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Preface

Let R = k[x] = k[xj, ... ,xn ] be a polynomial ring in the indeterminates
Xl, •.. , X n , over the field k. Let

be a finite set of monomials of R. We are interested in studying several
algebras and ideals associated to these monomials. Some of these are:

• the monomial subring: k[fI,.·., fq] C k[x],

• the Rees algebra: k[x, fIt, ... , fqt] C k[x, t], which is also a monomial
subring,

• the face ring or Stanley-Reisner ring: k[x]/(fI, ... ,fq), if the mono­
mials are square-free, and

• the toric ideal: the ideal of relations of a monomial subring.

In the following diagram we stress the most relevant relations between
the properties of those algebras that will occur in this text.

Rees algebra

/~
Face ring Monomial subring

/
Toric ideal

If such monomials are square-free they are indexed by a hypergraph
built on the set of indeterminates, which provides a second combinatorial
structure in addition to the associated Stanley-Reisner simplicial complex.

III



iv Preface

This book was written with the aim of providing an introduction to the
methods that can be used to study monomial algebras and their presentation
ideals, with emphasis on square-free monomials. We have striven to provide
methods that are effective for computations.

A substantial part of this volume is dedicated to the case of monomial
algebras associated to graphs, that is, those defined by square-free quadratic
monomials defining a simple graph. We will systematically use graph theory
to study those algebras. Such a systematic treatment is a gap in the litera­
ture that we intend to fill. Two outstanding references for graph theory are
[28] and [139].

In the text special attention is pajd to providing means to determine
whether a given monomial algebra or ideal is Cohen-Macaulay or normal.
Those means include diverse characterizations and qualities of those two
properties.

Throughout this work base rings are assumed to be Noetherian and
modules finitely generated.

An effort has been made to make the book self contained by including
a first chapter on commutative algebra that includes some detailed proofs
and often points the reader to the appropriate references when proofs are
omitted. However we make free use of the standard terminology and nota­
tion of homological algebra (including Tor and Ext) as described in [250]
and [311].

The first goal is to present basic properties of monomial algebras. For
this purpose in Chapter 2 we study affine and graded algebras. The topics
include Noether normalizations and their applications, diverse attributes of
Cohen-Macaulay graded algebras, Hilbert Nullstellensatz and affine vari­
eties, some Grabner bases theory and minimal resolutions.

In Chapter 3 a thorough presentation of complete and normal ideals
is given. Here the systematic use of Rees algebras and associated graded
algebras makes clear their importance for the area.

Chapter 4 deals with Hilbert series of graded modules and algebras, a
topic that is quite useful in Stanley's proof of the upper bound conjecture
for simplicial spheres. Here we introduce the h-vector and a-invariant of
graded algebras and give several interpretations of the a-invariant when the
algebra is Cohen-Macaulay. Some optimal upper bounds for the number
of generators in least degree of Gorenstein and Cohen-Macaulay ideals are
presented, which naturally leads to the notion of an extremal algebra. As
an application the Koszul homology of Cohen-Macaulay ideals with pure
resolutions is studied using Hilbert function teChniques.

General monomial ideals and Stanley-Reisner rings are examined in
Chapter 5. The first version of this chapter was some notes originally pre­
pared to teach a short course during the XXVII Congreso Nacional de la
Sociedad Matematica Mexicana in October of 1994. In this course we pre-
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sented some applications of commutative algebra to combinatorics. We have
expanded these notes to include a more complete treatment of shellable and
Cohen-Macaulay complexes. The presentation of the last two sections of
this chapter, discussing Hilbert series of face rings and the upper bound
conjectures, was inspired by [25, 44] and [271].

Since monomial algebras defined by square-free monomials of degree two
have an underlying graph theoretical structure it is natural that some inter­
action will occur between monomial algebras, graph theory and polyhedral
theory. We have included three chapters that focus on monomial algebras
associated to graphs. One of them is Chapter 6, where we present connec­
tions between graphs and ideals and study the Cohen-Macaulay property of
the face ring. Another is Chapter 8, where we present a combinatorial des­
cription of the integral closure of the corresponding monomial subring and
give some applications to graph theory. In Chapter 9 we consider monomial
subrings and toric ideals of complete graphs with the aim of computing their
Hilbert series, Noether normalizations and Grabner bases.

The central topic of Chapter 7 is the normality of monomial subrings
and ideals; some features of toric ideals are presented here.

At the end Chapter lOis devoted to studying monomial curves and their
toric ideals, where the focus of our attention will be on monomial space
curves and monomial curves in four variables. Affine toric varieties and
their toric ideals are studied in Chapter 11.

Most material in this textbook has been written keeping in mind a
typical graduate student with a basic knowledge of abstract algebra and a
non-expert who wishes to learn the subject. We hope that this book can
be read by people from diverse subjects and fields, such as combinatorics,
graph theory, and computer algebra. Various units are accessible to upper
undergraduates.

In the last fifteen years a dramatic increase in the number of research
articles and books in commutative algebra that stress its connections with
computational issues in algebraic geometry and combinatorics has taken
place. Excellent references for computational and combinatorial aspects
that complement some of the material included here are [74, 92, 298], [44,
274,278] and [39, 315].

A constant concern during the writing of this text was to give appro­
priate credits for the proofs and results that were adapted from printed
material or communicated to us. We apologize for any inadvertent omis­
sion and would appreciate any comments and suggestions in this regard.

During the fall of 1999 a course on monomial algebras associated to
graphs was given at the University of Messina covering Chapter 6 to Chapter
9 with the support of the Istituto Nazionale Di Alta Matematica Francesco
Sever-i. It is a pleasure to thank Vittoria Bonanzinga, Marilena Crupi, Gae­
tana Restuccia, Rossana Utano, Maurizio Imbesi, Giancarlo Rinaldi, Fabio
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Ciolli and Giovanni Molica for the opportunity to improve those chapters
and for their hospitality.

We thank Wolmer V. Vasconcelos for his comments and encouragement
to write this book. A number of colleagues and students provided help­
ful annotations to some early drafts. We are specially grateful to Adrian
Alcantar, Joe Brennan, Alberto Corso, Jose MartInez-Bernal, Susan Morey,
Carlos Renteria, Enrique Reyes and Aron Simis. We are also grateful to
Laura Valencia for her competent secretarial assistance.

The Consejo Nacional de Ciencia y Tecnologia (CONACyT) and the
Sistema Nacional de Investigadores (SNI) deserve special acknowledgement
for their generous support. It should be mentioned that the development of
this book was included in the project Estudios sobre Algebras Monomiales,
which was supported by the CONACyT grant 2793IE.

In the homepage "http)/www.math.cinvestav.mx/profesores/vila.. we
will maintain an updated list of corrections.

RAFAEL H. VILLARREAL
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Chapter 1

Commutative Algebra

In this chapter some basic notions and results from commutative algebra
will be introduced. All rings considered in this book are commutative and
Noetherian and modules are finitely generated. Our main references are the
works ofW. Bruns and J. Herzog [44], D. Eisenbud [92], H. Matsumura [218]
and W. Vasconcelos [298]. Some of the results presented below are just
stated without giving proofs, if need be, the reader may locate the missing
proofs in one of those references.

1.1 Module theory

Noetherian modules and localizations

A Noetherian ring R is a commutative ring with unit with the property
that every ideal of I is finitely generated, that is, given an ideal I of R there
exists a finite number of generators iI, ... ,fg such that

Let R be a commutative ring with unit and let M be an R-module. Recall
that M is called Noetherian if every submodule N of M is finitely generated,
that is, N = RiI + ... + Rfg, for some iI, ... , fg in N.

Proposition 1.1.1 If Mis a finitely generated R-module over a Noetherian
ring R, then M is a Noetherian module.

Corollary 1.1.2 If R is a Noetherian ring and I is an ideal of R, then
RII and Rn are Noetherian R-modules. In particular any submodule of Rn
is finitely generated.



2 Chapter 1

Theorem 1.1.3 (Hilbert basis theorem) A polynomial ring A[x] over
a Noetherian ring A is Noetherian.

One of the important examples of a Noetherian ring is a polynomial ring
over a field k. Often we will denote a polynomial ring in several variables by
k[x] and a polynomial ring in one variable by k[x]. Unless otherwise stated
the letters k and K will always denote fields.

Theorem 1.1.4 An R-module M is Noetherian if and only if M satisfies
the ascending chain condition for submodules, that is, M is Noetherian if
and only if for every ascending chain of submodules of M

No C N j C ... C N n C N n + l C ... C M

there exists an integer k such that N i = N k for every i 2: k.

In this book by a ring (resp. module) we shall always mean a Noetherian
ring (resp. finitely generated module).

The spectrum of a ring R will be denoted by Spec(R), it is the set of
prime ideals of R. The minimal primes of R are the minimal elements
of Spec(R) with respect to inclusion and the maximal ideals of R are the
maximal elements of the set of proper ideals of R with respect to inclusion.

Let R be a ring and X = Spec(R). Given an ideal I of R, the set of all
prime ideals of R containing I will be denoted by V(I). It is not hard to
verify that the pair (X, Z) is a topological space, where Z is the family of
open sets of X, and where U is in Z iff U = X \ V(I), for some ideal I.
This topology is called the Zariski topology of the prime spectrum of R.

A local ring (R, m, k) is a Noetherian ring R with exactly one maximal
ideal m, the field k = Rim is called the residue field of R.

A homomorphism of rings is a map cp: R -+ S such that:

(i) cp(a + b) = cp(a) + cp(b), I;j a, bE A,

(ii) cp(ab) = cp(a)cp(b), I;j a, bE A, and

(iii) cp(l) = 1.

Let R be a ring and let cp: Z -+ R be the canonical homomorphism

cp(a) = a· lR,

then ker(cp) = nZ, for some n 2: O. The integer n is called the characteristic
of R and is denoted by char(R).

Proposition 1.1.5 Let (R, m) be a local ring, then either char(R) = 0 or
char(R) = pk, for some prime number p and some integer k 2: 1.
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Proof. Let n = char(R) 2: 2. If n = pqm, where p, q are prime numbers
with q -::f- p, then p . lR and q . lR are both in m because they are non
invertible, but this is impossible because 1 = ap + bq and from the equality

one derives lR E m, a contradiction.

Modules of fractions and localizations

Let R be a ring, M an R-module, and S a multiplicatively closed subset of
R so that 1 E S. Then the module of fractions of M with respect to S, or
the localization of M with respect to S, is defined by

S-I(M) = {m/slm E M, s E S},

where m/s = mdSI if and only if t(Slm - smr) = 0 for some t E S. In
particular S-1 R has a ring structure given by the usual rules of addition
and multiplication, and S-1 M is a module over the ring S-1 R with the
operations:

(a/ s) . (md SI) amI! SSI (a E R, s E S).

There is a canonical map cp: M -+ S-1 M, where cp(m) = m/l. If
f: M -+ N is a homomorphism of R-modules, then there is an induced
homomorphism

S-1 f: S-1 M -----t S-1 N

of S-1 R-modules given by f(m/ s) = f(m)/ s.

Example 1.1.6 If f is in a ring Rand S = {rl n 2: A}, then S-1 R is
usually written Rf. For instance if R = C[x] is a polynomial ring in one
variable over the field C of complex numbers, then

is the ring of Laurent polynomials.

Definition 1.1.7 Let jJ be a prime ideal of a ring Rand S = R \ jJ. In this
case S-1 R is written Rp and is called the localization of R at jJ.

Example 1.1.8 Let jJ be a prime ideal of a ring R. The local ring

is the prototype of a local ring, where k(jJ) = Rp /jJRp denotes the residue
field of R p •



4 Chapter 1

Krull dimension and height

By a chain of prime ideals of a ring R we mean a finite strictly increasing
sequence of prime ideals

Po C PI C '" C Pn,

the integer n is called the length of the chain. The Krull dimension of R,
denoted by dim(R), is the supremum of the lengths of all chains of prime
ideals in R. Let P be a prime ideal of R, the height of P, denoted by ht (p)
is the supremum of the lengths of all chains of prime ideals

Po C PI C ... C Pn = P

which end at p. Note dim(Rp ) = ht (p). If I is an ideal of R, then ht (I),
the height of I, is defined as

ht(I) = min{ht(p)1 Ie P and PE Spec(R)}.

In general dim(RjI) + ht (I) :S dim(R). The difference dim(R) - dim(RjI)
is called the codimension of I.

Let M be an R-module. The annihilator of M is given by

annR(M) = {x E RI xM = A},

if m E M the annihilator of m is ann (m) = ann (Rm). It is convenient to
generalize the notion of annihilator to ideals and submodules. Let N I and
N 2 be two submodules of M, their ideal quotient or colon is defined as

Let us recall that the dimension of an R-module M is

dim(M) = dim(Rjann (M))

and the codimension of M is

codim(M) = dim(R) - dim(M).

Theorem 1.1.9 If A[x] is a polynomial ring over a Noetherian ring A,
then dim A[x] = dim(A) + 1.

Primary decomposition of modules

Let I be an ideal of a ring R. The radical of I is

rad (I) = {x E RI xn E I for some n > A},

the radical is also denoted by Vi. In particular V(O), denoted by I)1R, is
the set of nilpotent elements of R and is called the nilradical of R. A ring
is reduced if its nilradical is zero.
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Proposition 1.1.10 If I is a proper ideal of a ring R, then rad (1) is the
intersection of all prime ideals containing I.

Definition 1.1.11 Let M be a module over a ring R, the set of associated
primes of M, denoted by AssR(M), is the set of all prime ideals jJ of R with
the property that there is a monomorphism ¢ of R-modules:

¢
R/jJ Y M.

Note that jJ = ann (¢(I)).

If M = R/I it is usual to say that an associated prime ideal of R/I is
an associated prime ideal of I and to set Ass(I) = Ass(R/I).

Proposition 1.1.12 Let R be a ring and S a multiplicatively closed subset
of R. If M is an R-module and jJ is a prime ideal of R with S n jJ = 0, then
jJ is an associated prime of M if and only if S-I jJ is an associated prime of
S-IM.

Proof. If jJ is in Ass(M), then R/jJ Y M. Hence

S-I R/S-IjJ Y S-I M

and S-ljJ is an associated prime of S-I M.
For the converse assume S-ljJ = ann(m/I). Since R is Noetherian jJ is

generated by a finite set aI, ... ,an, hence for each i there is Si E S such
that siaim = O. Set s = Sl .,. Sn' We claim jJ = ann(sm). Clearly one
has jJ C ann( sm). To show the other containment take x E ann( sm), then
xsm = 0 and x/I E ann(m/I) = S-ljJ. Hence x E jJ. D

Definition 1.1.13 Let M be an R-module, the support of M, denoted by
Supp(M), is the set of all prime ideals jJ of R such that Mp -::f- o.

A sequence 0 -+ M' ~ M -4 Mil -+ 0 of R-modules is called a short
exact sequence if f is a monomorphism, g is an epimorphism and im(J) =
ker(g). A sequence of R modules and homomorphisms:

M !i-j M !i M !i+1. . . -----+ i-I ----t i"":"":"':; i+ I -----+ . . .

is said to be exact at Mi if im(Ji_I) = ker(Ji), if the sequence is exact at
each Mi it is called an exact sequence.

Lemma 1.1.14 If 0 -+ M' -+ M -+ Mil -+ 0 is a short exact sequence of
modules over a ring R, then

Supp(M) = Supp(M') U Supp(M").
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Proof. Let jJ be a prime ideal of R. It suffices to observe that from the
exact sequence

o-+ M~ -+ Mp -+ M~' -+ 0,

we get Mp -::f- 0 if and only if M~ -::f- 0 or M~' -::f- O.

Theorem 1.1.15 If M is an R-module, then there is a filtration of sub­
modules

(0) = Mo C M I C ... C M n = M

and prime ideals jJI, ... ,jJn of R such that MilM i - I c::: RjjJi for all i.

In general the primes jJI, ... , jJn that occur in a filtration of the type
described in the previous result are not associated primes of the module M;
see [87] for a careful discussion of filtrations and some of their applications
to combinatorics.

Lemma 1.1.16 If 0 -+ M' -+ M -+ Mil -+ 0 is a short exact sequence of
modules over a ring R, then

Ass(M) C Ass(M') U Ass(M").

Corollary 1.1.17 If M is an R-module, then AssR(M) is a finite set.

Proof. Let jJI, ... ,jJn be prime ideals as in Theorem 1.1.15. By a repeated
use of Lemma 1.1.16 one has AssR(M) C {jJI, ... ,jJn} C Supp(M). D

Let M be an R-module. An element x E R is a zero divisor of M if
there is 0 -::f- m E M such that xm = O. The set of zero divisors of M is
denoted by Z(M). If x is not a zero divisor on M we say that x is a regular
element of M.

Lemma 1.1.18 If M is an R-module, then

Z(M) =

Proof. See [218, Theorem 6.1].

u jJ.

D

Definition 1.1.19 Let M be an R-module. A submodule N of M is said
to be a primary submodule if AssR(MjN) = {jJ}.

An ideal q of a ring R is a primary ideal if AssR(Rjq) = {jJ}, thus q is
a primary ideal iff xy E q and x ~ q implies yn E q for some n 2: 1.

Definition 1.1.20 Let M be an R-module. A submodule N of M is said to
be irreducible if N cannot be written as an intersection of two submodules
of M that properly contain N.
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Proposition 1.1.21 Let M be an R-module. If Q -::f- M is an irreducible
submodule of M, then Q is a primary submodule.

Proof. Assume there are lJ Iand lJ2 distinct associated prime ideals of M IQ
and pick 1'0 E lJI \ lJ2 (or vice versa). There is Xi in M \ Q such that
lJi = ann(Xi), where Xi = Xi + Q. We claim that

(RXI + Q) n (RX2 + Q) = Q.

If z is in the intersection, then z = Al Xl + ql = A2 X2 + q2, for some Ai E R
and qi E Q. Note that roz E Q, hence roA2x2 is in Q and consequently
1'0 A2 E lJ2. Thus A2 E lJ2 and we get A2 X2 E Q. This shows z E Q and
completes the proof of the claim. As Q is irreducible one has Q = RXI + Q
or Q = RX2 + Q, which is a contradiction because Xi tf- Q for i = 1,2. D

Definition 1.1.22 Let M be an R-module and N, N I , ... ,Nr submodules
of M. A decomposition N = N I n·· . n N r of N is said to be irredundant if

N -::f- NI n ... n Ni- I n Ni+I n ... n N r for all i.

Theorem 1.1. 23 Let M be an R-module. If N is a submodule of M, then
N has an irredundant primary decomposition N = N I n ... n N r so that:

(a) AssR(MINi) = {lJi} for all i.

(b) N -::f- N I n ... n Ni- I n Ni+I n ... n N r for all i.

(c) lJi -::f- lJj if N i -::f- N j .

Remark 1.1.24 If N -::f- M and N = Nln·· ·nNr is an irredundant primary
decomposition of N with AssR(MINi ) = {lJ;}, then

ann (MINi) is a lJi primary ideal, and rad (ann (MINi)) = lJi for all i.

Corollary 1.1.25 If R is a Noetherian ring and I a proper ideal of R, then
I has an irredundant primary decomposition

1= qI n··· n qr

such that qi is a lJi-primary ideal and ASSR (RI I) = {lJI, ... ,lJr }.

Proof. Let (0) = I I 1= (qJ/I) n·· . n (qrl I) be an irredundant decomposi­
tion of the zero ideal of RII. Then 1= ql n· .. n qr and q;f I is lJi-primary,
that is, AssR((RII)/(q;fI)) = Ass(Rlqi) = {lJ;}. Let us show that qi is a
primary ideal. If xy E qi and X ~ qi, then y is a zero-divisor of Rlqi, but
Z(Rlqi) = lJi, hence y E lJi = rad (ann (Rlqi)) = rad(qi) and yn is in qi for
some n > O. D
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Definition 1.1.26 Let R be a ring and let S be the set of nonzero divisors
of R. The ring S-I R is called the total ring of fractions of R. If R is a
domain, S-I R is the field of fractions of R.

Proposition 1.1.27 Let R be a ring and let K be the total ring of fractions
of R. If R is reduced, then K is a direct product of fields.

Proof. Let PI, ... ,Pr be the minimal primes of Rand S = R \ Ui'=l Pi.
Since R is reduced one has (0) = PI n ... n Pr and K = S-I R. Define

¢: K -----t S-I RIS-IpI X .. , X S-lRIS-Ipr

by ¢(x) = (x + S-lpl , ... , x + S-lpr)' As S-I pl , ... , S-I pr are maximal
ideals and its intersection is zero, it follows from the Chinese remainder
theorem that ¢ is an isomorphism (see Exercise 1.1.38). D

Lemma 1.1.28 Let M be an R-module and L an ideal of R. If LM = M,
then there is x == l(modL) such that xM = (0).

Proof. Let M = Ral + ... + Ran' ai E M. As LM = M, there are bij
in L such that ai = Lj=1 bijai. Set a = (al, ... , an) and H = (b ij ) - I,

where I is the identity matrix. Since Hat = 0 and Hadj(H) = det(H)I,
one concludes det(H)ai = 0 for all i. Hence xM = (0) and x == l(modL),
where x = det(H). D

Lemma 1.1.29 (Nakayama) Let R be a ring and N a submodule of an
R-module M. If I is an ideal of R contained in the intersection of all the
maximal ideals of R such that M = 1M + N, then M = N.

Proof. Note I(MIN) = MIN. By Lemma 1.1.28 there exists an element
x == l(modI) such that x(MIN) = (0). To finish the proof note that x
is a unit; otherwise x belongs to some maximal ideal m and this yields a
contradiction because I C m. D

Let M be an R-module. The minimum number of generators of M will
be denoted by v(M). A consequence of Nakayama's lemma is an expression
for v(M), when the ring R is local (d. Corollary 2.5.2).

Corollary 1.1.30 If M is a module over a local ring (R, m), then

v(M) = dimk(MlmM), where k = Rim.

Proof. Let al, ... , a q be a minimal generating set for M and ai = ai+mM.
After a permutation of the ai one may assume that aI, ... ,ar is a basis for
MlmM as a k-vector space, for some r ~ q. Set N = Ral + ... + Rar .
Note the equality M = N + mM, then by Nakayama's Lemma N = M.
Therefore r = q, as required. D
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Modules of finite length

An R-module M has finite length if there is a composition series

(0) = Mo C M I C .. , C M n = M,

9

where MilMi- I is a nonzero simple module (that is, MdMi- I has no proper
submodules other than (0)) for all i. Note that MdMi-1 must be cyclic
and thus isomorphic to Rim, for some maximal ideal m. The number n is
independent of the composition series and is called the length of M, it is
usually denoted by £R(M) or simply £(M).

Proposition 1.1.31 If M is an R-module, then

Ass(M) C Supp(M) = V(ann (M)),

and any minimal element of Supp(M) is in Ass(M).

Proof. If jJ is an associated prime of M, then there is a monomorphism
RljJYM and thus 0 -::f- (RljJ)pYMp. Hence jJ is in the support of M, this
shows the first containment.

Let jJ E Supp(M) and let x E ann (M). If x tf- jJ, then xm = 0 for all
m E M and M p = (0), which is absurd. Therefore jJ is in V(ann (M)).
Conversely let jJ be in V (ann (M)) and let ml, ... ,mr be a finite set of
generators of M. If Mp = (0), then for each i there is Si tf- jJ so that
Simi = 0, therefore Sl ... Sr is in ann (M) C jJ, which is impossible. Hence
M p -::f- 0 and jJ is in the support of M.

To prove the last part take a minimal prime jJ in the support of M. As
M p -::f- (0) there is an associated prime jJIRp of Mp, where JJI is a prime ideal
of R contained in jJ. Since M P1 ~ (Mp)Pl -::f- (0), we get that JJI is in the
support of M and jJ = JJI. Therefore using Proposition 1.1.12 one concludes
jJ E Ass(M). D

Proposition 1.1.32 If 0 -+ M' -+ M -+ Mil -+ 0 is an exact sequence of
modules over a ring R, then

dim(M) = max{dim(M'), dim(M")}.

Proof. Set d = dim(M), d' = dim(M') and d" = dim(M"). First note that
d = dim(RljJ) for some prime jJ containing ann (M), by Proposition 1.1.31
we obtain Mp -::f- (0). Therefore using Lemma 1.1.14 one has M~ -::f- (0)
or M~' -::f- (0), thus either jJ contains ann (M') or jJ contains ann (Mil).
This proves d ::; max{d', d"}. On the other hand ann (M) is contained in
ann (M') n ann (Mil) and consequently max{d', d"} ::; d. D

Let M be an R-module, the minimal primes of M are defined to be the
minimal elements of Supp(M) with respect to inclusion. A minimal prime
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of M is called an isolated associated prime of M. An associated prime of
M which is not isolated is called an embedded prime.

If R is a ring and I is an ideal, note that the minimal primes of I
are precisely the minimal primes of AssR(RII). In particular the minimal
primes of R are precisely the minimal primes of AssR(R).

Proposition 1.1.33 If M is an R-module, then M has finite length if and
only if every prime ideal in Supp(M) is a maximal ideal.

Definition 1.1.34 A ring R is Artinian if £R(R) < 00.

Proposition 1.1.35 Let R be a ring. Then R is Artinian if and only if R
is Noetherian and every prime ideal of R is maximal.

Definition 1.1.36 Let R be a ring with total ring of fractions Q. An R­
module M is said to have rank r if M 0:9R Q is a free Q-module of rank equal
to r.

Lemma 1.1.37 If M is an R-module of positive rank r, then

dim(M) = dim(R).

Proof. Let jJI, ... ,jJn be the associated primes of Rand S = R \ Ui=1 jJi'

By hypothesis S-I M ~ (S-I R)T. Since

MPi ~ (S-1 M)Pi ~ [(S-1 RYhi ~ [(S-1 R)p,r ~ (R pi r -::f- (0),

we obtain that all the minimal primes of R are in the support of M and
consequently one has dim(M) = dim(R). D

Exercises

1.1.38 (Chinese remainder theorem) Let h, ... ,I r be ideals of a ring
R. If Ii + I j = R for i -::f- j, prove:

(a)hn···nIr=h···Ir ,

(b) The rings RIh n ... n I r and RIh x ... x RlIr are isomorphic.

1.1.39 Let h, ... , In, jJ be ideals of a ring R. If jJ is prime and ni=1 Ii C jJ,

prove that Ii C jJ for some i. In particular if ni=1 Ii = jJ, then jJ = Ii for
some i.

1.1.40 Let I, PI, ... ,Pr be ideals of a ring R. If I is contained in Ui'=1 Pi and
Pi is a prime ideal for i ~ 3, prove that I C Pi for some i (d. Lemma 2.2.18).

1.1.41 Let R be a ring and I an ideal. If P is a prime ideal such that
I C P, prove that ht(I) :::; ht(Ip) and show an example where the strict
inequality holds.
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1.1.42 Let R be a ring and let I be an ideal of R. If all the minimal primes
of I have the same height and P is a prime ideal such that I c P, prove
that ht(I) = ht(Ip).

1.1.43 Let I be an ideal of a ring R. Then a prime ideal p of R is an
associated prime of R I I if and only if p = (I: x) for some x E R.

1.1.44 Let M be an R-module and I an ideal of R contained in annR(M).
Note that M inherits a structure of RII-module. Prove that p E AssR(M)
if and only if plI E ASSRjI(M).

1.1.45 Let R' = k[X2,"" xn ] and R = R/[xI] be polynomial rings over a
field k. If I' is an ideal of R' and p E AssR(RI (I', xd), then

(a) p = Xl R + pi R, where pi is a prime ideal of R' , and

(b) pi is an associated prime of R'I I'.

1.1.46 Let A be a ring and q a proper ideal of A. Prove that q is a primary
ideal if and only if Z(Alq) c I)1Ajq, where I)1Ajq is the nilradical of Alq.

1.1.47 Let A be a ring and q a proper ideal of A. If every element in Alq
is either nilpotent or invertible, prove that q is a primary ideal.

1.1.48 Let A be a ring and q an ideal of A such that rad (q)
maximal ideal. Show that q is a primary ideal.

Hint Note Spec(Alq) = {m/q} and I)1Ajq = m/q.

m is a

1.1.49 If B = A[x] is a polynomial ring over a ring A and q a primary ideal
of A, then qB is a primary ideal of B.

Hint Note (Alq) [x] ~ BlqB. Use induction together with the next exercise.

1.1.50 Let A[x] be a polynomial ring in one variable over a ring A. Prove
that a polynomial f (x) E A[x] is a zero divisor iff there exists a -::f- 0 in A
such that af(x) = O.

1.1.51 Let M be an R-module and SeT two multiplicatively closed sub­
sets of R. Prove T- l M ~ T- l (S-1 M) as T- l R modules.

Hint Consider ¢(mlt) = (m/l)lt, which is induced by the canonical map
from M to S-1 M.

1.1.52 Let M be an R-module and S a multiplicatively closed subset of R.
If P is a prime ideal such that S n p = 0, prove Mp ~ (S-1 M)p.
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1.1.53 Let R be a ring and I an ideal. If x E R \ I, then there is an exact
sequence of R-modules:

o ----t R/(I: x) ~ R/I ~ R/(I, x) ----t 0,

where '!/J('F) = x't is multiplication by x and ¢('F) = 't.

1.1.54 If 0 -+ M' ~ M ~ Mil -+ 0 is an exact sequence of R-modules,
prove that the following sequence is also exact

o ----t S-1 M' s~ S-1 M s~ S-1 Mil ----t O.

1.1.55 Let N 1 and N 2 be submodules of an R-module M. If S is a multi­
plicatively closed subset of R, then

(a) S-1 (Nl + N 2 ) = S-1 (Nd + S-1 (N2 ),

(b) S-I(Nl n N 2 ) = S-1 (Nd n S-1 (N2 ), and

(c) S-1 (NI/N2 ) ~ S-I(Nd/S-1(N2 ), as S-1 (R)-modules.

1.1.56 Let N l and N 2 be submodules of an R-module M. If S is a multi­
plicatively closed subset of R, then

(a) S-1 (ann (N2 )) = ann (S-I(N2 )), and

(b) S-I(Nl :N2 ) = (S-I(Nd:S- 1(N2 )).

Hint Use that N 2 is a finitely generated R-module.

1.1.57 If I and J are ideals of a ring Rand S is a multiplicatively closed
subset of R, then

(a) jS-1(I) = S-I(v'I), and

(b) S-I(IJ) = S-I(I)S-I(J).

1.2 Graded modules

Let (H, +) be an abelian semigroup. An H-graded ring is a ring R together
with a decomposition

R = EB Ra (as a Z-module),
aEH

such that RaRb C Ra+b for all a, b E H. A graded ring is by definition a
Z-graded ring.
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If R is an H -graded ring and M is an R-module with a decomposition

M= EBMa ,

aEH

such that RaMb C Ma+b for all a, b E H, we say that M is an H-graded
module.

An element f E M is said to be homogeneous of degree a if f E Ma, in
this case we set deg(J) = a. The elements in R a are also called forms of
degree a.

A map cp: M -+ N between H-graded modules is graded if cp(Ma) C N a
for all a E H. If M = ffiaEHMa is an H-graded module and N = ffiaEHNa is
a graded submodule, that is, N a C Ma for all a, then MIN is an H-graded
R-module with (MIN)a = MaiNa.

Example 1.2.1 Let R = k[XI,"" xn] be a polynomial ring over a field
k. A natural way to grade R is to assign degree di to the variable Xi,

where dI , .. . , dn are positive integers. For a = (aj, ... , an) in N" we set
x a = xt 1

••• x~n and lal = aIdj + ... + andn. The induced N-grading is:

00

R = EB Ri , where R i = EB kxa,
i=O lal=i

one may extend this grading to a Z-grading by setting R i = 0 for i < O.

Let R = k[XI' ... ,xn] be polynomial ring over a field k endowed with an
induced positive grading as above. In this case the homogeneous elements
of R are sometimes called quasi-homogeneous polynomials. An ideal I of R
is homogeneous, or graded, if there are homogeneous polynomials h,· .. ,fT
such that I = (!I, ... , fT)' Set deg(Ji) = 6i . The ideal I is graded by

Hence RII inherits a structure of N-graded R-module whose components
are given by (RII)i = Ri!1;.

Definition 1.2.2 The standard grading or usual grading of a polynomial
ring k[XI' ... ,xn] is the N-grading induced by setting deg(xi) = 1 for all i.

Let us now recall some good properties of graded modules mainly in
connection with primary decompositions.

Lemma 1.2.3 If M is an N-graded R-module and jJ E Ass(M), then jJ is
a graded ideal and there is mE M homogeneous such that jJ = ann(m).

Proof. See [44, Lemma 1.5.6]. D
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Proposition 1.2.4 Let M be an N-graded R-module and Q a 'p-primary
submodule of M. If'p is graded and Q* is the submodule of M generated by
the homogeneous elements in Q, then Q* is again a 'p-primary submodule.

Proof. See [217, Chapter 4]. D

Theorem 1.2.5 Let M be an N-graded R-module. If N is a graded sub­
module of M, then N has an irredundant primary decomposition

N = N I n··· nNr

such that:

(a) Ni is a graded submodule and AssR(M/Ni ) = {'pi} for all i,

(b) N-::j:.Nln···nNi_lnNHln···nNrforalli, and

(c) 'pi -::j:. 'pj if N i -::j:. N j .

Proof. Use Lemma 1.2.3, Proposition 1.2.4 and Theorem 1.1.23. D

Finding primary decompositions of graded ideals in polynomial rings
over fields is a difficult task, the punch line is that there is not yet a best
general strategy for computing primary decompositions [77]; for some of the
main algorithms that can been used see [95, 127,255,313].

For a specially nice treatment of the principles of primary decomposition
consult the book of Wolmer V. Vasconcelos [298, Chapter 3].

Lemma 1.2.6 (Graded Nakayama lemma) Let M be an N-graded R­
module and let m = R+. If N is a graded submodule of M and I C m is a
graded ideal of R such that M = N + 1M, then N = M.

Proof. Since M/N = I(M/N), one may assume N = (0). If x E M is
a homogeneous element of degree r, then a recursive use of the equality
M = 1M yields that x E JT+l M and x must be zero. D

Hilbert polynomial Let R = EB~oRi be an N-graded ring. We recall
that R is a Noetherian ring if and only if Ro is a Noetherian ring and
R = R o[Xl, ... ,xn ] for some Xl, ... ,Xn in R. If M is a finitely generated
N-graded R-module and R o is Artinian define the Hilbert function of M as

(eRa = length w.r.t Ro).

Definition 1.2.7 An N-graded ring R = EB~oRi is called a homogeneous
ring if R = R o[Xl, ... ,xn ], where deg(xi) = 1.
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Theorem 1.2.8 (Hilbert) Let R = ffi'f';oR i be a homogeneous ring and
let M be a finitely generated N-graded R-module with d = dim(M). If R o
is Artinian, then there is a unique polynomial PM(t) E Q[t] of degree d - 1
such that PM(i) = H(M, i) for i »0. The polynomial PM(t) is called the
Hilbert polynomial of M.

Proof. See [44, Theorem 4.1.3]. D

Definition 1.2.9 If PM(t) = ad_ltd-1 + ... + ao is the Hilbert polynomial
of M, the integer (d - 1) !ad-l is called the multiplicity of M and is denoted
bye(M).

Lemma 1.2.10 Let f(t) E Q[t] be a polynomial of degree d - 1 such that
f (n) E Z for all n E Z, then there are unique integers ao, ... ,ad-l such that

d-l (t + .)
f(t) = L adi(t), where fi(t) = i Z •

2=0

Proof. The polynomials fi(t), i E N, are a basis for Q[t] as a Q-vector
space. Hence

d-l
f(t) = L adi(t),

i=O

for some ai E Q. Using the Pascal triangle we get

thus by induction on the degree it follows that ai E Z for all i. D

Exercises

1.2.11 Let I be a graded ideal of a polynomial ring R. Prove that the
radical of I is also graded.

1.2.12 Let d, mEN. Prove the equality

1.2.13 Let f: Z -+ Z be a numerical function, f is said to be a polynomial
function of degree d if there is a polynomial P(t) E Q[t] such that P(i) =
f (i) for i »0. Prove that f is a polynomial function of degree d if and
only if the numerical function g: Z -+ Z given by g(i) = f(i) - f(i - 1) is a
polynomial function of degree d - 1.
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1.2.14 Let R = k[Xl'''''Xn] be a polynomial ring over a field k and let
dl , ... , dn be a sequence of integers. Prove that R is a graded ring with the
Z-grading;

R i = EB kxa (i E Z),
lal=i

where x a = Xfl ... x~n and lal = aldl + " .+ andn for a = (ai) EN".

1.2.15 Let R = ffiiEZRi be a graded ring. Prove that Ro is a subring of
R with 1 E R o. A graded ring R with R i = 0 for i < 0 is called a graded
Ro-algebra.

1.2.16 Let R = k[Xl, X2] be a polynomial ring over a field k with the grading
induced by deg(xi) = (_l)i. Determine the subring Ro.

1.3 Cohen-Macaulay modules

Here we introduce some special types of rings and modules and present the
following fundamental result of dimension theory.

Theorem 1.3.1 (Dimension theorem) Let (R, m) be a local ring and let
M be an R-module. Set

b(M) = min{rl there are Xl, ... ,Xr E m with f!R(M/(Xl,'" xr)M) < oo},

then dim(M) = b(M).

Proof. See [218, Theorem 13.4]. D

Definition 1.3.2 Let (R, m) be a local ring and let M be an R-module of
dimension d. A system of parameters (s.o.p) of M is a set Bl , ... , Bd E m
such that

Corollary 1.3.3 Let (R, m) be a local ring and let M be an R-module of
dimension d. If hl , ... , hd E m is a system of parameters of M, then

dimM/(hl, ,hi)M=d-i for l:Si:Sd.

Proof. Set M = M/(h l , , hi)M. First note that hi+l,"" hd is a s.o.p
for M, hence dim(M) :S d - i by Theorem 1.3.1. On the other hand if
el , ... , er is a s.o.p for M, then Bl , ... , Br, hl , ... , hi is a s.o.p for M and
again by the dimension theorem one has d :S r + i = dim(M) + i. D

Definition 1.3.4 Let M be an R-module. A sequence f1. = Bl , ... ,Bn in R
is called a regular sequence of M or an M-regular sequence if (f1.)M -::f- M
and Bi ~ Z(M/(Bl , ... , Bi-dM) for all i.
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Proposition 1.3.5 Let M be an R-module and I an ideal of R such that
1M -::f- M. Iffi = Bj, ... ,Br is an M-regular sequence in I, then fi can be
extended to a maximal M -regular sequence in I.

Proof. By induction assume there is an M-regular sequence Bj , ... , Bi in
I for some i 2: r. Set M = Mj(Bj, ... ,Bi)M. If I et Z(M) pick Bi+j in I
which is regular on M. Since

is an increasing sequence of ideals in a Noetherian ring R, this inductive
construction must stop at a maximal M -regular sequence in I. D

Lemma 1.3.6 Let M be a module over a local ring (R, m). If Bj , ••• ,Br is
an M -regular sequence in m, then r ~ dim( M).

Proof. By induction on dim(M). If dim(M) = 0, then m is an associated
prime of M and every element of m is a zero divisor of M. Using the
second part of the proof of Lemma 1.3.10 one has dim(MjBj M) < dim(M).
Since B2 , •.• ,Br is a regular sequence on M j Bj M by induction one derives
r ~ dim(M). D

Proposition 1.3.7 Let M be an R-module and let I be an ideal of R.

(a) HomR(Rj I, M) = (0) iff there is x E I which is regular on M.

(b) ExtR(RjI,M) ~ HomR(RjI,MjfiM), where fi = Bj, ... ,Br zs any
M -regular sequence in I.

Proof. (a) =}) Assume I c Z(M). Using Lemma 1.1.18 one has I c p
for some p E AssR(M). Hence there is a monomorphism 1jJ: Rjp -+ M. To
derive a contradiction note that the composition

RjI~Rjp~M

is a nonzero map, where cp is the canonical map from RjI to Rjp. The
converse is left as an exercise.

(b) Consider the exact sequence

According to [250, Theorem 7.3] there is a long exact sequence with natural
connecting homomorphisms

... -----t ExtR-
j
(Rj I, M) ~ ExtR- 1(Rj I, M) -----t ExtR-

j
(Rj I, M) ~

ExtR(RjI, M) ~ ExtR(RjI, M) -----t ...
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Since Bj is in I, using [250, Theorem 7.16] it follows that in the last exact
sequence the maps given by multiplication by Bj are zero. Hence

Ext~-j(R/I, M) ~ ExtR(R/I, M),

and the proof follows by induction on r. D

Let M -::f- (0) be a module over a local ring (R, m). The depth of M,
denoted by depth( M), is the length of any maximal regular sequence on M
which is contained in m. From Proposition 1.3.7 one derives

depth(M) = inf{rl ExtR(R/m, M) -::f- (On.

In general by Lemma 1.3.6 we have depth(M) ::; dim(M).

Definition 1.3.8 An R-module M is called Cohen-Macaulay (C-M for
short) if depth(M) = dim(M), or if M = (0).

Lemma 1.3.9 (Depth lemma) If 0 -+ N -+ M -+ L -+ 0 is a short exact
sequence of modules over a local ring R, then

(a) Ifdepth(M) < depth(L), then depth(N) = depth(M).

(b) If depth(M) = depth(L), then depth(N) ;:::: depth(M).

(c) If depth(M) > depth(L), then depth(N) = depth(L) + 1.

Proof. See [298, Corollary A.6.3]. D

Lemma 1.3.10 If M is a module over a local ring Rand z is a regular
element of M, then

(a) depth(M/zM) = depth(M) -1, and

(b) dim(M/zM) = dim(M) -1.

Proof. As depth M > depth M / zM applying the depth lemma to the exact
sequence

o ----t M ----=--t M ----t M/zM ----t 0

yields depth(M) = depth(M/zM)+1.
To prove the second equality first observe the validity of the inequality

dim(M) > dim(M/zM), otherwise there is a saturated chain of prime ideals

ann (M) C ann (M/zM) Cpo C '" C Pd,

where d is the dimension of M and Po is minimal over ann (M). According
to Proposition 1.1.31 the ideal Po consists of zero divisors, a contradiction
since z E ann (M/ zM) C Po. On the other hand the reverse inequality
dim(M) :::::. dim(M/zM) + 1 follows from Theorem 1.3.1. D
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Proposition 1.3.11 If M -::f- (0) is a Cohen-Macaulay R-module over a
local ring (R, m) and P E Ass(M), then

dim(Rlp) = depth(M).

Definition 1.3.12 Let (R, m) be a local ring of dimension d. A system of
parameters (s.o.p) of R is a set BI , ... ,Bd generating an m-primary ideal.

Theorem 1.3.13 Let (R, m, k) be a local ring and let

o(R) = min{v(I) = dimk (IlmI) I I is an ideal of R with rad (I) = m}.

Then dim(R) = o(R).

Proof. This result is a particular instance of Theorem 1.3.1. D

Theorem 1.3.14 (Krull principal ideal theorem) Let I be an ideal of
a ring R generated by a sequence hI, ... , hr. Then

(a) ht (p) :S r for any minimal prime p of I.

(b) If hI, ... , hr is a regular sequence, then ht (p) = r for any minimal
prime p of I.

Proof. (a) Since JIR p = pRp from Theorem 1.3.13 one has the inequality
ht (p) = dim(Rp ) :S r.

(b) Set J = (hI, ... ,hi-d and K = (hI, ... ,hi)' Assume ht(P) = i-I
for any minimal prime P over J. Since hi is regular on RI J and K IJ is a
principal ideal one has ht (KI J) = 1, thus there is a prime ideal Po minimal
over J such that J c Po c P and consequently ht (p) 2: i. Using (a) one
gets ht (p) = i. D

Corollary 1.3.15 If (R, m, k) is a local ring, then dim(R) :S dimk(m/m2)
and R has finite Krull dimension.

Proof. Let Xl, ... ,xq be a set of elements in m whose images in m/m2

form a basis of this vector space. Then m = (Xl, ... ,Xq ) + m2 . Hence
by Nakayama's lemma we get m = (Xl,"" x q ). Hence dim R :S q by
Theorem 1.3.13. D

Remark If R is a Noetherian ring, then dim R p < 00 for all p E Spec(R).
However, there are examples of Noetherian rings of infinite Krull dimension.

Definition 1.3.16 A local ring (R, m, k) is called regular if

A ring R is regular if R p is a regular local ring for every p E Spec(R).
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Cohen-Macaulay rings A local ring (R, m) is called Cohen-Macaulay if
R is Cohen-Macaulay as an R-module. If R is non local and R p is a C-M
local ring for all P E Spec(R), then we say that R is a Cohen-Macaulay ring.
An ideal I of R is Cohen-Macaulay if RjI is a Cohen-Macaulay R-module.

If R is a Cohen-Macaulay ring and S is a multiplicatively closed subset
of R, then S-l (R) is a Cohen-Macaulay ring (see [44, Theorem 2.1.3]).

Proposition 1.3.17 Let M be a module of dimension d over a local ring
(R, m) and let f1. = BI , ... , Bd be a system of parameters of M. Then M is
Cohen-Macaulay if and only if f1. is an M -regular sequence.

Proof. =}) Let P be an associated prime of M. By Proposition 1.3.11
one has dim(Rjp) = d. We claim that BI is not in p. If BI E P, then by
Nakayama's lemma one has (MjBIM)p -::f- (0). Hence p is in the support
of MjBIM, a contradiction because by Corollary 1.3.3 one has the equality
dim(MjBIM) = d - 1. Therefore BI tf- P and BI is regular on M. Thus the
prooffollows by induction, because according to Lemma 1.3.10 one has that
MjBIM is a C-M module of dimension d - 1 and the images of B2 , ... , Bd
in RjBI form a system of parameters of Mj(BdM.

~) By Corollary 1.3.3 one has dim(Mjf1.M) = 0 and Mj(f1.)M is C-M.
Therefore M is Cohen-Macaulay by Lemma 1.3.10. D

Lemma 1.3.18 Let (R, m) be a local ring and let (fl, ... , fr) be an ideal of
height equal to r. Then there are fr+l'" ., fd in m such that h, ... , fd is a
system of parameters of R.

Proof. Set d = dim(R) and I = (fl'"'' fr)' One may assume r < d,
otherwise there is nothing to prove. Let PI, ... ,Ps be the minimal primes
of I. Note that ht (Pi) = r for all i by Theorem 1.3.14. Hence if we pick
fr+l in m \ Ui=l Pi, one has the equality ht (1, fr+d = r + 1, and the result
follows by induction. D

Definition 1.3.19 Let R be a ring and let I be an ideal of R. If I is
generated by a regular sequence we say that I is a complete intersection.

Definition 1.3.20 An ideal I of a ring R is called a set-theoretic complete
intersection if there are h, ... ,fr in I such that rad (1) = rad (fl, ... , fr),
where r = ht (1).

Definition 1.3.21 An ideal I of a ring R is height unmixed or unmixed if
ht (1) = ht (p) for all P in AssR (Rj1).

Proposition 1.3.22 Let (R, m) be a Cohen-Macaulay local ring and let I be
an ideal of R. If I is a complete intersection, then RjI is Cohen-Macaulay
and I is unmixed.
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Proof. Set d = dim(R) and r = ht (1). By Lemma 1.3.10 RII is Cohen­
Macaulay and dim(RI I) = d - r. Let jJ be an associated prime of RII, then
using Proposition 1.3.11 yields

dim(R) - ht (jJ) ;::: dim(RljJ) = depth(RI1) = d - r.

As a consequence ht (jJ) :::; r and thus ht (jJ) = r. Hence I is unmixed. D

Theorem 1.3.23 Let R be a Cohen-Macaulay ring and I a proper ideal of
R of height r. If I is generated by r elements h, ... , f T, then I is unmixed.

Proof. It is enough to prove that I has no embedded primes, because
by Krull's theorem all minimal primes of I have height r. Let jJ and q be
two associated primes of RII and assume jJ C q, then IRq C jJRq C qRq.
Since IRq has height r and is generated by r elements, one obtains (using
Lemma 1.3.18) that h/1, ... ,fT/1 is part of a system of parameters of Rq .

Therefore by Proposition 1.3.17 the sequence h 11, ... , fT II is a regular
sequence and thus Proposition 1.3.22 proves that IRq is unmixed. Noticing
that jJRq and qRq are both associated primes of IRq, one derives jJRq = qRq
and hence jJ = q. D

Proposition 1.3.24 If I is an ideal of height r in a Cohen-Macaulay ring
R, then there is a regular sequence h, ... ,fT in I.

Proof. By induction assume that h, ... , fs is a regular sequence in I
such that s < r. Note that (h, ... , fs) is unmixed by Theorem 1.3.23. If
Ie Z(RI(f1,' .. , fs)), then ht (1) = s, which is a contradiction. Therefore
there is an element fS+1 in I which is regular modulo (h, . .. , fs). D

Let A be a (Noetherian) ring one says that A is a catenary ring if for
every pair jJ C q of prime ideals ht (q/jJ) is equal to the length of any
maximal chain of prime ideals between jJ and q. If A is a domain, then A
is catenary if and only if ht (q/jJ) = ht (q) - ht (jJ) for every pair of prime
ideals jJ C q.

Theorem 1.3.25 If R is a Cohen-Macaulay ring, then R is catenary.

Proof. See [44, Theorem 2.1.12]. D

Gorenstein rings Let M -::f- (0) be a module over a local ring (R, m) and
let k = Rim be the residue field of R. The sode of M is defined as

Soc(M) = (O:M m) = {z E Mj mz = (O)},

and the type of M is defined as

type(M) = dimk Soc(MhM ),
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where J:. is a maximal M-sequence in m. Observe that the type of M is well
defined because by Proposition 1.3.7 one has:

Ext'R(k, M) ~ HomR(k, M!J:.M) ~ Soc (M!J:.M) ,

where r = depth(M). The ring R is said to be Gorenstein if R is a Cohen­
Macaulay ring of type 1, and an ideal I c R is called Gorenstein if RII is
a Gorenstein ring.

For a thorough study of Gorenstein rings see [14, 44]; a vivid presentation
of the ubiquity of Gorenstein rings is given in [184].

Exercises

1.3.26 Let ¢: A -+ B be an epimorphism ofrings. If dim(A) = dim(B) < 00

and A is a domain, prove that ¢ is injective.

1.3.27 Let R be a catenary ring. If S c R is a multiplicatively closed set
and I is an ideal of R, prove that RII and S-1 R are both catenary rings.

1.3.28 Let M = zr x Zp~l x···x Zp~=, where PI , ... ,Pm are prime numbers.
Prove the following:

(a) M has finite length iff r = O.

(b) f!(M) = al + ... + am, if f!(M) < 00.

(c) Ass(M) -::f- Supp(M), if r -::f- O.

1.3.29 If M, N are R-modules, prove Ass(M EB N) = Ass(M) U Ass(N).

1.3.30 (Cayley-Hamilton) Let cp: M -+ M be an endomorphism of an
R-module M. If I is an ideal of R such that cp(M) elM, then cp satisfies
an equation:

cpn + an_lcpn-l + ... + alCP + ao = 0 (ai E I).

Hint If M = Rml + ... + Rmno write

n

cp(m;) = L aijmj
j==1

and consider the matrix C = cpI - (aij). Use that the entries of Care
endomorphisms of M that commute with each other to conclude the equality
Cadj(C) = adj(C)C = det(C)I. Note that C operates in M n by matrix
multiplication and C(ml" .. ,mn)t=O.

1.3.31 Let I be an ideal of a ring R and let x E R \ I. If I is unmixed and
1= rad (I), then (I: x) is unmixed and ht(I) = ht(I: x).
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1.3.32 Let M be a module over a local ring (R, m). If f1. = B1 , ... ,Br is
an M-regular sequence in m, prove that f1. can be extended to a system of
parameters of M.

1.3.33 Let M be an R-module and let I be an ideal of R. If there is x E I
which is regular on M, show that HomR(RjI,M) = (0).

1.3.34 Let M be an R-module and let I be an ideal of R. If J c I, then:

HomR(RjI, MjJM) ~ (JM:MI)jJM.

1.4 Normal rings

Let A and B be two rings. One says that B is an A-algebra if there is a
homomorphism of rings

'P: A -----t B.

Note that B has an A-module structure (compatible with its ring structure)
given by

a·b='P(a)b

for all a E A and b E B.
Thus if A c B is a ring extension, that is, A is a subring of B, then B

has in a natural wayan A-algebra structure induced by the inclusion map.
If A = K is a field and B is a K-algebra, then 'P is injective, in this case
one may always assume that K c B is a ring extension.

Given F = {h, ... , fq} a finite subset of B, we denote the subring of
B generated by F and 'P(A) by A[F] = A[h, ... , fq]. Sometimes A[F] is
called the A-subalgebra or A-subring of B spanned by F. If B = A[F], one
says that B is an A-algebra of finite type or a finitely generated A-algebra,
on the other hand one says that 'P is finite or that B is a finite A- algebra if
B is a finitely generated A-module.

A homomorphism ¢: B -+ C of A-algebras is a map ¢ which is both
a homomorphism of rings and a homomorphism of A-modules. Note that
¢(a ·1) = a·1 for all a E A.

Definition 1.4.1 Let A be a subring of B. An element b E B is integral
over A, if there is a monic polynomial 0 -::f- f(x) E A[x] such that f(b) = O.
The set A of all elements b E B which are integral over A is called the
integral closure of A in B.

Let A be a subring of B, one says that A c B is an integral extension
of rings or that B is integral over A, if b is integral over A for all b E B.
A homomorphism of rings 'P: A -+ B is called integral if B is integral over
'P(A), in this case one also says that B is integral over A.
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Proposition 1.4.2 Let A be a subring of B. If B is a finitely generated
A-module, then B is integral over A.

Proof. Let 13 E B. There are al,"" an E B such that

B = Aal + ... + Aan .

One can write
n

j3a i = Lmijaj,
j=l

where mij E A. Set M = (mij), N = M - 131 and a = (al,"" an). Here
I denotes the identity matrix. Since Nat = 0, one can use the formula
Nadj(N) = det(N)I to conclude ai det(N) = 0 for all i. Hence det(N) = O.
To complete the proof note that

f(x) = (-l)ndet(M - xl)

is a monic polynomial in A[x] and f(j3) = (-l)ndet(N) = O. D

Corollary 1.4.3 If A is a subring of B, then the integral closure A of A
in B is a subring of B.

Proof. Let a, 13 E A. If a and 13 satisfy monic polynomials with coefficients
in A of degree m and n respectively, then A[a, 13] is a finitely generated A­
module with basis

{aij3j I0 ~ i ~ m - 1 and 0 ~ j ~ n - I}.

Hence by Proposition 1.4.2 A[a,j3] is integral over A. In particular a ± 13
and aj3 are integral over A. D

Corollary 1.4.4 If B is an A-algebra of finite type, then B is integral over
A if and only if B is finite over A.

Proof. =}) This implication follows using the arguments given in the proof
of Corollary 1.4.3.

{:::) It follows from Proposition 1.4.2. D

Lemma 1.4.5 Let A c B be a ring extension. If B is a domain and b is
an element of B which is integral over A, then A[b] is a field if and only if
A is a field.

Proof. =}) Let a E A \ {O} and c = a-I its inverse in A[b]. Since A[b] is
integral over A, there is an equation

cn + an_lcn- l + ... + alC + ao = 0 (ai E A),
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multiplying by an it follows rapidly that c E A.
{:::) Let A[x] be a polynomial ring and let

1jJ: A[x] ----t A[b]

25

be the epimorphism given by 1jJ (f (x)) = f (b). Note that ker(1jJ) is a nonzero
prime ideal. As A[x] is a principal ideal domain, ker(1jJ) is a maximal ideal
and consequently A[b] is a field. D

Proposition 1.4.6 Let A c B be an integral extension of rings. If B is a
domain, then A is a field if and only if B is a field.

Proof. It follows from Lemma 1.4.5. D

Corollary 1.4.7 Let A c B be an integral extension of rings. If P is a
prime ideal of Band jJ = P n A, then P is a maximal ideal of B if and only
if jJ is a maximal ideal of A.

Proof. The result is a direct consequence of Proposition 1.4.6, because
AljJ c B IP is an integral extension of rings. D

Corollary 1.4.8 Let A c B be an integral extension of rings. If P c Q
are two prime ideals of B such that P n A = Q n A, then P = Q.

Proof. Set jJ = P n A. As Bp is integral over Ap and

using Corollary 1.4.7 we get that P B p is maximal and hence P = Q. D

Lemma 1.4.9 If A c B is an integral extension of rings and jJ is a maximal
ideal of A, then jJB -::f- Band jJ = P n A for any maximal ideal P of B
containing jJB.

Proof. If jJB = B, one can write 1 = alb l + ... + aqbq with ai E jJ

and bi E B. Set S = A[bl , ... ,bq], the subring of B generated by bl , ... , bq.
Since S is a finitely generated A-module and jJS = S, then by Lemma 1.1.28
there is x == 1(mod jJ) such that xS = (0). As 1 E B, one derives x = 0 and
1 E jJ, which is impossible. Hence jJB -::f- B. Note that this part of proof
holds if jJ is a proper ideal of A.

If jJB c P is a maximal ideal of B, then jJ c P n A and thus jJ = An P
by the maximality of jJ. D

Proposition 1.4.10 If A c B is an integral extension of rings and jJ is a
prime ideal of A, then there is a prime ideal P of B such that jJ = P n A.
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Proof. Since Ap C Bp is an integral extension, then by Lemma 1.4.9
pBp -::f- B p • Note that P n A = P for any prime ideal P of B such that P B p

is prime and contains pBp (see Exercise 1.4.23). D

Theorem 1.4.11 (Going-up) Let A C B be an integral ring extension.
If p C q are two prime ideals of A and p = P n A for some P in Spec(B),
then there is Q E Spec(B) such that q = Q n A and P C Q.

Proof. Since Ajp C B j P is an integral extension, by Proposition 1.4.10
one has qjp = (QjP) n (Ajp) for some prime ideal Q of B containing P. It
follows readily that q = A n Q. D

Proposition 1.4.12 Let A C B be an integral extension of rings. If B is
integral over A, then dim(A) = dim (B) .

Proof. The formula follows using Theorem 1.4.11, Corollary 1.4.8 and
Proposition 1.4.10. D

Let A be an integral domain and let KA be its field of fractions. The
integral closure or normalization of A, denoted A, is the set of all f E KA
satisfying an equation of the form

r + an-l r- l + ... + al f + ao = 0 (ai E A and n ;::: 1).

By Corollary 1.4.3 the integral closure A of A is a subring of KA. If A = A
we say that A is integrally closed or normal. If A is not a domain we say
that A is normal if A p is a normal domain for every prime ideal p of A.

A useful fact is that a normal ring is a direct product of finitely many
normal domains (see [92]).

Proposition 1.4.13 Let A C B be an integral extension of rings. If B is
a domain and A is a normal domain, then

(a) (going-down) if p C q are two prime ideals of A and q = Q n A for
some Q in Spec(B), then there is P E Spec(B) such that p = P n A
and Pc Q.

(b) ht (I) = ht (I n A) for any ideal I of B.

Proof. See [217, Theorem 5] and [217, Theorem 20]. D

Proposition 1.4.14 Let A be a domain and let x be an indeterminate over
A. Then A is normal if and only if A[x] is normal.

Theorem 1.4.15 (Serre's criterion) A ring A is normal if and only if

(52) depth(Ap ) ;::: inf{2, ht (p)} for all p E Spec(A), and

(RI) A p is regular for all p E Spec(A) with ht (p) ~ 1.

Theorem 1.4.16 (Auslander-Buchsbaum) If (A, m) is a regular local
ring, then A is a unique factorization domain.
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Flat and faithfully fiat algebras Let ¢: A -+ E be a homomorphism of
rings and consider an exact sequence of A-modules

N Ii-l N Ii N Ii+l. . . -----t i-I -----t i -=---t i+ I -----t . . .

If the sequence

is exact for any N*, E is called a fiat A-algebra and ¢ is said to be fiat.
The homomorphism ¢ is said to be faithfully fiat if any sequence N* of
A-modules is exact if and only if E Q9A N* is exact. In a similar way one
can define flat and faithfully flat A-modules.

A basic property is that any free A-module (not necessarily finitely gen­
erated) is faithfully flat. In particular a polynomial ring A[x] in several
variables with coefficients in A is a faithfully flat A-algebra.

Theorem 1.4.17 Let ¢: A -+ E be a fiat homomorphism of rings. The
following holds:

(a) (II n h)E = IrE n hE, for any two ideals Ir, h of A.

(b) The going down theorem holds for ¢.

(c) If q is a 'p-primary ideal of A such that 'pE is prime, then qE zs a
'pE -primary ideal.

Proof. See [217, Sections 3.H, 5.D and g.C]. D

Theorem 1.4.18 Let ¢: A -+ E be a faithfully fiat homomorphism of rings.
The following holds:

(a) The map ¢*:Spec(E) -+ Spec(A), ¢*(P) = ¢-I(P) is surjective.

(b) IE n A = I and ht (I) = ht (IE) for any ideal I of A.

Proof. [217, Sections 4.C and 13.B].

Exercises

D

1.4.19 Let K be a field and cp: A -+ E an isomorphism of K-algebras, note
cp(r) = r for all r E K. If A = EEli;::oAi is a graded K-algebra, then E is also
a graded K-algebra graded by E = EEli;::ocp(A;).

1.4.20 Let cp: A -+ E be an isomorphism between two integral domains. If
KA (resp. KB) is the field of fractions of A (resp. E), then cp extends to
an isomorphism 'l5 from KA to KB such that 'l5(A) = E.
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1.4.21 If A is a unique factorization domain, show that A is normal.

1.4.22 Show an example of an integral extension of rings A c B, such that
A is a field and B is not an integral domain (d. Lemma 1.4.5).

1.4.23 Let A c B be a ring extension and jJ a prime ideal of A. If S = A \ jJ
and B p = S-l B, prove that the map P f--t P B p gives a bijection between
the set of prime ideals of P of B such that P n A = jJ and the set of prime
ideals of B p containing jJBp .

1.4.24 Let B = A[x] be a polynomial ring over a ring A and let I be an
ideal of A. Prove (AI I) [x] ~ BIIB, where the left hand side is a polynomial
ring with coefficients in AII.

1.4.25 If B = A[x] is a polynomial ring over a ring A and q is a jJ-primary
ideal of A, then qB is a jJB-primary ideal of B.

Hint Use Theorem 1.4.17.

1.4.26 Let B = A[x] be a polynomial ring over a ring A and let I be an ideal
of A. If I = ni=l qi is a primary decomposition of I, then I B = ni=l qiB is
a primary decomposition of lB.

1.5 Koszul homology

Let a be an element of the ring Rand K*(a) be the complex defined as

for i = 0,1,
otherwise,

with dl : K l (a) -+ Ko(a) being multiplication by a.
Let I be an ideal of R generated by the sequence li. = {Xl, ... , x n }. The

ordinary K oszul complex associated to li. is defined as

For an R-module M we shall write K*(li.; M) for K*(li.; R) 0M. The Koszul
complex K*(li.; R) is then the exterior algebra complex associated to E =Rn
and the map

B: E -----t R,

defined as
B(Zl," ., zn) = ZlXl + ... + ZnXn.

That is, B defines a differential 8 = dB on the exterior algebra /\ (E) of E
given in degree r by

r

8(el /\ ... /\ er ) = '2.)-l)i-lB(edel /\ ... /\ ei /\ ... /\ er .

i=l
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A consequence of the definition of the differential of K*(:£; R) is that if W

and Wi are homogeneous elements of f\ (E), of degrees p and q respectively,
then

8(w /\ Wi) = (-I)pw /\ 8(w' ) + 8(w) /\ Wi.

This implies that the cycles Z(K*) ,form a subalgebra of f\(E), and that
the boundaries B(K*) form a two-sided ideal of Z(K*). As a consequence
the homology of the Koszul complex, H*(:£) , inherits a skew commutative
R-algebra structure.

One can also see that H*(:£) is annihilated by I = (:£). Indeed, if e E E
and w E Zr(K*), we have from the last formula 8(e /\ w) = B(e)w.

The ordinary Koszul complex K*(:£) = K*(:£; R) is simply the complex
of free modules

where /\ k Rn is the k th exterior power of Rn; thus /\ k Rn is a free R-module
of rank (~) with basis

{e' /\ ... /\ e 11 < i l < '" < ik < n}.~1 'l,k _ -

Proposition 1.5.1 If:£ = Xl, ... ,Xn is a regular sequence in R, then the
Koszul complex is acyclic, that is, the complex K*(:£) is exact.

Proof. See [290, Theorem 2.3]. D

Sliding depth Let (R, m) be a Cohen-Macaulay local ring and let I be
an ideal of R generated by Xl, ... ,Xn , denote by H*(:£) the homology of the
ordinary Koszul complex built on the sequence :£ = {Xl, ... ,xn }.

Definition 1.5.2 (i) (SD) I satisfies sliding depth if

depth H i (:£) ;::: dim(R) - n + i, Vi;::: O.

(ii) (SCM) I is strongly Cohen-Macaulay if H i (:£) are C-M, Vi;::: O.

(Depths are computed with respect to maximal ideals. It is usual to set
depth(O) equal to 00.)

Remark 1.5.3 (a) The (SD) condition localizes [156], (b) If I satisfies (SD)
with respect to some generating set, then it will satisfy (SD) with respect
to any other generating set of I. This follows from the isomorphisms:

Hi ( {Xl,"" X n, O}) c::::: Hi (:£) EEl Hi - l (:£), and

H i ( {Xl,.'" X n , y}) c::::: H i ( {Xl,"" X n , O}), where y E (:£).
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Linkage Let I and J be two ideals in a Cohen-Macaulay local ring R. The
ideals I and J are said to be (algebraically) linked if there is an R-sequence
;r. = {Xl, ... ,xn } in In J such that

I = ((;r.): J) and J = ((;r.): I) ,

if in addition I and J are unmixed ideals of the same height n without
common components and such that I n J = (;r.), then I and J are said to
be geometrically linked.

When I and J are linked we shall write I '" J. We say that J is in the
linkage class of I if there are ideals Ir, ... ,Im such that

The ideal J is said to be in the even linkage class of I if m is odd.
Let R be a Gorenstein ring and let I be a Cohen-Macaulay ideal of R.

If J is linked to I, then Peskine and Szpiro [233] showed that J is Cohen­
Macaulay. A dramatic result of Huneke [179] proves that (SCM) is preserved
under even linkage, his method can be adapted to prove the following.

Proposition 1.5.4 Let I and J be two ideals in a Gorenstein local ring R
of dimension d, and let J:. = {Xl, ... ,xn } be a generating set for I. Assume
that J is evenly linked to I. If I satisfies the condition

(SDk) depth Hi(;r.; R) ;::: d - n + i, 0 ~ i ~ k,

then J satisfies the (SDk) condition as well.

Exercises

1.5.5 Let R = k[xI, ... , X6] be a polynomial ring over a field k and let
1= h (X) be the ideal of 2 x 2-minors of the symmetric matrix:

Prove that I is linked to h (X'), where X' is the symmetric matrix

In particular if char(k) = 2 the ideal I is self-linked. For other characteristics
this is an open question.
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Affine and Graded
Algebras

A few topics connected with affine and graded algebras are studied in this
chapter, e.g., Grabner bases, Hilbert Nullstellensatz, minimal resolutions
and Betti numbers. We present the affine and graded versions of the Noether
normalization lemma and some of their applications to affine and Cohen­
Macaulay graded algebras.

As before all base rings considered here are Noetherian and modules are
finitely generated.

2.1 Noether normalizations

Affine algebras occur naturally in algebraic combinatorics and geometry.
One of the key results to understand their behavior is the famous Noether
normalization lemma, first we present its affine version.

Definition 2.1.1 Let k be a field and let S be a k-algebra. We say that S
is an affine k-algebra if S = k[YI' ... ,Yr] for some YI, ... ,Yr E S.

Definition 2.1.2 Let a and j3 be in Nn. The lexicographical order in ~
is obtained by declaring

j3>a

if the last nonzero entry of j3 - a is positive.

Notation The set of positive integers will be denoted by N+. If a, j3 E lRn
,

here a . j3 will denote the usual inner product of a and j3.

31
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Lemma 2.1.3 Let al > ... > am be a sequence of m distinct points in N"
ordered lexicographically. Then there is W = (WI"'" Wn) E N+ such that
WI = 1 and W . al > W . ai for i 2 2.

Proof. Let ai = (ail, ... ,ain) and 13i = (ail,' .. ,ai(n-l))' We proceed by
induction on n 2 2. There is k so that al n = ... = akn and akn > ain for
i > k. One may assume k < m; for otherwise 131 > ... > 13m and one can
use induction.

Since 131 > .. , > 13k by induction there is Wi = (1, W2, ... , wn-r) such
that Wi ·131 > Wi ·13i for 2 :::; i :::; k. On the other hand for every i > k one
can choose Oi E N+ so that

W' ·131 + alnoi > Wi ·13i + ainOi'

To finish the proof set

W n = max{oil k < i :::; m} and W = (w',wn )

and observe W . al > W . ai for i 2 2. D

Proposition 2.1.4 Let R = k[Xl' ... ,xn] be a polynomial ring over a field
k and let f be a polynomial in R \ k. Then there is a change of variables

Xi = Xfi + Yi (i 2 2)

such that

f(xl,xf2 + Y2,'" ,xfn + Yn) = coxr + CIX~-l + ... + Cr-lXj + cr ,

where 0 -::f- Co E k, r > 0, and Ci E k[Y2' ... ,Yn] for i 2 1.

Proof. The polynomial f can be written as

m

f - '" b·xC'ii- ~ ~ ,
i=l

where 0 -::f- bi E k for all i. One may assume that al > ... > am are ordered
lexicographically. By Lemma 2.1.3 there is W E N+ such that Xi = XWi + Yi
satisfies the required properties. Note r = W . al' D

Lemma 2.1.5 If R = k[Xl"'" xn] is an affine k-algebra of dimension n,
then R is a polynomial ring.

Proof. One may assume R ~ B / I, where B is a polynomial ring in n
variables with coefficients in the field k and I is an ideal of B. Let

I c Po c ... C Pn

be a chain of prime ideals of B of length n.
to the chain yields a chain of length n + 1,
dim(B) = n. Hence 1= (0).

If I -::f- (0), then adding (0)
which is impossible because

D
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Theorem 2.1.6 Let R = k[XI, ... , xn] be a polynomial ring over a field k
and let I -::f- R be an ideal of R. Then there are Zl, ... , Zn in R such that

(a) k[XI," ., xn] is integral over k[ZI,' .. , znL and

(b) In k[ZI,'" ,zn] = zlk[ZI,'" ,zn] + ... + Zgk[ZI"" ,zn].

Proof. The proof is by induction on n. If n = 1 and I = (f(xI)) -::f- 0, then
one sets Zl = f(xI). Assume n ~ 2 and I -::f- O. One may assume that I
contains a monic polynomial in Xl. Otherwise take a nonzero polynomial 9
in I and apply Proposition 2.1.4 to get an isomorphism of k-algebras

k[XI, ... , xn]~ k[XI, Y2 ... , Yn]

induced by cp(xI) = Xl and CP(Xi) = Xfi + Yi for i ~ 2, such that cp(g) is
monic in Xl' Let

be a polynomial in I with Ci E k[X2, ... ,xn] and r > O. Set

II =Ink[x2""'Xn]'

By induction there are Z2, ... , Zn such that:

(i) k[X2, ... , xn] is integral over k[Z2, ... , Xn], and

(ii) h nk[Z2,oo"Zn] = (Z2,oo"Zn)'

Set Zl = f. It is not hard to see that R is integral over k[ZI, ... , zn] and

k[ZI,'" ,zn] n 1= (Zl,'" ,Zg),

as required D

Corollary 2.1.7 If R = k[XI,'" ,xn] is a polynomial ring over a field k
and I -::f- R is an ideal of R, then

dim(RjI) = dim(R) - ht (1).

Proof. One may assume that there are Zl, ... , Zn in R and an integer 9
such that the conditions (a) and (b) of Theorem 2.1.6 are satisfied. We
will show that 9 is equal to the height of I. By Lemma 2.1.5 the z;'s are
algebraically independent. Hence Proposition 1.4.13 yields

ht (I) = ht (I n k[ZI' 00. ,zn]) = g.

Note that there is an integral extension

'P
k[Zg+I,'" ,zn] ~ k[ZI,'" ,Zn]j(ZI"'" Zg) Y k[XI"" ,xn]jI.

Therefore n - 9 = dim (Rj1). D
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Corollary 2.1.8 (Noether Normalization Lemma) If R = k[x] is a
polynomial ring over a field k and I -::f- R is an ideal, then there is an
integral extension

k[h I , ... ,hd]yR/I,

where hI, ... ,hd are in Rand d = dim(R/ I).

Proof. By Theorem 2.1.6 there is an integral extension

To conclude the argument set hi = Zg+i for i = 1, ... , d. D

Corollary 2.1.9 If R = k[XI," ., x n ] is a polynomial ring over a field k,
then R is a catenary ring.

Proof. Note ht (q/p) = dim(R/p) - dim(R/q) for any two prime ideals
pc q in R. Hence by Corollary 2.1.7 we get ht (q/p) = ht (q) - ht (p). D

Definition 2.1.10 Let k c L be a field extension. A subset of L which
is algebraically independent and is maximal with respect to inclusions is
called a transcendence basis of Lover k.

Theorem 2.1.11 If k c L is a field extension, then any two transcendence
basis have the same cardinality.

Proof. See [191, Theorem 8.35]. D

Definition 2.1.12 Let k C L be a field extension. The transcendence
degree of Lover k, denoted trdegk (L), is the cardinality of any transcendence
basis of Lover k.

Corollary 2.1.13 Let k be a field and let A be a finitely generated k­
algebra. If A is a domain with field of fractions L, then

dim(A) = trdegk(L).

Exercises

2.1.14 If A and B are affine algebras over a field k, then

dim(A 0:9k B) = dim(A) + dim(B).

Hint Use the normalization lemma.
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2.2 Cohen-Macaulay graded algebras
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In this section we will emphasize the relationship between graded Cohen­
Macaulay rings and their homogeneous Noether normalizations. Then some
useful characterizations of those rings will be given.

Definition 2.2.1 Let k be a field. A standard algebra or homogeneous
algebra is a finitely generated N-graded k-algebra

00

S = EBSi = k[YI,'" ,Yr]
i=O

such that Yi E Sl for all i and So = k. If we only require Yi homogeneous
and deg(Yi) > 0 for all i, we say that S is a positively graded k-algebra.

The irrelevant maximal ideal m of S is defined by

00

m = S+ = EBSi.
i=l

Definition 2.2.2 Let k be a field and S = k[YI' ... ,Yr] a positively graded
k-graded with Yi homogeneous of degree di . There is a graded epimorphism

cp: R = k[XI,"" x r ] -----t S

given by

f (Xl, ... ,xr ) 8 f (YI' ... ,Yr),

where R is a polynomial ring graded by deg(xi) = d i , the presentation of
S is the k-algebra RI ker(cp). The graded ideal ker(cp) is called the ideal of
relations or the presentation ideal of S.

Proposition 2.2.3 If S is a Cohen-Macaulay standard algebra over a field
k and L is an ideal of S, then

dim(S) = dim(SIL) + ht (L).

Proof. One may assume S = RII and L = J I I, where R is a polynomial
ring over k and J is an ideal of R containing I. Set g = ht (JI I) and
r = ht (I). Let P be a prime ideal such that J c P and g = ht (pI I). There
is a saturated chain of prime ideals

I c Po C PI C ... C Pg = p.

Since Po is a minimal prime ideal of I using Proposition 1.3.11 one obtains
dim(RII) = dim(Rlpo), that is, r = ht (Po). Hence there is a saturated
chain of prime ideals

qo = (0) C ql C ... C qr = Po C PI C ., . C Pg = p.
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As R is a catenary domain one obtains ht (jJ) = r + g and consequently
ht (J) :; r + g. It is not hard to verify that this inequality is equivalent to
the inequality

dim(S) :; ht (L) + dim(SIL).

To conclude the proof recall that the inequality

dim(S) ;::: ht (L) + dim(SIL)

holds in general. D

Corollary 2.2.4 Let R be a positively graded polynomial ring over a field
k and I a graded ideal of R. If RII is Cohen-Macaulay, then I is unmixed.

Proof. It follows from Proposition 1.3.11 and Proposition 2.2.3. D

Definition 2.2.5 Let k be a field and let S be a positively graded k-algebra.
A set of homogeneous elements fl. = {B I , ... , Bd} is called a homogeneous
system of parameters (h.s.o.p for short) if d = dim(S) and rad (fl.) = S+.

Corollary 2.2.6 Let S be a positively graded algebra over a field k and
hI, ... ,hd a homogeneous system of parameters for S. Then

dimSI(h I , ... , hi) = dim(S) - i,

for 1 :; i :; dim(S).

Proof. Set S = SI(h I , ... , hi) and d = dim(S). First note that the set of
images of hi+I' ... ,hd in S generate an m-primary ideal, where m = S+ is
the irrelevant maximal ideal of Sand m = mS. Hence

dim(S) :; d - i

by the graded version of the dimension theorem (see Theorem 1.3.13). On
the other hand if eI , ... ,er is an homogeneous system of parameters for S,
then the sequence

BI , ... ,Br , hI, ... ,hi

generates an m-primary ideal of S, and applying the dimension theorem
once again one has

d:::::. r + i = dim(S) + i.

Thus dim(S) = d - i. D

Proposition 2.2.7 Let S be a positively graded algebra over a field k and
fl. = BI ,·.· ,Bd an h.s.o.p for S. Then S is Cohen-Macaulay if and only if fl.
is a regular sequence.
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Proof. By Corollary 2.2.6 dimS/(BI,oo.,Bi) = d- i. If Sis C-M, then
by Proposition 2.2.3 one has ht (BI , ... , B;) = i. Assume BI , ... , Bi- I is a
regular sequence. Next we show that Bi is regular on A = S/ (BI , ... , Bi - r).
Otherwise if Bi is a zero divisor of A, then Bi belongs to some minimal
prime p of (BI,oo.,Bi-r). Since ht(p) :S i-I (see Theorem 1.3.14) we
obtain ht (BI , ... , Bi ) :S i-I, which is impossible. Conversely if f1. is a
regular sequence, then depth(S) = d and S is C-M. D

Proposition 2.2.8 Let S be a positively graded algebra over a field k. If S
is Cohen-Macaulay and f1. = BI , ... , Bq is a regular sequence of homogeneous
elements in S+, then S / (fl.) is Cohen-Macaulay.

Proof. It suffices to prove the case q = 1, which is a direct consequence of
Lemma 1.3.10. D

Lemma 2.2.9 Let V -::f- {O} be a vector space over an infinite field K. Then
V is not a finite union of proper subspaces of v.

Proof. We proceed by contradiction. Assume that there are proper sub­
spaces VI, . .. ,Vm of V such that

m

V = UVi,
i=I

where m is the least positive integer with this property. Let

Pick m + 1 distinct nonzero scalars ko, ... , km in K. Consider the vectors

for i = 0, ... , m. By the pigeon-hole principle there are distinct vectors f3r,
f3s in Vj for some j. Since f3r - f3s E Vj we get V2 E Yj. Thus j = 2 by the
choice of V2. To finish the proof observe that f3r E V2 imply VI E V2 , which
contradicts the choice of VI. D

Proposition 2.2.10 Let R = k[XI, . .. , x n ] be a polynomial ring over a field
k with a positive grading and let I be a graded ideal of R. Then there are
homogeneous polynomials hI, ... , h d in R+ such that

dimR/(I,h I , ... , hi) = d - i, for i = 1, ... ,d,

where dim(R/1) = d. If k is an infinite field and deg(xi) = 1 for all i, then
hI, ... , hd can be chosen in RI .
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Proof. Assume d > O. Let PI, ... ,Pr be the set of minimal primes of I
of height g = ht (I). We claim that there is a homogeneous polynomial hI
not in Ui=IPi' To show it we use induction on r. Since Pl" 'Pr-I et Pr and
because Pi is graded we can pick f E PI ... Pr-I n R d1 and f tf- Pr, d l > O.
By induction there is g E R d2 and g tf- Ur~lpi, d2 > O. Assume R i C Ui=IPi
for all i > 0, hence g E Pr' To complete the proof of the claim consider
h = fd 2 - gd 1 to derive a contradiction.

Note dim(RjI) > dimRj(I,hr), by the choice of hI. Hence a repeated
application of the claim rapidly yields a sequence hI, ... , h s of homogeneous
polynomials in R+ with s:S d and such that ht(I,hI, ... ,hs ) = dim(R).
Therefore by Theorem 1.3.13 one concludes d = s, as required.

If k is infinite and deg(x;) = 1 for all i, then there is hI in R I and not
in Ui=I Pi; for otherwise one has RI = Ui=I (Pih and since RI cannot be a
finite union of proper subspaces (see Lemma 2.2.9) we derive R+ = Pi for
some i, which is impossible. Thus one may proceed as above to get the
required sequence. D

Theorem 2.2.11 (Noether normalization lemma) Let k be a field and
let R be a polynomial ring with coefficients in k. If R is positively graded and
I is a graded ideal of R, then there are homogeneous polynomials hI, ... , hd

in R+, with d = dim(RjI), and a natural embedding

such that RjI is a finitely generated A-module. Moreover if k is infinite
and deg(xi) = 1 for all i, then hI, ... ,hd can be chosen in R I .

Proof. Let R = k[XI,"" xn ] and set Bi = {xaj deg(xa ) = i}. According to
Proposition 2.2.10 there are homogeneous polynomials hI, ... , hd in m = R+
with rad (I, hI, ... , h d ) = m. Hence there is r such that

Note that B i C (I, hI, ... , h d ) for i :::: s = ro, where 0 is the maximum of
the degrees of Xl, ... ,Xn . Set B = Ui=I Bi . Using induction on i we now
show that

The containment is clear for i :S s. Assume i > s and take x a in Bi . Let
h, . .. ,fq be a homogeneous generating set for I. Since (I, hI, ... ,hd ) is
graded we can write

q d

x
a = L bjfj + L cjhj ,

j=I j=I
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where bI , ... ,bq and CI, ... ,Cd are homogeneous and deg(Cj hj ) = i. Hence
all the monomials in the support of Cj have degree less than i. Thus by
induction one gets Cj in J for all j and consequently x a E J.

Observe that the image of B in RII generates RII as an A-module.
Next we verify that the canonical map cp form A to RII is injective. Since
RII is integral over cp(A) by Proposition 1.4.12 one obtains that d is equal
to dim cp(A). Using AI ker(cp) ~ cp(A) and the fact that A has dimension at
most d we get ker(cp) = O. If k is infinite and deg(xi) = 1, then according
to Proposition 2.2.10 one can choose hI, ... ,hd of degree one. D

Definition 2.2.12 Let R be a positively graded polynomial ring over a
field k and I -::f- R a graded ideal. A homogeneous Noether normalization of
S = RII is an integral extension

where hI, ... , hd are homogeneous polynomials in R+ and d = dim(S).

Proposition 2.2.13 (Stanley) Let R = k[XI,' .. ,xn ] be a polynomial ring
over a field k and let I be a monomial ideal with d = dim(RI I). Then

is a Noether normalization, where O"i is the ith symmetric polynomial.

Proof. It suffices to prove that S is integral over A. Let Xi = Xi + I. Since
d = dim(Rlrad(I)), one has O"i E rad(I) for i > d. Hence from the equality

(x - xI)·.· (x - xn) = xn - O"IX
n

-
I + ... + (-I)nO"n

one has

where Ii is nilpotent in S. Hence if hm E I, raising the last equality to the
mth power yields that Xi is integral over A. D

Proposition 2.2.14 Let R = k[XI,'" ,xn ] be a positively graded polyno­
mial ring over a field k and let I -::f- R be a graded ideal of R. If S = RII is
a Cohen-Macaulay ring and

is a homogeneous Noether normalization of S, then

for any set of monomials B = {x 131 , ... , x 13=} whose image in the Artinian
ring S = RI(I, hI, ... ,hd ) is a k-vector space basis of S.
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Proof. Set Mi = {x'" E RI deg(x"') = i}. First we show that the image of
B generate S as an A-module. It suffices to prove Mi C J = I + AB for all
i ~ O. Let x'" E Mi' There are homogeneous polynomials fLI, ... ,fLd in R
and AI, ... ,Am in k such that

m d

x'" = f + 2..:>jx13; + L fLjh j ,
j=I j=I

where f E RinI and deg(fLjh j ) = i if fLj -::f- O. Since deg fLj < i, by induction
one obtains that fLj E J for all j and consequently x'" E J.

We claim that if CI x 131 +... +cmx 13= belongs to (I, hI, ... ,hi-I) for some
2 ::; i ::; d and CI, ,Cm in k[h i , ... ,hd ], then Cj = 0 for all j. To prove the
claim note that hI, , hd is a regular sequence (see Proposition 2.2.7) and
use descending induction on i starting with i = d.

Next we show

Assume
m

L aix13i E I,
i=I

for some aI, ... ,am in A. If ae -::f- 0 for some g, write

Si

ai = L aijh{,
j=O

where aij are in k[h2 , ... , hd ]. One may assume aro -::f- 0 for some r; otherwise
we may factor out hI to some power and apply that hI is regular on S. Hence
alOx131 + ... + amox13= is in (I, hr), and applying the claim with i = 2 we
derive aro = 0, which is a contradiction. Therefore aj = 0 for all j, as
required. D

Lemma 2.2.15 Let k be an infinite field and let

00

be a standard k-algebm. If S is Cohen-Macaulay, then there exists a h.s.o.p
f1. = {BI , ... ,Bd } such that f1. is a regular sequence and Bi E SI for all i.

Proof. Let Ass(S) = {PI,'" ,Ps}. Notice that Ass(S) = Min(S), because
S is Cohen-Macaulay. We may assume d > 0, otherwise there is nothing
to prove. If SI C 2(S) = Uf=IPi, then SI = Uf=I (Pi)r. Since k is infinite,
by Lemma 2.2.9, we obtain that s = 1 and PI = S+, that is, dim(S) = 0,
which is a contradiction. Hence there is BI E SI which is regular on S.
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By Proposition 2.2.3 dimSj(hr) = d - 1. Applying the depth lemma (see
Lemma 1.3.9) to the exact sequence

o ----t S(-I) ~ S ----t Sj(Br) ----t 0

yields depth Sj(Br) = d-1. Altogether Sj(Br) is C-M and the result follows
by induction. D

Lemma 2.2.16 Let R be an N-graded polynomial ring over a field k and I
a graded ideal of R of height g. If I is a complete intersection, then there
are homogeneous polynomials h, ... ,fg such that I = (h,· .. , fg)·

Proof. Let hI, ... ,hg be a regular sequence generating the ideal I. Using
the graded version of Corollary 1.1.30 one has

r = v(I) = dimk (I jmI) :; g,

where m = R+. On the other hand, since I is graded, there are homogeneous
polynomials h, ... , fr generating I and such that {Ii + mI};=I is a k-basis
for IjmI. By Theorem 1.3.14 one concludes r = g. D

Proposition 2.2.17 Let R be a positively graded polynomial ring over a
field k and let I be a graded ideal of R. If I is a complete intersection, then
RjI is Cohen-Macaulay.

Proof. By Lemma 2.2.16 the ideal I is generated by a sequence h,·· ., fg
consisting of homogeneous polynomials, where g denotes the height of I.
According to Proposition 2.2.10 there is a sequence hI, ... ,hn - g consisting
of homogeneous polynomials such that

rad (fI,"" fg, hI,"" hn - g) = m = R+.

Therefore {h, ... , fg, hI, ... , hn - g} is a homogeneous system of parameters
for R and by Proposition 2.2.7 we derive that h, .. ., fg is a regular sequence.
Finally Lemma 1.3.10 yields that Rj I is Cohen-Macaulay. D

Lemma 2.2.18 Let I, PI, , Pm be graded ideals of a polynomial ring R
over a field k such that PI, ,Pm are prime ideals. If f E Ui;'1 Pi for any
f E I homogeneous, then I C Pi for some i.

Proof. By induction on m. If m = 2 and I et Pi for i = 1,2, then for each
i pick a homogeneous polynomial fi E I \ Pi of degree Ui. Since f~2 + f;'
is homogeneous we readily derive a contradiction. Hence I C Pi for some i.

Let G be the set of homogeneous elements in I and suppose G C U~I Pi.
One may assume Pi et Pj for i -::f- j. If I et Pi for all i, then by induction
there is h in G \ U~-;-IPi' On the other hand since Ipl" 'Pm-I et Pm (see
Exercise 1.1.39) there is a homogeneous polynomial h in IpI ... Pm-I and
h not in Pm- Since f~2 + g', deg(fi) = Ui, is homogeneous we rapidly
derive a contradiction. Thus I C Pi for some i. D
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Proposition 2.2.19 Let R be a polynomial ring over a field k and let I be
a graded ideal of height r, then there is a regular sequence !r, ... ,fT in I of
homogeneous polynomials.

Proof. We will proceed by induction. Assume that !r, . .. ,fs is a regular
sequence of homogeneous polynomials in I , where s < r. Note that the
ideal (!r, ... , fs) is Cohen-Macaulay by Proposition 2.2.17, and hence it is
unmixed by Corollary 2.2.4. If all the homogeneous polynomials in I belong
to Z(RI(fI,"" fs)), then by Lemma 2.2.18 the ideal I must be contained
in an associated prime of (!r, . .. ,fs) and consequently ht (1) :s 5, which is
impossible. Thus there is a homogeneous polynomial fS+I in I such that
fS+I is regular modulo (fI,"" fs). D

Tensor product of affine algebras Let A, B be two affine algebras
over a field k and consider presentations A ~ RI/ II, B ~ R 2112, where
R I = k[x], R2 = k[y] are polynomial rings in disjoint sets of variables and
Ii is an ideal of R i . Set R = k[x, y] and I = II + h. The map

induces a k-algebra homomorphism:

On the other hand there is a k-bilinear map

given by multiplication 1/J(l,?J) = f g. By the universal property of the
tensor product there is a map 1f; that makes commutative the following
diagram

RII

where ¢ is the canonical map and 1/J = 1f;¢. As a consequence 1f; is the
inverse of cpo Thus we have proved:

Proposition 2.2.20 If A and B are two affine algebras over a field k with
presentations A ~ k[x]1 II and B ~ k[y]1h, then
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Theorem 2.2.21 If A and B are two standard algebras over a field k, then

depth(A 0:9k B) = depth(A) + depth(B).

Proof. Pick a regular sequence 9 = gl, ... ,gr (resp. h. = hl, ... ,hs ) on
A = k[x]/I I (resp. B = k[y]/I2 ) with 9 c (x) (resp. h. C (y)) and such that
9 (resp. h.) consist of forms, where r isthe depth of A and s is the depth of
B. As B is a faithfully flat k-algebra, applying the functor (.) 0:9k B to the
injective map

gio -----t k[X]/(II,gl, ... ,gi-r) ----"-'-+ k[X]/(II,gl, ... ,gi-l)

gives a natural commutative diagram

k[X]/(II,gl,'" ,gi-r) 0:9k B

1~
k[x, y]/(II, h, gl, ... , gi-r)

such that the map in the first row is injective. Since the vertical arrows are
natural ismorphisms by Proposition 2.2.20, one concludes that the map in
the second row is also injective. As a consequence 9 is a regular sequence
on k[X,y]/(II,h). Similarly if we tensor the injective map

with the faithfully flat k-algebra k[X]/(II,g) it follows rapidly that h. is a
regular sequence on k[X,y]/(II,!2,£). -

Altogether g,h. is a regular sequence on k[X,y]/(II,h). To finish the
proof note that-(x, y) is an associated prime ideal of k[x, y]/ (II, h g, h.) by
Exercise 2.2.27, thus r + s is the length of a maximal regular sequence in
(x, y) and by Proposition 1.3.7 one obtains depth(A 0:9k B) = r + s. For an
alternative proof see [115]. D

Corollary 2.2.22 If A and B are two standard algebras over a field k, then
A 0:9k B is Cohen-Macaulay if and only if A and B are Cohen-Macaulay.

Proof. As the dimension is always greater or equal than the depth by
Lemma 1.3.6, the result follows at once using Theorem 2.2.21 together with
Exercise 2.1.14. D

A similar statement holds if one replaces Cohen-Macaulay by Gorenstein;
indeed the type of the tensor products of two Cohen-Macaulay standard
algebras is the product of their types [115].
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Exercises

Chapter 2

2.2.23 Let V be a vector space over an infinite field k and W, VI, ... ,Vm

vector subspaces of V. If wet Vi for all i, prove W et UZ;I Vi·

Hint If W C UZ;I Vi, note W = UZ;I (W n Vi) and use Lemma 2.2.9.

2.2.24 Let I,JI, ... ,Jm be ideals of a ring R and let k be an infinite field.
If Ie UZ;IIi and k is a subring of R, then I C Ii for some i.

Hint Note that I, II, ... ,1m are vector spaces over k.

2.2.25 Let R be a polynomial ring over an infinite field k and I a graded
ideal of height r. If I is minimally generated by forms of degree p ;::: 1,
prove that there are forms h, . .. ,1m of degree p in I such that h,· .. , IT
is a regular sequence and I is minimally generated by h,···, 1m.

Hint Find a regular sequence h, ... , Ir in Ip = Rp n I and extend this
sequence to a k-basis of I p .

2.2.26 Let R = k[x] be a polynomial ring over a field k and I C (x) an
ideal. Note that k is an R-module with multiplication I(x), 0: = 1(0)0:, for
I(x) E Rand 0: E k. When is the canonical map

cp: k -----t R/I, 0: 80: + I

a homomorphism of R-modules?

2.2.27 Let A = k[x]/II and B = k[y]/I2 be affine algebras over a field k. If
(x) (resp. (y)) is an associated prime of k[x]/II (resp. k[y]/I2 ), then (x,y)
is as associated prime of k[X,y]/(II,h).

Hint there are embeddings

k[x]/(x) &Jk k[y]/(y) Y k[x]/(x) &Jk Band k[x]/(x) &Jk B Y A &Jk B.

2.2.28 Let k[x] be a polynomial ring and I an ideal (resp. graded). If k c K
is a field extension, then there is a natural (resp. graded) isomorphism of
K-algebras:

K[x]/ I K[x] c::: k[x]/ I &Jk K.

2.2.29 Let A be an affine algebra over a field k and let k C K be a field
extension. Prove:

(a) dim (A) = dim(A 0:9k K).

(b) depth(A) = depth(A 0:9k K) if A is a standard algebra.

2.2.30 Let K be a field and let A be an affine K-algebra. Prove that A is
Artinian if and only if dimK(A) < 00.
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2.3 Hilbert Nullstellensatz
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Let k be a field and let R = k[XI, . .. ,xn] be a polynomial ring, we define
the affine space of dimension n over k, denoted by AI;, to be the cartesian
product kn = k x '" x k.

Given an ideal I of R define the zero set or variety of I as

V(I) = {a E knl f(oo) = 0, Vf E I},

by the Hilbert basis theorem V (I) is the zero locus of a finite collection of
polynomials. Conversely for any X c kn define I (X), the ideal of X, as the
set of polynomials that vanish on X. An affine variety is the zero set of an
ideal. The dimension of a variety X is the Krull dimension of its coordinate
ring RjI(X).

Proposition 2.3.1 If R = k[x] is a polynomial ring over a field k, then

(a) V(I n J) = V(I) U V(J) = V(I J), for all ideals I and J of R.

(b) nV(IaJ = V(UIaJ, where {Ie,,} is any family of ideals of R.

(c) V(l) = 0 and V(O) = AI;,. where n is the number of variables of R.

Proof. It is left as an exercise.

By the previous result the sets in the family

T = {AI; \ V (I) II c R}

are the open sets of a topology on AI;, called the Zariski topology.

D

Definition 2.3.2 An affine variety X C kn is reducible if there are affine
varieties Xl -::f- X and X 2 -::f- X such that X = Xl U X 2 , otherwise X is
irreducible.

Theorem 2.3.3 Let k be a field and X an affine variety of AI;, then X is
irreducible if and only if I(X) is a prime ideal.

Proof. See [120, Chapter 1]. D

Proposition 2.3.4 If X c AI; is an affine variety over a field k, then there
are unique irreducible affine varieties Xl, ... ,Xr in AI; such that

r

X=UX i

i=l

and Xi et Xj for all i -::f- j.
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Proof. See [141, Proposition 1.5]. D

The irreducible affine varieties Xl, ... ,Xr of Proposition 2.3.4 are called
the irreducible components of X.

Theorem 2.3.5 Let R = k[XI' ... ,xn] be a polynomial ring over a field k
and let m be a maximal ideal of R. If k is algebraically closed, then there
are aI, ... ,an E k such that

Proof. According to Corollary 2.1.8 there is an integral extension

k[h l , ... , hd]<-tRlm,

where d = dim(Rlm) = O. Hence the canonical map cp: k -+ Rim is an
isomorphism because k is algebraically closed. To complete the proof choose
ai E k so that cp(a;) = ai = Xi = cp(x;). D

Proposition 2.3.6 If I is an ideal of a ring Rand fER, then f E Vi if
and only if (I, 1 - tf) = R[t], where t is a new variable.

Proof. =}) Let f be an element in Vi. If (I, 1 - tf) -::f- R[t], take a prime
ideal jJ containing (I, 1 - t I). Since f must be in jJ, because r is in I for
some n > 0, one concludes 1 E jJ which is impossible.

{=:) If 1 = alh + ... + aqfq + aq+l(l- tf), where fi E I, fER and
ai E R[t]. Set z = lit and note 1 - tf = (z - I)lt, multiplying the first
equation by zm, with m large enough, one derives an equality

zm = blh + ... + bqfq + bq+l(z - I),

where bi E R[z]. As R[z] is a polynomial ring over R, making z = f gives
fm E I and f E Vi. D

Theorem 2.3.7 (Hilbert Nullstellensatz) Let R be a polynomial ring
over an algebraically closed field k and let I be an ideal of R, then

I(V(I)) = Vi.
Proof. One clearly has Ie I(V(I)), hence Vi c I(V(I)) because I(V(I))
is a radical ideal. For the other containment take f E I(V(I)) and consider
the ideal J = (I, 1- ft) of the ring R[t], where R = k[XI,'" ,xn] and t
is a new variable. Next we show the equality J = R[t]. If J -::f- R[t] by
Theorem 2.3.5 one has

(I,1 - ft) C (Xl - aI, ... ,Xn - an, t - an+r) , ai E k.

Hence 13 E V(I), where 13 = (al, ... , an). Using that f E I(V(I) gives
f(j3) = 0, but this is impossible because 1- f(j3)a n+1 = O. Hence J = R[t].
Thus f E Vi by Proposition 2.3.6. D
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Corollary 2.3.8 Let X = V(fI,"" fq) be an affine variety, defined by
polynomials h, ... , f q in n variables over an algebraically closed field k.
Then q;::: n - dim(X).

Proof. By the Nullstellensatz I(X) = rad (h, ... , fq). Let jJ be a minimal
prime of (fI,"" fq) of height n - dim(X). Applying Theorem 1.3.14 we
get n - dim(X) :s q. D

Proposition 2.3.9 Let R = k[XI' ... ,xn ] be a polynomial ring over a field
k and let m be a maximal ideal of R. If k is uncountable, then Rim is a
finite extension of k.

Proof. Assume Xi is not algebraic over k, where, as usual, r denotes r + m
for any r in R. For simplicity we set i = 1. As Rim has a countable basis
consisting of monomials, one has that the (uncountable) set defined by

is linearly dependent. Thus:J C, CI, ... ,cq in k distinct and AI, ... , Aq in
k \ {O} such that:

Consider the polynomial

q q

f(x) = II(x - cd - (x - c) L II(x - Ci)~i'
iccI jccI i#j

Since f(xI) = 0 and Xl is not algebraic over k we conclude that f is the
zero polynomial, which is impossible because f(c) = r]iccI (c - cd -::f- o. D

Exercises

2.3.10 Let I and J be two ideals in a polynomial ring R over a field k. If
rad (I) = rad (J), prove that V (I) = V (J).

2.3.11 If k is a field and X cAl;, then X C V(I(X)) with equality if X is
an affine variety.

2.3.12 Let J be an ideal of a polynomial ring R over a field k. Prove that
J C I(V(J)) with equality if J is the ideal of an affine variety.

2.3.13 Let k be an algebraically closed field. Prove that there is a one to one
correspondence between affine varieties (resp. irreducible varieties) in k n

and radical ideals (resp. prime ideals) in the polynomial ring k[XI' ... ,xn ].
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2.4 Grabner bases

In this section we review some basic facts and definitions on Grabner bases.
The reader may consult [1, 74, 243] for a detailed discussion of Grabner
bases and for the missing proofs of this section.

Let k be a field and let R = k[X1' ... ,xn ] be a polynomial ring. We set

The monomials in
pn = {xaIa EN"}

are called the terms.

Definition 2.4.1 A total order> of pn is called a monomial order or term
order if

(a) p;::: 1 for all p E pn, and

(b) for all p, q, r E pn, q > p implies qr > pro

Two examples of monomial orders in pn are the lexicographical order or
lex order defined as x b > x a iff the last nonzero entry of b - a is positive,
and the reverse lexicographical order or revlex order given by x b > x a iff
the last nonzero entry of b - a is negative.

In the sequel we assume that a monomial order for pn has been fixed.
Let f be a nonzero polynomial in R. One can write

r

f= 2..: ai M i'
i=l

with ai E k* = k \ {O}, M i E pn and M 1 > ... > Mr. The leading term
M 1 of f is denoted by It(f). The leading coefficient a1 of f and its leading
monomial a1 M1 are denoted by le(f) and lm(f) respectively.

Definition 2.4.2 Let I be an ideal of R. The initial ideal of I, denoted by
in(I), is given by

in(I) = ({It(f)1 f E I}).

Lemma 2.4.3 (Dickson) If {Md~l is a sequence in pn, then there is
an integer k so that Mi is a multiple of some term in the set {M1 , ... ,Md
for every i > k.

Proof. We consider the ideal I C k[X1,'" ,xn ] generated by {Md~l' By
the Hilbert basis theorem I is finitely generated. It is readily seen that I
can be generated by a finite set of terms M 1 , ... , M k. Hence for each i > k,
there is 1 ~ j ~ k such that M i is a multiple of M j . D
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Definition 2.4.4 Let F = {h, .. . , fq} c R \ {O} be a set of polynomials
in R. One says that f reduces to 9 modulo F, denoted f -+ F 9 , if

9 = f - (au/le(fi))fi

for some fi E F, u E pn, a E k* such that a . u . It (fd occurs in f with
coefficient a.

Proposition 2.4.5 The reduction relation "--,; F" is Noetherian, that is,
any sequence of reductions

is stationary.

Proof. Notice that at the ith step of the reduction some term of gi is
replaced by terms of lower degree. Therefore if the sequence above is not
stationary, then there is a never ending decreasing sequence of terms in pn,
but this is impossible according to Dickson's lemma. D

Proposition 2.4.6 (Division algorithm) If f, f1, ... ,fq are polynomials
in R, then f can be written as

f = a1h + '" + aqfq + r,

where ai, r E R and either r = 0 or r -::f- 0 and no term of r is divisible by
one of It(h), ... ,It(fq). Furthermore if adi -::f- 0, then It(f) ;::: It(add.

Definition 2.4.7 The polynomial r in the division algorithm is called a
remainder of f with respect to F = {h, ... , fq}.

Definition 2.4.8 Let I -::f- (0) be an ideal of R and let F = {h, ... ,fr} be
a subset of I. The set F is called a Grabner basis of I if

in(I) = (It(h), ... ,It(fr))'

Definition 2.4.9 A Grabner basis F = {h, ... , fr} of an ideal I is called
a reduced Grabner basis for I if:

(i) le(fd = 1 Vi, and

(ii) none of the terms occurring in Ii belongs to in(F \ U;}) Vi.

Note that by the Hilbert basis theorem a Grabner basis of I always exist.
A nice feature of a reduced Grabner basis is its uniqueness.

Definition 2.4.10 Let f, 9 E R. The S-polynomial of f and 9 is given by

S(f ) = [It(f),lt(g)]f _ [It(f),lt(g)]
,g lm(f) lm(g) g,

where [j,g] = lcm(f,g).
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Given a set of generators of a polynomial ideal one can determine a
Grabner basis using the next fundamental procedure:

Theorem 2.4.11 (Buchberger) If F = {fI, ... , fq} is a set of generators
of an ideal I of R, then one can construct a Grabner basis for I using the
following algorithm:

Input: F
Output: a Grabner basis G for I
Initialization: G:= F, B:= {{Ii, fj}1 Ii -::f- fj E G}
while B -::f- 0 do

pick any {f,g} E B
B := B \ {{f, g}}
r := remainder of S(f, g) with respect to G
if r -::f- 0 then

B:= BU {{r,h}1 hE G}
G:= Gu {r}

Proof. See [1, 53, 243]. D

Proposition 2.4.12 Let I be an ideal of R and let F = {fI,· .. , fq} be a
generating set for I. If

B = {ul U E pn and U tf- (It(fI),·.· ,It(fn))},

then B is a basis for the k-vector space RII.

Proof. First we show that B is a generating set for RII. For that take
7E RII. Because "--+ F" is Noetherian we can write

q T

f = Ladi + L Aiui,
i=1 i=1

where Ai E k* and such that every Ui is a term which is not a multiple of
any of the terms It(fj). Accordingly Ui is in B for all i and 7 is a linear
combination of the u/s.

To prove that B is linearly independent assume h = 2::=1 Aiui E I,
where Ui E B and Ai E k. We must show h = O. If h -::f- 0, then we can label
the Ui'S so that UI > ... > Us and Al -::f- O. Hence It(h) = Al Ul E in(I), but
this is a clear contradiction because in(I) = (It(fI), ... ,lt(fq)). Therefore
h = 0, as required. D

Corollary 2.4.13 (Macaulay) If I is a graded ideal of R, then RII and
RI in(I) have the same Hilbert function.
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Lemma 2.4.14 Let f and 9 be two polynomials in R and let F = {f,g}.
If lm(j) and lm(g) are relatively prime, then S(j, g) -+ F o.

Proof. Let f = M I + ... + M r and 9 = N I + + N" where M i and N i

are monomials such that M I > ... > M r , N I > > N s . Set

hi = S(j,g) - Mrg - ... - Mr-ig.

The monomials

{NjM 2 , ... , NjMr , M jN 2 ,··., MINs }

are distinct because M I and N j are relatively prime, hence S(j, g) -+ F ho.
Since NjMr- i - j > MkNm for k ~ r - i and m ~ 2, from the equality

we obtain S (j, g) -+ F ho -+ F hI -+ F ... -+ F h r- 2 . To complete the proof
notice that MjNHj > MkNm , for m ~ i + 1. Hence using the identity

we obtain

h r- 2 -+F h r- 2 + N 2 f -+F··· -+F hr- 2 + N 2 f + ... + Nsf = 0,

that is, S(j,g) -+F O. D

The next criterion of Buchberger will be used at several places to prove
that a given set of polynomials form a Grabner basis. Observe that this
criterion is important in Buchberger algorithm.

Theorem 2.4.15 ([53]) Let I be an ideal of R and let F = {h, ... , fq} be
a set of generators of I, then F is a Grabner basis for I if and only if

S(1;, fj) ----7F 0 for all i -::f- j.

Definition 2.4.16 Let I be an ideal of R generated by F = {h,· .. ,f r }

and consider the homomorphism of R-modules

ei f-----+ fi,

where ei is the ith unit vector. The kernel of cp, denoted by Z(F), is called
the syzygy module of I with respect to F.
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Theorem 2.4.17 Let G = {gl' ... ,gr} be a Grabner basis and write

S(. .) _ [It(gi),lt(gj)] .. _ [It(gi), It(gj)]. . _ ~ ..
g" gJ - lm(gi) g, lm(gj) gJ - ~ a'Jkgk,

where aijk E Rand It(S(gi,gj)) ~ It(aijkgk) for all i,j,k. Then the set

{
[It(gi),lt(gj)] .. _ [It(gi),lt(gj)] .. _ ~.. }

lm( i) e, lm(.) eJ 6 a'Jkek
9 gJ k=1 I :S,i, j:S,r

generates the syzygy module of I = (gl' ... ,gr) with respect to G.

Proof. See [1, Theorem 3.4.1] and [75, Theorem 3.2]. D

Elimination of variables Let k[ZI, ... ,zn] be a polynomial ring over a
field k. A useful monomial order is the elimination order with respect to
the variables ZI, ... ,Zi. It is defined as

if and only if the total degree of zb in the variables ZI, ... , Zi is greater than
that of za, or both degrees are equal, and the last nonzero component of
b - a is negative.

Theorem 2.4.18 Let S = k[XI' ... , Xn , t l , ... ,tq ] be a polynomial ring over
a field k with a term order such that terms in the Xi'S are greater than terms
in the ti 'So If I is an ideal of S with a Grabner basis G, then Gnk[t1 , ... , t q ]

is a Grabner basis of In k[t l , ... ,tq ].

Proof. Set E = k[tl, ... ,tq ] and IC = In E. Assume M E in(IC). There
is f E IC with It(f) = M. Hence M = >.It(g) for some 9 E G, because G
is a Grabner basis. Since M E E and xC< > t{3 for all a and j3 we obtain
9 E G n E, that is, M E (in(G n E)). Thus

in(IC) = (in(G n E)),

as required. D

Next we illustrate the previous result using the elimination order on S
with respect to XI, ... , X n . Thus this order is given by

if and only if deg(x a ) > deg(x b), or both degrees are equal and the last
nonzero entry of (a, c) - (b, d) is negative.
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Example 2.4.19 Let us assign deg(ti) = 2 and deg(xj) = 1 for all i,j.
Using Macaulay [15] one rapidly obtains that the reduced Grabner basis of
the ideal

X~tl - t3tS,
X2t6 - X4 t4,
Xl t6 - X4t2,
XlX2- t l,

X~t2 - t3t6,
X~tl - t2t4,
X2X3 - t4,
XlX3 - t2,

x~t4 - tSt6,
X3X4 - t6,
X2X4 - ts,
XIX4 - t3,

t2tS - tlt6,
X3t3 - X4 t2,
X2t2 - X3 t l,
xlt4 - X3tl,

is equal to:

t3t4 - tl t6,
X3tS - X4 t4,
X2t3 - X4 t l,
xlts - X4 t l,
X3tlt6 - X4 t2t4·

Hence In k[tl,"" t6] = (t3t4 - tlt6, t2ts - t l t6) by Theorem 2.4.18.

Proposition 2.4.20 If I and J are two ideals of a polynomial ring Rover
a field k, then

In J = (t . I, (1 - t) . J) n R,

where t is a new variable.

Proof. It is left as an exercise. D

Definition 2.4.21 Let I and J be two ideals of a ring R. One defines the
saturation of I with respect to J as:

(I: Joo) = U(I:R Ji).
i2 l

Proposition 2.4.22 If I is an ideal of a ring Rand fER, then

(1: foo) = U(1:R fi) = (1,1 - tf) n R,
i2l

where t is a new variable.

Proof. Let 9 E (1,1 - tf) n R. One can write

9 = aliI + ... + aqfq + aq+I(I- tf),

where fi E I and ai E R[t]. Making t = 1/ f in the last equation and
multiplying by fm, with m large enough, one derives an equality

gfm = bliI + ... + bqfq,

where bi E R. Hence gfm E I and 9 E (I: foo).
Conversely let 9 E (1: foo), hence there is m 2 1 such that 9 fm E I.

Since one can write

9 = (1 - tm fm)g + tm fm g and 1 - tmfm = (1 - tf)b,

for some b E R[t], one derives 9 E (1,1 - tf) n R. D
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Lemma 2.4.23 ([98]) Let R be a ring and let Xl, . .. ,Xn E R. If I is an
ideal of R, then the radical of I satisfies

Proof. The left hand side is clearly a subset of the right hand side. To
prove the other containment take a prime jJ containing I, it suffices to prove
that jJ contains one of the ideals on the right hand side. If

there is fER \ jJ such that f(xl '" xn)S E I C jJ for some integer s ~ 1.
Hence Xi E jJ for some i and jJ contains J(I:XJ, as required. D

Proposition 2.4.24 Let jJ be a prime ideal of a ring R and let Xl, .. ·, xn
be a sequence in R \ jJ. If I C jJ is an ideal, then Vi = jJ if and only if

(a) jJ = J(I: (Xl' .. xn)OO), and

(b) J(I:XJ = ~), for all i.

Proof. If J is any ideal of Rand YI, ... ,Yn E R, then by Lemma 2.4.23
the radical of J satisfies:

rad(J) = rad(J: (YI ... Yn)OO) n rad(J, yI) n··· n rad(J, Yn).

Hence the result follows by applying this formula to I and jJ, together with
the fact that Xl ... X n is regular on RljJ. D

The homogenization of an ideal Let R = k[XI' ... ,xn] and S = R[w]
be two polynomial rings over a field k. For fER of degree e define

h e (Xl X n )f =w f ~, ... ,-:;; ,

that is, r is the homogenization of the polynomial f with respect to w.
The homogenization of an ideal I C R is the ideal I h of R[w] given by

Proposition 2.4.25 If I is an ideal of R, then Vfh = Vi h.

Proof. For the inclusion Vi h C Vfh, we need only observe the equality

for fER and m ~ O.
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Conversely let 9 E VJh. As VJh is a graded ideal one may assume that
9 is homogeneous. Write 9 = w S g~, where gl E R. Since gm is in I h

, it
follows that gl E VI, as required. D

Let> be the elimination order on the monomials of R[w] with respect
to XI, ... , X n , w, this order extends the elimination order with respect to
XI, ... , X n on the monomials of R.

Proposition 2.4.26 If I is an ideal of R generated by F = {h,···, fr},
then {jf, ... , f;} is a Grabner basis if and only if F is a Grabner basis.

Proof. =}) Assume {N, ... ,fn is a Grabner basis. Set J = (N,···, f;)·
It suffices to prove in(I) C (It(h), ... , It(fr)). Let M l be a monomial in the
initial ideal of I. There is f E I c R of degree e such that It(f) = MI. We
write

f = gl h + ... + gr f r

and consider

r r
_ = Lgi (~, ... , X

n
) fi (Xl, ... ,X

n
)

we W W W W
i=1

multiplying both sides by we for f! » 0, one has

W
S fh = hdf + ... + hrf:

for some s. Thus W
S r E J. Since It(fh) = It(f) we have It(w S r) = W

S MI.
As {jlh, ... , f;} is a Grabner basis one obtains

wSMI E (It(ff), ,lt(f:)).

Using It(fi) = It(fih) yields M l E (It(h), , It(fr)).

¢::) Assume {h, ... ,fr} is a Grabner basis. Set J = (ff, ... ,f;). We
now show that in(J) C (It(ff), ... , It(f;)). Let M E in(J), there is f E J
such that M = It(f). We may assume that f is a homogeneous polynomial.
We can write

f = wP(M I + M 2 we2 + ... + Msw e
,),

where M I , ... , M s are monomials in R such that

Using that Miw ei all have the same degree we obtain

It follows that l' = f(XI, ... , Xn , 1) belongs to I and It(f') = MI. Therefore
M l belongs to in(I) = (It(h), ... , It(fr)). Since It(fi) = It(fih ) we obtain
that M belongs to the ideal (It(ff), ... , It(f;)). D
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Corollary 2.4.27 Let I = (II, . .. , fm) be an ideal of R and let

be the homogenization of I. If ff, ... ,f~ is a Grabner basis, then

I h = (ff,···,f~).

Proof. It is enough to show {rl f E I} C (ff,···, f~). Since II,.·. ,fm
is a Grabner basis any f E I can be written as

f = glii + ... + gmfm,

where It(f) ~ It(gdi) for all i. Notice that

hence from:

r m_ =Lgi (Xl, ... ,X
n

) fi (~, ... , X
n

)
we W W W W

i=l

we get
fh = hlff + ... + hmf~,

that is, r E (ff,···, f~). D

Projective closure Let k be a field. We define the projective space of
dimension n over k, denoted by lP'k', to be the quotient space

(kn +1
\ {O})/ '"

where two points a, j3 in kn +l \ {O} are equivalent if a = cj3 for some c E k.
It is usual to denote the equivalence class of a by [a].

Given a homogeneous ideal I of S = k[Xl," ., Xn , w] define the zero set
of I as

V(I) = {[a] E lP'k'1 f(a) = 0, V homogeneous polynomials f E I},

conversely for any X C lP'k' define I (X), the ideal of X, as the ideal generated
by the homogeneous polynomials in S that vanish on X. A projective variety
is the zero set of a homogeneous ideal. It is not difficult to see that the
members of the family

T = {lP'k' \ V (1) I I c S}

are the open sets of a topology on lP'k', called the Zariski topology.
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Definition 2.4.28 Let YeAr. The projective closure of Y is defined as

Y := 'P(Y), where 'P is the map

'P: Ar ---+ lP'r, a f---7 [(a, 1)],

and 'P(Y) is the closure of 'P(Y) in the Zariski topology of lP'r.

Proposition 2.4.29 If Y is a subset of the affine space Ar over a field k,
then the projective closure Y of Y is given by

Y = V(I('P(Y))).

Proof. It is left as an exercise, see Proposition 7.1.14 for the affine case. 0

Proposition 2.4.30 Let YeAr and let Y c lP'r be its projective closure.
If h, ... , fr is a Grabner basis of I(Y), then

I(Y) = (ff, ... ,f:).

Proof. Note that I(Y) = I(y)h and use Corollary 2.4.27. o

Corollary 2.4.31 Let YeAr and let Y c lP'r be its projective closure.
Then the height of I(Y) in R is equal to the height of I(Y) in S.

Exercises

2.4.32 Let I be an ideal of a ring Rand f a nonzero element of R, then

(f) (I: f) = I n (f).

2.4.33 Let R = k[x] be a polynomial ring, where k is a field. Recall that
f is a binomial in R if f = XCi - x(3 for some a, (3 in l"f'. Use Buchberger's
algorithm to prove that an ideal of R generated by a finite set of binomials
has a Grabner basis consisting of binomials.

2.4.34 Let I be an ideal of a ring Rand fER. Prove that the following
statements are equivalent:

(a) f is regular on RjI.

(b) (I:R f) = I.

(c) I = (I, 1- tf) n R, where t is a new variable.

2.4.35 If I is a prime ideal of a polynomial ring R, prove that Ih is also a
prime ideal.
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2.4.36 Let l"f' be the set of n-tuples of non-negative integers endowed with
the partial order given by

if and only if ai :::: bi for all i. If A c l"f', prove that A has only a finite
number of minimal elements.

Hint Use Dickson's lemma.

2.4.37 Let Y = {(t 3 ,t2 ,t)lt E k} c A% and let Y be its projective closure.
If k is an infinite field prove that

2.5 Minimal resolutions

The aim of this section is to study homogeneous resolutions of positively
graded modules over polynomial rings. In the sequel we shall be interested
in the numerical data of those resolutions and in particular in the Betti
numbers of those modules.

We begin with a result which is a consequence of the graded Nakayama's
lemma (see Lemma 1.2.6).

Proposition 2.5.1 Let R = k[x] be a polynomial ring over a field k and let
M be an N-graded R-module. If F = {iI, ... , fq} is a set of homogeneous
elements of M and m = (x), then F is a minimal set of generators for M
if and only if the image of F in MjmM is a k-basis of MjmM.

Corollary 2.5.2 Let R = k[x] be a polynomial ring over a field k and let
m = (x). If M is an N-graded R-module, then

v(M) = dimdMjmM),

where v(M) is the minimum number of generators of M.

Lemma 2.5.3 Let R = k[x] be a polynomial ring over a field k and let M
be an N-graded module over R with a presentation

0---+ K = ker(cp) ---+ Rq --'!....t M ---+ 0, ei 8 k

If m = (x) and F = {iI, ... , fq} is a set of homogeneous elements, then F
is a minimal set of generators for M if and only if K c mRq.
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Proof. {:::) Assume K C mRq. By Proposition 2.5.1 we need only show
that the image of F in M jmM is linearly independent over k. If

q

L:AdiEmM,
i=1

for some Ai E k, then

for some aI, ... ,aq in m. Hence (AI, ... , Aq) is in mRq and Aj = 0 for all j.

:::}) If K <t mRq, pick Z = (ZI, ... ,Zq) E K such that Z ~ mRq. Then Zi
is not in m for some i. Since the Ns are homogeneous this readily implies
that fi is a linear combination of elements in F \ {Ii}, a contradiction. 0

Definition 2.5.4 Let R = ffir;;oRi be a positively graded ring and a E N.
The graded R-module obtained by a shift in the graduation of R is given by

00

R(-a) = ffi R( -a)i,
i=O

where the ith graded component of R( -a) is R( -a)i = R_ a+i .

Proposition 2.5.5 Let R = ffir;;oRi be a positively graded polynomial ring
over a field k with maximal irrelevant ideal m = R+ and M an N-graded
R-module. Then there is an exact sequence of graded free modules

bk b,

][f. . .. ---+ ffi R( -dki ) ~ ... ---+ ffi R(-d1i )

i=1 i=1
q

~ ffiR(-di) ~ M ---+ 0
i=1

where CPk is a degree preserving map and im(cpk) C mRbk-l for k 2': 1.

Proof. Let h, ... , fq be a set of homogeneous elements that minimally
generate M. Set di = deg(ji)' There is an exact sequence

q

0---+ ZI = ker(cpo) ~ ffiR(-di) ~ M ---+ 0,
i=1

where CPo is a degree preserving homomorphism such that CPO(ei) = Ii for
all i. Note that ZI C mRq by Lemma 2.5.3. Since ZI is once again a
finitely generated graded R-module one may iterate the process to obtain
the required exact sequence ][f. 0
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Theorem 2.5.6 (Hilbert syzygy theorem) Let R = k[XI, . .. , x n ] be a
polynomial ring over a field k and let M be an N-graded R-module. Then
M has a graded free resolution of length at most n.

Proof. Set m = R+. First notice that Torf(M, Rim) = 0 for i ~ n + 1,
because the ordinary Koszul complex K*(;r.) is a graded free resolution of
Rim = k of length n. On the other hand assume that

... ---+ Fk~ ... ---+ F I ~ Fa ---+ M ---+ 0

is a graded free resolution of M as in Proposition 2.5.5. Applying the functor
(.) ®R Rim yields the complex

... ---+ Fk ® Rim 'P~I ... ---+ F I ® Rim

~I Fa ® Rim ---+ M ® Rim ---+ O.

Using im(CPk) C mFk-1 for all k ~ 1 one obtains that all the maps CPk ® 1
are zero. Hence

Torf(M, Rim) ~ Fi ® Rim

for i ~ 1. In particular Fi ® Rim ~ Fi/mFi = 0 for i ~ n + 1 and by
Nakayama's lemma one obtains Fi = 0 for all i ~ n + 1. This proof was
adapted from [92]. 0

Corollary 2.5.7 Let R = ffi~oRi be a polynomial ring of dimension n over
a field k and let M be an N-graded R-module. Then there is a unique (up
to complex isomorphism) exact sequence of graded modules

bg bk

o ---+ E9 R( -dgi )~ ... ---+ E9 R( -dki) ~ ...
i=1 i=1

b, bo

---+ E9 R(-dIi )~ E9 R( -dod ~ M ---+ 0,
i=1 i=1

such that

(a) g = sup{i ITorf(M, k) -::J O} ::; n, and

(b) im(CPk) C mRbk-l for all k ~ 1, where m = R+.

Proof. Notice the following isomorphisms:

bj

Torf(M, k) ~ E9 k( -dji ) ~ Fj ImFj ,
i=1

where Fj is the jth free module in the resolution of M. Hence the bj's and
the dji's are uniquely determined and so is the length of the resolution. 0
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Remark 2.5.8 The entries of the matrices CPk are in m. This condition is
equivalent to require that at each stage we use a minimal generating set,
see Lemma 2.5.3.

Remark 2.5.9 If dkl ::; ... ::; dkbk for all k, then

dll < dZl < ... < dg1 .

Indeed if
cpded = L: j rijej,

where rij Em and rij homogeneous, then deg(CPk(ei)) > d(k-l)l because rij
have positive degree. Hence one obtains dkl > d(k-l)l'

Definition 2.5.10 The integers ba, ... , bg are the Betti numbers of M. The
dj;'s are the twists, they indicate a shift in the graduation.

In general the Betti numbers and twists of M may depend on the base
field k, see for instance [108, Example 2.10] and [237, Remark 3].

Definition 2.5.11 The R-module Zk = ker(cpk-d is called the k-syzygy
module of M.

Definition 2.5.12 The homogeneous resolution or minimal resolution of
M is the unique graded resolution of M by free R-modules described in
Corollary 2.5.7.

If M has a minimal free resolution as above, then note that pdR(M), the
projective dimension of M, is equal to g. In our situation the notions of "free
resolution" and "projective resolution" coincide because of the theorem of
Quillen-Suslin: if k is a principal ideal domain, then all finitely generated
projective k[Xl,' .. , xn]-modules are free [250].

Theorem 2.5.13 (Auslander-Buchsbaum) Let M be an R-module. If
R is a regular local ring, then

pdR(M) + depth(M) = dim(R).

Proof. See [109, Theorem 3.1] or [193]. o

Corollary 2.5.14 If R is a polynomial ring over a field k and I is a graded
ideal, then

pdR(RjI) 2': ht (1),

with equality if and only if RjI is a Cohen-Macaulay R-module.

Proof. The result follows from an appropriate graded version of the
Auslander-Buchsbaum formula. 0
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Theorem 2.5.15 (Hilbert-Burch) Let R be a polynomial ring over a
field k and let I be a graded Cohen-Macaulay ideal of height two. If

0---+ Rq-l ~ Rq ---+ R ---+ R/1---+ 0

is the minimal resolution of R/I, then I is generated by all the minors of
size q - 1 of the matrix cpo

Example Let R = Q[x, y,z, w] and let I = (fI, fz, h), where

fI = yZ - xz, fz = x 3
- yzw, 13 = xZy - zZw.

Let us construct the minimal resolution of R/I. Consider the exact sequence

0---+ ker(cpd = Zl ~ R(-2) EB R Z(-3) ~ 1---+0, ei A j;.

Here Zl is the module of syzygies of I. Using Macaulay we find that Zl is
generated as an R-modulo by the column vectors, 'l/Jl, 'l/Jz, of the matrix:

Notice that R( -2) EB R Z ( -3) is graded by

(R( -2) EB R Z
( -3))i = R( -2)i EB R( -3)i EB R( -3k

Hence 'l/Jl , 'l/Jz E [R(-2) EB RZ(-3)L. Next consider the exact sequence

0---+ ker(cpz) = Zz ~ R Z
( -4) -'!4 Zl ---+ 0, ei A'l/Ji.

Since 'l/JIR + 'l/JzR is a free R-module, we have Zz = (0). Altogether the
minimal homogeneous resolution of R/I is:

0---+ R Z
( -4) -'!4 R( -2) EB R Z

( -3) ~ R ---+ R/1---+ O.

In this example R/I is Cohen-Macaulay because pdR(R/I) = 2 = ht (1).

Pure and linear resolutions Let R = EB~oRi be a polynomial ring over
a field k with its usual graduation and I a graded ideal of R. Let

bg b,

o-t E9 R( -dgi ) -t ... -t E9 R(-d1i ) -t R -t S = R/I -t 0 (2.1)
i=l i=l

be the minimal graded resolution of S by free R-modules. The ideal I (or
the algebra S) has a pure resolution if there are constants

d1 < dz < ... < dg
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such that

for all i. If in addition
di = d1 + i-I

for 2 ::; i ::; g the resolution is said to be d1-linear .
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Theorem 2.5.16 (Herzog-Kiihl) If S is a Cohen-Macaulay algebra with
a pure resolution, then

b· - II dj

,- Id - dl
joJi J '

(l::;i::;g).

Proof. See [154] for the proof and for a generalized version of this result
valid for graded modules. 0

Theorem 2.5.17 (Huneke-Miller) Let S be a Cohen-Macaulay algebra.
If S has a pure resolution, then the multiplicity e(S) of S is given by

(IT di)
e(S) = i=l, .

g.

Proof. See [185] for the proof and for a generalized version of this result
valid not only for cyclic modules. For another simple proof see [158]. 0

Since the Betti numbers and the twists are positive integers note that
these formulae impose severe restrictions on the numbers d1 , ... ,dg that can
occur as the resolution type of a Cohen-Macaulay standard algebra with a
pure resolution.

Exercises

2.5.18 Let R be a polynomial ring and let I be a graded Cohen-Macaulay
ideal of height 3 with a pure resolution:

where a, b ~ 1. Assume h = 6 and b = 1. Show that x = a + 1 and
y = d + a + 1 is a solution of the diophantine equation

6x(x - 1) = y(y - 1).

Then prove that the integral solutions of this equation are given by

x = (X + 1)/2 and y = (Y + 1)/2,

where V6X + Y = ±(1 ± V6)(5 + 2V6)n, n E Z.
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2.5.19 Let R = k[XI, . .. , x n ] be a polynomial ring over a field k and let I
be a graded ideal, then (Xl, ... ,xn ) is an associated prime of I if and only
if pdR(R/I) = n.

2.5.20 Let R = k[x, y, z] and let

1= (xn + yn - znJ n ~ 2).

If char(k) -I- 2, prove the equality

2.5.21 Let R = k[x, y, z] and let

1= (xn + yn - znJ n ~ 2).

If char(k) -I- 2, prove that

is a primary decomposition of I, where

ql = (yZ,x - z),

qz = (xZ,y - z), and

q3 = (y3,z3,xZyZ,xZ + yZ _ zZ).



Chapter 3

Rees Algebras and
Normality

In this part a detailed presentation of complete and normal ideals is given.
The systematic use of Rees algebras and associated graded algebras will
make clear their importance for the area. One of the outstanding references
for blowup algebras is [296]. An important reference for the normality of
Rees algebras is [40].

3.1 Symmetric algebras

Let M be an R-module. Given n ~ 0 we define

Tn(M) = M ® ... ® M and TO(M) = R.
'--v-"

n-times

Recall that the tensor algebra T(M) of M is the non commutative graded
algebra

00

T(M) = ffiTn(M),
n=O

where the product is induced by juxtaposition.
The symmetric algebra of M, denoted by SymR(M) or simply Sym(M),

is defined as the quotient algebra

Sym(M) = T(M)/.J

where .J is the two sided ideal generated by the elements

xy - yx = x ® Y - Y ® x E T 2 (M)

65
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with x and y running through M. Observe that Sym(M) is commutative.
Since :J is a graded ideal generated by homogeneous elements of degree

two, the symmetric algebra is graded by

Note
Sym2(M) = M ® Mj(x ® Y - Y ® x),

with x and y running through M.

Exercises

3.1.1 If M is a free R-module of rank n prove that the symmetric algebra
of M is a polynomial ring in n variables with coefficients in R.

3.2 Rees algebras and syzygetic ideals

Let I be an ideal of a ring R generated by h, . .. , f q. The Rees algebra of
I, denoted by R(I) or R[It], is the subring of R[t] given by

R(I) = R[ht, .. . , fqt] c R[t],

where t is a new variable. Note

There is an epimorphism of R-algebras

where B is a polynomial ring in the indeterminates t 1 , ... ,tq over the ring
R. The kernel of cp, denoted by J, is the presentation ideal or toric ideal
of R(I) with respect to h, . .. , fq. Notice that J is a graded ideal in the
ti -variables:

00

where B has the standard grading induced by deg(ti) = 1.
The mapping

given by
q

'ljJ(Zl,'" ,Zq) = Lzdi
i=l
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induces an R-algebra epimorphism

Thus the symmetric algebra of I is:

where kereS) is an ideal of R[t] generated by linear forms:
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On the other hand the kernel of cp is generated by all forms F (tl , ... , t q )

such that F(h, ... , fq) = O. In particular, one may factor cp through
SymR(I) and obtain the commutative diagram:

We say that I is an ideal of linear type if a is an isomorphism.

An important module-theoretic obstruction to "SymR(I)
given by the following result.

R(I)" is

Proposition 3.2.1 (Herzog-Simis-Vasconcelos) Let I be an ideal of a
ring R. If

SymR(I) ~ R(I),

then for each prime p containing I, I p can be generated by ht (p) elements.

Proof. See [155]. o

Syzygetic ideals Let I be an ideal of a ring R and let HI (I) be the
first homology module of the Koszul complex H*(J:., R) associated to a set
J:. = Xl,· .. X n of generators of I. In [260] it is pointed out that HI (I) is
related to 1112 , the conormal module of I, by the following exact sequence:

HI (I) ~ R n ® (RII) ~ 1159 (RII) = 1112 ---+ O. (*)

Here f([z]) = z 159 1 and h(ei 159 1) = Xi 159 1. Set o(I) = ker(j).

Definition 3.2.2 The ideal I is called syzygetic if o(I) = O.
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Although HI (I) may depend on the set of generators for I, r5(I) depends
only on I. Indeed A. Simis and W. Vasconcelos [260] proved that

r5(I) ~ ker(Sym2(I) -t 12
),

where Sym2(I) -t 12 is the surjection induced by the multiplication map.

Definition 3.2.3 An ideal I of a ring R is said to be generically a complete
intersection if I R p is a complete intersection for alllJ E AssR (R/1).

Remark 3.2.4 If I is unmixed and generically a complete intersection,
then the R/I-torsion of HI (I) equals 15(I) . To prove this, notice that Ip is
syzygetic for alllJ E AssR(R/I), consequently r5(I) is a torsion module.

Computing the toric ideal of a Rees algebra Let I be a graded ideal
of a polynomial ring R over a field k and h, ... , fq a generating set for I.

Consider the presentation of the Rees algebra:

cp: B = R[t l , ... , tq] ---+ R(I) ---+ 0, (t i f---7 tfd.

The kernel J of cp can be obtained as follows:

J = (t i - th, ... , tq - tfq) n B.

Since J is a graded ideal in the ti-variables, J = ffir21 Ji . The relationship
between J and the Koszul homology of I is very tight. The exact sequence
of Eq. (*) can be made precise:

0---+ J2/BIJI = 15(1) ---+ HI (I) ---+ (R/I)q ---+ 1/12 ---+ O.

In particular one can decide whether I is syzygetic - that is, Jz = BIJI~or

of linear type-that is, J = JIB.

Exercises

3.2.5 Let R = A[x] be a polynomial ring over a ring A and h, ... , fq forms
of degree d :::: 1. Prove that there is a graded isomorphism of A-algebras

cp: A[iI,···, fq] ---+ A[th,···, tfq], with cp(fi) = tli,

where t is a new variable and both rings have an appropriate grading such
that deg(fi) = 1 and deg(tfi) = 1.

3.2.6 Let 1= Iz(X) be the ideal of 2 x 2-minors of the symmetric matrix:

where the entries of X are indeterminates over a field k. Prove that I is a
syzygetic ideal that satisfies sliding depth. See [161].
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3.3 Complete and normal ideals
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Let us recall the notion of integrality of ideals. Let R be a ring and I an
ideal of R, an element z E R is integral over I if z satisfies an equation

the integral closure of I is the set of all elements z E R which are integral
over I. This set will be denoted by I or Ia .

Definition 3.3.1 If I = I, I is said to be integrally closed or complete. If
all the powers I k are complete, the ideal I is said to be normal.

Lemma 3.3.2 Let R be a ring and I an ideal of R. An element a E R is
in the integral closure of I if and only if there is an ideal L of R such that

(i) aL c IL, and

(ii) aTann( L) = (0) for some integer r ~ O.

Proof. :::}) As a is in integral closure of I there is an equation:

and n ~ 1 is some integer. The required L is obtained by setting

L = Ran- l + I a n- 2 + ... + I n- 2 a + In-I.

Indeed from the equation above

Ran c Ian- l + 12a n- 2 + ... + In-la + In = IL,

and if i ~ lone has

a(Iian-i-l) = Iian- i = I(Ii-lan-i) elL.

Hence aL elL. To finish this part of the proof note a n- lann(L) = (0).

{:::) Since R is Noetherian L = (iI, ... , fn). One can write

n

afi = L bijfj,
j=l

where bij E I. Set B = (b ij ), C = B - aln and f = (iI, ... , fn). Here In
denotes the identity matrix. As C ft = 0, one can use the formula

C· adj(C) = det(C)In

to conclude fi det(C) = 0 for all i. Therefore det(C) is in ann(L) and by
hypothesis aT det(C) = 0 for some r. Expanding in powers of a shows that
a is integral over I. 0
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Proposition 3.3.3 If I is an ideal of a ring R, then 1 is an ideal of R.

Proof. Let ai E 1, i = 1,2. By the proof of Lemma 3.3.2, there is an ideal
L i such that

(i) aiLi C I L i ,

(ii) a~iann(Li) = (0) and ITi eLi for some ri 2': O.

Since ai is integral over I, one has a7i E I for some ni 2': 1. Therefore for
n large enough (3n is in L 1L2, where (3 = a1 + a2, thus

On the other hand one clearly has the inclusion (3L 1L2 C I L 1L2. Hence by
Lemma 3.3.2 one concludes (3 E 1.

To finish proving that 1 is an ideal note xal E 1 for x E R, this follows
at once from the definition of 1. 0

Proposition 3.3.4 If I is an ideal of a ring Rand 8 is a multiplicatively
closed subset of R, then

Proof. To prove 8- 1 (1) C 8- 1 (1) take f E 8- 1(1). One may assume
f = x/I with x E R because the integral closure of an ideal is again an
ideal. There is an equation

f n a1 fn-1 an-1 f an 0+ - + ... + -- + - = -,
Sl Sn-1 Sn 1

where adsi E 8- 1(1)i = 8- 1(1i). Thus one may assume ai E Ii and Si E 8
for all i. Clearing denominators and multiplying by an appropriate element
of 8 one has an equality (in the ring R) of the form

multiplying both sides of this equation by sn-1 yields sx is in 1. Therefore
f = (xs)/s is in 8- 1 (1). The other containment follows rapidly using that
localizations commute with powers of ideals. 0

Lemma 3.3.5 Let A be a domain and x E A \ {O} such that Ax is normal.
Then A is normal if and only if (x) is a complete ideal.

Proof. Assume A is normal. Let z E (x). Since z satisfies a polynomial
equation
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dividing by xm yields that zjx is integral over A and z E (x).
Conversely assume (x) is complete. Let z be an element of the quotient

field of A which is integral over A. As A and Ax have the same field of
fractions and Ax is normal one may assume z = ajxr, for some a E A and
r ~ 1. To show z E A it suffices to verify a E (x). There is an equation

zm + b1zm- 1+ ... + bm- 1z + bm = 0, bi E A,

multiplying by xrm yields the identity

am + (b 1xr )am- 1+ ... + (bm_1xr(m-1))a + (bmxrm ) = 0,

hence a E (x) = (x), as required.

Proposition 3.3.6 If A is a domain and x E A \ {O}, then

A = Ax n( nAp).
PEAss A/(x)

o

Proof. Note that the left hand side of the equality is contained in the right
hand side because A is a domain.

Conversely take an element z E Ax and z E A p, for allp E AssAj(x).
Write z = ajxn, a E A and n ~ 1. It is enough to prove that a E (x). If a
is not in (x) note that

((x): a) C Z(Aj(x)).

Hence ((x):a) C p, for some p E AssAj(x). Since z E A p one may write
z = ajxn = bj s, bE A and s 'I- p. Therefore s E ((x): a) C p, which yields
a contradiction. 0

Proposition 3.3.7 If A is an integral domain and S is a multiplicatively
closed subset of A, then

S-l(A) = S-l(A).

Proof. Note that A and S-l(A) have the same field of fractions K. First
we prove S-l(A) C S-l(:4). Take any x in K integral over S-l(A). There
is an equation

where ai E A and Si E S for all i. Set s = 81 ... Sn' If we multiply by sn, it
follows that sx E A and x E S-l (:4).

Conversely take x E S-l(A). There is s E S such that sx is integral
over A. Hence sx satisfies
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for some a1, ... , an in A, dividing by sn immediately yields that x is integral
over 8- 1 (A), as required. 0

Corollary 3.3.8 If A is a normal domain and is 8 a multiplicatively closed
subset of A, then 8- 1 (A) is a normal domain.

Corollary 3.3.9 Let A be a domain and x E A \ {O}. Then A is normal if
and only if Ax and A p are normal for every P E AssAj(x).

Proof. If A is normal, then by the corollary above Ax and A p are normal
for every x E A \ {O} and P E Spec(A).

For the converse use Proposition 3.3.6 and observe that Ax and A p have
the same quotient field as A. 0

To state a useful criterion of normality of Rees algebras, it is convenient
to introduce the extended Rees algebra of an ideal I in a ring R:

A = R[It, u], u = C 1
.

Part of its usefulness derives from the equality Au = R[t, e 1
].

Proposition 3.3.10 Let I be an ideal of a ring R and A = R[It, e 1
] its

extended Rees algebra. If R is a normal domain, then A is normal if and
only if A p is normal for each associated prime p of e 1A.

Proof. Note At-l = R[t, e 1
]. Hence At-l is a normal domain and one can

use Corollary 3.3.9. 0

Lemma 3.3.11 Let A be a ring and x a regular element of A. If Aj(x) is
reduced and P E ASSA Aj(x), then A p is a normal domain.

Proof. Let AssAAj(x) = {P1, ... ,Pr}. Since Rj(x) is reduced

hence (x)A pi = PiAPi for all i. Note that ht (Pi) = 1, by Krull's principal
ideal theorem. Therefore the maximal ideal of APi is generated by a system
of parameters, that is, APi is a regular local ring and consequently APi is a
normal domain by Theorem 1.4.16. 0

Proposition 3.3.12 Let A be a ring and x a regular element of A. If Ax
is a normal domain and Aj(x) is reduced, then A is a normal domain.

Proof. As Ax is a domain and x is a regular element on A one obtains
that A is a domain. By Lemma 3.3.11 A p is normal for allp E ASSA Aj(x),
hence A must be normal according to Corollary 3.3.9. 0
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There is another graded algebra associated to an ideal I of a ring R
whose properties are related to the normality of the Rees algebra of I, it is
called the associated graded algebra of I and is defined as:

with multiplication

Given a generating set h, . .. ,fq of I, it is not difficult to verify that
grj(R) is a graded algebra over RjI generated by the following elements of
degree one:

Thus one has
grj(R) = (RjI)[71 , ... ,fq].

Lemma 3.3.13 If I is an ideal of a ring R, then

where A = R[It, C 1] is the extended Rees algebra of I.

Proof. It is left as an exercise. o

Theorem 3.3.14 Let I be an ideal of a ring R. If I is generated by a
regular sequence h, ... , f q, then the epimorphism of graded algebras:

cp: (Rj I) [t 1, ... ,tq] -+ grj (R) = (Rj I)[ 71' ... ,fq]'

cp(ti ) = 7i = fi + 12
,

is an isomorphism, where t1, ... ,tq are indeterminates over RjI.

Proof. The proof is by induction on q, the case q = 1 is easy to show. Let
J be the ideal (h, ... ,fq-d and consider the epimorphism:

cp': (Rj J)[t 1, ... ,tq-d -+ grJ (R) = (Rj J) []\, ... ,fq-1],

CP'(ti) = fi = fi +;2. Note (J: fq) = J because fq is regular on RjJ,
moreover since cp' is an isomorphism it follows (by induction on m) that one
has the following equalities

(Jm: fq) = Jm for all m ~ 1.

Let F E R[t] = R[t1, ... ,tq] be a homogeneous polynomial of degree d
such that its image in (Rj I) [t] is in the kernel of cp, that is,

F(j) = F(h, ... , fq) E I d+1
.
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As cp is graded it suffices to prove FE IR[t]. To show FE IR[t] we proceed
by induction on d, the case d = 0 is clear. There is WE R[t] of degree d+ 1
with F(j) = W(j), write

q

W=LtiWi'
i=1

where Wi = 0 or Wi is a homogeneous polynomial in R[t] of degree d. There
are polynomials G in R[t1 , ... ,tq-d and H in R[t] of degrees d and d - 1
respectively such that

q

F ' = F - L IiWi = G + tqH.
i=1

Observe that F'(j) = 0, hence H(j) E (Jd: fq) = Jd C Id and by induction
on d one concludes that H has coefficients in I. It only remains to prove
that G has coefficients in I. There is a polynomial H' E R[t 1 , . .. ,tq-d of
degree d with H(j) = H'(j). Set

FI! = G + fqH' E R[t1 , ... , tq-d,

noting FI! (j) = F ' (j) = 0 and using that cp' is an isomorphism one derives
that FI! has coefficients in J, which implies that G has coefficients in I as
required. 0

Theorem 3.3.15 Let I be an ideal of a ring R and A = R[It,C1
] its

extended Rees algebra. If R is a normal domain and grj(R) is reduced, then
A is normal.

Proof. As A/CIA::: grj(R) is reduced and At-l = R[t,C 1
] is a normal

domain, one may use Proposition 3.3.12. 0

Definition 3.3.16 Let A be an integral domain and K its field of fractions.
An element x E K is almost integral over A if there is 0 -I- a E A such that
axn E A for all n ~ O.

Proposition 3.3.17 Let A be an integral domain and let K be its field of
fractions. Then an element x E K is integral over A if and only if x is
almost integral over A.

Proof. Let x = c/d, where c, d are in A and d -I- o. If x is integral over A,
then there is an equation

x m + b1xm
-

1 + '" + bm - 1x + bm = 0, bi E A.

Setting a = dm one has axn E A for all n > O.
Conversely assume there is 0 -I- a E A such that ax n E A for all n > O.

Since a-I A is a Noetherian A-module and A[x] c a-I A one has that A[x] is
a finitely generated A-module. As A is a subring of A[x] by Proposition 1.4.2
one derives that x is integral over A. 0
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Theorem 3.3.18 ([157]) Let I be an ideal of a normal domain R. Then
the following are equivalent:

(a) I is a normal ideal of R.

(b) The Rees algebra R[I t] is normal.

(c) The ideal IR[It] c R[It] is complete.

(d) The ideal (t-l) C R[It, C 1] is complete.

(e) The extended Rees algebra R[It, C 1] is normal.

Proof. (a):::} (b) Set A = R[It]. Let z E A C R[t] and write

S

Z = Lbiti .
i=O

It suffices to prove bstS E A. First we prove that bstS EA. As z is almost
integral over A there is 0 -I- f E A such that f zn E A for all n > O. Hence
there is 0 -I- fm E 1m such that (fmtm)(bsts)n is in A for all n > 0, that is,
bstS is almost integral over A. As R is a Noetherian integral domain using
Proposition 3.3.17 one derives that bstS is integral over A. Thus there is an
equation

where ai = 2:;~0 aijt j and aij E Ij. Grouping all the terms of t-degree
equal to sm one has the equation

m

b'; + L ai,sib,;-i = O.
i=1

Thus bs is integral over JS and consequently bs E IS, as required.
(b) :::} (c) Let z = bo + bIt + '" + bstS be an element of R[It] which is

integral over I R[I t]. Then z satisfies an equation of the form

zm + al Zm - 1 + ., .+ am-l Z + am = 0, ai E Ii R[It],

multiplying by tm one obtains that tz is integral over R[It]. Therefore
tz E R[It], which proves that z E I R[It].

(c) :::} (d) Set B = R[It,C 1
]. Let z be an element of B integral over

C 1B. As the negative part of the Laurent expansion of z is already in
C 1B one may assume z = 2::=0 b;ti, s ~ 0 and bi E Ii for all i ~ O. By
descending induction on s it suffices to prove that bs E JS+l. There is an
equation

m + m-l 0 (t- 1 )iBz alz + ... + am-lZ + am = , ai E ,
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hence zt is almost integral over B. It follows rapidly that bs t s+1 is almost
integral over B and thus bs t s+1 is integral over B. A straightforward cal­
culation yields that bs t s+1 is integral over I R[It], which shows that bs is in
Is+ 1 .

(d) :::} (e) Set u = C 1 and note R[It, u]u = R[t, u] is a normal domain.
Therefore by Lemma 3.3.5 one concludes that R[It, u] is normal.

(e) :::} (a) If z E Ir, then z satisfies a polynomial equation

multiplying by t rm yields that zt r is integral over the ring R[It, C 1
]. Hence

z E Ir. 0

Corollary 3.3.19 Let I be an ideal of a normal domain Rand R[It] its
Rees algebra. If grj(R) is reduced, then R[It] is normal.

Proof. Use Theorem 3.3.15 and Theorem 3.3.18. o

An ideal I of a ring R is a radical ideal if 1= rad (1). Note: (i) a proper
ideal I is radical if and only if I is an intersection of finitely many primes,
and (ii) I c rad (1) and equality occurs if I is a radical ideal.

Corollary 3.3.20 Let I be a radical ideal of a normal domain R. If I
is generated by a regular sequence, then grj(R) is reduced and R[It] is a
normal domain.

Proof. It follows from Theorem 3.3.14 and Corollary 3.3.19. o

Example 3.3.21 Let R = Q[x, y] be a polynomial ring in two variables
over the field of rational numbers and I = (x2, y2). Observe the equality

- 2 2I = (x ,y ,xy),

thus R[It] is not normal because I is not even complete.

Definition 3.3.22 Let I be an ideal of a ring R and PI, ... ,Pr the minimal
primes of I. Given an integer n 2: 1, the nth symbolic power of I is defined
to be the ideal

I(n) = ql n ... n qr,

where qi is the primary component of In corresponding to Pi.

Let (R, m) be a regular local ring and I an unmixed ideal. An interesting
problem is whether 1(2) is contained in mI, although the answer is negative
in general, the problem remains open in characteristic zero. For some insight
into this problem see [97, 186].
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Proposition 3.3.23 Let I be a proper ideal of a ring Rand 8 = R\Ui=IPi,
where PI, ... ,Pr are the minimal primes of I. Then

I(n) = 8- 1In n R for n ~ 1.

Proof. Let
In = ql n ... n qr n qr+l n ... n qs

be a primary decomposition, where qi is the primary component of Pi for
i :::; rand qi is a primary component of the embedded prime Pi for i > r.
Since Pi n 8 -I- 0 for i > r one has 8- 1qi = 8- 1R. Hence

To finish the argument note that 8- 1qi n R = qi and intersect with R the
equality above. 0

Proposition 3.3.24 Let I be a radical ideal of a ring R and PI, ... ,Pr the
minimal primes of I. Then

I(n) = pin) n ... n p~n) for n ~ 1.

Proof. Let
In = ql n ... n qr n qr+l n ... n qs

be a primary decomposition of In, where qi is pi-primary for i :::; rand qi
is an embedded primary component of In for i > r. Localizing at Pi yields
In R Pi = qiRPi and from I = PI n ... n Pr one obtains:

Thus piR Pi = qiRPi and contracting one has p~n) = qi, as required. 0

An aspect of symbolic powers that has attracted attention is to describe
when the symbolic and ordinary powers of a given ideal I coincide, see
[173] and [230] for a detailed discussion. Next we present a few cases where
equality of symbolic and ordinary can be described in terms of properties
of the associated graded ring.

Definition 3.3.25 An ideal I of a ring R is called normally torsion free if
Ass(RjIi) is contained in Ass(RjI) for all i ~ 1 and I -I- R.

In [38] M. Brodman showed that when R is a Noetherian ring and I is
an ideal of R the sets Ass(RjIn) stabilize for large n. If I is a radical ideal
which is normally torsion free, then Ass(RjIn) = Ass(RjI) for all n ~ 1,
that is, in this case the notion of normally torsion free is a strong form of
stability.
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Proposition 3.3.26 Let I be an ideal of a ring R. If I has no embedded
primes, then I is normally torsion free if and only if In = I(n) for all n ~ 1.

Proof. :::}) Note Ass(RjIn) = Ass(RjI) for n ~ 1, because any associated
prime lJ of I is a minimal prime of In and thus lJ E Ass(RjIn). As In has no
embedded primes one concludes that In has a unique irredundant minimal
primary decomposition and In = I(n) for n ~ 1.

{:::) Let lJl, ... ,lJr be the associated primes of I. Since lJi is a minimal
prime of I for all i, one derives

as required. o

Proposition 3.3.27 Let I be an ideal of a Cohen-Macaulay ring R. If I
is generated by a regular sequence, then In = I(n) for n ~ 1.

Proof. Let h, ... ,fr be an R-regular sequence such that I = (h, ... ,fr).
By Krull's principal ideal theorem ht (I) = r, hence I is an unmixed ideal
by Theorem 1.3.23. From Theorem 3.3.14 there is an isomorphism of graded
rings

00

cp: B = (Rj I) [t 1 , ... ,tr ] ---+ E9 Ii j IHl, ti f---7 fi + 12
,

i=O

where B is a polynomial ring with coefficients in RjI. Therefore Ii j IHI is
a free RjI-modulo because it is isomorphic to B i , the ith graded component
of B. Thus

AssR(IijIHl) = AssR(RjI).

Using the exact sequences

o---+ Ii JIHI ---+ RjIHI ---+ RjIi ---+ 0,

it follows by induction that AssR(RjIn) c AssR(RjI) for n ~ 1. To finish
the proof one may apply Proposition 3.3.26 to conclude the equality between
the ordinary and symbolic powers of I. 0

Definition 3.3.28 A proper ideal I of a ring R is said to be locally a
complete intersection if I R p is a complete intersection for alllJ E V (I).

Proposition 3.3.29 Let R be a Cohen-Macaulay ring and I a prime ideal.
If I is locally a complete intersection, then In = I(n) for all n ~ 1.

Proof. By Proposition 3.3.26 it suffices to prove Ass(RjIn) C Ass(RjI)
for n ~ 1. If lJ is an associated prime of RjIn, then lJRp is an associated
prime of RpjI~. Using Proposition 3.3.27 yields that I p is normally torsion
free, that is, the only associated prime of R pj I~ is I p. Therefore lJRp = I p
and lJ = I. 0
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Proposition 3.3.30 Let p be a prime ideal of a ring R such that pRp is a
complete intersection, then p(n) = pn for all n 2': 1 if and only if grp (R) is
a domain.

Proof. :::}) Since grp(R) = R[ptJlpR[pt], it is enough to show that pR[pt] is
a prime ideal of R[pt]. Let x = ao + al t + ... + artr be an element in R[lJt]
and x' = (ao/1) + (ad1)t + ... + (ar/1)tT the image of x in R p[pRpt]. Note
that ai is in pHI if and only if (ai/I) is in pHI R p, because the ordinary
and symbolic powers of p coincide, thus x is in pR[pt] if and only if x' is
in pRp[pRpt]. As a consequence pR[pt] is prime if and only if pRp[pR pt] is
prime. To finish the argument use Theorem 3.3.14 and the hypothesis that
pRp is generated by a regular sequence to get that grpRp (R p) is a domain.

{=:) First we prove AssR(pi /pHl) = {p} for i 2': 1. Let PI be an associated
prime of pi /pi+l, that is, PI = ann (x + pHI), for some x in pi \ pHI. Note
a E PI iff ax E pHI, and since grp(R) is a domain, one readily concludes
that a E PI iff a E p. Hence PI = p. There is an exact sequence:

o---+ pi /pHl ---+ R/pHl ---+ R/pi ---+ o.
Hence using induction on i 2': 1 and Lemma 1.1.16, one rapidly derives,
from the exact sequence above, that Ass(R/pi) c Ass(R/p) = {p}. Thus P
is normally torsion free and by Proposition 3.3.26 one has pn = p(n) for all
n2':1. 0

Theorem 3.3.31 ([262]) Let R be a normal domain and I a radical ideal
which is generically a complete intersection. If I is normally torsion free,
then its Rees algebra R(I) = R[It] is a normal domain.

Proof. By Corollary 3.3.19 we only have to show that the associated graded
algebra grj(R) = R[It]/IR[It] is reduced. Let

1 = ao + alt + ... + ast S + IR[It]

be a nilpotent element of grj(R). Hence (asts)m is in IR[It] for some m 2': 1,
by induction it suffices to verify that astS is in IR[It]. Let PI, ... ,Pr be the
minimal primes of I. Since I R Pi = PiRPi is a complete intersection one
derives that grpiRpi (R p,) is reduced (see Corollary 3.3.20). Therefore the

image of ast S in grpiR pi (Rpi ) is zero for all i, and one readily concludes that
as belongs to the following intersection:

(R n pf+l R p, ) n ... n (R n p~+l R pr ) = pis+l) n n p~S+l).

As I is normally torsion free one can write In = ql n n qr, where qi
is pi-primary, localizing yields InR Pi = pfR Pi = qiRpi and consequently

qi = pIn). Making n equal to s + 1 proves that as is in Is+ l . 0

For ideals, in polynomial rings, with small data there are effective com­
putational tests of normality, see Section 3.5, [40] and [296, Section 10.6].
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Descent of normality Let A c B is an extension of rings such that B
is normal, in general the normality of A is not inherit from B. We discuss
some sufficient conditions for A to be normal.

Lemma 3.3.32 Let A c B be an extension of rings. If B = A EB C (as
A-modules), then IBn A = I for every ideal I of A.

Proof. Let z E IBn A and write z = 2:;=1 bdi, where bi E Band fi E I.
By hypothesis bi = ai + Ci, ai E A and Ci E C. Since z E A it follows that
z = 2:;=1 adi E I. This proves the containment IB n A c I, the reverse
containment is clear. 0

Proposition 3.3.33 Let A c B be two integral domains with field of frac­
tions KA and KB respectively. If B = A EB C (as A-modules), then

In particular if B is normal, then A is normal.

Proof. By Lemma 3.3.32 one has IBn A = I for every ideal I of A. Let
b = ajc E B, a,c E A, then a E (c)B n A = (c), hence a = AC = bc, with
A E A. Therefore b = A E A. 0

Exercises

3.3.34 Let R = k[X1' ... ,xn ] be a polynomial ring over a field k and K R
its field of fractions. If R' = k[X~l, ... ,X~l] C K R is the ring of Laurent
polynomials, prove that R' is a normal domain.

Hint R' is the localization of R at the multiplicative set of monomials.

3.3.35 Let R be a ring and I, J ideals of R. If I and J are integrally closed,
prove that I n J is integrally closed.

3.3.36 Let p be a prime ideal of a ring R. Prove that the symbolic power
p(n) is a primary ideal for n ~ 1.

Hint Note that pnR p is a primary ideal because its radical is maximal.

3.3.37 Let R be a ring and S a multiplicatively closed subset of R. If P is
a prime ideal such that S n p = 0, then

(s-l p)(n) = S-l p(n) for n ~ 1.

3.3.38 Let I be an ideal of a Cohen-Macaulay ring R. If I is generated by
a regular sequence, then

Ass(Rj In) = Min(Rj I) for n ~ 1.
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3.3.39 Let I be an ideal of a ring R generated by a regular sequence. Prove
that Ii j Ii+l is a free RjI-module for all i.

Hint Use Theorem 3.3.14.

3.3.40 Let I be a radical ideal of a ring R. Prove that I is normally torsion
free if and only if grj(R) is torsion-free as an RjI-module (see [188] for
other equivalent conditions).

Hint If grj(R) is torsion-free show

for i :::: 1 and use the exact sequence

3.3.41 Let R be a ring and F = {IdiEN a family of ideals in R. It is said
that F is a filtration of R, if Ii+l eli, 10 = R, and I;Ij C Ii+j for all
i, j E N. If I is an ideal of R, prove that the following are filtrations of R:

(a) Ii = Ii, the ordinary powers of I,

(b) Ii = Ii, the integral closure of Ii, and

(c) Ii = I(i) , the symbolic powers of I.

Hint For (b) use the method of proof of Proposition 3.3.3.

3.3.42 Let R be a normal domain and F = {Ii}iEN a filtration of R. If Ii
is integrally closed for all i, prove that the Rees algebra

00

R(F) = E9 Iiti C R[t]
i=O

of the filtration F is integrally closed. See [131] for a study of the Cohen­
Macaulay and Gorenstein property of R(F).

3.3.43 Let R be a domain and I an ideal, then

00

Ra(I) = E9 Iiti c R[It]
i=O

with equality if R is a normal domain.

Hint To show equality use the very first part of the proof of Theorem 3.3.18.
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3.3.44 Let R = k[Xl,""Xn ] be a polynomial ring over a field k and m
the maximal ideal (Xl'.",X n ), If I = md and J = (xf, ... ,x~) for some
positive integer d, then

R(J) = R(I).

3.3.45 Let I and J be two ideals of a normal domain R. Define the multi
Rees algebra of I and J as

R(I EB J) = R[uI, vJ],

here u, v are new variables. Prove that

where r:: = In and J;:' = Jm.

3.4 A criterion of Jiirgen Herzog

In this section we present an elegant and useful Cohen-Macaulay criterion
(see Theorem 3.4.12). Once more we recall that all rings considered in this
book are Noetherian and modules are finitely generated.

Quasi-regular sequences It is useful to generalize Theorem 3.3.14 to
modules by introducing polynomial with coefficients in a module. Let M
be an R-module and R[tl, ... , t q ] a polynomial ring over the ring R. Set

and note that an element of M[t] can be regarded as a polynomial in the ti
variables with coefficients in M, thus M[t] is naturally graded. If h, ... , fq
is a sequence in R and I = (h, ... ,f q), there is a degree preserving map of
additive groups

00

cp: (MjIM)[t 1 , ... , t q ] ---+ grj(M) = E9 IiMjIi+ 1M,
i=O

such that
cp(F(t)) = F(h, ... , fq) + Ii+l M,

for all F( t) in M[t] homogeneous of degree i, where the notation F( t) means
reducing the coefficients of F( t) modulo I M. It is not hard to verify the
equivalence between the following two conditions:

(a) cp is injective.

(b) For every homogeneous polynomial F in M[t] of positive degree n such
that F(f) E In+lM, one has F E IM[t].
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Definition 3.4.1 If the map cp is an isomorphism and 1M -I- M, the se­
quence iI, ... , fq is called an M-quasi-regular sequence.

Theorem 3.4.2 Let M be an R-module and f = iI, ... , fq a sequence in
R. If f is an M -regular sequence, then f is an M -quasi-regular sequence.

Proof. It follows adapting the proof of Theorem 3.3.14. o

Theorem 3.4.3 (Krull Intersection Theorem) Let M be an R-module
and I an ideal of R. Then there is a E R such that

a == 1mod(I) and a· Ca liM) = O.

Proof. See [218, Theorem 8.9] or [298, Appendix A]. o

Lemma 3.4.4 Let (R, m) be a local ring (resp. N-graded ring) and M an
R-module (resp. N-graded module). If N is a submodule of M (resp. graded
submodule) and I c m is an ideal of R (resp. graded ideal), then

00

N=n(N+liM).
i=l

Proof. Using Krull's intersection theorem one has

00nliM' = (0)
i=l

(this equality holds also in the graded case), where M' = MIN. Hence the
required equality follows at once. 0

Proposition 3.4.5 Let (R, m) be a local ring (resp. N-graded ring) and
Man R-module (resp. N-graded module). Iff = h, ... ,fq is an M-quasi
regular sequence of elements in m (resp. homogeneous elements in m = R+),
then f is an M -regular sequence.

Proof. Fix an integer 1::; r ::; q and set I = (iI, ... , fq). To begin with we
split the ideal I as I = J +L, where J = (iI,.·., fr-d and L = (fr,"" fq),
it is convenient to set J = (0) if r = 1. It suffices to show the equality
(JM:M fr) = J M, because this is equivalent to prove that fr is not a zero
divisor of MIJM. Let m E (JM: M fr), according to Lemma 3.4.4 one has

00n(JM + LnM) = JM,
n=l
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thus the proof reduces to proving by induction on n that m E J M + L n M
for n 2': 1. Since m E (JM:M fr), there are mi in M such that

mfr = mdl + ... + mr-dr-l (m, mi EM). (3.1)

Consider the polynomial

Note degt(F) = 1 and F(f) = O. As f is an M-quasi regular sequence we
get m E 1M = JM + LM. By induction assume m E JM + LnM, that is,
there is GEM [tr , ... , tq ] homogeneous of degree n such that

m = bliI + ... + br-Ifr-l + G(fr, ... , fq) (bi EM). (3.2)

Combining Eq. (3.1) and Eq. (3.2) yields

frG(fr, ... , fq) = aliI + '" + ar-Ifr-l (ai EM).

Using that f is an M -quasi regular sequence one may assume (after an
induction argument) that ai E 1nM, and consequently trG(tr , ... , tq) is in
I M[t], that is, G(tr, ... , tq) is in I M[t]. One can write G = G I +Gz, where
G I , Gz are homogeneous polynomials in M[t] of degree n with GI E JM[t]
and Gz E LM[t]. Since GI(fr, ... ,fq) is in JM and Gz(fr, ... ,fq) is in
L n +l M, from Eq. (3.2) we get that m is in J M + L n+l M, as required. 0

Multiplicities Let (R, m) be a local ring, M a finitely generated R­
module and q an ideal with rad(q) = m. As grq(M) is a finitely generated
grq(R)-module and Ao = Rjq is Artinian, by Theorem 1.2.8 there exists a
polynomial P(t) E Q[t] of degree equal to d - 1, where d = dim(grq(M)),
such that

P(i) = £Ao(qiMjqi+IM), for i 2': no.

By Lemma 1.2.10 there are integers ao, ... , ad-l such that

d-l (. '), '" z+JP(z) = ~aj , ,for all i 2': O.
j=O J

From the short exact sequences

0---+ qiMjqi+ 1M ---+ Mjqi+l M ---+ MjqiM ---+ 0,

one derives £(Mjqi+IM) -£(MjqiM) = P(i) for i 2': no. Hence using the
identity
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we get

£(Mjqi+l M)

for i 2': no. Altogether the function

i

£(MjqnoM) + L P(j)
j=no

d-l (i + i + 1)
Co + Laj .+ 1 '

)=0 J
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is a polynomial function of degree d, called the Samuel function of M with
respect to q. The integer ad-I, is the multiplicity of M with respect to q
and is denoted by e(q, M). Note that e(q, M)jd! is the leading coefficient
of x1t(i).

We recall the following result in dimension theory that relates the degree
of the Samuel function with the dimension of the module.

Theorem 3.4.6 The Samuel function

x1t(i) = £(Mjqi+l M)

is a polynomial function for i » 0 of degree equal to the dimension of M.

Proof. See [218, Theorem 13.4]. o

Definition 3.4.7 Let (R, m) be a local ring of dimension d, M an R-module
and q an ideal of R with rad (q) = m. We define

ed(q, M) = { ~(q, M) if dim(M) = d,
if dim(M) < d.

In order to show how the "multiplicity" behaves under short exact se­
quences we need to recall a result of E. Artin and D. Rees.

Theorem 3.4.8 (Artin-Rees lemma) Let M be a module over a ring R.
If N is a submodule of M and I an ideal of R, then there is a positive integer
c such that

InMnN=In-c(ICMnN), Vn>c.

Proof. See [218, Theorem 8.5]. o
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Proposition 3.4.9 Let (R, m) be a local ring of dimension d and let q be
an m-primary ideal of R. If

o--t N --t M --t N ' --t 0

is an exact sequence of R-modules, then

Proof. By Proposition 1.1.32 one has

dim(M) = max{dim(N), dim(N')},

hence one may assume d = dim(M). Tensoring with Rlqn+1 the exact
sequence above yields an exact sequence

Taking lengths with respect to Rlq gives

By the Artin-Rees lemma N n qn+1 M c qn+l-cN, for some integer c > O.
Hence

as xjy(n) - xjy(n - c) is a polynomial function of degree at most d - 1, the
result follows by dividing Eq. (*) by n d and taking limits when n goes to
infinity. 0

Proposition 3.4.10 Let (R, m) be a local ring of dimension d and q an
m-primary ideal. If M is a finitely generated R-module and A is the set of
all prime ideals P of R with dim(Rlp) = d, then

ed(q, M) = L £(Mp)ed(q, RIp)·
PEA

Proof. Set B = AnSupp(M). If B = 0, then dim(M) < d and ed(q,M) is
equal to 0, thus in this case the identity above holds. Hence we may assume
B-1- 0, this yields the equality dim(M) = d. By Theorem 1.1.15 there are
prime ideals PI, ... ,Pn of R and a filtration of submodules:

(0) = Mo C M I C ... C M n = M,

such that MilM i - I ~ Rlpi for all i. Observe
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to show this equality note

Ass(M) C {PI, ... ,Pn} C Supp(M),
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see Corollary 1.1.17 and its proof, and recall that the minimal elements of
Supp(M) are in Ass(M). Using Lemma 3.4.9 and the exact sequences

0---+ M i - I ---+ M i ---+ Rlpi ---+ 0 (i = 1, ... , n),

we get

e(q, M) = L e(q, Rlpi),

where the sum is taken over all Pi in the multiset {PI, ... ,Pn} such that
dim(Rlpi) = d. Let P E B, then

if P -::J Pi
if P = Pi.

(3.3)

Since the second module is a field we get that the length of Mp is equal to
the number of times that P occurs in the multiset {PI,'" ,Pn}. Therefore

e(q, M) = L £(MpJe(q, Rlpi),
PiEB

as required. This proof was adapted from [44]. o

Proposition 3.4.11 Let (S, m) be a local ring and M an S-module with a
positive rank r = rank(M). If q is an m-primary ideal, then

e(q, M) = e(q, S)rank(M).

Proof. First note d = dim(M) = dim(S) by Lemma 1.1.37. Let A be the
set of all prime ideals P of S with dim(Slp) = d. Since M has rank r one
has Mp ~ (Sp)r for any associated prime P of S, thus Mp ~ (SpY for any
pEA. Therefore using Proposition 3.4.10 one obtains

L £(Mp)ed(q, Sip) = L £(S;)ed(q, SIp)
pEA pEA

L r£(Sp)ed(q, SIp) = rank(M)ed(q, S).
PEA

As e(q, M) = ed(q, M) and e(q, S) = ed(q, S), the proof is complete. 0

In Chapter 4 we use the following important Cohen-Macaulay criterion
of Jiirgen Herzog to study the Koszul homology of graded ideals.
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Theorem 3.4.12 ([148]) Let (S, m) be a Cohen-Macaulay local ring and
let M be a finitely generated S-module with a well defined and positive rank.
If y = Y1, ... ,Yd is a system of parameters of S, then

£(Sj(y)) . rank(M) ::; £(Mj(y)M).

Furthermore equality holds if and only if M is Cohen-Macaulay.

Proof. By Lemma 1.1.37 one has d = dim(M) = dim(S). Let q be the
m-primary ideal generated by y. There is a (graded) epimorphism

00

cp: (MjqM)[t] = (MjqM)[t 1, ... , td] -t grq(M) = E9 qi Mj qi+1 M (3.4)
i=O

such that cp(F) = F(Y1, ... , Yd) + qi+1 M, for all F in M[t] homogeneous
of degree i, where F means reducing the coefficients of F modulo qM. By
restriction of cp to the ith graded component of (MjqM)[t] gives

(
i + d -1) . '+1£(MjqM) d-1 ?£(q'Mjq' M) fori?O, (3.5)

observe that both sides of the inequality are polynomial functions of degree
d - 1 and consequently £(MjqM) ? e(q, M). On the other hand y is a
regular sequence, because S is Cohen-Macaulay (see Proposition 1.3.17),
this forces cp to be an isomorphism when M = S (see Theorem 3.4.2).
It follows rapidly that £(Sjq) = e(q, S). To finish the first part of the
proof note that making use of Proposition 3.4.11 one obtains the required
inequality.

At this point one should observe that, by the arguments above, the
proof reduces to show that £(MjqM) = e(q, M) if and only if M is Cohen­
Macaulay. Next we show both implications.

=}) Taking into account Proposition 3.4.5 and Proposition 1.3.17 it suf­
fices to prove that cp is injective; because this implies that y is an M-regular
sequence and hence M is Cohen-Macaulay.

Using Eq. (3.4) we obtain an exact sequence

0----+ ker(cp)i ----+ ((MjqM)[t])i ----+ qi Mj qi+1 M ----+ 0,

hence we get

£(ker(cp)i) = £(MjqM) (i + d -1) _£(q iMj qi+1 M) for i? O.
d-1

As the polynomial functions on the right hand side have both degree d - 1
and their leading terms cancel out, one concludes that £(ker(cp)i) grows as
a polynomial function of degree at most d - 2.
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Let F = L: ma:ta: be a homogeneous polynomial in M[t] of degree p, with
ma: in M, and denote ma: = ma: + qM. Assume F is in ker(cp) and F -I- O.
Since mk C q, there is an s ~ 1 such that ms-IF -I- 0 and mSF = 0, thus
one may assume mF = 0 and F -I- O. Hence there is a graded epimorphism
'ljJ induced by multiplication by F

'ljJ: (Sjm)[t]( -p) ---+ (Sjq)[t]F.

We now show that 'ljJ is injective. Let 9 = L: b(3t(3 be an element in the kernel

of 'ljJ, where b(3 E Sand b(3 = b(3 + m. Thus (L:b(3t(3)(L:ma:ta:) = 0, where

b(3 = b(3 + q. One may assume that b(3t(3 and ma:ta: are the leading terms of
9 and F respectively, w.r.t the lexicographical ordering of the t i variables.
Thus b(3ma:ta:+(3 is the leading term of gF and b(3ma: E qM. Hence b(3 + q is
a zero divisor of MjqM and since AssR/q(MjqM) = {mjq}, one has that
b(3 + q is in mjq, which proves ba: E m and b(3 = O. Altogether one derives
9 = 0 and 'ljJ is injective. Using that 'ljJ is a graded isomorphism yields

(
i - p + d -1) -d _ 1 = £(((Sjq)[t]F)i) ::; £(ker(cp)i),

which is a contradiction because the left hand side is a polynomial function
of degree d - 1. Therefore F = 0 and cp is injective, as required.

{=:) As M is Cohen-Macaulay, the sequence y is an M-regular sequence,
an application of Theorem 3.4.2 yields that cp is an isomorphism. Therefore
Eq. (3.5) becomes an equality and we get £(MjqM) = e(q, M). 0

3.5 Jacobian criterion

Here we introduce the Jacobian criterion and present some applications and
examples to illustrate its use. Along the way some facts about regular local
rings are discussed.

Let (R, m) be a local ring. By Nakayama's Lemma it follows rapidly
that R is a regular local ring if and only if m is generated by a system of
parameters of R.

If R is a polynomial ring over a field k, then R is a regular ring, that is,
R p is a regular local ring for allp in Spec(R) or equivalently R m is a regular
local ring for any maximal ideal m of R (see [218, Theorem 19.5]).

Proposition 3.5.1 If R is a regular local ring, then R is Cohen-Macaulay.

Proof. Let m be the maximal ideal of R and let k = Rjm be its residue
field. Assume Xl, ... ,Xd is a set of generators of m, where d = dim(R). If
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k[t l , ... , td ] is a ring of polynomial over the field k, there is an epimorphism
of graded k-algebras

(3.6)

induced by if!(td = Xi + m2 for all i. It suffices to prove that the map if! is
injective. Indeed if if! is injective, then Xl, ... , Xd is a regular sequence by
Proposition 3.4.5, and hence R is Cohen-Macaulay by Proposition 1.3.17.

If I = ker( if!) -I- 0, pick a homogeneous polynomial f in I of degree s 2': 1.
Using the isomorphism

k[t](-s) ~ fk[t]

together with Eq. (3.6) one concludes:

By Theorem 3.4.6 the left hand side is a polynomial function of degree d - 1
while the right hand side is a polynomial function of degree d- 2. Therefore
I must be zero and if! is injective. 0

Corollary 3.5.2 If (R, m) is a regular local ring, then R is a domain.

Proof. By Proposition 3.5.1 m is generated by a regular system of param­
eters. Thus grm(R) is a domain. Let X, y E R such that xy = O. If X -I- 0
and y -I- 0, then by Theorem 3.4.3 there are r, sEN with X E mr \ mr +l and
y E mS

\ mS+I
. Multiplying the images x,y of x,y in grm(R), one obtains

xy = O. Hence x = 0 or y = 0, which is impossible. This proves R is a
domain. 0

Proposition 3.5.3 Let (R, m) be a regular local ring and I -I- R an ideal
of R. If RjI is a regular local ring, then I is a complete intersection.

Proof. Let Xl, ... , Xd be a generating set of m= mjI, where Xi = Xi + I
and d is the dimension of RjI. Note that the set of images of Xl, ... , Xd in
mjm2 is a basis for mjm2 as a vector space over k = Rjm. Hence

are linearly independent in mjm2
. Set n = dim(R) and m' = (Xl, ... ,Xd).

As R is a regular local ring n = dimk (m j m2
), hence using the proof of

Corollary 1.1.30 and the equality m = m' + lone derives m = m' + J, for
some ideal J = (Xd+l, ... ,xn ) contained in I.

By Proposition 3.5.1 Xl, ... , X n is a regular sequence, thus it suffices to
show J = I, to prove this equality observe that RjJ is a regular local ring
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of dimension d, and therefore RjJ is a domain by Corollary 3.5.2. Since
RjI has also dimension d, we see that the canonical homomorphism

cp: RjJ ---+ RjI

is an isomorphism, thus 1= J, as asserted. o

Definition 3.5.4 Let R = k[X1, ... x n ] be a polynomial ring over a field k
and I = (iI, ... , fq) an ideal. The Jacobian matrix of I is the matrix

We denote the Jacobian matrix of I taken modulo an ideal P by

Theorem 3.5.5 (Jacobian criterion) Let B = RjI be a quotient ring,
where R = k[X1, ... , x n ] is a polynomial ring in n variables over a field
k, and let I = (iI, ... , fq) C R be an ideal. If PeR is a prime ideal
containing I and lJ = P j I, one has:

(a) rank(8fiJ8xj)(P) ::; ht(Ip).

(b) If rank(8fiJ8xj)(P) = ht(Ip), then B p is a regular ring.

(c) If k is a perfect field and B p is regular, then

rank(8fiJ8Xj)(P) = ht(Ip).

Proof. See [217, p. 213]. o

Lemma 3.5.6 Let R be a ring and I an ideal. If I is height unmixed and
P is a prime ideal such that I C P, then I p is also height unmixed and
ht(I) = ht(Ip).

Proof. Let
1= q1 n ... n qr

be a primary decomposition of I, we may assume Vlli C P for i = 1, ... s.
Localizing at P gives a primary decomposition

IR p =nq;Rp .

;=1

Hence the associated primes of Ip are VlliR p , where i ::; s. To finish the
proof note ht(VlliR p ) = ht(Vlli) = ht(I) for i ::; s. 0
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Definition 3.5.7 Let k be a field and I = (h, ... , fq) an ideal of height
9 of k[XI, ... ,xn ]. The Jacobian ideal J of I is the ideal generated by the
9 x 9 minors of the Jacobian matrix J = (8fd8xj).

Corollary 3.5.8 Let R = k[XI, ... ,xn ] be a polynomial ring over a perfect
field k and I = (h, . .. , fq) C R an unmixed ideal. If P is a prime ideal of
R containing I and P = PII, then (R I I)p is regular if and only if J I I et p,
where J is the Jacobian ideal of I.

Proof. :::}) By Theorem 3.5.5 and Lemma 3.5.6 one has

rank(8fd8Xj)(P) = ht(I),

hence there is f E J \ P and J I I et PII.
{=:) If (RII)p is not regular, then by Theorem 3.5.5 one has the inequality

rank(8 fd8xj) (P) < ht(I), hence J I P = (0) and J I I c PII, which is
impossible. Note that this part of the proof is valid for any field k. 0

Proposition 3.5.9 Let R be a polynomial ring over a field k and I an
unmixed ideal of height g. If J is the Jacobian ideal of I and ht (J, I) 2: g+2,
then (RII)p is regular for any prime p of RII such that ht (p) .:::; 1.

Proof. Let B = RII and p = PII, where P is a prime ideal of R. If
B p is not regular, then according to Corollary 3.5.8 one has J I I c p and
hence (J, I) c P. Since R is a catenary ring and I is unmixed one obtains
ht(P) = 9 if ht(p) = 0 and ht(P) = 9 + 1 if ht(p) = 1. Therefore
ht (J, I) .:::; ht (P) .:::; 9 + 1, which is impossible. Thus B p must be regular,
as required. 0

Another consequence of the Jacobian criterion is the following radical
test of [294]. Let k be a field and I = (h, ... , fq) c R = k[XI, ... , x n ] an
ideal of height g. Let J be the Jacobian ideal of I generated by the 9 x 9
minors of the Jacobian matrix J = (8fd8xj).

Theorem 3.5.10 (Vasconcelos) If k is a perfect field and I is unmixed,
then I is a radical ideal if and only if there is an element f in J \ I such
that (I: 1) = I.

Proof. :::}) Let PI, ... ,Pr be the associated primes of I. If J c Z (R I I),
then J c Pi for some i because Z(RII) = Ui=IPi , Hence by Corollary 3.5.8
one derives that (RII)Pi is not a regular ring, which is a contradiction
because (RII) Pi = RpjPiRpi is a field.

{=:) Let I = qi n ... n qr be an irredundant primary decomposition of I
and Pi = 01i an associated prime ideal of I. Note (RII)Pi ::::: (RII)Pi and
I pi = (qi)Pi> where Pi = PdI. First we observe that (RII)Pi is a regular
ring; otherwise by Corollary 3.5.8 one has J I Ie PdI, hence f E Pi, which
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is impossible because f is regular modulo I. Therefore (R/I)Pi is a regular
local ring and thus an integral domain by Theorem 1.4.16. As I pi = (qi) Pi
must be prime, one concludes that qi is also prime and consequently qi = Pi'
Note that here the hypothesis k perfect is not being used. 0

Example 3.5.11 Let R = k[Xl,'" ,X7] and 1= (XIX7-X2X6,X3XS-X4X7),

where k is a field. We now show that B = R/I is a normal ring using
Theorem 1.4.15. The Jacobian matrix of I is:

o 0

Note that the monomials

are in the Jacobian ideal J of I. Hence ht (J, I) 2: g+2, where g = ht (I) = 2.
By Proposition 3.5.9 one has that B satisfies (RI) and since I is a complete
intersection it follows by Proposition 2.2.17 that B satisfies (82 ). Thus by
Serre's normality criterion the ring B is normal.

Lemma 3.5.12 Let R be a ring and I a prime ideal. If fER \ I and
Ijn) = 17 for some n 2: 1, then

Proof. If Z E (In: fOO), then zfk E In for some k 2: 1, hence z E I(n).
Conversely if z E I(n), then sz E In for some s ~ I. Since s/1 ~ If and
(s/I)(z/l) E 17, then z/1 is in the nth symbolic power of If. Thus by
hypothesis z /1 E 17 and this means that z E (In: fOO). 0

There are a few methods to compute symbolic powers of prime ideals in
polynomial rings, see [257] and [298, Chapter 3]. The following is a subtle
application of the Jacobian criterion due to Wolmer Vasconcelos.

Proposition 3.5.13 Let R be a polynomial ring over a field k and I a
prime ideal. If f is an element in the Jacobian ideal J of I which is not in
the ideal I, then

I(n) = (In: fOO) for n 2: 1,

and such element f exist if k is a perfect field.

Proof. Since the localization R f is Cohen-Macaulay, by Proposition 3.3.29
and Lemma 3.5.12 it is enough to prove that If is locally a complete inter­
section. Let P be a prime ideal such that I c P and f 9'- P. Set lJ = P / I.
One has
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As J / I et p, using Corollary 3.5.8 we conclude that R p / I p is a regular ring
and consequently (If )Pf is a complete intersection (see Proposition 3.5.3).
The last assertion follows from Theorem 3.5.10. 0

Example 3.5.14 Let R = Q[x, y, z] and

The ideal I is prime because it is the kernel of the homomorphism:

cp:Q[x,y,z] ---+ Q[t], where cp(h(x,y,z)) = h(t3,t4 ,t5
).

Using CoCoA [60] and Proposition 3.5.13 we get

where f = 2y2 + xz and .6. = _x5 + 3x2 yz - xy3 - z3. See [199].

Exercises

3.5.15 Use the following procedure in CoCoA [60] to verify the formula for
the second symbolic power of Example 3.5.14

Fl := x~3 - y *z; - - variables must begin with capital letters
F2 := y~2 - x *z;
F3 := z~2 - x2 *y;
Jac := Jacobian([Fl, F2, F3]);
J := Minors(2, Mat(Jac)); - - 2 x 2 minors of the Jacobian matrix
I := 1deal(Fl, F2, F3);
H := Elim(t, 1"2 + 1deal(l- t(2 *y~2 + x * z)));
Print(H);

3.5.16 Let R be a Cohen-Macaulay ring and I an ideal of R which is height
unmixed. If I is a complete intersection, then I is locally a complete inter­
section.

Hint Use Lemma 1.3.18.

3.5.17 Let R = Q[x, y, z] and I the prime ideal generated by the set of
binomials

Prove:

(a) Ix = (iI, h), that is, Ix is a complete intersection, and

(b) I(n) = (In: X OO
) for n ~ 1.
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3.5.18 Let R be a Cohen-Macaulay ring and I a prime ideal. If fER \ I
and If is a complete intersection, then

3.5.19 Let R = Q[XI, ... , X7] and let I be the principal ideal generated by
the binomial

f = Xl X3 X 5 X 7 - X2X~X6'

Prove that RjI is a normal domain. Give a description of the irreducible
binomials f such that Rj (1) is normal.

3.5.20 Let R be a Noetherian ring and a an element in the Jacobson radical
of R. If a is regular and Rj(a) is an integral domain, prove that R is an
integral domain. Recall that the Jacobson radical of R is the intersection
of all the maximal ideals of R.

3.5.21 Let I = 12 (X) be the ideal of 2 x 2-minors of the symmetric matrix:

where the entries of X are indeterminates over a field k. Prove that IXl is
a complete intersection. Find a set of generators for 1(2) and prove that
depth(HI) = 1, where HI is the first Koszul homology module of I.
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Hilbert Series

Hilbert series of graded modules and algebras are introduced and studied
in this chapter. The h-vector and a-invariant of a graded algebra S are
defined through the Hilbert-Serre's theorem, when S is Cohen-Macaulay we
present some of their properties. Some characteristics of Cohen-Macaulay
and Gorenstein extremal algebras will be presented.

4.1 Hilbert-Serre's Theorem

Unless otherwise stated we shall always assume that modules are finitely
generated and N-graded.

Let R = k[Xl, ... , x n ] be a polynomial ring over a field k with the grading
induced by deg(xi) = di , where di is a positive integer. If

00

M=ffiMi

i=O

is a finitely generated N-graded module over R, its Hilbert function and
Hilbert series are defined by

00

H(M, i) = £(Mi) and F(M, t) = L H(M, i)ti

i=O

respectively, where £(Mi ) denotes the length of Mi as a k-module, in our
case £(Mi) = dimdMi)' If dEN, then M(-d) is the regrading of M
obtained by a shift of the graduation of M, more precisely

00

M(-d) = ffiM(-d)i,
i=O

97
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where M( -d)i = M-d+i . Note that we are assuming Mi = 0 for i < O. In
this way M( -d) becomes an N-graded R-module.

Lemma 4.1.1 F(M(-d),t) = tdF(M,t).

Proof. Since M( -d)i = M i- d one has:

00

F(M(-d),t) = tdL£(Mi_d)ti-d = tdF(M,t),
i=d

where the first equality follows using that Mi-d = 0 for i = 0, ... , d - 1. 0

Lemma 4.1.2 Let M be a graded R-module. If z E R d, then there is a
degree preserving exact sequence

0--+ (M/(O: z))( -d) ~ M ~ M/zM --+ 0 (cp(m) = m + zM),

where (0: z) = {m E MI zm = O} and the first map is multiplication by z.

Proof. As the map 7jJ: M( -d) ---+ M, given by 7jJ(m) = zm, is a degree zero
homomorphism one has that (O:z)(-d) is a graded submodule of M(-d).
The exactness of the sequence above follows because 7jJ induces an exact
sequence

0--+ (O:z)(-d) ~ M(-d) ~ M ~ M/zM --+ 0,

where z is an inclusion. o

Theorem 4.1.3 (Hilbert-Serre) Let k be a field and R = k[Xl,. ", x n ] a
polynomial ring graded by deg(xi) = di E N+. If M is a finitely generated
N-graded R-module, then the Hilbert series of M is a rational function that
can be written as

F(M, t) = n h(t) for some h(t) E Z[t].

II(1 - t di
)

i=l

In particular if di = 1 for all i, then there is a unique polynomial h(t) E Z[t]
such that

h(t)
F(M, t) = (1 _ t)d and h(l) -::J O.

Proof. If n = 0, then
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Hence the Hilbert function of M is zero for i » 0 and F(M, t) is a polyno­
mial. If n > 0, consider the exact sequence of graded modules

Since the ends of this exact sequence are finitely generated modules over
the polynomial ring k[Xl,"" xn-d the proof follows readily by induction
on n. 0

Remark 4.1.4 The conclusion of the Hilbert-Serre theorem is valid if we
assume that R = k[Xl, .. . , x n ] is an N-graded algebra over an Artinian ring
k. See [9, Chapter 11J for details.

The integer d in the Hilbert-Serre's theorem will be denoted by d(M);
this integer will turn out to be equal to the Krull dimension of M, see
Proposition 4.1.8 and its proof.

Definition 4.1.5 The degree of F(M, t) as a rational function is denoted
by a(M), it is called the a-invariant of M.

The Hilbert polynomial One interesting invariant of a standard algebra
is its degree or multiplicity, here we introduce multiplicities via Hilbert poly­
nomials and explain how the a-invariant is useful to measure the difference
between the Hilbert polynomial and the Hilbert function.

For the rest of this section we shall always assume that R is a polynomial
ring over a field k with the usual grading.

Lemma 4.1.6 Let n 2: 1 be an integer, then

1 = ~ (m + n -l)tm .
(1- t)n ~ m

Proof. As the case n = 1 is clear, by induction on n one has:

1

(1 - t)n+1

Using the identity

m:1(::~)
the induction process is complete. o
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Observe that Lemma 4.1.6 also follows rapidly from the classical bino­
mial expansion:

Indeed recall that if r E ffi( and kEN, then

(4.1)

Using the binomial expansion for (1 - t)-n one has

1 =1+ ~(_l)m(-n)tm=l+~(_1)2m(m+n-1)tm.
(1 - t)n ~ m ;;;:1 m

Lemma 4.1.7 If R is a polynomial ring in n variables with coefficients in
a field k, then

1
F(R, t) = (1 _ t)n and H(R,m) = (m+n -1).

n-1

Proof. Let Xl be one of the variables. From the exact sequence

0--+ R(-l) .2'.4 R --+ Rj(xd ---+ 0,

we obtain
F(R,t) = F(R(-l),t) +F(Rj(xd,t)

Hence the formula for the Hilbert series follows by induction on n. To show
the second equality use Lemma 4.1.6. 0

Proposition 4.1.8 Let R be a polynomial ring over a field k with the
usual grading, and M a graded module over R. Then there are integers
a-d, ... ,a-l so that

d-l (. d . 1)Z+ -J-
H(M, i) = L a_(d-j) d _ . _ 1 ' V i ~ a(M) + 1,

j=O J

where d = d(M) is the dimension of M and a(M) is the degree of F(M, t)
as a rational function.

Proof. By the Hilbert-Serre's Theorem there is a polynomial h(t) E Z[t]
such that

h(t)
F(M, t) = ( )d1-t
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o

and h(l) -::J O. If d = 0, then a(M) is equal to deg(h) and H(M, i) = 0
for i ::::: a(M) + 1. Thus one may assume d > O. Observe that by the
division algorithm we can find e(t) E Z[t] so that the Laurent expansion of
F(M, t) - e(t), in negative powers of (1 - t), is equal to

d-l a_(d-j) (-l)jh(j)(l)
F(M, t) - e(t) = L ( )d" where a_(d-j) = ., .

1-t -J J.
j=a

Next we expand (1 - t)d- j in powers of t to obtain

CXJ [d-l (. d _ . _ 1)] CXJ

F(M, t) = e(t) + £; ~ a_(d-j) Z: _j ~ 1 t i = e(t) + £; if!(i)t
i

,

observe that if!(i) = H(M, i) for i ::::: deg e(t)+l, where the degree ofthe zero
polynomial is set equal to -1. To complete the proof note that a-d, ... , a-I

are integers by Lemma 1.2.10, and that d = d(M) is the dimension of M
by Theorem 1.2.8. 0

Corollary 4.1.9 If M is a graded R-module of dimension d, then there is
a unique polynomial if!M(t) E Z[t] of degree d - 1 so that H(M, i) = if!M(i)
for i ::::: a(M) + 1.

Proof. Is an immediate consequence of Proposition 4.1.8.

Definition 4.1.10 The polynomial

if!M(t) = Cd_Itd-1 + .. ,+ CIt + Co

is the Hilbert polynomial of M and the integer Cd-l (d - I)! is the degree or
multiplicity of M and is denoted by e(M). If d = 0, we set e(M) = £(M),
where £(M) is the length M.

Remark 4.1.11 The leading coefficient of if!M(t) is equal to h(l)j(d -I)!,
where h(t) is the polynomial F(M,t)(l- t)d. If d = 0, then

h(l) = £(M) = dimdM).

Corollary 4.1.12 Let M be a graded R-module. 8et

ra = min{r E NIH(M,i) = if!M(i), Vi::::: r}.

Then ra = 0 if a(M) < 0 and ra = a(M) + 1 otherwise.

Corollary 4.1.13 Let 8 = RjI be a standard graded algebra of dimension
d over a field k. If 8 is Cohen-Macaulay and II = {hI, ... , hd} a system of
parameters of 8 consisting of linear forms, then

e(8) = £(8jIl8).
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Proof. By Proposition 2.2.7 {hI, ... ,hd} is a regular sequence. Thus there
are exact sequences of k-vector spaces

0---+ (S[-l])i = Si-l !!4 Si ---+ (Sjh 1S)i ---+ O.

Therefore one has the relation 'Ps(i) = 'Ps(i) - 'Ps(i - 1) between Hilbert
polynomials for i » 0, where S = Sjh1S. Let

e(S) d-l d-2
(d _l)!t + ad-2t + ... + ao,

e(S) d-2 d-3
'Ps(t) = (d _ 2/ + bd - 3 t + ... + boo

Now, observe that thanks to 'Ps(i) = 'Ps(i) - 'Ps(i - 1) one derives:

consequently e(S) = e(S). Since S is Cohen-Macaulay of dimension d - 1,
see Lemma 1.3.10, the result follows by induction. 0

Proposition 4.1.14 If A and B are two standard algebras over a field k,
then

dim(A ®k B) = dim(A) + dim(B).

Proof. Since

where

Cr = E9 Ai ®k Bj,
i+j=r

one has the next equality between Hilbert series:

F(A, t)F(B, t)

00

L(dimk Gi)t i = F(A ®k B, t).
i=O

Thus Theorem 4.1.3 yields the asserted equality. o

Making use of the Noether normalization lemma it is not difficult to
prove that the result above holds for arbitrary affine algebras over a field k.
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Computation of Hilbert series Let R be a polynomial ring over a field
k and I eRa graded ideal. Since RjI and Rj in (I) have the same Hilbert
function (see Corollary 2.4.13), the actual computation of the Hilbert series
of RjI is a two step process:

• first one finds a Grabner basis of I using Buchberger's algorithm, and

• second one computes the Hilbert series of Rj in(I) using elimination
of variables (see [16, 21]).

Another approaches to the computation of Hilbert series are through
minimal resolutions and Stanley decompositions (see [276]). An alternative
method to compute Hilbert series of Cohen-Macaulay N-graded algebras is
given by Proposition 2.2.14. Some exemplifications are given below.

Example 4.1.15 Let R = k[Xl,X2,X3] be a polynomial ring and

Let us compute the Hilbert series of RjI using elimination. Pick any mono­
mial involving more than one variable, say X~X3' The idea is to eliminate
x~ from the monomials containing more than one variable. From the exact
sequence of graded modules:

2

0---+ Rj(xi,X3,X2)(-2) ~ RjI---+Rj(xi,xD ---+ 0,

and applying Exercise 4.1.21, we get

_t4 + 2t2 + 2t + 1

(1 - t)

Example 4.1.16 Let R = Q[x,y,z,w] and 1= (!I,hh), where

Using Macaulay one finds that the minimal resolution of RjI is:

Let us compute the Hilbert series of RjI using its minimal resolution:

F(RjI, t) F(R, t) - F(R( -2) EB R2(-3), t) + F(R2(-4), t)
1 t2 2t3 2t4

(1 - t)4 - (1 - t)4 - (1 - t)4 + (1 - t)4

1 + 2t + 2t2

(1 - t)2
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Example 4.1.17 Let R = k[Xl,' .. , xs] and I = (XlX2, X3X4XS). Note that
I is a complete intersection, hence by Exercise 4.1.21 one has

F(Rll )= (1-t
2
)(1-t

3
) = 1+2t+2t

2
+t

3
=-1 5t

2
-t+2

, t (1 _ t)S (1 - t)3 + (1 - t)3 .

The Laurent expansion of F(RII, t) + 1, in negative powers of (1 - t) is

5t2 - t + 2

(1 - t)3

H(p + i)

H(RIl,p+i)

where a-I = 5, a-2 = -9, a-3 = 6. Hence the Hilbert polynomial of
S = Ril is

. (i + 2) (i + 1) (i) .if!s(z) = 6 i - 9 i + 5 i = 3z
2 + 2.

Exercises

4.1.18 Let k be a field and R = k[Xl,'" ,x n ] a polynomial ring graded by
deg(xi) = di E N+. Then the Hilbert series of R is

1
F (R, t) = ---=n,--------

II(1 - t di
)

i=l

4.1.19 Let h, .. " fg be a regular sequence of forms of degree p in a poly­
nomial ring R in n variables and I = (h, ... , fg). If 0 :S i < p show:

9 (i + n - 1) and
n-1

(p +~ ~ ~ - 1) _H(I,p + i).

4.1.20 Let R = k[x, y, z] be a polynomial ring over a field k and

If a ;: aI, b ;: hand c;: Cl, then

e(RII) = dimdRIl) = abcl + (c - cd(alb + (a - adh).

4.1.21 Let R be a polynomial ring in n variables over a field and h, ... , fr
a homogeneous regular sequence in R. If ai = deg(ji), then

r

II (1 - tai
)

F(RI(h, ... , fr), t) = i=(l _t)n .
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4.1.22 If R = k[xo, ... ,xn ] is a polynomial ring over a field k and

then 8 is a Grabner basis for I = (8) w.r.t the reverse lex ordering.
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4.1.23 In Exercise 4.1.22 show that the a-invariant of RjI is n(q - 1) by
proving that the Hilbert series F(t) = F(RjI, t) can be written as:

where w = 1 + t + ... + t q
- I

.

4.1.24 Let R = k[XI,X2,X3] be a polynomial ring and

Prove that the a-invariant of RjI is 3 and H(RjI,i) = 4 for i 2: 4.

4.1.25 Let A, B be two standard algebras over a field k and define their
Segre product as the graded algebra

S = A ®s B = (Ao ®k Bo) EB (AI ®k Bd EB .. , c A ®k B,

where

(A ®k B)p = L Ai ®k B j .

i+j=p

Use Hilbert functions to prove

dim(S) = dim(A) + dim(B) - 1.

4.1.26 Use the following procedure in CoCoA [60] to verify the formulas
for the Hilbert series and Hilbert polynomial found in Example 4.1.17

Use R ::= Q[x[1..5]], Lex;
Q := Ideal(x[l] *x[2]' x[3] *x[4] *x[5]);
Poincare(RjQ);
Hilbert(RjQ);
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4.2 a-invariants and h-vectors

Our goal here is to relate the a-invariant of a Cohen-Macaulay N-graded
algebra with its minimal resolution and to prove that h-vectors of such
algebras are non negative. We include Stanley's characterization of Cohen­
Macaulay algebras in terms of Hilbert series.

We begin with a general inequality relating the a-invariant of a graded
algebra with the shifts of its minimal resolution.

Proposition 4.2.1 Let R = k[X1,'" ,xn ] be a positively graded polynomial
ring over a field k and I a graded ideal. If

bg bk b,

IF'*: 0 ----t E9 R(-dgi ) ~ ... ----t E9 R( -dki) '4 ... ----t E9 R( -d1i ) '4 R
i=l i=l i=l

is the minimal resolution of S = RII, then

a(S) ::; max{dkil1 ::; k ::; g and 1 ::; i ::; bk} + a(R).

Proof. From the resolution of S one can write the Hilbert series of S as:

F(S, t) =

hence a(S) ::; max{dkd + a(R).

nII(1 - tdeg(x;))

i=l

o

Definition 4.2.2 Let R = k[X1, ... ,xn ] be a positively graded polynomial
ring over a field k and I a Cohen-Macaulay graded ideal of height g. The
canonical module of S = RII is defined as

WS = Ext~(RII,wR),

where WR = R( -0) and 0 = 2::7=1 deg(xi)'

Proposition 4.2.3 Let R = k[X1, ... ,xn ] be a positively graded polynomial
ring over a field k and I a Cohen-Macaulay graded ideal. If

bg bk b,

IF'*: 0 ----t E9 R(-dgi ) ~ ... ----t E9 R(-dki) '4 ... ----t E9 R( -d1i ) '4 R
i=l i=l i=l

is the minimal resolution of S = RII, then maxi{d1d < ... < maxi{dgd
and the a-invariant of S is given by

a(S) = max {dgd + a(R) = -min{i I (WS)i -::J O}.
l:S,:Sb g
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Proof. One may order the shifts as dkl :::; ... :::; dkbk for k = 1, ... , g. From
the resolution above one can express the Hilbert series of S as:

F(S, t) = nII(1 - tdeg(Xi))

i=l

In order to make use of this formula we first need to prove the assertion
about the behaviour of the shifts dki.

Since S is Cohen-Macaulay, the height of I is equal g, this follows from
Corollary 2.5.14. Recall that by Proposition 2.2.19 there exists a regular
sequence iI, ... ,I g inside I, hence using Proposition 1.3.7 yields:

Extk(S, WR) = 0 for i < g.

Set <5 = L:7=ldeg(xi) and WR = R(-<5). Therefore dualizing lB\, with
respect to the canonical module of R, one obtains the (exact) complex:

Hom(F" wn)' 0 --+ Hom(R, wn) --+ ... --+ Hom (~R(-d,;) ,wn) --+ O.

Observe

Hom (~R(-d,,),R)HI

i=l
bg

E1jR(-(<5 - dgi )).

i=l

Since Hom(lB\, WR) is a minimal resolution of Ext~ (S, WR), by Remark 2.5.9,
one has d 1bJ < d 2b2 < ... < d gbg . As a consequence, from the expression
for F(S, t) given above, one concludes the equality a(S) = d gbg + a(R). In
particular one has a surjection

bg

E1jR(-(<5 - dgJ) ----t Ext~(S,R(-<5)) = Ws ----t O.
i=l

To complete the proof note that since <5 - d gbg :::; ... :::; <5 - d g1 , one has the
equalities min{il (WS)i -::J O} = <5 - d gbg = -a(S). 0
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h-vectors Next we introduce the notion of h-vector of standard algebras
which is based on the knowledge of the Hilbert-Serre theorem for Hilbert
series (see Theorem 4.1.3).

Definition 4.2.4 Let S be a standard algebra and

the (unique) polynomial with integral coefficients such that h(l) -I- 0 and
satisfying

h(t)
F(S, t) = (1 _ t)d'

where d = dim(S). The h-vector of S is defined by h(S) = (ho, ... , hr ).

Theorem 4.2.5 ([269]) Let S be a standard algebra and e1 , ••. , ed a ho­
mogeneous system of parameters for S with ai = deg(e i ). Let A be the
quotient ring s/(e1 , ••. ,ed). Then S is Cohen-Macaulay if and only if

F(S, t) = _d_F--,--(A--,--,--,--t)_

II(1 - t ai )
i=l

(4.2)

Proof. :::}) Assume S is Cohen-Macaulay. It is enough to prove the equality

F(s/(e 1 , ... ,es ),t) = II(l-t ai )F(S,t),
i=l

(4.3)

for 1 ::; s ::; d. We proceed by induction on s. Assume s = 1. From the
exact sequence of graded S-modules

0--+ S[-aI] ~ S --+ s/(eI) --+ 0

we obtain
F(s/(eI), t) = F(S, t) - F(S[-l], t).

Since

F(S[-aI], t)
00 00

L S[-aI]i ti = L S[-aI]i ti
i=O

00

ta'L Si-al t i- a,
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we conclude
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F(Sj(eI) , t) = (1 - tal )F(S, t),

which proves the case s = 1. Next assume s > 1 and that the equality (4.3)
is true for s - 1. From the exact sequence

we get
F(Sj(e1 , ..• , es ), t) = (1 - t as )F(Sj(e1 , .•. , es-I), t),

and the induction hypothesis yields the required equality.
{=:) Let f(t) = L:i>oaiti and g(t) = L:i>obiti be two formal power

series, we say that f(t) -? g(t) if ai ? bi for all?:. From the exact sequence

0--+ (Sjann (eI)) [-ad ~ S --+ Sj(eI) --+ 0

we obtain

Hence the power series F(Sj(eI) , t) is greater or equal than (I-tal )F(S, t),
and by induction it follows that

r

F(Sj(e1 , ... er),t)? II(I- tai)F(S,t) for 1:::; r:::; d.
i=l

Set S' = Sj(e1 , ... ,ed-I). Using the exact sequence

we get
F(S'j(ed),t) = (1- WdF(S',t) + tadF(ann (ed),t).

On the other hand using the hypothesis we have

d

F(S'j(ed),t) = II(I-t ai )F(S,t).
i=l

Therefore

(1 - t) ad (F(S', t) - (1 - tal) ... (1 - t ad - l )F(S, t))
'---v-'" ' v '

2:0 2:0
= _tad F(ann (ed), t),

and F(ann (ed ), t) = 0, which shows that ed is a regular element on S'. By
induction it follows readily that e1 , •.• ,ed is a regular sequence. This proof
was adapted from [269]. 0
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Theorem 4.2.6 Let S be a Cohen-Macaulay standard algebra over a field
k and h(S) = (hi) the h-vector of S, then hi 2': 0 for all i.

Proof. One may assume k infinite, otherwise one may change the coefficient
field k using the functor (-) ®k K, where K is an infinite field extension of
k. There is a h.s.o.p y = {YI, ... , Yd} for S, where each Yi is a form in S of
degree one. Set S = Sj(y)S. From Theorem 4.2.5 we derive

hi = H(S, i)

for all i and consequently hi 2': O.

Exercises

o

4.2.7 Let R be a polynomial ring over a field k with the usual grading
and M a finitely generated N-graded module. If M is Cohen-Macaulay and
h(t) = ho + hIt + ... + hrtr the polynomial in Z[t] so that h(l) -::J 0 and

h(t) .
F(M, t) = (1 _ t)d' where d = dIm(M).

Prove that hi 2': 0 for all i.

4.3 Extremal algebras

The concept of an extremal Cohen-Macaulay or Gorenstein standard algebra
(resp. ideal) came up in the works of J. Sally [251] and P. Schenzel [252].
Those algebras (resp. ideals) have the smallest possible reduction number
(resp. smallest possible number of generators of least degree). We will study
with certain detail those two distinguished classes of algebras.

The Cohen-Macaulay case

Let R be a polynomial ring over a field k with its usual grading and

00

1= ffil i

i=p

a graded ideal with Ip -::J (0). The integer p is the initial degree of I. As
usual v(I) denotes the minimal number of generators of I, and v(Ip) stands
for the minimal number of generators of I in degree p.

The next result, when applied to a Cohen-Macaulay ideal I generated
by forms of the same degree, provides a bound for the minimum number of
generators of I.
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Proposition 4.3.1 Let R be a polynomial ring over a field k and I a graded
ideal in R of height g and initial degree p. If I is Cohen-Macaulay, then

(
p + g -1)v(Ip) = H(I,p) ::; p .

Proof. We may assume that k is infinite, since a change of the coefficient
field can be easily carried out using the functor (.) ®k K, where K is an
infinite field extension of k. This change of the coefficient field preserves
the hypothesis on I and leaves both the height of I and the dimensions of
the vector spaces of forms of a given degree in I unchanged.

We set S = RjI. By Lemma 2.2.15, there is a homogeneous system of
parameters Y = {YI, ... ,Yd} for S, where each Yi is a linear form in R. If
we tensor the minimal resolution of S with Ii = Rj(y) it follows that

0::; H(S,p) = H(Ii,p) - H(I,p),

where S = Sj(y)S. To get the desired inequality it suffices to observe that
Ii is a polynomial ring in g variables over the field k. 0

Definition 4.3.2 If S is an Artinian positively graded algebra the sode of
S is given by

Soc(S) = (0:5 S+).

Lemma 4.3.3 ([118]) Let S = Rj I be a quotient ring of a polynomial ring
R over a field k modulo a graded ideal I. Let

bg bJ

o ---+ E9 R( -dgi ) ---+ ... ---+ E9 R( -dli ) ---+ R ---+ S = Rj1---+ 0,
i=l i=l

be the minimal resolution of S. If S is Artinian, then there is a degree zero
isomorphism of graded k-vector spaces:

bg

Soc(S) ::::: E9 k[g - dgJ
i=l

Proof. Let R = k[XI, . .. , x g ] and J: = {Xl, ... ,xg }. The ordinary Koszul
complex K* associated to the regular sequence J: is an R-free resolution of
k = Rj(J:) and thus

On the other hand
bg

Tor:(S, k) ::::: E9 k[-dgi ]

i=l
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(see the proof of Corollary 2.5.7). To complete the argument note

Hg(K* ®R 8)[g] ~ Zg(K* ®R 8)[g]

{ze 1 /\ .•. /\ eg It(_l)i-l ZXiel /\ ... /\ ei /\ ... /\ eg = 0 } [g]

Soc(8).

Altogether one has
bg

Soc(8) ~ E9 k[g - dgi ],

i=l

as required. o

Proposition 4.3.4 If 8 a Cohen-Macaulay positively graded k-algebra over
a field k with presentation RjI, then the type of 8 is equal to the last Betti
number in the minimal free resolution of RjI as an R-module.

Proof. By making a change of coefficients using the functor (-) ®k K, where
K is an infinite field extension of k, one may assume that k is infinite.

By Theorem 2.2.11 there exists a system of parameters y = {Yl,"" Yd}
for 8 = RjI with each Yi a form of degree one of R. Since Tori (8, Rj (y)) = 0
for i 2': 1, the minimal resolution of 8j(y8) as an Rj(y)-module has the
same twists and Betti numbers as the minimal resolution of 8 over R. Since
8j(y8) is Artinian the result follows from Lemma 4.3.3. 0

Corollary 4.3.5 If R is a polynomial ring over a field k, then a graded
ideal I of R is Gorenstein iff RjI is Cohen-Macaulay and the last Betti
number in the minimal graded resolution of RjI is equal to 1.

Corollary 4.3.6 Let 8 be a Cohen-Macaulay positively graded k-algebra
over a field k and Ws its canonical module. Then

type(8) = v(ws),

where v(ws) is the minimum number of generators of ws.

Proof. Use the proof of Proposition 4.2.3 and Proposition 4.3.4. 0

Theorem 4.3.7 ([61]) Let R be a polynomial ring over a field k and I a
graded ideal in R of height g and initial degree p. If 8 = RjI is a Cohen­
Macaulay ring, then 8 has a p-linear resolution if and only if the following
equality holds

(
p + g - 1)v(Ip) = H(I,p) = p . (4.4)
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Proof. Let
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bg b,

o ---+ E9 R(-dgi ) ---+ ... ---+ E9 R(-d1i) ---+ R ---+ S = RjI ---+ 0, (4.5)
i=l i=l

be the minimal resolution of S. We order the shifts so that dk1 ~ ... ~ dkbk
for k = 1, ... ,g; by the minimality of the resolution d ll < d21 < " . < dg1 .
Observe that if the resolution of S is linear then the Herzog-Kiihl formulas
of Theorem 2.5.16 give the required equality.

Conversely assume the equality above. Since we may assume that k is
infinite, there is a h.s.o.p y = {Y1,.'" Yd} for S, where each Yi is a form
of degree one in R. Set B = Sj(y)S and Ii = Rj(y). From Theorem 4.2.5
we derive that the h-vector of S satisfies hp = 0, and also get hi = H(S, i).
Therefore hi = 0 for all i 2': p. Using Lemma 4.3.3 one obtains a degree zero
isomorphism

bg

Soc (B) ::::: E9 k[g - dgi ]

i=l

of graded k-vector spaces, in particular the socle ofB can only live in degrees
dgi - g, hence we conclude the inequality dgi - 9 ~ P - 1. On the other
hand the minimality of the resolution of B gives p + (g - 1) ~ dgi for
all i. Altogether we have dgi = P + 9 - 1. Because I is C-M, then by
Proposition 4.2.3 we must have p ~ d1b, < d2b2 < ... < dgbg = P + 9 - 1,
which implies that the resolution is p-linear, as required. 0

Example 4.3.8 ([237]) Let R = k[a, ... , f] be a polynomial ring over a
field k and

I = (abc, abd, ace, adf, aef, bcf, bde, bef, cde, cd!).

Then RjI is C-M if char(k) -I- 2 and non C-M otherwise. Thus in the first
case RjI has a 3-linear resolution.

Other examples of Cohen-Macaulay algebras with linear resolutions in­
clude rings of minimal multiplicity [251], the coordinate ring of a variety
defined by the submaximal minors of a generic symmetric matrix [194], the
coordinate ring of a variety defined by the maximal minors of a generic
matrix [89], and some face rings [114].

Cohen-Macaulay rings with linear resolutions have been studied by Sally
[251] for the case p = 2, and by Schenzel [252] for the general case; more
general rings with linear resolutions have been examined in [93, 155].
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The Gorenstein case

Chapter 4

To give a sharp bound for the number of generators in least degree of a
graded Gorenstein ideal is harder than the Cohen-Macaulay case, we deal
with this problem in the next section.

The aim here is to introduce and characterize extremal Gorenstein rings
in terms of their minimal resolutions and to determine their Betti numbers.
Those Betti numbers are our "natural candidates" to bound the initial Betti
numbers of graded Gorenstein ideals.

Proposition 4.3.9 If S = So + ... + S8 is a positively graded Artinian
Gorenstein algebra over a field k, then the multiplication maps

Si X S8-i ---+ S8 = Soc(S) c:= k

are a perfect pairing, that is, the homomorphisms:

are isomorphisms of k-vector spaces.

Proof. To show that CPi is one to one take r E ker(cp) and assume r -I- 0
and i < s. Since r is not in the sode of S, one may pick z E S homogeneous
of maximal positive degree such that zr -I- O. Note that 0 < deg(z) < s - i,
because rx = 0 for x E S8-i' Hence zr has degree less than s, using that
the sode of S lives only in degree s one obtains a homogeneous element
w with deg(w) > 0 such that wzr = 0, which contradicts the choice of
z. Therefore r = 0 and cp is injective. Using the injectivity of cpi one has
dimk Si :::; dimk S8-i :::; dimk Si, and thus CPi is an isomorphism. 0

Corollary 4.3.10 Let h = (h o, ... ,h8) be the h-vector of a standard Goren­
stein k-algebra, where k is a field. Then h is symmetric, that is,

hi = h8- i for all i.

Proposition 4.3.11 Let R be a polynomial ring over a field k with the
standard grading and I a graded Gorenstein ideal of initial degree p and
height g. If the minimal resolution of S = R / I by free R-modules is:

bg bk b]

lB\: 0 ---+ ffi R( -dgd ---+ ... ---+ ffi R(-db) ---+ ... ---+ ffi R(-d1i) ---+ R,
i=1 i=1 i=1

then

bg-k bk

ffi R(-(dg - d(g-k)i)) c:= ffiR(-dki) for 1:::; k:::; g -1. (4.6)
i=1 i=1
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Proof. One may always order the shifts so that

dkl :::; ... :::; dkbk for k = 1, ... , g.

115

As bg = 1 and dgi = dg, by Proposition 4.2.3 one has that the a-invariant
of S is a(S) = dg - n, where n is the number of variables of R. Since
Hom(lB\, WR) is a minimal resolution of

and using
Ws ::::: S(dg - n),

one obtains that lB\ is self dual. o

With the same assumptions and notation of Proposition 4.3.11 one has:

Proposition 4.3.12 Let h(S) = (ha, ... , h s ) be the h-vector of S. Then
s 2:: 2(p - 1) with equality if and only if the minimal resolution of S is of
the form

0---+ R( -(2p + 9 - 2)) ---+ Rbg-l (-(p + 9 - 2)) ---+
'" ---+ R b2(_(p+ 1)) ---+ RbI (_p) ---+ R.

Proof. As in the proof of Theorem 4.2.6 one may assume S Artinian and
hi equal to H(S,i). Note that the socle of S lives in degree dg - 9 by
Lemma 4.3.3, hence s 2:: dg - g. By Proposition 4.3.11 and the minimality
of the resolution one concludes

s 2:: dg - 9 = d1h + d(g-l)l - 9 2:: p - 9 + d(g-l)l 2:: 2(p - 1),

where the last inequality uses dkl 2:: p + k - 1 for 1 :::; k :::; 9 - 1. For
the second assertion use the chain of inequalities above and compute the
h-vector of S using its resolution. 0

Definition 4.3.13 If s = 2(p - 1), the ring S is called an extremal Goren­
stein ring and its resolution is called pure and almost linear.

Proposition 4.3.14 ([252]) Let R be a polynomial ring over a field k and
I a graded ideal of initial degree p and height g. If S = RjI is an extremal
Gorenstein algebra, then for 1 :::; i < 9 the ith Betti number of S is given by
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Proof. As in the proof of Theorem 4.3.7 one may assume S Artinian and
R a polynomial ring in 9 variables. Set s = 2(p - 1). From the minimal
resolution of S

(~hiZi) (1- Z)9 = 1 + ~(-l)ibiZP+i-l + (-1)9b9z s+9,

where hi = H(S, i) = hs - i . Therefore

p+m-l

bm = '" (_l)P-l-d 9 .)hi , 1::; m::; 9- 1
L \p+m-1-z
i=O

Using the identity

~(_l)P-l-i~+m~ 1- i) (9 - ~ + i)
i=O

= (p +9-1) (p + m - 2) (4.7)
\p+m-1 m-1

and the symmetry of the h-vector of S one has

p+m-l

bm =(P+9- 1 )(p+m-2)+ '" (_l)P-l-i( 9 .)hs - i .
p+m-1 m-1 L p+m-1-z

2=p

Note

p+m-l

'" (_l)P-l-d 9 .)hs - i
~ \p+m-1-z
2=p

~(_l)i+l( 9.)(P+9- 3 - i),
L m-1-z 9- 1
i=O

since the terms in the right hand side are zero for i > P - 1 the last sum­
mation reduces to

the last equality follows from Eq. (4.7) making m equal to 9 - m. 0
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4.3.15 Let R be a polynomial ring over a field k and I a Cohen-Macaulay
graded ideal in R of height 9 and initial degree p. Let (ha, .. . ,h s ) be the
h-vector of R/I. Prove that s ;: p - 1, with equality if and only if the
minimal resolution of R/I is p-linear. If s =p - 1 the algebra R/I is called
an extremal Cohen-Macaulay algebra.

4.3.16 Let R be a polynomial ring over a field k and I a C-M graded ideal in
R of height 9 and initial degree p. Prove that the Hilbert series of S = R/I
can be written as

~ c: ~ ~ l)t i

F(S, t) = (1 _ t)d ,where d = dim S,

if and only if S has a p-linear resolution.

4.3.17 Let R be a polynomial ring over a field k and I a Cohen-Macaulay
graded ideal in R of height 9 and initial degree p. If S has a linear resolution,
show that the Betti numbers of S = R/I and its multiplicity are given by

bk = (p + k - 2) . (p + 9 - 1) and e(S) = (p + 9 - 1).
k-1 g-k 9

4.3.18 Let S = R/I be a standard Gorenstein algebra so that I has initial
degree p and codimension g. Show that the multiplicity of S satisfies:

with equality if and only if S is an extremal algebra.

Hint The h-vector h(S) = (ha, ... , hs ) is symmetric and s ;: 2(p -1). Then
compute explicitly

p-2

hp - 1 + 2 L hi.
i=a

4.3.19 Let R be a polynomial ring over a field k and I a graded Gorenstein
ideal of height 4 generated by forms of degree p. Let h(S) = (ha, ... , h s ) be
the h-vector of S = R/I. Prove that the minimal resolution of S has the
form:

s-2p+3

o ----t R(-(s+4)) ----t R b(-(s-p+4)) ----t E9 Rai(-(p+i)) ----t Rb(-p) ----t R,
i=1

where r = s - 2p + 3 and ai = ar-Hl for i ;: 1.



118 Chapter 4

4.3.20 If x > 1 is an integer, prove that x(x + 8) is never a perfect square.

4.3.21 Let I be a graded Cohen-Macaulay ideal of a polynomial ring R
with a minimal resolution:

If h = 9, use the Herzog-Kiihl formulas to prove that I is Gorenstein.

Hint Note b3 - b2 + h - 1 = 0 and prove b1 b2 b3 = 9b3 (b 3 + 8) is a perfect
square, then use Exercise 4.3.20.

4.4 Initial degrees of Gorenstein ideals

Assume R is a polynomial ring over a field and I a homogeneous Gorenstein
ideal of codimension 9 2': 3 and initial degree p 2': 2. Let

( ) _ (g + p - 1) (g + p - 2) d _(p + 9 - 1) _(p + 9 - 3)e g, p - + an Va - .
9 9 g-l g-l

A consequence of the symmetry of the h-vector of RjI is that the multi­
plicity of RjI satisfies

e(RjI) 2': e(g,p),

see Exercise 4.3.18. Given codimension 9 and initial degree p, a graded
Gorenstein algebra RjJ with multiplicity e(RjJ) = e(g,p) is extremal.
This has strong structural implications: the minimal free resolution of Rj J
must be pure and almost linear; consequently all the Betti numbers bi(RjJ)
are determined, and in particular J is generated by Va forms of degree p
(see Section 4.3).

Results in the literature dealing with Cohen-Macaulay ideals (such as
[106, 249]) give upper bounds for the minimal number of generators v(I) of
I in terms of codimension, initial degree, and multiplicity e(RjI). One of
the aims below is to elucidate the multiplicity information that is already
determined by the codimension and initial degree (see Theorem 4.4.3). In
general one expects no such conclusion, but for graded Gorenstein algebras
the symmetry of the h-vector h(RjI) can be effectively exploited.

Macaulay's Theorem

First we introduce the binomial expansion, and then state a famous result
of Macaulay on the growth of Hilbert functions that will be needed later.

Lemma 4.4.1 Let h, j be positive integers. Then h can be uniquely written

h = (a
j
) (a

j
-

1
) ••• (a

i
). + . 1 + + . ,

J J - Z

where aj > aj-l > ... > ai 2': i 2': 1.

(4.8)
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Proof. By induction on j. If j = 1, then h = (~). Assume j > 1, then

there is a unique aj such that (7) ::; h < (a;t). Let r = h - (~;). By
induction

r=h- (j) (;J~~) +.,,+ (~,)

From the inequality

where aj-l > ... > ai :2': i :2': 1.

h = (a
j
) (a

j
-

1
) ••• (a

i
) (a

j + 1) = (a
j
) (a

j
)'+'1+ +.<. '+'1J J- Z J J J-

we obtain Cj~-n < C~~\) and this implies aj -1 < aj. Let us show the
uniqueness. Assume h can be written as

h = C;) + Gj~~) + ... + C:),
where bj > bj - 1 > ... > bk :2': k :2': 1. By induction on j one has

(;) ::; h < Cj ; 1).
Since aj is unique we derive aj = bj . Hence by induction hypothesis k = i
and aj-l = bj - 1 , ••• , ai = bi. 0

The unique expression for h in Eq. (4.8) is called the binomial expansion
of h in base j. We set

h(j) = ( a
j

) (a
j
- 1

) ••• (a i
)'1+' + +'1'J + J Z +

(4.9)

(4.10)h(j) = (a; :11) + Cj-~ + 1) +". + (:i:1
1
),

sometimes h (j) is refer to as the Macaulay symbol.

Theorem 4.4.2 (Macaulay) Let h: N ---+ N be a numerical function and
k a field. The following are equivalent

(a) there exists a homogeneous k-algebra S with H(S,i) = h(i) for i:2': O.

(b) h(O) = 1 and h(i + 1) ::; h(i)(i) for all i :2': 1.

Proof. See [298, Appendix B]. o

Theorem 4.4.3 ([222]) If I is a graded Gorenstein ideal of codimension
g :2': 3 and initial degree p :2': 2, then

v(Ip ) ::; Va = (p; ~ ~ 1) _(p; ~ ~ 3) ,
and I is itself extremal if equality holds.
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Proof. If either v(Ip) > Va, or v(Ip) = Va and I is not extremal, then by
the symmetry of the h-vector h(RjI) there is some j ::: p so that

h(RjI) = (ha,h1, ... ,hp-1,hp, ... ,hj,hp-1, ... ,h1,ha),

where

(
p + 9 - 3)hj = hp ::; = hp- 2 '

g-l

The idea of the argument is to use the Macaulay bound h)i) for h j +1 to see
that such a small value of hj cannot grow to such a large value of

(
p + 9 - 2)

hj +1 = hp- 1 = .
g-l

Recall that this estimate is calculated from the binomial expansion for hj :

( a
j
) (ai-1) (a i)h j = j + j _ 1 + ... + i '

where aj > ai-1 > ... > ai ::: i ::: 1. Then

h < h (j) = (a j + 1) (a j - 1 + 1) . . . (ai + 1)
1+1 - 1 . 1 + . + + . 1 .

J + J Z +

(4.11)

(4.12)

We may assume that hj > j, for if not, then hj ::; j would imply that ae = £
for all £, and hence hi ::: hj+1, which contradicts our assumption. Notice
that by grouping the terms of (4.11) according to the value of ae - £ the
binomial expansion for hj can be written as

where aj - j = ka > k1 > ... > kr ::: 0, j = ja > j1 > ... > jr, jr - ir = i,
and jn = jn-1 - in- 1 - 1 for 1 ::; n ::; r. Set k = ka. Since p ::; j and

e;k) ::; hj ::; (p; ~ ~ 3)
it follows that k ::; 9 - 2. From (4.11), (4.12), and (4.13), together with
Pascal's identity and

(
a + b + 1) = a + 1 (a + b + 1)

b+1 b+1 b '
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we have

121

On the other hand from the upper bound on hj and hj +1 = hp - I we get

9 -1 (p + 9 - 3)--h < < h'+ 1 -h.p_1 J - g-2 -J J

Since (g - l)j(p - 1) > (k + l)j(j + 1) it follows from (4.13) and the last
two inequalities that Fo < 0, where for 0 ::; s ::; r we set

F s t [(~s+l_ ~n+1) (in+~n+1)]
Js + 1 In + 1 Inn=s

+t [(~ -~) (i~ - i~ + k
n
)] .

In - Zn Js + 1 In - Zn - 1
n=s

To derive a contradiction we are going to show the following inequalities

(
kr +1 k r + 1) ( ai )Fo > F I > ... > Fr = -.--. - -.-- . > O.
Jr - Zr Jr + 1 Z - 1

Assume 1 ::; s + 1 ::; r. Notice that

o <

Therefore

Let As denote the first summation and B s the second in this last inequality;
clearly As - B s > O. Also note that

ks + 1 ks + 1-.--. > -.--
Js-Zs Js+1

and k s + 1 k S+1 + 1
is - is > is+1 + 1 .
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Putting these together, we compute

Chapter 4

>

( ~s+.1 _ ~s+l) (j~-i~+ks)
Js-Zs Js+l Js-zs-l

(
ks + 1 _ kS+1 + 1) A (ks+1 + 1 _ k s + 1) B

+ . 1 . 1 s+. 1 . 1 sJs + Js+l + Js+l + Js +

(
ks + 1 _ ks + 1) (A _ B) (k s + 1 _ kS+l + 1) A
... 1 s s+. l' 1 sJs - Zs Js + Js + Js+1 +

(ks+1 +1_k s + 1) B
+. 1 . 1 s

Js+l + Js +

( ~s+.I_~s+l+I)(As_Bs) > 0.
Js - Zs Js+l + 1

Hence Fa > Fr > 0, which contradicts the observation that Fa < 0. 0

One might hope for even stronger estimates than suggested by the result
above, for instance that v(I) :S Va. Next we present a counterexample
showing that Theorem 4.4.3 cannot be extended to bound the number of
generators in all degrees.

Example 4.4.4 Let

Using Macaulay one readily obtains that I is given by:

Then RjI is a Gorenstein Artin algebra with h-vector (1,4,9,13,13,9,4,1)
and Betti sequence (1,10,18,10,1), whereas the h-vector for an extremal
Gorenstein algebra of codimension four and initial degree two is (1,4,1) and
the Betti sequence is (1,9,16,9,1); notice that the multiplicity e(RjI) = 54
is far greater than the minimal value of six exhibited by an extremal algebra.

In height three one can bound the Betti numbers, thanks to the structure
theorem of Buchsbaum and Eisenbud. For initial degree p, the extremal
Gorenstein algebra of codimension three has h = b2 = 2p + 1.

Theorem 4.4.5 Let R be a polynomial ring over a field and I be a ho­
mogeneous Gorenstein ideal of height three. If p is the initial degree of I,
then

v(I) :S 2p + 1 and b2 (Rj I) :S 2p + 1.
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Proof. (sketch) We may assume, without loss of generality, that R is equal
to k[X1,X2,X3] and A = R/I is Artinian and local with socle(A) = AT'
Then by [54] the minimal free resolution of A has the form

v v

o ----t R( -(J - 3) ----t E9 R( -nj) ~ E9 R( -mi) ----t R,
j=l i=l

where Y is an alternating matrix, and the generators II, ... , f v of I are the
maximal pfaffians of Y. If the theorem fails every generator has degree at
least (2p + 1) /2 > p, which is a contradiction since at least one minimal
generator has degree p. 0

Conjecture 4.4.6 (Miller-Villarreal) Let I c R be a graded Gorenstein
ideal of initial degree p and height g. If 1 ::; i < g and 'Yi is the ith initial
Betti number of R/I, then

"if. <
/' -

Proposition 4.4.7 Let n be a given positive integer and f, g: N ----t N the
numerical functions given by

g(x) = n(x) and f(x) = x(n),

where h(j) is the Macaulay symbol. Then g(x) is non increasing and f(x)
is strictly increasing.

Proof. See [22] and [44, Lemma 4.2.13] respectively. o

There is a short and elegant argument, based on the behaviour of the
combinatorial functions g(x) = n(x) and f(x) = x(n), to show the inequality
of Theorem 4.4.3. We include the details of this argument in the proof below.

Corollary 4.4.8 If R is a polynomial ring over a field k and I a graded
Gorenstein ideal of R of codimension g 2': 3 and initial degree p 2': 2, then

v(I
p

) ::; Va = (p + g - 1) _(p + g - 3).
g-l g-l

Proof. First we make a change of coefficients using the functor (.) ®k K,
where K is an infinite field extension of k. Hence we may assume that k is
infinite. Let A be an Artinian reduction of S = R/I, that is,
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where II = hI, ... , hd is a system of parameters of S with hi a form of
degree 1 for all i. Note that one can write A = R(l, where R = R/(ll)
is a polynomial ring in 9 variables and I = IR is a graded Gorenstein
ideal of R of codimension 9 and initial degree p. By Proposition 4.3.9 the
Hilbert function of A is symmetric. Since the h-vector h(S) = (hi) satisfy
hi = dimk (Ai) there is some j 2: p so that

thus

(
p+g - 2)

hj +1 = hp - 1 = 9 _ 1 and hj = hp

The idea of the argument is to use the Macaulay bound

see Theorem 4.4.2. From the inequalities:

we conclude

(
p+ 9 _ 3) (p-2) [(p + 9 _ 1) ](p-2)

::; -v(Ip )
p-2 p

(1)

(2)

Using that f(x) is non decreasing yields the required inequality. D

Exercises

4.4.9 Let I be a graded Gorenstein ideal of height 4 and initial degree p,
prove v(Ip) ::; (p + 1)2. If p = 4 show the values 21 ::; V(I4) ::; 24 do not
occur.

4.4.10 Let I be a graded Gorenstein ideal of height 4 generated by forms of
degree p and R/ J an extremal algebra of the same codimension and initial
degree, prove that their Betti numbers satisfy

bi(R/ I) ::; bi(RIJ) for all z.
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4.4.11 Let R = k[XI, ... , x g ] be a polynomial ring over a field k and I a
graded ideal of height 9 generated by forms of degree p. Prove that the
Hilbert function of I satisfies:

H(I,p+i) 2: H(I,p) +i(~) for all i 2: o.

4.5 A symbolic study of Koszul homology

The first Koszul homology module of a Cohen-Macaulay graded ideal is
studied here using the Cohen-Macaulay criterion of Jiirgen Herzog intro­
duced in Section 3.4, our approach is symbolic and makes use of Hilbert
functions.

Lemma 4.5.1 Let p and 9 be positive integers and let

1P (p) = (p; ~ ~ 1r-2 Cp: g).

If p 2: 2 and 9 2: 6 then 1P(p) > o.

Proof. Notice the equality

61P(2) = (g + l)(l - 3g2 - 13g - 12),

which is certainly positive for 9 2: 6. We proceed by induction on p. Assume
1P (p) > o. It is easy to check that 1P (p + 1) is greater than

2(2P + 9) [(P+1)(4(9-2)p2+(3g2-39-S)P+92-39-2)].
9 (p + 1)2(2p + 1)(2p + 2)

Since the right hand side of this inequality is positive for p 2: 2 and 9 2: 3,
the induction step is complete. D

Theorem 4.5.2 ([240]) Let R = E!l~oRi be a polynomial ring with its
usual graduation over an infinite field k and I a Cohen-Macaulay graded
ideal of R of height 9 with a p-linear resolution

If I is generically a complete intersection with p 2: 2 and 9 2: 3, then HI (I),
the first Koszul homology module of I, is not Cohen-Macaulay.

Proof. The module HI = HI (I) has a well defined rank equal to h - g.
Thus by Theorem 3.4.12, it suffices to prove that for some homogeneous
system of parameters y of S = R/I, one has

R(HI (I)/yHI (I)) > rank(HI (I)) . R(S/yS).
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We start by making a specialization to the case of a polynomial ring of
dimension g. Since k is infinite according to Theorem 2.2.11, there exists a
system of parameters y = {YI' ... ,Yd} for 5 with each Yi a form of degree
one of R. We make two observations: (i) Because Tori (5, R/(y)) = 0 for
i 2: 1, it is clear that the minimal resolution of 5 = 5/(y5) as an R
(= R/(y))-module has the same twists and Betti numbers as the minimal
resolution of 5 over R. (ii) With HI Cohen-Macaulay it is easy to see that
the first Koszul homology module of I G9 Rover R is precisely HI (I) G9 R.
We may then in the sequel assume that 5 is zero-dimensional.

We will compare the integer r=rank(original HI (I))·R(5), with partial
Hilbert sums contributing to R(Hd. First notice (see Exercise 4.3.17) that
the length of 5 and its Betti numbers can be calculated using:

bk = (p + k - 2) . (p + 9 - 1) and R(5) = (p + 9 - 1). (4.14)
k-1 g-k 9

From the Koszul complex we obtain the exact sequences

o ---+ B I ---+ ZI ---+ HI ---+ 0,

0---+ Z2 ---+ R(bJ) (-2p) ---+ B I ---+ 0,

where Zi and Bi are the modules of cycles and boundaries defining Hi(I).
To simplify notation we set R(M)i = H(M, i), the dimension of the ith
component of the graded module M. One may write

and therefore

2p 2p b 2p

R(Hd 2: ~R(Hdi 2: ~R(Zdi - (~) ~R(R(-2P)k (4.15)

From the minimal resolution of 5 we obtain

R(5)i = R(R)i - bIR(R( -P))i + R(Zdi 2: O.

Hence R(Zdi 2: bIR(R( -p))i - R(R)i and R(Zdi = 0 for 0 ::s i ::s P, which
leads to

2p 2p 2p

LR(Zdi 2: bl L R(R(-p))i - L R(Rk (4.16)
i=O i=p+1 i=p+1

Finally by (4.15) and (4.16) we have

2p 2p b
R(Hd2:h L R(R(-p))i- L R(R)i- (~). (4.17)

i=p+1 i=p+1
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The proof now reduces to showing that the right hand side of (4.17) is
greater than rank(HdI)) ·£(5) = (h - g) ·£(5), that is, we must show that
the following inequality holds for p ~ 2 and 9 ~ 3

2p 2p (h
f(p,g) = h L £(R( -P))i - L £(R)i - 2) - (h - g) . £(5) > O.

i=p+1 i=p+1

It is not hard to see that f (p, g) simplifies to

Observe that from this equality we obtain the inequality:

It is easy to check that f (p, g) > 0 for 9 E {3, 4, 5} and p ~ 2. The required
inequality is now a direct consequence of Lemma 4.5.1. D

The result above complements one of Bernd Ulrich [286] in which the
twisted conormal module Ws @R I = Ws @R 1/12 was shown not to be
Cohen-Macaulay; either result implies that I is not in the linkage class of a
complete intersection.

Corollary 4.5.3 Let I be a graded Cohen-Macaulay ideal of height 9 ~ 3
in polynomial ring R. If I is generically a complete intersection and has
a p-linear resolution with p ~ 2, then I is not in the linkage class of a
complete intersection.

Proof. If I is in the linkage class of a complete intersection, then I is a
strongly Cohen-Macaulay ideal, a contradiction because HI (I) is not Cohen­
Macaulay. See [179] and [296, Corollary 4.2.4]. D





Chapter 5

Monomial Ideals and
Stanley-Reisner Rings

This chapter is intended as an introduction to the study of combinatorial
commutative algebra, some of the topics were chosen in order to motivate
the subject. Part of our exposition was inspired by [25, 271].

The main objects of study in this chapter are monomial ideals, face
rings and simplicial complexes. Here we emphasize the connection between
algebraic properties of face rings and the reduced simplicial homology of
the corresponding Stanley-Reisner complex. An understated goal here is to
highlight some of the work of M. Hochster, G. Reisner and R. Stanley.

It turns out that some notions encountered while studying graded al­
gebras, such as Cohen-Macaulay rings, Gorenstein rings and Hilbert series
are useful to solve combinatorial problems. Some key results leading to the
proofs of the upper bound conjectures for convex polytopes and simplicial
spheres are presented, most of them without detailed proofs but giving the
appropriate references. Our hope is to give a flavor of the methods and
ideas of the area and to trace some routes for further reading.

5.1 Primary decomposition

General monomial ideals will be examined first, subsequently we specialize
to the case of square-free monomial ideals and present some of their relevant
properties.

Let R = k[x] = k[Xl, ... , xn ] be a polynomial ring over a field k. To
make notation simpler we set

129
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Definition 5.1.1 An ideal I of R is called a monomial ideal if there is
A c Nn such that I is generated by {x"la E A}. If I is a monomial ideal
the quotient ring R / I is called a monomial ring.

Note that a monomial ideal is always generated by a finite set of mono­
mials by Dickson's lemma.

Definition 5.1.2 A face ideal is an ideal P of R generated by a subset of
the set of variables, that is, P = (Xil' ... ,Xik) for some variables Xij.

Proposition 5.1.3 Let R = k[XI' ... ,xn ] be a polynomial ring over a field
k. If Ie R is a monomial ideal, then every associated prime of I is a face
ideal.

Proof. By induction on the number of variables that occur in a minimal
generating set of I consisting of monomials. Set m = (Xl, ... ,xn ). Let P be
an associated prime of I. If rad(I) = m, then P = m. Hence we may assume
rad(I) -=I- m. Pick a variable Xl not in rad(I) and consider the ascending
chain of ideals

(n 2 0).

Since R is Noetherian one has Ik = (Ik: xd for some k. There are two
cases to consider. If P is an associated prime of (In, xd for some n, then
by induction P is a face ideal because one can write (In, xd = (I~, xd,
where I~ is an ideal minimally generated by a finite set of monomials in the
variables X2, ... ,Xn (cf. Exercise 1.1.45). Assume we are in the opposite
case. By Lemma 4.1.2 for each n there is an exact sequence

hence making a recursive application of Lemma 1.1.16 one obtains that P
is an associated prime of In for all n. Since Xl is regular on R/Ik one
concludes that h is an ideal minimally generated by monomials in the
variables X2, ... ,Xn , thus by induction p is a face ideal. D

Definition 5.1.4 A monomial f in R is called square-free if

for some 1 ::s i l < ... < ir ::s n.

Corollary 5.1.5 Let R = k[XI, ... , x n ] be a polynomial ring over a field k.
If I is an ideal of R generated by square-free monomials and PI, ... ,Ps are
the associated primes of I, then

I = PI n ... n Ps.
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Proof. Set J = ni=l Pi and note J = rad (I). We only have to check J C I
because I is contained in any of its associated primes. Take a monomial f
in J = rad(I) and write f = Xfl ... x~r, where i l < ... < i r and ai > 0

1 'r

for all i. Since fk E I for some k 2 1, and using that I is generated by
square-free monomials, we obtain Xil ... Xi r E I. Hence f E I. To finish
the proof observe that J is a monomial ideal because the intersection of
monomial ideals is again a monomial ideal (see Exercise 5.1.24). D

Definition 5.1.6 Let R = k[Xl, ... , x n ] be a polynomial ring, the support
of a monomial x a = X~l ... x~n in R is given by supp(xa ) = {Xi I ai > O}.

Proposition 5.1. 7 ([113]) Let I be a monomial ideal in a polynomial ring
R over a field k and 5 = R/I. Then there is a polynomial ring R' and a
square-free monomial ideal I' of R' such that 5 = 5' / (ll), where 5' = R' / I'
and II is a regular sequence on 5' of forms of degree one.

Proof. Let R = k[x] and let F = {II, . .. , fr} be a set of monomials that
minimally generate I. Assume that one of the variables, say Xl, occurs in
at least one of the monomials in F with multiplicity greater than 1. Thus
one may write

where ai 2 1 for all i, al 2 2, Xl ~ SUPP(gi) for all i :s s and Xl ~ supp(fi)
for i > s. Set

1,-( al-l as-l f f) R'-R[]- XOX l gl,···,XOXl g8, 8+1,···, r C - Xo,

where Xo is a new variable. We claim that Xo - Xl is a nonzero divisor of
5' = R' / I'. On the contrary assume that Xo - Xl belongs to an associated
prime P of I' and write P = (I': h), for some monomial h. Since P is a
face ideal, one has Xih E I' for i = 0,1. Hence using h ~ I' gives Xl h
XOx~i -1 gihl for some i and consequently h = XOx~i -2gih l . Hence

In both cases one obtains Xo E supp(M) and h E I', a contradiction. Since

5'/(xo - xd = 5

one can repeat the construction to obtain the asserted monomial ideal I'.
This proof is due to R. Froberg. D

The ideal I' constructed above is called the polarization of I. Thus any
monomial ring is a deformation by linear forms of a monomial ring with
square-free relations. Note that I is Cohen-Macaulay (resp. Gorenstein) iff
I' is Cohen-Macaulay (resp. Gorenstein).
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Proposition 5.1.8 Let q be a monomial ideal of R = k[XI, ... ,xn ]. Then
q is a primary ideal if and only if, after permutation of the variables, q has
the form:

Proof. If Ass(R/q) = {p}, then by Proposition 5.1.3 one has that p is equal
to (Xl, ... , xr ). Since rad (q) = p the ideal q is minimally generated by a
set of the form:

Let Xj E sUpp(Xbi ), then x bi = xjN, where N is a monomial not in q. Since
q is primary, a power of Xj is in q. Thus Xj E (Xl, ... ,xr ) and consequently
1 ::; j ::; r, as required.

For the converse note that any associated prime p of R/q can be written
as p = (q: f), for some monomial f. It follows rapidly that (Xl, ... , xr ) is
the only associated prime of q. D

Corollary 5.1.9 If P is a face ideal, then pn is a primary ideal for all n.

Proposition 5.1.10 If I is a monomial ideal of R = k[XI, .. . , x n ], then I
has an irredundant primary decomposition I = ql n ... n qr, where qi is a
primary monomial ideal for all i and rad (qi) -=I- rad (qj) if i -=I- j.

Proof. Let II, ... ,fq be a set of monomials that minimally generate I. We
proceed by induction on the number of variables that occur in the union of
the supports of II, ... , fq·

One may assume that one of the variables in U{=l supp(fi), say X n , satisfy
x~ ~ I for all i, otherwise I is a primary ideal and there is nothing to prove.
Next we permute the fi in order to find integers 0 ::; al ::; ... ::; aq , with
aq 2: 1, such that fi is divisible by X~i but by not higher power of X n . If we
apply this procedure to (I, x~q), instead of I, note that one must choose a
variable different from X n .

As (I: x~q) is generated by monomials in less than n variables and be­
cause of the equality

I = (I,x~q) n (I:x~q)

one may apply the argument above recursively to both monomial ideals
occurring in the intersection and use induction to obtain a decomposition
of I into primary monomial ideals q~, ... ,q~. Finally we remove redundant
primary ideals from q~, ... , q~ and group those primary ideals with the same
radical. D

Even for monomial ideals a minimal irredundant primary decomposition
is not unique, what is unique is the number of terms in such a decomposition
and also the primary components that correspond to minimal primes.
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Example 5.1.11 If 1= (x2,xy) C k[x,y], then

I = (x) n (x2,xy,y2) = (x) n (x2,y),

are two minimal irredundant primary decompositions of I.
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The computation of a primary decomposition of a monomial ideal can
be carried out by successive elimination of powers of variables, as described
in the proof of Proposition 5.1.10. Now we illustrate this procedure with a
specific ideal.

I /' (1: x3
) = (z, y2)

~ J = (I,x 3
) = (X 3 ,ZX2,Z2y)

/' (J:z 2
) = (x 2 ,y)

~ (J,Z2) = (Z2,X 3 ,x2z).

Corollary 5.1.13 Let R = k[Xl, ... , xn ] be a polynomial ring over a field
k. If I is a monomial ideal, then I has a primary decomposition

such that qi is generated by powers of variables for all i.

Proof. Let q be a primary ideal minimally generated by the set of mono­
mials X~l , ... , x~r , II, ... , fs and such that

Usupp(fi) C {Xl, ... , X r },

i=l

where ai > 0 for all i. Note that if II = X~l ... x~r and bl > 0, then al > bl

and one has a decomposition:

where in the first member of the intersection we have lower the degree of X~l
and have eliminated II, while in the second member we have eliminated the
variable Xl from II. Applying the same argument repeatedly it follows that
one can write q as an intersection of primary monomial ideals such that for
each of those ideals the only minimal generators that contain Xl are pure
powers of Xl. Therefore by induction q is the intersection of ideals generated
by powers of variables. Hence the result follows from Proposition 5.1.10 and
Proposition 5.1.8. D



134 Chapter 5

Proposition 5.1.14 Let I be an ideal of k[XI, ... , xn ] generated by mono­
mials in the first variables Xl, ... , x r · If

1= h n··· n Is

is an irredundant decomposition of I into monomial ideals, then none of the
Ii can contain a monomial in k[Xr+l, ... , x n ].

Proof. Set X = {XI, ... 'Xr } and X' = X\ {XI, ... ,Xr }. Assume some
of the Ii contain monomials in k[X']. One may split the Ii's into two sets
so that h, ... ,1m do not contain monomials in k[X'] (note m could be
zero), while Im+l , ... , Is contain monomials in the set of variables X'. For
i 2 m + 1 pick a monomial gi in Ii whose support is contained in X'. Since
the decomposition of I is irredundant there is a monomial f E n~l Ii and
f rf- ni=m+lh where we set f = 1 if m = O. To derive a contradiction
consider II = fgm+l ... gs· As II E I, we get f E I which is absurd. D

Corollary 5.1.15 Let Ie k[XI, ... , xn ] be an ideal generated by monomials
in the first variables Xl, ... , x r · If

1= ql n ... n qs

is an irredundant primary decomposition into monomial ideals, then qi zs
generated by monomials in k[XI, ... , xr].

Proof. It follows from Proposition 5.1.8 and Proposition 5.1.14. D

Proposition 5.1.16 If R = k[XI, .. . , xn ] is a polynomial ring over a field k
and I a monomial ideal, then I is irreducible if and only if up to permutation
of the variables I can be written as

where ai > 0 for all i.

Proof. :::;.) Since I must be primary (see Proposition 1.1.21) from the proof
of Corollary 5.1.13 one derives that I is generated by powers of variables.

{=:) If I is reducible, then by Corollary 5.1.13 there is an irredundant
decomposition I = ql n ... n qs, such that qi -=I- I and qi is generated by
some powers of the variables Xl, ... , X r , for all i. Let xj; E qi \ I, where
1 :S ji :S rand Ci < aji· Set

f - I {Cl Cr }- cm xJI' ... ' x jr .

Note that one can write f = x;',L ... X'gk' where ei < ami and ml, ... , mk

distinct, but this is impossible since f E I, thus I is irreducible. D
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Theorem 5.1.17 If I is a monomial ideal in a polynomial ring R over a
field k, then there is a unique irredundant decomposition

1= ql n··· n qr

such that qi is an irreducible monomial ideal.

Proof. The existence follows from Corollary 5.1.13. For the uniqueness
assume one has two irredundant decompositions:

ql n ... n qr = q~ n ... n q~,

where qi and qj are irreducible for all i, j. Using the arguments given in
the proof of Proposition 5.1.16 one concludes that for each i, there is (Ji

such that qa-i C q; and vice versa for each j there is 1rj such that q~j C qj.
Therefore r = s and qi = q~i for some permutation p. D

There are various routines for Macaulay2 developed by S. Popescu [235]
for dealing with monomial ideals, one of them computes the irredundant
decomposition into irreducible monomial ideals of any monomial ideal.

For further information on the primary decomposition of more general
monomial ideals, e.g. monomial ideals obtained from a regular sequence or
with coefficients in a ring other than a field, consult [88, 143, 144] and [307].

Example 5.1.18 Let I = (xy2,x2y) C k[x,y] and V(I) the affine variety
defined by I. From the primary decomposition

I = (x) n (y) n (X 2,y2)

one has:

V(I) = {(O, O)} U V(x) U V(y) = V(x) U V(y) cAt,

where (X 2,y2) corresponds to {(O,O)} which is embedded in V(x) U V(y).
For this reason (x2, y2) is said to be an embedded primary component. If
k is infinite, then the coordinate axes V(x) and V(y) are the irreducible
components of V (I).

Monomial ideals form a lattice Let L be a lattice, that is, L is a
partially ordered set or poset in which any two elements x, y have a greatest
lower bound or meet x A y and a lowest upper bound or join x V y. The
lattice L is called distributive if

(a) x A (y V z) = (x A y) V (x A z), and

(b) xV(yAz) = (xVy)A(xVz), 'v'x,y,zin L.

Proposition 5.1.19 If L is the family of monomial ideals, order by inclu­
sion, of a polynomial ring R over a field k, then L is a distributive lattice
under the operations I A J = In J and I V J = 1+ J.

Proof. Use Exercise 5.1.24 and Exercise 5.1.25. D
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An interpretation of the minimal primes Let F be a set of monomials
in the ring k[YI, ... ,Yn] and I = I(F) the ideal generated by F. Consider
the hypergraph

whose vertex set is
U supp(f).
fEF

An element in Y(F) is called a minimal vertex cover of F.
In order to relate the set of minimal primes of I with the set of monomials

occurring in a certain geometric link of I, consider a copy F I of F in the
polynomial ring k[XI' ... ,xn] in a new set of variables Xl, ... ,Xn-

Proposition 5.1.20 ([3]) Let YI be the set of minimal vertex covers of
Fl. If L is the ideal

then ((z):I(F)) = (z,L), where z = {XIYI, ... ,XnYn}.

Proof. Take {Xil , ... , Xi,} E Y I and yO: E F. Hence Xij divides xO: for some
1 :s j :s r and we obtain Xil ... XiryO: E (z). This shows (z, L) C ((z): I(F)).
Conversely, assume M is a monomial in ((z): I (F)) \ (z). Let yO: be any
monomial in F. Since MyO: = XtYtMI and M is not in (z), one has that Xt
divides M and Yt divides yO:. Hence supp(M) n supp(xO:) -=I- 0 for any xO: in
FI , and MEL. D

Exercises

5.1.21 If f = II, ... , fr is a sequence of monomials in R, then f is a regular
sequence if and only if SUPP(fi) n supp(fj) = 0 for i -=I- j.

5.1.22 If I is a monomial ideal of R, then any associated prime p of R/I
can be written as p = (I: I), for some monomial f.

5.1.23 If L is a lattice, then the following conditions are equivalent:

(a) xA(yVz) = (xAy)V(xAz), 'Vx,y,zin L.

(b) x V (y A z) = (x V y) A (x V z), 'V x, Y, z in L.

5.1.24 Let I and J be two ideals generated by finite sets of monomials F
and G respectively, prove that the intersection In J is generated by the set

{lcm(f,g)1 f E F and 9 E G}.
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5.1.25 If I, J, K are monomial ideals, prove

In (J + K) = (I n J) + (I n K).
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ql n q2 is a primary
(xL XIX3, xD. Prove

5.1.26 If I and J are two monomial ideals, then (I: J) is a monomial ideal.

5.1.27 Let q be a primary ideal of k[Xl, ... , x n ] generated by

s

{xrl, ... ,x~r,xbl, ... ,xbs}, where UsUpp(Xbi
) C {Xl, ... ,Xr },

i=l

and ai 2: 1 for all i. If XC = X~l ... x~r is a monomial of least degree in the
variables Xl, ... ,xr such that XC ~ q, then (Xl, ... ,Xr ) = (q:X

C
).

5.1.28 If q is a primary monomial ideal, then qn is a primary ideal and
qn = q(n) for n 2: 1.

Hint Use Proposition 5.1.8.

5.1.29 If ql, ... , qr are primary monomial ideals of R with non comparable
radicals and

then
1(n) = qf n ... n q~.

Hint Proceed as in the proof of Proposition 3.3.24.

5.1.30 Let I = (xL x~x~, XIX~X3), note that I
decomposition of I, where ql = (xL x~) and q2
1 2 = 1(2) and 1 3 -=I- 1(3).

Hint If z = xrx~x~ and a = Xl + x~ + X3, then az E 13 and z rf- 13
.

5.1.31 Use the next procedure in CoCoA to verify Exercise 5.1.30.

Use R ::= Q[x[1..3]]; - - DegRevLex is the default order
Q1 := 1deal(x[lr3, x[2r2);
Q2 := 1deal(x[lr3, x[1] * x[3], x[3r2);
1:= 1ntersection(Q1, Q2);
S2 := Minimalized(1ntersection(Q1'2, Q2~2));
12 := Minimalized(1'2);
Len(S2); - - checking number of generators
S3 := Minimalized(1ntersection(Q1"'3, Q2~3));
EqSet(Gens(S2), Gens(12)); - - checking equality
G := Gens(S3);
G[4] 1s1n 1~3;
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5.1.32 Let I = (YIy~,yfY2'YIy~,yfY3'Y2Y~,Y~Y3'YIY2Y3). Find a primary
decomposition of I. Note (YI,Y2,Y3) is an associated prime of I.

5.1.33 Use Proposition 5.1.20 to find the minimal primes of the ideal I
generated by

5.1.34 Show that 1= (yf, YIY2) is a non primary ideal with a prime radical.

5.1.35 Let I be a monomial ideal in k[XI, . .. , x n] and X = V(I) c An (k)
the associated monomial variety. If k is infinite, prove that X is irreducible
if and only if X = V(Xill·· ., xd.
Hint Note I(V(XI, ... ,xr )) = (Xl, ... ,Xr ).

5.2 Simplicial complexes and homology

A finite simplicial complex consists of a finite set V of vertices and a collec­
tion Ll of subsets of V called faces or simplices such that

(i) IfvEV,then{v}ELl.

(ii) If FELl and G c F, then G E Ll.

Let Ll be a simplicial complex and F a face of Ll. Define the dimensions
of F and Ll by

dim(F) = IFI - 1 and dim(Ll) = sup{dim(F)I FELl}

respectively. A face of dimension q is sometimes refer to as a q-face or as a
q-simplex.

Example 5.2.1 Take the following triangulation of the disk with a whisker
attached.

O-simplices: Xl, X2, X3, X4
I-simplices: XIX2, X2X3, X3X4, X2X4
2-simplices: X2X3X4

Let F be a q-simplex in Ll with vertices vo, VI, ... , V q . We say that two
total orderings of the vertices
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are equivalent if (io, ... , iq) is an even permutation of (jo, ... ,jq). This is
an equivalence relation because the set of even permutations form a group,
and for q > 1, it partitions the total orderings of Vo, .. . , vq into two equiv­
alence classes. An oriented q-simplex of Ll is a q-simplex F with a choice
of one of these equivalence classes. If Vo, ... ,vq are the vertices of F, the
oriented simplex determined by the ordering Vo < ... < vq will be denoted
by [vo, ... , vq].

Suppose A is a commutative ring with unit. Let Cq(Ll) be the free A­
module with basis consisting of the oriented q-simplices in Ll, modulo the
relations

In particular Cq(Ll) is defined for any field k and dimk Cq(Ll) equals the
number of q-simplices of Ll. For q 2: 1 we define the homomorphism

induced by

q

Oq([VO,VI, ... ,vq]) = l:)-l)i[vo, VI, ... ,Vi-I,Vi,Vi+I,··· ,vq],
i=O

where Vi means that the symbol Vi is to be deleted. Since OqOq+I = 0 we
obtain the chain complex C(Ll) = {Cq(Ll),Oq}, which is called the oriented
chain complex of Ll. The augmented oriented chain complex of Ll is the
complex

where d = dim(Ll) and E(V) = 1 for every vertex v of Ll. This augmented
chain complex is denoted by (C(Ll), E). Set 00 = E and C-dLl) = A.

Let Zq(Ll, A) = ker(oq), B q = im(oq+d and

Hq(Ll;A) = Zq(Ll,A)/Bq(Ll, A), for q 2: o.

The elements of Zq(Ll,A) and Bq(Ll,A) are called cycles and boundaries

respectively and Hq(Ll; A) is the qth reduced simplicial homology group of
Ll with coefficients in A.

Remark 5.2.2 Note that if Ll -=I- 0, then Hi(Ll; A) = 0 for i < o.

Proposition 5.2.3 If Ll is a nonempty simplicial complex, then Ho(Ll; A)
is a free A-module of rank r - 1, where r is the number of connected com­
ponents of Ll.
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Proof. Let V = {Xl, .. " x n } be the vertex set of Ll and Lll, ... ,Llr its
connected components. Denote the vertex set of Lli by Vi and pick a vertex
in each one of the Vi, one may assume Xi E Vi for i = 1, ... , r.

Set (3i = Xi - Xr and /3i = (3i +im(8d for i = 1, ... , r -1. We claim that
the set B = {/31' ... ,/3r-d is an A-basis for Ho(Ll; A) = ker(80)/im(8d.

First we prove that B is linearly independent. Assume L~~ll ai(3i is in
im(8d for some ai in A, by making an appropriate grouping of terms one
can write

r-l

L ai(3i= L bij(Xi-Xj)+"'+ L bij(Xi-Xj),

i=l

for some bij in A. Since Co(Ll) is a free A-module with basis V and the Vi
are mutually disjoint one has

akxk = L bij(Xi - Xj) for 1:S k:S r - 1,
Xi ,Xj EVk

applying 80 to both sides of this equality we obtain ak = 0 for all k.
Next we show that B is a set of generators. Let Xi1 and xjI be two

vertices of Ll, it suffices to prove that Xi1 - xh + im(8d is in the submodule
generated by B because ker(80 ) is generated by the elements of the form
Xi - Xj. Assume Xi1 E Vm and xh E Vs ' There is a path Xi1" .. ,Xi" x m

in Ll m and a path xh" .. ,Xjp' Xs in Ll s such that every two consecutive
vertices of those paths form a I-face of Ll. From the equalities

(X' - x· ) + (x' - x· ) + ... + (x· - X )21 22 22 23 1,t m

(X' - x· ) + (x' - x· ) + ... + (x· - X )J1 J2 J2 J3 Jp s

Definition 5.2.4 Let Ll and Lll be simplicial complexes on disjoint vertex
sets V and W respectively. The join

is the simplicial complex on the vertex set V U W with faces F U G where
FELl and G E Ll l . The cone

cn(Ll) = w * Ll

of Ll is the join of a point {w} with Ll.

Hp(cn(Ll); A) = 0 for all p.

Proposition 5.2.5 If Ll is a simplicial complex and cn(Ll)
cone, then

w * Ll its
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Proof. If (J = [va, ... , vp] is an oriented p-simplex, set [w, (J] equal to
[w, va, . .. , v p]. In general if cp = I: ni(Ji is a p-chain, set [w, cp] equal
to I: ndw,(Ji]. This bracket operation is a homomorphism from Cp(.6.)
into Cp+l(w * .6.). If (J is an oriented p-simplex from the definition of the
boundary operator one obtains

o - { (J - w if dim (J = 0,
[w, (J] - (J _ [w, o(J] if dim (J > O.

As a consequence one has the more general formulas:

O[w, co]

o[w,cp]

Co - E(CO)W,

cp - [w, oCp] if p > O.

(5.1)

(5.2)

By Proposition 5.2.3 we obtain Ho(w *.6.) = 0, because w *.6. is con­
nected. Assume p > o. Letzp E Z(w * .6.) be a p-cycle of w * .6., we will
show that zp is a boundary. Write

where cp consist of those terms of zp with support in .6., and dp- l is a chain.
It is enough to show that

zp - o[w, cp] = O.

Using the identities (5.1) and (5.2) we obtain

zp - o[w, cp] = cp + [w, dp-d - cp+ [w, oCp] = [w, ep-d,

where ep-l = dp- l + oCp is a chain in .6.. Applying 0 to the equality above
and using that zp is a cycle yields o[w, ep-d = O. By identities (5.1) and
(5.2) one has

0- o[ ] _ { ep-l - E(ep-dw if p = 1,
- w, ep-l - e [0 ] l·f P > 1.p-l - w, ep-l

Now, the part of this chain with support in .6. is ep-l. Therefore ep-l = 0
and [w, oep-d = 0, which shows zp = o[w, cpl. D

Definition 5.2.6 The reduced Euler characteristic ;\:'(.6.) of a simplicial
complex .6. of dimension d is given by

d

;\:'(.6.) = -1 + i)-l)ili = -1 + X(.6.),
i=O

where Ii is the number of i-faces in .6. and X(.6.) is its Euler characteristic.
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Exercises

Chapter 5

5.2.7 Let Ll be a simplicial complex of dimension d and Ii the number of
i-faces in Ll. If k is a field, then

d d

L (-l)irankH\(Ll; k) = -1 + L(_l)i Ii-
i=-l i=O

5.2.8 Let Ll be a simplicial complex, prove that there is an exact sequence

o---t Ho(Ll; A) ---t Ho(Ll; A) ---t A ---t 0

and conclude
Ho(Ll;A) '::: Ho(Ll,A) EBA.

5.2.9 Let Ll be a simplicial complex with vertex set V = {Xl, ... ,xn } and

... ~ Co(Ll) ~ C- I (Ll) = A ---t 0,

the right end of the augmented chain complex over a ring A. Prove that
ker(80 ) is generated by the cycles of the form Xi - Xj.

5.2.10 Let Ll be a simplicial complex and fi the number of i-faces of Ll. If

is the augmented chain complex of Ll over a field k, then dimk(Zd is equal
to II - fo + r; where r is the number of connected components of Ll and
Zl = ker(8d·

5.3 Face rings

Let R = k[XI' ... ,xn ] be a polynomial ring over a field k. If I is an ideal
of R generated by square-free monomials, the Stanley-Reisner simplicial
complex Lll associated to I has vertex set V = {Xii Xi ~ I} and its faces
are defined by

Conversely if Ll is a simplicial complex with vertex set V contained in
{Xl, ... ,Xn }, the Stanley-Reisner ideal If!,. is defined as

and its Stanley-Reisner ring k[Ll] is defined as the quotient ring R/h.
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Definition 5.3.1 Let I be an ideal of R generated by square-free monomi­
als. The quotient ring R/I is called a face ring.

Example 5.3.2 A simplicial complex Ll of dimension 1 and its Stanley­
Reisner ideal:

Definition 5.3.3 Let Ll be a simplicial complex and FELl, define Ik(F),
the link of F, as

Ik(F) = {H E Lli HnF = 0 and HUF ELl}.

Definition 5.3.4 Let k be a field. A simplicial complex Ll is said to
be Cohen-Macaulay over k if the Stanley-Reisner ring k[Ll] is a Cohen­
Macaulay ring.

Theorem 5.3.5 (Reisner) Let Ll be a simplicial complex. If k is a field,
then the following conditions are equivalent:

(a) Ll is Cohen-Macaulay over k.

(b) Hi(lk F; k) = 0 for FELl and i < dim lk F.

Proof. See the original paper [237], or [44] for a detailed proof that
combines a vanishing theorem of Grothendieck [137] with a formula of
M. Hochster for the Hilbert series of the local cohomology modules of k[Ll]
with respect to the fine grading. D

We clarify that in particular a Cohen-Macaulay complex Ll, being the
link of its empty face, must satisfy Hi(Ll; k) = 0 for i < dim Ll.

In general the Cohen-Macaulay property of a face ring may depend on
the characteristic of the base field, classical examples of this dependence are
triangulations of the projective plane (see Exercise 5.3.31).

Example 5.3.6 If Ll is a discrete set with n vertices

.XS
X6. .X4

X7. .X3

X n • • X2
.XI

then Ll is Cohen-Macaulay and h = (xixjl1 :s i < j :s n).
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Corollary 5.3.7 If Ll is a I-dimensional simplicial complex, then Ll is con­
nected if and only if Ll is Cohen-Macaulay.

Proof. By Reisner theorem Ll is Cohen-Macaulay iff iio(Ll; k) = 0, because
the link of a vertex of Ll consists of a discrete set of vertices. To complete
the argument apply Proposition 5.2.3. D

Proposition 5.3.8 ([174]) If k is a field, then a simplicial complex Ll is
Cohen-Macaulay over k if and only if lk(F) is Cohen-Macaulay over k for
all FELl.

Proof. :::;.) Let F be a fixed face in Ll and Ll' = lk(F). If G E Ll' , using
the equality

lk2>.' (G) = lkdG U F)

and Reisner criterion one infers iii (lk2>.' (G), k) = 0 for i < dim lk2>.' (G),
thus Ll' is Cohen-Macaulay.

{=:) Since all the links are Cohen-Macaulay, it suffices to take F = 0 and
observe Ll = lk(0) to conclude that Ll is Cohen-Macaulay. D

Definition 5.3.9 A face F of a simplicial complex Ll is said to be a facet
if F is not properly contained in any other face of Ll.

Proposition 5.3.10 If Ll is a simplicial complex with vertices Xl, ... , x n ,

then the primary decomposition of the Stanley-Reisner ideal of Ll is:

where the intersection is taken over all facets F of Ll, and PF denotes the
face ideal generated by all Xi such that Xi ~ F.

Proof. Let F be a face of Ll and PF the face ideal generated by the Xi
such that Xi ~ F. It is not hard to prove that PF is a minimal prime of 12>.
if and only if F is a facet. Therefore the result follow from Corollary 5.1.5.
D

Corollary 5.3.11 Let Ll be a simplicial complex of dimension d on the
vertex set V = {Xl, ... , x n } and k a field. Then

dimk[Ll] = d+ 1 = max{slxil· ··xis ~ hand i l < ... < is}.

Proof. Let F be a facet of Ll with d + 1 vertices. Note that by Proposi­
tion 5.3.10 the face ideal PF generated by the variables not in F has height
equal to the height of h. Hence ht(h) = n - d - 1, taking into account
Proposition 2.2.3 one has dimk[Ll] = d + 1. D
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Corollary 5.3.12 A Cohen-Macaulay simplicial complex Ll is pure, that
is, all its maximal faces have the same dimension.

Proof. Use Proposition 5.3.10 and Corollary 2.2.4. D

Definition 5.3.13 The q-skeleton of a simplicial complex Ll is the simpli­
cial complex Llq consisting of all p-simplices of Ll with P:S q.

Proposition 5.3.14 Let Ll be a simplicial complex of dimension d and Llq
its q-skeleton. If Ll is Cohen-Macaulay over a field k, then Llq is Cohen­
Macaulay for q :S d.

Proof. Set Ll' = Llq and take FELl' with dim(F) < q :S d. Note

Since Ll is pure there is a facet F ' of Ll of dimension d containing F, hence
F ' \ F is a face oflkdF) of dimension d -IFI. It follows that the dimension
oflk2>.,(F) is q -IFI. Using Proposition 5.3.8 we get

and consequently

Observe that the equality between the homology modules follows simply be­
cause the augmented oriented chain complexes of (lkdF))q-IFI and lkdF)
are equal up to degree q - IFI and thus their homologies have to agree up
to degree one less. Hence by Reisner criterion Llq is Cohen-Macaulay. D

Example 5.3.15 ([114]) Let R = k[Xl, ... ,xn ] be a polynomial ring over
a field k and Ll the (p - 2)-skeleton of a simplex of dimension n - 1, where
p 2: 2. Then h is a Cohen-Macaulay ideal and the face ring

has a p-linear resolution by Theorem 4.3.7.

Face rings with pure and linear resolutions have been studied in [46] and
[114, 116]; special results are obtained when the corresponding Stanley­
Reisner ideal is generated in degree two.

Proposition 5.3.16 If Lll and Ll2 are simplicial complexes, then their join
Lll *Ll2 is Cohen-Macaulay if and only if Lli is Cohen-Macaulay for i = 1,2.
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Proof. Since one has the equality

there is a graded isomorphism of k-algebras

Chapter 5

see Proposition 2.2.20. To complete the proof use Corollary 2.2.22. D

Given a simplicial complex Ll and Ll I , ... ,Ll s sub complexes of Ll, we
define their union

as the simplicial complex with vertex set Ui=l Vi and such that F is a face
of Ui=l Lli if and only if F is a face of Lli for some i. The intersection can
be defined similarly.

Definition 5.3.17 A pure simplicial complex Ll of dimension dis shellable
if the facets of Ll can be order F I , ... ,Fs such that

is pure of dimension d - 1 for all i 2: 2. Here

If Ll is shellable, F I , ... ,Fs is called a shelling.

Theorem 5.3.18 Let Ll be a simplicial complex. If Ll is shellable, then Ll
is Cohen-Macaulay over any field k.

Proof. Our proof is based on a refined argument of T. Hibi [162]. Let
V = {Xl, ... , x n } be the vertex set of Ll and R = k[x] a polynomial ring
over a field k. Assume that F I , ... ,Fs is a linear order of the facets of Ll
such that Fi n (uj:ci F j ) is pure of dimension d - 1 for all i 2: 2, where d is
the dimension of Ll. Set

one may assume (J = {Xl, ... , X r }. There is a short exact sequence

o--t R/(I: f) ~ R/I --t R/(I, f) --t 0,



Monomial Ideals and Stanley-Reisner Rings

where f = Xl ... X r and I = If!,. is the Stanley-Reisner ideal of Ll.
First we show the equality

R/(I: I) = k[FsJ,
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note that k[FsJ is a polynomial ring in d+1 variables. By Proposition 5.3.10
one can write I = ni=l Pi, where Pi is generated by V \ Fi for all i. Hence

(1:1) = n(Pi:1) = n (Pi: I).
i=l (J"CFi

Observe that if (J C Fi for some i, then i = s; otherwise if i < s, then
(J belongs to F s n (Uj:~ F j), but since this simplicial complex is pure of
dimension d - 1, there is v E (J such that (J C Fs \ {v}, a contradiction.
Hence i = s and (I: I) = (Ps: I) = Ps, as asserted.

Next let us show

R/(I, I) = k[F l U··· U Fs-d·

Note that f E Pi for i = 1, ... ,s - 1; otherwise if f ~ Pi for some i < s,
then (J C Fi and the previous argument yields a contradiction. If P is a
minimal prime of (I, I) different from PI, ... ,Ps-l, then Ps C P and Xi E P
for some Xi E (J, thus by construction of (J one has Fs \ {xd C Fk for some
k < s. Therefore V \ Fk C {xd U (V \ Fs) C P, and by the minimality of
P one derives Pk = Ps, which is impossible. Altogether we conclude that
PI, ... ,Ps-l are the minimal primes of (I, I) and

s-l
(I,I) = npi,

i=l

as required.
Using induction on s and the exact sequence (*) it follows that R/I is

Cohen-Macaulay by a direct application of the depth lemma. To apply the
depth lemma one uses that the extremes of the exact sequence (*) are both
Cohen-Macaulay R-modules of dimension d + 1. D

Exercises

5.3.19 Let R be a polynomial ring over a field k. Prove that the family of
ideals of R generated by square-free monomials is a sublattice of the lattice
of monomial ideals.

5.3.20 A monomial ideal I, with coefficients in a field, is generated by
square-free monomials iff any of the following conditions hold:

(a) I is an intersection of prime ideals.
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(b) rad (I) = I.
(c) A monomial f is in I iff Xl·· ·Xr E I, where supp(f) = {xdi=l.

5.3.21 If Ll is the simplicial complex

prove the equality

by using the correspondence between facets and minimal primes.

5.3.22 Let Ll be a Cohen-Macaulay simplicial complex and FELl. Iflk(F)
is not a discrete set of vertices, prove that lk(F) is connected.

5.3.23 Let Ll be a simplicial complex on the vertex set V and I its Stanley­
Reisner ideal. Take X E V and set J = (I: x).

(a) Prove that J= nX~PiPi, where Ass(I) = {PI,.··,Pr}·
(b) Find a relation between Ll and LlJ.

5.3.24 Let R be a polynomial ring over a field k and I an ideal minimally
generated by square-free monomials II, ... , fq. If R/I is Cohen-Macaulay
and x is a variable not in I such that x E U{=ISUpp(fi), then R/(I:x) is
Cohen-Macaulay.

5.3.25 Let Ll be a pure simplicial complex on the vertex set V and I = If!,..
Assume that x is a variable in U{=lsuPp(fi), where the Ii are monomials
that minimally generate I. If (I: x) and (I, x) are Cohen-Macaulay, then I
is Cohen-Macaulay.

Hint Show ht(I) = ht(I: x) = ht(I, x).

5.3.26 Let Ll a simplicial complex and !J E Ll, define the star of!J as

star(!J) = {G E LlI!J U G ELl}.

Prove that the facets of star(!J) are the facets of Ll that contain !J.

5.3.27 Let R = k[x] be a polynomial ring over a field k and Ll a simplicial
complex with vertex set x. If!J = {Xl, ... , x r } E Ll, prove the equality

k[star(!J)] = R/(h: I),

where f = TI~=1 Xi and star(!J) is the star of !J.



Monomial Ideals and Stanley-Reisner Rings 149

5.3.28 If Ll is a Cohen-Macaulay complex and F a face of Ll, then star(F)
is a Cohen-Macaulay complex.

Hint star(F) = F * lk(F).

5.3.29 A pure simplicial complex Ll is shellable if and only if the facets of
Ll can be listed F l , ... , Fs such that for all 1 :S j < i :S s, there exist some
v E Fi \Fj and some k E {l, ... ,i -I} with Fi \Fk = {v}.

5.3.30 Let Ll be a pure simplicial complex. Prove that Ll is shellable if
and only if the facets of Ll can be ordered F l , ... , F s such that for all
1 :S j < i :S s, there is v E Fi \ Fj and k < i with Fi nFj C Fi nFk = Fi \ {v}.

The next exercise is a subdivision of the minimal triangulation of the
projective plane given by G. Reisner [237, Remark 3].

5.3.31 (N. Terai) If k is a field and Ll is the following triangulation of the
real projective plane JP'2

then the link of any vertex is a cycle and k[Ll] is Cohen-Macaulay if and
only if char(k) -=I- 2.

Hint Hl(Ll;k) ':::: H l (JP'2;k) = k/2k and use Theorem 5.3.5.

5.3.32 Let R be a ring and h, 12 ideals of R. Prove that there is an exact
sequence of R-modules:

where ep(7') = (r, -7') and ¢(rl, r2) = r'l + r'2·

5.3.33 ([172]) Let R = k[x] be a polynomial ring over a field k and Ll l ,

Ll2 simplicial complexes whose vertex sets are contained in x. Prove that
there is an exact sequence of R-modules:
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5.4 Hilbert series of face rings

For an Stanley-Reisner ring k[Ll] there are explicit formulas for its Hilbert
function and Hilbert series in terms of the combinatorial data of the com­
plex, we begin with a direct approach to compute these formulae.

Definition 5.4.1 Let k and n be two positive integers. A k-partition of n
is an element a = (al, ... , ak) in Ni so that n = al + ... + ak·

Lemma 5.4.2 The number c(n, k) of k-partitions of n is equal to

(
n -1)c(n, k) = k _ 1 .

Proof. If a = (al, ... , ak) is a k-partition of n define 'ljJ(a) by

'ljJ(a) = {al,al +a2,··.,al +···+ak-d C {I, ... ,n}.

To finish the proof note that the map 'ljJ induces a bijection between the
set of k-partitions of n and the set of subsets of {I, ... , n - I} with k - 1
elements. D

Definition 5.4.3 Given a simplicial complex Ll of dimension d its f-vector
is the (d + I)-tuple:

f(Ll) = (fa, ... , fd),

where Ii is the number of i-faces of Ll. Note f-l = 1.

Proposition 5.4.4 If Ll is a simplicial complex of dimension d and (Ii)
its f-vector, then the Hilbert function of k[Ll] is:

d (. 1)H(k[Ll],j) = L J ~ fi, for j 21 and H(k[Ll],O) = 1.
2=0

Proof. Let Xl, ... , x n be the vertices of Ll. Given xC< = xrl ... x~n we
denote its image in k[Ll] by xC<. The face ideal h is generated by square­
free monomials, hence a monomial xC< is in If!,. if and only if supp(xC<) =
{xii ai > O} is not a face of Ll. Therefore the set of all monomials xC< such
that supp(xc<) is a face in Ll form a basis for k[Ll] as a vector space over k.

If {Xil, ... , Xi r } is a face of Ll of dimension r - 1, we can use Lemma
5.4.2 to count the number of monomials of the form X~l ... x~r such that
(aI, ... , a r ) is an r-partition of j. The desired formula follows at once. D

Corollary 5.4.5 If Ll is a simplicial complex and f(Ll) = (fa,· .. , fd) its
f-vector, then the Hilbert series of k[Ll] is given by

d f
i Z i+ 1

F(k[Ll], z) =L (1 _ z)i+ 1 ' d = dim(Ll).
2=-1
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Proof. By the proposition above we have
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00 (d (. _1) ) d (00 (. _1) )
F(z) = 1 +~ ~ J i fi zi = 1 +~ ~ J i zi Ii-

Hence using the identities

the formula is established.

(1 - Z)i+l '

D

(5.3)

A result of Kruskal-Katona

Kruskal and Katona [202] showed that (fa, II, ... ,fd) E Zd+l is the f-vector
of some d-dimensional simplicial complex if and only if

f f (Hl) 0 . d 1o< HI::; i , ::; z::; - ,

where f?+l) is defined according to Equation 4.9.

Simplicial complexes and their h-veetors As an application we de­
rive formulas for h(6.), the h-vector of k[6.]. If 6. is Cohen-Macaulay, we
present an important numerical constraint for h(6.) which is basic for some
applications of Commutative Algebra to Combinatorics.

Theorem 5.4.6 If 6. is a simplicial complex of dimension d and (hi) the
h-vector of k[6.], then h k = 0 for k > d + 1 and

~ . (d+ I-i)hk=~(-I)k-' k-i fi-l for O::;k::;d+1.

Proof. The idea is to write the Hilbert series of k[6.] in two ways. By
Corollary 5.4.5 we have:

(5.4)

On the other hand by the Hilbert-Serre Theorem 4.1.3 there is a (unique)
polynomial h(z) = ho + h1z + ... + hrzr with integral coefficients so that
h(l) -=I- 0 and satisfying

h(z)
F(k[6.], z) = (1 _ z)d+l .

Comparing (5.4) and (5.5) yields the asserted equalities.

(5.5)

D
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Definition 5.4.7 The h-vector ofa simplicial complex Ll, denoted by h(Ll),
is defined as the h-vector of the standard graded algebra k[Ll].

Computation of the h-vector of face rings

To compute the h-vector (offace rings) the following procedure of R. Stanley
[271] can be used. Consider the 3-dimensional convex polytope P consisting
of two solid tetrahedrons joined by a 2-face:

one has f(P) = (5,9,6). Write down the f-vector on a diagonal, and put a
1 to the left of fa.

1 5
9

6

Complete this array constructing a table, by placing below a pair of consec­
utive entries their difference, and placing a 1 on the left edge:

1 5
149

1 356

h(P) = (1 2 2 1)

After completing the table the next row of differences will be the h-vector.
Hence the boundary simplicial complex Ll = Ll(P) is 2-dimensional, k[Ll]
has multiplicity 6, and h = (XIXS, X2X3X4)'

Now we present a result that plays a role in the proof of the upper bound
conjecture for spheres.

Theorem 5.4.8 Let Ll be a simplicial complex of dimension d with n ver­
tices. If k[Ll] is Cohen-Macaulay and k is an infinite field, then the h-vector
of Ll satisfies

0::; hi(Ll) ::; C+ n ~ d - 2) for 0::; i ::; d + 1. (5.6)
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Proof. Set S = k[Ll] = R/I, where R = k[Xl, ... ,Xn] and I = h. By
Lemma 2.2.15 there exists a regular homogeneous system of parameters
fl= el, ... ,ed+l for S such that each ei has degree one. Since A = S/(fl)S
is Artinian, in this case Theorem 4.2.5 says that hi(Ll) = H(A, i).

Note that S/(fl)S ~ R/J, where R = R/(fl) is a polynomial ring in
n - d - 1 variables and 1 is the image of I in R. Therefore we have

(
i + n ~. d - 2) ,hi(Ll) = H(A, i) = H(R/l, i) :S H(R, i) = ,

as required. D

Example 5.4.9 Let Ll be a 2-dimensional complex with f(Ll) = (5,6,2).
Thus k[Ll] is not Cohen-Macaulay because its h vector has a negative entry:

1 5
146

132 2

h(Ll) = (1 2 -1 0).

A shellable complex Let R = k[Xl, ... , xn] be a polynomial ring over a
field k and Ll a simplicial complex with vertices Xl, ... , X n . Associated to
the Stanley-Reisner ideal If!" we define another ideal

I'(Ll) = (If!", XIYl,"" xnYn) C k[Xl,"" Xn,Yl,"" Yn],

and denote by S(Ll) the Stanley-Reisner complex corresponding to this
ideal I'(Ll).

Proposition 5.4.10 The simplicial complex S(Ll) is shellable.

Proof. To prove that S(Ll) is shellable we will use the criterion of Exer­
cise 5.3.29. Let us begin by describing the facets of S(Ll). It is not hard
to show that S(Ll) is pure. Notice that the facets of S(Ll) are of the form
F' = {Yrll"" Yrk} U F, where F = {XSll •.• , x s£} is a face of Ll so that
k + R= n, {rl,'" , rk} n {Sl, ... , Sf} = 0. Therefore F I-t F' defines a one
to one correspondence between the faces of Ll and the facets of S (Ll). To
construct a shelling for S(Ll) we first linearly order the faces of Ll according
to its dimension, and then linearly order the facets of S(Ll) in such a way
that if F, G are faces of Ll and F < G then F' < G'. Let F', G' be facets
of S(Ll), with F' < G', there is Xj E G'\F', setting H' = (G'U{Yj}) \ {Xj}
we obtain H' < G' and G' \ H' = {Xj}, as required. D

Corollary 5.4.11 S(Ll) is a Cohen-Macaulay complex and the f-vector of
Ll is related to the h-vector of S(Ll) by

fi(Ll) = hi+l(S(Ll)) for all i.
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Proof. The first assertion follows from Theorem 5.3.18 and the previous re­
sult. For the other claim set J = (h, xf, ... ,x~) and note that the face ring
k[S(Ll)] = k[x, y]/ I't, reduces to k[x]/ J modulo z = {YI - Xl,.·. ,Yn - x n }·
Thus z is a system of parameters for k[S(Ll)]. Since S(Ll) is Cohen­
Macaulay, z must be a regular sequence on k[S(Ll)] according to Propo­
sition 2.2.7. Using Theorem 4.2.5 one has that the h-vector of S(Ll) is then
equal to the h-vector of k[x]/ J, which is nothing other than f(Ll) shifted
by one. D

Exercises

5.4.12 Let Ll be a simplicial complex of dimension d and h(Ll) = (hi) its
h-vector. Prove

hd+l = (-l)d X(Ll),

where X(Ll) is the reduced Euler characteristic of Ll.

5.4.13 Let S = k[Ll] be the Stanley-Reisner ring of a simplicial complex Ll
over a field k and tp(t) the Hilbert polynomial of S. Prove:

(a) tp(i) = dimk(Si) for all i ::::: 1, and

(b) tps(O) = 1 if and only if X(Ll) = O.

5.4.14 Let Ll be a simplicial complex of dimension d and (fo, . .. , fd) its
f-vector. Prove that fd is equal to e(k[Ll]), the multiplicity of k[Ll].

5.4.15 Let S = k[Ll] be the Stanley-Reisner ring of a simplicial complex Ll
with vertices Xl, ... ,xn and A = S/(xf, ... ,x~). Prove that Ll is pure if
and only if all the nonzero elements of the socle of A have the same degree.

5.5 Upper bound conjectures

It is our intention here to give flashes of some of the steps in the proof of
the upper bound conjecture for simplicial spheres. An excellent reference
for a detailed proof of this conjecture is [44].

Convex polytopes A convex polytope P C lRs , or simply a polytope, is
the convex hull of a finite set of points Xl, ... ,Xn in lRs , that is, P is the set
of all convex combinations of those points:

For A c lRs , let aff(A) be the affine space generated by A. Recall that
aff(A) is the set of all affine combinations of points in A:

aff(A) = {aIPI + ... + arPrlPi E A, al + ... + ar = 1, ai E lR}.
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One can represent aff(A) as aff(A) = Xo + V, where Xo E jRS and V is a
(unique) linear subspace of jRs. The dimension of A is defined as

dim(A) = dimIR(V).

Given y E jRs \ {O} and a E jR, define the hyperplane

H(y,a) = {x E jRsl (x,y) = a},

where (, ) is the usual inner product in jRs. The two closed halfspaces
bounded by H(y, a) are

Definition 5.5.1 A proper face of a convex polytope P is a subset F C P
such that there is a supporting hyperplane H(y, a) satisfying:

(a) F=pnH(y,a) -1-O,

(b) P rt H(y, a) and P C H-(y, a).

The improper faces of a polytope Pare P itself and O. It is usual to call
vertex to a face of P of dimension zero; it is a result of polyhedral geometry
that P is in fact the convex hull of its vertices, see [39, 315].

Proposition 5.5.2 If P C jRs is a convex polytope, then P is a compact
convex subset of jRS with a finitely many faces and any face of P is a convex
polytope.

Proof. See [39].

A set of points Yl, ... ,Ym E jRs is affinely independent if the relation

m

L aiYi = 0 with al + ... + am = 0 and ai E jR

i=l

can hold only if ai = 0 for all i.

o

Definition 5.5.3 A q-simplex is a polytope generated by q + 1 affinely
independent points. A polytope is called a simplicial if every proper face is
a simplex.

Let P be a polytope of dimension d + 1 and denote by fi the number of
its faces of dimension i, thus fa is the number of vertices of P. The f-vector
of P is the vector f(P) = (fa, ... , fd) and we set f-l = 1.
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Simplicial spheres Let Ll be a finite simplicial complex with vertices
Xl, ... ,Xn and ei the ith unit vector in jRn. Given a face FELl set

where "conv" denotes convex hull. Define the geometric realization ILlI of
Ll as

ILlI = U IFI,
FEt:>.

thus Ll is a topological space with the induced usual topology of jRn.

The boundary complex Ll(P) of a simplicial polytope of dimension d + 1
is by definition the "abstract simplicial complex" whose vertices are the
vertices of P and whose faces are those sets of vertices that span a proper
face of P, thus Ll(P) has dimension d. Note that P and Ll(P) have the
same f-vector and accordingly one defines the h-vector of P as the h-vector
of Ll(P). The geometric realization ILl(P)1 is therefore homeomorphic to a
d-sphere Sd. This suggest the following more general concept.

Definition 5.5.4 A simplicial complex Ll of dimension d is called a sim­
plicial sphere if

ILlI c::: Sd

and in this case Ll is said to be a triangulation of Sd.

Theorem 5.5.5 Let Ll be a simplicial complex of dimension d. If ILlI ~ Sd,
then

Hi(lkF;k) ~ { ~

Proof. See [44, Chapter 5].

for i = dim(lk(F)),
otherwise.

o

Proposition 5.5.6 If Ll is a simplicial sphere, then Ll is Cohen-Macaulay
and the following equality holds

x(lk F) = (_l)dim lk F for FELl.

Proof. Use Reisner's criterion and Theorem 5.5.5. o

Remark 5.5.7 If P is a simplicial d-polytope, then Ll(P) is a simplicial
sphere of dimension d -1. Hence from Proposition 5.5.6 we obtain the Euler
formula

d-l
X(P) = X(Ll(P)) = L (-l)ifi = (_l)d-l = -1 + X(P),

i=-l

where f = (fa, ... , fd-d is the f-vector of P. The Euler formula is valid
for any d-polytope, not just the simplicial ones (see [39, Theorem 16.1]).
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Corollary 5.5.8 If Ll is a simplicial sphere, then k[Ll] is a Gorenstein ring.

Proof. It follows from [274, Theorem 5.1] and Theorem 5.5.5. o

Theorem 5.5.9 If Ll is a simplicial sphere of dimension d, then its h­
vector satisfies

hi = hd+l-i for i = 0, ... ,d + 1.

Proof. Since k[Ll] is a Gorenstein ring, its h-vector is symmetric according
to Exercise 4.3.9. 0

Remark 5.5.10 If Ll is a simplicial sphere, then the linear relations

of its h-vector contain the Euler formula as a particular case (make i = 0).
Those relations are called the Dehn-Sommerville equations.

Corollary 5.5.11 If h = (ha, ... ,hd+I) is the h-vector of a simplicial poly­
tope of dimension d + 1, then h satisfies

Let us mention two conjectures raised around 1993 in connection with
the problem of bounding the Betti numbers of graded Gorenstein ideals
[222].

Conjecture 5.5.12 (Miller-Villarreal) Let Ll be a simplicial sphere and
I the Stanley-Reisner ideal of Ll. If I has initial degree p and height g, then
for 1 :S i < 9 the ith Betti number (3i of k[Ll] satisfies:

(3 ,<, -

Conjecture 5.5.13 (Miller-Villarreal) Let Ll be a simplicial sphere and
I its Stanley-Reisner ideal. If I has initial degree p and height g, then

v(I):S (P+9-l) _(P+9-3).
g-1 g-1
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Cyclic polytopes In order to formulate the upper bound conjecture for
simplicial spheres and the upper bound conjectures for convex polytopes we
need to introduce some results on cyclic polytopes, the reader is referred to
[39] for a detailed discussion of this distinguished class of polytopes.

Consider the monomial curve r c JRd+l given parametrically by

A cyclic polytope, denoted by C(n, d+ 1), is the convex hull of any n distinct
points in r such that n > d + 1. The combinatorial type or f-vector of
C(n, d + 1) depends only on nand d and not on the points chosen and
dim C (n, d + 1) = d + 1.

One of the relevant properties of cyclic polytope is that they are simpli­
cial, thus the boundary {) C(n, d + 1) defines an abstract simplicial complex
6.(n,d + 1) = 6.(C(n,d + 1)) so that 16.(n,d + 1)1 ~ Sd. Notice that
{) C(n, d + 1) is a union of proper faces (in fact of facets) of C(n, d + 1).
A polytope P has the highest possible number of i-faces when every set of
i + 1 vertices is the vertex set of a proper face of P. In this case it is said
that Pis (i + l)-neighbourly.

Theorem 5.5.14 A cyclic polytope C(n, d + 1) is l(d + 1)/2J -neighbourly.
In particular

Proof. See [39]. o

Corollary 5.5.15 If h = (ha, ... , hd+I) is the h vector of C(n, d+ 1), then

h (
n - d + k - 2) j 0 k ld +1Jk = or < < -- .k - - 2

Proof. Let 0 ~ k ~ l(d + 1)/2J. One has

hk tc(-l)k-iC;~~i)f;-l = tc(_1)2(k-i)(k:~~2) G)
(n-d;k-2)

The second equality uses Eq. (4.1) and the last equality follows using in­
duction on k, or setting a = nand c = k - d - 2 in:

k

t; G) (k ~ i) = e; c), for a, c E Z.

For a proof of this formula see [39, Appendix 3]. o
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Upper bound conjecture for simplicial spheres Next we present the
upper bound conjecture for simplicial spheres. It was conjectured by V.
Klee and proved in 1975 by R. Stanley [268]. It was motivated by the
performance of the simplex algorithm in linear programming.

Conjecture 5.5.16 (UBCS) Let Ll be simplicial complex of dimension d
with n vertices. If ILli ~ Sd, then

Ji(Ll):5:Ji(Ll(C(n,d+l))) for i=O, ... ,d.

Proof. (sketch) Consider the following four conditions:

(a) hi(Ll) :5: hi(Ll(C(n,d + 1))) for 0:5: i:5: l(d + 1)/2J.

(b) hi(Ll(C(n, d + 1))) = hd+l-i(Ll(C(n, d + 1))) for 0 :5: i :5: d + 1.

(c) hi(Ll) :5: (i+n~d-2) for all i.

(d) hi(Ll) = hd+l-i(Ll) for 0 :5: i :5: d + 1.

Observe that (a), (b) and (d) imply the upper bound conjecture. To
show it notice that if l(d+ 1)/2J < i :5: d+ 1, then 0:5: d+l-i :5: l(d+l)/2J
and

hi(Ll) = hd+l-i(Ll) :5: hd+l-i(Ll(C(n, d + 1))) = hi(Ll(C(n, d + 1))),

hence hi(Ll) :5: hi(Ll(C(n, d + 1))) for 0 :5: i :5: d + 1. Therefore

~ c: ~ ~ i) hi(Ll) :5: ~ (d: ~ ~ i) hi(Ll(C(n, d + 1)))

fk-l(Ll(C(n, d + 1))) for 1:5: k :5: d + 1,

and the proof of the observation is complete. By Corollary 5.5.15 (c) ::::;.
(a), and by Corollary 5.5.11 (b) is satisfied because C(n,d + 1) is a sim­
plicial polytope. As a consequence the upper bound conjecture is reduced
to prove (c) and (d). To complete the proof notice that (c) follows from
Theorem 5.4.8, and (d) follow from Theorem 5.5.9. 0

As a particular case of the UBCS one obtains the upper bound conjecture
for convex polytopes, this conjecture was posed by Motzkin in 1957 and
proved in 1970 by McMullen [221].

Corollary 5.5.17 (UBCP) If P is a convex polytope of dimension d with
n vertices, then

Ji(P) :5: fi(C(n, d)) for 0:5: i :5: d - 1.
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Proof. (sketch) By a process known as "pulling the vertices" P can be
transformed into a simplicial polytope with the same number of vertices as
P, and at least as many faces of higher dimension. Hence we may assume
that P is simplicial. Since P is simplicial the boundary complex 6.(P) is a
simplicial sphere, that is, 16.(P) 1 ==' Sd-l. Using the UBCS we obtain

Ji(P) = fi(6.(P)) ::; Ji(6.(C(n, d))) = Ji(C(n, d)),

for i = 0, ... , d. o

Remark Not every triangulation of a sphere is the boundary complex of
some simplicial polytope. There are examples, found by Griinbaum in 1965,
with d = 4 and n = 8 satisfying 16.1 ==' Sd-l and 6. not isomorphic to 6.(P)
for every d-polytope. Moreover it follows from a result of Steinitz (a graph
is the I-skeleton of a 3-polytope in ]R3 if and only if it is a 3-connected
planar graph) that such an example does not exist for d = 3.

Exercises

5.5.18 If 6. is a connected simplicial complex having all its vertices of degree
two, then 6. is a cycle.

5.5.19 If 6. is a simplicial sphere on n vertices whose geometric realization
16.1 is isomorphic to the unit circle Sl, then

(a) 6. is a cycle of length.

(b) v(It:,.) = (;) - n for n 2: 4.

5.5.20 ([18]) Let R = k[Xl' ... ,xn ] be a polynomial ring over a field k. If
I is a monomial Gorenstein ideal and rad(I) = (Xl, ... ,xn ), prove that

Hint Prove that I is irreducible. See [43] and [218, Theorem 18.1].

5.5.21 Give an example of a monomial Gorenstein ideal which is not a
complete intersection.
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Edge Ideals

Edge ideals are the most simple polynomial ideals after face ideals, they
are generated by square-free monomials of degree two and they can be
associated to graphs and to Stanley-Reisner complexes. At first sight the
use of graph theory to study edge ideals is convenient because there are
common objects of study, but in fact some remarkable applications of graph
theoretical results will take place in this chapter. There are many works in
the literature relating graph theory with other branches of algebra, see for
instance [17, 24, 135, 136, 164, 262, 263].

In the first section the connection between ideals and graphs is estab­
lished through the notion of minimal vertex cover. Some graph theory re­
sults and terminology are recollected and various versions of a theorem due
to Konig are discussed. As we learned graph theory from [28] and [139],
those remain as our main references for the subject and they are highly
recommended.

We study some properties of edge ideals, such as the Cohen-Macaulay
property, and stress that some of those properties can be better understood
using graph theoretical notions. A structure theorem for Cohen-Macaulay
trees is presented in Section 6.3; this leads to a deeper result showing that
Cohen-Macaulay bipartite graphs can be defined recursively.

The notion of "ideal of covers" of a monomial ideal is introduced in
Section 6.7, and we study the connection between properties of an edge
ideal and properties of its ideal of covers, the notion of triangulated graph
is used to link properties of those two ideals.

6.1 Graphs and ideals

A simple graph G consists of a finite set V of vertices and a collection E
of subsets of V called edges such that every edge of G is a pair {Vi, Vj} for
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some Vi, Vj in V. Note that a simple graph G has no loops, that is, we are
requiring Vi -=I- Vj for all edges {Vi, Vj} of G.

When working with several graphs it is convenient to write V (G) and
E(G) for the vertex set and edge set of G respectively. Let Hand G be
two graphs, it is said that H is a subgraph of G if V(H) C V(G) and
E(H) C E(G). A spanning subgraph is a subgraph H of G containing all
the vertices of G.

Let G be a graph on the vertex set V. If z = {Vi, Vj} is an edge of Gone
says that the vertices Vi and Vj are adjacent or connected by z, in this case
it is also usual to say that the edge z is incident with the vertex Vi. The
degree of a vertex V in V, denoted by deg(v), is the number of edges incident
with v. A vertex of degree one (resp. degree zero) is called an end vertex
(resp. isolated vertex). If all the vertices of G are isolated, G is called a
discrete graph.

A walk of length n in G is an alternating sequence of vertices and edges

where Zi = {Vi-I, vd is the edge joining Vi-I and Vi. A walk may also be
written {va, ... , vn } with the edges understood, or ZI, Z2, ... ,Zn with the
vertices understood. If Va = Vn , the walk w is called a closed walk. A path
is a walk with all its vertices distinct.

We say that G is connected if for every pair of vertices VI and V2 there
is a path from VI to V2. Note that G has a vertex disjoint decomposition

r

where G I , ... , Gr are the maximal (with respect to inclusion) connected
subgraphs of G, the Gi are called the connected components of G.

If Z is a edge, we denote by G \ {z} the spanning subgraph of G obtained
by deleting Z and keeping all the vertices of G. The removal of a vertex V

from a graph G results in that subgraph G \ {v} of G consisting of all the
vertices in G except V and all the edges not incident with v. For instance:

G \ {z}

If A is a set of vertices of G one can define G \ A recursively by removing
one vertex at a time.
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A cycle of length n is a closed walk {va, ... , vn } in which n 2: 3 and the
vertices VI, ... ,Vn are distinct. A cycle is even (resp. odd) if its length is
even (resp. odd). We denote by Cn the graph consisting of a cycle with
n vertices, C3 will be called a triangle, C4 a square and so on. A tree is
a connected graph without cycles, and a forest is an acyclic graph. The
complete graph K n has every pair of its n vertices adjacent. For instance:

A graph G is bipartite if its vertex set V can be partitioned into disjoint
subsets VI and V2 such that every edge of G joins VI with V2 .

The distance d( u, v) between two vertices u and V of a graph G is defined
to be the minimum of the lengths of all possible paths from u to v. If there
is no path joining u and v, then d(u,v) = 00.

Proposition 6.1.1 A graph G is bipartite if and only if all the cycles of G
are even.

Proof. =» Let VI and V2 be a partition of V (G) such that every edge of
G joins VI with V2 . If {va, ... ,vn } is a cycle of G, one may assume Va E VI.
Note VI E V2 , it follows at once that Vi is in Vi if and only if i is even, thus
n must be even.

-¢=) It suffices to prove that each connected component of G is bipartite,
thus one may assume G connected. Pick a vertex Va E V. Set

VI = {V E V(G)ld(v,va) is even} and V2 = V(G) \ VI.

It follows that no two vertices of Vi are adjacent for i = 1,2, otherwise G
would contain an odd cycle. Therefore G is bipartite. 0

Corollary 6.1.2 If T is a forest, then T is a bipartite graph.

Definition 6.1.3 A set of edges in a graph G is independent if no two of
them have a vertex in common.

Let G be a graph on the vertex set V(G). Given a subset U C V(G),
the neighbor set of U, denote Nc(U) or simply N(U), is defined as

N(U) = {v E V(G) I V is adjacent to some vertex in U}.

Notice that if Cr is a cycle, then Cr C N(Cr ).
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Proposition 6.1.4 Let G be a bipartite graph with vertex sets VI, V2 having
m and n vertices respectively. If

IAI :s; IN(A)I

for all A c Vi, then there are m independent edges in G.

Proof. By induction on m. If m = 1, then there is at least one vertex in
V2 connected to VI' thus there is one independent edge. Assume m 2: 2.

Case (I): First assume IAI < IN(A)I for all A C VI with IAI < m. Let
Xl E VI and YI E V2 be two adjacent vertices. Consider the subgraph

obtained from G by removing Xl and YI' Note that for every A C VI \ {xI}
one has NH(A) = N(A) if YI ~ N(A) and NH(A) = N(A) \ {yI} otherwise.
Hence by induction there are Z2, ... , Zm independent edges in H, which
together with Zl = {Xl, YI} yield the required number of independent edges.

Case (II): Next assume IAI = IN(A)I for some A C VI with IAI < m.
Set r = IAI. Consider the subgraph

Since NH(S) = N(S) for all SeA, by induction there are independent
edges Zl, ... , Zr in H.

On the other hand consider F = G \ (A U N(A)). If S c VI \ A, then

IN(A U S)I 2:IA U SI = lSI + IAI,

since
N(SUA) = N(A) UNF(S)

and r = IN(A)I one derives INF(S)I 2: lSI. Applying induction there are
WI, ... ,Wm - r independent edges in F. Altogether it follows that there are
m independent edges in G, as required. This proof is due to Halmos and
Vaughn. 0

Corollary 6.1.5 Let G be a bipartite graph with vertex sets VI, V2 . If there
is an integer p 2: 0 such that IAI - p :s; IN(A)I for all A C VI, then there
are m - p independent edges in G, where m = IVII.

Proof. By Proposition 6.1.4 the assertion holds for p = O. Consider the
graph F obtained from G by adding a new vertex Y to V2 and joining every
vertex of VI to y. Let A C Vi, since NF(A) = N(A) U {y} one concludes
INF(A) I 2: IAI- (p -1). Hence by induction there are m- p+ 1 independent
edges in F, it follows that there are m - p independent edges in G. 0
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Let G be a graph with vertex set V. A subset A C V is a minimal
vertex cover for G if: (i) every edge of G is incident with one vertex in A,
and (ii) there is no proper subset of A with the first property. If A satisfies
condition (i) only, then A is called a vertex cover of G and A is said to cover
all the lines of G.

A= {Xl,X2,X4,X6}

minimal vertex cover of G.

It is convenient to regard the empty set as a minimal vertex cover for a graph
with all its vertices isolated. A set of vertices in G is independent if no two
of them are adjacent. Notice that a set in G is a maximal independent set iff
its complement is a minimal vertex cover for G. The vertex covering number
of G, ao (G), is the smallest number of vertices in any minimal vertex cover.

Definition 6.1.6 The independence number of a graph G, denoted by
/31 (G), is the maximum number of independent edges in G.

Theorem 6.1.7 (Konig) If G is a bipartite graph, then /31 (G) = ao (G).

Proof. Let V = VI U V2 be a partition of the vertex set of G such that
every edge of G joins Vi with V2 • Set r = /31 (G) and m = IVII. Since there
are r independent edges in G one obtains ao(G) 2: r.

Note there is A C VI such that IN(A)I ::; IAI - (m - r), otherwise if
IN(A)I > IAI - (m - r) for all A C VI, then by Corollary 6.1.5 one would
have r +1 independent edges which is impossible. Therefore N (A) U(VI \ A)
is a vertex cover of G with at most r elements, thus ao (G) ::; r. 0

A pairing off of all the vertices of a graph G is called a perfect matching.
Thus G has a perfect matching if and only if G has an even number of
vertices and there is a set of independent lines "covering" (containing) all
the vertices.

There are several results equivalent to Konig theorem (see [28, 139,
223]), next we present its connection with perfect matchings; see Propo­
sition 8.8.11 for a generalization of the marriage problem.

Theorem 6.1.8 (Marriage problem) If G is a bipartite graph with ver­
tex set V, then the following are equivalent

(a) G has a perfect matching.

(b) IAI ::; IN(A)I for all A C V independent set of vertices.
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Proof. Let Vi, V2 be a partition of V such that every edge of G joins VI
with V2 • Set r = /31 (G). It is clear that (a) implies (b).

(b) => (a): Since Vi is an independent set for i = 1,2, one readily derives
IVII = 1V21· By Konig theorem there are Zl, ... , Zr independent edges and a
minimal vertex cover A of G with r elements, hence Zi n A has exactly one
vertex for any i and A is an independent set. Using that also V \ A is an
independent set of vertices and the equality N(V \ A) = A we conclude

IV\AI:S IN(V\A)I = IAI·
It follows that IViI = r, thus Zl, ... , Zr yields a perfect matching. 0

The cover complexity Given a graph G, the family ofits minimal vertex
covers will be denoted by Y (G). One may call the integer IY (G) I the cover
complexity of the graph G. We are interested in algebraic ways of grasping
this important number. The best known estimate is due to E. Sperner
(d. [112, Theorem 3.1]):

Theorem 6.1.9 ([265]) If G is a graph with n vertices, then

Proposition 6.1.10 Let

"in = sup {IY(G)II G has n vertices}.

If {Fn } denotes the Fibonacci sequence given by

Fo = F l = 1 and Fn = Fn - l + Fn - 2 ,

then "in :S Fn for n 2: 1.

Proof. The proof is by induction on n. The required inequality is clearly
satisfied if n :S 4. Assume "ik :S Fk for k < nand n 2: 5. Let G be a graph
with n vertices. We write G = G l U G2 where G I is a connected component
of G with at least two vertices. Let x be a vertex in G l and Xl, ... , X r

the vertices of G adjacent to x. Let Y 1 be the set of minimal covers of G
that contain x and Y 2 = Y(G) \ Y l . If A E YI notice that A \ {p} is a
(possible empty) minimal vertex cover for G \ {x}, hence IYll :S Fn - l . If
A E Y 2 , then A \ {XI, ... ,Xr } is a (possible empty) minimal vertex cover
for G \ {x, Xl, ... , xr }, which implies IY 21 :S Fn - r - l . Therefore "in :S Fn as
required. 0

Proposition 6.1.11 Let Fo = F I = 1, H = 2 and Fn = Fn - 2 + Fn - 3 for
n 2: 3. If Pn is the path {Xl, ... , X n }, then
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Proof. To show it note: (i) The minimal vertex covers of Pn not containing
Xl are in one to one correspondence with the minimal vertex covers of the
graph Pn \ {XI,X2}, and (ii) the minimal vertex covers of Pn containing
Xl are in one to one correspondence with the minimal vertex covers of the
graphPn \{XI,X2,xd. 0

Proposition 6.1.12 If T is a forest, then IY(T)I 2: ao(T) + 1.

Proof. The proof is by induction on the number of vertices. Assume the
inequality for all forests with less than n vertices and assume T is a forest
with n vertices.

Let z be a vertex of degree one in T and X the vertex in T adjacent to
z. Set Tz = T \ {z}. Let A E Y(Tz). If X E A one has A E Y(T), and if
X rf- A, then AU {z} E Y(T). Hence IY(T)I 2: IY(Tz)l· If ao(T) = ao(Tz)
the inequality follows by induction hypothesis. If

then ao(Tz) = ao(T) - 1. Therefore there is a minimal vertex cover Al of
T so that IAII = ao(T) and zEAl' Notice that

A2 = (AI \ {z}) U {x}

is not a minimal vertex cover for Tz because Al \ {z } is a minimal cover for
Tz. As a consequence A2 is a cover of T which is not a lift of a cover of Tz.
The required inequality now follows using the induction hypothesis. 0

Some types of graphs For convenience let us recall the notion of Cohen­
Macaulay standard algebra. Let R be a polynomial ring over a field k with
irrelevant maximal ideal m and I a graded ideal of R. The depth of R/ I,
denoted by depth R/ I, is the largest integer r so that there is a homogeneous
sequence II, ... , fr in m with fi not a zero-divisor of R/ (I, II, ... ,Ji-d for
all 1 ~ i ~ r, here we set fo = O. This number r is bounded by dim R/ I
according Lemma 1.3.6.

Definition 6.1.13 The quotient ring R/ I is called Cohen-Macaulay (C-M
for short) if

depth(R/ I) = dim(R/ I),

and the ideal I is said to be Cohen-Macaulay if R/ I is Cohen-Macaulay.

Let G be a graph with vertices VI, ... ,Vn and

a polynomial ring over a field k, with one variable Xi for each vertex Vi, we
will often identify the vertex Vi with the variable Xi.
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Definition 6.1.14 The edge ideal I( G) associated to the graph G is the
ideal of R generated by the set of square-free monomials XiXj such that Vi

is adjacent to Vj, that is,

If all the vertices of G are isolated we set I(G) = (0).

Note that the non zero edge ideals are precisely the ideals of R generated
by square-free monomials of degree two.

Definition 6.1.15 The graph G is said to be Cohen-Macaulay over the
field k (C-M graph for short) if R/I(G) is a Cohen-Macaulay ring.

According to Theorem 6.4.7 the Cohen-Macaulay property of a bipartite
graph is independent of the field k, but in general this property may depend
on the field k (see Example 5.3.31).

The next result establishes a one to one correspondence between the min­
imal vertex covers of a graph and the minimal primes of the corresponding
edge ideal.

Proposition 6.1.16 Let R = k[XI, ,xn ] be a polynomial ring over a field
k and G a graph with vertices Xl, ,Xn- If P is an ideal of R generated by
A = {Xi" . .. , Xir }, then p is a minimal prime of I( G) if and only if A is a
minimal vertex cover of G.

Proof. Note that I(G) C P if and only if A is a vertex cover of G. Assume
that A is a minimal vertex cover of G, hence I(G) C p. By Proposition 5.1.3
any minimal prime of I( G) is a face ideal, thus p is a minimal prime of I( G).
The converse is clear. 0

Definition 6.1.17 A graph G is said to be an unmixed graph if any two
minimal vertex covers of G have the same cardinality.

Corollary 6.1.18 If G is a graph and I(G) its edge ideal, then the vertex
covering number 0:0 (G) is equal to the height of the ideal I( G).

Proof. It follows at once from Proposition 6.1.16.

Definition 6.1.19 An edge x of a graph G is critical if

o:o(G \ x) < o:o(G).

o

If all the edges in G are critical G is called edge-critical. A vertex v of G
is critical if

o:o(G \ v) < o:o(G),

and G is called vertex-critical if all its vertices are critical.
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Proposition 6.1.20 Let G be a graph. If ao(G \ v) < ao(G) for some
vertex v of G, then ao(G \ v) = ao(G) - 1.

Proof. Set r = ao (G \ v) and note r + 1 ::; ao (G). Pick a minimal vertex
cover A of G \ v with r vertices. Since v cannot be an isolated vertex
A U {v} is a minimal vertex cover of G. Hence ao (G) ::; r + 1 and one has
the asserted equality. 0

If G is a graph without isolated vertices, then the relationships between
the various notions defined above are the following:

C-M => unmixed => vertex-critical -¢= edge-critical,

where none of the arrows can be reversed in general. We now prove the first
two implications and leave the third implication as an exercise.

Proposition 6.1.21 If G is a Cohen-Macaulay graph, then G is unmixed.

Proof. By Corollary 5.1.5 I(G) is the intersection of its minimal primes.
Therefore I(G) is an unmixed ideal by Corollary 2.2.4, thus G is unmixed
by the correspondence between minimal covers and minimal primes. 0

Proposition 6.1.22 If G is an unmixed graph without isolated vertices,
then G is vertex-critical.

Proof. Let v E V (G). Since G is unmixed there is a minimal vertex cover
A of G containing v and such that IAI = ao(G). As A \ {v} is a minimal
vertex cover of G \ v, one has ao(G \ v) < ao(G). 0

Definition 6.1.23 A partially ordered set or poset is a pair P = (V,::;),
where V is a finite set of vertices and::; is a binary relation on V satisfying:

(a) u ::; u, 'Vu E V (reflexivity).

(b) u ::; v and v::; u, imply u = v (antisymmetry).

(c) u ::; v and v ::; w, imply u ::; w (transitivity).

A poset P = (V,::;) with vertex set V = {Xl"", X n } can be displayed
by an inclusion diagram, as with the diagram

(5
12

6 4

3 2

1

of the divisors of 12. In such a diagram Xi is joined to Xj by raising a line
if Xi < Xj and there is no other vertex in between.
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facets of 6.(P)

Given a poset P with vertex set V = {XI .... ,Xn } its order complex,
denoted by 6.(P), is the simplicial complex on V whose faces are the chains
(linearly ordered sets) in P, thus

k[6.(P)] = k[V]/(xiXjl Xi f Xj)

is the Stanley-Reisner ring of 6.(P). Here Xi f Xj means that Xi is not
comparable to Xj. The Cohen-Macaulay property of those rings associated
to posets has been extensively studied, see [12, 26, 44, 123, 162,274] and the
references there. Those simplicial complexes that occur as order complexes
have been nicely characterized by Stanley [270], see also [162].

Example 6.1.24 Let P = (V,~) be a partially ordered set with vertex
set V = {Xl, ... , xs} ordered according to the next inclusion diagram. The
Stanley-Reisner ring of the order complex 6.(P) is k[V]/(X6X7, X2X3).

Xs

{XI,X2,X4,X5,X6,XS}

{XI,X2,X4,X5,X7,XS}

{XI,X3,X4,X5,X6,XS}

{XI,X3,X4,X5,X7,XS}

Simplicial complexes of edge ideals Given a graph G on the vertex
set V one defines a simplicial complex Simp(G) on the same set of vertices:

Simp(G) = {FI:J H a subgraph of G such that F = V(H) and H c::: Kr },

where Kr denotes a complete graph on r vertices. Conversely a simplicial
complex 6. defines a graph Skel(6.), the I-skeleton of 6., on the same set of
vertices:

Skel(6.) = {F E 6.1 dim(F) ~ I}.

In general one has 6. C Simp(Skel(6.)).

Proposition 6.1.25 Let 6. be a simplicial complex and hits Stanley­
Reisner ideal. Then 6. = Simp(Skel(6.)) if and only if h is generated
by square-free monomials of degree two.

Proof. Let V = {Xl' ... ' x n } be the vertex set of 6.. Assume If!,. is gen­
erated by square-free monomials of degree two. Take F E Simp(Skel(6.)),
for simplicity set F = {XI, ... ,Xr }, that is, {Xi,Xj} for alII ~ i < j ~ r.
If F rf- 6., then Xl ... Xr is in If!,., and by assumption XiXj is in If!,. for some
1 ~ i < j ~ r. Hence {Xi, Xj} rf- 6., which is a contradiction. This shows
6. = Simp(Skel(6.)). The converse also follows rapidly. 0

Simplicial complexes associated to edge ideals have been studied in the
literature, they are called flag complexes, see [274, Chapter III] and the
references there for a series of amusing related problems.
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Exercises

6.1.26 Prove that G = Skel(Simp(G)), for any graph G.

171

6.1.27 Let G be a graph with vertex set V = {Xl,""X n }, prove Euler's
identity:

n

2IE(G)1 = L deg(x;).
i=l

6.1.28 (P. Hall) Let X be a finite set and 51, ... , 5m a collection of sub­
sets of X. If

for all iI, ... , i k distinct, prove that there are Xl, ... , Xm in X distinct such
that Xi E 5 i for all i.

Hint Consider the bipartite graph with vertex sets VI = {51,"" 5m } and
V2 = X, where X E X is adjacent to 5j if X E 5j .

6.1.29 Let H be a subgroup ofG of index nand G/H (resp. (G/H)L) the
set of right (resp. left) cosets. Then there are gl, ... ,gn in G such that

Hint If G/H = {H l , ... ,Hn } and (G/H)L = {H{, ... ,H~}, define 5; as
the set of j such that Hi n Hj -=I- 0 and write

Br =U(Br nH~) ,
i=l

where B r is equal to
r

8=1

with iI, ... , i r distinct. Note that at least r of the B r n Hi are non empty.

6.1.30 If G is a connected graph and d the distance function, then:

(a) d(x, y) 2: 0, and d(x, y) = 0 {:} X = y,

(b) d(x, y) = d(y, x) (symmetry),

(c) d(x, y) ::; d(x, z) + d(z, y) (the triangle inequality).

6.1.31 Let G be a graph. If o:o(G\ x) < O:o(G) for some edge x of G, prove
that o:o(G \ x) = O:o(G) - 1.
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6.1.32 If G is an edge-critical graph without isolated vertices, prove that
G is vertex-critical.

6.1.33 In [234] there is a list of all the known edge-critical graphs with
fewer than nine vertices, prove that all these graphs are unmixed. Can you
give an example of an edge-critical graph which is not unmixed?

6.2 Cohen-Macaulay graphs

Let G be a graph on the vertex set V = {Xl' ... ' X n }. We define the
complementary simplicial complex D.c of a graph G by

D.c = {A c VI A is an independent set in G},

notice that D.c is precisely the Stanley-Reisner simplicial complex of I(G).
According to Reisner's Theorem 5.3.5 the Cohen-Macaulay property of

a given graph can be decided once the reduced homology of the links of D.c
is computed. Unfortunately the simpler the graph G the more complicated
the complex D.c. Following [262, 302] we will study C-M graphs by looking
at both the complementary simplicial complex and the graph itself.

Construction of Cohen-Macaulay graphs

One of the purposes here is to show how large classes of C-M graphs can be
produced and to show some obstructions for a graph to be C-M.

~z
First construction Let H be a graph with vertex
set V(H) = {XI, ... ,Xn,z,w} and J its edge ideal.
Assume that z is adjacent to w with deg(z) 2: 2 and
deg(w) = 1. We label the vertices of H such that

Xl X2 Xk Xl, ... , Xk, ware the vertices of H adjacent to z, as
shown in the figure. The next two results describe how the Cohen-Macaulay
property of H relates to that of the two subgraphs G = H \ {z, w} and
F = G \ {Xl, ... , Xk}. One has the equalities

where I and L are the edge ideals of G and F respectively.
Assume H is unmixed with height of J equal to g + 1. Since z is not

isolated, there is a minimal prime p over I containing {Xl' ... ' Xk} and
such that ht(I) = ht(p) = g. It is not difficult to prove that k < nand
deg(xi) 2: 2 for i = 1, ... , k.

Proposition 6.2.1 If H is a C-M graph, then F and G are C-M graphs.
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Proof. Set A = k[XI, ... ,xn ] and R = A[z, w]. By Proposition 9.3.2 there
exists a homogeneous system of parameters {h, ... , fd} for A/I, where
Ii E A+ for all i. Because of the hypothesis and the equalities

z(z-w)+zw=z2 and w(w-z)+zw=w2,

the set {h, ... , fd' z - w} is a regular system of parameters for R/J. Hence
h, ... fd is a regular sequence on R/ I, that is, G is C-M. To show the
corresponding property for F we consider the sequence

where the first map is multiplication by z and 'IjJ is induced by a projection.
The exactness of this sequence follows from Corollary 5.1.5. Taking depths
w.r.t the maximal ideal of R, by the depth lemma one has

n - g + 1 ~ depth R/(I, Xl, ... , Xk, w), where g = ht(I).

Since (I, Xl, ... ,Xk, w) = (L, Xl, ... ,Xk, w), F is C-M. o

Proposition 6.2.2 If F and G are C-M graphs and {Xl' ... ,xk} form a
part of a minimal vertex cover for G, then H is a C-M graph.

Proof. Consider the exact sequence of Proposition 6.2.1. Since the ends of
this sequence have R-depth equal to dim(RjJ), by the depth lemma H is
a Cohen-Macaulay graph. 0

Corollary 6.2.3 If G is C-M and {Xl, ... ,Xk} is a minimal vertex cover
for G, then H is C-M.

Proof. Note that in this case F is Cohen-Macaulay because I(F) = (0). 0

Second construction For the discussion of the sec­
ond construction we change our notation. Let H be
a graph on the vertex set V(H) = {Xl' ... ' X n , z}.
Let {Xl, ... ,xk} be the vertices of H adjacent to z,
as shown in the figure. Taking into account the first

construction one may assume deg(xi) 2 2 for i = 1, ... , k and deg(z) 2 2.
Setting G = H \ {z} and F = G \ {Xl' ... , Xk}, notice that the ideals J, I
and L associated to H, G and F respectively are related by the equalities
J = (I,XIZ, ... XkZ) and (I,XI, ... ,Xk) = (L,XI, ... , Xk).

Proposition 6.2.4 If H is C-M, then F is C-M.

Proof. We set R = k[XI, . .. , Xn , z], A = k[XI, . .. , xn ] and ht(J) = g + 1.
The polynomial f = z - Xl - ... - Xk is regular on R/ J because it is
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clearly not contained in any associated prime of J. Therefore there is a
sequence {j, iI, ... , fm} regular on RIJ so that {iI, ... , fm} C A+, where
m = n - g - 1. Observe that {iI, ... , fm} is in fact a regular sequence on
A/I, which gives depth(A/ I) 2: n - g - 1. Next, we use the exact sequence

and ht(I, Xl, ... ,Xk) = g + 1 to conclude that F is C-M. o

Proposition 6.2.5 Assume Xl, , Xk do not form a part of a minimal
vertex cover for G and ht(I, Xl, , Xk) = ht(I) + 1. If F and G are C-M,
then H is C-M.

Proof. The assumption on {Xl' ... ,Xk} forces ht(J) = ht(I) + 1. From the
exact sequence

o---t R/(I, Xl, ... , Xk)[-l] -=--t R/ J ---t R/(I, z) ---t 0

we obtain that H is C-M. o

Corollary 6.2.6 IfG is C-M and {Xl' ... ,xk-d is a minimal vertex cover
for G, then H is C-M.

Connected components of Cohen-Macaulay graphs A good prop­
erty of Cohen-Macaulay graphs is its additivity with respect to connected
components.

Lemma 6.2.7 Let R I = k[x] and R 2 = k[y] be two polynomial rings over
a field k and R = k[x, y]. If hand 12 are graded ideals in R I and R 2
respectively, then

depth(RI/h) + depth(R2 / h) = depth R/(h + h).

Proof. We give two proofs. First proof: the formula is a direct consequence
of Proposition 2.2.20 and Theorem 2.2.21. Second proof: by a change of
base (R2/h)@kRI c::: R/hR is a fiat Rl-module. The equality now follows
from a general property of tensor products [217, Theorem 50]. 0

Proposition 6.2.8 If G is a graph and G I , ... ,Gn its connected compo­
nents, then G is C-M if and only if G i is C-M for all i.

Proof. The result follows from Lemma 6.2.7. o
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Complementary complex versus the complement

The complement 0 of a graph G has vertex set V (G) and two vertices are
adjacent in 0 if and only if they are not adjacent in G. Along the chapter we
will encounter the complement 0, and witness its usefulness to encapsulate
information of the edge ideal I( G).

Proposition 6.2.9 Let G be a graph and D.c its complementary simplicial
complex. Then G c D.c, with equality if and only if G has no triangles.

Proof. If x = {VI, V2} is an edge of 0, then {VI, V2} is an independent
set of G and x E D.c. Hence 0 C D.c. Assume 0 has no triangles. If
A = {VI, ... ,vn } is an independent set of G, then n = lor n = 2; otherwise
if n > 2, then G would contain the triangle {VI, V2, V3}. Therefore A is
either a point or an edge of G, thus 0 = D.c. The converse also follows
rapidly. 0

In general a Cohen-Macaulay graph G can have all the subgraphs G \ {v}
failing to be C-M, for V in G; see Example 6.2.24. Under special circum­
stances we will study the existence and distribution of the vertices of G
whose removal preserve the C-M property, the case of bipartite graphs is
analyzed in Section 6.4.

Definition 6.2.10 A cutpoint of a graph is a vertex whose removal in­
creases the number of connected components.

Proposition 6.2.11 If u, V are two vertices at maximum distance in a non
discrete connected graph G, then u, V are not cutpoints.

Proof. Assume V is a cutpoint and write G \ {v} = G I U··· U Gs , where
G I , ... , Gs are the connected components of G \ {v}. One may assume
u E G I , since s 2: 2 there is w E G i for some i 2: 2. Note that v is in
any path joining u and w, thus d(u, w) > d(u, v), a contradiction. This
argument is due to Harary. 0

Definition 6.2.12 A set of vertices D of a graph G is called dominant if
every vertex of G is adjacent with at least one vertex in D.

Lemma 6.2.13 Let G be a connected graph. If G is connected and has no
triangles, then

D = {v E V (0) I 0 \ {v} is connected}

is a dominant set of vertices of G.
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Proof. Assume G \ {v} is disconnected for some v E V(G). We set

where Xl, ... , Xk are the vertices of G adjacent to v. Since G has no triangles
d(Xi,Xj) = 2 for k + 1 :S i < j :S m, where d is the distance in G. Notice
that at least one of the vertices {Xk+l, ... , x m } has degree greater or equal
than two in G, say X m . We order the vertex set so that Xk and X m are
adjacent in G. Let G I , ... , Gl be the connected components of G \ {v}. We
may also assume that X k and X m are in V (G I). Notice that d( X k, b) 2: 3 for
all bin V(G 2 ). Using Proposition 6.2.11 one has that any pair of vertices
at maximum distance in G must be in D. Therefore G \ {x;} is connected
for some 1 :S i :S k, that is, Xi is a vertex in D adjacent to v in G. 0

Proposition 6.2.14 Let G be a connected graph and G its complement. If
G is connected and has no triangles, then

D= {zEV(G)IG\{z} is C-M}

is a dominant set.

Proof. Let D.c be the complementary simplicial complex of G. Observe
that D.c = G, hence by Reisner's Theorem Gis C-M. The rest of the proof
is an immediate consequence of Lemma 6.2.13. 0

Exercises

6.2.15 Show that a cycle Cn of length n > 3 is unmixed if and only if
n = 3,4,5,7.

6.2.16 Let G be a graph such that G is connected and has no triangles.
Show that I( G) is Gorenstein if and only if G is a cycle.

Hint It follows from [274, Theorem 5.1] that I( G) is Gorenstein iff G is a
pseudo manifold. Since G is a graph it is a pseudo manifold iff it is a cycle.

6.2.17 ([309]) Let G I , G2 be two graphs with vertex set x. If their com­
plements are triangle free and they have the same number of edges, then
the Hilbert series of k[x]/ I( GI) and k[x]/ I(G2 ) are identical.

6.2.18 Let G be a graph on the vertex set V = {XI' ... 'Xp } such that
ht(I(G)) = p - 2. Prove the following:

(a) G is Cohen-Macaulay if and only if D.c is connected, and

(b) if I(G) is not Cohen-Macaulay, then I(G) is unmixed if and only if D.c
has no isolated vertices.
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6.2.19 If G is a C-M graph with q edges, prove that

q:S (g2 + g)/2,

where 9 is the height of I(G).

177

6.2.20 A graph G with q edges is said to be satumtedif q = g(g+1)/2, where
9 is the height of I( G), and G is C-M. Let G be a graph with connected
components G I , ... , G rn . Prove that G is saturated if and only if G i is
saturated for all i.

6.2.21 If G is a saturated graph, prove that at most one of its connected
components has more than one vertex.

6.2.22 Let G be a Cohen-Macaulay graph over a field k. Prove that G is
saturated if and only if R/I( G) has a 2-linear resolution.

6.2.23 Prove that the following graph is Cohen-Macaulay.

6.2.24 Prove that the ideal I = h of Example 5.3.31 is generated by

XIX3, XIX4, XIX7, XIXIO, Xl XII, X2 X 4, X2 X 5, X2 X S,

X2 X IO, X2 X ll , X3 X 5, X3 X 6, X3 X S, X3 X ll , X4 X 6, X4 X 9,

X4 X ll , X5 X 7, X5 X 9, X5 X ll , X6 X S, X6 X 9, X7 X 9, X7 X IO,

XSXIO·

Let R i = k[XI, ... , Xi, •.. , Xll] and Gi = G \ {Xi}. Note 1= I(G) for some
graph G. Prove that the i-vector of D.Ci is (10,25,15) or (10,24,14). Thus
the h-vector of RdI( Gi ) is (1,7,8, -1) or (1,7,7, -1). Use Theorem 4.2.6
to conclude that G i is not a C-M graph for all i.

6.2.25 IfG is a Cohen-Macaulay graph and Xl, X2 are two vertices of degree
1, prove that they cannot have an adjacent vertex in common.

6.2.26 Let G be a connected graph and {Zl' ... ,zn} a path with n 2: 4. If
deg(zI) = 1, deg(xi) = 2 for i = 2, ... n - 1 and deg(zn) 2: 3, prove that G
cannot be unmixed.
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6.3 Trees

In this section we give an effective description of Cohen-Macaulay trees
and show an interesting family of graphs containing all Cohen-Macaulay
trees. The first Koszul homology module of a Cohen-Macaulay forest is also
studied.

Proposition 6.3.1 Let 5 be a positively graded algebra of dimension dover
a field k. If A = k[h l , .. . , hd] '--+ 5 is a homogeneous Noether normalization
of 5, then 5 is a Cohen-Macaulay ring if and only if 5 is a free A-module.

Proof. By Theorem 2.5.13 pdA (5) +depth(5) = dim(A), where the depth
of 5 is taken with respect to A+. Assume 5 is a free A-module, then
depth(5) = d and thus the depth of 5 with respect to 5+ is also equal d.
Therefore 5 is Cohen-Macaulay.

Conversely assume 5 Cohen-Macaulay. Note that A is a polynomial
ring. Let p E Spec 5 be a minimal (graded) prime over A+5. There is an
integral extension

k = AIA+ '--+ 51p,

hence 51p is a zero dimensional domain and consequently p is a maximal
ideal. Therefore rad (A+5) = 5+, that is, hI, , hd is a h.s.o.p for 5. Now
use Proposition 2.2.7 to conclude that hI, , hd is a regular sequence in
5, that is, depth 5 = d. Another application of the Auslander-Buchsbaum
formula yields that 5 is a free A-module. 0

Next we apply the above characterization of Cohen-Macaulay graded
algebras to give a proof, due to Wolmer Vasconcelos, of the following key
result:

Proposition 6.3.2 Let R = k[XI, . .. , Xn ,YI, .. . ,Yn] be a polynomial ring
over a field k and Me {(i,j)1 1 :S i < j :S n}. Then the ideal

1= ({XiYi,YjYel i = 1, ... ,n and (j,R) EM}),

is a Cohen-Macaulay ideal.

Proof. We start by doing a change of variables Zi = Xi - Yi for i = 1, ... ,n.
Its effect is that

A = k[ZI, ... ,Zn, YI, ... ,Yn]1I

becomes an integral graded algebra over k[ZI, ... , zn], where
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Observe that the images of Yil ... Yir (1 :S i l < ... < ir :S n) not divisible
by any of the monomials YjYl form a generating set for the k[ZI, .. . , zn]­
module A. To complete the proof we now show that they are in fact a basis.
We set Z = (Zl, .. . , zn) and Y = (YI, ,Yn). Assume the following equality

LIi(z)Yi+ Lliti2(Z)YiIYi2 + + LIit ...i=(Z)Yil···Yi= =

L gi(Y, z)(Yt + YiZi) + L hjl(Y, Z)YjYl

Using induction we will prove that fi = lili2 = .. , = lil ... i= = O. First
we show Ii = 0 for 1 :S i :S n. Making Yj = 0 for j -=I- i in the equation
above we obtain Ii(z) = gi(Yi, Z)(Yi + Zi), which forces fi = O. We set the
next induction step by assuming Ii = liti2 = '" = lil ... ir-l = O. The
substitutions Yj = 0 for Yj ~ {Yil"'" Yir } and Yip = -Zip for 1 < p :S r
into the first equality gives

therefore lil ...ir(Z) = O. Altogether A is a free module over k[ZI, ... ,Zn]
and this implies that I is C-M by Proposition 6.3.1.

Let us give a quite different second proof pointed out by Jiirgen Herzog.
Note that the polarization of the ideal

J = ({x:'xjxlll:S i:S nand (j,I!) EM})

is equal to I and apply Proposition 5.1.7. o

Lemma 6.3.3 Let T be a tree. If v and ware two adjacent vertices of
degree at least two, then there is a minimal vertex cover for T containing
both v and w.

Proof. Let x be the edge joining v and w. Since T \ {x} has exactly two
components, say T I and T2 , there are minimal vertex covers A and B for
T I and T2 respectively so that v E A and wEB. Therefore AU B is the
required cover for T. 0

Theorem 6.3.4 Let T be a tree with vertex set V and edge set E. Then
T is C-M if and only if IVI :S 2 or 2 < IVI = 2r and there are vertices
Xl, ... ,XnYl, .. · ,Yr so that deg(xi) = 1, deg(Yi) 2: 2, and {Xi,Yi} E E for
i=I, ... ,r.

Proof. =» As T is a bipartite graph there are disjoint sets VI and V2 such
that V = Vi U V2 and every edge of T joins VI with V2 • Since Vi and V2 are
minimal vertex covers for T, and T is unmixed, we have
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By Theorem 6.1.7 there are r independent edges. Therefore we may assume
VI = {ZI,,,,,Zr}, V2 = {WI,,,.,Wr}, and {zi,wd E E for i = 1, ... ,r.
To complete the proof is enough to show that for each i either Zi or Wi
has degree one. Assume deg(zi) 2: 2 and deg(wi) 2: 2 for some i. By
Lemma 6.3.3 there is a minimal vertex cover for T, say A, containing Zi and
Wi. Since {Zj,Wj} nA -=I- 0 for j -=I- i we conclude IAI 2: r + 1, which is a
contradiction.

-<=) The sufficiency follows from Proposition 6.3.2. 0

Corollary 6.3.5 If G is a tree, then G is C-M if and only if G is unmixed.

Proof. If G is unmixed, using the proof above it follows that I( G) is a
C-M ideal of the kind described in Proposition 6.3.2. 0

Corollary 6.3.6 The only C-M cycles are a triangle and a pentagon.

Proof. Let Cn = {XO,XI, ... ,Xn = xo} be a C-M cycle of length n. The
cases n = 4, 6, and 7 can be treated separately, so we assume n 2: 8. By
Proposition 6.2.4 Cn \ {XO, Xl, xn-d is a C-M path oflength n - 3 which is
impossible by Theorem 6.3.4 0

Proposition 6.3.7 If I = I(T) C R is the edge ideal of a Cohen-Macaulay
forest with 2n vertices and without isolated vertices, then

depth(R/I2
) 2: n - 1.

Proof. By Theorem 6.3.4 there are vertices Xl, ... , Xn ,YI, ... , Yn with
deg(xi) = 1, deg(Yi) 2: 1 for all i, such that I has a generating set:

{XIYI, ... ,xnYn,YjYel (j,R) EM}, where M C [l,n] x [l,n].

Set R = k[x, y], where k is a field. We proceed by induction on n. If I is a
complete intersection or 1 :S n :S 2 the result follows from Theorem 3.3.14
together with the exact sequence

Notice that if I is not a complete intersection, then T has a vertex of degree
two, its existence follows from Theorem 6.3.4 and the fact the sum of the
degrees of the vertices of a graph is twice the number of its edges. We order
the variables so that deg(Yn) = 2 and Yn-IYn E I and assume the result
true for CM forest with less than 2n vertices.

The ideal of R obtained by evaluation of I at Yn = 0 will be denoted
by J, while L will denote the ideal in R obtained by evaluation of J at
Yn-l = O. We also set K = (J2 ,Yn-IYn,XnYn).
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In the sequel we shall also make use of the fact that, if I is a monomial
ideal, and f is a monomial, then (I: f) is a monomial ideal. Consider the
complex (easily shown to be exact by the preceding remark):

By an appropriate induction hypothesis

Hence from (1) depth(R/(P,Yn-lYn)) 2: n - 1, which together with the
exact sequence

gives depth(R/K) 2: n -1. Because of the equality K = (1 2 ,Yn_IYn,XnYn)

we shift our attention to the exact sequence

/( )
Yn-tYno -----t R J,Yn-IYn,Xn -----t (3)

To estimate the depth of the module on the left, we use the exact sequence

Taking into account that Land J are attached to CM forests, we have that
the left end of the last sequence has depth equal to n + 1 while its right end
has depth equal to n. Hence a combination of (3) and (4) gives

To complete the proof observe that from the sequence

o -----t R/1 Xn~ R/12
-----t R/(12 ,xnYn) -----t 0

we get depth(R/12
) 2 n - 1.

Exercises

(5)

o

6.3.8 Let T be a tree with 2r vertices. If r 2: 2, prove that T is Cohen­
Macaulay iff ht 1(T) = rand T has exactly r vertices of degree 1.

6.3.9 Let G be a graph with vertex set V = {Xl,"" Xn,YI, ... ,Yn} and
edge set X = {{ Xk, Yk}, {Vi, Yj} I k = 1, ... , nand 1 :S i < j :S n}. Show that
G is a saturated graph over any field k.
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6.4 Bipartite graphs

Let G be a Cohen-Macaulay bipartite graph and I = I( G) its edge ideal.
We prove that G \ {v} is Cohen- Macaulay for some vertex v in G. Then we
show that the Stanley-Reisner simplicial complex of I is shellable.

Cohen-Macaulay Bipartite graphs A graph G is a complete bipartite
graph if its vertex set V can be partitioned into disjoint subsets Vi and V2

such that G contains every edge joining Vi and V2 • If VI and V2 have m
and n vertices respectively, we denote such a complete bipartite graph by
Km,n. In the following illustration Vi (resp. V2 ) is the set of vertices in the
top (resp. bottom) row.

K3 ,3

Lemma 6.4.1 The complete bipartite graph Km,n is Cohen-Macaulay if
and only if m = n = 1.

Proof. By Exercise 5.3.22 it is enough to observe that the complementary
complex of Km,n is disconnected for m + n 2: 3. 0

Lemma 6.4.2 Let G be an unmixed bipartite graph and I( G) its edge ideal.
If I( G) has height g, then there are disjoint sets of vertices VI = {Xl, ... , x g}
and V2 = {YI, ... ,Yg} such that: (i) {Xi,Yi} is an edge ofG for all i, and
(ii) every edge of G joins VI with V2 .

Proof. The statement follows rapidly if one uses that g is equal to the
maximum number of independent edges of G, see Theorem 6.1.7. 0

Definition 6.4.3 Let G be a graph and v E V(G). The neighbor set N(v)
of v is the set of vertices of G adjacent to v.

Theorem 6.4.4 Let G be a Cohen-Macaulay bipartite graph. If G is not a
discrete graph, then there is a vertex v E V(G) such that deg(v) = 1.

Proof. We may harmlessly assume that G has no isolated vertices. Set g =
ht I(G). Let VI and V2 be as in Lemma 6.4.2. We proceed by contradiction.
Assume deg(v) 2: 2 for all v E Vi. Let v E VI be a vertex of minimal
degree. We may assume v = Xl. If deg(v) = g, then G = Kg,g is a complete
bipartite graph, but this is impossible by Lemma 6.4.1. Therefore we may
also assume 2 :S deg(Xl) :S g - 1. Set r = deg(Xl). Let N (Xl) be the set of
vertices in V adjacent to Xl, say N (Xl) = {YI, ... ,Yr}.
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We claim that deg(xi) = r, for all i = 1, ... , r. For simplicity we assume
i = 2. If deg(x2) > r, then X2 is adjacent to Yj for some r + 1 ::; j ::; g.
Let G' = G\ {Xl,Yl, ... ,Yr}. By Proposition 6.2.4 we derive that G' is
C-M, and hence G' is unmixed. Notice that {Yr+l, ... ,Yg} is a minimal
vertex cover for G' and there is also a minimal vertex cover for G' contain­
ing {X2, Xr+l ... , xg}, which is a contradiction since G' is unmixed. Thus
deg(x2) = r. The previous argument also shows that N(Xi) = {Yl, ... ,Yr},
for alII::; i ::; r. Hence N(Yi) is a subset of {Xr+l' ... 'Xg}, for all
r + 1 ::; i ::; g. Consider the graph

To complete the proof observe that a repeated use of Proposition 6.2.4 shows
that H is a C-M bipartite graph. This is impossible since H = Kr,r is a
complete bipartite graph and r 2 2. 0

Corollary 6.4.5 If G is a Cohen-Macaulay bipartite graph, then G \ {v}
is C-M for some vertex v in G.

Proof. Let {v,z} be an edge of the graph G such that deg(v) = 1. Then
by Proposition 6.2.1 we obtain that G \ {z} is C-M. 0

The results above yield a recursive algorithm to construct all the C-M
bipartite graphs with a given number of vertices, see exercises.

Shellability The vertex set and edge set of a graph G are denoted by
V (G) and E(G) respectively. Recall that the faces of 6.c , the comple­
mentary simplicial complex of G, are precisely the independent sets of G
(together with the empty set). Notice that the facets (faces of maximal
dimension) of 6.c are the maximal independent sets of G.

Let G be a graph on the vertex set V = {Zl, ... , Zn, X, y}. Assume that
x is adjacent to Y and deg(y) = 1. We label G so that Y, Zl, ... , Zk are the
vertices of G adjacent to x.

Lemma 6.4.6 Let H = G \ {x,y} and A C V. If G is Cohen-Macaulay,
then A is a facet of 6.c if and only if A can be written as

(a) A = F U {y}, where F C V(H) is a facet of 6. H , or

(b) A = F U {x}, where Fe V(H) is a facet of 6. H and Zl, ... , Zk are not
in F.

Proof. Let A be a facet of 6.c . Suppose x ~ A, then YEA. Set W = V(H)
and F = A \ {y} C W. We must show that F is a facet of 6. H . First notice
that F is an independent set of H, because E(H) C E(G). Next let us show
that F is not contained in any other independent set of H. Let v E W \ F.
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Since A is a facet of 6.c , we obtain that there is an edge L in E(G) so
that LeA U {v}. As x ~ A and deg(y) = 1, we have L E E(H) and
L C F U{v}. Hence F is a facet of 6.H and we are in case (a). On the other
hand if x E A, then we have y, Zl , ... , Zk ~ A. Set F = A \ {x}. Let C be
a facet of 6. H containing F. Since C U {y} is an independent set of G, and
G is C-M, we obtain that ICI + 1 :S IAI = IFI + 1. Hence C = F and we
are in case (b), as required. The converse also follows readily using similar
arguments. D

Theorem 6.4.7 Let G be a Cohen-Macaulay graph. If G is bipartite, then
the Stanley-Reisner simplicial complex 6.c of I(G) is shellable.

Proof. We will use the shellability criterion of Exercise 5.3.29. One may
assume that G has at least one vertex of positive degree, for otherwise 6.c
is a simplex with a unique facet. Set g = ht I( G). We argue by induction
on g. Let VI and V2 be as in Lemma 6.4.2. By Theorem 6.4.4 we may
assume that deg(Yl) = 1. Let us label the vertices of G so that Y2, ... , Yt
be the vertices of G (if any) adjacent to Xl. According to Proposition 6.2.1
the graph H = G \ {Xl, yI} is C-M, hence by induction 6. H is shellable.
Let H, ,Fm be a shelling of 6.H . By Lemma 6.4.6 there are integers
1 :S rl < < r s :S m so that the facets of 6.c can be linearly ordered as
follows

where Fr1 , ... , Frs are the facets of H not containing Y2,'" Yt (or equiv­
alently containing X2,' .. , Xt). We claim that the subcomplex 6.' of 6.c
generated by Fr1 U {xI}, ... , Frs U {xI} is shellable, with shelling given by
Fr1 U {xI}, ... ,Frs U {xI}. To show the claim assume 1:S j < i :S s. Since
6. H is shellable there is v E Fri \ Frj and R< ri so that Fri \ Fl = {v}. It
follows that X2, ... , Xt E Fl. Hence Fl =Frk , for some 1 :S k < i. Therefore
6.' is shellable. It now follows readily that the linear ordering of the facets
of 6.c given above is a shelling for 6.c . D

Computing the type Let G be a C-M bipartite graph on the vertex
set V. Assume G has no isolated vertices. There are disjoint sets VI and
V2 so that V = VI U V2 and every edge of G joins VI with V2. Since
VI and V2 are minimal vertex covers for G, and G is unmixed, we have
g = IVII = 1V21 = heightI(G). By Konig's theorem there are g independent
edges. Therefore we may assume

VI = {Yl, ... ,Yg}, V2 = {WI, ... ,wg}, and YiWi E I(G) for all i.

Notice that w = {Yi - wdr==l is a regular system of parameters for R/ I(G),
where R = k[y, w], and R/I(G) modulo (w) reduces to:

A = k[yJl (yf, ... ,Y~ ,I(H)),
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where H is a graph on the vertex set VI. The algebra A is generated, as
a k-vector space, by the image of 1 and the images of all the monomials
Yi, ... Yi r such that {Yi" ... ,Yi r } is an independent set of H. Observe that
the type of R/I(G) is equal to IY(H)I, because Soc (A) is generated by the
images of all the monomials Yi, ... Yi r such that {Yil, ... , Yi r } is a maximal
independent set of H.

Example 6.4.8 Let G be the C-M bipartite graph whose edge ideal is:

The graph H obtained by reduction has edges YI Y2, YI Y3, YI Y4, Y2Y3, Y2Y4'
Since this graph has only three minimal vertex covers, the type of R/I(G)
is equal to three.

Exercises

6.4.9 Let G be a C-M bipartite graph. Show that the h-vector of R/ I(G)
has length at most g = ht I(G). Can we replace C-M by unmixed?

6.4.10 Prove that the following is the full list of Cohen-Macaulay connected
bipartite graphs with eight vertices, in each case determine the type and the
multiplicity of the edge ring.

6.4.11 Let 1= (xiYjll :s i :s j :s n), draw a picture of the bipartite graph
G such that 1= I(G) and prove that I is a Cohen-Macaulay ideal.

6.4.12 Let G be a Cohen-Macaulay bipartite graph. If G is not a discrete
graph, prove that G has at least two vertices of degree one.

6.5 Links of some edge ideals

In this section we give graph theoretical interpretations for the links of
certain ideals attached to graphs.
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Let Go be a graph on the vertex set V = {YI, ... ,Yn} and 1= I(Go).
Take a new set of variables Xl,.'" xn and define S(Go) to be the new graph
obtained by attaching to each vertex Yi a new vertex Xi and the edge {Xi, yd.
We set

K = I(S(Go)) = (XIYI, ... , XnYn,I) C R = k[x, y],

where k is a field. The S in the notation is intended for suspension or
attaching whiskers to the base graph. The significance of this construction
lies partly in the following restatement of Theorem 6.3.4:

Theorem 6.5.1 If G is a graph, then G is a Cohen-Macaulay tree if and
only if G = S(Go) for some tree Go.

Of course, all the structure of S(Go) lies in the graph Go. The following
simple computation conforms to this view.

Proposition 6.5.2 Let Go be a graph and G = S(Go) its suspension. Then
the multiplicity of R/I(G) is

d

Lh
i=-l

where fi is the number of i-faces of the Stanley-Reisner complex of I(Go).

Proof. Let YI, ... ,Yn be the vertices of Go. By Proposition 6.3.2, the set
of linear forms {Yi - xdf=l is a regular system of parameters for R/I(G).
The reduction of R/ I(G) modulo these forms is

k[yJl(y;, ... ,y~,I(Go)),

whose k-vector space basis is formed by the standard monomials, that is,
the faces of the attached simplicial complex. D

The next proposition describes the first link of S(Go) relative to the
regular sequence z = {Xl YI , ... , XnYn}'

Proposition 6.5.3 Let Go and G I be two copies of the same graph on
disjoint sets of vertices {YI, ... ,Yn} and {Xl, ... , xn} respectively. Let Y be
the set of minimal vertex covers of G I and

L = ({Xi, ... Xi, I {Xi!> ... , Xi,} E Y(GI)}).

Then ((z): K) = (z, L), where K = I(S(Go)).

Proof. Take {Xi!> ... ,Xir } E Y and YkYl E I. Since is E {k,R} for some
s we obtain Xi, ... XirYkYl E (z). This shows (z, L) C ((z): K). Conversely,
assume M is a monomial and M E ((z): K)) \ (z). Let {Yk,Yl} be any edge
in Go. Since MYkYl = XtYtMI, either Xk divides M or Xl divides M; in
either case, MEL. D
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Corollary 6.5.4 The type of R/I(S(Go)) is equal to IY(Go)l.

Proof. Since R/K is a Cohen-Macaulay ring and z is a maximal regular
sequence in K, where K = I(S(Go)), using Proposition 1.3.7 one has:

ExtR(R/ K, R) ~ HomR(R/ K, R/(z)) ~ ((z): K)/(z).

Thus by Corollary 4.3.6 one obtains type(R/K) = v(((z): K)/(z)) and the
assertion follows from Proposition 6.5.3. D

Observe that these results can be used to compute the primary decom­
position of an edge ideal.

Example 6.5.5 Let I(Go) = (YIY3,YIY4,Y2Y4,Y2Y5,Y3Y5,Y3Y6,Y4Y6)' Note
that the ideal ((z):I(S(Go)) is generated by z = {XIYI,oo.,X6Y6} together
with:

X2X3X4, X3X4X5, XIX2X5X6, XIX2X3X6, XIX4 X5X6,

and these monomials correspond to the minimal primes of I (Go). The type
of R/I(S(Go)) is 5 and the multiplicity of the face ring of I(Go) is 2.

Definition 6.5.6 A star on n vertices is a complete bipartite graph of the
form KI,n-1 and is denoted by star(n).

Corollary 6.5.7 If Go = star(n) is the star on n vertices, then I(S(Go))
lies in the linkage class of a complete intersection.

Proof. Let YI, ... , Yn be the vertices of Go and YI its center; then the
only minimal vertex covers of G I are {xd and {X2,.'" Xn }, so that, in the
notation above, the first link is

J ((z):I(S(Go))) = (XIYI, ,XnYn,XI,X2···Xn)

(Xl, X2Y2,"" XnYn, X2 x n).

Take now its link with respect to the regular sequence formed by the first
n elements:

(Xl, X2Y2,···, XnYn): J = (Xl, Y2,·.·, Yn),

which is a complete intersection.

Exercises

D

6.5.8 Let Go and G1 be two copies of the same graph on disjoint sets of
vertices {YI, 00 • , Yn} and {Xl, 00 • , x n } respectively. Let Y be the set of
minimal vertex covers of G I and

L = ({Xi! .00 Xi, I {Xi" 00. ,xd E Y(Gd}).

Then (K,z) and (z,L) are geometrically linked, where K = I(S(Go)).

6.5.9 Let 1= (xiYjl1::S i::S j::S n) C R = k[x,y]. Prove that R/I has
type n and its a-invariant is -(n - 1).
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6.6 First syzygy module of an edge ideal

Let G be a graph and I(G) C R its edge ideal. An interesting problem is
to express some of the first initial Betti numbers of I(G) in terms of the
graph theoretical data of G; below we give an indication that this might be
possible, see [103] for further information.

Let R be a polynomial ring over a field K with the usual grading and I a
graded ideal of R. The minimal graded resolution of R/ I by free R-modules
can be expressed as:

C g Cl

o ---t EB Rbgi (-dgi ) ~ ... ---t EB Rbli (-d1i ) ~ R ---t R/ I ---t 0,
i=1 i=1

where all the maps are degree preserving and the dij are positive integers.
One may assume dj1 < ... < djcj for all j = 1, ... , g. The integer g is equal
to pdR(R/I), the projective dimension of R/I. To simplify notation set

Cj

Fj = EB Rbji (-dji ).

i=l

The rank of Fj is the jth Betti number of I. From the minimality of the
resolution dll < ... < dg" see Remark 2.5.9. We define the jth initial Betti
number of I as "(j = bj1 and the j th initial virtual Betti number of I as

Note that some of the initial virtual Betti numbers may be zero.
For a general monomial ideal I there is an explicit and elegant descrip­

tion of a minimal set of generators for the first module of syzygies of I due
to S. Eliahou [101]; see also [43].

Definition 6.6.1 The edge graph of G, denoted by L(G), has vertex set
equal to E = E(G) with two vertices of L(G) adjacent whenever the corre­
sponding edges of G have exactly one common vertex.

Proposition 6.6.2 If G is a graph with vertices Xl, ... , X n and edge set
E(G)! then the number of edges of the edge graph L(G) is given by

Proof. To prove the first equality note that each vertex Xi of G of degree
d i contributes with (~i) edges to the number of edges of L(G).
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The second equality follows from the Euler's identity

n

2I E (G)1 = Ldeg(xi),
i=l

see Exercise 6.1.27.
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D

Let us now present a formula, in graph theoretical terms, for the second
initial Betti number of I(G).

Proposition 6.6.3 ([103]) Let I = I(G) C R be the edge ideal of a graph
G and V the vertex set of G. If

... ---t R C(-4) EBRb(-3) ---t Rq(-2) ~ R ---t R/I ---t 0

is the minimal graded resolution of R/I. Then b = IE(L(G))I- Nt, where
Nt is the number of triangles of G and L(G) is the edge graph of G.

Proof. Assume I = (h, ... ,fq ) and 7/J(ei) = /;. Let Z{ be the set of
elements in ker(7/J) of degree 3. We may regard the Ii as the vertices of
L(G). Every edge e = {fi,fj} in L(G) determines the syzygy syz(e) =
Xjei - Xiej, where Ii = XiZ and fj = XjZ for some z, Xi, Xj in V. According
to Theorem 2.4.17 the set of those syzygies generate Z{. Given a triangle
C3 = {Zl' Z2, Z3} in G we set

where fi = ZlZ2, fj = Z2Z3, and fk = ZlZ3· Notice that ¢;(C3) n ¢;(q) = 0
if C3 -=I- q. For every triangle C3 in G choose an element p(C3) E ¢;(C3).
It is not hard to show that the set

B = {syz(e)1 e E L(G)} \ {p(C3)1 C3 is a triangle in G}

is a minimal generating set for Z{. D

It is a fact that the second Betti number of a Stanley-Reisner ideal (resp.
monomial ideal) is independent of the field [169] (resp. [43,101]), moreover
for edge ideals the third and fourth Betti numbers are also independent of
the field [168].

An application to Hilbert series Let Ll be a simplicial complex of
dimension d and f = (fa, ... , fd) its f-vector, where fi is the number of
faces of dimension i in Ll and f-l = 1. By Corollary 5.4.5 the Hilbert Series
of the Stanley-Reisner ring S = R/h can be expressed as

foz fd Zd+1

F(z) = f-l + (1 _ z) + ... + (1 _ z)d+l· (6.2)

We now use this formula to compute a particular instance.
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Corollary 6.6.4 Let G be a graph with q edges, V = {Xl, ... , x n } its vertex
set and F(z) the Hilbert series of S = R/ I(G). If S has dimension 3, then
F(z)(1 - z)3 is equal to

1 ((g+1)) 2 (2g+3g2+g3-6q-6gq-6Nt+3V) 3
+ gz + 2 - q z + 6 z ,

where g is the height of I(G), Nt is the number of triangles of G, and

n

V = Ldeg2xi'
i=l

Proof. Let Ll = Llc be the Stanley-Reisner complex of 1= I(G). The first
entries of the f-vector of Ll are given by

f
n(n - 1)

f -1 = 1, fa = n, 1 = 2 - q.

To compute h notice that the resolution above yields

. (n + 2)d1m(R/Ih = - qn + b
n-1

and

(
n + 2)h = - qn + b - 2h - n,
n-1

where the last expression for h uses Proposition 5.4.4. The desired formula
follows by substitution of the fi in Eq. (6.2) and using Eq. (6.1). D

The number of triangles of a graph Let G be a graph with q edges
and vertex set V = {Xl, ... , x n }. As the number of edges of the edge graph
L(G) of G is given by the formula:

observe that Proposition 6.6.3 provides a method to compute the number
of triangles of a graph G by computing syzygies with Macaulay or CoCoA.
An alternative method using linear algebra is recalled next.

The adjacency matrix of G is the n x n matrix A = (aij) whose entries
are given by

{
1 if Xi is adjacent Xj,

aij = 0 otherwise.

It follows directly that A is symmetric and that its trace is equal zero. If

f(x) = x n + C1Xn-1 + C2Xn-2 + C3Xn-3 + ... + cn ,
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is the characteristic polynomial of A, then CI = 0, -C2 is the number of edges
of G, and -C3 is twice the number of triangles of G. For an interpretation
of all the c;'s consult [24].

Let G be the graph whose complement is the union of two disjoint copies
of a path of length two. The edge ideal of G is equal to:

and part of its minimal resolution is:

... --+ R 24
( -3) --+ R ll (-2) --+ R --+ RjI(G) --+ O.

Hence the number of triangles Nt of G is equal to 6. Of course the same
number is obtained noticing that

is the characteristic polynomial of the adjacency matrix of G.

Exercises

6.6.5 Let G be a graph with vertex set x and Fc(z) the Hilbert series of
k[x]jI(G), where k is a field. For any vertex x E V(G) one has:

6.6.6 If Kr,s is a complete bipartite graph, then

1 1
Fv- (z) - + - 1

Pvr,B - (l-zY (l-z)s .

6.6.7 ([309]) Let Pn be a path graph with vertices x = Xl, ... ,Xn . Prove
that the Hilbert series of k[x]jI(Pn ) can be express as:

lnt
1

J ( . 1) 00 (. . 1)
Fp

n
(z) = L n - ~ + L J +; - zHi

J=O ,=0

6.6.8 Let Pn be a path graph with vertices x = Xl, ... ,Xn . Prove that the
Hilbert function of k[x]jI(Pn ) is given by

Notice that for m ~ Lnt l J this is the Hilbert polynomial.
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6.6.9 Let G = C7 be an heptagon. Prove the formula:

F. ( ) = - z3 + 3z
2 + 4z + 1

Oz (l-z)3·

What is the number of minimal primes of I(G)?

Chapter 6

6.6.10 Let G = C7 be an heptagon and 6.0 its complementary simplicial
complex. Prove that 6.0 is a triangulation of a Mobius band whose reduced
Euler characteristic is x(6.0 ) = -1.

6.6.11 Let 1= I(G) c R be the edge ideal of a graph G. If

is the minimal graded resolution of R/I. Prove that c is equal to the number
of unordered pairs of lines {fi,!J} such that 1; and !J are independent lines
that cannot be joined by an edge.

6.7 Edge rings with linear resolutions

A noteworthy use of graph theoretical methods in commutative algebra
is implicit in Lyubeznik thesis [212] and explicit in the work of R. Froberg
[116]. In both cases the central notion is that of a triangulated graph. It will
turn out that this is the right notion to express some homological properties
of edge ideals and the Cohen-Macaulay property of unmixed ideals of height
two generated by square-free monomials.

Given a graph G an interesting duality between I(G) and Ie(G), the ideal
of covers of G, will take place in this section. Under special circumstances
I (G) reflects properties of Ie (G) and viceversa.

The Cohen-Macaulay case of dimension two Let us show a family
of flag complexes where shellability is equivalent to Cohen-Macaulayness.
We begin with:

Lemma 6.7.1 Let 6. be a simplicial complex of dimension 2 on the vertex
set V. If 6. is Cohen-Macaulay, then there are facets H, ... ,Fs such that

(i) V = Ui=l Fi ,

(ii) IF1 U U F; I = 2 + i for 1 :::; i :::; s, and

(iii) (F1 U U Fk-d n Fk is a face in 6. of dimension 1 for k 2 2.
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Proof. We will proceed by induction on k. Assume that there are facets
Fl , ... ,Fk in II with 1F1 U··· U Fil = 2 + i for 1 ~ i ~ k, and such that
(Fl U··· U Fi-d n Fi has dimension 1 for 2 ~ i ~ k. Set Ui = H U··· U Fi .

Assume Uk =I V, otherwise the proof is complete. Choose F et. Uk so
that IF n Ukl has maximal dimension. Set G = F n Uk and r = IGI. We
will show r = 2. Assume r = 1, i.e., G = {p}. Notice that p E Fi C Uk for
some i ~ k. We pick Zo E F \ Uk and Xo E Fi , Xo =I p. Observe that Zo and
Xo are both in lk (G) and that lk (G) is connected, hence there is a path

{zo = Wo, ... ,Wm = xo}

in lk (G) joining Zo and Xo. We pick j so that Wj rt Uk and Wj+l E Uk·
Since {wj,wj+d E lk(G) we obtain that F' = {Wj, Wj+l ,p} is a facet of II
so that F' et. Uk and F' n Uk = {p, Wj+l}, which contradicts the choice of
F. Thus r = 2, and we can set F = Fk+l to complete the induction. 0

Proposition 6.7.2 ([116]) Let II be a simplicial complex of dimension
2. If the Stanley-Reisner ring k[ll] has a 2-linear resolution, then II is
a Cohen-Macaulay complex if and only if II is shellable.

Proof. Assume that k[ll] is a Cohen-Macaulay ring with a 2-linear reso­
lution. The f-vector of II is given by fo = n, h = 2n - 3 and 12 = n - 2,
where n is the number of vertices of II (see Exercise 6.7.17).

By Lemma 6.7.1 there are facets Fl , ... , Fs in II so that V = Uf=l Fi'
IFl U ... U Fil = 2 + i for 1 ~ i ~ s, and (Fl U ... U Fk-l) n Fk is a face of
dimension 1 of II for 2 ~ k ~ s. Notice that in our case s = n - 2, hence
Fl , ... ,Fs are precisely the facets of ll. Set

Ui = Fl U··· U Fi and lli = F l U··· U F i ,

where F i {O" E lllO" C F;}. We claim that lli = U i . Since lli is a
subcomplex of U i , it suffices to show that they have the same f-vector.
Observe that

and
2i + 1 ~ h(lli) ~ h(Ud·

Using h(Us) = 2n - 3 yields h(Ui) = h(lli) = 2i + 1 for all i. A similar
argument shows 12(lli) = h(Ui) for all i.

To complete the proof notice that

G = Fk n Uk- l E F k n lli = F k n Uk- l ,

accordingly G C Fk n Fj for some j < k, using that IGI = 2 we get

Fk n Fj = Fk \ {x}

for some x E V. Thus II is shellable by Exercise 5.3.29. The converse is
true quite generally (see Theorem 5.3.18). 0
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Corollary 6.7.3 If k[ll] is a Cohen-Macaulay ring of dimension 3 with a
2-linear resolution over a field k, then K[ll] is a Cohen-Macaulay ring with
a 2-linear resolution for any other field K.

Example 6.7.4 Let R = k[a, . .. , f] be a polynomial ring over a field k and
II the following triangulation of the real projective plane jp'2:

c c

Note that If!,. = (abc, abd, ace, adf, aef, bcf, bde, bef, cde, cd!). The face ring
k[ll] was studied by Reisner [237]. One has that k[ll] is Cohen-Macaulay
and has a 3-linear resolution if k has characteristic other than 2, and is not
Cohen-Macaulay and has a non linear resolution otherwise (compare with
[114, Example 3]). Hence II is not shellable and dim II = 2.

The general case Let G be a graph and G its complement. The graph G
is said to be triangulated or chordal if every cycle Cn in G of length n ~ 4
has a chord in G. A chord of Cn is an edge joining two non adjacent vertices
of Cn.

The following result provides a graph theoretical characterization of the
rings k[ll] having a 2-linear resolution.

Theorem 6.7.5 ([116]) Let G be a graph and II the Stanley-Reisner com­
plex of I(G). Then k[ll] has a 2-linear resolution if and only if G is a
triangulated graph.

Next we introduce the notion of d-tree and state an interesting conse­
quence due to R. Froberg.

Definition 6.7.6 A d-tree is defined inductively: (i) a complete graph K d+1

is ad-tree, (ii) let G be a d-tree and H a subgraph of G with H ::: K d , if v
is a new vertex connected to all vertices in H, then G U {v} is ad-tree.

Theorem 6.7.7 ([116]) Let G be a graph and II the Stanley-Reisner com­
plex of I(G). IfG is Cohen-Macaulay over afield k, then k[ll] has a 2-linear
resolution if and only if G is a d-tree, where d = dim ll.
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Corollary 6.7.8 Let G be a connected Cohen-Macaulay bipartite graph
with q edges. If q is equal to g(g + 1)/2, where g = htI(G), then

I(G) = (xiYjll :::; i :::; j :::; g).

Proof. First notice that R/I(G) has a linear resolution by Theorem 4.3.7.
Hence, according to Theorem 6.7.7, the I-skeleton of 6.0 is a (g - I)-tree,
which implies that there is a vertex w of G of degree g. We now use the
notation (and similar arguments) of the proof of Theorem 6.4.4 to conclude
that deg(Xi) = 1 and deg(yj) = 1, for some i, j. To finish the proof consider
the graph G \ {w} and use induction. 0

The more general problem of determining the simplicial complexes 6.
whose Stanley-Reisner ideal If!,. has a pure resolution has been addressed by
W. Bruns and T. Hibi [46,47], where a very concrete solution can be found
if If!,. is generated by square-free monomials of degree two.

Edge ideals and their ideals of vertex covers Triangulated graphs
have been extensively studied, they can be constructed according to a result
of G. A. Dirac, see [84, 285]. Those graphs have appeared in the commu­
tative algebra literature in the works of R. Froberg [116] and G. Lyubeznik
[213], here we point out a connection between these two works that leads to
an interaction between some properties of an edge ideal and some properties
of the ideal of minimal covers of the graph.

Lemma 6.7.9 Let G be a connected graph with vertex set V(G) and

d = min{deg(v)I v E V(G)}.

If G is not a complete graph, then there is 5 C V (G) such that G \ 5 is
disconnected and d = 151.

Proof. Let v be a vertex of G of degree d and 5 = N (v) the neighbor set
of v. Since G is not a complete graph and v has minimum degree there is a
vertex w rt 5 u {v}. Thus G \ 5 has at least two components. 0

Definition 6.7.10 Let G be a graph and 5 a set of vertices, the induced
subgraph <5> is the maximal subgraph of G with vertex set 5. Thus two
vertices of 5 are adjacent in <5> if and only if they are adjacent in G.

Proposition 6.7.11 ([84]) If H is a triangulated non complete graph, then
it can be constructed out of two smaller disjoint triangulated graphs H 1 and
H 2 by identifying two (possibly empty) complete subgraphs of the same size
in H 1 and H 2 .
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Proof. One may assume that H is a connected graph with n vertices. Since
H has at least one vertex of degree less than n -1, by Lemma 6.7.9 there is
a minimal set of vertices 5 such that H \ 5 is disconnected and 151 ~ n - 2.
Hence we can write H\5 = H UFz, where Hand Fz are disjoint subgraphs
of H. Set

where < A > is the induced subgraph with vertex set A. Note H l UHz = H
and H l n Hz =<5>.

Next we show that < 5 > is a complete graph. Assume there are vertices
x 1 and Xz in 5 not connected by an edge of H. Since H \ (5 \ {xd) is
connected for i = 1,2, there are paths Pl and pz in H l and Hz respectively
joining Xl with Xz, whose only vertices in 5 are Xl and Xz· If Pl and pz
are the shortest paths with this property, then Pl U pz is a cycle of length
greater or equal than four without a chord, a contradiction. 0

Lemma 6.7.12 ([285]) Let H be a triangulated graph and K a complete
subgraph of H. If K =I H! then there is X rt V (K) such that the subgraph
< N(x) > induced by the neighbor set N(x) of x is a complete subgraph.

Proof. By induction on V(H). If H is complete, any x rt V(K) would
satisfy the requirement. Otherwise, using Proposition 6.7.11 H = H l U Hz,
where H l , Hz are triangulated graphs smaller than H such that H l n Hz is
a complete subgraph. It follows that K is a subgraph of Hi for some i, say
i = 1. As H l n Hz is a proper complete subgraph of Hz, by induction x can
be chosen in Hz \ (H l n Hz). 0

Let R = k[Xl, ... x n ] be a polynomial ring over a field k and I a monomial
ideal of I. The ideal of minimal covers or simply the ideal of covers of I,
denoted Ie , is the ideal of R generated by all the monomials Xi! ... Xik
such that the ideal (Xi!"'" Xik) is an associated prime ideal of I. This
terminology is intended to emphasize that a minimal prime "covers" or
contains all the monomials in I. If I is a Stanley-Reisner ring one has a
duality:

I (XiI ···Xi r ,···, )

t
(Xi!> ... ,XiJ n ...

(XJt, ... ,Xj,) n ...
t

(Xj! .. ·Xj" ... , )

Let G be a graph and E = E(G) its edge set, in this case we denote the
ideal of minimal covers of I (G) by Ie (G). One has

Ie(G)= n (x,y).
{x,y}EE

Thus Ie(G) is an unmixed ideal of height two. The Cohen-Macaulay prop­
erty of this ideal was successfully studied by G. Lyubeznik.
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Theorem 6.7.13 ([213]) Let G be a graph and G its complement. Then
the ideal of minimal covers I c(G) is Cohen-Macaulay if and only if G is a
triangulated graph.

Proposition 6.7.14 Let G be a graph and Ic(G) its ideal of covers. If
Ic(G) is Cohen-Macaulay, then

where v(Ic(G)) is the minimum number of generators of Ic(G) and g is the
height of I (G) .

Proof. By the Hilbert-Burch Theorem 2.5.15, Ic ( G) is generated by the
m - 1 minors of an m x (m - 1) matrix A with homogeneous entries, where
m = v(Ic(G)). Take f in Ic(G) of degree g, since any m -1 minor of A has
degree at least m - 1, one obtains deg(j) = g :::: m - 1. 0

Proposition 6.7.15 Let G be a graph whose complement G is a triangu­
lated graph. Then I(G) is Cohen-Macaulay if and only if Ic(G) has a linear
resolution.

Proof. :::}) By the previous results one has that Ic(G) is Cohen-Macaulay
and the following inequality holds

v(Ic(G)) :::; htI(G) + 1,

according to Theorem 4.3.7 it suffices to prove that one has equality.
Note that v(Ic(G)) is equal to the multiplicity of RjI(G), because all

the minimal primes of I (G) are of height g = ht I (G). On the other hand
the multiplicity of RjI(G) is equal to g + 1 (see Exercise 6.7.17).

{::) By induction on the height of I(G). One may assume

g = htI(G) :::: 1,

otherwise I(G) = O. Note that the hypotheses imply that G is an unmixed
graph such that the multiplicity of RjI(G) is equal to e = g + 1. Hence any
two maximal complete subgraphs of G are isomorphic. Note

d+1=n-g,

where n is the number of vertices of G and d+1 is the dimension of R j I (G) .
Let K be a proper complete subgraph of G on d+1 vertices, by Lemma 6.7.12
there is x rt V(K) such that the subgraph < N(x) > induced by the neigh­
bor set N(x) of x is a complete subgraph. Since x belongs to a complete
subgraph L of G on d + 1 vertices, it follows rapidly that degc(x) = d or
equivalently degc(x) = g. Hence by induction I(G \ {x}) is C-M of height
g - 1. Using Proposition 6.2.5 one concludes that I(G) is C-M. 0
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One can use a duality criterion described next to see that this result is
valid in a more general setting and without the hypothesis that the graph
G is triangulated (see Exercise 6.7.21).

Definition 6.7.16 Let II be a simplicial complex on the vertex set V, the
Alexander dual II * of II is the simplicial complex given by

ll* = {GC VIV\G ~ ll}.

According to [90] the Stanley-Reisner ideal of a simplicial complex has
a linear resolution if and only if its Alexander dual is Cohen-Macaulay.
This has been recently generalized [151] replacing linear resolution by the
notion of componentwise linear ideal, and Cohen-Macaulay by sequentially
Cohen-Macaulay.

Exercises

6.7.17 Let II be a simplicial complex of dimension d with n vertices and
f = (fa,···, fd) its f-vector. If k is a field and k[ll] is a Cohen-Macaulay
ring with a 2-linear resolution, then

6.7.18 Let II be a simplicial complex and k a field. If the ring k[ll] is
Cohen-Macaulay and has a 2-linear resolution, then the reduced Euler char­
acteristic X(ll) is equal to 0 and Hd(ll) = 0, where d = dim ll.

6.7.19 Let II be a simplicial complex. If k[ll] is a Cohen-Macaulay ring
with a 2-linear resolution over a field k, prove that II is shellable.

Hint Use Theorem 6.7.7.

6.7.20 Show that the complement of a triangulated graph cannot have a
chordless cycle with five or more vertices.

6.7.21 Let II be a simplicial complex on the vertex set V = {Xl, . .. ,xn }

and II* its Alexander dual. Prove that the Stanley-Reisner ideal of II * is
equal to the ideal of minimal covers of 1= I/!,., that is:

h* = ({Xi! ... Xiv I (Xi!,"" xd is a minimal prime of I}).

6.7.22 Prove that the third Betti number of the ideal

1= (abc,abd,ace,adf,aef,bcf,bde,bef,cde,cdf)

depends on the base field, and show that I is equal to its ideal of vertex
covers. See Example 6.7.4.
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6.7.23 Let k be a field of characteristic zero or two. UseMacaulay to verify
that the initial Betti numbers and initial degrees of the Stanley-Reisner
ideal I of Exercise 6.2.24 are as follows:

10: 11
'-.-'

1'8

9: 80
'-.-'

1'7

8: 245
'-.-'

1'6

6: 6
'-.-'

1'5

5: 40
'-.-'

1'4

4: 95
'-.-'

1'3

3: 80
'-.-'

1'2

2: 25
'-.-'

1'1

where the number before the colon indicates initial degree. What are the
initial virtual Betti numbers of I?
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Monomial Subrings

Two of the main objects of study here are subalgebras generated by mono­
mials and the corresponding Rees algebras. In general one would like to
relate properties of those two algebras, such as the normality property or
the Cohen-Macaulay property.

Some of the relevant topics of the chapter are the descriptions of the
integral closure of ideals and monomial subrings and how the various notions
of normality for algebras and ideals relate to each other.

Special attention is given to showing the relation between the normality
of the Rees algebra and properties of other related objects.

We present some degree bounds for the generators of the integral closure
of Rees algebras and monomial subrings. Upper bounds for the a-invariant
of some subrings will also be given.

7.1 Basic properties

Let R = k[x] = k[Xl, ... ,xn ] be a polynomial ring over a field k in the inde­
terminates Xl, ... , X n and F = {il, ... , fq} a finite set of distinct monomials
in R such that Ii =I 1 for all i. For c E Nn we set XC = X~l ... x~n. The
monomial subring spanned by F is the k-subalgebra

k[F] = k[il, ... ,fq] c R.

The exponent vector of fi = XC>i is denoted by 109(ji) = (li and log(F)
denotes the set of exponent vectors of the monomials in F. To try to avoid
cumbersome notation we set r = gl ... f~q if c E Nq .

Note that k[F] is equal to the semigroup ring

k[C] = k[{xC>1 (l E C}],

201
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where C = Nlog(jd + .. ·+Nlog(jq) is the subsemigroup of ff' generated by
log(F). Thus as a k-vector space k[F] is generated by the set of monomials
of the form x a , with (l E C.

An important feature of k[F] is that it is a graded subring of R with the
grading k[F]i = k[F] n Ri . There is a graded epimorphism of k-algebras:

r.p: B = k[t1, ... , tq] ---t k[F] ---t 0, induced by r.p(t;) = fi,

where B is a polynomial ring graded by deg(ti) = deg(j;). Note that the
map r.p is given by

r.p(h(t1, ... , tq)) = h(h, .. ·, fq), for all h E B.

The kernel PF of r.p is called the presentation ideal or toric ideal of k[F]
with respect to h, ... , fq·

Definition 7.1.1 A binomial fin B = k[t1, ... ,tq] is a difference of two
monomials, that is, f = ta - t f3 , for some (l, /3 in Nq. An ideal generated by
binomials is called a binomial ideal.

Proposition 7.1.2 The presentation ideal PF of k[F] is a graded prime
ideal generated by a finite set of binomials.

Proof. Observe B / PF ~ k[F] and that k[F] is a Noetherian domain. If a
polynomial ho + ... + hs is in PF with hi E Bi , then r.p( hi) = 0 because r.p
is graded. Hence hi E (PF)i for all i, and PF is a graded ideal.

Consider the ideal L of B generated by the binomials in PF. Since PF
has a finite basis of homogeneous polynomials, to show L = PF it suffices
to prove Bd n PF C L for all d. Let h E Bd n PF, write

r

h = La'Yit'Yi
i=l

with a'Yi E k and pi E B d. We show that h E L by induction on r. Assume
r 2. 3. Making the substitution Xi = t1 in the equality L~=l a'Yi j'Yi = 0 one
obtains (L~=l a'YJtf = 0 and L~=l a'Yi = O. One may assume j'Yi = j'Yi
for some i =I j, otherwise a'Yi = 0 for all i. For simplicity assume i = 1 and
j = 2. Since a'Y2 = -a'Yl + /3, with /3 E k one has

r

h = a'Yl (t'Yl - t'Y2) + /3t'Y2 + L a'Yit'Yi = a'Yl (t'Yl - t'Y2) + g.
i=3

By induction one gets gEL and h E L, as required. o

Definition 7.1.3 If F = {h, ... , fq} is a set of monomials in k[x], the
associated matrix of k[F] is the n x q matrix M whose columns are the
exponent vectors log(h), ... ,log(jq).
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Recall that the support of a vector (3 E jRq is supp((3) = {i I (3i =I o} .
Note that any vector a in jRn can be written as a = a+ - a_, where a+
and a_ are two non negative vectors with disjoint support.

Corollary 7.1.4 If PF is the toric ideal of the monomial subring k[F] and
M is the associated matrix of k[F], then

PF = ({t"+ - t"-I a E zq and Ma = O}).

Proof. Let t" - t13 be a binomial in PF. If supp(a) n supp((3) =I 0, then
we can write r - f13 = ru,,1 - f13 ' ) = 0, where Ii = min{ai,(3;}. Note
that a' and (3' have disjoint support and r - f13 = 0 iff M(a - (3) = O. To
complete the argument use that PF is generated by binomials. 0

Corollary 7.1.5 The toric ideal PF of a monomial subring k[F] has a
Grabner basis consisting of binomials with respect to any monomial ordering
of the polynomial ring B.

Proof. Let E be a finite set of generators of PF consisting of binomials
and let f, gEE. Since the S-polynomial SU, g) is again a binomial and
the remainder of SU, g) with respect to E is also a binomial, it follows that
the output of the Buchberger algorithm (see Theorem 2.4.11) is a Grabner
basis of PF consisting of binomials. 0

Definition 7.1.6 Let R = K[XI,"" x n ] be a polynomial ring over a field
K and k 2: 1 an integer. The monomial subring of k-products or simply the
subring of k-products is:

The kth Veronese subring of R, denoted by R(k), is by definition:

00

R(k) = EB R ik C R,

i=O

where an element in R ik is said to have normalized degree i. Thus R(k)
is again a standard algebra generated by elements of normalized degree 1.
Sometimes the subring K[Vk] is called the square-free kth Veronese subring
of R, because it is contained in R(k).

Corollary 7.1.7 ([111]) Let R = K[Xl,'" ,xn ] be a polynomial ring over
a field K and let P be the toric ideal of the subring of k-products K[Vk]' If
k 2: 2, then P is generated by homogeneous binomials of degree two.
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Proof. Let Vk = {XiI' .. Xik 11 ~ i 1 < ... < ik ~ n} be the set of square­
free monomials of degree k in R. To begin with consider a polynomial ring:

with one variable ti, ... ik for each monomial Xi, ... Xik in Vk. Let rp be the
graded homomorphism

where B has the usual grading and K[Vk] has the normalized grading. Thus
P = ker( rp) is the toric ideal of K[Vk]'

By Proposition 7.1.2 the toric ideal P = EB:2 Ps is a graded ideal
generated by homogeneous binomials, hence it suffices to show that all the
binomials in Ps are in (P2 ) for s 2 2. We proceed by induction on s. Assume
s 2 3 and that all the binomials in P2 , ... ,Ps - 1 are in P2 . Let

T = {til·ik 11 ~ i 1 < ... < ik ~ n} and F = t l '" ts - t~ .,. t~ E Ps,

where ti , t~ E T for all i. If rp(ti) = ii and rp(t;) = ii, then after reordering
the variables we may write h = Xl ... XrXr+1 ... Xk, where Xl, ... ,Xr are
in nt=l SUpp(fi) = nt=l supp(fD and Xr+1, ... ,Xk are not in nY=l SUPP(fi)'
Set h equal to Xl ... Xr and write i{ = hXir+1 ... Xik' If Xr+1 ~ supp(f{),
then i~ = hXr+1Xpv+2 ... xpk for some p 2 2. By our assumption there is
if. so that Xiv+l is not in supp(fD for some £ 2 2. First consider the case
Xr+1 E supp(fD· Write if. = hXr+1Xfr+2" 'Xfk' Note that iUf. = i{'i~',

where i{' = (xr+d{)/Xir+l and if.' = (xiv+1iD/xr+1' Since i{' and if.' are
in Vk , there are t~' and t~ in T mapping under rp to f{' and ff.' respectively.
Let G = t~ t~ - t~tf.'. From the equality

H (t 1·· ·ts - t~·· ·t~) + (t~t~ - t~'tf.')(t~·· ·tL1tf.+1·· ·t~)

t1 ... ts - t~'t~ ... t~_l t~t~+l ... t s = F + Gt~ ... t~_l t~+l ... t~

we get F E (P2) if and only if F1 E (P2). On the other hand if Xr+1
is not in supp(fD, write if. = hXfv+' ... Xfk' Note that {XfV+I"'" Xfk}
is not contained in .4 = {Xpr+2"" ,xpk }, say Xfr +l is not in.4. Setting
if.' = (xr+dD/Xfv+I and i~' = (xfr+d~)/Xr+1' we get G2 = t~t~-t~t~ E P2,
where t~, t~ map under rp to if.', i~' respectively. From the equality

H F + G2(t~ ... tL1 t~+l ... t~_lt~+l ... t~)

t1 ... t - t~ t' '" t~ 1t~ ... t' til t' ... t's ,1 ,- ,+1 p-1 P p+1 s

we obtain F E (P2) if and only if F2 E (P2). Set ff." = (ff.'Xiv+I)/Xr+1,
i{' = (f{Xr+d/Xir+1 and G3 = t~t~' - t~tt. From the identity

F3 F2 + G3(t~ ... t~_l t~+l ... t~_l t~t~+l ... t~)

t1 ... t - tilt' ... t~ t'j't~ ... t' tilt' ... t's 1 2 ,-1, ,+1 p-1 P p+1 s
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we obtain F2 E (P2) if and only if F3 E (P2). Hence from the outset one
may assume

Using the same argument as above with Xr+2 and Xi r +2 playing the role of
Xr +1 and Xi r +1 , and so on, we derive that there is a binomial Fm E Ps of
the form Fm = t1 ... t s - t1U2 ... Us, with U2,"', Us E T, so that FE (P2)
if and only if Fm E (P2 ). To complete the proof notice that Fm is in (P2 )

by the induction hypothesis. 0

Corollary 7.1.8 Let R = K[Xl, ... ,xn ] be a polynomial ring over a field
K and P the toric ideal of the Veronese subring R(k). If k 2 2, then P is
generated by homogeneous binomials of degree two.

Proof. Consider a polynomial ring:

B = K[{tc>1 a E ff1 and lal = k}],

with one variable tc> for each monomial xC> of degree k. Let rp be the graded
homomorphism

rp: B -+ R(k), induced by tc> 8 xC>,

where B has the usual grading and R(k) has the normalized grading. By
Proposition 7.1.2 the toric ideal P = ker(rp) is a graded ideal P = EB:2 Ps
generated by homogeneous binomials. Hence we need only show that all the
binomials in Ps are in (P2 ) for s 2 2. We proceed by induction on s. Let

where ti, Ui E T for all i. If rp(ti) = 1; and rp(Ui) = gi, then one has the
equality h ... is = gl ... gs. Write h = X~' ... x~n and gl = X~' ... x~n. To
show that F belongs to (P2 ) we consider a few simple cases.

Case (a): Assume Ci < k and Xi E supp(gj) for some j =I 1. For
simplicity of notation set i = 1 and j = 2. Pick Xg =I Xl in the support of
gl' Note that glg2 = h1h2, where h1 = X1gl/Xg and h2 = XggdX1. Since
h1 and h2 have degree k, there are u~ and u~ in T mapping under rp to h1
and h2 respectively. From the equality

F1 (t1" ·ts - U1" ,us) +U3" 'Us(U1U2 - u~u~)

t1 ... t s - u~ U~U3 ... Us

we conclude that F E (P2 ) if and only if F1 E (P2 ).

Case (b): x~ divides gl ... gs for some i, say i = 1. By a repeated use of
case (a) one may assume gl = x~. Hence by symmetry one may also assume
h = x~, that is, F = t1" ·ts - t1U2" 'Us, which by induction is in (P2).
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Case (c): x~ does not divide gl ... 9s for all i. Let
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Note Ci < k for all j. Thus using case (a) one may assume gl = X~i, ... x~ir,
J "1 "T

where Xi, ~ Ui#lSUPp(gi). A repeated application of case (a) yields that
one may assume gl = x~;' ... <:r, where Xi; ~ Ui"OSUPP(gi) for all j. By
symmetry one may write h = <,' x~:, where Xi; ~ Ui#l supp(fi), that
is, one can reduce to the case F = tl ts - tl U2 ... Us, which by induction
gives F E (P2 ). 0

Proposition 7.1.9 If R is a polynomial ring over a field k and h,···, fq
are in R, then the kernel of the homomorphism of k-algebras

rp: B = k[t l , ... ,tq] ---t k[h, ... ,fq], induced by rp(ti) = 1;,

is the ideal (t l - h, ... , t q - fq) n B.

Proof. Let F E ker(rp). Making t i = (ti - fi) + 1; we can write F as:

Since F(h,···, fq) = 0 one derives L,e a,ef,e = 0, and consequently F is in
(tl - h, ... , tq - fq) n B. The other containment also follows readily. 0

Let us illustrate a technique used to compute the toric ideal PF of a
monomial subring k[F] using Grabner bases and elimination of variables.

Example 7.1.10 Let F = {xixjll :::; i < j :::; 4} and rp: k[tij] --+ k[F], the
graded epimorphism of k-algebras with rp(tij) = XiXj and deg(tij) = 2. By
Proposition 7.1.9 one has

PF = ker(rp) = L n k[tij], L = (tij - fiji 1 :::; i < j :::; 4).

Using Macaulay [15] one obtains that the reduced Grabner basis of L w.r.t
the elimination ordering in the first variables Xl, ... ,X4 is equal to:

t14 t 23 - t1 2t34,
X~t12 -t14 t24,
X~t12 - t13t23,
X2 X4 -t24,
Xlt23 - X3t12,
X3 t 12 t34 - X4 t 13 t23·

t13 t24 - t 12 t34,
X3t24 - X4 t23,
X2t34 - X4 t23,
X2 X3 -t23,
X1X4 - t14,

X~t23 - t 24 t34 ,
X3t14 - X4 t 13,
X2t14 - X4 t12,
Xlt34 - X4t13,
X1X3 - t 13,

X~t13 - t14t34,
X3 X4 - t34,
X2t13 - X3 t12,
Xl t24 - X4 t12,
X1X2 - t 12 ,
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Another method to compute PF can be found in [83]; this method uses
Buchberger's algorithm [53] adapted for the specialized situation of toric
ideals. In [23] some algorithms are devised, that in many respects improve
existing algorithms for the computation of toric ideals. For a general study
of binomial ideals we refer the reader to [98].

Lemma 7.1.11 Let f be a polynomial in k[Xl, ... ,xn]. If k is an infinite
field and f (a) = 0 for all a E kn, then f is the zero polynomial.

Proof. By induction on n. The case n = 1 is clear because any nonzero
polynomial in k[Xl] of degree r has at most r roots. If n 2 2 write

f = fa + flx n + ... + frx~,

where fi E k[Xl, ... , Xn-l] for all i. Fix C = (Cl, ... , cn-d in kn- l and
consider the polynomial

As 9 vanishes on k and 9 is in k[xn]one obtains that 9 is the zero polynomial.
Hence fi(C) = 0 for all i. Since C was an arbitrary point in the affine space
kn- l by induction one has that fi is the zero polynomial for all i, thus f is
the zero polynomial. 0

Corollary 7.1.12 Let R = k[Xl, ... ,xn] be a polynomial ring over a field
k and X C kq a set given parametrically by ti = fi(Xl, ... ,xn), where
F = {fl, ... ,fq} c R. If k is infinite, then the idealI(X) of polynomials
f (t l , ... , tq) that vanish on X is equal to PF, the presentation ideal of k[F].

Proof. As PF = (tl - fl, ... , tq - fq) n k[t l , ... , tq], one has PF C I(X).
Conversely take f E I(X) and consider the revlex ordering such that ti > Xj

for all i,j. By the division algorithm f(t l , ... , tq) = Li gi(ti - fi) +r, where
r is a polynomial in R. Hence for any a E kn one has

f(fl (a), ... , fq(a)) =

Ligi(a,x)(ji(a) - fi(Xl, ... ,xn)) + r(xl, ... ,xn) = O.

This proves r(a) = 0 for any a E kn , thus r is the zero polynomial because
k is an infinite field (see Lemma 7.1.11). 0

Definition 7.1.13 Given a subset X of the affine space AI: over a field k,
the Zariski closure of X, denoted by X, is the closure of X in the Zariski
topology of AI:. Thus X is the smallest affine variety of AI: containing X.

Proposition 7.1.14 If k is a field and X a subset of the affine space AI:,
then X = V(I(X)), where X is the Zariski closure of x.
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Proof. As V(I(X)) is closed and X C V(I(X)), one has X C V(I(X)). For
the other containment note X = V (J), where J is an ideal of a polynomial
ring Rover k. From X C V(J) one derives I(V(J)) C I(X), and since one
also has the containment J C I(V(J)) by transitivity J C I(X). Therefore
V(I(X)) C V(J) and consequently V(I(X)) C X. 0

Definition 7.1.15 An affine toric variety V is defined as the zero set of a
toric ideal, that is, V = V(PF) for some toric ideal PF.

Corollary 7.1.16 Let R = k[X1, ... ,xn] be a polynomial ring over a field
k and X C kq a set given parametrically by t i = fi(X1,.'" xn ), where
F = {h, ... , fq} is a subset of R. If k is infinite, then the Zariski closure
of X is equal to V(PF )·

Proof. By Corollary 7.1.12 and Proposition 7.1.14 one has the equalities
I(X) = PF and X = V(I(X)). 0

Proposition 7.1.17 If k[F] is a monomial subring over a field k generated
by a finite set F of monomials and M is its associated matrix, then

dim k[F] = rank(M),

where dim k[F] is the Krull dimension of k[F].

Proof. Let F = {h, ... ,fq} and fi = XC>i, where ai = (ail, ... ,ain) for
i = 1, ... , q. Let M = (aji) be the n x q matrix of k[F]. Set r = rank(M).
By the Noether normalization lemma dim k[F] = trdegk k[F], therefore it
suffices to prove the equality r = trdegk k[F]. We may assume a1, ... , a r
is a basis for the column space of M. We now show that h, .. ., fr are
algebraically independent over k. If h, ... , fr satisfy a polynomial relation,
then there are

such that r = r· Hence M(a) = M(c) and 11a1 + ... + Irar = 0, where
Ii = ai - Ci' Therefore ai = Ci, that is r = r is a trivial relation. To
show that fr+i is integral over the quotient field k(h, ... , fr) pick sEN
such that sar+i = A1 a1 + ... + Arar , where Aj E ;Z; for all j. Therefore
f s - f>" fA" . d 0r+i - 1 ... r , as reqUlre .

Exercises

7.1.18 Let k = ;Z;2 and X C k 3 the space curve given parametrically by
t1 = xi, t2 = x~, t3 = xi· Prove that

PF = (t~ - t2t~, t~ - t1t3, tit2 - tj)

and PF =I I(X).
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7.1.19 If P is the toric ideal of the subring of k-products Sn,k = K[Vk ] and
n 2 2k 2 4, then the minimal number of generators of P is given by:

v(P) = ~ (~) ( n-i.) [(2(k-.i) -1) -1].
. z 2(k - z) k - z - 1,=0

7.1.20 Use Theorem 2.4.18 together with Proposition 7.1.9 to give a second
proof of the fact that toric ideals of monomial subrings have Grabner bases
consisting of binomials.

7.1.21 Let R = K[Xl,X2,Yl, ... ,Y5] be a polynomial ring over a field K
and S = K[F] the monomial subring spanned by

F = {X1YiYj, x2YiYjl1 :::; i < j :::; 5}.

Prove that (X1Y1Y2:SX2Y3Y4) = (X1Y1Y2,X1X2Y1Y2yg,xIY1Y2yg).

7.1.22 Let R = k[Xl,X2,X3] and R(2) the second Veronese subring. If rp is
the homomorphism of k-algebras

rp: k[tij] -t R(2)

induced by rp(tij) = XiXj, prove that the toric ideal P = ker( rp) is generated
by the 2-minors of the symmetric matrix

(

tll
X = t 12

t13

7.1.23 Let R = k[Xl,X2,X3] and let S = R(2) be the second Veronese
subring endowed with the normalized grading

00

S = EBSi,
i=O

where Si = R 2i . Prove that the Hilbert series of R(2) is equal to

F(S)=(1+3z)
,z (l-zp.

7.2 Integral closure of subrings

Here we present a description of the integral closure of a monomial subring,
which links polyhedral geometry and integer programming techniques with
the problem of finding integral closures of monomial subrings. The problem
of the effective determination of the integral closure of a monomial subring
has a satisfactory answer given by an algorithm of W. Bruns and R. Koch;
see [48] for details on this algorithm.
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Polyhedral sets and cones An affine space or linear variety in jRn is
by definition a translation of a linear subspace of jRn. Let A c jRn. Let us
recall that aff(A) , the affine space generated by A, is the set of all affine
combinations of points in A:

aff(A) = {alPl + ... + arPrlPi E A, al + ... + ar = 1, ai E jR}.

There is a unique linear subspace V of jRn such that

aff(A) = Xo + V,

for some Xo E jRn. The dimension of A is defined as dim A = dim IR (V).
A point x E jRn is called a convex combination of Pl, ... ,Pr E jRn if there

are non negative real numbers al, ... ,ar such that

x = alPl + ... + arPr and al + ... + ar = 1.

Let A c jRn. The convex hull of A, denoted by conv(A), is the set of
all convex combinations of points in A. If A = conv(A) we say that A is a
convex set.

Definition 7.2.1 A convex polytope Pc jRn is the convex hull of a finite
set of points Pl, ... ,Pr in jRn, that is, P = conv(Pl' ... ,Pr).

The inner product of two vector x = (Xl, ... ,xn ) and y = (Yl, ... ,Yn)

in jRn is defined by
(x, y) = X1Yl + ... + XnYn·

Given a E jRn \ {O} and c E jR, define the hyperplane

H(a, c) = {x E jRnl (x, a) = c}.

Note that every hyperplane of jRn is of this form. The two closed hal/spaces
bounded by H(a, c) are

H+(a, c) = {x E jRnl (x, a) ~ c} and H-(a, c) = H+(-a, -c).

Definition 7.2.2 A polyhedral set or convex polyhedron is a set Q in jRn

which is the intersection of a finite number of closed halfspaces of jRn.

Since the intersection of an arbitrary family of convex sets in jRn is
convex, one derives that any polyhedral set is convex and closed. It is a fact
that P is a convex polytope in jRn if and only if P is a bounded polyhedral
set; see [310, Theorem 3.2.5].

Definition 7.2.3 If C c jRn is closed under linear combinations with non
negative real coefficients, we say that C is a convex cone or simply a cone.
A polyhedral cone is a convex cone which is also a polyhedral set.
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If A is a set of points in jRn, the cone generated by A, denoted by Rt- A
or cone(A), is defined as

Rt- A = {t ad3i I ai E Rt- and f3i E A, for all i} ,
where Rt- is the set of non negative real numbers. We say that C is a finitely
generated cone in jRn if C = Rt- A, for some finite set of points A C jRn.

Theorem 7.2.4 If C C jRn! then C is a polyhedral cone in jRn if and only
if C is a finitely generated cone.

Proof. See [310, Theorem 4.1.1]. o

One of the fundamental results on polyhedral geometry is the following
remarkable representation theorem.

Theorem 7.2.5 (Finite basis theorem) If Q is a set in jRn! then Q is
a polyhedral set if and only if Q can be expressed as Q = P + C! where P
is a convex polytope and C is a finitely generated cone.

Proof. See [64, Theorem 16.2] and [310, Theorem 4.1.3]. o

Thus according to the finite basis theorem a convex polyhedron has two
representations. We have found it very convenient to use the computer
program Polyhedron Representation Transformation Algorithms (PORTA
for short) to switch between the two representations. See [63]; for the case
of polyhedral cones see [48].

Definition 7.2.6 Let Q be a closed convex set in jRn. A hyperplane H of
jRn is called a supporting hyperplane of Q if Q is contained in one of the two
closed halfspaces bounded by Hand Q n H =10.

Definition 7.2.7 A proper face of a polyhedral set Q is a set F C Q such
that there is a supporting hyperplane H(y, c) satisfying the conditions:

(a) F = Qn H(y, c) =10,

(b) Q et. H(y, c), and Q C H+(y, c) or Q C H-(y, c).

The improper faces of a polyhedral set Q are Q itself and 0.

Proposition 7.2.8 If Q is a polyhedral set in jRn and F1 ! F2 are faces of
Q! then their intersection F = F 1 n F2 is a face of Q.
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Proof. Let Hi = H (ai, Ci) be supporting hyperplanes of Q, where Ci E jR

and 0 =I- ai E jRn, such that Fi = Q n Hi and Q C Ht for i = 1, 2. Let us
prove the equality

F = Q n H(al + a2, Cl + C2)'

The left hand side is clearly contained in the right hand side. On the other
hand if x E Q n H(al + a2, Cl + C2), then using (x, ai) ~ Ci one has:

hence (x, ai) = Ci for i = 1,2 and x E F. Since

the set F is a face of Q. o

Definition 7.2.9 Let Q be a polyhedral set and Xo E Q. The point Xo is
called a vertex or an extreme point of Q if {xo} is a proper face of Q.

Definition 7.2.10 Given x = (Xl, ... ,xn ) E jRn its Euclidean norm is

Ilxll=~·

Lemma 7.2.11 Let Q be a convex polyhedron in jRn and Xo E Q. Then Xo
is a vertex of Q if and only if Q \ {xo} is a convex set.

Proof. :::}) Let H (a, c) be a proper supporting hyperplane of Q such that
{xo} = Q n H(a, c) and Q C H+(a, c). Take x, y E Q \ {xo} and consider
z = ty + (1 - t)x with 0 < t < 1. Note that x, yare not in H(a, c), thus

(z,a) = t(y,a) + (1- t)(x,a) > tc + (1- t)c = c.

Hence (z, a) > c, that is, z =I- Xo and z E Q, as required.
{=:) Let Q = ni=lH+(ai, Ci) be a decomposition of Q as an intersection

of closed halfspaces, where 0 =I- ai E jRn and Ci E jR for all i. First observe
that Xo is in H(ai' Ci) for some i, otherwise if (xo, ai) > Ci for all i, there
is an open ball Bo(xo) in jRn, of radius 15 centered at xo, whose closure lies
in Q. Hence taking two antipodal points Xl, X2 in the boundary of Bo(xo)
one obtains Xo E Q \ {xo}, a contradiction. One may now assume there is
k ~ 1 such that Xo E H(ai, Ci) for i ~ k and (xo, ai) > Ci for i > k. Set

We claim that A = {xo}. If there is Xl E A \ {xo}, pick Bo(xo) whose
closure is contained in H+(ai' Ci) for all i > k. Since z = txo + (1 - t)Xl
is in A for all t E jR, making t = 1 + r5/llxl - xoll one derives z E A and
liz - xoll = 15, thus z E Q. Note that if k = r, then Xl is already in Q
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and in this case we set z = Xl. Making t = -1 in Zl = tz + (1 - t)xo one
concludes Zl E A and Ilzl - xoll = 6. Altogether z, Zl are in Q \ {xo} and
Xo = (z + zl)/2, a contradiction because Q \ {xo} is a convex set.

From the equality {xo} = A = AnQ one has that {xo} is an intersection
of faces. Using Proposition 7.2.8 yields that {xo} is a face, as required. 0

Proposition 7.2.12 Let Q be a polyhedral set in jRn which is not an affine
space and

r

Q = nH+(ai' Ci),
i=l

where 0 =I ai E jRn and Ci E jR for all i. If Xo E jRn, then Xo is a vertex of
Q if and only if

(a) {xo} = niEIH(ai,ci) for some I C {I, ... ,r}, and

(b) (xo, ai) ~ Ci for all i = 1, ... , r.

Proof. :::}) This direction follows at once from the proof of Lemma 7.2.11.
{::) Note Xo E Q. Since the intersection of faces of Q is a face, see

Proposition 7.2.8, one has that {xo} is a face. 0

If a E jRn, a =I 0, then the set Ha will denote the hyperplane of jRn

through the origin with normal vector a, that is, H a = {x E jRn I (x, a) = O}.
This hyperplane determines two closed halfspaces denoted by

H;}: = {x E jRnl (x,a) ~ O} and H;; = {x E jRnl (x,a) :S O}.

Proposition 7.2.13 IfC is a closed convex cone in jRn and H a supporting
hyperplane of C, then H is a hyperplane passing through the origin.

Proof. Let H = H(a, c). Since 0 E C C H+, one has c :S O. If CnH = {O},
then c = 0 as required. Assume C n H =I {O} and pick 0 =I Z E C such that
(z, a) = c. Using tz E C C H+ (a, c) for all t ~ 0, one derives

tc=t(z,a) = (tz,a) ~ c,

for every t ~ O. Thus c = O.

Proposition 7.2.14 Let C be a cone in jRn and let

o

be a representation of C. If ai E Qn \ {O} for all i, then C is a finitely
generated rational cone, that is, there are f3i E Qn such that
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Proof. Consider the polyhedral set

where

Chapter 7

A = {C1e1 + ... + cnenl Ci E {l, -I} for all i}.

Note that P is a bounded set and the origin is an interior point of P. Hence
P is a polytope and consequently the set Q = C n P is also a polytope.
Thus by [39, Theorem 7.2] one can represent Q as Q = conv(131," . ,138)'
where 131,'" ,138 are the vertices of Q. By Proposition 7.2.12 each vertex
of Q is the unique solution of a system of linear equations with rational
coefficients. Thus all the 13i have rational entries.

Since 13i E C for all i one has Rt-131 + ... + Rt-138 C C. Conversely if
x E C, there is an scalar t > 0 such that tx E Q, and one rapidly obtains
that x is in the cone generated by 131, ... ,138' 0

Definition 7.2.15 A proper face F of a polyhedral set Q C jRn is called a
facet of Q if

dim(F) = dim(Q) - 1.

Theorem 7.2.16 Let Q be a polyhedral set in jRn which is not an affine
space such that

where ai is in jRn \ {O}! Ci E jR for all i and none of the halfspaces H+ (a;, Ci)
can be omitted in the intersection. Then the facets of Q are precisely the
sets F1 , ... ,Fr ! where Fi = Qn H(ai, Ci)! and each proper face of Q is the
intersection of those facets of Q that contain it.

Proof. See [310, Theorem 3.2.1].

Definition 7.2.17 If a polyhedron Q in jRn is represented as

r

Q = nH+(a;, Ci)
;=1

and satisfies

for all j, we say that (*) is an irreducible repres entation of Q.

o
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We shall always assume that an affine space in jRn has the topology
induced by the usual topology of jRn. By the relative interior of a set X in
jRn, denoted by ri(X), we mean the interior of X in aff(X).

Theorem 7.2.18 Let Q be a polyhedral set in jRn with dim(Q) = nand
such that Q =ljRn. Let

be a representation of Q with H+ (a 1, C1), ... , H+ (a r , cr ) distinct, where ai
is in jRn \ {O} for all i. Set F i = Qn H(ai, Ci), for i = 1, ... , r. Then

(a) ri(Q) = {x E jRn I (x, a1) > C1, ... , (x, ar) > cr }.

(b) Each facet F of Q is of the form F = Fi for some i.

(c) Each Fi is a facet of Q if and only (*) is irreducible.

Proof. See [39, Theorem 8.2] and [310, Theorem 3.2.1]. o

Corollary 7.2.19 If Q =I jRn is a polyhedral set of dimension n, then Q
has a unique irreducible representation

as an intersection of closed halfspaces.

Proof. Follows from parts (b) and (c) of Theorem 7.2.18. Note that if the
set F = Q n H(a, c) is a facet of Q, then aff(F) = H(a, c). 0

Corollary 7.2.20 If C =I jRn is a polyhedral cone of dimension n, then
there is a unique irreducible representation

C = H~ n ... n H;;;', where ai E jRn \ {O}.

Proof. Note that according to Proposition 7.2.13 a set F is a proper face
of C if there is a supporting hyperplane H a of C such that

F = en H a =10 and C et. H a ·

In particular the facets of C are defined by hyperplanes through the origin,
therefore the irreducible representation of C has the required form. 0

The following two results are quite useful for determining the facets of
a polyhedral cone.

Proposition 7.2.21 Let A be a finite set of points in ;z;n. If F is a nonzero
face of~ A, then F = ~ A' for some A' c A.
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Proof. Let F = Rt- A n H a with Rt- A c H;;. Then F is equal to the cone
generated by the set A' = {a E AI (a, a) = O}. 0

Corollary 7.2.22 Let A be a finite set in ;z;n and F a face of Rt-.A.

(a) If dim(F) = 1 and A c Nn, then F = Rt- a for some a E .A.

(b) If dim(Rt- A) = nand F is a facet defined by the supporting hyperplane
H a , then H a is generated by a linearly independent subset of A.

Definition 7.2.23 Let Q be a polyhedral cone in jRn with dim(Q) = nand
such that Q =j;jRn. Let

r

Q = nHd,
i=1

be the irreducible representation of the cone Q. If ai = (ail, ... , ain) we
shall call

a set of equations of the cone Q.

Proposition 7.2.24 If Q is a proper cone in jRn that can be written as

with ai E Qn for all i and dim(Q) = n, then there are unique (up to sign)
ai, ... ,ar in ;Z; n with relatively prime entries and such that

r

Q =nHd,
i=l

is the irreducible representation of Q.

Proof. First note that if H b is a supporting hyperplane of Q generated
by a set of n - 1 linearly independent vectors in {al,"" a q }, then by
the Gram-Schmidt process H b has an orthogonal basis of vectors in Qn,
and consequently there is a normal vector a to H b such that a E Qn and
Ha = Hb. Hence multiplying a by a suitable integer and then dividing
by the greatest common divisor of the entries, one may assume H a = H b ,

where a is in ;z;n and has relative prime entries. Observe that a, b are linearly
dependent because the orthogonal complement of H a is one dimensional. It
is readily seen that a is uniquely determined up to sign.

To complete the proof use Corollary 7.2.22 (b) to see that any facet of
Q is defined by a supporting hyperplane H b as above. 0
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Definition 7.2.25 Given a = (al, ... , an) E jRn, we set

217

Theorem 7.2.26 Let A be a finite set of nonzero points in Nn and A' the
set of a E A such that Rt- a is a face of Rt- A of dimension 1. Then

Rt- A = Rt- A' .

Proof. Set A = {al, ... ,aq } and S = conv(el, ... ,en ). Consider the
convex polytope P = SnRt-A. Note that P = conv(f31, ... ,f3q), where
f3i = adlail· Therefore by [39, Theorem 7.2] the set of vertices V(P) of
P is contained in {f31, ... ,f3q } and P is the convex hull of V(P). Since
Rt- A = Rt- V (P) it suffices to show that Rt- f3 is a face of the cone spanned
by A for every f3 in V(P).

Let f3 E V(P). There is a hyperplane H = {x E jRn I(x, a) = c} such
that PnH = {f3} and P C H-. Set a = (al, ... ,an ). To complete the
proof we now show that

where b = (al - C, ••• , an - c). Since adlail E P C H- for all i one has

/ ai )\~' a :::; c ==} (ai, a) :::; clail = (ai, (c, ... , c)),

thus (ai,b) :::; 0 for all i. This proves Rt-A c Hi:. There is i such that
f3 = adlail· Next we show Rt-f3 c Rt-A n H b· It suffices to prove f3 E H b·
Since f3 E H we obtain

Hence f3 E H b • To prove the reverse inclusion take 0 =I x E Rt-A n H b •

Then

(x, a) = (x, (c, ... , c)) = clxl ==} \ I~I' a) = c.

Thus x/lxl E H. Observe that x/lxl E Sand x/lxl E Rt-A, hence

Altogether
x
~ E PnH = {f3},

this proves x E Rt- f3 . o
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Notation Given x = (Xl, ... , Xn ) E jRn, we write X 2 0 if Xi 20 for all i.

Theorem 7.2.27 (Farkas) Let A an n x q matrix with entries in a field
K and z E K n . Assume K = Q or K = R Then either there exists x E Kq
with Axt = zt and x 2 0 or there exists v E K n with vA 2 0 and vzt < 0,
but not both. Here x t denotes the transpose of x.

Proof. See [315, Proposition 1.8] for the case K = jR and [207, 216] for the
case K = Q. 0

Normality of monomial subrings One of the issues to be discussed
in first place is a description of the normalization of a monomial subring.
For convenience recall that if A is a domain with field of fractions KA, the
normalization or integral closure of A is the subring A consisting of all the
elements of KA which are integral over A.

Theorem 7.2.28 Let R = k[X1,"" x n ] be a polynomial ring over a field k
and let F be a finite set of monomials in R. Then

where A = log(F) is the set of exponent vectors of the monomials in F.

Proof. Set
B = k[{xal a E ZAn Rt-A}].

First we show k[F] C B. Take z E k[F]' since k[F] C Rand R is normal
we get k[F] C Rand z E R. Hence one can write

r

Z = LdiX'Yi,
i=l

where di E k \ {O} and 11, ... , Ir distinct nonzero points in ff'. Write
Ii = ni/3i, with ni equal to the gcd of the entries of Ii (observe that
/31, ... ,/3r are not necessarily distinct). Consider the cone C spanned by
A and {/31,"" /3r }. One must show /3i E Rt- A for all i. Assume on the
contrary that C is not equal to Rt-.A. By Theorem 7.2.26 one may assume
that Rt- /31 is a face of C not contained in Rt-.A. Let H a be a hyperplane so
that H a n C = Rt-/31 and C C H;;. There is 1 ~ g ~ r such that

Since z is integral over k[F] it satisfies a monic polynomial f of degree m
with coefficients in k[F]. To derive a contradiction we claim that the term
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xm'Yi occurs only once in the expansion of f (z) as a sum of monomials.
Assume the equality

(X'Yi)m = xC> (X'Yi 1)mi1 ... (X'Yi t )mit ,

where mij > 0 for all j, m 2 L~=l mij and a E Rt-..4. As If = nf131, one
has (mlf, a) = 0 and from this equality one rapidly derives

(a, a) = (13i" a) = ... = (13i" a) = O.

Hence a,13ii"" ,13it E H a n C = Rt-131. Note 131 ~ Rt-..4. Thus a = 0 and
13ij = 131 for all j. Therefore t = 1 and If = Ii" as claimed. Altogether
we get f (z) =I 0, which is impossible. This proves that Ii E Rt-..4 for all i.
On the other hand using that z belongs to the field of fractions of k[F] it
follows that Ii E Z..4 for all i.

Let us now show the other containment B C k[F]. Note the equality

which follows from Theorem 7.2.27. An straightforward calculation rapidly
shows that xC> is in the field of fractions of k[F] if a E Z..4, and xC> is an
integral element over k[F] if a E Q+..4. Hence B C k[F]. 0

Corollary 7.2.29 Let R be a polynomial ring over a field k and F a finite
set of monomials in R. Then k[F] is normal if and only if

where ..4 = log(F).

Proof. It suffices to observe the equality

k[F] = k[{xC>la E N..4}]

and to use the description of k[F] given above. o

Theorem 7.2.30 (E. Noether) Let B = kh, .. . t q] be a polynomial ring
over a field k and p a prime ideal of B. Then the integral closure of B /p is
a finitely generated B /p module.

Proof. See [92, Corollary 13.13]. o

In general it is hard to compute the integral closure of an affine domain;
see [295] and [298, Chapter 6].

Corollary 7.2.31 Let R = k[X1," ., x n ] be a polynomial ring over a field
k and F a finite set of monomials in R. Then

k[F] = X,61 k[F] + ... + x,6m k[F],

for some x,6', . . , ,x,6m in k[F].
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Proof. Use Theorem 7.2.28 and the finiteness of the integral closure of an
affine domain, see Theorem 7.2.30. This result also follows from the next
lemma. 0

Lemma 7.2.32 Let.A = {aI, ... ,aq} be a finite set of points in ;z;n. Then
there exist 11, ... ,1m in ;z;n such that

Proof. Set M = q max latl and N = -q max lai I. Recall the equality
ISiSq ISiSq

Let f3 E C. One can write

q ( )
Xi

f3 = L -:- ai,
i=1 Y,

where Xi E Nand 0 =I Yi E N. By the division algorithm there are non
negative integers ri, ni such that Xi = niYi + ri and 0 ~ ri < Yi. Therefore
one can write

q q

f3 = L niai + L aiai,
i=1 i=1

where ni E Nand ai E [0,1] n Q. Since L:;=1 aiai is in C n [N, M]n one
rapidly obtains that

is a generating set for C with the required property. Our argument was
based on the proof of Gordan's Lemma given in [44]. 0

Definition 7.2.33 Let R be a polynomial ring over a field k and F a finite
set of monomials in R. A decomposition

00

k[F] = EB k[F]i
i=O

of the k-vector space k[F] is an admissible grading if k[F] is a positively
graded k-algebra with respect to this decomposition and each component
k[F]i has a finite k-basis consisting of monomials.
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(7.1)

Theorem 7.2.34 (Danilov, Stanley) Let R = k[X1,'" ,xn ] be a polyno­
mial ring over a field k and F a finite set of monomials in R. If k[F] is
normal, then the canonical module Wk[F] of k[F], with respect to an arbitrary
admissible grading, can be expressed as

Wk[F] = ({ x a I a E NA n ri(Rt- An),

where A = log(F) and ri(Rt- A) denotes the relative interior of Rt- A.

The formula above represents the canonical module of k[F] as an ideal
of k[F] generated by monomials. Soon it will become clear how to apply
it to estimate some a-invariants. For a comprehensive treatment of the
Danilov-Stanley formula see [44, Theorem 6.3.5] and [76].

Theorem 7.2.35 (Hochster) Let R be a polynomial ring over a field k
and F a finite set of monomials in R. If k[F] is normal, then k[F] is
Cohen-Macaulay.

Proof. See [30] and [172]. o

Theorem 7.2.36 Let R = k[X1," ., xn ] be a polynomial ring over a field k
and F a finite set of monomials in R. If

is a homogeneous Noether normalization of k[F], then k[F] zs a free A­

module whose generators have degree at most L:1=1 deg(hi ).

Proof. Let S = k[F] endowed with the induced grading Si = SnRi . Note
that the composition

AySyS

is a homogeneous Noether normalization. Since S is Cohen-Macaulay by
Theorem 7.2.35, one can then use Proposition 2.2.14 to obtain a direct sum
decomposition

S = Ax,6, EB ... EB Ax,6m .

Therefore the Hilbert series of S can be expressed as

m

m L t deg
,6i

F(S, t) = L F(Ax,6i, t) = -d--,-i=-"l__-

i=l II (1 - t deg hi)
i=l

Applying Theorem 7.2.34 one derives that a(S), the a-invariant of S, is
negative. Using that a(S) is equal to the degree of F(S, t) as a rational
function (see Proposition 4.2.3) one concludes deg X,6i ~ L:~1 deg hi. 0
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An algorithm to compute normalizations Let us describe some steps
of an algorithm of Winfried Bruns and Robert Koch [48] that effectively
computes normalizations. Let A be a finite set of points in Nn. First one
finds WI, ... ,Wd in zn such that

There exists an isomorphism of Z-modules

with T(Wi) = ei. Because of Lemma 7.2.32 there are /31, ... /3r in a bounding
box [N, M]d such that

The determination of the /3;'s can be accomplished by finding the irreducible
representation of the cone Rt- T(A) as an intersection of closed half spaces
(see Corollary 7.2.20), and then testing which elements in

lie in the cone spanned by T(A). To finish the description note

Observe that the computation of the irreducible representation of Rt-T(A)
can be performed using Corollary 7.2.22; in several specific examples we
have used [48] or PORTA [63] to rapidly determine such representation.

Example 7.2.37 Let A c rf be the set of points

(l1=el+e2, (l2=e2+e3, (l3=el+e3, (l4=e3+e4,
(l5 = e4 + e5, (l6 = e5 + e6, (l7 = e6 + e7, (ls = e5 + e7·

Note

where the w;'s are the row vectors of the matrix:

1 1 0 0 0 0 0
0 1 1 0 0 0 0
0 0 1 1 0 0 0

p= 0 0 0 1 1 0 0
0 0 0 0 1 1 0
0 0 0 0 0 1 1
0 0 0 0 0 0 2
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Next we consider the affine transformation T determined by T(Wi) = ei.
An straightforward computation shows that the points in T(A) correspond
to the rows of the matrix:

1 0 0 0 0 0 0
0 1 0 0 0 0 0
1 -1 2 -2 2 -2 1

Q=
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 1 -1 1

Using [48] or PORTA [63] we obtain that a point x = (Xl"", X7) is in
Rt-T(A) if and only if x satisfies the system of linear inequalities

-X6 - 2X7 :::;0
-X5 -X6 :::;0

-X4 - 2X7 :::;0
-X4 - 2X 5 + 2X7 :::;0

-X3 -2X 6 - 2X7 ':::;0
-X3 -X4 :::;0

-X5 +X7 :::;0
-X2 -X7 <0
-X2 -X5 +X7 :::;0

- 2X2 +X3 :::;0
-Xl -X6 -X7 <0

- 2X l -X4 <0
-Xl -X2 <0

-Xi :::; 0, i = 1,3,7.

It follows that
Zd n Rt- T(A) = NT(A) + NiJ,

where iJ = (1,0,1, -1,2, -1, 1). Hence

ZAn Rt-A = NA + N(l, 1, 1,0,1,1,1).

The linear inequalities shown above define the facets of the cone spanned
by T(A).

Homogeneous subrings The class of homogeneous monomial subrings
has been studied with detail in [278]. Examples that fall into this class are
Rees algebras of ideals generated by monomials of the same degree, subrings
generated by monomials of the same degree, and polytopal subrings.
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Definition 7.2.38 Let F = {X"l, ... ,x"q} be a set of monomials in the
ring of polynomials R = K[X1, ... , Xn ], where K is a field. The monomial
subring K[F] is said to be homogeneous if there is v E Qn such that

(ai, v) = 1 for i = 1, .. . ,g.

Proposition 7.2.39 Let F = {X"l, ... , x"q} be a set of monomials in the
ring R = K[X1, .. . , Xn ], where K is a field. Then K[F] is a homogeneous
subring if and only if K[F] is a standard graded algebra with the grading

K[F]; = L K(X"l)C1 ... (x"qrq, where lei = C1 + .,. + cq.
Icl=i

Proof. =:» Let v E Qn such that (ai,v) = 1 for all i. It suffices to prove

00

K[F] = EB K[F]i,
i=O

because one clearly has

K[F]iK[F]j C K[F]i+j for all i,j.

First let us prove that K[F]i n K[F]j = {O} for i =I j. If this intersection is
not zero, one has an equality

with lal = i and lei = j. Hence

i = lal = (taiai,v) = (tciai,V) = lei = j,
,=1 ,=1

a contradiction. To finish assume h + ... + fir = 0, with Ii; E K[Fli; and
i 1 < ... < iT' If k =I 0, using that the monomials of R form a K-basis, one
has K[Fk n K[F]ij =I {O} for some j < r, a contradiction. Thus fir = O.
By induction all the fij must be zero, as required.

{=) Set A = affQ(a1,"" aq ) and r = dim(A). To begin with we claim
that 0 is not in A. Otherwise if 0 E A, write 0 = a1 a1 + ... + aqaq with
ai E Q for all i and 'Li=l ai = 1. There is 0 =I p E ;Z; such that pai E ;Z;
for all i. One may assume, by reordering the ai, that pai 2 0 for i ~ sand
pai ~ 0 for i > s. As K[F] is graded, from the equality

one derives
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that is, p Li=l ai = 0, a contradiction. Thus 0 ~ A, and consequently
r < n. It is well known that a linear variety A in Qn of dimension r can be
written as an intersection of hyperplanes

n-r

A = nH(Yi,Ci),
i=l

where 0 =I Yi E Qn and Ci E Q for all i; see [310, Corollary 1.4.2]. Since
o ~ A, one has Cj =I 0 for some j. To finish it suffices to set v = Yj/Cj. D

Corollary 7.2.40 Let F C K[x] be a finite set of monomials and PF the
toric ideal of K[F]. Then PF is a graded ideal with respect to the standard
grading if and only if K[F] is a homogeneous subring.

Proof. As PF is generated by a finite set of binomials, the result follows
rapidly. D

Proposition 7.2.41 Let F = {iI, ... , fq} be a set of monomials in the
polynomial ring R = K[x] over a field K and T 1 , ••• , Tq, T a new set of
variables. If rp, 1/J are the maps of K -algebras defined by the diagram

then there is a unique an epimorphism ~ such 1/J = ~rp. In addition 1/J is an
isomorphism if and only if K[F] and K[TF] have the same Krull dimension.

Proof. To show the existence of ~ it suffices to prove ker( rp) C ker(1/J).
This containment follows at once because any binomial in ker( rp) clearly
belongs to ker(1/J), and ker( rp) is a binomial ideal.

Note that ker( rp) and ker(1/J) are both prime ideals. The map ~ is an
isomorphism if and only if ker( rp) = ker(1/J), thus to finish we need only
observe that the last equality holds if and only if K[F] and K[TF] have the
same dimension. D

With the notation above one has

Corollary 7.2.42 The map ~; K[TF] --+ K[F] is a isomorphism if and
only if K[F] is a homogeneous subring.

Proof. If ~ is an isomorphism, then by the proof above ker(1/J) = ker( rp)
and K[F] is homogeneous because ker(rp) is homogeneous with the standard
grading of K[T1 , .•. , T q].

Conversely assume ker(1/J) homogeneous with the standard grading. Note
that any homogeneous binomial in ker(1/J) is also in ker( rp), thus one has
ker(1/J) = ker( rp) and ~ is an isomorphism. D
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Ehrhart function In this paragraph we consider a fixed set of distinct
monomials F = {X"l, ... ,x"q} in a polynomial ring R = K[XI ... ,xn ] over
a field K. Let

P = conv(A)

be the convex hull of the set A = {al"'" a q }. The normalized Ehrhart
ring of P is the graded algebra

00

Ap = EB(Ap)i C R[T],
i=O

where the i th component is given by

(Ap)i = L Kx"T i .
"EZAniP

Note that because of the convexity of P one has

• (Ap)i(Ap)j C (Ap)i+j and

• (Ap)i n (Ap)j = {O} for i =I j.

Thus A p is in fact a graded K-algebra.

Proposition 7.2.43 K[FT] CAp, with equality if K[F] is homogeneous.

Proof. Set A' = {(aI, 1), ... , (a q , I)} C zn+l. First we show:

ZA' n Rt-A' c {(a, i)1 a E ZAn iP and i EN}.

Take z = (a, i) in ZA' n Rt- A' and write

z nl(al,I)+"'+nq(aq,l)

)\1 (al , 1) + ... + Aq (a q , 1),

where nj E Z and Aj 2' 0 for all j. Note a = 0 if i = 0, and ali E P if i 2' 1.
Hence z is in the right hand side of (*). By Theorem 7.2.28 one concludes
the required inclusion.

Assume K[F] is a homogeneous subring. Let v be a vector in Qn such
that (aj, v) = 1 for all j. It suffices to prove that equality holds in (*). Take
z = (a, i) in the right hand side of (*) and write

a = nlal + ... + nqaq = i(Alal + ... + Aqaq),

where nj E Z, Aj 2' 0, and Al + ... + Aq = 1. Hence

(a, v)

z = (a,i)

nl +"'+nq = i, and

nl(al, 1) + + nq(aq, 1)

iAl(al, 1) + + iAq(aq, 1).

Thus z E ZA' n Rt- A', as required. D
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Corollary 7.2.44 If K[F] is homogeneous, then K[F] zs normal if and
only if K[FT] = A p .

Proof. Use Corollary 7.2.42 and Proposition 7.2.43.

The normalized Ehrhart function of P is defined as

D

Corollary 7.2.45 If K[F] is a homogeneous subring of Rand h zs the
Hilbert function of K[F], then

(a) h(i) ~ Ep(i) for all i 2. 0, and

(b) h(i) = Ep(i) for all i 2. 0 if and only if K[F] is normal.

Proposition 7.2.46 If K[F] is a homogeneous subring of dimension d,
then E p is a polynomial function of degree d - 1.

Proof. As the Ehrhart ring A p is equal to K[FT]' by Corollary 7.2.31
one has that A p is a finitely generated K-algebra. Hence A p is a finitely
generated graded K[FT]-module.

Using Theorem 1.2.8 and Proposition 1.4.12 one concludes that the
Hilbert function of A p is a polynomial function of degree d - 1. D

Corollary 7.2.47 If K[F] is normal and homogeneous, then the Hilbert
polynomial of K[F] is equal to the normalized Ehrhart polynomial of P.

Example 7.2.48 Let F = {x4, x 3y, xy3, y4} and P = conv(A) , where
A = log(F). The normalized Ehrhart ring is

The subrings K[F] and A p have different Hilbert functions, but they have
the same Hilbert polynomial, which is equal to 4t + 1.

Proposition 7.2.49 ([278]) If K[F] is a homogeneous monomial subring
whose toric ideal has a square-free initial ideal with respect to some term
order, then K[F] is normal.

Proof. See [278, Proposition 13.15]. D

Normal polytopes Some special types of monomial subrings associated
to polytopes are introduced next. Our exposition has been influenced by the
beautiful paper [41]' that presents an appealing study of normal polytopal
subrings.



228 Chapter 7

Let P be a lattice polytope in lRn , that is, P has all its vertices in ;z;n.
For simplicity we assume that the vertices of P are in Nn. Given a field K
the monomial subring

is called the polytopal subring of P. The polytope P is said to be normal if
K[P] is normal.

Proposition 7.2.50 If P is a lattice polytope in lRn and K a field, then

dimK[P] = dim(P) + 1.

Proof. Let al,"" a q E Nn such that P = conv(aI, ... , a q ). First we
observe the equality

aff(P) = aff(al,"" a q ) = al + V,

where V = lR(a2 -ad +... +lR(aq -ad. Thus one has dim(P) = dimIR(V),
On the other hand using the identity

the asserted formula follows from Proposition 7.1.17. D

Proposition 7.2.51 Let Ao, ... ,An be a set of ajJinely independent points
in lRn and II = conv(Ao, ... ,An). Then the volume of the simplex II is

(

Ao ~) ( Al ~ A
o

)
det :: det :

An 1 An - Ao
vol (ll) = -'-----'--n-!---'--'- n!

Proof. The result follows using linear algebra or applying the change of
variables formula. See [206, Chapter XII] or [310, Chapter 6]. D

Let II be an n-dimensional lattice simplex in lRn , that is, II is the convex
hull of a set of n+1 affinely independent point in ;z;n. The normalized volume
of II is defined as n!vol(ll). From the result above one has

1
vol(ll) ;::- I" 'n.

recall that II is called a unimodular simplex if equality holds.
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Proposition 7.2.52 Let II be an n-dimensional lattice simplex in jRn with
vertices Ao, .. . , An in zn. Then II is unimodular if and only if either of
the following two equivalent conditions hold

(a) zn+1 = Z(Ao, 1) + + Z(An, 1).

(b) zn = Z(A1- Ao) + + Z(An - Ao).

Proof. Recall that a set of vectors a1, ... ,an in zn generate zn as a
Z-module if and only if the n x n matrix A whose rows are the ai has
determinant ±1. Thus the result follows from Proposition 7.2.51. D

Proposition 7.2.53 If II is a unimodular simplex in jRn with vertex set
.4 = {ao, ... , an}, then II n zn =.4.

Proof. It suffices to show that II n zn is contained in .4. Let a E II n zn.
There are Ai in ~ such that a = Aoao + ... + Anan and L~=o Ai = 1. If
Ao > 0, from the equalities

1 ) ( L~=o A,(a" 1) )1 a1 1i = det an· 1 = Aon!vol(ll) = Ao,

one derives Ao = 1, and consequently Ai = 0 for all i 2 1. Hence a = ao.
Similarly if Ai > 0 for some i > 0, then a = ai. D

Corollary 7.2.54 Let K be a field and P a unimodular simplex in jRn with
vertex set .4 = {ao, ... ,an}. Then

and K[P] is a polynomial ring.

Proof. The asserted equality is a direct consequence of the result above.
As K[P] has dimension n + 1, using Lemma 2.1.5 gives that K[P] is a
polynomial ring. D

Proposition 7.2.55 ([41]) Let {C,Cd be a family of finitely generated
subsemigroups of Nn such that C = UiCi. If ZC = ZCi and K[Ci ] is
normal for all i, then K[C] is normal.

Proof. By Corollary 7.2.29 it suffices to show that ZCn~C is contained
in C. Take z E ZCn~ C. There is an integer s 2 1 such that sz E C, thus
sz E Ci for some i. As ZC = ZCi and K[Ci] is normal we get z E Ci C C,
as required. D
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Definition 7.2.56 Let P be a convex polytope in jRn. A collection {ll;}
of unimodular lattice simplices in jRn is called a unimodular covering of P
if P = Uill i .

Theorem 7.2.57 ([41]) Let P be a lattice polytope in jRn of dimension n
with vertices in Nn. If P has a unimodular covering and K is a field, then
K[P] is normal.

Proof. Let {lle} be a unimodular covering of P and aI, ... ,aq the vertices
of P. By Proposition 7.2.55 we need only show that G = UeGe, where G
and Ge are the subsemigroups of Nn+l defined as:

One clearly has the containment UeGe C G, because P = Uelle. Conversely
take z E G

z = ((3, s) = nl ((31,1) + ... + nr ((3r, 1),

where n i E Nand (3 i E Z n n P for all i. There are scalars /-lij 2 0 such that

(3i = /-lil a l + ... + /-liqaq and /-lil + ... + /-liq = 1 Vi.

Note that (3/ s is in P, where (3 = Li ni(3i and s = Li ni· Hence (3/ s is in
lle for some e. We can write lle = conv(ra, ... 'In), with {la, ... 'In} the
vertex set of lle. Thus

(3
- = /-lala + ... + /-lnln,
s

for some /-li 2 0 satisfying Li /-li = 1. Hence

z = ((3, s) = S/-la(ra, 1) + ... + S/-ln (rn , 1) E~ {(ra, 1), ... , (rn, I)},

by the unimodularity of lle one has

z E Z{(ra, 1), ... , (rn, I)} = zn+l.

Therefore using that K[lleJ is normal (see Corollary 7.2.54) yields z E Ge,
as required. This proof is due to W. Bruns, J. Gubeladze and N. Trung. D

Exercises

7.2.58 Let A C jRn. Prove that A is an affine variety in jRn if and only if
)'1 A + A2A c A for all AI, A2 in jR such that Al + A2 = 1.

7.2.59 If K[F] is a homogeneous monomial subring over a field K, use the
Danilov-Stanley formula to show a(K[F]) < O.
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7.2.60 Let al, , aq E Nn and C = (l!tt-al + ... + l!tt-aq) n ~. Then

(a) C = N""n + + NIT> for some 11, ... ,IT in Nn.

(b) k[C] = k[{x"la E C}] c k[x] is a normal domain, where k is a field.

7.2.61 Let A c jRn. Prove that A is an affine variety in jRn if and only if
)'lA + A2A c A for all AI, A2 in jR such that Al + A2 = 1.

7.2.62 Determine the facets of the convex polytope

P = conv(±el, ... , ±en ) C jRn.

7.2.63 Let A = {al, ... ,aq} C ~ and C = Nal + ... + Naq. Prove
that the semigroup ring k[C] is normal if and only if any element a E ZA
satisfying ra E C for some integer r ~ 1 belongs to C.

7.2.64 If P is a unimodular lattice simplex in jRn with vertices ao, ... , an,
prove that the polytopal subring K[P] is not isomorphic (as a ring) to the
monomial subring K[x"o, ... ,x"n] C K[x], where K is a field.

7.2.65 Let 1:::; k:::; n be two integers and

A = {eo + ... + eo 11 < i 1 < ... < i k < n}1,1 'Lk _ _ ,

where ei is the i th unit vector in jRn. If P = conv(aI, ... , a q ), for some
aI, ... , a q E A, then P n zn = {aI, ... , a q }.

7.2.66 Let F = {X(>l, ... ,x"q} be a finite set of square-free monomials
of degree k in a polynomial ring R = K[Xl, ... ,xn ] over a field K. If
P = conv(al, ... , aq), then K[P] ~ K[F].

7.2.67 Let F = {X"l, ... , x"q} be a set of monomials in a polynomial ring
R = K[Xl, . .. ,xn ] over a field K. Prove that K[F] is a homogeneous subring
of R if and only if 0 ~ A = affiQl(aI, ... , a q ) C Qn.

Hint A is an intersection of n - r rational hyperplanes, where r = dim(A).

7.2.68 Let {al, ... , a q } be a set of vectors in Qn and A = affiQl(al, ... , a q ).

Prove that 0 ~ A if and only if

7.2.69 Is the integral closure of a homogeneous subring homogeneous?
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7.2.70 Is the monomial subring K[x 2 ,xy,y3] C K[x,y] homogeneous?

7.2.71 Let F = {x"!, ... ,x"q} C K[x]. Prove that K[F] is homogeneous
if and only if

7.2.72 Let F = {x"!, ... ,x"q} be a set of monomials in R = K[Xl, ... ,xn ]

and consider P = conv(log(F)). If A' = {(p, 1)1 p E ;z;n n P}, then

A(P) = K[X"Til (0;, i) E Rt-A' n ;z;n+l] = K[X"Til 0; E ;z;n niP],

and K[FT] C K[P] C A(P).

The ring A(P) is called the Ehrhart ring of P. In the following problems
we keep the notations of the previous exercise. For more details on Ehrhart
rings consult [44, 163, 272]. See [48] for related algorithms.

7.2.73 Prove that the Ehrhart ring A(P) is a finitely generated K-algebra
and a normal domain.

7.2.74 Prove that
00

A(P) = EB A(P)i
i=O

is a graded K-algebra with its ith component given by

A(P)i = L Kx"Ti.
"EZnniP

7.2.75 Prove that the Ehrhart ring A(P) is integral over K[FT], and that
the Hilbert function of A(P) is a polynomial function of degree d = dim(P).
The corresponding polynomial is called the Ehrhart polynomial of P.

7.2.76 If d = dim(P), then according to [272, Proposition 4.6.30] one has:

l (P) = l' I;z;n n iPI
vo .lm 'd .

'--+00 Z

Thus vol(P) is the leading coefficient of the Ehrhart polynomial of P. Prove
this formula for the case n = dim(P). In practice one can compute volumes
of lattice polytopes using [48].
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7.3 Integral closure of monomial ideals
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As noted earlier the simplest kind of integrally closed monomial ideals are
the Stanley-Reisner ideals and the powers of face ideals. Below we give a
few basic properties of the integral closure of monomial ideals.

Lemma 7.3.1 Let R be a polynomial ring over a field k and let I be an ideal
of R. Assume that M 1 , ... ,Mq is a set of linearly independent monomials

over k such that

Mlj = bmj II M?i ~ k, where Sj = mj + L rji > 0,
i#j i#j

mj E Nand rji E N for j = 1, ... , q. If bmj is a monomial in Imj for
mj > 0 and bmj E k for mj = 0, then M: E If for some g > O.

Proof. We argue by induction on q. The case q = 1 is clear. Assume q 2 2.
For j 2 2 we substitute M{l into M;jSl to obtain:

MSjSl-TljTjl = bS1 bTj1 II MSITji+TUTjl.
J mj ml >

l#i#j

Notice that in these equations M1 has been eliminated. Hence applying the
induction hypothesis to M 2 , .. . , M q yields M: E If for some g > O. D

As a consequence of Lemma 7.3.1 we derive the following result using a
short algebraic argument.

Proposition 7.3.2 ([198]) Let R be a polynomial ring over a field k and
let I be a monomial ideal in R. Then I, the integral closure of I, is a
monomial ideal.

Proof. Let z E I and let z = M 1 + ... + M q , where the M;'s are linearly
independent monomials over k. There is an equation

zn + alZ
n

-
1 + ... + an-IZ + an = 0 (ai E Ii).

By induction it suffices to verify that Mi E I for some i. If Mi E In, then
M i E I. Hence we may assume Min ~ In for all i. Since Ii is a monomial
ideal, all the monomials in the support of ai belong to Ii. Using the equation
above we obtain (after cancelling out common terms) equations of the form

M;j = bmj II M?i, where Sj = mj + L rji > 0,
i#j i#j

mj E Nand rji E N for j = 1, ... ,q, and such that bmj are monomials in
Imj for mj > 0, and bmj E k for mj = O. As a consequence Lemma 7.3.1
yields M q E I. D
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Proposition 7.3.3 Let R = k[Xl' ... , x n] be a polynomial ring over a field
k and I eRa monomial ideal. Then the integral closure of I is given by

7 = (xC>I xmc> E 1m for some m ~ 1).

Proof. If xmc> E 1m , then xC> satisfies a polynomial of the form zm + am,
with am E 1m , hence xC> is in l. On the other hand if z = xC> E 7, then
there is an equation

Since I is a monomial ideal one obtains zm E 1m for some m ~ 1. Noting
that 7 is a monomial ideal the asserted equality follows. D

A geometric description of the integral closure Let a E Q+, where
Q+ is the set of non negative rational numbers. We define the upper right
corner or ceiling of a as the vector ra l whose entries are given by

if ai EN,
if ai ~ N,

where laiJ stands for the integral part of ai. Let ai = (ail, ... ,ain) E Nn
and let conv(al, . .. ,aT ) be its convex hull (over the rationals), that is,

is the set of all convex combinations of aI, ... , aT'

Proposition 7.3.4 Let R = k[Xl'" ., x n] be a polynomial ring over a field
k. If I C R is an ideal generated by monomials x a1 , ... , x ar , then its integral
closure is:

Proof. We set

F = {xfc>ll aE conv(al"" ,aT)}'

Let x fC>1 E F and let a = L~=i Aiai be a convex combination of aI, ... , aT'
Since ral ~ a, there is f3 E Qn, with f3 ~ 0, such that ral = f3 + a. Hence
there exists p > 0 so that pf3 E Nn and PAi E N for all i. Therefore

showing x fC>1 E 7 and (F) C l.
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Conversely let x'Y E I, that is, xP'Y E IP for some p > O. There are
non-negative integers Si satisfying

Hence

I = ~ +t (Si) ai.
p i=l P

Set a = L~=l (si/p)ai. By dividing the entries of 6 by p, we can write
I = e+ f3 +a, where 0 ~ f3i < 1 for all i and eE Nn. Notice f3 + a E wn. To
complete the argument we claim that ra l = f3 + a. If f3i = 0, then ai E N
and rali = f3i + ai. Assume 0 < f3i < 1, since f3i + ai E N we have ai ~ N
and rali = laij + 1. If lad + 1 < ai + f3i < ai + 1, then laij + 1 < ai,
which is impossible, hence ai < ai + f3i ~ laij +1 and f3i + ai = lad +1.
Consequently x'Y E (F), as required. D

Corollary 7.3.5 Let R = k[X1, ... ' x n ] be a polynomial ring over a field
k and I C R an ideal generated by monomials x a1 , .•• , x ar • Then I is
generated by monomials of degree at most d+n-1, where d is the maximum
of the degrees of x a1 , .•• ,xar .

Proof. Let a E conv(a1, ... ' aT) and f3 = ra l. As f3i = ai + 6i, for some 6i
in [0,1), one has deg(x,B) < d + n, as required. D

Example 7.3.6 Let I = (X 3 ,y4) C k[x,y]. The integral closure of I is
generated by the monomials of the points marked in black dots in the figure:

Y

4 ---...----,--- i
1 1

1
1 1

1
3 1 1

- - .. ---.--- J
I

1 1
1 1

2 ---~--+-- ,
1

1 1
1 ___ L ___ 1___ ,

1 1
1 1 1

1 1 1

0 1 2 3 x

Therefore
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Proposition 7.3.7 Let k be a field and R = k[Xl,X2] a polynomial ring in
two variables. If I is generated by monomials x a1

, .•. , x aq of degree d, then
I is also generated by monomials of degree d.

Proof. One may assume all < ... < aql, where ai = (ail, ai2). We
claim that I is generated by the set .4 of all XC such that Cl + C2 = d and
all ~ Cl ~ aql·

If XC E .4, then Cl = tall + (1 - t)aql for some 0 ~ t ~ 1. Hence
C = tal + (1 - t)aq and C E conv(al,aq), that is, XC E I. Conversely
let x f3 E I, by Proposition 7.3.4 one may assume f3 = ra l for some a in
conv(al, ... ,aq). Set C = (rall,d- raIl), by the previous argument XC is
in .A. Since f3 2 Cone has x f3 E (.4). D

Proposition 7.3.8 Let R = k[Xl, X2] and I an ideal of R generated by
monomials of the same degree d. If I is integrally closed, then I is normal.

Proof. The ideal I is of the form I = zJ, where z is the greatest common
divisor of the monomials in I. Since I is integrally closed if and only if J is
integrally closed, one may assume I is m-primary, where m = (Xl,X2). As
xt and x~ belong to I, one rapidly derives I = m. D

In polynomial rings in two variables any integrally closed ideal is normal;
more generally one has the following result of Zariski.

Theorem 7.3.9 If R is a regular local ring of dimension two and II,· .. , IT
are integrally closed ideals, then II ... IT is integrally closed.

Proof. See [314, Appendix 5, Theorem 2']. D

Example 7.3.10 Let R = k[Xl,X2,X3] and I = (X{,X2X~). Using the
program Normaliz [48] one can compute the integral closure of I. The
input and part of the output file are:

example. in

2
3
300
012
3

(number of generators)
(dimension of ambient lattice)
(generators)

(option or mode)

example.out
integral closure of I

300
012
211

Definition 7.3.11 If xa is a monomial in R = k[x] we set

log(xa
) = a.

Given a set F of monomials, the log set of F, denoted log(F), consists of all
log(xa

) with x a E F.
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Proposition 7.3.12 Let R = k[Xl,"" x n ] be a polynomial ring over a field
k and I eRa monomial ideal. Then the integral closure of I is given by

y = (xC>I a E conv(log(I)) n ;z;n).

Proof. Set
J = (xC> I a E conv(log I)).

Let a E conv(log I). One can write

q

a = LILd3i'
i=1

where ILi ;::. 0, LLI ILi = 1 and xf E I. Note that AILt = (1, a)t, where A
is the (n + 1) x q matrix whose columns are (l,;Ji)t, i = 1, ... ,q, hence by
Farkas's Lemma one may assume ILi E Q. By choosing m E N+ such that
mILi E N for all i one obtains xmc> E 1m and xC> E Y. Conversely let us show
Y c J. Since Y is generated by monomials for any xC> E Y there is m E N+
such that xmc> E 1m. It follows readily that a E conv(log I). D

Proposition 7.3.13 Let F be a finite set of monomials of degree k zn a
polynomial ring R over a field K. If I = (F) is complete, then

(P) conv(log(F)) n;z;n = log(F).

Proof. Set F = {xC>!, ... ,xC>q}. Let;J E conv(logF) n ;z;n, then

q

;J = LILiai,
i=1

where ILi ;::. 0 and L;=1 ILi = 1. Since I;JI = k and x f3 is in Y = I (see
Proposition 7.3.12), then x f3 = XC>i for some i and ;J = ai. D

Condition (P) says that log(F) is the set of all lattice points in the
convex polytope spanned by itself. We may interpret it as asserting that
the integral closedness of I is not violated in the lowest possible degree. If
F consists of square-free monomials, then P is certainly satisfied.

Symbolic Rees algebras of monomial ideals For a monomial ideal I
generated by square-free monomials it is possible to compare the integral
closure of the powers of I with the symbolic powers of I, to make the
comparison we begin with the following description of the symbolic powers.

Proposition 7.3.14 Let R be a polynomial ring over a field K and let I
be an ideal of R generated by square-free monomials. Then

I(n) = h n n ... n h n
1"1 t'r'

for all n ;::. 1, where PI, ... ,Pr are the minimal primes of I.
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Proof. From Proposition 5.1.8 one has pi = P1 n
). Since I is a radical ideal

the result follows from Proposition 3.3.24. D

Corollary 7.3.15 Let R be a polynomial ring over a field K. If I is an
ideal of R generated by square-free monomials, then I(n) is integrally closed
for n ~ 1.

Proof. Set J = I(n). Let PI, ... ,Pr be the associated primes of I. If f E J,
then there is m ~ 1 so that fm E pim for all i. By Corollary 3.3.20 pi is
complete, thus f E pi for all i. Hence Proposition 7.3.14 shows f E J. D

Corollary 7.3.16 Let R be a polynomial ring over a field K and let I be
a monomial ideal. If I is a radical ideal, then In C I(n) for n ~ 1.

Proof. Let x E In, there is k ~ 1 so that x k E (In)k C (I(n))k, thus x

is in E I(n). Note that I(n) is integrally closed by Corollary 7.3.15, hence
x E I(n). D

Let us present the monomial version of Theorem 3.3.31, which can be
proved directly in the monomial case.

Proposition 7.3.17 Let R be a polynomial ring with coefficients in a field.
If I is a radical monomial ideal of R which is normally torsion free, then
its Rees algebra R[It] is a normal domain.

Proof. By Proposition 3.3.26 In = I(n) for n ~ 1. Hence thanks to
Corollary 7.3.16 In is integrally closed for n ~ 1, and consequently R[It] is
normal. D

Proposition 7.3.18 ([214]) Let R = k[Xl, ... ,xn] be a polynomial ring
over a field k and I an ideal generated by square-free monomials. Then the
symbolic Rees algebra

ns(I) = R + It + I(2)P + ... + I(n)tn + ... C R[t]

is a finitely generated R-algebra.

Proof. We follow Lyubeznik's original argument. Let PI, ... ,Ps be the
minimal primes of I. Given a monomial y = X~l ... x~n, set degxi (y) = ri

and degpi (y) = LXjEPi degxj (y). To every monomial y in I(m) we associate
the vector:

w(y) = (degx1 (y), ... , degxn (y), degp1 (y) - m, ... , degp , (y) - m).

By Proposition 7.3.14 a monomial y is in I(m) if and only if degpi (y) ~ m
for all i. Hence w(y) E Pfl+s for all y E I(m).
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Note that the set ff'+s is partially ordered by: (ai) ;::. (bi ) if and only if
ai ;::. bi for all i. Denote by A the set of all w(y) such that Y is a monomial
which is part of a minimal generating set of I(m) for some m ;::. 1. By
Dickson's lemma A has only a finite number of minimal elements, and for
each c in A there is a minimal element d of A with c = b + d for some
b E ff'+s. Let Yl, ... , Yp be the monomials in R such that W(Yl)' ... , w(Yp)
are the minimal elements of A. Thus Yi is part of a minimal generating set
of I(m i ), for some mi ;::. 1.

We claim ns(I) = R[Yltml"",Yptmp]. Let ytm E I(m)tm, where Y is a
monomial in I(m), note that one can write w(y) = b+ w(Yj) for some j and
some b E ff'+s. One has:

(i) Y = xaYj, and

(ii) degpi (y) - m ;::. degpi (Yj) - mj for all i.

Combining (i) and (ii) yields:

Hence xatm- mj E I(m-mj)tm- mj , and since ytm = (xatm-mj)(Yjtmj) it
follows by induction that Y is in the subring R[YI tm1

, ... , Yptmp ]. D

Exercises

7.3.19 Let R = k[Xl, ... ,Xn] be a polynomial ring over a field k and m
its irrelevant maximal ideal, then md is the integral closure of the ideal
(xt, .. ·,x~).

7.3.21 Let R = k[Xl, ... ,Xm,Yl, ... ,Yn] and L = hJr + IrJ1 , where Jt
(resp. Is) denote the ideal of R generated by the square-free monomials of
degree t (resp. s) in the Yi (resp. Xi) variables. If r ~ 3, prove that L 3 is
not integrally closed.

Hint Set f = xi· .. x~yi ... Y~ and prove f E L3 \ L 3
.

7.4 Normality of some Rees algebras

There are several interesting examples of normal ideals generated by square­
free monomials, here we present some of them.

Since the normality of an ideal I, in a polynomial ring R over a field k,
is equivalent to the normality of the Rees algebra of I (see Theorem 3.3.18),
it is often the case that is much easier to verify the normality of the ideal
than the normality of its Rees algebra.
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An advantage of proving normality of the Rees algebra of I occurs when
the ideal is generated in a single degree p, in this case one automatically
obtains the normality of the subring k[Ip ], by the next general result on
descent of normality. See Example 8.7.14 for a counter-example if I is
generated in different degrees.

Proposition 7.4.1 Let R be a polynomial ring over a field k and I an ideal
of R generated by homogeneous polynomials h, ... , fq· Assume deg(fi) = d
for all i. IfR(I) is normal, then k[h, ... , fq] is also normal.

Proof. Let m = R+ be the irrelevant maximal ideal of the polynomial
ring R and A = k[Th, ... ,Tfq]. Observe that there is a decomposition of
A-modules:

R(I) = R[Th,· .. ,Tfq] = k[Th,···, T fq] EB mR(I).

As A ~ k[h, ... , fq] (as rings) the result follows from Proposition 3.3.33. D

Proposition 7.4.2 Let R = k[XI, ... , x n ] and R[x] be polynomial rings
over a field k. If I is a normal ideal of R generated by square-free monomials
of the same degree t 2 2, then the ideal J = I + (XXI, ... ,xxn ) is normal.

Proof. Set V = {Xl, ... , xn } and J = I + (XXI, ... , xxn ). Here to make the
notation simpler we denote the integral closure of JP by Jf. By induction
on p we will show that Jf = JP for all p 2 1. If p = 1 then J, being an
ideal generated by square-free monomials, is complete (see Corollary 5.1.5).
Assume J~ = Ji for i < p and p 22. Using Proposition 7.3.3 we have

J~ = ({yl y is a monomial in R[x] and ym E Jmp for some m 2 I}).

Let y be a monomial in Jf, then ym E Jmp, m > O. Let us show y E JP.
Since Jf C Jf- l = JP- I we can write

y = xl M(xwd··· (xws)h··· fp-s-l,

for some 0 ~ s ~ p - 1, where M is a monomial with X ~ supp(M), the
!;'S are degree t monomials in J with X ~ supp(Ji) for all i, and Wi E V for
1 ~ i ~ s. Likewise we can write

for some 0 ~ r ~ mp, where N is a monomial, the gi's are monomials of
degree tin J with X ~ SUPP(gi) for all i, and Zi E V for all 1 ~ i ~ r. To
clarify notation set xWo = XZo = 1 and fo = go = 1. Altogether we obtain:

Xm(Hs) Mm(WI ... wsh ... fp-s-d m

NXrZI···Zrgl·· ·gmp-r, (7.2)
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making x = 1 and taking degrees one readily derives the inequality

m(ts + t - s) ~ r(t - 1) + m deg(M),
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(7.3)

where r ~ min{mp, me + ms}.
(a) If deg(M) = 0, the inequality above gives e ;::. 2 since r ~ m(e + s),

and s ~ p - 2 since r ~ mp. Therefore xl II E j2 and y E JP.
(b) Assume deg(M) > 0, notice that e = °and r ~ ms, otherwise

y E JP. Let YI be the result of evaluating y at x = 1. From Eq.(7.2) we
derive y'{' E Imp-r C Im(p-s), and YI E If-s = JP-s. Using Eq.(7.2) and
Eq.(7.3) we obtain

deg(y) 2 2s + t(p - s),

as y = XS YI by a degree argument it follows that y E JP. D

The next example shows that Proposition 7.4.2 does not extend to mono­
mial ideals with minimal generators in different degrees.

Example 7.4.3 Let R = k[XI, ... ,xs] be a polynomial ring over a field k
of characteristic zero and let

II = XIX2 X3X4,
14 = X3 X4X6XS,

h = X5 X6X7 XS,

15 = XIX3 X7,

h = XIX2 X4X5,
f6 = X2 X7 XS·

If I is the ideal of R generated by II, ... ,16, then R(I) is a normal domain,
whereas the ideal

J = I + (XXI, ... ,xxs)

is not a normal ideal of the polynomial ring R[x].

Let us briefly explain how to verify the assertions in Example 7.4.3. Let
P be the toric ideal of R(I) with respect to II, ... , f6 and let L be its
Jacobian ideal, that is, L is generated by the 9 x 9 minors of the Jacobian
matrix of P, where 9 is the height of P (in our case 9 = 5). Using the
computer algebra system Macaulay [15] we readily obtain the equality

pdB(BjP) = height(P), where B = R[TI ,· .. , T6].

Therefore R(I) is Cohen-Macaulay by Corollary 2.5.14. Again making use
of Macaulay we derive that (L, P) is an ideal of height 7. Therefore the
normality of R(I) follows from the Serre's normality criterion together with
the Jacobian criterion for regularity in polynomial rings; see Example 3.5.11
for details.

On the other hand observe that J3 is not complete because XII h ~ J3
and (xlIh? = (xx5)(xx6)hf4i5f6 E J6.

Proposition 7.4.4 Let R = k[XI, ... ,xn ] and R[x] be polynomial rings
over a field k. If I is an ideal of R generated by square-free monomials and
I is normal, then J = (I, xxd is a normal ideal of R[x].
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Proof. By induction on p we will show Jf = JP for all p 2 1. If p = 1,
then JP is integrally closed by Corollary 5.1.5. Assume J~ = Ji for i < P
and p 2 2. Let y be a monomial in Jf, then ym E Jpm, m > O. Since
Jf C Jf- l = JP- l we can write

where M is a monomial with x ~ supp(M) and the li's are monomials in J
with x ~ SUPP(fi) for all i. By Proposition 7.3.2 it suffices to show y E JP.
Since ym E Jpm we have

m tm( )rm m N( )SY =x XXI Z = XXI gl"'gmp-s, (7.4)

where N is a monomial, X ~ SUPP(gi) for all i, and the gi's are monomials
in J. We distinguish two cases

(a) Assume t = 0, then s ~ rm. Since xrm divides ym from Eq. (7.4)
we obtain zm E I(p-r)m, hence Z E If-r = JP-r and y = (xxdrz E JP.

(b) If t > 0, we may assume Xl ~ supp(M), otherwise y E JP. We may
also assume Xl ~ SUPP(fi) for all i, otherwise it is not hard to see that we
are back in case (a). Notice that s ~ rm, because Xl ~ supp(z). Since xrm

divides ym it follows that z E If-r = JP- r and y = x t (xxd rz E JP. D

Proposition 7.4.5 Let R = k[Xl, ... ,xn ] be a polynomial ring over a field
k. If It is the ideal of R generated by the square-free monomials of degree
t, then It is a normal ideal.

Proof. We will proceed by induction on t. Assume that Ii is a normal ideal
for i < t and let I = It. We set m = (Xl, ... ,xn ). It is enough to show (by
induction on p 2 0) that IP is integrally closed for all p. Assume p > 0 and
Ii is integrally closed for i < p. In our case the integral closure of IP is a
monomial ideal given by

If = (y E RI yj E Ijp for some j),

see Proposition 7.3.2. Assume M = If/IP is non-zero. We claim that M
has finite length. Ifp E AssR M\ {m}, say Xl ~ p, then I p = (It-dp, where
It - l is the ideal of R generated by the square-free monomials of degree t-l
in X2, ... ,Xn . By the first induction hypothesis we get M p = (0), which is
impossible. Hence AssR M = {m}. Let y be a monomial in If \ IP which
is conducted by minto IP. Note that, by the above description of If, any
monomial in If has degree at least tp. We have y E If C If-l = JP- l , so
we can write

y = Zl ... Zp-l u,

where Zl, ... ,Zp-l are monomials of degree t in I and u is a monomial with
deg(u) 2 t. Notice that Isupp(u)I ~ t - 1, otherwise y E JP. We can write,
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after permutation of variables, u = X~l ... x~)o., bi 2 1 all i. If Xl ~ SUPP(Zi)
for some i, then there is Xjl E SUPP(Zi) \ supp(u), and we can re-write

where z~ = (Zi/Xjl)Xl. We have three cases to consider.
(i) The number of z;'s not containing Xl is greater or equal than bl , then
we can re-write

where Wi are monomials in I\ mI, the variables x2, ... ,X.\,Xjl, ... ,Xjbl

distinct, and A+ bl ::::: t.
(ii) The number q of z;'s not containing Xl is less than bl , then we can write

where Xl, X2, . .. , X.\, Xjl' .. . , Xjq are distinct, Wi are monomials in I \ mI
and Xl in SUpp(Wi) for all i.
(iii) All the Zi'S contain Xl, which reduces to case (ii).

Applying the same arguments to X2, .. . , x.\ yields that we can write

where Yi are monomials in I \ mI, ai 2 1 for all i, Xil' ... , Xir , Xjl' ... , Xjs

distinct and
p-l

Xil,·,·,xi r E nSUPP(Yi).
i=l

Note that r + s ::::: t - 1, otherwise Y E!P. We set Xjs = 1 if s = o.
We substitute Xil = ." = Xi r = 1 in XilY and denote by g the monomial
obtained from XiI Y after evaluation. To derive a contradiction observe that

deg(g) = (p - l)(t - r) + s,

while on the other hand, since Xil Y E IP we have deg(g) 2 p(t - r). Hence
r + s 2 t, which is impossible. D

Some of the arguments given in Proposition 7.4.5 may apply for other
groups of square-free monomials whose elements are of degree t or less. Next
we show a result in this direction.

Theorem 7.4.6 Let R = k[Xl, ... x n ] and R[x] be polynomial rings over a
field k and let

L t = It + xIt - 2 ,

where It is the ideal of R generated by the square-free monomials of degree
t 22. Then L t is a normal ideal of R[x].
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Proof. We use induction on t. If t = 2, then Proposition 7.4.5 yields that
L2 = 12 + xR is normal. Assume that Li is a normal ideal for i < t and
set m = (Xl, ... ,Xn,x), L = Lt , I = It- 2, and J = It. By induction on
p ~ 1 we now show that LP is integrally closed for all p. Recall that L is an
intersection of prime ideals because L is generated by square-free monomials
(see Corollary 5.1.5), hence L = La. Assume that L i is integrally closed
for i < P and p ~ 2. Let us show L~ = LP. If on the contrary LP =I L~,

we set (0) =I M = L~/LP. Observe that for any p E ASSA M \ {m} one has
L p = (Lt-I)p if Xi ~ P for some i and L p = (It-2)P if X ~ p, therefore by
induction hypothesis and Proposition7.4.5 it follows that the only associated
prime of M is m. Hence there is a monomial y E L~ \ LP so that my C LP,
since L~ C L~-l = LP-l we can write

y = u(xhI)··· (xhs)h··· Ip-s-l,

where the hi'S are monomials in I of degree t - 2 and the Ij's are monomials
in J of degree t. Observe that if x E supp(u), then we may re-write

(
XiXjU) ( ( h ))y = -x- (xhI)··· (xh s) X XiXj h··· Ip-s-l,

for some Xi, Xj E supp(h) and i =I j, a repeated use of this rearrangement
of the factors of y yields that either y = u(xh l )··· (xhs)h ... Ip-s-l with
X ~ supp(u), or y = u(xhI) ... (xhp_I) with x E supp(u). In the second
case using that ym E Lmp for some m 2 1, together with Proposition 7.4.5,
rapidly gives yELP. As a consequence from the start we may assume
x ~ supp(u); notice that deg(u) 2 t. Let u = X~l ... X~A, 1 :S A :S t - 1,
al 2 2. There are three cases to consider:

(a) Assume Isupp(u)1 = t - 1. In this case

p-s-l

Xl E n SUPP(fi),
i=l

otherwise yELP. We may assume Xl ~ supp(he) for some e, otherwise by
induction on t we obtain yELP. We claim that

supp(h i ) C supp(u) c supp(fj), for all i,j.

If the first containment is false, then pick X r E supp(h i ) \ supp(u). If Xl is
not in supp(h i ), then we re-write

where I = h··· Ip-s-l, which contradicts the choice of y. On the other
hand if Xl E supp(hi ), then supp(he) et. supp(h i ) \ {xI} and we may pick
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Z E supp(he) and Z ~ supp(hi ). Therefore

Y = (ux~r ) (xhd ... (xhe-d (XI:h
e

) (xhHd

... (xhi-d (X=~i) ... (xhs)f,
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where f = h ... fp-S-l, hence yELP, and again this is a contradiction.
To show the second containment note that we can write he = X2 ... Xt-l. If
supp(u) et. supp(fj), pick X r in supp(u) \ supp(fj) and re-write

y = u(xhd··· (xhe-d(xh~)(xhHd

... (xhs)h··· fj-Ifjfj+l··· fp-s-l,

where h~ = (xlhe)/xr and fj = (xrfj)/XI, since Xl is not in supp(fj) and
supp(fj) et. supp(u) we get yELP, and the proof of the claim is complete.
Let g be the result of evaluating y at Xl = ... = Xt-l = 1, notice that
deg(g) = p - 1, while by evaluating XlY E LP at the same points we obtain
deg(g) 2 p, which is a contradiction. Altogether in this case yELP.

(b) Assume Isupp(u)1 = t - 2. If

then by induction hypothesis on t we derive yELP, otherwise we reduce to
a case similar to (a).

(c) If Isupp(u)I :::; t - 3. Since deg(h i) = t - 2, supp(hi ) et. supp(u)
and supp(fj) et. supp(u) for all i,j. Therefore we may apply the method
of proof of Proposition 7.4.5 to conclude that (after at most al + ... + a>.

rearrangements) we reduce to a case similar to (a), (b), or there is some Xj
in the support of u, hi, and fj for all i,j, which implies (by induction on t)
that yELP. D

Definition 7.4.7 Let I and J be two monomial ideals of the polynomial
rings k[xo, ... , x m ] and k[yo, ... ,Yn] respectively. The join of I and J is:

I* J = I + J + K,

where K = (xiYjl 0:::; i :::; m and 0:::; j :::; n).

Theorem 7.4.8 ([72]) Let R = k[xo, ... , x m ] and S = k[yo, ... ,Yn] be
polynomial rings over a field k, and let I, J be two monomial ideals of R
and S respectively. If I and J are normal ideals generated by square-free
monomials of the same degree t 2 2, then their join I * J is normal.
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Proof. Set X = {xo, ... ,xm }, Y = {yo, ... ,Yn} and L = 1+ J +K, where
K = (X) (Y). By induction on p we will show that L~ = LP for all p 2 1,
where L~ denotes the integral closure of LP. If p = 1 then L is a radical
ideal (see Corollary 5.1.5), hence L is integrally closed. Assume L~ = Li
for i < p and p 2 2. Using Proposition 7.3.2, we have

L~ = ({zl z is a monomial in k[X, Y] and zq E Lqp for some q 2 I}).

Let z be a monomial in L~, then zq E Lqp, q > O. Let us show z E LP.
Since L~ C L~-l = LP-1 we can write

z = M hI ... hsgl ... grh ... Ip-r-s-l,

where M is a monomial, the hi's are monomials of degree two in K, the gi'S
and Ii's are degree t monomials in J and I respectively. Likewise we can
write

zq - Nh' ... hi g' ... g' I'··· I'- 1 Sl I rl I qp-rl -Sl'

where N is a monomial, deg(hD = 2 and h~ is a monomial in K for all i, gj
and Ij are degree t monomials in J and I respectively for all i, j. From the
last two equalities we have

From Eq. (7.5) one readily derives the inequality

(q8 - 8I)(t - 2) + qt :S qdeg(M).

(7.5)

(7.6)

We may assume M = xC> or M = yC>, otherwise z E LP. By symmetry we
may assume M = xC>, where a 2 o.

(a) If t 2 3, then r = 0 or p - r - 8 - 1 = 0, otherwise glh E L 3 and
hence z E LP.

First we treat the case r = o. By taking degrees in Eq. (7.5) w.r.t. the
variables Yo, ... , Yn one has 81 + trl :S q8, which together with Eq. (7.6)
yields deg M 2 t. Let Zl be the result of evaluating z at Yi = 1. From
Eq. (7.5) we derive

and Zl E If-s = JP-S. We may write z = y BZl and Zl = x f3 w, where
deg(y B) = 8 and w is a monomial in JP- s of degree t(p - 8). Since

deg(zI) = deg(M) + 8 + t(p - 8 - 1)

we obtain deg(zI) 2 8 + t(p - 8), hence deg(xf3 ) 2 8. Altogether we derive
z = yBxf3w E LP. Next we consider the case r = p - 8 -1 2 1, observe that
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deg(M) ~ 1, otherwise z E LP. Therefore either z = hI·" hsgl ... gr, or we
may rewrite

z = yf3 hl ···hshs+lgl···gr-l,

where deg(hs+d = 2 and hS +1 E K, interchanging the Xi and Yi variables
we may apply the arguments above to conclude z E LP.

(b) Assume t = 2. Using zq E Lqp one rapidly obtains deg(M) 2 2,

hence we may assume r = 0 (otherwise z E LP) and the arguments of case
(a) can be applied to conclude z E LP. D

Corollary 7.4.9 ([256]) Let X = {xo, .. ·, xm} and {Yo, ... ,Yn} be two
disjoint sets of indeterminates over a field k. Let I be a normal ideal of
k[X] generated by square-free monomials of degree t and let L = 1+ K,
where K = (X) (Y). Then L is a normal ideal.

Proof. Proceed as in the proof of Theorem 7.4.8 and notice that in this
case r = p - s - 1. D

Exercises

7.4.10 Let R = k[XI, ... ,Xn] be a polynomial ring and 1= (h, ... ,fq),
where k is a field. If fi is homogeneous of degree d 2 1 for all i. Prove

(a) R(I) ~ R(I)jmR(I) EB mR(I) as R(I) modules, where m = R+,

(b) k[h, . .. , fq] ~ R(I) jmR(I) as k-algebras,

(c) if F = {h, ... , fq} is a set of monomials, then R(I)
k-algebras, where x = {Xl, ... , x n }.

Hint For (c) consider

'ljJ: k[x, t j] --+ R(I), where 'ljJ(Xi) = Xi, 'ljJ(tj) = th and

¢:k[x,tj] --+ k[F,tx], where ¢(Xi) = tXi, ¢(tj) = /j.

k[F, tx] as

Use Proposition 7.1.2 to show that ¢ and 'ljJ have the same kernel.

7.4.11 LetR=K[XI, ... ,Xm,YI, ... ,Yn] andL= IsJt , where Is (resp. Jt )

denote the ideal of R generated by the square-free monomials of degree s
(resp. t) in the Xi (resp. Yi) variables. Prove that L is normal.

7.4.12 Let R = K[x] be a polynomial ring over a field K. If I is an ideal of
R generated by square-free monomials of degree 2, then I and 12 are both
integrally closed.
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7.5 Ideals of mixed prodliets

Let R = K[x, y] be a polynomial ring in two disjoint sets of variables x, y
over a field K. We will study ideals of mixed products

such that k + r = s + t, where 1k (resp. Jr ) denotes the ideal of R generated
by the square-free monomials of degree k (resp. r) in the x (resp. y)
variables. The notion of ideal of mixed products was introduced in [241].

The aim is to present a complete classification of the normal ideals of
mixed products, the main result (see Theorem 7.5.8 and [241]) generalizes
the normality of various previously known normal ideals and contain as a
particular case the normality of generalized graph ideals associated to com­
plete bipartite graphs. The dimension of the monomial subring K[F] will
be examined, where F denotes the minimal generating set of L consisting
of monomials.

Powers of ideals of mixed products

Let R = K[XI, ... , Xm , YI, ... , Yn] a polynomial ring over a field K. Given
non negative integers k, r, s, t such that k +r = s + t consider the square-free
monomial ideal of mixed products given by

where 1k (resp. Jr ) is the ideal of R generated by the square-free monomials
of degree k in the variables Xl, ... ,Xm (resp. YI,···, Yn).

Note that L has a dual ideal L' obtained by an interchange of the two
sets of variables:

It is convenient to set 10 = Jo = R. By symmetry there are essentially two
cases:

(i) L = 1kJr + 1sJt with 0 :S k < s, or

(ii) L = 1dr with k 2 1 or r 2 1.

One of the results that will be used throughout this section is the fact
that the powers of the ideals hand Jr are complete, see Proposition 7.4.5.

Remark 7.5.1 (a) If A = R[Yi- l
] is the Laurent polynomial ring for some

Yi, then
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where J;_l is the ideal of R generated by the square-free monomials of
degree t - 1 in the variables Y1, ... , Yi-1, YH1, ... , Yn. In fact one clearly
has Jt C J;_l, thus JtA C J;_l A. On the other hand consider a monomial
f in J;_l, then yd E Jt and f E JtA. Hence J;_l A C JtA.

(b) If a variable Yi is not in a prime ideal peR, then the localization
of Jt at p is the same as the localization of J;_l at p. A similar statement
holds if a variable Xi is not in p and one consider Ik (resp. I~_l) instead of
Jt (resp. J;_l). We need this observation only when p is a face ideal.

For use below recall that products of ideals and quotients of modules
commute with localizations. We also recall that the integral closure of
ideals commute with localizations, see Proposition 3.3.4. For basic facts on
monomial ideals see Chapter 5.

As usual a monomial f = X~1 ... x':; y~1 ... y~n will be denoted simply
by f = xc>y f3 , where a = (a1, ... am ) and f3 = (b1, ... ,bn). The support of
f, denoted by supp(f), is:

supp(f) = {xii ai > O} U {Yil bi > O}.

We begin by treating some special cases.

Lemma 7.5.2 Let R = K[X1, ... , Xm , Y1, ... , Yn] be a polynomial ring over
a field K. If

L = Jr + 1m ,

then L is a normal ideal for any r.

Proof. Let us prove directly that Lp = LP for all P 2 1. Take f = xc>y f3

in LP, where xC> = X~1 ' .. x':;!('. Thus fi is in Lpi for some i 2 1. If aj = 0

for some j, then y if3 E J:P and y f3 E Jf = Jf. Hence one may assume that
a1 2 1 is the smallest value of the ai. Note that p :::; a1 implies xC> E I!:-,.

Assume p > a1. It follows that yif3 E J:(p-a d . Using that Jr is normal
yields yf3 E Jr- a1 , which together with xC> E 1::;"1 proves f E LP. D

Example 7.5.3 If m = n = 3, then L = J2 + 12 is not a normal ideal
because f E L3 \ L3

, where f is the product of all the variables.

Proposition 7.5.4 Let R = K[X1, ... , Xm , Y1, ... , Yn] be a polynomial ring
over a field K. If

L = Jr + ImJt

with r = m + t, then L is a normal ideal.

Proof. By induction on r. If r = 1 or t = 0 the result is clear because of
Lemma 7.5.2. Next we show by induction on p that Lp = LP for all p 2 1;
the case p = 1 is clear because L is a radical ideal. Assume L i is integrally
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closed for 1 ~ i < p and set M = Lp / LP. If M =I (0), take an associated
prime ideal p of M. As

My R/LP,

the prime ideal p is a face ideal. Note that Yi is in p for all i; for otherwise
if Yi ~ p, then by Remark 7.5.1 one concludes

where

L I = J~_I + ImJ;_1

and J~_I is the ideal generated by the square-free monomials of degree
r - 1 in the variables YI, ... ,Yi-I, YHI, ... ,Yn' Thus by induction on r, the
immediate consequence is that the localization of M at p is zero, that is,

M p = (LP/LP)p = (0),

a contradiction because p is in the support of the R-module M. Hence Yi
is in p for all i.

As p is generated by a subset of the variables, there is a monomial I in
Lp \ LP such that p = (LP: f). Since yd is in LP and p 2 2, one can pick
a variable Yl in supp(f) such that degY1 (t) 2 degYi (t) for all i. Therefore
one can write

(1)

where WI, ... ,Wp are monomials of degree r in Land 9 is some monomial
of R. Note deg(g) > 0, because Ii E Lpi for some i 2 1, and YI ~ supp(g),
because I ~ LP.

Case (a): First we assume Yj divides 9 for some j, note j =11 because
I ~ LP. Set c = degY1 (t). Since y~+1 divides YI lone has that y~+1 divides
WI ... w p , thus one may assume YI is in the support of Wi for i = 1, ,c+ 1.
In order to derive a contradiction note that Yj E Wi for all i = 1, , c + 1,
this follows by observing that if Yj ~ Wi, then from the equality

(Y19) (WiYj)YI I = Y; WI'" y;- .,. Wc+1 ... W p

one derives IE L p . Therefore yj+1 divides I, which contradicts the choice
of c.

Case (b): Next we assume 9 = xC>. One may order the Wi such that
We E ImJt for g ~ j and We E Jr for g > j, where j is some fixed integer
between 0 and p. Therefore from Eq. (1) one has

(2)
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On the other hand since fi E LPi for some positive integer i, one can find
monomials Zl, ... , Zpi in L of degree r such that

(3)

for some monomial h in R. We order the Zi such that Z£ E ImJt for g :::; jl
and Z£ E Jr for g > jl, where jl is some integer between 0 and pi. Using
Eq.(2) and taking degrees in Eq.(3) gives

i(jt + (p - j)r - 1) 2 i degy(f) 2 jlt + r(pi - jd

¢=} (r - t) (jl - ij) 2 i. (4)

Hence j < p and consequently Isupp(xa)1 < m, because otherwise yELP.
Pick a variable Xl ~ supp(xa ) and note that Eq. (1) gives deg

x1
(Ii) = ij,

which together with Eq. (3) yields jl :::; ij, but this contradicts Eq. (4). 0

Proposition 7.5.5 Let R = K[Xl,"" Xm, Yl, ... , Yn] and let

If t 2 1, r = s + t and 2 :::; s < m, then L 2 is not integrally closed.

Proof. Since s < m it makes sense to set

In order to prove that f E L2, set Yo = 1 and observe that from the
equalities:

28 28 8 8Yl ... Yt-l Yt ... Yr
8+1 8+1Yl ... Yt-l Yt ... Yr

( )
8 28 28 8 8XIX2'" X 8 +1 Yl ... Yt-lYt ... Yr

, J

V

belongs to 1;+1

(Yl Yr)8-1 (y:+ l y:~tYt'" Yr)

(Yl Yt-l Yt) ... (Yl Yt-l Yr)
, .#

8+1 terms in J t

we obtain r E L 28 , as required. By counting degrees, and using s 2 2, it
follows that f ~ L 2

. 0

Proposition 7.5.6 LetR=K[xl, ... ,Xm,Yl, ... ,Yn] and let

If s > k + 1 2 2, t 2 1 and k + r = s + t, then L 3 is not integrally closed.
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Proof. Set

Chapter 7

6 6 4 4
YI"'Yt-IYt "'Yr

f2
664 4

Xl" 'Xk_IXk '''Xs

where Xo = Yo = 1. To show that f is in the integral closure of L 3, it suffices
to observe that from the equalities.

66 6 4 466 6 4 4
XIX2"'Xk-l Xk"' XsYIY2"'Yt_IYt "'Yr
(Xl'" Xk-IXk)(XI ... Xk-IXk+d·

(Xl'" Xk-IXk+2)'

(
3 3 3 3 3 3 4 4)XIX2"'Xk_IXkXk+lXk+2Xk+3"'Xs

(y{ y~) (Yt+3 Yr ).

(YI Yt-IYt)(YI Yt-IYt+d(YI ... Yt-IYt+2)

it follows that F is in L6. As degx (I) = 2s + k - 1 and degy (f) = 21' + t -1,
by a counting degree argument it follows that f is not in L 3 . 0

Proposition 7.5.7 Let R = K[XI, .. " Xm , YI, ... , Yn] and let

L = Is + J8 •

If 2 ~ s < inf{m, n}, then V+l is not integrally closed.

Proof. Let f = (x1- 1
... X~+~)(YI ... Ys+d· To show that f lies in the

integral closure of V+ l note that from the equality:

r ((Xl'" Xs+dS)S-l (YI ... Ys+d S
, v '~

is in /;8+1)(8-1) is in J:+ 1

it follows that r is in L(s+l)s. As s :::: 2, by a counting degree argument, it
follows that f is not in V+I. 0

Theorem 7.5.8 ([241]) Let R = K[XI, ... , Xm , YI,.'" Yn] be a polynomial
ring over a field K. If

is an ideal of mixed products with k + l' = S + t, then L is normal if and
only if L can be written (up to permutation of k, sand 1', t) in one of the
following forms:

(a) L = IkJr + h+IJr- l , k:::: 0 and l' :::: 1.

(b) L = IkJr , k :::: 1 or l' :::: 1.

(c) L = IkJr + IsJt , 0 = k < s = m, or 0 = t < l' = n, or k = t = 0, s = 1.
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Proof. :::}) If k = s, then r = t and we are in case (b). By symmetry one
may assume 0 ~ k < S ~ m. Taking into account the previous results one
can readily conclude the following classification. If k = t = 0, then

S = 1,
S = inf{m, n},
2 ~ s < inf{m,n},

case (c).
case (c).
not normal.

s = 1,
s =m,
2 ~ s < m,

r = 1,
r = n,
2 ~ r < n,

case (a).
case (c).
not normal.

case (a).
case (c).
not normal.

If k ~ 1 and t ~ 1, then

L = { IkJr + I H1 Jr- 1 ,

hJr + IsJt ,

s = k + 1,
s ~ k + 2,

case (a).
not normal.

Altogether one obtains that L has the required form.

{=:) (a): By induction on k + r we show that L is normal. If k + r = 1,
then L = J1 +hand L is normal. Assume k + r ~ 2. Next we use induction
on p to prove that Lp = LP for all p ~ 1; the case p = 1 follows because
L is a radical ideal. Assume L i is integrally closed for 1 ~ i < p and
set M = Lp / LP. If M =I (0), take an associated prime ideal p of M. Since
M y R/LP, the prime ideal p is generated by a subset of the variables. Note
that by Remark 7.5.1 one has L p = (LI)p, under the following conditions

I k J~_l + I H1 J~_2'

Ik-l Jr + IPr-l,
J~_l + h J~_2'
Jr - 1 ,

Ik_l J 1 + Ik,
I k ,

if Yi ~ P and r ~ 2,
if Xi ~ P and k ~ 1,
if Yi ~ P and k = 0,
if Xi ~ P and k = 0,
if Xi ~ P and r = 1,
if Yi ~ P and r = 1.

Here J~_l and Ik_l have the same meaning as in Remark 7.5.1. Thus if P
is different from the maximal ideal m = R+, using the induction hypothesis
and the fact that I k and Jr - 1 are normal, one concludes that M p = (0),
a contradiction because p is in the support of M. Hence m is the only
associated prime ideal of M and there is a monomial f in Lp \ LP such that
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m = (LP: I). Observe that the support of I contains one of the Yi variables;
because if I = xC>, then Ii E Lpi for some i :::: 1 but this can only take place
if r = 1 and Ii E (h+I)pi, as 1H1 is normal one has I E 1f+l C LP which
is a contradiction.

Pick a variable Yl in supp(1) such that degY1 (I) :::: degYi (f) for all i,
then one can write

yd = gWl ... wp, (1)

where WI, ... , W p are monomials of degree k+r in Land 9 is some monomial
of R. Note deg(g) > 0 because Ii E Lpi for some i :::: 1, and Yl is not in
supp(g) because I ~ LP.

Case (I): First assume Yj divides 9 for some j fixed, note j =11 because
I ~ LP. Set c = degy! (f). Since yf+l divides Yl lone has that yf+l divides
WI ... w p, thus one may assume Yl is in the support of Wi for i = 1, ... , c+ 1.
Note that Yj is in SUPP(Wi) for all i = 1, ... , c + 1; because if Yj ~ SUpp(Wi),
then from the equality

Yll = WI'" (WiYj/yI)" 'Wc+l" 'Wp(Ylg/Yj)

one derives I E L p. Hence yj+l divides I, which contradicts the choice of

Yl·
Case (II): Next assume 9 = xC> and Xj divides g, for some fixed j. We

divide this case into two subcases.
Subcase (A): First assume that there is a term W£ of the form

W£ = (XiI" 'Xik)(YIYj2' "YjJ, with Yl E supp(w£),

observe that Xj is in supp(w£), otherwise write

Yll = Wl"'W£-l(Xil "'XikXj)(Yj2" 'YjJW£+l"'Wp(Ylg/Xj),

to obtain I E LP. We claim that Xj ~ nf=lsuPP(Wi), because if Xj is in
the support of Wi for all i, then X~+2 divides Xj I, but since Xj I E LP one
readily derives that I is also in LP, a contradiction. Then there is w q such
that

{
(i)

w q = (ii)
(X S1 "'XSk+I)(Ytl "'Ytr-l)' Xj ~ supp(wq ), or
(X S1 "'XSk)(Ytl "'Yt r), Xj ~ supp(wq ).

If (i) occurs {xS1"",XSk+I} et. {Xil,···,Xik}' say XS1 ~ {Xi"""Xik}'
From

yd = gw£wq II Wi = (Ylg/Xj)(XSIWe!yI)(XjWq/XSI) II Wi,
i#-£,q i#-£,q

one derives I E LP. If (ii) occurs {Ytl" .. , Yt r } et. {Yh,"" Yjr}, say Ytl is
not in {Yj2"'" Yjr}' From

Yll = gw£wq II Wi = (Ylg/Xj)(YtIWe!YI)(XjWq/Ytl) II Wi,
i#-£,q i#-£,q
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one derives f E LP, again a contradiction.
Subcase (B): Now assume all the terms W£ that contain YI in their sup­

port (and there is at least one of such terms) are of the form

Consider the following two possibilities for the terms WI, ... , W q

_ { (i)
w q - (ii)

(X Sl " 'XSk)(Ytl" 'Yt r),
(X Sl ... XSk+l )(Ytl ... Ytr-l)'

for some 1 ~ q ~ p, or
for all 1 ~ q ~ p.

If (i) occurs and W£ is any term as in Eq. (*), pick

Ytl E {Ytl"" , YtJ \ {Yh,"" Yjr-l} and

Note Xj is in supp(wq ) because otherwise from

YIf = gw£wq II Wi = (YIg/Xj)(Ytl we!yI) (XjWq/Ytl) II Wi,
i#-£,q i#-£,q

one derives f E LP. Assume Xj rt supp(w£) for some W£ (that contains YI
in its support) and note that from

YIf = (Ylg/Xj)(YtlXjWe!YIXil)(XilWq/Ytl) II Wi,
i#-£,q

one derives f E LP. Hence one may now assume Xj E supp(w£) for all
W£ containing YI in its support. From subcase (A) it follows that Xj ~

nf=1 SUPP(Wi)' Hence Xj is not in the support of We for some 1 ~ e ~

p. If We has the form We = x)'l ... X>"k Y/1l ... Y/1r' one may assume Y/1l ~

{Yjl' ... , Yjr-l} and use

YIf = (YIg/Xj)(Xj We/Y/1l)(Y/1lwe!YI) II Wi,
i#-£,q

to derives f E LP. If We has the form We = X>"l ... X>"k+l Y/1l ... Y/1r-l' choose
X>"l E {X>"l"",X>"k+l} \ {xSl,···,X Sk }, then from

yd = (YIg/Xj)(x>"lWq/Ytl)(XjWe/x>"l)(Ytlwe!yI) II Wi,
i#-£,q

one derives f E LP. Thus the argument for case (i) is complete.
Assume (ii), that is, all the Wi have the form Wi = x a yb, where the

degree of x a (resp. y b
) is equal to k + 1 (resp. r - 1). Using Eq.(l) and

the fact that 9 = xC> one concludes degy(f) = p(r - 1) - 1. On the other
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hand, since jJ E Ljp for some j 2 1, we get j degy(f) 2 (1' - l)pj. Hence
degy(f) 2 (1' - l)p which is impossible. This completes the proof of the
normality in case (a) .

To finish the proof of the theorem note that the normality of case (b)
follows readily using that I k and Jr are normal, and the normality of case
(c) follows from Proposition 7.5.4. 0

Definition 7.5.9 Let G be a graph with vertices Xl, , Xn , the generalized
graph ideal, denoted by I q ( G), is the ideal of K[XI' x n ] generated by the
square-free monomials Xi, ... Xi q such that the Xij is adjacent to Xij+l for
alll~j~q-1.

Corollary 7.5.10 If G is a complete bipartite graph, then the generalized
graph ideal Iq (G) is normal for all q 2 2.

Proof. Let Xl, ... ,Xm , YI, ... ,Yn be the vertex set of G, one may assume
that the edges of G are precisely the pairs of the form {Xi, Yj }. Therefore

if q = 2t + 1
if q = 2t,

and the result follows from Theorem 7.5.8.

Segre products and a dimension formula

o

Let us begin with two results that are useful. The first is the following
dimension formula, and the second result states that certain monomial sub­
rings of mixed products are isomorphic to Segre products.

Proposition 7.5.11 Let Band C be two standard algebras over a field K,
then their Segre product:

B C9s C = (Bo C9K Co) EB (BI C9K Cd EB··· C B C9K C,

has Krull dimension equal to dim( B) + dim(C) - 1.

Proof. See Exercise 4.1.25. o

Definition 7.5.12 Let R = K[XI' ... ,xn ] be a polynomial ring over a field
K. The set of k-products in the Xi variables, denoted by Vb is defined as:

VJk = {x< ... x· 11 < i l < ... < ik < n}1,1 1,k _ _ ,

where k is a positive integer.
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Proposition 7.5.13 Let Vk C K[x] and V) C K[y] be the sets of k and r
products respectively in disjoint sets of variables. Then the Segre product of
K[Vk] C K[x] and K[V)] C K[y] is isomorphic to

A = K[{fgl f E Vk and 9 E V)}].

Proof. We grade K[Vk], K[V)] and A with the normalized grading, thus
their generators have normalized degree 1. It is no hard to see that there is
a well defined graded epimorphism

such that cp(fg) = f C9 9 for all f E Vk and 9 E V), where

Since
dimK(Ai ) = dimK(K[Vk]i C9K K[V)]i)

for all i one obtains that the map cp is an isomorphism.

Lemma 7.5.14 Let A be the matrix with rows

where ei is the ith unit vector in jRn. Then det(A) = r for n ;:::: 2.

o

Proof. Expanding by the first column of A and using induction on the size
n of the matrix, the result follows rapidly. 0

Proposition 7.5.15 If L is the ideal of mixed products in m and n vari­
ables and F the minimal generating set of L consisting of square-free mono­
mials, then the Krull dimension d of K[F] is given by

1 ~ k < m and 1 ~ r < n,
1 ~ k < s ~ m,
1 ~ t < r ~ n, and
k + r = s + t.

Proof. The first formula follows at once using Proposition 7.5.11 and
Proposition 7.5.13. To prove the second formula consider the linear subspace
W of jRm+n generated by the set of exponent vectors of the monomials that
minimally generate L. Note that the exponent of Xi is ei and the exponent
of Yi is em+i, where ei is the i th unit vector. Recall that

dimK[F] = dimK(W),

that is, the proof reduces to showing dimK W = m + n.
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Give two integers 1 ~ i < j ~ m, pick integers jl,.' . ,jk-l between
1 and m such that i,j,jl,'" ,jk-l are all distinct, this choice is possible
because 1 ~ k < m. Hence subtracting the vectors

ei + ej, + ... + ejk_l + em+l + + em +r

ej + ej, + '" + ejk_l + em+l + + em +r

we get ei - ej in W for 1 ~ i < j ~ m. A symmetric argument using
1 ~ t < n shows that ei - ej is in W for m + 1 ~ i < j ~ m + n. Similarly
subtracting

ei, + + eis + ej, + + ej,
ei, + + eik + ej, + + ejr

(l~i£~m)

(1 ~ i£ ~ m)
(m < j£ ~ m + n)
(m<j£~m+n)

yield that eik+l +... + eis - ejt+l - - ejr are in W for all possible choices,
or equivalently the vectors ei, + + eis_k - ej, - ... - ejr_' are in W for
all possible choices. By adding

s-k r-t

2:)eil - eie ) - 2:)ej, - ej,)
£=2 £=2

to any of these vectors we conclude (8 - k)ei 1 - (r - t)ej, E W, but by
assumption 8 - k = r - t, thus ei, - ej, are in W for 1 ~ i 1 ~ m and
m <h ~m+n.

Altogether ei - ej are in W for all 1 ~ i < j ~ m + n. To finish the
argument apply Lemma 7.5.14 to the matrix having first row

to conclude dimK(W) = n + m. D

Remark 7.5.16 There is a notion of sequentially Koszul algebra that has
been recently studied [7] and that is likely to hold for some members of the
family of monomial subrings associated to mixed products. See also [152]
for the related notion of strongly Koszul algebra.

Exercises

7.5.17 Let Vk C K[x] and V: C K[y] be the sets of k and r products
respectively, in disjoint sets of variables, and

A = K[{jgl f E Vk and g E V;}].

If K[Vk], K[Vr] and A have the normalized grading, then for all d one has
the equality
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7.5.18 Let L = 1k Jr +1s Jt be an ideal of mixed products with k+r = s+t
and F the minimal generating set of L consisting of monomials. Prove that
dim K[F] = m + n in the following three "extreme" cases:

(a) 0 ~ k < s < m and
(b) 1 ~ k < s ~ m and
(c) 0 = k < s < m and

1 ~ t < r ~ n,
o~ t < r < n,
0= t < r < n.

7.5.19 Let L = hJ4 +14 J1 be an ideal of mixed products in the polynomial
ring K[X1, ... ,X4,Y1, ... ,Y4]. Prove that the integral closure of L3 is not
generated by monomials of degree 15.

7.6 Degree bounds for some integral closures

Let S be an affine domain and S its integral closure or normalization. When
S is graded, it is rarely possible to have estimates of the degrees of the
generators of S unless there are very circumscribed situations. Here we
discuss one of these when S is a monomial subring permitting a sharp
regrading. In this section we use some techniques introduced by W. Bruns,
J. Gubeladze and N. Trung [41].

Theorem 7.6.1 ([51]) Let R = K[Xl, 00. ,xn ] be a polynomial ring over
an infinite field K and F a finite set of monomials in R of the same degree
k. Let 1 be the ideal of R generated by F and

00

R = EB1 i t C R[t]
i=O

its Rees algebras. Then the normalization R is generated as an R-module,
and thus as an R-algebra, by elements g E R[t] of t-degree at most n.

Proof. Let F = {h,oo.,fq} and R = K[x1,oo.,xn,ht,oo.,fqt]. We
introduce a new grading 0 on R[t] by setting

O(Xi) = 1 and o(t) = -(k - 1).

Note that R is generated as a K-algebra by elements of degree 1 because
O(jit) = O(ji) + o(t) = 1. Consider the subsemigroup

C = Nlog(xd + ... + Nlog(xn ) + Nlog(ht) + ... + Nlog(jqt)

Of~+l generated by e1, ... ,en,log(ht), ... ,log(jqt). Since ZC = zn+l,
according to Theorem 7.2.28 the integral closure of R can be expressed as:
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where Iltt C is the cone spanned by C in jRn+l. If M = xatb with (a, b) i= 0
and (a, b) E zn+1 n IlttC, then it is not hard to show that oeM) :::: b.
Therefore R is generated as a K-algebra by monomials of positive degree.
There is a Noether normalization of R

'P 'ljJ-
A = K[ZI, ... ,zn+d y R Y R,

where ZI, ... ,Zn+1 E R I . Note that

is a Noether normalization of R. By Theorem 7.2.35 R is Cohen-Macaulay.
Hence by Proposition 2.2.14 R is a free module over A and one may write

where Mi = x f3i tbi • Using that the length is additive one has the following
expression for the Hilbert series

_ r ZO(Mi)

F(R, z) =~ (1 _ z)n+1
ho+hlz+···+hszS

(1 - z)n+1

where hi = I{j Io(Mj ) = i}l· Note that a(R), the a-invariant of R, is equal
to s - (n + 1). On the other hand by Proposition 4.2.3 one has

a(R) = - min{i I (Wn)i i= O},

where wn is the canonical module of R. An application of Theorem 7.2.34
yields

a(R) = s - (n + 1) < 0

and s ~ n. Altogether one has o(Mi) ~ n. An straightforward computation
shows that if M i = x f3i tbi , then the t-degree of Mi is less or equal than n,
that is, bi ~ n. D

For a more general version of Theorem 7.6.1 see [51]. We give a variant
of the previous theorem for the subalgebra generated by monomials of the
same degree k. A homogeneous polynomial of degree ik is said to have
normalized degree i.

Theorem 7.6.2 ([51]) Let F be a finite set of monomials of degree k and

the monomial subring generated by F. Then the normalization S of S is
generated as an S -module, and thus as an S -algebra, by elements g E R of
normalized degree at most dimeS) - 1.
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Proof. Let
00

R(k) = EBRik
i=O
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be the kth Veronese subalgebra of the polynomial ring R. Both Sand S
are contained in R(k). We grade S by setting Si = S n R ik . Then we may
adapt the arguments of the previous proof. D

7.7 Degree bounds in the square-free case

Let R = K[Xl, ... ,xn ] be a polynomial ring over a field K and F a finite
set of square-free monomials of the same degree k. One of the goals is to
present bounds for the generators of the normalization of the monomial
subring K[F]. In this case there are embeddings

K[F] eSc R(k),

where

S=K[{x· ,"X· 11<i1 <···<ik <n}]~l 2k _ _,

and R(k) is the kth Veronese subring of R. All the constructions of K[F]
take place inside of one of these algebras. Our exposition will follow closely
that of [51].

Especially we want to present an explicit generating set for the canonical
module Ws of S that appears in [51]. In particular we will fully describe the
algebras S with the Gorenstein property and compute the a-invariant of S.
The analysis below will determine the Cohen-Macaulay type of S but also
leads to the control of degrees in K[F].

A description of the canonical module

Let us fix some of the notation that will be used throughout the rest of the
section.

Let n :::: 2k :::: 4 be two integers (this is not an essential restriction; see
Remark 7.7.12). We set

A = {e' + ... + e· 11 < i1< ... < i k < n}21 2k _ _ ,

where el,' .. ,en are the canonical vectors in jRn. The affine subsemigroup
of N' generated by A will be denoted by C, that is, we have

C = I: Na.
aEA
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The cone generated by C will be denoted by Iltt C, thus
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If 0 i= a E jRn, then the set H a will denote the hyperplane of jRn through
the origin with normal vector a. Thus H a = {x E jRnl (x,a) = O}, and H a

determines two closed half-spaces

H: = {x E jRnl (x,a) ~ O} and H;: = {x E jRnl (x,a) ~ O}.

Let R = K[Xl' ... ,xn ] be a polynomial ring over a field K. Observe that
the K -subring of R spanned by the set {x a I a E A} is equal to the affine
semigroup ring K[C].

Remark 7.7.1 Let t.p be the matrix whose columns are the vectors of A.
By Proposition 7.1.17, we obtain

rank(t.p) = dimK[C] = n.

Hence the vector subspace generated by A is equal to jRn and dim Iltt C = n.

The equations of the cone In order to describe the canonical module
of S we will use the Danilov-Stanley formula. Thus the equations of the
cone Iltt C should be determined first.

Lemma 7.7.2 Set N l = {-el,"" -en}, N = N l U N 2 and

N 2 = {-el - ... - ei-l + (k - l)ei - ei+l - ... - en I 1 ~ i ~ n}.

If H is a supporting hyperplane of the cone Iltt C such that H contains a set
al, ... ,an-l of linearly independent vectors in A, then H = H a for some
vector a E N.

Proof. Let 0 i= a = (al,"" an), such that H = H a . Let M be the
(n - 1) x n matrix whose rows are the vectors aI, ... , an-I.

First note that if the j-column of M is equal to zero, then (ai, ej) = 0
for all i and H = H ej • On the other hand, if all the entries of the j-column
of M are equal to 1, then H = H a for some a E N 2 • Therefore we may
assume that all the columns of M have some zero entries and also some
entries equal to 1. Set

I = {i Iai > O} and .:J = {i Iai < O},

without loss of generality we may assume

A = {ail i E I} = {al,' .. , ai},
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where £ = III. By symmetry the proof can be easily reduced to the following
four cases.

(a) Assume I = 0. Using that all the columns of M have at least one
entry equal to 1 we obtain that a = OJ hence this case cannot occur.

(b) Assume 2 ~ £ ~ k - 1. We claim that there exists ai so that in the
set of the first £ entries of ai there is at least one entry equal to zero and at
least one entry equal to 1. Otherwise, using that rank(M) = n - 1 and row­
reducing M to its normal form we obtain £ = 2, and hence a = aIel - ale2.
Setting

we get
((3, a) = al > 0 and b, a) = -al < 0,

which is impossible because H a is a supporting hyperplane of lltt C and the
proof of the claim is complete. For simplicity we assume

al = ei l + ei2 + ... + ei= + eil + ... + ejr'

ei l = el, m + r = k,

3 ~ i 2 < ... < i m ~ £ < jl < ... < jr ~ nand r, m ::::: 1.

Let us show ((3, a) > 0, where (3 = el +... + e£ + eil +... + ejk_e' Note that

((3, a) > al + a3 + + a£ + ail + .. ,+ ajk_e

> ail + ai2 + + ai= + ail + ... + ajk_e ::::: 0,

because (aI, a) = O. As a consequence (3 E A and ((3, a) > 0, as required.
If 2 ~ 1.11 ~ k - 1, we may apply similar arguments to prove that there
is a ry E A so that b, a) < 0, which contradicts that H is a supporting
hyperplane. Therefore we may further assume that 1.11 is either equal to 1
or 1.11 ::::: k; in this situation we can rapidly find ry E A so that b, a) < 0,
which again yields a contradiction.

(c) Assume £ = 1 and 1.11 ::::: k. Set r = 1.11 and B = {ail i E .1}, say
B = {a2,"" ar+d. If r = n - 1, then using (ai, a) = 0 for all i we derive
that all the entries of the first column of M are equal to 1, hence H = H a

for some a E N 2 • Next we assume r ~ n - 2. Let ai be a vector with its first
entry equal to zero. Since (ai, a) = 0 it follows that the first r + 1 entries
of ai are equal to zero and n > r + k. Setting

(3 = el + er+2 + ... + er+k and ry = (3 - el + e2

we obtain
((3, a) > 0 and b, a) < 0,

which is impossible. The case £ = 1 and 1.11 = 1 can be treated similarly.
(d) Assume £ ::::: k and 1.11 ::::: k. This case cannot occur because one can

rapidly find vectors (3,ry in A so that ((3, a) > 0 and b,a) < O. D
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Remark 7.7.3 The converse of Lemma 7.7.2 is also true because we are
assuming n ::::: 2k ::::: 4, and this implies n ::::: k + 2. Note that if n = 3 and
k = 2, then the cone lltt C has only three facets.

Proposition 7.7.4 ([51]) A point x = (Xl,"" X n ) E jRn is in lltt C if and
only if X is a feasible solution of the system of linear inequalities

-Xi

(k - l)xi - I:Ni Xj

< 0, i = 1, , n
< 0, i = 1, , n.

Proof. Let lltt C = Hb; n ... n Hb:" be the irreducible representation of
lltt C as an intersection of closed half spaces. By Theorem 7.2.18 the set
Hbi n lltt C is a facet of lltt C. Note that H bi is generated by a set of linearly
independent vectors in A, see Corollary 7.2.22. Therefore by Lemma 7.7.2
one obtains H bi = H a , for some a E N, here N denotes the set defined in
Lemma 7.7.2. D

A generating set for the canonical module Let X be an arbitrary
subset of jRn. The relative interior of X, denoted ri(X), is the interior of X
relative to aff(X), the affine hull of X.

Lemma 7.7.5 Let a be a vector in Cnri(llttC) and set A = {i Iai ::::: 2}. If
IAI ::::: k and iI, ... ,ik are distinct integers in A, then a' = a - ei, - ... - eik
also belongs to C n ri(lltt C).

Proof. Without loss of generality one may assume al ::::: a2 ::::: ... ::::: an,
ak::::: 2 and a' = a - el - ... - ek. We claim that a' E ri(llttC). First recall
that lltt C has dimension n; thus one has

ri(lltt C) = int lltt C = int nH; = nint H; = nH; \ He (7.7)
eEN cEN eEN

by Proposition 7.7.4. Hence, using that a E ri(lltt C) we readily obtain

(k - l)(ai - 1) ~ -1 + 2:.:: (aj - 1) + 2:.:: aj, for 1 < i < k. (7.8)
l'Sj'Sk HI'Sj
Ni

On the other hand, if k < i ~ n we have

> al + (k - l)ai + 2:.:: aj = al + kai + 2:.:: aj
k+I'Sj k+I'Sj

Ni

> kai + n - k + 1.
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As n :::: 2k :::: 4 we obtain

or equivalently, one has

n

2:.:: aj :::: kai + k + 1,
j=1
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k

(k - l)ai ~ -1 + 2:.::(aj - 1) + 2:.:: aj, for k + 1 ~ i ~ n. (7.9)
j=1 k+1~j

j#.i

Altogether making use of (7.7), (7.8), and (7.9) we obtain a' E ri(llttC).
By Proposition 7.4.5 the subring K[C] is a normal domain, and therefore
C = ZCn llttC. Since a' E ZC we conclude a' E C. D

Let R = E8:0 R i be the standard grading of R and let

00

R(k) = EBRki
i=O

be the kth Veronese subring of R graded by

Notice that K[C] is a graded subring of R(k) with the normalized grading:

00

K[C] = EB(K[C])i'
i=O

where

In the sequel we shall assume that K[C] has the normalized grading.

Theorem 7.7.6 ([51]) Set S = K[C]. Let Ws be the canonical module of
S and let s:B be the set of monomials M = X~' ... x~n satisfying the following
conditions:

(a) ai :::: 1 and (k - l)ai ~ -1 + I:j#.i aj, for all i.

(b) I:~=1 ai == Omod(k).

(c) l{ilai::::2}1 ~k-1.

If n :::: 2k :::: 4, then s:B is a generating set for ws.
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Proof. According to Theorem 7.2.34 we have

Ws = ({xala E Cnri(IlttC)}).
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Taking into account the arguments of the proof of Lemma 7.7.5 and by a
repeated use of Lemma 7.7.5 it is enough to prove that 23 c ws. Let ME 23;
without loss of generality we may assume M = X~' ... x~~l'Xk ... Xn , where

al :::: ... :::: ak-l :::: 1. The monomial N = X~' ... x~~l' can be factored as

k-l { ( )a· a'Xl"'Xi ,- ,+',
N = II Ni , where Ni = ( )ak _ l

i=l Xl ... Xk-l ,
if 1 ~ i ~ k - 2
ifi=k-1.

On the other hand, by the properties (a) and (b) it follows that we can
write

n k-l

II Xi = N' II Ni,
i=k i=l

where

deg(ND = { (k - i)(ai - ai+l),
ak-l,

and deg(N') == 0 mod (k). Hence

if 1 ~ i ~ k - 2
if i = k - 1,

k-l

M = N' II (NiND
i=l

is in K[C], which readily implies MEws. D

Applications of the description of the canonical module

To find the presentation of K[Cj as a quotient of a polynomial ring B
modulo a prime ideal P, consider the polynomial ring over the field K

B = K[{Til "' ik 11 ~ i l < ... < i k ~ n}],

with one variable Ti" "ik for each monomial Xi, ... Xi k • Here B has the usual
grading. There is a graded homomorphism of K -algebras

'l/J: B --t K[C], induced by Ti, ...ik ~ Xi, ... Xi k ,

the ideal P = ker( 'l/J) is the presentation ideal or toric ideal of K [Cj. Thus
the Cohen-Macaulay type of the ring K[C], denoted by type(K[C]), is the
last Betti number in the minimal free resolution of B / P as a B-module.
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Remark 7.7.7 Set S = K[C]. By Corollary 4.3.6 the type of S is equal
to the minimal number of generators of the canonical module Ws of S. To
compute the type of S notice that a monomial M = X~' ... x~~l'Xk ... X n

is in s:B if and only if for all 1 ~ i ~ k - lone has

k-l

2:.:: aj = mk - n + k - 1 and 1 ~ ai ~ m - 1, for some m > 2.
j=l

These two conditions imply

n- < m < n - 2k + 2.k- -

Therefore, by Theorem 7.7.6, the computation of the type of S reduces to
counting partitions of positive integers.

Corollary 7.7.8 Let Ws be the canonical module of S = K[C]. Assume
k = 2 and n ::::: 2k. If n is odd, then

Ws = ({Xl'" Xj_IX;iXj+1 .. , x n l1 ~ j ~ n, 1 ~ i ~ (n - 3)/2}).

Corollary 7.7.9 If k = 2 and n ::::: 2k, then

{

n(n - 3)

type(K[C]) = 2
(n 2 -4n+2)

2

Proof. The details are left as an exercise.

Corollary 7.7.10 If n = 2k + 1::::: 5, then

if n is odd,

if n is even.

D

type(K[C]) = (k: 1)'
Proof. Left as an exercise. D

Let S be a Cohen-Macaulay positively graded K-algebra over a field K
and Ws the canonical module of S. We recall that a(S), the a-invariant of
S, is given by

a(S) = -min{ i I (WS)i -::J O}.

Corollary 7.7.11 ([51]) Ifn::::: 2k::::: 4, then the a-invariant of K[C] is:

a(K[C]) = - r~l '
where IX1 is the least integer greater or equal than x.
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Proof. Set S = K[C] and m = r~l It follows from Remark 7.7.7 that the
degree of the generators in least degree of Ws is at least m. To complete the
proof we exhibit some generators of Ws living in degree m. Write n = qk+r,
o~ r < k; note q ~ 2. If r ~ 1, observe that the monomials

xi··· x%_rXk-r+l ... Xk-lXk '" Xn and
2 2 2

Xl "'Xn-k+rXn_k+r+l "'Xn-lXn

belong to (WS)m' In particular, S cannot be a Gorenstein ring in this case.
If r = 0, then the monomial M = Xl ... Xn satisfies ME (WS)m' D

Remark 7.7.12 (Duality) Let R = K[Xl"" ,xn] be a polynomial ring
over the field K, and k an integer such that 1 ~ k ~ n - 1. Consider

S k = K[{x' '" x· 11 < i l < ... < ik < n}]n
l

~1 2k _ _,

the K-subring of R spanned by the Xi, ... Xik 'so Observe that there is a
graded isomorphism of K-algebras of degree zero:

p: Sn,k ---t Sn,n-k, induced by p(Xi l ••• Xik) = xiI ... Xjn_k'

where {h, ... ,jn-d = {I, ... , n} \ {i l , ... ,id. In particular if n < 2k,
then

a(Sn,k) = a(Sn,n-k) = - rn : k 1·
Because of this duality one may always assume that n ~ 2k.

The next corollary was shown by De Negri and Hibi [81] using different
methods.

Corollary 7.7.13 ([51]) The subring Sn,k is a Gorenstein ring if and only
if k E {I, n -I} or n = 2k.

Proof. By duality one may assume n ~ 2k ~ 4. Set S = Sn,k. If S is
Gorenstein, then by the proof of Corollary 7.7.11 we may assume n = qk. If
q ~ 3, then Xl' "Xn and xix~ "'X%_lXk" 'Xn belong to (ws)q and (WS)q+l
respectively, which is impossible. Therefore q = 2, as required.

Conversely assume n = 2k. Let 23 be as in Theorem 7.7.6. Take a
monomial M in 23; it suffices to verify that M is equal to Xl'" Xn . One
may assume that M X~' ... X~~I Xk ... Xn , where ai ~ ai+l ~ 1. By
hypothesis one has

k-l

I>j = k(m - 1) - 1,
j=l

for some m ~ 2. On the other hand one has

k-l

kai ~ k + 2::>j, for all 1 ~ i ~ k - 1.
j=l

(7.10)

(7.11)
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Next we combine (7.10) and (7.11) to obtain ai ~ m -1 for all i. Therefore
using (7.10) again we rapidly derive

k(m - 1) - 1 ~ (k - 1)(m - 1),

which yields m ~ 2. As a consequence ai = 1 for all i, as required. D

Proposition 7.7.14 ([51]) Let F be a finite set of square-free monomials
of degree k in R and let A = K[F] be the K -subring of R spanned by F. If
dim(A) = n, then

a(A) ~ a(K[C]),

where A denotes the integral closure of A and C is the subsemigroup of N'
generated by A = {ei1 + .. ,+ eik 11 ~ i 1 < ... < i k ~ n}.

Proof. Let C and CF be the subsemigroups of N' generated by A and
log(F) respectively. Set S = K[C]. Since S is normal by Proposition 7.4.5,
we obtain A c S. Let

where

CF = ZCF n IlttCF.

Notice IlttCF = IlttCF and aff(IlttCF ) = jRn. Therefore the relative interior
of Iltt CF equals its interior in jRn. For similar reasons we have ri(Iltt C) =
(IlttC)o. Hence ri(IlttCF ) C ri(IlttC). Altogether we obtain M1 C M 2 • Let
x b be an element of minimal degree in M1 so that deg(x b) = -a(A). Set
r = -a(A). Since x b is in M2 and x b EAT CST' we conclude

-a(S) = min{deg(xa)la E M 2 } ~ r = -a(A).

Hence a(A) ~ a(S), as required. D

Corollary 7.7.15 ([51]) Let R = K[Xl"" ,xn ] be a polynomial ring over
a field K and F a finite set of square-free monomials of the same degree k.
If dim K[F] = n, then

if n :::: 2k,

if n ~ 2k, n -::J k.

Proof. Use Corollary 7.7.11, Proposition 7.7.14, and duality. D
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Remark 7.7.16 It is not hard to verify the equality
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where R(k) is the kth Veronese subring of R. Let K[C] be the subring
generated by the square-free monomials of degree k. Notice that

a(K[C]) ~ a(R(k)).

For n = 5 and k = 3 we have

a(K[C]) = -3 < -2 = a(R(k)).

Because of this, to keep better control of the a-invariant, it is preferable to
embed K[F] into K[C], instead of R(k).

Corollary 7.7.17 Let R = K[Xl,"" x n ] a polynomial ring over a field K
and F a finite set of square-free monomials of degree k in R. If K[F] has
dimension nand n ::::: 2k ::::: 4, then K[F] is generated as a K -algebra by
elements of normalized degree less or equal than n - rE1·
Proof. Proceed along the lines of the proof of Theorem 7.6.2 and use
Corollary 7.7.15. D

Example 7.7.18 Let K[F] be the subring of R = K[Xl,"" xs] spanned
by the monomials of R defining the edges of the graph shown below.

h = XIX2, h2 = XIX2 X3X5X6XS,

h = X2 X3, h3 = XIX2 X3X6X7XS,

h = XIX3, h4 = XIX2 X3X5X6X7,
f4 = X3 X4, h5 = XIX2 X3X5X7XS·

f5 = X4 X5,
f6 = X5 X6, F:= {h, ... , fll},

h = X6 X7,
K[F] =

fs = X5 X7,
f9 = X7 XS, K[F][h2, h3, h4, h5]'
ho = X5 XS,

fll = X6 XS,

The generators of K[F] can be computed using the program [48], see also
[298, Section 7.3]. A Noether normalization for K[F] is given by

Ao = K[h 1 , ••• ,hs] Y K[F] Y K[F],
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where

hI = h, h3 = fs - fll' h5 = h - h h7 = f5 - h - fg - fll'
h2 = f6' h4 = f9 - ho, h6 = h - 15, hs = h - I:~~2 k

Since K[F] is Cohen-Macaulay we obtain a decomposition

K[F] = Aol EB Aoh EB Aoho EB aofllEB
AoN EB AoNo EB Aohofll EB Aoh fll EB
AoN EB AoN fll EB AoNo EB AoNofllEB
A oh2 EB Aoh3 EB Aoh4 EB Aoh5 EB AoNofll'

Therefore the Hilbert series of K[F] is equal to

H(K[F], z) = 1 + 3z ~:~~s8z3 + Z4 and a(K[F]) = -4.
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Altogether K[F] is generated as an Ao-module by monomials of normalized
degree less or equal than dim R + a(K[F]) = 4. However, as a K-algebra it
is generated by square-free monomials of normalized degree at most 3.

Next we show a general statement on degrees valid when Sand S are
both Cohen-Macaulay.

Proposition 7.7.19 Let S be a standard graded algebra and let MeN be
finitely generated graded S-modules of the same dimension d and multiplicity
e. If M and N are Cohen-Macaulay and

f(t)
HM(t) = ( )d'1 - t

get)
HN(t) = (1 _ t)d

are their Hilbert series, then degf(t) :::: degg(t).

Proof. Consider the exact sequence

O~M---tN---tP~O

of graded modules. If M i= N, P is a module of dimension < d since M and
N have the same multiplicity. Since M and N are Cohen-Macaulay, stan­
dard depth chasing (see Lemma 1.3.9) implies that P is Cohen-Macaulay of
dimension d - 1.

We have the equality of Hilbert series,

and therefore

get)
(1 - t)d

f(t) h(t)
(1 - t)d + (1 - t)d-I '

get) - f(t) = (1 - t)h(t).

The assertion follows since the h-vectors of these two modules are positive
(see Chapter 4 and [44, Corollary 4.1.10]). D
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Lemma 7.7.20 If K[F] C K[x] is a monomial subring over afield K, then
there is a positive integer no such that (xC\:)no E K[F] for all xC\: E K[F].

Proof. By Lemma 7.2.32 there are 1'1, ... ,1'r E Nn such that

K[F] = K[x''', ... , xl'r].

For each i one can find a positive integer ni such that xnil'i E K[F]. It
is readily seen that the integer no = lcm(n1, ... , nr ) satisfies the required
condition, because any xC\: E K[F] can be written as xC\: = Xa11'l ... xarl'r,
for some aI, ... , aT E N. D

Proposition 7.7.21 If A = K[F] C K[x] zs a monomial subring over a
field K and I is the ideal

1= (A:A A) = {a E AI aA C A},

then there is a monomial xl' E I. In particular I i= o.

Proof. Let 1'l, ... ,1'r E ~ such that A = K[xl'l, ... ,Xl'r]. One can write
Xl'i = x f3i /X Oi , where x f3i and XO i are in A. By Lemma 7.7.20 there is
o i= no E N such that xnoC\: E A for all xC\: E A. Set xl' = x nool ... x noOr .
Take xC\: in A and write xC\: = (Xl'l )a l ••• (xl'r )ar , where ai E N for all i. By
the division algorithm there are integral equations ai = qino + Ci, where
o~ Ci < no for all i. From the equality

r r r
xl'xC\: = II(xnOl'i)qi II(xoi +l'i)Ci II(xoi)no-ci

i=l i=l i=l
"---v--" '-v-"~

is in A is in A is in A

one concludes xl' xC\: E A. Since xC\: was an arbitrary monomial in A, we get
xl'A C A and xl' E I. D

Proposition 7.7.22 If A = K[F] c K[x] is a homogeneous monomial
subring over a field K, then A is a positively graded K -algebra and the
multiplicity of A is equal to the multiplicity of A.

Proof. Set A = log(F) and P = conv(A). As A is homogeneous, using
Proposition 7.2.43 one has that

00

is a graded K-algebra whose ith component is given by

Ai = 2:.:: K xC\:.
C\:EZAniP
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Recall that A is graded as in Proposition 7.2.39. Let hand E be the Hilbert
functions of A and A respectively. Since A and A have the same dimension
d, one can write

h(i) = aoid
-

1 + terms of lower degree,

E(i) = coi d
-

1 + terms of lower degree,

for i »0. One clearly has ao ~ Co because Ai C Ai for all i. On the other
hand by Proposition 7.7.21 there is x'Y E A of degree m such that x'YA C A.
Thus for each i there is a one to one map

Hence E(i) ~ h(i + m) for all i, and consequently Co < ao. Altogether
ao = co. Therefore

e(A) = ao(d - I)! = co(d - I)! = e(A),

as required. D

Corollary 7.7.23 ([51]) If K is a field and K[F] zs a Cohen-Macaulay
homogeneous monomial subring, then

a(K[F]) ~ a(K[F]).

Proof. Use Proposition 7.7.19 and Proposition 7.7.22.

Exercises

D

7.7.24 Let F be a finite set of square-free monomials of degree k in the
polynomial ring K[Xl,'" ,Xn ], K a field. If n < 2k and K[F] is not a
normal domain, prove that K[F] cannot be generated as a K algebra by
square-free monomials.

7.7.25 ([130, 219]) Let R(k) be the kth Veronese subring of a polynomial
ring R in n variables over a field K. Prove that R(k) is Gorenstein if and
only if k divides n.

Hint The interior of the cone spanned by the exponent vectors in R(k) is
the "first open quadrant" of jRn and use the Danilov-Stanley formula.

7.7.26 Let R(k) be the kth Veronese subring of a polynomial ring R in n
variables over a field K. Prove that the a-invariant of R(k) is given by
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7.7.27 If K[F] is a two dimensional homogeneous monomial subring, prove
that the Hilbert polynomial of K[FT] is equal to the Hilbert polynomial of
K[FT]' where T is a new variable.

7.7.28 Let A = K[F] be a Cohen-Macaulay homogeneous monomial sub­
ring. If dim(A) = 2 and a(A) < 0, prove that A is normal.

7.7.29 Let 8 be the kth square-free Veronese subring of a polynomial ring
R = K[Xl"'" x n ] over a field K. If K s is the field of fractions of 8. Use
the equality

k+l

II Xl ... Xi-lXiXi+l ... xk+l
i=2 _ k
'::"'-:~---:-----"'""'k""""-;--- - Xl'

(X2" 'Xk+d -1

to derive x~ E Ks. Using a similar equality prove K[x~, ... ,x~] c K s , then
conclude tr.degK (8) = n.

7.7.30 Let F be the set of square-free monomials of degree k in the variables
Xl, ... ,Xn and 8 = K[F] the monomial subring spanned by F endowed with
the normalized grading. If n = 2k + 1 ~ 5, prove that the canonical module
of 8 is given by

Ws = ({xal card({ilai = 2}) = k -1 and card({ilai = I}) = n - k + I}).

Recall that a standard Artin algebra A over a field K is called a level algebra
[27] if all the nonzero elements of the socle of A have the same degree. Prove
that if hI, ... ,hn is a system of parameters for 8 = K[C] with each hi a
form of degree 1, then

is a level algebra.

Consider the homogeneous subring A = K[F], where F is the set of all
monomials XiXj such that Xi and Xj are connected by a line of the graph:

Note that A is a graded subring of A, where both rings are endowed with the
normalized grading. In the following problems we indicate how to compute
some invariants of A and A.
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7.7.31 Use CoCoA, and the procedures indicated below, to prove that the
Hilbert series and Hilbert polynomial of A and A are given by:

F(A ) = 1 + t + t
2 + t

3 + t
4

F(A) = 1 + t + t
2 + 2t

3

,t (1-t)7' ,t (1-t)7

A
l 6 1 5 55 4 65 3 47 2 31 1

t.p( ,t) = 144 t + 16 t + 144 t + 48 t + 18 t + 12 t + ,

- 1 6 17 5 55 4 21 3 47 2 157
t.p(A,t) = 144 t + 240 t + 144 t + 16 t + 18 t + 6Ot+ 1.

In particular e(A) = e(A) = 5, a(A) = -3 and a(A) = -4.

7.7.32 Use this CoCoA procedure to compute the Hilbert series and Hilbert
function of A. Note that we are first computing the toric ideal P of A,
through the usual procedure of elimination of variables.

Use R::= Q[t[1..S], x[1..7]];
Q:= Idea1(x[1] * x[2] - t[l], x[2] * x[3] - t[2], x[l] * x[3] - t[3],
x[3] * x[4] - t[4], x[4] * x[5] - t[5], x[5] * x[6] - t[6],
x[6] * x[7] - t[7], x[5] * x[7] - t[S]);
P := Elim(x, Q);
Use R ::= Q[t[1..S]];
P := Idea1(t[2] * t[3] * t[5]"'2 * t[7] - t[l] * t[4r2 * t[6] * t[S]);
Poincare(R/P);
Hilbert(R/P);

7.7.33 Use Normaliz to verify that A = A[XIX2X3X5X6X7]. This step is
required for the next computation.

7.7.34 Use the following CoCoA procedure to compute the Hilbert series
of A. Note that we are also computing the toric ideal P of A.

Use R ::= Q[t[1..9], x[1..7]];
Q:= Idea1(x[1] * x[2] - t[l], x[2] * x[3] - t[2], x[l] * x[3] - t[3],
x[3] * x[4] - t[4], x[4] * x[5] - t[5], x[5] * x[6] - t[6],
x[6] * x[7] - t[7], x[5] * x[7] - t[S]'
x[l] * x[2] * x[3] * x[5] * x[6] * x[7] - t[9]);
P := Elim(x, Q);
Use R ::= Q[t[1..9]], Weights([l, 1, 1, 1, 1, 1, 1, 1,3]);
P := Idea1(t[1] * t[4] * t[6] * t[S] - t[5] * t[9],
t[2] * t[3] * t[5] * t[7] - t[4] * t[9],
t[l] * t[2] * t[3] * t[6] * t[7] * t[S] - t[9]"'2);
Poincare(R/P);



276 Chapter 7

7.7.35 Verify the assertions about A using the following input file for the
program Normaliz, and running Normaliz with the option -h.

bowtie.in
8
7
1 100 000
o 1 100 0 0
1 0 1 0 000
001 1 000
000 1 100
0000110
o 0 000 1 1
o 0 0 0 1 0 1
2

(number of generators)
(dimension of ambient lattice)
(generators)

(option or mode)

7.8 Some lexicographical Grabner bases

A lexicographical order of the terms in a polynomial ring K[Zl, ... , zr] is an
order obtained by representing terms as z~i ... z~~ for a fixed permutation
7r of the variables and then using the lexicographical order. The Grabner
bases obtained by lexicographical orders are called lexicographical.

There are several classical examples of graded prime ideals that are mini­
mally generated by a lexicographical Grabner basis [59, 66, 159, 276]. Below
we study some special linear orders and relate them to toric ideals of sub­
rings of k-products.

Some linear orders of the variables Given two integers n ::::: 2k ::::: 4
we consider a "label set":

Jk = {[i l , ... , ik]11 :::; i l < .,. < ik :::; n}

and a set of variables:

Let A = (aij) be a non-singular matrix of order k with entries in lR and

Ui = (ail, . .. , aik)

its ith row. This matrix defines a linear ordering in Z} given by

x = (XI, ... ,Xk) >A Y = (YI,···,Yk) iff Ax >lex Ay,

that is x >A Y if the first non-zero entry of (X'UI -Y·UI, ... ,X'Uk -Y'Uk)
is positive. Thus we can linearly order the variables in T by:

T[i1, ... ,ik] > T[jl, ... ,jk] iff (il, ... ,ik) >A (jl, ... ,jk).
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Example 7.8.1 If n = 5 and k = 2, then the linear ordering induced by
the matrix:

A=[ 01]
-1 0

is T[I, 5]T[2, 5]T[3, 5]T[4, 5]T[I, 4]T[2, 4]T[3, 4]T[I, 3]T[2, 3]T[I, 2].

A distinguished group of matrices Consider the set A of matrices of
order k of the form

such that the set {eiI,"" eik} is a permutation of the set of canonical
vectors {el, ... , ed in lRk • Note that A is a group of order 2k k!. As the
rows of any matrix in A are orthonormal, we see that A is a subgroup of
the orthogonal group Ok (lR).

Finding lexicographical quadratic Grabner bases Let K be a field
and R = K[XI' ... ,xn ] a polynomial ring. Let Vk be the set of square-free
monomials of degree k in R. Consider the presentation:

thus P = ker(<p) is the toric ideal of K[Vk]'

Remark 7.8.2 It has been shown by Bernd Sturmfels that there exist a
quadratic Grabner basis, with respect to some term order, for the toric ideal
P of K[Vk], see [278].

The examples below can be verified using Macaulay. We thank Eduardo
Viruefia Silva for writing some Pascal programs to generate all the matrices
in A, and the corresponding linear orderings of the variables.

Example 7.8.3 The matrices below are precisely the matrices in A that
induce a quadratic Grabner bases for the toric ideal of Q[Vk] corresponding
to k = 2 and n = 6.

Al = [~ ~]

A5 = [~ ~]

o
-1

-1
o

-1
o

o
-1
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Example 7.8.4 For n = 6 and k = 3 the full list of matrices in A that
induce quadratic Grabner bases are:

[~
0 J] [l

1 nA5 = 1 A9 = 0
0 0

[l
1 J] [l

-1 J]A 13 = 0 A 15 = 0
0 0

[-l
-1 J] [~

0

-~ ]A 16 = 0 A39 = -1
0 0

[~
1 l] [~

1 -l]A41 = 0 A45 = 0
0 0

[~
-1 -l] A" ~ [

0 -1 -l]A47 = 0 0 0
0 -1 0

Example 7.8.5 For n = 8 and k = 4 the complete list of matrices in A
that give quadratic Grabner bases is:

r!
1 0

Jj r ~
0 -1

J]A25 = 0 0
A79 = -1 0

0 1 0 0
0 0 0 0

r ~
1 0

Jj r ~
0 -1

-! jAS9 = 0 1
A351 = 0 0

0 0 -1 0
0 0 0 0

A,", = r ~
0 -1

-~ j r ~
1 0

-~ j-1 0
A377 = 0 1

0 0 0 0
0 0 0 0

Conjecture 7.8.6 If P is the toric ideal of K[Vkl and n :::: 2k :::: 4, then
there exists a linear order of the variables in T so that the reduced Grabner
basis of P, with respect to the lexicographical order, is generated by quadrics.
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Exercises

7.8.7 If we order Jk', this induces an order on J~_k' Prove that P(Vk) has
a lexicographical quadratic Grabner basis if and only if P(Vn-k) does. Here
P(Vk) denotes the toric ideal of K[Vk]'

7.8.8 (V. Bonanzinga) Let n ::::: d::::: 1 be two integers. If Jk' has the lex
order and N[i 1, ... ,id] represents the position of [i 1, . .. ,id] with respect to
this order. Prove the formula:

()
d n-d+k ( .) () d ( .). . n ~ ~ n - J n ~ n - Zk

N[Zl,"" Zd] = d - L... . L... d - k = d - L... d - k + 1 .
k=l )='k+1 k=l

See [29] for more details about this formula.
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Monomial Subrings of
Graphs

Here we study the monomial subrings associated to graphs and their toric
ideals. A full description of the integral closure of those subrings will be
presented along with some connections with graph theory and polyhedral
geometry.

Let G be a graph. The following diagram gives an idea of the objects
associated to G that will be studied along this chapter.

Graph: G

/~
Edge ideal: I(G) Edge subring: k[G]

/ ~
Rees algebra Incidence matrix: MG Toric ideal

j j j
Toric ideal Circuits & Smith form Grabner basis

The edge subring k[G] associated to a graph G is the monomial subring
generated by the monomials corresponding to the edges of G, where k is
a field. The description of the integral closure of k[G] will be given in

281
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terms of special circuits of the graph (see Theorem 8.7.9). This description
links the normality property of k[G] with the combinatorics of the graph G
(see Proposition 8.8.11). The incidence matrix of G plays an important role
because it is related to the toric ideal of k[G] and its rank can be interpreted
in graph theoretical terms.

8.1 The subring associated to a graph

Let G be a graph on the vertex set V = {VI, ... ,vn } and

00

R = k[XI' ... ,xn ] = EB Ri
i=O

a polynomial ring over a field k with the standard grading. To simplify
notation sometimes one identifies the indeterminate Xi with the vertex Vi.
The monomial subring or edge subring of the graph G is the k-subalgebra

k[G] = k[{XiXjl Vi is adjacent to Vj}] cR.

If F = {h, ... ,Iq } is the set of monomials XiXj such Vi is adjacent to Vj,
the elements in k[G] are polynomial expressions in F with coefficients in
k. A monomial I = XiXj in R is said to be an edge generator of G if Vi is
adjacent to Vj.

As k[G] is a standard k-algebra with the normalized grading

k[G]i = k[G] n R2i ,

there is a graded epimorphism of k-algebras

'P: B = k[TI , . .. ,Tq] ---t k[G], Ti f---t Ii,

where B is a polynomial ring graded by deg(Ti ) = 1 for all i. The kernel
of 'P, denoted by P(G), is a graded ideal of B called the toric ideal of k[G]
with respect to h, ... ,I q •

Definition 8.1.1 Let w = {VO, VI, ... ,Vr = vo} be an even closed walk in
G such that Ii = Xi-I Xi· As

hh··· Ir-I = hI4'" Ir,

the binomial
Tw = TI ... Tr- I - T2... Tr

is in P(G). One says that Tw is the binomial associated to w.
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Next we identify a set of generators for P(G) corresponding to the even
closed walks of G. A closed walk of even length will be called a monomial
walk.

Notation For use below Is denotes the set of all non-decreasing sequences
a = (i l ,"', is) oflength s. Let al, ... , aq be a sequence and a = (i l ,"', is)
in Is, then we set aO! = ai, ... ai, .

Proposition 8.1.2 ([303]) If G is a graph and P = P(G) the toric ideal
of the edge subring k[G], then

(a) P = ({Twl w is an even closed walk}), and

(b) P = ({Tw Iw is an even cycle}) if G is bipartite.

Proof. Let II, ... ,fq be the edge generators of G and P the kernel of the
homomorphism of k-algebras

'P: B ---t k[G],

where B is the polynomial ring k[TI , . .. ,Tq] and 'P(Ti ) = Ii- Recall that P
is graded and

First we set
8 = {Twl w is an even closed walk}.

One clearly has (8) c P. To prove the other containment we use induction
on s. First recall that P is a binomial ideal by Proposition 7.1.2. If s = 2,
it is enough to note that the binomials in P2 come from squares. Assume
Ps- I c (8). To show Ps c (8), take TO! - Tf3 in Ps , where a = (i l , ... ,is)
and f3 = (h, ... ,js). Define G I as the subgraph of G having vertex set

VI = {Xi E VI Xi divides fO!}

and edge set

E I = {{x, y} E E(G) I fe = xy for some £ E {i l , ... ,is,h, ... ,jsn·
Note that if Ii, ... fi= = fj, '" fj= for some m < s and for some ordering
of the generators then TO! - Tf3 E (3); to prove it, notice that TO! - Tf3 can
be written as

T - Ta = T· ... To (To ... To - T ... T· )
Q fJ Zrn+l ~8 21 2m J1 Jrn

+T ... T· (T· ... T· - T ... T· )J1 Jrn 2rn +1 28 )rn+1 Js

and use induction hypothesis. Now we can assume Ii, ... fi= i= fj, ... fj=
for m < s and for any re-ordering of the fi's. Observe that this forces G I
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to be connected. Take Va E VI. Since f 0: = f f3, it is easy to check that
after re-ordering we can write fik = V2k-2V2k-l and fjk = V2k-l V2k, where
1 ~ k ~ s and Va = V2s. Therefore the monomial walk w = {va, ... ,V2n}
satisfies Tw = To: - Tf3 and the induction is complete. This proves part (a).

Assume G is bipartite. The second part of the proposition can be proved
similarly if we notice that this time the condition Ii, ... fi= i= fJt ... fj=
for m < s and for any re-ordering of the j;'s implies that the graph G1 is
an even cycle. D

Definition 8.1.3 Let F be a finite set of monomials in a polynomial ring
k[x] and let P be the toric ideal of k[F]. A binomial

TO: - Tf3 E P

is called primitive if there is no other binomial T'Y - TO E P such that T'Y
divides TO: and TO divides Tf3.

According to a result of [278], the set of all primitive binomials in a toric
ideal P is finite and is called a Graver basis of P.

Corollary 8.1.4 If G is a graph and f = TO: - Tf3 is a primitive binomial
in P(G), then f = Tw for some even closed walk w of G.

Proof. It follows from the proof of Proposition 8.1.2. D

Corollary 8.1.5 If G is a bipartite graph and f = TO: - Tf3 is a primitive
binomial in P(G), then f = Tw for some even cycle w of G.

Proof. It follows from the proof of Proposition 8.1.2. D

Proposition 8.1.6 Let G be a graph and let P(G) be the toric ideal of the
edge subring k[G]. If f = TO: - Tf3 is a primitive binomial in P(G), then
the entries of a satisfy ai ~ 2 for all i.

Proof. By Corollary 8.1.4 one can write

where £ is even, and w is an even closed walk in G of length £:

w = {va, VI,··. ,V£-I, v£ = va}

such that hh··· f£-1 = hf4'" f£ and fi = Vi-IVi for all i. Note that
there may be some repetitions of the variables Ti and accordingly some
repetitions in the monomials Ii- As usual we are identifying the vertices of
G with variables. It suffices to verify that Va occurs at most three times



Monomial Subrings of Graphs 285

(including the end vertices) in the closed walk w. If Va occurs more than
three times in w, one can write

note that tl must be odd; otherwise using WI = {va, VI , ... ,Vh = va} one
has that TW1 = T'Y - TO, where T'Y divides TIT3 ••• Te-I and TO divides
T2T4 ••• Te, a contradiction because f is primitive. By a similar argument
t 2 must be odd. Thus t l + t 2 is even, to derive a contradiction note that
the closed walk

Wi = {Vtt+t2 = va,Vtt+t2+1, ... ,ve = va}

is of even length, and apply the previous argument. D

Lemma 8.1.7 Let P be the toric ideal of a monomial subring K[F]. If
f = TO: - Tf3 is a binomial in the reduced Grabner basis of P with respect
to some term order, then f is a primitive binomial.

Proof. See [278, Lemma 4.6]. D

Lemma 8.1.8 Let G be a graph and let P = P(G) be the toric ideal of
k[G]. If f is a polynomial in any reduced Grabner bases of P, then

(a) f is a primitive binomial and f = Tw for some even closed walk W of
the graph G.

(b) If G is bipartite, then f is primitive and f = Tw for some even cycle
W of the graph G.

Proof. Let A be a reduced Grabner basis of P and take f E A. Using
Corollary 7.1.5 together with the fact that normalized reduced Grabner
bases are uniquely determined, we obtain f = TO: - Tf3. By Lemma 8.1.7 f
is primitive, thus by Corollary 8.1.4 and Corollary 8.1.5 f has the required
furm. D

Proposition 8.1.9 IfG is a graph and P = P(G) is the toric ideal of k[G],
then the set

{Twl Tw is primitive and W is an even closed walk}

is a universal Grabner basis of P.

Proof. It follows from Lemma 8.1.8. D

D

Proposition 8.1.10 If G is a bipartite graph and P = P(G) is the toric
ideal of k[G], then the set

{Twl w is an even cycle}

is a universal Grabner basis of P.

Proof. It follows from Lemma 8.1.8.
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Exercises

8.1.11 Let G be a graph with q edges and P(G) the toric ideal of the edge
subring k[G]. If f is a primitive binomial in P(G) prove:

de (f) < { q if q is ~ven, and
g - q - 1 otherwIse.

8.1.12 Let G be a bipartite graph and k[G] its edge ideal. Prove that k[G]
is a normal domain.

8.2 Rees algebras of edge ideals

We will look closely at the presentation ideal or toric ideal of the Rees
algebra of an edge ideal, and then show a few applications.

Notation For f and g in a unique factorization domain we define

[I, g] = lcm(f, g).

As before Is denotes the set of all non-decreasing sequences a = (i I, ... , is)
of length s. Let al, ... , aq be a sequence and let a = (i l ,···, is) E Is, then
we set

aa = ai, ... ai, and aa, = ai, ... ai, ... ai, .

Theorem 8.2.1 Let I be the edge ideal of a graph G and F = {II,···, fq}
the set of edge generators of I. If B / J is the presentation of the Rees algebra
of I with respect to F, then

where Ps = {Ta - T,el fa = f,e, for some a, f3 E Is}.

Proof. Let Xl, ••• , X n be the set of vertices of G and R a polynomial ring
in n variables over a field k. Here we identify the vertices of G with the
variables of R. Let R(I) = R[IT] be the Rees algebra of I. The toric ideal
J of R(I) is the kernel of the graded epimorphism:

t.p: B = R[TI, ... ,Tq] ---t R(I) ---t 0 (Ti f---t fiT).

It is sufficient to show the recursive formula

J s = BIJs - I + RPs for s > 2.
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According to Theorem 2.4.17 J s is generated by polynomials of the form

(
[fa, 113]) T _ ([fa, 113]) T

113 13 la a,
(8.1)

where a = (il, ... ,is ), f3 = (h, ... ,js) are in Is. It suffices to prove that
all those generators are in BIJs- I + Bs-IJI + RPs. Since for la = 113
expression (8.1) simplifies to Ta - Tf3 E RPs , we may assume la i= 113' In
this case there is a variable z E {Xl, ... , X n} so that I a = zah and 113 = zbg,
with a i= b. Assume b > a > 0, it is not hard to see that there are integers
m and t so that [fa, 113] is;:multiple of Ij=fat' Notice that the generators
of J s can be re-written as

(( [fa, 113]) T _ AT ) T + (AT _ ([fa, 113]) To ) T .113 13= at J= J= I a tt at

The proof now reduces to showing that there are polynomials A, p" A in R
and integers m and t so that

and

To complete the proof observe that such polynomials exist if [fa, 113] is a

multiple of Ij= fat for some integers m and t. D

The example below proves that Theorem 8.2.1 do not extends to ideals
generated by square-free monomials of higher degree.

Example 8.2.2 Let R = k[XI,"" X7] be a polynomial ring and let I be
the ideal of R generated by

Then using Macaulay [15] we get that the toric ideal of R(I) with respect
to F = {II, ... , 14} is minimally generated by the binomials

X6X7T2 - X2X4T3, X6X7TI - XIX2 T 4, X3 T 3 - X5 T 4,

X4X5TI - XIX3T2, X4TIT3 - x 1 T 2T 4 .
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Corollary 8.2.3 Let 1= I(G) be the edge ideal of a graph G. Then I is a
syzygetic ideal if and only if G contains no squares.

Proof. Notice that according to Proposition 8.2.1 I is syzygetic if and only
if RP2 = (0). Hence it is sufficient to observe that if I is generated by
fI, ... , fq then a non trivial relation of the form fiJi = fkfe can only occur
if fiJi is a square-free monomial. D

Corollary 8.2.4 ([303]) Let G be a connected graph and let I be its edge
ideal. Then I is an ideal of linear type if and only if G is a tree or G has a
unique cycle of odd length.

Proof. Let V = {XI, ... ,Xn } be the vertex set ofG and I = (fI, ... ,fq).
If I is an ideal of linear type then by Proposition 3.2.1 G is a tree or G has
a unique cycle of odd length.

Conversely assume G is either a tree or G has a unique cycle of length.
We claim that RPs = (0) for s 2: 2, we proceed by induction on n. If n ~ 3
this is easily verified, assume the claim true for graphs with less than n
vertices. Using induction on s we now show RPs = (0) for s 2: 2, notice
that by Corollary 8.2.3 RP2 = (0). Assume RPs - I = (0) and RPs -j. (0),
take a nontrivial relation fil ... lis = fj, ... fi,' Since a tree has a vertex
of degree one, by induction hypothesis it follows that G must be a cycle.
Therefore, using induction again, we may write {fill ... , fi,} = {gl, ... , gs},
where gCd(gi,gj) = 1 for i -j. j and gl" 'gk = Xl ·.,Xn . Notice that this
equality cannot occur if n is odd, hence RPs = (0) and the proof of the claim
is complete. That I is an ideal of linear type is now a direct consequence of
Proposition 8.2.1. D

Let us show an application of Proposition 6.3.7 that lends some support
to the following open question [291]:

Conjecture 8.2.5 (Vasconcelos) Let I be a Cohen-Macaulay ideal in a
regular local ring R. If I is syzygetic and 1/12 is Cohen-Macaulay, then I
is a Gorenstein ideal.

Corollary 8.2.6 Let T be a tree with vertex set V and let I be its edge
ideal. If I is Cohen-Macaulay and m = IVI 2: 3, then

Proof. First note that I has the description given in Theorem 6.3.4, here
we use the notation of this theorem. Set

R = k[x,y] and z = {Xi - ydi=l'
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where m = 2r. Since I is syzygetic (see Corollary 8.2.3), we have an exact
sequence

0----+ H 1(I) ----+ (R/I)m-1 ----+ 1/12 ----+ O.

If 1/12 is Cohen-Macaulay, then

Torf (I/I 2
, R/(z)) = o.

Therefore if we tensor this exact sequence with R/ (z) we get that the ideal

({y;11 ~ i ~ r}) + ({YjYel Xj adjacent to ye})

obtained from I by making Xi = Yi is syzygetic, which is contradicted by
the relations (YjYe)2 = yJyz. D

Corollary 8.2.7 Let G = Kn be the complete graph on n vertices and let
I be its edge ideal. Then the toric ideal of R(I) is generated by binomials
of degree two.

Proof. Let P = ker(B = k[T1 , ... Tq] 4 k[G]) , where 'P(Ti ) = k Recall
that we can write

By Theorem 4.3.7 (ef. [251]) the edge ideal I has a linear resolution, hence
using Theorem 8.2.1 the proof reduces to showing P = (P2 ).

Using induction on s we will show Ps C P2 for all s. Assume Ps - 1 C P2 .

Let f (T) = TO: - T{3 E Ps . By the induction hypothesis we may assume 0:

and /3 have disjoint support and that f(T) comes from a monomial walk. In
particular we may assume that 0:1,0:2, and /33 are positive integers so that
h = Xl X2, h = X2 X 3 and h = X3 X4, where Xl, •.• ,X4 are distinct vertices.
Note that fk = X1X4 for some k and geT) = T 1T2 - T3 Tk E P2 • Using

f(T)

the induction assumption shows f(T) E Ps , as required. D

The next result uses a formula of Huneke and Rossi [187, 261] for the
Krull dimension of the symmetric algebra of a module. For another proof
of this formula based on slightly different ideas, as well as for a nice survey
on symmetric algebras, see [293].

Theorem 8.2.8 ([303]) Let G be a graph with n vertices and q edges and
I = I (G) its edge ideal. If G is connected, then

dim(Sym(I)) = sup{n + 1,q}.
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Proof. According to the Huneke-Rossi formula we have

Chapter 8

dim Sym(I) = sup{v(Ip) + dim (Rlp)1 p E Spec(R)} ,

where v(Ip) denotes the minimal number of generators of the localization
of I at p. By this formula it is clear that the Krull dimension of Sym(I)
is at least the given bound. To prove the converse, take a prime ideal p of
height n - i containing I and set E = {v E V Iv ~ p}. It follows that p
contains a face ideal Q, that is, Q is an ideal generated by a subset of the
vertices of G. We may assume Q = (A), where A is a minimal vertex cover
for G. Define now

C = {x E AI x is adjacent to some vertex in E}

and
Y = {{x,y} E E(G)I {x,y} nC = 0}.

Notice that v(Ip ) ~ ICI + WI. Since lEI ~ i we obtain

v(Ip) + dim (Rip) ~ ICI + WI + lEI·

The formula is now a consequence of Lemma 8.2.9 below.

Using the notation above one has:

D

Lemma 8.2.9 Let G be a connected (n, q)-graph with vertex set V = V(G)
and edge set E = E(G). Let A be a minimal vertex cover for G and E a
subset ofV\A. Then ICI + WI + lEI ~ sup{n + 1,q}.

Proof. Let Y' be the set of edges cover by C, that is, Y' = E(G)\Y.
Consider the subgraph G' of G with edge set equal to Y' and vertex set

V(G') = {z E V(G)I z lies in some edge in Y'}.

If Y = 0, then lEI + ICI + WI ~ n. Assume Y i- 0, and denote the connected
components of G' by G1 , ... , G m . Set Ei = En V(Gi) and Ci = C n V(Gi );
notice E = UEi and C= uCi.

We claim that IEil + ICil ~ ni - 1, for all i, where ni = IV(Gi)l. For
that, fix an edge {x,y} E Y. If x E V(Gi ), then x ~ Ei u Ci ; using that
Ei and Ci are disjoint we get the asserted inequality. On the other hand, if
x ~ V(Gi ), we choose a vertex z E V(G i ) at a minimum distance from x.
This yields a path {x = xo, xl,"" x r = z}. As Xr-I ~ V(Gi), Z ~ Ei U Ci ,
which gives IEil + ICil ~ ni - 1. Altogether we have

m m

lEI + ICI + WI ~ I:(ni - 1) + WI = I:(ni - 1) + (q - IY'I)·
i=1 i=l
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But y' is the disjoint union of E(Gi ) for i = 1" ", m, and thus

m

lY/l = I:qi,
i=l

here qi = IE(Gi)l. This permits writing the last inequality as

m

lEI + ICI + IYI ~ I:(ni - qi - 1) + q
i=l

Since Gi is a connected (ni, qi)-graph we have ni - 1 ~ qi. therefore

lEI + lei + IYI ~ q,

establishing the claim.
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D

A dimension formula Let us describe the cycle space of a graph Gover
the two element field F = Z2. We denote the edge set of G by

E(G) = {il, .. ·, fq}

and the vertex set of G by

Let Co and C1 denote the vector spaces over F of O-chains and I-chains
respectively. Recall that a O-chain of G is a formal linear combination

of points and a I-chain is a formal linear combination

of edges, where ai E F and bi E F. The boundary operator 8 is the linear
transformation defined by

The cycle space Z (G) of Gover F is equal to ker(8). The vectors in Z (G)
can be regarded as a set of edge-disjoint cycles. A cycle basis for G is a basis
for Z(G) which consist entirely of cycles, such a basis can be constructed
as follows:
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Remark 8.2.10 If G is connected, then G has an spanning tree T. The
subgraph of G consisting of T and any edge in G has exactly one cycle, the
collection of all the cycles obtained in this way form a cycle basis for G. See
[139] for details. In particular

dimF Z(G) = q - n + 1,

see Exercise 5.2.10.

Lemma 8.2.11 Let G be a connected graph and Ze(G) the subspace of
Z(G) of all cycle vectors of G with an even number of terms. Then

dimF Ze(G) = { q - n + 1
q-n

if G is bipartite, and
otherwise.

Proof. Let Cj, ... , Cl, Cl+l, ... ,Cm be a cycle basis for G, where Cj, ... , Cl

are even cycles and Cl+l, ... , Cm odd cycles. It is clear that a bases for Ze (G)
is given by {Cl,"" Cl, Cl+l + Cm, ... , Cm-l + cm}. D

The next result shows how the Krull dimension of k[G] is related to the
cycle space of its graph.

Proposition 8.2.12 ([303]) Let G be a connected graph and let P be the
toric ideal of the edge subring k[G]. Then

ht(P) = dimF Ze(G).

Proof. Let G be a connected graph with q edges and n vertices. Assume
that I(G) is minimally generated by the monomials fI, ... , fq. There is
an spanning tree T of G so that (after re-ordering) I (T) = (fI,···, fn- d.
Since I (T) is an ideal of linear type

dim k[G] = tr.degk k[G] ::::: n - 1.

If G is bipartite notice that fk E k(fI, ... , in-I) for k ::::: n; to prove it
we write fk = xz and observe that the graph T U {x, z} has a unique cycle
of even length. This shows the equality dim k[G] = n - 1.

If G is not bipartite, then for some fk = XZ, k::::: n. Note that the graph
T U {x, z} has a unique cycle of odd length. By Corollary 8.2.4 the ideal
(fI, ... ,fn-j,fk) is of linear type, hence dimk[G] ::::: n; to show equality
recall that tr.degk k[G] ~ n. To finish the proof use Lemma 8.2.11. D

Corollary 8.2.13 If G is a connected graph with n vertices and k[G] its
edge subring, then

dim(k[G]) = { ~ _ 1
if G is not bipartite, and
otherwise.

Proof. It follows from the proof of Proposition 8.2.12. D
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The role of the cone of a graph The cone C(G), over the graph G, is
obtained by adding a new vertex t to G and joining every vertex of G to t.

Example 8.2.14 A pentagon and its cone:

o
G

t

t!;;
C(G)

Proposition 8.2.15 Let G be a graph and let C(G) be the cone over G.
Then there is an isomorphism

R(I(G)) ~ k[C(G)].

Proof. Let V = {Xl, ... , x n } be the vertex set of G and

the Rees algebra of the ideal I(G) = (h, ... , fq). We assume that h,···, fq
are the monomials in the Xi'S corresponding to the edges of G. Let

k[C(G)] = k[{txi, fjl1 ~ i ~ n, 1 ~ j ~ q}]

be the monomial subring of the cone. As these two algebras are integral
domains of the same dimension by Proposition 7.1.17 and Proposition 8.2.12
(d. [94]), it follows that there is an isomorphism

t.p: R(I(G)) ----+ k[C(G)], induced by t.p(Xi) = tXi and t.p(tfi) = k

That is R(I(G)) ~ k[C(G)].

Exercises

D

8.2.16 Let G be a connected graph with vertices Xl, ... ,Xn and h, ... , fq
the edge generators of G. Prove that

(a) k(h, ... , fq, xd = k(Xl,"" xn ), and

(b) dim k[G][xr] = n.

Here k(F) denotes the field offractions of k[F].
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8.2.17 If G is any non discrete graph with n vertices and C(G) its cone,
prove that the edge subring k[C(G)] has dimension n + 1.

8.2.18 Let G be a graph with vertices Xl, ... , x n and Ie R = k[X1,"" x n ]

its edge ideal. If 'P, 1/J are the maps of k-algebras defined by the diagram

R[T1 , ... , Tq ]~ R(I)

l~
k[C(G)]

'P
Xi~Xi

xti

where C(G) is the cone of G and !l, ... ,fq are the edge generators, then
ker( 'P) = ker(1/J).

8.3 Incidence matrix of a graph

One of the most interesting matrices that have been associated to a graph
is its incidence matrix, here we present some properties of this important
matrix. The reader is encouraged to consult [136] for a thorough study of
the minors of an incidence matrix.

Let G be a simple graph with vertex set V = {Xl, ... , x n } and edge
set E = {Zl"'" Zq}, where every edge Zi is an unordered pair of distinct
vertices Zi = {Xij' XiJ. The incidence matrix MG = [bij ] associated to G
is the n x q matrix defined by

b
i

. = {I if Xi EZj, and
J 0 if Xi ~ Zj.

Note that each column of MG has exactly two l's and the rest of its entries
equal to zero. If Zi = {Xij' Xik} define ai = eij + eik' where ei is the i th
canonical vector in jRn. Thus the columns of MG are precisely the vectors
a1, ... , a q regarded as column vectors. As a simple example consider a
triangle G with vertices Xl, X2, X3. In this case:

with the vectors a1 = e1 + e2, a2 = e2 + e3, and a3 = e1 + e3 corresponding
to the edges Zl = {X1,X2}' Z2 = {X2,X3}, and Z3 = {X1,X3}'

Remark 8.3.1 Let A be a square submatrix of MG. In [136] it is shown
that either det(A) = 0 or det(A) = ±2k , for some integer k such that
o~ k ~ TO, where TO is the maximum number of vertex disjoint odd cycles
in G. Moreover for any such value of k there exists a minor equal to ±2k •
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Recall that a graph G is bipartite if all its cycles are of even length.
Thus any tree and in particular any point is a bipartite graph. The number
of bipartite connected components of G will be denoted by Co, and the
number of non bipartite connected components will be denoted by CI' Thus
c = Co + CI is the total number of components of G.

Lemma 8.3.2 ([136]) IfG is a graph with n vertices and MG its incidence
matrix, then rank(MG) = n - Co.

Proof. Let G j , ••• , Ge be the connected components of G, and ni the
number of vertices of G i . After permuting the vertices we may assume that
MG is a "diagonal" matrix

MG = diag(MG1'" ., MGJ,

where MG; is the incidence matrix of G i . By Proposition 8.2.12 the rank of
MG; is equal to ni - 1 if Gi is bipartite, and is equal to ni otherwise. Hence
the rank of M G is equal to n - Co. D

Definition 8.3.3 Let U be a square matrix with entries in a commutative
ring R. The matrix U is called unimodular if det(U) is a unit in R.

Theorem 8.3.4 ([136]) If G is a graph with n vertices and MG is the
incidence matrix of G, then there are unimodular integral matrices U, V
such that

where
D = diag(I,I, ... ,1,2,2, ... ,2),

n - c is the number if 1 's and CI is the number of 2 'so

Proof. See [136, Theorem 3.3]. D

The matrix S is called the Smith normal form of MG and the numbers
in the diagonal matrix D are the invariant factors of MG.

Corollary 8.3.5 Let G be a graph with vertices Xl, ... , Xn and A G the set
of all vectors ei + ej such that {Xi, Xj} is an edge of G. Then

zn/ZAG ::::: zn-r X Z~' = zeD X Z~',

where r = n - Co is the rank of MG.

Proof. It follows at once from the fundamental structure theorem of finitely
generated modules over a principal ideal domain. See [190, Chapter 3]. D
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Exercises

Chapter 8

8.3.6 Let G be a cycle of length nand MG its incidence matrix. Prove

det(M ) = {±1 ~f n ~s odd
GOlf n IS even.

8.3.7 Let U be a square matrix with entries in a commutative ring R. Prove
that U is unimodular if and only if U is invertible.

8.4 Circuits of a graph and Grabner bases

Let G be a graph. In this section we study the toric ideal P(G) of the
edge subring k[G] from the view point of Grabner bases, and examine the
elementary integral vectors of the incidence matrix of G. For general results
on Grabner bases of toric ideals a standard reference is [278, Chapter 4].

The elementary integral vectors The notion of elementary integral
vector occurs in convex analysis [247] and in the theory of toric ideals of
graphs [278, 303].

If a E jRq, its support is defined as

supp(a) = {i Iai i- O}.

Note that a = a+ - a_, where a+ and a_ are two non negative vectors
with disjoint support.

Remark 8.4.1 If a is a linear combination of /31, ... ,/3r E jRq, then

r

supp(a) C USUpp(/3i)'
i=1

Definition 8.4.2 Let N be a linear subspace of QI. An elementary vector
of N is a nonzero vector a in N whose support is minimal with respect to
inclusion, i.e. supp(a) does not properly contain the support of any other
nonzero vector in N.

The concept of an elementary vector arises in graph theory when N is
the kernel of the incidence matrix of a graph G. The reader is referred to
[247, Section 22] for a precise interpretation of the vector in N as flows of
G which are conservative at every vertex.

Lemma 8.4.3 If N is a linear subspace ofQI and a, /3 are two elementary
vectors of N with the same support, then a = )../3 for some).. E Q.
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Proof. If i E supp(a), then one can write ai = A(3i for some scalar A. Since
supp(a - A(3) <;; supp(a), one concludes a - A(3 = 0, as required. D

Definition 8.4.4 Let N be a linear subspace of Ql. An elementary integral
vector or circuit of N is an elementary vector of N with relatively prime
integral entries.

Corollary 8.4.5 If N is a linear subspace of Ql, then number of circuits
of N is finite.

Proof. It follows from Lemma 8.4.3. D

Definition 8.4.6 Two vectors a = (ai) and (3 = ((3i) in Ql are in harmony
if ai(3i ::::: 0 for every i.

Lemma 8.4.7 ([246]) Let N be a linear subspace of Ql. If 0 i- a E N,
then there is an elementary vector "y E N in harmony with a such that
supp(""() C supp(a).

Proof. Let (3 = ((31,"" (3q) be an elementary vector of N whose support
is contained in supp(a). By replacing (3 by -(3 one may assume ai(3i > 0
for some i. Consider

a· {a'l }Aj = ---.2 = min -.3:. ai(3i > 0 .
(3j l:;i:;q (3i

Note that Zi = (ai - Aj(3i)ai ::::: 0 for all i. Indeed if ai(3i ~ 0, then clearly
Zi ::::: 0, and if ai(3i > 0 by the minimality of Aj one has Zi ::::: o. Thus the
vector a - Aj(3 is in harmony with a and its support is strictly contained in
the support of a. If a - Aj(3 = 0 we are done, otherwise we apply the same
argument with a - Aj(3 playing the role of a. Since being in harmony is
an equivalence relation, the result follows by a recursive application of this
procedure. D

Theorem 8.4.8 ([246]) If N is a vector subspace of Ql and a E N \ {O},
then a can be written as

r

a = I:(3i
i=1

for some elementary vectors (31, ... ,(3r of N with r ~ dim N such that

(i) (31, ... ,(3r are in harmony with a,

(ii) SUPP((3i) C supp(a) for all i, and

(iii) SUPP((3i) is not contained in the union of the supports of (31, ... ,(3i-l
for all i ::::: 2.
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Proof. By induction on the number of elements in the support of a. If a is
not an elementary vector of N, then by Lemma 8.4.7 there is an elementary
vector al EN in harmony with a such that supp(ad C supp(a). Using the
proof of Lemma 8.4.7 it follows that there is a positive scalar Al > 0 such
that a - Al al is in harmony with a and the support of a - Alal is strictly
contained in supp(a). Therefore the result follows applying induction. This
proof uses the original argument given in [246]. D

Corollary 8.4.9 If N is a linear subspace of Ql, then the circuits of N
generate N as a Q-vector space.

Theorem 8.4.10 Let M be an n x q integral matrix and 1jJ the Z-linear
homomorphism

1jJ:zq ----+ zn

given by 1jJ (a) = M (a). If M has rank n, then ker( 1jJ) is generated as a
Z-module by the elementary integral vectors of ker(1jJ).

Proof. Set N = ker(1jJ). Let a1, ... , a q be the column vectors of M and
ei the ith unit vector of zq. By the proof of [278, Lemma 4.9]' the set of
circuits of N is the set of vectors of the form

where 1 ~ i 1 < ... < i n +1 ~ q, and h is the greatest common divisor of the
entries of the vector v, if v is nonzero. For convenience we introduce the
notation v = v(i 1 , ... , in+d and

Set d equal to the greatest common divisor of all the nonzero integers having
the special form [iI, ... ,ij , ••• ,in +1] and

Note ZE c LeN, where L is the Z-module generated by the elementary
integral vectors of N.

We claim that ZE = N. First observe that Land N have both rank
q - n, see Corollary 8.4.9. Since ZE and L have equal rank, one concludes
that N /ZE is a finite group. Thus to show ZE = N it suffices to prove that
N/ZE is torsion-free or equivalently that Zq/ZE is torsion-free of rank n.

Consider the matrix A whose rows are the vectors of E. By the fun­
damental theorem of finitely generated abelian groups the proof reduces to
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showing that the ideal Iq- n (A) of Z generated by the (q - n )-minors of A
is equal to Z.

Fix ~ = [i j , ... ,ij, ,in +1]/d. For simplicity of notation one may
consider the case ~ = [l, ,n]/d. Note that ~ occurs in v(l, ... ,n,i)/d
with a ± sign for i = n + 1, , q. Thus the matrix

(

all

a21
A'-

a(q-n)l a(q_n)n 0 0 0

whose ith row is the vector v(l, ... , n, i)/d is a submatrix of A. Therefore
~q-n belongs to Iq-n(A). If Iq_n(A) i- Z, there is a prime number p
dividing ~q-n for all ~. Thus p divides ~ for all ~, and this implies that
pd divides d, a contradiction. D

On the circuits of a graph Let G be a graph on the vertex set V with
edge set E and incidence matrix M. We set N = ker(M), the kernel of M
in Ql. Note that a vector a E N n zq determine the subgraph Go: of G
having vertex set

Vo: = {x E V I x divide r+}

and edge set

Eo: = {{x,y} EEl xy E supp(r+) U supp(r-)},

where h, ... , fq are the square-free monomials corresponding to the edges
of G, that is, the edge generators of G. Note that we are using the following
notation:

Notation For a = (al, .. . , a q) E 1',W and h, . .. , fq in a commutative ring
with identity we set r = if' ... f: q

• The support of r is defined as the
set supp(r) = {Ii I ai i- O}.

The next result gives a geometric description of the elementary vectors
of the kernel of the incidence matrix of a graph G.

Proposition 8.4.11 ([303]) Let G be a graph with incidence matrix M
and let N be the kernel of M in Ql. Then a vector a E zq n N is an
elementary vector of N if and only if

(i) Go: is an even cycle, or

(ii) Go: is a connected graph consisting of two edge disjoint odd cycles joined
by a path.
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Proof. Assume a E zq n N is an elementary vector of N so that Go: is not
an even cycle. From the equation fO:+ = fO:- we obtain a walk in Go:

W = {XO,Xl"",Xn = XO,Xn+l, ... ,X£},

so that Xl, ... , X£-l are distinct vertices, n is odd and X£ is in {Xl, ... , X£-2}.

The walk W can be chosen so that XiXi+l E supp(fO:+) if i is even and
XiXi+l E supp(r-) otherwise. We claim that X£ is not in {Xl, .. . , Xn-l}.

Assume X£ = X m for some 1 ~ m ~ n - 1. If m and!! - n are odd then the
monomial walk

WI = {XO, Xl,"" X m , X£-l, X£-2,···, X n = XO}

yields a relation r5 = j'r with supp(J - ')') properly contained in supp(a),
which is a contradiction. If m is odd and!! - m is even then we can consider
the walk

WI = {x n , Xn+l,···, X£ = X m , Xm+l,"" xn }

and derive a contradiction, the remaining cases are treated similarly. We
may now assume X£ = X m for n ~ m ~ !! - 2. The cycle

Cl = {x m , ... ,Xi = X m }

must be odd, otherwise Cl would give a relation r5 = j'Y with supp(J - ')')
a proper subset of supp(a). The walk W gives a relation r5 = j'Y with

supp(f°) c supp(r+) and supp(fl') C supp(r-).

Hence supp(J - ')') is a subset of supp(a), and since the support of a is
minimal one has the equality supp(J - ')') = supp(a). Therefore

Vo: = {Xl, ... , xe}

and Go: is as required. The converse follows from Corollary 8.2.4. D

Definition 8.4.12 A circuit of a graph G is either an even cycle or a
subgraph consisting of two edge disjoint odd cycles joined by a path.

Proposition 8.4.13 If G is a graph with incidence matrix M and P is the
toric ideal of k[G], then

P = ({TO:+ - TO:-I a E zq and Ma = O}).

Proof. The result is a consequence of Corollary 7.1.4. D

Let G be a graph with incidence matrix M and let N = ker(M) C Q1.
The next example was computed using Macaulay [15], it shows that the
set of elementary integral vectors of N does not determine the presentation
ideal of k[G].
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Example 8.4.14 Let R = k[a, ... , 0] be a polynomial ring over a field k
and let G be the labeled graph

a b f g k

o

d

n

h

m

the toric ideal P of k[G] has height three and k[G] is not Cohen-Macaulay.
The toric ideal P is minimally generated by

Remark 8.4.15 By Proposition 8.4.11 there are, up to sign, exactly nine
elementary integral vectors of N. They are in one to one correspondence
with the exponent vectors of the first nine generators given above. Therefore
the set

{TCl:+ - TCl:-1 a is an elementary integral vector of N}

is not a generating set for the presentation ideal of k[G].

Corollary 8.4.16 Let G be a graph with incidence matrix M. If A = (Ai)
is an elementary integral vector of N = ker(M), then IAil ~ 2 for all i.

Proof. Let A be an elementary integral vector of N. Since G,\ is an even
cycle or two edge disjoint cycles joined by a path we obtain an elementary
integral vector a with supp(a) = SUpp(A) and so that lail ~ 2 for all i.
Because any two elementary vectors with the same support are dependent
we obtain A = a. D
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Theorem 8.4.17 Let G be a connected graph with q edges and let P be the
toric ideal of k[G]. Then the total degree of a polynomial in any reduced
Grabner basis of P is less or equal than 2q dim Ze (G).

Proof. Let M be the incidence matrix of G and let

N={aE(lIMa=O}.

Assume F is the reduced Grabner basis of P and take f = f(T) E F. Using
Corollary 7.1.5 and Corollary 8.4.13, together with the fact that normalized
reduced Grabner basis are uniquely determined, we obtain f (T) = TD: - T{3.
Notice that supp(a) n supp(,B) = 0, otherwise take i in the intersection
and write f(T) = Ti(Ta - T b). Since T a - T b reduces w.r.t F it follows
that f(T) reduces w.r.t F \ {f} which is impossible. We can now write
f(T) = TD:+ - TD:- for some a E N n zq. By Theorem 8.4.8 we can write
a = I:~=1 aiAi for some ai E Q+ , and for some elementary integral vectors
Ai each in harmony with a and such that SUpp(Ai) C supp(a) for all i and
r < dim N. Hence

T r

a+ = 2:.::ai(Ai)+ and a_ = 2:.::ai(Ai)-.
i=l i=l

If ai > 1 for some i then ai+ and ai_ are componentwise larger than Ai+
and Ai- respectively, note that this is not possible by the previous argument.
Hence 0 < ai ~ 1. Using Corollary 8.4.16 it now follows that the entries of
a satisfy lail ~ 2dimZe (G) for all i, which gives the asserted inequality. D

Let G be a graph with incidence matrix M and N = ker(M) the kernel
of M in Ql. Let A1' ... ,As are the elementary integral vectors of N. Define
the elementary zonotope of N as EN = [0, A1] + ... + [0, As].

Corollary 8.4.18 If N is the kernel of the incidence matrix of a graph G
and P is the toric ideal of k[G], then

U = {TD:+ - TD:- Ia E EN n zq}

is a universal Grabner basis for P.

Exercises

8.4.19 Prove that the elementary integral vector ofthe kernel ofthe matrix
M are precisely the row vectors of the matrix A with a ± sign

M=(4310)o 1 3 4

-3
-4

1
o

10)o 1
-3 2 .
-4 3
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8.5 Edge subrings of bipartite planar graphs

It is the goal of this section to extract information about the edge sub­
ring k[G], where G is a bipartite planar graph, by studying the particular
geometry of the graph G.

Our exposition follows closely that of [85], all the main results and proofs
in this section are due to Luisa Doering and Tor Gunston.

Atomic cycles Let G be a bipartite planar graph with vertex set

and
R = k[xj, ,xn ]

a polynomial ring over a field k. If h, , fq are the edge generators of G,
that is, the monomials that correspond to the edges of G, then the presenta­
tion ideal P(G) ofthe edge subring k[G] is the kernel of the homomorphism
of k-algebras

8 j = k[Tj , ••• ,Tq] ----+ k[G]

induced by the assignment Ti 1---7 Ii- By abuse of notation, we will sometimes
refer to "the edge Ti ".

Fix an embedding of the graph G in the plane. Let c be an even closed
walk, c = Til' ... , Tizr. For any such walk, write

By Proposition 8.1.2, we have that the generators of P(G) correspond to
cycles in G:

P(G) = ({Tel C is a cycle in G}).

Since G is embedded in the plane, G divides the plane into regions. If c is
a closed walk that bounds a region (not including the unbounded region)
we say that c is an atomic cycle (even though it need not have distinct
vertices). Let A(G) c P(G) be the ideal generated by

{Te I c is an atomic cycle in G}.

As G is embedded in the plane, every cycle in G has a locus in the plane. We
denote cycles by lower case letters, and use the same symbol for its locus;
the corresponding upper case letter denotes the open region in the plane:
a = 8A. Similarly, for each atomic cycle Ci, we denote the open region it
bounds by Ci .

If G can be written as G = G j U G2 , where G j and G2 are subgraphs
with at most one vertex in common, then

P(G) = (P(Gd,P(G2 )),
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Therefore, we will limit ourselves to graphs which are 2-connected (that
is, connected graphs with no cutvertices). Under this assumption, atomic
cycles will actually be cycles.

For any vector v = (VI, ... , vq ) we will write TV for Tt ... T;q. If u and
v are vectors with non-negative components, then we define (u, v) to be the
vector whose ith component is given by (u, V)i = max(O, Ui - Vi)'

In the sequel, G is a 2-connected bipartite planar graph with a fixed
embedding in the plane, n vertices, q edges and r regions.

Polarizations The concept of polarization will allow us to define term
orders which in some respects are the "right ones" to study peG) and some
homomorphic images of peG).

Definition 8.5.1 Let c be an even closed walk of G, c = Till'''' Tit' A
polarization of c is the set

or the set

Let {Cl,' .. ,cr } be the atomic cycles of G. A polarization P of G is a set

where Pi is a polarization of Ci for all i such that

(a) for i i- j we have Pi n Pj = 0, and

(b) {Ti ITi ~ Pj for j = 1, ... , r} is a polarization of w, where w is the
boundary of the unbounded region.

Proposition 8.5.2 ([85]) G has a polarization.

Proof. Let {Xl, .. ' , x n } be the vertex set of G. Form a new graph G' as
follows. G' has vertex set

and edge set

{{Xi, Xj}1 {Xi, Xj} is an edge in G}

U{{xi,Yj}lxi is in the atomic cycle Cj}.
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In other words, G' is obtained from G by adding a vertex in each bounded
region and connecting it to each vertex in the boundary of that region. We
view G as a subgraph of G'. It is clear that G has a polarization if the plane
map determined by G' can be 2-colored. In order to verify this, we let Gil
be the graph with vertex set

{vii Vi is a bounded region of G'}

and edge set
{ {Vi, Vj} IVi is adjacent to Vj in G'}

We claim that Gil is bipartite. Gil has an embedding in the plane induced
from the embedding of G, so we need only check that every atomic cycle of
Gil is even. The atomic cycles of Gil are of two sorts: those corresponding
to a vertex Xi and those corresponding to a vertex Yi. A cycle corresponding
to a vertex Yi is even because G is bipartite. It is easy to check that a cycle
corresponding to a vertex Xi is even also. Thus Gil is bipartite. D

Lemma 8.5.3 IfP = {P1, ... , P r } is a polarization ofG, then by relabeling
one may assume that Ti E Pi and that if 1 ~ i < j ~ r, T j does not appear
in the cycle Ci.

Proof. We induct on r, the number of atomic cycles. If r = 1 the lemma
is clear. Assume r > 1. It is not hard to see that there is al least one edge
that appears in only one atomic cycle, that we label cr , and is contained in
Pr' Label this edge Tr . Let G' be the graph obtained from G by deleting all
edges and vertices that do not appear in any atomic cycle except Cr' Then
G' is planar and bipartite, and is oriented by

p' = {P1 , ••• , Pr-d·

Apply the lemma, labeling with T1 through Tr - 1 , and we are done. D

Proposition 8.5.4 If C1, ... ,Cr are the atomic cycles, then Tel' ... ,Ter is
a regular sequence.

Proof. Assume we have a labeling as in the previous lemma. Let > be the
lexicographical ordering on 8 1 with

and let in(-) refer to the initial term or ideal with respect to this ordering.
Let mi = in(TeJ. Note that

mi = II{Tk E Pd,

so for i i- j we have gcd(mi, mj) = 1. Hence the height of (Tel' ... ,Ter ) is
r, as required. D
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Example 8.5.5 Let G be the following graph and consider the polarization
obtained by taking pairs of dashed lines in each atomic cycle.

T 2
e--e--e

T, I: C1 : I C2

e--e--e

~; I: T 4
C4 : I

e--e--e

Thus with the lex ordering T 1 > ... > T4 > T5 > ... > T 12 the binomials
T

C"
••• , TC4 form a Grabner basis for the ideal they generate.

Fixing more notation Choose a polarization P = {P1 , ... , Pr } of G.
Assume that the edges are labeled such that Ti E Pi. We employ the
following notation:

pc {T1, ... ,Tq } \UPi ,

Pf {Tj ITj appears in cd \ Pi

and for any cycle a, with a = 8A:

P a {Tjl Tj appears in a and Tj E Pi for some Ci C A}.

Let
N = pc U {T· - Til < i < rand T E p.}., J - - J'

Set 52 = k[U1 , ... , Ur ] and define a homomorphism ¢ of k-algebras by:

{
0 if Tk E pc

Ui if Tk E Pi.

Note ker(¢) = (N) and 52 = k[U1 , ... , Ur ] e'! 5l/(N).

Term orders Define a term order in 52 as follows: Assume that the
atomic cycles of G are labeled Cl, ... , Cr in such a way that for every atomic
cycle Ci, there is a sequence of atomic cycles

Ci = Ci, , ••• , Ci/ (8.2)



Monomial Subrings of Graphs

such that i l < i 2 < ... < il and

Pfj n Pi j+1 i­
P~ n pc i-

ofor j = 1, ... ,I - 1

0.
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To see that this can always be done, choose an atomic cycle w such that

P::V n pc i- 0

and label that walk w = Cr' Let G' be obtained from G by deleting all those
edges that appear in no atomic cycle other than Cr' Inductively, label the
cycles of G' with Cl,"" Cr-l'

Let> S2 be the reverse lexicographic ordering with respect to this order­
ing, with UI >S2 U2 >S2 '" >S2 Ur ·

Now we define a term order on SI as follows: for monomials a and b in
SI, say a >-- b if ¢(a) >S2 ¢(b). Let >S, be a term order on Sl that is a
refinement of >--.

Remark. For a cycle a, we write T a = Ta+ - Ta- where T a+ = in>sl (Ta ).

It is easy to see that
T a+ = II Ti .

TiEPa

Grabner Bases In this part we find Grabner bases for ¢(P(G)) and
¢(A(G)) with respect to the term orders introduced in the previous para­
graph. We write g "" h for the reduction of g to h with respect to a set of
polynomials and a term order. For any two cycles a and b, we will write

Ta,b = T(b+,a+)T
a

- T(a+,b+)n = T(a+,b+)+b- _ T(b+,a+)+a-.

Note that Ta,b is the S-polynomial of T a and T b with respect to > S" If A
is a region in the plane, we write if for the closure of A.

Proposition 8.5.6 Let a and b be cycles. Suppose the connected compo­
nents of A \ B are AI, ... ,As and the connected components of B \ if are
B I , ... , B t . Then Ta,b E (Ta""" T a" Tb" ... , T bt )·

Proof. The proof is left as an exercise. D

Note that since the initial terms of the Tai and the Tbi are all rela­
tively prime, they form a Grabner basis for the ideal they generate; see
Lemma 2.4.14. Thus, it follows from Proposition 8.5.6 that Ta,b "" 0 with
respect to Tal' ... , T a" Tb, , ... , T bt ·

Lemma 8.5.7 Let A = k[XI, ... , x n ] and let> be a term order on A.
Suppose mg "" 0 with respect to h, ... , fs, where g, h, ... ,fs E A and m is
a monomial such that gcd(m,in>Ui)) = 1 for 1 ~ i ~ s. Then g "" 0 with
respect to h,···, fs.
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Proof. The proof is left as exercise.
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D

Theorem 8.5.8 ([85]) M = M(G) = {¢(Tc)1 c is a cycle} is a Grabner
basis for ¢(P(G)) with respect to >S2'

Proof. For an exponent v of T we will write ¢(v) for the vector such that
¢(TV) = U¢(v). Let a and b be cycles. Then

Ua = u¢(a+) - u¢(a-) and Ub = U¢(b+) - U¢(b-).

Let

Ua,b U(¢(b+),¢(a+))Ua - u(¢(a+),¢(b+))Ub
u(¢(a+),¢(b+))+¢(b-) _ U(¢(b+),¢(a+))+¢(a-).

By Buchberger's criterion, it suffices to show that Ua,b "" 0 with respect to
{Uc = ¢(Tc)1 c is a cycle}.

By Proposition 8.5.6, Ta,b "" 0 with respect to Tal' ... ,Ta" TbJ , ... , Tbt .
Since every Tai and Tbi is a binomial or monomial, every step in the re­
duction Ta,b "" 0 is a binomial or monomial. Further, since TU >S, TV
implies U¢(u) ~S2 U¢(v), for any binomial f E 81 we have ¢(f) = 0 or
ins2 (¢(f)) = ¢(ins 1 (f)). Thus

¢(Ta,b) = T¢((a+,b+))+¢(b-) - T¢((b+,a+))+¢(a-) "" 0

with respect to Ua" ... , Ua" UbJ , ••• , Ubt .
It can be easily seen that Ua,bl¢(Ta,b) and the quotient is a monomial

UV such that UilUv implies C i C An B. Thus, by Lemma 8.5.7, Ua,b "" 0
with respect to {Ucl c is a cycle }. D

Note that it follows from this and from Buchberger's criterion that

{Tcl c is a cycle in G}

is a Grabner basis for P(G) with respect to >S" In fact, it is actually a
universal Grabner basis, even in the case where G is not planar according
to Proposition 8.1.10.

Theorem 8.5.9 ([85]) B = B(G) = {¢(Tc)1 c is an atomic cycle} is a
Grabner basis for ¢(A(G)) with respect to >S2'

Proof.

{
U IPil 'f t . d' pcU . = ¢(T .) = i 1 Ci con ams any e ges m ,

c, C, UJPi I _ Uh ... Ujk if Ci doesn't contain any edges in pc,

where ch , ... , Cjk are the atomic cycles that share an edge with PI, counting

multiplicities. Since in>s2(Uc,) = UJPil, the result is clear. D
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Applications As applications of the results of the previous paragraph,
we show that N is a system of parameters for k[G].

Corollary 8.5.10 height A(G) = r.

Corollary 8.5.11 ([85]) The image of N in Sl/A(G) forms a system of
parameters.

Proof. Both corollaries follow from the fact that

in>s2(¢(A(G))) = (U)P,I, ... ,U;PTI)

is (U1 , ... , Ur )-primary, and the fact that N has the expected number of
elements. From

INI = Ipel + I:(IPil- 1) = Ipel + I: IPil- r = q - r,
i

one obtains that N has q - r elements.

Proposition 8.5.12 height P(G) = r.

Proof. It follows from Proposition 8.2.12.

D

D

Corollary 8.5.13 ([85]) The image of N in SdP(G) ~ k[G] forms a sys­
tem of parameters.

Proposition 8.5.14 If a is a cycle and Ta E (Tel c is a cycle, c i- a), then
a has a chord.

Proof. If Ta E (Tel C is a cycle, c i- a), then each term of T a must be
divisible by a term of Te for some c i- a. D

For the purposes of computing Hilbert functions, we clarify that the
various rings involved are graded by

deg(Ti) = deg(Ui) = 1 and deg(xi) = 1/2.

Thus the isomorphism

is a graded isomorphism of standard k-algebras.

Corollary 8.5.15 The Hilbert series of k[G] can be written as

Q(t)
Fk[G] (t) = (1 _ t)n-l '

where Q(t) is a polynomial with positive integer coefficients and

degQ(t) ~ I: IPil- r.
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Proof. Let k[G] = Sd(N + P(G)) e'! S2/¢(P(G)). Since the edge subring
k[G] is Cohen-Macaulay, the image of N in k[G] is a regular sequence. Thus

Fi,,[G](t)
Fk[G] (t) = (1 _ t)n-l .

We have that

in>sz ¢(P(G)) = (Ut,l , ... , UJPrl, other monomials ).

Then we have Q(t) = H k[G] (t) with the desired properties. D

Exercises

8.5.16 Let G be the bipartite graph

: Xl X4.•.. ,., ... ".,' .

X5.' _4 Xs

and P(G) the toric ideal of k[G] obtained by mapping tij to XiXj' Prove that
P(G) is a Cohen-Macaulay ideal of height 5. If we order the tij variables in
reverse lexicographical order:

t 14 > t 23 > t 12 > t56 > t37 > t 26 > t34 > t78 > t 15 > t 4s > t67 > t5S,

use this order to show that I = (h l , h2 , h3 , h4 , h5 ) is a complete intersection
inside P(G), where

h l = t 15 t 4S - t 14 t 5S, h2 = t37 t 26 - t23 t 67, h3 = t12 t 56 - t 26 t 15,

h4 = t 14 t 23 - t12 t 34, h5 = t34 t 78 - t 37 t 4S'

Find an appropriate embedding of G in the plane to explain how this order
was obtained and why this order is useful to find a maximal regular sequence
of binomials inside P(G).

8.5.17 Let G be a graph that can be written as G = G l UG2 , where G l and
G2 are subgraphs with at most one vertex in common. If G l is bipartite,
then P(G) = (P(Gd, P(G2)) and

k[G] e'! k[Gd @k k[G2].
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8.5.18 Show that the following embedding in the plane of the bipartite
graph consisting of two edge disjoint squares that meet at a point has atomic
cycles which are not cycles.

8.6 Normality of bipartite graphs

In this section we characterize the torsion freeness of an edge ideal in graph
theoretical terms and study the integral closure of the powers of an edge
ideal. Two key notions to our examination are the even cycles and certain
class of configurations of the graph closely related to the circuits of the
graph.

Torsion freeness of bipartite graphs

We shall prove here that edge ideals of bipartite graphs are normally torsion
free. In particular, by Proposition 7.3.17 and Theorem 7.2.35, their Rees
algebras are normal Cohen-Macaulay domains.

The main technical device is the following:

Lemma 8.6.1 Let G be a bipartite graph and let 1= I(G) be its edge ideal.
If XI is a vertex in G, then XI IS n (1s+l: XI) C Is+1 for all s :::: o.

Proof. The proof is by induction on s. The case s = 0 is easy to verify.
Assume the containment true for all integers less than s. Assume M is a
monomial belonging to XI IS n (1s+l: XI) \ Is+l. There are square-free mono­
mials of degree two M I , ... , M s' N I , ... , N S+I in I so that M = MI'" MsM
and XI M = N I ... N S+IL, for some monomial L and for some monomial M
divisible by XI. We set M = XI MI' By an induction hypothesis we may
assume MiJ ... Mir i- Nj, ... N jr for all increasing sequences {i k}, {jk}
having values in {I, ... ,s} and for all r :S s.

For convenience, set M S+I = N s+2 = 1. Given 1 :S k :S s + 1 we claim
that there are distinct vertices XI, ... ,X2k of G so that (after re-ordering
the Ni's and Mi's) Mi = X2iX2i+1 for i :S k - 1, Ni = X2i-IX2i for i :S k,
and Mk'" MsM = X2kNk+I'" Ns+IH, for some monomial H.
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The proof of the claim is by induction on k. If k = 1, from the equation
xlM = N I ···N8+IH and using that M ~ 18+1, we obtain N i = XIX2
for some i. We reorder the Ni's such that N I = XI X2, which shows that
M = X2N2'" N 8+IH. Assume that the claim is valid for k and consider
the equality

M k ··· M 8M = X2kNk+1 .,. N 8+IH.

Observe that if X2k divides M, then the equation

M (X2X3)'" (X2k-2X2k-I)Mk'" M8(xI X2k)M I

NI···NkMk ···M8 M I

(8.3)

implies M E 18+1. Hence X2k divides Mi for some k :S i :S s; as before we
re-order the Mi's so that M k = X2kZ for some vertex z. If z E {XI,"', x2d,
then either z = Xi with i odd and in this case we have an odd cycle, or i
is even and we have a relation of the form Mil ... Mir = Nj, ... N jr : using
that G is a bipartite graph together with our previous assumptions we see
that none of these cases can occur. Therefore z = X2k+1 satisfies:

Since M ~ 18+1 the last equation shows that X2k+1 divides N i for some i,
say Nk+1 = X2k+1 W for some vertex w. We set w = X2k+2. Notice that by
the last argument w ~ {XI, .. ' X2k+1}, and the induction on k is complete.
We now apply the claim for k = s + 1 to obtain M = X28+2H. To complete
the induction on s, if k = s + 1 then an application of Eq. (8.3) above leads
to M E 18 +1

, which is a contradiction to the initial choice of M. D

Lemma 8.6.2 Let G be a graph and U = {XI, ... ,xr } a subset of the vertex
set of G. If A is a minimal vertex cover of G, then NG(U) rt- A, where
NG(U) is the neighbor set of U.

Proof. Set N = NG(XI,.'" x r ). Assume A is a minimal vertex cover of G
such that N c A. Take an edge e of G. If XI E e, then e = {XI, z} with
zEN, thus z E A \ {xd and en (A \ {xd) i- 0. If XI rt e, then using
en A i- 0, one has en (A \ {xd) i- 0. Altogether A \ {xd is a vertex
cover of G, which contradicts the minimality of A. Therefore N cannot be
contained in A. D

Theorem 8.6.3 ([262]) Let G be a graph and let I
ideal. The following conditions are equivalent:

(i) G is bipartite.

(ii) I is normally torsion free.

I (G) be its edge
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Proof. Let V = {Xl, ... , xn } be the vertex set of G and let

R = k[x] = k[Xl,'" ,xn ]

313

be a polynomial ring over a field k. We set m = (x).
(i) => (ii) We will proceed by induction on n. The ideal I is clearly

normally torsion free for n = 1 and n = 2. Assume I is normally torsion
free for bipartite graphs with fewer than n vertices. Let P E Ass(R/IS) for
some s. First notice that by Lemma 8.6.1

m i= (P: M)

for every monomial M in the x variables and for all s :::: 1. As a consequence
m is not an associated prime of R/IS for all s. Therefore, P is a face ideal
properly contained in m, hence Ip can be written (after a permutation of
the variables) as

where G l is a bipartite subgraph of G. Using the induction hypothesis we
conclude that

PRp E Ass(Rp/Ip),

which gives P E Ass( R/I) and the proof is complete.
(ii) => (i) Assume G is not bipartite and pick an odd cycle with vertices

Xl, ... ,Xr • Set k = (r + 1)/2 and f = Xl" ·xr • Note f rt Ik, because any
monomial in I k has degree at least 2k. Let

be the neighbor set of {Xl, ... ,xr }. Note that f E I(k), because according
to Lemma 8.6.2 the linear form s = Xl +... +Xs is a nonzero divisor of R/I
and sf E I k. Therefore Ik i= I(k), a contradiction to Proposition 3.3.26. D

Let G be a non bipartite graph and I = I(G) its edge ideal. According
to [38] the sets Ass(R/In) will stabilize for large n. A recent article [62]
gives a constructive method to find this stable set and present an upper
bound on where the stable set will occur.

Corollary 8.6.4 ([262]) Let G be a graph and 1= I(G) its edge ideal. If
G is bipartite, then the Rees algebra R(I) is a normal domain.

Proof. Note that I(G) is a radical ideal which is generically a complete
intersection and use Theorem 3.3.31. D
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We discuss here some typical behavior of the integral closure of the powers
of an edge ideal.

Proposition 8.6.5 If I is the edge ideal of a graph, then 12 is integrally
closed.

Proof. Is left as an exercise. D

M. Hochster pointed out the next example showing that the proposition
does not extend to the next power of I.

Example 8.6.6 (Hochster's configuration) Let G be the graph

XI

Note that f = (XIX2X3)(X5X6X7) satisfies f E 13 \ 13
•

This example leads naturally to the following concept.

Definition 8.6.7 Let G be a graph. A Hochster configuration of order t
(H-configuration for short) in G consists of two odd cycles C2r+ I and C2s+ I

satisfying the following conditions:

(i) C2r+ 1 n N(C2s+d =0 and t = r + s + 1.

(ii) No chord of either C2r+1 or C2s+1 is an edge of G.

Given such a configuration, we consider the product of the monomials
corresponding to the two cycles to produce new generators of the integral
closure of the appropriate powers of I (G) .

Proposition 8.6.8 If I is the edge ideal of a graph G admitting an H­
configuration of order t, then It i- It.

Proof. The monomial obtained by multiplying all the variables in the two
cycles of the configuration is an element of It \ It. Indeed, let

o= ZI ... Z2r+1 and ""( = WI ... W2s+1

be the monomials corresponding to the two cycles in the configuration. By
definition, we have r + s + 1 = t. Therefore 0""( E It-I \ It. On the other
hand 0 2 E I 2r+1 and ""(2 E I 2s+l, thus (0""()2 E I 2(r+s+l) = I 2t. This shows
that 0""( E It. D
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Conjecture 8.6.9 ([262]) The edge ideal of a graph G is normal if and
only if G admits no H-configurations.

As it will be seen in the next section this conjecture has a positive answer,
but first we need to find a good description for the integral closure of the
edge subring of a graph.

Exercises

8.6.10 Let R = k[xj, X2, X3, yj, Y2, Y3, Y4] and I = h J3 + hJj , where IT
(resp. JT ) denote the ideal of R generated by the square-free monomials
of degree r in the Xi variables (resp. Yi variables). If z = XjX2X3YfY2Y3Y4,
then Z2 E 14 and z E 12 \ 12.

8.6.11 Let G be a graph. Explain the differences between a circuit of G
and an H-configuration of G.

8.7 The integral closure of an edge subring

Let G be a graph and let k[G] be the edge subring of G over an arbitrary
field k. In general, it is difficult to certify whether k[G] has a given algebraic
property or to obtain a measure of its numerical invariants. This arises
because the number q of monomials is usually large. It is similarly difficult to
carry out manipulations such as those required in the Noether normalization
process. Our goal here is to unfold a construction for the integral closure or
normalization k[G] of k[G], for this purpose the underlying graph theoretic
aspects are very helpful.

A combinatorial description of normalizations

Let us begin by proving the normality of edge subrings associated to graphs
which are nearly bipartite.

Proposition 8.7.1 Let G be a connected graph and k a field. If G has at
most one odd cycle, then k[G] is normal.

Proof. We may assume that G has a unique odd cycle, for otherwise G is
a bipartite graph and by Theorem 8.6.3 k[G] is normal. Pick an edge e of
G which is on the unique odd cycle and set H = G\ {e}. Notice that H is a
connected bipartite graph because e is not a bridge (it is on a cycle). Hence
k[H] is a normal domain of dimension dim k[G] -1 (see Proposition 8.2.12).
Consider the epimorphism

k[H][t] ~ k[G] ----+ 0, induced by t.p(t) = fe,
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where t is a new indeterminate and fe is the monomial corresponding to e.
Since k[H][t] and k[G] are both Noetherian domains of the same dimension,
'P is an isomorphism. Therefore k[G] is normal. D

Lemma 8.7.2 Let G be a graph without even cycles. Then the intersection
of any two cycles is either a point or the empty set.

Proof. Let ZI = {ZO,ZI"",Zn =zo} and Z2 = {WO,WI, ... ,Wm =wo} be
two distinct cycles of G such that ZI n Z2 i- 0. We may assume Zo = Wo
and WI rt ZI. Let

j = min{i :::: 11 Wi E ZI},

and write Wj = Zs. If 0 < s < n, considering the cycles

{Wo,WI, ... ,Wj =Zs,ZS-I,""Zo}

and {wo,wl, ... ,Wj = Z"Zs+I"",Zn}

of lengths s + j and j + n - s, respectively, we obtain that n is even, which
is a contradiction. Therefore s = 0 or s = n. To conclude observe that
Z2 = {wo, WI, ... ,Wj_l, zo}, hence ZI n Z2 = {zo}. D

Definition 8.7.3 A graph G having just one cycle is said to be unicyclic.

Definition 8.7.4 Let G be a graph without even cycles. A cycle Z of G is
said to be a terminal cycle if N(Z) = Z U {v}, for some v ~ Z.

Lemma 8.7.5 Let G be a connected graph without even cycles. Assume
that ZI nN(Z2) = 0, for any two cycles ZI,Z2 ofG. JfG is not a unicyclic
graph, and deg(v) :::: 2 for all v E V (G), then G has at least two terminal
cycles.

Proof. Let ZI, ... , Zr be the cycles of the graph G. We now construct a
new graph T having vertex set

Thus the vertices of T are the cycles of G, together with the vertices of G
not lying on any cycle of G. Two points YI , Y2 of T are adjacent if and only
if YI n N(Y2 ) i- 0, here we regard a vertex v of G as the one point set {v}.
Notice that T is a tree and that the terminal cycles of G correspond to the
end points of T. Hence G must have at least two terminal cycles. D
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The integral closure in terms of bow ties Let G be a graph with
vertex set V = {XI, ... , xn} and let R = k[XI, ... , xn] be a polynomial ring
over a field k.

The set {fI, ... , I q } will denote the set of all monomials XiXj in R such
that {Xi, Xj} is an edge of G. Note

k[G] = k[fI, ... ,lq] C R

In general it is difficult to predict which elements lie in the integral clo­
sure of an affine domain, but in the case of k[G] one has the following general
description: k[G] is also a monomial subalgebra generated by monomials

I = Xf' ... x~n = x f3 , f3 EN",

with the following two properties (see Theorem 7.2.28):

• I = IT It i
, ai E Z,

• 1m = IT Ifi , m, bi E Nand m :::: 1.

The first condition asserts that I lies in the field of fractions of k[G], the
other being the special form the integrality condition takes for such ele­
ments.

To explain the description of k[G] we begin by exhibiting some mono­
mials in the integral closure of k[G]. A bow tie of a graph G is an induced
subgraph w of G consisting of two edge disjoint odd cycles

ZQ = Z5

Zs

Zg

joined by a path {Zr, ... , zs}. In this case one sets M w = ZI '" ZrZs+1 .,. Zt.
We observe that ZI and Z2 are allowed to intersect and that only the vari­
ables in the cycles occur in M w , not those in the path itself.

If w is a bow tie of a graph G, as above, then M w is in the integral
closure of k[G]. Indeed if gi = Zi-IZi, then

M w = II gi
i odd

Hence M w E k[G].

II -I
gi

i even
r<i"5cs

and



318 Chapter 8

Lemma 8.7.6 Let G be a connected graph without even cycles, V the vertex
set of G, and iI,·.·, fq the monomials defining the edges of G. Assume the
conditions:

(a) Zl n N(Z2) = 0, for any two cycles Zl, Z2 of G, and

(b) deg(v) 2: 2 for all v E V and G has an even number of vertices.

Then IT vEV v is in k[E], where E = {iI, ... , fq} U {Mwl w is a bow tie}.

Proof. The proof is by induction on the number of cycles of the graph G.
Set Z = IT vEV V. If G has exactly two cycles, then G is a bow tie and we
can write Z = N, where f E k[G] and J = MG is the product of the vertices
in the two cycles. We may now assume that G has at least three cycles.

By Lemma 8.7.5 there are two terminal cycles

There is a path {x r , Xr+l, ... ,xr1 }, so that r + 1 ::; rl, deg( Xj) = 2 for all
r < j < rl, and deg(x r1 ) 2: 3. Likewise there is a path {YSl Ys+l,···, YS1}'

so that s + 1 ::; SI, deg(Yj) = 2 for all s < j < SI, and deg(Ysl) 2: 3. We
may assume rl and Sl even, for otherwise, if rl is odd, we write

Z = (XlX2)(X3 X 4) ... (XrXr+l)'" (X rl -2 Xrl-l) Il[ v,
vEV1

where VI = V \ {Xl, ... ,Xr1-l}, and then use induction. It is not hard to
show that

Set

If X r1 i= YS 1 then we write

S r

Z = 0"10"2 Il[ Yi Il[ Xi Il[ v,
i=l i=l vEV1

where VI = V \ {Xl, ... ,Xr1-l, Yl,· .. ,Ysl-d, hence using induction we get
Z E k[E]. We may now assume that rl, Sl are even and X r1 = YSI' Consider
the subgraph

If deg(x r1 ) 2: 4, then applying the induction hypothesis to H we obtain
Z E k[E]. Assume deg(x r1 ) = 3. Note that H has a terminal cycle

Z3 = {ZQ, Zl , ... ,Zt = ZQ}
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and there is a path {Zt,Zt+1, ... ,Zt,}, so that t + 1 ~ t 1, deg(zj) = 2 for
all t < j < t1, and deg(zt,) 2: 3, by the previous arguments we are reduced
to the case r1, Sl, t1 even and XT1 = YS 1 = Zt,. Observe that this forces the
equality

To complete the proof we use the identity

T

Z = (Zl Z2) (Z3 Z4) ... (Zt, -1 Zt,)o-l 0"2 II Xi II Yi,

i=l i=l

to derive Z E k[E]. D

Given a graph G we set A G = {log(h),· .. , log(jq)}, where iI,···, fq are
the monomials corresponding to the edges of G and log(ji) is the exponent
vector of fi' The affine subsemigroup of Nn generated by A G will be denoted
by CG. Thus

CG= L Na.
aEAG

The cone generated by CG will be denoted by lltt CG, it is equal to

Note that k[G] is equal to the affine semigroup ring k[CG]. This cone will
be studied closely in Section 8.8.

Lemma 8.7.7 Let Gland G2 be two finite sets of monomials in disjoint
sets of indeterminates. Then k[G l U G 2 ] c::: k[Gd 09k k[G2 ] and

is the subring generated by the generators of k[Gd and k[G 2 ].

Proof. Set G = G1 U G2 • By Theorem 7.2.28 we have

On the other hand there is a decomposition

Using this equality the assertion follows readily. D

Corollary 8.7.8 Let G be a graph and G 1 , ... ,GT its connected compo­
nents. Then k[G] is normal if and only if k[G i ] is normal for each i.
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Theorem 8.7.9 ([263]) Let G be a graph and k a field. Then the integral
closure k[G] of k[G] is generated as a k-algebra by the set

E= {h, ... ,fq}U{Mwlw is a bow tie},

where h, ... , f q denote the monomials defining the edges of G.

Proof. Let V = {X1, ... ,Xn } and E = {el, ... ,eq } be the vertex set and
edge set of G, respectively. According to Theorem 7.2.28 one has:

The proof is by induction on q, the number of edges of G. The case q = 1
is clear. Assume q 2: 2 and that the result is true for graphs with less than
q edges. If ei = {xj, xd, we set fi = XjXk·

First we remove all the isolated vertices of G, without affecting the
subring k[G]. By Lemma 8.7.7 and the induction hypothesis we may assume
that G is a connected graph. We may also assume that deg(v) 2: 2 for all
v E V; because if deg(v) = 1 and fi = VXj, then setting G' = G \ {ed we
have k[G] = k[G'][fi], the latter being a polynomial ring over k[G'], hence

and Ii is not part of a bow tie, which by induction yields the required
equality.

Let z = x a E k[G] be a minimal generator of the integral closure of k[G].
There is a positive integer m so that

zm = fmAl '" f mAq = fbI ... fb q where A' E Z and b· E Z+ Vi (8.4)
1 q 1 q , 1 '"

Observe that if bi = Ai = 0 for some i, then each bowtie of G \ {ei} is
a bowtie of G and the induction hypothesis yields z E k[E]. Hence we
may further assume that all the monomials h, ... ,f q must be present in
Eq. (8.4). There are two cases to consider.

Case (I): Assume that G contains an even cycle Z. We set Vi = log(fi)'
For convenience we use the edges of G to represent the cycle Z by the
sequence {ei" ... , eik}' where two consecutive edges are adjacent. If bir = 0
for some 1 :s; r :s; k, then using the relation

k k

~)-l)jvij = 2)-1)jlog(!i;) = 0,
j=l j=l

that comes from the even cycle, we may rewrite Eq. (8.4) as

(8.5)

zm = fm!"l ... fm!"q = fbI ... fb q where /I. E Z Vi and /I. = b· = 01 q 1 q , t"'~ , t"'~r ~r ,
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which by induction yields z E k[E]. We may now assume bir > 0 for all
1::; r::; k. We may harmlessly assume that bil ::; ... ::; bik . Using Eq. (8.4)
and Eq. (8.5) we obtain

q k

rna = L biVi = b;, L Vij + L CiVi = 2bil L Vij + L CiVi,

i=l j=l i#-i, j even i#;,

where the Ci'S are non negative integers. The net effect is that now we may
rewrite Eq. (8.4) as

Zm = fmli l ... fmli q = fd l ••. fd q h re J: E '71 d E '71 l' all'1 q 1 q , w e Vi ~,i ~+, ,or z,

and d;, = Oi, = O. Hence by induction z E k[E].
Case (II): Assume that all the cycles of G are odd. Let Zl and Z2 be two

distinct cycles of G, represented by the sequences of edges {eil , ... , eik} and
{ei" ... , eiJ, respectively. If Zl n Z2 i= 0, then according to Lemma 8.7.2
Zl n Z2 = {x}, for some x E V, say x E supp(li,) n SUpp(fil )' Using the
identity

L Vij + L Vij = L Vij + L Vij

j odd j even j even j odd

we may proceed as in Case (1). If Zl n Z2 = 0 and N(Zd n Z2 i= 0, say
ft = xy, with x E SUPP(fik) and y E SUpp(fil ). Again using the equality

L Vij + L Vij = 2Vt + L Vij + L Vij'

j odd j odd j even j even

we may proceed as in Case (1) to derive z E k[E].
Therefore we are reduced to the case N(Zd n Z2 = 0, for any two cycles

Zl, Z2' If Xj is not in the support of ft' ... fg q
, for some j, consider the set

Then I:iED Ai = 0 and bi = 0, for all i E D. Note that, for any i E D, we
may eliminate the monomial fi from Eq. (8.4), hence by induction we get
z E k[E]. As a consequence we are reduced to the case supp(zm) = V, that
is, z = X~' ... x~n, with ai 2: 1 for all i. By Corollary 7.7.17 we obtain that
k[G] is generated as a k-algebra by monomials of degree at most 2(n - r~l).
Altogether we get

n::; deg(z)::; 2 (n - r~l),

hence n must be even and z = Xl ... Xn- Using Lemma 8.7.6 we conclude
that z E k[E], as required. D
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There is a version of Theorem 8.7.9, due to Hibi and Ohsugi [164], that
allows loops in the graph G.

Next we clarify that there are two special types of bowties that are
irrelevant for the description of the integral closure of k[G].

Proposition 8.7.10 Let w be a bowtie consisting of two edge disjoint odd
cycles Zl, Z2 that meet at a vertex or are connected by an edge, that is, w
has essentially one of the forms:

Z,

Z,

then M w is in k[G].

Proof. Left as an exercise. D

As an immediate consequence of Theorem 8.7.9 and Proposition 8.7.10
one has the following full characterization of when k[G] is integrally closed.

Corollary 8.7.11 Let G be a connected graph. Then k[G] is normal if and
only if for any two edge disjoint odd cycles Zl, Z2 either Zl and Z2 have a
common vertex, or Zl and Z2 are connected by an edge.

Thus the smallest connected graph G such that k[G] is non normal is
the Hochster configuration of Example 8.6.6, consisting of a graph G with
two disjoint triangles joined by a 2-path.

The corollary above prompts the following:

Definition 8.7.12 A graph G is said to satisfy the odd cycle condition if
every two vertex disjoint odd cycles of G can be joined by an edge in G.

The odd cycle condition has come up in the literature in connection
with the normality of edge subrings [164, 262, 263] and the description of
the circuits of a graph [247, 303]; it also occurred before [119]. It could be
said that this notion has been rediscovered during the study of monomial
subrings of graphs.

Corollary 8.7.13 Let G be a connected graph and I = I (G) its edge ideal.
Then k[G] is normal if and only if the Rees algebra R(I) is normal.
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Proof. =» Let C(G) be the cone over the graph G; it is obtained by
adding a new vertex t to G and joining every vertex of G to t. According
to Proposition 8.2.15 there is a isomorphism

R(I(G)) ~ k[C(G)].

Let M w be a bowtie of C(G) with edge disjoint cycles ZI and Z2 joined by
the path P, it is enough to verify that Mw E k[C(G)]. If t ~ ZI U Z2 U P,
then W is a bowtie of G and M w E k[G]. Assume t E ZI U Z2, say t E ZI. If
ZI n Z2 -::J 0, then M w E k[C(G)]. On the other hand if ZI n Z2 = 0, then
M w E k[C(G)] because in this case ZI and Z2 are joined by the edge {t, z},
where z is any vertex in Z2' It remains to consider the case t ~ ZI U Z2
and t E P, since G is connected there is a path in G joining ZI with Z2'
Therefore M w = M W1 for some bowtie WI of G and M w E k[G].

{=) Conversely if R(I(G)) is normal, then by Proposition 7.4.1 we obtain
that k[G] is normal. D

In the corollary above the hypothesis that G is connected is essential to
prove that k[G] normal imply R(I) normal; for instance if G consists of two
disjoint triangles, then k[G] is a polynomial ring and R(I) is non normal.

We give the following counter-example to show that in general it is not
true that normality of the Rees algebra implies normality of the monomial
subring.

Example 8.7.14 Let F = {iI, ... , f6} and I = (F), where

Then

k[F] ~ k[tl, ... , t6]/(tit~ - t~t~t5t6)

is clearly not normal but R(I) is normal by the Jacobian criterion.

Proposition 8.7.15 Let G be a graph and let G I , ... ,Gr be the connected
components of G. Then R(I (G)) is normal if and only if either:

(i) G is bipartite, OT

(ii) exactly one of the components, say G I , is non bipartite and K[Gd is
a normal domain.

Proof. One may proceed as in the proof of Corollary 8.7.13. D

Corollary 8.7.16 ([262]) The edge ideal of a graph G is normal if and
only if G admits no H-configurations.
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Remark 8.7.17 (a) Let G be a graph consisting of two disjoint triangles.
Note that G itself is an H-configuration but G is not contained in a bowtie,
since the two triangles cannot be joined by a path.

(b) If two disjoint odd cycles Zl, Z2 of a graph G are in the same
connected component, then the two cycles form an H-configuration if and
only if Zl, Z2 cannot be connected by an edge of G and Zl, Z2 have no
chords in G

Integral closure of Rees algebras Let G be a graph with vertices
Xl, ... , Xn and I = I (G) its edge ideal. Consider the endomorphism ¢
of the field k(X1,' .. , Xn , t) defined by Xi H xit, t H t-2. It induces an
isomorphism

R[It]~ k[C(G)], Xi H tXi, XiXjt H XiXj,

where R = k[X1,' .. , x n ] is a polynomial ring over a field k and C(G) is the
cone over G obtained by adding a new variable t.

We thank Wolmer Vasconcelos for showing us how to get the description
of the integral closure of R[It] given below. First we describe the integral
closure of k[C(G)].

If Zl = {X1,X2"",X r = xI} and Z2 = {Zl,Z2,""zs = zI} are two
edge disjoint odd cycles in C(G). Then one has

for some bow tie w of C (G), this follows readily because C (G) is a connected
graph. In particular M w is in the integral closure of k[C(G)]. Observe that
if t occurs in Zl or Z2, then M w E k[C(G)] because in this case either Zl
and Z2 meet at a point, or Zl and Z2 are joined by an edge in C(G); see
Proposition 8.7.10. Thus in order to compute the integral closure of k[C(G)]
the only bow ties that matter are those defining the set:

E = {Mwl w is a bowtie in C(G) such that t ~ supp(Mw)}.

Therefore by Theorem 8.7.9 we have proved:

Proposition 8.7.18 k[C(G)] = k[C(G)][E].

To obtain a description of the integral closure of the Rees algebra of I
note that using ¢ together with the equality

z:±!. s-l
2 2

(tzd II (X2i-1 X2i) II (Z2i Z2i+d
M

w
= i=_l '_"=_l _

tX1



Monomial Subrings of Graphs 325

where Xr+l = Xl, we see that M w is mapped back in the Rees algebra in
the element

r+8 r+s
M wt-2- = XIX2 ... XrZIZ2··· zs t-2-.

If B' is the set of all monomials of this form, then one obtains:

Proposition 8.7.19 R[It] = R[It][B'].

Exercises

8.7.20 Prove that k[G] is normal for every connected graph G with six
vertices, where k is a field.

8.7.21 Let G be a graph on the vertex set V = {XI, ... ,Xn } and choose
a new set of vertices YI, .. . , Yn, define S (G), the suspension of G, to be
the graph obtained by attaching to each vertex Xi the new vertex Yi and
the edge {Xi, yd· If I(G) is a normal ideal, then I(C(G)) and I(S(G)) are
normal ideals.

8.7.22 Let G be a graph and let m = (r + s)/2 be the least positive integer
such that G has two vertex disjoint odd cycles oflengths rand s. If I = I(G)
is the edge ideal of G, prove that Ii is integrally closed for i < m.

8.8 The equations of the edge cone

Let G be a graph on the vertex set V = {VI, ... ,vn } and R = k[XI, ... ,xn ]

a polynomial ring over a field k. The edge cone of G is the cone 114 A c IRn
spanned by the set A of all vectors ei + ej such that Vi is adjacent to Vj,

where ei denotes the ith unit vector.
In this section we present a combinatorial description of the facets (faces

of maximal dimension) of 114 A when k[G] has dimension n. We show some
estimates for the a-invariant of k[G], for certain G. The problem of finding
upper bounds for the a-invariant of more general normal monomial subrings
generated by square-free monomials of the same degree was addressed in
Chapter 7.

The irreducible representation of the edge cone

The computation of the equations defining the facets of the edge cone of a
graph G is a crucial step toward the effective determination of the canonical
module and the a-invariant of k[G], whenever k[G] is a normal domain.

For simplicity we have focus our attention on connected non bipartite
graphs, but the methods can be applied to bipartite graphs as well.
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Definition 8.8.1 The support of a E IRn is defined as

supp(a) = {ai Iai -::f- O}.

Chapter 8

Lemma 8.8.2 Let G be a graph with connected components GI ,···, Gr

and M its incidence matrix. If G I is a tree with at least two vertices and
G 2 , . .. , Gr are unicyclic non bipartite graphs, then ker(Mt ) = ((3) for some
vector (3 whose support is contained in {O, 1, -I}.

Proof. Let V = {VI, ... ,vn } be the vertex set of G. If G is a tree, using
induction on the number of vertices it is not hard to show that ker(Mt) =
((3), where supp((3) = {l, -I}. On the other hand if G = G i for some i 2: 2,
then M t is non singular and ker(Mt ) = (0). The general case follows readily
by writing Mt as a "diagonal" matrix

M t = diag(Mb 1 ,···, Mb=),

where MGi is the incidence matrix of the graph Gi. Observe the equality
V(Gd = {Vi E VI(3i = ±1}. D

The facets of the edge cone Let us introduce some more terminology
and fix the notation that will be used throughout. To ease the reading we
recall some of the relevant notation on polyhedral geometry; see Chapter 7.

We set AG (or simply A if G is understood) equal to the set {aI, ... , a q }

of row vectors of the transpose of the incidence matrix MG of G. The edge
cone 114 A of G is defined as the cone generated by A, that is:

By Lemma 8.3.2 one has

n - co(G) = dim k[G] = rank (MG) = dim I14A,

where co(G) is the number of bipartite components of G.
If a E IRn , a -::f- 0, then the set H a will denote the hyperplane of IRn

through the origin with normal vector a, that is,

This hyperplane determines two closed half-spaces

A subset F C IRn is a proper face of the edge cone of G if there is a
supporting hyperplane H a such that

F = 114 A n Ha -::f- 0, I14A c H;;, and 114 A C/.. Ha ·
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Definition 8.8.3 A proper face F of the edge cone is a facet if

dim F = dim 114 A - 1.

327

When the edge cone is properly embedded into IRn it will turn out that
its facets are of two kinds: those defined by independent sets (see definition
below) and those defined by supporting hyperplanes of the form H ei .

Lemma 8.8.4 If the incidence matrix of G has maximal rank n, then the
set F = H ei n 114 A is a proper face of the edge cone.

Proof. The proof is left as an exercise. D

Let A be an independent set of vertices of G. The supporting hyperplane
of the edge cone defined by

LXi= L Xi
viEA viEN(A)

will be denoted by HA.

Lemma 8.8.5 If the incidence matrix of G has maximal rank n and A is
an independent set of vertices of G, then the set F = 114 A n H A is a proper
face of the edge cone.

Proof. The proof is left as an exercise. D

To determine whether HA defines a facet of 114 A consider the subgraph
L = L 1 U L 2 , where L 1 is the subgraph of G with vertex set and edge set

V(Ld = Au N(A) and E(Ld = {z E E(G)I z n A -I- 0}

respectively, and L 2 =<5> is the subgraph of G induced by 5 = V\ V(Ld.
The vectors in An HA correspond precisely to the edges of L.

Remark 8.8.6 Let F be a facet of 114 A defined by the hyperplane H a . If
the rank of MG is n, then it is not hard to see that Ha is generated by a
linearly independent subset of A. See Corollary 7.2.22.

Theorem 8.8.7 ([305]) Let G be a graph with vertex set V = {VI, .. . ,vn }

and M its incidence matrix. If rank(M) = n, then F is a facet of 114 A if
and only if either

(a) F = H ei n 114 A for some i, where all the connected components of
G \ {vd are non bipartite graphs, or

(b) F = HA n 114 A for some independent set A C V such that L 1 is a
connected bipartite graph, and the connected components of L 2 are non
bipartite graphs.
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Proof. Let A = {aI, ... , a q } be the set of column vectors of the incidence
matrix of G. Assume that F is a facet of I!4A. By Remark 8.8.6 we may
assume that there is a E IRn such that

(i) F=I!4AnHa , (a,ai):::;O\fiE{l, ... ,q},and

(ii) al, ... , an-l are linearly independent vectors in H a .

Consider the subgraph D of G whose edges correspond to aI, ... , an-l and
its vertex set is the union of the vertices in the edges of D. Let f be
the transpose of the incidence matrix of D, and D l , ... , Dr the connected
components of D. Without loss of generality one may assume

o
:1' rank(r) = n - 1,

f r

where f i is the transpose of the incidence matrix of D i . We set ni and qi
equal to the number of vertices and edges of D i respectively. Let e be the
matrix with rows aI, ... , an-I. We consider two cases.

Case (I): Assume e has a zero column, hence it has exactly one zero
column and D has vertex set V(D) = V \ {vd, for some i. This implies

r r

L ni =L qi = n - 1.
i==l i==l

Since ni :::; qi for all i, one obtains ni = qi for all i. Note that co(D) = 0, by
Lemma 8.3.2. Therefore D l , ... ,Dr are unicyclic non bipartite graphs. As
any component of G \ {vd contains a component of D, we are in case (a).

Case (II): Assume that all the columns of e are non zero, that is, D has
vertex set equal to V. Note that in this case

r r

(8.6)
i==l i==l

Since rank (r) = n - co(D) = n -1, we get that D has exactly one bipartite
component, say D l · Hence nl - 1 :::; ql and ni :::; qi for all i 2': 2, which
together with Eq. (8.6) yields ql = nl - 1 and ni = qi for all i 2': 2.
Altogether D l is a tree and D2 , .. . , Dr are unicyclic non bipartite graphs.
By Lemma 8.8.2 there is /3 E IRn such that

ker(r) = (/3) and supp(/3) C {0,1,-1}.

We may harmlessly assume a = /3, because Ha = H(3 and a E (/3). Set

A = {Vi E VI ai = I} and B = {Vi E VI ai = -I}.
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Note that A -::f- 0, because D has no isolated vertices and its vertex set is V.
We will show that A is an independent set in G and B = N(A), where the
neighbor set of A is taken w.r.t. G.

On the contrary if {Vi,Vj} is an edge of G for some Vi,Vj in A, then
ak = ei + ej and by (i) we get (a, ak) ~ 0, which is impossible because
(a, ak) = 2. This proves that A is an independent set.

Next we show N(A) = B. If Vi E N(A), then ak = ei + ej for some Vj
in A, using (i) we obtain (a, ak) = ai + 1 ~ °and ai = -1, hence Vi E B.
Conversely if Vi E B, since D has no isolated vertices, there is 1 ~ k ~ n-1
so that ak = ei + ej, for some j, by (ii) we obtain (a, ak) = -1 + aj = 0,
which shows that Vj E A and Vi E N(A).

From the proof of Lemma 8.8.2 we obtain V(Dd = AUN(A). Therefore
a1,"" a n-1 are in HA and Ha = HA. Observe that L 1 (see notation
before Remark 8.8.6) cannot contain odd cycles because A is independent
and every edge of L 1 contains a vertex in A. Hence L 1 is bipartite, that L 1
is connected follows from the fact that D 1 is an spanning tree of L 1 . Note
that every connected component of L 2 is non bipartite because it contains
some Di, with i 2: 2.

Conversely assume that F is as in (a). Since the vectors in An H ei

correspond precisely to the edges of G \ {vd one obtains that F is a facet
of the edge cone. If F is as in (b), a similar argument shows that F is also
afu~. D

Corollary 8.8.8 ([305]) Let G be a connected non bipartite graph with
vertex set V = {VI, ... , vn }. Then a vector x = (Xl, ... , Xn ) E IRn is in
114 A if and only if x is a feasible solution of the system of linear inequalities

-Xi < 0, i = 1, ... , n

2:viEA Xi - 2:v iEN(A) Xi < 0, for all independent sets A c V.

Proof. Let

be the irreducible representation of the edge cone as an intersection of closed
half-spaces. By Theorem 7.2.18 the set Hbi n 114 A is a facet of 114 A, and
we may apply Theorem 8.8.7. D

Proposition 8.8.9 ([305]) Let G be a connected non bipartite graph with

n vertices. If k[G] is a normal domain, then a monomial Xfl ... x~n belongs
to k[G] if and only if the following two conditions hold

(i) 13 = (131, ... ,13n) is in the edge cone of G, and

(ii) 2:7=113i is an even integer.
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Proof. Set A = AG = {al,"" a q }. Assume /3 E 114 A and deg(xf3 ) even.
We proceed by induction on deg(xf3 ). Using Corollary 8.3.5 one has the
isomorphism

zn/(al, ... ,aq ) c::: Z2,

hence 2/3 E 114 An z A = NA and one may write

q q

2/3 = 2L Siai + L Ciai, Si E Nand Ci E {O, I},
i=l i=l

by induction one may assume 2:;=1 Siai = O. Therefore from the equality
above one concludes that the subgraph whose edges are defined by the set
{ail ci = I} is an edge disjoint union of cycles Zl,"" Zr' By induction one
may further assume that all the Zi'S are odd cycles. Note r 2: 2, because
deg(x b ) is even. As G is connected, using Corollary 8.7.11 it follows that
x f3 E k[G]. The converse is clear because k[G] is normal. D

Remark 8.8.10 Let us give a simple example to see that the connectivity
hypothesis is essential in Proposition 8.8.9. Consider the graph G = Gl uG2

with six vertices consisting of two disjoint triangles:

The vector /3 = (1, ... ,1) belongs to the edge cone because 2/3 E NA, but
x f3 is not in k[G].

Let G be a connected non bipartite graph with k[G] normal. The last
results can be used to give conditions for a graph to have a perfect matching.

Proposition 8.8.11 Let G be a connected graph with n vertices. If n is
even and k[G] is normal of dimension n, then Xl ... X n is in k[G] if and
only if IAI ::::; IN(A)I for every independent set of vertices A of G.

Proof. =}) Since k[G] is normal:

I14AG n ZAG = NAG·

Hence a = (1, ... ,1) = (al,"" an) is in I14AG. Using Corollary 8.8.8 we
get that the vector a satisfies the inequalities:

IAI = L ai ~ L ai = IN(A)I
viEA viEN(A)
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for every independent set of vertices A of G, as required.
¢=) First we use Corollary 8.8.8 to conclude that a is in the edge cone,

then apply Proposition 8.8.9 to get a E k[G]. D

Corollary 8.8.12 (Generalized marriage problem) Let G be a graph
with an even number of vertices. If G is connected and satisfies the odd
cycle condition, then the following are equivalent

(a) G has a perfect matching.

(b) IAI ~ IN(A)I for all A independent set of vertices of G.

Proof. The proof follows using Theorem 6.1.8 and Proposition 8.8.11. D

Corollary 8.8.13 ([51]) Let G = Kn be the complete graph on n vertices.
Then a vector x E IRn is in 114 A if and only if x = (Xl, ... , x n) satisfies

-Xi ~ 0, i = 1, , n
Xi - L:#iXj ~ 0, i = 1, ,n.

In addition if n 2: 4, these equations define all the facets of 114 A.

Example 8.8.14 IfG is a triangle with vertices {XI,X2,X3}, then the edge
cone of G has three facets defined by

Note that Xl 2: 0, X2 2: °and X3 2: °define proper faces of dimension 1.

The a-invariant of some normal subrings

Let X be an arbitrary subset of IRn. The relative interior of X, denoted
ri(X), is the interior of X relative to aff(X), the affine hull of X. As usual
the interior of X in IRn is denoted by XO.

We grade the edge subring k[G] C R of a graph G with the normalized
grading

k[G]i = k[G] n R2i ,

where
00

i=O

is a polynomial ring over the field k with the standard grading.
Recall that k[G] is normal if and only if NAG = I14AG n ZAG, this

follows from Corollary 7.2.29. If k[G] is normal, then by Theorem 7.2.34,
the canonical module Wk[G] of k[G] is given by

(8.7)

This formula will be used throughout to estimate some a-invariants.
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Remark 8.8.15 Let G be a connected non bipartite graph and take a
vector /3 in ri (I14 AG)' If F is a proper face of II4 AG, then /3 (j. F. This
observation holds for all cones because a proper face is always contained in
the boundary [39, Theorems 5.3]. In particular /3i > 0 for all i, because
H ei n II4 AG is a proper face.

Definition 8.8.16 The join G1 * G2 of two disjoint graphs G1 and G2
consists of G1 U G2 and all the lines joining G1 with G2 •

Proposition 8.8.17 Let G1 and G2 be two connected graphs on n vertices.
If k[Gd and k[G2 ] are normal, then

a(k[GI *G2 ]) = -no

Proof. Let VI = {VI, .. . , vn } and V2 = {vn+l,"" V2n} be the vertex set
of G1 and G2 respectively. One may assume n 2:: 2. Set G = G1*G2 • Note
that the vector /3 = (1, ... , 1) E IR2n satisfies

L Xi ~ -1 + L Xi and Xi 2:: 1,
viEA viEN(A)

for all independent sets A of G, because IAI ~ n - 1 < IN(A)I. Hence by
Corollary 8.8.8 and Lemma 8.3.2 we get /3 E (I14AG)O n NAG. Since k[G]
is normal by Corollary 8.7.11, we apply Eq. (8.7) to get x f3 E Wk[G]. This
implies -n ~ a(k[G]). On the other hand by Corollary 7.7.15, we conclude
a(k[G]) = -no D

Proposition 8.8.18 Let G be a connected non bipartite graph on n ver­
tices. If k[G] is normal, then

a(k[G]) - 1 ~ a(k[C(G)]) ~ - rn; II '
where IX l is the least integer greater or equal than x.

Proof. Let WI and W2 be the canonical modules of k[G] and k[C(G)]
respectively. Set A = AG and V = V(G). By Lemma 8.3.2 one has

ri(I14A) = (I14A)O c IRn and ri(I14Ac (G)) = (I14Ac (G))O C IRn+1
.

As k[G] is normal and according to Eq.(8.7), we may pick /3 E (I14 A)O nNA
so that deg(xf3 ) is equal to -a(k[G]). Set I = (/31 + 1,/32,'" ,/3n, 1). To
prove the first inequality we will show that I is in (I14Ac (G))O n NAc(G) ,
that is, one must show that I is not on any facet of II4 AC(G)'

Let F be a facet of I14Ac (G) and H the hyperplane defining F. By
Theorem 8.8.7 there are three cases to consider. If H = H ei for some
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1 ~ i ~ n, then I (j. H; for otherwise j3 would be on the proper face of 114 A
determined by H ei , which contradicts the choice of j3 (see Remark 8.8.15).
If H = Hen+ 1 , note (r, en+l) = 1 and I (j. H. Assume that H = HA, for
some independent set in C(G). If Vn+l E A, then I satisfies

Xn+l ~ -1 + L Xi
viEV

and I (j. HA. Assume Vn+l (j. A, since j3 satisfies the inequality

L xi~-I+ LXi,
viEA viENc(A)

it follows that I satisfies

L Xi ~ -1 + LXi'
viEA ViENc(c)(A)

Hence I (j. HA. Observe that k[C(G)] is normal by Corollary 8.7.11. Thus
using Eq.(8.7) one obtains x'Y E W2 and the proof of the first inequality is
complete. The second inequality follows from Corollary 7.7.15. D

Proposition 8.8.19 Let G1 and G2 be two connected non bipartite graphs.
If k[Gd and k[G2 ] are normal, then

Proof. Choose vectors a and b in

respectively, such that

Using arguments similar to those given in the proof of Proposition 8.8.18
it follows that (a, b) is an interior point of 114 AGl *G 2 , which implies the
asserted inequality. D

Exercises

8.8.20 Let G = G1 U G2 be a graph with two non bipartite connected com­
ponents G1 and G2 . Find a relation between the irreducible representation
of the cone 114 AG and the irreducible representations of the cones 114 AGl
and I14AG 2 •
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8.8.21 Let G be a connected non bipartite graph with n vertices. If k[G] is
a normal domain, then Xl ... X n is in k[G] if and only if (1, ... ,1) is in the
edge cone of G and n is even.

8.8.22 Prove that the following graph does not have a perfect matching by
exhibiting an independent set A such that IAIi:. IN(A)I.

8.8.23 Prove that the following are the equations of the edge cone of the
graph G shown on the left.

-Xl

-X4

-X5

X3

X2

Xl + X4 + X5

< 0
< 0
< 0
< Xl + X2 + X4 + X5

< Xl + X3 + X4 + X5

< X2 + X3

Show that the a-invariant of k[G] is equal to -4.
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Semigroup Rings of
Complete Graphs

The purpose of this chapter is to study some of the properties of edge sub­
rings of complete graphs, including the bipartite case. Special attention is
given to the computation of their Hilbert series, Grabner bases and Noether
normalizations.

9.1 Monomial subrings of bipartite graphs

Here we treat two special types of monomial subrings attached to complete
bipartite graphs and compute their Hilbert series and a-invariant. First we
study the edge subring of a complete bipartite graph, and then we examine
the Rees algebra of the edge ideal of a complete bipartite graph.

The monomial subring of a bipartite graph

One of the results that simplify the study of an edge subring associated to
a complete bipartite graphs is the fact that its toric ideal is a determinantal
prime ideal. Let us begin with a classical formula for determinantal ideals.

Theorem 9.1.1 Let X = (Xij) be an m x n matrix of indeterminates over
a field K and It (X) the ideal generated by the t-minors of X. If m ::::; nand
1 ::::; t ::::; m + 1, then

height(It(X)) = (m - t + l)(n - t + 1).

Proof. See [52, Theorem 2.5].

335
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Proposition 9.1.2 Let K be a field and Km,n the complete bipartite graph
with vertex set V = {Xl, ... , Xm,YI, ... ,Yn}. Then the toric ideal P of
K[Km,n] is generated by the 2 x 2 minors of a generic m x n matrix.

Proof. Let
A=K[{Tij ll::::;i::::;m,l::::;j::::;n}]

be a polynomial ring over a field K in the indeterminates Tij and consider
the graded homomorphism of K-algebras

We claim that the kernel of 'lj; is generated by the 2 x 2 minors of a
generic m x n matrix. Indeed let X = (Tij ). It is clear that the ideal I2 (X),
generated by the 2 x 2 minors of X, is contained in P = ker( 'lj;). On the
other hand, since the graph is bipartite one has

dim K[Km,n] = m + n - 1,

see Proposition 8.2.12. Therefore

height(P) = (mn) - (m + n - 1) = (m - 1)(n - 1) = height(I2(X)),

the latter equality by Theorem 9.1.1. Since they are both prime ideals, we
have h(X) = P. D

The Cohen-Macaulayness and Gorensteiness of algebras that include
K[Km,n], has been dealt with in great detail in [50].

Proposition 9.1.3 Let Km,n be the complete bipartite graph and AlP the
toric ideal of K[Km,n]. If n 2': m, then the Hilbert series of AlP is given by

3; (m; 1) (n ~ 1) zi

F (AIP, z) = ...:..,--=0----,-_----,----:----;-_
(1 - z)n+m-I

Proof. Let VI = {XI,""Xm} and V2 = {YI, ... ,Yn} be two disjoint sets
of vertices, and R = K[VI U V2 ] a polynomial ring over a field K. Let

be a polynomial ring in the indeterminates Tij and consider the graded
homomorphism of K-algebras

'lj;:A -t K[Km,n] = K[XiYy'S], 'lj;(Tij ) = XiYj'

By Proposition 9.1.2 the toric ideal P = ker('lj;) is equal to I2 (X), the ideal
generated by the 2-minors of the m x n matrix X = (Tij ). Note that the
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dimension of K[Km,nJ is equal to m+ n -1. The set of the 2 x 2 minors of X
form a Grabner basis for 12 (X) with respect to the lexicographical ordering
induced by

Tn > ... > TIn> ... > Tmi > ... > Tmn ,

see [59, 276]. Note that in(P), the initial ideal of P, is generated by the
2-diagonals of X, that is, one has

in(P) = (TijTkgl1 ::::; i < k ::::; m, 1::::; j < £ ~ n).

By Corollary 2.4.13 one has

F(AI P, z) = F(Alin(P), z),

thus the proof reduces to compute F(Alin(P), z). Consider the arrays:

Tn Tl£ TIn

X g=
T(m-I)I T(m-I)g T(m-I)n

Tmi Tmg

and
Tl£ TIn
T2£ T2n

Yg =

T(m-I)g T(m-I)n-

Let Ig and Jg be the ideals of A generated by the 2-diagonals of Xg and
Yg respectively. Note in(P) = In. For 2 ~ £ ::::; n there are graded exact
sequences

o-t AIKg[-l] ~ AI(Tm(£+I) , ... ,Tmn , Ig)

-t AI(Tmg , ... ,Tmn , Ig-d -t 0,

where
Kg = (Tijl i < m, j < £) + Jg + (Tm(£+I) , ... ,Tmn ).

As Tml, ... ,Tmg is a regular sequence on AIKg, it is not hard to see that
one can write

F(AIK ) = h(m-I)(n-£+I)
g, z (1 _ z)m+n-I '

where

F(A IJ ) = h(m-I)(n-£+I) and A, = K[T"J'I i < m, £ <_ ]'],
g g, z (1 _ z)n+m-g-I <



338 Chapter 9

F(AjIn,z)

that is, the polynomial h(m-l)(n-Hl) determines the h-vector of AdJ£.
Hence

(~F(AjK£,Z)) Z + F(Aj(Tm2 , ... ,Tmn,Id,z)

_ (1 + h(m-l)2 + ... + h(m-l)(n-l)) z + h(m-l)n
(1- z)m+n-l

Solving this recursive formula for the Hilbert series of AjIn rapidly leads to
the required identity. D

Corollary 9.1.4 Let Km,n be the complete bipartite graph. If n 2:: m, then
the a-invariant and the multiplicity of K[Km,n] are given by:

a(K[Km,n]) = -n and e(K[Km,n]) = (m~: ~ 2).
Proof. Use Remark 4.1.11. D

(d = dim Rr+d.

Another approach to the computation of the a-invariant is through the
theory of Segre products, and then appealing directly to the results of [132].
Useful methods to compute the a-invariant of some interesting families of
algebras, e.g. algebras with straightening laws or Stanley-Reisner rings, are
introduced in [42].

Let us state two general results on determinantal rings generalizing
Proposition 9.1.3 and Corollary 9.1.4 respectively

Theorem 9.1.5 ([69]) Let X = (Xij) be an m x n matrix of indeterminates
over a field K with m ~ nand Ir+1(X) the ideal generated by the (r + 1)­
minors of X. Then the Hilbert series of R r+1 = K[Xij]jIr+1(X) is:

det (~(m;i)(n~j)zk) ..
F(Rr+1 , z) = n 2,J=1, .. ,rz2(1-z)d

Theorem 9.1.6 ([133, 42]) Let X = (Xij) be an m x n matrix of inde­
terminates over a field K and Ir (X) the ideal of K[Xij] generated by the
r-minors of the matrix X. If m ~ n, then

Proposition 9.1.7 Let G be an spanning connected subgraph of Km,n. If
n 2:: m, then the a-invariant of K[G] satisfies

a(K[G]) ~ a(K[Km,n]) = -no
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Proof. From Corollary 9.1.4 one has

a(K[Km,n]) = -no
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Hence one may proceed as in the proof of Proposition 7.7.14 to rapidly
derive the asserted inequality. D

An application of Dedekind-Mertens formula If R is a commutative
ring and f = f(t) E R[t] is a polynomial, say

the content of f is the R-ideal (ao, .. . , am)' It is denoted by c(f). Given
another polynomial g, the Gaussian ideal of f and g is the R-ideal

c(fg).

This ideal bears a close relationship to the ideal c(f)c(g), one aspect of
which is expressed in the classical lemma of Gauss: If R is a principal ideal
domain, then

c(fg) = c(f)c(g).

In general, these two ideals are very different but one aspect of their rela­
tionship is given by a formula originally due to Dedekind-Mertens (see [91]
and [231]):

c(fg)c(g)m = c(f)c(g)m+l. (9.1)

We consider the ideal c(fg) in the case when f and g are generic polynomi­
als. It turns out that some aspects of the theory of Cohen-Macaulay rings
show up very naturally when we closely examine c(fg).

One path to our analysis and its applications to Noether normalizations
of some semigroup rings, starts by multiplying both sides of (9.1) by c(f)m;
we get

c(fg) [c(f)c(g)]m = c(f)c(g)[c(f)c(g)]m. (9.2)

It will be shown that this last formula is sharp in terms of the exponent
m = deg(f).

To make this connection, we recall the notion of a reduction of an ideal.
Let R be a ring and I an ideal. A reduction of I is an ideal J c I such
that, for some non-negative integer r, the equality

holds. The smallest such integer is the reduction number rJ (I) of I relative
to J, and the reduction number r(I) of I is the smallest reduction number
amongst all reductions J of I.
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Thus (9.2) says that J = c(fg) is a reduction for I = c(f)c(g), and that
the reduction number is at most min{deg(f), deg(g)}.

The following result solves the question of Noether normalizations for
monomial subrings of complete bipartite graphs.

Theorem 9.1.8 ([91]) Let R = k[xo, ... ,xm,Yo, ... ,Yn] be a polynomial
ring over a field k and let

hq = L XiYj·
i+j=q

Then

is a Noether normalization of S.

Proof. Let R[t] be a polynomial ring in a new variable t and f, g E R[t]
the generic polynomials

m

f = f(t) = LXiti

i=O

n

and g = g(t) = LYjtj .
j=O

Set I = c(f)c(g) and J = c(fg). Note that J is a reduction of I by Eq. (9.2)
and more precisely JIm = Im+l. Therefore

R[Jt] Y R[It]

is an integral extension; indeed R[It] is generated as an R[Jt]-module by a
finite set of elements of t-degree at most m. On the other hand, as I and J
are generated by homogeneous polynomials of the same degree, one has an
integral embedding:

R[Jt] ®R Rim = k[ho, ... , hm+n] Y R[It] ® Rim = k[XiYj'S],

where m = (xo ... ,Xm,Yo, ... ,Yn). To complete the proof note that the
dimension of k[XiYj'S] is equal to n + m + 1, by Lemma 8.3.2. D

Theorem 9.1.9 ([72]) Let R = k[xo, .. . , Xm,Yo, . .. , Yn] be a polynomial
ring over a field k and let f, g E R[t] be the generic polynomials

m

f = LXiti
i=O

n

and g = LYjt
j

j=O

with n 2': m. If I = c(f)c(g) and J = c(fg), then rJ(I) = m.
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Proof. By Theorem 9.1.8 there is a Noether normalization:

A = k[ho, h1 , ... , hm +n ] Y S = k[XiYy'S],

where
hq = L XiYj·

i+j=q
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Set I = (il, ... , fs). We note that the ideal I = (XiYy'S) is the edge ideal
associated to a complete bipartite graph G which is the join of two discrete
graphs, one with m + 1 vertices and another with n + 1 vertices. Since k[G]
is Cohen-Macaulay (see Corollary 8.7.11), using Proposition 2.2.14 we get

k[G] = Af!31 EB ... EB Af!3k, 13i E NS
•

By Corollary 9.1.4 the a-invariant of k[G] is equal to -n-1, we can compute
the Hilbert series of k[G] using the decomposition above to conclude that

max {deg(f!3i)} = m,
l:Si::;k

where the degree is taken with respect to the normalized grading.
On the other hand assume r = rJ (I) and J F = F+ 1

, since we already
know the inequality r ~ m. It suffices to prove r ?: m. Note

k[G] = LAr,
o:EI

where

I= {a a = (a1, ... ,as ) ENs and lal =tai ~ r}.
,=1

If r < m this rapidly leads to a contradiction because there is :J C I such
that k[G] can be written as

k[G] = E9 AI"'.
o:E:J

See Exercise 9.1.18. D

Multiproducts In order to see a different explanation of Eq. (9.2), we
extend it to the product of 3 (or more) polynomials, but using the theory
of Segre products as a tool.

Let X = {xo, ... , X m }, Y = {Yo, ... ,Yn}, and Z = {zo, ... , zp} be 3 sets
of indeterminates. Defining the polynomials

m

f = LXiti ,
i=O

n

g = LYjt
j
,

j=O

p

and h = L Zk tk ,

k=O
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one has that J = c(fgh) is a reduction of I = c(f)c(g)c(h) by Dedekind­
Mertens formula. If m ~ n ~ p, a simple calculation will show

We now resolve this inequality.

Proposition 9.1.10 ([72]) LetX = {xo, ... ,xm }, Y = {Yo, ... ,Yn}, and
Z = {zo, ... , zp} be sets of distinct indeterminates, let R = k[X, Y, Z] be a
polynomial ring over a field k, and let

I = (XiYjZkl Xi EX, Yj E Y, Zk E Z).

Then I is a normal ideal of R.

Proof. We will show that Iq is complete for all q 2:: 1. Let Ig be the
integral closure of Iq and let f E Ig be a monomial. We write

Since fW E JSq for some w > 0 we can write

where M is a monomial whose support is contained in Y U Z. Therefore we
obtain

r >.

w L ai = L di 2:: wq,
i=l i=l

which implies
r

L ai 2:: q.
i=l

A similar argument shows

s t

L bi 2:: q and L Ci 2:: q.

Therefore f E Iq.

i=l i=l

D

By Theorem 7.2.35, the Rees algebra R[It] is a Cohen-Macaulay ring.
Since

F(I) = k[XiYjZkl Xi EX, Yj E Y, zk E Z]

is a normal domain by Proposition 7.4.1, and therefore Cohen-Macaulay by
Theorem 7.2.35. We may thus more easily compute the reduction number
of the subring F(I).
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Theorem 9.1.11 The reduction numberrJ(I) of the ideal I above ism+n.

Proof. Since F(I) is a Cohen-Macaulay algebra, its reduction number
can also be obtained from the degrees of the generators of its canonical
module. But F(I) is a Segre product of standard Cohen-Macaulay algebras
and the canonical module is given by an explicit formula from the canonical
modules of the factors. Entering the data in [132, Theorem 4.3.1]' we get
rJ (I) = m + n. D

Rees algebras of complete bipartite graphs

The following result show that Rees algebras of edge ideals associated to
complete bipartite graphs have some structure; its proof makes use of gen­
eral facts about ladder ideals that can be found in the literature.

Proposition 9.1.12 Let B 1Q be the presentation of R(I), the Rees algebra
of the edge ideal I = (xiYjll ::s i ::s m, 1 ::s j ::s n). Then the toric ideal Q is
generated by the 2-minors of the ladder

YI Y2 Yn
Xl Tn T l2 TIn

y=

and the 2-minors of Y form a Grabner basis w.r.t the lex ordering induced
by YI > ... > Yn > Xl > Tn > .,. > TIn> X2 > ... > T mn ·

Proof. Consider the presentation of the Rees algebra of I:

'lj;: B = K[x;'s,y/s,Ti/s] -t R(I), 'lj;(Tij ) = TXiYj,

Note I2(Y) C Q = ker('lj;). As they are both prime ideals of height mn - 1
by [67, Section 4] and [228] (d. [65, Proposition 3.3.1]), one has equality.

The assertion that the 2-minors are a Grabner basis of I2 (Y) is a general
fact of ladder ideals [228]. D

Proposition 9.1.13 Let B IQ be the presentation ofR(I), the Rees algebra
of the edge ideal I = (XiYj 11 ::s i ::s m, 1 ::s j ::s n). If n 2:: m, then the Hilbert
series of B 1Q can be written as

1 + (mn - l)z +~ G) (7)zi

F(BIQ,z) = (l-z)n+m+1

In particular a(BIQ) = -(n + 1) and e(BIQ) = (m;;;n) -1.
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Proof. Let
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be a polynomial ring over a field K and consider the ladders

YI Y2 Yn
Tn Tl2 TIn YI Y2 Yn

Tn Tl2 TIn

Mg= Ng= T2l T22 T2n
Xg Tn Tn Tgn

Tn Tn Tgn ·
Xm Tml Tm2 Tmn

Let I g and Jg be the ideals generated by the 2-diagonals of Mg and Ng
respectively, where a 2-diagonal is the product of the diagonal entries of a
2 x 2 submatrix.

By Proposition 9.1.12 and Corollary 2.4.13 one has that the Hilbert series
of B / Q is equal to the Hilbert series of B / h. Hence the proof reduces to
compute F(B/h,z).

For 1 :S £ :S m - 1 consider the graded exact sequences

where

Kg = (Tijl£+ 1:S i) + Jg + (Xl, ... ,xg-d·

Therefore

(

m-l )
F(B/h,z) = ~ F(B/Kg,z) z+F(B/(XI"",Xm-I'!m),Z).

As Xg, ... , Xm is a regular sequence on B / Kg using Proposition 9.1.3 one
readily obtains

and consequently

F(B/h,z) =
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Using the formula

yields the required equality.

Theorem 9.1.14 ([306]) Let

S = K[{xiYj,Xix,YjxI1:S i:S m, 1:S j:S n}]

345

o

be the monomial subring of the cone over a complete bipartite graph Kmn .
If n 2': m 2': 2, then the canonical module Ws of S is minimally generated as
follows:

(a) If n = m, then

(b) If n 2': m + 1, then Ws is minimally generated by the set of monomials:

(i) Xl'" XmYl ... Ynxb, where n - m + 1 < b < n + m - 1 and
n + m + b E 2N, or

(ii) X~l ... x~=Yl ... Ynxb, where

m

Lai =n -b+2,
i=l

b = 2,3, ... ,n - m + 1, and ai 2': 1 for all i.

Proof. For a monomial M = x a1 ... x a= y b1 ... y bn x b set1 m 1 n'

Define

A = {log(M)I ME {xiYj,Xix,Yjxll :S i:S m, 1 :S j:S n}}.

As S is normal of dimension n+m+ 1 (see Theorem8.7.9 and Lemma 8.3.2)
one can use the Danilov-Stanley formula (see Theorem 7.2.34) to express
its canonical module as:

where (I14A)O is the interior of the cone generated by A and S has the
normalized grading. Let
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be a minimal generator of the ideal ws. According to Theorem 8.8.7 a vector
13 E Nm+n+1 is in (I14A)O if and only if 13 satisfies the inequalities:

1 < 13i, i = 1, ... ,m + n

m m+n
L13i < -1 + 13m+n+1 + L 13i
i=l i=m+1

m+n m

L 13i < -1 + 13m+n+1 + L 13i
i=m+1 i=l

(9.3)

m+n
13m+n+1 < -1 + L 13i,

i=l

Therefore one has:

m n

L ai < -1 + b + L bi
i=l i=l

n m (9.4)

i=l i=l

m n

b < -1 + L ai + L bi
i=l i=l

Using that a E NA one also obtains:

m n

b + L ai + L bi E 2N
i=l i=l

(9.5)

Observe that (9.4) and (9.5) yield b 2': 2. We consider the following cases:
1. Assume ai 2': 2 for some i. We claim that bi = 1, for all i. For

simplicity assume a1 2': 2 and b1 2': 2. Write:

m n

b = -i + L ai + L bi, i > 1.
i=l i=l

If 1 ~ i ~ 2, write M = M'Y1X. Since logM = logM' +lOgY1X one has that
log M' is in ZA. It is not hard to see that log M' satisfies all the equations
in (9.3), thus log M' E (I14 A)o. By the normality of S one concludes



Semigroup Rings of Complete Graphs 347

log M' E NA, hence M' is in ws, which contradicts the minimality of M. If
i 2: 3, consider M = M'X1Y1, as before one readily obtains M' E ws, which
again contradicts the choice of M.

II. Assume n = m. First let us show ai = 1 and bj = 1, for all i,j. By
the previous case and symmetry if ai 2: 2 for some i (resp. bi 2: 2), then
bi = 1 for all i (resp. ai = 1 for all i). If ai 2: 2 for some i, say i = 1, then
M' E ws, where M = M'X1X, and this is impossible by the choice of M.
Next, using (9.4) and (9.5), it follows that b = 2i for some 1 :::; i :::; n - 1,
and we are in case (a).

III. Assume n 2: m + 12: 3. We claim that bi = 1, for all i. If bi 2: 2, say
i = 1, then by case lone has ai = 1 for all i. As before one readily derives
a contradiction by writing M = M'Y1X. Altogether one can write:

M = X~l ... X':r,=Y1 ... Ynxb, b > 2.

If ai = 1 for all i, then using (9.4) and (9.5) one has

n - m + 1 :::; b :::; m + n - 1 and m + n + b E 2N,

and we are in case (b). Next assume ai 2: 2 for some i, say i = 1. Combining
(9.4) and (9.5) one has

m

n:::; Lai + b - 2.
i==l

If the inequality
m

n:::; Lai + b - 3
i==l

holds, one derives a contradiction by considering M = M'X1X. Therefore

m

m + 1 :::; L ai = n - b + 2
i==l

for b = 2, ... , n - m + 1, and we are in case (b).
Thus any minimal generator of Ws must be as in (a) or (b). To complete

the argument observe that any of the monomials occurring in (a) or (b) are
in Ws and they are not multiple of each other. 0

Remark 9.1.15 If n > m = 1, then assertion (b) above still holds. To show
it replace the very first set of inequalities in (9.3) by 13i 2: 1, i = 2, ... ,n +m.
On the other hand if n = m = 1, then Ws = (xfyfx2).

Corollary 9.1.16 Let S = R(I) be the Rees algebra of the edge ideal I of
the complete bipartite graph K mn . If n 2: m 2: 2 or n > m = 1, then

type(S) = (:) + (m - 2).
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Proof. If n = m 2': 2 or if n > m = 1 the formula follows rapidly from
Theorem 9.1.14(a) and Remark 9.1.15. Assume n 2': m + 1 2': 3. Observe
that there are m - 1 generators of Ws as in Theorem 9.1.14(i), to count the
remaining generators of Ws as in Theorem 9.1.14(ii) note that the sum from
b = 2 to b = n - m + 1 of the m-partitions of n - b+ 2 is equal to

n-m+l (n _b + 1) = n ( i-I )
L m-1 L m-1
b==2 i==m+l

= -1 +~ (m~~7i) = -1 + (:).

Hence

type(S) = (m - 1) + (:) - 1 = (:) + (m - 2),

as required.

Exercises

D

9.1.17 Let R[t] be a polynomial ring over a ring R. If f = f(t) and g = g(t)
are two polynomials in R[t], prove the Dedekind-Mertens formula

c(fg)c(g)m = c(f)c(g)m+l (m = deg(f)).

9.1.18 Let M be a graded free module over a polynomial ring A such that
M = AlI EB ... EB Afr, where Ii is homogeneous for all i. If M is generated
by homogeneous elements gl, ... , gs, then M = Agi1 EB ... EB Agir , for some
. .
Zl, ... , Zr'

9.1.19 Let A = k[Xl, ... ,Xm ] and R = k[Yl, ... ,Yn] be two polynomial
rings over a field k, prove that the Segre product

is isomorphic to S = k[XiYj'S] C k[x;'s,yj's].

9.1.20 Let A and R be two standard algebras over a field k of dimensions
m and n respectively. If S is the Segre product of A and R, prove the
following relation between the multiplicities

e(S) = e(A)e(R) (m + n - 2) .
m-1
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9.1.21 Let R = K[Xl,"" x n ] be a polynomial ring over a field K and
m = (Xl, ... ,xn ). Prove that the toric ideal of the Rees algebra R(m) is the
ideal generated by the 2-minors of the following matrix of indeterminates:

X
n

)T .
n

9.1.22 Let R = K[Xl,'" ,X4] be a polynomial ring over a field K and I
the 3rd square-free Veronese subring of R generated by the monomials

Prove that the Rees algebra R(I) is a complete intersection.

9.1.23 Let R = K[Xl,"" x n ] be a polynomial ring over a field K and
I = (Xl,'" ,xn)k. Set s = -In/kl + n, and write n = qk + rl, for some
q, rl E N such that 0 ~ k < rl. By a "counting degrees" argument prove:

if rl = 0,

if rl > O.

9.1.24 Let R = K[Xl,"" x n ] be a polynomial ring over a field K and
m = (Xl, ... ,xn). If I = mk and J = (x~, ... ,x~), then J is a reduction of
I and the reduction number of I relative to J is given by

rJ(I) = - r~1+ n, where Ixl is the ceiling of x.

9.1.25 Let S be a standard algebra over an infinite field K and

a Noether normalization of S with hi E Sl for all i. If bl , ... , bt is a minimal
set of homogeneous generators of S and as an A-module, prove

where r = maxddeg(b i )} and that r 2': 0 is the minimum integer where
equality occurs. The reduction number of S, denote by r(S), is the minimum
r taken over all Noether normalizations. See [298, Chapter 9] for an study
of several degrees of complexity associated to a graded module.

9.1.26 Let S be a standard algebra over an infinite field K and a(S) its
a-invariant. If S is Cohen-Macaulay prove:

r(S) = a(S) + dim(S).
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9.1.27 Let ¢: B -t S be a graded epimorphism of standard K-algebras,
where K is an infinite field. If dim (B) = dim(S) and

is a Noether normalization of B with hi E Sl for all i, prove that S is
integral over A' = K[¢(hd, ... ,¢(hd )] and that the composition

is a Noether normalization of S.

9.1.28 Let ¢: B -t S be a graded epimorphism of standard K-algebras,
where K is an infinite field. If dim(B) = dim(S), prove r(B) ?: r(S).

9.2 Monomial subrings of complete graphs

Lexicographical Grabner bases and Hilbert functions of toric ideals of edge
subrings associated to complete graphs will be considered here.

Let us recall some terminology and fix some of the notation that will be
used throughout the section.

The letters i, j, k, £, n, r will denote positive integers. We denote by G"n'
the graph with vertex set

and edge set

E = {{Tij ,Tkdl (i,j), (k,£) E (In, {i,j} n {k, £} = 0, i < k and j < £},

where

(In = {(i,j)ll ~ i < j ~ n}.

Given a set D C Vn , we denote by GD the maximal subgraph of G"n
with vertex set D.

Let An = k[Vn] be a polynomial ring over a field k and G a graph on
the vertex set Vn. The edge-ideal I(G), of the graph G, is the ideal of An
generated by the square free monomials TijTk£ so that Tij is adjacent to Tk£
in G. If all the vertices of a graph G are isolated we set I(G) = (0).

The graph G is called Cohen-Macaulay (C-M for short) if I(G) is a C-M
ideal. A subset C C Vn is a minimal vertex cover for G if every edge of G
is incident with some vertex in C and there is no proper subset of C with
this property.
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Let R = k[Xl,"" x n] be a polynomial ring over the field k, and Kn
the complete graph on the vertex set X = {Xl,'" ,xn }. For i < j we set
fij = XiXj' Let

k[Kn] = k[{jijll :S i < j :S n}]

be the k-subring of R spanned by the fij' Consider the homomorphism

1/;: An = k[{Tij 11 :S i < j :S n}] -t k[KnJ, induced by Tij -t fij'

The ideal Pn = ker(1/;) is the presentation ideal or toric ideal of k[Kn].

Proposition 9.2.1 ([304]) Let R = k[Xl,"" x n] be a polynomial rzng
over a field k and Pn the presentation ideal of k[Kn]. Set

If the terms in An = k[{Tij 11 :S i < j :S n}] are ordered lexicographically
by T12 < ... < Tin < T23 < ... < T2n < ... < T(n-l)n, then B is a minimal
generating set for Pn and B is a reduced Grabner basis for Pn .

Proof. By Corollary 7.1.7 it follows that B is a minimal generating set for
Pn . Let f, g E B. Taking into account Theorem 2.4.15, it suffices to verify
that S(j, g), the S-polynomial of f and g, reduces to zero with respect to B.
There are two sequences of positive integers i < j < k < £ and p < q < r < s
so that

f - { (a)
- (b)

TijTk£ - TifTjk or,
Tj£Tik - Ti£Tjk.

Assume f and g as in (a) and (c) respectively, the others cases can be treated
similarly. We may assume that the leading terms of f and g have common
factors, for otherwise S(j,g) reduces to zero w.r.t {j,g} by Lemma 2.4.14.
First we assume Tij = Tpq , in this case i = p and j = q, and the S­
polynomial of f and g is equal to S(j, g) = -TrsTp£Tqk +Tk£TpsTqr' Observe
that

if k = r,
if k = s,
if £ = r,
if £ = s.

Hence S(j,g) -tB 0 if {k,£} n {r, s} -::f- 0. We may then assume k and £ not
in {r,s}. If £ > sand r > k then

S(j, g) - Tps(Tk£Tqr - Tq£Tkr ) - Tkr(TpsTq£ - Tp£Tqs )

+Tp£(TrsTqk - TkrTqs) = O.
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On the other hand if £ > sand k > T' we have
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S(j, g) - Tps(Tk£Tqr - Tq£Trk) - Trk(TpsTq£ - Tp£Tqs )

+Tp£(TrsTqk - TrkTqs) = O.

In both cases S(j, g) -+B O. Assume s > £ and k > T'. From the equality

S(j, g) - Tps(TqrTk£ - Tq£Trk) + Tp£(TqkTrs - TqsTrk )

-Trk(TpsTq£ - Tp£Tqs ) = 0,

we derive S(j, g) -+B O. To complete the argument consider the case s > £
and T' > k, using the equality

S(j, g) + Tp£(TrsTqk - TqsTkr ) + Tkr(Tp£Tqs - TpsTq£)

-Tps(Tk£Tqr - TkrTq£) = 0,

we obtain S(j, g) -+B O.
Now consider the case Tij = T rSl note that the case T k£ = T pq is sym­

metric. We have i = T', j = sand S(j,g) = Tk£TpsTqr - TpqTr£Tsk' Since

we obtain S(j, g) -+B O. Finally we show the case Tk£ = T rs , notice k = T',

£ = sand

If i 2': q then

S(j,g) + Tis (TpqTjr - TprTqj ) - Tqj(TqsTpr - TpsTqr ) = 0,

and S (j, g) -+B O. If i < q, then

S(j,g) + Tis (TpqTjr - TprTqj ) - Tps(TijTqr - TirTqj)

-Tqj(TpsTir - TisTpr) = 0,

and S(j, g) -+B O. D

Example 9.2.2 If k[{Tijll :::; i < j :::; 5}] has the lex ordering induced by

Then the reduced Grabner basis for the toric ideal P of k[K5 ] is equal to:

T 35 T 24 - T 45 T 23 ,
T 25 T 13 - T 35 T 12 ,
T 34 T 15 - T 45 T 13 ,

T 24 T 13 - T 34 T 12

T 34 T 25 - T 45 T 23 ,
T 35 T 14 - T 45 T 13 ,
T 23T 15 - T 35 T 12 ,

T 25 T 14 - T 45 T 12 .

T45T23T13 - T34T35T12'
T 23 T 14 - T 34 T 12 ,

T 24 T 15 - T 45 T 12 .
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Corollary 9.2.3 If Pn is the toric ideal of the subring k[KnJ and n 2: 4,
then Pn is the ideal I 2 (Y) generated by the 2-minors of the symmetric array

• T I2 T l3 T I (n-2) TI(n-l) TIn

T I2 • Tn T 2(n-2) T 2(n-l) T 2n

T I3 Tn • T 3(n-2) T 3(n-l) T 3n

y=

T I (n-2) T 2(n-2) T 3(n-2) • T(n-2)(n-l) T(n-2)n

TI(n-l) T 2(n-l) T 3(n-l) T(n-2)(n-l) • T(n-I)n

TIn T2n T 3n T(n-2)n T(n-I)n •

and the 2-minors of Y form a Grabner basis for I 2 (Y) w. r. t the lex ordering
T12 < ... < Tl(n-i) < Tin < T23 < .,. < T2(n-i) < T2n < ... < T(n-i)n-

Lemma 9.2.4 Let n 2: 4 be a fixed integer, and let r be positive integer so
that 1 ::::; r ::::; n - 1. Set

D~ = {Tij E Vn I r ::::; i ::::; n - 2, r + 1 ::::; j ::::; n - I},

D~r = {Tir E Vnl k::::; i::::; r - I} U {Tinl k::::; i::::; r - I}, and

If I(G"J is a Cohen-Macaulay ideal of height

i(i-3)

2

for all i < n, then I (GDkJ is a Cohen-Macaulay ideal of height

(
n - r -1)

2 +r-k-1

for 1 ::::; k ::::; r.

Proof. We proceed by descending induction on k. If k = r we have D~r = 0
and GDrr c::: G"n_r. Assume k ::::; r -1 and G D (k+l)r Cohen-Macaulay of the
appropriate height. Let

N = {Tij E DkrlTij is adjacent to Tkr}.

Since N is equal to

{Tij E Dkr I r + 1 ::::; i ::::; n - 2, r + 2 ::::; j ::::; n - I} U {Tin I k + 1 ::::; i ::::; r - I},
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it follows that

(
n - r - 1)INI = 2 + r - k - 1

and that N is a minimal vertex cover for GD kr • Therefore
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Observe that T(k+l)n is an isolated vertex in GD(k+l)T' hence N can not be
contained in a minimal vertex cover for GD(k+l)r and

Consider the exact sequence

Since the ends of this sequence are both Cohen-Macaulay rings of dimension
equal to dim An/I(GDkJ we derive that An/I(GDkJ is CM, as required. D

Corollary 9.2.5 ([280]) Let

I(GDl(n_l)) = ({Ti (n-1)Tjn I1 ~ i < j < n -I}).

Then I(GDl(n_l)) is Cohen-Macaulay of height n - 3 for n ? 4.

Proof. Take r = n - 1 and k = 1 in Lemma 9.2.4. D

Theorem 9.2.6 The edge ideal I(Gern ) is Cohen-Macaulay of height equal
to n(n - 3)/2.

Proof. The proof is by induction on n. The assertion is not hard to verify
for n ~ 5. Assume the result for all graphs isomorphic to Ger; for i < n. Set

We claim that GCT is Cohen-Macaulay with

htI(GcJ = (r _ 1) + (n - 1)2(n - 4),

for 1 ~ r ~ n - 1. The proof of the claim is by induction on r. If r = 1
then I(GCl ) = I(Gern _l ) and, by the first induction hypothesis, I(GCl ) is
CM of height (n - l)(n - 4)/2. Assume GCi CM with

ht I(Gc,) = (i _ 1) + (n - 1)2(n - 4)
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for i < r. Let

Ur = {Tij E Crl Tij is adjacent to Trn },

and let D 1r be as in Lemma 9.2.4. Observe that

(r - 2)(r - 1)
IUr I = (r - 1) (n - r - 1) + 2 .

Set Lr = (I(GcJ, Ur) and Jr = (I(GcJ, Trn ). Since

an application of Lemma 9.2.4 yields that L r is Cohen-Macaulay and

355

(n- r- 1) (r - 1)= 2 +(r-2)+(r-1)(n-r-1)+ 2·

Hence
ht (L

r
) = (r _ 1) + (n - l)(n - 4).

2

On the other hand by the second induction hypothesis ht (Jr) = ht (Lr ) and
Jr is CM. Altogether we have that AIJr and AIL r are Cohen-Macaulay
rings with the same dimension. Since Lr is also equal to (I (GC r -1 ), Ur ) we
have

Therefore Ur can not be a subset of a minimal cover for Gcr _ 1 , and thus

htI(GcJ = htI(Gcr _1 ) + 1.

From the exact sequence

we obtain I(GcJ Cohen-Macaulay. In particular for r = n - 1 we conclude
that I(GerJ is Cohen-Macaulay of height equal to n(n - 3)/2. D

Proposition 9.2.7 Let Fn(z) = hn(z)(l- Z)-l be the Hilbert series of the
ring An I I (Gern). Then the polynomial hn (z) satisfies the difference equation

for n 2:: 5 with boundary conditions h3 (z) = 1 and h4 (z) = 1 + 2z + Z2.
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Proof. Set A = An and Cr = Vn- I U {TIn, T2n , . .. ,Trn }. Let Dir and Ur
be as in Lemma 9.2.4 and Theorem 9.2.6 respectively. Consider the exact
sequences

and

where

and
J r +1 = (I(GcJ, T(r+l)n,"" T(n-I)n)'

Using these sequences recursively, for r = n - 2, ... ,3,2 yields

where J 2 = (T2n , ... ,T(n-l)n,I(G"n_l )). On the other hand, by induction
on r, we readily obtain

if r E {n - 1, n - 2},
if 2:::; r :::; n - 3.

D

Therefore

and

hn - I(z) = Z[kf3 (1 + (k - 2)z) + ~((n - k - l)z + hk-I(Z))]

+hn - 2 (z).

subtracting the last two equations we obtain

The boundary conditions follow readily since I(G"J = (0).

Corollary 9.2.8 ([262]) The ring k[Kn ] is a Cohen-Macaulay ring.

Proof. Let AniPn be the presentation of k[Kn]. Note that in(P), the
initial ideal of P, is equal to I(G"J. By Theorem 9.2.4 we obtain that
Alin(P) is Cohen-Macaulay, and this implies (see [133, 208]) that AlP is
Cohen-Macaulay as well. D
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Remark 9.2.9 Let

R(I) = k[{Xl, ... ,Xn,TxiXjI1:::; i < j:::; n}]

be the Rees algebra of the edge-ideal I = l(Kn ) and

k[Kn+d = k[{xixjI1 :::; i < j:::; n + I}].

Then by Proposition 8.2.15 there is an isomorphism

induced by
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cp(Xi) = XiXn+l and CP(TXiXj) = XiXj.

Therefore by Lemma 9.2.8 we obtain that the Rees algebra of the edge­
ideal of a complete graph is Cohen-Macaulay. In fact such algebras are
even normal by Proposition 7.4.5.

Theorem 9.2.10 ([304]) Let Kn be the complete graph on n vertices and
AnlPn be the presentation of k[Kn]. lfn 2:: 3, then the Hilbert series Fn(z)
of AniPn satisfies:

l~J

(1_z)nFn(z)=1+ n(n-3)z+ L (n)zm
2 2mm=2

Proof. Let Fn(z) = F(AnIPn,z). Since in(Pn), the initial ideal of Pn,
equals l(G"n)' by Corollary 2.4.13 the Hilbert series of Anll(G"J is equal
to Fn(z). Let

(1- z)nFn(z) = hn(z) = aOn + alnZ + ... + aO(n)nzO(n),

and let
00

Gm(x) = L amnxn

n=3

be the generating function of the sequence (a mn )n:2:3. By Proposition 9.2.7
we have

Recall that

2am(n-l) + a(m-l)(n-2) - am(n-2)
2am(n-l) + a(m-l)(n-2) - am(n-2)
+(n - 2)

if n 2:: 5, m ~ {O,2},

if n 2:: 5, m = 2.

00

Go(x) = Lxn , h3(z) = 1, and h4 (z) = 1 +2z+z2.
n=3
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Therefore for m 2:: 3 we obtain
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00

LamnX
n

n=5
00 00 00

2 L am(n_l)X
n + L a(m_l)(n_2)X

n
- L a m (n_2)X

n

n=5 n=5 n=5

2xGm (x) + X
2Gm _ 1 (x) - x 2Gm (x),

and consequently

for m 2:: 3. By a similar argument we derive

G ( ) - x
4

(2 - x) _ ~ n(n - 3) n d G ( ) _ 4/(1 _ )5
1 X - )3 - L.... x ,an 2 x - X x.

(1 - X n=3 2

Hence al n = n(n - 3)/2 for n 2:: 3. To complete the proof observe that

for m > 2. Hence amn = C~J for m 2:: 2 and n 2:: 3. o

Remark 9.2.11 The Hilbert function of k[Kn ] can be computed using the
fact that the Ehrhart polynomial of the second hypersimplex of order n is
equal to the Hilbert function of k[Kn ]. See Chapter 7 and [79, 277].

Corollary 9.2.12 The multiplicity e(k[Kn]), of the ring k[KnJ, is equal to
2n - 1 - n.

Exercises

9.2.13 Let k be a field and A = k[ {Tij 11 < < j < 5}]. Consider the
permutation of the variables:

Prove that the toric ideal P of k[K5 ] is not invariant under the automor­
phism of A induced by ¢.
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9.2.14 If Q is the toric ideal of the Rees algebra R(I) of the monomial ideal
I = (xixjl1 :::;; i < j :::;; n - 1), then Q is the ideal h(Y) generated by the
2-minors of the symmetric array

• T l2 T 13 T I (n-2) TI(n-l) Xl

T 12 • Tn T 2(n-2) T 2(n-l) X2

T 13 Tn • T 3(n-2) T 3(n-l) X3

y=

T I (n-2) T 2(n-2) T 3(n-2) • T(n-2)(n-l) X n -2

TI(n-l) T 2(n-l) T 3(n-l) T(n-2)(n-l) • Xn-l

Xl X2 X3 X n -2 Xn-l •

and the 2-minors of Y form a Grabner basis for 12 (Y) w.r.t the lex ordering
T12 < ... < Tl(n-l) < Xl < T23 < ... < T2(n-l) < X2 < ... < Xn-l·

Hint Set B = K[Tijll :::;; i < j :::;; n] and Xi = Tin for 1 :::;; i :::;; n - 1. There
is a commutative diagram

R(I)

'lj;(Tin)
'lj;(Tij )
a(xi)
a(TxiXj)

Tin, 1 :::;; i < j :::;; n - 1
TXiXj, 1 :::;; i < j :::;; n - 1
XiXn, 1 :::;; i < n
XiXj, 1:::;; i < j:::;; n-1.

Since a is a isomorphism one has Q = ker('lj;)
description of ker(cp) given in Proposition 9.2.1.

ker (cp), then use the

9.3 Noether normalizations of edge subrings

In this section two explicit Noether normalization of the edge subring of
a complete graph are presented, it will turn out that those normalizations
can serve as a model to deal with some specific graphs. The results of this
section are due to A. Alcantar [2, 3].

There are few classes of graded algebras where homogeneous Noether
normalizations are known, such classes include quotients of monomials ideals
[298, Proposition 2.3.3], edge subrings of complete bipartite graphs [72] and
edge subrings of bipartite planar graphs [85].

Systems of parameters of edge subrings Let G be a graph on the
vertex set V = {Xl, ... ,xn} and R = K[Xl' ... ,xn] a polynomial ring over
a field K. One can express the toric ideal of the edge subring K[G] as the
kernel of the epimorphism of K-algebras:

'lj;:A = K[{Tijl i < j and Xi is adjacent to Xj}] -t K[G]
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induced by 'lj;(Tij ) = XiXj, where {Tij} is a new set of variables in one to
one correspondence with the edges of G.

We shall always assume that A and R have the usual grading and that
K[G] has the normalized grading

K[G]i = R 2i n K[G],

thus 'lj; is a graded map. In the sequel we denote ker('lj;) by P (G). An
standard Noether normalization of AIP(G) is an integral extension

where hi, ... , hd are homogeneous polynomials of degree one and d is the
Krull dimension of K[G]. Note that (*) is a Noether normalization if and
only if

rad(h l , ... , hd , P(G)) = 9J1,

where 9J1 is the maximal ideal of A generated by all the variables Tij . See
Chapter 2.

Edge subrings of complete graphs The complete graph with vertices
Xl, ... ,Xn , denoted by Kn , has every pair of its n vertices adjacent. Let

K[Kn] = K[xixjll :::; i < j :::; n}] C R

be the edge subring of R associated to Kn. Thus the toric ideal P(Kn) of
K[K n ] is the kernel of the homomorphism of K-algebras

induced by Tij -t XiXj'

Notation For use below we set Pn = P(Kn). If j < i, we set Tji := Tij . The
homogeneous maximal ideal of An will be denoted by 9J1n.

Lemma 9.3.1 ([3]) Let Qn = (Pn, I n) C An be the ideal of An generated
by Pn and I n = (hi,"" hn), where

hk = L Tik + L Tki ·
l:Si<k k<i:Sn

Let P be an associated prime ideal of Qn' Assume Qp is an 9J1p-primary
ideal of Ap for 4:::; p < n. If P contains a variable Trs , then P = 9J1n.

Proof. Let P be an associated prime ideal of Qn so that Trs E P, to simplify
notation assume r = n - 1 and s = n. Since Tk(n-l)Tjn - TkjT(n-l)n E Pn,
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we obtain Tk(n-i)Tjn E P for j -::f- k. If Tk(n-i) ~ P for some k, then
T jn E P for all j -::f- k, j :::;; n - 1. As h n E P we have

{Tin,"', T(n-i)n} C P,

hence Qn-i C P. Using the hypothesis yields Tk(n-i) E P, a contradiction.
Therefore Tk(n-i) E P for all k -::f- n - 1. Let

Q = (Qn, Ti(n-i), ... ,T(n-2)(n-i), T(n-i)n)'

Because Q c P, from the hypothesis we derive that P contains all variables
not in {Tk(n-i)h#n-i' Therefore P = 9J1n . 0

Theorem 9.3.2 ([3]) If K is either a field of characteristic zero or K is a
field of characteristic p 2: 2 and 2, ... ,n - 1 are relatively prime to p, then
the ideal Qn is an 9J1n -primary ideal of An.

Proof. We proceed by induction on n. It is not hard to verify that

ht(Qi) = i(i - 1)
2

for 3 :::;; i :::;; 6 (see arguments below). Assume n 2: 7 and the result true
for m < n. Let P be an associated prime ideal of Qn. By Lemma 9.3.1 it
suffices to prove that P contains one of the Tij's variables. Set

Consider the equality

n-2

g - T 2(n-i)h n + T(n-i)n h 2 + :l.)T2(n-i)Tin - T 2iT(n-i)n) = T 2n L n (9.6)
i=3

and define the following permutations of {I, ... , n}

1
n-2

2
n

n-2
2

n-1
1

n-1
1

~ )n-1
1

k+2
n-1

n-1
1

k k + 1
2 n

n-3 n-2
2 n

n-3 n-2
n -1 2

2
k+1

2
n-1

2
n-2

1
k+2

~3 = ( ~
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Observe that a permutation (J of {1, ... , n} induces an automorphism

such that (J' (Tij ) = Tcr(i)cr(j)' Since

we have (J'(Q",) c Qn' Applying (J~ to Eq. (9.6) yields (J~(T2nLn) E Qn'
Note that

Tk(k+ I ) (Tlk - TI(k+I)) if i = 3, n 2: 6, k = n - 3

If Tk(k+I) ~ P for all 2 :::; k :::; n - 1, then Tli - T Ij E P for i -::f- j. Using
the identity

n

hI + '2)TI2 - TIj) = (n - 1)T12
j=3

we obtain T I2 E P.

Corollary 9.3.3 ([3]) If K is a field of characteristic zero, then

is a Noether normalization of K[Kn ].

o

Proof. Note that the monomial subring K[K n ] is integral over the subring
K[h l , ... , h n ] by Theorem 9.3.2. 0

Corollary 9.3.4 If K is a field of characteristic zero, then AniPn zs a
finitely generated free module over K[h l , ... , hn ].

Proof. Since K[K n ] is a Cohen-Macaulay graded algebra of dimension
n, by Proposition 6.3.1 we obtain that AniPn is a finitely generated free
module over K[hl, ... ,hn]. Note that {hl, ... ,hn } is a regular system of
parameters for AniPn. 0
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Another Noether normalization Let us present here a simpler Noether
normalization of the monomial subring of the complete graph. Since any
variable Tij occurs only in hi and hj , one has:

2h = hi + ... + hn , where h = L Tij.
l:Si<j:Sn

Setting
_ { -h + hi + hHi for i = 1,2,

gi - hHi for 3 :::; i :::; n - 1,
h - hi for i = n,

it is not hard to see that F = {gi, ... , gn} is a Grabner basis for (hi' ... , hn )
w.r.t. the lex ordering T 12 > ... > Tin> T23 > ... > T(n-i)n- Thus one
may try to eliminate some of the first variables from F with the intention of
producing some "triangulated" Noether normalization whose first elements
are variables. The next result proves that one may replace gi by T12 and
still get a normalization.

Proposition 9.3.5 Let K be a field of characteristic p. If 2, ... , n - 1 are
relatively prime to p, then

is a Noether normalization of K[Kn].

Proof. From the equalities

h = (hi - h) + h2 + ... + hn

and

one has

(9.7)

K[h i , ... , hn] = K[gi, ... , gn].

As K[Kn ] is Cohen-Macaulay (see Proposition 7.4.5) by Theorem 9.3.2 one
concludes that gi, ... , gn is a regular system of parameters for AniPn . In
particular g2, ... , gn is a regular sequence on AniPn.

To finish the proof it suffices to show that T12 is a regular element on

Let Q be an associated prime of S and assume T12 is in Q. If hi E Q, then
h3, ... ,hn ,h are in Q, which together with Eq. (9.7) gives h2 E Q. Hence
gi E Q; a contradiction to the fact that gi is regular on S. Therefore hi
cannot be in Q and consequently there is k 2: 3 so that Tlk ~ Q.
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If {I, k} n {2, j} = 0 and j -::f- 2, then TlkT2f - T 12 T kf is in Pn and thus
T 2f is in Q for all j ~ {2, k}. Note T 2k is not in Q; for otherwise h2 , ... ,hn

and h - hi are in Q and from Eq. (9.7) h E Q, and hence hi E Q which is
impossible. By considering T 2k T if - T 2j T ik , one obtains T if E Q for all ij so
that i, j are not in {2, k} and i -::f- j. It follows readily that all the variables
T if not occurring in hk belong to Q. Using Eq. (9.7) and noticing that T ik

occurs exactly twice in hi +... + hn , one gets 2(h- hk ) E Q, but since hk is
also in Q one derives h, h2 E Q and consequently gi is in Q, which is again
a contradiction. Altogether T12 is not in the union of the associated primes
of S and is therefore a regular element on S. 0

Examples and one open question The minimal vertex covers of the
complement G of a graph G seem to be related to the problem of finding a
Noether normalization of the edge subring K[G].

Example 9.3.6 Let G be the following graph and G its complement.

G

Using Macaulay one has P(G) = (gl,g2,g3,g4), where

gi = t 13 t25 - t15 t23,

g3 = t12 t35 - t15 t23,

g2 = t 13 t 45 - t15 t 34,

g4 = t23 t 45 - t25 t34'

By Corollary 8.7.11 it follows that the edge subring K[G] is a normal Cohen­
Macaulay domain. To find a Noether normalization for K[G] over a field K
of characteristic zero consider the sequence:

ei = t12 + t 13 + t 15,

e3 = t13 + t23 + t34 + t35,

e5 = t15 + t25 + t35 + t 45,

e2 = t12 + t23 + t 25,

e4 = t34 + t 45,

unfortunately ht(P(G), ei , ... , e5 ) = 7, but we can modify the coefficients
of the variables in the support of ei to obtain the required height 8, more
precisely a Noether normalization for K[G] is:
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where

hi = t12 + h3 + t15,
h3 = t 13 + t23 + 3t34 + t35,
h5 = t15 + t25 + t35 + t45'

h2 = t 12 + t23 + t25,
h4 = 3t34 + t45,
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Note that the coefficients of the variables occurring in ei were modified by
first finding a minimal vertex cover C = {X4} for G and then changing tij
by itij, if Xj is in C.

Remark 9.3.7 To verify the assertion that ht(P(G), hi,"" h5) = 8 in the
Example 9.3.6, note that hi, ... ,h5 specializes nicely, that is,

is a system of parameters of K[G \ {xd] for each 1 :::; i :::; 5, where hj is
obtained making tik = 0 in the sequence hi, ... , h5. Hence we may proceed
essentially as in the proof of Proposition 9.3.5.

Take an associated prime Q of (P(G),h i , ... ,h5). If t12 E Q, then
t15t23 E Q . Note one may assume t23 E Q; otherwise t15 and t13 are in Q
and from:

(P(G), hi,'''' h5, t12, t13, t15) = P(G\ {xd), h~, h~, h~, h~, t12, t13, t15) C Q,

one concludes ht(Q) = 8. Using:

(P(G), hi,"" h5, t12, t23, t25 ) = P(G\ {X2}), h~, h~, h~, h~, t12, t23, t25) c Q,

again one concludes ht(Q) = 8. Similar arguments show that if t 13 or t 15

are in Q, then ht(Q) = 8. Hence one may assume h2, t13, h5 not in Q.
From the equalities:

-gi + t25 hi - h5 h2 = t12 (-t15 + t25)
-3g2 - g3 + t35 hi - t15 h3 = t13(-t15 + t35 - 3t45)
g3 - gi - g2 + (t15 - t35)h i + t13 h5 = t15(t12 + 2t13 + t15 + t34 - t35),

one readily derives that Q is the irrelevant maximal ideal of K[tij].

All the normalizations of monomial subrings of graphs that we have
found, through the procedure of Example 9.3.6, suggest the following:

Question 9.3.8 Let G be a graph with n vertices and AIP(G) the presen­
tation of K[G] over a field K of characteristic zero. Assume K[G] is a normal
subring of dimension n such that deg(v) 2: 2 and dim K[G \ {v}] = n - 1
for any vertex v of G. Is there a Noether normalization of the form:

K[h i , ... , hn ] '---+ AIP(G), hj = :l:.>ijTij for all 1:::; j :::; n, Eij E K?
i#-j
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The next instance of a graph is rather more complicated than the graph
given in Example 9.3.6, but exhibits the same sensitivity to modifying the
coefficients linked to subsets of minimal covers of the complement of the
graph.

Example 9.3.9 Let G be the following graph on 10 vertices and G its
complement.

Xg

htP(G) = 5.
Minimal cover for G:

C = {X3' X4, X5, X7, X8, Xg, XlO}.

By the description of the integral closure of K[G] given in Corollary 8.7.11
it follows that K[G] is a normal domain. It is not hard to verify that a
Noether normalization for K[G] over a field K of characteristic zero is:

K[h l , ... , h lO ] '---+ K[G] ~ K[ti,j]jP(G),

where

hi = tl,2 + tl,5 + h,6 + h,lD'

h3 = 2t2,3 + 3t3,4 + 3t3,7 + 3t3,8,
h5 = h,5 + 4t4,5 + 5t5,9 + 5t5,lD,

h7 = 2t2,7 + 3t3,7,
hg = 4t4,g + 5t5,9,

h2 = t l ,2 + 2t2,3 + t2,6 + 2t2,7,
h4 = 3t3,4 + 4t4,5 + 4t4,8 + 4t4,9
h6 = tl,6 + t2,6
h8 = 3t3,8 + 4t4,8
hlO = tl,lD + 5t5,lD.

The coefficients of the variables occurring in hi were chosen using a minimal
vertex cover C for G and then modifying the coefficient of tij, if x j is in C.

Remark 9.3.10 The monomial subring of Example 9.3.9 was studied by
Hibi and Ohsugi [165] to show a normal subring K[G] of a graph G such
that none of the initial ideals of P(G) is squarefree.
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Monomial Curves

In this chapter we present some material on toric ideals of monomial curves
and symmetric semigroups. The emphasis will be on space curves and
monomial curves in the affine space of dimension four whose toric ideals
are generated by critical binomials.

We should point out that Chapter 10 and Chapter 11 overlap at certain
points. A few almost identical results will be proven in both chapters with
slightly different proofs.

10.1 Defining equations of monomial curves

Let k be a field and

the semigroup generated by a finite sequence d1 , ... ,dn of relatively prime
positive integers. A monomial curve r in the affine space A.I; over k is given
parametrically by

that is, we have
r = {(td1

, ... , t dn
) E A.I; It E k} .

Let R = k[Xl,"" x n ] and k[t] be two polynomial rings over k graded by
deg(xi) = d i for all i and deg(t) = 1 respectively. Let ¢ be the graded
homomorphism of k-algebras

The image of ¢, denoted by k[S] or k[r], is the semigroup ring associated
with S and the homogeneous ideal P = ker(¢) is the presentation ideal or
toric ideal of k[S].

367
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By Proposition 7.1.2 the toric ideal P is generated by a finite set of
binomials. Hence the exact sequence

is related to the presentation ideal P of k[S] in the following manner: if
g = x'" - x(3 is a binomial, then g E P if and only if a - j3 E ker(1/J). Given
a binomial g = x a - x b , we set 9 = a-b.

Given a subset I C R we denote its zero set in Ak by V(I), and given a
subset X C Ak we denote its vanishing ideal in R by I(X).

If h1 , ... , hr E zn, we denote by

the subgroup of zn generated by these elements.
Let G c zn be a subgroup. We associate to G an equivalence relation

on the monomials in R = k[X1,"" x n ], by x'" ~G x(3 if a - j3 E G. Note
that this relation is compatible with the product, Le., x'" ~G x(3 implies
xl' x'" ~G xl' x(3 for alII E 1'F.

Definition 10.1.1 A nonzero polynomial

in R is simple (with respect to ~G) if all its monomials, i.e., those x'" with
nonzero coefficient A"" are equivalent under ~G.

Given any polynomial f E R\ {O}, we can group together its monomials
by equivalence classes under ~G, thereby obtaining a decomposition

f = h1 + ... + hm

with the property that each summand hi is simple, and that no monomial
in hi is equivalent with a monomial in h j if j -::f- i. Such a decomposition of
f as a sum of maximal simple subpolynomials is unique up to order. We
will refer to the summands hi as the simple components of f (with respect
tO~G)'

Lemma 10.1.2 Let gl, ... , gr be binomials in Rand G c zn the subgroup
generated by 91, ... ,9r' If f E (gl' ... ,gr), then every simple component of
f with respect to ~G also belongs to (gl, ... ,gr)'

Proof. First, each generator gi = X"'i -X(3i is simple, as its two constituting
monomials X"'i, X(3i are equivalent under ~G by construction. Moreover,
xl' gi remains simple for any I E Nn, since the relation ~G on monomials
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is compatible with the product. Let now f be any element in the ideal
(gl" .. ,gr)' Then, f is a linear combination of polynomials of the form
xl' gi, with i E {I, ... , r} and IE 1'F, which are simple. Hence, every simple
component of f is also a linear combination of some xl' gi and therefore
belongs to (gl' ... , gr). 0

Theorem 10.1.3 ([104]) Let gl, ... , gr be a system of binomials in the
toric ideal P and I = (gl, ... ,gr). If char(k) = p -::f- 0 (resp. char(k) = 0),
then rad(I) = P if and only if

(a) pmker(1j;) C (iiI, ... ,fir) for some mEN (resp. ker(1j;) = (iiI, .. · ,?ir)).

(b) V(gl,'" ,gr,x;) = {O}, for all i.

Proof. =}) (a) First we consider the case char(k) = p -::f- O. By hypothesis,
there exists m 2: 0 such that fP= E I for all f E P. Let I E ker(1j;) and
write I = a - 13 with a,j3 E Nn and g = x'" - x(3. Thus g belongs to P and
9 = a - 13 = I' Set

G = (91"" ,9r) c Zn.

We know that gP= E I and gP= = x"'P= - x(3p=. Since the simple com­
ponents of gP= belong to I and hence to P (see Lemma 10.1.2), and since
x"'P= does not belong to I because it does not belong to P, it follows that
gP= is simple, i.e., pm a ~G pmj3. Hence pm a - pmj3 E G. This shows
pm ker(1j;) C G.

Next we treat the case char(k) = 0; this case was shown in [100] using
simple components. Let G = (91, ... ,9r) and 0 -::f- 'TJ E ker(1j;). Note that
one can write 'TJ = a - 13, where a and 13 are in Nn and have disjoint support,
thus f = x'" - x(3 E P and fq is in I for some prime q» O. Hence

m

r = L Ci(X'Yi - X6i ),
i=l

where Ii - 6i are in G and Ci E k \ {O}, for all i. Set

h = LCi(X'Yi _X6i ), whereI= {ilqa-li E L}.
iEI

Observe that h equals the sum of all the monomials CiXOi occurring in fq
such that qa - ei E G, because qa -Ii E G iff qa - 6i E G. Expanding fq
one has:

q-l
r = x q", -xq(3 + ?=(_l)i(~)x",(q-i)xi(3.

2=1

If qa - qj3 ~ G, then

h = x q", + L(-l)i(~)X",(q-i)xi(3,
iE.:J
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for some J contained in {I, ... , q - I}. As q is prime, q must divide m
for 0 < i < q. Thus making Xi = 1 yields 1k = (sq)lk, s E Z, but since
char(k) = 0 one has 1 = qs, which is impossible. Hence q(a -(3) E G. Pick
a prime r -::f- q such that rEI, by the previous argument r(a - (3) E G.
Since gcd(q, r) = 1, we get a - (3 E G.

(b) Let a E V(gl"" ,gr,Xi), since V(P) = V(I) and xt; - Xfi are in P
for all j -::f- i, it follows that a = O.

{=) First we assume char(k) = p -::f- O. Let f = XC - x e be a binomial in
P and write gi = X"'i - X!3i. By (a) there are integers Si such that

one may assume Si 2:: 0 by replacing X"'i / x!3, by its inverse if necessary.
Hence writing

X"'i/ x !3i = ((X"'i/ X!3i) -1) + 1

and using the binomial theorem it follows that M fP= IS m I, for some
monomial M. Since P is generated by a finite set of binomials, there is a
monomial xl' such that xl' fP= E I, for all f E P. Let PI be a minimal
prime of I, we will show that PI contains P. As I is graded observe that PI
is also graded (see Lemma 1.2.3). If none of the variables in the support of
xl' are in PI, then P C Pl. Otherwise, after a permutation of the variables
and the binomials, one has the inclusions:

where G' = {gl,"" gq} is a subset of {gl," . ,gr} such that the set of
variables occurring in any binomial in G' is disjoint from Xl, ... ,Xm and
the binomials gq+ I, ... ,gr belong to the ideal (Xl, ... , x m ). Set ai = 0 for
1 :::; i :::; m and ai = 1 for i > m. Since

one derives that G' must be the empty set. If m < n, then (ai) is again in
V (gl' ... ,gr, xI), which yield m = n and thus P C Pl' Hence P C rad(I)
and rad(I) = P. Note that this part of the proof works if char(k) = 0 by
making pm = 1. 0

Remark 10.1.4 The condition (a) above is equivalent to require that the
group ker('lj;)/G is a finite p-group, and this condition can be readily vali­
dated by noticing that ker('lj;) / G is a finite p-group if and only if there is an
isomorphism

where H is a finite p-group.
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Example 10.1.5 Consider the monomial curve

r = {(t, t) I t E k} c A%,

where k is a field of characteristic p > O. If g = xP - yP E k[x, y], then

g = (x - y)P and r = V(g).

Note that g does not generate the subgroup ker(1j;) = ((1, -1)) of Z2.
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Proposition 10.1.6 If gl, ... ,gr is a set of binomials generating the toric
ideal P of k[S], then gl,'" ,gr generate ker(1j;).

Proof. Let L = (gl,'" ,gr) and 0 -I- 'TJ E ker(1j;). Note 'TJ = a - 13,
where a and 13 are two non negative vectors with disjoint support, thus
f = x'" - x!3 E P and one can write

m

f = L Ci(x"li - X6i ),
i=l

where Ii - 6i are in Land Ci E k, for all i. Set

I = {il a -Ii E L} = {il a - 6i E L} and

J = {il 13 -Ii E L} = {il 13 - 6 i E L}.

f = LCi(Xl'i _X6i ) + LCi(Xl'i _X6i ).
iEI iEJ

Using Xl'i - X6i = (x o - X6i ) - (xo - Xl'i), with e = a or e = 13 one may
rewrite f as

m

f = L Ci(X'" - Xl'i) + L ej(x!3 - x6;), Ci, ej E k,
i=l j=l

where a -li,j3 - 6j E L \ {O}, for all i and j. One may assume 13 -l-Ii and
a -I- 6j for all i,j; otherwise one has a - 13 E L. Hence

s m s m

LCi = 1, Lej = -1 and LCiXl'i = - Lejx6;,
i=l j=l i=l j=l

consequently Xl'i = x 6; for some i and j, and this shows 'TJ = a - 13 E L. 0
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Lemma 10.1. 7 Let

Chapter 10

be the homomorphism induced by 'lj;(ei) = di, where d1 , ... ,dn is a sequence
of relatively prime integers. If L is a submodule of ker('lj;), then L = ker('lj;)
if and only if znjL is a free Z-module of rank 1.

Proof. Notice that ker('lj;)jL is torsion free if and only if znjL is torsion
free. Therefore one has the equality ker('lj;) = L if and only if Z nj L is a free
Z-module of rank 1. 0

Proposition 10.1.8 Let d1 , ... , dn be a sequence of relatively prime inte­
gers and 'lj;: zn --t Z the linear map induced by 'lj;(ei) = di , then the set

L {
dj di I . . }= (di,dj)ei-(di,dj)ej l:::;z<J:::;n

is a generating set for ker('lj;). Here (di,d j ) = gcd(di,dj ) and ei is the ith
unit vector.

Proof. By Lemma 10.1.7 it suffices to prove that znj(L) is free of rank
equal to 1. Let A be the matrix with rows

dj di---e' - ---e '
(di , dj )' (di , dj ) J

and let Ii be the ideal generated by the i-rowed minors of A. Let us show
that I n - 1 = Z. For a fix k consider the (n - 1) x n submatrix B of A with
rows

dk di---e'- ek
(di , dk )' (d i , dk ) ,

i -::f- k. It is not hard to see that the integers

II dk
ak= -(dd)

i#k k, i

occur as n - 1 minors of B. If a prime p divides ak, then it divides dk,
therefore In- 1 = Z. Since Ii C Ii- 1 all the invariant factors of A must be
equal to 1 and the proof is complete. 0

Corollary 10.1.9 Let I be the ideal generated by the set of binomials

(l:::;i<j:::;n).

Then rad (I) = P, where P is the toric ideal of k[S].
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Corollary 10.1.10 If I = ({xt, - x1i11:::; i < j:::; n}), then rad(I) = P.

Proof. Using the method of proof of Proposition 10.1.8 it follows that
ker('lj;) is generated by

{d·e - de .11 < i < J' < n}J" "J - -,

thus rad(I) = P by Theorem 10.1.3. o

Remark 10.1.11 Let gl, ... , gr be a finite set of binomials in the toric
ideal P and I the ideal generated by gl, ... , gr' In general the algebraic
equality

rad(I) = P

and the geometric equality

V(P) = V(I)

are not equivalent (see Exercise 10.1.20), but they are related as follows:

• if k is any field and rad(I) = P, then V(I) = V(P),

• on the other hand if k is algebraically closed and V(I) = V(P), then
by the Nullstellensatz rad(I) = P.

Now, we want to investigate what it means geometrically for a set of
binomials gl, ... , gr in P to satisfy only condition (a) in Theorem 10.1.3.
The next result is a refinement of [100, Lemma 3] in positive characteristic.

Proposition 10.1.12 ([104]) Let G = (?h, ... ,?ir), where gl, ... ,gr is a
set of binomials in P. If k is a field of char(k) = p oj:. 0 (resp. any field k)
and pmker('lj;) C G (resp. ker('lj;) = G), then

V(gl, ... ,gr) C rUV(Xl'''Xn),

Proof. Assume char(k) oj:. 0; for the other case see [100]. Let a
(al, ... , an) be in V(gl, ... , gr), and suppose al '" an oj:. O. One has

gi(a) = aD:i - a(3i = 0 Vi,

where gi = XD:i - X(3i. Hence aD:i = a(3i. Since all the entries of a are distinct
from zero, this can also be expressed as aD:i -(3i = 1.

Now, if g = xD: - x(3 E P, then a - 13 E ker('lj;) and pm(a - 13) E G. Thus
one can write pm (a - 13) = L:i £i (ai - 13i), for some £i E Z. Hence

aP=(D:-(3) = aL,if;(D:i-(3i) = fL(aD:i - a(3i)£i = 1

and aP=D: = aP=(3. Therefore aP=D: - aP=(3 = (aD: - a(3)p= = 0, which implies
g(a) = aD: - a(3 = O. As P is generated by binomials it follows that a is in
V(P) = r, as claimed. 0
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Monomial curves are affine toric varieties An interesting property
of monomial curves is that they are affine varieties defined by binomials. In
Section 11.2 we give a criterion to decide when a set defined parametrically
by monomials has this property.

Lemma 10.1.13 Let k be a field and a, b E k\ {O}. If n, m are two relatively
prime integers and an = bm, then the equation zm = a has a solution in k.

Proof. Since 1 = ns + qm, one has

as required.

Proposition 10.1.14 Let I be the ideal of R generated by the set

Then r = V (I), where V (I) is the zero set of I.

o

Proof. It is enough to prove the containment V(I) C r, because clearly
one has r C V(I). Let a = (al, ... ,an ) be an element in V(I). One may
assume ai -::f- 0 for all i, otherwise a = O.

Assume n = 2. As af2 = ag1 by Lemma 10.1.13 there is t E k such
that al = td1 . Note that u = adtd2 satisfies ud1 = 1 and consequently
gcd(o(u), d2 ) = 1. Thus there is an integer s so that sd2 == 1 mod o(u),
setting to = tuS readily gives ai = tgi

, for i = 1,2. Hence a E r.
Set h = gcd(d1 , ... , dn-d and for 1 :::; i :::; n - 1 write d i = dih, where

gcd(d~, ... , d~_l) = 1. Let I' be the ideal generated by the binomials:

(1:::; i < j :::; n - 1).

By induction assume

Using the equalities:

dj/(di,dj) di/(di,d,) _ dj/(d:,dj) d:/(d:,dj) 1 _< z· < J' <_ n - 1,
Xi - x j - Xi - x j ,

one concludes that a' = (al, ... , an - d is in r/. Hence there t E k such that
ai = t d

:, for all i < n. Set b = a~ and z = b/tdn . From the identities
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one readily derives zd:/(d:,dn) = 1, thus o(z) divides di for i < n, that
is, o(z) = 1 and tdn = a~. By Lemma 10.1.13 there is tl E k satisfying
t = t~. Set v = an/tfn, since vh = 1 the order of v divides h and this
implies gcd(o(v), dn ) = 1. Hence sdn == 1 mod o(v), for some integer s. To
complete the proof set to = tl V

S and note

t dn (t s)dn t dno = lV = 1 V = an

and
(l:::;i<n),

where the last equality uses that o(v) divides h and that h divides di for
i < n. 0

For an alternative shorter argument to prove Proposition 10.1.14 one
can use the next elementary fact.

Proposition 10.1.15 Let al, ... , an be a sequence of non zero elements of
a field k. If dl , ... ,dn are relatively prime integers such that a1; = a1i for

all i, j, then there is t E k with ai = t di for all i.

Proof. One can write 1 = cldl + ... + cndn , for some Ci E Z. From the
equalities

one derives that t = a~l ... a;n is the required element. o

Remark 10.1.16 Assume k algebraically closed, then Proposition 10.1.14
is valid without assuming gcd(dl , ... ,dn ) = 1. More generally, if X is the
curve in A.i; given parametrically by

where fi(t) E k[t] \ k for i
follows that

1, ... ,n, then by the extension theorem it

V(P) = X,

where P is the toric ideal of k[h(t), ... ,fn(t)]. See [74, Chapter 3] for a
beautiful exposition of the extension theorem.

Proposition 10.1.17 Let r = {(t d1 , ,tdn )It E k} be a monomial curve
in the affine space A.i;. If dl > d2 > > dn and k is the field of complex
numbers, then the projective closure r of r is equal to

(10.1)
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Proof. Let f' be the right hand side of Eq. (10.1). By Proposition 2.4.29
one has r = V(I(cp(f))), where cp is the map

cp: A.I; -t PI;

given by cp(a) = [(a, 1)]. Let

then f(al, ... ,an,b) = 0 for any polynomial f in k[Xl,'" ,xn,w] such that
f (t d1 , ... , t dn , 1) = 0 for all t E k and f homogeneous. One may assume
b -::f- 0, otherwise if b = 0, then f = xt1 - xfiwd1-di is in I(cp(f)) for
i 2:: 2, hence making u = 0 and t = al

1
/ d1 we get a E f'. Since b -::f- 0 we

readily get f(adb, . .. , an/b) = 0 for every binomial f in the toric ideal P
of k[td1, ... ,tdn ], hence (adb, ... ,an/b) E V(P). As f = V(P), there is
tl E k such that adb = tfi for all i. Making t = b1/d1tl and u = b1/ d1 one
concludes a E f'.

Conversely let

be an element of f' and f a homogeneous polynomial of degree r such that
f vanishes on cp(f). From the equality

f(Xl, ... , Xn,w) = wr f(Xl/W, ... , xn/w, 1)

one readily derives that f(a) = 0, that is, a E Y.

Exercises

10.1.18 Let d1 , ... , dn be a sequence of relatively prime integers and

the linear map induced by 'lj;(ei) = di . If G is a subgroup of ker('lj;), then

Torsion(Zn/G) C ker('lj;)/G,

with equality if ker('lj;) / G is a finite group.

10.1.19 Let D = (dij ) be an m x n matrix with integer entries and

o

the linear map induced by 'lj;(ei) = D i , where D i is the ith column of D.
If G is a subgroup of ker('lj;), prove that G = ker('lj;) if and only if Z n / G is
torsion free of rank equal to rank(D).
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10.1.20 Let P be the toric ideal of the subring k[t6 ,t8 ,t9
] and I = (g2,g3),

where g2 = X{ - x~, g3 = x~ - x~. Then

(a) P = (g2, x~ - X1X~) for any field k,

(b) Z 3/ (rh, rh) c::: z x Z 3,

(c) rad(I) = P if char(k) = 3, and rad(I) -::f- P if char(k) = 2,

(d) r = {(t6
, t8

, t9
) I t E k} = {(0, 0, 0), (1, 1, I)} = V (I), if k = Z 2.

10.1.21 Let P be the toric ideal of Z2[t6 ,t8 ,t9 ] and let

Then

(a) P = rad (gl, g3) = rad (gf, g~, g~) and gt is a binomial for i = 1,2,3.

(b) I(X) = (Xl + X3,X2 + X3,X3 + x~), where X = {(t6
, t8

, t 9 )1 t E Z2}.

10.1.22 Let d l , ... , dn be a sequence of nonzero integers and 'lj; the linear
map from zn to Z induced by 'lj;(ei) = di . Prove that the set

L = { (d) ei - (d) ejl1 ~ i < j ~ n}
is a generating set for ker('lj;), where d = gcd(d l , ... , dn ).

10.1.23 An affine variety X in k n is said to be a set-theoretic complete
intersection if its vanishing ideal I(X) is a set-theoretic complete intersec­
tion. If k is algebraically closed prove that X is a set-theoretic complete
intersection if and only if X can be defined by n - dim(X) polynomials in
n variables with coefficients in k.

10.2 Symmetric semigroups

Let S -::f- (0) be a semigroup of N, that is, S is a subset of N which is closed
under addition and 0 E S. Note that there exists a sequence d l < ... < dn

of positive integers such that

If gcd(d l , ... , dn ) = 1, it is said that S is a numerical semigroup.

Lemma 10.2.1 If SeN is a numerical semigroup, then

c+N c S

for some c E S.
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Proof. Let d1 < ... < dn be a sequence of positive integers generating S
and such that gcd(d1 , ... ,dn ) = 1. To determine e write

and set

It is not hard to see that e satisfies the required property. o

Definition 10.2.2 Let S be a numerical semigroup and e the greatest in­
teger not in S, this number is called the Frobenius number of S.

Definition 10.2.3 Let S be a numerical semigroup and e its Frobenius
number, the semigroup S is said to be symmetric if e - z E S for all z ~ S.

Proposition 10.2.4 Let S be a numerical semigroup of N and let e be its
Frobenius number. Then S is symmetric if and only if

(e+ 1)/2 = IN\SI.

Proof. Consider the map

ep: N \ S -t [0, e] n N,

given by ep(z) = e - z. Observe that S is symmetric if and only if

ep(N\S) = Sn [O,e).

Because of the decomposition

[O,e] = (N\S)U(Sn[O,e)),

one obtains that S is symmetric if and only if e + 1 = 21N \ SI.

Definition 10.2.5 A discrete valuation of a field K is a mapping

v:K-tZU{oo}

with the following properties. For all a, b E K:

(a) v(ab) = v(a) + v(b),

(b) v (a + b) 2:: min{v (a), v (b )},

(c) v(a) = 00 if and only if a = 0.

The valuation ring of v is the set of all a E K with v(a) 2:: 0.

o
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Example 10.2.6 Let K = k(t) be the field of rational functions in one
variable over a field k. For f(t) E k[t] write f(t) = tmg(t), where mEN
and g(t) is a polynomial with g(O) -::f- O. Define v(f) = m, and extend v to
a discrete valuation of K by setting

v(f Ig) = v(f) - v(g).

The valuation v is the t-adic valuation of K.

Proposition 10.2.7 Let (A, m, k) be Cohen-Macaulay local ring with total
ring of fractions Q and x E m a nonzero divisor. If dim(A) = 1, then there
is an isomorphism of k-vector spaces

Soc(AlxA) c::: m- i lA,

where m- i = {z E QI zm c A}.

Proof. The "multiplication by x" map

cp: m- i IA -+ Soc(AlxA),

cp(z + A) = xz + xA yields the required isomorphism. o

One of the motivations to study symmetric semigroups comes from the
following result. Here we adapt a proof of E. Kunz to make it work for the
graded case.

Theorem 10.2.8 ([203]) Let A = k[td1 , ... , t dn ] be the monomial subring
of k[t] generated by t d1 , ... , t dn over the field k and 5 = v(A), where v is
the t-adic valuation on K = k(t). If 5 c N is a numerical semigroup, then
5 is symmetric if and only if A is a Gorenstein ring.

Proof. Assume 5 is symmetric. Set m = A+ and

m-i = {x E Klxmc A}.

Let h E m- i
\ A. If v(h) E 5, then p = v(h) 2': 1. Hence h E k[t] and

we can write h = hi + h2 where hi E A and v(h2 ) ~ 5. We claim that
v(h 2 ) = c, where c is the greatest integer not in 5. If v(h2 ) < c, then since
5 is symmetric 0 < P = c - v(h2 ) E 5. Choose g E A with v(g) = p, then

therefore h 2 g ~ A, contradicting h2 Em-i. Thus v(h2 ) 2': c. To complete
the proof of the claim notice that v (h 2 ) :::; c, for otherwise v (h 2 ) E 5.

Next we show that m- i = A + Af for any f E m- i
\ A. We may assume

v(f) ~ 5, otherwise write f = h + h with h E A and h ~ 5 and notice
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A + Af = A + Ah Hence v(f) = c and f is a polynomial in t. We may
assume, by dividing f by an appropriate constant, that f(t) = tCg(t) where
g(O) = 1 and g(t) E k[t]. Take x E m- l

\ A, if v(x) E S write x = Xl + Xl

with Xl E A and V(X2) = c and notice X E A+Af if and only if X2 E A+Af.
Hence we may assume v(x) ~ S, in this case v(x) = c and X is a polynomial
in t of the form x(t) = tegl (t) with gl (0) = 1. As a consequence v(x- f) > c,
which gives X - f E A and X E A + Af. Therefore the length of m-l /A as
an A-module is 1 and according to Proposition 10.2.7 this implies that A is
Gorenstein. Note that the proof shows m-l C k[t].

Conversely assume A is a Gorenstein ring. Let c be the greatest integer
not in Sand

B {t j + t c
-

l AI 0 -:5:. j -:5:. c, j E S},

C {tc+l+ i + tc+ l AI 0 -:5:. i -:5:. c, i ~ S}.

First note dimk A/tc+l A = c + 1, because the set B U C is a k-basis of
A/tc+l A. Define

ep: B -t C by ep(t j + tc+ l A) = t 2c+ l - j + tc+ l A.

We now show that ep is onto. Let 0 -:5:. i -:5:. c and i ~ S, it suffices to prove
c - i E S. If c - i is not in S, pick the largest i with c - i ~ S. Since the
socle of A/tC+1A lives only in degree 2c + 1, there is s E S \ {O} such that

hence s + i is not in S and thus i < s + i -:5:. Sand c - (i + s) ~ S, which
contradicts the choice of i. Hence c - i must be in Sand ep is onto. Since
ep is clearly injective we obtain

c+1
-2- = 1[0, c] n SI

and S is symmetric by Proposition 10.2.4. o

A nice generalization of Theorem 10.2.8 due to R. Froberg will be pre­
sented below; the idea is to find an appropriate expression for the Cohen­
Macaulay type of A in terms of the semigroup using an Artinian reduction
of A.

Proposition 10.2.9 ([117]) Let

T(S) = {x E N \ S I x + s E S, Vs E S, s > O},

where S is a numerical semigroup of N with Frobenius number c. Then S
is symmetric if and only if T (S) = {c}.
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Proof. =}) Let x E T(S) and assume x < c, then 0 < c - xES and
x + (c - x) = c is in S, which is impossible, hence x = c.

{=) Let z ~ S, z > 0, one must show c - z E S. If c - z is not in S,
choose the least positive integer z such that c-z is not in S. Since c-z -::f- c,
by definition of T(S) there is s E S, s > 0 with (c - z) + s not in S, hence
z - s > 0, which contradicts the choice of z. 0

Theorem 10.2.10 ([117]) Let A = k[S] be the semigroup ring of a nu­
merical semigroup S over a field k and

T(S) = {x E N \ S I x + s E S, Vs E S, s > O}.

Then IT(S)I is equal to the Cohen-Macaulay type A.

Proof. Let d1 < ... < dn be a minimal generating set of S with d1 , ... ,dn

relatively prime and s E S, s > O. Consider the map

rp:T(S) -+ Soc(A/t S A), rp(x) = t X + s + t S A.

It is enough to verify that the image of T(S) is a k-vector space basis of
Soc(A/t S A), because rp is clearly injective. Note that Soc(A/t S A) has a
k-basis consisting of monomials of the form tW + t S A, with w - s ~ Sand
t di (t W + t S A) = t S A for all i, write di + W = s + Si, where Si is in S.

We claim w - s E T(S). It follows that (w - s) + s' is in S for all s' E S,
s' > O. Observe that w - s > 0; otherwise from w - s = S1 - d1 = S2 - d2 we
derive S1 = 0 and d2 = S2 +d1 , hence d2 = p.,d1 , which is impossible because
d1 and d2 are part of a minimal generating set of S. Hence w - s E T(S)
and rp(w - s) = w. To finish note that rp(T(S)) is linearly independent. 0

Arithmetical symmetric semigroups

Let S be a numerical semigroup and c its Frobenius number, that is, c is the
greatest integer not in S. The problem of Frobenius consists in determining
the integer c; in non-mathematical terms this problem can be explained as
follows. Given a sufficient supply of coins of various denominations find
the largest amount that cannot be formed with these coins. The problem
of computing and estimating the Frobenius number has been examined by
several authors [117, 248, 254].

Lemma 10.2.11 Let u, v E N+ and assume gcd(u, v) = 1, then

c = uv - u - v

is the largest integer not in U = uN + vN.
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Proof. It is easy to see that c is not in U. Indeed if c E U, then

uv-u-v=r\u+r2 v

for some 1'1, 1'2 in N, that is,

u (v - 1'1 - 1) = v (1'2 + 1)

and since gcd(u, v) = lone derives v - 1'1 - 1 = qv 2: v, which is impossible.
Next we show c + i E U for i E N+. One has 1 = f-i1 U + f-i2V, hence

c+i= (v-1+if-idu+(-1+if-i2)v,

and by the division algorithm one may write c + i = bi U + b2 v, where
o~ b2 < u. From the identity

one concludes b1 2: 0 and consequently c + i E U. o

Lemma 10.2.12 Let n 2: 3 and v 2: 1 be two integers and 5 the semigroup

where d i = d1 + (i - l)v and d1 = l' + k(n - 1) for some k,r E N. If
gcd(d1 , v) = 1 and 2 ~ l' ~ n, then the greatest integer not in 5 is equal to
(k+v)d1-v.

Proof. Set c = (k + v)d l - v, we will show c + i E 5 for i 2: 1. One may
assume 1 ~ i ~ d1 . Notice

c+i=(k+1)d1 +A+i,

where A = vd l - d l - v. Consider U = dIN + vN. By Lemma 10.2.11 A is
the greatest integer not in U. Hence A + i = ad l + bv, for some a, bin N.
One has

vd l + i = (a + 1)d1 + (b + l)v.

Hence b ~ (n -l)(k + a + 1) and we can write b = j(k + a + 1) + £, for some
1 ~ £ ~ k + a + 1 and 0 ~ j ~ n - 2. Therefore the equality

c + i = (k + a + 1)d1 + bv = (k + a + 1 - £)dj+1 + £dj+2,

gives c + i in 5. It remains to show c ~ 5. If c E 5, then

n

C = Laidi'
i=l
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for some ai in N. Setting

note that one can rewrite cas:
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1, then

n

C = (k + 1)d l + A = L aidi = sdl + pv,
i=l

for some pEN. Since A ~ U, one derives s ~ k and c ~ sdn ~ kdn , which
is a contradiction since c = kdn + (r - l)v. 0

Theorem 10.2.13 ([3, 107, 195]) Let r, k, n, v E N and let

dl = r + k(n -1) and di = dl + (i -1)v

be an arithmetical sequence. If 2 ~ r ~ n -::f- 2 and gcd(d l , v)
r = 2 if and only if the semigroup

is symmetric.

Proof. =}) Let d l = 2 + (n - 1)k. Set

c = (k + v)dl - V = kdn + v and U = dIN + vN.

Assume z ~ S. First consider the case z E U, write z = rd l + sv, r, sEN.
By the Euclidean algorithm and Lemma 10.2.12 one can write z = adn +bv,
where a, b are integers so that 0 ~ a ~ k and 1 ~ b < d l . Writing a = k - i,
where 0 ~ i ~ k, we claim that 1 ~ b ~ (n - l)i + 1. If b > (n - l)i + 1,
then z = xldl + X2V, with Xl = k + v - i and X2 = b - (n - l)i - 2.
Since 0 ~ X2 ~ (n - 1)Xl it is not hard to show that z E S, which is
impossible. Hence 1 ~ b ~ (n - l)i + 1. Set Yl = i and Y2 = (n - l)i - b+ 1.
Since 0 ~ Y2 ~ (n - I)Yl from the equality c - z = yldl + Y2b, one gets
c - z E S. Now consider the case z ~ U. One can write z = ad l + bv,
with 1 ~ b < dl and a < O. Set WI = k + 1 and W2 = dl - b - 1. Using
c - z = wldl - (1 + a)dl + W2V and 0 ~ W2 ~ (n - I)Wl' gives c - z E S.
Therefore S is symmetric.

¢:) Assume S is symmetric and keep the same notations as above. Let
2 ~ r ~ nand d l = r + k(n - 1). As v ~ S one has c - v E Sand

n

c- V =L bidi ,
i=l

where bi E N. Set a = 2:7=1 bi and notice that

c - v = (k + l)d l + A - v = adl + qv,

for some q E N. Therefore a ~ k, otherwise one obtains A E U. From the
inequality c - v ~ adn ~ kdn , it follows that r = 2. 0
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Exercises

10.2.14 Let S -::f- (0) be a semigroup of N. Prove that the following are
equivalent:

(a) S is a numerical semigroup.

(b) c + N c S for some c E S.

(c) IN\SI < 00.

10.2.15 Let S be a numerical semigroup of N. Prove that there is a unique
minimal set of generators {dl , ... ,dn } of S with gcd(d l , ... ,dn ) = 1.

10.2.16 Prove that the semigroup

S = 4N + 5N + 6N

is symmetric.

10.2.17 Let S be the numerical semigroup

S = 5N + 6N + 7N + 8N

and k a field. Prove that k[S] is a Gorenstein ring which is not a complete
intersection.

10.2.18 Let SeN be a numerical semigroup with Frobenius number c and
k[S] its semigroup ring over a field k. If

A = k[S] C k[t]

has the induced grading, show that the degree of the Hilbert series of
A/tC+1 A is 2c + 1.

10.2.19 Let k be a field and let

where Xi has degree di E N+. If gcd(dl ,d2 ) = 1 and c + 1 = aldl + a2d2,
show that the Hilbert series of B is

(1- zC+I)(l_ zd1d2 )

(1-z d1 )(1-zd2 ) ,

where c is the Frobenius number of the proper semigroup S = dIN + d2 N.
Note B c::: A/tc+1 A, where A = k[t d1 , t d2 ].
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10.3 Ideals generated by critical binomials

Let us begin by fixing some notation to be used throughout this section.
We will always assume that

S = Nd1 + ... + Ndn

is a numerical semigroup generated by a sequence d1 , ... , dn of relatively
prime positive integers and that r is the corresponding monomial curve.

The kernel of the homomorphism of k-algebras

induced by ¢(Xi) = t di , is the toric ideal of k[S] and will be denoted by P,
where R is a polynomial ring in n variables over a field k.

Definition 10.3.1 A binomial

Ii = X:('i - II X;i j E P
j#i

is called a critical binomial with respect to Xi if mi is the least positive
integer such that

midi E LdjN.
j#i

Definition 10.3.2 A set {fl, ... , fn} is called a full set of critical binomials
if fi is a critical binomial with respect to Xi for all i.

Given a full set F of critical binomials, a main problem is to determine
when the ideal generated by F is equal to P.

The interest in studying ideals generated by critical binomials comes
from a result of J. Herzog [146] showing that the ideal P of a monomial space
curve is generated by a full set of critical binomials (see Theorem 10.3.10).
This is not longer the case for toric ideals of monomial curves in higher
dimensions:

Example 10.3.3 ([99]) Let m be a positive integer and let

(d1 ,d2 ,d3 ,d4 ) = (m 2 ,2m2 -1,3m2 +m,4m2 +m-1),

then v(P) 2: m, where v(P) is the minimum number of generators of P.

If S is symmetric and generated non redundantly by four integer, then
P is minimally generated by 3 or 5 elements [34]; thus even in this case P
is not generated by critical binomials.

For simplicity of notation fi will stand for a critical binomial with respect
to Xi, for i = 1, ... , n. Note that we do not assume ±fl, ... ,±fn distinct.
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Lemma 10.3.4 ([146]) Let

Chapter 10

be a full set of critical binomials. If bi > 0, Ci > 0 for all i, then ai > 0 for
all i and al = bl + Cl, b2 = a2 + C2, C3 = a3 + b3·

Proof. If a2 = 0, then a3 2:: C3. Using the equality

we derive a contradiction, hence a2 > 0, by a similar argument a3 > O.
Define

and (VI, V2, V3) = a + j3 + [. Next we show Vi 2: 0 for all i. Note al > bl ,

otherwise using x~l-al X~3 il + 12 one derives a contradiction. Hence using
X~3 il + X~l -bt 12, one derives a3 + b3 2:: C3 and V3 2:: O. Similarly one shows
VI, V2 2:: O. Since vldl + V2d2 + V3d3 = 0 we have Vi = 0 for all i. 0

Proposition 10.3.5 Let

be a full set of critical binomials and I = (il, 12,13). If bi > 0, Ci > 0 for
all i, then {il, 12, h} is a Grabner basis for I with respect to the revlex
ordering Xl > X2 > X3'

Proof. Use Lemma 10.3.4 and Buchberger's criterion Theorem 2.4.15. 0

Proposition 10.3.6 Let

be a full set of critical binomials. If bi > 0, Ci > 0 for all i, then the ideal
(il, h, h) is equal to the toric ideal P of k[S].

Proof. Let f be a binomial in P and assume we order the monomials
with the revlex ordering Xl > X2 > X3' As il, 12, 13 are binomials, by the
division algorithm Proposition 2.4.6 we can write

rl, Sl < aI, r2, S2 < b2 and such that none of the monomials occurring in r
is divisible by the leading term of h. To agree with Proposition 10.3.5 one
must show r = O.
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Assume T' -::f- O. As X;3 or X~3 is a factor of T', one may assume that S3 = O.
If Sl :::; T'l or S2 :::; T'2 we get a contradiction with the minimality of b2 or
al respectively, hence Sl > T'l and S2 > T'2. From the equality T' = X~l X;2 h,
where h = X;3 - x~1-rlx~2-T2, one concludes h E P and T'3 2:: C3. Using the
identity

and the minimality of b2 and al allow us to conclude Sl - T'l > Cl and
S2 - T'2 > C2, a contradiction because X~l X~2 is not divisible by X~l X~2 . 0

Remark 10.3.7 The proof of Proposition 10.3.6 does not use the hypoth­
esis that the integers d l , d2 , d3 are relatively prime.

Proposition 10.3.8 If

is a full set of cT'itical binomials, then the ideal (h, h) is equal to the tOT'ic
ideal P of k[S].

Proof. Let f be a binomial in P and assume we order the monomials with
the revlex ordering X3 > Xl > X2. As h, 13 are binomials, by the division
algorithm we can write

where T' = X~l X;2 X;3 - X~l X~2 X~3 E P, such that T'l, Sl < al and T'3, S3 < C3.
Assume T' -::f- O. As X;2 or X~2 is a factor of T', one may assume that

S2 = O. Note Sl > T'l and S3 > T'3. From the equality T' = X~l X;3 h, where
h = X;2 - x~1-rlx~3-r3, one concludes h E P and T'2 2:: a2' Therefore the
identity

rapidly leads to contradiction with the minimality of C3 because one has the
inequality al > Sl - T'1. 0

Definition 10.3.9 The support of a binomial f = x a - x(3, denoted by
supp(f), is defined as supp(xa ) U supp(x(3), where supp(xa ) = {xii (ti > O}.

Theorem 10.3.10 ([146]) If

is a full set of CT'itical binomials, then the ideal (h, h, h) is equal to the
tOT'ic ideal P of k[S].
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Proof. By Proposition 10.3.6 one may assume SUPP(fi) -::f- {Xl,X2,X3} for
at least two fi' Hence one may assume a3 = 0 and the cases to consider are
the following: (i) bl = 0, (ii) b3 = 0, (iii) Cl = 0 and (iv) C2 = O.

(i) Note b3 2: C3, if b3 = C3, then h is a critical binomial w.r.t X3 and by
Proposition 10.3.8 one concludes that P is generated by {h, h}. If b3 > C3,

from the identity

f + Xb3 -C3 f - x b2 _ x b3 -C3 XCI XC2
2 3 3- 2 3 12'

we get C2 = O. Thus

f~ = h + X~3 -C3 13 = X~2 - X~3 -C3 X~I and

f~ = 13 + x~l-al h = X~3 - x~l-alx~2.

Applying Lemma 10.3.4 to h, n, f3 yield Cl = al· Hence 13 is critical w.r.t
Xl, using Proposition 10.3.8 one concludes that P is generated by {h, h}.

(ii) As a2 2: b2 and bl 2: ai, from II - x~2-b2 h = X~I - x~2-b2X~1 we
get h = - hand P = (h, h) by Proposition 10.3.8.

One may now assume bl > 0 and b3 > 0, (iii) using x~2-b2h + 13 we
readily see that this case cannot occur, (iv) using x~2-b2h + h we derive a
contradiction. This proof is due to A. Alcantar [3]. 0

Proposition 10.3.11 ([146]) IfP is the toric ideal ofk[tdl,td2,td3] over
a field k and dl , d2 , d3 are relatively prime, then P is a set theoretic complete
intersection.

Critical binomials in four variables

Let I be an ideal generated by a full set of critical binomials h, ... , fn, one
fi for each variable Xi. It would be desirable to find effective means for
determining when I is equal to the toric ideal P. Here we address the case
n = 4 and char(k) = 0 by presenting the elements of an algorithm, having
h, ... ,f4 as input, that decides when I = P occurs.

In the remaining of this Section we study ideals generated by critical
binomials in four variables. Our aim is to determine when the ideal gener­
ated by a full set of critical binomials is prime and in this case determine its
type. If the presentation ideal P of a monomial curve in Ak is generated by
a full set of critical binomials, produced by any critical-binomial-algorithm,
we predict how these generators should look like (see Theorem 10.3.15).

Some of the results presented here can be shown using different methods
introduced by W. Gastinger, E. Kunz and R. Waldi [124, 125], and by
H. Bresinsky [37]. A complete description of almost complete intersection
monomial curves in Ak was given in [124].
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Lemma 10.3.12 Let

be a sequence of critical binomials. One has
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(i) Ifaj > O,af > O,bi > 0, then ai > bi,bf > af.

(ii) If aj > 0, af > O,bi > 0 and ak = bk = 0, then aj + bj 2:: Cj'

Proof. (i) If bi 2:: ai, the following equality implies that ff is not critical

X bi-aixbkxbjf· _ f - x be _ xbi-aixaj+bjxak+bkxae
i k j" f- f i j k f'

Hence ai > bi. By symmetry bf > af. (ii) The minimality of Cj together with

the identity x~j Ii - X~i -bi ff = X~i -bi x~e - xjj+bJ x~e yields the inequality
aj+bj2::cj. 0

Lemma 10.3.13 Let h, ... , f4 be the full set of critical binomials:

h = X~l - X~2 X~3 X~4 , h = X~2 - X~l X~3 X~4 , 13 = X~3 - X~l X~2 X~4 ,

f4 = x:4 - X~l X;2 X~3 .

If ai > 0, bi > 0 for all i, then I = (h, h, 13, f4) is not a prime ideal.

Proof. Assume I is prime. As in Lemma 10.3.12 we have al > b1 and
b2 > a2. From the identity

we derive gl E I and there is a monomial M so that

MX~lX~2X~4

M X~l X;2 X~3 .

or,
(10.2)

Therefore C4 = 0 or e3 = O. First we consider the case C4 = O. If el > 0,
then al > el and e4 > a4' From the identity

we obtain g2 E I and there is a monomial M so that

MX~lX~2X~4

M X~l X;2 X~3 .

or,
(10.3)

If (i) holds, then C2 = 0 and al - el 2:: Cl, since h is critical and h = X~3 - X~l

we have a contradiction. If (ii) holds then, e2 = e3 = 0 and al - el 2:: el,

which is impossible because h is critical and f4 = x:4
- X~l. Hence el = O.
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Next we show e2 = O. Assume e2 > 0, then b2 > e2 and e4 > b4 . From the
identity

or,
(lOA)

If (i) occurs, then Cl = 0 and b2 - e2 2: C2, which is a contradiction since h is
critical and h = X~3 - X~2. If (ii) occurs, then el = e3 = 0 and b2 - e2 2: e2,

which is also a contradiction since h is critical and 14 = x:4
- X;2. Hence

e2 = O. We claim that Cl = O. If Cl > 0, then al > Cl and C3 > a3' Using
the equality

we see that g4 E I and there is a monomial M so that

MX~lX~2X~4

MX~lX;2X~3

or,
(10.5)

If (i) holds, then C2 = 0 and al > Cl, which is impossible since II is critical
and h = X~3 - X~l. If (ii) holds, then C3 > e3, which is impossible because
h is critical and 14 = x:4

- X~3. Therefore Cl = O. Altogether we have
Cl = C4 = 0 and el = e2 = O. We claim that b2 > C2, otherwise if C2 2: b2 ,

then from the equality

and using the minimality of C3 we obtain a contradiction. To complete the
proof for the case C4 = 0 notice that the inequality b2 > C2 also yields a
contradiction since h = X~3 - X~2 and h is critical.

It remains to consider the case e3 = O. We may assume C4 > O. We claim
that Cl = O. If Cl > 0, then by (10.5) either (i) or (ii) hold. Since C4 > 0
(ii) holds, as a result e2 = 0 and al > el, which is a contradiction since II
is critical and 14 = x:4

- X~l. Hence Cl = O. Next we show el = O. Assume
el > 0, by (10.3) we have that (i) or (ii) hold. If (i) holds, then C2 = 0
and e4 > C4, which is a contradiction since 14 is critical and h = X~3 - X~4 .

If (ii) holds, then e2 = 0 and al > el, which is a contradiction since II is
critical and 14 = x:4

- X~l. Hence el = O. Altogether we have Cl = 0 and
el = e3 = O. We claim that b2 > e2, if on the contrary e2 2: b2 from the
identity

X;2 -b2 h + 14 = x:4 - X~l X;2 -b2 X~3 X~4

we contradict the minimality of e4' To complete the proof notice that
b2 > e2 also leads to a contradiction since h is critical and 14 = x:4

- X;2.

Therefore I is not a prime ideal. D
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Proposition 10.3.14 Let I = (II, h, h, f4) be an ideal generated by a full
set of critical binomial such that II = X~1 - X~2 X~3 X~4, ai > 0 for all i and

fk = X~k - x~j for some k. If I is prime, then we can re-order the variables
so that 12,13, f4 can be written in one of the following forms

( ) f - b2 b3 f - f d f - e4 e2 e3 h > 0a 2 - x 2 - x 3 ' 3 - - 2 an 4 - x 4 - x 2 x 3 , were ei _ .

(b) f - b2 C3 f - C3 e4 f - e4 b22 - X 2 - X 3 , 3 - X 3 - X 4 , 4 - X 4 - X 2 •

Proof. As ai > 0 for all i we may assume 12 = X~2 - X~3. Write

If Cl > 0, then Lemma 10.3.12 and Lemma 10.3.13 yield C2 = 0, al > Cl,

C3 > a3 and C4 > O. Using the equality

we obtain g E I and x~1-c1x~3-a3 = MX~1X~2X~3 for some monomial M.

Therefore e2 = 0, and by Lemma 10.3.12 and Lemma 10.3.13 we obtain
el > 0 and e3 > O. From the equation

we obtain g E I and this is a contradiction since X~3 -e3 x:4 -C4 is not a
multiple of any of the monomials that occur in h, . .. , f4. Therefore Cl = O.
Assume C4 > 0, note that Lemma 10.3.12 yields C2 = O. If e3 > 0, then
el = e2 = 0 and it follows (see argument below) that f4 = - 13, as required.
On the other hand if e3 = 0, we have e2 > 0 and from the equation

we obtain g E I and there is a monomial M so that X~1 -e1 x:4 -a4 = M X~1.

Hence el = 0 and we are in case (b). We may now assume Cl = C4 = O.
By minimality C2 2: b2 and since 13 + x~2-b2 12 = X~3 - x~2-b2X~3 we obtain
the identity C3d3 = (C2 - b2 )d2 + b3d3, which implies 13 = - h. Write
f4 = x:4 - X~1 X~2 X~3, we claim that el = O. If el > 0, then al > el and
e4 > a4' Therefore from the equality

we have g E I. There is a monomial M so that x~1-e1X: 4 - a4 = M X~1 X~2 X~3 ,

it follows that e2 = e3 = 0, which is a contradiction since h is critical.
Therefore el = 0 and the proof is complete. D

Next we present a classification theorem.
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Theorem 10.3.15 ([5]) Let fi be a critical binomial with respect to the
variable Xi for all i and I = (h, 12, is, f4)' If I is a prime ideal of height 3,
then, up to permutation of the variables, h, 12, is, f4 can be written in one
of the following forms

(A) f - x a1 - x a3 x a4 f - x b2 - x bJ x b4 f - XC3 _ XC2 XC4
1-134,2-214,3-324'

f4 = X~l X~2 X~3 - X~4 ,
where ai > 0, bi > 0, Ci > 0, ei > °for all i.

Proof. We set Si = SUPP(Ji). Assume that ISil = 4 for some i, say
IS11 = 4. Let h = X~l - X~2X~3X~4, ai > °for all i. By Lemma 10.3.13
we have ISil :s: 3 for i = 2,3,4. Assume that ISil = 3 for i 2: 2. If
Xl tf- (S2 U S3 U S4), then (C) occurs, hence we may further assume Xl E Si
for some i 2: 2, say Xl E S2. We claim that Xl E S3 U S4. If Xl tf- S3 U S4,
then (after permutation of variables) we have

where ai > 0, bi > 0, Ci > 0, ei > °for all i. Using the identity

we obtain g E I and this is a contradiction since x~3-e3x~4-c4 is not a
multiple of any of the monomials that occur in the fi's. Hence Xl E S3 U S4.
Assume that Xl E S3 \ S3 n S4 (the case Xl E S4 \ S3 n S4 is similar). Notice
that S2 = S3, otherwise after permutation of variables we have

and, as before, this leads to a contradiction. Thus S2 = S3 and we are in
case (D). Now we may also assume Xl E S3 n S4, by similar arguments it
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is not hard to see that case (A) must occur. This completes the proof for
the case IS11 = 4 and ISil = 3 for i = 2,3,4. Notice that if IS11 = 4 and
IS21 = 2, then by Proposition 10.3.14 we are in case (B) or (B1).

The remaining cases are: (i) ISil = 3 for all i, (ii) ISil = 2 for all i and
(iii) lSi I= 3 for some i, ISj I= 2 for some j and lSi I ::; 3 for all i.

Assume (ii). If Si = Sj, then 1i = - 1j and it follows that we are in case
(B). Hence we may assume Si :f. Sj for i :f. j. Up to re-ordering of variables
there are two possibilities:

( ) 1
- al a2 1 - b2 b3 1 - C3 CI 1 _ e4 ek0: 1 - Xl - X 2 , 2 - X 2 - X 3 , 3 - X 3 - Xl , 4 - X 4 - X k .

Assume (13) and consider the equality

Applying Lemma 10.3.12 to is and h yields a1 = e1 and a2 = b2 . Because of
the equality h +12 +14 = X~4 -X~3 it also follows e4 = C4 and b3 = C3, that is,
we are in case (B2). The same argument can be used in (0:) to obtain (B1),
more precisely, if (0:) holds we can use h = x~l-al h + is = X~3 - x~l-alx~2

and 12 to show that C1 = aI, and h + is = X~3 - X~2 and 12 to show that
C3 = b3 and a2 = b2 .

Assume (i). There are essentially the following six possibilities:

Observe that (c) and (d) correspond to (C) and (D) respectively. It is not
hard to check that in the other cases, using hand 12, I is not prime.

Assume (iii). By symmetry we may assume h = X~I - X~2X~3, ai > 0
for all i and j = 2 or j = 4. First we consider the case j = 4, that is,
we can write 14 = X~4 - X~k for some k. Set 12 = X~2 - X~I X~3 X~4 and
is = X~3 - X~I X~2 X~4. If b1 > 0, then a1 > b1 , b2 > a2 and from the identity

we obtain gEl and xal-bJxb2-a2 - MXCIXC2XC4 for some monomial M12 - 124 .

Hence a1 > C1, b2 > C2 and C4 = 0, it follows readily that C1 > 0 and C2 > O.
A similar argument shows b4 = 0 and we are in case (C). The case C1 > 0
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is symmetric since we can interchange X2 and X3' We may now assume
bl = CI = O. If b4 = C4 = 0, then is = - 12 and (B) occurs. If b4 > 0 and
C4 > 0, then k = 2,3 lead to case (B) and k = 1 lead to case (E). If b4 > 0
and C4 = 0, then k = 2 or k = 3 and (B) or (Bl) occur. On the other hand if
b4 = 0 and C4 > 0, then C2 = 0 and k = 1 cannot occur, observe that k = 2
and k = 3 lead to cases (Bl) and (B) respectively. To complete the proof of
(iii) it remains to consider the case j = 2. Assume j = 2, in this case we can
write 12 = X~2 - X~k for some k and 14 = X~4 - X~l X~2 X~3, note that k :f. 1.
First assume Cl > 0, using h and is we obtain X~l -Cl X~3 -a3 = M X~l X~2 X~3 ,

hence e2 = 0, al > el and C3 > e3. Notice that el > 0 and e3 > 0, otherwise
we are in case j = 4. Therefore C4 = 0, k = 4 and we are in (E). We may
now assume Cl = 0, notice k :f. 1. If k = 3, then (B) or (Bl) occur. If
k = 4 and el = e3 = 0, then (B) occurs. If k = 4, el = 0 and e3 > 0, then
e2 = C2 = 0 and (B) occurs. We are going to show, by contradiction, that
the case k = 4, Cl = 0 and el > 0 cannot occur. If k = 4, CI = 0 and el > 0,
then using 12 and 14 gives e2 =0 and we can write

where ai > 0 for all i and el > O. Observe that b4 2: e4 and consider

It follows, using nand h, that b2 > a2 and al > el. From the identity

we obtain gEl and there is a monomial M so that

MX~2X~4

MX~lX~3

or,

If (i) occurs, then C4 = 0 and b2 > C2 > 0, which contradicts the minimality
of b2 . On the other hand if (ii) occurs, then e3 = 0 and al > el > 0,
which contradicts the minimality of al. Therefore in both cases we obtain
a contradiction and the proof is complete. D

Remark 10.3.16 Here we keep the assumptions and notation of the theo­
rem above. (i) In (E) a4 2: e4 and e2 = 0 is not possible. If this is the case
we have

This gives the polynomial x~4-e414 + h = X~l - x~4-e4 X~3 E I from which
X~l _x~lx~2x~3-c3x~4-e4 E I since e3 2: C3. Thinking about it as a diophan­
tine equation, al > CI since C2 > O. Thus X~l-Cl _x~2x~3-c3x~4-e4E I and
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al - C1 > °since C2 > 0, a contradiction to al being minimal. Therefore in
(E) we have bi > 0, Ci > °for all i, e3 > °and e2 > 0. In (E) if a4 > e4, then
1 - (f' f f f) h f' - f + a4- e4 f - al e2 e3 a4-e4 th t .- 1, 2, 3, 4 , were 1 - 1 X4 4 - Xl - X2 X3 X4 , a IS,

I has a generating set as in (D). In (E) if a4 = e4, then 1= (J{, 12, is, f4),
where f{ = h + f4 = X~l - X~2X~3 and I has a generating set as in (C).

(ii) Assume (D), then it follows from the proof of Proposition 10.3.23
that I has a generating set as in (C).

(iii) If (B2) holds, then I = (h, 12, if, f4), where f~ = is + f4 = X~3 -X~l
and I has a generating set as in (Bl). If (Bl) holds, then I = (h, 12, fL f4),
where f~ = h + is = -12, after permutation of Xl and X4 we obtain that
I has a generating set as in (B).

From this remark we obtain the following

Corollary 10.3.17 Let I be an ideal generated by four critical binomials,
one for each variable. If I is a prime ideal of height 3, then there are critical
binomials h, 12, is, 14 with respect to Xl, X2, X3, X4 generating I so that, up
to permutation of the variables, h, 12, is, f4 can be written in one of the
following forms.

(A) f - x a1 - x a3 x a4 f - x b2 - x bJ x b4 f - XC3 _ XC2 XC4
1-134,2-214,3-324'

f4 = X~l X~2 X~3 - X~4 ,
where ai > 0, bi > 0, Ci > 0, ei > °for all i.

Let h, 12, is, 14 be a full set of critical binomials having one of the
forms (A)-(E) as in the theorem above, and I = (h, . .. , f4)' The rest of
the section is devoted to find the arithmetical conditions, on the initial data,
for I to be prime.

Proposition 10.3.18 ([37, 124]) Let 1= (h,12,hf4) be an ideal gen­
erated by a full set of critical binomials:

so that ai > 0, bi > 0, Ci > 0, ei > °for all i. Then I is prime if and only if

(a) a1 = bl + e1, b2 = C2 + e2, C3 = a3 + e3, e4 = a4 + b4 + C4, and

(b) d4 = a1b2c3 - a3blc2.
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Proof. Assume I is prime. By Lemma 10.3.12 we have

Chapter 10

From the equalities

X~2 X~3 iI - X~I -el 14
X~IX~3 12 - x~2-e2 14

X~I X;2 is - X~3 -e3 14

X~4gl
x~4g2

X~4 g3

we obtain gl, g2, g3 E I. Let M be the set of monomials that occur in 1i for
i = 1,2,3,4. Notice that any monomial P that occur in gi can be written
as P = PIP2, where PI is a monomial and P2 is in M. As a consequence
a I = b1 + e1, b2 = C2 + e2, C3 = a3 + e3. Set

a= (-al,0,a3,a4),
, = (0, C2, -C3, C4),

and consider the exact sequence.

(3= (b1,-b2,0,b4),
0= (el,e2,e3,-e4),

0---+ K = ker('IjJ) ---+ z4~ Z ---+ 0, 'IjJ(ei) = di .

Since v = a + (3 +,+°E K we obtain e4 = a4 +b4 +C4. By Theorem 10.1.3
K is generated by a,(3",o. Hence Is(A) = Z, where A is the matrix with
rows a, (3, " °and Is (A) is the ideal generated by the minors of order 3 of
A. The equality -0 = a +(3 +, shows Is (A) = (A41,A42,A43,A44), where
A4 j are the cofactors of A corresponding to the last row. Since the column
vectors (= (A41,A42,A43,A44) and 7] = (d l ,d2,d3,d4) are in the kernel of
A we have ker(A) = (Z = 7]Z. Therefore d4 = a1b2c3 - a3blc2 and the first
part of the proof is complete.

Conversely assume (a) and (b) hold. Observe that ( E ker(A) = 7]Z
and write (= a7], a E Z. Using (b) gives lal = 1, that is, Z4/(a,(3",0)
is a torsion free Z-module. This readily implies ker( 'IjJ) = (a, (3, " 0). An
application of Theorem 10.1.3 gives rad (1) = P. We claim that iI, 12, is, 14

form a Grabner basis with respect to the reverse lexicographical ordering
Xl > X2 > X3 > X4, it is enough to show that the S-polynomial of 1i and
1j reduces to zero. As we may assume that the leading terms of 1i and h
have common factors the claim follows from the identities

From the claim we derive that X4 is a regular element on R/I, i.e., R/I is a
one dimensional Cohen-Macaulay ring. Altogether P is the only associated
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prime of I. Consider the cofactor J42 of the Jacobian matrix J of I, it is
given by

f alc3b4x~1+bt-Ix~3-lx~4-1 + a3blc4x~1-lx~2x~3-lx~4-l

+a4bl C3X~1-1 X~3+C3-l x~4+b4-1.

Since f ~ P, Theorem 3.5.10 shows rad (I) = I. Therefore 1= P. D

In the following corollary we keep the same assumptions and notation
as in the proposition above.

Corollary 10.3.19 If I is prime, then R/I is a Cohen-Macaulay ring of
type 3.

v = Socle(A) = (h:m)/h.

It is readily seen that the socle of A is equal to

Therefore dimk (V) = 3 and the type of S is 3.

Proposition 10.3.20 Let

D

be a set of critical binomials with respect to Xl, X2, X3, X4 respectively. Let
I = (iI, 12, f4)' Then I is a prime ideal if and only if d3 = alb2e4'

Proof. The proof is the same as that of Proposition 10.3.18. It is enough
to make two observations: (i) iI,12,f4 form a Grabner bases with the rev.
lex. ordering Xl > X4 > X3 > X2, hence X2 is regular on R/I. (ii) The
polynomial

f b al-l b3- 1 e4- l= al 3e4xl x3 x4

is an element in the Jacobian ideal of I which is regular on R/I. D

Proposition 10.3.21 Let

be a set of critical binomials with respect to Xl, X2, X3, X4 respectively. Let
I = (iI, 12, h, 14)· If ai > 0, bi > 0, Ci > 0 and ei 2: 0 for all i, then I is a
prime ideal if and only if dl = e4(b2c3 - b3C2).
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Proof. We proceed as in the proof of Proposition 10.3.18. It is enough to
make three observations: (i) By Remark 10.3.7 h = (fI,f2,fs) is a prime
ideal of height two and f4 is regular on R/h. Hence R/I is Cohen-Macaulay.
(ii) The polynomial

is an element in the Jacobian ideal of I which is regular on R/I. (iii) By
the previous lemma al = bl + Cl, b2 = a2 + C2 and C3 = a3 + b3. D

Let I be a prime ideal as in the proposition above, then we can also
determine its type. We have

Corollary 10.3.22 If I is prime, then R/I is a Cohen-Macaulay ring of
type 2.

Proof. Set S = R/I, A = S/xlS, and II = (X~2,X~3,X~4,X~2X~3). Since

Socle(A) c:= (h,X~2-1X~3-1X~4-l,X~2-1X~3-lX~4-l)/h for e4 ~ 1

S is a Cohen-Macaulay algebra of type 2.

Proposition 10.3.23 Let

D

be a set of critical binomials w. r. t Xl , X2, X3, X4 respectively. If a3 > 0, a4 > 0
and bi > O,Ci > 0 for all i, then I = (fI,f2,fs,f4) is a prime ideal if and
only if dl = e4(b2c3 - b3C2) and a4 = qe4 for some q E No

Proof. Assume I is prime. Consider the identity

Since I is prime gEl and there is a monomial M so that

Since (ii) can not occur we have al ~ bl + Cl, hence Lemma 10.3.12 yields
al = bl + Cl. Let a~ be the least positive integers so that a~dl E d2N + d3N

and let f{' = x~~ - x~; x~~. By Lemma 10.3.4

in particular a~ = al. Notice a~ ~ a2 and a~ ~ a3 (see argument below).
From
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we obtain a4 2: e4. By the division algorithm we can write a4 = qe4 + r,
with 0 ::; r < e4 and q 2: 1. The equality

f ' - aj a2+qe2 a3+qe3 r - f +! (~ a2+(i-1)e2 a3+(i-1)e3 a4-ie4)
1 - Xl - X2 X3 X4 - 1 4 ~ X2 X3 X4

i=l

shows l' = (J{, 12, h, f4) = I. We now prove r = O. Since

we conclude

rd4 = (a~ - a2 - qe2)d2 + (a~ - a3 - qe3)d3

(b2 - C2 - a2 - qe2)d2 + (C3 - a3 - b3 - qe3)d3.

To prove r = 0 it is enough to show that the coefficients of d2 and d3 are
non-negative. From the equality

it follows that there is a monomial M so that

As (ii) can not occur we obtain a~ - a3 - qe3 2: O. Similarly using f{ and
12 yields a& - a2 - qe2 2: O. As in the proof of Theorem 10.3.18 we readily
obtain d1 = e4(b2c3 - b3C2). For the converse note that by Proposition
10.3.21 and Lemma 10.3.4 I' is a prime ideal. D

Corollary 10.3.24 Let

be a set of critical binomials so that 1; is critical w. r. t Xi for all i. If bi > 0,
Ci > 0 for all i and e3 > 0, then I = (!I, 12, h, f4) is a prime ideal if and
only if d1 = e4(b2c3 - b3C2) and a4 = qe4 for some q E No

P f L t f ' - f + a4-e4! - aj e2 e3 a4-e4 A 1- (f' f f f)roo. e 1- 1 X4 4- X1 -X2 X3 X4 . S - 1,2,3,4

the proof readily follows from Propositions 10.3.21 and 10.3.23. D

IDA An algorithm for critical binomials

The critical binomials in the next example were computed using the algo­
rithm below. As an application of the results in Section 3 we have
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Example (a) If d1 = 7, d2 = 8, d3 = 9, d4 = 17, then

h = xf - X§X4' 12 = x§ - XI X 3, is = xj - XiX2, 14 = X4 - X2 X 3

is a set of critical binomials generating a height 3 prime ideal of type 2.

(b) If d1 = 204, d2 = 855, d3 = 1216, d4 = 1260, then

1 - 47 4 3 2 1 - 8 15 3 1 - 6 19 4 1 _ 5 13 3
I-Xl -X2 X 3 X4, 2- X2- X l X4' 3- X3- X I X2' 4- X4- X l X3

is a set of critical binomials generating a height 3 prime ideal of type 3.

(c) If d1 = 9, d2 = 12, d3 = 18, d4 = 19, then

is a complete intersection prime ideal.

Let us present an algorithm to compute a full set h, .. .,1n of critical
binomials, one 1; for each variable Xi. Let S = d1 N + ... + dnN C Nand P
the toric ideal of k[S], where gcd(d1 , ... , dn ) = 1.

For a = (al,"" an) E wn we set deg(a) = L~=l ai. Let a, f3 E Nn.
The graded reverse lexicographical ordering in Nn is defined by a < f3 if
deg(a) < deg(f3), or deg(a) = deg(f3) and the first nonzero entry of f3 - a

is negative. Since x~j - Xffi E P for j :f. i, an upper bound for mi is given

by d = min{d1 , ... ,'d;, ... ,dn }. For each i search for a E N n- 1 so that

a· (d1 , .•. , 'd;, ... ,dn) == 0 mod di , (10.6)

where· denotes the usual inner product, all this from degree zero up to
degree d. For the a's satisfying (10.6) compute

m a = a· (d l , ... ,'d;, ... ,dn)/di

and take
mi = mao == min{ma I a satisfies (10.6)}.

If we search the a's in increasing order with respect to < we can take aD
minimum with respect to this ordering. To generate the a's in increasing
order, from (0, ... ,0) up to a certain degree g, can be accomplished with
the following:

Algorithm 1004.1
for i 1 = 0 to g do

for i 2 = 0 to i 1 do

for i n - 1 = 0 to in - 2 do
a = (il - i2, i 2 - i 3 ,·.·, i n -2 - in-I, in-I).
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Exercises

10.4.2 Let P be the toric ideal of k[tdl,td2,td3]' where k is a field and
dl , d2 , d3 are relatively prime positive integers. Prove that the following are
equivalent:

(a) P is a complete intersection.

(b) Pis Gorenstein.

(c) S = dIN + d2 N + d3 N is symmetric.

10.4.3 If h, 12, is is a full set of critical binomials, prove the equality

where 'IjJ: Z3 -t Z is the Z-linearmap induced by 'IjJ(ei) = di . Recall f = a-f3
if f = xC< - x f3 •

10.4.4 Let h = X~l - X~2X~3, 12 = X~2 - xtlx~3, is = -X~lX~2 + X~3 be a
full set of critical binomials. If bi > 0, Ci > 0 for all i, prove the equalities
dl = a2b3 + a3b2, d2 = aI b3 + a3bl, d3 = a I b2 - a2 bl.

10.4.5 Let gl, ... , gr be a set of binomials in R = k[XI, ... , x n ] such that
gi(O) = 0 for all i. If V(gl, ,gr,Xi) = {O} for all i, prove:

(a) U~=I SUPP(gi) = {Xl, , x n }

(b) (UiEJ SUPP(gi)) n (Ui$J SUPP(gi)) :f. 0, 't/ J C {I, ... , r}.





Chapter 11

Affine Toric Varieties and
Toric Ideals

We will study general toric sets and toric ideals over arbitrary fields. The
aim is to examine when a given set of binomials define a toric ideal up to
radical and to give a criterion to characterize when a given toric set is an
affine toric variety. Here we generalize in a natural way some of the results
of Chapter 10.

11.1 Systems of binomials in toric ideals

Let k be any field and D a fixed m x n matrix with non negative integer
entries dij and with nonzero columns. The toric set r determined by the
matrix D is the set in the affine space Ak given parametrically by

(i=l,oo.,n).

Thus one has

r = {(t~11 00 • t'f.,,=l, 00 • , t~ln . 00 t'f.,,=n) E Ak I tl, 00 • , tm E k} .

Let
R = k[Xl,'" ,xn ] and B = k[t1, ... , tm ]

be two polynomial rings over k, graded by

deg(xi)

deg( tj)

d1i + ... + dmi for all i, and

1 for all j,

respectively. Let ¢ be the graded homomorphism of k-algebras:

¢: R ---+ k[tI, ... , tmJ,

403



404 Chapter 11

where Di = (d1i , ... , dmi ) is the transpose of the ith column of D and

tDi = td1i td=i1 ... m .

We denote the image of ¢ by k[f]. The kernel of ¢, denoted by P, is the
toric ideal of k[f].

Closely related to the map ¢ is the homomorphism

1j;: Zn ---+ Zm

determined by the matrix D in the standard bases of zn and zm. Indeed,
we have

¢(xc<) = t1/J(c<)

for all a E Nn. As a consequence, a binomial 9 = xC< - x f3 belongs to
P = ker(¢) if and only if g= a - (3 belongs to ker(1j;).

To prove the following two results we will use the notion of simple com­
ponent of a polynomial with respect to a subgroup of zn; see Section 10.1.

Proposition 11.1.1 If gl,'" ,g1' is a set of binomials generating the toric
ideal P of k[f], then gl, ... ,g1' generate ker(1j;).

Proof. Set G = (gl,' .. ,g1') C Z n. Consider the equivalence relation ""G

on the monomials in R given by

if a - (3 E G. Let I E ker(1j;) and write I = a - (3, where a, (3 E Nn .

Proving that lEG amounts to prove that xC< ""G x f3 , i.e., that the binomial
9 = xC< - x f3 is simple. Now, 9 belongs to the toric ideal P= (gl, ... , g1')'
hence the simple component h of 9 containing xC< also belongs to P, by
Lemma 10.1.2. Since xC< ~ P, it follows that h = g, hence that 9 is simple,
as required. D

Definition 11.1.2 Let I be an ideal of a ring Rand fER, the saturation
of I with respect to f is

00

(I;foo) = U(I;fi) = {r E RI rfi E I, for some i 2: I}.
i=l

If R is a polynomial ring the saturation can be computed using Grabner
bases and the equality

(I; foo) = (1,1 - tj) n R,

where t is a new variable. See Chapter 2.

For toric ideals the condition (a) of Proposition 2.4.24 will be replaced
by a condition which is much easier to verify.
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Proposition 11.1.3 ([104]) Let gl, ... , gr a set of binomials in the toric
ideal P of k[f] and 1 = (gl,'" ,gr)' 1fchar(k) = p:f. 0 (resp. char(k) = 0),
then the following two conditions are equivalent:

(al) P = rad(1: ZOO), where z = Xl ... Xn and (1: ZOO) = U;;::::l (1: zi).

(a2) pUker('IjJ) C (IiI, ... ,fir) for some u E N (resp. ker('IjJ) = (fiI, ... ,fir))·

Proof. (al):::} (a2): First we consider the case char(k) = p :f. O. By
hypothesis, there exists u ~ 0 such that

jPU E (1: ZOO) for all f E P.

Let 1 E ker('IjJ). Write 1 = a-(3 with a,(3 E Nn and g = xC< -x13 , thus
g E P and !i = a - (3 = I' Set

G = (!il, ... ,!ir) C zn.
We know that Xo gp

U

E 1 for some <5 E Nn and

Since the simple components of Xo gp
U

belong to 1 and hence to P (see
Lemma 10.1.2), and since xoxC<pu does not belong to 1 because it does not
belong to P, it follows that Xo gpU is simple, i. e.,

Hence pUa - pU(3 E G. This shows pUker('IjJ) C G.
Now we consider the case char(k) = O. Let G = (!il, ... ,fir) and let

o:f. 7] E ker('IjJ). Note 7] = a - (3, where a and (3 are in wn, thus f = xC< - x 13

is in P and x' jQ is in 1 for some prime q » 0 and for some 1 E Nn.
Expanding jQ one has:

Let h be the simple component of x' jQ with respect to G containing xqc<+,.
If qa - q(3 ~ G, then x q13+, does not occur in h. Hence

h = xqc<+, + 2:)_l)i (~) Xc«q-i) x i13+"
iE.:J

for some :J contained in {I, ... , q - I}. Note that h E 1 by Lemma 10.1.2.
As q is prime, q must divide mfor 0 < i < q. Thus making Xi = 1
yields 1k = (sq)l k , S E Z, but since char(k) = 0 one has 1 = qs, which is
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impossible. Hence q(a. - (3) E G. Pick a prime r :f. q such that x'r E I, by
the previous argument r(a. - (3) E G. Since gcd(q, r) = 1, we get a. - (3 E G.

(al) ¢= (a2): It suffices to prove

Pc rad(I: ZOO),

because the other contention is clear. First we assume char(k) = p :f. O. Let

f = XC - x e

be a binomial in P and write

By (a2) there are integers Si such that

(x
cp

: ) _ 1 = (X"'1) 81 •.• (x"'") 8

r

_ 1,
xep x131 x 13r

where we may assume Si 2: 0 by replacing X"'i /x13i by its inverse if necessary.
Hence writing

X"'i _ ((X"'i) )-- - -1 +1
x13i x 13i

and using the binomial theorem it follows that x' jPu is in I, for some
monomial x'. Therefore f E rad(I: ZOO).

In the case of characteristic zero, the same arguments as above will work,
after replacing pU by 1 throughout. D

Theorem 11.1.4 ([104]) Let r be a toric set and gl, ... ,gr a set of bino­
mials in the toric ideal P of k[r]. Set I = (gl,' .. ,gr)' If char(k) = p :f. 0
(resp. char(k) = 0), then rad(I) = P if and only if

(a) pUker('IjJ) C (!il, ... ,!ir) for some u E N (resp. ker('IjJ) = (!il,'" ,!ir))

(b) rad(I,xi) = rad(P, Xi) for all i.

Proof. It is a consequence of Proposition 2.4.24 and Proposition 11.1.3. D

Corollary 11.1.5 ([104]) Let gl, ... ,gr be a set of binomials in the ideal
P of the monomial curve r. Set I = (gl' ... ,gr)' If char(k) = p :f. 0 (resp.
char(k) = 0), then rad(I) = P if and only if

(a) pmker('IjJ) C (!il,'" ,!ir) for some mEN (resp. ker('IjJ) = (!il, ... ,!ir))

(b) V(gl,'" ,gr,Xi) = {O}, for all i.
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Proof. :::}) By Theorem 11.1.4 one derives condition (a) and

rad(I, Xi) = rad(P, Xi)

for all i. On the other hand

rad(P, Xi) = (Xl, ... ,xn),

because the height of P is n - 1 and Xi is regular on R/P. Therefore

V(J,Xi) = V(Xl,'" ,xn) = {O}.

¢=) By Proposition 11.1.3 one has

407

P = rad(J: ZOO), where z = Xl ... Xn.

Hence there is monomial XO and an integer N such that XO p N C J.
In order to prove that rad(I) = P, we will show that every prime ideal Q

containing J also contains P. If Q contains no variable, then the inclusions

imply that P C Q, as desired. If Q contains at least one variable, then we
claim that Q contains all the variables, implying

This is the point in the proof where we need a special argument, com­
pensating for the fact that the condition (b) above is weaker than that in
Theorem 11.1.4. Indeed, up to a renumbering of the variables Xl, ... ,Xn,
one may assume that {Xl, . .. ,xs } is the list of all the variables contained
in the prime ideal Q, for some integer 1 :S s :S n. Let a = (ai) be the point
in affine space given by

al = ... = as = 0, as+l = ... = an = 1.

We claim that a E V(I). Indeed, let g = xC< - x 13 be any binomial belonging
to J. Since g belongs to Q, it easily follows that xC< E (Xl, ... ,xs ) if and only
if x 13 E (Xl, , x s). As a consequence, aC< = a13 , this common value being
o if xC< E (Xl, ,Xs), or 1 otherwise. In either case, we have g(a) = O. It
follows that a E V(I), as claimed. But al = 0, hence a belongs to V(J, Xl),
which is {O} by condition (b). Thus a = 0, which by definition of a implies
that s = n. Hence, Q contains all the variables and consequently contains
P, as desired. D

Remark 11.1.6 In the proof of Corollary 11.1.5 the underlying hypothesis
gcd(d1 , ... ,dn ) = 1 is unnecessary.
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Corollary 11.1.7 Let gl, ... ,gr be a set of binomials in a toric ideal P.
If k is a field of char(k) = p :f. 0 (resp. char(k) = 0) and the containment
pm ker( 'IjJ) c G = (fiI, ... ,fir) holds for some m ~ 0 (resp. ker( 'IjJ) = G),
then

Proof. By Proposition 11.1.3, there is a monomial XO and an integer N
such that XO p N C I. It follows that

V(I) C V(pN) U V(XO) C V(P) U V(XI ... x n ),

as required. D

Exercises

11.1.8 Let f be a toric set and P the toric ideal of k[r]. If k is an infinite
field, prove that

P = I(r) and V(P) = I',
where I' is the Zariski closure f.

11.1.9 Let P be the ideal of a toric set f. If I is an ideal of R and Vi = P,
prove that

VIR' =PR',

where R' = k[xt1, ... , X;l] is the ring of Laurent polynomials.

Hint Use that R' is the localization of R at the multiplicative set of mono­
mials.

11.1.10 Let I be an ideal generated by a set of binomials in the ideal P of
the toric set f. Prove that the following conditions are equivalent:

(al) rad(I . R') = p. R', where R' = k[xt 1
, ..• , X;l]

(a2) XO p N C I for some monomial XO E R and some integer N ~ 1

11.1.11 Let D be an m x n integral matrix and 'IjJ: zn -t zm the homomor­
phism determined by D. If G is a subgroup of ker('IjJ), prove that

T(znjG) = T(ker('IjJ)jG),

where T denotes torsion.

11.1.12 Let f be an arbitrary toric set and P the toric ideal of k[f]. If
gl, ... ,gr is a set of binomials in P such that

V(gl, ... ,gr,Xi) = {O}

for all i, prove that dim k[r] = dim(RjP) = 1.

Hint Use the proof of Corollary 11.1.5 to show rad (P, Xi) = (Xl, . .. , xn ).
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11.1.13 Let D be an m x n integral matrix with nonzero columns and
1j;: zn -t zm the homomorphism determined by D. If G is a subgroup of
ker(1j;) and p 2: 2 a prime number, prove that the following are equivalent:

(al) pU ker(1j;) C G for some u E No

(a2) ker(1j;)jG is a finite p-group or ker(1j;)jG = (0).

(a3) znjG c::: ZS X H, where H is a finite p-group or H = (0), and s is
equal to rank(D).

11.1.14 (Rational quartic curve in ]P'3) Let k be a field and P the toric
ideal of k[r], where r is the toric set defined by the matrix:

(
4310)

D= 0 1 3 4 .

11.2 Affine toric varieties

Our aim here is to use linear algebra to characterize when a toric set r is an
affine toric variety in terms of the existence of certain roots in the base field
and a vanishing condition. We will make use of the fact that any integral
matrix is equivalent to a diagonal matrix which is in Smith normal form.

First we fix some notation. Let r be a toric set defined by an m x n
matrix D = (dij ). According to [229, Theorem 11.9], there are invertible
integral matrices U = (Uij) and Q = (qij) of orders m and n respectively
such that

L = UDQ = diag(>'1," ., As, 0, ... ,0),

where s is the rank of D and AI, ... ,As are the invariant factors of D, that
is, Ai divides Ai+l and Ai > 0 for all i.

Notation For use below set

In the sequel ei will denote the i th unit vector in Z n.

Proposition 11.2.1 If 1j;: zn -t zm is the homomorphism determined by
D in the standard bases, then

where qi corresponds to the i th column of Q.
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Proof. Let x E zn and make the change of variables Y = Q-1 X . As

L=UDQ

it follows that Dx = 0 if and only if Ly = O. Set y = (Y1, ... , Yn).
First note qi E ker('IjJ) for i 2: s + 1, because LQ-1 qi = Lei where ei is

the ith unit vector in zn. On the other hand if x is in ker('IjJ), then AiYi = 0
for i = 1, ... , s. Thus

n

x=Qy= L Yiqi·
i=8+1

To complete the proof observe that the columns of Q are a basis for zn. D

Proposition 11.2.2 Let
'IjJ:zn-tz m

be the linear map determined by D and

8

Vj = L bijqi,
i=l

where qi correspond to the i th column of Q. If e1, ... , en is the standard
basis of zn, then

is a generating set for ker('IjJ).

Proof. Set Q-1 = (bij ). Note

n

ej = Lbijqi
i=l

for all j, because QQ-1 = I. Hence one can write

8 n

Vj = L bijqi = ej - L bijqi
i=l i=8+1

(j=1,2, ... ,n),

and using Proposition 11.2.1 we obtain Vj - ej E ker('IjJ) for j = 1, ... , n.
On the other hand from the equality above:

n

Lqjk(ej-Vj)
j=l

n

L qiOik = qk,
i=8+1

for all k 2: s + 1. As usual Oik = 1 if i = k and Oik = 0 otherwise. D
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Theorem 11.2.3 ([242]) Let k be a field and P the toric ideal of k[r],
where r c kn is the toric set defined by the matrix D. Then r = V (P) if
and only if the following two conditions are satisfied:

(a) If (ai) E V(P) and ai :f. 0 Vi, then ai li ... a~ni has a Ai-root in k for
i = 1, ... , s.

(b) V(P,Xi) c r for i = 1, ... ,no

Proof. ¢=) One invariably has reV (P). To prove the other containment
take a point a = (al, ... , an) in V (P), by condition (b) one may assume
ai :f. 0 for all i. Thus using (a) there are t~, ... , t~ in k such that

(i=I, ... ,s). (11.1)

For convenience of notation we extend the definition of t; by putting t; = 1
for i = s + 1, ... , m and t' = (t~, ... , t'm). Set

(j = 1, ... ,m). (11.2)

We claim that tdk = t~1k ... t'/:n=k = ak for k = 1, ... , n. Setting U- 1 = (iij)
and comparing columns in the equality U- 1L = DQ one has:

n

Adi = Lqjidj
j=l

(i = 1,2, .. . ,s), (11.3)

where fi = (hi, ... ,fmi) and dj = (d1j, ... ,dmj ) denote the ith and jth
columns of U- 1 and D respectively. Next we compare columns in

to get:
s

dk = L Ajbjkfj
j=l

(k=I,2, ... ,n), (11.4)

where Q-1 = (bij ). Using UU- 1 = I and Eq.( 11.2) we rapidly conclude:

(k=I, ... ,m). (11.5)

From Proposition 11.2.2 we derive DVj = Dej = dj for j = 1, ... , n, where

(j=I, ... ,n). (11.6)

Hence D(vj)+ = D(ej + (Vj)_), that is, x(Vj)+ - xej+(Vj)- belongs to the
toric ideal P. Using that a E V(P) yields a(Vj)+ = aej+(Vj)-, thus

(j = 1, ... , n). (11. 7)
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Therefore putting altogether
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11.4

11.1

tL:j=1 Ajbjkfj == (th )Alblk ... (tfs)Asbsk 115 (t~)Alblk ... (t~)A,b'k

(aql )blk ... (aq, )bSk == aqlbJk+"+q,b,k 116 aVk 117 ak

for k == 1, ... , n. Thus a E r, as required.
=}) It is clear that (b) holds because V(P, Xi) C V(P). To prove (a)

take (ai) in V (P) with ai :f. 0 for all i, then by definition of r there are
tl, ... , tm in k such that aj == tdj for j == 1, ... , n. Therefore by Eq. (11.3)
one has:

tAdi == tqlidl ... tqnidn == aili ... a'Ani .

Thus (t fi )Ai == aili ... a'Ani , as required.

Corollary 11.2.4 If k is an algebraically closed field, then

V(P) C r U V(X1 ... x n ).

D

Proof. Let a == (ai) E V (P) such that ai :f. 0 for all i. Since k is alge­
braically closed condition (a) above holds. Therefore one may proceed as
in the first part of the proof of Theorem 11.2.3 to get a E r. D

Next we present another consequence that can be used to prove that
monomial curves over arbitrary fields are affine toric varieties and general­
izes Proposition 10.1.14.

Corollary 11.2.5 If the columns of D generate zm as Z-module, then the
equality r == V(P) holds if and only if V(P, Xi) C r for all i.

Proof. Since
Zd1+ ... + Zdn == zm,

one has Ai == 1 for all i, thus condition (a) holds.
toric variety if and only if (b) holds.

Therefore r is an affine
D

Corollary 11.2.6 If k is algebraically closed, then r == V(P) if and only
if V(P, Xi) c r for all i.

Proof. If k is algebraically closed, then (a) is satisfied, thus r is a toric
variety if and only if V(P, Xi) c r for all i. D

As a more concrete application we now show that Veronese toric sets
are affine toric varieties.

Corollary 11.2.7 Let d be a positive integer and

A == {(aI, ... ,am) E N"' Ia1 + ... + am == d}.

If k is an algebraically closed field and D the matrix whose columns are the
vectors in A, then the toric set r determined by D is an affine toric variety.
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Proof. Let

where

s = (d + m - 1).
m-1

413

One can order the fi such that fi = tf for i = 1, ... , m and Isupp(j;)1 2: 2
for i > m, where suppW) = {til ai > O}.

Fix an integer 1 ::; i ::; s, it suffices to prove

V(P, Xi) c r,

where P is the toric ideal associated with D. We use induction on m. Take
a E V(P, Xi)' If i > m and ¢(Xi) = fi = t~l ... tr;.;;:, note that the binomial

belongs to P, hence a E V (P, X j) for some 1 ::; j ::; m. Therefore one may
harmlessly assume 1 ::; i ::; m and ¢(Xi) = tf, for simplicity of notation we
assume i = 1. Observe that for every h = t~l ... t~= with Tl > 0 one has
aj = 0; indeed since xj- X~l .. ,x~= belongs to P and a E V(P,Xl) one
has aj = O. Let D' be the submatrix of D obtained by removing the first
row and all the columns with nonzero first entry (from top to bottom), and
P' the toric ideal of D'. The vector a' = (ailt1 ~ SUpp(Ji)) is in V(P'),
because P' C P. Since V(P') C r' U V(X2 ... x s ), where r' is the toric set
associated with D', by induction one readily obtain a E r. D

In the light of Exercise 11.2.10, a natural question is whether r can be
a variety but not a toric variety, to clarify consider:

Example 11.2.8 Let k = Z3 and D = (2,4), then

On the other hand P = (Xl - x§) and (1,2) E V(P). Thus r :f. V(P)

Exercises

11.2.9 Let D be an m x n integral matrix such that there are invertible
integral matrices U and Q such that UDQ = diag(A1," ., As> 0 ... ,0). If
Q1 (resp. Q2) denote the submatrix of Q (resp. Q-1) obtained by fixing
the first s columns (resp. s rows) of Q (resp. Q-1), prove the equality
DQ1Q2 = D.
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11. 2.10 Let r be a toric set and P the toric ideal of k [r]. If k is an infinite
field and r is a variety defined by an ideal J, then

J c P and r = V (J) = V (P).

11.2.11 Let k be an algebraically closed field and r the toric set associated
with the matrix:

D = (4 3o 1

Prove that r is an affine toric variety.

10)
3 4 .

11.2.12 Prove that Corollary 11.2.4 and Corollary 11.2.6 are valid assuming
condition (a) of Theorem 11.2.3, instead of assuming k algebraically closed.

11.2.13 (Segre variety) Let m,n be two positive integers. If

is the toric set associated with the incidence matrix D of a complete bipartite
graph Km,n, prove that r is an affine toric variety over any field k.

Hint Use that D is totally unimodular (i.e., every minor is 0 or ±1).

11.3 Curves in positive characteristic

Let I be an ideal of a ring R the arithmetical rank of I, denoted by

r = ara(I) ,

is the least positive integer r such that there are h, ... ,fr with

rad(h, ... ,fr) = rad(I).

By Krull's principal ideal theorem one has ara(I) 2: ht(I), note that equality
occurs if I is a set-theoretic complete intersection.

Let k be a field and P the associated toric ideal of a monomial curve r
in the affine space AI; .

In characteristic zero is an open problem whether P is a set theoretic
complete intersections, several authors have contributed toward the solution
of this problem, see [99, 215, 224, 282], the case n = 3 is treated in [35].

If char(k) > 0, then by [73, Theorem 2] and [73, Remark 1] it follows
that P is a set-theoretic complete intersection; a result of T. T. Moh [224]
shows that P is indeed generated up to radical by n - 1 binomials.

Our aim is to give a different constructive proof of Moh's result due to
Alcantar, Reyes and Zarate [3, 4] by identifying special generating sets for
the solutions of linear diophantine equations.
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Lemma 11.3.1 Let D = (d1, ... , dn) be a 1 x n matrix with di E Z \ {O},
then there is a unimodular matrix Q = (q2, ... , qn, ql) with entries in Z
whose first n - 1 columns are of the form:

such that

qi =
qii
o

o

i 2: 2 and qii > 0,

(a) DQ = (0, ... ,0, ).), and

(b) ker(D) = q2Z + ... + qnZ, where). is equal to gcd(d1 , ... ,dn).

Proof. The idea is to use an algorithm similar to the one used to diagonalize
a matrix with entries in an Euclidean domain. To "diagonalize" D we use
elementary operations on the columns of the following matrix:

where I is the identity matrix of order n. Note that using elementary
operations one can obtain the following reductions:

0 r2 d3
q21 b12 0

(f)--+ q22 b22 0
0 0 1

0 0 0

--+

dn
0
0
0

1

0 0 r3 d4 dn
q21 q31 b13 0 0

q22 q32 b23 0 0
0 q33 b33 0 0
0 0 0 1 0

0 0 0 0 1

where r2 = gcd(d1,d2) and r3 = gcd(r2,d3). In the first reduction we have
used elementary operations on the first two columns only, those operations
come from the Euclidean algorithm used to compute the greatest common
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divisor of d1 and d2 . Similarly the second reduction can be obtained by per­
forming elementary operations on the second and third columns only, where
those operations come from the Euclidean algorithm to compute gcd(r2, d3 ).

Thus by induction we rapidly get the required matrix Q.
To finish the proof use Proposition 11.2.1 to conclude that q2,··· ,qn

generate ker(D) as Z-module. D

Proposition 11.3.2 Let D == (d1, ... ,dn) be a matrix with di E Z \ {O}.
Then there are 12, ... , f n E Z n such that

fi1

(a) fi == fii
o

o
(b) for each fi with i 2: 2, it holds hi > 0 and fij ::; 0 for 2 ::; j ::; i - 1,

(c) ker(D) is generated by 12, ... , fn as Z-module.

Proof. Let q2, ... ,qn be as in Lemma 11.3.1 and let 2 ::; k ::; n. It will
be shown recursively that there are 12, ... , fk satisfying conditions (a),(b),
and

Zq2 + ... + Zqk == Z12 + ... + Zk
We proceed by induction on k. For k == 2, take 12 = q2. Assume 2 ::; k < n
and that we have constructed 12, ... , fk satisfying (a), (b), and such that

Next define fk+l,k+1 == qk+1,k+l > 0 and fk+1,k == qk+l,k - Akfk,k, with Ak
large enough to have fk+l,k ::; O. In general for 2 ::; i ::; k and haven chosen
Ai+1' ... , Ak' define

fk+1,i = qk+l,i - Akfk,i - ... - Ai+1fi+l,i - Adi,i,

choosing Ai » 0 to have fk+l,i ::; O. Finally define

fk+1,1 = qk+l,l - Akfk,l - ... - A212,1'

note that we are not requiring fk+l,l ::; O. If we set

fk+1,1

o
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clearly 12, ... , fk+l satisfy the hypotheses (a), (b) of the proposition. On
the other hand

fk+1 = qk+l - Akfk - ... - A212,

using Eq. (*) this implies:

fk+1 E 7lq2 + ... + 7lqk+1,

in addition qk+l E tlh + ... +7lfk+1, therefore again by Eq. (*) one obtains
7112 + ... + 7lfk+l = 7lq2 + ... + 7lqk+l' D

Lemma 11.3.3 Let D = (dl , ... ,dn) be a matrix with di E 7l \ {O} and
12, ... , fn in tl n such that

fil

(a) fi =
fii
o

o
(b) fii :f. 0 for all i, and

(c) ker(D) is generated by 12, ... , fn as 7l-module.

Then hi divides dl for all i 2: 2.

Proof. Since d1ei - die1 belong to ker(D) for i 2: 2, one obtains

Clearly one has dl = J-Lnfnn if i = nand J-Ln = 0 if i < n. By reverse
induction follows that J-Ln = J-Ln-1 = ... = J-Li+1 = 0 and dl = J-Ldii' D

Theorem 11.3.4 ([224]) Let D = (d1, ... , dn) be an integral matrix with
positive entries and P the toric ideal of k[ t d1 , ... , t dn ]. If char(k) = p > 0,
then P = rad(gl' ... ,gn-1) for some binomials gl, ... ,gn-l.

Proof. Let 12, ... , fn be as in Proposition 11.3.2. First we prove recursively
that for 2::; k::; n there are W2, ... ,Wk E tl n and rk EN so that

(i) Wi = Wii
o

o

with Wij ::; 0 for j = 1, ... ,i - 1 y Wii > 0,
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To prove this we proceed by induction on k, for k = 2 it is enough to take
W2 = 12 and T2 = O. Let 2 ~ k < n and assume there are W2, .. " Wk E zn
satisfying (i) and Tk E N such that

By Lemma 11.3.3, we have fiildl for i = 2, ... , n. Then d l = fk+I,k+I£ for
some £, let pC<k+l be the greatest power of p dividing £, that is, we can write

(1)

where p does not divide Sk+I, hence using that the image p of pin ZSk+l is
non zero, one obtains that p has finite order. Therefore there is f3k+1 E N+
such that pf3k+l == 1 mod Sk+l, hence pf3k+ 1 u == 1mod Sk+l, for all u E N,
consequently there is ck+ lEN (depending on u) such that

(2)

choose u large enough to guarantee pC<k+ 1 fk+l,1 - dk+ICk+1 < 0 and define
the entries of Wk+1 as;

Wk+l,l =P C<k+l fk+l,l - dk+ICk+l

Wk+l,i = P C<k+l fk+l,i i = 2, ... , k
Wk+l,k+1 = P C<k+l fk+l,k+1 + d l ck+1
Wk+I,j = 0 for j > k + 1

Observe that Wk+I,i ~ 0 for
equality

1, ... , k and Wk+I,k+1 > O. Note the

Therefore

as a result Wk+1 E ker(D), hence

Wk+l,k+1 = pC<k+l fk+l,k+1 + d1Ck+1

Q} pC<k+l fk+I,k+1 + (pC<k+l fk+l,k+l)(Sk+lCk+l)

= p C<k+l fk+l,k+l (1 + Sk+l Ck+I)

~ P C<k+l +f3k+l U fk+l,k+l

setting qk+l = ak+l + f3k+l u, one concludes

(3)
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Now, since only the first k + 1 entries of Wk+l and ik+l can possible be
different from zero (all the remaining entries are zero), we get from Eq. (3)
that only the first k entries of Wk+l - (p qk+l )ik+l can possible be differ­
ent from zero (the rest are zero), hence using that ker(D) is generated by
12,···, in, one derives:

Wk+l - (p qk+l )ik+l E 7112 + ... + 7lfk,

which together with Eq.(**) gives prk(Wk+l - (p qk+l )ik+l) E 7l (W2, ... , Wk),
and consequently

(pqk+l+rk)ik+l E 7l(W2,'" ,Wk,Wk+I)

setting rk+l = qk+l + rk, one concludes

prk+l71(12,··· ,ik+l) C 7l(W2, ... ,Wk+l)'

Altogether this terminates the induction argument and ends the first step
of the proof.

Making k = n, we obtain that there are W2, ... , Wn such that the first
i-I entries of Wi are negative or zero, the ith entry of Wi is positive, and
for j > i the entries of Wi are zero. Furthermore there is prn such that

Set gi = WHI, this means that gi is a binomial such that gi = WHI. Let
1= (gl, ... ,gn-l). Take a E V(I,xi), with a = (al, ... ,an), and suppose
that a :f. 0 and let aj be the first entry of a equal to zero (such entry exists
because at least ai = 0). If j :f. 1, one would have

_ --- _ Wjj Wj! Wj,j-lgj-l - Wj - x j - Xl .. ,xj_ l

and aj = 0, then some ar = 0 for r < j, which is not possible, thus j must
be equal to 1. Let us see that a = (0, ... ,0) by induction on the coordinates
of a, assume al = ... = ak = 0 for 1 :::; k < n. One has:

_ Wk+l,k+l Wk+l,l Wk+l,kgk - Xk+l - Xl .. 'x k

and since a E V(I,xi) C V(I) and gk E I, one obtains ak+l = O. Therefore
a = (0, ... ,0). As a result V(I,xi) = 0 for i = 1, ... ,n, this fact together
with

prnker(D) C71(W2, ... ,Wn )

prove that the conditions (a) and (b) of Theorem 10.1.3 are satisfied, and
consequently P = rad(gl,'" , gn-d. D

Remark 11.3.5 Working over an algebraically closed field k of character­
istic zero S. Eliahou [100] proved that the toric ideal P of a monomial curve
in Ak is the radical of an ideal generated by n binomials.
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Graph Diagrams

For convenience we will display some Cohen-Macaulay graphs and unmixed
graphs with small number of vertices.

A.I Cohen-Macaulay graphs

The complete list of Cohen-Macaulay connected graphs with at most six
vertices is:

--

421
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A.2 Unmixed graphs

Appendix A

Next we display the set of all unmixed non Cohen-Macaulay connected
graphs with at most six vertices.

o
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Notation

(I: joo), saturation of 1,53
(N1:RN2 ), ideal quotient, 4
A(P), Ehrhart ring, 232
A[F], subring generated by F, 23
Ap , normalized Ehrhart ring, 226
C(G), cone over a graph G, 293
F(M, t), Hilbert series, 97
G1 *G2 , join of two graphs, 332
H(M, i), Hilbert function, 14
H(y, c), hyperplane, 210
H+ (y ,c), halfspace, 210
I(n), symbolic power, 76
It:,., Stanley-Reisner ideal, 142
I c , ideal of covers, 196
K, a field, 2
K*(;J2), Koszul complex, 29
NG(U), neighbor set, 163
R( -a), shift in the graduation, 59
R(k), kth Veronese subring, 203
Rp , localization at a prime, 3
S(j,g), the S-polynomial, 49
S-l(M), localization, 3
V (1), prime ideals over I, 2
Ass(I), associated primes, 5
AssR(M), associated primes, 5
6. q

, q-skeleton of 6.,145
6.[, Stanley-Reisner complex, 142
Spec(R) , spectrum of a ring, 2
Supp(M), support of a module, 5
Y(G), minimal covers, 166
Ilxll, Euclidean norm, 212
a+, positive part of a vector, 203
ao(G), covering number, 165
ht (I), height of an ideal, 4
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ann R (M), annihilator of M, 4
f31 (G), independence number, 165
£R(M), length of a module, 9
gcd, greatest common divisor, 218
(, ), usual inner product, 210
Ia 1, ceiling of a, 234
lcm, least common multiple, 49
lk(F), link of a face, 143
log(F), log set of F, 236
log(xa ), log of a monomial, 236
A'k, affine space, 45
N+, positive integers, 31
1P''k, projective space, 56
v(M), number of generators, 8
Ws, canonical module, 106
lor la, integral closure, 69
Vi or rad (I), radical of I, 4
lxi, diamond norm, 217
e(M), multiplicity of M, 101
e (q, M), relative multiplicity, 85
ei, unit vector, 156
1(6.), the I-vector of 6., 150
I -tF g, reduction w.r.t F, 49
hU), Macaulay symbol, 119
k, a field, 2
k[F], monomial subring, 201
k[G], edge subring, 282
k[6.] , Stanley-Reisner ring, 142
k[x], polynomial ring, 2
k* = k \ {O}, 48
r(I), reduction number, 339
x 20, non negative vector, 218
xc, monomial, 201
Cn , cycle, 163
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J(n, complete graph, 163
J(m,n, complete bipartite, 182
R(I), Rees algebra, 66
Z(M), zero divisors, 6
X(6.), Euler characteristic, 141
IR-t = {x E lRl x 2: O}, 211
IR-t A, cone generated by A, 211
Soc(M), socle of M, 21
SymR(M), symmetric algebra, 65
adj (H), adjoint of a matrix, 8
char(R), characteristic of R, 2
conv(A), convex hull of A, 210
deg(v), degree of a vertex, 162
depth(M), depth of a module, 18
dim(M), Krull dimension, 4
gr[(R), associated algebra, 73
iff, if and only if, 2
in(I), initial ideal, 48
ri(X), relative interior, 215
s.o.p, system of parameters, 16
star(a-), star of a face, 148
supp(,B), support of a vector, 203
supp(xa ), support of xa, 131
trdeg, transcendence degree, 34
type(M), type of a module, 21
w.r.t, with respect to, 14
Hq (6.; A), reduced homology, 139

Notation



Index

a-invariant, 99
adjacency matrix, 190
admissible grading, 220
affine

k-algebra, 31
combination, 210
space, 45, 210

generated by a set, 210
algebra, 23

finite, 23
finitely generated, 23
of finite type, 23

almost integral, 74
annihilator, 4
arithmetical rank, 414
Artin-Rees lemma, 85
Artinian

reduction, 123
ring, 10

ascending chain condition, 2
associated

graded algebra, 73
matrix

of a monomial subring, 202
prime

of a module, 5
of an ideal, 5

atomic cycles, 303

Betti numbers, 61
initial, 188
initial virtual, 188

binomial, 202
expansion, 100, 119
ideal, 202

449

of a closed walk, 282
bipartite graph, 163
boundary complex, 156
bow tie, 317
Buchberger

algorithm, 50
criterion, 51

canonical module, 106
catenary ring, 21
Cayley-Hamilton, 22
ceiling of a vector, 234
characteristic of a ring, 2
Chinese remainder theorem, 10
chord of a cycle, 194
chordal graph, 194
circuit, 297

of a graph, 300
CoCoA

see computer algebra, 94
codimension

of a module, 4
of an ideal, 4

Cohen-Macaulay
graph, 168
ideal, 20
module, 18
ring, 20

complement of a graph, 175
complementary complex, 172
complete

bipartite graph, 182
graph, 163
ideal, 69
intersection, 20
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generically, 68
set theoretic, 20

composition series, 9
computer algebra systems

CoCoA, 94
Macaulay, 53
Normaliz, 236
PORTA, 211

cone, 210
finitely generated, 211
of a complex, 140
over a graph, 293

conormal module, 67
content of a polynomial, 339
convex

combination, 154, 210
cone, 210
hull, 154, 210
polyhedron, 210
set, 210

cover complexity, 166
critical binomials, 385

full set, 385
cutpoint, 175
cycle, 163

basis, 291
space, 291

cyclic polytope, 158

d-tree, 194
Danilov-Stanley formula, 221
Dedekind-Mertens formula, 339
degree

of a module, 101
of a vertex, 162

Dehn-Sommerville equations, 157
depth

lemma, 18
of a module, 18

Dickson's lemma, 48
dimension

of a set, 210
of a simplicial complex, 138
theorem, 16

Index

discrete
graph, 162
valuation, 378

distance, 163
division algorithm, 49
dominant set, 175
duality

in monomial subrings, 268
in Stanley-Reisner ideals, 196

edge, 161
cone, 326
critical graph, 168
generator, 282
graph, 188
ideal, 168

generalized, 256
subring, 282

Ehrhart
polynomial, 232

normalized, 227
ring, 232

normalized, 226
elementary

integral vector, 297
vector, 296
zonotope, 302

elimination order, 52
embedded prime, 10
end vertex, 162
equations of a cone, 216
Euler

characteristic, 141
reduced, 141

formula, 156
even cycle, 163
exact sequence, 5

short, 5
extended Rees algebra, 72
extremal

Cohen-Macaulay ring, 117
Gorenstein ring, 115

f-vector



Index

of a complex, 150
of a polytope, 155

face, 138, 211
ideal, 130
ring, 143

facets
of a cone, 325
of a simplicial complex, 144

faithfully flat, 27
Farkas's lemma, 218
field of fractions, 8
filtration of a ring, 81
finite

homomorphism, 23
length, 9

flag complexes, 170
flat homomorphism, 27
forest, 163
forms, 13
Frobenius number, 378

Gauss lemma, 339
geometrically linked, 30
going

down, 26
up, 26

Gorenstein
graded ideal, 112
ideal, 22
ring, 22

Grabner basis, 49
lexicographical, 276
of toric ideals, 203
reduced, 49

graded
algebra, 16
ideal, 13
map, 13
module, 13
ring, 12

graph, 161
connected, 162
connected components, 162

Graver basis, 284
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H-configuration, 314
h-vector

of a C-M complex, 152
of a complex, 152
of a polytope, 156
of a standard algebra, 108

height of an ideal, 4
Herzog-Kiihl formulas, 63
Hilbert

basis theorem, 2
function, 14, 97
polynomial, 101

of a face ring, 150
over an Artinian ring, 15

series, 97
of a face ring, 150

Hilbert-Burch theorem, 62
Hochster configuration, 314
homogeneous

element, 13
ideal, 13
resolution, 61
ring, 14
subring, 224

homogenization of an ideal, 54
homomorphism

integral, 23
of algebras, 23
of rings, 2

ideal
of a subset, 45
of linear type, 67
of relations, 35
quotient, 4

improper face
of a polyhedral set, 211

incidence matrix, 294
Smith form, 295

independence number, 165
independent set

of edges, 163
of vertices, 165

induced subgraph, 195
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initial
degree, 110
ideal, 48

integral closure, 23
commute with localizations,

70,71
of a domain, 26
of an edge subring, 320
of ideals, 69
of monomial ideals, 234
of monomial subrings, 218

integral extension, 23
integrally closed

ideal,69
ring, 26

irreducible
representation, 214

of a cone, 215
submodule, 6

irredundant decomposition
of modules, 7

irrelevant maximal ideal, 35
isolated

prime, 10
vertex, 162

Jacobian
criterion, 91
ideal, 92
matrix, 91

Jacobson radical, 95
join

of graphs, 332
of ideals, 245
of simplicial complexes, 140

Konig Theorem, 165
Koszul complex, 28
Krull

dimension, 4
intersection theorem, 83
principal ideal theorem, 19

Kruskal-Katona criterion, 151

Index

lattice, 135
distributive, 135
of monomial ideals, 135

Laurent polynomials, 80
leading

coefficient, 48
monomial, 48
term, 48

length of a module, 9
level algebra, 274
lex order, 31, 48
linear

resolution, 63
variety, 210

link of a face, 143
linkage

class, 30
even, 30

of ideals, 30
local ring, 2
localization, 3

at a prime, 3
locally a complete intersection, 78
log set, 236

Macaulay
see computer algebra, 53
symbol, 119
theorem, 119

marriage problem, 165
a generalization, 330, 331

minimal
primes

of a ring, 2
of a module, 9

resolution, 61
minimum number of gens, 58
module

of finite length, 9
of fractions, 3

monomial
curve, 367
ideal, 130

of minimal covers, 196



Index

of mixed products, 248
order, 48
ring, 130
subring, 201
subring of a graph, 282
walk, 283

multiplicity
of a face ring, 154
of a graded module, 15, 101
over a local ring, 85

Nakayama's lemma
general version, 8
graded version, 14

neighbor set
of a subset, 163
of a vertex, 182

neighbourly polytope, 158
nilpotent element, 4
nilradical, 4
Noether normalization

homogeneous, 39
lemma, 34
of a monomial ring, 39
of an edge subring, 309, 340,

362
Noetherian

module, 1
ring, 1

normal
ideal, 69
polytope, 228
ring, 26

normality
descent, 80, 240

Normaliz, 236
normalization

of a ring, 26
of an edge subring, 320
of monomial subrings, 218

normalized
degree, 203
grading, 265
volume, 228
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normally torsion free, 77
edge ideal, 312
versus normal, 79, 238

Nullstellensatz, 46
numerical semigroup, 377

odd cycle condition, 322
order complex, 170

partition, 150
Pascal identity, 15
path, 162
perfect matching, 165
polarization, 131

of a bipartite planar graph,
304

of an even closed walk, 304
polyhedral

cone, 210
set, 210

face, 211
facet, 214

polynomial
function, 15
quasi-homogeneous, 13

polytopal subring, 228
polytope, 154

lattice, 228
PORTA, 211
poset, 169
positively graded algebra, 35
presentation

ideal, 35, 66, 202
of a graded algebra, 35

primary
ideal, 6

extension of, 27
submodule, 6

primary decomposition
irredundant, 7
of a graded module, 14
of a module, 7
of an ideal, 7
of monomial ideals, 132
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prime avoidance
general version, 10
graded version, 41

primitive binomial, 284
projective

closure, 57
of a monomial curve, 375

dimension, 61
space, 56

proper face
of a polyhedral set, 211
of a polytope, 155

pure resolution, 62
pure simplicial complex, 145

quasi-regular sequence, 83

radical ideal, 76
radical of an ideal, 4
rank of a module, 10
reduced ring, 4
reduced simplicial homology, 139
reduction number

of an algebra, 349
of an ideal, 339

reduction of a polynomial, 49
Rees algebra, 66

of a filtration, 81
regular element, 6
regular ring, 19

is Cohen-Macaulay, 89
regular sequence, 16
Reisner Theorem, 143
relative interior, 215
remainder, 49
residue field, 2
revlex order, 48
ring extension, 23

S-polynomial, 49
Samuel function, 85
saturated graph, 177
saturation of an ideal, 53
Segre

Index

product, 105
variety, 414

semigroup, 377
ring, 201, 367

Serre's normality criterion, 26
set of k-products, 256
Shellable complex, 146
shelling, 146
shift in the graduation, 59
simple components, 368
simple module, 9
simplex

in affine space, 155
lattice, 228
of a simplicial complex, 138
oriented, 139
unimodular, 228

simplicial complex, 138
Alexander dual, 198
Cohen-Macaulay, 143
geometric realization, 156

simplicial polytope, 155
simplicial sphere, 156

Gorenstein property, 157
skeleton of a complex, 145
sliding depth, 29
socle

of a graded algebra, 111
of a module, 21

spanning subgraph, 162
spectrum of a ring, 2
square, 163
square-free monomial, 130
standard

algebra, 35
grading, 13

Stanley-Reisner
complex, 142
ideal, 142
ring, 142

star, 187
star of a face, 148
strongly Cohen-Macaulay, 29



Index

subgraph, 162
subring of k-products, 203
support

of a binomial, 387
of a module, 5
of a monomial, 131, 299
of a vector, 296

supporting hyperplane, 211
suspension of a graph, 325
symbolic

power, 76
Rees algebra, 238

symmetric
algebra, 65, 67
semigroup, 378

system of parameters, 19
for modules, 16
homogeneous, 36

syzygetic ideal, 67
syzygy module, 51, 61

computation of, 52

tensor algebra, 65
term order, 48
terminal cycle, 316
terms, 48
toric

ideal, 202, 404
of an edge subring, 282

set, 403
variety, 208

total ring of fractions, 8
transcendence

basis, 34
degree, 34

tree, 163
triangle, 163
triangulated graph, 194
twists of a graded module, 61
type, 266

Cohen-Macaulay, 112
of a module, 21

unicyclic graph, 316
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unimodular covering, 230
unimodular matrix, 295

totally, 414
unmixed graph, 168
unmixed ideal, 20
upper bound conjecture, 159
usual grading, 13

valuation ring, 378
variety

affine, 45
coordinate ring, 45
dimension of, 45
irreducible, 45
irreducible components, 46
projective, 56
toric, 208

Veronese subring, 203
square-free, 203

Veronese variety, 412
vertex, 212
vertex cover, 165

minimal, 165
vertex covering number, 165
vertex critical graph, 168

walk, 162
closed, 162

Zariski
closure, 207
topology, 45

of the prime spectrum, 2
zero divisor, 6
zero set of an ideal, 45


