

semisimple ⇒ quasi-injective ⇒ continuous ⇒ quasi-continuous ⇒ CS.

The next example shows that none of the reverse implications are true, even for
the module RR where R is a ring.

Example 1.34.

(1) An infinite product of fields is a regular self-injective ring that is not
semisimple.

(2) If F is a field, R = [ F F
0 F

]
is a left and right artinian, right CS ring that is

not right quasi-continuous.
(3) The integers are a commutative noetherian quasi-continuous ring that is not

continuous.
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(4) If Fi is a field and Ki ⊆ Fi is a proper subfield for i ≥ 1, let R denote
the set of all sequences in

∏
Fi with almost all entries in Ki . Then R is a

regular continuous ring that is not self-injective.

We now give a characterization of right self-injective rings in terms of quasi-
continuity that will be referred to later. Here a ring R is called right self-injective
if RR is an injective R-module.

Theorem 1.35. The following conditions on a ring R are equivalent:

(1) R is right self-injective.
(2) R ⊕ R is continuous (quasi-continuous) as a right R-module.
(3) M2(R) is right continuous (quasi-continuous).
(4) Mn(R) is right continuous (quasi-continuous) for all n ≥ 1.

(5) Mn(R) is right self-injective for all n ≥ 1.

Proof. (1)⇔(2) follows from Corollary 1.32, (1)⇒(5) because right self-
injectivity is a Morita-invariant property, and (5)⇒(4)⇒(3) is clear. Given
(3), write S = M2(R), so that S = e11S ⊕ e22S, where eii is the matrix unit.
Then S is right quasi-continuous by (3), so eii S is e j j S-injective for i �= j by
Corollary 1.32. As e11S ∼= e22S, e11S is e j j S-injective for all j. Hence e11S is
S-injective by Lemma 1.13 and so is injective as a right S-module by Lemma
1.4. Similarly, e22S is injective and it follows that S is right self-injective. Now
(1) follows, again because right self-injectivity is a Morita invariant. �

1.5. Quasi-Frobenius Rings

A ring is called quasi-Frobenius4 (or a QF ring) if it is left and right artinian
and left and right self-injective. Examples include the following:

(1) semisimple, artinian rings;
(2) group algebras FG, where F is a field and G is a finite group; and
(3) rings R/a R, where a is a nonzero, nonunit in a (commutative) principal

ideal domain R.

These rings have a natural duality between the right and left ideals (see Theorem
1.50) and are perhaps the most interesting class of nonsemisimple rings. We

4 There are Frobenius rings. They are the quasi-Frobenius rings R in which Sr ∼= (R/J )R and
Sl ∼= R(R/J ), and they arose earlier in the work of Nakayama on duality. The unfortunate
terminology is standard in the literature.
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will present several basic characterizations of quasi-Frobenius rings in this
book; in this section we derive some of the classical characterizations of these
rings (Theorem 1.50). This requires some preliminary work that is not without
interest in itself.

For convenience, we call a right ideal T of a ring R extensive if every R-linear
map α : T → R extends to R → R, that is, if α = a· is left multiplication by
an element a ∈ R. Thus R is right self-injective if every right ideal is extensive.
We now give a useful result that encompasses many special situations arising
in injectivity proofs. It will be used several times throughout this book.

Lemma 1.36. Let T and T ′ denote right ideals of a ring R.

(1) If T + T ′ is extensive then l(T ∩ T ′) = l(T ) + l(T ′).
(2) Conversely, if l(T ∩ T ′) = l(T ) + l(T ′) and α : T + T ′ → R is an R-

linear map such that the restrictions α|T and α|T ′ are given by left multipli-
cation, then α is also given by left multiplication.

Proof. (1). If b ∈ l(T ∩ T ′) then α : T + T ′ → RR is well defined by
α(t + t ′) = bt, so α = a· for some a ∈ R by hypothesis. Then b − a ∈ l(T )
and a ∈ l(T ′), so b = (b − a) + a ∈ l(T ) + l(T ′). Hence l(T ∩ T ′) ⊆
l(T ) + l(T ′); the other inclusion always holds.

(2). Let α = b· on T and let α = c· on T ′. Then b − c ∈ l(T ∩ T ′) =
l(T ) + l(T ′), say b − c = d − d ′, where dT = 0 = d ′T ′. Put a = b − d =
c − d ′. Then at = (b − d)t = bt = α(t) for all t ∈ T and at ′ = (c − d ′)t ′ =
ct ′ = α(t ′) for all t ′ ∈ T ′. It follows that α = a·, as required. �

Lemma 1.36 is often applied when T + T ′ = R, in which case l(T ∩ T ′) =
l(T ) ⊕ l(T ′).

A natural generalization of the right self-injective rings is to consider the
right F-injective rings, where we require only that every finitely generated right
ideal is extensive. We can now characterize these rings.

Lemmaa 1.37 (Ikeda–Nakayama Lemma). A ring R is right F-injective if
and only if it satisfies the following two conditions:

(a) l(T ∩ T ′) = l(T ) + l(T ′) for all finitely generated right ideals T and T ′.
(b) lr(a) = Ra for all a ∈ R.

Proof. Assume that R is right F-injective. Then T + T ′ is extensive for all
finitely generated right ideals T and T ′, so (a) holds by Lemma 1.36. Next, if
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b ∈ lr(a), the map γ : a R → R is well defined by γ (ar ) = br, so γ = c· for
some c ∈ R. Hence b = γ (a) = ca ∈ Ra, so lr(a) ⊆ Ra; the other inclusion
always holds.

Conversely, if the conditions hold and α : T → RR is given, induct on n,
where T = �n

i=1ti R. If n = 1 then α(t1) ∈ lr(t1) = Rt1, say α(t1) = at1. It
follows that α = a·, so α extends. In general, the restrictions of α to t1 R and
to T ′ = �n

i=2ti R both extend to R by induction, so α extends by Lemma 1.36.
�

Corollary 1.38. If R is right self-injective, then

(1) l(T ∩ T ′) = l(T ) + l(T ′) for all right ideals T and T ′ of R and
(2) lr(L) = L for all finitely generated left ideals L of R.

Proof. (1) follows by Lemma 1.36. To prove (2), write L = �n
i=1 Rai . Then

(1) gives lr(L) = l[∩n
i=1r(ai )] = �n

i=1lr(ai ) = �n
i=1 Rai = L , using (1) and

Lemma 1.37. �

The following companion to the Ikeda–Nakayama lemma also follows from
Lemma 1.36 and will be needed later.

Lemma 1.39. Assume that lr(a) = Ra for all a ∈ R and that

l(T0 ∩ T ) = l(T0) + l(T )

for all right ideals T0 and T of R with T0 finitely generated. Then every R-linear
map α : T → R with finitely generated image extends to R → R.

Proof. Since α(T ) is finitely generated, we have T = T0 + ker (α), where
T0 = t1 R + · · · + tn R. Since lr(t1) = Rt1 by hypothesis, the restriction of α

to t1 R extends to R (see the proof of Lemma 1.37). Hence, by induction, the
restriction of α to T0 extends, as does the restriction to ker (α). So α extends by
Lemma 1.36. �

Rings R in which lr(a) = Ra for all a (as in Lemma 1.37) will be extensively
studied in Chapter 5. The condition that lr(L) = L for a left ideal L arises
frequently (see Corollary 1.38), and we characterize it (for right ideals) in the
next result. A right R-module is called torsionless if it can be embedded in a
product of copies of RR .
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Lemma 1.40. If T is a right ideal of R then rl(T ) = T if and only if R/T is
torsionless.

Proof. If σ : R/T → RI is monic, let σ (1 + T ) = 〈ai 〉 and write A = {ai |
i ∈ I }. Then T = r(A), so rl(T ) = rlr(A) = r(A) = T . Conversely, if
T = r{ai | i ∈ I }, the map R → RI given by r 
→ 〈air〉 has kernel T . �

Before proceeding with our discussion, we introduce a class of modules that
will play a basic role in much of what we do. A module C is said to cogenerate
a module M if M can be embedded in a direct product C I of copies of C, and
CR is called a cogenerator if it cogenerates every right module. The following
lemma is useful.

Lemma 1.41. A module CR is a cogenerator if and only if

∩{ker (λ) | λ : M → C} = 0

for all modules MR .

Proof. If σ : M → C I is monic and πi : C I → C are the projections, then
∩{ker (πi ◦ σ ) | i ∈ I } = 0. Conversely, if ∩{ker (λ) | λ : M → C} = 0 let
I = homR(M, C) and define σ : M → C I by σ (m) = 〈λ(m)〉λ∈I . Then σ is
R-monic. �

The cogenerators are dual to the generators (that is, the modules G such that
every module is an image of a direct sum G(I ) for some set I ). The ring R is
clearly a projective generator, so it is not surprising that the injective cogener-
ators play an important role in the category of modules. The following lemma
gives an important characterization of them.

Lemma 1.42. If ER is an injective module, then E is a cogenerator if and only
if every simple right module can be embedded in E .

Proof. If K R is simple and σ : K → E I is monic then πi ◦ σ �= 0 for some
projection πi : E I → E . Hence K ↪→ E . Conversely, given MR write N =
∩{ker (λ) | λ : M → E}; it suffices (by Lemma 1.41) to show that N = 0.

But if N �= 0, let 0 �= n ∈ N and choose X ⊆max n R. By hypothesis let
σ : n R/X → E be monic so, as E is injective, extend σ to σ̂ : M/X → E .

Then define λ : M → E by λ(m) = σ̂ (m + X ). As n ∈ N we have 0 = λ(n) =
σ̂ (n + X ) = σ (n + X ), whence n ∈ X, which is a contradiction. �
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Proposition 1.43. Let {Ki | i ∈ I } be a system of distinct representatives of
the simple right R-modules, and write C = ⊕i∈I E(Ki ). Then:

(1) CR is a cogenerator.
(2) CR embeds in every cogenerator.

Proof. (1). The injective module E = �i∈I E(Ki ) is a cogenerator by Lemma
1.42, and (1) follows because E ↪→ C I .

(2). If D is any cogenerator, let σ : E(Ki ) → D J be monic. Then
π j [σ (Ki )] �= 0 for some projection π j : D J → D, j ∈ J, so there exists γ :
E(Ki ) → D such that γ (Ki ) �= 0. Thus Ki � ker (γ ), so Ki ∩ ker (γ ) = 0
because Ki is simple. But then γ is monic because Ki ⊆ess E(Ki ). Thus E(Ki )
embeds in D for all i. If we regard E(Ki ) ⊆ D, then �i∈I Ki is direct because
the Ki are pairwise nonisomorphic, and so �i∈I E(Ki ) is direct. It follows that
C ↪→ D. �

Because of Proposition 1.43, the module C = ⊕i∈I E(Ki ) in that result is called
a minimal cogenerator for the category of right R-modules.

A ring R is called a right Kasch ring (or simply right Kasch) if every sim-
ple right module K embeds in RR, equivalently if RR cogenerates K . Every
semisimple artinian ring is right and left Kasch, and a local ring R is right Kasch
if and only if Sr �= 0 because R has only one simple right module. However, the
right Kasch condition is a strong requirement on a ring R [for example, every
right Kasch ring with Zr = 0 is semisimple because every maximal right ideal
is an annihilator (see the next proposition) and so is a direct summand].

Proposition 1.44. The following are equivalent for a ring R:

(1) R is right Kasch.
(2) hom(M, RR) �= 0 for every finitely generated right R-module M.

(3) l(T ) �= 0 for every proper (respectively maximal) right ideal T of R.

(4) rl(T ) = T for every maximal right ideal T of R.

(5) E(RR) is a cogenerator.

Proof. (1)⇒(2). This is because every finitely generated module has a simple
image.

(2)⇒(3). We may assume that T is maximal. If 0 �= σ : R/T → RR, and if
σ (1 + T ) = a, then 0 �= a ∈ l(T ).

(3)⇒(4). Given (3), T ⊆ rl(T ) �= R, and (4) follows.
(4)⇒(5). If T is a maximal right ideal of R, let 0 �= a ∈ l(T ) by (4). Then

γ : R/T → R is well defined by γ (r + T ) = ar. Since T ⊆ r(a) �= R, we
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have T = r(a), which shows that γ is monic. Thus R/T ↪→ R ⊆ E(R), and
(5) follows by Lemma 1.42.

(5)⇒(1). If K R is simple let σ : K → E(R) be monic by (5). Then σ (K ) ∩
R �= 0 because R ⊆ess E(R), so σ (K ) ⊆ R because σ (K ) is simple. �

It follows that every quasi-Frobenius ring is left and right Kasch because, as
we show later in Theorem 1.50, rl(T ) = T and lr(L) = L hold for all right
ideals T and all left ideals L in a quasi-Frobenius ring.

Corollary 1.45. A right self-injective ring R is right Kasch if and only if
rl(T ) = T for every (maximal) right ideal T of R.

Proof. If R is right Kasch then R = E(RR) is a cogenerator by Proposition
1.44, so Lemma 1.40 applies. The converse is by Proposition 1.44. �

We now relate the Kasch condition to other ring-theoretic properties that will
recur later. Call a ring R a right C2 ring if RR satisfies the C2-condition.

Proposition 1.46. Let R be any ring. Then

R is left Kasch ⇒ R is a right C2 ring ⇒ Zr ⊆ J.

Proof. Suppose R is left Kasch. If a R is isomorphic to a summand of R, a ∈ R,

it suffices to show that Ra ⊆⊕
R R (then a is a regular element, so a R ⊆⊕ RR

too). Since a R is projective, let r(a) = (1 − e)R, e2 = e. Then a = ae, so
Ra ⊆ Re, and we claim that Ra = Re. If not let Ra ⊆ M ⊆max Re. By the
Kasch hypothesis let σ : Re/M → R R be monic and write c = (e + M)σ.

Then ec = c and (since ae = a ∈ M) c ∈ r(a) = (1 − e)R. It follows that
c = ec = 0 and hence that e ∈ M since σ is monic. This contradiction shows
that Ra = Re, as required.

Now assume that R is a right C2 ring and let a ∈ Zr . Since we have r(a) ∩
r(1−a) = 0 it follows that r(1−a) = 0, whence (1−a)R ∼= R. By hypothesis
(1 − a)R ⊆⊕ R, whence R(1 − a) ⊆⊕ R, say R(1 − a) = Rg, g2 = g. It
follows that 1 − g ∈ r(1 − a) = 0, so R(1 − a) = R. Since a ∈ Zr was
arbitrary, this means that Zr ⊆ J. �

The converses of both implications in Proposition 1.46 are false even for
commutative rings. If F is a field then F × F × F × · · · is a C2 ring (it is
regular), but it is not Kasch (as already mentioned, right Kasch rings R with
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Zr = 0 are artinian). The commutative local ring Z(2) has Zr = 0 ⊆ J but it is
not a C2 ring (it is a domain that is not a division ring).

We will require the following useful result. Recall that a submodule K of M
is called a small submodule of M (written V ⊆sm M) if K + X = M, with X
a submodule, implies that X = M.

Lemma 1.47 (Nakayama’s Lemma). If MR is finitely generated, then

(1) if M J = M then M = 0 and
(2) M J ⊆sm M.

Proof. (1). If M is principal, say M = m R, then M = M J = m J. It follows
that m(1 − a) = 0 for some a ∈ J, so m = 0. In general, if M = m1 R +
m2 R + · · · + mn R and M = M J, then M = m1 J + m2 J + · · · + mn J , so
let m1 = m1a + y, where a ∈ J and y ∈ m2 J + · · · + mn J. It follows that
M = m2 J + · · · + mn J, so M = 0 by induction.

(2). If M J + X = M , where X is a submodule of M, then (M/X )J = M/X.

Hence (2) follows from (1). �

Recall that a ring R is called semiperfect if R/J is semisimple and idem-
potents lift modulo J , and that R is called semiprimary if it it semiperfect and
J is nilpotent. These rings are discussed at length in Appendix B, where the
properties used in the next three results are derived.

Lemma 1.48. Suppose that R is a semiperfect ring in which Sl ⊆ess RR . Then
R is left Kasch.

Proof. Let L be a maximal left ideal of R. Because R is semiperfect, choose
e2 = e ∈ R such that (1 − e) ∈ L and Re ∩ L ⊆ J. Then r(Re ∩ L) ⊇ r(J ) ⊇
Sl , so r(Re ∩ L) is essential in RR by hypothesis. In particular 0 �= eR ∩
r(Re ∩ L) = r[R(1 − e) ⊕ (Re ∩ L)] = r(L). Hence R is a left Kasch ring. �

The hypotheses of the next result identify a class of rings called pseudo-
Frobenius, and we return to them later.

Lemma 1.49. Assume that R is a right self-injective, semiperfect ring with the
property that Sr ⊆ess RR . Then R is right and left Kasch.

Proof. Let e1, . . . , en be basic idempotents in R, so that R has exactly n isomor-
phism classes of simple right modules. Hence each ei R is an indecomposable
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injective module and so is uniform. Write Si = soc(ei R) = Sr ∩ ei R. Then
Si �= 0 because Sr ⊆ess RR, so Si ⊆ess ei R and hence Si is simple. Thus
ei R = E(Si ) is the injective hull of Si for each i. But then Si

∼= Sj implies
ei R ∼= e j R, whence i = j because the ei are basic. Thus R contains n noniso-
morphic simple right ideals, and it follows that R is right Kasch.

To show that R is left Kasch, it is enough (by Lemma 1.48) to show that
Sr ⊆ Sl . So let k R be a minimal right ideal of R; we show that k ∈ Sl by prov-
ing that Rk is simple. If 0 �= b ∈ Rk, we must show that k ∈ Rb. If b = ak,

a ∈ R, define γ : k R → bR by γ (kr ) = a(kr ) = br. Then γ is an isomorph-
ism because k R is simple and ak �= 0, so, since R is right self-injective, let
γ −1 = c·, c ∈ R. Thus k = γ −1(b) = cb ∈ Rb, as required. �

The next theorem contains characterizations of the quasi-Frobenius rings
that are part of the folklore of the subject. If b is a class of modules, we say
that a module M has the ascending chain condition (ACC) on modules in b if
C1 ⊆ C2 ⊆ · · · ⊆ M, Ci ∈ b, implies Cn = Cn+1 = · · · for some n similarly,
we have the descending chain condition (DCC). If M is a module, let lat(M)
denote the lattice of submodules of M.

Theorem 1.50. The following are equivalent for a ring R:

(1) R is quasi-Frobenius.
(2) R is left or right artinian, and R is left or right self-injective.
(3) R is left or right noetherian, and R is left or right self-injective.
(4) R has ACC on left or right annihilators, and R is left or right self-injective.
(5) R is right and left noetherian, rl(T ) = T for all right ideals T , and lr(L) =

L for all left ideals L .

In this case the maps

f : lat(R R) → lat(RR) and g : lat(RR) → lat(R R)

given by f (L) = r(L) and g(T ) = l(T ) are mutually inverse lattice anti-
isomorphisms.

Proof. (1)⇒(2)⇒(3)⇒(4) are obvious, and the last sentence follows from the
annihilator conditions in (5).

(4)⇒(5). We may assume that R is right self-injective.
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Case 1: R Has ACC on Left Annihilators

Then R has ACC on finitely generated left ideals L (by Corollary 1.38), so R
is left noetherian. Hence L = lr(L) for all left ideals, again by Corollary 1.38.
Furthermore, r(J ) ⊆ r(J 2) ⊆ · · · terminates, say r(J n) = r(J n+1) = · · · .
Hence J n = lr(J n) = lr(J n+1) = J n+1 = J J n, so J n = 0 by Nakayama’s
lemma (Lemma 1.47). Since R is right self-injective, it is semiregular by Theo-
rem 1.26 and hence semiperfect (being left noetherian), and so it is semiprimary.
But then the Hopkins–Levitzki theorem5 shows that R is left artinian. It remains
to show that rl(T ) = T for all right ideals T of R [then R is right noetherian
because if T1 ⊆ T2 ⊆ · · · are right ideals then l(T1) ⊇ l(T2) ⊇ · · · termi-
nates]. By Corollary 1.45 it suffices to show that R is right Kasch, and this
follows by Lemma 1.49 because Sr ⊆ess RR (R is semiprimary).

Case 2: R Has ACC on Right Annihilators

Suppose L1 ⊇ L2 ⊇ · · · are finitely generated left ideals in R. Then r(L1) ⊆
r(L2) ⊆ · · · , so r(Lm) = r(Lm+1) = · · · for some m by hypothesis. Hence
Lm = Lm+1 = · · · by Corollary 1.38. In particular R has DCC on principal left
ideals and so is right perfect (see Theorem B.39). Furthermore, J is nilpotent.
Indeed, r(J ) ⊆ r(J 2) ⊆ · · · implies r(J n) = r(J n+1) = · · · for some n
by hypothesis, and we claim that J n = 0. For if not then r(J n) �= R, so
(as R is right perfect) R/r(J n) contains a minimal left module X/r(J n). But
then J X ⊆ r(J n), so X ⊆ r(J n+1) = r(J n), which is a contradiction. So
J n = 0.

Hence Sr ⊆ess RR, so R is right Kasch by Lemma 1.49. It follows that
rl(T ) = T for every right ideal T by Corollary 1.45. In particular every right
ideal T is a right annihilator, so R is right noetherian by hypothesis; hence R is
right artinian by the Hopkins–Levitzki theorem. This in turn shows that R
is left noetherian. [If L1 ⊆ L2 ⊆ · · · are finitely generated left ideals then
r(L1) ⊇ r(L2) ⊇ · · · , so r(Lk) = r(Lk+1) = · · · for some k because R is
right artinian, whence Lm = Lm+1 = · · · by Corollary 1.38.] Finally, every left
ideal L is finitely generated (R is left noetherian), so lr(L) = L by Corollary
1.38.

(5)⇒(1). If T1 ⊇ T2 ⊇ · · · are right ideals, then the chain l(T1) ⊆
l(T2) ⊆ · · · terminates because R is left noetherian, and hence T1 ⊇ T2 ⊇ · · ·
terminates because rl(Ti ) = Ti for each i. Thus R is right artinian. Now observe

5 The Hopkins–Levitzki theorem states that a semiprimary ring is right artinian if and only if
it is right noetherian. In fact, if R is semiprimary, any module is artinian if and only if it is
noetherian.
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that condition (5) shows that f and g (in the last statement of the theorem)
are mutually inverse lattice anti-isomorphisms. In particular, l(T ∩ T ′) =
l(T ) + l(T ′) for all right ideals T and T ′. Hence R is right F-injective by
Lemma 1.37 and (5), and so is right self-injective (being right noetherian). An
analogous argument shows that R is left artinian and left self-injective. �

1.6. Pseudo-Frobenius Rings

Before proving the next theorem, we develop another useful condition that a
ring is right artinian. It is clear that a module M is finitely generated if and
only if M = �i∈I Ni implies that M = �i∈F Ni for some finite subset F ⊆ I.
Dually, M is called finitely cogenerated6 if ∩i∈I Ki = 0, Ki ⊆ M, implies that
∩i∈F Ki = 0 for some finite subset F ⊆ I. These modules admit several other
useful characterizations.

Lemma 1.51. The following are equivalent for a module M:

(1) M is finitely cogenerated.
(2) If M embeds in a direct product �i∈I Ni then M embeds in �i∈F Ni for

some finite subset F ⊆ I.
(3) M is an essential extension of an artinian submodule.
(4) soc(M) is finitely generated and essential in M.

Proof. (1)⇒(2). If σ : M → �i∈I Ni is monic, write K j = ker (π j ◦σ ), where
π j : �i∈I Ni → N j is the projection. Then ∩ j∈I K j = 0, so ∩ j∈F K j = 0
for some finite set F = {i1, . . . , in} ⊆ I. Then m 
→ (πi1σ (m), . . . , πin σ (m))
embeds M in �i∈F Ni .

(2)⇒(3). Let {Si | i ∈ I } be a set of representatives of the simple modules,
and write E = �i∈I E(Si ). Then M embeds in a direct product of copies of E
by Lemma 1.42 and Proposition 1.43, so it embeds in �i∈F E(Si ) for a finite
set F by (2). Since this latter module enjoys the property in (3), so does M.

(3)⇒(4). Let A ⊆ess M , where A is artinian, and write S = soc(M). Then
S ⊆ A (every simple submodule of M is in A), so S is artinian and hence is
finitely generated. We have S ⊆ess M because A ⊆ess M and A is artinian.

(4)⇒(1). Let ∩i∈I Ki = 0, Ki ⊆ M, and let F denote the set of all finite
intersections of these Ki ; we must show that F contains the zero submodule.
If not, write S = soc(M). Since S is artinian, let S ∩ X0 be a minimal member

6 These modules are also called finitely embedded.
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of {S ∩ X | X ∈ F}. If X ∈ F is arbitrary then X ∩ X0 ∈ F, and it fol-
lows that S ∩ X0 ⊆ S ∩ X by minimality. Hence S ∩ X0 ⊆ ∩X∈F (S ∩
X ) = S ∩ (∩X∈F X ) = S ∩ (∩i∈I Ki ) = 0, which is a contradiction because
S ⊆ess M. �

Since a module is noetherian if and only if every submodule is finitely gen-
erated, the following result shows again that “finitely cogenerated” plays a role
dual to the notion of “finitely generated.”

Lemma 1.52 (Vámos Lemma). A module is artinian if and only if every factor
module is finitely cogenerated.

Proof. The condition is clearly necessary. So assume that M/N is finitely
cogenerated for all submodules N .

Claim. If M is finitely cogenerated and N1 ⊇ N2 ⊇ · · · are nonzero submod-
ules of M, then ∩i Ni �= 0.

Proof. Write Si = Ni ∩ soc(M) so that S1 ⊇ S2 ⊇ · · · in soc(M). But
soc(M) is artinian (by hypothesis), so Sk = Sk+1 = · · · for some k. Hence
(∩i Ni ) ∩ soc(M) = ∩i Si = Sk, and Sk �= 0 because soc(M) ⊆ess M. Thus
∩i Ni �= 0, proving the Claim.

Now assume that N1 ⊇ N2 ⊇ · · · are submodules of M ; we must show that
Nk = Nk+1 = · · · for some k. If N = ∩i Ni we have N1/N ⊇ N2/N ⊇ · · · in
M/N and ∩i (Ni/N ) = 0. Since M/N is finitely cogenerated by hypothesis, the
Claim shows that Nk/N = 0 for some k. Hence N = Nk ⊇ Nk+1 ⊇ · · · ⊇ N ,

and we are done. �

Note that Z/N is finitely cogenerated for every subgroup N �= 0, so it is not
enough in Lemma 1.52 to require that M/N is finitely cogenerated for every
proper submodule N .

The following two lemmas about projective modules, while interesting in
themselves, will be needed in the proof of Theorem 1.56. Recall that the radical
of a module M is defined to be the intersection rad(M) = ∩{N | N ⊆max M}
of all maximal submodules of M. We define rad(M) = M if M has no maximal
submodules. Clearly, rad(RR) = J = rad(R R), and M J ⊆ rad(M) for every
module M. If MR is a finitely generated module and M J = M then Nakayama’s
lemma (Lemma 1.47) asserts that M = 0. The following important result is a
version of this for projective modules.
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Lemma 1.53. Let PR denote a projective module.

(1) If P J = P then P = 0.

(2) rad(P) = P J so, if P �= 0, then P has maximal submodules.

Proof. (1). Assume that P ⊕ Q = F is free with basis { fi | i ∈ I }. For each i
write fi = pi + qi , where pi ∈ P and qi ∈ Q. If p ∈ P, write p = �i fi ri =
�i piri + �i qiri , ri ∈ R; we show that ri = 0 for each i. First, observe that
�i qiri ∈ P ∩ Q = 0. Since P = P J ⊆ F J, write pi = � j f j ai j , where each
ai j ∈ J. Hence qi = � j f j (δi j − ai j ), where δi j = 1 for i = j or 0 for i �= j.
Then

0 = �i qiri = �i [� j f j (δi j − ai j )]ri = � j f j [�i (δi j − ai j )ri ],

so �i (δi j − ai j )ri = 0 for each j. Inserting zeros where necessary, we may
assume that i and j range over {1, 2, . . . , n}, so the n × n matrix [δi j − ai j ] is
invertible in Mn(R). It follows that each ri = 0, proving (1).

(2). Since rad(⊕i Mi ) = ⊕irad(Mi ) for any modules Mi , we obtain
rad(R(I )) = J (I ) = (R(I ))J. Hence rad(F) = F J for every free module F.

Now suppose that P ⊕ Q = F is free. Then P J ⊕ Q J = F J = rad(P ⊕ Q) =
rad(P) ⊕ rad(Q). Since P J ⊆ rad(P) for any module P, it follows that
rad(P) = P J. With this, (2) follows from (1). �

Lemma 1.54. Let PR �= 0 be projective. Then the following are equivalent:

(1) P is not the sum of two proper submodules.
(2) rad(P) is a maximal submodule of P that is small in P .
(3) rad(P) is a proper submodule of P that contains all proper submodules.
(4) end(P) is local.

Proof. (1)⇒(2). Lemma 1.53 shows that P has a maximal submodule; it is
unique and small by (1). Now (2) follows.

(2)⇒(3). rad(P) �= P by Lemma 1.53. Let X �= P be a submodule of P. If
X � rad(P) then X + rad(P) = P because rad(P) is maximal, so X = P
because rad(P) is small in P. This proves (3).

(3)⇒(4). Write E = end(P) and W = rad(P), and define A = {α ∈ E |
α(P) ⊆ W }. Then A is an ideal of E and (1 − α)(P) � W for every α ∈ A.

Hence 1−α is epic by (3) and so has a right inverse in E because P is projective.
Hence A ⊆ J (E). But if λ ∈ E − J (E) then λ /∈ A, so (as before) λ has a right
inverse in E . It follows that E − J (E) consists of units, proving (4).
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(4) ⇒ (1). Let P = K +N , where K and N are submodules. If φ : P → P/K
is the coset map, then the restriction φ|N : N → P/K is epic, so, since P is
projective, there exists λ : P → N such that φ ◦ λ = φ. Hence λ(P) ⊆ N and

P
λ ↙ ↓ φ

N
φ|N→ P/K → 0

(1 − λ)(P) ⊆ K , so (1) follows because one of λ and 1 − λ is a unit in end(P)
by (4). �

If M is a right R-module define the trace of M by traceR(M) = �λ∈M∗λ(M),
where M∗ = hom R(MR, R) denotes the dual of M. The trace of M is a two-
sided ideal of R. Recall that a right R-module G is called a generator if every
right module M is an image of a direct sum G(I ) of copies of G.

Lemma 1.55. The following conditions are equivalent for a module G R :

(1) G R is a generator.
(2) traceR(G) = R, equivalently 1 = �n

i=1λi (gi ), λi ∈ G∗, gi ∈ G.

(3) Gn ∼= R ⊕ N for some integer n and submodule N ⊆ Gn.

Proof. (1)⇒(2). Because RR is finitely generated, (1) gives an epimorphism
θ : Gn → RR for some n. If σi : G → Gn are the injections, then λi = θ ◦ σi

is in G∗ for each i and R = λ1(G) + · · · + λn(G).
(2)⇒(3). Given (2), define θ : Gn → R by θ (x1, . . . , xn) = �λi (xi ). Then

θ is epic by (2) and splits because RR is projective. This proves (3).
(3)⇒(1). Given any module MR there is an epimorphism R(J ) → M for some

set J. Since there is an epimorphism Gn → R by (3), we obtain an epimorphism
(Gn)(J ) → M, proving (1). �

Every generator is faithful by (3) of Lemma 1.55, and the rings for which
every faithful right module is a generator are called right pseudo-Frobenius
rings (right PF rings). Like the quasi-Frobenius rings, these rings admit several
characterizations.

Theorem 1.56 (Azumaya–Kato–Osofsky–Utumi Theorem). The following
conditions are equivalent for a ring R:

(1) R is right pseudo-Frobenius.
(2) Every right cogenerator is a generator.
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(3) R is right self-injective and Sr is finitely generated and essential in RR .

(4) R is right self-injective and semiperfect, and Sr is essential in RR .

(5) RR is a cogenerator and R is left Kasch.
(6) RR is a cogenerator and there are only a finite number of nonisomorphic

simple right R-modules.

Proof. (1)⇒(2). If M is a cogenerator, then R embeds in a direct product of
copies of M and so M is faithful. Hence M is a generator by (1).

(2)⇒(3). If {Ki | i ∈ I } are distinct representatives of the simple right R-
modules, Proposition 1.43 shows that E = ⊕i∈I E(Ki ) is a cogenerator. Since
E is a generator by (2), R is (isomorphic to) a direct summand of En for some
n ≥ 1, and so it is a direct summand of ⊕m

i=1 E(Ki ) for some m ≥ 1. But
⊕m

i=1 E(Ki ) is injective with finitely generated essential socle, so RR has the
same property. This proves (3).

(3)⇒(4). R is semiregular by Utumi’s theorem (Theorem 1.26) and contains
no infinite set of orthogonal idempotents because it is right finite dimensional
(by hypothesis). Hence R is semiperfect.

(4)⇒(5) and (4)⇒(6). Given (4), R is left and right Kasch by Lemma 1.49.
Since RR is injective it is a cogenerator by Proposition 1.44. This proves (5); it
also gives (6) because R is semiperfect.

(5)⇒(1). Let MR be a faithful right R-module and write T = traceR(M).
By Lemma 1.55 we must show that T = R; since R is left Kasch it suffices to
prove that r(T ) = 0. If x ∈ r(T ), then λ(mx) = λ(m)x = 0 for every λ ∈ M∗

and m ∈ M, so Mx ⊆ ∩λ∈M∗ker (λ). But ∩λ∈M∗ker (λ) = 0 because RR is a
cogenerator, and it follows that x = 0 because M is faithful.

(6)⇒(4). We begin with the following claim:

Claim. If K is a simple right R-module then E(K ) embeds in RR .

Proof. Since RR is a cogenerator, let σ : E(K ) → RI be a monomorphism for
some index set I. If πi : RI → R is the i th projection then πi [σ (K )] �= 0 for
some i, and it suffices to show that ker (πi ◦ σ ) = 0. But if ker (πi ◦ σ ) �= 0
then ker (πi ◦ σ ) ∩ K �= 0 because K ⊆ess E(K ), whence K ⊆ ker (πi ◦ σ )
because K is simple. This contradiction proves the Claim.

By hypothesis, let K1, . . . , Kn denote a set of representatives of the simple
right R-modules, and write Ei = E(Ki ) for each i. Then each Ei embeds in RR

by the Claim, so, being injective, Ei is a summand of R and so is projective.
Moreover, Ei is indecomposable (actually uniform), so Lemma 1.54 shows
that rad(Ei ) is a maximal, small submodule of Ei . Hence Si = Ei/rad(Ei ) is
simple and Ei is a projective cover of Si . Furthermore, if Si

∼= Sj then Ei
∼= E j
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by the uniqueness of projective covers (see Corollary B.17). This means that
Ki

∼= K j and hence that i = j. It follows that {S1, S2, . . . , Sn} is a set of distinct
representatives of the simple right R-modules, from which we infer that every
simple right R-module has a projective cover. Thus R is a semiperfect ring by
Theorem B.21.

Hence write R = ⊕m
i=1ei R, where e1, . . . , em are orthogonal, primitive

idempotents with �m
i=1ei = 1. If {e1, . . . , en} are a basic set of idempotents

then, since each Ei is indecomposable and projective, Ei
∼= eσ (i) R for some

σ (i) ∈ {1, 2, . . . , n} . But the Ei are pairwise nonisomorphic, so it follows that
ei R is an injective module with simple essential socle for each i = 1, 2, . . . , n.

Thus R is right self-injective and Sr ⊆ess RR , proving (4). �

There is another characterization of these pseudo-Frobenius rings that will be
proved in Chapter 7 as a consequence of a more general result (Corollary 7.33).

Theorem 1.57 (Osofsky’s Theorem). A ring is right pseudo-Frobenius if and
only if it is a right self-injective ring that is a right cogenerator.

Notes on Chapter 1

Divisible groups were introduced by Baer [14], who essentially proved that
every module can be embedded in an injective module. The general concept
of an injective module is due to Eckmann and Schopf [50], and the existence
of an injective hull seems to have been discovered independently by Eckmann
and Schopf and by Shoda [204]. A good survey of the properties of injective
modules can be found in Sharpe and Vámos [203].

Quasi-injective modules were introduced and characterized by Johnson and
Wong [113], and relative injectivity in general was studied by various authors
including Harada [90, 94] and Azumaya [10].

The C1-, C2-, and C3-conditions were identified by Utumi [219] for rings,
and were extended to the module case by Jeremy [108], Takeuchi [214], and
Mohammed and Bouhy [146]. An account of continuous and quasi-continuous
modules can be found in Mohamed and Müller [147].

The fact that closures are unique in a nonsingular module (Lemma 1.28) is
due to Johnson [112].

The term “Kasch ring” honors F. Kasch.
Quasi-Frobenius rings were first investigated by Nakayama [150], who was

interested in the natural duality between right and left ideals. Theorem 1.50,
with its characterizations of quasi-Frobenius rings, is associated with the names
Faith, Ikeda, Nakayama, and Eilenberg (see Faith [54]). It was first stated in
this generality by Faith [54], where condition (4) was introduced.
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The extension of Nakayama’s lemma to projective modules (Lemma 1.53)
is due to Bass [16].

Left and right pseudo-Frobenius rings (in Theorem 1.56) are called rings
with perfect duality in the literature. They were introduced and investigated
independently by Azumaya [11], Kato [121, 122], Utumi [221], and Osofsky
[182] as generalizations of quasi-Frobenius rings where the chain conditions
are dropped.



2

Mininjective Rings

A surprising amount of information about right self-injective rings can be ob-
tained by studying a much larger class of rings, the right mininjective rings. A
ring is called right mininjective if every isomorphism between two simple right
ideals is given by left multiplication. The basic general facts about these rings
are derived in this chapter, and this work serves as a basis for the study of two
important subclasses: the P-injective rings in Chapter 5 and the simple injective
rings in Chapter 6.

After giving several examples (including a right mininjective ring that is not
left mininjective), we show that mininjectivity is a Morita invariant and that
“min” versions of the C2- and C3-conditions hold. (The “min” version of the
C1-condition is studied in Chapter 4.) Surprisingly, under a mild commutativity
condition, a ring R is right minininjective if and only if its right socle is square-
free, and every factor ring of R is right mininjective if and only if R has a
distributive lattice of right ideals. In general, it is shown that the right socle of any
right mininjective ring R is contained in the left socle (in fact, if k R is a simple
right ideal then Rk is also simple). This remarkable fact is used repeatedly
throughout the book. If a right mininjective ring is semiregular and has essential
right socle, we show that the right singular ideal equals the Jacobson radical,
extending the situation for right self-injective rings.

Right mininjective rings admit another important characterization: A ring
is right mininjective if and only if the dual of every simple right module is
simple or zero. This result is used to give a simple proof of Ikeda’s theorem:
R is quasi-Frobenius if and only if it is right and left artinian and right and left
mininjective. The chapter concludes with an investigation of the relationship
between mininjectivity and the condition that every minimal left ideal is an
annihilator.

36
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2.1. Definition and Examples

If R is a ring, a module MR is called mininjective if, for every simple right ideal
K of R, each R-linear map γ : K → MR extends to γ̄ : R → M ; that is, γ = m· is
multiplication by some m ∈ M [in fact m = γ̄ (1)].

Recall that a right ideal T in a ring R is called extensive if every R-morphism
γ : T → RR can be extended to RR → RR, equivalently if γ = c· is left multi-
plication by an element c ∈ R. Thus, R is right mininjective if and only if every
simple right ideal K is extensive.

Lemma 2.1. The following are equivalent for a ring R:

(1) R is right mininjective.
(2) If k R is simple, k ∈ R, then lr(k) = Rk.

(3) If k R is simple and r(k) ⊆ r(a), k, a ∈ R, then Ra ⊆ Rk.

(4) If k R is simple and γ : k R → R is R-linear, k ∈ R, then γ (k) ∈ Rk.

Proof. (1)⇒(2). Always Rk ⊆ lr(k). If a ∈ lr(k) then r(k) ⊆ r(a), so γ :
k R → R is well defined by γ (kr ) = ar. Thus γ = c· for some c ∈ R by (1),
whence a = γ (k) = ck ∈ Rk.

(2)⇒(3). If r(k) ⊆ r(a) then a ∈ lr(k), so a ∈ Rk by (2).
(3)⇒(4). If γ (k) = a then r(k) ⊆ r(a), so a ∈ Rk by (3).
(4)⇒(1). Let γ : k R → RR and use (4) to write γ (k) = ck, c ∈ R. Then

γ = c·, proving (1). �

In practice, it is enough to verify conditions (2), (3), or (4) in Lemma 2.1 for
simple right ideals k R ⊆ J. Indeed, the proof of (1)⇒(2)⇒(3)⇒(4) goes thr-
ough as before in this case. If γ : k R → R is R-linear, where k R � J is simple,
then (k R)2 �= 0, so1 k R = eR for some idempotent e = e2 ∈ R, and γ extends.

We note in passing that the proof of Lemma 2.1 actually gives equivalent
conditions that any principal right ideal k R is extensive.

Note further that a simple right ideal K need not be extensive even if it iso-
morphic to an extensive right ideal. For example, let R = [ D D

0 D

]
, where D is a

division ring and write k = [ 0 1
0 0

]
and e = [ 0 0

0 1

]
. Then k R ∼= eR and e2 = e,

but k R is not extensive by Lemma 2.1 because lr(k) �= Rk. Thus R is not right
mininjective even though it has a projective, homogeneous right socle.

1 If kK �= 0, k ∈ K , then kK = K because K is simple, say ke = k, where 0 �= e ∈ K . Hence
e2 − e ∈ K0 = {a ∈ K | ka = 0}, so e2 = e because K0 �= K and K is simple. It follows that
K = eR, again by simplicity. This result is sometimes called Brauer’s lemma.
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Clearly every right self-injective ring is right mininjective, as is every ring in
which every simple right ideal is a direct summand. Thus every ring with zero
right socle is right mininjective, and every semiprime ring (in particular R/J )
is right and left mininjective because every simple right or left ideal is a direct
summand. In particular, the ring Z of integers is a commutative, noetherian
mininjective ring that is not self-injective.

Example 2.2 follows easily from (2) of Lemma 2.1.

Example 2.2. A direct product R = �Ri of rings is right mininjective if and
only if Ri is right mininjective for each i.

Example 2.3. Every polynomial ring R[x] is right and left mininjective.

Proof. This is because both socles of R[x] are zero. For example, if K = k R[x]
is simple where deg(k) = n, then K = xn+1 K because xn+1 is central, so
k ∈ xn+1k R[x], which is a contradiction. �

Example 2.4. If Sr is simple as a left ideal, then R is right mininjective.

Proof. If k R is simple and r(k) ⊆ r(a), where k, a ∈ R, we must show that
a ∈ Rk. This is clear if a = 0; if a �= 0, then r(k) = r(a) because r(k) is
maximal, so a R is simple too. Hence Ra = Sr = Rk by hypothesis. �

The next example shows, among other things, that a right mininjective ring
need not be left mininjective; it will be referred to several times in the following.
Recall that a ring R is called local if R/J is a division ring, equivalently if R
has a unique maximal right (left) ideal.

Example 2.5 (Björk Example). Let F be a field and assume that a 
→ ā is an
isomorphism F → F̄ ⊆ F , where the subfield F̄ �= F. Let R denote the left
vector space on basis {1, t}, and make R into an F-algebra by defining t2 = 0
and ta = āt for all a ∈ F. Then the following are true:

(1) R is local, R/J ∼= F , and J 2 = 0.

(2) J = Rt = Ft is the only proper left ideal of R.

(3) R is right mininjective but not left mininjective.
(4) X 
→ Xt is a lattice isomorphism from the right F̄-subspaces X of F to

the lattice of right ideals Xt of R contained in J.

(5) R is left artinian, and the following are equivalent:
(a) R is right artinian;
(b) R is right noetherian;
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(c) R is right finite dimensional;
(d) F̄ F is finite dimensional.
Furthermore, if p is a prime and F = Zp(x) is the field of rational forms
over Zp, then the map w 
−→ w p is an isomorphism F → F̄, where
F̄ = {w p | w ∈ F} and dim(F̄ F) = p.

Proof. (1) and (2) are routine verifications.
(3). R is right mininjective by Example 2.4. If d ∈ F− F̄, define γ : Ft → R

by γ (at) = adt. This is well defined, and it is left R-linear because γ [(b +
ct)at] = (ba)dt = (b + ct) ·γ (at). If R is left mininjective then γ = ·c is right
multiplication by some c = e + f t in R. But then dt = γ (t) = tc = te = ēt,
which implies that d = ē ∈ F̄, a contradiction.

(4). Let P ⊆ J be a right ideal of R, and define X = {x ∈ F | xt ∈ P}.
Then Xt ⊆ P is clear, and the reverse inclusion follows because P ⊆ J = Ft.
This shows that the map in (4) is onto; it is routine to show that it is one-to-one
and preserves sums and intersections.

(5). R is left artinian by (2); the equivalence of (a), (b), (c), and (d) follows
from (4); and the last observation is a routine calculation (in fact {1, x, . . . ,

x p−1}) is a basis of F over F̄ . �

The next example presents a commutative, local mininjective ring with J 3 =
0, which has a simple, essential socle that is not artinian. This example will
also be cited frequently in what follows.

Example 2.6 (Camillo Example). Let R = F[x1, x2, . . . ], where F is a field
and the xi are commuting indeterminants satisfying the relations

x3
i = 0 for all i, xi x j = 0 for all i �= j, and x2

i = x2
j for all i and j.

Write m = x2
1 = x2

2 = · · · , so that m2 = 0 = xi m for all i. Then the following
are true:

(1) R is a commutative ring with F-basis {1, m, x1, x2, . . . }.
(2) R is local, J = spanF {m, x1, x2, . . . }, R/J ∼= F , and J 3 = 0.

(3) Fm ⊆ A for every ideal A �= 0 of R.

(4) soc(R) = J 2 = Fm is simple and essential in R.

(5) R is mininjective with simple essential socle, but R is not noetherian.
(6) If we denote X = spanF {x1, x2, . . . }, the maps

A 
→ A ∩ X and U 
→ Fm ⊕ U
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are mutually inverse lattice isomorphisms between the lattice of all ideals
A �= 0, R of R, and the lattice of all F-subspaces U of X.

Proof. (1) and (2) and (3) are routine verifications, and then (4) follows because
the product of any two elements of J is in Fm. Next, R is mininjective by (4)
and Example 2.4, and R is not noetherian by (6) because Fm ⊂ Fm ⊕ Fx1 ⊂
Fm ⊕ Fx1 ⊕ Fx2 ⊂ · · · .

As to (6), observe first that Fm ⊕ U is an ideal for each U because (Fm ⊕
U )R ⊆ Fm R + U R ⊆ Fm + (U F + m F) ⊆ Fm + U. The composites
of the maps in (6) are U 
→ Fm ⊕ U 
→ (Fm ⊕ U ) ∩ X = U because
U ⊆ X, and A 
→ A ∩ X 
→ Fm ⊕ (A ∩ X ) = A by the modular law because
Fm ⊆ A ⊆ J = Fm ⊕ X using (3). Hence the two maps are mutual inverses;
they clearly preserve inclusions. Note that J = Fm ⊕ X. �

If R is a ring and R VR is a bimodule, the trivial extension T (R, V ) of R over
V is the direct sum R ⊕ V with multiplication (a, v)(b, w) = (ab, aw + vb).
It is sometimes useful to view T (R, V ) as the set of all matrices

[ a v

0 a

]
, where

a ∈ R and v ∈ V, using matrix multiplication.
In particular, if A = Fm ⊕ U as in Example 2.6 then R/A ∼= T (F, V ), where

V is any F-subspace of X such that U ⊕ V = X. We will return to this later;
we observe for now that T (F, V ) is mininjective if and only if dim F (V ) = 1.

A semisimple module is said to be square-free if it contains at most one copy
of any simple module. The condition that the right socle of a ring is square-free
is in a sense dual to the requirement that the ring is right mininjective.

Lemma 2.7. The following are equivalent for a ring R:

(1) The right socle Sr is square-free.
(2) If k R is simple and γ : k R → R is R-linear then γ (k) ∈ k R.

(3) If k R is simple then lr(k) ⊆ k R.

Proof. (1)⇒(2). If γ is as in (2), then γ (k)R = γ (k R) ⊆ k R by (1).
(2)⇒(3). If a ∈ lr(k) then r(k) ⊆ r(a), so γ : k R → R is well defined by

γ (kr ) = ar. By (2) a = γ (k) ∈ k R.

(3)⇒(1). Let γ : K → M be an isomorphism of simple right ideals. If K =
k R, write γ (k) = m. Then r(k) ⊆ r(m), so m ∈ lr(k) ⊆ k R = K by (3). Thus
M ⊆ K , whence M = K . �

Note that if we ask instead that γ (k) ∈ Rk in (2) of Lemma 2.7, we character-
ize right mininjectivity by Lemma 2.1. Observe further that if Sr is square-free
then (3) of Lemma 2.7 shows that every simple right ideal k R is two-sided,
that is Rk ⊆ k R. Moreover, the converse holds if R is right mininjective by
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Lemmas 2.1 and 2.7. If we insist that Rk = k R, we obtain the following result,
which includes a characterization of the commutative mininjective rings.

Proposition 2.8. Assume that Rk = k R whenever k R is a simple right ideal
of the ring R. Then the following hold:

(1) R is right mininjective if and only if Sr is square-free.
(2) A commutative ring is mininjective if and only if Sr is square-free.

A module M is called distributive if A ∩ (B + C) = (A ∩ B) + (A ∩ C) for
all submodules A, B, and C of M. We need the first of the following character-
izations of when this happens. If x and y are elements of MR, write (x R : y) =
{r ∈ R | yr ∈ x R}.

Theorem 2.9. The following are equivalent for a module MR :

(1) MR is distributive.
(2) M/N has square-free socle for every submodule N ⊆ M.

(3) (x R : y) + (y R : x) = R for all x and y in M.

Proof. (1)⇒(2). Since images of distributive modules are distributive, we may
assume N = 0. Suppose σ : X → Y is an isomorphism, where X and Y are
simple submodules of M with X ∩ Y = 0, and let K = {x + σ (x) | x ∈ X}.
Then K ∩Y = 0 and K ⊆ X +Y, so K = K ∩ X by (1). It follows that Y ⊆ X,

which is a contradiction.
(2)⇒(3). If (3) fails, let (x R : y) + (y R : x) ⊆ T ⊆max RR, x, y ∈ M. Write

N = xT + yT and Z = (x R+y R)/N ⊆ M/N , so that Z has square-free socle
by (2). Denote x̄ = x + N and ȳ = y + N , and consider the map θ : R → x̄ R
given by θ (r ) = x̄r. Then T ⊆ kerθ , so either x̄ R = 0 or x̄ R ∼= R/T . Similar-
ly, either ȳ R = 0 or ȳ R ∼= R/T . But if x̄ R ∼= R/T ∼= ȳ R then x̄ R = ȳ R by
(2) and so, in any case, either x̄ ∈ ȳ R or ȳ ∈ x̄ R. If x̄ ∈ ȳ R then x ∈ xT + y R,

say x = xt + yr, t ∈ T, r ∈ R. This implies that 1 − t ∈ (y R : x), so (y R : x) �
T, which is a contradiction. Similarly, ȳ ∈ x̄ R leads to a contradiction.

(3)⇒(1). Observe first that, for all z, w ∈ M, then (z R : z + w) = (z R : w)
and w(z R : w) = z R ∩ wR = z(wR : z). Hence, for all x, y ∈ M,

(x R ∩ (x + y)R) + (y R ∩ (x + y)R)

= (x + y)(x R : x + y) + (x + y)(y R : x + y)

= (x + y)(x R : y) + (x + y)(y R : x) = (x + y)R

using (3). It is a routine matter to show that this implies (1). �

Theorem 2.9 (with Proposition 2.8) gives a characterization of when a com-
mutative ring is distributive. In fact, we get a version for duo rings, where a
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ring R is called a duo ring if every one-sided ideal is two-sided (equivalently
a R = Ra for all a ∈ R).

Theorem 2.10. The following are equivalent for a duo ring R:

(1) Every factor ring R/A is right mininjective.
(2) RR is distributive.

Proof. Observe that the duo hypothesis is inherited by factors R/A. If (1)
holds then (R/A)R/A has square-free socle by Proposition 2.8. Hence (R/A)R

has square-free socle and (2) follows from Theorem 2.9. Conversely, (2) implies
that (R/A)R/A = (R/A)R has square-free socle, again by Theorem 2.9, so (1)
follows from Proposition 2.8. �

Note that every regular ring R has the property that R/A is right (and left)
mininjective for all ideals A, but RR need not be distributive. For example, if
F is a field then R = M2(F) does not have square-free socle, so RR is not dis-
tributive by Theorem 2.9. Hence the duo hypothesis cannot be dispensed with
in Theorem 2.10.

2.2. Morita Invariance

As for right self-injectivity, right mininjectivity turns out to be a Morita invari-
ant. The next result gives half the proof.

Proposition 2.11. If R is right mininjective, so is eRe for all e2 = e ∈ R satis-
fying ReR = R.

Proof. Write S = eRe and let rS(k) ⊆ rS(a), where k, a ∈ S and kS is a simple
right ideal of S. We claim first that k R is simple in R. For if kr �= 0, r ∈ R,

then kr ReR �= 0, so there exists t ∈ R such that 0 �= krte = (ke)r te ∈ kS.

Hence k ∈ krteS ⊆ kr R, whence k R is simple. Thus it suffices to show that
rR(k) ⊆ rR(a); then a ∈ Rk by Lemma 2.1 and so a = ea ∈ eRk = Sk, as
required. So let kx = 0, x ∈ R, and write 1 = ∑n

i=1 ai ebi , where ai , bi ∈ R.

Then k(exai e) = 0 for each i , so a(exai e) = 0 by hypothesis. Hence ax =∑n
i=1 axai ebi = 0 because a = ae, as required. �

The proof that right mininjectivity is inherited by matrix rings requires the
following result.

Lemma 2.12. Let K be a simple right ideal of a ring R. If d K �= 0 is extensive
for some d ∈ R, then K is extensive.
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Proof. The map σ (x) = dx defines an isomorphism σ : K → d K . Given γ :
K → RR we have γ ◦ σ−1 : d K → R, so γ ◦ σ−1 = c·, where c ∈ R by hy-
pothesis. It follows that γ = (cd) · . �

Proposition 2.13. A ring R is right mininjective if and only if the ring Mn(R)
is right mininjective for all (some) n ≥ 1.

Proof. If S = Mn(R) is right mininjective, so is R ∼= e11Se11 by Proposition
2.11 because Se11S = S (here ei j denotes the matrix unit). Conversely, assume
that R is right mininjective. By Proposition 2.11 it suffices2 to do the case n = 2.

Let kS be a simple right ideal of S = M2(R); we must show that lr(k) = Sk.

If row i of k is nonzero then e1i k �= 0, so, by Lemma 2.12, we may assume
that k ∈ e11S. In this case, if column j of k is nonzero then ke j1 �= 0, so kS =
ke j1S. Thus we may assume that k ∈ e11Se11, so write k = [ k 0

0 0

]
, k ∈ R.

Then k R is simple, so Rk = lr(k) by Lemma 2.1. But then rS(k) = [ r(k) r(k)
R R

]
,

whence lrS(k) = [ lr(k) 0
lr(k) 0

] = [ Rk 0
Rk 0

] = Sk, as required. �

If MR is the free right R-module of rank χ, and if we view end(MR) as the
set of χ × χ column finite matrices over R, the proof of Proposition 2.13 goes
through to give

Corollary 2.14. If R is right mininjective, so also is the endomorphism ring of
any free right R-module.

Combining Propositions 2.11 and 2.13 with Theorem A.20 gives

Theorem 2.15. Right mininjectivity is a Morita invariant.

The next theorem gives another characterization of right mininjectivity based
on the following “relative” version of the concept. If e is an idempotent in R,
a right R-module MR is called eR-mininjective if R-morphisms γ : K → M
extend to eR → M whenever K ⊆ eR is a simple right ideal, equivalently if
γ = m· for some m ∈ M. Clearly, M is mininjective if and only if it is R-
mininjective.

2 Choose 2k ≥ n. Since T = M2k (R) is right mininjective by hypothesis, and since Mn(R) ∼= eT e,

where e =
[ In 0

0 0

]
, it suffices by Proposition 2.11 to show that T eT = T . But e11 ∈ T eT by

block multiplication, and so eii = ei1e11e1i ∈ T eT for each i.
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Lemma 2.16. Let e, f, e1, . . . , en denote idempotents in a ring R, and let MR

be a module.

(a) If 1 = e1 + · · · + en then M is mininjective if and only if M is ei R-
mininjective for each i .

(b) If eR ∼= f R and M is eR-mininjective then M is f R-mininjective.
(c) If MR = ⊕i∈I Mi then M is eR-mininjective if and only if each Mi is eR-

mininjective.

Proof. (a). Let γ : K → MR be R-linear, where K is a simple right ideal.
Then ei K �= 0 for some i , so σ (k) = ei k defines an isomorphism σ : K → ei K .

If M is ei R-mininjective we have γ ◦σ−1 = m· for some m ∈ M, whence γ =
(mei )· and M is mininjective. The converse is clear.

(b). Let σ : eR → f R be an isomorphism. Given γ : X → M , where X ⊆ f R
is simple, then K = σ−1(X ) ⊆ eR is simple and γ ◦ σ|K is an R-morphism
K → M. Hence γ ◦ σ|K = m· for some m ∈ M by hypothesis. Write a = σ−1( f ).
Then γ (x) = (γ ◦σ )(σ−1x) = m σ−1(x) = m(ax) for all x ∈ X, so γ = (ma)·.

(c). Assume that each Mi is eR-mininjective. If γ : K → M is R-linear,
where K = k R ⊆ eR is simple, let γ (K ) ⊆ ⊕n

t=1 Mt . If πt : M → Mt is the pro-
jection for each t, then πt ◦ γ = mt · for some mt ∈ Mt by hypothesis. If k ∈
K and γ (k) = ∑n

t=1 m ′
t , then m ′

t = πtγ (k) = mt k, and it follows that γ = m·,
where m = ∑n

t=1 mt . Hence M is eR-injective. The converse is clear. �

Proposition 2.17. Let 1 = f1+· · ·+ fn in R, where the fi are orthogonal idem-
potents, and let e1, . . . , em be idempotents such that {e1 R, . . . , em R} is a com-
plete set of representatives of { f1 R, . . . , fn R}. The following are equivalent:

(1) R is right mininjective.
(2) ei R is e j R-mininjective whenever 1 ≤ i, j ≤ m.

Proof. (1)⇒(2). Assume (1). Since R = ⊕ f j R, it follows that each f j R is
mininjective (direct summands of mininjective modules are again mininjec-
tive) and hence that each ei R is mininjective (mininjectivity is preserved by
isomorphisms). But then Lemma 2.16(a) (with M = ei R) shows that each ei R
is f j R-mininjective for each j. Now (2) follows by Lemma 2.16(b).

(2)⇒(1). Fix i where 1 ≤ i ≤ m.Then (2) shows that ei R is f j R-mininjective
for all j by Lemma 2.16(b). Hence ei R is mininjective as a right R-module
by Lemma 2.16(a). This holds for each i, so each f j R is right mininjective
(mininjectivity is preserved by isomorphisms). Finally, this shows that RR =
⊕n

j=1 f j R is mininjective by Lemma 2.16(c). This proves (1). �

We now show that any right mininjective ring satisfies “min-” versions of
conditions C2 and C3.
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Proposition 2.18. Let R be a right mininjective ring.

(1) (min-C2) If K is a simple right ideal and K ∼= eR, e2 = e, then K = gR
for some g2 = g.

(2) (min-C3) If eR �= f R are simple, e2 = e, f 2 = f, then eR ⊕ f R = gR
for some g2 = g.

Proof. (1). If γ : K → eR is an isomorphism, let γ = c·, c ∈ R. Then
cK = eR � J (R), so K 2 �= 0 and (1) follows because K is simple.

(2). Observe that eR ⊕ f R = eR ⊕ (1 − e) f R. If (1 − e) f R = 0 we are
done. Otherwise, (1 − e) f R ∼= f R, so (1 − e) f R = h R, h2 = h, by (1).
Hence eh = 0 and so g = e + h − he is an idempotent such that eg = e = ge
and hg = h = gh. It follows that eR ⊕ f R = eR ⊕ h R = gR. �

A module M satisfies the C1-condition if every submodule is essential in a
direct summand of M. The min-C1 analogue of this condition reads as follows:
If K is a minimal submodule of M then K is essential in a direct summand of
M. However, the Björk example (Example 2.5) shows that this may not hold in
a right mininjective ring. The rings that satisfy min-C1 are called min-CS rings,
and we return to them in Chapter 4.

A ring R is called I-finite if it contains no infinite orthogonal family of
idempotents (see Lemma B.6). This condition implies that 1 = e1 + · · · + en ,
where the ei are orthogonal, primitive idempotents. Proposition 2.18 has a nice
application to I-finite mininjective rings.

Theorem 2.19. Let R be I-finite and right mininjective. Then R ∼= R1 × R2,
where R1 is semisimple and every simple right ideal of R2 is nilpotent.

Proof. Let 1 = e1 + · · · + en where the ei are orthogonal primitive idempot-
ents, and where ei R is simple if 1 ≤ i ≤ m and e j R is not simple if j > m.

Claim. ei Re j = 0 = e j Rei for all 1 ≤ i ≤ m < j ≤ n.

Proof. If 0 �= a ∈ ei Re j then a· : e j R → ei R is epic (since ei R is simple) and
so is an isomorphism (since e j R is indecomposable), which is a contradiction
as e j R is not simple. Now suppose that 0 �= b ∈ e j Rei . Then b· : ei R → e j R
is monic (since ei R is simple) and so bR = f R, where f 2 = f by Proposition
2.18. Hence b· is epic (since e j R is indecomposable) – a contradiction as before.
This proves the Claim.

If e = e1 + · · · + em it follows that eR(1 − e) = 0 = (1 − e)Re. Hence
e is a central idempotent and R1 = eR = eRe is semisimple. It remains to
show that each simple right ideal K ⊆ (1 − e)R is nilpotent. If not, K = f R,

f 2 = f . As K (1 − e) �= 0, let K e j �= 0, where j > m. Thus f Re j �= 0, say
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0 �= c ∈ f Re j . Then c· : e j R → f R is an isomorphism as before; this is a
contradiction because e j R is not simple. �

Corollary 2.20. Let R be right mininjective and I-finite with 1 = e1 +· · ·+en ,
where the ei are orthogonal, primitive idempotents. Either some ei R is simple
or S2

r = 0.

Proof. If no ei R is simple then R = R2 in Theorem 2.19, so K 2 = 0 for every
simple right ideal K of R. It remains to show that SK = 0 for every simple
right ideal S. But otherwise SK = S, whence S = (SK )K = 0, which is a
contradiction. �

2.3. Minsymmetric Rings

If R is right mininjective the right socle is necessarily contained in the left socle.
This surprising fact is fundamental and is contained in the following theorem,
which will be used frequently.

Theorem 2.21. Let R be a right mininjective ring, and let k, m ∈ R.

(a) If k R is a simple right ideal, then Rk is a simple left ideal.
(b) If k R ∼= m R are simple, then Rk ∼= Rm; in fact Rk = (Rm)u for some

element u ∈ R.

(c) Sr ⊆ Sl .

Proof. (a) and (c). If k R is simple and 0 �= ak ∈ Rk, define γ = a· : k R →
ak R. Then γ is an isomorphism and so, as R is right mininjective, let γ −1 = c·,
c ∈ R. Thus k = γ −1(ak) = cak ∈ Rak, and (a) follows. Let x ∈ Sr , say
x ∈ k1 R ⊕ · · · ⊕ kn R, where each ki R is simple. Hence ki ∈ Sl for each i by
(1), and (c) follows.

(b). If σ : k R → m R is an isomorphism, write σ (k) = mu, u ∈ R. Clearly
mu R = m R is simple and r(mu) = r[σ (k)] = r(k). Since R is right mininjec-
tive, this gives Rmu = Rk by Lemma 2.1. �

If K and M are modules with K simple, write socK (M) = �{X ⊆ M | X ∼=
K } for the homogeneous component of M generated by K . It is fully invariant
in M in the sense that α[socK (M)] ⊆ socK (M) for every α ∈ end(M).

Corollary 2.22. If k R is a simple right ideal of a right mininjective ring R,

then sock R(RR) = Rk R is a simple ideal of R contained in socRk (R R) .

Proof. Write S = sock R (RR). Always R(k R) ⊆ S. Suppose σ : k R → M ⊆
R is an R-isomorphism. Then σk ∈ Rk by Lemma 2.1, so M = (σk)R ⊆
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(Rk)R. Thus S ⊆ Rk R, proving that S = Rk R. Now let 0 �= A ⊆ S, with A
an ideal of R. If M ⊆ A is a simple right ideal then M ∼= k R. Hence if X is
any right ideal isomorphic to k R, let γ : M → X be an R-isomorphism. Then
γ = c·, c ∈ R, so X = γ (M) = cM ⊆ cA ⊆ A. It follows that S ⊆ A, whence
S = A and S is a simple ideal. Finally, (Rk)R ⊆ socRk(R R) always holds. �

If R is right mininjective, it follows from Corollary 2.22 that every two-sided
ideal of Sr is a direct sum of simple ideals (the converse is false by Example
2.23). Moreover, if R is right and left mininjective and we write S = Sr = Sl ,

the set of left homogeneous components of S is the same as the set of right
homogeneous components of S.

Example 2.23. If F is a field, the ring R = [ F F
0 F

]
is a two-sided artinian ring,

J = [ 0 F
0 0

]
, Sr = [ 0 F

0 F

]
and Sl = [ F F

0 0

]
. Hence R is neither left nor right

mininjective because Sr � Sl and Sl � Sr .

We can now give an example of a two-sided mininjective ring with an image
that is neither right nor left mininjective.

Example 2.24. If S is a subring of a ring R, define a subring C of RN by

C = C[R, S] = {(r0, r1, r2, . . . , rn, s, s, . . . ) | n ≥ 0, ri ∈ R and s ∈ S}.

Then C is right mininjective if and only if R is right mininjective. Moreover,
the map carrying (r0, r1, r2, . . . , rn, s, s, . . . ) 
→ s is a ring homomorphism of
C onto S. In particular, if R = [ F F

F F

]
and S = [ F F

0 F

]
,where F is a field, then

C is a right and left mininjective ring with zero Jacobson radical that has an
image S that is neither left nor right mininjective by Example 2.23.

Proof. Assume that R is right mininjective and that γ : K → C is C-linear,
where K is a simple right ideal of C. Since K �= 0, let k̄ = (0, 0, . . . , k, 0,

0, . . . ) ∈ K , where 0 �= k ∈ R. Then k R is simple and K = k̄C. If k is in
the mth component of k̄, let γ0 = πmγ σm : k R → R, where R

σm→ C
τm→ R

are the canonical maps. Then γ0 = c· for some c ∈ R by hypothesis, whence
γ = σm(c)·, as is easily verified. Hence C is right mininjective; the converse
is a routine verification. Finally, if R = [ F F

F F

]
then J (C) = 0 because every

nonzero one-sided ideal of C contains a nonzero idempotent. �

Note that Example 2.24 shows that any subring of a right mininjective ring is
also an image of a right mininjective ring.
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Motivated by Theorem 2.21, we call a ring R right minsymmetric if k R
simple, k ∈ R, implies that Rk is simple. These rings all have the property that
Sr ⊆ Sl . This is a large class of rings containing all commutative rings, all right
mininjective rings (by Theorem 2.21), and hence every semiprime ring. This
proves the first half of

Example 2.25. Every semiprime ring R is right and left minsymmetric, but
not conversely.

Proof. The converse fails for any commutative mininjective ring that is not
semiprime (see Example 2.6). Note that if e = [ 0 0

0 1

]
in the ring R = [ F F

0 F

]
,

where F is a field, then eR is simple but Re contains a nilpotent ideal. �

The following characterization of right minsymmetric rings has some inde-
pendent interest and will be referred to later.

Proposition 2.26. The following are equivalent for a ring R:

(1) R is right minsymmetric.
(2) If k R is a simple right ideal, then l[k R ∩ r(a)] = l(k) + Ra for all ele-

ments a ∈ R.

Proof. (1)⇒(2). Assume k R is simple and let a ∈ R. If ak = 0 then k R ∩
r(a) = k R andl(k)+Ra = l(k), and (2) follows. If ak �= 0 thenl(k)+Ra = R
[because l(k) is maximal by (1)] and k R ∩ r(a) = 0 (because k R is simple),
and again (2) follows.

(2)⇒(1). If k R is simple, let a /∈ l(k). Then k R ∩ r(a) = 0, so l(k) + Ra =
R by (2). This shows that l(k) is maximal, proving (1). �

Utumi’s theorem shows that every right self-injective ring satisfies J = Zr ,

but this fails if R is merely right mininjective: The localization Z(p) of Z at the
prime p is a commutative local ring that is mininjective (it has no simple ideals)
and in which Zr = 0 (it is a domain) and J = pZ(p) �= 0. However, as we shall
see in Chapter 5, J = Zr does hold for right principally injective rings (that is,
every principal right ideal is extensive).

In general, necessary and sufficient conditions that J = Zr are elusive. We
have Zr ⊆ J (and Zl ⊆ J ) if R is semiregular because then every one-sided
ideal not contained in J contains a nonzero idempotent (see Lemma B.40). On
the other hand, if Sl ⊆ess RR then J ⊆ Zr because Sl ⊆ r(J ) ⊆ r(a) for all
a ∈ J. Combining these observations we obtain conditions that Zr = J.
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Proposition 2.27. If R is a right mininjective, semiregular ring in which Sr ⊆ess

RR, then J = Zr .

Proof. We have Sr ⊆ Sl because R is right mininjective, so Sl ⊆ess RR by hy-
pothesis. Hence J ⊆ Zr by the preceding discussion. We have Zr ⊆ J because
R is semiregular (again by the preceding discussion). �

2.4. Duality

Right mininjective rings have another characterization that is related to duality.
If MR is a right R-module, recall that the dual M∗ = hom R(MR, R) of M is a
left module via (rλ)(m) = r · λ(m) for all r ∈ R, λ ∈ M∗, and m ∈ M.

Lemma 2.28. If M = m R is a principal right R-module and T = r(m) then
M∗ ∼= l(T ) = lr(m) as left R-modules.

Proof. If b ∈ l(T ), the map λb : M → R is well defined by λb(mr ) = br.
Then b 
→ λb is a monomorphism l(T ) → M∗ of left R-modules, and it is
onto because, if λ ∈ M∗, then λ = λb, where b = λ(m) ∈ l(T ). �

With this we can give some useful duality characterizations of mininjectivity.

Theorem 2.29. The following are equivalent for a ring R:

(1) R is right mininjective.
(2) M∗ is simple or zero for every simple right R-module MR .

(3) l(T ) is simple or zero for every maximal right ideal T of R.

(4) K ∗ is simple for every simple right ideal K of R.

Proof. (1)⇒(2). Let MR be simple. If M∗ = 0 there is nothing to prove. Oth-
erwise, let 0 �= δ ∈ M∗; we must show that M∗ = Rδ. Observe first that

δ : M → δ(M) is an isomorphism. Given γ ∈ M∗ we have δ(M)
δ−1→ M

γ→ R, so
γ ◦ δ−1 = a· for some a ∈ R by (1). It follows that γ = aδ, proving (2).

(2)⇒(3). If T is a maximal right ideal then R/T = (1 + T )R is simple and
r(1 + T ) = T . Hence l(T ) ∼= (R/T )∗ by Lemma 2.28, so (2) applies.

(3)⇒(4). If K = k R is a simple right ideal, write T = r(k). Then T is max-
imal, so K ∗ ∼= l(T ) is simple or zero by (3) and Lemma 2.28. But K ∗ �= 0
because it contains the inclusion map.

(4)⇒(1). Given γ : K → R, where K = k R is a simple right ideal, let ι :
K → R be the inclusion. Then K ∗ = Rι by (4), so γ = cι for some c ∈ R. It fol-
lows that γ = c· as required. �
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Note that this gives a different proof of the fact that if k R is simple in a right
mininjective ring R, then Rk is simple (see Theorem 2.21). Indeed, lr(k) ∼= K ∗

by Lemma 2.28, so lr(k) is simple by Theorem 2.29. Since Rk ⊆ lr(k), it
follows that Rk = lr(k) is simple.

We conclude this section by applying Theorem 2.29 to give an important
characterization of quasi-Frobenius rings, due originally to Ikeda in 1952.

Theorem 2.30 (Ikeda’s Theorem). The following conditions are equivalent
for a ring R:

(1) R is quasi-Frobenius.
(2) R is two-sided mininjective and two-sided artinian.3

Proof. Given (2), it suffices by Theorem 1.50 to show that rl(T ) = T for every
right ideal T of R [by symmetriy lr(L) = L for each left ideal L].

Claim. If K ⊆ T are right ideals and T/K is simple, then l(K )/l(T ) is zero
or simple.

Proof. If a ∈ l(K ) then λa : T/K → RR is well defined by λa(t + K ) = at.
Hence a 
→ λa is a homomorphism l(K ) → (T/K )∗ with kernel l(T ), and
the claim follows from Theorem 2.29 because R is right mininjective.

Now let T be a right ideal of R, and (as R is right artinian) let 0 = T0 ⊂
T1 ⊂ · · · ⊂ Tn = R be a composition series for R that contains T . We show
that rl(Ti ) = Ti for each i. Taking left annihilators gives the series

R = l(T0) ⊇ l(T1) ⊇ · · · ⊇ l(Tn) = 0, (*)

so the Claim implies that length(R R) ≤ n = length(RR). The other inequality
is proved similarly, and so length(RR) = length(R R). But then the Jordan–
Hölder theorem (and the Claim) show that (*) is actually a composition series for

R R [and that the inclusions in (*) are strict]. Now repeat the process on (*), taking
right annihilators to get a composition series 0 = rl(T0) ⊂ rl(T1) ⊂ · · · ⊂
rl(Tn) = R. Since T1 ⊆ rl(T1), this gives T1 = rl(T1), whence rl(T1) =
T1 ⊂ T2 ⊆ rl(T2) gives T2 = rl(T2). Continue in this way to get Ti = rl(Ti )
for each i, as required. �

Note that it is essential that R be two-sided mininjective in (2) of Theorem
2.30: The Björk example (Example 2.5) is a local ring R with J 2 = 0 that is

3 It is enough that R is only right artinian; in fact it is sufficient that R has the ACC on right
annihilators and Sr ⊆ess RR (see Theorem 3.31 in Chapter 3).
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two-sided artinian and right mininjective, but not left mininjective (and hence
not quasi-Frobenius).

2.5. The Kasch Condition

In Theorem 2.29 we showed that a ring is right mininjective if and only if M∗ is
simple or zero for every simple right module MR . Recall from Proposition 1.44,
that a ring is right Kasch if and only if the left annihilator of every maximal
right ideal is nonzero. Combining this with Theorem 2.29 gives the following
characterization of the right mininjective, right Kasch rings.

Theorem 2.31. The following are equivalent for a ring R:

(1) R is right mininjective and right Kasch.
(2) M∗ is simple for every simple right module MR .

(3) l(T ) is simple for every maximal right ideal T of R.

In this case every nonzero left annihilator in R contains a simple left ideal.

Proof. The equivalence of (1), (2), and (3) follows at once from Proposition
1.44 and from the equivalence of (1), (2), and (3) in Theorem 2.29.

Now suppose that 0 �= L = l(X ) is a left annihilator, where X ⊆ R. We
may assume that X is a right ideal and so, as X �= R, let X ⊆ T , where T is a
maximal right ideal. Thus l(T ) ⊆ l(X ) = L , and l(T ) is simple by (3). �

In a quasi-Frobenius ring the maps T 
→ l(T ) and L 
→ r(L) are mutually
inverse, inclusion reversing bijections between the right ideals T and the left
ideals L . This result is the beginning of the theory of Morita duality. The next
theorem identifies a condition under which a weakened form of this duality
holds in a right mininjective, right Kasch ring.

Theorem 2.32. Let R be a right mininjective, right Kasch ring, and consider
the map

θ : T 
→ l(T )

from the set of maximal right ideals T of R to the set of minimal left ideals of
R. Then the following conditions hold:

(a) θ is one-to-one.
(b) θ is a bijection if and only if lr(K ) = K for all minimal left ideals K of

R. In this case the inverse map is given by K 
→ r(K ).
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Proof. (a). If T is a maximal right ideal, then l(T ) is simple by Theorem 2.31,
so θ is defined. Since T ⊆ rl(T ) �= R, we have T = rl(T ) because T is
maximal. Now (a) follows.

(b). If θ is onto, every minimal left ideal K is an annihilator, so lr(K ) = K .
Conversely, assume that lr(K ) = K for all minimal left ideals K .

Claim. If K is a minimal left ideal then r(K ) is maximal.

Proof. Let r(K ) ⊆ T , where T is maximal. Then K = lr(K ) ⊇ l(T ) �= 0 by
the right Kasch hypothesis, so K = l(T ) because K is simple. Thus r(K ) =
rl(T ) ⊇ T, whence r(K ) = T, proving the Claim.

By the Claim we have a map ϕ given by K 
→ r(K ) that we assert is the
inverse of θ. Indeed, ϕ ◦ θ carries T 
→ l(T ) 
→ rl(T ) = T by the calculation
in (a), whereas θ ◦ ϕ carries K 
→ r(K ) 
→ lr(K ) = K by hypothesis. This
completes the proof of (b). �

2.6. Minannihilator Rings

Motivated by Theorem 2.32(b), we call a ring R a left minannihilator ring if
every minimal left ideal K of R is an annihilator, equivalently if lr(K ) = K .

This condition is clearly satisfied if K = Re, e2 = e, so it is enough to have
lr(K ) = K for all simple left ideals contained in J.

Examples.

(1) Every semiprime ring is two-sided minannihilator.
(2) A commutative ring is mininjective if and only if it is a minannihilator ring

by Lemma 2.1.
(3) Every two-sided mininjective ring is two-sided minannihilator. For if K =

Rk is simple then k R is simple because R is left mininjective (Theorem
2.21), so lr(K ) = K because R is right mininjective (Lemma 2.1). So R
is left minannihilator; it is right minannihilator by symmetry.

(4) The Björk example (Example 2.5) is left minannihilator (it has only one
proper left ideal) but it is not right minannihilator. Indeed, in the notation
of Example 2.5, t F = F̄ t is a simple right ideal but rl(t F) = r(J ) = J =
Ft �= F̄ t.

The following result and its corollaries reveal the close connection between
right mininjective rings and left minannihilator rings. A right mininjective ring
R that is left minsymmetric (Rk simple, k ∈ R, implies k R simple) is a left
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minannihilator ring by Lemma 2.1. The converse requires the right minsym-
metric condition.

Proposition 2.33. The following are equivalent for a left minannihilator ring
R:

(1) R is right mininjective.
(2) R is right minsymmetric.
(3) Sr ⊆ Sl .

Proof. (1)⇒(2) and (2)⇒(3) always hold (see Theorem 2.21). Given (3), let
k R be simple. Then k ∈ Sl by (3), so let Rk ⊇ Rm, where Rm is simple.
Thus r(k) ⊆ r(m), so r(k) = r(m) because r(k) is maximal. Since R is left
minannihilator, Rk ⊆ lr(Rk) = lr(Rm) = Rm ⊆ Rk because Rm is simple,
so Rk = lr(Rk) = lr(k). This proves (1) by Lemma 2.1. �

Together with Theorem 2.21, Proposition 2.33 gives

Corollary 2.34. A ring R is left and right mininjective if and only if Sr = Sl

and R is a left and right minannihilator ring.

The proof that (3)⇒(1) in Proposition 2.33 yields

Corollary 2.35. Suppose that R is a left minannihilator ring in which Sl is es-
sential in R R (for example if R is right perfect). Then R is right mininjective.

2.7. Universally Mininjective Rings

Recall that a module MR is called mininjective if, for every simple right ideal K
of R, each R-linear map γ : K → MR extends to γ̄ : R → M ; that is, γ = m·
is multiplication by some m ∈ M. The rings for which every right module is
mininjective admit several characterizations.

Theorem 2.36. The following conditions are equivalent for a ring R:

(1) Every right R-module is mininjective.
(2) Every principal right R-module is mininjective.
(3) K 2 �= 0 for every simple right ideal K of R.

(4) Sr ∩ J = 0.

(5) R is right mininjective and Sr is projective as a right R-module.
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Proof. (1)⇒(2). This is clear.
(2)⇒(3). If K = k R is simple, k ∈ R, we have an R-isomorphism γ : k R →

R/r(k) given by γ (ka) = a + r(k). By (2), γ is left multiplication by c + r(k)
for some c ∈ R. Thus ck + r(k) = γ (k) = 1 + r(k), whence kck = k. If
e = kc then 0 �= e2 = e ∈ K .

(3)⇒(4). This is clear.
(4)⇒(5). If K is a simple right ideal then K = eR, e2 = e, by (4).
(5)⇒(1). If γ : K → MR is R-linear, where K is a simple right ideal, then

K ∼= eR, where e2 = e, because Sr is projective. Since R is right mininjective,
it follows that eR = cK for some c ∈ R. Hence K � J, so K = f R for some
f 2 = f ∈ R. It follows that γ = m·, where m = γ ( f ). �

Call a ring R right universally mininjective if it satisfies the conditions in
Theorem 2.36. Clearly each ring with zero right socle (hence every polynomial
ring) is right universally mininjective, and every semiprime ring is both right
and left universally mininjective. In contrast, a right universally mininjective
ring R with essential right socle is semiprime by (4) of Theorem 2.36, and if R is
right Kasch it is semisimple artinian (every simple right module is projective).
Although every right universally mininjective ring has projective right socle,
the converse is false: If F is a field, the ring

[ F F
0 F

]
has both socles projective

but is neither right nor left mininjective.
A direct product of rings is right universally mininjective if and only if each

factor is right universally mininjective. With only minor variations, the proof of
Theorem 2.15 goes through to prove that being right universally mininjective
is a Morita invariant property of rings.

Finally, if R is I-finite, this discussion and Theorem 2.19 give

Theorem 2.37. If R is I-finite then R is right universally mininjective if and
only if R ∼= R1 × R2, where R1 is semisimple artinian and R2 has zero right
socle.

Notes on Chapter 2

In the artinian case, the right mininjective rings were introduced by Ikeda [102]
in 1952 and were studied by Dieudonné [45] and later by Harada [91, 92].
The related minannihilator condition that every left ideal is an annihilator was
studied in artinian rings by Dieudonné [45], Storrer [212], and Björk [21]. The
“relative” version of mininjectivity stems from Harada [94].

Example 2.5 traces back to Björk [21] in 1970 and was mentioned by Rutter
[199]. Example 2.6 is an adaptation of an example of Camillo [26].
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Distributive modules are investigated in Cohn [39]. In Theorem 2.9, the
equivalence of (1) and (2) is due to Camillo [25], and the equivalence of (1)
and (3) is due to Stephenson [209].

I-finite rings have the property that 1 is a finite sum of orthogonal primitive
idempotents. It is an open question whether the converse holds.

In Theorem 2.29 characterizing mininjectivity in terms of duality, the equiv-
alence of (1) and (2) was first noted for artinian rings by Björk [21] in 1970.
It leads to Ikeda’s characterization [102] of quasi-Frobenius rings (Theorem
2.30), originally proved in 1952.

Theorem 2.37 was proved by Gordon [88] with a different proof.



3

Semiperfect Mininjective Rings

Only in the semiperfect case does the full power of the mininjective hypothesis
comes into focus. The reason is that we can get combinatorial information
about the simple right and left ideals because a semiperfect ring has only a
finite number of simple right modules that are represented in the ring by basic
idempotents. We remind the reader that all the facts needed about semiperfect
rings are developed in Appendix B.

We begin by characterizing the semiperfect, right mininjective rings, and
we use the result to give easy proofs of two well-known characterizations of
quasi-Frobenius rings: R is quasi-Frobenius if and only if it is left and right
artinian, both soc(Re) and soc(eR) are simple for every local idempotent e in
R, and either Sr = Sl or R is right and left Kasch. The following class of rings is
important in extending these results. A ring R is called a right minfull ring if it
is semiperfect, right mininjective, and soc(eR) �= 0 for every local idempotent
e ∈ R. We show that these right minfull rings are a Morita invariant class that
exhibits many of the basic properties of quasi-Frobenius rings. In particular, they
are right and left Kasch, and Sr = Sl if and only if lr(K ) = K for every minimal
left ideal K that is contained in Re for some local idempotent e. With this we
obtain the following result: If R is a semilocal, left and right mininjective ring
with ACC on right annihilators in which Sr ⊆ess RR, then R is quasi-Frobenius.
This is an improvement of Ikeda’s theorem (where R is left and right artinian
and left and right mininjective).

If R is a semiperfect ring with basic idempotents {e1, . . . , en}, a permutation
σ of {1, 2, . . . n} is called a Nakayama permutation for R if soc(Reσ i ) ∼=
Rei/Jei and soc(ei R) ∼= eσ i R/eσ i J for each i = 1, 2, . . . , n. We show that
every right and left minfull ring admits a Nakayama permutation, and that a
semiperfect ring R with a Nakayama permutation is right and left minfull if
Sr ⊆ess RR (or Sl ⊆ess

R R). This leads to an easy proof of a characterization

56
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of quasi-Frobenius rings due to Nakayama: A ring R is quasi-Frobenius if and
only if it is left and right artinian and has a Nakayama permutation.

These results suggest the following definition: A ring R is called a right
min-PF ring if it is a semiperfect, right mininjective ring in which Sr ⊆ess RR

and lr(K ) = K for every simple left ideal K ⊆ Re for some local idempotent
e. As the name suggests every right PF ring is right (and left) min-PF, and the
right min-PF rings form a Morita invariant class. We show that a right min-PF
ring with ACC on right annihilators is left artinian, and so we conclude that a
right and left min-PF ring with ACC on right annihilators is quasi-Frobenius.
In particular, this settles the J 2 = 0 case of the Faith conjecture by showing
that, if R is a semiprimary, right and left mininjective ring with J 2 = 0, then
R is quasi-Frobenius.

3.1. Basic Properties

The following property of idempotents will be used frequently in this section.
Recall that a ring R is called semilocal if R/J is semisimple artinian.

Lemma 3.1. Let e be an idempotent in any ring R. Then:

(1) (eR/eJ )∗ ∼= l(J )e.
(2) If R is semilocal then (eR/eJ )∗ ∼= Sr e.

Proof. We have eR/eJ = m R, where m = e + eJ , so (by Lemma 2.28) we
have (eR/eJ )∗ ∼= l(T ), where T = r(m). Here T = J + (1 − e)R, so l(T ) =
l(J ) ∩ Re = l(J )e. This proves (1), and (2) follows because Sr = l(J ) when-
ever R is semilocal. �

Our first application of Lemma 3.1 is to derive the following characterizations
of when a semiperfect ring is right mininjective or right Kasch. They will be
referred to repeatedly later. We use the fact that ifσ : N → M is an isomorphism
of right R-modules then R M∗ ∼= R N ∗ via λ 
→ λ◦σ. Recall that an idempotent
e in a ring R is called a local idempotent if eRe is a local ring, and that R is
semiperfect if and only if 1 = e1 + e2 + · · · + en where the ei are orthogonal,
local idempotents.

Theorem 3.2. Let R be a semiperfect ring.

(1) R is right mininjective if and only if Sr e is simple or zero for each local
idempotent e ∈ R.

(2) R is right Kasch if and only if Sr e �= 0 for each local idempotent e ∈ R.
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Proof. Let MR denote a simple module. Since R is semiperfect we have Me �= 0
for some local idempotent e, say me �= 0, where m ∈ M. Then the map x 
→ mex
from eR → M induces an R-isomorphism eR/eJ → M (see Proposition B.2).
Hence a module MR is simple if and only if MR

∼= eR/eJ for some local idem-
potent e. Moreover, (eR/eJ )∗ ∼= Sr e by Lemma 3.1 because R is semilocal.
Now (2) follows, and (1) restates Theorem 2.29. �

Note that, since Sr ⊆ l(J ) in any ring, semiperfect or not, the fact that Sr e ⊆
l(J )e ∼= (eR/eJ )∗ shows that Sr e is simple or zero for each local idempotent
e in any right mininjective ring. Furthermore, the converse is true in any ring
R that has “enough” local idempotents in the sense that, for every simple right
module M, Me �= 0 for some local idempotent e (equivalently, if M ∼= eR/eJ
for some local idempotent e).

The local case of Theorem 3.2 gives a converse to Example 2.4.

Corollary 3.3. A local ring R is right mininjective if and only if Sr is zero or
simple as a left ideal.

In the artinian case, Theorem 3.2 gives an easy proof of the following char-
acterizations of quasi-Frobenius rings, which are part of the folklore of the
subject.

Theorem 3.4. The following conditions are equivalent for a right and left
artinian ring R:

(1) R is quasi-Frobenius.
(2) R is right and left Kasch, and both soc(Re) and soc(eR) are simple for

every local idempotent e ∈ R.

(3) Sr = Sl and both soc(Re) and soc(eR) are simple or zero for every local
idempotent e ∈ R.

Proof. (1)⇒(2). Given (1), R is right Kasch because rl(T ) = T for every
maximal right ideal T (Theorem 1.50). Similarly, R is left Kasch. If e = e2 ∈ R
is local then eR is uniform [being injective by (1) and indecomposable]. Hence,
soc(eR) is essential in eR (it is nonzero because R is right artinian). It follows
that soc(eR) is simple; similarly soc(Re) is simple.

(2)⇒(3). Since R is right Kasch, we have Sr e �= 0 for every local idempotent
e by Theorem 3.2. Hence Sr e contains a simple left ideal (R is left artinian), so
soc(Re) ⊆ Sr e by (2). Thus if 1 = e1+· · ·+en , where the ei are local, orthogonal
idempotents, then Sl = ⊕i soc(Rei ) ⊆ ⊕i Sr ei ⊆ Sr . Similarly, Sr ⊆ Sl .
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(3)⇒(1). If e2 = e is local then Sr e = Sr ∩ Re = Sl ∩ Re = soc(Re) using (3).
Hence R is right mininjective by Theorem 3.2. Similarly, R is left mininjective.
Since R is two-sided artinian, it is quasi-Frobenius by Ikeda’s theorem (Theo-
rem 2.30). �

Note that the proof of (2)⇒(3) in Theorem 3.4 requires only that Sl ⊆ess
R R

and Sr ⊆ess RR and so holds for any left and right perfect ring. Moreover, the
proof that (3)⇒(1) yields

Proposition 3.5. If R is a semiperfect ring in which Sr ⊆ Sl and soc(Re) is
simple or zero for all local idempotents e, then R is right mininjective.

Before proceeding, we need a lemma about local idempotents, which will be
used several times. It is based on the following module-theoretic observation.
Suppose M = P ⊕ Q is a direct sum of modules. Then the maps

X 
→ X ⊕ Q and Y 
→ Y ∩ P (*)

are mutually inverse lattice isomorphisms between the lattice {X | X ⊆ P} of
all submodules of P and the lattice {Y | Q ⊆ Y ⊆ M} of all submodules of
M that contain Q. The verification is a routine computation using the modular
law, and we apply the result as follows:

Lemma 3.6. An idempotent e in a ring R is local if and only if J + R(1 − e)
is the unique maximal left ideal of R that contains R(1 − e). Furthermore,

R

J + R(1 − e)
∼= Re

Je

in this case.

Proof. Apply (*) to the decomposition R = Re ⊕ R(1 − e) to conclude that
Je is the unique maximal submodule of Re (equivalently, that e is local) if and
only if J + R(1 − e) is the unique maximal submodule of R R that contains
R(1 − e). Since J + R(1 − e) = Je ⊕ R(1 − e), we have

R

J + R(1 − e)
= Re ⊕ R(1 − e)

Je ⊕ R(1 − e)
∼= Re

Je
. �

We can now begin our investigation of the structure of an arbitrary semiper-
fect, right mininjective ring. The next theorem collects some basic properties
of these rings, including some important criteria that the two socles are equal.
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Note that, if R is any right mininjective, right Kasch ring, it follows from The-
orem 2.31 that Re contains a simple left ideal for every e2 = e �= 0. If R is
semiperfect, we can say more.

Theorem 3.7. Let R be a semiperfect, right mininjective ring. Then:

(1) Sr is semisimple and artinian as a left R-module.
(2) If 0 �= k ∈ soc(eR), where e2 = e is local, then Rk is simple.
(3) If R is right Kasch, the following conditions are equivalent:

(a) Sr = Sl .

(b) lr(K ) = K whenever e2 = e ∈ R is local and K ⊆ Re is a simple left
ideal.

(c) soc(Re) = Sr e for every local e2 = e ∈ R.

(d) soc(Re) is simple for every local e2 = e ∈ R.

Proof. If 1 = e1 + · · · + en where the ei are local idempotents in R then
Sr = �i Sr ei , so statement (1) is clear from Theorem 3.2. Turning to (2), we
let 0 �= k ∈ soc(eR). Then R(1 − e) ⊆ l(k), and J ⊆ l(R) because soc(eR) ⊆
Sr ⊆ Sl (using Theorem 2.21). Hence J + R(1−e) ⊆ l(k) �= R, and so l(k) =
J + R(1 − e) is maximal by Lemma 3.6, and (2) follows. To prove (3), assume
that R is right Kasch.

(a)⇒(b). Suppose that K ⊆ Re is a simple left ideal, where e2 = e ∈ R is
local. We have K J = 0 by (a), so r(K ) ⊇ J + (1 − e)R. As J + (1 − e)R
is maximal by Lemma 3.6, it follows that r(K ) is maximal. Hence lr(K ) is
simple by Theorem 2.31, and (b) follows because K ⊆ lr(K ).

(b)⇒(c). Let K ⊆ Re be a simple left ideal, so that r(K ) ⊇ (1 − e)R.
It follows that r(K ) ⊆ J + (1 − e)R because J + (1 − e)R is the unique
maximal right ideal containing (1 − e)R by Lemma 3.6. But then (b) gives
K = lr(K ) ⊇ l[J + (1 − e)R] = l(J ) ∩ Re = Sr ∩ Re = Sr e, again because
R is semilocal. But Sr e �= 0 by Theorem 3.2, so K = Sr e because K is simple.
This proves (c).

(c)⇒(d). This follows by Theorem 3.2 because R is right mininjective and
right Kasch.

(d)⇒(a). Given (d) we have soc(Re) = Sr e for each local e2 = e by Theorem
3.2. Let 1 = e1 +· · ·+ en , where the ei are orthogonal local idempotents. Then
Sl = ⊕i soc(Rei ) = ⊕i Sr ei ⊆ Sr . Since Sr ⊆ Sl in any right mininjective ring,
(a) follows. �

The localization Z(p) = {m
n | p does not divide n} of Z at the prime p is a

commutative, local, mininjective ring in which conditions (a), (b), and (c) in
Theorem 3.7 are all true, but Z(p) is not Kasch (it is a domain).
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If we insist that R is (left and right) mininjective in Theorem 3.7, we get the
following result.

Corollary 3.8. Let R be a semiperfect, two-sided mininjective, two-sided
Kasch ring. Then R is a two-sided minannihilator ring, Sr = Sl (denoted S), and
soc(eR) = eS and soc(Re) = Se are both simple whenever e2 = e is local.

We can now characterize the commutative, semiperfect, mininjective rings.

Proposition 3.9. The following are equivalent for a commutative, semiperfect
ring R:

(1) R is mininjective.
(2) soc(eR) is simple or zero for all local idempotents e.
(3) R is a finite product of local rings whose socles are simple or zero.

Proof. (1)⇒(2). Assume that soc(eR) �= 0. If K , M ⊆ eR are simple R-
submodules, they are simple eRe-submodules and so are eRe-isomorphic (as
e is local). But then they are R-isomorphic, and so M = cK , c ∈ R, by (1).
Hence M = K , proving (2).

(2)⇒(3). If 1 = e1 + · · · + em in R, where the ei are orthogonal, local
idempotents, then R ∼= �i ei Rei . Hence (3) follows because soc[(eR)eRe] =
soc[(eRe)R].

(3)⇒(1). If R ∼= R1 × · · · × Rn as in (3) then each Ri has square-free socle
and so is mininjective by Proposition 2.8. Hence R is mininjective by Exam-
ple 2.2. �

Note that the localization Z(p) of Z at the prime p is a commutative, local,
mininjective ring that has zero socle.

The simplicity of soc(eR) for each local idempotent e plays an important role
in the theory of semiperfect mininjective rings as we shall see. The following
lemma is fundamental in this discussion and will be used frequently in what
follows.

Lemma 3.10. Let e and f be local idempotents in a right mininjective ring R.

If eR and f R contain isomorphic simple right ideals, then eR ∼= f R.

Proof. Let α : K → f R be monic, where K ⊆ eR is a simple right ideal. By
hypothesis α = a· for some 0 �= a ∈ R, and we may assume that a ∈ f Re.
Hence a· : eR → f R is R-linear. We have Sr ⊆ Sl (because R is right minin-
jective), so 0 �= α(K ) = aK ⊆ aSr ⊆ aSl . This shows that a /∈ J, so aeR =
a R � f J. Hence a· is onto f R because f J is the unique maximal submodule
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of f R (as f is local). But then a· is one-to-one because f R is projective and
eR is indecomposable. �

If R is a semiperfect ring and 1 = e1 + · · ·+ em , where the ei are orthogonal
local idempotents, assume that {e1 R, . . . , en R} is a system of distinct repre-
sentatives for {e1 R, . . . , en R, . . . , em R}. Hence ei R ∼= e j R, 1 ≤ i, j ≤ n,

implies that i = j. In this case {e1, . . . , en} is called a basic set of idempo-
tents for R, and the idempotent e = e1 + · · · + en is called a basic idempotent
for R. The integer n is the number of isomorphism classes of simple right (or
left) R-modules. Furthermore, up to isomorphism, the ring eRe is independent
of the choice of the ei , and eRe and R are Morita equivalent rings because
ReR = R. The ring R is itself called a basic semiperfect ring if m = n, that is,
if 1 = e1 + · · · + en , where the ei are a basic set of local idempotents.

As a first application of Lemma 3.10 we prove

Proposition 3.11. Let R be a basic, semiperfect, right mininjective ring.

(1) Let {e1, . . . , en} be a basic set of idempotents in R. If K is any simple right
ideal of R then K ⊆ ei R for some (unique) i = 1, . . . , n.

(2) If e2 = e ∈ R is local then soc(eR) is either 0 or a direct sum of homoge-
neous components of Sr .

Proof. (1). If K = k R is simple, we have k = e1k +· · ·+enk. If ei k �= 0 �= e j k
for i �= j, then ei k R ∼= k R ∼= e j k R, whence ei R ∼= e j R by Lemma 3.10, which
is a contradiction. Hence k = ei k for some i, and (1) follows.

(2). Let e1, . . . , en be as in (1), so that eR ∼= ei R for some i = 1, . . . , n. If
soc(eR) �= 0, let K ⊆ eR be simple. If K ′ ∼= K , K ′ ⊆ R, then K ′ ⊆ e j R for
some j by (1). Hence i = j by Lemma 3.10, and (2) follows. �

3.2. Minfull Rings

Call a ring R right minfull if it is semiperfect, right mininjective, and
soc(eR) �= 0 for each local idempotent e ∈ R. The name derives from the last
hypothesis, which enables us to use a counting argument, together with Lemma
3.10, to show that these rings are right and left Kasch and hence that many
properties of quasi-Frobenius rings hold in this generality.

Theorem 3.12. Let R be a right minfull ring. Then:

(1) R is right and left Kasch.
(2) soc(eR) is homogeneous for each local e2 = e ∈ R.
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(3) Sr e is a simple left ideal for each local e2 = e ∈ R.

(4) The following conditions are equivalent:
(a) Sr = Sl .

(b) lr(K ) = K whenever e2 = e ∈ R is local and K ⊆ Re is a simple left
ideal.

(c) soc(Re) = Sr e for all local e2 = e ∈ R.

(d) soc(Re) is simple for all local e2 = e ∈ R.

Furthermore, if e1, . . . , en are basic, orthogonal, local idempotents, there ex-
ist elements k1, . . . , kn in R and a permutation σ of {1, . . . , n} such that the
following hold for each i = 1, . . . , n:

(5) ki R ⊆ ei R and Rki ⊆ Reσ i .
(6) ki R ∼= eσ i R/eσ i J and Rki

∼= Rei/Jei .

(7) Rki = Sr eσ i .
(8) {k1 R, . . . , kn R} and {Rk1, . . . , Rkn} are complete sets of distinct represen-

tatives of the simple right and left R-modules, respectively.

Proof. We begin with (5)–(8). Let e1, . . . , en be basic, orthogonal, local idem-
potents. For each i = 1, . . . , n, fix a simple right ideal Ki ⊆ ei R. As R is
semiperfect, choose σ i ∈ {1, . . . , n} such that Ki

∼= eσ i R/eσ i J. This map σ is
a permutation of {1, . . . , n} because σ i = σ j implies that Ki

∼= K j , whence
ei R ∼= e j R (by Lemma 3.10), and finally i = j (because the ei are basic). If
γ : eσ i R/eσ i J → Ki is an isomorphism, write ki = γ (eσ i + eσ i J ). Then
ki R = Ki

∼= eσ i R/eσ i J and ki ∈ ei Reσ i proving (5) and half of (6). Because
ki ∈ Sr ⊆ Sl , we obtain l(ki ) ⊇ J + R(1−ei ). But R/[J + R(1−ei )] ∼= Rei/Jei

is simple (see Lemma 3.6), so it follows that l(ki ) = J + R(1 − ei ) and hence
that Rki

∼= Rei/Jei. This proves (6). Now observe that ki = ki eσ i ∈ Sr eσ i . As
ki �= 0, Sr eσ i is simple by Theorem 3.2, and (7) follows.

Since R is semiperfect it has exactly n isomorphism classes of simple right
and left modules, represented respectively by e j R/e j J , where 1 ≤ j ≤ n, and
Rei/Jei , where 1 ≤ i ≤ n. Hence (6) implies both (8) and (1). To prove (2),
let K ⊆ ei R be a simple right ideal. Then K ∼= k j R for some j by (8), so j = i
by Lemma 3.10. Hence soc(ei R) is homogeneous, and (2) follows. Finally, (3)
follows from (7), and (4) follows by Theorem 3.7 because R is right Kasch
by (1). �

Observe that the Björk example is an artinian, local, right minfull ring in which
the conditions in (4) are all satisfied, but which fails to be left minfull (only
because it fails to be left mininjective).
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Corollary 3.13. If R is a right minfull, left minannihilator ring then Sl = Sr is
finite dimensional as a left R-module.

Proof. Sr = Sl by Theorem 3.12, and Sr is left artinian by Theorem 3.7. �

Corollary 3.14. A right minfull ring is left minfull if and only if it is left
mininjective.

Proof. If R is right minfull then 0 �= Sr e ⊆ soc(Re) for each local idempotent
e in R by Theorem 3.12. The result follows. �

Corollary 3.15. If R is a semiperfect, right mininjective ring, the following are
equivalent:

(1) R is right minfull.
(2) R is right Kasch and soc(eR) is homogeneous for each local e2 = e ∈ R.

Proof. (1) implies (2) by Theorem 3.12. Assume (2). If K is a simple right
ideal, then eK �= 0 for some local idempotent e, and so K ∼= eK ⊆ eR. Hence
if e1, . . . , en are basic idempotents in R, it follows (since R is right Kasch) that
every simple right R-module embeds in ei R for some i. If soc(ek R) = 0 for
some k, then some ei R with i �= k contains two nonisomorphic simple right
ideals, contrary to (2). This proves (1). �

Returning to the basic case, Proposition 3.11 shows that a basic, semiperfect,
right mininjective ring is right minfull if (and only if) it is right Kasch. In this
case we can improve upon (2) and (4) of Theorem 3.12 and obtain an improved
left version of Proposition 3.11(1).

Proposition 3.16. Let R be a basic right minfull ring and let 1 = e1 +· · ·+ en ,
where the ei are basic, orthogonal, local idempotents.

(1) If k1, . . . , kn in R are chosen as in Theorem 3.12, then soc(ei R) =
socki R(RR) = Rki R is a simple ideal.

(2) Sr = Sl if and only if R is a left minannihilator ring; and in this case the only
simple left ideals of R are the Sr ei = soc(Rei ) for i = 1, . . . , n.

Proof. (1). Since ei R � e j R when i �= j, this follows from Theorem 2.21 and
Corollary 2.22 because each simple right ideal is contained in ei R for some
i = 1, . . . , n.
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(2). Assume that Sr = Sl . If K is a simple left ideal, then K ei �= 0 for some
i , so, as K ei ⊆ Slei = Sr ei , we have K ei = Sr ei by Theorem 3.2. If K e j �= 0
for j �= i, then K e j

∼= K ∼= K ei , contrary to Theorem 3.12. Since �ei = 1, it
follows that K = K ei = Sr ei .This proves the last sentence of (2) and shows that
r(K ) ⊇ J + (1 − ei )R. Hence lr(K ) ⊆ l(J ) ∩ Rei = Sr ∩ Rei = Sr ei = K .

Thus lr(K ) = K , so we have proved that Sr = Sl implies that R is a left
minannihilator ring. The converse holds by Proposition 3.7. �

Turning to right and left minfull rings, we have the following immediate
consequence of Theorem 3.12.

Proposition 3.17. Let R be a right and left minfull ring. Then:

(1) Sr = Sl , which we denote as S.

(2) soc(eR) = eS and soc(Re) = Se are simple for all local e2 = e ∈ R.

(3) S is right and left finite dimensional.
(4) R is a right and left Kasch ring.
(5) R is a right and left minannihilator ring.
(6) If e1, . . . , en are basic local idempotents, there exists a permutation σ of

{1, . . . , n} such that the following hold for all i = 1, . . . , n:
(a) Seσ i = soc(Reσ i ) ∼= Rei/Jei and ei S = soc(ei R) ∼= eσ i R/eσ i J.

(b) {e1S, . . . , en S} and {Se1, . . . , Sen} are sets of distinct representatives
of the simple right and left R-modules, respectively.

Proof. Since R is right and left mininjective, (5) follows by Corollary 2.34.
Furthermore Sr = Sl , so the rest follows from Theorems 3.12 and 3.7. �

Theorem 3.18. The following are equivalent for a semiperfect ring R:

(1) R is right and left minfull.
(2) The dual of every simple R-module is simple.
(3) Sr e and eSl are simple for every local idempotent e ∈ R.

(4) R is right and left mininjective and right (or left) Kasch.

Proof. (1)⇒(2). This follows from Theorem 2.29 because R is two-sided Kasch
(by Proposition 3.17) and two-sided mininjective.

(2)⇒(3). This is because Sr e ∼= (eR/eJ )∗ and eSl
∼= (Re/Je)∗ for all local

idempotents e (using Lemma 3.1).
(3)⇒(4). This is by Theorem 3.2.
(4)⇒(1). By symmetry, assume that R is right Kasch. Then Sr e is simple

for all local e = e2 by Theorem 3.7, and so soc(Re) �= 0. Since R is also left
Kasch (by Theorem 3.12) we similarly get soc(eR) �= 0. �
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Note that the Björk example is a local, right and left artinian, right and left
Kasch ring that is right minfull but not left minfull.

We conclude this section by proving that being right minfull is a Morita
invariant property of rings. The following results (of interest in their own right)
will be needed. Recall that a ring R is called semilocal if R/J is semisimple
artinian.

Lemma 3.19. If R is a ring, each of the following is a Morita invariant property:

(1) soc(RR) ⊆ess RR .

(2) Sr ⊆ Sl .

Proof. Write R = Mn(R) and recall that every right ideal of R has the form
[X X X ] for X R ⊆ Rn . To show that (1) and (2) pass from R to R, it suf-
fices to show that soc(RR) = Mn(Sr ) and soc(R R) = Mn(Sl); we prove the
former. Let soc(RR) = [SSS], S ⊆ Rn . Then S ⊆ (Sr )n because (Sr )n =
soc(Rn), so soc(RR) ⊆ Mn(Sr ). The other inclusion holds because Mn(Sr ) =
[(Sr )n (Sr )n (Sr )n] is right R-semisimple.

Now let Q = eRe, where e2 = e ∈ R satisfies ReR = R. If k Q is simple,
k ∈ Q, then k R is simple as in the proof of Proposition 2.11. It follows that
soc(QQ) ⊆ eSr e; the other inclusion is proved similarly. Thus soc(QQ) = eSr e
and properties (1) and (2) pass from R to Q. �

Theorem 3.20. Each of the following classes of rings is Morita invariant.

(1) The right minfull rings.
(2) The right minfull rings R in which soc(Re) is simple for each local idem-

potent e2 = e ∈ R.

(3) The right minfull rings in which Sr ⊆ess RR .

Proof. If R is semiperfect and PR �= 0 is projective then P ∼= ⊕i ei R for some
local idempotents ei ∈ R. Hence soc(eR) �= 0 for every local e2 = e if and only
if, for any projective module PR �= 0, there exists an exact sequence
0 → S → P where SR �= 0 is semisimple. Thus (1) follows from The-
orem 2.15. Turning to (2), we find that a right minfull ring R satisfies the
condition in (2) if and only if Sr = Sl [by Theorem 3.12(4)]. Thus (2)
follows from (1) and Lemma 3.19. Similarly, (3) follows from (1) and Lemma
3.19. �
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3.3. Nakayama Permutations

If R is a semiperfect ring with basic idempotents {e1, . . . , en}, a permutation σ

of {1, 2, . . . , n} is called a Nakayama permutation for R if

soc(Reσ i ) ∼= Rei/Jei and soc(ei R) ∼= eσ i R/eσ i J

for each i = 1, 2, . . . , n. Thus every right and left minfull ring admits a
Nakayama permutation by Proposition 3.17.

Theorem 3.21. Let R be a semiperfect ring with a Nakayama permutation in
which Sr ⊆ess RR (or Sl ⊆ess

R R). Then R is right and left minfull.

Proof. We consider the case when Sr ⊆ess RR ; the other case is analogous. The
Nakayama permutation shows that soc(Re) and soc(eR) are both simple for
each local e = e2. If {e1, . . . , en} are basic idempotents then R is Kasch because
the ei R/ei J and Rei/Jei are complete systems of representatives of the simple
right and left R-modules, respectively. In particular Sr ei �= 0 and ei Sl �= 0 for
each i by Theorem 3.2. But soc(ei R) is simple and essential in ei R for each i, and
it follows that soc(ei R) ⊆ ei Sl . Hence Sr = ⊕i soc(ei R) ⊆ ⊕i ei Sl ⊆ Sl , and so
0 �= Sr e ⊆ Sle = soc(Re) for each local idempotent e. Hence Sr e = soc(Re) is
simple, so R is right mininjective (and right Kasch) by Theorem 3.2. This means
that R is right minfull and hence that Sr = Sl [by Theorem 3.12(4) because
soc(Re) is simple for all local e2 = e]. But then eSl = eSr = soc(eR) is simple
for each local e2 = e, so R is left mininjective. Hence R is left minfull. �

Note that the proof of Theorem 3.21 actually shows the following:

Corollary 3.22. A ring R is right and left minfull if it is a semiperfect, right
Kasch ring with Sr ⊆ess RR, in which soc(eR) and soc(Re) are both simple
for each local idempotent e.

Observe that the essential socle hypothesis in Theorem 3.21 is unnecessary
in a local ring R because, in that case, R is right (left) minfull if and only if Sr

is simple on the right (Sl is simple on the left). Hence, using Theorem 3.2, R is
right and left minfull if and only if it has a Nakayama permutation.

Nontheless, Theorem 3.21 does give the following classical characterization
of quasi-Frobenius.

Theorem 3.23 (Nakayama’s Theorem). A ring R is quasi-Frobenius if and
only if it is right and left artinian and has a Nakayama permutation.



68 Quasi-Frobenius Rings

Proof. If R satisfies these conditions, Theorem 3.21 shows that R is two-
sided minfull and hence two-sided mininjective. Hence R is quasi-Frobenius
by Ikeda’s Theorem (Theorem 2.30). �

3.4. Min-PF Rings

Recall (Theorem 1.56) that the right PF rings are the semiperfect, right self-
injective rings with essential right socle. Accordingly, with an eye on Theorem
3.12, we call a ring R a right min-PF ring if R is a semiperfect, right mininjective
ring in which Sr ⊆ess RR and lr(K ) = K whenever e2 = e ∈ R is local and
K ⊆ Re is a simple left ideal. Clearly every right min-PF ring is right minfull.

As the name implies, every right PF ring R is right min-PF. To see this it
suffices (using Theorem 1.56) to show that R is left minannihilator. But RR

is a cogenerator by Theorem 1.56, so rl(T ) = T for every right ideal T by
Lemma 1.40. Hence R is left mininjective and right minannihilator, and so it is
left minannihilator by Corollary 2.34 because Sr = Sl .

The next result collects the information we have about these right min-PF
rings.

Theorem 3.24. If R is a right min-PF ring, then the following hold:

(1) R is right and left Kasch.
(2) J = Zr .

(3) Sr = Sl is left finite dimensional.
(4) If e1, . . . , en is a basic set of local idempotents, there exist elements

k1, . . . , kn in R and a permutation σ of {1, . . . , n} such that the follow-
ing hold for all i = 1, . . . , n:
(a) ki R ⊆ ei R and Rki ⊆ Reσ i .
(b) ki R ∼= eσ i R/eσ i J and Rki

∼= Rei/Jei .

(c) {k1 R, . . . , kn R} and {Rk1, . . . , Rkn} are complete sets of distinct rep-
resentatives of the simple right and left R-modules,respectively.

(d) soc(Reσ i ) = Rki = Sr eσ i
∼= Rei/Jei is simple for each i.

(e) soc(ei R) is homogeneous with each simple submodule isomorphic to
ki R ∼= eσ i R/eσ i J.

Proof. (1) and (a) through (d) of (4) all follow from Theorem 3.12, (2) is by
Proposition 2.27, and (3) is by Corollary 3.13. To prove (e), let K ⊆ ei R be
simple. Then K ∼= k j R ⊆ e j R for some j by (c), so j = i by Lemma 3.10.
This proves (e). �
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Corollary 3.25. Suppose R is a semiperfect, left minannihilator ring in which
Sr ⊆ess RR and Sl ⊆ess

R R (for example, if R is a semiprimary, left minanni-
hilator ring). Then the following hold:

(1) R is a right min-PF ring that is left finite dimensional.
(2) if k ∈ R, Rk is simple if and only if k R is simple.
(3) J = Zr = Zl .

Proof. (1). R is right mininjective by Corollary 2.35. Hence R is right min-PF;
it is left finite dimensional by Theorem 3.24 because Sl ⊆ess

R R.

(2). If k R is simple then Rk is simple by Theorem 2.21. If Rk is simple,
let r(k) ⊆ T ⊆max RR . Then Rk = lr(k) ⊇ l(T ) �= 0 because R is right
Kasch (by (1)). Hence Rk = l(T ), so T ⊆ rl(T ) = r(k). As T is maximal,
T = r(k), whence k R is simple.

(3). We have J = Zr by Proposition 2.27, and Zl ⊆ J because R is semipo-
tent by Theorem B.9. But Sr = Sl ⊆ess

R R, and it follows that J ⊆ Zl because
Sr ⊆ l(J ) ⊆ l(a) for all a ∈ J . �

Example 3.26. Every right PF ring is both right and left min-PF.

Proof. By the discussion preceding Theorem 3.24, it remains to prove that
Sl ⊆ess

R R. To see this, observe first that since R is right self-injective it
satisfies lr(a) = Ra for all a ∈ R (by Corollary 1.38). Hence let 0 �= a ∈ R;
we show that Ra contains a simple left ideal. But if r(a) ⊆ T ⊆max RR, then
l(T ) ⊆ lr(a) = Ra, and l(T ) is simple by Theorem 2.31 because R is right
Kasch (by Theorem 3.24). �

Proposition 3.27. Suppose that R/A is a right and left min-PF ring for every
ideal A of R. Then R is an artinian principal ideal ring.

Proof. By Theorem 3.24, soc(R/A) is finitely generated and essential in R/A
as a left and right module for each ideal A. Hence R/A is artinian by the Vámos
Lemma (Lemma 1.52) and so is quasi-Frobenius. Thus R is an artinian principal
ideal ring by [53, p. 238]. �

Theorem 3.28. The right min-PF rings form a Morita invariant class.

Proof. Let Q denote either Mn(R), where n ≥ 1, or eRe, where e2 = e ∈ R
and ReR = R. If R is a right min-PF ring then (using Theorem 3.24) R is right
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minfull with Sl = Sr ⊆ess RR . Hence Theorem 3.20 and Lemma 3.19 show
that Q is a right minfull ring in which soc(QQ) = soc(Q Q) ⊆ess QQ . Hence
Q is right min-PF by Theorem 3.12. �

3.5. Annihilator Chain Conditions

We begin by applying Theorem 3.7 to give mild chain conditions that guarantee
that a right min-PF ring is quasi-Frobenius. If R is a ring, a right ideal of the
form r(X ), where X ⊆ R, is called a right annihilator, and we say that R has
the ACC on right annihilators, if every ascending chain of these right ideals is
eventually constant. We use similar terminology for left annihilators. We need
two lemmas about this condition.

Lemma 3.29 (Mewborn–Winton). If R has ACC on right annihilators, then
Zr is nilpotent.

Proof. Write Z = Zr . As Z ⊇ Z2 ⊇ · · · we get r(Z ) ⊆ r(Z2) ⊆ · · · , so let
r(Zn) = r(Zn+1); we show that r(Zn) = R. Suppose that Zna �= 0 for
some a ∈ R, and choose r(b) maximal in {r(b) | Znb �= 0}. If z ∈ Z then
r(z) ⊆ess RR , so r(z) ∩ bR �= 0, say 0 �= br with zbr = 0. Thus r(b) ⊂ r(zb),
so, by the choice of b, Znzb = 0. As z ∈ Z was arbitrary, this shows that
Zn+1b = 0, whence b ∈ r(Zn+1) = r(Zn), which is a contradiction. �

The second lemma we need is a useful condition that a semiprimary ring is
left artinian.

Lemma 3.30. Let R be a semiprimary ring with ACC on right annihilators, in
which Sr = Sl is finite dimensional as a left R-module. Then R is left artinian.

Proof. We use induction on the index of nilpotency n of J, that is, the smallest
integer n such that J n = 0. If n = 1 then J = 0 and R is semisimple artinian.
So assume that n ≥ 2. We have Sr = l(J ) and Sl = r(J ) (because R is semi-
local), and we write R̄ = R/A, where A = l(J ) = Sr = Sl = r(J ). Since R A
is artinian, it suffices to show that R R̄ = R̄ R̄ is artinian.

Since A = l(J ) is itself a left annihilator, the ring R̄ inherits the ACC on right
annihilators from R. Moreover, J (R̄) = (J + A)/A = J̄ , so R̄/ J̄ ∼= R/(J + A)
is semisimple and J̄ n−1 ⊆ (J n−1 + A)/A = 0 because J n−1 ⊆ r(J ) = A.

Hence R̄ is semiprimary and J̄ has index of nilpotency at most n − 1, so it
suffices by induction to show that soc(R̄ R̄) = soc(R̄ R̄) is finite dimensional as
a left R̄-module.
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If x̄ ∈ soc(R̄ R̄) = rR̄( J̄ ), we have J̄ x̄ = 0̄, so J x ⊆ A = l(J ), whence
J x J = 0. Thus x J ⊆ r(J ) = A, so x̄ J̄ = 0̄ and x̄ ∈ lR̄( J̄ ) = soc(R̄ R̄). Thus
soc(R̄ R̄) ⊆ soc(R̄ R̄), and the other inclusion is similarly proved. Finally, since
R has the DCC on left annihilators, we have l(J ) = l{b1, . . . , bm} for some
{b1, . . . , bm} ⊆ J. Then θ : R̄ → Rm given by θ (r + A) = (rb1, . . . , rbm) is
a well-defined monomorphism of left R-modules. Moreover, θ[soc(R̄ R̄)] =
θ [soc(R R̄)] ⊆ soc[R Rm] = Sm

l , so soc(R̄ R̄) is left finite dimensional by hy-
pothesis. This completes the proof. �

The following theorem is a sharp improvement on Ikeda’s theorem (Theorem
2.30) that a right and left artinian, right and left mininjective ring is quasi-
Frobenius. Surprisingly, we need only assume that R is semilocal.

Theorem 3.31. Suppose that R is a semilocal, left and right mininjective ring
with ACC on right annihilators in which Sr ⊆ess RR . Then R is quasi-Frobenius.

Proof. We have Sl = Sr by the mininjective hypothesis, so Sr ⊆ r(J ) ⊆ r(a)
for all a ∈ J. Since Sr ⊆ess RR it follows that J ⊆ Zr . But Zr is nilpotent
by Lemma 3.29, so R is semiprimary (being semilocal). In particular, R is
semiperfect and right mininjective, so Sr is finite dimensional as a left R-
module by Theorem 3.7. But then R is left artinian by Lemma 3.30, so R has
ACC on left annihilators. Since Sl ⊆ess

R R because R is semiprimary, the
same argument shows that R is also right artinian, and so it is quasi-Frobenius
by Ikeda’s theorem. �

We are going to show that every right min-PF ring with ACC on right anni-
hilators is left artinian. We will need the following three lemmas.

Lemma 3.32. Let R be a ring and let A be an ideal of R such that R/A satisfies
ACC on right annihilators. If Y1, Y2, . . . are subsets of l(A) there exists n ≥ 1
such that

r(Yn+1 · · · Y1) = r(Yn · · · Y1),

where Yi Y j = {xy | x ∈ Yi and y ∈ Y j }.

Proof. Write R = R/A and let r 
→ r denote the coset map R → R. Then
r(Y 1) ⊆ r(Y 2Y 1) ⊆ r(Y 3Y 2Y 1) ⊆ · · · , so, by hypothesis, there exists n ≥ 2 such
that r(Y n−1 · · · Y 1) = r(Y n · · · Y 1) = · · · . If b ∈ r(Yn+1 · · · Y1), this gives
Y n+1 · · · Y 1b = 0, so that Y n−1 · · · Y 1b = 0̄. Hence Yn−1 · · · Y1b ⊆ A ⊆ r(Yn)
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and so b ∈ r(Yn · · · Y1). Thus r(Yn+1 · · · Y1) ⊆ r(Yn · · · Y1); the other inclusion
is clear. �

A one-sided ideal A of a ring R is called right T-nilpotent if, given any se-
quence a1, a2, . . . from A, there exists an integer n ≥ 1 such that anan−1 · · ·
a2a1 = 0.

Lemma 3.33. If the ring R has ACC on right annihilators then every right
T-nilpotent, one-sided ideal is nilpotent.

Proof. If B is a right T-nilpotent one-sided ideal, we have r(B) ⊆ r(B2) ⊆ · · · ,
so let r(Bn) = r(Bn+1) = · · · . If A = Bn then r(A) = r(A2), and we claim
that A2 = 0. If not let Aa1 �= 0 with a1 ∈ A. Then A2a1 �= 0, so let Aa2a1 �= 0,

a2 ∈ A. This process continues to contradict the right T-nilpotency of B. �

With this we can give a useful condition that a semiperfect, right mininjective
ring is semiprimary.

Lemma 3.34. Suppose R is a semiperfect, right mininjective ring such that
Sr ⊆ess RR . If either R or R/Sr has ACC on right annihilators, then R is
semiprimary.

Proof. We have J = Zr by Proposition 2.27. Thus J is nilpotent if R has ACC
on right annihilators (by Lemma 3.29). Now suppose R = R/Sr has ACC
on right annihilators. It suffices to show that J̄ is right T-nilpotent (then it is
nilpotent by Lemma 3.33, so J n ⊆ Sr , whence J n+1 = 0). So let a1, a2, . . .

be a sequence from J = Zr . Since Zr Sr = 0 always holds, we have ai ∈
l(Sr ) for each i. Hence Lemma 3.32 provides an integer n ≥ 1 such that
r(an+1an · · · a1) = r(an · · · a1). But r(an+1) ⊆ess RR , so, if an · · · a1 �= 0, we
have r(an+1) ∩ (an · · · a1 R) �= 0. Thus let 0 �= x = an · · · a1r, r ∈ R, be such
that an+1x = 0. Hence r ∈ r(an+1an · · · a1) = r(an · · · a1), so 0 = an · · · a1r =
x, which is a contradiction. This proves that an · · · a1 = 0, as required. �

Theorem 3.35. Let R be a right min-PF ring with ACC on right annihilators.
Then R is left artinian.

Proof. Such a ring R is semiprimary by Lemma 3.34, so Sr = Sl is left finite
dimensional by Theorem 3.24. It follows that R is left artinian by Lemma 3.30.

�
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Recall that the socle series socn(M), n ≥ 1, of a module M is defined by
soc1(M) = soc(M) and

socn+1(M)

socn(M)
= soc

(
M

socn(M)

)

if n ≥ 1. This is required in the proof of the next result.

Lemma 3.36. If R is a semilocal ring for which Sr = Sl then

socn(RR) = socn(R R) = l(J n) = r(J n) for all n ≥ 1.

Proof. We have S = l(J ) = r(J ) because R/J is semisimple, so it holds for
n = 1. Suppose sock(RR) = sock(R R) = l(J k) = r(J k) for some k ≥ 1. We
have sock+1(RR) ⊆ l(J k+1) because sock+1(RR)/sock(R) is right R-semi-
simple. On the other hand, if a J k+1 = 0 then a J ⊆ sock(R), so [a R+sock(R)]/
sock(R) is right R-semisimple (because R/J is semisimple). Hence a R ⊆
sock+1(RR) and we have sock+1(RR) = l(J k+1). Similarly, sock+1(R R) =
r(J k+1). Finally, l(J k+1) = r(J k+1) follows easily from l(J k) = r(J k). �

With this we can give an important characterization of when a semiprimary
ring is left and right artinian.

Lemma 3.37. Let R be a semiprimary ring with Sr = Sl . If soc1(R) is right
artinian and soc2(R) is left artinian, then R is left and right artinian.

Proof. Let n be the index of nilpotency of J. Since R is semiprimary, the the-
orem is proved when we establish the following statement for i = 1, 2, . . . , n:

socn−i+1(R)/socn−i (R)is right artinian andJ n−i is left artinian.

We proceed by induction on i ≥ 1. When i = 1, J n−1 ⊆ soc1(R) and so J n−1

is left artinian. Moreover, socn(R)/socn−1(R) = R/socn−1(R) is right artinian
because R/J is semisimple and J ⊆ socn−1(R). Assume by induction that for
some i ≥ 1, socn−l+1(R)/socn−l(R) is right artinian and J n−l is left artinian
for all l ≤ i.

Claim. J n−i−1 is left artinian.

Proof. Let A = [J n−i−1 ∩ soc2(R)] + J n−i . Observe that A is left artinian,
since both soc2(R) and J n−i are left artinian. Thus, we only need to show that
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J n−i−1/A is left artinian as an R-module. Assume not, so that J n−i−1/A is not
left artinian as an R/J -module. Let R/J = ⊕r

i=1 Mni (Di ), where each Di is a
division ring, ni is a positive integer, and i = 1, 2, . . . , r. Then there is a homo-
geneous component H/A of J n−i−1/A corresponding to a simple component,
say Mn1 (D1), of R/J such that H/A is an infinite dimensional left vector space
over the division ring D1. Let {x1 + A, x2 + A, . . . } be an infinite family of D1-
linearly independent vectors in H/A.Since R/socn−i (R) is right artinian (by the
induction step), it is right noetherian. Thus [J + socn−i (R)]/socn−i (R) is right
finitely generated, and so J +socn−i (R) = y1 R+y2 R+ · · · +yk R+socn−i (R),
for some elements yt ∈ J, 1 ≤ t ≤ k. Let x ∈ J n−i−1 − A. If xyt = 0 for all
t = 1, 2, . . . , k, then

x J ⊆ x[J + socn−i (R)] = x[y1 R + y2 R + · · · + yk R + socn−i (R)]

= xy1 R + xy2 R + · · · + xyn R + x socn−i (R) = x socn−i (R)

⊆ J n−i−1socn−i (R).

Now, J [J n−i−1socn−i (R)] ⊆ J n−i socn−i (R) = 0 because socn−i (R) =
r(J n−i ). And since R/J is semisimple it follows that J n−i−1socn−i (R) is
semisimple as an R/J - module, and so it is semisimple as an R-module. Thus
we obtain J n−i−1socn−i (R) ⊆ soc1(R). But then x J ⊆ J n−i−1socn−i (R) ⊆
soc1(R), and so x J 2 = 0. Thus x ∈ l(J 2) = soc2(R), and hence x ∈
J n−i−1 ∩ soc2(R) ⊆ A, which is impossible. Thus we must have xyt �= 0,

for some t , 1 ≤ t ≤ k. With this in mind we are going to arrive at a contra-
diction by producing an infinite family of D1-linearly independent elements
{u1 + A, u2 + A, . . . } in H/A such that u p yq = 0 for p = 1, 2, . . . and q =
1, 2, . . . , k.

We begin the process with the element y1. For each i, 1 ≤ i ≤ r, let
Mni (Di ) = ei (R/J ) for some central primitive idempotent ei of R/J, and
denote m = dim D1 [e1(J n−i/J n−i+1)] + 1. Observe that x p yq ∈ J n−i , which
is a left artinian ideal of R by the induction step. Since m > dim D1 [e1(J n−i/

J n−i+1)], there exist elements α1, . . . , αm in D1, not all zero, such that

α1e1(x1 y1 + J n−i+1) + · · · + αme1(xm y1 + J n−i+1) = 0 in J n−i/J n−i+1.

Let ai = (αi , 0, . . . , 0), 1 ≤ i ≤ m. Then

a1(x1 y1 + J n−i+1) + · · · + am(xm y1 + J n−i+1) = 0 in J n−i/J n−i+1.

Now, lift a1, . . . , am to elements r1, . . . , rm in R and define x ′
1 = r1x1 + r2x2 +
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· · · + rm xm ∈ H. Observe that x ′
1 y1 ∈ J n−i+1, since

x ′
1 y1 + J n−i+1 = (r1x1 + r2x2 + · · · + rm xm)y1 + J n−i+1

= r1(x1 y1 + J n−i+1) + · · · + rm(xm y1 + J n−i+1)

= 0 in J n−i/J n−i+1.

Now by using the m elements xm+1, . . . , x2m and the preceding argument we
obtain an element

x ′
2 = rm+1xm+1 + rm+2xm+2 + · · · + r2m x2m ∈ H

such that x ′
2 y1 ∈ J n−i+1 and e1(rp + J ) �= 0 in R/J for some p, m + 1 ≤ p ≤

2m.

In this way we obtain an infinite sequence x ′
1, x ′

2, . . . ∈ H such that x ′
p y1 ∈

J n−i+1 for all p ≥ 1 and that
{

x ′
1 + A, x ′

2 + A, . . .
}

are D1-linearly indepen-
dent vectors in H/A. If we apply the same method to the sequence

{
x ′

1, x ′
2, . . .

}
and to J n−i+1/J n−i+2, we obtain another infinite sequence x ′′

1 , x ′′
2 , . . . ∈ H such

that x ′′
p y1 ∈ J n−i+2 for all p ≥ 1 and that

{
x ′′

1 + A, x ′′
2 + A, . . .

}
are D1-

linearly independent vectors in H/A. If we continue this process, we will
obtain an infinite sequence {t1 + A, t2 + A, . . . } of D1-linearly independent
vectors of H/A such that tp y1 = 0 for all p ≥ 1.

Next, we apply the same process to the element y2. Note that this process
preserves the fact that the previously constructed sequences are annihilated by
the element y1. So, we obtain an infinite sequence

{
t ′
1 + A, t ′

2 + A, . . .
}

of D1-
linearly independent vectors of H/A such that t ′

p y1 = 0 and t ′
p y2 = 0 for all

p ≥ 1.

Finally, the same process can be applied to the elements y3, . . . , yk to obtain
an infinite sequence u1, u2, . . . ∈ H such that u p yq = 0, where p ≥ 1, 1 ≤ q ≤ k,

and {u1 + A, u2 + A, . . . } are D1-linearly independent vectors in H/A. This
is the promised contradiction. Thus J n−i−1 is left artinian, and the Claim is
proved.

Now we can show that socn−i (R)/socn−i−1(R) is right artinian using a sim-
ilar process and the Claim. The relevant facts in this case are J n−i−1x �= 0
for any x ∈ socn−i (R) − socn−i−1(R), since socn−i−1(R) = r(J n−i−1), and
that J n−i−1socn−i (R) ⊆ soc1(R), which is right artinian by hypothesis. This
completes the proof. �

Theorem 3.38. Suppose that R is a two-sided min-PF ring. If either R has
ACC on right annihilators or R/soc(R) is right Goldie, then R is quasi-
Frobenius [where we write soc(R) = Sr = Sl].
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Proof. Since R is two-sided minfull, Sr = Sl and both soc(Re) and soc(eR)
are simple for every local e2 = e ∈ R. Since Sr = Sl we are done by Theorem
3.31 if R has the ACC on right annihilators. So assume that R/soc(R) is right
Goldie. Since both soc(Re) and soc(eR) are simple for every local e2 = e ∈ R,

it suffices by Theorem 3.4 to prove that R is right and left artinian. But R is
semiprimary by Lemma 3.34, whence soc2(R R) = soc2(RR). Since R is right
and left finite dimensional (by Theorem 3.24), and since R/soc(R) is right
Goldie, it follows that R is two-sided artinian by Lemma 3.37. �

The next result is required later and has independent interest.

Lemma 3.39. Suppose R is semiprimary and J 2 = 0. Then R has ACC and
DCC on left and right annihilators.

Proof. Every ascending chain of left annihilators in R has the form l(X1) ⊆
l(X2) ⊆ · · · , where each Xi is a right ideal and X1 ⊇ X2 ⊇ · · · . As J 2 = 0, we
have

J ⊆ l(X1 ∩ J ) ⊆ l(X2 ∩ J ) ⊆ · · · and X1 + J ⊇ X2 + J ⊇ · · · ⊇ J.

Since R/J is left noetherian and right artinian, there exists n ≥ 1 such that

l(Xn ∩ J ) = l(Xn+1 ∩ J ) = · · · and Xn + J = Xn+1 + J = · · · .

Now let k ≥ n. Since Xk ⊆ Xn and Xn ⊆ Xk + J, the modular law gives Xn =
Xn ∩ (Xk + J ) = Xk + (Xn ∩ J ). Thus

l(Xn) = l(Xk) ∩ l(Xn ∩ J ) = l(Xk) ∩ l(Xk ∩ J )

= l[Xk + (Xk ∩ J )] = l(Xk),

proving the lemma. �

We conclude by settling the J 2 = 0 case of the Faith conjecture.

Theorem 3.40. If R is a semiprimary, right and left mininjective ring with
J 2 = 0, then R is quasi-Frobenius.

Proof. Since R is right and left minfull, it is a right and left minannihilator
ring by Corollary 2.34, so R is a right and left min-PF ring. Hence R is quasi-
Frobenius by Lemma 3.39 and Theorem 3.38. �
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If F is a field, the ring R = [ F F
0 F

]
is a right and left artinian ring with J 2 =

0, but R is neither right nor left mininjective. Moreover, Camillo’s example
(Example 2.6) is a commutative, semiprimary, local, mininjective ring with
J 3 = 0 that is not quasi-Frobenius.

Notes on Chapter 3

The semiperfect rings were introduced by Bass [16] as a generalization of the
semiprimary rings and have only finitely many simple right modules represented
in the ring using a basic set of local idempotents (see Appendix B). In the right
mininjective case this gives combinatorial information about the ring, which in
turn leads to the right minfull rings and later to the right min-PF rings. Much
of this stems from Rutter [199] in the artinian case.

In Theorem 3.21 the Nakayama permutation refers to the original definition
of quasi-Frobenius rings in 1941 by Nakayama [150], where Theorem 3.24 is
proved. If e and f are primitive idempotents in a semiperfect ring R, then (eR,

R f ) is called an i-pair (injective pair) if soc(eR) ∼= f R/ f J and soc(R f ) ∼=
Re/Je. These Nakayama permutations are useful in showing that right self-
injectivity implies left self-injectivity because of Fuller’s theorem [68]: If R is
left artinian and e is a local idempotent of R, then eR is injective if and only
if there exists a local idempotent f in R such that (eR, R f ) is an i-pair; in this
case R f is also injective. Fuller’s theorem was investigated by Baba and Oshiro
[13] in the semiprimary case and by Xue [229] in the semiperfect case.

Theorem 3.31 is a descendent of Osofsky’s 1966 result [182] that every left
artinian, left and right self-injective ring is quasi-Frobenius.

Lemma 3.37 is due to Ara and Park [6, Theorem 2.2].
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Min-CS Rings

In this chapter, we consider the class of left min-CS rings (for which every
minimal left ideal is essential in a direct summand) and show that this weak
injectivity property is useful in obtaining semiperfect rings. Indeed, it is proved
in Theorem 4.8 that if R is left min-CS, then the dual of every simple right
R-module is simple, if and only if R is semiperfect with Sl = Sr and soc(Re)
is simple and essential for every local idempotent e of R. The hypotheses of
Theorem 4.8 are the weakest known conditions of this type that imply that R
is semiperfect.

If we strengthen the left min-CS hypothesis in Theorem 4.8 by requiring that
each closed left ideal with simple essential socle be a direct summand of R R
(R is left strongly min-CS), we obtain a class of rings that satisfies many of the
characteristic properties of left PF rings. If instead of assuming in Theorem 4.8
that the duals of simple right R-modules are simple we suppose, more generally,
that R is right Kasch, then we obtain a larger class of rings that still retains many
of these properties: It is shown in Theorem 4.10 that R is left CS and right Kasch
if and only if it is semiperfect and left continuous with Sr ⊆ess

R R.
On the other hand, a new characterization of left PF rings in terms of simple

modules alone is obtained by showing in Corollary 4.16 that R is left PF if and
only if the ring S = M2(R) of 2 × 2-matrices over R is left strongly min-CS
and the dual of every simple right S-module is simple. The chapter concludes
with some characterizations of the quasi-Frobenius rings among the left contin-
uous, right min-CS rings and some characterizations of the semiperfect, right
continuous rings.

In the last section of this chapter, we provide several characterizations of
quasi-Frobenius rings in terms of the CS and min-CS conditions.

78
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4.1. Semiperfect Min-CS Rings

We begin with two results about semiperfect rings. The first is a useful suffi-
cient condition that a ring is semiperfect and will be referred to several times
in this book.

Lemma 4.1. Let R be a left Kasch ring in which r(L) is essential in a summand
of RR for every maximal left ideal L of R. Then R is semiperfect.

Proof. If L ⊆max
R R, we show that the simple left R-module R/L has a pro-

jective cover (see Theorem B.21). Since R is left Kasch let La = 0, where 0 �=
a ∈ R. Then L = l(a), so R/L ∼= Ra. By hypothesis, let rl(a) = r(L) ⊆ess

eR, where e2 = e ∈ R. Define θ : Re → Ra by xθ = xa. Then θ is epic be-
cause a ∈ eR, and Ra is simple. Hence we are done if kerθ = Re ∩ l(a) is
small in Re, equivalently (since Re is finitely generated) if Re ∩ l(a) is the
only maximal submodule of Re (so e is local). So suppose that N ⊆max Re;
we must show that N ⊆ Re ∩ l(a); that is, N ⊆ l(a). If not, then N +l(a) = R
because l(a) is maximal. This gives 0 = r(N ) ∩ rl(a), whence 0 = [r(N ) ∩
eR] ∩ rl(a), and so r(N ) ∩ eR = 0 by the choice of e. Since Re/N is simple
the Kasch hypothesis gives an embedding σ : Re/N → R R. But if we set b =
σ (e + N ), then 0 �= b ∈ eR ∩ r(N ), which is a contradiction. �

Note that the proof of Lemma 4.1 shows that, in a left Kasch ring, if L ⊆max
R R

and r(L) ⊆ess eR, where e2 = e, then e is a local idempotent.

Lemma 4.2. Let R be a semiperfect ring in which Sl ⊆ess RR . Then:

(1) rl(T ) is essential in a summand of RR for each right ideal T of R.
(2) R is left Kasch.

Proof. (2) is Lemma 1.48. To prove (1), write l(T ) = R(1 − e) + B, where
e2 = e and B ⊆ J (see Corollary B.19). We show that rl(T ) ⊆ess eR. Since
rl(T ) = eR ∩ r(B), it suffices to show that r(B) ⊆ess RR . But B ⊆ J , so
r(B) ⊇ r(J ) ⊇ Sl and the hypothesis applies. �

A module M is called a min-CS module if every simple submodule of M
is essential in a direct summand of M . A ring R is called a right min-CS ring
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if RR is a min-CS module. A module M is called min-continuous if M is a
min-CS module and every minimal submodule of M that is isomorphic to a
direct summand of M is itself a summand of M.

If F is a field, the ring R = [ F F
0 F

]
is left and right CS by Example 1.20 and

hence left and right min-CS, but R is neither right nor left mininjective because
Sr � Sl and Sl � Sr . Our next result characterizes the right mininjective rings
among the left min-CS rings.

Proposition 4.3. The following are equivalent for a left min-CS ring R:

(1) R is right mininjective.
(2) k R simple, k ∈ R, implies Rk simple (R is right minsymmetric).

In particular, a commutative min-CS ring is mininjective.

Proof. (1) always implies (2) by Theorem 2.21. Conversely, if k R is simple,
we must show that lr(k) = Rk. Since Rk is simple by (2), let Rk ⊆ess Re,
e2 = e, by the min-CS hypothesis. Then Rk ⊆ lr(k) ⊆ lr(Re) = Re, so
Rk ⊆ess lr(k). As Rk is simple, it suffices to show that lr(k) is semisimple;
that is, lr(k) ⊆ Sl . But if 0 �= a ∈ lr(k) then r(k) ⊆ r(a) �= R, so r(k) =
r(a) because r(k) is maximal. Thus a R ∼= k R is simple, so Ra is simple by (2)
and a ∈ Sl as required. �

The next two results contain some properties of semiperfect left min-CS rings
that will be needed in the sequel. Recall that a ring R is a right min-PF ring if it
is semiperfect, right mininjective with Sr ⊆ess RR and lr(K ) = K whenever
e2 = e ∈ R is local and K ⊆ eR is a simple left ideal.

Lemma 4.4. Let R be a semiperfect left min-CS ring. Then the following hold:

(1) If Sl ⊆ Sr and Rk is simple, k ∈ R, then k R is simple.
(2) If Sl = Sr the following hold:

(i) R is a left minannihilator ring.
(ii) R is right mininjective.

(iii) Rk is a simple left ideal if and only if k R is a simple right ideal.
(3) If Sr = Sl ⊆ess RR then R is a right min-PF ring.

Proof. (1). If Rk is simple let Rk ⊆ess Re, where e2 = e ∈ R. Then r(k) ⊇
J + (1 − e)R because k ∈ Sl ⊆ Sr . But Re is indecomposable, so, as R is
semiperfect, e is local and J + (1 − e)R is the unique maximal right ideal
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containing (1 − e)R by Lemma 3.6. It follows that r(k) = J + (1 − e)R is
maximal, proving (1).

(2). To prove (i), let Rk be a simple left ideal of R. If 0 �= a ∈ lr(k)
then r(k) ⊆ r(a), so a R is simple [r(k) is maximal by (1)]. It follows that
lr(k) ⊆ Sr ⊆ Sl , whence lr(k) is a semisimple left ideal. But Rk ⊆ess lr(k)
as in the proof of Proposition 4.3, so Rk = lr(k), proving (i). Now Proposition
2.33 gives (ii) because Sr ⊆ Sl . Finally (ii) implies (iii) by (1).

(3). This follows by (i), (ii), and the definition of a right min-PF ring. �

Lemma 4.5. Let R be a semiperfect, left Kasch, left min-CS ring. Then the
following hold:

(1) Sl ⊆ess
R R and soc(Re) is simple and essential in Re for all local idempo-

tents e ∈ R.

(2) R is right Kasch if and only if Sl ⊆ Sr .

(3) If {e1, . . . , en} are basic local idempotents in R then

{soc(Re1), . . . , soc(Ren)}

is a complete set of distinct representatives of the simple left R-modules.

Proof. (3). Given {e1, . . . , en} as in (3), let {e1, . . . , en, . . . , em} be a set of
orthogonal local idempotents with 1 = e1 + · · · + em . As R is left Kasch,
let Rei/Jei

∼= Ki ⊆ R for each i = 1, 2, . . . , n, where Ki is a simple left
ideal. Since R is a left min-CS ring, each Ki ⊆ess R fi for some f 2

i = fi ,

and fi is local because R is semiperfect. We have soc(R fi ) = Ki
∼= Rei/Jei

for i = 1, 2, . . . , n. But Rei/Jei
∼= Re j/Je j if and only if i = j because

e1, . . . , en are basic. Hence { f1, . . . , fn} is a basic set of local idempotents, and
the left ideals {K1, . . . , Kn} are a complete set of representatives of the simple
left R-modules. But then Rei

∼= R fσ i for some σ : {1, . . . , n} → {1, . . . , n},
and σ is monic (again because e1, . . . , en are basic). Now (3) follows.

(1). If e2 = e ∈ R is local then Re ∼= R fi for some i where the fi are
as above. Hence soc(Re) is simple and essential in Re. Furthermore, Sl =
⊕m

i=1soc(Rei ) ⊆ess ⊕m
i=1 Rei = R, proving (1).

(2). If Sl ⊆ Sr then R is right Kasch by (1) and Lemma 4.2. Conversely, if
R is right Kasch let K be a simple left ideal of R; we must show that K ⊆ Sr .

We have K ⊆ess Re for some e2 = e ∈ R by hypothesis, so it suffices to
show that Sr e �= 0. But e is local (Re is indecomposable), so Sr e �= 0 by
Theorem 3.2 �
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Corollary 4.6. The following are equivalent for a ring R:

(1) R is a left and right min-PF ring.
(2) R is a semiperfect, left and right min-CS ring with Sr = Sl ⊆ess RR .

Proof. (1)⇒(2). Given (1), R is semiperfect, Sr ⊆ess RR , and Sl ⊆ess
R R.

Since R is two-sided mininjective, it is two-sided minannihilator and Sr = Sl

by Corollary 2.34. Hence Sr = Sl is essential in both RR and R R, and it remains
to show that R is left and right min-CS. If K is a minimal right ideal of R then
K = rl(K ) is essential in a direct summand of R by Lemma 4.2, so R is right
min-CS. Similarly, R is left min-CS.

(2)⇒(1). Assume R is as in (2). As R is left min-CS it is a right min-PF ring
by (3) of Lemma 4.4. But R is a left Kasch ring by Theorem 3.24, so Sl ⊆ess

R R
by Lemma 4.5. Hence R is a left min-PF ring, again by (3) of Lemma 4.4. �

In preparation for our next theorem, we need the following lemma about semi-
perfect rings.

Lemma 4.7. Let R be a semiperfect ring and assume that 1 = e1 + · · · + en ,
where the ei are orthogonal local idempotents. If f is a local idempotent, then
R = f R ⊕ [⊕i �= j ei R] for some 1 ≤ j ≤ n.

Proof. Observe first that ⊕i �= j ei R = (1 − e j )R. We have f = f e1 f + · · · +
f en f , so, since f R f is a local ring, f e j f = a is a unit in f R f for some
j, say ab = f = ba for some b ∈ f R f. If f r ∈ f R ∩ (1 − e j )R, r ∈ R,

then f r = bar = b f e j f r = 0 because e j f r = 0. However, e j ( f R) � e j J
because e j f /∈ J ( f = ab = f e j f b), so e j ( f R) = e j R by Proposition B.2
because e j is a local idempotent. In particular, e j = e j f y for some y ∈ R,

whence 1 − f y ∈ r(e j ) = (1 − e j )R. It follows that R = f R + [⊕i �= j ei R],
completing the proof. �

Lemma 4.7 can be described by saying the decomposition R = e1 R⊕· · ·⊕en R
in a semiperfect ring R complements local direct summands f R. In fact it com-
plements every direct summand (see [1, Corollary 12.7]).

We can now deduce some important properties of the right mininjective, right
Kasch, left min-CS rings. We remind the reader that the dual of every simple
right R-module is simple if and only if R is right mininjective and right Kasch
(Theorem 2.31).

Theorem 4.8. Let R be a left min-CS ring such that the dual of every simple
right R-module is simple. Then the following statements hold:



4. Min-CS Rings 83

(1) R is semiperfect.
(2) For every k ∈ R, Rk is a minimal left ideal if and only if k R is a minimal

right ideal. In particular, Sl = Sr .

(3) R is a left minannihilator ring.
(4) soc(Re) is simple and essential in Re, for every local idempotent e of R.

In particular, Sl = Sr ⊆ess
R R and R is left finite dimensional.

(5) R is left Kasch if and only if soc(eR) �= 0 for every local idempotent e of
R. Moreover, in this case the following assertions hold:
(a) soc(eR) is homogeneous for every local idempotent e of R.
(b) If {e1, . . . , en} is a basic set of local orthogonal idempotents, then there

exist elements k1, . . . , kn in R and a (Nakayama) permutation σ of
{1, . . . , n} such that the following hold for each i = 1, . . . , n:

(i) ki R ⊆ soc(ei R).
(ii) Rki = soc(Reσ i ) is simple and essential in Reσ i .

(iii) ki R ∼= eσ i R/eσ i J , and Rki
∼= Rei/Jei .

(iv) {k1 R, . . . , kn R} and {Rk1, . . . , Rkn} are complete sets of repre-
sentatives of the isomorphism classes of simple right and left R-
modules, respectively.

Conversely, if R is a semiperfect ring with Sl = Sr , and soc(Re) is simple for
every local idempotent e of R, then the dual of every simple right R-module is
simple.

Proof. (1). By Theorem 2.31, R is right Kasch, right mininjective, and l(T ) is
a simple left R-module for every maximal right ideal T of R. By Lemma 4.1,
R is semiperfect.

(2). If k R is a minimal right ideal of R, then Rk is a minimal left ideal
because R is right mininjective (Theorem 2.21). Conversely, suppose that Rk
is a minimal left ideal of R. Since R is a left min-CS ring, Rk ⊆ess Re for
some e2 = e ∈ R. But e is local (R is semiperfect), so T = J + (1 − e)R is
the unique maximal right ideal containing (1 − e)R. Since (1 − e)R ⊆ r(k),
we have r(k) ⊆ T, whence lr(k) ⊇ l(T ). By Lemma 2.28, l(T ) ∼= (R/T )∗,
so l(T ) is simple by hypothesis.

However, Rk ⊆ess Re implies Rk ⊆ess lr(k) ⊆ Re. Since both Rk and
l(T ) are simple, it follows that l(T ) = Rk. Thus r(k) = rl(T ) = T because
R is right Kasch, and so k R is a minimal right ideal of R.

(3). Sl = Sr by (2), and so (3) follows by (2) of Lemma 4.4.
(4). As we have already remarked, our hypotheses imply that R is a right

Kasch, right mininjective ring. Then it follows from Theorem 3.7 that if e is a
local idempotent, then Re has a simple socle. Now let R = Re1 ⊕ · · · ⊕ Ren ,
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where the ei are local idempotents, and let Ck be the socle of Rek . Since R is
left min-CS, there exists a direct summand R f of R R, f 2 = f, such that Ck

is essential in R f. By Lemma 4.7 we have R = R f ⊕ [⊕i �= j Rei ] for some
1 ≤ j ≤ n. But we must have j = k because R f ∩ Rek ⊇ Ck �= 0. It follows
that Rek

∼= R f, showing that Rek has simple essential socle.
(5). Every simple left R-module has the form Re/Je, where e2 = e is local.

Since Lemma 3.1 gives (Re/Je)∗ ∼= e r(J ) = eSl = eSr = soc(eR), it follows
that R is left Kasch if and only if soc(eR) �= 0 for all local e2 = e. In particular,
R is right minfull, so (a), (b), and the fact that R is a left Kasch ring follow
from Theorem 3.12 and Lemma 4.5.

Finally, for the converse, suppose that R is semiperfect with Sl = Sr and
soc(Re) is simple for every local idempotent e of R. Let K be a simple right
R-module. Then K ∼= eR/eJ for some local idempotent e of R and so K ∗ ∼=
(eR/eJ )∗ ∼= l(J ) · e = Sle = soc(Re) is simple. �

Corollary 4.9. A ring R is left and right min-PF if and only if R is left and
right min-CS and the dual of every simple R-module is simple.

Proof. If R is left and right min-PF then R is left and right min-CS by Corollary
4.6. Since left and right min-PF rings are left and right minfull, the dual of every
simple R-module is simple by Theorem 3.18. Conversely, if R is left and right
min-CS and the dual of every simple R-module is simple, it follows from
Theorem 4.8 that R is a semiperfect, left and right mininjective, left and right
minannihilator ring with Sl = Sr essential in both R R and RR . Hence R is a
left and right min-PF ring. �

4.2. Continuity

It is an open question whether the left self-injective right Kasch rings are left PF,
but a left CS right Kasch ring need not be left PF [the Björk and Camillo exam-
ples (Examples 2.5 and 2.6) are not left self-injective, hence not left PF]. How-
ever, in the next theorem we show that left CS right Kasch rings are semiperfect.

Theorem 4.10. A ring R is left CS and right Kasch if and only if R is a semi-
perfect left continuous ring with Sr ⊆ess

R R.

Proof. Suppose R is left CS and right Kasch and let T be a maximal right
ideal of R. Then l(T ) ⊆ess Re, for some e2 = e ∈ R, so R is semiperfect by
Lemma 4.1. Furthermore, since R is right Kasch, R is left continuous because
right Kasch rings are left C2 (Proposition 1.46). Moreover, Sr �= 0 (R is right
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Kasch), and by the left CS-condition Sr ⊆ess Re for some idempotent e of R.

Thus (1 − e)R ⊆ r(Sr ). But r(Sr ) = J because R is right Kasch, which is
a contradiction unless e = 1. Hence Sr ⊆ess

R R. The converse follows from
Lemma 4.2. �

In what follows we investigate the class of semiperfect left continuous rings
with essential left socle as an interesting generalization of the left PF rings.

Lemma 4.11. Let R be a semiperfect, left continuous ring, and assume that
Sl ⊆ess

R R. Then the following hold:

(1) Zr ⊆ J = Zl .

(2) Sl ⊆ Sr .

(3) soc(Re) is simple and essential in Re for all local e2 = e ∈ R. (In particular,
R is left finitely cogenerated.)

(4) R is a two-sided Kasch ring.
(5) soc(eR) �= 0 for all local e2 = e ∈ R.

Proof. (1). Zr ⊆ J in any semiperfect ring and J = Zl by Utumi’s theorem
(Theorem 1.26) because R is left continuous.

(2). This follows from J = Zl because Sl Zl = 0 and Sr = l(J ).
(3). Re is a CS module because R is a left CS ring and summands of CS

modules are again CS (by Proposition 1.30). By hypothesis, let S be a simple
submodule of Re. Since Re is uniform (it is an indecomposable CS module),
it follows that S = soc(Re) ⊆ess Re.

(4). R is right Kasch by (2) and Theorem 4.10. Let {e1, . . . , en} be a basic
set of primitive idempotents of R. By (3), Si = soc(Rei ), 1 ≤ i ≤ n, is
simple. To show that R is left Kasch, it suffices to show that {S1, . . . , Sn} is a
complete set of distinct representatives of the simple left R-modules. To this
end, let σ : Si → Sj be an isomorphism; we show that i = j. If not, then
Re j is Rei -injective because R is left continuous, so σ can be extended to
σ̂ : Rei → Re j , and σ̂ is monic because Si ⊆ess Rei . If σ̂ is not onto, then
(Rei )σ̂ ⊆ Je j ⊆ Zl because e j is local and J = Zl . Thus 0 = L(ei σ̂ ) = (Lei )σ̂
for some essential left ideal L of R, and so Lei = 0 and ei ∈ Zl , which is a
contradiction. Thus i = j and R is a left Kasch ring.

(5). R is left Kasch by (4), so, using Lemma 3.1, 0 �= (Re/Je)∗ ∼= e r(J ) =
eSl ⊆ eSr = soc(eR) by (2). �

Theorem 4.12. Let R be a semiperfect, left continuous ring with Sl ⊆ess
R R.

If {e1, . . . , en} is a basic set of local idempotents in R, there exist elements
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k1, . . . , kn of R and a permutation σ of {1, 2, . . . , n} such that the following
hold:

(1) {Rk1, . . . , Rkn} and {k1 R, . . . , kn R} are complete sets of distinct represen-
tatives of the simple left and right R-modules, respectively.

(2) ki R ⊆ soc(ei R) and Rki = soc(Reσ i ) for all i = 1, 2, . . . , n.

(3) ki R ∼= eσ i R/eσ i J and Rki
∼= Rei/J ėi for all i = 1, 2, . . . , n.

Proof. R is left Kasch and Sl ⊆ Sr by Lemma 4.11. Hence, for any i =
1, 2, . . . , n, Lemma 3.1 gives

0 �= (Rei/Jei )
∗ ∼= ei r(J ) = ei Sl ⊆ ei Sr = soc(ei R).

Hence choose a simple right ideal Ki ⊆ ei Sl . We have Ki eσ i �= 0 for some
σ i ∈ {1, 2, . . . , n} , so let 0 �= ki ∈ Ki eσ i . Thus ki R = Ki is simple and
ki ∈ ei Reσ i . Moreover, ki ∈ Ki ⊆ Sl , so l(ki ) ⊇ J + R(1 − ei ), a maxi-
mal left ideal of R because ei is local. Hence Rki is also simple. But Rki ⊆
Reσ i , so since R is a left min-CS ring, Rki = soc(Reσ i ) by Lemma 4.5.
Now the maps rei 
−→ rki and eσ i r 
−→ kir are well-defined epimorphisms
Rei → Rki and eσ i R → ki R respectively, so Rei/Jei

∼= Rki = soc(Reσ i )
and eσ i R/eσ i J ∼= ki R. Since the ei are basic, these equations imply that both
{Rk1, . . . , Rkn} and {k1 R, . . . , kn R} are pairwise nonisomorphic, proving (1).
Moreover, soc(Reσ i ) ∼= Rei/Jei shows that σ is a permutation. This completes
the proof. �

Corollary 4.13. The following conditions are equivalent for a ring R:

(1) R is a left CS, left and right Kasch ring.
(2) R is a semiperfect left continuous ring with essential left socle.

Proof. Given (1), R is semiperfect and left continuous by Theorem 4.10. Since
R is also left Kasch, it follows from Lemma 4.5 that Sl ⊆ess

R R. Hence (1) ⇒
(2); (2) ⇒ (1) follows from (4) of Lemma 4.11. �

In a left min-CS module M, every simple submodule has a closure in M that
is a summand. If every closure of a simple submodule of M is a summand, we
say that the module M is strongly min-CS, and a ring R will be called a left
strongly min-CS ring if R R is strongly min-CS. The ring R = [

Z4 Z4
0 Z4

]
is a right

artinian ring that is not right CS, and hence it is not right strongly min-CS by the
following lemma. However, it is easily checked that this ring is right min-CS.
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Lemma 4.14. Let M be a module with finitely generated essential socle. Then
M is a strongly min-CS module if and only if M is a CS module.

Proof. Let C be a closed submodule of M ; we must show that C is a summand
of M. Since C has a finitely generated essential socle, we proceed by induction
on the composition length n of soc(C). If n = 1 it is our hypothesis. In general,
let K denote a simple submodule of C, and let D be a closure of K in C. Then
K ⊆ess D ⊆ C ⊆ M , where D is closed in C, and C is closed in M. It follows
that D is closed in M by Lemma 1.29, so D is a closure of the simple module K .

Hence D is a summand of M by hypothesis, say M = D ⊕ B. Since D ⊆ C we
obtain C = D ⊕ (C ∩ B), so soc(C) = soc(D) ⊕ soc(C ∩ B). Since soc(D) =
K it follows that soc(C ∩ B) has smaller composition length than soc(C). By
induction C ∩ B is a summand of M and hence of B, say B = X ⊕ (C ∩ B).
But then M = D ⊕ B = D ⊕ (C ∩ B) ⊕ X = C ⊕ X, as required. �

Theorem 4.15. The following conditions are equivalent for a ring R:

(1) R is left strongly min-CS and the dual of every simple right R-module is
simple.

(2) R is a semiperfect left continuous ring such that Sl = Sr ⊆ess
R R.

Moreover, if R satisfies these conditions, then the following hold:

(a) R is left and right Kasch.
(b) soc(Re) is simple and essential in Re and soc(eR) is nonzero and homo-

geneous, for every local idempotent e of R.
(c) R admits a (Nakayama) permutation of any basic set of primitive idempo-

tents as in (b) of Theorem 4.8.

Proof. (1)⇒(2). It follows from Theorem 4.8 that R is semiperfect, Sl =
Sr ⊆ess

R R, and Sl is finitely generated, so R is a left CS-ring by Lemma 4.14.
Moreover, R is right Kasch by (1) and Theorem 2.31, and so it satisfies the left
C2-condition by Proposition 1.46. Therefore R is left continuous, proving (2).

(2)⇒(1). Clearly every left continuous ring is left strongly min-CS. If R is
as in (2), then R is a right mininjective ring by Lemma 4.4, and R is a right
Kasch ring by Lemma 4.11. Then it follows from Theorem 2.31 that the dual
of every simple right R-module is simple.

Finally, the rest of the assertions (a)–(c) follows from Lemma 4.11 and The-
orem 4.8. �

In the next corollary we exploit these results to obtain a characterization of
left PF rings in terms of simple modules over the 2 × 2 matrix ring.
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Corollary 4.16. Let R be a ring and write S = M2(R). Then the following
conditions are equivalent:

(1) R is a left PF ring
(2) S is a left strongly min-CS ring such that the dual of every simple right

S-module is simple.

Proof. (1)⇒(2). Given (1), S is left PF by Morita invariance. Hence S is left
self-injective and so is left CS. Moreover, S is a left cogenerator that is right
Kasch by Theorem 1.56. Hence lr(L) = L for every left ideal L of S, and so
S is right mininjective. It follows that the dual of every simple right S-module
is simple by Theorem 2.31. This proves (2).

(2)⇒(1). If (2) holds then S is left continuous by Theorem 4.15, and hence
R is left self-injective by Theorem 1.35. Since, by Morita invariance, the dual
of every simple right R-module is simple, it follows from Theorem 4.15 that R
is a semiperfect ring with essential left socle and hence that R is left PF (again
by Theorem 1.56). �

Corollary 4.17. Let R be a commutative ring. Then the following conditions
are equivalent:

(1) R is a min-CS, Kasch ring.
(2) R is a semiperfect continuous ring with essential socle.

Proof. The implication (2)⇒(1) follows from Theorem 4.15. Conversely, as-
sume that (1) holds. Then R is a mininjective ring by Proposition 4.3, and so
the dual of every simple R-module is simple by Theorem 2.31. Then it follows
from Theorem 4.8 that R is semiperfect with essential socle, and R satisfies the
C2-condition because R is a Kasch ring. Write R = Re1 ⊕ · · · ⊕ Ren , where
{e1, . . . , en} is a complete set of orthogonal local idempotents of R. Each Rei

is uniform because soc(Rei ) is simple and essential in Rei by Theorem 4.8. If
A is an ideal of R, then (since R is commutative) A = ⊕n

i=1(A ∩ Rei ), and so
A is essential in a direct summand of R. �

4.3. Quasi-Frobenius Rings

It is a theorem of Utumi that a two-sided artinian, two-sided continuous ring
is quasi-Frobenius. Moreover, the Björk example (Example 2.5) is a one-sided
continuous, two-sided artinian ring that is not quasi-Frobenius. However, Faith
has proved that if R is a one-sided self-injective ring with ACC on left annihi-
lators then R is quasi-Frobenius (see Theorem 1.50). In what follows we will
unify and extend the results of Utumi and Faith in one single theorem.
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Lemma 4.18. Let M be a module such that M/soc(M) is finite dimensional.
If ⊕∞

i=1 Mi is an infinite direct sum of submodules of M, then there exists an
integer k such that Mi ⊆ soc(M) for all i ≥ k.

Proof. Write S = soc(M), M = M/S, and Ak = ⊕k
i=1 Mi . Given n ≥ 1, there

exists a submodule U ⊆ Mn+1 such that Mn+1 ∩ An = U . Write S = (An ∩
S) ⊕ T, so that U ⊆ An + S = An ⊕ T for some T ⊆ S. Let π : An ⊕ T → T
be the projection with ker (π ) = An. Since U ⊆ Mn+1, we have U ∩ An = 0,

and hence the restriction of the map π to U is monic. Thus U is semisimple,
so U ⊆ S and Mn+1 ∩ An = 0.

It follows that M1 ⊕ M2 ⊕ M3 ⊕ · · · is a direct sum, so, since M is finite
dimensional, there exists k such that Mi = 0 for all i ≥ k. Thus Mi ⊆ S =
soc(M) for all i ≥ k, as required. �

Proposition 4.19. Let M be a CS module. If M/soc(M) is finite dimensional
then M = K⊕ S, where K is finite dimensional and S is semisimple. In par-
ticular, M is a direct sum of uniform submodules.

Proof. Write S = soc(M), let K be a complement of S in M, and (by the CS
hypothesis) write M = K⊕ T for some submodule T of M. Then K ↪→ M/S,
so K is finite dimensional, and T is a CS module by Proposition 1.30. Thus
soc(T ) ⊆ess A for some summand A of T, say T = A ⊕ B. Hence M =
K ⊕ T = K ⊕ A ⊕ B. Since soc(B) = 0, B is finite dimensional because B ↪→
M/S, and we may write M = (K ⊕ B)⊕ A, where K ⊕ B is finite dimensional
and A is a CS module with essential socle. So, without loss of generality, we
may assume that M has an essential socle.

Suppose that S1 is a nonclosed simple submodule of M, and let C(S1) be a
closure of S1 in M . As M is CS, write M = C(S1) ⊕ M1. If S2 is a nonclosed
simple submodule of M1, write M = C(S1) ⊕ C(S2) ⊕ M2. If this continues
indefinitely then Lemma 4.18 shows that some C(Sm) will be in soc(M), which
is a contradiction. So we can write M = C(S1) ⊕ C(S2) ⊕ · · · ⊕ C(Sn) ⊕
Mn+1, where each Si is a nonclosed simple submodule of M, and each simple
submodule of Mn+1 is closed. Since C = C(S1) ⊕ C(S2) ⊕ · · · ⊕ C(Sn) is
finite dimensional, we may assume without loss of generality that every simple
submodule of M is closed in M.

We can now complete the proof by showing that M is semisimple, and we
accomplish this by showing that every finitely generated submodule D of M
is semisimple. Suppose D has an infinitely generated socle, and write soc(D) =
⊕∞

j=1 Ai , where each Ai is infinitely generated. Let C(Ai ) be a maximal essential
extension of Ai in M . Then ⊕∞

i=1C(Ai ) is an infinite direct sum of submodules
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of M, and by Lemma 4.18 there exists an integer k such that C(Ai ) = Ai for
all i ≥ k. By the CS-hypothesis, write M = Ak ⊕ Bk for some submodule Bk

of M. Since Ak ⊆ D ⊆ M, it follows that D = Ak ⊕ (Bk ∩ D) and hence
that Ak is finitely generated, a contradiction. Thus soc(D) is finitely generated.
Since every simple submodule of D is a summand, then by splitting off all the
simple submodules of D, we can write D = S ⊕ N , where S is semisimple and
N has zero socle. Because soc(D) is essential in D, we infer that N = 0 and
D is semisimple, whence M is semisimple, as required.

Finally, the last statement follows from the fact that an indecomposable direct
summand of a CS module is uniform. �

Lemma 4.20. Let R be a ring.

(1) If R has the ACC on left annihilators, then every left T-nilpotent ideal A of
R is nilpotent.

(2) If R/Sl has the ACC on left annihilators, then Zl is nilpotent.
(3) If J ⊆ Zl and R/Sr has the ACC on left annihilators, then J is nilpotent.

Proof. (1). This follows by Lemma 3.33.
(2). It suffices to show that Zl is left T-nilpotent [then (Zl + Sl)/Sl is a nil-

potent ideal of R/Sl by (1), and so Zl is nilpotent because Sl Zl = 0]. Hence
let z1, z2, . . . be a sequence from Zl . Since Zl ⊆ r(Sl) we have l(z1z2 · · · zk) =
l(z1z2 · · · zk+1) for some integer k ≥ 1 by Lemma 3.32. If z1z2 · · · zk �= 0,

let 0 �= x ∈ l(zk+1) ∩ Rz1z2 · · · zk, say x = r z1z2 · · · zk . Then 0 = xzk+1 =
(r z1z2 · · · zk)zk+1, so r ∈ l(z1z2 · · · zk+1) = l(z1z2 · · · zk), which is a contra-
diction. So z1z2 · · · zk = 0, proving (1).

(3). Since J ⊆ Zl we can repeat the argument in (2) to show that J k ⊆ Sr

for some k. Hence J k+1 ⊆ Sr J = 0. �

Lemma 4.21. Suppose R is left continuous. If either R/Sl or R/Sr has the
ACC on left annihilators, then R is semiprimary.

Proof. Suppose first that R/Sl has the ACC on left annihilators. Then Zl is
nilpotent by Lemma 4.20, so J is nilpotent because Zl = J by Utumi’s theorem
(Theorem 1.26). For convenience, write R = R/J and R̃ = R/Sl , so that
R/Sl

∼= R/(J + Sl) ∼= R̃/ J̃ . We must show that R is left artinian. The ring
R = R/J is regular by Utumi’s theorem, so its image R/(J + Sl) ∼= R̃/ J̃ is
also regular. But R̃ is I-finite (it has the ACC on left annihilators), so R̃/ J̃ is
also I-finite because idempotents lift modulo the nilpotent ideal J̃ . It follows
that R̃/ J̃ , and hence R/Sl is semisimple artinian. Thus it remains to show that
Sl is left artinian. But Sl = (Sl + J )/J ∼= Sl/(Sl ∩ J ) is semisimple, so we have
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Sl ⊆ soc(R). It follows that R/soc(R) is semisimple artinian, being an image of
R/Sl . Since R is left CS (in fact left continuous by Utumi’s theorem), it follows
from Proposition 4.19 that R is left finite dimensional. Since Sl ⊆ soc(R), it
follows that Sl is left artinian, as required.

Now suppose that R/Sr has the ACC on left annihilators. Then J is nilpotent
by part (3) of Lemma 4.20. In this case write R̂ = R/Sr , so again R/Sr

∼=
R/(J + Sr ) ∼= R̂/ Ĵ . Now R/Sr is regular (an image of R) and hence is
semiprime. As before, R̂/ Ĵ is I-finite, so R̂/ Ĵ ∼= R/Sr is regular and I-finite
and so is semisimple artinian. Hence Sr = (Sr + J )/J ∼= Sr/(Sr ∩ J ) is right
semisimple, so Sr ⊆ soc(R). It follows that Sr is a sum of minimal left ideals.
Hence R/soc(R) is semisimple artinian (an image of R/Sr ). Now the proof is
completed as in the preceding case. �

Theorem 4.22. The following conditions on a ring R are equivalent:

(1) R is quasi-Frobenius.
(2) R is a left continuous, right minannihilator ring with the ACC on left anni-

hilators.
(3) R is a left continuous, right min-CS ring with the ACC on left annihilators.
(4) R is a left continuous, right minannihilator ring and R/Sl is left Goldie.
(5) R is a left continuous, right min-CS ring and R/Sl is left Goldie.
(6) R is a left continuous, right minannihilator ring and R/Sr is left Goldie.
(7) R is a left continuous, right min-CS ring and R/Sr is left Goldie.

Proof. If R satisfies any of the conditions (1) through (7) then R is semiprimary
by Lemma 4.21. If R satisfies (2), (4), or (6) then R is a left min-PF ring with
Sr = Sl by Corollary 3.25. Then R is a left minannihilator ring by Lemma 4.4,
and so R is right min-PF, again by Corollary 3.25. Now Theorem 3.38 shows
that R is quasi-Frobenius. However, if R satisfies (3), (5), or (7) then R is a
left and right Kasch ring by Lemma 4.11, and hence Sl = Sr by Lemma 4.5
because R is left and right min-CS. Thus R is a left and right min-PF ring by
Corollary 4.6, so R is quasi-Frobenius, again by Theorem 3.38. �

Since every left self-injective ring R is left continuous and satisfies the con-
dition rl(T ) = T for all finitely generated right ideals T of R, the following
corollary is an immediate consequence of the previous theorem.

Corollary 4.23. The following conditions on a ring R are equivalent:

(1) R is quasi-Frobenius.
(2) R is left self-injective and R/Sl is left Goldie.
(3) R is left self-injective and R/Sr is left Goldie.
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We remark that the Björk example (Example 2.5) is a left and right artinian,
local, left continuous ring R in which the dual of each simple right R-module
is simple and every left ideal of R is an annihilator. However, R is not quasi-
Frobenius and, in fact, it can be readily seen that R is not right min-CS and the
dual of the unique simple left R-module is not simple.

We conclude this section with some characterizations of semiperfect, right
continuous rings. The proof requires three lemmas. The first two results are
about projective modules. Recall that a module is called singular if every ele-
ment has an essential annihilator.

Lemma 4.24. If PR is a finitely generated module that is projective and singular,
then P = 0.

Proof. Let P ∼= F/K , where FR is free on basis { f1, . . . , fn}, and put Ai =
r( fi + K ) for each i. Then Ai ⊆ess RR by hypothesis, so fi Ai ⊆ess fi R, and
we obtain ⊕n

i=1 fi Ai ⊆ess F. But ( fi + K )Ai = 0 for each i, so fi Ai ⊆ K . It
follows that K ⊆ess F. However, K ⊆⊕ F because F/K ∼= P is projective, so
K = F and P = 0. �

Lemma 4.25. If R is a semiregular ring in which Zr = J , then Rn satisfies the
C2-condition as a right R-module for each n ≥ 1.

Proof. Suppose N ∼= M ⊆⊕ Rn, N ⊆ Rn. By Theorem B.54, Rn is a semireg-
ular module, so let Rn = P ⊕ Q, where P ⊆ N and N ∩ Q is small in Rn by
Theorem B.51. Then N = P ⊕ (N ∩ Q) and N ∩ Q ⊆ rad(Rn) = J n = Zn

r .

Thus N ∩ Q is singular, and it is finitely generated and projective since this is
true of N . Thus N ∩ Q = 0 by Lemma 4.24, and it follows that N = P ⊆⊕ Rn.

�

It is not difficult to prove that an I-finite right C2 ring has the property that
monomorphisms RR → RR are epic. This condition arises in the next two
results.

Lemma 4.26. Let MR be a module and suppose M = U1 ⊕ U2 ⊕ · · · ⊕ Un ,
where each Ui is uniform. If monomorphisms M → M are epic then end(M)
is semiperfect.

Proof. By Theorem B.9, it is enough to prove that end(Ui ) is local for each
i . Given α ∈ end(Ui ) we have ker (α) ∩ ker (1 − α) = 0 in Ui , so either α or
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1 −α is monic. But a routine argument shows that monomorphisms in end(Ui )
are epic, and the lemma follows. �

We can now prove our characterization of the semiperfect, right continuous
rings.

Theorem 4.27. The following conditions on a ring R are equivalent:

(1) R is a semiperfect, right continuous ring.
(2) R is a right CS ring, Zr = J, and R has DCC on principal projective right

ideals.
(3) R is right quasi-continuous with DCC on principal projective right ideals.
(4) R is a right quasi-continuous, I-finite ring in which monomorphisms RR →

RR are epic.

Proof. (1)⇒(2). Let a1 R ⊇ a2 R ⊇ · · · , where each ak R is projective, ak ∈ R.

Since R satisfies the right C2-condition, ak R = ek R for some e2
k = ek ∈ R.Now

(2) follows because R is I-finite. We have Zr = J by Utumi’s theorem (The-
orem 1.26).

(2)⇒(3). Assume that R satisfies (2), so it is clearly I-finite. Hence R =
e1 R ⊕· · ·⊕en R, where the ei are orthogonal primitive idempotents. Moreover,
each ek R is uniform because it is a CS module, so R is semiperfect by Lemma
4.26. Since J = Zr , this implies that R has the right C2-condition by Lemma
4.25, and (3) follows by Lemma 1.21.

(3)⇒(4). The DCC implies that R is I-finite. If α : RR → RR is monic then
α = a· is left multiplication by a = α(1), where r(a) = 0, and we must show
that a R = R. But if a R �= R then a2 R �= a R, and we obtain R ⊃ a R ⊃
a2 R ⊃ · · · , which is a contradiction because ak R ∼= a R ∼= R is projective for
each k.

(4)⇒(1). Assume (4). Since R is I-finite, write 1 = e1 + · · · + en , where
the ei are orthogonal primitive idempotents. Hence R = e1 R ⊕ · · · ⊕ en R,

and each ek R is uniform because it is a CS module. Thus R is semiperfect by
Lemma 4.26. So, to show that R is continuous, it suffices by Lemma 4.25 to
prove that J = Zr . We have Zr ⊆ J because every right ideal T � J in a
semiperfect ring contains a nonzero idempotent. Conversely, if a ∈ J it suffices
to prove that each ei a ∈ Zr , that is, r(ei a) ⊆ess RR . We do it for e1a. Since
each ek R is uniform, it is enough to show that r(e1a) ∩ ek R �= 0 for each
k = 1, 2, . . . , n. If k = 1 suppose that r(e1a) ∩ e1 R = 0. Then x 
→ e1ax is a
monomorphism e1 R → e1 R and so is epic by (4). This means e1 R = e1ae1 R,

which is a contradiction because a ∈ J and e2
1 = e1 �= 0. So assume that
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r(e1a) ∩ ek R = 0 for some k �= 1. Then the map γ : e1aek R → ek R is well
defined by γ (e1aekr ) = ekr. But R is right quasi-continuous by (4), so ek R is
e1 R-injective by Theorem 1.33. Hence there exists γ̂ : e1 R → ek R extending
γ . If γ̂ (e1) = b ∈ ek R, we have ek = γ̂ (e1aek) = be1aek . Again this is a

0 → e1aek R ↪→ e1 R
γ ↓ ↙ γ̂

ek R

contradiction because a ∈ J. So r(e1a) ∩ ek R �= 0 when k �= 1, and (1) is
proved. �

Notes on Chapter 4

Harada [91] calls min-CS modules simple extending modules.
An important source of semiperfect rings is given by Osofsky’s theorem

(Theorem 1.57), which asserts that a left self-injective, left Kasch ring (left PF
ring) is semiperfect and has finitely generated essential left socle. From this
theorem (and Lemma 1.41) it follows that a left PF ring is right Kasch, so it
is natural to ask whether a left self-injective, right Kasch ring is left PF. This
question remains open.

Although it is known (Corollary 7.32) that every left CS, left Kasch ring has
finitely generated essential left socle, it is still unknown whether these rings
must be semiperfect.

Lemma 4.1, Theorem 4.8, Theorem 4.15, and Corollaries 4.16 and 4.17
are essentially from [85]; Lemma 4.18 and Proposition 4.19 come from [29].
Lemma 4.14 is due to Smith [206]. For Lemma 4.21 see Ara and Park [6], Lee
and Tung [134], and Nicholson and Yousif [160]. Theorem 4.27 is motivated
by the work of Huynh [99].

Theorem 4.22 extends fundamental work of Armendariz and Park [9], who
proved Corollary 4.23. In addition, Theorem 4.22 extends a theorem of Utumi
in the case where R is two-sided artinian and two-sided continuous, and it also
extends a theorem of Faith [54] where R is one-sided self-injective with ACC
on left annihilators. It is an open question whether a left continuous ring R with
R/Sl left Goldie is left artinian.

For more detailed information on the continuity condition, the reader is re-
ferred to Mohamed and Müller [147] and Dung, Huynh, Smith, and Wisbauer
[49].
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Principally Injective and FP Rings

A ring R is right mininjective if R-linear maps a R → R extend to RR → RR

whenever a R is a simple right ideal. It is natural to enquire about the rings for
which this condition is satisfied for all principal right ideals a R (for example if
R is regular or right self-injective). These rings, called right principally injective
(or right P-injective), play a central role in injectivity theory. An example is given
of a right P-injective ring that is not left P-injective. If R is right P-injective it
is shown that Zr = J, that R is directly finite if and only if monomorphisms
RR → RR are epic, and that R has the ACC on right annihilators if and only
if it is left artinian. If R is right P-injective and right Kasch then Sl ⊆ess

R R.

A semiperfect, right P-injective ring R in which Sr ⊆ess RR is called a right
GPF ring. Hence the right PF rings are precisely the right self-injective, right
GPF rings, and these right GPF rings exhibit many of the properties of the
right PF rings: They admit a Nakayama permutation, they are right and left
Kasch, they are left finitely cogenerated, Sr = Sl is essential on both sides, and
Zr = J = Zl .

Unlike mininjectivity, being right P-injective is not a Morita invariant. In
fact, Mn(R) is right P-injective implies that R is right n-injective. Call a ring R
right FP-injective if, for every finitely generated submodule K of a free right
R-module F, every R-linear map K → RR extends to F. Then it is shown that
R is right FP-injective if and only if Mn(R) is right P-injective for every n ≥ 1.

These right FP-injective rings form a Morita invariant class.
As in the right P-injective case, the Kasch condition has a profound ef-

fect on a right FP-injective ring and leads to an important situation where a
right injectivity condition leads to one on the left: If R is right 2-injective and
right Kasch then it is left P-injective. This has the remarkable consequence that
a right Kasch, right FP-injective ring is left FP-injective. This observation leads
to the following result: If R is a semiperfect ring, the following are equiva-
lent: (1) R is right FP-injective and right Kasch, (2) R is right FP-injective,

95
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and J = r(F) for a finite subset F ⊆ R, and (3) R is right FP-injective and
Sr ⊆ess RR ; remarkably, all three of these conditions are equivalent to their left–
right analogues. We call such rings FP rings, and we give several other charac-
terizations. For example, a right FP-injective ring R is an FP ring if and only if
it is right finite dimensional and right Kasch; if and only if it is left min-CS and
right Kasch; if and only if it is right finitely cogenerated and right min-CS. As
an application, we show among other things that a left perfect, right FP-injective
ring is quasi-Frobenius if soc2(R) is finitely generated as a right R-module.

5.1. Principally Injective Rings

If R is a ring, a module MR is called right principally injective (P-injective)
if every R-homomorphism γ : a R → M, a ∈ R, extends to R → M, equi-
valently if γ = m· is multiplication by some element m ∈ M. Every injective
module is P-injective, and a ring R is regular if and only if every right R-module
is P-injective. In fact, if the map ar 
→ r + r(a) from a R → R/r(a) is given
by left multiplication by b + r(a), then aba = a.

A ring R is called right principally injective1 (or right P-injective) if RR is a
P-injective module, that is, if every principal right ideal a R is extensive. Thus
every right self-injective ring is right P-injective, and every right P-injective
ring is right mininjective. Moreover, neither converse is true: Every regular
ring is both right and left P-injective, so there are P-injective rings that are not
right self-injective; and the ring Z of integers is a commutative, noetherian,
mininjective ring that is not P-injective.

Lemma 5.1. The following conditions are equivalent for a ring R:

(1) R is right P-injective.
(2) lr(a) = Ra for all a ∈ R.

(3) r(a) ⊆ r(b), where a, b ∈ R, implies that Rb ⊆ Ra.

(4) l[bR ∩ r(a)] = l(b) + Ra for all a, b ∈ R.

(5) If γ : a R → R, a ∈ R, is R-linear, then γ (a) ∈ Ra.

Proof. (1)⇒(2). Always Ra ⊆ lr(a). If b ∈ lr(a) then r(a) ⊆ r(b), so
γ : a R → R is well defined by γ (ar ) = br. Thus γ = c· for some c ∈ R by
(1), whence b = γ (a) = ca ∈ Ra.

(2)⇒(3). If r(a) ⊆ r(b) then b ∈ lr(a), so b ∈ Ra by (2).
(3)⇒(4). Let x ∈ l[bR ∩ r(a)]. Then r(ab) ⊆ r(xb), so xb = rab for some

r ∈ R by (3). Hence x − ra ∈ l(b), proving that l[bR ∩ r(a)] ⊆ l(b) + Ra.

The other inclusion always holds.

1 Right P-injective rings are also referred to as rings with the right principal extension property.
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(4)⇒(5). Let γ : a R → R be R-linear, and write γ (a) = d. Then r(a) ⊆
r(d), so d ∈ lr(a). But lr(a) = Ra [take b = 1 in (4)], so d ∈ Ra.

(5)⇒(1). Let γ : a R → RR. By (5) write γ (a) = ca, c ∈ R. Then γ = c·,
proving (1). �

Example 5.2. The Björk example (Example 2.5) is a right P-injective ring (it
has only one proper left ideal) that is not left P-injective; in fact it is not left
mininjective.

Example 5.3. A direct product �Ri of rings is right P-injective if and only if
each Ri is right P-injective by Lemma 5.1(2).

A multiplicative submonoid U of a ring R is called a left denominator set if
it satisfies the following conditions: (1) If u ∈ U and r ∈ R, then u1r = r1u
for some u1 ∈ U and r1 ∈ R (the left Ore condition), and (2) if ru = r1u
with r, r1 ∈ R and u ∈ U, then u1r = u1r1 for some u1 ∈ U (we say U is left
reversible). When these conditions are satisfied, R can be embedded in a ring of
left quotients Q in which each element u ∈ U is a unit and Q = {u−1r | u ∈ U,

r ∈ R}.

Example 5.4. If R is right P-injective and U ⊆ R is a left denominator set,
the ring of quotients Q = {u−1r | u ∈ U, r ∈ R} is also right P-injective. The
converse is false.

Proof. IfrQ(q) ⊆ rQ(p), where q = u−1a and p = v−1b, thenrR(a) ⊆ rR(b),
so b = ca, c ∈ R, by hypothesis. It follows that p = (v−1cu)q, as required.
The converse is false as Q ⊇ Z shows. �

Example 5.5. No polynomial ring R = S[x] is right P-injective because
lr(x) �= Rx .

Example 5.6. A domain is right P-injective if and only if it is a division ring.
If R is an integral domain in which each finitely generated ideal is principal (a
Bezout domain), then R/m R is P-injective for all 0 �= m ∈ R.

Proof. The first statement is clear. Write r̄ = r +m R in the ring R̄ = R/m R for
all r ∈ R, and assume that r(ā) ⊆ r

(
b̄
)
. By hypothesis, let m R + a R = d R,

say m = dx and a = dy. Then ax = my, so x̄ ∈ r(ā) ⊆ r
(
b̄
)
. It follows that

bx ∈ m R = dx R, so b ∈ Rd because R is a domain. Hence b̄ ∈ R̄d̄ = R̄ā, as
required. �
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Example 5.7. Let R be right P-injective and assume that, for each a ∈ R,

either Ra ⊆ a R or l(a) ⊆ r(a). Then the following are equivalent:

(1) R is regular.
(2) J = 0.

(3) R is semiprime.
(4) R is reduced (that is it has no nonzero nilpotents).

In particular, semiprime, commutative P-injective rings are regular. Further-
more, for reduced rings, being left or right P-injective is equivalent to being
(strongly) regular.

Proof. (1)⇒(2) and (2) ⇒(3) are clear.
(3)⇒(4). If a2 = 0 we show that a Ra = 0 and use (3). If Ra ⊆ a R then

a Ra ⊆ a(a R) = 0; if l(a) ⊆ r(a) then Ra ⊆ l(a) ⊆ r(a), so again a Ra = 0.

(4)⇒(1). If a ∈ R we must show that a ∈ a Ra. First we have r(a2) ⊆ r(a)
[in fact a2r = 0 ⇒ (ara)2 = 0 ⇒ ara = 0 ⇒ (ar )2 = 0 ⇒ ar = 0]. This
gives a ∈ Ra2 because R is right P-injective (Lemma 5.1). If Ra ⊆ a R then
a ∈ Ra2 = (Ra)a ⊆ (a R)a; if l(a) ⊆ r(a) then, writing a = ra2, we have
(1 − ra) ∈ l(a) ⊆ r(a) and so a = ara.

The last statements are now routine verifications. �

Example 5.8. A ring is called a right PP ring if every principal right ideal
is projective. A ring R is a right P-injective, right PP ring if and only if R is
regular.

Proof. Let R be a right P-injective, right PP ring. If a ∈ R then r(a) = eR,
where e2 = e because a R is projective. Hence Ra = lr(a) = R(1 − e), so R
is regular. The converse is clear. �

We now record several results about principal right ideals in a right P-injective
ring for reference.

Proposition 5.9. Let R be a right P-injective ring, and let a, b ∈ R.

(1) If bR embeds in a R, then Rb is an image of Ra.

(2) If a R is an image of bR, then Ra embeds in Rb.

(3) If bR ∼= a R, then Ra ∼= Rb.

Proof. Given σ : bR → a R, let σ = v·, v ∈ R. Then vb = au for some
u ∈ R, so define θ : Ra → Rb by (ra)θ = (ra)u = r (vb).
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(1). If σ is monic, we have r(vb) ⊆ r(b), whence Rb ⊆ Rvb by P-injectivity,
say b = rvb = (ra)θ. Thus θ is epic, proving (1).

(2). If σ is epic, write a = σ (bs) = vbs, s ∈ R. If (ra)θ = 0, r ∈ R, then
0 = (ra)u = r (vb), whence ra = r (vbs) = 0. Hence θ is monic, proving (2).

(3). If σ is an isomorphism, so also is θ by the proofs of (1) and (2). �

The next result will be referred to several times. Recall that we write N ⊆⊕ M
if the submodule N is a direct summand of the module M.

Proposition 5.10. Every right P-injective ring is a right C2 ring, but not
conversely.

Proof. If T is a right ideal of R and T ∼= eR, where e2 = e ∈ R, then T = a R
for some a ∈ R and T is projective. Hence r(a) ⊆⊕ RR, say r(a) = f R, where
f 2 = f ∈ R.Hence Ra = lr(a) = R(1− f ) ⊆⊕

R R, and so T = a R ⊆⊕ RR .

The converse is false by Example 5.12 following the next corollary. �

Corollary 5.11. If R is a right P-injective ring, the following are equivalent for
an element a ∈ R:

(1) a R is projective.
(2) a R is a direct summand of RR .

(3) a R is a P-injective module.

Proof. (1)⇒(2) by the proof of Proposition 5.10, and (2)⇒(3) is because direct
summands of P-injective modules are again P-injective. To prove that (3)⇒(1),
write M = a R for clarity and consider γ : a R → M given by γ (ar ) = ar. By
(3) we have γ = m·, m ∈ M. If m = ab, b ∈ R, then a = γ (a) = ma = aba,

and a R = eR, where e2 = e = ab, proving (1). �

Example 5.12. The trivial extension R = {[ a v

0 a

] | a ∈ F, v ∈ V
}

of the field
F by the two-dimensional vector space V is a commutative, local, artinian C2
ring that is not P-injective.

Proof. Let V = uF ⊕ wF, and write ū = [ 0 u
0 0

]
. Then ū R = [ 0 uF

0 0

]
and[ 0 ua

0 0

] 
→ [ 0 wa
0 0

]
is an R-linear map from ū R → R that does not extend to

R → R because w /∈ uF. Hence R is not P-injective. To see that R is a C2 ring,
it suffices (since R is local) to show that if T ∼= R, with T a right ideal, then
T = R. But if σ : R → T is an isomorphism, then T = x R, where x = σ (1),
and x is a unit because r(x) = 0 (the monomorphism x · : RR → RR is epic
because R is finite dimensional). �
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A ring R is called directly finite if ab = 1 in R implies that ba = 1. It is well
known that every I-finite ring is directly finite. Whereas the ring of all linear
transformations of an infinite dimensional vector space is a right and left P-
injective ring that is not directly finite, we do have the following result.

Theorem 5.13. A right P-injective ring R is directly finite if and only if mono-
morphisms RR → RR are isomorphisms.

Proof. Assume that R is directly finite. If σ : RR → RR is monic, write
σ (1) = a. Then r(a) = 0 so, by P-injectivity, Ra = lr(a) = l(0) = R. Hence
ba = 1 for some b ∈ R, so ab = 1 by hypothesis, and σ is onto. Conversely,
suppose that ab = 1 in R. Then the map β : R → R is monic if we define
β(r ) = br for all r ∈ R. By hypothesis β is epic, so, if 1 = β(c), then bc = 1.

Because ab = 1, it follows that c = a and hence that ba = 1. �

If R is a right self-injective ring then J = Zr by Theorem 1.26. Even though
this fails in a right mininjective ring (consider Z(p), where p is a prime), it does
hold in a right P-injective ring.

Theorem 5.14. If R is a right P-injective ring then J = Zr .

Proof. If a ∈ Zr then r(1 − a) = 0 because r(a) ∩ r(1 − a) = 0. Hence R =
lr(1 − a) = R(1 − a), and it follows that Zr ⊆ J. Conversely, if a ∈ J we
show that bR ∩ r(a) = 0, b ∈ R, implies that b = 0. In fact Lemma 5.1 gives
l(b) + Ra = l[bR ∩ r(a)] = l(0) = R, so l(b) = R because a ∈ J. �

Theorem 5.14 leads to the following result about right P-injective rings.

Proposition 5.15. Every right P-injective ring with ACC on right annihilators
is left artinian.

Proof. If R is such a ring, observe first that J is nilpotent by Theorem 5.14
and the Mewborn–Winton lemma (Lemma 3.29). Moreover, R has DCC on left
annihilators and so has DCC on principal left ideals by Lemma 5.1. Hence R is
right perfect by Theorem B.39. Thus R is semiprimary; in particular Sr ⊆ess RR .

Since R is left minannihilator (being right P-injective), it is right min-PF, and
so it is left artinian by Theorem 3.35. �

The next result gives one situation where the P-injective hypothesis extends
to certain finitely generated right ideals.
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Lemma 5.16. Let R be a right P-injective ring and assume that Rb1 ⊕ Rb2 ⊕
· · · ⊕ Rbn is a direct sum of left ideals of R.

(1) Any R-linear map γ : b1 R + b2 R + · · · + bn R → RR extends to R → R.

(2) If S = b1 R + · · · + bk R and T = bk+1 R + · · · + bn R, then l(S ∩ T ) =
l(S) + l(T ).

Proof. (1). Since R is right P-injective let γ (bi ) = ci bi , where ci ∈ R for each
i. Similarly, γ (b1 + b2 + · · · + bn) = c(b1 + b2 + · · · + bn) for some c ∈ R.

Hence ci bi = cbi for each i by the direct sum hypothesis, and it follows that
γ = c· on �bi R. Hence γ extends to c· : R → R.

(2) If x ∈ l(S ∩ T ) then γ : S + T → R is well defined by γ (s + t) = xs.
By (1) we have γ = c· for some c ∈ R, and it follows that c ∈ l(T ) and
x − c ∈ l(S). Hence x = (x − c) + c ∈ l(S) + l(T ), which proves that
l(S ∩ T ) ⊆ l(S) + l(T ). The other inclusion always holds. �

Proposition 5.17. Let ⊕i∈I Bi be a direct sum of (two-sided) ideals in a right
P-injective ring R. Then we have A ∩ [⊕i∈I Bi ] = ⊕i∈I (A ∩ Bi ) for every left
ideal A of R.

Proof. Let a ∈ A ∩ [⊕i∈I Bi ], write a = b1 + b2 + · · · + bn, bi ∈ Bi , and
let πk : ⊕n

i=1bi R → bk R be the projection. Since �n
i=1 Rbi is direct, Lemma

5.16 gives πk = pk ·, pk ∈ R. Hence bk = pka ∈ A ∩ Bk for 1 ≤ k ≤ n, so
a ∈ ⊕i∈I (A ∩ Bi ). This shows that A ∩ [⊕i∈I Bi ] ⊆ ⊕i∈I (A ∩ Bi ); the other
inclusion always holds. �

We conclude this section with some conditions that an endomorphism ring
is P-injective.

Proposition 5.18. Given a module MR, write S = end(MR).

(1) Assume that M generates ker (β) for each β ∈ S. Then S is right P-injective
if and only if ker (β) ⊆ ker (γ ) implies γ ∈ Sβ.

(2) Assume that M cogenerates M/β(M) for each β ∈ S. Then S is left P-
injective if and only if γ (M) ⊆ β(M) implies γ ∈ βS.

Proof. (1). If S is right P-injective and ker (β) ⊆ ker (γ ), then rS(β) ⊆ rS(γ ).
Hence γ ∈ Sβ by Lemma 5.1. Conversely, if the condition holds let γ ∈ lr(β);
we show that ker (β) ⊆ ker (γ ). Given x ∈ ker (β), use the generation hypoth-
esis to write x = ∑

i λi (mi ), where, for each i, mi ∈ M and λi : M → ker (β).
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Then βλi = 0 for each i, so γ λi = 0 because γ ∈ lr(β). It follows that
x ∈ ker (γ ).

(2). Let S be left P-injective. If γ (M) ⊆ β(M) then λβ = 0 implies λγ = 0;
that is, lS(β) ⊆ lS(γ ). Hence γ ∈ βS by Lemma 5.1. Conversely, if γ ∈ rl(β),
we show that γ (M) ⊆ β(M). If not and γ (m0) /∈ β(M), the cogeneration
hypothesis yields σ : M/β(M) → M such that σ [γ (m0) + β(M)] �= 0. If λ :
M → M is defined by λ(m) = σ [m + β(M)], then λγ �= 0 but λβ = 0, which
is a contradiction. �

In particular, if M is a generator or a cogenerator, Proposition 5.18 characterizes
when the endomorphism ring of M is P-injective.

5.2. Kasch P-Injective Rings

We begin with a result showing that imposing the right Kasch condition on a
right P-injective ring makes the left socle essential on the left.

Proposition 5.19. Let R be a right P-injective, right Kasch ring. Then

(1) Sl is essential in R R and
(2) l(J ) is essential in R R.

Proof. (1). If 0 �= a ∈ R, let r(a) ⊆ T , where T is a maximal right ideal. Then
l(T ) ⊆ lr(a) = Ra, and (1) follows because l(T ) is simple by Theorem 2.31.

(2). If 0 �= b ∈ R choose M maximal in bR and let σ : bR/M → RR be
monic. Then define γ : bR → RR by γ (x) = σ (x + M) so that γ = c· for
some c ∈ R by hypothesis. Hence cb = σ (b + M) �= 0 because b /∈ M and σ

is monic. But cbJ = γ (bJ ) = 0 because bJ ⊆ M, so 0 �= cb ∈ Rb ∩ l(J ), as
required. �

Proposition 5.20. The following conditions are equivalent for a semiperfect,
right P-injective ring R:

(1) R is right Kasch.
(2) Sr is essential in R R.

Proof. (2)⇒(1) is Lemma 1.48. Given (1), we have Sr = l(J ) because R is
semilocal, so (2) follows from Proposition 5.19. �

In proving that a ring is quasi-Frobenius, it is a recurring problem to be
able to show that an injectivity condition on the right implies one on the left.
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The following result gives one situation where the Kasch condition makes this
happen, and it will be used several times throughout the book. The following
notion is involved: If n ≥ 1 is an integer, a module MR is called n-injective
if every map from an n-generated right ideal of R to M extends to R. Thus
the 1-injective modules are the P-injective modules. A ring R is called right
n-injective if RR is an n-injective module.

Lemma 5.21. If R is right 2-injective and right Kasch, then R is left P-injective.

Proof. Given a, b ∈ R such that l(a) ⊆ l(b), we must show that b ∈ a R. If
b /∈ a R, let M/a R be a maximal submodule of (a R+bR)/a R. By the Kasch hy-
pothesis, let σ : (a R + bR)/M → RR be monic, and define γ : a R + bR → R
by γ (x) = σ (x + M). Since R is right 2-injective, γ = c· for some c ∈ R. Then
cb = γ (b) = σ (b + M) �= 0 because b /∈ M. However, ca = 0 because a ∈ M
and it follows that cb = 0 because l(a) ⊆ l(b), which is a contradiction. �

In view of Lemma 5.21 we hasten to give

Example 5.22. The Björk example (Example 2.5) is right P-injective but not
right 2-injective.

Proof. In the notation of Example 2.5, let X �= Y be one-dimensional F̄-
subspaces of F, and consider the (simple) right ideals Xt and Y t. Then γ :
Xt ⊕Y t → Xt given by γ (xt + yt) = xt is right R-linear, as is easily checked,
but if γ = (a + bt)·, where a, b ∈ F, then ax = x and ay = 0 for all x ∈ X
and y ∈ Y, which is a contradiction. �

5.3. Maximal Left Ideals

Recall that a module is called uniform if the intersection of any two nonzero
submodules is nonzero. (We adopt the convention that uniform modules are
nonzero.) We are going to characterize the maximal left ideals of a right P-
injective ring R in terms of the uniform principal right ideals u R. In this case
write

Mu = {x ∈ R | r(x) ∩ u R �= 0}.
If x and y are in Mu then r(x + y) ∩ u R ⊇ [r(x) ∩ u R] ∩ [r(y) ∩ u R] �= 0
because u R is uniform. Hence Mu is closed under addition and so is a left ideal
of R. In fact, we have the following lemma:
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Lemma 5.23. If R is right P-injective and u R is a uniform right ideal, then Mu

is the unique maximal left ideal of R containing l(u).

Proof. Clearlyl(u) ⊆ Mu �= R. It suffices to show that ifl(u) ⊆ L �= R, where
L is a left ideal, then L ⊆ Mu . But if a ∈ L−Mu then u R ∩ r(a) = 0, so Lemma
5.1 gives R = l[u R ∩ r(a)] = l(u) + Ra ⊆ L , which is a contradiction.
Hence L ⊆ Mu, completing the proof. �

Note that if u R is simple then Mu = l(u) in Lemma 5.23.

Lemma 5.24. Let R be right P-injective and let W = u1 R ⊕ · · ·⊕ un R, where
each ui R is a uniform right ideal. Suppose that M is a maximal left ideal of R
such that M �= Mu for all uniform u R ⊆ R. Then there exists m ∈ M such that
r(1 − m) ∩ W is essential in W.

Proof. Since M �= Mu1 let r(m) ∩ u1 R = 0, m ∈ M. Then r(mu1) ⊆ r(u1),
so Ru1 ⊆ Rmu1 by Lemma 5.1. Thus (1 − m1)u1 = 0 for some m1 ∈ M, so
r(1 − m1) ∩ u1 R �= 0. If r(1 − m1) ∩ ui R �= 0 for every i > 1 we are done be-
cause ⊕n

i=1[r(1 − m1) ∩ ui R] ⊆ess W. If (say) r(1 − m1) ∩ u2 R = 0 then
(1 − m1)u2 R is uniform (being isomorphic to u2 R), so M �= M(1−m1)u2 . Hence,
as before, (1−m)(1−m1)u2 = 0 for some m ∈ M. If we write m2 = m +m1 −
mm1 this gives (1−m2)u1 = 0 and (1−m2)u2 = 0, whence r(1−m2)∩ui R �=
0 for i = 1, 2. Continue in this way to obtain m ∈ M such that r(1 − m) ∩
ui R �= 0 for each i. The lemma now follows. �

Theorem 5.25. Let R be right P-injective and right finite dimensional. Then:

(1) A left ideal M of R is maximal if and only if M = Mu for some uniform
u R ⊆ R.

(2) R is semilocal.

Proof. By finite dimensionality, let W = u1 R ⊕ · · · ⊕ un R be essential in RR ,
where each ui R is uniform.

(1). Each Mu is maximal by Lemma 5.23. If M is a maximal left ideal of R
not of the form M = Mu, Lemma 5.24 shows that r(1 − m) ∩ W is essential
in W for some m ∈ M. Hence r(1 − m) ⊆ess RR, so 1 − m ∈ Zr = J by
Theorem 5.14. Hence m is a unit, which is a contradiction. This proves (1).

(2). Let x ∈ Mu1 ∩ · · · ∩ Mun . Then r(x) ∩ ui R �= 0 for each i, whence r(x)
is essential in RR (it contains ⊕n

i=1[r(x) ∩ ui R], which is essential in W ). As
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before, this means that x ∈ Zr = J. Hence Mu1 ∩ · · · ∩ Mun ⊆ J. This proves
(2) because the reverse inclusion follows from Lemma 5.23. �

Lemma 5.26. Let R be a right P-injective ring. If a R ⊕ bR and Ra ⊕ Rb are
both direct, where a and b are in R, then l(a) + l(b) = R.

Proof. Define γ : (a + b)R → R by γ [(a + b)x] = bx . This is well defined
because a R ∩ bR = 0, so γ = c· is multiplication by an element c ∈ R by
Lemma 5.1. Thus c(a +b) = b, whence ca − (1−c)b = 0. Since Ra ∩ Rb = 0
it follows that c ∈ l(a) and (1 − c) ∈ l(b), as required. �

A ring R is called a right duo ring if all right ideals of R are two-sided,
equivalently if Ra ⊆ a R for all a ∈ R.

Proposition 5.27. Let R be a right duo, right P-injective ring. The following
are equivalent:

(1) R has a finite number of maximal left ideals.
(2) R is right finite dimensional.

Proof. Given (2), R/J is semisimple artinian by Theorem 5.25. As R/J inherits
the right duo condition, it is a finite product of division rings, and (1) follows.

Conversely, let M1, . . . , Mn be the maximal left ideals of R; we show that
dim(RR) ≤ n. If not, assume that a1 R ⊕ · · · ⊕ an R ⊕ an+1 R is direct, where
0 �= ai ∈ R for each i. We may assume that l(a1) ⊆ M1. Hence assume
inductively that l(ai ) ⊆ Mi for 1 ≤ i ≤ k. The right duo hypothesis guarantees
that Rai ⊕ Rak+1 is direct, so l(ak+1) is not contained in Mi for 1 ≤ i ≤ k
by Lemma 5.26. Hence we may assume that l(ak+1) ⊆ Mk+1. It follows by
induction that, after relabeling the Mi ,l(ai ) ⊆ Mi for 1 ≤ i ≤ n. Butl(an+1) ⊆
Mi for some i = 1, 2, . . . , n, which is a contradiction by Lemma 5.26. �

Note that the Björk example is a right P-injective, left duo ring that is not right
finite dimensional, so the right duo hypothesis is essential for (2) in Proposition
5.27. Note further that if conditions (1) and (2) are both satisfied in Proposition
5.27, then R/J is a finite product of division rings and so, in addition, R has
only finitely many maximal right ideals.

Lemma 5.28. Let R be a right P-injective, left Kasch ring in which every
nonzero right ideal contains a uniform right ideal. Then every maximal left
ideal M has the form M = Mu for some u ∈ R such that u R is uniform.
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Proof. Given a maximal right ideal M, we have r(M) �= 0 by the Kasch
condition, so let u R ⊆ r(M), where u R is uniform. By Lemma 5.23 it suffices
to show that Mu ⊆ M. If x ∈ Mu then V = u R ∩ r(x) �= 0 and x ∈ l(V ).
However, V ⊆ u R ⊆ r(M), so M ⊆ l(V ). Since M is maximal, it follows that
M = l(V ), so x ∈ M as required. �

Every nonzero right ideal in a ring R has maximal essential extensions in R by
Zorn’s lemma. The next result identifies one situation when there is uniqueness.

Lemma 5.29. If R is a right P-injective, right duo ring then every nonzero right
ideal has a unique maximal essential extension in R.

Proof. Let T �= 0 be a right ideal and assume that T ⊆ C and T ⊆ D are
maximal essential extensions. It suffices to show that T ⊆ess C + D. If 0 �=
c + d ∈ C + D, we must show that (c + d)R ∩ T �= 0. Suppose first that
(c + d)r(c) �= 0. Then (c + d)R ∩ d R �= 0, so (c + d)R ∩ T �= 0 because
T ⊆ess D. However, if (c + d)r(c) = 0 then (c + d) ∈ lr(c) = Rc ⊆ C by
Lemma 5.1 and the right duo hypothesis. Hence 0 �= (c + d)R ⊆ C, so
(c + d)R ∩ T �= 0 because T ⊆ess C. �

If U is a uniform right ideal the maximal essential extensions of U are all
uniform and are the maximal members in the set of uniform extensions of U.

We call them maximal uniform right ideals.

Theorem 5.30. Let R be a right P-injective, right duo ring in which every non-
zero right ideal contains a uniform right ideal. Let {Ui | i ∈ I } denote the set
of all the maximal uniform right ideals of R. For each i ∈ I let Mi = {m ∈ R |
r(m) ∩ Ui �= 0}. Then the following statements hold:

(1) Each Mi is a maximal left ideal.
(2) �i∈I Ui is direct and essential in RR .

(3) The mapping Ui 
→ Mi is one-to-one.
(4) If R is left Kasch, the map in (3) is a bijection.

Proof. (1). We have Mi = Mu for all 0 �= u ∈ Ui because Ui is uniform, so
this follows from Lemma 5.23.

(2). By Zorn’s lemma let K ⊆ I be maximal such that W = ⊕k∈K Uk

is direct. It suffices to show that W ⊆ess RR . Suppose on the contrary that
W ∩ T = 0, where T is a nonzero right ideal. We may assume that T is uniform
by hypothesis. By Lemma 5.29, let T ⊆ Ui for a unique i ∈ I. We claim that
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Ui ∩ W = 0, contradicting the maximality of K . But if Ui ∩ W �= 0 then, since
R is right duo, Proposition 5.17 shows that ⊕k∈K (Ui ∩Uk) = Ui ∩ [⊕k∈K Uk] =
Ui ∩ W �= 0. Hence Ui ∩ Uk �= 0 for some k ∈ K . This implies that Ui = Uk

by Lemma 5.29, which is a contradiction.
(3). Suppose that Mi = M j , where i �= j. Then Ui �= U j , so Ui ∩U j = 0 by

Lemma 5.29. Choose 0 �= ui ∈ Ui and 0 �= u j ∈ U j . Then ui R ⊕ u j R is direct,
whence Rui ⊕ Ru j is direct by the duo hypothesis. If π : ui R ⊕ u j R → ui R
is the projection, we have π = p· for some p ∈ R by Lemma 5.16. Hence
pui = ui and pu j = 0, so 0 �= u j ∈ r(p) ∩ U j . This proves that p ∈ M j , and
a similar argument shows that 1 − p ∈ Mi . This contradicts the assumption
that Mi = M j .

(4). If M is a maximal left ideal then (by Lemma 5.28) M = Mu for some
u ∈ R with u R uniform. But u R ⊆ Ui for some i ∈ I, so Mu = Mi because
u ∈ Ui . �

5.4. GPF Rings

We now turn to the structure of semiperfect right P-injective rings. Recall that
a ring R is called a right pseudo-Frobenius ring (right PF ring) if it is right self-
injective and semiperfect and Sr ⊆ess RR . For convenience we call R a right
generalized pseudo-Frobenius ring (right GPF ring) if it is right P-injective and
semiperfect and Sr ⊆ess RR .

Since right P-injective rings are all left minannihilator rings by Lemma 5.1,
the right GPF rings are exactly the right principally injective, right min-PF
rings. Hence many of the properties in the next theorem come from Chapter 3,
and we collect them here for reference.

Theorem 5.31. Let R be a right GPF ring. Then the following statements hold:

(1) R is right and left Kasch.
(2) Sr = Sl(= S) is essential in both RR and R R.

(3) R is left finitely cogenerated.
(4) l(S) = J = r(S) and l(J ) = S = r(J ).
(5) J = Zr = Zl .

(6) soc(Re) = Se is simple and essential in Re for every local idempotent
e ∈ R.

(7) soc(eR) is homogeneous and essential in eR for every local idempotent
e ∈ R.

(8) The maps K 
→ r(K ) and T 
→ l(T ) are mutually inverse lattice isomo-
rphisms between the simple left ideals K and the maximal right ideals T .
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(9) If e1, . . . , en is a basic set of local idempotents, there exist elements
k1, . . . , kn in R and a permutation σ of {1, . . . , n} such that the following
hold for all i = 1, . . . , n:
(a) ki R ⊆ ei R and Rki ⊆ Reσ i .
(b) ki R ∼= eσ i R/eσ i J and Rki

∼= Rei/Jei .

(c) {k1 R, . . . , kn R} and {Rk1, . . . , Rkn} are complete sets ofdistinct repre-
sentatives of the simple right and left R-modules, respectively.

(d) soc(Reσ i ) = Rki = Seσ i
∼= Rei/Jei is simple and essential inReσ i for

each i.
(e) soc(ei R) is homogeneous and essential in ei R, with each simplesub-

module isomorphic to eσ i R/eσ i J.

Proof. (1) follows from Theorem 3.24, so Sr ⊆ess
R R by Proposition 5.20.

Hence (9) follows from Theorem 3.24, except for soc(ei R) ⊆ess ei R in (d), and
this follows because Sr ⊆ess RR by hypothesis. Moreover, Sr = Sl by Theorem
3.24, so Sl ⊆ess

R R. Now (2) and (3) follow from (d).
(4). We have l(Sl) = J and r(Sr ) = J because R is left and right Kasch,

respectively, and l(J ) = Sl and r(J ) = Sr because R is semilocal.
(5). We have J = Zr by Theorem 5.14, and Zl ⊆ J holds in any semiperfect

ring because Zl contains no nonzero idempotent. If a ∈ J then Sr a = 0, so
S ⊆ l(a). Hence a ∈ Zl by (2).

(6) and (7). If e2 = e is local, Re ∼= Rei for some i and eR ∼= e j R for some
j, so (d) and (e) apply.

(8). This follows by Theorem 2.32. �

Corollary 5.32. If a right GPF ring R is actually right 2-injective, then R is a
left GPF ring.

Proof. R is left P-injective by Lemma 5.21; now use Theorem 5.31. �

Corollary 5.33. The following are equivalent for a right GPF ring R:

(1) R is left mininjective.
(2) R is a right minannihilator ring.
(3) soc(eR) is simple for all local idempotents e ∈ R.

In this case R is right finite-dimensional.

Proof. (1)⇔(2). Given (1), R is a two-sided mininjective ring and Sr = Sl by
hypothesis, so (2) follows by Corollary 2.34. Conversely, given (2), R is a right
minannihilator ring in which Sr = Sl , so (1) follows from Proposition 2.33.
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(1)⇒(3). Given (1), R is a left minfull ring in which Sr = Sl , so (3) follows
from Theorem 3.12.

(3)⇒(1). We have Sl = Sr by Theorem 5.31, so eSl = eSr = soc(eR) for
every local e2 = e. Hence (1) follows from Theorem 3.2.

Finally, the last sentence is because Sr is finite dimensional by (3). �

Example 5.34. The Björk example (Example 2.5) is a local, left artinian right
GPF ring R with J 2 = 0, but

(1) R is not a left GPF ring (indeed R is not left mininjective) and
(2) the conditions in Corollary 5.33 are not satisfied.

5.5. Morita Invariance and FP-Injectivity

Unlike right self-injectivity and right mininjectivity, right P-injectivity is not a
Morita invariant. However we do have

Proposition 5.35. If R is right P-injective, so is eRe for all e2 = e ∈ R satis-
fying ReR = R.

Proof. Write S = eRe and let rS(b) ⊆ rS(a), where b, a ∈ S. It suffices to
show that rR(b) ⊆ rR(a). (Then a ∈ Rb by Lemma 5.1, so a = ea ∈ eRb =
Sb, as required.) So let bx = 0, x ∈ R, and write 1 = ∑n

i=1 pi eqi , where
pi , qi ∈ R. Then b(expi e) = bxpi e = 0 for each i and so a(expi e) = 0 by
hypothesis. Hence ax = ∑n

i=1 axpi eqi = 0, as required. �

Thus the reason that Morita invariance fails for right P-injective rings is that
this property does not pass from a ring R to the matrix ring Mn(R). The next
result will be used to prove this and is of independent interest.

Proposition 5.36. If Mn(R) is right P-injective then R is right n-injective.

Proof. Let γ : T → RR be R-linear, where T = b1 R + b2 R + · · · + bn R is
an n-generated right ideal of R, and let B and Bγ denote the n × n matrices
with first row [b1 b2 · · · bn] and [γ (b1) γ (b2) · · · γ (bn)], respectively, and all
other entries zero. If B X = 0 with X ∈ Mn(R) then Bγ X = 0, so Bγ ∈
lr(B) = Mn(R)B by hypothesis. If Bγ = C B, where C = [ci j ] ∈ Mn(R), it
follows that γ = c11· is multiplication by c11. �

Example 5.37. Being right P-injective and being a right GPF ring are not
Morita invariant properties.



110 Quasi-Frobenius Rings

Proof. If P-injectivity were a Morita invariant, then every right P-injective ring
R would be right n-injective for every n ≥ 1 by Proposition 5.36. But the Björk
example is a right P-injective ring that is not right 2-injective by Lemma 5.21.
Hence right P-injectivity is not a Morita invariant. Since the same ring is a right
GPF ring that is not right 2-injective, the same argument shows that “right GPF
ring” is also not a Morita invariant. �

In view of Example 5.37, the rings R for which every matrix ring Mn(R)
is right P-injective become of interest. It turns out that they satisfy a stronger
injectivity condition: They are right FP-injective rings. Before studying these
rings, we investigate the corresponding condition in an arbitrary module.

A module Q R is called FP-injective (or absolutely pure) if, for any finitely
generated submodule K of a free right R-module F, every R-linear map K →
Q R extends to a map FR → Q R . Clearly every injective module is FP-injective.
If R is a regular ring, every right R-module is FP-injective because every finitely
generated submodule of a free module is a summand (by Theorem B.54 and
Corollary B.49).

We are going to give several characterizations of these FP-injective modules,
and the following matrix notation will be employed. Write Mn and Mn for the
direct sum of n copies of the module M, written as row and column matrices,
respectively, and write Mm×n(R) for the set of all m ×n matrices over R. As we
frequently discuss R-linear maps from Rn or Rn to some module, the following
lemma will be used repeatedly. Let {ei } and {ēi } denote the canonical bases of
Rn and Rn respectively.

Lemma 5.38. If R is a ring, then the following statements hold:

(1) Every R-linear map γ : Rn → MR is matrix multiplication γ = m̄· by some
row m̄ ∈ Mn.

(2) Every R-linear map γ : Rn → R M is matrix multiplication γ = ·m by some
column m ∈ Mn.

Proof. Given γ as in (1), let γ (ei ) = mi for 1 ≤ i ≤ n. If we write r =
[r1 · · · rn]T then γ (r ) = γ (�eiri ) = �miri = m̄r , where m̄ = [m1 · · · mn].
Thus γ = m̄·, proving (1). The proof of (2) is analogous. �

Results about FP-injectivity are scattered throughout the literature, and many
have homological proofs. The following theorem gives elementary proofs of
several properties of FP-injective modules that will be needed later. Recall that
an R-module MR is said to be finitely presented if M ∼= F/K , where FR is free
and both F and K are finitely generated.
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Theorem 5.39. The following are equivalent for a right module Q R :

(1) Q R is FP-injective.
(2) If K R ⊆ Rn is finitely generated, then every R-linear map K → Q R extends

to Rn.

(3) If q̄ ∈ Qn and A ∈ Mn(R) satisfy rRn (A) ⊆ rRn (q̄), then q̄ = x̄ A for
some x̄ ∈ Qn.

(4) If q̄ ∈ Qn and A ∈ Mm×n(R) satisfy rRn (A) ⊆ rRn (q̄), then q̄ = x̄ A for
some x̄ ∈ Qm .

(5) If L ⊆ MR and M/L is finitely presented, then every R-linear map L → Q
extends to M.

Proof. (1)⇔(2). This is clear.
(2)⇒(3). Given rRn (A) ⊆ rRn (q̄), let c j denote column j of A. Then ARn =

� j c j R is a finitely generated R-submodule of Rn, and our hypothesis shows
that α : ARn → Q R is well defined by α(Ar ) = q̄r . So (2) gives α = x̄ · for
some x̄ ∈ Qn . If we write q̄ = [q1 · · · qn] ∈ Qn, we get

q j = q̄e j = α(Ae j ) = α(c j ) = x̄c j .

Hence, q̄ = [x̄c1 · · · x̄cn] = x̄[c1 · · · cn] = x̄ A, as required.
(3)⇒(4). Let rRn (A) ⊆ rRn (q̄), where A is m × n. If m = n there is nothing

to prove. If m < n, let A′ = [ A
0

]
be n × n. Then rRn (A′) = rRn (A) ⊆ rRn (q̄),

so (3) gives q̄ = ȳ A′ = [x̄ z̄]
[ A

0

] = x̄ A for some ȳ = [x̄ z̄] ∈ Qn, x̄ ∈ Qm .

However, if m > n we let A′ = [A 0] be m × m. Then

rRm (A′) =
{[

r
s

]
| r ∈ Rn, s ∈ Rm−n, Ar = 0

}

=
[
rRn (A)
Rm−n

]
⊆

[
rRn (q̄)
Rm−n

]
= rRm [q̄ 0].

By (3) there exists x̄ ∈ Qn such that [q̄ 0] = x̄ A′ = [x̄ A 0]. Thus q̄ = x̄ A.

(4)⇒(2). Let K = �m
j=1c j R ⊆ Rn and let γ : K → Q R be R-linear. We

must extend γ to Rn. Write γ (c j ) = q j ∈ Q, q̄ = [q1 · · · qm] ∈ Qm, and A =
[c1 · · · cm] ∈ Mn×m(R). Then γ (Ar ) = q̄r for all r ∈ Rm , so rRm (A) ⊆ rRm (q̄).
Thus (4) gives x̄ ∈ Qn such that q̄ = x̄ A. Hence q j = x̄c j for all j ; that is,
γ (c j ) = x̄c j for each j. Hence γ = x̄ ·, as required.

(1)⇔(5). Clearly (5)⇒(1), so assume (1) and suppose α : L → Q is R-linear
as in (5). Let σ : F/K → M/L be an isomorphism where F is free and both F
and K are finitely generated, and let π : F → F/K and θ : M → M/L be the
coset maps. As F is projective there exists β : F → M such that θ ◦β = σ ◦ π.

If m ∈ M then (since σ ◦ π is onto) we have θ(m) = σ ◦ π ( f ) = θ ◦ β( f ) for
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some f ∈ F. Thus m − β( f ) ∈ ker θ = L , so M = β(F) + L . Moreover,

F
β ↓ π

↙ F/K
↓ σ

M
θ→ M/L → 0

θ ◦ β(K ) = σ ◦ π (K ) = 0 because K = ker π, so β(K ) ⊆ ker θ = L . It
follows thatα◦β : K → Q is defined and so, by (1),α◦β extends to δ : F → Q.

As M = β(F) + L , define α̂ : M → Q by α̂[β( f ) + l] = δ( f ) + α(l). It suf-
fices to show that δ is well defined (since then α̂ extends α). But if β( f )+ l = 0
then β( f ) ∈ L = ker θ , so 0 = θ ◦ β( f ) = σ ◦ π( f ). Since σ is one-to-one,
this gives π( f ) = 0, so f ∈ ker π = K . Thus δ( f ) = α ◦ β( f ) = α(−l) =
−α(l), as required. This proves (5). �

It follows easily from (2) in Theorem 5.39 that a direct sum Q = ⊕i∈I Qi is
FP-injective if and only if each Qi is FP-injective. It also follows from the
definition that the union of an ascending chain of FP-injective submodules of
some module is again FP-injective. Since 0 is FP-injective, this means that every
module contains maximal FP-injective submodules.

5.6. FP-Injective Rings

Our interest is in the right FP-injective rings, that is, the rings R for which
RR is an FP-injective module. Examples include regular and right self-injective
rings. The right FP-injective rings turn out to be exactly the rings R that have
the property that Mn(R) is right P-injective for every n ≥ 1. Before proving
this, we state a useful annihilator lemma giving conditions that a submodule of
a bimodule is an annihilator.

Lemma 5.40. Given a bimodule R MS, the following conditions are equivalent
for R K ⊆ R M :

(1) rS(K ) ⊆ rS(m), m ∈ M, implies that m ∈ K .

(2) lMrS(K ) = K .

(3) K = lM (X ) for some subset X ⊆ S.

Proof. (1)⇒(2). If m ∈ lMrS(K ) then m · rS(K ) = 0, so rS(K ) ⊆ rS(m).
Hence (1) implies that lMrS(K ) ⊆ K ; the reverse inclusion always holds.

(2)⇒(3). This is clear.
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(3)⇒(1). If rS(K ) ⊆ rS(m) then lMrS(m) ⊆ lMrS(K ). This gives (1)
because m ∈ lMrS(m) and lMrS(K ) = K by (3). �

The right FP-injective rings admit a number of characterizations in addition
to those in Theorem 5.39.

Theorem 5.41. The following are equivalent for a ring R:

(1) R is right FP-injective.
(2) If ā1, ā2, . . . , ām and b̄ in Rn satisfy ∩irRn (āi ) ⊆ rRn (b̄), then b̄ ∈ �i Rāi .

(3) If n ≥ 1 and R K ⊆ Rn is finitely generated, then K = lRn (X ) for some set
X ⊆ Mn(R).

(4) Mn(R) is a right P-injective ring for each n ≥ 1.

Proof. (1)⇒(2). Given the situation in (2), let A ∈ Mm×n(R) be the matrix
with the āi as its rows. Then rRn (A) = ∩irRn (āi ) ⊆ rRn (b̄) by hypothesis, so
b̄ = x̄ A for some x̄ ∈ Rm by (1) using Theorem 5.39. If x̄ = [x1 x2 · · · xm]
then b̄ = �i xi āi ∈ �i Rāi , as required.

(2)⇒(3). Let K = Rā1 + · · · + Rām ⊆ Rn as in (3). Then rMn (R)(K ) =
∩irMn (R)(āi ), so (2) asserts that rMn (R)(K ) ⊆ rMn (R)(b̄) implies b̄ ∈ K . Now
(3) follows from Lemma 5.40 with M = R Rn

Mn (R).

(3)⇒(4). Given A ∈ Mn(R), let āi denote row i of A and write K =
Rā1 + · · · + Rān ⊆ Rn. Then (3) gives K = lRn (X ) for some set X ⊆ Mn(R).

But Mn(R) A =
[

K
.
.
.
K

]
=

[
lRn (X )

.

.

.
lRn (X )

]
= lMn (R)(X ), so (4) follows by Lemma 5.1.

(4)⇒(1). Suppose rRn (A) ⊆ rRn (b̄), where b̄ ∈ Rn. If B is the matrix with
every row equal to b̄, then rRn (A) ⊆ rRn (B), so (4) gives B = X A for some
matrix X ∈ Mn(R). Hence b̄ = x̄ A, where x̄ denotes the first row of X. Thus
RR is FP-injective by Theorem 5.39, proving (1). �

If A ∈ Mm×n(R) and b̄ ∈ Rm, the system of linear equations x̄ A = b̄ over R is
called consistent if Ar = 0, r ∈ Rn, implies b̄r = 0; that is, rRm (A) ⊆ rRm (b̄).
Hence we can restate (2) in Theorem 5.41 in the following way: R is right FP-
injective if and only if every consistent system x̄ A = b̄ over R has a solution x̄ .

Corollary 5.42. Being right FP-injective is a Morita invariant.

Proof. This follows from condition (4) of Theorem 5.41 and Proposition 5.35.
(It also follows from Corollary 5.44 below.) �
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Clearly right FP-injective rings are all right P-injective. We record some other
properties for reference.

Corollary 5.43. If R is right FP-injective then:

(1) R is right F-injective.
(2) lr(L) = L for all finitely generated left ideals L of R.

Proof. (2) is clear from Theorem 5.41, as is (1) using Proposition 5.36. �

Recall that a module M is called torsionless if, given 0 �= m ∈ M, there
exists λ ∈ hom(M, R) such that λ(m) �= 0, equivalently if M can be embedded
in a direct product of copies of R. Using Theorem 5.41 we can now give an
elementary proof of the following result.

Corollary 5.44. A ring R is right FP-injective if and only if every finitely
presented left R-module is torsionless.

Proof. Assume that R is right FP-injective. If R K is a finitely generated sub-
module of Rn, say K = Rā1 +· · ·+ Rām, we must embed Rn/K ↪→ (R R)I for
some set I . Equivalently, if b̄ ∈ Rn, b̄ /∈ K , we must find γ : Rn → R R such
that Kγ = 0 and b̄γ �= 0. Suppose no such γ exists so that Kγ = 0 implies
b̄γ = 0. Using Lemma 5.38, this means ∩m

i=1rRn (āi ) = rRn (K ) ⊆ rRn (b̄). But
then b̄ ∈ K by Theorem 5.41(2), contrary to hypothesis.

Conversely, suppose ∩irRn (āi ) ⊆ rRn (b̄), where āi and b̄ are in Rn, and
write K = �i Rāi . If b̄ /∈ K then the condition gives γ : Rn → R R such that
Kγ = 0 and b̄γ �= 0. But γ = ·c for some c ∈ Rn by Lemma 5.38, and so
c ∈ rRn (K ) = ∩irRn (āi ) ⊆ rRn (b̄). Hence 0 = b̄c = b̄γ, which is a con-
tradiction. Thus R is right FP-injective by Theorem 5.41. �

Example 5.45. The Camillo example (Example 2.6) yields a commutative,
local, semiprimary FP-injective ring with simple essential socle, that is not
self-injective and not noetherian.

Proof. Let R = spanF {1, m, x1, x2, . . . } denote the Camillo example, where
F is any field and the xi are commuting indeterminants satisfying the relations
x3

i = 0 for all i, xi x j = 0 for all i �= j, and x2
i = m for all i. We must

prove that R is FP-injective but not self-injective. To prove FP-injectivity, let
γ : K → R be R-linear, where K is a finitely generated submodule of Rn;
we must show that γ extends to Rn → R. Let K = �m

j=1b j R, where b j =
[b1 j b2 j · · · bnj ]T ∈ Rn. Then the elements {bi j , γ (b j )} are all contained in the



5. Principally Injective and FP Rings 115

subring S = spanF {1, m, x1, . . . , xk} of R for some k. This ring S is clearly
artinian, and the argument in Example 2.6 shows that S is mininjective. Hence
S is quasi-Frobenius by Ikeda’s theorem (Theorem 2.30). If we write K0 =
�m

i=1bi S, this means that the restriction γ : K0 → S extends to γ̂ : Sn → S.

Thus there exists c̄ ∈ Sn such that γ̂ = c̄· is (matrix) multiplication by the row
c̄. But then c̄· : Rn → R extends γ, as required. Hence R is FP-injective.

Finally, if F = Z2 we show that R is not self-injective.2 Define γ : J → R
by γ (a) = a2 for all a ∈ J . Then γ is Z-linear because char (R) = 2. Moreover,
γ (ar ) = a2r2 = a2r = γ (a)r because J 3 = 0 and r2 − r ∈ J (as R/J ∼= Z2).
Hence γ is R-linear and γ (J ) = Z2m is simple. If R is self-injective, then
γ = c· for some c ∈ R. It follows that (c − a)a = 0 for all a ∈ J. Hence c ∈ J
(otherwise c − a is a unit), say c = εm + �n

i=1εi xi , where ε, εi ∈ Z2. But then
m = x2

n+1 = γ (xn+1) = cxn+1 = 0, which is a contradiction. Hence R is not
self-injective. �

FP-injectivity is not a left–right symmetric property of rings.

Example 5.46. There exists a left FP-injective ring that is not right FP-injective.

Proof. A ring R is called a right IF-ring if every injective right R-module is
flat. These rings have been studied by Colby, who showed [41, Theorem 1] that
R is a right IF-ring if and only if every finitely presented right R-module is
isomorphic to a submodule of a free module. In particular, every right IF-ring
is left FP-injective by Corollary 5.44. Colby [41, Example 2] considers the
algebra R over a field F with basis {1}∪{ei | i ≥ 0}∪{xi | i ≥ 1} such that 1 is
the unity of R and, for all i and j, ei e j = δi j e j , xi e j = δi, j+1xi , ei x j = δi j x j ,

and xi x j = 0. He shows that R is a right IF-ring, and so R is left FP-injective.
But he also verifies that the R-linear map x1 R → e0 R with x1 
→ e0 cannot
be extended to R. Hence R is not right P-injective and so is certainly not right
FP-injective. �

We note in passing that in [41, Example 3] Colby also shows that every Bezout
domain is FP-injective, and he proves [41, Example 1] that the trivial extension
R = T (Z, Q/Z) is a commutative FP-injective ring R for which R/J ∼= Z is
not regular.

The fact that right FP-injectivity is a Morita invariant (Corollary 5.42) enables
us to prove a remarkable symmetry property of this condition. We remind the
reader that “right Kasch” is a Morita invariant (a ring R is right Kasch if and
only if every semisimple right R-module embeds in a projective right module).

2 In fact R is not self-injective for any field F. Since R is commutative and semiprimary but not
artinian, it is not self-injective by Theorem 6.39, to be proved in Chapter 6.
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Theorem 5.47. Suppose that R is right Kasch and right FP-injective. Then R
is left FP-injective.

Proof. Write S = Mn(R); by Theorem 5.41 it is enough to show that S is left
P-injective for any n ≥ 1. But Corollary 5.42 shows that S is right FP-injective
and hence (by Corollary 5.43) is right 2-injective, and that S is right Kasch.
Thus S is left P-injective by Lemma 5.21. �

The Kasch hypothesis is essential in Theorem 5.47 by Example 5.46. Note that
any nonartinian regular ring (for example an infinite direct product of fields)
is left and right FP-injective, but it is neither left nor right Kasch [because a
regular ring that is left (right) Kasch is semisimple].

The next result collects some facts about right Kasch, right FP-injective rings
that will be needed later.

Proposition 5.48. Let R be right Kasch and right FP-injective. Then the fol-
lowing hold:

(1) rl(T ) = T and lr(L) = L if T and L are finitely generated right, respec-
tively left, ideals of R.

(2) A left ideal K �= 0 is minimal if and only if r(K ) is maximal.
(3) If a right ideal T �= R is maximal then l(T ) is minimal.
(4) Sl = Sr ⊆ess

R R, and J = Zl = Zr .

(5) If l(T ) = l(S), where T and S are right ideals, with T finitely generated,
then T = S.

(6) If R L is a finitely generated left ideal, then r(L) is small in RR if and only
if L ⊆ess

R R.

(7) If TR is a finitely generated right ideal, and l(T ) is small in R R, then
T ⊆ess RR .

Proof. Observe first that R is left FP-injective by Theorem 5.47.
(1). This follows from Corollary 5.43.
(2) and (3). Because of (1), (3) and the forward implication in (2) follow

from Theorem 2.32. If r(K ) is maximal and 0 �= k ∈ K , then r(K ) ⊆ r(k),
whence r(K ) = r(k). Thus k R is minimal, whence Rk is minimal (because R
is right mininjective). But K ⊆ lr(K ) = lr(k) = Rk by (1), and so K = Rk
is a minimal left ideal. This completes the proof of (2).

(4). We have Sr = Sl by Theorem 2.21 because R is left and right mininjec-
tive. If 0 �= a ∈ R, let r(a) ⊆ T ⊆max RR . Then (1) gives Ra = lr(a) ⊇ l(T ),
so Sl ⊆ess

R R by (3). Since R is left and right P-injective, the rest is by Theorem
5.14.
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(5). First S ⊆ rl(S) = rl(T ) = T by (1). If S ⊂ T let S ⊆ M ⊆max T (as
T is finitely generated), and let σ : T/M → R be monic. If α : T → R is
defined by α(t) = σ (t + M) then α = a· is left multiplication by a ∈ R by
Corollary 5.43. Thus aS = α(S) = 0 because S ⊆ M, so a ∈ l(S) = l(T ).
But aT = α(T ) �= 0 because T � M. This is the desired contradiction.

(6). If r(L) is small, let L ∩ Rx = 0, x ∈ R. Since R is right F-injective
(by Corollary 5.43) and L is finitely generated, the Ikeda–Nakayama lemma
(Lemma 1.37) gives R = r(L ∩ Rx) = r(L) + r(x). Hence r(x) = R, and so
x = 0. This shows that L ⊆ess RR . Conversely, if r(L) + T = R then

0 = l[r(L) + T ] = lr(L) ∩ l(T ) ⊇ L ∩ l(T ).

Hence l(T ) = 0 by hypothesis, so T = R by the right Kasch condition.
(7). Let T ∩ x R = 0, where x ∈ R and T is a finitely generated right ideal.

As in the proof of (6), the Ikeda–Nakayama lemma gives l(T ) + l(x) = R.

Thus l (x) = R by hypothesis, so x = 0. �

In connection with (2) and (3) of Proposition 5.48, note that Theorem 2.32
implies that if R is right Kasch and right FP-injective then the maps K 
→ r(K )
and T 
→ l(T ) are mutually inverse bijections between the minimal left ideals
K of R and the maximal right ideals T of R.

The main application of the symmetry property in Theorem 5.47 is to prove
Theorem 5.56 in Section 5.8, which shows that the condition that a ring is
semiperfect, right Kasch, and right FP-injective is left–right symmetry. Sur-
prisingly, the ring is only required to be semilocal, so we digress briefly to in-
vestigate semilocal rings.

5.7. Semilocal Mininjective Rings

In Chapter 3 we studied semiperfect, right mininjective rings with essential
right socle as a natural generalization of the right pseudo-Frobenius rings. In
this section we examine the situation when the ring is only assumed to be
semilocal, derive several new results about semilocal rings, and apply them to
obtain some finite dimensionality conditions for right mininjective rings that
will be needed in Section 5.8. Recall that a ring R is called semilocal if R/J is
semisimple. We begin with the following lemma:

Lemma 5.49. A semilocal, right and left mininjective ring is right Kasch if and
only if it is left Kasch.

Proof. If R is a semilocal ring, let n denote the number of isomorphism classes
of simple right (or left) R-modules. If R is right Kasch, let {k1 R, . . . , kn R}, ki ∈
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R, be a system of distinct representatives of the simple right R-modules. Then
Theorem 2.21 shows that each Rki is simple (because R is right mininjective),
and it suffices to show that {Rk1, . . . , Rkn} consists of pairwise nonisomorphic
right ideals. But Rki

∼= Rk j implies ki R ∼= k j R because R is left mininjective
(again by Theorem 2.21), and so i = j as required. �

Note that, in the notation of Lemma 5.49, the proof shows that {Rk1, . . . , Rkn}
is a complete system of representatives of the simple left modules if and only
if {k1 R, . . . , kn R} is a complete system of representatives of the simple right
modules.

Recall Lemma 1.36, which states that if T and T ′ are right ideals in a ring R
such that R-linear maps T + T ′ → R extend to R → R, then

l(T ∩ T ′) = l(T ) + l(T ′).

We are going to use this several times, often in the case T + T ′ = R. The first
application develops a description of Sr in an arbitrary semilocal ring that is of
interest in its own right.

Proposition 5.50. Let R be a semilocal ring. Then either Sr = 0 or we have
Sr = lr(k1) + · · · + lr(kn), where each ki R is a simple right ideal.

Proof. Since R is semilocal Sr = l(J ) and J = T1 ∩ · · · ∩ Tn , where each
Ti is a maximal right ideal. Assume n is minimal, so that no Ti contains the
intersection of any of the others. In particular T1 +∩i �=1Ti = R, so Lemma 1.36
gives Sr = l(J ) = l(T1) + l(∩i �=1Ti ). But ∩i �=1Ti = T2 ∩ (∩i �=1,2Ti ), so

Sr = l(T1) + l(∩i �=1Ti ) = l(T1) + [l(T2) + l(∩i �=1,2Ti )]

as before. Continuing we obtain Sr = l(T1) + · · · + l(Tn). If Sr �= 0 we may
assume that l(Ti ) �= 0 for each i. In this case, choose 0 �= ki ∈ l(Ti ). Then
Ti ⊆ r(ki ) �= R, so Ti = r(ki ) and ki R ∼= R/Ti is simple. Hencel(Ti ) = lr(ki )
for each i, as required. �

Note that the ring Z(p) shows that Sr can be zero even if R is local, commutative,
and noetherian.

We can ensure that Sr �= 0 by insisting that R is right Kasch, and the result
is a characterization of semilocal rings in terms of simple right ideals.

Theorem 5.51. Assume that a ring R satisfies r(Sr ) = J (for example if R is
right Kasch). Then R is semilocal if and only if Sr = lr(k1) + · · · + lr(kn),
where ki R is a simple right ideal of R for each i.
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Proof. Assume that Sr = lr(k1) + · · · + lr(kn) as given. Then we obtain

J = r(Sr ) = r
[
�n

i=1lr(ki )
] = ∩n

i=1rlr(ki ) = ∩n
i=1r(ki ).

Hence R is semilocal because r(ki ) is maximal for each i. Since Sr �= 0 [because
r(Sr ) = J ], the converse follows by Proposition 5.50. �

Theorem 5.52. If R is semilocal and right mininjective then Sr is finitely
generated and semisimple (possibly 0) as a left R-module.

Proof. If Sr = 0 there is nothing to prove. Otherwise, Proposition 5.50 gives
Sr = lr(k1) + · · · + lr(kn), where ki R is a simple right ideal of R for each i.
Hence Sr = Rk1 + · · · + Rkn by right mininjectivity, and each Rki is simple
by Theorem 2.21, as required. �

Corollary 5.53. If R is a semilocal, right and left mininjective ring, then Sr = Sl

is finitely generated as a left and as a right R-module.

Proof. Sr = Sl because R is right and left mininjective (Theorem 2.21), so the
result follows from Theorem 5.52. �

In Corollary 5.53 the assumption that R is left mininjective gives Sl ⊆ Sr .

This outcome also follows from the requirement that Sr ⊆ess
R R. If we add this

to the hypotheses in Theorem 5.52, we obtain

Proposition 5.54. Suppose R is a semilocal, right mininjective ring in which
Sr ⊆ess

R R. Then Sr = Sl is finitely generated and essential as a left ideal. In
particular, R is left finite dimensional.

Proof. We have Sl ⊆ Sr because Sr ⊆ess
R R, and Sr ⊆ Sl because R is right mi-

ninjective. Hence Sr = Sl ; it is finitely generated on the left by Theorem 5.52,
and it is essential in R R by hypothesis. �

5.8. FP Rings

We now return to the right–left symmetry of right Kasch, right FP-injective
rings.

Proposition 5.55. If R is left finite dimensional and right Kasch, then R is
semilocal.
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Proof. By the Camps–Dicks theorem (Corollary C.3) it suffices to show that
any monomorphism σ : R R → R R is epic. Observe first that R is a left C2 ring
by Proposition 1.46, so σ (R) ⊆⊕

R R because σ is monic, say R = σ (R) ⊕ K .

Apply σ again to get R = σ 2(R) ⊕ σ (K ) ⊕ K . If K �= 0, this process can
continue indefinitely because R R is finite dimensional, so K = 0. �

We now come to the main symmetry theorem for right Kasch, right FP-
injective rings. Surprisingly, the ring is only assumed to be semilocal.

Theorem 5.56. The following conditions are equivalent for a ring R:

(1) R is semilocal, right FP-injective, and right Kasch.
(2) R is semilocal, left FP-injective, and left Kasch.
(3) R is semilocal and right FP-injective and J = r{k1, . . . , kn}, where

{k1, . . . , kn} ⊆ R.

(4) R is semilocal and left FP-injective and J = l{m1, . . . , mn}, where
{m1, . . . , mn} ⊆ R.

(5) R is right finite dimensional, right FP-injective, and right Kasch.
(6) R is left finite dimensional, left FP-injective, and left Kasch.
(7) R is left finite dimensional, right FP-injective, and right Kasch.
(8) R is right finite dimensional, left FP-injective, and left Kasch.

Moreover, the elements ki and mi in (3) and (4) can be chosen so that each of
Rki , ki R, Rmi , and mi R is simple.

Proof. (1)⇔(2). If R satisfies (1), it is left FP-injective by Theorem 5.47. Thus
R is right and left mininjective, right Kasch, and semilocal, so it is left Kasch
by Lemma 5.49. Hence (1)⇒(2); the converse is analogous.

(1)⇔(6). Given (1) we have Sl = Sr ⊆ess
R R by Proposition 5.48. Since Sr

is finite dimensional as a left R-module by Theorem 5.52, it follows that R
is left finite dimensional. This proves (6) because we have proved (1)⇔(2).
Conversely, (6)⇒(2) by Theorem 5.25.

(1)⇔(3). Given (1), we have J = r(Sr ) because R is right Kasch. But the
proof of Theorem 5.52 shows that Sr = Rk1 + · · · + Rkn, ki ∈ R, with Rki

simple. Hence J = r(Sr ) = r{k1, . . . , kn}, proving (3). Conversely, let K be
a simple right R-module; we must show that K embeds in RR . As R/J is
semisimple, K embeds in R/J as a right R/J -module and hence as a right
R-module. But (3) implies that R/J is R-embedded in (RR)n. Thus K embeds
in (RR)n and hence in R.

(1)⇔(7). We have (1)⇒(7) because we have already proved (1)⇒(6), and
(7)⇒(1) by Proposition 5.55.
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(2)⇔(4), (1)⇔(5), and (2)⇔(8). These are analogues of (1)⇔(3), (2)⇔(6),
and (1)⇔(7), respectively.

Finally, the ki in the proof of (1)⇒(3) were chosen with ki R simple, and then
Rki is simple because R is right mininjective. A similar argument works for
Rmi and mi R. �

Remark. The proof of (3)⇒(1) in Theorem 5.56 shows that if R is semilocal
and J = r{k1, . . . , kn} then R is right Kasch.

Since “right Kasch” and “semilocal” are Morita invariants, the rings identified
in Theorem 5.56 form a Morita invariant class by Corollary 5.42.

All right PF rings are semiperfect by Theorem 1.56, and this fact is used
frequently in the literature. Hence we restrict our attention to the semiperfect
rings that satisfy the conditions in Theorem 5.56. Accordingly, a ring R is called
an FP ring if it is semiperfect and satisfies any of the equivalent conditions in
Theorem 5.56. These FP rings admit additional characterizations that show
(using Theorem 1.56) that they are simultaneously a natural generalization of
both the right and left PF rings.

Theorem 5.57. The following conditions are equivalent for a ring R:

(1) R is an FP ring.
(2) R is semiperfect and right FP-injective and Sr ⊆ess RR .

(3) R is semiperfect and left FP-injective and Sl ⊆ess
R R.

Proof. (1)⇒(2) is clear from Part (4) of Proposition 5.48. Given (2), R is right
P-injective and so R is right (and left) Kasch by Theorem 5.31. Hence (1)⇔(2);
(1)⇔(3) is analogous. �

Since “semiperfect,” “right Kasch,” and “right FP-injective” are all Morita
invariant properties, we have

Theorem 5.58. The class of FP rings forms a Morita invariant class.

Recall that if M is a module, the socle series soc1(M) ⊆ soc2(M) ⊆ · · · are
submodules defined by setting soc1(M) = soc(M) and, if socn(M) has been
specified, by defining socn+1(M) by

socn+1(M)/socn(M) = soc[M/socn(M)].
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Recall further that a module is said to be finitely cogenerated if it has a finitely
generated, essential socle.

Proposition 5.59. If R is any FP ring, write S = Sr = Sl . Then the following
hold:

(1) soc(eR) = eS and soc(Re) = Se are simple for all local e2 = e ∈ R.

(2) R is left and right finitely cogenerated.
(3) If {e1, . . . , en} is a basic set of local idempotents in R, there exist elements

k1, . . . , kn in R and a permutation σ of {1, . . . , n} such that the following
hold for all i = 1, . . . , n:
(a) Ski = soc(Reσ i ) ∼= Rei/Jei and ki S = soc(ei R) ∼= eσ i R/eσ i J.

(b) {k1 R, . . . , kn R} and {Rk1, . . . , Rkn} are sets of distinct representatives
of the simple right and left R-modules, respectively.

(4) socn(RR) = socn(R R) = l(J n) = r(J n) for all n ≥ 1.

Proof. Because R is two-sided minfull, (1), (2), and (3) follow from Proposition
3.17 and the fact that S is essential in both RR and R R. Finally, since R is
semiperfect with Sr = Sl , (4) is Lemma 3.36. �

A module M is called finitely continuous if it satisfies the C2-condition and
every finitely generated submodule is essential in a direct summand of M ; a
ring R is called right finitely continuous if RR is a finitely continuous module.

Proposition 5.60. Every FP ring is left and right finitely continuous.

Proof. Every finitely generated right (or left) ideal is essential in a direct sum-
mand by Corollary 5.43 and Lemma 4.2. Moreover, R satisfies the right and left
C2-conditions by Proposition 5.10. Hence R is right and left finitely continuous.

�

We can now give more characterizations of the FP rings in terms of the min-
CS condition introduced in Chapter 4. Recall that a ring R is called right finitely
cogenerated if Sr is finitely generated and essential in RR .

Theorem 5.61. The following conditions are equivalent for a ring R:

(1) R is an FP ring.
(2) R is right Kasch, right FP-injective, and left min-CS.
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(3) R is left Kasch, left FP-injective, and right min-CS.
(4) R is right FP-injective, right finitely cogenerated, and right min-CS.
(5) R is left FP-injective, left finitely cogenerated, and left min-CS.

Proof. By the symmetry of (1), we prove only (1)⇔(2) and (1)⇔(4). Moreover,
Proposition 5.60 gives (1)⇒(2) and (1)⇒(4).

(2)⇒(1). Given (2), R is semiperfect by Theorems 2.31 and 4.8, so R is an
FP ring by Theorem 5.57.

(4)⇒(1). It suffices by Theorem 5.57 to show that R is semiperfect. Since
R is right finite dimensional, write Sr = K1 ⊕ · · · ⊕ Kn , where each Ki is
a simple right ideal. By the min-CS condition, let Ki ⊆ess ei R for each i ,
where e2

i = ei ∈ R. Since the Ki are uniform it follows by induction that
E = e1 R ⊕· · ·⊕ en R is a direct sum. But R is right P-injective, hence right C2
by Proposition 5.10, and hence right C3 by Lemma 1.21. It follows by induction
that E is a direct summand of RR . But E ⊆ess RR because Sr ⊆ess RR, so
E = R. Since monomorphisms RR → RR are epic (by Lemma 5.13 as R is
I-finite), R is semiperfect by Lemma 4.26. �

It will be proved in Theorem 6.39 that a right perfect, right and left self-
injective ring is quasi-Frobenius. As a consequence, Faith has conjectured that
every left perfect, left (or right) self-injective ring is quasi-Frobenius. This
conjecture remains open even for a semiprimary, local, right self-injective ring
with J 3 = 0. We are going to study this conjecture in the presence of the FP-
injectivity condition, and we require some preliminary results. The first of these
gives a necessary and sufficient condition for the Jacobson radical of an FP ring
to be finitely generated.

Proposition 5.62. Let R be an FP ring, and write Sr = Sl = S. Then R/S
is finitely cogenerated as a right (left) R-module if and only if J is finitely
generated as a left (right) R-module.

Proof. Suppose R/S is right finitely cogenerated. Since SR is finitely generated
by Proposition 5.59, R/S is finitely presented, and hence it is right torsionless
by Corollary 5.44 (as R is left FP-injective). Thus it follows from Lemma
1.51 that there exists an embedding σ : R/S → (Rn)R for some n ≥ 1. If
σ (1 + S) = (a1, . . . , an), ai ∈ R, then S = r{a1, . . . , an}. Because R is right
FP-injective, we have l(S) = lr{a1, . . . , an} = �n

i=1 Rai by Corollary 5.43.
But J = l(S) because R is left Kasch (being an FP ring), so J = �n

i=1 Rai as
required.
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Conversely, if R J is finitely generated, then S = r(J ) = r{a1, . . . , an} with
ai ∈ R. It follows that R/S ↪→ (Rn)R . But R is right finitely cogenerated
by Proposition 5.59; hence (Rn)R is finitely cogenerated, whence R/S is right
finitely cogenerated. �

We are going to give some conditions that a left perfect, right FP-injective
ring is quasi-Frobenius, and some facts about right T-nilpotence will be needed.
Recall that a set A is called right T-nilpotent if given any set a1, a2, . . . in A
there exists an integer n such that a1a2 · · · an = 0. And A is called locally
nilpotent if, for any finite subset F ⊆ A, there exists an integer N such that
any product of N elements of F is zero.

Lemma 5.63. Every right T-nilpotent set A in a ring is locally nilpotent.

Proof. If A is not locally nilpotent, let X = {x1, x2, . . . , xn} ⊆ A be such that,
for each i ≥ 1, there exists a product xi1xi2 · · · xii �= 0, xi j ∈ X. Since |X |
is finite, every infinite subset of X has infinitely many equal elements. Thus,
looking at column 1 of the array, there exists r1 and an infinite set I1 of natural
numbers such that xi1 = xr1 for all i ∈ I1, and min(I1) ≥ 1. Looking at the
corresponding entries in column 2, there exists r2 and an infinite set I2 ⊆ I1

0 �= x11

0 �= x21x22

0 �= x31x32x33

0 �= x41x42x43x44
...

...

such that xi2 = xr2 for all i ∈ I2, and min(I2) ≥ 2. We thus obtain infinite sets
I1 ⊇ I2 ⊇ · · · and integers r1, r2, · · · such that

Im ⊆ Im−1, min(Im) ≥ m and xim = xrm for all i ∈ Im .

Consider the sequence xr1 , xr2 , xr3 , . . . from X ⊆ A. Given any m ≥ 1, fix
i ∈ Im . Then i ≥ m and xr1 xr2 · · · xrm = xi1xi2 · · · xim �= 0 because the product
xi1xi2 · · · xim · · · xii �= 0. This contradicts the T-nilpotency of A. �

As a consequence of Lemma 5.63 we obtain the following results about
ideals.
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Lemma 5.64. Let A be an ideal of R that is right or left T-nilpotent and is
finitely generated as a right or left ideal. Then A is nilpotent.

Proof. Let X = {x1, x2, . . . , xn} generate AR or R A. By Lemma 5.63 there
exists an integer m such that the product of any m elements of X is zero. If A =
x1 R + · · · + xn R, and if a1, a2, . . . , am are in A, the product a1a2 · · · am takes
the form a1a2 · · · am = �i j xi1 xi2 · · · xim r(i1,i2,...,im ) for elements r(i1,i2,...,im ) ∈ R
because A is a left ideal. Hence Am = 0. A similar argument works if A =
Rx1 + · · · + Rxn. �

Lemma 5.65. Let A be an ideal of R such that A/A2 is right finitely generated,
and let MR be a module.

(1) If M/MA is finitely generated then MA/MA2 is finitely generated.
(2) In particular Ak/Ak+1 is right finitely generated for all k ≥ 1.

Proof. Write A = �n
i=1ai R + A2, ai ∈ A, and assume that M = �k

j=1m j R +
MA, m j ∈ M. Then

MA = �k
j=1m j A + MA2 = �k

j=1m j (�n
i=1ai R + A2) + MA2

= �k
j=1�

n
i=1m j ai R + MA2,

which shows that MA/MA2 is finitely generated. This proves (1), and (2) follows
from (1) by induction. �

Theorem 5.66. Let R be a left perfect, right FP-injective ring. Then:

(1) R is quasi-Frobenius if and only if soc2(R) is finitely generated as a right
R-module.

(2) R is quasi-Frobenius if and only if R/soc(R) is finitely cogenerated as a
left R-module [where soc(R) means Sr = Sl].

(3) If R is also right perfect, then R is quasi-Frobenius if and only if soc2(R)
is finitely generated as a left R-module.

Proof. Note first that R is an FP ring by Theorem 5.57 because left perfect
rings have essential right socle. Write S = Sr = Sl .

(1). Since R is left perfect, R/S has an essential right socle. But then
R/S is finitely cogenerated as a right R-module because soc2(R) is right
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finitely generated. Hence R J is finitely generated by Proposition 5.62, so J
is nilpotent by Lemma 5.64. Thus R is semiprimary, so each J k/J k+1 is
semisimple as a left module. But then each J k/J k+1 is artinian on the left
by Lemma 5.65, so R is left artinian. Hence R is quasi-Frobenius by Theorem
3.31.

(2). Proposition 5.62 shows that JR is finitely generated, so R is right artinian
as in (1). Since R is two-sided mininjective, it is quasi-Frobenius by Theorem
3.31.

(3). Now R is right perfect, and so R/S has an essential left socle. Hence the
hypothesis shows that R/S is left finitely cogenerated, and the result follows
from (2). �

5.9. Group Rings

If G is a group and R is a ring, the group ring RG is the free R-module on G
as basis, with multiplication determined by the ring and group axioms and the
requirement that rg = gr for all r ∈ R and g ∈ G. Hence

RG = {�g∈Gagg | ag ∈ R}

where ag = 0 except for finitely many g. If h ∈ G, the projection πh : RG → R
given by πh(�g∈Gagg) = ah is right and left R-linear. We write π1 = π and
note that, if x ∈ RG, then πh(x) = π (xh−1) and

x = �g∈Gπg(x)g = �g∈Gπ (xg−1)g. (*)

We use this formula to prove the following important theorem.

Theorem 5.67 (Connell’s Theorem). If G is a finite group the group ring RG
is right self-injective if and only if R is right self-injective.

Proof. Assume that R is right self-injective, and let γ : Y → RG be RG-
linear, where Y ⊆ RG is a right ideal. Then π ◦ γ : Y → R is right R-
linear, so (as RR is injective) extend π ◦ γ to λ : RG → R. Now use λ

to define α : RG → RG by α(x) = �g∈Gλ(xg)g−1. Then α is RG-linear
because

α(xh) = �g∈Gλ(xhg)g−1 = �k∈Gλ(xk)k−1h = α(x)h
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for all h ∈ G. Finally, α extends γ. If y ∈ Y then (*) gives

α(y) = �g∈Gλ(yg)g−1 = �g∈Gπ [γ (yg)]g−1

= �g∈Gπ [γ (y)g]g−1

= �m∈Gπ [γ (y)m−1]m

= γ (y).

Hence RG is right self-injective. Conversely, if γ : T → R is R-linear where
T ⊆ R, define γ̄ : T G → RG by γ̄ (�tgg) = �γ (tg)g. This is RG-linear, so
γ̄ = x · for some x ∈ RG. Hence if t ∈ T, we have γ (t) = γ̄ (t) = xt = π (x)t,
so γ = π (x) · . Thus R is right self-injective. �

The next result explores the situation for P-injective rings. A group is called
locally finite if every finitely generated subgroup is finite.

Theorem 5.68. Let G be a group, let R be a ring, and let RG denote the group
ring.

(1) If RG is right P-injective then R is right P-injective and G is locally
finite.

(2) If R is right self-injective and G is locally finite, then RG is right P-injective.

Proof. (1). Suppose that rR(a) ⊆ rR(b), where a, b ∈ R. Then rRG(a) ⊆
rRG(b), so a ∈ RGb by hypothesis. It follows that a ∈ Rb, proving that R
is right P-injective. Recall that the augmentation ideal of RG is defined by
ω(RG) = {�g∈Gagg | �g∈Gag = 0}. To show that G is locally finite, it su-
ffices to show that the subgroup 〈H, g〉 generated by H and g is a finite group
whenever g ∈ G and H is a finite subgroup of G. We have ω(RH ) = �h∈H (1−
h)RH = lR H (y), where y is the sum of the elements of the finite group H.

Define x = (1 − g)y so that rRG(y) ⊆ rRG(x).

Claim. rRG(y) �= rRG(x).

Proof. Otherwise RGx = RGy by hypothesis, so write y = zx = z(1 − g)y,
where z ∈ RG. It follows that [1 − z(1 − g)] ∈ lRG(y) = RG ω(RH ). But
then 1 ∈ RG(1− g)+ω(R H ) ⊆ ω(RG), which is a contradiction. This proves
the Claim.

So choose z ∈ rRG(x) such that z /∈ rRG(y). Then yz �= 0 and (1−g)yz = 0.

Since (1−h)y = 0 for all h ∈ H, this gives 〈H, g〉 ⊆ {h ∈ G | (1−h)yz = 0},
a finite group by a result of Passman [190, p. 105].
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(2). Let rRG(y) ⊆ rRG(x), where y, x ∈ RG. Because G is locally finite,
there is a finite subgroup H of G such that y, x ∈ RH. Hence rR H (y) =
rRG(y) ∩ R H ⊆ rRG(x) ∩ R H = rR H (x). Since RH is right self-injective by
Connell’s theorem, this implies that x ∈ RH y ⊆ RGy. This proves (2). �

Corollary 5.69. If F is a field and G is a group, the following are equivalent:

(1) FG is right P-injective.
(2) G is locally finite.
(3) FG is left P-injective.

Example 5.70. If R is right P-injective and G is finite, RG need not be right
P-injective.

Proof. The Björk example R is a right P-injective ring, and we may assume
that 6 is a unit in R and that R contains a primitive cube root of unity. If G = S3

is the symmetric group of order 6, we have RG ∼= R × R × M2(R). [Indeed, if
h ∈ G has order 3 and e = 1

3 (1+h +h2), then e is a central idempotent in RG,
RGe ∼= R × R, and RG(1 − e) ∼= M2(R).] Hence if RG were right P-injective
then M2(R) would be right P-injective, whence R would be right 2-injective by
Theorem 5.36, contrary to Example 5.22. �

Notes on Chapter 5

The right P-injective rings were first discussed in 1952 by Ikeda [102]. The
equivalence of the first two conditions in Lemma 5.1 was noted by Ikeda and
Nakayama [104].

The theorem that J = Zr in any right principally injective ring (Theorem
5.14) has been extended by Page and Zhou [188, Theorem 2.2]. Proposition
5.15 is due to Rutter [199].

The commutative case of Proposition 5.17 is due to Camillo [26] who, in
addition, shows that if R is a commutative, finite dimensional, P-injective ring,
then R has finitely many maximal ideals. In Proposition 5.27, we show that
finite dimensionality is in fact equivalent to having finitely many maximal
ideals, assuming only that R is right duo. In fact, many results in Section 5.3
stem from [25].

The fact that every right module over a regular ring is FP-injective comes
from two theorems of Zelmanowitz in 1972: The direct sum of regular modules
is regular [236, Theorem 2.8], and every finitely generated submodule of a free
module over a regular ring is a direct summand [236, Theorem 1.6].
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The equivalence of (1) and (4) in Theorem 5.41 was privately communicated
to the authors by Puninski. The result in Corollary 5.44 is due to Jain [105], and
the usual proof is homological. For detailed information on FP-injectivity we
refer the reader to the book by Stenström [208]. The argument in Lemma 5.64
is adapted from Lam [132]. Statement (1) in Theorem 5.66 is an extension of a
result of Clark and Huynh [36].

The theorem that, for a finite group, the group ring RG is right self-injective
if and only if R is right self-injective was proved in 1963 by Connell [43]. In
1971 Renault [195] showed that G must be finite if RG is right self-injective
and, in 1975, Farkas [69] showed that, if F is a field, FG is right P-injective if
and only if G is locally finite.
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Simple Injective and Dual Rings

We now introduce another class of right mininjective rings that seems to effec-
tively mirror the properties of right self-injective rings. A ring R is called right
simple injective if every R-linear map with simple image from a right ideal to R
extends to R. Examples include right mininjective rings and right self-injective
rings, but there are simple injective rings that are not right P-injective, and there
exist right simple injective rings that are not left simple injective. If R is right
simple injective, so also is eRe, where e is an idempotent satisfying ReR = R,

but simple injectivity is not a Morita invariant [we characterize when Mn(R) is
right simple injective].

We show that a simple injective ring R is right Kasch if and only if every
right ideal is an annihilator and, in this case, that R is left P-injective, soc(eR)
is simple and essential in eR for every local idempotent e in R, and R is left
finite dimensional if and only if it is semilocal. In fact, if R is semiperfect, right
simple injective and soc(eR) �= 0 for every local idempotent e (the analogue
of the right minfull rings), then R is a right and left Kasch, right and left
finitely cogenerated, right continuous ring in which Sr = Sl(= S) and both
soc(eR) = eS and soc(Re) = Se are simple and essential in eR and Re,
respectively, for every local idempotent e in R. Furthermore, it is shown that a
semiprimary ring is right self-injective if and only if it is right simple injective,
and we conjecture that a left perfect, right simple injective ring is right self-
injective. Finally, we show that a ring R is quasi-Frobenius if and only if R
is a left perfect, left and right simple injective ring; if and only if R is a right
simple injective, right Goldie ring with Sr ⊆ess RR ; if and only if R is a left
perfect, right simple injective ring in which soc2(R) is countably generated as
a left R-module.

Kaplansky called a ring a dual ring if every one-sided ideal is an annihilator.
We show that the simple injective rings are closely related to these dual rings.
After giving a short proof that every dual ring is semiperfect, we show that R

130
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is a dual ring if and only if R is a two-sided Kasch, two-sided simple injective
ring; if and only if R is a semiperfect, two-sided simple injective ring with
soc(eR) �= 0 for every local idempotent e in R. Furthermore, after developing
some properties of AB5∗ modules and rings, we show that every dual ring is
right and left quotient finite dimensional. We then show that R is a left and right
PF ring if and only if M2(R) is a dual ring, and that R is quasi-Frobenius if and
only if it is a right semiartinian dual ring.

Finally, we call a ring R a right Ikeda–Nakayama ring (a right IN ring) if
l(T ∩ T ′) = l(T ) + l(T ′) for all right ideals T and T ′ of R. These rings are
closely related to the dual rings: A ring R is a dual ring if and only if R is a
right and left IN ring and the dual of every simple right R-module is simple.
Moreover, we show that every right IN ring is right quasi-continuous and that
a ring R is right self-injective if and only if M2(R) is a right IN ring. In fact, R
is quasi-Frobenius if and only if R is a left perfect, right and left IN ring.

6.1. Examples

A ring R is called right simple injective if, for every right ideal T of R, every
R-linear map γ : T → R with γ (T ) simple extends to R, that is, if γ = c· is
left multiplication by an element c of R. Here is another characterization that
will be needed.

Lemma 6.1. A ring R is right simple injective if and only if an R-linear map
γ : T → RR extends to RR → RR whenever T is a right ideal of R and γ (T )
is semisimple and finitely generated.

Proof. Assume that R is right simple injective. If γ (T ) = 0 then γ = 0·. Oth-
erwise, let γ (T ) = K1 ⊕ · · · ⊕ Kn , where the Ki are simple right ideals. If πi :
γ (T ) → Ki is the projection, let πi ◦γ = ci ·, where ci ∈ R by hypothesis. It is
routine to verify that γ = (c1 + · · · + cn)·, as required. �

In particular, if R is right simple injective and T is a finitely generated right
ideal of R, then every R-linear map T → Sr extends to R.

Every ring with zero right socle is right simple injective, so every domain is
right simple injective (if the socle is not zero it is a division ring). Thus Z is a
commutative, noetherian, simple injective ring that is not self-injective. Since
every right simple injective ring is clearly right mininjective, Example 6.2 shows
that the following inclusions are strict:

{right self-injective} ⊂ {right simple injective} ⊂ {right mininjective}.
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Example 6.2. If the field is taken to be Z2, the Camillo example R (Example
2.6) is a commutative, local ring with J 3 = 0 that is mininjective with simple
essential socle but is not simple injective.

Proof. Recall that R = Z2[1, m, x1, x2, . . . ], where the xi are commuting in-
determinants satisfying the relations x3

i = 0 for all i, xi x j = 0 for all i �= j, and
x2

i = m for all i. Hence J = spanZ2{m, x1, x2, . . . }, R/J ∼= Z2 and J 3 = 0.

Moreover, soc(R) is simple and essential in R by Example 2.6. Finally, R is
not simple injective by the argument in Example 5.45 because, in the notation
of that example, γ (J ) = Z2m is simple. �

We give an example later of a left simple injective ring that is not right simple
injective.

Proposition 6.3. A direct product �i∈I Ri of rings is right simple injective if
and only if Ri is right simple injective for each i ∈ I.

Proof. If R × S is right simple injective, it is routine to show that the same is true
of R and S. Conversely, write R = �i∈I Ri , assume that each Ri is right simple
injective, and let γ : T → R be R-linear, where γ (T ) is simple. Let σi and πi

be the canonical inclusion and projection maps for R. For each k ∈ I, write
ēk = σk(1) and define Tk = {x ∈ Rk | σk(x) ∈ T }, a right ideal of Rk . Then
σk(Tk) ⊆ T because, if x = πk(t̄) ∈ Tk, t̄ ∈ T, then σk(x) = t̄ ēk ∈ T . Hence the
map γk = πkγ σk : Tk → Rk is defined and Rk-linear, and γk(Tk) ⊆ πk[γ (T )]
is zero or simple as a right ideal of Rk because πk is a ring homomorphism.
By hypothesis γk = ck · for some ck ∈ Rk . Now let t̄ = 〈ti 〉 ∈ T and write
γ (t̄) = s̄ = 〈si 〉 . Then each tk ∈ Tk because σk(tk) = t̄ ēk, so γ σk(tk) =
γ (t̄ ēk) = s̄ēk = σk(sk). Hence cktk = γk(tk) = πkγ σk(tk) = πkσk(sk) = sk for
each k ∈ I. If c̄ = 〈ci 〉 ∈ R, we obtain c̄t̄ = s̄ = γ (t̄). As this holds for all
t̄ ∈ T, we have γ = c̄·, as required. �

Example 6.4. If R is a ring for which Sr = eR for a central idempotent e, then
R is right simple injective by Proposition 6.3 because eR is semisimple and
soc[(1 − e)R] = 0.

Recall that a ring is called right universally mininjective if every right module
is mininjective, equivalently if K 2 �= 0 for every simple right ideal K of R (see
Theorem 2.36).



6. Simple Injective and Dual Rings 133

Example 6.5. If R is a right universally mininjective ring in which every idem-
potent is central, then R is right simple injective. In particular, every semiprime
ring with all idempotents central is right and left simple injective.

Proof. If γ : T → RR has γ (T ) simple then γ splits because γ (T ) is projective
(by hypothesis), say T = K ⊕ P , where K = ker (γ ) and P ∼= γ (T ). Then P =
eR, e2 = e, again by hypothesis. If c = γ (e), then cp = γ (p) for all p ∈ P,

and cK = 0 because e is central. It follows that γ = c·, as required. �

Since Z is simple injective but not P-injective, Example 6.2 shows that there
is no inclusion relationship between the right simple injective rings and the
right P-injective rings. The following example presents a non-self-injective
commutative ring with both properties.

Example 6.6 (Clark Example). We construct a commutative ring R with ideal
lattice

0 = Rv0 ⊂ Rv1 ⊂ Rv2 ⊂ · · · ⊂ V ⊂ · · · ⊂ Rp2 ⊂ Rp ⊂ R,

where p and vi , i ≥ 0, satisfy pvk = vk−1 for all k ≥ 1, and where V is the only
nonprincipal ideal. Thus R is local with simple, essential socle. Furthermore,
R is P-injective and simple injective, but not self-injective.

Proof. Let D be a discrete valuation ring, that is, a commutative integral domain
with ideal lattice 0 ⊂ · · · ⊂ Dpn ⊂ · · · ⊂ Dp2 ⊂ Dp ⊂ D. [For example D =
Z(p), with p a prime, or D = F[[x]], with F any field (and we take p = x).]
If we write U for the group of units of D, then Dpn+1 − Dpn = U pn and the
field of quotients is Q = {upk | k ∈ Z, u ∈ U }.
Claim 1. The lattice of D-submodules of D Q that contain D is

D ⊂ Dp−1 ⊂ Dp−2 ⊂ · · · ⊂ Q.

Proof. Clearly D ⊂ Dp−1 ⊂ Dp−2 ⊂ · · · ⊂ Q. If D ⊆ D A �= Q then
there exists m ≥ 0 such that p−m ∈ A and p−(m+1) /∈ A. If x ∈ A − Dp−m

write x = up−k, k ≥ 1, u ∈ U. Then p−k ∈ A, so k ≤ m, whence x =
(upm−k)p−m ∈ Dp−m . This proves Claim 1.

Now define D V = Q/D and vm = p−m + D ∈ V, m ≥ 0 (so v0 = 1 + D =
0). Then pvk = vk−1 for each k ≥ 1 and we have

Claim 2. 0 = Dv0 ⊂ Dv1 ⊂ Dv2 ⊂ · · · ⊂ V is the D-submodule lattice of

D V ; and D V is a divisible module (and hence is injective).
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Proof. We have Dvm = Dp−m/D, so Dv0 ⊆ Dv1 ⊆ Dv2 ⊆ · · · ⊆ V by
Claim 1. It is routine to verify that vm+1 /∈ Dvm . If 0 �= d ∈ D we must show
that dV = V . Let d = upn, u ∈ U, n ≥ 0. If v = d1vm, d1 ∈ D, then v = dw,
where w = u−1d1vm+n. This proves Claim 2.

Now let R be the trivial extension of D by V ; that is, R = D ⊕ V , where
the multiplication is defined by (d + v)(d ′ + v′) = dd ′ + (dv′ + d ′v). Then
Rvm = R(0 + vm) = 0 ⊕ Dvm for all m ≥ 0, and Rpn = R(pn + 0) =
Dpn ⊕ V for all n ≥ 0 because V = pn V by Claim 2.

Claim 3. 0 = Rv0 ⊂ Rv1 ⊂ Rv2 ⊂ · · · ⊂ V ⊂ · · · ⊂ Rp2 ⊂ Rp ⊂ R is the
ideal lattice of R.

Proof. If A is an ideal of R, A �= 0, R, assume first that A ⊆ V . If A0 = {v ∈
V | 0 + v ∈ A} then A0 = V or A0 = Dvm for some m by Claim 2, so A = V
or A = Rvm . However, if A � 0 + V consider the ideal A, of D defined by
A1 = {d ∈ D | d +v ∈ A for some v ∈ V }. Since A �= R, we have A1 = Dpn,

n ≥ 1. Then A = Dpn ⊕ V because V is divisible; that is, A = Rpn. This
proves Claim 3.

Hence R is “almost” a principal ideal ring. But V is not finitely generated by
Claim 2 because V = �m Rvm = ∪m Rvm . However, R is P-injective; indeed
every ideal is an annihilator. In fact one verifies that

Rvm = r(Rpm) and Rpm = r(Rvm) for all m ≥ 0, and r(V ) = V .

Since every ideal except V is principal, and since V has no simple image (no
maximal submodule), this shows that R is simple injective. However, R is not
self-injective. Indeed γ : V → R is well defined by γ (0 + dvm) = 0 + dvm−1

because vm−1 = pvm . A routine computation shows that γ is R-linear and that
γ = c· is impossible for c ∈ R. So R is not self-injective. �

Observe that in Example 6.6 we have R/V ∼= D, R/Rvm
∼= R for all m ≥ 0,

and R/Rpn ∼= D/Dpn for each n ≥ 0.

6.2. Matrix Rings

We begin with a characterization of when the ring Tn(R) of upper triangular ma-
trices over R is right simple injective. Surprisingly it is equivalent to right min-
injectivity.
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Proposition 6.7. The following are equivalent for a ring R:

(1) Tn(R) is right simple injective for every n ≥ 2.

(2) Tn(R) is right simple injective for some n ≥ 2.

(3) Tn(R) is right mininjective for some n ≥ 2.

(4) Sr = 0.

(5) soc[Tn(R)Tn (R)] = 0 for every n ≥ 1.

Proof. The implications (5)⇒(1)⇒(2)⇒(3) are clear.
(3)⇒(4). Let ei j denote the standard matrix unit. If k R is simple, k ∈ R, then

K = e1n k R is a simple right ideal of Tn(R) and we define γ : K → Tn(R)
by γ (e1n x) = enn x . Then γ is Tn(R)-linear, so γ = C ·, C ∈ Tn(R), by (3).
Hence enn k = C e1nk, so k = 0 because n ≥ 2, which is a contradiction. This
proves (4).

(4)⇒(5). Write Tn = Tn(R) and proceed by induction on n ≥ 1. The case n =
1 is (4). In general, if ãTn is simple, where ã = [ai j ] ∈ Tn, we show ã = 0,

a contradiction. Write ã = [ a11 ȳ
0 z̃

]
, where z̃ ∈ Tn−1 and ȳ ∈ Rn−1. If a11 �= 0

it follows easily that a11 R is simple (since ãTn is simple), contrary to (4).
Hence a11 = 0. It remains to show that ȳ = 0 since then ã = [ 0 0

0 z̄

]
and so

ãTn = [ 0 0
0 z̃Tn−1

]
. It follows that z̃Tn−1 is simple, so z̃ = 0 by induction, as

required. So we show that ȳ = 0.

We have ȳ = [a12 a13 · · · a1n]. If a1 j �= 0 we show that a1 j R is simple,
contrary to (4). Let 0 �= a1 j r ∈ a1 j R. If we write b̃ j = ã (e j j r ) then 0 �=
b̃ j ∈ ãTn and so, as before, ãTn = b̃ j Tn. This implies that ã ∈ b̃ j Tn, whence
a1 j ∈ a1 j r R, as required. �

Although the right simple injective rings do not form a Morita invariant class,
they do have the following property.

Proposition 6.8. Let R be right simple injective. If e2 = e ∈ R satisfies ReR =
R, then eRe is right simple injective.

Proof. Write S = eRe and let γ : T → S be S-linear, where T is a right ideal
of S and γ (T ) is S-simple. Define γ̄ : T R → RR by γ̄ (�ti ri ) = �γ (ti )ri .

Claim. γ̄ is well defined and γ̄ (T R) is simple as a right R-module.

Proof. Let �ti ri = 0. If r ∈ R we get 0 = �ti ri re = �ti (erire), whence 0 =
�γ (ti )(erire) = [�γ (ti )ri ]re. It follows that �γ (ti )ri = 0 because ReR = R,

so γ̄ is well defined. But then γ̄ (T R) = γ (T )R = K R, where we write
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K = γ (T ). Choose 0 �= k ∈ K so that K = kS because KS is simple. Then
K R = kS R ⊆ k R ⊆ K R, so K R = k R and we must show that k R is simple.
Suppose that 0 �= kr ∈ k R. Then kr ReR �= 0, so there exists b ∈ R such that
0 �= krbe = (ke)rbe ∈ kS. Since kS = K is S-simple, we get krbeS = kS, so
k ∈ krbeS ⊆ kr R. This proves the Claim.

Because R is right simple injective, the Claim gives γ̄ = c·, where c ∈ R. If
t ∈ T then

γ (t) = eγ (t) = eγ̄ (t) = e(ct) = (ec)t = (ec)et = (ece)t.

It follows that γ = (ece)·, as required. �

We will show later (Example 6.21) that right simple injectivity is not a Morita
invariant.

If C is a class of rings closed under isomorphisms and under R 
→ eRe, where
e2 = e ∈ R and ReR = R, it is not difficult to show that C0 = {R | Mn(R) ∈ C
for all n ≥ 1} is the largest Morita invariant class contained in C. If C is the
class of all right P-injective rings, then C0 is the important class of all right FP-
injective rings by Theorem 5.41. By analogy, the class C0 is of interest when C
is the class of right simple injective rings. The next result characterizes when
the matrix ring Mn(R) is right simple injective for a particular value of n. As
before, let Rn denote the set of n × 1 column matrices over R.

Theorem 6.9. The following conditions are equivalent for a ring R and an in-
teger n ≥ 1:

(1) Mn(R) is right simple injective.
(2) For each right R-submodule T of Rn, every R-linear map γ : T → R with

γ (T ) simple can be extended to Rn → R.

(3) For each right R-submodule T of Rn, every R-linear map γ : T → Rn with
γ (T ) simple can be extended to Rn → Rn.

Proof. We prove it for n = 2; the general argument is analogous.
(1)⇒(2). Given γ : T → RR , where T ⊆ R2 and γ (T ) = K is simple,

consider the right ideal T̄ = [T T ] of M2(R). The map γ̄ : T̄ → M2(R)
defined by γ̄ [x1 x2] = [

γ (x1) γ (x2)
0 0

]
is M2(R)-linear and γ̄ (T̄ ) = [ K K

0 0

]
is a

simple right ideal of M2(R). By (1) we have γ̄ = C ·, where C ∈ M2(R), so
γ = c̄·, where c̄ is the first row of C.

(2)⇒(3). Given (2), consider γ : T → R2, where T ⊆ R2 is a right R-
submodule and γ (T ) is R-simple. If πi : R2 → R is the i th projection, then
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πiγ (T ) is zero or simple, so (2) provides an R-linear map γi : R2 → R extend-
ing πi ◦ γ. Then γ̂ : R2 → R2 extends γ , where γ̂ (x) = [γ1(x) γ2(x)]T for all
x ∈ R2.

(3)⇒(1). Write S = M2(R), and consider γ : T → SS , where T is a right
ideal of S and γ (T ) is S-simple. Then T = [T0 T0], where T0 = {x ∈ R2 |
[x 0] ∈ T } is a right R-submodule of R2. Moreover, the S-linearity of γ shows
that γ [x 0] = [y 0] for some y ∈ R2, and writing y = γ0(x) yields an R-linear
map γ0 : T0 → R2 such that γ [x 0] = [γ0(x) 0] for all x ∈ T0.

Claim. γ0(T0) is R-simple.

Proof. Let 0 �= y ∈ γ0(T0), say y = γ0(x). Then 0 �= [y 0] = γ [x 0] ∈ γ (T ).
If y

1
∈ γ0(T0) then [y

1
0] ∈ γ (T ), so, since γ (T ) is S-simple, there exists

B = [ a b
d c

] ∈ S such that [y
1

0] = [y 0]B = [ya yb]. Hence y
1

= ya ∈ y R,

which proves the Claim.

Given the Claim, γ0 extends to an R-linear map γ̂ : R2 → R2 by (3). Hence
γ̂ = C · for some matrix C ∈ S. If [x y] ∈ T it follows that

γ [x y] = [γ0(x) 0] + [γ0(y) 0]

[
0 1
0 0

]
= [Cx C y] = C[x y].

In other words, γ = C ·, and (1) is proved. �

Motivated by Theorem 6.9, we call an R-module MR simple quasi-injective
if, for any submodule X ⊆ M, any R-morphism X → M with simple image
extends to an R-morphism M → M. Thus a ring R is right simple injective
if and only if RR is a simple quasi-injective module. More generally, Theorem
6.9 gives the following corollary:

Corollary 6.10. The following are equivalent for a ring R:

(1) Mn(R) is right simple injective for every n ≥ 1.

(2) Every finitely generated free right R-module is simple quasi-injective.

The rings satisfying these conditions are a Morita invariant class.

The following property of simple quasi-injective modules will be used later.

Lemma 6.11. If MR is a simple quasi-injective module and end(M) is local,
then soc(M) is either 0 or simple and essential in M.
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Proof. Suppose soc(M) �= 0, and let K ⊆ M be simple. If 0 �= T ⊆ M is a
submodule, it suffices to show that K ⊆ T . If not, define γ : K ⊕ T → M by
γ (k + t) = k. By hypothesis, let γ̂ ∈ end(M) extend γ. Then (1M − γ̂ )(k) = 0
for each k ∈ K , so γ̂ /∈ J [end(M)]. Hence γ̂ is invertible in the local ring
end(M), so the fact that γ̂ (T ) = 0 means T = 0, contrary to assumption. �

If MR is simple quasi-injective and N ⊆⊕ M then NR is also simple quasi-
injective. Indeed, if X ⊆ N and γ : X → N has simple image then γ extends
to γ̂ : M → M, so π ◦ (γ̂|N ) : N → N extends γ , where π : M → N is any
projection.

Proposition 6.12. Let R be a right simple injective ring.

(1) If e is a local idempotent in R then soc(eR) is either zero or simple and
essential in eR.

(2) If R is semiperfect, the following conditions are equivalent:
(a) soc(eR) �= 0 for each local idempotent e.
(b) Sr is finitely generated and essential in RR .

Proof. The module eR is simple quasi-injective by the preceding remark, and
end(eR) ∼= eRe is a local ring. Hence (1) follows from Lemma 6.11.

If 1 = e1 + · · · + en , where the ei are orthogonal local idempotents, then
Sr = ⊕n

i=1soc(ei R) and (a)⇒(b) follows from (1). The converse is clear. �

6.3. The Kasch Condition

Note first that the Kasch condition is independent of simple injectivity. Indeed,
the ring Z of integers is simple injective (it has zero socle) but not Kasch,
whereas the ring in Example 6.2 is a commutative, local Kasch ring that is not
simple injective.

If R is a semiperfect, right simple injective ring with soc(eR) �= 0 for each
local idempotent e, then R is right minfull, and hence it is right (and left) Kasch
by Theorem 3.12. However, the Kasch condition is much stronger in a right
simple injective ring R, as the next result shows.

Lemma 6.13. The following conditions are equivalent for a right simple injec-
tive ring R:

(1) R is right Kasch.
(2) If X ⊆max T , where T ⊆ R is a right ideal, then X = T ∩ r(c) for some

c ∈ R.

(3) rl(T ) = T for every right ideal T of R.
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(4) rl(T ) = T for every essential right ideal T of R.

(5) T is a direct summand of rl(T ) for every right ideal T of R.

(6) Every right ideal of R is a direct summand of a right annihilator.

Proof. (1)⇔(2). If X and T are as in (2), let σ : T/X → R be monic by (1),
and define γ : T → R by γ (t) = σ (t + X ). Then γ = c· for c ∈ R by simple
injectivity, so X = {t ∈ T | ct = 0} = T ∩ r(c). For the converse, take T = R
in (2) to show that rl(X ) = X for every maximal right ideal X of R.

(1)⇒(3). Always T ⊆ rl(T ). If b ∈ rl(T ) − T let T ⊆ M ⊆max (bR + T ).
By the Kasch hypothesis let σ : (bR + T )/M → R be monic, and then define
γ : bR + T → R by γ (x) = σ (x + M). Since im(γ ) = im(σ ) is simple, right
simple injectivity gives γ = c·, where c ∈ R. Hence cb = σ (b + M) �= 0
because b /∈ M. But if t ∈ T then ct = σ (t + M) = 0 because T ⊆ M, so
c ∈ l(T ). Since b ∈ r[l(T )] this gives cb = 0, which is a contradiction.

(3)⇒(4). This is obvious.
(4)⇒(5). If T is a right ideal of R, there exists a right ideal C such that

T ⊕ C ⊆ess RR by Lemma 1.7. Hence T ⊆ rl(T ) ⊆ rl(T ⊕ C) = T ⊕ C by
(4), so rl(T ) = T ⊕ [C ∩ rl(T )] by the modular law.

(5)⇒(6). This is obvious.
(6)⇒(1). If T ⊆max RR, we show that T is itself a right annihilator [which

gives (1)]. Let T ⊕ K = r(X ) by (6), where K is a right ideal. If K = 0 we
are done; if K �= 0 then T ⊕ K = R, so there exists e2 = e ∈ R such that
T = eR = r(1 − e). �

Using Lemma 6.13, we list a number of properties of the right Kasch, right
simple injective rings for reference later.

Proposition 6.14. Let R be a right simple injective, right Kasch ring. Then R
has the following properties:

(1) rl(T ) = T for every right ideal T of R.

(2) R is left P-injective, and hence right and left mininjective.
(3) Sr = Sl .

(4) J = Zl = r(Sr ).
(5) l(J ) ⊆ess

R R.

(6) If e2 = e is local then soc(Re) is simple and essential in Re.
(7) For the following conditions, we have (c)⇒(a)⇔(b):

(a) soc(eR) �= 0 for each local e2 = e ∈ R.

(b) soc(eR) is simple and essential in eR for each local e2 = e ∈ R.

(c) R is left Kasch.
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Proof. (1) is part of Lemma 6.13, and shows that R is left P-injective because
rl(a R) = a R for each a ∈ R (see Lemma 5.1). This gives (2), which in turn
implies (3) by Theorem 2.21. As to (4), we have J = Zl because R is left
P-injective (by Theorem 5.14), and r(Sr ) ⊆ J because R is right Kasch (the
other inclusion always holds).

(5). Let 0 �= b ∈ R. Since bR has maximal submodules, let γ : bR → R have
simple image by the Kasch condition. Thenγ = c·by simple injectivity, so cb =
γ (b) �= 0 whereas cbJ ⊆ γ (bR)J ⊆ Sr J = 0. Thus 0 �= cb ∈ Rb ∩ l(J ).

(6). We have l(J )e ∼= [eR/eJ ]∗ by Lemma 3.1. Since eR/eJ is simple
(because e is local), and since R is right mininjective and right Kasch, it follows
by Theorem 2.31 that l(J )e is a simple submodule of soc(Re). Hence (3)
gives l(J )e ⊆ soc(Re) = Sl ∩ Re = Sle = Sr e ⊆ l(J )e. It follows that
soc(Re) = l(J )e is simple; it is essential in Re by (5).

(7). Clearly (b)⇒(a), and the converse follows from Proposition 6.12. To
show that (c)⇒(a), observe that e · r(J ) ∼= [Re/Je]∗, so e · r(J ) is simple
because e is local, and R is left Kasch by (c) and left mininjective by (2). This
proves (a). �

We know (Proposition 5.55) that any left finite dimensional, right Kasch ring
is semilocal. The next theorem provides a converse in the presence of right
simple injectivity.

Theorem 6.15. Let R be right simple injective and right Kasch. Then

R is left finite dimensional if and only if R is semilocal.

In this case R has the following properties:

(1) Sr = Sl is finitely generated and essential both as a right and a left R-
module.

(2) R is left Kasch.
(3) soc(eR) is simple and essential in eR for each local e2 = e ∈ R.

(4) soc(Re) is simple and essential in Re for each local e2 = e ∈ R.

(5) dim(R R) = length[(R/J )R].

Proof. The forward implication holds without the simple injective hypothesis
by Proposition 5.55. Conversely, if R is semilocal then Sr = l(J ). By Propo-
sition 6.14, Sr = Sl = l(J ) ⊆ess

R R and R is right and left mininjective. But
then Sr is finitely generated as a left R-module by Theorem 5.52. In particular,
R is left finite dimensional.
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(1). We have already seen that Sr = Sl ⊆ess
R R. The fact that Sr = Sl is

finitely generated on both sides follows from Theorem 5.52 because R is semi-
local and two-sided mininjective. That Sr ⊆ess RR is shown in (3).

(2). Since R is semilocal, right and left mininjective, and right Kasch, it is
left Kasch by Lemma 5.49.

(3) and (4). These follow from (2) and Proposition 6.14.
(5). Observe that l(J ) ∼= [R̄R]∗, where we write R̄ = R/J. But R̄R is semi-

simple by hypothesis, say R̄R = ⊕n
i=1 Ki , where each Ki is a simple right R-

module. Hence

Sl = Sr = l(J ) ∼= [R̄R]∗ = [⊕n
i=1 Ki ]

∗ ∼= ⊕n
i=1 K ∗

i .

Since each K ∗
i is simple (because R is right mininjective and right Kasch), and

since Sl ⊆ess
R R, this shows that dim(R R) = dim(R Sl) = n = length(R̄R).

�

We now turn to the semiperfect right simple injective rings and study the
analogue of the right minfull rings. This is a class of right simple injective rings
in which both Kasch conditions must hold. Recall that a module M is called
finitely cogenerated if soc(M) is finitely generated and essential in M.

Theorem 6.16. Assume that R is a semiperfect, right simple injective ring in
which soc(eR) �= 0 for every local idempotent e of R. Then the following hold:

(1) R is right and left Kasch.
(2) Sr = Sl , which we denote as S.

(3) rl(T ) = T for all right ideals T of R, so R is left P-injective.
(4) R is right continuous.
(5) soc(eR) = eS and soc(Re) = Se are simple and essential in eR and Re,

respectively, for every local idempotent e ∈ R.

(6) If e1, . . . , en are basic local idempotents then {e1S, . . . , en S} and
{Se1, . . . , Sen} are systems of distinct representatives of the simple right
and left R-modules, respectively.

(7) R is right and left finitely cogenerated.
(8) Zr = Zl = J.

Proof. As R is right minfull, it is a right and left Kasch ring by Theorem 3.12,
proving (1). Then (2) and (3) follow by Proposition 6.14. Moreover, Sr ⊆ess RR

by Proposition 6.12, so (2) and (3) imply that R is a right CS ring by Lemma 4.2.
This proves (4) because R is a right C2 ring by Proposition 1.46. Since R is left
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mininjective by (3), Theorem 6.15 and (1) show that R is also left minfull. Hence
Proposition 3.17 proves (6) and shows that soc(eR) = eS and soc(Re) = Se
are simple for every local idempotent e. With this, Proposition 6.14 completes
the proof of (5).

Since R is semiperfect, 1 is a finite sum of orthogonal, local idempotents, so
(5) implies that S is finitely generated and essential in both RR and R R. This is
(7). Finally, Zr ⊆ J because R is semiperfect, and J ⊆ Zr because S ⊆ess RR

(since J S = 0). Hence Zr = J ; similarly Zl = J. �

6.4. Dual Rings

Following Kaplansky a ring R is called a dual ring if rl(T ) = T for all right
ideals T, and lr(L) = L for all left ideals L . The name comes from the fact
that, in such a ring, the maps T 
−→ l(T ) and L 
−→ r(L) give a duality
between the right ideals T and the left ideals L of R. The following proposition
contains some of the most important features of dual rings. Surprisingly, they
are all semiperfect.

Proposition 6.17. Let R be a dual ring. Then the following hold:

(1) If {Ti | i ∈ I } and {Li | i ∈ I } are sets of right and left ideals of R, respec-
tively, then

l[∩i∈I Ti ] = �i∈Il(Ti ) and r[∩i∈I Li ] = �i∈Ir(Li ).

(2) R is semiperfect.
(3) Every R-linear map from a right (respectively left) ideal of R to R with

finitely generated image is given by left (respectively right) multiplication
by an element of R. In particular, R is right and left F-injective and right
and left simple injective.

Proof. (1). l(∩i∈I Ti ) = l[∩i∈Irl(Ti )] = lr[�i∈Il(Ti )] = �i∈Il(Ti ). The
proof of the other equation is similar.

(2). We show that every right ideal T of R has a supplement in R (that is, a
right ideal T ′ minimal with respect to T + T ′ = R) and apply Theorem B.28.
Given T, let L be a left ideal maximal with respect to l(T ) ∩ L = 0. Then
R = r(0) = r[l(T ) ∩ L] = T + r(L) using (1); we claim that r(L) is a
supplement for T . To see this, let T + X = R, where X ⊆ r(L) is a right ideal.
Then L ⊆ l(X ) so, since l(T ) ∩ l(X ) = l(T + X ) = 0, the maximality of L
implies that L = l(X ). Hence r(L) = rl(X ) = X, as required.
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(3). If α : T → RR is R-linear, where T is a right ideal and α(T ) is finitely
generated, then T = a1 R + · · · + an R + ker (α) for some ai ∈ T . If n = 1
then the restrictions of α to a1 R and to ker (α) both extend to R (because R is
right P-injective), so T extends using (1) and Lemma 1.36. The general result
follows by induction on n. �

In connection with (1) of Proposition 6.17, we remark that a ring R satisfies
rl(T ) = T for all right ideals T if and only if r[l(T ) ∩ Rb] = T + r(b) for all
right ideals T and all b ∈ R.

Call a ring R a right dual ring if rl(T ) = T for all right ideals T (and define
left dual rings analogously). Each right dual ring is clearly left P-injective and
right Kasch, and a right simple injective ring is right dual if and only if it is
right Kasch (by Lemma 6.13). Hence every dual ring is right and left Kasch
and right and left simple injective. In fact these properties characterize the dual
rings.

Theorem 6.18. The following conditions on a ring R are equivalent:

(1) R is a dual ring.
(2) R is a two-sided Kasch, two-sided simple injective ring.
(3) R is semiperfect and two-sided simple injective with soc(eR) �= 0 [respec-

tively soc(Re) �= 0] for every local idempotent e ∈ R.

Proof. We have already observed that (1)⇒(2), and (2)⇒(3) follows from
Theorem 6.16 and Proposition 6.14. If R is as in (3) with soc(eR) �= 0, then R
is left Kasch and right dual by Theorem 6.16. Since R is left simple injective,
it follows from Theorem 6.15 that soc(Re) �= 0 for each local idempotent e.
Hence R is left dual by Theorem 6.16 again. The case where soc(Re) �= 0 is
analogous. �

The following theorem contains more important properties of dual rings.
They are contained in Theorem 6.16 and Proposition 6.14 and are collected
here for reference.

Theorem 6.19. If R is a dual ring, then the following statements hold:

(1) R is right and left Kasch.
(2) Sr = Sl , which we denote as S.

(3) R is right and left continuous.
(4) soc(eR) = eS and soc(Re) = Se are simple and essential in eR and Re,

respectively, for every local idempotent e ∈ R.



144 Quasi-Frobenius Rings

(5) If e1, . . . , en are basic local idempotents then {e1S, . . . , en S} and
{Se1, . . . , Sen} are systems of distinct representatives of the simple right
and left R-modules, respectively.

(6) R is right and left finitely cogenerated.
(7) Zr = Zl = J.

Recall that a ring R is called a right PF ring if it is semiperfect, right self-
injective, and Sr ⊆ess RR . Theorem 6.19 gives the following characterization
of the left and right PF rings.

Corollary 6.20. The following are equivalent for a ring R:

(1) R is a left and right PF ring.
(2) M2(R) is a dual ring.
(3) Mn(R) is a dual ring for each n ≥ 1.

Proof. (1)⇒(3). Each Mn(R) is a left and right PF ring because being a right
PF ring is a Morita invariant. Hence (3) follows by Proposition 6.14 because
right PF rings are right simple injective and right Kasch.

(3)⇒(2). This is obvious.
(2)⇒(1). If M2(R) is a dual ring then it is right and left continuous by Theo-

rem 6.19 and so is right and left self-injective by Theorem 1.35. Since R is
semiperfect by Proposition 6.17, (1) follows from Theorem 6.15 because “right
Kasch” and “right self-injective” both pass from M2(R) to R. �

As an application of our results on dual rings, we construct a right simple
injective ring R such that the matrix ring M2(R) is not right simple injective.
This shows that simple injectivity is not a Morita invariant.

Example 6.21. Right simple injectivity is not a Morita invariant.

Proof. Let R denote the Clark example (Example 6.6). Then R is a commuta-
tive, local ring with simple essential socle that is simple injective but not self-
injective. Write S = M2(R). If right simple injectivity were a Morita invariant,
then S would be right simple injective. As S is right Kasch (right Kasch being a
Morita invariant) it follows by Proposition 6.14 that rl(T ) = T for each right
ideal T of S. Similarly, lr(L) = L for each left ideal L; that is, S is a dual
ring. But every dual ring is left and right continuous by Theorem 6.19, and it
follows that R is self-injective by Theorem 1.35, which is a contradiction. �
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6.5. The AB5∗ Condition

We are going to prove that dual rings exhibit another important property: They
are right and left quotient finite dimensional. Here a module MR is called quo-
tient finite dimensional if every image of M is (Goldie) finite dimensional. We
accomplish this by first showing that dual rings satisfy the right and left AB5*-
condition.

To motivate the condition, consider the following notion. A family {Mi |
i ∈ I } of submodules of a module M is called direct if, for any Mi and M j ,

there is a submodule Mk in the family such that Mi + M j ⊆ Mk . The following
lemma is an immediate consequence of the definition.

Lemma 6.22. Let M be a module, let K be a submodule of M, and let
{Mi | i ∈ I } be a direct family of submodules of M. Then

K ∩ (�i∈I Mi ) = �i∈I (K ∩ Mi ) .

The lattice property in Lemma 6.22 is known as the AB5-condition; our interest
here is in the modules for which the dual condition holds.

A family {Mi | i ∈ I } of submodules of a module M is called inverse if,
for any Mi and M j , there is a submodule Mk such that Mk ⊆ Mi ∩ M j (for
example if the Mi are linearly ordered). A module M is said to satisfy the
AB5∗-condition1 (and is called an AB5∗ module) if, for any submodule K of
M and any inverse family {Mi | i ∈ I } of submodules of M , we have

K + (∩i∈I Mi ) = ∩i∈I (K + Mi ).

Note that K + (∩i∈I Mi ) ⊆ ∩i∈I (K + Mi ) always holds.
Unlike the AB5-condition, not every module satisfies the AB5∗-condition.

For example, if MZ = Z, take K = 2Z and, if p is an odd prime, take Mi =
piZ for i ≥ 1. Then K +(∩i∈I Mi ) = K whereas ∩i∈I (K +Mi ) = Z. However,
we have

Example 6.23. If the submodules of M are linearly ordered by inclusion, then
M is an AB5∗ module.

Proof. Let K and Mi be submodules of M, i ∈ I. If K ⊆ Mi for all i, then
K ⊆ ∩i∈I Mi , so K + (∩i∈I Mi ) = ∩i∈I Mi = ∩i∈I (K + Mi ). Otherwise, sup-
pose K � Mt for some t ∈ I so, by hypothesis, Mt ⊆ K . Then ∩i∈I Mi ⊆ K ,
so K = K + (∩i∈I Mi ) ⊆ ∩i∈I (K + Mi ) ⊆ K + Mt = K . �

1 The term originated in Grothendieck’s treatment of category theory.
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The next example will be needed in the following.

Example 6.24. Every artinian module M is an AB5∗ module.

Proof. Let F = {Mi | i ∈ I } be an inverse family of submodules of M, and let
M0 be a minimal member of F . If i ∈ I, there exist t ∈ I such that Mt ⊆
M0 ∩ Mi . Hence Mt ⊆ M0, so Mt = M0 and it follows that M0 ⊆ Mi for each
i ∈ I. Hence, if K is any submodule of M, we have

K + M0 ⊆ K + ∩i∈I Mi ⊆ ∩i∈I (K + Mi ) ⊆ K + M0,

and the proof is complete. �

In the next proposition we collect some properties of AB5∗ modules for ref-
erence.

Proposition 6.25. Let M denote an AB5∗ module.

(1) Every submodule and image of M is an AB5∗ module.
(2) E (N) is not an AB5∗ module for any ER �= 0.

(3) Let S(M) be the set of nonisomorphic simple images of submodules of M.

If S(M) is finite, then M is quotient finite dimensional.

Proof. (1). The proof is a straightforward consequence of the definition.
(2). Write L = ⊕i∈N Ei , where Ei = E for each i ∈ N. Let πi : L → E

denote the i th projection map, and define submodules K and Li , i ∈ N, of L
by K = {k ∈ L | �i∈Nπi (k) = 0} and Li = ⊕ j≥i E j . Then {Li | i ∈ N} is an
inverse family, and K + Li = L for each i ∈ N because Ei = E for each i.
Hence ∩i∈N(K + Li ) = L �= K = K + 0 = K +∩i∈NLi . Thus L is not AB5∗,
as required.

(3). Suppose N is a quotient of M such that N is not finite dimensional.
Then N contains an infinite direct sum K = ⊕i∈NKi of nonzero principal sub-
modules. For each i ∈ N, let Ti be a maximal submodule of Ki , and write Si =
Ki/Ti . If T = ⊕i∈NTi then B = N/T contains a copy of the infinite direct
sum ⊕i∈NSi . Since S(B) is finite by hypothesis (every simple submodule of a
quotient of B bears the same relationship to M), it follows that B contains an
infinite direct sum of copies of Sj for some j ∈ N. This contradicts (2) because
B is AB5* by (1). Thus N is finite dimensional. �

Since semilocal rings have only finitely many nonisomorphic simple mod-
ules, we obtain
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Corollary 6.26. If R is semilocal, every left and right AB5∗ module is finite
dimensional.

Corollary 6.27. A ring R is right artinian if and only if R is a left perfect, right
AB5∗ ring.

Proof. If R is right artinian, then R is left perfect, and it is a right AB5∗ ring
by Example 6.24. Conversely, if M �= 0 is a principal right R-module then
soc(M) ⊆ess M by Theorem B.32 and Lemma B.31 because R is left perfect,
and soc(M) is finitely generated by Proposition 6.25 because R is a right AB5∗

ring. In other words, M is finitely cogenerated by Lemma 1.51, and so R is
right artinian by Vámos’ lemma (Lemma 1.52). �

The following lemma, interesting in its own right, will be required in the
proof of our main theorem (Theorem 6.29).

Lemma 6.28. Let R be a ring that satisfies the following two conditions:

(1) r(L1 ∩ L2) = r(L1) + r(L2) for all left ideals L1 and L2 of R.

(2) rl(T ) = T for all right ideals T of R.

Then R is a right AB5∗ ring.

Proof. Let K be a right ideal of R and let {Ti | i ∈ I } be an inverse family of
right ideals of R. Then (1) and (2) give

∩i∈I (K + Ti ) = ∩i∈I {rl(K ) + rl(Ti )}
= ∩i∈Ir{l(K ) ∩ l(Ti )}
= r[�i∈I {l(K ) ∩ l(Ti )}].

But {l(Ti ) | i ∈ I } is a direct family of left ideals of R. Indeed, given Ti and Tj

choose k ∈ I such that Tk ⊆ Ti ∩ Tj ; then l(Tk) ⊇ l(Ti ∩ Tj ) ⊇ l(Ti ) + l(Tj ).
Hence, using Lemma 6.22, we continue, obtaining

∩i∈I (K + Ti ) = r[l(K ) ∩ �i∈Il(Ti )]

= rl(K ) + r[�i∈Il(Ti )]

= rl(K ) + ∩i∈I [rl(Ti )]

= K + (∩i∈I Ti ).

This proves the AB5∗-condition. �
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We can now deduce the promised properties of dual rings.

Theorem 6.29. Let R be a dual ring. Then the following hold:

(1) R is a right and left AB5* ring.
(2) R is right and left quotient finite dimensional.

Proof. (1) follows from Lemma 6.28 and Proposition 6.17. To prove (2), we
must show that every principal R-module M is finite dimensional. But M is an
image of R, so this follows from (1) and Corollary 6.26 because the dual ring
R is semiperfect (by Proposition 6.17). �

6.6. Ikeda–Nakayama Rings

A ring R is called a right Ikeda–Nakayama ring (right IN ring) if the left anni-
hilator of the intersection of any two right ideals is the sum of the two left anni-
hilators, that is, if

l(T ∩ T ′) = l(T ) + l(T ′) for all right ideals T and T ′ of R.

Thus the Ikeda–Nakayama lemma (Lemma 1.37) asserts that every right P-
injective, right IN ring is right F-injective.

Examples of right IN rings include the right self-injective rings, the right
uniserial rings, and the right uniform domains. Every dual ring is a right and
left IN ring by Proposition 6.17, and Z is a commutative, noetherian IN ring
that is not self-injective and is not dual. In this section we show, among other
things, that R is a dual ring if and only if R is a left and right IN ring and the
dual of every simple right R-module is simple.

Lemma 6.30. Let R be a right IN ring. Then the following hold:

(1) If T is a right ideal of R then T ⊆ess rl(T ).
(2) If T is a right ideal of R and l(T ) ⊆ J then T ⊆ess RR .

(3) If C is a closed right ideal of R then C = rl(C).

Proof. (1). Suppose that T ∩ x R = 0, where x ∈ rl(T ). Then R = l(0) =
l(T ) + l(x) by the IN hypothesis. But l(T ) ⊆ l(x) so R = l(x) and
x = 0.

(2). Now assume that T ∩ x R = 0, where x ∈ R. Then R = l(T ) + l(x) as
before, so R = J + l(x) by hypothesis. Again l(x) = R so that x = 0.

(3). This follows from (1). �

We are going to prove that the right IN rings are all right quasi-continuous; that
is, they satisfy the right CS- and C3-conditions. The next result implies this and



6. Simple Injective and Dual Rings 149

actually characterizes the right quasi-continuous rings. Recall (Theorem 1.31)
that a module M is quasi-continuous if and only if M = C ⊕ D whenever C
and D are submodules that are complements of each other.

Theorem 6.31. The following are equivalent for a ring R:

(1) R is right quasi-continuous.
(2) If P ∩ Q = 0, where P and Q are right ideals of R, then P ⊆ess eR and

Q ⊆ (1 − e)R for some e2 = e ∈ R.

(3) If P ∩ Q = 0, where P and Q are right ideals of R, then P ⊆ eR and
Q ⊆ (1 − e)R for some e2 = e ∈ R.

(4) If P ∩ Q = 0, where P and Q are right ideals of R, then R = l(P)+l(Q).

Proof. (1)⇒(2). If P ∩ Q = 0, let C ⊇ Q be a complement of P, and then
let D ⊇ P be a complement of C. Then C is also a complement of D by Pro-
position 1.27, so R = C ⊕ D by (1) and there exists e2 = e such that D = eR
and C = (1 − e)R. It remains to show that P ⊆ess D. If 0 �= X ⊆ D then
X ⊕ C ⊃ C , so (X ⊕ C) ∩ P �= 0 by the maximality of C. If 0 �= p = x + c
with the obvious notation, then c = p− x ∈ C ∩ D = 0 and so 0 �= p ∈ X ∩ P,

as required.
(2)⇒(3). This is clear.
(3)⇒(4). If P ∩ Q = 0 and e is as in (3), then (4) follows because l(P) ⊇

R(1 − e) and l(Q) ⊇ Re.
(4)⇒(1). Let C and D be right ideals of R that are complements of each other;

we must show that R = C ⊕ D. Since C ∩ D = 0 we have R = l(C) + l(D)
by (4), say 1 = f + e, where f ∈ l(C) and e ∈ l(D). Then 1 − e = f ∈ l(C),
so ec = c for all c ∈ C. Similarly, f d = d for all d ∈ D, so

C = eC, D = f D, and eD = 0 = f C.

Clearly, D ⊆ r(e) ⊆ r(e2) and r(e2) ∩ C = 0 and so, since D is a complement
of C, D = r(e) = r(e2). Similarly, C = r( f ) = r( f 2). Since f = 1 − e, it
suffices to show that f (and hence e) is an idempotent. As C ⊕ D ⊆ess RR by
Lemma 1.7, it is enough to show that e f R ∩ (C ⊕ D) = 0. Suppose e f r ∈
C ⊕ D, where r ∈ R. Then we have e2 f 2r = 0 because e f = f e and eD =
0 = f C. Since r(e) = r(e2) and r( f ) = r( f 2), this gives e f r = 0, as required.

�

Note that the property in (2) of Theorem 6.31 is a strengthened version of the CS-
condition.

The next theorem is an immediate consequence of condition (4) in Theo-
rem 6.31.
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Theorem 6.32. Every right IN ring is right quasi-continuous.

Proof. If P ∩ Q = 0, where P and Q are right ideals of R, then R =
l(P ∩ Q) = l(P) + l(Q) because R is a right IN ring. Hence R is right
quasi-continuous by Theorem 6.31. �

With this we can improve upon the characterization of right self-injective
rings in Theorem 1.35.

Corollary 6.33. The following are equivalent for a ring R:

(1) M2(R) is a right IN ring.
(2) Mn(R) is a right IN ring for all n ≥ 2.

(3) R is right self-injective.

Proof. (2)⇒(1) is clear, and (3)⇒(2) because self-injectivity is a Morita in-
variant. Given (1), M2(R) is right quasi-continuous by Theorem 6.32, so (3)
follows by Theorem 1.35. �

The converse to Theorem 6.32 is false by the following example.

Example 6.34. There exists a commutative, local continuous ring that is not
an IN ring.

Proof. Consider the following special case of the Camillo example (Exam-
ple 2.6). Let R = Z2[x1, x2, . . . ], where x3

i = 0 for all i, xi x j = 0 for all i �= j ,
and x2

i = x2
j = m �= 0 for all i and j. We have J = span{m, x1, x2, . . . }, and

R has simple essential socle J 2 = Z2m. In particular, R is uniform and so is a
CS ring; C2 also holds because r(a) = 0, a ∈ R, implies that a is a unit. Hence
R is continuous. To see that R is not an IN ring, let S be the ideal generated
by {x1 + x2, x1 + x4, . . . , x1 + x2k, . . . } and let T be the ideal generated by
{x1 + x3, x1 + x5, . . . , x1 + x2k+1, . . . }.
Claim. r(S) = x3 R + x5 R + · · · and r(T ) = x2 R + x4 R + · · · .
Proof. Write A = x3 R + x5 R + · · · . Clearly r(S) ⊇ A. Suppose that q ∈
r(S); we must show that q ∈ A. If q /∈ A then, since A contains m and all xk

with k ≥ 3 odd, we may assume that q has the form q = x1 + p or q = p,
where p denotes a sum of terms x2i with i ≥ 1. Thus x1 p = 0. Let x2n,

n ≥ 1, be the largest term in p, so that x2n+2 · p = 0. If q = x1 + p then
0 = (x1 + x2n+2)(x1 + p) = x2

1 = m, a contradiction. So q = p and 0 =
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(x1 + x2n) · p = x2
2n = m, again a contradiction. Hence q ∈ A and we

have shown that r(S) = A. A similar argument works for r(T ), proving the
Claim.

It follows from the Claim that r(S) + r(T ) = �∞
i=2xi R. However, S ∩ T =

socR = Z2m because {x1, x2, . . . } is Z2-independent. Hence r(S ∩ T ) =
r(socR) = J = �∞

i=1xi R. Hence r(S ∩ T ) �= r(S) + r(T ), so R is not a right
IN ring. �

Note that a right IN ring need not satisfy C2 as the ring Z of inte-
gers shows. Moreover, if F is a field the ring R = [ F F

0 F

]
is a right and

left artinian, right and left CS ring that is not a right IN ring. Indeed,
if x = [ 0 0

0 1

]
and y = [ 0 1

0 1

]
then x R ∩ y R = 0 but l(x) + l(y) ⊆[ F F

0 0

] �= R.

We now consider the effect of the Kasch condition on a right IN ring. We
begin with

Proposition 6.35. Every left Kasch, right IN ring R is a semiperfect, right con-
tinuous ring with Sl ⊆ess RR .

Proof. Indeed, R is a right CS ring by Theorem 6.32, so R is a semiperfect,
right continuous ring with Sl ⊆ess RR by Theorem 4.10. �

The next result uses Theorem 6.31 to improve upon Theorem 6.15.

Proposition 6.36. The following are equivalent for a ring R:

(1) R is a left and right Kasch, right simple injective ring.
(2) R is a semiperfect, right simple injective ring with Sr ⊆ess RR .

Proof. (2)⇒(1) follows from Theorem 6.16.
(1)⇒(2). Let P and Q be right ideals of R with P ∩ Q = 0. Since R is right

Kasch, rl(P) = P and rl(Q) = Q by Proposition 6.14, so r[l(P) + l(Q)] =
rl(P) ∩ rl(Q) = 0. Since R is left Kasch, it follows that l(P) + l(Q) = R
and hence that R is right quasi-continuous by Theorem 6.31. In particular, R is
a right CS ring so, since R is left Kasch, R is semiperfect by Lemma 4.1. Now
Sr ⊆ess RR by Theorem 6.15. �

Every dual ring is clearly right and left Kasch. We are going to characterize
the dual rings in terms of the IN rings, and the next lemma will be needed.
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Lemma 6.37. Assume that R is right Kasch and that, for all x ∈ R and all right
ideals T of R, Rx ⊆ess lr(x) and l(T ∩ x R) = l(T )+l(x). Then rl(T ) = T
for all right ideals T of R.

Proof. Suppose that x ∈ rl(T ) so that l(T ) ⊆ l(x); we must show that x ∈ T .

Consider the right ideal K = {k ∈ R | xk ∈ T }. Then x K ⊆ T, so T ∩ x R =
x K , and our hypothesis yields l(x K ) = l(T ∩ x R) = l(T ) + l(x) = l(x).
This in turn implies that Rx ∩ l(K ) = 0. However, the fact that r(x) ⊆ K gives
l(K ) ⊆ lr(x), so l(K ) = 0 because Rx ⊆ess lr(x) by hypothesis. But then
K = R by the Kasch hypothesis, so x ∈ T . �

We can use the preceding results to characterize dual rings in terms of IN
rings. Recall that, by Theorem 2.31, the dual of every simple right R-module
is simple if and only if R is right mininjective and right Kasch.

Theorem 6.38. A ring R is a dual ring if and only if R is a left and right IN
ring and the dual of every simple right R-module is simple

Proof. Every dual ring is a two-sided IN ring (by Proposition 6.17) that is right
mininjective and right Kasch (Theorem 6.18), so the dual of every simple right
module is simple by Theorem 2.31.

Conversely, assume that the conditions are satisfied, so that R is a right min-
injective, right Kasch, two-sided IN ring. Hence R is a two-sided CS ring by
Theorem 6.32. But then Lemma 6.37 shows that R is right dual, and that it
remains to show that R is left Kasch. But this follows by Lemma 4.5 because R
is semiperfect by (the left–right analogue of) Lemma 4.1, and Sr ⊆ Sl because
R is right mininjective. �

6.7. Applications to Quasi-Frobenius Rings

We are going to give some characterizations of quasi-Frobenius rings in terms
of dual and IN rings. Recall that a ring R is called right semiartinian if every
nonzero (principal) right module has a nonzero socle, and that R is left perfect
if and only if it is right semiartinian and I-finite.

Theorem 6.39. The following conditions on a ring R are equivalent:

(1) R is quasi-Frobenius.
(2) R is a left perfect, right and left self-injective ring.
(3) R is a left perfect, right and left simple injective ring.
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(4) R is a right semiartinian dual ring.
(5) R is a left perfect, right and left IN ring.

Proof. (1)⇒(2)⇒(3) and (1)⇒(5) are clear.
(3)⇒(4). Given (3), R is left and right Kasch by Theorem 3.12, and so (4)

follows by Theorem 6.18 because left perfect rings are right semiartinian.
(4)⇒(1). First, R is right quotient finite dimensional by Theorem 6.29. But

then every quotient of RR is finitely cogenerated because R is right semiartinian,
so R is right artinian by Vámos’ lemma (Lemma 1.52). Being right and left min-
injective, R is quasi-Frobenius by Ikeda’s theorem (Theorem 2.30).

(5)⇒(4). Given (5), R is right semiartinian (being left perfect), and it is left
and right quasi-continuous by Theorem 6.32. Since R is left perfect, it has
DCC on principal right ideals and so is right continuous by Theorem 4.27.
Moreover, Sr ⊆ess RR and so R is left and right Kasch by Lemma 4.11. Finally,
Rx ⊆ess lr(x) and x R ⊆ess rl(x) for all x ∈ R (by the CS-conditions), so it
follows that R is a dual ring by Lemma 6.37. This proves (4). �

There exist commutative noetherian IN rings that are not quasi-Frobenius
(for example Z). However, we do have the following result.

Corollary 6.40. Suppose that R is a left and right IN ring with ACC on right
annihilators in which monomorphisms RR → RR are epic. Then R is quasi-
Frobenius.

Proof. R is right quasi-continuous by Theorem 6.32, so R is a semiperfect, right
continuous ring by Theorem 4.27. Hence J = Zr by Utumi’s theorem (The-
orem 1.26), so J is nilpotent by the Mewborn–Winton lemma (Lemma 3.29).
Thus R is semiprimary and the result follows from Theorem 6.39. �

The Clark example (Example 6.6) is a commutative, local simple injective
ring that is not quasi-Frobenius, so the right semiartinian hypothesis is essential
in (4) of Theorem 6.39. Similarly, the following example shows that the simple
injectivity hypothesis is essential in (3) of Theorem 6.39, and the two-sided
dual condition is essential in (4).

Example 6.41. The Björk example R (Example 2.5) is a local, left artinian,
two-sided Kasch ring with simple essential left socle. Moreover, R need not be
right artinian (indeed R need not be right finite dimensional).

(1) R is a left IN ring in which lr(L) = L for all left ideals L . However, R
need not be a right IN ring.
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(2) If the dimension of F over F̄ is finite and greater than 1, then R is a right
and left artinian, left IN ring that is not a right IN ring. In addition, R is
neither right nor left simple injective.

Proof. (1). The first two assertions follow because the only left ideals of R are
0, J , and R. If K and M are simple right ideals and K ∩ M = 0 then R =
l(K ∩ M), whereas l(K )+l(M) = J + J = J. Hence R is not a right IN ring.

(2) It remains to show that R is neither right nor left simple injective. R
is not left simple injective because it is not left mininjective. If R were right
simple injective then it would be left P-injective by Proposition 6.14, which is
a contradiction. �

Example 6.41 exhibits a left and right artinian, left IN ring that is not quasi-
Frobenius. In contrast, Example 6.34 gives a commutative, local, continuous,
principally injective ring with J 3 = 0 that is not artinian. The next example
exhibits a commutative, local IN ring with simple essential socle that is not
principally injective.

If R is a ring and R VR is a bimodule, recall that the trivial extension T (R, V )
of R by V is the additive group R ⊕ V with multiplication given by (r + v)
(s + w) = rs + (rw + vs).

Example 6.42. We construct a commutative, local IN ring R with simple es-
sential socle that is not Kasch and not principally injective.

Proof. Let Z2∞ denote the Prüfer group whose only subgroups are 0 ⊂ Zx1 ⊂
Zx2 ⊂ · · · ⊂ Z2∞ , and where 2xi+1 = xi for each i ≥ 1. Writing V = Z2∞ for
convenience, we have that the trivial extension R = T (Z, V ) is a commutative,
local ring with J = 0 + V and with simple essential socle 0 + Zx1. However,
R is not principally injective because 3r 
→ r from 3R → R does not extend
to R; R is not Kasch since R/3R ∼= Z3 does not embed in R; and R does not
satisfy the right C2-condition because 3R ∼= R but 3R �= R. However, since
V = Z2∞ is a divisible group, it can be verified that the only ideals of R are
n R = (n + 0)R, where 0 < n ∈ Z, and 0 + H , where H ⊆ V is a subgroup.
We claim that R is an IN ring.

Since 0 + H ⊆ n R for all subgroups H of V and all 0 < n ∈ Z, and
since l(T ∩ T ′) = l(T ) + l(T ′) holds whenever the right ideals T and T ′ are
comparable, we must show that l(n R ∩ n′ R) = l(n R) +l(n′ R) for all positive
integers n and n′. One verifies that l(n R) = 0 + lV (n) and that lV (m2t ) = xt

whenever m is odd and t ≥ 0 (we take x0 = 0). If we write n = m2t and
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n′ = m ′2t ′
, then n R ∩ n′ R = n′′ R, where n′′ = lcm(n, n′) = m ′′2t ′′

, m ′′ =
lcm(m, m ′), and t ′′ = max(t, t ′). But then

l(n R ∩ n′ R) = 0 + lV (n′′) = 0 + Zxt ′′

= (0 + Zxt ) + (0 + Zxt ′ )

= l(n R) + l(n′ R),

as required. �

The next theorem gives weak finiteness conditions that force a right simple
injective ring to be quasi-Frobenius. To prove it we need the following facts
about a right mininjective ring.

Lemma 6.43. Let R be a right mininjective ring in which Sr is right finitely
generated. Then the following hold:

(1) R/l(Sr ) is semisimple artinian.
(2) If Sr ⊆ess RR then J ⊆ Zr and R/Zr is semisimple artinian.

Proof. If Sr = k1 R ⊕ · · · ⊕ kn R, where each ki R is simple, then l(Sr ) =
∩n

i=1l(ki ) and (1) follows because each Rki is simple (as R is right mininjec-
tive). If, in addition, Sr ⊆ess RR then l(Sr ) ⊆ Zr . As the other inclusion always
holds, we have l(Sr ) = Zr so R/Zr is semisimple by (1). But then J ⊆ Zr ,

proving (2). �

Recall that a ring R is called a right Goldie ring if it has the ACC on right
annihilators and RR is finite dimensional. Since right artinian rings are right
noetherian and have Sr ⊆ess RR, the following result is a simple injective ver-
sion of Theorem 1.50.

Theorem 6.44. The following conditions are equivalent for a ring R:

(1) R is quasi-Frobenius.
(2) R is a right simple injective, right noetherian ring with Sr ⊆ess RR .

(3) R is a right simple injective, right Goldie ring with Sr ⊆ess RR .

Proof. Clearly (1)⇒(2)⇒(3). Assume that (3) holds. Since R has ACC on right
annihilators, Zr is nilpotent by the Mewborn–Winton lemma (Lemma 3.29).
Hence Zr ⊆ J. Moreover, Sr is finitely generated because RR is finite dimen-
sional, so R is semiprimary with J = Zr by Lemma 6.43. Since Sr ⊆ess RR,

Proposition 6.12 shows that soc(eR) �= 0 for each local idempotent e ∈ R.
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Hence Theorem 6.16 shows that R is left finite dimensional with Sr = Sl ,

whence R is left artinian by Lemma 3.30. Since Theorem 6.16 also shows that
R is right Kasch, it is left and right mininjective (by Proposition 6.14). Hence
R is quasi-Frobenius by Theorem 2.30. �

Note that the hypothesis Sr ⊆ess RR is needed in (2) of Theorem 6.44 because
Z is a commutative, noetherian simple injective ring that is not quasi-Frobenius.
The Clark example (Example 6.6) shows that the ACC on right annihilators is
essential in (3) of Theorem 6.44.

We now return to our study of when a left perfect ring is quasi-Frobenius.
We need the following result about relative injectivity.

Lemma 6.45. Let R be a semiperfect ring. A module ER is injective if and
only if E is eR-injective for every local idempotent e ∈ R.

Proof. If 1 = f1+· · ·+ fn , where the fi are orthogonal local idempotents, then
E is injective if and only if E is R = ⊕n

i=1 fi R-injective (by the Baer criterion),
and this holds if and only if E is fi R-injective for each i (by Azumaya’s
lemma – Lemma 1.13). �

We require the next basic result which uses the following language. If ER

and MR are R-modules, E is said to be a simple M-injective module if, for
any submodule X ⊆ M and any R-morphism γ : X → E such that im(γ )
is simple, there exists an R-morphism γ̂ : M → E such that γ̂|X = γ. Thus
M is simple quasi-injective (see Corollary 6.10) if it is simple M-injective; in
particular, a ring R is right simple injective if RR is simple R-injective.

Lemma 6.46 (Baba–Oshiro). Let e be a local idempotent in a semiprimary
ring R. If eR is simple f R-injective for every local idempotent f ∈ R, then
eR is injective.

Proof. By Lemma 6.45, we need only show that eR is f R-injective for each
local idempotent f ∈ R. So let γ : T → eR be R-linear, where T ⊆ f R is
a right ideal. We must show that γ extends to f R → eR. Suppose not. Then
γ �= 0, so T � ker (γ ). Since J is nilpotent, choose n1 ≥ 0 such that

T J n1 � ker (γ ) but T J n1+1 ⊆ ker (γ ).

Since R is semilocal and γ (T J n1 )J = 0, it follows that γ (T J n1 ) �= 0 is
a semisimple submodule of eR. Hence Lemma 6.11 shows that γ (T J n1 ) =
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soc(eR) is simple and so, by hypothesis, there exists θ1 : f R → eR such that
(θ1)|T J n1 = γ|T J n1 . Write γ1 = γ − (θ1)|T : T → R so that T J n1 ⊆ ker (γ1).
Then γ1 does not extend to f R → eR (if γ̂1 extends γ1 then γ̂1 + θ1 extends
γ ). In particular T � ker (γ1), so choose n2 ≥ 0 such that

T J n2 � ker (γ1) but T J n2+1 ⊆ ker (γ1).

Then n2 < n1 (for if n2 ≥ n1 then T J n2 ⊆ T J n1 ⊆ ker (γ1), which is a contra-
diction). Continue the process to obtain integers n1 > n2 > · · · > nk > · · · ≥ 0
and maps γk : T → eR that do not extend to f R → eR, such that

T J nk � ker (γk−1) but T J nk+1 ⊆ ker (γk−1).

This is a contradiction because some nk = 0, whence T ⊆ ker (γk−1) and
γk−1 = 0 can be extended. �

Using the Baba–Oshiro lemma, we can prove the following basic result.

Theorem 6.47. Let R be a semiprimary ring. Then R is right self-injective if
and only if R is right simple injective.

Proof. If R is right simple injective, it suffices to show that eR is injective for
all local e2 = e ∈ R. By the Baba–Oshiro lemma it suffices to show that eR is
simple gR-injective for all local idempotents g ∈ R. To this end, let X ⊆ gR
be a right ideal and let γ : X → eR be R-linear with simple image. Then γ

extends to γ̂ : R → R because R is right simple injective. If π : R → eR is
the projection then (π ◦ γ̂ )|gR : gR → eR extends γ. This completes the proof.

�

The Faith conjecture asserts that every semiprimary, right self-injective ring
is quasi-Frobenius. Theorem 6.47 makes it easier to find a counterexample to
the Faith conjecture: Find a semiprimary, right simple injective ring that is not
quasi-Frobenius.

The following construction will be used in Example 6.49 at the end of this
section. If M is a module and α is an ordinal, the α-socle of M is a submodule
socα(M) of M defined inductively as follows:

(1) soc0(M) = 0;
(2) if socα(M) is defined, socα+1(M) is given by

socα+1(M)

socα(M)
= soc

[
M

socα(M)

]
;

(3) if α is a limit ordinal then socα(M) = ∪β<αsocβ(M).
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Note that soc1(M) = soc(M) for every module M. The series soc1(M) ⊆
soc2(M) ⊆ · · · is called the Loewy series of the module M . Since M is a set,
we have socγ (M) = socγ+1(M) = · · · for some ordinal γ. A module is called
semiartinian if every nonzero factor module has nonzero socle. The higher
socles provide a description of the semiartinian modules that we need.

Lemma 6.48. Let M be a module.

(1) socα(M) is semiartinian for every ordinal α.

(2) M is semiartinian if and only if socα(M) = M for some ordinal α.

Proof. For convenience write Sα = socα(M).
(1). It is clear for α = 0, so assume that α > 0 and Sβ is semiartinian for each

β < α. If N ⊂ Sα, we must show that soc(Sα/N ) �= 0. Clearly Sα � N , so let
μ ≤ α be the smallest ordinal such that Sμ � N . Thus Sβ ⊆ N for all β < μ,

so μ is not a limit ordinal (for otherwise Sμ = ∪β<μSβ ⊆ N ). If μ = γ + 1,
define

θ : soc[M/Sγ ] = Sγ+1/Sγ → Sγ+1/(N ∩ Sγ+1)

by θ (x + Sγ ) = x + (N ∩ Sγ+1). Then θ is well defined because Sγ ⊆ N ∩
Sγ+1, and so it is an R-epimorphism. Hence (Sγ+1 + N )/N ∼= Sγ+1/(N ∩
Sγ+1) is a semisimple submodule of Sα/N , and it is nonzero because Sγ+1 =
Sμ � N . This completes the induction.

(2). If M is semiartinian, assume that Sα �= M for every ordinal α. Since
M is a set, Sγ = Sγ+1 for some ordinal γ. This implies that soc(M/Sγ ) = 0,
which, contradicts our hypothesis because M/Sγ �= 0. Hence Sα = M for some
ordinal α. The converse is by (1). �

We conclude by using Lemma 6.48 and Theorem 6.39 to construct an exam-
ple of a left simple injective ring that is not right simple injective.

Example 6.49. There exists a left perfect, left simple injective ring that is not
right simple injective.

Proof. Let R be a left perfect ring that is not right perfect (see Example B.36).
Since R is a set, there exists an ordinal β such that socβ(R R) = socβ+1(R R).
Since R is not right perfect, it is not left semiartinian by Theorem B.32, so
socβ(R R) �= R by Lemma 6.48. Now observe that socα(R R) is an ideal of R
for every ordinal α (by induction on α). It follows that S = R/socβ(R R) is a
left perfect ring and that soc(S S) = soc(R S) = socβ+1(R R)/socβ(R R) = 0.
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Hence S is left simple injective but not quasi-Frobenius. But then S is not right
simple injective by Theorem 6.39.

A specific example is as follows: Let F be a field and let R be the ring of all
lower triangular, countably infinite square matrices over F with only finitely
many nonzero off-diagonal entries. Let S be the F-subalgebra of R generated
by 1 and J (R). Then S is a left perfect, left simple injective ring that is neither
right perfect nor right simple injective. Moreover, S is not left self-injective
because it is not left finite dimensional. �

6.8. The Second Socle

The Faith conjecture asserts that every left perfect, right self-injective ring is
quasi-Frobenius, and this is open even for semiprimary rings. In this section we
show that the conjecture is true if the second right socle is countably generated.
We begin with the following important result.

Lemma 6.50 (Osofsky’s Lemma). If R is a left perfect ring in which J/J 2 is
right finitely generated, then R is right artinian.

Proof. Let J = F1 + J 2, where F1 is a finitely generated right ideal. Then J 2 =
F1 J + J 3. But J 2/J 3 is also right finitely generated by Lemma 5.65, say
J 2 = ∑n

i=1 xi R + J 3. Thus xi = yi + zi , yi ∈ F1 J, zi ∈ J 3, and so

J 2 =
n∑

i=1

(yi + zi )R + J 3 =
n∑

i=1

yi R + J 3 = F2 + J 3,

where F2 = ∑n
i=1 yi R ⊆ F1 J ⊆ F1. If we continue this process, we get a chain

of finitely generated right ideals F1 ⊇ F2 ⊇ · · · such that J k = Fk + J k+1 and
Fk J ⊇ Fk+1 for each k ≥ 1. Since R is left perfect, we have Fn = Fn+1 for
some n ≥ 1 by Björk’s theorem (see Theorem B.39). This means Fn J = Fn,

and hence Fn = 0 by Nakayama’s lemma (Lemma 1.47). Thus J n = (J n)J and
so, since J is left T-nilpotent, J n = 0 by Lemma B.29. Now by Lemma 5.65
all the factors R/J , J/J 2, . . . , J n−1/J n are right finitely generated. But each
J k/J k+1 is semisimple (because R/J is semisimple) and so is artinian, and it
follows that R is right artinian. �

We can now prove the finitely generated case of our main theorem.

Proposition 6.51. Let R be a left perfect, right simple injective ring. Then
soc2(R R) = soc2(RR), which we write as soc2(R). If soc2(R) is finitely gen-
erated as a left R-module, then R is quasi-Frobenius.
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Proof. Since Sr ⊆ess RR (see Lemma B.31 and Theorem B.32), we have Sr =
Sl by Theorem 6.16. Hence l(J ) = Sr = Sl = r(J ) because R is semilocal.

Claim. l(J 2) = r(J 2) = soc2(R R) = soc2(RR).

Proof. First soc2(RR) ⊆ l(J 2) because soc2(RR)/Sr is right R-semisimple.
However, if a J 2 = 0 then a J ⊆ l(J ) = Sr , so [(a R + Sr )/Sr ]J = 0. Hence
(a R + Sr )/Sr is a semisimple right R-module (because R/J is semisimple) and
it follows that a R ⊆ soc2(RR). This proves that soc2(RR) = l(J 2). Similarly,
soc2(R R) = r(J 2). Finally, l(J 2) = r(J 2) follows easily from l(J ) = r(J ).
This proves the Claim.

By hypothesis let soc2(R) = ∑n
i=1 Rai , ai ∈ R, and define ϕ : R → ⊕n

i=1ai R
by ϕ(r ) = (a1r, . . . , anr ). Then kerϕ = r[soc2(R)] = rl(J 2) = J 2, using
Theorem 6.16. Thus R/J 2 ↪→ ⊕n

i=1ai R and it follows that J/J 2 is right finite
dimensional (R is right finite dimensional, again by Theorem 6.16). Hence
J/J 2 is right finitely generated (it is semisimple because R/J is semisimple),
and so R is right artinian by Osofsky’s lemma (Lemma 6.50). �

The essence of our main theorem is in the following result.

Proposition 6.52. Suppose R is a semiperfect, right simple injective ring with
Sr ⊆ess RR . If soc2(R) is countably generated as a left R-module, then J/J 2

is finitely generated as a right R-module.

Proof. As soc(eR) �= 0 for all local e2 = e ∈ R, it follows from Theorem
6.16 that R is right and left Kasch, and that Sr = Sl is finitely generated
and essential in both R R and RR . Write S = Sr = Sl . As R/J is semisimple,
S = l(J ) = r(J ). Then the proof of the Claim in Proposition 6.51 goes through
to show that l(J 2) = r(J 2) = soc2(R R) = soc2(RR).

Claim. hom R(J/J 2, RR) ∼= l(J 2)/l(J ).

Proof. If b ∈ l(J 2) then λb : J/J 2 → R is well defined by λb(a + J 2) = ba.

Hence the map b 
−→ λb is an R-homomorphism l(J 2) → hom R(J/J 2, RR)
with kernel l(J ). So it remains to show that this map is onto. If λ : J/J 2 → R
is R-linear, define γ : J → R by γ (a) = λ(a + J 2). Then im(γ ) = im(λ) is
right semisimple because this is true of J/J 2. Furthermore, im(γ ) is finitely
generated because S is right finite dimensional. But then γ = c· for c ∈ R by
Lemma 6.1. Thus c ∈ l(J 2) so, for a ∈ J, λ(a+J 2) = γ (a) = ca = λc(a+J 2).
Hence λ = λc as required. This proves the Claim.



6. Simple Injective and Dual Rings 161

We now show that J/J 2 is finitely generated as a right R-module. Suppose
not. Then, since R has finitely many isomorphism classes of simple right mod-
ules, and since J/J 2 is semisimple, there exists a simple right R-module K such
that K (N) is a direct summand of J/J 2 (where K (N) denotes the direct sum of a
countably infinite number of copies of K ). Now write R T = hom R(K , R). Then
T is a simple left R-module by Theorem 2.31 because R is right mininjective
and right Kasch. Thus

T N = hom R(K , R)N ∼= hom R(K (N), R)

where T N is the direct product of countably many copies of T . But if we write
J/J 2 = K (N) ⊕ Q, the Claim gives

soc2(R R)

S
= l(J )

l(J 2)
∼= hom

(
J

J 2
, R

)
= hom(K (N) ⊕ Q, R)

∼= hom(K (N), R) ⊕ hom(Q, R).

Thus T N is isomorphic to a summand of soc2(R R)/Sr . But T N has Goldie
dimension |T ||N|>|N|, according to a well-known theorem of Erdös and
Kaplansky [23, p. 276]. This is contradiction since soc2(R R) is countably
generated. �

Observe that the proof of Proposition 6.52 actually yields the following: If R
is a semiperfect, right simple injective ring in which Sr ⊆ess RR and soc2(R)
is generated on the left by χ elements, where χ is any ordinal number, then
(J/J 2)R is generated by fewer than χ elements. For if this is not the case we
can use the same argument to show that soc2(R)/S contains a direct sum of
2χ > χ simple modules, which is a contradiction. In particular, if soc2(R) is
generated on the left by ω elements (where ω is the first infinite ordinal), then
(J/J 2)R is finitely generated.

Theorem 6.53. Suppose R is a left perfect, right simple injective ring. Then
R is quasi-Frobenius if and only if soc2(R) is countably generated as a left
R-module.

Proof. Proposition 6.52 and its proof show that soc2(RR) = soc2(R R), and
that J/J 2 is finitely generated as a right R-module. Hence R is right artinian
by Osofsky’s lemma (Lemma 6.50). Then R is right self-injective by Theorem
6.47. Thus R is quasi-Frobenius. �
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Remarks. Similar arguments give the following results:

(1) If R is a semiperfect, right simple injective ring with Sr ⊆ess RR , and if
J/J 2 is countably generated as a left R-module, then soc2(R) is finitely
generated as a right R-module.

(2) If R is a left perfect, right self-injective ring, and if J/J 2 is countably gen-
erated as a left R-module, then soc2(R) is finitely generated as a right R-
module, and so it is quasi-Frobenius by Theorem 5.66.

Conjecture. Every left perfect, right simple injective ring is right self-injective.

The proof of Theorem 6.47 shows that the conjecture is true if the Baba–Oshiro
lemma remains true when “semiprimary” is replaced by “left perfect.” Note
that the Baba–Oshiro lemma is not true when “semiprimary” is replaced by
“semiperfect” because, if it were, then Theorem 6.47 would assert that every
semiperfect, right simple injective ring is right self-injective. This would imply
that the localization R = Z(p) = {m

n | p � n} of Z at the prime p is self-injective
(R is a local domain and so is semiperfect and simple injective). But the map
Rp2 → R given by r p2 
→ r p does not extend to R → R because R is a
domain.

Notes on Chapter 6

The concept of a right simple injective ring is due to Harada [91] (see also [92]).
Example 6.6 was first given in 1986 by Clark [35] to show that if every ideal

of a commutative ring has a commutative endomorphism ring, the ring need
not have a self-injective maximal ring of quotients. Proposition 6.7, Proposition
6.8, and Theorem 6.9 were established in [174].

Conditions (4), (5), and (6) in Lemma 6.13 are equivalent without the simple
injective hypothesis. Rings satisfying these conditions are called quasi-dual
rings and were studied by Page and Zhou [189].

The term “dual ring” goes back to Kaplansky [118] who, in 1948, was inter-
ested in a duality between the closed right ideals and the closed left ideals in
a topological ring. Dual rings arose in Nakayama’s work on finite dimensional
algebras and led in the artinian case to the notion of a quasi-Frobenius ring.
These ideas were extended by Azumaya, Osofsky, and Utumi in their work on
PF rings, which have come to be called rings with perfect duality.

A thorough investigation of dual rings was carried out by Hajarnavis and
Norton in 1985 [89], where most of the results on the subject were established.
In particular Proposition 6.17, Theorem 6.29, and (1), (2), (4), (6), and (7)
of Theorem 6.19 are due to Hajarnavis and Norton. For results on AB5* see
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Lemonnier [135], Xue [227], Herbera and Shamsuddin [95], and Ánh, Herbera,
and Menini [5].

Theorem 6.31, Corollary 6.33, Example 6.34, Lemma 6.37, and Theorem
6.38 are all established in [27]. Proposition 6.36 was first proved by Chen and
Ding [33].

In Theorem 6.39, the fact that every left perfect, left and right self-injective
ring is quasi-Frobenius is due to Osofsky [182].

In 1993, Baba and Oshiro [13, Proposition 2] proved Lemma 6.46, which ex-
tends a fundamental result of Fuller [70] on duality in artinian rings. The notion
of a simple M-injective module is due to Harada [94].

In connection with Example 6.49, we do not know if a left perfect, right
simple injective ring is right self-injective.

As background to Remark (2) following Theorem 6.53, note that Clark and
Huynh [36] show that a right and left perfect, right self-injective ring R is quasi-
Frobenius if and only if soc2(R) is finitely generated as a right R-module.
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FGF Rings

A theorem of Faith and Walker asserts that a ring R is quasi-Frobenius if and
only if every injective right R-module is projective and hence that every right
module over a quasi-Frobenius ring embeds in a free module. There is an open
problem here. If we call a ring R a right FGF ring if every finitely generated
right R-module can be embedded in a free right R-module, it is not known if
the following assertion is true:

The FGF-Conjecture. Every right FGF ring is quasi-Frobenius

Here are four important results on the conjecture:

(1) Every left Kasch, right FGF ring is quasi-Frobenius.
(2) Every right self-injective, right FGF ring is quasi-Frobenius.
(3) Every right perfect, right FGF ring is quasi-Frobenius.
(4) Every right CS, right FGF ring is quasi-Frobenius.

We prove all these assertions; in fact we capture all of (1), (2), and (3) in Theorem
7.19: If Mn(R) is a right C2 ring for each n ≥ 1 and every 2-generated right
R-module embeds in a free module then R is quasi-Frobenius. This theorem
also implies that the FGF-conjecture is true for right FP-injective rings, and it
reformulates the conjecture by showing that it suffices to prove that every right
FGF ring is a right C2 ring. Furthermore, the theorem shows that the conjecture
is true for semiregular rings with Zr = J. We call these rings right weakly
continuous, and investigate their basic properties.

We then turn to the fundamental work of Gómez Pardo and Guil Asensio. A
ring R is called a right CF ring if every cyclic (that is principal) right R-module
can be embedded in a free module.1 The open problem here is as follows:

1 Historically, principal modules are referred to as cyclic modules in this context.

164
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The CF-Conjecture. Every right CF ring is right artinian.

Referring to (4) from the preceding list, Gómez Pardo and Guil Asensio prove
that every right CS, right CF ring is right artinian. Note that the Björk example
is a left and right artinian, left CF ring that is neither a right CF ring nor a left
FGF ring.

The chapter concludes with a self-contained discussion of the Faith–Walker
theorems. The proofs require several results about injective modules over noeth-
erian rings that are of interest in their own right.

7.1. FGF Rings and CF Rings

We begin by showing that the FGF-conjecture is true if we insist that every
right and every left finitely generated module embeds in a free module. In fact
we have the following theorem:

Theorem 7.1. A ring is quasi-Frobenius if and only if every right and every
left cyclic module can be embedded in a free module.

Proof. If the condition holds and T is any right ideal of R, let σ : R/T → R(n)

be an embedding. If σ (1 + T ) = (a1, . . . , an) then T = r{a1, . . . , an}, so
T = rl(T ). Similarly, L = lr(L) for every left ideal L of R, so R is a dual
ring. Hence Theorem 6.19 shows that R is left and right finitely cogenerated.
Thus every cyclic right (or left) R-module is finitely cogenerated (because it is
embedded in a finite direct sum of copies of R). Hence R is right and left artinian
by Vámos’ lemma (Lemma 1.52). But R is right and left P-injective (being a
dual ring), and so is right and left mininjective. Thus R is quasi-Frobenius by
Ikeda’s theorem (Theorem 2.30). �

The following result records some properties of the right CF and FGF rings
for reference.

Lemma 7.2. Let R denote a ring.

(1) R is a right CF ring if and only if every right ideal T has the form T = r(F)
for some finite set F ⊆ R. In this case R is left P-injective and right Kasch.

(2) If R is a right FGF ring, then R is left FP-injective.
(3) The condition “right FGF ring” is a Morita invariant.

Proof. (1). If T is a right ideal and σ : R/T → Rn is an embedding,
then T = r{a1, . . . , an}, where σ (1 + T ) = (a1, . . . , an). Conversely, if
T = r{a1, . . . , an} then r 
→ (a1r, . . . , anr ) is an R-linear mapping R → Rn
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with kernel T . This proves the first sentence, and the rest follows by taking T
to be principal and maximal, respectively.

(2) and (3). Observe that a ring is a right FGF ring if and only if every finitely
generated right module can be embedded in a projective module. This statement
is categorical by Proposition A.4 and Corollary A.8, and so (3) follows from
the Morita equivalence theorem (Theorem A.20). Hence, if R is a right FGF
ring then Mn(R) is also a right FGF ring, and so it is left P-injective by (1).
Hence R is left FP-injective by Theorem 5.41, proving (2). �

Clearly, every right FGF ring is a right CF ring. The converse is not true:

Example 7.3. The Björk example is a left CF ring that is not a left FGF ring
and not a right CF ring.

Proof. Using the notation of Example 2.5, we have that the cyclic left R-
modules are 0, R, and R/J ∼= J. Since each is embedded in R R, R is a left CF
ring. However, R is not left mininjective (see Example 2.5), so it is not a right
FGF ring by Lemma 7.2. Since R is not quasi-Frobenius, it is not a right CF
ring by Theorem 7.1. �

Lemma 7.2 is useful in proving the following characterizations of the right
FGF rings that clarifies the relationship between right FGF and right CF rings.
Recall that Rn and Rn denote the column and row matrices, respectively, over
the ring R.

Theorem 7.4. The following conditions are equivalent for a ring R:

(1) R is a right FGF ring.
(2) For all n ≥ 1, every submodule X R ⊆ Rn has the form X = rRn (A) for

some m × n matrix A over R.

(3) For all n ≥ 1, every submodule X R ⊆ Rn has the form X =
rRn {r1, . . . , rm} for r j ∈ Rn.

(4) Mn(R) is a right CF ring for every n ≥ 1.

Proof. (1)⇒(2). We have Rn/X ↪→ Rm for some m ≥ 1 by (1), so let γ :
Rn → Rm have ker (γ ) = X. If {e1, . . . , en} is the standard basis of Rn, write
γ (ei ) = ai for each i and let A denote the m × n matrix with these ai as its
columns. Then (2) follows from the fact that γ (r ) = Ar for every r in Rn.

(2)⇒(3). Given X, choose A as in (2), and take r i to be row i of A.

(3)⇒(4). If T is a right ideal of Mn(R), we must (by Lemma 7.2) show
that T = r(F) for some finite subset F of Mn(R). Now T has the form T =
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[X X · · · X ], where X R ⊆ Rn consists of all (all first) columns of matrices
in T . By (3) let X = rRn {r1, . . . , rm} for r j ∈ Rn. For each j = 1, . . . , m, let
B j denote the n × n matrix with r j as row 1 and all other rows zero, and let
F = {B1, . . . , Bm}. Then X = rRn (F), and so T = rMn (R)(F), as required.

(4)⇒(1). If X R ⊆ Rn it suffices to find an R-morphism γ : Rn → Rm with
ker (γ ) = X. Write S = Mn(R). By (4) and Lemma 7.2, the right ideal
T = [X X · · · X ] of S has the form T = rS(F), where F is a finite subset of
S. Let {r1, r2, . . . , rm} denote the rows of the matrices in F . Then T =
rS{r1, r2, . . . , rm}, so X = rRn {r1, r2, . . . , rm}, and it follows that the map
γ : Rn → Rm given by γ (r ) = (r1r , r2r , . . . , rmr )T has ker (γ ) = X, as
required. �

It is interesting to note the parallel between (1)⇔(4) in Theorem 7.4 and the
corresponding characterization of the right FP-injective rings R as those for
which Mn(R) is right P-injective for each n.

7.2. C2 Rings

The right FGF rings are closely related to the right C2 rings, and this section is
devoted to a study of these rings. Recall that a ring R is called a right C2 ring
if RR has the C2-condition (if a R is isomorphic to a summand of RR, a ∈ R,

then a R is itself a summand). Every regular ring is a left and right C2 ring,
and every right continuous ring is a right C2 ring. The only C2 domains are
the division rings. In fact, we have the following example. Recall that a ring is
called I-finite if it contains no infinite set of orthogonal idempotents.

Example 7.5. Let R be an I-finite ring. If R is a right C2 ring then every
monomorphism RR → RR is epic. The converse is true if 0 and 1 are the only
idempotents in R.

Proof. Suppose that r(a) = 0, a ∈ R, and consider R ⊇ a R ⊇ a2 R ⊇ a3 R ⊇
· · · . Since ak R ∼= R, we have ak R = ek R for some e2

k = ek . Hence ak R =
ak+1 R for some k by the I-finite hypothesis, whence R = a R because r(a) = 0.

This proves that monomorphisms RR → RR are epic. Conversely, given that
monomorphisms are epic, assume that 0 and 1 are the only idempotents in R
and let a R ∼= P , where P is a summand of R. Then either P = 0 (so a R = 0 is
a summand) or P = R. In the second case, if σ : R → a R is an isomorphism
let σ (1) = ab. Then r(b) = 0, so b is a unit by hypothesis, whence a is a unit
and again a R = R is a summand. Thus R is a right C2 ring. �
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If F is a field, the ring R = [ F F
0 F

]
is a right and left artinian ring, so monomor-

phisms are epic (on either side). However, R is not a right C2 ring because
J = [ 0 F

0 0

] ∼= [ 0 0
0 F

] = [ 0 0
0 1

]
R, but J is not a summand of R. Similarly, R is

not a left C2 ring.

Example 7.6. Every left Kasch ring is a right C2 ring, but the converse is false.

Proof. The first part is Proposition 1.46. Any regular, right self-injective ring
is right C2, but it is neither left nor right Kasch if it is not artinian. A specific
example is an infinite product of division rings. �

Before giving more examples of C2 rings we derive some basic characteri-
zations of these rings that will be used later.

Lemma 7.7. The following conditions are equivalent for a ring R:

(1) R is a right C2 ring.
(2) Every R-isomorphism a R → eR, a ∈ R, e2 = e ∈ R, extends to R.
(3) If r(a) = r(e), a ∈ R, e2 = e ∈ R, then e ∈ Ra.

(4) If r(a) = r(e), a ∈ R, e2 = e ∈ R, then Re = Ra.

(5) If Ra ⊆ Re ⊆ lr(a), a ∈ R, e2 = e ∈ R, then Re = Ra.

(6) If a R is projective, a ∈ R, then a R is a direct summand of RR .

Proof. (6)⇒(1)⇒(2)⇒(3)⇒(4)⇒(5) are routine computations. Assume that
(5) holds. If a R is projective thenr(a) is a direct summand of R, sayr(a) = r(e)
for e2 = e. Thus a = ae, so Ra ⊆ Re. But e ∈ lr(a) [because r(a) ⊆ r(e)], so
we have Ra ⊆ Re ⊆ lr(a). Thus Ra = Re by (5), so Ra is a direct summand
of R, whence a R is a summand, proving (6). �

Condition (3) in Lemma 7.7 gives

Corollary 7.8. A direct product of rings is a right C2 ring if and only if each
factor is a C2 ring.

Corollary 7.9. The following conditions are equivalent for a local ring R:

(1) R is a right C2 ring.
(2) Every monomorphism RR → RR is epic.
(3) J = {a ∈ R | r(a) �= 0}.
In particular, any local ring with nil radical is a right and left C2 ring.
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Proof. Example 7.5 shows that (1)⇔(2) for any ring in which 0 and 1 are the
only idempotents. Given (2), it is clear that J ⊆ {a ∈ R | r(a) �= 0}; this is
equality in a local ring. Hence (2)⇒(3). Finally, if (3) holds, suppose r(a) =
r(e), a ∈ R, e2 = e ∈ R. By Lemma 7.7 we must show that e ∈ Ra. This is
clear if e = 0. If e = 1 then r(a) = 0, so a /∈ J by (3). Hence Ra = R because
R is local, and so e ∈ Ra as required. Thus (3)⇒(1). Finally, the last statement
follows from (3) because R is local. �

Using Lemma 5.1, condition (3) of Lemma 7.7 gives immediately

Corollary 7.10. Every right P-injective ring is a right C2 ring.

The converse of Corollary 7.10 is false. Indeed, if V is a two-dimensional vector
space over a field F, consider the trivial extension R = T (F, V ) = F ⊕ V .

This is a commutative, local, artinian ring with J 2 = 0, so R is a C2 ring
by Corollary 7.9. However, R is not P-injective. For if V = vF ⊕ wF, let
θ : V → V be a linear transformation with θ (v) = w. Then (0, x) 
→ [0, θ (x)]
is an R-linear map R → R that does not extend to R → R because w /∈ vF.

Example 7.11. There exists a left C2 ring that is not a right C2 ring.

Proof. Faith and Menal give an example (Example 8.16 below) of a right
noetherian ring R in which J is nilpotent and every right ideal is an annihi-
lator, but which is not right artinian. Thus R is left P-injective and hence left
C2. Suppose that R is a right C2 ring. Since R is I-finite, every monomorphism
RR → RR is epic (see Example 7.5), so R is semilocal by the Camps–Dicks the-
orem (Theorem C.2) because it is right finite dimensional. Since J is nilpotent,
R is right artinian by the Hopkins–Levitzki theorem. But this is a contradiction
and hence R is not a right C2 ring. �

Proposition 7.12. If R is a right C2 ring, so is eRe for any e2 = e ∈ R such
that ReR = R.

Proof. Write S = eRe and suppose that rS(a) = rS( f ), a ∈ S, f 2 = f ∈ S.

By Lemma 7.7 we must show that f ∈ Sa. It suffices to show that f ∈ Ra, so,
by Lemma 7.7, we show that rR(a) = rR( f ). If r ∈ rR(a) then, for all x ∈ R,

a(er xe) = ar xe = 0 and so er xe ∈ rS(a) = rS( f ). Thus f r xe = 0 for all
x ∈ R, so f r = 0 because ReR = R. Thus rR(a) ⊆ rR( f ); the other inclusion
is proved in the same way. �
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Proposition 7.12 is half of the proof that a “right C2 ring” is a Morita invariant.
We are going to characterize when this is true (in Theorem 7.16), but we must
first develop some results about endomorphism rings. Recall that a module is
called a C2 module if it satisfies the C2-condition.

Theorem 7.13. The following conditions are equivalent for a module MR with
E = end(MR):

(1) MR is a C2 module.
(2) If σ : N → P is an R-isomorphism, where N ⊆ M and P is a direct sum-

mand of M, then σ extends to some β ∈ E .

(3) If α : P → M is R-monic, where P is a direct summand of M, there exists
β ∈ E with β ◦ α = ι, where ι : P → M is the inclusion.

(4) If α : P → M is R-monic, where P is a direct summand of M, and if
π2 = π ∈ E satisfies π (M) = P, there exists β ∈ E with π ◦ β ◦ α = 1P .

Proof. (1)⇒(2). If σ is as in (2), let M = N ⊕ N ′ by (1). Then (n+n′) 
→ σ (n)
extends σ.

(2)⇒(3). If α is as in (3) then σ : α(P) → P is an R-isomorphism if we
define σ [α(p)] = p for all p ∈ P. By (2) let β ∈ E extend σ . Then β ◦ α = ι.

(3)⇒(4). If α is as in (4), let β ◦α = ι by (3), where β ∈ E . Then π ◦β ◦α =
1P .

(4)⇒(1). Suppose a submodule N ⊆ M is isomorphic to P , where P is a
direct summand of M, say α : P → N is an R-isomorphism. We must show
that N is a direct summand of M. If π2 = π ∈ E satisfies π (M) = P, (4)
provides β ∈ E such that π ◦ β ◦ α = 1P . Define θ = α ◦ π ◦ β ∈ E . Then
θ2 = θ and θ(M) ⊆ N , so we are done if we can show that N ⊆ θ (M). But
θ ◦ α = α and so N = α(P) = θ[α(P)] ⊆ θ(M), as required. �

It is easy to verify that direct summands of a C2 module are again C2 modules.
But the direct sum of C2 modules need not be a C2 module: If R = [ F F

0 F

]
,

A = [ F F
0 0

]
, and B = [ 0 0

0 F

]
, where F is a field, then RR is not a C2 module,

but R = A ⊕ B and both AR and BR are C2 modules. (BR is simple, and AR

has exactly one proper submodule J � A.)

Theorem 7.14. Let MR be a module and write E = end(MR). Then the fol-
lowing hold:

(1) If E is a right C2 ring then MR is a C2 module.
(2) The converse in (1) holds if ker (α) is generated by M whenever α ∈ E is

such that rE (α) is a direct summand of EE .
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Proof. (1). Let α : P → M be R-monic, where P is a direct summand of M,

let π2 = π ∈ E satisfy π (M) = P, and write ker (π ) = Q. Hence M = P ⊕ Q
and we extend α to ᾱ ∈ E by defining ᾱ(p + q) = α(p). Since α is monic,
ker (ᾱ) = Q = ker (π ). It follows that

rE (ᾱ) = {λ ∈ E | λ(M) ⊆ Q} = rE (π).

Since E is a right C2 ring, Lemma 7.7 gives π ∈ E ᾱ, say π = β ◦ ᾱ with
β ∈ E . Then π ◦ β ◦ α = 1P , so MR is a C2 module by Theorem 7.13.

(2) Let rE (α) = rE (π), where α and π2 = π are in E . By Lemma 7.7, we
must show that π ∈ Eα.

Claim. ker (α) = ker (π ).

Proof. 1 − π ∈ rE (π) = rE (α), so α = α ◦ π, whence ker (π ) ⊆ ker (α).
However, we have ker (α) = �{θ (M) | θ ∈ E, θ (M) ⊆ ker (α)} by hypothesis.
Since θ (M) ⊆ ker (α) implies θ ∈ rE (α) = rE (π), it follows that θ(M) ⊆
ker (π ). Hence ker (α) ⊆ ker (π), proving the Claim.

Now write π(M) = P and ker (π) = Q. Then P ∩ker (α) = 0 by the Claim,
so α|P is monic. Since M has the C2 condition, Theorem 7.13 provides β ∈ E
such that β ◦ (α|P ) = ι, where ι : P → M is the inclusion. We claim that
β ◦ α = π, which proves (2). If q ∈ Q then (β ◦ α)(q) = 0 = π(q) by the
Claim; if p ∈ P then (β ◦ α)(p) = p = π(p). As M = P ⊕ Q this shows that
π = βα ∈ Eα, as required. �

Since a free module generates all of its submodules, we obtain

Theorem 7.15. If MR is free then M is a C2 module if and only if end(MR) is
a right C2 ring. In particular Rn is a right C2 module if and only if Mn(R) is a
right C2 ring.

By Proposition 7.12, being a right C2 ring is a Morita invariant if we can show
that M2(R) is a right C2 ring whenever R is a right C2 ring. Hence Theorem 7.15
gives

Theorem 7.16. The following conditions are equivalent:

(1) “Right C2 ring” is a Morita invariant.
(2) If R is a right C2 ring then (R ⊕ R)R is a C2 module.
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We call a ring R a strongly right C2 ring if Mn(R) is a right C2 ring for
every n ≥ 1. This is a Morita invariant class of rings by Proposition 7.12, and
it contains every Morita invariant class of right C2 rings.

Example 7.17. Every right FP-injective ring is a strongly right C2 ring.

Proof. A ring R is right FP-injective if and only if Mn(R) is right P-injective
for every n ≥ 1 (Theorem 5.41). Hence we are done by Corollary 7.10. �

Example 7.18. Every semiregular ring with J = Zr is a strongly right C2 ring.

Proof. By Theorem 7.15 it is enough to show that Rn has the right C2-condition.
Let A ∼= B, where A and B are submodules of Rn and B is a direct summand.
Then A is finitely generated (and projective) so, since R is semiregular, there
is a decomposition Rn = P ⊕ Q, where P ⊆ A and A ∩ Q is small in Rn (see
Theorem B.46). Thus A = P ⊕ (A ∩ Q), where A ∩ Q ⊆ rad(Rn) = J n = Zn

r

by hypothesis. This means that A ∩ Q is both projective and singular, and so
A ∩ Q = 0 by Lemma 4.24. Thus A is a summand of Rn, as required. �

Note that every right continuous ring is semiregular with J = Zr by Utumi’s
theorem (Theorem 1.26). Consequently, we call these latter rings right weakly
continuous, and we return to them in Section 7.4.

Theorem 7.19. Suppose that R is a strongly right C2 ring such that every 2-
generated right R-module embeds in a free module. Then R is quasi-Frobenius.

Proof. Let a ∈ E(RR), where E(M) denotes the injective hull of a module
M. By hypothesis, let σ : R + a R → (Rn)R be monic. Since R is a right C2
ring and σ (R) ∼= R, it follows that σ (R) is a summand of Rn and hence of
σ (R + a R). But σ (R) ⊆ess σ (R + a R) because R ⊆ess R + a R. This implies
that a ∈ R, so R = E(RR) is right self-injective. Hence RR is a cogenerator by
Proposition 1.44 (since R is right Kasch by hypothesis), so R is a right PF ring
by Osofsky’s theorem (Theorem 1.57; see Corollary 7.33 in the next section).
In particular, RR is finitely cogenerated by Theorem 1.56, and so every cyclic
module has finitely generated essential socle (it embeds in Rn for some n). Thus
R is right artinian by Vámos’ lemma (Lemma 1.52) and so is quasi-Frobenius
by Theorem 1.50. �

Theorem 7.19 gives a uniform proof that the FGF-conjecture is true for
right self-injective rings, left Kasch rings, and left perfect rings (as listed at the
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beginning of this chapter), as well as in other cases. In fact we need only assume
that every 2-generated right module can be embedded in a free module.

Corollary 7.20. Suppose a ring R has the property that every 2-generated right
R-module embeds in a free module. Then R is quasi-Frobenius if it has any of
the following properties:

(1) R is semiregular with J = Zr .

(2) R is left Kasch.
(3) R is semiperfect with soc(Re) �= 0 for every local idempotent e ∈ R (for

example if R is right perfect).
(4) R is right FP-injective.

Proof. In each case we show that R is a strongly right C2 ring and apply
Theorem 7.19.

(1) R is a strongly right C2 ring by Example 7.18.
(2) Since “left Kasch” is Morita invariant, this follows because left Kasch

rings are right C2 (Example 7.6).
(3) We have rl(T ) = T for every right ideal T of R because R/T embeds in

a free module. In particular R is left mininjective and so is left minfull. Hence
R is left Kasch by Theorem 3.12, so (3) follows from (2).

(4) This follows from Example 7.17. �

Since being a right FGF ring is a Morita invariant, Theorem 7.19 gives the
following reduction in what is required to prove the FGF-conjecture.

Theorem 7.21. The following statements are equivalent:

(1) Every right FGF ring is a right C2 ring.
(2) Every right FGF ring is quasi-Frobenius.

Proof. Given (1), let R be a right FGF ring. Then Mn(R) is also a right FGF
ring by Theorem 7.4, and so it is a right C2 ring by (1). Hence R is a strongly
right C2 ring and so is quasi-Frobenius by Theorem 7.19. �

7.3. The Gómez Pardo–Guil Asensio Theorem

Given a right R-module M we will denote by �(M) [respectively C(M)] a set of
representatives of the isomorphism classes of the simple quotient modules (re-
spectively simple submodules) of M . In particular, when M = RR , then �(R)
is a set of representatives of the isomorphism classes of simple right R-modules.
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We will say that two modules M and N are essentially equivalent when they
contain isomorphic essential submodules. Observe that if M and N are essen-
tially equivalent, say with M0 ⊆ess M, N0 ⊆ess N , and σ : M0 → N0, then
σ induces an isomorphism soc(M) ∼= soc(N ), and we have C(M) = C(N ).
Moreover, it is clear that the property of being finitely cogenerated is preserved
under essential equivalence.

We are going to characterize finitely cogenerated modules in terms of es-
sential equivalence, and the proof proceeds via a series of lemmas. One of the
key points of the proof will be to pass to the endomorphism ring of the quasi-
injective hull of a finitely generated quasi-projective CS module essentially
equivalent to M.

Lemma 7.22. Let E be a right R-module, and let S = end(ER). If L is a direct
summand of S E then hom R(E, L) ⊗S E ∼= L .

Proof. The group hom R(E, L) is a right S-module via λα = λ ◦ α for λ ∈
hom R(E, L) and α ∈ S. Hence the map hom R(E, L) × E → L given by
(λ, e) 
→ λ(e) (where e ∈ E) is balanced and so induces a homomorphism
σ : hom R(E, L) ⊗S E → L , where σ (λ⊗ e) 
→ λ(e) for all λ and e. However,
if π : E → L is the projection, the map τ : L → hom R(E, L) ⊗S E , where
τ (x) = π ⊗ x for x ∈ L , is Z-linear and it is routine to verify that both com-
posites σ ◦ τ and τ ◦ σ are identity maps. Hence σ is a Z-isomorphism; it is
clearly R-linear. �

Lemma 7.23. Let ER be an injective right R-module and let S = end(ER). If
A is a direct summand of SS then hom R(E, A ⊗S E) ∼= A.

Proof. Note first that there is Z-morphism θ : A ⊗S E → E with θ (α ⊗ e) =
α(e). Write A = π S, π2 = π ∈ S, and define σ : A → hom R(E, A ⊗S E) by

σ (α) = γα : E → A ⊗S E, where γα(e) = π ⊗ α(e) for e ∈ E .

Then σ is Z-linear. Note that θ[γα(e)] = πα(e) = α(e) for all e ∈ E because
α ∈ A = π S. It follows that σ is monic. However, if γ : E → A ⊗S E then
γ (e) = �(παi ⊗ ei ) = π ⊗ ē for ē ∈ E . Moreover, if also γ (e) = π ⊗ e1, e1 ∈
E, then π ē = θ [γ (e)] = πe1. Hence α : E → E is well defined by α(e) = ē,
where γ (e) = π ⊗ ē, and then α ∈ S and γα(e) = π ⊗ α(e) = π ⊗ ē = γ (e)
for all e ∈ E . It follows that γ = γα = σ (α), proving that σ is epic. �

Lemma 7.24. Let ER be quasi-injective with S = end(ER). Then there is a
bijection between the set of isomorphism classes of indecomposable direct
summands of ER and the set of isomorphism classes of minimal right ideals of
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S/J (S). In particular there is an injection from the set of isomorphism classes
of simple submodules of ER into the set of isomorphism classes of minimal
right ideals of S/J (S).

Proof. Let L R be a direct summand of ER . Then by Lemma 7.22 we have a
canonical isomorphism hom R(E, L) ⊗S E ∼= L . Similarly, if NS is a direct
summand of SS , then hom R(E, N ⊗S E) ∼= N by Lemma 7.23. Thus, the
assignments L 
→ hom R(E, L) and N 
→ N ⊗S E define inverse bijections
between the sets of isomorphism classes of direct summands of ER and SS . It is
also clear that these bijections preserve the property of being indecomposable.
In fact, if e ∈ S is any idempotent such that L = eE ∼= eS ⊗S E , then the
corresponding direct summand of SS is precisely hom R(E, eE) ∼= eS. Since
end(eER) ∼= eSe ∼= end(eSS), we have that if eER is indecomposable then
end(eE) is local because E is quasi-injective. Hence the corresponding direct
summand eS of SS is an indecomposable projective module with local endo-
morphism ring. Writing J = J (S), we know by Lemma B.2 that eSe is local
if and only if eS/eJ is a simple right S-module. But eS/eJ is isomorphic, as a
right S/J -module, to the minimal right ideal ē(S/J ) of S/J , where ē = e + J ,
and so we may assign to eS this minimal right ideal.

Conversely, since S is semiregular by Theorem 1.25, each minimal right ideal
of S/J is of the form ē(S/J ), where e ∈ S is an idempotent and ē = e + J .
Then we can assign to ē(S/J ) the right ideal eS of S that is, clearly, a projective
cover in mod S of ē(S/J ), so that eSe is local. Hence, we get a bijection between
isomorphism classes of direct summands of SS with local endomorphism rings
and isomorphism classes of minimal right ideals of S/J , which completes the
proof. �

Let Q be a ring and {Ck | k ∈ K } a family of pairwise nonisomorphic simple
right Q-modules. This family is said to be idempotent-orthogonal (respectively
idempotent-semiorthogonal) when there exists a family {ek | k ∈ K } of idem-
potents of Q satisfying Ckek �= 0 for each k ∈ K and C j ek = 0 if j �= k
(respectively, C j ek = 0 or Cke j = 0). The proof of Lemma 7.26 requires the
following set-theoretic result (see [127]).

Lemma 7.25 (Tarski’s Lemma). Let I be an infinite set. Then I can be decom-
posed as the union of a class K of subsets of I such that the following conditions
are satisfied:

(1) |K | > |I | .
(2) |X | = |Y | for each X and Y from K .

(3) |X ∩ Y | < |X | = |Y | if X �= Y ; X, Y from K .
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Lemma 7.26 (Osofsky). Let Q be a regular right self-injective ring, and let
{Ti | i ∈ I } be a set of pairwise nonisomorphic minimal right ideals of Q. If I
is an infinite set, there exists an idempotent-orthogonal family {Ck | k ∈ K } of
simple right Q-modules such that |I | < |K | .

Proof. For each subset J ⊆ I, define �(J ) = �{T ⊆ QQ |T ∼= Ti for some
i ∈ J }. Since Q is regular and hence right nonsingular, �(J ) has a unique
closure E[�(J )] in QQ by Lemma 1.28 and, because Q is right self-injective,
E[�(J )] is actually the unique injective hull of �(J ) inside QQ and hence
is a direct summand of QQ . Thus there exists an idempotent eJ ∈ Q such
that E[�(J )] = eJ Q. We first show that eJ is central. It is enough to prove
that, for every x ∈ Q, eJ x = eJ xeJ and xeJ = eJ xeJ . Assume, then, that
eJ x(1 − eJ ) �= 0. Since �(J ) is essential in eJ Q, we see that there exists an
element q ∈ Q and a simple right ideal T of Q such that T ∼= Ti for some
i ∈ J and 0 �= eJ x(1 − eJ )q ∈ T . Thus the homomorphism (1 − eJ )q Q → T
given by left multiplication by eJ x is nonzero and, since TQ is a projective
module it is, actually, a split epimorphism. Therefore, (1 − eJ )Q contains a
simple submodule isomorphic to Ti , for some i ∈ J , contradicting the fact
that all these submodules are contained in eJ Q. Thus we have proved that
eJ Q(1 − eJ ) = 0.

Assume now that (1− eJ )xeJ �= 0 for some x ∈ Q. Then, left multiplication
by (1 − eJ )x gives a nonzero homomorphism eJ Q → (1 − eJ )Q. Its image
(1 − eJ )xeJ Q is a principal right ideal of Q contained in (1 − eJ )Q and,
since Q is regular, it is a projective module. Hence eJ Q contains a submodule
isomorphic to (1 − eJ )xeJ Q. But the latter module has zero intersection with
eJ Q and thus it contains no submodule isomorphic to Ti , for any i ∈ J , which
contradicts the fact that �(J ) is essential in eJ Q. Thus we see that all the eJ

are indeed central idempotents.
For subsets X and Y of I we have �(X ) = �(X − Y ) ⊕ �(X ∩ Y ), so that

E[�(X )] = E[�(X − Y )] ⊕ E[�(X ∩ Y )], and hence eX Q = eX\Y Q ⊕
eX∩Y Q. Thus we see that eX∩Y ∈ eX Q and, similarly, eX∩Y ∈ eY Q. Conse-
quently, eX∩Y ∈ eX Q ∩ eY Q ⊆ eX eY Q = eY eX Q. However, if T is a simple
right Q-module contained in eX eY Q, then Ti

∼= T ∼= Tj for some i ∈ X and j ∈
Y, and so i = j ∈ X ∩ Y. Therefore, T ⊆ �(X ∩ Y ). Because eX eY Q
has essential socle, we have that eX eY Q ⊆ E[�(X ∩ Y )] = eX∩Y Q, and so
eX∩Y Q = eX eY Q. Since eX eY and eX∩Y are both central idempotents, we see
that eX eY = eX∩Y . Observe also that, similarly, eX Q = eY Q implies eX = eY

so that the idempotent eX is uniquely determined by the set X . Furthermore, if
X ⊆ Y ⊆ I , then eX Q ⊆ eY Q and eX eY = eY eX = eX , whereas if X ∩ Y = ∅,
then eX eY = 0.
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Next, we construct the idempotent-orthogonal family {Ck | k ∈ K }. By
Lemma 7.25, the infinite set I can be decomposed as the union of a class K
of subsets of I such that the following conditions are satisfied: (1) |K | > |I |;
(2) |X | = |Y | for each X , Y ∈ K ; and (3) |X ∩ Y | < |X | = |Y | if X �= Y
(X, Y ∈ K ).

Now let N = �{eZ Q|Z ⊆ I and |Z | < |X | for each X ∈ K } and define, for
each X ∈ K , NX = (1 − eX )Q + N . Assume that eX ∈ NX . Then we may
write eX = (1 − eX )x0 + n, with x0 ∈ Q, n ∈ N . Thus there exist sets
Z1, . . . , Zr ⊆ I such that |Z j | < |X | for j = 1, . . . , r , and n = ∑r

j=1 eZ j x j ,
with x j ∈ Q, so that eX Q ⊆ (1 − eX )Q +∑r

j=1 eZ j Q. Since |X | is infinite, we
have that | ∪r

j=1 Z j | < |X | and hence there exists an element i ∈ X\(∪r
j=1 Z j ).

Setting ei = e{i} we see that, as i ∈ X , ei ∈ eX Q and so there exist elements
q, q j ∈ Q such that ei = (1 − eX )q + ∑r

j=1 eZ j q j . Because i /∈ Z j we see
that ei eZ j = 0 for each j = 1, . . . , r and hence ei = ei (1 − eX )q = 0, which
is a contradiction and shows that eX /∈ NX . However, if X, Y ∈ K and X �= Y ,
then eY = (1 − eX )eY + eX eY = (1 − eX )eY + eX∩Y . Since |X ∩ Y | < |X |, for
each X ∈ K , we see that eX∩Y ∈ N and so eY ∈ NX .

Now, let MX be a maximal right ideal of Q containing NX . Since eY ∈ NX ⊆
MX , we see that the simple right Q-module Q/MX is annihilated by eY , for
each Y ∈ K , Y �= X . It is clear, however, that eX /∈ MX for, otherwise, we
would have 1 = eX + (1 − eX ) ∈ MX . Then we can define a set of simple right
Q-modules indexed by K , by setting Ck = Q/Mk for each k ∈ K , and we have
that Ckek �= 0 and C j ek = 0 for each k, j ∈ K , j �= k. Furthermore, since the
ek are central idempotents for all k ∈ K , we have that C j

∼= Ck implies j = k.
�

Lemma 7.26 will be applied to the case in which Q = S/J , where S is
the endomorphism ring of the quasi-injective hull ER = E(PR) of a finitely
generated quasi-projective module PR essentially equivalent to MR . To obtain
useful information about E , and hence about M , it is necessary to establish some
connection between the simple right S/J -modules and the simple quotients of
PR . This is the object of the next lemma.

If P and M are R-modules, P is called M-projective if for R-morphisms
λ : M → N and φ : P → N with λ epic, there exists φ̂ : P → M such that
φ = λ ◦ φ̂. The module P is called quasi-projective if it is P-projective. As
in Lemma 1.12, if K ⊆ M are modules and P is M-projective then P is both
K -projective and M/K -projective.

If M is a module, the quasi-injective hull M̂ of M is defined to be

M̂ = �{λ(M) | λ : end[E(M)]}.
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Hence M ⊆ess M̂, and M = M̂ if and only if M is quasi-injective by Theo-
rem 1.15.

Lemma 7.27. Let PR be a finitely generated, quasi-projective CS module, let
ER be its quasi-injective hull, and let S = end(ER). If {Ck | k ∈ K } is an
idempotent-semiorthogonal family of simple right S/J (S)-modules, then we
have |K | ≤ |�(P)| .

Proof. We show first that each direct summand of ER contains an essential
submodule that is isomorphic to a direct summand of PR and hence a finitely
generated E-projective module. Indeed, let X be a direct summand of E and
Y = X ∩ P . Since P is a CS module, there exists a direct summand Z of P
such that Y is essential in Z . Moreover, since X is E-injective (being a direct
summand of E), the inclusion of Y into X has an extension to Z that is a
monomorphism because Y ⊆ess Z . Thus we see that X contains an essential
submodule isomorphic to Z that is finitely generated and E-projective because
it is a direct summand of P .

Consider an idempotent-semiorthogonal family {Ck}k∈K of simple right
S/J (S)-modules. Since idempotents of S/J (S) lift modulo J (S) by Theorem
1.25, there exist idempotents {sk}k∈K of S such that Cksk �= 0 for any k ∈ K
and either C j sk = 0 or Cks j = 0 for k �= j . Let, for each k ∈ K , ck ∈ Ck be an
element such that cksk �= 0 and call pk : SS → Ck the homomorphism defined
by pk(1) = cksk . If sk∗ = hom R(E, sk) is the endomorphism of SS given by
left multiplication with sk , we have that (pk ◦ sk∗)(1) = cks2

k = cksk = pk(1),
and so pk ◦ sk∗ = pk , from which it follows that

(pk ⊗S E) ◦ sk = (pk ⊗S E) ◦ (sk∗ ⊗S E) = (pk ◦ sk∗) ⊗S E = pk ⊗S E .

If we set Ek = sk(E) and E
′
k = (1 − sk)(E), then as we have observed at the

beginning of the proof, Ek and E
′
k have finitely generated E-projective essential

submodules Pk and P
′
k , respectively, which are isomorphic to direct summands

of P . Thus T = Pk ⊕ P
′
k is essential in E = Ek ⊕ E

′
k and, moreover, (pk ⊗S E)

(P
′
k) ⊆ [(pk ⊗S E)◦sk ◦(1−sk)](E) = 0. Suppose that (pk ⊗S E)(Pk) = 0. Then

(pk ⊗S E)(Pk ⊕ P
′
k) = 0 and if Nk = ker pk , then ker (pk ⊗S E) = Nk E , so that

T ⊆ Nk E . Since T is finitely generated, there exist elements h1, . . . , hn ∈ Nk

such that T ⊆ �n
i=1im hi . Denote by πi : En → E the canonical projections

and set h = �n
i=1(hi ◦ πi ) : En → E . Then im h = �n

i=1im hi and hence
T ⊆ im h. Thus if we set X = im h, with canonical projection β : En → X
and canonical injection α : X → E , and let u : T → E and v : T → X be the
canonical inclusions, we have that u = α ◦ v. Since T is E-projective, there
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exists a morphism g : P → En such that β ◦ g = v. Using the quasi-injectivity
of En we also obtain an extension t : E → En of g, so that t ◦ u = g. Thus we
have

u = α ◦ v = α ◦ β ◦ g = h ◦ g = h ◦ t ◦ u,

so that (1 − h ◦ t) ◦ u = 0 and hence ker (1 − h ◦ t) is essential in ER .
This entails that 1 − h ◦ t ∈ J (S) and so h ◦ t is an isomorphism. But since
h ◦ t = �n

i=1(hi ◦ πi ) ◦ t = �n
i=1hi ◦ (πi ◦ t) ∈ Nk , we see that Nk = S, a

contradiction that shows that (pk ⊗S E)(Pk) �= 0.
Let hk : Pk → Ek , ik : Ek → E , and tk = ik ◦hk : Pk → E be the inclusions,

and set Lk := im [(pk ⊗S E) ◦ tk], with canonical projection qk : Pk → Lk

and inclusion wk : Lk → Ck ⊗S E . As we have just seen, Lk is a (finitely
generated) nonzero module, and hence we can choose for each k ∈ K a simple
quotient Uk of Lk with canonical projection πk : Lk → Uk . Denoting by [X ] the
isomorphism class of a right R-module X , we see that [Uk] ∈ �(P) and so we
can define a map from K to �(P) by assigning k 
→ [Uk].

To complete the proof of the lemma, we show that the map just defined is
injective. Suppose that [U j ] = [Uk] for j, k ∈ K . Since {Ck | k ∈ K } is
an idempotent-semiorthogonal family of simple right S/J (S)-modules, we can
assume that, say, Cks j = 0. Let ϕ : U j → Uk be an isomorphism. If αk : Uk →
E(Uk) denotes the inclusion, for each k ∈ K [where E(Uk) is the injective hull
of Uk], we obtain by injectivity an R-homomorphism φ : E(U j ) → E(Uk)
satisfying φ ◦ α j = αk ◦ ϕ. Also, αk ◦ πk has an extension π ′

k to Ck ⊗S E ,
so that αk ◦ πk = π ′

k ◦ wk . However, because Pj is Pk-projective, we obtain a
homomorphism ψ : Pj → Pk such that πk ◦ qk ◦ ψ = ϕ ◦ π j ◦ q j . Now the
quasi-injectivity of E gives an endomorphism τ : E → E , that is, an element
τ ∈ S, such that τ ◦ t j = tk ◦ ψ . Observe then that φ ◦ α j = αk ◦ ϕ is a
monomorphism, and hence the morphism φ ◦ α j ◦ π j ◦ q j : Pj → E(Uk) is
nonzero (with image isomorphic to U j ). Thus we see that

0 �= φ ◦ α j ◦ π j ◦ q j = αk ◦ ϕ ◦ π j ◦ q j = αk ◦ πk ◦ qk ◦ ψ

= π ′
k ◦ wk ◦ qk ◦ ψ = π ′

k ◦ (pk ⊗S E) ◦ tk ◦ ψ

= π ′
k ◦ (pk ⊗S E) ◦ τ ◦ t j = π ′

k ◦ (pk ⊗S E) ◦ τ ◦ i j ◦ h j .

Assume now that j �= k and consider the homomorphism pk ◦ τ∗ ◦ i j ∗ :
s j S → Ck , where τ∗ = hom R(E, τ ) and i j ∗ = hom R(E, i j ). If we set x :=
(pk ◦ τ∗)(1) ∈ Ck , we have that (pk ◦ τ∗ ◦ i j ∗)(s j ) = (pk ◦ τ∗)(s j ) = xs j ∈
Cks j = 0. Tensoring with S E we then see that (pk⊗S E)◦(τ∗⊗S E)◦(i j ∗⊗S E) =
0 and, since τ∗ ⊗S E ∼= τ and i j ∗ ⊗S E ∼= i j , that (pk ⊗S E) ◦ τ ◦ i j = 0, which
gives a contradiction and shows that we must have j = k. �
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Lemma 7.28. Let R be a ring, and let PR be a finitely generated quasi-
projective, CS module, such that |�(P)| ≤ |C(P)| . Then |�(P)| = |C(P)| ,
and PR has finitely generated essential socle.

Proof. Let ER be the quasi-injective hull of PR , S = end(ER), and J = J (S).
Let S be the set of isomorphism classes of minimal right ideals of S/J . Then
C(P) = C(E) and so |C(P)| ≤ |S| by Lemma 7.24 and, ifS is infinite, we have
by Lemma 7.26 an idempotent-orthogonal family {Ck | k ∈ K } of simple right
S/J -modules such that |S| < |K |. From Lemma 7.27 it follows that |K | ≤
|�(P)| and so we have a chain of inequalities

|�(P)| ≤ |C(P)| ≤ |S| < |K | ≤ |�(P)|

that shows that S, and hence �(P), must be finite with, say, |�(P)| = n ≤
|S| = r .

Let C1, . . . , Cr be representatives of the elements ofS. For each i = 1, . . . , r
there exist idempotent elements e1, e2, . . . , er ∈ S such that, if ēi = ei + J ,
then Ci = ēi (S/J ). Since Xēi

∼= homS/J [ēi (S/J ), X ] for X ∈ mod(S/J ),
we see that ēi (S/J )ē j = 0 for i, j ≤ r , i �= j , and ēi (S/J )ēi �= 0 for all
i = 1, . . . , r . Thus {C1, . . . , Cr } is an idempotent-orthogonal family of simple
right S/J -modules with respect to {e1, . . . , er } and so r ≤ n by Lemma 7.27.
Then it follows that r = n and hence |�(P)| = n = |C(P)|.

Next we show that S/J is a semisimple ring. Suppose that this is not the
case. Then there exists a simple right S-module C = Cr+1 that is not isomor-
phic to any of the C1, . . . , Cr . Moreover, Cēi

∼= homS/J [ēi (S/J ), C] = 0 for
all i = 1, . . . , r and so the family {Ci | i = 1, . . . , r + 1} of simple right
S/J -modules is idempotent-semiorthogonal with respect to the idempotents
{ē1, . . . , ēr , 1}. Then, again by Lemma 7.27, we obtain that n +1 = r +1 ≤ n;
this is a contradiction that shows that C cannot exist, and hence that S/J is a
semisimple ring. Therefore, S is semiperfect and hence it has no infinite families
of orthogonal idempotents, from which it follows that ER is finite dimensional.
Since ER is quasi-injective we see that ER is actually a finite direct sum of
indecomposable submodules. The number of isomorphism classes of indecom-
posable direct summands of ER equals r by Lemma 7.24 and so it is also equal
to |C(P)| = |C(E)|. Since each quasi-injective indecomposable module is uni-
form, we see that each indecomposable direct summand of ER has an essential
simple submodule and so is finitely cogenerated, Hence ER and hence also PR

are finitely cogenerated. �
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Theorem 7.29. The following are equivalent for a right module MR :

(1) M is finitely cogenerated.
(2) M is essentially equivalent to a finitely generated quasi-projective CS mod-

ule P that cogenerates every simple quotient of P.

(3) M is essentially equivalent to a finitely generated quasi-projective CS mod-
ule P such that |�(P)| ≤ |C(P)| .

Proof. The fact that (1) implies (2) is clear for if M is finitely cogenerated, then
soc(M) is a finitely generated essential submodule that is quasi-projective, CS,
and cogenerates its simple quotients. The implication (2)⇒(3) is also clear
and so we only need to prove that (3) implies (1). Suppose that M is essen-
tially equivalent to a finitely generated quasi-projective CS module P such that
|�(P)| ≤ |C(P)|. Then P is finitely cogenerated by Lemma 7.28, and hence
so is M . �

Lemma 7.30. If M is a finitely generated module and E(M) is projective, then
E(M) is finitely generated.

Proof. Let E(M) ⊕ X = F , where F is free. Since M is finitely generated, we
have M ⊆ F0, where F = F0 ⊕ F1 and F0 is a finitely generated submodule of
F . Let π : F → F0 be the projection with ker (π) = F1. Then ker (π) ∩ M =
0, so ker (π )∩ E(M) = 0. Thus π|E(M) : E(M) → F0 is monic, so we are done
because the injective module π [E(M)] is a direct summand of F0. �

Corollary 7.31. Let R be a ring such that E(RR) is a projective cogenerator of
mod R. Then R is a right PF ring.

Proof. By Lemma 7.30, E(RR) is finitely generated. Since RR and E(RR) are
essentially equivalent, and E(RR) is finitely generated and projective and is an
injective cogenerator, it follows from Theorem 7.29 that RR has finitely gen-
erated essential socle. Hence R is right finite dimensional and right Kasch [by
Proposition 1.44 because E(RR) is a cogenerator], and so R has only finitely
many isomorphism classes of simple right modules; let {K1, . . . , Kn} be an
irredundant set. If we write Ei = E(Ki ), then E1, . . . , En are pairwise noniso-
morphic, indecomposable injective modules that are projective. Hence end(Ei )
is local for each i, and so Lemma 1.54 shows that rad(Ei ) is maximal and small
in Ei . Hence Ti = Ei/rad(Ei ) is simple and Ei is a projective cover of Ti .

Moreover, if Ti
∼= Tj then Ei

∼= E j by Corollary B.17, and hence i = j. Thus
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{T1, . . . , Tn} is a set of distinct representatives of the simple right R-modules
and it follows that every simple right R-module has a projective cover. Thus R
is semiperfect by Theorem B.21.

Let {e1, . . . , en} be a basic set of local idempotents in R. Since each Ei is
indecomposable and projective we have Ei

∼= eσ i R for some σ i ∈ {1, . . . , n}.
Since the Ei are pairwise nonisomorphic, it follows that σ is a bijection and
hence that each ei R is injective. But then eR is injective for every local idem-
potent in R. Since R is semiperfect, it follows that R is right self-injective and
so is a right PF ring by Theorem 1.56. �

The next corollary extends Osofsky’s theorem (Theorem 1.57) that every
right self-injective, right cogenerator ring has finitely generated essential right
socle.

Corollary 7.32. Let R be a right CS, right Kasch ring. Then R has finitely gener-
ated, essential right socle.

Proof. The proof is immediate from (2) of Theorem 7.29. �

It is interesting to observe that, although the rings of the preceding corollary
have finitely generated, essential right socle, we do not know whether they must
be semiperfect. This is in stark contrast with what happens when the CS and
Kasch conditions are on opposite sides for, although a right CS left Kasch ring
is semiperfect by Lemma 4.1, it is not known whether a right self-injective, left
Kasch ring has finite essential right socle. If this were the case, then these rings
would be precisely the right PF rings.

Strengthening the hypotheses of Corollary 7.32, we obtain the following
characterization of right PF rings, which gives a different extension of Osofsky’s
theorem (Theorem 1.57).

Corollary 7.33. Let R be a ring. Then R is a right PF ring if and only if RR is
a cogenerator that is a right CS ring.

Proof. Every right PF ring is right self-injective and is a right cogenerator by
Theorem 1.56. Conversely, if RR is a CS cogenerator then R has finitely gener-
ated, essential right socle by Corollary 7.32. Since R is right finite dimensional
and right Kasch, let {K1, . . . , Kn} be a set of representatives of the simple right
R-modules. If we write Ei = E(Ki ), then E1, . . . , En are pairwise noniso-
morphic, indecomposable injective modules. Since RR is a cogenerator, there
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exists an embedding σ : E(Ki ) → RI for some set I. Then π ◦ σ �= 0 for
some projection π : RI → R, so (π ◦ σ )|Ki �= 0 and hence is monic. Thus
π ◦ σ : E(Ki ) → R is monic, and so E(Ki ) is projective.

Now let Sr = S1 ⊕ · · · ⊕ Sm, Sj be simple. Since Sr ⊆ess RR we have
E(RR) = E(S1) ⊕ · · · ⊕ E(Sm), and so E(RR) is a projective cogenerator. So
R is a right PF ring by Corollary 7.31. �

The next corollary gives a sufficient condition for a right FGF ring to be
quasi-Frobenius.

Corollary 7.34. Every right CS, right CF ring is right artinian. In particular,
every right CS, right FGF ring is quasi-Frobenius.

Proof. If R is right CS and right CF then RR has finitely generated, essential
socle by Corollary 7.32. Thus so does each cyclic right R-module, because it
embeds in a free module. By Vámos’ lemma (Lemma 1.52) R is then right
artinian. If R is right FGF it is left FP-injective by Lemma 7.2. Then Theorem
5.66 shows that R is quasi-Frobenius. �

In relation to these last corollaries, we remark that there exist rings that satisfy
the hypotheses of Corollary 7.32 but not the equivalent conditions of Corollary
7.33. For instance, the Björk example (Example 2.5) is clearly left CS and left
Kasch but it is neither left nor right PF. Regarding Corollary 7.34, we observe
that this ring is left CS and left CF but not quasi-Frobenius, and hence it is
neither left nor right FGF.

7.4. Weakly Continuous Rings

A ring R is called right weakly continuous if R is semiregular and J = Zr .

Examples include mininjective, semiregular rings in which Sr ⊆ess RR by
Proposition 2.27; P-injective semiregular rings by Theorem 5.14; right con-
tinuous rings by Utumi’s theorem (Theorem 1.26); and, more generally, the
endomorphism rings of free, continuous right modules (Corollary 7.43 to fol-
low). We saw in Example 7.18 that every right weakly continuous ring is a
right C2 ring, and we are going to give several characterizations of these right
weakly continuous rings in which the C2 rings play a major role.

To begin, we need the following lemma, which reveals an important relation-
ship between singular and projective modules. The finitely generated case was
given in Lemma 4.24.
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Lemma 7.35. Let K R ⊆ PR be modules where P is projective. Then K ⊆ess P
if and only if P/K is singular. In particular, if PR is both projective and singular,
then P = 0.

Proof. The forward implication is Lemma 1.23 and does not require that P is
projective. Conversely, assume that P/K is singular. If P ⊕ Q = F is free and
we write K̄ = K ⊕ Q, then F/K̄ ∼= P/K is singular, so we may assume that P
is free. In that case let {ei | i ∈ I } be a basis of PR and write Ai = rR(ei + K )
for each i. Then Ai ⊆ess RR, whence ei Ai ⊆ess ei R, so �ei Ai ⊆ess �ei R =
P. But (ei + K )Ai = 0 means that ei Ai ⊆ K for each i. It follows that
K ⊆ess P .

Finally, if P is projective and singular then 0 ⊆ess P (because P/0 is singu-
lar), so P = 0. �

Proposition 7.36. The following are equivalent for an element a ∈ R:

(1) r(a) ⊆ess f R for some f 2 = f ∈ R.

(2) a R = P ⊕ S, where PR is a projective right ideal and SR is a singular right
ideal.

Proof. (1)⇒(2). Let r(a) ⊆ess (1 − e)R, where e2 = e ∈ R.

Claim. a R = aeR ⊕ a(1 − e)R.

Proof. Clearly a R = aeR + a(1 − e)R. If x ∈ aeR ∩ a(1 − e)R write x =
aer = a(1 − e)s, where r, s ∈ R. Then er − (1 − e)s ∈ r(a) ⊆ (1 − e)R, so
er = 0. Hence x = aer = 0, proving the Claim.

Now aeR ∼= eR because the multiplication map a· : eR → aeR has kernel
{er | aer = 0} = eR ∩ r(a) = 0. Hence aeR is projective. Finally, the map
a· : (1 − e)R → a(1 − e)R has kernel (1 − e)R ∩ r(a) = r(a). Hence
a(1 − e)R ∼= (1 − e)R/r(a), so a(1 − e)R is singular by Lemma 7.35 because
r(a) ⊆ess (1 − e)R.

(2)⇒(1). Suppose that a R = P ⊕ S as in (2), and let π : a R → P be the
projection with ker (π ) = S. Then define γ : R → P by γ (r ) = π (ar ), and
write K = ker (γ ). Then γ is onto so, as P is projective, K = f R for some
f 2 = f ∈ R. Clearly r(a) ⊆ f R; it remains to verify that r(a) ⊆ess f R. If
k ∈ K then ak ∈ S because π (ak) = γ (k) = 0. Hence we have a map
θ : K → S defined by θ(k) = ak. Then ker (θ ) = K ∩ r(a) = r(a), so
K/r(a) ∼= im(θ ) ⊆ S. Thus K/r(a) is singular and so, since K is projective,
it follows that r(a) ⊆ess K by Lemma 7.35. �
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Note that θ is actually epic in (2)⇒(1), so K/r(a) ∼= S. Indeed, if s ∈ S let
s = ar. Then γ (r ) = π(ar ) = 0 because S = ker (π), so r ∈ ker (γ ) = K .

Thus s = ar = θ (r ).
Since a ring R is called a right CS ring if every right ideal is essential in a

summand of R, we call a ring R a right ACS ring (for annihilator CS) if every
element a ∈ R satisfies the conditions in Proposition 7.36. (Note that we are
employing the convention that 0 ⊆ess 0.) To prove the next theorem, we need
the following observation (which is part of Proposition 1.46).

Lemma 7.37. If R is a right C2 ring then Zr ⊆ J.

If I is an ideal in a ring R, recall (Lemma B.57) that R is called right I -
semiregular if, for every a ∈ R, there exists e2 = e ∈ a R with a−ea ∈ I. In this
case, R/I is regular and idempotents can be lifted modulo I (by Theorem B.58).
It turns out that the right weakly continuous rings are precisely the right Zr -
semiregular rings. The following theorem gives several other characterizations
of these rings and reveals their relationship to the right C2 rings.

Theorem 7.38. The following are equivalent for a ring R:

(1) R is right weakly continuous.
(2) R is right Zr -semiregular.
(3) If T is a finitely generated (respectively principal) right ideal, then T =

eR ⊕ S, where e2 = e and S is singular.
(4) R is a right ACS ring and every finitely generated (respectively principal)

projective right ideal is a summand.
(5) R is a right ACS ring which is also a right C2 ring.

Proof. (1)⇒(2)⇒(3). These follow from Theorem B.58.
(3)⇒(4). If a ∈ R, taking T = a R in (3) shows that R is a right ACS ring by

Proposition 7.36. If T is a finitely generated (principal), projective right ideal
of R, write T = eR ⊕ S as in (3). Then SR is both singular and projective, so
S = 0 by Lemma 7.35.

(4)⇒(5). To verify the right C2-condition, let T be a right ideal of R that is
isomorphic to a summand of RR . Then T is projective and principal, so T is a
summand by (4), as required.

(5)⇒(1). Let a ∈ R. Since R is a right ACS ring let a R = P ⊕ S, where P is
projective and S is singular. Thus P is isomorphic to a summand of RR (being
projective), so the C2-condition ensures that P = eR, where e2 = e. Since S
is singular we have S ⊆ Zr , and Zr ⊆ J by the C2-condition (Lemma 7.37).
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Thus S ⊆ J, proving that R is semiregular. Finally, if a ∈ J then e2 = e ∈ J,

so e = 0 and a R = S is singular. Hence a ∈ Zr , proving that J ⊆ Zr . This
proves (1). �

Examples.

(1) Every right continuous ring (and hence every right self-injective ring) is
right weakly continuous by Utumi’s theorem (Theorem 1.26).

(2) Every regular ring is right and left weakly continuous (with J = Zr =
Zl = 0). Moreover, it is easy to see that a right weakly continuous ring R
is regular if and only if R is right semihereditary, if and only if R is a right
PP ring (every principal right ideal is projective).

(3) More generally, every right P-injective ring is a right C2 ring by Corollary
7.10 and satisfies J = Zr by Theorem 5.14. Hence every right P-injective,
right ACS ring is right weakly continuous by Theorem 7.38. Note, however,
that if F is a field then R = [ F F

0 F

]
is a right and left artinian, right and

left ACS ring (in fact, right and left CS) that is neither right nor left weakly
continuous because Zr = 0 = Zl while J �= 0.

(4) If R is the Björk example, then R is a right and left artinian, left continuous,
right weakly continuous ring (R is right P-injective by Example 5.2) that
is not right continuous if dim F̄ (F) ≥ 2 (in the notation of Example 2.5).
Indeed, if R were right continuous then, being local, it would be right
uniform. But if X and Y are nonzero F̄-subspaces of F with X ∩ Y = 0
then P = Xt and Q = Y t are nonzero right ideals with P ∩ Q = 0.

(5) If 0 and 1 are the only idempotents in R, then R is right weakly continuous
if and only if it is local with J = Zr . The I-finite, right weakly continuous
rings are precisely the semiperfect rings with J = Zr .

(6) The ring Z of integers is an example of a commutative, noetherian ACS
ring that is not weakly continuous, whereas the localization Z(p) of Z at the
prime p is an example of a commutative, local (hence semiregular) ACS
ring that is not weakly continuous.

(7) If R VR is a bimodule over a ring R, the trivial extension R = T (Z, Q/Z)
is a commutative P-injective ring and so is a C2 ring with J = Zr , but it is
not weakly continuous because it is not semiregular (in fact R/J ∼= Z.)

(8) A direct product R = �i∈I Ri of rings Ri is right weakly continuous if and
only if each factor Ri is right weakly continuous.

(9) Every left Kasch, right ACS ring is right weakly continuous by Theorem
7.38 because it is a right C2 ring (Proposition 1.46). It is easy to see that
left Kasch, left PP rings are semisimple; this conclusion remains true if we
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replace left PP by right PP. Indeed, such a ring is right weakly continuous.
But Zr = 0 because R is a right PP ring, so J = 0 and R is regular by
Theorem 7.38. Hence Zl = 0, so R is semisimple.

Right continuity is not a Morita invariant [because the matrix ring M2(R)
is right continuous if and only if R is right self-injective by Theorem 1.35].
However, right weak continuity is a Morita invariant. The proof requires the
following lemma, which is of independent interest.

Lemma 7.39. Let R denote a ring and, as usual, denote Zr = Z (RR).

(1) If S = eRe, where e2 = e ∈ R satisfies ReR = R, then Z (SS) = eZr e.
(2) If S = Mn(R) where n ≥ 1, then Z (SS) = Mn(Zr ).
(3) Each of the following is a Morita invariant property of rings:

(i) J ⊆ Zr .

(ii) Zr ⊆ J.

(iii) J = Zr .

Proof. (1). Let z ∈ eZr e and 0 �= b ∈ S. Then bR ∩ rR(z) �= 0, say zbr = 0,
where br �= 0. Then 0 �= br R = br ReR, so brse �= 0 for some s ∈ R. Since
be = b we have 0 �= berse ∈ bS ∩rS(z), and hence rS(z) ⊆ess SS. This proves
that eZr e ⊆ Z (SS). Conversely, suppose z ∈ Z (SS). Since z = eze it suffices
to show that z ∈ Zr . So let 0 �= b ∈ R; we must show that bR ∩ rR(z) �= 0. If
eb = 0 then zb = 0, so bR ∩ rR(z) = bR �= 0. If eb �= 0 then ebReR �= 0,

so let ebre �= 0, where r ∈ R. Then ebreS ∩ rS(z) �= 0 by hypothesis, say
z(ebres) = 0, but ebres �= 0, where s ∈ S. As ze = z, we have 0 �= bres ∈
bR ∩ rR(z).

(2). Let α = [
ai j

] ∈ Z (SS); we must show that each ai j ∈ Zr . Since
εpqαεkl ∈ Z (SS) for any matrix units εpq and εkl , it suffices to show that

α = [ a 0
0 0

] ∈ Z (SS) implies that a ∈ Zr . Thus, if 0 �= b ∈ R, we must show
that rR(a) ∩ bR �= 0 that is, br �= 0 but abr = 0 for some r ∈ R. Write
β = [ b 0

0 0

]
. Then rS(α) ∩ βS �= 0, so βρ �= 0 and αβρ = 0 for some ρ ∈ S. If

ρ = [ r X
Y C

]
this implies that either br �= 0 or bX �= 0, while abr = 0 = abX.

If br �= 0 we are done; otherwise bx �= 0 for some x ∈ X, and again we are
done because abx = 0.

Conversely, if α = [
ai j

] ∈ M2(Zr ), then T = ∩i, jrR(ai j ) is essential in RR .

Write T = Mn(T ), so that T ⊆ rR(a); we show that T ⊆ess SS. If 0 �= ω ∈ S
let X be a nonzero column of ω, say column k. If Rn denotes the set of columns
from R, then Tn ⊆ess Rn by Lemma 1.1, so let 0 �= Xr ⊆ Tn, r ∈ R. If ρ =
rεkk, where εkk is the matrix unit, then 0 �= ωρ ∈ T ∩ ωS, as required.
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(3). This follows from (1) and (2) and the well-known facts that J [Mn(R)] =
Mn[J (R)] for any n ≥ 1 and J (eRe) = eJ (R)e for any e2 = e ∈ R. �

Theorem 7.40. Being right weakly continuous is a Morita invariant property
of rings.

Proof. Semiregularity is a Morita invariant by Corollary B.55, as is the condi-
tion that J = Zr by Lemma 7.39. �

With this we obtain a strengthening of a theorem of Utumi that R is right
self-injective if and only if R ⊕ R is continuous (equivalently quasi-continuous)
as a right R-module (Theorem 1.35).

Corollary 7.41. The following are equivalent for a ring R:

(1) R is right self-injective.
(2) R is right weakly continuous and R ⊕ R is CS as a right module.
(3) R is a right C2 ring and R ⊕ R is CS as a right module.

Proof. (1)⇒(3) is clear and (3)⇒(2) because summands of CS modules are CS.
(2)⇒(1). If R is right weakly continuous, so also is M2(R) ∼= end(R ⊕ R) by

Theorem 7.40. In particular end(R ⊕ R) is a right C2 ring, and this implies that
R⊕ R has the right C2-condition by Theorem 7.15. Hence R⊕ R is continuous,
and this implies that R is right self-injective by Theorem 1.35. �

We now turn to weak continuity of endomorphism rings. Recall that a module
MR is said to generate a submodule K if K = �{θ (M) | θ : MR → K R},
and that M is called quasi-projective if, whenever β : MR → NR is onto and
θ : MR → NR, there exists λ : MR → MR such that θ = β ◦ λ.

Theorem 7.42. If MR is a continuous, quasi-projective module that generates
each of its submodules, then end(MR) is weakly continuous.

Proof. If we write E = end(MR), then Theorem 1.25 shows that E is sem-
iregular and J (E) = {α ∈ E | ker (α) ⊆ess M}. Thus Z (EE ) ⊆ J (E) by
Corollary B.41. Conversely, let α ∈ J (E). If 0 �= β ∈ E, we must show that
βE ∩ rE (α) �= 0. We have ker (α) ∩ β(M) �= 0; for convenience write K =
ker (α) ∩ β(M). Since M generates K , we have K = �{θ(M) | θ : MR →
K R}. Hence θ (M) �= 0 for some θ : M → K . Since M is quasi-projective,
there exists λ ∈ E such that θ = βλ. Hence βλ �= 0 because θ(M) �= 0 and
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βλ(M) = θ (M) ⊆ K ⊆ ker (α). It follows that 0 �= βλ ∈ βE ∩ rE (α), as
required.

M
λ

↙ ↓ θ

M
β→ β(M) → 0 �

Since a free module is quasi-projective and generates each of its submodules,
we obtain

Corollary 7.43. If MR is free and continuous then end(M) is weakly conti-
nouous.

Note that, if R = [ F F
0 F

]
, where F is a field, then R is a left and right artinian,

semiregular ring that is not right weakly continuous as we have seen. Note
further that R shows that a projective module need not generate its submod-
ules. Indeed, consider e = [ 1 0

0 0

]
in R. Then eR = [ F F

0 0

]
is projective with

submodule J = [ 0 F
0 0

]
, but the only R-morphism λ : eR → J is λ = 0.

We conclude this section with a brief discussion of right ACS rings; that is
rings R for which, a ∈ R, then r(a) ⊆ess eR for some e2 = e ∈ R. This
class of rings includes all domains, all right uniform rings, and all right CS
rings; and every regular ring is a right and left ACS ring. If 0 and 1 are the
only idempotents in R, then R is a right ACS ring if and only if every element
a /∈ Zr satisfies r(a) = 0. In particular, the localization Z(p) of Z at the prime
p is a commutative, local (hence semiregular) ACS ring in which Zr �= J.

A direct product R = �i∈I Ri of rings is a right ACS ring if and only if each
Ri is a right ACS ring.

A ring R is called a right PP ring if every principal right ideal is projective,
equivalently if r(a) ⊆⊕ RR for every a ∈ R. Hence Proposition 7.36 shows
that the right PP rings are precisely the right nonsingular, right ACS rings. A
result of Small [205] shows that an I-finite, right PP ring R is a Baer ring; that
is, every left (equivalently right) annihilator is generated by an idempotent. (In
particular R is left PP and has ACC and DCC on right and left annihilators.)
Small’s theorem is the nonsingular case of the next result.

Proposition 7.44. Let R be a right ACS ring. Then the following hold:

(1) Every left annihilator L � Zr contains a nonzero idempotent.
(2) If R is I-finite, every left annihilator L has the form L = Re ⊕ S, where

e2 = e and S ⊆ Zr is a left ideal.
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Proof. (1). If L = l(X ), choose a ∈ L , a /∈ Zr . By hypothesis, r(a) ⊆ess eR,
where e2 = e, and e �= 1 because a /∈ Zr . Hence X ⊆ r(a) ⊆ eR, so 0 �=
(1 − e) ∈ l(X ) = L .

(2). If L ⊆ Zr take e = 0 and S = L . Otherwise use (1) and the I-finite
hypothesis to choose e maximal in {e | 0 �= e2 = e ∈ L}, where e ≤ f
means e ∈ f R f. Then L = Re ⊕ [L ∩ R(1 − e)], so it suffices to show that
L ∩ R(1−e) ⊆ Zr . If not let 0 �= f 2 = f ∈ L ∩ R(1−e) by (1). Then f e = 0,
so g = e + f − e f satisfies g2 = g ∈ L and g ≥ e. Thus g = e by the choice
of e, so f = e f and

f = f 2 = f (e f ) = 0,

which is a contradiction. �

The proof of Proposition 7.36 goes through as written to prove the following
module theoretic version.

Lemma 7.45. If MR is a module, the following conditions are equivalent for
m ∈ M :

(1) r(m) ⊆ess eR for some e2 = e ∈ R.

(2) m R = P ⊕ S, where PR is projective and SR is singular.

If R is a ring, we say that a right R-module MR is an ACS module if the
conditions in Lemma 7.45 are satisfied for every element m ∈ M. Hence a ring
R is a right ACS ring if and only if RR is an ACS module. The next result gives
a similar characterization of the right CS rings.

Proposition 7.46. A ring R is a right CS ring if and only if every principal
right R-module (respectively every right R-module) is an ACS module.

Proof. If R is a right CS ring, let m ∈ MR . Then r(m) is a right ideal of R, so
r(m) ⊆ess eR for some e2 = e ∈ R by the CS-condition. Conversely, let T be a
right ideal of R and write M = R/T = m R, where m = 1 + T . By hypothesis
M = P ⊕ S, where PR is projective and SR is singular. Hence Lemma 7.45
gives r(m) ⊆ess eR for some e2 = e ∈ R, and we are done because r(m) = T .

�
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7.5. The Faith–Walker Theorems

The FGF-conjecture arises from a theorem of Faith and Walker that R is quasi-
Frobenius if and only if every right module can be embedded in a free module.
For completeness, this section contains a self-contained treatment of this theo-
rem. We proceed in a series of results, many of which are important character-
izations of right noetherian rings in terms of their injective modules (including
another theorem of Faith and Walker). We begin with a technical lemma.

Lemma 7.47. If E is a right R-module such that E (N) is injective, then R satis-
fies the ACC for right ideals of the form rR(X ), where X ⊆ E .

Proof. Suppose rR(X1) ⊂ rR(X2) ⊂ rR(X3) ⊂ · · · , Xi ⊆ E . Then

lErR(X1) ⊃ lErR(X2) ⊃ lErR(X3) ⊃ · · ·

because rRlErR(X ) = rR(X ) for any X ⊆ E . For each i ≥ 1, choose mi ∈
lErR(Xi ) − lErR(Xi+1). Hence there exists ai+1 ∈ rR(Xi+1) such that
mi ai+1 �= 0. Define T = ∪irR(Xi ). Then, for all t ∈ T there exists nt ≥ 1
such that t ∈ rR(Xi ) for all i ≥ nt . Then mi t = 0 for all i ≥ nt and, if
m̄ = 〈m1, m2, m3, . . . 〉, then m̄t ∈ E (N) for every t ∈ T . Hence ϕm̄ : T → E (N)

is well defined by ϕm̄(t) = m̄t. Since E (N) is injective by hypothesis, ϕm̄ ex-
tends to ψ : R → E (N). Hence ϕm̄(t) = m̄t = ψ(t) = ψ(1)t for all t ∈ T .

But ψ(1) ∈ E (N), so there exists k ≥ 1, independent of t, such that mi t = 0
for all i ≥ k and all t ∈ T . In particular, mi ai+1 = 0 for all i > k, which is a
contradiction. �

With this we can give some characterizations of a right noetherian ring in
terms of its injective right modules.

Theorem 7.48. The following conditions on a ring R are equivalent:

(1) R is right noetherian.
(2) Every direct sum of injective right R-modules is injective.
(3) If K1, K2, . . . are simple right modules then ⊕∞

i=1 E(Ki ) is injective.
(4) E (N) is injective for every injective module ER .

Proof. (2)⇒(3) and (2)⇒(4) are clear.
(1)⇒(2). Let ER = ⊕i∈I Ei , where each Ei is injective, let T be a right ideal

of R, and let γ : T → E be R-linear; we must extend γ to R. Since T is finitely
generated by (1), we have γ : T → E0 = ⊕i∈I0 Ei , where I0 ⊆ I is a finite
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subset. Since E0 is injective, let γ̂ : R → E0 extend γ. Then τ ◦ γ̂ : R → E
extends γ , where τ : E0 → E is the inclusion.

(3)⇒(1). If T1 ⊂ T2 ⊂ T3 ⊂ · · · are right ideals of R,write T = ∪i Ti and, for
each t ∈ T, choose nt ≥ 1 such that t ∈ Ti for all i ≥ nt . For each i ≥ 1 choose
ci ∈ T − Ti , and let Mi/Ti ⊆max (ci R + Ti )/Ti . Thus Ki = (ci R + Ti )/Mi

is a simple right R-module. Define ηi : (ci R + Ti )/Ti → Ki by ηi (x + Ti ) =
x + Mi , and write τi : Ki → E(Ki ) for the inclusion. Since E(Ki ) is injective,
let ϕi : T/Ti → E(Ki ) be such that ϕi (ci + Ti ) = τiηi (ci + Ti ). Note that

(ci R + Ti )/Ti ↪→ T/Ti

ηi ↓
Ki

ϕi↙
τi ↓
E(Ki )

ϕi (t + Ti ) = 0 for all i ≥ nt , so we can define α : T → ⊕i E(Ki ) by
α(t) = 〈ϕi (t + Ti )〉 . Since ⊕i E(Ki ) is injective by (3), α extends to α̂ : R →
⊕i E(Ki ). Write α̂(1) = 〈bi 〉, so there exists n ≥ 1 such that bi = 0 for all
i ≥ n. Given any t ∈ T, we have 〈ϕi (t + Ti )〉 = α(t) = α̂(t) = α̂(1)t = 〈bi t〉 .

Thus ϕi (t + Ti ) = 0 for all i ≥ n and all t ∈ T . But ϕn(cn + Tn) �= 0 by the
definition of ϕi , and this contradiction proves (1).

(4)⇒(1). Given (4), let C = ⊕i∈I E(Ki ), where the Ki are a system of dis-
tinct representatives of the simple right R-modules. Then C is an injective
cogenerator by Proposition 1.43. Hence if T is a right ideal of R, there exists
an embedding σ : R/T → C J . If we write σ (1 + T ) = 〈c j 〉 j∈J , and if we set
X = {c j | j ∈ J }, then T = rR(X ). Since C (N) is injective by (4), R is right
noetherian by Lemma 7.47. �

If M is a module, we call a family {Ni | i ∈ I } of submodules of M inde-
pendent if the sum �i∈I Ni is direct. Thus M is finite dimensional if and only if it
contains no infinite independent family of nonzero submodules. It follows from
Zorn’s lemma that every independent family is contained in a maximal one.

Lemma 7.49. The following conditions are equivalent for a ring R:

(1) R is right noetherian.
(2) Every nonzero injective right R-module is a direct sum of indecomposable

modules.
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Proof. (1)⇒(2). We begin with the following result.

Claim. If ER �= 0 is injective then E contains an indecomposable direct sum-
mand.

Proof. If 0 �= x ∈ E then E = E(x R) ⊕ E ′ for some E ′ ⊆ E . It suffices to
show that E(x R) is finite dimensional. (It is then a finite direct sum of indecom-
posable submodules.) So let {Ni | i ∈ I } be an independent family of submod-
ules of E(x R). Then {Ni ∩x R | i ∈ I } is independent so, since x R is noetherian
by (1), Ni ∩ x R = 0 for all but finitely many i ∈ I. Since x R ⊆ess E(x R), this
means that Ni = 0 for all but finitely many i ∈ I. This proves the Claim.

If ER �= 0 is injective, Zorn’s lemma (and the Claim) produces a maxi-
mal independent family E = {E j | j ∈ J } of indecomposable direct sum-
mands of E . Then E0 = ⊕ j E j is injective by (1) and Theorem 7.48, so
E = E0 ⊕ E ′. If E ′ �= 0 then it contains an indecomposable direct sum-
mand by the Claim, contradicting the maximality of E . So E ′ = 0 and the proof
is complete.

(2)⇒(1). Let K1, K2, . . . be simple right R-modules; by Theorem 7.48 it
suffices to show that ⊕∞

n=1 E(Kn) is injective. Let K = ⊕∞
n=1 Kn and, by (2),

write E(K ) = ⊕i∈I Ei , where each Ei is injective and indecomposable. Since
K ⊆ess E(K ), we have soc[E(K )] = soc(K ) = K . However, soc[E(K )] =
⊕i∈I soc(Ei ), and each soc(Ei ) is either zero or simple and essential in Ei

because Ei is uniform (being the injective hull of each of its nonzero submodules
by Lemma 1.9). Hence, for each n, Kn embeds as a direct summand of the
semisimple module ⊕∞

n=1soc(Ei ), and it follows that Kn
∼= soc(Ein ) for some

in ∈ I.But then E(Kn) ∼= E[soc(Ein )] = Ein for each n,whence⊕∞
n=1 E(Kn) ∼=

⊕∞
n=1 Ein . Since ⊕∞

i=1 Ein is injective [being a direct summand of E(K )], this
proves (1). �

If c is a cardinal number, a module M is said to be c-generated if there is
a spanning set {xi | i ∈ I }, where |I | = c. Clearly, epimorphic images of
c-generated modules are c-generated, but this fails for submodules.

Lemma 7.50. Let c be an infinite cardinal number. If MR = ⊕i∈I Mi are mod-
ules, and N ⊆ M is a c-generated submodule, there exists a subset J ⊆ I such
that |J | ≤ c and N ⊆ ⊕ j∈J M j .

Proof. Let {xk | k ∈ K } span N , where |K | = c. Then each xk is in a finite sum
of the Mi , so there exists a function f from K to the family of finite subsets of
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I , where xk ∈ ⊕i∈ f (k) Mi for each i ∈ I. Define J = ∪k∈K f (k). Since c is an
infinite cardinal, |J | ≤ |K | = c. �

Observe that if A is a set of modules then each module in A is c-generated,
where c = |∪A| . Since an indecomposable injective right R-module is the
injective hull of each of its nonzero submodules, it follows that {E(R/T ) | T ⊆
RR} contains an isomorphic copy of each indecomposable injective R-module.
Since this is a set, there is a cardinal number c such that every indecomposable
injective right R-module is c-generated. Then it follows from Lemma 7.49 that if
R is right noetherian, there is a cardinal number c such that every injective right
R-module is a direct sum of c-generated modules. Surprisingly, the converse is
true.

Theorem 7.51 (Faith–Walker Theorem). A ring R is right noetherian if and
only if there exists a cardinal number c such that every injective right R-module
is a direct sum of c-generated modules.

Proof (Anderson and Fuller [1]). The necessity of the condition has already
been outlined. Conversely, suppose the condition holds. By Theorem 7.48 it
suffices to show that if ER is injective then E (N) is also injective. Observe that
any module spanned by a set C has at most |R||C | elements. By hypothesis there
is an infinite cardinal number c that is greater than both |R| and |E | , and such
that every injective right module is a direct sum of modules of cardinality at
most c. Let B be a set with |B| > 2c. Since the direct product E B is injective, it
follows from the hypothesis that E B = ⊕ j∈J E j , where each E j has cardinality
at most c.

Claim. There is a partition {J0, J1, J2, . . . } of J such that, for each n ≥ 1,

|Jn| ≤ c and ⊕ j∈J E jn = Qn ⊕ Q′
n with Qn

∼= E .

Once this claim is established, we will be done. Indeed,

E B = (⊕∞
n=1 Qn) ⊕ (⊕∞

n=1 Q′
n) ⊕ (⊕ j∈J0 E j )

by the Claim, so E (N) ∼= ⊕∞
n=1 Qn is injective.

Proof of the Claim. Suppose J1, . . . , Jn are disjoint subsets of J such that

|Ji | ≤ c and ⊕ j∈Ji E j = Qi ⊕ Q′
i with Qi

∼= E
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for each i = 1, 2, . . . , n. Set K = J1 ∪ · · · ∪ Jn and observe that |⊕k∈K Ek | ≤
nc2 = c. For each b ∈ B let ιb : E → E B be the natural injection. Since
{(⊕k∈K Ek) ∩ ιb(E) | b ∈ B} is an independent set of submodules of ⊕k∈K Ek,

and since ⊕k∈K Ek has at most 2c < |B| subsets, there exists b ∈ B such that
(⊕k∈K Ek) ∩ ιb(E) = 0. Thus the projection of E B onto ⊕k∈J−K Ek is monic
on ιb(E). In particular, ⊕k∈J−K Ek = Q ⊕ V for some Q ∼= ER . By Lemma
7.50 there is a subset Jn+1 ⊆ J − K such that |Jn+1| ≤ c and Q ⊆ ⊕ j∈Jn+1 E j .

Now a standard induction argument establishes the existence of J1, J2, . . . in
the Claim, and we are done with J0 = J − ∪∞

n=1 Jn. �

In preparation for the next Faith–Walker theorem, we need the following the-
orem. A module M is called countably generated if it has a countable spanning
set.

Theorem 7.52. Let c be an infinite cardinal number. If a module M is a direct
sum of c-generated submodules, so also is every direct summand of M.

Proof (Anderson and Fuller [1]). Let M = ⊕i∈I Mi , where each Mi is c-
generated. Suppose that M = P ⊕ Q, and let {Pj | j ∈ J } and {Qk | k ∈ K }
denote the c-generated submodules of P and Q, respectively. Let P denote the
set of ordered triples (I ′, J ′, K ′) such that

(i) I ′ ⊆ I, J ′ ⊆ J, K ′ ⊆ K and

(ii) ⊕i∈I ′ Mi = (⊕ j∈J ′ Pj ) ⊕ (⊕k∈K ′ Qk).

Define a partial ordering ≤ on P by

(I ′, J ′, K ′) ≤ (I ′′, J ′′, K ′′) if I ′ ⊆ I ′′, J ′ ⊆ J ′′ and K ′ ⊆ K ′′.

Then (P, ≤ ) is inductive, so let (I ′, J ′, K ′) be a maximal element in P; we
show that I ′ = I (and hence that P = ⊕ j∈J ′P j ).

Let π and τ = 1M − π be idempotents in end(MR) satisfying π (M) = P
and τ (M) = Q. Assume that I ′ �= I and let i ∈ I − I ′. By Lemma 7.50 each
c-generated submodule of M is contained in a sum of at most c of the Mi .

In particular if D ⊆ I is of cardinality at most c, then both π(⊕d∈D Md )
and τ (⊕d∈D Md ) are c-generated submodules of M, and so their sum (also c-
generated) is contained in a sum of at most c of the Mi . So by an induction
argument it follows that there exists an increasing sequence D1 ⊆ D2 ⊆ · · · of



196 Quasi-Frobenius Rings

subsets of I, each of cardinality at most c, such that

Mi ⊆ π(Mi ) + τ (Mi ) ⊆ ⊕d∈D1 Md ,

⊕d∈D1 Md ⊆ π(⊕d∈D1 Md ) ⊕ τ (⊕d∈D1 Md ) ⊆ ⊕d∈D2 Md ,
...,

⊕d∈Dn Md ⊆ π(⊕d∈Dn Md ) ⊕ τ (⊕d∈Dn Md ) ⊆ ⊕d∈Dn+1 Md ,
....

Define D = ∪∞
n=1 Dn. Since the Md are independent and i /∈ I ′, it is clear that

D � I ′. Note also that ⊕d∈D Md is c-generated (as c2 = c) and that

π (⊕d∈D Md ) ⊆ ⊕d∈D Md and τ (⊕d∈D Md ) ⊆ ⊕d∈D Md .

Now define

M ′ = ⊕i∈I ′ Mi , P ′ = ⊕ j∈J ′ Pj , and Q′ = ⊕k∈K ′ Qk .

Then M ′ = P ′ ⊕ Q′ because (I ′, J ′, K ′) is in P. Also set

M ′′ = ⊕t∈I ′∪D Mt , P ′′ = π(M ′′), and Q′′ = τ (M ′′).

Then

P ′′ = π(P ′ + Q′ + ⊕d∈D Md ) ⊆ P ′ + ⊕d∈D Md ⊆ M ′′,

Q′′ = τ (P ′ + Q′ + ⊕d∈D Md ) ⊆ Q′ + ⊕d∈D Md ⊆ M ′′.

So, since M ′′ ⊆ π (M ′′) ⊕ τ (M ′′) = P ′′ ⊕ Q′′ we have M ′′ = P ′′ ⊕ Q′′. Since
P ′ and Q′ are direct summands of M contained in P ′′ and Q′′, respectively, we
have P ′′ = P ′ ⊕ P ′

1 and Q′′ = Q′ ⊕ Q′
1. It follows that

M ′′ = P ′′ ⊕ Q′′ = M ′ ⊕ (P ′
1 ⊕ Q′

1)

because M ′ = P ′ ⊕ Q′. But then P ′
1 ⊕ Q′

1
∼= M ′′/M ′ ∼= ⊕d∈D−I ′ Md is nonzero

and c-generated. This contradicts the maximality of (I ′, J ′, K ′) in P and so
completes the proof of the theorem. �

Since every free module is a direct sum of countably generated (indeed prin-
cipal) modules, and every projective module is a direct summand of a free
module, it follows that every projective module is a direct sum of countably
generated modules, a fact first proved by Kaplansky [119].
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Combining Theorems 7.51 and 7.52, we obtain

Lemma 7.53. A ring R is right noetherian if and only if a right R-module H
exists such that every right R-module embeds in a direct sum of copies of H.

Proof. Since every module embeds in an injective module, the necessity of
the condition follows from Theorem 7.51 and the fact that every c-generated
module is isomorphic to a submodule of the direct sum of the set of images
of R(C), where |C | = c. Conversely, if H satisfies the condition then every
injective right R-module is isomorphic to a direct summand of a direct sum of
copies of H. Hence we are done by Theorems 7.51 and 7.52. �

Proposition 7.54. Let R be a quasi-Frobenius ring. A right (or left) R-module
is injective if and only if it is projective.

Proof. We prove the proposition for right modules; the other case is analogous.
If MR is projective it is a direct summand of a free module F = R(I ), and
F is injective by Theorem 7.48 because R is right noetherian and right self-
injective.

Conversely, if M is injective we may assume that M is indecomposable by
Lemma 7.49. Let {e1, . . . , en} be basic orthogonal idempotents in R, so that
{ei R/ei J | 1 ≤ i ≤ n} is a complete set of simple right R-modules. Since R
is right artinian, M contains a simple submodule K , so M = E(K ) because M
is indecomposable. Hence M ∼= E(ei R/ei J ) for some i. Since the E(ei R/ei J )
are pairwise nonisomorphic, it follows that

{E(ei R/ei J ) | 1 ≤ i ≤ n}

is a complete set of indecomposable injective right R-modules. But the right
ideals e1 R, . . . , en R are also pairwise nonisomorphic, indecomposable, and
injective. Hence E(ei R/ei J ) ∼= eσ i R for 1 ≤ i ≤ n, where σ is a permutation
of {1, 2, . . . , n}. It follows that each E(ei R/ei J ), and hence M, is projective.

�

The condition that all projective modules are injective actually characterizes
the quasi-Frobenius rings, as does the condition that injectives are projective.

Theorem 7.55. A ring R is quasi-Frobenius if and only if every projective right
(or left) R-module is injective.
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Proof. If the condition holds then R is right self-injective. In fact R(N) is right
injective, so R has ACC on right annihilators by Lemma 7.47. Hence R is
quasi-Frobenius by Theorem 1.50. The converse follows by Proposition 7.54.

�

We come finally to the theorem of Faith and Walker (referred to at the be-
ginning of this section) that prompts the FGF-conjecture.

Theorem 7.56 (Faith–Walker Theorem). The following conditions are equiv-
alent for a ring R:

(1) R is quasi-Frobenius.
(2) Every injective right (left) module is projective.
(3) Every right (left) module embeds in a free module.

Proof. (1)⇒(2). This is by Proposition 7.54.
(2)⇒(3). Every module M embeds in E(M), which is projective by (2), and

so embeds in a free module.
(3)⇒(1). We prove it for right modules; the other case is analogous. Since

every module embeds in a direct sum of copies of R, R is right noetherian (by
Lemma 7.53) and right Kasch (since simple modules embed in R). It follows
that R has only finitely many isomorphism classes of simple right modules; let
{K1, . . . , Kn} be an irredundant set. If we write Ei = E(Ki ), then E1, . . . , En

are pairwise nonisomorphic, indecomposable, injective modules that are pro-
jective by (3). Hence end(Ei ) is local for each i, and so Lemma 1.54 shows that
rad(Ei ) is maximal and small in Ei . Hence Ti = Ei/rad(Ei ) is simple and Ei

is a projective cover of Ti . Moreover, if Ti
∼= Tj then Ei

∼= E j by Corollary
B.17, and hence i = j. Thus {T1, . . . , Tn} is a complete set of representatives
of the simple right R-modules, and it follows that every simple right R-module
has a projective cover. Thus R is semiperfect by Theorem B.21.

Let {e1, . . . , en} be a basic set of local idempotents in R. Since each Ei is
indecomposable and projective we have Ei

∼= eσ i R for some σ i ∈ {1, . . . , n}.
Since the Ei are pairwise nonisomorphic, it follows that σ is a bijection and
hence that each ei R is injective. But then eR is injective for every local idem-
potent in R. Since R is semiperfect, it follows that R is right self-injective and
so (being right noetherian) is quasi-Frobenius by Theorem 1.50. �

Notes on Chapter 7

The FGF problem originated in the work of Levy [137] and received its name
and current form from Faith [58]. In [142] Menal considered a modified version
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of the problem by proving that a ring R is quasi-Frobenius if and only if every
right R-module generated by α elements embeds in a free R-module, where α

is the cardinality of a set of generators of the injective hull E(R). Subsequently,
Menal [142] asked whether a cardinal α exists such that every α-GF ring is
quasi-Frobenius (where a ring R is called right α-GF if every α-generated right
R-module embeds in a free module). This question was answered affirmatively
by Gómez Pardo and Guil Asensio in [80] for α ≥ |R| .

The fact that a ring R is quasi-Frobenius if and only if every right R-module
can be embedded in a free module was proved in 1967 by Faith and Walker [68].
Right FGF rings have been studied by many authors; see Faith [59] for a detailed
history of the problem. More recently, Gómez Pardo and Guil Asensio have
carried out a fundamental study of the conjecture, and a thorough discussion of
the recent work on the problem can be found in [84]. Here are four important
results on this conjecture: A right FGF ring is quasi-Frobenius if it has any of
the following properties:

(1) Left Kasch (Kato [122])
(2) Right self-injective (Björk [22], Tolskaya [217]; see also Osofsky [182])
(3) Right perfect (Rutter [197])
(4) Right CS (Gómez Pardo and Guil Asensio [79])

In (2) Björk actually proves that every right self-injective, right CF ring is
quasi-Frobenius.

In 1997 Gómez Pardo and Guil Asensio [79] showed that if every cyclic
(respectively finitely generated) right R-module is essentially embedded in a
projective module then R is right artinian (respectively quasi-Frobenius). In
[80] they also proved that, if R is a right CF ring and every right R-module
has a maximal submodule, then R is right artinian. Moreover, they showed that
R is quasi-Frobenius if and only if it is a right FGF ring and every countably
generated right R-module has a maximal submodule. In fact, apart from the
Tarski and Osofsky lemmas, every result from Lemma 7.22 to Corollary 7.34
is due to Gómez Pardo and Guil Asensio (see [84]). Corollary 7.31 generalizes
a result of Menal [142].

Tarski’s lemma was proved in 1928 [215], and a proof can be found in [127].
Osofsky’s lemma (Lemma 7.26) was proved in 1966 [182] and is basic to her
study of PF rings.

The problem of when a semiregular right FGF ring is quasi-Frobenius has
been considered by Rada and Saorín [193], where it is proved that if R is a
right FGF ring such that R/J is regular and J is right T-nilpotent, then R is
quasi-Frobenius. An excellent account of these results can be found in [82] and
[84].
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In 1966 Faith proved that a ring is quasi-Frobenius if and only if every pro-
jective right module is injective; the fact that this is equivalent to every injective
module being projective is due to Faith and Walker in 1967 [68, Theorem 5.3].
Theorem 7.51 that a ring is right noetherian if and only if there is a cardinal c

such that every injective right module is a direct sum of c-generated modules
can be found in [68, Theorem 1.1]. Theorem 7.52 is a generalization by C.
Walker [223] of a famous result of Kaplansky [119], who proved the countably
generated case in 1958. The books by Anderson and Fuller [1] and Kasch [120]
are a good source for information on the Faith–Walker theorems.

A ring R is called a right QF-3 ring if it has a minimal faithful right module (a
faithful right module that is isomorphic to a direct summand of each faithful right
module), equivalently if E(RR) is projective. This condition was introduced in
1948 by Thrall [216] for finite dimensional algebras. These minimal faithful
modules are all projective and injective and were characterized in 1968 by
Colby and Rutter [42]. A left or right artinian ring is called a QF-2 ring if each
indecomposable projective left and right module has a simple socle. It is known
that every QF-2 ring is QF-3 (the case of finite dimensional algebras is due
to Thrall) and that R is quasi-Frobenius if and only if it is QF-2 and either
Sr = Sl or R is left Kasch. More on this can be found in Anderson and Fuller
[2] and Tachikawa [213].
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Johns Rings

A ring R is called a right Johns ring if it is right noetherian and every right ideal
is an annihilator. All these rings were once thought to be right artinian, but in
1992 Faith and Menal gave an example of a right Johns ring that is neither right
nor left artinian (see Example 8.16 in Section 8.3). In 1993, Faith and Menal
asked whether every strongly right Johns ring is quasi-Frobenius, where R is
called a strongly right Johns ring if Mn(R) is a right Johns ring for all n ≥ 1,

equivalently if R is right noetherian and left FP-injective (by Theorem 5.41
since right Johns rings are left P-injective). This question remains open. Note
that Björk’s example (Example 2.5) is a left and right artinian ring R that is left
Johns but not quasi-Frobenius. Hence M2(R) cannot be left Johns since, other-
wise, R would be a left 2-injective ring by Proposition 5.36, which is a contra-
diction. Thus R is a two-sided artinian, left Johns ring that is not strongly left
Johns.

The Faith–Menal example has the additional property that the right socle
is essential as a right and as a left ideal. Hence it shows that the following
theorem of Ginn and Moss does not have a one-sided version: A left and right
noetherian ring with essential right socle is left and right artinian. In this regard,
it is worth noting that there are examples of right finitely cogenerated rings with
ascending chain conditions on left and right annihilators that are neither left
nor right artinian.

In this chapter we provide a one-sided version of the Ginn–Moss result (under
weak hypotheses), study right Johns rings, and give necessary and sufficient
conditions for (strongly) right Johns rings to be quasi-Frobenius. In this regard,
we show that right Johns, right mininjective rings are quasi-Frobenius. In fact,
this follows from a more general result: A right minsymmetric ring is right
artinian if and only if it is right noetherian with essential right socle. As another
consequence of this result, we show that a ring is quasi-Frobenius if and only
if it is a left and right mininjective, right Goldie ring with essential right socle.

201
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8.1. On a Theorem of Ginn and Moss

In Proposition 1.46 we showed that every left Kasch ring is a right C2 ring and
that every right C2 ring satisfies Zr ⊆ J. The next result gives some conditions
under which all three conditions are equivalent. Recall that a ring R is called
right finitely cogenerated if the right socle Sr is finitely generated and essential
in RR (see Lemma 1.51).

Lemma 8.1. The following are equivalent for a right finitely cogenerated ring
R with Sr ⊆ Sl .

(1) R is left Kasch.
(2) R is a right C2 ring.
(3) Zr ⊆ J.

In this case R is semilocal with J = Zr and l(Sr ) = l(Sl) = J

Proof. (1)⇒(2)⇒(3) hold in any ring by Proposition 1.46. So assume that
(3) holds. Observe first that J ⊆ l(Sr ) because Sr ⊆ Sl ; and l(Sr ) ⊆ Zr

because Sr ⊆ess RR . Using (3), it follows that l(Sr ) = Zr = J . Hence J ⊆
l(Se) ⊆ l(Sr ) = J.

Claim. If k R is simple, k ∈ R, then l(k) = ∩m
i=1l(ki ) where each l(ki ) ⊆max

R R.

Proof. k R ⊆ Sr ⊆ Sl so Rk is semisimple, say Rk = Rl1 ⊕ · · · ⊕ Rlm where
each Rli is simple. Hence k = k1 + · · · + km where 0 �= ki ∈ Rli for each i . It
follows that l(k) = ∩m

i=1l(ki ), and l(ki ) ⊆max
R R because Rki = Rli is sim-

ple. This proves the Claim.

Now Sr is right finitely generated by hypothesis, say Sr = a1 R ⊕ · · · ⊕ an R
where each a j R is simple. Thus J = l(Sr ) = ∩n

j=1l(a j ) so, by the Claim,
J = l(Sr ) = ∩p

i=1l(ki ) where each l(ki ) is maximal. It follows that R is semi-
local, and that the map R → R p given by r 
→ (rk1, . . . , rkp) is R-monic with
kernel J . Hence R/J embeds in R p. But every simple left R-module, regarded
as an R/J -module, embeds in the (semisimple) ring R/J , and hence in R. This
proves (1). �

The following consequence of Lemma 8.1 will be needed in this chapter.

Lemma 8.2. Suppose that R is a right finitely cogenerated ring with ACC on
right annihilators in which Sr ⊆ Sl . Then R is a semiprimary ring with J = Zr .
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Proof. First, Zr is nilpotent by the ACC on right annihilators (Lemma 3.29),
and so Zr ⊆ J. Hence R is semilocal with J = Zr by Lemma 8.1, and so R is
semiprimary. �

Note that if R is as in Lemma 8.2 and if Sr = Sl is finite dimensional as a left
R-module (for example if R is commutative), then R is left artinian by Lemma
3.30.

Theorem 8.3. Every right noetherian ring with Sr ⊆ Sl and Sr ⊆ess RR is right
artinian.

Proof. Since a right noetherian, semiprimary ring is right artinian by the
Hopkins–Levitzki theorem, the result is an immediate consequence of Lemma
8.2. �

Note that the Faith–Menal counterexample (Example 8.16) shows that the hy-
pothesis Sr ⊆ Sl cannot be removed from Theorem 8.3; the ring Z of integers
shows that the essential socle hypothesis cannot be removed.

Theorem 3.31 implies that a right artinian, right and left mininjective ring is
quasi-Frobenius. The next theorem extends this by replacing right artinian by
right noetherian.

Theorem 8.4. The following are equivalent for a ring R:

(1) R is right and left mininjective, right noetherian, and Sr ⊆ess RR .

(2) R is right and left mininjective, right finitely cogenerated, with ACC on
right annihilators.

(3) R is quasi-Frobenius.

Proof. (1)⇒(2) and (3)⇒(1) are clear. Given (2), R is semiprimary by Lemma
8.2 because right mininjective rings have Sr ⊆ Sl . In particular, R is semilocal,
so (3) follows from Theorem 3.31. �

We can now combine Theorems 3.31 and 8.4 into one result.

Theorem 8.5. Let R be a right and left mininjective ring with ACC on right
annihilators, in which Sr ⊆ess RR . Then the following are equivalent:

(1) R is quasi-Frobenius.
(2) R is semilocal.
(3) Sr is right finitely generated.
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In particular, Theorem 8.5 shows that a right and left mininjective, right Goldie
ring with essential right socle is quasi-Frobenius.

8.2. Right Johns Rings

Recall that a ring R is called a right CF ring if every cyclic right R-module
embeds in a free module. If T is a right ideal of R, this certainly implies that
R/T embeds in RI for some set I, equivalently that rl(T ) = T . Hence every
right noetherian, right CF ring is right Johns. In the next theorem we clarify the
relationship between right Johns rings and right CF rings. We need two lemmas.
Since every right Johns ring is left P-injective, the first lemma investigates the
right noetherian, left P-injective rings.

Lemma 8.6. Let R be a right noetherian, left P-injective ring. Then the follow-
ing hold:

(1) J is nilpotent.
(2) l(J ) ⊆ess

R R.

(3) l(J ) ⊆ess RR .

Proof. We prove (2), then (1), and finally (3).
(2). If 0 �= x ∈ R we must show that l(J ) ∩ Rx �= 0. Choose y ∈ R such

that yx �= 0 and r(yx) is maximal in {r(ax)|a ∈ R, ax �= 0}.
Claim. yx R is a simple right ideal of R.

Proof. If 0 �= yxt R ⊂ yx R then (as R is left P-injective) rl(yxt R) = yxt R �=
yx R = rl(yx R). Hence l(yx R) ⊂ l(yxt R), so there exists b ∈ R such that
byxt = 0 but byx �= 0. But then t ∈ r(byx) − r(yx), contradicting the choice
of y. This proves the Claim.

Thus yx J = 0, so 0 �= yx ∈ Rx ∩ l(J ), proving (2).
(1). There exists k ≥ 1 such that l(J k) = l(J k+1) = · · · . If J is not

nilpotent, choose r(x) maximal in {r(y) | y J k �= 0}. Then x J 2k �= 0 because
l(J 2k) = l(J k), so there exists b ∈ J k with xbJ k �= 0. Since l(J ) ⊆ l(J k)
we have l(J k) ⊆ess

R R by (2). Thus Rxb ∩ l(J k) �= 0, say 0 �= cxb ∈ l(J k).
Hence r(x) ⊂ r(cx) because xb �= 0, which contradicts the maximality of
r(x). This proves (1).

(3). If 0 �= d ∈ R, we must show that d R ∩ l(J ) �= 0. This is clear if d J = 0.

Otherwise, since J is nilpotent by (1), there exists m ≥ 1 such that d J m �= 0
but d J m+1 = 0. Then 0 �= d J m ⊆ d R ∩ l(J ), as required. �
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Recall again that a ring is called a right Johns ring if it is right noetherian and
every right ideal is an annihilator. The next lemma contains some interesting
properties of these rings that we will need. A ring R is called a right V ring if
every simple right R-module is injective.

Lemma 8.7. Let R be a right Johns ring. Then the following hold:

(1) J is nilpotent.
(2) r(J ) = l(J ) = Sr .

(3) r(Sr ) = l(Sr ) = J.

(4) Sr ⊆ess RR and Sr ⊆ess
R R.

(5) J = Zr = Zl .

(6) R/J is a right V ring.

Proof. We frequently use the fact that rl(T ) = T for every right ideal T of R.

Note that this implies that R is left P-injective.
(1). This follows from Lemma 8.6.
(2). By Lemma 8.6 we have l(J ) ⊆ess RR . It follows that ll(J ) ⊆ Zr .

But Zr is nilpotent (as R is right noetherian), so ll(J ) ⊆ J. If we write
l1(J ) = l(J ) and define lk+1(J ) = l[lk(J )] for each k, it follows that l(J ) ⊆
l3(J ) ⊆ l5(J ) ⊆ · · · , whence lk(J ) = lk+2(J ) for some k ≥ 2. But then
rlk(J ) = rlk+2(J ), so lk−1(J ) = lk+1(J ). Continuing in this way, we get
J = l2(J ), and finally r(J ) = rl[l(J )] = l(J ).

Clearly Sr ⊆ l(J ). If T ⊆ess RR then l(T ) ⊆ Zr , and Zr ⊆ J because Zr is
nilpotent (since R is right noetherian). Hence l(T ) ⊆ J, so r(J ) ⊆ rl(T ) = T .

It follows that r(J ) ⊆ ∩{T | T ⊆ess RR} = Sr , proving (2).
(3). Since Sr = l(J ) by (2), we have r(Sr ) = rl(J ) = J. Moreover,

J = ll(J ) by the proof of (2), so (2) gives J ⊆ l(Sr ) = ll(J ) = J. Hence
J = l(Sr ).

(4). This follows from (2) and Lemma 8.6.
(5). J = Zl because R is left P-injective (Theorem 5.14). Since Zr Sr = 0

always holds, we have Zr ⊆ l(Sr ) = J by (3). However, J ⊆ Zr because
r(J ) ⊆ess RR by (2) and (4).

(6). Sr is a right R/J -module via x(r + J ) = xr, x ∈ Sr , r ∈ R. Suppose
that K R/J is simple; we must show that K R/J is injective. Now K R is simple
and so is isomorphic to a summand of Sr (since R is right Kasch, being right
Johns). Hence (6) follows from the

Claim. Sr is injective as a right R/J -module.

Proof. Let E = E(Sr ) be the injective hull of Sr as a right R/J -module, and
view E = ER via xr = x(r + J ) for x ∈ E, r ∈ R. We must show that Sr = E .
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Suppose on the contrary that there exists x ∈ E−Sr , and write T = rR(x). Then
T ⊇ J , so lR(T ) ⊆ lR(J ) = Sr by (2). It follows that lR(T ) = lSr (T ). But R
is right Johns, so T = rR[lR(T )] = rR[lSr (T )], whence T = rR{ai | i ∈ I }
for some set I , where each ai ∈ Sr . Hence the map σ : R/T → SI

r given by
σ (r + T ) = 〈air〉 is a (well-defined) embedding. Thus the right (R/J )-module
M = x(R/J ) = x R ∼= R/T embeds into a direct product of copies of Sr . But
R is right noetherian, so Sr is finitely generated and [by (4)] essential in RR .

Since soc(M) ⊆ soc(E) = Sr , it follows that M is finitely cogenerated. Hence,
by Lemma 1.51, M can be embedded in a finite direct sum of copies of Sr . This
means that MR is semisimple, so M = soc(M) ⊆ soc(E) = Sr , which is a
contradiction. Thus E = Sr and the Claim [and hence (6)] is proved. �

Lemma 8.8. Let MR be a finite dimensional module.

(1) If M satisfies the C2-condition then monomorphisms in end(M) are iso-
morphisms.

(2) In this case, end(M) is semilocal.

Proof. If σ : M → M is monic, then σ (M) is a direct summand of M by the
C2-condition, say M = σ (M) ⊕ K . If K �= 0 then

dim(M) ≥ dim[σ (M)] + dim(K ) > dim[σ (M)] = dim(M),

which is a contradiction. Hence K = 0, and so σ is an isomorphism. This
proves (1), and then (2) follows from a result of Camps and Dicks (Corollary
C.3) because M is finite dimensional. �

Theorem 8.9. The following are equivalent for a ring R:

(1) R is a right Johns, left Kasch ring.
(2) R is a right Johns, right C2 ring.
(3) R is a semilocal, right Johns ring.
(4) R is right artinian and every right ideal is an annihilator.
(5) R is both a right CS ring and a right CF ring.
(6) R is a semiperfect, right CF ring with Sl ⊆ess

R R.

(7) R is a semilocal, right CF ring with Sl ⊆ess RR .

(8) R is a left Kasch, right CF ring.

Proof. (1)⇒(2). This follows from Proposition 1.46.
(2)⇒(3). Since R is right noetherian, it follows from Lemma 8.8 that R is

semilocal.
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(3)⇒(4). R is semiprimary because J is nilpotent by Lemma 8.7, so it is
right artinian by the Hopkins–Levitzki theorem.

(4)⇒(5). R is left minfull (since it is semiprimary and left mininjective), so
we have Sr = Sl (by Theorem 3.12), and hence Sl ⊆ess RR . If T is a right ideal
of R, then T = rl(T ) by hypothesis, and rl(T ) ⊆ess eR for some e2 = e ∈ R
by Lemma 4.2. Hence R is a right CS ring. If C is a cyclic right R-module, then
C is torsionless [because T = rl(T ) for each right ideal T ] and C is finitely
cogenerated by Vámos’ lemma (Lemma 1.52) because R is right artinian.
Hence C embeds in a free module by Lemma 1.51. Thus R is a right CF
ring.

(5)⇒(6). R is right finitely cogenerated by Corollary 7.32 because it is right
Kasch (being a right CF ring). Then the right CF-condition shows that every
cyclic right R-module is finitely cogenerated. This implies that R is right artinian
by Vámos’ lemma, and so Sl ⊆ess

R R (as R is semiprimary).
(6)⇒(7). We must show that Sl ⊆ess RR . Since right CF rings are left P-

injective, R is a left GPF ring, and so Sr = Sl ⊆ess RR by Theorem 5.31.
(7)⇒(1). We have rl(T ) = T for each right ideal T because R is a right

CF ring. Hence R is left P-injective, and so Sl ⊆ Sr by Theorem 2.21. Thus
Sl = Sr because Sl ⊆ess RR . Since R is semilocal, Sl is finitely generated as
a right R-module by Theorem 5.52, whence RR is finitely cogenerated. Thus
every cyclic right R-module is finitely cogenerated (it embeds in Rn for some
n ≥ 1 because R is a right CF ring), so R is right artinian by Vámos’ lemma.
Hence R is right Johns. Finally, since R is semiperfect and Sl ⊆ess RR, Lemma
1.48 shows that R is left Kasch.

(1)⇒(8). This is because (1)⇒(5).
(8)⇒(1). We have T = rl(T ) for each right ideal T because R is a right CF

ring, so it remains to show that R is right noetherian.

Claim. R is right quasi-continuous.

Proof. Let T1 and T2 be right ideals of R such that T1 ∩ T2 = 0. Then 0 =
rl(T1)∩rl(T2) = r[l(T1) + l(T2)]. Since R is left Kasch, l(T1) + l(T2) = R,

and the Claim follows by Theorem 6.31.

In particular, R is a right CS ring, so R is semiperfect with Sl ⊆ess RR by
Theorem 4.10. But Sl ⊆ Sr by Theorem 2.21 because R is left P-injective
(being right CF), so we have Sl = Sr . In particular, Sr ⊆ess RR . Since R left
Kasch it is a right C2 ring (Proposition 1.46), so R is right continuous. By
Lemma 4.11, R is right finitely cogenerated. Thus every cyclic right R-module
is finitely cogenerated (because R is right CF), so R is right artinian by Vámos’
lemma. In particular, R is right noetherian, as required. �
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If we replace right Johns by strongly right Johns in Theorem 8.9, we obtain
the quasi-Frobenius rings. We need a preliminary lemma that is of interest in
itself.

Lemma 8.10. Let R be a ring and let e2 = e ∈ R satisfy ReR = R. If every
right ideal of R is an annihilator, the same is true of eRe.

Proof. Write S = eRe and let T be a right ideal of S. We must show that
rSlS(T ) ⊆ T . Let a ∈ rSlS(T ) so that lS(T )a = 0. If we write T̄ = T R, it
suffices to show that a ∈ T̄ . Since T̄ = rRlR(T̄ ) by hypothesis, we must show
that lR(T̄ )a = 0. If x ∈ lR(T̄ ) then, for all r ∈ R, 0 = r x T̄ = r xT R, so
er xe ∈ lS(T ). Hence er xea = 0 for all r and so, since ReR = R, 0 = xea =
xa, as required. �

Theorem 8.11. The following are equivalent for a ring R:

(1) R is quasi-Frobenius.
(2) R is a strongly right Johns, left Kasch ring.
(3) R is a strongly right Johns, right C2 ring.
(4) R is strongly right Johns and Sr ⊆ Sl .

(5) M2(R) is right Johns and Sr ⊆ Sl .

(6) R is a right Johns, right mininjective ring.
(7) R is a semilocal, right mininjective right CF ring.
(8) R is a right CS ring and every 2-generated right R-module embeds in a

free module.
(9) R is a right FP-injective, right CF ring.

(10) R is a right CF ring and lr(F) = F for all finitely generated left ideals F
of R.

Proof. (1)⇔(8). If (8) is satisfied, then R is right artinian by (5)⇒(4) of The-
orem 8.9. Hence R is quasi-Frobenius by (3) of Corollary 7.20.

(1)⇒(2). This is obvious.
(2)⇒(3). This is by Proposition 1.46.
(3)⇒(4). R is right artinian by Theorem 8.9. Since R is left P-injective, it is

a left GPF ring and so Sr = Sl by Theorem 5.31.
(4)⇒(5). This is obvious.
(5)⇒(6). Since M2(R) is right Johns, Lemma 8.10 shows that R is also right

Johns. Moreover, M2(R) is left P-injective, so R is left 2-injective by Proposition
5.36. To show that R is right mininjective, let k R be a simple right ideal of R; by
Lemma 2.1 we must show that lr(k) = Rk. We have Sr = l(J ) by Lemma 8.7,
so lr(Sr ) = Sr . Hence Rk ⊆ lr(k) ⊆ lr(Sr ) = Sr ⊆ Sl , so it suffices to show
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that Rk ⊆ess lr(k). To this end, suppose that Rt ∩ Rk = 0, where t ∈ lr(k).
As R is left 2-injective, Lemma 1.36 gives R = r[Rt ∩ Rk] = r(t) + r(k). But
r(k) ⊆ r(t) because t ∈ lr(k), so R = r(t). This means t = 0, as required.

(6)⇒(7). We have Sr ⊆ Sl by Theorem 2.21, and Sr ⊆ess RR by Lemma 8.7.
Hence R is right artinian by Theorem 8.3 and so R is a right CF ring by (3)⇒(5)
of Theorem 8.9.

(7)⇒(1). R is left P-injective and right Kasch (it is a right CF ring), so it
suffices to show that R is right artinian. (It is then quasi-Frobenius by Theorem
8.5.) We have Sr = Sl by Theorem 2.21, and R is left Kasch by Lemma 5.49.
By (7)⇒(4) in Theorem 8.9, it remains to show that Sr = Sl ⊆ess RR . Let
0 �= a ∈ R, and suppose that l(a) ⊆ L ⊆max

R R. Then r(L) ⊆ rl(a) = a R.

Since R is left Kasch and left mininjective, it follows from Theorem 2.31 that
r(L) is a simple right ideal. Thus a R ∩ Sr �= 0, as required.

(1)⇒(9). This is clear.
(9)⇒(10). By Corollary 5.43.
(10)⇒(1). Because (6)⇒(1), we prove (6). The hypothesis that lr(F) = F

for all finitely generated left ideals F of R shows that R is right mininjective,
so it remains to show that R is right Johns. By the CF hypothesis and (5) of
Theorem 8.9, it is enough to show that R is a right CS ring; we show in fact that
R is right quasi-continuous. For this it suffices, by Theorem 6.31, to show that
if P1 ∩ P2 = 0, where P1 and P2 are right ideals of R, then l(P1) + l(P2) = R.

Since R is a right CF ring each R/Pi embeds in a finite direct sum of copies
of R, and hence Pi = r(Fi ), where Fi is a finitely generated left ideal of R for
i = 1, 2. Hence r(F1 + F2) = r(F1) ∩ r(F2) = P1 ∩ P2 = 0 and so, since F1,

F2, and F1 + F2 are all finitely generated,

R = l(0) = lr(F1 + F2) = F1 + F2 = lr(F1) + lr(F2) = l(P1) + l(P2),

as required. �

8.3. The Faith–Menal Counterexample

We begin with a characterization of right V rings, where a ring R is called a
right V ring if every simple right R-module is injective. Recall that if M is a
module, the radical of M is defined by rad(M) = ∩{N | N ⊆max M}, where
we take rad(M) = M if M has no maximal submodules.

Lemma 8.12. The following are equivalent for a ring R:

(1) R is a right V ring.
(2) rad(MR) = 0 for every right R-module M �= 0.

(3) Every right ideal T �= R of R is an intersection of maximal right ideals.
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Proof. (1)⇒(2). If 0 �= m ∈ M, let rR(m) ⊆ T ⊆max RR . Then ϕ : m R →
R/T is well defined by ϕ(mr ) = r + T . Since the simple module R/T is in-
jective by (1), ϕ extends to ϕ̂ : M → R/T . Then m /∈ ker (ϕ̂), and so m /∈
rad(M).

(2)⇒(3). If T �= R is a right ideal of R, then rad(R/T ) = 0.

(3)⇒(1). If K R is a simple module and α : T → K is R-linear, where T is
a right ideal of R, we must extend α to R → K . We may assume that α �= 0.

Hence, by (3), there exists X ⊆max RR such that ker (α) ⊆ X but T � X. Then
X + T = R and X ∩ T = ker (α) because ker (α) ⊆max T . Thus α̂ : R → K
is well defined by α̂(x + t) = α(t), where x ∈ X and t ∈ T . Clearly, α̂ ex-
tends α. �

Conditions (2) and (3) in Lemma 8.12 give

Corollary 8.13. Let R be a right V ring. Then the following hold:

(1) J (R) = 0.

(2) If A is any ideal of R, then R/A is also a right V ring.

Lemma 8.14. Let R be a right V ring that has only one simple right module up
to isomorphism. Then R is a simple ring.

Proof. If A �= R is an ideal and M ⊆max RR, it suffices to show that A ⊆ M.

Then A ⊆ J (R) = 0, as required. Write A = ∩i∈I Ni , where each Ni ⊆max RR .

For each i ∈ I let σi : R/M → R/Ni be an isomorphism of right R-modules.
If σi (1 + M) = bi + Ni then M = {r | bir ∈ Ni }. Now given a ∈ A, we have
bi a ∈ A ⊆ Ni for each i because A is a left ideal. It follows that a ∈ M and
hence that A ⊆ M, as required. �

If R is a ring and R WR is a bimodule, recall that the trivial extension of W
by R is the additive group T (R, W ) = R ⊕ W endowed with the multiplication
(a, w)(a′, w′) = (aa′, aw′ + wa′). This is a ring and (0, W ) is an ideal of
T (R, W ) such that T (R, W )/(0, W ) ∼= R.

Theorem 8.15. Let R be a right noetherian domain that has a bimodule R WR

such that WR is simple. The following are equivalent:

(1) T (R, W ) is right Johns.
(2) R is a right V ring, and WR is the only simple right R-module up to iso-

morphism.
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Proof. Write S = T (R, W ) and A = (0, W ) = {(0, w) | w ∈ W }. Then A is
an ideal of S, S/A ∼= R as rings, and A ⊆ J (S) because A2 = 0. Moreover,
every right S-module X S is a right R-module via x · r = x(r, 0) for all x ∈ X
and r ∈ R. In particular, AR

∼= WR via (0, w) 
→ w, so AS is simple because
WR is simple.

(1)⇒(2). Given (1), J (S) ⊆ A because R is a domain, so J (S) = A is
nilpotent by (1) and Lemma 8.7. Hence R ∼= S/J (S) is a right V ring by
Lemma 8.7.

Claim 1. If X S is a simple module then X ∼= AS as S-modules.

Proof. S is right Kasch (since every right ideal is an annihilator), so we may
assume that X ⊆ S. If X2 �= 0 then X = eS, where e2 = e ∈ S, which is
a contradiction because e = 0 or 1 since R is a domain. So X2 = 0, whence
X ⊆ J (S) = A. As AS is simple, we have X = A, proving the Claim.

If K R is simple, we prove (2) by showing that K R
∼= AR (∼= WR). Let

K R
∼= R/I where I ⊆max RR . Write Ī = (I, W ). If α : S → R/I is defined

by α(r, w) = r + I, then α is epic and ker (α) = Ī , so S/ Ī ∼= R/I ∼= K R as
R-modules. Thus Ī is a maximal R-submodule of S, and hence is a maximal
right S-ideal. But then Claim 1 shows that S/ Ī ∼= AS as S-modules and hence
as R-modules. Thus K R

∼= S/ Ī ∼= AR, as required.
(2)⇒(1). First, S is right noetherian by (2) because S/A ∼= R as rings, AS

is simple, and R is right noetherian. So it remains to show that every right
ideal of S is an annihilator. Observe that R is a simple ring by Lemma 8.14,
so lR(W ) = 0 and rR(W ) = 0. Hence r W = W if 0 �= r ∈ R because WR is
simple.

Claim 2. A ⊆ T for every right ideal T �= 0 of S.

Proof. If T ⊆ A then T = A because AS is simple. Otherwise, let (b, v) ∈ T ,
where b �= 0. If w ∈ W, we have w = bw1, w1 ∈ W (because W = bW ), so
(0, w) = (b, v)(0, w1) ∈ T . This proves Claim 2.

Now let T �= 0 be a right ideal of S; we must show that T is a right S-
annihilator. Observe that AR

∼= WR is an injective cogenerator for mod R by
(2) and Lemma 1.42. Hence there is an R-embedding σ : S/T → AI for some
set I. But the right S-modules S/T and AI are both annihilated by A (using
Claim 2 and the fact that A2 = 0). Hence σ is S-linear because, for x ∈ S/T
and (r, w) ∈ S, we have

σ [x(r, w)] = σ [x(r, 0)] = σ [x · r ] = σ (x) · r = σ (x)(r, 0) = σ (x)(r, w).
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But then if we write σ (1 + T ) = 〈ai 〉 ∈ AI , we have T = rS{ai | i ∈ I }, as
required. �

To describe the Faith–Menal example, we need some results about skew fields
due to Cohn [40]. A division ring1 D is called existentially closed over a field F
if D is an F-algebra and every set of polynomial equations with coefficients in
D that is consistent (that is, has a solution in some extension division ring) has
a solution in D itself. For example, a field is existentially closed if and only if it
is algebraically closed. Cohn shows that there exists a countable, existentially
closed division ring D over a field F and considers the central localization
R = D ⊗F F(x), where F(x) is the field of rational functions. With this, we
can describe the Faith–Menal example.

Example 8.16 (Faith–Menal). Let D be any countable, existentially closed
division ring over a field F, and let R = D ⊗F F(x). Then T (R, D) is a non-
artinian right Johns ring.

Proof. Cohn shows that R is a simple, principal right ideal domain that is a right
V ring ([40, Theorems 8.4.5 and 5.5.5]) and that D is an R-R-bimodule such
that DR is the unique simple right R-module. Hence T (R, D) is a right Johns
ring by Theorem 8.15. But T (R, D) is not right artinian because, if it were, then
R would also be right artinian, and hence a field, which is a contradiction. �

Notes on Chapter 8

In 1968 Ginn and Moss [73] proved that a right and left noetherian ring with
essential right socle is right and left artinian; Theorem 8.3 is a one-sided version
of this result, assuming only that the right socle of the ring is contained in the
left socle. Lemma 8.2 and Theorem 8.4 are noncommutative versions of the
same results by Faith [61] in the commutative case.

The name “Johns Ring” comes from the fact that, in 1977, Johns [110] as-
serted that all these rings are right artinian. Unfortunately, this result is not true.
Johns used a 1970 result of Kurshan [130], which was shown to be false by
Ginn [72] in 1976. However, Ginn’s example is not a counterexample to the
Johns theorem, and it was not until 1992 that Example 8.16 was discovered by
Faith and Menal [65]. In a subsequent paper in 1994, Faith and Menal [66] asked
whether every strongly right Johns ring is quasi-Frobenius, and this question
remains open.

1 Cohn uses the term “field” in place of “division ring.”
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Lemma 8.6 and Lemma 8.7 [except for (6)] are due to Johns [110]. Statement
(6) of Lemma 8.7 is due to Faith and Menal [65]. Statements (9) and (10) in
Theorem 8.11 were first observed in [226].

Lemma 8.12 is due to Villamayor (see Faith [53], p. 274). Many results on
V rings can be found in [145].

A good source for the results in this chapter is the paper of Gómez Pardo and
Guil Asensio [84] .
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A Generic Example

The Faith conjecture asserts that every left or right perfect, right self-injective
ring R is quasi-Frobenius. The conjecture remains open for semiprimary, local,
right self-injective rings with J 3 = 0. It is known (Theorem 3.40) that the con-
jecture is true if J 2 = 0. In this section we construct a local ring R with J 3 = 0
and characterize when R is artinian or self-injective in terms of conditions on
a bilinear mapping from a (D, D)-bimodule to a division ring D ∼= R/J. We
conclude by characterizing other properties of R in a similar way.

9.1. Generalities

If S is any ring and S VS, S WS , and S PS are bimodules, a function V × W → P ,
which we write multiplicatively as (v, w) 
→ vw, will be called a bimap if the
conditions

(1) (v + v1)w = vw + v1w and (sv)w = s(vw),
(2) v(w + w1) = vw + vw1 and v(ws) = (vw)s, and
(3) (vs)w = v(sw)

hold for all v, v1 in V, all w, w1 in W, and all s in S. Our interest is in the case
when S = D is a division ring. We construct the following ring, which is the
central topic of this chapter.

Definition. Let D VD and D PD be nonzero bimodules over a division ring D,

and suppose a bimap V × V → P is given. Write

R = [D, V, P] = D ⊕ V ⊕ P

and define a multiplication on R by

(d + v + p)(d1 + v1 + p1) = d d1 + (d v1 + v d1) + (d p1 + v v1 + p d1).

214
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It is a routine verification that R is an associative ring if and only if the product
V × V → P is a bimap. The ring R has a matrix representation as

R =
⎧⎨
⎩

⎡
⎣

d v p
0 d v

0 0 d

⎤
⎦
∣∣∣∣∣∣
d ∈ D, v ∈ V, and p ∈ P

⎫
⎬
⎭ .

Note that we will assume that V �= 0 and P �= 0 throughout this chapter.
Our first result collects several properties of this ring that will be used fre-

quently in this chapter. If X is a nonempty subset of V we denote its annihilators
in V by lV (X ) = {v ∈ V | vX = 0} and rV (X ) = {v ∈ V | Xv = 0}.

Lemma 9.1. The ring R = [D, V, P] has the following properties:

(1) R is an associative ring.
(2) V P = PV = P2 = 0.

(3) R is local, J = V ⊕ P , J 2 = V 2 ⊆ P , and J 3 = 0.

(4) Sr = l(J ) = lV (V ) ⊕ P ⊆ess RR .

(5) x R = x D for all x ∈ Sr .

(6) If X D ⊆ V then X ⊕ P is a right ideal of R; and every right ideal T such
that P ⊆ T ⊆ J has this form.

(7) Every right D-subspace of Sr is a right ideal of R.
(8) Let X and Y be right D-subspaces of Sr .Then every D-linear transformation

X → Y is R-linear.

Proof. (1) and (2). These are routine verifications.
(3). The map (d + v + p) 
→ d is a ring morphism from R onto D with

kernel V ⊕ P, proving that R is local and J = V ⊕ P. The rest of (3) is easily
checked.

(4). We have Sr ⊆ess RR because R is semiprimary by (3), and Sr = l(J ) be-
cause R is semilocal. Now

l(J ) = {d + v + p | dV = 0 and d P + vV = 0}.

Since V �= 0 it follows that d = 0, whence vV = 0. Thus l(J ) ⊆ lV (V ) ⊕ P.

The other inclusion is clear.
(5). If x = v+ p ∈ Sr , where vV = 0, then x R = {vd + pd | d ∈ D} = x D.

(6). It is a routine verification that X ⊕ P is a right ideal. Given P ⊆ T ⊆ J,

we have T = (T ∩ V ) ⊕ P by the modular law.
(7). This is a direct calculation using Sr = lV (V ) ⊕ P from (4).
(8). If r = d + v + p then x r = x d for all x ∈ X ∪ Y by (2) and (4). �
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Note that Lemma 9.1 shows that a right ideal T ⊆ Sr is simple if and only if
dim(TD) = 1. The next result shows that if dim(PD) = 1 we can obtain the
converse to (6) and (7) of Lemma 9.1, and so we can characterize the right ide-
als of R = [D, V, P]. Call a right ideal T ⊆ R proper if T �= R.

Lemma 9.2. Let R = [D, V, P], where dim(PD) = 1. Then the proper right
ideals of R are

{X ⊕ P | X D ⊆ V } and {Y | YD ⊆ Sr }.

Proof. These are all right ideals by (6) and (7) of Lemma 9.1. If T �= R is a
right ideal, then T ⊆ J because R is local. Since PR is simple, either P ⊆ T
or P ∩ T = 0. In the first case, T = X ⊕ P for X D ⊆ V by Lemma 9.1. If
P ∩ T = 0, we show that T ⊆ Sr . If t = v + p ∈ T then, for v1 ∈ V, v v1 =
(v + p)v1 ∈ P ∩ T = 0. Thus v ∈ lV (V ), so t ∈ lV (V ) ⊕ P = Sr . �

Note that, under the hypotheses of Lemma 9.2, the proper (two-sided) ideals of
R are

{X ⊕ P | D X D ⊆ V } and {Y | DYD ⊆ [lV (V ) ∩ rV (V )] ⊕ P}.
Even without the hypothesis that dim(PD) = 1 we can characterize when R =
[D, V, P] is right artinian.

Proposition 9.3. The following conditions are equivalent for R = [D, V, P]:

(1) R is right artinian.
(2) R is right noetherian.
(3) dim(VD) < ∞ and dim(PD) < ∞.

(4) dim(RD) < ∞.

Proof. (3)⇒(4)⇒(1)⇒(2) are clear. If RR is noetherian and X1 ⊂ X2 ⊂ · · ·
are subspaces of VD, then X1 ⊕ P ⊂ X2 ⊕ P ⊂ · · · . It follows from Lemma 9.1
that dim(VD) < ∞. We have dim(PD) < ∞ because every D-subspace of P
is a right ideal (by Lemma 9.1). �

9.2. The Main Theorem

To study the Faith conjecture, we must characterize when R = [D, V, P] is
right self-injective. We begin by characterizing when R is right mininjective;
the result will be used several times.
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Proposition 9.4. The following are equivalent for R = [D, V, P]:

(1) R is right mininjective.
(2) lV (V ) = 0 and dim(D P) = 1.

Proof. (1)⇒(2). If 0 �= p0 ∈ P and u ∈ lV (V ), and if γ : p0 D → (u + p0)D
is given by γ (p0d) = (u + p0)d, then γ is R-linear by Lemma 9.1. By (1),
γ = c· is left multiplication by c ∈ R, so u + p0 = γ (p0) = cp0 ∈ P. Thus
u = 0, whence lV (V ) = 0. If 0 �= p ∈ P then pR = pD is simple, so
lr(p) = Rp by (1). Hence Lemma 9.1 gives

Dp = Rp = lr(p) = l(J ) = lV (V ) ⊕ P = P.

Thus dim(D P) = 1.

(2)⇒(1). Let γ : K R → RR be R-linear, where K R is a simple right ideal;
we must show that γ = c· for c ∈ R. We may assume that γ �= 0. We have
Sr = P by (2), so K ⊆ P. It follows from Lemma 9.1 that dim(K D) = 1,

so write K = p0 D, where p0 ∈ P. Since γ (K ) is simple we have γ (K ) ⊆
Sr = P = Dp0 by (2), say γ (p0) = d0 p0, where d0 ∈ D. Then for all d ∈
D, γ (p0 d) = γ (p0) d = (d0 p0) d = d0(p0 d). This shows that γ = d0·, as
required. �

It is worth noting that, since we are assuming that P �= 0, (4) and (7) of Lemma
9.1 give

Sr is a simple right ideal if and only if lV (V ) = 0 and dim(PD) = 1.

The condition that dim(PD) = 1 holds if R = [D, V, P] is right simple in-
jective. The next lemma will be used later and strengthens the condition in Pro-
position 9.4.

Lemma 9.5. Suppose the ring R = [D, V, P] is right simple injective. Then

lV (V ) = 0 and dim(PD) = 1 = dim(D P).

Proof. Since R is right mininjective, lV (V ) = 0 and dim(D P) = 1 by Propo-
sition 9.4. Suppose that dim(PD) ≥ 2 and let {p1, p2, . . . } be a D-basis of PD.

Define α : PD → PD by α(p1) = p2 and α(pi ) = 0 for all i ≥ 2. Then α

is R-linear by Lemma 9.1 so, since im(α) = p2 D is simple, α = a· for some
a ∈ R by hypothesis. If a = d + v + p then α(pi ) = api = dpi for each i,
so d = 0 because α(p2) = 0. But then p2 = α(p1) = dp1 = 0, which is a
contradiction. �



218 Quasi-Frobenius Rings

The condition in Lemma 9.5 does not characterize when R = [D, V, P]
is right simple injective; surprisingly, this is equivalent to simple injectivity.
This is part of our main result, a characterization of when R = [D, V, P] is
right self-injective. The following “separation” axiom will be referred to several
times.

Condition S. If V = x D ⊕ MD, x �= 0, there exists v0 ∈ V such that v0x
�= 0 and v0 M = 0.

Observe that Condition S is equivalent to asking that, if x ∈ V − X , where
X D ⊆ V is any subspace, there exists v0 ∈ V such that v0x �= 0 and v0 X = 0.

Theorem 9.6. Let R = [D, V, P]. The following are equivalent:

(1) R is right self-injective.
(2) R is right simple injective.
(3) lV (V ) = 0, dim(PD) = 1 = dim(D P), and Condition S holds.

Proof. (1)⇒(2). This is clear.
(2)⇒(3). By Lemma 9.5 it remains to prove Condition S. Fix 0 �= q ∈ P

and let VD = x D ⊕ M , where x �= 0 and M ⊆ VD. Define

β : V ⊕ P = x D ⊕ M ⊕ P → P by β(xd + m + p) = qd.

This is well defined because D is a division ring, and it is R-linear because

β[(xd + m + p)(d1 + v1 + p1)] = β[xdd1 + md1 + (xdp1 + mv1 + pd1)]
= q(dd1)
= qd(d1 + v1 + p1)
= [β(xd + m + p)] (d1 + v1 + p1).

Since β[V ⊕ P] = q D is simple, it follows from (2) that β = b· is left mul-
tiplication by b ∈ R. Write b = d0 + v0 + p0, so that q = β(x) = bx = d0x +
v0x . Hence v0x = q �= 0 and d0x = 0. This means that d0 = 0, so v0m =
bm = β(m) = 0 for all m ∈ M, proving Condition S.

(3)⇒(1). If T ⊆ R is a right ideal, let α : T → RR be R-linear; we must
show that α = a· for some a ∈ R. This is clear if T = R or T = 0, so assume
0 ⊂ T ⊆ J . Since Sr = lV (V ) ⊕ P = P is simple by (3), it follows from
Lemma 9.2 that

T = X ⊕ P
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for some X D ⊆ V because T �= 0. Since R is right mininjective by Proposition
9.4, α|P = a· for some a ∈ R.

Claim. If x ∈ X then α(x) − ax ∈ P.

Proof. Write α(x) = d1 + v1 + p1. If v ∈ V is arbitrary, we have xv ∈ P , so

a(xv) = α(xv) = α(x)v = (d1 + v1 + p1)v = d1v + v1v.

As a(xv) and v1v are in P, it follows that d1v = 0 and a(xv) = v1v. Hence
d1 = 0 and ax − v1 ∈ lV (V ) = 0. Thus α(x) = ax + p1, proving the Claim.

Now define β : T → R by β = α − a·. It suffices to show that β = b·,
for some b ∈ R [because then α = (a + b)·]. We have P ⊆ ker (β) because
α|P = a·, and so β(T ) = β(X ⊕ P) = β(X ) ⊆ P by the Claim. If β = 0,

take b = 0. If β �= 0 then β(T ) = P because dim(PD) = 1, and the fact that
P ⊆ ker (β) ⊆ X ⊕ P gives ker (β) = Y ⊕ P , where Y = X ∩ ker (β). But
then

X/Y ∼= (X ⊕ P)/(Y ⊕ P) = T/ker (β) ∼= β(T ) = P,

and it follows that dim D(X/Y ) = 1. Hence, if we choose x ∈ X, x /∈ Y, then
X = x D ⊕ Y as D-spaces, so T = x D ⊕ Y ⊕ P = x D ⊕ ker (β). Write
VD = x D ⊕ M for some subspace M ⊇ ker (β). Then Condition S shows that
v0 ∈ V exists such that v0 M = 0 and v0x �= 0. Thus P = Dv0x because
dim(D P) = 1, so write β(x) = d0v0x , where d0 ∈ D. Hence

β(xd + y + p) = β(xd) = β(x)d = (d0v0x)d = d0v0(xd + y + p)

because v0 y ∈ v0Y ⊆ v0 M = 0. Thus β = (d0v0)·, which completes the proof
of (1). �

Question 1. If D is a division ring, and R = [D, V, P] is right mininjective
and satisfies Condition S, does it follow that R is right self-injective?

In view of Proposition 9.4, this asks: If Condition S holds, lV (V ) = 0, and
dim(D P) = 1, does it follow that dim(PD) = 1? Note that if this is true then
R is also left mininjective because Condition S implies that rV (V ) = 0. Note
further that both lV (V ) = 0 and dim(D P) = 1 hold if and only if RR is uniform
(see Proposition 9.17 in Section 9.4).

Theorem 9.6 provides a vector space condition that the Faith conjecture is
false.
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Theorem 9.7. Suppose there exists a bimap V × V → P over a division ring
D such that the following hold:

(1) lV (V ) = 0 and dim(D P) = 1 = dim(PD).
(2) Condition S holds.
(3) dim(VD) is infinite.

Then the Faith conjecture is false.

Proof. R = [D, V, P] is local with J 3 = 0 by Lemma 9.1, and R is right self-
injective by Theorem 9.6. But R is not right artinian by Proposition 9.3. �

Note that if (1) and (2) in Theorem 9.7 hold, the proof shows that R[D, V, P] is
a counterexample to the Faith conjecture if and only if dim(VD) = ∞. In The-
orem 9.13 in the next section we give some matrix conditions that R[D, V, P]
is a counterexample to the conjecture.

Question 2. Is there a converse to Theorem 9.7?

9.3. Some Examples

Thus the Faith conjecture is related to the existence of certain bimaps, and the
following two results reveal one aspect of the structure of these bimaps. Recall
that hom(VD, PD) is a (D, D)-bimodule via

(dλ)(v) = d λ(v)
(λd)(v) = λ(dv)

}
for all λ ∈ hom(VD, PD), d ∈ D, and v ∈ V .

The next proposition isolates the conditions S and lV (V ) = 0 occuring in
Theorem 9.7.

Proposition 9.8. Let D be a division ring, let D VD and D PD be bimodules, and
assume that dim(D P) = 1 = dim(PD). Given a bimap V × V → P define

σ : D VD → hom(VD, PD) by σ (v) = v · for all v ∈ V .

Then σ is a (D, D)-bimodule homomorphism, and:

(1) σ is one-to-one if and only if lV (V ) = 0.

(2) σ is onto if and only if Condition S holds.

Proof. It is routine to check that σ is a bimodule homomorphism, and (1)
follows from the fact that ker (σ ) = {u | uV = 0} = lV (V ).
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To prove (2), assume first that Condition S holds and let λ ∈ hom(VD, PD).
If λ = 0 then λ = σ (0). If λ �= 0 use the fact that dim(PD) = 1 to write V =
x D ⊕ ker (λ). By Condition S let v0 ∈ V satisfy v0x �= 0 and v0 ker (λ) = 0.

Fix 0 �= p0 ∈ P so that P = Dp0, and write v0x = d0 p0 and λ(x) = d1 p0,

where d0 and d1 are in D. If v1 = d1d−1
0 v0, then v1x = d1 p0 = λ(x) whereas,

for k ∈ ker (λ), v1k = d1d−1
0 v0k = 0 = λ(k). Since V = x D ⊕ ker (λ), this

shows that λ = v1· = σ (v1). Conversely, if V = x D ⊕ M and P = Dp0,

define λ : VD → PD by λ(xd + m) = p0d. If σ is onto, let λ = v0·, where
v0 ∈ V . Then v0x = λ(x) = p0 �= 0 and v0 M = λ(M) = 0. This proves
Condition S. �

Thus, if R = [D, V, P] is right self-injective and {vi | i ∈ I } is a basis of VD,

then

D VD
∼= hom(VD, PD) = hom(⊕i∈I vi D, PD) ∼= �i∈I hom(vi D, P).

Since dim(PD) = 1, it follows that | V | ≥ 2|I |.
The set of all bimaps ϕ : V × V → P becomes a Z-bimodule using point-

wise operations. Proposition 9.8 reveals that there is a close connection between
the bimaps V × V → P and hom(VD, PD). In fact there is a Z-isomorphism.

Proposition 9.9. If ϕ : V ×V → P is a bimap, define ϕ′ : V → hom(VD, PD)
by ϕ′(v) = v·. Then ϕ′ is D-D-linear, and ϕ 
→ ϕ′ is a Z-isomorphism

{bimaps ϕ : V × V → P} → {(D, D)-morphisms θ : D VD → hom(VD, PD)}
with inverse θ 
→ θ ′, where θ ′(v, w) = [θ(v)](w) for all v and w in V .

Proof. We omit the routine verifications. �

Now let V = D(I ) be the direct sum of |I | copies of D, and write v ∈ V as
v = 〈vi 〉, which can be thought of as a row vector. If A = [ai j ] is any I × I
matrix over D, then

vA = 〈�ivi ai j 〉 and AvT = 〈� j ai jv j 〉
are both defined (but lie in the direct product DI ). Hence we may define a
product V × V → D by

vw = vAwT = �i, jvi ai jw j .

This satisfies the axioms for a bimap except possibly for (vd)w = v(dw), and
this latter requirement holds if and only if each ai j lies in the center of the
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division ring D. In fact the condition (vd)w = v(dw) means �i, jvi (dai j )w j =
�i, jvi (ai j d)w j for all vi and w j , which implies that dai j = ai j d. Furthermore,
every bimap into D arises in this way. Indeed, if {ei | i ∈ I } is the standard basis
of D(I ) then ai j = ei e j is central in D and vw = (�ivi ei )(� j e jw j ) = vAwT .

Example 9.10. Let I = {1, 2, . . . } and, given n ≥ 1, let A be the I × I
matrix where the first n rows are zero and the remaining rows are a copy of the
I × I identity matrix. Thus vw = vn+1w1 + vn+2w2 + · · · , so that rV (V ) = 0
whereas lV (V ) = {〈u1, u2, . . . , un, 0, 0, . . . 〉 | ui ∈ V } has dimension n.

Example 9.11. Again let I = {1, 2, . . . } but now let A be the I × I matrix
where the even rows are zero and the odd rows are the rows (in order) of the I × I
identity matrix. Thus vw = v1w1 + v3w2 + v5w3 + · · · . Here rV (V ) = 0 but
lV (V ) = {〈0, u2, 0, u4, 0, u6, . . . 〉 | ui ∈ V } has infinite dimension.

Example 9.12. Let V = Dn and let A be an n × n matrix from the center of
D. Then vw = vAwT is a bimap V × V → D as before, and the following are
equivalent for R = [D, V, D]:

(1) R is quasi-Frobenius.
(2) R is right self-injective.
(3) R is right mininjective.
(4) A is invertible.

Proof. It is clear that (1)⇒(2)⇒(3). It is a routine matter to verify that lV (V ) =
0 if and only if vA = 0 implies v = 0, that is, if and only if A is invertible.
Thus (3)⇒(4) by Proposition 9.4 because P = D here. Finally, R is artinian
by Proposition 9.3 and so, if A is invertible, (1) follows if we can prove (2).
By Theorem 9.6, we need only verify Condition S. But if V = x1 D ⊕ MD, let
{x2, . . . , xn} be a basis of M. Then B = [xT

1 , . . . , xT
n ] is an invertible matrix,

so let v0 = [1, 0, . . . , 0]B−1 A−1. Then

[1, 0, . . . , 0] = v0 AB = v0[AxT
1 , . . . , AxT

n ] = [v0x1, . . . , v0xn],

so v0x1 �= 0 and v0 M = 0. Thus (4)⇒(1). �

More generally, we can identify matrix conditions needed to construct a
counterexample to the Faith conjecture. Let D V be any D-space with basis
{ei | i ∈ I }, where I is infinite, and let RF MI (D) denote the ring of all row-
finite I × I matrices over D. Given a bimodule structure D VD on V we obtain
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a ring homomorphism ρ : D → RF MI (D), given for d ∈ D by

ρ(d) = [ρi j (d)], where ei d = �k∈I ρik(d)ek .

Conversely, every bimodule structure D VD arises in this way from such a rep-
resentation ρ.

Given ρ we get a bimodule D VD , so, if { fk | k ∈ K } is a basis of VD, we
obtain the “adjoint” representation ψ : D → C F MK (D) – the column finite
matrices – given for d ∈ D by

ψ(d) = [ψi j (d)], where d fk = �l∈K flψlk(d).

If A ∈ MI×K (D) is an arbitrary I × K matrix, we get a product V × V → D,

written (v, w) 
→ v · w, given by

v · w = �i,kvi aikwk, where v = �ivi ei and w = �k fkwk . (1)

As before, this satisfies all the bimap axioms except possibly (vd)w = v(dw).
Since ei · fk = aik we have

(ei d) · fk = ei · (d fk) if and only if � jρi j (d)a jk = �maimψmk(d).

It follows that (1) defines a bimap on D VD if and only if

ρ(d)A = Aψ(d) for all d ∈ D. (2)

Theorem 9.13. Given a bimodule D VD, let {ei | i ∈ I } and { fk | k ∈ K } be
bases of D V and VD , respectively, and assume that an I × K matrix A satisfies
ρ(d)A = Aψ(d) for all d ∈ D as in the preceding. Then the following are
equivalent:

(1) R = [D, V, D] is a counterexample to the Faith conjecture.
(2) The rows of A are a basis of the direct product DK .

Proof. In view of Theorem 9.7, it suffices to prove the following:

(1) lV (V ) = 0 if and only if the rows of A are independent.
(2) Condition S is satisfied if and only if the rows of A span D(DK ).

Given v = �ivi ei in V write v̄ = 〈vi 〉 ∈ D(I ). Observe that v · fk = �ivi (ei ·
fk) = �ivi ai j , so

〈v · fk〉 = v̄A. (3)
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Hence if v ∈ V then v · V = 0 if and only if v · fk = 0 for all k ∈ K , if and
only if v̄A = 0. Now (a) follows because the rows of A are independent if and
only if v̄A = 0 implies v̄ = 0.

If Condition S holds and 0 �= b̄ = 〈bk〉 ∈ DK is given, let P ∈ C F MK (D)
be an invertible matrix with b̄ as row 0. Define

〈 f ′
k〉 = 〈 fk〉P−1

so that { f ′
k | k ∈ K } is a basis of VD. By Condition S let v0 ∈ V satisfy

v0 · f ′
k =

{
1 if k = 0,

0 if k �= 0.
(4)

Then observe that

v0 · fk = v0 · (�l f ′
l plk) = �l(v0 · f ′

l )plk = p0k = bk .

Hence (3) shows that b̄ = v̄0 A is a linear combination of the rows of A.

Finally, assume that the rows of A span D(DK ). If { f ′
k | k ∈ K } is any basis

of VD it suffices to find v0 ∈ V such that (4) holds. If ē0 is row 0 of the K × K
identity matrix, this asks for v0 ∈ V such that ē0 = 〈v0 · f ′

k〉. But there exists an
invertible matrix P ∈ C F MK (D) such that 〈 fk〉 = 〈 f ′

k〉P. By hypothesis row
0 of P is a linear combination of the rows of A; that is, ē0 P = v̄0 A for some
v0 ∈ V . But then (3) gives

ē0 P = v̄0 A = 〈v0 · fk〉 = 〈v0 · f ′
k〉P

using the fact that 〈 fk〉 = 〈 f ′
k〉P. Since P is invertible, ē0 = 〈v0 · fk〉 as required.

This completes the proof of (b). �

One difficulty with applying Theorem 9.13 is that, for a bimodule D VD, we
cannot define the map ρ in terms of A and ψ. In a concrete example we have
to first find ρ and ψ and then ask for the matrix A. However, A need not exist
in general, even in the finite dimensional case. For example, let D = F be a
commutative field with endomorphism σ : F → F, and consider V = Fn ,
where the right structure VF is as usual and the left structure is defined by
f · v = σ ( f )v. Then an invertible A exists such that (2) is satisfied if and only
if σ 2 = 1F . This example illustrates that the structure of A depends heavily on
the particular bimodule structure, and not only on the dimensions.
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9.4. Other Properties of R = [D, V, P]

Many other properties of the ring R = [D, V, P] can be characterized as in
Theorem 9.6 in terms of vector space properties of V and P. Several of these
are collected in this section.

Recall that a ring R is called right Kasch if every simple right R-module
embeds in RR . The ring R = [D, V, P] is local and so has only one simple
module. Since P �= 0 we have Sr �= 0 (and Sl �= 0), whence

Proposition 9.14. R = [D, V, P] is right and left Kasch.

The next result follows from Lemma 9.1.

Proposition 9.15. R = [D, V, P] has finite right uniform dimension if and
only if dim(PD) < ∞ and dim[lV (V )D] < ∞.

Recall that a ring R is called a left minannihilator ring if lr(K ) = K for all
simple left ideals K . These rings are closely related to the right mininjective
rings (see Proposition 2.33) and the following result (with Proposition 9.4)
shows that if R = [D, V, P] is left minannihilator then it is right mininjective.

Proposition 9.16. The following are equivalent for R = [D, V, P]:

(1) R is a left minannihilator ring.
(2) lV (V ) = 0 = rV (V ) and dim(D P) = 1.

(3) Sr = Sl is simple as a left R-module.

Proof. (1)⇒(2). If 0 �= p ∈ P then r(p) ⊇ r(P) = J , so r(p) = J because
R is local. As Dp = Rp is simple, (1) gives

Dp = lr(p) = l(J ) = Sr = lV (V ) ⊕ P.

As P �= 0, this gives lV (V ) = 0 and dim(D P) = 1. Finally, if w ∈ rV (V ) and
0 �= p ∈ P then w + p and p are in Sr , so r(w + p) = J = r(p). As before,
(1) gives D(w + p) = lr(w + p) = lr(p) = Dp. Since V ⊕ P is direct, this
implies w = 0, whence rV (V ) = 0.

(2)⇒(3). We have Sl = r(J ) because R is semilocal, so Sl = rV (V ) ⊕ P.

Hence (2) and Lemma 9.1 show that Sl = P = Sr . This is left simple because
dim(D P) = 1.

(3)⇒(1). Write S = Sl = Sr . This is the only simple left ideal by (3), so
S = P and (1) follows from lr(S) = l(J ) = Sr = S. �
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Turning to right continuity, we have the following proposition:

Proposition 9.17. Let R = [D, V, P].

(1) R always satisfies the left and right C2-conditions.
(2) The following are equivalent:

(a) R is right continuous.
(b) RR is uniform.
(c) Sr is simple.
(d) lV (V ) = 0 and dim(PD) = 1.

(e) P ⊆ T for all right ideals T �= 0.

(f) Every right ideal T �= 0, R has the form T = X ⊕ P, where X D ⊆ VD.

Proof. Let T ∼= eR, e2 = e. As R is local, either e = 0 (so T = 0 is a sum-
mand) or e = 1. In the last case, T = a R, a ∈ R, where r (a) = 0. Thus a /∈ J ,
so T = R is a summand. This proves half of (1); the rest follows by symmetry.

(a)⇒(b). If T �= 0 is a right ideal then T ⊆ess RR by the C1-condition
because R is local.

(b)⇒(c). This is clear since Sr �= 0 by our standing assumption that P �= 0.

(c)⇒(d). This follows from (4) and (7) of Lemma 9.1 because P �= 0.

(d)⇒(e). Suppose T �= 0 and P � T . Then T ∩ P = 0 because dim D(PD) =
1. We may assume that T ⊆ J because R is local. Let t = v+ p ∈ T . If v1 ∈ V
we have t v1 = v v1 ∈ T ∩ P = 0, so v ∈ lV (V ) = 0. Thus T ⊆ P, which is
a contradiction.

(e)⇒(f). This is clear by Lemma 9.1.
(f)⇒(a). If T �= 0 is a right ideal, then 0 �= P ⊆ T by (f). It follows that RR

is uniform, so T ⊆ess RR . Hence R satisfies the C1-condition, so (a) follows
from (1). �

We now turn to a discussion of annihilators. Observe first that, if X D = rV (Y ),
where Y is a subset of V, we may assume that Y = DY is actually a submodule
because X = rV [lVrV (Y )]. Similarly, if D X = lV (Y ) we may assume that
Y = YD because X = lV [rVlV (Y )].

Lemma 9.18. Let R = [D, V, P].

(1) If T = X D ⊕ P , where X ⊆ V , then l(T ) = lV (X ) ⊕ P.

(2) If L = DY ⊕ P , where Y ⊆ V , then r(L) = rV (Y ) ⊕ P.

Proof. We prove (1); (2) is similar. We have l(T ) ⊆ J as T �= 0. If v + p ∈
l(T ) then vx = (v + p)x = 0 for all x ∈ X ; that is, v ∈ lV (X ). Thus
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l(T ) ⊆ lV (X ) ⊕ P. Conversely, if v ∈ lV (X ) then (v + p)(x + p1) = vx = 0
for all x + p1 in T, so lV (X ) ⊕ P ⊆ l(T ). �

Lemma 9.19. Let R = [D, V, P] and suppose T �= 0, R and L �= 0, R are
right and left ideals of R respectively.

(1) T is a right annihilator in R if and only if T = rV (Y )⊕ P for some DY ⊆ V .

(2) L is a left annihilator in R if and only if L = lV (X )⊕ P for some X D ⊆ V .

Proof. Again we prove only (1) as (2) is analogous. If T = rV (Y ) ⊕ P then
T = r(Y ⊕ P) by Lemma 9.18. Conversely, if T is a right annihilator then
T = rl(T ). Now T �= R means T ⊆ J , so P ⊆ l(T ). Hence l(T ) = Y ⊕ P
for some DY ⊆ V by Lemma 9.1, so T = rl(T ) = r(Y ⊕ P) = rV (Y ) ⊕ P
by Lemma 9.18. �

We say that V has ACC on left annihilators if it has ACC on subspaces of
the form lV (X ), where X ⊆ V, with similar terminology for the DCC and for
right annihilators.

Proposition 9.20. Let R = [D, V, P]. Then R has ACC (DCC) on right (left)
annihilators if and only if the same is true for V .

Proof. We do the proof for the ACC on right annihilators; the other three
cases are analogous. By Lemma 9.19, every ascending chain of right annihilators
in R has the form rV (Y1) ⊕ P ⊆ rV (Y2) ⊕ P ⊆ · · · . This gives rV (Y1) ⊆
rV (Y2) ⊆ · · · , so, if V has the ACC, rV (Yn) = rV (Yn+1) = · · · for some n.

Hence the chain in R terminates. Conversely, if rV (Y1) ⊆ rV (Y2) ⊆ · · · in V,

then r(Y1 ⊕ P) ⊆ r(Y2 ⊕ P) ⊆ · · · by Lemma 9.18. If r(Yn ⊕ P) = r(Yn+1 ⊕
P) = · · · for some n, it follows by Lemma 9.18 that rV (Yn) = rV (Yn+1) = · · · .

�

We can locate the right singular ideal Zr in R = [D, V, P].

Proposition 9.21. Let R = [D, V, P] and assume that dim(PD) = 1. Then:

(1) Zr = lVlV (V ) ⊕ P = l(Sr ) ⊆ess RR .

(2) Sr ⊆ Zr .

(3) Zr = J if and only if lV (V ) ⊆ rV (V ) if and only if Sr ⊆ Sl .

Proof. Write U = lV (V ), so that Sr = U ⊕ P by Lemma 9.1.
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(1). Always Zr ⊆ l(Sr ) = lV (U ) ⊕ P. We claim that lV (U ) ⊕ P ⊆ Zr .

Let y = v + p ∈ lV (U ) ⊕ P. Since v ∈ lV (U ) we have U ⊆ rV (v), so
Sr = U ⊕ P ⊆ rV (v) ⊕ P ⊆ r(y). Thus y ∈ Zr because Sr ⊆ess RR .

This proves the equalities in (1). Finally, U ⊆ lV (U ) because U 2 = 0. Hence
Sr ⊆ lV (U ) ⊕ P = l(Sr ), and (1) follows.

(2). Since U 2 = 0 we have (Sr )2 = 0, so Sr ⊆ l(Sr ) and (2) follows from (1).
(3). Since Zr = lV (U ) ⊕ P and J = V ⊕ P, we have Zr = J if and only

if lV (U ) = V , if and only if V U = 0 if, and only if U ⊆ rV (V ). The second
equivalence holds because Sr = U ⊕ P and Sl = rV (V ) ⊕ S (by the right–left
analogue of Lemma 9.1). �

Finally, we characterize when the ring R = [D, V, P] is right principally
injective (P-injective). Such a ring is both right mininjective and left minanni-
hilator, a fact reflected in the following result.

Proposition 9.22. If R = [D, V, P], then R is right P-injective if and only if
it satisfies the following three conditions:

(1) dim(D P) = 1.

(2) lV (V ) = 0 = rV (V ).
(3) lV rV (v) = Dv for all v ∈ V .

Proof. We begin with the following result.

Claim. Assume that dim(D P) = 1 and rV (V ) = 0. If 0 �= v + p ∈ V ⊕ P
then R(v + p) = Dv ⊕ P.

Proof. If v = 0 the proof is clear because Rp = Dp = P. If v �= 0 then
V v = P by the hypotheses. Hence R(v + p) = {dv + (dp + v1v) | d ∈ D and
v1 ∈ V } = Dv ⊕ P, proving the Claim.

Assume first that R is right P-injective. Then Proposition 9.4 implies (a) and
lV (V ) = 0. To show that rV (V ) = 0, suppose that 0 �= w ∈ rV (V ). Then
V w = 0, so Rw = Dw, and we have lr(w) = Rw = Dw ⊆ V by P-
injectivity. But if p ∈ P then r(w) ⊆ J = r(p), so p ∈ lr(w). This implies
P ⊆ V, a contradiction. Hence rV (V ) = 0, proving (b). Finally, to show that
Dv = lV rV (v), we may assume that v �= 0. Then the Claim and Lemma
9.18 give r(v) = r(Rv) = r[Dv ⊕ P] = rV (v) ⊕ P. Hence lV rV (v) ⊕ P =
lr(v) = Rv = Dv ⊕ P, and (c) follows.

Conversely, assume (a), (b), and (c). If a ∈ R we must show that lr(a) =
Ra. This is clear if a = 0 or if a /∈ J (because R is local). If 0 �= a ∈ J, say
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a = v + p, where v ∈ V and p ∈ P, then Ra = Dv ⊕ P by the Claim. Hence
Lemma 9.18 gives r(a) = rV (v) ⊕ P, and then lr(a) = lV rV (v) ⊕ P =
Dv ⊕ P = Ra by (c). �

Example 9.23. As in Examples 9.10–9.11 and 9.12, let D = D(I ), where
I = {1, 2, 3, . . . }. If A is the I × I identity matrix, the bimap is vw = v1w1 +
v2w2 + · · · , where v = 〈vi 〉 and w = 〈wi 〉. Then lV (V ) = 0 = rV (V ) is clear
and it is a routine matter to verify that lVrV (v) = Dv and rVlV (v) = vD
for all v ∈ V . Hence R = [D, V, D] is a right and left P-injective ring that is
neither right nor left artinian.

Notes on Chapter 9

The construction in this chapter is motivated by the 1966 paper of Osofsky
[182], and the results appeared in [7]. More work on semiprimary, right self-
injective rings in which the Jacobson radical cubes to zero was carried out by
Koike [126].





A

Morita Equivalence

In this section we give a self-contained proof of one of the most useful theorems
about noncommutative rings – a remarkable characterization of when two rings
have the “same” categories of right (equivalently left) modules.

A.1. Additive Equivalence

Let R and S be two rings, and denote the category of right (left) R-modules
by mod R (respectively Rmod). A functor F : mod R → mod S is a pair of
functions (both denoted F) such that, if X

α→ Y is R-linear, then F X and FY
are right S-modules, F X

F(α)→ FY is S-linear, and F satisfies the following
axioms1 on morphisms2:

F(1X ) = 1F X and F(α ◦ β) = F(α) ◦ F(β).

Hence if X
α→ Y is an R-isomorphism then F X

F(α)→ FY is also an isomorphism,
and F(α)−1 = F(α−1).

Our interest lies in functors that exhibit another property: The functor F is
called additive if it also satisfies

F(α + β) = F(α) + F(β) for morphisms α and β.

In this case the induced map F : hom R(X, Y ) → homS(F X, FY ) is a Z-
morphism, and it is a ring homomorphism in end(X ) if Y = X. One example
of an additive functor is the identity functor 1mod R : mod R → mod R which is
the identity map on both modules and morphisms.

1 Technically F is a covariant functor; a contravariant functor is one that “reverses arrows.” In
this book, the word “functor” means “covariant functor.”

2 Here we are using the terminology of category theory where “morphism” is used in place of
“homomorphism.”
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If F : mod R → mod S and G : mod R → mod S are two functors, we say
that η : F → G is a natural transformation if, for each module X R , there

F X
F(α)→ FY

↓ ηX ↓ ηY

G X
G(α)→ GY

is an R-morphism ηX : F X → G X such that the diagram commutes for all R-
morphisms α : X → Y. The effect of η is as follows: A commutative diagram
in mod R gives rise to two such diagrams in mod S by applying F and G, and η

carries the first of these to the second. If each ηX is an isomorphism we say that
η is a natural isomorphism and that F and G are naturally equivalent functors.
In this case we write F ≈ G, and note that ≈ is an equivalence relation on the
class of all functors mod R → mod S.

Suppose that F : mod R → mod S and G : mod S → mod R are additive
functors. To describe when mod R and mod S are the “same” it transpires that
requiring G F = 1mod R and FG = 1mod S is too stringent a condition. A much
better choice is to insist only that

G F ≈ 1mod R and FG ≈ 1mod S.

In this case we say that mod R and mod S are additively equivalent categories,
F and G are equivalence inverses of each other, and the rings R and S are
called Morita equivalent. The Morita equivalence theorem characterizes when
this happens.

A functor F : mod R → mod S is called full (respectively faithful) if the in-
duced Z-morphism F : hom R(X, Y ) → homS(F X, FY ) is onto (respectively
one-to-one) for every pair of modules X R and YR . The following basic results
will be needed.

Lemma A.1. Let F : mod R → mod S and G : mod S → mod R be additive
functors with G F ≈ 1mod R . Then F is faithful and G is full.

Proof. Let σ : G F → 1mod R be a natural isomorphism, so that σX : G F X →
X is an R-isomorphism for each X R . Hence, given YR we obtain a map θ :
hom R(G F X, G FY ) → hom R(X, Y ) given by θ (λ) = σY ◦ λ ◦ σ−1

X . Then θ is
a bijection (whose inverse is α 
→ σ−1

Y ◦ α ◦ σX ). Now, regarding F and G as
Z-morphisms, we have

hom R(X, Y )
F→ homS(F X, FY )

G→ hom R(G F X, G FY )
θ→ hom R(X, Y ).
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The composite of these maps carries α to θ (G Fα) = σY (G Fα) σ−1
X = α

because the diagram is commutative (since σ is natural). Hence, the composite
θ ◦ G ◦ F is a Z-bijection, whence G ◦ F is a bijection. This means that F is

G F X
G Fα→ G FY

↓ σX ↓ σY

X
α→ Y

to-one and G is onto. �

Lemma A.2. Let F : mod R → mod S be an additive equivalence. If α ∈
hom R(X, Y ) then α is monic (epic) if and only if the same is true of F(α).

Proof. Let G be an equivalence inverse of F, and let σ : G F → 1mod R be a
natural isomorphism. We use the fact that α : X → Y is monic if and only if
α ◦ β = 0 in mod R implies β = 0. So if α is monic, suppose F(α) ◦ λ = 0
in mod S. Then G F(α) ◦ G(λ) = 0, that is, [σ−1

Y ◦ α ◦ σX ] ◦ G(λ) = 0. It
follows that α ◦ [σX ◦ G(λ)] = 0, whence σX ◦ G(λ) = 0 because α is monic.
Hence G(λ) = 0, so λ = 0 because G is faithful (and full) by Lemma A.1. This
proves that F(α) is monic. Conversely, if F(α) is monic and α ◦ β = 0 then
F(α) ◦ G(β) = 0, so G(β) = 0. Hence β = 0 because G is faithfull, proving
that α is monic. The epic proof is analogous. �

Let F : mod R → mod S and G : mod S → mod R be mutually in-
verse additive equivalences with natural isomorphisms σ : G F → 1mod R

and τ : FG → 1mod S. Given X R we have G F X
σX→ X, so applying F yields

FG F X
F(σX )→ F X. But we also have FG F X

τF X→ F X, and the question arises
whether F(σX ) = τF X holds. Similarly, one asks if G(τM ) = σG M for all MS,

and it turns out that these conditions can always be arranged. More precisely, in
addition to characterizing additive equivalences, the next theorem shows that
if F : mod R → mod S is any additive equivalence then G, σ , and τ can be
chosen so that

F(σX ) = τF X for all X R and G(τM ) = σG M for all MS.

When this is the case, we say that F and G are compatible.

Theorem A.3. An additive functor F : mod R → mod S is an equivalence if
and only if it satisfies the following two conditions:

(1) F is full and faithful.
(2) Each S-module is isomorphic to F X for some R-module X R .

In this case F has a compatible equivalence inverse G : mod S → mod R.
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Proof. If F is an additive equivalence, it is full and faithful by Lemma A.1. If
G is any equivalence inverse of F, then M ∼= FG M for each MS via the natural
isomorphism FG → 1mod S, proving (2). Conversely, assume that (1) and (2)
hold. Given any module MS, use (2) to choose an R-module (which we call G M)
and an R-isomorphism τM : FG M → M. Given an S-morphism λ : M → N ,

this gives τ−1
N ◦ λ ◦ τM ∈ hom[FG M, FG N ] so, by (1), there exists a unique

R-morphism G(λ) : G M → G N such that F[G(λ)] = τ−1
N ◦ λ ◦ τM ; that

is, the diagram is commutative. Hence to show that τ : FG → 1mod S is a

FG M
F(Gλ)→ FG N

↓ τM ↓ τN

M
λ→ N

natural isomorphism, it remains to show that G is an additive functor. We have

G(1M ) = 1G M because F(1M ) = τ−1
M ◦ 1M ◦ τM . Next, given M

λ→ N
μ→ K

in mod S, the composite (Gμ) ◦ (Gλ) satisfies

F[(Gμ) ◦ (Gλ)] = FGμ ◦ FGλ = (τ−1
K ◦ μ ◦ τN ) ◦ (τ−1

N ◦ λ ◦ τM )
= τ−1

K ◦ (μλ) ◦ τM .

Since G(μλ) is the unique R-morphism with this property, it follows that (Gμ)◦
(Gλ) = G(μλ), A similar argument establishes that G(μ+λ) = G(μ)+G(λ),
so G is an additive functor.

Next, for each X R we have an S-isomorphism τF X : FG(F X ) → F X ,
so, again by (1), there is a unique R-morphism σX : G F X → X such that
F(σX ) = τF X . Moreover, σX is an isomorphism (the inverse being the map
σ ′ : X → G F X such that F(σ ′) = τ−1

F X ). Hence to show that σ : G F → 1mod R

is a natural isomorphism, it remains to verify that the second diagram commutes

G F X
G F(α)→ G FY

↓ σX ↓ σY

X
α→ Y

for all R-morphisms α : X → Y ; that is, α ◦ σX = σY ◦ G F(α). Since F is
faithful it suffices to show that F(α) ◦ F(σX ) = F(σY ) ◦ FG F(α). But the
commutativity of the first diagram [with λ = F(α), M = F X , and N = FY ]
gives

F(α) ◦ F(σX ) = F(α) ◦ τF X = τFY ◦ FG F(α) = F(σY ) ◦ FG F(α),

as required.
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Finally, our choice of σ guarantees F(σX ) = τF X for each X R . To see
that G(τM ) = σG M for each MS, it suffices (since F is faithful) to show that
F[G(τM )] = F(σG M ). But F(σG M ) = τFG M by the definition of σ, and τFG M =
FG(τM ) comes from the first diagram (replacing λ by τM , M by FG M , and
N by M, and noting that τM is an isomorphism). �

A.2. Morita Invariants

Let p be a property of modules that is preserved by isomorphisms. Then p

is called a Morita invariant if, for every additive equivalence F : mod R →
mod S, F X has p whenever X has p. Note that if F X has p then X has p because
G F X ∼= X for any equivalence inverse G of F. Thus p is a Morita invariant
means that X has p if and only if F X has p. Here is a proof that “injective” and
“projective” are Morita invariants.

Proposition A.4. Let F : mod R → mod S be an additive equivalence. If X R

and YR are modules, then X is Y -injective (Y -projective) if and only if F X
is FY -injective (FY -projective). In particular, “injective” and “projective” are
Morita invariants.

Proof. We prove the injective part; the projective result is analogous. Let G be
an equivalence inverse of F with natural isomorphisms σ : G F → 1mod R and
τ : FG → 1mod S. Given λ and μ in mod S with λ monic as in the first diagram,
we must find an S-morphism γ : FY → F X such that μ = γ ◦ λ. Apply G to

MS
λ→ FY

↓ μ ↙ γ

F X

obtain the second diagram, where G(λ) is monic by Lemma A.2. By hypothesis
there exists α : Y → X such that α ◦ σY ◦ G(λ) = σX ◦ G(μ). We claim that

G M
G(λ)→ G FY

σY→ Y
↓ G(μ)

G F X
↓ σX

X

γ = F(α) satisfies μ = F(α) ◦ λ. As G is faithful, it suffices to show that
G(μ) = G F(α) ◦ G(λ). However, G F(α) = σ−1

X ◦α ◦σY because σ is natural,
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so this requirement reads G(μ) = σ−1
X ◦ α ◦ σY ◦ G(λ). But this is the defining

property of α. Finally, the last sentence follows because every S-module has
the form F X for some R-module X (Theorem A.3). �

We now give two technical results that describe the close relationship be-
tween the modules X R and (F X )S, where F : mod R → mod S is an additive
equivalence. The first result is concerned with exact sequences. We say that the
sequence Z

α→ X
β→ Y of R-morphisms is exact at X if im(α) = ker (β),

and any sequence of modules is called exact if it is exact at every “interior”
module. Thus X

β→ Y is monic if and only if 0 → X
β→ Y is exact, and β is

epic if and only if X
β→ Y → 0 is exact. The following result contains the key

observation.

Proposition A.5. Let F : mod R → mod S be an additive equivalence. Then
a sequence 0 → Z

α→ X
β→ Y in mod R is exact if and only if the sequence

0 → F Z
F(α)→ F X

F(β)→ FY is exact in mod S.

Proof. Let G : mod S → mod R be a compatible equivalence inverse of F
with natural isomorphisms σ : G F → 1mod R and τ : FG → 1mod S. It is only
necessary to prove the forward implication because either row in the following
commutative diagram is exact if and only if the other row is exact. Hence assume

0 → G F Z
G F(α)→ G F X

G F(β)→ G FY
σZ ↓ σX ↓ σY ↓

0 → Z
α→ X

β→ Y

that 0 → Z
α→ X

β→ Y is exact; we must show that the sequence 0 →
F Z

F(α)→ F X
F(β)→ FY is also exact. First, F(α) is monic by Lemma A.2. Next,

im[F(α)] ⊆ ker [F(β)] because F(β) ◦ F(α) = F(β ◦ α) = F(0) = 0. So
if we write K = ker [F(β)], it remains to show that K ⊆ im[F(α)]. Let
iK : K → F X be the inclusion.

Claim. β ◦ σX ◦ G(iK ) = 0.

Proof. As F is faithful, it suffices to verify that F(β) ◦ F(σX ) ◦ FG(iK ) = 0.

FG K
FG(iK )→ FG F X

↓ τK ↓ τF X

K
iK→ F X
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Now F(σX ) ◦ FG(iK ) = τF X ◦ FG(iK ) = iK ◦ τK by compatibility and the
diagram. It follows that F(β)◦ F(σX )◦ FG(iK ) = F(β)◦ iK ◦τK = 0◦τK = 0
because K = ker{F(β)}, proving the Claim.

For convenience, write δ = σX ◦ G(iK ). Then im(δ) ⊆ ker (β) by the Claim,
so im(δ) ⊆ im(α) by hypothesis. Since α is monic, γ : G(K ) → Z is well
defined as follows: If w ∈ G(K ) then δ(w) = α(z) for a unique element z ∈ Z ,

G(K )
δ→ X

↓ γ ↗ α

Z

so take γ (w) = z. Then δ = α ◦ γ, so F(δ) = F(α) ◦ F(γ ) and it follows
that im[F(δ)] ⊆ im[F(α)]. Hence it remains to show that im[F(δ)] = K . But
F(δ) = F(σX ) ◦ FG(iK ) = τF X ◦ FG(iK ) = iK ◦ τK by the first diagram, so
im[F(δ)] = im{iK ◦ τK } = im{iK } = K , as required. �

An exact sequence of the form 0 → Z
α→ X

β→ Y → 0 is called a short exact
sequence, and it is said to split if any of the following equivalent conditions are
satisfied:

(1) There exists β ′ : Y → X such that β ◦ β ′ = 1Y .

(2) im(α) = ker (β) is a direct summand of X.

(3) There exists α′ : X → Z such that α′ ◦ α = 1Z .

These concepts are very useful in classifying rings, so the following result is of
interest.

Theorem A.6. Let F : mod R → mod S be an additive equivalence. Then a
sequence 0 → Z

α→ X
β→ Y → 0 in mod R is exact (split) in mod R if and

only if 0 → F Z
F(α)→ F X

F(β)→ FY → 0 has the same property in mod S.

Proof. Let σ : G F → 1mod R and τ : FG → 1mod S be natural equivalences.
Assume first that 0 → Z

α→ X
β→ Y → 0 is exact. Then 0 → F Z

F(α)→
F X

F(β)→ FY is exact at F X by Proposition A.5, and F(β) is epic by Lemma
A.2. Hence 0 → F Z

F(α)→ F X
F(β)→ FY → 0 is exact. Conversely, if this

sequence is exact, then 0 → Z
α→ X

β→ Y is exact by Proposition A.5, and
β = σY ◦ G F(β) ◦ σ−1

X is epic, again by Lemma A.2.
If 0 → Z

α→ X
β→ Y → 0 is split then the conditions preceding this

theorem show that 0 → F Z
F(α)→ F X

F(β)→ FY → 0 is also split. Conversely,
if λ : FY → F X satisfies F(β) ◦ λ = 1FY , applying G gives 1G FY =
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G F(β)◦ G(λ) = (σ−1
Y ◦β ◦σX )◦ G(λ), and it follows that σY = β ◦σX ◦ G(λ).

Hence β ◦ β ′ = 1Y with β ′ = σX ◦ G(λ) ◦ σ−1
Y . �

The second technical result concerns the lattice latR(X ) of submodules of
X R and the corresponding lattice for (F X )S.

Proposition A.7. Let F : mod R → mod S be an additive equivalence, and let
X R denote a module. Then �X : latR(X ) → latS(F X ) is a lattice isomorphism,
where we define

�X (K ) = im{F(iK )} for all K ⊆ X with inclusion K
iK→ X.

Proof. Let G : mod S → mod R be a compatible equivalence inverse of F with
natural isomorphisms σ : G F → 1mod R and τ : FG → 1mod S. If N ⊆ F X,

define ϒ : latS(F X ) → latR(X ) by

ϒ(N ) = im[σX ◦ G( jN )] for all N ⊆ F X with inclusion N
jN→ F X.

We show that ϒ is the inverse of �X and that �X and ϒ preserve inclusions.
If K ⊆ X write N = im[F(iK )] = �X (K ) ⊆ F X, and for convenience let

φ : F(K ) → N denote the map F(iK ) with codomain restricted to N . Then φ

is an isomorphism [F(iK ) is one-to-one] and F(iK ) = jN ◦ φ. Hence G(φ) is
also an isomorphism, so

ϒ�(K ) = ϒ(N ) = im[σX ◦ G( jN )] = im[σX ◦ G( jN ) ◦ G(φ)]

= im[σX ◦ G F(iK )] = im(iK ◦ σK ) = im(iK ) = K ,

where we used the fact that σ is natural.
Similarly, starting with N ⊆ F X write K = ϒ(N ) = im[σX ◦G( jN )]. Since

G( jN ) is monic, it follows that σX ◦ G( jN ) : G N → K is an isomorphism,
which we call δ : G N → K , and which makes the diagram commutative. Then

G N
G( jN )→ G F X

↓ δ ↓ σX

K
iK→ X

F(δ) is also an isomorphism and, since F(σX ) = τF X by compatibility, we have

�Xϒ(N ) = �X (K ) = im[F(iK )] = im[F(iK ) ◦ F(δ)]

= im[F(iK ◦ δ)] = im[F(σX ◦ G( jN )]

= im[τF X ◦ FG( jN )] = im( jN ◦ τN ) = im( jN ) = N .

Hence � is a bijection and �−1 = ϒ.
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To see that �X preserves inclusions let K1 ⊆ K ⊆ X and let ν : K1 → K
be the inclusion. Then iK1 = iK ◦ ν, so

�X (K1) = im{F(iK1 )} = im{F(iK ) ◦ F(ν)} ⊆ im{F(iK )} = �X (K ),

as required. Similarly, if N1 ⊆ N ⊆ F X and λ : N1 → N is the inclusion,
then jN1 = jN ◦ λ, so G( jN1 ) = G( jN ) ◦ G(λ). It follows in the same way that
ϒ(N1) ⊆ ϒ(N ), so ϒ preserves inclusions. �

Corollary A.8. Each of the following properties is a Morita invariant:

simple, semisimple,
Indecomposable, uniform,
artinian, noetherian,
composition length n, finite dimensional,
finitely generated, finitely cogenerated.

Proof. Only the last two properties are not clearly determined by lat(X ). But
X is finitely generated if and only if X = �i∈I Xi implies that X = �i∈J Xi

for a finite subset J ⊆ I ; and X is finitely cogenerated if and only if it has a
finitely generated essential socle. �

Propositions A.5 and A.7 combine to give more information. If �X is the
lattice isomorphism in Proposition A.7, the next result asserts that �X preserves
kernels and (to some extent) images.

Proposition A.9. Let F : mod R → mod S be an additive equivalence. If
α : X → Y is an R-morphism then the following hold:

(1) ker [F(α)] = �X [ker (α)].
(2) If α is monic, im[F(α)] = �Y [im(α)].

Proof. Write K = ker (α) and U = im(α). The sequence 0 → K
iK→ X

α→
U → 0 is exact, so 0 → F K

F(iK )→ F X
F(α)→ FU → 0 is also exact by Theorem

A.6. Hence ker [F(α)] = im[F(iK )] = �X (K ), proving (1). Now consider
0 → U

iU→ Y
θ→ Y/U → 0, where θ is the coset map. Applying F and

Theorem A.6, we obtain ker [F(θ )] = im[F(iU )] = �Y (U ). However, we have

0 → X
α→ Y

θ→ Y/U → 0, so ker [F(θ)] = im[F(α)]. This proves (2). �

Proposition A.10. Let F : mod R → mod S be an additive equivalence. If
α : X → Y has essential image (small kernel) the same is true of F(α) :
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F X → FY. In particular, if α : X → Y is an injective hull (projective cover),
so also is F(α) : F X → FY.

Proof. Let 0 → X
σ→ Y be an injective hull in mod R (that is, Y is injective

and im(σ ) ⊆ess Y ). Then 0 → F X
F(σ )→ FY is exact by Lemma A.2, FY is

injective by Proposition A.4, and so it remains to show that im[F(σ )] ⊆ess FY.

We have im[F(σ )] = �Y [im(σ )] by Proposition A.9, where � : latR(Y ) →
latS(FY ) is as in Proposition A.7. If �Y [im(σ )] + M = FY, MS ⊆ FY, then
M = �Y (Z ) for some Z ⊆ Y, again by Lemma A.7. Since �Y is a lattice
isomorphism,

�Y [Y ] = FY = �Y [im(σ )] + �Y (Z ) = �Y [im(σ ) + Z ],

so Y = im(σ ) + Z because �Y is one-to-one. Hence Z = Y by hypothesis,
so M = �Y (Z ) = FY. This proves that im[F(σ )] ⊆ess FY. The proof for
projective covers is analogous. �

There is clearly more that can be said about Morita invariants, but these
results should provide the reader with the means to verify specific cases.

A.3. Tensor Products

If R is a ring, VR and R W are modules, and A is a Z-module, a function
π : V × W → A is called a product if it preserves addition in each variable
and is balanced (or middle associative) in the sense that π (vr, w) = π(v, rw)
for all r ∈ R, v ∈ V , and w ∈ W.

Lemma A.11. Given modules VR and R W there is a special product τ :
V × W → V ⊗R W that is uniquely determined by the following universal
property: Given any product λ : V ×W → A there exists a uniquely determined

V × W
τ→ V ⊗R W

λ ↘ ↓ α

A

Z-morphism α : V ⊗R W → A such that λ = α ◦ τ.

Proof. Let F be the free Z-module on the set V ×W with basis { f(v,w) | (v,w) ∈
V × W }, and let K be the submodule of F generated by all elements of the
form f(v+v′,w) − f(v,w) − f(v′,w), f(v,w+w′) − f(v,w) − f(v,w′), and f(vr,w) − f(v,rw).
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Then write V ⊗R W = F/K and define τ : V × W → V ⊗R W by τ (v, w) =
f(v,w) + K . The routine details of the proof are left to the reader. �

The product τ : V × W → V ⊗R W in Lemma A.11 is called the tensor
product of V and W. By the universal property, τ is uniquely determined by V
and W in the following sense: If τ ′ : V × W → T is any other product as in
Lemma A.11, there exists a unique isomorphism σ : V ⊗R W → T such that
τ ′ = σ ◦ τ.

We write π (v, w) = v ⊗ w for all v ∈ V and w ∈ W. Note that the group
V ⊗ W is generated (as a Z-module) by the “tensors” v ⊗ w, v ∈ V, w ∈ W.

It is a common abuse of notation to use the term “tensor product” for the group
V ⊗ W itself.

The universal property in Lemma A.11 is the main tool for proving results
about the tensor product. Here is a typical example of how it is used.

Proposition A.12. If V = S VR and W = R WT are bimodules, then the tensor
product V ⊗R W is an (S, T )-bimodule via the actions

s(v ⊗ w) = sv ⊗ w and (v ⊗ w)t = v ⊗ wt

for all s ∈ S, t ∈ T, v ∈ V , and w ∈ W.

Proof. Given s ∈ S, the map V × W → V ⊗R W given by (v,w) 
→ sv ⊗ w

is balanced and so induces a Z-morphism V ⊗R W → V ⊗R W satisfying
v ⊗ w 
→ sv ⊗ w. This is clearly an S-action on V ⊗R W. Similarly, v ⊗ w 
→
v ⊗ wt for t ∈ T is a T -action, and the bimodule condition s(xt) = (sx)t is
clearly satisfied for all x = �ivi ⊗ wi in V ⊗R W. �

Our main reason for introducing the tensor product is that it provides functors
on module categories. For example, if R VS is a bimodule and X R is given, then
F(X ) = X ⊗R V is a right S-module by Proposition A.12, and F becomes
a functor mod R → mod S with an appropriate action on R-morphisms. This
action is supplied by the next result.

Proposition A.13. Let α : X R → X ′
R and β : R V → R V ′ be R-morphisms.

Then there exists a Z-morphism

α ⊗ β : X ⊗R V → X ′ ⊗R V ′ given by (α ⊗ β)(x ⊗ v) = α(x) ⊗ β(v).
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Moreover, the following statements hold:

(1) 1X ⊗ 1V = 1X⊗R V .

(2) If V = R VS and V ′ = R V ′
S then α ⊗ β is S-linear.

(3) If X = Q X R and X ′ = Q X ′
R then α ⊗ β is Q-linear.

(4) (α′ ⊗ β ′) ◦ (α ⊗ β) = (α′ ◦ α) ⊗ (β ′ ◦ β), where α′ : X ′
R → X ′′

R and
β ′ : R V ′ → R V ′′.

Proof. The map X × V → X ′ ⊗R V ′ with (x, v) 
→ α(x) ⊗ β(v) is balanced
because α and β are R-linear, so the Z-morphism α ⊗ β exists. The rest of the
properties are routine verifications. �

Now suppose that R VS is a bimodule and we write F X = X ⊗R V for all
X R . If X R

α→ YR is R-linear then α ⊗ 1V : F X → FY is S-linear; if we write
F(α) = α ⊗ 1V , this defines an additive functor F : mod R → mod S. We
denote this functor F by F = ( ) ⊗R V ; it will be used later in our discussion
of equivalence of module categories.

The tensor product is “associative” in the sense that V ⊗S (W ⊗T U ) and
(V ⊗S W )⊗T U are naturally isomorphic via v⊗ (w⊗u) ←→ (v⊗w)⊗u. To
prove this we introduce a more general construction that will be used in other
ways later. Given rings R0, R1, . . . , Rm, consider V1, V2, . . . , Vm , where Vi is
an (Ri−1, Ri )-bimodule for each i. If A is a Z-module, a map λ : V1 × V2 ×
· · · × Vm → A is said to be balanced if it preserves addition in each variable
and is middle associative at each location. As in the proof of Lemma A.11 there
exists a general tensor product

τ : V1 × V2 × · · · × Vm → V1 ⊗R1 V2 ⊗R2 · · · ⊗Rm−2 Vm−1 ⊗Rm−1 Vm .

Again the “tensors” v1 ⊗v2 ⊗· · ·⊗vm = τ (v1, v2, . . . , vm) generate V1 ⊗ V2 ⊗
· · ·⊗ Vm as a Z-module, and the general tensor product is uniquely determined
by the following universal property.

Lemma A.14. If A is a Z-module and λ : V1 ×V2 ×· · ·×Vm → A is balanced,
there exists a unique Z-linear map α : V1 ⊗ V2 ⊗ · · · ⊗ Vm → A such that
α(v1 ⊗ v2 ⊗ · · · ⊗ vm) = λ(v1, v2, . . . , vm) for all vi .

Our first use of the general tensor product is the following proof of associa-
tivity.
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Proposition A.15. Given bimodules R VS, S WT , and T UQ, we have (R, Q)-
bimodule isomorphisms

V ⊗S (W ⊗T U ) → V ⊗S W ⊗T U,

(V ⊗S W ) ⊗T U → V ⊗S W ⊗T U

given by v⊗ (w⊗u) 
→ v⊗w⊗u and (v⊗w)⊗u 
→ v⊗w⊗u, respectively.

Proof. If v ∈ V is fixed, the balanced map W × U → V ⊗S W ⊗T U with
(w, u) 
→ v ⊗ w ⊗ u induces a Z-linear map πv : W ⊗T U → V ⊗S W ⊗T U ,
where πv(w ⊗ u) = v⊗w⊗u. But then the map V ×(W ⊗T U ) → V ⊗S W ⊗T U
with (v, x) 
→ πv(x) is also balanced and so induces θ : V ⊗S (W ⊗T U ) →
V ⊗S W ⊗T U with θ[v ⊗ (w ⊗ u)] = v ⊗ w ⊗ u. However, the balanced map
V × W × U → V ⊗S (W ⊗T U ) with (v, w, u) 
→ v ⊗ (w ⊗ u) induces a Z-
morphism φ : V ⊗S W⊗T U → V ⊗S(W⊗T U ) with φ(v⊗w⊗u) = v⊗(w⊗u).
Since θ ◦ φ and φ ◦ θ fix the corresponding generators, it follows that θ and φ

are mutually inverse Z-morphisms. Hence θ is a Z-isomorphism; it is routine
to verify that it is a bimodule map. The other isomorphism is analogous. �

A.4. Morita Contexts

The discussion of Morita equivalence is simplified by a notion introduced by
Bass [17]. If R and S are rings, a Morita context for R and S is a 4-tuple

[ R V
W S

]
,

where R VS and S WR are bimodules and there exist context products

V × W → R and W × V → S,

written multiplicatively as (v, w) 
−→ vw and (w, v) 
−→ wv, and such that
the following conditions hold for all generic values of the variables:

(1) Each product preserves addition in each variable.
(2) (vs)w = v(sw), (wr )v = w(rv).
(3) r (vw) = (rv)w, (vw)r = v(wr ).
(4) s(wv) = (sw)v, (wv)s = w(vs).
(5) v(wv′) = (vw)v′, (wv)w′ = w(vw′).

The truth of all these requirements is equivalent to insisting that
[ R V

W S

]
is an

associative ring with the obvious matrix operations. The product

V W = {�n
i=1viwi | vi ∈ V, wi ∈ W, n ≥ 1}

is an ideal of R, called the trace ideal of the context in R. Similarly, we have
the trace ideal W V in S
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Here are some examples of Morita contexts:
[ R eR

Re eRe

]
is a Morita context,

where e2 = e ∈ R and we use the multiplication of R. Another example is[ R Rn

Rn Mn (R)

]
, where Rn and Rn denote the row and column matrices respectively,

Mn(R) is the ring of n × n matrices over R, and we use matrix multiplication.
As a final example, let VS be a module and denote the dual module S V ∗ =

homS(VS, S). Here the left S-action on V ∗ is given by (sλ)(v) = sλ(v) for all
λ ∈ V ∗, s ∈ S, and v ∈ V . If we write E = end(VS) then we have bimodules

E VS and S V ∗
E , and we obtain the standard Morita context

[ E V
V ∗ S

]
, where the

products V ∗V ⊆ S and V V ∗ ⊆ E are defined in the obvious way.
Recall that two rings R and S are called Morita equivalent if there is an

additive equivalence F : mod R → mod S. We are going to prove that this
happens if and only if there exists a Morita context

[ R V
W S

]
such that V W = R

and W V = S. To this end some preliminary lemmas are needed. The first
two are of independent interest and separate the conditions V W = R and
W V = S.

Lemma A.16. The following conditions are equivalent for a module MS �= 0
with endomorphism ring E :

(1) M is finitely generated and projective.
(2) There exist λ1, λ2, . . . , λn in M∗ and m1, m2, . . . , mn in M such that m =

�n
i=1miλi (m) for every m ∈ M.

(3) In the standard Morita context
[ E M

M∗ S

]
we have M M∗ = E .

(4) There exists a Morita context
[ R M

W S

]
such that MW = R.

Proof. (1)⇒(2). If M is finitely generated and projective, we may assume that
M ⊕ K = F , where FR is free on basis { f1, . . . , fn}. Define πi : F → R by
πi (�n

j=1 f j r j ) = ri , and write fi = mi + ki . Then (2) follows where λi is the
restriction of πi to M.

(2)⇒(3). We have 1E = �n
i=1miλi ∈ M M∗ by (2).

(3)⇒(4). This is clear.
(4)⇒(1). Given (4), write 1R = �n

i=1miwi in MW. Then λi = wi · is in
M∗ and �n

i=1mi λi (m) = �n
i=1mi (wi m) = (�n

i=1miwi )m = m for all m ∈ M.

It follows that M = �n
i=1mi S, and it remains to show that M is projective.

Hence let α and β be as in the diagram with α epic. For each i , write β(mi ) =
α(ni ), ni ∈ N , and define γ : M → N by γ (m) = �n

i=1niλi (m). Then it is a

M
γ ↙ ↓ β

N
α→ K
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routine matter to verify that α ◦ γ = β. This shows that M is projective and so
completes the proof of (1). �

The system {λi , mi | 1 ≤ i ≤ n} in (2) of Lemma A.16 is called a dual basis
of the module M.

If in (3) of Lemma A.16 we require instead that M∗M = S, we obtain a
characterization of the generators in mod S. Recall that a module MS is called
a generator if every right S-module is an image of a direct sum of copies
of M.

Lemma A.17. The following conditions are equivalent for a module MS �= 0
with endomorphism ring E :

(1) M is a generator for mod S.

(2) The ring S is a direct summand of Mn for some n ≥ 1.

(3) If 0 �= α : NS → KS then α ◦ λ �= 0 for some λ : MS → NS.

(4) S = �n
i=1λi (M) for some λi ∈ M∗.

(5) In the standard Morita context
[ E M

M∗ S

]
we have M∗M = S.

(6) There exists a Morita context
[ R M

W S

]
such that W M = S.

Proof. (1)⇒(2). Given (1), there is a epimorphism M (I ) → S that splits because
SS is projective. Hence S embeds in M (I ) and hence in Mn (being finitely
generated).

(2)⇒(3). If Mn = S ⊕ W and α(n) �= 0, n ∈ N , define γ : Mn → N by
γ (s + w) = ns. Then γ (n) �= 0, so γ ◦ σi �= 0 for some canonical inclusion
σi : M → Mn, and so take λ = γ ◦ σi .

(3)⇒(4). Let T = �λ∈M∗λ(M) and let α : S → S/T be the coset map. Then
α ◦ λ = 0 for every λ ∈ M∗, so α = 0 by (3). Hence T = S, and (4) follows.

(4)⇒(5)⇒(6). These are clear.
(6)⇒(1). Given the situation in (6), let 1S = �n

i=1wi mi , where wi ∈ W and
mi ∈ M for each i. Since each wi · is in M∗, it follows that S is an image of
Mn. Now (1) follows because S generates mod S. �

The next result will be needed in the proof of Morita’s equivalence theorem
(Theorem A.20 in the next section).

Lemma A.18. If R and S are rings, write R ∼ S if there exists a Morita context[ R V
W S

]
such that V W = R and W V = S. Then ∼ is an equivalence relation

on the class of rings.
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Proof. It is reflexive because
[ R R

R R

]
is a context, and symmetric because,

if
[ R V

W S

]
is a context, so also is

[ S W
V R

]
with the same context products.

As to transitivity, let the context
[ R V

W S

]
satisfy V W = R and W V = S,

and let
[ S P

Q T

]
satisfy P Q = S and Q P = T . Write R XT = V ⊗S P and T YR =

Q⊗S W ; we construct a context
[ R X

Y T

]
by defining appropriate context products.

The map V × P × Q × W → R given by (v, p, q, w) 
→ v(pq)w is balanced
and so induces an (R, R)-bimodule map V ⊗ P ⊗ Q ⊗ W → R. But X ⊗ Y ∼=
V ⊗P⊗Q⊗W, so this induces a product X×Y → R such that (v⊗p)(q⊗w) =
v(pq)w. It is a routine verification that the context axioms are satisfied. For
example,

[(v ⊗ p)(q ⊗ w)](v′ ⊗ p′) = v(pq) ⊗ (wv′)p′ = (v ⊗ p)[(q ⊗ w)(v′ ⊗ p′)].

So it remains to show that XY = R and Y X = T . Since V W = R and P Q = S,

write 1R = �n
i=1viwi and 1S = �m

j=1 p j q j . Then

1R = �i [vi (� j p j q j )wi ] = �i [� jvi (p j q j )wi ]

= �i� j (vi ⊗ p j )(q j ⊗ wi ) ∈ XY.

Hence XY = R, and Y X = T follows in the same way. Hence R ∼ T, as
required. �

A.5. Morita Equivalence

We can now prove our main theorem, which characterizes when the categories
mod R and mod S of right modules are equivalent. This is one of the most useful
results in the theory of associative rings. We need one more lemma, namely,
that being a generator is a Morita invariant.

Lemma A.19. Let F : mod R → mod S be an additive equivalence. If X is a
generator in mod R, then F X is a generator in mod S.

Proof. Let G : mod S → mod R be an equivalence inverse for F, and let
τ : FG → 1mod S be a natural isomorphsm. By Lemma A.17, if 0 �= λ : NS →
KS we must show that λ ◦ μ �= 0 for some μ : F X → N . Now we have
G(λ) : G N → G K and G(λ) �= 0 because G is faithful so, by hypothesis,
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F X
F(α)→ FG N

FG(λ)→ FG K
↓ τN ↓ τK

N
λ→ K

let α : X → G N satisfy G(λ) ◦ α �= 0. Then, using the diagram, we obtain

λ ◦ [τN ◦ F(α)] = [τK ◦ FG(λ)] ◦ F(α) = τK ◦ F[G(λ) ◦ α] �= 0

because F is faithful. Hence use μ = τN ◦ F(α). �

Rings R and S are called Morita equivalent if mod R and mod S are additively
equivalent categories, and it comes as a surprise that there are pure ring-theoretic
conditions that this happens. Recall that we write R ∼ S if there exists a Morita
context

[ R V
W S

]
such that V W = R and W V = S. For convenience, a module

P is called a progenerator if it is a finitely generated, projective generator, and
an idempotent e in a ring R is called full if ReR = R.

Theorem A.20 (Morita’s Equivalence Theorem). The following conditions
are equivalent for rings R and S:

(1) There exists an integer n ≥ 1 and a full idempotent e ∈ Mn(R) such that
S ∼= e Mn(R) e.

(2) There exists a Morita context
[ R V

W S

]
with V W = R and W V = S.

(3) mod R and mod S are additively equivalent categories.
(4) There exists a progenerator VS such that R ∼= end(VS).
(5) Rmod and Smod are additively equivalent categories.
(6) There exists a progenerator R W such that S ∼= end(R W ).

Proof. By the symmetry in (1) and (2), it suffices to prove the equivalence of
(1), (2), (3), and (4).

(1)⇒(2). Write E = Mn(R). The context
[ R Rn

Rn E

]
shows that R ∼ E, and[ E Ee

eE eEe

]
shows that E ∼ eEe ∼= S because e is full in E . Hence R ∼ S by

Lemma A.18.
(2)⇒(3). Given a Morita context as in (2), define F : mod R → mod S and

G : mod S → mod R as follows: Take F(X R) = X⊗R V and G(MS) = M⊗S W
and, given α : X R → YR and β : MS → NS, set F(α) = α ⊗ 1V : F X →
FY and G(β) = β ⊗ 1W : G M → G N . Then F and G are functors and we
have G F X = X ⊗R V ⊗S W and G F M = M ⊗S W ⊗R V .

Since the map X × V × W → X with (x, v, w) 
→ x(vw) is balanced, we
obtain an R-morphism σX : G F X = X ⊗R V ⊗S W → X , where σX (x ⊗ v ⊗
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w) = x(vw). Given α : X R → YR, the diagram is commutative for each X R

because [α ◦ σX ](x ⊗ v ⊗ w) = α[x(vw)] = [σY ◦ G F(α)](x ⊗ v ⊗ w) for all
x ⊗ v ⊗ w. Thus σ : G F → 1mod R is a natural transformation. Furthermore,
each σX is epic because σX (G F X ) = X (V W ) = X R = X. Finally, to see that

G F X
G F(α)→ G FY

↓ σX ↓ σY

X
α→ Y

σX is monic, let 1R = �k
i=1viwi . If σX (z) = 0, z ∈ G F X, write z = �m

j=1x j ⊗
v′

j ⊗ w′
j . Then �m

i=1x j (v′
jw

′
j ) = σX (z) = 0, so we compute

z = z1R = �m
j=1x j ⊗ v′

j ⊗ (w′
j 1R)

= �m
j=1x j ⊗ v′

j ⊗ [�k
i=1(w′

jvi )wi ]

= �m
j=1�

k
i=1x j ⊗ [v′

j (w
′
jvi )] ⊗ wi

= �m
j=1�

k
i=1x j (v′

jw
′
j ) ⊗ vi ⊗ wi

= [�m
j=1x j (v′

jw
′
j )] ⊗ [�k

i=1vi ⊗ wi ]

= 0 ⊗ [�k
i=1vi ⊗ wi ] = 0.

Hence σX is monic, and so σ is a natural isomorphism. Similarly, we obtain
a natural isomorphism τ : FG → 1mod S , where, for each MS, we define
τM : FG M = M ⊗S W ⊗R V → M by τM (m ⊗ w ⊗ v) = m(wv).

(3)⇒(4). Let F : mod R → mod S and G : mod S → mod R be inverse
additive equivalences, and let σ : G F → 1mod R and τ : FG → 1mod S be
natural isomorphisms (which we may assume are compatible by Theorem A.3).
Define F(RR) = VS. Then VS is a finitely generated, projective generator in
mod S because RR has these properties (by Corollary A.8, Proposition A.4, and
Lemma A.19). So it remains to show that R ∼= end(VS).

If r ∈ R, we have r · : RR → RR, so F(r ·) : V → V is S-linear. Hence
we define θ : R → end(VS) by θ(r ) = F(r ·). This is a ring homomorphism
because F is an additive functor, and it is one-to-one because F(r ·) = 0 implies
r · = 0 (F is faithful) and so r = 0. Finally, we show that θ is onto. Given λ ∈
end(VS), we have F(R)

λ→ F(R), so applying G gives RR
σ−1

R→ G F(RR)
G(λ)→

G F(RR)
σR→ RR . Hence σR ◦ G(λ) ◦ σ−1

R = a· for some a ∈ R, and we claim

FGV
FG(λ)→ FGV

↓ τV ↓ τV

V
λ→ V
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that λ = F(a·) = θ (a). F(σR) = τF R = τV because F and G are compatible,
so the diagram gives

θ (a) = F(a·) = F(σR) ◦ FG(λ) ◦ F(σ−1
R ) = τV ◦ FG(λ) ◦ τ−1

V = λ.

This completes the proof of (4).
(4)⇒(1). Let VS be as in (4). Since VS is finitely generated and projective,

it is isomorphic to a direct summand of Sn for some n ≥ 1, where Sn consists
of columns. Hence identify V ⊆ Sn in such a way that V ⊕ V ′ = Sn. Then
end[(Sn)S] = Mn(R) using matrix multiplication, so let e2 = e ∈ E = Mn(R)
satisfy im(e) = V and ker (e) = V ′. Then R ∼= end(VS) ∼= eEe by hypothesis,
and it remains to show that EeE = E . This comes from the fact that VS is a
generator. Hence, by Lemma A.17, write 1S = �m

j=1λ jv j , where λ j : VS → S
and v j ∈ V for each j. Extend λ j to Sn → S by defining λ j (V ′) = 0. Then we
may assume that λ j is a row in Sn. Since V = eSn, it follows that 1S ∈ SneSn,

so E = SneSn. But then E = Sn Sn = Sn E Sn = Sn(SneSn)Sn = EeE, as
required. �

Remark 1. The tensor functors constructed in the proof of (2)⇒(3) are easily
verified to be compatible.

Remark 2. The progenerator VS constructed in the proof of (3)⇒(4) is in fact
an (R, S)-bimodule using the left R-action rv = F(r ·)(v) for all r ∈ R and
v ∈ V .

Although Morita equivalent rings need not be isomorphic, the next two corol-
laries exhibit some structural similarities.

Corollary A.21. Let R and S be Morita equivalent rings, and suppose that[ R V
W S

]
is a Morita context with V W = R and W V = S. Then the maps

A 
→ W AV and D 
→ V DW

are mutually inverse, product preserving, lattice isomorphisms between the
ideals A of R and the ideals of S. In particular, R is simple, semiprime, prime,
subdirectly irreducible, or has ACC or DCC on ideals, if and only if this holds
for S.

Proof. If A is an ideal of R then A 
→ W AV 
→ V (W AV )W = R AR = A.

Similarly, the other composite is the identity, so these maps are mutually inverse.
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They clearly preserve inclusions and so are lattice isomorphisms. Moreover,
(W AV )(W BV ) = W AR BV = W ABV for any ideals A and B of R, so
A 
→ W AV preserves products; the proof for the inverse is the same. Finally,
the last sentence follows because these ring properties are determined by the
lattice of two-sided ideals. �

Corollary A.22. If R and S are Morita equivalent rings, they have isomorphic
centers. In particular, commutative rings are Morita equivalent if and only if
they are isomorphic.

Proof. Let
[ R V

W S

]
be a Morita context with V W = R and W V = S. Write

cen(R) for the center of a ring R.

Claim 1. R ∼= end(VS) via r 
→ r ·.
Proof. VS is finitely generated and projective by Lemma A.16, and it is
a generator by Lemma A.17. The map r 
→ r · is clearly a ring homo-
morphism R → end(VS), and it is one-to-one because r V = 0 implies
r R = r V W = 0. Since V W = R write 1R = �k

i=1viwi . Given λ ∈ end(VS),
define r = �k

i=1λ(vi )wi . Then rv = �k
i=1λ(vi )(wiv) = λ[�k

i=1vi (wiv)] = λ(v)
for all v ∈ V, so λ = r ·. This proves Claim 1.

Claim 2. If b ∈ cen(S) there exists a unique rb ∈ cen(R) such that vb = rbv

for all v ∈ V .

Proof. Given b ∈ cen(S), we have ·b ∈ end(VS) so, by Claim 1, there exists a
unique rb ∈ R such that ·b = rb·; that is, vb = rbv for all v ∈ V . Moreover, if
r ∈ R, this gives

(rrb − rbr )v = r (rbv) − rb(rv) = r (vs) − (rv)s = 0

because R VS is a bimodule. Hence (rrb − rbr )R = (rrb − rbr )V W = 0, so
rrb = rbr ; that is, rb ∈ cen(R). This proves Claim 2.

Hence we have a map cen(S) → cen(R) given by b 
→ rb, and it is routine
to verify that this is a ring homomorphism. Similarly, we obtain a map a 
→ sa

from cen(R) to cen(S), where sa is uniquely determined by the condition that
av = vsa for all v ∈ V . These maps are mutually inverse. For example, if
b ∈ cen(S), we obtain b 
→ rb 
→ srb and vb = rbv = vsrb for all v ∈ V .

Hence b = srb because W V = S. This completes the proof. �
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Notes on Appendix A

The Morita equivalence theorem was proved in 1958 in a monumental pa-
per [148] by Morita on duality and equivalence for module categories. Our
treatment owes a great deal to the notes of Bass [17] where the simpli-
fying notion of a Morita context is introduced. To quote Bass, the theory
organizes a “formidable mélange of trivialities” and is “so overwhelmingly
complete that it permits a classification of all isomorphisms from Amod to
Bmod.”



B

Perfect, Semiperfect, and Semiregular Rings

The structure of a semisimple artinian ring is well known thanks to the
Wedderburn–Artin theorem. Moreover, if R is right artinian then J is nilpotent
and R/J is semisimple, so a major problem is to “lift” the structure of R/J to
R. This leads to lifting idempotents and hence to the notion of a semiperfect
ring. These rings are described in this section, together with a discussion of the
important subclass of right perfect rings. Finally, the situation where R/J is
regular is treated under the heading of semiregular rings. Each of these classes
of rings is used extensively throughout the book.

B.1. Semiperfect Rings

Semiperfect rings are perhaps the most useful generalization of the classical
artinian rings. We begin by describing the simplest examples.

Proposition B.1. The following conditions are equivalent for a ring R:

(1) R/J is a division ring.
(2) R − J consists of units.
(3) If a ∈ R then either a or 1 − a is a unit.
(4) R has a unique maximal right (respectively left) ideal.
(5) J is a maximal right (respectively left) ideal.

Proof. (1)⇒(2) because a is a unit in R whenever a + J is a unit in R/J,

(2)⇒(3)⇒(4)⇒(5) are clear, and (5)⇒(1) because a R = R whenever a /∈ J
by (5) because J ⊆sm RR . �

A ring R is called local if it satisfies the conditions in Proposition B.1, and
an idempotent e in R is called a local idempotent if eRe is a local ring. The
following result will be used repeatedly.

252
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Proposition B.2. The following are equivalent for e2 = e ∈ R:

(1) e is a local idempotent.
(2) eR has a unique maximal submodule.
(3) eJ is the unique maximal submodule of eR.

(4) eR/eJ is simple.

Proof. (1)⇒(2). Let M ⊆max eR and T ⊆max eR. If M �= T then M + T =
eR, so write e = m + t, m ∈ M, t ∈ T . Then e = me + te in eRe, so one of
me and te is a unit in eRe by Proposition B.1. Hence e ∈ M or e ∈ T, which
is a contradiction. So M = T .

(2)⇒(3). If K is the unique maximal submodule of eR then K ⊆sm eR;
hence K ⊆sm RR . This means K ⊆ J, so that K ⊆ eJ. But eJ ⊆ K because
(eR)/K is simple.

(3)⇒(4). This is clear.
(4)⇒(1). Let a ∈ eRe − eJe. Then a /∈ eJ , so eJ + a R = eR by (4). If

e = ex + ab, x ∈ J, b ∈ R, then a(ebe) = e − exe is a unit in the ring eRe,
whence ac = e for some c ∈ eRe. Since c /∈ eJe, the same argument shows
that cd = e for some d ∈ eRe, and (1) follows. �

If A is an ideal of a ring R, we say that idempotents lift modulo A if, whenever
r2 − r ∈ A, r ∈ R, there exists e2 = e ∈ R such that e − r ∈ A. If R is local
it is clear that idempotents lift modulo J.

Lemma B.3. Idempotents lift modulo every nil ideal.

Proof. If A is nil and r2 − r ∈ A, let (r2 − r )n = 0. Then rn = rn+1s, where
s = g(r ) for some polynomial g(x) ∈ Z[x]. Thus rs = sr , so rn = (rs)rn, and
iterating gives rn = (rs)krn for each k ≥ 1. In particular, rn = rnsnrn so that
e = rnsn is an idempotent. Moreover, since rn ≡ r (mod A) we have r ≡ rs,
so r ≡ rn ≡ rnsn = e, as required. Note that e = r f (r ) for some polynomial
f (x) in Z[x]. �

Of course nil ideals are all contained in J. The special role played by the
Jacobson radical for lifting idempotents is illustrated by the following result:
Roughly speaking, if t is an idempotent modulo A ⊆ J, and t can be lifted,
then t can be lifted into any right ideal containing t. More formally, we have
the following lemma:
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Lemma B.4. Let A ⊆ J be an ideal. If T is a right (or left) ideal and t ∈ T,

and if there exists f 2 = f such that f − t ∈ A, then there exists e2 = e ∈ T
such that e − t ∈ A.

Proof. Let f and t be as in the statement of the lemma. Then ( f − t) ∈ A ⊆ J,

whence u = 1 − ( f − t) is a unit and ū = 1̄, where we write r̄ = r + A
for r ∈ R. Moreover, f u = f t, so f = f tu−1 f. Hence e = tu−1 f is an
idempotent in T, and ē = t̄ f̄ = t̄2 = t̄ . A similar argument works if T is a left
ideal. �

A set of idempotents is called orthogonal if e f = 0 for all e �= f in the set.

Proposition B.5. Let A ⊆ J be an ideal and write R̄ = R/A and r̄ = r + A
for each r ∈ R. Assume that {r̄1, r̄2, . . . } are orthogonal idempotents in R̄ and
that idempotents lift modulo A.

(1) There exist orthogonal idempotents {e1, e2, . . . } in R such that ēi = r̄i and
ei ∈ Rri R for each i.

(2) If {r̄1, r̄2, . . . , r̄n} is finite we can choose ei ∈ ri R for each i.
(3) If r̄1 + r̄2 + · · ·+ r̄n = 1̄ we can choose ei ∈ ri R for each i that satisfy e1+

e2 + · · · + en = 1.

Proof. By Lemma B.4 there exist g2
i = gi ∈ ri R with ḡi = r̄i for each i. Hence

assume that r2
i = ri for each i. We construct the ei inductively, beginning with

e1 = r1. If {e1, . . . , en−1} have been found as in (1), write e = e1 + · · · + en−1.

Then r̄n ē = 0̄, so (as A ⊆ J ) let (1 − rne)v = 1, v ∈ R. Thus v̄ = 1̄, and
rn(1 − e)v = rn because r2

n = rn. It follows that:

� fn = vrn(1 − e) is an idempotent.
� fnei = 0 for 1 ≤ i < n (because fne = 0).
� fn ∈ rn R [because fn = vrn(1 − e) = (1 + rnev)rn(1 − e)].
� f̄ n = r̄n (because v̄ = 1̄ and r̄n ē = 0̄).

(1). Take en = (1 − e) fn ∈ Rrn R. Then e2
n = en and ēn = f̄ n − ē f̄ n =

r̄n − ēr̄n = r̄n (because ēr̄n = �n−1
i=1 ēi r̄n = �n−1

i=1 r̄i r̄n = 0). Moreover,
{e1, . . . , en−1, en} is orthogonal because een = 0 = ene. So if {e1, . . . , en−1}
was chosen as in (1), the inductive construction goes through.

(2) Now repeat this construction assuming inductively that ei ∈ ri R for each
i < n. The problem is that en need not be in rn R. However, define fn ∈ rn R as
before and put fi = ei (1 − fn) ∈ ri R for each i < n. Then { f1, . . . , fn−1} is an
orthogonal family of idempotents because fnei = 0 for each i < n. This also
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shows that fn fi = 0 if i < n, and fi fn = 0 is clear. Hence { f1, . . . , fn−1, fn}
is orthogonal. Since f̄ i = ēi − ēi f̄ n = r̄i − r̄i r̄n = r̄i for i < n, we can use the
fi in (2).

(3). If �n
i=1r̄i = 1̄ in (2), then 1 − �n

i=1ei is an idempotent in A ⊆ J, so
1 = �n

i=1ei . �

If R is any ring and e and f are idempotents in R, write e ≤ f if eRe ⊆ f R f,
equivalently if e f = e = f e. This is a partial order on the set of idempotents
in R, and the minimal nonzero elements (if they exist) are called primitive
idempotents. Thus an idempotent e ∈ R is primitive if and only if the ring eRe
contains no idempotent except 0 and e; if and only if eR (respectively Re) is an
indecomposable module. Here a module M is indecomposable if M = K ⊕ N
implies K = 0 or N = 0. Clearly every local idempotent is primitive, but the
converse is not true (consider Z).

Lemma B.6. The following conditions are equivalent for a ring R:

(1) R contains no infinite orthogonal sets of idempotents.
(2) R has the ACC on direct summand right (left) ideals.
(3) R has the DCC on direct summand left (right) ideals.
(4) R has the DCC on idempotents.
(5) R has the ACC on idempotents.

Proof. (1)⇒(2). Suppose that e1 R ⊆ e2 R ⊆ · · · , where each ei is an idempo-
tent. Construct idempotents f1, f2, . . . with fk ∈ ek R inductively as follows:
Put f1 = e1. Given fk ∈ ek R ⊆ ek+1 R, we have fk = ek+1 fk , so define
fk+1 = fk + ek+1 − fkek+1. One verifies that fk+1 ∈ ek+1 R is an idempo-
tent and fk ≤ fk+1. Hence f1 ≤ f2 ≤ f3 ≤ · · · , from which it follows that
{ f1, f2 − f1, f3 − f2, . . . } is an orthogonal family of idempotents. By (1) there
exists n ≥ 1 such that fk+1 = fk for all k ≥ n. Thus ek+1 = fkek+1 ∈ fk R for
each k ≥ n, so ek+1 R ⊆ fk R ⊆ ek R ⊆ ek+1 R. It follows that ek+1 R = fk R
for each k ≥ n and hence that en+1 R = en+2 R = · · · , proving (2).

(2)⇒(3). If e2 = e and f 2 = f then Re ⊇ R f if and only if (1 − e)R ⊆
(1 − f )R.

(3)⇒(4). If e1 ≥ e2 ≥ · · · then Re1 ⊇ Re2 ⊇ · · · , so let Rek = Rek+1 for
all k ≥ n by (4). Then ek = ekek+1 because ek ∈ Rek+1, whereas ekek+1 = ek+1

because ek+1 ≤ ek . Hence ek = ek+1 for all k ≥ n.

(4)⇒(5). If e1 ≤ e2 ≤ · · · are idempotents, we obtain a descending chain
(1 − e1) ≥ (1 − e2) ≥ · · · .
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(5)⇒(1). If {e1, e2, e3, . . . } is orthogonal, we obtain an ascending chain
e1 ≤ (e1 + e2) ≤ (e1 + e2 + e3) ≤ · · · .

The parenthetical cases in (2) and (3) are proved in the same way. �

The ring R is said to be I-finite if it satisfies the conditions in Lemma B.6. Clearly
every right or left artinian or noetherian ring is I-finite. More generally, if {e1,

e2, . . . } is an orthogonal set of idempotents in a ring R then e1 R ⊕ e2 R ⊕ · · ·
and Re1 ⊕ Re2 ⊕ · · · are direct sums, so every right or left finite dimensional
ring is I-finite. (Recall that a module is called finite dimensional if it contains
no infinite direct sum of nonzero submodules.)

The artinian and noetherian conditions pass automatically from a ring to its
images but may not pass to subrings. I-finiteness is different: It clearly passes
to every subring, and we have

Lemma B.7. If R/J is I-finite, the same is true of R. The converse holds if
idempotents lift modulo J.

Proof. If e1 ≤ e2 ≤ · · · are idempotents in R, then ē1 ≤ ē2 ≤ · · · in R/J,

where we write r̄ = r + J. Hence ēn = ēn+1 = · · · for some n, and so ei+1 −ei

is an idempotent in J for each i ≥ n. It follows that ei = ei+1 for each i ≥ n, so
R is I-finite. Conversely, if {ē1, ē2, . . . } are orthogonal idempotents in R/J, we
may assume (by Proposition B.5) that {e1, e2, . . . } are orthogonal idempotents
in R, so only finitely many are nonzero. �

Note that the first assertion in Lemma B.7 holds with J replaced by any ideal
that contains no nonzero idempotents, for example Zr or Zl .

Much of the importance of the semiperfect rings lies in the fact that they pro-
vide a natural context for many of the classical computations with idempotents
that originated in the study of artinian rings. So it is not surprising that the next
result plays a central role.

Lemma B.8. The following are equivalent for idempotents e and f in a ring
R:

(1) eR ∼= f R as right R-modules.
(2) Re ∼= R f as left R-modules.
(3) e = ab and f = ba for some a and b in R.

(4) e = ab and f = ba for some a ∈ eR f and b ∈ f Re.
(5) eR = a R and R f = Ra for some a ∈ R.
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Proof. By symmetry, we prove the equivalence of (1), (3), (4), and (5).
(1)⇒(3). If σ : eR → f R is an isomorphism, put b = σ (e) ∈ f Re and

a = σ−1( f ) ∈ eR f. Then ab = σ−1( f )b = σ−1( f b) = σ−1(b) = e, and
similarly ba = f.

(3)⇒(4). Given a and b as in (3), put a1 = ea f and b1 = f be. Then
a1b1 = ea f be = ea(ba)be = e4 = e. Similarly, b1a1 = f.

(4)⇒(5). Given a (and b) as in (4), we have eR = a R and R f = Ra.

(5)⇒(1). Given the situation in (5), we have a ∈ eR ∩ R f = eR f. Let
e = ax and f = ya, x, y ∈ R. Then f x = (ya)x = y(ax) = ye, so define
b = f x = ye ∈ f Re. Then ab = a( f x) = (a f )x = ax = e, and ba =
(ye)a = y(ea) = ya = f. Now the maps σ = a· : eR → f R and τ = b· :
f R → eR are mutually inverse isomorphisms. �

Before proceeding, we pause to introduce a class of rings that arises in the
next theorem. Call a ring R semipotent if it satisfies the following equivalent
conditions:

(1) Every right ideal not contained in J contains a nonzero idempotent.
(2) Every left ideal not contained in J contains a nonzero idempotent.

If R is semipotent the same is true of R/J, and (by Lemma B.4) the converse
holds if idempotents lift modulo J. Every regular ring is semipotent.

If R is I-finite, it is a routine matter to verify that any idempotent e can
be written as a finite sum of orthogonal, primitive idempotents; it is an open
question whether the converse is true. However, the converse does hold if the
primitive idempotents are actually local. This is part of the next theorem.

A ring R is called semiperfect if R/J is semisimple and idempotents can be
lifted modulo J. Every right (or left) artinian ring R is semiperfect because R/J
is semisimple by the Wedderburn–Artin theorem, and idempotents lift modulo
J by Lemma B.3 because J is nilpotent. The local rings are another important
class of semiperfect rings where J may not be nil (consider the localization Z(p)

of the ring Z of integers at the prime p). The semiperfect rings are one of the
most important generalizations of the classical artinian rings; here are several
characterizations.

Theorem B.9. The following are equivalent for a ring R:

(1) R is semiperfect.
(2) R/J is semisimple and R is semipotent.
(3) R is I-finite and semipotent.
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(4) R is I-finite and primitive idempotents in R are local.
(5) 1 = e1 + · · · + em , where the ei are local, orthogonal idempotents.

Proof. Through the proof we write R̄ = R/J and r̄ = r + J for each r ∈ R.

(1)⇒(2). Let T � J be a right ideal and (since R/J is semipotent) let
0̄ �= r̄2 = r̄ ∈ (T + J )/J. We may assume that r ∈ T . Since r2 − r ∈ J, there
exists an idempotent f with f − r ∈ J. Then Lemma B.4 shows that there
exists e2 = e ∈ T such that e − r ∈ J. Since e /∈ J this proves (2).

(2)⇒(3). Since R/J is I-finite, this follows from Lemma B.7.
(3)⇒(4). Let e be a primitive idempotent in R; we show that eJ is the unique

maximal right ideal contained in eR, and invoke Proposition B.2. It suffices to
show that T ⊆ eJ for every right ideal T ⊂ eR. If not, let t ∈ T − eJ. Then
t /∈ J so, by (3), let 0 �= f 2 = f ∈ t R. Thus f ∈ T, and f = e because eR is
indecomposable (e is primitive). But then T = eR, a contradiction.

(4)⇒(5). Since R is I-finite, we have 1 = e1 + · · · + em, where the ei are
orthogonal and primitive. Now apply (4).

(5)⇒(1). Given the situation in (5), we have R̄ = ē1 R̄ ⊕ · · · ⊕ ēm R̄, where
each ēi R̄ is simple by Proposition B.2 because ēi R̄ ∼= ei R/ei J. Hence R̄
is semisimple. Now suppose t̄2 = t̄, t ∈ R. Since R̄ is I-finite, write t̄ =
f̄ 1 + · · · + f̄ k and 1̄ − t̄ = f̄ k+1 + · · · + f̄ n , where the f̄ i are primitive
orthogonal idempotents. But the f̄ i are local by the proof of (3)⇒(4), so R̄ =
f̄ 1 R̄⊕· · ·⊕ f̄ n R̄, where each f̄ i R̄ is simple. Hence the Jordan–Hölder theorem
shows that n = m and (after possible relabeling) ēi R̄ ∼= f̄ i R̄ for each i. By
Lemma B.8, write ēi = āi b̄i and f̄ i = b̄i āi , where āi ∈ ēi R̄ f̄ i and b̄i ∈ f̄ i R̄ēi

for each i. If ū = ā1 + · · · + ān and v̄ = b̄1 + · · · + b̄n, then ūv̄ = 1̄ = v̄ū and
ū f̄ i = āi = ēi ū for each i. Thus f̄ i = ū−1ēi ū for each i. But u is necessarily
a unit in R, and it follows that f = u−1(e1 + · · · + ek)u is an idempotent in R
with f̄ = t̄ . �

A ring R is called semiprimary if R/J is semisimple and J is nilpotent, so
every semiprimary ring is semiperfect by Lemma B.3 (but not conversely –
consider Z(p)). Of course every left or right artinian ring is semiprimary; how-
ever, the matrix ring

[
Q R

0 Q

]
is a semiprimary ring that is neither right nor left

artinian.

Corollary B.10. Let R be a semiperfect ring. Then the following hold:

(1) eRe is semiperfect for any e2 = e ∈ R.

(2) Any matrix ring Mn(R) is semiperfect.
(3) Any homomorphic image R/A of R is semiperfect.

In particular, being semiperfect is a Morita invariant.
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Proof. (1) and (2) follow from parts (4) and (5) respectively of Theorem B.9,
and (3) also follows from (5) of Theorem B.9 because, if φ : R → S is a ring
homomorphism, then φ(eRe) is either local or zero for every local idempotent
e ∈ T . The last statement follows from (1) and (2). �

The simple modules over a semiperfect ring have a particularly nice form.

Corollary B.11. If R is a semiperfect ring, a module K R is simple if and only
if K ∼= eR/eJ for some local idempotent e ∈ R.

Proof. Let K R be simple. We have K e �= 0 for some local idempotent by (5)
of Theorem B.9, say ke �= 0, where k ∈ K . Then the map eR → K given by
x 
→ kx is epic (as K is simple) and has maximal kernel, which must be eJ by
Proposition B.2. Hence K ∼= eR/eJ ; the converse is by Proposition B.2. �

The following important result is needed in the proof of the next corollary.

Lemma B.12 (Jacobson’s Lemma). If R is a ring, write ā = a+J in R̄ = R/J.

The following conditions, and their left–right analogues, are equivalent for
idempotents e and f in R:

(1) eR ∼= f R.

(2) ē R̄ ∼= f̄ R̄.

(3) eR/eJ ∼= f R/ f J.

Proof. The left–right analogues follow from Lemma B.8, as does (1)⇒(2).
Conversely, given (2) let ē = āb̄ and f̄ = b̄ā, where ā ∈ ē R̄ f̄ and b̄ ∈ f̄ R̄ē
(again by Lemma B.8). We may assume that a ∈ eR f and b ∈ f Re. Hence
e − ab ∈ eJe = J (eRe), so ab has an inverse w ∈ eRe. Note that w̄ = ē
because āb̄ = ē. Define c = bw, so that ac = e and c ∈ f Re. Then ca is
an idempotent in f R f, so f − ca is also an idempotent. But f − ca is in J
because c̄ā = b̄w̄ā = b̄ēā = f̄ , so ca = f. This proves (2)⇒(1). Finally, we
have (2)⇔(3) because the map eR → ē R̄ with x 
→ x̄ is an epimorphism with
kernel eR ∩ J = eJ. �

A set {e1, . . . , en} of orthogonal idempotents in a ring R is called a frame
for R if e1 + · · · + en = 1. Hence a ring is semiperfect if and only if it has a
frame of local idempotents, which we call a local frame for R. The following
uniqueness property of these local frames will be needed later.
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Corollary B.13. If {e1, . . . , em} and { f1, . . . , fk} are local frames in a semiper-
fect ring R, then k = m and there exists a unit u in R such that fi = u−1ei u
for each i.

Proof. We have ē1 R̄ ⊕ · · · ⊕ ēm R̄ = R̄ = f̄ 1 R̄ ⊕ · · · ⊕ f̄ k R̄ and each ēi R̄ and
f̄ j R̄ is simple so, as in the proof of Theorem B.9, m = k and we can relable
the fi so that ēi R̄ ∼= f̄ i R̄ for each i. Hence ei R ∼= fi R by Jacobson’s lemma,
so we can write ei = ai bi and fi = bi ai , where ai ∈ ei R fi and bi ∈ fi Rei for
each i. If u = �i ai and v = �i bi then uv = 1 = vu and u fi = ai = ei u for
each i. This is what we wanted. �

If R is a semiperfect ring, the rings R and R/J have the same simple right
modules, and these fall into a finite number n of isomorphism classes because
R/J is semisimple. Suppose {e1, e2, . . . , em} is any local frame for R. By
Corollary B.11, we may assume that {ei R/ei J | 1 ≤ i ≤ n} is a complete set
of representatives of the isomorphism classes of the simple right R-modules.
In this case we call e1, e2, . . . , en a set of basic idempotents for R, and if
e = e1 + e2 + · · · + en, the ring eRe is called the basic ring of R. As the
name implies, the basic ring is independent of the choice of local frame for R
[if f is another basic idempotent then f R f = u−1(eRe)u for some unit u ∈ R
by Corollary B.13]. Note that if we write S = eRe then ei S ∼= e j S implies
ei R ∼= e j R by Lemma B.8. This proves part (1) of

Corollary B.14. Let R be a semiperfect ring with basic ring S.

(1) If {e1, e2, . . . , en} are basic idempotents in R, then ei R ∼= e j R if and only
if i = j.

(2) R and S are Morita equivalent rings.

Proof. The above discussion gives (1). Let {e1, e2, . . . , em} be a local frame for
the ring R with basic idempotents {e1, e2, . . . , en}. If j > n then e j R ∼= ei R
for some i ≤ n, so e j = ba and ei = ab where b ∈ e j Rei and a ∈ ei Re j by
Lemma B.8. It follows that e j ∈ Rei R ⊆ ReR, and hence that ReR = R,

proving (2). �

B.2. Projective Covers

A module FR is called free if it is isomorphic to the direct sum R(I ) of |I |
copies of R, equivalently if F has a basis {xi | i ∈ I }; that is, F = �i∈I xi R
and �n

i=1xiri = 0, ri ∈ R, implies that each ri = 0. Every (finitely generated)
module is an image of a (finitely generated) free module. A module PR is called
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projective if it satisfies the following equivalent conditions:

(1) Every R-epimorphism M
ψ→ P → 0 splits; that is, ker (ψ) ⊆⊕ M.

(2) If M
α→ N → 0 is R-epic then every R-homomorphism P

β→ N factors
in the form β = α ◦ γ for some R-linear map γ : P → M.

Every free module is projective, and a module P is projective if and only if it is
isomorphic to a direct summand of a free module. The direct sum of a family
of modules is projective if and only if each of them is projective.

Recall that an R-monomorphism 0 → M
σ→ E is called an injective hull of

the module M if E is injective and im(σ ) ⊆ess E . Dually, a projective cover of
M is an epimorphism P

π→ M → 0, where P is projective and ker (π) ⊆sm P.

As is customary in the literature, we will sometimes abuse the terminology and
refer to the module P itself as a projective cover of M.

Although every module has an injective hull, projective covers seldom exist.
The right perfect rings were first identified by Bass [16] as the rings for which
every right module has a projective cover, and we return to this later. The
semiperfect rings turn out to be those for which every finitely generated right
(or left) module has a projective cover. To prove this, the following lemma is
essential.

Lemma B.15 (Bass’ Lemma). The following conditions are equivalent for
modules K ⊆ P with P projective:

(1) P/K has a projective cover.
(2) P = Q ⊕ P0, where Q ⊆ K and P0 ∩ K ⊆sm P0.

If (2) holds the restriction P0 → P/K of the coset map is a projective cover.

Proof. (1)⇒(2). Let P ′ π→ P/K be a projective cover, and let P
φ→ P/K be

the coset map. Since P is projective, there exists P
α→ P ′ such that π ◦α = φ.

P
α

↙ ↓ φ

P ′ π→ P/K

As φ is epic, it follows that P ′ = α(P) + ker (π ), so P ′ = α(P) because
ker (π ) ⊆sm P ′. But then P

α→ P ′ splits because P ′ is projective; that is,
there exists β : P ′ → P such that α ◦ β = 1P ′ . Hence P = ker (α) ⊕ β(P ′).
Moreover, ker (α) ⊆ ker (φ) = K because π ◦ α = φ, so it remains to show
that β(P ′) ∩ K is small in β(P ′). Since β : P ′ → β(P ′) is an isomorphism,
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we have β[ker (π )] ⊆sm β(P ′). But φ ◦ β = π ◦ α ◦ β = π ◦ 1P ′ = π, so
β[ker (π )] = β(P ′) ∩ ker (φ) = β(P ′) ∩ K , and (2) follows with Q = ker (α)
and P0 = β(P ′).

(2)⇒(1). Given (2), the restriction of φ to P0 → P/K is onto because
P = K + P0, and its kernel is P0 ∩ ker (φ) = P0 ∩ K , which is small in P0 by
(2). This proves (1) and the last statement. �

It follows from the proof of Bass’ lemma that, as for injective hulls, projective
covers are unique in the following sense.

Corollary B.16. If P
φ→ M and P ′ π→ M are both projective covers there

exists an isomorphism P
α→ P ′ such that φ = π ◦ α.

Proof. The map α in the proof of Bass’ lemma is epic because ker (π) is small
in P ′, and it is monic because ker (α) is a direct summand of P that is small in
P [since ker (α) ⊆ K = ker (φ) ⊆sm P.] �

We need the following related result later.

Corollary B.17. Let P and Q be projective modules.

(1) If P/N ∼= Q/M , where N ⊆sm P and M ⊆sm Q, then P ∼= Q.

(2) If P and Q have small radicals, then P ∼= Q if and only if P/rad(P) ∼=
Q/rad(Q).

Proof. (1). Let σ : Q/M → P/N be an isomorphism, and let π : P → P/N
and φ : Q → Q/M be the coset maps. Then π : P → P/N and σ ◦ φ : Q →
P/N are both projective covers, so Corollary B.16 applies.

(2). This comes from (1) and the fact that α[rad(M)] ⊆ rad(N ) holds for
any R-linear map α : M → N . �

The following alternate form of Bass’ lemma will be needed. The proof
requires the fact that if X ⊆ N ⊆ M are modules and X ⊆sm N then X ⊆sm M.

Corollary B.18. If K ⊆ P are modules with P projective, then P/K has a
projective cover if and only if K = Q + X , where Q ⊆⊕ P and X ⊆sm P.

Proof. If P/K has a projective cover, take X = K ∩ P0 in Bass’ lemma (it is
small in P, being small in P0). Conversely, if K = Q + X , where Q ⊆⊕ P
and X ⊆sm P, let P = Q ⊕ P1 and define φ : P1 → P/K by φ(p1) = p1 + K .
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Then φ is onto because P = K + P1, and ker (φ) = P1 ∩ K . So it remains to
show that P1∩K ⊆sm P1. If (P1∩K )+Y = P1 then P = Q+[(P1∩K )+Y ] ⊆
K + Y = Q + X + Y ⊆ P. Since X ⊆sm P , it follows that P = Q ⊕ Y with
Y ⊆ P1, so Y = P1 as required. �

If we specialize Corollary B.18 to the case P = R, we obtain a result that
will be used several times in this appendix.

Corollary B.19. Let T be a right ideal of R. Then R/T has a projective cover
if and only if T = eR + X , where e2 = e and X is a right ideal with X ⊆ J.

Note that this verifies once again that every semiperfect ring is semipotent.
The next result restates Lemma 1.47 for reference.

Lemma B.20 (Nakayama’s Lemma). If MR is finitely generated then
M J ⊆sm M.

We can now give several characterizations of semiperfect rings in terms of
projective covers.

Theorem B.21. The following are equivalent for a ring R:

(1) R is semiperfect.
(2) Every finitely generated right R-module has a projective cover.
(3) Every principal right R-module has a projective cover.
(4) Every simple right R-module has a projective cover.

Proof. Clearly (2)⇒(3)⇒(4).
(1)⇒(2). If MR is finitely generated the R/J -module M/M J is also finitely

generated. But R/J is a semisimple ring and so M/M J is a semisimple module,
say M/M J = K1 ⊕ · · · ⊕ Kn , where each Ki is (R/J )-simple and hence R-
simple. By Corollary B.11 let τi : ei R → Ki be epic with ker (τi ) = ei J, where
e2

i = ei ∈ R. Write P = e1 R ⊕ · · · ⊕ en R and define τ : P → M/M J by
τ (x1, . . . , xn) = �iτi (xi ). Then P is projective so, if φ : M → M/M J denotes

P
π

↙ ↓ τ

M
φ→ M/M J

the coset map, let π : P → M satisfy φ ◦ π = τ. Hence ker (π ) ⊆ ker (τ ) =
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⊕i ker (τi ) = ⊕i ei J = P J, so ker (π) ⊆sm P by Nakayama’s lemma. Finally,
since τ is epic we have M = π (P) + ker (φ) = π (P) + M J, so M = π (P),
again by Nakayama’s lemma. Hence π : P → M is a projective cover.

(4)⇒(1). Every maximal right ideal of R̄ = R/J has the form T/J , where
T ⊆max RR . Hence R/T has a projective cover by (4) and so, by Corollary
B.19, T = eR + X , where e2 = e ∈ R and X ⊆ J is a right ideal. Writing
r̄ = r + J for r ∈ R, it follows that T/J = ē R̄ is a direct summand of R̄
and hence that R̄ is a semisimple ring [for otherwise soc(R̄ R̄) is contained in a
maximal right ideal of R̄]. In particular, R̄ (and hence R) is I-finite and so, by
Theorem B.9, it remains to show that primitive idempotents in R are local. If
e2 = e ∈ R is primitive, let K ⊆max eR. Then eR/K has a projective cover so,
by Lemma B.15, let eR = Q ⊕ P , where Q ⊆ K and K ∩ P ⊆sm P. But eR is
indecomposable and Q �= eR, so Q = 0 and hence K ⊆sm eR. It follows that
K is the only maximal submodule of eR, so e is local by Proposition B.2. �

B.3. Supplements

We are going to need another characterization of semiperfect rings, in fact a
characterization of the projective modules for which every image has a pro-
jective cover. The key concept is the following: If K ⊆ M are modules a
submodule S ⊆ M is called a supplement1 of K in M if M = K + S and S is
minimal with respect to this property; that is if M = K + N with N ⊆ S then
N = S. Thus, for example, K ⊆sm M if and only if M is a supplement of K in
M. We need the following characterization of supplements.

Lemma B.22. If M = K + S are modules, then S is a supplement of K in M
if and only if K ∩ S is small in S.

Proof. If S is a supplement of K in M, let (K ∩ S) + N = S. Then M =
K + [(K ∩ S) + N ] = K + N , so N = S by hypothesis. Hence K ∩ S is small
in S. Conversely, if K ∩ S is small in S, suppose that M = K + N , where
N ⊆ S. Then S = S ∩ M = S ∩ (N + K ) = N + (S ∩ K ) by the modular law,
so S = N by hypothesis. Hence S is a supplement of K in M. �

In particular, if M = K ⊕ N then each of K and N is a supplement of the other.

Lemma B.23. Let S ⊆ M be a supplement of some submodule of M. If T is
a supplement of S in M then S is already a supplement of T in M.

1 A supplement is also called an addition complement.
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Proof. Suppose that S is a supplement of K ⊆ M, so that M = K + S and
K ∩ S is small in S. Since T is a supplement of S, we have M = T + S, where
S ∩ T is small in T . By Lemma B.22 we must show that S ∩ T is small in S.

So assume that (S ∩ T ) + N = S. Then M = K + S = K + [(S ∩ T ) + N ],
so M = K + N because S ∩ T is small in M (because it is small in S). Since
N ⊆ S and S is a supplement of K , this implies that N = S, as required. �

As already noted, if M = K ⊕ N then each of K and N is a supplement of
the other. The next result proves the converse for projective modules.

Lemma B.24. Let P be a projective module and assume that P = K + N ,
where each of K and N is a supplement of the other. Then P = K ⊕ N .

Proof. Let θ : P → P/N be the coset map. Since P = K + N the restriction
of θ to K is onto P/N , so let γ : P → K satisfy θ ◦ γ = θ. Thus if k ∈ K

P
γ

↙ ↓ θ

K
θ→ P/N

then k − γ (k) ∈ K ∩ ker (θ ) = K ∩ N , whence K = γ (K ) + (K ∩ N ). Thus
K = γ (K ) by Lemma B.22 because K is a supplement of N . But then if p ∈ P
we have γ (p) = γ (k) for some k ∈ K , and it follows that P = K +ker (γ ). We
have ker (γ ) ⊆ N because θ ◦γ = θ, so ker (γ ) = N because N is a supplement
of K . But θ ◦γ 2 = θ, so we have ker (γ ) ⊆ ker (γ 2) ⊆ ker (θ ) = N = ker (γ );
that is, ker (γ ) = ker (γ 2). Finally, let x ∈ K ∩ N = γ (P) ∩ ker (γ ). Then x =
γ (p), where p ∈ P, and so γ 2(p) = γ (x) = 0. Thus p ∈ ker (γ 2) = ker (γ ),
so x = γ (p) = 0. Hence K ∩ N = 0, as required. �

Theorem B.25. The following are equivalent for a projective module P:

(1) Every image of P has a projective cover.
(2) Every submodule of P has a supplement in P.

Proof. Let K ⊆ P denote a submodule.
(1)⇒(2). If P/K has a projective cover then Bass’ lemma (Lemma B.15)

shows that P = Q ⊕ P0, where Q ⊆ K and P0 ∩ K ⊆sm P0. Hence P0 is a
supplement of K in P by Lemma B.22.

(2)⇒(1). If θ : P → P/K is the coset map, let S be a supplement of K
in P. Then P = K + S, so the restriction of θ|S : S → P/K is epic, and
ker (θ|S) = S ∩ K is small in S. So it remains to show that S is projective.
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However, if T is a supplement of S in P then S is also a supplement of T by
Lemma B.23, so S ⊆⊕ P by Lemma B.24. In particular S is projective, so
θ|S : S → P/K is a projective cover. �

A module P is called a semiperfect module if it is projective and every image
has a projective cover. In particular, a ring R is semiperfect if RR (equivalently

R R) is a semiperfect module.
We need an extension of Theorem B.25, and the proof requires the following

technical result. Call a module M supplemented if every submodule has a
supplement in M . Examples include semisimple modules and modules with a
maximal submodule that contains every proper submodule. We need another
elementary property of small submodules: If K ⊆sm N ⊆ M and K ′ ⊆sm N ′ ⊆
M then K + K ′ ⊆sm N + N ′.

Lemma B.26. If M = N1 + N2 and each Ni is supplemented, then M is
supplemented.

Proof. The proof hinges on the following result.

Claim. Let N , K ⊆ M with N supplemented. If N + K has a supplement in
M, so also does K .

Proof. Let S be a supplement of N + K in M, and then let T be a supplement
of (K + S) ∩ N in N . We show that S + T is a supplement of K in M.

First,

M = (N + K ) + S = (K + S) + [((K + S) ∩ N ) + T ] = K + (S + T ).

So it remains to show that K ∩ (S + T ) ⊆sm S + T . To this end, observe that

K ∩ (S + T ) ⊆ [(K + T ) ∩ S] + [(K + S) ∩ T ],

so it suffices (by the preceding remark) to show that (K + T ) ∩ S ⊆sm S and
(K + S) ∩ T ⊆sm T . We have

(K + S) ∩ T = (K + S) ∩ (N ∩ T ) = [(K + S) ∩ N ] ∩ T ⊆sm T,

and (K + T ) ∩ S ⊆ (K + N ) ∩ S ⊆sm S. The Claim follows.

Now, given K ⊆ M it suffices by the Claim to show that K1 = N1 + K
has a supplement in M. But N2 + K1 = N2 + (N1 + K ) = M certainly has a
supplement in M, so the Claim applies again. �
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Theorem B.27. A finitely generated projective module P is semiperfect if and
only if every maximal submodule has a supplement in P.

Proof. Let A denote the sum of all supplemented submodules of P. If A = P
then P is supplemented by Lemma B.26 (because P is finitely generated).
But if A �= P let A ⊆ M ⊆max P (again since P is finitely generated), and
let S be a supplement of M in P. We show that S is supplemented, (which
is a contradiction because then S ⊆ A ⊆ M, so P = M + S ⊆ M). But
M ∩ S ⊆sm S by Lemma B.22 and M ∩ S ⊆max S because P = M + S. It
follows that M ∩ S is the only maximal submodule of S and that S is principal.
Hence every submodule of S is contained in a maximal submodule, namely,
M ∩ S. It follows that S is supplemented, as required (in fact, S is a supplement
of every proper submodule of S). �

Applying Theorems B.25 and B.27 with P = R gives immediately

Theorem B.28. The following conditions (and their left–right analogues) are
equivalent for a ring R:

(1) R is semiperfect.
(2) Every right ideal of R has a supplement in R.

(3) Every maximal right ideal of R has a supplement in R.

B.4. Perfect Rings

A one-sided ideal A of a ring R is called right T-nilpotent if for any sequence
a1, a2, . . . from A we have

anan−1 · · · a2a1 = 0 for some n ≥ 1,

and A is called left T-nilpotent if we insist instead that a1a2 · · · an−1an = 0
for some n. Clearly every nilpotent ideal is both right and left T-nilpotent, and
every right or left T-nilpotent ideal is nil. The following notation is convenient:
If R V is a left R-module, write rV (A) = {v ∈ V | Av = 0}.

Lemma B.29. The following are equivalent for a right ideal A of R:

(1) A is right T-nilpotent.
(2) If R V �= 0 is any left module then rV (A) ⊆ess

R V .

(3) If R V �= 0 is any left module then rV (A) �= 0.



268 Quasi-Frobenius Rings

(4) If MR �= 0 is any right module then M A ⊆sm M.

(5) If MR �= 0 is any right module then M A �= M.

(6) If FR is a countably generated free module then F A ⊆sm F.

Proof. (2)⇒(3) and (4)⇒(5) are clear.
(1)⇒(2). Suppose Rv ∩ rV (A) = 0, v ∈ V . If v �= 0 then v /∈ rV (A), so

Av �= 0, say a1v �= 0, a1 ∈ A. But then a1v /∈ rV (A), so a2(a1v) �= 0 for some
a2 ∈ A. Continuing, we contradict (1). Hence rV (A) ⊆ess

R V .

(3)⇒(4). If M A is not small in MR let M A + X = M , where X �= M is
a submodule. If we write N = M/X then N �= 0 and N A = N . Let B =
{b ∈ R | Nb = 0}, a two-sided ideal of R, and regard V = R/B �= 0 as a
left module. By (3), let 0 �= v ∈ rV (A). Writing v = r + B, we have r /∈ B
but Ar ⊆ B. Thus Nr �= 0 while N Ar = 0, which is a contradiction because
N A = N .

(5)⇒(6). If F A + X = F, with X a submodule, then (F/X )A = F/X, so
X = F by (5).

(6)⇒(1). Let FR have basis { f1, f2, . . . }. Given a1, a2, . . . from A write
G = ( f1 − f2a1)R + ( f2 − f3a2)R + · · · . Then G + F A = F because
fi = ( fi − fi+1ai ) + fi+1ai for each i, so G = F by (6). In particular

f1 = ( f1 − f2a1)r1 + ( f2 − f3a2)r2 + · · · + ( fn − fn+1an)rn

for some n, where each ri ∈ R. Hence r1 = 1, r2 = a1r1, r3 = a2r2, . . . ,

rn = an−1rn−1, and 0 = anrn. Hence an · · · a2a1 = 0, proving (1). �

Corollary B.30. If A and B are right T-nilpotent right ideals, so also is A + B.

Proof. If R V �= 0 then rV (A+B) = rV (A)∩rV (B) ⊆ess
R V . by (2) of Lemma

B.29. Hence A + B is right T-nilpotent by the same lemma. �

A module is called semiartinian if every nonzero factor module has nonzero
socle (for example artinian and semisimple modules), and a ring R is called a
right semiartinian ring if RR is a semiartinian module. We need the following
characterizations of these rings.

Lemma B.31. The following are equivalent for a ring R:

(1) R is right semiartinian.
(2) Every nonzero right R-module has an essential socle.
(3) Every nonzero right R-module has a simple submodule.
(4) Every right R-module is semiartinian.
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Proof. Only (1)⇒(2) needs proof. If 0 �= NR ⊆ MR , let 0 �= n ∈ N . Then
soc(n R) �= 0 by (1), so 0 �= soc(n R) ⊆ N ∩ soc(M), as required. �

Bass [16] called a ring right perfect if R is semiperfect and J is right T-
nilpotent. The equivalence of the first three conditions in the next theorem is
due to Bass.

Theorem B.32. The following are equivalent for a ring R:

(1) R is right perfect.
(2) R/J is semisimple and J is right T-nilpotent.
(3) R is I-finite and left semiartinian.
(4) R/J is semisimple and every right R-module MR �= 0 has a maximal

submodule.

Proof. (1)⇔(2) is clear by Lemma B.3.
(2)⇒(3). R is I-finite by Lemma B.7. Suppose that R V �= 0 has no simple

submodule. Then J V �= 0 because otherwise V is an R/J -module and hence
is semisimple. So let a1v �= 0, a1 ∈ J, v ∈ V . Then Ra1v �= 0 contains
no simple submodule, so Ja1v �= 0, say a2a1v �= 0, a2 ∈ J. This process
continues to contradict the right T-nilpotency of J.

(3)⇒(4). We claim that J is right T-nilpotent. If not, choose a1, a2, . . . in J
such that an · · · a2a1 �= 0 for each n, and let L be a left ideal of R maximal with
respect to an · · · a2a1 /∈ L for each n. By (3) let K/L be a simple submodule
of R/L . By the maximality of L , let am · · · a2a1 ∈ K for some m. Then
am+1am · · · a2a1 ∈ K −L , so, since K/L is simple, K = L+Ram+1am · · · a2a1.

But then am · · · a2a1 = x + ram+1am · · · a2a1 for some r ∈ R and x ∈ L , so
am · · · a2a1 = (1 − ram+1)−1x ∈ L , which is a contradiction. It follows that J
is right T-nilpotent.

Hence idempotents lift modulo J (by Lemma B.3), so R/J is I-finite by (3)
and Lemma B.7. Moreover, every left ideal of R/J contains a simple left ideal
by (3) and so contains a nonzero idempotent because R/J is semiprime. Hence
R/J is semipotent, and so it is semisimple by Theorem B.9. Finally, if MR �= 0
is a right R-module then M �= M J by Lemma B.29. Hence M/M J �= 0 is
semisimple (it is an R/J -module) and so has a maximal submodule. It follows
that M has a maximal submodule. This proves (4).

(4)⇒(2). By Lemma B.29 it suffices to show that M J �= M for any MR �= 0.

But M has a maximal submodule N by (4), and M J ⊆ N because M/N is
simple. �
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Note that the proof of (3)⇒(4) in Theorem B.32 shows that J is right T-nilpotent
in any left semiartinan ring. In fact R is left semiartinian if and only if R/J is
left semiartinian and J is right T-nilpotent.

The class of right perfect rings is closed under various constructions. The
following result is needed in the proof.

Lemma B.33. Suppose that every image of R/J has zero Jacobson radical.
Then J (R/A) = (J + A)/A for every ideal A of R.

Proof. (J +A)/A ⊆ J (R/A) always holds because (J +A)/A is an image of J.

On the other hand, there is an onto ring homomorphism φ : R/A → R/(J + A)
with kernel (J + A)/A, and J (R/A) ⊆ ker (φ) because the ring R/(J + A)
has zero Jacobson radical by hypothesis (being an image of R/J ). �

Corollary B.34. Suppose that R is a right perfect ring. Then the following
hold:

(1) eRe is right perfect for every e2 = e ∈ R.

(2) Mn(R) is right perfect for each n ≥ 1.

(3) R/A is right perfect for any ideal A of R.

In particular, being right perfect is a Morita invariant.

Proof. These rings are all semiperfect, so we must only show that the Jacobson
radical is right T-nilpotent in each case. In (1) it follows because J (eRe) =
eJe ⊆ J. As to (2), J (Mn(R)) = Mn(J ) = T1 ⊕ · · ·⊕ Tn , where Tk is the right
ideal consisting of the matrices from J with only row k nonzero. If ā1, ā2, . . . is
a sequence from Tk and b j is the (k, k)-entry of ā j , and if bmbm−1 · · · b2 = 0,

a direct calculation shows that ām+1āmām−1 · · · ā2ā1 = 0. Hence (2) follows
from Corollary B.30. Finally, (3) is because J (R/A) = (J + A)/A by Lemma
B.33, and this is an image of J. �

Clearly, every right or left perfect ring is semiperfect, but the ring Z(p) is a
commutative, local ring that is not perfect. However, every semiprimary ring
is both right and left perfect because any nilpotent ideal is both right and left
T-nilpotent. But the converse is false. One example depends on the following
observation: If J = B1 ⊕ B2 ⊕· · · , where each Bi is a nilpotent ideal, then J is
right and left T-nilpotent. Indeed, given a1, a2, . . . in J, suppose that a1 ∈ B1 ⊕
· · ·⊕ Bk . If (Bi )ni = 0 for each i, let n = max{n1, . . . , nk}. Then a1a2 · · · an ∈
(B1 ⊕ · · · ⊕ Bk)n ⊆ (B1)n ⊕ · · · ⊕ (Bk)n = 0. Similarly, an · · · a2a1 = 0.
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Example B.35. There exists a local, right and left perfect ring R that is not
semiprimary.

Proof. Let F be a field, let Tn denote the set of strictly upper triangular, n × n
matrices over F, and write V = T2 ⊕ T3 ⊕ · · · ⊆ M2(F) × M3(F) × · · · .
If R = F ⊕ V, define a ring structure on R with componentwise addition
and multiplication (a, v)(b, w) = (ab, aw + vb + vw). The ideal 0 ⊕ V is
nil and R/(0 ⊕ V ) ∼= F, so J = 0 ⊕ V and R is local. Moreover, if we write
Bi = 0 ⊕ Ti for i ≥ 2, then J = B2 ⊕ B3 ⊕ · · · is a direct sum of nilpotent
ideals, and so it is right and left T-nilpotent by the preceding remark. But J is
not nilpotent because (Bm+1)m �= 0 for each m. �

Example B.36. There exists a local, right perfect ring that is not left perfect.

Proof. Let R denote the ring of all countably infinite square upper triangular
matrices over a field F that are constant on the main diagonal and have only
finitely many nonzero entries off the main diagonal. Let A denote the set of
matrices in R with zero on the main diagonal. This is an ideal of R and R/A ∼= F ,
so J ⊆ A. In fact, A is right T-nilpotent. For if a1, a2, . . . are in A, then a1 has all
entries zero except a k×k block in the upper left corner. Hence if b is any element
in R then ba1 = b′a1, where b′ is obtained from b by making every column
beyond column k zero. It follows that akak−1 · · · a2a1 = a′

ka′
k−1 · · · a′

2a1 = 0
because the product of k strictly upper triangular k × k matrices is zero. Hence
A = J and R is right perfect. However, the matrix units e12, e23, e34, . . . are all in
J and e12e23e34 · · · en n+1 = e1 n+1 �= 0 for each n, so J is not left T-nilpotent. �

To give a characterization of right perfect rings in terms of projective covers,
we require some facts about projective modules. If MR is a finitely generated
module and M J = M then M = 0 by Nakayama’s lemma. The following
important result of Bass extends this to projective modules. It appears as Lemma
1.53, but we restate it here for reference.

Lemma B.37. Let PR denote a projective module.

(1) If P J = P then P = 0.

(2) rad(P) = P J , so, if P �= 0, then P has maximal submodules.

With this we can give two characterizations of the right perfect rings in terms
of projective covers.
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Theorem B.38. The following are equivalent for a ring R:

(1) R is right perfect.
(2) Every right R-module has a projective cover.
(3) Every semisimple right R-module has a projective cover.

Proof. (1)⇒(2). The proof of (1)⇒(2) in Theorem B.21 goes through except
that both appeals to Nakayama’s lemma in that argument are answered by the
fact that M J ⊆sm M for every right module M (by Lemma B.29 because J is
right T-nilpotent).

(2)⇒(3). This is clear.
(3)⇒(1). R is semiperfect by Theorem B.21, so it remains to show that J

is right T-nilpotent. By Lemma B.29 we show that F J ⊆sm F , where FR is
free. But F/F J is R/J -semisimple, and hence R-semisimple, and so has an
R-projective cover by (3). By Bass’ lemma (Lemma B.15) let F = P ⊕ Q,
where P ⊆ F J and Q ∩ F J ⊆sm Q. But then P ⊆ (P ⊕ Q)J = P J ⊕ Q J,

and it follows that P = P J. Hence P = 0 by Lemma B.37, so Q = F and we
get F J = Q ∩ F J ⊆sm Q = F, as required. �

We are going to need one other characterization of right perfect rings.

Theorem B.39. The following conditions are equivalent for a ring R:

(1) R is right perfect.
(2) (Bass) R has DCC on principal left ideals.
(3) (Björk) R has DCC on finitely generated left ideals.

Proof. It is clear that (3)⇒(2).
(2)⇒(1). Condition (2) certainly implies that R is I-finite, so it is enough (by

Theorem B.32) to show that every nonzero left module has a simple submodule.
Suppose, on the contrary, that R M �= 0 contains no simple submodule. If
0 �= m ∈ M then Rm is not simple, so let 0 �= N ⊂ Rm. If 0 �= n ∈ N , write
n = a1m, so that Rm ⊃ Ra1m �= 0. But then Ra1m is not simple and so, in
the same way, there exists a2 ∈ R such that Ra1m ⊃ Ra2(a1m) �= 0. Hence
Ra1 ⊃ Ra2a1 ⊃ · · · , so continuing in this way contradicts (2).

(1)⇒(3). By Zorn’s lemma let L be a left ideal of R maximal among those
with DCC on finitely generated submodules (DCCFG). We assume that L �= R
and deduce a contradiction.
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Claim 1. There exist a ∈ R and local e2 = e ∈ R such that a = ea /∈ L and
Ja ⊆ L .

Proof. First, there exists x /∈ L with J x ⊆ L . (Otherwise, y /∈ L implies
that J y � L , so a1x /∈ L for some a1 ∈ J, whence a2a1x /∈ L , etc., con-
tradicting the right T-nilpotence of J.) If 1 = e1 + · · · + en , where each
e2

i = ei is local, then some ei x /∈ L , so take e = ei and a = ei x . This proves
Claim 1.

If a and e are as in Claim 1, we obtain the desired contradiction by showing
that L + Ra has DCCFG. Hence let L1 ⊇ L2 ⊇ · · · be finitely generated left
ideals in L + Ra; we must show that Lm = Lm+1 = · · · for some m. Since L
has DCCFG, we may assume that Li � L for every i.

Claim 2. For each n there exists bn ∈ L such that bn + a ∈ Ln.

Proof. Choose d ∈ Ln, d /∈ L , and (since Ln ⊆ L + Ra) write d = l + ra,

l ∈ L , r ∈ R. If re ∈ J then ra = r (ea) ∈ Ja ⊆ L , so d ∈ L , which
is a contradiction. Hence re /∈ J, so Rre � Je and we have Re = Rre by
Proposition B.2 because e is local. If e = sre, s ∈ R, then sd = sl + sr (ea) =
sl + a. Take bn = sl ∈ L .

Claim 3. L1 = R(a + eb1) + L̂1, where L̂1 ⊆ L is finitely generated.

Proof. Write L1 = �m
k=1 Rzk . Since L1 ⊆ L + Ra, write zk = lk + rka, where

lk ∈ L and rk ∈ R. Then zk = rke(a + b1) + (lk − rkeb1), so Claim 2 implies
that lk − rkeb1 ∈ L1 ∩ L for each k. If we define L̂1 = �m

k=1 R(lk − rkeb1), then
L̂1 ⊆ L and L1 = �m

k=1 Rzk ⊆ R(a + b1) + L̂1 = L1. Claim 3 follows.

Claim 4. There exist finitely generated left ideals L̂1, L̂2, . . . and elements
l1, l2, . . . such that L = L̂0 ⊇ L̂1 ⊇ L̂2 ⊇ L̂3 ⊇ · · · , ln ∈ L , eln ∈ L̂n−1, and
Ln = R(a + el1 + · · · + eln) + L̂n for each n ≥ 1.

Proof. Setting L̂0 = L , we construct L̂1, L̂2, . . . and l1, l2, . . . one at a time.
If we take l1 = b1 then Claim 3 gives L̂1. Suppose l1, l2, . . . , lm in L and L1 ⊇
L2 ⊇ · · · ⊇ Lm have been constructed so that the conclusion holds for n =
1, 2, . . . , m.By Claim 2, a+bm+1 ∈ Lm+1 ⊆ Lm , so a+bm+1 = r (a+el1+· · ·+
elm)+ l̂, r ∈ R, l̂ ∈ L̂m . Hence (1−re)a = −bm+1 +r (el1 +· · ·+elm)+ l̂ ∈ L .

Since a /∈ L , this implies re /∈ J, and hence Re = Rre, again because e is local.
Write e = sre, so that esre = e. Then es(a+bm+1) = a+el1 +· · ·+elm +esl̂,
so choose lm+1 = sl̂. Thus elm+1 ∈ L̂m, and a + el1 + · · · + elm+1 ∈ Lm+1 by
Claim 2. It remains to define L̂m+1. Write Lm+1 = �k Rzk and, as Lm+1 ⊆ Lm,
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write each zk as zk = rk(a + el1 + · · · + elm) + l̂k, rk ∈ R, l̂k ∈ L̂m . Then

zk = rk(a + el1 + · · · + elm + elm+1) + (l̂k − rkelm+1).

Hence each (l̂k − rkelm+1) ∈ Lm+1 ∩ L̂m and so, if we define

L̂m+1 = �k R(l̂k − rkelm+1),

we have L̂m+1 ⊆ Lm+1 ∩ L̂m and L̂m+1 is finitely generated. Finally, Lm+1 ⊆
R(a + el1 + · · · + elm + elm+1) + L̂m+1 ⊆ Lm+1, proving Claim 4.

Now we have L ⊇ L̂1 ⊇ L̂2 ⊇ · · · , so L̂m = L̂m+1 = · · · for some m
because L has DCCFG. But then, if k ≥ m, the fact that elk+1 ∈ L̂k gives

Lk+1 = R(a + el1 + · · · + elk+1) + L̂k+1 ⊆ R(a + el1 + · · · + elk) + L̂k

= Lk .

Hence Lm = Lm+1 = · · · , as required. �

B.5. Semiregular Rings

Recall that an element a in a ring R is called regular if it satisfies the following
equivalent conditions:

(1) There exists b ∈ R such that aba = a.

(2) R = a R ⊕ T for some right ideal T ⊆ R.

(3) R = Ra ⊕ L for some left ideal L ⊆ R.

A ring R is called a (von Neumann) regular ring if every element is regular.
Clearly, every semisimple ring is regular. Indeed, an endomorphism α : M →
M is regular if and only if both ker (α) and im(α) are direct summands of M, so
the endomorphism ring of any semisimple module is regular. The next lemma
identifies an extension of the regularity condition.

Lemma B.40. The following are equivalent for an element a in a ring R:

(1) R/a R has a projective cover.
(1′) R/Ra has a projective cover.
(2) There exists e2 = e ∈ a R such that (1 − e)a ∈ J.

(2′) There exists e2 = e ∈ Ra such that a(1 − e) ∈ J.

(3) a − b ∈ J for some regular element b ∈ R.

Proof. By the symmetry in (3), we prove (1)⇔(2)⇔(3).
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(1)⇒(2). Given (1), Bass’ lemma (Lemma B.15) shows that there exists
e2 = e ∈ R such that eR ⊆ a R and a R ∩ (1 − e)R ⊆ J. Since e ∈ a R, we
have a R ∩ (1 − e)R = (1 − e)a R, and (2) follows.

(2)⇒(3). If e = ar, r ∈ R, is as in (2) then a − ara = (1 − e)a ∈ J and
ara = (ara)r (ara).

(3)⇒(1). Let a − b ∈ J , where b = brb, and write f = br , so that f 2 = f
and b = f b. Then f − ar = (b − a)r ∈ J , so the element ar lifts to the
idempotent f modulo J. Hence Lemma B.4 shows that there exists e2 = e ∈ a R
such that e − ar ∈ J. Writing x̄ = x + J for all x ∈ R gives ē = f̄ , and so
ā − ēā = b̄ − f̄ b̄ = 0̄. Thus (1 − e)a ∈ J , so a R ∩ (1 − e)R ⊆ (1 − e)a R ⊆ J.

Since eR ⊆ a R, (1) follows by Bass’ lemma. �

An element a in a ring R is called semiregular if it satisfies the conditions in
Lemma B.40, and R is called a semiregular ring if every element is semiregular.
Semiregular rings are semipotent by (2) of Lemma B.40.

Corollary B.41. If R is semiregular and T � J is a one-sided ideal, there
exists e2 = e ∈ T − J.

Corollary B.42. Suppose that R is a semiregular ring. Then:

(1) eRe is semiregular for every e2 = e ∈ R.
(2) R/A is semiregular for any ideal A of R.

Proof. (1). Given a ∈ eRe choose f 2 = f ∈ a R with (1 − f )a ∈ J. Then
e f = f , so g = f e is an idempotent in a(eRe) and (e − g)a = (1 − f )a ∈
J ∩ eRe = J (eRe).

(2). This is clear by (3) of Lemma B.40. �

The next theorem shows that these semiregular rings simultaneously gener-
alize the semiperfect and regular rings. We need the following useful fact about
regular rings.

Lemma B.43 (Von Neumann’s Lemma). If R is a regular ring every finitely
generated right (left) ideal is a direct summand, and the intersection of two
summands is a summand.

Proof. If T = a1 R + · · · + an R, ai ∈ R, we use induction on n. If n = 1 and
a1ba1 = a1 then T = e1 R, where e1 = a1b is an idempotent. In general write
a2 R + · · · + an R = f R, where f 2 = f, and then let (1 − f )a1 R = eR, where
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e2 = e. It follows that T = eR + f R. But f e = 0, so g = e + f − e f is an
idempotent and gR = eR + f R = T .

Now let Re and R f be summands, e2 = e, f 2 = f. Then, by the first
part of this proof, (1 − e)R + (1 − f )R = gR for some g2 = g ∈ R, so
Re ∩ R f = l(gR) = R(1 − g) is a summand. Similarly, eR ∩ f R is a
summand. �

Theorem B.44. The following are equivalent for a ring R:

(1) R is a semiregular ring.
(2) R/J is regular and idempotents can be lifted modulo J.

(3) R/T has a projective cover for every finitely generated right (left) ideal
T ⊆ R.

Proof. As before write x̄ = x + J for every x ∈ R.

(1)⇒(2). R/J is regular by (3) of Lemma B.40. Suppose that a2 − a ∈ J
and, by Lemma B.40, choose e2 = e ∈ a R such that (1 − e)a ∈ J. If f =
e + ea(1 − e) then f 2 = f and f̄ = ā because ē = āē and ā = ēā.

(2)⇒(3). We prove it for a finitely generated right ideal T ⊆ R. The right
ideal T̄ = (T + J )/J of R̄ = R/J is finitely generated, so T̄ = ā R̄, where
ā2 = ā by von Neumann’s lemma (Lemma B.43). We may assume that a ∈ T .

Hence by (2) and Lemma B.4 there exists e2 = e ∈ T such that e − a ∈ J. By
Bass’ lemma it remains to show that T ∩ (1− e)R ⊆ J. But if t ∈ T ∩ (1− e)R
then, since T̄ = ā R̄ = ē R̄, we have t̄ = āt̄ = ēt̄ = 0̄.

(3)⇒(1). This is clear by Lemma B.40. �

Clearly, semiperfect and regular rings are semiregular, and Utumi’s theo-
rem (Theorem 1.26) shows that every right continuous ring (and hence every
right quasi-injective ring) is semiregular. In fact Theorem 1.25 shows that if
MR is continuous (in particular if MR is quasi-injective) then E = end(MR)
is semiregular and J (E) = {α ∈ E | ker (α) ⊆ess M}. We are going to
prove a “dual” to this result (Theorem B.46) that reveals a condition under
which the endomorphism ring of any projective module is semiregular. In
particular, it enables us to show that Mn(R) is semiregular whenever this is
true of R and so, by Corollary B.42, to see that semiregularity is a Morita
invariant.

We require a lemma and, with no extra effort we can do it for any quasi-
projective module. Here we say that a module M is quasi-projective if, for
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every epimorphism α : M → N , and every R-linear map β : M → N , there

M
γ

↙ ↓ β

M
α→ N → 0

exists γ : M → M such that β = αγ. Clearly, projective and semisimple
modules are quasi-projective.

For convenience, we often write composition of maps as juxtaposition in this
appendix.

Lemma B.45. If MR is a quasi-projective module and E = end(M), then
J (E) = {α ∈ E | αM ⊆sm M}.

Proof. Write A = {α ∈ E | αM ⊆sm M}, an ideal of E . If α ∈ A, the fact that
αM + (1 − α)M = M shows that 1 − α is epic. Then 1 − α has a right inverse
by quasi-projectivity, and it follows that A ⊆ J (E). Conversely, if α ∈ J (E),
let αM + X = M , where X is a submodule of M ; we must show that X = M.

If θ : M → M/X is the coset map, then θα : M → M/X is epic, so there
exists β ∈ E such that θαβ = θ, again because M is quasi-projective. Thus
θ (1 − αβ) = 0, so θ = 0 because α ∈ J (E). Hence X = M, as required. �

Theorem B.46. Let MR be a quasi-projective module, and write E = end(M).
The following conditions are equivalent:

(1) E is a semiregular ring.
(2) For all α ∈ E, M = P ⊕ K with P ⊆ αM and αM ∩ K ⊆sm K .

In particular, if M is projective, then E is semiregular if and only if M/αM has
a projective cover for all α ∈ E .

Proof. (1)⇒(2). If α ∈ E choose π2 = π ∈ αE such that (1 − π )α ∈ J (E).
Then π M ⊆ αM, and αM ∩ (1 − π )M = (1 − π)αM ⊆sm M by Lemma
B.45. So (2) follows with P = π M and K = (1 − π )M.

(2)⇒(1). If α ∈ E choose M = P ⊕ K as in (2), and let π2 = π ∈ E , where
π M = P and (1 − π)M = K . Then πα : M → P is epic and so, since M is
quasi-projective, there exists β ∈ E such that παβ = π. Write τ = αβπ. Then
τ 2 = τ ∈ αE, so it remains to show that (1 − τ )α ∈ J (E). But this follows
from Lemma B.45 because (1 − τ )αM = αM ∩ (1 − τ )M ⊆sm M.

Finally, the last sentence follows by Bass’ lemma (Lemma B.15). �
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Hence, to show that semiregularity is a Morita invariant, we must show that
Rn has the property in (2) of Theorem B.46 whenever R is semiregular. To do
this, we need a module theoretic version of Lemma B.40 which, it turns out,
will also enable us to extend Theorem B.44.

If M is a module, an element q ∈ M is called a regular element if qλ(q) = q
for some λ ∈ M∗ [where M∗ = hom(M, R) denotes the dual of M]. Thus
a ∈ R is regular if and only if a is regular in RR (or R R).

Lemma B.47. Let q ∈ MR be regular, say q = qλ(q), where λ ∈ M∗. Then
e = λ(q) is an idempotent in R, q R ∼= eR is projective, and M = q R ⊕ S,
where S = {s ∈ M | qλ(s) = 0}.

Proof. We have e = λ(q) = λ[qλ(q)] = e2, so q = qe. Then λ : q R → eR
is epic, and it is monic because λ(qr ) = 0 means qr = qλ(q)r = 0. Hence
q R ∼= eR is projective. Since m − qλ(m) ∈ S for every m ∈ M, we have
M = q R+S. This is direct because qr ∈ S means 0 = qλ(qr ) = qer = qr. �

If PR is projective, let P ⊕ Q = F be free on a basis {bi | i ∈ I }, and define
πi ∈ F∗ by πi (� j b jr j ) = ri . For each i ∈ I, write bi = pi + qi , where pi ∈ P
and qi ∈ Q, and let ξi = (πi )|P denote the restriction of πi to P. Then ξi ∈ P∗

for each i, and the system {(pi , ξi ) | i ∈ I } is called a dual basis for P because
p = �i piξi (p) holds for every p ∈ P. (In fact a module has a dual basis if and
only if it is projective.)

With this the module version of Lemma B.40 is as follows. Note the rela-
tionship to Bass’ lemma (Lemma B.15).

Lemma B.48. The following are equivalent for m ∈ MR :

(1) M = P ⊕ K , where P is projective, P ⊆ m R, and m R ∩ K ⊆sm K .

(2) There exists λ ∈ M∗ such that λ(m) = e = e2 and m − me ∈ rad(M).
(3) There exists a regular element q ∈ M such that m − q ∈ rad(M).
(4) There exists γ 2 = γ ∈ end(M) such that γ (M) ⊆ m R, γ (M) is projective,

and m − γ (m) ∈ rad(M).

Proof. (1)⇒(2). Let M = P ⊕ K as in (1). Hence P ⊆⊕ m R, so P is finitely
generated and thus has a finite dual basis {(pi , ξi ) | i = 1, 2, . . . , n}. Write
pi = mri , ri ∈ R, and define λ ∈ P∗ by λ(p) = �n

i=1riξi (p). Extend λ to M
by defining λ(K ) = 0. If m = p + k, p ∈ P, k ∈ K , then λ(m) = λ(p), so
mλ(m) = mλ(p) = �n

i=1 piξi (p) = p. If we write λ(m) = e, it follows that
e2 = e and m − me = m − p = k ∈ m R ∩ K . Hence m − me ∈ rad(M).
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(2)⇒(3). If q = me as in (2), then q is regular because qλ(q) = qe3 = q.

(3)⇒(4). Let m −q ∈ rad(M), where q ∈ M is regular, say qα(q) = q with
α ∈ M∗. If we write e = α(q) then e2 = e and m − me = (m − q)(1 − e) ∈
rad(M); we claim that me is regular. In fact e−α(m) = α(q−m) ∈ rad(RR) =
J, so let b[1 − e + α(m)] = 1, b ∈ R. Then β = bα is in M∗ and β(m) =
1 − b(1 − e). It follows that β(me) = e and hence that me β(me) = me. Thus
me is regular and so, replacing q by me, we may assume that q ∈ m R in (3).

Now Lemma B.47 gives M = q R⊕S, where q R ⊆ m R, q = qλ(q) for some
λ ∈ M∗, and S = {s ∈ M | qλ(s) = 0}. Let γ : M → M be the projection with
γ (M) = q R and ker (γ ) = S. Then γ (M) is projective by Lemma B.47, and
(1 − γ )(q) = 0. Hence m − γ (m) = (1 − γ )(m) = (1 − γ )(m − q) ∈ rad(M),
proving (4).

(4)⇒(1). Given (4), we have M = γ (M)⊕ (1−γ )(M), where γ (M) ⊆ m R,

so it remains to show that m R ∩ (1 − γ )(M) is small in (1 − γ )(M). But
m R ∩ (1 − γ )(M) ⊆ (1 − γ )(m R) because γ 2 = γ, and (1 − γ )(m R) is small
in M by hypothesis. Since (1 − γ )(M) ⊆⊕ M, we are done. �

An element m in a module M is called semiregular in M if the conditions
in Lemma B.48 are satisfied, and M is called a semiregular module if every
element is semiregular. Thus if R is a semiregular ring then RR and R R are both
semiregular modules. A module is called regular if every element is regular, so
every regular module is semiregular. In fact we have

Corollary B.49. A module M is regular if and only if M is semiregular and
rad M = 0.

Proof. If M is regular it is semiregular by Lemma B.48. To see that rad M = 0,

let 0 �= q ∈ M. Then M = q R ⊕ S for some S ⊆ M by Lemma B.47, so
choose a submodule N ⊆ M maximal such that S ⊆ N and q /∈ N . Then N is
maximal and so q /∈ rad M. The converse follows by Lemma B.48. �

It is clear from Bass’ lemma and Lemma B.48 that a projective module M
is semiregular if and only if M/m R has a projective cover for all m ∈ M. We
are going to improve on this; to do so we will need the following immediate
consequence of (3) of Lemma B.48.

Corollary B.50. If m ∈ MR, and if m − m1 ∈ rad(M), where m1 is semireg-
ular, then m is semiregular.
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Lemma B.48 has two more important consequences. The first is a character-
ization of semiregular modules.

Theorem B.51. The following are equivalent for a module M :

(1) M is semiregular.
(2) If N ⊆ M is finitely generated there exists γ : M → N such that γ 2 = γ,

γ (M) is projective, and (1 − γ )(N ) ⊆ rad(M).
(3) If N ⊆ M is finitely generated then M = P ⊕ K , where P is projective,

P ⊆ N , and N ∩ K is small in K .

Proof. (1)⇒(2). Write N = m1 R+m2 R+· · ·+mk R and proceed by induction
on k, the case k = 1 being Lemma B.48. In general, use Lemma B.48 again to
obtain β : M → m1 R, where β2 = β, β(M) is projective and (1 − β)(m1) ∈
rad(M). Write K = (1 − β)(�k

i=2mi R) and, by induction, choose δ2 = δ :
M → K such that δ(M) is projective and (1− δ)(K ) ⊆ rad(M). Then βδ = 0,
so γ = β + δ − δβ is an idempotent in end(M), and γ (M) = β(M) ⊕ δ(M) is
projective. Finally, (1 − β)(N ) ⊆ K + (1 − β)(m1 R) ⊆ K + rad(M), so

(1 − γ )(N ) = (1 − δ)(1 − β)(N ) ⊆ (1 − δ)(K ) + (1 − δ)[rad(M)]

⊆ rad(M).

(2)⇒(3). If N ⊆ M is finitely generated, choose γ as in (2) and write
P = γ (M) and K = (1−γ )(M). Then N = P ⊕ (N ∩ K ), so N ∩ K is finitely
generated. Since N ∩ K ⊆ (1 − γ )(N ) ⊆ rad(M), this shows that N ∩ K is
small in M and hence in K (as K ⊆⊕ M).

(3)⇒(1). This is clear by Lemma B.48. �

Corollary B.52. A projective module M is semiregular if and only if M/N has a
projective cover for every finitely generated (respectively principal) submodule
N of P.

Proof. If N is finitely generated then M/N has a projective cover by (3) of
Theorem B.51 and Bass’ lemma (Lemma B.15). Conversely, if this is true
whenever N = m R, m ∈ M, then m is a semiregular element of M by Lemma
B.48. �

The second fundamental consequence of Lemma B.48 is that direct sums of
semiregular modules are semiregular. We need the following lemma.
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Lemma B.53. If m ∈ M and λ ∈ M∗ exist such that λ(m) = e = e2 and
m − me is semiregular in M, then m is semiregular.

Proof. Since m − me is semiregular, let β ∈ M∗ be such that f = β(m − me)
is an idempotent in R and (m − me) − (m − me) f ∈ rad(M). Then f e = 0,

so g = e + f − e f is an idempotent and m − mg ∈ rad(M). If α ∈ M∗ is
defined by α = λ + (1 − e)[β − β(m) λ] then α(m) = g and we are done by
Lemma B.48. �

Theorem B.54. If M = ⊕i∈I Mi are modules, then M is semiregular if and
only if each Mi is semiregular.

Proof. If N ⊆⊕ M and n ∈ N , Lemma B.48 provides λ : M → R such that
λ(n) = e = e2 and n − ne ∈ rad(M). If λ1 is the restriction of λ to N , then
λ1 ∈ N ∗, λ1(n) = e = e2, and n − ne ∈ rad(M) ∩ N ⊆ rad(N ) because
N ⊆⊕ M. It follows that N is semiregular.

Conversely, if each Mi is semiregular, then since each element of M lies
in a finite direct sum of the Mi , we may assume that I is finite and hence by
induction that M = N ⊕ K , where both N and K are semiregular. So consider
m = n + k, n ∈ N , k ∈ K . Choose α : N → R such that α(n) = e = e2 and
n − ne ∈ rad(N ). Since rad(N ) ⊆ rad(M), we may consider α : M → R
by setting α(K ) = 0. Then α(m) = e and so, by Lemma B.53, it suffices to
prove that m − me = (n − ne) + (k − ke) is semiregular in M. By hypothesis
k − ke ∈ K is semiregular in K , and hence in M, and n − ne ∈ rad(N ) ⊆
rad(M), so the result follows from Corollary B.50. �

With this we can show that semiregularity is a Morita invariant.

Corollary B.55. If R is semiregular, the same is true of Mn(R) for each n ≥ 1.

Hence semiregularity is a Morita invariant.

Proof. If R is semiregular, then Rn is a semiregular module by Theorem B.54.
If α ∈ end(Rn) then α(Rn) is finitely generated, so Rn/α(Rn) has a projective
cover by Corollary B.52. Thus end(Rn) ∼= Mn(R) is semiregular by Theorem
B.46. The last statement now follows from Corollary B.42. �

Theorems B.54 and B.51 enable us to prove the following characterization
of semiregular rings in terms of projective covers that provides a natural gener-
alization of the corresponding results for semiperfect and perfect rings. Recall
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that a module M is said to be finitely presented if M ∼= F/K , where F is free
and both F and K are finitely generated.

Theorem B.56. The following conditions are equivalent for a ring R:

(1) R is semiregular.
(2) Every finitely presented right (left) module has a projective cover.
(3) Every finitely presented, principal right (left) module has a projective cover.

Proof. (2)⇒(3) is clear and (3)⇒(1) by Theorem B.44. Given (1), let M ∼=
F/K , where F is free and both F and K are finitely generated. Then F is
semiregular by (1) and Theorem B.54, so F/K has a projective cover by Corol-
lary B.52. Hence (1)⇒(2). �

We conclude with a generalization of the semiregular rings where we replace
the Jacobson radical by an arbitrary ideal of the ring. The following result
parallels Lemma B.40.

Lemma B.57. Let I be an ideal of a ring R. The following are equivalent for
a ∈ R:

(1) There exists e2 = e ∈ a R with a − ea ∈ I.
(2) There exists e2 = e ∈ a R with a R ∩ (1 − e)R ⊆ I.
(3) a R = eR ⊕ S, where e2 = e and S ⊆ I is a right ideal.

Proof. Given (1) we have a R = eR ⊕ [a R ∩ (1 − e)R]. If x ∈ a R ∩ (1 − e)R
then x = (1 − e)x ∈ (1 − e)a R ⊆ I. This proves (2). If (2) holds, (3) follows
with S = a R ∩ (1 − e)R. Finally, given (3) write a = er + s. Then a − ea =
s − es ∈ I because S ⊆ I, proving (1). �

If I = J, Lemma B.57 characterizes the semiregular elements in R. Accord-
ingly, if I is an ideal of a ring R, an element a ∈ R is called right I-semiregular if
the conditions in Lemma B.57 are satisfied, and R is called a right I-semiregular
ring if every element is right I -semiregular. Left I -semiregular elements and
rings are defined analogously. Thus, Lemma B.40 shows that the semiregular
rings are precisely the right (equivalently left) J -semiregular rings. Moreover,
it shows that if R is semiregular then R is left and right I -semiregular for every
ideal I ⊇ J.

Theorem B.58. The following conditions are equivalent for an ideal I of a ring
R:
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(1) R is right I -semiregular.
(2) For all finitely generated right ideals T ⊆ R, there exists e2 = e ∈ T with

T ∩ (1 − e)R ⊆ I.
(3) For all finitely generated right ideals T ⊆ R, T = eR ⊕ S, where e2 = e

and S ⊆ I is a right ideal.

When these conditions are satisfied the following hold:

(i) J ⊆ I, Zr ⊆ I , and Zl ⊆ I.
(ii) R/I is regular and idempotents can be lifted modulo I.

(iii) For all a ∈ R, there exists a regular element d ∈ R with a − d ∈ I.

Proof. (1)⇒(2). We induct on n where T = a1 R+· · ·+an R. If n = 1 it follows
from (1). If n ≥ 2 then (1) gives f 2 = f ∈ a1 R with (1 − f )a1 R ⊆ I. Write
K = (1− f )a2 R+· · ·+(1− f )an R. Since f ∈ a1 R we have T = a1 R+K . By
induction, choose g2 = g ∈ K such that (1 − g)K = K ∩ (1 − g)R ⊆ I. Then
f g = 0 because g ∈ K , so e = f +g −g f is an idempotent and e ∈ T . Thus it
remains to verify that T ∩(1−e)R = (1−e)T ⊆ I . But (1−e) = (1−g)(1− f )
and (1 − f )K = K , so

(1 − e)T ⊆ (1 − g)(1 − f )a1 R + (1 − g)(1 − f )K

⊆ (1 − g)I + (1 − g)K ⊆ I.

This proves (2).
(2)⇒(3). Given (2) take S = T ∩ (1 − e)R.

(3)⇒(1). This is clear by Lemma B.57.
If (3) holds then every right ideal of R that is not contained in I contains a

nonzero idempotent, and this gives (i). Write r̄ = r + I for each r ∈ R. If a ∈ R,

(1) gives e2 = e ∈ a R such that a − ea ∈ I. If e = ab then ā = ēā = āb̄ā,

so R/I is regular. If in addition a2 − a ∈ I then āē = ē because e ∈ a R. If
f = e + ea − eae then f 2 = f ∈ a R and f̄ = ē + ēā − ē2 = ēā = ā.

This proves (ii). Furthermore, a − aba = a − ea ∈ I and (aba)b(aba) = aba.

Hence (iii) follows with d = aba. �

If we take R = Z and I = 2Z, then R/I is regular (a field) so idempotents 0
and 1 lift modulo I . Moreover, if n ∈ R then n − d ∈ I , where d = 0 or 1 for
n even or odd, respectively. Hence R satisfies (ii) and (iii) in Theorem B.58,
but R is not right I -semiregular since e ∈ 3Z and 3 − 3e ∈ I is impossible
for e2 = e because e = 0 or e = 1. The next result shows that if J ⊆ I then
(ii) and (iii) are equivalent to right (and left) I -semiregularity. However, this
implies that I = J and R is semiregular.
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Proposition B.59. Let I be an ideal of a ring R. If I ⊆ J, the following are
equivalent:

(1) R is right I -semiregular.
(2) R is left I -semiregular.
(3) For all a ∈ R, there exists a regular element d ∈ R with a − d ∈ I.
(4) R/I is regular and idempotents can be lifted modulo I.

When this is the case, I = J.

Proof. Since (3) and (4) are left–right symmetric, we prove (1)⇔(3) and
(1)⇔(4). We have (1)⇒(3) and (1)⇒(4) by Theorem B.58.

(3)⇒(1). By (3) let a−d ∈ I , where d is regular, say dcd = d. Write f = cd ,
so f 2 = f and d f = d. Then a − a f = a(1 − f ) = (a − d)(1 − f ) ∈ I.
Moreover, f −ca = c(d −a) ∈ I ⊆ J , so let u(1− f +ca) = 1, where u ∈ R.

This gives f uca f = f, whence a f (uc)a f = a f. Thus a − a f ∈ I and a f is
regular, so we may assume that d ∈ a R. Hence let a − d ∈ I , where d ∈ a R
and dcd = d. Now consider e = dc. Then e2 = e ∈ a R and, since ed = d,

we have a − ea = (1 − e)a = (1 − e)(a − d) ∈ I.
(4)⇒(1). If a ∈ R let a − aba ∈ I , where b ∈ R. Hence ba − (ba)2 ∈ I,

so by (4) choose f 2 = f such that f − ba ∈ I ⊆ J. Thus 1 − f + ba = u is
a unit, so that f ba = f u. It follows that e = au−1 f b ∈ a R is an idempotent.
Writing r̄ = r + I in R/I, we have ū = 1̄ and ā f̄ = āb̄ā = ā, so ā − ēā =
ā − ā f̄ b̄ā = ā − āb̄ā = 0̄. Thus a − ea ∈ I, proving (1).

Finally, since I ⊆ J we have I = J by Theorem B.58. �

Notes on Appendix B

Semiperfect and perfect rings were introduced in 1960 by Bass [16], where he
studied the notion of a projective cover of a module as the dual of the injective
hull. (The idea but not the terminology of a projective cover had been used
earlier by Eilenberg [51].) Bass proved that a ring R is semiperfect if and only
if every finitely generated (respectively principal) right (or left) ideal has a
projective cover; he also proved that R is right perfect if and only if every right
ideal has a projective cover (see Theorems B.32 and B.38).

The characterization (in Theorem B.9) of semiperfect rings as those for which
the unity is a finite sum of orthogonal local idempotents is due to Müller [149];
the fact (in Theorem B.21) that R is semiperfect if and only if every simple
right module has a projective cover is due to Sandomiersky [200].

In Theorem B.39, the fact that a ring is right perfect if and only if it has
the DCC on principal left ideals is due to Bass [16] but with a different
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(homological) proof; the fact that this is equivalent to the DCC on finitely
generated left ideals is due to Björk [20]. Jonah [114] showed that these rings
have the ACC on principal right ideals.

Von Neumann’s lemma [156] (Lemma B.43) was proved in 1936. Theorems
B.44 and B.56 were given in 1971 by Oberst and Schneider [176]; the present
treatment follows [157]. Semiregular modules were introduced in [157] and
generalize the regular modules of Zelmanowitz [236].

Regarding Corollary B.55, it is worth mentioning that end(F) may not be
semiregular if F is a free module. Indeed, if a countably generated free right
R-module is semiregular it can be shown that R is right perfect (see [157,
Theorem 3.9]). Semiregular rings with J right T-nilpotent have been studied
by Stock [210].



C

The Camps–Dicks Theorem

In this brief appendix we give a self-contained treatment of an important theorem
about semilocal rings, settling (affirmatively) an open question whether the
endomorphism ring of every artinian module is semilocal. The following lemma
will be needed. If M = S MR is a bimodule and a ∈ R, let lM (a) = {m ∈ M |
ma = 0}, an S-submodule of M.

Lemma C.1. Let M = S MR be a bimodule and let a, b ∈ R.

(1) lM (a − aba) = lM (a) ⊕ lM (1 − ab) and lM (1 − ab) ∼= lM (1 − ba).
(2) If S M is artinian and lM (a) = 0 then Ma = M.

Proof. (1) lM (a) ⊆ lM (a − aba) and lM (1 − ab) ⊆ lM (a − aba) are clear,
as is the fact that lM (a) + lM (1 − ab) is a direct sum. If m ∈ lM (a − aba)
then m(a − aba) = 0, so m = (m − mab) + mab is in lM (a) + lM (1 − ab).
Next, right multiplication by a induces an S-linear map ·a : lM (1 − ab) →
lM (1 − ba), and it is routine to verify that ·b is the inverse map.

(2) We have M ⊇ Ma ⊇ Ma2 ⊇ · · · , so Man = Man+1 for some n because

S M is artinian. Hence M = Ma because lM (a) = 0. �

We say that a set of submodules has the ACC on summands if no infinite sum
of nonzero modules in the set is direct.

Theorem C.2 (Camps–Dicks Theorem). The following are equivalent for a
ring R:

(1) R is semilocal.
(2) There exists a ring homomorphism ϕ : R → S, where S is semisimple

artinian, and a is a unit of R whenever ϕ(a) is a unit of S.

286
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(3) There exists a bimodule S MR such that dim(S M) is finite and lM (a) = 0,

a ∈ R, implies that a is a unit of R.
(4) There exists a bimodule S MR such that the following hold:

(a) {lM (a) | a ∈ R} has the ACC on summands.
(b) lM (a) = 0 implies that a is a unit of R.

(5) There exists an integer n ≥ 0 and a function d : R → {0, 1, 2, . . . , n} such
that the following hold:
(a) d(a − aba) = d(a) + d(1 − ab) for all a and b in R.
(b) d(a) = 0 implies that a is a unit of R.

(6) There exists a partial order ≤ on R such that the following hold:
(a) (R, ≤) has the DCC.
(b) if 1 − ab is not a unit then a > a − aba.

Proof. For convenience, let U (R) denote the group of units of the ring R.

(1)⇒(2). Given (1), we have the coset map ϕ : R → R/J = S, where S
is semisimple artinian. If ϕ(a) ∈ U (S) then 1 − aa′ ∈ ker (ϕ) = J for some
a′ ∈ R, so aa′ = 1 − (1 − aa′) ∈ U (R). Similarly, a′′a ∈ U (R) for some a′′

in R, and (2) follows.
(2)⇒(3). Given ϕ : R → S as in (2), take S M = S and introduce a bimodule

structure S MR via m ·r = mϕ(r ). Then S M is finite dimensional (it is artinian),
so let lM (a) = 0, a ∈ R, and write b = ϕ(a). Then lS(b) = 0, so Sb = S by
Lemma C.1. Hence b ∈ U (S) because S is semisimple artinian, so a ∈ U (R)
by (2).

(3)⇒(4) and (5). Given (3), (4a) holds because dim(M) is finite, and (4b)
is part of (3). Turning to (5), we let n = dim(S M), and define d : R →
{0, 1, 2, . . . , n} by d(a) = dim[lM (a)]. Then condition (5a) follows from
Lemma C.1, and (5b) holds because d(a) = 0 implies that lM (a) = 0, so
a ∈ U (R) by (3).

(4)⇒(6). WriteA = {lM (a) | a ∈ R} and, if A and B are inA, write A ≤⊕ B
if B = A ⊕ A1 ⊕· · ·⊕ Ak for Ai ∈ A. It is routine to verify that ≤⊕ is a partial
order on A (it is reflexive because 0 = lM (1) ∈ A). Now, given a and b in R,

define a ≤ b if a = b or lM (b) <⊕ lM (a). This is clearly reflexive, and it is
antisymmetric because if a ≤ b and b ≤ a then a �= b implies lM (b) <⊕ lM (a)
and lM (a) <⊕ lM (b), which is a contradiction. Finally, if a ≤ b and b ≤ c then
a ≤ c follows by checking all four cases. So ≤ is a partial order on R. Now
suppose that a1 > a2 > a3 > · · · in R; that is, A1 <⊕ A2 <⊕ A3 <⊕ · · · ,
where we write Ai = lM (ai ). If Ak+1 = Ak ⊕ Ak 1 ⊕ Ak 2 ⊕· · ·⊕ Ak nk for each
k, where nk ≥ 1 and 0 �= Ak i ∈ A for each i, then we have an infinite direct sum

(A1 ⊕ A1 1 ⊕ · · · ⊕ A1 n1 ) ⊕ (A2 1 ⊕ · · · ⊕ A2 n2 ) ⊕ (A3 1 ⊕ · · · ⊕ A3 n3 ) ⊕ · · · ,
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contrary to (4a). Hence (R, ≤) satisfies the DCC. Finally, if 1 − ab /∈ U (R)
then lM (1 − ab) �= 0 by (4b). It follows that lM (a) <⊕ lM (a − aba) by
Lemma C.1, so a > a − aba. This proves (6).

(5)⇒(6). Given d as in (5), define a ≤ b if a = b or d(b) < d(a). Then ≤ is
a partial order on R. Note that a < b if and only if d(b) < d(a); in particular,
a1 > a2 > a2 > · · · implies that d(a1) < d(a2) < d(a3) < · · · , which is
a contradiction. Hence (R, ≤) has the DCC. Finally, if 1 − ab /∈ U (R) then
d(1 − ab) > 0, so d(a − aba) > d(a) by (5a), whence a − aba < a. This
proves (6).

(6)⇒(1). Assume (6) and write R̄ = R/J and r̄ = r + J for each r ∈ R.

Claim 1. Let a �= 0̄ and suppose [using (6a)] that ab is minimal in A = a R− J.

If 1 − abx /∈ U (R) then ab = abxab.

Proof. If 1 − abx /∈ U (R) then ab > ab − abxab by (6b). By the minimality
of ab, it follows that ab − abxab is in J, as required.

Claim 2. Let e2 = e �= 0̄. There exists f̄ 2 = f̄ ∈ eRe such that e > f and
(e − f̄ )R̄ is simple.

Proof. Since e �= 0̄ choose eb minimal in eR − J. Since eb /∈ J there exists
c ∈ R such that 1 − ebc /∈ U (R). Hence eb = ebceb by Claim 1. Write g =
ebce. Then (as e2 = e) we have ḡ2 = ḡ ∈ eR̄e. Define f = e − g = e − ebce.
Then e > f by (6) because 1 − ebc /∈ U (R). Clearly, f̄ 2 = f̄ ∈ eR̄e. Finally,
we must show that (e − f̄ )R̄ = ḡ R̄ is simple. Let 0̄ �= v̄ ∈ ḡ R̄ = ebceR̄, say
v̄ = ebd. Then ebd /∈ J, so 1 − ebdy /∈ U (R) for some y ∈ R. Hence Claim 1
gives eb = ebdyeb. Thus eb = v̄yeb ∈ v̄ R̄, so ḡ = ebce ∈ ebR̄ ⊆ v̄ R̄. Thus
ḡ R̄ = v̄ R̄, as required, proving Claim 2.

Now use Claim 2 to construct idempotents ei in R̄, i ≥ 0, such that 1 =
e0 > e1 > e2 > · · · . If e = e0 = 1 in Claim 2, we get e2

1 = e1 ∈ e0 R̄e0

with e0 > e1 and (e0 − e1)R̄ simple. If e1 �= 0̄ we get e2
2 = e2 ∈ e1 R̄e1 with

e1 > e2 and (e1 − e2)R̄ simple. Continue in this way. Because e0 > e1 > · · · ,

some en+1 = 0̄ by the minimum condition. Moreover, R̄ = e0 R̄e0 ⊇ e1 R̄e1 ⊇
e2 R̄e2 ⊇ · · · , so each ek −ek+1 is orthogonal to all ei − ei+1 with i < k. Hence
{e0 − e1, e1 − e2, . . . , en−1 − en, en − en+1} is an orthogonal set of idempotents
in R̄ that sums to 1̄ = e0 and for which (ei − ei+1)R̄ is simple for each i. It
follows that R̄ is semisimple artinian, so R is semilocal. �

The original question whether the endomorphism ring of an artinian module
is semilocal is answered and extended by the following useful result.
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Corollary C.3. If a module S M is finite dimensional and monomorphisms in
endS M are epic, then endS M is semilocal.

Proof. If R = end(S M), the bimodule S MR satisfies condition (3) in Theorem
C.2. �

Notes on Appendix C

In 1988 Menal [143] asked if the endomorphism ring of every artinian module
is semilocal. The affirmative answer (see Corollary C.3) was given by Camps
and Dicks [30] (see also [95, Theorem 3]). We are obliged to Rosa Camps for
a discussion of these results.





Questions

Throughout these questions, R denotes a ring.

1. If R is a right simple injective, left perfect ring, is R right self-injective?
2. If R is a right Kasch, right simple injective ring, is R necessarily left Kasch?

Semiperfect?
3. If R is a semiprimary, right simple injective ring, is R quasi-Frobenius?
4. When is the group ring RG right mininjective? Right simple injective?
5. If R is a left continuous ring with R/Sl left Goldie, is R left artinian?
6. Are the rings in Theorem 5.56 all semiperfect?
7. If 1 = e1 + · · · + en in a ring R, where the ei are orthogonal, primitive

idempotents, is R an I-finite ring?
8. Is a “right C2 ring” a Morita invariant?
9. Does a right self-injective, left Kasch ring have finite essential right socle?

10. If R is a right F-injective ring, is R right FP-injective?
11. If R is a right Kasch, right CS ring, is R semiperfect?
12. If R is a right self-injective, left Kasch ring, is R a right PF ring?
13. Is every right FGF ring a right C2 ring?
14. If R is a semilocal right CF ring (respectively right FGF ring), is R right

artinian (respectively quasi-Frobenius)?
15. If R is a semiperfect right CF ring (respectively right FGF ring), is R right

artinian (respectively quasi-Frobenius)?
16. If R is a semiregular right CF ring (respectively right FGF ring), is R right

artinian (respectively quasi-Frobenius)?
17. If R is a right P-injective, right CF ring (respectively right FGF ring), is R

quasi-Frobenius?
18. If R is a right F-injective, right CF ring (respectively right FGF ring), is R

quasi-Frobenius?

291
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19. If R is a right C2, right CF ring (respectively right FGF ring), is R right
artinian (respectively quasi-Frobenius)?

20. If R is a right simple injective, right CF ring (respectively right FGF ring),
is R quasi-Frobenius?

21. If R is right self-injective and R/Sr has ACC on right annihilators, is R
quasi-Frobenius?
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[50] B. Eckmann and A. Schopf, Über injektive Moduln, Arch. Math. 4 (1953), 75–78.
[51] S. Eilenberg, Homological dimension and syzygies, Ann. Math. 64 (1956), 328–

336.
[52] C. Faith, “Lectures on Injective Modules and Quotient Rings,” Lecture Notes in

Math. Vol. 49. Springer-Verlag, Berlin–Heidelberg–New York, 1967.
[53] C. Faith, “Algebra II Ring Theory,” Grundlehren der mathematischen Wissens-

chaften Vol. 191. Springer-Verlag, Berlin–New York, 1976.
[54] C. Faith, Rings with ascending condition on annihilators, Nagoya Math. J. 27

(1966), 179–191.
[55] C. Faith, Injective cogenerator rings and a theorem of Tachikawa, Proc. Am.

Math. Soc. 60 (1976), 25–30; 62 (1977), 15–18.
[56] C. Faith, Injective cogenerator rings and a theorem of Tachikawa II, Proc. Am.

Math. Soc. 62 (1977), 15–18.
[57] C. Faith, Self-injective rings, Proc. Am. Math. Soc. 77 (1979), 157–164.
[58] C. Faith, Embedding modules in projectives. A report on a problem, Lecture Notes

in Mathematics Vol. 951, 21–40. Springer-Verlag, Berlin–New York, 1982.
[59] C. Faith, Embedding torsionless modules in projectives. A report on a

problem, Lecture Notes, Inst. de Recerca Mat., Autónoma U. de Barcelona,
1990.

[60] C. Faith, When self-injective rings are QF: A report on a problem, Centre Recerca
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[130] R. P. Kurshan, Rings whose cyclic modules have finitely generated socle, J. Algebra
15 (1970), 376–386.

[131] T. Y. Lam, “Lectures on Modules and Rings,” Graduate Texts in Mathematics
Vol. 189. Springer-Verlag, New York, 1998.

[132] T. Y. Lam, “Exercises in Classical Ring Theory.” Springer-Verlag, Berlin–
Heidelberg–New York, 1995.

[133] J. Lawrence, A countable self-injective ring is quasi-Frobenius, Proc. Am. Math.
Soc. 65 (1977), 217–220.

[134] Y. Lee and N. S. Tung, A note on continuous rings, Arch. Math. 63 (1994), 30–32.
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