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Preface

We witness the advent of the age of parallel large-capacity computers and
processors. Parallel computers enter our life as the realization of objective processes
in aspiration for creating more and more powerful computers capable of solving
most complicated computational and informational problems arising in a society.
Since on each level of technology we approach our limits in computer capacity, this
intention to accelerate the process of creating more and more powerful computers
stimulates us permanently for transition to computational processes based on
parallel and asynchronous data processing. Rapid progress in the electronic element
base allows to construct such a multiprocessor computer system on VLSI crystals.

However, the new quality parallel computers require a completely new mathe-
matical base for solving complicated problems on parallel computer systems. What
is this base? No doubt such base is the adequate representation of problems in a form
accessible to parallel processing inherent to the structure of the computer.

Numerical mathematics has already done much in this direction. First of all there
are the methods of splitting complicated problems of mathematical physics into
simpler systems realizable on parallel processors.

This fact inspired the author to give a survey of the splitting methods and to
demonstrate the results achieved in this direction. The author tried to analyze all
basic splitting algorithms, naturally focussing special attention on the Soviet school
of numerical mathematics which has achieved important results both in formulating
algorithms and in applying them to solutions of complicated problems. As for the
rest of the world’s experience, it was in our opinion reflected sufficiently while
considering the algorithms as well as in the detailed bibliography presented in this
work.

In preparing material for this article the author was assisted greatly by V.I.
Agoshkov, G.R. Kontarev, V.I. Kuzin, Y.A. Kuznetsov, V.N. Lykossov, V.P.
Shutyaev, V.B. Zalesny. The author is very much obliged to all these colleagues.
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CHAPTER |

Introduction

The intensive development of the methods for solving linear algebraic equations
with three-diagonal and block three-diagonal matrices in the fifties and sixties led to
the creation of effective numerical algorithms for solving stationary problems based
on the factorization of the difference operator. A special place among the methods of
factorization (sweep methods) belongs to various versions of noniterative methods of
factorization developed by KeLbysH [1942], GELFAND and LokuTsiEvsky [1962],
Rusanov [1960], Gopunov [1962], Asramov and ANDREEV [1963] and others.

Experience accumulated in solving one-dimensional problems by methods based
on factorization had prepared the basis for the construction of the algorithms for
solving more complicated problems in mathematical physics. And the beginning of
the sixties was marked by a great contribution into numerical mathematics by the
development of such algorithms. This contribution is connected with the names of
Douglas, Peaceman and Rachford, who suggested the alternating direction method
(see DouGLas and RACHFORD [ 1956], PEACEMAN and RACHFORD [1955]). The success
of the method was ensured by a simple reduction of the multidimensional problem
to a sequence of one-dimensional problems with three-diagonal matrices easily
invertible by computers. This method affected significantly the construction of
algorithms in various fields of applied mathematics. The theoretical studies of this
and related methods are presented in the works by DougLas [1962], DyakoNov
[1961-1967, 1970-1972], SaMmarsku [1961-1967, 1970-1971, 1977], BIRKHOF,
VarGa and Younc [1962], Wacheress [1962], KeLLoGG [1964], GunN [1965],
Vorosyov [1968] and others.

The methods were developed based on homogeneous and inhomogeneous
approximations. In the case of inhomogeneous approximation each of the auxiliary
(intermediate) problems not necessarily approximates the original problem but in
the whole in special norms this approximation takes place. These methods have
been named the splitting methods; they have been developed in the works of the
Soviet mathematicians YANENKO [ 1966, 1967], DyakoNov [1963a, 1966], SAMARSKII
[1962d, 1963a], SauL'ev [1960], MarcHUK [1971] and others.

The splitting methods were widely used in problems of various kinds and they
stimulated the more general approach to the solution of problems in mathematical
physics based on the method of weak approximation developed by YANENKO
[1964b, 1967] and Samarskil [1963a, 1965b]. It appeared that the splitting method
may be understood as the method of weak approximation of the original equation

205
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by a more simple equation. The convergence conditions for the method of weak
approximation were formulated in the theorem by YANeENKO and Demipov [1966]
and in the works by LEBeDEV [1977] and DyakoNov [1962f, 1971d]. The method of
weak approximation has found natural applications in the problems of hydro-
dynamics, meteorology, oceanology, in the theory of radiation transport, etc.
(MARCHUK [1967, 1974a], YANENKO [1967]).

The original scheme of the predictor-corrector type by Lax and Wendroff found
wide applications in problems of hydrodynamics, meteorology, oceanology, where
the predictor was suggested in the form of an explicit difference scheme. This scheme
is conditionally stable, it is easy in realization and has a second-order approx-
imation in all variables. A detailed study of the scheme is presented in the book by
RicHTMYER and MorTon [1972].

Various versions of the predictor-corrector method based on implicit difference
approximations were proposed by BrayN [1966], DoucLas [1961], SorroNOV
[1965] and MarcHuKk and YANENKO [1966]. All these schemes proved to be
equivalent in a certain sense and differed only in the realization technique. In the last
of these works the implicit splitting scheme with factorized operator is used as
a predictor, which has first-order accuracy. For the problems in hydrodynamics the
implicit majorant schemes are used as predictors.

Of particular interest is the method of decomposition and decentralization
formulated by Lions and Temam [1966] ad also by Bensoussan, Lions and TEmam
[1975] which also is close to the splitting methods and methods of weak
approximation.

In the sixties the method for solving multidimensional problems of mathematical
physics was developed intensively which is connected with the name of HArLOW
[1967]. This method was named the method of large particles. Today it is also con-
sidered as a splitting method. In the works by DYACHENKO [ 1965], BELOTSERKOVSKY
and Davypov [1978], and YANENKO, ANUCHINA, PETRENKO and SHOKIN [1971]
various modifications of this method are given and schemes of their realization are
considered.

In the present work many of the splitting (fractional steps) and alternating direction
methods are considered, some facts from the theory of convergence of these methods are
presented and the algorithms for numerically solving a number of concrete applied
problems are formulated based on the applications of the methods discussed further.
Main attention in this work is paid to nonstationary problems. In this connection
the splitting and alternating direction methods are formulated as classes of finite
difference algorithms for solving these problems. Nevertheless, in some sections they
will be considered as iterative methods for solving stationary equations.

1. Approximation

This section introduces the general concepts of the theory of finite difference
methods which will be used in the present work.
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Consider a stationary problem of mathematical physics in the operator form:

Ap=f in £,
(1.1)
ap=g on 0£2,

where A is a linear operator, ¢ € @, f € F. Here @ and F arc Hilbert spaces, whose
elements are defined respectively on Q4082 = (02 is the boundary of the domain
Q) and Q, a is the linear boundary condition operator, g € G, where G is the Hilbert
space of the functions defined on 0. For the sake of definiteness and simplicity of
notation we will consider the functions from @, F, and G to be dependent only upon
two variables x and y (which may be regarded as spatial).

Construct the finite-dimensional approximation of the problem (1.1) for example
by the finite difference method. To this end consider a set of points (x,, y;), where
k and ! are arbitrary integers. The set of these points will be called a grid and the
points will be called grid points. The distance between grid points will be described
by the value h > 0 called the step of the grid (naturally, this distance may also be
described by two parameters h, and h,—the grid steps in the x- and y-direction
respectively). Denote by €2, the set of the grid points approximating in some sense
the set of the points of the domain @, and by 02, the set of the grid points
approximating the boundary 9. Further, the functions whose definition domain is
a grid will be called grid functions. The set of the grid functions ¢" with definition
domain 2, will be denoted by &,. Each function ¢ € & may be connected with the
grid function (@), as follows: the value of (¢), at the grid point (x,, y,) equals ¢(x;, y))
(of course, if the values {¢(x,, y;)} have a meaning). This correspondence presents
the linear operator acting from ¢ to @,; this operator is called a projection of the
function ¢ on the grid. The function = A¢ can also be projected on the grid by
taking (), =(A¢),. The correspondence between (¢), and (A), is a linear operator
defined on the grid functions.

By now applying approaches developed in the theory of the finite difference
methods we construct the problem in the finite-dimensional grid function space:

Argh= [ in O,
(1.2)
a'e"=g" on 0O,

which is the finite difference analogue of problem (1.1). Here A" and a* are linear
operators depending on the grid step h, "€ @,, f" € F,, g"€ G,, and &,, F, and G,
are grid function spaces.

We introduce in @,, F, and G, respectively the norms || ”‘1’;,’ I“llg, and || [|g,. Let
(*), denote the linear operator which puts the element ¢ € @ in correspondence with
the element (@), € @, in such a way that

lim 1@ ll5, = Il
h—0

We shall say that the problem (1.2) approximates the problem (1.1) with order n on
the solution ¢, if there exist positive constants h, M, M, such that for all h<h the
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following inequalities hoid
lA*@), = f*lp, <My b, lla% @) —g"llg, <M, k™, (1.3)

and n=min(n,, n,).

In cases where the solution ¢ of problem (1.1) is sufficiently smooth it is
convenient to find the order of approximation using the norm which is natural for
the space of continuous and differentiable functions. To that end the expansion into
Taylor series of the solution and other functions contained in the problem is usually
applied.

Further we shall suppose that the reduction of problem (1.1} to problem (1.2)
has been accomplished and, moreover, that the boundary condition of (1.2) has been
used for excluding the values of the solution at the boundary points of the domain
Q,+0Q,. As a result we have the equivalent problem

thbh:]‘h. (14)

The values of the solution at the boundary points can be found from (1.2) after
solving (1.4). In some cases it is more convenient to write the approximating problem
in the form (1.4) and in some other cases in the form (1.2). Thus, as a result of the
reduction and with the required approximation taken into account, problem (1.1)
with a continuous argument has been reduced to the problem of linear algebra (1.4),
i.e., of solving the system of algebraic equations.

Further we shall mainly use Hilbert spaces of grid functions and, unless otherwise
stated, the corresponding norm | ¢*|, will be defined by the relationship

lo*lo=(0", ¢")a*.
It must be noted, however, that many of the introduced concepts (approximation,
etc.) also apply to the case of Banach spaces and in some statements and illustrating
examples grid function norms will be introduced which are not connected with the
inner product defined by the above relationship.
We shall illustrate the above concepts with an example of the following concrete
problem

—Ap=/f in &,
¢=0 on 0%,

(1.5)

where
Q={(x,y): 0<x<1, 0<y<1},
f=f(x, y) is a smooth function,
A=0%/dx*+ 0*/0y>.
Let F be the Hilbert space of real functions L,(€2) with the inner product

(u, v)= fuv dx dy

o
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and the norm
llall = (e, u)' /2.

Denote by @ the set of functions that are continuous in Q=+ 0% and that have
continuous first and second derivatives in £2. We take the same normin @ asin F,i.e.
I-llg="Il. Choose as G the Hilbert space L,(09) of functions defined on 0Q with

the norm

172
g lz.00 = ( Jlglz dF) )
20

If we introduce the operators A@ = — Ap and a@ = @|sq, then problem (1.5) may be
represented in the form (1.1) for g =0.

Now, we introduce the finite-dimensional approximation of problem (1.5). To this
end, we cover the square Q=Q+2Q by a uniform grid with step 4 in the x- and
y-direction. The grid points of the domain will be identified by a pair of indices (%, I),
where the first index k (0 <k < N, ) corresponds to discretization of the x-coordinate
and the second index ! (0<I< N,) corresponds to that of the y-coordinate. Consider
the following approximations:

02 0%p
a_sz Pxx Axvx((o)hs a—yzz Pyy = Ayvy(¢)hs

where A, A,, V, and V, are difference operators defined on grid functions ¢" with
components ¢f ; as follows:

1
(Ax(ph)k,l = E(QDL 1,1 (pz.l)a
h 1, h
(7 )k,l=E((pk,l_(pk-1,l)a
h 1 h h
(quo )k,I=E((pk,l+1 — @k, 1),

1
(Vy(ph)k,1=ﬁ(q0£,l_qo2,l-— 1)

Then problem (1.5) can be approximated by the following problem:
Ato"= —[A V. 0"+AV,0"1=f" inQ, 1.6)
¢"=0 on 8Q,, '

where 09, is the set of grid points that belong to the boundary 8¢, and Q, is the set of
internal grid points in Q. Here the operator A" is given by

A=A+ A,
Axx_AxVxﬂ A=—-A Vs

y yoy
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i.e., A" is a difference analogue of the operator —A: A*= — A" Now (1.6) can be
rewritten in the form

—ArpP=f" in Q,,
(0h=0 on agh,

(1.7)

where ¢”" and f* are vectors with the components ¢f ; and f! ; and

1
(Ah‘Ph)kJ:P((OZH,i'l‘(D:—1,1+(P2,1+1 +(0’1:,1—1 —407 1),

{ X+ 142 P4 172
f2,1="’j‘"5 fdx dy,
k172 Yr-112
xkim:x"i%h’ Vit1p =Y, T 3h

Here and in the sequel we take as [} ;some average f (x, y), calculated by the above
formula. (This allows us to consider the difference schemes with a function f(x, y)
which, in general, is not assumed to be sufficiently smooth.)

We introduce the space @,. Let the elements of @, be defined in the domain

Q,=2,+0Q,={(x;, y): 0Sk<N,=1/h, OKISN, =1/h}.

Define the inner product and the norm as follows

N, N,
(‘Pha ‘/fh)w,,: z Z hz‘P’l:,I‘//,i:,h

k=0 1=0

N, N, 172
nwnwf( 3 hzwz,az)

k=0 1=0

Choose as F, the space of grid functions defined on
Q,={(x;, ) 1<k<N,—1, I<IKN, -1}
with the inner product and the norm given by:

Neoy Ny

(" ¥"e= 2 Y K oiwi

k=1 I=1

Ny—1 Np—~1
lo" = Y X Kok
k=1 I=1
The space G, of grid functions defined on 09, is defined in a similar way.
Take as (@), a vector whose components are the values of the function ¢ at
corresponding grid points. Then using the expansions of the functions ¢(x, y) and
f(x, y) into Taylor series we obtain

I =AY@Y~ f"llp, <M, -h?, (1.8)
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where M, =const<co. The approximation of the boundary conditions in this
example is accurate. From this fact and from the estimate (1.8) it follows that
problem (1.7) approximates problem (1.5) with the second-order of accuracy on the
solutions of problem (1.5) having bounded fourth-order derivatives.

Note, that if we require the grid functions of @, to satisfy the condition ¢”|,,, =0,
then for such functions the inner products in @, and F, (and therefore the generated
norms) will coincide. Further, using the following identities analogous to the first
and the second Green formulae

N,—1

—Z (Avx(p)kl‘//kI—Z(Vx(p)kI(V')b)kl’

N,—1 N.-1 ¢", yred,
- Z (Axvx(ph)k,l.!/,Z,lz_ Z (AxVx!//h)k,l'q),I:,la

k=1 k=1

and similar identities for the sums over index !/ it i1s not difficult to show that

(Ah(ph’ !ﬁh)F,,z((ph’ Ah!//h)Fha
(A", oM =2 T Y (Va0 ) +((V,0") 7] > O
k=11=1

for " #£0

i.e., the operator A" on the functions of @, satisfying the condition ¢ |aQ =0is a
self—adjomt positive-definite operator. It is of interest to note also that here A" is
representable as the sum of symmetric positive-definite commutative operators A,
A

y

A=A+ A, AA=AA.

So far the stationary problem and its approximation in spatial variables were
considered. But we may consider in a similar way the problem of approximation of
the evolutionary equation (i.c., the equation which has no time derivatives in A and
may be resolved explicitly with respect to the first derivative in time):

dpfot+Ap=f in@xQ, Q=(0T)
ap=g ono2xQ, (1.9
p=¢° InQ for t=0.

Problem (1.9) will be approximated in two stages. First we shall approximate this
problem in the domain (2, +0Q,) x £, in spatial variables. As a result we obtain the
differential equation in time which is a difference equation in spatial variables.

In some cases it is easy to exclude from the obtained differential-difference
problem the values of the solution at the boundary points of the domain
(Q,+02,) x Q, using difference boundary conditions. Assuming this to be carried
out we come to the evolutionary equation of the kind

do*/dt+Ap"= f*, (1.10)
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where A, /" and ¢" are functions of time ¢. Further we shall omit the index h in
problem (1.10) assuming that we deal with the difference analogue of the original
problem of mathematical physics in spatial variables.

Equation (1.10) presents a system of ordinary differential equations for the
components of the vector ¢".

Consider the following Cauchy problem:

do/dt+Ap=/,
p=g fort=0.

(1.11)

Suppose that the operator A does not depend on time. Consider the simplest
methods of approximation to problem (1.11) in time. Currently the difference
schemes of the first and second order of approximation in ¢ are used in most cases.

First, consider the simplest explicit scheme of the first-order of approximation on
the grid Q.

j+1__

i .
O TP L Api=f =g, (1.12)

where t=t;,, —t; and f/ is some projection of the function f. For the sake of
simplicity we may now take f/= f(t,).
If we consider the simplest implicit scheme, then we have

itl__ g
4 - @ +A@iti={i, 0°=g, (1.13)
and we choose f/ as f(t;,,). The schemes (1.12) and (1.13) are first-order
approximations in time. We may check it easily using expansion into Taylor seriesin
time and assuming, for example, the existence of bounded second-order derivatives
of the solution in time,

Resolving (1.12) and (1.13) with respect to ¢

i*1 we come to the recursive relation

¢!t 1=Tp +1Sf7, (1.14)

where the step operator T and the source operator S are defined as follows: for scheme
(1.12)

T=E—14, S=E;
for scheme (1.13)
T=(E+1A4)" !, S=T.

The difference schemes of type (1.14) for evolutionary equations will be called
two-level schemes.

In applications the second-order approximation Crank-Nicolson scheme is
widely used.

€0j+1'—§0j+A(Pj+1+(Pj

= 0_
. 3 o e’=yg, (1.15)
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where f/=f(t 7+12)- Scheme (1.15) can also be represented in the form (1.14) with
T=(E+itA)" ' -(E—41A), S=(E+itA)" L

In some cases it is convenient to write the difference equations (1.12), (1.13) and
(1.15) as a system of two equations, the first approximating in €2, the equation itself,
and the second approximating the boundary condition on 8€,.. In this case the
difference analogue of problem (1.9) has the form

Lht(pht=fht in ght,

(1.16)
"o =g"™ on 09,
where
Q,,=92,x9Q,, 02,=02,x{0}uoQ,xQ,
IL* (@)= " llg, SMy-h"+ N, 7P, (1.17)

1) — 9" N6, <My h"+ N, 1",

In these inequalities, just as in (1.3), (+),, is the operator of projection on the
corresponding grid space.

By introducing vector functions and new operators acting in the domains 2, x Q,,
where €, is the set {t;}, the difference equation in canonical form (1.14) can also be
written in the form

zhtthttht- (118)

Thus, the evolutionary equation with boundary conditions and initial data can be
reduced to problem (1.18) of linear algebra.

In particular a boundary value problem of elliptic type, an integral equation, etc.,
may be reduced to equation (1.18). Here the approximation condition can again be
written in the form (1.17) with the only approximation index h which is the
maximum from the set {Ax;} of steps in spatial variables.

Consider the problem

Op 610 )
quga-}-Aqo“_—*é?—A(p:f in 2xQ,,
¢=0 onoR2xQ, (1.19)

@=g in for t=0.

Solutions are assumed to be defined on domain (2 + 0Q) x Q,, where Q is a square as
before, and 2,={0<¢t< T}. From @, 0, Q, we come to ©,, 02,, 2, respectively. Let
Q. be the set of points t; and let t;,, —t;=7. Then problem (1.19) can be
approximated as follows:

Lht(phttht in Qh x Qﬂ
" =0 on 0Q, x Q,, (1.20)
p=g in Q, x {0}.
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Consider the simplest explicit approximation

+1

J+1__ .
(Lmﬁoht)i,l Pkt - qok-l_(Ahqoj) (121)

It

kI°

Xk+ 172 Yi+ 12
. 1
fi’,l“___};f j J f(x’ Ys tj) dx dy’ {122)

Xk—12 Y1172

X+ 172 Yr+ 172

1
Iri=37 g(x, y) dx dy, (1.23)

k=12 V-1

where @] ,=¢"(x,, y,,t;). Then

ol =l +1(A)), +1fl, iInQ,xQ,. (1.24)
Besides,

qoi,,=0 f)n 0Q, xQ , (125)

Pr1=9,, in 2,x{0}.
The recursive relation (1.24) can be written as

Pt =Tl +1f7, (1.26)
where ¢/ is the grid function with the definition domain Q, + 42, and

@7 (% Y1) = 0" (x4, Vs £,

T=E+tA"=E—1(A,+A,))

is the step operator, and A, and A, are the same as in (1.6). For the sake of simplicity
let here

1/2
F,=¢, and ||§0h||¢,,:(zh2|¢k,z|2) .
k.1

We estimate the norm of the operator T. To that end, we want to find its largest
eigenvalue

Tu=ATu in Q,
u=0 on 092,.

The following relation is obviously valid
A(T)=1+14,(A").

Noting that the orthonormal eigenvectors {u,,,} of the operator A" have the
components

(1.27)

ur, =2 sin mnkh-sin pnih,
m=1,2,...,N—1, p=12,...,N.—1,

y
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and corresponding eigenvalues are
4 .
mp(A™)= F(sin2 LI mnh +sin? Lpnh),

we easily find A,(T) and the norm of the operator T:

1—§E sin? 4mh

87
1 —— cos? inh|, 2

hz

and if t/h? <4, then | T| <1.
Along with the explicit approximation of the first order in T we may consider the

implicit approximation of the first order in t and of the second order in h2. Then

instead of (1.21) we will have:

IT| =max{ } (1.28)

it — g ‘
(Lht ht) E - k,l_(Ah(pJ+l)k,l’ (1.29)

where [ {‘ ,and g, are defined by (1.22) and (1.23) respectively. In this case (1.20) can
no longer be solved explicitly and we come to the operator equation

(E— tA")(p"’“)k l——(p{c ,-l-rf”l in Q,xQ, (1.30)
whose solution must satisfy the following conditions:

ol = on 02, x 2, )

o o (1.31)
Pr1=0x,; 1n 2, x{0}.
We write (1.30) in the form

oI =(T(ol ,+ ) p» (1.32)
where T=(E—1A")~ !, In this case the norm of the operator T becomes

| T || =max 1 1 (1.33)

B 1+(8t/h?)cos inh’ 1+(81t/h?)sin? $nh '

and therefore || T|| <1 for any 7 and h.
Finally, we consider the approximation in the Crank—Nicolson scheme. Define
the operators and functions in problem (1.20) as follows:

1 i j+1 i
: ht — @ - +to
(L* ")k,z———#—(m———_—-) , (1.34)
T 2 k.1
X, +1/2 y;+1/2
A |
f£‘1='j;f f(xaya tj+1/2)dXdy9

x,—1/2 ¥~ 1/2
(1.35)

x,+1/2 y+1/2

Ir1= hz f f glx, y)dx dy.

—1/2 ¥
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Then we obtain the problem
(E—-$tAM ot =(E+3tAM @i (+f], inQ,xQ, (1.36)
@, ,=0 ondQ xQ,
ol _ " (1.37)
Pe1=gy; in 2, x{0}.
In this case (1.36) can be formally solved with respect to the unknown ¢{7' in the
form

Piy’ =(T(pj)k,l+r(sfj)k,l’ (1.38)
where

T=(E—4tA") " Y (E+41AY), S=(E—-}tAM) "L
The norm of the step operator is

1 —(4z/h?) cos® imh
1+(@t/h*) cos? $nh|’

}. (1.39)

ll —(41t/h?) sin? mh

IT]=max { 1+ (4c/h?)sin? inh

Hence || T| < 1.

2. Stability

Consider the next important concept of the theory of finite difference methods:
stability.

To clarify basic definitions and concepts of the theory of stability consider first the
explicit difference scheme (1.12)

ot =(E—tM)p’+1f,  ¢°=g 2.1)

The solution ¢ is found for 0< i< T.

Assume that the operator A is positive and has a complete system of eigen-
functions {u,} and a set of eigenvalues {i,>0} corresponding to the spectral
problem

Au=Au.
We introduce the following Fourier series:
P'= Oty =Y St 9= Gulhns (2:2)
where

er=(0%ud),  fi=(fLur)  gu=(g: ud);
u¥ are the eigenfunctions of the adjoint spectral problem. Substituting (2.2) into (2.1)

and taking the inner product of the result and the vectors uf we obtain the following
expression for the Fourier coefficients:

ot =(1—1d)el+f] (2.3)
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Since
0°=Y g.u,
n
the initial condition has the form
On=4p- (2.4)

By successively excluding the unknowns we obtain

g

or=rig,+t ), ri i (2.5)
i=1
where
r,=1—14,. (2.6)

From (2.5) it follows that for 1 >0

j
l@al<Ir,lelgal+ 3 Ir,l =010
i=1
We strengthen the latter inequality by substituting | ™| for | f,| =max| fi| under
the summation symbol and we obtain
. ; 1=,
lpal<Ir,| |gn|+1—_|r—|—"f|fn|- (2.7)
Von Neumann has introduced the so-called spectral criterion of stability, the
essence of which is as follows. If for each Fourier coefficient ¢} of (2.2) the following
relation holds

193 S Cralgl +Coul o, n=1,2,..., (2.8)

where C,,, C,, are constants bounded uniformly for 0<jz < T, then the difference
scheme (2.1) is computationally stable. Consider conditions on the parameters of the
difference scheme (1.12) sufficient for relation (2.8) to be valid. An analysis of (2.7)
shows that the stability criterion (2.8) is satisfied if the following restriction is
imposed on the parameter r,

Ir,l<1, n=1,2,.... (2.9)
Assume that the spectrum of the operator A is contained in the interval
0 <ol A) <A (A) < P(A).
Then, according to (2.6), if
1L2/B(A), (2.10)

then relation (2.9) will hold. Thus inequality (2.10) becomes a constructive stability
condition for the difference scheme (2.1). Note that condition (2.10) is a sufficient
stability condition; the scheme remains stable, for instance, when

1=2/B(A).



218 G.1. Marchuk CHAPTER |

Relation (2.7) in this case becomes obviously
lpil<lg,|+jtl . 2.11)

But jr < T, where T is fixed. This means that for small £ a large number of steps j is
required, and j— oo as 7—0, but such that the upper bound of the time interval
T remains fixed. Again, we come to schemes which are stable in the sense of von
Neumann.

We consider now some other difference schemes based on the implicit difference
approximations. In the case of the implicit scheme of the first-order approximation
(1.13) we obtain an expression similar to (2.7):

—Ir l
il

lpal <Ir, |’ lgn|+ Irull fal, (2.12)

where
r,=1/(1+714,(A)).
This difference scheme for 4,(A4)>0 is stable for any t >0, since
Ir,<1, n=12,....

Stability of this kind will be called the absolute stability.
In the case of the Crank-Nicolson scheme (1.15) the estimate for the Fourier
coeflicients of the solution has the form

i |flu,.llfl (2.13)

AN A |gn|+

where
R 172 %) 1
Tl T 1L ()

Therefore |r,| <1 for any >0 provided that 4,(A4)>0.

It should be noted that, firstly, the stability in von Neumann’s sense is based on
the spectral analysis of the operator of the problem. This means that for this
approach the computation of the largest eigenvalue or the estimation of its upper
bound are necessary parts of algorithm. Secondly, the spectral stability criterion
ascertains stability of the solution with respect to each of the harmonics from the
Fourier series but it says nothing about the stability of the solution in terms of
enérgy norms. At the same time the norm of the solution ¢’ often happens to be the
only characteristic of the problem’s solution. All of this made the researchers offer
some other definitions of stability which would be related to the norms of the
operators. It should be emphasized, however, that stability analysis of von
Neumann type continues to play a prominent role in applications.

We now come to a more general definition of the concept of computational
stability. To that end we consider the problem

Op/ot+Ap=f in Qx,
p=g for =0,

(2.14)
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which is approximated by the difference problem

I =T/ +18f7 in Q,xQ,,
@ @' +1Sf h 2.15)

p°=g.

We shall say that the difference scheme (2.15) is stable, if for any parameter
h characterizing the difference approximation and for j < T/z the following relation
holds

l9/llo,<Cylglg, +Co 1 /I, (2.16)

where the constants C, and C, are uniformly bounded on 0<t<T and do not
depend on 1, h, g and f; G, denotes the space to which g of (2.15) belongs.

The definition of computational stability is closely related to the concept of
well-posed problems with a continuous argument. One may say that computational
stability implies continuous dependence of the solution on the input data in the case
of problems with a discrete argument. It is easy to see that the definition of stability
in the form (2.16) already relates the solution itself with the a priori knowledge
concerning the input data for the problem. This definition is often more suitable for
analyzing the stability of many problems and more informative than Neumann’s
definition. Consider the stability of the scheme (1.12). To this end rewrite the
recursive relation (2.1) as

@’ 1=Te! +1f7, =g, (2.17)
where
T=E—1A, (2.18)

and A is the operator approximating A. The formal solution of the problem (2.17)
has the form

i
@t 1=Tg+ Y TI7ifi-1 (2.19)
i=1

We assume' G,=F,, and by estimating the norm of the solution of (2.19) we
obtain

j
lo" o, <NT I lgllg,+7 X NTI I F g, (2.20)
i=1

We substitute for || f*~! || under the summation symbol its maximal value for all
j from the fixed time interval. Let

/"l =max || f|
J

'This assumption is made for the sake of simplicity. Otherwise instead of one norm |T|=
1T 5, ~0,=$uPger, (I Tollg /I @ll)) we should introduce two norms:; IITIIFA.,% and ||T||G,,--a,,=SUP¢eG,,
(ITolo/l0lls,)
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then

e A @21

I/ lla, < TII"IlgIIG,,

If we assume that
IT|<1, (2.22)

then scheme (1.12) will be stable in the sense of definition (2.16). Naturally, (2.22) is
a sufficient condition for stability. More sophisticated conditions could be obtained
using the norms of powers of the step operators || T'|| (i=1,2, ..., j). Weakening the
condition however brings additional difficulties in the constructive procedure of
ascertaining the stability criterion. As a rule, the sufficient condition (2.22) is used in

practice.
The stability of the implicit difference equations (1.13) and (1.15) may be
considered in a similar way. In these cases we have

1=TI’

T ISI- 1 f g,
1T o

19 llg, <ITIllgl, +

where for scheme (1.13)
T=(E+14)7", S=(E+tA)~!
and for scheme (1.15)
T=(E+3tA) Y (E—3tA), S=(E+3t4)" .

It is easy to show that these difference schemes will be absolutely stable in the sense
of definition (2.16) provided that A>0 and

1/2
lo/lle,= [Zlqoizlzhz] :

It may be done using the estimate

IE+TA)7 <1 for 420, >0 (2.23)
resulting from the relations:
IE+t0) ol Iy
loll? IE + )2

i} Y12 <
W72+ A5 )+ <2 Ay

and from the following theorem (which is very useful in the stability analysis of many
schemes).

THeoREM 2.1 (KELLOGG [1963]). If the operator A acting in real Hilbert space 9 is
positive-semidefinite and the numerical parameter ¢ is nonnegative, then

IHE—cA)(E+0A) <1 (2.24)
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Indeed, introduce the notation T=(E—ocA)(E+0A)”'. Then we have

ITH?=sup (E—cA)E+cA) ‘o, (E—cA)E+0cA) ' )y
¢ (@, 9)o

_qup (B0 (E=c A,
v (E+ody, (E+aa)o

—qup Vo —20(AY, Y)o + 0" (AY, AY)o _

=0 W Vo +20(A%, Y)o + 02 (AY, A)g

REMARK 2.1. In the case when 4 >0 and ¢>0 we would have instead of (2.24) the
inequality of the kind

I(E—cA)E+c4) ! <1. (2.25)

Discuss briefly the limit transitions. In solving the difference analogues of the
evolutionary problems of mathematical physics we have to consider approxi-
mations in time with step 7 as well as in space with characteristic step 4. This means
that the transition operator T=T(z, h) depends both on t and on A.

The construction of a stable algorithm for a given approximation method is
usually reduced to establishing the relation between t and h which ensures the
computational stability. If the difference scheme happens to be stable for any 7>0
and h> 0, then it is declared absolutely stable. And if the scheme happens to be stable
only in the case where there is a certain relation between 7 and 4 then such a scheme
is called conditionally stable.

Assume that 7 and h are related according to the inequality

t<C-h?, (2.26)

where C and p are given constants independent of T and A. It is worthy to note that
such relations are usually established while considering the amplitudes of the
“shortest” perturbation. As a rule they reflect the connection between the minimal
spatial and time scales of the phenomena simulated by the difference scheme.

Of course, large perturbations (say, of the order of several ) will then be described
more precisely.

Suppose that we need to increase the accuracy of the solution formally by
decreasing the grid step k. Then we must decrease simultaneously the time step  so
that the above inequality is again satisfied with these new parameters. This means
that we may even allow the limit transition as t—0 and h—0 if we satisfy the
condition (2.26), for example, in the form

7/h? =const < C.

Along with the above definitions of the computational stability other definitions
are used in the literature allowing the expansion of the class of difference schemes
which are of interest in applications. For example, the scheme is called stable if

IT|<1+0() (2.27)
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For small t such a definition allows for the exponential growth of round-off errors in
time.

Note that if the approximation of the evolutionary equation is studied in the
spaces of grid functions defined in €2, x ©, then it is useful to give the definition of the
stability in terms of the same spaces. Indeed, let the difference problem have the form

Lo =f" inQ, xQ,

"ot =g on 0, xQ..

(2.28)

We introduce the stability criterion in the form:
10" o, <Ci I ["lf, +Cs 19" N6, (2.29)

where C, and C, are constants on the interval 0<t< T independent of k, 7, /" and
ht
g".
Assume that the original problem is approximated by the difference equation with
the boundary conditions already taken into account. Then it is convenient to
introduce the stability criterion in the form:

19" o, <CIL I, (2.30)

where C is bounded on the interval 0<t<T.

3. Convergence

We turn now to the formulation of the major result in the theory of the finite
difference algorithms: the convergence theorem. The study of the convergence of the
difference solution to the solution of the original problem for the stationary and
evolutionary problems of mathematical physics is based on the same principles.
This allows us to follow the main idea of the proof on the example of the stationary
problem (1.1) which is approximated by the difference scheme (1.2) (i.c., by the system
of equations approximating both the equation and the boundary condition of (1.1)).

The following convergence theorem is valid (Gopunov and Ryasenki {1970],
FiLirrov [1955]).

THEOREM 3.1. Let the following conditions hold:

(1) The difference scheme (1.2) approximates the original problem (1.1) on the
solutior; ¢ with order n.

(2) A" and a" are linear operators.

(3) The difference scheme (1.2) is stable in the sense of (2.29), i.e. there exist positive
constants h, C,, C, such that for all h<h, f" € F,, g" € G, there exists a unique solution
o" of problem (1.2) which satisfies the inequality

||§0h||¢,,<c1||fh||F,,+C2"gh||G,,- (3.1)

Then the solution of the difference problem @" converges to the solution ¢ of the
original problem, i.e.,

lim [|(¢),— " &, 0,
h=0
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when the following estimate for the convergence rate is valid
1@} —0"llo, <(C; M, + C,M,)h", (3.2)

where M| and M, are the same constants as in (1.3).

Proor. Let i be the constant introduced in the definitions of approximation
and stability. The stability implies that for any right-hand sides f* and g" for h<h
there exists a unique solution ¢" ie. for h < i we may consider the difference
(¢), — ¢" Since A" is linear we have

A"y — ¢"] = A¥g), — A" = AX @), — 1"
Similarly,

a'[(@) — ¢"] = a¥(@), — ¢".
Since h < h, owing to the stability and approximation of the relations

A'[@) — 0"1 = A% — 1", a'[(o)h— ¢"]1= o), — 4", (3.3)
it follows that

(@) — @"lle, <C. |1 4"(@)s — 15, + C;lla" (@) —4" I,

<C,M i+ C,M,h"<(C, M, +C,M,)h".

While obtaining the last inequality we may suppose without loss of generality that
h<1.
In the case of the evolutionary problem consider

8f" = L"[(@h. — 0™ = L"(@)e — /™,

(3.4)
g™ =I"[(¢)y— ¢" 1=1"(0)y.— 9"
From (3.4) and from the stability condition (2.29) we have
1(@ne — @™ llon < C1 1™ | s + C2 189" ll G
or, taking (1.17) into account,
1{@Yhe — 0" g, <K, 1"+ K77, (3.5)

where
K1=C1M1+C2M2, K2=C1N1+C2N2.

Estimate (3.5) proves the convergence of the difference solution to the exact one
and gives a clear comprehension of the convergence with respect to the spatial grid
step h as well as to the time step t. [

The assumptions of the theorem include the rather rigid requirement that C, and
C, are independent of 4 and 7. The condition that C, and C, must be independent of
his especially unpleasant since in some cases C, and C, may tend to infinity as h — 0.
Let
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Ci=C,/h",  Ch=C,/h",

where m >0. The rate of convergence of the approximate solution to the exact one
will then be estimated as follows:

1(@)re— 9" Nl o, <MK ™™+ Nt"h™™.

If k>m and 776™™—0 as 10, h—0, then the convergence takes place. Of course,
the convergence theorem can be formulated even in the case when C, and C, depend
both on & and 7.

4. The Crank-Nicolson scheme

The Crank—Nicolson scheme will play a significant role in the next chapters. So we
shall consider this scheme in more detail.
Consider the evolutionary equation

O
ot

p=g 1inQ for t=0,

+Ap=f InQ2xQ,
@.1)

where A>0 (i.e. (Ap, ¢)>0) and the solution ¢ is sufficiently smooth. We shall
assume that the solution satisfies certain boundary conditions on 0. We shall
assume as well that (4.1) already presents the finite difference approximation to the
corresponding original evolutionary problem in all variables excluding ¢ (i.e. A is
a matrix, ¢ is the grid function depending on ¢, etc., as we specified above, the index
“h” of A, ¢, 2 and other symbols will be often omitted for the sake of simplicity).
Suppose first that 4 does not depend on . Then it is easy to check that the difference
equation of the form

o' 0T +e)
T 2

approximates problem (4.1) with second-order accuracy in 7. This difference scheme,
as was already noted, is usually referred to as the Crank—Nicolson scheme. It is of
interest to note that scheme (4.2) is the result of alternately applying explicit and
implicit first-order schemes written on the intervals £; <t<t;, 1, and t;,;,<t<

t;+ respectively (provided that A is a linear operator independent of ¢):

j+1_
4 0, ¢°=g 4.2)

(0j+1/2—§0j .
—*%’t_-}-Aq)J:O,
I 4.3)
(pj'i'l_q0]+1/2 )
T +Ap*1=0.
27T

Excluding the unknowns ¢’* /2 from this system of difference equations we come to
the Crank—Nicolson scheme.
Assume that the operator A is independent of time and is approximated in the
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problem (4.1) by the difference operator, which will be denoted by A. Then we will
deal with the problem in linear algebra of the form

il SYL A AN I “4.4)
T 2
where
(Aip, 9)=0 (4.5)
for all functions from the subspace .
Resolving (4.4) with respect to ¢! we obtain
@t =(E+itA) " (E—$tAd)¢l, (4.6)
@it =Tig/, 4.7
where T is a step operator:
T/ =(E+3t4%) 1+ (E — JtA49). 4.8)

In order to prove the computational stability we need not to estimate the norm of
the step operator T-. Taking the inner product of (4.4) and (¢’ *! + ¢/) we obtain

PR TN S D S RS SN AN S WY
(@ ¢ Jo— (0" 070 (07" +0' @7 407\ _ 49)
2t 2 A
If A is positive-semidefinite, then
1T/ <1 (4.10)

and, therefore,

lo" e <llo’ Il @.11)

i.e., the scheme is stable.
If the operator A’ is skew-symmetric, i.e., the following equality holds:

(quos q))w: 09
then we have instead of (4.10) the equality

lo" o= ¢’llo- (4.12)
And so here
IT/| = 1. (4.13)

We now consider the approximation with the Crank—Nicolson scheme in the case
where the operator4 is time-dependent. We define the operator L by the equality

Lo =0¢/0t+ Ap (4.14)
and the operator L, by the equality

@ (@) A"+ (o)
T 2 ’

(L.oy = (4.15)
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where (@)’ is the projection of a function ¢ on the grid Q.. Further, we introduce the
norm

IE.@)lc,=max L@}, (4.16)

where || - | is some norm in the space to which (L, ¢)’ belongs. In order to estimate the
norm (4.16) we expand the solution of the original equation (4.1) into a Taylor series,
and we have:

(@) =(@¥ +1(@) +313 (@) + - (4.17)

Taking into account the obvious relations

¢,=— Ao,
oo =A20— Ao, (4.18)
where 4,=0A4/0t, we transform Taylor series (4.17) into the form
(@) "' =(p) =1 A/ @) +37° [(A) () — Al(@) — -] 4.19)
Substituting (4.19) into (4.16) and taking into account (4.15) we obtain
H(f—= Lo} c,
=max 1A% (@) — A (@) +37{(47)* — Al — A7 A7} (9) + O(?) |, (4.20)

i)

where f7 is the right-hand side of (4.4) which, in this case, equals zero.
If we choose as the approximation of the operator A the operator

A=AT=A(1)), 4.21)
then it follows from (4.20) that
I(f— L:@)llc, =37 max | 4{(p) | + O(?)

ti€Q.
and we have the first-order approximation. Note that in the special case where 4 is
independent of ¢ the approximation in the form (4.21) ensures second-order accuracy
" gﬁppose now that the approximating operator has been chosen in the form
AI=A'+51 4] (4.22)
In this case we have
I(f —L.@)llc,=O(z?).

Note that the approximation with the Crank—Nicolson scheme will also have
second-order accuracy in t if the operator A* is chosen in the form

Ai=A47712 (4.23)
or
Ai=3(A7 1+ 49). (4.24)
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The three forms (4.22), (4.23) and (4.24) of the approximation of the operator
A ensuring second-order accuracy are used in various applications, in particular in
numerically solving the quasi-linear equations.

We now consider the inhomogeneous equations

Op/0t+Ap=f in QxQ,, 425)

¢=g InQ for t=0.
The difference approximation to problem (4.25) based on the Crank—Nicolson
scheme has, under the assumptions formulated above, the form

jt1__

9@

J jt+1 J
Lt (426)

where

fj=f(tj+1/2)'

It is not difficult to check that the difference problem (4.26) approximates (4.25)
with second-order accuracy in t. Write the solution of problem (4.26) in the form

0T =Tigpl +t(E+3tA) 1 17, 4.27)
From (4.27) it follows that

lo " He<IT N @ llg+T(E+TTA) " -1l £l (4.28)

Since 7>0 and

(A p?, 97) =0, (4.29)
we obtain

IT7)<1,

(4.30)

IE+3e4)7 <1,
Therefore, (4.28) leads to

le” He<lo e+l £ (4.31)
Taking

le®le=1llgl, I fll=max| /[,
J

and using the recursive relation (4.31) we obtain

lo’lle<ligl+jzlif1l, jr<const. (4.32)

Thus relation (4.32) proves the stability of the difference scheme. Besides, this
relation presents the a priori estimate for the norm of the solution.

Thus we have introduced some concepts which will be used in considering the
splitting and alternating direction methods. Besides, we have shown how to reduce
this problem using the finite difference method and approximating the original
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evolution problem in all variables (excluding ¢) to the solution of the system of
ordinary differential equations of the form

Op/ot+Ap=Ff 1 Q,
¢o=g fort=0,

4.33)

which may be solved using splitting or alternating direction methods. (Note that it
is this approach of successive approximation to the problem that is often used in
practice!)

Further, the finite difference method for the approximation of problems has been
chosen here since the present work is devoted mainly to this method. However,
currently systems of difference equations may be obtained in various ways. Thus, the
finite element method also leads to a certain system which may be considered a
finite difference system (StranG and Fix [1977], Basuska [1970], MarcHUK and
AcGosHkov [1981]). But in this case as a rule we obtain instead of (4.33) the system

Bop/ot+Ap=f 1 Q,
Bp=g for t=0,

(4.34)

where the matrix B is symmetric positive-definite and presents a Gram matrix (if the
original problem has in the main equation a distinguished derivative “O¢/0t”). But
here it is often possible to approximately replace this matrix in (4.34) by a certain
diagonal matrix B (with positive elements on the diagonal). As a result from (4.34)
one comes to the problem

Bog/ot+Ap=f inQ,

- (4.35)
Bop=g fort=0,

and the order of approximation of the original problem by problem (4.35) remains
the same as while considering the system (4.34) (see STRANG and Fix [1977]). Now
it is easy to notice that by introducing the vector ®=B'2¢ and the matrix
A=B"Y24B""2 we may obtain from (4.35) a system of the form of (4.33). And
therefore it is possible to expand the splitting and alternating direction algorithms
described below for problems like (4.34) arising in the finite element method. Note
also that we may arrive at systems of type (4.33) (or (4.34)) if we approximate the
problem in spatial variables using Bubnov—-Galerkin or Galerkin-Petrov methods
or some other methods (see MARCHUK and AGosHkov [ 1981]). In this context it is of
interest to formulate the splitting and the alternating direction algorithms for
direct application to (4.33) as it will be done in the sequel
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Algorithms for the Splitting
Methods and the Alternating
Direction Methods

In Part 1 of the paper some algorithms will be considered which are widely used
currently for the solution of complex multidimensional problems of mathematical
physics. In order to concentrate on the formulations of the algorithms we will
consider as a basic object for study the evolutionary problem of mathematical
physics given by

Op

— 4+ Ap= in QxQ
3 749 fi "

¢=g 1InQ for t=0

with a positive-semidefinite operator A4 (i.e., A >0 or (4¢, ¢)>0). We suppose here
that the approximation to the original problem in all variables except ¢ has already
been carried out, 2 is a grid domain, A4 is matrix, ¢, t and g are grid functions (see
Section 1). For the sake of simplicity the index & of the grid parameter is omitted. We
suppose that the solution of the problem satisfies already given boundary conditions
on 02, and A and f are constructed with this fact taken into account. Let also the
spaces @ and F of grid functions coincide and, if not otherwise specified, have the
same norm [ ¢l o=(¢, @)s.
This problem may also be written in the form

0p/0t+Ap=f in Q,
¢o=g for =0

implying that the first equation is considered in Q x ©, and the second in Q x {0}. Let
us agree to use mostly the latter form.

Note that if it is desirable we may consider the above equations as the equations
of the original problem with no preliminary approximation, and that the algorithms
formulated below are applied directly to this problem. However, the description
of such algorithms should often be considered as formal and their theoretical
grounding in such cases is far more complicated.
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CHAPTER 11

Componentwise Splitting
(Fractional Steps) Methods

The splitting (fractional steps) methods are based on the idea to split a complex
operator in a sequence of the simplest ones and as a result to reduce the integration
of the initial equation to successively integrating equations of a more simple
structure. Since the splitting schemes must satisfy the conditions of approximation
and stability only on the whole, we have the possibility for a flexible construction of
the schemes essentially for all basic equations of mathematical physics.

5. The splitting method based on implicit schemes of first-order accuracy

Consider the problem
Odp/ot+ Ap=0 1n Q,,

5.1
e=g fort=0,
where
A= Z A,, A,=20, n=2. (5.2)
a=1

Suppose that operators A, are time-independent. The splitting algorithm based on
using implicit schemes of first-order accuracy in t (MArRcHUK [1980], p. 269) has
the form:

jt1im_ o .
(p (p +A1(pj+1/ﬂ=0’

T

it1_ j+tn—1)n

@ @

T
j=0,1,...,
°=g.

This algorithm is absolutely stable, and the system (5.3) approximates problem (5.1)
with first-order accuracy in T (MarcHUK [19801, p. 270).

+A4,0°11=0, (53)

231
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REMARK 5.1. Let us agree that if there are no special notes the approximation of the
schemes is studied on solutions which are sufficiently smooth.

For the inhomogeneous problem,

0p/dt+Ap=f in Q,,

5.4
¢=g fort=0, >4
the splitting scheme of type (5.3) is
jvim_
4 ¢ +A1(pj+1/n=0,
JHL_ = 1)n _ _
L4 £ +A, it =11, (5.5
ji=0,1,...,
¢°=g.

This scheme is absolutely stable and has first-order accuracy in 7, when the following
estimate holds:

le’* Hlo<ligllg+zjmax | f]|F. (5-6)
J

The realization of algorithms (5.3) and (5.5) consists of successively solving the
equations of (5.3) and (5.5). And if A is split into A, (¢=1,...,n) so that it is easy to
invert the operators (E +14,) (for example, if 4, and (E + 74, ) are three-diagonal or
triangular matrices), then it is easy to find an approximate solution ¢’*! of the
problem corresponding to t=t¢,, ;.

Algorithms (5.3) and (5.5) permit obvious generalizations in the case, where A is
time-dependent. Then, in the cycle of computations of the splitting scheme, instead
of A, a suitable approximation A’ of A should be taken on each interval 1, <t <t ;.

6. The componentwise splitting method based on Crank—Nicolson schemes:
The case A=A4,+ A,

We suppose that the operator A= A(t) in (5.1) 1s representable as the sum of two
positive-semidefinite matrices:
A(ty=A,(t)+ A,(1), A4,0=20, A,(6)=0, (6.1}

which are sufficiently smooth along t-elements. We consider the approximation of
these matrices on the interval ¢, <t <t;, , in the form

Aa’f:Aa([j+ 12 a=1,2. (6.2)
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The componentwise splitting scheme for problem (5.1} (MArRcHUK [19807, p. 256) has
the form

oIt (pf+Aj_ ot 1/2+(pf=0
T ! 2 ’
j+1i jt1/2 jt+1 jt1/2
" 2 6.3)
j=0,1,...,
¢°=g.

By excluding auxiliary functions ¢’ " 1/? the system of difference equations (6.3) may
be reduced to one equation,

/=Tl (6.4)
where

Tf=(E+%rA§_)‘1(E—%zA§_) 65
«(E+3t47) " (E—}147).

Assume that
it Al <1, a=1,2 (6.6)

Then scheme (6.3) is absolutely stable. It has a second-order approximation in  if
A} and A3 commute, and a first-order approximation in z if they do not.
Indeed, expanding the operator T/ into a power series in 7 we obtain

T/ =E— 1A+ 113((A)* + 245 A] + (15D — -
If the operators A} commute, that is if AL AS= A543, then this expansion may
be written as
Ti=E—tA/+43(A) —---.
Then (6.4) may be represented as follows:
¢t =gl — 1Al @I+ Jr( A I — (6.7)
or

it _ L. ..
L= 1 Aigi—fraigi+-)=0.

Substituting the expression 747 ¢’ from (6.7) into the last equality we have

qD;‘+1_(P;'+Aj o't 4+
T 2

rz(Aj)zqoj+~')=0.

Comparing this scheme with the Crank—-Nicolson scheme (1.15) we conclude that
the order of approximation of (6.3) differs from the order of approximation of (1.15)
by a quantity O(z2). Hence, the scheme (6.3) has a second-order approximation in
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T in the case A{ A} =A3 A} and only a first-order approximation in 7 in the case
A AL AL AL
The absolute stability of scheme (6.3) follows from the inequality,
ITI<IE+3c43)" (E—-$r4))]
E+3rAD) " HE-Jr A,
and from the estimates
IE+3t 4D E=$1 4D = I(E~ bz ANE+3c A<,

resulting from Theorem 2.1.
Realization of scheme (6.3} can be carried out in the following way:

Gt =(E—r A])g’,
(E+rafginae=ginis,
LIt =(E—rA3)d7 2,

o _ 6.8
(E+}eAdg/ 1 =g/, ©8)
j=01,...,
¢°=g.

If A 1s split into A, and A, in such a way that the effective solution of the equations
with matrices (E— 4t AJ) is possible, then the realization of the whole algorithm will
also be effective.

ReMARK 6.1. To formulate scheme (6.3) with a varying time step it is enough to
substitute ¢ 1n (6.3) and (6.8) for 7,=¢;,, —¢,.

7. Multicomponent splitting of problems based on Crank—Nicolson schemes

We suppose that in (5.1) we have
A,20, n=2. (7.1)

We introduce on the interval ¢;<t <t;,, the approximations A/ of the operators
A} so that

A=Y A, Al=0. (7.2)

a=1
The multicomponent splitting scheme based on elementary Crank—Nicolson
scheme is the system of equations of the form

(E-+itAd)g! = (E—}r Af)p!* e 0m,
a=1,2,....,n, j=0,1,..., (7.3)
¢ =4g.
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In the case where A} >0 are commutative and
Ati:Aa(tj+ 12) or A{=HAt; 1)+ A (L), (7.4)

the given scheme is absolutely stable and has a second-order approximation in .
For noncommutative operators A; scheme (7.3) will be, generally speaking, the
scheme of first-order accuracy in 7 (MARcHUK {19801, p. 266-267).

8. A general approach to componentwise splitting based on elementary
Crank—Nicolson schemes

Let for problem (5.1) the assumptions (7.1) hold where the A, are time-independent
and the solution ¢ is sufficiently smooth in time. Suppose that (5.1) is approximated
in a weak sense (weak approximation will be studied in Part 2 of this paper) on each
interval ;= {¢;<t<t;,,} by the problem

dp, /0t + A,0,=0 in 0,
a=1,...,n

pi=@itl fort=t, (8.1)
We introduce the notations:
ei* =9,  @itl=¢ L 8.2)

Applying a Crank-Nicolson scheme to each of the equations in (8.1) we obtain the
system of difference equations:
qDj+u/n_q0j+(u—l)ln (pj+a/n+¢j+(a—1)/n

+A4, =0, a=1,...,n, (8.3)
T 2

where

jta/n j+1 j+1

it =gl @iTl=g]"t. (8.4)
We suppose that each operator A, is in its turn representable in the form

A=), Ay (8.5)
=1
where 4,,20.

ReMARK 8.1. The question arises: Is it worthwhile to split first the operator A into A,
and then in turn the operators A4, into A,,? Is it not easier to represent the operator
A as a set of operators A, right away? In this context it should be remarked that
though these two approaches seem equivalent, in many cases it is more convenient
first to decompose a complex problem of mathematical physics into simpler ones
which further can be independently reduced to elementary problems.

Taking into account (8.5) we state for system (8.1) the following splitting scheme
(p£+ﬂ/ma__¢j+(ﬂ«l)/ma (p£+ﬂ/ma+(pg’+(ﬁ—l)/ma

A
T + e 2

a=1,2,...,n, B=12,....,m,

=0, (8.6)
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where
ei=9¢',  @i=ell (x>1),
;li+ L p IARY
This scheme approximates system (8.1) with second-order accuracy in 7, if the
operators A,; commute (MARCHUK [1980], p. 274). This result remains true in the
case where operators A, are time-dependent. In this case it is necessary to construct
a second-order approximation in 7 of the operators Aaﬂ:A,{ﬂ on each interval
LSSy .

9. A general formulation for the splitting method based on multi-level schemes

Consider the problem
Op/ot+Ap=f in Q,, 9.1
¢o=g fort=0,

where

A(t)=

Y 40

is a representation of the operator A(t) as the sum of n operators 4,,...,A4,.
Approximate the operators A,,..., A, by operators AJ; on the interval SIS,
in such a way that the operator X% -, AJ; approximates the operator 4,. We write
the following splitting scheme:

@It _ o o
+Ajg@'+A] @' =F | (9.2)

it2im__ _jti/n

@ @

" +A:j’:0¢j+/1£1 (Pfﬂ”"‘i‘/léz @It =F,,

¢j+1__<0j+(n_l)/n

T + AL @ + A} @I+ AL @ = F,,

where
F,=B,f

and the sum X7 ., B, approximates the identity operator E. Notice that if
Alg=0 for a<f—1, 9.3)

then we obtain a two-level splitting scheme. In particular, the homogeneous
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two-level scheme (=0, F,=0, 4,,=0 for «<f—1) has the form

(pj+k/n_(pj+(k_l)/n et ek
T + A1 9" ¢ )/n+Akk @’ /"=0, 94
k=1,2,...,n

If the operators A,{k and A,{,k_ 1 are commutative, then the scheme (9.4)
approximates problem (9.1) and 1s stable provided that

IC,C,_, - C,]|<1+constr, (9.5)
where
C,=(E+1A{) " "(E—tAi_,),
k= 1,2,...,11

(see YANENKO [1967], p. 151).

ReEMARK 9.1. It follows from (9.5) that for the stability of the whole scheme the
stability of each elementary scheme from (9.4) is not necessary at all.

ReMARK 9.2. In the case where all operators AJ; and B, are commutative the
statements about the approximation of scheme (9.2) and its stability (and therefore
the convergence conditions; see Theorem 3.1 in the Introduction) may be formulated
as well.

REMARK 9.3. In scheme (9.2) the operators Aa{'ﬂ may have an arbitrary structure
including difference, differential and integral-differential operators. The schemes of
type (9.2) were developed in the works by YANENKo [ 1960, 1967] and by MARCHUK
and YANENKO [1966] in which the theory and applications of such schemes are
studied in more detail.

Remark 9.4. If we take in (9.2) that A= A{ is the approximation of operator A4,(t)
(and A;;=0 for a# ) and B,=0 for a<n, B,=1, then we obtain scheme (5.5).

10. The two-level splitting scheme with weight coeflicients

Let the operators A{k“ 1, AL, in scheme (9.2) have the form

AI{k:GAJ{’
Ay =(1— o)Al (10.1)

"O<o=const<l,

where A] is the approximation of the operator A,(f) on ¢;<t<t;,,, and other
operators A4 are zero operators. Then we obtain the splitting scheme with weight
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coefficients
jHln_ i . . )
=P+ A1~ o)’ +o9"" ) =F,,
¢j+2/n_(pj+1/n . . )
+A43((1—0)p’ " +ap’ T =F,,
@it _gita=nm _ _ (10.2)
+ A, (1—-0)p* "= Vit el )=F,,
j=0,1,...,
p°=y.

If we take in (10.2) ¢ =1, then in the case where the operators A; are commutative
and Aj approximates A, with the order O(z?), the whole scheme (10.2) will have
a second-order approximation in 7 as well. Besides, if A =0 then the scheme will be
absolutely stable.

11. The splitting method for systems which do not belong to the
Cauchy-Kovalevskaya class

The splitting method allows a special formulation for systems which do not belong
to the Cauchy-Kovalevskaya class (irregular systems) (see MARcHUK {1964, 1967],
YANENKO [1967], MarcHUK and YANENKO [1966]). Let

dp/ot+Ap+Ly=f, A=) A, (11.1)
a=1
and
Ki¢o+K,y+g=0 (11.2)
be irregular system for which
Op/ot+Ae=F, F=f—Ly (11.3)

is regular for a given subsystem F. For integrating (11.1) and (11.2) the following
scheme may be used:

pun_gi '
(L‘—QD'FA{O @i+ A1, @7 =B, F,
il MY S ST S J_it2 j

T +A30 9T+ A3, 07T+ A3, 97T 2" =B, F, (11.4)
(pj+1___(pj+(n—1)/n

Ao + Al @7 e+ AT =B FITY,
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where the operators A}, and B, were defined in the formulation of (9.2). While
solving system (11.4) on the last fractional step (i.e., the last equation from (11.4)) it is
necessary to use for definiteness of the algorithm the difference analogue of the

relationship (11.2)
Kl p Kiyitt pgitt =y, (11.5)
j+1

where K is the approximation of operator K ,,g’* ! approximates g,and F/* ! (from

(11.4)) is the approximation of ( f— Li).

12. Splitting schemes for the heat conduction equation: Local one-dimensional
schemes

We consider some of the splitting schemes that are applied to the heat conduction
equation.

12.1. The splitting scheme for the heat conduction equation in an orthogonal
coordinate system

We consider the three-dimensional problem for the heat conduction equation:
0p/0t—Ap=0 in QxQ,
¢=0 on 09, (12.1)
¢=g inQ for t=0,

where
Q={(x, y,2): 0<x, y,z<1}, Q.=(0,T)

g is a given function, and
A=0%/dx* +0%/0y* +08%/0z2.

Approximating (12.1) by the finite difference method in variables x, y and z in the
same way as it was done in problems (1.5)and (1.19) and taking into acount the given
boundary conditions from (12.1) we arrive at the matrix evolutionary equation

dp/0t+A@=0 in Q,,
(12.2)
p=g fort=0,
where
A= Ax+Ay+ A,
Ax= _(Axvx)EAl’ A.V= _(A.VV,V)EA25 Az= _(AzVZ)EAES’

and g and ¢ are vectors (¢ =¢(t) here takes into the account given boundary
conditions). The operator A is considered in the Hilbert space #=F with norm
lollo=(p,p)s* defined as

Nx—=1 Ny_; Nz~1 1/2
||<p||¢=(2 ) hxhyhz-(pz,.p) -
k=1 I=1 p=1
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Scheme (5.5) applied to problem (12.1) has the form (Yanenko [1969a]

i+1/3
¢’ ? A0,

T

F+2/3 f+1/3
@It +A,0i 3 =0,
T
P i+ 203 _
O TP A0t (12.3)
i=0,1,...,
¢’ =g.

Each equation from (12.3) may be easily solved by the factorization (sweep) method.
Scheme (12.3) is absolutely stable and has a first-order approximation in 7, and
therefore the convergence theorem holds (of the type of Theorem 3.1).

For increasing the accuracy of scheme (12.3) the weighted scheme (10.2) may be
applied (YaNENkO [1967], p. 33)

J+HL3 _ o f
¢ © ¥ A((1—0)p +a0i* 1) =0,

i+v23_ j+1/3

@ @

+4,(1=0)p’" 1P +ap 727 =0,

T
J+1__ . i+2/3

Y A (1—0)p P +ap )=, (12.4)
T

j=0,1,...,

¢ =g.
With o =1 the scheme has a second-order approximation in z, and the whole order

of accuracy of this scheme is O(z? +h?), where h=max(h,,h,, h,). It is absolutely
stable. Equations (12.4) again may be solved by a one-dimensional sweep method.

12.2. The splitting scheme for the heat conduction equation in an arbitrary
coordinate system

We consider a problem
dp/ot+ Ap=0 1In 2xQ,
¢=0 on 0L, (12.5)
¢o=g inQ for t=0,

where 2 is a bounded two-dimensional domain and the differential operator A has
the form
2 az
A= i,jZ:: . a;; m, a,-j=const, (126)

2
all azz’"'alz >0.
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We introduce in £ a rectangular grid with step h, in the x;-direction (i=1,2) and
the following approximations

Ay, Vy) o
A11=_a11 h% fOI' A11=_allax%,
(A, +V )AL+ V) 0
A=Ay, =—ay, 4h, h, for A12=”alz“__“““‘“axlax2’
(A, Vs,) 0
A22=—a22—_}j?2_ fOl‘ A22=‘“—a226_xg

(taking into account the boundary conditions). We write the following scheme
(YANENKO, SucHov and PoGobiN [1959])

P12 _ i _ _
: T O AL 0T A, 000,
. _ (12.7)
jt1_ o j+1/2

¢ @

. + Ay, 07T Ay, @7 =0,
which is a special case of the splitting scheme (9.2). It is not difficult to notice that
here in the first fractional step “half” of the operator A, ie. 4,,+A4,,, is
approximated, where A,, is approximated on the time layer j+4% and A4,, is
approximated on the layer j; in the second fractional step the second “half” of A4, i.e.,
A, +A,,, is approximated, where A,, = A,, again is approximated on the layer
j+3% and A,, is approximated on the layer j+ 1. Scheme (12.7) approximates
problem (12.5) and is stable, therefore the convergence theorem holds.

Under stronger conditions than the ellipticity condition for the three-dimensional
heat conduction equation given by

_agw 3 az(p

a;, ———=0. (12.8)
ot 52, Yox0x;
YANENKO [1959b, 1964] suggested the scheme of the form
Jt16 _ _ _
: T . +2 4., 071+ A, 07=0,
J+2/6 _ o j+1/6 _ _
A by 07 020,
@Iit36 _ pit2is _ .
. +341,070 + A3 H0 =0,
(pj+4/6_(pj+3/6 _ _ (12.9)
T + A3, 9730+ 345,973 =0,
(pf+5/6_(pj+4/6 . .
+3452077 30 + A3 40 =0,
(pj+l_(pj'+5/6

T +45; (pj+5/6+%A33(Pj+1:O-
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This scheme approximates (12.8) and is stable if the matrix with elements b;;=a;;
for i#j and b;=1a;; is positive-definite.

12.3. Local one-dimensional schemes

We consider problem (5.1) and system (8.1) which approximates (5.1). If in (8.1) the
operators A, are one-dimensional differential operators (or their approximations),
then the corresponding difference scheme is also called local one-dimensional
(SAMARsk11 [1971], p. 407). Thus, if in (8.3) the operators A, are one-dimensional then
this scheme may be called local one-dimensional.

The theory of local one-dimensional schemes for some differential equations is
presented in the works by Samarskii [1971] and SaAMarskit and NikoLagv {1978].
Here we will consider only one such scheme in application to the following problem
of the heat conduction equation:

0p/0t+ Ap=f in 2xQ,,
Plon =X, 1), (12.10)
@=g(x) in Q for t=0,

where

A=Y A, A,=-0Yox2,

a=1
X=(X,..-,X,)eR={0<x, <l:a=1,...,n}.

We suppose that problem (12.10) has a unique sufficiently smooth solution.
In the layer ¢; <t <t;,, we will solve instead of (12.10) the sequence of equations

0¢,/0t+ A, 0,=f,, xef, teb;

(X=l,,.n,n, 0j={tj<t<tf+l}

(12.11)

with the initial conditions

¢,(x,0)=g,

o1(x, t)=@u(x,5;), j=1,2,...,

Q0 t )=, (x,t; () j=0,1,..., a=23,...,n,
where we set

o(x, tj+l)=(pn(x9 tj+1)’
Here the f, are arbitrary functions such that X7.., f,= f. Boundary conditions for
@, are set only on the part 82, of the boundary 02 consisting of the sides x,=0
and x,= 1. We introduce in Q a uniform grid with step s along each variable. Define
the difference approximation of the operator A, as follows:

Ag=— (A, V)R, a=1,...,n
Coming from (12.11) to difference approximations of the problems in spatial
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variables (when ¢, and f, are vectors and A, are matrices, Q is a grid domain and 0Q,
is the grid on the sides x, =0 and x,=1) and approximating in ¢ with the help of
a two-layer implicit scheme of first-order accuracy in 7 as well, we obtain the
following local one-dimensional scheme:

JH1_

-0 -
—"—T——+Aa(pi+1=f;(tf+1/2) (12.12)

a=1,...,n, j=0,1,...
with the initial conditions

0 J J :
P1=¢. 01=¢ j=12...,
i i ] (12.13)
(Pa:(Pa-la a=2$33“‘3n9 J=0’192"°'
and the boundary conditions

@1 Moga =@ tj+1). (12.14)

Each problem in (12.12)(12.14)(for each fixed «) is a one-dimensional first boundary
value problem and may be solved by the sweep method.

In order to find the approximate values of the solution of the initial problem on
the time layer ¢, , using data from the layer ¢, it is necessary to solve successively
a sequence of one-dimensional problems. The local one-dimensional scheme
(12.12)-(12.14) is stable in the metrics

l¢|lc=max |¢]
x;ef2

(i.e. uniformly stable) with respect to the initial and boundary data and to the
right-hand side.
If problem (12.10) has a unique solution ¢ = ¢(x, t) continuous in 2 x , and there
exist in Q x 2, derivatives
0l Do B 07f
o2’ oxZoxy 0+0oxZ oxZ’
then scheme (12.12)-(12.14) converges uniformly with rate O(h*+1) (it has
first-order accuracy in 7 and second-order accuracy in h) so that
lo? —plt)lc SMP*+1), j=12,...,
where M =const does not depend on 7 and h (SamArskn [1971], p. 423).

0<a, f<n,

REMARK 12.1. SamarskiIi([1971], p. 425) presented and studied the local one-dimen-
sional schemes for the parabolic equation with varying coefficients in the domain of
complex shape. The local one-dimensional schemes for the quasi-linear parabolic
equation were considered by Fryazinov [1964]. Samarskn [1970, 1971] gives
a bibliography of the works devoted to this class of schemes.
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Two-Cycle Componentwise
Splitting Methods

Let us construct a class of splitting methods, in which the requirement of com-
mutativeness of the operators {A4,} in representation A=X}_, A, is taken off.

13. Two-cycle componentwise splitting methods: The case A=4, + 4,
Consider the problem

op/ot+ Ap=0 in Q,,

(13.1)
¢=g fort=0
under the assumptions (6.1). We will approximate operators A4, (t) and A4,(t) not on
the intervalt; <t<t;,,(asin(6.3))butontheintervals, | <t<t,,.Let Al = A, (2;).
Write the following two systems of the difference equations:

J=12 _ j—1 F=1/2 i-1
e - LA 4 ;‘p —0,
(13.2)
(pf_(pf_llz +Aj (pj_’_(pj‘l/Z _0
T 2 2 S
(pj+ 1/2_(Pj+Aj (pj+1,"2 +(pj =0
2 s
T 2 (13.3)
(pj+1_(pj+1/2 . (pj+1+(pj+]_/2
+ A —0.

T 2
The cycle of computations consists of the alternative application of the schemes

(13.2) and (13.3). Excluding ¢’* '/? from these schemes we get on the whole step of
computations

¢ =Tip/™, (13.4)

245
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where
T'= (E+$1A]) YE+ A NE+3145) 7!
X (E— St ASNE+41A5) " YE— St ALY E+eA))™!
x (E—JtA))
=E—2tA' + }20)* (A7) —--.

(13.5)

Here and further we suppose that restrictions (6.6) are satisfied.

If A4,(t)=0, then the system of the difference equations (13.2)-(13.3) is absolutely
stable and scheme (13.4) approximates the imitial problem (13.1) with second-order
accuracy in 7, provided that the solution ¢ of problem (5.1) and the elements of the

matrices {A4,(t)} are sufficiently smooth.

Indeed, from the expansion (13.5) of the step operator T/ we conclude that it
coincides up to a quantity of order O(r?) with the step operator of the
Crank-Nicolson scheme applied to the doubled time interval. Hence, independently
of commutativeness of the operators {4,} scheme (13.4) has a second-order

approximation in .
The stability of the scheme follows from the estimates

Il I<IT/ e 1<’ I << gl

since || T’ || <1 as follows from Theorem 2.1.
For the inhomogeneous problem

Op/ot+Ap=f in Q,,
@/ o=f , (13.6)
p=g fort=0
the two-cycle componentwise splitting scheme has the form:
(E+3tA) ) "2 =(E—ftA])p’ ™1,
(E+beab)o’ —of)=(E—deabloi 12, 137)
(E+3eal)p/ 12 = (E—JeAb)(o/ + ) |
(E+3tA})o’ " =(E—tA] )" 172,
where /7 =f(z,). Solving these equations with respect to ¢! we obtain
@ =TI/ "1 21T TS f7, (13.8)
where
T'=T{TiTiTi,
T} = (E+3tAL) " Y(E—{14}).

Scheme (13.7) approximates problem (13.6) with second-order accuracy in 7 and is
absolutely stable with the assumptions of Theorem 2.1 (MarcHUK [1980], p. 259).
The system of equations (13.7) may also be written in the following equivalent
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form:
(E+3t4{)" 2P =(E—tA])o’ ",
(E+3145)p"™ 13 =(E—$14d)p’ ™2,
@I =1 £ 2ef, (13.9)
(E+314b)p 23 =(E+ §rAb)p 17,
(E+3tA)’ " =(E~31A4{)p " 2P,

Excluding unknown quantities with fractional indices we come to the resolved
equation in the form

O =T{TiTiTi¢' " ' + 2t T T4 f7, (13.10)

which coincides with (13.8). In some cases representation of equations in the form
(13.9) is more preferable than in the form (13.7).

14. The two-cycle multicomponent splitting method

Suppose that in (13.1) the operator A has the form A(t)=ZX7., A,(t), ALt)=0. Let
A=Y A,
a=1

where all operators A} are positive-semidefinite: A7 >0.

Consider the special construction of the splitting method which solves the Cauchy
problem for the positive-semidefinite and noncommutative operators A and has
a second-order approximation. It appears to be in some sense the complete solution
of the splitting problem. To construct such a scheme it is necessary to replace (7.3) by
the scheme

=] Ti¢/™', o¢*'= ﬂ Ti¢’, (14.1)
x=1
where
Ti=(E+5tA)~ "(E—t4)).

This means algorithmically that first we solve the system of equations (7.3} on the

interval ¢;_, <t<t for a=1, 2,...,n and then the samc system on the interval
t;<t<t;.,, butin the backward sequcnce (¢=n,n— 1)
(E+3talp/* ™t =(E—41Ae * ¢V a=1,2,...,m, (14.2)

(E+itAf)e/ "t O D =(E— 1A’ "1 7", a=nn—1,...1.

Obviously, for the whole cycle (14.2) we have
Gt =TI~
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where
n 1
T = [] T [] T = E— 2147 + 3(21)2(A9)? + O(73).

Thus, on the interval ¢;_, <t<t;,, scheme (14.2) has second-order accuracy in t,
provided that we take as AJ one of the next two operators:

A=A, +5 = AL (14.3)

AL =34 )+ A1), (14.4)

Besides, scheme (14.2) is absolutely stable for A7 >0 (MarcHuUk [1980], p. 268).
For the inhomogeneous problem (13.6) where A(t)=0 and

Alt)= i A, A)>0

on the mterval t;-y St<t;,, the two-cycle multicomponent splitting scheme has
the form:

(E+3tA{)pi~ " Vr=(E—frA])o’™",
(E+3tAi)o —tf)=(E—3ra)o/ 7, (14.35)
(E+4tAi)p/ + 1" =(E—frAl)(o/ +1f"),
(E-+4ea])gpi ' =(E—fea])pi* 01,
where
= A1)

It is not difficult to see that this scheme with the necessary smoothness assumption
has second-order approximation in 7 and is absolutely stable (MarcHUK [1980], p

269) .
In the same way as in the case n=2, the multicomponent system of equations

(14.5) may be written in an equivalent form
(E+_%1Aa)(pf—(n+l-a)/(n+ 1) =(E__12_,tAa)(pj—(n+1 —a+ 1)/(n+1),
x=1,2,...,n,
(pj+1[(n+1):(pj‘lj(n+1)+21.fj’ (14~6)
(E+}tA, - 2)0/ 90D =(E—Jed,gua)p "1,
a=2,3,...,n+1.

15. The two-cycle componentwise splitting method for quasi-linear problems

Consider an evolutionary problem with operator A which depends upon the time
and upon the solution of the problem

0p/ot+ A(t, )o=0 in xQ,
p=g inQ  fort=0.

(15.1)
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Suppose that A(t, @) is nonnegative, sufficiently smooth and has the form

Ato)= T A0 A,00)20 (152)

a=1
Suppose further that the solution ¢ is also a sufficiently smooth function of time.
Consider on the interval t;_, <t<t;,, the splitting scheme

j+im~1_ j~—1 ) f+1/m—1 -1
4 4 _’_AJI(P +¢ =0,
T 2
J_pi=ln iy il
&.,.Aéw,__o’
T 2 (15.3)
(pj+1/ri_(pj _(pj+1/n+(pj
— t A ———— =0,
T 2
j+y _ _ j+@m—-1)/n ) j+1 jt@m—1)/n
¢ ¢’ +A,1<0’ + ¢ o,
T 2
where
AjzA(tj$¢j)s
(ﬁj:(pj—l-TA(tj“la(pj—l)(pj—ls (154)
r=tj_tj“l‘

It may be proved by methods used earlier for linear operators depending only upon
time that splitting scheme (15.3) under conditions (15.4) has a second-order
approximation in t and is absolutely stable. The splitting method for inhomo-
geneous quasi-linear equations is defined in a similar way. This opens up broad
vistas for applications of the componentwise splitting schemes to the nonstationary
quasi-linear problems in hydrodynamics, meteorology, oceanology and other
important fields of natural sciences.

16. A general approach to the two-cycle componentwise splitting method

We saw in Section 8 that, if the evolutionary problem (5.1) where A=X7., A4, is
reduced to partial problems (8.1) and these are then regarded as the set of new
evolutionary problems, then the approximation to the initial problem (5.1) will be of
first-order accuracy in 7 if at least one of the elementary evolutionary problems is
reduced to a difference scheme of first-order accuracy. But, if each such problem has
asecond-order approximation, then in the framework of the two-cycle procedure on
a and § we obtain an approximation of second-order accuracy in 7. Note, that if the
operators A,, are noncommutative then, without the two-cycle procedure, we
obtain a first-order approximation to problem (5.1). In this case the initial problem
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will be the following:

Oq/0t + 2 A,0=0 m Qx8,
a=1 (16.1)

p=¢’ inQ fort=t;
Reduce problem (16.1) to the system
oo, /ot + A, 0, =0, ¢l=¢it}, a=1,2,...,n (16.2)

Let A,=XF=z, A,5. Then we will solve each problem in (16.2) with the two-cycle
method:

@i+ PI2ma _ gy +(8 - 1)/2me @ TB2ma | g +(B~ 1)/ 2me
+A =0
JZLT aﬂ 2 3
=1,2,...,m,
a — P QDI + @
1 +Aa,2m,,+1—ﬂ =0,
27 2

f=m,+1,m,+2,...,2m,

Initial conditions for each system in {16.3) will be respectively taken in the form

F+1

(pji:(Pjs (Pi=(Pa“ls a=2"“’n‘ (164)

It is not difficult to check that on the interval t,<t<t;,, problem (16.3)
approximates problem (16.2) with accuracy up to 72.

In order to obtain the solution of problem (5.1) with accuracy up to 2 it is
necessary to alternate the basic cycles as well. So instead of (16.2) on the interval

t;-1 St<t; there should be

0¢,/0t+A4,0,=0, a=1,2,...,n,
o =07, @i =0l a>], (16.5)
@ =ol;

and on the interval ¢, <t<t;,

00, /0t+ A, 24+190,=0, a=1,2,...,n,

j+1

pi=¢',  oi=¢ill, a>1, (16.6)
(pj+ 1 — (Pj+ 1 i
It is supposed that each of the problems (16.5) and (16.6) is solved with the two-cycle

method of the kind (16.3). Note that with A4,;, >0 the componentwise splitting
method is absolutely stable.
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Let us give the general splitting scheme for the inhomogeneous equation
n
Op/ot+ Y, A.0=f,
a=1 (16.7)
p=g fort=0

on the interval t;_; <t<t;,, based on the two-cycle method.
On the interval t,_y SE<t; we set

09, /ot+A,0,=0, a=1,2,...,n—1,
0p,/0t+ A0, =f+314,f,
and on the interval ¢, <t<t;,,

0¢, + 1/at+An(Pn+1 =f—%‘L'A,f, (16.9)
a(pn+a/at+An-a+ I(Pn+a=05 a=2a 39 <. N

(16.8)

provided that
(pl(tj—1)=(p(tj-—1)9 (16.10)
(pa+1(tj—l)=(pa(tj)5 a=13 25”-9"

and, respectively,
Per1(t)=0u(t;+ 1), a=n+1,n+2,...,2n (16.11)

Using now Crank—Nicolson schemes for solving equations (16.8)-(16.11) on the
interval t;_, <t<t;,, with f=f7 we obtain the systems (14.5) for (16.9).

Along with the system of equations (16.8) and (16.9) let us consider the following,
On the interval t;_, <t<i;

0@, /0t+ A, ¢, =0,
: (16.12)
0¢,/0t+A,0,=0;
on the interval Loy Sy,
3¢, +,/0t=f, (16.13)
and on the interval ¢;<t<t;,,

a¢n+2/at+An(pn+2 =O’

: (16.14)
0P2n+1/0t+ A @3y, =0.
The initial conditions for system (16.12} will be
@ (t-y=0(t;_ 1), (16.15)

(pa(tj~1)=(pa—-1(tj) a=29 3,...,”;
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for equation (16.13)

Pus (L 1)= L) (16.6)
and for the system of equations (16.14)

P )=, (t;1,), a=n+2,n+3,...,2n+1 (16.17)

The approximation and the stability of these schemes ensure the convergence of
the approximate solution to the exact one (see Introduction).

17. The two-cycle componentwise splitting scheine for the heat conduction equation

Consider the two-dimensional heat conduction problem
0p/ot—Ap=f in QxQ,,
¢=0 on 0%, (17.1)
¢o=g InQ for t=0,
where
Q={0<x,y<l}, Q={0<t<T<o0}

Introducing the grid with steps b, =1/N, h,=1/N along the x- and y-direction
respectively and approximating problem (17.1) as it was described in the Introduc-
tion, we obtain the matrix evolutionary problem

op/ot+Ap=f in 2x8Q,
¢=g 1InQ for =0,

(17.2)

where ¢, f, g are vectors and A is a matrix:

A = Al + AZ s

AIEAx= _(Axvx)/hia AZEAy= _(Ayvy)/h§
We suppose that the boundary conditions are taken into account in (17.2) and that
2 is the grid domain consisting of the internal grid points of the initial domain.

The operators A,, a = 1, 2, in (17.2) are positive-definite, A, >0, A, > 0, so with

A =A,, A,=A, the two-cycle componentwise splitting scheme (on the interval
tjo 1 St<t;4q)

(E+3tA)o " 1P =(E—{14,)0’ ",

(E+3t4,)(¢" —tf)=(E—314,)0" ™17,

(E+3tA,)e 2 =(E~314,) (¢’ +1f7), (17.3)
(E+¥edy)p/ ! =(E—buda o’ 2,
j=0,1,...,

¢’=g
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is absolutely stable and has a second-order approximation in z for smooth solutions.
Equations (17.3) may be written in componentwise form as follows:

(14 et = = spatelei+ ele= i
Ut By — gy + 8 1) = Fi7 2
h§ 2’13 Jd+1 JA—-1 1 )

+1/2 ££+1/2+££+1/2 F'+l/2’
( )fﬂ 2h2( 141 )=Fi; (17.4)

T ) .
(1'*';13)(1’{‘:1 hz(‘P +1l+(P l)=F7,(,+ll

Hi'?=ol1'?,  Hu=oli—dle  di'=0l)'?

where

. T\ . T . a
Fii'= (1 — F)W‘,zl + W((P{c+i,l +0i21.0)

Fi;'?= (l—i’j)ffczllz'i‘ (fiz”z"‘ﬁluz)

Fi312= (1 —Ei)(fﬂ 1+ 211, 1)+ 2(€£,1+1 +2tf L1 +E-1 2t -1)

it = (1% et e+

Note, that the right-hand sides in (17.4) are calculated explicitly. Thus we deal here
with a system of equations represented in the form of three-point schemes, and the
solution of these equations may be easily and effectively obtained by the sweep
method.

The two-cycle componentwise splitting method is used for solving parabolic
equations in the papers by MarcHUK [1967], MarcHUK and SarkisYan [1980] and
others.

Note that in the paper by MarcHuk and Kuzin [1983] (see also Chapter XIV)
this method is used for the realization of the finite element approximations of
a two-dimensional parabolic equation with mixed derivatives. It is proved that the
scheme is stable and has a second-order approximation.






CHAPTER IV

Splitting Schemes with
Factorization of the Operators

18. Schemes factorizing the operators

Consider the evolutionary problem
Op/ot+ Ap=f In QxQ,
¢=g inQ fort=0 (18.1)
pe®, feF,

where @ and F are Hilbert spaces and the difference operator 4 does not depend on
time. Suppose that problem (18.1) is solved using a time difference scheme which
may be written in the form:

Boi=F, j=1,2,..., (18.2)

where FF =F/(¢/~1,¢’~2,...;7) is a given function of 7, ¢/~ !, ¢'~2, .. . (in case of
a two-level scheme F/ = Fi(z,¢’ ') and B is some operator constructed in such
a way that it allows a factorized representation

B=B,B,--B,. (18.3)

The operators B, have a more simple structure than B and may be easily inverted.
Difference schemes allowing representation (18.3) are called factorized schemes
(Baxer and OLIPHANT [1960], Samarskit [ 1971], p. 368) or factorization schemes of
the difference operator (YaAneEnko [1967], p. 37).

Numerical solution of equation (18.2) on each time level may be carried out by
way of successive solution of more simple equations

B, (pl tlp — FJ|
i+2/p _ i+ lip

Byo " =, (18.4)
Bp(pj+ 1 =(pf+(p— Lip

If p=2 and B,, B, are triangular matrices, then the relationships (18.4) represent an

explicit (“running”) calculation scheme (see SaMarski [1971], p. 368).

255
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We now consider some ways of constructing factorized operators and cor-
responding factorized schemes applied to the problems of parabolic type.
Baxker and OLipPHANT [1960] consider for the problem

dp (3¢ d¢
—~ — @ —= + — | =0,
o ¢ (ax2 T
®=@, ondQ, (18.5)
0=g for t=0,
where Q = {0 < x,y < 1}, and a = const, the three-layer scheme
$o/ T 20 50!
T

A@i™1 =0, (18.6)

in which the operator A was constructed to approximate the operator A=
—a*(0%/0x? +0?/0y?) with second-order accuracy; at the same time the operator

B=3E+14 (18.7)

was represented as the product of two three-point operators B, and B,. It was
shown by BAxer and OLipHANT [1960] that such an operator may be constructed; as
a result the realization of scheme (18.6) is reduced to solving (18.2) with F/ =
Filo'™ 1, ¢;1)=2¢" —1¢’ 1. For p=2,(18.2) also is decomposed in two equations
(18.4), which may be easily solved using the three-point sweep method.

BakEer [1960] describes the factorization schemes in the case of a multidimen-
sional heat conduction equation with constant coefficients.

But if a two-dimensional parabolic equation with varying coefficients (diffusion
equation) is considered, then it is impossible to represent B exactly as the product of
two three-point operators. In this case additional iterations are needed (BULEYEV
[1970], OLipHANT {1961]). For such problems BUuLEYEV [1970] (see also MARCHUK
[1980], pp. 235-237) formulated a scheme of incomplete factorization. Thus, let
(18.2) be represented as a two-dimensional difference equation

A Pi1,u TC Py 1k +bi,k(pi,k—1 +d: k@i ks 1 — PikPik= —fi
i=12,....,m, k=1,2,...,n,
al,k =Cm,k :bi,l :di,n :05

Din Z20; 5 +Cip+ bi,k + di,k

(18.8)

(the index j 1s omitted for simplicity). Having added the vector Co to the left-hand
and right-hand sides of the equation we obtain

(B+C)p=Co+F. (18.9)

We now choose the matrix C in such a way that the matrix B+ C can be represented
as the product of two simple triangular matrices S, S, and a diagonal matrix K:

B+C=K-S,-S,.
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Then equation (18.9) is replaced by the system
S, Z=K Y (Co+F), S0=2, (18.10)

which will be solved by the method of successive approximations. The realization
formulae of this iteration algorithm applied to (18.10) can be found in the form

Ziv=4 iyt BixZix—1 +Vixlfin + Dislo)— 9 k@i x> (18.11)
Qik=ExPi+1xtNixPik+1+Zix
(the index of the iteration step is omitted; D; . (¢)=(D¢);x, where the matrix
D=KC +diag q;, and diag g, is a diagonal matrix with elements g; ).
Comparing (18.11) and (18.8) we obtain for coefficients a; ;, B, & s Mix> Vi

formulae which are analogous to the formulae of the sweep method:

%k = Vi ki ks Bix=7ixbixs

€k = Vi kCiks e ="Vixix

Vie=WPin—dix —GixCic1xVi-1,6 — bisdix—1Yix-1)" L

For the iteration operator D, ,(¢) we obtain the expression
D; @)=y M1 x®i-1k+1 T Dikik-19is1,6-1-

The coefficient g, , is taken as
Qi =00k itlic 1 Dikie-1) 056, <L

To ensure the convergence of the iterative process (18.11) for # > 0 these equations
are supplemented with a simple iteration

~() _ I I I
o) = (0, @21+ ﬁi,k‘pg,}c—l +85,k(0511,k

YikPix
+ 'Ti,k(P(if)H 1Yirtin) (18.12)

so that for obtaining the (I+1)th approximation of the function ¢;, the Ith
approximation of the function @, , is to be substituted into the equation for Z{'; V. If
the problem is ill-conditioned, then the expression in square brackets in (18.11) for
the grid points belonging to the right and upper boundaries of the domain should be
replaced by

Jix+ Dy (@) —q; 10 5 + X 4@+ b; Do, (18.13)

where 0<x; , <1.
Itis not difficult to show using induction method that the coefficients ., ;, f; ;. &; 4,
Mi.x» Vi x Satisfy the conditions

&1 <1
o + By <(a; . +b;)

e +di s+ (=0, )@ 4o+ Birtin—1)
+x;4(a; +b) L
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Choosing parameters 6, , and x;, it is always possible to satisfy the condition
a; . + B, <1, 1e. to achieve computational stability of the scheme (18.11). Note that
Marchuk ([1980], pp. 236-242) presented another scheme of incomplete factor-
ization.

19. The implicit splitting scheme with approximate factorization of the operator

We consider for the problem {(18.1) with operator 4 >0 the implicit scheme of the
form

JH1_ _
YTV L Aeitt=0, j=0,1,2,..., @°=g, (19.1)
T
where
A=Y A, 4,30 (19.2)
a=1

We rewrite (19.1) in the form
(E+tA)p' 1 =¢ (19.3)

and factorize the operator (E + t4) approximately up to quantities of order O(z2).
To that end we replace the operator (E + tA) in (19.3) with factorized operator

(E4+tANE+71A,)-(E+14,)=E+1tA+1%R, (19.4)
where
R= Z /I,-Aj+'r Z /I,-AjAk-!- ~-+r"‘2/1,---~A,,.
i<j i<j<k

As a result we obtain an implicit scheme with an approximate factorization of the
operator B (YAaNENkoO [1967], p. 38):

Bopitl=¢/, j=0,1,2,..., p°=yg, (19.5)
where
B= l_ﬂl B,, B,=E+14,.
a=1
The solution of equations (19.5) may be carried out by successively solving equations
(E+1A,)¢7 " Hm =g,
(E+TA2)(Pj+2/n =(pj+ 1n,
: (19.6)
(E+‘L'A,,)(pj+1 __:(pj+(n—1)/n,
j=0,1,2,...,
0’ =g
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If the operators A, in representation (19.2) have a simple structure and allow cheap
inversion, then system (19.6) may also be solved rather simply.

It is easy to see that scheme (19.6) has a first-order approximation in 7. It is
absolutely stable for A, > 0 in the metrics of the grid function space &, (| ¢ lle, =
(@, @)42), since, in that case, | E+t4,)" ||, <1 (see (2.23) and Theorem 2.1).

We will illustrate an application of the scheme with approximate factorization of
the operator to scheme (18.6), which was suggested by BAker and OripHANT [1960]
for the heat conduction equation (18.5).

We take A=A, +A4,, where A, is a difference approximation of the one-
dimensional differential operator A,= —a?0%/0%x2 (x; =x,x,=y). We rewrite
scheme (18.6) in the form

GE+tA)* ! =F, F=2¢/—3¢! (19.7)

and replace the operator (3 E + 74) with the factorized one obtained by the implicit
scheme with approximate factorization of the operator (YANENKO [ 1967], p. 39). We
obtain the scheme

Bo't ' =HE+3tA ) E+ T, T =F, (19.8)

where B is a nine-point factorized operator. (Note, that scheme (19.8) coincides with
the scheme suggested by BAkKeEr and OLiPHANT [1960].)

20. The stabilization method (explicit—implicit scheme with approximate factoriza-
tion of the operator)

We consider the homogeneous problem (18.1) with A=A, + A;, 4,20, f=0 and
the following two-layer scheme

J+1 _
¢

(E+%AME+%AQ£—?——+AW:Q

j=0,1,2..., (20.1)

0’ =g.

If A, 20, A, 20, and the solution of problem (18.1) is smooth enough, then the
difference scheme (20.1) has a second-order approximation in t and is absolutely
stable, the following estimate being valid

I’ e, <llgle, j=0,1,2,..., (20.2)
where

I llc, =(Cah, )%, C;=(E+3TA3)(E+314,).
Indeed, using simple transformations, equation (20.1) is reduced to the form

j+1 _

(Pj (pj+1+(pj_

(E+3c24,4,)7 -0,
¢’ =g. (20.3)

+ A
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It is easy to notice that if the solution is sufficiently smooth then the order of
approximation in 7 of the difference equation (20.3) coincides with that of the
Crank-Nicolson scheme

1

@ 0

—g, 20.4
. 5 g (20.4)

0, ®

1.e. second-order in T.
We now move to the stability analysis of the difference equation (20.1). To thisend

we transform (20.1) to the form
(E+1tA)E+itds)pt t =(E— {14, E—§td,)0, 205)
¢°=g.

Resolving the difference equation (20.5) with respect to ¢
@'t =(E+114,)" (E+3t4,) HE— 314 (E~114,)¢’.

From the unknowns ¢’ we compute |/ using the following formula
Y =(E+ %TAz)(Pj-

Then for a new unknown ¥/ we obtain the relationship
Wi =Ty,

where the transition operator T is given by

I+ we get

2
T=(E+3t4,) " (E— 3tA,)E - 3t4,)(E+4t4,) =[] T,

a=1
T,=(E—4tA)E+%:4,)" %
It follows from Theorem 2.1 that

| Tl =sup | Teollo/ l@lle<l, lolo=(a, )5

@

Therefore, | T| <1, which means that

o=l lc, <l o< <lg .-

The difference scheme (20.1) of the stabilization method allows convenient
realization on the computer. Indeed, the difference equation (20.1) may be written in
the form

Fi=A4¢’,
1 J+12 _ _ i
(E+ 21'/41)8. ' F, (206)
(E+3tA,)ett =¢/*172,
Pt — @i 4+ zei* 1,
Here ¢/* 12 and ¢/ *! are some auxiliary quantities ensuring the reduction of problem
(20.1) to the sequence of elementary problems (20.6). Note that the first and the last
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equations in (20.6) are explicit relationships. This means that we have to invert
operators only in the second and third equations, where only the elementary
operators 4, and A, are present.

We now consider the inhomogeneous problem (18.1), where A=A, + 4,, 4, =20,
A, =0, f #0. In this case the stabilization scheme is written as follows:

Pt — ¢l o
(E+3tA NE+3TA,)——+ Ao’ =f7,
T (20.7)
L)
v =4
where
FI=f(t;41,5)- (20.8)

If the elements of the matrices 4, do not depend on time and the solution and the
function fof problem (18.1) are sufficiently smooth, then scheme (20.8) is absolutely
stable and approximates the original problem with second-order accuracy in
7 (MARCHUK [1980], pp. 251--252).

ReMARK 20.1. As we have seen the scheme of the stabilization method may be
obtained by introducing into the Crank--Nicolson scheme (i.e. explicit-implicit
scheme) the operator B=E +51%>A4, A,. After that the operator of the problem
becomes factorizable. Therefore, the stabilization scheme may also be called the
explicit—implicit scheme with approximate factorization of the operator.

Let us formulate the stabilization scheme for the inhomogeneous problem (18.1)
where

A=Y A, n>2, A4,20 (20.9)
a=1

and the operators A, are time-independent. With assumptions (20.9) the stabiliza-
tion method may be represented in the form

it __ i
'

ITE+ %rAa)% + Al =f7, e’ =g, (20.10)
a=1

where

1 :f(tj+ 1/2)-
The scheme of realization of the algorithm has the following form:
Fj' — A(pj +fj,
(E+4%tA,)et i =FJ
(E+3itA,)elt2m =g+ ln
(20.11)
(E+1tA4,)6* ! =gi+e=Vin

@ =@ el
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With the assumption of sufficient smoothness the stabilization method (20.10) has
a second-order approximation in 7. Computational stability will be ensured
provided that

| TI<1, (20.12)
where the transition operator T is defined by the formula
1
T=E-t[](E+374,) ' A (20.13)

Unfortunately, the condition A4, >0 does not imply here the stability in some norm,
as was the case for n=2.

To ensure stability the following simple algorithmic tool is sometimes used. Set f7
equal to zero and reduce equation (20.10) resolved with respect to ¢’*! to the
following form:

Pt =Tg’. (20.14)

Since the operator T is assumed to be time-independent (i.e. does not depend on j),
we will keep an eye only on the norm || ¢/ | when solving problem (20.14) with initial
condition

0’ =g (20.15)

and fixed parameter v ensuring necessary approximation. If this norm is not
increasing then we may be sure that computational stability takes place. After this
we may move to the solution of the inhomogeneous problem. We rewrite equation
(20.10) as follows:

1
o' =Tl +e [[(E+3t4,)7'f (20.16)

Hence,

n

|@it? lo<ITI ||(pj||¢+r n H(E+‘;}TAG)_1 | ||fj||F

x=1

or due to inequality (20.12) and the inequality |(E+3t4,)" ' <1

lo™* o <@ o+l £ 1l5. (20.17)
Using the recursive connection we obtain the stability condition
I/ lo<lglle+Tlf1, (20.18)
where
1 =max || £ . (20.19)
J

REMARK 20.2. While checking the stability condition || T||<1 we used the initial
condition (20.15). This was not necessary at all. We might have chosen as initial
condition any function from the same smoothness class as g and f.
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21. A general scheme for the method of approximate factorization of the operator

We will give a general formulation of the approximate factorization method
(MarcHUK and YANENKO [1966], YANENKO [1967], p. 155).
We write for problem (18.1) a two-level approximation of the kind:

@/t — ¢/ . C
_____:Al(pj+1 +/10(PJ+F], jIO, 1, 2"_‘,
T (21.1)
0
o =9,

where the function F/ approximates f. In the case of multilayer schemes this
approximation contains the results of applying the difference operators to ¢’~ ',
@'~ 2, etc. Let the operators 4,, A,,

q p
=2 Moo A=Y A, 21.2)
a=1 a=1

be represented as the sum of the operators, generally speaking, of a more simple
structure, then the following approximative relationships are valid

p
(E—1A, )~E—1A,,
D n ' (21.3)

4
l_[ (E+14,,)~E+14,

(i.e. the operators on the left-hand sides are approximations of the operators on the
right-hand sides). The relationships (21.3) allow the replacement of (21.1) by the
factorized scheme

p 4
[(F—24,.) oI = TT(E+14,,)0" +1F. (21.4)
1, »
= a=1

The given scheme approximates problem (18.1) and if A, =A,= —3%A, and F/ =
f(t;,1,2), then it has a second-order approximation in 7. The stability analysis of
scheme (21.4) is often difficult in comparison with the componentwise splitting
schemes. For the sake of simplicity let f=0 in (18.1). We rewrite this relationship in
the form

o't =Tel, (21.5)
where

T=(E—~1A, ) 'AE—1A, )" E+144,)(E+14,,).
If for operator T the estimate

| T <1+constt (21.6)
holds, then scheme (21.4) is stable. Estimate (21.6) is rather difficult to obtain. In the
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case when p=g and the operators are commutative we have:
r
= H Ta’ Ta:(E'—TAl,a)_l(E-’_TAO,a)'
a=1

If at the same time A, , = A, , <0, then | T, | <1 and the scheme is absolutely stable
in the norm | ¢ |4 =(@, @)

From scheme (21.4) we may obtain the scheme of the splitting operator method
(Dyakonov [1971d]).

We suppose that in (18.1) we have

A,=0, (21.7)

A= Z A, A,
=1

where the operators A, are difference approximations of the corresponding

one-dimensional differential operators. Let p=g=n, and operators A, ,, 4, , given

by

AO,a: _(I_H)Aa’ Al,a: _GAas

(21.8)
0<@=const<1.
Then scheme (21.4) takes the form:
[T(E+104)0" = T[] (E—t(1 —0)A,)0’ +F,
a=1 a=1
i=0,1,2,..., (21.9)
@°=g.

It is easy to notice that the realization of scheme (21.9) consists of solving the
sequence of one-dimensional problems (with the sweep method).

REMARK 21.1 Scheme (21.1) and representations (21.2) do not allow a simple
determination of the corresponding scheme. For example, the scheme

(E—-tA;,)(E—tA1)¢" " =(E+140,) (E+ T )¢ + TF (21.10)

is not equivalent to scheme (21.4) in the general case of noncommutative operators
A 4, Ao, but only in the case of commutative operators.

REMARK 21.2. In a paper by YANENKO ([1967], pp. 158-159) schemes of approximate
factorization arising from the multi-level schemes are presented:

A+ Ag@ + A @7 A 9T =0 (21.11)

These schemes may appear in approximations of equations of the type

dp 0 ’
Bigo+By s+t Byt

o LA P, 21.12)

where B,, B,,..., B, are linear operators.
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22. The scheme of approximate factorization for the parabolic equation

In papers by Dyakonov [1962d-f, 1963-1965, 1971b—d, 1972] the method of
approximate factorization (splitting operator method) has been developed and
grounded for a wide class of equations of parabolic and hyperbolic types. We
consider some of these results for the parabolic equation of the form:

n az
at 2 o 22_f inaxQ, (22.1)

under conditions

CPle=@a» @=g fort=0.
Here
Q={0<x,<l:a=1,...,n}, Q,={0<t<T}.

Let

t=T/K, h=1N, a=1,...,n,
(22.2)

h=(hy,....h,),  |h*= th

The spatial grid @, is the set of points x,=(I,h,,...,1,h,), where 1 <I_ <N, —1,
I=(,,...,1,), 0Q, is a set of boundary grid points, Q,=Q,+0Q,. The temporal
grid is given by t;=j7, j=0,1,..., K.

We introduce the difference operators

o1
A o) = h*(fp(t » X R L)~ ot x,),

|
Va((p)j = }T((p(tj: xl) - (p(tj:v Xp— ha la))’

where [, is the n-dimensional unity vector in the direction x,. We consider a set of
difference schemes of the kind

(p_]+1 (p . .
i - 1_,_2Aa(9¢1+1+(1_9)¢{)+f{“ in,, 0<j<K,

a=

22.3
(P?:gl: X €52, ( )

€0{=<P(jr)1, x; €082,
where
A, =~ (A V)= —A;, 0<@<const<l,
f{+1_=_{f(tj+1:x¢) for 99’:%
f(tj+1/2,x1) for 8 =73,

and the notation ¢J=¢(z j»x1) is used. When the solutions are sufficiently smooth,
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scheme (22.3) approximates (22.1) with local error of approximation of order
O(t+|h|?) for 8 #% and O(z?* + | h|?) for 8 =1%. For =0 scheme (22.3) is explicit; for
6 =1 it is purely implicit; for 6 =1 it is the Crank—Nicolson scheme.

Let @ and F be the Hilbert spaces of the grid functions ¢ € @ and fe F, defined on
@, with inner product

{u, v)p=hy - h, Z ub;
xiefy,

and norm | u||, = (4, w)3/%. Then in this norm the schemes (22.3) are absolutely stable
independently of t and k for 6 >%, and for 6 <% they are stable provided that the
following relationship holds:

" 1
e
» n2 S 21—20y

a=1

(22.4)

i.e. conditionally stable. From the approximation and stability of these schemes
corresponding statements about the convergence follow (see Theorem 3.1).
We now introduce the operator

Boi*'= n(E frAl)pi+!

_(p{+1 GrZAﬁ j+1

+{(=01 Y ArAboitl 4 (22.5)

l<a<f<n
+(— Oty A AL Al it
x, €€,
and consider the scheme

j+1
4

R B _"" ZA(p{—fJ“, x,eQ,,

(Pl =41, X €2y, (22.6)
@l =0lry, x1€0Q.

Taking (22.5) into account we may rewrite (22.6) in the form

Jt1 _
@y (4

n

Y Alfol*t +(1—0)p])
T 2 (22.7)

+1 j
+Q( J —(P{)zﬁ‘ﬂ,
T
where

Q,V,= 3. (—bry ) A A% AG Ve (22.8)
a=12

lgas<azx<.--<ap<n
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Thus, we see that (22.6) differs from (22.3) by the presence of the additional term
Q. (@it — @)/t on the left-hand side. If the solution of the original problem has
derivatives (bounded in 2 x Q,)

0
Dﬁ’DﬂZ”'D?:a_(f’ <, <--<i,, a<n,
where
B, <2, D =0f/axf,

then
ot — o]
ot

oi=o(t;,x;), M=const. (22.9)

<M1?,
D

(Note that the smoothness restriction on, ¢(t, x) may be weakened; see DyAkoNOV
[1971d], p. 23.) Thus, if (22.9) holds then scheme (22.6) approximates the original
problem with the same order as scheme (22.3). Here, naturally, we have for ¢ #1
instead of (22.9) the inequality

Ay
(=)

and, also, weakened conditions on the smoothness of ¢(t, x) would do.

We consider how the transition from the time level ¢, to the level ¢, ; in scheme
(22.6) 1s realized. Note that if we exclude—with the help of boundary conditions—all
boundary values of ¢ from the left-hand side at the expense of the corresponding
modifications of {4 * ! in the near-boundary grid points, then we may rewrite (22.6) in
the form:

<M1 (22.10)

L]

[TE+104,)0" " = [T (E+704,)p" —tA¢’ +f+1, (22.11)

a=1 a=1

Jj+1

where A =Z!'_, A,,and the vector f/*!isdefined through f/*!, o//," and ¢{r,. This
1s (18.2) with splitting operator B=I17_ ,(E +10A,). The solution of (22.11) on each
time step is reduced to solution of (18.4) for p=n and B, =(E +t6A4,) by the sweep
method.

Stability of scheme (22.6) follows from the a priori estimate

j
o lo<liglo+t 2 1L/ s (22.12)

i=1

(Dyakonov [1971d], p. 26).

REMARK 22.1. Along with scheme (22.6) one may consider schemes with approxi-
mate factorization of the operator, which are obtained by replacing the basic
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equation from (22.6) with one of the following equations:

1 = By j+1 (PIE j+1

‘L'— n(E_TjAa)(Pl _'%“:fl ’

Jja=1 i

17 Byt 1 o < b Fit1

— H(E—Ga‘cha)(p, - Z(I“Ba)Aa(P{ =fi*1,

Tj a=1 Tf a=1

| S . 1 " o

= T1(E—0,5,0000" —— [[(E+(1-0,)r,A0l =]1"",
ja=1 Ja=1

| . o] " . o
= [TE-3tAD0l = —3 Y Mol —47; Y, Aidpol =f]*,
Tj a=1 Tj a=1 a<f

where t;=t;—t,_, is a nonconstant grid step in t and 0 <6, =const < 1 (DyaKoNov
[1971d], p. 26).



CHAPTER V

The Predictor-Corrector Method

The next class of the splitting methods—the predictor-corrector method (approxi-
mation correction scheme)—as well as the scheme with a factorization of the
operator will be considered in application to the matrix evolutionary equation (18.1)
with a time-independent operator.

23. The predictor-corrector method: The case A =A;+ A,

The 1dea of the predictor-corrector method is as follows. The wholeinterval 0 <t < T
is split into a number of partial intervals and within each elementary interval
t;<t<t;,  the problem (18.1)is solved in two steps. First, one finds an approximate
solution of the problem at time t;, ,,=t;+ 37 using a first-order accuracy scheme
which has a considerable “amount” of stability. This step is usually referred to as the
predictor. Then, on the whole interval (¢;,¢;. ,) the original equation is approxi-
mated with a second-order scheme which serves as the corrector. It is essential that,
while constructing the corrector, the “rough” solution at ¢;.,,, found in the pre-
dictor step is used.
The predictor-corrector scheme may be written in the form:

(pj+1/4_q)j
It

jti/4

+4, 9714 =0,

jtuz _

@ @

+A2 (Pj+”2:0,
T

(ST

. (23.1)
@it ‘
L2 L apitir=o,
T
¢°=g.
If we exclude the auxiliary function ¢/* /4 from the first two equations of (23.1),
the system will reduce to the following one:
E+3tANE+4tA4,)pi V2=,
( 2 1.) 3TA4,)e @ (232)
(pj+ 1_ (pl )
Y% L apitir=g,
T

269
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Excluding ¢’*'? from (23.2) we get

@It — .
T+ A(E+31A,) " (E+1t4,)" '@’ =0,
T
0 (23.3)
Q0 =g
We now suppose that the following restriction holds:
Al <1, a=1,2. (23.4)

If 4,20, A,>0, the elements of matrices 4,, A, do not depend on ¢, and the
solution ¢ of (18.1) is sufficiently smooth, then the difference scheme (23.1) is
absolutely stable and approximates the original problem with second-order
accuracy in 7. At the same time the estimate

loillcrr < lglle; (23.5)
holds where

Cy'=(E+314%) (E+314y),

12

lelle-1=(Ci' o, )™

To prove this statement let us rewrite (23.3) in the form

iti__

@ @’

(E+3tANE+4tA,) + ApI =0,

where
A=E+itANE+itA)NAE+3tA4,) Y(E+3tA4,) L

Expanding the right-hand side of the last relationship into a Taylor series in T and
assuming that

1l Al <1,
we get
A=A+0(?).

With the help of the estimate used in the stabilization method we come to the
conclusion that the predictor-corrector method has a second-order of approxima-
tion in 7.

Let us consider the stability of this method. To this end we rewrite (23.3) in the
form

Piti_ gl )
(E+3tANE+ %rAZ)H;—~—~+ AP’ =0, (23.6)
where
PI=(E+31A4,) " YE+3t4,) 1o’ (23.7)

Difference scheme (23.6) is stable since
17 e, <19 ]l (23.8)
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Then taking (23.7) and (23.8) into account we get
IE+3t4) @I o< IE+314,) " 0o
or
H(PHI lere < ”(Pjncr‘ SYEREIES "g“CT"

In the case of an inhomogeneous problem we formulate the predictor-corrector
method as follows:

i+1a_ g
"9 j+1/4 _1j
1, +A1 (PJ :f ’
2
jvuz_ j+1/4

@ @

1 +A,it12=0, (23.9)
2T

NP
@’ —(PJ+A(pj+1/2___fj,

T

where

fj:f(tj+ 12)
If f7is chosen in this form, then (23.9) approximates the original problem with
second-order accuracy in 7 and the estimate

lo?+47 fllcr <Ng+3e /0l + S e (23.10)
where

11l ¢z » =max]| fIl ez,

is valid, i.e., if 0 <t;< T we again get stability of the difference scheme (see MARCHUK
[1980], pp. 254-255).

Thusif A, >0, A, >0 and the elements of matrices A,, A, do not depend on time,
then the difference scheme (23.9) is absolutely stable and allows to get a solution of
second-order accuracy in 7 provided that the solution and the right-hand side f of
(18.1) are sufficiently smooth.

In conclusion we shall pay attention to the fact that, although difference scheme
(23.1) 1s absolutely stable, the difference scheme for the corrector incorporated here
as a part may be absolutely unstable if considered separately. Let us show this. For
the sake of simplicity we will consider the case when A is the difference analogue of
the two-dimensional Laplace operator, Q is the unity square, and the solution equals
zero on the boundaries of Q.

In this case the corrector has the form

jit1 1

il — Qi1 _(Plf+1,1—2‘P1{,1+(P1{—1,1_€01{,1+1—2‘Pli,r+(0li,1—1=
27 h? h?
(since now the predictor is not used in the computations, only integers j are
considered).

For this difference problem a solution ¢’ will be chosen for which the inequality
lo/llo< |0~ o from the definition of stability does not hold. We will find such

0
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a solution in the form
(Pi, (= i sin(mmnkh) sin(pnlh),
where j serves both as an index on the left-hand side and as a power on the

right-hand side. Using this expression in the difference equation we obtain the
following characteristic equation:

A2 +8a,,i—1=0,

where

mp

a, = fi(sin2 (3mmh)+sin®(— 3pnh)).

Taking as A the quantity

A= —4amp—\/ 1+ 1603",,

we see that
loilo/Il@°le=I41'—00 as -0

(so that 7/h2=const), i.e. the scheme is absolutely unstable.

Thus in spite of the fact that the difference scheme used as corrector is absolutely
unstable the “amount” of stability the predictor possesses is sufficient for absolute
stability of the whole scheme.

24. The predictor-corrector method: The case A=X]_; A,
We suppose that in (18.1)
A=> A, A,20, n>2 (24.1)
a=1

In this case the splitting scheme has a form:
(E+3t4 )’ V" =0l + 32 1Y,
(E+%‘L‘A2)(pj+ 2/2n ___(pj+ 2n
: (24.2)
(E+ %‘L'A,,)(pj’L U2 = pi+in=1)i2n

e
u+A¢j+1/2=fj,

where we suppose again that 4,>0and f/=f(t;, ,,). The system of equations (24.2)
is reduced to one equation

(pi+1_(0i 1 . , .
*“‘T—'*'A TT(E+3tA) "o/ +3t )=,
g = (24.3)
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The predictor-corrector method in this case has second-order accuracy in t provided
that the solution is sufficiently smooth. Write (24.3) in the form:

ot =Tl +it(E+T)f’, (24.4)

where the transition operator T'is given by

1
T=E—tA[](E+3t4,)7 " (24.5)
The requirements for numerical stability have been reduced, eventually, to
estimating the norm of the operator T. Unfortunately in this case the constructive
condition A,>0 does not allow to prove the stability of the scheme.
In the case when the operators 4, are commutative and have a common basis, the
stability of the above schemes follows from the condition A4, >0 (MarcHUK [1980],
p. 265).

REMARK 24.1. The stabilization method as well as the predictor-corrector method
for splitting the operator in n~components may also be applied when operator A is
time-dependent. However, in this situation the a priori formulation of the stability
condition appears to be a more complicated problem. Therefore it is difficult to say
to what extent the application of the two above schemes is justified in general
situations.

25. The predictor-corrector method for the parabolic equation

Let
Q={0<x,<l:a=1,2,3}, Q={0<t<T}
For the problem

aZ
ax‘f=0 in QxQ,

Op 5 3
Fraae

¢=g fort=0, (25.1)
@=@r 1n0oQ

we introduce the following difference approximation
O0p/ot+ Ap=0 in QxQ,
©=¢q, on oL, (25.2)
o=g fort=0.

Here Q and 0Q are already grid domains, and A has the form:
3
A= Z A, A= —a"(Axd an)/hﬁu. (25.3)
a=1

BrRAYN [1966] (see also YANENKO [1967], p. 40) suggested the following scheme
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based on the idea of the predictor-corrector method:

(pj+”6—q0j _ ‘ .
ir +A4, ¢J+1/6+A2(PJ+A3€9J$0,
2
(pj+1/3_(pj+1/6 . _
et Al =)0,
2
i+ 1 ; {25.4)
@ /2__(p;+1/3 2 .
A0’ )=,
it — o = : .
____I_T___.+A1(p]+1/6+A2(p1+1/3+A3(p1+1/2=0.
2

Here, the first three equations form the predictor (stabilizing correction scheme),
bringing ¢ to time level t=(j+ 3)t; the fourth is the corrector.
Having excluded the fractional steps from (25.4) we get

itr_ o j j+1+ J J+1_
4 - LAy ; ¢ +%12(A1A2+A1A3+A2A3)9-—T-i”—
o (25.5)

From this we conclude that scheme (25.4) has a second-order approximation in
7 and in h,. Taking into account that the operators A, are commutative, we also
conclude that this scheme is absolutely stable.

DoucLas [1962] suggested the following absolutely stable scheme which has
second-order accuracy:
j+1/3 _

@ L J*13 i i
+2A,(¢ + @)+ A0’ + A3 07 =0,

P23 _ _ _
L4 P LA (0T + 9

+%A2((pj+2/3+(pj)+A3(p]=0’ (25.6)
(pj+1_(pj . )
1,07 P 4 )

307 2 4 9h)+ 40T +09) =0,

which may be rewritten in the form:

eIt — ol . . . :
+3A4,(0" P+ @)+ Ay 07+ Ay 97 =0,
@it2I3_ pi*13 _ _
+34,(07 12— ¢))=0, (25.7)
@it it 23

+145(07* 1 97)=0,
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Excluding ¢’* '3, ¢/*%3 from (25.7) we again come to (25.5). Therefore, schemes
(25.4) and (25.6) are equivalent (YANENKO [1967], p. 42).
We write the predictor-corrector scheme as
jt1/6
it
Jt13_

J
@ @ A, (pj+1/'6:0’

jt1i/6
Q @

+A, ol t1R=0,

1s
(25.8)

(pj+1/2_(pj+1/3

+A3(pj+1[2=0,

it

1 .
(PJ —¢J+A(pj+”2:03

T

which is special realization of scheme (24.2). Excluding ¢/ * /6, p/*1/3, 0i*1/2 from
(25.8) we also come to (25.5). Therefore, this scheme is equivalent to the schemes
(25.4) and (25.6).






CHapPTER VI

The Alternating Direction and the
Stabilizing Correction Methods

26. The alternating direction method

Consider the matrix homogeneous evolutionary problem (18.1):

0p/0t+Ap=0 in Qx£Q,

(26.1)
=g inQ for t =0,
where
A=A, +A,.
A scheme of the alternating direction method for (26.1) has the form
O A, T Ay =0,
pitl_pit2 i L
+3(A,977 7+ A,9777) =0, (26.2)
j=0,1,2,...,
9°=g.

In this form it was applied by PEaAcEMAN and RacHForD [1955] and DouGLAs [1955]
to a parabolic problem with two spatial variables. In this case operator A, is
a difference approximation of the one-dimensional operator —a?92/0x?2. Note, that
in this case scheme (26.2) is symmetric, i.e. x; and x, changeroles from first fractional
step to the second (this fact gives the method its name). It is easy to find the solution
of each equation in the parabolic problem by the sweep method (therefore, scheme
(26.2) is also called the alternating direction sweep method (YANENKO [1967], p. 26).
Eliminating ¢’*'/? from (26.2) we obtain

jti__ o7 jti J j+1__ i
¢_T_Q+A(¢__ji'£)+%rz AIAZ(?LT?L)z()_ (26.3)

Comparing (26.3) with the Crank—Nicolson scheme we conclude that it has a
second-order approximation in . Further, if we consider (26.2) when A, is a three-

277



278 G.1. Marchuk CHAPTER VI

point approximation of the operator —a”(0%/0x2),
A,=—a*(A, V )k,

then it is easy to establish that this scheme is absolutely stable (DouGrLas and
RAcHFORD [1956], YANENKO [1967], p. 28). If we analyze in this case the behaviour of
the error in each direction x_ using Neumann’s method, then it appears that in the
first semistep the error in the direction x, decreases and the error in the direction x,
increases, then in the second semistep the error in the direction x, increases and the
error in the direction x, decreases. It does not matter how much the error increases
in any direction at a given semistep, because it certainly will decrease at the next one,
so that on the whole after two semisteps it will not increase in absolute value
(YaneEnko [1967], pp. 28-29).

YANENKO ([1967], p. 28) noted that a scheme of the aiternating direction method is
useless for the three-dimensional parabolic problem. It has been shown that in that
case the following scheme (with 4,= —a*(A,V, )/h7)

qojHB—(pj _ ) .
+3(A4, 0771 + A, 07+ A307)=0,
(pj+2/3_(pi+ i/3 . ) ,
T +3(A107" 1P+ A" + 4,977 1P)=0, (26.4)
(pj+1 o J+2/3

‘c(p +%(A1‘¥’j+2/3+Az(PHz/s‘*'As(PjH):O:

is not absolutely stable. Therefore, for many problems schemes of the stabilizing
correction method are preferable (along with schemes of the alternating direction
method they are sometimes also called implicit schemes of alternating direction).

27. The stabilizing correction method

Stabilizing correction schemes were proposed by DoucLas and RacHrForD [1956]
for solving the three-dimensional heat conduction equation. So if we have in (26.1)

A=A, +A,+A,,

this scheme has the form

PItIB — i . . .
wr__“"'Al @ 1P+ 4,07+ A307 =0,

j+2/3 _ _j+1/3

@ @

+A2((Pj+ 23 —(Pj):(),

(pi+1 _(pi+2/3

+ Ay (0’ —9’)=0, 27.1)

i=0,1,2,...,
0°=g.
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j+1/3

By eliminating ¢ and ¢’ %" from (27.1) we obtain the equation

vl j . it1_
(D_—‘T—qo'l‘A(pH—l+T2(A1A2+A1A3+A2A3)(‘?;Tc“‘(p_)
it1_ g
+I3A1A2A3(2———(p):0. (27.2)
T

It follows that the scheme has first-order accuracy in t. When we consider it for the
heat conduction equation it is easy to establish absolute stability. Besides, the
structure of the scheme is as follows: the first fractional step gives the whole
approximation of the heat conduction equation, the next fractional steps are
corrective and serve to improve the stability. Therefore such schemes are called
stabilizing correction schemes or schemes with stability correction.

DouGLas [1962] proposed scheme (25.6) of second-order accuracy, which may
also be considered as a stabilizing correction scheme.

28. A general formulation for the stabilizing correction method

The stabilizing correction method was formulated in 2 general form by DouGLAs
and GUNN [1964] (see z2lso YANENKO [1967], p. 159). So, let us consider the
evolutionary problem

Op/ot+Ap=f in2xQ,,

(28.1)
¢=g 1Ing for t=0,
where A=X%_; A,. We write the difference multi-layer scheme
j+ i -_ j N .
‘L;iMWH —F/, (28.2)
where
Fj:BO(pj+B_1(pj*1+--'+B_q+1(pj"’+1+fj, (28.3)

A=A +---+ 4,

which approximates problem (28.1). Taking (28.3) into account we can write the
corresponding scheme in fractional steps:

jtim__ T . . ) .
(p—“—;—g+A1(QD’+1’”—(p’)+Aq01=F’,
it2m _ __jti/n . .
T Ay ) =0,

(28.4)
(pj+1 __(pj+(n-—1)/n

- + 4,07 —@?)=0.
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By eliminating ¢/t /", .. ., /T~ 1" from (28.4) we obtain, after simple transforma-
tions, an equation “on the whole steps™:

Jtit j+1_ j
A" ST +fz¢(-———"’ 14 ):F{ (28.5)
T T
where
¢= ZAIA].-'-T Z AiAjAk +”°+T”~2A1"'An. (28.6)
1<j i<j<k

By comparing (28.5) and (28.6) we conclude that, with accuracy up to order O(z?),
the general stabilizing correction scheme keeps the order of approximation of
scheme (28.2)-(28.3). The spectral stability analysis for scheme (28.4) is given by
YANENKO ([1967], pp. 160-161).

Note that for two-layer schemes under the condition that the operators are
commutative and for A, >0 the stability of scheme (28.4) follows from the stability of
scheme (28.2) (Dor'gLAs and GUNN [1964]).

29. Application of the alternating direction scheme to the parabolic equation
Let us soive the following boundary value problem for the second-order parabolic
equation without mixed derivatives
Jdpfot+Ap=f in QxQ,
Ploo= @) (x, 1), (29.1)
¢=g(x) in Q for t=0,

where
2 0 0
A=Y A4, A =- :
a§1 @ e 0x, Ox,
x={(x;,%,)eR={0<x,<l:a=1, 2},
k >0.

We assume that problem (29.1) has a unique and sufficiently smooth solution.
THoMPsON [1964] proved the existence 2nd uniqueness of 2 generalized solution for
(29.1) provided that the function f(x, u) satisfies Lipschitz’s condition in the variable
u. He also showed that the convergence of the solution of difference problem to the
solution of differential one follows from the approximation and stability of the
corresponding difference operator.

We construct in 2 =Q +0Q grid Q" with steps h, that is uniform in x, and replace
the operators A, by the difference operators A,:

A0 =(Ax, K"V @)/h2. 29.2)
P ;

Contrary to the case of constant coefficients, here, the operators A, are positive and
self-adjoint but not commutative. Instead of (29.1) we consider the following
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problem approximating (29.1):
dpfot+Ap=f in Q" A=A,+A4,,
@ o™= @) (29.3)
p=g" inQ* fort=0.
Now ¢ and fare vectors and A, and A, are matrices. Suppose solution ¢ belongs to
the grid function space .

For solving problem (29.3) in the layer ¢; <t <t;,; we write the alternating
direction scheme in the form (SAMArskin [1971], pp. 360-365):

(0j+1/2_(pj . . o i
+3(A]T 2T + Ayg) =21, (29.4)
qDj'+1 __(pj+1/2 . A . ) .
(AT L A T ) = 4,
j=0,1,2,...,

with initial condition
ol =g (29.5)

Equations (29.4) and (29.5) must be supplemented by difference boundary condi-
tions, which may be written, for example, in the form (see KrRYAKVIN [1966]):

o't lagy = ¢(r>(tj+ ) AR oot = @), (29.6)
where 0" is the grid on the sides x, =0 and x, =1,
Pin= %[ﬁo(r)(tj +1)+on)]+ it4, Lo (4 ) —on ;)] (29.7)

We rewrite (29.4) in the form:

%W+"2+A’i+1’2¢f+"2:Fj, Fj:%¢"~/lé<p"+f",
g¢j+1+A£+1(pj+1:Fj+”2, (29.8)
T

J+1/2 2 j+1/2 J+12 j+1f2 7

Frii=—o™"—43" "¢ +f1

Each problem in (29.8) with the corresponding boundary conditions from (29.6) is
a one-dimensional first boundary value problem and it can be solved by the sweep
method.

If the value k% in the grid point i_is calculated, for example, by the formula

(K3}, =2 [ka(x: )+ k(x4 ) 1<y <,
then operator A, approximates operator A, with second-order accuracy, i.e.

A0 —A,0=0(h2).
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Let k, =const. Operator A is self-adjoint and positive in @. Introduce the metric

Iy—-1 I» I Iz—1

lel?= 3 3 Qo hih+ 3 3 (A,@) hih,. (29.9)

i1=1 i1=1 i1=1 iz=1
In this metric scheme (29.4)—(29.6) is stable on the initial and boundary conditions
and on the right-hand side.
Assume that, in Q x £2,, (29.1) has a unique solution ¢ = ¢@(x,t) which is con-
tinuous and has bounded derivatives

GRET) G, 0%

d?’ oxZoxior oxt’
Then scheme (29.4)—(29.6) converges in the grid norm (29.9) with rate O(t* + | h|*) so
that

0<a,B<2. (29.10)

I’ — @t )| <M(h|* +1°),

where M =const does not depend on t and |h|.

RemARk 29.1. The alternating direction scheme with varying k, has an approxi-
mation of order O(/ k|2 4 12) for the solution ¢ = ¢(x, t), provided that, in addition
to (29.10), the obvious requirements of smoothness of k,(x, ) in x, and ¢ are satisfied.
The distinction from the case of constant coefficients reveals itself in the stability
study of the scheme, since though the operators A, A4, are positive and self-adjoint,
they are not commutative. However if, in addition to (29.10), there also exists in
Q x Q, a continuous derivative

o 2
K, 0 I ol ,
0x, 0x,0x,\ Ox,

then scheme (29.4)—(29.6) is stable and converges with rate O(z* + | h|?),in the case of
varying coefficients k,.




CHarteER VII

Methods of Splitting with Respect
to Physical Processes

30. The method of splitting with respect to physical processes

The method of splitting with respect to physical processes consists of reducing the
original evolutionary problem describing complex physical processes to a sequence
of problems describing processes of a more simple structure. To explain the idea of
the method we will consider the equation describing the process of advection-
diffusion of some substance (MARCHUK [1982], pp. 82-90).

The two-dimensional advection-diffusion problem consists of finding the solution
of the equation

0¢p Oup Ove
LT T A =1 30.1
at+ax+ay pAo +oo=/, (30.1)
p=g fort=0, (30.2)
=0, u=0.

Assume for simplicity that we find the solution (x, y) of (30.1)-(30.2) on the whole
plane and that the functions u and v satisfy the continuity equation
a_u + @_ —
Ox Oy
From the physical point of view problem (30.1)~(30.2) describes, in principle, two

different physical processes. The first one is the process of advection of a substance
along the trajectory and it is described by

0. (30.3)

Op; Oup; Ove,
ot Tax Ty O (30.4)
¢;=g, fort=0. (30.5)

The second one is connected with diffusion and absorption of a substance and is
given by

0
S — g, +00, =/, (30.6)
¢py=g, fort=0. (30.7)

283
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These processes represent two extreme cases of the problem (30.1}-(30.2). Indeed,
taking in (30.1)-(30.2) u=0 and o =0 we obtain problem (30.4)-(30.5) and taking
u=v=0 we obtain problem (30.6)-(30.7).

Let us now try to put (30.4)-(30.5) and (30.6)—-(30.7) together. This appears to be
possible because of the additivity of the processes of advection and diffusion
locally.

Assume that ¥ and v are constants and g(x, y) decreases quickly enough at infinity
so that the following representations take place

Qo= J‘ J' ®(m, n, )™ " dmdn,

(30.8)
g= f f A(m, n)e™ " dm dn.
Then the exact solution of the original problem (30.1)-(30.2) has the form
Qo= j J‘ A(m, n)exp{im(x + ut) + in(y + vt)
R (30.9)

~[o+ u(m* +n*)Jt} dm dn.

Let us now split the problem into two. To that end we consider the time interval
0 <t <t on which we will solve the two problems successively: first (30.4)—(30.5) with
the initial condition

=9
and next (30.6)-(30.7) with the initial condition
D=,

We assume as before that ¢, ¢,, g are represented as Fourier integrals as in (30.8).
For Fourier components of the solution of (30.4)-(30.5) we find

D, ()= A exp{(imu +inv)t} (30.10)
and for those of (30.6)—(30.7),
D,(t)=D,(t)exp{ —[o + p(m* +n*)]t}. (30.11)

When we take t=1 in (30.10) and substitute @,(t) in (30.11), we obtain
®,(1)= A exp{(imu +inv)t— [o + p(m* + n?)1z}.

Therefore

@, = ( f A(m, n) exp{im(x +ut)+in(y + vt) — [o + u(m* +n*)Jr} dmdn.

=@
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Thus the solution obtained by the splitting method for ¢=1 is identical to the
solution of the original problem (30.1)-(30.2). This fact lies at the basis of the method
of splitting with respect to physical processes.

Note that in reality u and v are not constant; in this case the splitting algorithm
does not give the exact solutionfort=t¢;,j=1,2,....To correct the result in this case
the time interval should be taken small enough to ensure good approximation in
cases when the coefficients # and v vary considerably.

The method of splitting with respect to physical processes is widely used for
solving problems in hydrodynamics, gas dynamics (Kovenya and YANENKO [1981],
MiGuaL, PiNsky and TayrLor [1983], GusHcHIN [1981], TemMam [1981]), meteor-
ology and oceanology (MARCHUK [1967, 1974a, 1982], MARCHUK, DYMNIKOV et al.
[1984]) etc.

CHorIN [1968] proposed the original method for finding the approximate
solution of the equations for viscous incompressible liquid. This method is based on
Helmbholtz’s theorem on the decomposition of the vector field. (A vector field may be
decomposed in the unique way into a solenoidal part A, and a potential part A,
provided that the normal component A, equals zero on the boundary.) The
theoretical grounding of the method is given by TemMam [1981]. YANENKO,
ANUCHINA, PETRENKO and SHOKIN [1970] interpreted this method from the
standpoint of splitting with respect to physical processes. A modification of this
method was used by Kuznersov, MosHKIN and SmaGuLov [1983] to solve the
nontraditional Navier—Stokes problem when the pressure and tangential com-
ponent of the velocity on some part of boundary are given.

31. The method of particles in a cell

Methods for solving multidimensional problems in mathematical physics are sug-
gested by HarLow [1967] and HarLow and WELCH [1965] and named methods of
particles in a cell or methods of markers and cells(MAC method). These methods have
been developed intensively in recent years. They are also based on the idea of
splitting the physical process into more simple ones and are applied to calculations
of multidimensional hydrodynamic currents with strong liquid deformations, large
relative displacements and colliding interfaces.

The essence of the method of particles in a cell is as follows. The hydrodynamic
equations are reduced using weak approximation on each small time interval to two
more simple systems, the first of which describes the adaptation of the hydro-
dynamic fields omitting advective terms and is integrated by the usual methods in
a fixed Euler grid; the second one describes the advection of substances in a Lagrange
coordinate system. Only while solving the second system one uses the phenomeno-
logical simplification of the continuous medium model replacing it with the system
of particles in each cell of the Euler system in such a way that the total mass,
momentum and energy of the particles in a cell are identified with the corresponding
characteristics for the continuous medium.

When some particle “carrying” certain mass along its trajectory crosses the
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boundary of the cell, the mass, momentum and energy of this particie are subtracted
from its “old” cell and are added to the “new” cell. Harlow’s scheme is based on the
explicit methods for solving equations of the first and the second stage and is
conditionally stable in the whole scheme.

It is especially fruitful to use implicit schemes in calculations of the first step,. In
this case the criterion of stability of the whole scheme coincides with the well-known
Courant condition. Some improvements of the MAC method in connection with the
introduction of fractional cells and calculations of the locations of markers were
suggested by CHEN with co-authors [1970, 1991] and Nicois [1973].

32. The method of large particles

DyacHenkO [1969], BELoTsERKOVKY and Davypov {1970], YANENKO, ANUCHINA,
PETRENKO and SHokIN [1970, 19717 give various modifications of the method of
particles in a cell which diminish substantially the inherent fluctuations of density
and pressure and extend the “stability reserve”. Various realization schemes are
considered. These modifications are currently referred to as the method of large
particles.

The main idea of the nonstationary method of large particles consists of splitting
the original system of equations into physical processes. We will describe this
method “on the physical level” applied to the problem of motion of an ideal
compressible gas.

The model medium is replaced by the system of fluid particles coinciding at
a given moment with cells of an Euler grid. The stationary solution of the problem (if
there exists any) is obtained as a result of positioning; therefore, the whole
computational process consists of repeated time steps. The calculations on each time
step proceed in three stages:

In the first stage, the variation of momentum and energy of the Lagrange
elementary liquid volume (large particle) contained in a Euler cell over time interval
is considered (in this stage the boundary of the volume is displaced with respect to
the initial position).

In the second stage, the movement of the particles through the boundaries of the
Euler cells is modelled and the particles are redistributed in space.

In the third stage, the redistribution of mass, momentum and energy in space
takes place (the variation of the flux parameters in the elementary Euler cell
obtained by returning the Lagrange volume to the initial position over time interval
1 is determined).

Thus the evolution of the whole system over time interval t is calculated using the
following splitting: first the variation of the internal state of the subsystems in the
cells/large particles is considered assuming that they are frozen (Euler stage), and
next the displacements of all particles proportional to their velocity and time
interval t without variation of the internal state of the subsystem are considered with
subsequent recomputation of the computation grid in the initial position (Lagrange
and final stages).
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Consider the system of equations describing the motion of an ideal compressible
gas

opu . op
B +div( puu) + P 0,

0 0
—é—); + div(pvu) + 6—5 =0,

3
%t div(pu)=0, (32.1)
ot

E
Qgt_ +div(pEu) + div(pu)=0,

p:p(p’*]), J:E"‘%uz.

Here u and v are the components of velocity vector u, p is the pressure, p is the
density, J and E are the specific internal and total energy respectively.

Let the domain where the solution of (32.1) is to be found be covered by an Euler
(fixed in space) computation grid consisting of rectangular cells with sides 4, and h,.
The solution of problem (32.1) consists of the following steps:

In the first (Eulerian) stage, only quantities related to the whole cell are varied,
while the liquid is considered to be “instantaneously frozen”. We find the solution
of the system:

Ou ap_o dv op

i — 4 =0,
Por Tox - P ax+ay
oE . op
P +div(pu)=0, 5{_0’ (32.2)

p=p(p,J), J=FE—%u.

In the next (Lagrangean) stages, the motion of the mass flux (particles) AM
through the boundaries of the Euier cells is modeiled, the redistribution of mass,
momentum and energy in space take place and the final fields of Euler parameters
are determined.

The equations of these stages may be combined formally and represented in the
form

Opu/ot +div(puu)=0,
Opv/ot +div(pvu)=0,
Op/0t +div(pu)=0,
OpE/0t+div(pEu)=0.

(32.3)
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Various versions of the numerical schemes of the large particle method along with
some aspects of approximation and stability are presented by BELoTsErRKOVSKY and
Davypov [1978], BELoTsERKOVSKY [1984], DavyDov and Skotnikov [1978] and
others.
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The Alternating Triangular Method
and the Alternating Operator Method

The alternating direction method proposed by Peaceman, Douglas and Rachford is
usually connected with the decomposition of the operator 4 into “one-dimensional”
operators A,, the sweep method being used for the solution of equations at each
fractional step. However (as it was already noted in Section 26) the generalization of
this method for problems with three spatial variables faces some difficulties. On the
other hand the requirement that the operators A, are “one-dimensional” is not
compulsory. Therefore it is of interest to split the operator A in operators that would
allow an effective solution of the problem in each step and would keep the main
advantages of the alternating direction method. Such a splitting may be the
decomposition of the matrix operator A=A* into two matrices A;and A, with
A, =A%, A+ A,=A. Writing these alternating direction schemes formally we
obtain schemes of the alternating triangular method which was proposed and
grounded for some problems of mathematical physics by Samarski [1964a] and
ILiN [1965]. TN [1966] also presented generalizations of the alternating direction
methods where 4, and A, are arbitrary matrices (in particular, triangular). These
generalizations are called schemes of the alternating operator method.

33. The alternating triangular method

Let us consider the evolutionary problem
0p/0t+Ap=f in Q,,
=g for t=0,

(33.1)

where Q,={1: 0<t< T} and A= A(t) is a square matrix representing a finite-dimen-
sional approximation of the corresponding operator of the original problem in all
variables except for t. Operator 4 from (33.1) acts in a Hilbert space @ with inner
product (4, v), and norm || u|y= (1, u)¢ % Tt is assumed that A can be represented as
the sum of two triangular positive-definite matrices

A=A1+A2’ AI:(aS'é))s A2:(a£lf)9
ap’=0, k>i, ai'+a’=a,
(A u,u)=C- | ul?, C=const>0, a=1,2. (33.3)

289
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290 G.I. Marchuk CHAPTER VIII

If A is a symmetric matrix, then A; = A%, 4T = A, and we may take ai’+a?

Let us write the scheme of the alternating triangular method (Samarskii [1964a]
as

_1
=20y

(DJH'Q“(Dj 17 45+1/2  j+1/2 i oL gi
+3(A1 Q + Az ¢7)=31",
j+1_ j r . 3 . -
: T O Al 2 g AT T ) =4S,
(33.4)
i=0,1,...,
¢°=g,

where

A{+1/2:A1(tj+1/2)s Az =A,(t;)
fj-_—f(tjﬂfz),

Iztj+1_tj.

It is easy to notice that to solve the first equation from (33.4) we need to invert the
triangular matrix E+ 4t A" Y % and to solve the second equation we need to invert
the triangular matrix E+3tA45"". Samarski [1964a] noted that the inversion,
when the order of the matrix is more than five, will require fewer operations than
to solve problem (33.1) by the explicit two-layer scheme.

If conditions (33.3) are satisfied and A4,(¢)¢(t) and do/dte C*- V[0, T, then (33.4)
has second-order accuracy in .

lo! — o< C 12 j=1,2,...,

where C is a positive constant independent of t (SaMarski [1964a].

REMARK 33.1. Scheme (33.4) and the above statement remain valid when A, and A4,
are arbitrary linear operators acting in a Hilbert space and satisfying conditions
(33.3) (SaMArsk1 [1964a]).

RemARk 33.2. If A, are self-adjoint operators, then scheme (33.4) is a generalization
of the alternating direction method proposed by Peaceman, Dougilas and Rachford,
and it may be considered as the alternating operator scheme.

RemMark 33.3. For the problem
P o/t*+Ae=f inQ,
@=go fort=0, (33.5)
0p/dt=g, fort=0,

SaMARrski [1964a] formulated also a scheme of the alternating triangular method
which has second-order accuracy.
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ReMARrK 33.4. Since the solution of (33.4) may be carried out with explicit formulae,
schemes of the alternating triangular method are also called explicit alternating
direction schemes (IL'1N [1970], p. 109).

34. The alternating operator method

We assume that operator A4 in (33.1) does not depend on ¢ and can be represented as
A=A, +A4,,

where the only requirement for A, is positive-semidefiniteness
(A u, 1)y =0.

We write for (33.1) a scheme of the following kind (IL'1N [1966]):

@it i 112 N4
! +3( 4,107 T2+ Az07) =117,
J
@ittt , ! @it _ i
+3A45(0" T =@l =kj——, (34.1)
Tj Tj
j=0,1,...,
¢°=g,

where t; and k; are parameters, f I=f{(t;1,,), and operator A and vector f/ are
constructed taking into account the boundary conditions of the original problem
approximated by (33.1). Formally scheme (34.1) coincides for k;=0 with the
Douglas-Rachford scheme and for k;=1 with the Peaceman-Rachford scheme.

After excluding ¢’* /2 (34.1) is transformed to

j+1 jt+1 j

+41; A Ay——=f". 34,
41'-} 1 2%Tj(l+kj) f ( 2)

If depending on parameters 7; and k; the time step for the original problem is chosen

as

@ R TARE Y N
3T;(1+k;) 1+k,

At,=41,(1+k;)) (34.3)

the order of approximation of (34.1) is equal to O(z; + k; ;). In the case k;=0, it has
a first-order approximation in At;=%t, and, in the case k;=1, it has a second-order
approximation (with respect to At;=r1;).

Let us assume that the approximation error of both equations in (34.1) on the
smooth solution of (33.1) tends to zero in the norm || - ||, for t=max t;—0, then the
solution ¢’ of the difference scheme (34.1) converges to ¢(t;) in the norm

el ,=(lelle+14;0013)"? for 10

(TN [1966].
Note that we still did not make an assumption concerning the structure of the
operators A; and A,. Further, the restrictions on A, in (34.1) are proved to be
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satisfied provided that they can be represented as in (33.2}-(33.3) {(and so we obtain
the schemes of the alternating triangular method).

Remark 34.1. IU'iN [1966] noted the possibility to generalize (34.1) for k;=1 on
quasi-linear problems as the error of approximation reaches the order O(r?),

35. The generalized alternating operator method

Let the operator A in (33.1) be represented in the form

where the operators A, are not necessarily related to differential operators with
respect to some single variable (if, of course, they belong to the original problem).
The following scheme is a generalization of (34.1) (IL'iN [1966]):

Jt+im__ o . n ) _
?_____;__&+A1(DI+1/"+ Z Aaqa,':fj,
j a=2
(0j+k/”—(0j+(k-_1)/" ] ) . =1 ,
- + A (@7 — @)= B (7T — @) /1, (35.1)
i
k=1,...,n,

where n is the number of fractional steps on the interval (¢;,¢;  ,). After elimination
of the intermediate values ¢’ **" we have

B +A@i=fi, (35.2)

i
where

n n—1
B=T](E+7;A4,)/w;, w;=]] (1+8).
a=1

a=1

With w;=2 scheme (35.1) approximates (33.1) with error O(t?). With /=0 it
coincides with the Douglas—-Rachford stabilizing correction scheme, which has error
O(7).

36. The scheme of the alternating triangular method for the parabolic equation

Let us consider one of the concrete realizations of the alternating triangular method
(ILiv [1965]) for the two-dimensional heat conduction equation

O0@/0t —div(D(x, y) grad ¢)=0. (36.1)
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We write the following five-point difference scheme
jt1

i
Pri — P

o + A}t =0. (36.2)

j
Here and further

h,=h,=h, Aty=t;,— 1t

1
A‘Pk,z‘;;l“i(l’k,l Pyt~ O 1 P - 1= b Qe C Pt 10— o) (36.3)

where the coefficients a, b, ¢, d, p may be variables. We also suppose that the boundary
conditions for (36.1) are taken into account for the coefficients of the difference
equation.

A scheme of the alternating triangular method has the form

ol ol 1
, . 1 ji+1/2 j+1/2 j+1/2
At +2h2 (GPe1 @k T — Oy 1 Pk—1,1 _bk,z Pr,1-1

i

+%pk,l (pI{,l “‘ck,I(pIi+1,I—dk,l ¢1{,1+ )=0,
j+1 j+1/2 (36.4)
Pi,i — Pk, 1

AL Ton

/

1 j+1/2 j+uy2 j+ri/2
2(2Pk,1 Pkt — O Pk-1,0— bk,l Pk,1-1

j+1 +1 jt+1
+%Pk,zfpfc'.1 —ck,l¢£+1,t“'dk,z¢t{,l+1):0-
The condition of “spatial” stability with respect to the accumulation of errors on
each time step has the form of inequalities,

At. At.
1 +c_ﬁz%pk’l'>/ﬁ%(lak"| + |bk,1|)a

(36.5)
At

. Ar.
1 +Z'_£ pk,lziﬁ(lck,ll +|d 1),

which must hold for all grid points except, maybe, for some of them. If we introduce
the following operators A, and 4,

1
AL Q= Ei(%Pk,z Ort— Y1 Po— 10— e 1 Ou1- 1)

1
A, ¢k.t:p(%l7k,l Prg—Cr,1 P+ 1,1*dk,1 Pr,1+ h

then (36.4) can be written as follows:

(0“ 12 _ (0;{ 1
’ * j 2 j
— i, o P+ 4,000 1)=0,
i
. . (36.6)
ol -l P

+3(A, 0l1 P+ 4,081 =0,

At

i
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or

(E+%Atj/11)¢j+”2:(E*%Atj/lz)q’j, (36.7)

(E+4At, A, ' =(E—$At; A )it 112 '
On “whole steps” scheme (36.6) has the form:

(E+3AL; A NE+3At;A4,)p’ 368)

=(E+3A4,4,)(E—~3AL;4,)0 '
or
i+ ) J+i o F
b7 + o) +iada, 4, =0 (36.9)
J J

From (36.9) we conclude that (36.4) has second-order accuracy in 7 (provided that
the solution and the initial data are sufficiently smooth). If 4 and A, A4, are
positive-semidefinite operators, then it follows from a theorem by DouGLas and
Piercy [1963] that all eigenvalues of the operator

T, =(E +3A0A + 5At; A, A)) " Y(E —3A5,A + 2A5 4, A,),

which is a transition operator from ¢ to ¢’* !, are less than 1. This implies the
stability and convergence of the scheme.

Note the simplicity of the numerical realization of (36.4): computations on each
half-step present the explicit scheme. The number of operations saved on one step is
about 50 per cent. Scheme (36.4) may be generalized on multidimensional problems.
In this case the operator A is split into two suitable operators A,, 4, in such a way
that the computations on each half-step can be executed using an explicit scheme.
The advantage of scheme (36.4) is more evident when the dimension of the probiem
increases.

REMARK 36.1. Besides the papers mentioned in this section the alternating
triangular schemes (or “explicit alternating direction schemes”) are also considered
in papers by SAUL'EV [1960], IL'IN [1967], Lees [1961] and others. The alternating
triangular method as an iterative method for solving systems of algebraic equations
is thoroughly treated by Samarskn and NikoLagev [1978] and ILiN [1970].



Cuarter IX

Splitting Methods and Alternating
Direction Methods as Iterative
Methods for Stationary Problems

37. The stationing method: General concepts of the theory of iterative methods

The solution of many stationary problems with positive operators may be regarded
as a limiting solution of a nonstationary problem for t—oco. While solving
a stationary problem by methods of asymptotic stationing we pay no attention to
intermediate values of the solution as they are of no interest. In the case of
a nonstationary problem these values do have a physical meaning. In general, this is
precisely what unites and divides these classes of problems.

Assume that we have a system of linear algebraic equations (representing, for
example, the result of the approximation of some stationary problem in mathe-
matical physics by the finite difference method)

Ap=f (37.1)
where

A>0, pe®,  feF.
We consider instead of (37.1) the nonstationary problem

oy jot+ Ay =f,

and represent @,y and fin the form
¢=§¢num ¥=2 Yt f:;f.,u,,,
where
Au, =4, A*ui=4A,uy,
en=(@,ur),  Y,=Wuf),  fi=(fud)

and {u,} and {u}} represent biorthogonal bases. Then using well-known tools we
obtain, on the one hand, problems for Fourier coefficients

An Ou=1,

u

n>

295
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and, on the other hand, the equations
alnbn/at + j’n '//n =fﬂ’ l1011(0) = O'

Solving these problems we obtain
) =Z(ﬂl/in)um
Y= (f/t)(1—e*"u,.

Assuming that the spectrum of the operator A is real we have 4,>0{n=1,2,...). This
implies that
Iim y =¢.
=+ w
When the operator of the stationary problem has a spectrum of an arbitrary
structure such simple and evident relation between the solutions of the problems
may not exist.
Of course, a nonstationary problem for a new function iy may be solved using
difference methods in t, for example,

Then
Yt =yl — (A1),
If it is our aim to solve the stationary problem, then—with certain relationship
between t and f(A)—we have
lim |//j = Q.
j#w
The parameter T may either depend on j or not.

While solving the stationary problem it is convenient to regard j not as an index of
the time step but as that of the iterative step.

Here we come across one more peculiarity: in nonstationary problems the values
of T must be small enough to ensure the accuracy of the solution, while in stationary
problems the optimal iterative parameters T are chosen on the condition that the
number of iterations should be minimal and they may be relatively large.

The majority of iterative methods which are applied for solving linear systems
may be united by the formula

i+ 1 I

a4 ;

Bjr———=~olAp’~f), (372)
where o is some positive number, {B;} is a sequence of non-singular matrices and
{t;} is a sequence of real parameters. If we introduce the notion H;=at;B; ', then
the process (37.2) may be written in the following equivalent form:

o't =@/~ H(Ap'-f). (37.3)
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Vectors &/= A’ —f are usually called the residual vectors of the iterative method
(37.2) and vectors ¥/ =@’ — @* (¢* = A~ ! fis the exact solution of (37.1)) are called
the error vectors of this method. Subtracting vector ¢* from both sides of
relationship (37.3) and replacing f with A@* we obtain a relationship for the
sequence of error vectors:

Yttt = le//f, (37.4)
where matrix

is called the jth step operator of the iterative method (37.2). Multiplying (37.4) by the
matrix A we obtain a relationship for the sequence of residual vectors:

&It =(E— AH,)E . (37.6)

We will call the iterative method (37.2) convergent if the sequence {7} converges
to the exact solution ¢* of (37.5) for any initial vector. It is obvious that the
convergence of the sequences {{//} and {7} to the zero vector for any y© and &£°
(AY° =9 is a necessary and sufficient convergence condition for iterative method
(37.2).

The iterative method (37.2) is called stationary if the matrix H; does not depend on
the iteration number (the operator T; is the constant matrix), otherwise it is called
nonstationary. We will distinguish specially the class of cyclic iterative methods,
which may be regarded both as stationary and nonstationary iterative methods.

A method is called cyclic if it has the property H;=H .  for any j >0 and for some
fixed S>1. It 1s easy to see that combining each S successive iterations into one we
come to a stationary iterative process of the kind

o/t =g/~ H(4¢’'—f), (37.7)

where H is determined by the equation
i—1
E—HA=[](E-H;A). (37.8)
i=0
On the other hand the cyclic iterative methods, as originally stated, belong to the
nonstationary class.
One of our major tasks in studying iterative methods will be the problem of
optimization, ie. the choice of the sequence of matrices {H;} from a given class in
order to obtain a more effective computational process.

38. Iterative algorithms
For the effective realization of method (37.2) the operator B : should have a more

simple structure as compared to 4. In many cases of practical interest the operator
B; has the form

B;=B, =[] (E+1;B), (38.1)
i=1
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where the B; are some matrices of the same order N as the matrix A. These matrices
are chosen in such a way that the matrices (E+ 1, B;) might be easily inverted, i.c. the
inversion of the wholg matrix B; might be carried out more easily than the inversion
of A. The matrices B; are often chosen with the representation (splitting) of the
matrix A as the sum

A, (38.2)

i

™=

A=

k

taken in account.
First we take n=m=2, 7,=1 and give corresponding iterative algorithms for

solving the system (37.1) which are constructed using the splitting and alternating
direction schemes of previous sections.

(1) We get the alternating direction method (PEACEMAN and RacHFoRrD [1955]) for
a=2, B;=A;. We obtain from (37.2) an algorithm of the kind

¢j+ 1__ qDJ ;
(E+rjA1)(E+rjA2)——;——-= —2(Ap’ —f), (38.3)
J
which may also be written, after simple transformations, in “fractional steps”:
¢j+ /2 _ q?j _ _
m_?*+(A1 @’ 12+ 4, 9))=f,
! (38.4)

j+1_¢j+1/2 . .
+(A1¢)+1/2+A2 ¢J+1)=f-

T;

4

(2) We get the stabilizing correction scheme when a=1, B;= A; (DoucLAs and
RAcHFORD [1956]):

q)j"'l__qoj

(E+7ANE+1T,4)———=—(49’—f), (38.5)
J
which may be rewritten in the form
itz _ i . ‘
' - @ +(A1q0“”2+A2qr')=f,
o (38.6)
(PJ+1 __(pj+1/2 . )
+A,(¢" " - @7)=0.
T
J

(3) The splitting (fractional steps) method for an arbitrary value m=n=2 may be
represented in the form (MARCHUK and YANENKO [1966])

(Pj+1/n“‘(0i oy ) n _
-+ A, (¢’ ’"—40“'):‘%( ) Am*’-f),

T; k=1
¢j+k/"“¢j+(k_l)/n

: + A7 — 97 =0, (387)
)

k=2,...,n
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or, equivalently,

0t — @i _
By = —afAg’=) (38.8)
where
k=1

7; and a; are some iterative parameters.
The other iterative algorithms may be formulated in a similar way.

39. Acceleration of the convergence of iterative methods

The acceleration of the convergence of the formulated iterative algorithms is
achieved either by a special choice of the values of the parameters 7; and «; or by
applying some adaptive accelerating procedure of the type of the conjugate gradient
method to these algorithms.

We consider, for example, the case n=m=2 under the additional restriction
A, =AY Let

A.
inf ( 'Z’Z)>S

14212 _
liad
zeRN  (z,2) senn (Aiz, z

)

i=1,2,

where S and 4 are some positive constants. Then the effective value of the parameter
tin the stationary (t;= 1) version of method (38.3) is taken from formula t=(84)" /2.
Since for this value of z the eigenvalues of the matrix

B 'A=(I+14,)" '(I+1t4,) 4 (39.1)

are real, nonnegative and belong to the interval [a,b] with the boundaries

o 2/4 SN (392)
NZEN N YN |
Chebyshev’s semi-iterative method may be applied for the acceleration of method
(38.3) (VarGa [1962]):

Bt(uk+1 “uk)= '"“xk+1(A“k “f)+Bk+1 Bz(uk‘"“uk_ 1),

. . 0, k=0
N
Oy 1= ¢ 5 Bk+1= Ck—l(n) k>0
P Ceiln) : (39.3)
a Ceyi(m Cos (M

k=1,2,...,

where n=(b+a)/(b—a).
For an arbitrary 7> 0 it is advisable to use the generalized conjugate gradient
method to accelerate method (38.3) (MarcHuk and Kuznersov [1972], Concus,
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GoLrus and O’LEary [1976]):
u =yt —(1/q,)[B; & 1, _ 1(uk“ u =],

-17 KTk 2 k-1 k=T
L 1€ 05 ’ 1€ 13-

Other approaches to accelerate splitting methods are possible. For example,
various versions of the descent method or the generalized conjugate direction
method.



PART 2

Methods for Studying the
Convergence of Splitting and
Alternating Direction Schemes

Before we discuss the theory of convergence of splitting and alternating direction
methods in detail, let us recall once more the sequence of stages we adhere to in this
paper in solving approximately the problems of mathematical physics.

Thus, first of all, we approximate the initial problem in all independent variables
(to be definite we will call them “spatial”) but for time variable ¢. Finite difference
methods, finite elements methods, projection methods, etc. can be used here. In case
of a stationary problem we obtain the general system of linear algebraic equations

Ap=f, (1)
and in the nonstationary case we get the following system of equations:

dp/ot+Ae=f 1nQ,

2
p=g for tgr—O. @

System (1) can be realized by use of the well-known methods for solving linear
algebraic equations including the iterative methods of splitting the operator A. At
this stage we must prove the convergence of the applied iterative algorithms.

For the nonstationary problem (2) we can do as follows: either discretize all the
problems or preliminarily split the system O¢/0t+ Ap=f on the system of
differential equations of type O¢,/0t+ A,0,=f, (x=1,...,n), and then obtain
a completely discretized problem, using the difference scheme (possibly with
additional splitting of the operators A4,). At the next stage of solving the problem we
compute the systems of algebraic equations thus obtained (of type (1)). Iterative
methods based on the splitting of the problem can be used at this stage. Note that it
is possible to approximate the nonstationary problem (2) with the help of the finite
element method to get the matrix problem of type (1); to solve it the splitting
methods are applicable.

As we see, the first stage of solving the problem belongs to a different part of
applied mathematics and it will therefore not be discussed in this paper. We will
study the convergence of iterative methods for solving system (1) by splitting the

301
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problem. Besides we are going to consider the aspects of grounding the transitions
from a matrix evolutionary problem (2) to the systems of algebraic equations.
Suppose, we make a direct transition from this problem to the systems of difference
equations by splitting methods. To ground this stage we must study two problems:
the approximation of the obtained scheme and its stability. When these are
established, the convergence of the difference scheme’s solution to the exact solution
of problem (2) takes place (see the Introduction for Convergence Theorem 3.1).
If we preliminarily split the matrix evolutionary equation {2) on the system:

a(pa/at+Aa(pa=fa9 d'—'-‘-l,..,,n, (3)

it is necessary to find out in what sense solutions {¢,} approximate the exact
solution ¢, i.e. to ground this stage of solving the problem. The study of further
stages of solving each of equations (3) is based as mentioned above on the studies of
approximation and stability. Hence, to prove the convergence of splitting methods it
is necessary to know how to study the following problems:

(1) the transition from system (2) to the splitting system (3);

(2) the approximation of splitting schemes;

(3) the stability of splitting schemes;

(4) the convergence of iterative methods for solving system (1), using the splitting
technique.

Note, first of all, the methods to study approximation. They represent, as a whole,
methods which are well developed in the theory of the finite difference methods
(expansion in Taylor series, etc.). It should be taken into account here that it is not
necessary in the splitting methods on the fractional steps that the solution of the
scheme approximates the solution of problem (2). Therefore, the approximation is
often checked for “integer” equations of the scheme (i.c. after excluding the
“intermediate” equations of the scheme). Note one particular method that is
frequently used for approximation in the splitting methods: after the scheme is
obtained at the integer steps (and after a possible expansion of the transition
operator in step t of the time grid), it is compared with one of the well-studied
schemes, e.g. the implicit scheme of first-order accuracy, the Crank—Nicolson
second-order scheme, etc. Frequently, this comparison allows to prove that the
order of accuracy of the splitting scheme is equivalent to that of one of these schemes,
and that means that the approximation of the scheme under study is established.
This method has been used in Part 1 for establishing the approximation orders of the
schemes considered there. Taking the above notes into account we come to the
conclusion that the first, the third, and the fourth of the abovementioned problems
are specific in the theory of splitting and alternating direction methods. In this part,
we will focus our attention on the description of the approximations to the solution
of these problems.



CHAPTER X

Convergence Studies of the Splitting
Schemes by Use of the Fourier
Method (Spectral Method)

One of the general approaches to convergence studies of the splitting schemes is the
use of the Fourier method (spectral method). Despite the number of restrictions of
this method, it is widely used both for analyzing the stability and convergence of
various difference schemes and for convergence studies of iterative algorithms.
Consider the main concepts of this method.

40. General statement of the Fourier method

Assume that we solve the stationary problem (1) or the nonstationary problem (2)
with the help of one of the splitting schemes described in Part 1, which can be
reduced to the form:

@t =Tel+1F, p°=g. (40.1)

According to Chapter IX, scheme (40.1) should be treated as an iterative solution
process for the stationary problem (1), and as a difference scheme for the
nonstationary problem (2). Many of the schemes described in Chapters 1T1-1X
belong to this class of schemes. (The transition from schemes with fractional steps to
schemes of type (40.1) is usually carried out by exclusion of the intermediate
equations.)

The most important problem here is the convergence of the approximate solution,
obtained by scheme (40.1), to the exact solution of problem (1) or (2). The con-
vergence of @/ to the exact solution of the stationary problem (1) is considered as
the convergence of the iterative process (40.1), while the convergence to the exact
solution of the nonstationary problem (2) is to be regarded as the convergence of the
approximate solution of the difference scheme (40.1) when the time step t is being
decreased and, in general, may be included in operator T. To prove the convergence
in the latter case, it is necessary to study the approximation and stability of scheme
(40.1).

Assume that the approximation of (2) by scheme (40.1) is established. As
mentioned above, this can be done by classical methods that are developed in the
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theory of finite difference methods. To prove the convergence of the approximate
solution (40.1) to the exact solution ¢ it is necessary to establish the stability of
scheme (40.1). One of the methods for studying the stability of scheme (40.1) is the
Fourier method or the spectral method based on the analysis of the spectrum of the
transition operator T. At the same time this method allows to study the convergence
of the iterative process (40.1) to the solution of the stationary problem (1). Let us
formulate this method here.

Assume that the transition operator T is a linear operator acting in a certain
Hilbert space & with domain 2(A4)=®, and F,g,p’cd.

Along with operator T, we introduce the adjoint operator T* and consider two
eigenvalue problems:

Ty = Ay, (40.2)
THyY* = L *. (40.3)

Assume that (40.2) and (40.3) determine two systems of eigenvalues {4, } and {1}}
and two corresponding systems of eigenfunctions {y,}, {¥*}, complete in & and
orthonormalized in such a way that

1, n=m
Wme=1 ’ 404
('//n )(D {O’ n#m. ( )
Here, (-, *),, denotes the inner product defined in &.
Represent the function ¢, F/ and ¢ in the form of Fourier series:
o=y oty,, F'=Y FiY,, 9=) g.¥n (40.5)

where @i, Fi, g, are Fourier coefficients determined by

ea=(@L ¥¥)e.  Fi=(Fy¥e.  9.=4 Vo
From (40.1) and (40.2) we obtain in the usual way the equations for the Fourier
coefficients:

eit'=A oi+tFl,  @l=g, (40.6)

In order to study the stability of difference schemes of type (40.1) Neumann
introduced the so-called spectral criterion, the essence of which is given in the
Introduction. If for each Fourier coefficient ¢ the following relationship holds:

|(p;’:|<cln|gn|+c2n|Fn|a n=1, 23-”’ (407)

where C,,,, C,, are positive constants, then the difference scheme (40.1) 1s declared to
be stable (or computationally stable).

Let us see what conditions must be imposed on the parameters of the difference
scheme (40.1) to satisfy inequality (40.7). Consequently excluding unknown
quantities from (40.6) we obtain

J
oh=Hg,+t Y ML

i=1
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Hence it follows that
1—|4]|
1—14,]
where |F,| =max;|Fj.

The analysis of relationship (40.8) shows that the stability criterion will be
satisfied, if

loal < |23l lgul +7 |Fl, (40.8)

4l<1, n=1,2,.... (40.9)
Obviously, inequality (40.8) transforms, in this case, into
il <lg,|+ 1| F,l. (40.10)

If we solve the nonstationary problem (2) with the help of scheme (40.1) on the finite
time interval, then as a rule, ;< const. Hence, it follows from (40.10) that inequality
(40.7) holds.

Thus, under condition (40.9) the difference scheme (40.1) 1s stable according to von
Neumann. It follows from the study of approximation and stability that the
approximate solution (40.1) converges to the exact solution ¢ of the nonstationary
problem (2) (see the Introduction for Convergence Theorem 3.1).

It is easily seen that condition |4,| < 1 is also the condition for the convergence of
the iterative process (40.1) to the solution of the stationary problem (1).

Note that, in solving nonstationary problems (2) with the help of scheme (40.1), the
stability in the sense of (40.7) may also be established under the condition that

4,l<1+Cyt, Cy=const>0, (40.11)

which is usually called von Neumann’s necessary condition (see Gopunov and
RyaABeNkH [1967]). This condition allows a growth of the round-off errors, which
is exponential in time.

The spectral criterion was already used to establish the splitting schemes in the
very first papers on splitting methods (see PEACEMAN and RachHrorD [1955],
DoucgLas [1955, 1962], DougLas and RACHFORD [1956]). It was also used in papers
by BirkHOFF and VARGA [1959], Pearcy [1962], DouGLas and Pearcy [1963],
DoucLas and Gunn [1964], MarcHUK and YANENKO [1966], DyakoNov [1962¢],
MARCHUK [1968, 1969] and others.

The spectral criterton is sometimes called harmonic. This term was introduced for
studying the stability of the splitting schemes by YANENko ([1967], p. 16), who
formulated it in a somewhat different form though the essence remained the same.
Let us illustrate this with an example of a homogeneous equation with constant
coefficients. Let

Ou/ot =L (D) (40.12)

be an equation with constant coefficients, where u is a scalar function of x,, ..., x
and ¢, and

LDYV=Y) a,, o, DV Do (40.13)

is a polynomial in the differentiation operators &, =0/0x;.
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Consider a harmonic function
u=uy etk u, =const, keZ. (40.14)

For (40.14) to be the solution it is necessary and sufficient that there exists
a relationship between @ and k

w = L (ik) (40.15)
(the so-called dispersion or characteristic equation).
Let
n+1__.n A
Wt g(-)uh 0.16)
T h

be an explicit homogeneous approximation to (40.12). Here A/h is a certain
approximation to 2, for example,

4_T-E
h,

i

@'7
h; !
where
Tu(x,,....x)=u(xy, ..., x;+hyy X 0 Eu=u.

Then (40.14) can be the solution of (40.16) if the difference dispersion equation

evT 1 eikk___l
—=5)

eiklhl —1\= ci.lcmhm —1\%m
- B i 40.17
gaal‘..am< hl ) ( h ) ( )

holds.
Let p =e“*, where w is determined by the dispersion equation (40.17). Then the
condition for the stability of scheme (40.16) will be the following

lpl< 1. (40.18)

The value p= p(k) is called the growth coefficient of the harmonic function (40.14).
As we can see, this value precisely determines the stability of scheme {40.16).

Such a method for studying the stability has been applied in YANENKO’S
[1967] monograph not only to (40.16) but also to three-layer schemes and to
fractional steps schemes, where the difference dispersion equation is written in terms
of the coefficient p.

Let us show that this method for analyzing the stability applied to scheme (40.1)
for F/=0 brings us to the earlier formulated spectral criterion.

Let problems (40.2) and (40.3) determine as before two complete systems of
eigenfunctions {y,}, {¢¥}, orthonormalized according to (40.4). Consider the
harmonic function

@ =o' Y, (40.19)

where k is a fixed integer and ¢, = const. Then (40.19) may be the solution of scheme
(40.1) with F/=0 under conditions



SECTION 41 Convergence studies of splitting schemes 307

g=¢¥, and e"=4,

where 4, is the eigenvalue of operator T corresponding to y,.

If p =e“", then the stability condition (40.18) transforms to |4,| <1, i.e. coincides
with (40.9).

Hence the harmonic stability analysis is nothing but the spectral analysis
described above. As YANENKO ([1967], p. 16) notes, the harmonic stability analysis
1S very convenient in practice.

It may be useful to note that there exist a number of strong restrictions in applying
the Fourier method to establish splitting schemes. First of all, it is required that
operators T and T* have a complete system of eigenfunctions. Besides, in using the
spectral approach for the convergence studies of the splitting schemes it is necessary
to find the eigenvalue of the operator T with a maximum absolute value or its
upper estimate as part of the numerical algorithm for solving (40.1). Despite these
restrictions, however, the Fourier method is still playing an exceptionally important
role in applications

In the following two sections we will demonstrate the method’s application for
grounding splitting schemes in both stationary and nonstationary problems.

41. The Fourier method and the convergence studies of splitting schemes for
stationary problems

Consider the stationary problem in the form:

Ap=f, 41.1)
where
A=) A, (41.2)
a=1

A, are operators of a simpe structure acting in a Hilbert space @, 2(A1,)=2(A), f is
a given element of @ and ¢ is the solution to be found.

To solve problem (41.1) consider the method of successive approximations in the
form:

[T+
a=1

where 7 and 7, are arbitrary relaxation parameters, 7,, 7 > 0. The difference equation
(41.3) was formulated by Dyakonov [1971d], DoucLas and GunN [1964] and
SaMARsK1I [1977] (assuming that t, = 1). MARCHUK and YANENKO [1966] considered
(41.3) as the scheme for constructing various difference methods.

Obviously, scheme (41.3) is a special case of the general universal algorithm (see
MARCHUK et al. [1981]):

jt1_ i
14

2,A,) 3—;~——+ Ap'=f, (41.3)

(ST

J+1 __ o
B"’—T—f”—+ Api=F, (41.4)
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where B is some “stabilizing” operator; in the given case:

B=[] (E+ir,4,).

a=1
The realization scheme for each step of the iterative process (41.3) may be
represented as

(E+3t, A&7 = —1F],
(E431,4,)80 7 2m=gv i,
: 41.5)
(E+35,4,)8/ 1 =givnm b,
it =l+ It
where F/ is the residual of the relaxation process, determined by the formula
Fi=Ag’'—f (41.6)

It follows from the analysis of system (41.5) that each equation has a simple structure
which implies the inversion of “simple” operators (E+37,4,).
Let us demonstrate the application of the Fourier method to study the

convergence of (41.3).
Assume that the operators 4,,a=1,..., n,commute and generate a common basis

of eigenfunctions. Then, we consider n eigenvalue problems:

A, =A%, a=1,2,...,n (41.7)
and the corresponding adjoint problems

A¥u¥=1%¥, oa=1,2,...,n (41.8)

Let the spectral problems (41.7) and (41.8) constitute n complete orthonormal
systems of functions {u,} and {u}}. Assume that function f in (41.3) can be
expanded into a Fourier series in the eigenfunctions of problem (41.7):

J=3 furuutzy . 41.9)
k=1

We will also find the solution of (41.3) in the form of the series

‘Pj= Z wiulk Upp » Uy 41.10)
k=1

The following statement is valid: The iterative process (41.3) converges if

(1) operators A,, a=1,...,n, commute and generate a common basis of
eigenfunctions;

(2) the eigenvalues {A{"} of problem (41.7) are positive;

(3) t,=1>0.

Indeed, substitute (41.9) and (41.10) into (41.3) and take the inner product of the
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result with u¥,, u%, ..., u%. Then we get the simplest equation for the Fourier
coefficients @;:
J+1 J

[T 0 +3e,40) &% ol
a=1
(41.11)
k=1,2,...,
where
Z A@, (41.12)

and A is the eigenvalue of the operator A, correspondmg to T
Solving equation (41.11) with respect to the unknown ¢;j ' ', we have

[T (43t~ 14,

oIt =22l ol+— 21 . (41.13)
[T +37,42) [T (1 +47,40)
a=1 a=1

Assume that the spectrum {1’} is positive. Then, it is easy to formulate the
convergence criterion for the iterative process (41.13). To this end, consider the value

ﬂ (1+3t A —14,
g ="=" . (41.14)

H 14+47,49)

As follows from Section 40 the convergence criterion for the iterative process (41.13)
(and therefore for (41.3) as well) is the condition

g, | < 1. (41.15)

This means that the following inequality must hold:

IT (1 +37,42) > $14,. (41.16)

a=1

Obviously, the condition
1,=21>0 (41.17)

1s sufficient for (41.16) to hold. Thus, it follows that the iterative process (4.3)
converges under the above conditions.

Analogous problems involving the convergence study of splitting schemes by use
of the Fourier method have been considered in papers by SAMARsKkil and ANDREEV
[1964], Samarskn and NikoLAEv ([1978], Chapters X-XI), Samarskn ([1977],
Chapter X, Sections 3—4).

The problem of choosing parameters 7, and  of the relaxation process (41.3) will
be considered separately in Chapter XIIIL.
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42. The Fourier method and the grounding of the splitting schemes for
nonstationary problems

Consider now nonstationary problems. In choosing a suitable splitting method for
such problems we keep in mind, above all, the requirement of effective realization
and absolute stability of the schemes.

The approximation problem is likewise important since it is tightly connected
with the effectiveness of the numerical algorithm (see SAMARrsknr [1977], p. 476).
Indeed, if first-order schemes are used to approximate the solution of the
nonstationary equation, small steps in time and space should be used in
computations to obtain the necessary precision. However, often it is reasonable to
apply schemes of second and higher orders. Large steps in time and space may be
chosen in this case essentially saving computer time. Although it is clear that the use
of second-order schemes leads sometimes to insurmountable difficulties, since
difference schemes of second order turn out to be unstable in some cases.

In this section we will demonstrate three applications of the Fourier method for
grounding known splitting schemes for the nonstationary problem

Op/ot+Ap=f in Q,
=g fort=0.

(42.1)

(1) Divide domain £, into subintervals T = At and replace (42.1) with the difference
equation:

¢j+1 - (pj

ﬂ (E+%1'Aa) +A(pj=fj+ 1/2’
a=1

@°=g. (42.2)

Here A, are operators with 7 . ; A, = A. For the sake of simplicity consider 4 and 4,
to be independent of 7.

Scheme (42.2) approximates problem (42.1) with second-order accurary in T when
the solution (41.1) is smooth enough. If operators 4, commute and generate a
common basis of eigenfunctions, the eigenvalues {A{"} of which are nonnegative,
then scheme (42.2) is absolutely stable according to von Neumann.

Indeed, let us show that problem (42.1) is approximated by scheme (42.2).
Consider the Taylor series

QD“HI=(Pj+1/2+%T§03i+1/2+'§T2(0;i,+1/2+ .
(pj:¢1'+1/2__%,rq){+1[2+,é_,rz(p;it+1/2+ (42.3)

Replacing (42.2) with (42.3), we obtain
dp/ot+Ae=f +0(t?) fort=t;, ;. (42.4)

Hence the difference scheme (42.2) approximates problem (42.1) with order O(tz).
To study its stability, reduce scheme (42.2) to the form:

@/t =Tp! + F, (42.5)
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where
T=(E—tB ™ 1A),
B= H (E+3tA)),
a=1

Fl=tB~ 1 fi*12,

As follows from Section 40 the following condition is sufficient for the stability of
scheme (42.5):

(T, k=1,2,..., (42.6)

where 4, (T) are the eigenvalues of operator T, which, as can easily be seen, under the
above conditions coincide with the values g, of (41.14) for 7, =1. Since 4’ >0 and
7>0, inequality (42.6) holds.

Hence, scheme (42.2) is stable.

The realization scheme of (42.2) coincides with (41.5).

(2) Consider now another scheme of the splitting method, introduced by
Dvaxkonov [1962f] for the solution of problem (42.1):

n

Y (E+3t4) e’ ' = (E-$tA) e +1f it 12, (42.7)

a=1 a=1
The realization scheme of this algorithm is as follows:
e R I
(pj+1/2:(E“%TA1)(pj+(n—1)/2n+%ffj+1/2,
(E+%TA1)§DJ+ lln__:(pj+ 1/2+_5_,rfj+1/2’
(E+3tA) @i =it D" g=2 ..., n

The Fourier method may be also used to ground this splitting scheme.

Scheme (42.7) is a second-order approximation in 7 of problem (42.1) on
sufficiently smooth solutions. If operators A, commute and generate a common
basis of eigenfunctions, the eigenvalues {4{} of which are nonnegative, then scheme
(42.7) 1s absolutely stable.

To prove this statement consider the Taylor series (42.3) and substitute them for
(42.7). As a result we get (42.4). Therefore, scheme (42.7) approximates (42.1)
with order O(t?).

To study the stability of (42.7) let us introduce the following notations:

tA,), C=]](E—-3%tA,).

a=1

SIS

B=]] (E+
a=1
Then (42.7) can be reduced to the form (42.1):
@it =T +F’ (42.8)
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where
T=B™!'C, F!=tB ifit+i/2

According to Section 40 the following condition is sufficient for the stability of
scheme (42.8):

A(T)I<1, (42.9)

where 4,(T) are the eigenvalues of the transition operator T.
Because of the restrictions imposed on A, it is easy to prove that

"l—7A@
A = . 10
n(T) a1=—[1 147 (42.10)

Hence, condition (42.9) holds if A¥? >0, i.e., if the splitting scheme (42.7) is absolutely
stable.

(3) Let us demonstrate the Fourier method’s application for grounding the
splitting scheme considered by MarcHUk [1968] for the solution of the non-
stationary problem (42.1).

First of all find the solution of (42.1) in the interval t;<t<t;,,, where
t;+ 1,2 =t;+37, by the splitting method

Jj+1/2n K]
@ —Q +1/2 +1)2
- +A1(pj In___fj /,

2

itz2n __  j+1i2n

¢ @

+A2(pj+2/2n:()’
T

N

42.11)

J+12__ j+{n—1){2n

AS)

@ +A ¢j+1/2=0'

T

Bl

If solution (42.11) is obtained, we find the solution of (42.1} for t=t;, ,;, using
a difference scheme of second-order approximation

PR
@ - 4 FAQIt2= pitt, (42.12)

The realization scheme of (42.11)~(42.12) has the form:
(E+3t4)(E+314,) - (E+3t4,)0 "2
=@t itz (42.13)
97t =gl T(f1 12— 49Tt 112)

Scheme (42.13) approximates (42.1) with second-order accuracy in T when the
solution of (42.1) is smooth enough. If the operators A, commute and generate a
common basis of eigenfunctions, the eigenvalues of which are nonnegative, then
scheme (42.13) is absolutely stable.



SECTION 42 Convergence studies of splitting schemes 313

To show this consider the first equation of (42.13). Thus is a first-order scheme for
(42.1) in the interval t;<t<t;, ,, for the class of smooth solutions.
Indeed,

(E+41AWE+314,) - (E+4tA,)=E+4tA+11?R, (42.14)
where

R=(A A+ )+ 5t(A Ay + )+ - + G A Ay - A,
It follows from (42.13) and (42.14) that

@It _ gl _
+AQi 2= £IT 124 O(p), (42.15)

3T

Correcting the solution with the help of (42.12) we get:
oIt =@l —1(Ap TR fIT ), (42.16)
Substituting ¢’ * /2 of (42.15) into (42.16) we get the following equation:

jt1_

J j+1+ J
@ ¢+A(P @

T 2
Hence, scheme (42.13) coincides with the well-known Crank—Nicolson scheme with

the accuracy of O(t?). It thus follows that (42.13) approximates (42.1) with second-

order accuracy in t.
To study the stability we exclude the intermediate steps and express ¢ * ! in ¢.
Denote

= fI* V24 O(2). 42.17)

B=[] (E+4%t4,).
a=1

Under the above conditions B is invertible and from (42.13) we obtain

@It 2=B i L it it 12, (42.18)
Substituting (42.18) into (42.16) we obtain:

o't =Mp'+ F! (42.19)
where

N=(E—tAB™ '), Fi=¢(E—i14B~1)fi+12

It follows from Section 40 that the following condition is sufficient for the stability
of scheme (42.19):

LD<1, k=1,2,..., (42.20)

where 4,(IT) are the eigenvalues of the operator I1.

When the operators A, commute and generate a common basis of eigenfunctions,
operator IT coincides with operator T of (41.15) and the eigenvalues coincide with
the values g,, defined in (41.14) for 7, =1. Then, if A% >0, the inequality (42.20) holds
and (42.13) is absolutely stable.
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It is evident that the Fourier method plays an important role in grounding the
splitting schemes. It should be noted, however, that the use of this method not only
supposes the general requirements (for example, that eigenfunctions of the operator
be complete) which have been considered in Section 40, but also some additional
restrictions in each of the cases. For example, in Sections 41 and 42 it was required
that the operators A, are commutative and have a nonnegative spectrum. These and
other restrictions make it difficult to use the Fourier method for studying the
convergence of the splitting schemes.

In the following chapter, we will consider the a priori estimates method which
allows, in some cases, to ground a whole class of splitting schemes under weaker

restrictions.



CuaprTer XI

The A Priori Estimates Method and
the Convergence Studies of the
Splitting Schemes

In studying the convergence of the splitting schemes, it 1s important to know in what
way the definition of a scheme’s stability is chosen. The a priori estimates method is
based on the stability of the scheme’s solution in an energetical norm (see the
Introduction). The idea of this method is to obtain an a priori estimate for the
approximate solution, which helps to prove the scheme’s stability and—if there
exists an approximation—its convergence as well.

In this chapter we will consider the application of this method for grounding
various splitting schemes.

43. The simplest a priori estimates

Let us solve the nonstationary problem:
0p/ot+Ae=f in Q,,
@=g forit=0,
using one of the splitting schemes (see Part 1). We write such a scheme in the form:

ZL(@)=17 (43.1)

where & is an operator acting in the grid space @_, f*e®_, and ¢" is the solution to
be found. (In the general case, the right-hand side f*in (43.1) may belong to another
grid space F*.)

We assume that the approximation of (43.1) is established. Following the
Introduction, we will regard the difference scheme (43.1) as stable if for any
parameter t characterizing the approximation the following inequality holds:

lo* e <cll /g, (43.2)

where c is a positive constant independent of 7 and |- ||4_denotes the norm in @,.
The definition of stability in this form is in close connection with the notion of
correctness of problems with a continuous argument. It may be noted that the

315
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stability establishes the continuous dependence of the solution on the initial data in
the case of a problem, (43.1), with a discrete argument. Indeed, as follows from
estimate (43.2) small variations of the input data f* lead to small variations of the
solution ¢".

Thus, the definition of stability in the form (43.2) ties the solution itself down to
a priori information about the input data of the problem. To analyze the stability of
many of the splitting schemes this definition is more convenient and informative
than Neumann’s definition of stability.

First of all, we consider the simplest a priori estimates obtained on the basis of this
definition and show their application for studying the convergence of various
splitting schemes.

While solving nonstationary problems by the splitting method (fractional steps
method) the difference scheme may often be reduced to the form (40.1):

0t =Tei+1Fi,  ¢°=g, (43.3)

where T is the transition operator from one time layer to another acting in some
Hilbert space @ and g, F e &.

To analyze approximation and stability it is convenient to write the scheme in the
form (43.3) (especially when approximation and even stability do not occur on each

of the intermediate steps).

It was already noted in Section 40 that many splitting schemes are reduced to the
form (43.3) by excluding fractional (intermediate) steps.

Assume that the approximation of the exact problem by scheme (43.3) has been
established. Let us see what conditions should be imposed on the operator T to
obtain the stability estimate (43.2).

The formal solution of (43.3) has the form

J
@'=Tig+t Y TI"'Fi-!, 0<jr<const, (43.4)

=1

which implies that

lo/le<ITI%19lle

- . (43.5)
+(1+|Tle+ -+ Tle™ ") -max || F/|,.
J

Assuming that
ITle<1 (43.6)
we obtain an estimate in the form (43.2) which follows from (43.5):

lo*lo, <Ilgllg+const-max | F/|4, (43.7)
J

where

i|<P’||q>,=m;=1X o llo-

Hence the following statement is valid.
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If (43.3) approximates the evolutionary problem

Op/0t+ Ap=f 1n Q,,
p=g fort=0

T

and ||T|4<1, then (43.3) is absolutely stable and the approximate solution ¢
converges to the exact solution ¢ of the problem.

(This follows directly from the above considerations as well as from Convergence
Theorem 3.1.)

Naturally, condition (43.6) is a sufficient stability condition. More sophisticated
criteria may be found via the norm of powers of the transition operator, || T#|| . But
a weakened condition makes a constructive procedure of establishing the stability
criteria more difficult. It is the sufficient condition (43.6) which is used, as a rule, in
practical calculations.

Consider the case that the operator T is self-adjoint, i.e. T*=T and the problem
Ty =AY determines a complete system of eigenfunctions {y,} corresponding to
eigenvalues {4,}. Therefore any element ¢ of ¢ may be represented in a Fourier
series.

In this case

(To, T
T3 =sup 27
¢#0 ((pa (P)

=max |4,(T)|*

and the stability condition (43.6) converts into:
1IL(T)?*<1, n=1,2,.... (43.8)

Thus we get condition (40.9). This means that, in the case of the self-adjoint operator
T, the sufficient stability conditions according to Neumann and those according
to definition (43.2) coincide.

For example, let us formulate the convergence conditions for the homogeneous
two-level splitting scheme:

j+lk—1)/p

<D_i+k/.v__¢,

_ P+ (k—1) 4k
. = k-1 @’ P+ A 0! /P

(43.9)
k=1,...,p.

This scheme was applied by YANENKO ([1967], p- 149) for solving the evolutionary
problem for f=0. The operator A4 is assumed to be split as follows:

p
A=Y AW,

k=1

AV=A, 1+ A k=1,...,p, (43.10)

where A; ; are operators acting in &.
Assume that the operators A; ;are commutative and that the following conditions
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hold:
I”Ai,i”¢<1, i=17“°,P7

<1.
[

14
[TE—t4, ) (E+ed;;-y)
i=1

Then (43.9) approximates the problem
Op/ot+ Ap=0 in Q,,
p=g forr=0

with first-order accuracy in 7 and is absolutely stable. The approximate solution of
scheme (43.9) converges to the exact solution of the problem with the order O(7).

To prove this we construct the corresponding scheme with integer steps.
Equations (43.9) may be rewritten as follows:

A @ tHP =B itk 1D, (43.11)
where

A,=(E—14,,), B,=E+1d,,_,,

k=1,...,p.

Excluding the intermediate equations and using the fact that operators A, and B, are
commutative we obtain the scheme with integer steps

Aot =By ¢’ (43.12)
where
AOZAI'AZP“"'AP, BO“BIBZ """ Bp'

Under conditions 7| 4; |l <1,i=1,..., p, operator A, isinvertible and it follows
from (43.12) that

@'t t=A45" By, (43.13)

Thus, by excluding fractional steps the splitting scheme (43.9) is reduced to (43.13)
with integer steps and has the form (43.3).

Consider the scheme’s approximation. Expanding operators 4,and B, in powers
of T we obtain

Ag=E—t(A; ;+4, ,+ - +4, )

+¥ Ay H Ay o+ Ay 1A, )

+ o H(=D)PTPA, Ay 5 Ay oy Ay s (43.14)
By=E+t(A; g+ A, ,+--+A4, )

+Aodza o+ Apoip-aApp-1)+ o+ TP A oAy 1 Ay
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In view of (43.14), scheme (43.12) can be transformed into

q,f+1__¢f__ P ; e 1
. =Y (A o1 @'+ A4 0" )+ 2F, (43.15)
k=1
where
F= Z (Ak,k—1A1,1—1<0j-Ak,kA1,1<Pj+l)
k<l

+7 Z (A -1 A k-1 411-1 (Pj+Ai,iAk,kAl,l(pj+l)

ikl
Fo PR Ay g Ay Ay @ (1P A A A, 07,
Substituting the Taylor series
o/ =@l trol+itel+
into (43.15) and taking (43.10) into account we obtain:
Op/ot+Ap=0(t) for t=t,
This means that difference scheme (43.9) approximates the problem
Op/ot+ Ap=0 in Q,,
p=g fort=0

with the first-order accuracy in t.
To study the stability of (43.9) we write it in the form (43.13). It follows from (43.6)
that the sufficient stability condition for (43.9) will be

I4o ! Bollo<1, (43.16)

which holds under the above assumptions.

From the study of approximation and stability the convergence of the two-layer
fractional steps scheme (43.9) follows with the order O(7).

In the general case of noncommutative operators A, ; convergence criteria for
(43.9) are analogous, although the proof is more complicated. In order to prove the
approximation we have to modify the exclusion method in the case of non-
commutative operators. The idea of such a modification belongs to YANENKO
[1964a] and was worked out in detail by YANENKO [1962] and BoyARINTSEV [ 1966].
YaNENko ([1967], p. 151) proved the convergence of the splitting method (43.9) in
case of commutative operators A, ; for weak conditions on the operators 4, and
B,.

44. A priori estimates for the splitting scheme of type 4,¢/*' =B/ + 1, f/

Consider a more general splitting scheme for the evolutionary problem
Op/ot+ Ap=f in Q,
=g fort=0,
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which can be written in the form:
Ao’ =B+, 9°=g, (44.1)

where 4;and B; are operators acting in @ depending, in general, on the number j of
the time step t; and g, /' € @.
Excluding fractional steps (see, for example, (43.11)), we often come to schemes of

type (44.1).
Assume that (44.1) approximates the evolutionary problem

Op/ot+Ap=f in Q,
p=g fort=0

with some order of accuracy in 1, operators A, are invertible for each j and the
following conditions are satisfied:

I4; le<M, |4 'Bjlle<1+N7, (44.2)
where M and N are positive constants and
r:m?x 1, O0<jr<Ty<o00.
Then (44.1) is absolutely stable, and the following a priori estimate holds for its
solution ¢-:
j

lella <CNT°(IIQII¢+M 2t II.p)- (44.3)
i=1

1=

The approximate solution of scheme (44.1) converges to the exact solution of the

problem.
Indeed, operators 4 being invertible, (44.1) may be written in the form:

@/t =A7'B;o’+ 1,47 [, 0°=g. (44.4)
Thus, under conditions (44.2) we obtain successively:
lo'le<(1+ND)lglle+ToMIl £l

lo*le<(1+ND)lgllo+T, Ml f o
<1+ ND?|gllo+ oMU+ NT)||If %)l o+ Mz, 1/ o

etc., l.e.

J
le/le<(I+NTYliglle+M X iy (14 N2y 7l £ 1 g
i=1
Then for j=1, 2, ...
. - j 3
||<P’||q><(1+Nf)’(||g||o+M‘Z 5N A II.p)-

i=1
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Having (1 + Nt¥ <&/ < e*™°, we obtain

j
o/ |o < CNT°(||9||¢ +MY il ||a>)-
i=1
Scheme (44.1) is, therefore, absolutely stable and the a priori estimate (44.3) is valid.
The scheme’s convergence results from its approximation and stability.
It follows that the homogeneous two-layer scheme (43.12) converges under the
conditions that

ldollo<M,  ||4g"Bla<1+Nt. (44.5)
If in (44.1)
A;=E, B=T, fI=F, ;=1

we obtain the classical scheme (43.3).
If approximation conditions are satisfied, (43.3) converges when

I Tle<1+N1, N=const>0. (44.6)

This follows from the above considerations.
At the same time the a prion estimate (44.3) for M =1, 7;_, =1 holds.
The condition

IT!pg<c, c=const>0 44.7)

is more general than (44.6).
Replacing (44.6) with (44.7) we easily get the a priori estimate:

||¢j||¢<0(llgll¢+ PR WA II¢)- (44.8)

i=1

Note that in the case that self-adjoint operators A, and T;=A; 'B; have a
complete basis of eigenfunctions, the convergence conditions (42.2) are equivalent to
the following conditions:

max|4,(4; )< M,

(44.9)
max|i,(T;)| <1+ Ntz,

which are called Neumann’s stability conditions (see Dvakonov [1971d],
RicHT™MYER and MortoN [1972]). Here 4,(A4) denotes, as earlier, the eigenvalue of
the operator A.

Estimates of types (43.7), (44.3) and (44.8) are the simplest a priori estimates. They
have been constructed using information about the norms of the problem’s
operators.

Using a prion estimates constructed in the same way, the splitting schemes have
been grounded by many authors, for example by Dyakonov [1962¢, 1962f, 1971d],
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SaMarskn [1977] and MarcHuk [ 1973, 1980]. In particular, the a priori estimates
method has been used for grounding the two-cycle componentwise splitting schemes
considered in Chapter 111

More sophisticated estimates may be obtained using the energy inequalities
method which is considered in the next section.

45. The energy inequalities method for constructing a priori estimates

The energy inequalities method is one of the general and rather effective methods for
obtaining a priori estimates. Its essence consists of the following.

Consider scheme (43.1) in a Hilbert space @.. The inner product of (43.1) with ¢* in
d_1s

(L9, 9o, = (7, ¢7)g- (45.1)

Equality (45.1) 1s called an energy identity (see, for instance, SAMarskn [1977], p.
359). For linear problems the left-hand side of (45.1) is a quadratic form of ¢°, and
the right-hand side is a bilinear form with respect to f* and ¢°. After some
transformations one obtains lower estimates of (£("), »")s_, upper estimates of
(f*, ")p, and, then, a priori estimates of type (43.2). In these transformations the
Green difference formulae, formulae of summation by parts, and grid analogues of
imbedding theorems are often used. Sometimes one obtains systems of difference
inequalities. Estimating their solutions, one obtains (43.2). Estimates of the type
(43.2), obtained from (45.1), are called energy inequalities.

Energy inequalities for the simplest difference schemes were first obtained in the
well-known article by Courant, FriepricHs and LEwy [1928]. For a broad class of
problems the estimates of this kind were studied by LADYZHENsKAYA [ 1956, 1968],
Lees [1960a-b], Samarskil [1961b, 1977], Dyakonov [1962¢, 1971a, 1971d], etc.

Such a method for obtaining energy inequalities has been applied for grounding
the splitting and alternating direction methods. Some of the first papers in this
direction were by LEEs [1960c, 1961 ], where the energy inequalities method has been
applied for grounding the simplest splitting schemes. This approach has been further
developed by DyakonNov [1962c, 1962¢] and SaMarskin [ 1962¢c—d, 1963b]. In their
papers the splitting schemes have been grounded with the help of a priori estimates
for various problems of mathematical physics.

Let us shortly summarize the results obtained in these papers.

Lees [1961] considered the implicit alternating direction methods of Douglas,
Peaceman and Rachford for solving the first boundary value problem for the
parabolic equation

N 62
6t Z e xeQ, t>0 (45.2)

with initial condition

P(x,0)= p,(x), (45.3)
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The exact solution ¢(x, t) is assumed to be a sufficiently smooth function, its support
for a fixed ¢ lies in the domain Q. Excluding intermediate steps from the splitting
schemes Lees obtains equalities which lead to energy identities of the type (45.1). On
the basis of difference Green formulac and grid analogues of the imbedding
theorems he comes to the stability estimate for approximate solution ¢*:

10" () la, < cll " (0)llo, (45.4)

where ||+ ||y, is the usual vector norm in the grid space &,, c is a positive constant
depending on N and on the grid coefficient

N
)»=’t< Z hi_z);
i=1

here 7 and h; are steps in time and in space respectively.

Besides the estimate (45.4) (“the initial data” stability) LEes [1961] obtained
estimates for the convergence speed of the splitting schemes.

As mentioned by Lees [1961] the energy inequalities method allows to ground
implicit alternating direction methods for the parabolic equation

dp J 0 O
—“=V —a =} , 0
s ax(a,(x, t) 6x) xeQ, t>

with variable coefficients a;(x, f).
In another paper, Lees [1960c] considered two difference methods for solving the
mixed problem for the simplest two-dimensional wave equation

62(p_62(p )

= i ) 45.5
a2 od + o in 2 x[0, T] ( )

These methods were obtained by the author from the simplest approximations of
problem (45.5) using DoucGLas and RacHForD’s [1956] splitting procedure. In the
same way the energy inequalities method was used for grounding these methods. As
mentioned by the author, the results may be generalized for hyperbolic equations of
the type:

% ) % 0¢ ¢ O¢
ve_ TP b,y )2 4 F(x 1, .
a2~ ) ZaHhx ) Fy HF X

b

P ox dy’ Ot

It was shown by DyakonNov [1962c] that a somewhat modified YANENKO [1959a,
1960] method of fractional steps is—under zero boundary conditions—an
absolutely stable and convergent difference scheme for equations of the type:

d/dt=Le + f, (45.6)

where L is a self-adjoint elliptical negatively defined operator with separable
variables of order 2m. Here for m> 1 the method’s convergence'is understood as the
convergence to a generalized solution. Difference energy inequalities are the main
tool for the proof. The analogous result for the classical solution of problem (45.6)
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for m=1 was obtained by Dyakonov [1962¢] where a priori estimates like those of
LEeges [1960c, 1961] were constructed.

Samarski [1962c] considered the alternating direction method (see Section 12)
for solving linear and quasi-linear equations of a parabolic type:

P
dp/ot=Lo= ) L, (45.7)

a=1

This method uses any number p of space variables and is applicable for an arbitrary
domain G.
Its essence consists of the following. In each layer

tj+(a_ 1)/p<tg-tj+a/pz tj+'l'a/p, x= 1, coes Py
a one-dimensional difference equation is solved:

1 ¢
— ——L,p=0.
»or L

To this end homogeneous difference schemes are used:

(pi+a/p__ (pi+(a—1)/p

— A, I =0, (45.8)

T

These have been studied by TikHONOV and SAMARsKil [1961], Samarskil [1961a,
1962a—-b] and Samarski and Fryazinov [1961].

In the paper by SaMaRskiIl [1962c¢] the uniform stability of the method was proved
with respect to the right-hand side, boundary and initial data. It was shown that
locally one-dimensional schemes and multidimensional implicit difference schemes
(see SAMARsK11 [ 1962b]) have accuracy O(h? + 7). In establishing the a priori estimate
of stability the author has used the maximum principle for difference parabolic
equations.

Samarskll [1962d] grounded the local one-dimensional alternating direction
method for (45.7) in the case where on each stage (unlike SamMarskn [1962c¢]) six-
point one-dimensional schemes were considered. The method’s convergence is
proved for grids with arbitrary steps. Using the energy (“integral”) inequalities
method and a special summation method for local errors, the a priori estimate for an
approximate solution is obtained.

In another paper by SaMarski [1963b] two-layer schemes were considered with
accuracy of order O(h*+12) for the multidimensional heat conduction equation
(45.7) applicable for p<3. For the realization a number of splitting algorithms
requiring the same number of operations as the corresponding algorithms of
O(1? +h*) were used (see DouGLas and RACHFORD [1956], Dyakonov [1962¢],
YANENKO [1959a, 1961]). It was shown that these schemes are absolutely stable
and converge in the mean with the rate O(h*+1?) for any value y=t/h*. For
stability studies a priori estimates obtained from an energy identity on the basis of
Green difference formulae and grid analogues of the imbedding theorems were
constructed.
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The use of the energy inequalities for grounding the splitting schemes for
stationary problems was dealt with in papers by SAMARsk11 and ANDREEV [1964],
SaMmarskil ([1977], Chapter X), etc.

As we see from these papers the energy inequalities method is widely used for
grounding the splitting and alternating direction schemes for various problems of
mathematical physics.

To conclude this section let us demonstrate the use of this method for grounding
the splitting schemes in case of an implicit difference approximation (see MARCHUK
[1980]). To this end consider the problem

Op/ot+Ap=f 1 Q,,
p=g fort=0.

(45.9)

Assume that
h
A=Y 4,
=1

where all operators A, are time-independent and positive-semidefinite in Hilbert
space @ (A4,20), ie. (4,9, ¢)p=0for all ¢ € D(A,). Consider the splitting algorithm
in the form

J+172 _ _
@ @ +A, @t m=,

(45.10)

j+1__(pj+(n—-1)/n ) .
+A,0' = f
T

4

With the help of the energy inequalities method let us prove the following
statement.

Scheme (45.10) approximates problem (45.9) with first-order accuracy in 7 on
sufficiently smooth solutions and is absolutely stable under the condition that
A,>0. The approximate solution of (45.10) converges to the exact solution of (45.9).

In order to prove this we consider the following. The approximation of scheme
(45.10) is obvious; it is proved by excluding fractional steps and using a Taylor series
for @/* 1.

Using the energy inequalities method we prove the stability of (45.10). Take the
inner product of each of the equations (45.10) with ¢/ "1/, @/*!, respectively.
Thus using the positive-semidefiniteness of operators 4,, we obtain

lo? o<l €My, a=1,2,...,n—1. (45.11)
Consider the last equation obtained from (45.10) in more detail. We have
(@, @/ )g=(p/ " Vm @ity

“'I(An(pj-'-ls (pj+ 1)¢+t(fj7 (pj+ l)tp'
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Taking into account that 4,>0 we obtain
(@7, @7 e <(@ T @I g+ 1S, 97 ),
Since
(@™ @I g I< @ TR0l g,
1% 07 Nal <1 f ol @™ o
we have
lo/ el D24l 0" o+l f ol @l
Dividing by || @ *!||, we get the following inequality:
lo <o g+ 1]l fllp.
Excluding the solution with a fractional index with the help of (45.11) we obtain
lo/ " o<lo/o+ 1l fllo (45.12)

Taking into account that || ¢° ||, = g|l, and excluding intermediate values of the
solution we obtain the a priori estimate:

Il Ho<liglle+ 7l flo,

where
1|f||¢,=m}'s1XI!ijIa>=

It thus follows that the difference scheme (45.10) is absolutely stable.

The convergence follows from the approximation and stability. Thus, the
statement is proved.

We have come to the conclusion of this chapter that the a priori estimates method
is an effective technique for the convergence studies of splitting and alternating
direction schemes.



Cuaprter XII

The Splitting of the Evolutionary
Problem for a System of Differential
Equations

As noted above, for a system of difference equations with properly chosen operators
A, the initial evolutionary problem is preliminarily split in a number of splitting
algorithms. Then, each equation of the system is approximated by a suitable
difference scheme and additional splitting of the 4, in A,,is possible. In this chapter,
we consider some of these splitting methods and their grounding for a system of
difference equations.

Note that the operator A in the initial problem is not necessarily a matrix. It may
be some abstract operator acting in a Banach space &. Let us agree to write the
partial derivative in t as O¢/0t, in all equations under consideration, though, in some
occasions it would be more correct to use the conventional notation of the derivative
with respect to t.

46. The splitting of problems defined on fractional intervals and the weak
approximation method

Assume that in a Banach space ¢ the Cauchy abstract problem is considered,

Op/ot+Ae=f m Q={0<t<T},
(46.1)
o=g fort=0, ge®,

where A= A(t) is a linear operator that has a domain of definition dense in ¢ and
a range in ¢. The functions ¢(f) and f(¢) are abstract functions of ¢ € [0, T] with
values in .

Let operator A be representable as the sum

A=Y A, (46.2)
a=1

of linear operators A,(t) with the same domain as 4. Then solving problem (46.1)
may be approximately reduced to successively solving Cauchy problems of type
(46.1), where instead of A we have operators 4,, =1, 2,..., n. Let us consider the

327
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first of those reduction methods (SAMarskn [1962c¢], YANENKO [1964b], YANENKO
and Demipov [1966]).
Introduce the grid t;=j x 1, j=0, 1,..., J with the step 7. Represent f in the form

f=Xf (46.3)
a=1
and rewrite (46.1) in the form
" {10¢
a;l (; 6?+Aa(0—fa)-0. (46.4)

Introduce the fractional values t; +a/n,a=1,...,n— 1, on the interval 8 =0t
and consider the following system of equations on fractional intervals:

1 o,

n ot

+A.0.=for €L ium1ymr Ljt il

(46.5)
a=1,...,n

with conditions
(pl (0) = g’
Pult;)=@,(t;), j=12,...,

Paltiv@-1yn) = Pa-1ljr@=1ym)s J=01,.. -,

a=23,...,n

(46.6)

As a solution of problem (46.5)-(46.6) we will consider the element

o/t = (pn(tj+ 1) (46.7)

The next stage in the solution of the initial problem consists in solving numerically
problem (46.5)—(46.6). To that end, the corresponding difference schemes in ¢ (and
possibly the additional splitting of 4, in A, a=1, 2,...,n) can be used. If the
structure of the operators A4, is simple enough, we obtain an effectively realizable
splitting scheme for problem (46.1).

Let us formulate some results to ground the transition from (46.1) .o (46.5)~(46.6).
To that end, we introduce concepts connected with the weak approximation method
(YANENKO and DeMipov [1966], YANENKO [1964b]). We will say that the family of
functions ¥ _(t) weakly approximates the function ¥(¢) in ¢ on the interval (0, T), if

et

J(‘I’f(f) —P(ENdE=4(r, 1", 1), (46.8)
"
where ||6]|,—0 for 7—0 and ¢',t" €(0, T). Further, we say that the family of linear

differential operators A (t) weakly approximates the operator A(t) in ¢, if the weak
approximation for coefficients of A(t) takes place. Now, taking (46.2) into account we
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introduce the operator

A‘E

i B,(z, 1) A4,, (46.9)

where the functions f,(7, t) are defined in the following way:
. —1
ﬂa(ra t):n'aaia ift E(tj-{'-%—‘[’ tj+§)-

(Here d,; is the Kronecker delta.) It is easy to notice that operator A, weakly
approximates the operator A. Together with (46.1) we consider the following
Cauchy problem:

Op/ot+A.o=f, inQ,
=g fort=0.

(46.10)

Its solution will be defined by ¢ = ¢_. It is easy to see that for f, = f, /n this problem
may also be written in the form (46.5)—(46.6). Assuming f, =f and f, =f/n, then (46.3)
and the conditions for weak approximation f by f hold and the problems
(46.5)-(46.6) and (46.10) coincide. Thus, problem (46.10) constitutes a splitting
system of equations and to ground the transition from (46.1) to (46.5)—(46.6), it is
sufficient to study the convergence of the problem’s solution ¢, to ¢(t) fo r 7—0.
Now assume that operator A4 has a form
akl +oor Ky,

A= Y a4 (X1, Xy t) (46.11)

P xfr - dxpn’
where x,,...,x, are real variables on which the functions in @ depend. All
coefficients @, __, are assumed to be real, limited and continuous on  in a uniform
metric. The order of the differential operators A4, in representation (46.2) is
considered to be finite. Further, if all the derivatives of the function a(x,, ..., x,,, )
exist in A, and are limited and continuous in a uniform metric, we then say that
a(x,,...,Xx,,t) has derivatives up to order “4”. When this differentiation procedure
can be repeated j times we say that a(x,, ... x,,, t) has derivatives up to order “A47”.
The expressions “up to order A” and “up to order A'” are equivalent.

Assume that a(x,..., x,,, t) and f have derivatives in variables x,,..., x,, up to
order “47”. We formally differentiate (46.1) for vector ¢!’ with the components

p® =plkr k) = DX Dby, Dli=84/0xh,

where the combinations k=(k, ..., k,) are taken from the sum (46.11) (necessarily
including the combination (0, ..., 0), corresponding to ¢ =v®---"), Then, we get
the system

B/t + AN = f), (46.12)

This system is the first extended system with operator A? and vector fV. In the
same way the vectors @ = {p**P} @ = {p**1* D} are constructed, where the
indices I, q, . .. range over the same combinations as k. For ¢, ¢®,. . . we obtain the
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second, third,... extended systems, respectively:
dpot+ AV @D =fU) j=2 3 ., (46.13)

It is easy to verify that presentations

AP = i Aij) and Aij)= i ﬁaAi”
a=1 a=1
correspond to the presentation (46.2). Therefore, it is possible to consider the
extended systems
(J)
%+A(ﬁ(p“):f(ﬁ (46.14)
at T T T °* .

along with (46.10).

Let us further agree to denote the Cauchy problems (46.1) and (46.10) and their
extensions by I, I, I'?, I'? respectively. The problems I and I_are defined in the same
space & and the problems I and I\” in the corresponding Banach space @;.

If ¢ is the solution of the problem

O0p/ot+ Ap=0 1 Q,,
p=g fort=0

and the initial condition is ¢(t, ), then the transition operator from ¢(t,) to ¢(z,) will
be denoted by S(¢,,¢,), ie.

Pt} =Stz ty) 0(t,), 0<t,<t,<T.
System (46.1) is called correct, if

IS¢z, t)le<M(T), 0<t;<t,<T
and uniformly correct, if

I8(t5, t1)llp <2

with constant C only dependent on T. For problems I, I'” and I!” the notions,
transition operator, correct and uniformly correct, are defined in a similar way.
YaneNkO and DeMipov [1966] and YANENKO [1964b] formulated the following
results. In Statements 46.1 and 46.2 f=0 is assumed.

STATEMENT 46.1. If the problems I_, IV and I'?) are uniformly correct, then ¢ (1)
converges uniformly in t to @(t)=S(t, 0)g for t—0. The transition operator S(t,,t,)
satisfies the conditions of uniform correctness for system (46.1).

STATEMENT 46.2. If the problems I_and I\, j=1, 2, 3 are uniformly correct, then for
any g€ ®, function @ (t) converges uniformly in t to @(t) for =0 along with its
x,-derivatives up to order “A”. The limiting function @(t) has a derivative in t and is the
solution of problem (46.1).
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STATEMENT 46.3. If (a) g€ @,, (b) A, are uniformly continuous in t, (c) problems I_
and IV are uniformly correct, and (d) problems I_are correct on the right-hand side (i.e.
their solutions are uniformly dependent on the right-hand sides), then (46.1) has
a unique solution and @_(t) converges uniformly to ¢l(t) in t.

STATEMENT 46.4. Let &=L (Q), ¢>0, Q=Q(x,,...,x,). If (a) problems I, and
1Y) are uniformly correct for f=0, and (b) problems I, are correct on the right-hand
side, then ¢ (t) is fundamentally uniform in t for t—0, and any smooth limiting function
@(t) is a solution of the problem I. If gV = p'V’|,_ o €L (), then ¢(t) is a smooth and
unique solution of problem I.

REMARK 46.1. Here, the function ¢(¢) is called a smooth function if all its derivatives
belonging to L (2 x Q,) which are present in equation (46.1) exist.

STATEMENT 46.5. Let A, have the form

0
AaEAa(xat)a_a a==1,...,m, x=(x1,.,..,x,,,),
X

a

where the A[x,t) are symmetric matrices, continuous in Q x §, along with the first
derivatives in space variables. Then the problems I and I_are uniformly correct for
f=0. The function ¢ (t) converges uniformly in t for t—0 to the solution of problem I.

The proofs of Statements 46.1-46.5 are given in the work by YAaNENKO and
Demipov [1966]. Different aspects connected with grounding the transition from
(46.1) and (46.10) (and (46.5)-(46.6) in particular) can be found in the papers by
YANENKO [1987] and SaMarsk1l [1970]. Note that SaMarsk1 [1970] estimated the
convergence rate of ¢, as well.

47. The splitting of problems defined on the whole interval

We now consider a splitting method for problem (46.1) that is often used in practice
for obtaining splitting schemes (SAMaRrsknl [1965b, 1970], BAKErR and OLIPHANT
[1960], MARCHUK [1967]).

We replace problem (46.1) with the following system:

09, /0t+ A0, =f1(), @,(t;)=0(t)),
8@, /0t+ A0, =1,(1),  @,(t;)=0,(t;4,),

47.1)
00,/0t + A, 0,= f(t), @,(t)=0p_y(t;1 1)

tegj:[tj’ tj+1]
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ot )=0,04 ) 7=0,1...,J—1,

v(0)=g.

We formulate the statements with regard to the proximity of problems (46.1) and
(47.1) (Samarsk [1970, 1971]).
If A4,(t') and Ay(t"), a#8, «, f=1,...,n, for any t',t"€[0, T] commute, ie.

47.2)

A1) Ag(t")= Ay(t")- A, (L),
then for f=0 the following equalities hold
ut)=o(t;), j=0,1,...,J. (47.3)

If f#0, then we can choose f, with f, =f,=--=f _,=0 so that (47.3) holds.
If 4, and A, commute and the exact solution of problem (46.1) satisfies the
restriction that

A, Ap0ll <M =const <0,
then under conditions (46.3) we have:
lo(t))— @)1 <O(r), j=0,1,....J. (47.4)

Problem (47.1) approximates (46.1) in the summarized sense, i.c.

=0O(1),

Y v,
a=1
where

l//a=fa(t)—Aa(t)¢(tj+ 1)’ x> 15
Yi=110)—A4,(0)p(t)—de/dt
(see Samarskn [1970], p. 219).

48. The two-cycle splitting of the problem

Problem (46.1) can be split into a system of Cauchy problems that approximates
problem (46.1) with order O(z2), using the two-cycle method, i.e. symmetrizing the
sequence of problems of type (47.1) (BAKER and OLIPHANT [ 19607, MarRCHUK [1967,
1971], Fryazinov [1968]). Let us demonstrate several examples of systems of
Cauchy problems obtained by this method, each of these systems having second-
order accuracy (with the corresponding additional restrictions on the smoothness of
the initial data, of the solution and the appropriate choices of f, in (46.3)).
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ExampLE 48.1 (FryaziNov [1968]). The system has the form:

5(01/at+%A1(p1 :fl,
09, /0t+3A4,0,=f,

aqou/atil-%An(pn ::fn’
a(pu+1/at+%An(pn+l =fus15

aqoZn/at +%A1¢2n :me

teﬂj,

where
2n
f=Y f
a=1
It is assumed that

U(tj+ 1):(P2n(tj+ 1)

(pl(tj)zv(tj)>
(Pz(tj):(Pl(tJH 1)

n(tj)::(puwl(tj+l)a
(pn+1(tj)=(pn(tj+ 1),

48.1)

(DZn(tj) = Q- l(tj+ 1)3

ExampLE 48.2 (Baker and OLIPHANT [1960]). The system has the form:

a(Pl/aH'%AﬂPl:fp

aqon”l/at-*_:l":An-‘l(Dn'l =Jr~1>
00, /0t + Ay = frs
0@, l/at+%An-l(pn+1 =JIn+1>

a(pZn/at +%A1(p2n =f2n’

teﬂj

for

@,(t))=0(t;),

On-1(E;)=0, - 5(t;1 1),
(pn(tj)z(pn— l(tj+ 1),

(482)
On1(;)=0,(t;1 ),

Po(t) =02 1(t;11),

0(t;11)=@on(t;4 1)

EXAMPLE 48.3 (MarcHUK [1980], p. 276). The system is assumed to have the
following forms. On the interval t;_, <t<t;:

a(pa/at + Aa(pa = 0’
09, /0t + A, 0, = f+314, f,

a=1,2,...,

—_ 1’
(48.3)
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and on the interval t;<t<t;, ,:

a(ton+ l/at+An(pn+1 :f—%TAnf;
00, /0t+A, i 10,+,=0, a=2,3,...,n,

(48.4)

under conditions,
@1ty )=v(t; 1)
Par 1t 1)=0,), a=12,.. . .n, (48.5)
@pi1 () =045, 1), B=n,...,2n—1.

The approximation of problem (46.1) using (48.3)-(48.5) is considered on the double
interval (¢;_, ¢;, ;) under the assumption that

U(tj+ 1)=‘P2n(‘//j+ )

ExaMpLE 48.4 (MarcHUK [1980], p. 276). The system is assumed to have the
following forms. On the interval ¢, , <t<t;:

0, /0t+A,¢,=0,

0p,/0t+A,9,=0, (48.6)
@ (t;-)=v(t;- )
O t;- )= @,4(t;), a=2,3,....m;
on the interval ¢;_, <t<t;, :
0@, 1 OL=1, @ni1(t;—1)=@u(t)); (48.7)
and on the interval ¢, <t<t;,,:

a(:0n+2/at_+_‘An(pn+2=07

‘ (48.8)
a(b02n+ 1/at+Al(p2u+1=0’
Ot =P (t5r1)y a=n+2,...,2n+1.

Problem (48.6)—(48.8) approximates (46.1) on (t;_, ¢;, ;) and under the assumption
that

U(tj+1)::(p2n+l(‘//j+ 1)

All the systems in this section have second-order accuracy and A, and 4, # #,do
not have to be commutative. Theoretical aspects concerning these systems are
considered in the above-cited literature.
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49, Some results on convergence and stability

We assume that appropriate finite difference approximations in all variables
(including t) are applied to the systems of Cauchy problems considered in Sections
46-48 and that the possible splitting of the difference approximations of the
operators A, into A4, is carried out. Many of the thus obtained splitting schemes can
be written in a canonical form:

jtaem __ _j+t(a—1)/m m

B‘P @ + Z Aaﬁ¢j+ﬂfm=fj+a/m,
a=1,....,m, j=0,1,...,J, (49.1)
@°=g,

where all grid functions are assumed to belong to a Hilbert space #=H,, and 4,,
and B are linear operators from H, in H,. The approximation error of (49.1) is
defined as the sum of the approximation errors for different equations:

Y=y+ -+, (49.2)

¥, being represented in the form y, =¥+ ¥ so that Z7_ 2 =0 (see SAMARSKII
[1970]). We assume further that (49.1) is solvable and that the inverse operator B~!
exists.

Let us formulate the statements establishing the connection between stability,
approximation and convergence of the schemes of type (49.1) using norms || - || ;, and
I+ Il(z in the space H,.

Let the scheme (49.1) be stable, ie. the following a priori estimate holds:

"(PJH"(1)<M1”9”(1)+M2 max Z ||fj +a/m||(2)7 (49.3)

.1<}a 1

where the constants M, and M, do not depend on 7, the grid parameter 4 in other
variables, g and f/7*™ and the “smoothness” condition for the solution ¢(t) holds:

aﬂ( i B_I‘//l?)
k=g+1

where M ,=const >0 does not depend on 7 and h. Then (49.1) converges and the
following estimate is valid:

n—1

)

=1

<M,, (49.4)
2)

||¢j+l—(9(tj+1)"(1)
<M, max [Z IZ{CA1
m—1 m
+t Y 1Y 4 ( Y BT, )) ] (49.5)
a=1 || g=1 k=g+1

(see Samarskn [1970]).
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Let us now suppose that 4,,=90, B=B*>0 is the constant operator and

a 1

Z (Aaﬁ 6[37 ‘fa) 20
8=

for any £, e H,, a=1,...m. Then the following estimate holds for the solution of
problem (49.1):

m
Z fj'+a/m
a=1

lo’* p<llgllz+ M, max [
o< B 1

+/1 i IIff'“”"IIa—x], (49.6)
z=1

where

lols=Be, ¢)'%,  lolz=(B""¢, )"

(Samarski [1970]).
Scheme (49.1) converges in the norm |+ ||, if @(0)= ¢° and the conditions of the
above statement hold as well as the summarized approximation conditions

m
Z l//j+at/m

a=1

—0 for |h|—0, 10,

g1

max
o<ji<J

m
max Y [[§/* " 5-1 <M, =const >0,

Osj-s-’ a=1

where M, does not depend on the grid parameters 4 and 7 (SaMarskil [1970]).
If 9(0)=9¢",

> 4,

where k>0, >0, and the conditions of the above statement hold, then scheme
(49.1) converges in the metric | - || 5 with rate O(|h|"'+ %), where k, =min(k,, %). If,
besides, the restriction (49.4) holds for ||« |2, =1 [ 5-1, then the scheme converges
with rate O(|h|'+ t*2), where k, =min(k, 1) (SAMarskn [1970], p. 215).

In conclusion, we mention the works dealing with the problems connected with
the splitting of the initial problem into a system of simpler problems. General
principles of such splitting are given by YANENKO and DEMIDOV [ 1966], MARCHUK
([19717; [1980], p. 275), SaMarsk1 ([1971], p. 400). Theoretical grounding of such
a splitting may be found in works by YaNENko and DEMipov [1966], SAMARSKII
([19707; [1971], p. 403), YaNENKO ([1967], p. 170).

The work by Marcuuk ([19807], Chapter V) is dedicated to two-cycle (sym-
metrized ) splitting schemes; theoretical grounding and some modifications are
given by SaMArskII [1971] on the basis of symmetrized splitting. FryaziNnov [1968,
1969] constructed the schemes for the equations of parabolic type in domains

=O(h'+1"),

B-
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consisting of p-dimensional parallelepipeds. Somehow a different symmetrization
method for the difference schemes is used by GopuNov and ZaBRropiIN [1962] for the
acoustics equations. A large bibliography on all these problems is available in works
by MarcHUK [1980] and Samarsku [1970, 1971].






Cuaprter XIII

Convergence Studies and

Optimization of Iterative
Methods

50. Sufficient conditions for convergence

In this chapter we will consider some variants of the alternating direction method for
solving a system of linear algebraic equations

Au=f (50.1)

with a nonsingular (N x N) matrix 4 and vector fe R". Let us take the following
formula as the general form of a stationary method

B! —u")= —at(Au* —~f),
k=0, 1,..., (50.2)

where a and 7 are some positive parameters and

m
B.=[](+7B;) (50.3)
=1
is a nonsingular matrix. Here m is a fixed positive integer, and B;,i=1,...,m, is an
arbitrary (N x N) matrix. Here and in the sequel the unit matrix is denoted by E.
Further, we will consider nonstationary, iterative methods for which the parameters
used depend on the step number, k.

Method (50.2) is called convegent when, for any initial approximation u® e R¥,
the sequence of vectors u',u?,...converges to the solution u* =A4~'f of system
(50.1)

Let value m and matrices B,,..., B,, be given. Then the following statement is
valid: If the real parts of the eigenvalues of the matrix A are positive, then, for any
a> 0, there exists such a £>0 that method (50.2) converges for any positive te(0, ).

The inverse result is also valid. If value @ >0 is given, then a necessary condition
for the method to converge for any sufficiently small £ > 0 is that the real parts of the
eigenvalues of the matrix A must be positive.

The uniform convergence for t—0 of the eigenvalues of the matrix B, to the unit
matrix is used to prove the above statements. These proofs are given in the book by
MarcHUK and KuznNeTsov [1972].

339
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We will consider further only two cases. Let us call the first case commutative. It
supposes the existence of a nonsingular matrix Q, which, by a similarity trans-
formation, simultaneously reduces the matrices 4, B,, . .., B,, to a diagonal form, i.c.

_1 — . .
Q AQ—dlag{AI, vy A‘N%’ (50-4)
Q™ !'B;,Q=diag{?,...,A¥}, i=1,...,m

Obviously, matrices A4, B,,...,B,,, as well as matrix B,, can commute. In the
commutative case we will further assume that the eigenvalues A, of the matrix 4 are
real and positive and that the eigenvalues A}i’ of the matrices B;,i=1,...,m, are real
and nonnegative.

The second case, called noncommutative, supposes that m=2, the matrix 4 is
determined to be positive in RY, A= B, + B,, and matrices B, and B, are at least
positive-semidefinite and, generally speaking, noncommutative. For the sake of
simplicity we will use the following notations B, =A4, and B,=A4, in the
noncommutative case.

Let us, first, determine sufficient conditions for the convergence of the commuta-
tive alternating direction method. To this end, we introduce the function

6. (A0, aemy=y %A (50.5)
H (1+7 l"'))
i=1
Then the spectral radius p(T, ,) of the step matrix
T,.,=I-atB7'A (50.6)
of method (50.2) can be computed by the formula:
p(Ta,,)=1r11ja<xN|ga,,(/1;a/1§”a AT (50.7)

Since the requirement that the inequality p(T, ,)<1 holds is a necessary and
sufficient condition for convergence of method (50.2), we have to determine the
conditions for which —1<g, .(4;,4}",...,44") <1 for all j.

Let matrix B= X% B; be nonsingular. Then there exists 4 >0 such that p(T, ) <1
for any a€(0,4) and 7> 0, i.c. the commutative alternating direction method (50.2)
for all such values of parameters @ and 7 converges.

If we assume additionally that A = B, then the commutative alternating direction
method (50.2) converges for any a€(0,2) and > 0.

To prove this statement it is sufficient to note that by assuming A =Xi. | B;, we
have 4;=ZXf A9 Therefore,

A,
0<—2 <1, j=1,...N,

ﬁ (1+749)

for any 7>0.
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We consider one important example. Let m (n; x n;) matrices §; of a simple
structure be given, i.e. nonsingular (n; x n;) matrices Q; exist such that

75,0, ~diag(ud),..., u?},
where the ecigenvalues p?,...,u® are nonnegative for i=1,...,m. Define the
(N x N) matrices (N=n,---n,)
Bi =Ei®”'®Ei-’ 1 ®Si®Ei+ 1 ®"'®Em9

i=19---,ma

(50.8)

where E, denotes the unit (n, X n,) matrix for s=1,...,m, and ® denotes the tensor
product of matrices. Assume also that

o

A=

.
1

B, (509)

1

Such matrices occur when elliptic boundary problems with separating variables in
rectangular domains are approximated by the grid method.
Obviously, with the additional assumption that det 4#0, i.c.

K= Zﬂ}il#O’ j=L...,N,
i=1

all requirements for the commutative alternating direction method hold. Then, from
the above considerations, method (50.2) for solving system (50.1)—with matrix
A from (50.9) and matrices B,,..., B,, from (50.8)—converges for any a (0, 2) and
for >0.

For a more detailed description of the commutative alternating direction method
see Section 5S1.

Now we consider the noncommutative alternating direction method. Taking the
above assumptions into account, we will write the method in a different, more
convenient form:

(E+tA WE+1A) W —ub)= —ar(4u* —f). (50.10)

For a=1 we obtain the well-known DouGLAS-RACHFORD [1956]} method and for
a=2 the PEACEMAN-RACHFORD [1955] method:

(E+tA ) E+1td,) ! —uk)= — 2t(Au* —f),
k=0,1,... (50.11)

We will consider the latter in more detail. Our results will be based on papers by
BIRKHOF and VARrGA [1959], WacHpPrEss and HABETLER [1960], KELLOGG [1963],
SAMARsKII [1964a] and others.

We introduce the matrix D, =(E+1A,)"(E+1A,), error vectors z* =u* —u* of
(50.11), and vectors y, = (E+1tA4,)” *(E—1A,)z*. Then, after simple transformations,
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we immediately obtain the equalities:
(E+1A4,)* "1
=[(E—1A E+14,) " HE—1A,)(E+14,)" ]
“(E+14,)7, {50.12)
CNE=tA I IE—t4)e]

|25 .= |2 ||
D= E+ A | IETcApE] 17 o
and the inequality:
12 N, U Ty 1 Ty e 25 - (50.13)

Here || v}l = (v, v)!/? is the usual Euclidean norm of the vector ve R¥ and || T'|| is the
corresponding norm of the matrix 7,

lollp, =(D,0,0)'? = [(E+14,)0],
T, =(E—tA)E+14)™1, i=1,2
It is obvious that
I T, <N Ty M-l Tl (50.14)
where
T.=E-2tB;' 4
=(E+1t4,) " YE+714,) " (E— 14, (E—1A4,).

It follows from BirknoF and VarGa [1939] that, if at least one of the matrices
A, A, is positive-definite then the alternating direction method (50.11) converges
for any 7>0.

Assuming in addition that matrices 4, and A, are symmetric (naturally, the
conditions of positive-semidefiniteness of matrices 4, and 4, and nonsingularity of
the matrix A= A4, + 4, remain) this statement can be reinforced, i.c. the alternating
direction method (50.11) converges for any 7>0. To prove this latter statement it
is—according to MArcHUK and Kuznetsov [1972]-—suflicient to show that for any
nonzero ze RN the following inequality holds:

1 Tezllp, <llzllp.- (50.15)

Hence the inequality || T, ||, <1 holds, since R" is finite-dimensional and T, is
a linear operator, which means that (50.11) converges. Let us use (50.12) to determine
inequality (50.15).

It is easily seen that with the above assumptions the inequality [|zF* 1 ||, <25 p,
follows from (50.12) and equality holds only when 4, y* =0 and A4,z*=0. But the
latter is possible only, if z*eKer 4,Ker4,=Ker A4, which contradicts the
nonsingularity of matrix 4 and the condition z* #0. Thus, inequality (50.15) has
been proved.

We consider one interesting variant of the noncommutative alternating direction
method. Namely, we assume that matrix A4 is symmetric (we have assumed earlier
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that A4 is positive-definite) and A, = A]. This means that matrices A, and A, are
positive-definite since the equalities

(A;z,2)=¥(A4z,2), i=1,2, zeR",

take place in real space. We will call this variant of the alternating direction method
(50.11) symmetric. Since matrices 4, and A4, are positive-definite, the method’s
convergence for any 7> 0 follows from the above considerations.

The important properties of the symmetric alternating direction method are
symmetry and positive-definiteness of the matrix

B,=(E+tA,)(E+1A7])
=(E+tA})E+14,), (50.16)

this means that the step matrix T, can be symmetrized in the inner product generated
by the matrix 4. Indeed,

(T,0,w),, = (0,w), — 2e(B; ' Av,w),,

=(v,w), —21(B; ! Av, Aw)

=(v,w), — 21(v, B; ' Aw),,

=(v, T.w),
for any »,weR". Moreover, it follows therefore that matrix B! 4 is not only
A-self-adjoint but also A-positive-definite. Thus, for any 7> 0 all eigenvalues of the
matrix T, are real and belong to the interval (—1,1), and the system of its
eigenvectors constitutes the 4A-orthonormal basis of RY.

Let us briefly discuss the influence of the parameter o on the convergence of the
noncommutative alternating direction method. To this end, we consider the
right-hand side of the equality

12113, = 112 (13, — 2at(B; 1 AZ¥, AZ"),,
+a’t?| B 1 AZ¢ 3,
as a square polynomial in a. First, we note that, due to the nonsingularity of the
matrix B ' 4, we have for any nonzero z*e RV,
| B Az¥ || p, #O0.

Further for a=0 we have
12, =12 Ip,»

and for a=2, according to (50.13), we have the inequality
12, <1125 I1p,e

It thus follows that for any >0

d _
’"d;" zk+ ! "lz)z |a=0 = "—21(Bt lAzka Azk)Dt <0
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and, hence, for any a.e(0, 2) the following inequality analogous to inequality (50.15)
holds:

| b ||Jz)t <|l z* "D,"
Therefore, we conclude that
1T, lp, <1

for any 7>0 and a€(0, 2).

Hence, under the above assumptions the noncommutative alternating direction
method converges for any 7>0 and a€(0, 2).

From this statement it follows in particular that the Dougias—Rachford method,
i.e. (50.10) with parameter a= 1, converges for all positive-semidefinite matrices A,
and 4,.

51. The choice of parameters in the commutative alternating direction method

By optimization of the iterative method we often mean a way of increasing its
convergence rate either by a special choice of parameters or with the help of
acceleration procedures. For the stationary commutative alternating direction
method considered above, the complete optimization presupposes minimizing the
spectral radius of the step matrix T, ,, i.c. the solution of the problem

minp(T, ). (51.1)

This is, however, not an optimal approach since we can only in exceptional cases find
p(T, ) explicitly as a function of variables a and . That is why in practice, a set
GoR™*! such that all (m+1)-dimensional vectors 1;=(4,4%",...{")eG,
j=1,..., N, the components of which are the eigenvalues of the diagonal matrices A4,
B,,..., B, 0f(50.4),is actually introduced, as well as a function @, (1) such that for
any A€ G the following inequality holds:

19, (A<D, (D). (51.2)
If the function
Y(a, 7)=max P, (1) (51.3)
AeG

approximates p(T, ) sufficiently well for values («,7) of a set H<R?, in which the
best values for the parameters are found, then instead of (51.1) we may consider the
approximate optimization problem for the iterative method, ie. solving the
extremum problem

min ¥(a, 7). (51.4)

(a,t)eH

Of course, the required function ¥ can be constructed in several stages subsequently
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coming to new majorants @_ _, by expanding the set G and narrowing the set H, i.e.
by imposing additional restrictions on the values of parameters. The analogous
transition procedure from extremum problem (51.1) to approximating problem
(51.4) can be used in other cases as well, in particular, for multiparametric
alternating direction methods.

In considering concrete ways of choosing parameters in the commutative
alternating direction method, we assume additionally that m=a=2 and A=
A, +A,, where A, =B, and 4, =B,. Then

1—1A® 1—-gi@
[+7A® 14 1A®’

g..AD=g,(H)=

the set G<=R?, and the set H consists of positive values of 7. Choose

G=[6,,4,1x[6,,4,], (51.5)
where
§;= min 1Y, 4,= max AP, i=1,2;
i<j<y 1<j<N
take

#(a,1)= ¥(r)= max|g.(A)};

and assume, in addition, that

61:52=6>0, A1=A2=A>5.

T
and the value ,,, minimizing the function ¥(r), is computed according to the
formula,

Top =(84) ™12, (51.6)

Then

1-—14
1414

Yoy= [ max

0<AgA

Hence, we arrive at the estimate,

%m{zﬁ+j;] (51.7)

However, if 6, #6, or 4, #4,, but §,6,#0, then with the choice of G=
[, 4] x [6, 4], where 6=min{é,,d,} and 4=max{4,,4,}, we again obtain (51.6)
and the estimate (51.7). But if, for example, §, =0 then, choosing

1—14

) 51.
1+14 (51.8)

Yy= max
S1<A< M
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we obtain 7, =(4,8,)”*'? and come to the estimate

T, S+
JA+ f
We now consider the simplest multiparametric alternating direction method,
(E+1,A)E+14) U —u¥)= = 21,(4u* —f),
k=0,1,...,

where the parameters 7, have period p> 1, i.e. 7, =1,  for all k > 0.If we introduce
the matrix D=0QTQ, where the matrix Q is defined by (50.4), then we get the

inequality

{51.9)

U] 0 1—7,2)

H 1) 2) " OIID-
mo 1+7,A480 147,4

12" ]|, = max
1<j<N

Hence, for all k=tp, t a positive integer, we have

1—1,4
I z* IID\[maX II ] 12 |l p, (51.10)

d<ALA =g 1+T/1

where

0= min 1Y and A= max AY
j j
1<j<N 1<j<sN
i=1.2 i=1.2

(6 1s assumed to be positive).
We introduce the function
PO)=¥(tg, .. s Tp-y)
1—1,4

51.11
1+7,Al° ( )

= max max
OLi<p—1 m<A<m+,

where d=m, <m, <---<m,=A are some positive integers.
Obviously,

125 p STP@I* 1 2° [,

with ¥(7) <1 for all positive 7,,7,,...,T,_,. Therefore the approximate optimiza-

tion problem for method (51.9) can be formulated as the problem of minimizing the

function ¥(t) on the set H < R?, which consists of vectors with positive components.
Since

1—r1,4
—. 51.12
’1+r,-,1 ]’ 6112

min?(t)= max | min max
teH Ogigp-1 i misSA<mi+g

it is sufficient to solve the minimax problems,

I"IIA
1+1,4

1

, i=0,1,...,p—1,

min max

>0 m<As<min
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in order to solve the problem of minimizing the function ¥(t) for t. According to the
above, the solutions of the minimax problems can be found by choosing

Ii=ri,opl=(ml'mi+ 1)-1/29 i=09 19-“'ap——1' (51'13)

Now we have to choose values m,, ..., m,_, so that the right-hand side of (51.12) is
minimal. Obviously, it is enough to take

m,=38(4/8)®, i=0,1,...,p.

Hence, for =145 =(70,0pts-- -5 Tp—1.0p)° WE Obtain the estimate
. 1l e
[EAPS FEwAL 2% 1l p (51.14)

where h=(5/4)'/2,

So, the average term for decreasing the D-norm of the error vector of the
optimized cyclic parameter with period p for the alternating direction method is
equal to

1 —plirT)2p
q=[m] . (51.15)

Assume that h« 1 and find out for what value p (51.15) will be minimal, To find p,
taking h« 1 into account, we get the equation

1/p
()
dp\ p

its solution is the value

p=—Inh
With this value p (51.14) takes the form:
121, s[ﬂ]m 1201 5116
e+1

Thus, if under the assumption h<« 1, the problem is to decrease the D-norm of the
initial error vector in 1/¢ times (¢ < 1), then with the values of parameters found the
method allows to do this in

k. ~In(1/h)In(1/e) (51.17)
steps while the one-parameter method requires

k,~h~1In(1/e) (51.18)
steps.

The above method is one of the simplest for the approximate solution of the
optimization problem for the multiparametric alternating direction method. It was
used first by PEACEMAN and RAcHFORD [1955], DouGiLas and RACHFORD [1956]
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and Dyakonov [1961, 1962b]. Further studies on the choice of optimum parameters
can be found in the works by WacHpress [1962], Topbp [1967], Lesepev [1977] and
others. These results have been thoroughly considered by SaMARrskii and NIKOLAEV
[1978].

52. The choice of parameters in the noncommutative alternating direction method

Consider, first, the case when matrices 4, and A4, are symmetric and one of them, for
example, the matrix A4, is positive-definite. Then, according to (50.14), the estimate

1—-14
T)YK|T =
pPT)<IT,, |= ,max T 2a|

(52.1)

occurs, where 4, and 4, are minimal and maximal eigenvalues of the matrix A4,
respectively. Now, if we take
then with the choice

T =(0,4,) 712 (52.2)

we come to the solution of the approximate optimization problem of the alternating
direction method (50.11). As a result we get the estimate

SINVZREN 2
\/— N \/- (52.3)

Assume in addition that matrix A4, is also positive-definite and that 4, and 4, are
its minimal and maximal eigenvalues respectively. Then we obtain the estimates

1—-1A 1—14
1+14| 1+1d|

1—-1é
YO=IT, . ||=max{ |1+15 ,

IT,.|= max i=1,2, (52.4)

di<Ag 4

o<A<d
where

d=min{é,,d,}, A=max{4,,4,}.
Now, if we take

1—142

¥Y)= max 15

dsis4

then, according to (50.14) and (52.4), we have
AT )< PO)<I

for any 7>0. In this case we get the solution of the approximate optimization
problem for (50.11) by the choice

opt "(5A)-1/2 (525)
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As a result we get the estimate

A—. /6 P

T, )<IT, upts[\—c—\—/:] (526)
JA+/8

We now consider a non-self-adjoint case. To construct the majorant ¥(z) let us use

SAMARSKIr's [1964a] method. Since

p(Tt) g II Tz IIDt < II Tl,z' II * " Tz,t ”9 (52.7)

it will be sufficient to derive the majorant, for example, for | T, .||, assuming that 4,
is positive-definite. We introduce the values
(4,2,2) 14,21

4, = su .
! zeRN (Alzﬂz)

61 = inf

zerV  (z,2)

(52.8)

Obviously, both values exist and are positive, with 4, being the minimal eigenvalue
of the matrix S=3(4, + A43). It is easy to see that

IzlI> —21(A,z,2)+ 1% || A, z||?
sup ) 3 )
zeRN Iz|I* +2t(A,z,2)+ ||A1z||

1T, *=

— sup Iz]|2 —Qt—-124,)(A,z, z).

vewn 1Z1IP+Q1+124,)(A, 2, 2)
Hence, using inequality (4,z,z)< 4, || z||%, we obtain || T, , ||* < ¥?(), where
1—Q2t—1%4,)A
1+Q2t+124,)A

P2(r)= max

d1 <A< Ay

The analysis of function ¥(z) shows that for t=(d,4,)"'/? it reaches its minimal
value

o
VA +./8,
Thus, if matrix A4, is positive-definite, then as the solution of the approximate

optimization problem we can choose the parameter 7., =(8, 4,)~ '/ for which the
estimate

IT ||D<[M]m
SN IV VN

holds. Assuming that the matrix A, is also positive-semidefinite then for 7,, =
(64)"1/2 we obtain the estimate

A

_\/:ﬁ__\//_é , (52.9)
\/Z +./0

where 6 =min(é,,d,)and 4 =max(4,, 4,), and the values 9, and 4, are defined as in
(52.8) but for matrix 4,.

1T e |, <



350 G.1. Marchuk CHaPTER XIII

53. The convergence acceleration procedures for the alternating direction method

We introduce a new matrix
D =A"[I+74,)""JU+14,) ' A (53.1)
Then, by simple transformations analogous to those of Section 50, we can show that

_ IR IR =204 x5 xR + 2 4, X7
X 4 20(A x5 xR+ A xR

1213,

YA 012 = 204,05, ) + 2 11 4,05 )12

s T3 —=- 1 Z*||3..
1yN0° +2t(A )5, y )+ 12| Ay V- |l

where
x*=(E+1A4,)  {E—14,)",
Y'=(E+14,) ((E+14,) A7,
and, therefore, for arbitrary positive-semidefinite matrices 4, and 4, we have
[ PN P I S o PR EAl P
From this and from equality
12571013, = 112 13, — 22(B; * Az*, 2¥)p,
+7* | B 1 AZ¢ |3,

it follows that matrix B; ' 4 is D_-positive-definite.
In view of this fact we can solve system (50.1) not by (50.10) or (50.11) but by the
following iterative method

(E+T1ANE+1d,) ! —uF)= — B, (4u* —f), (53.2
for which parameter g, is chosen according to the formula

g BLAZ Y, (4B E,
“TUBITAZ 3, IABITEZ

(53.3)

where * = Au* —f is the residual vector, and
D.=[(E+14,) 'TN(E+14,)" .

The parameter f3, is chosen in correspondence to the descent method from the
maximum minimization condition of the D_-norm of the error vector z*1, As is
known (see, for instance, MARcHUK and KuzNeTsov [ 1972]), this method converges
with

LD<ITp. (53.4)
where the L(T) are Lipschitz constants of step operator T of method (53.2)-(53.3).
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Note that the similar procedure for the inner product generated by matrix D, of
Section 50 will not be suitable here.

Among different versions of the alternating direction method the case 4, = A7
considered in Section 50 stands out as rather efficient. The transition matrix (50.16)
of method (50.10) is A-self-adjoint, which is the reason for using acceleration
procedures based on the Chebyshev methods and the generalized conjugate
gradient method.

Let it be known that eigenvalues of matrix B, ' 4 of the symmetric aternating
direction method belong to the interval [a, b) with 0 <a <b. For example, if we use
the results from the previous section, then it follows, from the estimate (52.9), that the
interval boundaries can be computed according to the formulae

. 5\/2 b A4 \/5
JA+/8 JA+/6
Under this assumption we can use the following Chebyshev semi-iterative method

(see VARGA [1962]) with the pre-conditioning matrix B, ! for the solution of system
(50.1):

Bt(ul __uO):__ —al(AuO ——f)a (53.5)
Br(“Hl —u*)= "“k+1(A“k —f)+ B 1ﬁr(“k —u* ),
k=1,2,...,
where
4 C.(n) 0, k=0, .
n +

trr =g B ={Ceal) oo m= (53.6)

—a Gy () Ck+1(”), ’ b—

and C,(¢) is the Chebyshev polynomial of the kth order of the first kind in ¢

According to MarcHUK and Kuznetsov [1972] and Gorus, Concus and
O’Leary [1976] we can also use two-term and three-term generalized conjugate
gradient methods with the pre-conditioning matrix B, ! for the solution of system
(50.1). The two-term formulae of the method have the form:

. _ Bt—lioa kzl’

WTNB B —ag,, k>,

w =1, (53.7)
L NlEk—12 k(2 _(B:lékﬁl’ék—l)

o= —|| & "Bel/"é "B;‘— (B0

g IE:

ﬂ - s k=17 29°--;
‘ (A
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and three-term formulae (see Reip {1971]) have the form:

P -
uk+1=uk___[Bt le__ekhi(uk_uk 1)],
k

1B, "+ 13
2_, =0, k=W" k- 10 {53.8)
&1 5;
e, =g —r———, k=012, ...
AR

Here &* = Au* —f are residual vectors.

54. Generalizations

The best known generalization of the original alternating direction method is the
following one:

(R+TA)R (R +14,)W* " —u¥)= —at(Au* —-f),

54.1
k=0,1,2,..., (4.1

where R is, generally speaking, an arbitrary symmetric and positive-definite matrix
(see WacHpress and HABETLER [1960]). It is easy to see that this method is
completely equivalent to the alternating direction method

T+td ) +1d)@ " — )= — at(Ai* —-F),

54.2
k=0,1,..., (542

where
A =R7MA R A,=RMA,R,
A=A4,+4,, @=RYy, f[=R7V%
Hence, all the abovementioned facts for methods (50.10) and (50.11) refer to method
(54.1) as well. Of course, the role of matrix R should be considered, i.c. in deriving the
formulae for optimal parameters matrices 4, and 4, of (54.3) should be used instead
of A, and 4, of (54.1).

We consider the case A4, = AJ. To this end, we rewrite, first (54.1) with a=2 in
the following equivalent form:

(R+1A W 2 =(R—1A it +F, (54.4)
(R+tA, ' =(R—-tA W12 +f,

(54.3)

and then, using

2t

L=jR—A;, L'=3R—4;, w=5 ",

(54.5)
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we rewrite (54.4) in the form

(}-R_L)(uk+ U2 _ )= — (Au* —f),
1 (54.6)

(lR_LT)(uk+1 wuk+ 1/2)= “(Auk+ 1/2 "f)

w
If the above assumptions hold, and
A=K—-L-LT, (54.7)

1€(0, + o0), an we(0, 2), then it is easy to see that (54.6) is a generalization of the
symmetric upper relaxation method corresponding to splitting (54.7) of matrix A.
Hence, the theory developed by Lunn [1964] (see also YoUuNG [1971]) can also be
used for optimizing method (54.6) by the choice of parameter w.






CuarTER X1V

Splitting and Decomposition
Methods for Variational Problems

Many problems of economics, optimal control, hydrodynamics, etc. lead to
variational problems with restrictions (Duvant and Lions [1972], BENSOUSSAN,
Lions and Temam [1975], GLowinsKy, Lions and TREMOLIER [1979]). To solve
these problems BEnsoussan et al. [1975] developed methods, some of which (for
example, decomposition methods) are based on splitting methods. In this chapter
we will consider the general scheme of applying the splitting and decomposition
methods to variational problems. We will do this following BeNnsoussaN et al.
[1975] and without specifying the type of problems to be solved.

55. Splitting and decomposition methods for classical variational problems

Let the initial stationary problem, after approximation on all its variables, be
reduced to the equation

Ap=f, (55.1)

considered in finite-dimensional Hilbert space H with inner product (-,-), and

norm |+ ||g=(,")°- Matrix 4 is assumed to be symmetric, positive-definite and

representable in the form
nzl, (55.2)

where A, are symmetric, positive-definite matrices. It is known that solving equa-
tion (55.1) is equivalent to solving the following classical problem of variational
calculus

J((P)': lnf J(U)s
veH
where
J0)=HAv, u— (L )= 3. J0),
a=1

Ja(v) = %(Aavs U)H - (faa U)H
355
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and { fa} are chosen so that Z},_, f,=f. According to the method of stationing (see
Section 37) we can consider the evolutionary problem

0p/ot+Ap=f, teQ,=0,T),
@/ p=1 =0,T) (55.4)
o=y fort=0, geH,

and, in case of large values of T, we can approximate the solution of (55.1) by the
solution of problem (55.4) ¢(T). The numerical solution of (55.4), in turn, can be
realized by the splitting method. To this end, we represent f as

f= zj:fa, f,€H, (55.5)

divide , in N intervals of length 74, 74,..., Ty~ such that
To+rl +"'+IN_1=GN>T,

and use a splitting scheme of type

j+afn jH@—1)/n
@' —q ;
+Aa(pj+al‘n :f"z,

Tj

0<j<N—1, 1<a<n, (55.6)

Po=g.

Each realization step of scheme (55.6) is equivalent to the minimization, in H, of the
following functional problem,

1 .
zll v—@ VNG +J,(0)
55.7
0<j&N—-1, 1<a<n, 45.7)
@o=9-

This algorithm constructed by using splitting scheme (55.6) is, in fact, the
decomposition method for solving the variational problem (55.3). This same method
reduces (55.3) to a sequence of problems minimizing the functionals (55.7). Note that
the convergence of the decomposition algorithm (55.7) follows directly from the
convergence theorems for scheme (55.6). These theorems have been considered in
foregoing chapters.

56. Decomposition of a general variational problem

Based on algorithm (55.7), we now formulate the decompositon method for the
following general variational problem in Hilbert space H:

J(p)= inf J(v), (56.1)

veH

where J:H—R=R! is a continuous function with a lower bound. We assume that
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J(v) can be represented as
J=3 J, (56.2)
a=1

where the J: H— R are also continuous functions with a lower bound. We introduce
a sequence of parameters t;, j=0, 1,...,, N—1 and define elements

pitem  i=0,1,...,N—1, a=1,...,n, (56.3)

where ¢°=g is an arbitrary element in H. If ¢/*©@~ V" js known, then ¢/**" is
determined as a solution of a variational problem of type

1 .,
inf {-2—” p—@ITETDR|E +J¢(U)}- (56.4)
i

veH

This problem has at least one solution. We denote by ¢/**" one of these solutions
and compute further @/*@+Vm git@+m

It is obvious that the proposed algorithm for solving problem (56.1) is efficient
when it is easier to solve a sequence of problems (56.4) than to solve one of (56.1)
which depends on the explicit form of J and J,. It is also easily seen that the given
algorithm is of great interest for problems of type (55.3), obtained by discretizing
elliptic boundary value problems, etc. Note that the splitting method theory does
not allow us to conclude that algorithm (56.4) converges (see Section 58).

57. A variational problem with restrictions

Let K be a closed convex set in H (the set of restrictions) and, as in Section 56, let
J: H—>R be a continuous function satisfying the assumptions from Section 56.
Instead of (56.1) we consider the problem

inf J(v), (57.1)

veK

that is, a variational problem with restrictions. We also assume that

K=K, (57.2)
x=1

where K, < H are closed sets which correspond to perturbations of restrictions. The
following algorithm is, in fact, a generalization of algorithm (56.4) for problem (57.1):
Starting with some element ¢° =geK,, find ¢/**" €K, as a solution of probiem

. 1 .
inf {—*Ilv—co”‘“‘”’" 17+, (v) (57.3)
veKq 2 J

Algorithm (57.3) is a general form of the decomposition method for a variational
problem with restrictions.
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58. The convergence of decomposition algorithms

We now consider a decomposition algorithm in an infinite-dimensional space and
formulate the conditions for its convergence.

Let @ be a real reflective Banach space with norm || - ||l and let K be a convex
closed non-empty subset of . Let J be a real functional defined on K such that J is
strictly convex; J is lower semicontinuous on K (in a weak or strong topology ®). We
also assume that the set K is either limited or lim J(u) = + oo, when ||u| g =0, u € K.
It is known that under these conditions the functional J has a lower bound on K and
there exists a unique element @ € K on which J(v) reaches its minimum:

J(@)<J@v), vekK. (58.1)
Further, let another norm | - || ; be defined on @. Supplementing @ with this norm we

obtain a Hilbert space H. We assume that

b=

a

/)

1

as

D=

i

where the @, are reflective Banach spaces with norms ||- 3. ' and the inclusions
¢ @, < H are continuous (x=1,...,n). We introduce the following assumption

K=K, (58.2)
a=1

where K, is a convex subset of @,. We also assume that J(v) can be repre-
sented as

Jo)= ) J.(v), vek, (58.3)
z=1

where J(v) is a real, convex lower semicontinuous functional defined on K, (in
topology @,) and lim J,(v)= + o when | v, — 0 ,ve K, (if K, is not limited in &,).
We formulate the decomposition algorithm for solving (58.1). Let 74, 14,... be
a sequence of strictly positive numbers. If ¢° is an arbitrary element of K, then
define a family of elements ¢/ **", a=1,...,n,j=0, 1,. .., where element ¢/ **" is to

be found (after ¢°,..., ¢ " 1" a5 an element of K_ satisfying the inequality

51;_ “(pj+a/n _(pj+(a—l)/n ”Izi +J¢(q9j+a/")

J
1 )

<z—lv—@! @ VMG + 7 ,(v) (58.4)
21'J.

J+ta/n

for an element v € K. Problem (58.2) has a unique solution ¢ eK,.From ¢°,...,

@’ **" we form the elements

1 X .
QN ran — Z 1.J_.q,ﬁar/n, (58.5)
Ox j=0
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where
N
o=, T a=1,...,n, N=0,1,....
j=o
If
lim o=+ oo, lim{ max t;p=0,
N—ow N-o {0<j<N
then
llm G)N+a/"=(p
N=ow

in a weak topology @, for 1 <a<n where ¢ is the solution of problem (58.1).

In the work by BEnsoussaN, Lions and TeMaM ([1975], p. 200), one can find the
proof of this statement as well as a number of concrete realizations of the above
decomposition algorithms for solving variational problems of mathematical physics
along with corresponding splitting methods.






PArT 3

Applications of Splitting
Methods to Problems of
Mathematical Physics

In this part, we will consider the realization of the general statements of the splitting
methods, from the previous chapters for some concrete problems of mathematical
physics. We will describe the means to approximate problems in space, angular and
other variables earlier accepted as achieved (see Part 1). All this is supposed to give
us a complete notion of the methods used for approximating solutions of problems
by splitting.
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The Heat Conduction Equation

We considered the major algorithms of the splitting and alternating direction
methods in Part 1 and used the parabolic equation for illustration (Sections 12, 17,
22, 25, 26, 29, 36). In this chapter, we will consider the schemes for a more general
form of the parabolic equation.

59. The two-cycle componentwise splitting scheme for a parabolic equation
with three spatial variables

We consider the two-cycle componentwise splitting scheme in application to
a diffusion model for propagation of pollutants in the atmosphere from pollution
sources (MArcHUK [1982]). We write the problem in the following form:

op 2 )

5{+ Z Ao=f In2xQ, (59.1)
=1

where

oup ¢ | Ou

A0=3 THe "%y
dvp  d%p ov

A=ty T Ly 59.2

20= 3, ey T 10%y (59.2)

owp Ov Jp Ow

A= Ta e 0%

The following notations are used in (59.1) and (59.2): x, y, z are components of the
Cartesian system of coordinates (the x-axis is directed to the east, the y-axis to the
north, and the z-axis is directed vertically upward), Q={0<x<a, 0<y<b,
0 <z < H} isa domain with boundary 32 consisting of the cylinder’s side surface o€,
with lower basis 0Q,, (for z=0) and upper basis 0Q, (for z== H); te Q, = (0, T) denotes
time; ¢ is the intensity of aerosol substance, migrating along with the flow of air in
the atmosphere; u, v, w are components of wind velocity along x-, y- and z-axes
respectively; p=const>0, v(z)>0 are the horizontal and vertical turbulence
coefficients; o =const>0 is the coefficient of the substance’s absorption by the

363
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environment; f(x, y, z, t) is the function describing the sources of the polluting
substance ¢ under consideration.

It is assumed that for the components of the air flow velocity the mass
conservation law represented by the continuity equation holds

Ou Ov Ow )

é;+5;+5z*=0 n 2 xQ, (589.3)
and, besides, the conditions

w=0 forz=0, z=H (59.4)

hold. Values of the functions u, v and w are considered to be known in Q x Q,.
The initial condition

p=g fort=0 (59.5)
is added to equation (59.1) and the boundary conditions on 0% are;

=0 on 0£2,,

Op/0z=a¢ on 02,, (59.6)

0p/0z=0  on 09y,

where g is a given function and a >0 is some function characterizing the interaction
of the pollutants and the Earth’s surface. MarcHuk [1982] noted that more general
boundary conditions can be used instead of (59.6). The solution ¢ and right-hand
side belong respectively to the Hilbert spaces @ and F of smooth enough functions.

A direct verification allowing for boundary conditions (59.6) shows that operators
A,, A, and A, are positive-definite, i.e. 4,>0 (x=1, 2, 3).

A uniform grid for x, y and z is introduced in Q with steps Ax, Ay and Az
respectively. The operators A, are approximated with second-order accuracy by
their difference analogues A, having the form (see MarcHUK [1982])

_Uira2 k@i, 0k~ Ui-172,5,4Pi- 1,50k

A e
19 2Ax
a 2
“'A?(q’w 1k — 2@k + Pi-1.5.1
Uij KD i1,V j-1/2,6Pi~ 1,k
A — LI+1/2, kWi j b
2@ 2Ay
u
"'A‘;j((pi,ﬂ— 1.k~ 20856 T 01— 1,15 (59.7)
A= Wiik+1/2P056+1 Wi jk-1/2,9i,7,k-1 +00; 1k

2Az
1
- Kz'i["k +1/2 (@i g+ — (Oi,j,k) ~ Vo 12(Qs .k — Qi k- Ul

i=1,2,...,1, j=1,2,...,J, k=1,2,...,K.

It is assumed that the difference analogues of u, v and w satisfy the difference
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analogue of the continuity equation,

Ui 172,50 —Ui-1/2,7,k + Ui jr1/2,k — U1 j~1/2,k +Wi,j.k+1/2 Wi k172 0

Ax Ay Az

(59.8)

with
Wiz = Wee2 =0. (59.9)

Due to the approximation of boundary conditions (59.6) and by allowing for
(59.9), the expressions (59.7) are somewhat changed in the vicinity of boundary
points:

;. ;x=0 for i=0, i=I+1,

@ =0 forj=0, j=J+1, (59.10)
Pijk — Pt jk-1
! A 22 =qpy i for k=1,
Dt ik+1 —ﬁoi,j,kzo for k=K.
Az

It is easily shown that difference operators A,, 4,, A, acting in the Hilbert space
&=H, are positive-definite on the functions ¢;;, that satisfy the boundary
conditions (59.10). We write the obtained system of ordinary differential equations
with respect to ¢ ={@; ;} in the form,
d 3 .
24 Y Ap=f inQ'xQ,
a=1

dt (59.11)

@=g for t=0.

To solve (59.11) let us use the two-cycle componentwise splitting method (z is the
time step)

n+1/6 n n+1/6 n
- +
e NI Ly
T 2
(pn+2/6_-(0n+1/6 (pn+2/6+(pn+1/6
T 44, =0,
T 2
(0n+3/6 -__(pn+2/6 (pn+3/6 + q0n+2/6 B
+ A, =0,
T 2
n+4/6 __ __n+3/6 n+4/6 n+3/6
L LA ;”0 —0, (59.12)
T
(0n+5/6 _¢n+4/6 (pn+5/6 + (pn+4/6 3
+A4, =0,
T 2
n+1 _ _n+5/6 net | n+ 56
¢ Tfp 1,2 290 o,
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Scheme (59.12) has second-order accuracy in t and is absolutely stable. Each
splitting step is realized by the scalar sweep method (GopuNov and RYABENKII
[1977], pp. 51-53).

60. Schemes of second-order accuracy for p-dimensional parabolic equations
without mixed derivatives

We consider the p-dimensional heat conduction equation with constant coefficients
written in nondimensional form:

Op/ot+Ap=f in QxQ,

P P o2
A= A = —_
agl . Z ( ax:) ’

a=1

(60.1)

where f=f(x, t) is a known function of coordinates x=(x,, X,,...,x,) and time ¢.
Additionally, the initial condition

p=g fort=0 (60.2)
is set along with the boundary condition,
p=0 ImoQxQ, (60.3)

which does not restrict generality, and the function g(x) is considered to be known.
We assume that Q is a p-dimensional parallelepiped

{0<x,<1,...,0<x,<1,..., 0<x, <1},

and we obtain the grid domain Q"={x}}?_,, where x!={x; =i,h,}
(i,=0,1,...,1,+1),and the step h, for variable x, does not depend on the number i,
of the grid point. On smooth solutions, we approximate the operator A, with
second-order accuracy by its discrete analogue A, with the help of the relationship

AA_,

1
P -—h—z—((p?m ~2¢" +ot _))=~— e 0",

A0

1<i, <1, (60.4)

- 4 a

The differential operators A, and their difference analogues A, on the functions
satisfying the condition (56.3) are positive-definite in the corresponding spaces
&=H and ®=H,. Thus, the initial problem has been reduced to a system of
ordinary differential equations (index 4 is everywhere omitted)

do +Ap=f in Q"x Q,
d (60.5)

¢=0 indQ" xQ,

with initial condition (60.2).
To solve this problem, we use the scheme with the splitting ( factorized) operator
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(Dvakonov [1971d]). This scheme has the form

ntl _ _.n p
Bg_—‘[-_()?—-}_ Z Aa(0" =f"+19 (pozg,
a=1
of, =0, i,=0, i,=I,+1, (60.6)

where f"*! is the second-order approximation in time of the right-hand side f and
operator B has the form:

B= I_p[ (E+014,)

a=1
14
=E+0tA+(01) Y, A A+ + (007 [] 4, (60.7)
1ga<f<p a=1
with 0<6<1 arbitrary. In particular, for p=2 we have
B=E+60tA+6*124,4,. (60.8)
In view of (60.7), equation (60.6) can be rewritten in an equivalent form
n+1 __ _.n n+l _ _.n
Q - @ +A(9(0"+1 +(1_ 9)(P")+sto_—}“i =j”n+1’ (60.9)
where
p
Q,= > (brf Y, Ay Ay Ay, (60.10)
a=2 l<ay <az<-+<ap<p

Thus, if the inequality

n+l _ _.n
Q,,((p <p)
T

holds, then scheme (60.6) approximates the initial problem (60.5) with the same
order of accuracy as the scheme

<Mt*, M constant (60.11)

[

q)n+1_¢n n+1 ny__fn+1

— +A(B" ! + (1 —O)gp™)=f"*1. (60.12)
As is known (DyakonNov [1971d]), scheme (60.11) has a second-order approxima-
tion in ¢ for # =7 and a first-order approximation otherwise. For 6 #% the following
inequality is sufficient

n+1 n
—Q

0, —%

T

<M.
(r]

Scheme (60.6) is absolutely stable for 6 =4 and for the solution the following estimate
(Dvakonov [1971d]) is valid:

n
le" llo<le®lo+7 X 1B f7" s
j=o

n
<lglo+t 3 17+ lp.

i=0
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Taking into account the value of ¢ in the boundary points and the form of operator
B, the scheme can be rewritten in the form

P
TT(E+104,)0"* ! =", (60.13)
a=1

where the right-hand side @" is known. The realization of (60.13) consists in

consecutively solving the problems
(E+164,)p" " 1P =",
(E+10A2)q0n+2/p =(0n+l/p9

: (60.14)

(E+16Ap)(0"+1 :¢n+(p—1)/p

by the sweep method.
The DoucLas—RACHFORD scheme [1956] is a special case of this scheme for =1

and f=0.

61. Schemes for equations with mixed derivatives

We consider the first boundary value problem for a parabolic equation with mixed
derivatives in the parallelepiped

Q={0<x,<ly,...,0€x,<,,...,0<x, <, }

in the following form (Samarskn [1971], p. 372; YANENKO [1967], p. 34):

Op P

qa_t‘ + Z kaﬂ(t)AaﬂqD =f(x9 L (p)s
a,f=1

A,g0 = —0%@/0x,0x,,

P P P
O<e, Y < Y ki<, Y, &, (61.1)
a,B= =1

a=1 1
o=g fort=0,
=0 1indQ2xQ,.

As in Section 60 we introduce a uniform grid for variables x, with the step

h,=1/I,+1) xt=ih,i,=0,1,...,1 +1. We approximate the differential

[ 4

operators A,,; with second-order accuracy by their finite difference analogues A,;.
The operator A,, is written in the traditional form (see (60.4))

A= —AA_ /7, 1<i,<I, (61.2)

and, according to YANENKO [1967], A,, for a7 f can be written in the form

Aap(Ph = [(0:{,+ t,ip+1 “‘(Q’?ﬁ 1,ig—1 +(P:",~1,ip+1)+¢?¢—1,i3—1]- (61.3)

-4

1
4 h,
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To solve (61.1) we take the analogous scheme (60.6) with a factorized difference
operator B=1I1{_, B,:

(,0"+1—(0" p
B——r_— + . /32;1 Kap(tn v 1/2)A0p@” =/,
¢° =g, (61.4)

o7, =0 fori,=0 and i,=I,+1, a=1,2,...,p.

We choose operators B, in the form (Samarsku {1971])
B,=E+10c,A,. (61.5)

In ®=H, these operators are self-adjoint, positive (for §>0) and commutative
(because the domain is a parallelepiped). The factorized scheme (61.4) has at least
first-order accuracy in t and is stable for 6>3. With B,, a=1, 2,...,p, being
three-point difference operators with constant coefficients, the algorithm for
computing ¢"*?! for a given ¢" coincides with that of Section 60.

For the special case f=0, k,;=const, p=2, YANENKO [1967] considered the
scheme based on the splitting method

@ n / n
t+ky A0 Ty kiyA;,0" =0,
T (61.6)

n+1/2

@

n+1/2

(2 n n
+kyy Ay 0 iz +kyy 45,0 *1=0.

This scheme has a first-order approximation in time and is absolutely stable.
For p =13 the following scheme has been introduced by YANENKO [1959b, 1961]
generalizing (61.6):

(0n+1/6_¢n
T +%k11A11(P”1/6+k1zA1z§0""':0,

(0"+2/6—(0n+ 1/6

T +kyy Ay @O 4 3ky, Ay 0" 0 =0,
Q"6 g6

T +3ky34530" 0 +ki3A 50" =0,

(61.7)

QS pn+ 36

1 +hsy A3 9" +3k334550" T4 =0,
(pn+5/6__q)n+4/6

T +3kpp A2,0" 0 ko3 Ap30" 4O =0,
Q"1 — ot 56

" k3 A3,0" Y0 +3ky3A530" =0

Scheme (61.7) approximates the original problem with first-order accuracy in 7 and
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is stable if the matrix with elements 3k, on the main diagonal and k,, on the other
diagonals is positive-definite.

Schemes (61.6) and (61.7) are realized on each splitting step by the scalar sweep
method.

62. Alternating direction schemes

In the framework of problem (61.1) we demonstrate the alternating direction type
scheme proposed by Samarsku [1964a] for the case when k,; =kg,. For p=3 we
have

n+1/6 _ n

@ n n
+%k11A11(P /e =f(x9tn+1/69(p ),

¢

n+2/6 _ n+1/6

¢ 4

T +%kzzAzz‘P"+2/6 +ky Ay, (P"+ 1/ =f(x, Ly +2/6 €0"+ 1/6)a

n+3/6 _ _.n+2/6

4 4

T +%k33A33€0”+3/6+k31A31(0”+2/6+k32A32(P"+2/6

=f(xa tn +3/6> (Pn+2/6 )9 (62'1)

n+4/6 _ n+3/6

¢ @

. +%k33/l33¢’"+3/6 =f (X, 1y + 4/65 Q" *30%),

n+5/6 __  n+a/6

1 Y
+3ky2 A5, 0" O 4 k3 Ay30" 0 = (x, Lyt 560 Q" ),

T

r+1 _ _.n+5/6

¢ ¢

T +%k11A11(0n+1/6+k12/112§0"+5/6+k13A13¢”+4/6

=f(x9 Lyv1s (on+5/6)'

On smooth solutions this scheme has a second-order approximation in Xx,,
a first-order in 7 and it converges for any 7—0. However, there exists a restriction on
|h| = (22 h2)"/2: |h| < hy, following from the restriction of matrix (k,;) being
positive-definite. Constant h, depends on constants y and y, defined by the
relationship

p 14
Y kylulpzy Y E (62.2)
a=1

z,8=1
in the case of a differential problem, and by the relationship

p

Y kegAeplalp =7, ; £z (62.3)

a,f=1

in the case of its difference analogue. Scheme (62.1) is realized by the sweep method
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on the first three steps and by computations with explicit formulae on the final three
stages.
For the case when

kap # ks a# B, (62.4)
ky=0, p>a,

SaMArskll [1964a] proposed the following difference scheme:

n+1/3  _.n

@ n "
+ky 4,0 173 :f(xatnﬂ/sa(o ),

@
T

n+2/3 _ n+1/3

¢ ¢

. +kyy Ay 0" 2P 4 ky Ay 0" P =f(X, 1,4 55,07 13),  (62.5)

n+l__ . n+2/3

@ ¢

T "*'k33/133€0"+1 ‘*"‘31/131(("'4-1/3’*'1‘32*’132(1’"”/3

-‘—"f(x, lyt1s (0"+2/3)'

This scheme converges for t— 0, its realization is analogous to that in Section 61.

63. Schemes of increased order of accuracy

All the above difference schemes for solving parabolic equations did not have more
than second-order accuracy in space variables and time. The splitting fractional
steps method can be used for obtaining simple schemes of increased order of accuracy.
Assume here that the grid is uniform and has the same step / in all variables x,.

The schemes of increased accuracy for the simplest parabolic equations,
constructed by factorizing the operator on the upper time layer are considered in
works by DoucLas and GunN [1963], Samarskn [1963b], SaMarskn and GULIN
[1973], YaneEnkO [1967], Samarskn and ANDREEV [1963]. These schemes are
constructed on the basis of an m-layer homogeneous scheme of increased accuracy
(m=2 chosen) in the form:

n+l _ _.n

Tt Le"t =, (63.1)
where (" is the result of applying difference spatial operators to the functions ¢",
"

We consider the method proposed by DouGLas and GUNN {1963] and assume
that the following two-dimensional heat conduction equation has to be solved

dp/ot+Ap=f (63.2)
where

A=A1 +A2, Aa=“—az/ax§, (XII, 2-
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To solve (63.2) we use a scheme of the stabilizing correction type

a+1/2 _ .n

¢ 4 +L1(¢n+1/2_¢n)+L¢n=fn,
T (63.3)

@ (0"+1/2

n+1

+L,(0"" " —o")=0.

We choose the following difference operators L and L, as approximating operators:
L=3A—-1(h/1)*E,
L, =;A1 —&(h/7)*E, Lzz%/lz,
where A, A, and A, are approximations of the differential operators — A, —8%/0x2,
—0?/0x3. Then, under the condition t/h = const, scheme (63.3) has accuracy of order

O(t? + h?) and is absolutely stable.
If we choose for operators L, L, and L, the following,

L=3(1-§h*/7)4,

L,=3%1-%h*/0)A,, a=1,2,
then scheme (63.3) will be absolutely stable and have the accuracy of order
O(z2 4+ h?) if the condition t/h? = const holds.

Another method of constructing a factorized operator is proposed by SAMARSKII
[1963b]. It is based on replacing (63.1) with the scheme,

n+l _ _.n

1
() - @ + Lo™*? +;@(q)n+1_q)n)=fn, (63.4)

where the operator @ is chosen in such a way that the operator of the scheme (63.4) is
factorized. If we split L according to the expansion,

L=L,+L,+--+L,
then

E+tL+Q=(E+tL,)-(E+1L,). (63.5)
Hence, Q can be represented as

Q=(E+1tL,)--(E4+1tL,)—(E+1L)

=12y L,Ly+1t* Y L,LsL,+-+1°L,L,--L, (63.6)

x<p a<f<y
In the work by Samarskn [1963b] the following absolutely stable two-layer
scheme of increased order of accuracy,

(pn+1 —'(0"
+ 04" 1 +(1-0)AQ" +Eh? Y, A, Az0" =0,

T a<p

(63.7)
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approximating the equation
P
dp/ot+Ap=0, A=~ ) 0’¢/ox; (63.8)
a=1

with accuracy of order O(t? + h*) is taken instead of the initial scheme (63.1).
In this case the factorized scheme has the form:

(E+60tA,)(E+61A,)-(E+014,)0" !t =Qq" +£" (63.9)

where

Q:E-—r[ghz Y A4, +(1 —G)A]

a<f

~(01 ¥ A, 4,400 Y A A4,

a<p a<fi<y
o (= 1P NG A Ay A, (63.10)
A scheme of increased order of accuracy is likewise constructed for the equation
) 2 o?
¢ _ ¥ kaﬁ_ff_ =0,
ot y=; 0x,0xg (63.11)
kg =const, ki, =k,,=1.
The initial homogeneous scheme has the form
¢ =" AntAan g .- "
S Ty @ 0" ) = 2k 450
h2' n+1__2 "y n—1 hz
+73 e T"; LA ThA11 422070, (63.12)

where 4,,,4,, and A,, are given by formulae (61.2) and (61.3) and the parameter
b is defined by

b=1+2k2, — 3|k ,|.

The factorized scheme has the form

n+l __ .on n__  an—1
LiLy T = (1205 — —0A(¢" + ")
— 40k, A, 0" +2(1 —O)ybA, A, ", (63.13)
where
Li=E+6t4;, 0= :
a SR EE

All schemes from this section are realized on the basis of the scalar sweep method
in all directions which is fairly simple.
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64. Finite element method schemes and splitting schemes for
two-dimensional parabolic equations

We consider the diffusion equation

0

bo_ 5 =1y, %) (64.1)
ot et 1f)x “"aﬁ 1>72 '

in the two-dimensional domain  with boundary 6Q and choose homogeneous
boundary and initial conditions:

=0 for 09, (64.2)
p=0 for t=0.
We assume that coefficients k,z(x,,x,) satisfy the uniform ellipticity condition in
Q and that f(x,, x,, t) is a sufficiently smooth function. We introduce a rectangular

uniform grid with steps h, and h, in the domain Q and triangulate each grid cell by
diagonals of positive or negative direction depending on the sign of the integral

Xim+hy X2,mth2

5mn=% j J (kyz +kyp)dx, dx,.

X1.m X2.n

We denote by the domain €” the largest conjunction of triangles belonging to Q and
we denote subdomains of Q* with positive and negative triangulations of cells by
Q% and Q% respectively.

We introduce a piecewise linear prolongation of the grid functions on the
triangulated domain Q* with the help of coordinate functions, W, ,(x1,X2):

(x - 1 for (m,n)=(k,1),
Omn X1 X230 for (m,n)#(k, 1),
qo”:Z(pm!n(t)wm’n(xl,xz), (xl.msxz,n)egh\agh'

The semidiscrete Galerkin equation for ¢,, ,(¢) in using the “lumping” method for an
evolutionary term can be written in the form:

(64.3)

a m,n
(1, 0y, ) + 10" D) =, O )

(0", 0, ,)=0 for t=0,

80" (64.4)
Q" 4

llo", )= Z k"“@ ax

2, f=1

(¢, w)= fco’“w d<.

2
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In operator form equation (64.4) is given by
00p/ot + Ap =F. (64.5)

Here 6>0 and A>0 are grid operators, ¢ ={¢,, ()} and f={(f, ®,,,)} are grid
functions.

It is shown by MarcHuk and Kuzin [1983] that the grid operator A can be
represented as the sum of one-dimensional three-point operators

A=A11 +Azz +A12 +/121,

where operator A, acts on the grid lines which are parailel to the axis x,, operator
A,, on the lines parallel to the axis x,, operator A,, on diagonals of positive
direction in the subdomain €% and A,, on negative diagonals in the subdomain 5.
It is proved that the operators are positive-semidefinite (4, > 0,a,8 = 1,2) if the
following conditions hold:

h h
k11>d2-h1_2|k12+k21|9 kZZZ_i—hz_llkIZ_}-klll'
Basing on this we can use one of the splitting methods, in particular the two-cycle
method of type (59.12) with Crank—Nicolson schemes on each elementary step for
solving (64.5) (Marcauk [1980]).

Similar results are obtained for the generalized von Neumann boundary
conditions.

The application of piecewise linear prolongation to equation (64.1) under the
condition that k,, +k,, =0 on a nonuniform triangulated grid which is topo-
logically equivalent to a rectangular one also leads to the grid operator splitting in
four one-dimensional operators. In this case the conditions of positive-semidefinite-
ness of the one-dimensional operators are reduced to some geometrical conditions
on the grid parameters.

This method has been used in the ocean dynamics models for computing the
stream function (Kuzin [1980]) and for solving the three-dimensional equation of
heat flux in the ocean, which is reduced by special splitting along the sections to
a series of equations of type (64.1) (Kuzin {1984]).






CHAPTER XVI

Equations of Hyperbolic Type

At present there exists a number of effective algorithms for solving problems that are
connected with equations of a hyperbolic type. This chapter features methods based
on special splitting algorithms for solving such problems.

65. The stabilization scheme for the multidimensional equation of oscillations

We consider an N-dimensional equation of oscillations

*p/ot*+Ap=f in QxQ, (65.1)
@=0 on 0Q, (65.2)
Op/0t=q and p=p in Q for t=0, (65.3)

where Q is an N-dimensional parallelepiped and A= —Z?; , 0%/0x7. We approx-
imate (65.1)—(65.2) in space by a finite difference problem on a uniform grid Q* with
step h; along the axis x;:

d?p*/dt*+ Ap"=f* in Q"xQ, (65.4)
¢"=p" and do”/dt=¢4" in Q" for t=0. (65.5)
Here
N
j=1
( —§0i1+1,'+2§0il,- 1
h% ’ ll'“ ]
—Q; ... F20; —0; _,.
A1(0h=< ¢11+1, + h(l;u, (pll 1, , 2\<_11€M1—1,
20, .~ 4. .
\ - h3 e =M,

i, and M, are the index and the number of points along the axis x,.4,,45,..., Ay
are defined in the same way. Note, that all operators A;>0.

377
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For the approximate solution of problem (65.4)—(65.5) in time we use the
following scheme (from now on the index h is omitted)

n+l__2 n+ n—1

BY T"; O A=, (65.6)
N

B=[] (E+1i24,). (65.7)
j=1

Equation (65.6) approximates (65.4) with order O(z2). Equation (65.6) can be written
in the form

n—1

+B 1 Ag"=B ' f" (65.8)

qo”+1—2(0"+q0
Tz

A Fourier spectrum analysis of the components of the solution vector (65.8) leads to
the following necessary stability condition of scheme (65.6)—(65.7)

1:S.2 B(B—IA),

where B(B~'A) is the upper bound of the operator B~'A spectrum. Thus, the
problem of choosing the parameter 7 satisfying the stability condition is reduced to
computing the maximal eigenvalue of the problem

Au= ABu,

in the assumption that all eigenvalues of B~ ' A are positive. This problem is solved,
for example, with the help of the Lusternik iterative process (see MARCHUK [ 1964a]).
The realization of difference scheme (65.6) can be written as:

(E+3124,)¢"" N = — A"+ f",
(E+%T2Az)f"+2"~=f"+”~,

. (65.9)
(E 4312 4,)80 "1 = gr PN -1,

(p”+1:2(0n"*§0"_1 +‘L'2§”+1.

This problem is solved consecutively for n=2, 3, ... using the initial data (65.3)

66. Approximate factorization schemes for equations of oscillations

We consider the following problem for the two-dimensional homogeneous equation
of oscillations

% o2 0%
Py —az(ax2 + 57 =0, —o0<x,y<om, (66.1)

@=p and 0p/d0t=q for t=0, a*=const. (66.2)
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We use a scheme of second-order accuracy for an approximate solution of the
problem

(0n+1'"2(0"+(,0"—1 ¢n+l+(pn—l

A =0
72 + 2 ’
A=A, +4,, (66.3)
sy =20 . L L, =20, . -
A, o= —a? Pirr. Z);”-}-q)l_l”, Azgo=——a2(0w+l (;:2!,1_}'(0!.1—1_
1 2
We rewrite (66.3) in the form
n+1 n—1
E+3n) 2T (66.4)

2

and approximately factorize the operator on the left-hand side of (66.4):
E+3t?A~(E+31 A NE+41%4,).

Finally, we replace scheme (66.3) by the following factorized one:

n+1 n—1
(E+%12A1)(E+%12A2)¢————;—L=go". (66.5)

Scheme (66.5) is stable and has second-order accuracy. Scheme (66.5) is realized as
follows

(E+3t2A)e" 2 =0",

n+1 n—1
¢+ n+1/2

(E+41%4,) 5 =@ , n=12,..., (66.6)

0°=p",  o'=p'+1q"
Now we consider the scheme of approximate factorization of the operator on the
upper level for solving the multidimensional equation of oscillations (65.1) where

N az¢
A== L pz IO

a=1

Q={x: —0<x<®}, X=(X1,X5...,Xy)
(KonovaLov [1962]). To solve it we use an implicit difference scheme,

((pn+1_2q)n+(on—l)—0
T2+A(0n+l s

and rewrite it in the form

N
(E+r2 Y A,-) Q" l=2¢"— " L. (66.7)

i=1
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Using the relationship

N N
(E+1:2 Z Ai)q0n+1: H (E+T2Al-)(p"+1+0(’tz),

=1 i=1
we can replace scheme (66.7) by the following factorized one

N
(E+12A4)0" 1 =2¢"— " L. (66.8)
1

i=

The realization of scheme (66.8) has the form:

qDrﬁ-l/N_z(pn_}_qon—l

1.2

+A1(0"+ 1/N=0,

n+i/N_ . n+{i—1)/N

4

1,2

e°=p", o'=p"+1q"
A scheme similar to the DouGLAs—RacHFORD [ 1956] scheme suggested for solving

a multidimensional heat conduction equation can be used for solving a multi-
dimensional equation of oscillations. It has the form

@

+ A"t IN=0, i=2,...,N, (66.9)

n+1/N___2 n+ n—1 N
@ Tgo @ +A1(0n+l/N+ Z Ai(P""':O,
i=2

n+ifN _ n+{(i—1)/N

¢
12

@

+Ai(§0"+i/N "‘(P")'—:O,
(66.10)
i=2...,N, n=12,...,

e°=p", @'=p"+1q"
Schemes (66.9) and (66.10) approximate the differential problem (65.1)—(65.3) for the
N-dimensional heat conduction equation. The approximations are consistent for

t/h;=const, i=1,..., N. A Fourier analysis shows that schemes (66.9) and (66.10)

are unconditionally stable independent of the value 1/h;= const.
Note also that, in the case N =2, scheme (66.10) can be used for a more general

equation as well (KonovaLov {1962])

¢ d%p d%¢ %o
- 2q.. 9P -9
or? a”@x§+ 12 Eixlf)xz_i-a22 ox3

It has the form
n+1/2 n—1 n
@ +(,0 —Z(P n n n
72 +ay Ay 9" 2 42a,,A,,0"+ay,4,5,0"=0.
(66.11)

n__ n+1/2
S[‘)+“‘*'azz/122((‘0"1L1 —o")=0.
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67. Local one-dimensional schemes for the multidimensional hyperbolic equations

Consider the following problem for an N-dimensional hyperbolic equation with
variable coefficients

32 N .
°o. Y Ap=f(x,t) in Qg

ot 5
(67.1)
0
A;p= > (k;(X, t) g;ﬁ!), @=u(x,t) on dQ,
p=pand dp/ot=q inQ  fort=0. (67.2)

Here
ki(x,8)26>0, x=(x;,Xx;5,..., %y}
Q is an arbitrary N-dimensional domain with the boundary 0%,

Q=0+08Q, Qr=Qx0<t<T],
Qr=0x[0<t<T].

It is assumed that this problem has a unique solution ¢ = ¢(x, t) which is continuous
in £ and has all required derivatives (i, is sufficiently smooth).

Two assumptions are used with respect to the domain Q:

(1) A section of domain £ by any straight line parallel to the axis Ox; may consist
only of a finite number of intervals.

(2) It is possible to construct in the domain Q a bounded grid Q" with steps h,,
i=1,2,...,N.

In order to locally construct a one-dimensional scheme for solving (67.1)—(67.3)
we do as follows (SaMaRrsk1i [ 1964b]). We approximate with step /N the operators

1 8%¢p
Dp=———(A; ), i=1,2,...,N

successively, where f; satisfies the condition

3 ies

In order to approximate the derivative 82¢/0t? with step t/N we use for N=2 the
expression,

i—2 . +¢i 1/02p\7 6102 .
Qi = L4 Q:z 1 NZ(—a"g , 1=1,2, (67.3a)
where
(pi:(Pn+i/2’ (pi:(pn—1+i/2,

(Po’:(p:(p'hla (pz.,-—:(p",
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and for N=3,
Oi— Qi1 — Qi+ P; 20%
I, ~ » =1,2,3, .
Pz, 2 g or ! 2 (67.3b)
where

(p_l__,__(bzz(prx—1+2/3, (P—zz(blz(p"-_zﬂ'

To approximate A4;p+f; on the grid 2" we use the one-dimensional difference
operator of second-order accuracy,

A"+t

The coefficients of the operator 4, and f? are fixed at the moment
=05 Cprgnt1+in)=tariyn—12=t,+ (/N -,

so that
A;= A1), @i = @i{x, t}).

Local one-dimensional schemes for hyperbolic equations have the form (from
now on h is omitted)

@iy, —OxAd@i+ Pi)+ 20505,
i=1,...,N, N=2 3,

(67.4)

where

B 1 for N=2,
on= 1 for N=3.

If N=2 we obtain a three-level additive scheme and if N =3 a four-layer one. Here
lies the difference from the parabolic equations, where the form of local one-
dimensional schemes does not depend on the number of dimensions N. Equation
(67.4) can be written in the form

2Ap;_,+06,7%0),) for N=2,

67.5
Qi1+ @;_,+20,t3fF for N=3. (67.5)

(E+ oyt A)(0;+ @)= {

Finding ¢, is reduced to solving a three-point equation

(E+oyt®A)e,=F, (67.6)

I

along circles parallel to the axis Ox; by the sweep method using a boundary
condition

Pi=ux,t,,;y) for x € 002, (67.7)

If the operator A;¢ has junior terms then in using the sweep method the
requirement that the step sizes are sufficiently small on the grid Q" steps arises. To
get rid of these restrictions on the grid Q" junior terms should be taken on
intermediate layers. The first of the initial conditions, ¢(x, 0)= p(x), is approximated
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exactly

@"(x,0)=p(x). (67.8)
To compute the intermediate values

o2 =gp(x,41) for N=2
and
2

e'P=op(x,41), ¢*=0¢(x,3r) forN=3

we use the following equations: for N =2,

(E+%TZA1)(P1/2=F1=

. L a 5 . (67.9)
Fi=p+31q—3t°A,p+7 (f1/2—'8‘(_/1§0+f)):=0;
for N=3,
(E+21IT2A1)(P1/3=F1»
(E+4124,) (0P +p)=20'7+F,,
2 2 (67.10)

Fi=p+3tq—1*A,p+q*&f1 —4— 490+ ), =0
Fy=1*Gf,—§(—A¢+ /)0

The local one-dimensional schemes (67.4) with the corresponding approximations
of the boundary and initial conditions converge with rate O(t+|h}?) if certain
smoothness conditions for ¢(x,t) and f(x,t) hold (SaMarskn [1964b]).

68. The splitting scheme for multidimensional hyperbolic systems of equations

The splitting method for multidimensional hyperbolic systems was first suggested
by BaGriNovsky and Gopunov [1957]. These authors considered only the explicit
approximation for which the splitting scheme has few advantages as compared to
conventional explicit schemes.

ANucHINA and YANENKO [1959] suggested an implicit splitting scheme for a
multidimensional hyperbolic system. We demonstrate the idea of this scheme for the
case of a two-dimensional system of acoustics equations.

We consider the following system of equations

Ou, ,0v Cu, ,00
TR STl B bl W
(68.1)
gli.._ _a_zil_+% =0
o \dx, ox,)

In order to solve (68.1) we use a weighted splitting scheme along the coordinates
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x, and x,. On the first stage of splitting we have:

n+1/2

'
ul uj A_,

__%_GZ___ avn+1;‘2 " =)
: a2 o),
n+1/2 n
Uy —Uu
2=0, (68.2)
1
U"+1/2"—U" Al
—— (a2 4 put
T hl( 1 ﬂ 1)7

and on the second stage we have

u'{“—u'{”lz
=0,
T
urzz—{—l_un—{—l/l 3
—a? 2{avn+1 +an+ 1/2)20.
T h,
(68.3)
pht1_nt1/2 ,
2y + ut ) =0,
T h,
a+fi=1,
where
Pr,it . — P, Pl — P14, 11
A;QD:: ? A—l(pz
h; h;

Scheme (68.2)—(68.3) is absolutely stable for « >34 and approximates the original
system (68.1) with first-order accuracy in 1. For a=f8=% the approximation
accuracy is O(t2 +h?) (YANENKO [1967], p. 63).

Scheme (68.2)-(68.3) is realized in each stage of splitting by simple three-point
sweeps.

The approximate factorization method (66.5), used for solving the two-dimen-
sional wave equation, is generalized for the case of N-dimensional hyperbolic

systems of second order (Dvakonov [1971d]).
We assume that it is necessary to solve the following problem

drp/ot*+ Ap=f in QxQ, (68.4)
and

¢=p and 0p/0t=q in Q for t=0,
=0 on 0Q.

(68.5)
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Here

O=(0,(x), 9,(x), ..., ox(x)),
Ao=A,0+A,0,

4 d oo d 0
‘4lq)EE_- E: ax (:r'la )‘+ 2: br___¢'+(:¢%

rl=1

0p, Op Op
A, p=ay(x, Do), Dfpf(rpl,wz,---,fpm—axl,—-axl,---,——ax’v ’
1 2 d

a, ;, b, and C are (N x N) square matrices depending on x, f, p and g; ay(x, 0)=0.
Let A%, A5 and A" = A} + A% be the difference analogues of operators 4,, 4, and
A at time ¢, =nt on a rectangular grid. To solve (68.4)-(68.5) we use the following

difference scheme (Dyakonov [1965a, 1967b, 1971d])

d n+l n—1 n n—1
—~Q; 29 —0i™ )
Il - —1294) Pt lpi ¢

T

d
+ A", +20 Y, A (p"—" )= ST

r=1

for x;e Q" (68.6)

:I’
t=0

where 0%¢/0t? for t=0 is defined by (68.4)-(68.5). Scheme (68.6) approximates
(68.4)~(68.5) with the error O(r?) in time. If the conditions

%
@!=p;, <p3:p}=p;+rq;+%rz|:§y

p?=0 for x; 00",

A= (AP,

(AP — A9~ DY, )| <70, g [0l
HoR, <3AP SRy, po=6,,>0,
(AP W), V)| <o, llullz, + 050l %,

6=4(uo+uy), T<1,<(d403)7",

Ru;=(—1)7* Y A A, A uw, 6;=const>0,
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hold, then for the solution of (68.6) the following a priori estimate is valid:

2
+lo®Iz, etz etz +ilfT1&

0
z < const
ol & { 5

k4 ‘a
DD NS VT S

2
R n=1 g=2

a n
af1

k-1
+7 Z
n=2
Applied to multidimensional hyperbolic systems the splitting method allows to
obtain majorant approximations. Let
0p & O¢
—+ ) A.—+Bp=0 68.7
Y l_; o B9 (68.7)
be a linear hyperbolic system which i1s symmetric according to Friedrichs. Here
@={@,,... oy} is a vector function and A; and B are symmetric (N x N) matrices.
YANENKO [1964a] showed the possibility of constructing the majorant schemes by
the splitting method. Let us show a possible way of constructing majorant
approximations for equations of type (68.7) (see YANENKO [1967]). If the A, are
positive matrices, then, using the approximation

n+l __ .n N E-T._.
TP 4y 4 { 0"+ Bo" =0, (68.8)
T i=1 h;
we obtain the scheme
N
" 1=Cyo"+ Z C_.T_;o" (68.9)

i=1

where

N
Co=E— ), (t/h)4,—~1B,

i=1

C_,=(t/h))A,, C_,=(t/h))A,, ..., C_y=(t/hy)Ay,
T*if(xl,..-,xN)::f(xl,...,xi—"“hi,...,xN).

If t/h; is sufficiently small, then matrix C, is positive, the matrices C _; are identically
positive.

If the A, are negative matrices, then E— T _; should be replaced by T;— E in (68.8).
If the A; are the matrices with an arbitrary sign then the following representation is
possible

A1'=A11+Alza

where the A} are nonnegative and the A7 are nonpositive. In this case the scheme has
the form:

N
P" 1=Coo"+ Z C..T_;o"+ Z C: T:p"

N
i=1 i=1
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where
N N
Co=E- Z (t/h;) Al + Z (t/h;)A} — 1B,
i=1 i=1

C_iz(‘f/hi)Ail, Cl-—':““‘(‘f/hi)A,‘z, i=1,...,N.

Matrices C_;and C;are always positive and matrix C, is positive if t/h; is sufficiently
small.

The splitting method allows to construct €asily realizable positive schemes. We
consider an explicit majorant splitting scheme

n+s/N n+{(s—1)/N

Q — @ 1 E-T_, 2 T,—E B n+{s—1)/N

As +As += =0a
T +[ h h, N |°

s=1,...,N.

Scheme (68.10) is reduced to
(pn +s/N _ C (pn +(s— 1)/N’

where
C,=Co+C_T_+C,T,
Cos=E—(t/h)) A} +(c/h,) A2—<BIN,
C_,=(t/h)Al,  C,=—(c/h)AZ,
s=1,...,N.

Operators C_, and C, are always positive and operators C are positive if t/h, is
small.
Hence, the scheme

(P"H:Cmcm—l ~C,0"

is positive.

Majorant schemes with low accuracy are, as a rule, maximally stable. They often
lead to convergence in the space C' and are easily realizable.

The splitting method for multidimensional hyperbolic systems has first been
suggested by BAGrinovskl and Gobunov [1957].

The general concepts of splitting schemes (their approximation and convergence)
and their use for solving hyperbolic equations are given by MarcHUk [1970,
19807, Dyakonov [1963b], Samarskil [1946b], LEes [1960c], KonovaLov [1962],
YANENKO [1967], ANUCHINA and YANENKO [1959] and WaNG [1984].

Numerical splitting algorithms developed for applied problems (nonlinear
problems included) described by hyperbolic equations are considered by
BeLoTserkOVsKY [1984], Scott and RoGER [1983] and LavaL [1983].






Cuarrer XVII

Integro-Differential
Transport Equations

69. Statement of the problem and the scheme of incomplete splitting

Let £ be a convex limited domain in R* with piecewise smooth boundary 02 and
variable point x=(x,, x,, x,). Let w be a sphere of unit radius in R* with the center at
the origin, s=(s,,s,,5;) is the unit vector (£j.,s?=1), taking values on w.
S;,i=1,2,3, can be represented by

s, =sinf-cosy, §, = sin 8-siny, S5 = €08 0,
0<f8<w, O0<yYy<2n

We denote the integral over w by

2r

So= f(p dszjsin@dﬂjrpdnjl
7 0

0

and the time variable by te 2, =(0,T), T< 0.
The integro-differential transport equation for particles in a medium with
isotropic scattering has the form:

1 0¢
v. Ot

c

+, V)(p+aqoz4g1itS(p +1(5,%: 1), (69.1)
where v, =const>0 is the velocity of particles,
(s, Vo= 23: 5;000/0x;,
i=1
f(s, x,)=1(6, , x, t) is the function of sources, 6 = a(x), 6, = 6 (x) and the restrictions
O<o,<0(x)<0, <0, 0<o(x)<o,,, (69.2)
0< 6.0 <0.(x)=0(x)—0(x),

for constant ¢,,6,,6,0,, are assumed to hold.

389



390 G.1. Marchuk CHAPTER XVII

For (69.1) we will take boundary and initial conditions of the type

(s, x, )=0
for (s, n)<0, xe€0Q, teQ, seow, (69.3)
o(s, x, 0)=g(s, x) for xe, sew, (69.4)

where n=(n,, n,, n,) is the unit vector of the external normal to 88, (s, n)= X;- | s;n;,
and g(s, x) is the function of the particles’ initial distribution.

If the spatial domain in which the process of particles’ transport is considered is
the slab where x, =2e @=(0, H), H < o0, — o0 <x,, X, < o0 and the properties of the
medium and those of f and g do not depend on x,, x, and , then problems (69.1),
(69.3)(69.4) take the form

1 0p Op
— = Lzt
o ot +uaz +a(2)p(p, z, t)

1

=%0,(2) f o, z, )dp +f,
-1
o(u, 0, )=0 for u>0,
o, H, )=0 for u<0, (69.5)
oy, z, 0)=g(y, 2),

where u=cosfe[—1, 1].

We will consider the splitting schemes on examples of the above-stated problems.
Note that the schemes are simple to write for problems with anisotropic scattering
(when S¢= {,6(s,5)9(s, x,1) ds’) and also for the more complex problems of the
transport theory (in particular, in curvilinear geometries).

For the approximation of the problems, let us introduce grids on all variables,
denote the grid step in t by At and define difference approximations for the operators
in (69.1): §,, A, =0, —(1/4m)6,S, and A, =(s, V), are difference approximations of
the operators S, ¢ —(6,/4m)S and (s, V) respectively. Here o,, o, , are diagonal
matrices of corresponding dimension. We assume that the approximating operators
S., A, and A, are constructed so that the relationships

(A1 Ph P4) Z 9@y, @y),  7=const>0, (69.6)
(A2 04, 0,) 20, Spe=e

hold, where e=(1, 1,.. ., 1) and the operators act in the Hilbert space @ = H, with the
inner product (-,-). Now we formulate the scheme of incomplete splitting for the
solution of these problems (MArRcHUK and YANENKO [1964]):

n+1/2 _ _.n

¢ + A, (0" V2 + By =11, (69.7)

4
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n+1l nt+1/2

® ";QO +A,_(<x(p"“ +ﬂ(pn+1/2):0’ (69.7b)

where a >0, =20, a+f=1, 1=0v At
For o= =1 it has the form

n+1/2 n n+1/2 n
[ —@ (o +o")
““""—""'—'*'A;——T-—:fh,
T (69.8)
n+1 _ _n+1/2 h+1+ n+1/2
4 4 +A2(<p 2<p )_o.
T

Scheme (69.8) is absolutely stable, but since the operators A, and A, do not
commute it has only a first-order approximation in 7.

Let us describe the realization of scheme (69.7) which is valid for the scheme (69.8)
as well. Assuming vector ¢” to be known, let us apply operator S, to (69.7a). As

aresult we obtain the following equation for functions @3 /2 =S, ¢"* /2, ¢ = S, 0™
wg#— 1/2

~ 90 n n n
B + 040t 2 + Bol)=S, f+,

where ¢,, =0, —6,,. From this result we obtain

oo =(E+ato,)” ' [(E—Broy,)eb +5,/4]
(Note that here (E+ato,,) "' and (E— fro ) are diagonal matrices and hence, that
the scheme is easily realizable at this stage.) Then we rewrite (69.7a) in the form:

n+1/2 _ _n

4 4

¢.h
- +06,(ap" 12 +ﬁqo"):fﬂ"(fw'(')+ V2 4 Bob)+f-

Since ¢ 1/2, ¢ and ¢" are already known, we invert the diagonal matrix and find

- Gs n— n n n
"V =(E +atoy) ‘[ﬁ(awo Y2+ Bob) + [ — (E — Broy)e ]

Realization of (69.7b) depends on the approximation chosen for the operator (s, V).
So does realization of the boundary condition (69.3).

Assuming a=f=% in (69.7) and writing the two-cycle scheme of incomplete
splitting in the form

(E+3td,)p" 12 =(E—$14,)p" !,

(E+ed,)o" — o) =(E-rd,)" 12,

(E+314,)p" V2 =(E —1t4,)(9" + /"),

(1‘14"21"“‘11)@"1L ! Z(E—%TA1)€0"+ 1/2,
n=1,2,...,

(69.9)

where f"=f,|,_.., we obtain an absolutely stable scheme with a second-order
approximation in t (on smooth solutions!) on the interval t, _, <t<t,_,. Equations
(69.9) are solved in the same way as in the case of scheme (69.7).
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70. The scheme of compiete splitting

We represent operator A, as a sum A, =X7_, 4, ;, where 4, ; is an approximation
of the one-dimensional operator s5;0/0x;. By splitting operator 4, of (69.7b) we
obtain the scheme of complete splitting (MARcHUK and YANENKO [1964])

+A,(@e" "V + Bo") =S, (70.1a)

n+l/a

@ ¢

nHE+1) 4 n+ijd

% 4 +A2'i(a(pn+(i+1)/4+ﬂ(pn+i/4}=()’ (70.1b)

i=1,2,....

This scheme 1s absolutely stable but it has only first-order accuracy in 1 (since
operators A, and A4, ; do not commute). Equation (70.1a) is realized like in the
scheme of incomplete splitting.

We now consider the solution of equations (70.1b). Let Q be a parallelepiped.
Then these equations are easily solvable if the operators s;0/0x; are approximated by
schemes of the running count. Realization of the boundary conditions is obvious in
this case. In the case of an arbitrary convex domain Q we can do as follows. Let O be
a parallelepiped including Q. We extend the definitions of 6, g and fby zeros in 2\Q
and we consider o(x) in £\ Q, an arbitrary positive constant. Hence, we obtain new
functions &, 6., f and § and can consider the problem

;1:%5:1+(S,V)¢+&¢=:—;s¢+ﬁ

xef, teQ, sew,

#=0 for xedB, (s,A)<0, scwo, (70.2)
¢=g fort=0.

The solution of this problem will coincide with that of the initial problem in €.
Solving (70.2) by means of the splitting schemes considered above we will also obtain
the approximate solution of the initial problem.

71. The scheme of approximate factorization of the operator

The scheme has the form

(E4TtA N E+714,)(0" ! —9")= —2t(A@" —f"), (71.1)
where

S =faliztn, 20 A=A4A,+A,.

It approximates the initial problem (69.1), (69.3}H69.4) or (69.5) with second-order
accuracy in 7 and is absolutely stable. It can be realized through the solution of the
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following equations (like the scheme of incomplete splitting)

(E+1A,)p" 13 =21F,

(E+td,)e" 23 =pn*183, (71.2)
Q"+ ="+ "+ 23
where

F,=—(A¢"—f"), n=0,1,2,....

We consider scheme (71.1) in more detail by applying it to problem (69.5) for
concrete difference approximations of the operators (see SMeELov [1978]). To this
end divide the segment [ — 1, 1] in 2M equal intervals and regard the center of each
one as the grid point along the angular variable. Let us number these grid points as
follows:

Moy <H-pm < <U_ <Yy < <Uy_1 <HUy

Hence y; = —pu_;. On the segment [0, H] we introduce an arbitrary system of grid
points

OIZO <Zl <"'<ZN:H

choosing them in such a way that points of discontinuity in the equations’
coefficients coincide with some of these grid points. We assume that the indices k, j of
any grid function g, will denote the following correspondence to the grid points:

(kaj)_’(zm #,) fOl' ]> 09
(K, )= (24— 1> p5) for j<O.
We define difference approximations A, and A4, as follows:
M
(Al(P)kj=Gk(Pk,j—%Auas,k Z P, m
m=—M (71.3)
. — Q1 ), j>0,
(Az(p)kj= {uj((pkd (pk 1,])/ k J.
B @1, i~ ®r ) s <0,
where
k=1,...,N, j=+1,...,+M,
b=z, =z, —2,_y,
Ap=1/M,
0y, =0(Z4_1)2), Ok =0(25_1)2)s
Zy—1)2 =3z + 2 1),
We assume that in (71.3)
Po,; =Pn+1,;=0
(i.e., the boundary conditions of the problem are satisfied). With such difference
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approximations of the transport equation operators system {7.12) can be written in
component form as follows:

Fy= —(Al(p")kj "(Az(P")kj +fkjs

M
i=An Y Fim

m=-M
orts = 2t Iu® _pnpn (71.4)
+ 1+70, | 21 +06,7) Y
1 lyjl-t
n2/3 j nt23 L ont1/3 )
(Pk.J 1+,#J|T/hx ( hk Pk HIITN] (pk.J )

n+1 n+2/3,

Ok = Ok ;+ Ok
k=1,2,...,N, j==+1,...,+ M,

where

S =G y2  Bplar 1)y Ok =0x— 0y,
o =gk =0
Scheme (71.4) has an approximation of order O(t* +h+Ayu?), h=max, h,, on
smooth solutions and is absolutely stable. It also preserves the major properties of
the operators of the original problem.

72. The method of integral identities and the splitting method

Let us now construct the scheme for a problem in a slab on the basis of the method of
integral identities and the two-cycle splitting method (MarcrUKk [1980], p. 464). We
denote by ¢ * the solution of the problem for x>0, and by ¢~ the solution for u<0.
Then the transport equation can be written as a system of two equations for y>0:

1
1 0p* Op* ,
A +6<p*=%asj(<p++<p")du +f7,
v, Ot 0z (72.1)
0
1
139~ ¢~ _ e
i A [ R LIV
¢ 0

with boundary conditions
0" (0, u,1)=0, o (H, i, t)=0. (72.2)

We sum and subtract the two equations (72.1). As a result we obtain two new
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equations,
1
10u Ou ,
a§+u§+au—asfudu +4g, (72.3a)
[¢]
10u Ou
;.: o +,u§ +ov=r, (72.3b)
where
u=e" " +07), v=HHo " —0"),

z
g=3:(/"+/7) r=3f"=f7)
The boundary conditions (72.2) transform into
u+v=0 forz=0,
u—v=0 forz=H, (72.4)
and the initial conditions are
u=u®, v=0" fort=0. (72.5)

We write (72.3)—(72.5) in operator form. To this end we introduce vector functions w,
w® and F and operator A:

() () ()

o —

1

h)

— du’ —
o asfu Ly
A= 0 72.6
3 (72.6)

oz

We consider them in a Hilbert space L, (D), D= (0, H) x (0, 1) of vector functions with
the inner product

M

1
2
(a, b)= Y Jd,u Jaibi dz,
i=1
U0
where a’ and b’ are components of vector functions a and b. Now we can write the

problem under consideration as follows:

10
__tv._i_szF inDX(O,T),
U, ot

w=w’ inD for t=0, (72.7)
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where function w for any ¢ belongs to the domain of operator A4 (in particular, it
satisfies conditions (72.4)).

We construct a difference approximation of the problem along the variable z. To
this end we introduce two systems of grid points: the main system {z, }x-¢, zo =0,
zy=H and the auxiliary system {z,.,,}#-o. The points of these two systems
alternate, ie. z,_,,, <z, <z, ,,,,- We integrate (72.3a) in z with limits (zy, z,,,),
(Zx—1/2>Zk+12)k=1,...,N —1 and (zy_,,2,2y) and (72.3b} with limits (z; -1, ),
k=1,...,N.Inthe elementary integrals we approximately replace the function u by
its value at the corresponding grid point z, and the function v by its value at z; - 5,
take boundary conditions into account and omit the approximation errors. Then we
obtain the following system of equations:

v, Ot - (72.8)

(p::(uo, 01/2, ul,- oy uN_I, UN_I/Z,uN},

F=(go"1/2:915- - »GN-1-TN-1/2:9N)

(0} ,(0) (0) (0) (0})
?

0} __1,,(0)
(P( }—(uo 2 U172, U1 5o o s UNZ 1, UNZ 1725 Uy

Zk+1/2 Zr+32/2
i i
6, = — odz O, = —— o. dz
T Az, ’ * Az, o
2Kk-112 Zk-1/2
Zi+1 Zyct 12
i 1
6k+1/2=A ¢ dz, gk=—A - gdz,
Zrv1)2 Zy
Zx Zx-1/2

Zi+ 1

{ j
r S rdz
k+1/2 ’
Azyi1p2

Zic
Azg=2y;3 2o,
Azy =2y 1y~ Zx—y3 k=1,...,N—1,
Azy=2zy—Zyn_1)25
Azy_ p=2z,—2z_y, k=1,...,N,
h =max(Azy,Azy, Az, , Azy _y)5),
A=A,+A,,

1

A, =diag(a,-/2 — 05,12 j}’l/z d#,>,

0
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1/Azq #Az, 0 0
A, = — Az, 0 WAz, 0
2 0 “#/Azw—l/z 0 #/AZN—UZ
i 0 0 —uAzy  pfAzy

_ 1 for i even,
Y230 for i odd.

Let H,(0,2N) be the Hilbert space of vector functions a=(ay,a,,,a,,...,
Ay_ 1,0y 1,2, 3y) With inner product and norm

“MZ

(a,b) J Azypaynbipdp,  lall=(a,a)'?, a,beH,(0,2N).
0

In obtaining (72.8), the approximation errors in case of a uniform grid in the first and
the last equations are first-order in h and in other cases O(h?) on smooth solutions.
Basing on this fact we can prove that the estimate (MAarcHUK [1980], p. 472)

max | @7 — ¢ ||(t) < o(h?In"/*(1/h))

holds, where ¢ is the vector of the values of the exact solution of the problem:

Or =Wz, P 1), Uz 12, Py 1)y - - -, VEZN— 172, 1, 1), U(Zy, 14, 1))
Note, also, that operators 4, and A, satisfy the relationships

(A;a,a) 20,

(A;a,a)=ylal?, y=const>0.

This allows us to formulate the algorithm for solving (72.8) using the two-cycle
splitting method:

(E+314,)¢' P =(E—~{1d,)o’ ",
(E+3td,)0’ 1P =(E—414,)p'~ 27,
PIARTC Y g VA, BS 2 (72.9)
(E+%TA1)(PJ‘+2/3 :(E—%TAl)QDH— 1A,
(E+3t4,)¢"" ! =(E—14,)0’ 25,
where F/ is the vector with components

ti+1
1
Fl=———— | F;dt, t;=jAt, 1t=0At.
(tj+1"—tj—1) !

ti-1

It follows from the properties of A, and A, that, if the solution is sufficiently smooth,
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scheme {72.9) approximates {72.8) with order O(At?) and is stabie:

max | ¢/ | <C(] '? | + max i F/||).
J J

It follows from this inequality and approximation that

max || o(t;) — ¢’ | <O(z%).
J

Hence
max || @r(t;)— ¢ | <o(r® +h*|In'2(1/R)}). (72.10)

J

We now consider the solution of system of equations (72.9). Since matrix
(I+3%1A,) is three-diagonal, the first and the last equations of (72.9) are easily
solvable for any fixed . Since matrix operator (I+ 3tA, ) is diagonal, the solution of
the second equation of (72.9) is reduced to the following computations:

1

1 . 10 ; .
1—3to)pi 2P+ —= i 23dy |,
14310, [( 2700 14310, 0"" # (72.11)

=143

4

. 1—4it0, .
~1/3 __ 2'Yi—1/2 j-2/3 .
¢{—1;2~M~1+1T0 eiz13, i=1,...,N.
2012

Analogous formulae can be written for solving the fourth equation of (72.9).

Let us now formulate the difference approximation of equations in . To this end
we divide the interval 0 < < 1 in partial intervals Ay, by grid points so that the best
approximation of integrals in (72.11) on the given class of solutions is ensured:

1

v dp= Y 5, ¥, ¥=¥)
1=
. 1
where s, is the weight of the chosen square formula. Replacing integrals in (72.9) with

this square formula and considering the system when u=y,,I=1,..., m, we come to
the system of linear algebraic equations approximating the original problem

(E+ %TAz,z)(P{— 2 = (E—- 'zla"TAz,z)(P{' L

(E+ %TAI,I)(P{— V3= (E‘”%TALI)(P{—zﬂs

ef 13 =] + 2tF], (72.12)
(E+ %‘TA 1,1)§D{+ = (E"%TA1,1)(P{+ 1/3,

(E+314, )00 =(E—}cd, Yol 2P,

0 0
o = ol?,

where ¢f ~1,..., of* ! are vectors of dimension QN + 1), I=1,...,m, ¢{® = 0P (y,),
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A, ,=A,(w), and operator A4, , acts according to the formula

(Al,lfPIi)i/z zo'i/zf;”{,i/z —0,i2 Z Sk(Pf:,i/z,
k=1
i=0,...,2N.

As was noted above, the first and the last equations of (72.12) are easily solvable, for
example, by the sweep method. The second equation is solved by the formulae

. 1 . 10, ; m .
o1 153 = i [(1“%T0i)§0f,i 234 T Z 8,k 2/3:|,

1+370; I+310, .=
imoa 17---7N7
. 1 —~3410,_ a _
(p{,i—llls/zzﬂ_—%—;o_.—ijzfpllj,i{/?/b i=1,...,N. (72.13)
-

The fourth equation is solved using these same formulae with j+ I instead of j.

Thus, the algorithm for the numerical solution of the nonstationary transport
equation is completely determined. Hence, we come to the absolutely stable scheme
with accuracy of order O(t? +h%In'/2(1/h)) on smooth solutions. The order of
accuracy in u depends on the choice of the square formula. (Note that p=0 is also
allowed as a grid point in the scheme under consideration.)

We did not impose restrictions on the grid steps yet. Note, however, that if the
sweep method is used in the scheme for solving three-diagonal systems, then for its
stability it is sufficient to require that T <max(Az;,,). For solving practical problems
this condition imposes some restrictions on the choice of the time step.

By using the method of integral identities, and the splitting and quadrature
methods in the same way we can construct difference approximations for problems
in the theory of particles’ transport that depend on several spatial variables (see
MaRrcHUK and AGosukov [1981],. pp. 405-410).

73. The numerical scheme for the nonstationary transport equation
in (x,y) geometry

We consider the nonstationary problem for the transport equation in (x,y)
geometry:

1 2n

1 0¢ Op Ogp o, , ,

o B +u6; +r]a—y +a<p-—ﬂ dy f(pdt,b +/, (73.1)
0 0

=0 for(x,y)edQ, (un,+nn,)<0, (73.2)

p=g fort=0, (73.3)
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where
Q={x,y:0<x<a,0<y<b},
o=, x,y,1), 6=0xy), 6,=0,x,y)
s=(u,m=(51,5,),

s, =/ 1—y%cosyy,  s,=./1—y*siny,

y=s,=cosf, O<y<2n,  0<O<im,

n=(n,,n,)is the external normal vector to 2 and the restrictions (69.2) are assumed
to hold.

We attempt in this section to consider the algorithm for the numerical solution of
problem (73.1)-(73.3), which is absolutely stable and excludes any iterative
processes. We will construct such an algorithm using the following methods of
applied mathematics: the method of integral identities (to approximate the problem
in spatial variables); the splitting method (to approximate the problem in time
variable); and the quadrature method (to approximate in angular variables). We
assume further that the solution of the problem (73.1)-(73.3) is sufficiently smooth
and focus on the algorithmic side of the numerical solution of the problem. We will
give the major statements without proof since most of them are discussed in
corresponding sections of the book by MarcHUK and AGosukov [1981].

73.1. Approximation in spatial variables

Let us first perform some transformations of the problem. Since its solution not
infrequently has some peculiarities where the vector s=(u, ) approaches directions
parallel to the coordinate axes, it is expedient to transform the original problem so
that the vector s=(y, 1) gets a value between these directions. Such transformations
allow in many cases to increase the approximation accuracy of the problem. Let us
perform such transformations for problem (73.1)-(73.3).

We write the integral term in (73.1) in the form

1 2n

4
i f dy fqo dy'= Y 0,5%, (73.4)
2n k=1
0 0
where
1 nf2
1
oM =5— de’ Jq""’(v’, Vox, 0 Ay,
0o 0
(P(k) = (P('}”, Kb’ +%(k - I)ﬂ’ X5 Vs t)’
and consider problem (73.1)-(73.3) consecutively on the subdomains @ x w,, where

w,={y ¢ 0<y<Litk—Nn<y <tkm k=1,...4}.
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Then replacing y by ¢ + 3(k — 1)r, we obtain the following system of four equations:

1 aq,(k) 00" oo™
2 + (k) *) — (k) (k) 73.5
Lo T i TRt RZISw +f (73.5)
o*=0 ondQ  for (u¥n, +n%n)<0, (73.6)
e®=g® fort=0,
k=1,2,3,4, (73.7)
where

O<y<in, O<y<l,

u® = /T—y2cos(y +4(k~1)m),
n® =/1—y?sin(y +(k—1)m),
f9=f(p, ¢ +3k—1m, x, y,0),
g® =g(. ¥ +3(k—)m, x, ).

As is easily seen, directions s parallel to the coordinate axes are already excluded
from problem (73.5)-(73.7).

We take the inner product in L,(£2) of (73.5) and (73.7) and an arbitrary function
v(x, y)e WA(®) (i.e., having first derivatives from L,() and being equal to zero on
0Q). Then after integrating by parts we get the equalities,

) ov o
(i_ acgt ) ((p ""(k)a __,1(k)a )_,_(w(k)’v)

c

4
= Y S(e,0%,0)+(f®,v), (73.8)
k=1
(@™, v)=(g"™,v) for t=0,
k=1,2,3,4, (73.9)

(u,v)= Juv dx dy.
Q

We write conditions (73.6) in a generalized form

|.U(k) n + '?(k)ny I(p(k) v™ dx dy=0,

an%

k=1,2,3,4, (73.10)

where v e W3(Q) and o™ |, =0, QY is that part of the boundary 3 for which
(u®n, +n%n,)>0 for a given value k. Thus the exact solution of the original
problem satisfies equalities (73.8)—(73.10) that are used further for constructing
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integral identities and for approximating problems in spatial variabies.
We introduce on © a uniform grid

x; =ih, y;=Jh, a=b, N=M, h=a/N

)

(only for the sake of simplicity; the algorithm for a nonuniform grid both in x and in
y has been considered by MarcHuk and AGosHkov [1981], p. 306) and define the

functions,

1 ((x—x;_1)/h, x€(x;i_1,%),
(pi(x)=—°< (x,-+1——x)/h, xe(xi’xi+1)’

x! 0, XE 15 Xir1);

| ((y—y;- b, yeW,_ 1,y
(Pj(.V)zr"< (.Vj+1_Y)/ha ye(y,-,yjﬂ),
! 0, y¢(yj—1ayj+1);

.

where y, ; and y, ; are normalizing coefficients, which can be further defined from the
conditions

jwf(x) dx=1, J iy dy=1; (73.11)
0 0

in the case of a uniform grid (73.11) gives the following values y, ; =y, ;=h.
To construct systems of integral identities we assume in (73.8) and (73.9)

ux, y)=@x)py), iLj=1,...,N—1.

As a result we come to systems of integral identities the elements of which are
arranged in vectors of dimension (N —1)> and matrices of order (N—1)? and
numbered as follows: for k=1 we start from x=0, y=0; for k=2 from x=a, y=0;
for k=3 from x=a, y=b; for k=4 from x=0, y=b. By assuming simple
approximations in these systems we come to a problem of the type:

1 dp™ o )
; 'a” + (l,u(k)](l®A)+ |y,(k)|(A®f)+ 6.(k))(p(k)
4
=¢® Z SpHR) &) 4 f k) -
k=1

0 =g®  for 1=0, k=1,2,3, 4, (73.13)
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where

kY k [4 k k k k
G( )“"(G(l,)laG(Z,)l" “es GSV)-—I,D---9G(1,)M—15G(2,)M—17-~“ 7Gsv)—1,M—l)7
.

" — Yy,
=1 i=M-1
G% k=1
( ° qon (X)(pm (y))’ N
GW — (GY, oy m(¥)@(V)), k=2,
n,m (G(k),(PN~m(x)§om~m(y)), k:3’
(GY, 0,(0p () k=4,
G=9,9 f,
1 , 0 1. 0
A== -1 fe
h 0&1 ’ [O\l]’
S~
v N-1
N-1
AIIB AI’N_IB
A®B=| : : ’
Ay-iaB - Ay_n-1B

¢% and ¢% are diagonal matrices of order (N —1) x (M — 1) with elements

O m> k=1, s mm> k=1,

k) _ o-N—n,m’ k = 2’ O'(k) _ Gs,N—n,ms k :2’
Tnm= oN—n,M—m’ k:39 s O..s,N—n,M—m’ k::39
O M —m> k=4, Csm M—m> k=4,

Onm™= (67 (pn(x)(pm( y))a Os,n,m= (o-ss QDH(X) (Pm()’)),
P =Il, k=1,2,34,
ﬁ(l’z)Zﬁ(z‘l):ﬁ(3’4)2ﬁ(4‘3)2f®ﬁ,
ﬁ(l,3)___ﬁ(3,l)=ﬁ(3,4) — p(4:2) =ﬁ®ﬁ9
ﬁ(1,4)tp*(4,1)=p*(2-3):p*(3-2):ﬁ®j;

V|

e~

N—-1

Note that the numbering of vector and matrix elements is chosen in such a way
that the values {@%1), 0L, m> ONL urt—m» P M —m ), 1.€., the approximations of the
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averaged values of the exact solution
{ O s O s O = b =ms P bt = m } O = (0, 0,(X)0, (1)),

are in correspondence with the grid point (x,, y,,). Analogous relationships exist for
the grid points and elements of the vectors {g*} and {f%®}.
Let H, be a Hilbert space of vector functions with inner product and norm defined

by

1 ®f2
4 N-1 M-1

wohy= 3 2 X jdVJuﬁf%(v, Yomm(v, ¥) dy,

k=1 n=1 m=1
0 0

el = (o, w2

We define in H,, the vector functions
G = (G(l), G(2), G(a), G(‘”)T, G=¢,fg
and the matrix operators
A, =diag(A; ),
G = diag(o-kk)i és = diag(as,kk )a
Ay =1 =I@A) + 1M (AB]),

Gkk = é(k)’ Gs.kk = OA-.(S‘k)s kz 13 27 39 43

A(l,1) ~(1,4
p ph
Ay=6—6,-]: : -S.
A4, § ~(4,4
p( ) p( )

Then problem (73.12)-(73.13) may take the form

13p . .
0-5(?+(A1+A2)qo—_—f in Q, (73.14)
o=g for t=0. (73.15)

Note the following properties of the operators A, and A, (see MaRcHUK and

AGOSHKOV [1281]):
(a) Matrix A, is a lower triangular matrix with positive elements on the diagonal

and nonpositive elements outside the diagonal.
(b) A, is positive-semidefinite with

1 ni2
4 N-1
(Ao, v),>4dh Y. jd}’ “-dw Y (¥ +1n®Dlv, w2, (73.16)
k=1 n,m=1
0 0

where d~n?,
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(c) Operator A, is symmetric in H, and positive-definite
(A,0,0), 26,01, (73.17)
where

OM-cO = min (0_ Gs’ (pn(x)(pm(y)) ? GCO > 0

These properties guarantee the existence and uniqueness of the solution ¢(y, ¥, t)
of problem (73.14)~(73.15) with

. 1/2
max Il (8)+ ( f lol# dt)
0

te{0,T

r 1/2
<c(||g||,,+(f||f||fdt) ) (73.18)
0

Besides, according to MarRCcHUK and AGcosHKOV [1981], the following error estimate
holds:

T
1/2
max | @1 —@li()+ (J" er—oli dt) <const-h, (73.19)
te[0, T]

0

where vector ¢, =@ (y, ¥, 1) has a structure similar to that of vector ¢(y,y, t) but
with elements (¢, ¢,(x)@,,(y)) equal to the averaged values of the exact solution of
problem (73.1)—(73.3).

73.2. Approximation in the time variable

The properties of A, and A, allow us to formulate the following algorithm for
solving (73.14)—(73.15) based on the two-cycle componentwise splitting method

(E+51d )@~ =(E—514 )¢,
(E+3t4,)0 1P =(E—31d,)e’ 22,
PR =713 4211, (73.20)
(E+3tA,)p/ "3 =(E~ %'f-’iz)‘Pj+ 13,
(E ‘*‘%"-’-’L)‘Pi+ '=(E- %tﬂl)wﬁya,
where E is the unit matrix with the same dimension as A4,,

1=v,At, At=T}y,

ti+s

j=JAt ¢’ =g, fi= det/(tj+l*tj—1)-

tj-1
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It also follows from the properties of A, and A, that scheme {73.20) is absolutely
stable with

max | ¢’||, <C(l g ||, +max | f7{,), j=2k
' (73.21)
k=09 17 25---7 Czconst.

When the solutions of the approximated problems are sufficiently smooth, scheme
(73.20) has a second-order approximation in 7 in the points ¢,;,j=1,2,...,3J.
Consequently,

max|| @(t,;)— @ ||, <const(z> + h). (73.22)
73.3. Approximation in angular variables

We approximate the equations in the angular variables y and . To that end we
introduce an approximation of the integral s¢ by means of a suitable quadrature
formula,

D
1_‘: )

"Mh

where A,, are weights, (y,, ¥/,) are the values at the grid points. By replacing integrals
in (73.20) with quadrature formulae and considering equations from (73.20) with
y=y, I=1,...L, y=y,, d=1,...,D, we come to a system of linear algebraic
equations that approximates the original problem

(E+3t4, ol P =(E-1t4, ol (73.23)
(E+3td, ol P =(E-$t A, )0l *7, (73.24)
ol P =l P20 f1, (73.25)
(E+3t4, )0l P =(E-td4, el 1P, (73.26)
(E+3td, Dol =(E—3A, Dol 27, (713.27)

where vectors @}, have the same structure as ¢’ in (73.20) (they are regarded as
approximations to ¢/(y, ¥,)), @5 =4g(y,, ¥,) and the operator B, ,, is defined as
follows:

A(1,1) A(1.4)
p p L b .
. ) . ]
Az Id(pld Wld Os° : Z Z Ao
I=1d=1
(4,1 (4,4
p( ) p( )

Thus the algorithm for the numerical solution of the nonstationary transport
equation has been defined. As a result we have obtained an absolutely stable scheme
of first-order accuracy in 4 and second-order accuracy in t on smooth solutions. The
order of approximation in the angular variables is defined by the quadrature
formula chosen (LEBepev [1971, 1976]).
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73.4. Numerical realization of the algorithm

Let
i—1 1.7 i—1 j—2/3 1 i—2/3
Sy =E—2tA el s &l / =(E_%TA2,M)¢{:1 B,
i+1/3 1.3 j+1/3 ji+2/3 _ 1.5 i+2/3
fd / :(E““Q'TAz,zd)(Pfd / s ffd / -(E*”2TA1,M) fd 3,

Then (73.23)—(73.27) can be written in a component form as follows:
(a) Equations (73.23).

T .
[1+ﬂ(|uﬁ?|+|n§:’|)]cp’;:;,,,?m’3

(73.23")
i| (k)| lei=2/3 T k) ki1
“Zh #ld (pl,d,n—l,m*’ﬂ |n[,d,n,m—1|zél,d,n,m?
where
p®=u®y b)), 1®=n®, ¥,
Priii=0, oyl =0,
o T .
P = 1= (e 1+ D) obdo
2h
T . T .
T NI T
PFiom=0,  05i.0=0,
k=1,2,3,4 n=1,...,N=1, m=1,...,M—1,
I=1,...,L, d=1,....,D
Equations (73.23) are solved according to the formulae
. T . T .
é;‘,’in,lm +ﬂ|”§§)| (pllc,'j,n E/13.»1 + El”g}llqoi’j,nznlla‘— 1
ohi = 7329

T
Lo (i + 1nfg)

(b) Equations (73.24):

1.1 1,j~
(1+3talh) o i 13

d,n,m

L D
1. (1) (en2:i—1/3 1.j-1/3
2T0s,n,m Z Z Apa ((pl’.d’,N—n,m-i_(pl’,d'.n,m
r=1d=1
3,j—1/3 4j-1/3  y_ £1,j-2/3
+(Pz',d',N—n,M—m+¢1',d-,n,M—m)—fz,d,n,m s

(73.24)
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(1 +2t6(4) )(pl d,n, m

1. ..(4) R 4,i—1/3 1,ji— 1/3
2T05,n,m Z Z Apg (Qp ham T O e N nm
r=1d=1

_ g4,j—1/3

2,j—1/3 3,j—1/3 ) i
- yd.n,m »

+(Pz',d',N—n,M—m+¢’z nM -
I=1,...,L, d=1,...,D,
n=1,...,N~1, m=1,..., M—1,
where

1,j—2/3 _ (1 __1..(1) 1.j—2/3
1.d.n.m ”(1 zraﬂ’m)(pl,d,n,m

L D
1. ..(1) WJI—2/3 2,i—2/3
+2Tas,n,m Z Z Al‘ ((pl y ,nlm +(pl‘,d’,N/—n,m
I'=1d=1
3.j—2/3 4,j—-2/3
O E N st -m T PL M- m)
(73.29)

4,j-2/3 _(1_ (4) 4,j—2/3
Ld.n.m (1 O' )(pldn m

L D
1 4) R 4,7—2{3 ,J 2/3
+3T05,n,m Z Z Ay ((Pz',d',n,m+(/’z ‘ N—nm
r=1a=1

J—2/3 J—2/3
+(p1J {—nM—m+(p11nM m)'

The solution of {73.24') is reduced to solving a succession of systems of order 4LD,
each of which is defined by equations (73.24') with fixed n and m. In the case of
isotropic dispersion, i.e. in considering problems (73.1)-(73.3) (and also in case of an
anisotropic indicatrix of type

14
6= Z ep.Pp(#O)a ,UOZ(S, Sl)a

p~=1
P is finite, { P (1)} is the Legendre polynomial) equations (73.24) are solvable in an
explicit form and their solutions are:

(1
Lj~1/3 _ 2 1,j-2/3 To-sgm
Iidl £ 3 - I’d’ >
mm r41ell), m 24 t(el) ol

L
Z Z Ald(élj 2/3+Cl’j 2/3nm+€l’] 2/3nM -m

(73.30)
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4,j-1/3 _ 2 4,j~2/3 w’@:,m
Pranm =3 feoml “amm 2+1(oi)— 0 )
Z Z Ald(é41 2/3 11 2/3nm+€ nM-—m
F=1d=1
+ERE N m}
I=1,...,L, d=1,...,D.
(c) Equations (73.25):
oL = 0bd >+ 20 Tanms
k=1,2, 3,4, =1,...,L, d=1,...,D, (73.31)

n=1,... N—1, m=1,..., M—1.

(d) Equations (73.26) have the same form as (73.24) and are likewise solved.

Elements of vector ¢J; %3, £1.51/3 are found correspondingly according to formulae
(73.30), or (73.29) if j is replaced by j+1.

(e) Equations (73.27) are solved according to

k,'+2/3 (k) k,jt+1 (k) k,jt+1
I,in,m |.u1 |(Pln;n 1m+2h|ﬂmlfpz &’,n,m——l
k,jt+1
(plvd!n:mz 3
(k) +| (k)
1 (a1 + )
k=1,...,4, I=1,...,L, d=1,...,D,
(73.32)
n=1,...,.N—1, m=1,....M—1,
k,j+1 k,j+1
?1,2,0,m=0, @1, 0=0,
where
k,j+2/3 T 1. (k) k,j+2/3
Ld,n,m = 1+—(|#1d|+|'1 |) q’ldnn/:
2h
(ky, k,jt+2/3 k,.jt+2/3
“‘1 ‘wl,d,n—lm |1’h |(P1 &,,n,m—h
k,jt+2/3 k.jt+2/3
P1.d,0,m =0, L,d,n,0 =0.

Thus, the algorithm of numerical solution for problem (73.1)-(73.3) has been
completely defined. Note in conclusion that a scheme with a second-order of
approximation in the spatial variables is given in MARCHUK and AGosuKkov ([1981],
p- 317). Further, we remark that, formally, §-sources in x, y and ¢ are possible in the

above algorithm and that the algorithm itself can be generalized to the problem of
anisotropic dispersion.
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74. Splitting methods as iterative algorithms for stationary transport equations

We consider scheme (71.1) as an iterative algorithm for solving the stationary
problem of the transport equation in the slab:

1

3
ﬂ£+a¢=%as j o, 2hdp' + f (i, 2),
~1

o(1, 00=0, >0, (74.1)
fP(llaH)‘—‘O, Au<03

assuming that the parameter 1 is positive and depends on the step number of the
iterative process. Operators A, and A, are defined according to (71.3). We have,
therefore, the following iterative process

(E+1,4,)(E+71,4,) (0" — ¢")= —21,(49"~ f), (74.2)

which is realized according to formulae (71.4). To estimate the rate of convergence of
ihe process we write (74.2) for errors &"=¢ — ¢" as

(E+1,A)(E+1,4,)(€" " —&")= —21,A4¢"

or
(E+1,A)E+T1,A4,)e" ' =(E~1,A)(E—1,4,)c"
or
(E+1,4,)e" =T (E+1,A4,)e", (74.3)
where

Tn=(E+TnA1)—1(E_TnA1)'(E_ tnAZ)-(E-}'TnAZ)“ 1'
When we consider equation (74.3) in Euclidean space, we have

[E+7,A2)e" I ST, (B + T, 42)e" -

Since

(A1(P, (P)>0'co ||(P“2a (Az(pa ¢)>O,
we have

H(E—1,A,)(E+1,4,)7 12

E— 2
—sup 1 r,,Az)qr)H2
ox0 [(E+T,42)0|
2 9 2 2
—sup 12120420, Q)+ Tu [ A201"

oxo 19112 +27,(A,0, 9)+ 12 | Ayl
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I(E+1,4,)" " (E—1,4,) |12
=(E~1,4, (E+1,4,) "

_ sup L2l o) loll> +121 4,01 9l>
oro 11+27,(4,0, 9 llol2 + 214,01 eI

1-2t,0,0+ 1304,

T14+2t,0,0+ 124,11

1-2t,0,0+7¢0%

=0%<1,
T 142t,0,0+180%

where 0 < 1,,7, < co are the boundaries of parameter 7,. Hence, ||7,|| <8< 1 and for
(74.2) we obtain the convergence and estimates of the kind

lo"— @l < I(E+1,4,)(¢"— @)

(74.4)
<O |(E+1,4,)(¢°— )| 20, n—oo.

We now take a parameter 7, independent of the step size of the iterative process.
Then

1-2t0,,+ 120}

14216, +12%01

0=0(1)= (74.5)
From the condition, &'(t) =0, we find the value t providing the minimum value of the
function 8(z):

Topt = 1/0 (74.6)

(note also that 8"(z,,,) > 0).

The choice of 7, can also be optimized from the simplified approximate problem,
for example, from the diffusion problem (PENENKO, SULTANGAZIN and BALAsH
[1969]). Namely, by using this simplification of the problem we have 7,,=1/0,,
where

g., =Ssup vraig,.

z

Thus, we have considered the iterative process with an (approximately) factorized
operator for solving a stationary problem in the slab. It is easy to see that the above
conclusions are valid for multidimensional problems. Besides, other splitting
schemes (see MARCHUK and YANENKO [1964], MarcHUK [1980], etc.) can be used for
solving stationary transport equations.

In conclusion here is a concise review of the literature dealing with different
aspects of the splitting methods theory for integro-differential transport equations.

Various splitting schemes for nonstationary transport equations are described by
MarcHUK and YANENKO [1964], MarcHUKk [1980], MarRcHUK and AGOSHKOV
[1981] and Yanenko [1967]; concrete ways of approximating operators in all
variables are given by MarcHuk [1980] and MarcHUK and AGosHkov [1981].
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Splitting methods as iterative algorithms for solving stationary transport
equations are considered by MarcHUK and YANeENko [1964], SmeLov [1978],
MARCHUK and SULTANGAZIN [1965], KocHERGIN and KuzNETsOV [1969], MARCHUK,
PeENENKO and SULTANGAZIN [ 1969]. Iterative splitting schemes for systems of spheric
harmonics are discussed by BoyarINTsEv and UznNaDzE [1967] and SULTANGAZIN
[1979] and the problem of optimizing the parameters of iterative processes in
problems of the transport theory are discussed by SmEeLov [1978], PENENKoO,
SuLTANGAZIN and BaLasH [1969], MARCHUK and SULTANGAZIN [ 1965].

Some aspects of realizing boundary conditions in splitting schemes for a transport
equation are considered by MarcHUK and YANENKO [1964], MarRcHUK and
AcosHkov [ 19817, YANENKO [1967], KOROBITSINA [ 1969], MARCHUK, PENENKO and
SULTANGAZIN [1969]. Note also that this last work is in fact a survey of a certain
period of research into splitting algorithms and their theoretical grounding for
solving stationary problems for transport equations.
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The Splitting Method for Problems
of Hydrodynamics

The approximation of equations of hydro-, aero- and gas dynamics leads to systems
of nonlinear algebraic equations. The effective solution of these equations is
a complex problem, especially when solving multidimensional problems by means
of implicit schemes in time. On the other hand, the implicit schemes are particularly
convenient for gas dynamics and Navier—Stokes equations since they essentially
weaken the restrictions on the value of a time step. In this case, like in many
applications, the splitting method is a constructive approach.

This chapter discusses various approaches to construct splitting schemes for
equations of hydro- and gas dynamics. For the sake of simplicity we demonstrate
these methods for splitting differential systems of equations on the same level as in
a weak approximation method (see Section 46).

75. Splitting schemes for Navier—Stokes equations with e-perturbation of
incompressible fluid equations

The artificial compressibility method for solving problems of incompressible fluid
currents has been described by YANENKO [1967].

We consider the problem of a symmetric stationary flux with an incompressible
fluid obstacle in a two-dimensional plane.

The process is described by

2

Y. u;Du+(1/p) grad p=vAu, (75.1)

i=1
div u=0. (75.2)

Here u, and u, are velocity components in directions x, and x, respectively, p is the
density, p is the pressure, v = u/p is the kinematic viscosity coefficient, D, =0/0x; and
grad =(9/0x,, 0/0x,). To construct a relaxation process, the nonstationary system
obtained from the weak compressibility assumption is formulated in corres-

413
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pondence with (75.1) and {75.2). This system has the form
ot 2

YR Y u{ P +(1/p)grad p*=vAu, (75.3)
i=1
op* ° i
€ 3 +e€ Z u; 9;p°+p° divut=0. (754)
i=1

In (75.3) and (75.4) £>0 is considered to be sufficiently small.
Approximating the system of equations

p:—:.l“_7 t, =1n, Int1)2 :T(n+1f),

on the first subinterval [£,,t,+1,2] We can use a splitting scheme on coordinates x,
and x, for equations (75.3), and (75.4)

1 Ouj ou§ ap‘_ﬁ o0%us

€

I IR T T

1 6u§+u£ ouy  0%uh 755
2 o lﬁxl—‘v ox,’ (753)

op* op° Ouf
18__}_ e r £ —
2 o 6x1+p 0x,

0;

and on the subinterval {t,,,,,,¢,.,] we can use
1 0uj e Ouj vézuﬁ
20t tox, oxi’
1 0ub ouy  0%ub

1 o O3 _ 75,
7o T e, Voxd (75.6)

, orf ) ous
ot Ox, P Ox,

By approximating systems (75.5) and (75.6) by finite differences on a rectangular
grid and by implicit schemes in time, we can solve them by three-point sweeps along
the grid lines. To solve problem (75.1)-(75.2) we can use a nonstationary system
which is different from (75.3)--(75.4). It has the following form

=0.

2
2—1:+ Y u;Du+grad p=vAu, (75.7)
f=1
oq ..
Oq ~0 75.8
3t +diva=0 (75.8)
Here

q=3%(g,+q,), g=p+iu?, i=12.
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The corresponding splitting schemes have the form:
1 Ou, +6q1 __v62u1
20t ox, ox¥’

10u, Ou, O%u,

o ek, R

(75.9)
19q, Ou,
AL M,
33t Tox,
on [tna tn+ 1/2]7
1 Ou, du, %,
2o ey, Vo
10u, 0q, Ou,
2o Tax, Toxd
- (75.10)
992 U _
270t Tox,

on [, 1/23 tn]-

In difference approximations of systems (75.5), (75.6), (75.9) and (75.10) 7 is
a relaxation parameter of the iterative process. It is worth noting that boundary
conditions for the system (75.1)-(75.2) have intentionally been omitted in this
discussion to focus on major aspects of splitting. Splitting boundary conditions
requires a separate study in each particular case.

The e-perturbation introduced in (75.2) can also be used for solving nonstationary
equations. TEMaM [1981] uses the following perturbed equations:

ow .
T Y uf D¢ +3(div o)+ grad p°=vAx, (75.11)
i=1
a £
sa—i+div =0, (75.12)

In this case, it is easier to approximate (75.11) and (75.12) than the original
equations, because the condition div #=0 is replaced by an evolutionary equation.
Here the following problems arise:

~ existence and uniqueness of solutions of perturbed equations;

- convergence of #° and p° to # and p for ¢—0;

- discretization of (75.11) and (75.12) and convergence of discrete approximations

to a solution of the original problem.

The existence of solutions of perturbed problems and the convergence of exact
solutions for ¢—0 are discussed by Temam [1981], where an alternating direction
scheme for approximation in time was used and where unconditional stability in
certain spaces and convergence of the discrete approximation to a solution of the
Navier—Stokes equations when ¢,7,h—0 was proved.
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76. Splitting schemes restoring divergence for incompressible fluid equations

A fractional steps scheme requiring no perturbed equations and based on the
projection method has been suggested by Cuorin [1968] and further studied by
Temam [1981]. The classical statement consists of finding a vector function # and
a scalar function p such that

21: zn: u, 66 u+gradp=vAu+f
=1 (76.1)
m Qx(0, T],
div =0, (76.2)
u=0 ondQx[0,T], (76.3)
u(x,0)=uy(x) 1n Q. (76.4)

First, we introduce a function space Hj(Q)= W} (), H—the closure of W in L, ()
and V—the closure of v in L,{€Q),
Wi ={ue D(Q): div u=0}.

Then, in a weak statement, it is required for given uye H and fe L, (0, T; H) to find
a function u€ L, (0, T; V) that satisfies the conditions

ad;(u, v)+b(u, u, v)+ v, v]=(f, v

YoeV. (76.5)

du O
uO)=uy, [u,v]= Z (a;l a:) (76.6)

Here (u, 5)={, uv dQ, and

0
b(u, s, w)= Z ui(é-;v>w dQ

ij=1 13
(9]

is a three-linear form, uye H, fe L,(0, T; H).
Let the interval [0, T'] be divided into subintervals of length 7. We assume that

nt

f"=% j.f(t)dt, n=1,...,N.

(n~ 1)t

We introduce elements #"*/2, i=0,1, n=0,..., N—1, and, beginning with
u® =u,, compute all #"*!/? consecutively using the formulae

u" 12 HE(Q),
ity +1/2 n+1/2 n+1/2 —( f"
———" +h@ 2 w2 v [W V2 ] = (", W) (76.7)

Yve HY(Q),
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leH,
@ vy=@w"""%v) VYveH.

Here
blu, v, w)=4%(b(u, v, w)— b(u, w, v))

(76.8)

is a continuous three-linear form on H{(£2) and
blu, s, v)=0 VYu,ve H}(Q). (76.9)

Equation (76.8) means that «"*! is an orthogonal projection of #** /2 on H in
L,(€). That is why #"*! can be defined by the equality

u.n+1 =pHu.n+ 1/2’

where py is an orthogonal projector in L,(2) on the subspace H. Temam ([1981],
Theorem 1.1.4) shows that, in the orthogonal complement H®, the difference u"* ! —
w12 is a gradient of some function of H'(Q). We denote this by tp"* ! and obtain

ntl_ m+1)2

? +grad p"ti=0, p"*leHY(Q) (76.10)

Relationship (76.10) is one of the consequences of (76.8). The second relationship,
equivalent to (76.8) and (76.10), is given by

diva"t1=0 in Q,

"len=0 onoQ;

utleL,(Q).

These expressions are equivalent to a certain Neumann problem with respect to
p"*'. We apply operator div to (76.10) and obtain

1
ApTt=_diva T2 (divartt=0),

- (76.11)

on

Relationship (76.7) is a nonlinear Dirichlet problem. Writing (76.7) for s € D(2), we
obtain the classical form

n+1/2 n +1/2
- —u —u z nt 172 a"; +Hdiv &t )12
X

=0 on of.

=fn+vAun+ 1/2. (76.12)

Using a weak form of equations in this case helps to perform a separation of
operators which is not obvious in the classical statement. The last term on the left-
hand side of (76.12) is a stabilizing addition arising as a result of replacing b (u, , v) by
b, u, v) in (76.7). A further solution of the obtained problems has been described by
TemaM [1981]. It is also noteworthy that the generated function p”*! is not a “real”
pressure.
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The splitting idea connected with recalculation of the pressure given in a pro-
jection statement is, in fact, a consequence of ideas underlying the Harlow method
for particles in cells. According to this scheme let us, first, compute an intermediate
velocity field from

u" +1/2 u"

"o
e r —vAu" . 2
- +i=21 uf g = VA" (76.13)

Then we correct this field by taking into account the pressure gradient

wtl=u"*12 ¢ grad p, (76.14)
where p is a stationary solution of

)

a—’t’ +diva V2 =zAp. (76.15)

As a result of the above stages both (76.1) and (76.2) are satisfied.
BeLOTSERKOVSKY, GUSHCHIN and SHCHENNIKOV [1975] used another splitting
scheme, namely, the explicit scheme of splitting along the physical factors. We
introduce the notation rot #=w and consider the velocity field # and pressure field
p at the time ¢, =nt to be known, then we can write the scheme for finding unknown
functions at time ¢, , as the three-stage splitting scheme (76.16)—(76.18):

RV R R
—=- Z u? —a—)-c—+ vAu", (76.16)
i=1 i
i
Ap= ——divur*17, (76.17)
un+1_
“TEJ _grad p. (76.18)

As noted earlier, equation (76.17) is obtained by applying operation div to both sides
of (76.18) and taking the continuity equation into account (vector #"* ! is solenoidal).
BELOTSERKOVSKY [1984] suggested the following physical interpretation of the
above scheme. It is assumed at the first stage (76.16) that the momentum transport (a
mass unit impulse) is realized only via convection and diffusion. The field u"* /2
thereby obtained does not satisfy the incompressibility condition giving never-
theless a correct description of the turbulent characteristics since it is possible to
show that rotu"*1/2=y"*1,

The obtained intermediate velocity field helps to find the field of pressure on the
second stage (76.17) taking into account the fact that the field #"* ! is solenoidal. In
this approach the function p”* ! is a physical pressure and boundary conditions for it
are not defined. On the contrary, in the projection method, p"*?! satisfies Neumann
boundary conditions.

It is assumed at the third stage (76.18) that the transport is realized due to pressure

gradients only.
The following variant (76.19)—(76.21) of realization has been considered for
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increasing the reserve of stability by using an implicit scheme at the first stage
(BELOTSERKOVSKY [ 1984]).

un+l/2_un
i 76.19
n out 2 N (76. )
=—3 uf - +vAu" T V2 _grad p"+ f,
i=1 i
1
A5p=; div &t 172, sp=p"t1-p", (76.20)
+1_un+1/2
l—ln———————-# = — grad(op). (76.21)

The proposed modification allows us to release the hard restrictions on the time
step inherent to the first scheme. Another advantage of this approach is that the
pressure increment in time and not the pressure itself is found in the second stage.

77. The general principle for constructing splitting schemes for Navier—Stokes
equations

We consider the original system of Navier—Stokes equations in a Cartesian
coordinate system, x, (¢ =1, 2, 3). In the absence of external forces this system can be
written in a divergent form

a_lj+ awa—o (77.1)
ot Ox, '
Here U is a vector of a flow’s state, w, is a vector of hydrodynamic fluxes
U, p
U, puy
v=| v, |=| ou, |
U, pus
rWazo pu, 7]
W, Uy U, + Py,
~ . a_U ~ 1 B puy N Py
wa - wa » ax - wa2 - pu2ua p2a (77.2)
Wys3 puzu, + p3,
oT
Was puaE+uﬂpaﬂ_Ka
h— — — a A

In representation (77.2) we sum over f, p,,= Pd,5— Gy, p is the pressure, p is the
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density, d,p is the Kronecker symbol, E =e+3|u|? is the mass density of full energy,

Ou, Ou
—_ 1 ap a B
G, p=Adiv uo® + u( ax,, + ox. ),

(77.3)

pand p are the coefficients of volume and dissipative viscosity. System (77.1) may be
represented in a nondivergent form as well. We introduce a new vector of a state f

f=10). (77.4)

We consider (77.4) as reversible, equivalent to U= U( f), and obtain nonsingular
matrices,

= —{ NE {Zlf]} (77.5)

——{ i) = {aﬂ} (77.6)

Thus, taking this into account, system (77.1) can be rewritten in the form

of ,
=0. 71.7
ﬁt axa (777

It follows from relationships (77.2) and (77.3) that w,=w,( f, 0f/Ox). System (77.7)
can be rewritten in operator form:

(0/0t+€)f =0,
Q=B,D,+CD.Dg, (77.8)
B,=adw,/0f, C.p=a0W,/Ofy.

Then, equation (77.8) takes the form

of of o f
~4B,—+C =0. 77.9
at+B“axa+ * 9x,0%, (779)

We introduce, further, operators
Q,=B,D,, R,=—C,D,D,
(no summation over «), then

= i (€2,—R,). (77.10)

System (77.9) is nondivergent in comparison with the equivalent system (77.1). Various
vectors of state, €.g., (o, u, Uy, Uy, T), (p; Uy, Uy, Uy, €), and f=(p, u,, u,, uy, p) are
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possible. In the first case

[ U, aia 5“96% 52apa% 53apa% 0 1
61“0261 u, aia 0 0 3,.b? aia
o= s, aaa 0 u, aia 0 8,p aia ,
d3,a° Gaa 0 0 u, Gia 8,5, b° aaa
0 3,,8° 6% 62“82% 63“82% u“@ia |

: 1%, 100, _(p_ OV /O
pop’ ~poT’ “\p "0p/loT

Considering vector f=(p, u,,p) and a continuity equation in divergent form
simplifies the form of operators €2, to

a

0 0 0 0
Ox,
0 10
) Y-
0 “a 0x, 0 0 *Lp dx,
0 190
Q=1 0 0 0 —
a ua ax¢ a2 p axa >
) 10
0 0 0 -
u“@xa = p ox,
) ) G 0
0 2_* S 2_ - 2" —_
B Orap 0x, 2.P€ 0x, 03aPC 0x, “a Ox,

where ¢*=dp/dp is the square of the speed of sound.
The choice of vector f for the Navier—Stokes equation determines the form of
representation R,. The simplest form can be written for f=(p, u,, T):
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2 2 o 2
o=2u| (20} £(22) (%) |4 adiv up
0x, 0x, 0x,
Ou, Ouy\* (Ou, Ouy\> [Ou, Ouy\?
+”[<ax2+ﬁx1) +(6x3+ax1 M ax3+6x2 ’

Now we consider splitting of the Navier—Stokes equations in a divergent and
nondivergent form. Let us do this in Cartesian coordinates. The generalization of the
splitting method for equations of gas dynamics and Navier—Stokes equations for the
cases of curvilinear coordinates is carried out like in the above case (Kovenya and

YANENKO [1981]). We represent the vector w, of fluxes defined in equations (77.1)
and (77.2) as a sum of three terms

wa=w1a+w2a+w3a9 (7711)

where w, is the vector of convective fluxes, w,, the vector of flux due to pressure
forces, and w,, the vector of dissipative forces:

- 1 - ] |- o 5 L = L
Wao pua Waio 0
1 2
Wai puu, Wai 01,P
=1 wh =1 pu,u = 2 i=1}é
wla_ a2 - p 2% L] wZa_ Waz - Zap >
1 2
Wy3 pu3ua wa3 53ap
1 2
Wag puE Waa u,p
e E by = k' L ] [
— Lo s -
WSO O
3
Wai _-Gla
— 3 = —
Wi, = Wa2 - G2a
3
Wa3 G3a
, LI
Wi || o T X, MG
a g=1
= —J hne -

When we consider each vector w, as a sum (77.11) for every direction x,, we can write
the system of equations in the form of the splitting on physical processes and spatial
directions,

U 2 [ 3 ow,
ke M) _, 77.12
az+z(2 axa) 0 (7712

a=1 \k=1
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Representing system (77.12) as

a—+ Z £, U=0, (77.13)

where
$20-5 (5 2w

m=1 _a=1 k= lax Pa |
we have a system split on a differential level (approximating weakly) in the form

ou X

a—+ z ; g U=0,
where

o, =N, o, =0 forl>1, t,<t<t,+7/N,
o, =N, o, =0 forl#2, 1t,<t<t,+21/N,

oay=N, o,=0 forI#N, t,+1(N-1)<t<t,+1.

Here N is the number of steps, the %, are differential operators taking into account
the splitting in physical processes and spatial directions.

When we write the system in the nondivergent form (77.7), splitting in physical
processes and spatial directions is done as in (77.12) and (77.13): one separates the
convective flux matrices and the matrices determined by the pressure and dissipative
forces with the subsequent splitting along the spatial directions so that operator Q is
represented as

-y (z a) (77.14)

a=1

Here index « is related to splitting in directions x,, and k to splitting in physical
processes. Depending on the choice of a vector f of unknown functions, the matrix
differential operator  has various structures. Hence, the form of operators Q,,
depends on the choice of f. The arbitrary character of the choice of unknown
functions allows us to consider various forms of splitting and to choose those that
have the largest reserve of stability in a difference form or the simplest realization.

We illustrate some of the splitting forms with examples. First, we only consider
a system of equations of gas dynamics (x =0, G;; =0) resolved with respect to the
vector f=(p, u,,u,, u3, p)'. Since k =0 and G;;=0, the dissipative forces matrix Q,,
is absent, and consequently k=1 or 2. In considering continuity equations in a
divergent form and other equations in a nondivergent form the corresponding
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matrices ,, have the form,
.2 0 0
0x, Ha
0
0
u, ox, 0
0
Q.= 0 0 u, x,
0 0 0
L 0 0 0
o 0 0
0 0 0
Q,,=1 0 0 0
0 0 0
0
0 d,,pc a_xa 022 PC
-

where c is the speed of the sound.

G.I. Marchuk
q
0 0
0 0
0 0 ,
0
U, ox, 0
0
0 u,
0x, J
0 0o
N
p Ox,
0 0, ©
p Ox,
o bl
p 0x,
0 0
2 Y 2 Y
Ox 934 0x 0

a

a

CHAPTER XVIII

(77.15)

, (77.16)

We consider splitting of equations (77.7) in physical processes and spatial
variables for vector f=(p, u,, u,, U3, T)". The convective fluxes matrix and the
matrix of pressure gradient forces are written as follows:

Qla=uail,
0x,
[0 st
51102% 0
Q,,= 62“‘1261 0
53“026%“ 0
L 0 (510,35%

0
O3, P 0
3a paxa
0  &,b
0 8,
0 S1,b?
0
2
0348 3 0

(77.17)
L |
0
ox,
0
1
o, | (77.18)
0
0x,
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where

2_lf)p b2_16p , P

“ oo p ot’ p
It is obvious that realizations of schemes based on splitting (77.15)-(77.16) or
(77.17)—(77.18) are different. The above examples can be continued if we choose gas

- dynamics functions or some combinations of them as the functions to be found. In
considering difference splitting schemes for boundary value problems the choice of
unknown functions is also determined by the form of the boundary conditions.

For Navier—Stokes equations written in the nondivergent form (77.7) splitting of
equations in physical processes and spatial directions is performed in the same way
as for equations of gas dynamics. The dissipative forces matrix is added in this case
separate from the convective transport matrix and the matrix of flows is determined
by pressure forces. For vector f=(p, u,, T)" matrix £,, has the form

~ 0 7
G

la

. | (77.19)

G3a
0

K—
Ox
h— a—

O
€,
fl
]
|
QA

Some other examples of splitting gas dynamics and Navier—Stokes equations are
possible. These examples will belong to various realizations differing in the reserve of
stability, effectiveness of realization and convenience for calculating boundary
conditions. So, the approximation of equations in a divergent form leads to
conservative difference schemes satisfying conservation laws. This yields a physi-
cally more grounded resuit. For nonstationary solutions this way seems to be most
justified. At the same time the numerical schemes of this type are nonlinear and
require either internal iterations or a complex linearization.

Although equations written in a divergent form are more efficient in realization,
they yet have the conservation property only asymptotically, that is, in the process of
stationing. In this case, it is efficient to consider the predictor-corrector method that
permits the construction of conservative difference schemes suitable for solving
nonstationary problems (sce KOvEnya and LEsepev [1984]). At the predictor stage
in the approximation of equations in nondivergent form a scheme of splitting in
physical processes and coordinate directions is constructed. At the corrector stage
the equation is approximated in a divergent form.

The above schemes have been used in either way for performing a whole range of
computations for problems of gas dynamics and viscous gas flows in both two-
dimensional and three-dimensional cases.

Papers by Kovenya and YANenko [1981], Temam [1981], BELOTSERKOVSKY
[1984], YANENKO [1967] and GusHcHIN [1981] discuss the construction and the
convergence studies of splitting schemes for Navier—Stokes equations. Splitting
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schemes and the resuits of computing the viscous fluid fluxes by using the notion of
“artificial compressibility” are given by YANeENko [1967] and CHorIN [1968].
YANENKO [1967] also considered the coordinatewise splitting scheme. Splitting
methods for solving problems of the stratified fluid dynamics are described by
LytkiN and CHERNYKH [1975], YounG and Hort [1972], GusHcHIN [1981],
VasiLYEv, KuznNeTsov, LYTKIN and CHERNYKH [ 1974]. Splitting methods for solving
a wide range of problems of gas and aerodynamics along with some computational
results are discussed by Kuznersov and STReLETs [1983], KoveEnya and LEBEDEV
[1984], Kovenya and YANENKO [ 1981] and BELOTSERKOVSKY [ 1984]. Monographs
by MarCHUK [1974], Kovenya and YANENKO [1981] and BELOTSERKOVsSKY [1984]
are actually surveys of the results of constructing, studying and realizing splitting
schemes for problems of geophysical hydrodynamics, gas dynamics, hydrodynamics
and mechanics of a continuous medium.
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Problems in Meteorology

A number of implicit schemes for integrating equations of dynamic meteorology
have been developed and grounded by MARCHUK [1964b, 1965, 1967, 1974a]. These
schemes are widely applied for solving problems of weather forecast, theory of
climate and environment protection (see the related publications by DyMNIkov
and Isuimova [1979], MarcHuk [1980], MArRcHUK, DymNIKOV et al. [1975, 1979,
1984], BurrIDGE and HAves [1974], Lepas et al. [1974], ZENG and ZHANG
[1982], DymnNikov and Lykosov [1983], Dymnikov and FiLiN [1985], MARCHUK,
DymnIKov et al. [1981].

78. Equations of atmosphere hydrothermodynamics
Equations of atmosphere hydrothermodynamics with a quasistatic approximation

in spherical g-coordinates have the following form (MaArRcHUK, DYMNIKOV et al.
[1984]):

du u 1 0® RT Op

(4=t — —*)=F,, 78.1
dt (+a g¢)v+acosqo(al+ P, 6/1) Fy (78.1)
@4_ I+Et u_}__!_ 6(D+T aps =F 78.2
dt a £¢ a a(p P, a¢ Tl ( )
dT RT _F

dr C,,O'PST_ rteér, (78.3)
dgq

F=Fye, (78.4)
op, 1 Op,u Op,vcosp\ Op,6

ot +acosq)( ol T v )0 Y (78.5)
00_ _RT ]
d¢ o’ (78.6)

0 0 0
Ps u Ds +v &), (18.7)

T=po+0{ —+ 4
P (at acose 04  a d¢

427
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where
d 0 u 8 v a3 0

TR TR Tl P

t is the time variable; 4 is the longitude and ¢ the latitude; o =p/p, is a vertical
coordinate (p is the pressure, p, is the pressure at the surface of the Earth); u, v and
¢ are wind velocity components in the longitudinal, latitudinal and vertical
direction, respectively; @ =gz is a geopotential on a constant o-surface (where g is
the gravitational acceleration and z is the altitude above the sea level); T is the
temperature (K); g is the specific humidity; F, and F, are the rates of impulse
moment changes due to Reynolds stresses; Fy and F_ are the rates of temperature
and specific humidity changes, respectively, caused by small-scale diffusion and
meso-scale convection; &;- =&, + ¢, are diabatic heat fluxes (g, is a radiation heat flux
and ¢, a heat flux due to condensation); ¢, =c—E is the rate of humidity
transformations (C and E are terms describing condensation and evaporation
processes); [ =20 sin ¢ is a Coriolis parameter (€ is the angular speed of rotation of
the Earth); a is the radius of the Earth; R and C, are gas constants for dry air and
specific heat of air at constant pressure.

The following initial conditions are considered to be given for system (78.1)~(78.6)

u= uO(}" ®, 0)7 v= Uo(}*: P, G)a
P =D, (4 @), (78.8)

T= To(j., @, 0’), q =q0(£a P, 6)

as well as the boundary conditions which assume that a solution is periodic in
longitude and restricted on the North and South Poles. As far as the underlying
surface being a solid body is a o-coordinate surface (o =1), the corresponding
kinematic condition of type

6=0 foro=1 (78.9)

is used. An analogous condition can be stated for the upper boundary of the
atmosphere

=0 for c=0, (78.10)
and the distribution of a geopotential on the lower boundary is also given:
(D:gzszgps (7811)

where z_ is the Earth’s surface altitude above sea level.

Equations (78.1)-(78.4) can take a different form. At least three possible forms are
known. By multiplying any of these equations by p, and using the continuity
equation (78.5) we obtain a divergent form

Op.u
Ot

+Kdu—(l+gtg (o)psv

P (0P L0 _
oY (aA+RTailnps)—psFu, (78.12)
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op,v u
o +K,v+ I+Etgq) psu
p.( 0 0
= —+RT—1 =p F,,
+a(a¢+ 50 nps) nF,
op, T RT
at +Kd T_Cpo,r_ps(FT-i_sT)a
0p. q
at +qu=ps(Fq_8q)’
where

K —_ 1 __a_ . +£_ C . +_Q_ T e
4 acosg oabs¥ Ggopsv oS¢ oePs% "

We use the following substitutions

\/[75=1t, \/;su=U, p,v=V,
p.T=0, /p.g=0,

and we obtain a symmetrized form of equations

61 U
—+K,U—-| I+~ |4
6t+ JU <+antg¢)

1 od )
—+2R0—=1 =nF,,
acosqo(n61+2 04 nn) e

ov U
—+ K, V+{ I+—t U
o T +( i gq))

+1 n—af+2Rﬂiln1t =nF,,
a\ O¢ O

oo RO
MKk o—
ot R c,n’

T=n(F;+¢&5),

O
—3%+KSQ=1t(Fq—aq),

where

s

roL Um

+L 0"9““-}-‘?“0"
o6 00 )

" 2acos Q

1 U 0o U
K ( +6 s Vcos ¢ _6_+_6_ Veos ¢
n O¢p O

T

)
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(78.13)

(78.14)

(78.15)

(78.16)

(78.17)

(78.18)

(78.19)

(78.20)

(78.21)
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We introduce the following notation for an absolute eddy Z and energy E

1 Ov OQucos ¢
Z_H_acosq)(a‘ d¢ )’

E=3u?+v?).

Now we can write the motion equations (78.1) and (78.2) in the so-called Lamb form

Ou  Ou i 0 )

—+0—— —(P+E)+ RT = = 78.22
o %% ”+acos¢|:al( +E)+ aAmPS] Fu (782
ov Ov 1{ @ 0

- e —] — [— = . 8.2

at+666+Zu+a[a¢(¢+E)+RTaq)lnpsj| F, (78.23)

The system of equations of atmosphere hydrothermodynamics with adiabatic
approximation has a number of integral properties. The conservation laws for total
energy and enstrophy (=Z?%) are the most interesting among them. Let the
right-hand sides in equations (78.1)-(78.4) be equal to zero, and let z, be absent for
some time. Multiplying (78.1) by u, (78.2) by v and adding these expressions we
obtain, after some transformations using equations of continuity (78.5) and
quasi-statics (78.6), the following equation for the changes of kinetic energy in time:

0 Op, ud i/
pSE+KdE+ 1 p.u +6psvcosq;
ot acos@\ 04 Gl
(78.24)
+6 GpS+ N RT
ao\"o B )T T

Adding equations (78.24) and (78.3) and integrating the obtained expression in
o from 0 to 1 and over the Earth’s surface G using the corresponding boundary

conditions, we obtain
1
)
% JPS ‘{(E +C,T)dodG=0, dG=a*cosdedi. (78.25)
G 0

Since it is known (LORENZ [1955]) that the total potential energy of a vertical air
column in hydrostatic systems (being the sum of two kinds of energy—-potential gz
and internal C_ T, where C, is specific heat of air at constant volume) coincides with
its enthalpy C, T, equation (78.25) is the conservation law for the total energy of an
atmospheric system.

If the term RT is replaced in (78.3) by RT where T is the average temperature
(@ value independent of spatial coordinates and time), then the total energy
conservation law takes the quadrature form

1
) C
= J P, f (E+§—7‘{ T2>dG do=0. (78.26)
G 0
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The quadrature conservation law is a fundamental property of system (78.1)-
(78.6), which allows the construction of a stable computation process for obtaining
its solution.

In the case of nondivergent barotropic flow (p,= const, ¢ =0) the Lamb form for
the motion equations (78.22) and (78.23) along with the continuity equation in the
form

1 Ou Ovcos ¢
bt =0 78.27
acos @ (61 + Op ) ( )

allows to show the existence of the enstrophy conservation law

1
d
= J P J Z%do dG=0. (78.28)
G 0

This law has also a fundamental meaning because the real atmosphere is
quasi-barotropic and quasi-geostrophic, and therefore has a specific energy cascade
in the direction of longitudinal waves and enstrophy cascade in the direction of the
high wave numbers.
We assume that p.=1 in relationships (78.1)}-(78.8) and obtain, as a special case,
a system of equations in p-coordinates where, besides the quasi-statics equation
o RT
—=——, (78.29)
Op p
the continuity equation

1 6u+avcosqo Or
acose \0A  O¢ +'6p_

0 (78.30)

turns out to be non-evolutionary.

The system of equations of atmosphere hydrothermodynamics with quasi-static
approximation is irregular, i.e. it does not belong to the Cauchy—Kovalevskaya type
systems but can be reduced to the evolutionary type by integrating, for example, the
quasi-statics equation (78.6) in ¢ from ¢ to 1 and using condition (78.11):

1
RT
¢=¢s+f7d0; (7831)

and by integrating the continuity equation (78.5) in ¢ from 0 to 1 and using
conditions (78.9) and (78.10):

1

d
—5’?+ j Ddo=0 (78.32)

0
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with the vertical velocity analogue ¢ being represented as follows

i g
d=i(afD do—fD do),
Ps
0 0

1 apsu+apsvcosgo
" acosg \ 04 ) '

(78.33)

79. The general splitting method with respect to physical processes
based on the separation of characteristic times

Systems of equations of atmosphere hydrothermodynamics appear to be fairly
difficult to integrate (especially for long times) owing to the simultaneous presence of
a great many physical processes with various characteristic time scales varying from
a few seconds (gravity waves) to a few days and more (synoptic and planetary waves).
It is natural, therefore, to use various computational schemes to describe terms
related to the various physical processes.

Following MEesINGER and ArRakawa [1976] we consider, first, a linearized system
(“shallow water”) including advective terms and terms responsible for the descrip-
tion of gravity waves

Ou Ou Oh
a + Cé‘; +g —a'; =0,

(79.1)
oh oh  du

E’Lcé}’L Ox
where h is the altitude of the free surface, and H is its average value. The ratio of the
velocity of the gravity waves propagation \/gﬂ to the velocity of the advective
transport ¢ constitutes a value of order ~ 10. It is expedient, therefore, to solve the
system of advection equations
ou Ou
o Cax
oh Oh
o ox
first for system (79.1) in the limits of a given time step.

We denote the thereby obtained intermediate values of u**! and h"** by u*!/2
and h"*1/? and use them as initial conditions for solving the remaining subsystem

0,
(79.2)
0

ou Oh_

o Yok

N (79.3)
ZyHZ =0,

Ot Ox
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The values #”** and A" !, obtained after solving this subsystem, are taken to be the
final approximate values of the variables at the time level n+ 1. This procedure is
repeated on each successive time step.

We consider a vector function = {u, h} and a matrix

;)

and write (79.1) in the form

oy oy
o O 79.4
or T4 =0 (794)

By using the following representation of the matrix A,

0
A=A, +A,  A,=cE, A2=(H g),

we can represent the above procedure for solving systems of “shallow water”
equations as a splitting scheme,

l[/"+ 1/2 u/n
At

¢n+ 1_ l’01v:+ 1/2
At

+A1Al//n+ 12 :F’ia
(79.5)

+ A, APt =F3I2,

where the difference operator 4 approximates a differential operator 0/0x; F} and
F3*1/2 are the result of applying difference operators to the function ¥ on previous
time steps.

The solution of a full diabatic problem in a symmetrized form, which is based on
the method of splitting with respect to physical processes and uses weak
approximation method symbolics, may be represented in various forms (MARCHUK,
DymnNikov et al. [1984]):

(a) for the computation of radiative heat fluxes,

00
—a—tl= ne,, m=mn(t,),

Gl(tn) = H(tn);

(b) for the computation of heat fluxes due to condensation, dry and moist
convection,

(79.6)

3 =ne,, 2 —me,, n=mn(t,),

(79.7)
62(tn)= Hl(tn +r)’ Qz(tn)= Q(tn);
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{c) for the solution of diffusion equations,

U, oV,
—a?— ﬂFu, "é‘t-“— TIFU,
00 00 m=nlty)
3 =3 _

a U e
V3(tn)= V(tn)9 VB(tn)= V(tn)s

(79.8)
05(t,)=0,(t,, ), 05(t,)=Q(tn+ 1)
(d) for the solution of transport equations,

oU, oV,
-4 U ad =

a +K 4= 0 at +KSV4 09

n=mn(t,),

00, Q4

U, ft,)= U3(tn +1) V4(tn) =Va(tys1)s
0,(t,)=05(t, 1), 0,(t,)=05(t,+1);

(e) for the solution of adaptation equations,

oU, U, Gl 0

—— 2t |4 2RO, —1 =0,

ot (l+a1t5 g“’) s+ cos ( sor s “”5)

oV, U, 1/ 0@ 0

— — 0,

TS (l+ i tg (p)US (nsaw +2Ré, 6 —In ns)

00, RO,

5 -0

ot Cl..,nﬁT ’

(79.10)

61:
=+ 2n5 ‘[D do =0, Qs=04,41)

0
Us(t,) = U,ltns1), Vs(ty) = Valta+1), 05(t,) = 04(tn+ 1),
nS(tn)zn(tn)'

Formulae (78.31), (78.7), (78.33) are used for computing @, t,D and 4.

A formal analysis of the above splitting scheme yields a first-order approximation
in time even in the case when the Crank—Nicolson scheme is used as a basic scheme
on each splitting stage. We shall consider stability questions in the following

sections.
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80. The approximation of equations in spatial variables and the discrete analogues
of conservation laws

In Section 78 we have described the equations of atmosphere hydrothermodynamics
in symmetrized form. The purpose of such a symmetrization is, first of all, the
possibility to construct absolutely stable difference schemes, whose stability is
proved in a quadratic norm equivalent to the system’s square energy. For
illustration, consider a one-dimensional transport problem

o0 00 Ouf

4y y—r =

ot + 2(uax + Ox ) 0. (801)
It is easily seen that for (80.1) the relationship

0

— | 02dG=0

G

G

holds if u becomes zero at the boundary of domain G or if € is periodic. This follows
from the skew-symmetricity of the operator

K =1 u60+6u6
T "ox | ox /)
Finite difference approximations of operator K, will also retain the skew-sym-
metricity condition (skew-symmetric matrices will appear) if the same symmetric
uniform scheme is used for each of the terms u06/0x and 0uf/0x. Thus we can write

Gh
%t- +K*"0*=0,
where
(K20",0"),=0, (80.2)

and the inner product
(@hs wh)db = Z otyl

is chosen in a corresponding grid space .

The operator K? retains its skew-symmetric form irrespective of the choice of u”,
ie. it is independent of the type of projector transforming u into u". The
independence of the skew-symmetricity property of the type of projection operator
allows the construction of a family of schemes satisfying condition (80.2) for problem
(80.1). Using the Crank—Nicolson scheme in time we obtain (index h is omitted)

6n+1-0" 6n+1+6n
K =
Ar T2

Taking the inner product of (80.3) and 3(6"* ' + ") we obtain
(6n+ 1’ 6n+ 1)¢=(9n, Bn)d”
which means that problem (80.1) is stable.

0. (80.3)
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If we choose staggered grids where function 6 is determined on integer grid points
and the function u on fractional grid points, then a scheme of second-order accuracy
in space for (80.1) can be represented as follows

n+1 n n+1/2 n+1/2
07" —0 “z+1/29:+1 _“i-1/28i—1/

A A =0 (80.4)
and will have the property that
YAOTTE=Y (7). (80.5)

It is fairly simple to write the approximation in space variables and the scheme for
the three-dimensional transport equation in the general case:

6?1:1_ ?jk 1 .
At +2a coS (ijl[ i+ 1/21k6:+1 Kk i—1/2,j,k6ij11’/ﬁk]
1
Sreos o Ao COS O s 124 075+ a0 0O @)Fj- 124 0772541 (806
+2ac0s<ijq)[( OV je 1724 007+ i~ P)i.i-1/2.k k] (80.6)

1
. 1/2
2A (Unjk+1/2 9:j,k+1 0?,;,1;—1/29?,},:‘/—1):0,

where

Uis 12,50 =3Wiv 12,5+ 12,0 FUie 12,5 172.4)>
(vcos @)+ 1/2,k=%((v COS Q)i+ 1/2,j+ 12,k +(VCOS Q)i _1)2 5+ 1/2,k)-
The grid points where the functions u and v are determined have indices i +3,j+5
and k; the grid points where a function ¢ is determined have indices i,j and k +3.
It is easily seen that the matrices for each difference operator approximating the
derivatives along 1, ¢ and ¢ are skew-symmetric, i.e. (80.6) can be written in vector
form,

n+1__ on
f)——T+(Kg,‘+K;"+K;’)t9"“”2=O, (80.7)
where
(K£0,0),=0, u=4,0q,0. (80.8)

Transport problems can be represented in form (80.7)-(80.8) for other substances
as well: specific humidity and horizontal velocity components.
At the adaptation stage the scheme has the form:

1/2
Uit ie 10— Ul 12,54 12,4 ({ Urdif v 1 " )
| ti+1,2 1/2 +1j2
At 7+ aniifs 12 T
!
x Va2, e LS ATRTA L A (80.9a)
2+ 1/2. acos<ij,1[ i+1/2.j+12 Y1 Pjr1)2,

+ 2RO} 1/2j+1/2kxv(1n7f)?1ﬂ] 0,
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+1 +1/2
Vifipjripa—Vie2,j+12.k ] Uis 1/2,j+ 2.k
AL T4+ At 12 Pi+1/2
i+1/2,j+1/2
1
X U,+1/2 ji+1/2, k+ [75:+ 1/2 iv12 ¥ Ridey 1/2 k (80.9b)

+2R9.":11/221+”2,‘xV(lnn)fI},’ ] 0’

nff ) 11:,1 1 nt+1/2
At 27'Cn+ 1/2 Z Duk AO’=0, (8090)
where
1 AL
Dy ~acos 0;Al Vi1 Us +A_q,vi— 12T €08 @Vy |, (80.94d)
i
6’:}-’: 1— :'ljk R 1

Z — 01 e i Ui 340k
At 2C Lacos @it Al ik vl

1
+1/2 +1/2
xvl+v(ln n)" f +—__8:lj+ 1/2+v.k V:;+1/2+v kCOSQ;y 1/2+vV,+u

Ao
1
x (In n)f* I/ZJ—W v=;1‘0 I:((pz,j,k-f- 12+v2—

k+v
k22) Y, Dipti? Aa] 0, (80.9¢)

u+1

1 RO,

Do — Vk 1/2(®;;0)= jk, (80.9f)

Vrz()r+1_()r9 ()r+1,’2=2[()r+1+()r],
r is any of the indices i,j, k, or n.
Letz = 0 and let the term RT in (78. 3) be equal to RT. Hence, multiplying (80.9a)
by U /7 j+1/2.x- and (80.9b) by Vi3 i1 1124, (80.9¢) by 0% /2 and summing over
all i, j and k, we obtain the relationship

Z oS (Pj(Ui2+ 2+ r2et Visyzgeipact T lk)
Z (80.10)

C B,Jk n
= Z COSs @; Uz+1/2 j+1/2, k+V.+1/2 j+1/2,kt 7 ,
ik

which is, in fact, the difference analogue of the conservation law (78.26).

81. The method of splitting with respect to geometric variables and
numerical realization

Since the transport operator K is the sum of three operators (transport in each
geometric direction), each being skew-symmetric, it is quite natural to perform
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a further splitting of the problem. Hence, we obtain the following algorithm:

!l’n+1/3_Wn zu’n+1/3+¢n
LA Ay €5 SUNLE SR}
At +Ks 2
l//n+2[3__l)bn+1/3 ql’wn-i'Z/‘El_*_l)bn-f'1/3
=0, 81.1
At +Ks 2 ®L.1)
Wn+1_l//n+2/3+Kawn+1+¢n+2/3=O
At ) 2 ’

where i is any of the functions U, V, 6 or Q.

Due to (80.8) it is obvious that the above difference scheme is absolutely stable and
quadratic functionals conserve their value exactly. In the general case, scheme (81.1)
has a first-order approximation in time. The cyclic commutation method allows,
however, the construction of a second-order approximation scheme in the general
case of noncommuting operators as well (MarcHUK [1980]).

Thus, a three-dimensional transport problem is reduced to a set of one-dimen-
sional problems.

Now we consider methods for inverting these operators. Transport in the
A-direction (along latitude circles) is realized by the cyclic sweep method. It is the
same for all unknown functions (the only difference is in determining the “transport™
velocities, which are parts of the expression for operator K ). The algorithm for
transport in the g-direction is also the same for all unknown functions (scalar sweep).
Transport in the @-direction (along longitudes) is realized in a more complex way.
A method for constructing cyclically closed rings of meridians shifted by 180° has
been used by MArRCHUK, DyMNIKOV et al. [1984]. In this case components of the
vector values (U and V) in the transition over the Pole must change their sign while
the scalar values (8 and Q) keep the same sign. Computation is realized via a cyclic
sweep. The skew-symmetric form of the transport operator guarantees, in this case,
conservation of the quadratic values.

To solve the system of algebraic equations at the adaptation stage (80.9) the
following iterative process with respect to values Ut 12 "+ 1/2 gt 112 apnd g+ js
used (some aspects of its convergence and the choice of optimal parameters are
discussed by MarcHUK, DYMNIKOV et al. [1984]):

i RO
s \v} ( (p(s) _ ijk (81 2
.-k ——— _ 0’ NS —_— .
1) Ao_ k—1/2 U) T[g) ? )
(s)
A® =1A¢l1 Uit 12,j+ 12k 88 @)+ 172
i+1/2,7+1/2,k=2 12t an® ,
i
At
F)I s U () — e
(F1)i¥1p2,5+ 172, i+1/2,i+1/2,k 2acos<pj+1/2AA[ i+1/2,j+1/2
{5) (s) ()]
XV OF 126+ 2RO 112 i1 124 Villn )5 1 2], 613

At
(9 () (=)
(Fz)?+s1/2,j+ 1/2,k= Vi+ 12,j+ 12,k 2aAg [7i+ 1/2,+1)2 Vj¢i+ 1/2,k

(s)
+2R9§2 1/2,j+1/2. ¥;(In )it 121
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(s+1) (s) (s+1)
Ui+ 2k — Ait 12,5+ 172, V;s+ 12,5+ 126=(F, )z+ 1/2,j+1/2,ks
©®) AR 5+1) (81.4)
Aid a2k Uiv iz 12uH Vid o ey, k—(Fz).+ 1/2,j+1/2,k>
1 +
D(S"'l)= ( (s) U(s 1)
e acos q)jAl ~1/2
Al
(s+1)
+A—¢Vj_ 1/2(11 coso Vi, )1, (81.5)
AtR
( +1) (s)
O =(1—19)05 + 144 0%+ ®
4C,m;j acos @;

1 s+1
) (s)
. Z I:AA. ’+1/2+Vijz+1/2+vjkVi+v(ln7l')j

v=-1,0

1
(s) (s+1) )
+Kq; COS Q5112 +vlij+ 172+ vk Vi J+ 172+ vk Vi (In 7);

At k+v 6+ 1)
Z (¢i;k+(v+1)/2_¢uk+v/2) Z Dua (816)

2C S) v=-1,0
. AtAe X
ayt = (—rn)n‘,-j)+t,t(n?j s ZDE,,;*“). (81.7)
27[1] k=1

The following notations are introduced in (81.2)~(81.7): s is the iteration number
(indices (n+ 1) and (n + %) are omitted); 1, and 7, are relaxation parameters in 6 and
n (at the resolution AA=A¢ =5° the optimal value of the parameters t, and t, is the
value =0.25).

The computational process is organized as follows. The distributions of U, V,6
and n on the preceding step in time are taken as the initial approximation (when
s=0). Distribution of the geopotential ¢ is computed using the known “old” values
# and n and equation (81.2). Auxiliary values 4, F, and F, are computed using
formulae (81.3). Here, in computing F, in polar regions the short waves in zonal
gradients of functions Inm and @ are filtered by means of a fast Fourier
transformation. By solving system (81.4) we find values U and V by explicit
formulae. Then, substituting them into (81.5) we compute the flat divergence D.
Finally, using relationships (81.6) and (81.7), we compute “new” values # and = (in

this case, as above, we filter out short waves in zonal gradients \/;r U and In n).
Note that the accepted procedure of filtering short waves does not break

conservation laws. We perform iterations at each step in time until either the
following relationship holds

max 031 )~ 0%k <.

i, .k
where ¢ is a given value of absolute error, or the number of iterations exceeds a given
limit value.
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Problems in Oceanology

The problem of mathematically modeling the ocean’s general circulation attracts
many scientists. The progress in the research into the physics of the ocean stimulated
mathematicians to construct numerical models of ocean circulations, tide waves,
currents, etc. These models influenced significantly the development of research into
the central problem of modern geophysical hydrodynamics, the interaction of the
atmosphere and the ocean.

This chapter describes the major aspects of the construction of numerical
algorithms for the solution of ocean dynamics problems based on the splitting
method (MARCHUK [1974a], MARCHUK, DYMNIKoV et al. [1984]).

82. Statement of the problem and the splitting of equations with respect to
physical processes

The problem of the general circulation of the ocean is described by the following
system of equations written in Cartesian coordinates for the sake of simplicity:

du Op 0 Ov
a ———06+yAv+a—rca,
dv 1 dp 0 Ou
= = F et
" Po ax+“A“+a “or
op ou Ov ow
(82.1)

d—T+ w= A'I"+a 6_T
d YW= HUr 3 Kr oz
ds o oS
-(E-F])SW:[ISAS-}-&KS&,

d 0 0
p=p(T,S), —=i+u—+v—+w2.

dt o¢ ©ox Oy Oz

System (82.1) is obtained from the general equations of the hydrodynamics of
a rotating fluid by using traditional approximations for problems of the large-scale

441
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dynamics of the ocean, namely, Bousinesq, hydrostatics, incompressibility of the
water, linear mechanism of macroturbulent viscosity and diffusion.
Equations (82.1) are written for deviations p(z), p(z), T(z), S(z) of pressure p, density
p, temperature T, and salinity S respectively from their average values on the vertical
with
dT  d§
't ~dz VYs= dz’
We assume that the solution domain Q of the problem represents a closed basin,
bounded by the unperturbed surface of the ocean z=0, bottom H= H(x,y) and
cylindric lateral surface . We add the corresponding boundary and initial
conditions to (82.1):

g OT_3S_
EUER S T on ¢
;T z (82.2)
v +b, T=C,,
GS for z=0;
— C,
s +b,5S=
0
K—u=0, 6v =0,
0z "oz for z=H, (82.3)
OH ©OH oT 0§
wW=u—+v—

0z ay v ov
u=u’, v=0v° T=T7° S=S° for t=0,
where v is an external normal vector to ¢, and a;,b;, c;, f;,u%,v° T° and S° are given
coefficients and functions. The set of processes described by system (82.1) can
conditionally be divided in three main types: transport of momentum, heat and
salinity along the trajectories, their diffusion and adaptation of the mass fields and
currents. To solve approximately problem (82.1)-(82.3) the splitting method with
respect to the corresponding physical process can be used.

We pay no attention to methods for approximating (82.1) in spatial variables (see
MarcCHUK [1974a], MARCHUK, DYMNIKOV et al. [1984] and ZaLesny [ 1984, 1985])
and write a splitting system on time intervals ¢, <t<t,,, in terms of differential
equations. We have to solve three subsystems consecutively:

1 0u  Ou n@u au
3ottt et
1 Ov ,.au nav Qv
3o Y Ve Y

1?1‘4_ 6T+ oT oT
3 Ot Ox oy 0z

(82.4)
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(82.5)

(82.6)

Note that in this case it is assumed, in splitting system (82.1), that equations (82.1) are
linearized at the interval t;<¢<¢;, , . This is indicated by the indices nin (82.4) and in
the equation of state in system (82.6). We add to the subsystems (82.4)(82.6) the
corresponding initial conditions and to (82.5)-(82.6) the boundary conditions
following from (82.2).

For system (82.5) we have the following boundary conditions

(82.7)
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and for system (82.6)

{u,v)=0 on o,
w=0 for z=0,

w=uHl_+vH, for z=H,
where
u=(u,v).

83. The splitting of adaptation equations in planes and generalization
for the nonhydrostatic case

CHAPTER XX

(82.8)

The equations solved by the methods considered above have been obtained on the
first two stages of splitting with respect to physical processes, described by systems

(82.4) and (82.5).

Now we consider a method for solving system (82.6) based on further splitting in
the coordinate planes (x,z) and (y,z) (MARcHUK [1974a]). Because this method
allows generalization, we assume that a more complete evolutionary equation is
used instead of the hydrostatics equation. Hence, we arrive at the following two
systems of equations, assuming for the sake of simplicity that the state equation is

linear (p, = 0):

10 , 1%
60t 20 p, ox’
19

-6'6—1;4*%111 0,

1 Ow L L@
eor YT
ou 10w
w2

19

1 Ou

ga 2"=0

_1.@ 42l1 z_i a_p
6 Ot Po Oy
la_w_%g__L op

(83.1)

(83.2)
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av+1 aw
oy 290z
1%p |

where y=aryr +0g 5.
By using continuity equations we can reduce each of systems (83.1) and (83.2) to
problems for stream functions.

84. The splitting of adaptation equations with respect to “topography”

The above system of ocean dynamics equations (82.1) is non-evolutionary. That is
why its splitting with respect to physical processes has been performed on
a “physical level”. To be able to use the results of the general theory of the splitting
method givenin the previous chapters, we reduce (82.1) to an evolutionary form. We
will, however, not consider here the transformation of the full system (82.1) to its
evolutionary form (see MARCHUK, DyMNIKoOV et al. [1984] and ZaLesNy [1984]). Let
us illustrate this technique by transforming adaptation equations (82.6) under the
assumption that the state condition (p,=0) is linear.

We transform the solution domain  of the problem into a cylinder with unit base
by substitution of z, =z/ H and represent the horizontal components of the velocity
vector in the form

Hence, we obtain the following system of equations

Ou Op aH op
{H— —Hiy=——(HE "2 %
o mE ( Ox Ox 1621/’
1 Ov | op OH Op
= —+Hlu=——H——

3o T ( oy y 1621)
op OuH OvH Ow,

P Yy T, (841
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Excluding functions p and w, from (84.1) we obtain, assuming y >y, >0,

a op OH Op
1 —_— =
300 H o —poHlv+ (Ha 3 21621) 0,
Ov Oop OH ©op
H — 0 .
3p0Ha +p0 lu +(Hay ay zlazl) H] (842)
18 @ 1 9 @ , u6H+v6H +6uH+6vH_O
30r 0z, gH; oz, oz, "\"ox ' dy ox  dy
We rewrite system (84.2) in operator form
0
BB‘;+A¢=0, A=A, +4,, (84.3)
where
=(u,v,p),
3poH 0 0
B= 0 ip,H 0 ,
1 o 10
0 0 —_= — —
30z, ¢g gHy 0z,
0 OH 0
0 —poHl H— 0
Po Ox 6leaz1
0 OH 0
A= Hl 0 H— -2z
1= Po Oy 0 dy zlazl ’
0 0 OH 0 OH
ax oy 0 3z, Yox 0z, Yoy 0

For the approximate solution of (84.3) we use a splitting scheme with respect to
“topography” (ZALesNy [1984, 1985])

(84.4)

Hence, at the first stage of splitting we come to the solution of

au ap
1
4 —— _—O,

ov op
&Po H'a_Z+ Po Hlu+Ha—y=0, (84.5)
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10 0 1 op OuH OvH
——— T —— 4 ——=0.
60t 0z, gH, 0z, Ox Oy

We add to system (84.5) the boundary conditions following from (82.8):
w=0 forz, =0,1;

or in terms of function p:

0
—E L _p=0 for z, =0,1,
or gH, 0z,
(84.6)
(u.v)=0 ono.
At the second stage of splitting we have
L ou OH 2, op 0,
or 6x1 azl
ov aH op
oo H— =0, 84.7
6p0 at ayl lazl ( )
10 0 1 9 @ OH aH _0
"6 01 0z, gH, 0z, 0z, '\"ox oy
with boundary conditions
R 6_p=0 for z=0,
ot gH, 0z,
5 5 (84.8)
o1 —p=uHx+vH for z=1.
Ot gH, 0z, Y
It is easily shown that relationships
B=0,

(4;0,0)=0, i=12  fory#0

hold for operators B, 4, and A4, (with the corresponding boundary conditions).

85. The splitting of “shallow water” equations with respect to coordinates

System (84.5) obtained at the first splitting stage with respect to “topography” may
be transformed to a linear system of the “shallow water” equations:

Hiv +H%”" 0,

1 Ou,
6p0 a

Ov op
‘l' —" n:
spo Hy '+ po Hluy + HZ 2 =0, (85.1)

6p,, Ou,H Ov,HY
61"6 H( Ax + By )«MO.
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Here 4, are eigenvalues of a self-adjoint spectral problem,

0 la(p,l

0z y 0z nPm

B(p,,=0 for =0, !
Oz

with 1,=0,4;,>0,i=1,2,...
System (85.1) can also be split along the coordinates x and y into two subsystems:

Ou, op
1 n
lZpOd at zpoHlU +Hax O,
X ov, |
ﬁpOH—a?‘}"'z‘pOHlu":O., (85.2)
op Ou,H
A, —+gH—">—=0;,
257, Ty
1 uﬂ _
12P0 or Hly,=0,
Ov, op,
2P0 Ha—t+%ﬂo Y =0, (85.3)
op ov, H
A 24+ gH- =0
1275y a g ay 0

Systems (85.2) and (85.3), or to be exact, their discrete analogues are realized by
simple three-point sweeps.

Note that in the absence of rotation effect (/=0) the system coincides with
acoustics equations in the two-dimensional case with the accuracy up to the
notations. A method of splitting with respect to coordinates analogous to
(85.2)-(85.3) with concrete discretization of the problem in spatial variables has been
considered by YANENKO [1967].

One can find various versions of splitting methods for ocean dynamics problems
as well as algorithms for their realizations and results of numerical experiments in
the works by MarcHUK [1974a], MARCHUK, BusNov, ZALESNY and KORDZADZE
[1983], MarcHUK, KOoRDZADZE and Skiea [ 1974], MARCHUK et al. [ 1980], MARCHUK
and ZALESNY [1974], Kuzin [1980, 19841 and ZALESNY [ 1984, 1985].
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