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CATEGORICAL METHODS
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Abstract

Let G be a group, R a G-graded ring and X a right G-set. We
study functors between categories of modules graded by G-sets,
continuing the work of {M]. As an application we obtain gener-
alizations of Cohen-Montgomery Duality Theorems by categori-
cal methods. Then we study when some functors introduced in
[M] (which generalize some functors ocurring in [D1], [D2] and
[NRV]) are separable. Finally we obtain an application to the
study of the weak dimension of a group graded ring.

Introduction and Notation

The study of group-graded rings has been the ground for the research
of many authors last years. Different methods have been elaborated to
investigate properties of these rings. One of the most successful tools
is that given by Cohen-Montgomery Duality Theorems [CM)]. Further-
more, some categorical methods have been introduced by other authors
which have been very useful. For instance the study of separable func-
tors, introduced in [N'VV], has caused nice theorems in the field.

Quite often the methods invented have been introduced in the partic-
ular case when the grading group is finite. This is the case of the two
methods mentioned above. Then some efforts have produced different
approaches to the general case. See [Q], [B1], [B2], [AN] and [NRV]
for some extensions of Cohen-Montgomery Duality Theorem and [Ra]
for separable functors.

In [NRYV] the authors introduce a category gr — (R, X, G) associated
to a G-graded ring R (G being a group) and a right G-set X. The most
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important example appears when X is the set G/H of right H-cosets.
This category appears to be useful in the study of the ring R.

Let G and G’ be two groups, R a G-graded ring, R’ a G’-graded ring,
X aright G-set and X' a right G’-set. In [M] covariant adjoint functors
between the categories gr — (R, X, G) and gr — (R, X', G') are studied,
generalizing some results of [Ri2].

Let p : R — R’ be a ring homomorphism, ¢ : X — X’ a map and
v : G — G’ a group homomorphism and assume that for every g € G and
T € X, p(Ry) C Ryg and &(x)v(g) = &(zg). Associated to T = (p,&,7)
there is a pair of adjoint functors T* = gr —(R, X, G) — gr—(R', X', G")
and T, : gr — (R, X',G’) — gr — (R, X,G) for which many functors
occurring in Graded Clifford Theory (cf. [D1], [D2], [GN], [NV2]) as
well as induced and coinduced functors (cf. [MN]) are particular cases.

After some definitions and notations we recall in Section 1 results
of [M] on covariant adjoint functors and point out some similar fact
on contravariant adjoint functors which extend some results of [MR].
We finish Section 1 with some applications to the functors T* and T
associated to a context T = (p,£,y) as in the previous paragraph.

The results of Section 1 set up the framework to give a description
of all the equivalences and Morita dualities (in the sense of Colby-Fuller
[CF]) between categories of the type gr—(R, X, G) using similar methods
as in [Ri2] and [MR]. This is done without proofs in Section 2.

In Section 3 we apply the tools of Section 1 to extend Cohen-
Montgomery Duality Theorems to our setting by using categorical meth-
ods. Namely, we show how the category gr — (R, X, G) can be seen as
the full subcategory of a category of right modules generated by an
ideal. Then we prove new versions of Cohen-Montgomery Duality Theo-
rems for actions and coactions. All the previous versions of these Duality
Theorems can be obtained as particular cases. Furthermore, some equiv-
alences of categories are given which will be useful in applications.

Section 4 is devoted to study when T* and T, are separable. We
give some arithmetical tests for the matter. When R = R’ and p is the
identity map on R, T* and T are isomorphic to the functors T and S¢
introduced in [NRV] and, in this case, T; is always separable while the
test of separability for S¢ can be simplified.

We finish the paper with an application to the weak dimension of a
group graded ring.

The author would like to express his gratitude to Claudia Menini for
her very interesting suggestions.

All rings are supposed to be associative with unit and all modules are
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unital.

For a ring R, mod-R will denote the category of right R-modules and
R-mod the category of left R-modules.

The notation Mg (resp. gM) will be used to emphasize that M is a
right (resp. left) R-module.

In the sequel G will stand for a multiplicative group and R = (BGRQ
g€

for a G-graded ring. The unit of G will be denoted by e while 1 will
denote the unit of R.

Let X be a right (resp. left) G-set. For any g € G and any z € X, zg
(resp. gx) denotes the action of g on z.

Following the notation introduced in [NRV], gr — (R, X, G) will de-
note the category of X-graded right R-module. That is, the objects of
gr — (R, X,G) are right R-modules M with a decomposition into ad-
ditive subgroups M = ?XMJC such that for every ¢ € G and every

x

z € X, MgRy C My, Given M, N objects in gr — (R, X, G), the set of
morphisms from M to N in gr — (R, X,G) is

Homgr—(R,X,G)(M) N) =
= {f € Homgr(M, N)|f(M,) C N, for every z € X}.

Similarly, if X is a left G-set then (G,X,R) — gr will denote the
category of X-graded left R-modules. If M € (G,X,R)—grand z € X,
then the x — th component of M will be denote by oM.

If G is considered as a right G-set by regular action, then gr—(R, G, G)
is just gr — R. If X is a singleton, then gr — (R, X, G) is mod-R.

Let H be a subgroup of G and consider G acting on G/H = {Hala €
G} by (Ha)g = Hag, then gr— (R, G/H, G) is denoted by gr— (R, G/H).

Given M € gr — (R, X,G) (resp. M € (G, X,R) —gr), m € M and
z € X, my (resp. pm) will denote the z — th homogeneous component

of m. That is, m, is defined by m = > m, with m, € M, for every
z€X
z € X. If Fis a subset of X, then Mp = & M, and mp = ) mg.
zeF xEF

The support of an X-graded right R-module is defined to be the set
Supp(M) = {z € X|M, # 0}. Also the support of m € M is the set
Supp(m) = {z € X|m, # 0}.

When we refer to the support or the homogeneous component of degree
g € G of R (or of an element of R) we will consider R as a G-graded
right (or left) R-module.

If X is a right G-set then X has a canonical structure of left G-set as
follows: For any g € G, z € X, gr = zg~'. We will refer to both right
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and left action without specific mention on the side when it is clear from
the context.

Given M € gr — R and x € X, the x — th suspension of M is defined
as the X-graded right R-module M (z) which is equal to M as right
R-module with the grading M(z), = & M,. f M e R~gr, X is a

zg=
left G-set and z € X, then the z — th sgsgension of M is the X-graded
left R-module ()M which is equal to M as a left R-module with the
X-grading ,(z)M = & M,.

gr=y

1. Adjoint functors

Throughout this section G and G’ will be two groups, X a right G-set
and X’ a right G’-set. Moreover R will be a G-graded ring and R’ a
G’-graded ring.

In this first section we will give an explicit description of the covariant
functors between gr — (R, X, G) and gr — (R’, X', G') and the contravari-
ant functors between (G, X, R) — gr and gr — (R', X', G’). This descrip-
tion has been obtained in [Ri2], for the covariant case, when X = G
and X’ = G’ with regular action, and generalized for arbitrary G-sets in
[M]. For the contravariant case, when X = G and X’ = G’, see [MR].

In the last part of the section we consider some instances of adjoint
functors introduced in [M].

Definition. Given M € gr — (R, X,G) and N € (G,X,R) — gr,

A
M ®g N will denote the additive subgroup of M ® g N generated by the
elements of the form m ® n where x € X, m € My and n € .N.

Lemma 1.1. (a) R(z) <§)R N = N for every N € (G,X,R) — gr.
Moreover this isomorphism is natural in both variables.
(b) Let {M;|i € I} be a family of objects in gr — (R, X,G) and N €
A A
(G, X, R) — gr, then (& M) 8r N = © (M; ®x N).
. 2 1

Proof: (a) Let ® : R(z) g N — N be the canonical isomorphism. If
r € Ry N R(z), and n € yN then g = y and hence z = gy. Therefore

B(r®n) =rn€ ;N. Thus ®(R(z) ®r N) C oN. On the other hand, if

n € oN,thenn=®(1®n) and 1 ®n € R(z) é\bR N because 1 € R(z),.
(b) Straightforward. m

Definition. Let Z be a G-G'-set. A Z-graded R-R’-bimodule is an
R-R'-bimodule M with a Z-grading, M = @ M, such that RyM. R, C
z€Z
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Mg,y forevery g€ G, z€ Z and ¢’ € G'.
The set X x X’ has a canonical structure of G-G’-set given by:

9(z,2')g = (gz,2'¢') (9e€G,zeX, 2’ € X',g' €q).

Let P = @ P32y be an X x X'-graded R-R'-bimodule.
(z,z")eXx X'

For every x € X, ;P = @ Py is a submodule of Pr/ and
z'e X'

(¢P)er = Pgay(z’ € X') defines an X'-grading in ,P such that
P € gr— (R, X’,G"). Moreover P is the coproduct of the family
{zP|z € X} in gr - (R, X', G").

Similarly for every 2’ € X', Py = EBXP(Z,Z/) € (G, X,R) — gr and P
is the coproduct of {Py/|z’ € X'} in (IGE, X,R) —

We are going to define three functors associated to the X x X'-graded
R-R’-bimodule P.

The functor — é)RP cgr— (R, X,G) - gr— (R, X',&).

It associates to M € gr—(R, X, G) the right R’-module (—(%)RP)(M) =
M é) r P, considered as a submodule of (M &g P)g, with the X'-grading
M ®g P)o = M &g Pu(a' € X).

The functor — Q%R P associates to f € Homgy,_ (g, x,c)(M, N) the map
f®rP:mep— f(m)®p

The functor H(Pgr/,—): gr — (R, X',G'") —» gr — (R, X, G).
It associates to M € gr — (R, X', G') the right R-module

H(Pri, M) =
= {f € Homgy,_(r' x+,¢)(P, M)|f(c P) = 0 for almost all z € X}

considered as a submodule of Hompg: (P, M)g with the X-grading:

H(Pri,M); =
Z{fEHomgT_(R/,XCG/)(P, M)]f(yP)ZO for 3.11 yEX—{l'}} (.'17 c X)

The functor H(Pg,—) associates to f € HomgT w,x,cn(M',N"),
the map H(Pg/, f) : H(Pr/, M) — H(Pg/,N) given by: H(PR/ f)( )=
fo forall ¢ € H(Pgp/, M).



494 A. pEL Rio

The functor H(—,grP) : (G, X,R) — gr — gr — (R', X', G").
It associates to M € (G, X, R) — gr, the right R’-module

H(M, gP) =
={f eHom, x,gr)—g(M,P)| f(m) C Pr for some finite subset F C X'}

considered as a submodule of Homg(M, P)g with the X'-grading:
H(M, xP)or = {f € Homg x,n)—gr (M, P)|f(m) C P} (&' € X').

The functor H(—, rP) associates to f € Hom(g x,r)—gr (M, N), the
map H(f, rP) : H(N, P) — Hp(M, P), given by: H(f, zP)(¢) = po f
for all ¢ € H(N, gP).

It is left to the reader to check that the above three func/‘gors are
well defined. Similarly there are two covariant functors P Qg — :
(G X"\R') —gr - (G,X,R) — gr and H(gP,-) : (G,X,R) — gr —
(G', X', R")—gr and a contravariant functor H(—, Pr/):gr—(R/, X', G') —
(G, X,R) — gr.

If C is a category, then C°P will denote the dual category.

Let FF:C - D and G : D — C be two contravariant functors. Then
we can consider F': C — D°P and G : D°P — C as covariant functors. We
say that (F,G) is a pair of adjoint contravariant functors on the right if
F :C — D°P is left adjoint of G : D°P — C.

Proposition 1.2. Let P be an R-R’'-graded bimodule.

(a) [M] The functor — Q%R P is left adjoint of H(Pg,—).
(b) (H(—,rP), H(—, Pr)) ts a pair of adjoint contravariant functors
on the right.

Proof: See [M] for (a). In [MR] there is a proof of (b) in the particular
case G = X and G' = X’ with regular actions. The same method works
in the general case. B

For every r € R let A, : R — R be the left multiplication-by-r map
and x, : R — R the right multiplication-by-r map. The following lemma,
is obvious:

Lemma 1.3. Letr € Ry and x € X. Then

(a) A € Homgy,_ (g x,c)(R(z), R(gz)).
(b) Xr € Hom(G,X,R)—gr((gx)Rv (CL‘)R)
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Definition 1.4. Let F : gr — (R, X,G) — gr — (R, X',G’) be a
covariant functor. The X x X’-graded R-R’-bimodule associated to F
is the right R’-module P = & F(R(x)) with the following structure of

. ze€X

left R-module:

rp=[F(A)l(p)  (r € Ry, p € F(R(z)))
and the X x X'-grading:

P wy = F(R(z))a (xe X,z eX).

Let now F : (G, X, R)—gr — gr—(R', X',G’) be a contravariant func-
tor. The X x X’-graded R-R’-bimodule associated to F' is the right R'-
module P = & F((z)R) with the following structure of left R-module

zeX

rp=[F(x»)l(p)  (r€ Ry, pe F((z)R)))
and the X x X’-grading
Powny = F((z)R)w (ze X, ' eX).

Lemma 1.5. Let M € (G, X, R)—gr. Then Hom x,r)—gr((z)R, M)
& M and this isomorphism is natural in each variable.

Proof: For any m € M let Xy, : R — M be the right-multiplication-
by-r map. For every m € M, xm € Hom(g x gr)-gr((z)R, RM) if and
only if m € ;M. Moreover, for every f € Hom(g x,r)—gr(R(z),P), f =
Xf(1)- Therefore the map m + X, is an isomorphism between ;M and
Hom(g, x,r)—gr((zR, M). The naturallity is left to the reader. B

Now we are ready to describe all covariant and contravariant functors
between categories of modules graded by G-sets.

Proposition 1.6. (a) [M] F : gr — (R, X,G) — gr — (R, X',G")
is a left adjoint functor if and only if there exists an X x X'-graded
R-R'-bimodule P such that F & — G%R P. Moreover, in this case P is
isomorphic to the X x X'-graded R-R'-bimodule associated to F.

(b) F:gr— (R, X',G") - gr — (R, X,G) is a right adjoint functor
if and only if there exists an X x X'-graded R-R'-bimodule P such that
F = H(Py,-). .

(c) F:(G,X,R)—gr — gr— (R, X' G is a left adjoint functor
if and only if there exists an X x X’'-graded R-R'-bimodule P such that
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F = H(—, rP). Moreover, in this case, P is isomorphic to the X x X'-
graded R-R'-bimodule associated to F.

Proof: (a) and (b) have been proved in [M]. For a proof of (c), an
argument as in the proof of Proposition 2.1 of [MR] works, by using
Lemma 1.5. &

Now we focus our attention on some particular functors introduced in
[M]. Some examples of these functors can be found in [D1], [D2], [NRV]
and [MN].

Let p : R — R’ be a homomorphism of rings, £ : X — X’ a map
and v : G — G’ a group homomorphism. Assume that the following
. conditions hold:

p(Ry) C Ry &(zg) =&(x)v(9) = (z€X,g€q).

Set T = (p,&,7) (see [M]). For any M € gr — (R, X, G), let T*(M) =
M ®g R’ and for every 2’ € X', let T*(M ),/ be the additive subgroup of
T*(M) generated by the elements of the form m ® ' with m € M, r €
R, and é(z)g’ = o'

For every f € Homgy,_ (g x,¢)(M,N) set T*(f) = fQ R’ : T*(M) —
T*(N).

Proposition 1.7. Let T = (p,£,v) and T* as above. The following
assertions hold:
(a) T* defines a left adjoint functor from gr — (R, X,G) to
gr— (R, X',G").
(b) The right adjoint functor of T* is isomorphic to the functor T :
gr— (R, X", G") — gr — (R, X, G) given as follows:

T.(M)= & T.(M'), (M egr—(R,X',G")
zeX

where the map m' — m'® is an isomorphism of additive groups
from Mé(z) to T.(M'"), and the structure of right R-module on
T (M) is given by the following rule: '

(m'Yr = (m/p(r))*9 (m' e M',r € R,).
If feHomgy, _(r x+,gy(M',N') andm’ € M’ then T..(f)(m'*)=

f(m')®.
(¢) Ty is a left adjoint functor.
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Proof: (a) Clearly T*(M)= 3  T*(M) and T* (M) Ry CT*(M )z,
r'eX’
forevery 2’ € X' and ¢’ € G'.
Let P = & R'(é(z)) € gr — (R, X!,G"). For any z € X, let ug :
zeX .
R'(£(x)) — P be the canonical monomorphism.
P becomes an X x X’ graded R-R’-bimodule after the following rules:

Tua:('r’) = Ug:v(?"’r") (g €eG,re Gg, re R/’ rc X)
Poany =R (@) (zeX, 2 eX).

Furthermore, for every M € gr — (R, X, G), the map

brs: T*(M) — M @g P
mer — Z My @ ug (1)
z€X

is an isomorphism of right R’-modules and for every z'€ X', ¢p(T(M)4/)
=M <§>R P,:. Therefore, T*(M) = @ IT*(M)zr and hence T™* defines
a functor from gr — (R, X, G) to gr ie()](%’, X', G"). Moreover T™ is a left
adjoint, because T & — é\@R P.

(b) For every M’ € gr — (R, X', G"),

H(PR’, M/) = @ Homgr—(R’,X’,G’)(zPa MI)

zeX
= H _(R! el R/ y M’ = M/ .
z?x omg,_(rr,x,c) (R (§(7)) ) IEBX &(z)

Using this isomorphism it is straightforward to see that H(Pgr/, —) =
T. and (b) follows from Proposition 1.2.

(c) Let @ be the X’ x X-graded R’-R-bimodule associated to Tk.
For any M’ € gr — (R', X', G') we define

A
O M Qp Q— T*(M/)
m' ®q— (m'q)*  (m' € M, ¢ € Q)

Then @ is bijective and ® defines an isomorphism of functors be-

A
tween — Qg @ and T.. Therefore T, is a left adjoint and H(Qr/ —) is
its right adjoint. ®
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Lemma 1.8. Let T = (p,£,v) as above and assume that R' = R and
p 1s the identity map. Consider X' as a right G-set by z'g = z'v(g) (2’ €
X', g € G). Then

(a‘) g’f’—(R,X/,G/):g’f‘—(R,X/,G). .

(b) T* = S* and T\, = S, where S = (1g,&,1g).

Proof: (a) Clearly an M € gr — (R, X’,G’) is an object of gr —
(R, X', G) because for every 2’ € X', My Ry C Mg/ Ryg) C My
My,.

On the other hand, let M € gr — (R, X',G). Let ¢ € G"and 0 # 7 €
Ry 1f g € Suppg(r), then ry = p(ry) € Ry(g). Thus ry = (rg)y(g). If
v(g) # g', then

0="y) = Z (rn)yg) = Z Th-

h€Suppg(r)Ny=t(v(g)) he€Buppg(r)Ny~1(v(g))

1(g) —

Therefore ry, = 0. Thus Suppg(r) € v~ !(¢'). Let now ' € X’'. Then
Mor =My 32 714C > Mag= 2 Manygy = Meg.
gE€Suppg(r) g€Suppg(r) g€Suppg(r)

(b) Is obvious. W

Let R be a G-graded ring and £ : X — X’ a morphism of right G-
sets. If T = (1g, £, 1), then the functors T* and T, are the functors T
and S¢ defined in [NRV). In [NRV] the authors prove that if for every
¢’ € X', £71(a') is finite, then S¢ is left adjoint of T¢. But the converse
is also true as the following proposition shows.

Proposition 1.9. Let R be a G-graded ring and € : X — X' a mor-
phism of right G-sets. Let F be the right adjoint functor of S¢. F is
o left adjoint functor if and only if for every ' € X', £71(x') is finite.
Moreover, in this case F' is isomorphic to Tg.

Proof: Let @ be the X' x X-graded R-R-bimodule associated to S¢.
By Proposition 1.6, S¢ 2 — & Q and F = H(Qr—).
Assume that £7!(z') is finite for every 2’ € X’. For each
Megr—(R,X,G), let
par :H(Qr, M) — Te(M)
pm(f)= D (f0)e  (f € HQrM)y).
§(z)=x'

The claim follows by proving that p : H(Qgr,—) — T¢ is a functorial
isomorphism. This is left to the reader.
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Conversely, if H(Qg,—) is a left adjoint functor, then it preserves di-
rect sums. Let 2’ € X’. Consider the functor (—), : gr — (R, X', G') —
mod —R., which associates to M’ € gr—(R’, X', G’) the right R,-module
M, and to f € Homg, _(p/ x/,c)(M’, N') the map fo : m' — f(m,).
This functor preserves direct sums and hence Homy, (g, x,¢)( @, —) =
(—)zr 0 H(QRr,—) preserves direct sums too. This implies that Q@ =
Se(R/(z')) is finitely generated (cf. [S]).

Let @ = 5 (1%)r, = 0 with r, € R. For every y € X, oy =

{(z)=x'

S (1%)( X (rz)g) = 0. Therefore, we can assume, without loss of
E(x)=z' zg=y
generality, that there exists y € Y such that for every g € Supp(r), 29 =
y. Thus ( > r;)¥ = ay = 0 and hence ) r, = 0. But r; has

E(z)=z' §(z)=x’
degree z in (y)R. We conclude that r, = 0 for every x € X. Therefore

the sum Y 1*R is direct.
zeX

On the other hand, if r € Ry N Q4 4), then z'g = £(z). Therefore

r® = 179 r. We conclude that +@ = & 1*R. Since »/Q is finitely
£(z)=x'
generated, the sum is finite, i.e. £71(x’) is finite. W

2. Equivalences and Morita dualities

Propositions 1.2 and 1.6 set up the framework to give a description
of all the equivalences and Morita dualities (in the sense of Colby-Fuller
[CF)]) between categories of modules graded by G-sets. This section is
dedicated to present that description. Since the methods are similar to
those given in [Ri2] and [MR] we shall skip the proofs.

Let R be the X x X-graded R-R-bimodule associated to the identity
functor in gr — (R, G, X).

Let P be an X x X’-graded R-R’-bimodule and @ an X’ x X"'-graded
R’-R"-bimodule. Then PQ%R/ Q is a subbimodule of P®g Q and (P QA{)R/
Q)(ze) = 2P Q%R Qe (z € X, 2" € X") defines an X x X"-grading
on pP QAZ)R: Qr. Furthermore the functors (— @)R/ Q)o(— (%)R P) and
- (%R (P (§>R« Q) are isomorphic.

Proposition 2.1. The following assertions are equivalent:
(a) The categories gr — (R, X,G) and gr — (R', X', G’) are equivalent.
(b) There are an X x X'-graded R-R'-bimodule P and an X' x X-
~ ~ A
graded R'-R-bimodule Q such that R = P<§A§)Rr Qand R QQgrP
as bigraded bimodules.
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A A
Moreover, if P and Q) are as in (b), then — ®r P and — Qr Q are
inverse equivalences of categories.

Corollary 2.2. (a) The categories gr—(R, X, G) and gr— (R, X', G")
are equivalent if and only if the categories (G,X,R) — gr and
(G', X', R') — gr are equivalent.

(b) Let P be an X x X'-graded R-R'-bimodule. — G%R P
gr — (R, X,G) — gr — (R, X',G") is an equivalence if and only if

Pé\aR, —: (G, X',R"Yy — gr — (G, X, R) — gr is an equivalence.

Definition. Let P be an X x X’-graded R-R'-bimodule and @ an
X x X"-graded R-R”-bimodule. We define

H(rP,rQ) = H(rP,Q)N H(P, rQ).
If we consider Hme(P, Q) as an R’-R"-bimodule by
(' fr"Y®) = flor')r"  (f € Homp(P,Q),pe P, 7' € R, 7" € R")

then Hp(P,Q) is a subbimodule of r'Homg(P,Q)g~, and it is an
X' x X"-graded R’-R"-bimodule with the following grading:

H(rP, rQ)(z' oy = o H(rRP,Q) N H(P, pQ)z (' e X', 2" e X").

Similarly, if P is an X’ x X-graded R’-R-bimodule and @ is an X" x X-
graded R"-R-bimodule, then H(Pg,Qr) = H(Pr,Q) N H(P,Qr) has a
natural structure of X” x X’-graded R”-R’-bimodule.

Let P be an X x X'-graded R-R’-bimodule. Consider the following

map:
x* :R' — H(rP, rP)
X)) = @)y (' €R(@)y, peP)

xF is a homomorphism of X’ x X’-graded R’ x R’-bimodules.

Similarly there is an X x X-graded homomorphism of R-R-bimodules

MR — H(Pg/,Pr)
X(r)(p) = 2(rp)  (r € R(z),pE P).
Theorem 2.3." Let P be an X x X'-graded R-R'-bimodule. The fol-

lowing conditions are equivalent:

A
(a) The functor — ®r P : gr — (R, X,G) — gr — (R, X',G") is an
equivalence of categories.




CATEGORICAL METHODS IN GRADED RING THEORY 501

(b) The functor H(Pgr,—): gr— (R, X',G”) — gr — (R, X, G) is an
equivalence of categories.

(c) Pr is a projective generator in gr — (R, X',G'), AP : R —
H(Pg:, Pr/) is an isomorphism and for every x € X, ,Pp is
finitely generated.

(d) rP is a projective generator in (G,X,R) — gr,x¥ : R —
H(gP, gP) is an isomorphism and, for every x' € X', rPy is
finitely generated.

Let A be a ring and G a group. For any G-grading in A, the category
mod-A can be seen as a category of X-graded right A-modules where X
is a singleton. Last theorem yields to the following two corollaries.

Corollary 2.4. Let R be a G-graded ring, X a right G-set and A a
ring. The following are equivalent.
(a) gr — (R, X, G) is equivalent to mod-A.
(b) (G, X,R) — gr is equivalent to A-mod.
(c) There exists a finitely generated projective generator P in
gr — (R, X, G) such that A is isomorphic to Endg,_(g x,c)(P).
(d) There exists a finite subset F' of X such that U = EBFR(JC) is
1S

a generator of gr — (R, X,G) and Endy,_ (g x,¢)(U) is Morita
equivalent to A.

Corollary 2.5. Let R be a G-graded ring and X a right G-set. The
following are equivalent.

(a) There exists a ring A such that gr — (R, X,G) is equivalent to
mod-A.

(b) There exists a ring A such that (G, X,R) — gr is equivalent to
A-mod.

(¢) gr — (R, X, G) has a finitely generated (projective) generator.

(d) There exists a finite subset F' of X such that EEBFR(x) is a gener-

x

ator of gr — (R, X, G).

Example 2.6. Consider T = (p,£,v) as in Section 1. The functor
A
T* is isomorphic to — ®g P where P = & R/(£(z)) (see the proof
z€X

of Proposition 1.7). Since for every x € X, . Pr = R'(£(z)) is finitely
generated and projective, T™ is an equivalence if and only if Pg/ generates
gr—(R', X', G’y and AT : R H(Pg:, Pg/) isan isomorphism. We claim
that T" =2 — Qg R’ : gr — (R, X,G) — gr — (R', X', G’) is an equivalence
if and only if the following conditions hold

!

(a) p is an isomorphism between R and o

@
Im(€)g’ NIm(€)# 7T
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(b) For every z' € X' there exists r] € R.Zli’ ry € R’gé,...,r; €
R;, ;sh€R, ., € R, ,,...,s, € R,_,, such that 2'¢g] €
n 97 gy 9n

Im(¢€) for every i =1,2,...,n and > ris] =1.

i=1

Proof: If ¥ € R and 2 € X, then r'® will denote ' considered in
R'(§(z)).

Assume T* is an equivalence. Then X\’ : R — H(Pg/,Pg) is
an ismorphism and Pg/ is a generator. Let r € Ker(p). For every
p € P, AP(r*)](p) = 2(rp) = o(p(r)p) = 0. Thus r* € Ker(\F) = 0.
Therefore p is injective. If » € Ry and = € X, then p(r) € R4 and

&(z)v(g) = &(zg). Therefore p(R) C - R!,. On the other
Im(€)g’NIm(€)#?
hand, let 7' € R}, and z, y € X such that {(z)g" = £(y). Consider the

following homomorphism of right R'-modules

L:P— P
L(s™) {(r’s’)z ifz=y
S =
0 if z# 2 (s € R, ze X).

Plainly L € H(Pr/, Pr/)(s,y), thus there exists 7 € R(z), such that
L = XP(r®). But v'* = L(1¥) = AP(r)(1¥) = .(p(r)*) = p(r)*. This
proves (a).

Let 2 € X'. Since Pp = ?XR’ (&(z)) is a generator of

gr — (R, X',G"), then {R'(£(z))|lz € X} is a set of generators of

gr — (R, X', G"). Therefore there exist z1,z2,...,7, € X and an X'-

graded epimorphism '6%1R/ (&(z1)) — R/(z'). Thus there exist r; €

=

R )g(z1) 72 € R (2 )¢(as),---»Tn € R'(2')g(z,) and 51 € R'(§(1))ar,
n

sy € R'(&(22))ars---, 8, € R'(£(xn))s such that > ris) = 1. If we re-
i=1

place the s}’s and the 7}’s by its homogeneous components we can assume

the they are homogeneous. Moreover, if we take the homogeneous com-

ponent of degree 1 we may assume that r; and s} have inverse degrees

and if r{ has degree g}, then 2'g] = &(z1). This proves (b).

Conversely, assume that (a) and (b) hold. Since A\¥ is an X x X-graded
homomorphism, to prove that it is injective it is enought to prove that
if 0 # r € R(z)y = Py, then AP(r®) # 0. But zg = y for every
g € Supp(r). Therefore r1¥ = > 79 = r® Thus [M(r®)](1¥) =

g€Supp(r)
2(r1¥) = 2(r*) # 0. Because A\F is X x X-graded, to prove that it is
surjective it is enough to see that H(Pr/, Pr/)(sy) C Im(AF) for every
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(x,y) € X xX. Let f (PR’aPR’)(x,y) and r’ = f(ly) S R’(ﬁ(m))g(y).
For every g’ € Supp(r’'), £(z)¢’ = £(y). Therefore, by (a) there exists
rg € R(z)y such that p(ry) = r,. Then it is easy to see that f = AP (r)

wherer = > rg.
9'€Supp(r’)
Let 2’ € X'. Let r}, s; and ¢j(t = 1,2,...,n) as in (b). Let L :
E%R’(x’g’l) — R'(z') given by L(a},as,...,a,) = Zrlal L is an
homomorphlsm of X'-graded modules and 1 = L(rl,rz, ..,7). But

z'g) € Im(€). Therefore {R'(€(z))|z € X} is a set of generators of
gr — (R, X’,G"). Therefore Pg: is a generator of gr — (R, X’,G’). This
finish the proof. @

Example 2.7. As a particular case of Example 2.6, let R be a G-
graded ring, X a right G-set, z € X and G, the stabilizer of z in G.
Consider Y = {z} as a right G-set. Set T = (p,&,~) where p : Rg, —
R,£:Y — X and v: H — G are inclusion maps.

In this case condition (a) in the above example always holds. On the
other hand gr — (R, Y, H) = mod- Ry and the functor T} is isomorphic
to the functor (—), which associates M € gr — (R, X, G) to M and acts
on morphisms by restricting on the domains. In this situation the result
proved in last example translates into:

The following conditions are equivalent:

(a) —®Rg, R:mod—-Rg, — gr — (R, X,G) is an equivalence.

(b) {-)x is an equivalence.

(c) R(z) is a generator in gr — (R, X, G).

(d) Foreveryy €Y, Ry-1, = Ry—1y- Ry—1, (where Ry = z;‘ing).

Notice that condition (d) implies that G acts transitively on X.

When X = G with regular right action, the above equivalent condi-
tions do not depend on z. Namely, if R(g) is a generator in gr — R, then
for every z € G, R(z) is a generator too. Graded rings satisfying these
condition are the strongly graded rings. When X is not G the situation
is not so symmetric, as the following example shows.

Example 2.8. Let A be a ring and B a proper overring such that the
inclusion map j : A — B splits as a morphism of A — A-bimodules, i.e.
there is an A- A-bimodule homomorphism ¢ : A — A such that eoj = 14.

Let G be the permutation group on three elements. Let ¢ € G be a
transposition and b € G a 3-cycle. Let K be the subgroup of G generated
by b and H the subgroup of G generated by a.
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Let M = A x B x B considered as an A-A-bimodule. If we define

bz,y,2) = (e(2),€(2), e(y)) z
(z,y,2)b= x)}(:v,y, )eM

then M becomes an A[K] x A[K]-bimodule. Consider R = A[K]n M
the trivial extension of A[K] by M. The elements of R are pairs (o, m)
with a € A[K] and m € M with the ring structure given by

(a,m)+(B,n) = (a+ B,m+n)

(o, m)(B,n) = (af, an +mp) }a, B € AlK], m,ne M.

Consider in R the following G-grading:

R.=Ax0 Ry =Abx0 Ry = Ab? x 0
Ry =0x(Ax0x0) Rep=0x(0xBx0) Rgz=0x(0x0xB).

Let X be the set of right H-cosets and consider G acting on X by
right translation. Let x = H and y = Hb. Then

R,-1, = Ry = Rygyp - Ry1g = Rx—ly . Ry—lw
Ry-14 - Ry-1y = Ry-1yy - Ry = [Ab® x (0 x B x 0)][Ab x (0 x B x 0)]=
=Ax(0x0xA)#Ax(0x0x B)=Ry-1g, = Ry-1.
Therefore, by Example 2.7, R(z) is a generator in gr — (R, X, G) while
R(y) is not.

In [CF] the authors extend the concept of Morita duality to
Grothendieck categories. Let (F': C — D, G : D — C) be a pair of
adjoint functors on the right. Let us denote by ¢ : 1 — GF and
7 : 1lp — FG the units of the adjonction (they can be interpreted as
unit and.counit of a pair of covariant functors). Let

R¢ = {C € Cloc is an isomorphism}
Rp = {D € D|op is an isomorphism}.

Then F and G induce a duality between R¢ and Rp.

We say that the pair (F, &) is a Morita Duality if F and G are exact
and the subcategories R¢ and Rp contain a set of generators of C and D,
respectively, and both are closed under subobjects and quotient objects.

In [AW] the authors define an alternative version of Morita duality
for Grothendieck categories which is not equivalent to the Colby-Fuller’s
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one in general but it is so in the case of categories of modules graded by
G-sets (see [GG]).

Note that if (F,G) is a Morita duality, then R¢ and Rp are closed
under finite coproducts, therefore R¢ and Rp contain any finitely gen- -
erated object of C and D, respectively.

Let P be is a X x X'-graded R-R’-bimodule. Let v : 14._(r,x,c) —
A A
H(PR/,——) [} (—- Rr P) and ¢ : (— Rr P) o H(PR/,—) — lgr—(R’,X’,G”)

the unit and the counit of the adjonction pair (H(Pg/,—), (— é\g r P))
and o : 1(G,X,R)—gr — H(—,PR/) o] H(—,RP) and T : lgr—(R’,X',G’) -
H(—,gP) o H(—,Pg') the unit and counit of the adjonction pair
(H(_v RP)’ H(—a PR’))'

An object M € (G, X,R) — gr (resp. N € gr — (R, X',G")) is said to
be P-reflexive if ops (resp. 7n) is an isomorphism.

Lemma 2.9. Let P an X x X’'-graded R-R'-bimodule. The following
are equivalent:

(a) AP : R — H(Pg/,Pr/) (resp. xX¥: R — H(rP,rP) is an) is an

isomorphism.

(b) For every z € X (resp. 2’ € X'), ufyyy (resp. Chizn) is an
isomorphism.

(c) For every x € X (resp. 2’ € X'), ()R (resp. R'(z')) is P-
reflexive.

P is said to be faithfully balanced if both A¥ and x* are isomorphisms.

Theorem 2.10. Let P be an X x X'-graded R-R’-bimodule. The
following conditions are equivalent:

(a) (H(—,rP), H(—,Pr’)) define a Morita duality Dbetween
(G,X,R) —gr and gr — (R, X", G").

(b) For every x € X and z' € X', every graded quotient of
()R, R'(z'), P and Py is P-reflezive.

(c) P is graded faithfully balanced, {P,/|x' € X'} is a set of injective
cogenerators in the category (G, X,R) — gr and {;P|lz € X} is a
set of injective cogenerators in the category gr — (R, X', G').

3. Duality Theorems

The main goal of this section is to extend the Duality Theorems of
Cohen and Montgomery [CM] to our setting. There are other alternative
extensions which can be found in [Q], [B1], [B2] and [AN] (see also [A]).
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The originality of our methods is that they are purely categorical. We
give some equivalences of categories which will be useful in applications.
Let R be a G-graded ring and X a left G-set. X will be considered as
a right G-set by zg = g7 'z (z € X, g € G).
Let P = QGBXR(Q:). For every z € X let u; : R(z) — P be the
x

canonical monomorphism and 7, : P — R(z) the canonical projection.
P becomes an X x X-graded R-R-bimodule by

rug(a)s = ugy(ras) (r € Ry, a, s € R)
and the X x X-grading
Play) = us(R(z)y) (2, y € X).

Moreover g P and Pg are faithful modules.

Note that P is the X x X-graded R-R-bimodule associated to the
identity functor in gr — (R, X, G). (See Definition 1.4).

Given z, y € X we write Ryy-1 = > Ry. Also if 7 € R, then -

v z=gy
will denote }_ ry. Note that R,,-1 (resp. 75,-1) is both the component
z=gy

of degree z of (y)R (resp. of r considered in (y}R) and the component
of degree y of R(x) (resp. of r in R(z)).

Remark. Let FCMx(R) be the ring of all finite column square X-
matrices with entries in R. Since gP is free and {u,(1)|z € X} is a basis
of rP, then the map

D End(RP) — FCMx(R)
= My

(being M; the square X-matrix having m,fu,(1) at the (z,y) — th
entry) is a ring isomorphism. Moreover, it is quite easy to see that
®(Endg,— (g x,6)(P)) = {a € FCMx(R)| for every z,y € X, the
(z,y) —th entry belongs to R,,-1}. Thus ® gives a matricial description
of (Endg,_(g,x,¢)(P). This matricial description has been obtained by
T. Albu [A] for the particular case X = G.

Let S = Endg,_(r,x,¢)(P). If we consider S trivially graded by G’ =
{e} and X' = G’ as a left G'-set, then P is naturally an X’ x X-graded
S-R-bimodule.

Since P is an X x X-graded R-R-bimodule, then then map r — A,
which associates to an element r € R the left multiplication-by-r map
in P is a ring homomorphism A : R — §. Since gP is faithful, A is
injective. Note that for every r € R, -1, myAruz = A : R(z) — R(y).

Let I = H(gP, P). Clearly I = {& € S|auy, = 0 for almost all z € X}.
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Lemma 3.1. [ is an S-R-bisubmodule of S and it is isomorphic to
sPr.

Proof: Let ¢ : P — S be the additive homomorphism given by

P(ua(r))uy = ughr, _, (reR,z,yeX).

Note that for every z, y € X, ugA, _, = Arw,luy.

Let « € S,7 € R and z,y,z € X. Then myp(ougs(r))u, =
Ty( D PUWTWaUz (1)U, = Tye{uyTyaug(r))u, = )‘(wyauz(r))yz_l- If
weX
g € G, then ry € R(z)gq, therefore myouz(ry) € R(Yy)zg- Thus
(myoug(r))y,—1= Y Tyotug(rg) =myoaus(ry,-1). Then myp(aug(r))u,=
rg=z2
)‘wyauz(r“_l) = MyQuzA, ;= Tyop(uz(r))u,. We conclude that for
every z € X, r € Rand a € S, p(auz(r)) = ap(u(r)) and hence ¢ is
S-linear. :

Let now r,s € R, z,y € X. Then ¢(uz(r)s)uy = p(uz(rs))u, =

ux)\(m)zy_l. But (rs);,—» = ;szw_lsm_l. Thus @(uz(r)s)u, =
w

Z um)\rzw_l)\swy_l = Z (p(uz(r))uw)\swy_l ZQD(UZ(T)) Z ’u,w)\swy_l =

weX weX weX
P(uz(r)) 20 As, i uy=0(us(r))Asuy. Therefore p(ug(r)s) =(uz(r))s,
weX

that is, ¢ is an homomorphism of right R-modules.

Letp = Y ug(ry) be an element of Ker(p). Thenforallz, y € X, 0=
z€X
T2p(P)uy = UsA(r,),, o - Thus 72 = 3 (re)zy-1 = 0. We conclude that
yeX
 is injective.
Let » € R and « € X. Then for every y € X, ¢(uz(r))uy, = 0 unless
z € Supp(r)y. Therefore ©(P) C I.

Finally, let « € . For every z € X let r, = ) myou,(l). Since
uy(1) € R(y)y, meauy(l) € R(x), and hence (rz)zZiX: mpauy(1). Let
p= . uz(ry). Then, for every y € Y, o(p)uy(r') = > uz((rz)ey-17") =

> Z:érmauy(l)r’) = auy(r’). Thus p(p) = o meV)\(/e conclude that
P =1 m

For every subset F of X let pp € S given by pr(m) = > uzmz(m).
zeF

Plainly prpsr = prnr, for every two subset F and F’ of X. Therefore,

pr is an idempotent for every subset F' of X. Moreover pr +px_p =1

for every F C X.
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For every z € X let pr = p(a}(= uemz). {pz]z € X} is a set of
orthogonal idempotents of S. For every subset F' of X, Pr € I if and
only if F' is finite.

Lemma 3.2. (a) Let a € S, a € I if and only if there exists a finite
subset F' of X such that o = app.

(b) I is idempotent.

(c) s = zgaXSpm and Sp, = Rp, for everyx € X.

Proof: Let @ € I. There exists a finite subset F' os X such that
ouy =0 for all z € X — F. Then a = apr. This proves (a) and (b).

The sum Y Sp, is direct because {p,|z € X} is a set of orthogonal
zeX
idempotents. Moreover, for every z € X and o € S, ap, = A.p; where

r = Y myoug(l). Indeed, let m € P, then apy(m) = auym,(m) =

ex
b uzﬂy(auz(l))m(m) = 2 Uy(rye-1)me(m)= 3 uy>‘rw—1 (mz(m)) =
yeX yeX yeX
> Aryz_luwvrm(m) = Appz(m). A

yeX

Given a left A-module M, then Gen(4 M) denotes the full subcategory
of A-mod formed by the right A-modules generated by 4 M. Next Lemma
is obvious.

Lemma 3.3. Let I be an idempotent left ideal of a ring A. Then
Gen(al)={M € A-mod |IM = M}.

P&,
Theorem 3.4. The pair of adjoint functors (G,X,R) — gr B
H(sP,~)
S-mod, defines an equivalence of categories between (G, X, R} — gr and
Gen(sI).

Proof: Let T = PQ%R_ and H = H{sP,~). Let u be the unit of the
adjunction pair (T, H) and ¢ the counit. Let us remark that v and ¢ are
given by:

up i M — HT(M) (M € (G,X,R) — gr)
[ure(m)](p) = mez ®p (mEM,peP)
S
ey :TH(N) — N (N € mod- S)
en(f®p) = f(p) (xeX,p€ P, fe H(Ps,N),

For every M € (G, X, R) — gr, up is nothing but the composition of

the following canonical isomorphisms: M = & P(m)(EAQRM (see Lemma
zeX
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1.1) = IP ®p M = Hom(sl, P ®r M) = HT(M). Therefore uy; is an
isomorphism. :

Let now N € S-mod. Let ¢on : TH(N) — IN be the composition
of the following canonical isomorphisms: ¢n : P éR Hom(gI,N) =
zGEBXR(:c) (§)R Hom(gsI,N) & Hom(gI,N) = IN. Then the following

diagram is commutative:

TH(N) —— TH(N)

WNT [en

IN —1,

where j is the inclusion map.

Thus ¢y is an isomorphism if and only if N = IN. Now Lemma 3.3
applies. B ‘

Remark. Theorem 3.4 implies [CM, Theorem 2.2] and [NRV, The-
orem 2.13].

Recall that a ring A (not necessarily with unit) is said to have local
units if for every finite subset F of A there exists an idempotent e of A
such that F' € eAe. We will say that a left ideal I of S has local units if
it has local units when it is considered as a ring without unit.

Lemma 3.5. Let A be a ring and I a left ideal of A which has local
units. Let B a subring of A which contains I. The restriction of scalar
functor induces an equivalence between Gen{4I) and Gen(gI).

Proof: Let F : A-mod — B-mod be the restriction of scalars functor.
F is obviously faithful. Let M, N € Gen(4I) and f € Homp(M, N). Let
m € M and a € A. Let e be an idempotent in I such that em = m. Then
flam) = f(aem) = aef(em) = af(m). Therefore f € Hom4(M, N) and
hence F' is full.

Let now M € Gen(gI). For every m € M and a € A let am = (ae)m
where e is an idempotent in I such that m = em. This definition does
not depend on the choice of e because if em = m = e'm there exists
e’ idempotent in I such that e, ¢’ € ¢”Ae”. Thus (ae)m = (ae”}em =
(ae”Ym = (ae"”)e'm = (ae’)m. This gives a structure of left A-module
on Mand FIM)=M. 1
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A

Corollary. 3.6. For every subring A of S which contains I, PQpg — :

(G,X,R) — gr — A-mod defines an equivalence of categories between
(G, X,R) —gr and Gen(al).

Remark. Last corollary generalizes [A, Theorem 2.5].

Let G, X, R, P and S as above. Let H be a group and assume that X
has an structure of G-H-set. Let END(Pr)g = {& € End(Pgr)|a(P,) C
P,y for every z € X}. END(Pg) is a subring of End(Pg).

For every h € H let END(Pg), = {a € End{Pg)|a(P:) C Pyp-:
for every z € X}. For every h, k' € H, END(gP); - END(gP)n C
END(rP)np - Therefore END(gP)y = >, END(rP)y is a subring of

h€H
END(grP)x.
Moreover for every h € H the homomorphism A : P — P given by
huy = uzp-1(z € X) belongs to END(Pg), and hh' = hh/ for every
h, ' € H. Therefore END(gP)p is an H-Clifford system.

Lemma 3.7. The sum Y END(gP)y is direct if and only if H acts
hEH
freely on X. In this case END(gP) is a skew group ring over H with

underground ring S.

Proof: Let h € H and 0 # o € END(gP)r N >, END(gP) . Let
: RIZR ‘

z € X such that au, # 0. Then auy(1) # 0. Let y € X such that
myaugz(1) # 0. Since uz(l) € P, then myauy(1) € R(y)zn-1. Let
g € Supp(myaus(1)). Then zh=' = g~'y. Let hy, ha,...,h, € H — {h},
and a1 € END(gP)p,, oo € END(gP)p,,...,0n € END(gP),,, such

that @ = > a;. Let ¢ = 1,2,...,n such that a;u.(1) # 0. By repeating
i=1 .

the same argument, one has that zh; ' = g~ 'y = zh~'. Thus X is not
a free left H-set.

Conversely, assume that the sum > END(rP)y is direct. Let z € X

heH

and h € H such that zh = z. Then 0 # P, € END(gP). NEND(Pg);-:
and hence h =e. W ' ‘

Let X be an G-H-set. Consider the following relation of equivalence

on X:
r~y<=ye€zxH

Then X/H = {zH|z € X} is the set of equivalent classes of X by the
relation of equivalence ~. G acts on X/H by g(zH) = grH. The map
¢ :x— zH is a homomorphism of right G-set.
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Let X be a set and I an ideal. By FMx(I) we will denote the set of
all square X-matrices over I having almost all entries equal to zero.

Theorem 3.8. Let H and G be two groups, X an G-H-set and R
a G-graded ring. Let P = @& R(z) and U = & R(C). Let A =
z€G CeX/H

END(Pr)r, S = Endgr_(rx/u,0)(U), J = {a € Ala(R(z)) = 0 for
almost all z € X} and I = {a € S|a(R(C)) = 0 for almost all C €
X/H}.

There exists an isomorphism ® : A — FCMy(S) such that ®(J) =
FMy(I).

Proof: Let € : X — X/H be the map which associates to z € X the
class zH. Set Q = T¢(P).

Plainly Q@ = GBXR(mH ) = U Therefore there is a canonical
€

isomorphism @ : End(g x/1,r)-¢r(Q) — FCMpy(End(g x/8,Rr)-g-(U))
such that ®(K) = FM(I) being K = {a € End(g,x/#,r)-gr (Q)|uzx =
0 for almost all x € X}. The theorem follows by realizing that
End(G,X/H,R)—gr(Q) = W(RP)H and hence J =K. B

Remark. Last theorem implies [CM, Theorem 3.5], [B2, Theorem
2.2] and [NRV, Corollary 2.2].

Lemma 3.9. Let A be a ring and X a set. Let B = Mx(A) be the
finite row and column matriz ring over R indexed by X. Let x € X and
P, the X x X matriz having 1 at the (x,z)—th entry and zeros elsewhere.
The functor Hom(g Bp,, —) defines an equivalence of categories between
Gen(pBp;) and A-mod.

Proof: Let P = Bp,. pP is finitely generated and projective and
End(g P) is isomorphic to A. It only remains to prove that g P generates
each of its submodules and apply [F, Theorem 2.6 and Lemma 2.2].

Let M be a submodule of gP. For any y € X let M, = {a(y,z)|a €
M}. Ify, z € X and o € M, then (e, ya)(z,z) = a(y,z), e,y being the
X x X-matrix having 1 at the (z, y)-entry and zeros elsewhere. Therefore,
M, = M,, that is, N = M, does not depend on y € X.

Let M’ = {a € Pla(y,z) € N for all y € X}. We claim that M = M".
The inclusion M C M’ is clear. Let « € M’. For every y € X there
exists B, € M such that a(y,z) = By(y,z). Thena = 3> pyfy € M.

o(y,z)#0

For every a € N let & be the X x X matrix having a at the (z,z) —th
entry and zeros elsewhere. Let f, : P — M be the right multiplication
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by @ map. Then, for every a € M, a = Z fa(y z)(€(y,z))- Therefore
a(y,z)
M is generated by pP.

Corollary 3.10. With the same hypothesis and notation than Theo-
rem 2.8, the categories Gen(aJ) and Gen(gI) are equivalent.

Proof: Let B = FCMy(S) and C = Mg(S). Let P = Cp, being p,
the H x H-matrix having 1 € S at the (e, e)-position and zeros elsewhere.

By Lemma 3.9, F = Hom(¢ P, ~) : Gen(¢P) — S-mod is an equiva-
lence of categories. Let @ = FMx(J)pe. Then F(Q) = I and hence F
induces an equivalence of categories between Gen(c@) and Gen(gI).

Let K = FMy(I). K is isomorphic to Q) as a left C-module.
Therefore Gen(c K) = Gen(cQ).

By Lemma 3.5 Gen(¢ K) is equivalent to Gen(gK).

Now, by using the isomorphism ® of Theorem 3.8, we have that
Gen(pK) is equivalent to Gen(aJ).

We conclude that Gen(gJ) is equivalent to Gen(gI). ®

We finish this section with a version of Cohen-Montgomery Duality
Theorem for actions.

Theorem 3.11. Let R« G be a crossed product and H a subgroup
of G. Let P = @ R(C). Then Endg,_(g g /m)(P) is isomorphic to
CeG/H

Proof: For every g € G there is a unit § in R * G of degree g.
Then, for every ¢ € G and every C € G/H, left multiplication by g
is a graded isomorphism between R(C) and R(gC). Therefore P =
R(H)(@/) in (G/H, R) - gr and hence End,, _ (g ¢/zy(P) is isomorphic
to FCMg g (Endy,_(r,g/m)(R(H)). Finally, Endg,_(r,c/m)(R(H)) =
R+ H, by Lemma 1.5. M

4. Separable functors

Separable functors have been introduced in [NVV] and studies in
[NVV] and [Ra]. Let us recall the definition.

Definition. Let F' : ¢ — D be a functor between two arbitrary
categories C and D. F is said to be separable if for any two objects
C, C" € C, there is a map ¢ = ¢ ¢ : Homp(FC, FC’) — Homg(C, C")
such that:

SF1. For all f € Home(C,C"), o(Ff) = f.




CATEGORICAL METHODS IN GRADED RING THEORY

SF2. For every commutative diagram in D of the type

h
FC —— FCy

F(f)l lF(g)
k
Fc; — . Fey

the following diagram in C is also commutative

o(h)

k
Ciﬁﬁl,%

In this section we first recall a fundamental theorem of Rafael [Ra] on
adjoint separable functors. Then we study conditions for the functors T
and T, defined in Section 1, to be separable. When R = R’ and p is the
identity map on R, then T* is always separable while the separability

“test for T, can be simplified.

In [Ra] the authors give a complete characterization of separable ad-
joint functors in terms of the unit and counit of the adjunction. Explicitly
they obtain the following result:

Theorem 4.1 [Ra]. Let F:C — D and G : D — C be functors such
that F is left adjoint of G. Letu : 1¢ — GF be the unit andc: FG — 1p
the counit of the adjunction.

(a) F is separable if and only if u splits (i.e. There exists a natural
transformation ¢ : GF — 1¢ such that ec o uc = 1¢ for every
cCecC)

(b) G is separable if and only if ¢ cosplits (i.e. There exists a natural
transformation u : 1p — FG such that cp o up = 1p for every
DeD)

For the sake of completeness we give a proof different from the one
given in [Ra].
Proof: By duality it is enough to prove (a).
Assume that F is separable. For every C, C’' € C let
¢ = po ¢ : Homp(FC, FC') — Home(C,C")

be a map satisfying SF1 and SF2.
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For every C € C, set e¢c = p(cre) € Home(GF(C), C).
First we prove that € : GF' — 1¢ is a natural transformation. Indeed,
let f € Hom¢(C, C'), then the diagram

FGF(f)
FGFC ——— FGFC'

Cpcl lCFc/

F(f)
—_—  FC'
is commutative, because ¢ is a natural transformation. Therefore the
following diagram is also commutative:

GF(f)
GFC —— GFC’

ecl lec,

c 1, o
Now we prove that ecuc = 1¢ for every C € C. Indeed, the well
known formula cpc o F(ue) = lpe implies the commutativity of the

following diagram
Fluc)

FC —2, FGFC

1Fcl lCFc

F(lc)
— FC

and SF2 implies the commutativity of the following diagram:

c 2, Grc

S
l¢
C —— C

Conversely, let € : GF — 1¢ be a natural transformation satisfying
eou = 1. For any C, C’' € C let ¢ : Homp(FC, FC') — Hom¢(C,C")
given by ¢(f) = ecr 0 G(f) o uc.

If f € Home(C,C"), then o(Ff) = ec:GF(f)uc = ecrucf = f.

On the other hand, if the following diagram in D is commutative

h
FC, —— FCy

F(f)l 7@

k
FC{ —— FCé
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then the diagram

is also commutative because g o p(h) = goec, o G(h) oug, = ec ©
GF(g)oG(h)ouc, =ecyoG(F(g)oh)ouc, = ecy0G(k)oGF(f)ouc, =
ecy 0 Gk)ouc; o f=p(k)o f. M

Theorem 4.1 can be used to give a simple criterion on when a right
adjoint functor of the form G : gr — (R, X, G) — D is separable, for D an
additive category. Next proposition was inspired from Proposition 2.2 in
[Ra].

Proposition 4.2. Let C be a full subcategory of gr — (R, X, G) such
that R(z) € C for everyxz € X. Let G : C — D be a right adjoint functor,
F a left adjoint of G and ¢ : FG — 1¢ the counit of the adjonction. The
following conditions are equivalent:

(a) G is separable.

(b) For any xz € X there exists my € FG(R(x)), satisfying the fol-

lowing two conditions:

(1) For any x € X, cp(z)(mz) = 1.

(2) For any x € X,g € G and r € Ry, FG(\)(mgy) =
mgr (where A, € Homgy,_ (g x c)(R(zg), R(z)) is the left
multiplication-by-r map).

Proof: Assume first that G is separable. By Theorem 4.1, there exists
a natural transformation y : 1¢ — F'G such that co = 1. By Lemma
1.5 for every € X there exists m; € FG(R(x)) such that pir(z) = Am, -
Then cg(z)(Mmz) = (Cr(z) © kR(z))(1) = 1. On the other hand, if r € Ry,
then for every xz € X the following diagram

R(zg) 2 FG(R(zg))

Arl lFG(Ar)

R(z) —— FG(R(z))

HR(x)

is commutative. Therefore FG(A)(mgy) = [FG(X) 0 ppEgl(l) =
[kR(z) © Ar](1) = mar.
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Let now {m, € FG(z));|z € X} be a system of elements satisfying
conditions (1) and (2). For every N € gr — (R, X,G) define uy : N —
FG(N) by pn(n) = FG(A\,)(mg) if n € N, and extend uy to N by
linearity.

par is R-linear because if n € N, and r € Ry, then pn(nr) =
FG(Mnr)Mygg) =FG(A)FG(ArXmgg) = FG( A )mar) = FG(A, Xmgz)r=
pn(n)r.

Now we prove that 4 is a natural transformation. Let fe Homy, _(r x,q)
(N,N") and n € N,. Then

[FG(f) o un](n) = FG(f 0 An)(mz) = FG(Afn))(ma) =
= pn(f(n)) = (unr o f)(n).

Finally, if N € C and n € N, then (cy o pn)(n) = [en ©
FG(An)](mg) = [An 0 Cr(z)](Ma) = An(1) =n.

Thus, applying Theorem 4.1 we conclude that G is separable. B

For the rest of this section we consider the following situation: Let
T = (p,&,7) where p : R — R’ is a ring homomorphism, £ : X — X'
is a map, v : G — G’ is a group homomorphism, R is a G-graded ring,
R’ is a G'-graded ring, X is a right G-set, X’ is a right G’-set and the
following conditions hold:

p(Rg) =R,y  &(zg) =&(z)v(9)  (9€G,z€X).

Let T* and T, be the functors defined in Section 1. We are going to
study when T™ and T, are separable.

Proposition 4.3. Let T = (p,€,7) as above. The following condi-
tions are equivalent:

(1) T is separable.
(2) For every x € X there is e, € Homg, (g x,¢) (T (R (£(2)), R(z))
such that. L

(a) For every z € X, £,(1%) = 1.
(b) For everyz,y€ X, g€ G, r€ Ry and ' € R'(£(29))¢(y)

ex((p(r)r')?) = reag((r)?).

Proof: First let us note that the unit v of the adjunction pair (T, T\)
is given by:

uy M — T, T*(M) (Megr—(R,X,G))

mi— Y (me ®1)% (m e M).
zeX
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On the other hand the canonical isomorphism R’ — R ®pr R’ induces
an isomorphism ¢, : R'(£(z)) — T*(R(z)) for every z € X.

(1) = (2) Assume that T™ is separable. By Theorem 4.1 there exists a
natural transformation € : T,T* — 1,,._(g x,¢) such that eps oupr = 1p
for every M € gr — (R, X, G).

For every € X let €5 = ep(q) © Tu(¢z). We are going to see that
{e]z € X} satisfies conditions (a) and (b).

51(12) = ER(a:)((l ® 1):’:) = [ER(z) © uR(z)](l) =1

Let now g, h € G, r € Ry and r’ € R'({(xg))¢(y)- Let A, : R — R be
the left multiplication by r map and A,y : R* — R’ left multiplication
by p(r). By Lemma 1.3, one has

Ar € Homg, (g, x,6)(R(zg), R(z))

and
)‘p(r) € Homgr—(R’,X/,G’)(R/(g(xg))’ Rl(é(z)))

Furthermore the following diagram is commutative

T.(R(E(z9)) —27 T.1*(R(zg)) —=2 R(zg)

T*(/\pm)l lT,T*(,\r) lxr

T(R(E) —2 1 (RE) 25 R@)

Therefore, e;((p(r)r')¥) = [er@) © Tu(d2)]((Ao(r) (1)) = [eR() ©
T (@) ([T (Ap))(r)Y) = [Ar 0 £20]((r)¥) = reag((')Y)-

(2) = (1) Assume that for every z € X there exists &, €
Homg, x,r)—gr (Tx(R'(£(2))), R(z)) satisfying conditions (a) and (b).
For every M € gr — (R, X,G) let ey : T.T*(M) — M be the ho-
momorphism given by e ((m ® r')¥) = me,(r'Y) whenever m € M,
and r’ € R'(£(z))¢(y) and extended by linearity. Note that eps is well
defined. Indeed, let m € Mg, r € Ry and 1’ € R'(£(xg))¢(y)- Then
em(mr @71') = mreg,(r'Y) = me((p(r)r')¥) = ep(m @ rr')Y).

It is an easy exercise to check that e € Homg,_ (g x,¢) (T T (M), M).
Moreover, for every m € My, [eproun](m) = ep((m®1)%) = me,(1%) =
m. It only remains to prove that ¢ is a natural transformation from T, 7™
to 1gr_(Rr,x,c) and apply Theorem 4.1.

Let f € Homgr_(R’Xyg)(M, N), m € M, and r € R/(f(l‘))g(y)
Then (e o T.T*(F))(m & r)¥) = en((f(m) @ ')¥) = f(m)e(r'¥) =
f(mea(r')) = flem((m@r)¥)) = [foen](m@r)Y). @
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Proposition 4.4. Let T = (p,€,7v) as above. The following condi-
tions are equivalent:

(a) T, is separable.
(2) There exists a system

> = {0er Yo T ) € By, X Rigr, g x X' € X',

9wt )
1= 1,2,...,mm/}

satisfying the following conditions.
(1) For everyz' € X' andi=1,2,...,my, x'gzx,’i) = &(Z(ar,3))-

My
. (2) For everyz' € X', A—Zlazz,ﬂ.)bzz,’i) =1.

(3) For everyr’ € Ry, and every z' € X', the following equality
holds in T, (R'(z")) ®r R’.

m... Tt !

x

9
Z(a(z’ z)) =D Q@ b(ac/ z) ’I" a(z g’ z) o' @ (b(g '’ 7,))

i=1 =1

Proof: First let us remark that the counit ¢ : T*T, — 1 of the adjunc-
tion pair (T*,T,) is given by:

ev TW(N)®r R — N (N egr— (R, X',G"))
en(n®®r')=nr'  (r' € R',n € Ngyy).

(2) = (b) Assume that T\ is separable. By Proposition 4.2, for every
z’ € X' there exists K € (T (R'(z')) ®r R')s such that

(1) erey(Ka) = 1.
(2) For any z' € X', ¢' € G" and 7' € Ry, T*T(\r)(Kargr) = Ky

Mg
Each K,/ can be expressed as i;(aém/’i))z(m’,i) ®,82x,’i) where O‘Ex/,i) and

B, ., are homogeneous for every possible 2’ and i. For every possible z’
(') g Y Yy P

and 1, let géx,’i) be the degree of O‘Ez',z’) and hzw,’i) the degree of ,BEz,’i).
Then x’gzm) = &(@ (2 5)) and §(x(w,’i))h’(m,yi) =z’

Let 5 = {(a’(x,,i), b’(m,,i), Tz’ € X', i=1,2,...,mg} be the sys-
tem which results by eliminating in the system {(a('x, iy ,B(’w,’i), Tz ) |2 €
X' i = 1,2,...ny} any upla {aéw,,w, ﬁém,’i), Z(yi)) such that
Yz iy Mzzy # € Plainly 3 satisfies (1).
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Nyt
Since 1 = cp/(z)(Kor) = Zazx, i)ﬂéz, ;> then the homogeneous com-
= @ ;
ponent of degree e of this element is equal to 1. But this homogeneous

mes
component is just Z g )bz 4y Thus 3 satisfies (2).

(z!,%)

Consider G’ as a rlght G-set by: g'g = ¢'v(g)(g € G, ¢’ € G'). Con-
sider in M = T.(R'(z")) the following G’-grading: A typical element r'*
in T, (R'(z')), has degree ¢’ € G’ if ' € R,. Plainly M € gr—(R,G",G).
Let S = (p,1g,7). Then S*(M) = M Qr R’ € gr — (R',G',G’) where
G’ is considered as a right G'-set by regular action.

Nyt
Given 7’ € R, and 7' € X', then A = izzl(a’(x,’i))’%'»i) ® BEE,’i)r’

’nIIgI
Kpr =T*T, (r’)Kz,g/ = i{;l (rlazz’g’,i))x(zlgl’i) ®’Bzz’g’,i)‘ Consider A as
an element of S,(M). For every i =1,2,... ,ny

('I‘ a(:z:’ l))a:(z 1) ®IB(I’ Z) € S*(M)g g(z 1)]—,,(: 4

and
(e )" ® Blarg gy € 5™ (M)gr , ni, o
Therefore,
mz/ mzlgl
(Al )79 @ by oy’ = Agr = Z (r'algrgr iy) 79D @ Afgrgr -
i=1 i=1

This proves (3) for 3.
(b) = (a) Let

Z = {(a?zl’i), bzz’,i)7 x(z’,i)) ER, X REQZz’,i))_l X X|g;/ c X/’

Iia 1y
i=1,2,... 0z}

be a system satisfying (1), (2) and (3).

Myt
For all ' € X', let K = Z:l(a;,’i)xz’-i ® bl ;. Then cpi(e(Ker) =
1=
Myt Myt gt
Z b ;= Land for every r'e Ry, T* T (A )(Kzzg/)zzl(r (Y L
=1 =

my

= X () @l ' = Kor'

By Proposmon 4.2, we concluded that T, is separable. B
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In the proof of last Proposition, we have considered G’ as a right G-
set by g'g = ¢'v(9)(g € G, G’ € G'). Actually we can consider G’ as a
G-G-set by putting g9’ = v(g)g’.

For every 2’ € X', the right R-module T, (R'(z’)) becomes an object
of gr — (R, G',G) by assigning degree ¢’ to r'* whenever r' € Ry, with
z'g =¢(z).

We can consider X as a left G-set by gz = zg7(g € G,z € X).
Similarly X’ can be considered as a left G'-set.

Moreover v(9)é(z) = &(gz) for every g € G and z € X. Therefore, we
can define two functors 7° = R'Qr~ : (G, X, R)—gr — (G, X', R')—gr
and Ty : (G',X',R') — gr — (G, X,R) — gr which are the left hand
versions of T* and T,. By symmetry, for every 2’ € X', To((z')R’) is an
object of (G,G’, R) — gr by assigning degree g’ to r'® whenever r’ € R,
with ¢z’ = £(z).

Set § = (p,1¢+,7). Forevery 2’ € X', S*(TW(R'(z"))) = T.(R'(2'))®r
R € gr—(R,G',G') = gr — R and S°(Ty((z")R')) € (G',G',R") —gr =
R—gr.

Lemma 4.5. For every =’ € X' and every g’ € G', S*(T.(R'(z')))q
is 1somorphic to o S°(To((g'z')R')).

Proof: Let @ : S*(T.(R'(z)))y — ¢5°(¢'z’'}(R')) the homomor-
phism given by ®(a’* ® b') = o’ ® ¥'"(z € X, a’ € R.,, b € R.,, with
z'o’ = €(z) and 0’7’ = ¢’) and extended by linearity.

® is well defined. Indeed, let o' € R}, b’ € R/,, r € R, and assume
that o'y(g)7' = ¢’ and 2’0’ = £(z). Then &((a’)*r&¥) = &((a/p(r))*9 @
V) =dp(r) @ (¥)* =a' @ r(t)? % = a’ @ (p(r)b')* = &(a" ® p(r)b).

And @ is obviously an isomorphism. &

Proposition 4.6. Let T = (p,&,7) as above. T, is separable if and
only if Ty is separable.

Proof: By left-right symmetry, Tp is separable if and only if there
exists a system

Z = {(a'(x,,i), b,(:l:’,i)’ m(z’,i)) c thzz,'i))—l X Rh‘;z,,i) X X|ZBI S Xl,
i=1,2,...,my)

satisfying the following conditions.

(1)) Forevery ' € X" and i = 1,2,...,mg, hzz,ﬂ.)x’ = &(T(a3))-
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Myt
(2’) For every z' € X', i_zlal(w',i)bzm’,i) =1,

(3’) For every v’ € R}, and every y’ € X', the following equality holds
in R ®g To((z')R)

mhl,yl myl
Y gy ® Gy )7V =1l ) ® (b))
=1 =1

Assume that T, is separable. Then there exists a system

_ / / ' '
> = {{afzr 4y Yo iy Tari) € Rgzz W5 R(g(z PR Xlz' € X,
i=1,2,...,mu}

satisfying conditions (1), (2) and (3) of Proposition 4.4. For every 2’ €
X' and every i = 1,2,...,mg let hi, 5 = (g( i))_l. Then

Z = {(a’(z,,i), bz:l:’,i)’ x(m;ﬂ-)) (S R(h'

(=',4)

-t th/ _ xXla:’eX',
i=1,2,...,my}
satisfies conditions (1’) and (2’). On the other hand, let v € R}, and

y € X. Set ¢ = h'"! and 2 = K'y'. By assumption the following
equality holds in T, (R(z")) ®r R'.

mys Mytpt
Z(a’(x, i) (=19 &® b(z z) Z 7" a(x/h/ D ® (b(z'h' 1,))
i=1 i=1

and this element has degree h' when we view T.(R(z')) ®r R’ as
S*(T«(R(z"))). Therefore, by using the isomorphism of Lemma 4.5, the
following equality holds in R’ ®g To((y')R')

mhlyl

Z azh’y’,i) ® (bzh’y’,i )Fw = ZT a(y 1) (y z))
i=1

We conclude that Tj is separable. &

Let us consider now the particular case when R = R’ and p is the
identity map of R. By Lemma 1.8, in order to study 7 and T, we can
assume that G = G’ and « is the identity map of G. In that case T* = T
and T, = S¢.
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Corollary 4.7. Let R be a G-graded ring and £ : X — X' a morphism
of right G-sets. The functor T; is separable.

Proof: For every x € X let &5 : S¢(R(£(z)) — R(z) given by e,(r¥) =
ry (where the y — th component of r is computed in R(z)). Plainly ¢,
satisfies condition (a) of Proposition 4.3. On the other hand, if z, y €
X,9 € Gyr € Ry and ' € R(&(x))e(y), then ex((rr')¥) = (rr')y, =

)y = r(r')g-1p =7 T, = Tez4(r'"Y). Now Proposition
9 3 g
zh=y zh=y zgh=y
4.3 applies. &

Corollary 4.8. Let T = (p,&,7) as above. If R is a direct summand
of R’ as R-R-bimodules, then T* is separable.

Proof: Consider the following commutative diagram of functors

T
ar — (R’X) G) — gr— (R/aX’aG/)

URJV lUR/

— R’
mod —R —®R—> mod — R’

where Ur and Ugs are the functor which forget the grading. Let Y be
a singleton and consider G acting on Y. Let ¢ : X — Y be the only
possible map. Then mod-R = gr — (R,Y,G) and Ug = T,. Therefore
Ug is separable.

By Proposition 1.3 of [NVV], — Qg R’ is separable. Thus Ugs o T* =
(—®grR')oUR is separable and hence T™* is separable (see [NVV, Lemma
1.1]. m

Corollary 4.9. Let R be a G-graded ring and € : X — X' a morphism
of right G-sets. The following conditions are equivalent:

(a) S¢ is separable.
(b) For every z € X there exists a® € R, such that:
(§81) For every x' € X', the set {z € £71(z')|a® # 0} is finite and

(852) For everyr € Ry and x € X, aXr = raX9.
Proof: (a) = (b) Assume that S¢ is separable. Let

Z = {(a(m':i)’ b(z',i)’ m(x',i)) € Rg(m’,i) x R(g(z/,i))—l X Xlxl € Xla
i=1,2,...,m;}
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be a system satisfying conditions (1), (2) and (3) of Proposition 4.4(b).
For any z € X let

0" =Y {ae@obe@ali =12, M) Te(i) = B9 i)}

If we fix an ' € X', then for every x € £71(z'), a® = 0, unless
T € {x(z/’i)(g(zz,i))‘lﬁ =1,2,...,mgy}. Therefore, a* = 0 for almost all
z €& 2).

Mg
Moreover, for a fixed 2’ € X', > a® = 3 a@,ybw ) = 1. Note
‘ f@)=a’ i=1
that this implies that £ has to be surjective.

On the other hand, if we identify T.{(R(z')) ® g R with T..(R(z')) by

the canonical isomorphism, then for every r € Ry,

Myig Myt
(%) Z (ra(m/g’i))r(m/g,i)b(z,g’i) = Z(a(ml,i))x(z’yi)b(z/7i)1".
i=1 =1

The left hand term in the previous expression is

mI/g
L= (rag, )™ 0bg =
=1
mz/g .
D D D
i=1 £(z)=a'g

Arguing in a similar way we obtain the following expression for the
right hand term in ().

3

x

R= (r:c’,i)rz/’isx’,irz Z (a®)*r = Z (ax,r)xg.

1 t@= t(@)=a’

It

2

Therefore (ra®9)* = L5, = Ryg = (a®r)* and hence ra™ = o®r for
every ¢ € X.

(b) = (a) Let {a®|a € A} be a system satisfying conditions (SS1) and
(SS2) of (b). For every ' € X’ and any z € £~ ('), let agy o) = @®
and b, ;) = 1. Then the system {(a(y q), bz z), )z’ € X',z €
£1(z'), a® # 0} satisfies conditions (1), (2) and (3) of Proposition
4.4(b). Indeed, conditions (1) and (2) are obvious. Let now 0 # r € R,,.
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Then
Z (a(zl’w))z ® b(z',(l))r = Z (az)m,r. — Z (a:c,r)mg —
z€E~1(z") zeg—1 (') zee—1(z")
‘ - Z (ra®9)®9 = Z (ra¥)¥ =
€€~ (') ye€~1(z'g)
= Z (ra(z,g@))z ® b(:z:'g,x)'
€&~ H(a'g)

Proposition 4.4 applies to finish the proof. m

Definition. Let £ : X — X' be a morphism of right G-sets. A &-
separability system in a G-graded ring R is a system {a*|z € X} of
elements in R, satisfying conditions (SS1) and (SS2) of Corollary 4.9.

Remarks. (1) Note that if X =G, X' is a singleton and £ : G — X'
is the unique possible map, then R has a £-separability system if and
only if R has a separability system in the sense of [Ra].

(2) Let £ : X — X’ be a morphism of right G-sets and R a G-graded
ring.

(a) If S¢ is separable (or equivalently, if R has a &-separability sys-

tem), then £ is epic.

(b) If £ is epic and for every ' € X', £71(z') is finite with order
invertible in R, then a® = |¢71(£(z))| ! is a &-separability system
whenever |£~1(z')| is constant in each orbit of X’

(¢) Assume that £ is epic. For every orbit Y in X let £y : Y — £(Y)
be the restriction of € to Y. R has a £-separability system if and
only if it has a £y-separability system for every orbit Y of X.
Namely, if for every orbit Y in X, {a¥|y € Y} is a £y -separability
system for R, then {a*|z € X} is a {-separability system for R.

5. Weak dimension

Let G be a group, H a subgroup of G and R a G-graded ring.

Let G/H be theset of left H-cosets and g : G — G/ H the canonical
projection. In order to simplify the notation let us denote by Ty and Sy
the functors T,,,, : R—gr — (R,G/H) —gr and 5¥% : (G/H,R) —gr —
R — gr respectively. ‘

For a (graded) ring (gr.)w. dim(R) will denote the (graded) weak di-
mension of R. Similarly, for a R-module, f.d.(M) will denote the flat
dimension of M. Recall that, for a graded module g M, the graded flat
dimension coincides with the flat dimension (see e.g. [NV1}).

Next theorem extends Theorem 7 in [Ril] and gives an approach to
answer Question 2 in the same paper.
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Theorem 5.1. Let R be a G-graded ring. Assume that for every
finitely generated subgroup H of G the functor Sy is separable. Then
gr.w.dim(R) = w. dim(R).

Remark. Note that if Sy is separable, then the H-graded ring Ry =

@ Rj, has a separability system (in the sense of [Ra]). Indeed, Sy is
gheH

separable if and only if R has a pg-separability system. But if {z9|g €
G} is a py-separability system, then {z"|h € H} is a separability system
for R(H) .

The converse is not true in general as the following example shows.

Example. Let K be a field of characteristic 2. Let G = Z3 x Z2 and
H the subgroup of G generated by (1,1). Consider the ring R of the
a b ¢
matrices of the form a 0 | with entries in K. R has a G-grading
0 a
given by:

|a ceK 5 R(l,l) =0

0
0
a
K
) ) R(O,l) = 0
0
0

0 |,a®V) =0} is a separability system for
1
Rmy. But R has not a @y-separability system. Indeed, if {a%|g € G} is
0 1 0 0 1 0

a @p-separability system, then a(%® | 0 0 0| = [ 0 a(0:0)
0

0 0
0 0 0 0 0
00 1 |
and o(®Y) =0 0 0]a®9. Therefore a™® = a(®0 =
0 00

a® and 1 = a(®V 4 (10 = 2000 = 0.

Lemma 5.2. Let gP be a projective left R-module and M €
Gen(gP). Then grM is projective if and only if it is projective in the
category Gen(rP).

Proof: Let f: K — L be a homomorphism in the category Gen(gP).
If f is surjective, then f is an epimorphism in the category Gen(gP).
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Conversely, if f is an epimorphism in the category Gen(grP) and C is
the cokernel of f, then the canonical projection p : L — C is also a
homomorphism in Gen(grP) such that po f = 0. Thus C = 0, this
implies that f is surjective.

Since g M € Gen(gP), then there exists an epimorphism f : P — M
which is an epimorphism both in Gen(grP) and R-mod. Thus pM is
simultaneously projective in R-mod and Gen(pP). B

Let C be a Grothendieck category. Recall that an object F in C is
said to be flat if for every finitely presented object M in C and every
epimorphism f : N — F, the correspondent homomorphism of abelian
groups Hom¢(M, f) : Home (M, N) — Homp(M, F) is an epimorphism
(see e.g. [Po]).

When I is an idempotent left ideal of a ring R, then Gen(grl) is a
Grothendieck category (see e.g. [W]) because it is closed under submod-
ules. Of course, a left ideal with local units is an idempotent ideal.

Proposition 5.3. Let I be a left ideal of R with local units. Then,
an object F in Gen(gI) is flat in this category if and only if it is flat as
a left R-module.

Proof: Since Gen(rI) is closed under subobjects, the finitely gener-
ated (resp. finitely presented) objects of Gen(rlI) are just the finitely
generated (resp. finitely presented) left R-modules generated by gI.
Moreover, as we have remarked in the proof of the previous lemma the
epimorphisms in Gen(gl) are the epimorphisms in R-mod between ob-
jects in Gen(g[l). Therefore the necessary condition is obvious.

Let now F be a flat object in Gen(gI). First we will see that for
every idempotent e € I, eF is flat as a left eRe-module. Consider Re as
an R — eRe-bimodule and the functors H = Hom(grRe, ~) : R-mod —
eRe-mod and T = eR Qcpe — : eRe-mod — R-Mod. Let i : 1ere-mod —
HT and € : TH — 1R_moa be the unit and the counit of the adjoint pair
(T, H). ‘

Let M be a finitely presented left eRe-module and f : M — eF a
homomorphism of left eRe-modules, then T(M) is a finitely presented
left R-module in Gen(gl). Let p : IX) — F be an epimorphism. By
flatness of F' in Gen(gI) there exists g : T(M) — IX) such that pog =
erp o T(f). Since Re ®.ge M is finitely generated, there exists ¥ C X
finite such that Im(g) C I¥) and hence there exist g’ : T(M) — I(¥)
and p’ : IY) — F such that p’o f' =epo T(f). Applying the functor




CATEGORICAL METHODS IN GRADED RING THEORY 527

H, one has a commutative diagram

)
M 2. BTM) D HIO) = (eR)D)

| HT(n) | lH(p')

WFe H(er)
Fe —— HTH(F) —— H(F)
but px is an isomorphism for every X € eRe-mod. On the other hand
H(ep) o pup) = lar)- Thus f factors throught cre(Re)Y) which is
projective and finitely generated and hence f factors throughout a finite
product of copies of eRe. This proof that .grceF is flat.

Now we prove that gF is flat. Let J be a right ideal of R and assume

n

that Y. rym; = 0 for my, mg,...,m, € F and 71, 72,...,7n € J. Let
i=1

e be an idempotent 1n I such that em1 = m, for every i = 1,2,...,n.

Then Zrl ®mp = Zrl Qemy = Zrle®em1 Therefore Zrle@)eml
i=1 =1 =1

belongs to the kernel of the canomcal Je Qcpe eF — eRe which is
injective. Therefore it is 0 in Je ®.ge eF' and hence it is 0 in J®gr F. B

Lemma 5.4. Let{ : X — X' be a morphism of left G-sets and assume
that G acts freely on X. For every z' € X', S¢((2')R) is isomorphic to

6)9 (z)R. Therefore S¢ preserves projectivity.
¢(x)=a"

Proof: For every z € £~ 1(2) set f : (z)R — S¢((z')R) given by:
fo(r) = ¥ if r € ,(z)R. Note that if r € Ry and gz = y then gz’ =
£(y) and hence r € ¢)(a')R. If r € Ry and s € Ry, then fy(rs) =
(rs)9"* = r(s)"® = rfy(s). Thus f; is a homomorphism of left R-
modules and it is obviously graded. Therefore there is an homomorphism
f: ( E)B (x)R — Se((z')R) such that f restricted to (z)R is equal to

I3 =

fz for every z € £71(z').

Now we show that f is bijective. Let > 7% € Ker(f) where r* € (z)R.

zeX
Since f is a graded homomorphism, then Y ,(r*) € Ker(f) for any
z€X
y € X. If g € Supp(,(r®)) N Supp(y (r*)), then gz = y = gz’, therefore
o =o', This 0 = f( 2,,(r) = (5(r))¥ and hence (%) = 0 for
zeX

every z,y € X. ThlS proof that f is injective. On the other hand, if

Y € Se((z')R)y, then r € ¢()(z')R. Therefore, gz’ = {(y) for every
g € Supp(r). For every g € G, let z; = g~ 'y. Then 74 € y(z,)R and
fa,(rg) = (rg)V. thus f( ZGTZQ) =rY,

g€
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Now if P € (G, X', R) — gr is projective, then it is a direct summand
of copies of modules of the form (z')R for some =’ € X’. Since S¢
preserves direct sums, S¢(P) is isomorphic to a direct summand of a
direct sum of modules of the form (z)R for some z € X. Therefore
S¢(P) is projective. W

Let R be a G—graded ring. Let P = " R(g). For every g € G let
geG

ug : R(g) — P

the canonical monomorphism. Consider P as an G x G-graded R-R-
bimodule as in Section 2. For every subgroup H of G, we will consider
G as an G-H-set. We will use the following notation:

Ap = END(Pp)x
Ju = {a € Aglaug =0 for almost all g € G}

Ug = EB/ R(C) considered as an G/H x G/H-graded bimodule as
CeG

in Section 2.
Su = Endg,_(r,c/m)(U)
Ig = {a € Sglauc = 0 for almost all C € G/H}.

Lemma 5.5. Jy is projective as a left Ag-module.
Proof: Actually Jg = @ ApF,. 1
geG

Proof of Theorem 5.1:
First it is well known that gr.w. dim(R) < w. dim(R) (see e.g. [NV1]).

Assume that gr.w.dim(R) < n. Let H be a finitely generated sub-
group of G and M € (G/H,R) — gr. Let

By B g Ry

be a projective resolution in (G/H, R) — gr. Then by Lemma 5.4

- — Sr(Py) (fz) P (fl) Py SH(fo) M—0

is a projective resolution in R — gr. Therefore, Ker(Sg(f,_1)) is flat
(being f_1 = 0: M — 0). But Ker(Sg(fn-1)) = Su(Ker(fn_1)) and
Sy is separable, therefore Ker(f,_1) is flat. Thus for every M €
(G/H, R) - gr, fd(M) <n.

Let B = END(RP)H Then Jg = {a € Bluga = 0 for almost all
g9 € G]}. By Theorem 3.4 (G/H, R) — gr is equivalent to Gen(s,, (Ix)).
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By Corollary 3.10, Gen(g(Jx)) is equivalent to Gen(s,, (Ig)). Finally, by
Lemma, 3.5 Gen(g(Jg)) is equivalent to Gen(a,, (Jg)). Thus fd(M) <n
for all M € Gen(a, (Ju)). :

For every subgroup H of G, I is isomorphic to (I5){¢/H) as a right
Ag-module. Thus Gen(a, (Ic)ay) = Gen(a, (In)).

Let M € Gen(4.(J¢)) and

-——->P2£>P1L)P0£>M——>O

a projective resolution of M such that P, € Gen(4.(Jg)) for every n >
0. Note that such a projective resolution exists because Gen(a.(Jg))
is closed under submodules and 4,(Jg) is projective (see Lemma 5.5).
Since 4, (Ag) is projective and restriction of scalars sends modules in
Gen(a,(Jg)) to modules in Gen(a,(Jg)), then 4, Ker(f,—1) is flat.
But Ag is the direct limit of the Ag’s where H runs on the finitely
generated subgroups of G. Therefore 4, Ker(f,—1) is flat and hence
fd(agM) < n for every M € Gen(a,(Jg))-

Now by using the equivalence Gen(4,(Jg)a.) = Gen(p,J) of Lemma
- 3.5 one has that fd(g,M) <n for every M € Gen(p,(Jz)). And using
the equivalence Gen(g,(Jg)) = Gen(s,I¢) = R-mod of Corollary 3.10
for G = X = H one has that w.dim(R) <n. &
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