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Preface

A ring R is called quasi-Frobenius if it is right or left self-injective and right
or left artinian (all four combinations being equivalent). The study of these
rings grew out of the theory of representations of a finite group as a group of
matrices over a field — the corresponding group algebra is quasi-Frobenius. At
the turn of the twentieth century G. Frobenius carried out fundamental work
on representations of “hypercomplex systems” — finite dimensional algebras in
modern terminology. This topic was revived in the late 1930s and early 1940s by
Brauer, Nesbitt, Nakayama, and others in their study of “Frobenius algebras.”
Nakayama introduced quasi-Frobenius rings in 1939 and, in 1951 Ikeda charac-
terized them as the left and right self-injective, left and right artinian rings. The
subject is intimately related to duality, the duality from right to left modules
induced by the hom functor, and, more importantly for us, the duality related to
annihilators. The present extent of the theory is vast, and we make no attempt
to be encyclopedic here. Instead we provide an elementary, self-contained
account of the basic facts about these rings at a level allowing researchers and
graduate students to gain entry to the field. This pays off by giving new insights
into some of the outstanding open questions about quasi-Frobenius rings.

Our approach begins by extending many earlier results to a much wider
class of rings than heretofore investigated. We call these rings mininjective. The
remarkable thing is that our general methods yield basic information about these
rings that has been overlooked in more focused studies. We present important
facts about mininjective rings that were not known even for the (much smaller
class of) self-injective rings studied classically. Moreover, the methods we have
developed unify and simplify what is known in this area of research and so bring
researchers and graduate students up to the research level.

The required background knowledge of noncommutative rings can be found
in texts such as T. Y. Lam’s Lectures on Modules and Rings (Springer-Verlag,
1998) or F. Anderson and K. R. Fuller’s Rings and Categories of Modules

XV
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(Springer-Verlag, 1992). Appendices are included that develop the basic facts
about Morita equivalence and about perfect, semiperfect, and semiregular rings
to a level sufficient for our purposes. For more detailed information, the reader
is referred to C. Faith’s Algebra II, Ring Theory (Springer-Verlag, 1976),
F. Kasch’s Modules and Rings (Academic Press, 1982), and R. Wisbauer’s
Foundations of Module and Ring Theory (Gordon and Breach, 1991).

Consider the following four theorems: A ring R is quasi-Frobenius if it
satisfies any of the following conditions:

1. R is right (or left) artinian and, if {e;, ey, ..., €,} is a basic set of primitive
idempotents of R, there exists a permutation o of {1, 2, ..., n} such that
soc(Rey) = Reyi/Jesr and soc(e,r R) = e R/ei J.

2. R is right (or left) perfect and left and right self-injective.

3. Every right (or left) R-module embeds in a free module.

4. R isright (or left) noetherian and every one-sided ideal of R is an annihilator.

Here (1) and (4) are essentially due to Nakayama, (2) is due to Osofsky, and
(3) 1s due to Faith and Walker. There are numerous other equivalent conditions
that a ring is quasi-Frobenius; we have chosen these because of their relevance
to three problems that we will refer to as follows:

The Faith conjecture: Every left (or right) perfect, right self-injective ring is
quasi-Frobenius.

The FGF-conjecture: Every right FGF ring is quasi-Frobenius. (A ring is
called a right FGF ring if every finitely generated right module embeds in
a free module.)

The Faith—-Menal conjecture: Every strongly right Johns ring is quasi-
Frobenius. (A ring R is called right Johns if R is right noetherian and
every right ideal is an annihilator; and R is called strongly right Johns if
the matrix ring M, (R) is right Johns for alln > 1.)

This book reviews recent work on these conjectures and provides some new
results. One of the main purposes of the monograph is to clearly outline both
new and old methods for attacking these problems in an easily accessible format.

The chapter dependencies are pretty much in the order they appear, except that
neither Chapter 3 nor Chapter 4 depends very much on the other. The required
background about injectivity and continuity is developed in Chapter 1. A ring
is called right mininjective if every isomorphism between simple right ideals
is given by multiplication, and the basic properties of these rings are derived
in Chapter 2. The profound consequences of insisting that a right mininjective
ring is semiperfect are investigated in Chapter 3, leading to some important
subclasses (the right minfull rings and the right min-PF rings) that are referred
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to throughout the book. Chapter 4 varies the theme of Chapters 2 and 3 and
deals with the min-CS rings in which every simple right ideal is essential in a
direct summand.

Two important subclasses of mininjective rings are introduced in Chapters
5 and 6. The right principally injective rings (for which every linear map from
a principal right ideal to the ring is given by multiplication) are described in
Chapter 5 and are shown to be closely related to the right FP-injective rings.
This motivates the study of the FP rings [semiperfect, right FP-injective with
essential right (or left) socle] as a generalization of the well-known class of
pseudo-Frobenius rings. A ring is called right simple injective if every linear
map with simple image from a right ideal to the ring is given by multiplication.
These rings are investigated in Chapter 6 and are used to study dual rings (for
which every one-sided ideal is an annihilator) and right Ikeda—Nakayama rings
[for which 1(A N B) = 1(A) + 1(B) for all right ideals A and B of R, where
1(X) denotes the left annihilator].

A ring is called a right C2 ring if every right ideal that is isomorphic to a
direct summand is itself a direct summand. In Chapter 7 the FGF-conjecture is
shown to be closely related to these right C2 rings: A ring is quasi-Frobenius
if every matrix ring over it is a C2 ring and every 2-generated right module
embeds in a free module. This implies several important results in the literature
and leads to a reformulation of the conjecture: The FGF-conjecture is true if
and only if every right FGF ring is a right C2 ring. More recently, extensive
work on the conjecture has been carried out by Gomez Pardo and Guil Asensio.
They show that a right FGF ring is quasi-Frobenius if it is a right CS ring (every
right ideal is essential in a direct summand). This in turn stems from their more
general result: Every right Kasch, right CS ring has a finitely generated essential
right socle, generalizing (and adapting the proof of) a well-known theorem of
Osofsky in the right self-injective case.

The Faith—-Menal conjecture is investigated in Chapter 8; in Chapter 9 a
generic example is constructed to study the Faith conjecture and provide a
source of examples of many of the rings studied in the book.

Of course a book like this rests on the research of many mathematicians,
and it is a pleasure to acknowledge all these contributions. Special thanks go to
Esperanza Sdnchez Campos who gave the entire manuscript a thorough reading,
made many useful suggestions, and caught a multitude of typographical errors.
In addition, we thank Joanne Longworth for many consultations about the
computer. We also acknowledge the support of the Ohio State University, the
University of Calgary, NSERC Grant A-8075, and a Killam Resident Fellowship
at the University of Calgary. Finally, we thank our families for their constant
support during the time this book was being written.






1
Background

To make this monograph as self-contained as possible, this preliminary chap-
ter contains basic characterizations of quasi-Frobenius and pseudo-Frobenius
rings, together with the necessary background material. We assume familiarity
with the basic facts of noncommutative ring theory, and we refer the reader to the
texts by Anderson and Fuller [1] or Lam [131] for the relevant information. How-
ever, we make frequent use of facts about semiperfect, perfect, and semiregular
rings and about Morita equivalence, often without comment. All these results
are derived in the Appendices, again to make the book self-contained.
Throughout this book all rings considered are associative with unity and all
R-modules are unital. We write J = J(R) for the Jacobson radical of R and
M, (R) for the ring of n x n matrices over R. Right and left modules are denoted
Mg and g M respectively, and we write module homomorphisms opposite the
scalars. If M is an R-module, we write Z(M), soc(M) and M* = homg(M, R)
respectively, for the singular submodule, the socle, and the dual of M. The
uniform (Goldie) dimension of a module M will be referred to simply as the
dimension of M and will be denoted dim(M). For aring R, we write

soc(Rg)=3S,, soc(gkR)=3S;, Z(Rg)=Z,, and Z(zR)= 7.

The notations N C"** M, N C** M,and N C*" M mean that N is a maximal,
(essential, and small) submodule of M, respectively, and we write N C® M if
N is a direct summand of M. Right annihilators will be denoted as

r(Y)=rx(Y)={xe X | yx=0forall y € Y},

with a similar definition of left annihilators, 1 x(Y) = 1(Y'). Multiplication maps
x — ax and x — xa will be denoted a- and -a respectively. If 7 is a property of
modules, we say that M is a m module if it has the property 7 and that the ring
R is aright r ring if Ry is a m module (with a similar convention on the left).



2 Quasi-Frobenius Rings

1.1. Injective Modules

Injective modules are closely related to essential extensions. If K € M are
modules, recall that K is called an essential submodule of M (and K C M is
called an essential extension) if K N X # 0 for every submodule X # 0O of
M. This state of affairs is denoted K C** M. We begin with a lemma, which
will be referred to throughout the book, that collects many basic properties of
essential extensions.

Lemma 1.1. Let M denote a module.

(1) IfK € N C M then K C*° M ifand only if K C*° N and N C** M.

Q2)IfK C** NCMandK' C** NN C Mthen K NK' C* NNN'.

(3) Ifa« : M — N is R-linear and K C° N, then = '(K) C** M, where
a W(K)y={meM|am)eK).

(4) Let M = @;c;M; be a direct sum where M; € M for each i, and let
K; C M; for eachi. Then ®,c;K; C** M if and only if K; C** M; for
eachi.

Proof. (1) and (2). These are routine verifications.

(3). Let 0 ## X € M; we must show that X N a~'(K) # 0. This is clear if
a(X) = 0 since then X C o~ !(K). Otherwise, «(X) N K # 0 by hypothesis,
say 0 £ a(x) € K, x € X. Then0 # x € X Na~(K).

(4). Write K = ®;¢;K;, and assume that K; C** M,; for each i. Then
K C®® M if and only if mR N K # 0 for each 0 # m € M. Since m lies
in a finite direct sum of the M;, it suffices to prove (4) when [ is finite, and
hence (by induction) when |/| = 2. Let 7 : M| & M, — M), be the projec-
tion with ker(mwy) = M,. Then K1 & M, = 7'[1_1([(1) CS M, & M, by (3).
Similarly, M| & K, < M| & M, and (4) follows from (2) because K| &
K>, = (K1 ® M) N (M @ K>). O

This book is concerned with injective modules and their generalizations, and
the main properties of these modules are derived in this section. A module
Ey is called injective if whenever 0 — N % Mis R-monic, every R-linear
map B : N — E factors in the form f§ = y o « for some R-linear map

0—> N> M

Y
Bl v
E

vy : M — E.These modules admit a characterization that we will use repeatedly
in the following.



1. Background 3

Lemma 1.2. A module E is injective if and only if, whenever K C M, every
R-linear map B : K — E extends to an R-linearmapy : M — E.

Proof. The condition clearly holds if E is injective. Conversely, if N — M is
R-monic, the map o’ : «(N) — N is well defined by o'(«(n)) = n forn € N.
Then, given 8 : N — E,themap Boa' : «(N) — Eextendstoy : M — E
by hypothesis, and one checks that y o o = . O

Corollary 1.3. If E = I1; E; is a direct product of modules, then E is injective
if and only if each E; is injective.

Proof. Let E; > E 4 E ; be the canonical maps. If E is injective, and if
K € M and B : K — E; are given, there exists y : M — E such that y =
o;ofonK.Thenm; oy : M — E; extends B, proving that E; is injective by
Lemma 1.2. Conversely, if each E; is injective, leta : K — E, where K € M.
For each i, there exists y; : M — E; extending m; oa. If y : M — E is
defined by y(m) = (y;(m)) for each m € M, then y extends o because x =
(m;(x)) for each x € M. It follows that E is injective by Lemma 1.2. O

Surprisingly, to prove that a module E is injective, it is enough to verify the
condition in Lemma 1.2 when M = R.

Lemma 1.4 (Baer Criterion). A right R-module E is injective if and only if,
whenever T C R is a right ideal, every map y : T — E extendsto R — E,
that is, y = c- is multiplication by an element c € E.

Proof. The condition is clearly necessary. To prove sufficiency, let K € M be
modules and let 8 : K — E. In this case, let F denote the set of pairs (K, 8’)
such that K € K’ € M and B’ : K’ — E extends . By Zorn’s lemma, let
(K", B") be a maximal member of F. We must show that k' = M. If not, let
meM—K , letT = {re R|mre K”}—arightideal,anddeﬁnek T — E
by A(r) = B’ (mr). By hypothesis there exists A : R — E extending A, and we
useittodefine  : K'+mR — Eby B(y+mr) = B (y)+A(r), wherey € K"
and r € R. This is well defined because y + mr = 0 implies that mr € K’
and so A(r) = A(r) = ,BN(mr) = ,3”(—y) = —,B”(y). Since ,3 1S R-linear and
extends B this contradicts the maximality of (K ".B)in F. O

It is a routine matter to show that an (additive) abelian group X is injective
as a Z-module if and only if it is divisible, thatis,nX = X forany 0 # n € Z.
Examples include Q and the Priifer group Z ,~ for any prime p. Divisible groups
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can be used to construct injective modules over any ring. The second part of
the next lemma was discovered by Baer in 1940.

Lemma 1.5. Let R be a ring. Then the following hold:

(1) If Q is a divisible group then Ex = homyz(R, Q) is an injective right
R-module.
(2) (Baer) Every module Mg embeds in an injective right module.

Proof. (1).If L € E and a € R, E becomes a right R-module via (A - a)(r) =
Alar) forallr € R.Now lety : T — Ex be R-linear, where T is a right ideal
of R. By Lemma 1.4 we must extend y to Rg — Ex.Define6 : T — Q by
0(t) = [y(®)](1). Then 6 is a Z-morphism; so, since 7z Q is injective, let 0 -
R — Q be a Z-morphism extending 6. Since § € E, define § : R — E by
p(a) =0 -aforalla € R. One verifies that § is R-linear, and we claim that it
extends y; thatis, p(t) = y(¢t) forallt € T.If r € R, we have

[PONr) =10 - 11(r) = 0(tr) = 6(tr) = [y (er)](1) = [y (1) - r1(1) = [y ()I(r)

because y is R-linear and y(¢) € E. Hence p(t) = y(t), as required.

(2). Given Mg, let ¢ : Z) — M be Z-epic for some set I, so that zM =
7D /K < Q'/K, where K = ker(p). Write Q = Q!/K and note that Q is
divisible. Since Mg = hom(Rg, Mg) viam — m-, we get

MR = hOmR(RR, MR) - homZ(Ra M) — homZ(Ra Q)

Since Er = homz(R, Q) is injective by (1), this proves (2). O

Corollary 1.6. A module E is injective if and only if every monomorphism
o : E — M splits, that is, o (E) C% M.

Proof. If o : E — M is monic there exists y : M — E suchthaty oo = 1.
Then M = o(E) & ker(y). The converse is clear from Lemma 1.5 because
direct summands of injective modules are injective. O

Before proceeding, we need another basic property of essential extensions.
If K is a submodule of a module M, it is a routine application of Zorn’s lemma
to see that there exist submodules C of M maximal with respectto K NC = 0.
Such a submodule C is called a complement' of K in M. Thus K C** M if
and only if O is a complement of K.

! Tt is sometimes called an intersection complement, or relative complement.
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Lemma 1.7 (Essential Lemma). Let K C M be modules. If C is any comple-
ment of K in M then the following hold:

(1) K®C C M.
2) (K® C)/C < M/C.

Proof. (1). Let X be a nonzero submodule of M; we must show that X N
(K & C) # 0. This is clear if X € C. Otherwise the maximality of C shows
that K N (X + C) # 0, say 0 # k = x + ¢ with the obvious notation. Hence
xeXN(K &C),and x # 0 because K N C = 0.
2).LetY/CN(KHC)/C =0.1f Y # C then Y N K # 0 by the choice of
C,say0#aeYNK.Thena+CeY/CN(KHC)/C=0soa e C.But
then 0 # a € C N K = 0, which is a contradiction. a

Given any module M, an R-monomorphism M —> E is called an injective
hull (injective envelope) of M if E isinjective and o(M) C*° E. The following
result is a famous theorem that traces back to Baer, to Eckmann and Schopf,
and to Shoda.

Theorem 1.8 (Baer/Eckmann-Schopf/Shoda). Let M be a module.

(1) M has an injective hull.
(2) If M A E 1 and M 3 E, are two injective hulls there exists an isomor-
phismt : Ey — E; such thato, = t 0 0.

Proof. (1). By Lemma 1.5 let M C Qx where Qy is injective, and, by Zorn’s
lemma, let £ be maximal such that M C** E C Q. Thenlet C C Q be maxi-
mal such that ENC = 0; it suffices to show that E® C = Q (so E is injective).
By Lemma 1.7 we have E = (E & C)/C C** Q/C. Defineo : (E & C)/
C - QOQbyo(x+C) = xif x € E. Since Q is injective, o extends to
6 : Q/C — Q. Then 6 is monic because ker(6) N (E & C)/C = 0, and so
im(o)=6((E® C)/C) C*° 6(Q/C). Since M C** E = im(o) it follows
that £ C** 6(Q/C), and so E = 6(Q/C) by the maximality of E. But then
6(Q/C)=E =6({(E & C)/C) and we conclude that Q = E & C because 6
is monic. This is what we wanted.

(2). The given map t exists because E; injective. Moreover, T is monic be-
cause ker(t) N oy (M) = 0 (since o, is monic) and o;(M) C** E,. Hence
1(E|) €% E, by Corollary 1.6. But 7(E;) C** E, because or(M) =
to1(M) C 1(E) and 0o(M) C*° E, by hypothesis. It follows that 7 is onto
and so is an isomorphism. O
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Hence we are entitled to speak of the injective hull of a module M and to denote
itby E(M). We will usually assume that M C E(M); so, for example, we have
E(Z) = Qand E(Z ) = Z,~ for any prime p and n > 2. The assumption that
M C E(M) is justified by the following result.

Lemma 1.9. Leto : M — E(M) be an injective hull of the module M. If
M C G, where G is any injective module, there exists a copy E = E(M) in-
side G such that M C¢* E C® G.

Proof. As G is injective, there exists T : E(M) — G such that m = to(m)
for every m € M. Since ker(t) N o (M) = 0 it follows that t is monic, and we
are done by Corollary 1.6 with E = t[E(M)]. O

Lemma 1.9 will be used frequently in the following, usually without com-
ment. In particular, let M = @®;_, M, be a direct sum of modules, and let
M C E(M). By Lemma 1.9 we can choose a copy of E(M;) such that
M; C% E(M;) C E(M) for each i. One verifies that E(M;) N E(M,) = 0, so
(by Lemma 1.1) M| & M, C** E(M;) ® E(M>). Continuing inductively, we
conclude that X7 | E(M;) is direct and that M = ®;_,M; C**° & | E(M,).
Since @;_, E(M;) is injective (Corollary 1.3) we have proved the following:

Proposition 1.10. If M = &®;_,M; is a finite direct sum of modules then
E(@?:lMi) = @?:1E(Mi)-

1.2. Relative Injectivity

Let M and G denote right R-modules. We say that G is M-injective if, for any
submodule X € M, every R-linear map  : X — G can be extended to an R-
linear map B : M — G, equivalently (see the proof of Lemma 1.2) if, for every

X—>M

p
Bl v
G

monomorphismo : X — M thereexists A : M — G suchthat = Aoo. Thus
G is injective if and only if it is M-injective for every module M, equivalently
(by the Baer criterion) if G is R-injective. The proof of Corollary 1.3 gives

Lemma 1.11. Let G = I1;c;G; and M be modules. Then G is M -injective if
and only if G; is M -injective for eachi € I.
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Lemma 1.12. If G is M-injective and N € M then G is both N -injective and
(M /N )-injective.

Proof. Given X > G, where X C N, extend S to 8 : M — G by hypothesis.
Then the restriction A v : N — G extends B, so G is N-injective. Now let
oa:X/N—- G, NCXC M,andletwr : X — X/N be the coset map. Then
aom: X — Gextendsto A : M — G by hypothesis. Hence & : M/N — G
is well defined by &(m + N) = A(m), and & extends «. This shows that G is
(M /N )-injective. O

Note that if G is both N- and (M /N )-injective it does not follow that G is
M -injective. Indeed, there is a monomorphism Z, > L, of abelian groups,
givenby o(n + pZ) = pn + p*Zforalln € Z. Let G = Zp,and N =im(0o).
Then G is both N- and (Z 2 /N )-injective (because N and Z > /N are simple),
but G is not Z ,2-injective because any map A : Z,> — Z, satisfies A(N) = 0.
However, we do have

Lemma 1.13 (Azumaya’s Lemma). If G and M = M| & --- & M,, are mod-
ules, then G is M-injective if and only if G is M;-injective for each i =
1,2,...,n.

Proof. If G is M-injective, then G is M;-injective for each i by Lemma 1.12.
Conversely, if G is M;-injective for each i, let 8 : X — G be R-linear, where
X € M. As in the proof of Lemma 1.4, let (C, 8*) be maximal such that
X CCC Mandp*:C — G extends B. We show C = M by proving that
M; C C for each i. By hypothesis there exists «; : M; — G such that o; = B*
on M; N C. Construct 8; : M; + C — G by B;(m; + ¢) = «a;(m;) + B*(c) for
all m; € M; and ¢ € C. Then g; is well defined because o; = " on M; N C,
and B; extends S because X C C and B* extends 8. Hence M; + C = C by the
maximality of (C, 8*), so M; C C, as required. O

It is not surprising that there is a characterization of when G is M-injective
in terms of the injective hulls E(G) and E(M).

Lemma 1.14. A module G is M-injective if and only if \(M) < G for all
R-linear maps A : E(M) — E(G).

Proof. If the condition holds, let 8 : X — G be R-linear, where X C M. Since
E(G) is injective there exists ,3 : E(M) — E(G) extending 8. But ,3(M) cG
by hypothesis, so the restriction By : M — G extends .
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Conversely, assume that G is M-injective, and let A : E(M) — E(G) be
R-linear. We must show that A(M) C G. If X = {x € M | A(x) € G} then the
restriction Ajy : X — G extends to u : M — G. Hence it suffices to show
that (A — w)(M) = 0. Since G C** E(G), it is enough to show that G N
A —w)(M) =0.Butif g = (A — u)m), where g € G and m € M, then
A(m) = u(m)+ g € G, som € X. This means that A(m) = u(m) by the
definition of . Hence g = A(m) — u(m) = 0, as required. O

A module M is called quasi-injective if it is M -injective, that is, if every map
B : X — M, where X is a submodule of M, extends to an endomorphism of M.
Clearly every injective or semisimple module is quasi-injective, but the converse
is false (for example, Z, is quasi-injective as a Z-module, as we shall see).

Lemma 1.14 leads to an important characterization of quasi-injective mod-
ules. We say that a submodule K € M is fully invariant in M if L(K) C K for
every A € end(M). Then taking G = M in Lemma 1.14 gives immediately

Lemma 1.15 (Johnson-Wong Lemma). A module is quasi-injective if and
only if M is fully invariant in its injective hull E(M).

Thus, for example, Z ,» is quasi-injective as a Z-module for any prime p because
it is fully invariant in its injective hull Z ye.

Corollary 1.16. Let M be a quasi-injective module. If E(M) = ®,<;K;, then
M = @ie;/(MNK;).

Proof. Letm = X" k; € M, where each k; € K;. If m; : E(M) — E(M) is
the projection onto K;, then k; = m;(m) € m;(M) € M by Lemma 1.15, so
ki €e M N K,;. Hence M C ®,;;(M N K;); the other inclusion is clear. O

If p is a prime, the Z-module Q @ Z, is not quasi-injective even though
Q is injective and Z,, is simple. (The coset map Z — Z, does not extend to
Q ® Z, — Z, because there is no nonzero map Q — Z,.) Hence the direct
sum of two quasi-injective modules need not be quasi-injective. However, we
do have the following lemma:

Lemma 1.17. If M is quasi-injective so also is every direct summand N .

Proof. f M = N @ N’ and 8 : X — N is R-linear, where X C N, then 8
extends to B : M — M by hypothesis. If 7 : M — N is the projection with
kernel N, then A = (7 o B)W is in end(N) and extends B. O
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The next result uses Lemma 1.15 to identify when a finite direct sum of
quasi-injective modules is again of the same type.

Proposition 1.18. Let M, ..., M, be modules and write E; = E(M;) 2 M;
for each i. The following are equivalent:

(1) My & --- & M, is quasi-injective.
(2) M(M;) € M; for all R-linear maps A : E; — E;.

Proof. Let M A O My, e M; denote the canonical maps, and write £ =
E(@®My) = ®rEk.

(1)=(2). Given (1) and A : E; — E;, letm; € M;. We have rj oo = 1,
for each j, so A(m;) = (wjojAmio;)(m;) = mwj(o;jAm;)(o;m;) € M; because
(0jAm;)(DrMy) € DM by (1) and Lemma 1.15.

(2)=(1). Given A : & E; — @D Er, we must show (by Lemma 1.15) that
AMBMy) € &My Letm =my + --- +m, € & M. Since Zyopm, = g,
we compute

wiA(m) = M Eropmm) = L (7o) (mmem) = Xy (7w Aoy )(my) € My

because (7; A0 )(My) € M; for all j and k by (2). O

Thus, for example, Z, is quasi-injective as a Z-module for each n € Z. In
fact, Z, = Zp'fl ®--- EBZka for distinct primes p;, each Zp{u is quasi-injective,
and homz(Zp~, Zy~) = 0 if p and g are distinct primes.

Corollary 1.19. A module M is quasi-injective if and only if M" is quasi-
injective.

1.3. Continuous Modules

In his work on continuous rings, Utumi identified three conditions on a ring
that are satisfied if the ring is self-injective. The analogs of these conditions for
a module M are as follows:

(1) M satisfies the C1-condition if every submodule of M is essential in a direct
summand of M.? (Note that we regard the zero submodule as essential in
itself.)

(2) M satisfies the C2-condition if every submodule that is isomorphic to a
direct summand of M is itself a direct summand.

2 This condition is also referred to as the CS-condition because it is equivalent to the requirement
that every complement submodule is a direct summand (complement submodules are also called
closed submodules). We return to this topic in the following section.
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(3) M satisfies the C3-condition if, whenever N and K are submodules of M
with N C® M, K C® M, and NN K =0,then N ® K C® M.

A ring R i1s called a right C1 ring (respectively C2 ring, C3 ring) if the module
Ry has the corresponding property.

If M is an indecomposable module then M is a C3 module; M is a C1 module
if and only if it is uniform (that is X N'Y # 0 for all submodules X # 0 and
Y # 0) and M is a C2 module if and only if monomorphisms in end (M) are
isomorphisms. The Z-modules Z, and Zg each satisfy the C1-, C2- and C3-
conditions, but their direct sum N = Z, @ Zg is not a C1 module because,
writing S = Z, @ 0and K = Z(1 4+ 2%, 2 + 8Z), we see that K is contained in
only two direct summands N and S @ K and is essential in neither. Moreover,
N 1s not a C2 module because the non-summand 0 & Z(4 + 8Z) is isomorphic
to the summand Z, & 0. Hence a direct sum of C1 modules, or C2 modules,
may not inherit the same property.

As an abelian group, Z satisfies both the C1- and C3-conditions, but it is not
a C2 module. However, if F is a fieldlet R = [, .|, where V. = F @ F. If
e = [é g] then eR = [g g] is indecomposable (in fact eRe = F) and is a C2
module because monomorphisms are epic, but it is not a C1 module because it
is not uniform.

Example 1.20. Let R = [g g], where F is a field. Then R is a right and left
C1 ring, but neither a left nor right C2 ring.

Proof. We have J = [8 g] = e1pR (where ¢;; is the matrix unit), so R is not
right C2 because Jy is not a direct summand of Rg. Similarly, R is not left C2.
To see that R is right C1, let 7 # 0 be a right ideal. If T ¢ S, = [ 1] then
T =e;jRorT = R,soT isasummand. If T = S, then T C*°® Ry because R
is right artinian. So we may assume that dimp(T) = 1, say T = xR, x € §,.
If x2 = x # 0 we are done. Otherwise x € J, so T = J and one verifies that
T C* e R = [g g] Hence R is right C1; similarly R is right C2. O

Lemma 1.21. The C2-condition implies the C3-condition.

Proof. Let N C® M and K C® M satisfy N N K = 0; we must show that
N®K C® M. Writt M = N®N’, andletw : M — N’ be the projection with
ker(m)=N.Ifke Kandk =n+n',n € N,n’ € N’, then w(k) = n’ and
it follows that N @ K = N @ 7(K). Hence we show that N @ 7 (K) C® M.
Since mx : K — M is monic we have 7(K) €% M by the C2-condition.
Since m(K) € N’, it follows that N’ = 7 (K) @& W for some submodule W and
hence that M = N & n(K) & W. Thus M satisfies the C3-condition. O
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A module is called continuous if it satisfies both the C1- and C2-conditions,
and a module is called quasi-continuous if it satisfies the C1- and C3-conditions,
and R is called aright continuous ring (right quasi-continuous ring) if Rg hasthe
corresponding property. As the terminology suggests, every continuous module
1s quasi-continuous (by Lemma 1.21). Clearly every injective or semisimple
module is continuous; in fact:

Proposition 1.22. Every quasi-injective module is continuous.

Proof. Let M be quasi-injective. If N € M then E(M) contains a copy of
E(N)= E, and E(M) = E & G for some submodule G because E is injective.
But then Corollary 1.16 shows that M = (M N E) & (M N G). Moreover,
N C® E,so N € (M N E). This shows that M has the C 1-property.

Now suppose that N = P C® M. Since M is M-injective, it follows from
Lemma 1.11 that P is also M-injective and hence that N is M-injective. But
then the identity map 1y : N — N extends to A : M — N, and it follows that
M = N & ker(Xr). This proves C2. O

The following lemma is a useful connection between essential submodules
and singular modules.

Lemma 1.23. If K C*° M are modules then M /K is singular, that is,
Z(M/K)=M/K.

Proof. If K C** M and m € M, we must show that rp(m + K) C** Rp,
thatis, PR Nrr(m + K) # 0 for every O # b € R. This is clear if mb = 0.
Otherwise, we have mbR N K # 0 by hypothesis, say 0 £ mba € K, a € R.
But then 0 # ba € bR Nrgp(m + K), as required. O

We can now prove two important results about endomorphism rings. A ring
R is called semiregular? if R/J is (von Neumann) regular and idempotents lift
modulo J, equivalently (by Lemma B.40 in Appendix B) if, for each a € R
there exists e> = e € aR such that (1 — e)a € J. We are going to prove
that the endomorphism ring S of a continuous module My, is semiregular and
J(S) ={a € § | ker(ax) € M}. We will need the following lemma.

Lemma 1.24. Given My, write S = end(M) and S = S/J(S), and assume S
is semiregular and J(S) = {a € S | ker(a) C*° M}.

(1) Ifr> =m andt? = 7 in S satisfy s SN TS =0thentM NtM = 0.
(2) If M satisfies the C3-condition and %;¢;7;§ is direct in S, where 77 =
m; € S foreachi, then X;c;m; M is direct in M.

3 These rings are also called F-semiperfect in the literature.



12 Quasi-Frobenius Rings

(3) If M is quasi-continuous and X;;m; M is direct in M, where niz =m €S

foreachi, then ¥;c;7;S is direct in S.

Proof. (1). We begin with a simplifying adjustment.
Claim 1. We may assume that 77 = 0.

Proof. As S is regular, let 7S @ TS @® T = S, with T a right ideal of S. Let
> = jbesuchthat 7S = 7S and 7§ @ T = (1 — #)§. By hypothesis, we may
assume that n> = 5 in S. Note that 777 = 0. Then y = t + tn(1 — 1) satisfies
y:=y,yr=rt,andty =y,s0tM = yM and TS = 7 S. Moreover, 7 = i
because 777 = i) and T = 7. Hence y© = nw = 0, soreplacing T by y proves
Claim 1.

By Claim 1 we have tr € J(S), so writing K = ker(tm), we have K C**
M by hypothesis. It follows that t K C¢° 7 M (if 0 # X C wM thenrx = x
foreach x € X,s00 # XNK C X NnK). However, tr K = 0, so
m K C ker(t), whence r KNt M = 0. This in turn implies that t M NtM =0
because 71 K T 7 M.

(2). It is enough to show that ;. rm; M is direct for any finite subset F' C 1.
Write F = {1, ..., n} and proceed by induction on n. If n = 1 there is nothing
to prove, and if n = 2 then (2) follows from (1). Assume inductively that
oM+ --- +m,M is a direct sum, n > 1. Then the C3-condition implies that
TM® - ®dm,M =nM forsome > =7 € S.

Clam2. nS=mS+ --- +m,8S.

Proof. Wehave mmr; = m; foreachi (becauser; M C wM),so X" 7, S C 7.
Foreachi =1,...,n,let p; : 1M — m; M be the projection, so that Tp; = p;
foreachi and m = X p;m = X 7;, where we define 7; = p;7 for each i.
Then nr; = 1; foreach i, andson§ = ¥, 7;§ = ¥ ,m;v;§ € X\ m;S.

This proves Claim 2.

By Claim 2 we have 7§ = 71S ® --- @& 7,85, so S N 7,48 = 0.
But then (1) implies that 1M N7, M = 0. Since n1fM & --- & n,M =
M, this shows that 1 1M & --- & n,M & m, 1M is a direct sum, as
required.

(3).Foreachi € I'letC; beaclosure of @ j;mw; M, sothat®;;m; M C° C;.
It follows that m; M N C; = 0. But C; is a direct summand of M by the CI-
condition, so the C3-condition implies that M = ;M & C; & N; for some
submodule N; € M. So, foreachi € I, let rl.z =1 € Ssatisfy ;M =m; M
and ker(t;) = C; & N;. Then m;7; = 1; and t;m; = m;, and so ;S = m;S.
Furthermore, 7;7r; = O for all j # i because ;M C C; C ker(t;). But then
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7,7, = 1i(mw;7;) = (r;7w;)T; = 0 whenever i # j, so the 7; are orthogonal.
Thus ;7§ = %, %S is direct in § because the T; are also orthogonal. O

We can now prove an important result about the endomorphism ring of a
continuous (or quasi-injective) module.

Theorem 1.25. Let My be a continuous module with S = end(Mpg). Then:

(1) S is semiregular and J(S) = {« € M | ker(a) C*° M}.
(2) S/J(S) is right continuous.
(3) If M is actually quasi-injective, S/J(S) is right self-injective.

Proof. (1). Write A = {a € S | ker(a) C®° M}. It is a routine exercise to
show that A is a left ideal of S; it is also a right ideal using (3) of Lemma 1.1.
If @ € A the fact that ker(o) Nker(1 — o) = 0 means that ker(1 — a) = 0.
Hence (1 —a)M = M, so,by C2, (1 —a)M C® M. Butker(a) C (1 —a)M,
so it follows that (1 — «)M = M. Hence 1 — « is a unit in §, and it follows
that A C J(S).

Leta € Sand (by Cl)letker(a) €** P where P®Q = M. ThenaQ = Q,
so(by C2)letaQ & W = M. Then B € S is well defined by S(xg + w) = ¢,
ge Q, we W.Ifr? = e S satisfies 1M = Q, then Bamr = 7. Define
T =anB.Thent? =7 € oS and (1 — 1) = @ — awBa is in A because
ker(¢« —anBa) 2 ker(a)® Q and ker(a) ® Q C*° P ® Q = M (by Lemma
1.1). It follows that S/A is regular and hence that J(S) € A. This proves that
J(S) = A and so S is semiregular by Lemma B.40. This proves (1).

In preparation for the proof of (2) and (3), let T be a right ideal of S and, by
Zorn’s lemma, choose a family {7;§ | i € I} of nonzero, principal right ideals
of S maximal such that 7;S € T for each i and X;7;S is direct. Since S is
regular, we may assume that each 77; is an idempotent; since idempotents lift
modulo J(§) we may further assume that ﬂ’iz = g; in S. Then X;; M 1s direct
by Lemma 1.24.

(2). Let @;m;M C¢° nM, where > = € S (by Cl). Since m;M € nM
for each i, we have 7; S C 7S, so ®;7;S € 7 S.

Claim. ®;7;S < 7 8§.

Proof. Suppose that 7S N (®;7;S) = 0, where ij € 7S. As before, we may
assume that n?> = 5 in S. Thus nM N (@;m;M) = 0 by Lemma 1.24. Since
7 = 1, we have (mtn —n) € J(S) = A and so (mn — n)K = 0 for some
K C%% M.Butthisimplies that K C 7w M, and it follows that n K = 0 because
(pimr; M) < M. Hence n € J(S), so ij = 0. This proves the Claim.
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We can now show that T C** 7 8. Since @;7;S C T it suffices (by the
Claim) to show that T € #S5. Let 0 # 7 € T. Since @;7;S C T it follows
that 7S N (®;; S) € £8S. Also, TSN (P;7;S) C TSN7S C 8, so we have
tSNa8§ C* 8. But 8§ N 7 S is generated by an idempotent (S is a regular
ring) so it follows that tSNasS=z%S. In particular, T € 78, as required.
Thus S satisfies C1 and (2) follows (S satisfies C2 because it is regular by
(1)). o i

(3). Letf : T — S be S-linear, where T is a right ideal of §; we must show
that f = §- is left multiplication by an element § of S. By Lemma 1.7 we may
assume that T C* S5. Write §(7;) = &;, where o; € S. Since M is quasi-
injective the map ®,;c;m; M — M given by (X;m;m;) — X;0;(m;m;) extends
to 6 € S. Hence §(r;m) = o;(r;m) for every m € M, so m; = o;m; in S for
each i. But then 87; = &;7; = (7%;)@; = §(7;) for each i, and so §- agrees with
f on @;7;S. This implies that §- = f because ®;7;S C** S5 and Z(S5) = 0
(because S is regular). This proves (3). O

If Mg is continuous and S = end(Mpg) then Z(Sg) < J(S) because § is
semiregular (Lemma B.40), and we have equality if M is free (see Lemma
7.43). If we specialize Theorem 1.25 to the case of a right continuous ring, we
obtain one of the original results about continuity.

Theorem 1.26 (Utumi’s Theorem). If R isright continuous, then R is semireg-
ular, Z, = J, and R/J is right continuous.

Proof. This is Theorem 1.25 where M = Ry, except that / = {o € R |
ker(a-) C*° Rg}. But ker(a-) = r(a), so this shows that J = Z,. O

1.4. Quasi-Continuous Modules

If K € M are modules, recall that a complement C of K in M is a submodule
of M maximal with respect to K N C = 0 and that in this case K & C C*°* M
by the Essential lemma (Lemma 1.7). A submodule C of M is said to be closed
in M if C 1s the complement of some submodule of M. These submodules will
play an important role in what follows, and the following characterizations will
be referred to frequently.

Proposition 1.27. The following conditions are equivalent for a submodule C
of a module M :
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(1) C is closed in M.

2) If C € N C M thenC = N.

3) IfCC N C* Mthen N/C C** M/C.

(4) If D is any complement of C in M then C is a complement of D in M.

Proof. (1)=(2). Let C be a complement of K € M. Given N as in (2), it
suffices to show that K N N = 0. Butif K N N £ 0 then, as C C** N, we
have 0 2 C N (K N N) = C N K, which is a contradiction.

2)=@3).If(3) failslet C € N €** M and assume that (X/C)N(N/C) = 0,
where X/C # 0.By (2), Cisnotessentialin X, say YNC = 0with0 # Y C X.
ThenYNN = (YNX)NN = YN(XNN) = YNC = 0, whichis a contradiction
because N C¢° M.

(3)=4).If D is acomplement of C, let DNN = 0, where C C N; we must
show that C = N. Wehave D @ C C** M by Lemma 1.7,so (D@ C)/C <
M /C by (3). Hence it suffices to show that (N/C)N[(D & C)/C] = 0. But if
n+C=d+C,neN,de D,thenn—deCCN,sode NND =0.

(4)=(1). If D is any complement of C in M, then C is a complement of D
by (4). d

It is a routine matter to verify that every direct summand of a module M
is closed in M and that M is semisimple if and only if every submodule is
closed in M (using Lemma 1.7 and (2) of Proposition 1.27). We regard the zero
submodule as closed and as essential in itself.

If K is a proper submodule of M, Zorn’s lemma provides modules C max-
imal with respect to the condition K C** C C M; these maximal essential
extensions of K are closed in M by Proposition 1.27 and will be referred as
closures of K in M. Direct summands of M have a unique closure in M; if M
1s nonsingular we can say more, and the result will be needed later.

Lemma 1.28. Let Mg be a nonsingular module; that is, Z(M) = 0. Then every
submodule K € M has a unique closure K in M given by

K ={m e M |mlI C K for some I C°* Rg}.

Proof. Let m and m; be in 12, say ml € K and mI; C K, where I and I,
are essential in Rz. Then m &+ m; € K because I N I} €% Rk, and ma € K
foralla € R because a™'I = {r € R | ar € I} C*° R by Lemma 1.1. It is
clear that K C I%;we claim that K C¢¥ K. Forif 0 *m € 13, sayml C K,
I €% Rg, then mI # 0 because m ¢ Z(M) and so 0 # mI € K N mR.
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Hence it remains to prove that if K €** C € M then C C K.Butifc € C
then K C*° (¢cR + K), so (cR + K)/K is singular by Lemma 1.23. Hence
(c+ K)I =0 for some I C¢ RR,whencecngandceI%. O

If M is aC1l module and C € M 1s a closed submodule, then C is essential in
a direct summand of M and so is a summand of M by (2) of Proposition 1.27.
Conversely, if every closed submodule of M is a summand, then every submod-
ule is essential in a summand (any closure), so M is C1. Thus C1 modules are
often referred to as CS modules, and a ring R is called a right CS ring if Rg is
a CS module. We have seen that the direct sum of two C1 modules need not
be C1 (see the discussion preceding Example 1.20). However, we are going to
prove that the C1-condition is inherited by direct summands, and we need the
fact that closure is transitive.

Lemma 1.29. If C € D C M, where C is closed in D and D is closed in M,
then C is closed in M.

Proof. Let C’ be a complement of C in D, and let D’ be a complement of D in
M. Then C & C' C** Dand D @ D' C°° M, so Proposition 1.27 shows that

cec D D@ D' M
gess — and gess _ (*)
C C D D

; C+C'4+D —~ess M
Claim. = ce E.

Proof. Observe first that (C + C’)N(C + D’) = C (infact,ifc+ ¢ = c; + d’
thenc + ¢ —c; =d’ € DN D’ = 0). Hence (*) and Lemma 1.1 give

C+C'+D" C+C o C+D cess D o C+D" D+ D
C - C c ~— C c Cc
so 1t suffices to show that D%D/ cess % To this end, consider « : % —
given by a(m + C) = m + D. Then 22 = ¢~ !1(222) cess M py (*) and
Lemma 1.1, proving the Claim.

M
D

Now suppose that C €** N € M; we must show that C = N. We have
CN(C'"+D")=0(because c =c'+d' meansc —c'=d' e DN D =0), so

NN(C"+ D) = 0. Hence % N %/“LDI = 0, and the Claim applies. O

Since a module satisfies the C1-condition if and only if every closed submod-
ule is a direct summand, and since direct summands are closed, it is clear by
Lemma 1.29 that every direct summand of a C1 module is again a C1 module.
This proves the first part of the following result; the rest is a routine verification.
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Proposition 1.30. Each of the conditions C1, C2, and C3 is inherited by direct
summands. In particular, any summand of a (quasi-) continuous module is again
(quasi-) continuous.

The following theorem presents some important characterizations of quasi-
continuous modules and clarifies their relationship to quasi-injective modules
(see Lemma 1.15 and Corollary 1.16).

Theorem 1.31. The following conditions on a module M are equivalent:

(1) M is quasi-continuous.

(2) If C and D are complements of each other then M = C & D.
(3) ©(M) C M forevery 1> = 1 € end[E(M)].

(4) IfE(M) = @ielEi then M = @ie[(M N E,)

Proof. Write E(M) = E for convenience.

(1)=(2). Given C and D as in (2), each is closed by Proposition 1.27, so
each is a direct summand by C1. But C N D =0, so C & D = M by C3.

2)=@0B).Givent> =1t : E — E,writt K = MNt(E)and N = M N
(1 —7)E). Thus K NN = 0,s0let C 2 K be a complement of N in M.
Thus CN N = 0,so0let D © N be a complement of C in M. Since C is
closed it is also a complement of D (by Proposition 1.27),so M = C & D by
(2). Let m : M — C be the projection with kernel D. Because M C*° E,
it suffices to show that M N (t — 7)(M) = 0. Butif m = (t — 7)(x), where
m and x are in M, then t(x) = m+ n(x) € M Nt(E) = K C C. Hence
I—-—9)x)eMNA—-—1)E)=N C Dso,sincex =1(x)+ (1 —17)(x), we
have (x) = 7(x) by the definition of . Hence m = 0, proving (3).

B)=>@). Letm €¢ M,saym € E; & --- ® E,, and let 7y,..., 1, be
orthogonal idempotents in end(E) with 7;(E) = E; for each i. Then t;(M) C
M for each i by (3), som = X' t;(m) € ®]_(M N E;). It follows that
M C ®;c;(M N E;); the other inclusion is clear.

@G=1).If K € M write E = E(K)® G. Then M = (M N E(K)) &
(M NG)by (4),and K C*° M N E(K). Thus M satisfies C1. To prove C3,
let K; €® M and K, C® M, where K; N K, = 0. We must show that
(K1 ® K») €® M. For each i, choose an injective hull E; = E(K;) such that
Ki C E; C E. Then E1 N E, = 0 because K; C** E; for each i. Since
E, ® E; is injective, we get E = E| @ E, & H for some H. Then (4) gives
M=MNE)®SMNE,)P(MNH), soitsuffices to show that K; = M N E;
for each i. But this follows because K; C** M N E; (since K; C** E;), and
K; C® M N E; (since K; C® M). O
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Corollary 1.32. If M = K & N is quasi-continuous, then K is N -injective.

Proof. If X € N and o : X — K is R-linear, we must extend « to N — K.
PutY ={x —a(x) | x € X}. ThenY N K =0, solet C 2 Y be a complement
of K in M. Since K is closed in M it is a complement of C by Proposition
1.27,s0 M = K & C by Theorem 1.31. Let w : M — K be the projection with
ker(m) = C. Then Y C ker(mw), so m(x) = wla(x)] = a(x) for any x € X.
Thus the restriction of 7 to N extends «. O

Theorem 1.33. The following conditions are equivalent for a module M =
Ml ®---D Mn:

(1) M is quasi-continuous.
(2) Each M; is quasi-continuous and M; is M j-injective for all i # j.

Proof. (1)=(2). Given (1), each M; is quasi-continuous by Proposition 1.30.
If i # j then M; @ M; is quasi-continuous by the same Proposition, so M; is
M j-injective by Corollary 1.32.

2)=1).Ift N =M,® --- & M, then N is M -injective by Lemma 1.11 and
M, is N-injective by Lemma 1.13 (Azumaya’s lemma). Hence we may assume
that n = 2. In that case write E = E(M), and choose E; = E(M;) C E for
each i. Then

E=EM)=EM &M)=EM)®EM)=E &E,.

So let T> = 1 € end(E); by Theorem 1.31 we must show that (M) € M.
We can represent T as a matrix T = [2: gi] where 7;; : E; — E;. Hence
M = 1M + 121 M, and T, = 112 M5 + T2 M>. Moreover, 1,1 My € M,
by Lemma 1.14 because M, is M -injective, and similarly 7, M, € M. Hence
it suffices to show that 11 M; € M, and 15, M, € M,; we verify the former.

Since 72 = 7 we have t;; = rlzl + 112T21. For convenience, write ¢ = 1y
andB=1—1,5008 = Ba =a —a’> =B — B> = 1121 in end(E;). Write
K = ker(apB).

Claiml. K = K & BK.

Proof. Ifx e aKNBK thenax € afK =0,50x = x—ax = Bx € faK = 0.
Thus « K N BK = 0. We have « K C ker(B) C ker(aff) = K and (similarly)
BK C K,soaK & BK C K. Since x + 8 =1, Claim 1 1s proved.

Now, since E is injective choose injective hulls E(eK) € E; and E(BK) C
E,.ByClam1,K =aK @K C E(xK)® E(BK), and E(aK)® E(BK) s
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a direct summand of E. Hence there exist orthogonal idempotents © and v in
end(E ) such that e K C uFE| and BK C vE];. It follows that u(«¢K) = a K,
V(BK) = BK,and u(BK) =0 = v(aK).

Claim 2. The restriction o g, g, 1S monic.

Proof. Observe first that uK = (K & BK) = aK,so KN pE; C uK =
oK € KN upE,. Hence K N uE, = aK C ker(B). Now suppose that
x € ker(x) N BuE,, say x = Bue; where e; € E;. Then aB(uue;) = 0, so
uey € ker(af) = K. Then ue; € K N wE; C ker(B) and so 0 = Bue; = x.
This proves Claim 2.

Write ¢ : BuE; — E; for the inclusion map in the diagram. Since E; is
injective there exists A € end(E;) such that S = AaBu on E;. Observe that

0 > BRE, > E;

t A
E;

w(M;) € M, because M, is quasi-continuous (by Theorem 1.31)and u?> = u €
end(E1), and observe that 7;;(M;) C M; fori # j because M; is M ;-injective.
So we have

BuM, = rapuM; C rafM; = Atiptai My S (At12)M; € M.
Similarly, xvM; € M, so
aM, =a(pu+v)M, CauM; +avM, =1 — B)uM, + avM, C M.

Since ¢ = 171, this is what we wanted. d

We have verified that the following implications hold for modules:
semisimple = quasi-injective = continuous = quasi-continuous = CS.

The next example shows that none of the reverse implications are true, even for
the module Ry where R is a ring.

Example 1.34.

(1) An infinite product of fields is a regular self-injective ring that is not
semisimple.

(2) If Fisafield, R = [g ?] is a left and right artinian, right CS ring that is
not right quasi-continuous.

(3) The integers are a commutative noetherian quasi-continuous ring that is not
continuous.
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(4) If F; is a field and K; C F; is a proper subfield for i > 1, let R denote
the set of all sequences in [] F; with almost all entries in K;. Then R is a
regular continuous ring that is not self-injective.

We now give a characterization of right self-injective rings in terms of quasi-
continuity that will be referred to later. Here aring R is called right self-injective
if Rg 1s an injective R-module.

Theorem 1.35. The following conditions on a ring R are equivalent:
(1) R is right self-injective.

(2) R @& R is continuous (quasi-continuous) as a right R-module.

(3) M>(R) is right continuous (quasi-continuous).

(4) M, (R) is right continuous (quasi-continuous) for alln > 1.

(5) M,(R) is right self-injective for alln > 1.

Proof. (1)< (2) follows from Corollary 1.32, (1)=(5) because right self-
injectivity is a Morita-invariant property, and (5)=(4)=(3) is clear. Given
(3), write S = M>(R), so that S = ¢e;1 5 D e, S, where ¢;; is the matrix unit.
Then § is right quasi-continuous by (3), so ¢;; S is e;; S-injective for i # j by
Corollary 1.32. As €11 S = e S, €115 is ¢;;S-injective for all j. Hence e S is
S-injective by Lemma 1.13 and so is injective as a right S-module by Lemma
1.4. Similarly, e, S is injective and it follows that § is right self-injective. Now
(1) follows, again because right self-injectivity is a Morita invariant. O

1.5. Quasi-Frobenius Rings

A ring is called quasi-Frobenius* (or a QF ring) if it is left and right artinian
and left and right self-injective. Examples include the following:

(1) semisimple, artinian rings;

(2) group algebras F'G, where F is a field and G is a finite group; and

(3) rings R/aR, where a is a nonzero, nonunit in a (commutative) principal
ideal domain R.

These rings have a natural duality between the right and left ideals (see Theorem
1.50) and are perhaps the most interesting class of nonsemisimple rings. We

4 There are Frobenius rings. They are the quasi-Frobenius rings R in which S, = (R/J)g and
S; = r(R/J), and they arose earlier in the work of Nakayama on duality. The unfortunate
terminology is standard in the literature.
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will present several basic characterizations of quasi-Frobenius rings in this
book; in this section we derive some of the classical characterizations of these
rings (Theorem 1.50). This requires some preliminary work that is not without
interest in itself.

For convenience, we call arightideal T of aring R extensive if every R-linear
map « : T — R extends to R — R, thatis, if « = a- is left multiplication by
anelementa € R. Thus R is right self-injective if every right ideal is extensive.
We now give a useful result that encompasses many special situations arising
in injectivity proofs. It will be used several times throughout this book.

Lemma 1.36. Let T and T’ denote right ideals of a ring R.

(1) If T + T’ is extensive then (T N T") = 1(T) + 1(T").

(2) Conversely, it (T NT")=UT)+ LT )and o : T +T' — R is an R-
linear map such that the restrictions o7 and a7+ are given by left multipli-
cation, then « is also given by left multiplication.

Proof. (1).If b € (T NT')then @ : T + T’ — Ry is well defined by
a(t +t') = bt, so o = a- for some a € R by hypothesis. Then b —a € 1(T)
anda € 1(T"), sob = (b —a)+a € L(T)+ 1(T’'). Hence (T N T') C
1(T) + 1(T’); the other inclusion always holds.

(2).Leta =b-onT andletaw = c-onT'.Thenb —c € (T NT') =
W(T)+1L(T'),sayb—c=d—d,wheredT =0=d'T'."Puta=b—d =
c—d.Thenat = (b —d)t = bt =a(t)forallt € T andat’ = (c — d')t' =
ct' = a(t') forall ¢’ € T'. It follows that « = a-, as required. O

Lemma 1.36 is often applied when 7'+ T’ = R, in which case (T N T') =
1(T)® L(T).

A natural generalization of the right self-injective rings is to consider the
right F-injective rings, where we require only that every finitely generated right
ideal is extensive. We can now characterize these rings.

Lemmaa 1.37 (Ikeda-Nakayama Lemma). A ring R is right F-injective if
and only if it satisfies the following two conditions:

(a) (T NT")=1(T)+ 1(T’) for all finitely generated right ideals T and T'.
(b) 1r(a) = Ra foralla € R.

Proof. Assume that R is right F-injective. Then T + T’ is extensive for all
finitely generated right ideals 7 and 7, so (a) holds by Lemma 1.36. Next, if
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b € 1r(a), the map y : aR — R is well defined by y(ar) = br, so y = c- for
some ¢ € R. Hence b = y(a) = ca € Ra, so 1r(a) C Ra; the other inclusion
always holds.

Conversely, if the conditions hold and « : T — Ry is given, induct on n,
where T = X ;R. If n = 1 then a(#) € 1r(f;) = Rty, say a(f;) = aty. It
follows that @ = a-, so o extends. In general, the restrictions of « to #; R and
to 7" = X', #; R both extend to R by induction, so « extends by Lemma 1.36.

0

Corollary 1.38. If R is right self-injective, then

(1) (T NT")y=1(T)+ L(T') for all right ideals T and T’ of R and
(2) 1r(L) = L for all finitely generated left ideals L of R.

Proof. (1) follows by Lemma 1.36. To prove (2), write L = X, Ra;. Then
(1) gives 1r(L) = 1[N}_,r(a;)] = ¥_,1r(a;) = X! Ra; = L, using (1) and
Lemma 1.37. O

The following companion to the Ikeda—Nakayama lemma also follows from
Lemma 1.36 and will be needed later.

Lemma 1.39. Assume that 1r(a) = Ra for alla € R and that
WToNT) = 1(To) + L(T)

for all right ideals Ty and T of R with Ty finitely generated. Then every R-linear
map « : T — R with finitely generated image extends to R — R.

Proof. Since o(T) is finitely generated, we have T = Ty + ker(w«), where
Ty =tiR+ --- +1,R. Since 1r(t;) = Rt by hypothesis, the restriction of «
to #; R extends to R (see the proof of Lemma 1.37). Hence, by induction, the
restriction of « to T extends, as does the restriction to ker(«). So o extends by
Lemma 1.36. O

Rings R in which 1r(a) = Ra forall a (as in Lemma 1.37) will be extensively
studied in Chapter 5. The condition that 1r(L) = L for a left ideal L arises
frequently (see Corollary 1.38), and we characterize it (for right ideals) in the
next result. A right R-module is called torsionless if it can be embedded in a
product of copies of Rp.
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Lemma 1.40. If T is a right ideal of R then r1(T) = T if and only if R/ T is
torsionless.

Proof. If 0 : R/T — R! is monic, let (1 + T) = (a;) and write A = {a; |
i € 1}. Then T = r(A), sorl(T) = rlr(A) = r(A) = T. Conversely, if
T =r{a; |i € 1}, themap R — R’ given by r — (a;r) has kernel T. O

Before proceeding with our discussion, we introduce a class of modules that
will play a basic role in much of what we do. A module C is said to cogenerate
amodule M if M can be embedded in a direct product C' of copies of C, and
Cr is called a cogenerator if it cogenerates every right module. The following
lemma is useful.

Lemma 1.41. A module Cg is a cogenerator if and only if
Nfker(A) | A M — C} =0

for all modules Mp.

Proof. If o : M — C! is monic and 7; : C! — C are the projections, then
N{ker(m; oo) | i € I} = 0. Conversely, if N{ker(A) | A : M — C} = 0 let
I = homg(M, C) and define 6 : M — C! by o(m) = (A(m)),; . Then o is
R-monic. O

The cogenerators are dual to the generators (that is, the modules G such that
every module is an image of a direct sum G for some set I). The ring R is
clearly a projective generator, so it is not surprising that the injective cogener-
ators play an important role in the category of modules. The following lemma
gives an important characterization of them.

Lemma 1.42. If E is an injective module, then E is a cogenerator if and only
if every simple right module can be embedded in E.

Proof. If K is simple and o : K — E! is monic then 7; o 0 # 0 for some
projection 7; : E! — E. Hence K — E. Conversely, given My write N =
N{ker(A) | A : M — E}; it suffices (by Lemma 1.41) to show that N = 0.
Butif N £ 0,1let 0 # n € N and choose X C"* nR. By hypothesis let
o :nR/X — E be monic so, as E is injective, extendo to6 : M/ X — E.
Thendefine A : M — EbyA(m) =6(m+ X). Asn € N wehave 0 = A(n) =
6(n+ X) =0+ X), whence n € X, which is a contradiction. O
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Proposition 1.43. Let {K; | i € I} be a system of distinct representatives of
the simple right R-modules, and write C = @®;<; E(K;). Then:

(1) Cg is a cogenerator.
(2) Cr embeds in every cogenerator.

Proof. (1). The injective module E = I1;; E(K;) is a cogenerator by Lemma
1.42, and (1) follows because E < C!.

(2). If D is any cogenerator, let o:E(K;)— D’ be monic. Then
milo(K;)] # 0 for some projection ; : D’ — D, j € J, so there exists y :
E(K;) — D such that y(K;) # 0. Thus K; € ker(y), so K; Nker(y) = 0
because K; is simple. But then y is monic because K; C** E(K;). Thus E(K;)
embeds in D for all i. If we regard E(K;) C D, then X;c; K; is direct because
the K; are pairwise nonisomorphic, and so X;c; E(K;) is direct. It follows that
C — D. O

Because of Proposition 1.43, the module C = @®;<; E(K;) in that result is called
a minimal cogenerator for the category of right R-modules.

A ring R is called a right Kasch ring (or simply right Kasch) if every sim-
ple right module K embeds in Rg, equivalently if Rg cogenerates K. Every
semisimple artinian ring is right and left Kasch, and a local ring R is right Kasch
if and only if S, # 0 because R has only one simple right module. However, the
right Kasch condition is a strong requirement on a ring R [for example, every
right Kasch ring with Z, = 0 is semisimple because every maximal right ideal
is an annihilator (see the next proposition) and so is a direct summand].

Proposition 1.44. The following are equivalent for a ring R:

(1) R is right Kasch.

(2) hom(M, Rg) # O for every finitely generated right R-module M.

(3) 1(T) # O for every proper (respectively maximal) right ideal T of R.
(4) rl(T) = T for every maximal right ideal T of R.

(5) E(Rpg) is a cogenerator.

Proof. (1)=(2). This is because every finitely generated module has a simple
image.

(2)=(3). We may assume that 7" is maximal. If 0 £ 0 : R/T — Rp, and if
o(l1+T)=a,then0# a € 1(T).

(3)=(4). Given (3), T C r1(T) # R, and (4) follows.

(4)=(5). If T is a maximal right ideal of R, let 0 # a € 1(T) by (4). Then
y : R/T — R is well defined by y(r + T) = ar. Since T C r(a) # R, we
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have T = r(a), which shows that y is monic. Thus R/T — R € E(R), and
(5) follows by Lemma 1.42.

5)=(1).If Kg is simple let 0 : K — E(R) be monic by (5). Then o(K) N
R # 0 because R C*** E(R), so 0(K) € R because o(K) is simple. O

It follows that every quasi-Frobenius ring is left and right Kasch because, as
we show later in Theorem 1.50, r1(7) = T and 1r(L) = L hold for all right
ideals 7" and all left ideals L in a quasi-Frobenius ring.

Corollary 1.45. A right self-injective ring R is right Kasch if and only if
r1(T) = T for every (maximal) right ideal T of R.

Proof. If R is right Kasch then R = E(Rpg) is a cogenerator by Proposition
1.44, so Lemma 1.40 applies. The converse is by Proposition 1.44. O

We now relate the Kasch condition to other ring-theoretic properties that will
recur later. Call a ring R aright C2 ring if Ry satisfies the C2-condition.

Proposition 1.46. Let R be any ring. Then

Risleft Kasch = RisarightC2 ring = Z, CJ.

Proof. Suppose R is left Kasch. If a R is isomorphic to asummand of R, a € R,
it suffices to show that Ra C® xR (then a is a regular element, so aR C® Ry
too). Since aR is projective, let r(a) = (1 — e)R, ¢* = e. Then a = ae, so
Ra C Re, and we claim that Ra = Re. If not let Ra € M C™** Re. By the
Kasch hypothesis let 0 : Re/M — R be monic and write ¢ = (e + M)o.
Then ec = ¢ and (since ae = a € M) c € r(a) = (1 — e)R. It follows that
¢ = ec = 0 and hence that e € M since o is monic. This contradiction shows
that Ra = Re, as required.

Now assume that R is a right C2 ring and let @ € Z,. Since we have r(a) N
r(1 —a) = O1itfollows that r(1 —a) = 0, whence (1 —a)R = R. By hypothesis
(1 —a)R <® R, whence R(1 —a) C® R,say R(1 —a) = Rg, g*> = g. It
follows that 1 — g € r(1 —a) = 0, so R(1 —a) = R. Since a € Z, was
arbitrary, this means that Z, C J. O

The converses of both implications in Proposition 1.46 are false even for
commutative rings. If F is a field then FF x F x F x --- is a C2 ring (it is
regular), but it is not Kasch (as already mentioned, right Kasch rings R with
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Z, = 0 are artinian). The commutative local ring Z,) has Z, = 0 € J butitis
not a C2 ring (it is a domain that is not a division ring).

We will require the following useful result. Recall that a submodule K of M
is called a small submodule of M (written V C* M)if K + X = M, with X
a submodule, implies that X = M.

Lemma 1.47 (Nakayama’s Lemma). If My, is finitely generated, then

(1) if MJ = M then M = 0O and
2) MJ <" M.

Proof. (1). If M is principal, say M = mR, then M = MJ = mJ. It follows
that m(1 — a) = 0 for some a € J, so m = 0. In general, if M = m ;R +
mR+ ---+m,Rand M = MJ,then M = mJ +myJ + --- +m,J, so
let mi = mya+ y, wherea € Jandy € myJ + --- + m, J. It follows that
M =myJ + --- +my,J, so M = 0 by induction.

(2).f MJ+ X = M, where X is a submodule of M, then (M /X)J = M/ X.
Hence (2) follows from (1). O

Recall that a ring R is called semiperfect if R/J is semisimple and idem-
potents lift modulo J, and that R is called semiprimary if it it semiperfect and
J is nilpotent. These rings are discussed at length in Appendix B, where the
properties used in the next three results are derived.

Lemma 1.48. Suppose that R is a semiperfect ring in which S; C*° Rg. Then
R is left Kasch.

Proof. Let L be a maximal left ideal of R. Because R is semiperfect, choose
e’ =e¢ e Rsuchthat (1 —e) e Land ReNL € J.Thenr(ReNL) D r(J)D
Si, so r(Re N L) is essential in Rg by hypothesis. In particular 0 # eR N
r(ReNL)=1[R(1 —e)® (RenL)] =r(L). Hence R is a left Kasch ring. [J

The hypotheses of the next result identify a class of rings called pseudo-
Frobenius, and we return to them later.

Lemma 1.49. Assume that R is a right self-injective, semiperfect ring with the
property that S, C*° Rg. Then R is right and left Kasch.

Proof. Letey, ..., e, be basicidempotentsin R, so that R has exactly n isomor-
phism classes of simple right modules. Hence each ¢; R is an indecomposable
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injective module and so is uniform. Write S; = soc(e; R) = S, N e; R. Then
S; # 0 because S, C*° Rg, so S; C*° ¢;R and hence S; is simple. Thus
e;R = E(S;) is the injective hull of S; for each i. But then §; = S§; implies
e;R = e;R, whence i = j because the ¢; are basic. Thus R contains n noniso-
morphic simple right ideals, and it follows that R is right Kasch.

To show that R is left Kasch, it is enough (by Lemma 1.48) to show that
S, € §;. So let kR be a minimal right ideal of R; we show that k € §; by prov-
ing that Rk is simple. If 0 # b € Rk, we must show that k € Rb. If b = ak,
a € R, define y : kR — bR by y(kr) = a(kr) = br. Then y is an isomorph-
ism because kR is simple and ak # 0, so, since R is right self-injective, let
vy !=c,ceR.Thusk = y~1(b) = cb € Rb, as required. O

The next theorem contains characterizations of the quasi-Frobenius rings
that are part of the folklore of the subject. If b is a class of modules, we say
that a module M has the ascending chain condition (ACC) on modules in b if
CicC,C .- CM,C; € byimpliesC,, = C,y| = --- for some n similarly,
we have the descending chain condition (DCC). If M is a module, let lat(M)
denote the lattice of submodules of M.

Theorem 1.50. The following are equivalent for a ring R:

(1) R is quasi-Frobenius.

(2) R is left or right artinian, and R is left or right self-injective.

(3) R is left or right noetherian, and R is left or right self-injective.

(4) R has ACC on left or right annihilators, and R is left or right self-injective.

(5) R isrightand left noetherian, r1(T) = T forallrightideals T, and 1xr(L) =
L for all left ideals L.

In this case the maps
f lat(xR) — lat(Rg) and g :lat(Rg) — lat(xR)

given by f(L) = r(L) and g(T) = 1(T) are mutually inverse lattice anti-
isomorphisms.

Proof. (1)=(2)=(3)=(4) are obvious, and the last sentence follows from the
annihilator conditions in (5).
(4)=(5). We may assume that R is right self-injective.
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Case 1: R Has ACC on Left Annihilators

Then R has ACC on finitely generated left ideals L (by Corollary 1.38), so R
is left noetherian. Hence L = 1r(L) for all left ideals, again by Corollary 1.38.
Furthermore, r(J) C r(J?) C --- terminates, say r(J") = r(J"t) = ...,
Hence J" = 1r(J") = 1r(J"t!) = J"*! = JJ", so J" = 0 by Nakayama’s
lemma (Lemma 1.47). Since R is right self-injective, it is semiregular by Theo-
rem 1.26 and hence semiperfect (being left noetherian), and so it is semiprimary.
But then the Hopkins—Levitzki theorem?® shows that R is left artinian. It remains
to show that r1(7") = T for all right ideals T of R [then R is right noetherian
because if 7} € T, € --- are right ideals then 1(77) 2 1(73) 2 --- termi-
nates]. By Corollary 1.45 it suffices to show that R is right Kasch, and this
follows by Lemma 1.49 because S, C€** Ry (R is semiprimary).

Case 2: R Has ACC on Right Annihilators

Suppose L D L, D --- are finitely generated left ideals in R. Then r(L,) C
r(Ly) € ---,sor(L,) =r(Lyy) = --- for some m by hypothesis. Hence
L,, = L,,+1 = --- byCorollary 1.38. In particular R has DCC on principal left
ideals and so is right perfect (see Theorem B.39). Furthermore, J is nilpotent.
Indeed, r(J) € r(J?) € --- implies r(J") = r(J"t') = ... for some n
by hypothesis, and we claim that J* = 0. For if not then r(J") # R, so
(as R is right perfect) R/r(J") contains a minimal left module X /r(J"). But
then JX C r(J"), so X C r(J"t!) = r(J"), which is a contradiction. So
J"=0.

Hence S, C°° Rpg, so R is right Kasch by Lemma 1.49. It follows that
r1(T) = T for every right ideal T by Corollary 1.45. In particular every right
ideal T 1s a right annihilator, so R is right noetherian by hypothesis; hence R is
right artinian by the Hopkins—Levitzki theorem. This in turn shows that R

is left noetherian. [If L; € L, € --- are finitely generated left ideals then
r(Ly) 2 r(Ly) 2 ---,s0r(Ly) = r(Lgs1) = --- for some k because R is
right artinian, whence L,, = L,,.1 = --- by Corollary 1.38.] Finally, every left

ideal L is finitely generated (R is left noetherian), so 1r(L) = L by Corollary
1.38.

S)=M). If T, > T, O --- are right ideals, then the chain 1(7}) C
1(7T») C --- terminates because R is left noetherian, andhence 77 2 75, 2 - --
terminates because r1(7;) = T; foreachi. Thus R is right artinian. Now observe

> The Hopkins—Levitzki theorem states that a semiprimary ring is right artinian if and only if
it is right noetherian. In fact, if R is semiprimary, any module is artinian if and only if it is
noetherian.
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that condition (5) shows that f and g (in the last statement of the theorem)
are mutually inverse lattice anti-isomorphisms. In particular, 1(7 N T') =
1(T) + L(T’) for all right ideals T and 7'. Hence R is right F-injective by
Lemma 1.37 and (5), and so is right self-injective (being right noetherian). An
analogous argument shows that R is left artinian and left self-injective. O

1.6. Pseudo-Frobenius Rings

Before proving the next theorem, we develop another useful condition that a
ring is right artinian. It is clear that a module M is finitely generated if and
only if M = ¥;c;N; implies that M = %;c g N; for some finite subset F' C 1.
Dually, M is called finitely cogenerated® if N;c; K; = 0, K; € M, implies that
N;er K; = 0 for some finite subset F' C I. These modules admit several other
useful characterizations.

Lemma 1.51. The following are equivalent for a module M:

(1) M is finitely cogenerated.

(2) If M embeds in a direct product I1;c;N; then M embeds in I1;cpN; for
some finite subset F C [.

(3) M is an essential extension of an artinian submodule.

(4) soc(M) is finitely generated and essential in M.

Proof. (1)=(2).If o : M — Il;¢;N; is monic, write K; = ker(m; oo), where
mwj . Ije;N; — N; is the projection. Then Nje;K; = 0, s0 NjerK; = 0
for some finite set F' = {iy,...,i,} € I. Thenm + (mw;,o0(m), ..., m; o(m))
embeds M in IT;cp N;.

(2)=(3). Let {S; | i € I} be a set of representatives of the simple modules,
and write E = I1;c; E(S;). Then M embeds in a direct product of copies of E
by Lemma 1.42 and Proposition 1.43, so it embeds in I1;cr E(S;) for a finite
set F' by (2). Since this latter module enjoys the property in (3), so does M.

(3)=(4). Let A C*° M, where A is artinian, and write S = soc(M). Then
S C A (every simple submodule of M is in A), so S is artinian and hence is
finitely generated. We have S C** M because A C** M and A is artinian.

D=(1). Let N;¢; K; = 0, K; € M, and let F denote the set of all finite
intersections of these K;; we must show that F contains the zero submodule.
If not, write S = soc(M). Since S is artinian, let S N X be a minimal member

6 These modules are also called finitely embedded.
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of {SNX | X € F}.If X € F is arbitrary then X N Xy, € F, and it fol-
lows that S N Xy € S N X by minimality. Hence S N Xy € Nxer(S N
X) = SN (NxerX)=8 N (N;je;K;)=0, which is a contradiction because
SC“ M. O

Since a module is noetherian if and only if every submodule is finitely gen-
erated, the following result shows again that “finitely cogenerated” plays a role
dual to the notion of “finitely generated.”

Lemma 1.52 (Vamos Lemma). A module is artinian if and only if every factor
module is finitely cogenerated.

Proof. The condition is clearly necessary. So assume that M/N is finitely
cogenerated for all submodules N.

Claim. If M is finitely cogenerated and Ny © N, O --- are nonzero submod-
ules of M, then N; N; # 0.

Proof. Write S; = N; N soc(M) so that S 2 § D --- in soc(M). But
soc(M) is artinian (by hypothesis), so Sy = Sy+1 = --- for some k. Hence
(N;N;) Nsoc(M) = N;S; = Sk, and S # 0 because soc(M) C*° M. Thus
N; N; # 0, proving the Claim.

Now assume that N; © N, D - .- are submodules of M ; we must show that
Ny = Nyyy = --- forsome k. If N = N; N; we have Ny/N 2 N,/N D ---in
M /N and N;(N;/N) = 0. Since M/ N is finitely cogenerated by hypothesis, the
Claim shows that Ny /N = 0 for some k. Hence N = Ny 2 Ny 2 --- 2 N,
and we are done. O

Note that Z/N is finitely cogenerated for every subgroup N # 0, so it is not
enough in Lemma 1.52 to require that M /N is finitely cogenerated for every
proper submodule N.

The following two lemmas about projective modules, while interesting in
themselves, will be needed in the proof of Theorem 1.56. Recall that the radical
of a module M is defined to be the intersection rad(M) = N{N | N <" M}
of all maximal submodules of M. We define rad(M) = M if M has no maximal
submodules. Clearly, rad(Rg) = J = rad(g R), and MJ C rad(M) for every
module M. If My, is a finitely generated module and M J = M then Nakayama’s
lemma (Lemma 1.47) asserts that M = 0. The following important result is a
version of this for projective modules.
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Lemma 1.53. Let Py denote a projective module.

(1) If PJ = P then P = 0.
(2) rad(P) = PJ so, if P # 0, then P has maximal submodules.

Proof. (1). Assume that P & Q = F is free with basis { f; | i € I}. For eachi
write f; = p; + q;, where p; € Pandg; € Q.If p € P, write p = X, fir; =
Y piri + Xiqiri, ri € R; we show that r; = 0 for each i. First, observe that
Xiqiri € PNQ =0.Since P = PJ C FJ, write p; = X f;a;;, where each
a;j € J.Hence q; = X, f;j(;j — a;j), where §;; = 1 fori = j or O fori # j.
Then

0=2%,qiri = 5i[%; f;6ij — aip)lri = X f;[Xi(8ij — aij)ril,

so %;(8;j — a;j)r; = O for each j. Inserting zeros where necessary, we may
assume that i and j range over {1, 2, ..., n}, so the n x n matrix [§;; — a;;] is
invertible in M, (R). It follows that each r; = 0, proving (1).

(2). Since rad(®;M;) = ®;rad(M;) for any modules M;, we obtain
rad(RD) = JUO = (RD)J. Hence rad(F) = FJ for every free module F.
Now suppose that PP Q = Fisfree. Then P/ QJ = FJ =rad(PH Q) =
rad(P) & rad(Q). Since PJ C rad(P) for any module P, it follows that
rad(P) = PJ. With this, (2) follows from (1). O

Lemma 1.54. Let Pr # 0 be projective. Then the following are equivalent:

(1) P is not the sum of two proper submodules.

(2) rad(P) is a maximal submodule of P that is small in P.

(3) rad(P) is a proper submodule of P that contains all proper submodules.
(4) end(P) is local.

Proof. (1)=(2). Lemma 1.53 shows that P has a maximal submodule; it is
unique and small by (1). Now (2) follows.

(2)=(3). rad(P) # P by Lemma 1.53. Let X # P be a submodule of P. If
X g rad(P) then X + rad(P) = P because rad(P) is maximal, so X = P
because rad(P) is small in P. This proves (3).

(3)=(4). Write E = end(P) and W = rad(P), and define A = {a € E |
a(P) € W}. Then A is an ideal of E and (1 — a)(P) € W for every o € A.
Hence 1 —« is epic by (3) and so has aright inverse in E because P is projective.
Hence A C J(E).ButifA € E— J(E)then A ¢ A, so (as before) A has aright
inverse in E. It follows that E — J(E) consists of units, proving (4).
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(4)=(1).Let P = K+ N, where K and N are submodules.If¢ : P - P/K
is the coset map, then the restriction ¢y : N — P/K 1is epic, so, since P is
projective, there exists A : P — N such that ¢ o A = ¢. Hence A(P) € N and

P

Ay ¢
oY

N —- P/K—0
(1 —XA)(P) C K, so (1) follows because one of A and 1 — A is a unit in end(P)
by (4). O

If M is aright R-module define the trace of M by traceg(M) = X cp=A(M),
where M* = homgr(Mg, R) denotes the dual of M. The trace of M is a two-
sided ideal of R. Recall that a right R-module G is called a generator if every
right module M is an image of a direct sum G of copies of G.

Lemma 1.55. The following conditions are equivalent for a module Gg:

(1) Gg is a generator.
(2) tracer(G) = R, equivalently 1 = X" A;(g), A, € G*, g € G.
(3) G" = R & N for some integer n and submodule N € G".

Proof. (1)=(2). Because Ry is finitely generated, (1) gives an epimorphism
0 : G" — Rg for some n. If 0; : G — G" are the injections, then A; = 6 o g;
isin G* foreachi and R = A (G) + --- 4+ A,(G).

(2)=(3). Given (2), define 6 : G" — R by O(xy, ..., x;) = XA;(x;). Then
0 is epic by (2) and splits because Ry is projective. This proves (3).

(3)=(1). Given any module M there is an epimorphism R") — M for some
set J. Since there is an epimorphism G" — R by (3), we obtain an epimorphism
(GMY) — M, proving (1). O

Every generator is faithful by (3) of Lemma 1.55, and the rings for which
every faithful right module is a generator are called right pseudo-Frobenius
rings (right PF rings). Like the quasi-Frobenius rings, these rings admit several
characterizations.

Theorem 1.56 (Azumaya—Kato—Osofsky—Utumi Theorem). The following
conditions are equivalent for a ring R:

(1) R is right pseudo-Frobenius.
(2) Every right cogenerator is a generator.
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(3) R is right self-injective and S, is finitely generated and essential in Rg.

(4) R is right self-injective and semiperfect, and S, is essential in Rg.

(5) Rpg is a cogenerator and R is left Kasch.

(6) Rg is a cogenerator and there are only a finite number of nonisomorphic
simple right R-modules.

Proof. (1)=(2). If M is a cogenerator, then R embeds in a direct product of
copies of M and so M is faithful. Hence M is a generator by (1).

(2)=@3). If {K; | i € I} are distinct representatives of the simple right R-
modules, Proposition 1.43 shows that £ = @;<; E(K;) 1s a cogenerator. Since
E 1s a generator by (2), R is (isomorphic to) a direct summand of E” for some
n > 1, and so it is a direct summand of @/, E(K;) for some m > 1. But

" E(K;) is injective with finitely generated essential socle, so Rp has the
same property. This proves (3).

(3)=(4). R is semiregular by Utumi’s theorem (Theorem 1.26) and contains
no infinite set of orthogonal idempotents because it is right finite dimensional
(by hypothesis). Hence R is semiperfect.

(4)=(5) and (4)=(6). Given (4), R is left and right Kasch by Lemma 1.49.
Since Ry is injective it is a cogenerator by Proposition 1.44. This proves (5); it
also gives (6) because R is semiperfect.

(5)=(1). Let My be a faithful right R-module and write T = tracegr(M).
By Lemma 1.55 we must show that 7 = R; since R is left Kasch it suffices to
prove that r(T) = 0. If x € x(T), then A(mx) = A(m)x = 0 forevery A € M*
and m € M, so Mx C Njepyker(A). But Nycpy<ker(X) = 0 because Ry is a
cogenerator, and it follows that x = 0 because M is faithful.

(6)=(4). We begin with the following claim:

Claim. If K is a simple right R-module then E(K) embeds in Rg.

Proof. Since Ry is a cogenerator, let o : E(K) — R’ be a monomorphism for
some index set 1. If r; : R — R is the ith projection then ;[0 (K)] # O for
some i, and it suffices to show that ker(m; o ) = 0. But if ker(m; o o) # 0
then ker(m; o 0) N K # 0 because K C** E(K), whence K C ker(m; o0 0)
because K is simple. This contradiction proves the Claim.

By hypothesis, let Ky, ..., K, denote a set of representatives of the simple
right R-modules, and write E; = E(K;) for each i. Then each E; embeds in Ry
by the Claim, so, being injective, E; is a summand of R and so is projective.
Moreover, E; is indecomposable (actually uniform), so Lemma 1.54 shows
that rad(E;) is a maximal, small submodule of E;. Hence S; = E;/rad(E;) is
simple and E; is a projective cover of S;. Furthermore, if S; = §; then E; = E;
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by the uniqueness of projective covers (see Corollary B.17). This means that
K; = K; and hence thati = j. It follows that {S;, S5, ..., S,} is a set of distinct
representatives of the simple right R-modules, from which we infer that every
simple right R-module has a projective cover. Thus R is a semiperfect ring by
Theorem B.21.

Hence write R = @_,e;R, where ey, ..., e, are orthogonal, primitive
idempotents with X" ,e; = 1. If {ey, ..., e,} are a basic set of idempotents
then, since each E; is indecomposable and projective, E; = e, ;)R for some
o(i)e{l,2,...,n}.Butthe E; are pairwise nonisomorphic, so it follows that
e; R 1s an injective module with simple essential socle foreachi = 1,2, ..., n.
Thus R is right self-injective and S, C° Rg, proving (4). O

There is another characterization of these pseudo-Frobenius rings that will be
proved in Chapter 7 as a consequence of a more general result (Corollary 7.33).

Theorem 1.57 (Osofsky’s Theorem). A ring is right pseudo-Frobenius if and
only if it is a right self-injective ring that is a right cogenerator.

Notes on Chapter 1

Divisible groups were introduced by Baer [14], who essentially proved that
every module can be embedded in an injective module. The general concept
of an injective module is due to Eckmann and Schopf [50], and the existence
of an injective hull seems to have been discovered independently by Eckmann
and Schopf and by Shoda [204]. A good survey of the properties of injective
modules can be found in Sharpe and Vamos [203].

Quasi-injective modules were introduced and characterized by Johnson and
Wong [113], and relative injectivity in general was studied by various authors
including Harada [90, 94] and Azumaya [10].

The C1-, C2-, and C3-conditions were identified by Utumi [219] for rings,
and were extended to the module case by Jeremy [108], Takeuchi [214], and
Mohammed and Bouhy [146]. An account of continuous and quasi-continuous
modules can be found in Mohamed and Miiller [147].

The fact that closures are unique in a nonsingular module (Lemma 1.28) is
due to Johnson [112].

The term “Kasch ring” honors F. Kasch.

Quasi-Frobenius rings were first investigated by Nakayama [150], who was
interested in the natural duality between right and left ideals. Theorem 1.50,
with its characterizations of quasi-Frobenius rings, is associated with the names
Faith, Ikeda, Nakayama, and Eilenberg (see Faith [54]). It was first stated in
this generality by Faith [54], where condition (4) was introduced.
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The extension of Nakayama’s lemma to projective modules (Lemma 1.53)
is due to Bass [16].

Left and right pseudo-Frobenius rings (in Theorem 1.56) are called rings
with perfect duality in the literature. They were introduced and investigated
independently by Azumaya [11], Kato [121, 122], Utumi [221], and Osofsky
[182] as generalizations of quasi-Frobenius rings where the chain conditions
are dropped.



2

Mininjective Rings

A surprising amount of information about right self-injective rings can be ob-
tained by studying a much larger class of rings, the right mininjective rings. A
ring is called right mininjective if every isomorphism between two simple right
ideals is given by left multiplication. The basic general facts about these rings
are derived in this chapter, and this work serves as a basis for the study of two
important subclasses: the P-injective rings in Chapter 5 and the simple injective
rings in Chapter 6.

After giving several examples (including a right mininjective ring that is not
left mininjective), we show that mininjectivity is a Morita invariant and that
“min” versions of the C2- and C3-conditions hold. (The “min” version of the
C1-condition is studied in Chapter 4.) Surprisingly, under a mild commutativity
condition, a ring R is right minininjective if and only if its right socle is square-
free, and every factor ring of R is right mininjective if and only if R has a
distributive lattice of right ideals. In general, it is shown that the right socle of any
right mininjective ring R is contained in the left socle (in fact, if kR is a simple
right ideal then Rk is also simple). This remarkable fact is used repeatedly
throughout the book. If a right mininjective ring is semiregular and has essential
right socle, we show that the right singular ideal equals the Jacobson radical,
extending the situation for right self-injective rings.

Right mininjective rings admit another important characterization: A ring
1s right mininjective if and only if the dual of every simple right module is
simple or zero. This result is used to give a simple proof of Ikeda’s theorem:
R is quasi-Frobenius if and only if it is right and left artinian and right and left
mininjective. The chapter concludes with an investigation of the relationship
between mininjectivity and the condition that every minimal left ideal is an
annihilator.

36
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2.1. Definition and Examples

If R is aring, a module My, is called mininjective if, for every simple right ideal
K of R, each R-linearmap y : K — My extendstoy : R — M;thatis,y =m-is
multiplication by some m € M [in fact m = y(1)].

Recall that arightideal 7 in aring R is called extensive if every R-morphism
y : T — Ry can be extended to R — Rp, equivalently if y =c- is left multi-
plication by an element ¢ € R. Thus, R is right mininjective if and only if every
simple right ideal K is extensive.

Lemma 2.1. The following are equivalent for a ring R:

(1) R is right mininjective.

(2) If kR is simple, k € R, then 1r(k) = Rk.

(3) If kR is simple and r(k) C r(a), k,a € R, then Ra C Rk.

(4) If kR is simple and y : kR — R is R-linear, k € R, then y(k) € Rk.

Proof. (1)=(2). Always Rk C1lr(k). If a € 1r(k) then r(k) Cr(a), so y:
kR — R 1s well defined by y(kr)=ar. Thus y =c- for some c € R by (1),
whence a = y (k) = ck € Rk.

(2)=@3). If r(k) € r(a) thena € 1r(k), so a € Rk by (2).

3)=@). If y(k) = a then r(k) C r(a), soa € Rk by (3).

(4)=(1). Let y : kR — Rpg and use (4) to write y(k) = ck, ¢ € R. Then
y = c-, proving (1). O

In practice, it is enough to verify conditions (2), (3), or (4) in Lemma 2.1 for
simple right ideals kR C J. Indeed, the proof of (1)=(2)=(3)=(4) goes thr-
ough as before in this case. If y : kR — R is R-linear, where kR ¢ J is simple,
then (kR)? # 0, so! kR = eR for some idempotent e = e? € R, and y extends.

We note in passing that the proof of Lemma 2.1 actually gives equivalent
conditions that any principal right ideal kR is extensive.

Note further that a simple right ideal K need not be extensive even if it iso-
morphic to an extensive right ideal. For example, let R = [g g], where D 1s a
division ring and write k = [( o] and e = [ |]. Then kR = ¢R and ¢ = e,
but kR 1s not extensive by Lemma 2.1 because 1r(k) # Rk. Thus R is not right
mininjective even though it has a projective, homogeneous right socle.

VIf kK # 0, k € K, then kK = K because K is simple, say ke = k, where 0 # e¢ € K. Hence
2 —eeKy=1{aeK |ka=0}s0e? = ebecause Ko # K and K is simple. It follows that
K = eR, again by simplicity. This result is sometimes called Brauer’s lemma.
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Clearly every right self-injective ring is right mininjective, as is every ring in
which every simple right ideal is a direct summand. Thus every ring with zero
right socle is right mininjective, and every semiprime ring (in particular R/J)
is right and left mininjective because every simple right or left ideal is a direct
summand. In particular, the ring Z of integers is a commutative, noetherian
mininjective ring that is not self-injective.

Example 2.2 follows easily from (2) of Lemma 2.1.

Example 2.2. A direct product R = I1R; of rings is right mininjective if and
only if R; is right mininjective for each i.

Example 2.3. Every polynomial ring R[x] is right and left mininjective.

Proof. This is because both socles of R[x] are zero. For example, if K = kR[x]
is simple where deg(k) = n, then K = x"*'K because x"*! is central, so
k € x"t1kR[x], which is a contradiction. O

Example 2.4. If S, is simple as a left ideal, then R is right mininjective.

Proof. If kR is simple and r(k) C r(a), where k,a € R, we must show that
a € Rk. This is clear if a = 0; if a # 0, then r(k) = r(a) because r(k) is
maximal, so aR is simple too. Hence Ra = S, = Rk by hypothesis. O

The next example shows, among other things, that a right mininjective ring
need not be left mininjective; it will be referred to several times in the following.
Recall that a ring R is called local if R/J is a division ring, equivalently if R
has a unique maximal right (left) ideal.

Example 2.5 (Bjork Example). Let F be a field and assume that a — a is an
isomorphism F — F C F, where the subfield F # F. Let R denote the left
vector space on basis {1, ¢}, and make R into an F-algebra by defining 1> = 0
and ta = at for all a € F. Then the following are true:

(1) Rislocal, R/J = F,and J> = 0.

(2) J = Rt = Ft is the only proper left ideal of R.

(3) R is right mininjective but not left mininjective.

(4) X — Xt is a lattice isomorphism from the right F-subspaces X of F to
the lattice of right ideals Xt of R contained in J.

(5) R s left artinian, and the following are equivalent:
(a) R isright artinian;
(b) R is right noetherian;
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(c) R isright finite dimensional;

(d) zF is finite dimensional.

Furthermore, if p is a prime and F = Z,(x) is the field of rational forms
over Z,, then the map w +—— w?” is an isomorphism F — F, where
F ={w? |w e F}anddim(zF) = p.

Proof. (1) and (2) are routine verifications.

(3). R isright mininjective by Example 2.4.Ifd € F —F,definey : Ft — R
by y(at) = adt. This is well defined, and it is left R-linear because y[(b +
ct)at] = (ba)dt = (b+ct)-y(at). If R is left mininjective then y = -c is right
multiplication by some ¢ = e + fr in R. But then dt = y(t) = tc = te = et,
which implies that d = & € F, a contradiction.

(4). Let P C J be aright ideal of R, and define X = {x € F | xt € P}.
Then Xt C P is clear, and the reverse inclusion follows because P C J = Ft.
This shows that the map in (4) is onto; it is routine to show that it is one-to-one
and preserves sums and intersections.

(5). R is left artinian by (2); the equivalence of (a), (b), (c), and (d) follows
from (4); and the last observation is a routine calculation (in fact {1, x, ...,
xP~1}) is a basis of F over F. O

The next example presents a commutative, local mininjective ring with J3 =
0, which has a simple, essential socle that is not artinian. This example will
also be cited frequently in what follows.

Example 2.6 (Camillo Example). Let R = F[xq, x;, ... ], where F is a field
and the x; are commuting indeterminants satisfying the relations

xl.3 =0foralli, x;x; =0foralli # j, and xl-2 = sz. for all i and ;.
Write m = x7 = x3=---, so that m*> = 0 = x;m for all i. Then the following
are true:

(1) R is a commutative ring with F-basis {1, m, x, x2, ... }.

(2) Rislocal, J = spanp{m,x|,x2,...}, R/J = F,and J? = 0.

(3) Fm C A for every ideal A # 0 of R.

(4) soc(R) = J?> = Fm is simple and essential in R.

(5) R is mininjective with simple essential socle, but R is not noetherian.
(6) If we denote X = spanp{x, x,, ...}, the maps

A~ ANX and U+ FmaeU



40 Quasi-Frobenius Rings

are mutually inverse lattice isomorphisms between the lattice of all ideals
A # 0, R of R, and the lattice of all F-subspaces U of X.

Proof. (1)and (2) and (3) are routine verifications, and then (4) follows because
the product of any two elements of J is in Fm. Next, R is mininjective by (4)
and Example 2.4, and R is not noetherian by (6) because Fm C Fm @ Fx; C
Fm® Fx1® Fx, C ---.

As to (6), observe first that F'm & U is an ideal for each U because (Fm &
UR C FmR+UR C Fm+ (UF +mF) € Fm + U. The composites
of the maps in (6) are U — Fm @ U — (Fm & U)N X = U because
UCX,andA— ANX+— Fm® (AN X) = A by the modular law because
Fm C A CJ = Fm® X using (3). Hence the two maps are mutual inverses;
they clearly preserve inclusions. Note that J = Fm @ X. O

If R is aring and g Vg 1s a bimodule, the trivial extension T(R, V') of R over
V is the direct sum R @ V with multiplication (a, v)(b, w) = (ab, aw + vb).
It is sometimes useful to view T (R, V) as the set of all matrices [g Z] where
a € R and v € V, using matrix multiplication.

Inparticular,if A = Fm @ U asin Example 2.6 then R/A = T (F, V'), where
V 1s any F-subspace of X such that U @& V = X. We will return to this later;
we observe for now that T(F, V') is mininjective if and only if dimp(V) = 1.

A semisimple module is said to be square-free if it contains at most one copy
of any simple module. The condition that the right socle of a ring is square-free

is in a sense dual to the requirement that the ring is right mininjective.

Lemma 2.7. The following are equivalent for a ring R:

(1) The right socle S, is square-free.
(2) IfkR is simple and y : kR — R is R-linear then y (k) € kR.
(3) If kR is simple then 1r(k) C kR.

Proof. (1)=(2). If y is asin (2), then y(k)R = y(kR) C kR by (1).
(2)=@3). If a € 1r(k) then r(k) C r(a),so y : kR — R is well defined by
y(kr) =ar. By (2)a = y(k) € kR.
(3)=(1). Let y : K — M be an isomorphism of simple right ideals. If K =
kR, write y(k) =m. Then r(k) Cr(m), so m € 1r(k) CkR =K by (3). Thus
M C K, whence M = K. O

Note that if we ask instead that y (k) € Rk in (2) of Lemma 2.7, we character-
ize right mininjectivity by Lemma 2.1. Observe further that if S, is square-free
then (3) of Lemma 2.7 shows that every simple right ideal kR is two-sided,
that is Rk € kR. Moreover, the converse holds if R is right mininjective by
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Lemmas 2.1 and 2.7. If we insist that Rk = kR, we obtain the following result,
which includes a characterization of the commutative mininjective rings.

Proposition 2.8. Assume that Rk = kR whenever kR is a simple right ideal
of the ring R. Then the following hold:

(1) R is right mininjective if and only if S, is square-free.
(2) A commutative ring is mininjective if and only if S, is square-free.

A module M is called distributive if AN(B+C)=(ANB)+(ANC) for
all submodules A, B, and C of M. We need the first of the following character-
izations of when this happens. If x and y are elements of Mg, write (xR : y) =
{r e R|yr € xR}.

Theorem 2.9. The following are equivalent for a module Mg:

(1) Mg is distributive.
(2) M/N has square-free socle for every submodule N € M.
(3) xR:y)+ (yR:x)=Rforallx andy in M.

Proof. (1)=(2). Since images of distributive modules are distributive, we may
assume N = 0. Suppose o : X — Y is an isomorphism, where X and Y are
simple submodules of M with X NY =0, andlet K = {x +0o(x) | x € X}.
Then KNY =0and K € X+Y,s0 K = KNX by (1).ItfollowsthatY C X,
which is a contradiction.

2)=3).If(3) fails,let (xR : y)+ (YR : x) C T C"* Rg,x,y € M. Write
N =xT+yTandZ = (xR+yR)/N € M/N, sothat Z has square-free socle
by (2). Denote x = x + N and y = y + N, and consider the map 6 : R — xR
given by 6(r) = xr. Then T' C kerf, so either xR = 0or xR = R/T. Similar-
ly, either yR = 0or yR = R/T. Butif xR = R/T = yR then xR = yR by
(2) and so, in any case, eitherx € yRory € XxR.Ifx € yRthenx € xT 4+ yR,
say x =xt+yr, t € T, r € R. This implies that 1 —¢# € (YR : x), so (YR : x) Q
T, which is a contradiction. Similarly, y € X R leads to a contradiction.

(3)=(1). Observe first that, for all z, w € M, then (zR : z + w) = (zR : w)
and w(zR : w) =zRNwR = z(wR : z). Hence, forall x, y € M,

xRN(x+y)R)+(YRN(x+ y)R)
=x+yY&R: x+y)+&x+yYQR:x+Yy)
=x+y&xR:y)+x+y)YR:x)=(x+y)R

using (3). It is a routine matter to show that this implies (1). O

Theorem 2.9 (with Proposition 2.8) gives a characterization of when a com-
mutative ring is distributive. In fact, we get a version for duo rings, where a
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ring R is called a duo ring if every one-sided ideal is two-sided (equivalently
aR = Ra for all a € R).

Theorem 2.10. The following are equivalent for a duo ring R:

(1) Every factor ring R/ A is right mininjective.
(2) Rpg is distributive.

Proof. Observe that the duo hypothesis is inherited by factors R/A. If (1)
holds then (R/A)g, 4 has square-free socle by Proposition 2.8. Hence (R/A)g
has square-free socle and (2) follows from Theorem 2.9. Conversely, (2) implies
that (R/A)r,;a = (R/A)r has square-free socle, again by Theorem 2.9, so (1)
follows from Proposition 2.8. O

Note that every regular ring R has the property that R/A is right (and left)
mininjective for all ideals A, but Rz need not be distributive. For example, if
F 1s a field then R = M,(F') does not have square-free socle, so Ry is not dis-
tributive by Theorem 2.9. Hence the duo hypothesis cannot be dispensed with
in Theorem 2.10.

2.2. Morita Invariance

As for right self-injectivity, right mininjectivity turns out to be a Morita invari-
ant. The next result gives half the proof.

Proposition 2.11. If R is right mininjective, so is e Re for all > = e € R satis-
fying ReR = R.

Proof. Write S = eRe andletrg(k) C rg(a), wherek,a € Sand kS isasimple
right ideal of S. We claim first that kR is simple in R. For if kr # 0, r € R,
then kr ReR # 0, so there exists ¢t € R such that 0 £ krte = (ke)rte € kS.
Hence k € krteS C krR, whence kR is simple. Thus it suffices to show that
rr(k) € rgr(a); then a € Rk by Lemma 2.1 and so a = ea € eRk = Sk, as
required. So let kx = 0, x € R, and write | = 2?21 a;eb;, where a;, b, € R.
Then k(exa;e) = 0 for each i, so a(exa;e) = 0 by hypothesis. Hence ax =
Y ' axa;eb; = 0 because a = ae, as required. O

The proof that right mininjectivity is inherited by matrix rings requires the
following result.

Lemma 2.12. Let K be a simple right ideal of aring R. Ifd K # 0 is extensive
for some d € R, then K is extensive.
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Proof. The map o(x) =dx defines an isomorphism o : K — dK. Given y :
K — Rpwehaveyoo™! :dK — R,s0oy oo~! = c-, where ¢ € R by hy-
pothesis. It follows that y = (cd) - . O

Proposition 2.13. A ring R is right mininjective if and only if the ring M,,(R)
is right mininjective for all (some)n > 1.

Proof. If S = M,,(R) is right mininjective, so is R = e;;Se;; by Proposition
2.11 because Seq1S = S (here e;; denotes the matrix unit). Conversely, assume
that R is right mininjective. By Proposition 2.11 it suffices? to do the case n = 2.
Let kS be a simple right ideal of § = M,(R); we must show that 1r(k) = Sk.
If row i of k is nonzero then ey;k # 0, so, by Lemma 2.12, we may assume
that k € e;;S. In this case, if column j of k is nonzero then ke i1 #0,s0 kS =
%ele. Thus we may assume that k € ey1Sey;, so write k = []6 8], k € R.
Then kR is simple, so Rk = 1r(k) by Lemma 2.1. But then rs(k) = [ "% "],
whence 1rg(k) = [ﬁgg 8] = [gi 8] = Sk, as required. O

If M, is the free right R-module of rank y, and if we view end(Mp) as the
set of x x x column finite matrices over R, the proof of Proposition 2.13 goes
through to give

Corollary 2.14. If R is right mininjective, so also is the endomorphism ring of
any free right R-module.

Combining Propositions 2.11 and 2.13 with Theorem A.20 gives
Theorem 2.15. Right mininjectivity is a Morita invariant.

The next theorem gives another characterization of right mininjectivity based
on the following “relative” version of the concept. If e is an idempotent in R,
a right R-module My, is called e R-mininjective if R-morphisms y : K — M
extend to eR — M whenever K C eR is a simple right ideal, equivalently if
y = m- for some m € M. Clearly, M is mininjective if and only if it is R-
mininjective.

2 Choose 2% > n. Since T = M,k (R) is right mininjective by hypothesis, and since M, (R) =eTe,
where e = [[g g} it suffices by Proposition 2.11 to show that TeT = T. But ej; € TeT by
block multiplication, and so e¢;; = e;j1ej1e1; € TeT for each .
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Lemma 2.16. Lete, f, e, ..., e, denote idempotents in a ring R, and let Mg
be a module.

(a) If 1 = e + --- + e, then M is mininjective if and only if M is e; R-
mininjective for eachi.

(b) If eR = f R and M is e R-mininjective then M is fR-mininjective.

(c) If Mgr = ®;c;M; then M is e R-mininjective if and only if each M; is eR-
mininjective.

Proof. (a). Let y : K — Mpg be R-linear, where K is a simple right ideal.
Then e; K # 0 for some i, so o (k) = e;k defines an isomorphism o : K — ¢; K.
If M is e; R-mininjective we have y oo ~! = m- forsome m € M, whence y =
(me;)- and M is mininjective. The converse is clear.

(b). Leto : eR — f R be an isomorphism. Given y : X — M, where X C f R
is simple, then K =0~ !(X)CeR is simple and y oojg is an R-morphism
K — M.Hence y o ojx =m-forsomem € M by hypothesis. Writea = o ~!(f).
Theny(x) = (yoo)(c~'x) = mo~'(x) = m(ax)forallx € X,soy = (ma)-.

(c). Assume that each M; is e R-mininjective. If y : K — M is R-linear,
where K =kR CeRissimple,lety(K) C &/_ M;. If 7, : M — M, is the pro-
jection for each ¢, then m; o y = m,- for some m; € M, by hypothesis. If k €
K and y(k) =Y _/_, m,, thenm| = m,y (k) = m,k, and it follows that y = m-,
where m = ), m,. Hence M is e R-injective. The converse is clear. O

Proposition 2.17. Letl = f;+-- -+ f, in R, where the f; are orthogonal idem-
potents, and letey, . . ., e, be idempotents such that {e|R, ..., e, R} is a com-
plete set of representatives of { f1 R, ..., f,R}. The following are equivalent:

(1) R is right mininjective.
(2) e;R is e; R-mininjective whenever 1 < i, j < m.

Proof. (1)=(2). Assume (1). Since R = @ f; R, it follows that each f;R is
mininjective (direct summands of mininjective modules are again mininjec-
tive) and hence that each e; R is mininjective (mininjectivity is preserved by
isomorphisms). But then Lemma 2.16(a) (with M = e; R) shows that each e; R
is f; R-mininjective for each j. Now (2) follows by Lemma 2.16(b).
(2)=(1).Fixi wherel < i < m.Then(2)showsthate; R is f; R-mininjective
for all j by Lemma 2.16(b). Hence e; R is mininjective as a right R-module
by Lemma 2.16(a). This holds for each i, so each f;R is right mininjective
(mininjectivity is preserved by isomorphisms). Finally, this shows that Rx =
@®’_, fj R is mininjective by Lemma 2.16(c). This proves (1). O

We now show that any right mininjective ring satisfies “min-" versions of
conditions C2 and C3.
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Proposition 2.18. Let R be a right mininjective ring.

(1) (min-C2) If K is a simple right ideal and K = eR, e* = e, then K = gR
for some g> = g.

(2) (min-C3) If eR # fR are simple, e> = e, f> = f, theneR ® fR = gR
for some g% = g.

Proof. (1). If y : K — eR is an isomorphism, let y = c¢-, ¢ € R. Then
cK =¢eR SZ J(R), so K? # 0 and (1) follows because K is simple.

(2). Observe that eR & fR =eR ® (1 —e)fR. If (1 —e)f R = 0 we are
done. Otherwise, (1 —e)fR = fR,so (1 —e)fR = hR, h*> = h, by (1).
Hence eh = 0 and so g = e + h — he is an idempotent such that eg = ¢ = ge
and hg = h = gh. It follows that eR ® fR =eR ® hR = gR. O

A module M satisfies the C1-condition if every submodule is essential in a
direct summand of M. The min-C1 analogue of this condition reads as follows:
If K is a minimal submodule of M then K is essential in a direct summand of
M . However, the Bjork example (Example 2.5) shows that this may not hold in
a right mininjective ring. The rings that satisfy min-C1 are called min-CS rings,
and we return to them in Chapter 4.

A ring R is called I-finite if it contains no infinite orthogonal family of
idempotents (see Lemma B.6). This condition implies that 1 = e; + - - - + ¢,
where the e; are orthogonal, primitive idempotents. Proposition 2.18 has a nice
application to I-finite mininjective rings.

Theorem 2.19. Let R be I-finite and right mininjective. Then R = R x R;,
where R, is semisimple and every simple right ideal of R, is nilpotent.

Proof. Let 1 = e; + - - - + ¢, where the ¢; are orthogonal primitive idempot-
ents, and where ¢; R is simple if 1 <i < m and e; R is not simple if j > m.

Claim. e;Re; =0 =¢jRe; foralll <i <m < j <n.

Proof. If0 # a € e;Re; thena- : ;R — ¢; R is epic (since ¢; R is simple) and
so is an isomorphism (since e; R is indecomposable), which is a contradiction
as ¢; R 1s not simple. Now suppose that 0 = b € e¢;Re;. Then b- : ¢,R — ¢;R
is monic (since ¢; R is simple) and so bR = f R, where f?> = f by Proposition
2.18. Hence b- is epic (since ¢ R is indecomposable) —a contradiction as before.
This proves the Claim.

Ife =¢e +---+ e, it follows that eR(1 — e¢) = 0 = (1 — e)Re. Hence
e is a central idempotent and Ry = eR = eRe is semisimple. It remains to
show that each simple right ideal K C (1 — ¢)R is nilpotent. If not, K = fR,
f2=f.AsK(l —e)#0, let Ke; # 0, where j > m. Thus fRe; # 0, say
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O #ce fRe;j. Thenc-: ¢;R — fR is an isomorphism as before; this is a
contradiction because e; R is not simple. O

Corollary 2.20. Let R be right mininjective and I-finite with1 = e; +- - - +e,,
where the e; are orthogonal, primitive idempotents. Either some e; R is simple
or §? = 0.

Proof. If no ¢; R is simple then R = R, in Theorem 2.19, so K 2 =0 for every
simple right ideal K of R. It remains to show that SK = 0 for every simple
right ideal S. But otherwise SK = §, whence § = (SK)K = 0, which is a
contradiction. O

2.3. Minsymmetric Rings

If R is right mininjective the right socle is necessarily contained in the left socle.
This surprising fact is fundamental and is contained in the following theorem,
which will be used frequently.

Theorem 2.21. Let R be a right mininjective ring, and letk, m € R.

(a) If kR is a simple right ideal, then Rk is a simple left ideal.

(b) If kR = mR are simple, then Rk = Rm; in fact Rk = (Rm)u for some
elementu € R.

(©) Sy < Si.

Proof. (a) and (c). If kR is simple and O # ak € Rk, definey = a-: kR —
akR.Then y is an isomorphism and so, as R is right mininjective, let y ~! = ¢-,
c € R. Thus k = y~'(ak) = cak € Rak, and (a) follows. Let x € S,, say
x €kiR® --- @ k,R, where each k; R is simple. Hence k; € §; for each i by
(1), and (c) follows.

(b). If 0 : kR — mR is an isomorphism, write o(k)=mu, u € R. Clearly
muR =mR is simple and r(mu) = r[o (k)] = r(k). Since R is right mininjec-
tive, this gives Rmu = Rk by Lemma 2.1. O

If K and M are modules with K simple, write sock (M) =2X{X C M | X =
K} for the homogeneous component of M generated by K. It is fully invariant
in M in the sense that a[socg (M)] C socx (M) for every o € end(M).

Corollary 2.22. If kR is a simple right ideal of a right mininjective ring R,
then socygr(Rgr) = RkR is a simple ideal of R contained in socgy (rR) .

Proof. Write S = socyg (Rg). Always R(kR) C S. Suppose o : kR —> M C
R i1s an R-isomorphism. Then ok € Rk by Lemma 2.1, so M = (ck)R C
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(Rk)R. Thus S € RkR, proving that § = RkR. Now let0 # A C S, with A
an ideal of R. If M C A is a simple right ideal then M = kR. Hence if X is
any right ideal isomorphic to kR, let y : M — X be an R-isomorphism. Then
y=c,c€ R, soX=y(M)=cM C cA C A.ltfollowsthat S C A, whence
S = A and S is a simple ideal. Finally, (Rk)R C socgi(g R) always holds. [

If R is right mininjective, it follows from Corollary 2.22 that every two-sided
ideal of S, 1s a direct sum of simple ideals (the converse is false by Example
2.23). Moreover, if R is right and left mininjective and we write § = S, = §,
the set of left homogeneous components of S is the same as the set of right
homogeneous components of S.

Example 2.23. If F is a field, the ring R = [ {, 1 ] is a two-sided artinian ring,
J = [8 g] S, = [8 ?] and §; = [g g] Hence R is neither left nor right

mininjective because S, ¢ S;and S; € S,.

We can now give an example of a two-sided mininjective ring with an image
that is neither right nor left mininjective.

Example 2.24. If S is a subring of a ring R, define a subring C of RY by
C=C|R, S ={(ro,r1,72,...,Fp,8,8,...)|n>0,r, € Rand s € S}.

Then C is right mininjective if and only if R is right mininjective. Moreover,
the map carrying (ro, r1, 72, ..., ¥y, S, §, ... ) — s 1s a ring homomorphism of
C onto S. In particular, if R = [i Ii] and § = [g Ii],where F 1s a field, then
C is a right and left mininjective ring with zero Jacobson radical that has an
image S that is neither left nor right mininjective by Example 2.23.

Proof. Assume that R is right mininjective and that y : K — C is C-linear,
where K is a simple right ideal of C. Since K #0, let k=(0,0,...,k, O,
0,...) € K, where 0 # k € R. Then kR is simple and K = kC. If k is in
the mth component of k, let yy = m,,y0,, : kR — R, where R M CcBR
are the canonical maps. Then yy = c- for some ¢ € R by hypothesis, whence
y = o,(c)-, as is easily verified. Hence C is right mininjective; the converse
is a routine verification. Finally, if R = [i ?] then J(C) = 0 because every
nonzero one-sided ideal of C contains a nonzero idempotent. O

Note that Example 2.24 shows that any subring of a right mininjective ring is
also an image of a right mininjective ring.
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Motivated by Theorem 2.21, we call a ring R right minsymmetric if kR
simple, k € R, implies that Rk is simple. These rings all have the property that
S, € ;. This is a large class of rings containing all commutative rings, all right
mininjective rings (by Theorem 2.21), and hence every semiprime ring. This
proves the first half of

Example 2.25. Every semiprime ring R is right and left minsymmetric, but
not conversely.

Proof. The converse fails for any commutative mininjective ring that is not

semiprime (see Example 2.6). Note that if e = [8 (1)] in the ring R = [g f;],
where F' is a field, then eR is simple but Re contains a nilpotent ideal. O

The following characterization of right minsymmetric rings has some inde-
pendent interest and will be referred to later.

Proposition 2.26. The following are equivalent for a ring R:

(1) R is right minsymmetric.

(2) If kR is a simple right ideal, then 1[kR N r(a)] = 1(k) + Ra for all ele-
ments a € R.

Proof. (1)=(2). Assume kR is simple and let a € R. If ak = 0O then kRN
r(a) = kRand1(k)+Ra = 1(k), and (2) follows.If ak # Othen1l(k)+Ra = R
[because 1(k) is maximal by (1)] and kR N r(a) = 0 (because kR is simple),
and again (2) follows.

(2)=(1). If kR is simple, leta ¢ 1(k). Then kR Nr(a) = 0,s0 1(k)+ Ra =
R by (2). This shows that 1(k) is maximal, proving (1). O

Utumi’s theorem shows that every right self-injective ring satisfies J = Z,,
but this fails if R is merely right mininjective: The localization Z,) of Z at the
prime p is a commutative local ring that is mininjective (it has no simple ideals)
and in which Z, = 0 (itis a domain) and J = pZ,) # 0. However, as we shall
see in Chapter 5, J = Z, does hold for right principally injective rings (that is,
every principal right ideal is extensive).

In general, necessary and sufficient conditions that J = Z, are elusive. We
have Z, € J (and Z; C J) if R is semiregular because then every one-sided
ideal not contained in J contains a nonzero idempotent (see Lemma B.40). On
the other hand, if §; C*® Rg then J C Z, because S; C r(J) C r(a) for all
a € J. Combining these observations we obtain conditions that Z, = J.
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Proposition 2.27. If R is aright mininjective, semiregularring in which S, C¢*
Rg, thenJ = Z,.

Proof. We have S, C §; because R is right mininjective, so S; C*° Ry by hy-
pothesis. Hence J C Z, by the preceding discussion. We have Z, C J because
R is semiregular (again by the preceding discussion). O

2.4. Duality

Right mininjective rings have another characterization that is related to duality.
If My is aright R-module, recall that the dual M* = homgr(Mg, R) of M is a
left module via (rA)(m) =r - A(m)forallr € R, A € M*,andm € M.

Lemma 2.28. If M = mR is a principal right R-module and T = r(m) then
M* = 1(T) = 1r(m) as left R-modules.

Proof. If b € 1(T), the map A, : M — R is well defined by A,(mr) = br.
Then b — Ap is a monomorphism 1(7) — M* of left R-modules, and it is
onto because, if A € M*, then A = A,, where b = A(m) € 1(T). O

With this we can give some useful duality characterizations of mininjectivity.

Theorem 2.29. The following are equivalent for a ring R:

(1) R is right mininjective.

(2) M* is simple or zero for every simple right R-module Mg.
(3) 1(T) is simple or zero for every maximal right ideal T of R.
(4) K* is simple for every simple right ideal K of R.

Proof. (1)=(2). Let My be simple. If M* = 0 there is nothing to prove. Oth-
erwise, let 0 #% § € M*; we must show that M* = RS. Obs_fl:rve first that
8: M — 5(M) is an isomorphism. Given y € M* we have 6(M) N ML R, so
y 08~ ! =a- for some a € R by (1). It follows that y = a8, proving (2).

(2)=(@3). If T is a maximal right ideal then R/T = (1 + T)R is simple and
r(14+T)=T.Hence 1(T) = (R/T)* by Lemma 2.28, so (2) applies.

(3)=(4).If K = kR is a simple right ideal, write T = r(k). Then T is max-
imal, so K* = 1(T) is simple or zero by (3) and Lemma 2.28. But K* # 0
because it contains the inclusion map.

(4)=(1). Given y : K — R, where K =kR is a simple right ideal, let ¢:
K — R be the inclusion. Then K* = Rt by (4), so y = ct for some ¢ € R. It fol-
lows that y = c- as required. O
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Note that this gives a different proof of the fact that if kR is simple in a right
mininjective ring R, then Rk is simple (see Theorem 2.21). Indeed, 1r(k) = K*
by Lemma 2.28, so 1r(k) is simple by Theorem 2.29. Since Rk < 1r(k), it
follows that Rk = 1r(k) is simple.

We conclude this section by applying Theorem 2.29 to give an important
characterization of quasi-Frobenius rings, due originally to Ikeda in 1952.

Theorem 2.30 (Ikeda’s Theorem). The following conditions are equivalent
foraring R:

(1) R is quasi-Frobenius.
(2) R is two-sided mininjective and two-sided artinian.?

Proof. Given (2), it suffices by Theorem 1.50 to show that r1(7") = T for every
right ideal T of R [by symmetriy 1r(L) = L for each left ideal L].

Claim. If K C T are right ideals and T /K is simple, then 1(K)/1(T) is zero
or simple.

Proof. If a € 1(K) then A, : T/K — Ry is well defined by A,(t + K) = at.
Hence a — X, is a homomorphism 1(K) — (7 /K)* with kernel 1(T), and
the claim follows from Theorem 2.29 because R is right mininjective.

Now let T be a right ideal of R, and (as R is right artinian) let 0 = Ty C
T, C --- C T, = R be a composition series for R that contains 7. We show
that r1(7;) = T; for each i. Taking left annihilators gives the series

R=1Ty) 2 UT)2---2 LT, =0, (*)

so the Claim implies that length(g R) < n = length(Rpg). The other inequality
is proved similarly, and so length(Rg) = length(g R). But then the Jordan—
Holder theorem (and the Claim) show that (*) is actually a composition series for
& R [and that the inclusions in (*) are strict]. Now repeat the process on (*), taking
right annihilators to get a composition series 0 = r1(7y) C r1(T;) C --- C
r1(7T,) = R. Since T\ C r1(Ty), this gives T} = r1(T7), whence r1(7}) =
T, C T, C r1(T,) gives T, = r1(T3). Continue in this way to get 7; = r1(T;)
for each i, as required. O

Note that it is essential that R be two-sided mininjective in (2) of Theorem
2.30: The Bjork example (Example 2.5) is a local ring R with J? = 0 that is

3 Tt is enough that R is only right artinian; in fact it is sufficient that R has the ACC on right
annihilators and S, C* Rp (see Theorem 3.31 in Chapter 3).
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two-sided artinian and right mininjective, but not left mininjective (and hence
not quasi-Frobenius).

2.5. The Kasch Condition

In Theorem 2.29 we showed that a ring is right mininjective if and only if M* is
simple or zero for every simple right module M. Recall from Proposition 1.44,
that a ring 1s right Kasch if and only if the left annihilator of every maximal
right ideal is nonzero. Combining this with Theorem 2.29 gives the following
characterization of the right mininjective, right Kasch rings.

Theorem 2.31. The following are equivalent for a ring R:

(1) R is right mininjective and right Kasch.
(2) M* is simple for every simple right module My.
(3) 1(T) is simple for every maximal right ideal T of R.

In this case every nonzero left annihilator in R contains a simple left ideal.

Proof. The equivalence of (1), (2), and (3) follows at once from Proposition
1.44 and from the equivalence of (1), (2), and (3) in Theorem 2.29.

Now suppose that 0 % L = 1(X) is a left annihilator, where X € R. We
may assume that X is a right ideal and so, as X # R, let X C T, where T is a
maximal right ideal. Thus 1(7T) € 1(X) = L, and 1(T) is simple by (3). O

In a quasi-Frobenius ring the maps 7 +— 1(T) and L +— r(L) are mutually
inverse, inclusion reversing bijections between the right ideals 7" and the left
ideals L. This result is the beginning of the theory of Morita duality. The next
theorem identifies a condition under which a weakened form of this duality
holds in a right mininjective, right Kasch ring.

Theorem 2.32. Let R be a right mininjective, right Kasch ring, and consider
the map

0:T+— 1(T)

from the set of maximal right ideals T of R to the set of minimal left ideals of
R. Then the following conditions hold:

(a) O is one-to-one.
(b) 0 is a bijection if and only if 1xr(K) = K for all minimal left ideals K of
R. In this case the inverse map is given by K +— r(K).
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Proof. (a). If T is a maximal right ideal, then 1(7") is simple by Theorem 2.31,
so 6 is defined. Since T C rl(T) # R, we have T = r1(T) because T is
maximal. Now (a) follows.

(b). If 8 1s onto, every minimal left ideal K is an annihilator, so 1r(K) = K.
Conversely, assume that 1r(K) = K for all minimal left ideals K.

Claim. If K is a minimal left ideal then r(K') is maximal.

Proof. Letr(K) C T, where T is maximal. Then K = 1r(K) 2 1(T) # 0 by
the right Kasch hypothesis, so K = 1(T) because K is simple. Thus r(K) =
r1(T) 2 T, whence r(K) = T, proving the Claim.

By the Claim we have a map ¢ given by K +— r(K) that we assert is the
inverse of 6. Indeed, ¢ 0 0 carries T +— 1(T) — r1(T) = T by the calculation
in (a), whereas 0 o ¢ carries K +— r(K) — 1r(K) = K by hypothesis. This
completes the proof of (b). O

2.6. Minannihilator Rings

Motivated by Theorem 2.32(b), we call a ring R a left minannihilator ring if
every minimal left ideal K of R is an annihilator, equivalently if 1r(K) = K.
This condition is clearly satisfied if K = Re, e? = e, so it is enough to have
1r(K) = K for all simple left ideals contained in J.

Examples.

(1) Every semiprime ring is two-sided minannihilator.

(2) A commutative ring is mininjective if and only if it is a minannihilator ring
by Lemma 2.1.

(3) Every two-sided mininjective ring is two-sided minannihilator. For if K =
Rk is simple then kR is simple because R is left mininjective (Theorem
2.21), so 1r(K) = K because R is right mininjective (Lemma 2.1). So R
is left minannihilator; it is right minannihilator by symmetry.

(4) The Bjork example (Example 2.5) is left minannihilator (it has only one
proper left ideal) but it is not right minannihilator. Indeed, in the notation
of Example 2.5,tF = Ftis asimplerightidealbutrl(tF) =r(J) = J =
Ft # Ft.

The following result and its corollaries reveal the close connection between
right mininjective rings and left minannihilator rings. A right mininjective ring
R that is left minsymmetric (Rk simple, k € R, implies kR simple) is a left
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minannihilator ring by Lemma 2.1. The converse requires the right minsym-
metric condition.

Proposition 2.33. The following are equivalent for a left minannihilator ring
R:

(1) R is right mininjective.
(2) R is right minsymmetric.
(3) Sr - Sl-

Proof. (1)=(2) and (2)=(3) always hold (see Theorem 2.21). Given (3), let
kR be simple. Then k € §; by (3), so let Rk © Rm, where Rm is simple.
Thus r(k) C r(m), so r(k) = r(m) because r(k) is maximal. Since R is left
minannihilator, Rk € 1r(Rk) = 1lr(Rm) = Rm C Rk because Rm is simple,
so Rk = 1r(Rk) = 1r(k). This proves (1) by Lemma 2.1. O

Together with Theorem 2.21, Proposition 2.33 gives

Corollary 2.34. A ring R is left and right mininjective if and only if S, = §;
and R is a left and right minannihilator ring.

The proof that (3)=-(1) in Proposition 2.33 yields

Corollary 2.35. Suppose that R is a left minannihilator ring in which §; is es-
sential in g R (for example if R is right perfect). Then R is right mininjective.

2.7. Universally Mininjective Rings

Recall that a module My, is called mininjective if, for every simple right ideal K
of R, each R-linearmap y : K — Mpg extendsto y : R — M, thatis, y = m-
1s multiplication by some m € M. The rings for which every right module is
mininjective admit several characterizations.

Theorem 2.36. The following conditions are equivalent for a ring R:

(1) Every right R-module is mininjective.

(2) Every principal right R-module is mininjective.

(3) K? # 0 for every simple right ideal K of R.

4) S,NJ =0.

(5) R is right mininjective and S, is projective as a right R-module.
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Proof. (1)=(2). This is clear.

(2)=@3).If K =kR is simple, k € R, we have an R-isomorphism y : kR —
R/x(k) given by y(ka) = a + r(k). By (2), y is left multiplication by ¢ + r(k)
for some ¢ € R. Thus ck + r(k) = y(k) = 1 + r(k), whence kck = k. If
e =kcthen0 #e> =e e K.

(3)=(4). This is clear.

(4)=(5). If K is a simple right ideal then K = ¢R, > = ¢, by (4).

5)=1).If y : K — Mpg is R-linear, where K is a simple right ideal, then
K = eR, where ¢ = e, because S, is projective. Since R is right mininjective,
it follows that e R = ¢K for some ¢ € R. Hence K Q J, so K = fR for some
f? = f e R. It follows that y = m-, where m = y(f). O

Call a ring R right universally mininjective if it satisfies the conditions in
Theorem 2.36. Clearly each ring with zero right socle (hence every polynomial
ring) is right universally mininjective, and every semiprime ring is both right
and left universally mininjective. In contrast, a right universally mininjective
ring R with essential right socle 1s semiprime by (4) of Theorem 2.36, and if R is
right Kasch it is semisimple artinian (every simple right module is projective).
Although every right universally mininjective ring has projective right socle,
the converse is false: If F is a field, the ring [g ?] has both socles projective
but is neither right nor left mininjective.

A direct product of rings is right universally mininjective if and only if each
factor is right universally mininjective. With only minor variations, the proof of
Theorem 2.15 goes through to prove that being right universally mininjective
1s a Morita invariant property of rings.

Finally, if R is I-finite, this discussion and Theorem 2.19 give

Theorem 2.37. If R is I-finite then R is right universally mininjective if and
only if R = R; x R;, where R, is semisimple artinian and R, has zero right
socle.

Notes on Chapter 2

In the artinian case, the right mininjective rings were introduced by Ikeda [102]
in 1952 and were studied by Dieudonné [45] and later by Harada [91, 92].
The related minannihilator condition that every left ideal is an annihilator was
studied in artinian rings by Dieudonné [45], Storrer [212], and Bjork [21]. The
“relative” version of mininjectivity stems from Harada [94].

Example 2.5 traces back to Bjork [21] in 1970 and was mentioned by Rutter
[199]. Example 2.6 is an adaptation of an example of Camillo [26].
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Distributive modules are investigated in Cohn [39]. In Theorem 2.9, the
equivalence of (1) and (2) is due to Camillo [25], and the equivalence of (1)
and (3) is due to Stephenson [209].

I-finite rings have the property that 1 is a finite sum of orthogonal primitive
idempotents. It is an open question whether the converse holds.

In Theorem 2.29 characterizing mininjectivity in terms of duality, the equiv-
alence of (1) and (2) was first noted for artinian rings by Bjork [21] in 1970.
It leads to Ikeda’s characterization [102] of quasi-Frobenius rings (Theorem
2.30), originally proved in 1952.

Theorem 2.37 was proved by Gordon [88] with a different proof.



3

Semiperfect Mininjective Rings

Only in the semiperfect case does the full power of the mininjective hypothesis
comes into focus. The reason is that we can get combinatorial information
about the simple right and left ideals because a semiperfect ring has only a
finite number of simple right modules that are represented in the ring by basic
idempotents. We remind the reader that all the facts needed about semiperfect
rings are developed in Appendix B.

We begin by characterizing the semiperfect, right mininjective rings, and
we use the result to give easy proofs of two well-known characterizations of
quasi-Frobenius rings: R is quasi-Frobenius if and only if it is left and right
artinian, both soc(Re) and soc(eR) are simple for every local idempotent e in
R, and either S, = S; or R is right and left Kasch. The following class of rings is
important in extending these results. A ring R is called a right minfull ring if it
1s semiperfect, right mininjective, and soc(e R) # 0 for every local idempotent
e € R. We show that these right minfull rings are a Morita invariant class that
exhibits many of the basic properties of quasi-Frobenius rings. In particular, they
are right and left Kasch, and S, = §; if and only if 1r(K) = K for every minimal
left ideal K that is contained in Re for some local idempotent e. With this we
obtain the following result: If R is a semilocal, left and right mininjective ring
with ACC on right annihilators in which S, €°* Rg, then R is quasi-Frobenius.
This is an improvement of Ikeda’s theorem (where R is left and right artinian
and left and right mininjective).

If R is a semiperfect ring with basic idempotents {ey, ..., e,}, a permutation
o of {1,2,...n} is called a Nakayama permutation for R if soc(Re,;) =
Re;/Je; and soc(e;R) = e,iR/ey;J foreachi = 1,2, ..., n. We show that
every right and left minfull ring admits a Nakayama permutation, and that a
semiperfect ring R with a Nakayama permutation is right and left minfull if
S, €% Rg (or §; €°° g R). This leads to an easy proof of a characterization

56
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of quasi-Frobenius rings due to Nakayama: A ring R is quasi-Frobenius if and
only if it is left and right artinian and has a Nakayama permutation.

These results suggest the following definition: A ring R is called a right
min-PF ring if it is a semiperfect, right mininjective ring in which §, €% Rg
and 1r(K) = K for every simple left ideal K C Re for some local idempotent
e. As the name suggests every right PF ring is right (and left) min-PF, and the
right min-PF rings form a Morita invariant class. We show that a right min-PF
ring with ACC on right annihilators is left artinian, and so we conclude that a
right and left min-PF ring with ACC on right annihilators is quasi-Frobenius.
In particular, this settles the J2 = 0 case of the Faith conjecture by showing
that, if R is a semiprimary, right and left mininjective ring with J? = 0, then
R is quasi-Frobenius.

3.1. Basic Properties

The following property of idempotents will be used frequently in this section.
Recall that a ring R is called semilocal if R/J is semisimple artinian.

Lemma 3.1. Let e be an idempotent in any ring R. Then:

(1) (eR/eJ)* = 1(J)e.
(2) If R is semilocal then (eR/eJ)* = S,e.

Proof. We have eR/eJ = mR, where m = e + eJ, so (by Lemma 2.28) we
have (eR/eJ)* = 1(T), where T = r(m). Here T = J + (1 —e)R,so 1(T) =
1(J)N Re = 1(J)e. This proves (1), and (2) follows because S, = 1(J) when-
ever R is semilocal. O

Our first application of Lemma 3.1 is to derive the following characterizations
of when a semiperfect ring is right mininjective or right Kasch. They will be
referred to repeatedly later. We use the factthatif o : N — M is anisomorphism
of right R-modules then Rk M* = rN* via A — Aoo. Recall that an idempotent
e in aring R is called a local idempotent if eRe is a local ring, and that R is
semiperfect if and only if 1 = e; + €3 + - - - + e, where the ¢; are orthogonal,
local idempotents.

Theorem 3.2. Let R be a semiperfect ring.

(1) R is right mininjective if and only if S,e is simple or zero for each local
idempotent e € R.
(2) R is right Kasch if and only if S,e # 0 for each local idempotente € R.
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Proof. Let M denote a simple module. Since R is semiperfect we have Me # 0
for some local idempotent e, say me # 0, where m € M. Then the map x — mex
from e R — M induces an R-isomorphism eR/eJ — M (see Proposition B.2).
Hence a module My is simple if and only if M = eR/eJ for some local idem-
potent e. Moreover, (eR/eJ)* = S,e by Lemma 3.1 because R is semilocal.
Now (2) follows, and (1) restates Theorem 2.29. O

Note that, since S, € 1(J) in any ring, semiperfect or not, the fact that S,e C
1(J)e = (eR/eJ)* shows that S, e 1s simple or zero for each local idempotent
e in any right mininjective ring. Furthermore, the converse is true in any ring
R that has “enough” local idempotents in the sense that, for every simple right
module M, Me # 0 for some local idempotent e (equivalently, if M = eR/eJ
for some local idempotent e).

The local case of Theorem 3.2 gives a converse to Example 2.4.

Corollary 3.3. A local ring R is right mininjective if and only if S, is zero or
simple as a left ideal.

In the artinian case, Theorem 3.2 gives an easy proof of the following char-
acterizations of quasi-Frobenius rings, which are part of the folklore of the
subject.

Theorem 3.4. The following conditions are equivalent for a right and left
artinian ring R:

(1) R is quasi-Frobenius.

(2) R is right and left Kasch, and both soc(Re) and soc(eR) are simple for
every local idempotent e € R.

(3) S, =S§; and both soc(Re) and soc(eR) are simple or zero for every local
idempotent e € R.

Proof. (1)=(2). Given (1), R is right Kasch because r1(T)=T for every
maximal right ideal 7 (Theorem 1.50). Similarly, R is left Kasch. If e = ¢? € R
1s local then e R is uniform [being injective by (1) and indecomposable]. Hence,
soc(eR) is essential in e R (it is nonzero because R is right artinian). It follows
that soc(eR) is simple; similarly soc(Re) is simple.

(2)=(3). Since R is right Kasch, we have S,e # 0 for every local idempotent
e by Theorem 3.2. Hence S, e contains a simple left ideal (R is left artinian), so
soc(Re) C S,eby (2). Thusif 1 = e;+- - -+e¢,, where the ¢; are local, orthogonal
idempotents, then S; = @; soc(Re;) C @; S,e; C S,. Similarly, S, C §;.
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(3)=(1).Ife?> =eislocal then S,e = S, N Re = ;N Re = soc(Re) using (3).
Hence R is right mininjective by Theorem 3.2. Similarly, R is left mininjective.

Since R is two-sided artinian, it is quasi-Frobenius by Ikeda’s theorem (Theo-
rem 2.30). O

Note that the proof of (2)=>(3) in Theorem 3.4 requires only that §; C**° xR
and S, C*® Rpg and so holds for any left and right perfect ring. Moreover, the
proof that (3)=(1) yields

Proposition 3.5. If R is a semiperfect ring in which S, C §; and soc(Re) is
simple or zero for all local idempotents e, then R is right mininjective.

Before proceeding, we need a lemma about local idempotents, which will be
used several times. It is based on the following module-theoretic observation.
Suppose M = P @ Q is a direct sum of modules. Then the maps

X— X0 and Y—YNP (*)

are mutually inverse lattice isomorphisms between the lattice {X | X € P} of
all submodules of P and the lattice {Y | O C Y C M} of all submodules of
M that contain Q. The verification is a routine computation using the modular
law, and we apply the result as follows:

Lemma 3.6. An idempotent e in a ring R is local if and only if J + R(1 — e)
is the unique maximal left ideal of R that contains R(1 — e). Furthermore,
R _ Re
J+R(1—e) Je

in this case.

Proof. Apply (*) to the decomposition R = Re @ R(1 — e) to conclude that
J e is the unique maximal submodule of Re (equivalently, that e is local) if and
only if J + R(1 — e) is the unique maximal submodule of z R that contains
R(1 —e).Since J + R(1 —e) = Je ® R(1 — e), we have

R _ Re®R(l—e¢) _ Re
J+R(1—e) Je®R(1—e) Je

We can now begin our investigation of the structure of an arbitrary semiper-
fect, right mininjective ring. The next theorem collects some basic properties
of these rings, including some important criteria that the two socles are equal.
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Note that, if R is any right mininjective, right Kasch ring, it follows from The-
orem 2.31 that Re contains a simple left ideal for every > = e # 0. If R is
semiperfect, we can say more.

Theorem 3.7. Let R be a semiperfect, right mininjective ring. Then:

(1) S, is semisimple and artinian as a left R-module.
(2) If0 # k € soc(eR), where e?> = e is local, then Rk is simple.
(3) If R is right Kasch, the following conditions are equivalent:
(a) S, =5.
(b) 1r(K) = K whenevere® = e € R islocal and K C Re is a simple left
ideal.
(c) soc(Re) = S,e for every local > = e € R.
(d) soc(Re) is simple for every local > = e € R.

Proof. If 1=¢; + --- + e, where the ¢; are local idempotents in R then
S, =2%;Sre;, so statement (1) is clear from Theorem 3.2. Turning to (2), we
let 0#k € soc(eR). Then R(1 — e) C1(k), and J C 1(R) because soc(eR) C
S, € 8; (using Theorem 2.21). Hence J + R(1 —e) € 1(k) # R, and so 1(k) =
J + R(1 — e) is maximal by Lemma 3.6, and (2) follows. To prove (3), assume
that R is right Kasch.

(a)=>(b). Suppose that K C Re is a simple left ideal, where > = e € R is
local. We have KJ = 0by (a),sor(K) 2 J+ (1 —e)R. AsJ + (1 —e)R
1s maximal by Lemma 3.6, it follows that r(K) is maximal. Hence 1r(K) is
simple by Theorem 2.31, and (b) follows because K C 1r(K).

(b)=(c). Let K € Re be a simple left ideal, so that r(K) 2 (1 — e)R.
It follows that r(K) € J + (1 — e)R because J + (1 — e)R is the unique
maximal right ideal containing (1 — ¢)R by Lemma 3.6. But then (b) gives
K=1r(K)D1[J+(1—e)R] =1(J)NRe = S, N Re = §,e, again because
R is semilocal. But S,e # 0 by Theorem 3.2, so K = §, e because K is simple.
This proves (c).

(c)=(d). This follows by Theorem 3.2 because R is right mininjective and
right Kasch.

(d)=(a). Given (d) we have soc(Re) = S,e foreachlocal e> = e by Theorem
32.Letl =e; +---+e,, where the ¢; are orthogonal local idempotents. Then
S = @isoc(Re;) = P;S,e; < §,.Since S, C §; in any right mininjective ring,

(a) follows. O

The localization Z,, = {*- | p does not divide n} of Z at the prime p is a
commutative, local, mininjective ring in which conditions (a), (b), and (c) in
Theorem 3.7 are all true, but Z,) is not Kasch (it is a domain).
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If we insist that R is (left and right) mininjective in Theorem 3.7, we get the
following result.

Corollary 3.8. Let R be a semiperfect, two-sided mininjective, two-sided
Kaschring. Then R is a two-sided minannihilator ring, S, = S; (denoted §), and
soc(eR) = eS and soc(Re) = Se are both simple whenever e* = e is local.

We can now characterize the commutative, semiperfect, mininjective rings.

Proposition 3.9. The following are equivalent for a commutative, semiperfect
ring R:

(1) R is mininjective.
(2) soc(eR) is simple or zero for all local idempotents e.
(3) R is a finite product of local rings whose socles are simple or zero.

Proof. (1)=(2). Assume that soc(eR) # 0. If K, M C eR are simple R-
submodules, they are simple e Re-submodules and so are e Re-isomorphic (as
e 1s local). But then they are R-isomorphic, and so M = cK, ¢ € R, by (1).
Hence M = K, proving (2).

2)=@3). If 1 = e; + --- + e, in R, where the ¢; are orthogonal, local
idempotents, then R = I1;e; Re;. Hence (3) follows because soc[(eR).g.] =
soc[(eRe)Rr].

B)=1).If R= Ry x --- x R, as in (3) then each R; has square-free socle
and so is mininjective by Proposition 2.8. Hence R is mininjective by Exam-
ple 2.2. O

Note that the localization Z,) of Z at the prime p is a commutative, local,
mininjective ring that has zero socle.

The simplicity of soc(e R) for each local idempotent e plays an important role
in the theory of semiperfect mininjective rings as we shall see. The following
lemma is fundamental in this discussion and will be used frequently in what
follows.

Lemma 3.10. Lete and f be local idempotents in a right mininjective ring R.
IfeR and f R contain isomorphic simple right ideals, then eR = f R.

Proof. Let o : K — f R be monic, where K C eR is a simple right ideal. By
hypothesis « = a- for some 0 % a € R, and we may assume that a € f Re.
Hence a- : eR — fR is R-linear. We have S, C S; (because R is right minin-
jective), s0 0 # a(K) = aK C aS, C aS;. This shows thata ¢ J, so aeR =
aR ¢ fJ.Hence a-isonto f R because fJ is the unique maximal submodule
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of fR (as f is local). But then a- is one-to-one because f R is projective and
eR is indecomposable. O

If R 1s a semiperfectring and 1 = e; + - - - + e,,, where the ¢; are orthogonal

local idempotents, assume that {e; R, ..., e, R} is a system of distinct repre-
sentatives for {e;R,...,e,R,..., e, R}. Hence ¢,R = ¢;R, 1 < i,j < n,
implies that i = j. In this case {ey, ..., e,} is called a basic set of idempo-

tents for R, and the idempotent e = e; 4 - - - 4 ¢, 1s called a basic idempotent
for R. The integer n is the number of isomorphism classes of simple right (or
left) R-modules. Furthermore, up to isomorphism, the ring e Re is independent
of the choice of the ¢;, and eRe and R are Morita equivalent rings because
ReR = R. Thering R is itself called a basic semiperfect ring if m = n, that is,
if 1 =e; 4+ ---+ e,, where the ¢; are a basic set of local idempotents.

As a first application of Lemma 3.10 we prove

Proposition 3.11. Let R be a basic, semiperfect, right mininjective ring.

(1) Let{ey, ..., e,} be abasic set of idempotents in R. If K is any simple right
ideal of R then K C ¢; R for some (unique)i =1, ..., n.

(2) Ife* = e € R is local then soc(eR) is either 0 or a direct sum of homoge-
neous components of S,.

Proof. (1).If K = kR issimple, wehave k = ejk+---+e,k. If e;k # 0 # ek
fori # j,thene;kR = kR = ejkR, whencee; R = e; R by Lemma 3.10, which
1s a contradiction. Hence k = ¢;k for some i, and (1) follows.

(2).Lete;,...,e, beasin (1), sothateR = ¢;R forsomei =1,...,n.If
soc(eR) # 0, let K C eR be simple. If K’ = K, K’ C R, then K’ C ¢;R for
some j by (1). Hence i = j by Lemma 3.10, and (2) follows. O

3.2. Minfull Rings

Call a ring R right minfull if it is semiperfect, right mininjective, and
soc(eR) # 0 for each local idempotent e € R. The name derives from the last
hypothesis, which enables us to use a counting argument, together with Lemma
3.10, to show that these rings are right and left Kasch and hence that many
properties of quasi-Frobenius rings hold in this generality.

Theorem 3.12. Let R be a right minfull ring. Then:

(1) R is right and left Kasch.
(2) soc(eR) is homogeneous for each local e> = e € R.
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(3) S.e is a simple left ideal for each local ¢* = ¢ € R.
(4) The following conditions are equivalent:
(a) S, =3S.
(b) 1r(K) = K whenevere? = e € R islocal and K C Re is a simple left
ideal.
(c) soc(Re) = S,e for all local e> = e € R.
(d) soc(Re) is simple for all local > = e € R.

Furthermore, if ey, ..., e, are basic, orthogonal, local idempotents, there ex-
ist elements ki, ..., k, in R and a permutation o of {1, ..., n} such that the
following hold for eachi =1, ..., n:

(5) k,'R - €iR and Rkl‘ - Regi-

(6) kiR = e,;R/e,;J and Rk; = Re;/Je;.

(7) Rk; = S,eq;.

(8) {kiR,...,k,R}and{Rky, ..., Rk,} are complete sets of distinct represen-
tatives of the simple right and left R-modules, respectively.

Proof. We begin with (5)—(8). Letey, ..., e, be basic, orthogonal, local idem-
potents. For each i = 1, ..., n, fix a simple right ideal K; C ¢;R. As R is
semiperfect, choose oi € {1, ..., n} suchthat K; = e,;R/e,;J. This map o is
a permutation of {1, ..., n} because oi = oj implies that K; = K;, whence
e;R = ¢;R (by Lemma 3.10), and finally i = j (because the e; are basic). If
y i esiR/esiJ — K; is an isomorphism, write k; = y(e,; + €,;J). Then
kiR = K; = e,;R/e,;J and k; € e; Re,; proving (5) and half of (6). Because
kieS, CS;,weobtainl(k;)2J + R(1—e¢;). But R/[J+ R(1—¢;)]| = Re;/Je;
is simple (see Lemma 3.6), so it follows that 1(k;) = J + R(1 — ¢;) and hence
that Rk; = Re;/Je; This proves (6). Now observe that k; = k;e,; € S,e,;. As
ki # 0, S,ey; 1s simple by Theorem 3.2, and (7) follows.

Since R is semiperfect it has exactly n isomorphism classes of simple right
and left modules, represented respectively by e;R/e;J, where 1 < j < n, and
Re;/Je;, where 1 < i < n. Hence (6) implies both (8) and (1). To prove (2),
let K C ¢; R be a simple right ideal. Then K = k; R for some j by (8),s0 j =i
by Lemma 3.10. Hence soc(e; R) is homogeneous, and (2) follows. Finally, (3)
follows from (7), and (4) follows by Theorem 3.7 because R is right Kasch
by (1). O

Observe that the Bjork example is an artinian, local, right minfull ring in which
the conditions in (4) are all satisfied, but which fails to be left minfull (only
because it fails to be left mininjective).
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Corollary 3.13. If R is a right minfull, left minannihilator ring then S; = S, is
finite dimensional as a left R-module.

Proof. S, = S; by Theorem 3.12, and §, is left artinian by Theorem 3.7. O

Corollary 3.14. A right minfull ring is left minfull if and only if it is left
mininjective.

Proof. If R is right minfull then 0 # S,e C soc(Re) for each local idempotent
e in R by Theorem 3.12. The result follows. O

Corollary 3.15. If R is a semiperfect, right mininjective ring, the following are
equivalent:

(1) R is right minfull.
(2) R is right Kasch and soc(eR) is homogeneous for each local e = e € R.

Proof. (1) implies (2) by Theorem 3.12. Assume (2). If K is a simple right
ideal, then eK # 0 for some local idempotent e, and so K = eK C eR. Hence
ifey, ..., e, are basic idempotents in R, it follows (since R is right Kasch) that
every simple right R-module embeds in ¢; R for some i. If soc(ex R) = 0 for
some k, then some ¢; R with i # k contains two nonisomorphic simple right
ideals, contrary to (2). This proves (1). O

Returning to the basic case, Proposition 3.11 shows that a basic, semiperfect,
right mininjective ring is right minfull if (and only if) it 1s right Kasch. In this
case we can improve upon (2) and (4) of Theorem 3.12 and obtain an improved
left version of Proposition 3.11(1).

Proposition 3.16. Let R be a basic right minfull ring and let 1 = e; +---+e¢,,
where the e; are basic, orthogonal, local idempotents.

(1) If ky,...,k, in R are chosen as in Theorem 3.12, then soc(e;R) =
sock,R(Rr) = Rk; R is a simple ideal.

(2) S, = S ifand only if R is a left minannihilator ring; and in this case the only
simple left ideals of R are the S,e; = soc(Re;) fori =1, ...,n.

Proof. (1). Since e; R 2% e; R wheni # j, this follows from Theorem 2.21 and
Corollary 2.22 because each simple right ideal is contained in e¢; R for some
i=1,...,n.



3. Semiperfect Mininjective Rings 65

(2). Assume that S, = §;. If K is a simple left ideal, then Ke; # 0 for some
i,80,as Ke; C Sje; = Sye;, we have Ke; = S,¢; by Theorem 3.2. If Ke; # 0
for j # i, then Ke; = K = Ke;, contrary to Theorem 3.12. Since Xe; = 1, it
follows that K = Ke; = §,e;. This proves the last sentence of (2) and shows that
r(K)D2J+ (1 —e¢)R.Hencelr(K) C1(J)NRe; = S, N Re; = S,¢; = K.
Thus 1r(K) = K, so we have proved that S, = S; implies that R is a left
minannihilator ring. The converse holds by Proposition 3.7. O

Turning to right and left minfull rings, we have the following immediate
consequence of Theorem 3.12.

Proposition 3.17. Let R be a right and left minfull ring. Then:

(1) S, = S;, which we denote as S.

(2) soc(eR) = eS and soc(Re) = Se are simple for all local > = e € R.

(3) S is right and left finite dimensional.

(4) R is aright and left Kasch ring.

(5) R is aright and left minannihilator ring.

(6) If ey, ..., e, are basic local idempotents, there exists a permutation o of
{1, ..., n} such that the following hold for alli =1, ..., n:
(a) Sey; = soc(Rey;) = Re;/Je; ande; S = soc(e;R) = e,iR/eyiJ.
(b) {e|S,...,e,S} and {Sey, ..., Se,} are sets of distinct representatives

of the simple right and left R-modules, respectively.

Proof. Since R is right and left mininjective, (5) follows by Corollary 2.34.
Furthermore S, = §;, so the rest follows from Theorems 3.12 and 3.7. d

Theorem 3.18. The following are equivalent for a semiperfect ring R:

(1) R is right and left minfull.

(2) The dual of every simple R-module is simple.

(3) S,e and eS; are simple for every local idempotent e € R.
(4) R is right and left mininjective and right (or left) Kasch.

Proof. (1)=(2). This follows from Theorem 2.29 because R is two-sided Kasch
(by Proposition 3.17) and two-sided mininjective.

(2)=(3). This is because S,e = (eR/eJ)* and eS; = (Re/Je)* for all local
idempotents e (using Lemma 3.1).

(3)=-(4). This is by Theorem 3.2.

(4)=(1). By symmetry, assume that R is right Kasch. Then §,e is simple
for all local e = e? by Theorem 3.7, and so soc(Re) # 0. Since R is also left
Kasch (by Theorem 3.12) we similarly get soc(eR) # 0. O
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Note that the Bjork example is a local, right and left artinian, right and left
Kasch ring that is right minfull but not left minfull.

We conclude this section by proving that being right minfull is a Morita
invariant property of rings. The following results (of interest in their own right)
will be needed. Recall that a ring R is called semilocal if R/J is semisimple
artinian.

Lemma 3.19. If R is aring, each of the following is a Morita invariant property:

(1) soc(Rg) S* Rg.
2 S, C8§.

Proof. Write R = M,(R) and recall that every right ideal of R has the form
[XXX] for Xg € R,. To show that (1) and (2) pass from R to R, it suf-
fices to show that SOC(Eﬁ) = M,(S,) and soc(ﬁﬁ) = M,(S;); we prove the
former. Let SOC(EF) = [§§S5], S € R,. Then § C (S,), because (S,), =
soc(R,), so soc(l?g) C M,(S,). The other inclusion holds because M, (S,) =
[(S)n (Sr)n (S;)n] 1s right E—semisimple.

Now let Q = eRe, where > = e € R satisfies ReR = R. If kQ is simple,
k € Q, then kR is simple as in the proof of Proposition 2.11. It follows that
soc(Qg) C eS,e;the other inclusion is proved similarly. Thus soc(Q ) = eS,e
and properties (1) and (2) pass from R to Q. O

Theorem 3.20. Each of the following classes of rings is Morita invariant.

(1) The right minfull rings.

(2) The right minfull rings R in which soc(Re) is simple for each local idem-
potente’> = e € R.

(3) The right minfull rings in which S, C° Rg.

Proof. If R is semiperfect and Pg # 0 is projective then P = @;e; R for some
local idempotents e; € R. Hence soc(eR) # 0 forevery local e? = e if and only
if, for any projective module Pr # 0, there exists an exact sequence
0 - S — P where Sg # 0 is semisimple. Thus (1) follows from The-
orem 2.15. Turning to (2), we find that a right minfull ring R satisfies the
condition in (2) if and only if §, = S§; [by Theorem 3.12(4)]. Thus (2)
follows from (1) and Lemma 3.19. Similarly, (3) follows from (1) and Lemma
3.19. O
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3.3. Nakayama Permutations

If R is a semiperfect ring with basic idempotents {ey, ..., e,}, a permutation o
of {1, 2,...,n}is called a Nakayama permutation for R if

soc(Res;) = Re;/Je; and soc(e;R) = esiR/eyiJ

for each i =1,2,...,n. Thus every right and left minfull ring admits a
Nakayama permutation by Proposition 3.17.

Theorem 3.21. Let R be a semiperfect ring with a Nakayama permutation in
which S, C°* Rg (or §; €° grR). Then R is right and left minfull.

Proof. We consider the case when S, C** Rg; the other case is analogous. The
Nakayama permutation shows that soc(Re) and soc(eR) are both simple for
eachlocale = e2.If {ey, ..., e,} are basic idempotents then R is Kasch because
the e; R/e; J and Re; / Je; are complete systems of representatives of the simple
right and left R-modules, respectively. In particular S,e; # 0 and e;S; # 0 for
eachi by Theorem 3.2. Butsoc(e; R)1is simple and essential in ¢; R foreach i, and
it follows thatsoc(e; R) C ¢;S;. Hence S, = @®;soc(e; R) C P;e; S; C 57, and so
0 # S,e C Sje = soc(Re) foreach local idempotent e. Hence S, e = soc(Re) is
simple, so R is right mininjective (and right Kasch) by Theorem 3.2. This means
that R is right minfull and hence that S, = §; [by Theorem 3.12(4) because
soc(Re) is simple for all local e? = ¢]. But then eS; = eS, = soc(eR) is simple
for each local ¢ = e, so R is left mininjective. Hence R is left minfull. d

Note that the proof of Theorem 3.21 actually shows the following:

Corollary 3.22. A ring R is right and left minfull if it is a semiperfect, right
Kasch ring with S, C°*° Rpg, in which soc(eR) and soc(Re) are both simple
for each local idempotent e.

Observe that the essential socle hypothesis in Theorem 3.21 is unnecessary
in a local ring R because, in that case, R is right (left) minfull if and only if S,
is simple on the right (5; is simple on the left). Hence, using Theorem 3.2, R is
right and left minfull if and only if it has a Nakayama permutation.

Nontheless, Theorem 3.21 does give the following classical characterization
of quasi-Frobenius.

Theorem 3.23 (Nakayama’s Theorem). A ring R is quasi-Frobenius if and
only if it is right and left artinian and has a Nakayama permutation.
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Proof. If R satisfies these conditions, Theorem 3.21 shows that R is two-
sided minfull and hence two-sided mininjective. Hence R is quasi-Frobenius
by Ikeda’s Theorem (Theorem 2.30). O

3.4. Min-PF Rings

Recall (Theorem 1.56) that the right PF rings are the semiperfect, right self-
injective rings with essential right socle. Accordingly, with an eye on Theorem
3.12, we call aring R aright min-PF ring if R is a semiperfect, right mininjective
ring in which S, C** Ry and 1r(K) = K whenever ¢> = e € R is local and
K C Reis asimple left ideal. Clearly every right min-PF ring is right minfull.

As the name implies, every right PF ring R is right min-PF. To see this it
suffices (using Theorem 1.56) to show that R is left minannihilator. But Ry
is a cogenerator by Theorem 1.56, so r1(T) = T for every right ideal T by
Lemma 1.40. Hence R is left mininjective and right minannihilator, and so it is
left minannihilator by Corollary 2.34 because S, = ;.

The next result collects the information we have about these right min-PF
rings.

Theorem 3.24. If R is a right min-PF ring, then the following hold:

(1) R is right and left Kasch.

(2) J =2Z,.

(3) S, = S, is left finite dimensional.

(4) If ey, ...,e, is a basic set of local idempotents, there exist elements
ki,...,k, in R and a permutation o of {1, ...,n} such that the follow-

ing hold for alli =1, ..., n:

(3) k,R - e,~R and Rkl - Regi.

(b) klR = em-R/e(,,-J and Rkl = Rei/.lei.

(c) {kiR, ..., k,R} and {Rky, ..., Rk,} are complete sets of distinct rep-
resentatives of the simple right and left R-modules,respectively.

(d) soc(Res;) = Rk; = S,es; = Re;/Je; is simple for each i.

(e) soc(e; R) is homogeneous with each simple submodule isomorphic to
kl‘R = egiR/eo‘iJ-

Proof. (1) and (a) through (d) of (4) all follow from Theorem 3.12, (2) is by
Proposition 2.27, and (3) is by Corollary 3.13. To prove (e), let K < ¢; R be
simple. Then K = k;R C e;R for some j by (c), so j = i by Lemma 3.10.
This proves (e). O
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Corollary 3.25. Suppose R is a semipertect, left minannihilator ring in which
S, € Rg and §; C°*° g R (for example, if R is a semiprimary, left minanni-
hilator ring). Then the following hold:

(1) R is a right min-PF ring that is left finite dimensional.
(2) ifk € R, Rk is simple if and only if kR is simple.
3)J=Z =17.

Proof. (1). R is right mininjective by Corollary 2.35. Hence R is right min-PF;
it is left finite dimensional by Theorem 3.24 because S; C*° g R.

(2). If kR is simple then Rk is simple by Theorem 2.21. If Rk is simple,
let r(k) € T <" Rg. Then Rk = 1r(k) 2 1(T) # 0 because R is right
Kasch (by (1)). Hence Rk = 1(T), so T € r1(T) = r(k). As T is maximal,
T = r(k), whence kR is simple.

(3). We have J = Z, by Proposition 2.27, and Z; € J because R is semipo-
tent by Theorem B.9. But S, = §; C€*** g R, and it follows that J C Z; because
S, C1(J) C 1(a)foralla € J. O

Example 3.26. Every right PF ring is both right and left min-PF.

Proof. By the discussion preceding Theorem 3.24, it remains to prove that
Si €% rR. To see this, observe first that since R is right self-injective it
satisfies 1r(a) = Ra for all a € R (by Corollary 1.38). Hence let 0 # a € R;
we show that Ra contains a simple left ideal. But if r(a) € T C™%* Ry, then
1(T) € 1r(a) = Ra, and 1(T) is simple by Theorem 2.31 because R is right
Kasch (by Theorem 3.24). O

Proposition 3.27. Suppose that R/ A is a right and left min-PF ring for every
ideal A of R. Then R is an artinian principal ideal ring.

Proof. By Theorem 3.24, soc(R/A) is finitely generated and essential in R/ A
as a left and right module for each ideal A. Hence R/ A is artinian by the Vamos
Lemma (Lemma 1.52) and so is quasi-Frobenius. Thus R is an artinian principal
ideal ring by [53, p. 238]. O

Theorem 3.28. The right min-PF rings form a Morita invariant class.

Proof. Let O denote either M,(R), where n > 1, or eRe, where ¢> = ¢ € R
and ReR = R.If R is aright min-PF ring then (using Theorem 3.24) R is right
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minfull with §; = S, C%% Rg. Hence Theorem 3.20 and Lemma 3.19 show
that Q is a right minfull ring in which soc(Q o) = soc(p Q) C*° Q¢. Hence
Q is right min-PF by Theorem 3.12. O

3.5. Annihilator Chain Conditions

We begin by applying Theorem 3.7 to give mild chain conditions that guarantee
that a right min-PF ring is quasi-Frobenius. If R is a ring, a right ideal of the
form r(X), where X C R, is called a right annihilator, and we say that R has
the ACC on right annihilators, if every ascending chain of these right ideals is
eventually constant. We use similar terminology for left annihilators. We need
two lemmas about this condition.

Lemma 3.29 (Mewborn-Winton). If R has ACC on right annihilators, then
Z, is nilpotent.

Proof. Write Z = Z,. As Z D Z> D ... we getr(Z) C r(Z*)C .-, so let
r(Z") = r(Z"t'); we show that r(Z") = R. Suppose that Z"a # 0 for
some a € R, and choose r(b) maximal in {r(b) | Z"b # 0}. If z € Z then
r(z) €% Rg,s0r(z)NbR # 0, say 0 £ br with zbr = 0. Thus r(b) C r(zb),
so, by the choice of b, Z"zb = 0. As z € Z was arbitrary, this shows that
Z"1p = 0, whence b € r(Z"t!) = r(Z"), which is a contradiction. O

The second lemma we need is a useful condition that a semiprimary ring is
left artinian.

Lemma 3.30. Let R be a semiprimary ring with ACC on right annihilators, in
which S, = S is finite dimensional as a left R-module. Then R is left artinian.

Proof. We use induction on the index of nilpotency n of J, that is, the smallest
integer n such that J” = 0. If n = 1 then J = 0 and R is semisimple artinian.
So assume that n > 2. We have S, = 1(J) and §; = r(J) (because R is semi-
local), and we write R = R/A, where A = 1(J) = S, = S, = r(J). Since zA
is artinian, it suffices to show that kR = &R is artinian.

Since A = 1(J)is itself a left annihilator, the ring R inherits the ACC on right
annihilators from R. Moreover, J(R) = (J+A)/A = J,soR/J = R/(J + A)
is semisimple and J"~! € (J"~! 4+ A)/A = 0 because J"~! C r(J) = A.
Hence R is semiprimary and J has index of nilpotency at most n — 1, so it
suffices by induction to show that soc(z R) = soc(R ) is finite dimensional as
a left R-module.
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If ¥ € soc(xkR) = ri(J), we have Jx = 0,50 Jx € A = 1(J), whence
JxJ =0.ThusxJ Cr(J)=A,soxJ =0and ¥ € 13(J) = soc(Ry). Thus
soc(zR) C soc(R ), and the other inclusion is similarly proved. Finally, since
R has the DCC on left annihilators, we have 1(J) = 1{by, ..., b,,} for some
{bi,...,b,} € J.Thend : R — R™ givenby O(r + A) = (rby, ..., rb,) is
a well-defined monomorphism of left R-modules. Moreover, 8[soc(zR)] =
Olsoc(gR)] C soc[gxR™] = S™, so soc(zR) is left finite dimensional by hy-
pothesis. This completes the proof. O

The following theorem is a sharp improvement on Ikeda’s theorem (Theorem
2.30) that a right and left artinian, right and left mininjective ring is quasi-
Frobenius. Surprisingly, we need only assume that R is semilocal.

Theorem 3.31. Suppose that R is a semilocal, left and right mininjective ring
with ACC onright annihilators in which S, €** Rg. Then R is quasi-Frobenius.

Proof. We have §; = S, by the mininjective hypothesis, so S, € r(J) C r(a)
for all @ € J. Since S, C*° Ry it follows that J € Z,. But Z, is nilpotent
by Lemma 3.29, so R is semiprimary (being semilocal). In particular, R is
semiperfect and right mininjective, so S, is finite dimensional as a left R-
module by Theorem 3.7. But then R is left artinian by Lemma 3.30, so R has
ACC on left annihilators. Since S; C*° gR because R is semiprimary, the
same argument shows that R is also right artinian, and so it is quasi-Frobenius
by Ikeda’s theorem. O

We are going to show that every right min-PF ring with ACC on right anni-
hilators is left artinian. We will need the following three lemmas.

Lemma 3.32. Let R be aring and let A be an ideal of R such that R/ A satisfies
ACC on right annihilators. If Yy, Y,, ... are subsets of 1(A) there existsn > 1
such that

r(Yps1--- Y1) =2, - 1)),

where Y;Y; = {xy |x € Y; and y € Y;}.

Proof. Write R = R/A and let r — 7 denote the coset map R — R. Then
r(?l) - r(7271) - r(737271) C - - -, s0, by hypothesis, there exists n > 2 such
that r(Y,_;---Y) =Y, ---Y)) = ---. If b € v(Y,yy---Y)), this gives
?n—l—l .- ?15 = 6, so that 7,1_1 .- ?15 = 0. Hence Yoo1---Y1ibZ A Cr(Y,
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andsob exr(Y,---Y)). Thusr(Y,4---Y;) C (Y, ---Y)); the other inclusion
is clear. O

A one-sided ideal A of a ring R is called right T-nilpotent if, given any se-
quence ayp, az, ... from A, there exists an integer n > 1 such that a,a,_; - - -
ara| = 0.

Lemma 3.33. If the ring R has ACC on right annihilators then every right
T-nilpotent, one-sided ideal is nilpotent.

Proof. If B is a right T-nilpotent one-sided ideal, we have r(B) C r(B*) C - - -,
solet r(B") = r(B"*') = ... . If A = B" then r(A) = r(A?), and we claim
that A2 = 0. If not let Aa; # O witha; € A. Then A%a; # 0, solet Aaxa; # 0,
a, € A. This process continues to contradict the right T-nilpotency of B. O

With this we can give a useful condition that a semiperfect, right mininjective
ring is semiprimary.

Lemma 3.34. Suppose R is a semiperfect, right mininjective ring such that
S, €% Rpg. If either R or R/S, has ACC on right annihilators, then R is
semiprimary.

Proof. We have J = Z, by Proposition 2.27. Thus J is nilpotent if R has ACC
on right annihilators (by Lemma 3.29). Now suppose R = R/S, has ACC
on right annihilators. It suffices to show that J is right T-nilpotent (then it is
nilpotent by Lemma 3.33, so J" C §,, whence J"1 = 0). Soleta;, a, . ..
be a sequence from J = Z,. Since Z,S, = 0 always holds, we have aq; €
1(S,) for each i. Hence Lemma 3.32 provides an integer n > 1 such that
r(a,s1a, ---ay) = r(a,---ay). But r(a,;) C*° Rg,so,ifa,---a; # 0, we
have r(a, 1) N(a,---a;R) # 0. Thuslet0 # x =a, ---a;r, r € R, be such
thata,,1x = 0.Hencer € r(a,yia,---a;) =r(a,---a;),s00=a,---a;r =
x, which is a contradiction. This proves that a,, - - - a; = 0, as required. O

Theorem 3.35. Let R be a right min-PF ring with ACC on right annihilators.
Then R is left artinian.

Proof. Such a ring R is semiprimary by Lemma 3.34, so S, = §; is left finite
dimensional by Theorem 3.24. It follows that R is left artinian by Lemma 3.30.
0
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Recall that the socle series soc,(M), n > 1, of a module M is defined by
soci(M) = soc(M) and

socan)_m( M )
soc,(M) B soc,(M)

if n > 1. This is required in the proof of the next result.

Lemma 3.36. If R is a semilocal ring for which S, = S; then
soc,(Rg) = soc,(gR) =1(J") =r(J") foralln > 1.

Proof. We have § = 1(J) = r(J) because R/J is semisimple, so it holds for
n = 1. Suppose soci(Rg) = sock(gR) = 1(J*) = r(J¥) for some k > 1. We
have soci41(Rg) € 1(J¥1) because socii1(Rg)/sock(R) is right R-semi-
simple. On the other hand, ifa J¥*! = OthenaJ C soci(R), so[aR+sock(R)]/
soci(R) 1s right R-semisimple (because R/J is semisimple). Hence aR C
soci+1(Rg) and we have socy 1 (Rg) = L(J*). Similarly, soc11(rR) =
r(J¥). Finally, 1(J**1) = r(J**1) follows easily from 1(J%) = r(J*). O

With this we can give an important characterization of when a semiprimary
ring is left and right artinian.

Lemma 3.37. Let R be a semiprimary ring with S, = ;. If soc;(R) is right
artinian and soc,(R) is left artinian, then R is left and right artinian.

Proof. Let n be the index of nilpotency of J. Since R is semiprimary, the the-
orem is proved when we establish the following statement fori =1, 2, ..., n:

socy—iy+1(R)/soc,—;(R)is right artinian andJ"'is left artinian.

We proceed by induction oni > 1. Wheni = 1, J"~! C soc;(R) and so J"~!
is left artinian. Moreover, soc,(R)/soc,—1(R) = R/soc,—1(R) is right artinian
because R/J is semisimple and J C soc,—1(R). Assume by induction that for
some i > 1, soc,_;+1(R)/soc,—;(R) 1s right artinian and J" ! is left artinian
foralll <.

Claim. J" =1 is left artinian.

Proof. Let A = [J"'~! Nsocy(R)] + J"~'. Observe that A is left artinian,
since both socs(R) and J"~' are left artinian. Thus, we only need to show that
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J"7'=1/A is left artinian as an R-module. Assume not, so that J”~~! /A is not
left artinian as an R/J-module. Let R/J = ®;_,M,,(D;), where each D; is a
division ring, n; is a positive integer, andi = 1, 2, ..., r. Then there is a homo-
geneous component H /A of J"~~1 /A corresponding to a simple component,
say M,,(Dy), of R/J such that H /A is an infinite dimensional left vector space
over the divisionring D;. Let {x; + A, x, + A, ...} be an infinite family of D;-
linearly independent vectorsin H /A. Since R /soc,—;(R)1isright artinian (by the
induction step), it is right noetherian. Thus [J + soc,,—;(R)]/soc,—_;(R) is right
finitely generated, and so J +soc,—;(R) = yiR+y,R+ - - - +yx R+soc,—;(R),
for some elements y, € J, 1 <t < k.Letx € J" =1 — A. If xy, = O for all
t=1,2,...,k, then

xJ S x[J +soc,—i(R)] = x[)1R+ 2R+ -+ + R + s0c,—i(R)]
=xy 1 R+xyR+---+xy,R+ xso0c,_i(R) = xsoc,_i(R)

C J" " s0c,_i(R).

Now, J[J""'soc,_i(R)] € J" 'soc,_i(R) = 0 because soc,_j(R) =
r(J"7"). And since R/J is semisimple it follows that J" " ~lsoc,_;(R) is
semisimple as an R/J- module, and so it is semisimple as an R-module. Thus
we obtain J" " lsoc,_i(R) C soci(R). But then xJ € J" " 'soc,_i(R) C
soci(R), and so xJ?> = 0. Thus x € 1(J?) = soca(R), and hence x €
J" =1 N socy(R) € A, which is impossible. Thus we must have xy, # 0,
for some ¢, 1 <t < k. With this in mind we are going to arrive at a contra-
diction by producing an infinite family of D;-linearly independent elements
{uy +A,up+A,...}in H/A such thatu,y, = Oforp =1,2,...and g =
1,2,...,k.

We begin the process with the element y;. For each i, 1 < i < r, let
M, (D;) = e;(R/J) for some central primitive idempotent ¢; of R/J, and
denote m = dimp,[e;(J"~"/J"7T1)] + 1. Observe that x,y, € J", which
is a left artinian ideal of R by the induction step. Since m > dimp,[e;(J"™"/
J"~i+1)], there exist elements «;, . . ., &, in D;, not all zero, such that

are(xiyr + I+ e (xpyr + I = 0dn S gL
Let a; = («;,0,...,0), 1 <i <m.Then
al(x1y1 + Jn—i—H) + -+ am(xmyl + Jn—i-i-l) —0in Jn—i/Jn—i—H.

Now, liftay, ..., a, toelements ry, ..., r, in R and define x| = rjx; +ryx2 +
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-+~ 4 rpXy € H. Observe that xjy; € J"~'*! since

xi}’l + ]n—i+1 = (I’lxl +rmx+ -+ rmxm)yl + Jn—H—l
= r(ay + I Y Gy + D
— 0in Jn—i/Jn—i—l—l.

Now by using the m elements x,,1, ..., X2, and the preceding argument we
obtain an element

/
Xy = m+1Xm+1 + rm42Xmy2 + -+ ropXom € H

such that x,y; € J""*land e;(r, + J) # 0in R/J forsome p,m+1 < p <
2m.

In this way we obtain an infinite sequence x}, x5, ... € H such that x,y; €
J"=* forall p > 1 and that {x| + A, x; + A, ...} are D;-linearly indepen-
dent vectors in H /A. If we apply the same method to the sequence {xi, Xy }
and to J" i1/ J"~1*2 we obtain another infinite sequence x{,x5,...€ Hsuch
that xgyl e J"*2 for all p > 1 and that {xf + A, x)+A, .. } are D;-
linearly independent vectors in H/A. If we continue this process, we will
obtain an infinite sequence {t; + A, + A, ...} of D;-linearly independent
vectors of H /A such that7,y; =0 forall p > 1.

Next, we apply the same process to the element y,. Note that this process
preserves the fact that the previously constructed sequences are annihilated by
the element y;. So, we obtain an infinite sequence {t{ +A+A, ... } of D;-
linearly independent vectors of H /A such that 7,y; = 0 and ¢y, = 0 for all
p=> 1L

Finally, the same process can be applied to the elements ys, ..., y; to obtain
an infinite sequence uy, u, ... € H suchthatu,y, =0,where p > 1,1 <q <k,
and {u; + A, uy + A, ...} are Dy-linearly independent vectors in H/A. This
is the promised contradiction. Thus J"~~! is left artinian, and the Claim is
proved.

Now we can show that soc,_;(R)/soc,—;—1(R) is right artinian using a sim-
ilar process and the Claim. The relevant facts in this case are J"'~!x # 0
for any x € soc,_i(R) — soc,_i_1(R), since soc,_i_1(R) = r(J"~!), and
that J"~"~'soc,_;(R) C soci(R), which is right artinian by hypothesis. This
completes the proof. O

Theorem 3.38. Suppose that R is a two-sided min-PF ring. If either R has
ACC on right annihilators or R/soc(R) is right Goldie, then R is quasi-
Frobenius [where we write soc(R) = S, = §].
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Proof. Since R is two-sided minfull, S, = S; and both soc(Re) and soc(eR)
are simple for every local e> = e € R. Since S, = S; we are done by Theorem
3.31 if R has the ACC on right annihilators. So assume that R /soc(R) is right
Goldie. Since both soc(Re) and soc(e R) are simple for every local e? = ¢ € R,
it suffices by Theorem 3.4 to prove that R is right and left artinian. But R is
semiprimary by Lemma 3.34, whence socy(g R) = soca(Rg). Since R is right
and left finite dimensional (by Theorem 3.24), and since R/soc(R) is right
Goldie, it follows that R is two-sided artinian by Lemma 3.37. O

The next result is required later and has independent interest.

Lemma 3.39. Suppose R is semiprimary and J> = 0. Then R has ACC and
DCC on left and right annihilators.

Proof. Every ascending chain of left annihilators in R has the form 1(X;) C
1(X;,) € -- -, where each X; is arightideal and X 2 X, 2 ---. As J?=0, we
have

JC1lXiNnJ)yciXx,NnJ)yc--- and Xi1+J2Xo+J DD .
Since R/J is left noetherian and right artinian, there exists n > 1 such that
11X, NN =1X, 1 NJ)=--- and Xp+J =Xy +J=---.

Now let k > n. Since X; € X, and X,, € X + J, the modular law gives X,, =
X, N Xy +J)= X+ (X, N J). Thus

1X,) =1X)N1X, NJ) =1 X)) NL(XrNJ)
= 1[X + (Xx N J)] = 1(Xk),

proving the lemma. O
We conclude by settling the J? = 0 case of the Faith conjecture.

Theorem 3.40. If R is a semiprimary, right and left mininjective ring with
J? =0, then R is quasi-Frobenius.

Proof. Since R is right and left minfull, it is a right and left minannihilator
ring by Corollary 2.34, so R is a right and left min-PF ring. Hence R is quasi-
Frobenius by Lemma 3.39 and Theorem 3.38. O
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If F is a field, the ring R = [g ?] is a right and left artinian ring with J? =
0, but R is neither right nor left mininjective. Moreover, Camillo’s example
(Example 2.6) is a commutative, semiprimary, local, mininjective ring with
J? = 0 that is not quasi-Frobenius.

Notes on Chapter 3

The semiperfect rings were introduced by Bass [16] as a generalization of the
semiprimary rings and have only finitely many simple right modules represented
in the ring using a basic set of local idempotents (see Appendix B). In the right
mininjective case this gives combinatorial information about the ring, which in
turn leads to the right minfull rings and later to the right min-PF rings. Much
of this stems from Rutter [199] in the artinian case.

In Theorem 3.21 the Nakayama permutation refers to the original definition
of quasi-Frobenius rings in 1941 by Nakayama [150], where Theorem 3.24 is
proved. If e and f are primitive idempotents in a semiperfect ring R, then (eR,
Rf) is called an i-pair (injective pair) if soc(eR) = fR/fJ and soc(Rf) =
Re/Je. These Nakayama permutations are useful in showing that right self-
injectivity implies left self-injectivity because of Fuller’s theorem [68]: If R is
left artinian and e is a local idempotent of R, then eR is injective if and only
if there exists a local idempotent f in R such that (eR, Rf) is an i-pair; in this
case Rf is also injective. Fuller’s theorem was investigated by Baba and Oshiro
[13] in the semiprimary case and by Xue [229] in the semiperfect case.

Theorem 3.31 is a descendent of Osofsky’s 1966 result [182] that every left
artinian, left and right self-injective ring is quasi-Frobenius.

Lemma 3.37 is due to Ara and Park [6, Theorem 2.2].



4
Min-CS Rings

In this chapter, we consider the class of left min-CS rings (for which every
minimal left ideal is essential in a direct summand) and show that this weak
injectivity property is useful in obtaining semiperfect rings. Indeed, it is proved
in Theorem 4.8 that if R is left min-CS, then the dual of every simple right
R-module is simple, if and only if R is semiperfect with S; = §, and soc(Re)
is simple and essential for every local idempotent e of R. The hypotheses of
Theorem 4.8 are the weakest known conditions of this type that imply that R
1s semiperfect.

If we strengthen the left min-CS hypothesis in Theorem 4.8 by requiring that
each closed left ideal with simple essential socle be a direct summand of g R
(R s left strongly min-CS), we obtain a class of rings that satisfies many of the
characteristic properties of left PF rings. If instead of assuming in Theorem 4.8
that the duals of simple right R-modules are simple we suppose, more generally,
that R is right Kasch, then we obtain a larger class of rings that still retains many
of these properties: Itis shown in Theorem 4.10 that R is left CS and right Kasch
if and only if it is semiperfect and left continuous with S, C¢* gR.

On the other hand, a new characterization of left PF rings in terms of simple
modules alone is obtained by showing in Corollary 4.16 that R is left PF if and
only if the ring S = M,(R) of 2 x 2-matrices over R is left strongly min-CS
and the dual of every simple right S-module is simple. The chapter concludes
with some characterizations of the quasi-Frobenius rings among the left contin-
uous, right min-CS rings and some characterizations of the semiperfect, right
continuous rings.

In the last section of this chapter, we provide several characterizations of
quasi-Frobenius rings in terms of the CS and min-CS conditions.

78
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4.1. Semiperfect Min-CS Rings

We begin with two results about semiperfect rings. The first is a useful suffi-
cient condition that a ring is semiperfect and will be referred to several times
in this book.

Lemma4.1. Let R be a left Kasch ring in which r(L) is essential in a summand
of Ry for every maximal left ideal L of R. Then R is semiperfect.

Proof. If L C"** R, we show that the simple left R-module R/L has a pro-
jective cover (see Theorem B.21). Since R is left Kasch let La = 0, where 0 #
a € R. Then L = 1(a), so R/L = Ra. By hypothesis, let r1(a) = r(L) C**
eR, where ¢> = e € R. Define 6 : Re — Ra by x6 = xa. Then 0 is epic be-
cause a € eR, and Ra is simple. Hence we are done if kerf = ReN1(a) is
small in Re, equivalently (since Re is finitely generated) if Re N 1(a) is the
only maximal submodule of Re (so e is local). So suppose that N "% Re;
we must show that N € ReN1(a);thatis, N C 1(a).Ifnot,then N+1(a) = R
because 1(a) is maximal. This gives 0 = r(N) N rl(a), whence 0 = [r(N) N
eR]Nrl(a), and so r(N) N eR = 0 by the choice of e. Since Re/N is simple
the Kasch hypothesis gives an embedding o : Re/N — rR.Butifwesetb =
o(e+ N),then0 # b € eR N x(N), which is a contradiction. O

Note that the proof of Lemma 4.1 shows that, in a left Kasch ring, if L 3" R
and r(L) C°* eR, where ¢> = e, then e is a local idempotent.

Lemma 4.2. Let R be a semiperfect ring in which S; €** Rg. Then:

(1) r1(T) is essential in a summand of Ry for each right ideal T of R.
(2) R is left Kasch.

Proof. (2) is Lemma 1.48. To prove (1), write 1(T) = R(1 — e¢) + B, where
e’ = eand B C J (see Corollary B.19). We show that r1(T) C** eR. Since
rl(T) = eR N r(B), it suffices to show that r(B) C*’ Rg. But BC J, so
r(B) 2 r(J) 2 §; and the hypothesis applies. O

A module M is called a min-CS module if every simple submodule of M
is essential in a direct summand of M. A ring R is called a right min-CS ring
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if Rr is a min-CS module. A module M is called min-continuous if M is a
min-CS module and every minimal submodule of M that is isomorphic to a
direct summand of M is itself a summand of M.

If F is a field, the ring R = [ ] is left and right CS by Example 1.20 and
hence left and right min-CS, but R is neither right nor left mininjective because
S, € S;and S; € S,. Our next result characterizes the right mininjective rings

among the left min-CS rings.

Proposition 4.3. The following are equivalent for a left min-CS ring R:

(1) R is right mininjective.
(2) kR simple, k € R, implies Rk simple (R is right minsymmetric).

In particular, a commutative min-CS ring is mininjective.

Proof. (1) always implies (2) by Theorem 2.21. Conversely, if kR is simple,
we must show that 1r(k) = Rk. Since Rk is simple by (2), let Rk C** Re,
e’ = e, by the min-CS hypothesis. Then Rk € 1r(k) C 1r(Re) = Re, so
Rk C°° 1r(k). As Rk is simple, it suffices to show that 1r(k) is semisimple;
that is, 1r(k) € §;. Butif 0 # a € 1r(k) then r(k) € r(a) # R, so r(k) =
r(a) because r(k) is maximal. Thus a R = kR is simple, so Ra is simple by (2)
and a € §; as required. O

The next two results contain some properties of semiperfect left min-CS rings
that will be needed in the sequel. Recall that a ring R is a right min-PF ring if it
is semiperfect, right mininjective with S, € Ry and 1r(K) = K whenever

¢? =e¢ e Rislocaland K C eRis a simple left ideal.

Lemma 4.4. Let R be a semiperfect left min-CS ring. Then the following hold:

(1) If §; € S, and Rk is simple, k € R, then kR is simple.
(2) If S; = S, the tollowing hold:
(1) R is a left minannihilator ring.
(i) R is right mininjective.
(iii) Rk is a simple left ideal if and only if kR is a simple right ideal.
(3) If S, = S; C*° Ry then R is a right min-PF ring.

Proof. (1). If Rk is simple let Rk C°° Re, where ¢ = e € R. Then r(k) D
J + (1 —e)R because k € §; C S,. But Re is indecomposable, so, as R is
semiperfect, e is local and J + (1 — e)R is the unique maximal right ideal
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containing (1 — e)R by Lemma 3.6. It follows that r(k) = J + (1 — e)R is
maximal, proving (1).

(2). To prove (i), let Rk be a simple left ideal of R. If 0 # a € 1r(k)
then r(k) € r(a), so aR is simple [r(k) is maximal by (1)]. It follows that
1r(k) € S, € §;, whence 1r(k) is a semisimple left ideal. But Rk C*** 1r(k)
as in the proof of Proposition 4.3, so Rk = 1r(k), proving (i). Now Proposition
2.33 gives (ii) because S, C ;. Finally (i1) implies (iii) by (1).

(3). This follows by (i), (ii), and the definition of a right min-PF ring. d

Lemma 4.5. Let R be a semiperfect, left Kasch, left min-CS ring. Then the
following hold:

(1) $; € gR and soc(Re) is simple and essential in Re for all local idempo-
tentse € R.

(2) R isright Kasch if and only if S; C S,.

(3) If{ey, ..., e,} are basic local idempotents in R then

{soc(Rey), ...,soc(Re,)}

is a complete set of distinct representatives of the simple left R-modules.

Proof. (3). Given {e;,...,e,} asin (3), let {e,...,¢e,,...,e,} be a set of
orthogonal local idempotents with 1 = e; + --- + e,,. As R is left Kasch,
let Re;/Je; = K; € R foreachi = 1,2,...,n, where K; is a simple left
ideal. Since R is a left min-CS ring, each K; C** Rf; for some f* = f;,
and f; is local because R is semiperfect. We have soc(Rf;) = K; = Re;/Je;
fori = 1,2,...,n. But Re;/Je; = Re;/Je; if and only if i = j because
el, ..., ey, arebasic. Hence { f1, ..., f,} is a basic set of local idempotents, and
the left ideals {K, ..., K, } are a complete set of representatives of the simple
left R-modules. But then Re; = Rf,; forsome o : {1,...,n} — {1,...,n},
and o 1s monic (again because ey, ..., e, are basic). Now (3) follows.

(1). If 2 = e € R is local then Re = Rf; for some i where the f; are
as above. Hence soc(Re) is simple and essential in Re. Furthermore, §; =
@7_ soc(Re;) S @' | Re; = R, proving (1).

(2). If §; € S, then R is right Kasch by (1) and Lemma 4.2. Conversely, if
R 1s right Kasch let K be a simple left ideal of R; we must show that K C §,.
We have K C* Re for some e> = e € R by hypothesis, so it suffices to
show that S,e # 0. But e is local (Re is indecomposable), so S,e # 0 by
Theorem 3.2 O
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Corollary 4.6. The following are equivalent for a ring R:

(1) R is a left and right min-PF ring.
(2) R is a semiperfect, left and right min-CS ring with S, = S; C°*° Rg.

Proof. (1)=(2). Given (1), R is semiperfect, S, C*° Rpg, and §; C*° gR.
Since R is two-sided mininjective, it is two-sided minannihilator and S, = §;
by Corollary 2.34. Hence S, = §; is essential in both Ry and g R, and it remains
to show that R is left and right min-CS. If K is a minimal right ideal of R then
K = rl(K) is essential in a direct summand of R by Lemma 4.2, so R is right
min-CS. Similarly, R is left min-CS.

(2)=(1). Assume R is as in (2). As R is left min-CS it is a right min-PF ring
by (3) of Lemma 4.4. But R is a left Kasch ring by Theorem 3.24, so §; €% xR
by Lemma 4.5. Hence R is a left min-PF ring, again by (3) of Lemma 4.4. O

In preparation for our next theorem, we need the following lemma about semi-
perfect rings.

Lemma 4.7. Let R be a semiperfect ring and assume that 1 = e; + --- 4+ ¢,
where the e; are orthogonal local idempotents. If f is a local idempotent, then
R = fR®[Dixje;R] forsomel < j <n.

Proof. Observe first that @;.;e;R = (1 —¢;)R. We have f = fe;f +---+
fenf, so,since fRf is alocal ring, fe;f = a is a unit in fRf for some
J,sayab = f = ba forsome b € fRf. If fr e fRN(l —¢;)R, r € R,
then fr = bar = bfe; fr = 0 because ¢; fr = 0. However, ¢;(fR) € ¢;J
becausee; f ¢ J (f =ab = fe;fb), soe;(fR) = e;R by Proposition B.2
because ¢; 1s a local idempotent. In particular, e; = ¢; fy for some y € R,
whence 1 — fy € r(e;) = (1 — ¢;)R. It follows that R = fR + [D;+,e; R],
completing the proof. O

Lemma 4.7 can be described by saying the decomposition R = e R®---Pe, R
in a semiperfect ring R complements local direct summands f R. In fact it com-
plements every direct summand (see [1, Corollary 12.7]).

We can now deduce some important properties of the right mininjective, right
Kasch, left min-CS rings. We remind the reader that the dual of every simple
right R-module is simple if and only if R is right mininjective and right Kasch
(Theorem 2.31).

Theorem 4.8. Let R be a left min-CS ring such that the dual of every simple
right R-module is simple. Then the following statements hold:
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(1) R is semiperfect.
(2) For every k € R, Rk is a minimal left ideal if and only if kR is a minimal
right ideal. In particular, S; = S,.
(3) R is a left minannihilator ring.
(4) soc(Re) is simple and essential in Re, for every local idempotent e of R.
In particular, S; = S, C°° g R and R is left finite dimensional.
(5) R is left Kasch if and only if soc(eR) # 0 for every local idempotent e of
R. Moreover, in this case the following assertions hold:
(a) soc(eR) is homogeneous for every local idempotent e of R.
(b) If{ey, ..., e,}is abasic set of local orthogonal idempotents, then there
exist elements ky, ..., k, in R and a (Nakayama) permutation o of
{1, ..., n} such that the following hold foreachi =1, ..., n:
(i) kiR C soc(e; R).
(i1)) Rk; = soc(Re,;) is simple and essential in Re,;.
(iii) k;R = e,;R/es;J, and Rk; = Re;/Je;.
(iv) {kiR, ..., k,R} and {Rk,, ..., Rk,} are complete sets of repre-
sentatives of the isomorphism classes of simple right and left R-
modules, respectively.

Conversely, if R is a semiperfect ring with S; = S,, and soc(Re) is simple for
every local idempotent e of R, then the dual of every simple right R-module is
simple.

Proof. (1). By Theorem 2.31, R is right Kasch, right mininjective, and 1(7) is
a simple left R-module for every maximal right ideal T of R. By Lemma 4.1,
R 1s semiperfect.

(2). If kR is a minimal right ideal of R, then Rk is a minimal left ideal
because R is right mininjective (Theorem 2.21). Conversely, suppose that Rk
is a minimal left ideal of R. Since R is a left min-CS ring, Rk C** Re for
some ¢ = e € R. But e is local (R is semiperfect), so T = J + (1 — e)R is
the unique maximal right ideal containing (1 — e)R. Since (1 — e)R C r(k),
we have r(k) € T, whence 1r(k) 2 1(T). By Lemma 2.28, 1(T) = (R/T)*,
so 1(T') 1s simple by hypothesis.

However, Rk C°° Re implies Rk C** 1r(k) € Re. Since both Rk and
1(T) are simple, it follows that 1(7) = Rk. Thus r(k) = r1(T) = T because
R is right Kasch, and so kR is a minimal right ideal of R.

(3). S = S, by (2), and so (3) follows by (2) of Lemma 4.4.

(4). As we have already remarked, our hypotheses imply that R is a right
Kasch, right mininjective ring. Then it follows from Theorem 3.7 that if e is a
local idempotent, then Re has a simple socle. Now let R = Re; @ --- @ Re,,
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where the e; are local idempotents, and let C; be the socle of Rey. Since R is
left min-CS, there exists a direct summand Rf of xR, f> = f, such that Cy
is essential in Rf. By Lemma 4.7 we have R = Rf @ [®;+;Re;] for some
1 < j < n.But we must have j = k because Rf N Re; 2 C; # 0. It follows
that Rey = Rf, showing that Re; has simple essential socle.

(5). Every simple left R-module has the form Re/Je, where e? = e is local.
Since Lemma 3.1 gives (Re/Je)* = ex(J) = eS; = eS, = soc(eR), it follows
that R is left Kasch if and only if soc(e R) # O for all local e? = e. In particular,
R is right minfull, so (a), (b), and the fact that R is a left Kasch ring follow
from Theorem 3.12 and Lemma 4.5.

Finally, for the converse, suppose that R is semiperfect with §; = S, and
soc(Re) is simple for every local idempotent e of R. Let K be a simple right
R-module. Then K = eR/eJ for some local idempotent e of R and so K* =
(eR/eJ)* =1(J)-e = Sje = soc(Re) is simple. O

Corollary 4.9. A ring R is left and right min-PF if and only if R is left and
right min-CS and the dual of every simple R-module is simple.

Proof. If R is left and right min-PF then R is left and right min-CS by Corollary
4.6. Since left and right min-PF rings are left and right minfull, the dual of every
simple R-module is simple by Theorem 3.18. Conversely, if R is left and right
min-CS and the dual of every simple R-module is simple, it follows from
Theorem 4.8 that R is a semiperfect, left and right mininjective, left and right
minannihilator ring with S; = S, essential in both g R and Rg. Hence R is a
left and right min-PF ring. O

4.2. Continuity

Itis an open question whether the left self-injective right Kasch rings are left PF,
but a left CS right Kasch ring need not be left PF [the Bjork and Camillo exam-
ples (Examples 2.5 and 2.6) are not left self-injective, hence not left PF]. How-
ever, in the next theorem we show that left CS right Kasch rings are semiperfect.

Theorem 4.10. A ring R is left CS and right Kasch if and only if R is a semi-
perfect left continuous ring with S, C*° g R.

Proof. Suppose R is left CS and right Kasch and let 7 be a maximal right
ideal of R. Then 1(T) C** Re, for some e?=e¢ € R,so R is semiperfect by
Lemma 4.1. Furthermore, since R is right Kasch, R is left continuous because
right Kasch rings are left C2 (Proposition 1.46). Moreover, S, # 0 (R is right
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Kasch), and by the left CS-condition S, C** Re for some idempotent e of R.
Thus (1 — e)R C r(S,). But r(S,) = J because R is right Kasch, which is
a contradiction unless ¢ = 1. Hence S, €% rR. The converse follows from
Lemma 4.2. O

In what follows we investigate the class of semiperfect left continuous rings
with essential left socle as an interesting generalization of the left PF rings.

Lemma 4.11. Let R be a semipertect, left continuous ring, and assume that
S; €% g R. Then the following hold:

(1) Z, € J =17,.

(2) S < S

(3) soc(Re) is simple and essential in Re for all local e*> = e € R. (In particular,
R is left finitely cogenerated.)

(4) R is a two-sided Kasch ring.

(5) soc(eR) # 0 for all local > = e € R.

Proof. (1). Z, € J in any semiperfect ring and J = Z; by Utumi’s theorem
(Theorem 1.26) because R is left continuous.

(2). This follows from J = Z; because S;Z; = 0and S, = 1(J).

(3). Re is a CS module because R is a left CS ring and summands of CS
modules are again CS (by Proposition 1.30). By hypothesis, let S be a simple
submodule of Re. Since Re is uniform (it is an indecomposable CS module),
it follows that S = soc(Re) C Re.

(4). R is right Kasch by (2) and Theorem 4.10. Let {e;, ..., e,} be a basic
set of primitive idempotents of R. By (3), §; = soc(Re;), 1 < i < n, is
simple. To show that R is left Kasch, it suffices to show that {S;,..., S,}isa
complete set of distinct representatives of the simple left R-modules. To this
end, let o : §; — §; be an isomorphism; we show that i = j. If not, then
Re; 18 Re;-injective because R is left continuous, so o can be extended to
6 : Re; — Rej, and 6 is monic because S; €*° Re;. If & is not onto, then
(Re;)6 CJe; € Z;becausee;islocaland J = Z;. Thus0 = L(e;6) = (Le;)6
for some essential left ideal L of R, and so Le; = 0 and ¢; € Z;, which is a
contradiction. Thus i = j and R is a left Kasch ring.

(5). R is left Kasch by (4), so, using Lemma 3.1, 0 # (Re/Je)" Eer(J) =
eS; C eSS, = soc(eR) by (2). d

Theorem 4.12. Let R be a semipertect, left continuous ring with §; C** g R.
If {ey, ..., ey} is a basic set of local idempotents in R, there exist elements
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ki, ..., k, of R and a permutation o of {1, 2, ..., n} such that the following
hold:

(1) {Rky, ..., Rk,}and {k|R, ..., k, R} are complete sets of distinct represen-
tatives of the simple left and right R-modules, respectively.

(2) kiR C soc(e;R) and Rk; = soc(Rey;) foralli =1,2,...,n.

(3) kiR = e;iR/es;J and Rk; = Re;/Je; foralli =1,2,...,n.

Proof. R is left Kasch and §; € S, by Lemma 4.11. Hence, for any i =
1,2,...,n, Lemma 3.1 gives

0+# (Rej/Je) = eix(J)=1¢S CeS =soc(eR).

Hence choose a simple right ideal K; C e¢;S;. We have K;e,; # 0 for some
oi € {1,2,...,n},s0let0 # k; € K;ey,;. Thus k;R = K; is simple and
ki € e;Rey;. Moreover, k; € K; € S;, so 1(k;) 2 J + R(1 — ¢;), a maxi-
mal left ideal of R because ¢; is local. Hence Rk; is also simple. But Rk; C
Re,i, so since R is a left min-CS ring, Rk; = soc(Re,;) by Lemma 4.5.
Now the maps re; —> rk; and e,;r — k;r are well-defined epimorphisms
Re; — Rk; and e,; R — k; R respectively, so Re;/Je; = Rk; = soc(Rey;)
and e,;; R/e,; J = k; R. Since the ¢; are basic, these equations imply that both
{Rky, ..., Rk,}and {k\R, ..., k, R} are pairwise nonisomorphic, proving (1).
Moreover, soc(Re,;) = Re;/Je; shows that o is a permutation. This completes
the proof. O

Corollary 4.13. The following conditions are equivalent for a ring R:

(1) R is a left CS, left and right Kasch ring.
(2) R is a semiperfect left continuous ring with essential left socle.

Proof. Given (1), R is semiperfect and left continuous by Theorem 4.10. Since
R is also left Kasch, it follows from Lemma 4.5 that S; C** g R. Hence (1) =
(2); (2) = (1) follows from (4) of Lemma 4.11. O

In a left min-CS module M, every simple submodule has a closure in M that
is a summand. If every closure of a simple submodule of M is a summand, we
say that the module M 1is strongly min-CS, and a ring R will be called a left
strongly min-CS ring if g R is strongly min-CS. The ring R = [ZO“ %j] 1s a right
artinian ring that is not right CS, and hence it is not right strongly min-CS by the
following lemma. However, it is easily checked that this ring is right min-CS.
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Lemma 4.14. Let M be a module with finitely generated essential socle. Then
M is a strongly min-CS module if and only if M is a CS module.

Proof. Let C be a closed submodule of M; we must show that C is a summand
of M. Since C has a finitely generated essential socle, we proceed by induction
on the composition length n of soc(C). If n = 1 it is our hypothesis. In general,
let K denote a simple submodule of C, and let D be a closure of K in C. Then
K C*5 D C C € M, where D is closed in C, and C is closed in M. It follows
that D is closed in M by Lemma 1.29, so D is a closure of the simple module K.
Hence D is a summand of M by hypothesis, say M = D@ B. Since D C C we
obtainC = D@ (CNB), sosoc(C) =soc(D)®soc(CNB).Since soc(D) =
K it follows that soc(C N B) has smaller composition length than soc(C). By
induction C N B is a summand of M and hence of B, say B = X & (C N B).
Butthen M =D ®B=D®(CNB)® X =C & X, as required. O

Theorem 4.15. The following conditions are equivalent for a ring R:

(1) R is left strongly min-CS and the dual of every simple right R-module is
simple.
(2) R is a semiperfect left continuous ring such that S; = §, C*° gR.

Moreover, if R satisfies these conditions, then the following hold:

(a) R is left and right Kasch.

(b) soc(Re) is simple and essential in Re and soc(eR) is nonzero and homo-
geneous, for every local idempotent e of R.

(c) R admits a (Nakayama) permutation of any basic set of primitive idempo-
tents as in (b) of Theorem 4.8.

Proof. (1)=(2). It follows from Theorem 4.8 that R is semiperfect, S; =
S, € rR, and §; 1s finitely generated, so R is a left CS-ring by Lemma 4.14.
Moreover, R is right Kasch by (1) and Theorem 2.31, and so it satisfies the left
C2-condition by Proposition 1.46. Therefore R is left continuous, proving (2).

(2)=(1). Clearly every left continuous ring is left strongly min-CS. If R is
as in (2), then R is a right mininjective ring by Lemma 4.4, and R is a right
Kasch ring by Lemma 4.11. Then it follows from Theorem 2.31 that the dual
of every simple right R-module is simple.

Finally, the rest of the assertions (a)—(c) follows from Lemma 4.11 and The-
orem 4.8. O

In the next corollary we exploit these results to obtain a characterization of
left PF rings in terms of simple modules over the 2 x 2 matrix ring.
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Corollary 4.16. Let R be a ring and write S = M;(R). Then the following
conditions are equivalent:

(1) R is a left PF ring
(2) S is a left strongly min-CS ring such that the dual of every simple right
S-module is simple.

Proof. (1)=(2). Given (1), § is left PF by Morita invariance. Hence S is left
self-injective and so is left CS. Moreover, S is a left cogenerator that is right
Kasch by Theorem 1.56. Hence 1r(L) = L for every left ideal L of S, and so
S is right mininjective. It follows that the dual of every simple right S-module
is simple by Theorem 2.31. This proves (2).

(2)=(1). If (2) holds then S is left continuous by Theorem 4.15, and hence
R 1s left self-injective by Theorem 1.35. Since, by Morita invariance, the dual
of every simple right R-module is simple, it follows from Theorem 4.15 that R
is a semiperfect ring with essential left socle and hence that R is left PF (again
by Theorem 1.56). O

Corollary 4.17. Let R be a commutative ring. Then the following conditions
are equivalent:

(1) R is a min-CS, Kasch ring.
(2) R is a semiperfect continuous ring with essential socle.

Proof. The implication (2)=-(1) follows from Theorem 4.15. Conversely, as-
sume that (1) holds. Then R is a mininjective ring by Proposition 4.3, and so
the dual of every simple R-module is simple by Theorem 2.31. Then it follows
from Theorem 4.8 that R is semiperfect with essential socle, and R satisfies the
C2-condition because R is a Kasch ring. Write R = Re; @ - - - & Re,, where
{e1, ..., ey} 1s a complete set of orthogonal local idempotents of R. Each Re;
is uniform because soc(Re;) is simple and essential in Re; by Theorem 4.8. If
A is an ideal of R, then (since R is commutative) A = @&7_,(A N Re;), and so
A 1s essential in a direct summand of R. O

4.3. Quasi-Frobenius Rings

It is a theorem of Utumi that a two-sided artinian, two-sided continuous ring
is quasi-Frobenius. Moreover, the Bjork example (Example 2.5) is a one-sided
continuous, two-sided artinian ring that is not quasi-Frobenius. However, Faith
has proved that if R is a one-sided self-injective ring with ACC on left annihi-
lators then R is quasi-Frobenius (see Theorem 1.50). In what follows we will
unify and extend the results of Utumi and Faith in one single theorem.
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Lemma 4.18. Let M be a module such that M /soc(M) is finite dimensional.
If ®72, M; is an infinite direct sum of submodules of M, then there exists an
integer k such that M; C soc(M) for alli > k.

Proof. Write S = soc(M), M = M/S,and A, = @leMi. Givenn > 1, there
exists a submodule U € M, such that M, N A, = U. Write S = (A, N
SY®T,sothatU C A, +S=A,DT forsomeT C S.Letm : A, T —> T
be the projection with ker(w) = A,. Since U € M,,,, we have U N A, = 0,
and hence the restriction of the map 7 to U is monic. Thus U is semisimple,
soU C SandMnH NA,=0.

It follows that M; @ M, & M5 & - - - is a direct sum, so, since M is finite
dimensional, there exists k such that M; = O forall i > k. Thus M; C S =
soc(M) for all i > k, as required. O

Proposition 4.19. Let M be a CS module. If M /soc(M) is finite dimensional
then M = K& S, where K is finite dimensional and S is semisimple. In par-
ticular, M is a direct sum of uniform submodules.

Proof. Write § = soc(M), let K be a complement of S in M, and (by the CS
hypothesis) write M = K@® T for some submodule T of M. Then K — M/S,
so K is finite dimensional, and 7" is a CS module by Proposition 1.30. Thus
soc(T) C€** A for some summand A of T, say T = A & B. Hence M =
K®T = K®A® B. Since soc(B) = 0, B is finite dimensional because B —
M/S, and we may write M = (K & B)® A, where K & B is finite dimensional
and A is a CS module with essential socle. So, without loss of generality, we
may assume that M has an essential socle.

Suppose that S; is a nonclosed simple submodule of M, and let C(S;) be a
closure of S; in M. As M is CS, write M = C(S;) & M;. If S, is a nonclosed
simple submodule of M, write M = C(S;) & C(S;) @& M. If this continues
indefinitely then Lemma 4.18 shows that some C(S,,) will be in soc(M), which
is a contradiction. So we can write M = C(S;) ® C(S,) @ --- ® C(S,) ®
M, 11, where each §; is a nonclosed simple submodule of M, and each simple
submodule of M, is closed. Since C = C(S;) D C($2) & --- & C(S,) 1s
finite dimensional, we may assume without loss of generality that every simple
submodule of M is closed in M.

We can now complete the proof by showing that M is semisimple, and we
accomplish this by showing that every finitely generated submodule D of M
1s semisimple. Suppose D has an infinitely generated socle, and write soc(D) =
693?11 A;, where each A; is infinitely generated. Let C(A;) be a maximal essential
extension of A; in M. Then @72, C(A;) is an infinite direct sum of submodules
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of M, and by Lemma 4.18 there exists an integer k such that C(A;) = A; for
all i > k. By the CS-hypothesis, write M = A; @ By for some submodule By
of M. Since Ay, € D C M, it follows that D = A, & (B; N D) and hence
that Ay is finitely generated, a contradiction. Thus soc(D) is finitely generated.
Since every simple submodule of D is a summand, then by splitting off all the
simple submodules of D, we can write D = S @ N, where S is semisimple and
N has zero socle. Because soc(D) is essential in D, we infer that N = 0 and
D is semisimple, whence M is semisimple, as required.

Finally, the last statement follows from the fact that an indecomposable direct
summand of a CS module is uniform. O

Lemma 4.20. Let R be a ring.

(1) If R has the ACC on left annihilators, then every left T-nilpotent ideal A of
R is nilpotent.

(2) If R/S; has the ACC on left annihilators, then Z; is nilpotent.

(3) If J € Z; and R/ S, has the ACC on left annihilators, then J is nilpotent.

Proof. (1). This follows by Lemma 3.33.

(2). It suffices to show that Z; is left T-nilpotent [then (Z; + S;)/S; is a nil-
potent ideal of R/S; by (1), and so Z; is nilpotent because S;Z; = 0]. Hence
letzy, z5, ... be asequence from Z;. Since Z; C r(S;) we have 1(zyz5 -+ - z) =
1(zyzp - - - zx41) for some integer k > 1 by Lemma 3.32. If zyz,---zx # 0,
let 0 # x € 1(zg41) N Rzyzp -z, say X =rzjzp---zx. Then 0 = xzp4) =
(rzizo -+ zx)Zgs1, SOr € 1(z1z2 -+ - zx41) = 1(zy1z - - - zx), which is a contra-
diction. So z1z3 - - - zx = 0, proving (1).

(3). Since J C Z; we can repeat the argument in (2) to show that J*¥ C S,
for some k. Hence J¥t' € §.J = 0. O

Lemma 4.21. Suppose R is left continuous. If either R/S; or R/S, has the
ACC on left annihilators, then R is semiprimary.

Proof. Suppose first that R/S; has the ACC on left annihilators. Then Z; is
nilpotent by Lemma 4.20, so J is nilpotent because Z; = J by Utumi’s theorem
(Theorem 1.26). For convenience, writt R = R/J and R=R /S, so that
R/S = R/(J+S) = E/f We must show that R is left artinian. The ring
R = R/J is regular by Utumi’s theorem, so its image R/(J + S;) = R / 7 is
also regular. But R is I-finite (it has the ACC on left annihilators), so R / 7 is
also I-finite because idempotents lift modulo the nilpotent ideal 7. It follows
that R / 7 , and hence R/S; is semisimple artinian. Thus it remains to show that
S; is left artinian. But S; = (S; + J)/J = 8;/(5 N J)is semisimple, so we have
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S; € soc(R). Itfollows that R /soc(R) is semisimple artinian, being an image of
R/S;. Since R is left CS (in fact left continuous by Utumi’s theorem), it follows
from Proposition 4.19 that R is left finite dimensional. Since S; C soc(R), it
follows that S; is left artinian, as required.

Now suppose that R/ S, has the ACC on left annihilators. Then J is nilpotent
by part (3) of Lemma 4.20. In this case write R=R /S,, so again R/S, =
R/(J + §,) = ﬁ//f Now R/S, is regular (an image of R) and hence is
semiprime. As before, ﬁ/ 7 is I-finite, so R / J = R/S, is regular and I-finite
and so is semisimple artinian. Hence S, = (S, + J)/J = S,/(S, N J) is right
semisimple, so S, C soc(R). It follows that S, is a sum of minimal left ideals.
Hence R/soc(R) is semisimple artinian (an image of R/S,). Now the proof is
completed as in the preceding case. O

Theorem 4.22. The following conditions on a ring R are equivalent:

(1) R is quasi-Frobenius.

(2) R is a left continuous, right minannihilator ring with the ACC on left anni-
hilators.

(3) R is a left continuous, right min-CS ring with the ACC on left annihilators.

(4) R is a left continuous, right minannihilator ring and R/ S; is left Goldie.

(5) R is a left continuous, right min-CS ring and R/ S; is left Goldie.

(6) R is a left continuous, right minannihilator ring and R/ S, is left Goldie.

(7) R is a left continuous, right min-CS ring and R/ S, is left Goldie.

Proof. If R satisfies any of the conditions (1) through (7) then R is semiprimary
by Lemma 4.21. If R satisfies (2), (4), or (6) then R is a left min-PF ring with
S, = S; by Corollary 3.25. Then R is a left minannihilator ring by Lemma 4.4,
and so R is right min-PF, again by Corollary 3.25. Now Theorem 3.38 shows
that R is quasi-Frobenius. However, if R satisfies (3), (5), or (7) then R is a
left and right Kasch ring by Lemma 4.11, and hence S; = S, by Lemma 4.5
because R is left and right min-CS. Thus R is a left and right min-PF ring by
Corollary 4.6, so R is quasi-Frobenius, again by Theorem 3.38. O

Since every left self-injective ring R is left continuous and satisfies the con-
dition r1(7) = T for all finitely generated right ideals T of R, the following
corollary is an immediate consequence of the previous theorem.

Corollary 4.23. The following conditions on a ring R are equivalent:

(1) R is quasi-Frobenius.
(2) R is left self-injective and R/ S; is left Goldie.
(3) R is left self-injective and R/ S, is left Goldie.
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We remark that the Bjork example (Example 2.5) is a left and right artinian,
local, left continuous ring R in which the dual of each simple right R-module
is simple and every left ideal of R is an annihilator. However, R is not quasi-
Frobenius and, in fact, it can be readily seen that R is not right min-CS and the
dual of the unique simple left R-module is not simple.

We conclude this section with some characterizations of semiperfect, right
continuous rings. The proof requires three lemmas. The first two results are
about projective modules. Recall that a module is called singular if every ele-
ment has an essential annihilator.

Lemma4.24. If Py is a finitely generated module that is projective and singular,
then P = 0.

Proof. Let P = F/K, where Fy is free on basis { f, ..., f,}, and put A; =
r(f; + K) for each i. Then A; C*° Ry by hypothesis, so f;A; € f;R, and
we obtain @7_, fiA; C*° F.But (f; + K)A; = O foreachi, so f;A; C K. It
follows that K C** F. However, K C® F because F/K = P is projective, so
K =Fand P =0. O

Lemma 4.25. If R is a semiregular ring in which Z, = J, then R" satisfies the
C2-condition as a right R-module for eachn > 1.

Proof. Suppose N =M C® R", N C R". By Theorem B.54, R" is a semireg-
ular module, so let R" = P @& Q, where P € N and N N Q is small in R" by
Theorem B.51. Then N = P® (NN Q)and NN Q Crad(R") =J" = Z.
Thus N N Q is singular, and it is finitely generated and projective since this is
true of N. Thus NN Q = 0 by Lemma 4.24, and it follows that N = P C% R".

0

It 1s not difficult to prove that an I-finite right C2 ring has the property that
monomorphisms Rg — Rp are epic. This condition arises in the next two
results.

Lemma 4.26. Let My be a module and suppose M = U, @ U, & --- & U,
where each U; is uniform. If monomorphisms M — M are epic then end(M)
is semiperfect.

Proof. By Theorem B.9, it is enough to prove that end(U;) is local for each
i. Given a € end(U;) we have ker(a) Nker(l1 — o) = 01n U;, so either o or
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I — « is monic. But a routine argument shows that monomorphisms in end(U;)
are epic, and the lemma follows. O

We can now prove our characterization of the semiperfect, right continuous
rings.

Theorem 4.27. The following conditions on a ring R are equivalent:

(1) R is a semiperfect, right continuous ring.

(2) R is aright CSring, Z, = J, and R has DCC on principal projective right
ideals.

(3) R is right quasi-continuous with DCC on principal projective right ideals.

(4) R is aright quasi-continuous, I-finite ring in which monomorphisms Rp —
Ry are epic.

Proof. (1)=(2).Leta;R 2 a,R DO - - -, where each a; R is projective, a; € R.
Since R satisfies the right C2-condition, a; R = e; R for some e,% = ¢, € R.Now
(2) follows because R is I-finite. We have Z, = J by Utumi’s theorem (The-
orem 1.26).

(2)=(3). Assume that R satisfies (2), so it is clearly I-finite. Hence R =
ei1R®---Pe, R, where the e; are orthogonal primitive idempotents. Moreover,
each e; R is uniform because it is a CS module, so R is semiperfect by Lemma
4.26. Since J = Z,, this implies that R has the right C2-condition by Lemma
4.25, and (3) follows by Lemma 1.21.

(3)=(4). The DCC implies that R is I-finite. If « : Rg — Ry is monic then
o = a- 1s left multiplication by a = a(1), where r(a) = 0, and we must show
that aR = R. But if aR # R then a’R # aR, and we obtain R D aR D
a’R O -- -, which is a contradiction because a*R = aR = R is projective for
each k.

(4)=(1). Assume (4). Since R is I-finite, write 1 = e¢; + -- - + ¢,,, where
the e; are orthogonal primitive idempotents. Hence R = ¢iR @ --- & ¢, R,
and each e; R is uniform because it is a CS module. Thus R is semiperfect by
Lemma 4.26. So, to show that R is continuous, it suffices by Lemma 4.25 to
prove that J = Z,. We have Z, C J because every right ideal 7 ¢ J in a
semiperfect ring contains a nonzero idempotent. Conversely, if a € J it suffices
to prove that each e;a € Z,, thatis, r(e;a) C*° Rr. We do it for eja. Since
each e R is uniform, it is enough to show that r(eja) N e R # 0 for each
k=1,2,...,n. If Kk = 1 suppose that r(eja) Ne; R = 0. Then x — ejax is a
monomorphism e; R — ¢ R and so is epic by (4). This means ¢; R = ejae R,
which is a contradiction because a € J and e% = e; # 0. So assume that
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r(eja) N ey R = 0 for some k # 1. Then the map y : ejaer R — exR is well
defined by y(ejaerr) = exr. But R is right quasi-continuous by (4), so ex R is
e1 R-injective by Theorem 1.33. Hence there exists y : e R — e R extending
y.If y(e;) = b € exR, we have ¢, = y(ejaer) = bejae;. Again this is a

0 — ejaekR <— e1R

Y 4
ekR
contradiction because a € J. So r(eja) NexR # 0 when k # 1, and (1) is
proved. O
Notes on Chapter 4

Harada [91] calls min-CS modules simple extending modules.

An important source of semiperfect rings is given by Osofsky’s theorem
(Theorem 1.57), which asserts that a left self-injective, left Kasch ring (left PF
ring) is semiperfect and has finitely generated essential left socle. From this
theorem (and Lemma 1.41) it follows that a left PF ring is right Kasch, so it
is natural to ask whether a left self-injective, right Kasch ring is left PE. This
question remains open.

Although it is known (Corollary 7.32) that every left CS, left Kasch ring has
finitely generated essential left socle, it is still unknown whether these rings
must be semiperfect.

Lemma 4.1, Theorem 4.8, Theorem 4.15, and Corollaries 4.16 and 4.17
are essentially from [85]; Lemma 4.18 and Proposition 4.19 come from [29].
Lemma 4.14 is due to Smith [206]. For Lemma 4.21 see Ara and Park [6], Lee
and Tung [134], and Nicholson and Yousif [160]. Theorem 4.27 is motivated
by the work of Huynh [99].

Theorem 4.22 extends fundamental work of Armendariz and Park [9], who
proved Corollary 4.23. In addition, Theorem 4.22 extends a theorem of Utumi
1n the case where R is two-sided artinian and two-sided continuous, and it also
extends a theorem of Faith [54] where R is one-sided self-injective with ACC
on left annihilators. It is an open question whether a left continuous ring R with
R/S; left Goldie is left artinian.

For more detailed information on the continuity condition, the reader is re-
ferred to Mohamed and Miiller [147] and Dung, Huynh, Smith, and Wisbauer
[49].



S
Principally Injective and FP Rings

A ring R is right mininjective if R-linear maps aR — R extend to Rg — Rpg
whenever a R is a simple right ideal. It is natural to enquire about the rings for
which this condition is satisfied for all principal right ideals a R (for example if
R isregular or right self-injective). These rings, called right principally injective
(orright P-injective), play a central role in injectivity theory. An example is given
of a right P-injective ring that is not left P-injective. If R is right P-injective it
is shown that Z, = J, that R is directly finite if and only if monomorphisms
Rr — Rp are epic, and that R has the ACC on right annihilators if and only
if it 1s left artinian. If R is right P-injective and right Kasch then §; C*¥ gR.
A semiperfect, right P-injective ring R in which S, C** Ry is called a right
GPF ring. Hence the right PF rings are precisely the right self-injective, right
GPF rings, and these right GPF rings exhibit many of the properties of the
right PF rings: They admit a Nakayama permutation, they are right and left
Kasch, they are left finitely cogenerated, S, = §; is essential on both sides, and
Z, =J=12.

Unlike mininjectivity, being right P-injective is not a Morita invariant. In
fact, M,,(R) is right P-injective implies that R is right n-injective. Call aring R
right FP-injective if, for every finitely generated submodule K of a free right
R-module F, every R-linear map K — Rpy extends to F. Then it is shown that
R is right FP-injective if and only if M, (R) is right P-injective for every n > 1.
These right FP-injective rings form a Morita invariant class.

As in the right P-injective case, the Kasch condition has a profound ef-
fect on a right FP-injective ring and leads to an important situation where a
right injectivity condition leads to one on the left: If R is right 2-injective and
right Kasch then it is left P-injective. This has the remarkable consequence that
a right Kasch, right FP-injective ring is left FP-injective. This observation leads
to the following result: If R is a semiperfect ring, the following are equiva-
lent: (1) R is right FP-injective and right Kasch, (2) R is right FP-injective,
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and J = r(F) for a finite subset ' C R, and (3) R is right FP-injective and
S, €% Rg; remarkably, all three of these conditions are equivalent to their left—
right analogues. We call such rings FP rings, and we give several other charac-
terizations. For example, a right FP-injective ring R is an FP ring if and only if
it is right finite dimensional and right Kasch; if and only if it is left min-CS and
right Kasch; if and only if it is right finitely cogenerated and right min-CS. As
an application, we show among other things that a left perfect, right FP-injective
ring is quasi-Frobenius if soc,(R) is finitely generated as a right R-module.

5.1. Principally Injective Rings

If R is a ring, a module My, is called right principally injective (P-injective)
if every R-homomorphism y : aR — M, a € R, extends to R — M, equi-
valently if y = m- is multiplication by some element m € M. Every injective
module is P-injective, and aring R is regular if and only if every right R-module
is P-injective. In fact, if the map ar +— r + r(a) from aR — R/r(a) is given
by left multiplication by b + r(a), then aba = a.

A ring R is called right principally injective' (or right P-injective) if Ry is a
P-injective module, that is, if every principal right ideal a R is extensive. Thus
every right self-injective ring is right P-injective, and every right P-injective
ring is right mininjective. Moreover, neither converse is true: Every regular
ring is both right and left P-injective, so there are P-injective rings that are not
right self-injective; and the ring Z of integers is a commutative, noetherian,
mininjective ring that is not P-injective.

Lemma 5.1. The following conditions are equivalent for a ring R:

(1) R is right P-injective.

(2) 1r(a) = Ra foralla € R.

(3) r(a) € r(b), where a, b € R, implies that Rb C Ra.
(4) 1[PR Nr(a)] = 1(b) + Ra foralla, b € R.

(5) Ify :aR — R,a € R, is R-linear, then y(a) € Ra.

Proof. (1)=(2). Always Ra C 1r(a). If b € 1r(a) then r(a) € r(b), so
y : aR — R is well defined by y(ar) = br. Thus y = c- for some ¢ € R by
(1), whence b = y(a) = ca € Ra.

(2)=@3).If r(a) C r(b) then b € 1r(a), so b € Ra by (2).

3)=4).Letx € 1[bRNx(a)]. Then r(ab) C r(xb), so xb = rab for some
r € R by (3). Hence x — ra € 1(b), proving that 1[bR Nr(a)] € 1(b) + Ra.
The other inclusion always holds.

I Right P-injective rings are also referred to as rings with the right principal extension property.
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(4)=(5). Let y : aR — R be R-linear, and write y(a) = d. Then r(a) C
r(d), sod € 1r(a). But 1r(a) = Ra [take b = 1 in (4)],sod € Ra.

(5)=(1).Lety : aR — Rg. By (5) write y(a) = ca, c € R. Then y = c-,
proving (1). O

Example 5.2. The Bjork example (Example 2.5) is a right P-injective ring (it
has only one proper left ideal) that is not left P-injective; in fact it is not left
mininjective.

Example 5.3. A direct product ITR; of rings is right P-injective if and only if
each R; is right P-injective by Lemma 5.1(2).

A multiplicative submonoid U of a ring R is called a left denominator set if
it satisfies the following conditions: (1) If u € U and r € R, then ur = ryu
for some u; € U and r; € R (the left Ore condition), and (2) if ru = riu
withr,r; € Rand u € U, then u;r = u,r, for some u; € U (we say U is left
reversible). When these conditions are satisfied, R can be embedded in a ring of
left quotients Q in which each elementu € U isaunitand Q = {u~'r |u € U,
r € R}.

Example 5.4. If R is right P-injective and U C R 1is a left denominator set,
the ring of quotients Q = {u~'r | u € U, r € R} is also right P-injective. The
converse is false.

Proof. Ifrp(q) € ro(p), whereq = u~'aand p = v™1b, thenrg(a) C rr(b),
so b = ca, ¢ € R, by hypothesis. It follows that p = (v~'cu)q, as required.
The converse is false as Q O 7Z shows. O

Example 5.5. No polynomial ring R = S[x] is right P-injective because
1r(x) # Rx.

Example 5.6. A domain is right P-injective if and only if it is a division ring.
If R is an integral domain in which each finitely generated ideal is principal (a
Bezout domain), then R/mR is P-injective for all 0 # m € R.

Proof. The first statement is clear. Write 7 = r+mR inthering R = R/mR for
all € R, and assume that r(a) C r (13) . By hypothesis, let mR +aR = dR,
saym =dx anda = dy. Thenax =my,sox er(a) Cr (15) . It follows that
bx e mR =dxR, sob € Rd because R is a domain. Hence b € Rd = Ra, as
required. O
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Example 5.7. Let R be right P-injective and assume that, for each a € R,
either Ra € aR or 1(a) C r(a). Then the following are equivalent:

(1) R isregular.

2) J =0.

(3) R is semiprime.

(4) R is reduced (that is it has no nonzero nilpotents).

In particular, semiprime, commutative P-injective rings are regular. Further-
more, for reduced rings, being left or right P-injective is equivalent to being
(strongly) regular.

Proof. (1)=(2) and (2) =(3) are clear.

(3)=(4). If a> = 0 we show that aRa = 0 and use (3). If Ra C aR then
aRa C a(aR) = 0;if 1(a) € r(a) then Ra C 1(a) C r(a), soagainaRa = 0.

(4)=(1). If a € R we must show that a € aRa. First we have r(a®) C r(a)
[in fact a’r = 0 = (ara)* = 0 = ara = 0 = (ar)> = 0 = ar = 0]. This
gives a € Ra? because R is right P-injective (Lemma 5.1). If Ra € aR then
a € Ra®> = (Ra)a C (aR)a; if 1(a) C r(a) then, writing a = ra®, we have
(I —ra) € 1(a) C r(a) and so a = ara.

The last statements are now routine verifications. O

Example 5.8. A ring is called a right PP ring if every principal right ideal
1s projective. A ring R is a right P-injective, right PP ring if and only if R is
regular.

Proof. Let R be a right P-injective, right PP ring. If @ € R then r(a) = eR,
where e?> = e because aR is projective. Hence Ra = 1r(a) = R(1 —e), so R

is regular. The converse is clear. O

We now record several results about principal right ideals in a right P-injective
ring for reference.

Proposition 5.9. Let R be a right P-injective ring, and leta, b € R.

(1) If bR embeds in aR, then Rb is an image of Ra.
(2) IfaR is an image of bR, then Ra embeds in Rb.
(3) If bR = aR, then Ra = Rb.

Proof. Given 0 : bR — aR, let 0 = v-, v € R. Then vb = au for some
u € R, sodefine 6 : Ra — Rb by (ra)d = (ra)u = r(vb).
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(1). If o is monic, we have r(vb) C r(b), whence Rb € Ruvb by P-injectivity,
say b = rvb = (ra)f. Thus 6 is epic, proving (1).

(2). If o is epic, write a = o(bs) = vbs, s € R. If (ra)0 = 0, r € R, then
0 = (ra)u = r(vb), whence ra = r(vbs) = 0. Hence 6 is monic, proving (2).

(3). If o is an isomorphism, so also is 6 by the proofs of (1) and (2). O

The next result will be referred to several times. Recall that we write N €% M
if the submodule N is a direct summand of the module M.

Proposition 5.10. Every right P-injective ring is a right C2 ring, but not
conversely.

Proof. If T is arightideal of R and T = eR, where ¢?=e¢ € R, thenT =aR
for some a € R and T is projective. Hence r(a) C® Ry, say r(a) = f R, where
f?>= f € R.Hence Ra = 1r(a) = R(1—f) C® gR,andsoT =aR <® R;.
The converse is false by Example 5.12 following the next corollary. O

Corollary 5.11. If R is a right P-injective ring, the following are equivalent for
an elementa € R:

(1) aR is projective.
(2) aR is a direct summand of Rg.
(3) aR is a P-injective module.

Proof. (1)=>(2) by the proof of Proposition 5.10, and (2)=>(3) is because direct
summands of P-injective modules are again P-injective. To prove that (3)=(1),
write M = aR for clarity and consider y : aR — M given by y(ar) = ar. By
(3)wehavey =m-,m e M.If m = ab, b € R, thena = y(a) = ma = aba,
and aR = eR, where ¢* = ¢ = ab, proving (1). O

Example 5.12. The trivial extension R = {[( "] | a € F, v € V} of the field
F by the two-dimensional vector space V is a commutative, local, artinian C2
ring that is not P-injective.

Proof. Let V = uF @ wF, and write it = [88]. Then iR = [8”{] and
[8 o] [8 ‘o] is an R-linear map from #R — R that does not extend to
R — R because w ¢ uF. Hence R is not P-injective. To see that R is a C2 ring,
it suffices (since R is local) to show that if T = R, with T a right ideal, then
T = R.Butifo : R — T is an isomorphism, then T = x R, where x = o (1),
and x is a unit because r(x) = 0 (the monomorphism x- : Rg — Ry is epic
because R is finite dimensional). d
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Aring R is called directly finite if ab = 1 in R implies that ba = 1. Itis well
known that every I-finite ring is directly finite. Whereas the ring of all linear
transformations of an infinite dimensional vector space is a right and left P-
injective ring that is not directly finite, we do have the following result.

Theorem 5.13. A right P-injective ring R is directly finite if and only if mono-
morphisms Rg — Ry are isomorphisms.

Proof. Assume that R is directly finite. If 0 : Rg — Rpg is monic, write
o(1) = a. Then r(a) = 0 so, by P-injectivity, Ra = 1r(a) = 1(0) = R. Hence
ba = 1 for some b € R, so ab = 1 by hypothesis, and o is onto. Conversely,
suppose that ab = 1 in R. Then the map f : R — R is monic if we define
B(r) = br for all r € R. By hypothesis S is epic, so, if | = B(c), then bc = 1.
Because ab = 1, it follows that ¢ = a and hence that ba = 1. O

If R is aright self-injective ring then J = Z, by Theorem 1.26. Even though
this fails in a right mininjective ring (consider Z,, where p is a prime), it does
hold in a right P-injective ring.

Theorem 5.14. If R is a right P-injective ring then J = Z,.

Proof. If a € Z, then r(1 — a) = 0 because r(a) Nr(1 —a) = 0. Hence R =
1r(1 —a) = R(1 — a), and it follows that Z, € J. Conversely, if a € J we
show that bR Nr(a) = 0, b € R, implies that b = 0. In fact Lemma 5.1 gives
1(b)+ Ra =1[bRNr(a)] = 1(0) = R, so 1(b) = R because a € J. O

Theorem 5.14 leads to the following result about right P-injective rings.

Proposition 5.15. Every right P-injective ring with ACC on right annihilators
is left artinian.

Proof. If R is such a ring, observe first that J is nilpotent by Theorem 5.14
and the Mewborn—Winton lemma (Lemma 3.29). Moreover, R has DCC on left
annihilators and so has DCC on principal left ideals by Lemma 5.1. Hence R is
right perfect by Theorem B.39. Thus R is semiprimary; in particular S, € Rp.
Since R is left minannihilator (being right P-injective), it is right min-PF, and
so it is left artinian by Theorem 3.35. O

The next result gives one situation where the P-injective hypothesis extends
to certain finitely generated right ideals.
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Lemma 5.16. Let R be a right P-injective ring and assume that Rb; & Rb, &
-+ @ Rb, is a direct sum of left ideals of R.

(1) Any R-linearmapy : byR+ bR+ ---+b,R — Ry extendsto R — R.
QItS=bR+---+byRandT = by, R+ ---+b,R, then1L(SNT) =
1(S) + 1(T).

Proof. (1). Since R is right P-injective let y(b;) = c;b;, where ¢; € R for each
i. Similarly, y(by + by + --- + b,) = c(by + by + --- + b,) for some ¢ € R.
Hence c;b; = cb; for each i by the direct sum hypothesis, and it follows that
y = c-on Xb; R. Hence y extendstoc- : R — R.

2Q)Ifxel(SNT)theny : S+ T — R is well defined by y(s + 1) = xs.
By (1) we have y = c¢- for some ¢ € R, and it follows that ¢ € 1(T) and
x —c € 1(S). Hence x = (x — ¢) + ¢ € 1(S) + 1(T), which proves that
1(SNT) < 1(S)+ 1(T). The other inclusion always holds. O

Proposition 5.17. Let ®,<; B; be a direct sum of (two-sided) ideals in a right
P-injective ring R. Then we have A N [@;c; B;] = ®;c;(A N B;) for every left
ideal A of R.

Proof. Leta € AN [D;c;B;], writea = by +b, +---+ b,, b; € B;, and
let my @ @;_,b; R — by R be the projection. Since X! | Rb; is direct, Lemma
5.16 gives m; = pi-, pxr € R. Hence by = pra € AN By forl <k < n, so
a € ®ic;(A N B;). This shows that A N [®,c1B;] € ®;c;(A N B;); the other
inclusion always holds. O

We conclude this section with some conditions that an endomorphism ring
1s P-injective.

Proposition 5.18. Given a module Mg, write S = end(Mpy).

(1) Assume that M generates ker () foreach B € S. Then S is right P-injective
if and only if ker(B) C ker(y) implies y € SB.

(2) Assume that M cogenerates M /B(M) for each B € S. Then S is left P-
injective if and only if y(M) C B(M) implies y € BS.

Proof. (1).If S is right P-injective and ker(B) C ker(y), then rg(B) C rs(y).
Hence y € SB by Lemma 5.1. Conversely, if the condition holds let y € 1r(B);
we show that ker(B) C ker(y). Given x € ker(B), use the generation hypoth-
esis to write x = ) . A;(m;), where, foreach i, m; € M and A; : M — ker(p).
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Then BA; = O for each i, so yA; = 0 because y € 1r(f). It follows that
x € ker(y).

(2). Let S be left P-injective. If y(M) € B(M) then A = 0 implies Ay = 0;
thatis, [g(B) € Is(y). Hence y € BS by Lemma 5.1. Conversely, if y € r1(B),
we show that y(M) € B(M). If not and y(mg) ¢ B(M), the cogeneration
hypothesis yields o : M/B(M) — M such that o[y (my) + B(M)] # 0. If A :
M — M is defined by A(m) = o[m + B(M)], then Ay # 0 but A = 0, which
is a contradiction. O

In particular, if M is a generator or a cogenerator, Proposition 5.18 characterizes
when the endomorphism ring of M is P-injective.

5.2. Kasch P-Injective Rings

We begin with a result showing that imposing the right Kasch condition on a
right P-injective ring makes the /eft socle essential on the left.

Proposition 5.19. Let R be a right P-injective, right Kasch ring. Then

(1) §; is essential in g R and
(2) 1(J) is essential in g R.

Proof. (1).1f0 % a € R, letr(a) C T, where T is a maximal right ideal. Then
1(T) € 1r(a) = Ra, and (1) follows because 1(T') is simple by Theorem 2.31.

(2). If 0 # b € R choose M maximal in bR and let 0 : bR/M — Ry be
monic. Then define y : bR — Rg by y(x) = o(x + M) so that y = ¢- for
some ¢ € R by hypothesis. Hence cb = (b + M) # 0 because b ¢ M and o
is monic. But chJ = y(bJ) = O because bJ € M, so0 # cb € RbN1(J), as
required. O

Proposition 5.20. The following conditions are equivalent for a semipertect,
right P-injective ring R:

(1) R is right Kasch.

(2) S, is essential in g R.

Proof. (2)=(1) is Lemma 1.48. Given (1), we have S, = 1(J) because R is
semilocal, so (2) follows from Proposition 5.19. O

In proving that a ring is quasi-Frobenius, it is a recurring problem to be
able to show that an injectivity condition on the right implies one on the left.
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The following result gives one situation where the Kasch condition makes this
happen, and it will be used several times throughout the book. The following
notion is involved: If n > 1 is an integer, a module My is called n-injective
if every map from an n-generated right ideal of R to M extends to R. Thus
the 1-injective modules are the P-injective modules. A ring R is called right
n-injective if Ry 1s an n-injective module.

Lemma 5.21. If R isright 2-injective and right Kasch, then R is left P-injective.

Proof. Given a, b € R such that 1(a) € 1(b), we must show that b € aR. If
b ¢ aR,let M /aR be amaximal submodule of (a R+bR)/aR.By the Kasch hy-
pothesis,leto : (aR+bR)/M — Rpg be monic, and definey : aR+bR — R
by y(x) = o(x + M). Since R isright 2-injective, y = c- forsome ¢ € R. Then
cb =y(b)=0(b+ M) # O0because b ¢ M. However, ca = 0 because a € M
and it follows that cb = 0 because 1(a) C 1(b), which is a contradiction. [

In view of Lemma 5.21 we hasten to give

Example 5.22. The Bjork example (Example 2.5) is right P-injective but not
right 2-injective.

Proof. In the notation of Example 2.5, let X # Y be one-dimensional F-
subspaces of F, and consider the (simple) right ideals X¢ and Y¢. Then y :
XtdYt — Xt givenby y(xt+ yt) = xt isright R-linear, as is easily checked,
butif y = (a + bt)-, where a,b € F, thenax = x anday = O forall x € X
and y € Y, which is a contradiction. O

5.3. Maximal Left Ideals

Recall that a module is called uniform if the intersection of any two nonzero
submodules is nonzero. (We adopt the convention that uniform modules are
nonzero.) We are going to characterize the maximal left ideals of a right P-
injective ring R in terms of the uniform principal right ideals u R. In this case
write

M,={xeR|r(x)NuR # 0}.

If xand y are in M, thenr(x + y) NuR 2 [r(x) NuR] N [r(y) NuR] # 0
because u# R 1s uniform. Hence M, is closed under addition and so is a left ideal
of R. In fact, we have the following lemma:
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Lemma 5.23. If R is right P-injective and u R is a uniform right ideal, then M,
is the unique maximal left ideal of R containing 1(u).

Proof. Clearly1(u) € M, # R.Itsufficestoshowthatif1(u) C L # R,where
Lisaleftideal,then L € M,.Butifa € L—M, thenuR Nr(a) = 0,soLemma
5.1 gives R = 1[uR N r(a)] = 1(u) + Ra < L, which is a contradiction.
Hence L € M,,, completing the proof. O

Note that if u R 1s simple then M, = 1(u) in Lemma 5.23.

Lemma 5.24. Let R be right P-injective and let W = u1 R ® - - - ® u, R, where
each u; R is a uniform right ideal. Suppose that M is a maximal left ideal of R
such that M # M,, for all uniformu R C R. Then there exists m € M such that
r(l —m) N W is essential in W.

Proof. Since M # M, letr(m) Nu;R =0, m € M. Then r(mu,) C r(u;),
so Ruy € Rmu; by Lemma 5.1. Thus (1 — m)u; = 0 for some m; € M, so
r(l —mp)Nu;R #0.Ifr(1 —m;)Nu; R # 0 foreveryi > 1 we are done be-
cause @7_,[r(1 — m) Nu; R]1 S W. If (say) r(1 — my) NuR = O then
(1 —my)u, R is uniform (being isomorphic to u> R), so M # M), Hence,
as before, (1 —m)(1 —m)u, = Oforsomem € M.If wewritem, = m—+m;| —
mm this gives (1 —my)u; = 0and (1 —my)u, = 0, whence r(1 —my)Nu; R #
0 for i = 1, 2. Continue in this way to obtain m € M such that r(1 — m) N
u; R # 0 for each i. The lemma now follows. O

Theorem 5.25. Let R be right P-injective and right finite dimensional. Then:

(1) A left ideal M of R is maximal if and only if M = M,, for some uniform
uR C R.
(2) R is semilocal.

Proof. By finite dimensionality, let W = u; R ® - - - @ u, R be essential in R,
where each u; R is uniform.

(1). Each M, is maximal by Lemma 5.23. If M is a maximal left ideal of R
not of the form M = M,, Lemma 5.24 shows that r(1 — m) N W is essential
in W for some m € M. Hence r(1 —m) C*° Rg,sol —m € Z, = J by
Theorem 5.14. Hence m is a unit, which is a contradiction. This proves (1).

(2).Letx e M,, N---NM,, . Then r(x) Nu; R # 0 for each i, whence r(x)
is essential in R (it contains @7_, [r(x) N u; R], which is essential in W). As
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before, this means that x € Z, = J. Hence M,, N--- N M, < J. This proves
(2) because the reverse inclusion follows from Lemma 5.23. O

Lemma 5.26. Let R be a right P-injective ring. If aR @& bR and Ra & Rb are
both direct, where a and b are in R, then 1(a) + 1(b) = R.

Proof. Define y : (a + b))R — R by y[(a + b)x] = bx. This is well defined
because aR N bR = 0, so y = c- is multiplication by an element ¢ € R by
Lemma 5.1. Thus c(a+b) = b, whence ca — (1 —c)b = 0. Since RaNRb =0
it follows that ¢ € 1(a) and (1 — ¢) € 1(b), as required. O

A ring R is called a right duo ring if all right ideals of R are two-sided,
equivalently if Ra C aR for all a € R.

Proposition 5.27. Let R be a right duo, right P-injective ring. The following
are equivalent:

(1) R has a finite number of maximal left ideals.
(2) R is right finite dimensional.

Proof. Given (2), R/J is semisimple artinian by Theorem 5.25. As R/ J inherits
the right duo condition, it is a finite product of division rings, and (1) follows.

Conversely, let My, ..., M, be the maximal left ideals of R; we show that
dim(Rg) < n. If not, assume that a;R & - - - ® a, R ® a,.1 R is direct, where
0 # a; € R for each i. We may assume that 1(a;) € M,;. Hence assume
inductively that 1(a;) € M; for 1 <i < k. The right duo hypothesis guarantees
that Ra; & Ray. is direct, so 1(ax.1) is not contained in M; for 1 <i < k
by Lemma 5.26. Hence we may assume that 1(a;y;) € My,,. It follows by
induction that, after relabeling the M;, 1(a;) € M; forl <i < n.Butl(a,;+;) C
M; for somei = 1,2, ..., n, which is a contradiction by Lemma 5.26. O

Note that the Bjork example is a right P-injective, left duo ring that is not right
finite dimensional, so the right duo hypothesis is essential for (2) in Proposition
5.27. Note further that if conditions (1) and (2) are both satisfied in Proposition
5.27, then R/J is a finite product of division rings and so, in addition, R has
only finitely many maximal right ideals.

Lemma 5.28. Let R be a right P-injective, left Kasch ring in which every
nonzero right ideal contains a uniform right ideal. Then every maximal left
ideal M has the form M = M, for some u € R such that uR is uniform.
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Proof. Given a maximal right ideal M, we have r(M) # 0 by the Kasch
condition, so let u R C r(M), where u R is uniform. By Lemma 5.23 it suffices
to show that M, € M. If x € M, then V = uR Nr(x) # 0and x € 1(V).
However, V C uR C r(M),so M C 1(V). Since M is maximal, it follows that
M =1(V), sox € M as required. O

Every nonzerorightideal in aring R has maximal essential extensions in R by
Zorn’s lemma. The next result identifies one situation when there is uniqueness.

Lemma 5.29. If R is aright P-injective, right duo ring then every nonzero right
ideal has a unique maximal essential extension in R.

Proof. Let 7 # 0 be a right ideal and assume that 7 € C and T C D are
maximal essential extensions. It suffices to show that 7 C** C + D. If 0 #
c+d e C+ D, we must show that (c + d)R N'T # 0. Suppose first that
(c +d)x(c) # 0. Then (c+d)RNdR # 0, so (c +d)RNT # 0 because
T < D. However, if (¢ + d)r(c) = O then (¢ + d) € 1r(c) = Rc € C by
Lemma 5.1 and the right duo hypothesis. Hence 0 # (¢ + d)R < C, so
(c+d)RNT # 0because T C*** C. O

If U is a uniform right ideal the maximal essential extensions of U are all
uniform and are the maximal members in the set of uniform extensions of U.
We call them maximal uniform right ideals.

Theorem 5.30. Let R be a right P-injective, right duo ring in which every non-
zero right ideal contains a uniform right ideal. Let {U; | i € I} denote the set
of all the maximal uniform right ideals of R. Foreachi € I let M; = {m € R |
r(m) N U; # 0}. Then the following statements hold:

(1) Each M; is a maximal left ideal.

(2) X;e;U; is direct and essential in Rg.

(3) The mapping U; — M, is one-to-one.

(4) If R is left Kasch, the map in (3) is a bijection.

Proof. (1). We have M; = M, for all 0 £ u € U; because U; is uniform, so
this follows from Lemma 5.23.

(2). By Zorn’s lemma let K C I be maximal such that W = @icx Ui
1s direct. It suffices to show that W C** Rpg. Suppose on the contrary that
WNT = 0, where T is a nonzero right ideal. We may assume that 7" is uniform
by hypothesis. By Lemma 5.29, let T C U; for a unique i € /. We claim that
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U; "W = 0, contradicting the maximality of K. Butif U; N W # 0 then, since
R is right duo, Proposition 5.17 shows that ®ycx (U; NUy) = U; N [@Brex U] =
U; "W # 0. Hence U; N Uy # 0 for some k € K. This implies that U; = Uy
by Lemma 5.29, which is a contradiction.

(3). Suppose that M; = M;, wherei # j. Then U; # U;,soU;NU; = 0 by
Lemma 5.29. Choose 0 # u; € U; and0 # u; € U;. Thenu; R ® u; R is direct,
whence Ru; @ Ru; is direct by the duo hypothesis. If 7 : u;, R@ u;R — u; R
is the projection, we have m = p- for some p € R by Lemma 5.16. Hence
pu; =u; and pu; = 0,500 # u; € r(p) N U,. This proves that p € M;, and
a similar argument shows that 1 — p € M;. This contradicts the assumption
that M; = M;.

(4). If M is a maximal left ideal then (by Lemma 5.28) M = M, for some
u € R with uR uniform. But uR C U, for some i € I, so M,, = M; because
u € U;. ]

5.4. GPF Rings

We now turn to the structure of semiperfect right P-injective rings. Recall that
aring R is called a right pseudo-Frobenius ring (right PF ring) if it is right self-
injective and semiperfect and S, C** Rpg. For convenience we call R a right
generalized pseudo-Frobenius ring (right GPF ring) if it is right P-injective and
semiperfect and S, C°° Rp.

Since right P-injective rings are all left minannihilator rings by Lemma 5.1,
the right GPF rings are exactly the right principally injective, right min-PF
rings. Hence many of the properties in the next theorem come from Chapter 3,
and we collect them here for reference.

Theorem 5.31. Let R be aright GPF ring. Then the following statements hold:

(1) R is right and left Kasch.

(2) S, = S;(= S) is essential in both Rg and gR.

(3) R is left finitely cogenerated.

(4) 1(S)=J =x(S) and 1(J) =S =r(J).

(5)J=2,=172.

(6) soc(Re) = Se is simple and essential in Re for every local idempotent
e € R.

(7) soc(eR) is homogeneous and essential in eR for every local idempotent
e € R.

(8) The maps K +— r(K) and T +— 1(T) are mutually inverse lattice isomo-
rphisms between the simple left ideals K and the maximal right ideals T .
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(9) If ey, ...,e, is a basic set of local idempotents, there exist elements
ki, ..., k, in R and a permutation o of {1, ..., n} such that the following
holdforalli =1, ..., n:

(&) klR - €,‘R and Rk, - Rem-.

(b) klR = eaiR/eaiJ and Rkl = Rei/Je,-.

(c) {kiR, ..., k,R}and {Rky, ..., Rk,} are complete sets ofdistinct repre-
sentatives of the simple right and left R-modules, respectively.

(d) soc(Rey,;) = Rk; = Se,; = Re;/Je; is simple and essential inRe,; for
eachi.

(e) soc(e; R) is homogeneous and essential in e; R, with each simplesub-
module isomorphic to e,; R/ey; J.

Proof. (1) follows from Theorem 3.24, so S, C** xR by Proposition 5.20.
Hence (9) follows from Theorem 3.24, except for soc(e; R) C** ¢; R in (d), and
this follows because S, C*° Ry by hypothesis. Moreover, S, = S; by Theorem
3.24,s50 S; C*° R R. Now (2) and (3) follow from (d).

(4). We have 1(S;) = J and r(S,) = J because R is left and right Kasch,
respectively, and 1(J) = §; and r(J) = S, because R is semilocal.

(5). We have J = Z, by Theorem 5.14, and Z; C J holds in any semiperfect
ring because Z; contains no nonzero idempotent. If a € J then S,a = 0, so
S € 1(a). Hence a € Z; by (2).

(6) and (7). If > = e is local, Re = Re; for some i and ¢eR = e; R for some
J, so (d) and (e) apply.

(8). This follows by Theorem 2.32. O

Corollary 5.32. If a right GPF ring R is actually right 2-injective, then R is a
left GPF ring.

Proof. R is left P-injective by Lemma 5.21; now use Theorem 5.31. O

Corollary 5.33. The following are equivalent for a right GPF ring R:

(1) R is left mininjective.
(2) R is a right minannihilator ring.
(3) soc(eR) is simple for all local idempotents e € R.

In this case R is right finite-dimensional.
Proof. (1)< (2). Given (1), R is a two-sided mininjective ring and S, = S; by

hypothesis, so (2) follows by Corollary 2.34. Conversely, given (2), R is a right
minannihilator ring in which S, = §;, so (1) follows from Proposition 2.33.
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(1)=(3). Given (1), R is a left minfull ring in which §, = §;, so (3) follows
from Theorem 3.12.

(3)=(1). We have S; = S, by Theorem 5.31, so eS; = ¢S, = soc(eR) for
every local e? = e. Hence (1) follows from Theorem 3.2.

Finally, the last sentence is because S, is finite dimensional by (3). O

Example 5.34. The Bjork example (Example 2.5) is a local, left artinian right
GPF ring R with J? = 0, but

(1) R isnot a left GPF ring (indeed R is not left mininjective) and
(2) the conditions in Corollary 5.33 are not satisfied.

5.5. Morita Invariance and FP-Injectivity

Unlike right self-injectivity and right mininjectivity, right P-injectivity is not a
Morita invariant. However we do have

Proposition 5.35. If R is right P-injective, so is eRe for all e> = e € R satis-
fying ReR = R.

Proof. Write S = eRe and let rg(b) C rg(a), where b, a € S. It suffices to
show that rz(b) C rr(a). (Thena € Rb by Lemma 5.1,s0a = ea € eRb =
Sb, as required.) So let bx = 0, x € R, and write 1 = >_" | p;eq;, where
Pi,qi € R. Then b(exp;e) = bxp;e = 0 for each i and so a(exp;e) = 0 by
hypothesis. Hence ax = >_"_| axp;eq; = 0, as required. O

Thus the reason that Morita invariance fails for right P-injective rings is that
this property does not pass from a ring R to the matrix ring M, (R). The next
result will be used to prove this and is of independent interest.

Proposition 5.36. If M, (R) is right P-injective then R is right n-injective.

Proof. Let y : T — Rp be R-linear, where T = bjR + bR + --- 4+ b, R is
an n-generated right ideal of R, and let B and B” denote the n x n matrices
with first row [by by ---b,] and [y(by) y(b2) - - - y(by,)], respectively, and all
other entries zero. If BX = 0 with X € M,(R) then BYX = 0, so BY €
1r(B) = M,(R)B by hypothesis. If BY = CB, where C = [¢;;] € M,(R), it
follows that ¥ = cy;- 1s multiplication by cy;. d

Example 5.37. Being right P-injective and being a right GPF ring are not
Morita invariant properties.
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Proof. If P-injectivity were a Morita invariant, then every right P-injective ring
R would be right n-injective for every n > 1 by Proposition 5.36. But the Bjork
example is a right P-injective ring that is not right 2-injective by Lemma 5.21.
Hence right P-injectivity is not a Morita invariant. Since the same ring is a right
GPF ring that is not right 2-injective, the same argument shows that “right GPF
ring” is also not a Morita invariant. O

In view of Example 5.37, the rings R for which every matrix ring M,(R)
is right P-injective become of interest. It turns out that they satisfy a stronger
injectivity condition: They are right FP-injective rings. Before studying these
rings, we investigate the corresponding condition in an arbitrary module.

A module Qg is called FP-injective (or absolutely pure) if, for any finitely
generated submodule K of a free right R-module F, every R-linear map K —
Qr extends toamap Fr — Qp. Clearly every injective module is FP-injective.
If R is aregular ring, every right R-module is FP-injective because every finitely
generated submodule of a free module is a summand (by Theorem B.54 and
Corollary B.49).

We are going to give several characterizations of these FP-injective modules,
and the following matrix notation will be employed. Write M" and M, for the
direct sum of n copies of the module M, written as row and column matrices,
respectively, and write M,,,(R) for the set of all m x n matrices over R. As we
frequently discuss R-linear maps from R,;, or R" to some module, the following
lemma will be used repeatedly. Let {e;} and {e;} denote the canonical bases of
R, and R" respectively.

Lemma 5.38. If R is a ring, then the following statements hold:

(1) Every R-linearmapy : R, — Mpg is matrix multiplicationy = m- by some
rowm € M".

(2) Every R-linear map y : R" — g M is matrix multiplication y = -m by some
columnm € M,.

Proof. Given y as in (1), let y(¢;) = m; for 1 < i < n. If we write r =
[ri---r]” then y(r) = y(Ze;ri) = Smyr; = ir, where m = [my - --m,].
Thus y = m-, proving (1). The proof of (2) is analogous. O

Results about FP-injectivity are scattered throughout the literature, and many
have homological proofs. The following theorem gives elementary proofs of
several properties of FP-injective modules that will be needed later. Recall that
an R-module My, is said to be finitely presented if M = F /K, where Fy, is free
and both F and K are finitely generated.
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Theorem 5.39. The following are equivalent for a right module Qg:

(1) Qg is FP-injective.

(2) If Kr C R, is finitely generated, then every R-linearmap K — Qg extends
toR,.

(3) If g € Q" and A € M,(R) satisty rg (A) C rg (G), then g = XA for
some x € Q".

(4) If g € Q" and A € M,,,«n,(R) satisty rg (A) C rg, (G), theng = XA for
some x € Q™.

(5) If L € My and M/ L is finitely presented, then every R-linear map L — Q
extends to M.

Proof. (1)< (2). This is clear.

(2)=(3).Givenrg,(A) C rp,(q), letc; denote column j of A. Then AR, =
Yjc;R is a finitely generated R-submodule of R,, and our hypothesis shows
that o : AR, — Qp is well defined by a(Ar) = gr. So (2) gives o = X- for
some x € Q". If we write g = [q; - - - q,] € Q", we get

q; =qe; = a(Ag;) = a(c;) = X¢;.

Hence, § = [Xc,---Xc,] = X[c, ---¢,] = XA, as required.

(3)=(4). Letrg (A) C rg (G), where A ism x n. If m = n there is nothing
to prove. If m < n, let A’ =[] be n x n. Then rg,(A) = rg,(A) C g, (),
so(3)givesg = yA' =[x Z][g] =XxAforsomey =[x Zz]e Q" x e Q™.
However, if m > nwelet A" =[A 0] bem x m. Then

rRm(A/) = {[§j| |£ € R, NS Ry—n, AEZ O}

= [rg;(j)} c [l;g;(i)] =rg,[q O],

By (3) there exists ¥ € Q" suchthat[g 0] =xXA’=[xA O0]. Thusg = XA.

(4H)=(2). Let K = Ejzlij C R,and let y : K — Qg be R-linear. We
must extend y to R,. Write y(c;) =q; € O, =[q1---gn] € O™, and A =
[c;---¢,] € Myxu(R). Then y(Ar) = gr forallr € R,,sorg, (A) S rg, (q).
Thus (4) gives ¥ € Q" such that § = XA. Hence ¢g; = Xc; for all j; that is,
y(gj) = X¢; for each j. Hence y = Xx-, as required.

(1)< (5). Clearly (5)=(1), so assume (1) and suppose o : L — Q is R-linear
asin(5).Leto : F/K — M/L be an isomorphism where F is free and both F’
and K are finitely generated, andletw : F — F/K and0 : M — M /L be the
coset maps. As F is projective there exists 8 : F — M suchthatfof = o om.
If m € M then (since o o 7 is onto) we have 8(m) = o o (f) = 60 o B(f) for
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some f € F. Thusm — B(f) € ker = L, so M = B(F) + L. Moreover,

F
p L
/ F/K
o

ML M/L=0

0 opB(K)=o0omn(K)=0because K = kerm, so B(K) C ker6 = L. It
followsthataxof : K — Qisdefinedandso, by (1),xof extendstod : FF — Q.
AsM = B(F)+ L, defined : M — Q by &[B(f)+1] =(f)+ a(l). It suf-
fices to show that § is well defined (since then & extends «). Butif 8(f)+[ =10
then B(f) € L = ker8,s00 =6 o B(f) = o o (f). Since o is one-to-one,
this gives m(f) = 0,s0 f € kerm = K. Thus §(f) = a o B(f) = a(-]) =
—a(l), as required. This proves (5). O

It follows easily from (2) in Theorem 5.39 that a direct sum Q = ®,¢; Q; is
FP-injective if and only if each Q; is FP-injective. It also follows from the
definition that the union of an ascending chain of FP-injective submodules of
some module is again FP-injective. Since 0 is FP-injective, this means that every
module contains maximal FP-injective submodules.

5.6. FP-Injective Rings

Our interest is in the right FP-injective rings, that is, the rings R for which
Rp is an FP-injective module. Examples include regular and right self-injective
rings. The right FP-injective rings turn out to be exactly the rings R that have
the property that M, (R) is right P-injective for every n > 1. Before proving
this, we state a useful annihilator lemma giving conditions that a submodule of
a bimodule is an annihilator.

Lemma 5.40. Given a bimodule g Mg, the following conditions are equivalent
for rkK C rM:

(1) rs(K) C rg(m), m € M, implies thatm € K.
(2) 1yrs(K) =K.
(3) K = 1,(X) for some subset X C §.

Proof. (1)=12).If m € 1yrs(K)thenm - rg(K) = 0, so rg(K) C rg(m).
Hence (1) implies that 1,rs(K) € K; the reverse inclusion always holds.
(2)=(3). This is clear.
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B)=1). If rg(K) € rg(m) then 1yrg(m) € 1yrg(K). This gives (1)
because m € 1yrg(m)and 1, rs(K) = K by (3). O

The right FP-injective rings admit a number of characterizations in addition
to those in Theorem 5.39.

Theorem 5.41. The following are equivalent for a ring R:

(1) R is right FP-injective.

(2) Ifay, a, ..., a, and b in R" satisfy N;rg (a;) C rg (b), thenb € Z; Ra;.

(3) Ifn > 1 and R K C R" is finitely generated, then K = 1x.(X) for some set
X C M, (R).

(4) M, (R) is a right P-injective ring for eachn > 1.

Proof. (1)=(2). Given the situation in (2), let A € M,,.,(R) be the matrix
with the a; as its rows. Then rg (A) = N;rg, (a;) C TR, (b) by hypothesis, so
b = %A for some ¥ € R™ by (1) using Theorem 5.39. If X = [x| X2 X, ]
then b = X;x;a; € ¥; Ra;, as required.

2)=@3). Let K = Ra; + --- + Ra,, < R" as in (3). Then rM,,(R)(K) =
MNiTar,(r)(@;), so (2) asserts that ry, (z)(K) C rMn(R)(l_)) implies b € K. Now
(3) follows from Lemma 5.40 with M = g R" j1,(r).

(3)=@4). Given A € M,(R), let a; denote row i of A and write K =
Ra;+---+ Ra, € R". Then (3) gives K = 1z:(X) for some set X € M, (R).

K 1rn(X)
ButM,(R)A=| : | = : = 1y, r)(X), so (4) follows by Lemma 5.1.
K 1gn(X)

(4)=>(1). Suppose rg (A) C rg (b), where b € R". If B is the matrix with
every row equal to b, then g, (A) C rg, (B), so (4) gives B = X A for some
matrix X € M, (R). Hence b = XA, where X denotes the first row of X. Thus
Ry 1s FP-injective by Theorem 5.39, proving (1). O

If A e M,,,(R)and b € R™, the system of linear equations ¥ A = b over R is
called consistent if Ar =0, r € R,, implies br = 0; thatis, rg (A) C rr (D).
Hence we can restate (2) in Theorem 5.41 in the following way: R is right FP-
injective if and only if every consistent system X A = b over R has a solution X.

Corollary 5.42. Being right FP-injective is a Morita invariant.

Proof. This follows from condition (4) of Theorem 5.41 and Proposition 5.35.
(It also follows from Corollary 5.44 below.) O



114 Quasi-Frobenius Rings

Clearly right FP-injective rings are all right P-injective. We record some other
properties for reference.

Corollary 5.43. If R is right FP-injective then:

(1) R is right F-injective.
(2) 1r(L) = L for all finitely generated left ideals L of R.

Proof. (2) is clear from Theorem 5.41, as is (1) using Proposition 5.36. O

Recall that a module M is called torsionless if, given 0 = m € M, there
exists A € hom(M, R) such that A(m) # 0, equivalently if M can be embedded
in a direct product of copies of R. Using Theorem 5.41 we can now give an
elementary proof of the following result.

Corollary 5.44. A ring R is right FP-injective if and only if every finitely
presented left R-module is torsionless.

Proof. Assume that R is right FP-injective. If x K is a finitely generated sub-
module of R", say K = Ra; +- - -+ Ra,,, we mustembed R"/K — (zR)' for
some set I . Equivalently, if b € R",b ¢ K, we must find y : R — ;R such
that Ky = 0 and by # 0. Suppose no such y exists so that Ky = 0 implies
by = 0. Using Lemma 5.38, this means Nt (;) = rg,(K) C rg,(b). But
then b € K by Theorem 5.41(2), contrary to hypothesis.

Conversely, suppose M;rg (G;) C rg, (b), where @; and b are in R", and
write K = X;Ra;. If b ¢ K then the condition gives y : R” — ;R such that
Ky = 0and by # 0. But y = -c for some ¢ € R, by Lemma 5.38, and so
c € rg (K) = Nirg (a;) < ar(l_J). Hence 0 = bc = by, which is a con-
tradiction. Thus R is right FP-injective by Theorem 5.41. O

Example 5.45. The Camillo example (Example 2.6) yields a commutative,
local, semiprimary FP-injective ring with simple essential socle, that is not
self-injective and not noetherian.

Proof. Let R = spang{l, m, x|, x5, ...} denote the Camillo example, where
F is any field and the x; are commuting indeterminants satisfying the relations
x} = 0forall i, x;x; = 0foralli # j, and x> = m for all i. We must
prove that R is FP-injective but not self-injective. To prove FP-injectivity, let
y : K — R be R-linear, where K is a finitely generated submodule of R,;
we must show that y extends to R, — R. Let K = E;”ZIQ iR, where b =
[b1j byj -+ by j]T € R,. Then the elements {b;;, y (b j)} are all contained in the
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subring § = spang{l,m, x1, ..., x;} of R for some k. This ring § is clearly
artinian, and the argument in Example 2.6 shows that S is mininjective. Hence
S is quasi-Frobenius by Ikeda’s theorem (Theorem 2.30). If we write Ky =
X" b S, this means that the restriction y : Ko — S extendstoy : S, — S.
Thus there exists ¢ € S” such that = ¢- is (matrix) multiplication by the row
¢. Butthen ¢- : R, — R extends y, as required. Hence R is FP-injective.
Finally, if F = Z, we show that R is not self-injective.? Define y : / — R
by y(a) = a*foralla € J.Then y is Z-linear because char(R) = 2. Moreover,
y(ar) = a*r* = a*r = y(a)r because J> =0andr?> —r € J (as R/J = 7).
Hence y is R-linear and y(J) = Z,m is simple. If R is self-injective, then
y = c- for some ¢ € R. It follows that (c —a)a = O foralla € J. Hencec € J
(otherwise ¢ — a is a unit), say ¢ = em + X', &;x;, where ¢, &; € Z,. But then
m = x,f +1 = Y&ny1) = cxpq1 = 0, which is a contradiction. Hence R is not
self-injective. O

FP-injectivity is not a left-right symmetric property of rings.
Example 5.46. There exists aleft FP-injective ring that is not right FP-injective.

Proof. A ring R is called a right IF-ring if every injective right R-module is
flat. These rings have been studied by Colby, who showed [41, Theorem 1] that
R is a right IF-ring if and only if every finitely presented right R-module is
isomorphic to a submodule of a free module. In particular, every right IF-ring
is left FP-injective by Corollary 5.44. Colby [41, Example 2] considers the
algebra R over a field F with basis {1}U{e; | i > 0}U{x; | i > 1} such that 1 is
the unity of R and, for all i and j, e;e; = §;jej, xie; = &; j11xi, eixj = 8;;X;,
and x;x; = 0. He shows that R is a right IF-ring, and so R is left FP-injective.
But he also verifies that the R-linear map x; R — egR with x| — ey cannot
be extended to R. Hence R is not right P-injective and so is certainly not right
FP-injective. O

We note in passing that in [41, Example 3] Colby also shows that every Bezout
domain is FP-injective, and he proves [41, Example 1] that the trivial extension
R = T(Z,Q/Z) is a commutative FP-injective ring R for which R/J = Z is
not regular.

The fact that right FP-injectivity is a Morita invariant (Corollary 5.42) enables
us to prove a remarkable symmetry property of this condition. We remind the
reader that “right Kasch” is a Morita invariant (a ring R is right Kasch if and
only if every semisimple right R-module embeds in a projective right module).

2 In fact R is not self-injective for any field F. Since R is commutative and semiprimary but not
artinian, it is not self-injective by Theorem 6.39, to be proved in Chapter 6.
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Theorem 5.47. Suppose that R is right Kasch and right FP-injective. Then R
is left FP-injective.

Proof. Write S = M, (R); by Theorem 5.41 it is enough to show that S is left
P-injective for any n > 1. But Corollary 5.42 shows that S is right FP-injective
and hence (by Corollary 5.43) is right 2-injective, and that S is right Kasch.
Thus S is left P-injective by Lemma 5.21. O

The Kasch hypothesis is essential in Theorem 5.47 by Example 5.46. Note that
any nonartinian regular ring (for example an infinite direct product of fields)
is left and right FP-injective, but it is neither left nor right Kasch [because a
regular ring that is left (right) Kasch is semisimple].

The next result collects some facts about right Kasch, right FP-injective rings
that will be needed later.

Proposition 5.48. Let R be right Kasch and right FP-injective. Then the fol-
lowing hold:

(1) r1(T) =T and 1xr(L) = L if T and L are finitely generated right, respec-
tively left, ideals of R.

(2) A leftideal K # 0 is minimal if and only if r(K) is maximal.

(3) If aright ideal T # R is maximal then 1(T') is minimal.

4 S, =S8, C grR,andJ = 7, = Z,.

(5) It 1(T) = 1(S), where T and S are right ideals, with T finitely generated,
thenT = §.

(6) If gL is a finitely generated left ideal, then r(L) is small in Ry if and only
if L C° g R.

(7) If Ty is a finitely generated right ideal, and 1(T) is small in xR, then
T C° Rg.

Proof. Observe first that R is left FP-injective by Theorem 5.47.

(1). This follows from Corollary 5.43.

(2) and (3). Because of (1), (3) and the forward implication in (2) follow
from Theorem 2.32. If r(K) is maximal and 0 # k£ € K, then r(K) C r(k),
whence r(K) = r(k). Thus kR is minimal, whence Rk is minimal (because R
is right mininjective). But K € 1r(K) = 1r(k) = Rk by (1), and so K = Rk
is a minimal left ideal. This completes the proof of (2).

(4). We have S, = S; by Theorem 2.21 because R is left and right mininjec-
tive.If0 #a € R, letr(a) C T C"* Rg.Then(1)gives Ra = 1r(a) 2 1(T),
s0 5; €% R R by (3). Since R is left and right P-injective, the rest is by Theorem
5.14.
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(5).First S Crl(S) =r(T)=Tby(1).If SCTletS T MI"*T (as
T is finitely generated), and leto : T/M — R be monic. If ¢ : T — R is
defined by «a(t) = o(t + M) then o« = a- is left multiplication by a € R by
Corollary 5.43. Thus a$S = a(S) = 0 because S C M, soa € 1(S) = L(T).
ButaT = «(T) # 0 because T gZ M. This is the desired contradiction.

(6). If r(L) is small, let L N Rx = 0, x € R. Since R is right F-injective
(by Corollary 5.43) and L is finitely generated, the Ikeda—Nakayama lemma
(Lemma 1.37) gives R = r(L N Rx) = r(L) 4+ r(x). Hence r(x) = R, and so
x = 0. This shows that L C€** Rg. Conversely, if r(L) + T = R then

0=1[r(L)+T] =1r(L)NL(T) D L N L(T).

Hence 1(7T) = 0 by hypothesis, so T = R by the right Kasch condition.

(7). Let T " xR = 0, where x € R and T is a finitely generated right ideal.
As in the proof of (6), the Ikeda—Nakayama lemma gives 1(7) + 1(x) = R.
Thus 1 (x) = R by hypothesis, so x = 0. O

In connection with (2) and (3) of Proposition 5.48, note that Theorem 2.32
implies that if R is right Kasch and right FP-injective then the maps K — r(K)
and T +— 1(T) are mutually inverse bijections between the minimal left ideals
K of R and the maximal right ideals T" of R.

The main application of the symmetry property in Theorem 5.47 is to prove
Theorem 5.56 in Section 5.8, which shows that the condition that a ring is
semiperfect, right Kasch, and right FP-injective is left-right symmetry. Sur-
prisingly, the ring is only required to be semilocal, so we digress briefly to in-
vestigate semilocal rings.

5.7. Semilocal Mininjective Rings

In Chapter 3 we studied semiperfect, right mininjective rings with essential
right socle as a natural generalization of the right pseudo-Frobenius rings. In
this section we examine the situation when the ring is only assumed to be
semilocal, derive several new results about semilocal rings, and apply them to
obtain some finite dimensionality conditions for right mininjective rings that
will be needed in Section 5.8. Recall that a ring R is called semilocal if R/ J is
semisimple. We begin with the following lemma:

Lemma 5.49. A semilocal, right and left mininjective ring is right Kasch if and
only if it is left Kasch.

Proof. If R is a semilocal ring, let n denote the number of isomorphism classes
of simple right (or left) R-modules. If R is right Kasch, let {k; R, ..., k, R}, k; €
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R, be a system of distinct representatives of the simple right R-modules. Then
Theorem 2.21 shows that each Rk; is simple (because R is right mininjective),
and it suffices to show that { Rk, ..., Rk,} consists of pairwise nonisomorphic
right ideals. But Rk; = Rk; implies k; R = k; R because R is left mininjective
(again by Theorem 2.21), and so i = j as required. O

Note that, in the notation of Lemma 5.49, the proof shows that {Rky, ..., Rk,}
1s a complete system of representatives of the simple left modules if and only
if {kiR, ..., k,R} 1s a complete system of representatives of the simple right
modules.

Recall Lemma 1.36, which states that if 7 and 7" are right ideals in a ring R
such that R-linear maps 7'+ T’ — R extend to R — R, then

(T NTY=1T)+ L(T.

We are going to use this several times, often in the case 7 + T’ = R. The first
application develops a description of S, in an arbitrary semilocal ring that is of
interest in its own right.

Proposition 5.50. Let R be a semilocal ring. Then either S, = 0 or we have
S, = 1r(ky) + - - - + 1r(k,), where each k; R is a simple right ideal.

Proof. Since R is semilocal S, = 1(J)and J = T; N --- N T, where each
T; 1s a maximal right ideal. Assume » is minimal, so that no 7; contains the
intersection of any of the others. In particular 71 +M; £ T; = R, so Lemma 1.36
gives S, = 1(J) = L(T1) + L(Nis1 T7). But Nix1 T; = To N (Nj212T7), s0

Sy = L(Ty) + 1(Nix1 T;) = L(T) + [L(T2) + L(Niz12T)]

as before. Continuing we obtain S, = 1(Ty) + - - - + 1(T;,). If S, # 0 we may
assume that 1(7;) £ O for each i. In this case, choose 0 # k; € 1(T;). Then
T; C r(k;) # R,soT; = r(k;)andk; R = R/T; is simple. Hence 1(T;) = 1r(k;)
for each i, as required. O

Note that the ring Z,) shows that S, can be zero even if R is local, commutative,
and noetherian.

We can ensure that S, # 0 by insisting that R is right Kasch, and the result
1s a characterization of semilocal rings in terms of simple right ideals.

Theorem 5.51. Assume that a ring R satisfies r(S,) = J (for example if R is
right Kasch). Then R is semilocal if and only if S, = 1r(k) + --- 4+ 1r(k,),
where k; R is a simple right ideal of R for eachi.
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Proof. Assume that S, = 1r(ky) + - - - + 1r(k,) as given. Then we obtain
J=1x(S) = [T/ 1rk) ] = N rlrk) = N r(k;).

Hence R is semilocal because r(k;)is maximal for eachi. Since S, # 0 [because
r(S,) = J], the converse follows by Proposition 5.50. O

Theorem 5.52. If R is semilocal and right mininjective then S, is finitely
generated and semisimple (possibly 0) as a left R-module.

Proof. If S, = O there is nothing to prove. Otherwise, Proposition 5.50 gives
S, = 1r(ky) + - - - + 1r(k,), where k; R is a simple right ideal of R for each i.
Hence S, = Rk + --- + Rk, by right mininjectivity, and each Rk; is simple
by Theorem 2.21, as required. O

Corollary 5.53. IfR isasemilocal, right and left mininjectivering, then S, = §;
is finitely generated as a left and as a right R-module.

Proof. S, = S; because R is right and left mininjective (Theorem 2.21), so the
result follows from Theorem 5.52. O

In Corollary 5.53 the assumption that R is left mininjective gives S; C S,.
This outcome also follows from the requirement that S, C*** x R. If we add this
to the hypotheses in Theorem 5.52, we obtain

Proposition 5.54. Suppose R is a semilocal, right mininjective ring in which
S, € gR. Then S, = §; is finitely generated and essential as a left ideal. In
particular, R is left finite dimensional.

Proof. Wehave S; C S, because S, C** xR, and S, C S, because R is right mi-
ninjective. Hence S, = §;; it is finitely generated on the left by Theorem 5.52,
and it is essential in g R by hypothesis. O

5.8. FP Rings

We now return to the right-left symmetry of right Kasch, right FP-injective
rings.

Proposition 5.55. If R is left finite dimensional and right Kasch, then R is
semilocal.
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Proof. By the Camps—Dicks theorem (Corollary C.3) it suffices to show that
any monomorphismo : g R — gR isepic. Observe first that R is a left C2 ring
by Proposition 1.46, so o(R) C® rR because o is monic, say R = o (R)® K.
Apply o againto get R = 0*(R) @ 6(K) ® K. If K # 0, this process can
continue indefinitely because g R is finite dimensional, so K = 0. O

We now come to the main symmetry theorem for right Kasch, right FP-
injective rings. Surprisingly, the ring is only assumed to be semilocal.

Theorem 5.56. The following conditions are equivalent for a ring R:

(1) R is semilocal, right FP-injective, and right Kasch.

(2) R is semilocal, left FP-injective, and left Kasch.

(3) R is semilocal and right FP-injective and J = xri{ky,...,k,}, where
{ki,...,k,} € R.

(4) R is semilocal and left FP-injective and J = 1{my,...,m,}, where
{mq,...,m,} C R.

(5) R is right finite dimensional, right FP-injective, and right Kasch.

(6) R is left finite dimensional, left FP-injective, and left Kasch.

(7) R is left finite dimensional, right FP-injective, and right Kasch.

(8) R is right finite dimensional, left FP-injective, and left Kasch.

Moreover, the elements k; and m; in (3) and (4) can be chosen so that each of
Rk;, kiR, Rm;, and m; R is simple.

Proof. (1)< (2). If R satisfies (1), it is left FP-injective by Theorem 5.47. Thus
R 1s right and left mininjective, right Kasch, and semilocal, so it is left Kasch
by Lemma 5.49. Hence (1)=>(2); the converse is analogous.

(1)< (6). Given (1) we have S; = S, C** xR by Proposition 5.48. Since S,
is finite dimensional as a left R-module by Theorem 5.52, it follows that R
is left finite dimensional. This proves (6) because we have proved (1)< (2).
Conversely, (6)=>(2) by Theorem 5.25.

(1)< (3). Given (1), we have J = r(S,) because R is right Kasch. But the
proof of Theorem 5.52 shows that S, = Rk; + --- + Rk,, k; € R, with Rk;
simple. Hence J = r(S,) = r{ky, ..., k,}, proving (3). Conversely, let K be
a simple right R-module; we must show that K embeds in Rg. As R/J is
semisimple, K embeds in R/J as a right R/J-module and hence as a right
R-module. But (3) implies that R/J is R-embedded in (Rg)". Thus K embeds
in (Rg)" and hence in R.

(1)< (7). We have (1)=(7) because we have already proved (1)=-(6), and
(7)=(1) by Proposition 5.55.
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(2)<4), (1)<(5), and (2)<(8). These are analogues of (1)< (3), (2)<(6),
and (1)< (7), respectively.

Finally, the k; in the proof of (1)=>(3) were chosen with k; R simple, and then
Rk; is simple because R is right mininjective. A similar argument works for
le' and m; R. ]

Remark. The proof of (3)=>(1) in Theorem 5.56 shows that if R is semilocal
and J = r{ky, ..., k,} then R is right Kasch.

Since “right Kasch” and “semilocal” are Morita invariants, the rings identified
in Theorem 5.56 form a Morita invariant class by Corollary 5.42.

All right PF rings are semiperfect by Theorem 1.56, and this fact is used
frequently in the literature. Hence we restrict our attention to the semiperfect
rings that satisfy the conditions in Theorem 5.56. Accordingly, aring R is called
an FP ring if it is semiperfect and satisfies any of the equivalent conditions in
Theorem 5.56. These FP rings admit additional characterizations that show
(using Theorem 1.56) that they are simultaneously a natural generalization of
both the right and left PF rings.

Theorem 5.57. The following conditions are equivalent for a ring R:

(1) R is an FP ring.
(2) R is semipertfect and right FP-injective and S, C°** Rp.
(3) R is semipertect and left FP-injective and S; C** g R.

Proof. (1)=>(2) is clear from Part (4) of Proposition 5.48. Given (2), R is right
P-injective and so R is right (and left) Kasch by Theorem 5.31. Hence (1)< (2);
(1)<(3) is analogous. O
Since “semiperfect,” “right Kasch,” and “right FP-injective” are all Morita
invariant properties, we have

Theorem 5.58. The class of FP rings forms a Morita invariant class.

Recall that if M is a module, the socle series soci (M) C soc,(M) C --- are
submodules defined by setting soc;(M) = soc(M) and, if soc,(M) has been
specified, by defining soc,, (M) by

soc,r1(M)/soc,(M) = soc[M/soc,(M)].
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Recall further that a module is said to be finitely cogenerated if it has a finitely
generated, essential socle.

Proposition 5.59. If R is any FP ring, write S = S, = S;. Then the following
hold:

(1) soc(eR) = eS and soc(Re) = Se are simple for all local ¢*> = e € R.

(2) R is left and right finitely cogenerated.

(3) If{ey, ..., e,} is a basic set of local idempotents in R, there exist elements
ki,...,k, in R and a permutation o of {1, ..., n} such that the following
holdforalli =1,...,n:

(a) Sk; = soc(Rey;) = Re;/Je; and k; S = soc(e;R) = e,; R /ey J.
(b) {kiR, ..., k,R} and {Rky, ..., Rk,} are sets of distinct representatives
of the simple right and left R-modules, respectively.

(4) soc,(Rg) = soc,(gR) = 1(J") =x(J") foralln > 1.

Proof. Because R is two-sided minfull, (1), (2), and (3) follow from Proposition
3.17 and the fact that S is essential in both Rz and g R. Finally, since R is
semiperfect with S, = §;, (4) is Lemma 3.36. O

A module M is called finitely continuous if it satisfies the C2-condition and
every finitely generated submodule is essential in a direct summand of M; a
ring R is called right finitely continuous if Ry is a finitely continuous module.

Proposition 5.60. Every FP ring is left and right finitely continuous.

Proof. Every finitely generated right (or left) ideal is essential in a direct sum-
mand by Corollary 5.43 and Lemma 4.2. Moreover, R satisfies the right and left
C2-conditions by Proposition 5.10. Hence R is right and left finitely continuous.

0

We can now give more characterizations of the FP rings in terms of the min-
CS condition introduced in Chapter 4. Recall that a ring R is called right finitely
cogenerated if S, is finitely generated and essential in Rg.

Theorem 5.61. The following conditions are equivalent for a ring R:

(1) R is an FP ring.
(2) R is right Kasch, right FP-injective, and left min-CS.
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(3) R is left Kasch, left FP-injective, and right min-CS.
(4) R is right FP-injective, right finitely cogenerated, and right min-CS.
(5) R is left FP-injective, left finitely cogenerated, and left min-CS.

Proof. By the symmetry of (1), we prove only (1)<(2) and (1)<>(4). Moreover,
Proposition 5.60 gives (1)=(2) and (1)=(4).

(2)=(1). Given (2), R is semiperfect by Theorems 2.31 and 4.8, so R is an
FP ring by Theorem 5.57.

(4)=(1). It suffices by Theorem 5.57 to show that R is semiperfect. Since
R is right finite dimensional, write S, = K| @ --- & K,,, where each K; is
a simple right ideal. By the min-CS condition, let K; <** ¢;R for each i,
iz = ¢; € R. Since the K; are uniform it follows by induction that
E=¢e R®---®e,R is adirect sum. But R is right P-injective, hence right C2
by Proposition 5.10, and hence right C3 by Lemma 1.21. It follows by induction
that £ is a direct summand of Rg. But £ C*® Ry because S, C**° Rpg, SO
E = R. Since monomorphisms Rz — Ry are epic (by Lemma 5.13 as R is

I-finite), R is semiperfect by Lemma 4.26. O

where ¢

It will be proved in Theorem 6.39 that a right perfect, right and left self-
injective ring is quasi-Frobenius. As a consequence, Faith has conjectured that
every left perfect, left (or right) self-injective ring is quasi-Frobenius. This
conjecture remains open even for a semiprimary, local, right self-injective ring
with J3 = 0. We are going to study this conjecture in the presence of the FP-
injectivity condition, and we require some preliminary results. The first of these
gives a necessary and sufficient condition for the Jacobson radical of an FP ring
to be finitely generated.

Proposition 5.62. Let R be an FP ring, and write S, = S; = S. Then R/S
is finitely cogenerated as a right (left) R-module if and only if J is finitely
generated as a left (right) R-module.

Proof. Suppose R/S is right finitely cogenerated. Since S, is finitely generated
by Proposition 5.59, R/S is finitely presented, and hence it is right torsionless
by Corollary 5.44 (as R is left FP-injective). Thus it follows from Lemma
1.51 that there exists an embedding o : R/S — (R")g for some n > 1. If
c(1+S8)=1(a,...,a,),a; € R,then § =r{ay,...,a,}. Because R is right
FP-injective, we have 1(S) = 1r{ay,...,a,} = X_, Ra; by Corollary 5.43.
But J = 1(S) because R is left Kasch (being an FP ring), so J = X! | Ra; as
required.
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Conversely, if g J is finitely generated, then S = r(J) = r{ay, ..., a,} with
a; € R. It follows that R/S < (R")g. But R is right finitely cogenerated
by Proposition 5.59; hence (R")y is finitely cogenerated, whence R/S is right
finitely cogenerated. O

We are going to give some conditions that a left perfect, right FP-injective
ring is quasi-Frobenius, and some facts about right T-nilpotence will be needed.
Recall that a set A is called right T-nilpotent if given any set aj, ap,...in A
there exists an integer n such that aja, ---a, = 0. And A is called locally
nilpotent if, for any finite subset ' € A, there exists an integer N such that
any product of N elements of F' is zero.

Lemma 5.63. Every right T-nilpotent set A in a ring is locally nilpotent.

Proof. If A is not locally nilpotent, let X = {x;, x2, ..., x,} € A be such that,
for each i > 1, there exists a product x;;x;2 - --x;; # 0, x;; € X. Since | X]|
is finite, every infinite subset of X has infinitely many equal elements. Thus,
looking at column 1 of the array, there exists r; and an infinite set /; of natural
numbers such that x;; = x,, for alli € I;, and min(/;) > 1. Looking at the
corresponding entries in column 2, there exists r, and an infinite set I, € I;

0 # x11

0 # x21x22

0 # Xx31X32X33

0 # X41X40X43X44

such that x;» = x,, foralli € I,, and min(l;) > 2. We thus obtain infinite sets
Iy 2 I, O --- and integers ry, ry, - - - such that

L, <1l,—1, min(l,)>m and x;, =x, foralli € [,.

Consider the sequence x,,, X,,, X,,, ... from X € A. Given any m > 1, fix
i € I,. Theni > m and x, x,, - - - x,, = X;1Xi2 - - - Xy 7 0 because the product
Xi1Xi2 - Xim - - - Xii 7 0. This contradicts the T-nilpotency of A. O

As a consequence of Lemma 5.63 we obtain the following results about
ideals.
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Lemma 5.64. Let A be an ideal of R that is right or left T-nilpotent and is
finitely generated as a right or left ideal. Then A is nilpotent.

Proof. Let X = {x|,x»,..., x,} generate Ag or gA. By Lemma 5.63 there
exists an integer m such that the product of any m elements of X is zero. If A =
xiR+---+x,R, and if ay, ay, ..., a, are in A, the product a,a; - - - a,, takes
the form ayas - - - ay = Xy X Xi, -+ Xi, V(i iy....i,,) fOU €lements rg, 4, i) € R
because A is a left ideal. Hence A™ = 0. A similar argument works if A =
Rxi + -+ Rx,. L]

Lemma 5.65. Let A be an ideal of R such that A/ A? is right finitely generated,
and let Mg be a module.

(1) If M/MA is finitely generated then MA/MA? is finitely generated.
(2) In particular A*/A**! is right finitely generated for all k > 1.

Proof. Write A = X" ,a;R + A% a; € A, and assume that M = E?Zlij +
MA, m; € M. Then

MA = 35_im;A+MA> = 25 im;(Z]_ a;R + A*) + MA®
= ¥5_\ 2 mja; R + MA?,

which shows that MA /MA? is finitely generated. This proves (1), and (2) follows
from (1) by induction. O

Theorem 5.66. Let R be a left perfect, right FP-injective ring. Then:

(1) R is quasi-Frobenius if and only if soc;(R) is finitely generated as a right
R-module.

(2) R is quasi-Frobenius if and only if R/soc(R) is finitely cogenerated as a
left R-module [where soc(R) means S, = S;].

(3) If R is also right perfect, then R is quasi-Frobenius if and only if soc;(R)
is finitely generated as a left R-module.

Proof. Note first that R is an FP ring by Theorem 5.57 because left perfect
rings have essential right socle. Write § = S, = ;.

(1). Since R is left perfect, R/S has an essential right socle. But then
R/S is finitely cogenerated as a right R-module because soc,(R) is right
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finitely generated. Hence zJ is finitely generated by Proposition 5.62, so J
is nilpotent by Lemma 5.64. Thus R is semiprimary, so each J*/J**! is
semisimple as a left module. But then each J*/J**! is artinian on the left
by Lemma 5.65, so R is left artinian. Hence R is quasi-Frobenius by Theorem
3.31.

(2). Proposition 5.62 shows that J is finitely generated, so R is right artinian
as in (1). Since R is two-sided mininjective, it is quasi-Frobenius by Theorem
3.31.

(3). Now R is right perfect, and so R/S has an essential left socle. Hence the
hypothesis shows that R/S is left finitely cogenerated, and the result follows
from (2). O

5.9. Group Rings

If G is a group and R is a ring, the group ring RG is the free R-module on G
as basis, with multiplication determined by the ring and group axioms and the
requirement that rg = gr forallr € R and g € G. Hence

RG = {X¥,cca,8 | ag € R}
where a, = 0 except for finitely many g.If 4 € G, the projectionny, : RG — R

given by 7, (X,cga,8) = ay 1s right and left R-linear. We write 7y = 7 and
note that, if x € RG, then m,(x) = w(xh™") and

X = Boeame(x)g = Zeecm(xg g (*)

We use this formula to prove the following important theorem.

Theorem 5.67 (Connell’s Theorem). If G is a finite group the group ring RG
is right self-injective if and only if R is right self-injective.

Proof. Assume that R is right self-injective, and let y : ¥ — RG be RG-
linear, where Y € RG is a right ideal. Then w oy : ¥ — R is right R-
linear, so (as Rg is injective) extend m o ¥ to A : RG — R. Now use A
to define @ : RG — RG by a(x) = Z,egAi(xg)g™!. Then « is RG-linear
because

a(xh) = Z)geg)»(xhg)g_1 = Yiechxkk~h = a(x)h
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for all 7 € G. Finally, o extends y. If y € Y then (*) gives

a(y) = TeeM(y)g ™ = Zpeamly(yg)lg™

= Yeegmly(y)gle™
= e[y (y)m™'Im
= y(y).

1

Hence RG is right self-injective. Conversely, if y : T — R is R-linear where
T C R,definey : TG — RG by y(Xt,g) = Xy(t,)g. This is RG-linear, so
y = x-forsome x € RG.Henceifr € T, wehave y(t) = y(t) = xt = w(x)t,
so ¥y = m(x)-. Thus R is right self-injective. O

The next result explores the situation for P-injective rings. A group is called
locally finite if every finitely generated subgroup is finite.

Theorem 5.68. Let G be a group, let R be a ring, and let RG denote the group
ring.

(1) If RG 1is right P-injective then R is right P-injective and G is locally
finite.
(2) If R isright self-injective and G is locally finite, then RG is right P-injective.

Proof. (1). Suppose that rg(a) € rg(b), where a,b € R. Then rgg(a) C
rrg(b), so a € RGD by hypothesis. It follows that a € Rb, proving that R
is right P-injective. Recall that the augmentation ideal of RG is defined by
w(RG) = {X4eca,8 | Lgega, = 0}. To show that G is locally finite, it su-
ffices to show that the subgroup (H, g) generated by H and g is a finite group
whenever g € G and H is a finite subgroup of G. We have o(RH) = Xy (1 —
h)RH = 1lpy(y), where y is the sum of the elements of the finite group H.
Define x = (1 — g)y so that rgs(y) € rre(x).

Claim. Trg(y) # TrG(X).

Proof. Otherwise RGx = RGYy by hypothesis, so write y = zx = z(1 — g)y,
where z € RG. It follows that [1 — z(1 — g)] € 1gg(y) = RG w(RH). But
thenl € RG(1 —g)+w(RH) € w(RG), which is a contradiction. This proves
the Claim.

Sochoose z € rrg(x)suchthatz ¢ rrg(y). Then yz £ Oand (1—g)yz = 0.
Since (1 —h)y = Oforallh € H, thisgives (H, g) C{he G| (1—h)yz =0},
a finite group by a result of Passman [190, p. 105].
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(2). Let rrg(y) € rrg(x), where y, x € RG. Because G is locally finite,
there is a finite subgroup H of G such that y,x € RH. Hence rgy(y) =
rre(Y) N RH C rrg(x)N RH = rpy(x). Since RH is right self-injective by
Connell’s theorem, this implies that x € RHy € RGYy. This proves (2). O

Corollary 5.69. If F is a field and G is a group, the following are equivalent:

(1) FG is right P-injective.
(2) G is locally finite.
(3) FG is left P-injective.

Example 5.70. If R is right P-injective and G is finite, RG need not be right
P-injective.

Proof. The Bjork example R is a right P-injective ring, and we may assume
that 6 is a unit in R and that R contains a primitive cube root of unity. If G = S5
1s the symmetric group of order 6, we have RG = R x R x M,(R). [Indeed, if
h € G hasorder3and e = %(1 + h + h?), then e is a central idempotent in RG,
RGe = R x R, and RG(1 —e) = M,(R).] Hence if RG were right P-injective
then M,(R) would be right P-injective, whence R would be right 2-injective by
Theorem 5.36, contrary to Example 5.22. O

Notes on Chapter 5

The right P-injective rings were first discussed in 1952 by Ikeda [102]. The
equivalence of the first two conditions in Lemma 5.1 was noted by Ikeda and
Nakayama [104].

The theorem that J = Z, in any right principally injective ring (Theorem
5.14) has been extended by Page and Zhou [188, Theorem 2.2]. Proposition
5.15 is due to Rutter [199].

The commutative case of Proposition 5.17 is due to Camillo [26] who, in
addition, shows that if R is a commutative, finite dimensional, P-injective ring,
then R has finitely many maximal ideals. In Proposition 5.27, we show that
finite dimensionality is in fact equivalent to having finitely many maximal
ideals, assuming only that R is right duo. In fact, many results in Section 5.3
stem from [25].

The fact that every right module over a regular ring is FP-injective comes
from two theorems of Zelmanowitz in 1972: The direct sum of regular modules
is regular [236, Theorem 2.8], and every finitely generated submodule of a free
module over a regular ring is a direct summand [236, Theorem 1.6].
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The equivalence of (1) and (4) in Theorem 5.41 was privately communicated
to the authors by Puninski. The result in Corollary 5.44 is due to Jain [105], and
the usual proof is homological. For detailed information on FP-injectivity we
refer the reader to the book by Stenstrom [208]. The argument in Lemma 5.64
is adapted from Lam [132]. Statement (1) in Theorem 5.66 is an extension of a
result of Clark and Huynh [36].

The theorem that, for a finite group, the group ring RG is right self-injective
if and only if R is right self-injective was proved in 1963 by Connell [43]. In
1971 Renault [195] showed that G must be finite if RG is right self-injective
and, in 1975, Farkas [69] showed that, if F is a field, F G is right P-injective if
and only if G is locally finite.
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Simple Injective and Dual Rings

We now introduce another class of right mininjective rings that seems to effec-
tively mirror the properties of right self-injective rings. A ring R is called right
simple injective if every R-linear map with simple image from a right ideal to R
extends to R. Examples include right mininjective rings and right self-injective
rings, but there are simple injective rings that are not right P-injective, and there
exist right simple injective rings that are not left simple injective. If R is right
simple injective, so also is e Re, where e is an idempotent satisfying ReR = R,
but simple injectivity is not a Morita invariant [we characterize when M, (R) is
right simple injective].

We show that a simple injective ring R is right Kasch if and only if every
right ideal is an annihilator and, in this case, that R is left P-injective, soc(eR)
1s simple and essential in eR for every local idempotent e in R, and R is left
finite dimensional if and only if it is semilocal. In fact, if R is semiperfect, right
simple injective and soc(eR) # 0 for every local idempotent e (the analogue
of the right minfull rings), then R is a right and left Kasch, right and left
finitely cogenerated, right continuous ring in which S, = §;(= §) and both
soc(eR) = eS§ and soc(Re) = Se are simple and essential in eR and Re,
respectively, for every local idempotent e in R. Furthermore, it is shown that a
semiprimary ring is right self-injective if and only if it is right simple injective,
and we conjecture that a left perfect, right simple injective ring is right self-
injective. Finally, we show that a ring R is quasi-Frobenius if and only if R
is a left perfect, left and right simple injective ring; if and only if R is a right
simple injective, right Goldie ring with S, C** Rpg; if and only if R is a left
perfect, right simple injective ring in which soc;(R) is countably generated as
a left R-module.

Kaplansky called a ring a dual ring if every one-sided ideal is an annihilator.
We show that the simple injective rings are closely related to these dual rings.
After giving a short proof that every dual ring is semiperfect, we show that R

130
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is a dual ring if and only if R is a two-sided Kasch, two-sided simple injective
ring; if and only if R is a semiperfect, two-sided simple injective ring with
soc(eR) # 0 for every local idempotent e in R. Furthermore, after developing
some properties of AB5* modules and rings, we show that every dual ring is
right and left quotient finite dimensional. We then show that R is a left and right
PF ring if and only if M,(R) is a dual ring, and that R is quasi-Frobenius if and
only if it is a right semiartinian dual ring.

Finally, we call a ring R a right Ikeda—Nakayama ring (a right IN ring) if
LT NT")=1(T)+ 1(T’) for all right ideals 7' and T’ of R. These rings are
closely related to the dual rings: A ring R is a dual ring if and only if R is a
right and left IN ring and the dual of every simple right R-module is simple.
Moreover, we show that every right IN ring is right quasi-continuous and that
aring R is right self-injective if and only if M,(R) is a right IN ring. In fact, R
is quasi-Frobenius if and only if R is a left perfect, right and left IN ring.

6.1. Examples

A ring R is called right simple injective if, for every right ideal T of R, every
R-linear map y : T — R with y(T) simple extends to R, thatis, if y = c-is
left multiplication by an element ¢ of R. Here is another characterization that
will be needed.

Lemma 6.1. A ring R is right simple injective if and only if an R-linear map
y : T — Rp extends to R — Rz whenever T is a right ideal of R and y(T)
is semisimple and finitely generated.

Proof. Assume that R is right simple injective. If y(7T) = 0 then y = 0-. Oth-
erwise, let y(T) = K| @ - - - & K,,, where the K; are simple right ideals. If 7; :
y(T) — K; 1s the projection, let r; o y = ¢;-, where ¢; € R by hypothesis. It is
routine to verify that y = (¢; + - - - + ¢,,)-, as required. O

In particular, if R is right simple injective and 7 is a finitely generated right
ideal of R, then every R-linear map T — S, extends to R.

Every ring with zero right socle is right simple injective, so every domain is
right simple injective (if the socle is not zero it is a division ring). Thus Z is a
commutative, noetherian, simple injective ring that is not self-injective. Since
every right simple injective ring is clearly right mininjective, Example 6.2 shows
that the following inclusions are strict:

{right self-injective} C {right simple injective} C {right mininjective}.
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Example 6.2. If the field is taken to be Z,, the Camillo example R (Example
2.6) is a commutative, local ring with J3 = 0 that is mininjective with simple
essential socle but is not simple injective.

Proof. Recall that R = Z,[1, m, x, x,, ...], where the x; are commuting in-
determinants satisfying the relations x; = O foralli, x;x; = Oforalli # j, and
xi2 = m for all i. Hence J = spangz,{m, x;,x2, ...}, R/J = Z; and J3=0.
Moreover, soc(R) is simple and essential in R by Example 2.6. Finally, R is
not simple injective by the argument in Example 5.45 because, in the notation

of that example, y(J) = Z,m is simple. O

We give an example later of a left simple injective ring that is not right simple
injective.

Proposition 6.3. A direct product I1;c; R; of rings is right simple injective if
and only if R; is right simple injective for eachi € I.

Proof. If R x Sisrightsimple injective, itis routine to show that the same is true
of R and S. Conversely, write R = I1;<; R;, assume that each R; is right simple
injective, and let y : T — R be R-linear, where y(T') is simple. Let 0; and 7;
be the canonical inclusion and projection maps for R. For each k € I, write
ér = or(1) and define Ty = {x € Ry | ox(x) € T}, aright ideal of R;. Then
ox(Ty) € T because,ifx = () € T, t € T, thenoy(x) = té, € T.Hence the
map yx = 7y or : I — Ry is defined and Ry-linear, and y;(T;) C mi[y(T)]
is zero or simple as a right ideal of R; because 7 is a ring homomorphism.
By hypothesis y, = c¢i- for some ¢, € R;. Now let t = (t;) € T and write
y(t) = § = (s;). Then each t, € T, because o(ty) = téx, so yor(ty) =
y(tex) = se; = ox(sy). Hence city = yi(tx) = myyor(ty) = mrox(sy) = s for
eachk € I.If ¢ = (c¢;) € R, we obtain ¢f = § = y(f). As this holds for all
t € T, we have y = ¢-, as required. O

Example 6.4. If R is aring for which S, = eR for a central idempotent e, then
R 1is right simple injective by Proposition 6.3 because eR is semisimple and
soc[(1 —e)R] =0.

Recall that aring is called right universally mininjective if every right module
is mininjective, equivalently if K2 # 0 for every simple right ideal K of R (see
Theorem 2.36).
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Example 6.5. If R is aright universally mininjective ring in which every idem-
potent is central, then R is right simple injective. In particular, every semiprime
ring with all idempotents central is right and left simple injective.

Proof. If y : T — Ry has y(T) simple then y splits because y (T) is projective
(by hypothesis),say T = K @ P,where K = ker(y)and P = y(T). Then P =
eR, ¢ = e, again by hypothesis. If ¢ = y(e), then cp = y(p) forall p € P,
and cK = 0 because e is central. It follows that y = c-, as required. O

Since Z is simple injective but not P-injective, Example 6.2 shows that there
is no inclusion relationship between the right simple injective rings and the
right P-injective rings. The following example presents a non-self-injective
commutative ring with both properties.

Example 6.6 (Clark Example). We construct acommutative ring R with ideal
lattice

0=RvyCRvyyCRvnC---CVC---CRp>CRpCR,
where p and v;, i > 0, satisfy pvy = vy forallk > 1, and where V is the only

nonprincipal ideal. Thus R is local with simple, essential socle. Furthermore,
R is P-injective and simple injective, but not self-injective.

Proof. Let D be adiscrete valuation ring, thatis, acommutative integral domain
with ideal lattice 0 C --- C Dp" C --- C Dp* C Dp C D.[Forexample D =
Ly, with p a prime, or D = F[[x]], with F any field (and we take p = x).]
If we write U for the group of units of D, then Dp"*! — Dp" = Up" and the
field of quotients is Q = {up* | k € Z, u € U}.

Claim 1. The lattice of D-submodules of p Q that contain D is
DcDp'cbDp?c---cO.

Proof. Clearly D ¢ Dp~™' ¢ Dp™2> Cc --- C Q.If D € pA # Q then
there exists m > O such that p™ € Aand p~"*) ¢ A. Ifx € A — Dp™"
write x = up*, k > 1, u € U. Then p* € A, so k < m, whence x =
(up™*)p~™ € Dp~™. This proves Claim 1.

Now define pV = Q/Dandv,, = p™+D eV, m>0(sovg=14+D =
0). Then pv; = vy_; for each k > 1 and we have

Claim 2. 0 = Dvy C Dvy C Dv, C --- C V is the D-submodule lattice of
pV;and pV is a divisible module (and hence is injective).
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Proof. We have Dv,, = Dp™™ /D, so Dvy € Dv; € Dv, € --- € V by
Claim 1. It is routine to verify that v,,; ¢ Dv,,. If 0 # d € D we must show
thatdV =V.Letd = up*,u e U,n > 0.1f v = dyv,,, d; € D, thenv = dw,
where w = u~'d v,4,. This proves Claim 2.

Now let R be the trivial extension of D by V; thatis, R = D & V, where
the multiplication is defined by (d 4+ v)(d’ + v') = dd’ + (dv’ + d'v). Then
Rv,, = RO+ v,) = 0& Dv,, forall m > 0, and Rp" = R(p" +0) =
Dp" @ V forall n > 0 because V = p"V by Claim 2.

Claim 3. 0 = Rvy C Rvy C Rv, C---CV C--- C Rp> C Rp C R is the
ideal lattice of R.

Proof. If A is anideal of R, A # 0, R, assume firstthat A C V. If Ag = {v €
V]10+ve A}then Ag =V or Ag = Dv,, for some m by Claim2,s0 A =V
or A = Rv,,. However, if A Q 0 + V consider the ideal A, of D defined by
Ai={de D |d+v e Aforsomev € V}.Since A # R, wehave A; = Dp",
n > 1. Then A = Dp" & V because V is divisible; that is, A = Rp". This
proves Claim 3.

Hence R is “almost” a principal ideal ring. But V' is not finitely generated by
Claim 2 because V = %, Rv,, = U,,Rv,,. However, R is P-injective; indeed
every ideal is an annihilator. In fact one verifies that

Rv,, = r(Rp™)and Rp™ = r(Rv,,) forallm >0, andr(V)=V.

Since every ideal except V is principal, and since V has no simple image (no
maximal submodule), this shows that R is simple injective. However, R is not
self-injective. Indeed y : V — R is well defined by y (0 + dv,,) = 0+ dv,,,
because v,,_; = pv,,. A routine computation shows that y is R-linear and that
y = c- is impossible for ¢ € R. So R is not self-injective. O

Observe that in Example 6.6 we have R/V = D, R/Rv,, = R forallm > 0,
and R/Rp" = D/Dp" for eachn > 0.

6.2. Matrix Rings
We begin with a characterization of when the ring 7,,(R) of upper triangular ma-
trices over R is right simple injective. Surprisingly it is equivalent to right min-
injectivity.
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Proposition 6.7. The following are equivalent for a ring R:

(1) T,(R) is right simple injective for every n > 2.
(2) T,(R) is right simple injective for some n > 2.
(3) T,(R) is right mininjective for some n > 2.

“4) S, =0.

(5) soclT,(R)r,r)] =0 foreveryn > 1.

Proof. The implications (5)=(1)=>(2)=(3) are clear.

(3)=(4). Let e;; denote the standard matrix unit. If kR is simple, k € R, then
K = e, kR is a simple right ideal of 7,,(R) and we define y : K — T,(R)
by y(e1n x) = ey, x. Then y 1s T,,(R)-linear, so y = C-, C € T,(R), by (3).
Hence ¢,,,, k = C e;,,k, so k = 0 because n > 2, which is a contradiction. This
proves (4).

(4)=(5). Write T,, = T,,(R) and proceed by inductiononn > 1. Thecasen =
1 is (4). In general, if a7, is simple, where @ = [a;;] € T,, we show a = 0,
a contradiction. Write @ = [“6‘ ;«], whereZ € T,_yand y € R" . Ifa;; # 0
it follows easily that a;; R is simple (since a7, is simple), contrary to (4).
Hence a;; = 0. It remains to show that y = 0 since then a = [8 (Z)] and so
aTl, = [8 ?TS_l ]- It follows that 27, is simple, so Z = 0 by induction, as
required. So we show that y = 0.

We have y = [a12 a3 ---ai,]. If a1; # 0 we show that a;; R is simple,
contrary to (4). Let 0 # ay;r € ay;R. If we write Ej = d(ej;r) then 0 #
b; € aT, and so, as before, aT, = b;T,. This implies that & € b, T,, whence
aij € ajjrR, as required. d

Although the right simple injective rings do not form a Morita invariant class,
they do have the following property.

Proposition 6.8. Let R be right simple injective. Ife*> = e € R satisfies ReR =
R, then eRe is right simple injective.

Proof. Write S = eRe andlet y : T — § be S-linear, where T is a right ideal
of S and y(T) is S-simple. Define y : TR — Rg by y(Xt;r;) = 2y (t)r;.

Claim. y is well defined and y (T R) is simple as a right R-module.

Proof. Let Xt;r; =0.If r € R we get 0 = Xt;r;re = Xt;i(er;re), whence 0 =
Yy(t)(erire) = [Zy(t;)r;]re. It follows that Xy (¢;)r; = 0 because ReR = R,
so y is well defined. But then (T R) = y(T)R = KR, where we write
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K = y(T). Choose 0 # k € K so that K = kS because Ky is simple. Then
KR =kSR CkR C KR, so KR = kR and we must show that kR is simple.
Suppose that 0 % kr € kR. Then kr ReR # 0, so there exists b € R such that
0 # krbe = (ke)rbe € kS. Since kS = K 1s S-simple, we get krbeS = kS, so
k € krbeS C krR. This proves the Claim.

Because R is right simple injective, the Claim gives y = c-, where ¢ € R. If
t € T then

y(t) =ey(t) =ey(t) = e(ct) = (ec)t = (ec)et = (ece)t.

It follows that y = (ece)-, as required. O

We will show later (Example 6.21) that right simple injectivity is not a Morita
invariant.

If C is aclass of rings closed under isomorphisms and under R + e Re, where
e> = e € Rand ReR = R, itis not difficult to show that Cy = {R | M,,(R) € C
for all n > 1} is the largest Morita invariant class contained in C. If C is the
class of all right P-injective rings, then Cy is the important class of all right FP-
injective rings by Theorem 5.41. By analogy, the class Cy is of interest when C
is the class of right simple injective rings. The next result characterizes when
the matrix ring M, (R) is right simple injective for a particular value of n. As
before, let R,, denote the set of n x 1 column matrices over R.

Theorem 6.9. The following conditions are equivalent for a ring R and an in-
tegern > 1:

(1) M, (R) is right simple injective.

(2) For each right R-submodule T of R,,, every R-linearmapy : T — R with
y(T) simple can be extended to R,, — R.

(3) Foreachright R-submodule T of R, every R-linearmapy : T — R, with
v (T) simple can be extended to R,, — R,,.

Proof. We prove it for n = 2; the general argument is analogous.

(H)=2). Giveny : T — Rg, where T C R, and y(T) = K is simple,
consider the right ideal T = [T T] of M>(R). The map 7 : T — M,(R)
defined by y[x;, x,] = [y%l) y%z)] is M,(R)-linear and 7(T) = [Ig Ig] is a
simple right ideal of M,(R). By (1) we have y = C-, where C € M;(R), so
y = C-, where ¢ is the first row of C.

(2)=(3). Given (2), consider y : T — R,, where T C R, is a right R-
submodule and y(T) is R-simple. If 7; : R, — R is the ith projection, then
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;v (T) 1s zero or simple, so (2) provides an R-linear map y; : R, — R extend-
ing 77; o y. Then § : R, — R, extends y, where 7(x) = [y1(x) y»(x)]? for all
X € R;.

(3)=(1). Write S = M,(R), and consider y : T — Sg, where T is a right
ideal of S and y(T) is S-simple. Then T" = [Ty Ty], where Ty = {x € R, |
[x O] € T} is aright R-submodule of R,. Moreover, the S-linearity of y shows
that y[x 0] = [y 0] for some y € R;, and writing y = yy(x) yields an R-linear
map ¥y : T —>_R2 such that )7[{ 0] = [yo(x) 0] for all x € Ty.

Claim. yy(Tp) is R-simple.

Proof. Let 0 # y € y(Tp), say y = yo(x). Then 0 # [y 0] = y[x 0] € y(T).
If Y, € vo(Tp) then [X1 0] € y(T), so, since y(T) is S-simple, there exists
B = [Z lc’] € Ssuch that [y 0] = [y 01B = [ya yb]. Hence y, = ya € yR,

which proves the Claim.

Given the Claim, yy extends to an R-linear map y : R, — R, by (3). Hence
p = C- for some matrix C € §. If [x y] € T it follows that

01

ylx y1 = [ro(x) 0] + [ (y) O] [0 0

] =[Cx Cy]=Clx yl.
In other words, y = C-, and (1) is proved. O

Motivated by Theorem 6.9, we call an R-module Mg simple quasi-injective
if, for any submodule X € M, any R-morphism X — M with simple image
extends to an R-morphism M — M. Thus a ring R is right simple injective
if and only if Rg is a simple quasi-injective module. More generally, Theorem
6.9 gives the following corollary:

Corollary 6.10. The following are equivalent for a ring R:

(1) M, (R) is right simple injective for everyn > 1.
(2) Every finitely generated free right R-module is simple quasi-injective.

The rings satisfying these conditions are a Morita invariant class.
The following property of simple quasi-injective modules will be used later.

Lemma 6.11. If My is a simple quasi-injective module and end(M) is local,
then soc(M) is either O or simple and essential in M.
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Proof. Suppose soc(M) # 0, and let K € M be simple. If 0 # T € M is a
submodule, it suffices to show that K € 7. If not, define y : K @ T — M by
y(k +1t) = k. By hypothesis, let y € end(M) extend y. Then (1), — y)(k) =0
for each k € K, so 7 ¢ J[end(M)]. Hence 9 is invertible in the local ring
end(M), so the fact that (7)) = 0 means T = 0, contrary to assumption. [J

If My is simple quasi-injective and N C® M then Ny is also simple quasi-
injective. Indeed, if X € N and y : X — N has simple image then y extends
toy : M — M,som o(i/\w) : N — N extends y, where m : M — N is any
projection.

Proposition 6.12. Let R be a right simple injective ring.

(1) If e is a local idempotent in R then soc(eR) is either zero or simple and
essential in eR.

(2) If R is semiperfect, the following conditions are equivalent:
(a) soc(eR) # 0 for each local idempotent e.
(b) S, is finitely generated and essential in Rp.

Proof. The module eR is simple quasi-injective by the preceding remark, and
end(eR) = eRe is a local ring. Hence (1) follows from Lemma 6.11.

If1 =e +---+ e,, where the ¢; are orthogonal local idempotents, then
S, = @7_,s0c(e; R) and (a)=>(b) follows from (1). The converse is clear. O

6.3. The Kasch Condition

Note first that the Kasch condition is independent of simple injectivity. Indeed,
the ring Z of integers is simple injective (it has zero socle) but not Kasch,
whereas the ring in Example 6.2 is a commutative, local Kasch ring that is not
simple injective.

If R is a semiperfect, right simple injective ring with soc(eR) # 0 for each
local idempotent e, then R is right minfull, and hence it is right (and left) Kasch
by Theorem 3.12. However, the Kasch condition is much stronger in a right
simple injective ring R, as the next result shows.

Lemma 6.13. The following conditions are equivalent for a right simple injec-
tive ring R:

(1) R is right Kasch.

(2) If X €™ T, where T C R is aright ideal, then X = T N r(c) for some
c €R.

(3) r1(T) = T for every right ideal T of R.
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(4) r1(T) = T for every essential right ideal T of R.
(5) T is a direct summand of r1(T) for every right ideal T of R.
(6) Every right ideal of R is a direct summand of a right annihilator.

Proof. (1)<(2).If X and T are as in (2),leto : T/ X — R be monic by (1),
and definey : T — Rby y(t) = o(t + X). Then y = c- for ¢ € R by simple
injectivity, so X = {t € T | ¢t = 0} = T Nr(c). For the converse, take T = R
in (2) to show that r1(X) = X for every maximal right ideal X of R.

(H=@). Always T Crl(T).ltbex(T)—T letT € M <" (bR+T).
By the Kasch hypothesis leto : (bR + T)/M — R be monic, and then define
Yy :bR+T — Rbyy(x)=o0(x+ M). Since im(y) = im(o) is simple, right
simple injectivity gives y = c-, where ¢ € R. Hence ¢cb = (b + M) # 0
because b ¢ M. Butift € T then ¢t = o(t + M) = 0 because T < M, so
c € 1(T). Since b € r[1(T)] this gives cb = 0, which is a contradiction.

(3)=(4). This is obvious.

(4)=(5). If T is a right ideal of R, there exists a right ideal C such that
THCC® RgbyLemma l.7.Hence T Crl(T) Crl(T & C)=T & C by
(4),sorl(T) =T & [C Nrl(T)] by the modular law.

(5)=(6). This is obvious.

(6)=(1). If T <™ Rp, we show that T is itself a right annihilator [which
gives (1)]. Let T & K = r(X) by (6), where K is a right ideal. If K = 0 we
are done; if K # Othen T @& K = R, so there exists ¢*> = e € R such that
T =eR=1x(1—e¢). O

Using Lemma 6.13, we list a number of properties of the right Kasch, right
simple injective rings for reference later.

Proposition 6.14. Let R be a right simple injective, right Kasch ring. Then R
has the following properties:

(1) r1(T) = T for every right ideal T of R.

(2) R is left P-injective, and hence right and left mininjective.

3) S =385.

4 J=27Z =1x(S,).

(5) 1(J) & rR.

(6) If e* = e is local then soc(Re) is simple and essential in Re.

(7) For the following conditions, we have (c)=(a)< (b):
(a) soc(eR) # 0 for each local e* = e € R.
(b) soc(eR) is simple and essential in eR for each local e* = e € R.
(c) R is left Kasch.
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Proof. (1) is part of Lemma 6.13, and shows that R is left P-injective because
rl(aR) = aR for each a € R (see Lemma 5.1). This gives (2), which in turn
implies (3) by Theorem 2.21. As to (4), we have J = Z; because R is left
P-injective (by Theorem 5.14), and r(S,) € J because R is right Kasch (the
other inclusion always holds).

(5).Let0 # b € R. Since b R has maximal submodules,lety : bR — R have
simple image by the Kasch condition. Then y = c¢- by simple injectivity, socb =
v (b) # 0 whereas cbJ C y(bR)J € S,J =0.Thus 0 # cb € RbN1(J).

(6). We have 1(J)e = [eR/eJ]* by Lemma 3.1. Since eR/eJ is simple
(because e is local), and since R is right mininjective and right Kasch, it follows
by Theorem 2.31 that 1(J)e is a simple submodule of soc(Re). Hence (3)
gives 1(J)e C soc(Re) = §; N Re = Sie = S,e € 1(J)e. It follows that
soc(Re) = 1(J)e is simple; it is essential in Re by (5).

(7). Clearly (b)=>(a), and the converse follows from Proposition 6.12. To
show that (c)=>(a), observe that e¢ - r(J) = [Re/Je]*, so e - r(J) is simple
because e is local, and R is left Kasch by (c) and left mininjective by (2). This
proves (a). O

We know (Proposition 5.55) that any left finite dimensional, right Kasch ring
i1s semilocal. The next theorem provides a converse in the presence of right
simple injectivity.

Theorem 6.15. Let R be right simple injective and right Kasch. Then
R is left finite dimensional if and only if R is semilocal.
In this case R has the following properties:

(1) S, = S is finitely generated and essential both as a right and a left R-
module.

(2) R is left Kasch.

(3) soc(eR) is simple and essential in eR for each local e* = e € R.

(4) soc(Re) is simple and essential in Re for each local e* = e € R.

(5) dim(gR) = length[(R/J)R].

Proof. The forward implication holds without the simple injective hypothesis
by Proposition 5.55. Conversely, if R is semilocal then S, = 1(J). By Propo-
sition 6.14, S, = §; = 1(J) C*° g R and R is right and left mininjective. But
then S, is finitely generated as a left R-module by Theorem 5.52. In particular,
R is left finite dimensional.
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(1). We have already seen that S, = §; €** gR. The fact that §, = §; is
finitely generated on both sides follows from Theorem 5.52 because R is semi-
local and two-sided mininjective. That S, C** Ry is shown in (3).

(2). Since R is semilocal, right and left mininjective, and right Kasch, it is
left Kasch by Lemma 5.49.

(3) and (4). These follow from (2) and Proposition 6.14.

(5). Observe that 1(J) = [Rg]*, where we write R = R/J. But Ry is semi-
simple by hypothesis, say Rg = @, K;, where each K; is a simple right R-
module. Hence

S =8 =1J)Z[Rr]" = [®_ K] = ®]_ K/

Since each K is simple (because R is right mininjective and right Kasch), and
since S; €% g R, this shows that dim(zxR) = dim(gS;) = n = length(Rg).
U]

We now turn to the semiperfect right simple injective rings and study the
analogue of the right minfull rings. This is a class of right simple injective rings
in which both Kasch conditions must hold. Recall that a module M is called
finitely cogenerated if soc(M) is finitely generated and essential in M.

Theorem 6.16. Assume that R is a semiperfect, right simple injective ring in
which soc(e R) # 0 for every local idempotent e of R. Then the following hold:

(1) R is right and left Kasch.

(2) S, = §;, which we denote as S.

(3) r1(T) =T for all right ideals T of R, so R is left P-injective.

(4) R is right continuous.

(5) soc(eR) = eS and soc(Re) = Se are simple and essential in eR and Re,
respectively, for every local idempotent e € R.

(6) If ey,...,e, are basic local idempotents then {e;S,...,e,S} and
{Sey, ..., Se,} are systems of distinct representatives of the simple right
and left R-modules, respectively.

(7) R is right and left finitely cogenerated.

8) Z, =7,=1J.

Proof. As R is right minfull, it is a right and left Kasch ring by Theorem 3.12,
proving (1). Then (2) and (3) follow by Proposition 6.14. Moreover, S, C°* Rg
by Proposition 6.12, so (2) and (3) imply that R is aright CS ring by Lemma 4.2.
This proves (4) because R is a right C2 ring by Proposition 1.46. Since R is left
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mininjective by (3), Theorem 6.15 and (1) show that R is also left minfull. Hence
Proposition 3.17 proves (6) and shows that soc(eR) = eS and soc(Re) = Se
are simple for every local idempotent e. With this, Proposition 6.14 completes
the proof of (5).

Since R is semiperfect, 1 is a finite sum of orthogonal, local idempotents, so
(5) implies that S is finitely generated and essential in both R and g R. This is
(7). Finally, Z, C J because R is semiperfect, and J C Z, because S C*° Ry
(since JS = 0). Hence Z, = J; similarly Z; = J. O

6.4. Dual Rings

Following Kaplansky a ring R is called a dual ring if r1(T) = T for all right
ideals T, and 1r(L) = L for all left ideals L. The name comes from the fact
that, in such a ring, the maps 7 +—— 1(T) and L —— r(L) give a duality
between the right ideals 7" and the left ideals L of R. The following proposition
contains some of the most important features of dual rings. Surprisingly, they
are all semiperfect.

Proposition 6.17. Let R be a dual ring. Then the following hold:

(1) If{T; |i € I} and{L; | i € 1} are sets of right and left ideals of R, respec-
tively, then

1NicrTi] = Zief1(T;) and  r[Nie/L;] = Zierx(L;).

(2) R is semiperfect.

(3) Every R-linear map from a right (respectively left) ideal of R to R with
finitely generated image is given by left (respectively right) multiplication
by an element of R. In particular, R is right and left F-injective and right
and left simple injective.

Proof. (1). 1(Nie;T;) = 1[NieirU(Ty)] = 1r[Xi; 1(T})] = X L(T;). The
proof of the other equation is similar.

(2). We show that every right ideal T of R has a supplement in R (that is, a
right ideal 7’ minimal with respect to T + 7' = R) and apply Theorem B.28.
Given T, let L be a left ideal maximal with respect to 1(7) N L = 0. Then
R =10) =r[I(T)NL] =T + x(L) using (1); we claim that r(L) is a
supplement for 7'. To see this, let 7 + X = R, where X C r(L) is aright ideal.
Then L C 1(X) so, since 1(7T) N 1(X) = 1(T + X) = 0, the maximality of L
implies that L = 1(X). Hence r(L) = r1(X) = X, as required.
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3).If « : T — Rp 1s R-linear, where T i1s a right ideal and «(7T) is finitely
generated, then 7 = ajR + --- + a,R + ker(a) for some q; € T.If n = 1
then the restrictions of « to a; R and to ker(«) both extend to R (because R is
right P-injective), so T extends using (1) and Lemma 1.36. The general result
follows by induction on n. O

In connection with (1) of Proposition 6.17, we remark that a ring R satisfies
r1(T) = T for all right ideals T if and only if r[1(T) N Rb] = T + x(b) for all
right ideals 7" and all b € R.

Call aring R aright dual ring if r1(T) = T for all right ideals T (and define
left dual rings analogously). Each right dual ring is clearly left P-injective and
right Kasch, and a right simple injective ring is right dual if and only if it is
right Kasch (by Lemma 6.13). Hence every dual ring is right and left Kasch
and right and left simple injective. In fact these properties characterize the dual
rings.

Theorem 6.18. The following conditions on a ring R are equivalent:

(1) R is a dual ring.

(2) R is a two-sided Kasch, two-sided simple injective ring.

(3) R is semiperfect and two-sided simple injective with soc(eR) # 0 [respec-
tively soc(Re) # 0] for every local idempotent e € R.

Proof. We have already observed that (1)=(2), and (2)=(3) follows from
Theorem 6.16 and Proposition 6.14. If R is as in (3) with soc(eR) # 0, then R
1s left Kasch and right dual by Theorem 6.16. Since R is left simple injective,
it follows from Theorem 6.15 that soc(Re) # 0 for each local idempotent e.
Hence R is left dual by Theorem 6.16 again. The case where soc(Re) # 0 is
analogous. O

The following theorem contains more important properties of dual rings.
They are contained in Theorem 6.16 and Proposition 6.14 and are collected
here for reference.

Theorem 6.19. If R is a dual ring, then the following statements hold:

(1) R is right and left Kasch.

(2) S, = §,;, which we denote as S.

(3) R is right and left continuous.

(4) soc(eR) = eS and soc(Re) = Se are simple and essential in eR and Re,
respectively, for every local idempotent e € R.
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(5) If ey,...,e, are basic local idempotents then {eS,...,e,S} and
{Sey, ..., Se,} are systems of distinct representatives of the simple right
and left R-modules, respectively.

(6) R is right and left finitely cogenerated.

(7) Z, = Z; = J.

Recall that a ring R is called a right PF ring if it is semiperfect, right self-
injective, and S, C*¥ Rg. Theorem 6.19 gives the following characterization
of the left and right PF rings.

Corollary 6.20. The following are equivalent for a ring R:

(1) R is a left and right PF ring.
(2) M(R) is a dual ring.
(3) M,(R) is a dual ring for eachn > 1.

Proof. (1)=(3). Each M,(R) is a left and right PF ring because being a right
PF ring is a Morita invariant. Hence (3) follows by Proposition 6.14 because
right PF rings are right simple injective and right Kasch.

(3)=(2). This is obvious.

(2)=(1). If M>(R) is a dual ring then it is right and left continuous by Theo-
rem 6.19 and so is right and left self-injective by Theorem 1.35. Since R is
semiperfect by Proposition 6.17, (1) follows from Theorem 6.15 because “right
Kasch” and “right self-injective” both pass from M;,(R) to R. O

As an application of our results on dual rings, we construct a right simple
injective ring R such that the matrix ring M>(R) is not right simple injective.
This shows that simple injectivity is not a Morita invariant.

Example 6.21. Right simple injectivity is not a Morita invariant.

Proof. Let R denote the Clark example (Example 6.6). Then R is a commuta-
tive, local ring with simple essential socle that is simple injective but not self-
injective. Write § = M, (R). If right simple injectivity were a Morita invariant,
then S would be right simple injective. As S is right Kasch (right Kasch being a
Morita invariant) it follows by Proposition 6.14 that r1(7) = T for each right
ideal T of §. Similarly, 1r(L) = L for each left ideal L; that is, S is a dual
ring. But every dual ring is left and right continuous by Theorem 6.19, and it
follows that R is self-injective by Theorem 1.35, which is a contradiction. [J
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6.5. The ABS* Condition

We are going to prove that dual rings exhibit another important property: They
are right and left quotient finite dimensional. Here a module My is called quo-
tient finite dimensional if every image of M is (Goldie) finite dimensional. We
accomplish this by first showing that dual rings satisfy the right and left AB5%*-
condition.

To motivate the condition, consider the following notion. A family {M; |
i € I} of submodules of a module M is called direct if, for any M; and M,
there is a submodule M in the family such that M; + M; € M;. The following
lemma is an immediate consequence of the definition.

Lemma 6.22. Let M be a module, let K be a submodule of M, and let
{M; | i € I} be a direct family of submodules of M. Then

KN(ZieM;) = Zic1 (KN M;).

The lattice property in Lemma 6.22 is known as the A B5-condition; our interest
here is in the modules for which the dual condition holds.

A family {M; | i € I} of submodules of a module M is called inverse if,
for any M; and M|, there is a submodule M such that My € M; N M; (for
example if the M; are linearly ordered). A module M is said to satisfy the
AB5*-condition' (and is called an A B5* module) if, for any submodule K of
M and any inverse family {M; | i € I} of submodules of M, we have

K + (NietM;) = Nicl (K + M;).

Note that K + (N;e; M;) € N7 (K 4+ M;) always holds.

Unlike the A B5-condition, not every module satisfies the A B5*-condition.
For example, if Mz = Z, take K = 27 and, if p is an odd prime, take M; =
p'Z fori > 1.Then K +(N;c; M;) = K whereas N;¢;(K +M;) = Z. However,
we have

Example 6.23. If the submodules of M are linearly ordered by inclusion, then
M is an A B5* module.

Proof. Let K and M; be submodules of M, i € I.If K € M, for all i, then
K C NietM;, s0 K +(NijerM;) = NietM; = Njer(K + M;). Otherwise, sup-
pose K gZ M, for some ¢ € I so, by hypothesis, M; € K. Then N;c;M; C K,
s0 K =K+ (NietM;) CNiei(K+M;)) CK+ M, =K. O

! The term originated in Grothendieck’s treatment of category theory.
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The next example will be needed in the following.
Example 6.24. Every artinian module M is an A B5* module.

Proof. Let 7 = {M; | i € I} be an inverse family of submodules of M, and let
M, be a minimal member of F. If i € I, there exist t € I such that M, C
MyN M;. Hence M; C M, so M, = M, and it follows that My C M, for each
i € I. Hence, if K is any submodule of M, we have

K+ MyCK+NierM; CNicr(K +M;) € K + My,

and the proof is complete. O

In the next proposition we collect some properties of AB5* modules for ref-
erence.

Proposition 6.25. Let M denote an A B5* module.

(1) Every submodule and image of M is an A B5* module.

2) E™ is not an AB5* module for any Ex # 0.

(3) Let S(M) be the set of nonisomorphic simple images of submodules of M.
If S(M) is finite, then M is quotient finite dimensional.

Proof. (1). The proof is a straightforward consequence of the definition.

(2). Write L = ®;cnE;, where E; = E foreachi € N. Letm; : L — E
denote the ith projection map, and define submodules K and L;, i € N, of L
by K = {k €L | ZieNni(k) = O} and L, = @jziEj- Then {Ll | i € N} 1s an
inverse family, and K + L; = L for each i € N because E; = E for each i.
Hence N;en(K+L;)) =L # K = K40 = K +N;enL;. Thus L is not ABS5*,
as required.

(3). Suppose N 1is a quotient of M such that N is not finite dimensional.
Then N contains an infinite direct sum K = @;.yK; of nonzero principal sub-
modules. Foreach i € N, let 7; be a maximal submodule of K;, and write S; =
Ki/T;. f T = ®;enT; then B = N/T contains a copy of the infinite direct
sum @;nS;. Since S(B) is finite by hypothesis (every simple submodule of a
quotient of B bears the same relationship to M), it follows that B contains an
infinite direct sum of copies of §; for some j € N. This contradicts (2) because
B is AB5* by (1). Thus N is finite dimensional. O

Since semilocal rings have only finitely many nonisomorphic simple mod-
ules, we obtain
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Corollary 6.26. If R is semilocal, every left and right AB5* module is finite
dimensional.

Corollary 6.27. A ring R is right artinian if and only if R is a left pertect, right
ABS5* ring.

Proof. If R is right artinian, then R is left perfect, and it is a right AB5™ ring
by Example 6.24. Conversely, if M # 0 is a principal right R-module then
soc(M) C** M by Theorem B.32 and Lemma B.31 because R is left perfect,
and soc(M) is finitely generated by Proposition 6.25 because R is a right A B5*
ring. In other words, M is finitely cogenerated by Lemma 1.51, and so R is
right artinian by Vdmos’ lemma (Lemma 1.52). O

The following lemma, interesting in its own right, will be required in the
proof of our main theorem (Theorem 6.29).

Lemma 6.28. Let R be a ring that satisfies the following two conditions:

(1) r(Ly N Ly) =r(Ly)+ r(L,) for all left ideals L, and L, of R.
(2) rI(T) = T for all right ideals T of R.

Then R is a right AB5* ring.

Proof. Let K be a right ideal of R and let {7; | i € I} be an inverse family of
right ideals of R. Then (1) and (2) give

Nier(K + T;) = Nie {rl(K) + r1(T})}
= Nierr{1(K) N 1(T})}
= r[Xie/{1(K) N L(T))}].
But {1(7;) | i € I}is adirect family of left ideals of R. Indeed, given T; and T

choose k € I suchthat T, C T; N T;; then 1(Ty) 2 L(T; N T;) 2 L(T;) + L(T)).
Hence, using Lemma 6.22, we continue, obtaining

Nier(K + T;) = r[1(K) N i U(T))]
= rl(K) + r[X;¢; 1(T;)]
= r1(K) + Nies[xrL(T))]
= K + (Nier Tp).

This proves the A B5*-condition. O
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We can now deduce the promised properties of dual rings.

Theorem 6.29. Let R be a dual ring. Then the following hold:

(1) R is aright and left AB5* ring.
(2) R isright and left quotient finite dimensional.

Proof. (1) follows from Lemma 6.28 and Proposition 6.17. To prove (2), we
must show that every principal R-module M is finite dimensional. But M is an
image of R, so this follows from (1) and Corollary 6.26 because the dual ring
R 1s semiperfect (by Proposition 6.17). O

6.6. Ikeda—Nakayama Rings

A ring R is called a right Tkeda—Nakayama ring (right IN ring) if the left anni-
hilator of the intersection of any two right ideals is the sum of the two left anni-
hilators, that is, if

W(TNT')=1LT)+ L(T") for all right ideals T and T’ of R.

Thus the Ikeda—Nakayama lemma (Lemma 1.37) asserts that every right P-
injective, right IN ring is right F-injective.

Examples of right IN rings include the right self-injective rings, the right
uniserial rings, and the right uniform domains. Every dual ring is a right and
left IN ring by Proposition 6.17, and Z is a commutative, noetherian IN ring
that is not self-injective and is not dual. In this section we show, among other
things, that R is a dual ring if and only if R is a left and right IN ring and the
dual of every simple right R-module is simple.

Lemma 6.30. Let R be a right IN ring. Then the following hold:

(1) If T is aright ideal of R then T C°*° r1(T).
(2) If T is arightideal of R and 1(T) C J then T C** Rg.
(3) If C is a closed right ideal of R then C = r1(C).

Proof. (1). Suppose that T N xR = 0, where x € r1(T). Then R = 1(0) =
1(T) + 1(x) by the IN hypothesis. But 1(7T) <€ 1(x) so R = 1(x) and
x =0.

(2). Now assume that 7 N xR = 0, where x € R. Then R = 1(T") + 1(x) as
before, so R = J 4 1(x) by hypothesis. Again 1(x) = R so that x = 0.

(3). This follows from (1). O

We are going to prove that the right IN rings are all right quasi-continuous; that
is, they satisty the right CS- and C3-conditions. The next result implies this and
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actually characterizes the right quasi-continuous rings. Recall (Theorem 1.31)
that a module M is quasi-continuous if and only if M = C @& D whenever C
and D are submodules that are complements of each other.

Theorem 6.31. The following are equivalent for a ring R:

(1) R is right quasi-continuous.

(2) If PN Q = 0, where P and Q are right ideals of R, then P C**° eR and
Q C (1 — e)R for some e*> = e € R.

(3) It PN Q = 0, where P and Q are right ideals of R, then P C eR and
QO C (1 — e)R for some e*> = ¢ € R.

(4) If PN Q = 0, where P and Q are right ideals of R, then R = 1(P)+1(Q).

Proof. (1)=Q2).If PN Q =0, let C © Q be a complement of P, and then
let D © P be a complement of C. Then C is also a complement of D by Pro-
position 1.27, s0 R = C @ D by (1) and there exists e> = e such that D = eR
and C = (1 — e)R. It remains to show that P C** D.If 0 # X C D then
XPCDC,s0(XdC)N P #0 by the maximality of C.1f0 £ p =x + ¢
with the obvious notation, thenc = p—x €e CND =0andso0 # p € XN P,
as required.

(2)=(3). This is clear.

3)=@).If PN Q =0and e is as in (3), then (4) follows because 1(P) 2
R(1 —e)and 1(Q) D Re.

(4)=(1).Let C and D berightideals of R that are complements of each other;
we must show that R = C & D. Since C N D =0 we have R = 1(C) 4+ 1(D)
by (4),say 1 = f +e,where f € 1(C)ande € 1(D). Then1 —e = f € 1(C),
so ec = cforall c € C. Similarly, fd =d foralld € D, so

C=e¢C, D=fD, and eD=0= fC.

Clearly, D C r(e) C r(e?) and r(e?*) N C = 0 and so, since D is a complement
of C, D = r(e) = r(e?). Similarly, C = r(f) = r(fz). Since f =1 —e, it
suffices to show that f (and hence ¢) is an idempotent. As C & D C** R by
Lemma 1.7, it is enough to show that ef RN (C @ D) = 0. Suppose efr €
C @ D, where r € R. Then we have e f>r = 0 because ef = fe and eD =
0 = fC.Sincer(e) = r(e?)and r(f) = r(f?), this gives efr = 0, as required.

]

Note that the property in (2) of Theorem 6.31 is a strengthened version of the CS-
condition.

The next theorem is an immediate consequence of condition (4) in Theo-
rem 6.31.
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Theorem 6.32. Every right IN ring is right quasi-continuous.

Proof. If PN Q = 0, where P and Q are right ideals of R, then R =
1(PNQ) = 1(P) + 1(Q) because R is a right IN ring. Hence R is right
quasi-continuous by Theorem 6.31. O

With this we can improve upon the characterization of right self-injective
rings in Theorem 1.35.

Corollary 6.33. The following are equivalent for a ring R:

(1) M>(R) is aright IN ring.
(2) M,,(R) is a right IN ring for alln > 2.
(3) R is right self-injective.

Proof. (2)=(1) is clear, and (3)=(2) because self-injectivity is a Morita in-
variant. Given (1), M>(R) is right quasi-continuous by Theorem 6.32, so (3)
follows by Theorem 1.35. O

The converse to Theorem 6.32 is false by the following example.

Example 6.34. There exists a commutative, local continuous ring that is not
an IN ring.

Proof. Consider the following special case of the Camillo example (Exam-
ple 2.6). Let R = Z[xy, x2, ... ], Wherexi3 = Oforalli, x;x; = Oforalli # j,
and xi2 = sz. =m % 0 forall i and j. We have J = span{m, x, x5, ...}, and
R has simple essential socle J?> = Z,m. In particular, R is uniform and so is a
CS ring; C2 also holds because r(a) = 0, a € R, implies that a is a unit. Hence
R is continuous. To see that R is not an IN ring, let S be the ideal generated
by {x; + x2, x; + x4, ..., X1 + X%, ...} and let T be the ideal generated by

X1 +x3, X1 + X5, ..., X1 + X041, .. }-
Claim. r(S) =x3R +xsR+--- andr(T) = xR+ x4R + - - -.

Proof. Write A = x3R + xsR + ---. Clearly r(§) 2 A. Suppose that g €
r(S); we must show that g € A. If g ¢ A then, since A contains m and all x;
with & > 3 odd, we may assume that g has the form g = x; + p or g = p,
where p denotes a sum of terms xp; with i > 1. Thus x;p = 0. Let x»,,
n > 1, be the largest term in p, so that xp,4., - p = 0. If g = x; + p then
0 = (x1 + x2,20)(x1 + p) = xl2 = m, a contradiction. So g = p and 0 =
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(x1 + x20) - p = x%n = m, again a contradiction. Hence ¢ € A and we

have shown that r(§) = A. A similar argument works for r(7"), proving the
Claim.

It follows from the Claim that r(S) + r(7T) = X2,x; R. However, SNT =
socR = Z,m because {xi, X, ...} is Zj-independent. Hence r(S N T) =
r(socR) =J = X2,x;R. Hence r(S N T) # r(S) + r(T), so R is not a right
IN ring. O

Note that a right IN ring need not satisfy C2 as the ring Z of inte-
gers shows. Moreover, if F is a field the ring R = [g Ii] 1s a right and
left artinian, right and left CS ring that is not a right IN ring. Indeed,
if x = [g)] and y = [g,] then xR N yR = 0 but 1(x) + 1(y) C

FF R
HE

We now consider the effect of the Kasch condition on a right IN ring. We
begin with

Proposition 6.35. Every left Kasch, right IN ring R is a semiperfect, right con-
tinuous ring with §; C*° Rg.

Proof. Indeed, R is a right CS ring by Theorem 6.32, so R is a semiperfect,
right continuous ring with §; €** Rg by Theorem 4.10. O

The next result uses Theorem 6.31 to improve upon Theorem 6.15.

Proposition 6.36. The following are equivalent for a ring R:

(1) R is a left and right Kasch, right simple injective ring.
(2) R is a semiperfect, right simple injective ring with S, C*° Rg.

Proof. (2)=(1) follows from Theorem 6.16.

(1)=(2). Let P and Q be right ideals of R with P N Q = 0. Since R is right
Kasch, r1(P) = P and r1(Q) = Q by Proposition 6.14, so r[1(P)+ 1(Q)] =
r1(P)Nrl(Q) = 0. Since R is left Kasch, it follows that 1(P) + 1(Q) = R
and hence that R is right quasi-continuous by Theorem 6.31. In particular, R is
a right CS ring so, since R is left Kasch, R is semiperfect by Lemma 4.1. Now
S, €¢* Ry by Theorem 6.15. d

Every dual ring is clearly right and left Kasch. We are going to characterize
the dual rings in terms of the IN rings, and the next lemma will be needed.
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Lemma 6.37. Assume that R is right Kasch and that, for all x € R and all right
ideals T of R, Rx C*’ 1r(x)and 1(TNxR) = 1(T)+1(x). Thenrl(T) =T
for all right ideals T of R.

Proof. Suppose that x € r1(7)sothat1(7) C 1(x); we must show thatx € T.
Consider the rightideal K = {k € R | xk € T}. ThenxK C T,soT NxR =
x K, and our hypothesis yields 1(xK) = (T NxR) = L(T) + 1(x) = 1(x).
This in turn implies that Rx N 1(K) = 0. However, the fact that r(x) € K gives
1(K) € 1r(x), so 1(K) = 0 because Rx C** 1r(x) by hypothesis. But then
K = R by the Kasch hypothesis, sox € T. O

We can use the preceding results to characterize dual rings in terms of IN
rings. Recall that, by Theorem 2.31, the dual of every simple right R-module
is simple if and only if R is right mininjective and right Kasch.

Theorem 6.38. A ring R is a dual ring if and only if R is a left and right IN
ring and the dual of every simple right R-module is simple

Proof. Every dual ring is a two-sided IN ring (by Proposition 6.17) that is right
mininjective and right Kasch (Theorem 6.18), so the dual of every simple right
module is simple by Theorem 2.31.

Conversely, assume that the conditions are satisfied, so that R is a right min-
injective, right Kasch, two-sided IN ring. Hence R is a two-sided CS ring by
Theorem 6.32. But then Lemma 6.37 shows that R is right dual, and that it
remains to show that R is left Kasch. But this follows by Lemma 4.5 because R
is semiperfect by (the left—right analogue of) Lemma 4.1, and S, C §; because
R 1s right mininjective. O

6.7. Applications to Quasi-Frobenius Rings

We are going to give some characterizations of quasi-Frobenius rings in terms
of dual and IN rings. Recall that a ring R is called right semiartinian if every
nonzero (principal) right module has a nonzero socle, and that R is left perfect
if and only if it is right semiartinian and I-finite.

Theorem 6.39. The following conditions on a ring R are equivalent:

(1) R is quasi-Frobenius.
(2) R is a left perfect, right and left self-injective ring.
(3) R is a left perfect, right and left simple injective ring.
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(4) R is a right semiartinian dual ring.
(5) R is a left perfect, right and left IN ring.

Proof. (1)=(2)=(3) and (1)=(5) are clear.

(3)=(4). Given (3), R is left and right Kasch by Theorem 3.12, and so (4)
follows by Theorem 6.18 because left perfect rings are right semiartinian.

(4)=(1). First, R is right quotient finite dimensional by Theorem 6.29. But
then every quotient of Ry, is finitely cogenerated because R is right semiartinian,
so R isright artinian by Vamos’ lemma (Lemma 1.52). Being right and left min-
injective, R is quasi-Frobenius by Ikeda’s theorem (Theorem 2.30).

(5)=(4). Given (5), R is right semiartinian (being left perfect), and it is left
and right quasi-continuous by Theorem 6.32. Since R is left perfect, it has
DCC on principal right ideals and so is right continuous by Theorem 4.27.
Moreover, S, C** Rk and so R is left and right Kasch by Lemma 4.11. Finally,
Rx C*¥ 1r(x) and xR C*° rl(x) for all x € R (by the CS-conditions), so it
follows that R is a dual ring by Lemma 6.37. This proves (4). O

There exist commutative noetherian IN rings that are not quasi-Frobenius
(for example Z). However, we do have the following result.

Corollary 6.40. Suppose that R is a left and right IN ring with ACC on right
annihilators in which monomorphisms Ry — Ry are epic. Then R is quasi-
Frobenius.

Proof. R isrightquasi-continuous by Theorem 6.32, so R is a semiperfect, right
continuous ring by Theorem 4.27. Hence J = Z, by Utumi’s theorem (The-
orem 1.26), so J is nilpotent by the Mewborn—Winton lemma (Lemma 3.29).
Thus R is semiprimary and the result follows from Theorem 6.39. O

The Clark example (Example 6.6) is a commutative, local simple injective
ring that is not quasi-Frobenius, so the right semiartinian hypothesis is essential
in (4) of Theorem 6.39. Similarly, the following example shows that the simple
injectivity hypothesis is essential in (3) of Theorem 6.39, and the two-sided
dual condition is essential in (4).

Example 6.41. The Bjork example R (Example 2.5) is a local, left artinian,
two-sided Kasch ring with simple essential left socle. Moreover, R need not be
right artinian (indeed R need not be right finite dimensional).

(1) R is aleft IN ring in which 1r(L) = L for all left ideals L. However, R
need not be a right IN ring.
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(2) If the dimension of F over F is finite and greater than 1, then R is a right
and left artinian, left IN ring that is not a right IN ring. In addition, R is
neither right nor left simple injective.

Proof. (1). The first two assertions follow because the only left ideals of R are
0, J,and R. If K and M are simple right ideals and K " M = 0 then R =
1(K N M), whereas 1(K)+1(M) = J +J = J. Hence R is not a right IN ring.

(2) It remains to show that R is neither right nor left simple injective. R
is not left simple injective because it is not left mininjective. If R were right
simple injective then it would be left P-injective by Proposition 6.14, which is
a contradiction. O

Example 6.41 exhibits a left and right artinian, left IN ring that is not quasi-
Frobenius. In contrast, Example 6.34 gives a commutative, local, continuous,
principally injective ring with J? = 0 that is not artinian. The next example
exhibits a commutative, local IN ring with simple essential socle that is not
principally injective.

If R is aring and g V 1s a bimodule, recall that the trivial extension T(R, V)
of R by V is the additive group R @ V with multiplication given by (r + v)
(s+w)=rs+ (rw+ vs).

Example 6.42. We construct a commutative, local IN ring R with simple es-
sential socle that is not Kasch and not principally injective.

Proof. Let Z,~ denote the Priifer group whose only subgroups are 0 C Zx; C
Zxy C --+ C Zp~, and where 2x;,| = x; foreachi > 1. Writing V = Z,~ for
convenience, we have that the trivial extension R = T(Z, V') is a commutative,
local ring with J = 0 + V and with simple essential socle 0 4+ Zx,. However,
R 1s not principally injective because 3r +— r from 3R — R does not extend
to R; R is not Kasch since R/3R = 73 does not embed in R; and R does not
satisfy the right C2-condition because 3R = R but 3R # R. However, since
V = Z,~ is a divisible group, it can be verified that the only ideals of R are
nR =(n+0)R,where 0 <n € Z, and 0 + H, where H C V is a subgroup.
We claim that R is an IN ring.

Since 0 + H < nR for all subgroups H of V and all 0 < n € Z, and
since (T N'T') = 1(T) + 1(T’) holds whenever the right ideals T and 7" are
comparable, we must show that L(nR Nn'R) = 1(nR) + 1(n' R) for all positive
integers n and n’. One verifies that 1(nR) = 0 4+ 1y (n) and that 1y (m2") = x,
whenever m is odd and ¢ > 0 (we take xo = 0). If we write n = m2’ and
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/ 1
n = m'2", then nR N n'R = n”R, where n”" = lem(n,n’) = m"2" , m" =

lem(m,m’), and t” = max(t, t’). But then

1nRNn'R)=0+1y(n") =0+ Zx
== (O + th) + (O + th/)
= 1(nR)+ 1(n'R),

as required. ]

The next theorem gives weak finiteness conditions that force a right simple
injective ring to be quasi-Frobenius. To prove it we need the following facts
about a right mininjective ring.

Lemma 6.43. Let R be a right mininjective ring in which S, is right finitely
generated. Then the following hold:

(1) R/1(S,) is semisimple artinian.
(2) If S, C° RgrthenJ C Z, and R/Z, is semisimple artinian.

Proof. If S, = kiR & --- @ k, R, where each k; R is simple, then 1(S,) =
N?_,1(k;) and (1) follows because each Rk; is simple (as R is right mininjec-
tive). If, in addition, S, C** Rg then 1(S,) C Z,. As the other inclusion always
holds, we have 1(S,) = Z, so R/Z, is semisimple by (1). But then J C Z,,
proving (2). O

Recall that a ring R is called a right Goldie ring if it has the ACC on right
annihilators and Rp is finite dimensional. Since right artinian rings are right
noetherian and have S, C** Rpg, the following result is a simple injective ver-
sion of Theorem 1.50.

Theorem 6.44. The following conditions are equivalent for a ring R:

(1) R is quasi-Frobenius.
(2) R is a right simple injective, right noetherian ring with S, C*° Rp.
(3) R is a right simple injective, right Goldie ring with S, C** Rg.

Proof. Clearly (1)=(2)=(3). Assume that (3) holds. Since R has ACC on right
annihilators, Z, is nilpotent by the Mewborn—Winton lemma (Lemma 3.29).
Hence Z, C J. Moreover, S, is finitely generated because Ry is finite dimen-
sional, so R is semiprimary with J = Z, by Lemma 6.43. Since S, C*° Ry,
Proposition 6.12 shows that soc(eR) # 0 for each local idempotent e € R.
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Hence Theorem 6.16 shows that R is left finite dimensional with S, = §,
whence R is left artinian by Lemma 3.30. Since Theorem 6.16 also shows that
R is right Kasch, it is left and right mininjective (by Proposition 6.14). Hence
R 1s quasi-Frobenius by Theorem 2.30. O

Note that the hypothesis S, €°° Ry is needed in (2) of Theorem 6.44 because
7. 1s acommutative, noetherian simple injective ring that is not quasi-Frobenius.
The Clark example (Example 6.6) shows that the ACC on right annihilators is
essential in (3) of Theorem 6.44.

We now return to our study of when a left perfect ring is quasi-Frobenius.
We need the following result about relative injectivity.

Lemma 6.45. Let R be a semiperfect ring. A module Ey is injective if and
only if E is e R-injective for every local idempotent e € R.

Proof. If 1 = f;+-- -+ f,, where the f; are orthogonal local idempotents, then
E isinjective if and only if £ is R = @}_, f; R-injective (by the Baer criterion),
and this holds if and only if E is f; R-injective for each i (by Azumaya’s
lemma — Lemma 1.13). O

We require the next basic result which uses the following language. If Eg
and Mg are R-modules, E is said to be a simple M -injective module if, for
any submodule X € M and any R-morphism y : X — E such that im(y)
is simple, there exists an R-morphism ¥ : M — E such that y|x = y. Thus
M is simple quasi-injective (see Corollary 6.10) if it is simple M -injective; in
particular, a ring R is right simple injective if Ry is simple R-injective.

Lemma 6.46 (Baba—-Oshiro). Let e be a local idempotent in a semiprimary
ring R. If eR is simple f R-injective for every local idempotent f € R, then
eR is injective.

Proof. By Lemma 6.45, we need only show that eR is f R-injective for each
local idempotent f € R. Solety : T — eR be R-linear, where T C fR is
a right ideal. We must show that y extends to f R — eR. Suppose not. Then
y #£0,s0T g ker(y). Since J is nilpotent, choose n; > 0 such that

TJ" ¢ ker(y) but TJ"' Cker(y).

Since R is semilocal and y(T'J")J = 0, it follows that y(T'J") # 0 is
a semisimple submodule of eR. Hence Lemma 6.11 shows that y(T'J"") =
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soc(eR) is simple and so, by hypothesis, there exists 6; : f R — eR such that
O@)rgm = Yyrgm. Write y; =y — O01)r : T — R sothat TJ" C ker(yy).
Then y; does not extend to fR — eR (if 7; extends y; then y; + 0; extends
y). In particular T 51 ker(yy), so choose n, > 0 such that

TJ"™ ¢ ker(yy) but TJ™T C ker(y)).

Thenn, < ny (forif ny, > n; then TJ" C TJ" C ker(y;), which is a contra-
diction). Continue the process to obtain integersn; > ny, > --- > ng > --- >0
and maps y; : T — eR that do not extend to f R — eR, such that

TJ"™ ¢ ker(yi—1) but TJ"M Cker(y_y).

This is a contradiction because some n; = 0, whence T C ker(yx_;) and
vx—1 = 0 can be extended. O

Using the Baba—Oshiro lemma, we can prove the following basic result.

Theorem 6.47. Let R be a semiprimary ring. Then R is right self-injective if
and only if R is right simple injective.

Proof. If R is right simple injective, it suffices to show that eR is injective for
all local e> = e € R. By the Baba—Oshiro lemma it suffices to show that eR is
simple g R-injective for all local idempotents g € R. To this end, let X € gR
be a right ideal and let y : X — eR be R-linear with simple image. Then y
extends to y : R — R because R is right simple injective. If ¥ : R — eR is
the projection then (7w o ) gz : gR — eR extends y. This completes the proof.

U

The Faith conjecture asserts that every semiprimary, right self-injective ring
is quasi-Frobenius. Theorem 6.47 makes it easier to find a counterexample to
the Faith conjecture: Find a semiprimary, right simple injective ring that is not
quasi-Frobenius.

The following construction will be used in Example 6.49 at the end of this
section. If M is a module and « is an ordinal, the a-socle of M 1s a submodule
socy(M) of M defined inductively as follows:

(1) soco(M) = 0;
(2) if socy, (M) is defined, socy41 (M) 1s given by

SOC““(M)—SOC[ M }
socy(M) socy(M) |’

(3) if « 1s a limit ordinal then soc, (M) = Ug_ys0cg(M).
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Note that soci(M) = soc(M) for every module M. The series soci(M) C
socy(M) C --- is called the Loewy series of the module M. Since M is a set,
we have soc, (M) = soc, (M) = - - - for some ordinal y. A module is called
semiartinian if every nonzero factor module has nonzero socle. The higher
socles provide a description of the semiartinian modules that we need.

Lemma 6.48. Let M be a module.

(1) socy(M) is semiartinian for every ordinal «.
(2) M is semiartinian if and only if soc,(M) = M for some ordinal c.

Proof. For convenience write S, = soc,(M).

(1).It1s clear for @ = 0, so assume that @ > 0 and Sg is semiartinian for each
B <a. If N CS,, we must show that soc(S,/N) # 0. Clearly S, € N, so let
1 < o be the smallest ordinal such that §,, gZ N.Thus Sg € N forall B < pu,
so w 1s not a limit ordinal (for otherwise S, = Ug_,Sg € N). If u =y + 1,
define

0 :soc[M/S,]1=S8,11/S), = Sy41/(NNS,11)

by 8(x + §,) = x + (N N §,11). Then 6 is well defined because S, € N N
Sy +1, and so it is an R-epimorphism. Hence (S, 11 + N)/N = S,41/(N N
S, +1) 1s a semisimple submodule of S, /N, and it is nonzero because S, =
S, ¢ N. This completes the induction.

(2). If M is semiartinian, assume that S, # M for every ordinal «. Since
M is a set, S, = §, 1 for some ordinal y. This implies that soc(M/S,) = 0,
which, contradicts our hypothesis because M /S, # 0. Hence S, = M for some
ordinal «. The converse is by (1). O

We conclude by using Lemma 6.48 and Theorem 6.39 to construct an exam-
ple of a left simple injective ring that is not right simple injective.

Example 6.49. There exists a left perfect, left simple injective ring that is not
right simple injective.

Proof. Let R be a left perfect ring that is not right perfect (see Example B.36).
Since R is a set, there exists an ordinal B such that socg(r R) = socg+1(rR).
Since R is not right perfect, it is not left semiartinian by Theorem B.32, so
socg(rR) # R by Lemma 6.48. Now observe that soc,(zrR) 1s an ideal of R
for every ordinal o (by induction on «). It follows that § = R/socg(rR) 1s a
left perfect ring and that soc(sS) = soc(rS) = socg+1(rR)/socg(rR) = 0.
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Hence S is left simple injective but not quasi-Frobenius. But then § is not right
simple injective by Theorem 6.39.

A specific example is as follows: Let F be a field and let R be the ring of all
lower triangular, countably infinite square matrices over F' with only finitely
many nonzero off-diagonal entries. Let S be the F-subalgebra of R generated
by 1 and J(R). Then S is a left perfect, left simple injective ring that is neither
right perfect nor right simple injective. Moreover, S is not left self-injective
because it is not left finite dimensional. O

6.8. The Second Socle

The Faith conjecture asserts that every left perfect, right self-injective ring is
quasi-Frobenius, and this is open even for semiprimary rings. In this section we
show that the conjecture is true if the second right socle is countably generated.
We begin with the following important result.

Lemma 6.50 (Osofsky’s Lemma). If R is a left perfect ring in which J /J? is
right finitely generated, then R is right artinian.

Proof. Let J = F;+J?, where F| is a finitely generated right ideal. Then J? =
Fi\J + J3. But J?/J? is also right finitely generated by Lemma 5.65, say
J2=>" x;R+J>. Thusx; = y; +z;, y: € FiJ, z; € J?, and so
P=)Gi+mR+1 =) ywR+I =F+J,
i=1 i=1

where F, = )" | ;R € FiJ C F,.If we continue this process, we get a chain
of finitely generated right ideals F; © F, D - - - such that J* = F, 4+ J**! and
Fi.J O F. for each k > 1. Since R is left perfect, we have F,, = F,; for
some n > 1 by Bjork’s theorem (see Theorem B.39). This means F,,J = F,,
and hence F,, = 0 by Nakayama’s lemma (Lemma 1.47). Thus J" = (J")J and
s0, since J is left T-nilpotent, J” = 0 by Lemma B.29. Now by Lemma 5.65
all the factors R/J, J/J?, ..., J"~1/J" are right finitely generated. But each
J*¥/J**1 is semisimple (because R/J is semisimple) and so is artinian, and it
follows that R is right artinian. O

We can now prove the finitely generated case of our main theorem.
Proposition 6.51. Let R be a left perfect, right simple injective ring. Then

socy(gR) = socy(Rg), which we write as socy(R). If socy(R) is finitely gen-
erated as a left R-module, then R is quasi-Frobenius.
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Proof. Since S, C*° Ry (see Lemma B.31 and Theorem B.32), we have S, =
S; by Theorem 6.16. Hence 1(J) = S, = §; = r(J) because R is semilocal.

Claim. 1(J?) = r(J?) = soc2(gR) = soca(RR).

Proof. First soca(Rg) € 1(J?) because soca(Rg)/S, is right R-semisimple.
However, if aJ?> = O thenaJ € 1(J) = S,, so [(aR + S,)/S,]J = 0. Hence
(aR+S,)/S, is a semisimple right R-module (because R/J is semisimple) and
it follows that aR C soc,(Rg). This proves that socs(Rg) = 1(J?). Similarly,
socy(rgR) = r(J?). Finally, 1(J?) = r(J?) follows easily from 1(J) = r(J).
This proves the Claim.

By hypothesis letsoc2(R)= >__| Ra;, a; € R, anddefineg: R — ®"_ a; R
by @(r) = (air, ..., a,r). Then kergp = r[socy(R)] = rl(J?) = J?, using
Theorem 6.16. Thus R/J? «— ®_,a; R and it follows that J/J 2 is right finite
dimensional (R is right finite dimensional, again by Theorem 6.16). Hence
J/J?is right finitely generated (it is semisimple because R/J is semisimple),
and so R is right artinian by Osofsky’s lemma (Lemma 6.50). O

The essence of our main theorem is in the following result.

Proposition 6.52. Suppose R is a semiperfect, right simple injective ring with
S, €% Rpg. If socy(R) is countably generated as a left R-module, then J/J 2
is finitely generated as a right R-module.

Proof. As soc(eR) # O for all local e> = e € R, it follows from Theorem
6.16 that R is right and left Kasch, and that S, = S; is finitely generated
and essential in both xR and Ri. Write § = S, = §;. As R/J is semisimple,
S = 1(J) = r(J). Then the proof of the Claim in Proposition 6.51 goes through
to show that 1(J?) = r(J?) = socy(g R) = soc2(Rg).

Claim. homg(J/J?, Rg) = 1(J?)/1(J).

Proof. If b € 1(J?) then A, : J/J? — R is well defined by A,(a + J?) = ba.
Hence the map b —> A, is an R-homomorphism 1(J?) — homg(J/J?, Rg)
with kernel 1(J). So it remains to show that this map is onto. If A : J/J? — R
is R-linear, define y : J — R by y(a) = A(a + J?). Then im(y) = im()) is
right semisimple because this is true of J/J?. Furthermore, im(y) is finitely
generated because S is right finite dimensional. But then y = ¢- for ¢ € R by
Lemma6.1. Thusc € 1(J?)so,fora € J, AM(a+J?) = y(a) = ca = r(a+J?).
Hence A = A, as required. This proves the Claim.
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We now show that J/J? is finitely generated as a right R-module. Suppose
not. Then, since R has finitely many isomorphism classes of simple right mod-
ules, and since J /J? is semisimple, there exists a simple right R-module K such
that K™ is a direct summand of J/J? (where K™ denotes the direct sum of a
countably infinite number of copies of K). Now write g T = homg(K, R). Then
T is a simple left R-module by Theorem 2.31 because R is right mininjective
and right Kasch. Thus

TN = homgr(K, ) = homzr(K™, R)

where T is the direct product of countably many copies of 7. But if we write
J/J? = K™ @ Q, the Claim gives

socy(gR) — 1(J)
S 1(J?»

~ J N
= hom ﬁ’R = hom(K" )EBQ,R)
= hom(K™N, R) ® hom(Q, R).

Thus 7TV is isomorphic to a summand of soc;(gR)/S,. But TN has Goldie
dimension |T|N>|N|, according to a well-known theorem of Erdds and
Kaplansky [23, p. 276]. This is contradiction since soc,(g R) is countably
generated. O

Observe that the proof of Proposition 6.52 actually yields the following: If R
1s a semiperfect, right simple injective ring in which S, C€** Rg and soc>(R)
is generated on the left by x elements, where x is any ordinal number, then
(J/J?)g is generated by fewer than x elements. For if this is not the case we
can use the same argument to show that soc;(R)/S contains a direct sum of
2% > x simple modules, which is a contradiction. In particular, if soc,(R) is
generated on the left by w elements (where w is the first infinite ordinal), then
(J/J?)g is finitely generated.

Theorem 6.53. Suppose R is a left perfect, right simple injective ring. Then
R is quasi-Frobenius if and only if socy(R) is countably generated as a left
R-module.

Proof. Proposition 6.52 and its proof show that soc,(Rg) = socz(gxR), and
that J/J? is finitely generated as a right R-module. Hence R is right artinian
by Osofsky’s lemma (Lemma 6.50). Then R is right self-injective by Theorem
6.47. Thus R is quasi-Frobenius. O
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Remarks. Similar arguments give the following results:

(1) If R is a semiperfect, right simple injective ring with S, C*¥ Rpg, and if
J/J? is countably generated as a left R-module, then soc,(R) is finitely
generated as a right R-module.

(2) If R is a left perfect, right self-injective ring, and if J/J? is countably gen-
erated as a left R-module, then soc,(R) is finitely generated as a right R-
module, and so it is quasi-Frobenius by Theorem 5.66.

Conjecture. Every left perfect, right simple injective ring is right self-injective.

The proof of Theorem 6.47 shows that the conjecture is true if the Baba—Oshiro
lemma remains true when “semiprimary” is replaced by “left perfect.” Note
that the Baba—Oshiro lemma is not true when “semiprimary” is replaced by
“semiperfect” because, if it were, then Theorem 6.47 would assert that every
semiperfect, right simple injective ring is right self-injective. This would imply
that the localization R = Z,) = {7 | p 1 n} of Z at the prime p is self-injective
(R is a local domain and so is semiperfect and simple injective). But the map
Rp?> — R given by rp?> — rp does not extend to R — R because R is a
domain.

Notes on Chapter 6

The concept of a right simple injective ring is due to Harada [91] (see also [92]).

Example 6.6 was first given in 1986 by Clark [35] to show that if every ideal
of a commutative ring has a commutative endomorphism ring, the ring need
not have a self-injective maximal ring of quotients. Proposition 6.7, Proposition
6.8, and Theorem 6.9 were established in [174].

Conditions (4), (5), and (6) in Lemma 6.13 are equivalent without the simple
injective hypothesis. Rings satisfying these conditions are called quasi-dual
rings and were studied by Page and Zhou [189].

The term “dual ring” goes back to Kaplansky [118] who, in 1948, was inter-
ested in a duality between the closed right ideals and the closed left ideals in
a topological ring. Dual rings arose in Nakayama’s work on finite dimensional
algebras and led in the artinian case to the notion of a quasi-Frobenius ring.
These ideas were extended by Azumaya, Osofsky, and Utumi in their work on
PF rings, which have come to be called rings with perfect duality.

A thorough investigation of dual rings was carried out by Hajarnavis and
Norton in 1985 [89], where most of the results on the subject were established.
In particular Proposition 6.17, Theorem 6.29, and (1), (2), (4), (6), and (7)
of Theorem 6.19 are due to Hajarnavis and Norton. For results on A B5* see
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Lemonnier [135], Xue [227], Herbera and Shamsuddin [95], and Anh, Herbera,
and Menini [5].

Theorem 6.31, Corollary 6.33, Example 6.34, Lemma 6.37, and Theorem
6.38 are all established in [27]. Proposition 6.36 was first proved by Chen and
Ding [33].

In Theorem 6.39, the fact that every left perfect, left and right self-injective
ring is quasi-Frobenius is due to Osofsky [182].

In 1993, Baba and Oshiro [13, Proposition 2] proved Lemma 6.46, which ex-
tends a fundamental result of Fuller [70] on duality in artinian rings. The notion
of a simple M-injective module is due to Harada [94].

In connection with Example 6.49, we do not know if a left perfect, right
simple injective ring is right self-injective.

As background to Remark (2) following Theorem 6.53, note that Clark and
Huynh [36] show that a right and left perfect, right self-injective ring R is quasi-
Frobenius if and only if soc,(R) is finitely generated as a right R-module.



7
FGF Rings

A theorem of Faith and Walker asserts that a ring R is quasi-Frobenius if and
only if every injective right R-module is projective and hence that every right
module over a quasi-Frobenius ring embeds in a free module. There is an open
problem here. If we call a ring R a right FGF ring if every finitely generated
right R-module can be embedded in a free right R-module, it is not known if
the following assertion is true:

The FGF-Conjecture. Every right FGF ring is quasi-Frobenius

Here are four important results on the conjecture:

(1) Every left Kasch, right FGF ring is quasi-Frobenius.

(2) Every right self-injective, right FGF ring is quasi-Frobenius.
(3) Every right perfect, right FGF ring is quasi-Frobenius.

(4) Every right CS, right FGF ring is quasi-Frobenius.

We prove all these assertions; in fact we capture all of (1), (2), and (3) in Theorem
7.19: If M,(R) 1s a right C2 ring for each n > 1 and every 2-generated right
R-module embeds in a free module then R is quasi-Frobenius. This theorem
also implies that the FGF-conjecture is true for right FP-injective rings, and it
reformulates the conjecture by showing that it suffices to prove that every right
FGF ring is a right C2 ring. Furthermore, the theorem shows that the conjecture
is true for semiregular rings with Z, = J. We call these rings right weakly
continuous, and investigate their basic properties.

We then turn to the fundamental work of Goémez Pardo and Guil Asensio. A
ring R is called a right CF ring if every cyclic (that is principal) right R-module
can be embedded in a free module.! The open problem here is as follows:

! Historically, principal modules are referred to as cyclic modules in this context.

164
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The CF-Conjecture. Every right CF ring is right artinian.

Referring to (4) from the preceding list, Gomez Pardo and Guil Asensio prove
that every right CS, right CF ring is right artinian. Note that the Bjork example
is a left and right artinian, left CF ring that is neither a right CF ring nor a left
FGF ring.

The chapter concludes with a self-contained discussion of the Faith—Walker
theorems. The proofs require several results about injective modules over noeth-
erian rings that are of interest in their own right.

7.1. FGF Rings and CF Rings

We begin by showing that the FGF-conjecture is true if we insist that every
right and every left finitely generated module embeds in a free module. In fact
we have the following theorem:

Theorem 7.1. A ring is quasi-Frobenius if and only if every right and every
left cyclic module can be embedded in a free module.

Proof. If the condition holds and 7 is any right ideal of R, leto : R/T — R™
be an embedding. If (1 + T) = (a;,...,a,) then T = ri{ay,...,a,}, soO
T = r1(T). Similarly, L = 1r(L) for every left ideal L of R, so R is a dual
ring. Hence Theorem 6.19 shows that R is left and right finitely cogenerated.
Thus every cyclic right (or left) R-module is finitely cogenerated (because it is
embedded in a finite direct sum of copies of R). Hence R is right and left artinian
by Vamos’ lemma (Lemma 1.52). But R is right and left P-injective (being a
dual ring), and so is right and left mininjective. Thus R is quasi-Frobenius by
Ikeda’s theorem (Theorem 2.30). O

The following result records some properties of the right CF and FGF rings
for reference.

Lemma 7.2. Let R denote a ring.

(1) R isaright CFring if and only if every right ideal T has the form T = r(F)
for some finite set F C R. In this case R is left P-injective and right Kasch.

(2) If R is a right FGF ring, then R is left FP-injective.

(3) The condition “right FGF ring” is a Morita invariant.

Proof. (1). If T is a right ideal and 0 : R/T — R" is an embedding,
then T = r{ay,...,a,}, where o(1 + T) = (ay,...,a,). Conversely, if
T =r{a,...,a,} thenr — (air, ..., a,r)is an R-linear mapping R — R"
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with kernel 7'. This proves the first sentence, and the rest follows by taking T
to be principal and maximal, respectively.

(2) and (3). Observe that a ring is a right FGF ring if and only if every finitely
generated right module can be embedded in a projective module. This statement
1s categorical by Proposition A.4 and Corollary A.8, and so (3) follows from
the Morita equivalence theorem (Theorem A.20). Hence, if R is a right FGF
ring then M,(R) is also a right FGF ring, and so it is left P-injective by (1).
Hence R is left FP-injective by Theorem 5.41, proving (2). O

Clearly, every right FGF ring is a right CF ring. The converse is not true:

Example 7.3. The Bjork example is a left CF ring that is not a left FGF ring
and not a right CF ring.

Proof. Using the notation of Example 2.5, we have that the cyclic left R-
modules are 0, R, and R/J = J. Since each is embedded in xR, R is a left CF
ring. However, R is not left mininjective (see Example 2.5), so it is not a right
FGF ring by Lemma 7.2. Since R is not quasi-Frobenius, it is not a right CF
ring by Theorem 7.1. O

Lemma 7.2 is useful in proving the following characterizations of the right
FGF rings that clarifies the relationship between right FGF and right CF rings.
Recall that R, and R" denote the column and row matrices, respectively, over
the ring R.

Theorem 7.4. The following conditions are equivalent for a ring R:

(1) R is a right FGF ring.

(2) For alln > 1, every submodule Xr € R, has the form X = rg (A) for
some m X n matrix A over R.

(3) For all n > 1, every submodule Xz < R, has the form X =
rrir1, ..., u} forr; € R".

(4) M, (R) is a right CF ring for every n > 1.

Proof. (1)=(2). We have R,/X < R,, for some m > 1 by (1), so let y :
R, — R, have ker(y) = X.If {e, ..., ¢,} 1s the standard basis of R,, write
y(e;) = a; for each i and let A denote the m x n matrix with these g; as its
columns. Then (2) follows from the fact that y(r) = Ar for every r in R,,.
(2)=(3). Given X, choose A as in (2), and take 7; to be row i of A.
3)=@). If T is a right ideal of M,(R), we must (by Lemma 7.2) show
that T = r(F) for some finite subset F of M, (R). Now T has the form 7T =



7. FGF Rings 167

[X X --- X], where Xz C R, consists of all (all first) columns of matrices
inT.By 3)letX =xrg {ri,...,rp)forr; € R". Foreach j =1,...,m, let
B; denote the n x n matrix with 7; as row 1 and all other rows zero, and let
F={B;,...,By,}. Then X =1 (F), and so T = 1, (r)(F), as required.
4)=(1). If X C R, it suffices to find an R-morphism y : R, — R,, with
ker(y) = X. Write S = M,(R). By (4) and Lemma 7.2, the right ideal
T =[X X---X]of S has the form T = rg(F), where F is a finite subset of
S. Let {r;,72,...,7,} denote the rows of the matrices in F. Then T =
rs{ri,7r2, ..., Tp}, S0 X = rg {ri,72,...,7y}, and it follows that the map
Y : R, — R, given by y(r) = (Fir,72r, ..., 7mr)! has ker(y) = X, as
required. O

It is interesting to note the parallel between (1)<>(4) in Theorem 7.4 and the
corresponding characterization of the right FP-injective rings R as those for
which M,,(R) is right P-injective for each n.

7.2. C2 Rings

The right FGF rings are closely related to the right C2 rings, and this section is
devoted to a study of these rings. Recall that a ring R 1s called a right C2 ring
if Rk has the C2-condition (if a R 1s isomorphic to a summand of Ry, a € R,
then aR is itself a summand). Every regular ring is a left and right C2 ring,
and every right continuous ring is a right C2 ring. The only C2 domains are
the division rings. In fact, we have the following example. Recall that a ring is
called I-finite if it contains no infinite set of orthogonal idempotents.

Example 7.5. Let R be an I-finite ring. If R is a right C2 ring then every
monomorphism Rg — Rp is epic. The converse is true if 0 and 1 are the only
idempotents in R.

Proof. Suppose thatr(a) =0, a € R, and consider R D aR 2 a’R D2 a’R D
.- . Since a*R = R, we have a*R = ¢, R for some e] = ¢;. Hence a*R =
a**1 R for some k by the I-finite hypothesis, whence R = a R because r(a) = 0.
This proves that monomorphisms Rgx — Rp are epic. Conversely, given that
monomorphisms are epic, assume that 0 and 1 are the only idempotents in R
and letaR = P, where P is a summand of R. Then either P = 0 (soaR = 0is
a summand) or P = R. In the second case, if 0 : R — aR is an isomorphism
let 0(1) = ab. Then r(b) = 0, so b is a unit by hypothesis, whence a is a unit

and again a R = R is a summand. Thus R is a right C2 ring. O
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If F is afield, thering R = [g i] 1s a right and left artinian ring, so monomor-
phisms are epic (on either side). However, R is not a right C2 ring because
J = [8 15] -~ [8 2] = [8 ?]R, but J is not a summand of R. Similarly, R is
not a left C2 ring.

Example 7.6. Every left Kasch ring is a right C2 ring, but the converse is false.

Proof. The first part is Proposition 1.46. Any regular, right self-injective ring
1s right C2, but it is neither left nor right Kasch if it is not artinian. A specific
example is an infinite product of division rings. O

Before giving more examples of C2 rings we derive some basic characteri-
zations of these rings that will be used later.

Lemma 7.7. The following conditions are equivalent for a ring R:

(1) R is aright C2 ring.

(2) Every R-isomorphismaR — eR, a € R, e2 = e € R, extends to R.
(3) Ifr(a) =r(e),a € R, ¢> = ¢ € R, thene € Ra.

(4) Ifr(a) =r(e),a € R, > = e € R, then Re = Ra.

(5) If Ra C Re C 1r(a), a € R, ¢> = e € R, then Re = Ra.

(6) If aR is projective, a € R, then aR is a direct summand of Rg.

Proof. (6)=(1)=(2)=(3)=(4)=(5) are routine computations. Assume that
(5) holds. If a R is projective then r(a) is a direct summand of R, say r(a) = r(e)
fore> = e. Thusa = ae, so Ra C Re.Bute € 1r(a) [because r(a) C r(e)], so
we have Ra € Re C 1r(a). Thus Ra = Re by (5), so Ra is a direct summand
of R, whence aR is a summand, proving (6). O

Condition (3) in Lemma 7.7 gives

Corollary 7.8. A direct product of rings is a right C2 ring if and only if each
factor is a C2 ring.

Corollary 7.9. The following conditions are equivalent for a local ring R:

(1) R is aright C2 ring.
(2) Every monomorphism Rr — Ry is epic.
(3) J ={a € R | r(a) #0}.

In particular, any local ring with nil radical is a right and left C2 ring.
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Proof. Example 7.5 shows that (1)<>(2) for any ring in which 0 and 1 are the
only idempotents. Given (2), it is clear that J € {a € R | r(a) # 0}; this is
equality in a local ring. Hence (2)=>(3). Finally, if (3) holds, suppose r(a) =
r(e), a € R, ¢ = e € R. By Lemma 7.7 we must show that e € Ra. This is
clearife = 0.If e = 1 thenr(a) = 0,s0a ¢ J by (3). Hence Ra = R because
R islocal, and so e € Ra as required. Thus (3)=>(1). Finally, the last statement
follows from (3) because R is local. O

Using Lemma 5.1, condition (3) of Lemma 7.7 gives immediately
Corollary 7.10. Every right P-injective ring is a right C2 ring.

The converse of Corollary 7.10 1s false. Indeed, if V' is a two-dimensional vector
space over a field F, consider the trivial extension R = T(F,V) = F @ V.
This is a commutative, local, artinian ring with J 2=-0,s0RisaC2 ring
by Corollary 7.9. However, R is not P-injective. For if V = vF @ wF, let
0 : V — V be alinear transformation with 6(v) = w. Then (0, x) — [0, 8(x)]
is an R-linear map R — R that does not extend to R — R because w ¢ vF.

Example 7.11. There exists a left C2 ring that is not a right C2 ring.

Proof. Faith and Menal give an example (Example 8.16 below) of a right
noetherian ring R in which J is nilpotent and every right ideal is an annihi-
lator, but which is not right artinian. Thus R is left P-injective and hence left
C2. Suppose that R 1s aright C2 ring. Since R is I-finite, every monomorphism
Rr — Rpgisepic (see Example 7.5), so R is semilocal by the Camps—Dicks the-
orem (Theorem C.2) because it is right finite dimensional. Since J is nilpotent,
R is right artinian by the Hopkins—Levitzki theorem. But this is a contradiction
and hence R is not a right C2 ring. O

Proposition 7.12. If R is a right C2 ring, so is eRe for any e> = e € R such
that ReR = R.

Proof. Write S = eRe and suppose that rg(a) = rs(f),a € S, f> = f € S.
By Lemma 7.7 we must show that f € Sa. It suffices to show that f € Ra, so,
by Lemma 7.7, we show that rg(a) = rg(f). If r € rg(a) then, for all x € R,
a(erxe) = arxe = 0 and so erxe € rg(a) = rs(f). Thus frxe = 0 for all
x € R,s0 fr = 0because ReR = R. Thus rg(a) C rg(f); the other inclusion
is proved in the same way. O
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Proposition 7.12 is half of the proof that a “right C2 ring” is a Morita invariant.
We are going to characterize when this is true (in Theorem 7.16), but we must
first develop some results about endomorphism rings. Recall that a module is
called a C2 module if it satisfies the C2-condition.

Theorem 7.13. The following conditions are equivalent for a module My with
E =end(Mpg):

(1) Mg is a C2 module.

(2) If o : N — P is an R-isomorphism, where N € M and P is a direct sum-
mand of M, then o extends to some 8 € E.

(3) Ifa : P — M is R-monic, where P is a direct summand of M, there exists
B € E with B oo =, wheret : P — M is the inclusion.

(4) If « : P — M is R-monic, where P is a direct summand of M, and if
n? =m e E satisfies (M) = P, there exists B € E withmoBoa = 1p.

Proof. (1)=(2).Ifoc isasin(2),let M = N@® N’'by (1). Then (n+n') — o(n)
extends o.

(2)=@3). If « is as in (3) then o : a(P) — P is an R-isomorphism if we
define o[a(p)] = pforall p € P.By (2)let B € E extend 0. Then foa = .

3)=@).Ifaisasin(4),let Boa = tby (3),where B € E. ThenwroBoa =
lp.

(4)=(1). Suppose a submodule N € M is isomorphic to P, where P is a
direct summand of M, say o : P — N is an R-isomorphism. We must show
that N is a direct summand of M. If 72 = 7 € E satisfies (M) = P, (4)
provides 8 € E suchthat m o foa = 1p. Define = aomof € E. Then
6% = 0 and H(M) < N, so we are done if we can show that N € 6(M). But
Ooa=aandso N = a(P) =0[a(P)] € 6(M), as required. O

Itis easy to verify that direct summands of a C2 module are again C2 modules.

But the direct sum of C2 modules need not be a C2 module: If R = [g Ii],

A= [g g] and B = [8 2] where F is a field, then Ry is not a C2 module,
but R = A @ B and both Ag and By are C2 modules. (B is simple, and Ag

has exactly one proper submodule J 22 A.)

Theorem 7.14. Let M be a module and write E = end(Mp). Then the fol-
lowing hold:

(1) If E is a right C2 ring then My is a C2 module.
(2) The converse in (1) holds if ker(«) is generated by M whenever a € E is
such that rg(«) is a direct summand of E.
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Proof. (1). Let @ : P — M be R-monic, where P is a direct summand of M,
letn? = € E satisfy (M) = P, and write ker(w) = Q.Hence M = P® Q
and we extend o to @ € E by defining &(p + g) = «(p). Since « is monic,
ker(a) = Q = ker (). It follows that

re(@) ={r € E|AMM) € Q} =rg(7).

Since E is a right C2 ring, Lemma 7.7 gives m € Ea, say 7 = B o a with
BeE. Thenmopfoa=1p, soMgisaC2module by Theorem 7.13.

(2) Let rg(a) = rg(w), where @ and 7> = 7 are in E. By Lemma 7.7, we
must show that 7 € Ea.

Claim. ker(a) = ker ().

Proof. 1 —m € rp(wr) = re(a), soa = a o, whence ker(mw) C ker(w).
However, we have ker(a) = X{0(M) | 6 € E, 8(M) C ker(x)} by hypothesis.
Since (M) C ker(a) implies 0 € rg(a) = rg(mw), it follows that (M) C
ker(mr). Hence ker(a) C ker(ir), proving the Claim.

Now write (M) = P and ker(mr) = Q. Then P Nker(a) = 0 by the Claim,
so «|p 1s monic. Since M has the C2 condition, Theorem 7.13 provides B € E
such that 8 o («jp) = t, where « : P — M is the inclusion. We claim that
B o o = m, which proves (2). If g € Q then (8 o @)(q) = 0 = m(q) by the
Claim;if p € Pthen (Boa)(p) = p = n(p). As M = P & Q this shows that
m = Ba € Ea, as required. O

Since a free module generates all of its submodules, we obtain

Theorem 7.15. If My, is free then M is a C2 module if and only if end(Mp) is
a right C2 ring. In particular R" is a right C2 module if and only if M,(R) is a
right C2 ring.

By Proposition 7.12, being a right C2 ring is a Morita invariant if we can show
that M,(R)is aright C2 ring whenever R is aright C2 ring. Hence Theorem 7.15
gives

Theorem 7.16. The following conditions are equivalent:

(1) “Right C2 ring” is a Morita invariant.
(2) If R is a right C2 ring then (R & R) is a C2 module.
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We call a ring R a strongly right C2 ring if M,(R) is a right C2 ring for
every n > 1. This is a Morita invariant class of rings by Proposition 7.12, and
it contains every Morita invariant class of right C2 rings.

Example 7.17. Every right FP-injective ring is a strongly right C2 ring.

Proof. A ring R is right FP-injective if and only if M, (R) is right P-injective
for every n > 1 (Theorem 5.41). Hence we are done by Corollary 7.10. O

Example 7.18. Every semiregular ring with J = Z, is a strongly right C2 ring.

Proof. By Theorem 7.15 itis enough to show that R" has the right C2-condition.
Let A = B, where A and B are submodules of R” and B is a direct summand.
Then A is finitely generated (and projective) so, since R is semiregular, there
is a decomposition R" = P & Q, where P C A and A N Q is small in R" (see
Theorem B.46). Thus A = P& (AN Q),where ANQ Crad(R")=J"=Z"
by hypothesis. This means that A N Q is both projective and singular, and so
AN Q =0by Lemma 4.24. Thus A is a summand of R", as required. O

Note that every right continuous ring is semiregular with J = Z, by Utumi’s
theorem (Theorem 1.26). Consequently, we call these latter rings right weakly
continuous, and we return to them in Section 7.4.

Theorem 7.19. Suppose that R is a strongly right C2 ring such that every 2-
generated right R-module embeds in a free module. Then R is quasi-Frobenius.

Proof. Let a € E(Ry), where E(M) denotes the injective hull of a module
M. By hypothesis, let 6 : R +aR — (R")g be monic. Since R is a right C2
ring and o(R) = R, it follows that o(R) is a summand of R" and hence of
o0(R+aR). Buto(R) C°° o(R + aR) because R C** R 4+ aR. This implies
thata € R, so R = E(Rpg) is right self-injective. Hence Ry is a cogenerator by
Proposition 1.44 (since R is right Kasch by hypothesis), so R is a right PF ring
by Osofsky’s theorem (Theorem 1.57; see Corollary 7.33 in the next section).
In particular, Ry is finitely cogenerated by Theorem 1.56, and so every cyclic
module has finitely generated essential socle (it embeds in R” for some n). Thus
R is right artinian by Vdmos’ lemma (Lemma 1.52) and so is quasi-Frobenius
by Theorem 1.50. O

Theorem 7.19 gives a uniform proof that the FGF-conjecture is true for
right self-injective rings, left Kasch rings, and left perfect rings (as listed at the
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beginning of this chapter), as well as in other cases. In fact we need only assume
that every 2-generated right module can be embedded in a free module.

Corollary 7.20. Suppose aring R has the property that every 2-generated right
R-module embeds in a free module. Then R is quasi-Frobenius if it has any of
the following properties:

(1) R is semiregular with J = Z,.

(2) R is left Kasch.

(3) R is semiperfect with soc(Re) # 0 for every local idempotent e € R (for
example if R is right perfect).

(4) R is right FP-injective.

Proof. In each case we show that R is a strongly right C2 ring and apply
Theorem 7.19.

(1) R is a strongly right C2 ring by Example 7.18.

(2) Since “left Kasch” is Morita invariant, this follows because left Kasch
rings are right C2 (Example 7.6).

(3) We have r1(T) = T for every rightideal T of R because R/ T embeds in
a free module. In particular R is left mininjective and so is left minfull. Hence
R is left Kasch by Theorem 3.12, so (3) follows from (2).

(4) This follows from Example 7.17. O

Since being a right FGF ring is a Morita invariant, Theorem 7.19 gives the
following reduction in what is required to prove the FGF-conjecture.

Theorem 7.21. The following statements are equivalent:

(1) Every right FGF ring is a right C2 ring.
(2) Every right FGF ring is quasi-Frobenius.

Proof. Given (1), let R be a right FGF ring. Then M,,(R) is also a right FGF
ring by Theorem 7.4, and so it is a right C2 ring by (1). Hence R is a strongly
right C2 ring and so is quasi-Frobenius by Theorem 7.19. O

7.3. The Gomez Pardo-Guil Asensio Theorem

Given aright R-module M we will denote by 2(M) [respectively C(M)] a set of
representatives of the isomorphism classes of the simple quotient modules (re-
spectively simple submodules) of M. In particular, when M = Rp, then Q2(R)
is a set of representatives of the isomorphism classes of simple right R-modules.
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We will say that two modules M and N are essentially equivalent when they
contain isomorphic essential submodules. Observe that if M and N are essen-
tially equivalent, say with My C** M, Ny C€** N,and o : My — Ny, then
o induces an isomorphism soc(M) = soc(N), and we have C(M) = C(N).
Moreover, it is clear that the property of being finitely cogenerated is preserved
under essential equivalence.

We are going to characterize finitely cogenerated modules in terms of es-
sential equivalence, and the proof proceeds via a series of lemmas. One of the
key points of the proof will be to pass to the endomorphism ring of the quasi-
injective hull of a finitely generated quasi-projective CS module essentially
equivalent to M.

Lemma 7.22. Let E be aright R-module, and let S = end(ER). If L is a direct
summand of ¢ E then homgr(E,L) s E = L.

Proof. The group homg(E, L) is a right S-module via Ao = A o« for A €
homg(E, L) and ¢ € S. Hence the map homgr(E, L) x E — L given by
(A, e) = A(e) (where e € E) is balanced and so induces a homomorphism
o :homgr(E,L)®sE — L,whereo(A®e)+— A(e) forall A and e. However,
if r : E — L is the projection, the map 7 : L — homg(E, L) ®s E, where
7(x) = 7 ® x for x € L, is Z-linear and it is routine to verify that both com-
posites o o T and T o o are identity maps. Hence o is a Z-isomorphism; it is
clearly R-linear. O

Lemma 7.23. Let Ey be an injective right R-module and let S = end(ER). If
A is a direct summand of Sg then homg(E, A Qs E) = A.

Proof. Note first that there is Z-morphism 6 : A ®s E — E with 0(a¢ ® ) =
ae). Write A =S, 72 =m € S, anddefine 0 : A — homg(E, A s E) by

o(@)=yy: E—> AQ®g E, where y,(e) =7 Q a(e) fore € E.

Then o is Z-linear. Note that 0[y,(e)] = ma(e) = a(e) for all e € E because
o € A = nS. It follows that o is monic. However, if y : E — A ®g E then
y(e) = X(ro; Qe;) =nm Qe fore € E. Moreover, ifalsoy(e) =1 ®ey, e; €
E,thenre = 0[y(e)] = me . Hence o : E — E is well defined by «(e) = e,
where y(e) =m ® e, andthena € Sand y,(e) =7 Qu(e) =T ®e = y(e)
for all e € E. It follows that y = y, = o(«), proving that o is epic. O

Lemma 7.24. Let E be quasi-injective with S = end(Eg). Then there is a
bijection between the set of isomorphism classes of indecomposable direct
summands of Ey and the set of isomorphism classes of minimal right ideals of
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S/J(S). In particular there is an injection from the set of isomorphism classes
of simple submodules of Ey into the set of isomorphism classes of minimal
right ideals of S/ J(S).

Proof. Let Ly be a direct summand of Eg. Then by Lemma 7.22 we have a
canonical isomorphism homg(E, L) ®¢ E = L. Similarly, if Ng is a direct
summand of Sy, then homzr(E, N ®s E) = N by Lemma 7.23. Thus, the
assignments L — homgz(E,L) and N — N ®g E define inverse bijections
between the sets of isomorphism classes of direct summands of Eg and Sg. Itis
also clear that these bijections preserve the property of being indecomposable.
In fact, if e € S is any idempotent such that L = eE = eS ®g E, then the
corresponding direct summand of Sy is precisely homg(E, eE) = eS. Since
end(eER) = eSe = end(eSs), we have that if eEy is indecomposable then
end(eE) is local because E is quasi-injective. Hence the corresponding direct
summand eS§ of Sg is an indecomposable projective module with local endo-
morphism ring. Writing J = J(S§), we know by Lemma B.2 that eSe is local
if and only if eS/eJ is a simple right S-module. But eS/eJ is isomorphic, as a
right §/J-module, to the minimal right ideal é(S/J) of S/J, wheree = e+ J,
and so we may assign to eS this minimal right ideal.

Conversely, since S is semiregular by Theorem 1.25, each minimal right ideal
of §/J is of the form e(S/J), where e € § 1s an idempotent and ¢ = e + J.
Then we can assign to e(S/J) the right ideal eS of § that is, clearly, a projective
coverinmod S of e(S/J), so that eSe is local. Hence, we get a bijection between
1somorphism classes of direct summands of Sy with local endomorphism rings
and 1somorphism classes of minimal right ideals of S/J, which completes the
proof. O

Let Q be aring and {Cy | k € K} a family of pairwise nonisomorphic simple
right Q-modules. This family is said to be idempotent-orthogonal (respectively
idempotent-semiorthogonal) when there exists a family {e; | k € K} of idem-
potents of Q satisfying Crer # 0 for each k € K and Cjep = 01if j # k
(respectively, Cje; = 0 or Cre; = 0). The proof of Lemma 7.26 requires the
following set-theoretic result (see [127]).

Lemma 7.25 (Tarski’s Lemma). Let I be an infinite set. Then I can be decom-
posed as the union of a class K of subsets of I such that the following conditions
are satisfied:

(D) |K|>[I].
(2) |X| =|Y| foreach X and Y from K.
Q) IXNY| < |X|=|Y|ifX#Y;X,Y fromK.
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Lemma 7.26 (Osofsky). Let Q be a regular right self-injective ring, and let
{T; | i € I} be a set of pairwise nonisomorphic minimal right ideals of Q. If 1
is an infinite set, there exists an idempotent-orthogonal family {Cy | k € K} of
simple right Q-modules such that |I| < |K]|.

Proof. For each subset J C I, define X(J) = X{T C Qp|T = T; for some
i € J}. Since Q is regular and hence right nonsingular, 3(J) has a unique
closure E[X(J)] in Qo by Lemma 1.28 and, because Q is right self-injective,
E[X(J)] 1s actually the unique injective hull of X(J) inside Q¢ and hence
is a direct summand of Q. Thus there exists an idempotent e; € Q such
that E[X(J)] = e; Q. We first show that e; is central. It is enough to prove
that, for every x € Q, e;x = ejxe; and xe; = ejxe;. Assume, then, that
e;x(1 —ey) # 0. Since X(J) is essential in e; Q, we see that there exists an
element ¢ € Q and a simple right ideal T of Q such that T = T; for some
i € Jand 0 # e;x(1 —ey)qg € T. Thus the homomorphism (1 —e;)gQ — T
given by left multiplication by e;x 1s nonzero and, since T is a projective
module it is, actually, a split epimorphism. Therefore, (1 — e;)Q contains a
simple submodule isomorphic to 7;, for some i € J, contradicting the fact
that all these submodules are contained in e; Q. Thus we have proved that
e;Q(1 —ey)=0.

Assume now that (1 —ey)xe; # 0 for some x € Q. Then, left multiplication
by (1 — ey)x gives a nonzero homomorphism e; Q — (1 — e;)Q. Its image
(1 — ey)xe;Q is a principal right ideal of Q contained in (1 — e;)Q and,
since Q is regular, it is a projective module. Hence e; Q contains a submodule
1isomorphic to (1 — ey)xe; Q. But the latter module has zero intersection with
ey Q and thus it contains no submodule isomorphic to 7;, for any i € J, which
contradicts the fact that ¥(J) is essential in e; Q. Thus we see that all the e
are indeed central idempotents.

For subsets X and Y of I we have X(X) = X(X —Y)® X (X NY), so that
E[X(X)] = E[X(X —Y)] ® E[X(X NY)], and hence exQ = ex\yQ @
exny Q. Thus we see that exny € exQ and, similarly, exny € ey Q. Conse-
quently, exny € exQ NeyQ C exey Q = eyex Q. However, if T is a simple
right Q-module containedinexey Q,thenT; =T = T, forsomei € X and j €
Y,andsoi = j € X NY. Therefore, T € X(X N Y). Because exey QO
has essential socle, we have that exey Q C E[X(X NY)] = exny O, and so
exny Q = exey Q. Since exey and exny are both central idempotents, we see
that exey = exny. Observe also that, similarly, ex O = ey Q implies ex = ey
so that the idempotent ey 1s uniquely determined by the set X. Furthermore, if
X CYClI,thenexQ CeyQandexey = eyex = ex, whereasif XNY = ¢,
then exey = 0.
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Next, we construct the idempotent-orthogonal family {C; | k € K}. By
Lemma 7.25, the infinite set / can be decomposed as the union of a class K
of subsets of I such that the following conditions are satisfied: (1) |K| > |I|;
(2) |X| = |Y|foreach X, Y € K;and B) [ XNY| < | X|=|Y|if X #£Y
(X,Y € K).

Nowlet N = ¥{ezQ|Z C I and |Z| < | X| for each X € K} and define, for
each X € K, Nx = (1 —ex)Q + N. Assume that ex € Nx. Then we may
write ex = (1 — ex)xo + n, with xo € Q, n € N. Thus there exist sets
Zy,...,Z, € Isuchthat|Z;| < |X|forj=1,...,r,andn = Z;zlezjxj,
withx; € Q,sothatexQ C (1 —ex)Q+ ) _, ez, Q. Since | X| is infinite, we
have that | U;:l Z ;| < |X| and hence there exists an element i € X\(U;ZIZ]-).
Setting e; = ey;y we see that, asi € X, ¢; € ex Q and so there exist elements
q,q; € Q suchthate; = (1 —ex)q + ) _ ez,q;. Because i ¢ Z; we see
that ejez, = O foreach j = 1,...,r and hence ¢; = ¢;(1 — ex)qg = 0, which
is a contradiction and shows that ex ¢ Nx. However,if X,Y € K and X # Y,
then ey = (1 —ex)ey +exey = (1 —ex)ey +exny. Since | X N Y| < |X]|, for
each X € K, we see that exny € N and so ey € Ny.

Now, let M x be a maximal right ideal of Q containing Ny. Since ey € Ny C
My, we see that the simple right O-module Q/My is annihilated by ey, for
each Y € K, Y # X. It is clear, however, that ex ¢ My for, otherwise, we
would have 1 = ex 4+ (1 — ex) € Mx. Then we can define a set of simple right
Q-modules indexed by K, by setting Cy = Q/M; foreach k € K, and we have
that Crer # 0 and Cje, = O foreach k, j € K, j # k. Furthermore, since the
ex are central idempotents for all k € K, we have that C; = Cy implies j = k.

]

Lemma 7.26 will be applied to the case in which Q = §/J, where § is
the endomorphism ring of the quasi-injective hull Ex = E(Pg) of a finitely
generated quasi-projective module Py essentially equivalent to M. To obtain
useful information about £, and hence about M, it is necessary to establish some
connection between the simple right S/J-modules and the simple quotients of
Pr. This is the object of the next lemma.

If P and M are R-modules, P is called M-projective if for R-morphisms
A:M — Nand ¢ : P — N with A epic, there exists 45 : P — M such that
¢ = X o ¢. The module P is called quasi-projective if it is P-projective. As
in Lemma 1.12, if K € M are modules and P is M-projective then P is both
K -projective and M /K -projective.

If M is a module, the quasi-injective hull M of M is defined to be

M = S{MM) | 1 : end[E(M)]}.
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Hence M C°° M, and M = M if and only if M is quasi-injective by Theo-
rem 1.15.

Lemma 7.27. Let Py be a finitely generated, quasi-projective CS module, let
ER be its quasi-injective hull, and let S = end(Eg). If {C; | k € K} is an
idempotent-semiorthogonal family of simple right S/J(S)-modules, then we
have |[K| < |Q2(P)]|.

Proof. We show first that each direct summand of Ex contains an essential
submodule that is isomorphic to a direct summand of Pr and hence a finitely
generated E-projective module. Indeed, let X be a direct summand of E and
Y = X N P. Since P is a CS module, there exists a direct summand Z of P
such that Y is essential in Z. Moreover, since X is E-injective (being a direct
summand of E), the inclusion of Y into X has an extension to Z that is a
monomorphism because ¥ C*¥ Z. Thus we see that X contains an essential
submodule isomorphic to Z that is finitely generated and E-projective because
it is a direct summand of P.

Consider an idempotent-semiorthogonal family {Cy}icx of simple right
S/J(S)-modules. Since idempotents of S/J(S) lift modulo J(S) by Theorem
1.25, there exist idempotents {si}xex Of S such that Cys; # O for any k € K
and either C;s; = 0 or Cys; = Ofork # j. Let, foreachk € K, ¢, € C be an
element such that ¢;s; # 0 and call p; : S¢ — Cj the homomorphism defined
by pr(1) = cpsi. If sp,, = homg(E, s;) is the endomorphism of Sy given by
left multiplication with s;, we have that (py o s¢,)(1) = cks,f = cisp = pr(1),
and so py o Sg, = px, from which it follows that

(Pr Qs E)osy = (pr Qs E) o (sk ®s E) = (pr 0 5ks) Qs E = pr Qs E.

If we set E;, = sx(E) and E,; = (1 — s;)(E), then as we have observed at the
beginning of the proof, E; and E,; have finitely generated E-projective essential
submodules P; and Pk', respectively, which are isomorphic to direct summands
of P.ThusT = P, ® P,; isessential in £ = E;, & E,; and, moreover, (p; Qs E)
(P,;) C [(pr®@sE)osio(l1—sp)](E) = 0. Suppose that (pr ®s E)(Pr) = 0. Then
(Pr®s E)(P @ P,) = 0and if N, = ker py,thenker (py®s E) = Ni E, so that
T C N E. Since T is finitely generated, there exist elements A4y, ..., h, € N;
such that T € X! ,im h;. Denote by m; : E" — E the canonical projections
and set h = X! (h; om;) : E" — E.Thenim h = X_,im h; and hence
T C im h. Thus if we set X = im h, with canonical projection 8 : E" — X
and canonical injection« : X — E,andletu : T — Eandv : T — X be the
canonical inclusions, we have that ¥ = « o v. Since T is E-projective, there
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exists a morphism g : P — E" such that 8 o g = v. Using the quasi-injectivity
of E" we also obtain an extension? : E — E" of g, sothatf ou = g. Thus we
have

u=odov=ooBog=hog=hotou,

sothat (1 —hot)ou = 0 and hence ker (1 — h o t) is essential in Eg.
This entails that 1 — h ot € J(S) and so & o ¢ is an isomorphism. But since
hot =%" (hjom)ot = X" hjo(mot) € N, we see that Ny = S, a
contradiction that shows that (p; ®s E)(Py) # 0.

Lethy : P, —> Ey, iy : Ex — E,andt; = i ohy : P, — E betheinclusions,
and set Ly := im [(px ®s E) o t;], with canonical projection g; : Py — L
and inclusion wy : Ly — C; ®gs E. As we have just seen, L; is a (finitely
generated) nonzero module, and hence we can choose for each k € K a simple
quotient Uy of Ly with canonical projection ry : Ly — Uy. Denoting by [ X ] the
isomorphism class of a right R-module X, we see that [U] € Q2(P) and so we
can define a map from K to Q2(P) by assigning k — [Uy].

To complete the proof of the lemma, we show that the map just defined is
injective. Suppose that [U;] = [U] for j,k € K. Since {Cy | k € K} is
an idempotent-semiorthogonal family of simple right S/J(S5)-modules, we can
assume that, say, Cys; = 0.Let¢ : U; — Uy be anisomorphism. If o : Uy —
E(Uy) denotes the inclusion, for each k € K [where E(Uy) is the injective hull
of U], we obtain by injectivity an R-homomorphism ¢ : E(U;) — E(Uy)
satisfying ¢ o a; = a o ¢. Also, o o ;. has an extension 7] to Cy ®s E,
so that o o mx = m; o w. However, because P; is P-projective, we obtain a
homomorphism ¢ : P; — P, such that mx o g 0oy = ¢ o o g;. Now the
quasi-injectivity of E gives an endomorphism 7 : £ — E, that is, an element
T € S, such that T of; = f; o Y. Observe then that p oar; = o isa
monomorphism, and hence the morphism ¢ oajom;joq; : P; — E(Uy) is
nonzero (with image isomorphic to U;). Thus we see that

O;é(boozjon'joqj:akowonjoqj:akonkoqkow
=7T,20wkoqk01/rznléo(pk(X)SE)otkow
:n,:o(pk(X)SE)ototjznlgo(pk(X)SE)otoijohj.

Assume now that j # k and consider the homomorphism p; o 7, 0 i;_ :
s;§ — Ci, where 7, = homg(E, ) and i; = homg(E,i;). If we set x :=
(prot)(1) € Ci, we have that (pyot,oi; )(s;) = (pr o TL)(s;) = xs; €
Cis; = 0. Tensoring with g £ we then see that (py ®s E)o(1,®s E)o(i; Qs E) =
Oand,since 7, @s E = tandi; ®s E =i;,that (py ®s E)otoij =0, which
gives a contradiction and shows that we must have j = k. O
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Lemma 7.28. Let R be a ring, and let P be a finitely generated quasi-
projective, CS module, such that |2(P)| < |C(P)|. Then |Q2(P)| = |C(P)|,
and Py has finitely generated essential socle.

Proof. Let E be the quasi-injective hull of Pg, S = end(Eg), and J = J(S).
Let S be the set of isomorphism classes of minimal right ideals of S/J. Then
C(P)=C(E)andso|C(P)| < |S|by Lemma 7.24 and, if S is infinite, we have
by Lemma 7.26 an idempotent-orthogonal family {C | k € K} of simple right
S/J-modules such that |[S| < |K|. From Lemma 7.27 it follows that |K| <
|2(P)| and so we have a chain of inequalities

1Q(P)| = |C(P)| = IS| < K| = [Q(P)]

that shows that S, and hence Q(P), must be finite with, say, |[2(P)| = n <
S| =r.

LetCy, ..., C, berepresentatives of the elements of S. Foreachi =1, ...,r
there exist idempotent elements ey, e, ..., e, € § such that, if e; = ¢; + J,
then C; = ¢;(S/J). Since Xe; = homg,;[€;(S/J), X] for X € mod(S/J),
we see that ;(S/J)e; = Ofori,j < r,i # j, and ¢;(S/J)e; # O for all
i=1,...,r.Thus {Cy, ..., C,}is an idempotent-orthogonal family of simple
right S/J-modules with respect to {ej, ..., e} and sor < n by Lemma 7.27.
Then it follows that » = n and hence |Q2(P)| = n = |C(P)|.

Next we show that §/J is a semisimple ring. Suppose that this is not the
case. Then there exists a simple right S-module C = C,, that is not isomor-
phic to any of the Cy, ..., C,. Moreover, Ce; = homg,;[e;(S/J), C] = 0 for
alli = 1,...,r and so the family {C; | i = 1,...,r 4+ 1} of simple right
S/J-modules is idempotent-semiorthogonal with respect to the idempotents
{ei,...,é,, 1}. Then, again by Lemma 7.27, we obtain thatn +1 =r +1 < n;
this is a contradiction that shows that C cannot exist, and hence that S/J is a
semisimple ring. Therefore, S is semiperfect and hence it has no infinite families
of orthogonal idempotents, from which it follows that E' is finite dimensional.
Since ER is quasi-injective we see that Ey is actually a finite direct sum of
indecomposable submodules. The number of isomorphism classes of indecom-
posable direct summands of Eg equals r by Lemma 7.24 and so it is also equal
to |C(P)| = |C(E)|. Since each quasi-injective indecomposable module is uni-
form, we see that each indecomposable direct summand of E» has an essential
simple submodule and so is finitely cogenerated, Hence E» and hence also Py
are finitely cogenerated. O
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Theorem 7.29. The following are equivalent for a right module Mp:

(1) M is finitely cogenerated.

(2) M is essentially equivalent to a finitely generated quasi-projective CS mod-
ule P that cogenerates every simple quotient of P.

(3) M is essentially equivalent to a finitely generated quasi-projective CS mod-
ule P such that |Q2(P)| < |C(P)].

Proof. The fact that (1) implies (2) is clear for if M is finitely cogenerated, then
soc(M) is a finitely generated essential submodule that is quasi-projective, CS,
and cogenerates its simple quotients. The implication (2)=>(3) is also clear
and so we only need to prove that (3) implies (1). Suppose that M is essen-
tially equivalent to a finitely generated quasi-projective CS module P such that
|2(P)| < |C(P)|. Then P is finitely cogenerated by Lemma 7.28, and hence
sois M. O

Lemma 7.30. If M is a finitely generated module and E(M) is projective, then
E(M) is finitely generated.

Proof. Let E(M)@® X = F, where F is free. Since M is finitely generated, we
have M C Fy, where F = Fy @ F) and Fj is a finitely generated submodule of
F.Letm : F — Fy be the projection with ker(w) = Fy. Then ker(m) " M =
0, soker(m)NE(M) = 0. Thus mgm) : E(M) — Fpis monic, so we are done
because the injective module [ E(M)] is a direct summand of Fj. O

Corollary 7.31. Let R be a ring such that E(Rp) is a projective cogenerator of
modR. Then R is a right PF ring.

Proof. By Lemma 7.30, E(Rpg) is finitely generated. Since Rg and E(Rp) are
essentially equivalent, and E(Ry) is finitely generated and projective and is an
injective cogenerator, it follows from Theorem 7.29 that Ry has finitely gen-
erated essential socle. Hence R is right finite dimensional and right Kasch [by
Proposition 1.44 because E(Rp) is a cogenerator], and so R has only finitely
many isomorphism classes of simple right modules; let {Ky, ..., K,} be an
irredundant set. If we write E; = E(K;), then Ey, ..., E, are pairwise noniso-
morphic, indecomposable injective modules that are projective. Hence end(E;)
is local for each i, and so Lemma 1.54 shows that rad(E;) is maximal and small
in E;. Hence T; = E;/rad(E;) is simple and E; is a projective cover of T;.
Moreover, if T; = T; then E; = E; by Corollary B.17, and hence i = j. Thus
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{T, ..., T,} is a set of distinct representatives of the simple right R-modules
and it follows that every simple right R-module has a projective cover. Thus R
is semiperfect by Theorem B.21.

Let {ey, ..., e,} be a basic set of local idempotents in R. Since each E; is
indecomposable and projective we have E; = e,; R for some oi € {1, ..., n}.
Since the E; are pairwise nonisomorphic, it follows that o is a bijection and
hence that each e; R is injective. But then eR is injective for every local idem-
potent in R. Since R is semiperfect, it follows that R is right self-injective and
so 1s a right PF ring by Theorem 1.56. O

The next corollary extends Osofsky’s theorem (Theorem 1.57) that every
right self-injective, right cogenerator ring has finitely generated essential right
socle.

Corollary 7.32. LetR bearight CS, right Kaschring. Then R has finitely gener-
ated, essential right socle.

Proof. The proof is immediate from (2) of Theorem 7.29. O

It is interesting to observe that, although the rings of the preceding corollary
have finitely generated, essential right socle, we do not know whether they must
be semiperfect. This is in stark contrast with what happens when the CS and
Kasch conditions are on opposite sides for, although a right CS left Kasch ring
1s semiperfect by Lemma 4.1, it is not known whether a right self-injective, left
Kasch ring has finite essential right socle. If this were the case, then these rings
would be precisely the right PF rings.

Strengthening the hypotheses of Corollary 7.32, we obtain the following
characterization of right PF rings, which gives a different extension of Osofsky’s
theorem (Theorem 1.57).

Corollary 7.33. Let R be aring. Then R is a right PF ring if and only if Ry is
a cogenerator that is a right CS ring.

Proof. Every right PF ring is right self-injective and is a right cogenerator by
Theorem 1.56. Conversely, if Ry is a CS cogenerator then R has finitely gener-
ated, essential right socle by Corollary 7.32. Since R is right finite dimensional
and right Kasch, let {K, ..., K, } be a set of representatives of the simple right
R-modules. If we write E; = E(K;), then Ey, ..., E, are pairwise noniso-
morphic, indecomposable injective modules. Since Rg is a cogenerator, there
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exists an embedding o : E(K;) — R! for some set I. Then w o 0 # O for
some projection 7 : R’ — R, so (7w o o)k, # 0 and hence is monic. Thus
moo : E(K;) — Ris monic, and so E(K;) is projective.

Now let S, = S$1 @ --- ® S, S; be simple. Since §, C*° Ry we have
E(Rr)=E(S))®---® E(S,), and so E(Rp) is a projective cogenerator. So
R is a right PF ring by Corollary 7.31. O

The next corollary gives a sufficient condition for a right FGF ring to be
quasi-Frobenius.

Corollary 7.34. Every right CS, right CF ring is right artinian. In particular,
every right CS, right FGF ring is quasi-Frobenius.

Proof. If R is right CS and right CF then Ry has finitely generated, essential
socle by Corollary 7.32. Thus so does each cyclic right R-module, because it
embeds in a free module. By Vamos’ lemma (Lemma 1.52) R is then right
artinian. If R is right FGF it is left FP-injective by Lemma 7.2. Then Theorem
5.66 shows that R is quasi-Frobenius. O

Inrelation to these last corollaries, we remark that there exist rings that satisfy
the hypotheses of Corollary 7.32 but not the equivalent conditions of Corollary
7.33. For instance, the Bjork example (Example 2.5) is clearly left CS and left
Kasch but it is neither left nor right PF. Regarding Corollary 7.34, we observe
that this ring 1s left CS and left CF but not quasi-Frobenius, and hence it is
neither left nor right FGF.

7.4. Weakly Continuous Rings

A ring R i1s called right weakly continuous if R is semiregular and J = Z,.
Examples include mininjective, semiregular rings in which S, C*° Ry by
Proposition 2.27; P-injective semiregular rings by Theorem 5.14; right con-
tinuous rings by Utumi’s theorem (Theorem 1.26); and, more generally, the
endomorphism rings of free, continuous right modules (Corollary 7.43 to fol-
low). We saw in Example 7.18 that every right weakly continuous ring is a
right C2 ring, and we are going to give several characterizations of these right
weakly continuous rings in which the C2 rings play a major role.

To begin, we need the following lemma, which reveals an important relation-
ship between singular and projective modules. The finitely generated case was
given in Lemma 4.24.
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Lemma 7.35. Let Kg € P be modules where P is projective. Then K C**° P
ifand only if P /K is singular. In particular, if Pg is both projective and singular,
then P = 0.

Proof. The forward implication is Lemma 1.23 and does not require that P is
projective. Conversely, assume that P/K is singular. If P & Q = F is free and
we write K = K @ Q, then F/K = P/K is singular, so we may assume that P
is free. In that case let {¢; | i € I} be a basis of Pg and write A; = rg(e; + K)
for each i. Then A; C%° Ry, whence ¢;A; C%° ¢;R, s0 Xe;A; T Ye;R =
P. But (¢; + K)A; = 0 means that ¢;A; € K for each i. It follows that
K C*% P.

Finally, if P is projective and singular then 0 €*** P (because P /0 is singu-
lar), so P = 0. O

Proposition 7.36. The following are equivalent for an elementa € R:

(1) r(a) C*° fR for some f> = f € R.
(2) aR = P & S, where Py is a projective right ideal and S is a singular right
ideal.

Proof. (1)=(2). Let r(a) €** (1 — ¢)R, where ¢> = ¢ € R.
Claim. aR = aeR ® a(l — e)R.

Proof. Clearly aR = aeR + a(l —e)R.If x € aeR Na(l — e)R write x =
aer = a(l —e)s, wherer,s € R. Thener — (1 —e)s € r(a) C (1 —e)R, so
er = 0. Hence x = aer = 0, proving the Claim.

Now aeR = eR because the multiplication map a- : eR — aeR has kernel
{er | aer = 0} = eR Nr(a) = 0. Hence aeR is projective. Finally, the map
a- : (1 —e)R — a(l — e)R has kernel (1 — ¢)R N r(a) = r(a). Hence
a(l —e)R = (1 —e)R/x(a), so a(l — e)R is singular by Lemma 7.35 because
r(a) C* (1 —e)R.

(2)=(1). Suppose thataR = P & S asin (2), and let ¥ : aR — P be the
projection with ker(w) = S. Then define y : R — P by y(r) = n(ar), and
write K = ker(y). Then y is onto so, as P is projective, K = f R for some
f?> = f € R. Clearly r(a) € fR; it remains to verify that r(a) C** fR.If
k € K then ak € § because mw(ak) = y(k) = 0. Hence we have a map
0 : K — S defined by 6(k) = ak. Then ker(8) = K N r(a) = r(a), so
K/r(a) = im(0) C S. Thus K /r(a) is singular and so, since K is projective,
it follows that r(a) €*° K by Lemma 7.35. O
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Note that 6 is actually epic in (2)=(1), so K/r(a) = S. Indeed, if s € S let
s = ar. Then y(r) = mw(ar) = 0 because S = ker(;w), sor € ker(y) = K.
Thus s = ar = 0(r).

Since a ring R is called a right CS ring if every right ideal is essential in a
summand of R, we call aring R a right ACS ring (for annihilator CS) if every
element a € R satisfies the conditions in Proposition 7.36. (Note that we are
employing the convention that 0 € (.) To prove the next theorem, we need
the following observation (which is part of Proposition 1.46).

Lemma 7.37. If R is a right C2 ring then Z, C J.

If 7 1s an ideal in a ring R, recall (Lemma B.57) that R is called right /-
semiregular if, foreverya € R, there exists e? = e € aR witha—ea € I.Inthis
case, R/ I isregular and idempotents can be lifted modulo / (by Theorem B.58).
It turns out that the right weakly continuous rings are precisely the right Z, -
semiregular rings. The following theorem gives several other characterizations
of these rings and reveals their relationship to the right C2 rings.

Theorem 7.38. The following are equivalent for a ring R:

(1) R is right weakly continuous.

(2) R isright Z,-semiregular.

(3) If T is a finitely generated (respectively principal) right ideal, then T =
eR @ S, where e? = e and S is singular.

(4) R is a right ACS ring and every finitely generated (respectively principal)
projective right ideal is a summand.

(5) R is aright ACS ring which is also a right C2 ring.

Proof. (1)=(2)=(3). These follow from Theorem B.58.

(3)=@4).1fa € R, taking T = aR in (3) shows that R is a right ACS ring by
Proposition 7.36. If T is a finitely generated (principal), projective right ideal
of R, write T = eR @ S as in (3). Then Sg is both singular and projective, so
S = 0 by Lemma 7.35.

(4)=(5). To verify the right C2-condition, let T be a right ideal of R that is
isomorphic to a summand of Rg. Then T is projective and principal, so T is a
summand by (4), as required.

(5)=(1).Leta € R. Since Risaright ACSringletaR = P & S, where P is
projective and S is singular. Thus P is isomorphic to a summand of Ry (being
projective), so the C2-condition ensures that P = eR, where e?> = e. Since S
1s singular we have § C Z,, and Z, C J by the C2-condition (Lemma 7.37).



186 Quasi-Frobenius Rings

Thus S C J, proving that R is semiregular. Finally, if a € J thene? = e € J,
so e = 0 and aR = S is singular. Hence a € Z,, proving that J € Z,. This
proves (1). O

Examples.

(1) Every right continuous ring (and hence every right self-injective ring) is
right weakly continuous by Utumi’s theorem (Theorem 1.26).

(2) Every regular ring is right and left weakly continuous (with J = Z, =
Z; = 0). Moreover, it is easy to see that a right weakly continuous ring R
is regular if and only if R is right semihereditary, if and only if R is a right
PP ring (every principal right ideal is projective).

(3) More generally, every right P-injective ring is a right C2 ring by Corollary
7.10 and satisfies J = Z, by Theorem 5.14. Hence every right P-injective,
right ACS ring is right weakly continuous by Theorem 7.38. Note, however,
that if F is a field then R = [g f,] is a right and left artinian, right and
left ACS ring (in fact, right and left CS) that is neither right nor left weakly
continuous because Z, = 0 = Z; while J # 0.

(4) If R is the Bjork example, then R is aright and left artinian, left continuous,
right weakly continuous ring (R is right P-injective by Example 5.2) that
is not right continuous if dim 7(F) > 2 (in the notation of Example 2.5).
Indeed, if R were right continuous then, being local, it would be right
uniform. But if X and Y are nonzero F-subspaces of F with X NY =0
then P = Xt and Q = Yt are nonzero right ideals with P N Q = 0.

(5) If 0 and 1 are the only idempotents in R, then R is right weakly continuous
if and only if it is local with J = Z,. The I-finite, right weakly continuous
rings are precisely the semiperfect rings with J = Z,.

(6) The ring Z of integers is an example of a commutative, noetherian ACS
ring that is not weakly continuous, whereas the localization Z ) of Z at the
prime p is an example of a commutative, local (hence semiregular) ACS
ring that is not weakly continuous.

(7) If g Vg is a bimodule over a ring R, the trivial extension R = T(Z, Q/Z)
is a commutative P-injective ring and so is a C2 ring with J = Z,., butitis
not weakly continuous because it is not semiregular (in fact R/J = Z.)

(8) A direct product R = Il;<; R; of rings R; is right weakly continuous if and
only if each factor R; is right weakly continuous.

(9) Every left Kasch, right ACS ring is right weakly continuous by Theorem
7.38 because it is a right C2 ring (Proposition 1.46). It is easy to see that
left Kasch, left PP rings are semisimple; this conclusion remains true if we
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replace left PP by right PP. Indeed, such a ring is right weakly continuous.
But Z, = 0 because R is a right PP ring, so / = 0 and R is regular by
Theorem 7.38. Hence Z; = 0, so R is semisimple.

Right continuity is not a Morita invariant [because the matrix ring M;,(R)
is right continuous if and only if R is right self-injective by Theorem 1.35].
However, right weak continuity is a Morita invariant. The proof requires the
following lemma, which is of independent interest.

Lemma 7.39. Let R denote a ring and, as usual, denote Z, = Z(Rpg).

(1) If S = eRe, where ¢* = e € R satisfies ReR = R, then Z(Ss) = eZ,e.
(2) If S = M,,(R) wheren > 1, then Z(Ss) = M, (Z,).
(3) Each of the following is a Morita invariant property of rings:
i J C Z,.
(i) Z, < J.
(iii) J = Z,.

Proof. (1). Letz € eZ,eand 0 # b € S. Then bR Nrg(z) # 0, say zbr = 0,
where br # 0. Then 0 £ br R = br ReR, so brse # 0 for some s € R. Since
be = bwehave 0 # berse € bSNrg(z), and hence rg(z) C*° Sg. This proves
that eZ,e C Z(Ss). Conversely, suppose z € Z(Ss). Since z = eze it suffices
to show that z € Z,. Solet 0 £ b € R; we must show that bR Nrg(z) # 0. If
eb =0thenzb = 0,s0 bR Nrgr(z) = bR #£ 0. If eb # 0 then ebReR # 0,
so let ebre # 0, where r € R. Then ebreS N rg(z) # 0 by hypothesis, say
z(ebres) = 0, but ebres # 0, where s € S. As ze = z, we have 0 # bres €
bR Nrg(z).

2). Let « = [aij] € Z(Ss); we must show that each a;; € Z,. Since

Epq€r € Z(Ss) for any matrix units ,, and gy, it suffices to show that

o = [g 8] € Z(Sg) implies that a € Z,. Thus, if 0 # b € R, we must show

that rg(a) N bR # O that is, br # 0 but abr = 0 for some r € R. Write
B =[59]. Then rs(ar) N BS # 0, s0 Bp 5 0 and aBp = O for some p € S. If

p = [; g] this implies that either br # 0 or bX # 0, while abr = 0 = abX.
If br # 0 we are done; otherwise bx # 0 for some x € X, and again we are
done because abx = 0.

Conversely, if « = [aij] € M>(Z,), then T = N; jrgr(a;;) is essential in Rg.
Write T = M, (T), sothat T C rg(a); we show that T C** Sg. If 0 £ w € S
let X be a nonzero column of w, say column k. If R,, denotes the set of columns
from R, then 7,, C** R, by Lemma 1.1,solet0 # Xr C 7T,,r € R. If p =
rexk, where gy 1s the matrix unit, then 0 # wp € T N wS, as required.
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(3). This follows from (1) and (2) and the well-known facts that J[M,,(R)] =
M,[J(R)] for any n > 1 and J(eRe) = eJ(R)e for any e’ = ¢ € R. O

Theorem 7.40. Being right weakly continuous is a Morita invariant property
of rings.

Proof. Semiregularity is a Morita invariant by Corollary B.55, as is the condi-
tion that J/ = Z, by Lemma 7.39. O

With this we obtain a strengthening of a theorem of Utumi that R is right
self-injective if and only if R @ R is continuous (equivalently quasi-continuous)
as a right R-module (Theorem 1.35).

Corollary 7.41. The following are equivalent for a ring R:

(1) R is right self-injective.
(2) R is right weakly continuous and R @ R is CS as a right module.
(3) R is aright C2ring and R & R is CS as a right module.

Proof. (1)=(3)isclearand (3)=(2) because summands of CS modules are CS.

(2)=(1). If R is right weakly continuous, so also is M>(R) = end(R & R) by
Theorem 7.40. In particular end(R @ R) is a right C2 ring, and this implies that
R & R has the right C2-condition by Theorem 7.15. Hence R @ R is continuous,
and this implies that R is right self-injective by Theorem 1.35. O

We now turn to weak continuity of endomorphism rings. Recall that a module
Mp is said to generate a submodule K if K = X{0(M) | 6 : Mr — Kg},
and that M is called quasi-projective if, whenever 8 : Mg — Ny is onto and
0 : Mg — Npg, there exists A : Mg — Mpg suchthatd = o A.

Theorem 7.42. If My is a continuous, quasi-projective module that generates
each of its submodules, then end(Mp) is weakly continuous.

Proof. If we write E = end(Mpg), then Theorem 1.25 shows that E is sem-
iregular and J(E) = {o € E | ker(a) C*° M}. Thus Z(Eg) € J(E) by
Corollary B.41. Conversely, let « € J(E). If 0 # B € E, we must show that
BE Nrg(a) # 0. We have ker(a) N B(M) # 0; for convenience write K =
ker(a) N B(M). Since M generates K, we have K = X{0(M) | 60 : Mp —
KR}. Hence 6(M) # O for some 6 : M — K. Since M is quasi-projective,
there exists A € E such that & = BA. Hence BA # 0 because (M) # 0 and
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BA(M) = (M) C K C ker(a). It follows that 0 # BA € BE Nrp(a), as
required.

M
A
v 10
ML sy = 0 0

Since a free module is quasi-projective and generates each of its submodules,
we obtain

Corollary 7.43. If My is free and continuous then end(M) is weakly conti-
nouous.

Note that, 1f R = [g 11::] where F is a field, then R is a left and right artinian,
semiregular ring that is not right weakly continuous as we have seen. Note
further that R shows that a projective module need not generate its submod-

ules. Indeed, consider e = [(1) 8] in R. Then eR = [5 g] is projective with

submodule J = [g g], but the only R-morphism A : eR — Jis A = 0.

We conclude this section with a brief discussion of right ACS rings; that is
rings R for which, a € R, then r(a) C* eR for some ¢> = e¢ € R. This
class of rings includes all domains, all right uniform rings, and all right CS
rings; and every regular ring is a right and left ACS ring. If 0 and 1 are the
only idempotents in R, then R is a right ACS ring if and only if every element
a & Z, satisfies r(a) = 0. In particular, the localization Z, of Z at the prime
p 1s a commutative, local (hence semiregular) ACS ring in which Z, # J.

A direct product R = I1;<; R; of rings is a right ACS ring if and only if each
R; 1s aright ACS ring.

A ring R is called a right PP ring if every principal right ideal is projective,
equivalently if r(a) C® Ry for every a € R. Hence Proposition 7.36 shows
that the right PP rings are precisely the right nonsingular, right ACS rings. A
result of Small [205] shows that an I-finite, right PP ring R is a Baer ring; that
is, every left (equivalently right) annihilator is generated by an idempotent. (In
particular R is left PP and has ACC and DCC on right and left annihilators.)
Small’s theorem is the nonsingular case of the next result.

Proposition 7.44. Let R be a right ACS ring. Then the following hold:

(1) Every left annihilator L ¢ Z, contains a nonzero idempotent.
(2) If R is I-finite, every left annihilator L has the form L = Re & S, where
e =eand S C Z, is a left ideal.
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Proof. (1).If L = 1(X), choosea € L, a ¢ Z,. By hypothesis, r(a) C¢° eR,
where 2 = e, and e # 1 because a ¢ Z,. Hence X C r(a) C eR, so 0 #
(1—e)el(X)=L.

2).If L € Z, take e = 0 and S = L. Otherwise use (1) and the I-finite
hypothesis to choose ¢ maximal in {e | 0 # ¢> = e € L}, wheree < f
means ¢ € fRf. Then L = Re @ [L N R(1 — e)], so it suffices to show that
LNR(1—e)C Z,. Ifnotlet0 # f>2= f € LNR(1 —e)by(1). Then fe =0,
so g = e+ f — ef satisfies g2 = g € L and g > e. Thus g = e by the choice
of e, so f = ef and

f=f"= flef)=0,

which is a contradiction. O

The proof of Proposition 7.36 goes through as written to prove the following
module theoretic version.

Lemma 7.45. If My is a module, the following conditions are equivalent for
me M:

(1) x(m) CS eR for some e* = e € R.
(2) mR = P & S, where Py is projective and Sg is singular.

If R is a ring, we say that a right R-module My is an ACS module if the
conditions in Lemma 7.45 are satisfied for every element m € M. Hence aring
R is aright ACS ring if and only if Rg is an ACS module. The next result gives
a similar characterization of the right CS rings.

Proposition 7.46. A ring R is a right CS ring if and only if every principal
right R-module (respectively every right R-module) is an ACS module.

Proof. If R is aright CS ring, let m € M. Then r(m) is a right ideal of R, so
r(m) C%* eR for some e> = e € R by the CS-condition. Conversely, let T be a
right ideal of R and write M = R/T = mR, where m = 1 + T. By hypothesis
M = P & S, where Py is projective and Sg 1s singular. Hence Lemma 7.45
gives r(m) C¢° eR for some > = ¢ € R, and we are done because r(m) = T.

0
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7.5. The Faith—Walker Theorems

The FGF-conjecture arises from a theorem of Faith and Walker that R is quasi-
Frobenius if and only if every right module can be embedded in a free module.
For completeness, this section contains a self-contained treatment of this theo-
rem. We proceed in a series of results, many of which are important character-
izations of right noetherian rings in terms of their injective modules (including
another theorem of Faith and Walker). We begin with a technical lemma.

Lemma 7.47. If E is aright R-module such that E® is injective, then R satis-
fies the ACC for right ideals of the form rg(X), where X C E.

Proof. Suppose rr(X)) Crr(Xp) Crr(X3)C -+, X; CE. Then
1prr(X1) D 1prr(X2) D 1prpr(X3) D - -+

because rplprp(X) = rg(X) forany X € E. For eachi > 1, choose m; €
lprr(X;) — 1grr(X;y1). Hence there exists a;1; € rr(X;11) such that
m;a;y1 # 0. Define T = U;rg(X;). Then, for all ¢ € T there exists n, > 1
such that t € rg(X;) for all i > n,;. Then m;r = O for all i > n,; and, if
m = (my, my, ms, ...), thenmt € E®™ foreveryt € T.Hence ¢z : T — EWV
is well defined by ¢;;(¢) = mt. Since E®Y is injective by hypothesis, ¢ ex-
tends to ¥ : R — E®. Hence ¢;(t) = mt = ¥(t) = (1)t forall t € T.
But ¥(1) € EMN 5o there exists k > 1, independent of ¢, such that m;t = 0
foralli > k and all ¢t € T. In particular, m;a;; = O forall i > k, which is a
contradiction. O

With this we can give some characterizations of a right noetherian ring in
terms of its injective right modules.

Theorem 7.48. The following conditions on a ring R are equivalent:

(1) R is right noetherian.

(2) Every direct sum of injective right R-modules is injective.

(3) If Ky, K>, ... are simple right modules then ®72, E(K;) is injective.
(4) EWY is injective for every injective module Eg.

Proof. (2)=(3) and (2)=(4) are clear.

(1)=(2). Let Egp = ®;¢; E;, where each E; is injective, let T be a right ideal
of R,andlety : T — E be R-linear; we must extend y to R. Since 7 is finitely
generated by (1), we have y : T — Ey = ®;cj, E;, where Iy C [ is a finite
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subset. Since E is injective, let y : R — Epextend y. Thentoyp : R > E
extends y, where t : Ey — E is the inclusion.

B3)=).IfTy c T, C T5 C - - - arerightideals of R, write T = U; T; and, for
eacht € T, choose n; > 1suchthatt € T; foralli > n;. Foreachi > 1 choose
ci €T —T;,and let M;/T; <" (¢;R + T;)/T;. Thus K; = (¢;R + T;)/ M,;
is a simple right R-module. Define n; : (c;R + T;)/T; — K; by ni(x +T;) =
x + M;, and write 7; : K; — E(K;) for the inclusion. Since E(K;) is injective,
let ¢; : T/T; — E(K;) be such that ¢;(c; + T;) = t;n;(c; + T;). Note that

(ciR+T)/T; — T/T;

ni 4
@i
K; v
T
E(K;)

pi(t +T;) = 0 foralli > n;, so we can define « : T — @;E(K;) by
a(t) = (@it + T;)) . Since @; E(K;) is injective by (3), « extendsto & : R —
@, E(K;). Write &(1) = (b;), so there exists n > 1 such that b; = 0 for all
i >n.Givenany t € T, we have (¢;(t + T;)) = a(t) = &(t) = &(1)t = (b;t) .
Thus ¢;(t + T;) = O foralli > nand allt € T. But ¢,(c, + T,,) # 0 by the
definition of ¢;, and this contradiction proves (1).

(4)=(1). Given (4), let C = ®;c; E(K;), where the K; are a system of dis-
tinct representatives of the simple right R-modules. Then C is an injective
cogenerator by Proposition 1.43. Hence if T i1s a right ideal of R, there exists
an embedding o : R/T — C’. If we writeo(1 +T) = {cj)jes, and if we set
X ={c; | j € J}, then T = rg(X). Since C™ is injective by (4), R is right
noetherian by Lemma 7.47. O

If M is a module, we call a family {N; | i € I} of submodules of M inde-
pendent if the sum X;c; N; is direct. Thus M is finite dimensional if and only if it
contains no infinite independent family of nonzero submodules. It follows from
Zorn’s lemma that every independent family is contained in a maximal one.

Lemma 7.49. The following conditions are equivalent for a ring R:

(1) R is right noetherian.
(2) Every nonzero injective right R-module is a direct sum of indecomposable
modules.
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Proof. (1)=(2). We begin with the following result.

Claim. If Ex # 0 is injective then E contains an indecomposable direct sum-
mand.

Proof. If 0 £ x € E then E = E(xR) & E' for some E’ C E. It suffices to
show that E(x R) is finite dimensional. (It is then a finite direct sum of indecom-
posable submodules.) So let {N; | i € I} be an independent family of submod-
ulesof E(xR). Then {N;NxR | i € I}isindependent so, since x R is noetherian
by (1), N; N xR = 0 for all but finitely many i € I. Since x R C**° E(xR), this
means that N; = 0 for all but finitely many i € I. This proves the Claim.

If Ex # 0 is injective, Zorn’s lemma (and the Claim) produces a maxi-
mal independent family & = {E; | j € J} of indecomposable direct sum-
mands of E. Then Ey = @;E; is injective by (1) and Theorem 7.48, so
E = Ey® E'. If E' # 0 then it contains an indecomposable direct sum-
mand by the Claim, contradicting the maximality of £. So £’ = 0 and the proof
is complete.

(2)=(1). Let Ky, K>, ... be simple right R-modules; by Theorem 7.48 it
suffices to show that &°2 | E(K,) is injective. Let K = @72, K, and, by (2),
write E(K) = @®,¢; E;, where each E; is injective and indecomposable. Since
K C%% E(K), we have soc[E(K)] = soc(K) = K. However, soc[E(K)] =
Picrsoc(E;), and each soc(E;) is either zero or simple and essential in E;
because E; is uniform (being the injective hull of each of its nonzero submodules
by Lemma 1.9). Hence, for each n, K, embeds as a direct summand of the
semisimple module @2 ;soc(E;), and it follows that K,, = soc(E;,) for some
in € 1.Butthen E(K,) = E[soc(E;,)] = E; foreachn, whence ®;2 | E(K,) =
@2 E;,. Since @72, E;, is injective [being a direct summand of E(K)], this
proves (1). O

If ¢ is a cardinal number, a module M is said to be c¢-generated if there is
a spanning set {x; | i € I}, where |I| = c¢. Clearly, epimorphic images of
c-generated modules are c-generated, but this fails for submodules.

Lemma 7.50. Let ¢ be an infinite cardinal number. If Mp = &®;c; M; are mod-
ules, and N C M is a c-generated submodule, there exists a subset J C I such
that|J| < cand N C ®;c; M;.

Proof. Let {x; | kK € K} span N, where | K| = c. Then each x; is in a finite sum
of the M;, so there exists a function f from K to the family of finite subsets of
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I, where x; € ®;criyM; for each i € I. Define J = Uk f(k). Since ¢ is an
infinite cardinal, |J| < |K| = c. O

Observe that if A is a set of modules then each module in A is ¢-generated,
where ¢ = |UA]. Since an indecomposable injective right R-module is the
injective hull of each of its nonzero submodules, it follows that { E(R/T) | T C
Ry} contains an isomorphic copy of each indecomposable injective R-module.
Since this is a set, there is a cardinal number ¢ such that every indecomposable
injective right R-module is c-generated. Then it follows from Lemma 7.49 that if
R is right noetherian, there is a cardinal number ¢ such that every injective right
R-module is a direct sum of c-generated modules. Surprisingly, the converse is
true.

Theorem 7.51 (Faith—Walker Theorem). A ring R is right noetherian if and
only if there exists a cardinal number ¢ such that every injective right R-module
is a direct sum of c¢-generated modules.

Proof (Anderson and Fuller [1]). The necessity of the condition has already
been outlined. Conversely, suppose the condition holds. By Theorem 7.48 it
suffices to show that if Ey is injective then E™ is also injective. Observe that
any module spanned by a set C has at most | R|/°! elements. By hypothesis there
is an infinite cardinal number c¢ that is greater than both |R| and |E|, and such
that every injective right module is a direct sum of modules of cardinality at
most ¢. Let B be a set with |B| > 2¢. Since the direct product E? is injective, it
follows from the hypothesis that EZ = @ jes E;, where each E; has cardinality
at most c.

Claim. There is a partition {Jy, J1, J2, ...} of J such that, for eachn > 1,
|J,| < ¢ and @jeJEjn =0, Q:q with O, = E.

Once this claim is established, we will be done. Indeed,
EP = (@;2,0,) @ (@®;2,0,) ® (®jci E))
by the Claim, so E® = @2, O, 1s injective.

Proof of the Claim. Suppose Jy, ..., J, are disjoint subsets of J such that

|J;| <c¢ and Djey; EJ:Q,@Q: with Q;, = E
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foreachi =1,2,...,n.Set K = J; U---U J, and observe that |Pycx Ex| <
nc = c. Foreach b € B let, : E — EP? be the natural injection. Since
{(Brex Ex) N tp(E) | b € B} is an independent set of submodules of @y Ex,
and since @, Ex has at most 2° < |B| subsets, there exists b € B such that
(®rex Ex) N 1,(E) = 0. Thus the projection of EZ onto ®ycj_ Ex is monic
on (,(E). In particular, ®cj_x Ex = Q & V for some Q = Ey. By Lemma
7.50 there is a subset J,,;1 € J — K such that [J,41] <cand Q C ®j¢y,  E;.
Now a standard induction argument establishes the existence of Ji, J3, ... in

the Claim, and we are done with Jo = J — U>2 | J,. O

In preparation for the next Faith—Walker theorem, we need the following the-
orem. A module M is called countably generated if it has a countable spanning
set.

Theorem 7.52. Let ¢ be an infinite cardinal number. If a module M is a direct
sum of ¢-generated submodules, so also is every direct summand of M.

Proof (Anderson and Fuller [1]). Let M = &®;c;M;, where each M; is c-
generated. Suppose that M = P ® Q, andlet {P; | j € J}and {Qy | k € K}
denote the c-generated submodules of P and Q, respectively. Let P denote the
set of ordered triples (I’, J’, K’) such that

G I'clI, J CJ, KKCK and
(i) @ierM; = (Bjey Pj) ® (Drex Qi)-

Define a partial ordering < on P by
([/’ J/, K/) S (IU, J//, K//) if I/ g I”, J/ g J// and K/ g K”.

Then (P, <) is inductive, so let (I, J', K') be a maximal element in P; we
show that /" = I (and hence that P = @<, P;).

Let # and t = 1), — 7 be idempotents in end(Mpg) satisfying 7 (M) = P
and T(M) = Q. Assume that I’ £ [ and leti € I — I'. By Lemma 7.50 each
c-generated submodule of M is contained in a sum of at most ¢ of the M;.
In particular if D C [ is of cardinality at most ¢, then both 7w (@ cpMy)
and t(@, ep M) are c-generated submodules of M, and so their sum (also ¢-
generated) is contained in a sum of at most ¢ of the M;. So by an induction
argument it follows that there exists an increasing sequence D; € D, C --- of
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subsets of I, each of cardinality at most ¢, such that

M; Ca(M;)+t(M;) € ®gep, My,
@Qicp, My < T(Daep,Ma) © T(D@iep, My) S Daecp, My,

.
*

@dsep,Ma < T(DBaep,Ma) ® T(Daep,My) S Daep,. Ma,

Define D = U2 | D,. Since the M, are independent and i ¢ 1 ', it is clear that
D g I’. Note also that @,cpM, is c-generated (as ¢> = ¢) and that

T(@BaepMa) € GaepMy and  t(BgepMy) € SaepMa.
Now define

M' =& M;, P =®jcyPj, and Q = Byex O
Then M’ = P’ @ Q' because (I’, J', K’) is in P. Also set

M =&,cpupM;, P'=aM"), and Q" =1(M").
Then

P’ '=a(P' +Q + ®yepMy) € P + ®yepMy S M,
Q" =t(P' 4+ Q' + ®uepMy) € Q' + ByepMy S M".

So, since M" Ca(M")® t(M") = P"® Q" wehave M" = P" @& Q”. Since
P’ and Q' are direct summands of M contained in P” and Q”, respectively, we
have P = P' @ P/ and Q" = Q' & Q. It follows that

M//ZP//@Q//ZM/GB(P{@Q/I)

because M’ = P’@® Q'. Butthen P{® Q| = M"/M' = ®4ep—1 M, is nonzero
and c-generated. This contradicts the maximality of (/’, J', K’) in P and so
completes the proof of the theorem. O

Since every free module is a direct sum of countably generated (indeed prin-
cipal) modules, and every projective module is a direct summand of a free
module, it follows that every projective module is a direct sum of countably
generated modules, a fact first proved by Kaplansky [119].
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Combining Theorems 7.51 and 7.52, we obtain

Lemma 7.53. A ring R is right noetherian if and only if a right R-module H
exists such that every right R-module embeds in a direct sum of copies of H.

Proof. Since every module embeds in an injective module, the necessity of
the condition follows from Theorem 7.51 and the fact that every c-generated
module is isomorphic to a submodule of the direct sum of the set of images
of R©, where |C| = ¢. Conversely, if H satisfies the condition then every
injective right R-module is isomorphic to a direct summand of a direct sum of
copies of H. Hence we are done by Theorems 7.51 and 7.52. O

Proposition 7.54. Let R be a quasi-Frobenius ring. A right (or left) R-module
is injective if and only if it is projective.

Proof. We prove the proposition for right modules; the other case is analogous.
If My is projective it is a direct summand of a free module F = R, and
F is injective by Theorem 7.48 because R is right noetherian and right self-

injective.
Conversely, if M is injective we may assume that M is indecomposable by
Lemma 7.49. Let {ey, ..., e,} be basic orthogonal idempotents in R, so that

{eiR/e;J | 1 < i < n}isacomplete set of simple right R-modules. Since R
1s right artinian, M contains a simple submodule K, so M = E(K) because M
is indecomposable. Hence M = E(e; R/e; J) for some i. Since the E(e; R/e; J)
are pairwise nonisomorphic, it follows that

{E(eiR/e;J) |1 <i <nj}

is a complete set of indecomposable injective right R-modules. But the right
ideals e| R, ..., e, R are also pairwise nonisomorphic, indecomposable, and
injective. Hence E(e;R/e; J) = e,; R for 1 < i < n, where o is a permutation
of {1,2,...,n}. It follows that each E(e;R/e; J), and hence M, is projective.

U

The condition that all projective modules are injective actually characterizes
the quasi-Frobenius rings, as does the condition that injectives are projective.

Theorem 7.55. A ring R is quasi-Frobenius if and only if every projective right
(or left) R-module is injective.
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Proof. If the condition holds then R is right self-injective. In fact R® is right
injective, so R has ACC on right annihilators by Lemma 7.47. Hence R is
quasi-Frobenius by Theorem 1.50. The converse follows by Proposition 7.54.

0

We come finally to the theorem of Faith and Walker (referred to at the be-
ginning of this section) that prompts the FGF-conjecture.

Theorem 7.56 (Faith—Walker Theorem). The following conditions are equiv-
alent for aring R:

(1) R is quasi-Frobenius.
(2) Every injective right (left) module is projective.
(3) Every right (left) module embeds in a free module.

Proof. (1)=(2). This is by Proposition 7.54.

(2)=(3). Every module M embeds in E(M), which is projective by (2), and
so embeds in a free module.

(3)=(1). We prove it for right modules; the other case is analogous. Since
every module embeds in a direct sum of copies of R, R is right noetherian (by
Lemma 7.53) and right Kasch (since simple modules embed in R). It follows
that R has only finitely many isomorphism classes of simple right modules; let
{Kq, ..., K,}be an irredundant set. If we write E; = E(K;), then Ey, ..., E,
are pairwise nonisomorphic, indecomposable, injective modules that are pro-
jective by (3). Hence end(E;) is local for each i, and so Lemma 1.54 shows that
rad(E;) is maximal and small in E;. Hence T; = E;/rad(E;) is simple and E;
is a projective cover of T;. Moreover, if T; = T; then E; = E; by Corollary
B.17, and hence i = j. Thus {Ty, ..., T,,} is a complete set of representatives
of the simple right R-modules, and it follows that every simple right R-module
has a projective cover. Thus R is semiperfect by Theorem B.21.

Let {ey, ..., e,} be a basic set of local idempotents in R. Since each E; is
indecomposable and projective we have E; = e,; R for some oi € {1, ..., n}.
Since the E; are pairwise nonisomorphic, it follows that o is a bijection and
hence that each e; R is injective. But then eR is injective for every local idem-
potent in R. Since R is semiperfect, it follows that R is right self-injective and
so (being right noetherian) is quasi-Frobenius by Theorem 1.50. O

Notes on Chapter 7

The FGF problem originated in the work of Levy [137] and received its name
and current form from Faith [58]. In [142] Menal considered a modified version
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of the problem by proving that a ring R is quasi-Frobenius if and only if every
right R-module generated by « elements embeds in a free R-module, where o
is the cardinality of a set of generators of the injective hull E(R). Subsequently,
Menal [142] asked whether a cardinal « exists such that every «-GF ring is
quasi-Frobenius (where aring R is called right o-GF if every a-generated right
R-module embeds in a free module). This question was answered affirmatively
by Goémez Pardo and Guil Asensio in [80] for o« > |R]|.

The fact that a ring R is quasi-Frobenius if and only if every right R-module
can be embedded in a free module was proved in 1967 by Faith and Walker [68].
Right FGF rings have been studied by many authors; see Faith [59] for a detailed
history of the problem. More recently, Gomez Pardo and Guil Asensio have
carried out a fundamental study of the conjecture, and a thorough discussion of
the recent work on the problem can be found in [84]. Here are four important
results on this conjecture: A right FGF ring is quasi-Frobenius if it has any of
the following properties:

(1) Left Kasch (Kato [122])

(2) Right self-injective (Bjork [22], Tolskaya [217]; see also Osofsky [182])
(3) Right perfect (Rutter [197])

(4) Right CS (G6émez Pardo and Guil Asensio [79])

In (2) Bjork actually proves that every right self-injective, right CF ring is
quasi-Frobenius.

In 1997 G6émez Pardo and Guil Asensio [79] showed that if every cyclic
(respectively finitely generated) right R-module is essentially embedded in a
projective module then R is right artinian (respectively quasi-Frobenius). In
[80] they also proved that, if R is a right CF ring and every right R-module
has a maximal submodule, then R is right artinian. Moreover, they showed that
R is quasi-Frobenius if and only if it is a right FGF ring and every countably
generated right R-module has a maximal submodule. In fact, apart from the
Tarski and Osofsky lemmas, every result from Lemma 7.22 to Corollary 7.34
is due to Gomez Pardo and Guil Asensio (see [84]). Corollary 7.31 generalizes
a result of Menal [142].

Tarski’s lemma was proved in 1928 [215], and a proof can be found in [127].
Osofsky’s lemma (Lemma 7.26) was proved in 1966 [182] and is basic to her
study of PF rings.

The problem of when a semiregular right FGF ring is quasi-Frobenius has
been considered by Rada and Saorin [193], where it is proved that if R is a
right FGF ring such that R/J is regular and J is right T-nilpotent, then R is
quasi-Frobenius. An excellent account of these results can be found in [82] and
[84].
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In 1966 Faith proved that a ring is quasi-Frobenius if and only if every pro-
jective right module is injective; the fact that this is equivalent to every injective
module being projective is due to Faith and Walker in 1967 [68, Theorem 5.3].
Theorem 7.51 that a ring is right noetherian if and only if there is a cardinal ¢
such that every injective right module is a direct sum of c-generated modules
can be found in [68, Theorem 1.1]. Theorem 7.52 is a generalization by C.
Walker [223] of a famous result of Kaplansky [119], who proved the countably
generated case in 1958. The books by Anderson and Fuller [1] and Kasch [120]
are a good source for information on the Faith—Walker theorems.

Aring R is called aright QF-3 ring if it has a minimal faithful right module (a
faithful right module that is isomorphic to a direct summand of each faithful right
module), equivalently if E(Rp) is projective. This condition was introduced in
1948 by Thrall [216] for finite dimensional algebras. These minimal faithful
modules are all projective and injective and were characterized in 1968 by
Colby and Rutter [42]. A left or right artinian ring is called a QF-2 ring if each
indecomposable projective left and right module has a simple socle. It is known
that every QF-2 ring is QF-3 (the case of finite dimensional algebras is due
to Thrall) and that R is quasi-Frobenius if and only if it is QF-2 and either
S, = §; or R is left Kasch. More on this can be found in Anderson and Fuller
[2] and Tachikawa [213].



3
Johns Rings

Aring R is called aright Johns ring if it is right noetherian and every right ideal
is an annihilator. All these rings were once thought to be right artinian, but in
1992 Faith and Menal gave an example of a right Johns ring that is neither right
nor left artinian (see Example 8.16 in Section 8.3). In 1993, Faith and Menal
asked whether every strongly right Johns ring is quasi-Frobenius, where R is
called a strongly right Johns ring if M,,(R) is a right Johns ring for all n > 1,
equivalently if R is right noetherian and left FP-injective (by Theorem 5.41
since right Johns rings are left P-injective). This question remains open. Note
that Bjork’s example (Example 2.5) is a left and right artinian ring R that is left
Johns but not quasi-Frobenius. Hence M;(R) cannot be left Johns since, other-
wise, R would be a left 2-injective ring by Proposition 5.36, which is a contra-
diction. Thus R is a two-sided artinian, left Johns ring that is not strongly left
Johns.

The Faith—-Menal example has the additional property that the right socle
is essential as a right and as a left ideal. Hence it shows that the following
theorem of Ginn and Moss does not have a one-sided version: A left and right
noetherian ring with essential right socle is left and right artinian. In this regard,
it is worth noting that there are examples of right finitely cogenerated rings with
ascending chain conditions on left and right annihilators that are neither left
nor right artinian.

In this chapter we provide a one-sided version of the Ginn—Moss result (under
weak hypotheses), study right Johns rings, and give necessary and sufficient
conditions for (strongly) right Johns rings to be quasi-Frobenius. In this regard,
we show that right Johns, right mininjective rings are quasi-Frobenius. In fact,
this follows from a more general result: A right minsymmetric ring is right
artinian if and only if it is right noetherian with essential right socle. As another
consequence of this result, we show that a ring is quasi-Frobenius if and only
if it is a left and right mininjective, right Goldie ring with essential right socle.

201
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8.1. On a Theorem of Ginn and Moss

In Proposition 1.46 we showed that every left Kasch ring is a right C2 ring and
that every right C2 ring satisfies Z, C J. The next result gives some conditions
under which all three conditions are equivalent. Recall that a ring R is called
right finitely cogenerated if the right socle S, is finitely generated and essential
in Rg (see Lemma 1.51).

Lemma 8.1. The following are equivalent for a right finitely cogenerated ring
R with S, C §;.

(1) R is left Kasch.
(2) R is aright C2 ring.
3 Z, < J.

In this case R is semilocal with J = Z, and 1(S,) = 1(S;) = J

Proof. (1)=(2)=>(3) hold in any ring by Proposition 1.46. So assume that
(3) holds. Observe first that J < 1(S,) because S, € §;; and 1(S,) C Z,
because S, C*° Rpg. Using (3), it follows that 1(S,) = Z, = J. Hence J C
[(Se) S U(Sy) = J.

Claim. If kR is simple, k € R, then 1(k) = N/_,1(k;) where each 1(k;) <"
rR.

Proof. kR C S, C S; so Rk is semisimple, say Rk = Rl; & - - - & RI,, where
each RI; is simple. Hence k = k| + - - - + k,, where 0 # k; € RI; foreachi. It
follows that 1(k) = N/_,1(k;), and 1(k;) €™** R R because Rk; = RI; is sim-
ple. This proves the Claim.

Now S, is right finitely generated by hypothesis, say S, = aR® --- P a, R
where each a; R is simple. Thus J = 1(S,) = ﬂg?:]l(a ;) so, by the Claim,
J=1(5,) = ﬂlel(ki) where each 1(k;) is maximal. It follows that R is semi-
local, and that the map R — R? givenby r > (rky, ..., rk,)is R-monic with
kernel J. Hence R/J embeds in R”. But every simple left R-module, regarded
as an R/J-module, embeds in the (semisimple) ring R/J, and hence in R. This
proves (1). O

The following consequence of Lemma 8.1 will be needed in this chapter.

Lemma 8.2. Suppose that R is a right finitely cogenerated ring with ACC on
right annihilators in which S, € §;. Then R is a semiprimary ring with J = Z,.
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Proof. First, Z, is nilpotent by the ACC on right annihilators (Lemma 3.29),
and so Z, C J. Hence R is semilocal with J = Z, by Lemma 8.1, and so R is
semiprimary. O

Note that if R is as in Lemma 8.2 and if S, = §; is finite dimensional as a left
R-module (for example if R is commutative), then R is left artinian by Lemma
3.30.

Theorem 8.3. Every right noetherian ring with S, C S; and S, C°*° Ry isright
artinian.

Proof. Since a right noetherian, semiprimary ring is right artinian by the

Hopkins—Levitzki theorem, the result is an immediate consequence of Lemma
8.2. O

Note that the Faith—Menal counterexample (Example 8.16) shows that the hy-
pothesis S, C §; cannot be removed from Theorem 8.3; the ring Z of integers
shows that the essential socle hypothesis cannot be removed.

Theorem 3.31 implies that a right artinian, right and left mininjective ring is
quasi-Frobenius. The next theorem extends this by replacing right artinian by
right noetherian.

Theorem 8.4. The following are equivalent for a ring R:

(1) R is right and left mininjective, right noetherian, and S, C¢* Rg.

(2) R is right and left mininjective, right finitely cogenerated, with ACC on
right annihilators.

(3) R is quasi-Frobenius.

Proof. (1)=(2) and (3)=(1) are clear. Given (2), R is semiprimary by Lemma
8.2 because right mininjective rings have S, C §;. In particular, R is semilocal,
so (3) follows from Theorem 3.31. d

We can now combine Theorems 3.31 and 8.4 into one result.
Theorem 8.5. Let R be a right and left mininjective ring with ACC on right

annihilators, in which S, C®° Rpy. Then the following are equivalent:

(1) R is quasi-Frobenius.
(2) R is semilocal.
(3) S, is right finitely generated.
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In particular, Theorem 8.5 shows that a right and left mininjective, right Goldie
ring with essential right socle is quasi-Frobenius.

8.2. Right Johns Rings

Recall that a ring R is called a right CF ring if every cyclic right R-module
embeds in a free module. If 7 is a right ideal of R, this certainly implies that
R/T embeds in R’ for some set I, equivalently that r1(7) = T. Hence every
right noetherian, right CF ring is right Johns. In the next theorem we clarify the
relationship between right Johns rings and right CF rings. We need two lemmas.
Since every right Johns ring is left P-injective, the first lemma investigates the
right noetherian, left P-injective rings.

Lemma 8.6. Let R be a right noetherian, left P-injective ring. Then the follow-
ing hold:

(1) J is nilpotent.
(2) 1(J) S*° RrR.
(3) 1(J) S Rg.

Proof. We prove (2), then (1), and finally (3).
(2). If 0 #£ x € R we must show that 1(J) N Rx # 0. Choose y € R such
that yx # 0 and r(yx) is maximal in {r(ax)|a € R, ax # 0}.

Claim. yx R is a simple right ideal of R.

Proof. 1f0 # yxtR C yxR then (as R is left P-injective) r1(yxtR) = yxtR #
yxR = r1(yxR). Hence 1(yxR) C 1(yxtR), so there exists b € R such that
byxt = 0 but byx # 0. But then t € r(byx) — r(yx), contradicting the choice
of y. This proves the Claim.

Thus yxJ =0, so 0 # yx € Rx N 1(J), proving (2).

(1). There exists k > 1 such that 1(J*) = 1(J**!) = .... If J is not
nilpotent, choose r(x) maximal in {r(y) | yJ* # 0}. Then xJ?* # 0 because
1(J?%) = 1(J%), so there exists b € J* with xbJ* # 0. Since 1(J) € 1(JX)
we have 1(J¥) €% R by (2). Thus Rxb N 1(J*) #£ 0, say 0 # cxb € 1(J%).
Hence r(x) C r(cx) because xb # 0, which contradicts the maximality of
r(x). This proves (1).

(3).1f0 £ d € R, we must show thatd RN 1(J) # 0. ThisisclearifdJ = 0.
Otherwise, since J is nilpotent by (1), there exists m > 1 such that dJ" # 0
but dJ™*! = 0. Then 0 # dJ™ € dR N 1(J), as required. O
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Recall again that a ring is called a right Johns ring if it is right noetherian and
every right ideal is an annihilator. The next lemma contains some interesting
properties of these rings that we will need. A ring R is called a right V ring if
every simple right R-module is injective.

Lemma 8.7. Let R be a right Johns ring. Then the following hold:

(1) J is nilpotent.

2) r(J)=1J)=S,.

(3) (S;) = 1(S;) = J.

(4) S, €° Rg and S, C*° gR.
5 J=272 =17.

(6) R/J is aright V ring.

Proof. We frequently use the fact that r1(7) = T for every right ideal T of R.
Note that this implies that R is left P-injective.

(1). This follows from Lemma 8.6.

(2). By Lemma 8.6 we have 1(J) C** Rg. It follows that 11(J) € Z,.
But Z, is nilpotent (as R is right noetherian), so 11(J) < J. If we write
11(J) = 1(J) and define 1¥T1(J) = 1[1%(J)] for each k, it follows that 1(J) C
13(J) € 1°(J) € ---, whence 1¥(J) = 1¥*2(J) for some k > 2. But then
r1f(J) = r1*¥2(J), so 1¥-1(J) = 1%¥*1(J). Continuing in this way, we get
J =12(J), and finally r(J) = r1[1(J)] = 1(J).

Clearly S, € 1(J). If T €**® Rgpthen 1(T) C Z,, and Z, C J because Z, is
nilpotent (since R is right noetherian). Hence 1(7)) C J,sor(J) Cr1(T)=T.
It follows that r(J) € N{T | T C°*° Ry} = §,, proving (2).

(3). Since S, = 1(J) by (2), we have r(S,) = rl(J) = J. Moreover,
J = 11(J) by the proof of (2), so (2) gives J C 1(S,) = 11(J) = J. Hence
J =1(§,).

(4). This follows from (2) and Lemma 8.6.

(5). J = Z,; because R is left P-injective (Theorem 5.14). Since Z,S, = 0
always holds, we have Z, C 1(S,) = J by (3). However, J C Z, because
r(J) C** Rg by (2) and (4).

(6). S, 1s aright R/J-module via x(r + J) = xr, x € S,, r € R. Suppose
that Kg,; is simple; we must show that Kg,; is injective. Now Ky is simple
and so is isomorphic to a summand of S, (since R is right Kasch, being right
Johns). Hence (6) follows from the

Claim. S, is injective as a right R/J-module.

Proof. Let E = E(S,) be the injective hull of S, as a right R/J-module, and
view E = Exrviaxr = x(r+J)forx € E, r € R. We must show that S, = E.
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Suppose on the contrary that there existsx € E—S,, andwrite T = rg(x). Then
T 2 J,s01g(T) € 1g(J) = S, by (2). It follows that 1z(T) = 15.(T). But R
is right Johns, so T = rg[1x(T)] = rg[ls (T)], whence T = rg{a; | i € I}
for some set I, where each a; € S,. Hence the map o : R/T — S! given by
o(r+T) = (a;r) is a (well-defined) embedding. Thus the right (R/J)-module
M = x(R/J)=xR = R/T embeds into a direct product of copies of S,. But
R is right noetherian, so S, is finitely generated and [by (4)] essential in Rg.
Since soc(M) C soc(E) = S,, it follows that M is finitely cogenerated. Hence,
by Lemma 1.51, M can be embedded in a finite direct sum of copies of S,. This
means that Mg is semisimple, so M = soc(M) C soc(E) = S,, which is a
contradiction. Thus E = S, and the Claim [and hence (6)] is proved. O

Lemma 8.8. Let My be a finite dimensional module.

(1) If M satisfies the C2-condition then monomorphisms in end(M) are iso-
morphisms.
(2) In this case, end(M) is semilocal.

Proof. If 0 : M — M is monic, then o (M) is a direct summand of M by the
C2-condition, say M = o(M) @ K. If K # 0 then

dim(M) > dim[oc(M)] +dim(K) > dim[oc(M)] = dim(M),

which is a contradiction. Hence K = 0, and so o is an isomorphism. This
proves (1), and then (2) follows from a result of Camps and Dicks (Corollary
C.3) because M is finite dimensional. O

Theorem 8.9. The following are equivalent for a ring R:

(1) R is a right Johns, left Kasch ring.

(2) R is aright Johns, right C2 ring.

(3) R is a semilocal, right Johns ring.

(4) R is right artinian and every right ideal is an annihilator.
(5) R is both a right CS ring and a right CF ring.

(6) R is a semiperfect, right CF ring with S§; C*° g R.

(7) R is a semilocal, right CF ring with S§; C°** Rp.

(8) R is a left Kasch, right CF ring.

Proof. (1)=(2). This follows from Proposition 1.46.
(2)=(3). Since R is right noetherian, it follows from Lemma 8.8 that R is
semilocal.
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(3)=(4). R is semiprimary because J is nilpotent by Lemma 8.7, so it is
right artinian by the Hopkins—Levitzki theorem.

(4)=(5). R is left minfull (since it is semiprimary and left mininjective), so
we have S, = §; (by Theorem 3.12), and hence S; C**% Rg. If T is aright ideal
of R, then T = r1(T) by hypothesis, and r1(T) C** eR for some e’> = e € R
by Lemma 4.2. Hence R is a right CS ring. If C is a cyclic right R-module, then
C is torsionless [because T = r1(T) for each right ideal T'] and C is finitely
cogenerated by Vamos’ lemma (Lemma 1.52) because R is right artinian.
Hence C embeds in a free module by Lemma 1.51. Thus R is a right CF
ring.

(5)=(6). R 1s right finitely cogenerated by Corollary 7.32 because it is right
Kasch (being a right CF ring). Then the right CF-condition shows that every
cyclicright R-module is finitely cogenerated. This implies that R isright artinian
by Vamos’ lemma, and so §; C** g R (as R is semiprimary).

(6)=(7). We must show that §; C** Rp. Since right CF rings are left P-
injective, R is a left GPF ring, and so S, = §; €** Rk by Theorem 5.31.

(7)=(1). We have r1(T) = T for each right ideal T because R is a right
CF ring. Hence R is left P-injective, and so S; € S, by Theorem 2.21. Thus
S; = S, because §; C*° Rpg. Since R is semilocal, §; is finitely generated as
a right R-module by Theorem 5.52, whence Ry, is finitely cogenerated. Thus
every cyclic right R-module is finitely cogenerated (it embeds in R" for some
n > 1 because R is a right CF ring), so R is right artinian by Vamos’ lemma.
Hence R is right Johns. Finally, since R is semiperfect and S; C** Rg, Lemma
1.48 shows that R is left Kasch.

(1)=>(8). This is because (1)=>(5).

(8)=(1). We have T = r1(T) for each right ideal T because R is a right CF
ring, so it remains to show that R is right noetherian.

Claim. R is right quasi-continuous.

Proof. Let T| and T, be right ideals of R such that 7y N7, = 0. Then 0 =
r1(T;)Nrl(T>) = r[1(Ty) + 1(T»)]. Since R is left Kasch, 1(77) + 1(7>) = R,
and the Claim follows by Theorem 6.31.

In particular, R is a right CS ring, so R is semiperfect with §; C** Ry by
Theorem 4.10. But S§; C S, by Theorem 2.21 because R is left P-injective
(being right CF), so we have §; = S,. In particular, S, C*® Rpg. Since R left
Kasch it is a right C2 ring (Proposition 1.46), so R is right continuous. By
Lemma4.11, R is right finitely cogenerated. Thus every cyclic right R-module
is finitely cogenerated (because R is right CF), so R is right artinian by Vamos’
lemma. In particular, R is right noetherian, as required. O
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If we replace right Johns by strongly right Johns in Theorem 8.9, we obtain
the quasi-Frobenius rings. We need a preliminary lemma that is of interest in
itself.

Lemma 8.10. Let R be a ring and let > = e € R satisfy ReR = R. If every
right ideal of R is an annihilator, the same is true of e Re.

Proof. Write S = eRe and let 7" be a right ideal of S. We must show that
rslg(T) € T.Leta € rglg(T) so that 15(T)a = 0. If we write T = TR, it
suffices to show thata € T. Since T = rz1z(T) by hypothesis, we must show
that 1x(T)a = 0. If x € 1x(T) then, forallr € R, 0 = rxT = rxTR, so
erxe € 15(T). Hence erxea = O for all r and so, since ReR = R, 0 = xea =
xa, as required. O

Theorem 8.11. The following are equivalent for a ring R:

(1) R is quasi-Frobenius.

(2) R is a strongly right Johns, left Kasch ring.

(3) R is a strongly right Johns, right C2 ring.

(4) R is strongly right Johns and S, C ;.

(5) M>(R) is right Johns and S, C ;.

(6) R is a right Johns, right mininjective ring.

(7) R is a semilocal, right mininjective right CF ring.

(8) R is a right CS ring and every 2-generated right R-module embeds in a
free module.

(9) R is a right FP-injective, right CF ring.

(10) R is aright CFring and 1r(F) = F for all finitely generated left ideals F

of R.

Proof. (1)< (8). If (8) is satisfied, then R is right artinian by (5)=(4) of The-
orem 8.9. Hence R is quasi-Frobenius by (3) of Corollary 7.20.

(1)=(2). This is obvious.

(2)=(3). This is by Proposition 1.46.

(3)=(4). R is right artinian by Theorem 8.9. Since R is left P-injective, it is
a left GPF ring and so S, = §; by Theorem 5.31.

(4)=(5). This is obvious.

(5)=(6). Since M,(R) is right Johns, Lemma 8.10 shows that R is also right
Johns. Moreover, M,(R) is left P-injective, so R is left 2-injective by Proposition
5.36. To show that R is right mininjective, let k R be a simple right ideal of R; by
Lemma 2.1 we must show that 1r(k) = Rk. We have S, = 1(J) by Lemma 8.7,
so1r(S,) = S,. Hence Rk C 1r(k) C 1x(S,) = S, C 5, so it suffices to show
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that Rk C** 1r(k). To this end, suppose that Rt N Rk = 0, where ¢t € 1r(k).
As R is left 2-injective, Lemma 1.36 gives R = r[Rt N Rk] = r(t) + r(k). But
r(k) € r(t) because t € 1r(k), so R = r(¢). This means ¢ = 0, as required.

(6)=(7). We have S, € §; by Theorem 2.21, and S, C** Ry by Lemma 8.7.
Hence R is right artinian by Theorem 8.3 and so R is aright CFring by (3)=(5)
of Theorem 8.9.

(7)=(1). R is left P-injective and right Kasch (it is a right CF ring), so it
suffices to show that R is right artinian. (It is then quasi-Frobenius by Theorem
8.5.) We have S, = §; by Theorem 2.21, and R is left Kasch by Lemma 5.49.
By (7)=(4) in Theorem 8.9, it remains to show that §, = §; C** Rg. Let
0 # a € R, and suppose that 1(a) € L <" grR. Thenr(L) C rl(a) = aR.
Since R is left Kasch and left mininjective, it follows from Theorem 2.31 that
r(L) 1s a simple right ideal. Thus aR N S, # 0, as required.

(1)=(9). This is clear.

(9)=(10). By Corollary 5.43.

(10)=(1). Because (6)=>(1), we prove (6). The hypothesis that 1r(F) = F
for all finitely generated left ideals F of R shows that R is right mininjective,
so it remains to show that R is right Johns. By the CF hypothesis and (5) of
Theorem 8.9, it is enough to show that R is a right CS ring; we show in fact that
R is right quasi-continuous. For this it suffices, by Theorem 6.31, to show that
if Py N P, =0, where P; and P, are right ideals of R, then 1(P;)+ 1(P,) = R.
Since R is a right CF ring each R/ P; embeds in a finite direct sum of copies
of R, and hence P; = r(F;), where F; is a finitely generated left ideal of R for
i =1,2.Hence r(F) + F>) = r(F)) Nr(F,) = PN P, = 0 and so, since F,
F>, and F| + F, are all finitely generated,

R =10) =1r(F1 + F,) = F1 + F, = 1x(F)) + 1r(F>) = 1(Py) + 1(P»),

as required. O

8.3. The Faith—-Menal Counterexample

We begin with a characterization of right V rings, where a ring R is called a
right V ring if every simple right R-module is injective. Recall that if M is a
module, the radical of M is defined by rad(M) = N{N | N <" M}, where
we take rad(M) = M if M has no maximal submodules.

Lemma 8.12. The following are equivalent for a ring R:

(1) R is aright V ring.
(2) rad(Mg) = O for every right R-module M # 0.
(3) Every right ideal T # R of R is an intersection of maximal right ideals.
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Proof. (1)=(12).If0 #m € M, letrg(m) € T C"** Ri. Then ¢ : mR —
R/T is well defined by ¢(mr) = r 4+ T. Since the simple module R/ T is in-
jective by (1), ¢ extendsto ¢ : M — R/T. Then m ¢ ker(p), and so m ¢
rad(M).

(2)=(@3).If T # R is aright ideal of R, then rad(R/T) = 0.

(3)=(1). If Ky is a simple module and @ : T — K is R-linear, where T is
a right ideal of R, we must extend o to R — K. We may assume that o # O.
Hence, by (3), there exists X "% Rp such that ker(o) € X but T Q X. Then
X+T =Rand X NT = ker(a) because ker(a) C"** T. Thus& : R > K
is well defined by &(x + t) = (), where x € X and r € T. Clearly, & ex-
tends «. O

Conditions (2) and (3) in Lemma 8.12 give

Corollary 8.13. Let R be a right V ring. Then the following hold:

(1) J(R)=0.
(2) If A is any ideal of R, then R/ A is also a right V ring.

Lemma 8.14. Let R be aright V ring that has only one simple right module up
to isomorphism. Then R is a simple ring.

Proof. If A # R is an ideal and M C™%* Ry, it suffices to show that A C M.
Then A C J(R) = 0, asrequired. Write A = N;¢; N;, where each N; "% Rp.
Foreachi € I leto; : R/M — R/N; be an isomorphism of right R-modules.
Ifo;(14+ M) =>b; + N; then M = {r | b;r € N;}. Now givena € A, we have
b;a € A C N; for each i because A is a left ideal. It follows that a € M and
hence that A € M, as required. O

If R is aring and z Wy 1s a bimodule, recall that the trivial extension of W
by R is the additive group T (R, W) = R @& W endowed with the multiplication
(a,w)(@,w’) = (aa’,aw’ + wa’). This is a ring and (0, W) is an ideal of
T(R, W) such that T(R, W)/(0, W) = R.

Theorem 8.15. Let R be a right noetherian domain that has a bimodule g Wx
such that Wy, is simple. The following are equivalent:

(1) T(R, W) is right Johns.
(2) R is a right V ring, and Wy is the only simple right R-module up to iso-
morphism.
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Proof. Write S = T(R, W)and A = (0, W) = {(0, w) | w € W}. Then A is
an ideal of S, S/A = R asrings, and A C J(S) because A% = 0. Moreover,
every right S-module X is a right R-module via x - r = x(r, 0) for all x € X
and r € R. In particular, A = Wk via (0, w) — w, so Ag is simple because
Wk 1s simple.

(DH=(2). Given (1), J(S) € A because R is a domain, so J(S) = A is
nilpotent by (1) and Lemma 8.7. Hence R = §/J(S) is a right V ring by
Lemma 8.7.

Claim 1. If X is a simple module then X = Ay as S-modules.

Proof. S 1is right Kasch (since every right ideal is an annihilator), so we may
assume that X € S. If X?> # 0 then X = eS, where ¢> = e € S, which is
a contradiction because ¢ = 0 or 1 since R is a domain. So X? = 0, whence
X C J(S) = A. As Ay is simple, we have X = A, proving the Claim.

If K is simple, we prove (2) by showing that Kx = Ap (= Wg). Let
Kgr = R/I where I €™ Rp. Write [ = (I, W). If o : § — R/ is defined
by a(r, w) = r + I, then « is epic and ker(a) = I, so S/I = R/I = Ky as
R-modules. Thus I is a maximal R-submodule of S, and hence is a maximal
right S-ideal. But then Claim 1 shows that S/I = Ag as S-modules and hence
as R-modules. Thus Kz = S/I = Ag, as required.

(2)=(1). First, S is right noetherian by (2) because S/A = R as rings, Ag
is simple, and R is right noetherian. So it remains to show that every right
ideal of § is an annihilator. Observe that R is a simple ring by Lemma 8.14,
so 1x(W)=0and rg(W) = 0. Hence rW = W if 0 # r € R because Wy is
simple.

Claim 2. A C T forevery rightideal T # 0 of S.

Proof. If T € A then T = A because Ag is simple. Otherwise, let (b, v) € T,
where b # 0. If w € W, we have w = bw;, w; € W (because W = bW), so
(0, w) = (b, v)(0, wy) € T. This proves Claim 2.

Now let T # 0 be a right ideal of S; we must show that T is a right S-
annihilator. Observe that Ay = Wk is an injective cogenerator for mod R by
(2) and Lemma 1.42. Hence there is an R-embedding o : S/T — A’ for some
set 1. But the right S-modules S/T and A’ are both annihilated by A (using
Claim 2 and the fact that A> = 0). Hence o is S-linear because, for x € S/ T
and (r, w) € §, we have

olx(r,w)] =o[x(r,0)]=0c[x-rl=0x)-r =0x)r,0) =o(x)(r, w).
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But then if we write 6 (1 + T) = (a;) € A, wehave T = rg{a; | i € I}, as
required. [

To describe the Faith—Menal example, we need some results about skew fields
due to Cohn [40]. A division ring' D is called existentially closed over a field F
if D is an F-algebra and every set of polynomial equations with coefficients in
D that is consistent (that is, has a solution in some extension division ring) has
a solution in D itself. For example, a field is existentially closed if and only if it
is algebraically closed. Cohn shows that there exists a countable, existentially
closed division ring D over a field F' and considers the central localization
R = D ®r F(x), where F(x) is the field of rational functions. With this, we
can describe the Faith—-Menal example.

Example 8.16 (Faith-Menal). Let D be any countable, existentially closed
division ring over a field F, and let R = D ®p F(x). Then T(R, D) is a non-
artinian right Johns ring.

Proof. Cohn shows that R is a simple, principal right ideal domain that is a right
V ring ([40, Theorems 8.4.5 and 5.5.5]) and that D is an R-R-bimodule such
that Dy is the unique simple right R-module. Hence T (R, D) is a right Johns
ring by Theorem 8.15. But T (R, D) is not right artinian because, if it were, then
R would also be right artinian, and hence a field, which is a contradiction. [

Notes on Chapter 8

In 1968 Ginn and Moss [73] proved that a right and left noetherian ring with
essential right socle is right and left artinian; Theorem 8.3 is a one-sided version
of this result, assuming only that the right socle of the ring is contained in the
left socle. Lemma 8.2 and Theorem 8.4 are noncommutative versions of the
same results by Faith [61] in the commutative case.

The name “Johns Ring” comes from the fact that, in 1977, Johns [110] as-
serted that all these rings are right artinian. Unfortunately, this result is not true.
Johns used a 1970 result of Kurshan [130], which was shown to be false by
Ginn [72] in 1976. However, Ginn’s example is not a counterexample to the
Johns theorem, and it was not until 1992 that Example 8.16 was discovered by
Faith and Menal [65]. In a subsequent paper in 1994, Faith and Menal [66] asked
whether every strongly right Johns ring is quasi-Frobenius, and this question
remains open.

' Cohn uses the term “field” in place of “division ring.”
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Lemma 8.6 and Lemma 8.7 [except for (6)] are due to Johns [110]. Statement
(6) of Lemma 8.7 is due to Faith and Menal [65]. Statements (9) and (10) in
Theorem 8.11 were first observed in [226].

Lemma 8.12 is due to Villamayor (see Faith [53], p. 274). Many results on
V rings can be found in [145].

A good source for the results in this chapter is the paper of Gbmez Pardo and
Guil Asensio [84] .



9

A Generic Example

The Faith conjecture asserts that every left or right perfect, right self-injective
ring R is quasi-Frobenius. The conjecture remains open for semiprimary, local,
right self-injective rings with J3 = 0. It is known (Theorem 3.40) that the con-
jecture is true if J2 = 0. In this section we construct a local ring R with J3 = 0
and characterize when R is artinian or self-injective in terms of conditions on
a bilinear mapping from a (D, D)-bimodule to a division ring D = R/J. We
conclude by characterizing other properties of R in a similar way.

9.1. Generalities

If S is any ring and s Vg, sWgs, and g Py are bimodules, a function V x W — P,
which we write multiplicatively as (v, w) — vw, will be called a bimap if the
conditions

() (v+v)w =vw + vyw and (sv)w = s(vw),
(2) v(w + wy) = vw + vw; and v(ws) = (vw)s, and
3) (vs)w = v(sw)

hold for all v, v; in V, all w, w; in W, and all s in S. Our interest is in the case
when § = D is a division ring. We construct the following ring, which is the
central topic of this chapter.

Definition. Let 5,V and p Pp be nonzero bimodules over a division ring D,
and suppose a bimap V x V — P is given. Write

R=[D,V,Pl=D&®V &P
and define a multiplication on R by

d+v+p)di+vi+p)=ddi+dvi+vd)+(dp +vv+pd).

214
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It is a routine verification that R 1s an associative ring if and only if the product
V x V — P is a bimap. The ring R has a matrix representation as

dvp
R = Odv ||deD,veV,andp e P
00d

Note that we will assume that V # 0 and P # 0 throughout this chapter.
Our first result collects several properties of this ring that will be used fre-
quently in this chapter. If X is anonempty subset of V we denote its annihilators

mVbyly(X)={veV]|vX=0landry(X)={ve V| Xv=0}

Lemma 9.1. The ring R = [D, V, P] has the following properties:

(1) R is an associative ring.

(2) VP =PV = P2 =0.

(3) Rislocal, J=V @ P,J>=V?>C P,and J> = 0.

4 S =1)=1Lv(V)® P & Rg.

(5) xR =xD forall x € S§,.

(6) If Xp € V then X @ P is aright ideal of R; and every right ideal T such
that P € T C J has this form.

(7) Every right D-subspace of S, is a right ideal of R.

(8) Let X andY beright D-subspaces of S,. Then every D-linear transformation
X — Y is R-linear.

Proof. (1) and (2). These are routine verifications.

(3). The map (d + v + p) — d is a ring morphism from R onto D with
kernel V & P, proving that R is local and J = V @ P. The rest of (3) is easily
checked.

(4). We have S, C** Ry because R is semiprimary by (3), and S, = 1(J) be-
cause R is semilocal. Now

1J)={d+v+p|dV =0anddP + vV = 0}.

Since V # 0 it follows that d = 0, whence vV = 0. Thus 1(J) C 1y(V) @ P.
The other inclusion is clear.
S).Ifx =v+p € §,,wherevV =0, thenxR = {vd+pd | d € D} = xD.
(6). It is a routine verification that X @ P is arightideal. Given P C T C J,
we have T = (T N'V) @& P by the modular law.
(7). This is a direct calculation using S, = 1y (V) & P from (4).
B).Ifr=d+v+pthenxr =xdforallx e XUY by (2)and (4). O
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Note that Lemma 9.1 shows that a right ideal T C S, is simple if and only if
dim(Tp) = 1. The next result shows that if dim(Pp) = 1 we can obtain the
converse to (6) and (7) of Lemma 9.1, and so we can characterize the right ide-
alsof R =[D, V, P]. Call arightideal T C R proper if T # R.

Lemma 9.2. Let R = [D, V, P], where dim(Pp) = 1. Then the proper right
ideals of R are

{XeP|XpCV} and {Y|Yp C S}

Proof. These are all right ideals by (6) and (7) of Lemma 9.1. If T = R is a
right ideal, then 7 C J because R is local. Since Py is simple, either P C T
or PNT = 0. In the first case, T = X & P for Xp € V by Lemma 9.1. If
PNT =0, weshowthat T C §,.Ift =v+ p € T then, forv, € V, vv; =
w+pvyePNT =0.Thusv € 1y(V),sot €1y (V)P P = S,. O

Note that, under the hypotheses of Lemma 9.2, the proper (two-sided) ideals of
R are

{(X®P|pXpCV} and (Y |pYp C[lv(V)Nry(V)]® P}.

Even without the hypothesis that dim(Pp) = 1 we can characterize when R =
[D, V, P] is right artinian.

Proposition 9.3. The following conditions are equivalent for R = [D, V, P]:

(1) R is right artinian.

(2) R is right noetherian.

(3) dim(Vp) < oo anddim(Pp) < o0.
(4) dim(Rp) < 0.

Proof. (3)=(4)=(1)=(2) are clear. If Ry is noetherian and X; C X, C ---
are subspaces of Vp,then X @ P C X, ® P C - - -. It follows from Lemma 9.1
that dim(Vp) < oo. We have dim(Pp) < oo because every D-subspace of P
is a right ideal (by Lemma 9.1). O

9.2. The Main Theorem

To study the Faith conjecture, we must characterize when R = [D, V, P] is
right self-injective. We begin by characterizing when R is right mininjective;
the result will be used several times.
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Proposition 9.4. The following are equivalent for R = [D, V, P]:

(1) R is right mininjective.
(2) 1y(V)=0anddim(pP) = 1.

Proof. (1)=(2).1f0# pyp € Pandu € 1y(V),andif y : poD — (u + po)D
is given by y(pod) = (u + po)d, then y is R-linear by Lemma 9.1. By (1),
y = c- is left multiplication by ¢ € R, sou + py = y(po) = cpo € P. Thus
u = 0, whence 1y(V) = 0. If 0 2 p € P then pR = pD is simple, so
1r(p) = Rp by (1). Hence Lemma 9.1 gives

Dp=Rp=1r(p)=1J) =1y (V)P P = P.

Thus dim(pP) = 1.

(2)=(1). Let y : Kg — Rp be R-linear, where Ky is a simple right ideal;
we must show that y = c¢- for ¢ € R. We may assume that y # 0. We have
S, = P by (2),so K € P. It follows from Lemma 9.1 that dim(Kp) = 1,
so write K = poD, where py € P. Since y(K) is simple we have y(K) C
S, = P = Dpg by (2), say y(po) = dy po, where dy € D. Then for all d €
D, y(pod) = y(po)d = (dypo)d = dy(pod). This shows that y = dy-, as
required. O

It is worth noting that, since we are assuming that P # 0, (4) and (7) of Lemma
9.1 give

S, 1s a simple right ideal ifand only if 1y (V)= 0anddim(Pp) = 1.

The condition that dim(Pp) = 1 holds if R = [D, V, P] is right simple in-
jective. The next lemma will be used later and strengthens the condition in Pro-
position 9.4.

Lemma 9.5. Suppose the ring R = [D, V, P] is right simple injective. Then

ly(V)=0 and dim(Pp)=1=dim(pP).

Proof. Since R is right mininjective, 1y(V) = 0 and dim(p P) = 1 by Propo-
sition 9.4. Suppose that dim(Pp) > 2 and let { p;, p2, ...} be a D-basis of Pp.
Define « : Pp — Pp by a(p;) = p> and a(p;) = 0 for all i > 2. Then «
is R-linear by Lemma 9.1 so, since im(«) = p, D is simple, « = a- for some
a € R by hypothesis. If a = d + v + p then a(p;) = ap; = dp; for each i,
so d = 0 because a(py) = 0. But then p;, = a(p;) = dp; = 0, which is a
contradiction. O
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The condition in Lemma 9.5 does not characterize when R = [D, V, P]
is right simple injective; surprisingly, this is equivalent to simple injectivity.
This is part of our main result, a characterization of when R = [D, V, P] is
right self-injective. The following “separation” axiom will be referred to several
times.

Condition S. If V. = xD & Mp, x # 0, there exists vy € V such that vyx
# 0 and voM = 0.

Observe that Condition S is equivalent to asking that, if x € V — X, where
Xp C V is any subspace, there exists vy € V such that vox # 0 and voX = 0.

Theorem 9.6. Let R = [D, V, P]. The following are equivalent:

(1) R is right self-injective.
(2) R is right simple injective.
(3) 1y(V) =0, dim(Pp) =1 = dim(pP), and Condition S holds.

Proof. (1)=(2). This is clear.
(2)=(3). By Lemma 9.5 it remains to prove Condition S. Fix 0 £ g € P
and let Vp = xD & M, where x # 0and M C Vp. Define

B:VOP=xDO&M®P — P by B(xd +m + p) =qd.
This is well defined because D is a division ring, and it is R-linear because

Bl(xd +m + p)(di + vi + p1)] = Blxdd, + md; + (xdp, + mv; + pd)]
= q(ddy)
= qd(d; + v + p1)
= [B(xd + m + p)](di + vi + p1).

Since B[V & P] = gD is simple, it follows from (2) that 8 = b- is left mul-
tiplication by b € R. Write b = dy + vg + po, so thatg = B(x) = bx = dpx +
vox. Hence vopx = g # 0 and dypx = 0. This means that dy = 0, so vom =
bm = B(m) = 0 for all m € M, proving Condition S.

3)=().If T € R is arightideal, leta : T — Ry be R-linear; we must
show that « = a- forsome a € R. Thisisclearif T = R or T = 0, so assume
O0cCc T C J.Since S, = 1y(V)@® P = P is simple by (3), it follows from
Lemma 9.2 that

I'=Xo®oP
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for some Xp C V because T # 0. Since R is right mininjective by Proposition
94, ap = a-forsomea € R.

Claim. If x € X then x(x) —ax € P.

Proof. Write a(x) = d; + v; + p;. If v € V is arbitrary, we have xv € P, so
a(xv) = a(xv) = a(x)v = (d; + vy + p1)v = dv + vyv.

As a(xv) and vyv are in P, it follows that djv = 0 and a(xv) = v;v. Hence
di =0and ax — vy € 1y(V) = 0. Thus a(x) = ax + p;, proving the Claim.

Now define 8 : T — R by B = a — a-. It suffices to show that 8 = b-,
for some b € R [because then « = (a + b)-]. We have P C ker(f) because
ap = a-, and so B(T) = B(X @ P) = B(X) € P by the Claim. If 8 = 0,
take b = 0. If B # O then B(T) = P because dim(Pp) = 1, and the fact that
P C ker(B) C X @ P gives ker(B) =Y @ P, where Y = X Nker(fB). But
then

X/Y = (X @ P)/(Y ® P) = T/ker(B) = B(T) = P,

and it follows that dimp(X/Y) = 1. Hence, if we choose x € X, x ¢ Y, then
X =xD®Y as D-spaces, so T = xD @Y & P = xD & ker(B). Write
Vp = xD @& M for some subspace M O ker(f). Then Condition S shows that
vo € V exists such that vyM = 0 and vox #% 0. Thus P = Duvyx because
dim(pP) =1, so write B(x) = dyvox, where dy € D. Hence

B(xd +y + p) = B(xd) = B(x)d = (dovox)d = dovo(xd + y + p)

because vy € voY C voM = 0. Thus 8 = (dyvy)-, which completes the proof
of (1). O

Question 1. If D is a division ring, and R = [D, V, P] is right mininjective
and satisfies Condition S, does it follow that R is right self-injective?

In view of Proposition 9.4, this asks: If Condition S holds, 1y(V) = 0, and
dim(pP) = 1, does it follow that dim(Pp) = 1? Note that if this is true then
R is also left mininjective because Condition S implies that ry (V) = 0. Note
further thatboth 1y (V) = Oand dim(p P) = 1 hold if and only if R is uniform
(see Proposition 9.17 in Section 9.4).

Theorem 9.6 provides a vector space condition that the Faith conjecture is
false.
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Theorem 9.7. Suppose there exists a bimap V x V — P over a division ring
D such that the following hold:

(1) 1y(V)=0anddim(pP)=1=dim(Pp).
(2) Condition S holds.
(3) dim(Vp) is infinite.

Then the Faith conjecture is false.

Proof. R = [D, V, P]is local with J> =0 by Lemma 9.1, and R is right self-
injective by Theorem 9.6. But R is not right artinian by Proposition 9.3. O

Note thatif (1) and (2) in Theorem 9.7 hold, the proof shows that R[D, V, P]1is
a counterexample to the Faith conjecture if and only if dim(Vp) = oo. In The-
orem 9.13 in the next section we give some matrix conditions that R[D, V, P]
is a counterexample to the conjecture.

Question 2. Is there a converse to Theorem 9.77?

9.3. Some Examples

Thus the Faith conjecture is related to the existence of certain bimaps, and the
following two results reveal one aspect of the structure of these bimaps. Recall
that hom(Vp, Pp) is a (D, D)-bimodule via

(dr)(v) = d A(v)

(Ad)(v) = A(dv) } for all . € hom(Vp, Pp),d € D, andv € V.

The next proposition isolates the conditions S and 1y (V) = 0 occuring in
Theorem 9.7.

Proposition 9.8. Let D be a division ring, let p Vp and p Pp be bimodules, and

assume thatdim(p P) = 1 = dim(Pp). Given a bimap V x V — P define
o:pVp —> hom(Vp, Pp) by o(v)=v- forallveV.

Then o is a (D, D)-bimodule homomorphism, and:

(1) o is one-to-one if and only if 1y (V) = 0.

(2) o is onto if and only if Condition S holds.

Proof. It is routine to check that o is a bimodule homomorphism, and (1)
follows from the fact that ker(o) = {u | uV =0} = 1y(V).
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To prove (2), assume first that Condition S holds and let A € hom(Vp, Pp).
If A = 0then A = o(0). If A # 0 use the fact that dim(Pp) = 1 to write V =
xD @ ker(A). By Condition S let vy € V satisfy vox # 0 and vy ker(A) = O.
Fix 0 #£ pg € P so that P = Dpy, and write vox = dypo and A(x) = d; po,
where dy and d; are in D. If v; = dla’o_] Vo, then vix = d; pp = A(x) whereas,
for k € ker(A), vik = dldo_lvok =0 = Ak). Since V = xD & ker(r), this
shows that A = v;- = o(v;). Conversely, if V. = xD & M and P = Dpy,
define A : Vp — Pp by AM(xd + m) = pod. If o is onto, let A = vy-, where
vg € V. Then vopx = A(x) = po # 0 and voM = A(M) = 0. This proves
Condition S. O

Thus, if R = [D, V, P] is right self-injective and {v; | i € I} is a basis of Vp,
then
pVp = hom(Vp, Pp) = hom(®;crv; D, Pp) = Il;ethom(v; D, P).

Since dim(Pp) = 1, it follows that | V | > 211

The set of all bimaps ¢ : V x V — P becomes a Z-bimodule using point-
wise operations. Proposition 9.8 reveals that there is a close connection between
the bimaps V x V. — P and hom(Vp, Pp). In fact there is a Z-isomorphism.

Proposition9.9. If¢ : VxV — P isabimap, define¢’ : V. — hom(Vp, Pp)
by ¢'(v) = v-. Then ¢ is D-D-linear, and ¢ + ¢’ is a Z-isomorphism

{bimaps ¢ :V xV — P} — {(D, D)-morphisms 6 : pVp — hom(Vp, Pp)}

with inverse 6 — 6’, where 6'(v, w) = [0(v)](w) for all v and w in V.
Proof. We omit the routine verifications. d

Now let V = DY) be the direct sum of |/| copies of D, and write v € V as
v = (v;), which can be thought of as a row vector. If A = [a;;]1sany I x [
matrix over D, then

VA = (E,-viaij) and AUT = (2]'(1,'1'1)]')

are both defined (but lie in the direct product D’). Hence we may define a
product V. x V. — D by

VW = vAwT = Ei,jvia,’jwj.

This satisfies the axioms for a bimap except possibly for (vd)w = v(dw), and
this latter requirement holds if and only if each a;; lies in the center of the
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division ring D. In fact the condition (vd)w = v(dw) means X%; ;v;(da;;))w; =
Y; jvi(a;jd)w; for all v; and w;, which implies that da;; = a;;d. Furthermore,
every bimap into D arises in this way. Indeed, if {e; | i € I} is the standard basis
of DY) then a;; = e;e; is central in D and vw = (Z;v;¢;)(Zje;w;) = vAw?.

Example 9.10. Let / = {1, 2,...} and, given n > 1, let A be the [ x [
matrix where the first n rows are zero and the remaining rows are a copy of the
I x I identity matrix. Thus vw = v, w; + vyqowy + - -+, sothatry(V) =0
whereas 1y(V) = {{uy, us, ..., u,,0,0,...) | u; € V} has dimension n.

Example 9.11. Again let I = {1, 2, ...} but now let A be the I x I matrix
where the even rows are zero and the odd rows are the rows (in order) of the I x [
identity matrix. Thus vw = viw; + v3w, + vsws + - - -. Here ry (V) = 0 but
1y(V) ={(0, uy, 0, ug, 0, ug, ...) | u; € V} has infinite dimension.

Example 9.12. Let V = D" and let A be an n x n matrix from the center of
D.Then vw = vAw! isabimap V x V — D as before, and the following are
equivalent for R = [D, V, D]:

(1) R is quasi-Frobenius.
(2) R is right self-injective.
(3) R 1s right mininjective.
(4) A isinvertible.

Proof. Itisclear that (1)=(2)=(3). Itis aroutine matter to verify that 1y (V) =
0 if and only if vA = 0 implies v = 0, that is, if and only if A is invertible.
Thus (3)=>(4) by Proposition 9.4 because P = D here. Finally, R is artinian
by Proposition 9.3 and so, if A is invertible, (1) follows if we can prove (2).
By Theorem 9.6, we need only verify Condition S. Butif V = x,D & Mp, let
{x2,...,x,} be abasis of M. Then B = [x],...,x]]is an invertible matrix,
soletvyg=[1,0,...,0]B~'A~". Then

[1,0,...,0] = voAB :vo[AxlT,...,Aan] = [vox1, ..., VoX,l,

so vox; # 0 and vgM = 0. Thus (4)=(1). O

More generally, we can identify matrix conditions needed to construct a
counterexample to the Faith conjecture. Let pV be any D-space with basis
{e; | i € I}, where I is infinite, and let R F M;(D) denote the ring of all row-
finite / x I matrices over D. Given a bimodule structure pVp on V we obtain
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a ring homomorphism p : D — RFM;(D), given ford € D by
p(d) = [pij(d)], where e;d= Zicipir(d)ey.

Conversely, every bimodule structure p Vp arises in this way from such a rep-
resentation p.

Given p we get a bimodule pVp, so, if {f; | kK € K} is a basis of Vp, we
obtain the “adjoint” representation ¢ : D — CF Mg (D) — the column finite
matrices — given for d € D by

(d) = [Vij(d)], where dfi = Xk fivu(d).

If A€ M;.x(D)is an arbitrary I x K matrix, we geta product V x V — D,
written (v, w) — v - w, given by

V-w = X pviaixWg, Wwhere v = X;v;e; and w = Xy frw. (1)

As before, this satisfies all the bimap axioms except possibly (vd)w = v(dw).
Since e; - fr = a;; we have

(eid) - fx =e; - (dfy) ifandonlyif X;p;;(d)ajix = ZpnaimVYm(d).
It follows that (1) defines a bimap on p Vp if and only if

p(d)A = Ay (d) foralld € D. (2)

Theorem 9.13. Given a bimodule pVp, let{e; | i € I} and {f; | k € K} be
bases of pV and Vp, respectively, and assume that an I x K matrix A satisfies
p(d)A = AyY(d) for all d € D as in the preceding. Then the following are
equivalent:

(1) R =1[D, V, D] is a counterexample to the Faith conjecture.
(2) The rows of A are a basis of the direct product DX .

Proof. In view of Theorem 9.7, it suffices to prove the following:

(1) 1y(V) = 01if and only if the rows of A are independent.
(2) Condition S is satisfied if and only if the rows of A span p(DX).

Given v = X;vje; in V write = (v;) € D). Observe that v - f; = Z;v;(e; -
i) = Zivia;j, so

(v- fi) = DA. 3)
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Henceif v e Vthenv-V =0ifandonlyifv. fr = 0forall k € K, if and
only if vA = 0. Now (a) follows because the rows of A are independent if and
only if vA = 0 implies v = 0.

If Condition S holds and 0 # b = (b;) € DX is given, let P € CFMg(D)
be an invertible matrix with b as row 0. Define

(fO) = (fo P!
so that { f; | k € K} is a basis of V. By Condition S let vy € V satisfy

, (1 ifk=0,
vo'fk_{o if k % 0. )

Then observe that

vo -+ fir = vo - (Zif) p) = Zi(vo - f)pik = pox = bi.

Hence (3) shows that b = 7y A is a linear combination of the rows of A.

Finally, assume that the rows of A span p(DX). If { fi | k € K} is any basis
of Vp it suffices to find vy € V such that (4) holds. If ¢y is row 0 of the K x K
identity matrix, this asks for vy € V such thatey, = (v - f{). But there exists an
invertible matrix P € CF Mg (D) such that ( fy) = (f;) P. By hypothesis row
0 of P is a linear combination of the rows of A; that is, e P = v9A for some
vo € V. But then (3) gives

eoP = 19A = (vo - fi) = (vo- f) P

using the fact that ( fy) = (f/) P. Since P isinvertible, &y = (vo- fi) as required.
This completes the proof of (b). O

One difficulty with applying Theorem 9.13 is that, for a bimodule p Vp, we
cannot define the map p in terms of A and . In a concrete example we have
to first find p and v and then ask for the matrix A. However, A need not exist
in general, even in the finite dimensional case. For example, let D = F be a
commutative field with endomorphism o : FF — F, and consider V = F",
where the right structure Vr is as usual and the left structure is defined by
f v =o0o(f)v. Then an invertible A exists such that (2) is satisfied if and only
if 02 = 1p. This example illustrates that the structure of A depends heavily on
the particular bimodule structure, and not only on the dimensions.
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9.4. Other Properties of R = [D, V, P]

Many other properties of the ring R = [D, V, P] can be characterized as in
Theorem 9.6 in terms of vector space properties of V and P. Several of these
are collected in this section.

Recall that a ring R is called right Kasch if every simple right R-module
embeds in Rg. The ring R = [D, V, P] is local and so has only one simple
module. Since P # 0 we have S, £ 0 (and §; # 0), whence

Proposition 9.14. R = [D, V, P] is right and left Kasch.
The next result follows from Lemma 9.1.

Proposition 9.15. R = [D, V, P] has finite right uniform dimension if and
only if dim(Pp) < oo anddim[ly(V)p] < oo.

Recall that a ring R is called a left minannihilator ring if 1r(K) = K for all
simple left ideals K. These rings are closely related to the right mininjective
rings (see Proposition 2.33) and the following result (with Proposition 9.4)
shows thatif R = [D, V, P] is left minannihilator then it is right mininjective.

Proposition 9.16. The following are equivalent for R = [D, V, P]:

(1) R is a left minannihilator ring.
2) 1y(V)=0=ry(V)anddim(pP) = 1.
(3) S, = §; is simple as a left R-module.

Proof. (1)=(2).If 0 £ p € P then r(p) 2 r(P) = J, so r(p) = J because
R is local. As Dp = Rp is simple, (1) gives

Dp=1r(p)=1(J)=S§, =1y(V)P P.

As P # 0, this gives 1y(V) = 0 and dim(p P) = 1. Finally, if w € ry(V) and
0# pe Pthenw + pand p arein §,, sor(w + p) = J = r(p). As before,
(1) gives D(w + p) = 1r(w + p) = 1r(p) = Dp. Since V @ P is direct, this
implies w = 0, whence ry (V) = 0.

(2)=(3). We have §; = r(J) because R is semilocal, so §; = ry(V) & P.
Hence (2) and Lemma 9.1 show that §; = P = §,. This is left simple because
dim(pP) = 1.

3)=(). Write § = §; = S,. This is the only simple left ideal by (3), so
S = P and (1) follows from 1r(S) =1(J) =S, = S. O
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Turning to right continuity, we have the following proposition:

Proposition 9.17. LetR = [D, V, P].

(1) R always satisfies the left and right C2-conditions.
(2) The following are equivalent:
(a) R is right continuous.
(b) Rp is uniform.
(c) S, is simple.
(d) 1y(V)=0anddim(Pp) = 1.
(e) P C T for all right ideals T # 0.
(f) Everyrightideal T # 0, R hasthe formT = X & P, where Xp C Vp.

Proof. Let T = ¢R, ¢ = e. As R is local, either e = 0 (so T = 0 is a sum-
mand) ore = 1. Inthelastcase, T = aR,a € R, wherer(a) = 0. Thusa ¢ J,
so T = R is a summand. This proves half of (1); the rest follows by symmetry.

(@)=(b). If T # 0 is a right ideal then T C** Ry by the Cl-condition
because R is local.

(b)=(c). This is clear since S, # 0 by our standing assumption that P # O.

(c)=(d). This follows from (4) and (7) of Lemma 9.1 because P # 0.

(d)=(e). Suppose T' # 0 and P SZ T.ThenTNP = 0becausedimp(Pp) =
1. We may assume that 7 C J because Rislocal. Lett = v+p e T.Ifv; € V
we havervy =vvy € TNP =0,s0v € 1y(V)=0.Thus T C P, which is
a contradiction.

(e)=(f). This is clear by Lemma 9.1.

(f)=(a). If T # O1is aright ideal, then 0 = P C T by (f). It follows that Rg
is uniform, so T C** Rg. Hence R satisfies the C1-condition, so (a) follows
from (1). O

We now turn to a discussion of annihilators. Observe first that, if X p = ry(Y),
where Y is a subset of V, we may assume that Y = pY is actually a submodule
because X = ry[lyry(Y)]. Similarly, if pX = 1y(Y) we may assume that
Y =Ypbecause X = 1y[ryly(Y)].

Lemma9.18. LetR =[D,V, P].

(1) f T =Xp & P,where X C V,thenl(T) =1y(X) & P.
(2) If L =pY & P,whereY C V,thenr(L)=ry(Y)® P.

Proof. We prove (1); (2) is similar. We have 1(T) € JasT #0.If v+ p €
1(T) then vx = (v+ p)x = 0 for all x € X; thatis, v € 1ly(X). Thus
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1(T) € 1y(X) @ P. Conversely, if v € 1y(X) then (v + p)(x + p1) =vx =0
forallx + p;inT,soly(X)®d P C 1(T). 0

Lemma 9.19. Let R = [D, V, P] and suppose T # 0, R and L # 0O, R are
right and left ideals of R respectively.

(1) T isaright annihilatorin R ifandonly if T = ry(Y)® P forsome pY C V.
(2) L is aleft annihilatorin R if andonly if L = 1y(X)® P forsome Xp C V.

Proof. Again we prove only (1) as (2) is analogous. If T = ry(Y) @& P then
T = r(Y & P) by Lemma 9.18. Conversely, if T is a right annihilator then
T =r1(T).Now T # Rmeans T C J,so P C 1(T).Hence (T) =Y & P
for some pY € Vby Lemma9.1,s0 7T =r1(T)=r(Y ® P)=ry(Y)D P
by Lemma 9.18. O

We say that V has ACC on left annihilators if it has ACC on subspaces of
the form 1y (X), where X C V, with similar terminology for the DCC and for
right annihilators.

Proposition 9.20. Let R = [D, V, P]. Then R has ACC (DCC) on right (left)
annihilators if and only if the same is true for V.

Proof. We do the proof for the ACC on right annihilators; the other three
cases are analogous. By Lemma 9.19, every ascending chain of right annihilators
in R has the form ry(Y;)) ® P C ry(Y,) @ P C ---. This gives ry(Y;) C
ry(Yy) C ---, s0, if V has the ACC, ry(Y,) = ry(Y,11) = --- for some n.
Hence the chain in R terminates. Conversely, if ry(Y;) C ry(Y2) € --- in 'V,
thenr(Y & P)Cr(Y,®dP)C--- byLemma9.18. If r(V,, ® P) = r(Y,,+1 &
P) = - .. forsome n, it follows by Lemma 9.18 that ry (Y,,) = ry(Y,11) =" - -.

U]

We can locate the right singular ideal Z, in R = [D, V, P].

Proposition 9.21. Let R = [D, V, P] and assume that dim(Pp) = 1. Then:

(1) Z, =1y1ly(V)® P = 1(S,) C*° Rjp.
2) S, € Z,.
(3) Z, = J itandonly if 1y(V) C ry(V) if and only if S, C .

Proof. Write U =1y (V), sothat S, = U & P by Lemma 9.1.
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(1). Always Z, € 1(S,) = 1y(U) & P. We claim that 1y (U) & P C Z,.
Lety =v+p € 1ly(U)® P. Since v € 1y(U) we have U C ry(v), so
S =U®P Cry(v)® P C r(y). Thus y € Z, because S, C*° Rg.
This proves the equalities in (1). Finally, U C 1y(U) because U? = 0. Hence
S, C1ly(U)® P =1(S,), and (1) follows.

(2). Since U? = 0 we have (S,)> = 0, so S, € 1(S,) and (2) follows from (1).

(3). Since Z, = 1y(U)® Pand J =V & P, we have Z, = J if and only
if ly(U) = V,ifand only if VU = 0 if, and only if U C ry (V). The second
equivalence holds because S, = U @ P and S; = ry(V) @ S (by the right—left
analogue of Lemma 9.1). O

Finally, we characterize when the ring R = [D, V, P] is right principally
injective (P-injective). Such a ring is both right mininjective and left minanni-
hilator, a fact reflected in the following result.

Proposition 9.22. If R = [D, V, P], then R is right P-injective if and only if
it satisfies the following three conditions:

(1) dim(pP) =1.
(2) 1y(V) =0 =rzy(V).
(3) lyry(v) = Dv forallv e V.

Proof. We begin with the following result.

Claim. Assume thatdim(pP) = 1 andry(V) =0.If 0 A v+p e VO P
then R(v + p) = Dv &® P.

Proof. If v = 0 the proof is clear because Rp = Dp = P. If v # 0 then
Vv = P by the hypotheses. Hence R(v + p) = {dv+ (dp +viv) | d € D and
v € V} = Dv @ P, proving the Claim.

Assume first that R is right P-injective. Then Proposition 9.4 implies (a) and
1y(V) = 0. To show that ry(V) = 0, suppose that 0 # w € ry(V). Then
Vw = 0, so Rw = Dw, and we have lr(w) = Rw = Dw C V by P-
injectivity. But if p € P then r(w) € J = r(p), so p € 1r(w). This implies
P C V, acontradiction. Hence ry (V) = 0, proving (b). Finally, to show that
Dv = 1y ry(v), we may assume that v # 0. Then the Claim and Lemma
9.18 give r(v) = r(Rv) =r[Dv@® Pl =ry(v)® P.Hence ly ry(v) ® P =
1r(v) = Rv = Dv @ P, and (c) follows.

Conversely, assume (a), (b), and (c¢). If a € R we must show that 1r(a) =
Ra. Thisis clearif a = O orif a ¢ J (because R is local). If 0 #£ a € J, say
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a=v+ p,wherev € Vand p € P, then Ra = Dv & P by the Claim. Hence
Lemma 9.18 gives r(a) = ry(v) @ P, and then 1r(a) = lyry(v) @ P =
Dv & P = Ra by (c). O

Example 9.23. As in Examples 9.10-9.11 and 9.12, let D = DY), where
I ={1,2,3,...}.If Ais the I x I identity matrix, the bimap is vw = vjw; +
vowy + - -+, where v = (v;) and w = (w;). Then 1y(V) =0 = ry (V) is clear
and it is a routine matter to verify that 1yry(v) = Dv and ryly(v) = vD
for all v € V. Hence R = [D, V, D] is a right and left P-injective ring that is
neither right nor left artinian.

Notes on Chapter 9

The construction in this chapter is motivated by the 1966 paper of Osofsky
[182], and the results appeared in [7]. More work on semiprimary, right self-
injective rings in which the Jacobson radical cubes to zero was carried out by
Koike [126].






A

Morita Equivalence

In this section we give a self-contained proof of one of the most useful theorems
about noncommutative rings — a remarkable characterization of when two rings
have the “same” categories of right (equivalently left) modules.

A.1. Additive Equivalence

Let R and S be two rings, and denote the category of right (left) R-modules
by modR (respectively Rmod). A functor F : modR — modS is a pair of
functions (both denoted F) such that, if X % Y is R-linear, then FX and FY
are right S-modules, F X F—@ FY is S-linear, and F satisfies the following
axioms' on morphisms?:

F(lx)ZIFX and F(O{O,B)ZF((X)OF(,B)

Henceif X > Y isan R-isomorphism then F X "9 Fyisalsoan isomorphism,
and F(o)™' = F(a™)).

Our interest lies in functors that exhibit another property: The functor F is
called additive if it also satisfies

Fa +B)=F(x)+ F(B8) for morphisms « and S.

In this case the induced map F : homg(X,Y) — homgs(FX, FY) is a Z-
morphism, and it is a ring homomorphism in end(X) if ¥ = X. One example
of an additive functor is the identity functor 1,,,45 : mod R — mod R which is
the i1dentity map on both modules and morphisms.

I Technically F is a covariant functor; a contravariant functor is one that “reverses arrows.” In
this book, the word “functor” means “covariant functor.”

2 Here we are using the terminology of category theory where “morphism” is used in place of
“homomorphism.”
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If F:modR — modS and G : modR — modS are two functors, we say
that n : F — G is a natural transformation if, for each module Xy, there

F(a)

Frx "Wry
I nx I ny
éx YWagy

i1s an R-morphism nyx : FX — G X such that the diagram commutes for all R-
morphisms « : X — Y. The effect of 7 is as follows: A commutative diagram
in mod R gives rise to two such diagrams in mod S by applying F and G, and 7
carries the first of these to the second. If each 7 is an isomorphism we say that
n 1s a natural isomorphism and that F' and G are naturally equivalent functors.
In this case we write F = G, and note that =~ is an equivalence relation on the
class of all functors mod R — modS.

Suppose that F' : modR — modS and G : modS — modR are additive
functors. To describe when mod R and mod S are the “same” it transpires that
requiring GF = 1,,,4g and FG = 1,,,45 1s too stringent a condition. A much
better choice is to insist only that

GF = lmodR and FG = lmodS-

In this case we say that mod R and mod S are additively equivalent categories,
F and G are equivalence inverses of each other, and the rings R and S are
called Morita equivalent. The Morita equivalence theorem characterizes when
this happens.

A functor F : mod R — mod S is called full (respectively faithful) if the in-
duced Z-morphism F : homg(X,Y) - homg(FX, FY) is onto (respectively
one-to-one) for every pair of modules X g and Y. The following basic results
will be needed.

Lemma A.l1. Let F : modR — modS and G : modS — modR be additive
functors with GF = 1,,,4r. Then F is faithful and G is full.

Proof. Leto : GF — 1,,,4r be a natural isomorphism, so thatoy : GFX —
X is an R-isomorphism for each Xg. Hence, given Yz we obtain a map 6 :
homg(GFX,GFY) — homg(X,Y) given by O(A) = oy oL ooy . Then 6 is
a bijection (whose inverse is o — o U'o a0 0x). Now, regarding F and G as
Z-morphisms, we have

homg(X,Y) 2> homg(FX. FY) S homg(GFX, GFY) > homg(X,Y).
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The composite of these maps carries o to 6(GFa) = oy (GFa) 0;1 = o
because the diagram is commutative (since o is natural). Hence, the composite
0 o G o F is a Z-bijection, whence G o F is a bijection. This means that F is

GFx & GFy
| ox | oy
X 5 v
to-one and G 1is onto. O

Lemma A.2. Let F : modR — modS be an additive equivalence. If a €
hompg(X, Y) then o is monic (epic) if and only if the same is true of F(«).

Proof. Let G be an equivalence inverse of F, andleto : GF — 1,,,4r be a
natural isomorphism. We use the fact that « : X — Y is monic if and only if
a o f = 0in modR implies B = 0. So if « 1s monic, suppose F(ax) oA =0
in modS. Then GF(x) o G(A) = 0, that is, [O’Y_l oaxoox]loG(A) = 0. It
follows that « o [ox o G(A)] = 0, whence ox o G(A) = 0 because « 1s monic.
Hence G(1) = 0, so A = O because G is faithful (and full) by Lemma A.1. This
proves that F'(«) is monic. Conversely, if F(«) is monic and o o 8 = 0 then
F(a) o G(B) =0, s0 G(B) = 0. Hence B = 0 because G is faithfull, proving
that o is monic. The epic proof is analogous. O

Let F : modR — modS and G : modS — modR be mutually in-
verse additive equivalences with natural isomorphisms o : GF — 1,,,4r
and 7 : I;gx)—> lnoas- Given X we have Gl;)X( X X, so applying F yields
FGFX — FX.Butwealsohave FGFX — FX, and the question arises
whether F(oyx) = trx holds. Similarly, one asks if G(ty;) = ogp for all My,
and it turns out that these conditions can always be arranged. More precisely, in
addition to characterizing additive equivalences, the next theorem shows that
if F : modR — modS is any additive equivalence then G, o, and t can be

chosen so that
F(ox) =tpx forall Xz and G(ty) = ogy forall My.
When this is the case, we say that F' and G are compatible.

Theorem A.3. An additive functor F : mod R — modS is an equivalence if
and only if it satisfies the following two conditions:

(1) F is full and faithful.
(2) Each S-module is isomorphic to F X for some R-module Xg.

In this case F has a compatible equivalence inverse G : modS — modR.
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Proof. If F is an additive equivalence, it is full and faithful by Lemma A.1. If
G is any equivalence inverse of F, then M = F'G M for each M via the natural
isomorphism FG — 1,,,45, proving (2). Conversely, assume that (1) and (2)
hold. Given any module Mg, use (2) to choose an R-module (which we call G M)
and an R-isomorphism 7y, : FGM — M. Given an S-morphism A : M — N,
this gives r]Ql oAoTy € hom[FGM, FGN] so, by (1), there exists a unique
R-morphism G(A) : GM — GN such that F[G(A)] = ‘L'];I o A o Ty, that
is, the diagram is commutative. Hence to show that t : FG — 1,,,45 is a

F(GA)
-

FGM FGN
I Tn Y
M 5 N

natural isomorphism, it remains to show that G is an additive functor. We have

G(1y) = 1gu because F(1y) = rﬂjll o 1y o ty. Next, given M A N A Kk
in mod S, the composite (Gu) o (GX) satisfies

F[(Gu)o(GM] = FGuo FGL = (tx' oppoty)o(ty' o hoty)
= ‘L'Izl o (uA) o Ty.

Since G(uA)is the unique R-morphism with this property, it follows that (G ) o
(GA) = G(uA), A similar argument establishes that G(u+1) = G(un)+ G(A),
so G 1is an additive functor.

Next, for each Xz we have an S-isomorphism 77y : FG(FX) — FX,
so, again by (1), there is a unique R-morphism oy : GFX — X such that
F(ox) = tpx. Moreover, oy is an isomorphism (the inverse being the map
o' : X — GFX suchthat F(o') = ‘L';;(). Hence toshow thato : GF — 1,,,4r
1s anatural isomorphism, it remains to verify that the second diagram commutes

Grx 5 GFy

J ox | oy
X — Y

for all R-morphisms o : X — Y; thatis, @ o oy = oy o GF(«). Since F is
faithful it suffices to show that F(«) o F(ox) = F(oy) o FGF(x). But the
commutativity of the first diagram [with A = F(x), M = FX,and N = FY|]
gives

F@)o Flox)=F(@)otpx =ty o FGF(a) = F(oy)o FGF(a),

as required.
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Finally, our choice of o guarantees F(ox) = tpx for each Xy. To see
that G(ty) = oguy for each My, it suffices (since F' is faithful) to show that
F[G(ty)] = F(ogm)-But F(ogy) = trem by thedefinitionof o, and 1y =
F G(ty) comes from the first diagram (replacing A by 1), M by FGM, and
N by M, and noting that 7, 1s an isomorphism). O

A.2. Morita Invariants

Let p be a property of modules that is preserved by isomorphisms. Then p
is called a Morita invariant if, for every additive equivalence F' : modR —
mod S, F' X has p whenever X has p. Note that if X has p then X has p because
GFX = X for any equivalence inverse G of F. Thus p is a Morita invariant
means that X has p if and only if F' X has p. Here is a proof that “injective’”” and
“projective” are Morita invariants.

Proposition A.4. Let F : modR — modS be an additive equivalence. If Xg
and Yg are modules, then X is Y -injective (Y -projective) if and only if FX
is F'Y -injective (F'Y -projective). In particular, “injective” and “projective” are
Morita invariants.

Proof. We prove the injective part; the projective result is analogous. Let G be
an equivalence inverse of F' with natural isomorphisms o : GF — 1,,,4 and
T: FG — 1,,04s. Given A and u in mod S with A monic as in the first diagram,
we must find an S-morphism y : FY — FX such that u = y o A. Apply G to

A

Mg 5 FY
duw /y
FX

obtain the second diagram, where G (1) is monic by Lemma A.2. By hypothesis
there exists & : ¥ — X such that @ o oy 0 G(A) = ox o G(u). We claim that

G(A) oy
—

GM GFY —

3y G(w)
GFX

J ox
X

Y

y = F(a) satisfies u = F(a) o A. As G is faithful, it suffices to show that
G(u) = GF(x)o G()). However, GF(x) = 0;1 o o oy because o is natural,
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so this requirement reads G() = oy U'ow ooy o G(1). But this is the defining

property of «. Finally, the last sentence follows because every S-module has
the form F' X for some R-module X (Theorem A.3). O

We now give two technical results that describe the close relationship be-
tween the modules Xg and (F X)g, where F' : mod R — modS is an additive
equivalence. The ﬁrst result is concerned with exact sequences. We say that the
sequence Z ¢ —> Y of R-morphisms is exact at X if im(a) = ker(B),
and any sequence of modules is called exact if it is exact at every “interior”
module. Thus X — Y is monic if and only if 0 — X — Y is exact, and 8 is
epic if and only if X LY Y — 0 1s exact. The following result contains the key
observation.

Proposition A.S. Let F: modR — mod S be an additive equivalence. Then
a sequence 0 — Z — X £ Y inmodR is exact if and only if the sequence

0—> FZ — i FX — g FY is exact in modS.

Proof. Let G : modS — modR be a compatible equivalence inverse of F
with natural isomorphisms 0 : GF — l,,qg and 7 : FG — 1,,,45. It is only
necessary to prove the forward implication because either row in the following
commutative diagram is exact if and only if the other row is exact. Hence assume

0> GFz B 6rx P GFy

oz | ox 4 oy 4
0— Y4 - X - Y

that ﬁQ(a)—> Z Fg) X LY Y is exact; we must show that the sequence 0 —
F7Z — FX — FY is also exact. First, F(«) is monic by Lemma A.2. Next,
im[F(a)] C ker[F(B)] because F(B) o F(a) = F(Boa) = F(0) = 0. So
if we write K = ker[F(B)], it remains to show that K C im[F(«)]. Let

x . K — F X be the inclusion.
Claim. Boox o G(ig)=0.
Proof. As F is faithful, it suffices to verify that F(8) o F(ox) o FG(ig) = 0.
FGk "% FGFx
| % | Trx
K % Fx
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Now F(ox) o FG(ix) = tpx o FG(ig) = ix o tx by compatibility and the
diagram. It follows that F(8)o F(ox)o FG(ix) = F(B)oixotg = 0otx =0
because K = ker{F(f)}, proving the Claim.

For convenience, write 6 = ox o G(ig). Then im(§) C ker(B) by the Claim,
so im(8) C im(a) by hypothesis. Since « is monic, y : G(K) — Z is well
defined as follows: If w € G(K) then §(w) = «(z) for a unique element z € Z,

G(K) > X

Ly STa
Z

so take y(w) = z. Then § = a o y, so F(§) = F(a) o F(y) and it follows
that im[F(8)] € im[F(a)]. Hence it remains to show that im[F(§)] = K. But
F(6) = F(ox) o FG(ig) = tpx 0o FG(ig) = ig o tx by the first diagram, so
im[F(8)] =im{ig otx} =imlixg} = K, as required. O

An exact sequence of the form 0 — Z 5 X LY Y — Oiscalled ashort exact
sequence, and it is said to split if any of the following equivalent conditions are
satisfied:

(1) There exists 8’ : Y — X such that 8 o B’ = 1y.
(2) im(a) = ker(p) is a direct summand of X.
(3) Thereexistsa’ : X — Z suchthato’ oo = 1.

These concepts are very useful in classifying rings, so the following result is of
interest.

Theorem A.6. Let F : mod R — modS be an additive equivalence. Then a
sequence 0 — Z S X A Y — 0 in modR is exact (split) in mod R if and

only ift0 - FZ — 9 px Y e FY — 0 has the same property in modS.

Proof. Leto : GF — lmod rand t : FG — 1,,,45 be natural equlvalences
Assume first that 0 —> Z = X —ﬂ> Y — 0 is exact. Then 0 — FZ
FX i FY is exact at F X by Proposition A.5, and F(8) is epic by Lemma
A.2. Hence 0 — FZ F(a) FX @) FY — 0 is exact. Conversely, if this
sequence 1s exact, then 0>Z35X LA Y is exact by Proposition A.5, and
B =oyo GF(,B) o og is epic, again by Lemma A.2.

f0—>Z > X5 Y > 0is split then the conditions preceding this
theorem show that0 — FZ — i FX — FY — 0is also split. Conversely,

if A : FY — FX satisfies F(B) o A = 1py, applying G gives lgry =
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GF(B)oG(L) = (0, 0 Boox)oG(L), and it follows that oy = B ooy o G(L).
Hence B o B = 1y with B’ = ox 0o G(A) 0 0} . O

The second technical result concerns the lattice /atg(X) of submodules of
X r and the corresponding lattice for (F X)g.

Proposition A.7. Let F : mod R — mod S be an additive equivalence, and let
X r denote amodule. Then @y : latgr(X) — lats(F X) is a lattice isomorphism,
where we define

®Oy(K) = im{F(ix)}  forall K C X with inclusion K 5 X.

Proof. Let G : modS — mod R be a compatible equivalence inverse of F with
natural isomorphisms o : GF — 1,,qg and v : FG — 1,,,0s. f N C FX,
define Y : lats(F X) — latg(X) by

Y(N)=imlox o G(jy)] for all N € F X with inclusion N ﬂ) FX.

We show that Y is the inverse of ®x and that ®x and Y preserve inclusions.

If K C Xwrite N=im[F(ig)] = ®x(K) C FX, and for convenience let
¢ : F(K) — N denote the map F(ix) with codomain restricted to N. Then ¢
1s an isomorphism [ F (i) is one-to-one] and F(ix) = jy o ¢. Hence G(¢) is
also an isomorphism, so

TO(K)=T(N)=iml[ox o G(jy)] =im[ox o G(jn)o G(¢)]
— im[oy o GF(ix)] = im(ix o o) = im(ix) = K,

where we used the fact that o is natural.

Similarly, starting with N € F X write K = Y(N) = im[ox oG(jy)]. Since
G(jn) 1s monic, it follows that ox o G(jy) : GN — K is an isomorphism,
whichwecall§ : GN — K, and which makes the diagram commutative. Then

G(jn)
—_—

GN GFX
) l ox
K X x

F () is also an isomorphism and, since F'(ox) = trx by compatibility, we have
OxT(N) = ®x(K) = im[F(ig)] = im[F(ig) o F()]
= im[F(ig 0 8)] = im[F(ox o G(jn)]
=im[trx o FG(jy)] =im(jy otny) =im(jy) = N.

Hence @ is a bijection and ®~! = 7.
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To see that ®x preserves inclusions let K; € K € X andletv : K; — K
be the inclusion. Then ix, = igx o v, so

Px (K1) = im{F(ix,)} = im{F(ix) o F(v)} S im{F(ig)} = Px(K),

as required. Similarly, if Ny € N € FX and A : N; — N is the inclusion,
then jy, = jn oA, so G(jy,) = G(jn) o G(A). It follows in the same way that
Y(N;) € Y(N), so Y preserves inclusions. O

Corollary A.8. Each of the following properties is a Morita invariant:

simple, semisimple,
Indecomposable, uniform,
artinian, noetherian,

composition length n, finite dimensional,
finitely generated, finitely cogenerated.

Proof. Only the last two properties are not clearly determined by laz(X). But
X i1s finitely generated if and only if X = ¥;.;X; implies that X = ¥;.;X;
for a finite subset J C [; and X is finitely cogenerated if and only if it has a
finitely generated essential socle. O

Propositions A.5 and A.7 combine to give more information. If ®x is the
lattice isomorphism in Proposition A.7, the next result asserts that ® y preserves
kernels and (to some extent) images.

Proposition A.9. Let FF : modR — modS be an additive equivalence. If
« : X — Y is an R-morphism then the following hold:

(1) ker[F(a)] = ®xlker(a)].
(2) If a is monic, im|[F(x)] = ®y[im(a)].

Proof. Write K = ker(a) an;l U = inﬁg(a). The sequence 0 — K LxS
U — Oisexact,s00 > FK -’ FX = FU — 0Ois also exact by Theorem
A.6. Hence ker[F(a)] = im[F(ix)] = ®x(K), proving (1). Now consider
0>U3y > Y/U — 0, where 6 is the coset map. Applying F and
Theorem A.6, we obtain ker[ F(0)] = im[F(iy)] = ®y(U). However, we have

0> X>Y o Y/U — 0, so ker[F(0)] = im[F(«)]. This proves (2). O

Proposition A.10. Let FF : modR — modS be an additive equivalence. If
a : X — Y has essential image (small kernel) the same is true of F () :
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FX — FY. In particular, if ¢ : X — Y is an injective hull (projective cover),
soalsois F(a): FX — FY.

Proof. Let 0 — X = Y be an injective hull in mod R (that is, Y is injective

and im(o) C*° Y). Then 0 — FX Fﬁi) FY is exact by Lemma A.2, FY is
injective by Proposition A.4, and so it remains to show that im[F(o)] C**° FY.
We have im[F(0)] = ®y[im(o)] by Proposition A.9, where ® : latg(Y) —
lats(FY) is as in Proposition A.7. If ®yl[im(o)]+ M = FY, Mg C FY, then
M = ®y(Z) for some Z C Y, again by Lemma A.7. Since ®y is a lattice
isomorphism,

Qy[Y] = FY = Qy[im(o)] + Py(Z) = Pyl[im(o) + Z],

so Y = im(o) + Z because Py 1s one-to-one. Hence Z = Y by hypothesis,
so M = ®y(Z) = FY. This proves that im[F(o)] C€*° FY. The proof for
projective covers is analogous. O

There is clearly more that can be said about Morita invariants, but these
results should provide the reader with the means to verify specific cases.

A.3. Tensor Products

If R is a ring, Vg and x W are modules, and A is a Z-module, a function
m:V x W — Aiscalled a product if it preserves addition in each variable
and 1s balanced (or middle associative) in the sense that 7 (vr, w) = (v, rw)
forallr e R,veV,andw € W.

Lemma A.11. Given modules Vi and xW there is a special product T :
V x W — V ®Qr W that is uniquely determined by the following universal
property: Given any product ) : V x W — A there exists a uniquely determined

VxW S5 Ver W

AN\ J o
A

Z-morphismo : V Qg W — A such that A = x o 7.

Proof. Let F be the free Z-module on the set V x W with basis { f(, w) | (v, w) €
V x W}, and let K be the submodule of F' generated by all elements of the

form f(v—l—v’,w) - f(v,w) — f(v’,w)a f(v,w—{—w/) - f(v,w) - f(v,w’)a and f(vr,w) - f(v,rw)-
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Then write V Qg W = F/K anddefinet : VX W — V®zr Wby t(v, w) =
fw.wy + K. The routine details of the proof are left to the reader. O

The product T : V. x W — V @z W in Lemma A.11 is called the tensor
product of V and W. By the universal property, 7 is uniquely determined by V
and W in the following sense: If t/ : V x W — T is any other product as in
Lemma A.11, there exists a unique isomorphismo : V Qg W — T such that
7'=0orT.

We write w(v, w) = v® w forall v € V and w € W. Note that the group
V ® W is generated (as a Z-module) by the “tensors” v @ w, v € V, w € W.
It is a common abuse of notation to use the term “tensor product” for the group
V ® W itself.

The universal property in Lemma A.11 is the main tool for proving results
about the tensor product. Here is a typical example of how it is used.

Proposition A.12. If V = Vg and W = g Wy are bimodules, then the tensor
product V ®g W is an (S, T)-bimodule via the actions

sv@w)=sv®w and (VR w)t =v QR wt

foralls e S,teT,veV,andw € W.

Proof. Givens € S,themapV x W — V Qg W given by (v, w) > sv @ w
is balanced and so induces a Z-morphism V @ W — V ®g W satisfying
v® w — sv® w. This is clearly an S-actionon V ®g W. Similarly, v @ w +—
v ® wt fort € T is a T-action, and the bimodule condition s(x7) = (sx)t is
clearly satisfied forall x = Z;v;, Q w; in V Qr W. O

Our main reason for introducing the tensor product is that it provides functors
on module categories. For example, if g Vs is a bimodule and X is given, then
F(X) = X ®g V is a right S-module by Proposition A.12, and F becomes
a functor mod R — mod S with an appropriate action on R-morphisms. This
action is supplied by the next result.

Proposition A.13. Leto : Xg — X and B : gV — RV’ be R-morphisms.
Then there exists a Z-morphism

a@B:XQprV —> X' Qr V' givenby (a¢® B)(xQ®v)=ax) B().
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Moreover, the following statements hold:

() 1x ® Iy = lxg,v.

(2) It V= gVsand V' = gV thena @ B is S-linear.

(3) If X = gXgpand X' = X} thena @ B is Q-linear.

4) (@ @BNo(x®P) = (¢ o) ® (B o B), where o' : X}, — X} and
,8/: Rv/ N RV//-

Proof. The map X x V — X' ®x V' with (x, v) — a(x) ® B(v) is balanced
because o and B are R-linear, so the Z-morphism o ® B exists. The rest of the
properties are routine verifications. O

Now suppose that z Vg is a bimodule and we write F X = X ®p V for all
Xr. If Xgr = Yz is R-linearthena ® 1y : FX — FY is S-linear; if we write
F(ax) = a ® 1y, this defines an additive functor F' : mod R — modS. We
denote this functor F' by F = (_) ®p V; it will be used later in our discussion
of equivalence of module categories.

The tensor product is “associative” in the sense that V ®gs (W ®7 U) and
(V®s W)®7 U are naturally isomorphic viav @ (w Qu) <— (vQ®w)Qu. To
prove this we introduce a more general construction that will be used in other
ways later. Given rings Ry, Ry, ..., R,,, consider V|, V;, ..., V,,, where V; is
an (R;_, R;)-bimodule for each i. If A is a Z-module, amap A : V| x V, X

- x V,, — A is said to be balanced if it preserves addition in each variable
and is middle associative at each location. As in the proof of Lemma A.11 there
exists a general tensor product

T:ViXxVoax - xV, = ViQr V2®r, - ®r, , Vin-1®r,_, Vin-

m—1
Again the “tensors” v @V, ® - - - Q v, = T(V1, V2, ..., Uy) generate Vi@ Vo ®
-+ ® YV, as a Z-module, and the general tensor product is uniquely determined
by the following universal property.

Lemma A.14. If AisaZ-moduleand X : V; x V, x---xV,, — A is balanced,
there exists a unique Z-linearmap o : Vi Q V, ® --- ® V,, — A such that
V@V - Quy) = AV, vy, ..., Uy) forall v;.

Our first use of the general tensor product is the following proof of associa-
tivity.
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Proposition A.15. Given bimodules Vs, sWr, and 71Uy, we have (R, Q)-
bimodule isomorphisms

VRsWrlU)—VesWerU,
VRsW)yrU - VRsWQrtu

givenbyv@(wQu) — vQ@w®u and v w)RQu — vQ w Qu, respectively.

Proof. If v € V is fixed, the balanced map W x U — V ®s W ® U with
(w,u) = v®w u induces a Z-linearmap 7, : WQr U - Vs WRrU,
where m,(w @ u) = vQw®u.Butthenthemap Vx(WR;U) - VRsWRrU
with (v, x) — m,(x) 1s also balanced and so induces 8 : V ®s (W &7 U) —
VRsWrUwithf[v® (wu)] =v®w® u. However, the balanced map
VXWxU—VQ®s (W U)with (v, w,u) — v ® (w ® u) induces a Z-
morphism¢ : VRsWQrU — VQs(WR7rU)withdp(vQuw®u) = vQ(w®u).
Since 6 o ¢ and ¢ o 6 fix the corresponding generators, it follows that 6 and ¢
are mutually inverse Z-morphisms. Hence 6 is a Z-isomorphism; it is routine
to verify that it is a bimodule map. The other isomorphism is analogous.  [J

A.4. Morita Contexts

The discussion of Morita equivalence is simplified by a notion introduced by
Bass [17]. If R and S are rings, a Morita context for R and S is a 4-tuple [ v]f/ ‘;]
where z Vg and ¢ Wy are bimodules and there exist context products

VxW—R and WxV —>§,

written multiplicatively as (v, w) — vw and (w, v) —> wv, and such that
the following conditions hold for all generic values of the variables:

(1) Each product preserves addition in each variable.
2) (vs)w =v(sw), (wr)v=w(rv).

3) r(vw) = (rvyw, (vw)r = v(wr).

4) s(wv) = (sw)v, (wv)s = w(vs).

B) v(wv) = (vw)v, (wv)w = whw).

RV

The truth of all these requirements is equivalent to insisting that [W §

associative ring with the obvious matrix operations. The product

] 1S an

VW = {Eizlviwi lvieV, w,e W, n>1}

is an ideal of R, called the trace ideal of the context in R. Similarly, we have
the trace ideal WV in S
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. R eR . .
Here are some examples of Morita contexts: [ Re ;Re] 1s a Morita context,

where > = ¢ € R and we use the multiplication of R. Another example is
[ 1§ MR( R)], where R" and R,, denote the row and column matrices respectively,

M, (R) is the ring of n x n matrices over R, and we use matrix multiplication.

As a final example, let Vg be a module and denote the dual module sV* =
homg(Vs, S). Here the left S-action on V* is given by (sA)(v) = sA(v) for all
AeV* se S, andv € V. If we write E = end(Vs) then we have bimodules
gVs and ¢V, and we obtain the standard Morita context [f ‘S/] where the
products V*V C S and VV* C E are defined in the obvious way.

Recall that two rings R and S are called Morita equivalent if there is an
additive equivalence F' : modR — modS. We are going to prove that this
happens if and only if there exists a Morita context [Vlf, ‘S/] such that VW = R
and WV = §. To this end some preliminary lemmas are needed. The first
two are of independent interest and separate the conditions VW = R and

WV =S§.

Lemma A.16. The following conditions are equivalent for a module Mg # 0
with endomorphism ring E:

(1) M is finitely generated and projective.

(2) There exist i, Ay, ..., A, In M* andm, m,, ..., m, in M such thatm =
X miAi(m) foreverym € M.

(3) In the standard Morita context [1\5 Ag] we have MM* = E.

R M] such that MW = R.

(4) There exists a Morita context [ W S

Proof. (1)=(2). If M is finitely generated and projective, we may assume that
M & K = F, where Fy is free on basis { f1, ..., f,}. Define r; : F — R by
ni(Z;‘:lfjrj) = r;, and write f; = m; + k;. Then (2) follows where A; is the
restriction of mr; to M.

(2)=(3). We have 1 = X' m;A; € MM* by (2).

(3)=(4). This is clear.

(4)=(1). Given (4), write 1p = X" m;w; in MW. Then A; = w;- is in
M* and X' m; Ai(m) = X mj(w;m) = (X_m;w;)m = m forallm € M.
It follows that M = X m;S, and it remains to show that M is projective.
Hence let o and B be as in the diagram with « epic. For each i, write f(m;) =
a(n;),n; € N, and define y : M — N by y(m) = X n;A;(m). Thenitis a

M
yv 1B
N 3K
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routine matter to verify that o« o y = 8. This shows that M is projective and so
completes the proof of (1). O

The system {A;, m; | 1 <i < n}in (2) of Lemma A.16 is called a dual basis
of the module M.

If in (3) of Lemma A.16 we require instead that M*M = §, we obtain a
characterization of the generators in mod S. Recall that a module My is called

a generator if every right S-module is an image of a direct sum of copies
of M.

Lemma A.17. The following conditions are equivalent for a module Mg # 0
with endomorphism ring E:

(1) M is a generator for mod S.

(2) The ring S is a direct summand of M" for some n > 1.

(3) If 0 £« : Ny - Kgthena o A # 0 for some A : Mg — Ng.
4) § =2 ,A(M) for some A; € M*.

(5) In the standard Morita context [15 A;] we have M*M = §.

(6) There exists a Morita context [Vlf, A;] such that WM = §.

Proof. (1)=(2).Given (1), thereis aepimorphism M) — S that splits because
S is projective. Hence S embeds in M) and hence in M" (being finitely
generated).

2)=@).ItM"=S5Sd Wand a(n) # 0,n € N, define y : M" — N by
y(s + w) = ns. Then y(n) # 0, so y o g; # 0 for some canonical inclusion
o, : M — M", and so take A = y o o;.

B)=@).LetT = Ejcpy=A(M)andleta : S — S/ T be the coset map. Then
a oA =0forevery A € M*, soa = 0by (3). Hence T = §, and (4) follows.

(4)=(5)=(6). These are clear.

(6)=(1). Given the situation in (6), let 1¢ = X, w;m;, where w; € W and
m; € M for each i. Since each w;- is in M*, it follows that § is an image of
M"™. Now (1) follows because S generates mod S. O

The next result will be needed in the proof of Morita’s equivalence theorem
(Theorem A.20 in the next section).

Lemma A.18. If R and S are rings, write R ~ § if there exists a Morita context
[‘f, ‘S/] such that VW = R and WV = §. Then ~ is an equivalence relation

on the class of rings.
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. . R R - .
Proof. It is reflexive because [ R R] i1s a context, and symmetric because,

S

if [‘I;, ‘S/] 1S a context, so also is [V VI‘;] with the same context products.

As to transitivity, let the context [g, g] satisfy VW = R and WV = §,
and let [g ;)] satisfy PQ = Sand QP = T. Write R X7 = VQ®gPand 7 Yy =
Q0 ®sW;we construct a context [I; }T(] by defining appropriate context products.
Themap V x P x Q x W — R given by (v, p, g, w) — v(pg)w is balanced
and so induces an (R, R)-bimodulemap V@@ PRI QOQW — R ButX QY =
VRPRQO®W, sothisinduces aproduct X xY — Rsuchthat(vQp)(gQw) =
v(pg)w. It is a routine verification that the context axioms are satisfied. For

example,

[(v® p)g @ w)I @ p') =v(pg) ® (wv')p' = (v & p)llg @ w)(v' ® p')l.

Soitremains toshowthat XY = RandYX = T7.Since VW = Rand PQ = S,
write 1 = X/_ v;w; and 1 = X7, p;q;. Then

Ir = Zi[vi(XZ;pigjw;] = ;[ Xjvi(pjq;)w;]
=% X;(vi ® pj)g; ® w;) € XY.

Hence XY =R, and YX =T follows in the same way. Hence R~ T, as
required. [

A.S. Morita Equivalence

We can now prove our main theorem, which characterizes when the categories
mod R and mod S of right modules are equivalent. This is one of the most useful
results in the theory of associative rings. We need one more lemma, namely,
that being a generator is a Morita invariant.

Lemma A.19. Let F : modR — modS be an additive equivalence. If X is a
generator in mod R, then F X is a generator in mod S.

Proof. Let G : modS — modR be an equivalence inverse for F, and let
7 : FG — 1,045 be a natural isomorphsm. By Lemma A.17,if0 # A : Ng —
Ks we must show that A o u # 0 for some u : FX — N. Now we have
G(X) : GN — GK and G(1) # 0 because G is faithful so, by hypothesis,
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FX ¥ ren " Fok
Y Itk
N A5 K

let : X — GN satisfy G(A) o o # 0. Then, using the diagram, we obtain
rAoltyo F(a)] =[tg o FGM\)] o F(a) =t 0o FIG(M) o] # 0

because F is faithful. Hence use u = ty o F(w). O

Rings R and S are called Morita equivalent if mod R and mod S are additively
equivalent categories, and it comes as a surprise that there are pure ring-theoretic
conditions that this happens. Recall that we write R ~ S if there exists a Morita
context [‘f, ‘S/] such that VW = R and WV = §. For convenience, a module
P is called a progenerator if it is a finitely generated, projective generator, and
an idempotent e in a ring R is called full if ReR = R.

Theorem A.20 (Morita’s Equivalence Theorem). The following conditions
are equivalent for rings R and S:

(1) There exists an integer n > 1 and a full idempotent e € M, (R) such that
S=ZeM,(R)e.

(2) There exists a Morita context [vlf, ‘s/] withVW = Rand WV = S§.

(3) mod R and mod S are additively equivalent categories.

(4) There exists a progenerator Vs such that R = end(Vy).

(5) Rmod and Smod are additively equivalent categories.

(6) There exists a progenerator g W such that S = end(x W).

Proof. By the symmetry in (1) and (2), it suffices to prove the equivalence of
(1), (). (3), and (4). -

(H)=(2). Write E = M, (R). The context [Rn E ] shows that R ~ E, and
[5@ j{;] shows that E ~ eEe = § because e is full in E. Hence R ~ S by
Lemma A.18.

(2)=(3). Given a Morita context as in (2), define F' : mod R — mod S and
G : modS — modR asfollows: Take F(Xg) = X®@rVand G(Mg) = MRQsW
and, given«a : Xg — Ypand B : Mg — Ng,set F(o) =a @ 1y : FX —
FYand G(B) = B® 1y : GM — GN. Then F and G are functors and we
have GFX =X Q@x VQsWand GFM = M Qs W Qr V.

Since the map X x V x W — X with (x, v, w) — x(vw) is balanced, we
obtain an R-morphismoy : GFX = X Qr V®s W — X, where ox(x @ v ®
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w) = x(vw). Given o : X — Yg, the diagram is commutative for each Xg
because [ cox](x ® v ® w) = a[x(vw)] = [oy o GF(a)](x ® v ® w) for all
xQ@®v@®w. Thuso : GF — 1,,,4r 1S a natural transformation. Furthermore,
each oy is epic because ox(GFX) = X(VW) = XR = X. Finally, to see that

Grx B Gry
iGX ¢UY
X 3 Y

oy 1s monic, let 1 p = Zleviw,-. Ifox(z) =0,z e GFX, write z = ZTzlxj ®
v;. ® w;.. Then Zlf":lxj(v} w;.) = ox(z) = 0, so we compute

z=zIp =2 x; ®V; @ (w)1R)
=37 x; © V) @ [T (w)v;)w;]
= E;”:lEf‘zlxj Q [v;(w}vi)] ® w;
=X, Elexj(v}w}) ® v @ w;
= [E;?;lxj(v}w;)] & [Zg;lvi ® w;]
=0Q[Z}_ v ® w;]=0.
Hence oy is monic, and so o is a natural isomorphism. Similarly, we obtain
a natural isomorphism t : FG — 1,,,4s, Where, for each Mg, we define
T : FGM =M Qs W Qg V — Mby ty(m Q@ w® v) =m(wv).
3)=@). Let F : modR — modS and G : modS — modR be inverse
additive equivalences, and let 0 : GF — l,,p and 7 : FG — 1,,,45 be
natural isomorphisms (which we may assume are compatible by Theorem A.3).
Define F(Rg) = Vs. Then Vy is a finitely generated, projective generator in
mod S because Ry has these properties (by Corollary A.8, Proposition A.4, and
Lemma A.19). So it remains to show that R = end(Vy).
Ifr € R, wehaver- : Rg — Rg, so F(r-) : V — V is S-linear. Hence
we define 8 : R — end(Vy) by 8(r) = F(r-). This is a ring homomorphism
because F is an additive functor, and it is one-to-one because F(r-) = 0 implies

r- = 0 (F 1s faithful) and so r = 0. Finally, we show that 6 is onto. Given A €
-1

end(Vs), we have F(R) A F(R), so applying G gives Ry TR, GF(RR) %)

GF(Rg) 2 Rg.Hence o 0o G(X) o a,;l = a- for some a € R, and we claim

Fov Y Fgy
Ity Ty
1% — %
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that A = F(a-) = 6(a). F(or) = tpg = 1y because F and G are compatible,
so the diagram gives

0(a) = F(a-) = F(og) o FG(A\) o F(og') =ty 0o FGM\) o1, = A.

This completes the proof of (4).

(4)=(1). Let Vg be as in (4). Since Vy is finitely generated and projective,
it is isomorphic to a direct summand of S,, for some n > 1, where §,, consists
of columns. Hence identify V C S, in such a way that V & V' = §,,. Then
end[(S,)s] = M,(R) using matrix multiplication, so let ¢> = e € E = M, (R)
satisfy im(e) = V and ker(e) = V'. Then R = end(Vs) = e Ee by hypothesis,
and it remains to show that EeE = E. This comes from the fact that Vs is a
generator. Hence, by Lemma A.17, write 1g = X7, 4 ;v;, where 4 : Vs — §
and v; € V foreach j. Extend A; to S, — S by defining A ;(V’) = 0. Then we
may assume that A; is arow in §”. Since V = eS§,,, it follows that 15 € §"eS,,,
so E = S§"eS,. Butthen E = §,8" = S,ES" = §5,(5"eS,)S" = EeE, as
required. O

Remark 1. The tensor functors constructed in the proof of (2)=>(3) are easily
verified to be compatible.

Remark 2. The progenerator Vg constructed in the proof of (3)=>(4) is in fact
an (R, §)-bimodule using the left R-action rv = F(r-)(v) for all r € R and
veV.

Although Morita equivalent rings need not be isomorphic, the next two corol-
laries exhibit some structural similarities.

Corollary A.21. Let R and S be Morita equivalent rings, and suppose that
[Vlf, g] is a Morita context with VW = R and WV = §. Then the maps

A— WAV and D+ VDW

are mutually inverse, product preserving, lattice isomorphisms between the
ideals A of R and the ideals of S. In particular, R is simple, semiprime, prime,
subdirectly irreducible, or has ACC or DCC on ideals, if and only if this holds
for S.

Proof. If A is an ideal of R then A — WAV — V(WAV)W = RAR = A.
Similarly, the other composite is the identity, so these maps are mutually inverse.
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They clearly preserve inclusions and so are lattice isomorphisms. Moreover,
(WAV)YWBV) = WARBV = WABYV for any ideals A and B of R, so
A — WAV preserves products; the proof for the inverse is the same. Finally,
the last sentence follows because these ring properties are determined by the
lattice of two-sided ideals. O

Corollary A.22. If R and S are Morita equivalent rings, they have isomorphic
centers. In particular, commutative rings are Morita equivalent if and only if
they are isomorphic.

Proof. Let [‘f, ‘S/] be a Morita context with VW = R and WV = S. Write
cen(R) for the center of a ring R.

Claiml. R =end(Vg)viar +— r-.

Proof. Vg is finitely generated and projective by Lemma A.16, and it is
a generator by Lemma A.17. The map r + r- is clearly a ring homo-
morphism R — end(Vs), and it is one-to-one because rV = 0 implies
rR=rVW =0. Since VW = R write 1 = Ef‘zlviwi. Given A € end(Vy),
definer = T5_ A(v))w;. Thenrv = =X A(v)(w;v) = A[ZE v (wiv)] = A(v)
for all v € V, so A = r-. This proves Claim 1.

Claim 2. If b € cen(S) there exists a unique r;, € cen(R) such that vb = rpv
forallv e V.

Proof. Given b € cen(S), we have -b € end(Vy) so, by Claim 1, there exists a
unique r, € R such that -b = ry-; that is, vb = rpv for all v € V. Moreover, if
r € R, this gives

(rry — rpr)v =r(rpv) — rp(rv) =r(vs) — (rv)s =0

because g Vg 1s a bimodule. Hence (rr, — rpr)R = (rr, — rpr)VW = 0, so
rry = rpr; thatis, r, € cen(R). This proves Claim 2.

Hence we have a map cen(S) — cen(R) given by b — rp, and it is routine
to verify that this is a ring homomorphism. Similarly, we obtain a map a — s,
from cen(R) to cen(S), where s, is uniquely determined by the condition that
av = vs, for all v € V. These maps are mutually inverse. For example, if
b € cen(S), we obtain b + r, +— s, and vb = rpv = vs,, forallv € V.
Hence b = s,, because WV = §. This completes the proof. O
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Notes on Appendix A

The Morita equivalence theorem was proved in 1958 in a monumental pa-
per [148] by Morita on duality and equivalence for module categories. Our
treatment owes a great deal to the notes of Bass [17] where the simpli-
fying notion of a Morita context is introduced. To quote Bass, the theory
organizes a “formidable mélange of trivialities” and is “so overwhelmingly
complete that it permits a classification of all isomorphisms from Amod to
Bmod.”
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Perfect, Semiperfect, and Semiregular Rings

The structure of a semisimple artinian ring is well known thanks to the
Wedderburn—Artin theorem. Moreover, if R is right artinian then J is nilpotent
and R/J is semisimple, so a major problem is to “lift” the structure of R/J to
R. This leads to lifting idempotents and hence to the notion of a semiperfect
ring. These rings are described in this section, together with a discussion of the
important subclass of right perfect rings. Finally, the situation where R/J is
regular is treated under the heading of semiregular rings. Each of these classes
of rings is used extensively throughout the book.

B.1. Semiperfect Rings

Semiperfect rings are perhaps the most useful generalization of the classical
artinian rings. We begin by describing the simplest examples.

Proposition B.1. The following conditions are equivalent for a ring R:

(1) R/J is adivision ring.

(2) R — J consists of units.

(3) If a € R then either a or 1 — a is a unit.

(4) R has a unique maximal right (respectively left) ideal.
(5) J is a maximal right (respectively left) ideal.

Proof. (1)=(2) because « is a unit in R whenever a + J is a unit in R/J,
(2)=(3)=(4)=(5) are clear, and (5)=(1) because aR = R whenevera ¢ J
by (5) because J C°" Rp. O

A ring R is called local if it satisfies the conditions in Proposition B.1, and
an idempotent e in R is called a local idempotent if eRe is a local ring. The
following result will be used repeatedly.

252
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Proposition B.2. The following are equivalent for e’ = e € R:

(1) e is a local idempotent.

(2) eR has a unique maximal submodule.

(3) eJ is the unique maximal submodule of eR.
(4) eR/eJ is simple.

Proof. (1)=(2). Let M C"** ¢eRand T C"* eR.If M £ T then M + T =
eR,sowritee =m +t,me M,t € T. Then e = me + te in eRe, so one of
me and te is a unit in e Re by Proposition B.1. Hence e € M or e € T, which
is a contradiction. So M = T.

(2)=(3). If K is the unique maximal submodule of eR then K C*™ eR;
hence K C" Rpg. This means K C J, so that K C eJ. But eJ C K because
(eR)/K is simple.

(3)=(4). This is clear.

(4)=(1). Leta € eRe —eJe. Thena ¢ eJ,soeJ +aR = eR by (4). If
e=ex+ab,x € J,b € R, then a(ebe) = e — exe 1s a unit in the ring eRe,
whence ac = e for some ¢ € eRe. Since ¢ ¢ eJe, the same argument shows
that cd = e for some d € eRe, and (1) follows. O

If Aisanideal of aring R, we say that idempotents /ift modulo A if, whenever
r2—r e A, r € R, there exists ¢2 = ¢ € Rsuchthate — r € A. If R is local

it is clear that idempotents lift modulo J.
Lemma B.3. Idempotents lift modulo every nil ideal.

Proof. If Aisniland 7> —r € A, let (r> — r)* = 0. Then r" = r"*ls, where
s = g(r) for some polynomial g(x) € Z[x]. Thus rs = sr,sor” = (rs)r", and
iterating gives r" = (rs)*r" for each k > 1. In particular, 7" = r"s"r" so that
e = r"s" is an idempotent. Moreover, since r* = r (mod A) we have r = rs,
sor =r" =r"s" = e, as required. Note that e = rf(r) for some polynomial
f(x)in Z[x]. O

Of course nil ideals are all contained in J. The special role played by the
Jacobson radical for lifting idempotents is illustrated by the following result:
Roughly speaking, if 7 is an idempotent modulo A C J, and ¢ can be lifted,
then ¢ can be lifted into any right ideal containing . More formally, we have
the following lemma:
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Lemma B.4. Let A C J be an ideal. If T is a right (or left) ideal and t € T,
and if there exists f> = f such that f —t € A, then there existse’ =e € T
such thate — t € A.

Proof. Let f and ¢ be as in the statement of the lemma. Then (f —¢) € A C J,
whence u = 1 — (f — t) is a unit and # = 1, where we write 7 = r + A
for r € R. Moreover, fu = ft, so f = ftu~'f. Hence e = tu~'f is an
idempotentin 7, and & = 7 f = 7> = f. A similar argument works if T is a left
ideal. O

A set of idempotents is called orthogonal if ef = 0 for all e # f in the set.
Proposition B.5. Let A C J be an ideal and write R = R JAandr =r+ A

for eachr € R. Assume that {7, 75, . ..} are orthogonal idempotents in R and
that idempotents lift modulo A.

(1) There exist orthogonal idempotents {ey, e;, ...} in R such that e; = r; and
e; € Rr;R foreachi.
(2) If {7/, 7>, ..., 7y,} is finite we can choose e; € r; R for each .

(3) IfFy +7,+---+7, = 1 we can choose e; € r; R foreachi that satisfy e, +
er+---+e, =1.

Proof. By Lemma B.4 there exist gl.2 = g; € r;iRwith g; = r; foreachi. Hence
assume that ri2 = r; for each i. We construct the e; inductively, beginning with
e1 =r;. If{eq, ..., e,—1} have been found as in (1), writee = e+ - - - 4+ ¢€,,_1.
Then 7,é = 0,s0(as A € J)let(1 —r,e)v =1, v € R. Thus v = 1, and

r.(1 — e)v = r, because r> = r,. It follows that:

* fu = vr,(1 — e)is an idempotent.

* f,e;, =0for1 <i < n (because f,e = 0).

* f, € r,R [because f, = vr,(1 —e) = (1 + ryev)r,(1 —e)].
e f, =7, (because ¥ = 1 and 7,é = 0).

(1). Take e, = (1 —e)f, € Rr,R. Thene?> = ¢, and e, = f, —ef, =
7o — ér, = F, (because &7, = X" '¢;7, = X' |FF, = 0). Moreover,
{e1, ..., e,_1,e,} 1s orthogonal because ee, = 0 = e,e. So if {ey,...,e,_1}

was chosen as in (1), the inductive construction goes through.

(2) Now repeat this construction assuming inductively that e; € r; R for each
i < n. The problem is that e,, need not be in r,, R. However, define f, € r, R as
before and put f; = ¢;(1 — f,) € r;Rforeachi < n. Then{f,,..., f,—1}isan
orthogonal family of idempotents because f,e; = 0 for each i < n. This also
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shows that f,, f; = 0ifi < n, and f; f, = O is clear. Hence { fi, ..., fu—1, fn}
is orthogonal. Since f; = é; — ¢, f, = I, — i, = ; fori < n, we can use the
fi in (2).

(3). If 7, = 1in (2), then 1 — X" ¢; is an idempotent in A C J, so
1 = E? 16i - ]

If Risanyring and e and f are idempotentsin R, writee < fifeRe C fRf,
equivalently if ef = e = fe. This is a partial order on the set of idempotents
in R, and the minimal nonzero elements (if they exist) are called primitive
idempotents. Thus an idempotent e € R is primitive if and only if the ring eRe
contains no idempotent except 0 and e; if and only if e R (respectively Re) is an
indecomposable module. Here a module M is indecomposable if M = K & N
implies K = 0 or N = 0. Clearly every local idempotent is primitive, but the
converse 1s not true (consider 7).

Lemma B.6. The following conditions are equivalent for a ring R:

(1) R contains no infinite orthogonal sets of idempotents.
(2) R has the ACC on direct summand right (left) ideals.
(3) R has the DCC on direct summand left (right) ideals.
(4) R has the DCC on idempotents.
(5) R has the ACC on idempotents.

Proof. (1)=(2). Suppose thate; R C e; R C - - -, where each e; is an idempo-
tent. Construct idempotents fi, f, ... with f; € e; R inductively as follows:
Put fi = e;. Given f; € etR C ery 1R, we have fi = exy1 fx, so define
fra1 = fx + eir1 — frer+1. One verifies that fiy; € e R is an idempo-
tent and f; < fr+1. Hence f1 < f>» < f3 < ---, from which it follows that
{f1, f2— fi, f3— f2,...}1s an orthogonal family of idempotents. By (1) there
exists n > 1 such that f;,; = fiy forall k > n. Thus e, | = frexr1 € fi R for
eachk > n,soe; 1R C fiR C et R C er1R. It follows that e, 1R = fiR
for each k > n and hence that ¢, | R = ¢,,20R = - - -, proving (2).

(2)=3). If e> = e and f2 = f then Re D Rf if and only if (1 — e)R C
(1— PR

3)=@4).Ife; = ey > --- then Re; D Rey O ---, solet Rey = Rey. for
allk > nby (4). Then ey = erery1 because e, € Rey1, whereas exery1 = €xt1
because e, < ex. Hence e, = e;4 forall k > n.

(4)=(5). If e; < ey < --- are idempotents, we obtain a descending chain
(I—ep=(1—-e)=---.
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5)=(). If {ey, ez, e3, ...} is orthogonal, we obtain an ascending chain
ep<(egte)=<(e1t+e+e3)=<---.
The parenthetical cases in (2) and (3) are proved in the same way. O

The ring R is said to be I-finite if it satisfies the conditions in Lemma B.6. Clearly
every right or left artinian or noetherian ring is I-finite. More generally, if {e,
€z, ...} 1s an orthogonal set of idempotents in a ring R then ey R @ e; R P - - -
and Re; @ Re; @ - - - are direct sums, so every right or left finite dimensional
ring is I-finite. (Recall that a module is called finite dimensional if it contains
no infinite direct sum of nonzero submodules.)

The artinian and noetherian conditions pass automatically from a ring to its
images but may not pass to subrings. I-finiteness is different: It clearly passes
to every subring, and we have

Lemma B.7. If R/J is I-finite, the same is true of R. The converse holds if
idempotents lift modulo J.

Proof. If ¢y < e, < --- are idempotents in R, thené; < é; < --- in R/J,
where we write ¥ = r 4+ J. Hence e, = €,,; = --- forsome n, andso e; | —e¢;
is an idempotent in J for each i > n. It follows thate; = ¢;4 foreachi > n, so
R is I-finite. Conversely, if {e}, é», ... } are orthogonal idempotents in R/J, we
may assume (by Proposition B.5) that {ey, e5, ...} are orthogonal idempotents
in R, so only finitely many are nonzero. O

Note that the first assertion in Lemma B.7 holds with J replaced by any ideal
that contains no nonzero idempotents, for example Z, or Z;.

Much of the importance of the semiperfect rings lies in the fact that they pro-
vide a natural context for many of the classical computations with idempotents
that originated in the study of artinian rings. So it is not surprising that the next
result plays a central role.

Lemma B.8. The following are equivalent for idempotents e and f in a ring
R:

(1) eR = fR as right R-modules.

(2) Re = Rf as left R-modules.

(3) e =ab and f = ba for some a and b in R.

(4) e =ab and f = ba for somea € eRf andb € f Re.
(5) eR =aR and Rf = Ra for somea € R.
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Proof. By symmetry, we prove the equivalence of (1), (3), (4), and (5).

(H)=@).If 0 : eR — fR is an isomorphism, put b = o(e) € fRe and
a =0"'(f) € eRf.Thenab = 7' (f)b = o' (fb) = o7 '(b) = e, and
similarly ba = f.

(3)=(4). Given a and b as in (3), put a; = eaf and by = fbe. Then
aib; = eafbe = ea(ba)be = e* = e. Similarly, bja; = f.

(4)=(5). Given a (and b) as in (4), we have eR = aR and Rf = Ra.

(5)=(1). Given the situation in (5), we have a € eR N Rf = eRf. Let
e =ax and f = ya, x,y € R. Then fx = (ya)x = y(ax) = ye, so define
b= fx = ye € fRe. Thenab = a(fx) = (af)x = ax = e, and ba =
(ye)a = y(ea) = ya = f. Now the maps 0 = a-: eR — fRand 1t = b- :
f R — eR are mutually inverse isomorphisms. O

Before proceeding, we pause to introduce a class of rings that arises in the
next theorem. Call a ring R semipotent if it satisfies the following equivalent
conditions:

(1) Every right ideal not contained in J contains a nonzero idempotent.
(2) Every left ideal not contained in J contains a nonzero idempotent.

If R is semipotent the same is true of R/J, and (by Lemma B.4) the converse
holds if idempotents lift modulo J. Every regular ring is semipotent.

If R is I-finite, it is a routine matter to verify that any idempotent e can
be written as a finite sum of orthogonal, primitive idempotents; it is an open
question whether the converse is true. However, the converse does hold if the
primitive idempotents are actually local. This is part of the next theorem.

A ring R is called semiperfect if R/J is semisimple and idempotents can be
lifted modulo J. Every right (or left) artinian ring R is semiperfect because R/J
is semisimple by the Wedderburn—Artin theorem, and idempotents lift modulo
J by Lemma B.3 because J is nilpotent. The local rings are another important
class of semiperfect rings where J may not be nil (consider the localization Z,
of the ring Z of integers at the prime p). The semiperfect rings are one of the
most important generalizations of the classical artinian rings; here are several
characterizations.

Theorem B.9. The following are equivalent for a ring R:

(1) R is semiperfect.
(2) R/J is semisimple and R is semipotent.
(3) R is I-finite and semipotent.
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(4) R is I-finite and primitive idempotents in R are local.
(5) 1 =e; + ---+ ey, where the e; are local, orthogonal idempotents.

Proof. Through the proof we write R = R/J and 7 = r + J for eachr € R.

(H)=@2). Let T Q J be a right ideal and (since R/J is semipotent) let
047> =7 e (T +J)/J. We may assume that r € T. Since r> — r € J, there
exists an idempotent f with f —r € J. Then Lemma B.4 shows that there
exists e = e € T such that e — r € J. Since e ¢ J this proves (2).

(2)=(3). Since R/J is I-finite, this follows from Lemma B.7.

(3)=(4). Let e be a primitive idempotent in R; we show that eJ is the unique
maximal right ideal contained in e R, and invoke Proposition B.2. It suffices to
show that T" C eJ for every rightideal T C eR. If not, lett € T — eJ. Then
t ¢ Jso,by(3),let0# f2= f etR. Thus f € T, and f = e because eR is
indecomposable (e is primitive). But then 7" = eR, a contradiction.

(4)=(5). Since R is I-finite, we have 1 = ey + - - - + ¢,,, where the ¢; are
orthogonal and primitive. Now apply (4).

(5)=(1). Given the situation in (5), we have R = &R ® --- ® é&,, R, where
each &; R is simple by Proposition B.2 because &R = ¢;R/e;J. Hence R
is semisimple. Now suppose > = f, t € R. Since R is I-finite, write 7 =
fi+ -+ frand 1 —7 = fry1 + - -+ fn, where the f; are primitive
orthogonal idempotents. But the f; are local by the proof of (3)=(4), so R =
fIR®---® f,R, where each f;R is simple. Hence the Jordan—-Holder theorem
shows that n = m and (after possible relabeling) &; R = f;R for each i. By
Lemma B.8, write &; = a;b; and f; = b;a;, where a@; € ¢;R f; and b; € f;Reé;
foreachi.lfi =a,+---+a,andv =b; +---+b,, thentv = 1 = viz and
i f; = a; = é&ii for each i. Thus f; = ii~'e;ii for each i. But u is necessarily
aunitin R, and it follows that f = u~'(e; + - - - 4 ¢;)u is an idempotent in R
with f =7. O

A ring R is called semiprimary if R/J is semisimple and J is nilpotent, so
every semiprimary ring is semiperfect by Lemma B.3 (but not conversely —
consider Z,)). Of course every left or right artinian ring is semiprimary; how-
ever, the matrix ring [% g] 1s a semiprimary ring that is neither right nor left
artinian.

Corollary B.10. Let R be a semiperfect ring. Then the following hold:

(1) eRe is semiperfect for any e’ = e € R.
(2) Any matrix ring M, (R) is semiperfect.
(3) Any homomorphic image R/A of R is semiperfect.

In particular, being semiperfect is a Morita invariant.
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Proof. (1) and (2) follow from parts (4) and (5) respectively of Theorem B.9,
and (3) also follows from (5) of Theorem B.9 because, if ¢ : R — S is aring
homomorphism, then ¢(e Re) is either local or zero for every local idempotent
e € T. The last statement follows from (1) and (2). O

The simple modules over a semiperfect ring have a particularly nice form.

Corollary B.11. If R is a semiperfect ring, a module Ky is simple if and only
if K = eR/eJ tor some local idempotent e € R.

Proof. Let K be simple. We have Ke # 0 for some local idempotent by (5)
of Theorem B.9, say ke # 0, where k € K. Then the map eR — K given by
x > kx 1s epic (as K 1s simple) and has maximal kernel, which must be eJ by
Proposition B.2. Hence K = eR/eJ; the converse is by Proposition B.2. [

The following important result is needed in the proof of the next corollary.

LemmaB.12 (Jacobson’s Lemma). IfR isaring, writea = a+JinR = R/ J.
The following conditions, and their left-right analogues, are equivalent for
idempotents e and f in R:

(1) eR = fR.
(2) éeR = fR.
(3) eR/eJ = fR/fJ.

Proof. The left-right analogues follow from Lemma B.8, as does (1)=(2).
Conversely, given (2) let ¢ = ab and f = ba, wherea € éRf and b € fRe
(again by Lemma B.8). We may assume that a € eRf and b € f Re. Hence
e —ab € eJe = J(eRe), so ab has an inverse w € eRe. Note that w = ¢
because ab = &. Define ¢ = bw, so that ac = ¢ and ¢ € fRe. Then ca is
an idempotent in fRf, so f — ca is also an idempotent. But f — ca is in J
because ¢a = bwa = béa = f, so ca = f. This proves (2)=>(1). Finally, we
have (2)<(3) because the map eR — &R with x — X is an epimorphism with
kernel eRN J = eJ. [

A set {eq, ..., e,} of orthogonal idempotents in a ring R is called a frame
for Rif ey + --- + e, = 1. Hence a ring is semiperfect if and only if it has a
frame of local idempotents, which we call a local frame for R. The following
uniqueness property of these local frames will be needed later.
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Corollary B.13. If{e;,...,e,}and{fi, ..., fi} arelocal frames in a semiper-
fect ring R, then k = m and there exists a unit u in R such that f; = u='e;u

foreachi.

Proof. Wehaveé,R®---®é,R=R = fi1R® ---® frR and each &; R and
f ]R is simple so, as in the proof of Theorem B.9, m = k and we can relable
the f; so that &;R = f;R for each i. Hence ¢;R = f; R by Jacobson’s lemma,
so we can write e; = a;b; and f; = b;a;, where a; € e¢; Rf; and b; € f; Re; for
eachi. Ifu = ¥;a; and v = ¥;b; thenuv = 1 = vu and uf; = a; = e;u for
each i. This is what we wanted. O

If R is a semiperfect ring, the rings R and R/J have the same simple right
modules, and these fall into a finite number n of isomorphism classes because
R/J is semisimple. Suppose {e;, e, ..., e,} 1s any local frame for R. By
Corollary B.11, we may assume that {e¢;R/e;J | 1 < i < n} is a complete set
of representatives of the isomorphism classes of the simple right R-modules.
In this case we call ey, ey, ..., e, a set of basic idempotents for R, and if
e =e +e + -+ e,, the ring eRe is called the basic ring of R. As the
name implies, the basic ring is independent of the choice of local frame for R
[if f is another basic idempotent then f Rf = u~!(eRe)u for some unitu € R
by Corollary B.13]. Note that if we write § = eRe then ¢; S = ¢;S implies
e; R = e; R by Lemma B.8. This proves part (1) of

Corollary B.14. Let R be a semiperfect ring with basic ring S.

(1) If {e1, ez, ..., e,} are basic idempotents in R, then ¢; R = e; R if and only
ifi = j.
(2) R and S are Morita equivalent rings.

Proof. The above discussion gives (1). Let {ey, e3, ..., e, } be alocal frame for
the ring R with basic idempotents {ej, e, ..., ¢e,}. If j > nthene;R = ¢;R
for some i < n,soe; = ba and ¢;, = ab where b € e;Re; and a € ¢;Re; by
Lemma B.8. It follows that ¢; € Re;R C ReR, and hence that ReR = R,
proving (2). O

B.2. Projective Covers

A module Fy is called free if it is isomorphic to the direct sum RY of |I|
copies of R, equivalently if F has a basis {x; | i € I};thatis, FF = X;c;x;R
and X x;r; =0, r; € R, implies that each r; = 0. Every (finitely generated)
module is an image of a (finitely generated) free module. A module Py is called
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projective if it satisfies the following equivalent conditions:

(1) Every R-epimorphism M ¥ P — 0 splits; that is, ker(y) C® M.
QM3 N—>0is R-epic then every R-homomorphism P LY N factors
in the form 8 = « o y for some R-linearmap y : P — M.

Every free module is projective, and a module P is projective if and only if it is
isomorphic to a direct summand of a free module. The direct sum of a family
of modules is projective if and only if each of them is projective.

Recall that an R-monomorphism 0 — M —> E is called an injective hull of
the module M if E is injective and im (o) C€°*° E. Dually, a projective cover of
M is an epimorphism P 5 M — 0, where P is projective and ker () C*™ P.
As is customary in the literature, we will sometimes abuse the terminology and
refer to the module P itself as a projective cover of M.

Although every module has an injective hull, projective covers seldom exist.
The right perfect rings were first identified by Bass [16] as the rings for which
every right module has a projective cover, and we return to this later. The
semiperfect rings turn out to be those for which every finitely generated right
(or left) module has a projective cover. To prove this, the following lemma is
essential.

Lemma B.15 (Bass’ Lemma). The following conditions are equivalent for
modules K € P with P projective:

(1) P/K has a projective cover.
(2) P=Q® Py, where Q C K and PyN K " P,.

If (2) holds the restriction Py — P /K of the coset map is a projective cover.

Proof. (1)=(2). Let P’ 5P /K be a projective cover, and let P % P/K be
the coset map. Since P is projective, there exists P 2 P’'suchthatwoa = ¢.

P
X
P 5 P/K
As ¢ is epic, it follows that P' = «a(P) + ker(w), so P’ = a(P) because
ker(mm) <™ P’. But then P 5 p splits because P’ is projective; that is,
there exists B : P — P suchthat o o 8 = 1p.. Hence P = ker(a) ® B(P).

Moreover, ker(a) C ker(¢p) = K because m o @ = ¢, so it remains to show
that B(P’) N K is small in B(P’). Since B : P’ — B(P’) is an isomorphism,
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we have Blker(m)] €™ B(P).But¢poB =moaof =molp = m, so
Blker(m)] = B(P')Nker(¢p) = B(P')N K, and (2) follows with Q = ker(«)
and Py = B(P).

(2)=(1). Given (2), the restriction of ¢ to Py — P/K is onto because
P = K + Py, and its kernel is Py N ker(¢) = Py N K, which is small in Py by
(2). This proves (1) and the last statement. O

It follows from the proof of Bass’ lemma that, as for injective hulls, projective
covers are unique in the following sense.

Corollary B.16. If P % M and P’ > M are both projective covers there
exists an isomorphism P — P’ such that ¢ = 7 o c.

Proof. The map « in the proof of Bass’ lemma is epic because ker () is small
in P’, and it is monic because ker () is a direct summand of P that is small in
P [since ker(a) € K = ker(¢) <" P.] O

We need the following related result later.

Corollary B.17. Let P and Q be projective modules.

() It P/N = Q/M, where N C*" P and M C*" Q, then P = Q.
(2) If P and Q have small radicals, then P = Q if and only if P/rad(P) =
Q/rad(Q).

Proof. (1). Leto : Q/M — P /N be an isomorphism, andletw : P — P/N
and ¢ : Q — Q/M be the coset maps. Thenw : P - P/Nandoo¢ : Q —
P /N are both projective covers, so Corollary B.16 applies.

(2). This comes from (1) and the fact that a[rad(M)] C rad(N) holds for
any R-linear mapo : M — N. O

The following alternate form of Bass’ lemma will be needed. The proof
requires the fact thatif X € N € M are modules and X C*” N then X C*" M.

Corollary B.18. If K C P are modules with P projective, then P/K has a
projective cover if and only if K = Q + X, where Q C® P and X C*" P.

Proof. If P/K has a projective cover, take X = K N Py in Bass’ lemma (it is
small in P, being small in Py). Conversely, if K = Q + X, where Q C® P
and X C*" P, let P = Q@ P;anddefine¢ : P - P/K by ¢(p1) = p1 + K.
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Then ¢ is onto because P = K + P;, and ker(¢) = P; N K. So it remains to
ShOWth&tleK gs’" Pllf(leK)—l—Y = Pl then P = Q‘f‘[(leK)-l—Y] -
K+Y=0+X+Y C P.Since X C*" P, it follows that P = Q @ Y with
Y C P, soY = P; as required. O

If we specialize Corollary B.18 to the case P = R, we obtain a result that
will be used several times in this appendix.

Corollary B.19. Let T be arightideal of R. Then R/ T has a projective cover
if and only if T = eR + X, where e’ =eand X is a right ideal with X C J.

Note that this verifies once again that every semiperfect ring is semipotent.
The next result restates Lemma 1.47 for reference.

Lemma B.20 (Nakayama’s Lemma). If My is finitely generated then
MJ " M.

We can now give several characterizations of semiperfect rings in terms of
projective covers.

Theorem B.21. The following are equivalent for a ring R:

(1) R is semiperfect.

(2) Every finitely generated right R-module has a projective cover.
(3) Every principal right R-module has a projective cover.

(4) Every simple right R-module has a projective cover.

Proof. Clearly (2)=(3)=(4).

(1)=(2). If Mk is finitely generated the R/J-module M /M J is also finitely
generated. But R/J is a semisimple ring and so M /M J is a semisimple module,
say M/MJ = K| & --- & K,, where each K; is (R/J)-simple and hence R-
simple. By Corollary B.11 let 7; : ¢, R — K; be epic with ker(z;) = e;J, where
¢? = ¢; € R.Write P = e;]R® --- P e, R and define t : P — M/MJ by

l

T(x1,...,Xx,) = X;Ti(x;). Then P is projective so, if ¢ : M — M /M J denotes

P
ot
M5 MMy

the coset map, let ¥ : P — M satisfy ¢ o m = 1. Hence ker () C ker(t) =
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@iker(t;) = P;e;J = PJ, so ker(m) € P by Nakayama’s lemma. Finally,
since T 1s epic we have M = 7 (P) + ker(¢p) = n(P) + M J, so M = n(P),
again by Nakayama’s lemma. Hence = : P — M is a projective cover.
(4)=(1). Every maximal right ideal of R = R/J has the form T/J, where
T C™* Rg. Hence R/T has a projective cover by (4) and so, by Corollary
B.19, 7T = ¢eR+ X, wheree? =e € Rand X C Jis a right ideal. Writing
r =r+4 J forr € R, it follows that T/J = ¢R is a direct summand of R
and hence that R is a semisimple ring [for otherwise soc(R ) is contained in a
maximal right ideal of R]. In particular, R (and hence R) is I-finite and so, by
Theorem B.9, it remains to show that primitive idempotents in R are local. If
e2=e¢cRis primitive, let K €% eR. Then eR /K has a projective cover so,
by Lemma B.15,leteR = Q@ P,where Q € K and KN P C" P.ButeR is
indecomposable and Q # eR, so Q = 0 and hence K C*™ eR. It follows that
K i1s the only maximal submodule of eR, so e is local by Proposition B.2. [

B.3. Supplements

We are going to need another characterization of semiperfect rings, in fact a
characterization of the projective modules for which every image has a pro-
jective cover. The key concept is the following: If K € M are modules a
submodule S € M is called a supplement' of K in M if M = K 4+ S and S is
minimal with respect to this property; thatis if M = K + N with N C § then
N = S. Thus, for example, K C*" M if and only if M is a supplement of K in
M. We need the following characterization of supplements.

Lemma B.22. If M = K + § are modules, then S is a supplement of K in M
ifandonly if K N S is small in S.

Proof. If S is a supplement of K in M, let (K N S)+ N = S. Then M =
K+[(KNS)+ N]= K+ N, soN = S by hypothesis. Hence K N S is small
in S. Conversely, if K N S is small in S, suppose that M = K + N, where
NCS.ThenS=SN"M=SN(N+K)=N + (SN K) by the modular law,
so S = N by hypothesis. Hence S is a supplement of K in M. O

In particular, if M = K @ N then each of K and N is a supplement of the other.

Lemma B.23. Let S € M be a supplement of some submodule of M. If T is
a supplement of S in M then S is already a supplement of T in M.

U A supplement is also called an addition complement.
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Proof. Suppose that S is a supplement of K € M, so that M = K + § and
K N Sissmallin S. Since T is a supplement of S, we have M = T + S, where
SN T issmallin 7. By Lemma B.22 we must show that S N T is small in S.
Soassumethat (SNT)+ N=S.Then M =K +S=K+[(SNT)+ NJ,
so M = K + N because S N T is small in M (because it is small in §). Since
N C § and S is a supplement of K, this implies that N = S, as required. ]

As already noted, if M = K @ N then each of K and N is a supplement of
the other. The next result proves the converse for projective modules.

Lemma B.24. Let P be a projective module and assume that P = K + N,
where each of K and N is a supplement of the other. Then P = K & N.

Proof. Letf : P — P/N be the coset map. Since P = K + N the restriction
of 6 to K isonto P/N,solety : P — K satisfyf oy = 6. Thusifk € K

P
Y

v 10
K% p/N

then k — y(k) € KNker(d) = KNN, whence K = y(K)+ (K N N). Thus
K = y(K) by Lemma B.22 because K is a supplement of N. Butthenif p € P
we have y(p) = y (k) forsome k € K, and it follows that P = K +ker(y). We
have ker(y) € N becausefoy = 6, soker(y) = N because N is a supplement
of K.Butfoy? =0, sowehave ker(y) C ker(y?) C ker(0) = N = ker(y);
that is, ker(y) = ker(y?). Finally,letx € KN N = y(P)Nker(y). Then x =
y(p), where p € P, and so y%(p) = y(x) = 0. Thus p € ker(y?) = ker(y),
sox = y(p) =0. Hence K N N = 0, as required. O

Theorem B.25. The following are equivalent for a projective module P':

(1) Every image of P has a projective cover.
(2) Every submodule of P has a supplement in P.

Proof. Let K C P denote a submodule.

(1)=(2). If P/K has a projective cover then Bass’ lemma (Lemma B.15)
shows that P = Q & Py, where Q € K and Py N K C*" Py. Hence P, is a
supplement of K in P by Lemma B.22.

2)=().If 6 : P — P/K is the coset map, let § be a supplement of K
in P. Then P = K + §, so the restriction of 65 : § — P/K 1is epic, and
ker(6s) = S N K is small in S. So it remains to show that § is projective.
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However, if T is a supplement of S in P then S is also a supplement of T by
Lemma B.23, so S €% P by Lemma B.24. In particular S is projective, so
Os : S — P/K is a projective cover. O

A module P is called a semiperfect module if it is projective and every image
has a projective cover. In particular, a ring R is semiperfect if Rz (equivalently
r R) 1s a semiperfect module.

We need an extension of Theorem B.25, and the proof requires the following
technical result. Call a module M supplemented if every submodule has a
supplement in M. Examples include semisimple modules and modules with a
maximal submodule that contains every proper submodule. We need another
elementary property of small submodules: If K € N € M and K’ C°" N’ C
Mthen K + K' "™ N + N'.

Lemma B.26. If M = N; 4+ N, and each N; is supplemented, then M is
supplemented.
Proof. The proof hinges on the following result.

Claim. Let N, K € M with N supplemented. If N + K has a supplement in
M, so also does K.

Proof. Let S be a supplement of N + K in M, and then let 7' be a supplement
of (K +S)N N in N. We show that S 4+ T is a supplement of K in M.
First,

M=(N+K)+S=K+)+[((K+SHNN)+T]=K+(S+T).
So it remains to show that K N (S + T) " § + T. To this end, observe that
KNS+ CK+T)NSI+(K+SNT],

so it suffices (by the preceding remark) to show that (K +7)N § <* § and
(K+S)NT C T. We have

(K+SNT =K +SHN(NNT)=[K+S)NNINT <™ T,

and (K +T)NS C(K+ N)NS C* §. The Claim follows.

Now, given K C M it suffices by the Claim to show that K; = Ny + K
has a supplement in M. But N, + K| = N, + (N; + K) = M certainly has a
supplement in M, so the Claim applies again. O
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Theorem B.27. A finitely generated projective module P is semipertect if and
only if every maximal submodule has a supplement in P.

Proof. Let A denote the sum of all supplemented submodules of P. If A = P
then P is supplemented by Lemma B.26 (because P is finitely generated).
Butif A # Plet A C M C™* P (again since P is finitely generated), and
let S be a supplement of M in P. We show that S is supplemented, (which
is a contradiction because then S C A C M,so P = M + S C M). But
MNS C™ S by LemmaB.22and M NS C"* S because P = M + S. It
follows that M N S is the only maximal submodule of S and that S is principal.
Hence every submodule of § is contained in a maximal submodule, namely,
M N S. It follows that S is supplemented, as required (in fact, S is a supplement
of every proper submodule of §). O

Applying Theorems B.25 and B.27 with P = R gives immediately

Theorem B.28. The following conditions (and their left-right analogues) are
equivalent for aring R:

(1) R is semiperfect.
(2) Every right ideal of R has a supplement in R.
(3) Every maximal right ideal of R has a supplement in R.

B.4. Perfect Rings

A one-sided ideal A of a ring R is called right T-nilpotent if for any sequence
a, as, ...from A we have

a,d,—1---arxa; =0 forsomen > 1,

and A is called left T-nilpotent if we insist instead that aya; - --a,_1a, = 0
for some n. Clearly every nilpotent ideal is both right and left T-nilpotent, and
every right or left T-nilpotent ideal is nil. The following notation is convenient:
If RV is aleft R-module, write ry(A) = {v € V | Av = 0}.

Lemma B.29. The following are equivalent for a right ideal A of R:

(1) A is right T-nilpotent.
(2) If RV # 0 is any left module then ry(A) C¢° g V.
(3) If RV # 0 is any left module then ry(A) # 0.
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(4) If Mg # 0 is any right module then M A C*™ M.
(5) If Mg # 0 is any right module then MA # M.
(6) If Fy is a countably generated free module then FA C*" F.

Proof. (2)=(3) and (4)=(5) are clear.

(1)=(2). Suppose Rv Nry(A) =0, v e V.If v # Othen v ¢ ry(A), so
Av # 0,saya;v # 0,a; € A. Butthena v ¢ ry(A), soaz(a;v) # 0 for some
a, € A. Continuing, we contradict (1). Hence ry(A) C** g V.

(3)=(4). If MA is not small in My let MA + X = M, where X # M is
a submodule. If we write N = M/X then N £ 0 and NA = N. Let B =
{b € R| Nb = 0}, atwo-sided ideal of R, and regard V = R/B # O as a
left module. By (3),let 0 # v € ry(A). Writing v = r + B, we have r ¢ B
but Ar € B. Thus Nr # 0 while NAr = 0, which is a contradiction because
NA=N.

5)=(6).If FA+ X = F, with X a submodule, then (F/X)A = F/X, so
X = F by (5).

(6)=(1). Let Fg have basis {fi, f2,...}. Given ay, ay, ... from A write
G = (fi — fra)R+ (f — fsap)R + ---. Then G + FA = F because
fi = (fi — fir1ai) + fir1a; foreach i, so G = F by (6). In particular

fi=(fi = frapr + (f2 — fra)ra + -+ (fu — fas1a2)rn

for some n, where each r; € R. Hencery = 1, r, = ayry, r3 = axra, ...,
rn = ay_1r,—1, and 0 = a,r,. Hence a,, - - - aya; = 0, proving (1). O

Corollary B.30. If A and B are right T-nilpotent right ideals, so also is A + B.

Proof. If ;V # Othenry(A+B) = ry(A)Nry(B) C*° xV.by (2) of Lemma
B.29. Hence A + B is right T-nilpotent by the same lemma. O

A module is called semiartinian if every nonzero factor module has nonzero
socle (for example artinian and semisimple modules), and a ring R is called a
right semiartinian ring if Rg is a semiartinian module. We need the following
characterizations of these rings.

Lemma B.31. The following are equivalent for a ring R:

(1) R is right semiartinian.

(2) Every nonzero right R-module has an essential socle.
(3) Every nonzero right R-module has a simple submodule.
(4) Every right R-module is semiartinian.
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Proof. Only (1)=(2) needs proof. If 0 = Nr C Mg, let 0 # n € N. Then
soc(nR) # 0 by (1),s00 # soc(nR) € N Nsoc(M), as required. O

Bass [16] called a ring right perfect if R is semiperfect and J is right T-
nilpotent. The equivalence of the first three conditions in the next theorem is
due to Bass.

Theorem B.32. The following are equivalent for a ring R:

(1) R is right perfect.

(2) R/J is semisimple and J is right T-nilpotent.

(3) R is I-finite and left semiartinian.

(4) R/J is semisimple and every right R-module Mg # 0 has a maximal
submodule.

Proof. (1)< (2) is clear by Lemma B.3.

(2)=(3). R is I-finite by Lemma B.7. Suppose that gV # 0 has no simple
submodule. Then JV s 0 because otherwise V is an R/J-module and hence
1s semisimple. So let ajv # 0, a; € J, v € V. Then Ra;v # 0 contains
no simple submodule, so Ja;v # 0, say asa;v # 0, a, € J. This process
continues to contradict the right T-nilpotency of J.

(3)=(4). We claim that J is right T-nilpotent. If not, choose ay, a;, ...in J
such thata,, - - - ara; # 0 for each n, and let L be a left ideal of R maximal with
respect to a,, - - - ara; ¢ L for each n. By (3) let K/L be a simple submodule
of R/L. By the maximality of L, let a,, ---aa; € K for some m. Then
A1y -+ -aza; € K—L,so,since K /L issimple, K = L+ Ra,,+1a,, - - - axa,.
But then a,, - - - aa; = x + ray.1a,, - - -aa; forsomer € Rand x € L, so
Ay -+~ ara; = (1 — rau4+1)~'x € L, which is a contradiction. It follows that J
is right T-nilpotent.

Hence idempotents lift modulo J (by Lemma B.3), so R/J is I-finite by (3)
and Lemma B.7. Moreover, every left ideal of R/J contains a simple left ideal
by (3) and so contains a nonzero idempotent because R/J is semiprime. Hence
R/J 1s semipotent, and so it is semisimple by Theorem B.9. Finally, if Mz # 0
is a right R-module then M # M J by Lemma B.29. Hence M/MJ # 0 is
semisimple (it is an R/J-module) and so has a maximal submodule. It follows
that M has a maximal submodule. This proves (4).

(4)=(2). By Lemma B.29 it suffices to show that M J # M forany My # 0.
But M has a maximal submodule N by (4), and MJ C N because M/N is
simple. O
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Note that the proof of (3)=>(4) in Theorem B.32 shows that J is right T-nilpotent
in any left semiartinan ring. In fact R is left semiartinian if and only if R/J is
left semiartinian and J is right T-nilpotent.

The class of right perfect rings is closed under various constructions. The
following result is needed in the proof.

Lemma B.33. Suppose that every image of R/J has zero Jacobson radical.
Then J(R/A) = (J + A)/A for every ideal A of R.

Proof. (/+A)/A C J(R/A)always holds because (J + A)/A is animage of J.
On the other hand, there is an onto ring homomorphism¢ : R/A — R/(J+ A)
with kernel (J + A)/A, and J(R/A) C ker(¢) because the ring R/(J + A)
has zero Jacobson radical by hypothesis (being an image of R/J). O

Corollary B.34. Suppose that R is a right perfect ring. Then the following
hold:

(1) eRe is right perfect for every e = e € R.
(2) M,(R) is right perfect for eachn > 1.
(3) R/A is right perfect for any ideal A of R.

In particular, being right perfect is a Morita invariant.

Proof. These rings are all semiperfect, so we must only show that the Jacobson
radical is right T-nilpotent in each case. In (1) it follows because J(eRe) =
eJe C J. Asto (2), JIM,(R)) =M,(J)=T,®---®T,, where Ty, is the right
ideal consisting of the matrices from J with only row k nonzero. If a;, ay, . . . is
a sequence from T} and b; is the (k, k)-entry of a;, and if b,,b,,—1 - - - b = 0,
a direct calculation shows that a@,,11a,,a,—1 - - - axa; = 0. Hence (2) follows
from Corollary B.30. Finally, (3) is because J(R/A) = (J + A)/A by Lemma
B.33, and this is an image of J. O

Clearly, every right or left perfect ring is semiperfect, but the ring Z,) is a
commutative, local ring that is not perfect. However, every semiprimary ring
is both right and left perfect because any nilpotent ideal is both right and left
T-nilpotent. But the converse is false. One example depends on the following
observation: If / = B; & B, ® - - -, where each B; is a nilpotent ideal, then J is
right and left T-nilpotent. Indeed, given ay, aa, ... in J, suppose thata; € B| &
-+ @ B,. If (B;)"" =0foreachi, letn = max{n,,...,n;}. Thenaa,---a, €
B1®---®B)"T(B)"®---® (By)" =0. Similarly, a,, - - - apa; = 0.
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Example B.35. There exists a local, right and left perfect ring R that is not
semiprimary.

Proof. Let F be a field, let 7,, denote the set of strictly upper triangular, n x n
matrices over F, and write V. = T, @ T3 @ --- C M(F) x M3(F) x ---

If R = F @V, define a ring structure on R with componentwise addition
and multiplication (a, v)(b, w) = (ab,aw + vb + vw). The ideal 0 & V is
niland R/(0 V) = F,soJ =06 V and R is local. Moreover, if we write
B, =0T, fori > 2,then J = B, ® B3 & --- 1s a direct sum of nilpotent
ideals, and so it is right and left T-nilpotent by the preceding remark. But J is
not nilpotent because (B,,+1)" # 0 for each m. O

Example B.36. There exists a local, right perfect ring that is not left perfect.

Proof. Let R denote the ring of all countably infinite square upper triangular
matrices over a field F' that are constant on the main diagonal and have only
finitely many nonzero entries off the main diagonal. Let A denote the set of
matrices in R with zero on the main diagonal. Thisisanidealof Rand R/A = F,
soJ C A.Infact, Aisright T-nilpotent. Forifa;, a;, ... arein A, thena; has all
entries zero except a k x k block in the upper left corner. Hence if b is any element
in R then ba; = b’a;, where b’ is obtained from b by making every column
beyond column k zero. It follows that axax—; - - - axay = aya;_,---aba; = 0
because the product of k strictly upper triangular k x k matrices is zero. Hence
A = J and R isright perfect. However, the matrix units ey, €33, €34, . . . are allin
Jand ejperzesy - - - epne1 = €1,41 # 0foreachn, so J isnotleft T-nilpotent. [J

To give a characterization of right perfect rings in terms of projective covers,
we require some facts about projective modules. If M is a finitely generated
module and MJ = M then M = 0 by Nakayama’s lemma. The following
important result of Bass extends this to projective modules. It appears as Lemma
1.53, but we restate it here for reference.

Lemma B.37. Let Py denote a projective module.
(1) If PJ = P then P = 0.
(2) rad(P) = PJ, so, if P # 0, then P has maximal submodules.

With this we can give two characterizations of the right perfect rings in terms
of projective covers.



272 Quasi-Frobenius Rings

Theorem B.38. The following are equivalent for a ring R:

(1) R is right pertect.
(2) Every right R-module has a projective cover.
(3) Every semisimple right R-module has a projective cover.

Proof. (1)=(2). The proof of (1)=(2) in Theorem B.21 goes through except
that both appeals to Nakayama’s lemma in that argument are answered by the
fact that M J " M for every right module M (by Lemma B.29 because J is
right T-nilpotent).

(2)=(3). This is clear.

(3)=(1). R is semiperfect by Theorem B.21, so it remains to show that J
is right T-nilpotent. By Lemma B.29 we show that FJ C°" F, where Fy is
free. But F/FJ 1s R/J-semisimple, and hence R-semisimple, and so has an
R-projective cover by (3). By Bass’ lemma (Lemma B.15) let F = P & O,
where PC FJand QN FJ < Q.Butthen P C (P& Q)J = PJ & QJ,
and it follows that P = PJ. Hence P = 0 by Lemma B.37,s0 Q = F and we
get FJ =QNFJ C™ Q = F, as required. O

We are going to need one other characterization of right perfect rings.

Theorem B.39. The following conditions are equivalent for a ring R:

(1) R is right perfect.
(2) (Bass) R has DCC on principal left ideals.
(3) (Bjork) R has DCC on finitely generated left ideals.

Proof. It is clear that (3)=(2).

(2)=(1). Condition (2) certainly implies that R is I-finite, so it is enough (by
Theorem B.32) to show that every nonzero left module has a simple submodule.
Suppose, on the contrary, that M # 0 contains no simple submodule. If
0 # m € M then Rm is not simple, solet0 = N C Rm.If 0 # n € N, write
n = aym, so that Rm O Raym # 0. But then Ra;m is not simple and so, in
the same way, there exists a; € R such that Raym D Raz(aym) # 0. Hence
Ra; D Raya; D -- -, so continuing in this way contradicts (2).

(1)=(3). By Zorn’s lemma let L be a left ideal of R maximal among those
with DCC on finitely generated submodules (DCCFG). We assume that L £ R
and deduce a contradiction.
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Claim 1. There exista € R and local ¢*> = ¢ € R such thata = ea ¢ L and
Ja C L.

Proof. First, there exists x ¢ L with Jx C L. (Otherwise, y ¢ L implies
that Jy SZ L, so ajx ¢ L for some a; € J, whence axa;x ¢ L, etc., con-
tradicting the right T-nilpotence of J.) If 1 = e; + --- + e,, where each
ei2 = ¢; 1s local, then some e;x ¢ L, so take e = e¢; and a = e;x. This proves

Claim 1.

If a and e are as in Claim 1, we obtain the desired contradiction by showing
that L + Ra has DCCFG. Hence let L; 2 L, O --- be finitely generated left
ideals in L + Ra; we must show that L,, = L,,.; = --- for some m. Since L
has DCCFG, we may assume that L; Q L for every i.

Claim 2. For each n there exists b, € L such thatb, +a € L,,.

Proof. Choosed € L,,d ¢ L, and (since L, € L + Ra) writed = [ + ra,
l e L,r € R Ifre € Jthenra = r(ea) € Ja C L,sod € L, which
is a contradiction. Hence re ¢ J, so Rre Q Je and we have Re = Rre by
Proposition B.2 because e is local. If e = sre, s € R, then sd = sl + sr(ea) =
sl +a.Take b, = sl € L.

Claim 3. L, = R(a + eby) + Ly, where L, C L is finitely generated.

Proof. Write Ly = X" | Rzy. Since Ly € L + Ra, write z; = Iy + rya, where
Iy € L and r, € R. Then z; = rie(a + by) + (Ix — rreby), so Claim 2 implies
that [, — rreb; € Ly N L for each k. If we define ., = YL R(lx — rreby), then
LycLand Ly = X" |Rzx € R(a +by) + Ly = Ly. Claim 3 follows.

Claim 4. There exist finitely generated left ideals f,l, ﬁz, ... and elements
l1, 1>, ... such that L Zi,() - il - iz - 123 D>..-,l,eL,el, € in_l, and
L,=R(a+el +---+el,)+ L, foreachn > 1.

Proof. Setting f,o = L, we construct f,l, iz, ...and [y, [, ... one at a time.
If we take [; = b, then Claim 3 gives L. Suppose 1, lr, ..., [, in Land L; 2
L, O ... D L, have been constructed so that the conclusion holds for n =
1,2,...,m.ByClaim2,a+b,,. € L,,4+1 € L,;,s0a+b,,+1 =r(a+eli+-- -+
el,)+1,r € R,1 e L,.Hence(1—re)a = —by1+r(eli+---+el,)+1 e L.
Sincea ¢ L, thisimpliesre ¢ J, andhence Re = Rre, again because e is local.
Write e = sre, sothatesre = e. Thenes(a+b,,11) = a+elj+-- +el, +esl,
so choose [, 11 = si. Thus el € L,,anda+el; +- -+ elyi1 € Ly by
Claim 2. It remains to define me—i—l- Write L,,.1 = xRz and,as L, € L,,,
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write each z; as z; = ri(a + ely + -+ -+ elyy) + I, 1 € R, Iy € L,,. Then

zx =ri(a+ely 4 -+ ely + elyiy) + (e — reelg).
Hence each (ik —riely1) € Ly N ﬁm and so, if we define
L1 = Sk Rk — rrelyy),

we have im+1 C L, N ﬁm and £m+1 is finitely generated. Finally, L, C
R(a+el, +---+ely, +elyi1) + Lyt S Ly, proving Claim 4.

Now we have L O f,l D) 1:2 D ..., 80 ﬁm = ﬁm+1 = ... for some m
because L has DCCFG. But then, if k > m, the fact that el; | € I:k gives

L1 = R(a + el +"'+€lk+1)+ik+1 C R(a + el4 +"'+€lk)+zk
= L.

Hence L,, = L, = - - -, as required. O

B.5. Semiregular Rings

Recall that an element a in aring R is called regular if it satisfies the following
equivalent conditions:

(1) There exists b € R such that aba = a.
(2) R=aR & T for some rightideal T C R.
(3) R = Ra & L for some left ideal L C R.

A ring R is called a (von Neumann) regular ring if every element is regular.
Clearly, every semisimple ring is regular. Indeed, an endomorphism « : M —
M is regular if and only if both ker (o) and im (o) are direct summands of M, so
the endomorphism ring of any semisimple module is regular. The next lemma
identifies an extension of the regularity condition.

Lemma B.40. The following are equivalent for an element a in a ring R:

(1) R/aR has a projective cover.

(I') R/Ra has a projective cover.

(2) There exists e> = e € aR such that (1 — e)a € J.
(2') There exists e> = e € Ra such thata(l —e) € J.
(3) a — b € J for some regular element b € R.

Proof. By the symmetry in (3), we prove (1)< (2)<(3).
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(I)=(2). Given (1), Bass’ lemma (Lemma B.15) shows that there exists
e¢> = ¢ € RsuchthateR C aR andaR N (1 —e)R C J. Since e € aR, we
haveaR N (1 —e)R = (1 — e)aR, and (2) follows.

2)=@3).If e =ar,r € R,isasin (2)thena —ara = (1 —e)a € J and
ara = (ara)r(ara).

(3)=(1).Leta — b € J, where b = brb, and write f = br, so that f> = f
and b = fb. Then f —ar = (b — a)r € J, so the element ar lifts to the
idempotent f modulo J. Hence Lemma B.4 shows that there exists e’ = e¢ € aR
such that e — ar € J. Writing x = x + J for all x € R gives ¢ = f, and so
G—eéa=b— fb=0.Thus(1 —e)a e J,soaRN(1—e)R C (1 —e)aR C J.
Since eR C aR, (1) follows by Bass’ lemma. O

An element a in aring R is called semiregular if it satisfies the conditions in
Lemma B.40, and R is called a semiregular ring if every element is semiregular.
Semiregular rings are semipotent by (2) of Lemma B.40.

Corollary B.41. If R is semiregular and T ¢ J is a one-sided ideal, there
existse’ =ec T — J.

Corollary B.42. Suppose that R is a semiregular ring. Then:

(1) eRe is semiregular for every e* = e € R.
(2) R/A is semiregular for any ideal A of R.

Proof. (1). Given a € eRe choose f> = f € aR with (1 — f)a € J. Then
ef = f,so0g = feis an idempotent in a(eRe) and (e — g)a = (1 — f)a €
JNeRe = J(eRe).

(2). This is clear by (3) of Lemma B.40. O

The next theorem shows that these semiregular rings simultaneously gener-
alize the semiperfect and regular rings. We need the following useful fact about
regular rings.

Lemma B.43 (Von Neumann’s Lemma). If R is a regular ring every finitely
generated right (left) ideal is a direct summand, and the intersection of two
summands is a summand.

Proof. If T =aR+---+ a,R, a; € R, we use inductionon n. If n = 1 and
aiba; = a; then T = e| R, where e; = a;b is an idempotent. In general write
aR+---+a,R = fR, where f> = f, and then let (1 — f)a; R = eR, where
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e? = e. Itfollows that T = eR + fR.But fe =0,s0g =e+ f —ef isan
idempotentand gR =eR+ fR=T.

Now let Re and Rf be summands, ¢> = e, f> = f. Then, by the first
part of this proof, (1 — e)R 4+ (1 — f)R = gR for some g> = g € R, so
Re N Rf = 1(gR) = R(1 — g) is a summand. Similarly, eR N fR is a
summand. O

Theorem B.44. The following are equivalent for a ring R:

(1) R is a semiregular ring.

(2) R/J is regular and idempotents can be lifted modulo J.

(3) R/T has a projective cover for every finitely generated right (left) ideal
T CR.

Proof. As before write x = x 4+ J for every x € R.

(1)=(2). R/J is regular by (3) of Lemma B.40. Suppose that a®> —a € J
and, by Lemma B.40, choose > = ¢ € aR such that (1 —e)a € J. If f =
e+ea(l —e)then f>2 = f and f = a because € = aé and a = éa.

(2)=(3). We prove it for a finitely generated right ideal 7 € R. The right
ideal T = (T + J)/J of R = R/J is finitely generated, so T = aR, where
a* = a by von Neumann’s lemma (Lemma B.43). We may assume thata € T.
Hence by (2) and Lemma B.4 there exists e = e € T such thate — a € J. By
Bass’ lemma it remains to show that TN (1 —e)R C J.Butifr e TN(1 —e)R
then, since T = aR = éR, we have f = af = ef = 0.

(3)=(1). This is clear by Lemma B.40. O

Clearly, semiperfect and regular rings are semiregular, and Utumi’s theo-
rem (Theorem 1.26) shows that every right continuous ring (and hence every
right quasi-injective ring) is semiregular. In fact Theorem 1.25 shows that if
Mp is continuous (in particular if My is quasi-injective) then E = end(Mp)
i1s semiregular and J(E) = {a¢ € E | ker(e) € M}. We are going to
prove a “dual” to this result (Theorem B.46) that reveals a condition under
which the endomorphism ring of any projective module is semiregular. In
particular, it enables us to show that M, (R) is semiregular whenever this is
true of R and so, by Corollary B.42, to see that semiregularity is a Morita
invariant.

We require a lemma and, with no extra effort we can do it for any quasi-
projective module. Here we say that a module M is quasi-projective if, for
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every epimorphism « : M — N, and every R-linear map 8 : M — N, there

M
Y
B
M5 N0

exists y : M — M such that 8 = «ay. Clearly, projective and semisimple
modules are quasi-projective.

For convenience, we often write composition of maps as juxtaposition in this
appendix.

Lemma B.45. If My is a quasi-projective module and E = end(M), then
JE)y={a € E|aM " M}.

Proof. Write A = {a € E | aM C* M}, anideal of E. If ¢ € A, the fact that
aM + (1 —a)M = M shows that 1 — « is epic. Then 1 — « has a right inverse
by quasi-projectivity, and it follows that A € J(E). Conversely, if « € J(E),
letaM + X = M, where X is a submodule of M; we must show that X = M.
Ifo : M - M/X is the coset map, then b : M — M/ X is epic, so there
exists B € E such that Oaf = 0, again because M is quasi-projective. Thus
0(1 —aB) =0,s06 = 0because « € J(E). Hence X = M, as required. [J

Theorem B.46. Let My be a quasi-projective module, and write E = end(M).
The following conditions are equivalent:

(1) E is a semiregular ring.
(2) Foralla ¢ E, M = P ® K with P CaM andaM N K C*" K.

In particular, if M is projective, then E is semiregular if and only if M /a M has
a projective cover for all« € E.

Proof. (1)=(2). If « € E choose 7> = m € «E such that (1 — 7)x € J(E).
Then M C oM, andaM N (1 —7)M = (1 — m)aM < M by Lemma
B.45. So (2) follows with P =nM and K = (1 — m)M.

(2)=(1).Ifa € E choose M = P@® K asin (2),and let 7> = 7w € E, where
aM = Pand (1 —n)M = K. Thenra : M — P is epic and so, since M is
quasi-projective, there exists B € E such that raf = w. Write t = ofz. Then
12 = 1 € «E, so it remains to show that (1 — 7)a € J(E). But this follows
from Lemma B.45 because (1 — t)aM =aM N (1l — )M " M.

Finally, the last sentence follows by Bass’ lemma (Lemma B.15). O
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Hence, to show that semiregularity is a Morita invariant, we must show that
R™ has the property in (2) of Theorem B.46 whenever R is semiregular. To do
this, we need a module theoretic version of Lemma B.40 which, it turns out,
will also enable us to extend Theorem B.44.

If M is amodule, an element g € M is called a regular element if gA(q) = q
for some A € M* [where M* = hom(M, R) denotes the dual of M]. Thus
a € R isregular if and only if a is regular in Ry (or g R).

Lemma B.47. Let g € Mg be regular, say g = q\(qg), where A € M*. Then
e = Mq) is an idempotent in R, gR = eR is projective, and M = qR & S,
where S = {s € M | gA(s) = 0}.

Proof. We have e = A(q) = A[gA(qg)] = €%, so g = ge. Then A : gR — eR
is epic, and it is monic because A(gr) = 0 means gr = gA(g)r = 0. Hence
gR = eR is projective. Since m — gA(m) € S for every m € M, we have
M = gqR+ S.Thisis direct because gr € S means 0 = gA(qr) = ger = gr. O

If Py is projective, let P & Q = F be free on a basis {b; | i € I}, and define
;€ F* by JTi(Ejbj}"j) =r;. Foreachi € I, write b,‘ = Di —|—qi,WhCI'C Di € P
and ¢; € Q, and let §; = (7;)|p denote the restriction of 7r; to P. Then §; € P*
for each i, and the system {(p;, &) | i € I}1is called a dual basis for P because
p = X; pi&(p) holds for every p € P. (In fact a module has a dual basis if and
only if it is projective.)

With this the module version of Lemma B.40 is as follows. Note the rela-
tionship to Bass’ lemma (Lemma B.15).

Lemma B.48. The following are equivalent form € Mg:

(1) M = P & K, where P is projective, P C mR,andmR N K C*" K.

(2) There exists . € M* such that \(m) = e = e?> andm — me € rad(M).

(3) There exists a regular element g € M such thatm — q € rad(M).

(4) There exists y> = y € end(M) such thaty(M) € mR, y (M) is projective,
andm — y(m) € rad(M).

Proof. (1)=(2).Let M = P @ K asin (1). Hence P C® mR, so P is finitely
generated and thus has a finite dual basis {(p;, &) | i = 1,2,...,n}. Write
pi =mr;, ri € R, and define A € P* by A(p) = X!_ri&i(p). Extend A to M
by defining A(K) =0.If m = p+k, p € P, k € K, then A(m) = A(p), so
mA(m) = mA(p) = X, p;&i(p) = p. If we write A(m) = e, it follows that

e?=candm —me=m — p=k e mR N K.Hence m — me € rad(M).
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(2)=(3). If g = me as in (2), then g is regular because gA(q) = ge* =gq.

3)=@4).Letm —qg € rad(M), where g € M is regular, say ga(q) = g with
o € M*. If we write e = a(g) thene?> = eandm —me = (m — q)(1 —e) €
rad(M); we claim that me is regular. In facte —a(m) = a(g —m) € rad(Rg) =
J,soletb[l —e+ a(m)] =1, b € R. Then B = ba is in M* and B(m) =
1 — b(1 — e). It follows that S(me) = e and hence that me S(me) = me. Thus
me 1s regular and so, replacing g by me, we may assume that g € mR in (3).

Now LemmaB.47 gives M = gR®S,wheregR C mR, g = gA(q) for some
AeM* and S ={s € M | gi(s) = 0}.Lety : M — M be the projection with
y(M) = gR and ker(y) = S. Then y (M) is projective by Lemma B.47, and
(I —y)g)=0.Hencem —y(m) = (1 —y)im) =1 —y)m—q) € rad(M),
proving (4).

(4)=(1). Given (4), wehave M = y(M)® (1 —y)(M), where y(M) C mR,
so it remains to show that mR N (1 — y)(M) is small in (1 — y)(M). But
mRN (1 —y)M)C (1 —y)mR)because y> = y, and (1 — y)(mR) is small
in M by hypothesis. Since (1 — y)(M) €® M, we are done. O

An element m in a module M is called semiregular in M if the conditions
in Lemma B.48 are satisfied, and M is called a semiregular module if every
element is semiregular. Thus if R is a semiregular ring then Ry and R are both
semiregular modules. A module is called regular if every element is regular, so
every regular module is semiregular. In fact we have

Corollary B.49. A module M is regular if and only if M is semiregular and
radM = 0.

Proof. If M isregularitis semiregular by Lemma B.48. To see thatrad M = 0,
let0 £ g € M. Then M = gR & S for some S € M by Lemma B.47, so
choose a submodule N € M maximal such that S € N andg ¢ N. Then N is
maximal and so g ¢ rad M. The converse follows by Lemma B.48. O

It is clear from Bass’ lemma and Lemma B.48 that a projective module M
1s semiregular if and only if M /m R has a projective cover for all m € M. We
are going to improve on this; to do so we will need the following immediate
consequence of (3) of Lemma B.48.

Corollary B.50. Ifm € Mg, and if m —m € rad(M), where m, is semireg-
ular, then m is semiregular.
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Lemma B.48 has two more important consequences. The first is a character-
ization of semiregular modules.

Theorem B.51. The following are equivalent for a module M :

(1) M is semiregular.

(2) If N € M is finitely generated there exists y : M — N such that y*> =y,
vy (M) is projective, and (1 — y)(N) C rad(M).

(3) It N C M is finitely generated then M = P & K, where P is projective,
P C N,and N N K is small in K.

Proof. (1)=(2). Write N = mR+mR+- - -+m; R and proceed by induction
on k, the case k = 1 being Lemma B.48. In general, use Lemma B.48 again to
obtain B : M — m R, where B> = B, B(M) is projective and (1 — B)(m;) €
rad(M). Write K = (1 — ﬁ)(E{‘zzmiR) and, by induction, choose 8> = § :
M — K such that §(M) is projective and (1 —8)(K) C rad(M). Then 8§ = 0,
soy = B+ 68— 8B 1s an idempotent in end(M), and y(M) = B(M) @ 6(M) is
projective. Finally, (1 — B)(N) € K + (1 — B)(mR) € K + rad(M), so

(I =y)N)=(1-=98)1—B)N) € (I =5)(K)+ (1 —38)[rad(M)]
Crad(M).

2)=@3). If N € M is finitely generated, choose y as in (2) and write
P=yM)and K = (1—y)(M). Then N = P®(NNK), so NNK is finitely
generated. Since N N K C (1 — y)(N) C rad(M), this shows that N N K 1is
small in M and hence in K (as K C® M).

(3)=(1). This is clear by Lemma B.48. O

Corollary B.52. A projective module M is semiregularif andonly if M /N has a
projective cover for every finitely generated (respectively principal) submodule
N of P.

Proof. If N is finitely generated then M /N has a projective cover by (3) of
Theorem B.51 and Bass’ lemma (Lemma B.15). Conversely, if this is true
whenever N = mR, m € M, then m is a semiregular element of M by Lemma
B.48. O

The second fundamental consequence of Lemma B.48 is that direct sums of
semiregular modules are semiregular. We need the following lemma.
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Lemma B.53. If m € M and . € M* exist such that .(m) = e = ¢ and
m — me is semiregular in M, then m is semiregular.

Proof. Since m — me is semiregular, let 8 € M* be such that f = B(m — me)
is an idempotent in R and (m — me) — (m — me) f € rad(M). Then fe = 0,
so g = e+ f —ef is an idempotent and m — mg € rad(M). If « € M* is
defined by « = A + (1 — e)[B — B(m) A] then a(m) = g and we are done by
Lemma B.48. O

Theorem B.54. If M = &®,c;M; are modules, then M is semiregular if and
only if each M; is semiregular.

Proof. If N C® M and n € N, Lemma B.48 provides A : M — R such that
An) = e = e? and n — ne € rad(M). If A, is the restriction of A to N, then
A € N*, Mi(n) = e = €%, and n — ne € rad(M) N N C rad(N) because
N C® M. It follows that N is semiregular.

Conversely, if each M; is semiregular, then since each element of M lies
in a finite direct sum of the M;, we may assume that / is finite and hence by
induction that M = N @ K, where both N and K are semiregular. So consider
m=n+k,neN,keK.Choose» : N — R such that «(n) = ¢ = ¢*> and
n —ne € rad(N). Since rad(N) C rad(M), we may considero : M — R
by setting «(K) = 0. Then a(m) = e and so, by Lemma B.53, it suffices to
prove that m —me = (n —ne) + (k — ke) 1s semiregular in M. By hypothesis
k —ke € K 1s semiregular in K, and hence in M, and n — ne € rad(N) C
rad(M), so the result follows from Corollary B.50. O

With this we can show that semiregularity is a Morita invariant.

Corollary B.55. If R is semiregular, the same is true of M,,(R) foreachn > 1.
Hence semiregularity is a Morita invariant.

Proof. If R is semiregular, then R" is a semiregular module by Theorem B.54.
If « € end(R") then a(R") is finitely generated, so R" /a(R") has a projective
cover by Corollary B.52. Thus end(R") = M,(R) is semiregular by Theorem
B.46. The last statement now follows from Corollary B.42. O

Theorems B.54 and B.51 enable us to prove the following characterization
of semiregular rings in terms of projective covers that provides a natural gener-
alization of the corresponding results for semiperfect and perfect rings. Recall
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that a module M is said to be finitely presented it M = F /K, where F is free
and both F' and K are finitely generated.

Theorem B.56. The following conditions are equivalent for a ring R:

(1) R is semiregular.
(2) Every finitely presented right (Ieft) module has a projective cover.
(3) Every finitely presented, principal right (left) module has a projective cover.

Proof. (2)=(3) is clear and (3)=(1) by Theorem B.44. Given (1), let M =
F/K, where F is free and both F and K are finitely generated. Then F is
semiregular by (1) and Theorem B.54, so F'/ K has a projective cover by Corol-
lary B.52. Hence (1)=(2). O

We conclude with a generalization of the semiregular rings where we replace
the Jacobson radical by an arbitrary ideal of the ring. The following result
parallels Lemma B.40.

Lemma B.57. Let I be an ideal of a ring R. The following are equivalent for
a € R:

(1) There exists e> = e € aR witha — ea € I.
(2) There exists e> = e € aR withaRN (1 —e)R C 1.
(3) aR=¢eR @ S, wheree> =eand S C [ isa right ideal.

Proof. Given (1) we haveaR = eR@® [aRN(1 —e)R]. If x eaRN (1 —e)R
then x = (1 —e)x € (1 —e)aR C I. This proves (2). If (2) holds, (3) follows
with § = aRN (1 —e)R. Finally, given (3) write a = er +s. Then a —ea =
s —es € I because S C I, proving (1). O

If I = J, Lemma B.57 characterizes the semiregular elements in R. Accord-
ingly, if I isanideal of aring R, anelementa € R is called right I-semiregular if
the conditions in Lemma B.57 are satisfied, and R is called a right I-semiregular
ring if every element is right /-semiregular. Left /-semiregular elements and
rings are defined analogously. Thus, Lemma B.40 shows that the semiregular
rings are precisely the right (equivalently left) J-semiregular rings. Moreover,
it shows that if R is semiregular then R is left and right /-semiregular for every
ideal I D J.

Theorem B.58. The following conditions are equivalent for an ideal I of a ring
R:
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(1) R is right I -semiregular.

(2) For all finitely generated right ideals T C R, there exists > = e € T with
TN —-eRCI.

(3) For all finitely generated right ideals T € R, T = eR & S, where e? =e
and S C [ is a right ideal.

When these conditions are satisfied the following hold:

i J<CI,Z,Cl,and Z; < I.
(ii)) R/I is regular and idempotents can be lifted modulo 1.
(iii) For all a € R, there exists a regular elementd € R witha —d € 1.

Proof. (1)=(2). Weinductonn where T = a;R+- - -+a, R.1If n = 1 itfollows
from (1). If n > 2 then (1) gives f?> = f € a;R with (1 — f)a;R C I. Write
K=0-f)aR+---+(1—f)a,R.Since f € ajRwehave T = a;R+K.By
induction, choose g> = g € K such that (1 — g)K = KN (1 —g)R C I. Then
fg =0because g € K,soe = f+g—gf isanidempotentand e € T. Thus it
remains to verify that TN(1—e)R = (1—e)T C I.But(l—e)=(1—g)(1—f)
and (1 — f)K = K, so

(1—e)T € (1—g)1— fHaiR+ (1 —g)(1 — K
Cl-gl+(1—-gKCI

This proves (2).

(2)=3).Given 2)take S =T N (1 — e)R.

(3)=(1). This is clear by Lemma B.57.

If (3) holds then every right ideal of R that is not contained in / contains a
nonzero idempotent, and this gives (i). Write# = r+ 1 foreachr € R.Ifa € R,
(1) gives > = e € aR suchthata — ea € I.If e = ab then a = éa = aba,
so R/I is regular. If in addition a®> — a € I then Gé = & because e € aR. If
f=e+ea—ecaethen f>= f caRand f = e+ ea —e> = éa = a.
This proves (ii). Furthermore, a —aba = a — ea € I and (aba)b(aba) = aba.
Hence (i11) follows with d = aba. O

If we take R = Z and I = 27, then R/I is regular (a field) so idempotents O
and 1 lift modulo /. Moreover, if n € Rthenn —d € I, whered = 0 or 1 for
n even or odd, respectively. Hence R satisfies (ii) and (iii) in Theorem B.58,
but R is not right /-semiregular since e € 37 and 3 — 3e € [ is impossible
for e = e because ¢ = 0 or ¢ = 1. The next result shows that if J I then
(i1) and (i11) are equivalent to right (and left) /-semiregularity. However, this
implies that / = J and R is semiregular.
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Proposition B.59. Let I be an ideal of aring R. If I C J, the following are
equivalent:

(1) R is right I -semiregular.

(2) R is left I -semiregular.

(3) For all a € R, there exists a regular elementd € R witha —d € 1.
(4) R/I is regular and idempotents can be lifted modulo 1.

When this is the case, I = J.

Proof. Since (3) and (4) are left-right symmetric, we prove (1)<(3) and
(1)< (4). We have (1)=(3) and (1)=(4) by Theorem B.58.

3)=(1).By(3)leta—d € I,whered isregular,saydcd = d. Write f = cd,
so f2= fanddf =d.Thena —af =a(l — f) =(a—d)(1 — f) e I.
Moreover, f —ca =c(d—a) e I C J,soletu(l1 — f+ca) = 1,whereu € R.
This gives fucaf = f, whence af(uc)af = af. Thusa —af € I and af is
regular, so we may assume that d € aR. Hence leta —d € I, whered € aR
and dcd = d. Now consider ¢ = dc. Then ¢* = ¢ € aR and, since ed = d,
wehavea —ea=(1—-e)a=(1—e)a—d)el.

4)=(1).Ifa € Rleta — aba € I, where b € R. Hence ba — (ba)* € I,
so by (4) choose f2> = fsuchthat f —ba € I C J.Thus 1 — f + ba = u is
a unit, so that fba = fu. It follows that e = au~' fb € aR is an idempotent.
Writing 7 =r + 1 in R/I, wehave it = 1 andaf = aba = a, soa — éa =
a—afba=a—aba=0.Thusa — ea € I, proving (1).

Finally, since I € J we have I = J by Theorem B.58. O

Notes on Appendix B

Semiperfect and perfect rings were introduced in 1960 by Bass [16], where he
studied the notion of a projective cover of a module as the dual of the injective
hull. (The idea but not the terminology of a projective cover had been used
earlier by Eilenberg [51].) Bass proved that a ring R is semiperfect if and only
if every finitely generated (respectively principal) right (or left) ideal has a
projective cover; he also proved that R is right perfect if and only if every right
ideal has a projective cover (see Theorems B.32 and B.38).

The characterization (in Theorem B.9) of semiperfect rings as those for which
the unity is a finite sum of orthogonal local idempotents is due to Miiller [149];
the fact (in Theorem B.21) that R is semiperfect if and only if every simple
right module has a projective cover is due to Sandomiersky [200].

In Theorem B.39, the fact that a ring is right perfect if and only if it has
the DCC on principal left ideals is due to Bass [16] but with a different



B. Perfect, Semiperfect, and Semiregular Rings 285

(homological) proof; the fact that this is equivalent to the DCC on finitely
generated left ideals is due to Bjork [20]. Jonah [114] showed that these rings
have the ACC on principal right ideals.

Von Neumann’s lemma [156] (Lemma B.43) was proved in 1936. Theorems
B.44 and B.56 were given in 1971 by Oberst and Schneider [176]; the present
treatment follows [157]. Semiregular modules were introduced in [157] and
generalize the regular modules of Zelmanowitz [236].

Regarding Corollary B.55, it is worth mentioning that end(F) may not be
semiregular if F is a free module. Indeed, if a countably generated free right
R-module is semiregular it can be shown that R is right perfect (see [157,
Theorem 3.9]). Semiregular rings with J right T-nilpotent have been studied
by Stock [210].



C
The Camps—Dicks Theorem

In this brief appendix we give a self-contained treatment of an important theorem
about semilocal rings, settling (affirmatively) an open question whether the
endomorphism ring of every artinian module is semilocal. The following lemma
will be needed. If M = ¢Mp is abimodule and a € R, let 1y (a) = {m € M |
ma = 0}, an S-submodule of M.

Lemma C.1. Let M = ¢Mpg be a bimodule and leta, b € R.

(1) 1y(a —aba) =1y(a)® 1y (1 —ab) and 1y (1 —ab) = 1(1 — ba).
(2) If ¢M is artinian and 1,,(a) = O then Ma = M.

Proof. (1) 1y(a) € 1y(a — aba) and 1y (1 — ab) C 1y(a — aba) are clear,
as is the fact that 1,,(a) + 1,(1 — ab) i1s a direct sum. If m € 1,,(a — aba)
then m(a — aba) = 0, so m = (m —mab)+ mab is in 1y (a) + 1y (1 —ab).
Next, right multiplication by a induces an S-linear map -a : 1y(1 — ab) —
1y(1 — ba), and it is routine to verify that -b is the inverse map.
(2)Wehave M D Ma 2 Ma®* D ---,s0 Ma" = Ma"*! for some n because
sM is artinian. Hence M = Ma because 1,,(a) = 0. O

We say that a set of submodules has the ACC on summands if no infinite sum
of nonzero modules in the set is direct.

Theorem C.2 (Camps-Dicks Theorem). The following are equivalent for a
ring R:

(1) R is semilocal.
(2) There exists a ring homomorphism ¢ : R — S, where S is semisimple
artinian, and a is a unit of R whenever ¢(a) is a unit of §.

286
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(3) There exists a bimodule s Mg such that dim(sM) is finite and 1,(a) = 0,
a € R, implies that a is a unit of R.
(4) There exists a bimodule s Mg such that the following hold:
(a) {1p(a) | a € R} has the ACC on summands.
(b) 1)(a) = 0 implies that a is a unit of R.
(5) There exists an integern > 0 and a functiond : R — {0, 1,2, ..., n} such
that the following hold:
(a) d(a — aba) = d(a) + d(1 — ab) for alla and b in R.
(b) d(a) = 0 implies that a is a unit of R.
(6) There exists a partial order < on R such that the following hold:
(a) (R, <) has the DCC.
(b) if 1 — ab is not a unit thena > a — aba.

Proof. For convenience, let U(R) denote the group of units of the ring R.

(1)=(2). Given (1), we have the coset map ¢ : R — R/J = §, where §
is semisimple artinian. If ¢(a) € U(S) then 1 — aa’ € ker(¢) = J for some
a' € R,soaa’ =1— (1 —aa’) € U(R). Similarly, a”"a € U(R) for some a”
in R, and (2) follows.

(2)=(3).Givengp : R — Sasin (2),take ¢M = S and introduce a bimodule
structure sMg viam -r = me(r). Then ¢M is finite dimensional (it is artinian),
solet 1y(a) =0, a € R, and write b = ¢(a). Then 13(b) = 0, so Sb = S by
Lemma C.1. Hence b € U(S) because S is semisimple artinian, so a € U(R)
by (2).

(3)=(4) and (5). Given (3), (4a) holds because dim(M) is finite, and (4b)
is part of (3). Turning to (5), we let n = dim(sM), and defined : R —
{0,1,2,...,n} by d(a) = dim[1ly(a)]. Then condition (5a) follows from
Lemma C.1, and (5b) holds because d(a) = 0 implies that 1,,(a) = 0, so
a € U(R) by (3).

(4)=(6). Write A = {1y(a) | a € R}and,if Aand B arein A, write A <® B
ifB=A®A & - @ A for A; € A.Itis routine to verify that <® is a partial
order on A (it is reflexive because 0 = 1,,(1) € A). Now, given a and b in R,
define a < bif a = b or 1,(b) <® 1(a). This is clearly reflexive, and it is
antisymmetric becauseifa < bandb < a thena # bimplies 1,,(b) <® 1(a)
and 1,(a) <® 1,,(b), whichis a contradiction. Finally,ifa < band b < c then
a < c follows by checking all four cases. So < is a partial order on R. Now
suppose that a; > a, > a3 > --- in R; thatis, A <® A, <% A3 <® ...,
where we write A,’ = lM(di). If Ak—i—l = Ak é Akl @ Ak2 b---6 Aknk for each
k, wheren; > 1and0 # Ay, € Aforeachi, then we have an infinite direct sum

(A1DAI1D - DAL)D(A21 D - - DAL D(A31D - DA3,)D -,
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contrary to (4a). Hence (R, <) satisfies the DCC. Finally, if 1 — ab ¢ U(R)
then 1,,(1 — ab) # 0 by (4b). It follows that 1y(a) <® 1y(a — aba) by
Lemma C.1, so a > a — aba. This proves (6).

(5)=(6). Givend asin (5),definea < bifa = b ord(b) < d(a). Then < is
a partial order on R. Note that a < b if and only if d(b) < d(a); in particular,
a; > ay > ap > --- implies that d(a;) < d(ay) < d(az) < ---, which is
a contradiction. Hence (R, <) has the DCC. Finally, if 1 — ab ¢ U(R) then
d(l1 —ab) > 0, sod(a — aba) > d(a) by (5a), whence a — aba < a. This
proves (6).

(6)=(1). Assume (6) and write R = R/J and ¥ = r + J foreachr € R.

Claim 1. Leta # 0 and suppose [using (6a)] thatab is minimalin A = aR —J.
If 1 — abx ¢ U(R) then ab = abxab.

Proof. If 1 — abx ¢ U(R) then ab > ab — abxab by (6b). By the minimality
of ab, it follows that ab — abxab is in J, as required.

Claim 2. Lete* = e # 0. There exists f> = f € eRe such thate > f and
(e — )R is simple.

Proof. Since ¢ # 0 choose eb minimal in eR — J. Since eb ¢ J there exists
¢ € R such that 1 — ebc ¢ U(R). Hence eb = ebceb by Claim 1. Write g =
ebce. Then (as e> = €) we have 2> = g € eRe. Define f = ¢ — g = e — ebce.
Then e > f by (6) because 1 — ebc ¢ U(R). Clearly, f> = f € eRe. Finally,
we must show that (¢ — f)R = gR is simple. Let 0 # v € gR = ebceR, say
U = ebd. Thenebd ¢ J, so 1 —ebdy ¢ U(R) for some y € R. Hence Claim 1
gives eb = ebdyeb. Thus eb = vyeb € VR, so § = ebce € ebR C vR. Thus
2R = R, as required, proving Claim 2.

Now use Claim 2 to construct idempotents €; in R, i > 0, such that 1 =
ep > e > e > --- . If e = ¢ = 1 1n Claim 2, wegetE% = ¢, € eyRey
with ey > e; and (ey — €;)R simple. If e; # 0 we get e3 = e, € ¢, Re; with
e; > e;and (e, —e2)R simple. Continue in this way. Because ¢g > e; > - - -,
some ¢,,; = 0 by the minimum condition. Moreover, R = eqgRey D e, Re; D
e,Re; D .-, soeache; —ey isorthogonal to alle; —e;,; withi < k. Hence
{eop—ey,e;—en,...,e,_1 —e,, €, — e,y }is anorthogonal set of idempotents
in R that sums to 1 = ¢; and for which (¢; — ¢; ;)R is simple for each i. It
follows that R is semisimple artinian, so R is semilocal. O

The original question whether the endomorphism ring of an artinian module
is semilocal is answered and extended by the following useful result.
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Corollary C.3. If a module M is finite dimensional and monomorphisms in
endsM are epic, then endsM is semilocal.

Proof. If R = end(sM), the bimodule ¢ My satisfies condition (3) in Theorem
C.2. O

Notes on Appendix C

In 1988 Menal [143] asked if the endomorphism ring of every artinian module
1s semilocal. The affirmative answer (see Corollary C.3) was given by Camps
and Dicks [30] (see also [95, Theorem 3]). We are obliged to Rosa Camps for
a discussion of these results.






Questions

Throughout these questions, R denotes a ring.

NSk Ww o

S

10.
I11.
12.
13.
14.
15.
16.
17.

18.

. If R is a right simple injective, left perfect ring, is R right self-injective?

If R 1s aright Kasch, right simple injective ring, is R necessarily left Kasch?
Semiperfect?

If R is a semiprimary, right simple injective ring, is R quasi-Frobenius?
When is the group ring RG right mininjective? Right simple injective?

If R is a left continuous ring with R/S; left Goldie, is R left artinian?

Are the rings in Theorem 5.56 all semiperfect?

If1 =e +---+ e, in aring R, where the ¢; are orthogonal, primitive
idempotents, is R an I-finite ring?

Is a “right C2 ring” a Morita invariant?

Does a right self-injective, left Kasch ring have finite essential right socle?
If R is a right F-injective ring, is R right FP-injective?

If R is a right Kasch, right CS ring, is R semiperfect?

If R is a right self-injective, left Kasch ring, is R a right PF ring?

Is every right FGF ring a right C2 ring?

If R is a semilocal right CF ring (respectively right FGF ring), is R right
artinian (respectively quasi-Frobenius)?

If R is a semiperfect right CF ring (respectively right FGF ring), is R right
artinian (respectively quasi-Frobenius)?

If R is a semiregular right CF ring (respectively right FGF ring), is R right
artinian (respectively quasi-Frobenius)?

If R 1s a right P-injective, right CF ring (respectively right FGF ring), is R
quasi-Frobenius?

If R i1s a right F-injective, right CF ring (respectively right FGF ring), is R
quasi-Frobenius?
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19. If R 1s a right C2, right CF ring (respectively right FGF ring), is R right
artinian (respectively quasi-Frobenius)?

20. If R is a right simple injective, right CF ring (respectively right FGF ring),
i1s R quasi-Frobenius?

21. If R is right self-injective and R/S, has ACC on right annihilators, 1s R
quasi-Frobenius?
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