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Preface

Let R = k[x] = k[z1,...,zs] be a polynomial ring in the indeterminates
Zi,.-.,Zn, over the field k. Let

— el ] ) —
fi=z¥=o -z, i =1,...,q,

be a finite set of monomials of R. We are interested in studying several
algebras and ideals associated to these monomials. Some of these are:

e the monomial subring: k[f1,..., fq] C k[x],

e the Rees algebra: k[x, fit,..., fgt] C k[x,t], which is also a monomial
subring,

e the face ring or Stanley-Reisner ring: k[x]/(f1,..., fy), if the mono-
mials are square-free, and

o the toric ideal: the ideal of relations of a monomial subring.

In the following diagram we stress the most relevant relations between
the properties of those algebras that will occur in this text.

Rees algebra
Face ring Monomial subring

Toric ideal
If such monomials are square-free they are indexed by a hypergraph

built on the set of indeterminates, which provides a second combinatorial
structure in addition to the associated Stanley-Reisner simplicial complex.

iii




iv Preface

This book was written with the aim of providing an introduction to the
methods that can be used to study monomial algebras and their presentation
ideals, with emphasis on square-free monomials. We have striven to provide
methods that are effective for computations.

A substantial part of this volume is dedicated to the case of monomial
algebras associated to graphs, that is, those defined by square-free quadratic
monomials defining a simple graph. We will systematically use graph theory
to study those algebras. Such a systematic treatment is a gap in the litera-
ture that we intend to fill. Two outstanding references for graph theory are
[28] and [139)].

In the text special aftention is paid to providing means to determine
whether a given monomial algebra or ideal is Cohen-Macaulay or normal.
Those means include diverse characterizations and qualities of those two
prof)erties.

Throughout this work base rings are assumed to be Noetherian and
modules finitely generated.

An effort has been made to make the book self contained by including
a first chapter on commutative algebra that includes some detailed proofs
and often points the reader to the appropriate references when proofs are
omitted. However we make free use of the standard terminology and nota-
tion of homological algebra (including Tor and Ext) as described in [250]
and [311].

The first goal is to present basic properties of monormial algebras. For
this purpose in Chapter 2 we study affine and graded algebras. The topics
include Noether normalizations and their applications, diverse attributes of
Cohen-Macaulay graded algebras, Hilbert Nullstellensatz and affine vari-
eties, some Grébner bases theory and minimal resolutions.

In Chapter 3 a thorough presentation of complete and normal ideals
is given. Here the systematic use of Rees algebras and associated graded
algebras makes clear their importance for the area.

Chapter 4 deals with Hilbert series of graded modules and algebras, a
topic that is quite useful in Stanley’s proof of the upper bound conjecture
for simplicial spheres. Here we introduce the h-vector and a-invariant of
graded algebras and give several interpretations of the a-invariant when the
algebra is Cohen-Macaulay. Some optimal upper bounds for the number
of generators in least degree of Gorenstein and Cohen-Macaulay ideals are
presented, which naturally leads to the notion of an extremal algebra. As
an application the Koszul homology of Cohen-Macaulay ideals with pure
resolutions is studied using Hilbert function techniques.

General monomial ideals and Stanley-Reisner rings are examined in
Chapter 5. The first version of this chapter was some notes originally pre-
pared to teach a short course during the XXVII Congreso Nacional de la
Sociedad Matemdtica Mexicana in October of 1994. In this course we pre-
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sented some applications of commutative algebra to combinatorics. We have
expanded these notes to include a more complete treatment of shellable and
Cohen-Macaulay complexes. The presentation of the last two sections of
this chapter, discussing Hilbert series of face rings and the upper bound
conjectures, was inspired by [25, 44] and [271].

Since monomial algebras defined by square-free monomials of degree two
have an underlying graph theoretical structure it is natural that some inter-
action will occur between monomial algebras, graph theory and polyhedral
theory. We have included three chapters that focus on monomial algebras
associated to graphs. One of them is Chapter 6, where we present connec-
tions between graphs and ideals and study the Cohen-Macaulay property of
the face ring. Another is Chapter 8, where we present a combinatorial des-
cription of the integral closure of the corresponding monomial subring and
give some applications to graph theory. In Chapter 9 we consider monomial
subrings and toric ideals of complete graphs with the aim of computing their
Hilbert series, Noether normalizations and Grébner bases.

The central topic of Chapter 7 is the normality of monomial subrings
and ideals; some features of toric ideals are presented here.

At the end Chapter 10 is devoted to studying monomial curves and their
toric ideals, where the focus of our attention will be on monomial space
curves and monomial curves in four variables. Affine toric varieties and
their toric ideals are studied in Chapter 11.

Most material in this textbook has been written keeping in mind a
typical graduate student with a basic knowledge of abstract algebra and a
non-expert who wishes to learn the subject. We hope that this book can
be read by people from diverse subjects and fields, such as combinatorics,
graph theory, and computer algebra. Various units are accessible to upper
undergraduates.

In the last fifteen years a dramatic increase in the number of research
articles and books in commutative algebra that stress its connections with
computational issues in algebraic geometry and combinatorics has taken
place. Excellent references for computational and combinatorial aspects
that complement some of the material included here are [74, 92, 298], [44,
274, 278] and [39, 315].

A constant concern during the writing of this text was to give appro-
priate credits for the proofs and results that were adapted from printed
material or communicated to us. We apologize for any inadvertent omis-
sion and would appreciate any comments and suggestions in this regard.

During the fall of 1999 a course on monomial algebras associated to
graphs was given at the University of Messina covering Chapter 6 to Chapter
9 with the support of the Istituto Nazionale Di Alta Matematica Francesco
Severi. It is a pleasure to thank Vittoria Bonanzinga, Marilena Crupi, Gae-
tana Restuccia, Rossana Utano, Maurizio Imbesi, Giancarlo Rinaldi, Fabio
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Ciolli and Giovanni Molica for the opportunity to improve those chapters
and for their hospitality.

We thank Wolmer V. Vasconcelos for his comments and encouragement
to write this book. A number of colleagues and students provided help-
ful annotations to some early drafts. We are specially grateful to Adridn
Alcéntar, Joe Brennan, Alberto Corso, José Martinez-Bernal, Susan Morey,
Carlos Renterfa, Enrique Reyes and Aron Simis. We are also grateful to
Laura Valencia for her competent secretarial assistance.

The Consejo Nacional de Ciencia y Tecnologia (CONACyT) and the
Sistema Nacional de Investigadores (SNI) deserve special acknowledgement
for their generous support. It should be mentioned that the development of
this book was included in the project Estudios sobre Algebras Monomiales,
which was supported by the CONACyT grant 27931E.

In the homepage “http://www.math.cinvestav.mx/profesores/vila” we
will maintain an updated list of corrections.

RAFAEL H. VILLARREAL
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Chapter 1

Commutative Algebra

In this chapter some basic notions and results from commutative algebra
will be introduced. All rings considered in this book are commutative and
Noetherian and modules are finitely generated. Our main references are the
works of W. Bruns and J. Herzog [44], D. Eisenbud [92], H. Matsumura [218]
and W. Vasconcelos [298]. Some of the results presented below are just
stated without giving proofs, if need be, the reader may locate the missing
proofs in one of those references.

1.1 Module theory

Noetherian modules and localizations

A Noetherian ring R is a commutative ring with unit with the property
that every ideal of I is finitely generated, that is, given an ideal I of R there
exists a finite number of generators fi,..., f, such that

I'= (i aifi

CL¢€R,Vi> .

=1

Let R be a commutative ring with unit and let M be an R-module. Recall
that M is called Noetherian if every submodule N of M is finitely generated,
that is, N = Rf; + -+ Rfg, for some fi,...,f; in N.

Proposition 1.1.1 If M is a finitely generated R-module over a Noetherian
ring R, then M is a Noetherian module.

Corollary 1.1.2 If R is a Noetherian ring and I is an ideal of R, then
R/I and R™ are Noetherian R-modules. In particular any submodule of R™
is finitely generated.
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Theorem 1.1.3 (Hilbert basis theorem) A polynomial ring Alx] over
a Noetherian ring A is Noetherian.

One of the important examples of a Noetherian ring is a polynomial ring
over a field k. Often we will denote a polynomial ring in several variables by
k[x] and a polynomial ring in one variable by k[z]. Unless otherwise stated
the letters k and K will always denote fields.

Theorem 1.1.4 An R-module M is Noetherian if and only if M satisfies
the ascending chain condition for submodules, that is, M is Noetherian if
and only if for every ascending chain of submodules of M

NoCN C---CN,CN,y C---CM
there exists an integer k such that N; = Ny for every i > k.
In this book by a ring (resp. module) we shall always mean a Noetherian
ring (resp. finitely generated module).

The spectrum of a ring R will be denoted by Spec(R), it is the set of
prime ideals of R. The minimal primes of R are the minimal elements
of Spec(R) with respect to inclusion and the maximal ideals of R are the
maximal elements of the set of proper ideals of R with respect to inclusion.

Let R be a ring and X = Spec(R). Given an ideal I of R, the set of all
prime ideals of R containing I will be denoted by V(I). It is not hard to
verify that the pair (X, Z) is a topological space, where Z is the family of
open sets of X, and where U is in Z iff U = X \ V(I), for some ideal I.
This topology is called the Zariski topology of the prime spectrum of R.

A local ring (R, m, k) is a Noetherian ring R with exactly one maximal
ideal m, the field k = R/m is called the residue field of R.

A homomorphism of rings is a map ¢: B — S such that:
(i) wla+b)=wla)+ ), Va,be A,
(i) @(ab) = p(a)p(d), Ya,b e A, and
(iif) (1) = 1.

Let R be a ring and let ¢:Z — R be the canonical homomorphism
(p(a) =a-lg,

then ker(yp) = nZ, for some n > 0. The integer n is called the characteristic
of R and is denoted by char(R).

Proposition 1.1.5 Let (R, m) be a local ring, then either char(R) = 0 or
char(R) = p*, for some prime number p and some integer k > 1.
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Proof. Let n = char(R) > 2. If n = pgm, where p,q are prime numbers
with ¢ # p, then p- 1p and ¢ - 1p are both in m because they are non
invertible, but this is impossible because 1 = ap - bq and from the equality

1 =(a-1gr)(p-1r) + (b~ 1r)(q- 1r),
one derives 1z € m, a contradiction. O
Modules of fractions and localizations

Let R be aring, M an R-module, and S a multiplicatively closed subset of
R so that 1 € S. Then the module of fractions of M with respect to S, or
the localization of M with respect to S, is defined by

S~ M)={m/s|m e M, s€ S},

where m/s = my /sy if and only if t(sym — smy) = 0 for some t € S. In
particular ST*R has a ring structure given by the usual rules of addition
and multiplication, and S™'M is a module over the ring S~!R with the
operations:

ml/si -+ m2/52 = (ngi + Simg)/SISQ (Si c S, m; € M)
(a/s)-(m1/s1) = ami/ss (a€e R, s€5).

There is a canonical map ¢: M — S™'M, where ¢(m) = m/1. If
f:M — N is a homomorphism of R-modules, then there is an induced

homomorphism
ST f:ST'M — STIN

of S~!R-modules given by f(m/s) = f(m)/s.

Example 1.1.6 If f is in a ring R and S = {f™|n > 0}, then S7'R is
usually written Ry. For instance if R = C[z] is a polynomial ring in one
variable over the field C of complex numbers, then

R, =Clz,z7]
is the ring of Laurent polynomials.

Definition 1.1.7 Let p be a prime ideal of a ring R and S = R\ p. In this
case SR is written R, and is called the localization of R at p.

Example 1.1.8 Let p be a prime ideal of a ring R. The local ring
(RP ) pRP ) k(p))

is the prototype of a local ring, where k(p) = R, /pR, denotes the residue
field of R,.
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Krull dimension and height

By a chain of prime ideals of a ring R we mean a finite strictly increasing
sequence of prime ideals

Po Cp1 C--- Chy,

the integer n is called the length of the chain. The Krull dimension of R,
denoted by dim(R), is the supremum of the lengths of all chains of prime
ideals in R. Let p be a prime ideal of R, the height of p, denoted by ht (p)
is the supremum of the lengths of all chains of prime ideals

PoCp: C - Chn=Pp

which end at p. Note dim(R,) = ht (p). If I is an ideal of R, then ht (I),
the height of I, is defined as

ht(I) = min{ht(p)| I C p and p € Spec(R)}.

In general dim(R/I) + ht (I) < dim(R). The difference dim(R) — dim(R/I)
is called the codimension of I.

Let M be an R-module. The annihilator of M is given by
annp(M) = {z € R|zM = 0},

if m € M the annihilator of m is ann (m) = ann (Rm). It is convenient to
generalize the notion of annihilator to ideals and submodules. Let N; and
N3 be two submodules of M, their ideal quotient or colon is defined as

(N1:p No) = {x € R|zN, C N;}.
Let us recall that the dimension of an R-module M is
dim(M) = dim(R/ann (M))
and the codimension of M is
codim(M) = dim(R) — dim(M).
Theorem 1.1.9 If A[z] is a polynomial ring over a Noetherian ring A,
then dim A[z] = dim(A) + 1.
Primary decomposition of modules
Let I be an ideal of a ring R. The radical of I is
rad (I) = {z € R|z™ € I for some n > 0},

the radical is also denoted by /1. In particular (0), denoted by Mg, is
the set of nilpotent elements of R and is called the nilradical of R. A ring
is reduced if its nilradical is zero.
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Proposition 1.1.10 If I is a proper ideal of a ring R, then rad (I) is the
intersection of all prime ideals containing I.

Definition 1.1.11 Let M be a module over a ring R, the set of associated
primes of M, denoted by Assp(M), is the set of all prime ideals p of R with
the property that there is a monomorphism ¢ of R-modules:

R/p 5ASY3
Note that p = ann (¢(1)).

If M = R/I it is usual to say that an associated prime ideal of R/T is
an associated prime ideal of I and to set Ass(l) = Ass(R/I).

Proposition 1.1.12 Let R be a ring and S a multiplicatively closed subset
of R. If M is an R-module and p is a prime ideal of R with SNp = B, then
b is an associated prime of M if and only if S™'p is an associated prime of
S—IM.

Proof. If p is in Ass(M), then R/p — M. Hence
STIR/S™p s STIM

and S~!pis an associated prime of S™! M.

For the converse assume S~!'p = ann(m/1). Since R is Noetherian p is
generated by a finite set aj,...,an, hence for each ¢ there is s; € S such
that s;a;m = 0. Set s = 51+ s,. We claim p = ann(sm). Clearly one
has p C ann(sm). To show the other containment take z € ann(sm), then
zsm = 0 and z/1 € ann(m/1) = S~'p. Hence z € p. O

Definition 1.1.13 Let M be an R-module, the support of M, denoted by
Supp(M ), is the set of all prime ideals p of R such that M, # 0.

A sequence 0 — M’ —f-> M % M" - 0 of R-modules is called a short
exact sequence if f is a monomorphism, g is an epimorphism and im(f) =
ker(g). A sequence of R modules and homomorphisms:

"'——>M¢—1£_—§Mi—f"—>M¢+1 f_+_1)

is said to be exact at M; if im(f;—1) = ker(f;), if the sequence is exact at
each M; it is called an ezact sequence.

Lemma 1.1.14 If 0 - M’ - M — M" — 0 is a short exact sequence of
modules over a ring R, then

Supp(M) = Supp(M') U Supp(M").
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Proof. Let p be a prime ideal of R. It suffices to observe that from the
exact sequence
0— M, - M, - M, -0,

we get M, # 0 if and only if M, # 0 or M’ # 0. |
Theorem 1.1.15 If M is an R-module, then there is a filtration of sub-

modules
(O):M()CMlC"'CMn:M

and prime ideals p1,...,pn of R such that M;/M,_1 ~ R/p; for all i.
In general the primes pi,...,p, that occur in a filtration of the type
described in the previous result are not associated primes of the module M;

see [87] for a careful discussion of filtrations and some of their applications
to combinatorics.

Lemma 1.1.16 If 0 - M' — M — M" — 0 is a short exact sequence of
modules over a ring R, then

Ass(M) C Ass(M') U Ass(M").
Corollary 1.1.17 If M is an R-module, then Assp(M) is a finite set.

Proof. Let py,...,p, be prime ideals as in Theorem 1.1.15. By a repeated
use of Lemma 1.1.16 one has Assgr(M) C {p1,...,pn} C Supp(M). |

Let M be an R-module. An element z € R is a zero divisor of M if
there is 0 # m € M such that zm = 0. The set of zero divisors of M is
denoted by Z(M). If z is not a zero divisor on M we say that z is a regular
element of M.

Lemma 1.1.18 If M is an R-module, then
zmy= |J »
pEAssp(M)

Proof. See [218, Theorem 6.1]. O

Definition 1.1.19 Let M be an R-module. A submodule N of M is said
to be a primary submodule if Assp(M/N) = {p}.

An ideal q of a ring R is a primary ideal if Assp(R/q) = {p}, thus q is
a primary ideal iff zy € q and z ¢ q implies y™ € g for some n > 1.

Definition 1.1.20 Let M be an R-module. A submodule N of M is said to
be irreducible if N cannot be written as an intersection of two submodules
of M that properly contain N.
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Proposition 1.1.21 Let M be an R-module. If (} # M is an irreducible
submodule of M, then Q) is a primary submodule.

Proof. Assume there are p;and ps distinct associated prime ideals of M/Q
and pick ro € p; \ p2 (or vice versa). There is z; in M \ () such that
p; = ann(Z;), where 7; = z; + ). We claim that

(Rzy + Q)N (Rze + Q) = Q.

If 2 is in the intersection, then z = A\jz; + ¢1 = Aox2 + o, for some \; € R
and ¢; € Q. Note that roz € @, hence roAzz2 is in @) and consequently
oAz € Pa. Thus Ay € ps and we get Aszo € (). This shows z € @ and
completes the proof of the claim. As @ is irreducible one has ¢} = Rz; + @
or @ = Rxzs + (), which is a contradiction because z; € @ for i = 1,2. O

Definition 1.1.22 Let M be an R-module and N, Ny,..., N, submodules
of M. A decomposition N = N;N---NN, of N is said to be irredundant if

N#N}ﬂ"'mNi__lmNi+1m"'ﬂNr for all 3.

Theorem 1.1.23 Let M be an R-module. If N is a submodule of M, then
N has an trredundant primary decomposition N = NiN---N N, so that:
(a) Assp(M/N;) = {p;} for all i.
(b) NAENN---NNi_iNNp1 N---N Ny forall .
(c) pi #pj if Ny # N;.
Remark 1.1.24 If N # M and N = NiN---NN, is an irredundant primary
decomposition of N with Assp(M/N;) = {p;}, then

Assp(M/N) = {p1,...,pr},
ann (M/N;) is a p; primary ideal, and rad (ann (M/N;)) = p; for all 1.

Corollary 1.1.25 If R is a Noetherian ring and I a proper ideal of R, then
I has an irredundant primary decomposition

I'=qn--Ngr
such that q; is a p;-primary ideal and Assp(R/I) = {p1,...,pr}.

Proof. Let (0) =I/I = (q:/I)N---N(q,/I) be an irredundant decomposi-
tion of the zero ideal of R/I. Then I =q;N---Ng, and gq;/I is p;-primary,
that is, Assg((R/I)/(q:/I)) = Ass(R/q;) = {p;}. Let us show that q; is a
primary ideal. If zy € g; and x ¢ q;, then y is a zero-divisor of R/q;, but
Z(R/q;) = pi, hence y € p; = rad (ann (R/q;)) = rad (q;) and y™ is in g; for
some n > 0. a
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Definition 1.1.26 Let R be a ring and let S be the set of nonzero divisors
of R. The ring S™!R is called the total ring of fractions of R. If R is a
domain, ST'R is the field of fractions of R.

Proposition 1.1.27 Let R be a ring and let K be the total ring of fractions
of R. If R is reduced, then K is a direct product of fields.

Proof. Let py,...,p, be the minimal primes of R and S = R\ UL_;p;.
Since R is reduced one has (0) = p; N+ -Np, and K = S~ R. Define

$:K — ST'R/S7'p x -+ x STIR/S 1y,

by ¢(z) = (z + S~ p1,...,z + S7p,). As S7lpy,...,S7p, are maximal
ideals and its intersection is zero, it follows from the Chinese remainder
theorem that ¢ is an isomorphism (see Exercise 1.1.38). O

Lemma 1.1.28 Let M be an R-module and L an ideal of R. If LM = M,
then there is x = 1(mod L) such that M = (0).

Proof. Let M = Ray + -+ + Ray, oy € M. As LM = M, there are b;;
in L such that a; = 37 bijos. Set a = (au,...,an) and H = (by) — 1,
where I is the identity matrix. Since Ha! = 0 and Hadj(H) = det(H)I,
one concludes det(H)a; = 0 for all . Hence zM = (0) and z = 1(mod L),
where z = det(H). a

Lemma 1.1.29 (Nakayama) Let R be a ring and N a submodule of an
R-module M. If I is an ideal of R contained in the intersection of all the
mazimal ideals of R such that M = IM + N, then M = N.

Proof. Note I(M/N)= M/N. By Lemma 1.1.28 there exists an element
z = 1(mod ) such that z(M/N) = (0). To finish the proof note that =
is a unit; otherwise x belongs to some maximal ideal m and this yields a
contradiction because I C m. a

Let M be an R-module. The minimum number of generators of M will
be denoted by v(M). A consequence of Nakayama’s lernma is an expression
for v(M), when the ring R is local (cf. Corollary 2.5.2).

Corollary 1.1.30 If M is a module over a local ring (R, m), then
v(M) = dim(M/mM), where k= R/m.

Proof. Let ay,...,a, be a minimal generating set for M and @; = o;+mid,
After a permutation of the «; one may assume that a;,. .., @, is a basis for
M/mM as a k-vector space, for some r < ¢q. Set N = Ray + - + Ra,.
Note the equality M = N + mM, then by Nakayama’s Lemma N = M.
Therefore r = ¢, as required. ]
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Modules of finite length

An R-module M has finite length if there is a composition series
O)=MyCcM;C---CM,=M,

where M;/M;_1 is a nonzero simple module (that is, M;/M,_; has no proper
submodules other than (0)) for all i. Note that M;/M;_; must be cyclic
and thus isomorphic to R/m, for some maximal ideal m. The number n is
independent of the composition series and is called the length of M, it is
usually denoted by £r(M) or simply £(M).

Proposition 1.1.31 If M is an R-module, then
Ass(M) C Supp(M) = V(ann (M),
and any minimal element of Supp(M) is in Ass(M).

Proof. If p is an associated prime of M, then there is a monomorphism
R/p—M and thus 0 # (R/p),—M,. Hence p is in the support of M, this
shows the first containment.

Let p € Supp(M) and let z € ann (M). If z & p, then 2m = 0 for all
m € M and M, = (0), which is absurd. Therefore p is in V(ann (M)).
Conversely let p be in V(ann (M)) and let my,...,m, be a finite set of
generators of M. If M, = (0), then for each ¢ there is s; & p so that
s;m; = 0, therefore s1 -+ s, is in ann (M) C p, which is impossible. Hence
M, # 0 and p is in the support of M.

To prove the last part take a minimal prime p in the support of M. As
M, # (0) there is an associated prime p; R, of M}, where p; is a prime ideal
of R contained in p. Since M,, ~ (M,),, # (0), we get that p; is in the
support of M and p = p;. Therefore using Proposition 1.1.12 one concludes
p € Ass(M). a

Proposition 1.1.32 If 0 - M’ - M — M" — 0 is an exact sequence of
modules over a ring R, then

dim(M) = max{dim(M'), dim(M")}.

Proof. Set d = dim(M), d' = dim(M') and d"" = dim(M"'). First note that
d = dim(R/p) for some prime p containing ann (M), by Proposition 1.1.31
we obtain M, # (0). Therefore using Lemma 1.1.14 one has M, # (0)
or My # (0), thus either p contains ann(M’') or p contains ann (M").
This proves d < max{d’,d"}. On the other hand ann (M) is contained in
ann (M') N ann (M) and consequently max{d’,d"} < d. 0

Let M be an R-module, the minimal primes of M are defined to be the
minimal elements of Supp(}) with respect to inclusion. A minimal prime
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of M is called an isolated associated prime of M. An associated prime of
M which is not isolated is called an embedded prime.

If R is a ring and [ is an ideal, note that the minimal primes of I
are precisely the minimal primes of Assgp(R/I). In particular the minimal
primes of R are precisely the minimal primes of Assp(R).

Proposition 1.1.33 If M is an R-module, then M has finite length if and
only if every prime ideal in Supp(M) is a mazximal ideal.

Definition 1.1.34 A ring R is Artinian if {5(R) < co.

Proposition 1.1.35 Let R be a ring. Then R is Artinian if and only if R
is Noetherian and every prime ideal of R is maximal.

Definition 1.1.36 Let R be a ring with total ring of fractions ¢J. An R-
module M is said to have rank r if M ®p () is a free @-module of rank equal
to r.

Lemma 1.1.37 If M is an R-module of positive rank r, then
dim(M) = dim(R).

Proof. Let p1,...,pn be the associated primes of R and S = R\ UL p;.
By hypothesis S7'M ~ (S~!R)". Since

My, = (ST M)y, > [(STIR) ] > [(STIR),, )" = (Ry,)" # (0),

we obtain that all the minimal primes of R are in the support of M and
consequently one has dim(M) = dim(R). O

Exercises
1.1.38 (Chinese remainder theorem) Let I1,..., I, be ideals of a ring
R. If I; + I; = R for i # j, prove:

(ayLn---nlL,=5L -1,

(b) The rings R/I; N---N I, and R/I; x --- x R/I, are isomorphic.
1.1.39 Let I;,..., I,,p be ideals of a ring R. If p is prime and N, [; C p,

prove that I; C p for some i. In particular if N, I; = p, then p = I; for
some .

1.1.40 Let I, F,..., P, beidealsof aring R. If I is contained in Ul_; P; and
P; is a prime ideal for ¢ > 3, prove that I C P, for some ¢ (cf. Lemma 2.2.18).

1.1.41 Let R be a ring and I an ideal. If P is a prime ideal such that
I C P, prove that ht(I) < ht(Ip) and show an example where the strict
inequality holds.
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1.1.42 Let R be aring and let I be an ideal of R. If all the minimal primes
of I have the same height and P is a prime ideal such that I C P, prove
that ht(I) = ht(Ip).

1.1.43 Let I be an ideal of a ring R. Then a prime ideal p of R is an
associated prime of R/I if and only if p = (I: z) for some z € R.

1.1.44 Let M be an R-module and I an ideal of R contained in anng ().
Note that M inherits a structure of R/I-module. Prove that p € Assp(M)
if and only if p/I € Assp,;(M).

1.1.45 Let R' = k[za,...,z,] and R = R'[z1] be polynomial rings over a
field k. If I’ is an ideal of R’ and p € Assgp(R/(I',x1)), then
(a) p =z R+ p'R, where p’ is a prime ideal of R', and

(b) p’ is an associated prime of R'/I'.

1.1.46 Let A be aring and q a proper ideal of A. Prove that q is a primary
ideal if and only if Z(A/q) C M4 ,q, where Ny, is the nilradical of A/q.

1.1.47 Let A be a ring and g a proper ideal of A. If every element in A/q
is either nilpotent or invertible, prove that gq is a primary ideal.

1.1.48 Let A be a ring and q an ideal of A such that rad(q) = mis a
maximal ideal. Show that q is a primary ideal.

Hint Note Spec(A/q) = {m/q} and Ny, = m/q.

1.1.49 If B = A[x] is a polynomial ring over a ring A and q a primary ideal
of A, then qB is a primary ideal of B.

Hint Note (A/q)[x] =~ B/gB. Use induction together with the next exercise.
1.1.50 Let A[z] be a polynomial ring in one variable over a ring A. Prove

that a polynomial f(z) € Alz] is a zero divisor iff there exists a # 0 in A
such that af(z) = 0.

1.1.51 Let M be an R-module and S C 7' two multiplicatively closed sub-
sets of R. Prove 7'M ~T7*(S7'M) as T7'R modules.

Hint Consider ¢(m/t) = (m/1)/t, which is induced by the canonical map
from M to ST M.

1.1.52 Let M be an R-module and S a multiplicatively closed subset of R.
If p is a prime ideal such that SNp =@, prove M, ~ (S™'M),.
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1.1.53 Let R be a ring and I an ideal. If # € R\ I, then there is an exact
sequence of R-modules:

0 — R/(I:z) - R/T -2 R/(I,7) — 0,
where ¢(T) = 7 is multiplication by z and ¢(F) = 7.
1.1.54 If 0 — M’ EN VN VN 0 is an exact sequence of R-modules,
prove that the following sequence is also exact
0 — 1M b 5=t T8 g1 0,

1.1.55 Let N; and N3 be submodules of an R-module M. If S is a multi-
plicatively closed subset of R, then

(a) STHN: + Na) = S7HIN) + S7H(INVa),

(b) STHN, NNp) = S7H{(N) N S™H(N,), and

(¢) STY(Ny/Ny) ~ S71(Ny)/S71(Nsy), as S~!(R)-modules.
1.1.56 Let N; and Ny be submodules of an R-module M. If S is a multi-
plicatively closed subset of R, then

(a) S~!(ann (N3)) = ann (S™*(N2)), and

(b) S7Y(Ny: No) = (S7H(N1): S7H(IN)).

Hint Use that N is a finitely generated R-module.

1.1.57 If I and J are ideals of a ring R and S is a multiplicatively closed
subset of R, then

(a) /S71(I) = S~1(V1), and
(b) S=Y(IJ) = S=H(I)S—(J).

1.2 Graded modules

Let (H, +) be an abelian semigroup. An H-graded ring is a ring R together
with a decomposition

R= @ R, (as a Z-module),

a€EH

such that R,Ry C Raqp for all a,b € H. A graded ring is by definition a
Z-graded ring.
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If R is an H-graded ring and M is an R-module with a decomposition

M= P M.,

a€EH

such that R,My C Myyp for all a,b € H, we say that M is an H-graded
module.

An element f € M is said to be homogeneous of degree a if f € M,, in
this case we set deg(f) = a. The elements in R, are also called forms of
degree a.

A map ¢: M — N between H-graded modules is graded if o(M,) C N,
foralla € H. If M = @4 M, is an H-graded module and N = G, N, is
a graded submodule, that is, N, C M, for all a, then M/N is an H-graded
R-module with (M/N), = M,/N,.

Example 1.2.1 Let R = k[zi1,...,2,] be a polynomial ring over a field
k. A natural way to grade R is to assign degree d; to the variable z;,
where dy,...,d, are positive integers. For a = (a;,...,an) in N* we set
z¢ =z - z8 and |a| = azdy + - - + andy,. The induced N-grading is:

o0
R = @Ri, where R; = @ kz®,
i=0 lal=1
one may extend this grading to a Z-grading by setting R; = 0 for ¢ < 0.

Let R = k[zi, ..., zy,) be polynomial ring over a field k endowed with an
induced positive grading as above. In this case the homogeneous elements
of R are sometimes called quasi-homogeneous polynomials. An ideal I of R
is homogeneous, or graded, if there are homogeneous polynomials fi,..., fr
such that T = (f1,..., fr). Set deg(f;) = d;. The ideal I is graded by

L=INEK,;= f1Ri—61 +o At frRis,

Hence R/I inherits a structure of N-graded R-module whose components
are given by (R/I); = R;/ L.

Definition 1.2.2 The standard grading or usual grading of a polynomial
ring k[z1,...,z,] is the Ngrading induced by setting deg(z;) = 1 for all 4.

Let us now recall some good properties of graded modules mainly in
connection with primary decompositions.

Lemma 1.2.3 If M is an N-graded R-module and p € Ass(M), then p is
a graded ideal and there is m € M homogeneous such that p = ann(m).

Proof. See [44, Lemma 1.5.6]. O




14 Chapter 1

Proposition 1.2.4 Let M be an N-graded R-module and @Q a p-primary
submodule of M. Ifp is graded and Q* is the submodule of M generated by
the homogeneous elements in @, then Q* is again a p-primary submodule.

Proof. See [217, Chapter 4]. a

Theorem 1.2.5 Let M be an N-graded R-module. If N is a graded sub-
module of M, then N has an irredundant primary decomposition

N=N;Nn---NN,

such that:
(a) N; is a graded submodule and Assp(M/N;) = {p:} for all i,
By NE#NiN-- NNy NNy N - NN, for all i, and
(c) pi # p; if Ni # Nj.
Proof. Use Lemma 1.2.3, Proposition 1.2.4 and Theorem 1.1.23. O

Finding primary decompositions of graded ideals in polynomial rings
over fields is a difficult task, the punch line is that there is not yet a best
general strategy for computing primary decompositions [77]; for some of the
main algorithms that can been used see [95, 127, 255, 313].

For a specially nice treatment of the principles of primary decomposition
consult the book of Wolmer V. Vasconcelos [298, Chapter 3].

Lemma 1.2.6 (Graded Nakayama lemma) Let M be an N-graded R-
module and let m = R,. If N is a graded submodule of M and I C m is a
graded ideal of R such that M = N +IM, then N = M.

Proof. Since M/N = I(M/N), one may assume N = (0). If z € M is
a homogeneous element of degree r, then a recursive use of the equality
M = IM yields that x € I"t! M and z must be zero. O

Hilbert polynomial Let R = @2 R; be an N-graded ring. We recall
that R is a Noetherian ring if and only if Ry is a Noetherian ring and
R = Ry[zi,...,zp] for some zy,...,z, in R. If M is a finitely generated
N-graded R-module and Ry is Artinian define the Hilbert function of M as

H(M,i)=¢p,(M;)  (£n, = length w.r.t Ry).

Definition 1.2.7 An N-graded ring B = &2, R; is called a homogeneous
ring if R = Rg[zi,...,x,], where deg(z;) = 1.
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Theorem 1.2.8 (Hilbert) Let R = ®&2R; be a homogeneous ring and
let M be a finitely generated N-graded R-module with d = dim(M). If Ry
is Artinian, then there is a unique polynomial Pas(t) € Q[t] of degree d — 1
such that Py (i) = H(M,1) for i > 0. The polynomial Py (t) is called the
Hilbert polynomial of M.

Proof. See [44, Theorem 4.1.3]. O

Definition 1.2.9 If Py (t) = ag_1t%"' + -+ + ao is the Hilbert polynomial
of M, the integer (d — 1)lag—; is called the multiplicity of M and is denoted
by e(M).

Lemma 1.2.10 Let f(t) € Q[t] be a polynomial of degree d — 1 such that
f(n) € Z for allm € Z, then there are unique integers ag, . . ., aq4—1 such that

d—1 .
= ;aifi(t)a where fz(t) = (t —: Z).

Proof. The polynomials f;(£), ¢ € N, are a basis for Q[t] as a Q-vector

space. Hence
d—1

F8) =" aifilt),

1==0
for some a; € Q. Using the Pascal triangle we get

o su-0=Enl(7)- (417

=0

! (t+i——1>
a; -1 s
=0 [

thus by induction on the degree it follows that a; € Z for all 1. O

1

Exercises

1.2.11 Let I be a graded ideal of a polynomial ring R. Prove that the
radical of 7 is also graded.

1.2.12 Let d,m € N. Prove the equality
d+m\ _ i j+d—1
d | + d—1 )’
7=0
1.2.13 Let f:Z — Z be a numerical function, f is said to be a polynomial
function of degree d if there is a polynomial P(t) € Q[¢] such that P(i) =
f@@) for ¢ > 0. Prove that f is a polynomial function of degree d if and

only if the numerical function g:Z — Z given by g(¢) = f(i) — f(i — 1) is a
polynomial function of degree d — 1.
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1.2.14 Let R = k[z1,...,z,] be a polynomial ring over a field k and let
di,...,d, be asequence of integers. Prove that R is a graded ring with the
Z-grading:

Ry = P ka® (i €Z),

la|=

where z® = 7' --- 22" and |a| = a1dy + -+ + andy, for a = (a;) € N*.

1.2.15 Let R = @;ezR; be a graded ring. Prove that Ry is a subring of
R with 1 € Ry. A graded ring R with R; = 0 for ¢ < 0 is called a graded
Ro-algebra.

1.2.16 Let R = k[z;, z2] be a polynomial ring over a field k with the grading
induced by deg(z;) = (—~1)*. Determine the subring Rj.

1.3 Cohen-Macaulay modules

Here we introduce some special types of rings and modules and present the
following fundamental result of dimension theory.

Theorem 1.3.1 (Dimension theorem) Let (R, m) be a local ring and let
M be an R-module. Set

(M) = min{r| there are z1,...,z, € m with Lp(M/(z1,... 2, ) M) < oo},

then dim(M) = 6(M).

Proof. See [218, Theorem 13.4]. O
Definition 1.3.2 Let (R, m) be a local ring and let M be an R-module of
dimension d. A system of parameters (s.o.p) of M is a set 6y,...,05 € m
such that

CR(M[(61,...,00) M) < co.

Corollary 1.3.3 Let (R,m) be a local ring and let M be an R-module of
dimension d. If hy, ..., hy € m is a system of parameters of M, then

dim M/(hy,...,h)M =d—i for 1<i<d.

Proof. Set M = M/(hy,...,h;)M. First note that h;y1,...,hq is a s.0.p
for M, hence dim(M) < d — i by Theorem 1.3.1. On the other hand if
81,...,0, is a s.o.p for M, then 61,...,0,,h1,...,h; is a s.o.p for M and
again by the dimension theorem one has d < r +i = dim(M) + 1. O

Definition 1.3.4 Let M be an R-module. A sequence § =6,,...,6, in R
is called a regular sequence of M or an M-regular sequence if ()M # M
and 9i ¢ Z(M/(Ql, .. .,91-_1)M) for all 7.
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Proposition 1.3.5 Let M be an R-module and I an ideal of R such that
IM # M. If =61,...,0, is an M-regular sequence in I, then 8 can be
extended to a maximal M-regular sequence in I.

Proof. By induction assume there is an M-regular sequence 61, ...,6; in
I for some i > r. Set M = M/(01,...,0;)M. If I ¢ Z(M) pick 0,1, in I
which is regular on M. Since

(1) C (61,02) C---C(01,...,0;) C(f1,...,6;01) CR

is an increasing sequence of ideals in a Noetherian ring R, this inductive
construction must stop at a maximal M-regular sequence in I. O

Lemma 1.3.6 Let M be a module over a local ring (R,m). If0;,...,0, is
an M -regular sequence in m, then r < dim(M).

Proof. By induction on dim(M). If dim(M) = 0, then m is an associated
prime of M and every element of m is a zero divisor of M. Using the
second part of the proof of Lemma 1.3.10 one has dim(M/6; M) < dim(A).
Since 6y, ...,60, is a regular sequence on M/6; M by induction one derives
r < dim(M). |
Proposition 1.3.7 Let M be an R-module and let I be an ideal of R.

(a) Homg(R/I, M) = (0) iff there is © € I which is regular on M.

(b) Extm(R/I, M) ~ Homp(R/I,M/0M), where § = 0;,...,0, is any

M -regular sequence in I.

Proof. (a) =) Assume I C Z(M). Using Lemma 1.1.18 one has I C p
for some p € Assp(M). Hence there is a monomorphism ¢: R/p — M. To
derive a contradiction note that the composition

R/I -5 Rjp - M

is a nonzero map, where @ is the canonical map from R/I to R/p. The
converse is left as an exercise.
(b) Consider the exact sequence

0— M2 M — T =M/6,M — 0.

According to [250, Theorem 7.3] there is a long exact sequence with natural
connecting homomorphisms

co— Exti N (R/I, M) 25 Extl N (R/I, M) — Ext]yN(R/I, ) -2
Exth(R/I, M) 2% Ext7(R/I, M) — -
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Since 6 is in I, using [250, Theorem 7.16] it follows that in the last exact
sequence the maps given by multiplication by #; are zero. Hence

Ext}; N (R/I, M) ~ Exth(R/I, M),

and the proof follows by induction on r. ]

Let M # (0) be a module over a local ring (R,m). The depth of M,
denoted by depth(M), is the length of any maximal regular sequence on M
which is contained in m. From Proposition 1.3.7 one derives

depth(M) = inf{r| Extz(R/m, M) # (0)}.
In general by Lemma 1.3.6 we have depth(M) < dim(M).

Definition 1.3.8 An R-module M is called Cohen-Macaulay (C-M for
short) if depth(M) = dim(M), or if M = (0).

Lemma 1.3.9 (Depth lemma) If0 -+ N — M — L — 0 is a short ezxact
sequence of modules over a local ring R, then

(a) If depth(M) < depth(L), then depth(N) = depth(M).

(b) If depth(M) = depth(L), then depth(N) > depth(M).

(¢) If depth(M) > depth(L), then depth(N) = depth(L) + 1.
Proof. See [298, Corollary A.6.3]. 0
Lemma 1.3.10 If M is a module over a local ring R and z is a regular
element of M, then

(a) depth(M/zM) = depth(M) — 1, and

(b) dim(M/zM) = dim(M) — 1.
Proof. Asdepth M > depth M/zM applying the depth lemma to the exact

sequence
0— M-S M— M/zM—0

yields depth(M) = depth(M/zM)+1.
To prove the second equality first observe the validity of the inequality
dim(M) > dim(M/zM), otherwise there is a saturated chain of prime ideals

ann (M) Cann(M/zM) Cpo C -+ C pyg,

where d is the dimension of M and po is minimal over ann (M). According
to Proposition 1.1.31 the ideal po consists of zero divisors, a contradiction
since z € ann(M/zM) C po. On the other hand the reverse inequality
dim(M) < dim(M/zM) + 1 follows from Theorem 1.3.1. O
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Proposition 1.3.11 If M # (0) is a Cohen-Macaulay R-module over a
local ring (R, m) and p € Ass(M), then

dim(R/p) = depth(M).

Definition 1.3.12 Let (R, m) be a local ring of dimension d. A system of
parameters (s.o.p) of R is aset 61,...,0; generating an m-primary ideal.

Theorem 1.3.13 Let (R,m, k) be a local ring and let
§(R) = min{v(I) = dimg(I/mI)|I is an ideal of R with rad (I) = m}.

Then dim(R) = §(R).
Proof. This result is a particular instance of Theorem 1.3.1. O
Theorem 1.3.14 (Krull principal ideal theorem) Let I be an ideal of
a ring R generated by a sequence hy, ..., h,. Then

(a) ht (p) <r for any minimal prime p of I.

(b) If h1,..., hy is a regular sequence, then ht(p) = r for any minimal

prime p of I.

Proof. (a) Since /IR, = pR, from Theorem 1.3.13 one has the inequality
ht (p) = dim(R,) < 7.

(b) Set J = (h1,...,hi—1) and K = (hy,...,h;). Assume ht (P) =7 -1
for any minimal prime P over J. Since h; is regular on R/J and K/J is a
principal ideal one has ht (K/J) = 1, thus there is a prime ideal pg minimal
over J such that J C pg C p and consequently ht (p) > i. Using (a) one
gets ht (p) = 1. a

Corollary 1.3.15 If (R,m, k) is a local ring, then dim(R) < dimy(m/m?)
and R has finite Krull dimension.

Proof. Let zi,...,2, be a set of elements in m whose images in m/m?
form a basis of this vector space. Then m = (zi,...,z,) + m?. Hence
by Nakayama's lemma we get m = (z,...,7,). Hence dim R < ¢ by
Theorem 1.3.13. ]

Remark If R is a Noetherian ring, then dim R, < oo for all p € Spec(R).
However, there are examples of Noetherian rings of infinite Krull dimension.

Definition 1.3.16 A local ring (R, m, k) is called regular if
dim(R) = dimy (m/m?).

A ring R 1s regular if R, is a regular local ring for every p € Spec(R).
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Cohen-Macaulay rings A local ring (R, m) is called Cohen-Macaulay if
R is Cohen-Macaulay as an R-module. If R is non local and R, is a C-M
local ring for all p € Spec(R), then we say that R is a Cohen-Macaulay ring.
Anideal I of R is Cohen-Macaulay if R/I is a Cohen-Macaulay R-module.

If R is a Cohen-Macaulay ring and S is a multiplicatively closed subset
of R, then S™*(R) is a Cohen-Macaulay ring (see [44, Theorem 2.1.3]).

Proposition 1.3.17 Let M be a module of dimension d over a local ring
(R,m) and let § = 6x,...,04 be a system of parameters of M. Then M is
Cohen-Macaulay if and only if 8 is an M-regular sequence.

Proof. =) Let p be an associated prime of M. By Proposition 1.3.11
one has dim(R/p) = d. We claim that 6} is not in p. If 6; € p, then by
Nakayama’s lemma one has (3/6: M), # (0). Hence p is in the support
of M/0: M, a contradiction because by Corollary 1.3.3 one has the equality
dim(M/6: M) = d — 1. Therefore ¢; ¢ p and 6y is regular on M. Thus the
proof follows by induction, because according to Lemma 1.3.10 one has that
M/6:M is a C-M module of dimension d — 1 and the images of 65,...,64
in R/6x form a system of parameters of M/(0,) M.

<) By Corollary 1.3.3 one has dim(M /M) = 0 and M/(@)M is C-M.
Therefore M is Cohen-Macaulay by Lemma 1.3.10. ]

Lemma 1.3.18 Let (R,m) be a local ring and let (fi,..., f.) be an ideal of
height equal to v. Then there are fr1x,..., fa tn m such that fi,..., fa is a
system of parameters of R.

Proof. Set d = dim(R) and I = (fi,...,fr). One may assume r < d,
otherwise there is nothing to prove. Let py,...,ps be the minimal primes
of I. Note that ht (p;) = r for all ¢ by Theorem 1.3.14. Hence if we pick
frer in m\ UZ_;p;, one has the equality ht (I, fr41) = r + 1, and the result
follows by induction. ]

Definition 1.3.19 Let R be a ring and let I be an ideal of R. If I is
generated by a regular sequence we say that I is a complete intersection.

Definition 1.3.20 An ideal I of a ring R is called a set-theoretic complete
intersection if there are fi,..., f, in I such that rad (I) =rad (fi,..., fr),
where r = ht (I).

Definition 1.3.21 An ideal I of a ring R is height unmized or unmized if
ht (I) = ht (p) for all p in Assp(R/I).

Proposition 1.3.22 Let (R, m) be a Cohen-Macaulay local ring and let I be
an ideal of R. If I is a complete intersection, then R/I is Cohen-Macaulay
and I is unmized.
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Proof. Set d = dim(R) and r = ht (I). By Lemma 1.3.10 R/I is Cohen-
Macaulay and dim(R/I) = d—r. Let p be an associated prime of B/I, then
using Proposition 1.3.11 yields

dim(R) - ht (p) > dim(R/p) = depth(R/I) =d—r.
As a consequence ht (p) < r and thus ht (p) = r. Hence I is unmixed. O

Theorem 1.3.23 Let R be a Cohen-Macaulay ring and I a proper ideal of
R of height r. If I is generated by r elements fy,..., fr, then I is unmized.

Proof. It is enough to prove that I has no embedded primes, because
by Krull’s theorem all minimal primes of I have height r. Let p and g be
two associated primes of It/I and assume p C q, then IR, C pRq C qR,.
Since IR, has height r and is generated by r elements, one obtains (using
Lemma 1.3.18) that f;/1,..., f,/1 is part of a system of parameters of F.
Therefore by Proposition 1.3.17 the sequence fi/1,..., f./1 is a regular
sequence and thus Proposition 1.3.22 proves that [, is unmixed. Noticing
that pRq and qR, are both associated primes of I Ry, one derives pRy = qR,

and hence p = q. a
Proposition 1.3.24 If I is an ideal of height r in a Cohen-Macaulay ring
R, then there is a regular sequence fy,..., fr in I.

Proof. By induction assume that fi,...,fs is a regular sequence in [

such that s < r. Note that (fi,...,fs) is unmixed by Theorem 1.3.23. If
ICc Z(R/(fi, .., [s)), then ht (I) = s, which is a contradiction. Therefore
there is an element fs4i in I which is regular modulo (fi,..., fs). O

Let A be a (Noetherian) ring one says that A is a catenary ring i for
every pair p C g of prime ideals ht (q/p) is equal to the length of any
maximal chain of prime ideals between p and g. If A is a domain, then A
is catenary if and only if ht (q/p) = ht (q) — ht (p) for every pair of prime
ideals p C q.

Theorem 1.3.25 If R is a Cohen-Macaulay ring, then R is catenary.

Proof. See [44, Theorem 2.1.12]. O

Gorenstein rings Let M # (0) be a module over a local ring (R, m) and
let k¥ = R/m be the residue field of R. The socle of M is defined as

Soc(M) = (0:prm) = {z € M|mz = (0)},
and the type of M is defined as

type(M) = dimy Soc(M/zM),
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where z is a maximal M-sequence in m. Observe that the type of M is well
defined because by Proposition 1.3.7 one has:

Exty(k, M) ~ Homp (k, M/xM) ~ Soc(M/zM),

where r = depth(M). The ring R is said to be Gorenstein if R is a Cohen-
Macaulay ring of type 1, and an ideal I C R is called Gorenstein it R/I is
a Gorenstein ring.

For a thorough study of Gorenstein rings see [14, 44]; a vivid presentation
of the ubiquity of Gorenstein rings is given in [184].

Exercises

1.3.26 Let ¢: A — B be an epimorphism of rings. If dim(A) = dim(B) < oo
and A is a domain, prove that ¢ is injective.

1.3.27 Let R be a catenary ring. If S C R is a multiplicatively closed set
and I is an ideal of R, prove that R/I and S™'R are both catenary rings.

1.3.28 Let M = ZTXprln X+ X Lpem, wherepy, ..., pm are prime numbers.
Prove the following:

(a) M has finite length iff r = 0.

(b) {(M)=ayr + -+ + am, if (M) < co.

(c) Ass(M) # Supp(M), if r # 0.

1.3.29 If M, N are R-modules, prove Ass(M @ N) = Ass(M) U Ass(IV).

1.3.30 (Cayley-Hamilton) Let ¢: M — M be an endomorphism of an
R-module M. If I is an ideal of R such that ¢(M) C IM, then ¢ satisfies
an equation:

1

(Pn+an—190n— + 4 arp+a=0 (aiEI).

Hint If M = Rmy + -+ + Rm,,, write
p(mi) = agm;
j=I

and consider the matrix C' = @I — (a;;). Use that the entries of C' are
endomorphisms of M that commute with each other to conclude the equality
Cadj(C) = adj(C)C = det(C)I. Note that C operates in M"™ by matrix
multiplication and C(my,. .., my)t=0.

1.3.31 Let I be an ideal of a ring R and let € R\ I. If I is unmixed and
I =rad (I), then (I:z) is unmixed and ht(J) = ht(I: z).
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1.3.32 Let M be a module over a local ring (R,m). If § = 6;,...,0, is
an M-regular sequence in m, prove that € can be extended to a system of
parameters of M.

1.3.833 Let M be an R-module and let I be an ideal of R. If thereisz € I
which is regular on M, show that Homg(R/I, M) = (0).

1.3.34 Let M be an R-module and let I be an ideal of R. If J C I, then:

Homp(R/I, M/JM) ~ (JM:y 1)/ J M.

1.4 Normal rings

Let A and B be two rings. One says that B is an A-algebra if there is a
homomorphism of rings
p:A— B.

Note that B has an A-module structure (compatible with its ring structure)
given by
a-b=y(a)b

foralla € A and b € B.

Thus if A C B is a ring extension, that is, A is a subring of B, then B
has in a natural way an A-algebra structure induced by the inclusion map.
If A= K is afield and B is a K-algebra, then ¢ is injective, in this case
one may always assume that K C B is a ring extension.

Given F = {fi,..., f;} a finite subset of B, we denote the subring of
B generated by F' and ¢(A) by A[F] = A[fi,..., f;]. Sometimes A[F] is
called the A-subalgebra or A-subring of B spanned by F. If B = A[F], one
says that B is an A-algebra of finite type or a finitely generated A-algebra,
on the other hand one says that ¢ is finite or that B is a finite A-algebra if
B is a finitely generated A-module.

A homomorphism ¢: B — C of A-algebras is a map ¢ which is both
a homomorphism of rings and a homomorphism of A-modules. Note that
¢(a-1)=a-1forallac A

Definition 1.4.1 Let A be a subring of B. An element b € B is integral
over A, if there is a monic polynomial 0 # f(z) € A[z] such that f(b) = 0.
The set A of all elements b € B which are integral over A is called the
integral closure of A in B.

Let A be a subring of B, one says that A C B is an integral extension
of rings or that B is integral over A, if b is integral over A for all b € B.
A homomorphism of rings ¢: A — B is called integral if B is integral over
w(A), in this case one also says that B is integral over A.
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Proposition 1.4.2 Let A be a subring of B. If B is a finitely generated
A-module, then B is integral over A.

Proof. Let § € B. There are a4, ...,a, € B such that
B=Ao; + -+ Aay,.

One can write
n
Boy = E mijQj,
j=t

where m;; € A. Set M = (my;), N =M — 81 and a = (ai,...,ap). Here
I denotes the identity matrix. Since Na® = 0, one can use the formula
Nadj(N) = det(N)I to conclude o; det(V) = 0 for all ¢. Hence det(N) = 0.
To complete the proof note that

f(x) = (-1)"det(M — «I)
is a monic polynomial in Afz] and f(8) = (=1)"det(N) = 0. O

Corollary 1.4.3 If A is a subring of B, then the integral closure A of A
in B is a subring of B.

Proof. Let o, 8 € A. If @ and 8 satisfy monic polynomials with coefficients
in A of degree m and n respectively, then Afa, ] is a finitely generated A-
module with basis

{a'fi0<i<m-land 0<j<n—1}

Hence by Proposition 1.4.2 Alw, 8] is integral over A. In particular o £ f
and af are integral over A. O

Corollary 1.4.4 If B is an A-algebra of finite type, then B is integral over
A if and only if B is finite over A.

Proof. =) This implication follows using the arguments given in the proof
of Corollary 1.4.3.
<) It follows from Proposition 1.4.2. O

Lemma 1.4.5 Let A C B be a ring extension. If B is a domain and b is
an element of B which is integral over A, then A[b] is a field if and only if
A is a fleld.

Proof. =) Let a € A\ {0} and ¢ = a™*! its inverse in A[b]. Since A[b] is
integral over A, there is an equation

"4 Qi P daict+a =0 (a; € A),
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multiplying by a™ it follows rapidly that ¢ € A.
<) Let Alz] be a polynomial ring and let

Wi Alz] — AlY)

be the epimorphism given by ¥ (f(x)) = f(b). Note that ker(z)) is a nonzero
prime ideal. As A[z] is a principal ideal domain, ker(y) is a maximal ideal
and consequently A[b] is a field. 0

Proposition 1.4.6 Let A C B be an integral extension of rings. If B is a
domain, then A is a field if and only if B is a field.

Proof. It follows from Lemma 1.4.5. O

Corollary 1.4.7 Let A C B be an integral extension of rings. If P is a
prime ideal of B and p = PN A, then P is a mazimal ideal of B if and only
if p is a mazimal ideal of A.

Proof. The result is a direct consequence of Proposition 1.4.6, because
A/p C B/P is an integral extension of rings. a

Corollary 1.4.8 Let A C B be an integral extension of rings. If P C @
are two prime ideals of B such that PN A = QN A, then P = Q.

Proof. Set p = PN A. As B, is integral over A, and
PB,NA, =pA,,
using Corollary 1.4.7 we get that P B, is maximal and hence P = Q). ]

Lemma 1.4.9 If A C B is an integral extension of rings and p is a mazimal
ideal of A, then yB # B and p = PN A for any mazimal ideal P of B
containing pB.

Proof. If pB = B, one can write 1 = aiby + -+ + agb, with a; € p
and b; € B. Set S = A[by, ..., b,), the subring of B generated by by,. .., b,.
Since S is a finitely generated A-module and pS = S, then by Lemma 1.1.28
there is « = 1(mod p) such that zS = (0). As 1 € B, one derives z = 0 and
1 € p, which is impossible. Hence pB # B. Note that this part of proof
holds if p is a proper ideal of A.

If pB C P is a maximal ideal of B, then p C PN A and thusp=ANP
by the maximality of p. ]

Proposition 1.4.10 If A C B is an integral extension of rings and p is a
prime ideal of A, then there is a prime ideal P of B such that p = PN A.
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Proof. Since A, C B, is an integral extension, then by Lemma 1.4.9
pB, # By. Note that PN A = p for any prime ideal P of B such that PB,
is prime and contains pB, (see Exercise 1.4.23). O

Theorem 1.4.11 (Going-up) Let A C B be an integral ring extension.
If p C q are two prime ideals of A and p = PN A for some P in Spec(B),
then there is @ € Spec(B) such that g=Q N A and P C Q.

Proof. Swmce A/p C B/P is an integral extension, by Proposition 1.4.10
one has q/p = (Q/P)N (A/p) for some prime ideal ) of B containing P. It
follows readily that q = AN Q. a

Proposition 1.4.12 Let A C B be an integral extension of rings. If B is
integral over A, then dim(A) = dim(B).

Proof. The formula follows using Theorem 1.4.11, Corollary 1.4.8 and
Proposition 1.4.10. O

Let A be an integral domain and let K4 be its field of fractions. The
integral closure or normalization of A, denoted A, is the set of all f € K4
satisfying an equation of the form

fr4an 1 f" '+ +arf+a =0 (a; €A andn>1).

By Corollary 1.4.3 the integral closure A of A is a subring of K4. If A = A
we say that A is integrally closed or normal. If A is not a domain we say
that A is normal if A, is a normal domain for every prime ideal p of A.

A useful fact is that a normal ring is a direct product of finitely many
normal domains (see [92]).
Proposition 1.4.13 Let A C B be an integral extension of rings. If B is
a domain and A is a normal domain, then
(a) (going-down) if p C q are two prime ideals of A and q = QN A for
some @ in Spec(B), then there is P € Spec(B) such thatp = PN A
and P C ).

(b) ht (I) = ht (IN A) for any ideal I of B.
Proof. See [217, Theorem 5] and [217, Theorem 20]. O

Proposition 1.4.14 Let A be a domain and let z be an indeterminate over
A. Then A is normal if and only if A[x] is normal.

Theorem 1.4.15 (Serre’s criterion) A ring A is normal if and only if
(S2) depth(Ay) > inf{2,ht (p)} for all p € Spec(A), and
(Rx) Ay is regular for all p € Spec(A) with ht (p) < 1.

Theorem 1.4.16 (Auslander-Buchsbaum) If (A, m) is a regular local
ring, then A is a unique factorization domain.
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Flat and faithfully fiat algebras Let ¢: A — B be a homomorphism of
rings and consider an exact sequence of A-modules

-v-——)Ni_Ifi_—iNi—fi—)Ninir—i--- (N,)

If the sequence

1®fig1

s BOaN 5 Boa N 25 Bos Nip (B®4N,)

is exact for any V., B is called a flat A-algebra and ¢ is said to be flat.
The homomorphism ¢ is said to be faithfully flat if any sequence N, of
A-modules is exact if and only if B ® 4 N, is exact. In a similar way one
can define flat and faithfully flat A-modules.

A basic property is that any free A-module (not necessarily finitely gen-
erated) is faithfully flat. In particular a polynomial ring A[x] in several
variables with coefficients in A is a faithfully flat A-algebra.

Theorem 1.4.17 Let ¢: A — B be a flat homomorphism of rings. The
following holds:

(a) (hinl)B=5LBnNILB, for any two ideals Iy, I, of A.

(b) The going down theorem holds for ¢.

(c) If q is a p-primary ideal of A such that pB is prime, then qB is a

pB-primary ideal.

Proof. See [217, Sections 3.1, 5.D and 9.C]. O
Theorem 1.4.18 Let ¢: A — B be a faithfully flat homomorphism of rings.
The following holds:

(a) The map ¢*:Spec(B) — Spec(A), ¢*(P) = ¢ (P) is surjective.

(b) IBNA=1 and ht (I) =ht (IB) for any ideal I of A.

Proof. [217, Sections 4.C and 13.B]. O

Exercises

1.4.19 Let K be a field and ¢: A — B an isomorphism of K-algebras, note
o(r) =rforallr € K. If A = ®;>0A; is a graded K-algebra, then B is also
a graded K-algebra graded by B = ®;>0¢(4:).

1.4.20 Let v: A — B be an isomorphism between two integral domains. If
K4 (resp. Kp) is the field of fractions of A (resp. B), then ¢ extends to

an isomorphism ¥ from K4 to Kp such that p(4) = B.
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1.4.21 If A is a unique factorization domain, show that A is normal.

1.4.22 Show an example of an integral extension of rings A C B, such that
A 1s a field and B is not an integral domain (cf. Lemma 1.4.5).

1.4.23 Let A C B be aring extension and p a prime ideal of A. If § = A\p
and B, = S™!B, prove that the map P — P B, gives a bijection between
the set of prime ideals of P of B such that PN A = p and the set of prime
ideals of B, containing pB,.

1.4.24 Let B = A[x] be a polynomial ring over a ring A and let I be an
ideal of A. Prove (A/I)[x] ~ B/IB, where the left hand side is a polynomial
ring with coefficients in A/1.

1.4.25 If B = A[x] is a polynomial ring over a ring A and q is a p-primary
ideal of A, then qB is a pB-primary ideal of B.

Hint Use Theorem 1.4.17.

1.4.26 Let B = A[x] be a polynomial ring over a ring A and let I be an ideal
of A. If I =N!_;q; is a primary decomposition of I, then IB =N[_;q; B is
a primary decomposition of IB.

1.5 Koszul homology

Let o be an element of the ring R and K, (a) be the complex defined as

R fori=0,1,
Ki= { 0  otherwise,
with dy: Ki(a) — Ko(a) being multiplication by a.
Let I be an ideal of It generated by the sequence £ = {z1,...,z,}. The
ordinary Koszul complex associated to z is defined as

K.(@z;R)=Ku(z1) @ ® K. (zy).

For an R-module M we shall write K, (z; M) for K, (z; R) ® M. The Koszul
complex K, (z; R) is then the exterior algebra complex associated to E = R™
and the map
0:E — R,

defined as

O(21,...,2,) = 21T1 + ++ + 2Ty,
That is, § defines a differential & = df on the exterior algebra A(E) of E
given in degree r by

Ber A Ae) =D (1) (eer A AB A ey,

=1
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A consequence of the definition of the differential of K, (z; R) is that if w
and w' are homogeneous elements of A (E), of degrees p and ¢ respectively,
then

OlwAw') = (=1)Pw A Bw') + O(w) Aw'.

This implies that the cycles Z(K,) form a subalgebra of A(E), and that
the boundaries B(K,) form a two-sided ideal of Z(K,). As a consequence
the homology of the Koszul complex, H,(z), inherits a skew commutative
R-algebra structure.

One can also see that H,(z) is annihilated by I = (z). Indeed, if e € E
and w € Z,(K,), we have from the last formula 9(e A w) = 0(e)w.

The ordinary Koszul complex K, (z) = K,(z; R) is simply the complex
of free modules

K. (z) : 0 A"R* A" 'R - AN'R* s N°R 5 0,

where AR™ is the kth exterior power of R™; thus A*R™ is a free R-module
of rank (}) with basis

{eg Ao Ne |l <ip < <ip <n}

Proposition 1.5.1 If z = xy,...,2, is a regular sequence in R, then the
Koszul complez is acyclic, that is, the complex K, (x) is exact.

Proof. See [290, Theorem 2.3]. O

Sliding depth Let (R, m) be a Cohen-Macaulay local ring and let I be
an ideal of R generated by zi,...,z,, denote by H,(z) the homology of the
ordinary Koszul complex built on the sequence z = {zi,...,z,}.

Definition 1.5.2 (i) (SD) I satisfies sliding depth if
depth H;(z) > dim(R) —n +14, Vi > 0.

(it) (SCM) I 1s strongly Cohen-Macaulay if H;(z) are C-M, V¢ > 0.
(Depths are computed with respect to maximal ideals. It is usual to set
depth(0) equal to c0.)

Remark 1.5.3 (a) The (SD) condition localizes [156], (b) If I satisfies (SD)
with respect to some generating set, then it will satisfy (SD) with respect
to any other generating set of I. This follows from the isomorphisms:

Hi({mia <oy Ty 0}) = Hl(_CQ) @ Hi—l(_@.)) and

H({zy,...,zn,y}) ~ H;({z1,...,2,,0}), where y € (z).
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Linkage Let I and J be two ideals in a Cohen-Macaulay local ring R. The
ideals I and J are said to be (algebraically) linked if there is an R-sequence
z={x1,...,z,} in I N.J such that

I=((z):J) and J = ((z): 1),

if in addition I and J are unmixed ideals of the same height n without
common components and such that I N J = (z), then I and J are said to
be geometrically linked.

When I and J are linked we shall write I ~ J. We say that J is in the
linkage class of I if there are ideals Ii,..., I, such that

Im I~ Iy~ .

The ideal J is said to be in the even linkage class of I if m is odd.

Let R be a Gorenstein ring and let I be a Cohen-Macaulay ideal of R.
If J is linked to I, then Peskine and Szpiro [233] showed that J is Cohen-
Macaulay. A dramatic result of Huneke [179] proves that (SCM) is preserved
under even linkage, his method can be adapted to prove the following.

Proposition 1.5.4 Let I and J be two ideals in a Gorenstein local ring R
of dimension d, and let z = {z1,...,z,} be a generating set for I. Assume
that J is evenly linked to I. If I satisfies the condition

(SDi) depth Hi(z;R) >d~n+i, 0<i<k,

then J satisfies the (SDy) condition as well.

Exercises

1.5.5 Let R = k[zi,...,xs] be a polynomial ring over a field &k and let
I = I,(X) be the ideal of 2 x 2-minors of the symmetric matrix:

Ty Tz I3
X = 9 T4 Tp
T3 ITs Tsg

Prove that I is linked to I, (X'), where X' is the symmetric matrix
Iy T2 —I3
X' = To T4 5

—T3 T3 Tg

In particular if char(k) = 2 the ideal I is self-linked. For other characteristics
this 1s an open question.




Chapter 2

Affine and Graded
Algebras

A few topics connected with affine and graded algebras are studied in this
chapter, e.g., Grobner bases, Hilbert Nullstellensatz, minimal resolutions
and Betti numbers. We present the affine and graded versions of the Noether
normalization lemma and some of their applications to affine and Cohen-
Macaulay graded algebras.

As before all base rings considered here are Noetherian and modules are
finitely generated.

2.1 Noether normalizations

Affine algebras occur naturally in algebraic combinatorics and geometry.
One of the key results to understand their behavior is the famous Noether
normalization lemma, first we present its affine version.

Definition 2.1.1 Let k be a field and let S be a k-algebra. We say that S
is an affine k-algebra if S = k[y1, ..., v, for some yi,...,y, € S.

Definition 2.1.2 Let o and 8 be in N*. The lexicographical order in N*
is obtained by declaring

8>«

if the last nonzero entry of § — « is positive.

Notation The set of positive integers will be denoted by Ny. If o, 8 € R,
here « - § will denote the usual inner product of a and 3.

31
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Lemma 2.1.3 Let ay > -+ > a,, be a sequence of m distinct points in N*
ordered lexicographically. Then there is w = (wx,...,wy,) € N} such that
wy=1and w-ox >w-a; fori> 2.

Proof. Let a; = (a,...,Qin) and B; = (a1, .. ., @y(n-1)). We proceed by
induction on n > 2. There is k so that ay, = -+ = ag, and ag, > oy, for
i > k. One may assume k < m; for otherwise f; > - > [,, and one can
use induction,

Since f; > -+ > fBi by induction there is w' = (1,ws,...,wp—1) such
that w' - By > w' - B; for 2 <1 < k. On the other hand for every 7 > k one
can choose §; € Ny so that

w' By + arnd > w - Bi + aind;.
To finish the proof set
wy, = max{d;| k <i <m} and w = (W', wy)
and observe w-ax > w-«; for i > 2, O

Proposition 2.1.4 Let R = k[z1,...,2,] be a polynomial ring over a field
k and let f be a polynomial in R\ k. Then there is o change of variables

=ty (0>2)
such that
F@nzd? +yo, ., 8™ +yn) = coxf + x4+ o1 + 6,

where 0 £ co €k, r > 0, and ¢; € klya, ..., yn) fori > 1.

Proof. The polynomial f can be written as

f = i bimma
i=1

where 0 # b; € k for all i. One may assume that a; > -+ > «a;, are ordered
lexicographically. By Lemma 2.1.3 there is w € N} such that z; = 2% 4y,
satisfies the required properties. Note r = w - ay. ]

Lemma 2.1.5 If R = k[z:1,...,2z,] is an affine k-algebra of dimension n,
then R 1s a polynomial ring.

Proof. One may assume R ~ B/I, where B is a polynomial ring in n
variables with coefficients in the field k and I is an ideal of B. Let

ICpoC---Chpn

be a chain of prime ideals of B of length n. If I # (0), then adding (0)
to the chain yields a chain of length n + 1, which is impossible because
dim(B) = n. Hence I = (0). O
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Theorem 2.1.6 Let R = k[zx,...,z,] be a polynomial ring over a field k
and let I 2 R be an ideal of R. Then there are z,. .., 2, tn R such that

(a) klzy,...,z,) s integral over k[zx,. .., 2], and

(b) INklzt,...,2n) = 21kl2r, ... 20) ++ + 2Zgkl2r, . ., 2n).

Proof. The proof is by induction on n. If n = 1 and I = (f(z;)) # 0, then
one sets zx = f(zi). Assume n > 2 and I # 0. One may assume that [/
contains a monic polynomial in z;. Otherwise take a nonzero polynomial g
in I and apply Proposition 2.1.4 to get an isomorphism of k-algebras

klzr, ..., 2, ﬁ%k[mi,yg...,yn]

induced by @(z;) = z: and ¢(z;) = «” + y; for ¢ > 2, such that ¢(g) is
monic in z;. Let

f=zi+azi ™ + iz o
be a polynomial in I with ¢; € k[zo,...,z,] and r > 0. Set
I = INklzs,..., 5]

By induction there are zs, ..., z, such that:

(i) k[za,...,zy] is integral over k[zq,...,z,], and

1) L Nklza,...,2n] = (22,. .., 2n).
Set z; = f. It is not hard to see that R is integral over k[z:,. .., 2, and

klz1, ..., 2] NI = (21,...,2g),

as required o

Corollary 2.1.7 If R = k[z1,...,2,] is a polynomial ring over a field k
and I # R 15 an ideal of R, then

dim(R/I) = dim(R) - ht (I).

Proof. One may assume that there are 21,...,2, in R and an integer g
such that the conditions (a) and (b) of Theorem 2.1.6 are satisfied. We
will show that g is equal to the height of I. By Lemma 2.1.5 the 2;’s are
algebraically independent. Hence Proposition 1.4.13 yields

ht (I) =ht (I Nklzt,...,2,]) = g.
Note that there is an integral extension
klzgqr, . yzn) = klzr, . 2]/ (2150, 2g) & klzy,...,zn)/1.

Therefore n — g = dim(R/I). O
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Corollary 2.1.8 (Noether Normalization Lemma) If R = k[x] is a
polynomial ring over a field k and I # R is an tdeal, then there is an
integral extension

klhy,... hq]=R/I,
where hy,...,hq are in R and d = dim(R/I).

Proof. By Theorem 2.1.6 there is an integral extension
klzgit,. . 2n) > klzr,. .., 20) /(215 ., 2g) & R/I.
To conclude the argument set h; = zg4; fori =1,...,d. O

Corollary 2.1.9 If R = k[z1,...,z,] is a polynomial ring over a field k,
then R is a catenary ring.

Proof. Note ht (q/p) = dim(R/p) — dim(R/g) for any two prime ideals
p C qin R. Hence by Corollary 2.1.7 we get ht (q/p) = ht (g) —ht (p). O

Definition 2.1.10 Let £ C L be a field extension. A subset of L which
is algebraically independent and is maximal with respect to inclusions is
called a transcendence basis of L over k.

Theorem 2.1.11 If k C L is a field extension, then any two transcendence
basis have the same cardinality.

Proof. See [191, Theorem 8.35). O

Definition 2.1.12 Let & C L be a field extension. The transcendence
degree of L over k, denoted trdeg, (L), is the cardinality of any transcendence
basis of L over k.

Corollary 2.1.13 Let k be a field and let A be a finitely generated k-
algebra. If A is a domain with field of fractions L, then

dim(A) = trdeg, (L).
Exercises
2.1.14 If A and B are affine algebras over a field k, then
dim(A ®; B) = dim(A) + dim(B).

Hint Use the normalization lemma.
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2.2 Cohen-Macaulay graded algebras

In this section we will emphasize the relationship between graded Cohen-
Macaulay rings and their homogeneous Noether normalizations. Then some
useful characterizations of those rings will be given.

Definition 2.2.1 Let k be a field. A standard algebra or homogeneous
algebra is a finitely generated N-graded k-algebra

S=EPSi=klys,.., v
=0

such that y; € S} for all i and Sp = k. If we only require y; homogeneous
and deg(y;) > 0 for all 7, we say that S is a positively graded k-algebra.

The irrelevant mazximal ideal m of S is defined by

m = S+ = @Sz
i==1

Definition 2.2.2 Let k be a field and S = k[y1, .. .,y,] a positively graded
k-graded with y; homogeneous of degree d;. There is a graded epimorphism

©:R=k[z1,...,2,] — S
given by

flex,. .o mp) 2y Flyss e Ur)s

where R is a polynomial ring graded by deg(z;) = d;, the presentation of
S is the k-algebra R/ ker(y). The graded ideal ker(y) is called the ideal of
relations or the presentation ideal of S.

Proposition 2.2.3 If S is a Cohen-Macaulay standard algebra over a field
k and L is an ideal of S, then

dim(S) = dim(S/L) + ht (L).

Proof. One may assume S = R/I and L = J/I, where R is a polynomial
ring over k and J is an ideal of R containing I. Set ¢ = ht (J/I) and
r =ht (I). Let p be a prime ideal such that J C p and g =ht (p/I). There
is a saturated chain of prime ideals

ICpoCpr C--Chpy=p.

Since pg is a minimal prime ideal of I using Proposition 1.3.11 one obtains
dim(R/I) = dim(R/po), that is, » = ht (po). IHence there is a saturated
chain of prime ideals

g=0)CquC--Cgr=poChp:r C--CPpy=p.
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As R is a catenary domain one obtains ht (p) = r + g and consequently
ht (J) <7+ g. It is not hard to verify that this inequality is equivalent to
the inequality

dim(S) < ht (L) + dim(S/L).

To conclude the proof recall that the inequality
dim(S) > ht (L) + dim(S/L)
holds in general. O

Corollary 2.2.4 Let R be a positively graded polynomial ring over a field
k and I a graded ideal of R. If R/I is Cohen-Macaulay, then I is unmizved.

Proof. It follows from Proposition 1.3.11 and Proposition 2.2.3. O

Definition 2.2.5 Let k be a field and let S be a positively graded k-algebra.
A set of homogeneous elements § = {61,...,684} is called a homogeneous
system of parameters (h.s.o.p for short) if d = dim(S) and rad (§) = S4.

Corollary 2.2.6 Let S be a positively graded algebra over a field k and
hi,...,hq a homogeneous system of parameters for S. Then

for 1 <i < dim(S).

Proof. Set S = S/(hs,. ..yhy) and d = dim(S). First note that the set of
images of Ait1,...,hq in S generate an M-primary ideal, where m = S, is
the irrelevant maximal ideal of S and m = mS. Hence

dim(S) < d ~i

by the graded version of the dimension theorem (see Theorem 1.3.13). On
the other hand if y,...,0, is an homogeneous system of parameters for S,
then the sequence

Oy oy 0p by, by

generates an m-primary ideal of S, and applying the dimension theorem
once again one has
d <r+i=dim(S) + 1.

Thus dim(S) =d — . 0
Proposition 2.2.7 Let S be a positively graded algebra over a field k and

8 =04,...,04 an h.s.o.p for S. Then S is Cohen-Macaulay if and only if 6
s a regular sequence.
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Proof. By Corollary 2.2.6 dim S/(0,...,6;) = d —i. If S is C-M, then
by Proposition 2.2.3 one has ht (6;,...,6;) = i. Assume 6;,...,60;_1 is a
regular sequence. Next we show that 6; is regular on A = S/(0,...,6i-1).
Otherwise if 6; is a zero divisor of A, then 6; belongs to some minimal
prime p of (fy,...,8;—1). Since ht(p) < 7 — 1 (see Theorem 1.3.14) we
obtain ht (6,...,8;) < ¢ — 1, which is impossible. Conversely if 8 is a
regular sequence, then depth(S) =d and S is C-M. a

Proposition 2.2.8 Let S be a positively graded algebra over a field k. If S
is Cohen-Macaulay and § = 0y,...,0, is a regular sequence of homogeneous

elements in Sy, then S/(§) is Cohen-Macaulay.

Proof. It suffices to prove the case ¢ = 1, which is a direct consequence of
Lemma 1.3.10. O

Lemma 2.2.9 LetV # {0} be a vector space over an infinite field K. Then
V' is not a finite union of proper subspaces of V.

Proof. We proceed by contradiction. Assume that there are proper sub-
spaces Vi,..., Vi, of V such that

where m is the least positive integer with this property. Let

vi €Vi\ (VaU--UVy)and vy € o\ (Vi UVEU -+ UVp,).

Pick m + 1 distinct nonzero scalars ko, ...,k in K. Consider the vectors
Bi = v1 — kivy
for ¢ = 0,...,m. By the pigeon-hole principle there are distinct vectors 3,,

Bs in V; for some j. Since 8, — s € V; we get vy € V;. Thus j = 2 by the
choice of vy. To finish the proof observe that 3, € V5 imply v; € V5, which
contradicts the chotce of vy. O

Proposition 2.2.10 Let R = k[zy,...,2,] be a polynomial ring over a field
k with a positive grading and let I be a graded ideal of R. Then there are
homogeneous polynomials hy,...,hq in By such that

dimR/(I,hy,...,hi)=d~1i, fori=1,...,d,

where dim(R/I) = d. If k is an infinite field and deg(x;) =1 for all i, then
hi,...,hg can be chosen in Ry.
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Proof. Assume d > 0. Let p;,...,p, be the set of minimal primes of I
of height g = ht (I). We claim that there is a homogeneous polynomial hy
not in U7_;p;. To show it we use induction on r. Since py - -p,—1 ¢ p, and
because p; is graded we can pick f € py - pr—1 N Ry, and f & p,, dy > 0.
By induction there is g € Ry, and g ¢ Ul"[p;, do > 0. Assume R; C U7_;p;
for all ¢ > 0, hence g € p,. To complete the proof of the claim consider
h = fd — g%t to derive a contradiction.

Note dim(R/I) > dim R/(I, hy), by the choice of hy. Hence a repeated
application of the claim rapidly yields a sequence hy, ..., hs of homogeneous
polynomials in R, with s < d and such that ht (I, hy,..., k) = dim(R).
Therefore by Theorem 1.3.13 one concludes d = s, as required.

If k is infinite and deg(z;) = 1 for all ¢, then there is h; in R; and not
in Ul_;p;; for otherwise one has Ry = Uj_; (p;): and since Ry cannot be a
finite union of proper subspaces (see Lemma 2.2.9) we derive Ry = p; for
some ¢, which is impossible. Thus one may proceed as above to get the
required sequence. O

Theorem 2.2.11 (Noether normalization lemma) Letk be a field and
let R be a polynomial ring with coefficients in k. If R is positively graded and
I is a graded ideal of R, then there are homogeneous polynomials hy, ..., hq
in Ry, with d = dim(R/I), and o natural embedding

A=klhy,... ha) S R/I

such that R/I is a finitely generated A-module. Moreover if k is infinite
and deg(z;) = 1 for all i, then hy,..., hq can be chosen in R;.

Proof. Let R = k[z1,...,z,] and set B; = {z?| deg(z®) = ¢}. According to
Proposition 2.2.10 there are homogeneous polynomials hy,...,hg iIn m = Ry
with rad (I, ks, ..., hq) = m. Hence there is r such that

m’ C (I,hy,. .., ha).

Note that B; C (I, ht,...,Rhq) for i > s = rd, where § is the maximum of
the degrees of zy,...,z,. Set B = U{_;B;. Using induction on ¢ we now
show that

B, C J=1I+Bklh,... ha), ¥i>s.

The containment is clear for ¢ < s. Assume ¢ > s and take 2% in B;. Let
ft,-.., fq be a homogeneous generating set for I. Since (I, h;,...,hq) is
graded we can write

q d
28 =Y bifi+ ) ey,
J=I j=I




Affine and Graded Algebras 39

where bt,...,bq and ci,.. ., cq are homogeneous and deg(c;h;) = i. Hence
all the monomials in the support of ¢; have degree less than ;. Thus by
induction one gets ¢; in J for all j and consequently z° € J.

Observe that the image of B in R/I generates R/I as an A-module.
Next we verify that the canonical map ¢ form A to R/I is injective. Since
R/I is integral over ¢ (A) by Proposition 1.4,12 one obtains that d is equal
to dim p(A). Using A/ ker(y) ~ ¢(A) and the fact that A has dimension at
most d we get ker(¢) = 0. If k is infinite and deg(z;) = 1, then according
to Proposition 2.2.10 one can choose hi,..., hq of degree one. O

Definition 2.2.12 Let R be a positively graded polynomial ring over a
field k and I # R a graded ideal. A homogeneous Noether normalization of
S = R/I is an integral extension

klht,. .., ha] = S,
where hi, ..., hq are homogeneous polynomials in Ry and d = dim(S).

Proposition 2.2.13 (Stanley) Let R = k[zy,. .., 5] be a polynomial ring
over a field k and let I be a monomial ideal with d = dim(R/I). Then

A =kloy,...,04)=S =R/I
is a Noether normalization, where o; is the ith symmetric polynomial.

Proof. It suffices to prove that S is integral over A. Let T; = z; + I. Since
d = dim(R/rad(I)), one has o; € rad(I) for 7 > d. Hence from the equality

(z—z)  (z—z,) =2 —oz" '+ + (=)0,

one has
=N = m=n—1l d= =n—d
T, —01Z%; ++(—1) gdx; —h,

where £ is nilpotent in S. Hence if h™ € I, raising the last equality to the
mth power yields that F; is integral over A. O

Proposition 2.2.14 Let R = klzr1,...,x,] be a positively graded polyno-
mial ring over a field k and let I # R be a graded ideal of R. If S = R/I is
a Cohen-Macaulay ring and

A=khy,....,hqg] = S
1s a homogeneous Noether normalization of S, then
S=A7r ... @ AT~

for any set of monomials B = {zP,... ,mﬁ'"} whose image in the Artinian
ring S = R/(I, hy,..., ha) is a k-vector space basis of S.
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Proof. Set M; = {z® € R|deg(z®) = ¢}. First we show that the image of
B generate S as an A-module. It suffices to prove M; C J = I + AB for all
i > 0. Let % € M;. There are homogeneous polynomials pz,...,uq in R
and Aj,..., Ay in k such that

m d
% =f+ Zx\jmﬁj + Z/Ljhj,
= =1

where f € R;NI and deg(u;h;) =iif p; # 0. Since deg p; < 1, by induction
one obtains that p; € J for all § and consequently z* € J.

We claim that if ¢; 281 + - « - ¢y zPm belongs to (I, hi,...,hi_1) for some
2<i<dandci,. .., cn in k[hy, ..., kg, then ¢; = 0 for all j. To prove the
claim note that hy,...,hq is a regular sequence (see Proposition 2.2.7) and
use descending induction on 4 starting with i = d.

Next we show

S=A"r @ @ AT .

Assume
m
E az? e I,
i=1
for some ay,...,a, in A. If a; # 0 for some ¢, write
83
_ J
a; = E as;ihi,
=0
where a;; arein k[ha, ..., hq]. One may assume a,o # 0 for some r; otherwise

we may factor out h; to some power and apply that h; is regular on S. Hence
a1z + -+ + amoxPm isin (I, hy), and applying the claim with i = 2 we
derive apg = 0, which is a contradiction. Therefore a; = 0 for all j, as
required. ]

Lemma 2.2.15 Let k be an infinite field and let

S=s:
=0

be a standard k-algebra. If S is Cohen—Macaulay, then there exists a h.s.o.p
0 ={01,...,84} such that @ is a regular sequence and 6; € St for all i.

Proof. Let Ass(S) = {p1,...,ps}. Notice that Ass(S) = Min(S), because
S is Cohen—Macaulay. We may assume d > 0, otherwise there is nothing
to prove. If Sy C Z(S) = Ui_;p;, then Sy = UZ_;(p;):. Since k is infinite,
by Lemma 2.2.9, we obtain that s = 1 and p; = Sy, that is, dim(S) = 0,
which is a contradiction. Hence there is 8y € St which is regular on S.
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By Proposition 2.2.3 dim.S/(h1) = d — 1. Applying the depth lemma (see
Lemma 1.3.9) to the exact sequence

0— S(=1) 2% S — S/(6;) — 0

yields depth S/(6:) = d—1. Altogether S/(0:) is C-M and the result follows
by induction. O

Lemma 2.2.16 Let R be an N-graded polynomial ring over a field k and I
a graded ideal of R of height g. If I is a complete intersection, then there
are homogeneous polynomials fi,..., fg such that I = (fy,..., fy).

Proof. Let hi,...,h, be a regular sequence generating the ideal I. Using
the graded version of Corollary 1.1.30 one has

r = I/(I) = dimk(I/mI) <y,

where m = Ry. On the other hand, since I is graded, there are homogeneous
polynomials fi,..., fr generating I and such that {f; + mI}!_, is a k-basis
for I/mI. By Theorem 1.3.14 one concludes r = g. O

Proposition 2.2.17 Let R be a positively graded polynomial ring over a
field k and let I be a graded ideal of R. If I is a complete intersection, then
R/I is Cohen-Macaulay.

Proof. By Lemma 2.2.16 the ideal I is generated by a sequence fi,..., fg
consisting of homogeneous polynomials, where g denotes the height of I.
According to Proposition 2.2.10 there is a sequence hy, ..., h,_, consisting
of homogeneous polynomials such that

rad (ft,..., fg, Pty s Bn—g) =m=R,.

Therefore { f1,..., fg, h1,..., bn—g} is a homogeneous system of parameters
for R and by Proposition 2.2.7 we derive that fi,..., f, is aregular sequence.
Finally Lemma 1.3.10 yields that R/I is Cohen-Macaulay. a

Lemma 2.2.18 Let I,p1,...,0, be graded ideals of a polynomial ring R
over a field k such that p1,...,pm are prime ideals. If f € Ul%;p; for any
f € I homogeneous, then I C p; for some i.

Proof. By induction on m. If m =2 and I ¢ p,; for i = 1,2, then for each
¢ pick a homogeneous polynomial f; € I'\ p; of degree u;. Since f{** + f3*
is homogeneous we readily derive a contradiction. Hence I C p; for some .

Let G be the set of homogeneous elements in I and suppose G C UT%, p;.
One may assume p; ¢ p; for ¢ # j. If I ¢ p; for all ¢, then by induction
there is f; in G\ UX;"p;. On the other hand since Ipy «+ pm—1 € P (se€
Exercise 1.1.39) there is a homogeneous polynomial fs in Ipg - p,n—1 and
f2 not in p,,. Since f{* + f3', deg(f;) = uy, is homogeneous we rapidly
derive a contradiction. Thus I C p; for some 1. ]
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Proposition 2.2.19 Let R be a polynomial ring over o field k and let I be
a graded ideal of height r, then there is a regular sequence fi,..., fr in I of
homogeneous polynomials.

Proof. We will proceed by induction. Assume that fi,..., fs is a regular
sequence of homogeneous polynomials in I , where s < r. Note that the
ideal (fi,..., fs) is Cohen-Macaulay by Proposition 2.2.17, and hence it is
unmixed by Corollary 2.2.4. If all the homogeneous polynomials in I belong
to Z(R/(fi,..., fs)), then by Lemma 2.2.18 the ideal ] must be contained

in an associated prime of (fi,..., fs) and consequently ht (I) < s, which is
impossible. Thus there is a homogeneous polynomial f,.; in I such that
fsx1 1s regular modulo (fs,..., fs). ]

Tensor product of affine algebras Let A, B be two affine algebras
over a field &k and consider presentations A ~ R;/Ii, B ~ Ry/I,, where
R; = k[x], R2 = k[y] are polynomial rings in disjoint sets of variables and
I; is an ideal of R;. Set R = k[x,y] and I = I; + I;. The map

Rr— Ry /[ @ Ro /Iy, zi—= 2,01, yim 1@y,
induces a k-algebra homomorphism:
G R/ Ry/Iy & RaofI, o(Fx07(y)) = F(x) @3 (y)-
On the other hand there is a k-bilinear map
iRy /Iy x Ry/I; = R/,

given by multiplication (f,7) = fg. By the universal property of the

tensor product there is a map ) that makes commutative the following
diagram

Bufls x Ro/Ta ——  RuJLy @ Ro/I
lw

where ¢ is the canonical map and ¢ = ¢. As a consequence ¢ is the
inverse of ¢. Thus we have proved:

Proposition 2.2.20 If A and B are two affine algebras over a field k with
presentations A ~ k[x]/Iy and B ~ k[y]/L>, then

A®y B~ k[x,y]/(I1 + I2).
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Theorem 2.2.21 If A and B are two standard algebras over a field k, then
depth(A @ B) = depth(A) + depth(B).

Proof. Pick a regular sequence g = gi,...,9, (resp. h = hy,...,hg) on
A = k[x]/I (resp. B = k[y]/I5) with g C (x) (resp. h C (y)) and such that
g (resp. h) consist of forms, where r is the depth of A and s is the depth of

B. As B is a faithfully flat k-algebra, applying the functor (-) ®; B to the
injective map

0— k[x)/(I1, 91, gic1) —= k[X]/ (I, 91, - » Gim1)

gives a natural commutative diagram

Ex)/(I1, g1,- -, git) @k B &2 k[X)/(I1, 91, ..., 9i-1) ® B

~ ~

k[X7Y]/(II.3127gI7"'agi—fn) _gl_) k[X7Y]/(IT-7[2agI7'--;gi—I)

such that the map in the first row is injective. Since the vertical arrows are
natural ismorphisms by Proposition 2.2.20, one concludes that the map in
the second row is also injective. As a consequence g is a regular sequence
on k[x,y]/(I1, Is). Similarly if we tensor the injective map

0 — klyl/ (T, by, .. hizt) =2 kly)/ Tz, by, o hiss)

with the faithfully flat k-algebra k[x]/(I}, g) it follows rapidly that A is a
regular sequence on k[x,y]/(I1, I2, g). -

Altogether ¢,k is a regular sequence on k[x,y]/({1,I2). To finish the
proof note that (x,y) is an associated prime ideal of k[x,y]/(I1, I3, g, h) by
Exercise 2.2.27, thus r + s is the length of a maximal regular sequence in
(x,y) and by Proposition 1.3.7 one obtains depth(A ®; B) = r + s. For an
alternative proof see [115]. O

Corollary 2.2.22 If A and B are two standard algebras over a field k, then
A ®y B is Cohen-Macaulay if and only if A and B are Cohen-Macaulay.

Proof. As the dimension is always greater or equal than the depth by
Lemma 1.3.6, the result follows at once using Theorem 2.2.21 together with
Exercise 2.1.14. O

A similar statement holds if one replaces Cohen-Macaulay by Gorenstein;
indeed the type of the tensor products of two Cohen-Macaulay standard
algebras is the product of their types [115].
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Exercises

2.2.23 Let V be a vector space over an infinite field k£ and W, Vi, ..., Vi,
vector subspaces of V. If W ¢ V; for all ¢, prove W ¢ U, V;.

Hint t W C UL, V;, note W = U2, (W NV;) and use Lemma 2.2.9.
2.2.24 Let I, I},..., I, be ideals of a ring R and let k be an infinite field.
If I cU™,I; and k is a subring of R, then I C I; for some i.

Hint Note that I, Iy,..., I, are vector spaces over k.

2.2.25 Let R be a polynomial ring over an infinite field k¥ and I a graded
ideal of height r. If I is minimally generated by forms of degree p > 1,

prove that there are forms fi,..., f,, of degree pin I such that fy,..., f,
is a regular sequence and I is minimally generated by fi,..., fi.

Hint Find a regular sequence fi,...,fr in I, = R, NI and extend this
sequence to a k-basis of I,.

2.2.26 Let R = k[x] be a polynomial ring over a field £ and I C (x) an
ideal. Note that k is an R-module with multiplication f(z)-a = f(0)x, for
f(z) € R and a € k. When is the canonical map

ok— R/I, arta+1
a homomorphism of R-modules?.

2.2.27 Let A = k[x]/I; and B = k[y]/I> be affine algebras over a field k. If
(x) (resp. (y)) is an associated prime of k[x]/I1 (resp. k[y]/l2), then (x,y)
is as associated prime of k[x, y]/(I1, I2).

Hint there are embeddings
k[x]/(x) @ kly]/(y) = k[x]/(x) ®& B and k[x]/(x) @ B = A ® B.

2.2.28 Let k[x] be a polynomial ring and I an ideal (resp. graded). If k C K
is a field extension, then there is a natural (resp. graded) isomorphism of
K-algebras:

K[x])/IK[x] ~ k[x]/I ® K.

2.2.29 Let A be an affine algebra over a field k£ and let k¥ C K be a field
extension. Prove:

(a) dim(A) = dim(A @ K).
(b) depth(A4) = depth(A @, K) if A is a standard algebra.

2.2.30 Let K be a field and let A be an affine K-algebra. Prove that A is
Artinian if and only if dimg(A4) < oco.
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2.3 Hilbert Nullstellensatz

Let k be a field and let R = k[zy,...,2z,] be a polynomial ring, we define
the affine space of dimension n over k, denoted by A}, to be the cartesian
product k" =k x -+ X k.

Given an ideal I of R define the zero set or variety of I as

V() ={a € k" fla) =0, V[ € I},

by the Hilbert basis theorem V' (I) is the zero locus of a finite collection of
polynomials. Conversely for any X C k™ define I(X), the ideal of X, as the
set of polynomials that vanish on X. An affine variety is the zero set of an
ideal. The dimension of a vartety X is the Krull dimension of its coordinate
ring R/I(X).

Proposition 2.3.1 If R = k[x] is a polynomial ring over a field k, then

Q) VUINJ)y=VI)UuV(J)=V(IJ), for all ideals I and J of R.

(b) NV (1) = V(Ul,), where {I,} is any family of ideals of R.

() V(1) = 0 and V(0) = A}; where n is the number of variables of R.
Proof. It is left as an exercise. O

By the previous result the sets in the family
T={Af\V()|I C R}

are the open sets of a topology on A}, called the Zariski topology.

Definition 2.3.2 An affine variety X C k™ is reducible if there are affine
varieties X; # X and X3 # X such that X = X; U X3, otherwise X is
irreducible.

Theorem 2.3.3 Let k be a field and X an affine variety of A}, then X s
irreducible if and only if I(X) is a prime ideal.

Proof. See [120, Chapter 1]. O

Proposition 2.3.4 If X C A7 is an affine variety over a field k, then there
are unique 1rreducible affine varieties Xx,..., X, in A} such that

and X; ¢ X; for all i # j.
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Proof. See [141, Proposition 1.5]. a

The irreducible affine varieties Xj, ..., X, of Proposition 2.3.4 are called
the irreducible components of X.

Theorem 2.3.5 Let R = k[zy,...,2,) be a polynomial ring over a field k
and let m be a maximal ideal of R. If k is algebraically closed, then there
are ay,...,a, € k such that

m=(z1 — ag,...,Tp — 0p).
Proof. According to Corollary 2.1.8 there is an integral extension
klhy,... k)= R/m,

where d = dim(R/m) = 0. Hence the canonical map ¢:k — R/m is an
isomorphism because k is algebraically closed. To complete the proof choose
a; € k so that p(a;) =@ =T; = p(z;). i

Proposition 2.3.6 If I is an ideal of a ring R and f € R, then f € VI if
and only if (I,1 —tf) = R[t], where t is a new variable.

Proof. =) Let f be an element in VI If(I,1 - tf) # RJt], take a prime
ideal p containing (I,1 — tf). Since f must be in p, because f™ is in I for
some 7 > 0, one concludes 1 € p which is impossible.

SYUl=aifi+ - +agfy+ag1(l—tf), where f, € I, f € R and
a; € R[t]. Set 2 = 1/t and note 1 — ¢tf = (z — f)/t, multiplying the first
equation by 2, with m large enough, one dertves an equality

2™ =bifr 4+ bofg +bgir(z — f),

where b; € R[z]. As R[z] is a polynomial ring over R, making z = f gives
fmerland fe I a

Theorem 2.3.7 (Hilbert Nullstellensatz) Let R be a polynomial ring
over an algebraically closed field k and let I be an ideal of R, then

V(D) = V1.

Proof. One clearly has I C I(V (I)), hence VI C I(V (I)) because I(V(I))
is a radical ideal. For the other containment take f € I{V(I)) and consider
the ideal J = (I,1 — ft) of the ring R[t], where R = k[zi,...,2,] and ¢
is a new variable. Next we show the equality J = R[t]. If J # RJ[¢] by
Theorem 2.3.5 one has

(I,1— ft) C(z1 — a1,y Zn — Qnyt — Gnr1), a; € K.

Hence g € V(I), where § = (a1,...,a,). Using that f € I(V(I) gives
f(8) =0, but this is impossible because 1 — f(8)an+1 = 0. Hence J = R][t].
Thus f € /T by Proposition 2.3.6. 0
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Corollary 2.3.8 Let X = V(fx,...,f;) be an affine variety, defined by
polynomials fy,..., fy in n variables over an algebraically closed field k.
Then ¢ > n — dim(X).

Proof. By the Nullstellensatz I(X) =rad (fi,..., f;). Let p be a minimal
prime of (fy,..., fq) of height n — dim(X). Applying Theorem 1.3.14 we
get n — dim(X) <gq. O

Proposition 2.3.9 Let R = k[zs,...,2,] be a polynomial ring over a field
k and let m be a mazimal ideal of R. If k is uncountable, then R/m is a
finite extension of k.

Proof. Assume Z; is not algebraic over k, where, as usual, 7 denotes r + m
for any r in R. For simplicity we set ¢ = 1. As R/m has a countable basis
consisting of monomials, one has that the (uncountable) set defined by

4= {cfj-a

is linearly dependent. Thus 3 ¢,cs,...,¢, in k distinct and Ag,..., A in
k\ {0} such that:

cEk\{O}}

q
.CL‘I—-'C ZLL'}——C

=1

Constder the polynomial

q

f(z) = H(m——cl (z—¢ ZH
=1 i#j

Since f(Z:i) = 0 and Z; is not algebraic over k we conclude that f is the
zero polynomial, which is impossible because f(¢) = [[{_;(c—¢;)) #0. O

Exercises

2.3.10 Let I and J be two ideals in a polynomial ring R over a field k. If
rad (I) = rad (J), prove that V(I) =V (J).

2.3.11 If k is a field and X C A}, then X C V(J(X)) with equality if X is
an affine variety.

2.3.12 Let J be an ideal of a polynomial ring R over a field k. Prove that
J C I(V(J)) with equality if J is the ideal of an affine variety.

2.3.13 Let k be an algebraically closed field. Prove that thereis a one to one
correspondence between affine varieties (resp. irreducible varieties) in k™
and radical ideals (resp. prime ideals) in the polynomial ring klzi,...,z,].
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2.4 Grobner bases

In this section we review some basic facts and definitions on Grobner bases.
The reader may consult [1, 74, 243] for a detailed discussion of Grébner
bases and for the missing proofs of this section.

Let k be a field and let R = k[zy,...,z,] be a polynomial ring. We set
z® =i z2 for a = (ay,...,a,) € N".

The monomials in

P ={z%|a € N}
are called the terms.

Definition 2.4.1 A total order > of P" is called a monomial order or term
order if

(a) p>1for all p € P, and
(b) for all p,q,r € P™, ¢ > p implies gr > pr.

Two examples of monomial orders in P™ are the lexicographical order or
lex order defined as z® > 2% iff the last nonzero entry of b — a is positive,
and the reverse lexicographical order or revlexr order given by z® > z% iff
the last nonzero entry of b — a is negative.

In the sequel we assume that a monomial order for P™ has been fixed.
Let f be a nonzero polynomial in R. One can write

f= i a; M;,
=1

with a; € k* = k\ {0}, M; € P* and My > -+ > M,. The leading term
M; of f is denoted by 1t(f). The leading coefficient ax of f and its leading
monomial ay My are denoted by lc(f) and lm(f) respectively.

Definition 2.4.2 Let I be an ideal of R. The instial ideal of I, denoted by
in(I), is given by
in(l) = ({1(H)| £ € I}).

Lemma 2.4.3 (Dickson) If {M;}2, is a sequence in P™, then there is
an integer k so that M; is a multiple of some term in the set {Ms,..., My}
for every t > k.

Proof. We consider the ideal I C k[z1,...,z,] generated by {M;}$2,. By
the Hilbert basis theorem I is finitely generated. It is readily seen that I
can be generated by a finite set of terms Mj, ..., M. Hence for each i > k,
there is 1 < 7 < k such that M; is a multiple of M. ]
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Definition 2.4.4 Let F = {f1,..., f;} C R\ {0} be a set of polynomials
in R. One says that f reduces to g modulo F', denoted f —p g , if
9= [ —(au/le(f:))fs

for some f; € F, u € P, a € k* such that a - » - 1t(f;) occurs in f with
coefficient a.

»

Proposition 2.4.5 The reduction relation “— g ” is Noetherian, that is,

any sequence of reductions
gt —F g2 —F *r —F §i —F "
1s stationary.

Proof. Notice that at the ith step of the reduction some term of g; is
replaced by terms of lower degree. Therefore if the sequence above is not
stationary, then there is a never ending decreasing sequence of terms in P,
but this is impossible according to Dickson’s lemma. ]

Proposition 2.4.6 (Division algorithm) If f, fi,..., f; are polynomials
in R, then f can be written as

f=aitfi+ - +agfg+r,

where a;,7 € R and either r = 0 or r # 0 and no term of r is divisible by
one of 1t(fx),...,1t(fy). Furthermore if a;f; # 0, then It(f) > lt(a;f;).

Definition 2.4.7 The polynomial r in the division algorithm is called a
remainder of f with respect to F'={fi,..., fq}.

Definition 2.4.8 Let I # (0) be an ideal of R and let F = {fi,..., f.} be
a subset of I. The set F is called a Grobner basis of I if
in(I) = W(fr),...,1t{fr)).

Definition 2.4.9 A Grdbner basis F' = {fi,..., f»} of an ideal I is called
a reduced Grobner basis for I if:

(i) le(f;) =1Vi, and
(ii) none of the terms occurring in f; belongs to in(F \ {f;}) Vi.

Note that by the Hilbert basis theorem a Grébner basis of I always exist.
A nice feature of a reduced Grobner basis is its uniqueness.

Definition 2.4.10 Let f, g € R. The S-polynomial of f and g is given by

_ 1), 1t9)] . _ [16(F),1t(g)]

SHI="nm T il

b

where [f, g] = lem(f, g).
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Given a set of generators of a polynomial ideal one can determine a
Grobner basis using the next fundamental procedure:

Theorem 2.4.11 (Buchberger) If F = {f;,..., f,} is a set of generators
of an ideal I of R, then one can construct a Grobner basis for I using the
following algorithm:

Input: F
Output: a Groébner basis G for T
Initialization: G:=F, B:={{fi, f;}| fi # f; € G}
while B # 0 do
pick any {f,g} € B

B:=B\{{f,9}}
7 := remainder of S(f, g) with respect to G

if r # 0 then
B:= BU{{r,h}lhe G}
G:=GU{r}

Proof. See [1, 53, 243]. O

Proposition 2.4.12 Let I be an ideal of R and let F' = {f1,..., f;} be a
generating set for I. If

B={a|ueP”and ug (t(f),...,1t(fs))},

then B is a basis for the k-vector space R/I.

Proof. First we show that B is a generating set for /1. For that take
f € R/I. Because “— r” is Noetherian we can write

q r
F=aifi+ Y g,
i=1 i=1

where A; € k* and such that every u; is a term which is not a multiple of
any of the terms It(f;). Accordingly u; is in B for all i and f is a linear
combination of the u;’s.

To prove that B is linearly independent assume h = Y7, Au; € I,
where u; € 5 and A; € k. We must show & = 0. If 2 # 0, then we can label
the u;’s so that u; > --- > us and Ay # 0. Hence lt(h) = Aju; € in(J), but
this is a clear contradiction because in(I) = (It(f1),...,1t(fy)). Therefore
h =0, as required. ]

Corollary 2.4.13 (Macaulay) If I is a graded ideal of R, then R/I and
R/in(I) have the same Hilbert function.
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Lemma 2.4.14 Let f and g be two polynomials in R and let F = {f,g}.
If Im(f) and lm(g) are relatively prime, then S(f,g) —=F 0.

Proof. Let f = My + .-+ M, and ¢ = Ny + --- + Ny, where M; and N;
are monomials such that My > --- > M,, Ny > --- > N,. Set

hi =S(f,9) — Mrg — - — M,_sg.
The monomials
{N1Mq,...,NyM, , M No, ..., M{N;}

are distinct because My and IN; are relatively prime, hence S(f,g) —r ho.
Since Ny M,_;_1 > MyN,, for k > r —i and m > 2, from the equality

hi=NiMy+---+NiM,_;_y — MN, - - = MN,
M,N, — ... — MN,
- Mr—iN2 - Mr—iNs

we obtain S(f,g) =rF ho =F h1 =F -+ = h._2. To complete the proof
notice that M;N;. 1 > My Ny, for m > ¢ + 1. Hence using the identity

hp—g + Nof +--++Nif = — MiNyyw — -+ — MN;
- MrNi+1 - = MrNs
- M;Niyyy - -+ — MN;
we obtain

ho—o =p hp_o+ Nof 2p - 2 hp g+ Nof +--+ Nyf =0,
that is, S(f,g) =r O. O

The next criterion of Buchberger will be used at several places to prove
that a given set of polynomials form a Grobner basis. Observe that this
criterion is important in Buchberger algorithm.

Theorem 2.4.15 ([53]) Let I be an ideal of R and let F = {f1,..., fq} be
a set of generators of I, then F is a Grobner basis for I if and only if

S(fi, ;) —F 0 for all i j.

Definition 2.4.16 Let I be an ideal of R generated by F' = {fi,..., fr}
and consider the homomorphism of E-modules

w:R" — I, e; — fi,

where e; is the ¢th unit vector. The kernel of ¢, denoted by Z(F), is called
the syzygy module of I with respect to F.
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Theorem 2.4.17 Let G = {g1,...,9,} be a Grobner basis and write

S(Qi,gg‘) = %%gj)—] "G — [It—(g—’(—;%g—g)—] * 95 = ;aijkgm

where a;;, € R and 18(S(gs, 9;)) > W(aiyrgr) for all i,j, k. Then the set

LICHRC7)) B LICH R 025 SR e B
{ m) T ) ””}

1<, j<r
generates the syzygy module of I = (g1,...,9r) with respect to G.

Proof. See [1, Theorem 3.4.1] and [75, Theorem 3.2]. O

Elimination of variables Let k[2],...,2,] be a polynomial ring over a
field k. A useful monomial order is the elimination order with respect to
the variables zi,..., z;. It is defined as

b

2" > 2°

if and only if the total degree of z° in the variables zi, ..., z; is greater than
that of 2%, or both degrees are equal, and the last nonzero component of
b — a is negative.

Theorem 2.4.18 Let S = k[z1,..., 2, t1,...,t4] be a polynomial ring over
a field k with a term order such that terms in the xz;’s are greater than terms
inthet;’s. If I is an ideal of S with a Grobner basis G, then GNk[ty,. .., t,]
is a Grobner basis of I Nk[ty,. .., tq)

Proof. Set B = k[t1,...,t;) and I = I'N B. Assume M € in(I¢). There
is f € I¢ with 1t(f) = M. Hence M = Alt(g) for some g € G, because G
is a Grobner basis. Since M € B and z® > t? for all  and 8 we obtain
g € GN B, that is, M € (in(G'N B)). Thus

in(I°) = (in(G N B)),

as required. O

Next we illustrate the previous result using the elimination order on S
with respect to zi1,...,z,. Thus this order is given by

%t > zbt?

if and only if deg(z®) > deg(z®), or both degrees are equal and the last
nonzero entry of (a,c) — (b, d) is negative.
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Example 2.4.19 Let us assign deg(t;) = 2 and deg(z;) = 1 for all 4, .
Using Macaulay [15] one rapidly obtains that the reduced Grobner basis of
the ideal

I=(t; —zizo,ts — w123, t3 — T104, ts — XT3, 5 — TaZa,te — T3T4q)

is equal to:
2 2 2
t3ty — t1ts, tats — tite, Tit4 —tsts, xgtz —tsls, xyt1 — t3ts,
2
x3ts — T4aly, x3t3 — Tata, T3x4 —te, X3t; — toly, Xole — T4ly,
Taty — T4ty Zoty — x3ty, Toxyg — s, Xox3 —t4, Xi1le — Tyglo,
Tits — T4y, Tity —x3ty, T1x4—t3, X1x3 —t2, XT1%2 — Iy,

m3t1t6 — £U4t2t4.
Hence I'N k‘[tl, . ,te] = (t3t4 — ti1tg, tots — tlte) by Theorem 2.4.18.

Proposition 2.4.20 If I and J are two ideals of a polynomial ring R over
a field k, then
INg=(¢-1,(1-t)- J)NR,

where t is a new variable.

Proof. It is left as an exercise. O

Definition 2.4.21 Let I and J be two ideals of a ring R. One defines the
saturation of I with respect to J as:

(I: %) = | J:r JY).
i>1
Proposition 2.4.22 If I is an ideal of a ring R and f € R, then
()= JT:r f) = I,1 - tf)NR,
i>1
where t is a new variable.

Proof. Let g € (I,1—tf) N R. One can write

g=aifi +- - +agfg+ag(l—tf),

where f; € I and a; € R[t]. Making t = 1/f in the last equation and
multiplying by f™, with m large enough, one derives an equality

gfm:blfl+"'+bqfq>

where b; € R. Hence gf™ € I and g € (I: f*).
Conversely let g € (I: f*°), hence there is m > 1 such that gf™ € I.
Since one can write

g=1=-t"fMg+t"f"g and 1 —t™f™ = (1 —tf)b,
for some b € R[t], one derives g € (I,1 —tf)NR. O
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Lemma 2.4.23 ([98]) Let R be a ring and let «1,...,2, € R. If I is an
ideal of R, then the radical of I satisfies

VI = /(I (z1 - z,)®) N/ z) N - -0 V(IL ).

Proof. The left hand side is clearly a subset of the right hand side. To
prove the other containment take a prime p containing 7, it suffices to prove
that p contains one of the ideals on the right hand side. If

V(T (@1 2a)®) €9,

there is f € R\ p such that f(z;---z,)® € I C p for some integer s > 1.
Hence z; € p for some ¢ and p contains 1/(I, z;), as required. o

Proposition 2.4.24 Let p be a prime ideal of a ring R and let z1,...,z,
be a sequence in R\ p. If I Cp is an ideal, then VT =9 if and only if

(@) p=+/(I: (21" 2,)®), and
(d) /T, 2:) = /(p,xs), for all i.

Proof. If J is any ideal of R and y,...,yn € R, then by Lemma 2.4.23
the radical of J satisfies:

rad(J) = rad(J: (y1 - yn)) Nrad(J,y1) N---Nrad(J, yn).

Hence the result follows by applying this formula to I and p, together with
the fact that z; - - -z, is regular on R/p. O

The homogenization of an ideal Let R = k[zy,...,z,] and S = R[w]
be two polynomial rings over a field k. For f € R of degree e define

fr=wf (T, 2,

w

that is, f* is the homogenization of the polynomial f with respect to w.
The homogenization of an ideal I C R is the ideal I" of R[w] given by

I"=({f"fel}.
Proposition 2.4.25 If I is an ideal of R, then VIF =T "
Proof. For the inclusion /T " C \/I_h, we need only observe the equality
(fhym = (™"

for f € R and m > 0.
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Conversely let g € VTP AsVThis a graded ideal one may assume that
g is homogeneous. Write g = w®g}, where g; € R. Since g™ is in I", it
follows that g; € v/I, as required. |

Let > be the elimination order on the monomials of R[w] with respect
to z1,...,Z,,w, this order extends the elimination order with respect to
Z1,...,Zy On the monomials of R.

Proposition 2.4.26 If I is an ideal of R generated by F = {f1,..., fr},
then {f,..., fh} is a Grébner basis if and only if F is a Grobner basis.

Proof. =) Assume {f,..., f}} is a Grdbner basis. Set J = (f,..., f).
It suffices to prove in(I) C (It(f1),...,1t(f)). Let M; be a monomial in the
initial ideal of I. There is f € I C R of degree e such that It(f) = M;. We
write

f=afi+ - +gf

and consider
fh _ ¢ I Ip Iy In
R OUY C ) M C )
multiplying both sides by w for £ > 0, one has

w P = hofl S

for some s. Thus w® f* € J. Since 1t(f) = lt(f) we have lt(w® f*) = w* M.
As {fl,..., f}} is a Grobner basis one obtains

w' My € (t(fl),..., 1t(f").

Using 1t(f;) = 1t(f1) yields My € (1t(f1), ..., 16(f).
<) Assume {f1,..., f,} is a Grobner basis. Set T = (f},..., f}). We
now show that in(I) C (It(f}),...,1t(f*)). Let M € in(I), there is f € T
such that M = It(f). We may assume that f is a homogeneous polynomial.
We can write
f = wp(Ml + M2we2 + -+ Mswes))

where My, ..., M are monomials in R such that
My > Mow® > -+ > Mow®.
Using that M;w® all have the same degree we obtain
0<es <---<es.

It follows that f' = f(z1,...,2n,1) belongs to I and It(f’) = M;. Therefore
M belongs to in(I) = (1t(f1),...,16(f-)). Since 1t(f;) = lt(f}) we obtain
that M belongs to the ideal (1t(f}),...,1t(f)). O
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Corollary 2.4.27 Let I = (f1,..., fm) be an ideal of B and let
I"={f*fel}

be the homogenization of I. If f,..., f& is a Grébner basis, then
I" = (ffy s f)-

Proof. It is enough to show {f*|f € I} C (f},...,f}). Since fi,..., fm
is a Grobner basis any f € I can be written as

f=gf+ -+ gnfm,
where 1t(f) > 1t(g:f;) for all i. Notice that

e = deg(f) > deg(g: fi) = deg(g:) + deg(f:),

hence from:
& (ml mn) .(ml mn)
we—;gl o w fl w7 w
we get
fr=hifl+ o+ b fl,
that is, f* € (f,..., f1). ]

Projective closure Let k be a field. We define the projective space of
dimension n over k, denoted by P, to be the quotient space

(BN {0}/ ~

where two points «, 8 in k"*1\ {0} are equivalent if & = ¢ for some ¢ € k.
It is usual to denote the equivalence class of & by [a].

Given a homogeneous ideal I of S = k[z1,...,%,,w] define the zero set
of I as

V(I) = {[e] € P}| f(e) = 0, ¥ homogeneous polynomials f € I'},

conversely for any X C P} define I(X), the ideal of X, as the ideal generated
by the homogeneous polynomials in S that vanish on X. A projective variety
is the zero set of a homogeneous ideal. It is not difficult to see that the
members of the family

r= (B} \ V(DI C 5}

are the open sets of a topology on P, called the Zariski topology.



Affine and Graded Algebras 57

Definition 2.4.28 Let Y C A}. The projective closure of Y is defined as

Y := p(Y), where ¢ is the map
w: A — PR, a— (e, 1)],

and ¢(Y') is the closure of ©(Y) in the Zariski topology of P},

Proposition 2.4.29 IfY is a subset of the affine space A} over a field k,
then the projective closure Y of Y is given by

Y =V({I(p(Y))).
Proof. It is left as an exercise, see Proposition 7.1.14 for the affine case. O

Proposition 2.4.30 Let Y C A} and let Y cC IPY be its projective closure.
If fi,..., fr is a Grébner basis of I(Y'), then

IY)=(fl -, 1.
Proof. Note that I(Y) = I(Y)" and use Corollary 2.4.27. O

Corollary 2.4.31 Let Y C A} and let Y c P% be its projective closure.
Then the height of I(Y) in R is equal to the height of I(Y) in S.

Exercises

2.4.32 Let I be an ideal of a ring R and f a nonzero element of R, then

(N f) =TI0(f).

2.4.33 Let R = k[x] be a polynomial ring, where k& is a field. Recall that
f is a binomial in R if f = 2% — 2P for some «, 8 in N*. Use Buchberger’s
algorithm to prove that an ideal of R generated by a finite set of binomials
has a Grobner basis consisting of binomials.

2.4.34 Let I be an ideal of a ring R and f € R. Prove that the following
statements are equivalent:

(a) f is regular on R/I.
(b) (Ilrf)=1I
(¢) I=(I,1-1tf)N R, where t is a new variable.

2.4.35 If I is a prime ideal of a polynomial ring R, prove that I* is also a
prime ideal.
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2.4.36 Let N* be the set of n-tuples of non-negative integers endowed with
the partial order given by

(al,...,an) Z (bl,...,bn)

if and only if a; > b; for all i. If A € N, prove that A has only a finite
number of minimal elements.

Hint Use Dickson’s lemma.

2.4.37 Let Y = {(3,t%,t)|t € k} C A} and let Y be its projective closure.
If k is an infinite field prove that

I(Y) = (mg — ToW, ToTz — T LW, T3 — T1T3).

2.5 Minimal resolutions

The aim of this section is to study homogeneous resolutions of positively
graded modules over polynomial rings. In the sequel we shall be interested
in the numerical data of those resolutions and in particular in the Betti
numbers of those modules.

We begin with a result which is a consequence of the graded Nakayama’s
lemma (see Lemma 1.2.6).

Proposition 2.5.1 Let R = k[x] be a polynomial ring over a field k and let
M be an N-graded R-module. If F = {f1,..., fq} is a set of homogeneous
elements of M and m = (x), then F is a minimal set of generators for M
if and only if the image of F' in M/mM is a k-basis of M /mM.

Corollary 2.5.2 Let R = k[x] be a polynomial ring over a field k and let
m = (x). If M is an N-graded R-module, then

v(M) = dimg(M/mM),
where v(M) is the minimum number of generators of M.

Lemma 2.5.3 Let R = k[x] be a polynomial ring over a field k and let M
be an N-graded module over R with a presentation

0— K=ker(p) — R 25 M — 0, e+ f

Ifm=(x) and F = {f1,..., fq} is a set of homogeneous elements, then F
is a minimal set of generators for M if and only if K C mRY.
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Proof. <) Assume K C mR? By Proposition 2.5.1 we need only show
that the image of F' in M /mM is linearly independent over k. If

zq: Aifi € mM,

i=1
for some A; € k, then
(M, Ag) — (a1,...,aq) € K C mRY,

for some ay,...,aq in m. Hence (A1,...,Ay) isin mR? and A\; = 0 for all j.

=) If K ¢ mRY, pick z = (21,...,24) € K such that z ¢ mR?. Then z
is not in m for some 7. Since the f;’s are homogeneous this readily implies
that f; is a linear combination of elements in F'\ {f;}, a contradiction. O

Definition 2.5.4 Let R = ®2,R; be a positively graded ring and a € N,
The graded R-module obtained by a shift in the graduation of R is given by

where the ith graded component of R(—a) is R(—a); = R_g+i.

Proposition 2.5.5 Let R = ®X R; be a positively graded polynomial ring
over a field k with maximal irrelevant ideal m = Ry and M an N-graded
R-module. Then there is an exact sequence of graded free modules

by by
F. - — P R(—dr) 25 — P R(-dys)
i=1 i=1
q

P R(-di) M — 0

i=1
where @y, is a degree preserving map and im(pg) C mR%-1 for k > 1.

Proof. Let fi,...,f; be a set of homogeneous elements that minimally
generate M. Set d; = deg(f;). There is an exact sequence

i q
0 — Zy = ker(pg) — P R(—di) 2> M — 0,

=1

where ¢ is a degree preserving homomorphism such that ygo(e;) = f; for
all . Note that Z; C mR? by Lemma 2.5.3. Since Z; is once again a
finitely generated graded R-module one may iterate the process to obtain
the required exact sequence [F. a
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Theorem 2.5.6 (Hilbert syzygy theorem) Let R = k[z1,...,2z,] be a
polynomial ring over a field k and let M be an N-graded R-module. Then
M has a graded free resolution of length at most n.

Proof. Set m = R,. First notice that Torf(M,R/m) =0fori>n+1,
because the ordinary Koszul complex K, (z) is a graded free resolution of
R/m = k of length n. On the other hand assume that

i B B SR — M —0

is a graded free resolution of M as in Proposition 2.5.5. Applying the functor
(-) ®g R/m yields the complex

i Fy@R/m28 .. 5 P @R/m
2% R @R/m — M ®R/m— 0.
Using im(yg) C mFy_; for all k£ > 1 one obtains that all the maps ¢ ® 1

are zero. Hence
Torf(M,R/m) ~ F; ® R/m

for ¢ > 1. In particular F; ® R/m ~ F;/mF; = 0 for ¢ > n+ 1 and by
Nakayama’s lemma one obtains F; = 0 for all ¢ > n + 1. This proof was
adapted from [92]. O

Corollary 2.5.7 Let R = &2, R; be a polynomaal ring of dimension n over
a field k and let M be an N-graded R-module. Then there is o unique (up
to complex isomorphism) exact sequence of graded modules

by by
0— P R(~dy) 22 - — P R(=di) £ -
=1

i=1
bl bO
— @R(—dlz) ﬂ) @R(—dOi) ﬂ) M — 0,
i=1 i=1

such that
(a) g = sup{i| Tor® (M, k) # 0} < n, and
(b) im(py) C mR%-1 for all k > 1, where m = R,..

Proof. Notice the following isomorphisms:

b;

Torf(M, k) ~ EB k(—dj;) ~ Fy/mF;,

i=1

where I is the jth free module in the resolution of /. Hence the b;’s and
the d;;’s are uniquely determined and so is the length of the resolution. O
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Remark 2.5.8 The entries of the matrices yp are in m. This condition is
equivalent to require that at each stage we use a minimal generating set,
see Lemma 2.5.3.

Remark 2.5.9 If dy; < -+ < dyy, for all k, then
din <dop <+ < dgl-
Indeed if
prlei) = D25 Tije;,
where r;; € m and r;; homogeneous, then deg(y(ei)) > d(x—1)1 because ry;

have positive degree. Hence one obtains dg1 > dx—-1)1-

Definition 2.5.10 The integers by, . .., b, are the Betti numbers of M. The
d;;’s are the twists, they indicate a shift in the graduation.

In general the Betti numbers and twists of M may depend on the base
field %, see for instance [108, Example 2.10] and [237, Remark 3].

Definition 2.5.11 The R-module Z; = ker(ypg—1) is called the k-syzygy
module of M.

Definition 2.5.12 The homogeneous resolution or minimal resolution of
M is the unique graded resolution of M by free R-modules described in
Corollary 2.5.7.

If M has a minimal free resolution as above, then note that pdz (M), the
projective dimension of M, is equal to ¢g. In our situation the notions of “free
resolution” and “projective resolution” coincide because of the theorem of
Quillen-Suslin: if & is a principal ideal domain, then all finitely generated
projective k[z1, ..., zy]-modules are free [250].

Theorem 2.5.13 (Auslander-Buchsbaum) Let M be an R-module. If
R is a regular local ring, then

pdr(M) + depth(M) = dim(R).
Proof. See [109, Theorem 3.1] or [193]. O

Corollary 2.5.14 If R is a polynomial ring over a field k and I is a graded
tdeal, then
pdg(R/I) > ht (I),

with equality if and only if R/I is a Cohen-Macaulay R-module.

Proof. The result follows from an appropriate graded version of the
Auslander-Buchsbaum formula. O
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Theorem 2.5.15 (Hilbert-Burch) Let R be a polynomial ring over a
field k and let I be a graded Cohen-Macaulay ideal of height two. If

0— R 3R R— R/I —0

is the minimal resolution of R/I, then I is generated by all the minors of
size ¢ — 1 of the matriz ¢.

Example Let R = Q[z,y,2,w] and let I = (f1, f2, f3), where
fi= ?JZ —zz, fa = z® — yzw, f3 = 3723/ - 2w,
Let us construct the minimal resolution of R/I. Consider the exact sequence

0 — ker(p)) = 21 % R(-2) @ R2(=3) 251 — 0, e+ fi

Here Z,; is the module of syzygies of I. Using Macaulay we find that Z; is
generated as an R-modulo by the column vectors, 11, %2, of the matrix:

2w X
A= y z
y—

Notice that R(—2) & R%(—3) is graded by
(R(—2) ® R*(-3)); = R(—2); ® R(—3); ® R(-3);.

Hence ¢y, € [R(-2) ® R*(-3)],. Next consider the exact sequence

0 — ker(yps) = Z5 d, R (—4) 22 Z) — 0, e; 2 4.

Since 1R + 2R is a free R-module, we have Z, = (0). Altogether the
minimal homogeneous resolution of R/I is:

0 — R*(—4) 2 R(-2) ® R*(-3) * R— R/I — 0.
In this example R/I is Cohen-Macaulay because pdr(R/I) = 2 = ht (I).

Pure and linear resolutions Let R = ©{2;R; be a polynomial ring over
a field k& with its usual graduation and I a graded ideal of R. Let

bg by
0— P R(—dyi) = EPR(-di;) > R-8=R/I-0 (21)
=1

=1

be the minimal graded resolution of S by free R-modules. The ideal I (or
the algebra S) has a pure resolution if there are constants

d <dy<--<d,
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such that
dli:dla sy dgi:dg

for all 1. If in addition
di=d+1—-1

for 2 < i < g the resolution is said to be d;-linear .

Theorem 2.5.16 (Herzog-Kiihl) If S is a Cohen-Macaulay algebra with
a pure resolution, then

d.
b= 57— (1<i<y).
gldj—dil )

Proof. See [154] for the proof and for a generalized version of this result
valid for graded modules. O

Theorem 2.5.17 (Huneke-Miller) Let S be a Cohen-Macaulay algebra.
If S has a pure resolution, then the multiplicity e(S) of S is given by

(112}
e(S) = =L /S

g!

Proof. See [185] for the proof and for a generalized version of this result
valid not only for cyclic modules. For another simple proof see [158]. O

Since the Betti numbers and the twists are positive integers note that
these formulae impose severe restrictions on the numbers dy, ..., d, that can
occur as the resolution type of a Cohen-Macaulay standard algebra with a
pure resolution.

Exercises

2.5.18 Let R be a polynomial ring and let I be a graded Cohen-Macaulay
ideal of height 3 with a pure resolution:

0= R¥%(—(d+a+b) = R2(~(d+a)) = R (~d) = I =0,

where a,b > 1. Assume by = 6 and b = 1. Show that x = a + 1 and
y = d+ a+ 11is a solution of the diophantine equation

b6z(z—1) =y(y —1).
Then prove that the integral solutions of this equation are given by
z=(X+1)/2andy= (Y +1)/2,
where vV6X +Y = £(1£v6)(5+2v6)", n € Z.
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2.5.19 Let R = k[z1,...,2,] be a polynomial ring over a field k and let I
be a graded ideal, then (z1,...,z,) is an associated prime of [ if and only
if pdp(R/I) = n.

2.5.20 Let R = k[z,y, z] and let
I=@"+y"—2"n>2).
If char(k) # 2, prove the equality
I=(z?+y? - 2% 2% +¢° - 2%, 2%2).
2.5.21 Let R = k[z,y, 2] and let
I=(E"+y"—-2"n>2).
If char(k) # 2, prove that
I'=qnNgngs
is a primary decomposition of I, where

q1 = (yzax - Z)a
q2 = (z%,y — 2), and

qs = (y3, 2%, 2%y%, 2% + y? — 2%).




Chapter 3

Rees Algebras and
Normality

In this part a detailed presentation of complete and normal ideals is given.
The systematic use of Rees algebras and associated graded algebras will
make clear their importance for the area. One of the outstanding references
for blowup algebras is [296]. An important reference for the normality of
Rees algebras is [40].

3.1 Symmetric algebras
Let M be an R-module. Given n > 0 we define

T"(M)=M®---®M and T°(M) = R.

n—times

Recall that the tensor algebra T(M) of M is the non commutative graded
algebra

T(M) = P T (M),
n=0

where the product is induced by juxtaposition.
The symmetric algebra of M, denoted by Symp (M) or simply Sym (M),
is defined as the quotient algebra

Sym(M) = T(M)/J
where J is the two sided ideal generated by the elements

Ty —-yr =@y -y € T*(M)

65
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with z and y running through M. Observe that Sym(M) is commutative.
Since J is a graded ideal generated by homogeneous elements of degree
two, the symmetric algebra is graded by

Sym, (M) =T"(M)/TNT*(M) and Symy(M)=R.
Note
Symy(M) =M@ M/(x@y —y®=z),
with z and y running through M.

Exercises

3.1.1 If M is a free R-module of rank n prove that the symmetric algebra
of M is a polynomial ring in n variables with coefficients in R.

3.2 Rees algebras and syzygetic ideals

Let I be an ideal of a ring R generated by fi,...,f;. The Rees algebra of
I, denoted by R(I) or R[It], is the subring of R[t] given by

R(I) = R[fit,..., fqt] C R[t],
where ¢ is a new variable. Note
R(I)=Rolt® oI - CR[t].
There is an epimorphism of R-algebras
@: B=R[t1,...,t,] — R(I) — 0, t;+ fit,

where B is a polynomial ring in the indeterminates t,...,¢, over the ring
R. The kernel of ¢, denoted by J, is the presentation ideal or toric ideal
of R(I) with respect to fi,..., f;. Notice that J is a graded ideal in the

t;-variables:
o0

J = Ji,
i=1
where B has the standard grading induced by deg(t;) = 1.
The mapping
PR — I

given by
q
w(zl,...,zq) = Zzlfz
i=1
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induces an R-algebra epimorphism
B: R[ty, ..., ty] — Symp(I).
Thus the symmetric algebra of I is:
Sympg(I) =~ R[t1,...,t4]/ker(8),

where ker(8) is an ideal of R[t] generated by linear forms:

q q
ker(8) = ({Zbiti > bifi=0andb; € R}) .
=1 i=1

On the other hand the kernel of ¢ is generated by all forms F'(t1,. . .,t,)
such that F(fi,...,f;) = 0. In particular, one may factor ¢ through
Symp(I) and obtain the commutative diagram:

Rt1,...,t] > RI)
P *
Sympg(I)

We say that [ is an ideal of linear type if « is an isomorphism.

An important module-theoretic obstruction to “Symp(l) ~ R(I)” is
given by the following result.

Proposition 3.2.1 (Herzog-Simis-Vasconcelos) Let I be an ideal of a
ring R. If
Sympg(I) ~ R(I),

then for each prime p containing I, I, can be generated by ht (p) elements.

Proof. See [155]. O

Syzygetic ideals Let I be an ideal of a ring R and let H,(I) be the
first homology module of the Koszul complex H,(z, R) associated to a set
Z = 1,...2Zn of generators of I. In [260] it is pointed out that H; () is
related to I/I2, the conormal module of I, by the following exact sequence:

() L Bre (R/I) 2 Te (R/I) = 1/I* — 0. (+)
Here f([2]) =2 ®1 and h(e; ® 1) = z; ® 1. Set §(I) = ker(f).

Definition 3.2.2 The ideal I is called syzygetic if 6(I) = 0.
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Although H;(I) may depend on the set of generators for I, §(I) depends
only on I. Indeed A. Simis and W. Vasconcelos [260] proved that

§(I) ~ ker(Symy (1) — I?),
where Sym,(I) — I? is the surjection induced by the multiplication map.

Definition 3.2.3 An ideal I of aring R is said to be generically a complete
intersection if IR, is a complete intersection for all p € Assg(R/I).

Remark 3.2.4 If I is unmixed and generically a complete intersection,
then the R/I-torsion of H,(I) equals §(I). To prove this, notice that I, is
syzygetic for all p € Assgr(R/I), consequently §(I) is a torsion module.

Computing the toric ideal of a Rees algebra Let I be a graded ideal
of a polynomial ring R over a field k and fi,..., f; a generating set for I.

Consider the presentation of the Rees algebra:
w:B=R[t1,...,t] — R{I) — 0, (t; —> tf;).
The kernel J of ¢ can be obtained as follows:
J=(t—th,. ...ty —tf) NB.

Since J is a graded ideal in the t;-variables, J = ®;>1J;. The relationship
between J and the Koszul homology of I is very tight. The exact sequence
of Eq. (%) can be made precise:

0 — Jo/B1Jy = 6(I) — Hy(I) — (R/)T — I/I* — 0.

In particular one can decide whether I is syzygetic - that is, J, = B;J;—or
of linear type-that is, J = J1B.

Exercises

3.2.5 Let R = A[x] be a polynomial ring over a ring A and fi,..., f; forms
of degree d > 1. Prove that there is a graded isomorphism of A-algebras

o Alfr,.. ., fql — Alth,. .., tfy], with o(f;) = tfi,

where ¢ is a new variable and both rings have an appropriate grading such
that deg(f;) = 1 and deg(tf;) = 1.

3.2.6 Let I = I(X) be the ideal of 2 x 2-minors of the symmetric matrix:

Ty T2 X3
X=| 22 24 25 |,
I3 Iz s

where the entries of X are indeterminates over a field k. Prove that I is a
syzygetic ideal that satisfies sliding depth. See [161].
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3.3 Complete and normal ideals

Let us recall the notion of integrality of ideals. Let R be a ring and I an
ideal of R, an element z € R is integral over [ if z satisfies an equation

z€+alz€“l+---+a4h1z+a4:0, a; EIi,

the integral closure of I is the set of all elements z € R which are integral
over I. This set will be denoted by I or I,.

Definition 3.3.1 If I = I, I is said to be integrally closed or complete. If
all the powers I* are complete, the ideal I is said to be normal.

Lemma 3.3.2 Let R be a ring and I an ideal of R. An element a € R is
in the integral closure of I if and only if there is an ideal L of R such that

(i) aL CIL, and

(i) a"ann(L) = (0) for some integer r > 0.
Proof. =) As « is in integral closure of I there is an equation:
a®=aqa" '+ 4 an-1a+ an, wherea; € I,
and n > 1 is some integer. The required L is obtained by setting
L=Ra™'+Ia" 2+ ...+ " 2q+ "L
Indeed from the equation above
Ra"CcIa™ ' + %™ 2 4. . 4 I" o+ 1" =1L,
and if ¢ > 1 one has
a(lta™ Yy = [fan™t = [(I '™ C IL.

Hence oL C IL. To finish this part of the proof note o™ *ann(L) = (0).
<) Since R is Noetherian L = (fi1,..., fn). One can write

afi = Z bij f5,
=1
where b;; € I. Set B = (b;;), C = B—al, and f = (f1,..., fn). Here I,
denotes the identity matrix. As C'f* = 0, one can use the formula
C-adj(C) = det(C)I,

to conclude f;det(C) = 0 for all i. Therefore det(C) is in ann(L) and by
hypothesis o det(C) = 0 for some r. Expanding in powers of o shows that
« is integral over 1. O
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Proposition 3.3.3 If I is an ideal of a ring R, then I is an ideal of R.

Proof. Let o; € I, i = 1,2. By the proof of Lemma 3.3.2, there is an ideal
L; such that

(1) a;L; CIL;,
(ii) offann(L;) = (0) and I C L; for some r; > 0.

Since «; is integral over I, one has af* € I for some n; > 1. Therefore for
n large enough % is in L Lo, where § = a1 + g, thus

Brann(L,Ls) = (0).

On the other hand one clearly has the inclusion §L;Ls C I L, Ly. Hence by
Lemma 3.3.2 one concludes 3 € I.

To finish proving that I is an ideal note za; € T for z € R, this follows
at once from the definition of I. O

Proposition 3.3.4 If I is an ideal of a ring R and S is a multiplicatively
closed subset of R, then B
S-1(I) = S7H).

Proof. To prove S—1(I) € S7!(I) take f € S—1(I). One may assume
f = z/1 with z € R because the integral closure of an ideal is again an
ideal. There is an equation

Gp—1

a
f+-=
Sp—1 Sn

a1 e 0

fn+_1f”1+...+ -,
S1 1

where a;/s; € S~YI)* = S~1(I?). Thus one may assume a; € I and s; € S

for all 7. Clearing denominators and multiplying by an appropriate element

of S one has an equality (in the ring R) of the form

sz Htia ™ 4ty 1Gp 1T+ than, =0 (st € 5),

multiplying both sides of this equation by 5" yields sz is in I. Therefore
f = (zs)/s is in S7Y(I). The other containment follows rapidly using that
localizations commute with powers of ideals. O

Lemma 3.3.5 Let A be a domain and z € A\ {0} such that A, is normal.
Then A is normal if and only if (z) is a complete ideal.

Proof. Assume A is normal. Let z € (z). Since z satisfies a polynomial
equation

2™+ (az)2™ Vo (12T D2 4 (a2™) =0, a; € A,
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dividing by 2™ yields that z/x is integral over A and z € (z).

Conversely assume () is complete. Let z be an element of the quotient
field of A which is integral over A. As A and A, have the same field of
fractions and A, is normal one may assume z = a/z", for some a € A and
r > 1. To show z € A it suflices to verify a € (x). There is an equation

2 b2 b b1z 4 by =0, b € A,
multiplying by ™" yields the identity
a™ + (blmr)am—l 4ot (bmvlmr(m—l))a + (bmmrm) =0,

hence a € (z) = (), as required. O

Proposition 3.3.6 If A is a domain and x € A\ {0}, then

A=A, () N 4

pEAss A/(z)

Proof. Note that the left hand side of the equality is contained in the right
hand side because A is a domain.

Conversely take an element z € A, and z € Ay, for all p € Ass A/(x).
Write z = a/z", a € A and n > 1. It is enough to prove that a € (z). If a

is not in (z) note that
((z):a) C 2(A/(z)).
Hence ((z):a) C p, for some p € Ass A/(x). Since z € A, one may write

z=afz™ =bfs, b€ Aand s & p. Therefore s € ((z):a) C p, which yields
a contradiction. O

Proposition 3.3.7 If A is an integral domain and S s a multiplicatively
closed subset of A, then

S-1(4) = S~ (A).

Proof. Note that A a,nd_S“l(A) have the same field of fractions K. First

we prove ST1(A) C S7!(A). Take any z in K integral over S7!(A). There
is an equation

ar n,-1 An—1 Gp
2"+ ="+t T+ — ==,
S1 Sp—1 Sn 1

where a; € A and s; € S for all i. Set s = 51+ 5,. If we multiply by s%, it
follows that sz € A and z € S™1(A).

Conversely take z € S~1(A4). There is s € S such that sz is integral
over A. Hence sz satisfies

(sz)™ + ar(sz)” ' + - + an—1(sz) + a, = 0,
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for some a1, ..., a, in A, dividing by s immediately yields that z is integral
over ST1(A), as required. 0

Corollary 3.3.8 If A is a normal domain and is S a multiplicatively closed
subset of A, then S71(A) is a normal domain.

Corollary 3.3.9 Let A be a domain andxz € A\ {0}. Then A is normal if
and only if A, and A, are normal for every p € Ass A/(x).

Proof. If A is normal, then by the corollary above A, and A, are normal
for every z € A\ {0} and p € Spec(4).

For the converse use Proposition 3.3.6 and observe that A, and A, have
the same quotient field as A. O

To state a useful criterion of normality of Rees algebras, it is convenient
to introduce the extended Rees algebra of an ideal I in a ring R:
A=R[It,u], u=t""

Part of its usefulness derives from the equality A, = R[t,t7!].

Proposition 3.3.10 Let I be an ideal of a ring R and A = R[It,t™}] its
extended Rees algebra. If R is a normal domain, then A is normal if and
only if Ay is normal for each associated prime p of t71A.

Proof. Note A,-1 = R[t,t™']. Hence A,-: is a normal domain and one can
use Corollary 3.3.9. O

Lemma 3.3.11 Let A be a ring and x a regular element of A. If A/(z) is
reduced and p € Assq A/(x), then A, is a normal domain.

Proof. Let Ass4 A/(z) = {p1,...,pr}. Since R/(z) is reduced
(@) =p1N---Np,,

hence (2)A,, = p;A,, for all i. Note that ht (p;) = 1, by Krull’s principal
ideal theorem. Therefore the maximal ideal of A,; is generated by a system
of parameters, that is, Ay, is a regular local ring and consequently A, is a
normal domain by Theorem 1.4.16. O

Proposition 3.3.12 Let A be a ring and x a reqular element of A. If A,
is a normal domain and AJ(x) is reduced, then A is a normal domain.

Proof. As A, is a domain and z is a regular element on A one obtains
that A is a domain. By Lemma 3.3.11 A, is normal for all p € Ass4 A/(x),
hence A must be normal according to Corollary 3.3.9. O
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There is another graded algebra associated to an ideal I of a ring R
whose properties are related to the normality of the Rees algebra of I, it is
called the associated graded algebra of I and is defined as:

ng(R):R/[@[/[Z@...@Ii/[i+1@...,
with multiplication
(a+IYb+I)=ab+ I (aeI™ beF7h).

Given a generating set fi,...,f; of I, it is not difficult to verify that
gry(R) is a graded algebra over R/I generated by the following elements of
degree one: _ B

fi=h+I . f,=f+ 1%
Thus one has B _
ng(R) = (R/I)[fl:"':fq]'
Lemma 3.3.13 If I is an ideal of a ring R, then
R[It]JIR[It] ~ gr;(R) and AJt7'A ~ gr,(R),
where A = R[It,t7'] is the extended Rees algebra of I.

Proof. It is left as an exercise. O

Theorem 3.3.14 Let I be an ideal of a ring R. If I is generated by a
reqular sequence fi,..., fy, then the epimorphism of graded algebras:

e: (R/Dt, . .. :tq] — gry(R) = (R/I)[?I:' .- 97(]]’
@(ti) = ?z =fit 12’
is an isomorphism, where t1,...,t, are indeterminates over R/I.

Proof. The proof is by induction on ¢, the case ¢ = 1 is easy to show. Let
J be the ideal (f1,..., f;~1) and consider the epimorphism:

' (R) Dty - s tga] — gry(R) = (BRI Fr,- -, Fyal;

©'(t;) = f; = fi + J* Note (J: f,) = J because f, is regular on R/J,
moreover since ¢’ is an isomorphism it follows (by induction on m) that one
has the following equalities

(J™ fg) =J forallm > 1.

Let F' € R[t] = R[t1,...,tq] be a homogeneous polynomial of degree d
such that its image in (R/I)[t] is in the kernel of , that is,

F(f)=F(fi,...,f,) € I*T.
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As  is graded it suffices to prove F' € IR[t]. To show F' € I R[t] we proceed
by induction on d, the case d = 0 is clear. There is W € R[t] of degree d+1
with F(f) = W(f), write

W= zq: tiWi,
i=1

where W; = 0 or W; is a homogeneous polynomial in R[t] of degree d. There
are polynomials G in R[t1,...,t4-1] and H in R[t] of degrees d and d — 1
respectively such that

q
F'=F-3 [Wi=G+t,H.
i=1
Observe that F'(f) = 0, hence H(f) € (J%: f,) = J¢ C I¢ and by induction
on d one concludes that H has coefficients in I. It only remains to prove
that G has coeflicients in I. There is a polynomial H' € R[t;,...,t;-1] of
degree d with H(f) = H'(f). Set

F'"=G+ f,H' € R[t1,...,tq-1),

noting F"(f) = F'(f) = 0 and using that ¢’ is an isomorphism one derives
that I has coeflicients in J, which implies that G has coefficients in I as
required. O

Theorem 3.3.15 Let I be an ideal of a ring R and A = R[It,t7!] its
extended Rees algebra. If R is a normal domain and gry(R) is reduced, then
A is normal.

Proof. As A/t7'A ~ gr;(R) is reduced and A4;-1 = R[t,t7!] is a normal
domain, one may use Proposition 3.3.12. O

Definition 3.3.16 Let A be an integral domain and K its field of fractions.
An element z € K is almost integral over A if there is 0 # a € A such that
az™ € A for all n > 0.

Proposition 3.3.17 Let A be an integral domain and let K be its field of
fractions. Then an element v € K is integral over A if and only if x is
almost integral over A.

Proof. Let z = ¢/d, where ¢, d are in A and d # 0. If z is integral over A,
then there is an equation

™+ bz™ 4 b1z F by =0, b; € A

Setting a = d™ one has az™ € A for all n > 0.

Conversely assume there is 0 # a € A such that ax™ € A for all n > 0.
Since a™! A4 is a Noetherian A-module and A[z] C a™!4 one has that A[z] is
a finitely generated A-module. As A is a subring of A[z] by Proposition 1.4.2
one derives that z is integral over A. O
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Theorem 3.3.18 ([157]) Let I be an ideal of a normal domain R. Then
the following are equivalent:

(a) I is a normal ideal of R.
(b) The Rees algebra R[It] is normal.

(¢) The ideal IR[It] C R[It] is complete.

(d) The ideal (t71) C R[It,t7 ] is complete.

(e) The extended Rees algebra R[It,t™!] is normal.

Proof. (a) = (b) Set A = R[It]. Let z € A C R[t] and write

z = zs: biti.
=0

It suffices to prove b,t° € A. First we prove that b;t° € A. As z is almost
integral over A there is 0 # f € A such that fz"™ € A for all n > 0. Hence
there is 0 # f,,, € I"™ such that (f,t™)(bst*)" is in A for all n > 0, that is,
bst® is almost integral over A. As R is a Noetherian integral domain using
Proposition 3.3.17 one derives that bst° is integral over A. Thus there is an
equation

(bst*)™ + a1 (bst*)™ L+ o 4 a1 (b5t®) + am = 0,

where a; = 372, a;;t) and ai; € I/, Grouping all the terms of t-degree

equal to sm one has the equation
m
b:n + Zai’sib;n-«z =0.
i=1

Thus b is integral over I° and consequently bs € I°, as required.
(b) = (c) Let z = by + b1t + - - + bst® be an element of R[[t] which is
integral over I R[It]. Then z satisfies an equation of the form

a2 4+t amztan =0, a; € IiR[It],

multiplying by t™ one obtains that tz is integral over R[It]. Therefore
tz € R[It], which proves that z € IR[It].

(c) = (d) Set B = R[It,t7!]. Let z be an element of B integral over
t7!B. As the negative part of the Laurent expansion of z is already in
t7!B one may assume z = y_;_, b;t’, s > 0 and b; € I' for all ¢ > 0. By
descending induction on s it suffices to prove that b, € I°T!. There is an
equation

M +alzm“1 + ot ap-12t+a, =0, a; € (thl)iBa
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hence zt is almost integral over B. It follows rapidly that b,¢5*! is almost
integral over B and thus b,t°t! is integral over B. A straightforward cal-
culation yields that bs¢*T! is integral over I R[It], which shows that b is in
IS'H,

(d) = (e) Set u = t~! and note R[It,u], = R[t,u] is a normal domain.
Therefore by Lemma 3.3.5 one concludes that R[It,u] is normal.

(e) = (a) If z € I", then z satisfies a polynomial equation

M4 az bt ame1z Fam =0, a; € I

multiplying by ¢™™ yields that z¢" is integral over the ring R[It,¢t™!]. Hence
z€1I. O

Corollary 3.3.19 Let I be an ideal of a normal domain R and R[It] its
Rees algebra. If gr;(R) is reduced, then R[It] is normal.

Proof. Use Theorem 3.3.15 and Theorem 3.3.18. O

An ideal T of aring R is a radical ideal if I =rad (I). Note: (i) a proper
ideal I is radical if and only if I is an intersection of finitely many primes,
and (ii) I C rad (]) and equality occurs if I is a radical ideal.

Corollary 3.3.20 Let I be a radical ideal of a normal domain R. If I
is generated by a regular sequence, then gr;(R) is reduced and R[It] is a
normal domain.

Proof. It follows from Theorem 3.3.14 and Corollary 3.3.19. O

Example 3.3.21 Let R = Q[z,y] be a polynomial ring in two variables
over the field of rational numbers and I = (z2,y?). Observe the equality

I=(2%y*oy),
thus R[It] is not normal because I is not even complete.

Definition 3.3.22 Let I be an ideal of aring R and py,...,p, the minimal
primes of I. Given an integer n > 1, the nth symbolic power of I is defined
to be the ideal

7 =g NNy,

where q; is the primary component of I™ corresponding to p;.

Let (R, m) be a regular local ring and I an unmixed ideal. An interesting
problem is whether I(?) is contained in mI, although the answer is negative
in general, the problem remains open in characteristic zero. For some insight
into this problem see [97, 186].
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Proposition 3.3.23 Let I be a proper ideal of a ring R and § = R\UT_,p;,
where p1,...,p, are the minimal primes of I. Then

I =81 1"\ R forn>1.

Proof. Let
I"=q N NgNg1 N N4,

be a primary decomposition, where g; is the primary component of p; for
i < r and g; is a primary component of the embedded prime p; for i > r.
Since p; NS # () for 1 > r one has S™!q; = S™!R. Hence

St =871 (m qi) = ﬁ S tq;.
i=1 =1

To finish the argument note that S™!q; N R = q; and intersect with R the
equality above. O

Proposition 3.3.24 Let I be a radical ideal of a ring R and p1,...,p, the
minimal primes of I. Then

1) g 1 orns 1

Proof. Let
I"=qn-NgNgrp1 N NQs

be a primary decomposition of I™, where q; is p;-primary for ¢ < r and g;
is an embedded primary component of I” for ¢ > r. Localizing at p; yields
I"R,, = q; Ry, and from I =p; N---Np, one obtains:

InRPi = (IRPi)n = (piRPi)n = panPi'

Thus p}' Ry, = q; Ry, and contracting one has pgn) = ¢;, as required. |

An aspect of symbolic powers that has attracted attention is to describe
when the symbolic and ordinary powers of a given ideal I coincide, see
[173] and [230] for a detailed discussion. Next we present a few cases where
equality of symbolic and ordinary can be described in terms of properties
of the associated graded ring.

Definition 3.3.25 An ideal I of a ring R is called normally torsion free if
Ass(R/T?) is contained in Ass(R/I) for all i > 1 and I # R.

In [38] M. Brodman showed that when R is a Noetherian ring and I is
an ideal of R the sets Ass(R/I™) stabilize for large n. If I is a radical ideal
which is normally torsion free, then Ass(R/I™) = Ass(R/I) for all n > 1,
that is, in this case the notion of normally torsion free is a strong form of
stability.
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Proposition 3.3.26 Let I be an ideal of a ring R. If I has no embedded
primes, then I is normally torsion free if and only if I* = I™ for alln > 1.

Proof. =) Note Ass(R/I™) = Ass(R/I) for n > 1, because any associated
prime p of I is a minimal prime of I™ and thus p € Ass(R/I™). As I" has no
embedded primes one concludes that I™ has a unique irredundant minimal
primary decomposition and I* = I™ for n > 1.

<) Let p1,...,p, be the associated primes of I. Since p; is a minimal
prime of I for all 4, one derives

Ass(R/I™) = Ass(R/I™) = {py,...,p,},
as required. 0

Proposition 3.3.27 Let I be an ideal of a Cohen-Macaulay ring R. If I
is generated by a regular sequence, then I™ = I\™ for n > 1.

Proof. Let f1,..., fr be an R-regular sequence such that I = (f1,..., f).
By Krull’s principal ideal theorem ht (I) = r, hence I is an unmixed ideal
by Theorem 1.3.23. From Theorem 3.3.14 there is an isomorphism of graded
rings

0
SD:B = (R/I)[tlaatr] — @Ii/IH—l) t; —> fi+-[29
i=0

where B is a polynomial ring with coefficients in R/I. Therefore I*/I**! is
a free R/I-modulo because it is isomorphic to B;, the ith graded component
of B. Thus

Assp(It/ I+ = Assgp(R/I).

Using the exact sequences
0— I'/T'"" — R/I'"" — R/I' — 0,

it follows by induction that Assg(R/I™) C Assg(R/I) for n > 1. To finish
the proof one may apply Proposition 3.3.26 to conclude the equality between
the ordinary and symbolic powers of I. O

Definition 3.3.28 A proper ideal I of a ring R is said to be locally a
complete intersection if IR, is a complete intersection for all p € V(I).

Proposition 3.3.29 Let R be a Cohen-Macaulay ring and I a prime ideal.
If I is locally a complete intersection, then I™ = I™ for all n > 1.

Proof. By Proposition 3.3.26 it suffices to prove Ass(R/I™) C Ass(R/I)
for n > 1. If p is an associated prime of R/I"™, then pR, is an associated
prime of R, /1. Using Proposition 3.3.27 yields that I, is normally torsion
free, that is, the only associated prime of R,/ I} is I,. Therefore pR, = I,
and p=1. O
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Proposition 3.3.30 Let p be a prime ideal of a ring R such that pR, is a
complete intersection, then p™ = p™ for all n > 1 if and only if gr,(R) is
a domain.

Proof. =) Since gr, (1) = R[pt]/pR[pt], it is enough to show that pR[pt] is
a prime ideal of R[pt]. Let £ = ap + a1t + - + a,t" be an element in R[pt]
and 2’ = (ag/1) + (a1 /1)t + - + (a,/1)t" the image of z in Ry[pRyt]. Note
that a; is in p**! if and only if (a;/1) is in p**'R,, because the ordinary
and symbolic powers of p coincide, thus z is in pR[pt] if and only if z' is
in pRy[pRpt]. As a consequence pR[pt] is prime if and only if pRy[pR,t] is
prime. To finish the argument use Theorem 3.3.14 and the hypothesis that
pR, is generated by a regular sequence to get that gr,p (I2,) is a domain.

<) First we prove Assp(pt/p**!) = {p} for i > 1. Let p; be an associated
prime of p?/p**!, that is, py = ann (z + p**1), for some z in p¢\ p**!. Note
a € p; iff az € p**t!, and since grp(R) is a domain, one readily concludes
that a € p; iff a € p. Hence p; = p. There is an exact sequence:

0 — p'/p"t! — R/pT — R/p' — 0.

Hence using induction on ¢ > 1 and Lemma 1.1.16, one rapidly derives,
from the exact sequence above, that Ass(R/p?) C Ass(R/p) = {p}. Thus p
is normally torsion free and by Proposition 3.3.26 one has p” = p(® for all

n>1. O

Theorem 3.3.31 ([262]) Let R be a normal domain and I a radical ideal
which is generically a complete intersection. If I is normally torsion free,
then its Rees algebra R(I) = R|It] is a normal domain.

Proof. By Corollary 3.3.19 we only have to show that the associated graded
algebra gr;(R) = R[It]/IR[[t] is reduced. Let

f=ag+ait+- -+ ast® + IR[I{]

be a nilpotent element of gr;(R). Hence (ast*)™ is in I R[I{] for some m > 1,
by induction it suffices to verify that a,t® is in IR[It]. Let p1,...,p, be the
minimal primes of I. Since IRp, = p;K,, is a complete intersection one
derives that gr, p (Ryp,;) is reduced (see Corollary 3.3.20). Therefore the
image of ast® in 8y R, (Ry,) is zero for all ¢, and one readily concludes that
as belongs to the following intersection:

(RN Ry ) NN (RNpITR, ) = pP 0 nplet),
As I is normally torsion free one can write I™ = q; N --- N ¢,, where g,
is p,;-primary, localizing yields I" Ry, = p?R,, = q;R,, and consequently
q; = pgn). Making n equal to s + 1 proves that a is in J511, O

For ideals, in polynomial rings, with small data there are effective com-
putational tests of normality, see Section 3.5, [40] and [296, Section 10.6].
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Descent of normality Let A C B is an extension of rings such that B
is normal, in general the normality of A is not inherit from B. We discuss
some sufficient, conditions for A to be normal.

Lemma 3.3.32 Let A C B be an extension of rings. If B = A® C (as
A-modules), then IBN A =1 for every ideal I of A.

Proof. Let z € IBN A and write z = Y7, b;f;, where b; € B and f; € I.
By hypothesis b; = a; + ¢;, a; € A and ¢; € C. Since z € A it follows that
z =% a;fi € I. This proves the containment IB N A C I, the reverse
containment is clear. 0

Proposition 3.3.33 Let A C B be two integral domains with field of frac-
tions K4 and Kp respectively. If B = A ® C (as A-modules), then

KsnNnBCA.
In particular if B is normal, then A is normal.

Proof. By Lemma 3.3.32 one has IBN A = [ for every ideal I of A. Let
=a/c € B, a,c € A, thena € (¢)BN A = (¢), hence a = A¢ = be, with
A € A. Therefore b=\ € A. O

Exercises

3.3.34 Let R = k[z1,...,2,] be a polynomial ring over a field £ and Kg
its field of fractions. If R’ = k[z!,...,2¥] C Kpg is the ring of Laurent
polynomials, prove that R’ is a normal domain.

Hint R’ is the localization of R at the multiplicative set of monomials.

3.3.35 Let Rbearing and I, J ideals of R. If I and J are integrally closed,
prove that I N J is integrally closed.

3.3.36 Let p be a prime ideal of a ring R. Prove that the symbolic power
p(™ is a primary ideal for n > 1.

Hint Note that p™R, is a primary ideal because its radical is maximal.

3.3.37 Let R be a ring and S a multiplicatively closed subset of R. If p is
a prime ideal such that SN p =@, then

(S7p)™ =5 1p(™ for n>1.

3.3.38 Let I be an ideal of a Cohen-Macaulay ring R. If I is generated by
a regular sequence, then

Ass(R/I™) =Min(R/I) for n>1.
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3.3.39 Let I be an ideal of a ring R generated by a regular sequence. Prove
that I*/I*+! is a free R/I-module for all 5.

Hint Use Theorem 3.3.14.

3.3.40 Let I be aradical ideal of a ring R. Prove that I is normally torsion
free if and only if gr;(R) is torsion-free as an R/I-module (see [188] for
other equivalent conditions).

Hint If gr;(R) is torsion-free show
Assp(I'/IY) C Ass(R/I)
for i > 1 and use the exact sequence
0— I'/I"* — R/I™ — R/T* — 0.

3.3.41 Let R be a ring and F = {I;};en a family of ideals in R. It is said
that F is a filtration of R, if I;11 C I, Io = R, and I;I; C Iy  for all
i,J € N. If I is an ideal of R, prove that the following are filtrations of R:

(a) I; = I, the ordinary powers of I,
(b) I; = I?, the integral closure of I*, and

(¢) I; = IY | the symbolic powers of I.

Hint For (b) use the method of proof of Proposition 3.3.3.

3.3.42 Let R be a normal domain and F = {I; };en a filtration of R. If I;
is integrally closed for all ¢, prove that the Rees algebra

R(F) = émi C RJ[t]
=0

of the filtration F is integrally closed. See [131] for a study of the Cohen-
Macaulay and Gorenstein property of R(F).

3.3.43 Let R be a domain and I an ideal, then
o0 —_— . —_—
Ra(I) = @ Tt C R[]
=0
with equality if E is a normal domain.

Hint To show equality use the very first part of the proof of Theorem 3.3.18.
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3.3.44 Let R = k[z1,...,2zy] be a polynomial ring over a field & and m
the maximal ideal (z1,...,2,). If I = m¢ and J = (z¢,...,2%) for some
positive integer d, then L

R(J) =R().

3.3.45 Let I and J be two ideals of a normal domain R. Define the multi
Rees algebra of I and J as

R(I®J)=Rlul,vJ],
here u, v are new variables. Prove that
RI®J)=6al}J u"v™

where I = I™ and J™ = J™.

3.4 A criterion of Jiirgen Herzog

In this section we present an elegant and useful Cohen-Macaulay criterion
(see Theorem 3.4.12). Once more we recall that all rings considered in this
book are Noetherian and modules are finitely generated.

Quasi-regular sequences It is useful to generalize Theorem 3.3.14 to
modules by introducing polynomial with coefficients in a module. Let M
be an R-module and R[t1,...,t,] a polynomial ring over the ring R. Set

M[t] :M[tl,...,tq] :M@RR[tl,...,tq],

and note that an element of M[t] can be regarded as a polynomial in the ¢;
variables with coefficients in M, thus M [t] is naturally graded. If fi,..., f,
is a sequence in R and I = (f1,..., fq), there is a degree preserving map of
additive groups

o (M/IM)[t1,...,t,] — gr; (M) = EB[iM/IiHM,
=0
such that L '
e(F(t)) = F(fi,...,fy) + "M M,

for all F(t) in M[t] homogeneous of degree i, where the notation F(t) means
reducing the coeflicients of F'(t) modulo IM. Tt is not hard to verify the
equivalence between the following two conditions:

(a) v is injective.

(b) For every homogeneous polynomial /' in M [t] of positive degree n such
that F(f) € I"T1 M, one has F € IM]t].
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Definition 3.4.1 If the map ¢ is an isomorphism and IM # M, the se-
quence fi,..., fq is called an M-quasi-regular sequence.

Theorem 3.4.2 Let M be an R-module and £ = f1,..., f; a sequence in
R. If f is an M -regular sequence, then f is an M -quasi-reqular sequence.

Proof. It follows adapting the proof of Theorem 3.3.14. O

Theorem 3.4.3 (Krull Intersection Theorem) Let M be an R-module
and I an ideal of R. Then there is a € R such that

a=1mod(l) and a- (ﬂIZM) =0.
i=1

Proof. See [218, Theorem 8.9] or [298, Appendix A]. 0

Lemma 3.4.4 Let (R,m) be a local ring (resp. N-graded ring) and M an
R-module (resp. N-graded module). If N is a submodule of M (resp. graded
submodule) and I C m is an ideal of R (resp. graded ideal), then

N = ﬁ(N +I'M).

=1

Proof. Using Krull’s intersection theorem one has
g .
(I'M' = (0)
i=1

(this equality holds also in the graded case), where M' = M /N. Hence the
required equality follows at once. a

Proposition 3.4.5 Let (R,m) be a local ring (resp. N-graded ring) and
M an R-module (resp. N-graded module). If £ = fi,..., f; is an M-quasi
reqular sequence of elements in m (resp. homogeneous elements inm = R, ),
then f is an M -reqular sequence.

Proof. Fix an integer 1 <r < gand set I = (f1,..., f;). To begin with we
split the ideal I as I = J+L, where J = (f1,..., fr—1) and L = (f,,..., fq),
it is convenient to set J = (0) if » = 1. It suflices to show the equality
(JM:p fr) = JM, because this is equivalent to prove that f, is not a zero
divisor of M/JM. Let m € (JM:p f,), according to Lemma 3.4.4 one has

(M + L"M) = JM,

n=1
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thus the proof reduces to proving by induction on n that m € JM + L™ M
for n > 1. Since m € (JM:p f,), there are m; in M such that

mf-=mifi+-+me_1fr1 (m,m; € M). (3.1)
Consider the polynomial
F= mtr — m1t1 —_—re mr_ltr_l S M[t]

Note deg,(F) = 1 and F(f) = 0. As f is an M-quasi regular sequence we
get m € IM = JM + LM . By induction assume m € JM + L™ M, that is,
there is G € Mt,,...,t,] homogeneous of degree n such that

m:b1f1+-~-+br_1fr~1+G(fr,...,fq) (bZEM) (32)
Combining Eq. (3.1) and Eq. (3.2) yields
G(fey o f) =arfi+ + a1 fra (ai € M).

Using that f is an M-quasi regular sequence one may assume (after an
induction argument) that a; € I"M, and consequently ¢,.G(t,,...,t;) is in
IMTIt], that is, G(tr, ..., ty) is in IM[t]. One can write G = G + G2, where
G1, G are homogeneous polynomials in M[t] of degree n with Gy € JM|[t]
and Gy € LM|t]. Since G1(fr,...,fq) is in JM and Ga2(f,..., fy) isin
L™t M, from Eq. (3.2) we get that m is in JM + L™ M, as required. O

Multiplicities Let (R,m) be a local ring, M a finitely generated R-
module and g an ideal with rad (q) = m. As gr,(M) is a finitely generated
gry(R)-module and Ag = R/q is Artinian, by Theorem 1.2.8 there exists a
polynomial P(t) € Q[t] of degree equal to d — 1, where d = dim(gr,(M)),
such that

P(i) = L4, (q" M /q"T M), for i > ng.

By Lemma 1.2.10 there are integers ag, ..., aq-1 such that
d-1 .
P@) = Zaj (l —+,_J>, for all ¢ > 0.
: J
j=0

From the short exact sequences
0 — q'M/q"™'M — M/q""*M — M/q*M — 0,
one derives £(M/q 1 M) — ¢(M/q*M) = P(i) for i > ng. Hence using the

identity
d+m\ <= (j+d-1
(") -5 0e)

j=0
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we get

(M/qM) = (Mg + S PG)

Jj=no

d—1 , R
+i+1
= ¢o+ CLJ'(], 1 ),
=0 It

for i > ng. Altogether the function
Xiy (1) = UM/ M)
is a polynomial function of degree d, called the Samuel function of M with

respect to q. The integer aq—1, is the multiplicity of M with respect to g
and is denoted by e(q, M ). Note that e(q, M)/d! is the leading coeflicient

of X3 (1)

We recall the following result in dimension theory that relates the degree
of the Samuel function with the dimension of the module.

Theorem 3.4.6 The Samuel function
X3 (1) = €M /g™ M)
is a polynomial function for i > 0 of degree equal to the dimension of M.

Proof. See [218, Theorem 13.4]. 0

Definition 3.4.7 Let (R, m) be a local ring of dimension d, M an R-module
and q an ideal of R with rad (q) = m. We define

[ e(q,M) if dim(M) =d,
ed(an)_{ Oq if dim(M) < d.

In order to show how the “multiplicity” behaves under short exact se-
quences we need to recall a result of E. Artin and D. Rees.

Theorem 3.4.8 (Artin-Rees lemma) Let M be a module over a ring R.
If N is a submodule of M and I an ideal of R, then there is a positive integer
¢ such that

I"MNN=T"(I°MNN), Vn>c.

Proof. See [218, Theorem 8.5]. 0
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Proposition 3.4.9 Let (R,m) be a local ring of dimension d and let q be
an m-primary ideal of R. If

0—N—M-—N —0
is an exact sequence of R-modules, then
ed(q, M) = ea(q,N) + ea(q,N').
Proof. By Proposition 1.1.32 one has
dim(M) = max{dim(N),dim(N"')},

hence one may assume d = dim(M). Tensoring with R/q"*! the exact
sequence above yields an exact sequence

0= (NNg"" M) /q" TN = N/q"T'N — M/q"t M — N'/q"T'N' = 0.
Taking lengths with respect to R/q gives
xh(n) = xk () + x} (n) — (N N g M/g"HN). (%)

By the Artin-Rees lemma N N q**! M C q"F1—¢N, for some integer ¢ > 0.
Hence

EN NG M/qTIN) < LT N/ TIN) = X (n) — XN (n —¢),

as x§ (n) — x&(n —¢) is a polynomial function of degree at most d — 1, the
result follows by dividing Eq. (x) by n¢ and taking limits when n goes to
infinity. O

Proposition 3.4.10 Let (R, m) be a local ring of dimension d and q an
m-primary ideal. If M is a finitely generated R-module and A is the set of
all prime ideals p of R with dim(R/p) = d, then

ea(q, M) =Y _ £(My)ea(q, R/p).
peA

Proof. Set B = ANSupp(M). If B =90, then dim(M) < d and e4(q, M) is
equal to 0, thus in this case the identity above holds. Hence we may assume
B # (), this yields the equality dim(M) = d. By Theorem 1.1.15 there are
prime ideals ps,...,p, of R and a filtration of submodules:

(O)ZMoCMl c---CM, =M,
such that M;/M;_1 ~ R/p; for all i. Observe

B = {p;] dim(R/p;) = d},
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to show this equality note

ASS(M) C {pla s apn} C Supp(M),

see Corollary 1.1.17 and its proof, and recall that the minimal elements of
Supp(M) are in Ass(M). Using Lemma 3.4.9 and the exact sequences

0 — M-y — M, — R/p;—0 (i=1,...,n),

we get
e(q, M) = (4, R/p3),

where the sum is taken over all p; in the multiset {p1,...,p,} such that
dim(R/p;) = d. Let p € B, then

(Mi/M;i1)p ~ { -(Zgg/pRp g Eigz (3.3)

Since the second module is a field we get that the length of }, is equal to
the number of times that p occurs in the multiset {p;,...,pn}. Therefore

e(an) = Z Z(Mpi)e(qaR/pi)a

p:€EB

as required. This proof was adapted from [44]. O

Proposition 3.4.11 Let (S,m) be a local ring and M an S-module with a
positive rank r = rank(M). If q is an m-primary ideal, then

e(q, M) = e(q, S)rank(M).

Proof. First note d = dim(M) = dim(S5) by Lemma 1.1.37. Let A be the
set of all prime ideals p of S with dim(S5/p) = d. Since M has rank r one
has M, ~ (S;)" for any associated prime p of S, thus M, ~ (S,)" for any
p € A. Therefore using Proposition 3.4.10 one obtains

eald, M) = > U(Myea(a,S/p) =Y €(S5)ealq,S/p)

peA pEA
= > r4(Sp)eq(q, S/p) = rank(M)eq(q, S).
peEA

As e(q, M) = eq(q, M) and e(q, S) = eq(q, S), the proof is complete. |

In Chapter 4 we use the following important Cohen-Macaulay criterion
of Jiirgen Herzog to study the Koszul homology of graded ideals.
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Theorem 3.4.12 ([148]) Let (S,m) be a Cohen-Macaulay local ring and
let M be a finitely generated S-module with a well defined and positive rank.
If y=1w1,...,yq is a system of parameters of S, then

£(S/(y)) - rank(M) < £(M/(y)M).
Furthermore equality holds if and only if M is Cohen-Macaulay.

Proof. By Lemma 1.1.37 one has d = dim(M) = dim(S). Let q be the
m-primary ideal generated by y. There is a (graded) epimorphism

o0

1 (M/qM)[t] = (M/qM)[ty,.. . ta] = grg(M) = P a'M/q" M (3.4)
=0

such that ¢(F) = F(y1,...,ya) +q"t' M, for all F in M[t] homogeneous

of degree i, where F' means reducing the coeflicients of F' modulo qM. By
restriction of ¢ to the ith graded component of (M/qM)[t] gives

i+d—1

g ) > 0(g*M /gt M) for i >0, (3.5)

ecat o)
observe that both sides of the inequality are polynomial functions of degree
d — 1 and consequently £(M/qM) > e(q, M). On the other hand y is a
regular sequence, because S is Cohen-Macaulay (see Proposition 1.3.17),
this forces ¢ to be an isomorphism when M = S (see Theorem 3.4.2).
It follows rapidly that £(S/q) = e(q,.5). To finish the first part of the
proof note that making use of Proposition 3.4.11 one obtains the required
inequality.

At this point one should observe that, by the arguments above, the
proof reduces to show that £(M/qM) = e(q, M) if and only if M is Cohen-
Macaulay. Next we show both implications.

=) Taking into account Proposition 3.4.5 and Proposition 1.3.17 it suf-
fices to prove that ¢ is injective; because this implies that y is an M-regular
sequence and hence M is Cohen-Macaulay.

Using Eq. (3.4) we obtain an exact sequence

0 — ker(p); — ((M/aM)[t]); — q'M/q" M — 0,
hence we get

i+d—1

Jo1 )—Z(qiM/quM) for 1> 0.

Hex(e):) = #04/a01)
As the polynomial functions on the right hand side have both degree d — 1
and their leading terms cancel out, one concludes that Z(ker(y);) grows as
a polynomial function of degree at most d — 2.
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Let F' = Y mqt® be a homogeneous polynomial in M[t] of degree p, with
Mg in M, and denote M, = mq + qM. Assume F is in ker(yp) and F # 0.
Since m* C ¢, there is an s > 1 such that m*~'F # 0 and m*F = 0, thus
one may assume mF = 0 and F # 0. Hence there is a graded epimorphism
+p induced by multiplication by F'

i (S/m)[t](=p) — (S/Q)[LIF.

We now show that v is injective. Let ¢ = E%tﬁ be an element in the kernel
of %, where bg € S and bg = by + m. Thus (3 bst?)(3M4t®) = 0, where
Eg = bs + q. One may assume that bgt? and m4t® are the leading terms of
g and F respectively, w.r.t the lexicographical ordering of the t; variables.
Thus Egmataﬂ’ is the leading term of gF and bgm, € qM. Hence bg + q is
a zero divisor of M/qM and since Assg/q(M/qM) = {m/q}, one has that
bs + q is in m/q, which proves b, € m and bg = 0. Altogether one derives
g = 0 and 1+ is injective. Using that 1) is a graded isomorphism yields

(TR = asmtm < o),

which is a contradiction because the left hand side is a polynomial function
of degree d — 1. Therefore F' = 0 and ¢ is injective, as required.

<) As M is Cohen-Macaulay, the sequence y is an M-regular sequence,
an application of Theorem 3.4.2 yields that ¢ is an isomorphism. Therefore
Eq. (3.5) becomes an equality and we get £(M/qM) = e(q, M). O

3.5 Jacobian criterion

Here we introduce the Jacobian criterion and present some applications and
examples to illustrate its use. Along the way some facts about regular local
rings are discussed.

Let (R,m) be a local ring. By Nakayama’s Lemma it follows rapidly
that R is a regular local ring if and only if m is generated by a system of
parameters of R.

If R is a polynomial ring over a field k, then R is a regular ring, that is,
R, is a regular local ring for all p in Spec(R) or equivalently Ry, is a regular
local ring for any maximal ideal m of R (see [218, Theorem 19.5]).

Proposition 3.5.1 If R is a reqular local ring, then R is Cohen-Macaulay.

Proof. Let m be the maximal ideal of R and let £ = R/m be its residue
field. Assume zi,...,2z4 is a set of generators of m, where d = dim(R). If
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k[t1,...,tq] is a ring of polynomial over the field k, there is an epimorphism
of graded k-algebras

p:k[t] = K[t1, ..., ta] — gro(R) = P m’/mt, (3.6)
i=0

induced by p(t;) = x; + m? for all ¢. It suffices to prove that the map ¢ is
injective. Indeed if ¢ is injective, then z;,..., x4 is a regular sequence by
Proposition 3.4.5, and hence R is Cohen-Macaulay by Proposition 1.3.17.

If I = ker(yp) # 0, pick a homogeneous polynomial f in I of degree s > 1.
Using the isomorphism

k[t](—s) > fk[t]
together with Eq. (3.6) one concludes:

. i . . i+d-—1 i—s+d-—1
dimg(m /m“):dlmkk[t]i—dlmkhg( de1 )—( d_1 )

By Theorem 3.4.6 the left hand side is a polynomial function of degree d — 1
while the right hand side is a polynomial function of degree d — 2. Therefore
I must be zero and ¢ is injective. O

Corollary 3.5.2 If (R, m) is a regular local ring, then R is a domain.

Proof. By Proposition 3.5.1 m is generated by a regular system of param-
eters. Thus gr.,(R) is a domain. Let z,y € R such that zy = 0. If x #0
and y # 0, then by Theorem 3.4.3 there are r, s € N with z € m”\ m"*! and
y € m® \ m**1. Multiplying the images %,y of z,y in gr,,(R), one obtains
Zy = 0. Hence T = 0 or ¥ = 0, which is impossible. This proves R is a
domain. O

Proposition 3.5.3 Let (R, m) be a regular local ring and I # R an ideal
of R. If R/I is a regular local ring, then I is a complete intersection.

Proof. Let T,...,%,; be a generating set of m = m/I, where T; = z; + I
and d is the dimension of R/I. Note that the set of images of z;,...,z4 in
wm/m? is a basis for m/m? as a vector space over k = R/m. Hence

2 2
Zy+me, .., zqg+m

are linearly independent in m/m?. Set n = dim(R) and m' = (z1,...,2y4).
As R is a regular local ring n = dimg(m/m?), hence using the proof of
Corollary 1.1.30 and the equality m = m’' + I one derives m = m' + J, for
some ideal J = (z441,...,2,) contained in I.

By Proposition 3.5.1 z1,...,z, is a regular sequence, thus it suffices to
show J = I, to prove this equality observe that R/J is a regular local ring
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of dimension d, and therefore R/J is a domain by Corollary 3.5.2. Since
R/I has also dimension d, we see that the canonical homomorphism

w:R/J - R/I
is an isomorphism, thus I = J, as asserted. a

Definition 3.5.4 Let R = k[x;,...2z,] be a polynomial ring over a field k
and I = (f1,..., fy) an ideal. The Jacobian matriz of I is the matrix

We denote the Jacobian matrix of I taken modulo an ideal P by
(0fi)Oz;)(P).

Theorem 3.5.5 (Jacobian criterion) Let B = R/I be a quotient ring,
where B = k[z1,...,2,] is a polynomial ring in n variables over a field
k, and let I = (f1,...,fq) C R be an ideal. If P C R is a prime ideal
containing I and p = P/I, one has:

(a) rank(9f;/0x;)(P) < ht(Ip).
(b) If rank(8f;/0x;)(P) = ht(Ip), then By is a regular ring.
(c) If k is a perfect field and By is reqular, then

rank(8 f;/0x;)(P) = ht(Ip).
Proof. See [217, p. 213]. 0

Lemma 3.5.6 Let R be a ring and I an ideal. If I is height unmized and
P is a prime ideal such that I C P, then Ip is also height unmized and
ht(I) = ht(Ip).

Proof. Let
I: ql N ﬂqr

be a primary decomposition of I, we may assume /q; C P for i = 1,...s.
Localizing at P gives a primary decomposition

IRP = m qiRp.
=1

Hence the associated primes of Ip are \/q;Rp, where ¢ < s. To finish the
proof note ht(\/q:Rp) = ht(\/q;) = ht(I) for ¢ <s. 0
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Definition 3.5.7 Let k£ be a field and I = (f1,..., f;) an ideal of height
g of k[z1,...,2,]. The Jacobian ideal J of I is the ideal generated by the
¢ % ¢ minors of the Jacobian matrix J = (9f;/0xz;).

Corollary 3.5.8 Let R = k[z1,...,2n] be a polynomial ring over a perfect
field k and I = (f1,...,f;) C R an unmized ideal. If P is a prime ideal of
R containing I and p = P/I, then (R/I), 1is reqular if and only if J/I ¢ p,
where J is the Jacobian ideal of I.

Proof. =) By Theorem 3.5.5 and Lemma 3.5.6 one has
rank(0f;/0x;)(P) = ht(I),

hence thereis f € J\ P and J/I ¢ P/I.

<) If (R/I), is not regular, then by Theorem 3.5.5 one has the inequality
rank(0f;/0xz;)(P) < ht(I), hence J/P = (0) and J/I C P/I, which is
impossible. Note that this part of the proof is valid for any field %. O

Proposition 3.5.9 Let R be a polynomial ring over a field k and I an
unmized ideal of height g. If J is the Jacobian ideal of I and ht (J,I) > g+2,
then (R/I)y is regular for any prime p of R/I such that ht (p) < 1.

Proof. Let B = R/I and p = P/I, where P is a prime ideal of R. If
B, is not regular, then according to Corollary 3.5.8 one has J/I C p and
hence (J,I) C P. Since R is a catenary ring and I is unmixed one obtains
ht (P) = ¢ if ht(p) = 0 and ht (P) = ¢ + 1 if ht(p) = 1. Therefore
ht (J,I) < ht (P) < g + 1, which is impossible. Thus B, must be regular,
as required. 0

Another consequence of the Jacobian criterion is the following radical
test of [294]. Let k be a field and I = (f1,...,fy) C R = k[z1,...,2,] an
ideal of height ¢g. Let J be the Jacobian ideal of I generated by the g x ¢
minors of the Jacobian matrix J = (8f;/0z;).

Theorem 3.5.10 (Vasconcelos) If k is a perfect field and I is unmized,
then I is a radical ideal if and only if there is an element f in J\ I such
that (I f) = I.

Proof. =) Let Py,..., P, be the associated primes of I. If J C Z(R/I),
then J C P; for some i because Z(R/I) = U;_, P;. Hence by Corollary 3.5.8
one derives that (R/I)p, is not a regular ring, which is a contradiction
because (R/I)p, = Rp,/F;Rp, is a field.

<) Let I =gq1N---Ng, be an irredundant primary decomposition of 1
and P; = ,/q; an associated prime ideal of I. Note (R/I)p, ~ (R/I),, and
Ip, = (q:)p;, where p; = P;/I. First we observe that (R/I),, is a regular
ring; otherwise by Corollary 3.5.8 one has J/I C P;/I, hence f € P;, which
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is impossible because f is regular modulo I. Therefore (R/I)p, is a regular
local ring and thus an integral domain by Theorem 1.4.16. As Ip, = (q;)p;
must be prime, one concludes that ¢; is also prime and consequently ¢q; = F;.
Note that here the hypothesis k& perfect is not being used. O

Example 3.5.11 Let R = k[z1,...,27] and I = (2127 — 226, L1325 — T427),
where k is a field. We now show that B = R/I is a normal ring using
Theorem 1.4.15. The Jacobian matrix of I is:

~ 7 —ZTg 0 0 0 —XI2 1
J= 0 0 =z —z7 z3 0 —z4 /°

Note that the monomials
2
Tz, T5Te, T3Ts, Tale, T2T5, T1T5, T2T4

are in the Jacobianideal J of I. Hence ht (J,I) > g+2, where g = ht (I) = 2.
By Proposition 3.5.9 one has that B satisfies (1) and since I is a complete
intersection it follows by Proposition 2.2.17 that B satisfies (S2). Thus by
Serre’s normality criterion the ring B is normal.

Lemma 3.5.12 Let R be a ring and I a prime ideal. If f € R\ I and
I](cn) = I} for somen > 1, then

1) = (I7; foo,

Proof. If z € (I": ), then zf* € I™ for some k > 1, hence z € I(™,
Conversely if z € I then sz € I™ for some s ¢ I. Since s/1 ¢ I; and
(s/1)(2/1) € I}, then z/1 is in the nth symbolic power of Iy. Thus by
hypothesis z/1 € I and this means that z € (I": f°). O

There are a few methods to compute symbolic powers of prime ideals in
polynomial rings, see [257] and [298, Chapter 3]. The following is a subtle
application of the Jacobian criterion due to Wolmer Vasconcelos.

Proposition 3.5.13 Let R be a polynomial ring over a field k£ and [ a
prime ideal. If f is an element in the Jacobian ideal J of I which is not in
the ideal I, then

I = (™ f°) forn > 1,

and such element f exist if £ is a perfect field.

Proof. Since the localization Ry is Cohen-Macaulay, by Proposition 3.3.29
and Lemma 3.5.12 it is enough to prove that Iy is locally a complete inter-
section. Let P be a prime ideal such that I C P and f ¢ P. Set p = P/I.
One has

(Ry/If)p, = (Re)p, [(If)p, = Rp/Ip = (R/I)p ~ (R/I),.
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As J/I ¢ p, using Corollary 3.5.8 we conclude that Rp/Ip is a regular ring
and consequently (Iy)p, is a complete intersection (see Proposition 3.5.3).
The last assertion follows from Theorem 3.5.10. a

Example 3.5.14 Let R = Q[z,y, 2] and
I=(2®—yz,y® —xz,2° — %),
The ideal I is prime because it is the kernel of the homomorphism:
@ Qz,y,2] — Q[t], where p(h(z,y,2)) = h(t*, t*,%).
Using CoCoA [60] and Proposition 3.5.13 we get
I3 = (1% f=) = (I%, A),

where f = 2y + 2z and A = —25 4 32%yz — zy® — 23, See [199].

Exercises

3.5.15 Use the following procedure in CoCoA [60] to verify the formula for
the second symbolic power of Example 3.5.14

Fl:=x 3 —y % z; - - variables must begin with capital letters

F2:=y 2—xx2;

F3:=z2—x%xy;

Jac := Jacobian([F1,F2 F3]);

J := Minors(2,Mat(Jac)); - - 2 x 2 minors of the Jacobian matrix

I := Ideal(F1,F2,F3);

H:=Elim(t,I"2 4 Ideal(1 —t(2xy 2+ x % 2)));

Print(H);

3.5.16 Let R be a Cohen-Macaulay ring and I an ideal of R which is height
unmixed. If I is a complete intersection, then I is locally a complete inter-
section.

Hint Use Lemma 1.3.18.

3.5.17 Let R = Q[z,y,2] and I the prime ideal generated by the set of
binomials

h=a—yz, o=y —uz, f3=2" 2%
Prove:
(@) Iy = (f1, f2), that is, I is a complete intersection, and

(b) I") = (I™:2*®) for n > 1.
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3.5.18 Let R be a Cohen-Macaulay ring and I a prime ideal. If f € R\ T
and I; is a complete intersection, then

I = (™ f°) for n>1.

3.5.19 Let R = Q[z1,...,2z7] and let I be the principal ideal generated by
the binomial
f=mz3rs07 — mgmimg.

Prove that R/I is a normal domain. Give a description of the irreducible
binomials f such that R/(f) is normal.

3.5.20 Let R be a Noetherian ring and a an element in the Jacobson radical
of R. If a is regular and R/(a) is an integral domain, prove that R is an
integral domain. Recall that the Jacobson radical of R is the intersection
of all the maximal ideals of R.

3.5.21 Let I = I;(X) be the ideal of 2 x 2-minors of the symmetric matrix:
1 Iy I3

X = T2 T4 Ts
I3 Ty Ts

?

where the entries of X are indeterminates over a field k. Prove that I, is
a complete intersection. Find a set of generators for I(®) and prove that
depth(H1) = 1, where H, is the first Koszul homology module of I.
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Hilbert Series

Hilbert series of graded modules and algebras are introduced and studied
in this chapter. The h-vector and a-invariant of a graded algebra S are
defined through the Hilbert-Serre’s theorem, when S is Cohen-Macaulay we
present some of their properties. Some characteristics of Cohen-Macaulay
and Gorenstein extremal algebras will be presented.

4.1 Hilbert-Serre’s Theorem

Unless otherwise stated we shall always assume that modules are finitely
generated and N-graded.

Let R = k[z1,...,2Zn] be a polynomial ring over a field k with the grading
induced by deg(z;) = d;, where d; is a positive integer. If

(e )
M= M,

=0

is a finitely generated N-graded module over R, its Hilbert function and
Hilbert series are defined by

H(M,i)=€(M;) and F(M,t) = iH(M,i)ti
=0

respectively, where £(M;) denotes the length of M; as a k-module, in our
case £(M;) = dimy(M;). If d € N, then M(—d) is the regrading of M
obtained by a shift of the graduation of M, more precisely

M(—d) = P M(-d);,
=0

97
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where M(—d); = M_44,;. Note that we are assuming M; = 0 for 1 < 0. In
this way M (—d) becomes an N-graded R-module.

Lemma 4.1.1 F(M(—d),t) = t¢F(M,t).
Proof. Since M(—d); = M;_4 one has:
© .
F(M(=d),t) =t (M- g)t"=* = t*F(M, 1),
i=d
where the first equality follows using that M;_4 =0fori=20,...,d—1. O

Lemma 4.1.2 Let M be a graded R-module. If z € Ry, then there is a
degree preserving exact sequence

0 — (M/(0:2))(=d) =5 M 25 M/zM — 0 (p(m) = m + zM),
where (0:2) = {m € M| zm = 0} and the first map is multiplication by z.

Proof. As the map ¢: M(—d) — M, given by ¥(m) = zm, is a degree zero
homomorphism one has that (0: z)(—d) is a graded submodule of M (~d).
The exactness of the sequence above follows because ¢ induces an exact
sequence

0 — (0:2)(—d) = M(=d) -2 M £+ M/zM — 0,
where 4 is an inclusion. a
Theorem 4.1.3 (Hilbert-Serre) Let k be a field and R = k[z1,...,2,] a
polynomial ring graded by deg(x;) = d; € Ny. If M is a finitely generated

N-graded R-module, then the Hilbert series of M is a rational function that
can be written as

F(M,t)= n& for some h(t) € Z[t].

In particular if d; =1 for alli, then there is a unique polynomial h(t) € Z[t]
such that

F(M,t) = (1h_(tz)d and h(1) £ 0.

Proof. If n =0, then

dimg (EB Ml) = Zdimk(Mi) < dimg (M) < oo, for all m.
=0

i=0
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Hence the Hilbert function of M is zero for ¢ > 0 and F'(M, 1) is a polyno-
mial. If n > 0, consider the exact sequence of graded modules

00— (0:2,)(=dn) — M(~dp) 2 M — M/z,M — 0.

Since the ends of this exact sequence are finitely generated modules over
the polynomial ring k[z1,...,2,—1] the proof follows readily by induction
on n. O

Remark 4.1.4 The conclusion of the Hilbert-Serre theorem is valid if we
assume that R = k[z1,...,2,] is an N-graded algebra over an Artinian ring
k. See [9, Chapter 11] for details.

The integer d in the Hilbert-Serre’s theorem will be denoted by d(M);
this integer will turn out to be equal to the Krull dimension of M, see
Proposition 4.1.8 and its proof.

Definition 4.1.5 The degree of F'(M,t) as a rational function is denoted
by a(M), it is called the a-invariant of M.

The Hilbert polynomial One interesting invariant of a standard algebra
is its degree or multiplicity, here we introduce multiplicities via Hilbert poly-
nomials and explain how the g-invariant is useful to measure the difference
between the Hilbert polynomial and the Hilbert function.

For the rest of this section we shall always assume that R is a polynomial
ring over a field k& with the usual grading.

Lemma 4.1.6 Let n > 1 be an integer, then

o > (ernZ—l)tm'

m=0

Proof. As the case n =1 is clear, by induction on n one has:

e -l 2B )]

m=0
(o]
Zm—f—l m+n .
n m+1
m=0
m+1/m+n _[(m+n
n m+1/) m

the induction process is complete. O

Il

Using the identity
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Observe that Lemma 4.1.6 also follows rapidly from the classical bino-

mial expansion:
L+2)"=> (;);:k, reR
k>0

Indeed recall that if » € R and k& € N, then

(D 1 (—r +kk - 1>' (4.1)

Using the binomial expansion for (1 —¢)~" one has

i _lt)n =1+ 2(—1)’” (;j>tm =1+ i(—l)‘m (m +7Z - 1>tm,

Lemma 4.1.7 If R is a polynomial ring in n variables with coefficients in
a field k, then

F(R,t) =

and H(R,m) = (m+"_1>.

1
(1 ~-¢)n n-—1

Proof. Let xz; be one of the variables. From the exact sequence
0— R(—1) % R — R/(x;) — 0,

we obtain
F(R,t) = F(R(-1),¢) + F(R/(z1),¢)

Hence the formula for the Hilbert series follows by induction on n. To show
the second equality use Lemma 4.1.6. O

Proposition 4.1.8 Let R be a polynomial ring over a field k with the
usual grading, and M a graded module over R. Then there are integers
G_g,...,6_1 80 that

where d = d(M) is the dimension of M and a(M) is the degree of F(M,1)
as a rational function.

Proof. By the Hilbert-Serre’s Theorem there is a polynomial h(t) € Z[{]
such that

F(M,t) =
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and k(1) # 0. If d = 0, then a(M) is equal to deg(h) and H(M,i) =0
for i > a(M) + 1. Thus one may assume d > 0. Observe that by the
division algorithm we can find e(t) € Z[t] so that the Laurent expansion of
F(M,t) — e(t), in negative powers of (1 —¢), is equal to

d—1 i

a (—=1)7hW) (1)

F(M,t) — e(t) Z l—th’Wherea_(d_j):T'
J=0

Next we expand (1 — ¢)¢=7 in powers of ¢ to obtain
o [d-1 . . 0
i+d-j—1 ; i
FOLO =043 | Do (o )} el + Yo

observe that (i) = H(M,1) fori > deg e(t)+1, where the degree of the zero

polynomial is set equal to —1. To complete the proof note that a_4,...,a_;
are integers by Lemma 1.2.10, and that d = d(M) is the dimension of M
by Theorem 1.2.8. O

Corollary 4.1.9 If M is a graded R-module of dimension d, then there is
a unique polynomial s (t) € Z[t] of degree d — 1 so that H(M,i) = @ (1)
fori>a(M)+1.

Proof. Is an immediate consequence of Proposition 4.1.8. O
Definition 4.1.10 The polynomial
oum(t) = ca1t* "+t + o

is the Hilbert polynomial of M and the integer cq—1(d — 1)! is the degree or
multiplicity of M and is denoted by e(M). If d = 0, we set e(M) = £(M),
where £(M) is the length M.

Remark 4.1.11 The leading coefficient of ¢ (¢) is equal to A(1)/(d — 1)1,
where h(t) is the polynomial F(M,t)(1 —¢)¢. If d = 0, then

h(1) = £(M) = dimg(M).
Corollary 4.1.12 Let M be a graded R-module. Set
ro = min{r € N|H(M,i) = op (), Vi >r}.
Thenro =0 if a(M) <0 and g = a(M) + 1 otherwise.

Corollary 4.1.13 Let S = R/I be a standard graded algebra of dimension
d over a field k. If S is Cohen-Macaulay and b = {h1,...,ha} a system of
parameters of S consisting of linear forms, then

e(S) = ¢(S/hS).
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Proof. By Proposition 2.2.7 {h1,...,hq} is a regular sequence. Thus there
are exact sequences of k-vector spaces

0 — (S[=1]); = Si—1 25 8; — (S/h18); — 0.

Therefore one has the relation ¢+(i) = ps(i) — ¢s(i — 1) between Hilbert
polynomials for ¢ 3> 0, where § = 5/h1 5. Let

S
@S(t) = —( el( i)!td Ly ad—ztd R ao,
S
@‘s(t) = (de( ;),td 2+bd—3td 3+---+b0.

Now, observe that thanks to pz(i) = ps(i) — ps(i — 1) one derives:

-1
ws(t) = %td“Z + lower order terms,

consequently e(S) = e(S). Since S is Cohen-Macaulay of dimension d — 1,
see Lemma 1.3.10, the result follows by induction. a

Proposition 4.1.14 If A and B are two standard algebras over a field k,
then
dim(A @ B) = dim(4) + dim(B).

Proof. Since -
A®y B = EB C,,
r=0
where
C.= P Ao By,

i+ij=r

one has the next equality between Hilbert series:

0 0
F(A,t)F(B,t) = [Z(dimk ANt 1Y (dimyg Byt
=0 =0
o0
= > (dim; Ci)t' = F(A ® B,1).
=0
Thus Theorem 4.1.3 yields the asserted equality. O

Making use of the Noether normalization lemma it is not difficult to
prove that the result above holds for arbitrary affine algebras over a field k.
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Computation of Hilbert series Let R be a polynomial ring over a field
k and I C R a graded ideal. Since R/I and R/in(I) have the same Hilbert
function (see Corollary 2.4.13), the actual computation of the Hilbert series
of R/I is a two step process:

o first one finds a Grébner basis of I using Buchberger’s algorithm, and

e second one computes the Hilbert series of R/in(I) using elimination
of variables (see [16, 21]).

Another approaches to the computation of Hilbert series are through
minimal resolutions and Stanley decompositions (see [276]). An alternative
method to compute Hilbert series of Cohen-Macaulay N-graded algebras is
given by Proposition 2.2.14. Some exemplifications are given below.

Example 4.1.15 Let R = k[z1, 2, 23] be a polynomial ring and
I= (a:f,a:%a:&a:g).

Let us compute the Hilbert series of R/I using elimination. Pick any mono-
mial involving more than one variable, say z3z3. The idea is to eliminate
z3 from the monomials containing more than one variable. From the exact
sequence of graded modules:

0 — R/(z? 23,22)(=2) =2 R/I—R/(z},22) — 0,
1

and applying Exercise 4.1.21, we get

F(R/I,t) = t? [(l't)Z(l‘tZ)} (-2 'y 24241

(1—-1)° (1=t (1-1)

Example 4.1.16 Let R = Q[z,y,2,w] and I = (f1, f2, f3), where
fi=y? —zz, fo=2°—yow, fz =2y - 2w.

Using Maceulay one finds that the minimal resolution of R/I is:

0 — R*(-4) & R(-2)® R*(-3) 2% R — R/I — 0.

Let us compute the Hilbert series of R/I using its minimal resolution:

F(R/I,t) = F(R,t)—F(R(-2)® R*(=3),t) + F(R*(—4),1)
_ 1 t? 2t3 2t
Q-0 1-0f ([1-0%  (1-0
142t 4 2t2

(1-1)?
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Example 4.1.17 Let R = k[z1,...,25] and I = (2122, z32425). Note that
I is a complete intersection, hence by Exercise 4.1.21 one has

(1-=tH(1 =) 1+2t+222+8 52 — ¢ +2
(R/1,1) TEE TENE ATy
The Laurent expansion of F(R/I,t) + 1, in negative powers of (1 —t) is
502 —t+2 - - -
ts__G-3 n a2 n -1 ’
A-tF (-0 (-2 (-0
where a_; = 5,a_2 = —9,a_3 = 6. Hence the Hilbert polynomial of
S=R/Iis
o 1 .
s :6(“; ) —9(“; ) +5(z> — 3% 42,
Exercises

4.1.18 Let k be a field and R = k[z1,...,2,] a polynomial ring graded by
deg(z;) = d; € Ny, Then the Hilbert series of R is

F(Rt) = .

I

i=1

4.1.19 Let fi,..., f, be a regular sequence of forms of degree p in a poly-

nomial ring R in n variables and I = (fi,..., fy). If 0 < ¢ < p show:
i+n—1
H ) =
(p+1) g( o1 )and
) -1
H(R/Ip+i) = (er:th )—H(I,p+i).

4.1.20 Let R = k[z,y, 2] be a polynomial ring over a field k and
I=(z%yb 2%z yP o),
Ifa >ay,b>b; and ¢ > c1, then
e(R/I) = dimg(R/I) = aber + (¢ — c1)(a1b + (a — a1)by).

4.1.21 Let R be a polynomial ring in n variables over a field and f1,..., f.
a homogeneous regular sequence in R. If a; = deg(f;), then
r
JIa -

F(R/(fla"'afr)>t) = %—_T)T‘i—
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4.1.22 If R = k[xo,...,zn] is a polynomial ring over a field k and
B = {alz, —za|0<i <j <n},
then B is a Grobner basis for I = (B) w.r.t the reverse lex ordering,.

4.1.23 In Exercise 4.1.22 show that the a-invariant of R/I is n(q — 1) by
proving that the Hilbert series F'(t) = F'(R/I,t) can be written as:

q WA 2 w1 (w q
F(t):t(1+ + +(1_t§+ ( +t),

where w=14+¢4+ ... 4771,

4.1.24 Let R = k[x;, 22, 23] be a polynomial ring and
I = (23,2323, 23).
Prove that the a-invariant of R/I is 3 and H(R/I,i) = 4 for 1 > 4.

4.1.25 Let A, B be two standard algebras over a field k£ and define their
Segre product as the graded algebra

S=A0s B =A@, Bo)® (A ® B1)® -+ C A®y B,

where

(A® By = > A;® B
i+j=p

Use Hilbert functions to prove
dim(S) = dim(A) + dim(B) — 1.
Note dim(A4; @ B;) = dim(4;) dim(5;).
4.1.26 Use the following procedure in CoCoA [60] to verify the formulas

for the Hilbert series and Hilbert polynomial found in Example 4.1.17

Use R = Q[x[1..5]], Lex;

Q := Ideal(x[1] * x[2], x[3] * x[4] * x[5]);
Poincare(R/Q);

Hilbert(R/Q);
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4.2 a-invariants and h-vectors

Our goal here is to relate the a-invariant of a Cohen-Macaulay N-graded
algebra with its minimal resolution and to prove that h-vectors of such
algebras are non negative. We include Stanley’s characterization of Cohen-
Macaulay algebras in terms of Hilbert series.

We begin with a general inequality relating the a-invariant of a graded
algebra with the shifts of its minimal resolution.

Proposition 4.2.1 Let R = k[x1,...,2,] be a positively graded polynomial
ring over a field k and I a graded ideal. If

bg b b1
Fo: 0 @PR(-dgi) 5 > P R(—dii) - > EPR(-d1i) B R
i=1 i=1 i=1

is the minimal resolution of S = R/I, then
a(S) <max{dy|1 <k <gandl <i<bp}+a(R).
Proof. From the resolution of .S one can write the Hilbert series of S as:

g (Ee)

n ’

(1 — gdesl@i)y

hence a(5) < max{di;} + a(R). 0

Definition 4.2.2 Let R = k[z1,...,z,] be a positively graded polynomial
ring over a field k£ and I a Cohen-Macaulay graded ideal of height g. The
canonical module of S = R/I is defined as

ws = Ext%(R/I,wr),
where wg = R(—4) and § = 3, deg(z;).

Proposition 4.2.3 Let R = k[x1,...,2,] be a positively graded polynomial
ring over a field k and I a Cohen-Macaulay graded ideal. If

bg b}e bl
Fo: 0 @DR(=dgi) S = EPR(~dri) - = P R(-dis) B R
i=1 g=1 i=1

is the minimal resolution of S = R/I, then max;{dy;} < - - < max;{dy}
and the a-invariant of S is given by

a(S) = max {dy;} + a(R) = —min{i | (ws); # 0}.

1<i<by
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Proof. One may order the shifts as dg; < --- <dg, fork=1,...,¢9. From
the resolution above one can express the Hilbert series of S as:

o)

n

H(l _ tdeg(zi))

i=1

F(S,t) =

?

In order to make use of this formula we first need to prove the assertion
about the behaviour of the shifts d;.

Since S is Cohen-Macaulay, the height of I is equal g, this follows from
Corollary 2.5.14. Recall that by Proposition 2.2.19 there exists a regular
sequence f1,..., f, inside I, hence using Proposition 1.3.7 yields:

Ext}é(S, wr) =0 fori < g.

Set & = >, deg(z;) and wg = R(~6). Therefore dualizing F,, with
respect to the canonical module of R, one obtains the (exact) complex:

by
Hom(F,,wg) : 0— Hom(R,wg) — --- — Hom (@ R(—dy:),wr | — 0.
i=1
Observe
bg bg
Hom | €D R(~dy:), R(—6) | ~ Hom | @ R(~dy), R | (—96)
i=1 i=1

12

by
D 2.9

12

bg
D R(-(6 - d).

Since Hom(IF, ,wg) is a minimal resolution of Ext% (S, wg), by Remark 2.5.9,
one has dyp, < dgp, < -+ < dgp,. As a consequence, from the expression
for F'(S,t) given above, one concludes the equality a(S) = dgs, + a(R). In
particular one has a surjection

B R(—(6 ~ dy.)) = Ext§(S,R(~6)) = ws — 0.

To complete the proof note that since § —dg,, < -+ <0 —dy1, one has the
equalities min{i| (ws): # 0} = 0 — dgp, = —a(S). O
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h-vectors Next we introduce the notion of h-vector of standard algebras
which is based on the knowledge of the Hilbert-Serre theorem for Hilbert
series (see Theorem 4.1.3).

Definition 4.2.4 Let S be a standard algebra and

h(t) =ho+ hit+ -+ h,t"
the (unique) polynomial with integral coefficients such that (1) # 0 and
satisfying

10
-0

where d = dim(S). The h-vector of S is defined by h(S) = (ho,..., k).

F(S,t) =

Theorem 4.2.5 ([269]) Let S be a standard algebra and 61,...,84 o ho-
mogeneous system of parameters for S with a; = deg(6;). Let A be the
quotient ring S/(01,...,04). Then S is Cohen-Macaulay if and only if

F(A 1)
d

H(1 — £94)

i=1

F(S,t) = (4.2)

Proof. =) Assume S is Cohen-Macaulay. It is enough to prove the equality

8

F(S/(B1,...,8:),0) = [ —1*)F(S,0), (4.3)

=1
for 1 < s < d. We proceed by induction on s. Assume s = 1. From the

exact sequence of graded S-modules

0 — S[~a1] 2+ S — 5/(61) — 0
we obtain
F(S/(61),t) = F(S,t) = F(S[-1],¢).

Since

F(S[-a1],t) Sl—ailit’ = Y S[-a]t!

i=a)

(e )
= 1Y Sig T

i=aq

= tmF(S,t)

Il
.Mg

Il
=)

2
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we conclude

F(5/(61),t) = (1 = t")F(S,1),

which proves the case s = 1. Next assume s > 1 and that the equality (4.3)
is true for s — 1. From the exact sequence

0= (8/(61,...,05-1)) [~as] 25 8/(61,...,0,_1) — S/(B1,...,85) =0

we get
F(S/(61,...,0),t) =1 —t*)F(S5/(01,...,0s-1),1),

and the induction hypothesis yields the required equality.
<) Let f(t) = Y ,5paitt and g(t) = ¥, bit" be two formal power
series, we say that f(t) > g(t) if a; > b; for all ¢. From the exact sequence

0 —» (S/ann (61)) [—a1] 2+ S —+ S/(6;) — O
we obtain

F(S/(6h),t) — (1 —t*)F(S,t) = t** F(ann (61),t).
Hence the power series F'(5/(6:),t) is greater or equal than (1 —¢*1)F(S,1),
and by induction it follows that

F(S/(6y,...6,),8) > f[(1 — t%)F(S,t) for1<r <d.

Set §' = 5/(61,...,04-1). Using the exact sequence
0 — (S'/ann (84))[—aq4] LN SN S'/(84) = S/(61,...,04) — O

we get
F(S5'/(64),t) = (1 - t)* F(S',t) + t* F(ann (64),1).
On the other hand using the hypothesis we have

d

F(5'/(8a),0) = [](1 = ") F(S,2).

Therefore
(L= 9% (F(S',8) = (L=1%) (1 - 4 ) F(S, 1)
[ ——— ~ —
>0 >0

= —t%F(ann (6,),1),

and F'(ann (64),t) = 0, which shows that §; is a regular element on S’. By
induction it follows readily that 0,1, ...,84 is a regular sequence. This proof
was adapted from [269]. O
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Theorem 4.2.6 Let S be a Cohen-Macaulay standard algebra over a field
k and h(S) = (h;) the h-vector of S, then h; > 0 for all i.

Proof. One may assume k infinite, otherwise one may change the coefficient
field & using the functor () ®; K, where K is an infinite field extension of
k. Thereis a hs.opy = {y1,...,yq} for S, where each y; is a form in S of
degree one. Set S = S/(y)S. From Theorem 4.2.5 we derive

for all ¢ and consequently h; > 0. O

Exercises

4.2.7 Let R be a polynomial ring over a field & with the usual grading
and M a finitely generated N-graded module. If M is Cohen-Macaulay and
h(t) = hg + b1t + - - - + h,t" the polynomial in Z[t] so that k(1) # 0 and

F(M,t) = (1”_(—’2)(1 where d = dim (M).

Prove that h; > 0 for all 4.

4.3 Extremal algebras

The concept of an extremal Cohen-Macaulay or Gorenstein standard algebra
(resp. ideal) came up in the works of J. Sally [251] and P. Schenzel [252].
Those algebras (resp. ideals) have the smallest possible reduction number
(resp. smallest possible number of generators of least degree). We will study
with certain detail those two distinguished classes of algebras.

The Cohen-Macaulay case

Let R be a polynomial ring over a field k£ with its usual grading and

o0
1=
i=p

a graded ideal with I, # (0). The integer p is the initial degree of I. As
usual v(I) denotes the minimal number of generators of I, and v(I,) stands
for the minimal number of generators of I in degree p.

The next result, when applied to a Cohen-Macaulay ideal I generated
by forms of the same degree, provides a bound for the minimum number of
generators of 1.
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Proposition 4.3.1 Let R be a polynomial ring over a field k and I a graded
ideal in R of height ¢ and initial degree p. If I is Cohen-Macaulay, then

i) = < (P10,

Proof. We may assume that k is infinite, since a change of the coeflicient
field can be easily carried out using the functor (-) ®; K, where K is an
infinite field extension of k. This change of the coefficient field preserves
the hypothesis on I and leaves both the height of I and the dimensions of
the vector spaces of forms of a given degree in I unchanged.

We set S = R/I. By Lemma 2.2.15, there is a homogeneous system of
parameters y = {y1,...,yq} for S, where each y; is a linear form in R. If
we tensor the minimal resolution of S with R = R/(y) it follows that

where S =5/(y)S. To get the desired inequality it suffices to observe that
R is a polynomial ring in ¢ variables over the field k. a

Definition 4.3.2 If S is an Artinian positively graded algebra the socle of
S is given by
Soc(S) = (0:5 Sy).

Lemma 4.3.3 ([118]) Let S = R/I be a quotient ring of a polynomial ring
R over a field k modulo a graded ideal I. Let

bg by
0— P R(~dgi) = --- = P R(~dr;) > R—» § = R/I =0,
i=1 i=1

be the minimal resolution of S. If S is Artinian, then there is a degree zero
1somorphism of graded k-vector spaces:

by
Soc(S) ~ @k[g —dg].

Proof. Let R = k[z1,...,2,] and = {z1,...,2,}. The ordinary Koszul
complex K, associated to the regular sequence z is an R-free resolution of
k = R/(z) and thus

TorF (S, k) ~ Hy(K, ®r S).

On the other hand
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(see the proof of Corollary 2.5.7). To complete the argument note

Hy(Ky ®@p S)lg] > Z,(Ky @r S)|g]

g

{zel/\---/\eg Z(—l)i_lza}iel/\---/\’e}/\---/\e§:0}[9]
i=1

~ Soc(S).

Il

Altogether one has
by
Soc(S) ~ EB klg — dgil,
i=1

as required. O

Proposition 4.3.4 If S a Cohen-Macaulay positively graded k-algebra over
a field k with presentation R/I, then the type of S is equal to the last Betti
number in the minimal free resolution of R/I as an R-module.

Proof. By making a change of coefficients using the functor (-) ®x K, where
K is an infinite field extension of k, one may assume that k is infinite.

By Theorem 2.2.11 there exists a system of parameters y = {y1,...,¥d}
for § = R/I with each y; a form of degree one of R. Since Tor;(S, R/(y)) =0
for ¢ > 1, the minimal resolution of S/(yS) as an R/(y)-module has the
same twists and Betti numbers as the minimal resolution of S over R. Since
S/(yS) is Artinian the result follows from Lemma 4.3.3. O

Corollary 4.3.5 If R is a polynomial ring over a field k, then a graded
ideal I of R is Gorenstein iff R/I is Cohen-Macaulay and the last Betti
number in the minimal graded resolution of R/I is equal to 1.

Corollary 4.3.6 Let S be a Cohen-Macaulay positively graded k-algebra
over a field k and wg its canonical module. Then

type(S) = v(ws),
where v(wg) is the minimum number of generators of ws.
Proof. Use the proof of Proposition 4.2.3 and Proposition 4.3.4. O

Theorem 4.3.7 ([61]) Let R be a polynomial ring over o field k and I a
graded ideal in R of height g and initial degree p. If S = R/I is a Cohen-
Macaulay ring, then S has a p-linear resolution if and only if the following
equality holds

w(l,) = H(I,p) = (p oo 1). (4.4




Hilbert Series 113

Proof. Let

bg b1
0— P R(-dyi) » -+ = P R(—di;) > R— S =R/I =0, (45)
i=1

i=1

be the minimal resolution of S. We order the shifts so that dg; < -+ < dgs,
for k =1,...,¢; by the minimality of the resolution d1y < da1 < -+ <dy1.
Observe that if the resolution of S is linear then the Herzog-Kiihl formulas
of Theorem 2.5.16 give the required equality.

Conversely assume the equality above. Since we may assume that k is
infinite, there is a h.s.op y = {y1,...,yq4} for S, where each y; is a form
of degree one in R. Set S = 5/(y)S and R = R/(y). From Theorem 4.2.5
we derive that the h-vector of S satisfies h, = 0, and also get h; = H(S,1).
Therefore h; = 0 for all ¢ > p. Using Lemma 4.3.3 one obtains a degree zero
isomorphism

bg
Soc(S) ~ EB klg — dgil

i=1

of graded k-vector spaces, in particular the socle of S can only live in degrees
dyi — g, hence we conclude the inequality dy; — g < p — 1. On the other
hand the minimality of the resolution of S gives p + (g — 1) < d,; for
all i. Altogether we have dg; = p + g — 1. Because I is C-M, then by
Proposition 4.2.3 we must have p < dyp, < dap, <:--- <dgp, =p+g-1,
which im