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Introduction 

What follows is a set of lecture notes for a 

seminar given by A. Grothendieck at Harvard University 

in the fall of 1961. The subject matter is his theory 

of local (or relative) cohomology groups of sheaves on 

preschemes. This material has since appeared in expanded 

and generalized form in his Paris seminar of 1962 [16] 

and my duality seminar at Harvard in 1963/64 [17]. 

Furthermore, it may appear in the later sections of his 

"Elements," chapter III [5]. However, I have thought it 

worthwhile to make these notes available again, since a 

short, elementary treatment of a subject is often the 

best introduction to it. The text is essentially the 

same as the first edition, except for minor corrections 

and an expanded bibliography. 

The study of local cohomology groups has its 

origin in the observation, already implicit in Serre's 

paper FAC [i0], that many statements about projective 

varieties can be reformulated in terms of graded rings, 

or complete local rings. This allows one to conjecture 

and then prove statements about local rings, which then 



may be of use in obtaining better global results. Thus 

the finiteness theorems of Serre for coherent sheaves 

on projective varieties become statements that certain 
\ 

local cohomology modules are "cofinite." Similarly the 

duality theorem for projective varieties becomes a duality 

theorem for local cohomology modules. This approach 

was developed further by Grothendieck in his 1962 seminar 

[16], where he studies local and global Lefschetz theorems, 

relating ~I and Pic of a variety to 

its hyperplane sections. 

and Pic of 
1 

In Section 1 we define the local cohomology 

groups of an abelian sheaf F on a topological space 

X, with respect to a locally closed subset Y, as the 

right derived functors of the functor Fy(F), the 

sections of F "with support in Y." 

In Section 2 we give the first consequences of 

this theory when applied to preschemes: The main result 

is Theorem 2.8, which interprets the local cohomology 

groups as a direct limit of Ext's. 

In Section 3 we give a self-contained exposition 



of the notion of depth (or homological codimension) 

and relate it to the local cohomology groups (Theorem 

3.8). 

Section 4 contains some "general nonsense" on 

functors defined on the category of modules over a 

Noetherian ring. In particular, we discuss dualizing 

functors and dualizing modules. 

In Section 5 we give some miscellaneous appli- 

cations and some technical results useful in the next 

section. (In the lectures, most of this material came 

before that of Section 4, and it is perhaps better to 

read it first, since it is closely related to Section 

3). 

Section 6 contains the duality theorems which 

are central results of the local cohomology theory. 

R. Hartshorne 

Cambridge, Mass. 

July, 1967 



w 1. D e f i n i t i o n  a n d  E l e m e n t a r y  P r o p e r t i e s  
o f  t h e  L o c a l  C o h o m o l o g y  G r o u p s  

F o r  p r e l i m i n a r i e s  of  h o m o l o g i c a l  a l g e b r a  we  r e f e r  t o  

G o d e m e n t  [4] o r  G r o t h e n d i e c k  [6] .  T h e  r e s u l t s  of  t h i s  s e c t i o n  w i l l  

be  v a l i d  f o r  a r b i t r a r y  t o p o l o g i c a l  s p a c e s  a n d  a r b i t r a r y  s h e a v e s  of  

a b e l i a n  g r o u p s  o v e r  t h e m .  

L e t  X 

s u b s p a c e  o f  X,  

s u b s p a c e  

be a topological space, let 

and let F 

Z of a ~pological 

Z be a locally closed 

be an abelian sheaf on X. (We recall that a 

space X is locally closed if it is the 

i n t e r  s e c t i o n  of  a n  o p e n  a n d  a c l o s e d  s u b s e t .  

c a l  s p a c e  X we  m e a n  s i m p l y  a s h e a f  o f  a b e l i a n  g r o u p s  on  

The category of all abelian sheaves on 

Choose an open subset V C X 

i s  closed i n  V. 

Let Fz(X,F) 

sections of F 

immediately that 

above. Moreover, 

f r o m  ~ (X) to (Ab) 

of F with support i__nn Z. 

T h i s  i s  p o s s i b l e  s i n c e  

be  t h e  s u b g r o u p  of  F ( V )  

By an abelian sheaf on a topologi- 

X. 

X will be denoted by ~(X). ) 

such that Z C V, and Z 

Z is locally closed in 

consisting of all those 

w h o s e  s u p p o r t  i s  c o n t a i n e d  in  Z.  O n e  c h e c k s  

F z ( X , F )  i s  i n d e p e n d e n t  o f  t h e  s u b s e t  

o n e  s e e s  a l s o  t h a t  t h e  f u n c t o r  

z (x, F) 

is l e f t - e x a c t .  

N o t e  t h a t  i f  

X. 

V chosen 

We c a l l  r (X,F) t h e  s e c t i o n s  
Z 

Z i s  c l o s e d ,  i t  i s  p r e c i s e l y  
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this; if Z is open in X, Fz(X,F) = F(Z). 

Let X,Z,F,V be as above. Then if U is any open subset 

of X, the natural restriction homomorphism 

F(V) -* F(V ~ U) 

i n d u c e s  a homomorphism 

r z(X' F) -- rz~u(U, F[ u) 

Thus we may consider the presheaf 

U~-r FZ~u(U,F Iu) . 

O n e  v e r i f i e s  i m m e d i a t e l y  t h a t  i n  f a c t  t h i s  p r e s h e a f  i s  a s h e a f ,  a n d  

w e  w i l l  d e n o t e  i t  by  r z ( F ) .  

F ~ Fz(F) 

i s  l e f t - e x a c t  f r o m  ~ { X )  t o  

A s w i t h  r Z ,  one  f i n d s  t h a t  t h e  f u n c t o r  

e., (x). 

D e f i n i t i o n .  L e t  

c l o s e d  s u b s p a c e ,  a n d  F 

d e r i v e d  f u n c t o r s  o f  r 
z 

P (F) ,  H p ( X , F )  and H Z 

X be a topological space, Z a locally 

an abelian sheaf on X. Then the right 

and r Z, respectively, are denoted by 

p = 0, I, ..., respectively, and are called 

tl~e cohomology groups (resp. , cohomology sheaves) of X with 

c o e f f i c i e n t s  i n  

R e m a r k :  

o f  a 

F and supports in Z. 

Using the notion of a sheaf extended by zero outside 

l o c a l l y  c l o s e d  s u b s e t  [4 ,  II Z. 9],  we  c a n  g i v e  a d i f f e r e n t  



i n t e r p r e t a t i o n  of  r 

of i n t e g e r s  on  Z,  

z e r o  o u t s i d e  of  Z.  

Z ( F )  a n d  r z ( F  ). L e t  Z Z be  t he  c o n s t a n t  s h e a f  

and let ~"Z,X be this same sheaf extended by 

Then 

a n d  

F z ( X ,  F)  = Horn  ( Z Z , X ,  F)  

Fz(F) = Horn (mZ, X, F) 

w h e r e  Horn  d e n o t e s  t h e  s h e a f  of  g e r m s  of h o m o m o r p h i s m s .  

T h e  r e s t  of  t h i s  s e c t i o n  w i l l  be  d e v o t e d  to  v a r i o u s  p r o p e r t i e s  

of  t h e s e  c o h o m o l o g y  g r o u p s  a n d  s h e a v e s  w i t h  s u p p o r t s  in  a l o c a l l y  

c l o s e d  s u b s p a c e .  

p r o p o s i t i o n  I .  ] .  L e t  Z be  l o c a l l y  c l o s e d  in  X. T h e n  

a) F o r  a n y  F s ~ (X)  , 

r (X,F) = H ~ 
Z I- 

Fz(F) = Hz(F) 

b) If  

of  a b e l i a n  s h e a v e s  on 

a n d  

0 --" F '  --" F --" F "  --" 0 i s  a n  e x a c t  s e q u e n c e  

X, t h e n  t h e r e  a r e  l ong  e x a c t  s e q u e n c e s  

o - H z c x ,  r'~ - ~ z  ~x, r ~  - -  H z ~ x ,  r,,~ ~ 

.1 ,x  F , -  
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z o (;) o (; , , )  h (;,) _ Hi(;) 0 - * H  (F') --" H Z --" H Z H Z 

w h e r e  t h e  c o n n e c t i n g  h o m o m o r p h i s m s  ~) b e h a v e  f u n c t o r i a l l y .  

c) If F e ~ (X)  i s  a n  i n j e c t i v e  o b j e c t  o f  t h e  c a t e g o r y ,  t h e n  

HP(x,F) : 0 for p > O, and HP(F) : 0 for p > O. 
L 

Proof. These properties follow from the fact that HP Z 

P are derived functors of I" Z and r Z. In fact, a,b,c H Z 

characterize the derived functors. 

a n d  

HP Z (F) 

P r o p o 6 i t i o n  1 . Z .  W i t h  Z ,  X,  F a s  a b o v e ,  

i s  t h e  s h e a f  a s s o c i a t e d  to  t h e  p r e s h e a f  

for each p > O, 

u ~ HE~. (u FIu) 7- U ' 

P r o o f .  T h i s  f o l l o w s  f o r m a l l y  f r o m  t h e  d e f i n i t i o n s .  Se t  

H P' (F)  e q u a l  t o  t h e  s h e a f  a s s o c i a t e d  to  t h e  p r e s h e a f  a b o v e .  T h e n ,  

s i n c e  t h e  opera lJom of  t a k i n g  a s s o c i a t e d  s h e a v e s  i s  a n  e x a c t  f u n c t o r ,  

the HP'(F) form a connected sequence of functors. 

p = O, H~ = the sheaf associated to the presheaf 

=F 

the 

for 

functor s of 

Moreover, for 

(U ~ FZr_~u(U, F I U)), 

z(F). If F is injective, so is F Iu for any U; hence, all 

Pc~j(U,FIU) = 0 for p > 0. Therefore, also, HP'(F) = H Z 0 

p > 0. But these properties characterize the right derived 

Fz(F), hence HP'(F) = HPz(F ). 



Proposition I. 3. 

closed in X, and let 

Then for any F ~ C(X), 

(Excision Formula) Let Z be locally 

V be open in X and such that Z _C V _C X. 

in  X, 

HP Z(X,F) ~ H p (V,F Iv) 

P r o o f .  T h i s  f o l l o w s  f r o m  t h e  f a c t  t h a t  F ~ , ~  r 
z 

Fz(V, F[ V) a r e  i s o m o r p h i c  f u n c t o r s  f r o m  C(X) 

(X, F) and 

to  (Ab). 

P r o p o s i t i o n  1 . 4 .  ( S p e c t r a l  S e q u e n c e )  If Z i s  l o c a l l y  c l o s e d  

f o r  a n y  F t h e r e  i s  a s p e c t r a l  s e q u e n c e .  

HZn (X,F) -=~, = E zpq = HP(x, Hq(F)) 

w h e r e  by  H P ( x ,  F) f o r  a n y  F we  m e a n  the  r i g h t  d e r i v e d  f u n c t o r s  

of t h e  f u n c t o r  F ~ r (F) .  

T h i s  p r o p o s i t i o n  w i l l  f o l l o w  f r o m  the  t h e o r e m  a n d  l e m m a s  

b e l o w .  

T h e o r e m  A.  Let ~.. , ~', ~.]' be abelian categories 

with enough injectives, and suppose given two left-exact covariant 

functor s 

F: C 

S u p p o s e  f u r t h e r m o r e  t h a t  

i. e . ,  w h e n e v e r  

F takes injectives into G-acyclic object s, 

I is an injective object of ~.- , RPG(F(1)) = 0 



f o r  p > 0, w h e r e  RPG a r e  t he  r i g h t - d e r i v e d  f u n c t o r s  of  G. T h e n  

f o r  e a c h  o b j e c t  X in  ~ , t h e r e  i s  a s p e c t r a l  s e q u e n c e  r e l a t i n g  

t h e  r i g h t  d e r i v e d  f u n c t o r s  of  F , G ,  a n d  G o F .  

Rn(G o F)(X) ~== EPq= RPG(RqF(X)) 

F o r  t h e  p r o o f  of  t h i s  t h e o r e m  we  r e f e r  t he  r e a d e r  to  [6].  

k i n  ~ ( X ) ,  t h e  ca__q~29or Z o f  a b e l i a n  s h e a v e s  o n  
Lernrna I. 5. Any~njective Sheaf~s flasq-~e 

Proof. Any sheaf can be embedded in a flasque sheaf, e.g. , 

the sheaf of discontinuous sections of itself. But if I is injective, 

and I _C F with F flasque, then I is a direct surnmand os F, 

hence flasque itself. 

Lemma 1.6. If F is flasque, so is Fz(F). 

Proof. Replacing X by an open subset V which contains 

Z as a closed subset, we may assume that Z is closed in X. Then 

we must show that if U is any open subset of X, the map 

Fz(X,F) -- FZr. j(U,FIU ) 

i s  s u r j e c t i v e ,  w h e r e  we s u p p o s e  t h a t  F i s  a g i v e n  s  s h e a f .  

So l e t  (; ~ I ~ Z r ~ u ( U , F  IU) ,  i . e . ,  (~ i s  a s e c t i o n  of  F o v e r  U,  

w h o s e  s u p p o r t  i s  in  Z r-~ U. C o n s i d e r  t he  z e r o  s e c t i o n  of  F o v e r  

x , /  



t h e  o p e n  s e t  X - Z .  T h i s  a g r e e s  w i t h  ~ o n  t h e  i n t e r s e c t i o n  o f  

t h e i r  d o m a i n s  U t-~ (X - Z)  = U - (Z  ~ U) .  H e n c e ,  t h e r e  i s  a s e c t i o n  

a '  o f  F o v e r  t h e  o p e n  s e t  U <J (X - Z ) ,  w h o s e  r e s t r i c t i o n  t o  U 

i s  c;, a n d  w h o s e  r e s t r i c t i o n  t o  X - Z i s  z e r o .  N o w  s i n c e  F 

i s  f l a s q u e ,  t h e r e  e x i s t s  a s e c t i o n  ( ; "  o f  F o v e r  a l l  o f  X ,  w h o s e  

r e s ~ z i c t i o n  t o  U ~ (X - Z )  i s  ~ '  C l e a r l y  ~ "  h a s  s u p p o r t  i n  Z ,  

a n d  ~ "  ~ (~ u n d e r  t h e  m a p  a b o v e .  H e n c e  I ' z ( F )  i s  f l a s q u e .  

L e m m a  1 . 7 .  I f  F i s  f l a s q u e ,  t h e n  H q ( x ,  F )  = 0 f o r  q > 0.  

P r o o f .  

t h e  c o k e r n e h  

Then 

C 

Hence, 

E m b e d  F in a n  i n j e c t i v e  s h e a f  I, a n d  l e t  C b e  

0 - - , F - - , I - ~  C - ~ 0 .  

I i s  f l a s q u e  b y  l e m m a  1 . 5 .  T h e r e f o r e ,  b y  [4 ,  

i s  a l s o  f l a s q u e ,  a n d  w e  h a v e  a n  e x a c t  s e q u e n c e  

0 - ~  1" ( F )  - -  1" ( I )  "-"- . I " (C)  --~ 0 

HI(x,F) = 0, and for p > I, 

HP(x,F) ~ H p-l(x, C ) = 0 

b y  i n d u c t i o n  o n  p ,  s i n c e  C i s  a l s o  f l a s q u e .  

C h a p t e r  I I ,  3 .  1 . Z ] ,  

P r o o f  o f  P r o p o s i t i o n  1 . 4 .  W e  h a v e  t h e  f u n c t o r  

w h i c h  m a y  b e  w r i t t e n  a s  a c o m p o s i t e  f u n c t o r  

rz: c(x) -- (AS), 



w h e r e  

r =r �9 F 
Z Z 

I~ z : C(X) --" C(X) and r : C(X) --" (Ab). 

In o r d e r  to  a p p l y  t h e  t h e o r e m  q u o t e d  a b o v e ,  a n d  t h u s  d e d u c e  the  

e x i s t e n c e  of  t h e  s p e c t r a l  s e q u e n c e ,  we  n e e d  on ly  s h o w  t h a t  F 
Z 

t a k e s  i n j e c t i v e  s h e a v e s  i n t o  F - a c y c l i c  s h e a v e s .  But  by  the  l e m m a s ,  

a n y  i n j e c t i v e  i s  f l a s q u e ,  F z ( f l a s q u e  ) = f l a s q u e ,  a n d  a n y  f l a s q u e  i s  

r -acyclic. 

L e m m a  I .  8. 

c l o s e d  in  Z ,  a n d  l e t  Z "  = Z - Z '  

on X, t h e r e  i s  a n  e x a c t  s e q u e n c e  

0 -~ I"z,IF ) --Fz(F ) -- FZ,,(F ) 

L e t  Z be  l o c a l l y  c l o s e d  in  X, l e t  Z '  be  

T h e n  f o r  a n y  a b e l i a n  s h e a f  F 

M o r e o v e r ,  i f  F i s  f l a s q u e ,  we  c a n  w r i t e  a 0 on t h e  r i g h t  a l s o .  

P r o o f .  

T h e n  Fz,(F) i s  t h e  s e t  of  t h o s e  g l o b a l  s e c t i o n s  of  

in  Z ' ,  w h i c h  c l e a r l y  c o n t a i n e d  in  

X ,  V i s  o p e n ,  a n d  Z "  = Z r V, 

T h e n  I ' Z , , ( F )  = t h e  s e t  of  e l e m e n t s  

i s  in  Z "  

C l e a r l y  we  m a y  a s s u m e  t h a t  Z i s  c l o s e d  in  X. 

rz(F). 
i.e., 

L e t t i n g  

Z "  i s  c l o s e d  in  

I ~(V,  F 1 V) w h o s e  s u p p o r t  

F w i t h  s u p p o r t  

V -  I Z '  i n  

V. 

Now it is clear that the natural restriction map 



r : F(X,F)--F(V, FIV) 

4Z : Fz(X'F) -" FZ"(X'F) " induces a map 

~Z((;) = 0 is to say o" is zero on Z", i.e., 

in Z'. Hence, our sequence is exact. 

Now if F is fla sque, ~ i s surj ective. 

Z,,(X,F), 3 (~' s r(X,F) restricting to 

Z', a' must have 

F u r t h e r f o r e ,  t o  s a y  

a h a  s s u p p o r t  

H e n c e ,  i f  

(; .  B u t  s i n c e  

s u p p o r t  i n  Z ' .  H e n c e ,  ~ Z  i s  s u r j e c t i v e .  

Proposition I. 9. Let Z, Z', Z" be as in the lemma, and 

l e t  F be  a n y  a b e l i a n  s h e a f  on  X.  T h e n  t h e r e  a r e  e x a c t  s e q u e n c e s ,  

and 

o - rz,(X, ~- rZ(X,F) -- r z,,r F) -- HI,r F) -- HIcx 

0 -~ Fz,(F ) -~ F z(F) --" r Z,,(F) -* Hz,(F)--- HI(F) --~ 

, F)-~ 

Corollary i. 9. 

abelian sheaf on 

and 

I f  Z i s  c l o s e d  in  X ,  a n d  F i s  a n y  

X,  t h e r e  a r e  e x a c t  s e q u e n c e s  

1 (X, F) --" 0 --- Fz(X ,F) --" F(X,F) -~ r(x - Z,F) ---H Z 

-- H I(X,F) -*H I(X - Z,F) --- 

z(F) 1 (F) -~ 0 0 -- F --~F-~j.(F IX- Z) --H Z 

f o r  p > 0 
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w h e r e  j : X - Z ~ X 

d i r e c t  i m a g e  f u n c t o r .  

i s  t h e  n a t u r a l  i n j e c t i o n ,  a n d  j $  i s  t h e  

P r o o f s .  T a k e  a n  i n j e c t i v e  r e s o l u t i o n  ~ = (Ii) o f  F :  

0 -~ F --- I0  -~ I1 - -  . . .  

T h e n  t h e  I. a r e  a l l  f l a s q u e  by  l e m m a  1 . 5 ,  a n d  s o  by  l e m m a  1 . 8  
1 

w e  h a v e  a n  e x a c t  s e q u e n c e  of  c o m p l e x e s  

o--rz,( ~ )-- rz(~) )-- rz,,(~) )--o 

a n d  s i m i l a r l y  f o r  t h e  s h e a f  f u n c t o r s  r F 
z "  z '  

g i v e  r i s e  t o  t h e  e x a c t  s e q u e n c e s  w r i t t e n  a b o v e .  

rZf �9 The se complexes 

F o r  t h e  c o r o l l a r y ,  we  t a k e  t h e  p a r t i c u l a r  c a s e  w h e r e  Z = X,  

a n d  w r i t e  Z f o r  Z ' .  N o t e  t h a t  r x ( F  ) = F ,  a n d  F X - Z  (F)  = j . ( F [  X-  Z) 

by  t h e  d e f i n i t i o n  of  t h e  d i r e c t  i m a g e  f u n c t o r ,  r X i s  e x a c t ,  s o  

HP(F) = 0 for p> 0, and HPx_z(F)= R~(F Ix- Z). 

P r o p o s i t i o n  1 . 1 0 .  L e t  F be  a n  a b e l i a n  s h e a f  on  

t h e  f o l l o w i n g  c o n d i t i o n s  a r e  e q u i v a l e n t :  

(i) 

(ii) 

all i > O, 

F i s  f l a s q u e .  

F o r  a l l  l o c a l l y  c l o s e d  s u b s p a c e s  Y o f  X,  

i .  i 
H~(X,x F) = 0 and Hy(F) = 0 

X.  T h e n  

a n d  f o r  



I I  

1 
( i i i )  F o r  a l l  c l o s e d  s u b s p a c e s  Y of  X,  H y ( X , F )  = O. 

[ 

Proof. (i) => (ii). Suppose F flasque, and Y _C X locally 

closed. Let V C X be an open set containing Y as a closed 

s u b s e t .  T h e n  F I V i s  f l a s q ~ e ,  so  by  the  e x c i s i o n  f o r m u l a  ( p r o p o s i t i o n  1 . 3 ) ,  
I 

w e  m a y  a s s u m e  t h a t  V = X,  i . e . ,  Y i s  c l o s e d  in  X.  N o w  u s i n g  t h e  

c o r o l l a r y  of  P r o p o s i t i o n  1 . 9 ,  a n d  n o t i n g  t h a t  H i ( X ,  F)  = H i ( x  - Y,  F)  = 0 

i 
f o r  i > 0, s i n c e  F i s  f l a s q u e ,  we  f ind  t h a t  H y ( X ,  F)  = 0 f o r  

i>Z, and 

I'(X,F) --" r(x - Y,F) -- H I(X,F) --- 0 

1 (X, F) = O .  By t h e  d e f i n i t i o n  of  f l a s q u e n e s S ,  a l s o  H y  

i , F l U  ) 0 U _C X, F IU is also flasque, so Hyr_~u(U = 

F o r  a n y  o p e n  

f o r  i > O. 

P a s s i n g  to  a s s o c i a t e d  s h e a v e s  ( P r o p o s i t i o n  1. Z), w e  f i n d  t h a t  

H y ( F )  = 0 f o r  i > O. 

(ii) => (i i i)  i s  t r i v i a l .  

( i i i )  => (i) f o l l o w s  f r o m  the  d e f i n i t i o n  of  f l a s q u e n e s s  a n d  t h e  

e x a c t  s e q u e n c e ,  f o r  a n y  c l o s e d  Y, 

1 
F(X,F) -~ F(X - Y,F) --Hy(X,F) 

P r o p o s i t i o n  1 . 1 1 .  L e t  Y be a c l o s e d  s u b s e t  of  X,  l e t  

V = X - Y, l e t  F be  a n a b e l i a n  s h e a f  on X,  a n d  l e t  n be  a n  

i n t e g e r .  T h e n  t h e  f o l l o w i n g  c o n d i t i o n s  a r e  e q u i v a l e n t :  



[2 

i 
(i) F o r  a l l  i<_ n ,  H y ( F )  = 0. 

(ii) F o r  a l l  o p e n  s u b s e t s  U 

HI(U r-~ V, F)  i s  i n j e c t i v e  f o r  i = 0, 

of  X, t h e  m a p  ~.  : H i ( u ,  F)  -~ 
I 

a n d  a n  i s o m o r p h i s m  f o r  a l l  i < n. 

P r o o f .  (i) => (ii).  S i n c e  t h e  c o n d i t i o n  (i) i s  of  a l o c a l  n a t u r e ,  

i t  w i l l  be  s u f f i c i e n t  to  p r o v e  (ii) in  t h e  c a s e  w h e r e  U = X. So we  

m u s t  s h o w  t h a t  t h e  m a p  

oz. : H i ( x ,  F )  -~ H i ( x  - Y, F)  
I 

i s  i n j e c t i v e  f o r  i = 0, a n d  a n  i s o m o r p h i s m  f o r  i < n. U s i n g  the  

e x a c t  s e q u e n c e  of  t h e  C o r o l l a r y  to  P r o p o s i t i o n  1 . 9 ,  i t  w i l l  be  s u f f i c i e n t  

to  s h o w  t h a t  H~y(X, F)  = 0 f o r  i < n. Bu t  by  P r o p o s i t i o n  1. 4 t h e r e  

i s  a s p e c t r a l  s e q u e n c e  

i X Pq H P ( x ,  Hq(F)) Hy(,F) < =  E~. = 

S i n c e  by  h y p o t h e s i s  t h e  

i X t h e  a b u t m e n t  H y (  , F )  

(ii) => (i). 

f o r  a n y  o p e n  U, 

i (F) a s s o c i a t e d  s h e a v e s ,  H y  

r e m a i n i n g  c a s e  i s  w h e r e  

q (F) = 0 f o r  H y  

= 0 f o r  i < n.  

q <  n,  

O u r  h y p o t h e s i s  c l e a r l y  i n s u r e s  t h a t  

a n d  f o r  i = 0 a n d  i < 

= 0 f o r  i = 0 

i = n >  0. 

it follows that 

i U H y ~ u (  , F I U  ) = 0 

n. H e n c e ,  p a s s i n g  to  

a n d  i < n.  T h e  on ly  

T h e n  f o r  e a c h  U, we  h a v e  
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n H n- 1 (U, F) ~ H n- 1 (U :'~ V, F) --" Hy~u(U, F) --" Hn(u, F) 

T h i s  e x a c t  s e q u e n c e  c o m m u t e s  w i t h  t h e  r e s t r i c t i o n  h o m o m o r p h i s m s  

a s  we  p a s s  f r o m  o n e  U t o  a n o t h e r ,  h e n c e  g i v e s  r i s e  t o  a n  e x a c t  

s e q u e n c e  o f  a s s o c i a t e d  s h e a v e s .  B u t  t h e  s h e a f  a s s o c i a t e d  to  t h e  

p r e s h e a f  U ~ H n ( u ,  F)  i s  z e r o ,  s i n c e  n > 0 '  So we  h a v e  

n (F) --~ 0 H n- I(F)-~ R n" 1,(F[ V) --" Hy 

w h i c h  s h o w s  ~ y  (F)  = O. 

Proposition I. 12. Let X be a Zariski space of dimension 

n, let Y be a locally closed subset of X, and let F be any 

i i 
abelian sheaf on X. Then for all i > n, Hy(X, F) = 0, and Hy(F) =0. 

P r o o f .  

a n a l o g o u s  t h e o r e m  i s  p r o v e d  f o r  H i ( x ,  F ) .  

i 
a l s o  f o r  H y ( X ,  F ) ,  o n c e  o n e  o b s e r v e s  t h a t  

and F flasque (Proposition 1. I0)) and that t h e  f u n c t o r  I" 

with direct limits and finite direct sums. Any open subset 

again a Zariski space of dim n, so 

Passing to associated sheaves gives 

See  [6,w and [4, I I ,  Th. 4.15.Z], w h e r e  t h e  

T h e  s a m e  p r o o f  w o r k s  

H y ( X , F )  = 0 f o r  i > 0 

C o r n n % u t  e s 
Y 

UCXis 

i 
F[  U) 0 f o r  i > n .  Hyt..aU (U, = 

H i ( F )  = 0 f o r  i > n .  
Y 



14 

R e m a r k .  For s u i t a b l y  n i c e  t o p o l o g i c a l  s p a c e s  in  w h i c h  s h e a f  

c o h o m o l o g y  a g r e e s  w i t h  s i n g u l a r  c o h o m o l o g y  (e.  g. , 

p a r a c o m p a c t  a n d  l o c a l l y  c o n t r a c t i b l e ) *  one  m a y  i n t e r p r e t  t h e  c o h o m o l o g y  

g r o u p s  d e f i n e d  a b o v e  in  t e r m s  of  k n o w n  r e l a t i v e  c o h o m o l o g y .  T o  be  

p r e c i s e ,  l e t  Y be  c l o s e d  in  X a n d  l e t  G be  a n  a b e l i a n  g r o u p  

( r e s p e c t i v e l y  t h e  c o n s t a n t  s h e a f  G on  X).  T h e n  

Hy(X,G) = Hi(x, X-Y;G) 

w h e r e  t h e  e x p r e s s i o n  t h e  r i g h t  i s  

of X relative to X - Y, 

functorial isomorphism, 

singular cohomology 

with coefficients in G. This is a canonical, 
compatible with the usual exact sequences. 

t h e  p a i r  (Y r-~ V , V )  i s  h o m e o m o r p h i c  t o  

We c o n s i d e r  t h e  c o h o m o l o g y  s h e a f  

be a topological space, and Y a closed 

Y X ~Rd. .That is, such that for 

V of y in X, such that 

(Y ~VX {0} , Y ~V X hRd). 

Hy(X,~). This sheaf will 

Over a V h a v e  s u p p o r t  i n  Y, a n d  we  c a n  c a l c u l a t e  i t  l o c a l l y .  

s u c h  a s  a b o v e ,  i t  l o o k s  l i k e  

(One can calculate this by ordinary topological methods via the remark 

above: The pair (JR d, IR d- {0} ) is of the same homos type as the 

pair (]R d, S d-l), so we have 

*see [14, expos~ XIII p.3] and [15, 
also [4,II5.10.i] which says that 
cohomology. 

l 
expose XX, p. i] . Compare 

these also agree with Cech 

Exampl e . Let X 

subset, so that X looks locally like 

each y s Y, there is a neighborhood 
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i (~l Z )  H i �9 ..-" Hi-l(IRd; Z)-~ H i-I (S d-l" Z)-" H{0 } -~ (m d z)-- 
, , �9 �9 . 

We know H i ( ] R d ; z )  = 0 fo r  

i { d -  1, Z o t h e r w i s e . )  

H e n c e  the  s h e a f  H d y(X, Z) 

along Y. 

Y in X. 

since 

i > 0, and Hi(s d-l; Z) = 0 if 

H i (X, Z )  ~ 0 only w h e n  i = d, a n d  we f ind  
Y 

i Hy(X, m) m Hi-d(x, Ty,x) = Hi-d(Y, 

i s  l o c a l l y  i s o m o r p h i c  to Z 

Ca l l  t h i s  s h e a f  ' ] ry ,  x ,  the  s h e a f  of t w i s t e d  i n t e g e r s  o f  

The  s p e c t r a l  s e q u e n c e  of P r o p o s i t i o n  1 .4  d e g e n e r a t e s ,  

~"y,x ) 

s i n c e  ~ r y , x  i s  c o n c e n t r a t e d  on Y. 

s e q u e n c e  of P r o p o s i t i o n  1 .9 ,  we have  

Subs t i t u t i ng  in the  e x a c t  

... -* Hi{x, ~..) -* Hi{x - y, 7..) -* Hi+l-d(y,Ty,x ) -~ Hi+I(x, Z) -~ .... 



w Z. Application of Local Cohomology 
to Prescheme s. 

In  t h i s  s e c t i o n  we  w i l l  a p p l y  t h e  n o t i o n s  o f  l o c a l  c o h o m o l o g y ,  

a s  d e v e l o p e d  in  S e c t i o n  1, t o  t h e  c a s e  w h e r e  o u r  t o p o l o g i c a l  s p a c e  

X i s  a p r e s c h e m e .  We w i l l  f i r s t  s t u d y  t h e  c a s e  of  a n  a f f i n e  s c h e m e ,  

s h o w i n g  h o w  t o  c o m p u t e  t h e  l o c a l  c o h o m o l o g y  g r o u p s  by  m e a n s  o f  

K o s z u l  c o m p l e x e s .  T h e n  we  w i l l  g i v e  a t h e o r e m  v a l i d  on  q u i t e  g e n e r a l  

p r e s c h e r n e s ,  w h i c h  i n t e r p r e t s  t h e  l o c a l  c o h o m o l o g y  g r o u p s  a n d  s h e a v e s  

i n  t e r m s  of  t h e  " E x t "  f u n c t o r s .  T h e s e  r e s u l t s  a r e  v e r y  c l o s e l y  

r e l a t e d  t o  t h e o r e m s  o f  S e r r e  [10 ,  w 69] r e l a t i n g  c o h o m o l o g y  o f  s h e a v e s  

on  p r o j e c t i v e  s p a c e  to  " E x t "  g r o u p s .  

s h e a f  

U a n d  

a n d  V 

be  t r u e  i f  

s h e a f  o f  

s h e a v e  s o f  

Proposition Z. I. 

~ X '  a n d  l e t  

V a r e  o p e n .  

i n t o  

L e t  X be  a p r e s c h e r n e ,  w i t h  s t r u c t u r e  

Y = V - U be  a l o c a l l y  c l o s e d  s u b s e t ,  w h e r e  

A s s u m e  t h a t  t h e  n a t u r a l  i n j e c t i o n  m a p s  o f  U 

X 

~ X - m O d u l e s ,  t h e n  t h e  s h e a v e s  

~ x - m ~  f o r  a l l  n >  0. 

X a r e  q u a s i - c o m p a c t  i m m e r s i o n s .  ( T h i s  w i l l  a l w a y s  

i s  l o c a l l y  N o e t h e r i a n .  ) I f  F i s  a q u a s i - c o h e r e n t  

H y ( F )  a r e  q u a s i - c o h e r e n t  

Proof. By P r o p o s i t i o n l . l w e  h a v e  a n  e x a c t  s e q u e n c e  of  s h e a v e s  

n n + l  
. . . . . .  --~ Hu(F)n "-" Hy(F) --- H V (F) --~ 
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on any prescheme 
SinceAthe kernel and cokernel of a homomorphism of quasi-coherent 

s h e a v e s  a r e  q u a s i - c o h e r e n t ,  a n d  s i n c e  a n  e x t e n s i o n  o f  one  q u a s i -  

c o h e r e n t  s h e a f  by  a n o t h e r  i s  q u a s i - c o h e r e n ~  

n n 
show that the sheaves Hu(F ) and Hv(F ) 

have already seen (Corollary I. 9) that if U 

j : U - - "X 

Rnj ,~F  [ U).  

i t  w i l l  be  s u f f i c i e n t  t o  

a r e  q u a s i - c o h e r e n t .  

i s  o p e n  in  

n 
i s  t h e  n a t u r a l  i n j e c t i o n ,  t h e n  t h e  s h e a f  H u ( F  ) 

S i n c e  F I U i s  a q u a s i - c o h e r e n t  s h e a f  on  U, 

W e  

X, a n d  

i s  j u s t  

a n d  s i n c e  

a n  i m m e r s i o n  i s  s e p a r a t e d ,  o u r  p r o p o s i t i o n  w i l l  r e s u l t  f r o m  t h e  

f o l l o w i n g  t h e o r e m ,  w h i c h  we  s u p p o s e  k n o w n .  

T h e o r e m  B.  

m o r p h i s m  of  p r e s c h e m e s ,  a n d  l e t  

X.  T h e n  t h e  h i g h e r  d i r e c t  i m a g e s  

c o h e r e n t  s h e a v e s  on  Y. 

Let f : X -- Y be a quasi-compact separated 

F be a quasi-coherent sheaf on 

Rnf~(F) of F are all quasi- 

Proof. See [5, I.i.6.3 and III 1.4.10 ] 

P r o p o s i t i o n  Z. 2. L e t  

Y be  a c l o s e d  s u b s e t  of  X. 

on  X,  a n d  f o r  a n y  i > O, 

i X A - m o d u l e  H y (  , F ) .  

X = Spec A be an affine scheme, and let 

Then for any quasi-coherent sheaf F 

Hy(F) is the sheaf associated to the 

Moreover, there is an exact sequence 

0 (X, F) H 0 0 -~ Hy -~ (X, F) -~ H 0(X-Y, F) -- H I(X, F) -~ 0 

*Since the question is local, it is sufficient to consider an 

affine scheme. Then the first statement follows from [5, I. 
1.3.9] and [5, I.i.4.1], and the second statement is [5, III. 

1.4.17] . 
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a n d  t h e r e  a r e  i s o m o r p h i s m s  

Hi(X- Y F) -% i+l F) , Hy (X, i>0 

Proof. 

(Proposition I. 4) 

n 
H y  

F o r  t h e  f i r s t  s t a t e m e n t ,  we  a p p l y  t h e  s p e c t r a l  s e q u e n c e  

q (F)) (x, F) < = E pq = HP(x, Hy 

q 
By t h e  p r e v i o u s  p r o p o s i t i o n ,  we  k n o w  t h a t  t h e  s h e a v e s  H y ( F )  a r e  

q u a s i - c o h e r e n t .  T h e r e f o r e ,  s i n c e  X i s  a f f i n e ,  E p q  = 0 f o r  

p > 0.  So o u r  s p e c t r a l  s e q u e n c e  d e g e n e r a t e s  a n d  we  h a v e  

n 
Hy(X 

o r ,  i n  o t h e r  w o r d s ,  

n Hy (X, F). 

,F) --~ H0(X, ~y(F)) 

n 
H y ( F )  i s  t h e  s h e a f  a s s o c i a t e d  to  t h e  A - m o d u l e  

T h e  s e c o n d  s t a t e m e n t  f o l l o w s  d i r e c t l y  f r o m  t h e  e x a c t  s e q u e n c e  

of  C o r o l l a r y  1 . 9 ,  s i n c e  f o r  X a f f i n e ,  t h e  g r o u p s  H i ( x ,  F )  = 0 

f o r  i > 0. 

We n o w  p r o c e e d  to  a d e t a i l e d  s t u d y  of  t h e  l o c a l  c o h o m o l o g y  of  

n 
a n  a f f i n e  s c h e m e .  S i n c e  t h e  c o h o m o l o g y  s h e a v e s  H y ( F )  a r e  w e l l  

n 
e x p r e s s e d  in  t e r m s  of  t h e  g r o u p s  H y ( X ,  F)  by  t h e  a b o v e  p r o p o s i t i o n ,  

we  w i l l  r e s t r i c t  o u r  a t t e n t i o n  to  t h e  l a t t e r .  
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We f i r s t  r e c a l l  t h e  d e f i n i t i o n  of  t h e  K o s z u l  c o m p l e x  ( s e e  

[11, Ch.  IV] o r  [5, Ch.  I I I ,  

a n d  l e t  f be  a n  e l e m e n t  of  

( h o m o l o g i c a l )  c o m p l e x  o f  A - m o d u l e s  d e f i n e d  a s  f o l l o w s :  

w 1. 1]). L e t  A be  a c o m m u t a t i v e  r i n g ,  

A.  T h e n  we  d e n o t e  by  K(f) t h e  

T h e  m o d u l e  s 

a r e  

Kl(f) --~ K0(f) ~ A ; K.(f)~ = 0 for i > 1 

and t h e  map 

d : Kl(.f) --" K0(f ) 

i s  m u l t i p l i c a t i o n  by  f.  

If f = ( f l '  . . . .  f ) 
n 

and if M is an A-module, 

homological complex 

i s  a f i n i t e  f a m i l y  o f  e l e m e n t s  o f  

t h e n  we  d e n o t e  by  K , ( f_ ;M)  t h e  

A, 

K{fl) | " " ~A K{fn) | A M 

w h e r e  M i s  c o n s i d e r e d  a s  a c o m p l e x  c o n c e n t r a t e d  in  d e g r e e  z e r o .  

We d e n o t e  by  K ~_;M) t h e  c o h o m o l o g i c a l  c o m p l e x  

HOmA(K,(f_; A), M) 

T h e  h o m o l o g y  a n d  c o h o m o l o g y  of  t h e s e  c o m p l e x e s  w i l l  be  d e n o t e d  

Xc 
by  H , (  f_; M) a n d  H (f_; M) ,  r e s p e c t i v e l y .  

If  m a n d  m '  a r e  t w o  p o s i t i v e  i n t e g e r s  s u c h  t h a t  m '  > m ,  

t h e n  t h e r e  i s  a n a t u r a l  m a p  of  t h e  K o s z u l  c o m p l e x e s  
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K(f m' ) --. K(f m) 

d e f i n e d  a s  f o l l o w s :  In  d e g r e e  z e r o  i t  i s  t h e  i d e n t i t y  m a p  of  A ,  a n d  

in  d e g r e e  one  i t  i s  m u l t i p l i c a t i o n  by s  One  e x t e n d s  t h i s  

d e f i n i t i o n  in  t h e  o b v i o u s  w a y  to  g i v e  m a p s  of  t h e  K o s z u l  c o m p l e x e s  of  

n e l e m e n t s  of  A w i t h  r e s p e c t  t o  a m o d u l e  M,  a n d  t h e r e f o r e  

a l s o  m a p s  of  t h e  h o m o l o g y  a n d  c o h o m o l o g y  of  t h e s e  c o m p l e x e s ,  a s  

f o l l o w s  ( l e t t i n g  _ f m =  (f~l . . . . .  fIn))n : 

a n d  

K,(_rm;M) 

H , ( f m ' ; M ) -  H , ( f m ; M )  

K * ( f m ' ; M )  ~ K (fro;M) 

H (f rn  ; M ) ' - H  (f rn;M) 

T h u s  i n  t h e  f i r s t  c a s e  we  h a v e  i n v e r s e  s y s t e m s  of  c o m p l e x e s  a n d  

h o m o l o g y  g r o u p s ;  in  t h e  s e c o n d  c a s e  w e  h a v e  d i r e c t  s y s t e m s  of  

c o m p l e x e s  a n d  c o h o m o l o g y  g r o u p s .  

T h e o r e m  ~-. 3. L e t  

s p e c t r u m  X; l e t  f. = ( f l '  n 

A,  a n d  l e t  the  v a r i e t y  of  t h e  i d e a l  t h e y  g e n e r a t e  be  Y C X; l e t  

be  a n  A - m o d u l e .  T h e n  t h e r e  i.s a n  i s o m o r p h i s m  of  c o h o m o l o g i c a l  

f u n c t o r  s (i > 0) 

A be a c o m m u t a t i v e  r i n g  w i t h  p r i m e  

�9 . . ,  f ) be  a f i n i t e  f a m i l y  of e l e m e n t s  of  

M 
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i l i m  H i ( f r o ; M )  -- H y ( X ,  ~I) 

m 

T h e  c o m p l e t e  p r o o f  of t h i s  t h e o r e m  i s  b e y o n d  t h e  s c o p e  of  t h e s e  

n o t e s ,  a n d  b e s i d e s ,  i s  f a i r l y  w e l l  k n o w n .  We w i l l  c o n t e n t  o u r s e l v e s  

w i t h  o u t l i n i n g  t h e  p r o o f ,  a n d  r e f e r  to  t h e  l i t e r a t u r e  f o r  d e t a i l s .  

[5,  Ch.  n I ]  

T h e  f i r s t  s t e p  i s  t o  i n t e r p r e t  t h e  d i r e c t  l i m i t  of K o s z u l  

c o h o m o l o g y  i n  t e r m s  of  C e c h  c o h o m o l o g y .  F o r  s i m p l i c i t y  of  n o t a t i o n ,  

l e t  u s  d e f i n e  

of  o p e n  s e t s  o f  

by ~i( ~_ , F )  

i 
Hf  (M) to be 

X,  a n d  i f  

t h e  i th  

to  t h e  f a m i l y  of o p e n  s e t s  

F i n a l l y ,  i f  X = Spec  A ,  

l i rn  H i ( f _ m ; M ) .  If ~ i s  a c o l l e c t i o n  
i n  

F i s  a s h e a f  on X,  we  w i l l  d e n o t e  

C e c h  c o h o m o l o g y  g r o u p  of X w i t h  r e s p e c t  

~,~ , a n d  w i t h  c o e f f i c i e n t s  in  t he  s h e a f  F .  

a n d  i f  _f = ( f l '  " ' ' '  fn  ) i s  a f i n i t e  f a m i l y  

of  e l e m e n t s  of  A,  t h e n  we w i l l  d e n o t e  by ~ f  t h e  f a m i l y  of  o p e n  

s e t s  (U.), i = 1 . . . .  , n ,  w h e r e  U. i s  t h e  c o m p l e m e n t  in  X of  
1 1 

t h e  v a r i e t y  of  the  i d e a l  g e n e r a t e d  by f . .  
1 

P r o p o s i t i o n  C. 

a n d  w i t h  t h e  n o t a t i o n s  a b o v e ,  t h e r e  i s  a n  e x a c t  s e q u e n c e  

1 - .  0 0 --~H (M) --~ M -~ ~ O ( ~ f ,  ~I) - - H f  (M) 

[5,  Ch.  I I I ,  1 . 2 . 3 ]  Wi th  t h e  h y p o t h e s e s  of T h e o r e m 2 . 3 ,  
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w h e r e  ~ is  t h e  n a t u r a l  r e s t r i c t i o n  m a p  a n d  t h e r e  a r e  i s o m o r p h i s m s  

HI( ~ , f ,  ~ [ )  ~ H +I(M) fo r  i > 0 

M o r e o v e r ,  t h e  e x a c t  s e q u e n c e  a n d  i s o m o r p h i s m s  a r e  f u n c t o r i a l  i n  M. 

The  p r o o f  of t h i s  p r o p o s i t i o n  i s  e l e m e n t a r y .  One  s h o w s  e x p l i c i t l y  

that the  c o m p l e x  

c o e f f i c i e n t s  in  ~I 

m 
(M) of t h e  c o h o m o l o g i c a l  K o s z u l  c o m p l e x e s  K (f ;M) 

~ f  -- , 

w i t h  t he  d i m e n s i o n s  s h i f t e d  by o n e .  T h a t  i s  to  s a y ,  t h e r e  i s  a 

~ * (  ~ f ,  l~I) of  C e c h  c o c h a i n s  of  ~ f  w i t h  

i s  c a n o n i c a l l y  i s o m o r p h i c  to  t he  d i r e c t  l i m i t  

b u t  

commutative diagram 

o-- )~ (M)- ~f(M)- ~( (M)- ... 
~~ ~~  

0-- cO(~f,~) -- ~( ~ . f , ~ ) -  

N o w  s i n c e  t a k i n g  d i r e c t  l i m i t s  i s  a n  e x a c t  f u n c t o r ,  one  c a n  c o m p u t e  

i * 
H f  (M) a s  t h e  c o h o m o l o g y  of  t he  c o m p l e x  ~ f  (M), a n d  one  f i n d s  

t h e  e x a c t  s e q u e n c e  a n d  i s o m o r p h i s m s  of t h e  p r o p o s i t i o n .  T h e  e n t i r e  

p r o o f  i s  f u n c t o r i a l  i n  M,  so t he  r e s u l t i n g  e x a c t  s e q u e n c e  a n d  

i s o m o r p h i s m s  a r e  a l s o .  

T h e o r e m  D. L e t  X be a s c h e m e ,  l e t  ~ be  a c o v e r  of 

by o p e n  a f f i n e  s u b s c h e m e s ,  a n d  l e t  F he  a q u a s i - c o h e r e n t  s h e a f  

on X. T h e n  t h e r e  i s  a n  i s o m o r p h i s m  of c o h o m o l o g i c a l  f u n c t o r s  

X 

(i> O) 
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~i( , ~ ,  F) ~ Hi(x, F) 

w h e r e  H i ( x ,  F ) d e n o t e s  t h e  i t h  r i g h t  d e r i v e d  f u n c t o r  of  t h e  

F - f u n c t o r  f r o m  the  c a t e g o r y  of  a l l  a b e l i ~ n  s h e a v e s  on X. 

! 
F o r  t h e  p r o o f  s e e  [5,  Ch. III ,  P ~ o p .  1 . 4 .  1]. 

Hi (  H i ( x -  Y, l~I) T h i s  t h e o r e m  a l l o w s  u s  to  r e p l a c e  ~ [ r  1~) by 

in  t h e  p r e v i o u s  p r o p o s i t i o n ,  s i n c e  ~,~.f i s  a c o v e r  of X - Y by 

o p e n  a f f i n e s .  N o w  w i t h  t he  a i d  of  P r o p o s i t i o n  Z. Z, we  c a n  c o m p l e t e  

i i 
t h e  p r o o f  of  T h e o r e m  Z. 3. F o r  t h e  f u n c t o r s  Hy{X,I~I )  a n d  Hf  (M) 

h a v e  b o t h  b e e n  c h a r a c t e r i z e d  in  t h e  s a m e  w a y ,  n a m e l y ,  as t h e  k e r n e l  

a n d  c o k e r n e l  of t h e  m a p  a : M - "  I " ( X -  Y,  1~I) f o r  i = 0,  1, a n d  a s  

H i ' I ( x  - Y,  l~i) f o r  i > 2. H e n c e  t h e y  a r e  i s o m o r p h i c  f u n c t o r s  f o r  

e a c h  i .  T h a t  t he  i s o m o r p h i s m  c o m m u t e s  w i t h  c o n n e c t i n g  h o m o m o r p h i s m s  

c a n  be  s e e n  by  g o i n g  b a c k  to  t h e  i s o m o r p h i s m  of c o c h a i n  c o m p l e x e s  

d e s c r i b e d  in  t h e  p r o o f  of  P r o p o s i t i o n  C. 

O u r  n e x t  g o a l  w i l l  be  to  s h o w  if  A i s  a N o e t h e r i a n  r i n g ,  

i t h e n  t h e  f u n c t o r s  Hf  (M) f o r  i > 0 a r e  t he  r i g h t  d e r i v e d  f u n c t o r s  

0 
of  t h e  f u n c t o r  Hf (M} in  t h e  c a t e g o r y  of  A - m o d u l e s .  It i s  t he  s a m e  

i 
t h i n g  to  s a y  i f  M i s  a n  i n j e c t i v e  A - m o d u l e ,  t h e n  Hf (M) = 0 f o r  i > 0. 

D e f i n i t i o n .  L e t  { M m ) m >  0 be  a n  i n v e r s e  s y s t e m  of a b e l i a n  

g r o u p s .  We s a y  i t  i s  e s s e n t i a l l y  z e r o  i f  f o r  e a c h  m_> 0, t h e r e  e x i s t s  

a n  m '  > m s u c h  t h a t  t h e  m a p  

Mmw --- M m 

i s  t h e  z e r o  m a p .  
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R e m a r k .  1) 

z e r o ,  t h e n  i t  f o l l o w s  t h a t  i t s  i n v e r s e  l i m i t  

c o n v e r s e  i s  f a l s e .  

z )  

If  t h e  i n v e r s e  s y s t e m  (M ) 
r n  

l i i n  M 
~- In  

i s  e s s e n t i a l l y  

i s  z e r o .  T h e  

I f  w e  h a v e  a n  e x a c t  s e q u e n c e  of  i n v e r s e  s y s t e m s  

0 - -  (M~n)  - -  ( M i n )  - -  ( M ' ~ )  - -  0 , 

t h e n  t h e  m i d d l e  o n e  i s  e s s e n t i a l l y  z e r o  i f  a n d  o n l y  i f  t h e  t w o  o u t s i d e  

o n e s  a r e  e s s e n t i a l l y  z e r o .  We l e a v e  t h e  p r o o f  a s  a n  e a s y  e x e r c i s e  

f o r  t h e  r e a d e r .  

f = ( f l '  n 

i > 0 be  a n  i n t e g e r � 9  

i (M) - 0 (i) Hf 

f i n  
(ii)  (H i ( f  ; A ) ) i n > l  i s  

L e m m a  2 . 4 .  L e t  A be  a c o m m u t a t i v e  r i n g ,  l e t  

�9 . . ,  f ) be  a f i n i t e  f a m i l y  o f  e l e m e n t s  o f  A ,  a n d  l e t  

T h e n  t h e  f o l l o w i n g  s t a t e m e n t s  a r e  e q u i v a l e n t :  

f o r  a l l  i n j e c t i v e  A - m o d u l e s  M.  

P r o o f .  By  d e f i n i t i o n ,  

a n  e s s e n t i a l l y  z e r o  i n v e r s e  s y s t e m � 9  

i l Hi(fin M ) 
Hf  ( M ) =  

I n  

If  M i s  i n j e c t i v e ,  t h e n  H orn (  , M) 

w i t h  p a s s a g e  t o  h o m o l o g y ,  a n d  w e  h a v e  

If  

i s  e x a c t .  

H i ( f i n ; M )  ~ H O i n A ( H i ( f i n ; A ) ,  M) 

i n  
( H i ~  - ; A ) ) i n > l  i s  e s s e n t i a l l y  z e r o ,  t h e n  f o r  e a c h  

H e n c e  i t  c o m m u t e s  

m t h e r e  i s  
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an m' > m such that 

Hi~_m;M) --~ Hi(fin';M) 

i 
i s  z e r o ,  a n d  h e n c e  t h e  d i r e c t  l i m i t  Hf  (M) of  t h e s e  m o d u l e s  i s  z e r o .  

C o n v e r s e l y ,  s u p p o s e  {i) i s  t r u e .  G i v e n  a n  i n t e g e r  m > 0, 

we  c a n  i m b e d  H . ( f m ; A )  in  a n  i n j e c t i v e  m o d u l e  M. L e t  

cr s HOmA(Hi(fm;A), M) -~ Hi(fm;M) 

i 
be  t h e  i m b e d d i n g  m a p .  If t he  d i r e c t  l i m i t  Hf  (M) 

m 

t h e r e  m u s t  be  a n  m '  > m s u c h  t h a t  t h e  i m a g e  of  

i s  z e r o ,  t h e n  

�9 m w 

i n  h ~ (f_ ;M) 

i s  z e r o ;  in  o t h e r  w o r d s ,  s u c h  t h a t  t h e  c o m p o s e d  m a p  

m ! I n  

H.(f ;A) --~ H.(f ;A) ~ M 

i s  z e r o .  S i n c e  cr i s  a m o n o m o r p h i s m ,  i t  f o l l o w s  t h a t  t h e  f i r s t  

a r r o w  i s  z e r o .  

L e m m a  Z . 5 .  L e t  A be  a N o e t h e r i a n  r i n g ,  l e t  _f = ( f l '  " ' ' '  fn  ) 

be  a f i n i t e  f a m i l y  of  e l e m e n t s  of  A,  a n d  l e t  N be a n  A - m o d u l e  o f  

f i n i t e  t y p e .  T h e n  t h e  i n v e r s e  s y s t e m  of  A - m o d u l e s  

(H. (fin;  N)) 
1 m>l 

i s  e s s e n t i a l l y  z e r o  f o r  i > 0. 
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P r o o f .  We p r o c & e d  b y  i n d u c t i o n  on  n.  F i r s t  s u p p o s e  n = 1. 

T h e n  t h e  o n l y  v a l u e  o f  i t o  c o n s i d e r  i s  i = 1. O n e  s e e s  i m m e d i a t e l y  

t h a t  H l ( f u n ; N )  i s  t h e  s u b m o d u l e  N of  N c o n s i s t i n g  o f  t h o s e  
rn  

e l e m e n t s  a n n i h i l a t e d  b y  f rn .  T h e  m a p  Nmw --~ N r n ,  f o r  r n  ~ _> rn ,  

~ 1  ! - r n  
i s  m u l t i p l i c a t i o n  b y  N o w  t h e  s u b r n o d u l e s  N of  N f o r m  

m 

a n  i n c r e a s i n g  s e q u e n c e ,  w h i c h  m u s t  be  s t a t i o n a r y ,  s i n c e  A i s  

N o e t h e r i a n  a n d  N of  f i n i t e  t y p e .  In  o t h e r  w o r d s ,  t h e r e  i s  a n  m 0 

rn  0 
s u c h  t h a t  f a n n i h i l a t e s  a l l  o f  t h e  m o d u l e s  N . T h e r e f o r e ,  i f  

r n  

rn  . i s  g i v e n ,  a n d  m '  = r n  + m 0,  t h e  m a p  f r o m  N m ,  -~ N i s  
r n  

m 0 
m u l t i p l i c a t i o n  b y  f , i . e .  , t h e  z e r o  m a p .  H e n c e  t h e  i n d u c t i v e  

s y s t e m  (Nrn)  i s  e s s e n t i a l l y  z e r o .  

N o w  l e t  n b e  a n  i n t e g e r  ~ 2 ,  a n d  s u p p o s e  t h e  l e m m a  

p r o v e d  f o r  a l l  s e q u e n c e s  o f  < n e l e m e n t s  o f  A ,  a n d  f o r  a l l  

m o d u l e s  N o f  f i n i t e  t y p e .  G i v e n  _f = ( f l  . . . . .  f n  ) s A ,  a n d  a m o d u l e  

o f  f i n i t e  t y p e  N,  l e t  ~ = ( f l '  " ' ' '  f 1 )" T h e n  f o r  e a c h  i > 0 t h e r e  
n ~ 

i s  a n  e x a c t  s e q u e n c e  [ l l ,  Ch .  IV] ,  

0 -~ H0(~nn ;Hi" (~ rn ;N) )  --~ H" (fm;N)l-- - -  H1 (i~na;H'n 1-1 ~ r n ; N ) }  -~ 0 

T o  s h o w  t h a t  t h e  m i d d l e  i n v e r s e  s y s t e m  i s  e s s e n t i a l l y  z e r o ,  i t  w i l l  be  

s u f f i c i e n t ,  b y  t h e  r e m a r k  2 a b o v e ,  t o  s h o w  t h a t  t h e  t w o  o u t s i d e  i n v e r s e  

s y s t e m s  a r e  e s s e n t i a l l y  z e r o .  
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( w h e r e  

On t h e  l e f t ,  

m ! > m ) :  

we  f a c t o r  t he  i n v e r s e  s y s t e m  m a p  a s  f o l l o w s  

~l~n t m I 
HO( ;H.(g ;N)) -..< 

rrl 

HO(nf~ ;Hi(g  ;N)) 

H 0 ( if~; Hi (gin ; N)) 

By the  i n d u c t i o n  h y p o t h e s i s ,  t he  i n v e r s e  s y s t e m  (Hi (~m;N))  m i s  

e s s e n t i a l l y  z e r o  f o r  i > 0. T h e r e f o r e ,  w h e n  m '  i s  e n o u g h  g r e a t e r  

t h a n  m ,  t h e  m a p  ~ w i l l  be  z e r o ,  a n d  h e n c e  a l s o  ~ o ~ .  T h e r e f o r e ,  

t he  l e f t - h a n d  i n v e r s e  s y s t e m  i s  e s s e n t i a l l y  z e r o .  

We p e r f o r m  a s i m i l a r  f a c t o r i z a t i o n  on t h e  r i g h t - h a n d  i n v e r s e  

s y s t e m .  

' (m' 
Hl(nf ~ ;H.:_I "N)) 

I 
HI ( n~n;Hi - I (~m;N)) 

H I (nf~ ,H.:_l (~m;N)) 

f 
F o r  g i v e n  i , m , N ,  the  A - m o d u l e  H. (~m;N)  i s  of f i n i t e  t y p e .  

1-1 

T h e r e f o r e ,  a p p l y i n g  t he  i n d u c t i o n  h y p o t h e  s i s  t o  t h i s  m o d u l e ,  a n d  t o  
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t h e  s i n g l e  e l e m e n t  f s A ,  we  f i n d  t h a t  f o r  m '  e n o u g h  l a r g e  r t h a n  
n 

t h e  m a p  fl i s  z e r o .  H e n c e ,  fl o ~ i s  z e r o ,  a n d  t h e  i n v e r s e  

s y s t e m  on  t h e  r i g h t  i s  a l s o  e s s e n t i a l l y  z e r o .  Q , E .  D. 

m, 

Proposition 2.. 6. Let A be a Noetherian ring, let 

f = (fl' .... f ) be a finite family of elements of A, and let M 
-- n 

an injective A-module. Then Hie (M) = 0 for i be > 0. 

Proof. By Lemmas 2.4 and 2.5. 

C o r o l l a r y  2 . 7 .  

s p e c t r u m  X,  a n d  l e t  M be  a n  i n j e c t i v e  A - m o d u l e .  

s h e a f  l~i on  X i s  a f l a s q u e  s h e a f .  

P r o o f .  

a n y  c l o s e d  

L e t  A be  a N o e t h e r i a n  r i n g  w i t h  p r i m e  

T h e n  t h e  

To s h o w  t h a t  

Y C X, the map 

~/ i s  f l a s q u e ,  we  m u s t  s h o w  t h a t  f o r  

M r(x - Y, i~i) 

i s  s u r j e c t i v e .  L e t  f l  . . . . .  f n  g e n e r a t e  t h e  i d e a l  of  Y. T h e n  

X - Y i s  t h e  u n i o n  o f  t h e  o p e n  s e t s  o f  t h e  f a m i l y  ~ , ~  d e f i n e d  

a b o v e ,  a n d  f r o m  t h e  d e f i n i t i o n  of  C e c h  c o h o m o l o g y  i t  f o l l o w s  t h a t  

i s o m o r p h i c  t o  ~ o  ( ~ [ f , ~ I ) .  So by  P r o p o s i t i o n  F (X-Y, ~I) is C 

quoted above, there is an exact sequence 

1 
M K F(X- Y,YW--Hf(M) -" 0 

1 
But Hf (M) = 0 for IVi injective by the previous proposition, 

is surjective. 

S O  
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R e m a r k s .  C o n v e r s e l y ,  the  c o r o l l a r y  i m p l i e s  the  p r o p o s i t i o n  

a s  we see  by P r o p o s i t i o n  C a b o v e .  U s i n g  r e s u l t s  on the  s t r u c t u r e  

of  i n j e c t i v e  m o d u l e s  o v e r  N o e t h e r i a n  r i n g s  [3], [9]* one c a n  g ive  a 

d i r e c t  p r o o f  of the  c o r o l l a r y  a s  f o l l o w s .  An i n j e c t i v e  o v e r  a N o e t h e ~ i a n  

r i n g  A i s  a d i r e c t  s u m  of i n j e c t i v e  h u l l s  I of  r e s i d u e  c l a s s  f i e l d s  
P 

k(p) of prime ideals p of A. Since a direct sum of flasque 

sheaves is flasque, it suffices to show that I- is flasque for each 
P 

p. But I is a direct limit of Artin modules over the local ring 
P 

A . Hence [ is a constant sheaf I on the closed subset V(p) 
P P P 

of Spec A, and zero outside. Since a constant sheaf on an irreducible 

Noetherian space is flasque, the contention follows. 

Now we come to the main theorem of this section, relating 

the local cohomology groups on a prescheme to a direct limit of Exts. 

L e t  X be a p r e s c h e m e ,  l e t  Y be a c l o s e d  s u b s p a c e  of  

a n d  l e t  F be a q u a s i - c o h e r e n t  s h e a f  of  ~ X - m O d u l e s .  L e t  

be a q u a s i - c o h e r e n t  s h e a f  of  i d e a l s  d e f i n i n g  Y, a n d  f o r  e a c h  

l e t  ~ n  = ~ X  / ~ n .  T h e n  ~ 'n i s  a s h e a f  c o n c e n t r a t e d  on 

f o r  e a c h  n t h e r e  i s  a n a t u r a l  i n j e c t i o n  

Hom~ ( ~n' F) -" ry(X, F) 
-X 

X2 

n>l, 

Y, and 

F o r  a h o m o m o r p h i s m  of ~ n  i n t o  F i s  d e t e r m i n e d  by the  i m a g e  

of the  un i t  s e c t i o n  of  ~ , w h i c h  m u s t  be a s e c t i o n  of  F w i th  s u p p o r t  
n 

in  Y. 

*See also [17, II w 7] for a complete description of the structure 

of injective ~X- modules on a locally noetherian prescheme X. 
Using these results allows one to avoid the painful (2.3) - (2.6). 
It also gives a more direct proof of Proposition 2.1 for X locally 
noetherian. 
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Letting F range over the category of 0K-mOdules, we 

consider on the one hand the derived functors Ext,. (~ n, F) of 
2k 

H~ (~n' F), and on the other hand the cohomological functor 

Hy1 (X, F), which is a priori not a derived functor in this category'* 

Having a map of these functors for i = 0, we deduce one for i > 0 

by t h e  u n i v e r s a l  p r o p e r t y  of  d e r i v e d  f u n c t o r s .  

i i 

n 
, -~ H y ( X ,  

i n t o  

A s  n 

i 
Hy(X, F), 

v a r i e s ,  t h e s e  E x t ' s  f o r m  a d i r e c t  s y s t e m  m a p p i n g  

so  t h e r e  a r e  h o m o m o r p h i s m s  

n "X n -~ Hy(X, F) 
(*) 

Performing these hcmomorphisms locally, and passing to associated 

sheaves, we have homomorphisms of sheaves 

 xtiffx ( i lirn (~'n' F) -- Hy(F) (~) 
n 

Theorem Z. 8. If X is local ly Noetherian, and F quasi- 

coherent, then the homomorphisms (~) are isomorphisms. If furthermore 

X is Noetherian, then the hornomorphisms (*) are also isomorphisms. 

The proof will be deferred until after some auxialiary propositions 

and lemma s. 

*In fact, it is a derived functor, because by lemma 2.9 below, 
any injective ~X-mOdule is flasque, and by Proposition i.i0, 
flasque sheaves are Fy-gcyclic , so may be used to calculate 
the cohomology groups H~(X,F). 
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[4, II, 7.3.2] 
Lemma Z. 9.A Let X 

sheaves of 

c a t e g o r y  of  

P r o o f .  

r e  s t r i c t i o n  

be  a p r e s c h e m e ,  l e t  F a n d  G be 

( ~ X - m O d u l e s ,  s u p p o s e  i n j e c t i v e  i n  t h e  a n d  t h a t  G i s  

~'X-mOdules. Then HOm~x(F,G ) is aflasque sheaf. 

We m u s t  s h o w ,  i f  U i s  o p e n  in  X,  t h e n  t h e  n a t u r a l  

Hom~. (F,G) --- Horn (FIU,GIU) 
-x 

i s  s u r j e c t i v e .  L e t  

to  U i s  F]  U,  

h o m o m o r p h i  s m  of  

of  F U i n t o  G.  

F u d e n o t e  t h e  u n i q u e  s h e a f  w h o s e  r e s t r i c t i o n  

a n d  w h i c h  i s  z e r o  o u t s i d e  of  U. T h e n  a 

F[  U into G[I t  

S i n c e  F U _C F, 

i s  t h e  s a m e  a s  a h o m o m o r p h i s m  

a n d  s i n c e  G i s  i n j e c t i v e ,  a n y  

s u c h  h o m o m o r p h i s m  e x t e n d s  t o  a h o m o m o r p h i s m  of F i n t o  

[4,II 7.3.3] 
Proposition 2. 10.ALet X be a prescheme, and let 

G be sheaves of ~'__-modules. 
-X 

f u n c t o r  

n 
E x t -  ( F , G )  < =  E q 

P r o o f .  One  c a n  r e p r e s e n t  

G. 

F and 

Then there is a spectral sequence 

= H P ( x ,  E X t ~ x ( F , G ) )  

H o m / ~  ( F , G )  a s  a c o m p o s i t e  
" X  

H~ = I" (Hom0,x(F, G)) 
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By L e m m a  Z. 9 Homl~, ( F , G ) $  c o n s i d e r e d  a s  a f u n c t o r  in  G,  t a k e s  

- X  
i n j e c t i v e s  i n t o  F - a c y c l i c  o b j e c t s  ( L e m m a  1 .7 ) .  T h e r e f o r e ,  we  m a y  

a p p l y  T h e o r e m  A q u o t e d  a b o v e  to  d e d u c e  t h e  e x i s t e n c e  of t h e  s p e c t r a l  

s e q u e n c e  of d e r i v e d  f u n c t o r s .  

[4, ch. II,w 4.12] 
Proposition 2. II. ALet X be a Noetherian topological space, 

and let (F.) be a direct system of abelian sheaves on X. Then for 
I 

each p > 0, 

HP(x, lira F.) = lira HP(x,F.) 
--~ 1 "-~ 1 

P r o o f .  L e t  F = l i r a  F . .  T o  c a l c u l a t e  t he  c o h o m o l o g y  of  t h e  

C(F. ) of the F., in 
1 1 

a n d  l e t  C ( F )  = l ira  C ( F . ) .  
" - ~  1 

F. a n d  of F ,  t a k e  i n j e c t i v e  r e s o l u t i o n s  
1 

s u c h  a w a y  t h a t  t h e y  f o r m  a d i r e c t  s y s t e m ,  

T h e n  C ( F )  i s  a r e s o l u t i o n  of  F by  s h e a v e s  w h i c h  a r e  d i r e c t  

l i m i t s  of  i n j e c t i v e s .  U s i n g  t h e  q u a s i - c o m p a c i t y  of  a N e 6 t h e r i a n  

s p a c e ,  one  f i n d s  t h a t  t he  r f u n c t o r  c o m m u t e s  w i t h  d i r e c t  l i m i t s .  

N o w  s i n c e  t h e  d i r e c t  l i m i t  f u n c t o r  i s  e x a c t ,  we  h a v e  

lirn HP(x, Fi) = HP(F (C(F))) 

It will therefore be sufficient to show that any direct limit of injective 

sheaves is flasque, since then we may use the complex C(F) to 

calculate the cohomology of F. But by Lemma I. 5, any injective 

sheaf is flasque, and an easy argurnent using qua si- compacity shows 
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that a direct limit of flasque sheaves on a Noetherian space is flasque. 

T h e  p r e v i o u s  p r o p o s i t i o n  i s  f a l s e  w i t h o u t  t h e  E x a m p l e .  

N o e t h e r i a n  h y p o t h e s i s .  F o r  e x a m p l e ,  l e t  X 

of  l x ~ t i v e  i n t e g e r s  w i t h  t h e  d i s c r e t e  t o p o l o g y .  L e t  F .  
1 

s h e a f  w h o s e  s t a l k  i s  Z f o r  n >  i ,  a n d  0 f o r  n < i .  M a p  F .  

i n t o  F i +  1 by  k i l l i n g  t h e  i t h  

a l o n e ,  b u t  

be  t h e  s p a c e  

be  t h e  

Then lim F. = 0, 
--~ 1 

stalk, a n d  leaving e v e r y t h i n g  else 

nm F(F i)=-[]- Z/G z / o 
neE neE 

Lemma Z. lZ. Let A be  a N o e t h e r i a n  r i n g  w i t h  p r i m e  

s p e c t r u m  X.  L e t  M , N  

t y p e .  T h e n  t h e r e  a r e  c a n o n i c a l  f u n c t o r i a l  i s o m o r p h i s m s  

be  t w o  A - m o d u l e s  a n d  l e t  M be  of  f i n i t e  

i i N) E x t A ( M , N )  N ---- E x t , ,  X 

w h e r e  a t i l d e  d e n o t e s  taking t h e  q u a s i - c o h e r e n t  s h e a f  on 

to the given A-module. 

t h a t  

X as.sociated 

P r o o f .  F o r  i = 0,  t h e  i s o m o r p h i s m  f o l l o w s  f r o m  t h e  f a c t  

H o r n ( M ,  N) c o m m u t e s  w i t h  l o c a l i z a t i o n  w h e n  M i s  o f  f i n i t e  

p r e s e n t a t i o n  [5 ,  I,  1 . 3 .  12 ( i i ) ] .  A s  M v a r i e s  in  t h e  c a t e g o r y  

~ f  i N 
A of  m o d u l e s  of  f i n i t e  t y p e  o v e r  A ,  E x t A ( M , N )  i s  t h e  i t h  

(with respect to th~ first variable) 
right derived functorAof HomA(M, N) . Hence, there are canonical 

homomorphisms (of functors in M, from t f to the category 

of sheaves of ~X-mOdules) 



34 

Since A 

EXt~(M,N)~- Extl~ (M, N) (i) 
X 

is Noetherian, every M e ~f has a projective 
--~% 

resolution by finitely generated free A-modules. Hence to 

show (i) is an isomorphism, we need only show the right-hand 

side is zero when M = A r for then they will be derived functors 

i 
Since Ext _ ~X Commutes with finite direct sums, it is sufficient 

to show that Extl~ (A, N) = 0 for i > 0. 

~y-module F, Extl~ (A, F) = 0, since A 
v x 

Hom~/ ( ~X, F) = F is an exact functor in 
~X 

i 
the Ext ~ are defined as derived functors in the category 

2 %  

of ~X-mOdules, with respect to the second variable.) 

In fact, for any 

= ~X, and 

F. (Recall that 

Proof of Theorem 2.8 In the first assertion, the 

question is bcal, so we may assume that X 
N 

of a Noetherian ring A. Let ~ = I and 

is the spectrum 

F = N. Then we must 

show that the homomorphisms 

�9 " ~  ~ i ~ lim Extm (A/In, N)- Hy(N) 
n ~X -- 

are isomorphisms. By proposition 2.2, the right-hand side 

i X is equal to Hy( ,N)N. Moreover using Lemma 2.12 and 

noting that direct limits commute with the operation N [5, 

I, 1.3.9 (iii)], we reduce to showing that the homomorphisms 

n 
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are isomorphisms. This is a homomorphism of cohomological functors 

from the category of A-modules into itself. For i = 0 the functors 

are isomorphic, their cornrnon value being the set of elements of N 

annihilated by some power of I. For i > 0 and N injective, both 

vanish: The one on the left since the Ext's are derived functors; the 

one on the right by Corollary 2.7 and Proposition I. 10. This charac- 

terizes both functors as derived functors, so they are isomorphic. 

;or the second assertion, we express Ext  ;) and 
-X 

I I  

H i (X, F) as the abutments of spectral sequences, using propositions 
Y 

i. 4 and Z. I0. Now one observes that a direct limit of spectral se- 

quences is a spectral sequence, and that we have functorial homo- 

morphisms of spectral sequences, which give the f~)llowing commutative 

diagram: 

E~q= lirnn HP(x' EXt~x(~n'F))-~ HP(x'H---qY(F)) = E~pq 

lirn Ext (~n,F)--" Hy(X,F) ($) 
n 

To show that the homomorphism of the abutments is an isomorphism, 

it will be sufficient to show that the homomorphisms of the E pq 

terms are isomorphisms�9 But this follows from the isomorphism 

(~)established above, and from Proposition 2. II, since X is 

assumed Noetherian. 



w 3. R e l a t i o n  to  D e p t h  

In t h i s  s e c t i o n ,  we r e c a l l  t h e  n o t i o n  of d e p t h  o r  h o m o l o g i c a l  

c o d i m e n s i o n  i n t r o d u c e d  by  A u s l a n d e r  a n d  B u c h s b a u m  [1].  T h e n  we 

g i v e  a t h e o r e m  ( T h e o r e m  B. 8) r e l a t i n g  t h e  n o t i o n  of  d e p t h  t o  t h e  l o c a l  

c o h o m o l o g y  g r o u p s .  

F i r s t  l e t  us  r e c a l l  s o m e  n o t a t i o n s  a n d  d e f i n i t i o n s .  If  A i s  

a c o m m u t a t i v e  r i n g ,  a n d  I i s  a n  i d e a l  of  A ,  we  d e n o t e  by  V(I) 

t h e  v a r i e t y  of  I ,  w h i c h  i s  t h e  s e t  of  a l l  p r i m e  i d e a l s  of  A c o n t a i n i n g  

I. V(I) i s  a c l o s e d  s u b s e t  of  S p e c  A.  

If N i s  a n  A - m o d u l e ,  we d e n o t e  by  Supp N the  s u p p o r t  of  N, 

w h i c h  i s  t he  s e t  of  p r i m e  i d e a l s  ? of  A s u c h  t h a t  N 1 ~ 0. We 

d e n o t e  by  A s s  N t h e  s e t  of  a s s o c i a t e d  p r i m e s  of N: T h e y  a r e  t h o s e  

p r i m e  i d e a l s  

i s o m o r p h i c  to  A / ~  

If A 

a s e q u e n c e  of  e l e m e n t s  f l '  

i f  f o r  e a c h  i = 1 . . . .  , n ,  

 /(fl . . . . .  f" )M 
1 - 1  " 

d i v i s o r  in  M. ) 

of  A s u c h  t h a t  N c o n t a i n s  a s u b m o d u l e  N 1 

i s  a c o m m u t a t i v e  r i n g ,  a n d  M a n  A - m o d u l e ,  t h e n  

�9 . . ,  f o f  A i s  s a i d  to  be  M - r e g u l a r  
n 

f. i s  n o t  a z e r o - d i v i s o r  in  t he  m o d u l e  
1 

(In particular, this means fl is not a zero- 

L e m m a  S. 1. L e t  A be a N o e t h e r i a n  r i n g ,  l e t  I be  a n  

i d e a l ,  a n d  l e t  M be a n  A - m o d u l e  of  f i n i t e  t y p e .  T h e n  t h e  f o l l o w i n g  

c o n d i t i o n s  a r e  e q u i v a l e n t :  
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(i) Hom(N,M) = 0 for all A-modules of finite type N whose 

support is contained in V(1). 

(ibis) Horn(N, M) = 0 for some A-module of finite type N 

w h o s e  s u p p o r t  i s  e q u a l  to  V(I) .  

(ii) No a s s o c i a t e d  p r i m e  of  M c o n t a i n s  I. 

{iii) ~ f  s I s u c h  t h a t  f i s  h / i - r e g u l a r .  

S u b l e m m a  3 . Z .  L e t  N , M  be  m o d u l e s  of  f i n i t e  t y p e  o v e r  a 

N o e t h e r i a n  r i n g  A.  T h e n  

Ass (Hom(N, M)) = Supp N r-~ Ass M 

Proof. Using well-known facts about associated primes of 

modules of finite type over Noetherian rings, we have 

Ass( Hom(N, M)) _C Supp (Horn(N, M)) _C Supp N 

M o r e o v e r ,  i f  we  e x p r e s s  N 

t h e n  we  h a v e  

A r - - , N  --, 0 

a s  a q u o t i e n t  of  a f r e e  m o d u l e  

f r o m  w h i c h  f o l l o w s  

Ass(Hom(N,M)) C Ass M r = Ass M 

T h u s  we  h a v e  a n  i n c l u s i o n  

Ass (Hom(N, M)) _.C Supp N r-~ Ass M 

0 -~ Hom(N, M) -~ Hom(A r , M) = M r 
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C o n v e r s e l y ,  l e t  

s S u p p  N r - ~ A s s  M.  T h e n  s i n c e  

M 1 _~ A / ~  S i n c e  

a l l  o f  S p e c  A / ~  

be  a p r i m e  i d e a l  of  A 

~ z A s s  M,  

t h e  s u p p o r t  o f  s Supp N,  

In  p a r t i c u l a r  ( s i n c e  N i s  o f  f i n i t e  t y p e ) ,  

s u c h  t h a t  

M h a s  a s u b m o d u l e  

N/ N must be 
r 

N / $ N  

h a s  p o s i t i v e  r a n k  o v e r  t h e  i n t e g r a l  d o m a i n  A / ~  H e n c e  i t  h a s  a 

q u o t i e n t  m o d u l e  N'  w h i c h  i s  t o r s i o n - f r e e  a n d  of  r a n k  one  o v e r  

a n d  t h e r e f o r e  i s o m o r p h i c  t o  a n  i d e a l  o f  

i n j e c t i o n  N' --" M 1, a n d  we  c a n  d e f i n e  

A/~ T h u s  t h e r e  i s  a n  

s H e m  ( N , M )  t o  be  t h e  

c o m p o s i t i o n  of  t h e  f o l l o w i n g  h o m o m o r p h i s m s  

By our construction, the submodule of Horn(N, M) generated by 

is isomorphic to A/9. , so $ s Ass (Horn (N,M)). Q.E.D. 

Proof of Lemrna 3. I. 

(i) => (ibis). Trivial. 

(ibis) => (ii). If Horn(N, M) = 0, 

the sublemrna, V~I) r-~ Ass M = Ass (Horn (N, M)) = ~, 

associated prime of M contains I. 

(ii) :> (i). If Supp N C V(1), 

Ass(Horn(N, M)) _C V(I) r-~ Ass M = 

and Supp N = V(I), then by 

SO no 

then again by the sublemma, 

by hypothesis, so Hom (N,M) = 0. 
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(ii) <=> ( i i i ) .  L e t  ~ l  . . . . .  ~ r 

o f  M ( w h i c h  a r e  f i n i t e  in  n u m b e r  s i n c e  M 

be t h e  a s s o c i a t e d  p r i m e s  

i s  of  f i n i t e  t y p e ) .  T h e n  

t o  s a y  n o n e  of  t h e  "~ i c o n t a i n s  I i s  t h e  s a m e  a s  to  s a y  t h e i r  u n i o n  
r 

~-J ~ d o e s  n o t  c o n t a i n  I, w h i c h  i s  t he  s a m e  a s  to  s a y  t h a t  t h e r e  i s  
i= 1 i 

a n  e l e m e n t  f ~ I w h i c h  i s  in  n o n e  of  t h e  ~ i" Bu t  to  s a y  t h a t  a n  

e l e m e n t  f s A i s  M - r e g u l a r  i s  t h e  s a m e  a s  t o  s a y  t h a t  i t  i s  in  n o n e  

of  t h e  ~ i '  so we a r e  d o n e .  

ideal of A, 

an integer. 

(i) ExtA(N,M) = 0 for all A-modules 

such that Supp N C V(I), and for all integers i < n. 

(ibis) ExtA(N,M ) = 0 for some A-module N 

such that Supp N = V(I), and for all integers i < n. 

(ii) 3 elements 

s e q u e n c e .  

P r o p o s i t i o n  3 . 3 .  L e t  A be  a N o e t h e r i a n  r i n g ,  l e t  

l e t  M be an  A - m o d u l e  of f i n i t e  t y p e ,  a n d  l e t  

T h e n  t h e  f o l l o w i n g  c o n d i t i o n s  a r e  e q u i v a l e n t :  

N of finite type 

I be  a n  

n be 

of  f i n i t e  t y p e  

f l  . . . . .  fn  s I f o r m i n g  a n  M - r e g u l a r  

P r o o f .  (i) => ( ib i s ) .  T r i v i a l .  

(ibis) => (ii) .  We p r o c e e d  by i n d u c t i o n  on n.  If n_< 0, 

t h e r e  i s  n o t h i n g  t o  p r o v e .  So s u p p o s e  n > 0. T h e n  in  p a r t i c u h r  

H o m  {N,M)  = 0, s o b y  t h e  l e m m a  t h e r e  e x i s t s  a n  f s I w h i c h  i s  

M - r e g u l a r .  T h i s  f g i v e s  r i s e  t o  a n  e x a c t  s e q u e n c e  a s  f o l l o w s :  
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0 - "  M f-~ M--~  M / f M - - ~  0 , 

w h e r e  t h e  f i r s t  m a p  i s  m u l t i p l i c a t i o n  by  f. N o w  f r o m  o u r  h y p o t h e s i s  

a n d  f r o m  t h e  e x a c t  s e q u e n c e  o f  E x t ' s ,  i t  f o l l o w s  t h a t  Exti^ (N, M / f M )  = 0 

f o r  i < n - 1. T h e r e f o r e ,  by  t h e  i n d u c t i o n  h y p o t h e s i s ,  t h e r e  a r e  

e l e m e n t s  f 2 '  . . . .  fn  ~ I w h i c h  f o r m  a n  M / f M - r e g u l a r  s e q u e n c e .  

T h e n  c l e a r l y  f ,  fZ . . . .  ' f i s  a n  M - r e g u l a r  s e q u e n c e  of  n e l e m e n t s  
n 

of  I.  

(if) => (i) .  We p r o c e e d  by i n d u c t i o n  on  n .  I f  n <  0,  t h e r e  

i s  n o t h i n g  t o  p r o v e .  So s u p p o s e  n > 0. T h e n  in  p a r t i c u l a r  f l  i s  

M - r e g u l a r ,  s o  t h e r e  i s  a n  e x a c t  s e q u e n c e .  

0 --~ M ~  M --~ M/f IM-- 0 

N o w  fZ . . . . .  f n  i s  a n  M / r i M - r e g u l a r  s e q u e n c e  of  

o f  I ,  so  by  t h e  i n d u c t i o n  h y p o t h e s i s  i t  f o l l o w s  t h a t  

f o r  a l l  A - m o d u l e s  o f  f i n i t e  t y p e  N w i t h  s u p p o r t  i n  

n -  1 e l e m e n t s  

i 
E x t A ( N ,  M / f  1 M) = 0 

V(I), and for all 

i n t e g e r s  i < n - 1. By  t h e  e x a c t  s e q u e n c e  of  E x t ' s ,  t h i s  i m p l i e s  

that the natural map 

E x t  A (N, M) 

i s  i n j e c t i v e  f o r  a l l  i < n .  

m a p  i s  a l s o  t h e  z e r o  m a p .  

B u t  s i n c e  f l  ~ I ,  f l  k i l l s  N ,  

H e n c e  E x t ~ ( N , M )  = 0 f o r  a l l  i < 

so  t h i s  

n .  
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R e m a r k .  N o t e  t h a t  t h e  l e m m a  {with i t s  N o e t h e r i a n  h y p o t h e s e s )  

i s  u s e d  o n l y  in  t h e  i m p l i c a t i o n  ( ib i s )  => {ii) o f  t h e  p r o o f .  T h e  

i m p l i c a t i o n  (ii} - >  (i} 

N,  M o f  f i n i t e  t y p e .  

"Supp N _C V{l}" by 

i s  v a l i d  w i t h o u t  a s s u m i n g  A N o e t h e r i a n  n o r  

M o r e o v e r ,  o n e  m a y  r e p l a c e  t h e  h y p o t h e s i s  

" f l '  . . . .  f a r e  n i l p o t e n t  i n  N" 
n 

D e f i n i t i o n .  L e t  A be  a N o e t h e r i a n  r i n g ,  l e t  I be  a n  i d e a l  

o f  A ,  a n d  l e t  M be  a n  A - m o d u l e  o f  f i n i t e  t y p e .  T h e n  t h e  I - d e p t h  o f  M ,  

d e p t h i M ,  i s  t h e  l a r g e s t  i n t e g e r  n s u c h  t h a t  t h e r e  e x i s t  e l e m e n t s  

f l  . . . .  ' f n  

n < d i m  M,  a n d  i s  t h e r e f o r e  f i n i t e .  ) I f  

t h e  m a x i m a l  i d e a l ,  w e  s a y  s i m p l y  d e p t h  

A u s l a n d e r  a n d  B u c h s b a u m  [1} c a l l  t h e  

s I w h i c h  f o r m  a n  M - r e g u l a r  s e q u e n c e .  {Note  t h a t  

A i s  a l o c a l  r i n g ,  a n d  I i s  

M.  {The  I - d e p t h  o f  M i s  w h a t  

I - c o d i m e n s i o n  of  M. } 

C o r o l l a r y  3 . 4 .  L e t  A , I , M  

M - r e g u l a r  s e q u e n c e s  o f  e l e m e n t s  o f  

e l e m e n t s ,  n a m e l y ,  d e p t h i M .  

be  a s  a b o v e .  T h e n  a l l  m a x i m a l  

I h a v e  t h e  s a m e  n u m b e r  o f  

C o r o l l a r y  3 . 5 .  L e t  A , I , M  be  a s  a b o v e .  

M - r e g u l a r ,  t h e n  

d e p t h i M  = d e p t h  I M / f M  + 1 

If  f e I i s  
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C o r o l l a r y  3.6. Let A,I,M be a s  above. Then 

d e p t h l M  = i n f  (dep th  h ~  ) 

w h e r e  M ~  i s  c o n s i d e r e d  a s  a m o d u l e  o v e r  t he  l o c a l  r i n g  A~ , 

a n d  i t s  d e p t h  i s  t h e  (usua l}  d e p t h  w i t h  r e s p e c t  to  the  m a x i m a l  i d e a l  

Proof. If fl . . . . .  f ~ I form an M-regular sequence, 
n 

t h e n  t h e  c a n o n i c a l  i m a g e s  f- . . .  , , of  t h e  f. in  A a r e  
1 n 1 

in ~/~ , and form an M[ - r e g u l a r  sequence f o r  a n y  ~ s 

T h e r e f o r e  

depthlM < depth Mi 

for each ~ s V(1). 

For the converse, we will prove the following statement: "If 

n' is an integer such that for each i ~ Viii, n' _< depth M I , then 

M". We proceed by induction on n', the case n' < 0 n' < depth 1 

being trivial. So suppose n' > 0. Then for each ~ s V(1), depth 

M~ __> 1, so ~A~ is not associated to M; , i . e . ,  

is not associated to M. Then by Lernma B. I, 

a n  f ~ I w h i c h  i s  M - r e g u l a r .  

i n d u c t i o n  h y p o t h e s i s ,  we  f i nd  

t h e r e  e x i s t s  

n '  - 1 < depth (MIfM) 

Now using Corollary 3.5 and the 
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f o r  e a c h  

w h i c h  i m p l i e s  t h a t  

s V(I) .  H e n c e  

n '  - 1 < d e p t h i M / f M  

n '  < d e p t h i M .  

D e f i n i t i o n .  L e t  X be  a l o c a l l y  N o e t h e r i a n  p r e s c h e m e ,  

Y a closed subset of X, and F a coherent sheaf on X. 

Then the Y-depth of F, or depthyF_ , is the inf (depth Fx )" 
xzY 

R em_ar  k.  I f  X 

Y = V(1) and F = A4, 

i s  a n  a f f i n e  s c h e m e ,  s a y  

t h e n  d e p t h y F  = d e p t h l M ,  

X = Spec A, 

by C o r o l l a r y  3 . 6 .  

We o b s e r v e  t h u s  t h a t  t h e  n o t i o n  of  I - d e p t h  d e p e n d s  o n l y  on  t h e  r a d i c a l  

o f  t h e  i d e a l  I.  

R e s t a t i n g  t h e  a b o v e  t h e o r y  i n  t h e  language of  p r e s c h e m e s ,  

w e  h a v e  

l e t  Y 

a n d  l e t  

P r o p o s i t i o n  3 . 7 .  L e t  

be  a c l o s e d  s u b s e t ,  

(i) 

Supp G C Y, 

n be  a n  i n t e g e r .  

(ibis ) 

Supp G = Y, 

E x t ~ v ( G ,  F )  = 0 

and for all integers i < n. 

Ext~v(G, F) = 0 for some coherent sheaf 

and for all integers i < n. 

X be  a l o c a l l y  N o e t h e r i a n  p r e s c h e m e ,  

l e t  F be  a c o h e r e n t  s h e a f  o n  X 

T h e n  t h e  f o l l o w i n g  c o n d i t i o n s  a r e  e q u i v a l e n t :  

f o r  a l l  c o h e r e n t  s h e a v e s  G w i t h  

G with 
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(ii) d e p t h y F  > n.  

(iibis) depth F > n for all x s Y. 
x 

N o w  we  h a v e  a t h e o r e m  w h i c h  r e l a t e s  t h e  n o t i o n  of d e p t h  t o  

t h e  l o c a l  c o h o m o l o g y  s h e a v e s :  

l e t  Y 

a n d  l e t  

Theorem 3.8. Let X be a locally Noetherian prescheme, 

be a closed subset, let F be a coherent sheaf on X, 

n be an integer�9 Then the following conditions are equivalent: 

i 
(i) H y ( F )  = 0 f o r  a l l  i <  n ; 

(ii) d e p t h y F >  n 

P r o o f .  

t h e r e  i s  n o t h i n g  t o  p r o v e .  So s u p p o s e  

c o n d i t i o n  (i) i s  s a t i s f i e d  f o r  n - 1, 

d e p t h y F  > n - 1. T h e r e f o r e ,  by p r o p o s i t i o n  3 . 7 ,  E x t , ,  
X 

f o r  a l l  G i n  t h e  c a t e g o r y  ~ . y  of  c o h e r e n t  s h e a v e s  on  

s u p p o r t  i n  

(i) => (i i) .  We p r o c e e d  by i n d u c t i o n  on  n .  If  n <  0,  

n > 0. T h e n ,  i n  p a r t i c u l a r ,  

so  by  t h e  i n d u c t i o n  h y p o t h e s i s ,  

(G, F) = 0 

X with 

Y, and for all i < n - i. In other words, the functor 

G ~ E x t  n" 1 
~X(G, F) 
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f r o m  ~ to  s h e a v e s  on X i s  l e f t - e x a c t .  L e t  
Y 

of  i d e a l s  of  Y, a n d  f o r  e a c h  p o s i t i v e  i n t e g e r  m ,  

T h e n  t h e  s h e a v e s  ~ r n  a r e  in  t h e  c a t e g o r y  _ ~ y ,  

~ y  be  t h e  s h e a f  

_- m 

let ~m Y 

so the surjections 

~ r n '  --" 0" - - -0  m 

f o r  m' > m g i v e  r i s e  to  i n j e c t i o n s  

0 - ' E x t . .  ( , F )  --" E x t  1 ( , , F )  

- X  

In  o t h e r  w o r d s ,  a l l  t h e  h o m o m o r p h i s m s  in  t h e  d i r e c t  s y s t e m  

(Ext~ 'I (~rn F))m , are injections. By Theorem ~-. 8 the direct limit 
X 
system is --_~y-l(F), which is zero by our hypothesis. Hence of this 

e a c h  of  t h e  t e r m s  of  o u r  d i r e c t  s y s t e m  i s  z e r o ,  i n  p a r t i c u l a r ,  

]Bxt n-,,, ..I Y' EXt~x y, F) = 0 ~y(  ~ / ~ F) : 0. We have a l r e a d y  s e e n  t h a t  ( ~ / 

f o r  f <  n - 1 , so  f r o m  P r o p o s i t i o n  3 . 7  we  c o n c l u d e  t h a t  d e p t h y F _ >  n.  

(ii)  => (i). S u p p o s e  t h a t  d e p t h y F  > n.  U s i n g  the  a b o v e  

n o t a t i o n ,  by T h e o r e m  Z. 8 we  h a v e  f o r  a n y  i ,  

m vX 

By P r o p o s i t i o n  3 . 7 ,  t h e s e  E x t ' s  a r e  0 f o r  i < n ,  

i 
"m h a v e  s u p p o r t  i n  Y,  h e n c e  H y ( F )  = 0 f o r  

s i n c e  t h e  s h e a v e s  

i <  n.  Q E . D .  
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C o r o l l a r y  3 . 9 .  L e t  X b e  a c o n n e c t e d  l o c a l l y  N o e t h e r i a n  

p r e s c h e m e ,  a n d  Y a c l o s e d  s u b p r e s c h e m e  s u c h  t h a t  d e p t h y 0 ~ x _ >  Z. 

T h e n  X - Y i s  c o n n e c t e d .  

Proof. 

the map 

B y  t h e  t h e o r e m ,  o u r  h y p o t h e s i s  i m p l i e s  t h a t  

f o r  i = 0,  1. By  P r o p o s i t i o n  1 . 1 1 ,  t h i s  i m p l i e s  t h a t  

H O(x, {~X ) -~H 0 ( x -  Y, ~X ) 

i s  b i j e c t i v e .  T o  c o m p l e t e  t h e  p r o o f  of  t h e  c o r o l l a r y ,  we  n e e d  o n l y  

o b s e r v e  t h a t  a p r e s c h e m e  X i s  c o n n e c t e d  i f  a n d  o n l y  i f  H O ( x ,  ~ X  ), 

c o n s i d e r e d  a s  a m o d u l e  o v e r  i t s e l f ,  i s  i n d e c o m p o s a b l e .  F o r  t h e n  X 

connected => H O(x, ~) = H O(x - Y, ~) is indecomposable => X - Y 
2 ~  

i s  c o n n e c t e d .  

I f  X i s  d i s c o n n e c t e d ,  H 0 ( X ,  ~ X )  i s  t h e  d i r e c t  s u m  o f  

H 0 ( U i  ' (~X w h e r e  U i a r e  t h e  c o m p o n e n t s ,  so  

i s  d e c o m p o s a b l e .  C o n v e r s e l y ,  s u p p o s e  H0(X ,  (~X~ 

T h e n  t h e r e  a r e  n o n t r i v i a l  i d e m p o t e n t s  e I , 

e l e m e n t s  e I , e Z d i f f e r e n t  f r o m  z e r o ,  a n d  s u c h  t h a t  1 = e I + ez ;  

z z 
e l e  Z = 0; e I = e l ,  e Z = e Z. F o r  e a c h  x ~ X,  t h e  l o c a l  r i n g  

i s  i n d e c o m p o s a b l e ,  h e n c e  o n e  of  t h e  e. 
1 

c a n  b e  z e r o  a t  e v e r y  p o i n t  of  X,  h e n c e  X 

c l o s e d  s e t s  w h e r e  e I i s  z e r o  a n d  w h e r e  

d i s c o n n e c t e d .  

H 0 (X, ~ 'X ) 

i s d e c o m p o s a b l e .  

e z e H 0 ( X , ~ x  ), t h a t  i s ,  

i s  z e r o  a t  x .  N e i t h e r  

i s t h e  di  sj o i n t  s u m  of  t h e  

e Z i s  z e r o .  T h u s  X i s  
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Remark. The Corollary applies in particular if Y is of 

c o d i m e n s i o n  a t  l e a s t  t w o  a n d  ~ X  h a s  t h e  p r o p e r t y  S z o f  S e r r e ,  

a s  i t  d o e s  f o r  e x a m p l e  i f  X i s  n o r m a l ,  o r  i f  X i s  a c o m p l e t e  

i n t e r s e c t i o n  in  a n o n - s i n g u l a r  a m b i e n t  p r e s c h e m e .  F o r  d e t a i l s ,  s e e  

H a r t s h o r n e  [8] ,  w h o  p r o v e s  t h e  c o r o l l a r y  d i r e c t l y  f r o m  t h e  d e f i n i t i o n  

of  d e p t h ,  a n d  a p p l i e s  i t  t o  t h e  s t u d y  o f  c o m p l e t e  i n t e r s e c t i o n s .  

In  t h e  p a r t i c u l a r  c a s e  o f  a l o c a l  N o e t h e r i a n  r i n g ,  t h e  a b o v e  

r e s u l t s  g i v e  t h e  f o l l o w i n g  

C o r o l l a r y  3 . 1 0 .  L e t  A be  a l o c a l  N o e t h e r i a n  r i n g  w i t h  

m a x i m a l  i d e a l  m a n d  r e s i d u e  f i e l d  k .  L e t  X = S p e c  A ,  U = X - { m }  . 

L e t  M be  a m o d u l e  o f  f i n i t e  t y p e ,  a n d  l e t  

T h e n  t h e  f o l l o w i n g  c o n d i t i o n s  a r e  e q u i v a l e n t  

(i) depth M > n. 

(ii) Exti(k, M) = 0 for i < n. 

(iii) HilX, ~i) -* HilU, ~i) 

i n j e c t i v e  f o r  i = 0. 

(iv) H~ (M) = 0 for i< n. m} l 

n > 0 be  a n  i n t e g e r .  

i s  b i j e c t i v e  f o r  i < n a n d  



w 4. Functors on A-modules 

In  t h i s  s e c t i o n ,  A w i l l  d e n o t e  a c o m m u t a t i v e  N o e t h e r i a n  

r i n g .  We w i l l  d i s c u s s  v a r i o u s  l e f t - e x a c t  f u n c t o r s  f r o m  t h e  c a t e g o r y  

of  A - m o d u l e s  t o  t h e  c a t e g o r y  of  a b e l i a n  g r o u p s .  In  p a r t i c u l a r ,  we  

w i l l  d i s c u s s  d u a l i z i n g  f u n c t o r s  w h i c h  w i l l  be  u s e d  l a t e r  i n  t h e  s e c t i o n  

on  d u a l i t y .  

A s  a m a t t e r  o f  n o t a t i o n ,  l e t  

(Ab) 

d 
I f  4~ i s  a n i d e a l o f  

C ~  

I f  

c a t e g o r y .  

= the category of abelian groups 

= the category of A-modules , 

= t h e  c a t e g o r y  o f  A - m o d u l e s  o f  f i n i t e  t y p e  

A, let 

= the category of A-modules with support in V( 

= t h e  c a t e g o r y  of  A - m o d u l e s  o f  f i n i t e  t y p e  w i t h  
s u p p o r t  i n  V( e~t ) 

i s  a n y  c a t e g o r y ,  we  w i l l  d e n o t e  by  ~ t h e  o p p o s e d  

f r  o m  

L e m r n a  4 . 1 .  

to (Ab). 

L e t  T be  a c o n t r a v ~ r i a n t  a d d i t i v e  f u n c t o r  

T h e n  t h e r e  i s  a n a t u r a l  f u n c t o r i a l  m o r p h i s m  

: T ~ H o m  A(  . ,  T ( A ) )  
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P r o o f .  F o r  a n y  m s M,  l e t  

w h i c h  s e n d s  1 i n t o  m .  T h e n  T ( ~ m )  

T ( M )  -~ T (A) .  F o r  a f i x e d  e l e m e n t  of  

w e  h a v e  a n  e l e m e n t  of  H o m A ( M  , T ( A ) ) .  

m o r p h i  s m .  

: A -~ M be  the  m o r p h i s m  
m 

i s  a m o r p h i s m  of  

T{M) ,  a s  m s M v a r i e s ,  

T h u s  we  h a v e  d e f i n e d  a 

~b(M) : T ( M )  -* H o m A ( M , T ( A ) )  

One  c h e c k s  t h a t  i t  i s  f u n c t o r i a l  in  M. In f a c t ,  i f  one  g i v e s  T ( M )  

a n d  H o m A ( M , T ( A ) )  t h e  n a t u r a l  A - m o d u l e  s t r u c t u r e s ,  i t  i s  a 

m o r p h i s m  of  A - m o d u l e s .  

f r  om 

P r o p o s i t i o n  4 . 2 .  L e t  T be  a c o n t r a v a r i a n t  a d d i t i v e  f u n c t o r  

~ f  t o  (Ab).  T h e n  t h e  m o r p h i s m  

~b : T - * H O m A (  �9 , T(A))  

i s  a n  i s o m o r p h i s m  i f  a n d  on ly  i f  T i s  l e f t  e x a c t .  

P r o o f .  If  ~ i s  a n  i s o m o r p h i s m ,  t h e n  T i s  l e f t - e x a c t  

s i n c e  t h e  f u n c t o r  Horn  i s .  On t he  o t h e r  h a n d ,  s u p p o s e  T i s  l e f t -  

e x a c t .  T h e n  in  t h e  f i r s t  p l a c e  

T(A r) -~ HOmA(Ar, T(A)) = T(A) r 

i s  a n  i s o m o r p h i s m  f o r  a n y  p o s i t i v e  i n t e g e r  r ,  s i n c e  T i s  

a d d i t i v e .  N o w  i f  M i s  a n y  A - m o d u l e  o f  f i n i t e  t y p e ,  t h e r e  i s  a n  

e x a c t  s e q u e n c e  
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A r -~A s --~ M - ~  0 

L e t t i n g  T' s tand  for  the  func to r  

e x a c t  c o m m u t a t i v e  d i a g r a m  

HOmA( �9 T (A)), we have  an 

0 -- T (M) -~ T (A s') -~ T (A r ) 

N N 

0 -~ T ' (M) -~ T ' (A s) -~ T ' (A r)  

w h e n c e  by the  5 - l e m m a ,  T(M) -~ T I(M) i s  an  i s o m o r p h i s m .  

Def in i t ion .  If ~ . ,  

denote by Sex( ~, 8 ) 

f u n c t o r s  f r o m  ~ to  B 

e x p l a i n e d  thus :  

a r e  two a b e l i a n  c a t e g o r i e s ,  we 

the  c a t e g o r y  of l e f t - e x a c t  ( cova r i an t )  

(This  n o t a t i o n  i s  due to  G a b r i e l ,  and  i s  

s = s i n i s t e r ,  ex = exac t .  ) 

C o r o l l a r y  4.B The  c a t e g o r i e s  

m a d e  e q u i v a l e n t  by the  func to r  s 

Sex( ~ f ~  Ab) and  ~ a r e  

I ~ H O m A ( ' ,  I) for  I s 

and  

T ~ T(A) for  T e Sex( ~ f  �9 , Ab) 
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R e m a r k .  N o t e  t h a t  i n  t h e  e q u i v a l e n c e  of  C o r o l l a r y  4 . 3 ,  t h e  

e x a c t  f u n c t o r s  c o r r e s p o n d  t o  t h e  i n j e c t i v e  m o d u l e s .  I n d e e d ,  i f  I i s  

i n j e c t i v e ,  HOmA{ �9 , I )  i s  e x a c t .  On  t h e  o t h e r  h a n d ,  i f  T i s  e x a c t ,  t h e n  

T ( A )  i s  i n j e c t i v e ,  s i n c e  o v e r  a N o e t h e r i a n  r i n g ,  a m o d u l e  I i s  

i n j e c t i v e  i f  a n d  o n l y  i f  t h e  f u n c t o r  M ~ H o m A ( M , I )  i s  exac_t 

f o r  a l l  A - m o d u l e s  M o f  f i n i t e  t y p e .  

L e m m a  4 . 4 .  L e t  ~ be  a n  i d e a l  in  A ,  

a n  a d d i t i v e  c o n t r a v a r i a n t  f u n c t o r  f r o m  ~ f  t o  

i s  a n a t u r a l  f u n c t o r i a l  m o r p h i s m  

a n d  l e t  T be  

(Ab).  T h e n  t h e r e  

: T --~Horn A( ", I) 

w h e r e  I = l~n T(A/ n). 
n 

P r o o f .  L e t  M s 

s o m e  p o w e r  o f  ~ , s a y  

o f  f i n i t e  t y p e  o v e r  A /  

n 

T h e n  M i s  a n n i h i l a t e d  by  

In  o t h e r  w o r d s ,  M i s  a m o d u l e  

n 
So b y  L e m m a  4.  1 t h e r e  i s  a m o r p h i s m  

T(M} --> Horn n(M,T(A/4~n} : HomA(M, T(A/n)} 
A/ 

F u r t h e r m o r e ,  t h e r e  i s  a n a t u r a l  m o r p h i s m  

Horn A (M, T (A/~ n)) -... lim Horn A (M, T (A/~ n)) 
n 
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an d  t h i s  l i m i t  i s  equa l  to H o m A ( M , I  ), s ince  IV[ i s  of f in i t e  t ype ,  

and  t h e r e f o r e  HomA(M , " ) c o m m u t e s  wi th  d i r e c t  l i m i t s .  C o m p o s i n g  

these morphisms, one obtains a morphisrn 

T (M) --~ Horn A (M, I) 

which  i s  e a s i l y  s e e n  to  be i n d e p e n d e n t  of the  n c h o s e n  a b o v e ,  

and  f u n c t o r i a l  in M. 

P r 0 p o s i t i D n  4 . 5 .  The  m o r p h i s m  ~ 

an  i s o m o r p h i s m  if and  only if  T i s  lef t  exac t .  

of L e m r n a  4 . 4  i s  

P r o o f .  If ~ 

s ince  the  func to r  H o m  is .  

exac t ,  an d  le t  M s ~ f  

for  e a c h  

i s  an  i s o m o r p h i s m ,  t h e n  T 

On the  o t h e r  hand ,  suppose  

be a m o d u l e  a n n i h i l a t e d  by 

n'  > n, the  m o r p h i s m  

i s  l e f t  exac t ,  

T i s  l e f t  

4M n. T h e n  

n I 

T(M) --" HornA(M,T(A / ~ )) 

i s  an  i s o m o r p h i s m ,  by P r o p o s i t i o n  4. Z. Tak ing  the  l i m i t  a s  

g o e s  to in f in i ty ,  we f ind  tha t  ~ i s  a l s o  an  i s o m o r p h i s m .  

f o  
C o r o l l a r y  4 . 6 .  The  c a t e g o r i e s  Sex( ~ , Ab) 

a r e  m a d e  e q u i v a l e n t  by the  f u n c t o r s  

T ~ l i rn  T(A/,~M n) for  T z S e x (  
n 

n I 

and 

~fo Ab) 
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and 

P r o o f .  

I ~ H O m A ( "  , I )  f o r  I ~ ~ 

We n e e d  o n l y  c h e c k  t h a t  l i rn  HomA(A/~ n , i )  ~ I. 
n 

N o w  H o r n ( A / r i M  n ,  I) i s  i s o m o r p h i c  t o  t h e  s u b m o d u l e  of I c o n s i s t i n g  

n 
o f  t h o s e  e l e m e n t s  a n n i h i l a t e d  by  ~ I i s  t h e  u n i o n  of t h e s e  s u b -  

m o d u l e s  s i n c e  i t  w a s  a s s u m e d  to  h a v e  s u p p o r t  in  V( ~ ). 

P r o p o s i t i o n  4 . 7 .  In  t h e  e q u i v a l e n c e  of C o r o l l a r y  4 . 6 ,  the  

e x a c t  f u n c t o r s  c o r r e s p o n d  to  t h e  i n j e c t i v e  m o d u l e s .  

P r o o f .  If  I 

C o n v e r s e l y ,  s u p p o s e  

w i s h  to  s h o w  I i n j e c t i v e .  

i s  a n  i d e a l  in  A ,  a n d  

e x t e n d s  to  a m o r p h i s m ,  

i s  i n j e c t i v e ,  t h e n  HOmA(  �9 , I) i s  e x a c t .  

T i s e x a c t ,  a n d  l e t  I =  l i r a  T ( A /  , ~ n ) .  We 

n 

I t  wiI1 be  s u f f i c i e n t  to  p r o v e  t h a t  i f  ~ 

f :  ~ - ~ I  

f : A -~ I. 

i s  a n  i d e a l  of  

i s  of  f i n i t e  t y p e  

a m o r p h i s m ,  t h e n  f 

S o  s u p p o s e  

m o r p h i  s in .  S i n c e  

I s ~ , f a n n i h i l a t e s  

t h e o r e m ,  t h e  ~ - t o p o l o g y  of 

of  A ,  i . e .  , t h e r e  i s  a n  i n t e g e r  r 

M r T h u s  f a l s o  a n n i h i l a t e  s r-~ 

a s  f o l l o w s :  

n 

i s  i n d u c e d  by t h e  

A ,  a n d  f: 01, -~ I a 

(A b e i n g  N o e t h e r i a n ) ,  a n d  

f o r  s o m e  n.  By  K r u l l ' s  

- t o p o l o g y  

s u c h  t h a t  M r e-~ ~ C n o t ,  

, a n d  t h e r e f o r e  f f a c t o r s  
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P f l  

r 

But  n o w  we  h a v e  a n  i n j e c t i o n  

r r 

of  m o d u l e s  in  , we  h a v e  a r n o r p h i s m  

r 
f l  : ( i t /  ~ ~ ~ I , - "  I ; 

a n d  T i s  e x a c t .  T h e r e f o r e ,  f l  e x t e n d s  t o  a m o r p h i s m  

m 

f l  : A / M r  --" I 

If p : A --" A /  ~ r i s  t h e  c a n o n i c a l  p r o j e c t i o n  m o r p h i s m ,  t h e n  

f = f l  0 p i s  t he  d e s i r e d  e x t e n s i o n  of f. H e n c e  I i s  

in j  e c t i v e .  

C o r o l l a r y  4 . 8 .  L e t  I be  a n  i n j e c t i v e  A - m o d u l e ,  l e t  

I n = H ~  (I) be  t he  l a r g e s t  s u b m o d u l e  be  a n  i d e a l  of A,  a n d  l e t  

o f  I w i t h  s u p p o r t  i n  V( ~w ). T h e n  I n i s  i n j e c t i v e .  

P r o o f .  L e t  T s Sex  ( ~ f  � 9  Ab)  be  t he  e x a c t  f u n c t o r  

H o m A (  �9 , I). T h e n  by  P r o p o s i t i o n  4 . 7 ,  I ~  = l i rn  T ( A / ~  n) 

i s i n ~ e c t i v e .  
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We n o w  c o m e  to  t he  s t u d y  o f  d u a l i z i n g  f u n c t o r s .  

P r o p o s i t i o n  4 . 9 .  

A (i. e .  , 

T a Sex(  

(i} 

t y p e ,  a n d  t h e  n a t u r a l  m o r p h i s m  

M -~ T T ( M )  

L e t  444 be  a n  i d e a l  of  f i n i t e  c o l e n g t h  in  

s u c h  t h a t  A / ~  i s  a n  A r t i n  r i n g ) ,  a n d  l e t  

~ i  e Ab)  T h e n  t h e  f o l l o w i n g  a r e  e q u i v a l e n t :  c o n d i t i o n s  , �9 

F o r  a l l  M a ~ f  , T ( M )  i s  a n  A - m o d u l e  o f  f i n i t e  

( d e f i n e d  v i a  t h e  i s o m o r p h i s m  of  L e m m a  4 . 4 )  i s  a n  i s o m o r p h i s m .  

(ii) T i s  e x a c t ,  a n d  f o r  e a c h  f i e l d  k of  t h e  f o r m  A /  ~ . ,  
1 

w h e r e  ~ . i s  a m a x i m a l  i d e a l  c o n t a i n i n g  ~ , t h e r e  i s  s o m e  
1 

i s o m o r p h i s m  T(k)  ~- k.  

P r o o f .  

a b o v e .  T h e n  

a n n i h i l a t e d  by  

n > 0. S i n c e  

T(k )  ------ k.  

I t  r e r r ~ a i n s  to  s h o w  T 

f a i t h f u l ,  i . e . ,  i f  O # 0 ,  t h e n  

n o n - z e r o ,  t h e n  t h e r e  i s  a s u r j e c t i o n  

(i) => (ii) .  L e t  k be  a f i e l d  o f  t h e  f o r m  A / ~ t  i a s  

T(k)  i s  o f  f i n i t e  t y p e  by  h y p o t h e s i s ;  m o r e o v e r ,  i t  i s  

~*l . ,  h e n c e  m u s t  be  i s o m o r p h i c  t o  k n f o r  s o m e  
1 Z 

T i s  a d d i t i v e ,  T T ( k )  = k n , w h e n c e  n = 1. T h u s  

i s  e x a c t .  We f i r s t  s h o w  t h a t  T 

T(Q)  ~ 0. L e t  O s ~ L  be  

i s  

Q -~ k --.- 0 , 
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w h e r e  k i s  a f i e l d  of t he  f o r m  A / ~  .. 
1 

But  

0 -~ T(k)  -'~ T(Q) .  

T (k )  -- k / 0, h e n c e  a l s o  T(Q)  / 0. 

Now T i s  l e f t  e x a c t  by h y p o t h e s i s ,  

t h a t  i t  i s  r i g h t  e x a c t .  L e t  

O - - ~ M ,  -- , .M 

be  a n  i n j e c t i o n  of  m o d u l e s  in  

be  t h e  c o k e r n e l "  

f 

S i n c e  T 

T ( M )  - -  T ( M ' )  - -  - -  0 

S i n c e  T i s  e x a c t ,  

so  we  n e e d  on ly .  s h o w  

A p p l y  T ,  a n d  l e t  Q 

i s  l e f t  e x a c t ,  we  h a v e  a n  e x a c t  s e q u e n c e  

0 -* T(Q)  --'- T T ( M ' )  --" T T ( M )  

B u t  T T  

T h e r e f o r e ,  

i s e x a c t .  

(ii) ---> (i). If M s ~..~f , then 

s e r i e s  w h o s e  q u o t i e n t s  a r e  a l l  f i e l d s  k 

a b o v e .  T h e r e f o r e ,  s i n c e  T i s  e x a c t ,  

i s  i s o m o r p h i c  to  t h e  i d e n t i t y  f u n c t o r  by  h y p o t h e s i s .  

T(Q)  = 0, a n d  s i n c e  T i s  f a i t h f u l ,  Q = 0, i . e . ,  T 

M h a s  a f i n i t e  c o m p o s i t i o n  

of  t h e  f o r m  A/4~ti , a s  

T (M) w i l l  h a v e  a f i n i t e  

c o m p o s i t i o n  s e r i e s  w h o s e  q u o t i e n t s  a r e  of t he  f o r m  T(k)  ~ k.  

H e n c e  T ( M )  i s  of  f i n i t e  l e n g t h  (in f a c t ,  i t s  l e n g t h  i s  e q u a l  to  t h e  

l e n g t h  of  M).  
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F o r  t he  s e c o n d  a s s e r t i o n  o f  

w h e r e  M i s  a f i e l d  k of t h e  f o r m  A / ~  i 

in  s o m e  w a y ,  a n d  t h e  n a t u r a l  m a p  k --" T T ( k )  

be z e r o ,  h e n c e  i t  i s  a n  i s o m o r p h i s m .  

Now i f  

(i), we first consider the case 

Then TT(k) ~ k 

is easily seen not to 

M is  a n y  m o d u l e  in  ~L ' and 

0 - " M '  --" M ~" M "  "-" 0 

is an exact sequence, then we deduce an exact sequence 

0 --- TT(M') -~ TT(M) --- TT(M") -~ O, 

t o g e t h e r  w i t h  a c a n o n i c a l  m o r p h i s m  of  t h e  f i r s t  e x a c t  s e q u e n c e  i n t o  

t h e  s e c o n d .  I f  t h e  t w o  o u t s i d e  a r r o w s  a r e  i s o m o r p h i s m ,  t h e n  by  

t h e  5 - 1 e m m a ,  so  i s  t h e  m i d d l e  o n e .  T h u s  by  i n d u c t i o n  on t h e  l e n g t h  

Of M ( s i n c e  a n y  M s ~ 

n a t u r a l  m o r p h i s m  

M -~ TT(M) 

f 
i s  a n  i s o m o r p h i s m  f o r  a l l  M s ~ ~,~ 

h a s  f i n i t e  l e n g t h ) ,  we  s e e  t h a t  t h e  

Q . E . D .  

D e f i n i t i o n .  L e t  A be a c o m m u t a t i v e  N o e t h e r i a n  r i n g ,  a n d  

a m a x i m a l  i d e a l .  T h e n  a f u n c t o r  T z Sex(  ~ L  ~ , A b ) ,  s a t i s f y i n g  

the  e q u i v a l e n t  c o n d i t i o n s  of  P r o p o s i t i o n  4 . 9 ,  i s  c a l l e d  a d u a l i z i n g  

f u n c t o r  f o r  A a t  ~ A n  i n j e c t i v e  m o d u l e  I w i t h  s u p p o r t  in  
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V( , ~  ) i s  c a l l e d  a d u a l i z i n g  m o d u l e  f o r  A a t  , ~  , i f  t h e  f u n c t o r  

T = Horn( �9 , I) is a dualizing functor for A at ,%~ (By 

P r o p o s i t i o n  4 . 7 ,  t h e r e  i s  a n a t u r a l  o n e - t o - o n e  c o r r e s p o n d e n c e  b e t w e e n  

t h e s e  d u a l i z i n g  f u n c t o r s  a n d  d u a l i z i n g  m o d u l e s .  ) I f  A i s  a l o c a l  

r i n g  w i t h  m a x i m a l  i d e a l  ,%~ , we  s a y  s i m p l y  " d u a l i z i n g  f u n c t o r "  

o r  " d u a l i z i n g  m o d u l e ,  " w i t h  ,%~ u n d e r s t o o d .  

R e m a r k s .  1) L e t  A be  a N o e t h e r i a n  r i n g ,  a n d  , ~  a 

m a x i m a l  i d e a l .  T h e n  a d u a l i z i n g  f u n c t o r  f o r  A a t  ~e~ i s  t h e  s a m e  

t h i n g  a s  a d u a l i z i n g  f u n c t o r  f o r  t h e  l o c a l  r i n g  A M a t  i t s  m a x i m a l  

I n d e e d ,  t h e  c a t e g o r i e s  ~ f  i n v o l v e d  a r e  i d e a l  ~ A ~  

i s o m o r p h i c .  

Z) S i m i l a r l y ,  l e t  

A - m o d u l e .  T h e n  

i s  d u a l i z i n g  f o r  A 

c a t e g o r i e s  ~ i  

A be  a l o c a l  r i n g ,  a n d  I s ~ a n  

I h a s  a n a t u r a l  s t r u c t u r e  of  ~ - m o d u l e ,  a n d  

i f  a n d  o n l y  i f  i t  i s  d u a l i z i n g  f o r  ~ .  

i n v o l v e d  a r e  i s o m o r p h i c .  

and I 

A/~ n- 

I 

A g a i n  t h e  

3) L e t  A be  a N o e t h e r i a n  r i n g ,  

a n d  A - m o d u l e .  F o r  e a c h  

n 
m o d u l e  H O m A  ( A / ~  I).  

i f  a n d  o n l y  i f  f o r  a l l  l a r g e  e n o u g h  

I i s  d u a l i z i n g  f o r  A 

,W~ n ( and  h e n c e  f o r  a l l  

I i s  d u a l i z i n g  f o r  A / ~  n n a t  t h e  m a x i m a l  i d e a l  ~ / n 

, ~  a m a x i m a l  i d e a l ,  

n -  1, 2,  . . . .  l e t  I be  t h e  
n 

T h e n  a t  

n ) ,  

I n d e e d ,  
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o b s e r v e  t h a t  i f  
n 

M s ~ f  i s  a n n i h i l a t e d  by ~ , t h e n  

H o m A ( M , I )  ~- H o m  (M, In) .  T h u s  H o m A ( -  I) 
A / n 

f 
a l l  M s ~ ~ i f  a n d  o n l y  i f  f o r  a l l  l a r g e  e n o u g h  

H o m  
n 

M o r e o v e r ,  

k = A / ~  

i s  e x a c t  f o r  

n ,  

(M, In) i s  e x a c t  f o r  A /  

H O m A ( k , I )  ~ H o m  ( k , I )  
A/An n 

Thus the result follows from criterion (ii) of Proposition 4.9. 

n m o d u l e s  of  f i n i t e  t y p e .  

f o r  a n y  n ,  w h e r e  

We n o w  r e c a l l ,  f o r  t h e  s a k e  of  c o n v e n i e n c e ,  t h e  d e f i n i t i o n  of  

a n  i n j e c t i v e  h u l l .  

D e f i n i t i o n .  A n  i n j e c t i o n  

e s s e n t i a l  e x t e n s i o n  i f  w h e n e v e r  

M r~ N = 0,  t h e n  N = 0. 

M - ~  P of  A - m o d u l e s  i s  a n  

N i s  a s u b m o d u l e  o f  P s u c h  t h a t  

D e f i n i t i o n .  I f  M 

i s  a n  e s s e n t i a l  e x t e n s i o n  

l a n g u a g e ,  we  a l s o  c a l l  I 

i s  a n  A - m o d u l e ,  a n  i n j e c t i v e  h u l l  o f  M 

M --~ I w h e r e  I i s  i n j e c t i v e .  By  a b u s e  o f  

a n  i n j e c t i v e  h u l l  o f  M. 

T h e o r e m .  ( E c k m a n n - S c h o p f  [2]; s e e  a l s o  [3,  Ch .  II ,  p . 2 0  f f . ] )  

L e t  A be  a r i n g  w i t h  i d e n t i t y .  T h e n  e v e r y  A - m o d u l e  h a s  a n  

i n j e c t i v e  h u l l ,  u n i q u e  t o  w i t h i n  ( n o n - u n i q u e )  i s o m o r p h i s m .  

P r o p o s i t i o n  4 . 1 0 .  L e t  

a n  A - m o d u l e  I i s  d u a l i z i n g  f o r  

h u l l  o f  t h e  r e s i d u e  f i e l d  k .  

A be  a N o e t h e r i a n  l o c a l  r i n g .  T h e n  

A i f  a n d  o n l y  i f  i t  i s  a n  i n j e c t i v e  
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P r o o f .  F i r s t  s u p p o s e  t h a t  I i s  d u a l i z i n g .  

H o m ( k , I )  ~ k ,  a n d  s o  i n  p a r t i c u l a r ,  we  c a n  e m b e d  

s h o w  t h a t  k --~ I i s  a n  e s s e n t i a l  e x t e n s i o n ,  l e t  (3 

T h e n  

k i n  I .  T o  

be  a s u b m o d u l e  

o f  I s u c h  t h a t  k ~ Q  = 0. T h e n  s i n c e  H o m ( k , I )  ~ k ,  w e  m u s t  

h a v e  H o m ( k , Q )  = 0.  B u t  I ,  h e n c e  a l s o  (3, h a s  s u p p o r t  i n  

V( ~ ), s o  Q = 0.  N o w  I d u a l i z i n g  i m p l i e s  t h a t  I i s  i n j e c t i v e ,  

s o  I i s  a n  i n j e c t i v e  h u l l  o f  k .  

On  t h e  o t h e r  h a n d ,  s u p p o s e  I i s  a n  i n j e c t i v e  h u l l  o f  k .  

T h e n  a n y  h o m o m o r p h i s m  o f  k i n t o  I m u s t  h a v e  i t s  i m a g e  i n  k ,  

b e c a u s e  k --~ I i s  a n  e s s e n t i a l  e x t e n s i o n ,  a n d  k i s  a f i e l d .  T h u s  

H o m ( k , I )  ~ k ,  a n d  I i s  a d u a l i z i n g  m o d u l e .  

C o r o l l a r y  4.  11. L e t  A be  a N o e t h e r i a n  r i n g ,  a n d  

a m a x i m a l  i d e a l .  T h e n  A h a s  a d u a l / z i n g  m o d u l e  a t  ~ , u n i q u e  

t o  w i t h i n  ( n o n - u n i q u e )  i s o m o r p h i s m  

E x a m p l e .  L e t  A = Z  , a n d l e t  ~ = p Z  , w h e r e  p 

a p r i m e .  T h e n  a d u a l i z i n g  m o d u l e  f o r  A a t  ~ i s  t h e  g r o u p  

Z oo' w h o s e  a u t o m o r p h i s m s  a r e  t h e  u n i t s  i n  t h e  r i n g  o f  p - a d i c  

P 

i n t e g e r  s .  

i s  

L e t  A be  a N o e t h e r i a n  l o c a l  r i n g ,  a n d  D 

f u n c t o r .  We  l i s t  w i t h o u t  p r o o f  v a r i o u s  p r o p e r t i e s  o f  

a d u a l / z i n g  

D, m o s t  o f  
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w h i c h  fo l low f r o m  the  above  d i s c u s s i o n .  F o r  m o r e  d e t a i l s ,  

M a t l i s  [9] .*  

1. D g i v e s  an  i s o m o r p h i s m  of the  c a t e g o r y  ~ f  

see  

Finally, 

Z. 

systems, and vice versa. 

_ f  O 
i t s  dua l  c a t e g o r y  C ~  

g i v e s  a 1 - 1  c o r r e s p o n d e n c e  b e t w e e n  s u b m o d u l e s  of 

q u o t i e n t  m o d u l e s  of D(M), a n d  v i c e  v e r s a ,  fo r  any  M e 

D Z is  i s o m o r p h i c  to the i d e n t i t y .  

D t r a n s f o r m s  d i r e c t  s y s t e m s  of ~ f  

wi th  

D i s  e x a c t  a n d  p r e s e r v e s  l eng th .  It 

M, a n d  

T h u s ,  p a s s i n g  to l i m i t s ,  

i n to  i n v e r s e  

D give  s a 

c o r r e s p o n d e n c e  b e t w e e n  d i r e c t  l i m i t s  and  i n v e r s e  l i m i t s  of m o d u l e s  

of f in i t e  l eng th  o v e r  A. 

3. In p a r t i c u l a r ,  the  f u n c t o r  D = Horn( ", I), w h e r e  I 

i s  a d u a l i z i n g  m o d u l e ,  g i v e s  an a n t i - i s o m o r p h i s m  of the c a t e g o r i e s  

(ACC) = the  c a t e g o r y  of R - m o d u l e s  of f in i t e  t ype ,  a n d  

(DCC) = the  c a t e g o r y  of A - m o d u l e s  M s a t i s f y i n g  the  fo l lowing  

t h r e e  e q u i v a l e n t  c o n d i t i o n s :  

(i) M h a s  the  d e s c e n d i n g  c h a i n  c o n d i t i o n ,  

(ii) M is  of c o - f i n i t e  t y p e ,  i . e .  , H o m ( k , M )  is  a 

finite-dimensional vector space over k, and 

(iii) M is a submodule of I n , 

M has support in 

for some n. 

in this correspondence, D(~) = I; D(1) = Hom(I,l) = ~. The ideals 

of ~ correspond to submodules of I by %.he map 

*See also Macdonald [21], who extends the range of the 

izing functor to "linearly compact" modules. 

dua i- 
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�9 ,. " ~  D(.~/ Oi, ) , 

and the ideals of definition correspond to the submodules of 

f i n i t e  l e n g t h .  

I of  

P r o p o s i t i o n  4. lZ.  L e t  B --" A 

of l o c a l  N o e t h e r i a n  r i n g s ,  a n d  l e t  

B. T h e n  

to  

be a s u r j e c t i v e  m o r p h i s m  

be  t h e  m a x i m a l  i d e a l  of  

1) If D i s  a d u a l i z i n g  f u n c t o r  f o r  

A - m o d u l e s  i s  a d u a l i z i n g  f u n c t o r  f o r  A.  

Z) If  I i s  a d u a l i z i n g  m o d u l e  f o r  B,  

B,  t h e n  I9 r e s t r i c t e d  

then I' = HomB(A,I) 

i s  a d u a l i z i n g  m o d u l e  f o r  A.  

P r o o f .  T h e  f i r s t  s t a t e m e n t  f o l l o w s  i m m e d i a t e l y  f r o m  t h e  

definition of a dualizing functor (see Proposition 4.9 (ii)). Hence 

the functor HomB( �9 , I) is a dualizing functor for A, and its 

associated dualizing module is lirn HomB(A/(~A) n, I) = I', 
n 

s i n c e  a n y  m o r p h i s m  of  A i n t o  I a n n i h i l a t e s  s o m e  p o w e r  

of ~ A. 
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We n o w  g i v e  t h r e e  s p e c i f i c  e x a m p l e s  of  d u a l i z i n g  f u n c t o r s .  

E x a m p l e  1. 

a f i e l d  k 0, a n d  s u p p o s e  t h a t  t h e  r e s i d u e  f i e l d  

f 
e x t e n s i o n  of k 0. T h e n  a n y  m o d u l e  M s ~ 

d i m e n s i o n a l  v e c t o r  s p a c e  o v e r  k 0, 

f u n c t o r  D by  

L e t  A be  a N o e t h e r i a n  l o c a l  r i n g  c o n t a i n i n g  

k i s  a f i n i t e  

i s  a f i n i t e -  

a n d  we  c a n  d e f i n e  a d u a l i z i n g  

D(M) = HOmk0(M, k0) 

The corresponding d u a l i z i n g  module is 

I = l i rn  Horn  {A/ ,~ ,~n ,  ko ) 
k 0 

w h i c h  c a n  be t h o u g h t  of  a s  t h e  m o d u l e  of  c o n t i n u o u s  h o m o m o r p h i s m s  

of  A w i t h  t he  4 ~ - a d i c  t o p o l o g y  i n t o  k 0. 

E x a m p l e  2. T h e  c a s e  of a G o r e n s t e i n  r i n g .  * 

D e f i n i t i o n .  

r e s i d u e  f i e l d  k ,  

A N o e t h e r i a n  l o c a l  r i n g  A 

i s  c a l l e d  a G o r e n s t e i n  r i n g  i f  

EXtA(k'A) = I kO for for ii /= nn 

of  d i m e n s i o n  n,  w i t h  

*See also the paper of Bass [13], and [17, ch. V w 9] for 
more information about Gorenstein rings. 
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E x a m p l e s .  A n y  r e g u l a r  l o c a l  r i n g  i s  G o r e n s t e i n .  A n y  

G o r e n s t e i n  r i n g  i s  C o h e n - M a c a u l a y .  (We r e c a l l  t h a t  a N o e t h e r i a n  

l o c a l  r i n g  A i s  c a l l e d  a C o h e n - M a c a u l a y  r i n g  i f  i t s  d e p t h  e q u a l s  

i t s  d i m e n s i o n :  S e e  C o r .  3 . 1 0 . )  

n .  

P r o p o s i t i o n  4 .  13. L e t  A be  a G o r e n s t e i n  r i n g  of  d i m e n s i o n  

T h e n  t h e  f u n c t o r  

M ~ Ext n (M, A) 

i s  d u a l i z i n g ,  

w h e r e  

a n y  

n n 
a n d  i t s  a s s o c i a t e d  d u a l i z i n g  m o d u l e  i s  H e ,  (A) - H y ( X ,  

X -  S p e c  A ,  a n d  Y = { ~ t  } i s  t h e  c l o s e d  p o i n t .  

P r o o f � 9  F i r s t  we  s h o w  t h a t  f o r  a n y  

i ~ n ,  E x t i ( M , A )  = 0. I n d e e d ,  i f  

0 --~ M' --~ M -~ M" --~ 0 

is an exact sequence in 

M s ~.,,f~ , a n d  f o r  

~ ' k  , t h e n  t h e r e  i s  a n  e x a c t  s e q u e n c e  

�9 �9 ~ 

ExtI(M,,,A) -~ ExtI(M,A) -~ ExtI(M',A) , 

for any 

Thus by induction on the length of 

ExtI(M,A) = 0 

i .  I f  t h e  t w o  o u t s i d e  g r o u p s  a r e  z e r o ,  so  i s  t h e  m i d d l e  o n e .  

M, one  s h o w s  t h a t  

f o r  a l l  M e ~ 2  ' a n d  a l l  i ~ n ,  

f o r  M = k. 

s i n c e  by h y p o t h e s i s  i t  i s  t r u e  

O'x), 
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I t  f o l l o w s  n o w  t h a t  t h e  f u n c t o r  

M ~ E x t n ( M , A )  

i s  e x a c t  f o r  M s ~ ~ On  t h e  o t h e r  h a n d ,  E x t n ( k , A )  -- k b y  

h y p o t h e s i s ,  s o  we  h a v e  a d u a l i z i n g  f u n c t o r .  I t s  d u a l i z i n g  m o d u l e ,  

by  T h e o r e m  2.. 8,  i s  

k n I = lirn Extn(A/ ~ ,A) = H ~  (A) 
k 

In  p a r t i c u l a r ,  we  h a v e  s h o w n  t h a t  n (A) i s  a n  i n j e c t i v e  h u l l  o f  H ~  

P r o p o s i t i o n  4 . 1 4 .  

d i m e n s i o n  

(i) 

(ii) 

L e t  A be  a N o e t h e r i a n  l o c a l  r i n g  o f  

n .  T h e n  t h e  f o l l o w i n g  c o n d i t i o n s  a r e  e q u i v a l e n t :  

A i s  G o r e n s t e i n .  

n 
A i s  C o h e n - M a c a u l a y ,  a n d  H ~ ( A )  i s  d u a l i z i n g .  

P r o o f .  (i) => (ii) by  t h e  p r e v i o u s  p r o p o s i t i o n .  

(ii) => (i).  S i n c e  A i s  C o h e n - M a c a u l a y ,  E x t l ( k , A )  = 0 

f o r  i < n ,  by  C o r o l l a r y  3 . 1 0 .  T h e r e f o r e ,  we  c a n  s h o w  a s  i n  t h e  

p r o o f  o f  t h e  p r e v i o u s  p r o p o s i t i o n  t h a t  E x t l ( M , A }  = 0 f o r  a l l  

a n d  a l l  i < n .  T h e r e f o r e ,  t h e  f u n c t o r  

T : M ~ E x t n ( M , A )  

i s  l e f t  e x a c t ,  a n d  s o  by  P r o p o s i t i o n  4 . 5  a n d  T h e o r e m  2 . 8 ,  

k. 
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n (A)) Extn(M,A) m& Horn (M, H,~ 

n 
But H ~ (A) was assumed to be dualizing. 

an exact functor, and T(k) ~ k. 

It remains to show that Ext1(k,A) = 0 

T is exact, the functor 

T h e r e f o r e ,  T i s  

f o r  i > n. S i n c e  

M ~-': ~ Extn+l (M, A) 

f 
i s  l e f t  e x a c t  f o r  M z ~ , a n d  s o ,  a s  a b o v e ,  

E x t n +  1 n+ 1 ( M , A )  ~ H o r n  (M, H , ~  (A)) 

B u t  

T h u s  

n+l 
H,~ (/%) = 0 by Proposition I. IZ, since n = dim (Spec A). 

f 
Extn+l (M, A) = 0 for all M z vt~ , and therefore the 

f u n c t  o r  

M ~ E x t n + Z  (M, A)  

is left exact. Proceeding thus by induction on i > n, 

E x t i ( M ,  f t h a t  A)  = 0 f o r  a l l  i > n a n d  a l l  M s ~ .  

A i s  G o r e n s t e i n .  

o n e  s h o w  s 

T h u s  

Q . E . D .  

E x e r c i s e s .  1) 

d i m e n s i o n  n ,  a n d  l e t  

L e t  A be  a C o h e n - M a c a u l a y  l o c a l  r i n g  of  

be  a n  i d e a l  g e n e r a  t e d  by  a m a x i m a l  



67 

A- sequence. 

and therefore that the dimension e 

is independent of ~ Show also that 

n 
S h o w  t h a t  H ~ ( A )  i s  a n  e s s e n t i a l  e x t e n s i o n  of  A / ~  , 

of t h e  v e c t o r  s p a c e  H o m ( k , A / ~  

e = 1 f o r  a G o r e n s t e i n  r i n g .  

Z) L e t  A be  a s  i n  t h e  p r e v i o u s  e x e r c i s e .  S h o w  t h a t  

n 
H~ (A) 

n 
it is sufficient to assume H~a (A) injective. 

3) Show that if A is a complete intersection 

q u o t i e n t  of a r e g u l a r  local r i n g  B 

generated by a B-sequence), then 

i s  a n i n d e c o m p o s a b l e  m o d u l e ,  a n d  d e d u c e  t h a t  in  P r o p o s i t i o n  4. 14( i i ) ,  

(i.e., a 

by  a n  i d e a l  ~ w h i c h  c a n  be  

A i s  a G o r e n s t e i n  r i n g .  

E x a m p l e  3. L e t  A = k [ [x  1 . . . . .  x ]] be  t h e  ring of  f o r m a l  
n 

p o w e r  s e r i e s  i n  n v a r i a b l e s .  T h i s  f a l l s  u n d e r  t h e  s i t u a t i o n  of  b o t h  

o f  t h e  a b o v e  e x a m p l e s ,  so  we  h a v e  a t  h a n d  t w o  d u a l i z i n g  m o d u l e s ,  

n 
n a m e l y  H o m  c o n t k ( A , k  ) a n d  H ~  (A). So by  t h e  u n i q u e n e s s  o f  t h e  

~ n j ec t i ve  h u l l ,  we  k n o w  t h e r e  i s  s o m e  n o n - c a n o n i c a l  i s o m o r p h i s m  

c o n n e c t i n g  t h e m .  

T h i s  f a c t  c a n  be i n t e r p r e t e d  in  t e r m s  of  t h e  t h e o r y  o f  d i f f e r e n t i a l s .  

L e t  

t h i s  c a s e  w i l l  be  t h e  f r e e  A - m o d u l e  g e n e r a t e d  by dx  

L e t  f n = A n ( f ~ l )  by  t h e  n t h  e x t e r i o r  p o w e r  of  f ~ l  

c a l l e d  t h e  m o d u l e  o f  ( c o n t i n u o u s )  n - d i f f e r e n t i a l s .  T h e n  

~I be the module of continuous differentials of A/k , which in 

l 
, �9 �9 �9 , d ~ " ~  �9 

n 

w h i c h  i s 

n 
i s  t h e  
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free A-module generated by dx I^ ... A dx . So n n H~ (~n) is 

a d u a l i z i n g  m o d u l e .  Now the  r e s i d u e  m a p * i s  a c o n t i n u o u s  h o m o m o r p h i s m  

n 
Res: H,~(~n) -- k , 

canonically defined, which gives rise to a canonical isomorphism 

~(~n) _~, Horn contk(A, k) 

between the two dualizing modules. 

*The definition of the residue map is rather subtle. In 
the terminology of [17, ch. VI, w 4], it is the trace map, 
applied to the last term of a residual complex, which can 
be identified with ~ (~n). 



w 5. Some Applications 

In t h i s  s e c t i o n  we  g ive  s o m e  a p p l i c a t i o n s  of t h e  t h e o r y  

d e v e l o p e d  so  f a r .  In  p a r t i c u l a r ,  we  s t u d y  " the  f i r s t  n o n - v a n i s h i n g  

E x t  g r o u p " ;  v a r i o u s  p r o p e r t i e s  of  b a s e  c h a n g e ;  a n d  t h e  c o h e r e n c e  

of  d i r e c t  i m a g e  s h e a v e s .  S o m e  of t h i s  m a t e r i a l ,  e s p e c i a l l y  t h e  

p a r t  on b a s e  c h a n g e s ,  w i l l  be  u s e d  in  S e c t i o n  6. 

P r o p o s i t i o n  5 . 1 .  L e t  X 

l e t  Y be a c l o s e d  s u b s e t ,  l e t  

t h a t  d e p t h y F  > n,  a n d  l e t  ~.f  
- -  y 

on X wi th  s u p p o r t  i n  Y. 

f 
f o r  a l l  G s ,,~y, 

be  a l o c a l l y  N o e t h e r i a n  p r e s c h e m e ,  

F be  a c o h e r e n t  s h e a f  on  X s u c h  

be  t h e  c a t e g o r y  of  c o h e r e n t  s h e a v e s  

T h e n  t h e r e  i s  a f u n c t o r i a l  i s o m o r p h i s m ,  

n n 
E x t  ~X (G, F)  ~ Horn  C x ( G ,  H y ( F ) )  

P r o o f .  F i r s t  n o t e  t h a t  s i n c e  d e p t h  F > n ,  t he  s h e a v e s  y -- 

Ext I le 
__~,v(G F) = 0 for all i< n, and for all G s ~..f , y, by 

P r o p o s i t i o n  5 . 7 .  T h u s  n i s  t h e  f i r s t  i n t e g e r  f o r  w h i c h  E x t n ~ x ( G , F )  

T o  e s t a b l i s h  t he  s h e a f  i s o m o r p h i s m  of t h e  m a y  n o t  v a n i s h .  

p r o p o s i t i o n ,  we  m a k e  a d e f i n i t i o n  f o r  t he  c o r r e s p o n d i n g  m o d u l e s  in  

c a s e  X i s  a f f i n e ,  a n d  s h o w  t h a t  t h i s  d e f i n i t i o n  c o m m u t e s  w i t h  

l o c a l i z a t i o n  to  a s m a l l e r  a f f i n e .  We t h e n  i n v o k e  p r o p o s i t i o n  Z. Z 
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and Lemma 2.12 to pass from modules to sheaves, and glue together 

the isomorphisms we have defined over the affine pieces of X. 

So suppose that X is the prime spectrum of a Noetherian 

r i n g  A,  a n d  l e t  Y = V ( J ) ,  F =  N ,  w h e r e  J i s  a n  i d e a l  in  

A,  a n d  N a n  A - m o d u l e  w h o s e  J - d e p t h  i s  ~ n.  T h e n  we  h a v e  

i f 
s e e n  t t R t  E x t A ( M , N )  = 0 f o r  i < n a n d  f o r  M s ~ j .  T h u s  

t h e  f u n c t o r  

n 
M ~ E x t A ( M , N  ) 

i s  l e f t  e x a c t ,  a n d  so  by  P r o p o s i t i o n  4 . 5  t h e r e  i s  a c a n o n i c a l  

f u n c t o r i a l  i s o m o r p h i s m  

E x t  A (M, N) -~ H e m  A (M, I) 

w h e r e  

I = lim__~ E x t  A 
k 

(A/J k, NI = H (NI 

Now i f  S i s  a m u l t i p l i c a t i v e  s y s t e m  in A,  a n d  i f  

B = A S , t h e n  t h e  i s o m o r p h i s m  o b t a i n e d  a s  a b o v e  f o r  B - m o d u l e s  

i s  t h e  l o c a l i z a t i o n  of  thisr  o n e ,  s i n c e  l o c a l i z a t i o n  c o m m u t e s  w i t h  

E x t ' s  a n d  d i r e c t  l i m i t s .  

P r o p o s i t i o n  5 . Z .  L e t  X be  a l o c a l l y  N o e t h e r i a n  p r e s c h e m e ,  

l e t  n > 0 be  a n  i n t e g e r ,  a n d  l e t  G ,  F be  c o h e r e n t  s h e a v e s  on 

X s u c h  t h a t  E x t i ~ v ( G ,  F)  = 0 f o r  i < n.  L e t  7. be  t h e  s e t  of  

p o i n t s  z s Supp G s u c h  t h a t  d e p t h  F = n.  A s s u m e  t h a t  Z 
z 
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h a s  no  e m b e d d e d  p o i n t s .  T h e n  

n 
A s s  E X t ~ x ( G , F  ) = Z 

l e t  Z 

T h e n  

Lemrna 5.3. Let X, Y, F 

be the set of points y z Y 

be as in Proposition 5. i, and 

such that depth F = n. 
Y 

Ass Hn(F) C Z 
t ~ y  ~ 

a n d  m o r e o v e r ,  i f  

o f  z i s  in  A s s  

p o i n t s ,  t h e n  

z i s any point of Z, 

H~(F). particular, if In 

then some specialization 

Z has no embedded 

Ass Hn(F)- - = Z --y 

P r o o f .  L e t  

be  t he  c l o s u r e  of  z .  

z be  a n y  p o i n t  of  Y, a n d  l e t  

T h e n  by  P r o p o s i t i o n  5 . 1 ,  

Y'CY 

n 
E x t  ~X ( ,, F) -~ H o r n  ( , ,  (F)) 

T h e r e f o r e ,  u s i n g  t h e  e x p r e s s i o n  f o r  t h e  s e t  of  a s s o c i a t e d  p r i m e s  

of  a Horn  g i v e n  in  s u b l e m m a  3 . 2 ,  we  h a v e  

H n n ( ~y,, F) = Y' ~ Ass (F) A s s Ext ~X -- Y 



72 

Now i f  z s A s s  

d e p t h  F = n ,  
z 

 X, xC 0 

a n d  z s Z.  (Use  C o r o l l a r y  3 . 6  a n d  P r o p o s i t i o n  3 . 7 ,  

a n d  o b s e r v e  t h a t  d e p t h  F c a n  o n l y  i n c r e a s e  w h e n  one  s p e c i a l i z e s  
z 

z.)  

S u p p o s e  on t h e  o t h e r  h a n d  t h a t  z ~ Z.  T h e n  

 .x n xC 
n o n - e m p t y .  If  z '  

and also z' s Y', 

so i t s  s e t  of  a s s o c i a t e d  p r i m e s  m u s t  be 

i s  one  of  i t s  a s s o c i a t e d  p r i m e s ,  t h e n  z '  

i .  e .  , z '  i s  a s p e c i a l i z a t i o n  of z.  

n 
Ass H (F), --y 

Proof of Proposition 5.2. Let Y = Supp G. Then by 

Proposition 3.7, depth 1 ~ > n, and, as in the proof of the lemrna, 

we f i n d  t h a t  

n 
A s s  E x t  (G, F)  = Y r~ A s s  H n ( F )  = A s s  H n ( F ) .  

'X - - Y  - - Y  

But  s i n c e  we a s s u m e d  t h a t  Z h a s  no  e m b e d d e d  p o i n t s ,  t h e  1 e m m a  

a p p l i e s  to  s h o w  A s s  H n ( F )  = Z w h i c h  c o m p l e t e s  t h e  p r o o f .  - - y  

C o r o l l a r y  5 . 4 .  U n d e r  t he  h y p o t h e s e s  of  P r o p o s i t i o n  5. Z, 

E x t n ~  ( G , F )  h a s  no  e m b e d d e d  a s s o c i a t e d  p r i m e s .  
v X 

N e x t  we  s t u d y  t h e  b e h a v i o r  of t h e  l o c a l  c o h o m o l o g y  g r o u p s ,  

E x t ' s ,  a n d  d u a l i z i n g  f u n c t o r s  u n d e r  b a s e  c h a n g e .  T h e s e  r e s u l t s  

w i l l  be  u s e f u l  in  S e c t i o n  6 on  d u a l i t y .  
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P r o p o s i t i o n  5 . 5 .  L e t  f : X'  -*  X 

t o p o l o g i c a l  s p a c e s ;  l e t  Y be  a c l o s e d  s u b s p a c e  of  

-l(y); 
Y' = f and let F' be an abelian sheaf on X'. 

is a spectral sequence 

be  a c o n t i n u o u s  m a p  of  

X,  a n d  l e t  

T h e n  t h e r e  

E p q  p n = Hy(X, Rqf,(F ')) => H~(X', F') 

P r o o f .  

f u n c t o r  

N o w  f ,  

e x a c t  f u n c t o r  

t h e o r e m  A,  

We i n t e r p r e t  t he  f u n c t o r  l "y ,  a s  t h e  c o m p o s i t e  

l "y  o f . ,  w h e r e  f .  i s  t he  d i r e c t  i m a g e  f u n c t o r .  

t a k e s  i n j e c t i v e s  i n t o  i n j e c t i v e s ,  s i n c e  i t  i s  a d j o i n t  t o  t h e  

f [5,  Ch.  0, 3 . 7 .  Z]. T h u s  we  c a n  a p p l y  t h e  

s t a t e d  in  S e c t i o n  1, w h i c h  g i v e s  t h e  e x i s t e n c e  of  

t h e  s p e c t r a l  s e q u e n c e  of  d e r i v e d  f u n c t o r s  of  a c o m p o s i t e  f u n c t o r .  

5 . 6 .  If in  t h e  p r o p o s i t i o n  R q f , ( F  ') = 0 f o r  C o r o l l a r y  

q > 0,  t h e n  t h e  s p e c t r a l  s e q u e n c e  d e g e n e r a t e s ,  a n d  

Hiy(X, f,F') ~ H i (X', F') 

f o r  a l l  i .  

E x a m p l e .  L e t  X' be  a c l o s e d  s u b p r e s c h e m e  of X. 

T h e n  y '  = y r-~ X ' ,  a n d  f o r  a n y  a b e l i a n  s h e a f  F on X w i t h  

supportin X', H cx', FIx'  
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C o r o l l a r y  5 . 7 .  L e t  B -~ A 

J be  a n  i d e a l  in  B, a n d  l e t  M 

a l l  i we  h a v e  i s o m o r p h i s m s  

Hij(M B) ~_ HijA(M) B , 

be  a m o r p h i s m  of r i n g s ,  l e t  

be  a n  A - m o d u l e .  T h e n  f o r  

w h e r e  a s u p e r s c r i p t  B a p p l i e d  to  a n  A - m o d u l e  d e n o t e s  t h a t  m o d u l e  

c o n s i d e r e d  a s  a B - m o d u l e  " b y  r e s t r i c t i o n  of  s c a l a r s .  " 

P r o o f .  

X' = Spec  A a n d  X = Spec  

e x a c t  in  t h i s  c a s e  s i n c e  f : X' --~ X 

[5, Ch.  I I I . ,  C o r o l l a r y  1 . 3 . 2 ] .  

We a p p l y  t h e  p r e v i o u s  c o r o l l a r y  t o  t h e  c a s e  w h e r e  

i s  

R e m a r k .  T h e  r e s u l t  of  C o r o l l a r y  5 . 7  b e c o m e s  m o r e  

r e m a r k a b l e  in  t h e  p r e s e n c e  of  N o e t h e r i a n  a s s u m p t i o n s  w h e n  we  c a n  

u s e  T h e o r e m  2 . 8  to  e x p r e s s  t h e  g r o u p s  i n v o l v e d  a s  d i r e c t  l i m i t s  

of  E x t ' s .  F o r  t h e n  i t  s t a t e s  t h a t  t h e r e  i s  a n  i s o m o r p h i s m  

i n M B -~ EXtA n,  lirn E x t B ( B / J  , ) - ~  l i r a  (A/(JA) M) , 

n n 

w h i c h  i s  s u r p r i s i n g  b e c a u s e  t h e  E x t  g r o u p s  a r e  in  g e n e r a l  n o t  

i s o m o r p h i c  b e f o r e  t a k i n g  t h e  lkni t .  F o r  e x a m p l e ,  i f  A = M = B / J ,  

t h e  n a t u r a l  m a p  

E i i x CB/J B/J  , --  Ext B.j B/J,  B/J  

B. T h e  d i r e c t  i m a g e  f u n c t o r  f~ 

i s  an a f f i n e  m o r p h i s m  
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r i n g s ,  l e t  N 

t y p e ,  a n d  l e t  

e q u i v a l e n t :  

i s  i n  g e n e r a l  n o t  a n  i s o m o r p h i s m  f o r  i > 0, s i n c e  t he  r i g h t - h a n d  

t e r m  i s  0, a n d  t h e  l e f t - h a n d  one  no t .  H o w e v e r ,  t h e  f o l l o w i n g  

p r o p o s i t i o n  s h o w s  t h a t  t h e  f i r s t  n o n - v a n i s h i n g  E x t ' s  w i l l  be  i s o m o r p h i c .  

P r o p o s i t i o n  5 . 8 .  L e t  B --~ A be  a m o r p h i s m  of  N o e t h e r i a n  

be  a B - m o d u l e ,  iV[ a n  A - m o d u l e ,  bo th  of f i n i t e  

n be  a n  i n t e g e r .  T h e n  t h e  f o l l o w i n g  c o n d i t i o n s  a r e  

(i) E x t B ( N ,  ~ M B) = 0 f o r  a l l  i <  n , 

i 
(ii) E x t A ( N  A , M )  = 0 f o r  a l l  i < n , 

w h e r e  N A = N: ~ ) B  A . 

Furthermore, 

a n  i s o m o r p h i  s m  

i f  t h e  c o n d i t i o n s  a r e  s a t i s f i e d ,  t h e n  t h e r e  i s  

n n 
ExtB(N, M B) -~ EXtA (N A, M) 

P r o o f .  L e t  

T h e n  i t  f o l l o w s  t h a t  

T h e o r e m  3 . 8 ,  

f o r  a l l  

i 
HjA(M) 

equivalent by Corollary 5.7. 

i ~  n ,  

= 0 f o r  a l l  i < n .  Bu t  t h e s e  l a t t e r  two  c o n d i t i o n s  a r e  

J be a n  i d e a l  of  B s u c h  t h a t  Supp N = V(J ) .  

Supp N A = V(JA) .  N o w  by P r o p o s i t i o n  B. 7 a n d  

e q u i v a l e n t  to  s a y i n g  Hij{M B) = 0 t h e  condition (i) is 

and the condition ~ii) is equivalent to saying 
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From Corollary 5.7 and Theorem 3.8 one also deduces that 

depthjM B = depthjAlVi. If the conditions (i) and (ii) are satisfied, 

then this common depth is _> n. Therefore by Proposition 5.1 

there are isomorphisms 

n 
ExtB(N,M B) -~ HornB (N, H (MB)) 

and 

n ,~ n 

ExtA(N A, M) -" HomA(N A, HjA(M)) 

j(M B) n (M) But by Corollary 5.7, again, the modules H and HjA 

are isomorphic, hence our Extn's are isomorphic. (In general, 

if B --" A is a morphi.sm of rings; if N is a B-module of finite 

presentation; and if M is an A-module , then there is an isomorphism 

HomB(N ' MB) _~ HomA(NA~vi )B 

P r o p o s i t i o n  5.9. L e t  

J D J '  be  t w o  i d e a l s  o f  A ,  

f i n i t e  t y p e .  D e n o t e  b y  a h a t  

J ' - a d i c  t o p o l o g y .  r e s p e c t  t o  t h e  

i s o m o r  phi  s m  

i ~ H i )A 
Hj(M) -~ ^ ( 

J 

A b e  a N o e t h e r i a n  r i n g ,  l e t  

a n d  l e t  M be  a n  A - m o d u l e  of  

^ t he  o p e r a t i o n  of  c o m p l e t i o n  w i t h  

T h e n  f o r  a l l  i t h e r e  i s  a n  
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P r o o f .  U s i n g  T h e o r e m  Z. 8 to  r e p r e s e n t  t h e  l o c a l  c o h o m o l o g y  

g r o a p s  a s  d i r e c t  l i m i t s  of  E x t '  s,  we  n e e d  o n l y  s h o w  t h a t  t h e  n a t u r a l  

maps 

E X t A ( A / j n  M) --. E x t  i ( ~ / ~n ~I ) 

a r e  i s o m o r p h i s m s .  Bu t  s i n c e  2k i s  f l a t  o v e r  A ,  a n d  s i n c e  M 

i s  of  f i n i t e  t y p e ,  we h a v e  

�9 ^ i n 
Extt (~/~n M) = Ext A(A/J ,M) (~)A ~ 

A 

On t h e  o t h e r  h a n d ,  t h e  

n 
J , so  to  t e n s o r  i t  w i t h  

A i s  a n  i s o m o r p h i s m .  

E x t  g r o u p  on the  r i g h t  i s  a n n i h i l a t e d  by  

i s  t h e  s a m e  a s  to  t e n s o r  i t  w i t h  

= A/J n since J D J' so tensoring with 

This proves the proposition. 

Now we s t u d y  t h e  p r o b l e m  of w h e n  t h e  d i r e c t  i m a g e  of  a 

c o h e r e n t  s h e a f ,  u n d e r  a m o r p h i s m  of  p r e s c h e m e s ,  i s  c o h e r e n t .  

X be a p r e s c h e m e ,  l e t  U be 

be a c o h e r e n t  s h e a f  

w h o s e  r e  s t r i c t i o n  

Proposition 5. i0. Let 

an open subset, let Y = X - U, and let F 0 

on U. Let F be any coherent sheaf on X 

to U is F 0, and let n be an integer. Then the following 

c o n d i t i o n s  a r e  e q u i v a l e n t :  
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(i) RJ,(F 0) 

is the inclusion map. 

( i i )  H~(F) 

Proof. 

i s  c o h e r e n t  f o r  a l l  i < n ,  w h e r e  j : U -~ X 

is coherent for all i < n. 

By Corollary I. 9 there is an exact sequence 

0--'H~F)---__ F---j,(F0)--I-I!~F)---0 , 

( i i )  o f  p r o p o s i t i o n  a r e  a l s o  

( i i i )  f o r  a l l  z e U , 

w h e  r e Z 

d e p t h  ( F o )  z + c o d i m  (Y r~ Z ,  

i s  t h e  c l o s u r e  o f  z i n  X.  

Z)>n 

n o t  p r o v e .  

T h e o r e m .  

p r e s c h e m e ,  t h e n  c o n d i t i o n s  (i) a n d  

e q u i v a l e n t  t o  t h e  f o l l o w i n g  c o n d i t i o n :  

[16, Corollary VIII-II-3] 
A If X is locally embeddable in a non-singular 

f o r  q > O. N o w  t h e  s t a t e m e n t  o f  t h e  p r o p o s i t i o n  f o l l o w s  s i n c e  t h e  

k e r n e l  a n d  c o k e r n e l  o f  a m a p  o f  c o h e r e n t  s h e a v e s  a r e  c o h e r e n t ,  a n d  

a n  e x t e n s i o n  o f  a c o h e r e n t  s h e a f  b y  a c o h e r e n t  s h e a f  i s  c o h e r e n t .  

[5 ,  Ch .  O, 5 . 3 ]  

M o r e o v e r ,  t h e r e  i s  a l s o  t h e  f o l l o w i n g  r e s u l t ,  w h i c h  w e  w i l l  

and t h e r e  a r e  i s o m o r p h i  s i n s  

R q j , ( F  O) -~ H q + l ( F )  --y 
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E x a m p l e s .  1) A n e c e s s a r y  c o n d i t i o n  t h a t  j , ( F 0 )  b e  

c o h e r e n t  i s  t h a t  f o r  a l l  z e A s s  F 0,  Y :% Z b e  o f  c o d i m e n s i o n  

_> 2 in  Z ,  s i n c e  f o r  z e A s s  F 0, d e p t h  ( F 0 )  z = 0. 

2) S u p p o s e  t h e  c o n d i t i o n s  o f  p r o p o s i t i o n  5 . 1 2  s a t i s f i e d ,  l e t  

f : X  "-- 'Y 

a n d  l e t  

b e  a p r o p e r  m o r p h i s m ,  w h e r e  

f0 : U - "  Y b e  t h e  r e s t r i c t i o n  o f  

R q f 0 , ( F 0 )  a r e  c o h e r e n t  on  s h e a v e  s 

I n d e e d ,  w e  c a n  i n t e r p r e t  f0~ ~ 

f ,  o j ,  a n d  j ,  

Y i s  l o c a l l y  N o e t h e r i a n ,  

f t o  U.  T h e n  t h e  

Y f o r  a l l  i < n .  

a s  t h e  c o m p o s i t e  f u n c t o r  

c a r r i e s  i n j e c t i v e s  i n t o  i n j e c t i v e s ,  so  t h e r e  i s  

a s p e c t r a l  s e q u e n c e  

EzPq-- o) 

N o w  t h e  s h e a v e s  

p r  o p o  s i t i o n .  

a n d  f o r  a l l  

Rqj,(F 0) 

Thus the 

p, since f is a proper map 

i 
a f0,(F0) 

a r e  c o h e r e n t  f o r  q < n ,  b y  t h e  

E pq  t e r m s  a r e  c o h e r e n t  s h e a v e s  f o r  q < n 
Z 

It  f o l l o w s  t h a t  t h e  a b u t m e n t  t e r m s  

i <  n ' .  

P r o b l e m . *  L e t  X b e  a p r e s c h e m e ,  a n d  l e t  

c l o s e d  s u b s e t .  I f  

_~y(F)  = 0 f o r  a l l  i > n ,  

I t  i s  s u f f i c i e n t  t h a t  

e q u a t i o n s ,  b u t  n o t  n e c e s s a r y .  

[5, Ch. III, Theorem 3.Z. I]. 

are coherent for 

Y b e  a 

n i s  a n  i n t e g e r ,  f i n d  c o n d i t i o n s  u n d e r  w h i c h  

a n d  f o r  a l l  q u a s i - c o h e r e n t  s h e a v e s  

Y be  l o c a l l y  d e s c r i b a b l e  b y  n 

F o r  e x a m p l e ,  i f  X i s  t h e  c o n e  

F. 

*This problem is studied in [19]. 
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over a non-singular plane cubic curve, and if Y is a generator of 

the cone, then the condition is satisfied for n = I, but Y cannot 

necessarily be described by one equation at the vertex of the cone. 



w 6. L o c a l  D u a l i t y  

In  t h i s  s e c t i o n  w e  p r o v e  a c e n t r a l  t h e o r e m  of t he  l o c a l  

c o h o m o l o g y  t h e o r y ,  t h e  d u a l i t y  t h e o r e m .  I t  i s  s i m p l e s t  t o  s t a t e  

o v e r  a r e g u l a r  l o c a l  r i n g  ( T h e o r e m  6 . 3 ) ;  h o w e v e r ,  we  a l s o  g i v e  

f o r m s  of t he  d u a l i t y  t h e o r e m  v a l i d  o v e r  m o r e  g e n e r a l  l o c a l  r i n g s .  

T h e s e  t h e o r e m s  s h o u l d  be  t h o u g h t  of  a s  l o c a l  a n a l o g u e s  of  S e r r e ' s  

p r o j e c t i v e  d u a l i t y  t h e o r e m  [10,  n ~  T h e o r e m  1], w h i c h  s a y s  t h a t  

i f  F i s  a c o h e r e n t  s h e a f  on p r o j e c t i v e  r - s p a c e  X = IP r ,  t h e n  

f o r  i _> 0, t h e r e  i s  a p e r f e c t  p a i r i n g  

r - i  
Hi(X,F) - X Ext ~x(F, n ) --" k 

of finite-dimensional vector spaces over k, where ~ is the 

r 
sheaf of r-differential forms on ]P , isomorphic to ~x(-r - I). 

Even the proof, which uses the axiomatic characterization of derived 

functors, is similar. 

We will apply the duality theorem to determine the structure 

i 
of the local cohomolog~r groups H~ (M) over a local ring, and we 

end by giving an application of duality to a theorem on algebraic 

varieties. 

We b e g i n  by  r e c a l l i n g  b r i e f l y  Y o n e d a ' s  i n t e r p r e t a t i o n  of  

t h e  E x t  g r o u p s  ( for  d e t a i l s  a n d  p r o o f s ,  s e e  [7,  e x p o s ~  3]) . 
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L e t  ~ be  a n  a b e l i a n  c a t e g o r y  w i t h  e n o u g h  i n j e c t i v e s .  

A c o m p l e x  i n  ~, i s  a c o l l e c t i o n  (Kn)n s of  o b j e c t s  o f  

t o g e t h e r  w i t h  c o b o u n d a r y  m a p s  d n K n K n + l  : -~ s u c h  t h a t  f o r  

d n = 0. We d e n o t e  t he  c o h e m o l o g y  of  a c o m p l e x  d n+l �9 

Hq(K). 

If K, L 

all n, 

K by 

in to  L of d e g r e e  

f n :  --. K n Ln+ s 

t w o  c o m p l e x e  s. 

m o r p h i s m s  of  

a r e  t w o  c o m p l e x e s  in  ~ , a m o r p h i s m  o_ff 

s i s  a c o l l e c t i o n  (fn) of  m o r p h i s m s  
ns 

w h i c h  c o m m u t e  w i t h  t h e  c o b o u n d a r y  m a p s  in  t h e  

We d e n o t e  by  HornS(K ,  L) 

K i n t o  L of  d e g r e e  s.  

K 

t h e  g r o u p  of  

T w o  s u c h  m o r p h i s m s  

f,  g a r e  s a i d  to  be  h o m o t o p i c  i f  t h e r e  e x i s t s  a c o l l e c t i o n  

n Kn Ln+s - 1 (pn)ns of morphisrns p : --- such that for all n~, 

fn gn n+s-I pn s n+l n 
- = d L �9 + (-i) p �9 d E 

We d e n o t e  by  H S ( K ,  L) t he  g r o u p  of  h o m o t o p y  c l a s s e s  of  

S 
elements f e Horn (K, L). 

I f  A i s  a n  o b j e c t  of  ~ , a r e s o l u t i o n  of  A i s  a 

c o m p l e x  K, s u c h  t h a t  K n = 0 f o r  n < 0, t o g e t h e r  w i t h  a 

m a p  c : A -~ K 0, s u c h  t h a t  t h e  s e q u e n c e  

0 ~ A ~ K 0 ~ K 1 

i s  e x a c t .  A r e s o l u t i o n  (K, ~)  of  A i s  s a i d  to  be e x a c t  i f  
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Hq(K)- - = 0 f o r  

K i i s  i n j e c t i v e .  

N o w  l e t  

o f  A ,  a n d  l e t  

t h e  c o m p l e x  (Horn  (A, 

we  d e f i n e  a n  e l e m e n t  o f  

q > 0. T h e  r e s d u t i o n  i s  s a i d  to  be  i n j e c t i v e  i f  e a c h  

A be  a n  o b j e c t  of  ~ , l e t  (K, ~)  be  a r e s o l u t i o n  

L be  a n y  c o m p l e x .  We d e n o t e  by  H o r n ( A ,  L) 

Ln)) 
nzZ" 

Given an f ~ HornS(K, L), 

Horn(A, L) s by composing c with f0 

and 

H S ( H o m  (A, L ) ) ,  w h i c h  d e p e n d s  

One  s h o w s  t h a t  t h i s  e l e m e n t  i s  a c o c y c l e  i n  H e m  (A, L) ,  

h e n c e  d e t e r m i n e s  a n  e l e m e n t  of  

o n l y  on  t h e  h o m o t o p y  c l a s s  o f  f.  

m a p  f o r  e a c h  s ,  

Thus we have defined a natural 

cs : HS(K, L) -" HS(Hom (A, L)) 

T h e o r e m  E .  

a n d  i f  t h e  c o m p l e x  

s 
n a t u r a l  m a p s  ~ d e f i n e d  a b o v e  a r e  i s o m o r p h i s m s .  

C o r o l l a r y .  I f  i n  p a r t i c u l a r  B i s  a n o t h e r  o b j e c t  o f  

a n d  L B,  

If  (K, e )  i s  a n  e x a c t  r e s o l u t i o n  of  A ,  

L c o n s i s t s  e n t i r e l y  o f  i n j e c t i v e s ,  t h e n  t h e  

i s  an e x a c t  i n j e c t i v e  r e s o l u t i o n  of  then there are 

canonical i somorphi sm s 

HS(K, L)--" ExtS(A, B) 

N o w  we  a p p l y  t h i s  t h e o r y  to  t h e  s i t u a t i o n  we  w i l l  m e e t  

b e l o w .  
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P r o p o s i t i o n  6 .1 .  Le t  ~ , ~ '  

h a v i n g  enough  i n j e c t i v e s ,  a n d  l e t  

an  a d d i t i v e  c o v a r i a n t  l e f t - e x a c t  f u n c t o r .  

of ~ , t h e n  t h e r e  a r e  p a i r i n g s  

be a b e l i a n  c a t e g o r i e s ,  

T :  ~ "  ~ '  be 

If A and  B a r e  o b j e c t s  

RiT(A) X ExtS(A,  B) --- Ri+ST(B) 

for all i, s 

P r o o f .  

(L, U) of A 

RIT (A) and 

and T (L). If 

then T (f) 

P i c k  e x a c t  i n j e c t i v e  r e s o l u t i o n s  

a n d  

RiT(B) 

f is a morphism of 

is a morphism of T(K) 

(K,~) a n d  

B, r e s p e c t i v e l y � 9  T h e n  we can  c a l c u l a t e  

a s  the  c o h o m o l o g y  of the  c o m p l e x e s  T(K) 

K in to  L of d e g r e e  s, 

in to  T(L)  of d e g r e e  s, 

w h i c h  on p a s s i n g  to  c o h o m o l o g y  g i v e s  a m o r p h i s m  

f ,  : RiT(A) --. Ri+ST(B) 

for  a n y  s. One s e e s  e a s i l y  tha t  f~ d e p e n d s  only  on the  h o m o t o p y  

c l a s s  of f. Thus  u s ing  the  i s o m o r p h i s m  of the c o r o l l a r y  a b o v e ,  

we h a v e  d e f i n e d  a pairing 

RiT(A) X ExtS(A, B) --- R i+s T(B) 

for  a l l  i ,  s. 
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C o r o l l a r y  6. Z. 

i d e a l ,  and  l e t  M , N  be 

for  a l l  i , j .  

L e t  A be a r i n g ,  l e t  ~ be an 

A - m o d u l e s .  T h e n  t h e r e  a r e  p a i r i n g s  

i ExtJ(M'A N} i+j H~(M)  X -~ H ~  (N) 

P roo f .  

the  c a t e g o r y  of 

p r o p o s i t i o n .  The H ~ ( M )  

of T by C o r o l l a r y  Z. 7. 

Le t  T be the  func to r  M ~ H 0 (M) f r o m  

A - m o d u l e s  into i t s e l f ,  and  apply  the p r e v i o u s  

for  i > 0 a r e  r i g h t  d e r i v e d  f u n c t o r s  

Theorem 6.3. (Duality) Let A 

of dimension n (See proposition 4.13), 

ideal, let I = H n (/%) 

func to r  Horn ( ", I). 

the  p a i r i n g  

be a d u a l i z i n g  m o d u l e ,  and  l e t  D 

Le t  M be a m o d u l e  of f in i te  type .  

(*) H i (M) X Ext  A- i (M,A)- -~  I 

be a G o r e n s t e i n  r i ng  

le t  ~ be the  m a x i m a l  

be the  

Then  

g ives  r i s e  to  i s o m o r p h i s m s  

and 

: i 
~i H~(M) --~ D(ExtA'I(M,A)) 

r : ExtA -i(M'A)^ -~ i D(H~(M)) 
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In  p a r t i c u l a r ,  i f  A i s  c o m p l e t e ,  t h e n  {*) i s  a p e r f e c t  p a i r i n g .  

{A p a i r i n g  L X M -=~ N i s  s a i d  t o  b e  p e r f e c t  i f  t h e  m a p s  

L ==~ H o r n ( M , N )  a n d  M -=" H o r n { L , N )  i t  i n d u c e s  a r e  b o t h  

i s o m o r p h i s m s .  ) 

P r o o f .  

t h e  m a p  

We f i r s t  c o n s i d e r  t h e  c a s e  

n 
~n : H~ (M) -~ D(Hom(M,A)) 

i = n ,  a n d  s h o w  t h a t  

i s  a n  i s o m o r p h i s m .  I n d e e d ,  J n  i s  a n  i s o m o r p h i s m  f o r  M = A ,  

s i n c e  H ~  (A) = I = D(A) .  C o n s i d e r e d  a s  f u n c t o r s  i n  M,  b o t h  

H n (M) a n d  D � 9 1  a r e  r i g h t - e x a c t  a n d  c o v a r i a n t :  

H e n c e  b y  a n o w  f a m i l i a r  a r g u m e n t ,  i s  a n  i s o m o r p h i s m  f o r  
n 

a l l  M o f  f i n i t e  t y p e .  

T o  s h o w  t h a t  t h e  r e m a i n i n g  4.  a r e  i s o m o r p h i s m s ,  w e  
1 

u s e  t h e  a x i o m a t i c  c h a r a c t e r i z a t i o n  o f  d e r i v e d  f u n c t o r s .  S i n c e  D 

i s  e x a c t ,  t h e  f u n c t o r s  D(EXtA-1  ( " , A) )  f o r  i < n a r e  l e f t  ~ 

i 
d e r i v e d  f u n c t o r s  o f  D { H o m { . ,  A ) ) .  T h e  f u n c t o r s  H4~ { �9 ) 

f o r m  a c o n n e c t e d  s e q u e n c e  o f  f u n c t o r s ,  a n d  ~ i s  a n  i s o m o r p h i s m � 9  
n 

H e n c e ,  t o  s h o w  t h a t  t h e  o t h e r  ~ a r e  i s o m o r p h i s m s ,  w e  n e e d  o n l y  
i 

s h o w  t h a t  t h e  f u n c t o r s  Hi~ { �9 ~ f o r  i < n a r e  l e f t - d e r i v e d  f u n c t o r s  

of H  CM), i . e ,  that  Hi .  IP) - 0 for P p r o j e c t i v e  and i <  n. 

In  f a c t ,  s i n c e  A i s  N o e t h e r i a n  a n d  s i n c e  w e  a r e  i n t e r e s t e d  o n l y  
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in  M of f i n i t e  t y p e ,  

H i 

T h i s  f o l l o w s  f r o m  t h e  f a c t  t h a t  

~. i s  an  i s o m o r p h i s m  f o r  a l l  i .  
1 

A p p l y i n g  t h e  d u a l i z i n g  f u n c t o r  

we m a y  a s s u m e  

i 
i s  a d d i t i v e ,  we n e e d  o n l y  s h o w  t h a t  H ~  (A) = 0 

A i s  C o h e n - M a c a u l a y .  

i s  of  f i n i t e  t y p e ;  s i n c e  

f o r  i <  n.  

T h u s  

D to  t h e  i s o m o r p h i s m s  ~ i '  

we  o b t a i n  t h e  i s o m o r p h i s m s  

D(~bi):  DD(EXtA "i  ( M , A ) )  -~ D(Hi~ (M)) 

A 

But  DD(M) = M f o r  a n y  m o d u l e  

t h e  f u n c t o r s  M ~ DD(M) a n d  

M of  f i n i t e  t y p e .  ( I n d e e d ,  

A 

M ~ M a r e  b o t h  r i g h t  

e x a c t  c o v a r i a n t ;  t h e y  a r e  i s o m o r p h i c  f o r  

i s o m o r p h i c  f o r  a l l  M of  f i n i t e  t y p e .  ) 

i s o m o r  phi  s m  s ~ i" 

M = A ,  h e n c e  t h e y  a r e  

H e n c e  we  h a v e  a l s o  t h e  

Q . E . D .  

We n o w  c o n s i d e r  a n  a r b i t r a r y  N o e t h e r i a n  l o c a l  r i n g  A 

( s u b j e c t  h o w e v e r  to  t h e  w e a k  r e s t r i c t i o n  t h a t  i t  be a q u o t i e n t  of  a 

r e g u l a r  l o c a l  r i n g )  a n d  p r o v e  t w o  p r o p o s i t i o n s  w h i c h  d e s c r i b e  t he  

i 
s t r u c t u r e  of  t h e  m o d u l e s  H ~ ( M ) ,  w h e r e  

f i n i t e  t y p e ,  a n d  ~ i s  t h e  m a x i m a l  i d e a l .  

M i s  a m o d u l e  o f  

M o s t  of  t h e s e  p r o p e r t i e s  

a r e  e a s i e r  t o  e x p r e s s  in  t e r m s  of  t h e  d u a l s ,  so f o r  e a c h  i we  

d e f i n e  T i ( M )  = D ( H L ( M ) ) ,  w h e r e  D i s  s o m e  f i x e d  d u a l i z i n g  
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f u n c t o r .  T h e n  t h e  T i 

T O i s  r i g h t  e x a c t ,  a n d  t h e  

0 , 
f u n c t o r s  o f  T 

a r e  c o n t r a v a r i a n t  a d d i t i v e  f u n c t o r s  i n  M; 

T i f o r  i > 0 a r e  t h e  l e f t  d e r i v e d  

P r o p o s i t i o n  6 . 4 .  L e t  A b e  a N o e t h e r i a n  l o c a l  r i n g  

( q u o t i e n t  o f  a r e g u l a r  l o c a l  r i n g )  o f  a r b i t r a r y  d i m e n s i o n ,  a n d  l e t  

M be  a n  A - m o d u l e  of  f i n i t e  t y p e  a n d  of  d i m e n s i o n  n > 0. T h e n  

^ 

A. 

1) Hi~(M)  = 0 a n d  T i ( M )  = 0 f o r  i >  n 

Z) T h e  m o d u l e s  T i ( M )  a r e  o f  f i n i t e  t y p e  o v e r  

3) For each i, dim^ Ti(M)< i. 

A 

4) d i m  T n ( M )  = n.  (In p a r t i c u l a r ,  H I (M) / 0. ) 
i 

P r o o f .  1) M i s  a l s o  a m o d u l e  o v e r  t h e  l o c a l  r i n g  

A / A n n  M,  w h i c h  i s  o f  d i m e n s i o n  n.  T h u s  by  C o r o l l a r y  5 . 7  

we  m a y  a s s u m e  t h a t  A 

H I ( M )  = 0 f o r  i > n 

e x p r e s  s i n g  Hi~ 

n 

i s  o f  d i m e n s i o n  n.  T h e n  we  s e e  t h a t  

e i t h e r  b y  u s i n g  P r o p o s i t i o n  1. lZ , o r  by  

(M) in  t e r m s  of  a l i m i t  o f  K o s z u l  c o m p l e x e s  o f  

e l e m e n t s ,  by  T h e o r e m  Z. 3. 

F o r  t h e  r e m a i n i n g  s t a t e m e n t s ,  f i x  a r e g u l a r  l o c a l  r i n g  B 

of  s o m e  d i m e n s i o n  r o f  w h i c h  A i s  a q u o t i e n t .  T h e n  B --" A 

i s  a s u r j e c t i v e  m a p  of  N o e t h e r i a n  l o c a l  r i n g s ,  a n d  u s i n g  C o r o l l a r y  5 . 7  

*In fact, the functors T i, which really have nothing to 
do with local cohomology, can be interpreted as Extl(',R ") 
for a suitable dualizing complex R- on A. See [17, ch V 
w 2]. 
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a n d  P r o p o s i t i o n  4.  lZ w e  s e e  t h a t  

c a l c u l a t e d  o v e r  A o r  o v e r  B.  

t h e o r e m  6 . 3 ,  a n d  f i n d  

A~ 

B u t  an 

T i ( M )  

module over A, 

To prove 

T i ( M )  i s  t h e  s a m e  w h e t h e r  

T h u s  we  m a y  a p p l y  t h e  d u a l i t y  

T i " fi) (M) ~ Ext r-i(M, B) ----- Ext r'1 
S ^ ' 

B 

T o  p r o v e  Z) o b s e r v e  t h a t  s i n c e  M i s  o f  f i n i t e  t y p e  o v e r  

i t  i s  a l s o  o v e r  B,  a n d  h e n c e  ~f i s  o f  f in i~  t y p e  o v e r  B . 

E x t  o f  m o d u l e s  o f  f i n i t e  t y p e  i s  a g a i n  o f  f i n i t e  t y p e ,  so  

i s  o f  f i n i t e  t y p e  o v e r  t~ f o r  a l l  i .  B u t  i t  i s  a l s o  a 

h e n c e  i t  i s  of  f i n i t e  t y p e  o v e r  A . 

3) ,  we  n o t e  t h a t  t~ i s  a l s o  a r e g u l a r  l o c a l  

T i ( M )  i s  t h e  s a m e ,  w h e t h e r  

o r  B . T h u s  we  h a v e  r e d u c e d  t h e  p r o b l e m  

r i n g ,  a n d  t h a t  t h e  d i m e n s i o n  of  

c a l c u l a t e d  o v e r  

to  t h e  f o l l o w i n g :  

L e r n m a  6 . 5 .  

r ;  l e t  M a n d  N 

f o r  a l l  i ,  

L e t  A be  a r e g u l a r  l o c a l  r i n g  of  d i m e n s i o n  

be  m o d u l e s  o f  f i n i t e  t y p e  o v e r  A .  T h e n  

dim Ext A- i (M, N) < i 

P r o o f .  T o  s a y  t h a t  a n  A - m o d u l e  L i s  of  d i m e n s i o n  < i 

i s  t o  s a y  t h a t  f o r  a n y  p r i m e  ~ C A of  c o h e i g h t  

L~ i s z e r o .  I f  ~ i s  s u c h a  p r i m e ,  t h e n  A~ 

> i ,  t h e  m o d u l e  

i s  a r e g u l a r  
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local ring of dimension < r - i. By Serre's theorem its g~obal 

homological dimension is < r - i, so 

T hu s 

N) 7 

dim ExtA-~{M, N) < i. 

r - t  
- ExtA  ,N 7 ) - 0  

T o  p r o v e  a s s e r t i o n  4) o f  t h e  p r o p o s i t i o n ,  we  h a v e  

IB 

By a s s e r t i o n  

n o n -  v a n i s h i n g  

t h a t  Z 

i s  n :  

f o r  a n y  

1) w h i c h  w e  h a v e  a l r e a d y  p r o v e d ,  t h i s  i s  a f i r s t  

E x t  g r o u p .  A p p l y i n g  P r o p o s i t i o n  5. Z, w e  f i n d  

i s  j u s t  t h e  s e t  of  p o i n t s  y s S u p p  ~4 w h o s e  d i m e n s i o n  

s i n c e  ]B i s  r e g u l a r ,  d e p t h  ]By = d i m  ]By = d i m  y 

y ~ S p e c  B . In  p a r t i c u l a r ,  Z h a s  n o  e m b e d d e d  p o i n t s ,  

S O  

A s s  Tn(M) = Z 

w h i c h  s h o w s  t h a t  d i m  Tn(M}  = n .  B u t  f u r t h e r m o r e ,  s i n c e  

d i m  ~f = n ,  e v e r y  p o i n t  o f  Z i s  a s s o c i a t e d  t o  ~ f ,  s o  Z 

i s  t h e  s e t  o f  p o i n t s  o f  A s s t  M of  d i m e n s i o n  n.  T h i s  
A 

p r o v e s  /% 

a s s e r t i o n  5) o f  t h e  n e x t  p r o p o s i t i o n .  

N o t a t i o n .  I f  0 t  i s  a n  i d e a l  o f  d i m e n s i o n  n in  a 

N o e t h e r i a n  r i n g  A ,  we  w i l l  d e n o t e  by  0I, t h e  i n t e r s e c t i o n  of  
n 
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t h o s e  p r i m a r y  i d e a l s  in a N o e t h e r i a n  d e c o m p o s i t i o n  of 

a r e  of d i m e n s i o n  

p r i m e s  of ~ , 

of p r i m e  i d e a l s  of A, we wi l l  deno te  by 

7. which  a r e  of d i m e n s i o n  n. 

r i n g  

and  l e t  

Then  

�9 , which  

n. (These  p r i m a r y  i d e a l s  a l l  be long  to m i n i m a l  

h e n c e  a r e  un ique ly  d e t e r m i n e d .  ) If Z i s  a se t  

Z t h o s e  p r i m e s  in 
n 

P r o p o s i t i o n  6 .6 .  Le t  A be a c o m p l e t e  l oca l  N o e t h e r i a n  

(quot ient  of a r e g u l a r  l oca l  r ing)  of a r b i t r a r y  d i m e n s i o n ,  

M be an  A - m o d u l e  of f in i t e  type  of d i m e n s i o n  n > 0. 

5) A s s  Tn(M) = (Ass M)n 

6) If ~ s A s s  Tn(M),  t h e n  

t ~  (Tn(M)) = t ~  (M) , 

w h e r e  for  any  A - m o d u l e  

N~ o v e r  the  l oca l  r i ng  

N, iN) 

A I 

7) Ann Tn(M) = (Ann M)n 

8) T h e r e  is  a n a t u r a l  m a p  

: M "-~ TnTn(M) 

w h o s e  k e r n e l  i s  the  se t  of e l e m e n t s  of 

d i m e n s i o n  < n. 

d e n o t e s  the  l eng th  of 

M whose  suppor t  ha s  
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P r o o f s .  

l e t  ~ s A s s  T n ( M ) .  T h e n ,  l e t t i n g  

l o c a l  r i n g  of  d i m e n s i o n  r o f  w h i c h  

5) w a s  a l r e a d y  p r o v e d  a b o v e .  T o  p r o v e  6), 

B be  a c o m p l e t e  r e g u l a r  

A i s  a q u o t i e n t ,  

r - n  
Tn{M) ~ E x t  B (M, B) 

a n d  so  

Tn(M)~  _--__ EXtrB-?{M I , B~ ) 

But  by  5), ~ i s  of  d i m e n s i o n  n ,  so  B 7 i s  a r e g u l a r  

l o c a l  r i n g  of  d i m e n s i o n  r - n.  H e n c e  by P r o p o s i t i o n  4 . 1 3 ,  t h e  

f u n c t o r  

r - n  

i s  d u a l i z i n g ,  a n d  so  p r e s e r v e s  l e n g t h s  a n d  a n n i h i l a t o r s .  T h i s  

p r o v e s  6) a n d  a l s o  7), s i n c e  t h e  p r i m e s  in  A s s  T n ( M )  a r e  

t h e  o n l y  o n e s  w h i c h  c o u l d  be  a s s o c i a t e d  to  A n n  T n ( M ) .  

8) T n ( M )  i s  a l e f t  e x a c t  c o n t r a v a r i a n t  f u n c t o r  i n  M,  so 

by P r o p o s i t i o n  4 . 2  t h e r e  i s  a c a n o n i c a l  i s o m o r p h i s m  

n 
T (M) -*  H o m A ( M , ~ )  , 

w h e r e  ~ = Tn (A) .  By m e a n s  of  t h i s  i s o m o r p h i s m  w e  c a n  d e f i n e  

t h e  n a t u r a l  m a p  ~r. If  x i s  a n  e l e m e n t  of  M w h o s e  s u p p o r t  h a s  

d i m e n s i o n  < n ,  t h e n  a n y  m o r p h i s m  f : M -*  ~ a n n i h i l a t e s  x ,  

s i n c e  by  5) a b o v e ,  A s s  ~ i s  of p u r e  d i m e n s i o n  n.  H e n c e  

x s k e r  ~ .  
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G o n v e r  s o l  F ,  

i s  o f  d i m e n s i o n  n .  T o  s h o w  t h a t  

t o  s h o w  t h a t  t h e r e  i s  a m o r p h i s m  

O r ,  e q u i v a l e n t l y ,  l e t t i n g  

l e t  x be  a n  e l e m e n t  o f  M w h o s e  s u p p o r t  

(x) / 0, i t  w i l l  be  s u f f i c i e n t  

f : M - ~  s u c h  t h a t  f (x)  ~ 0. 

N be  t h e  s u b m o d u l e  o f  M g e n e r a t e d  

by  x ,  i t  w i l l  be  s u f f i c i e n t  t o  s h o w  t h a t  t h e  n a t u r a l  m a p  

T n ( j )  : T n ( M )  ---- T n ( N )  , 

w h e r e  j : N -~ M i s  t h e  c a n o n i c a l  i n j e c t i o n ,  i s  n o t  z e r o .  F o r  

t h e n  t h e r e  w i l l  be  a n  f 8 T n ( M )  = H o m A ( M ,  ~ )  s u c h  t h a t  f 

r e s t r i c t e d  t o  N i s  n o t  z e r o ,  i . e .  , f (x)  / 0. 

F r o m  t h e  e x a c t  s e q u e n c e ,  

0 - ~ N  j M--~ M/N--~ 0 

w e  d e d u c e  a n  e x a c t  s e q u e n c e  

Tn  (M) T AJ) T n -* T n"  1  M/N) 

B u t  by  3) a b o v e ,  d i m  

d i m  T n ( N )  = n ,  s i n c e  

T n 0 )  m u s t  be  n o n - z e r o ,  

c o n t a i n  a n  i s o m o r p h i c  c o p y  of  T n ( N )  

N i s  o f  d i m e n s i o n  n .  

o f  t h e i r  d i m e n s i o n s .  H e n c e  k e r  

w h o s e  s u p p o r t  h a s  d i m e n s i o n  < n .  

T n-I(M/N)< n-l, a n d b y  4), 

Therefore, 

since if it were zero, T n- 1(M/N) would 

w h i c h  i s  i m p o s s i b l e  b e c a u s e  

i s  j u s t  t h o s e  e l e m e n t s  o f  M 

E x a m p l e .  I f  A i s  a c o m p l e t e  l o c a l  d o m a i n  of  d i m e n s i o n  

t h e n  ~ = T n ( A )  i s  t o r s i o n - f r e e  o f  r a n k  1. I n d e e d ,  by  5) ,  i t s  

o n l y  a s s o c i a t e d  p r i m e  i s  t h e  z e r o  i d e a l ,  h e n c e  i t  i s  t o r s i o n - f r e e .  

n ,  
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M o r e o v e r ,  t a k i n g  

j u s t  t h e  r a n k  of  N,  

= r a n k  A = 1. 

D e f i n i t i o n .  

l e t  D 

T h e n  

to  be  t h e  z e r o  i d e a l  i n  A ,  ~ (N) i s  

f o r  a n y  A - m o d u l e  N . H e n c e  r a n k  

complete 
Let A be aAlocal ring of dimension n, 

n 
be a dualizing functor, and let ~ = Tn(A) = D(H,m (A)). 

is called a module of dualizing differentials for A. 

It is determined up to isomorphism. 

Exercise. 

t h e  map ~ of 

A -~ TnTn(A) = HOmA(~, e) 

Problem. * Let A be a Noetherian ring, J an ideal 

in A, and M a module of finite type. Consider the local 

cohomology module s 

If  M i s  a C o h e n - M a c a u l a y  m o d u l e ,  s h o w  t h a t  

8) a b o v e  i s  a n  i s o m o r p h i s m .  In  p a r t i c u l a r ,  

i s  a n  i s o m o r p h i s m .  

i i n 
HjIM) = lirn ExtA(A/J , M) 

n 

F i n d  f i n i t e n e s s  s t a t e m e n t s  of  a n  A r t i n - R e e s  t y p e ,  

a s s e r t i o n  2) o f  P r o p o s i t i o n  6 . 4 .  B u t  t h e y  s h o u l d  be  s t a t e d  

to  g e n e r a l i z e  

L e f s c h e t z  r e l a t i o n s  of  c o m p l e t i o n s  a l o n g  a s u b v a r i e t y ) .  

*This problem is studied in [18]. See also [16, expose 
XIII] for a more precise statement of the problem. 

w i t h o u t  u s i n g  d u a l i t y .  

p r o j e c t i v e  l i m i t s  (cf.  

O ne  s h o u l d  a l s o  h a v e  c o m m u t a t i v i t y  w i t h  

t h e  i n v a r i a n c e  t h e o r e m  of  Z a r i s k i ,  a n d  t h e  
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Now we c o m e  to d u a l i t y  t h e o r e m s  fo r  n o n - r e g u l a r  l o c a l  r i n g s .  

F o r  a c o m p l e t e  C o h e n - M a c a u l a y  l o c a l  r i n g ,  i t  w i l l  be s u f f i c i e n t  to 

r e p l a c e  E x t n - l ( M , A )  in  the  s t a t e m e n t  of T h e o r e m  6 .3  by 

E x t n - i ( M ,  ~ ) ,  w h e r e  ~ i s  a m o d u l e  of d u a l i z i n g  d i f f e r e n t i a l s .  

If our  l o c a l  r i n g  i s  not  C o h e n - M a c a u l a y ,  h o w e v e r ,  t h e r e  w i l l  be a 

f i n i t e  n u m b e r  of m o d u l e s  ~ = ~ 0 ,  ~ 1 ,  . . . ,  ~ n  d e t e r m i n e d  up 

to i s o m o r p h i s m  by the  l o c a l  r i n g ,  and  we r e p l a c e  E x t n ' l ( M , A )  

in T h e o r e m  6 .3  by the  a b u t m e n t  of a s p e c t r a l  s e q u e n c e  w h o s e  E pq 

t e r m s  a r e  ExtP(M,  ~ q ) .  

L e t  A be a c o m p l e t e  N o e t h e r i a n  l o c a l  r i n g  of d i m e n s i o n  

n (quot ien t  of a r e g u l a r  l o c a l  r i n g ) .  F i x  a d u a l i z i n g  m o d u l e  I a n d  

the a s s o c i a t e d  d u a l i z i n g  f u n c t o r  D, and  l e t  ~ = D ( H ~  (A)) be a 

m o d u l e  of d u a l i z i n g  d i f f e r e n t i a l s  fo r  A.  T h e n  ~ i s  of f in i t e  

type  o v e r  A by Z) of P r o p o s i t i o n  6 . 4 ,  and  i s  t o r s i o n - f r e e  

of r a n k  1 if A is  a d o m a i n .  S ince  the  f u n c t o r  H n~a~( �9 ) i s  

r i g h t  e x a c t  on the  c a t e g o r y  of A - m o d u l e s ,  t h e r e  is  a c a n o n i c a l  

i s o m o r p h i  s m  

M n (M) (A) 

for  a l l  M of f in i t e  type  (the u s u a l  a r g u m e n t  . . . ). T h e r e f o r e ,  

n n n 
H ~  (~2)----- H ~ ( A )  (~A H ~  (A), I) 
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a n d  we  s e e  t h a t  t h e r e  i s  a n a t u r a l  m a p  

(n) -- i 

Composing this map with the pairings of Corollary 6. Z, we can 

define pairings for all i 

n-i 
(*) H i ~ ( M )  X E x t  A ( M , e ) - - ~ I  

Theorem 6.7. The following conditions are equivalent 

( w h e r e  k > 0 i s  a n  i n t e g e r ) :  

(i) t h e  p a i r i n g s  (~c) a r e  p e r f e c t  f o r  a l I  

n-k< i< n. 

(ii) H~(A) = 0 for all n - k < i < n. 

In particular, the pairings ($) are perfect for all i if and only 

if A is Cohen- Macaulay. 

F i r s t  P r o o f .  We m i m i c  t h e  p r o o f  o f  T h e o r e m  6 . 3 .  

f i r s t  c o n s i d e r  t h e  c a s e  i = n ,  a n d  t h e  m o r p h i s m  

H n : (M) -~ D(Hom (M, ~)) 
4n 

T h i s  i s  a n  i s o m o r p h i s m  f o r  M - A ,  s i n c e  

M o r e o v e r ,  b o t h  s i d e s  a r e  r i g h t  e x a c t  c o v a r i a n t  f u n c t o r s  i n  

so  ~ i s  a n  i s o m o r p h i s m  f o r  a l l  M of  f i n i t e  t y p e .  
n 

T o  s h o w  t h a t  

i " Hi~  (M) - -  D ( E x t  A ' i ( M ,  ~ )) 

We 

D(~)= DD(H~a (A))= H i (A). 

M, 
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i s  a n  i s o m o r p h i s m  f o r  n - k ~ i < n ,  we  n e e d  o n l y  s h o w  t h a t  t h e  

i n 

f u n c t o r s  H4m ( �9 ) a r e  l e f t  d e r i v e d  f u n c t o r s  of H ~  ( �9 ), i.  e .  

t h a t  HiMt (A} = 0 f o r  n - k <  i < n. T h i s  i s  p r e c i s e l y  o u r  c o n d i t i o n  

(ii) .  T h a t  t he  p a i r i n g  i s  p e r f e c t  f o r  n - k < i < n f o l l o w s  a s  in  

the  p r o o f  o f  T h e o r e m  6 . 3 .  

C o n v e r s e l y ,  a s s u m e  c o n d i t i o n  (i). T h e n  

n - i  
n -  k ~  i < n ,  i s  d u a l  to  E x t  A (A, ~ )  = 0 f o r  

H ~ ( A )  = 0 f o r  n -  k ~ i <  n.  

H i (A), f o r  

i < n. T h e r e f o r e ,  

T h e  l a s t  s t a t e m e n t  f o l l o w s  f r o m  T h e o r e m  S. 8, s i n c e  A 

i s  C o h e n - M a c a u l a y  i f  a n d  o n l y  i f  i t s  d e p t h  i s  n .  

S e c o n d  P r o o f .  

we d e d u c e  i t  f r o m  T h e o r e m  6. S. L e t  

l o c a l  r i n g  of d i m e n s i o n  r 

be a dualizing module for B 

that I = HomB(A,J) _C J). 

there is a perfect pairing 

I n s t e a d  of  p r o v i n g  t h e  t h e o r e m  d i r e c t l y ,  

B be a c o m p l e t e  r e g u l a r  

of  w h i c h  A i s  a q u o t i e n t .  L e t  J 

(we m a y  a s s u m e ,  by  P r o p o s i t i o n  4. 1Z, 

T h e n  by T h e o r e m  6 .3  a n d  C o r o l l a r y  5 . 7  

i r-i 
{1) H ~ ( M )  X E x t  B (M, B) -* J 

f o r  a l l  i ,  a n d  f o r  a l l  M of  f i n i t e  t y p e  o v e r  A (or  B).  

If M i s  an  A - m o d u l e ,  t h e n  b o t h  p a r t n e r s  to  t h i s  p a i r i n g  a r e  

A - m o d u l e s ,  so  t he  i m a g e  of  t h e  p a i r i n g  w i l l  be in I. (In f a c t ,  

I i s  t he  l a r g e s t  s u b - B - m o d u l e  of  J w h i c h  i s  a l s o  a n  A - m o d u l e .  ) 
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T h u s  t o  o b t a i n  a d u a l i t y  s t a t e m e n t  i n t r i n s i c  o v e r  A ,  w e  n e e d  o n l y  

t h e  m o d u l e s  E x t B ' I ( M ,  B) i n  t e r m s  o f  t h i n g s  d e f i n e d  e x p r e s s  

i n t r i n s i c a l l y  o v e r  A .  

T h e r e  i s  a s p e c t r a l  s e q u e n c e  a s s o c i a t e d  w i t h  a c h a n g e  o f  

rings [IZ, Ch. XVl, w 

i M E zpq : Ext,(M, Ext,(A, B)) ->  xtB(,B) 

T h i s  r e d u c e s  t h e  p r o b l e m  t o  c a l c u l a t i n g  t h e  g r o u p s  E x t q ( A ,  B) ,  

w h i c h  ( e x c e p t  f o r  t h e i r  n u m b e r i n g )  d o  n o t  d e p e n d  o n  t h e  c h o i c e  

o f  B ,  s i n c e  t h e y  a r e  d u a l  t o  H ~ q ( A ) :  In  o u r  s i t u a t i o n  w e  

have 

Ext q (A, B) 

0 f o r  q < r - n 

f o r  q = r - n 

0 f o r  q > r 

A s s u m i n g  c o n d i t i o n  ( i i)  o f  t h e  t h e o r e m ,  Extq(A, B) = 0 for 

r - n < q <  r - n + k .  T h e r e f o r e ,  t h e  s p e c t r a l  s e q u e n c e  d e g e n e r a t e s  

p a r t i a l l y ,  a n d  w e  f i n d  

r - i  A-" Ext B (M,B) ------ Ext I(M, ~) 

f o r  i > n - k .  S u b s t i t u t i n g  i n  (1) g i v e s  c o n d i t i o n  (i) o f  t h e  

t h e o r e m .  
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i s  p r o v e d  a s  i n  t h e  f i r s t  p r o o f .  

Now we c o m e  to  t h e  m o s t  g e n e r a l  d u a l i t y  t h e o r e m ,  

p r o o f  w i l l  g e n e r a l i z e  t h e  s e c o n d  p r o o f  of  t he  l a s t  t h e o r e m .  

T h e o r e m  6 . 8 .  L e t  A be a c o m p l e t e  l o c a l  r i n g  of  

d i m e n s i o n  n ( q u o t i e n t  of  a r e g u l a r  l o c a l  r i n g ) .  L e t  

~ i  n - i  
= D(H~ (2%.)) for i = 0, I, ..., n. 

sequence 

w h o s e  

l e t  B 

w h i c h  

f o r  a l l  

S i n c e  

T h e n  t h e r e  i s  a s p e c t r a l  

(M)) 

P r o o f .  A s  in  t h e  s e c o n d  p r o o f  of  T h e o r e m  6.7 above, 

be a c o m p l e t e  r e g u l a r  l o c a l  r i n g  of  d i m e n s i o n  r ,  of  

A i s  a q u o t i e n t .  T h e n  by T h e o r e m  6 . 3 ,  

E x t B ' i ( M , B  ) = D(Hi~(M))  

i .  F u r t h e r m o r e ,  t h e r e  i s  a s p e c t r a l  s e q u e n c e  ( s ee  a b o v e ) ,  

i 
EZPq= ExtAP(M, Extq(A, B)) => ExtB(M,B) 

Extq(A, B) is dual to Hr'q(A), we h a v e  

Ext B (A, B) = 

I 0 f o r  i <  r -  n 

q fo r  i = r - n + q  

0 f o r  i > r 
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Now by s u b s t i t u t i n g  and  j ugg l ing  the  i n d i c e s  one ob t a in s  the  s t a t e m e n t  

of the  t h e o r e m .  

R e m a r k .  One can  g ive  a n o t h e r  i n t e r p r e t a t i o n  of the g r o u p s  

EXtB(h/l, B), i n t r i n s i c  ove r  A, a s  fo l lows .  L e t  K(B) be an  

e x a c t  i n j e c t i v e  r e s o l u t i o n  of B in the  c a t e g o r y  of B - m o d u l e s .  

Le t  K A be the c o m p l e x  Horn B(A;K(B))  , sh i f t ed  

to the  le f t .  T h e n  K A i s  an  i n j e c t i v e  c o m p l e x  ove r  
, 

d e t e r m i n e d  to  w i th in  h o m o t o p y ,  and  

r - n places 

A, unique ly 

f 0 for  

f~ i fo r  

i<0 

i>0 

(In p a r t i c u l a r ,  

i f  and  only i f  

K A i s  an  i n j e c t i v e  r e s o l u t i o n  of 

A i s  C o h e n - h 4 ~ c a u l a y .  ) Now 

~=~0 

r - i  n - i  
Ex t  B (M,B) = H (HOmA(M, KA) ) 

n - i  which  i s ,  by de f in i t i on ,  the  h y p e r e x t  g roup  Ex t  A (M,KA).  

As  an  a p p l i c a t i o n  of the  t h e o r y  of dua l i t y ,  

fo l lowing  t h e o r e m ,  c o n j e c t u r e d  by L i c h t e n b a u m .  

we p r o v e  the 

Theorem 6.9. 

over a field 

F on X, 

k. 

*K A 
[17,ch.V w 

L e t  X be a q u a s i - p r o j e c t i v e  s c h e m e  

k, of d i m e n s i o n  n. Then  for  a n y  c o h e r e n t  s h e a f  

H n ( x ,  F) i s  a f i n i t e - d i m e n s i o n a l  v e c t o r  space  o v e r  

F u r t h e r m o r e ,  the  fo l lowing  c o n d i t i o n s  a r e  equ iva l en t :  

is a dualizinq complex for A, in the sense of 
2]. 
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(i) 

are non-proper. 

(ii) 

(iii) 

A l l  i r r e d u c i b l e  c o m p o n e n t s  o f  X of  d i m e n s i o n  n 

H n ( x , F )  = 0 f o r  a l l  q u a s i - c o h e r e n t  s h e a v e s  F on X. 

H n ( x ,  f f x ( - m ) ) =  0 f o r  a l l  m >> 0, w h e r e  f i x ( l )  

i s  a v e r y  a m p l e  s h e a f  i n d u c e d  by  s o m e  p r o j e c t i v e  e m b e d d i n g .  

P r o o f . *  S i n c e  X i s  q u a s i - p r o j e c t i v e ,  we  c a n  e m b e d  i t  

a s  a l o c a l l y  c l o s e d  s u b s c h e m e  of  s o m e  p r o j e c t i v e  s p a c e  ] p r .  

L e t  X '  be  i t s  c l o s u r e  i n  IP r .  T h e n  a n y  c o h e r e n t  s h e a f  F on  

X i s  t h e  r e s t r i c t i o n  of  a c o h e r e n t  s h e a f  F '  on  X ' ,  a n d  t h e r e  i s  

an exact sequence 

Hn(X ',F') -.Hn(X,F) -~ Hx'-x(n+l "X',F') 

T h e  l a s t  t e r m i s  z e r o ,  by  P r o p o s i t i o n  1. lZ ,  a n d  t h e  f i r s t  i s  a f i n i t e -  

d i m e n s i o n a l  v e c t o r  s p a c e  o v e r  k [10 ,  n ~  T h e o r e m  1], so  

t h e  m i d d l e  t e r m  

a s s e r t i o n .  

H n ( X ,  F )  i s  a l s o .  T I ~  p r o v e s  t h e  f i r s t  

o f  

i r r e d u c i b l e  c o m p o n e n t  o f  X ' ,  a n d  s u c h  t h a t  

T h e n  X' - Y a l s o  s a t i s f i e s  c o n d i t i o n  (i) ,  

i m m e d i a t e l y  t h a t  i t  i s  s u f f i c i e n t  t o  t r e a t  t h e  c a s e  

(i) => (i i) .  A g a i n  l e t  X'  be  a p r o j e c t i v e  c o m p l e t i o n  

X. L e t  Y be  a f i n i t e  s e t  of  c l o s e d  p o i n t s ,  one  f r o m  e a c h  

X C X' - Y C X'. 

and one sees 

X=X'-Y. 

*Another proof, not using local cohomology, has since 
been given by Kleiman [20], and a third proof, using 
purely local methods, is given in [19]. 
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H ~ S i n c e  

i t  is s u f f i c i e n t  t o  p r o v e  

a n  e x a c t  s e q u e n c e  

c o m m u t e s  w i t h  d i r e c t  l i m i t s  ( P r o p o s i t i o n  Z. 11) 

(ii) f o r  c o h e r e n t  s h e a v e s  F .  T h e r e  i s  

n ! 
Hy (X , F) ~-~ Hn(X ' , F) -" Hn(X, F) -~ 0 

w h e r e  F 

i s  t h e  s a m e  a s  s h o w i n g  

m a p  

i s  a n y  c o h e r e n t  s h e a f  on X ' .  To  s h o w  H n ( X ,  F)  = 0, 

~r s u r j e c t i v e ,  o r  e q u i v a l e n t l y ,  t h a t  t h e  

HOmk(Hn~X ' , F), k) ~ HOmk(Hn (X' F), k) 

of the dual vector spaces is injective. 

spaces by means of local and global duality theorems. 

be embedded in projective space V = pr and let 

s h e a f  of r - d i f f e r e n t i a l  f o r m s  on 

duality theorem, 

HOmk(Hn(X', F), k) 

For the local cohomology group, 

formula (Proposition i. 3), 

We i n t e r p r e t  t h e s e  v e c t o r  

L e t  X'  

be  t h e  

V. Then by Serre's global 

e ~  = E x t  r - n  (F,~) 

V 

o b s e r v e  t h a t  by  t h e  e x c i s i o n  

I I  . 
' i Y i  

F ) : / I  Hti( .. ) 
i Yi 
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= i s  the l o c a l  r i ng  of Yi in  w h e r e  Y {Yi } '  andwhere ffYi 

V; 4~M i i t s  m a x i m a l  i d e a l ,  and  F y i  the  s t a lk  of F a t  Yi" 

Now by the l o c a l  dua l i t y  t h e o r e m  6 .3 ,  and  the fac t  t ha t  HOmk( �9 , k) 

i s  a d u a l i z i n g  func to r  for  m o d u l e s  wi th  suppo r t  in V(4Ad.) 
1 

(See E x a m p l e  3 of w 4) 

n ! 
HOmk{Hy(X , F ) , k )  ~ I I E x t r - n  (9 , ~ ) 

i @'Yi Yi Yi 

M o r e o v e r  (and the j u s t i f i c a t i o n  of t h i s  s t a t e m e n t  r e q u i r e s  the  

e x a m i n a t i o n  of the  r e s i d u e  m a p ,  and of the r e l a t i o n  be tween  loca l  

and global duality), the transported map 

~c 

I I E x t [ - n  (~ , ~ ) ~ Ex t  r - n ( F , ~ )  
i Yi Yi 0' v 

i s  the  one i nduced  on the d e r i v e d  f u n c t o r s  by the n a t u r a l  m a p  

(for a n y  two s h e a v e s  F ,  G on V) 

HOm~v(F,G)-~ HOmyy (Fyi, Gyi )-'H~ (Fyi, 6yi ) 
i Yi 

To show tha t  ~ i s  i n j e c t i v e ,  o b s e r v e  tha t  Ex t  (F,  ~ )  

i s  the  ending  of a s p e c t r a l  s e q u e n c e  (see P r o p o s i t i o n  2. 10) whose  

E pq- t e r m  i s 

EPq= HP(v, EXt~v(F,~)) 

*The compatibility of local and global duality is proved 
in [17, ch VIII, Prop. 3.5]. 
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B u t  s i n c e  t h e  s u p p o r t  o f  F i s  c o n t a i n e d  i n  

E x t % ( F , ~ )  = 0 f o r  q <  r - n ,  so  

r-n 
Ext e ) 

X'  of d i m e n s i o n  n, 

H0(V, Extr~ n (F, ~)) 
--V 

: ' i n ( F , ~ )  i s  e i t h e r  z e r o ,  i n  w h i c h  c a s e  t h e r e  i s  n o t h i n g  N o w  E x t ~ v  

to  p r o v e ,  o r  a f i r s t  n o n - v a n i s h i n g  E x t .  In  t h e  l a t t e r  c a s e ,  a n y  

g l o b a l  s e c t i o n  h a s  s u p p o r t  o f  p u r e  d i m e n s i o n  n b y  P r o p o s i t i o n  5. Z: 

t h u s  i f  i t  v a n i s h e s  a t  a l l  t h e  p o i n t s  Yi u n d e r  t h e  m a p  ~ , i t  

m u s t  b e  z e r o .  T h u s  ~ i s  i n j e c t i v e .  

(ii) <=> (iii). One implication is obvious. The other 

follows from the fact that for F coherent and for all m large 

enough, one can find surjections 

(- m)P -~ F -" 0 

X 

that if 

then Hn(X, ~X(-m )) / 0 for all 

in V = ]pr this H n is dual to 

( i i i )  => (i) .  O n e  s e e s  e a s i l y  t h a t  i t  i s  s u f f i c i e n t  t o  s h o w  

X i s  p r o j e c t i v e  a n d  i r r e d u c i b l e  o f  d i m e n s i o n  n o v e r  

m >> 0. E m b e d d i n g  X 

But 

this sheaf Ext is non-zero by Proposition 5. Z, hence for all 

m large enough its global sections are non-zero. 

Q.E.D. 

k,  
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