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Introduction

During the week of June 17, 1985 a conference was held at Mankato State
University in Mankato, Minnesota. This monograph contains slightly expanded
versions of the ten talks T wrote for the occasion. Their theme is the interplay
between group theory and ring theory. Specifically, they concern group rings,
crossed products and the Galois theory of rings.

Group rings. The group ring R[G] is an easily defined, attractive object to
study. It is a tool of group theory, a tool of ring theory and an interesting
subject in its own right. If G is a finite group and R is a field, then the subject
concerns the ordinary and modular representations and characters of G. If R is
the ring of integers, then we are dealing with the integral representations of G
and its close relationship with maximal orders and algebraic number theory.

If G is polycyclic-by-finite and R is a Noetherian ring, then so is R[G]. Thus we
obtain a large class of interesting examples of such rings, and indeed this subject
is now closely allied with the general study of noncommutative Noetherian rings.
Furthermore, there are many analogies here with enveloping algebras of finite-
dimensional Lie algebras.

For G arbitrary, it is best to restrict our attention to R being a field K or
the ring of integers. However, even with this assumption, we can no longer use
finite techniques and the problems become correspondingly more difficult. The
subject of group algebras of infinite groups was begun in the 50’s and 60’s with
work of G. Higman, I. Kaplansky and S. A. Amitsur. It was most active in the
70’s. The first four lectures are devoted to this material.

Crossed products. In some sense the crossed product R * (7 is a generalized
group ring, but it is actually much more. It first occurred in the study of division
rings and, in particular, of the Brauer group of fields. A classical question with a
modern answer due to Amitsur concerned whether all finite-dimensional division
rings are crossed products. In another vein, if one is interested in the Galois
theory of rings, then the skew group ring RG is an important tool. It of course
contains all the ingredients of the theory, namely the ring R, the group G and the
fixed ring R¢. Results on crossed products have had impressive Galois theoretic
applications.

Furthermore, even if one is only interested in ordinary group algebras K[G],
then crossed products still occur. For example, if NV is a normal subgroup of G,
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viii INTRODUCTION

then K[G] = K[N] = (G/N) is a suitable crossed product of the quotient group
G/N over the subring K[N]. In addition, it frequently happens that if P is a
prime ideal of K|[G], then K|G]/P has a natural crossed product structure. For
these and many other reasons, crossed products are interesting and important
objects of study. Three lectures are devoted to this subject, emphasizing fairly
recent work.

Galois theory. The Galois theory of noncommutative rings is a new subject
with roots in invariant theory and the classical Galois theory of fields and division
rings. If G acts on a ring K, then we are concerned with the relationship between
R and the fixed ring R, and the relationship between the subgroups of G and
the intermediate rings.

One can argue that the subject began in the early 70’s with the important
Bergman-Isaacs theorem on the existence of fixed points. This was later extended
by V. K. Kharchenko who also developed a general Galois theory for semiprime
rings. Important contributions were made by J. W. Fisher, S. Montgomery, J.
Osterburg and many others. Actions on specific rings have also been studied.
Of particular interest are actions on free rings, generic matrix rings, polynomial
rings, enveloping algebras and group algebras. The entire subject is quite active
at present and is being pursued in many different directions. The final three
lectures consider selected aspects of this material.

The ten talks included here are essentially independent although the notation
builds up. Each contains a selection of results on a particular subject, a limited
number of proofs or sketches and at least a few open questions. Furthermore,
each has its own brief list of references. Two general references for the series as
a whole are S. Montgomery’s monograph, Fized Rings of Finite Automorphism
Groups of Associative Rings, and my book, The Algebraic Structure of Group
Rings. Finally, since the topics chosen are all part of a common theme, they do
begin to merge and the lectures are eventually all interrelated.



1. A-Methods in Group Rings

We begin by discussing group algebras. Let K be a field and let G be a
multiplicative group. Then the group algebra K|G] is a K-vector space with
basis G. Thus every element of K[G] is a formal finite sum a =) az with
each a; € K. Addition in K[G] is of course componentwise, and multiplication is
defined distributively using the multiplication of G. In this way, K[G] becomes
an assoclative K-algebra.

If & is as above, then its support is given by

Suppa = {z € Gla, # 0}.

Thus Supp « is a finite subset of G. If S is any subset of G, then we let K[S]
denote the K-subspace of K[G] spanned by the elements of S. Furthermore,
there is a natural projection map 7g : K[G] — K|[S] defined by

s (Z aI:c) = E 4z
€G zES
When S = {1}, we frequently write =g = tr because tr : K|G] — K enjoys many
trace-like properties. When S is finite we let § = ¥, _¢ s denote the sum of the
elements of S so that § € K[S] C K[G]. Observe that if S = H is a subgroup
of G, then K[H]| is the group algebra of H naturally embedded in K|[G].

LEMMA 1. Let H be a subgroup of G.

(i) 7y : K|G] — K[H] is a K[H]-bimodule homomorphism.
(ii) If 0 £ I« K[G], then 0 # ng(I) < K[H].

(iii) If @ € K|G] and X 1is a right transversal for H in G, then

a=) mg(az )z
reX
We are concerned here with linear identities, that is equations in K [G] of the
form )7 eizf; = 0 which hold for all z € G or perhaps for all z in some large
subset of (. Such identities arise frequently and we will discuss a technique called
the A-method which has proved successful in handling them. This method was
discovered independently by me in 1962 and by M. Smith in 1971. In addition,
it is related to methods used in operator algebras and in ergodic theory (see [2]
for a discussion of the latter). As we will see, there is really no best formulation
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2 A-METHODS IN GROUP RINGS

of this technique. Rather, we will consider a number of variants of it, along with
the problems they apply to.

We start with the identity oz — zee = 0, Vo € G, which merely says that
a € Z(K[G)), the center of the group algebra. Using o = 27 az = o it follows
easily that

LEMMA 2. a € Z(K[G)) if and only if a = ¥ a ks where ky is the conjugacy
class of € G and a; € K.

But the support of « is finite, so the above conjugacy classes must be of finite
size. This motivates us to define

A(G) = {z € G| |kz| = |G : Ce(z)| < oo}
and
AT (G) = {x € A(G)|o(z) < o0}
where o(z) denotes the order of z. We then have

LEMMA 3. A(G) and A*(G) are characteristic subgroups of G.

(i) A™ is generated by the finite normal subgroups of G.

(i) A/AT is torsion-free abelian.

(iii) If AT =1, then K[A] is a domain (in fact each nonzero element of K[A]
18 regular in K[G]).

Thus A = A(G) is very well behaved for an infinite group. It is analogous to
the center of G and is called the f.c. (finite conjugate) center. Set § = wo. The
key result is then

PROPOSITION 4. Assume that Y, ;z5; = 0, Vz € G. Then for all z € G
we have

(i) 223 0o}z = 0,

(ii) zi a,;zﬂ(ﬁ,-) = 0,

(ili) 3, 6(c;)28(B3:) = 0.

PROOF. We will show at least that > 6(a;)3; = 0. If this expression is not
zero, fix v in its support and for each 7 write a; = 0(w, )+@; with Supp@&;,NA = .
We now proceed in a series of three steps.

Step 1. Set W = [ Cg(y) where the intersection is over all y € Supp #(«,) for
all 7. Then |G : W| < oo and we will restrict our attention to group elements
z € W. Note that any such z centralizes each #(c;).

Step 2. With £ € W, multiply the given identity on the left by =1 to ob-
tain . @;*8 = 0. This yields >, 8(e;)8; = — >, @;"53;, and since v is in the
support of the left-hand term, it must occur on the right. Thus there exist
a € Supp@;, b € Suppf;, for some ¢, with v = a%b. Hence a®* = vb~! and
z € Cw(a)w,p, a fixed right coset of Cw (a) depending upon a, b, and v. This
implies that W is the finite union W = Ua,b Cw (a)wg p.

Step 8. We now invoke the following lemima to conclude that |W : Cw (a)] < oo
for some a. But this is a contradiction since |G : W| < oo and since a € Supp &;
implies that |G : Cg(a)| = oo. The remainder of the proof is routine.




A-METHODS IN GROUP RINGS 3

LEMMA 5. If G is the finite union of cosets G = |JT Hiz,, then |G : Hy| <n
for some 1.

As a first application we have

COROLLARY 6. Let A, B be ideals of K|G] with AB = 0. Then 6(A)8(B)
=0.

This reduces the question of whether K[G] is prime or semiprime to the
subring K[A] where it is easily solved. Indeed we have

THEOREM 7 [1]. K|[G] is prime if and only if AT(G) = 1 (that 15, G has no
nontrivial finite normal subgroup).

If char K = 0, it is an easy result that K[G] is semiprime. For char K =p > 0
we have

THEOREM 8 [4]. Let char K = p > 0. Then K|[G] is semiprime if and only
if G has no finite normal subgroup of order divisible by p.

Now let us look at our first variation on this method. In the proof of Proposi-
tion 4, the linear identity was assumed to hold for all z € (G, and what we needed
was that G NW could not be covered by a finite union of cosets of subgroups
of infinite index. Other subsets of G also have this property. Let T be a subset
of G. We say that T is large if for all subgroups W of finite index in G, TNW
cannot be covered by a finite union of cosets of subgroups of infinite index. For
example, T could be a subgroup of G of finite index. We say that T is very
large if T and all its right translates Tz are large. For example, T could be the
nonempty complement of a finite union of cosets.

LEMMA 9. Let T be a very large subset of G. If Y T ,2f; =0 for allz € T,
then the identity holds for all z € G.

This can be proved by using the argument of Proposition 4 to deduce that
> 0(a,zY)zyB; = 0 for all ,y € G. Then we merely sum these expressions
over all z € X, a transversal for A in G. As a minor application we mention

LEMMA 10. Let K[G) be prime with G # 1. If 0 # a, B € K|G], then for al
n > 1 there ezists 6, € K[G| with |Supp ab, 0| > n.

PROOF. Note that G is infinite so that if S C G is finite, then T = G\S is a
very large subset of G. We proceed by induction on n. Given 6,1 we see that
(Supp agB) N (Supp @b, -18) # & implies that g € S, a finite subset of G. If we
can find g € T = G\S with ag # 0, then clearly é, = g + én—1 will suffice. On
the other hand, if agB = 0 for all g € T, then agf = 0 for all g € G and hence
K|[G] is not prime, a contradiction.

For a second variant, we restrict the linear identity to hold for all x € H, a
subgroup of G. We then define the almost centralizer of H in G to be

De(H) = {g € G||H : Cu(g)| < oo}.




4 A-METHODS IN GROUP RINGS

This is clearly a subgroup of G with Dg(H)NH =Dy (H) = A(H). The same
argument yields, for example,

LEMMA 11. Let H be a subgroup of G, D = Dg(H), and let the identity
S uzf, =0 hold for allz € H. Then ), 7p(e.)b, = 0.

A very nice application of this is the following intersection theorem.

THEOREM 12 [3|. Let H G with Dg(H) C H and assume that K[H] is
prime. If 0 # [ < K[G], then IN K[H] # 0.

PROOF. Choose 0 # a € I so that Supp.« meets the minimal number, say
n+ 1, of cosets of H. We can assume that tr o # 0 so we can write a = ) .- o &,
with o, € K[Hz,;] and zp = 1. Take h € H and form

8 = agho — ahog € 1

= i(aohal — o, hag) = iﬁz-
5 0

Since H <« G and ag € K[H]|, we have 3; € K[Hz,|. Furthermore, 3y = 0 so the
minimality of n implies that #; = 0 for all z. In particular, if 7 # 0 we obtain the
linear identity

agho; — ahag =0 Vh e H.

Hence mp(ap)a, = mp(a,)ag. But D C H and Suppa, N H = & so np(a) =0
and 7p(a,)ag = 0. Finally, D = A(H) is torsion-free abelian since K[H| is
prime, and mp(ag) # 0 since tra # 0. Thus mp(ap) is regular in K[G] and we
conclude that a; = 0 for all ¢ # 0.

Recall that G = J] H,z, implies that |G : H,| < n for some ¢. So far we have
only used |G : H;| < oo. Now we want numerical information which will apply
even when G is finite. This leads us to define for each integer k& > 1

A(G) = {z€Gl|G: Celz)| <k}, 8e: K[G] — K[Ax].

Note that Ay is a normal subset of G, but not necessarily a subgroup. Further-
more, AaAb g Aab-

We would like the linear identity ), ;28 = 0 to imply ), ()3, = 0
for a particular computable integer k. To do this, we look again at the proof of
Proposition 4. We see that it is necessary to control (1) the index |G : W] and
(2) the number of cosets which occur in the union W = {J, , Cw(a)w,,. The
latter is easy if we know (Supp a,|, |Supp 8.| and the number of terms in the
sum. In fact, this suffices for both parts as we will see later.

We first discuss an application where (1) is realized by restricting the param-
eters involved. We study group rings satisfying a polynomial identity. If K[G]
satisfies a p.i. of degn then by linearization it satisfies

f(§1a§2a--~s§n) = Z AsSo1$62 """ Son

oESym,,
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with a, € K and a; = 1. In particular, if we plug group elements into this
expression we get at most n! terms each with support size 1.

Here is a brief idea of the proof (we ignore the subscript k for simplicity).
Write

=600 6) + D A2r- 1 $n)610a (5201 6n)
A

where A # 1 is a monomial and g, is a polynomial in ¢3,...,¢,. Fix zo,..., 2,
€ G with A(z2,...,2,) € A for all A # 1, plug in ¢ = =, for all + > 2, and
let ¢y =z in f. This yields

0=zg(za,...,%n) + E Az2,...,Tn)zga(Z2,. .., Ts)
A
for all z € G and by the A-method we obtain

0=g(z2,...,2n) +Z0(A(zz,...,zn))g,\(zg,...,xn)
)

=g(z2,...,Tn)
since A(zg,...,Tn) & A. Thus we get a p.i. of smaller degree, but one which is
satisfied only for certain o, ..., z, € G. By keeping track of all this information

and using linear identities on subsets of G we actually obtain

LEMMA 13. Let K|G| satisfy a p.1. of degree n. Then there exist integers
k=k(n) andt = t(n) with |G : Ag| < t.

Of course Ay is not a subgroup of G in general so |G : Ag| < t means that
G= Ui Agz;, a union of ¢ right translates of Ay. From this we can deduce the
p.i. result. This was known for char K = 0 by different means. In characteristic
p we have

THEOREM 14 [5, 8]. Let char K = p > 0 and suppose K|[G] satisfies a
polynomial identity of degree n. Then there exists a subgroup A of G whose
commutator subgroup A’ is a finite p-group and such that |G : A| - |4'| < g(n),
where the latter is an appropriate function of n.

Finally here is a variant and application which is not at all well known.
Start with ), a,zf; = 0 for all £ € G and assume that we are given m =
> (| Supp ;| + | Supp A;]). Pick an integer k. Then the A-method shows that
either ), f(as)zB; = 0 or there exists g € Suppa,, for some 7, with & <
|G : Ca(g)] < f(k) where the latter function of £ depends upon m.

Now take kg = 1 and inductively define k, = f(k,-1). Then kg < by < -+ <
km-+1 so there must exist a subscript ¢t < m with

(U Supp az) N (Dk,, \Ak,) = D.

But then we have > 0, (a;)zf; = 0. We have therefore proved




6 A-METHODS IN GROUP RINGS

LEMMA 15. Given the linear identity ), oz, = 0 for x € G, set m =
> ;(|Supp a,| + |Supp Bi|). Then there exists k < h(m) with ), Ox(a;)zf,
=0, Vz € G. Here h 13 a fired function of m.

This can be easily extended to deal with products of more terms. For example
we have

LEMMA 16. Given ag,ay,. .., oy € K[G) with
QQT101Tg - Tply =0 V11,Z2,...,2, €G.
Then there ezists an integer k bounded by a function of 3 .| Supp ;| with
Or(o)z18k(a)za - znbr{on) =0 Vry1,Z2,...,T, €G.
As an application we mention the following technical result used to study the
Jacobson radical of group rings of locally solvable groups.

PROPOSITION 17 [7]). Let G = QH with Q aG and |H| <t < co. Assume
that JK[Q] = 0 and that a € JK[G]NK[H]. Then there ezists a subgroup W <H
with

(i) [Q: Co(w)| < gt), Yw e W,

(it) mw (e) € JK[G) N K[W].

Here g 18 a fized function of t.

PROOF. Observe that |G : Q| < |H| < t. Since JK[Q] = 0, it now follows

(see [6, Theorem 7.2.7]) that JK[G]* = 0. Thus, since a € JK|[G] we have

ariazy -z =10 Vz1,Z2,...,T:_1 € G.
Furthermore, @ € K[H| implies that | Supp a| < |H| < t. Thus Lemma 16 applies
and there exists an appropriate integer k with
Ox(0)z10k ()22 - 2410 () =0 Vr1,%2,...,%:—1 € G,
and therefore 0 () € JK[G]. Now let W be the normal closure in H of the
support of 8 (). A more careful choice of & will guarantee that 8x (o) = mw ().

The material discussed here was all done before 1979. But the A-method (as
we will see) is still being used in crossed products and in the computation of
certain rings of quotients. It has been an important technique for almost 25
years and it will certainly continue to be useful in the future.
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2. The Jacobson Radical of Group Rings

The last section concerned methods; this one will be speculation on a spe-
cific question. We wish to determine when K[G] is semiprimitive (equivalently
semisimple) and more generally to describe the Jacobson radical JK|G]. This
is my favorite problem. It was suggested to me by my advisor, R. Brauer, who
learned about its infinite aspects from I. Kaplansky (see [4]) at the famous Ram’s
Head Inn conference. For finite groups the result is easy.

THEOREM 1 [5]. Let G be finite. Then K|G) is semiprimative if and only if
|G} #0 m K.

From this it appears that for all groups G, if char K = 0 then JK[G] = 0.
The best result here is proved by studying the behavior of the radical under field
extensions.

THEOREM 2 [1]. Let A be an algebra over the field F and let K O F be a
field extension.

(i) If K/ F 1s separably algebraic, then J(K ® A) = K @ (JA).

(ii) If K/F 1is purely transcendental and K # F, then JK® A) = K@
where I is a nil tdeal of A.

Since K ® F|G] = K|G], the above applies to yield

COROLLARY 3 [2]|. Let char K = 0 with K not algebraic over the rationals.
If G is any group, then K[G] is semiprimitive.

PROOF. Since K/Q is not algebraic we have K D F 2 Q where F/Q is
purely transcendental, F # @Q and K/F is separably algebraic. Thus it suffices
to show that Q[G] has no nonzero nil ideals. For this, let x: Q[G] — Q[G] be
the natural involution determined by z* =z~ ' forallz € G. If a = > a,z # 0,
then aa* is x-symmetric with trace Y a,2 # 0. Therefore if 0 # a € I < Q[G],
then 0 # ac* € I and (aa*)?" # 0 for all n so I is not nil.

Thus in characteristic 0, this leaves only the rationals Q and (equivalently)
its algebraic extensions. For these fields, a number of special classes of groups
have been considered and in each such case JQ|G] = 0. But there has been no
real progress for 25 years. Logicians have tried model theoretic techniques but
also to no avail. The semiprimitivity of Q|G| is still a wide open problem.

7




8 THE JACOBSON RADICAL OF GROUP RINGS

In characteristic p > 0 one can follow the above lead for p’-groups, that is
groups with no elements of order p. This assumption implies that K[G] has no
nonzero nil ideals. Also one knows that any finitely generated field extension of
GF(p) is necessarily separably generated. Thus we have

COROLLARY 4. Let char K = p > 0 with K not algebraic over GF(p). If G
15 a p’-group, then K[G)] is semiprimitive.

It is not true that K[G] semiprimitive implies G is a p’-group. The first exam-
ple, due to Wallace, is G infinite dihedral in characteristic 2. Another example is
the wreath product G = Z wr Z,, in characteristic p where Z denotes the infinite
cyclic group and |Z,| = p. In fact if G = Z, wr Z or Sym, (the countably infinite,
locally finite symmetric group), then K{G] is a primitive ring in characteristic p.

Let us study the characteristic p situation in more detail. Let R be any ring
and observe that JR contains all nil and nilpotent ideals of R. Thus if NR, the
nilpotent radical of R, is defined to be the sum of all nilpotent ideals of R, then
NR is a characteristic nil ideal of R contained in JR. For a group G we set

AP(G) = (z € AT(G)|z is a p-element),

that is AP is generated by all elements of AT of order a power of p. We have the
following A-method result.

THEOREM 5 [6]. Let char K =p > 0.

(i) NK[G) = JK[|AP] - K[G].

(1) JK[AP] = Uy JK[W] where W runs over all finite normal subgroups of
G generated by p-elements.

(iii) NK|G) is nilpotent if and only if AP is finite.

Part (i) above is an example of controlling. Let I < K[G] and let H < G. We
say that H controls I if I = (/N K[H])- K[G], that is K[H| contains generators
for I as an ideal. It is easy to show that for each ideal I there exists a unique
smallest normal subgroup C = C(I), the controller of I, so that H < G controls
Iifandonly if H 2 C.

With the assumptions of Theorem 5 we can also show that C(NK|[G]) =
AP(G). By accident, the above result might prove to be important here. This is
because in all cases so far computed it has been observed that G finitely generated
implies JK[G] = NK[G]. We remark that there exist many computations here
due to Villamayor, Wallace, Zalesskii (and his student, Dyment) and me (and my
student, Hampton). We will not discuss these methods here, and in so doing we
are leaving out the bulk of published material on the Jacobson radical of K[G].
Instead we will speculate as to the correct answer based on these computations.

LEMMA 6. Let H CG.
(i) If W 15 an srreducible K[H|-module, then there exists an irreducible K[G]-
module V such that W 1s a submodule of the restriction V.
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(i) JKIG) N K[H] C JK[H].

PROOF. (i) Take W = K[H]/M where M is a maximal right ideal of K[H].
By freeness we have M - K|G] # K[G] so there exists a maximal right ideal L of
K[G] with L 2 M - K[G]. 1t follows that LN K[H] = M so

W = K[H]/M = K[H}/(LNK[H]) C K|G]/L =V.

(ii) Let a € JK[G] N K[H] and let W be an irreducible K [H|-module. Then
WCVygandVa=0s0 Wa=0and a € JK[H|.

It follows from (ii) above that the property of belonging to JKI|G] is local,
that is it depends on finitely generated subgroups of G. Because of this we need
a local version of A and At. We define

A(G) = {z € G|z € A(H) for all finitely generated
subgroups H containing z},

A+(G) = {z € A(G)|o(z) < oo}

These also have fairly nice properties, one of which is quite surprising.

LEMMA 7. A(G) and A™(G) are characteristic subgroups of G.

(i) AT 15 locally finite.

(i) A/AT 1s torsion-free abelian.

(iil) If H 4G with H C A*, then A(G/H) = A(G)/H and A*(G/H) =
AT(G)/H.

Part (iii) above says that A is a radical. This is not true of Z, A+, A or A.
Also if G is a locally finite group, then G = AT(G) so AT can be an arbitrary
locally finite group.

We now need a local version of the nilpotent radical NR. Let R be a ring and
set

N*R = {r € R|rS is nilpotent for all finitely
generated subrings S C R}.

It is easy to see that N*R is a characteristic nil ideal of R. Furthermore if R is
a K-algebra then

N*R = {r € R|rS is nilpotent for all finitely
generated subalgebras S C R}.

Note that if R is a finitely generated K-algebra then N*R = NR. The following
result is, for the most part, an immediate corollary of Theorem 5.

THEOREM 8 [7]. Let K[G] be given with char K = p > 0.

(i) If JK[H] = NKI[H] for all finitely generated subgroups H C G, then
JK[C] = N*K[C).

(ii) N*K[G] = JK[AT] - K[G].

(iil) N*(K[G]/N*K[G]) = 0.
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Thus, by (ii), A*(G) controls N*K[G]. While it is not the controller in gen-
eral, we do have C(N*K|[G]) C AT(G) so that the controller is a locally finite
characteristic subgroup of G. Part (iii) above says that N* is a radical for group,
rings even though it is not a radical for rings in general. This lends additional
support to the conjecture that JK[G] = N* K|G] for all groups G. In view of (i)
above this is equivalent to showing that JK[G] = NK|[G] for all finitely gener-
ated groups G. Frankly it is hard to use this extra hypothesis (that G is finitely
generated). In the computations so far, this assumption was sometimes used to,
deal with certain aspects of the Burnside problem which occur because of lim-
itations in the available techniques. One test problem I propose is: Determine
JK|G] for G finitely generated and residually finite.

Let us move on. Because of (ii), or for its own intrinsic interest, we certainly
want to settle the case of locally finite groups. Here a version of subnormality
comes into play. Let G be locally finite. A finite subgroup A is said to be locally
subnormal in G (written AlsnG) if A <<B for all finite B with G D B 2 A. It
is a result of [3] that for A finite, Alsn G if and only if A is serial (that is there
exists a generalized series from A to G).

LEMMA 9. Let G be a locally finite group and let char K = p > 0.
(i) If AlsnG, then JK|A] C JK|G).

(i1} If G 15 solvable, then JK[G) # 0 if and only +f there exists Alsn G with
ol |Al.

PROOF. (i) It suffices to show that JK[A] - K[G] is a nil right ideal. Since
this is a local property, we need only check that JK[A]- K[B] is nil for all finite
B D A. But AxB and |B| < oo so it follows easily that JK[A] C JK|[B] thereby
yielding the result.

(ii) If A exists then JK[G] # 0 by (i). Conversely assume JK[G] # 0 and
let 1 = Gy < G1 < --- < Gp = G be the derived series for the solvable group
G. Since JK[Gg] = 0 and JK[G,] # 0 we can choose k > 0 maximal with
JK[G] = 0 and have k < n. Thus JK[Gk+1) # 0 so there exists a group H|
with G, CH C G]H_l,H/Gk finite and JK[Gk.H] ﬂK[H] # 0. Now JK[H] #0
and |H/Gy| < oc imply that JK[H] is nilpotent. Thus there exists a finite
normal subgroup A of H of order divisible by p. Since A <« H,H 4 G4, and
Gry1 <G we have A<44G.

Let G be locally finite. In view of the preceding result we define
[(G) = (A]Alsn G).

Thus S = [(G) is a group which is generated by its locally subnormal subgroups|
Possible examples of such groups are (i) S a p-group or (ii) S an f.c. group, that
is S = A(S). As we will see these examples are the building blocks for a general
S. For each integer n > 1 define

[(G) = (A|Alsn G and [(4) < n)
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where [(A) denotes the composition length of A. For any operator W on groups
we set
WP(G) = {z € W(G)|z is a p-element,).

This is of course consistent with our definition of AP.

THEOREM 10 [8]. Let G be a locally finite group and p a prime. If O,(G) =
1, then [P(G) is the ascending set theoretic union [P(G) = sz, [P(G) of the
normal f.c. groups [F(G).

Note that [*(G) need not be an f.c. group in the above situation. Now let us
add the normal p-subgroup Op(G) to the structure. We define S,(G) 2 Op(G)
by

SP(G)/OP(G) = IP(G/OP(G))'
Thus Sy, is the extension of a normal p-subgroup by an ascending union of normal
f.c. groups. Based on the few computations with locally finite groups, it appears
that S,(G) might be the controller of JK|G]. For this reason we consider the
ideal I below.

THEOREM 11 [9]. Let G be a locally finite group and let char K = p > 0.
Set I = JK[S,(G)] - K[G).

(i) I s a mal ©deal of K|G] so I C JK|G].

(i) I 1s a semiprime ideal, that is K[G]/I is a semiprime ring.

(iit) If A(G) = 1, then I is a prime ideal.

Thus we have at least some support for the conjecture that if G is locally
finite and char K = p > 0, then

JK[G) = JK[S,(G)] - K|G).

Note that if this formula holds then we necessarily have $,(G) = C(JK[G]).

But the latter controller statement seems somewhat dubious since S, is not
a radical operator, that is we do not have $,(G/S,(G)) = 1 in general. Thus we
look at the f -radical of G. If W is a group, we say that W is hyper- [ if every
nonidentity homomorphic image W of W satisfies [(W) # L.

LEMMA 12. Let G be a locally finite group and let H = H(G) be generated
by all the hyper-[ normal subgroups of G.

(i) H is the unique largest hyper-[ normal subgroup of G.

(i) H(G/H) = [(G/H) = 1.

(iii) H 2 S,(G) for any prime p.

Thus H is a radical and we discover

COROLLARY 13 [9]. Let G be locally finite and let char K = p > 0. If
H =H(G) and S = S,(G), then JK[H| = JK|[S]- K[H].

This at least eliminates an obvious objection to the conjecture. But the ques-
tion is still wide open. Two problems of particular interest here are: (1) Study
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linear groups in prime characteristic ¢ # p. Perhaps just look at the special
case of Chevalley groups over infinite algebraic extensions of GF(q). (2) Assume
that the orders of the finite p-subgroups of G are bounded. Does this imply that
JK[G] is nilpotent? The conclusion would follow if the Cartan invariants of a
finite group W were bounded by a function of the order of the Sylow p-subgroups
of W.

It now appears that the study of JK|[G] with G locally finite will require a
very close look at the Jacobson radicals of group rings of finite groups. However
it is not clear just what information we will need from the latter. We mention
two results on finite groups which are somewhat suggestive. The first offers a
description of JK|[G] for G a p-solvable group. The second shows that (2) holds
at least for the radical of the center of K[G].

THEOREM 14 [11]. Letchar K = p > 0, let G be finite and define the p-trace

t,: K[G] — K by
tp (Z a,;c) = Z/ Ay

€@
where the latter sum ' is over all p-elements of G.
() t,(JK[G]) = 0.
(ii) If G 4s p-solvable, then JK[G) 1s the largest 1deal I of K|G] with t,(I) = 0.

We note that the p-elements of G are precisely the elements whose p’-part
is trivial. More generally we can consider those elements of G whose p/-part is
contained in a fixed conjugacy class of G. Then each of these p-sections of G
gives rise to a trace map K[G] — K and by considering all of these traces, we
obtain a description of JK|G] as in (ii) which applies to all finite groups.

THEOREM 15 [10]|. Let char K = p > 0 and let G be a finite group with Sy-
low p-subgroup P. Then J(Z(K|[G])) s nilpotent of degree bounded by a function
of |P|.

Finally we return to arbitrary groups G. By combining the two conjectures
we have proposed, we obtain as a possible description of the Jacobson radical
the expression

JK[G]) = JK[S,(AT(G))] - K[G].
Furthermore, if this holds then Sp(A*(G)) = C(JK|G]) and JK[G] = 0 if and
only if S,(A*T(G)) = 1. Thus the description would be sufficiently sharp to solve
the semiprimitivity problem in characteristic p.

We close by tabulating some classes of groups for which the conjecture is
known to hold. These are the so-called computations we have alluded to through-
out this section. The results appear in a sequence of papers by Zalesskii, Hampton
and myself.

THEOREM 16. Let char K =p > 0. Then
JK[G] = JK[S,(A*(G))] - K[G]




for
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or p.

In addition, if G is a linear group over a fleld F of characteristic ¢ # p,
then we know at least that JK|[G] = N*K|[G] and that the conjecture holds for
G = SL,(F) or GL,(F). Unfortunately, there has been no real progress on this
conjecture in 7 years.

2.

. L. Kaplansky, “Problems in the theory of rings” revisited, Amer. Math. Monthly 77|

10.

THE JACOBSON RADICAL OF GROUP RINGS 13

G a locally solvable group or a linear group over a field F of characteristic ()
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3. Zero Divisors in Group Rings

We continue studying the group algebra K[G] and consider a problem of a
different sort. If 1 # z € G with n = o(z) < oo, then

(l-z)14+z+ - +z"H=1-2"=0

and K|G] has zero divisors. On the other hand, if G is torsion-free, then K[G]
has no obvious zero divisors. Based on this observation, and with frankly very
little supporting evidence, it was conjectured that GG torsion-free implies that
K|[G] is a domain (that is, has no zero divisors). Even so, the conjecture has held
up for over 30 years and it is beginning to appear now that it is in fact correct.

In the early days, the work on this problem was for the most part group
theoretic in nature and quite unsatisfactory. The idea was to show that G torsion-
free implies that G has certain other properties which might trivially imply that
K[G] is a domain. Among the special families considered were ordered, right
ordered and unique product groups. But certainly most torsion-free groups are
not right ordered and it is quite possible that they are not unique product either.

When it finally became time to get one’s hands dirty, it was clear that the
finitely generated torsion-free abelian-by-finite groups were the groups to con-
sider. Let G be such a group with A a normal abelian subgroup of finite index.
If G/A is cyclic, then G is necessarily right ordered so nothing new occurs. The
first case of interest is then G/A = Z3 x Z3 and here one discovers the nasty

group

1 z2y — 1:_2).

Then H is torsion-free, A = (22,42, (zy)?) is free abelian of rank 3 and H/A is
a fours group. Furthermore, H is not right ordered. Ad hoc attacks on the zero
divisor problem for this seemingly easy group failed miserably. The question was
finally settled because H is supersolvable.

We recall that a group G is supersolvable if it has a normal series 1 = Go C
G1 C -+ C Gx = G with each quotient G;4+1/G, cyclic. Some examples are
G = Z, Z3 x Zs, the infinite dihedral group and, of course, the group H above.

The first real result on the zero divisor problem was based on work of P. M.
Cohn. Let n be a positive integer. A ring R is said to be an n-fir if and only if all
n-generator right ideals of R are free of unique rank. This concept is of interest
since a 1-fir is precisely a domain.

H=(z,ylz y’z=y"2 y~

14
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THEOREM 1 (3]. Let Ry and Ry be n-firs containing a common division ring
D. Then the coproduct Ry u Ry over D 1s also an n-fir.

Lewin observed that the division ring D above could be replaced by an Ore
domain via localization and then Formanek used it to prove

THEOREM 2 [8]. If G is torsion-free supersolvable, then K[G] is a domain.

It is not true that all finitely generated abelian-by-finite groups are super-
solvable, but they are contained in the following family. A group G is said to
be polycyclic-by-finite if it has a subnormal series 1 = Gg<--- 4Gy = G with
each quotient G,41/G; either infinite cyclic or finite. Note that such groups G
are Noetherian and that K[G] is a right and left Noetherian ring. Furthermore,
if G is torsion-free, then K[G] is certainly a prime ring so the Goldie machinery
is available for its study. Formanek obtained another result which proved to be
quite important.

THEOREM 3 [7]. Let G be a torsion-free Noetherian group and let char K =
0. Then K[G] has no nontrivial idempotents.

PROOF (SKETCH). We first study F[G| with char F =p> 0. Forany z € G

define try: F|G] — F by
tre (z agg> = E ag

g~z

where g ~ z indicates that the elements are conjugate in G. Then tr;(af8) =

trz(Be) and ] )
trg(af ) = Z try(a)? .

yP" ~x

Now let & € F[G] be an idempotent. Then e°” = € implies that

tro(8) = ) try(e)”"
yP"
for all n. Note that Suppe is finite so tr,(€) # 0 for only finitely many conjugacy
classes. Thus tr,(e) # 0 implies 27" ~ z for some n > 0 and then, since G is
Noetherian, we have £ = 1.

Now if aug : F[G] — F is the augmentation map, then aug(e) is an idempotent
in F and hence equal to 0 or 1. We conclude from this, and from the fact that
tr,(e) = 0 for all z # 1, that try(e) = aug(e) = 0 or 1. Finally we study
e € K[G] with char K = 0. Using specializations from K to various fields of prime
characteristic, we deduce that (tre)? = tre so tre = 0 or 1. A characteristic 0
result of Kaplansky now implies that e =0 or 1.

We note that in the above characteristic p argument, one only needs to assume
that G has no p'-torsion. This trace argument is one of the two ways we know of]
using the torsion-free hypothesis. The other one is related but more mysterious.
If e € K|G] is an idempotent, then eK|[G] is a projective K[G]-module. The




16 E v

above result then implies that if K[G] = P & @, the sum of two K[G]-modules,
then P =0 or K|G|.

Projective modules show up in certain homological considerations. Let K be
a ring and let M be an R-module. Then M has finite homological dimension if
there exists a long exact sequence

0—-P,—->P,_1— - —>FP—-M-=0

with each P; projective. We say that R has finite global dimension if all R-
modules have finite homological dimension. In case R = K[G] is a group algebra,
we need only test the principal module M = K (where all z € G act like 1).

THEOREM 4 [12]. Let |G : H| < oo and assume that K[H] has finite global
dimension. If G 1s torsion-free, then K|G] also has finite global dimension.

PROOF (SKETCH). We are given the long exact sequence
0—-P,->P_1—> - —=FP—-K->0

of K[H]-modules with each P, projective. We want to lift this to K[G]-modules.
Ordinary induction of modules, however, will not work since K induces to KG
a module of degree t = |G : H|, and this is not the module K that we need. The
trick is to use tensor induction since K ® K ® --- ® K = K. One shows that
there exists a K[G]-module structure on

Qm= >, P,®P,® ®P,
14224+ =m
and K[G]-module homomorphisms so that

o Q= Q-1 = Qo— K -0

is exact. Roughly speaking, G acts on @, by permuting the tensor factors via
signed permutations on the cosets of H. Since @, is eventually 0, the goal is to
show that each @, is projective.

If G permutes the set {1, then K (2], the K-vector space with basis (2, becomes
a special K[GJ-module which we call a permutation module. Now suppose, for
example, that each P, is free and hence a permutation module for K[H]| with H
acting semiregularly on the basis (that is, the stabilizer H, in H of each point
a is trivial). It follows that each Q,, is a (signed) permutation module for K[G]
with H again acting semiregularly. But then G, N H = H, =1 so each G, is
finite. Hence, since G is torsion-free we have G, = 1, and this implies that each
Qm is a free K[G]-module.

It turns out that the above proof only requires G to have no p-torsion if
char K = p, and then we have

COROLLARY 5. Let G be a polycyclic-by-finite group with no p-torsion and
let char K = p > 0. Then K[G] has finite global dimension.

What good is any of this? Here is a result which should give you an idea. Let
P be a projective R-module. Then P is said to be stably free if P @ Fy = F3
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with Fy and F; finitely generated free B-modules. This of course implies that P
must be finitely generated.

THEOREM 6 [18]. Suppose R is a ring wich satisfies

(i) R s right Noetherian and semiprime,

(ii) R has finite global dimension,

(iil) all finitely generated projective R-modules are stably free.
Then R 15 a domain.

PROOF (SKETCH). Since R is Noetherian we can work with finitely gener-
ated R-modules. Note that finite global dimension implies that all R-modules
are close to the projectives and (iii) says that all projectives are close to the free
modules and hence to Rg. In particular we can prove that if M is a nonsingular
R-module, then the uniform dimension of R divides u.d. M. Furthermore, (i)
implies that Ry is nonsingular and hence so are all right ideals. If I # 0 is such
a right ideal, then 0 < u.d. I < u.d. R and the divisibility yield u.d./ = u.d. R
so I is essential in R. Thus u.d. R = 1 and, since R is semiprime, the classical
ring of quotients of R is a division ring.

It was Brown who first saw how to apply these ideas. He used a localization
theorem of Roseblade to embed K|[G] in a local ring (so all finitely generated
projective modules are free). Then Serre’s result, Corollary 5, and the above
showed that if G is a torsion-free, abelian-by-(finite p) group in characteristic p,
then K[G] is a domain. This was then lifted to characteristic 0 to settle the case
of torsion-free abelian-by-finite groups.

Farkas and Snider carried this further with the following two key ideas. (1)
The difficulty in applying Theorem 6 directly to R = K[G] is that we do not
know whether G torsion-free suffices to imply hypothesis (iii). But G does have
a poly-(infinite cyclic) subgroup H of finite index, and all finitely generated
projective modules for § = K[H] are stably free. Thus the first idea is to study
the finitely generated nonsingular R-modules M and to somehow show that
their restriction to S satisfies u.d. Rg|u.d. Ms. In particular, if I is a nonzero
right ideal of R, then this divisibility along with 0 < u.d.Is < u.d. Rg will
yield Is ess Rs and hence certainly I ess Rg. (2) The second idea is to study
the finitely generated projective K[G]-modules via trace maps. Given such a
module P, there exists a complementary module @ with P& Q = F = K[G]",
the free K[G]-module of rank n. Then the projection map e: F — P C F is
an idempotent in Endg g F' = My, (K[G]). Now let Tr : M,(K[G]) — K be the
composition of the matrix trace followed by the group ring trace. Then Tr ¢ turns
out to be an invariant of P and one computes as in the proof of Theorem 3.

This yields the characteristic 0 part of the following result. Cliff then lifted
the trace computations from characteristic p fields to the p-adics to obtain the
characteristic p part.

THEOREM 7 (1, 2, §]. IfG us a torsion-free polycyclic-by-finite group, then
K[G] 15 a domain.
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There now exist slightly easier proofs in characteristic 0. But this combination
of ideas is still required for the general case. It is interesting to see how the
torsion-free assumption is used in the above proof and for this it is best to
consider characteristic p > (0. Then the Formanek trace argument uses no p'-
torsion and the Serre argument uses no p-torsion. Thus the two techniques are
both required and nicely complement each other. The following result settles the
idempotent problem in characteristic p.

THEOREM 8 [2|. Let charK = p > 0 and let G be a polycyclic-by-finite
group with no p'-torsion. Then K|G| has no nontrivial idempotents.

Theorem 7 is certainly the best result to date on the zero divisor problem.
The next case to consider is probably the torsion-free solvable groups. Here K|G]
is no longer Noetherian, but sometimes it can be suitably localized and made
Noetherian. This approach was used by Snider to obtain some interesting special
cases. Still, we have a long way to go and the zero divisor problem is wide open.
In addition, there are other questions for arbitrary groups which we have not
even mentioned. For example:

a. If G is torsion-free, are all units of K[G] trivial, that is, of the form kg with
k € K\0, g € G? This is not even known for supersolvable groups.

b. If K[G] is a domain, is it necessarily embeddable in a divison ring? This
is clear in the Noetherian case and it is known to be true if G is ordered or a
1-relator group.

Now back to polycyclic-by-finite groups. The above proof leaves a number of
problems in its wake. Specifically these are:

1. If G is a torsion-free polycyclic-by-finite group, are all the finitely generated
projective modules stably free?

2. Let GG be a torsion-free polycyclic-by-finite group. Discuss the nature of the
division ring of fractions Q(K|[G)).

3. Let G be a polycyclic-by-finite group with A*(G) = 1. Determine the
Goldie rank of K[G].

For the remainder of this section, we briefly indicate what is known about
each of the above.

(1) This seems to be the province of Farrell and Hsiang and the methods are
topological. Their latest result is

THEOREM 9 [6]. If G is a torsion-free polycyclic-by-finite group, then all
finitely generated projective modules for the integral group ring Z|G| are stably
free.

Note that once (G becomes nonabelian, these stably free modules are not in
general free.

(2) Let us denote this division ring of fractions by K(G). We will mention
just a few results of interest.
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THEOREM 10 [4]. Let G and H be torsion-free polycyclic-by-finite groups.
If G and H are nilpotent, then K(G) ~ K(H) implies that G ~ H. If G and H
are not nilpotent, then this is not necessartly true.

A counterexample for the latter is constructed as follows. Let G = A x, Z
and H = A X, Z where A = (a, b} is free abelian of rank 2 and where 0 = (J %)
and 7 = ((1) (1,) describe, in additive notation, how a generator for Z acts on A.
Observe that the matrices ¢ and 7 are conjugate over the rationals ¢ but not
over the integers. It is easy to see that G contains an isomorphic copy of H of
index 2 and that H contains a copy of G of index 2. Furthermore, G # H since
G /G’ has torsion but H/H’ does not.

THEOREM 11 [9]. Let G be a torsion-free polycyclic-by-finite group and set
D = K(G). Then hnear groups over D enjoy stmalar properties to those over
fields. For example

(i) Any periodic subgroup of GLn(D) s locally finite (analog of Burnside's
theorem).

(ii) If char K = 0, then any periodic subgroup of GLn (D) s abelian-by-finite
(analog of Jordan's theorem).

(iii) If G is nilpotent, then any noncentral normal subgroup of GL,(D) con-
tains a noncyclic free group (analog of Tits’ theorem).

Part (i) has been further refined by Wehrfritz.

THEOREM 12 [10]. Let G be a torsion-free polycyclic-by-finite group. If G is
poly-(infinite cyclic), then K(G) 15 a uniersal field of fractions of K|[G] (that 1s,
a version of the Eztension Theorem for Places holds). If G is not poly-(infinite
cyclic), then this 1is not necessarily true.

For a counterexample, take our original nasty group

H={(z,ylz Pz =y %y 2%y =277

with char K # 2 and let a: K[H] — K be the augmentation map. If a extends
to a specialization, then there exists an intermediate ring R with K[H| C R C
K(H) and an extended map «: R — K such that Kera = JR. Then R is local
and all elements of K[H| not in the augmentation ideal are invertible in R. Now

compute.
In addition, Stafford has shown that for D = K(G)

Kdim D°? @ D = gldim D°P @ D = h(G)
where the latter is the Hirsch number of GG. Now let G be nilpotent. Then Makar-
Limanov proved that K(G) contains a noncommutative free subalgebra if G is
nonabelian and Lorenz has studied the GK-transcendence degree of K(G).

(3) Finally we discuss the Goldie rank problem. Here we assume that G is
polycyclic-by-finite with A*(G) =1 so K[G] is prime. If N is a finite subgroup
of G, then |N|| u.d. K[G]. Conversely, if |G : H| < oo and K[H] is a domain,
then u.d. K|G]| |G : H|. Thus
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LEMMA 13. In the above context Lem.y |N|| ud. K[G] and u.d. K[G]|
gcd.y|G: H|.
The conjecture is that u.d. K[G] = l.c.m.y [N|. In his work on this, Rosset

formalized the argument of [5] as follows. Let H be any poly-(infinite cyclic)
subgroup of G of finite index. If M is a finitely generated K[G]-module, let

0—-PF,—-P, 1o - —>F—-My—0

be a projective resolution for the restricted module Mg. Since each projective
K[H]-module P; is stably free, we can define the Euler characteristic of M by

x(M)=1G: H|_IE(—1)irankPi.

It is easy to see that this depends only upon M and not on the choice of H or
the resolution. Furthermore

LEMMA 14. With the above notation we have

(i) If M 15 a nonsingular K|[G]-module, then x(M) = u.d. M/u.d. K[G].

(ii) u.d. K|G] is the smallest positive integer m with mx(M) € Z for all
nonsingular modules M.

Part (i1) follows since there exists a suitable module M with u.d. M = 1. The
trace argument of [2] and [5] amounts to showing in the torsion-free case that
if P is a projective K[G]-module then |G : H| divides rank Py. Hence x(M) is
always an integer. A nice application of the above is

PROPOSITION 15 [11]. Let G be polycyclic-by-finite with AT (G) = 1. Then
u.d. Q[G)] divides u.d. GF(p)|G)] for all primes p.

PROOF. Write F' = GF(p). Let M be a uniform right ideal of Q[G] and set
U= MnZ[G) so that Q®z U = M. Since U is Z-pure in Z[G] we see that
U = F ®z U is contained in F ® Z[G] = F|G] and thus U is a nonsingular
F[G]-module.

Now let

0—-P,—-P,_ 11— —-F—-Ug—0

be an appropriate projective resolution of Z[H]-modules. Since these are all free
Z-modules, the sequence splits as Z-modules and tensoring with @ or F over Z
is exact. Thus

0-QRP, - QRP,_ 11— 2Q®FPy—M—0,
0-F®P,—-FQ®P,_1— - —>FQP—-U=0.
are projective resolutions of Q[H|- and F[H]-modules respectively. Since
rankQ ® P, =rank F ® P;
we have x(U) = x(M) and thus, by Lemma 14,
u.d. U/ud. F[G] = 1/ud. Q[G].
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There does not appear to be a direct nonhomological proof of the above. We
remark that the conjecture is known for G supersolvable, (free abelian)-by-cyclic,
or poly-(infinite cyclic)-by-(elementary abelian p) in characteristic p.

10.

11.
12.

13.
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4. Polycyclic Group Rings

I recently wrote a survey [5] on group rings of polycyclic-by-finite groups. Since
I do not wish to merely repeat parts of that here, I will stress different aspects.
The subject has been flourishing because -of its connection with Noetherian ring
theory. Nevertheless, there has been a strong influence from the study of division
rings and from group theory. We consider some examples.

Let D be a divison ring with center K. Suppose G is a multiplicative subgroup
of D\0 and assume that G and K generate D as a division ring. The latter implies
that Z(G) = G N K. The following result of Zalesskii indicates how G sits in D,
at least for certain special G.

LEMMA 1. Let D, K and G be as above and assume that G s torsion-free
nilpotent. If T 15 a transversal for Z(G) in G, then the elements of T C D are
linearly independent over K.

PROOF. Let G,, denote the nth term of the upper central series of G and let
R,. be the K-linear span of G, in D. Thus B; = K. Forn > 1 let T,,;; be a
transversal for G, in G,y with 1 € T}, 1. It suffices to show that T;,1 is free
over R, for alln > 1.

Suppose ZB o; = 0 with o; € R,z; and z; € T,,11. We can assume that ¢ is
minimal, all o; # 0 so t > 1 and that zo = 1. If g € G we have Zé 9 =0so

t

Z(aoaﬂ — a;009) = 0.

=0
Now it is easy to see that the 7th term here is contained in R,z; and that the
1 = 0 term is missing. Thus the minimality of t implies that all terms vanish.
Write ap = @, a1 = Bz with o, 8 € B,\0 and z € Gpn+1\Gx. Then we obtain
the identity

a(Bz)! = (Bz)a®  VgeG.

If n =1, then Ry = K = Z(D). Thus the above yields 27 = z, Vg € G, so

T € 1, a contradiction. Finally let n > 1 and rewrite the identity as

af?(z9z71) = faf* " VYgel.

Since 792~ € G, this is an equation in R,. By induction, R, = R,_1T»
with T,, free over R,,_y. Thus each element of R, has a well defined support in

22
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T, = Gn/Gn_1. Since this is a central factor of G, we have Supp 9 = Supp
and similarly for . Also multiplication is in D so products do not vanish. Thus
forallge G

9z~ =b;la7 bas  modG,_;
with a, € Supp o, b; € Supp 8. In other words, 9z~ takes on only finitely many
values mod G,,_1 80 2Gp—1 € A(G/Gr-1) = Gn/Gr_1 since G is torsion-free
nilpotent. This yields ¢ € G,, a contradiction.

We remark that for n > 1, R, = Rp—1 * (Gn,/Grn—1) is actually a crossed
product (which will be defined later on). Now the embedding of G in D gives
rise to a homomorphism K[G]| — D whose kernel P is obviously a prime ideal.
Note that 1 — g € P if and only if ¢ = 1. Furthermore, the above lemma says
that P = (PN K[G4]) - K[G]. This was the first indication that primes might
have this property for more general groups. Indeed it asserts that G; = Z(G)
controls P.

Let GG be a polycyclic-by-finite group which is not necessarily nilpotent. Then
Z(G) may be trivial, but G can still have normal abelian subgroups of interest. In
fact, we will consider what the mznimal such might look like. Let 1 # AaG with A
free abelian and assume that no nonidentity subgroup of A of smaller rank is nor-
mal in G. Then in additive notation, G acts irreducibly on the finite-dimensional
rational vector space Q ® AT. We say that G acts rationally irreducibly on A.
It is quite possible that A becomes reducible for a subgroup of finite index in G.
Thus, at the expense of dropping down to a subgroup of G of finite index, we
get a more interesting concept.

Let 1 # A be a finitely generated free abelian group and let G be an arbitrary
group acting on A. We say that A is a plinth for G if G and all its subgroups
of finite index act rationally irreducibly on A. It was Zalesskii who first saw the
importance of plinths. Note that G also acts on K[A] and permutes its ideals.
Zalesskii believed that the G-invariant primes of K[A] were necessarily scarce.
In fact, he conjectured the following beautiful result of Bergman.

THEOREM 2 [1]. Let A be a plinth for G. If P 1s a G-inwvariant prime ideal
of K[A], then P =0 or K[A]/P is finite-dimensional over K.

PROOF (FLAVOR). Assume that K = @), the rationals, and that A = (z,y).
Then Q[A]/P is a commutative domain containing @, and the images 7, 7. If 7
and 7 are both algebraic over @, then Q[A]/P = Q[A] is a finite field extension
of the rationals and we are done. Thus we may assume that T is transcendental.
We can then embed Q[4] into the complex numbers C in many different ways.
In particular we can insist that |z| # 1.

Suppose a € P, o # 0 and write @ = )_, 4 kit. Then 0 = Y kiZ € C. Let
u # v be elements of Supp o with || maximal and [7] second maximal. Then

k@ = ~)_, 4, kil implies that

gl < lkul 72D k] - 9]
t
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and hence 1 < [uv—I| < N where N depends only on the coefficients of o and
not on the choice of u or v.

Now P is G-invariant, so if g € G then a? = ) k;t9 € P. We conclude as above
that 1 < |(uv=1)9| < N for the same N but for perhaps different u,v € Supp a.
But there are only finitely many possible pairs to deal with, so for simplicity let
us assume that we always get uv~! = z. Then for all g € G, 1 < [29| < N. For
this z # 1 write 29 = 22959 50 that |29] = |7|%(9)|g|>(¥). Taking logs then
yields

0<a(g)lnfzl+b(g)Infyl <InN.

In the plane, let v denote the vector v "= In|Z|s + In|g|; so that v # O since
|Z| # 1. Then the above inequality forces the vector a(g)i + b(g)7 to belong to
an infinite strip perpendicular to v and of finite width. (See the figure below for
an example.)

Let M: G — GL2(Z) denote the matrix representation of G on A. Then for
all g € G, [a(1),5(1)]M(g) = [a(g),b(g)]. Now in general, for g # 1, M(g) will
have a dominant eigenvalue and hence by applying M(g") for n — o0, —00 we
see that M(g) must have an eigenvector perpendicular to v. Since this is true
for all g € G, G does not act irreducibly on A.

Alternately we can vary the embedding of Q[A] into C getting other choices
for v. Bergman extended this idea to a careful characteristic O proof. Then he
eliminated all the analysis by using non-Archimedean valuations which apply in

all characteristics.

We remark that if P # 0, then G acts on the finite-dimensional field extension
K[A]/P fixing K and thus G must act like a finite group. In other words, G has
a subgroup H of finite index which acts trivially on A, the image of A. If A ~ A,
then H acts trivially on A and the plinth assumption implies that rank A = 1.
Otherwise A 22 A. So A is finite and P is the complete inverse image of a
G-invariant prime of K[A].

This leads to the following definition. Let J <K [G] and observe that G C K{G|
maps into the group of units of K[G]/I. We say that I is faithful if G embeds in
K[G]/I. I is almost faithful if the kernel of the homomorphism is finite. The key
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part of the next result is the easing up of the assumptions on the group action.
The more general A is not difficult to consider.

THEOREM 3 [8]. Let A be a finutely generated f.c.-group, let G act on A and
set D = D4(G), the almost centralizer of G in A. Then D« A, and +f P 15 an
almost faithful G-invariant prime of K[A] we have P = (P N K[D]) - K[A] so
that D controls P.

Let us move on to a second influx of ideas, namely the group theoretic work
of Ph. Hall. Hall was interested in extending known properties of polycyclic-by-
finite groups to more general families. In particular he studied finitely generated
abelian-by-(polycyclic-by-finite) groups. For our purposes they look like M x G
where M is abelian, G is polycyclic-by-finite, and M* is a finitely generated
Z|G)-module. Obviously, the study of such groups is equivalent to the study of]
Z|[G}-modules.

For example, polycyclic-by-finite groups are residually finite. Hall asked about
the larger class. Let us see what is involved here. Let M be an irreducible Z[G]-
module. If M x G is residually finite then it has a normal subgroup N of finite
index with N 2 M. But then N N M corresponds to a proper submodule so
NNM =1 and M embeds in the finite quotient (M x G)/N. Thus, at the
very least we must show that if M is an irreducible Z|G]-module, then M is
finite. In particular this says that for any such M there exists a rational prime p
with Mp = 0, and furthermore, all irreducible GF(p)|(G]-modules are finite. The
latter statement is a natural generalization of the Hilbert Nullstellensatz. Indeed
if G is a finitely generated abelian group, then one aspect of the Nullstellensatz
asserts that all irreducible K[G)-modules are finite-dimensional over K.

To deal with this problem, Hall discovered a new technique for proving the
Nullstellensatz. This method is now known as generic flatness.

THEOREM 4 (2]. Let G be a polycyclic-by-finite group, let A be a torsion-free
central subgroup of G and let R be a commutative Noetherian domain. Suppose
M is a finitely generated R|G)-module. Then there exists a free R[A]-submodule
My of M and 0 # o € R[A] such that every element of M /My is annihilated by
some power of «.

In particular, if we localize at the element « given above, then M, = (Mp)a
is a free R[A],-module.

COROLLARY 5. With the above notation, if M is irreducible and if R[A] 15
a principal ideal domain with infinitely many primes, then R[A] does not act)
fasthfully on M.

PROOF. Assume that R[A] acts faithfully. Since A is central in G this implies
that R[A] embeds in the division ring D = Endg(g; M. Let m € M\0 and let F
be the field of fractions of R[A]. Then F embedsin Dand M 2 Dm 2D Fm~ F
as R[A]-modules. Since a submodule of a free R[A]-module is free, there exists
Fy a free R[A]-submodule of F and 0 # a € R[A] such that every element of




26 POLYCYCLIC GROUP RINGS

F/Fy is annihilated by a power of a. Of course we must have Fy = BR[A] for
some 3 € F, so it follows that every element of F' is contained in Sa~"R[A] for
some n. In particular, only finitely many primes can occur as denominators in

F.
Since Z and GF(p)[(z}] are principal ideal domains we get

COROLLARY 6 [2]. Let G be a polycyclic-by-finite group and let M be an
irreducible Z|G|-module. Then there exists a prime p with Mp = 0. Furthermore,
if G is milpotent, then M is finile.

The problem was finally solved in the affirmative by Roseblade and Jate-
goankar. A key intermediate result is the following Nullstellensatz with opera-
tors.

THEOREM 7 [4, 6]. Let A be a finitely generated free abelian group which
is a plinth for the polycyclic-by-finite group G. Let o € K[A] and suppose that
for every mazimal ideal T of K[A] with only finstely many G-conjugates we have
a? €T for some g € G. Then a =0.

A second group theoretic question concerns the nilpotence of the Frattini
subgroup. Recall that ®(G) in the intersection of all maximal subgroups of G.
It follows that if G — G is an epimorphism, then ®(G) maps into ®(G). If G is
polycyclic-by-finite, then a result of Hirsch asserts that ®(G) is nilpotent. How
about W = M x G7 Let us see what is involved here.

Let H be the image of ®(W) in W/M = G. Thus H C ®(G) is a normal
nilpotent subgroup of G. Let T be a maximal submodule of M. Then M/T
is finite so W/T = (M/T) x G is polycyclic-by-finite. Since ®(W) maps into
the nilpotent group ®(W/T), we deduce that (W) centralizes M/T and hence
H centralizes M/T for all such T. Note that Z[H| acts on M and if I is its
augmentation ideal, then I annihilates each M/T.

To see what this means, let us consider an example. Suppose that M = Z[G]
is the regular Z[(G]-module. Then each T is a maximal right ideal so, since I
annihilates M/T, we have I C T. In other words, I C JZ[G]. The best we can
hope for here, in analogy with the Nullstellensatz, is that 7 is nilpotent.

Returning to the general problem, we expect to conclude that I is nilpotent
in its action on M. This was shown by Hall for GG a nilpotent group and then

THEOREM 8 [7]. Let G be a polycyclic-by-finite group, M a finitely generated
Z|G)-module, and let H be a normal nilpotent subgroup of G. If the augmentation
ideal I of Z|H| annihilates all quotients M /T with T a mazimal Z[G|-submodule,
then MI™ =0 for some n.

COROLLARY 9. IfW 15 a finitely generated abelian-by-(polycyclic-by-finite)
group, then ®(W) s nilpotent.

PROOF. Say W = M x G and use the above notation. We know that H is a
normal nilpotent subgroup whose augmentation ideal I kills all M/T. Therefore,
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MI™ = 0 for some n. In multiplicative notation this says that the n-fold com-
mutator [M, H,H, ..., H] = 1. Since H is nilpotent it follows easily that M x H
is nilpotent and hence so is ®(W) C M x H.

Another aspect of the Nullstellensatz was observed by Segal. An B-module M
is poly-(residually simple) if M has a finite chain of submodules 0 = My C ---
C M, = M with each quotient M, 1/M; residually simple (that is, has radical
zero). Segal proved the marvelous

THEOREM 10 [9]. Let G be a finately generated nilpotent group. Then any
finitely generated Z|G)-module 1s residually simple.

PROOF (FOR G ABELIAN). Since M is a Noetherian Z[G]-module we can
let M’ be a maximal poly-(residually simple) submodule. We can now mod out
by M’. The goal is to show that M = 0. If M # 0, then M contains a nonzero
element m whose annihilator in Z[G] is a prime ideal P. Thus mZ|[G] ~ Z[G|/P.
But the Nullstellensatz implies that any prime ideal is an intersection of maximal
ideals so mZ|G] is residually simple. This contradicts the maximality of M’.

The noncommutative proof is orders of magnitude more difficult. It was then
extended by Brookes to arbitrary polycyclic-by-finite groups.

A third input into the subject is the general theory of noncommutative Noethe-
rian rings. If G is polycyclic-by-finite, then K[G] is Noetherian. In fact, it is
sometimes hard to find where group ring theory ends and Noetherian ring the-
ory begins. We will not discuss additional motivation here except to say that
prime ideals and prime rings are the basic building blocks of the Goldie theory.
The best result in this part of group rings is a description of the primes of K|G).

Let P be a prime of K[G]. We say that P is standard if:

1. P = (PN K[A])- K[G] so that A(G) controls P.
2. PNK[A]=@Q1NQ2N---NQ, a finite intersection of G-conjugate almost
faithful primes of K[A].

Note that A is center-by-finite and finite-by-abelian so the individnal @Q; are
well understood. Also, G/C¢(A) is finite so G acts as a finite group on A. We
remark that if P is standard then it is almost faithful.

More generally we say that P is image standard if there exists N < G with
P the complete inverse image in K |G| of a standard prime of K[G/N]. Since
the natural map K[G] — K[G/N] is so simple, the structure of image standard
primes is also well understood.

If G is a torsion-free, finitely generated nilpotent group, then Zalesskii showed
that all faithful primes of K[G] are standard. More generally, there exists a
property known as being orbitally sound which is satisfied by nilpotent groups
and for which we have
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THEOREM 11 [8]. Let G be a polycyclic-by-finite group.

(1) There exists a unique largest subgroup Gg of finite index in G which is
orbitally sound.

(i) If G 1s orbitally sound then all prime ideals of K[G] are image standard.

It follows from later work that the converse of (ii) also holds. That is, if all
prime ideals of K[G] are image standard, then G is orbitally sound. We will
discuss definitions and results for arbitrary polycyclic-by-finite groups later on.
However, for many problems the finite index |G : Gy| is easily finessed. In partic-
ular, there exist applications to describing primitive ideals, computing prime and
primitive lengths, and describing division rings generated by polycyclic-by-finite
groups.

We close with two problems of interest. The first one asks whether K[G]
is a catenary ring; that is, for all primes P C @ # K|[G], are all saturated
chains of primes joining P and @ of equal length? This is known to be true
for G orbitally sound, but the finite index problem has proved to be difficult to
surmount. The second is to study the structure of the injective K[G]-modules.
Since K|G] is Noetherian, each injective module is uniquely a direct sum of]
uniform injectives. Thus we are interested in the injective hulls E(X) for X a
uniform K[G]-module. In particular we want to study essential extensions of]
uniform modules. For example, let P,Q be prime ideals of K[G]. Then we say
that there exists a link P ~ @ if and only if (roughly) there exists a short exact
sequence 0 — X — U — Y — 0 where U is uniform, X # 0 is a uniform right
ideal of K[G]/P, and Y # 0 is a uniform right ideal of K[G]/Q. Such links have
been studied by Brown and Warfield.
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5. Crossed Products of Finite Groups

Let R be a ring and let G be a group. To start with, a crossed product B +xG
is a generalized group ring. It has as an R-basis the set G which is a copy of G,
so that each element of R = G is uniquely a finite sum ). . r.T with r; € R.
Addition is as expected, but multiplication has two new wrinkles, a twisting and
an action. Specifically, for z,y € G, we have

(twisting) Iy =t{z,y)Ty
where t: G x G — U = U(R), the group of units of R. Furthermore, for z € G

and r € R, we have
(action) rT =TrT
where T € Aut R. The twisting and action are interrelated by conditions precisely
equivalent to R * G being associative. Note that we can and will assume that
1 = 1. It follows that R is naturally embedded in the crossed product via r — r1.
On the other hand, G is in general not contained in K * G. Nevertheless, each
7 is a unit in the ring, & = {uZju € U, = € G} is the group of so-called trivial
units of R * G and 8/U ~G.

We study crossed products because they occur naturally. We do not merely
go around constructing them. For example

LEMMA 1. Let NaH. Then K[H] = K[N] x (H/N).

PROOF. Set R = K[N] and G = H/N. For each z € G let T € H be a fixed
inverse image. Then H =|J, N7 implies that

K/H =) K[Nz=@) Rz

s0 G is an R-basis for K[H).
Since NaH, T "!NZ = N so T "' K|[N|z = K[N] and T induces a conjugation
automorphism on R. In particular, if x € G and r € R, then
1T =3(Z " rz) =717

and we see that an action occurs. Note that the action is trivial if N is central
in H.

29
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Next, for z,y € G we have NT - Ny = Nzy so Ty = t{z,y)7y for some
t(z,y) € N C U(R). Furthermore, this twisting is trivial if we can choose a
consistent set of coset representatives, that is, if H = N x G. Finally we observe
that K[H] is certainly associative.

Several remarks are in order. (1) Finite index problems occur frequently in the
study of group rings. Namely, suppose we know information about K[N] with
N a normal subgroup of H of finite index. The goal is to lift this information to
K[H). Since K[H] = K[N] » (H/N), the structure of crossed products of finite
groups can sometimes help. We will offer a nice example of this. (2) Suppose
I <« K[H] is controlled by N so that [ = L. K[H] with L = TN K[N]. It
then follows easily that K[H|/I = (K[N]/L) * (H/N). (3) Finally, the same
argument shows that if we are given R * H and N < H, then R+ H O R+ N and
R+H = (Rx*N)x*(H/N). Thus we do not leave the family of crossed products.

Certain special cases of crossed products have their own names. If there is no
action or twisting, then & + G = R[G] is an ordinary group ring. If the action
is trivial, then R+ G = R'[G] is a twisted group ring. Finally, if the twisting
is trivial, then R * G = RG is a skew group ring. We frequently construct the
latter.

LEMMA 2. Let G — AutR be a group homomorphism and define RG as
above. Then this skew group ring ts associative.

Note that since the twisting is trivial in RG we have Z% = Zy. Thus we can
drop the overbars here and assume that RG 2 G. The skew group ring is a useful
tool in the Galois theory of rings. We will discuss this later on.

Historically, crossed products arose in the study of division rings. Let K be a
field and let D be a division algebra finite-dimensional over its center K. If F is a
maximal subfield of D, then dimg D = (dimg F)2. Suppose that F'/K is normal,
although this is not always true. If z € Gal(F/K) = G, then the Skolem-Noether
theorem implies that there exists Z € D\0 with Z ~!fZ = f= for all f € F.
Furthermore, Z7 and Z7 agree in their action on F so 75z "1 ~! € Cp(F) = F.
Once we show that the elements T for 2 € G are linearly independent over F
then we conclude by computing dimensions that D =3 ). . FZ = F *G.

More generally we say that A is central simple over K, if A is a finite-
dimensional simple algebra over its center K. Thus A = M, (D) for some n
and division ring D with Z(D) = K. Two such algebras A and B are equiva-
lent, if they have the same D. The equivalence classes then form a group under
tensor product ®g, the Brauer group. Now given A, one can show that there
exists B ~ A with B = F « G. But F * G is determined by the twisting func-
tion t: G x G — F, a 2-cocycle. Thus, in this way we obtain the homological
characterization of the Brauer group as the 2nd cohomology group.

We now begin to consider the ring theoretic praoperties of R * G with G finite.
We start with the essential version of Maschke’s theorem (see [7]).
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THEOREM 3. Guwen R+ G with G finite. Let W CV be R+ G-modules with
no |G|-torsion. Then WessgV of and only if Wessg.g V.

PROOF. We need only show that W essg.q V implies that W essg V since the
other implication is obvious.

Case 1. Suppose V. = W @ U where U is a complementary R-submodule.
Then for all 2 € G,V = Wz o Uz = W & UZ and we let n;: V — W be the
R-homomorphism determined by this decomposition. Note that if v = w + uZ,
then v§j = wy + ux 7, so clearly

T2y (V7) = wy = 7 (V)7

It follows that 7 = ) . is an R * G-homomorphism from V' to W since
T(vg) = D me(vF) = ) Tay (v7)
=D _m:(v)y = ()7

Furthermore, we have n(w) = |Gjw so KertNW = 0 since V has no |G|-torsion,
and hence, Kerm = 0 since W essg.c V. Finally, let v € U and set w = 7(u).
Then |Glu —w € Kermso |Glue WNU =0 and u = 0.

Case 2. Now for the general case. Choose Ur C V maximal with UpNW = 0.
Then W @ UesspV and set E =), (W @U)z. It follows that Eessrp V and that
E is an R x G-submodule. Furthermore, W CECW @ Uso E=W & (UNE).
By Case 1, W = E so WessgV.

THEOREM 4 [2]. Let R be a semiprime ring with no |G|-torsion. Then R+xG
1S semiprime.

PROOF. Let N <R G with N2 = 0. If L = lp.g(N), then La R * G and
Lessg.c R *G as right ideals. Maschke’s theorem now implies that Lessg R* G
so (L N R)essg R. Since R is semiprime, we conclude that rp(L N R) = 0 and
then N C rp,o(LNR) =0, by the freeness of R x G over R.

The proof given above is from [7] but the original techniques are still needed
for the following generalization.

THEOREM 5 [8]. Given R+ G with G finte.

(i) If R * G 1is semiprime and H C G, then R+ H 1s semiprime.

(ii) Assume that R x P 1s semiprime for P = 1 and all elementary abelian
p-subgroups P C G such that R has p-torsion. Then R x G 1s semiprime.

Now let us study the prime ideals in R+G with G finite. Note that G permutes
the ideals of R by conjugation. If AR * G, then AN R is a G-invariant ideal of
R. Conversely, if I is a G-invariant ideal of R, then I * G = I(R = G) is an ideal
of R with (I + G)N R = I. Moreover, (R*G)/(I+*G)=(R/I}*G.

To study the prime ideals P of R« G we might as well mod out by (PNR)*G|
and assume that PN R = 0. This forces R to be G-prime, a condition somewhat
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weaker than being prime. Indeed for G finite it means that there exists a prime
ideal Q of R with (), Q% = 0. Note that {Q%|z € G} is the set of minimal primes
of R and hence is uniquely determined by R. There are two cases to consider
according to whether R is prime or not. We start with the latter situation.

Let H be a subgroup of G and let ] <R+ H. Then I(R * G) is a right ideal
of R * G and we denote by I the unique largest two-sided ideal it contains. In
other words, the induced ideal I€ is given by

I¢ =1d(I(R+G)) = [ (I(R+G))~.

zeG
If J is a second ideal of R « H, then IGJG 4R+ G and

IGJC CIHRxG)JC C1JC CIJ(R*Q).

Thus, induction satisfies the submultiplicative formula IJE C (IJ)C. Note
that H < G implies that

IG = (ﬂ II) (R*Q)

zeG

and H controls IG. The first main result on primes is

THEOREM 6 [5]. Given R+G with G finite and suppose @ is a prime ideal of
R with (Ve @F = 0. Let H be the stabilizer of Q in G. Then the map T — TG
yrelds a one-to-one correspondence between the primes T of R+H with TNR = Q
and the prime ideals P of R x G with PN R = 0.

Note that there is an obvious one-to-one correspondence between the primes
T of R+ H with TNR = @ and the prime ideals T of (R+H)/(Q+H) = (R/Q)+H
with T N (R/Q) = 0. This, therefore, reduces considerations to the prime case.

Now suppose that R is prime and consider all R-module homomorphisms
f: rA — gR where A runs over all nonzero two-sided ideals of R. We say
that f ~ g if and only if f and g agree on their common domain and we let f
denote the equivalence class of f. Then @;(R), the set of all such equivalence
classes, becomes a ring under function addition and composition. Furthermore,
R embeds in Q;(R) via r — right multiplication by r. @;(R) is called the (left)
Martindale ring of quotients of R.

We will discuss § = ¢J; in more detail later on. For now it suffices to know that
C =7(S) is a field called the extended centroid of R. Also, any automorphism o
of R extends uniquely to one of S. We say that ¢ is X-inner if it becomes inner
on S.

Given R * GG, there exists a unique extension to a crossed product § x G. We
let Ginn = {z € G|® is X-inner on R}. Then Gy, <G and the second main result
on primes is

THEOREM 7 [5]. Let R* G be a crossed product with G finite and R prime.
Set S = Q1(R) and let E = Cs.(95).
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(1) E = CYGinnl| 15 a tunsted group algebra of Ginn over the field C, the
extended centroid of R.

(ii) Congugation by eachT € R+« G C S+ G yields an action of G on E.

(iii) Their ezists a one-to-one correspondence between the prime ideals P of
R« G with PN R =0 and the G-orbits of primes of E.

To be precise, the G-orbit {T%} of primes of E corresponds to

pP= (ﬂ Tf) (8xG)N(R*G).
G

By combining the above two results we see that for R a G-prime ring, the primes

P of R«G with PN R = 0 correspond to the H-orbits of primes of £ = C*[Hiyy)

where C is the extended centroid of R/Q. Since E is a finite-dimensional C-

algebra, this implies that there are only finitely many primes P and indeed we

have

COROLLARY 8. Given R+ G with G finite and R a G-prime ring.

(i) If P is a prime ideal of R x G, then P 1s a minimal prime if and only f
PNR=0.

(i1) There exist only finitely many minimal primes Py, Pa, ..., P, andn < |G].

(iti) If J =PiNPaN---N Py, then J is the unigue largest milpotent ideal of
R*G and JIGl = 0.

This result is now a special case of properties of finite normalizing extensions.
But more information is available here. For example, in the notation of Theorem
6, the number of primes P with PN R = 0 is at most equal to the number of
conjugacy classes of H (not of G). Furthermore, if char C = p > 0, then only the
p-regular classes matter. In particular, if Hi,, 18 a p-group, then there exists a
unique prime P with PNR = 0.

We can also use these results to describe when R * G is prime. It reduces to
the twisted group algebra case which is still unsolved.

The above material was developed to study prime ideals in group rings of
polycyclic-by-finite groups. For example, if G is such a group, then G has a
normal subgroup Gg of finite index which is orbitally sound, and hence, we
essentially know the primes of K[Gg]. Furthermore, K(G] = K[Go| = (G/Gq) so
the preceding results can apply. Indeed, Theorem 6 translates almost directly as
follows. Let P be a prime ideal of K[G] and let @ be a prime of K[Go] minimal
over PN K|[Go). If H is the stabilizer of @ in G, then G O H D Gq and there
exists a prime T of R x (H/G,) = K[H| with

P=TC¢ = (}(T K[G])".
TG

It remains to consider T" and, in an attempt to apply Theorem 7 directly, Lorenz
and [ computed X-inner automorphisms using A-methods. It turned out that
yet another variant of the A-method was the missing ingredient, namely
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PROPOSITION 9 [4]. Let G be a polycyclic-by-finite group and let I be an
ideal of K|Q) with I = (INK[A])- K[G] and INK[A] = Q1N Q201+~ Qn,
an wntersection of almost faithful primes. If A, B < K[G]| with AB C I, then
0(A)6(B) C 8(I) = INK[A|. In particular, I is a semiprime ideal and if all Q;
are G-conjugate, then I is a (standard) prime.

This was sufficient to show that T above is image standard. Thus, to start
with, if P is a prime ideal of K[G], then P = TC for T an image standard
prime of K[H] with |G : H| < co. This sounds like a complete solution but it
does leave a number of questions unanswered. Most notably we ask what are
the possibilities for H and how unique is the situation. For this we need some
additional definitions.

Let N be a subgroup of G. Then N is orbital if and only if it has a finite
number of G-conjugates, that is, |G : Ng(V)| < co. N is said to be an isolated
orbital if it is orbital and for any larger orbital N; > N we have |N; : N| = 0.
Finally, G is orbitally sound if all isolated orbitals are normal. Note that any finite
orbital subgroup of G is contained in A+ (G) and that At is an isolated orbital.
The answer to the first question is that H can be taken to be the normalizer of
an isolated orbital subgroup. Thus if G is orbitally sound, then H = G. Next, if
H =Ng(N), then what is N7 Again we need some more definitions.

If I < K[G), then we let I = {z € G|z — 1 € I}. Then I' is the kernel of the
homomorphism G — K|[G]/I and It «G. We can now state that H = Ng(T™)
and, more properly, H is the normalizer of the unique isolated orbital subgroup
of finite index above T'F.

Note that any standard prime is induced from a prime ideal of K[A]. This
leads to our last definition. Let N C G and set H = Ng(N). Then we let Vg(N)
be the subgroup of G with H O Vg (N) 2 N and Vg (N)/N = A(H/N). We
can now state the following three results of [6]. The first of course is based on
the work of [9)].

THEOREM 10 (EXISTENCE) (6, 9]. Let G be polycyclic-by-finite and let P
be a prime 1deal of K[G]. Then there ezists an isolated orbital subgroup N of G
and a prime L of K[V ¢(N)] with [N : L] < 0o and P = LC.

Note that Vg(N)/N is torsion-free abelian so Vg (N)/L! is finite-by-abelian
(and center-by-finite). Thus L is essentially a prime of a commutative group
algebra. We call N above a vertex of P and L a source.

THEOREM 11 (UNIQUENESS) [6]. Let G be polycyclic-by-finite and let P
be a prime of K(G|. Then the vertices of P are unique up to conjugation in
G. Furthermore, if N 1s a vertez, then the sources for this N are unique up to
conjugation by Ng(N).

THEOREM 12 (CONVERSE) [6]. Let N be an wsolated orbital subgroup
of the polycyclic-by-finite group G. If L is a prime ideal of K[V (N)| with
|N : Lt| < o0, then LC 1is prime.
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It is a consequence of the last result that every isolated orbital subgroup ig
a vertex. Thus if all primes are image standard, then all isolated orbitals are
normal and ( is orbitally sound. The above has been extended to

COROLLARY 13 [1]. Let N be an isolated orbital subgroup of the polycyclic-
by-finite group G. If L is a prime ideal of K[N] having only finitely many con-
Jugates under Ng(N), then LE 1is prime.

In closing we briefly mention the beautiful results on finite normalizing ex-
tensions. These deserve a much more detailed discussion than we can offer here.
Let S O R be rings with the same 1. Then S is a finite normalizing extension
of R if there exist s1,s2,...,5, € S with § = > 7 Rs, and s,R = Rs, for all
1. For example, we could have § = R x G with G a finite group or S could be
a finite centralizing extension where each s, centralizes K. The following result
was contributed to by a number of people. But by far the most difficult part is
the incomparability due to Heinicke and Robson. So we credit all of it to their

paper.

THEOREM 14 [3]. Let S =) T Rs, be a finite normalizing extension of R.

(1) (Cutting Down) If P s a prime ideal of S, then PNR = Q1NQ2N---NQy
13 an intersection of t < n minimal covering primes of R. Furthermore, all R/Q,
are 1somorphac.

(ii) (Lying Over) Let @ be a prime ideal of R. Then there exist primes Py, Pa,
..., P of S unth 1 < s < n such that Q is minimal over each P, N R.

(ili) (Incomparability) Let P be a prime ideal of S and let [ «S with I > P.
ThenINR > PNR.

A continuation of [3] considers nilpotent ideals of S. Furthermore, the authors
study intermediate extensions, that is, rings T contained between R and S. They
obtain a strong relationship between the primes of R and those of 7. However,
they are less successful relating those of S and T. We remark that not every
finite extension of interest is an intermediate extension. For example, let R be a
local commutative algebra of characteristic p > 0 with J = JR # 0 and suppose
6 is a derivation of R with 67 = 0 and 6J € J. Then R[z;é|z? = 0] is not an
intermediate extension of R.
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6. Crossed Products of Infinite Groups

Let us move on to infinite groups and consider a number of natural questions.
To start with, when is R * G prime or semiprime? In the case of group algebras,
the main technique for this is the A-method and the answer depends upon the
finite normal subgroups of G. To understand what is happening, we begin by
assuming that R is prime.

PROPOSITION 1 [6]. Let R be prime and let 0 # I <R+ G. Then I N
(R * Ginn) # 0.

PROOF. Let 0 # ~ € I with minimal support size and say Suppy =
{1 =z0,2;,...,2,}. For each 1, define

A; = {TERIZrJTj eIandr=n}.
J

Then 0 # A; <R. Set A = Ap and note that if ), a,Z; € I, then ap uniquely
determines the other a;. Thus there exist well defined maps f;: A — A; given
by a, = agf;. These are clearly left B-module homomorphisms and they have
inverses g,: A; — A defined similarly. Thus each f; determines a unit g, €
@Qi(R) = S. In addition, for all r € R we have (ap7)f; = (a,ofi)rif1 s0 g7 lrg, =
%" and hence z; € Ging for each i.

This can be used to get a weakened version of the following theorem rather
quickly. The idea is to first drop down to R * Ginn € S * Ginn and note that S =
Ginn = S ® C*[Ginn)- Then the known results on the primeness or semiprimeness
of twisted group algebras can apply. However, the sharper result below requires
a somewhat more complicated approach.

Let G permute the ideals of R. Then R is said to be a G-prime ring if for
all nonzero G-invariant ideals A, B of R we have AB # (. Similarly, R is G-
semiprime if for all nonzero G-invariant ideals A of R we have A? # 0. Note
that if B+ G is given and N < G, then G does permute the ideals of B * N by
conjugation.

THEOREM 2 [7]. Let R x G be given with R a prime ring. Then R x G s
prime (respectively, semiprime) if and only of for all finite normal subgroups N
of G with N C Ginn the ring R x N 15 G-prime (respectively, G-semiprime).

37
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Note that for R prime and NV finite, R* NV has a unique largest nilpotent ideal.
Thus G-semiprime and semiprime are equivalent here. In any case, we see that
the property again depends on the finite normal subgroups.

Next we move on to semiprime coefficient rings and here we discover the
following interesting (that is nasty) example. Let H C G and assume that the
group algebra K[H]| has ideals 0 # A, B with AB = 0. Now G permutes the set
2 of right cosets of H and if a € {1 is the coset H itself, then the stabilizer G,
is also equal to H. Define the commutative semiprime ring R = [] . K. to be
the complete direct product of copies of K indexed by the elements of 2. Clearly
G acts on R by permuting the factors and we can form the skew group ring RG.

Let e, denote the idempotent in R having a one in the w-factor and zeros
elsewhere. Since ¢,9 = e, it follows that, in RG, we have e geq = eqg or 0
according to whether g € H or not. Now K, = e, K so RG D e, KH = ¢, K[H]|
and we can define A = (RG)e,A(RG) and B = (RG)eoB(RG). The above then
yields e, Age, B = 0 for all g € G since A, B« K[H] with AB = 0. Thus AB=0.

In other words, RG can fail to be prime or semiprime even if G has no non-
trivial finite normal subgroups. Let us look further. Set I = K,<R. Then Gy, the
stabilizer of T in G, is equal to H and for all g € G\H we have /T C I NI = 0.
Moreover, K[H] is not prime (or semiprime) so H must have a finite normal
subgroup N with appropriate properties. As we will see, this actually describes
what happens in the case of a general crossed product R * G.

Here is at least an idea of the beginning of the argument. Suppose I, .J are
nonzero ideals of R+xG with IJ = 0. Let T be a finite subset of G with IN(R*T') #
0and JN(R*T) # 0. We can assume that 1 € T and that A = tr(INR*T) #0
and B =tr(JNR=T) #0. Here, of course, tr indicates the identity coefficient.
Clearly A, BaR. Now take g € G. If A9B # 0, then we can choose @ = ) a,z €
INR+T and B = 3 byz € JNR+T with a19b; # 0. But 93 = 0, so by computing
the identity coefficient we see that there exist z,y € T\1 with 29y = 1. Hence
g must belong to an appropriate coset of Cg(z). Looking backwards, this says
that if ¢ is not contained in this finite union of cosets, then A9B = 0. Note that
the latter cannot happen if R is prime and that is why the prime case is easier.
In general, to deal with equations of this nature we have the following technical
lemma.

LEMMA 3. Let G act on R, let H be a subgroup of G of finite index and let
0 # J<R. Assume that J9J =0, Vg € H\UT g Hi, where the latter 1s a fized
finite union of cosets of the subgroups Hy C H. Then there exists a subgroup L
of G and a nonzero product
0£I=J¥v1J¥...Jv CJ
of G-congugates of J with 191 = 0, Yg € G\L. Moreover, |L : LN Hi| < oo for
some k.

To appreciate some of the content of this lemma, suppose we are given
|G : H| < o0 and H = |J] gxHx. Let G act trivially on any field K and take
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J = K. Then J9J = 0 for all ¢ € H\{J7 gxHk, since the latter set difference is
empty, and thus the above applies. But then clearly we must have G\L = & sq
L = G and |G : Hg| < oo for some k. In other words, this lemma generalizes
the group theoretic property we considered earlier.

The main result is

THEOREM 4 [9]. Given the crossed product RxG, there exist ideals 0 # A, B
of R * G with AB = 0 if and only if there exist

(i) N«H C G with N finite,

(ii) an H-invariant 1deal 0 # I of R with 191 = 0 for all g € G\H,

(1) H-invariant ideals 0 # A Bof RxN with A BCI*N and AB =0.
Moreover, A = B if and only zf;l = B.

Note that if R * (G is prime or semiprime, then R is G-prime or (G-semiprime
respectively. Thus there is no loss in assuming that R is G-semiprime. In that
case, the above result can take on a slightly different form. We say that <R is a
T.I ideal (trivial intersection ideal) if for all g € G, either I9 = I or I9N] = 0. We
state two corollaries which use these ideals and finesse the finite group problem.

COROLLARY 5 [9]. Let R+ G be given with R a G-prime ring. Assume that
for all T.I ideals 0 £ I <R we have AY(G;) = 1. Then R * G 15 prime.

In particular, if G is torsion-free and R is G-prime, then R * G is prime.

COROLLARY 6 [9]. Let R * G be given with R a G-semiprime ring. Assume
that for all T.I. ideals 0 # I 9 R we have AP(G1) = 1 1f I has p-torsion. Then

R x G 15 semiprime.

Thus if R has characteristic 0 (that is has no torsion) and if R is G-semiprime,
then R * (G is semiprime.

We would of course like to go further and actually study the prime ideals P
of R * G and again we can assume that P R = 0. At the very least, some
version of incomparability is required. Note that in the ordinary polynomial ring
Klzy,...,2,],if 0 = Py < P, < --- < P,y is a chain of prime ideals, then
Poii = Klz1,...,2,] 80 P,y N K = K > Py K = 0. The best one can
hope for is an analogous result for crossed products with G polycyclic-by-finite.
Tn this case R x G can be viewed as a generalized polynomial ring where the
number of variables corresponds to the Hirsch number h(G). Recall that A(G)
is the number of infinite cyclic factors in a subnormal series for G and that any
finitely generated nilpotent group is polycyclic. We know at least

THEOREM 7 [2]. Let R * G be given with G o finitely generated nilpotent
group of Hirsch number n. If Py < P, < - < Py is a chawn of primes in R+ G
with k > 2™, then PN R > PyNR.

This of course yields information on the prime length of R*G in terms of A(G)
and the G-prime length of R. The general case of polycyclic-by-finite groups is
still open.
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We now change topics slightly and discuss group-graded rings. The notation
here may be slightly confusing. Let ¢ be a multiplicative group. The ring R
is G-graded if R = &) - R(z) is a direct sum of additive subgroups R(z)
indexed by the elements ¢ € G, and if B(z)R(y) C R(zy). Clearly R(1) is a
subring, the base ring, and we have 1 € R(1). We say R is strongly graded if
R(z)R(y) = R(zy) for all 2,y € G.

If X is any subset of G, we let R(X) =3 . R(z). Thus R(G) = R, and if
H is a subgroup of (7, then R(H) is the naturally contained H-graded subring.
Here are some examples.

1. Let S be the crossed product S = R*G. Then S(z) = Rz, S(1) = R,so R
is the base ring and S(H) = R+ H.

2. Let 7 a R and assume that ()5~ I = 0. Then there is a natural Z-grading
on the associated graded ring § =@ ) " I™/I™+1

3. Let G be a finite group and let Mg (R) denote the ring of |G| x |G| matrices
over . We index the rows and columns by the elements of G and assign a grade
of 71y to the entries in the (z,y)-position. In this way, Mg(R) becomes G-
graded with base ring the set of diagonal matrices. Note that if G is infinite we
can still introduce a grading on the row finite matrices. However, this does not
make Mg (R) a G-graded ring since certain infinite sums arise.

4. Let L be a Lie algebra over K and let U/(L) be its universal enveloping
algebra. If A: L — K is a linear functional, let

Sy ={ueU(L)|[l,u] = A(l)u for all | € L}.

These are the semi-invariants corresponding to A. Now set S = >, S. Then
one knows that the sum is direct and that S5, € Sx4,. Thus the semicenter S
of U(L) is graded by the additive group Homg (L, K).

Group graded rings were introduced by Dade [4] as a formal way to deal with
group representation problems. It was clear to him (and most group theorists)
that standard module arguments would apply here. It is interesting to speculate
as to whether he knew about the version of Maschke’s theorem which holds. We
will discuss this later.

Now we would certainly like to extend the crossed product results mentioned
earlier to group-graded rings. However, it quickly becomes apparent that the
old techniques do not carry over. Fortunately they are not necessary since there
exists a duality machine begun in [3] and extended in [10] which translates many
of the crossed product results directly to this new context. We use the simpler
approach of [10] and for convenience assume that G is finite.

Let R be G-graded with G finite. Form Mg(R) and for every subgroup H of
G define R{H} C Ms(R) by

R{H} = {a € Mg(R)|aw, € R(z ' Hy)}.

Here oy, denotes the (z,y)-entry of the matrix a. Then R{H} is a subring of]
the matrix ring and R{G} = Mg(R). In addition, G embeds in Mg(R) via
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g — G = (629, ), the permutation matrix with a 1 in the (z, zg)-entries and zeros
elsewhere.

LEMMA 8. Let H be a subgroup of the finite group G. Then
R{H}=9)Y R{1}h=R{1}+H,

heH
a skew group Ting.

The duality result of [3] follows from R{1} *+ G = R{G} = Mg (R) once R{1}
is suitably identified as a smash product. That result per se has few applications.
The applications really follow from the specific realization of the isomorphism.
Here is a sample application. We say that the grading on R is nondegenerate if
for all z € G and 0 # r € R(z) we have rR(z71) # 0 and R(z~!)r £ 0. If R is
semiprime and G is finite, then a result of Cohen and Rowen asserts that R is
nondegenerate. Conversely

THEOREM 9 [3]. Let R be a nondegenerate G-graded ring with G finite. If
the base ring R(1) is semiprime with no |G|-torsion, then R is semiprime.

This is of course a natural extension of the Fisher-Montgomery theorem. It
is proved by studying the embedding of R into R{1}. On the other hand, [10]
finesses this aspect and is able to study all subrings R{H} directly as follows.

Write G = {z1,%2,...,Z,} and for any subgroup H of G define the diagonal
subsets D(H), D~!(H) of Mg(R) by

D(H) = diag(R(Hzy), R(Hzy),...,R(Hz,)),
D~Y(H) = diag(R(z7 H), R(z3 *H),..., R(z;* H)).
LEMMA 10. If H s a subgroup of the finite group G, then
D~Y(H) - Mc(R(H)) - D(H) C R{H},
D(H) - R{H} - D™'(H) C Mg(R(H)).

In other words, R{H} and Mg (R(H)) are generalized conjugates by diagonal
matrices. This suffices for most applications. For example, we say that R is
component regular if r(R(z)) = 0 and I(R(z)) = 0 for all z € G. More generally,
an R-module V is component regular if vR(z) = 0 implies v = 0. Here is a nice
application.

THEOREM 11 [10]. Let R be a G-graded ring with G finite.

(1) If R 1s semiprime and H 1s a subgroup of G, then R(H) is semiprime.

(i) Assume that R(1) is semiprime and that R(P) 1s semiprime for all ele-
mentary abelian p-subgroups P C G for which R has p-torsion. If R s component
regular, then it is semiprime.

PROOF (SKETCH). (i) Since R is semiprime so is Mg(R) = R{1} » G. The
crossed product result now implies that R{1} * H = R{H} is semiprime. We
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conclude from the generalized conjugation that Mg (R(H)) is semiprime and
hence so is R(H).

(ii) Note that the torsion of Mg(R) is identical to that of R. Now R(P)
semiprime implies the same for Mg (R(P)). Next the generalized conjugation
along with component regularity shows that R{P} = R{1} x P is semiprime.
Finally, the crossed product result implies that R{1} * G = Mg (R) is semiprime
and hence so is R.

This method also yields graded ring analogs of the results discussed earlier on
necessary and sufficient conditions for R * G to be prime or semiprime with G
infinite. Again some minimal hypothesis on the grading is required to preserve the
group structure. One can also obtain module information this way. For example,
here is the essential version of Maschke’s theorem.

THEOREM 12 [8, 10]. Let R be a G-graded ring with G finite and letW C V
be component regular R-modules with no |G|-torsion. Then WessgV #f and only
if Wessp) V.

PROOF. One direction is trivial, so assume W essp V. Let V = Rowg (V) be
the set of row vectors of size |G| with entries in V. Then V O W and these
are both right Mg (R)-modules. Furthermore, W essp (r) V. Since Mg (R) =
R{1} = G, the crossed product result implies that W essg(;} V. Finally, take
v € V\0 and let 7 = [v,0,...,0] € V. Then 5R{1} N W # 0 so the definition of
R{1} implies that there exists r € R(z) for some z with 0 # vr € W. Since W is
component regular, we have vrR(z~1) #0s0 vR(1)NW #£0.

A related result of interest is the following lemma of Grzeszczuk.

LEMMA 13. Let R be a G-graded ring with G finite and let O £ V be an
R-module. Suppose W is an R(1)-submodule of V with W essg(1) V. Then W
contains a nonzero R-submodule of V.

PROOF. Since V # 0 we have W # 0. Note that w € W\0 implies that
wR(1) CW. Now choose X a subset of G of maximal size such that there exists
w € W\0 with wR(X) C W. We claim that X = G. If not, let g € G\X. If
wR(g) =0, then wR(X U {g}) C W, a contradiction. Thus wR(g) # 0.

Now wR(g) is a nonzero R(1)-submodule of V' and W essp(y)V. Thus there
exists w’ € wR(g) N W with v’ # 0. Observe that

w'R(g™'X) CwR(g)R(9™'X) CwR(X) CW
and w’' € W so w'R(g~'X U {1}) C W, again a contradiction. Thus X = G and

wR(G) is a nonzero R-submodule contained in W.

THEOREM 14 [5]. Let R be a G-graded ring with G finite and let V' be a com-
pletely reducible R-module. Then the restriction Vg(y) s a completely reducible
R(1)-module.

PROOF. We can assume that V is irreducible. The lemma then implies that
Vr(1) has no proper essential submodules and hence it is completely reducible.
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Returning to the duality, we mention another module application, this time
for infinite groups.

THEOREM 15 [11]. Let R be a G-graded ring with G polycyclic-by-finite and
let M be a graded-Noetherian R-module. Then M 1s ¢ Noetherian R-module and

Kdimg M < grKdimp M + A(G).

This extends a result of (8] on nilpotent groups and generalizes a result of
Bell on strongly graded rings.

We remark that the duality considered here is part of a more general duality
for Hopf algebras. Unfortunately, the infinite-dimensional case is too technical
to state here, but the finite-dimensional case at least gives the flavor. Here #
denotes the Hopf algebra smash product.

THEOREM 16 [1]. Let H be a Hopf algebra of dimension n < oo over a field
K and let H* be its dual. If A 1s an H-module algebra then

(A#H)#H* ~ A® (H#H") ~ A® M, (K) ~ M, (A).

In the infinite-dimensional case, H* is too large so [1] uses a certain Hopf
subalgebra U of the finite dual H°. We remark that in the case of G-graded
rings for G infinite, this duality does not agree with that of {10]. The result of
[1] is more functorially defined but only exists for residually finite f.c. groups.
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7. Computing the Symmetric Ring of Quotients

Let R be a prime ring. We recall that Q;(R), the left Martindale ring of
quotients of R, is defined as the set of equivalence classes of left module homo-
morphisms f: pA — R where A runs over the nonzero two-sided ideals of R.
Therefore, the following abstract characterization comes as no surprise.

PROPOSITION 1. Let R be prime. Then Q; = Qi(R) has the following four
properties.

(i) @i 2 R with the same 1.

(i) If g € Q1, then there ezists 0 # Aa R with Aq C R.

(ili) If g € Q1 and 0 # A<« R, then Ag =0 implies ¢ =0.

(iv) Let 0 # A< R and let f: RA — pR be an R-module homomorphism.
Then there exists ¢ € Q; with aqg = af for all a € A.

Furthermore, Qi 1s uniquely characterized by these properties.

Of course, the right ring of quotients Q,(R) also exists and has an analogous
characterization. Here are some examples of Q.

1. Let R be a simple ring. Then @Q;(R) = R. Indeed (i), (ii) and (iii) are
obvious and (iv) follows since the only left module maps f: gR — grR are right
multiplication by elements of R.

2. Let R be a commutative domain with field of fractions F'. Then Q;(R) = F.
Again (i), (ii) and (iii) are trivially satisfied by F. For (iv), suppose f: A — rR|
is given. If a,b € A\D, then

a(bf) = (ab)f = (ba)f = b(af)
so a~(af) = b~ 1(bf) and we see that a=(af) is the same element g € F for all
o € A\D.

3. Let R = K{xz,y) be the free algebra on two variables and let I be the ideal
generated by z and y. Then I = Rz + Ry is the free R-module on z and y and
we can define f: gl — gR by zf = 0 and yf = 1. Thus, by (iv), there exists
q € Qi(R) with zg = 0 and yg = 1. In particular, Q;(R) has zero divisors even
though R itself is a domain.

It is because of example (2) that Q; is a ring of quotients and it is because of
(3) that @ is really too large.

Martindale [3] introduced @; to study generalized polynomial identities. For
the most part, he restricted his attention to the smaller ring RC where C = Z(Q))
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is the extended centroid of £. RC is called the central closure of R. It is prime and
centrally closed. Martindale used this extension ring to handle certain types of
linear identities. [n particular he proved (i) below and (ii} is an easy consequence.

PROPOSITION 2 [3]. Let R be a prime ring and C its extended centroud.

(i) Let a;, b, € R\O and suppose Y| a,zb, = 0 forallz € R. Thenay.aa, ..., an
are linearly dependent over C.

(il) Assume that R s centrally closed and let E be an algebra over C. If P 1s
a prime ideal of R@c E with PN R =0, then P = R® Q with Q a prime ideal
of E.

The following computations concern group rings. Here (J; denotes the clas-
sical ring of quotients.

THEOREM 3 [1, 8]. Let K[G] be a prime group ring with center Z.
(i) If K[G) 1s an Ore ring, then Z{Qa(K|[G])) = QulZ).
(i) Qul(Z) = C, the extended centroid of K[G].

Kharchenko observed that Q; can be used to develop a Galois theory of prime
rings. He actually worked with semiprime rings (there is an appropriate defini-
tion of @; in this case) but the subject becomes much more unpleasant. Recall
that ¢ € Aut R is X-inner if its unique extension to @) is inner. A group G of
automorphisms is X-outer if only the identity is X-inner. He showed

LEMMA 4. Let R be a prime ring with a;,b, € R and 0; € Aut R for 1 =
0,1,...,n. Assume that ag,bp # 0 and oo = 1. If Y .5 a,z7b, =0 for allz € R,
then, for some t # 0, o, 1s X -inner.

COROLLARY 5 [2]. If G 1s a group of X-outer automorphisms of R, then
the elements of G are linearly independent automorphisms.

The independence of automorphisms is of course a key ingredient in the ordi-
nary Galois theory of fields. This led Montgomery to define the normal closure
RN of R to be the subring of ¢); generated by R and

N = {units ¢ € Qil¢ " *Rg = R}.

That is, IV is the set of units which define X-inner automorphisms. It follows that
RN is an extension ring of R which is still prime, but it is not normally closed
in general (example later). Since RN is large enough for the study of crossed
products and Galois theory, numerous special cases have been computed. We
start with

THEOREM 6 [5]. Let A be a filtered algebra, so that A = |J;2 g An with
AnAm C Anim, and assume that the assoctated graded algebra A 1s a com-
mutative domain. If o is an X-inner automorphism of A, then o preserves the
filtration and acts trivially on A.

PROOF (SKETCH). If a € A,\A,_1, let @ € A,/A,_; C A be its leading
term. Since A is a domain it follows that @b = ab. Now let ¢ be an X-inner
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automorphism. Then there exist a,b,c,d € A\0 with arb = ¢r?d for all r € A.
We therefore have @7b = ¢rod for all » # 0. In particular, setting » = 1 yields
@b = ¢d and thus since A is a commutative domain we see that ¥ = 7°. Thus ¢
preserves the filtration and acts trivially on A.

This of course applies to U = U(L), the universal enveloping algebra of a Lie
algebra L over K. Indeed we know that U is filtered and that U is a commutative
polynomial ring. Also, if L is finite-dimensional, then U is an Ore domain.

Let g be a unit of @Q;(U) which gives rise to an X-inner automorphism o.
Then the above implies that g~lg = I + A(l) for all | € L where A\: L — K.
Thus A € Hom(L,K) and [l,q] = lg — ql = A(l)g so g is a semi-invariant for
L with ¢ € Q;(U)x. Conversely, suppose 0 # ¢ € Q,(U) with [l,q] = A({)q for
all | € L. It follows that U(L)q = qU(L) and hence that ¢ is a unit of @Q;(U).
Multiplying by ¢! then yields ¢~tlg = | + A(/) and again we have an X-inner
automorphism. We conclude that

COROLLARY 7 [5]. Let L be a Lie algebra over K and let U = U(L) be its
enveloping algebra.

(i) The group of X -inner automorphisms of U(L) is 1somorphic to the additive
subgroup of Hom(L, K) of those A with Q;(U)x # 0.

(i) The semi-invariants for L in U are precisely the normal elements of U.
Hence, the semicenter 1s a characteristic subring of U.

Filtered rings occur naturally in the study of coproducts. Let R; and Ry be
rings containing a common division ring D. Then R = Ry 1L Ry, the coproduct
over D, is filtered by F® = D and F™ = (R, + R))" = )_R;,R,, --- R,.. The
X-inner automorphisms of such rings have been studied in a series of papers
by Lichtman, Martindale and Montgomery (in various combinations). The best
result now is

THEOREM 8 [4]. Assume that each R; > D, at least one of the dimensions
over D is larger than 2, and one-sided inverses in R; are two-sided. Then every
X-inner automorphism of R = Ry 1L Ry is inner unless one of the following
occurs. '

(i) Each R, is primary, that is, R, = D+ T, with T = 0.

(i) One R, 1s primary and the other is 2-dimensional.

(iii) char D = 2, one R; 1s not a domain, and one 1s quadratic.

In the course of the proof one shows that X-inner automorphisms o are
strongly bounded; that is, there exists an integer k > 0 with degr® < degr + k
for all r € R.

As we observed above, if ¢ induces an X-inner automorphism of U(L), then
g normalizes L + K. As an analog in crossed products we consider those X-
inner automorphisms of R * G which normalize the group of trivial units. The
following result gives the idea without all the tedious details. Recall that the
condition Gipp N A1 =1 implies that R * G is prime.
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THEOREM 9 [6]. Let R+ G be a crossed product with R prime and Giy, N
AT = 1. Suppose q is a unit of Q;(R *G) and o € Aut G with

¢ 'Riq= R VeeG.

Then ¢ = 0102 where o1 centralizes a subgroup of G of finite index and 04 1s an
iner automorphism of G. Furthermore, there exists a farrly tight description of
the element q.

COROLLARY 10 [6]. Let R* G be given with R prime and Gipn N AT =1
and let S « G be the unique extension of R+ G with S = Q;(R). Suppose X is
the group of X-inner automorphisms of R *+ G which normalize both R and the
group of trivial units of R+ G. If Xo 15 the subgroup of X consisting of those
automorphisms induced by trivial units of S x G, then X/X is a periodic abelian
group.

We remark that we frequently see theorems which assert that X-Inn R/Inn R
is a periodic abelian group. This is certainly a special situation since, for domains
R, X-Inn R/Inn R can be any group.

Let us return again to enveloping algebras and use them as the coefficient
ring of a skew group ring H = U(L)G. Then H is actually a co-commutative
Hopf algebra. Conversely, a result of Kostant asserts that every co-commutative
Hopf algebra over an algebraically closed field of characteristic 0 is of this form.
Moreover, the Hopf algebra structure essentially picks out L and G.

Note that since U(L) is a domain and we know its group of X-inner automor-
phisms, it is easy to determine when H is prime. For example, in characteristic
0 this occurs if and only if Co(U(L))N AT =L

Let 0 #q € Qi(H) = Qi(U(L)G). We say that ¢ is a semi-invariant for L and
G if and only if there exists u: L — K with

g =ullg Viel
and there exists A: G — K\0 with
r gz = Ax)g Yz e G.

That is, ¢ is a common eigenvector for the natural actions of L and of G on
;. This actually makes sense in Hopf algebra terms. Indeed ¢ is a common
eigenvector for the Hopf inner action of H on Q;(H).

Note that if ¢ is a semi-invariant, then ¢ is a unit of @Q;(H) normalizing U (L)
and the group of trivial units of U{L)G. Thus the above applies. That along with
known results on the semi-invariants of U (L) then yields

COROLLARY 11 [6]. Let U{L)G be a skew group ring of G over the universal
enveloping algebra U(L) of the finite K -dimensional Lie algebra L. Assume that
H = U(L)G 15 prime and that char K = 0 and let SZ denote the linear span of
all seme-invariants for L and G contained in H.

(i) SZ is a commutative integral domain.
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(i) Bvery semi-invariant for L and G i Q) (H) is a quotient of semi-invariants

m SZ.

As we said earlier, the normal closure RN is large enough to handle problems
in crossed products and Galois theory. But it is not large enough for deriva-
tions. Let é: R — R be a derivation. Then 6 extends uniquely to a derivation
§: Q(R) — Q;(R). As usual, we say that é is X-inner if it becomes inner on
Qr, that is, if there exists g € @Q; with 6(r) = [r,q] = rg —gr for all r € R (or
r € Q/(R)). This concept is needed, for example, in

LEMMA 12. Let R be a prime algebra over the rationals and let R[xz;é| be
a differential operator ring wn the variable x. If & is not X-inner, then for any
tdeal 0 # I < R[z; 6] we have IN R # 0.

If § is an X-inner derivation induced by g € Q;(R), then g need not belong to
the normal closure RN. However it does belong to a larger and still well behaved
subring of ;. Rather than merely adding all such ¢ to RN, we take a slightly
different point of view.

Let R be a prime ring. We have already defined @Q;(R) and its right analog
Qr(R). In view of Proposition 1, we might expect a symmetric Martindale ring
of quotients to be characterized as follows.

PROPOSITION 13. Let R be prime. Then the ring @, = Qs(R) s uniquely
determined by the following four properties.

(1) Qs(R) 2 R with the same 1.

(i) If ¢ € Qs, then there emst 0# A, B a R with Aq,qB C R.

(ili) Let g€ Qs and let 0 #I < R. Then qI =0 or Iq = 0 implies that ¢ = 0.

(iv) Let 0 # A, B< R and suppose f: RA =g R and g: Br — Rg are module
homomorphisms satisfying

(af)b=algh) Yac A be B.
Then there exists g € Qs withaf = ag and gb=¢b for alla € A, be B.
Notice that the balanced or associative condition (af)b = a(gb) is necessary
in (iv) since 1t is equivalent to the associativity statement (aq)b = a(gh) in Q.
Notice also that while @), is unique, at this point we do not know that it exists.

One approach, of course, is to consider the set of all equivalence classes of pairs
(f,g) of balanced maps. However, we avoid this by identifying Qs as a subring

of Ql.
PROPOSITION 14. If R i3 a prime ring, then Qs(R) exists. Indeed
Qs(R) = {q € QulqB C R for some 0 # B < R}

and
Qs(R) ={q€ Q,]Ag C R for some 0 # A< R}.

PROOF. Set S = {qg € @|¢B C R for some 0 # B < R}. Since R is prime, it
follows easily that S is a subring of Q;(R) containing E. The goal is to show that
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S satisfies (1)-(iv) of Proposition 13. Of course, (i) and (ii) follow by definition
and for (iii) we know at least, since ¢ € @, that I¢g = 0 implies ¢ = 0. In the
other direction, if g = 0, then choose 0 # AaR with Ag C R. Then (Aq)! = 0so
Aq = 0 since R is prime and hence g = 0. Finally, let f, g be given as in (iv). Then
we know at least that there exists ¢ € Q; with af = aqfor all a € A. The balanced
condition and associativity now imply that a(gh) = (af)}b = (aq)b = algbh) so
A(gb — gb) = 0 and hence gh = ¢b for all b € B. Finally, gB=gB C Rsoge S.

This subring of @; was used by Kharchenko in his work on Galois theory,
although he did not really stress the symmetric aspects of the ring. The sym-
metric formulation can presumably simplify some arguments—my later work
with Montgomery, in particular.

Two remarks are now in order. First, if R is a domain, then so is @, (R). Thus
Qs is not too big. Second, @,(R) O RN and it contains all ¢ inducing X-inner
derivations. Thus it is big enough. Let us consider some specific computations.

1. Let R = K{z,y,...) be a free algebra on at least two generators. Then
@s(R) = R. More generally Kharchenko showed that if R satisfies a 2-term
weak algorithm and if R # D[z; 0], a skew polynomial ring over a division ring,
then Q;(R) = R.

2. This is the example used by Bergman to show that £V need not be normally
closed. Let R = K[t|[z,y|zy = tyz]. Then we have

QuR) = K(t)[z™", z, y|lzy = tyzl,
Q- (R) = K(t)[z,y,y *|zy = tyz],
Qs (R) = K(t)[z, y|zy = tyz].

Thus Qs(R) = RC = RN. Also if S is any of the three rings above, then

Qu(S) = Q-(5) = Qs(8) = K(t)z ™, 2, y, ™ H|zy = tya],

a simple ring. This shows that none of @), @,, @5, RN is a closure operator.
On the other hand, these examples terminate in two steps. One wonders whether
there is an example which keeps growing for infinitely many steps.

3. Let Mo(K) be the set of all co x oo matrices over K. Then this is not
a ring but it does contain the rings of row finite matrices and of column finite
matrices. Let I be the set of all finite matrices (that is having only finitely many
nonzero entries) and let R = K + 1. Then

@i (R) = {row finite matrices},
Q- (R) = {column finite matrices},
Qs (R) = {row and column finite matrices}.

One would like to say in general that @), = ¢y NQ,. However this example shows
that @ and @), are not subrings, in a natural manner, of a common ring.
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Now let us look at group rings. First, K[G] must be prime so A+(G) = 1.
Next we have

LEMMA 15. If Q.(K[G]) = K[G], then A(G) = 1.

This is proved by first showing that Z(K[G]) must be trivial. Thus if K[G]
is symmetrically closed, then G has no nonidentity finite conjugacy classes. It
turns out that the countable classes are the interesting ones since

THEOREM 16 [7]. If all nonidentity conjugacy classes of G are uncouniable,
then K|G] ts symmetrically closed.

What about the countable classes? They each generate, of course, a countable
normal subgroup of G and we have at least

PROPOSITION 17 [7]. Let AY(G) =1 and let 1 # N be a countable locally
finite normal subgroup of G. Then K|G| is not symmetrically closed.

COROLLARY 18 [7]. Let G be a locally finite group with A*(G) = 1. Then
K[G] s symmetrically closed if and only if all nonidentity conjugacy classes of|
G are uncountable.

Let 0 # I <« K[G] and let H <« G. Then an intersection theorem asserts that
under suitable hypotheses I N K[H] # 0. Such theorems can be used to compute
Qs(K[G]). We will skip the precise details here and just mention some groups
to which they apply.

THEOREM 19 [7). (i) If G 1s a nonabelion free group or an algebraically
closed group, then K[G] is symmetrically closed.

(i) If G is a polycyclic-by-finite group with AT(G) = 1, then Q,(K[G]) =
Z71K[G)], the central closure of K|G), where Z = Z(K|[G)).

We remark that if R is a prime Noetherian ring, then Q,(R) need not equal the
central closure RC. Thus part (ii) above does have content. Finally, it appears
that the problem of finding necessary and sufficient conditions for K[G] to be
symmetrically closed will prove to be elusive. Aspects of it seem to be related to
the zero divisor problem.
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8. Galois Theory and Crossed Products

Let G act on the ring R so that we have a group homomorphism G — Aut R.
Then we can form the skew group ring RG which is associative and contains
R,G and the fixed ring RC. In other words, RG contains all the ingredients
for the study of the Galois theory of rings. Thus we might hope to use crossed
product results to obtain Galois theoretic information. Indeed there exist such
applications, but perhaps not an overwhelming amount for the following reasons.

First, it seems necessary for us to assume G is finite. The reason is that only
certain classes of infinite groups are allowed (discussed in the next section) and
their description does not readily translate into crossed product terms. Second,
the structure of RG is best understood when R has no |G|-torsion. Thus the
route through crossed products usually requires that assumption. Third, certain
natural Galois theory questions may not translate to natural questions about
RG and vice versa.

In this section we will discuss skew group ring applications and we will always
assume G to be finite here. We start with the existence of fixed points. Let G
act on R and let I be a nonzero G-invariant ideal of R. The question is whether
I¢ = I'N RS must necessarily be nonzero. The answer is yes and no. For no we
have the following example of Bergman.

Let S = K{z,y) be the free algebra on z,y over the field K of characteristic
p > 2 and let B = M5(S) be the ring of 2 x 2 matrices over S. Now let G be the
group of units of R generated by the matrices

R B I

Then |G| = 2p?, G acts on R by conjugation, and hence R = Cg(G). To
compute the latter, first note that the centralizer of [_(1)(1)] is precisely the set
of diagonal matrices, since char K # 2. It then follows easily that R = K. But]
there is a natural homomorphism S — K obtained by mapping z,y — 0 and this
extends to a map R — My(K) with kernel T # 0. Since [ a R, I is G-invariant,
but INRC=INK =0.

We note three properties of this example. (1) R is a prime ring but not a
domain (and hence has nontrivial nilpotent elements). (2) G is inner on R. (3)
R has |G|-torsion.
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As we will see, each of these three properties is in some sense a necessary
ingredient of the example. We start with a fairly easy result. In the skew group
ring RG, set G =3 .z Then yG = Gy = G for y € G s0 (G)? = |G|G. Also,

if r € R we have
GTG:GZT:E:CZITI=GZTI.

z€G zeG zeG
Thus if we define
trg(r) = Z r¥,
G

then tre: R — RS is an RC-bimodule homomorphism and
GrG = Girg(r) = fre(r)G.

PROPOSITION 1. Let G act on the ring R. Then any of the following implies
the existence of fized points tn nonzero G-invariant one-sided 1deals of R.

(i) RG 1is semiprime.
(i1) R is semiprime with no |G|-torsion.
(iii) R 1s prime and G is X-outer.
(iv) R has characteristic p > 0 and |G| = p.

PROOF. (i) Let I be a nonzero G-invariant left ideal of R. Then IG is a left
ideal of RG. Since RG is semiprime, this implies that IGIG # 0so Itrg(I)G # 0.
Thus 0 # trg(I) C IC.

(i1) and (iii) certainly imply (i).

(iv) Say G = (g) with g? = 1 and let I be as above. Then g acts as a linear
transformation on I and char R = p so (g —1)? = 0. Now note that the nilpotent
transformation ¢ — 1 has a nonzero kernel.

We remark that (iv) is in fact true for any finite p-group G. This covers
properties (2) and (3) of the example, but what about (1)?

THEOREM 2 [2]. Let G act on the domain R.
(i) If G 1s X-inner and faithful, then R has no |G'|-torsion.
(ii) If I is a nonzero G-invariant one-sided ideal of R, then IC # 0.

PROOF. (i) Say char R =p > 0 and let
H = {q|q is a unit of Qs(R) which acts like some g € G on R}.

Then H is a multiplicative group which contains C”, the set of nonzero elements
of the extended centroid C of R. Since G is both X-inner and faithful we have
H/C" ~ G. Therefore H is center-by-finite and this implies that the commutator
subgroup H' of H is finite. Now let ¢ € H' and suppose ¢° = 1. Then (¢g—1)? =0
so ¢ = 1 since Q;(R) is a domain. It follows that pt|H’| and hence pt|G’| since
H’ maps onto G'.

(ii) Since a subring of a domain is a domain, this easily reduces to the situation
where (5 is simple and acts faithfully on R. Since Ginn <G, there are three cases
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to consider:
a. (7 1s X-outer.

b. G 1s X-inner and abelian.
¢. G is X-inner and nonabelian.

Case (a) is already done and for (b) we must have |G| = p for some prime p. Here
the result follows if either char B = p or not. Finally, for (¢) we have G = G’ so
(1) implies that R has no |G|-torsion and again fixed points exist.

Kharchenko in fact proved the stronger result: If R has no nilpotent elements,
then fixed points exist. Thus we are able to finesse |G|-torsion in this case. Now
what can we get with the additional assumption that R has no |G|-torsion? We
actually get the premier result on this question. First note that the augmentation
map p: RG — R is given by p(3_,799) = >_, 7. Fora € RG,z € Gandr e R
we have p(az) = p(a), p(z71a) = p(@)* and p(ra) = rp(a).

THEOREM 3 [1]. Let G act on R and let I be a G-invariant one-sided ideal
of R with no |G|-torsion. Then either IG # 0 or I is nilpotent of bounded degree
(depending on |G|).

PROOF (SKETCH). Assume the [ is a left ideal, form RG and let
16 = {ngg € RG|r, €I forall g€ G} .
Then IG is a left ideal of RG and we set
A= {acIG|p(alG) = p(al) = 0}.

We have (RG)A C A, A(IG) C A and A C IG so p(A?) = 0. The goal is to show
that p(A) is nilpotent of bounded degree.

Define A; to be the linear span of all elements of A of support size at most z.
Then Ag = 0 so p(Ap) = 0. Thus it suffices to show that p(A4;)*: C p(A;-;) for
all = and suitable integers k,. For example, suppose «, 3 € A both have the same
support X with [X| =14 > 1 and write a = ) v a:Z, 8= > . x bsz. For each
z € X formy, =a,8—ab;®. Then~, € Aand Suppy, C X —{z}so~ € A,_1.
Since a € A and b,* € I we have p(v;) = azp(8) so azp(3) € p(A;—1). Adding
over all z € X then yields p(a)p(8) € p(Ai—1). It now follows from a pigeon hole
argument that p(Ai)k‘ C p(A;_q) with k, = ('le) + 1. Thus we have proved that
p(A)™ = 0 with n = kiky--- kg

Finally, suppose that I¢ = Q so that tNrG(I) = 0. We claim that IG C A.
Indeed, if a,b € I, then aGb = Y. abfz! so p(aGb) = atrg(b) = 0. Using
p(A)" = 0 and p(IG) = I - |G| we conclude that I™ . |G|™ = 0 and hence that
I™ = 0 since [ has no |G|-torsion.

It is an open problem to obtain the sharp bound for the degree of nilpotence of
I in the above. It is conjectured that this bound should be |G|. We remark that
less computational proofs of Theorem 3 can be given following the argument of
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Proposition 1 or via the completely different approach of [6]. In either case, one
proves that I is nilpotent but obtains no bound at all for the nilpotence degree.
We briefly discuss the proof in [6]. To start with it requires

LEMMA 4. Let I aR and let Ly and Lo be right ideals of R with I + Ly =
I+Ly,=L;+Ls=R. ThenI—I—(LlﬂLz) = R.

PROOF. First I = RI = (L1 + La)I so I = (IN L1) + (I N Ly). Next, since
I+ Ly =R weseethat L1+ (INLy) = R and hence Ly = (L1 N Ly) + (I N Ly).
Finally, using I + L = R and the above we obtain I + (L1 N L) = R.

LEMMA 5. Let G act on R and let I be a G-invariant ideal of R with I = 0.
Then |G|- 1 C JR.

PROOF. Let M be a maximal right ideal of R. We show that either I C M
or |G| € M. To this end, suppose that I ¢ M. Then I + M = R and hence,
for all g € G, I + M9 = R. The previous lemma now shows that I + M = R
where M is the G-invariant right ideal M = (N, M¥. Thus there exists ¢ € I with
1 — < € M. Furthermore for all g € G, 1 —19 € M, so summing over g yields
|G| - trg(i) € M. But trg(i) = 0 so |G| € M C M. We conclude that |G| I is
contained in all such M.

Here is a sketch of the remainder of the argument. Form a suitable polynomial
power series ring over R. Then G acts on R[[X]| and I[[X]] is a G-invariant
ideal. Furthermore, if I¢ = 0, then I{[X]]® = 0 and |G| - I[[X]) C J(R[[X]]). But
J(R][X]]) is nilpotent, if this extension is chosen properly, so |G| - I is nilpotent
and hence so is I.

A natural generalization of the existence of fixed points is integrality. Namely,
we ask whether I is integral in some reasonable sense over I¢. We will discuss
this question in the final section. Now we move on to other skew group ring
applications. For these we need |G| ™! € R. With this assumption we can set
e = |G|71G € RG. It follows easily that e is an idempotent and that

eRGe = eR® = RSe¢ ~ RC.

This then yields an alternate route from R to its subring R¢. Namely, we can
go from R to RG and then from RG to eRGe ~ RC. Since both of these steps
are fairly well understood, we are able to obtain nice results in this roundabout
fashion. We will discuss two of these applications below.

The first one concerns the restriction of R-modules to RC. If Vg is a right
R-module, let £(Vg) denote the lattice of its R-submodules. Given V' we can
also form the induced RG-module W =V ®r RG and then We is a module for
eRGe ~ RC.

THEOREM 6 [3]. Let G act on the ring R with |G|~ € R and let Vg be o
right R-module. If W =V Qg RG is the induced RG-module, then there ezist
order preserving maps

o: L(Vge) = L (Wgre), 7: L(Wrg) — L (Vge)
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such that
(i) 67 = 1 so o 15 one-to-one and 7 s onto, and
(ii) 7 preserves direct sums.

PROOF. Set S = RG and define o: L(We.s.) — L(Wg) and 7 in the other
direction by A° = AS and B™ = Be. It is a standard, easy result that (i) and
(ii) are satisfied. Thus it suffices to show that We.g. ~ Vre. But this is clear
since W = 3" . V ® = implies that the map v — 3 v ® z gives the necessary
RG-isomorphism.

We can now apply known results on induced modules, including Maschke’s
theorem, to obtain numerous consequences. We list a sample of these. Part (iv)
uses the fact that this machinery also applies to bimodules.

COROLLARY 7. Let G act on R with |G|™! € R and let Vg be a right R
module.

(i) If Vg is Noetherian or Artinian, then so is Vge.

(ii) If R is right Noetherian, then R is a finitely generated RC-module and
RG s right Noetherian.
(iii) If Vr 23 completely reducible of composition length n, then Vge 1s com-
pletely reducible of composition length < n - |G|.
(iv) If R is a direct sum of n simple rings, then RC is a direct sum of at most
m - |G| simple rings.

Part (ii) above is not true in general without the assumption that |G|~! € R.
But the counterexample is not a group ring. Therefore we pose the following
problem. Let H be a polycyclic-by-finite group and let G be a finite group of
automorphisms of H. Then G acts on the Noetherian group rings K[H] and
Z[H). Are the fixed subrings necessarily Noetherian?

Here is how to construct a counterexample. Let N «H with H = H/N infinite
cyclic and let G = Z, act on H normalizing N. Assume that Cy(G) C N and
that G acts trivially on H. Now the fixed points of G on Z[H] are spanned by
the G-class sums of H and, since |G| = p, these class sums have size 1 or p.
Suppose h € H\N. Then the class sum of % has size p since Cg(G) C N and all
G-conjugates of h are congruent mod N since G acts trivially on H. Thus, under
the homomorphism Z[H| — Z[H) we see that Z|H|® maps onto R = Z+pZ[H).
But R is not a Noetherian ring since pZ[H|/p?Z[H| is a quotient of ideals of R
which has infinite R-rank.

Fortunately, such automorphisms of polycyclic-by-finite groups do not exist.
Indeed we have

LEMMA B. Let H be a polycyclic-by-finite group and let G be a finite group
of automorphisms of H. Then [H,G) - Cu(G) has finite indez in H.

PROOF. Set W = H X G so that W is also polycyclic-by-finite. Now it is a
standard group theoretic fact that [H,G] < (H,G) = W and thus we see that
N = [H,G] - G aW. Since N is polycyclic-by-finite, it has only finitely many
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conjugacy classes of finite subgroups, and say these are represented by G =
G1,Ga,...,Gr. We now apply the Frattini argument. To this end let us assume
that G1,Go,...,Gs are the groups in this list which are conjugate to G in W
and say G, = G"+. Then if w € W, we have G*¥ C N so G" is N-conjugate to
one of these G, and hence G* = G,* = G¥+* for some z € N. This implies that
w € Ny (G)w,N = Nw (G) - Nw, so we see that W = |J; Nw (G) - Nw,. Hence
[W: Nw(G) - N| < s < oo and the result now follows quite easily.

The final and perhaps most successful skew group ring application to Galois
theory concerns the behavior of prime ideals. It is based on the earlier study of
primes in RG along with the following classical fact.

LEMMA 9. Let e # 0 be an tdempotent in the ring R and let © map the
ideals of R to those of eRe by I¥ = ele. Then ¢ determines a one-to-one cor-
respondence between the primes of R not containing e and the primes of eRe.
Furthermore, if P1 and Py are primes of R not containing e, then Py C Py if
and only if P¥ C FY.

We remark that if P is a prime ideal of eRe, then its correspondent in R is
the unique largest ideal P of R with ePe = P.

Now suppose that G acts on R with |G|! € R. Let T be a prime ideal
of R and set A = [\, T* so that A is a G-prime ideal. Since RG/AG =~
(R/A)G and the latter ring is semiprime, it follows that AG = PLNPyN---NP,
is an intersection of n < |G| minimal covering primes. We then get primes
Pf Pf,...,P? of eRGe ~ RG. This idea was originally used by Lorenz and
me to compare the prime lengths of R and of R€. It was then carried to its
completion by Montgomery who obtained

THEOREM 10 [4]. Let G act on R with |G|™! € R.

(1) If T is a prime ideal of R, then TN RC = Q1 N Q2N - N Q 15 an
mntersection of k < |G| minimal covering primes. Thus T lies over finitely many
primes of RC.

(ii) If Q is a prime ideal of R, then there exists a prime ideal T of R, unique
up to G-conjugation, such that T' lies over Q.
(i) The following three versions of Going Up and Gowng Down hold.

‘l Il i 1 ;
|

I _ I

Lo ——— T2 fo—T2 g—— T2

2 2 2

The first diagram reads as follows: Let Tq1 2 T be primes of R and assume
that 7} lies over the prime Q; of RC. Then there exists a prime ideal Q; of R®
with Q1 2 @2 and such that T3 lies over (). The other diagrams read similarly.
We remark that an efficient proof of this result can now be found in [5].
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We close with two relevant examples. First let R = M,(C) be the ring of]
n X n matrices over the complex numbers C, and for each 1 <7< n —1 let d;
be the diagonal matrix d; = diag(1,1,...,—1,1,...,1) with —1 in the 7th entry
and ones elsewhere. Let G be the group of automorphisms of B generated by
91,92, - -,gn—1 where each g, acts like conjugation by d,. Then |G| = 2"~! and
G is inner on R. The latter implies that RG = R®¢ E where E = C*[G]. But E
is semiprime and is generated by the commuting elements d,g, so E ~ @ lecl C,
a direct sum of |G| copies of C. Thus RG ~ @lecl R and therefore RG has
|G| = 2! minimal primes. On the other hand, RC is the subring of diagonal
matrices of R so RC has precisely n minimal primes. For n > 3 we see that there
are primes lost under the ¢ map; that is, there are primes containing e.
Finally, let A be a simple domain over the field K and assume that A is not,
a division ring. Then we can choose I to be a nonzero left ideal. For example,
we could take A to be the Weyl algebra A4;(K) = Klz,ylzy — yz = 1] with
char K = 0 and I = Az. Now define R = [K}H ﬁ] C M3(A). It follows easily
that R is prime so 7o = 0 is a prime ideal of R. Also observe that T} = H ﬁ]
is a maximal two-sided ideal of R with R/T; = K. Let G be the group of|
automorphisms of R generated by conjugation by diag(l, —1). We assume of]
course that char K # 2. Then |G| = 2 and RY = diag(K + I, 4). Thus R® has
two minimal primes one of which is Q; = diag(K + I,0). But R%/Q; ~ A so
Q- is also maximal. Thus we see that there exists no prime @Q; of R€ which
completes the diagram below. In other words, the missing Going Up result does
indeed fail. It does not fail in RG, but the prime we get may contain e and,
hence, may not correspond to a prime of RC.

References

1. G. M. Bergman and I. M. Isaacs, Rings with fized-pownt-free group actions, Proc. Lon-
don Math. Sac. (3) 27 (1973), 69-87.

2. V. K. Kharchenko, Generalized identities with automorphisms, Algebra i Logika 14
(1975), 215-237; English transl. 1975, 132-148.

3. M. Lorenz and D. S. Passman, Observations on crossed products and fized rings,
Comm. Algebra 8 (1980), 743-779.

4. S. Montgomery, Prime ideals in fized rings, Comm. Algebra 9 (1981), 423-449,

5. D. S. Passman, It's essentially Maschke’s theorem, Rocky Mountain J. Math. 13 (1983),
37-54.

6. E. Puczylowski, On fized rings of automorphisms, Proc. Amer. Math. Soc. 90 (1984),
517-518.




9. Galois Theory of Prime Rings

The Galois theory of noncommutative rings is an outgrowth of the Galois the-
ory of fields. It was begun by E. Noether [5] in her study of inner automorphisms
of central simple algebras. Later work considered division rings, complete rings
of linear transformations, continuous transformation rings and Artinian rings.
The best results at this time are due to Kharchenko who considered semiprime
rings. We discuss this work here but restrict our attention to the prime case. The
semiprime techniques are more complicated but really contain no fundamentally
new ideas. The proofs invariably begin with a Zorn’s lemma argument to find
an idempotent maximal with some property and then proceed as in the prime
case. We will follow [3] which I believe does a better job of exposition. About
three quarters of that paper develops the work of Kharchenko. The last quarter
is new. Also we should mention [4] which offers a fairly easy path to the simpler
results in the outer case. Let us begin.

We first have to understand the allowable groups. Let R be a prime ring and
let Q@ = Q,(R) be its symmetric Martindale ring of quotients. If the group G acts
on R, we let Gy be the subgroup of GG consisting of those elements which act as X-
inner automorphisms. Thus Gy <G. Furthermore, we define B = B(G) = Bg(G)
to be the linear span of all units ¢ of @,(R) such that conjugation by ¢ induces
an automorphism contained in Gy. It follows easily that B is an algebra over C,
the extended centroid of R. B(G) is called the algebra of the group.

We now say that G is an M-group if

(1) |G : Ggl < o0,

(ii) B is a semisimple finite-dimensional C-algebra.

These are the finiteness conditions required for most results. Now let R¢ denote
the fixed subring of R. Since B(G) is spanned by units acting like elements of]
G, we see that B C Co(R®) and thus conjugation by any unit of B will also
fix RG. This motivates the following definition. We say that G is an N-group
(named for E. Noether) if it is an M-group satisfying the saturation condition

(iii) For any unit b € B we have b1 Rb = R and conjugation by b belongs to
G.

Note that N-groups tend to be infinite since if G is not outer, then the group
of units of B will usually be infinite. Note also that the above assumption on

58



GALOIS THEORY OF PRIME RINGS 59

units of B is quite restrictive. One would not necessarily expect each such unit
to normalize R. In fact, this part is only needed for some of the results and it
would be a worthwhile task to sort out the appropriate hypothesis in each case,
Of course if B C R, then this is not a problem. Here is an example of an N-group
with B¢Z R.

Let I denote the set of all finite matrices in M, (K) and let R = K + I sg
that R is clearly a prime ring. As we pointed out earlier, Qs (R) is the set of row
and column finite matrices. Fix an integer n > 2 and let B be the set of block
diagonal matrices

B = {diag(o, o, @, .. .)|a € M, (K)}.

Then B ~ M,(K),B C Qs(R), and any unit of B normalizes R. This shows
that G = GL,, (K) is an N-group with algebra of the group B.
Let R be a ring and S a subring. We set

G(R/S) = {0 € Aut R|o fixes S}.
We say that S is a Galois subring of R if S is the fixed ring of the group G(R/S).

THEOREM 1 [1]. Let G be an N-group of automorphisms of the prime ring
R. Then G(R/R®) =G.

As we mentioned above, Co(R®) D B. If this centralizer were larger, there
might exist units in Cq(R“)\B which give rise to automorphisms of R fixing
RC. Thus, a necessary first step for the above is to prove

PROPOSITION 2. If G 1s an M -group of automorphisms of R, then Co(R%)
= B.

Suppose R = Ma(K) with K # GF(2),let B=[§ K] C R and let G be the
group of units of B. Then G acts on R by conjugation and R = Cr(B) = K so
Co(RG) > B. Of course B = B(G) is not semisimple here, so the semisimplicity|
hypothesis is really needed.

In the outer case, the proof of Theorem 1 is fairly easy. Here G is finite so
we can define 7(r) = > 79 € RG. If ¢ € G(R/RC), then 7(r)° = 7(r) so
2,79 = 2,79 is an identity which holds for all » € R. Now use the lin-
ear independence of automorphisms. Of course the latter independence must be
proved, but this at least gives the idea. Indeed the proof for more general groups
proceeds in the same way. One first constructs suitable trace forms and then
obtains linear independence results.

To construct trace forms we set B* = Homg(B,C). Then B* is a right B-
module with module structure described below. In the following, we also use *
to denote a dual basis
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LEMMA 3. Let 8: B* — B be a right B-module homomorphism, let {by, bo,
bn} be a C-basis for B = B(G) and let A be a transversal for Gg in G. Then)

ZZ (b,z8(b})) zalgz big

=1 geA

satisfies a,g, by € B and 7(Q) C QF.

PROOF. We just look at the inner case so that r(z) =), b,20(b). If b € B,
write bb, = > ) b,c,; with ¢, E C. Then by definition of the B-module structure
on B*, we have b}b = >, ¢ybl. Since C = Z(Q), we see that for all z € Q

= Z bb,z@(bf) = Z b) £y I@(b:)
—Eb T 9[2% } Zb z0(b:b)

Now use the fact that ¢ is a B-homomorphism to conclude that br(z) = 7(z)b
and hence that 7(Q) C Co(B).

Note that if B is semisimple, then B ~ B* as right B-modules. Thus many
such isomorphisms 8 exist.

The next question concerns the linear independence of automorphisms. In
general this is proved by truncation. Let T(z) = )" a,z%b, be a trace form as
above. If s € R, then rT(sz) =), (ra,s” )z b, is also a trace form and hence

T(x) =ZrkT SKT) Z [Zrkal ] 7 b; .
k

This is called a left truncation of T. Slmllarly, one can truncate on the right. By
studying this process one obtains

LEMMA 4. Let T(z) = ), a,z7'b; be an outer trace form; that is, if o, 1s
X -inner, then o, = 1. Assume that og = 1. Suppose that either bg # 0 and
{a,|o. = 1} 1s C-lUnearly independent, or agp # 0 and {b,|o, = 1} is C-linearly
independent. If I is a nonzero ideal of R, then T(I) £ 0.

As a consequence we have

PROPOSITION 5. Let G be an M-group of automorphisms of the prime ring
R. If I is a nonzero ideal of R, then IN RC #£0.

Now we consider intermediate rings. The results here are somewhat tedious
to state but there are useful special cases of interest. Let G be an N-group of
automorphisms of R and let R 2 S O R%. The problem is to decide when
S = RH for some H, an N-subgroup of G. Since Cg{R®) = B = B(G) we have
Co(S) = Cp(S) and hence S must satisfy
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THE GALOIS CENTRALIZER CONDITION [GZ]. Z = Cpg(S) 5 a semisimple
algebra spanned by its units.

Note that Z will automatically be spanned by its units unless C = GF(2) and
C @ C is a direct summand of Z. The above condition is clearly satisfied if G is
outer since B = C in that case. Also if R is a domain, then so is Q. Therefore
B is a finite-dimensional C-division ring and hence so is Z. Next we have

THE GALOIS IDEMPOTENT CONDITION [GI]. If e is an idempotent of B
with eS(1 — €) = 0, then there exists an idempotent f € Z with Be = Bf.

Note that Be = Bf implies, by taking right annihilators, that (1 — e)B =
(1 — f)B and hence we have

BeS(1-¢)B=BfS(1—-f)B=0

since fS = Sf. Again this condition is trivially satisfied if G is outer or if R is a
domain. In some sense, [GI] is used to deal with certain short identities satisfied
by S; for example, es = ese for all s € §. Another type which must be handled
is

THE GALOIS HOMOGENEITY CONDITION [GH|. Let b€ B\Q and g € G.
Assume bs = s9b for all s € S. Then g = hgo where h € G{R/S) and go € Gy,
the subgroup of X-inner automorphisms mn G.

Suppose that b is a unit of B in the above. Then since G is an N-group,
conjugation by b yields an automorphism gy ! of R with go € Go, and then
clearly ggo' = h € G(R/S). Thus [GH] is automatically satisfied if G is outer,
R is a domain, or if GG is inner. For the latter we merely take gg = g and h = 1.
Finally

THE GALOIS CANCELLATION CONDITION [GC]. Let I« S withrg(I) =0
and letr€ R with Ir C S. Thenr € S.

Suppose that I, r and S are as above and assume in addition that S = RT.
If h € H, then I, Ir C R¥ imply easily that I(r —r?) = 0 and hence that r = r.
Thus r € R¥ = S. The main result on intermediate rings is

THEOREM 6 [1]. Let G be an N-group of automorphisms of the prime ring
R and let R D S O RG so that S is an intermediate ring. Then S = R¥ for
some N -subgroup H of G if and only if S satisfies [GZ], [GI], [GH] end [GC].

In view of our earlier comments, there are a number of special cases where
this simplifies—for example, if G is inner, or if R is a domain or

COROLLARY 7 [1]. Let G be a finite X-outer group of automorphisms of
the prime ring R and let R D S O RE so that S s an intermediate ring. Then
S = R¥ for some subgroup H of G if and only if S satisfies [GC] (such S are
called anti-ideals).



62 GALOIS THEORY OF PRIME RINGS

In the proof of Theorem 6 one actually shows

PROPOSITION 8. Let G be an N-group and let R O S D RC with S satisfying
[GZ), [GI] and [GH]. If H = G(R/S), then there exists | C S C R¥ with I« R
and rx(I) =0.

Three comments are now in order. The first is an example of Teichmiiller. Let
K be a field, ¢ a field automorphism of finite order at least 3, and let k = K{°)
be the fixed field. Set B = Mp(K) and let G = (GLy(K),0) act on R. Then
G is an N-group of automorphisms with B = M;(K) and R® = k. Now set
S = {diag(a,a’)|e € K]. Then R 2 S 2 R®, Z = Cp(8) is the set of diagonal
matrices of R, and S ~ K. It follows from this that S satisfies [GZ] and [GC].
For [GI], let e be an idempotent of R with eS(1 —e) =0. Then eZ(1—¢€) =0
since Z is generated by K and S. But Z is a fixed ring with Cg(Z) = Z so we
can use the fact that Z satisfies [GI]. Finally, since o(c) > 3 it follows easily
that if H = G(R/S) then H C GLy(K) is inner, and hence R = Z > S. In
other words, S is not a fixed ring and indeed S does not satisfy [GH] since if
b= (03) € B then bs = s7b for all s € S but ¢ ¢ HGy = GLa(K).

The second comment is that [GI] is essentially equivalent to the bimodule
property where the latter is a key ingredient in the overall proof. Its definition
is contained in the following statement.

LEMMA 9. Let G be an M-group and let R O S O RC with S satisfying
[GI]. Let M be an (R, S)-subbimodule of Q. Then there ezists an idempotent
fe€Z=Cq(S) withrz(M) = (1 - f)Z such that M 2 If for some nonzero
1deal I of R.

PROOF (SKETCH). Step 1. RC has the bimodule property. Let e € B = B(G)
be an idempotent with Me # 0 and say m € M with me # 0. Choose a trace
form 7(z) = Y _ a;gz%;q and a nonzero ideal I of R with 0 # 7(I) C RG a1 =e,
and {b;;} appropriately related to e. If T'(z) = m7(z), thenT' #0and T(I) C M
since mR® C M. Furthermore, if T = Y r,T(sz) is any truncation of T, then
since RM C M we have T(I ) € M. Truncating as far as possible, we obtain
T(z) = azB with a € R\0, 8 € B and Be # 0 by the choice of {b;1}. Thus
(Ral)B C M and Be # 0. Now vary the e’s appropriately.

Step 2. S has the bimodule property. Since S O R®, M is an (R, R%)-bimodule
so there exists e€ Band 0 # <R with M D Jeand M(1—¢) =0.But M isa
right S-module so M 2 IeS and hence IeS(1 — e) = 0. Thus eS(1 — ¢) = 0 and
now switch e to f € Z using [GI].

Our third comment concerns a strengthening of the V-group assumption. We
say that G is an F-group on R if it is an N-group with B(G) simple. This
motivates the replacement of [GZ] by

[GZ']. Z = Cp(S) is a simple subalgebra of B.

It turns out that {GZ'] implies [GH]. (Notice that S did not satisfy [GZ'] in the
Teichmiiller example.) The following is a sample of the various correspondence
theorems which one obtains by considering special cases.
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COROLLARY 10. Let G be an N-group on the prime ring R. Then the maps
H—RY,  §- G(R/S)

yield a one-to-one correspondence between the F-subgroups H of G and the sub-
rings S with R 2 S D RC which satisfy [GZ'], [GI) and [GC].

Let us move on. Let G be an N-group on R. Then it is not true that RS is
prime, but it is semiprime. Note that G acts on R, so it acts on ) and then on
B. Thus G permutes the centrally primitive idempotents of B and we call the
sum of the idempotents in each orbit the G-centrally primitive idempotents of
B. These determine the minimal primes of R®. More generally we have

PROPOSITION 11. Let G be an N-group and let R O S O RC with S satis-
fying |GZ], [GI] and [GH]. Set Z = Cg(S), H = G(R/S) and let fi1, fa,..., fn
be the H-centrally primitive idempotents of Z. Define P, S by P, = anngf,.

(i) Py, Ps,..., P, are the distinct minimal primes of S and (N7 P; = 0.

(i) annz P, = Z f;.

(iil) If f 15 any nonzero idempotent in Zf,, then anngf = P, and the map
s — fs yields an isomorphism S/P; ~ fS.

The above of course applies with H = G,S = R® and Z = B. Recall from
the Galois theory of fields that if K O Fy, F5 O K, then any K-isomorphism
Fy — F; extends to an automorphism of K. There is an analogous but more
complicated result for prime rings.

THEOREM 12 [2, 3]. Let G be an N-group of automorphisms of the prime
ring R and let R 2 8,5 2 RS with both S and S satisfying [GZ], [G]] and
[GH). Given p: 8 — S, an isomorphism which is the identity on RC, let P be a
minimal prime of S and let P = P¥ be the corresponding minimal prime of S.
Then there exists g € G which “induces” the isomorphism p: S/P — S/P.

More precisely, set Z = Cp(S),Z = Cg(S) and let e, be primitive idempo-
tents of Z and Z which annihilate P and P respectively. Then there exists g € G
with (es)? = s for all s € 5. Now use S/P ~ eS and §/P ~ 5. This works
best when Z and Z are both simple.

COROLLARY 13. Let G be an N-group on R and let R O S, S D RC with
both S and S satisfying [GZ'] and [GI}. If p: § — S 1is an isomorphism which
is the identity on RG, then o is the restriction of some g € G.

Here are some examples. First let R = M4(K) and let G = GL4(K). Set
S = {diag(a,a,a,b)la,b€ K}, S = {diag(a,a,b,b)la,be K}.

Then S and S are fixed rings of subgroups of G and S ~ S, but this isomorphism
is not extendable to all of R since Z ¢ Z.

Now let R = M>3(K) and let o # 1 for an automorphism of K of finite order.
If G = (GLy(K),0), then RC =k = K'9. Set § = {diag(a,b)|a,b € K}, again
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the fixed ring of a subgroup of G, and let ¢: S — S be given by diag(a,b) —
diag(a®,b). In this case, ¢ does extend to Z = S but again not to R. Rather it
is the restriction of two different elements of G, one for each prime factor of S.

Finally, there exist examples to show that the hypothesis of Corollary 13
cannot be weakened to the more natural condition that Z and Z are H- and
‘H-simple, respectively. They must be simple.

In closing we discuss normal subgroups. Let G be an N-group of automor-
phisms and let W be an M-subgroup. Then W can be completed to an N-
subgroup W of G by adding to W the action of all units of B(W). Clearly
B(W) = B(W) and R” = RY. Let H C G. We say that H is almost normal in
G if W = Ng (H) is an M-group with W = G. Since automorphisms only extend
in a reasonable manner from subrings S with Z simple, we must now restrict
our attention to F-subgroups.

THEOREM 14 [3]. Let G be an N-group of automorphisms of the prime ring
R and let H be an F-subgroup of G. Then RH 4s N-group Galois over RC if and
only if H 1is almost normal in G.

We note in the above that R is prime and that N-group Galois means that
RG is the fixed ring of the N-group §(R¥/RC). Furthermore, by Corollary
13, if H is any F-subgroup of G, then any automorphism of R¥ fixing RC
is the restriction of some g € G. Indeed g must belong to Ng(H) = W so
G(RH/RC)~W/H.

Thus we see that the Galois theory of prime rings (and also of semiprime
rings) is a highly developed subject which parallels the Galois theory of fields.
What is missing, however, are applications of this theory. It would be nice to find
intrinsic applications of this machinery and we pose this as a serious problem to
be considered.
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10. Rings and Fixed Rings

In this last section we return to the action of a finite group G on a ring R.
We are naturally interested in the relationship between R and the fixed ring
RC. For example, if R has a certain property, we ask whether it is inherited by
RC and vice versa. We will consider this at least for properties related to chain
conditions. A wider view of the subject can be found in the survey [6] and the
monograph [10].

The first question of interest is actually of a different nature. We ask whether
R is integral in some sense over R¢. To see what is involved here, we begin
with a special case. Let S be an algebra over the field K and set R = M, (S5).
Furthermore, let G be a finite absolutely irreducible subgroup of GL,, (K) so that
the K-linear span of G is M, (K ). For example, if char K = 0, then Sym,, , ; has
such an irreducible representation. Then G acts on R and R = S, embedded as
scalars. Thus at the very least we expect M,,(.S) to be integral over S. Fortunately
this is a result of the extremely clever paper [11].

We start with some definitions. Let R be a ring (possibly without 1) and let
T be a subring. If ry,72,...,7m € R, then a T-monomial is a product of these
r.’s in some order and elements of T' with at least one element of T' occurring.
For example, if t;,t2 € T, then r3t; 79257173 is a T-monomial but r3ryr 73 is not
(unless 1 € T'). The degree of such a monomial is the total degree in all the 7,’s.
We say that R is fully integral over T of degree m if for any ry,79,...,7m € R
we have

ity T = (71, T2, )
where ¢ is a sum of T-monomials in the r,’s of degree less than m. In particular,
setting ry =re = --- =1, = r € R we see that K is therefore Schelter integral

over T.
If A is a ring with 1, we let {e,;} denote the set of matrix units of M, (A4).

THEOREM 1 [11]. Let A be a ring with 1 and let R O T be subrings of
M, (A) (possibly without 1). Assume that

() [ Feu]R>Fes] CR forall k=1,2,...,n.

(i) T consists of diagonal matrices and e, Re,; = ez Te;, foralli = 1,2,...,n.
Then there ezists an integer m = m(n) > 1 such that R is fully integral over T
of degree m.

65
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PROOF (SKETCH). For each k = 1,2,...,n, we embed My (A) into M, (A) as
the k x k upper left corner. The goal is to show by induction on k that RNM (A)
is fully integral over T of degree m(k). For convenience we just consider Schelter
integrality.

First let k = 1 and choose r = [§3] € R N M;(A). Then (ii) implies that
there exists ¢ = 3 2] € T. Thus r? = tr and m(1) = 2.

Now let k¥ > 1 and for any r € RN M (A) write

,rl TII O
r=1| % * 0
0 0 0

where r' is the (k — 1) x (k — 1) corner block. Furthermore, for this r set

o O o
o o o

T’
F=|0
0

so that 7 € R by assumption (i). Given r;,70 € RN My (A) we say r; = r; if and
only if r{ = r4. We note two properties of =.
(1) Let rq,72,7 € RN My(A) and t € T. If r; = 79, then 7r; = 7ry and
tri =tra.
(2) Let r1,7 € RN Mg(A). Then there exists t € T with Fir = rir — r1t.
Indeed there exists t € T with

* "0
r—t=]x*x 0 0
0 0 =«
and then
x« rr" 0
nir—t)=1* x 0| =#r
0 0 O

Suppose k = 2 and let r € RN M5 (K) be given. Then the k = 1 result implies
that 72 — t17 = 0 for some t; € T so (72 — t17)r = 0. Using (1) and (2) we have

=2 3

Pr=F(r? —rtx) = % — r¥ty — rt3, tirr =t (r? — rty)

)
g =13 —T2t2 — i3 —t1r2 +tirty = Fzr—tﬁ'r =0.

Thus s looks like

*x 0 0
s=1]x*% x 0
0O 0 O

and it is now easy to find a monic polynomial satisfied by s. This completes the
proof for k = 2. With a little more care, this argument can be made to hold for
all k> 1.
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We note that m(n) < 22""" and we use this function in the corollaries below.
Let R be a ring with 1 and let 1 = e; + e2 + -+ + e, be a decomposition of|
1 into orthogonal idempotents. If & = {ey,eq,...,e,} then we have Cg(£) =
e1Rei + eaRey + -+ + enRe,. We say that a subring T of Cg(€) = S is an
&-transversal if Se; = Te, for all 1.

COROLLARY 2 [12]. Let R be a ring with 1 and let 1 =e; +ex+--- +€n be
a decomposition of 1 info orthogonal idempotents. Set & = {e1,e2,...,en} and
let T be an &-transversal for Cr(&). Then R 1s fully integral over T of degree
m(n).

PROOF. We embed R into M, (R) by mapping each r € R to [e;re,]. This
is in fact a monomorphism in which the identity elements do not correspond.
Now we merely note that the image of R satisfies the truncation property (i) of
Theorem 1 and that the image of T satisfies property (ii).

This proof is reminiscent of duality, in that we obtain a result about R by
embedding it in M, (R). Even more to the point is the following result of Bergman
(see [12]).

COROLLARY 3. Let R be a G-graded ring with G finite. Then R is fully
integral over the base ring R(1) of degree m(|G|).

PROOF. Recall that Mg(R) 2 R{1} = {alasy € R(z7'y)}. Furthermore,
R{1} is closed under truncation and contains R(1) embedded as scalars. It follows
from Theorem 1 that R{1} is fully integral over R(1) of degree m(|G|). Now we
embed R into Ms(R) by mapping r = ) r(z) to the matrix a with o, =
r(z~ly). Since the image of R is contained in R{1} and since R{1) maps to the
R(1) scalars, the result follows.

COROLLARY 4 [12]. Let G be a finite abelian group acting on the ring R
(possibly without 1) and assume that R = |G| - R. Then R s fully integral over
RG of degree m(|G|).

PROOF. It is easy to reduce this to the generic case where |G|~! € R and R
contains suitable |G|th roots of unity. Since G is abelian, it then follows that R
is graded by the dual group of G and that R(1) = R¢. Now apply Corollary 3.

The original proof of this result used skew group rings and Corollary 2. We
remark that the above integrality is not known for any nonabelian group, even
G = Symj. We also note that the hypothesis R = |G| - R is required here. For
example, let K be a field of characteristic p > 0, let § = K{(z,y} be the free
K-algebra on two generators and set B = M,(S). If G is the group of units of]
R generated by [1 *] and [(1)11’], then G is abelian, |G| = p? and

01
b
RG={1%
{[0 a

Certainly the scalar matrices z and y are not integral over RC.

a€ K, bES}.




68 RINGS AND FIXED RINGS

Now suppose that the ring R of Corollary 4 satisfies R = 0. Then since
all lower degree monomials involve RC, we see that R is nilpotent of index
m(|G|). This nilpotence bound is much too big (|G| suffices for G abelian) but,
nevertheless, Corollary 4 should be viewed as an extension of the Bergman-Isaacs
theorem at least for G abelian. Obviously there is much work still to be done
here when G is nonabelian.

Let us move on to consider chain conditions and related properties. We return
to the assumption that 1 € R. We start by listing applications of the skew group
ring.

PROPOSITION 5. Let G act on the ring R and suppose that R is semiprime
with no |G|-torsion. Let E be a right ideal of R and let A be a right ideal of RC.

(i) RC 4s semiprime.

(ii) If 0 # E 1is G-invariant, then EC = ENRC #0.

(iii) |G|- AC |G- (ARNRY) C A.

(iv) If Eess R, then E N RC ess RC.

(v) If AessRC, then ARess R.

PROOF. (i) We can assume that |G|~! € R. Since R is semiprime, so is RG
and hence, also, eRGe ~ RS where e = |G|~1@G. (ii) This follows from the
Bergman-Isaacs theorem or the fact that RG is semiprime. (iii) Here we merely
note that trg(AR) = Atrg(R) C A and that trg(r) = |G| - 7 if r € RC. (iv)
Since G is finite, [ o B9 ess R so we can assume that E is G-invariant. If Ais
a nonzero right ideal of R, then £ N AR # 0 so |G|(E N AR)® # 0 and hence
AN E® #0. (v) This uses the essential version of Maschke’s theorem. Observe
that R is a right RG-module where R acts by right multiplication and G acts
as the given automorphisms. Thus the RG-submodules of R are precisely the G-
invariant right ideals. We claim first that AR essgg R. Indeed if F is G-invariant
and ARNE =0, then AN E% = 0. Since Aess R we have E¢ = 0 and hence
F =0 by (ii). Now apply Maschke’s theorem to deduce that AR essg R.

In view of the above, ring theoretic properties described by essential right
ideals should translate readily between R and RC. For example, R is semisimple
Artinian if and only if it has no proper essential right ideals. Therefore we obtain

THEOREM 6 [2, 9]. Let G act on R where R is a semiprime ring with no
|G|-torsion. Then R is semisimple Artinian if and only if RC is.

PROOF. Assume R is semisimple Artinian and let E ess R. Then ENRS%ess RC
so 1 € EN RS C E. Conversely, let R be semisimple Artinian. Since R has no
|G|-torsion, this implies that |G|~! € R. If Aess R®, then ARessR so 1 € AR
and |G| € A.

The semiprime Goldie property can also be characterized by essential right
ideals. The following isolates the last few steps in the proof of Goldie’s theorem.
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LEMMA 7. LetT be a multiplicatively closed set of regular elements of R and
suppose

(i) t € T implies tRess R, and

(i) Fess R smplies ENT #&.
Then T is a right divisor set in R, RT~! 1s semisimple Artinian and R 45 a
semiprime Goldie ring with classical ring of quotients Q. (R) = RTL.

With this we can quickly prove the following result.

THEOREM 8 [1, 5, 7|. Let G act on R where R is semiprime with no |G|-
torsion. Then R is semiprime Goldie if and only if RC 1s. When this occurs then
Qu(R) = RT~" where T is the set of reqular elements of R® and Q4(R)C =

ch(RG)'

PROOF. We already know that R€ is semiprime. Suppose R is Goldie. Then
R6ECRC Qu(R) and the latter ring is Artinian so RC satisfies the maximal
condition on right annihilators. Furthermore, if A; & --- @ Ay is a direct sum of
right ideals of R, then Proposition 5 implies, by looking at the fixed points in
a nonzero intersection, that A{R @ --- ® AR is direct. Since the rank of R is
finite we conclude that RC is Goldie.

Conversely, suppose R® is Goldie. Then Q. (R%) = RET~! where T is the
set of regular elements of R®. Now T is a multiplicatively closed subset of R
and it consists of regular elements since for each ¢ € T the G-invariant one-sided
ideals r p(t) and { g(t) have no nonzero fixed points. We claim that T satisfies (1)
and (ii) above. For (i), if ¢ € T, then tR" ess R® so tR = (tR%)R is essential in
R. For (ii), if Eess R, then EN R ess R® so (ENRE)NT # . The lemma
now implies that R is semiprime Goldie with Q,(R) = RT~'. Since T C R®
this also yields Q. (R)¢ = RET-! = Q. (R%).

We move on to the Noetherian condition. We already know that if R is right

Noetherian with |G|~! € R, then RC is right Noetherian and R is a finitely
generated right R%-module. Conversely, we have

THEOREM 9 [3]. Let G act on R, a semiprime ring with no |G|-torsion. If
REC is right Noetherian, then so is R.

PROOF. Since R is semiprime and Noetherian, it is a Goldie ring and hence,
by the above, so is R. Also, Q.(R) = RT~! and Q4(R®) = RCT ! where T
is the set of regular elements of RE. Now Q;(R) is left Noetherian (it is in fact
semisimple Artinian) and it contains |G| ! so Q. (R) is a finitely generated left
module over Q¢ (R)® = RET-1. It follows easily that there exist 71, 7;,...,7, €
R with ch(R) = Z? ch(R)GTZ.

Let » € R and suppose that trg(r.r) = 0 for all 5. Then trg(Qu(R)r) = 0 so
trg(Rr) = 0. Hence tNrG(Zg Rr9) = 0 and we have r = 0 since ), Rr9 is a G-
invariant left ideal with no nonzero fixed points. Finally, we map Rto & > | RG
by sending r € R to @ 3.7 tre(r;r). This is a right RS-module homomorphism



70 RINGS AND FIXED RINGS

and we know that it is an embedding. Since R is right Noetherian, we conclude
that R is a Noetherian R%-module and, hence, that R is right Noetherian.

Certainly we cannot drop the assumption of no |G|-torsion in this theorem.
Now we mention a related result of Kharchenko which comes out of his Galois
theory techniques.

THEOREM 10 [8]. Let R be a prime ring and let G be an M -group of auto-
morphisms of R. Set

I= {'r € R|rR C a finitely generated right RC-submodule of R
and Rr C o finitely generated left RC-submodule of R}.

Then I is a nonzero two-sided ideal of R.

PROOF {SKETCH). It is clear that I < R. The goal is to show that I # 0. Let
T(z) be a trace form and let 0 # A < R with 0 # T(A) C RC. By truncating T
as far as possible, we obtain T'(z) = rzf with r € R\0 and 8 € B(G)\0. Since

T(z) =Y, reT(skz) we see that
rAB=T(A) C> rnT(skA) C > mRC.
k k

If 3 =1, then rA C I (at least it satisfies the right module condition) and we
are done. The idea now to vary the initial choice of 7" to find enough 5’s to span
B. Then we add these appropriately to obtain a linear combination equal to 1.

This result can be applied to a finite group G provided we can guarantee that
it is an M-group. Here it is nice, but certainly not necessary, to bring in skew
group rings.

LEMMA 11. Let G act on the prime ring R and set S = Qs(R). Then the
augmentation map n: .. 8, — ) .8, defined on E = Cga(S) C SG is an
antthomomorphism onto B(G).

PROOF. The map 7 is clearly additive. For multiplication, we first observe
that > s;z € E if and only if each s,z € E. Now if sz,ty € E then since ¢
commutes with sz we have sz - ty = tszy and hence

(s - ty) = ts = n(ty)n(sz).

Thus 7 is an antihomomorphism into S. Finally, sz € E with s # 0 if and only
if s is a unit of S which acts like =1 on R. We conclude that n(E) = B(G).

In particular, since E ~ C*[Gipn|, a twisted group algebra over the extended
centroid C, we see that if G is finite and if R has no |Gjun|-torsion then E and
hence B(G) is semisimple. Thus G is an M-group on R. As we remarked earlier,
Kharchenko’s work handles semiprime rings. Here even the definition of M-group
is tedious, but at least we know that if G is finite and R has no |G|-torsion, then
G is an M-group. Thus
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THEOREM 12 [8]. Let G be a finite group acting on the ring R which s
sermiprime with no |G|-torsion. Set

I= {r € R|rR C a finitely generated right RC-submodule of R
and Rr C a finitely generated left RC-submodule of R} .

Then I 1s an essential two-sided ideal of R.

Now suppose that G and R are as above and that R€ is Noetherian. Then R¢
is Goldie so R is Goldie and hence the ideal I contains a regular element r. Thus
R ~ rR is a finitely generated RC-module and we have obtained an alternate
proof of Theorem 9.

Finally, we briefly mention

THEOREM 13 [4]. Let G be a finite group acting as automorphisms on the
modular lattice L. Then there ezists a strictly tncreasing map f: L — & > L%
where the latter is a finite direct sum of copies of the sublattice L of fized points
under (5.

Hence if LG satisfies any of a large class of chain conditions, then so does
L. Clearly this has numerous applications to the relationship between rings and
fixed rings.
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