CHAPTER X

LINEAR ASSOCIATIVE ALGEBRAS

10.01 Fields and algebras. A set of elements which are subject to the laws
of ordinary rational algebra is called a field. We may make this idea more
precise as follows. Leta, b, - -- be a set of entities, F, which are subject to two
operations, addition and multiplication; this set is called a field if it satisfies the
following postulates:!

Al. a 4 bis a uniquely determined element of F.

A2. a+b=b+a.

A3. (a+b)F+c=a+4 (b +o0).

A4. There is a unique element 0 in F such that a 4 0 = a for every element a
in F.

A5. For every element a in F there exists a unique element b in F such
that a + b = 0.

M1. ab is a unique element of F.

M2. ab = ba.

M3. ab-c = a-bc.

M4. There is a unique element 1 in F such that a1 = aforevery ain F.

M5. For every element a 0 in F there exists a unique element b in F such
that ab = 1.

AM. a(b + ¢) = ab + ac, (b + ¢)a = ba 4+ ca.

R. If m is a whole number and ma denotes the element which results from
adding together m a’s, then ma > 0 for any m > 0 provided that a = 0.

If M2 is omitted the resulting set is said to be a division algebra. This does not
imply that M2 does not hold, only that it is not presupposed; if it does hold,
the algebra is said to be commutative. If M2, 4, 5 are all omitted, the cor-
responding set is called an associative algebra. If the algebra contains an identity,
that is, an element satisfying the condition laid down in M4 for 1, this element is
called the principal unit of the algebra. Postulate R is included merely as a
matter of convenience; its effect is to exclude modular fields. In consequence
of R every field which we shall consider contains? the field of rational numbers
as a subset.

As an example of a field we may take the field of rational numbers extended
by a cube root of unity,w = (—1 4+ v/—3)/2. Every number of this field can
be put in the form

a=ua+ Pfo=al 4+ fw

1 These postulates are not independent; they are formed so as to show the principal
properties of the set. In place of M5 it is often convenient to take: M5’ If a = 0, ez = 0
implies z = 0.

2 Strictly speaking, we should say that the field contains a subset simply isomorphic with

the field R of rational numbers. This subset is then used in place of R in the same way a8
scalars are replaced by scalar matrices in §1.04.
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where « and 8 are rational numbers; the form of a is unique since a + fw =
v + 8w gives (8 — 8) w = v — a and, since w is not rational, this is impossible
unless B — 6 = 0 =y — a. We say that 1, w is a basts of F relative to the field
R of rational numbers, and F is said to be a field of order 2 over R.

As an example of an associative algebra we may take the algebra of matrices
with rational coordinates. Here any element a of the algebra can be put
uniquely in the form a = Xa;ze;;, where the a;; are rational numbers; and
ei(i,j = 1,2, ---,n) form a basis of the algebra, which is of order n2. We
also have an algebra if the coordinates a;; are taken to be any elements of the
field F = (1, w) described above. This algebra is one of order n* over F.
Instead of regarding it as an algebra over F we may clearly look on it as an
algebra of order 2n2 over R the basis being e;;, wesi(4,7 = 1,2, -+ - , n).

10.02 Algebras which have a finite basis. Let A be a set of elements which
form an associative algebra and G a subset which is also an algebra. We shall
say that ay, as, - - - , a, form a basis of A relatively to G if (i) each a; lies in 4,
(ii) if every element of A can be put uniquely in the form

(1) a = v + y2a2 + e + Ynln

where the v’s belong to @. Though it is not altogether necessary to do so, we
shall restrict ourselves to the case in which G is a field which contains the rational
field, that is, we assume as a postulate:

BR. For every algebra A under consideration there exists a non-modular
field F and a subset of elements a;, a3, - - - , a, such that (i) every element of 4
can be put uniquely in the form

a= Z Vil (viin F)
1

and (ii) every element of this form belongs to A ; and further the elements of F
are commutative with ay, az, - - - @,.

Since the product of any two elements of A4 is also an element of A and can
therefore be expressed in the form (1), we have

2 8; = 2 Yiik G (7':.7 =1,2...,n)
k

where v;;, are elements of F. Since the law of combination of the elements of F

is supposed known, (2) defines the product of any two elements of 4 ; for

(3) (Caua:) (ZBia;) = Zaifiaia; = ZoubyyiiuG.

If the values of the 4’s are assigned arbitrarily in F, it is readily shown that the
only postulate which is possibly violated is M3 which states that ab-c = a-bc;
and in order that this condition shall be satisfied it is necessary and sufficient
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that a;-a;ar = asa;-ax for all the elements of the basis. This gives immediately
the ‘associativity’ condition

(4) 2 YikaVial = E YijaYakl ('i; j: k: l= 1; 2, .., n)°

10.03 The matric representation of an algebra. If we set

(5) A = 2 Yiap€pa ¢t=12..-,n),
p,g=1

the law of multiplication for matrices gives
Aid; = ZViapVigape
and therefore.from (4)
Aidi = DNiiaYazrloa = ZViiaAu.

Hence the set of matrices of the form Za;A; is isomorphic with the given algebra
in regard to both addition and multiplication. Further, if the algebra contains
the identity, the isomorphism is simple; for, if there exist elements a; of the field
such that Za;4; = 0, it follows that

(Ea.-a;):c =0

for every element x of the algebra, and putting z = 1 we get Za;a; = 0.
If the algebra does not have a principal unit, all that is necessary is to replace
(5) by
n+1
(6) Ai = E Yigp€pa
P,q=1
wherev;,;, ns1 = 0 (4,5 < n) and va41,5,i = 8i = ¥i,ns1,;forall fand 5.
The importance of this representation is that it enables us to carry over the
theory of the characteristic and reduced equations from the theory of matrices.
The main theorem is as follows.

THEOREM 1. The general element x = Z£;a; satisfies an equation of the form
. M AbA It oos b =0

where b, is a rational homogeneous polynomial in the £'s of degree p; and if the
vartable coordinates &, are given particular values in F, there exists a rational
polynomial

® o) = M 4 BN 4 oot 4 B,

such that (2) o(z) = 0, (%Z) if ¢(\) is any polynomial with coefficients in F such that
¥(z) = 0, then o(N) is a factor of ¢(N).
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This theorem follows immediately from the theory of the reduced equation
as given in §2.05 and from the fact that the equation which is satisfied by the
general element must clearly be homogeneous in the coordinates of that element.

As in the theory of matrices, —b; is called the trace of z and is written tr(z).
The trace is linear and homogeneous in the coordinates and hence tr(z + y) =

tr(z) + tr(y).

10.04 The calculus of complexes. If z;, 3, --- , z, are any elements of an
algebra A in a field F, the set B of all elements of the form Z¢x; (¢; in F) is
called a complez® or linear set. Any subset B of A which has the property that,
when z, y are any two of its elements, then £z -4 ny is also an element of the set
isa complex. This follows readily from the theory of linear dependence and the
existence of a finite basis for A ; it is also easily shown that any subcomplex of A
has a finite basis; the order of this basis is called the order of the complex.

We shall write B = (x1, 2, - -+ , ,); this does not imply that the z’s are
necessarily linearly independent. If C = (y1, %2, + -, ¥) is a second complex,
the sum of B and C is defined by

B+C= (23,2, Y1, ¥2y yt):

that is, B + C is the set of all elements of the form z 4 y where z lies in B and
yin C. Similarly the product is defined by

BC=(@y;:1=1,2,---,71;7=1,2,---,3).

The set of elements common to B and C forms a complex called the intersection
of B and C; it is denoted by B ~ C. If B and C"have no* common element, we
write B ~ C = 0. If every element of C lies in B but not every element of
B in C, we shall write C < B; in this case B 4- C = B. A complex of order 1 is
defined by a single element, say z;, and for most purposes it is convenient to
denote the complex (z,) simply by z;; 1 < B then means that z, is an element
of B.

If a complex B is an algebra, the product of any two of its elements lies in B
and hence B? < B; conversely, if this condition is satisfied, the definition of the
product BB = B2 shows that B is an algebra.

We add a summary of the properties of the symbols introduced in this section.

B+C=C+B, B+C+D=B+(C+D), BC-D=B-CD,
B(C + D) = BC +BD, (C + D)B = CB + DB,
B4+ (C~D)<(B+C) ~(B+D), BC~D) <BC~BD.

# The term ‘complex,’” which was introduced by Frobenius in the theory of groups, is
more convenient than ‘linear set’ and no confusion is likely to arise between this meaning
of the term and the one used in geometry.

¢ To avoid circumlocution we say the complexes have ‘no element in common’ in place
of the more correct phrase ‘no element in common except 0.’
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If B < (C,then B 4 C = C, and conversely.
If B< C, thereexists D< Csuchthat C = B4+ D,B ~ D = 0.
If B=C+4 DandC ~ D = 0, we shall say that B is congruent to ' modulo
D, or
B = C (mod D);

and if b, ¢, d are elements of B, C, D, respectively, such that b = ¢ + d, then
b = ¢ (mod D), ¢ = b (mod D).

10.05 The direct sum and product. If A = (a;, az, --- , a,) and B = (b,
by, - -+, bg) are associative algebras of orders «, 8, respectively, over the same
field F, we can define a new algebra in terms of them as follows. Let C be the
set of all pairs of elements (a, b) wherea < A and b < B and two pairs (a, b),
(a’, b’) are regarded as equal if, and only if, a = a’, b = b’. If we define addition
and multiplication by

(0, b) + (', b) = (a + a',b + b
9) (a, ) (d/, ') = (aa’, BD')
&(a, b) = (fa, &) (¢in F),

it is readily shown that the set C forms an associative algebra. This algebra
is called the direct sum of A and B and is denoted by A @ B; its order is a 4 8.

The set A of all elements of the form (a, 0) forms an algebra which is simply
isomorphic with 4, and the set 8B of elements (0, b) forms an algebra which is
simply isomorphic with B; also

C=44+98, AB=0=Y A~B=

In consequence of this it is generally convenient to say that C is the direct sum
of % and B.
If we replace (9) by
(9/) E(a; b) (Ea; b) = (a, Eb) (‘E in F)
(a, ) (a’, b') = (aa’, bY"),

we get another type of algebra of order o8 which is called the direct product
of A and B and is denoted by A ® B or by A X B when there is no chance of
confusion. If both A and B contain the identity, the set U of elements of the
form (a, 1) forms an algebra simply isomorphic with A and the set B of elements
(1, b) is an algebra simply isomorphic with B; also®

C=u8=9% A~B=(,1)=1,

and the order of C is the product of the orders of % and 8. As in the case of
the direct sum it is convenient to say that A is the direct product of % and B
and to indicate this by writing ¢ = % X ¥B.

o

8 Strictly speaking we should use different symbols here for the identity elements of the
separate algebras.
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The following theorem gives an instance of the direct product which we shall
require later.

TaEOREM 2. If on algebra A, which contains the identity, contains also the matric
algebra M (ei;;4,5 = 1,2, --- , n), the identity being the same for A and M, then A
can be expressed as the direct product of M and another algebra B.

Let B be the set of elements of A which are commutative with every element
of M ; these elements form an algebra since, if biepq = €0 (¢ = 1,2, --- ), then
also

(b + bi)epg = €50(bi + b)), bibierg = epebib;.

Further B ~ M is the field F, since scalars are the only elements of M which are
commutative with every element of M.
If zis any element of A and
Tpg = 2 €ipTEqiy
%

then

Tpgres = z ; €ipTgiCrs = €rpTCqy = €ry z ; CipTyi = €raTpq
[ 4

8o that z,, belongs to B. Also

E : Tpelpg = E: CipTCei€pq = E: €ppTqq = T.

Pe Pgi bX]

so that A = BM, which proves the theorem.

10.06 Invariant subalgebras. If B is a subalgebra of A such that
(10) AB < B, BA X<B,
then B is called an ¢nvariant subalgebra of A. If we set
A=B+4+C, BAC=0,
the product of any two elements c;, ¢; of C lies in A and hence
¢ = ¢ij + bij ¢i < C, b; < B.
If we now introduce a new operation X defined by
(11) ¢ X ¢j = Cij

then the operations + and X, when used to combine elements of C, satisfy all the
postulates for an associative algebra. To prove this we need only consider the
associativity postulate M3 since the proofs of the others are immediate. If
¢, ¢z, c3 are any elements of C, then both ¢; X (c2 X ¢3) and (¢; X ¢3) X ¢; differ
by an element of B from c¢icacs; their difference is therefore an element of both B
and C and hence is 0 _

The elements of C therefore form an associative algebra relatively to the
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operations + and X. When this algebra is considered abstractly, the operation
X may be called multiplication; the resulting algebra is called the difference
algebra of A and B and is denoted by (4 — B). , .

The difference algebra may also be defined as follows. Let by, bg, -+, bs
be.a basis of Band ¢y, ¢, - -+ , ¢y & basis of C, so that by, bz, -, bg, €1, -+ , ¢y
isa basisof A. Since 4 is an algebra, the product c;c; can be expressed in terms
of this basis and we may therefore set

(12) Cicj = Zvinte + Z8; jubr.
The argument used above then shows that
(13) dd; = Zyipde

defines an associative algebra when B is invariant.

It is readily seen that the form of the difference algebra is independent of the
particular complex C which is used to supplement Bin A. Forif A = B 4+ P,
B ~ P = 0, it follows that to an element p of P there corresponds an element ¢
of C such that p — ¢ < B; and we may therefore choose a basis for P for which

Di=ci+ g (i< B;ji=1,2--,7).
Equation (12) then gives
- PiPi = ZviDk + bij :
where bii = qiqi + qici + ciqi + by — Zyipbi < B,

and the algebra derived from this in the same way as (13) is from (12) is ab-
stractly the same as before.

If the algebra A does not contain the identity, it may happen that 42 < 4,
A% < A?, and s0 on. Since the basis of A4 is finite, we must however have at
some stage

Am< Am—l’ Am+l — Am’

the integer m is then called the index of A. The most interesting case is when
A™ = 0; the algebra is then said to be nilpotent.

When N, and N. are nilpotent subalgebras of A which are also invariant,
then N, 4+ N: is a nilpotent invariant subalgebra of A. This is shown as
follows. Let m,, m. be the indices of N; and N respectively; N3 = N; ~ N2
is nilpotent and, since N3: < NT* = 0, its index ms is not greater than m;. Now

(N1+N2)2=Nf 4+ Ni 4+ NiN: + N.N,
SN} 4+ N +Ns<N:+ N,

since it follows from the invariance of N, and N: that NN, and N,N, are con-
tained in both N, and N and therefore in N;. Similarly

N1+ N) SN+ N;+N;
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so that, if m is the greater of m, and m,,
N1+ N)"SNT+ N7+ Ny =N,
and hence N, + N is a nilpotent subalgebra. Further

AN, 4+ N:) = AN1 4+ AN: < N1 + N,
(N1 + N2)A =NiA +NALSN:+ N2

so that N; 4 N is invariant. It follows that the totality of all nilpotent
invariant subalgebras is itself a nilpotent invariant subalgebra; this algebra is
called the maximal nilpotent invariant subalgebra or radical of A.

An algebra A which is not nilpotent and which has no radical is said to be
semi-stmple; if in addition it has no invariant subalgebra, it is said to be simple.8
We have then the following theorem whose proof we leave to the reader.

TaeoreM 3. If N is the radical of a non-nilpotent algebra A, then (A — N) is
semi-stmple. ~

10.07 Idempotent elements. In the preceding section we defined a nilpotent
algebra of index m as one for which A™ = 0, A™! ¢ 0. An immediate con-
sequence of this definition is that every element of a nilpotent algebra is nil-
potent; we shall now prove the converse by showing that, if A is not nilpotent,
it contains an idempotent element.

TueoreM 4. Every algebra which is not nilpotent contains an idempotent element.

Let A = (ai, a2, -+, a.) be an algebra of order . If a4 = A for some
element @ in A, then axz = 0 only when z = 0; for ad = A implies that aa,
aas, - -+ , A4, is a basis, which means that there is no relation of the form

0= E&aa; = aEf;a.-

except when every & = 0. Also, if ad = A, there must be an element ¢ in 4
such that ae = a; this gives ae? = aeor a(e? — ¢) = 0 and hence e? = e.

The theorem is true of algebras of order 1; assume it true for algebras of order
less than «. If a;A = A for some a;, the theorem has just been shown to hold.
If a;A < A for every a; in the basis of A, then, since (a/A)? = a;da:d < aid,
either a;A contains an idempotent element or, being of order less than a, it is
nilpotent. Now (Aa;4)" < A(a;A)" and therefore Aa;A is also nilpotent; but

A-Aa;A < AaiA, Aa;A-A < AaiA

so that Aa;A is invariant and being nilpotent is contained in the radical N of A.
Hence

A= DT Aad <N

¢ Simple algebras are usually excluded from the class of semi-simple algebras; it seems
more convenient however to include them.

The statement that A is not nilpotent is made in order to exclude the algebra of order 1
defined by a single element whose square is 0.
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so that A3, and therefore also A4, is nilpotent, contrary to the hypothesis of the
theorem. It follows that some a;A is not nilpotent and being of lower order
than A contains an idempotent element by assumption. The theorem is there-
fore proved.

The following lemma is an immediate consequence of Theorem 4.

LemMma 1. A non-nilpotent algebra cannot have a basis every element of which is
nilpotent, nor a basis for which the trace of every element is 0.

For, if every element of the basis is nilpotent, the trace of every element of the
algebra is 0 whereas the trace of an idempotent elemient is not 0 since the only
roots of its characteristic equation are 0 and 1.

If ¢ is the only idempotent element in eAe, it is said to be primifive. An
algebra which is not nupotent contains at least one primitive idempotent
element. For, if ede contains an idempotent element e, 5 ¢, then e;(e — ;) = 0
so that e;ed ee; does not contain e — e, and is therefore of lower order than ede;
since the order of eAe 1s finite, a succession of such steps must lead to a primitive
idempotent element. ‘

THEOREM 4.5. A simple algebra has a principal unit.

If A is not nilpotent, it contains an idempotent element e. If ais any element
of A, we may set a = a; 4+ a2 where "

a = ea + ae — eae < eA + Ae, as =0 — @, eax =0 = ase.
We can therefore find a complex A4, such that
A =¢ed 4+ Ade + A,, eA + Ade ~ A, =0, ed1 = 0 = Age.

If A; 18 not nilpotent, it contains an idempotent element ¢’ and e 4 ¢’ is also
idempotent since ee’ = 0 = e’e. We can therefore take ¢ 4 ¢’ in place of ¢ so re-
ducing the order of A,, and after a finite number of such steps we arrive at a
stage at which 4, contains no idempotent element and is therefore nilpotent;
we shall now assume that ¢ was chosen at the start so that A; is nilpotent; we
shall also assume that e is not an identity for A and there is no real loss of
generality in assuming in addition that it is not a left-hand identity.

Let r be the index of A;. If r > 1 and z 5 0 is any element of 4]~ then
2A; = 0 = Az, ex = 0; if r = 1, then A, = 0 and since e is not a left-hand
identity, e < eA < A so that thereis an z # 0 such that ez = 0; we have there-
fore in both cases

zA; = 0 = Az, er = 0.

We now have Az = edx, AzA = eAzA; hence Az < A, AzA < A and AzA is
therefore an invariant subalgebra of 4; if AzA = 0, then Az is invariant and
not equal to A;if Az = 0, then z4 is a proper invariant subalgebra unless it is 0
in which case X = {z} is a non-zero invariant subalgebra of A. In the case of a
simple algebra it follows that e is an identity.
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Corollary. An algebra without a principal unit is not semi-simple. For
(Az)? = AzAx = Axedzxr = 0if A, # 0.

10.08 Matric subalgebras. Let A be an algebra which contains the identity
and let ¢, be a primitive idempotent element; then e, = 1 — e, is also idempotent
and, if e;Ae; is denoted by 4.;, then

A = (&1 + ex)A(er + o) = Au + Ar1a + A1 + Aua

Suppose in the first place that A .,A4:. is not nilpotent; there is then some a,2 <
Ai. such that A ,1a;2, which is an algebra, is not nilpotent since otherwise 4 .14 14
would have a basis of nilpotent elements, which is imppssible by Lemma 1; hence

some such A ,a12 contains an idempotent element, say es = aaas. . If e is not
primitive in A, say e; = ¢ + 2", ¢’¢” = 0 = "¢/, where ¢’ is primitive in 4,
then a2’ # 0 since otherwise

e = e’ = anape’ = 0;

also e/ < A.q since 0 = ees = e’ + ee” so that eje” = —ee’ and therefore
e = —ee’e =0

and similarly e’e; = 0; we may therefore take a, = ajs¢” and a;, = €’az in place
of a;2 and as;, which gives ¢’ in place of e2.  We can therefore assume a;2 so chosen
that e, is primitive in 4 ; also, since e;asa,2¢2 = €5 = e,, then, replacing ax by
€201, if necessary, we may assume e:s; = @ and similarly aizes = asa.

The element a,2a2; is not 0 since

2
21012021012 = A21012° Q21012 = €3 = €3,
and it is idempotent since
(amazl)2 = (12°A21012° Q21 = (1262021 = A1202).

But a1200 < 414 < A1 and, since e is primitive, it follows that @102 = e
For the sake of symmetry we now put a;; = e;, a2 = ¢z, and we then have a
matric subalgebra of A, namely ay1, a12, @21, @22.

Since Aal(AlaA al)rAla = (AalAla)H'l, it fOllOWS that AlaA al and AalAla are
either both nilpotent or both not nilpotent. Suppose that both are nilpotent;
then, since their product in either order is 0, their sum is nilpotent and, because
(A1a + Aa)? = A1ad a1 + A A 1., it follows that

Ni=A4a+Ada + 4141 + Awdia
is nilpotent. Now
AN: = (Au + Ara + At + Aae) (Aia + Aar + A1edar + Aardia)
= AllAla 'I" AllAlaAal + AlaAal + AlaAalAla + AalAla
+ Adadicda + Aaeda + AcaAadie
<M
since AijA,, = 0 (p # j), Aijdjq < Aig. Similarly NiA < Ni. Hence N, lies
in the radical of 4.
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Suppose that we have found a matric subalgebra a;; (5,5 = 1,2, --- ,r — 1)

such that e; = a; (¢ = 1,2, --- , r — 1) are primitive idempotent elements of 4 ;
r—1
lete, =1 — 2 e; and set A;; = e;Ae; as before. Suppose further that A ,;4;a
- .

is not nilpotent for some ¢; we may then take ¢ = 1 without loss of generality.
By the argument used above there then exists a primitive idempotent element
er = @y < And,,and elements a,; < A1, a1 < 41, such that

anlyy = Qrr, aQ1;@r1 = Gy
Ar,Qr1 = Ay, ay,a,y = Qayr.
If we set
iy = @AiQyr, Qri = Any; =12 ---,r=1),

then a;, # 0 since a1;ai;r = a1, and a;; (1, = 1,2, - - -, r) form a matric algebra
of higher order than before.

Again, if every A .:A i, is nilpotent, it follows as above that each A ;.4 . is also
nilpotent and hence

r—1
Nr-l. = Z (Afu + Aat’ + AiaAai + Aat‘Aia))

$,7=1

having a nilpotent basis, is itself nilpotent; and it is readily seen as before that
it is invariant and therefore belongs to the radical of 4.

We can now treat A .. in the same way as 4, and by doing so we derive a set of
matric algebras M (a%;;7,j = 1,2, - -+, rp) with the identity elements

; .
ap = af;
i1=1,
such that Za, = 1; also
N' = 2 (apda, + a,daAday)
p#*q

is contained in the radical N of A. We have therefore the following Lemma.

LemMa 2. If A is an algebra with an identity, there exists a set of matric sub-
algebras M, = (a%;;4,5 = 1,2, - -+ , rp) with the principal units
D
ap=2(.l‘:,~ (p=1:2)"',k)

i=1

such that a,a, = 0 (p # ¢) ard Za, = 1, and such that

N = D) (a,da, + apda.day)

p*q

lies in the radical N of A. Further each a%; is a primitive idempotent element of A.
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Corollary. By = arAar + N’ is an invariant subalgebra of A. For
ABy = ZaA(mdar + D, a,da, + a,da.day)

p#Eq

= arAda + N’ = B,.

10.09 We shall now consider the properties of the algebras a,Aa, where a,
(p=1,2, ---, k) are the idempotent elements defined in Lemma, 2.

Lemma 3. ayAa, is the direct product of M, and an algebra B, in which the
principal unit is the only idempotent element.

The first part of this lemma is merely a particular case of Theorem 2. That
B, contains only one idempotent element is seen as follows. If e is a primitive
idempotent element of B,, then af,e and a%,(a, — e) are distinet and, if not zero,
are idempotent and lie in a?,4a?%,; but this algebra contains only one idempotent
element since af, is primitive; hence a?,(a, — ¢) = 0, and therefore e = a, is
the only idempotent element in B,.

Lemma 4. If B is an algebra whose principal unit 1 is its only idempotent element,
any element of B which is singular” is nilpotent; and the totality of such elements
forms the radical of B.

The proof of the first statement is immediate; for, if a is singular, the algebra
{a} generated by a does not contain the principal unit and, since B contains no
other idempotent element, a is nilpotent by Theorem 4. To prove the second
part, let z and y be nilpotent but z = z 4 y non-singular; then 1 = 27z +
27 =z, 4+ y;. Here 2, and ¥, are singular and therefore nilpotent. If m is the
index of z;, then

QA=-2) Q4+ +22 4+  +27H =1

and this is impossible since ¥, = 1 — z; is nilpotent. Hence 2 is also nilpotent
and the totality of nilpotent elements forms an algebra; and this algebra is
invariant since the product of any element of B into a nilpotent element is
singular and therefore nilpotent. It follows that B is a division algebra whenever
it has no radical, that is, when it is semi-simple.

10.10 The classification of algebras. We shall now prove the main theorem
regarding the classification of algebras in a given field F.

TueorEM 5. (i) Any algebra which contains an identity can.be expressed in the
Jorm

(14) A=S+N

7 An element of B is singular in B if it does not have an inverse relatively to the principal
idempotent element of B.



[10.10] THE CLASSIFICATION OF ALGEBRAS 159

where N 1is the radical of A and S is a semi-simple subalgebra ;=S is not necessarily
unique but any two determinations of it are stmply isomorphic.

(ii) A semi-simple algebra can be expressed uniquely as the direct sum of stmple
algebras.

(iii) A simple algebra ca:v be expressed as the direct product of a division algebra
D and a simple matric algebra M; these are not necessarily unique but, if Dy, M,
Dy, M, are any two determinations of D and M, then Dy~ Dy, My~ M,.

We have seen in Lemma 2 that A = Za,4a, + N’, where N’ < N, and also in
Lemmas 3, 4 that a,da, = M, X B,, where M, is asimple matric algebra. The
first part of the theorem therefore follows for A when it is proved for any algebra
like B, and when it is shown that the direct product of M, by a division algebra
is simple; for, if B, = D, 4+ N, then D, is a division algebra and

apda, = My X Dp + M, X Ny, M,N, <N.

If the field F is one in which every equation has a root, the field itself is
clearly the only division algebra and hence M,D, = M,; in this case part (i) is
already proved. Further, the theorem is trivial for algebras of order 1; we may,
therefore, as a basis for a proof by induction assume it is true for algebras of
order less than the order a of 4.

If the field F is extended to F(¢) by the adjunction of an algebraic irrationality
£ of degree p + 1, we get in place of A an algebra A’ = A(£) which has the same
basis as A but which contains elements whose coordinates lie in F(¢) but not
necessarily in F; all elements of A are also elements of A’. Regarding A’ we
have the following important lemma.

LeMMA 5. If N isthe radical of A, the radical of A’ = A(£) is N' = N(&).

Let A = C 4+ N,C ~ N = 0, and let the radical of 4’ be N”; then clearly
N” > N’. If N” > N’, there is an element of N” of the form

" =cot+ at+ - + ¢, (s < C,co #0).
Since ¢” is nilpotent,
0 = tr(c") = tr(co) + &tr(c) + «--

and since tr(co), tr(ci), - - - are rational in F, each is separately 0. But, if a,, a2
are arbitrary elements in 4,

ac"ay = aico@2 4+ aic102f + -

lies in N” and, since each a;c;a; is rational in F, the trace of each is 0 as above.
Hence the trace of every element in Aced is 0 from which it follows by Lemma 1
that Acod is nilpotent and being invariant and also rational it must lie in N (cf.
§10.06). But Aco4 contains ¢, since A contains 1 whereas C ~ N = 0; hence no
elements of N” such as ¢” exist and the lemma is therefore true.

We may also note that, if B, C are complexes for which B ~ C = 0, and B, C’
the corresponding complexes in A’, then also B’ ~ C’' = 0.
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Suppose now that the identity is the only idempotent element of A and that
the first part of the theorem is true for algebras of order less than . Leta 1
be an element of A corresponding to an element @ of (4 — N) and let f(A) be
the reduced characteristic function of @; f(A) is irreducible in F since (4 — N)
is a division algebra. Since f(@) = 0, it follows that f(a) < N and hence, if »
is the index of f(a), the reduced characteristic function of a is [f(A)]". If we
adjoin to F a root ¢ of f(\), this polynomial becomes reducible so that in A’ =
A(§) the difference algebra (4’ — N’) is no longer a division algebra though by
Lemma, 5 it is still semi-simple. If we now carry out in F(£) the reduction given
in Lemma 2, say

A’ = Ze,A’e, + N*,

either the algebras e,4 e, are all of lower order than «, or, if A’ = ¢,4’e,, then it
contains a matric algebra M’ of order n2 (n > 1) and, if we set A’ = M'B/, as
previously, B’ is of lower order than a. In all cases, therefore, part (i) of the
theorem follows for algebras in F(£) of order a when it is true for algebras of
order less than «, and its truth in that case is assumed under the hypothesis of
the induction.

We may now assume

A =C + N, C~N =0,
A'=8+4+N, S8 ~N =0,

where S’ is an algebra simply isomorphic with (4’ — N’); N’ has a rational
basis, namely that of N (cf. Lemma 5).
If ¢y, c2, - - - is a basis of C then, since A is contained in A’ we have

c,-=s:+m$, 3;<‘S" m:<N'y (i=1:2y"’)

and, since C ~ N = 0 implies C’ ~ N’ = 0, it follows that s;, s;, - - - form a
basis of §’, that is, we may choose a basis for §’ in which the elements have the
form

Ci + nio + N+ - (c¢<C,n;,-<N)

where ¢;, njo, - - - are rational in F. Moreover, since C is only determined
modulo N, we may suppose it modified so that ny is absorbed in c;; we then
have a basis for S’

(15) $; = Ci+ naf + -+ + npb = o+ ni.
When the basis is so chosen, the law of multiplication in S’, say
(16) 8:8; = EG,-J-,,S,:

has constants o which are rational in F; for s; = ¢; mod N’ and ¢; is rational.
If we now replace s, in (16) by its value from (15) and expand, we have

4 7 A !
cici + cng + ne6; + nin; = Zopte + Togny,
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but n:n: < (N’)? and therefore
cc; + c,-n; + n:cj = Zo0 + Ec,.,-,,n,: mod (N')?,

a relation which is only possible if the coefficients of corresponding powers of §
are also equivalent modulo (N’)? and in particular

CiCj, = Eagjkck mod (N')z.

Consequently the algebra A; generated by ¢; ( = 1, 2, --- , o) contains no
element of N which is not also in N2 and hence, except in the trivial case in which
N = 0, the order of 4, is less than . By hypothesis we can therefore choose C
rationally in such a way that c.c; = Zo; e, that is, such that C is an algebra;
part (i) of the theorem therefore follows by induction.

10.11 For the proof of part (ii) we require the following lemmas.

LemMa 6. If A contains the identity 1 and if B is an invariant subalgebra which
has a principal unit e, then

A=B® (1 - Al —e).

Since e is the principal unit of B, which is invariant, eAe = B; also eA(1 — e)
and (1 — ¢)Ae are both 0 since Ae and eA lie in B and, if b is any element of B,
then (1 —e)b=b—-b=0,b(1 —e) = b —b = 0; hence

(17) A =ede+ (1 —e) A(1 — ¢), ede ~ (1 —e) A(1 —¢) = 0.

Further ede-(1 —e) A(1 —¢) =0 = (1 — ¢) A(1 — e)-eAe, so that the sum in
(17) is a direct sum.

LemMMA 7. Every invariant subalgebra B of a semi-simple algebra A is semi-
simple and therefore contains a principal unit.

Suppose that B has a radical N ; then
AN < B, (AN)? = ANA-N < BN XN
so that AN is nilpotent. But, since A2 = A, we have (ANA)" = (AN)'4;
hence ANA is a nilpotent invariant subalgebra of A which, since A contains an
identity, is not 0 unless Nis0. But A has no radical; hence N = 0 and B also
has no radical.
In consequence of these lemmas a simple algebra is irreducible and a semi-

simple ‘algebra which is not also simple can be expressed as the direct sum of
simple algebras. Let

A=B®B:® - @B, =C1DC:®D --- & Cy

be two expressions of A as the direct sum of simple algebras and let the principal
units of B; and C; be b; and c; respectively; then 1 = Zb; = Z¢c;. We then
have C; < Zb;Cxb; < C and therefore

Ci = ZbiCib; = ZhiCibs
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since when 7 # j then b;Cxb; < B; ~ B; = 0and b,Cibi-b,Cib; = 0. If b;Cib; #
0, it is an invariant subalgebra of Ci and, since the latter is simple, we -have
b.Cib; = C for this value of 7 and all other b;Cib; equal 0, and therefore C; =
biAb; = B;. The second part of the theorem is therefore proved.

10.12 We shall now prove part (iii) of Theorem 5 in two stages.

LemMma 8. If D is a division algebra and M the matric algebra (e;; 1,j = 1, 2,

-, m),andif D X M = DM, then DM is simple.

Let B be a proper invariant subalgebra of A = DM. If z is an element of B,
then there exists an element y of A such that xy = 0, since otherwise we should
have B > zA = A, in other words, every element of B is singular in A and
hence B~ D = 0. But

T = Edijeij, d,‘,‘ <D
and d;; = E eyire;, and is therefore contained in B as well as in D. Since
P
B ~ D = 0,every d;; = 0, that is, x = 0so that B = 0. It follows immediately

from Lemma 2 that a simple algebra always has the form D X M, and also that
D~ e,-iAe.-,-.

LeMMA 9. In a simple algebra all premitive idempotent elements are similar.

Let e and a be primitive idempotent elements of a simple algebra A. We can
then find a matric algebra M = (e;;) for which e;; = eand such that 4 = D X M,
where D is a division algebra. If ea = 0 = ae, we can at the same time choose
€22 = a; and ey, = ueyu! where

u=1—ey — ex+ ey + en=u’,

so that the lemma is true in this case, and we may therefore assume that, say,
ea #= 0.

Suppose now that eae > 0. Since A = D X M, we can express a in the form
Zayjeq; (ai; < D), where a;; # 0 since eae = ape;;. We have then

(éa)2 = (ena)? = (anen + anerz 4+ --- )* = anena
and hence b = a7}ea is idempotent. We then have
eb = b, be

e, ba = b;

also ab = aba = abab and, since a is primitive, either aba = a or aba = 0; but
eabe = eae # 0,

hence ab = a. We then have

b = ueul, u=1—->4e, u~l
b = v7lay, v =1—~>b+a, vl

14+b—ce
140 —a,

]
Ii

I

and hence a and e are similar in this case also.
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If eae = 0 but aea # 0, interchanging the réles of e and a leads to results
similar to those just obtained; w= can therefore assume eae = 0 = aea. If

u=1+4+e—ea+ae=22—¢e+ ea — ae)™,
‘then uau—! = a — ae; we can therefore assume ae = 0. If
v=(1+4¢— 2ea) =22 — e 4+ 2ea)”},

then vav—! = a — ea; we can therefore also assume ea = 0, which brings us back
to the first case which we considered. The lemma is therefore proved.

Part (iii) of the theorem follows immediately. For, if ¢ and a are primitive
idempotent elements of M; and M, respectively, we can now find w such that
a = wew™!; but D;~ ede and D2~ aAa = weAew=1, which is similar to eAe and
therefore to D,.

10.13 Semi-invariant subalgebras. If B is a subalgebra of A which is such that
AB < B (BA < B), it is called a right (left) semi-invariant subalgebra. We
shall treat only the case in which A4 is semi-simple; it has then an identity and if
we restrict ourselves, as we shall, to the case of right semi-invariant subalgebras,
we may assume AB = B.

It is clear that, if A = A, @ A., then also B = B, & B., where A:B; =
B, A;B; = 0(¢ = j). Itissufficient then at first to consider only simple algebras,
and in this case we have the added condition that ABA = A; that is, we have
simultaneously

(18) AB =B, ABA = A.

If we call B minimal when it contains no other semi-invariant subalgebra, we
have

LeMMma 10. A minimal right semi-invariant subalgebra of a simple algebra A has
the form Awu, where u is a primitive idempotent element of A. Conversely, if u* = u
is primitive, Au is a minimal right semi-invariant subalgebra.

Let AC = C;if ¢ # 0 is any element of C, and C; = A¢; < C, then AC, =
C:. Suppose C; < C; then in the same way if c; is any element of C,, we have
Cs = Ac; < Ci. If C; < C), we may continue this process and after a finite
number of steps we shall arrive at an algebra B # 0 such that Ab = B for every
element b of B which isnot 0. Since 4 is simple, Ab4 = A and B? = B, so that
B contains a primitive idempotent element v and Aw = B:. If u is not also
primitive in 4, let v = uy + ug, wsu; = 0 (¢ # 7), u% = u; 0. Thenwu =
so that u; is in B; hence » must be primitive in A4, if it is so in B.

Since B = Awu, every z in B'has the form au and hence zu = z. Butalso B =
Az and, from the manner in which B was chosen, either Bx = 0 or Bx = B.
If Bz = 0, then uz = 0 and therefore

72 = zu-2zu = 0.
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Also, if z is nilpotent, then 22 = 0 = ux; for uAu = uBu is simple since, by the
proof of Lemma 4, it is a division algebra, and uxr = uzu < uBu. If Bz = B,
then there is a unique b such that bz = z and, since b is then idempotent, we
have ux = z, that is, z liesin uAu. If B = Au,then AB = A% < Bso that B
is a right semi-invariant subalgebra of A. If C is minimal, then B = C as.
desired. ‘

Conversely, let B = Au, u primitive; then the only idempotent quantity of B
has been shown above to be » and, if B were not primitive, we should have
B > C = Av, v primitive, which is impossible.

Suppose now that B is not minimal and let ¢;, €3, - - < , e, be a complete set of
primitive supplementary idempotent elements in B. Then B, = Ae; + Aes +
.-+ 4 Ae, is semi-invariant in A. Let b be an element of B which is not in
B,; since b ¥ Zbe;, we may replace b by b — Zbe; and so assume every be; = 0 in
which case clearly Ab ~ B, = 0. But, if b # 0, then Ab contains an idempotent
element esuchthatee =0(: = 1,2, ---, r) and e¢,4; = ¢ — Ze;eis an idempotent
element supplementary to the given complete set, which is impossible. We
therefore have the following theorem.

TrareoreM 6. If A is simple and AB = B is-a semi-invariant subalgebra, then

B = Ae; + Aes + --- + Ae,

where ey, e, -+ - , €,18 a complete supplementary set of primitive idempotent elements
of B; and these idempotent elements are also primitive in A.

We shall assume that A is semi-simple, say
(19) A=85---&8,
when each S; is simple and
(20) S:i =D; X M..

As previously (cf. Lemma 2) we may set M; = (e},), p, ¢ = 1,2, - -+ , n;, where
e, , form a set of supplementary primitive idempotent elements and E e, = L.
P
If B is any invariant subalgebra, then B = Z Be;, and Be; , is a right semi-
t, P

invariant subalgebra; if B is minimal, we have already seen that it has the form
Bu where u is a primitive idempotent element, and therefore we have B =
Be}, = S}, forsomeiand p. If set B;, = Sie;,, then

i N i P _
B,-,,epq = S,-eppem = M,-Diepq = S,-e" = B"q.

We have therefore the following theorem.

THEOREM 7. If A is semi-simple and is given by (19), and if e}, form a complete
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set of supplementary primitive idempotent elements such that z es, = u; 1 the
p=1
identity of S, then every minimal right semi-invariant subalgebra has the form

@1) B, = Sel,.
Moreover, there is a number e} in S; such that

(22) B.ei, = B,,.

10.14 The representation of a semi-simple algebra. Let A be a linear as-
sociative algebra over F with the identity 1, and designate elements of 4 by a.
A representation of A is a set, U(a), of matrices of order n such that ¢ — U(a)
is a correspondence between the elements of A and the matrices of the set in
which the following conditions are satisfied "

(23) UQ) =1, U(@@+b) =U(a) + U®), Ulab) = U(a) U),
U(aa) = aU(a) :

for every a and b of A and every scalar ain F.,

We can now, as in chapter I, associate with the matrices U(a) a vector space R
with a given fundamental basis, and a change of basis corresponds to replacing
U(a) by PU(a)P, an equivalent representation (cf. 1.08). A subspace R, of B
is invariant under A (cf. 5.16) if every matrix U(a) carries each vector of R,
into a vector of R,. If R, > 0, we may set R = Ry, 4+ R (B, ~ R: = 0); and
since we are omly interested in the equivalence of representations, we may
suppose the basis R so chosen that

Uia) Us(a)

0 Usa)
The representation is said to be reducible in this case, and it is evident that both
Ui(a) and Uz(a) give representations of 4.

If R has no proper invariant subspace, then U(4) and R are said to be irre-
ducible. It is now clear that we may write ,

R=R +Ry+ -+ +R,

where R, = R; + --- 4 R, is the invariant subspace of least order which con-
tains R;_;, (Ro = 0), and in this case

Unta) Ugla) --+ Uula)
0  Ux(a) --- Usla)

(24) Ua) =

(25) Ua) =
" 0 0 A Uu(a)
and the representations Uj(a), + -+, U.(a) are irreducible. If in addition R.,

.+, R, are themselves invariant for some ¢, then U;;(a) = 0 (4 # j;¢,5 = 1, 2,
..., t), and we say that U(a) is decomposable.
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A particular case of fundamental importance arises when we take R to be 4
itself, that is, if z is a variable element of 4, then z’ = az corresponds to a linear
transformation in the basis of R (or 4), say

2’ = ar = U(a)(z),

and U(a) has the property given in (23) and so is a representation of 4. It is
obviously the representation of (6) and is one-to-one; it is called the regular
representation.

The invariant subspaces of A are evidently its right semi-invariant sub-

algebras B. If e, ez, - -+ , €;is a basis of B and
(26) ae; = Eai.-e,-,
then the matrices U(a) = || @;; || give a representation of A on the subspace B.

Suppose now that V(a) is a given representation, R the corresponding subspace,
and B a right semi-invariant subalgebra of A. If y is any vector of R, then the
set, of vectors of the form V(b)(y) is an invariant subspace of R, since

27 V(@)V() = V(ab) = V(ba), ba< B.

From (27) it is seen immediately that the set B’ of elements b’ in B for which.
V(@®)y = 0 forms a right semi-invariant subalgebra of B and hence, if B is
minimal, either B = 0 or B’ ='B. If B’ = 0, then V(e))y, ---, V(e )y is a
basis of the set (V(b)y) and

V(@V(edy = V(aey = Za;iV(ey.

But then the vectors of the form V(b)y give a representation of A equivalent to
that determined by B in (26).
We shall now prove the following theorem.

THEOREM 8. If the regular representation of an algebra is decomposable, then
every representalion 18 decomposable and its irreducible components are contained
in the regular representation.

Suppose that the regular representation of A is decomposable; then 4 =
B, + B; 4 --- 4 B,, where the B; are irreducible equivalent subspaces of 4,
that is, minimal semi-invariant subalgebras such that B; ~ B; = 0for j = k.
Let y1, y2, - - - , Yn be a basis of the space R of a representation of A. Since 4
has an identity, we have

R=AR =BR + B,R + --- + B.R
=B+ Bz + -+ + Bap + -+ + By

As we have seen above, if Biy; # 0, it is a subspace of R which gives a representa-
tion equivalent to that given by By; it follows that either Biyy; = 0 or it is an
invariant subspace of R.

The intersection of the invariant subspaces is also invariant so that either

(28)
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Bwy; ~ Bpy, = 0 or Byy; = B,y,; hence we may select from the spaces Byy, in
(28) a set of independent irreducible invariant subspaces determining R. This
proves Theorem 8.

Consider now a semi-simple algebra

A = Sl @ et @ Sr
where S; is a simple algebra. We may write

1=Eu‘i (i=1,---,7‘;j=1,---,n.-)
where the u;; form a complete set of supplementary primitive idempotent ele-
ments of A. Then

A= EAu;j = EB,',,‘

where B;; = Au;;is a minimal right invariant subalgebra of A. We have then
decomposed A into irreducible invariant subspaces and have proved the first
part of the following theorem.

THEOREM 9. The regular representation of a semi-simple algebra is decomposable,
and 1ts reducible components are those obtained by the use of the B;; as representation
spaces. The representations given by any pair B;j, B are equivalent while By,
By give tnequivalent representations for j # k.

For by Theorem 7 we have B;;e}, = B so that the proof of Theorem 7 with
y = e}, shows that the representation by B;; is equivalent to that by B;,. In
the representation by B;; we have

n
6; = E:u,',-—> ln",

i=1

where 1,; is an identity matrix corresponding to the identity transformation on
B;; since e; is the principal unit of B;;, But in the representation by By, we
have ¢; — 0. Evidently these representations cannot be similar.

10.15 Group algebras. If & = (g = 1, g2, -+, gw) is a finite group, the
group relation g.g; = g.; is a particular case of the associative product defined in
(2) and, when it is used in conjunction with addition, we get an associative
algebra G of which (gy, g, - - - , gm) is a basis and g, the identity.

The representation of @ as a regular permutation group

h-= (gl ga ...gm>
’ Gir @iz ** * Gim

corresponds to the representation of G as a set of matrices, the matrix k; being

hi = 2 €ipp (9:9> = 9i)-
p=1
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Since 7, = p, that is, g.g, = g, only when g; is the identity, the matrix k; has no
coordinate in the main diagonal except for ¢ = 1 in which case h; is the identity
matrix; hence

(29) tr(h) = m,  tr(h) = 0 (i # 1).

It follows from this that G is semi-simple. For if v = Zn;h; is the matrix cor-
responding to some element of the radical N, then tr(u) = 0 since u is nilpotent.
If u # 0, some coordinate, say 75, is not 0 and in A,'u, which also corresponds to
some element of N, the coefficient of &, is not 0; we may therefore assume 7, # 0
provided N = 0. But using (18) we get

0 = tr(u) = Znitr(h;) = mn;
hence the assumption that u 0 leads to a contradiction and therefore N = 0,

that is, G is semi-simple. This gives the following theorem.

TueorEM 10. A group atgeora is semi-simple. It is therefore the direct sum of
stmple algebras and, if the field of the coefficients is sufficiently extended, it is the
direct sum of simple matric algebras.

The whole of the representation theory developed in the previous section can
now be applied to groups.
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