CHAPTER VIII

FUNCTIONS OF MATRICES

8.01 Matric polynomials. The form of a polynomial in a matrix has already
been discussed in §2.11 but we repeat the principal formulas here for con-
venience. If z is a matrix whose reduced characteristic function is

) o(\) = H O — A%, =,

and

miA) = e/ = N5, M{Mm(d) + (A — A)"NQ) = 1,
2 ei(\) = M:Mmi(A),
(6)) oi = ¢i(z),  hi= (2 = My

and if g(\) is a scalar polynomial in A, then

_S Yoi b " Ohs A+ -v 4 IS 7 PADRE
) g(z) = 2 [q(k.)so, R AUDLTE —*(‘,,-:T]

i=1

This formula can still be interpreted when the coefficients of g(A) are matrices,

but in this case the notatjon g(z) is ambiguous. Let g(A\) = ao + a:x + ---
+ @,\"™; then

a+azx+ - +a2* and ap+ zay+ -0 + z™an

are called, respectively, the dextro- and laevo-lateral polynomials corresponding
to g(A). It is clear that (4) holds for a dextro-lateral polynomial and will
give the corresponding laevo-lateral polynomial if g(\:)es, g'(A\o)hi, ete., are
replaced by ¢.g(\:), hig’(As), ete.

8.02 Infinite series. If ao, a;, --- are matrices and A\ a scalar variable the
coordinates of the matrix

(5) g\) = ag + ax + a\? + --

are scalar infinite series in \; and if each of these series converges for mod A less
than p, we say that the series (5) converges. When this condition is satisfied,
the series

() gz) = as + a1z + ax* 4+ .-
115
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converges for any matrix z for which the absolute value of the root of greatest
absolute value is less than p. For if g, is the sum of the first m terms of (6),

then by 4) gn = 2 gmi Where

gm"-' - 1)()\‘.)}1:.'— 1
(V" - 1)! ’

The matrices ¢;, h; are independent of m and, since the absolute value of each
\; is less than p, gn(A), gu(A), =+ -, gm® — P(A;) converge to g(\), g’(\), -,
g% — Y(\;) when m approaches infinity.

As an illustration of such a series we may define exp z and log (1 + z) by

gmi = gmA)ei + gmAdhi + <+ +

e z , 2?
™ expr=e=1+7+5+

(8) log(1+z)=z-f”2_z+§+...

The first of these converges for every matrix z, the second for matrices all of
whose roots are less than 1 in absolute value.

The usual rules for adding series and for multiplying series whose coefficients
are commutative with z and with each other hold for matric series. For
instance we can show by the ordinary proof that, if zy = yz, then =+ v =
e%ev but this will not usually be the case if zy = yz.

8.03 The canonical form of a function. In the case of multiform functions
(4) does not always give the most general determination of the function
which is only obtained by taking into account the partial as well as the princi-
pal elements of the variable z. Asin §3.06 suppose that z has the canonical
form

a
az
9) T =
a,

where a; is a block of terms

M1 O

0 M 1
(10) (rsrows and columns).

0 A 1
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It is convenient to let a; stand also for the matrix derived from (9) by replacing
every a; by 0 except when j = 7. We can then write

(11) z = Za;, aa; =0 (@ #j
and we may set
(12) a; = \ei + 2;

where (cf. §3.07) e% = e, 2; is a nilpotent matrix of index r;, and

2 e. =1, ez = 2; = 2i€;, ee; = 0, ez; = 0 = z;e; (7= 7).
The part of z; which is not 0 is given by the oblique line of 1’s in (10); 22 is
obtained by moving all the 1’s one place to the right except the last which dis-
appears, and in general z” — ! has a line of 1’s starting in the mth column of
(10) and running parallel to the main diagonal till it meets the boundary of
the block.

It is now easy to see the form of a scalar polynomial g(z) or of a convergent
power series with scalar coefficients; for

(13)  g() = Zg(ae; = = [g()\.-)e.- + 9Nz + -+ + gl —(:(ﬁ,):).;» - l]

and the block of terms in g(z) which corresponds to a; in (10) is, omitting the
subseripts for clearness,

oy ) g7 g )

g g’ —=r 31 ﬁ)—,'

, g’ g2\

9N g'N Ay T}

, gr—¥™)

14) a®) g - =3
g'\)
g®)

where all the terms to the left of the main diagonal are 0, the coordinates in
the first row are as indicated, and all those on a line parallel to the main diagonal
are the same as the one where this line meets the first row.

If the characteristic function is the same as the reduced function, no two
blocks of terms in (9) correspond to the same root and e;, z; are the principal
idempotent and nilpotent elements of z corresponding to A\; and (13) is the
same as (4). This is not the case when the same root occurs in more than one
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of the blocks (10) and, when this is so, the a; are not necessarily uniquely deter-
mined. For instance let

(15) z = = v 4 e.

¥y 0 0
0 v 1
0 0 ~
Here we have

a, = vyen, ar = y(en + e3) + e,

e = ey, € = exn + ex, 2 =0, 2 = én.

But if
Ju=en —es fiz = ex Sfis = e
fou = ey — ey S = ex fos = ex

Ju = ess — €13 + en — ey, Jio = e+ s, iz = e + €3,
the f’s form a set of matric units and
z = vfu + v(fr + f33) + [

so that we might have chosen fi = fi1, f; = fo + fis = ex + e + €13 a8 idem-
potent elements in place of e; and e,.

It should be carefully noted that fj, fz are not commutative with e;, e, and
in consequence different determinations of a multiform function may not be
commutative with each other. For instance, if z is the matrix given in (15)
with v # 0, and ~* is a particular determination of the square root of v, we have
already seen in §2.13 that determinations of z} are given by

ur = ylen — YHen + e:) — en/2v}

up = Y — Y(fo + fis) — fu/24
= yMen — en) — vYHen + e + 1) — ex/2v}
= u; — 2y,

and these two values of z! are not commutative.

8.04 Roots of 0 and 1. The reduced equation of a nilpotent matrix of index
m is z™ = 0 and this matrix can therefore be defined as a primitive mth root
of 0; the index m cannot be greater than n and it exceeds 1 unless x = 0. The
canonical form of z must contain at least one block of order r; = m, similar
to (10) but with A\; = 0, and a number of like blocks of orders, say, r; ( =

2,3, ---) where r; < r and 2 r; = n. This gives rise to a series of distinct
1

types in number equal to the number of partitions of » — m into parts no one
of which exceeds m, and z is a primitive mth root if; and only if, it is similar
to one of these types.
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If z is a primitive mth root of 1, its reduced characteristic function is a
factor of A'— 1 and hence z has simple elementary divisors. Let ¢ be a scalar
primitive mth root of 1, and let fi, f;, ---, fs be idempotent matrices of ranks

i—1
ry, 13, -+ for which fif; = 0 (@ # j), Zf; = 1; for instance, if p; = E i, We.
=1
may set
Pi+1
f-'=2€ii =12 -+, 80 +1 = n).
pitl

The canonical form for z is then
(16) i+ e+ -0 + €Y,

where the exponents ¢; are all different modulo 7 and at least one €%, say the
first, is primitive. Any primitive mth root of 1 is then similar to a matrix of
the form (16), and conversely.

8.05 The equation y™ = x; algebraic functions. Let A;, Ay -, A, be
the distinet roots of z and u; = A}/™ a particular determination of the mth root
of \;forz = 1, 2, .-+, s; then, if y» = z, the roots of y are all of the form
etiu;, where € is a primitive scalar mth root of 1. Suppose that the roots of y are

M1l = M1y M1z = €y c oty My = etl'lﬁ‘l!

(A7)

tar,

Hal = Mgy M2 = fm#n . ';lﬂcr. = €Uy,
and let a particular choice of the partial idempotent and nilpotent elements
corresponding to ui; be fijx and hip (B = 1, 2, +-+); also let the index of hip
be 7nijr. Then

(18) Y = Z(uiifein + hiix)

and hence

(19) y™ = Z(uiifin + i)™ = Z\iJiik + g
where g; is the nilpotent matrix

(20) giie = (wiifie + Rige)™ — w7, fiin.

Further, if A; > 0, (20) can be solved for h;; as a polynomial in g.;; for we
can write (20) in the form

21) Gise = arhip + Otzh%,'k + -

and, since @y = muj~' # 0, the ordinary process for inverting a power series
shows that we can satisfy (21) by a series of the form

(22) Rije = Bigisn + Bogin + -+ B # 0),
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there being here no question of convergence since any power series in a nilpotent
matrix terminates. It follows from (21) and (22) that the indices of g.; and
hij, are the same.

We shall now show that the matrices f;;x and g torin a set of partial idem-
potent and nilpotent elements of = provided always that z is not singular. If
this were not so, then f;;x must be the sum of two or more partial idempotent
elements; for the sake of brevity we shall assume that it is the sum of two
since the proof proceeds in exactly the same way if more components are taken.
Let fix = di + d, where d, and d, are partial idempotent elements of z and
let ¢, c; be the corresponding nilpotent elements; then

Jiit = €1 + Cq, cic; = 0 = cyen.

Hence also hijx = by + b, bibs .= 0 = bb; where b, 1s obtained by putting c,
for gi;x in (22); and this is impossible since we assumed that fi;x and &;; were
partial idempotent and nilpotent elements of y. We have therefore the fol-
lowing theorem.

TueorEM 1. If z 15 a non-singular matriz, any determination of y = z'/™
can be obtained by expressing x in terms of partial idempotent and nilpotent ele-
ments, say = Z(\:f; + ¢:) and putting

y = ZOfi + )™ = IN(fi + moINT g ot — DT A -0,

Here the binomial series terminates and A}'™ is a determination of the mth root of
N\ which may be different for different terms of the summation if this root occurs
with more than one partial element.

There is thus a two-sided multiplicity of mth roots of z; the A}/™ have m
possible determinations in each term and also there is in certain cases an infinity
of ways of cnoosing the set of partial elements. Since the canonical form is
independent of the actual choice of the set of partial elements out of the possible
sets, any choice of such a'set can be derived from any other such set by trans-
forming it by a matrix u; and since z itself is the same no matter what set of
partial elements is chosen, we have uzu~! = z, that is, u is commutative with z.
It follows from the development given in §§7.01,7.02 and 7.04 that a matrix u
which is commutative with every partial idempotent element is a polynomial in z.

8.06 * We must now consider the case in which z is singular and in doing so it
is sufficient to discuss mth roots of a nilpotent matrix; for the principal idem-
potent element of x which corresponds to a root u is the sum of those principal
idempotent elements of y which correspond to those roots whose mth power
is u, so that the principal idempotent element corresponding to the root 0 is
the same for both z and y. Let the elementary divisors of y be A™, A™, ... \™;
then

y=nty+ -+
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where y; is a nilpotent matrix of index m,, and we may suppose the fundamental
basis so chosen that the significant part of y is

01
01

(23) i ) i ) (m; rows and columns).

01
0

To simplify the notation we shall consider for the moment only one part y;
and replace it by ¥ and m; by n so that y* = 0 and

n-—1
Yy = 2 e.Se; 4 1.
1

If we now form the mth power of #. then y» = 0if m > nandif m < n

n—m

y" = 2 eiSe; 4 m.

1
If we define r and & by
(24) r—1m+k=n<m k > 0)
then r > 2 and

(25) ymei = 0, y™ei v m = €, Y™Ci+2m = €itm "5 Y it r—Dm =€it(r—Dm
(7' = 112’ ) k)

giving k chains of order r of invariant vectors, and similarly for 7 = £ + 1,
k+ 2, ---, m, we have m — k chains whose order is r — 1 since for these values
of 7 the last equation in (25) is'missing. If we set u and v for blocks of terms
like (23) only with r and » — 1 rows and columns, respectively, then we can
find a non-singular matrix P which permutes the rows and columns in y™ so that

u

(26) P-lymP = u (kw's and m — k v’s).

v

We are now in a position to consider the solution of y» = z where z is a
nilpotent matrix of index r. In the elementary divisors of x suppose p, expo-
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nents equal r, p, equal r — 1, and in general p;equalr —j + 1 (= 1,2, ---, r);
here the p’s are integers equal to or greater than 0 such that

D =i+ Dpi=n  p O
i
The maximum possible exponent for any elementary divisor of y is rm; let
¢:(t=1,2, -+, m;j =1,2, -+, r) be the number of exponents which equal
r—=j+Um—i+1=0FC—=-Hm+m—17+1).
Forming y™ and using (24) and the results of (25) we then see that
27 gt 215+ -+ (M — Dgimym + mgin + (m — 1)gn
+ ot am=p G=12 0, 1500 =0)
2[(r—j+1)m—i+1]q,-,-=n.
i,
These relations form a set of Diophantine equations for the ¢’s. When a set .
of ¢’s have been found, we can find the matrix P (cf. (26)) for each part of y=

and then set y = TR~'y;R where R has the form ZP;Q;, Q; being commutative
with P7'y7P; and so chosen that R is not singular.

8.07 The exponential and logarithmic functions. The function exp y = e¥
has already been defined in §8.02 by the series

e =1+ 2 y™/m!
1

or in §8.03 in terms of the partial units of y. Let the distinct roots of y be
pi, p2, *-, pe and let a choice of the partial idempotent and nilpotent elements
corresponding to u; be fi;, hi; (7 = 1, 2, ---, ki) so that

ki ki
(28) fi= qu, hi = 2 hiy (G=1,2 -9

i=1 i=1

are the principal idempotent and nilpotent elements of y. If we set 2 = e,
we have

. I it
z=e=2 > [f+ ho e 1),]
i i . D] .

= E 2 (evfi; + gi))

where v;; is the index of &;; and

(29)

h2 1
(30) gi = hi+ o+ o F R G = DL
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The index of g;; is clearly »;;. Solving (30) for k;;, we have the formal solution
hi; = log (1 4 gs;) and on using this or inverting the power series in (30) we get

(31) hii = gii = 39 + o 4 (=DYgEY vy — 1),

As in §8.05 it follows that f;;, g;; form a set of partial elements for z and, when =
is given so that y = log z, the method there used gives the following theorem.

THEOREM 2. If z is a non-singular matriz whose distinct roots are A1, A,
cooy Ay and if log Ay, log Ny, -+, log A, are particular determinations of the
logarithms of these roots, then the general determination of log x is found as follows.
Take any set of partial elements of z, say fi;, g:; 0 = 1,2, ---, r; 5 =1,2, ---, ky)
where fij, gij correspond to \; and the index of gi; ts vsj, let hi; be the nilpotent
matriz defined by (31), and let k;; be any integers, then

(32) log z = 2 2 [(log Xi + kijm/=1)fsi + Rl

The discussion of the relation between different determinations of log z is
practically the same as for 2/ and need not be repeated.
If f; and h; are defined by (28), a particular determination of log z is given by

(33) Logr = z {dog \i 4+ kien/=1)fi + Ri.

This form of log = has the same principal elements as z provided log A\; + %:
# log A\; + R, for any 7 = j, and even when this condition is not satisfied, it is
convenient to refer to (33) as a principal determination of log 2. This deter-
mination is the one given by the series (cf. §8.02 (8))

(34) logz=(—-1)—3z—-1D*+¥z—-1>— ..

provided each k; is 0 and the principal determination of log A; is used. The
series converges only when the roots of x — 1 are all less than 1 in absolute value.

8.08 The canonical form of a matrix in a given field. If the coefficients of a
matrix are restricted to lie in a given field of rationality, the canonical form
used in the preceding sections requires some modification. The definition of
the invariant factors is rational as are also the theorems regarding similar
matrices which were derived from them in Chapter 3; and hence if X and z
are rational matrices which have the same invariant factors there exists a rational
matrix P for which P~1zP = X. The definition of elementary divisors requires
only the natural alteration of substituting powers of irreducible polynomials
for (A — \y) i,
Let

a)) =A"+adA" "4 o+ an



124 FUNCTIONS OF MATRICES [ VIII]

be a scalar polynomial in a field F which is irreducible in F; then the matrix
of order m defined by

—a; —ag —Qm -1 —0m
1 0 0 0
35) s 01 0 0
0 0 1 0

has a(M\) as its characteristic function; since a()) is irreducible in F, it follows
immediately that z, is an irreducible matrix in F and that «(\) is also the
reduced characteristic function. It is easily seen that the invariant factors of
N\ — x are given by m — 1 units followed by a(?).

Again, if we consider

(36) r. = (r rows and columns)

Zas

which is a matrix of order rm, we see as in §8.03 (14) that, if g(\) is a scalar
polynomial in A,

g(xa) ¢'€ta) -+ g =V(2a)/(r — D!

g(xa) o g¥ T P(za)/(r — 2)!
g(xa) = e .

g,(xn) .
9(Ta).

It follows that, if g(za) = 0, we must have g ~ V(z,) = 0 and therefore a(X)
is a factor of g« — P(\) so that [a(N)]" is a factor of g(\). But if we put g(A)
= [a(\)]" the first (r — 1) derivatives of g(A\) have a()\) as a factor and so
vanish when \ is replaced by z,; hence g(r.) = 0. It follows that the reduced
characteristic function of z. is [«(\)]" and, since the degree of this polynomial
equals the order rm of z,, it is also the characteristic function so that the
invariant factors of z. are given by 1 repeated rm — 1 times followed by [a())]".
The argument used in §3.06 then gives the following theorem.

TueEOREM 3. Let a;(A), ax(N), -+, ar(\) be polynomials, not necessarily dis-
tinct, which are rational and irreducible in a field F and whose degrees are my,
my, ---, my respectively; and let vy, ro, + -+, 7 be any positive integers such that
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k
2 rim; = n;then, if za, is the matriz of order rim; formed from a;(N) in the same

1
way as xo tn (36) is formed from a(\), the matriz of order n defincd by

Ta,
Ta,

37 z =
Ta,
has a:(N), az(M), .. -, ax(N\) as its elementary divisors in F.
If X is any matrix with the same elementary divisors as z, it follows from
§3.04 Theorem 5 that we can find a rational nonsingular matrix P such that

PXP-! = z. We may therefore take (37) as a canonical form for a matrix
in the given field F.

8.09 The absolute value of amatrix. The absolute value of a matrixa = || ap, Il
is most conveniently defined as

n \ 3
(38) 'al = (2 apqdpq>

P.q=

where the heavy bars are used to distinguish between the absolute value and
the determinant | @ |. It must be carefully noted that the absolute value of a
scalar matrix X is not the same as the ordinary absolute value or modulus of A,
the relation between them being

(39) |A] = nimod A.
It follows immediately from (37) that
(40) mod (|al —|b]) <la+b] <la|+1b];
and from
D Gprtipr D buchey = D, [52 (@orBog = @pubrg) (@prbag = Gpabrg)
Y TR 4 'R pPq T, 8
+ E aprbrq 2 a-'pal;lq-ly
we have ‘
(41) lab] < lallbl.

Since the trace of ad’ is Za,.d,,, the absolute value of ¢ might also have
been defined by

42) lal? = traa’ = trd'a.
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From this we see immediately that, if a is unitary, that is, a@’ = 1, then
(43) lal =nt, |ab]| =|b|

where b is any matrix.

No matter what matrix a is, ad’ is a positive hermitian matrix, semi-definite
or definite accordjmg-es a is or is not singular; the roots g, g;, -+, gn of ad’
are therefore real and not negative. If we set

Dr=20102 s, P=pn=(mod]|al)?, s=p =]al
then

— . n—1 n
r'pe S Z(gl + Jga + o0+ gr)r < (:L_ i)s', Pr 2 (n)P('_l)/(') = (n)prlny

r

Eg;,

whence!

n rin —| n = 1 r
(44) <r>p <p.<r <r _ l)s.

If Cr(a) is the rth supplementary compound of a (cf. §5.03), and a = pt
is put for mod | a |, then p, = | C7(a) |? and we may write for (44)

n 2r/n r 2 —rn_1 2r
(D <10@ 12 <o 2 ]lal

and, since (a’)~! = C*~(a)/| a |, we have

n—2

(45) o <|a < (n—1) * |al*—Ya

provided | a | # 0. Thisinequality enables us to deal with expressions involving
negative powers of a.

Since a—! = exp (— log a), we also have
[a=| =1(1 — log a + %(log a)? — --)b]| < (1 o, al
+ 4llogal2+ --:)|b

and therefore

(46) |a=tb| < eltosal|p].
Putting b = 1 we also have
47 [a=t] < nt — 1 4 eltesel and  |a=t| < nlellosal,

It is also sometimes convenient to note as a consequence of (41) with b = a-!
that

(48) la=t] > ntlal-n

1If r = n, (44) gives Hadamard’s expression for the maximum value of mod | a .
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8.10 Infinite products. As an illustration of the use of the preceding section
we shall now investigate briefly the convergence of an infinite product. Let
(49) P,=Q10+a)l+a) - 1+ am

=0+ lah@+1aD - 1 +]al),

then, if ¢ is an arbitrary matrix,

(50) [Pp—1]<Qn—1< &l — 1,
(1) | Puc] < Ve ¢,
(52) |P _P"I<Qm—Qk<2Ia1 zlﬂll

For on expanding P,, we have

—1+2a,+2apaq+ 2 ApgGr + *+*

»<g¢ r<g<r
therefore
| Pn —1|<E|a,|+2|ap||aq|+ =Qn,— 1
rp<gq
| Pacl < <1+Elapl+2lap||aq|+ el = Qulel < E1ostc],
p<g¢

The proof of (52) follows in the same manner.
Hence P,, converges when @Q,, does, for which it is sufficient that Za; is abso-
lutely convergent in the sense that = |a;| converges.

8.11 The absolute value of a tensor. If wis a tensor of grade r, we define the
absolute value of w by?
(53) mod w = (r!Saw)l.

We shall for the most part consider only vectors of grade 1 as the extension to
tensors of higher grade is usually immediate.
If z and y are any vectors, we derive from (53)

(54) mod (z + y¥) < mod z + mod y, mod Szy < mod z mod .
If A is a matrix,
(mod Az)? = SAzAz = SzA'Ax.
By §6.02
A’A = Zg.a.8a;

2 The r! enters here only because of the numerical factor introduced in defining Suy
(cf. §5.16).



128 FUNCTIONS OF MATRICES [ VIII]

where the ¢’s are real and not negative, and Sd.a; = 68;; so that mod a; = 1;
hence
SzA’Az = 2¢.8id:Sa;x = Zg; (mod Sa;z)?
< Zg: (mod a; mod z)? = (Z¢;)(mod z)?
= |4 (mod 2)?,

or
(55) mod 4z < | A | mod z.
From (54) we then have
(56) mod SyAdz < | A | mod z mod y.
8.12 Matric functions of a scalar variable. If the coordinates of a matrix
a(t) = || ay.(t) || are functions of a scalar variable ¢, the matrix itself is called
a matric function of £. The derivative, when it exists, is defined as
da .. a(t+h) —a(t) _ | da,

57) a e &
h being a scalar. The fundamental rules of differentiation are

d(a+b) _da | db d(ab) _ da db da’ _ (da)’

—a Catw a aT'mw @ - \a
to which we may add, when |a | = 0,

da' _  _ da _,

(58) - a ar a~t,

Other examples are

da® _ da da da® _da , da ,da
T R A T
and in general, if m is any positive integer,
da™ a da/dt
(59) a {m -1 1 }

Under the usual conditions each of the coordinates of a(t) is expansible as a
Taylor series and this is therefore also true of a(f). If f(¢) is a scalar function,
f(a) may or may not have a meaning. For instance, if f(t) can be expanded in
a power series which converges for mod ¢ < «, then the same power series® in

3If g(t) = Zunt®, u. scalar, the series intended here is Zun,a®. Other definitions are
possible, e.g., if we set

G(a) = E Un E C(ino) ac(l."l) ac(i"; c(i':)n - ,‘wﬁ”ﬁ
n i

where E c(l."o) c(i"l) cooelm) = 1) we still have G(t) = g(t).

n
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a converges when |a| < «; but if f(¢) is defined by a Fourier series which is
not differentiable, f(a) will not have a meaning when the elementary divisors
of a are not simple, as is seen immediately on referring to the form of §8.03 (14).
If f(a) and f'(a) have a meaning and if da/dt is commutative with a, we have
df(a)/dt = f'(a)da/dt. For instance, if z is a constant matrix and ¢ = ¢ — z,
then

dlog t — x) _ 1

(60) dt t— =z

as is also easily proved directly.
The integral of a(f) is defined as follows. If C is a regular contour in the
{-plane, we shall set ’

(61) /c a()dt = “ L ape(t)dt “

or if £y, --- isa series of points on C and ¢; a point on the are (¢, t; + 1), and
if the number of points is increased indefinitely in such a way that mod
(ti +1 — t:) approaches O for every interval, then

(62) / a(t)dt = lim Ea(t:)(t, +1 — ti).

The conditions for the existence of this limit are exactly the same as in the
scalar theory.

If M is the least upper bound of | a| on C and L is the length of C, it follows
in the usual manner that

(63)

/ a‘(t)dt’ < / |a(t) | mod dt < ML.

As an illustration of these definitions we shall now employ contour integration
to prove some of our earlier results. If z is an arbitrary constant matrix and
C a circle with center t = 0 and radius greater than | z |, then all the roots of z
lie inside C and on C the series

+ 7

L1
t—z t

S8

is uniformly convergent. Hence

1 dt 1 < dt
64 2 = o
(64) mﬁt—x 27rz'2 T ﬁz"ﬂ
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a result which may also be derived from the definition of log (! — z) in §8.07 and

/ —— = [log (t — z)]e.

1 tdt 1 z
%ﬁﬁn—ﬁlet—gm—

and in general, if g(f) is a scalar function of ¢ which is analytic in a region
enclosing C,

(65) gM——/“”

I~z

We then have

Suppose now that |t — x| = 6()e(t), adj (¢ — z) = 6(t)a(t) where 6(¢) is
the highest common factor of |t — z | and the coordinates of adj (¢ — z). We
then have

(66) o(z) = fmwm
~ ®

and under the given conditions this vanishes if, and only if, g(¢)/¢(f) has no
singularities inside C, that is, if ¢ is a factor of g. We have therefore the theorem
of §2.05 that ¢(¢) is the reduced characteristic function of # and that g(z) =
only when ¢(2) is a factor of g(z).

Since a(t) = ¢(t)/(t — z) is a polynomial in x with scalar coefficients and with
degree 1 less than the degree of ¢(t), say

a(t) =a1x"‘“+a2:c’""2+ e +C(m,

equation (66) shows that g(z) can be expressed as a polynomial in z, namely,

mea | 9a(t)
(67) g(z) = — 2 /; 0 dt.

We may also note that (66) leads to the interpolation formula §8.01 (4) if
the integral is expanded in terms of the residues at the zeros of (t).

All of these results can be extended to unilateral series in z with matric
coefficients if care is taken to use g(t) (t — z)~* or (¢ — z)~* g(t) according as
dextro- or laevo-lateral series are desired.

8.13 Functions of a variable vector. Before considering functions of a
variable matrix, we shall consider briefly those of a variable vector; for more
extended and systematic treatments the reader is referred to treatises on vector
and tensor analysis.

The differential of a function of a variable in any non-commutative algebra
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was defined by Hamilton as follows. Let f(z) be a function of a variable z,
dz a variable independent of z and ¢ a scalar variable; then

(68) df(z) = lim‘f(z + tdz) — f(x)'

t—0 t

We shall assume tacitly hereafter that this limit exists for all the functions we
shall consider.

An immediate consequence of (68) is that df(z) is linear and homogeneous in
dz. Hence, if x = Zte;, dz = Zdte;, then

df(x) f(z(E- + tdEo)tei) - f(z&e;) aaf dEl
0 Es
This leads to Hamilton’s differential operator
9
0
in terms of which we may write (68) in the form
(70) df(z) = (SdzV)f(z).

In using this operator it is frequently convenient to place it after its operand
and, when this is done, some artifice is necessary to indicate the connection
between them. This is done by attaching the same subscript to both;. the
method of doing this will be clear from the following examples in which a =

(69) V = Ze;

Jaie;, b = ZBie; are vectors and A = || ay; || is & matrix.
0o
Va = E E ;e QaVa = Z E eiej,
VSab = VaSaob + VaSaba = D, <2 (3"‘: B; + "_ﬂ: )) ¢,
s ]
da; 083
SV.VsSasbs = —_
PR T Bk o

i

Sa.dV, = 2 a;; g%‘.i’ Sad.v, = 2 a; aaag’
1 Y]

, i 3
AV, = E(E %) €, VelAa = 2 aE,,, eiesSex( ),
7 :

(%)

We can now consider the effect of a change of variable from z to* Z. Let
& = Zfe;, V = Ze;d/8&;; then

71 di = Z.8Vudx = Jdz

¢ Here Z denotes a new variable and not the conjugate imaginary. Instead of con-
sidering a change of variable, we may regard £ as a vector function of z.



132 FUNCTIONS OF MATRICES [ VIII]
where

(12) J = £.8Va = || 88/0% ||

is the Jacobian matrix of the transformation. Similarly

dz = 2,8V di = Jdz.

Hence

(73) JJ = 1.

Again, since SdzV = SdiV = SdzJ'V, hence

(74) vV=JV, V=) w=JV.

From (70) and (72) we see that the differentials of J and J’ are given by
dJ = SdaVs-Ja, and dJ = dZ.SV. = J.dzSV,
dJ' = SdaxvV,-J,, dJ' = VoS dx = V,SdzJ ..

(75)

This leads to the notion of contravariant and covariant vectors. If u is a
vector function of z and % the corresponding® function after the change of
variable, u is called contravariant if

(76) , u = Ju,
and covariant when
(77 a=Jwu u=J4a
If d;, d; denote two independent variations so that di(dex) = di(dix), then
hdi = dy(Jdiz) = dpJdiz 4 Jdide
= Joudp28Vadiz + Jdidyz.

(78)

Hence second differentials are neither contra- nor co-variant.
If A is a matrix whose coordinates are functions of z, the bilinear differential
form Sd,zAd.x when transformed becomes

SdlfiA-dzﬁl-? = SdliIJ‘Iszx
so that, if this form is invariant, that is, Sd,#Ad,% = SdizAdsx, we must have
(79) A=JAJ, A =J4J, Adx = J'Adz

§ As will be seen below, this does not necessarily mean merely the result of substituting
Z for z in the coordinates of u.
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Hence when A is defined in this manner, Adx is a covariant vector. If by
analogy with (78) we form a second differential of this vector and of A'dz, we
get, using di = Jdz,

d(Adiz) = doJ'Ad\E + J'do(Ad,E)
di(A'dyz) = diJ'A'dei + J'dy(A'd,E).
From (75) diJ’ = VaSJadsz, diJ’' = Y.SdizJ.; hence after a simple reduction
do(Adiz) + di(A'dsz) = VoSdiz(J'A' T + JLA'T)dex + J'(do(AdsE) + di(A'da%))
= VuSdiz(A, — JALDdyz + J'(d(AdiD) + di(A'ds))

which may be written
a = dy(Adiz) + di(A'dyz) ~ VuSdizA dox
(80) = J'(dy(AdiZ) + di(Ad'dsE) — VuSdiZA )
=J'a

80 that a is a covariant vector. This vector may also be written
a = dzAdlz + dlA’d‘zx - vanle;dzz + (A + A’)dldzx.
Using a notation suggested by the Christoffel symbols we now write

[4; diz, dox] = $(d:Adiz + d1A'dox — V.SdizA doz)

(81) _ (% dar; ?&:) '
“E.k ¥ ak; + 3t; 3%, di§idotier

(82) {dlx:‘idzx} = (4 + A) N dAdiz + diA'dyz — VaSdizA .doz)

= 2(4 + A")[A; diz, dsz]
provided that | A + A’| = 0. If we now set

A
b = {dlx, dgx} + dldzx

and use the relation (4 + A")~\J’ = J1(4 + A’)-!, we have from (80)
(83) b=Jb

so that b is contravariant.
Ifweset A = 3(4 + A’) + 3(4 — A’) = B + C, we get from (81) and (80)

[4; diz, dx] = [B; diz, dyz] + [C; diz, dax]
(84) [B; diz, dpx] + Bddyx = J’([Bi dif, dyx] + Bd1d253)
[C, dlx, dzI] = J'[@; dlj, dz.’l-?]
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We shall require two transverses of the Christoffel matrices; these are defined

by
, A4 A’
Sb[A; a, c] = Sc[4; a, b], Sb {a, c} = Sc{ b}

a’
whence
2[4; a, b]’ = V.SaA.b + AbSaV, — A.aSbV,
(85)
Al _ 4. Ntp ]/
{a,b} - [A,(I, (A +A) lb]°

To illustrate partial differentiation we shall consider functions which depend
not only on z but also on a contravariant variable vector ¥ = Zw;e;. Since

% = Ju and J = || 8%;/9¢; || is independent of u, we have
b} dw; 9 BE,
dw; 2 3w, 6w, dE; aw,
9% 8; 8
ok 9k: ok 3k 0w

Hence, if V/ = Ze;0/0w;, V' = Ze;0/8a;, then
AN
(86) v =JV, V=JY+dJ -V

where d,J' = SuV,-J.. Here V’ is covariant but V is neither covariant nor
contravariant, which means that formulae dependent on it will not usually be
invariant in form under a change of variable. This difficulty is avoided as
follows. If we combine (83) with (78) and replace diz, dx by contravariant
vectors a, b, then

A A
(87) dpJa = d.Jb = JbSVa.a = J{a, b} - {d, B}'
Hence
, no A ’ , A‘ ’
(87 dol'b = {a, J’} -7 {d, b}

and therefore

o 41" 4 A4
V—JV+{u’V,} J {12, V'}
whence

(88) D=v-— {u,AV’}, =J <V - {a%V’}) = J'D:

D is therefore a covariant differential operator.



8.14 ] FUNCTIONS OF A VARIABLE MATRIX 135

Let v be any contravariant vector and set dyov = SuV,-v.; then, if f is any
function of z and wu,

(89) dof = (SvVa 4 SdwVo)fe = (SvDe + S8,V.)fx

where 8,0 is the contravariant vector defined by
A
(90) o0 = dyv + {u, v} = Vu.

The tensor corresponding to the matrix V is known as the covariant deriva-
tive of v.

8.14 Functions of a variable matrix. The general theory of analytic func-
tions of a variable matrix z = || &; || is co-extensive with that of n? scalar
variables and hence is so general as to be void of properties peculiar to matrices.
This follows immediately from the obvious relation

n

§i = E ; €piZep

p=1
which expresses the (7, j) coordinate as a linear function of z.
The differential operator® corresponding to z is
ad
0k
It is often convenient to have a special notation for the transverse A’ and when
this is so we shall set

91) A= ’

’

.

These operators may stand after their operands and the same convention as
was used for subscripts attached to V will also be used for A and 8 when

necessary.
The fundamental property of A is
(93) df = tr(dzA")f = tr (dzd)f

where f is any function of z and tr(4) stands for the trace of the matrix 4.
This result follows immediately from

tr(dza’) = D, D) dta a%k .
§ k v

¢ This operator first occurs in a paper by Taber (1890, (84)) who however did not make
any systematic use of it. Macaulay in a tract published in 1893 (110) but written in
1887 used A consistently in applying quaternions to physical problems; he used the nota-
tion d for A. Later Born (385) used the same operator to great effect in his theory of
quantum matrices. Turnbull (436) uses Q for A’.
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8.15 Differentiation formulae. We collect here the principal formulae of
differentiation; in each case the operand is z or z’ and the dummy subscript is
omitted except when the medning is ambiguous without it. To simplify the
expressions we set a and B for the traces of the matrices a and b, and &, for the
trace of z”.

Aarb = a’b = a’zb’A, Aax’b = ab = bz'aA

(94)
Alaxb = ab = bzad’, Alaz’d = a’b = a’z'b’A’
Azt =z~ l4 'z 24 ()%~ 4 -0 (@) Tt =AN)"
95) A =z "'z~ % +a 32+ - + (@)= ()
Azm = ne" 14 fzn— 24 Lrr— 3 4 oo £ = 1A
Atr (axb) = Atr(baz) = a’db’
(96)
otr(axb) = ba
97) Atr(z7) = At = r(z’)" Y, atr(z7) = razm— L,
tr (A)azb = ab = tr (d)azxd
(98)
tr(A)zm = rzm—1 = tr(d)z" -
T a z a T a
atr{r s} =(r+s) {r —1 s}=tr(a){r s}
99) T a  a
Atl‘{r s}: (7‘+8)‘{T— 1 s}.
ALt — zAlxl =tr(z7) =&
(100)

(Aaxa - x’Aa) Z; = (x’)r.

The proofs of these formulae are all very similar and we shall consider here
only the most important leaving the remainder to the reader. If a = || ai;|l,

b = || bi; ||, then
2 @pibpi

r

= a'b;

[i]
Aarb = “ a_f,;, apngrbri
hence also
a’z’b’A’ = (Abza)’ = (b'a)’ = a’b.

The remaining parts of (94) follow in the same way. It follows dlso from
(94) that

Al = AaZoZ™ 1+ Atz ~1 = 271 + Ap2xa2" — % + Anx?r] "2
— — — -3
="~ 4 2’7 72 4 Aarlraxm T3 + An2iry T,

and so on; the remaining parts of (95) follow from (94) in the same way.
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To prove (96) we notice first that tr (ab) = tr (ba) and hence in tr (q;az - - - a,) -

the factors may be permuted cyclically. Then, if ¢ = || ¢i; ||,
0
atr (cx) = E:e,--— E:c = E:c.-'e;-=c.
( ) et 73&:‘1‘ ot PQEQP a7

Formula (97) follows by repeated application of (96); thus
Atr (z7) = Aqtr (zax”— 1Y) + AL tr (2] " 2)
= (2)" '+ Aatr (zax” — 1) + Antr (zl ~ %2
= (x’)f—l + (x/)r—l + cee
= r(z/)r— L

The remaining formulae are proved in the same way.
If Za,\" is a scalar power series and f(z) = Za,z', then from (97) and (98)

atr (f(z)) = Zrayzr ~1 = f'(z) = tr (9)f(2)

so that the operators 8 tr ( ) and tr (3) have the same effect on such functions.

Similarly, if F(z) = Za, {': Z}, it follows from (99) that

(101) auwo=uww=z@+&%rflg}
8.16 As an illustration of the application of the formulae of the preceding
section we shall give some parts of the theory of quantum matrices which are
applicable to matrices of finite order.

Let ¢1, o, -, q; 1, * -+, Ds be the coordinates of a dynamical system and
O the Hamiltonian function; these coordinates satisfy the system of ordinary
partial differential equations

. 0 i} .
(102) 6= = -I2 =12 0
We may suppose that f = 7?2, a perfect square; for, if (n — 1)?2 < f < n?, we
can introduce 2(n? — f) additional coordinates g; 4.1, Ps+1, ***, qnsy P Which

do not occur in $ so that these variables equated to constants are solutions of
the extended system. When this is done, we can order the ¢’s and p’s in square
arrays || ¢i; ||, || pii || in such a way that p.; corresponds to g;; for all 7 and j.
Equation (102) then becomes

. 09 . 09

Qi = 5 = T o

op;i 0g;i

or, if the matrices || ¢i; || and || p;: || are denoted by ¢ and p and the corre-
sponding transverse differential operators by 9, and a,,

(103) ¢ =109 p=0939.
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If we transform (103) by the substitution

g=eQv,  Q=1Qull, p=e'Pe, P =] Pyl
where w is a constant matrix, we get

§=e4(Q + wQ — Que™t,  p = (P + wP — Pu)e v,
Also, if ¢ is kept constant,

tr (dgd,) = tr (e*'dQe*'9,) = tr (dQe 0 .v?)
with a similar relation for p. Hence
8y = €”'9qe7 7Y, 9, = €°'9pe v,

Using these results in (103) we get
(104) Q@+ wQ — Qu) = 89, (P + wP — Pu) = —39,
9 being expressed in terms of P and @ and, if necessary, also {. Now from (96)

Qw — wQ = dptr [W(PQ — QP)] —(Pw — wP) = aqtr [w(PQ — QP)]
and hence, if
(105) ® = 9 + trlw(PQ — QP)] = § + trlw(pg — ¢p)],
we have in place of (103)
(106) Q=200 P=-0

80 thqt the trangsformation is canonical.
If Q = 0 = Pin (104), then

wQ — Qw = 99, wP — Pw = —0¢9
or on restoring the exponential factor
(107) wg — quw = 3,9, wp — pw = —3,9.

When 9 is given, these are algebraic equations which can be solved for p and g¢;
the solution will of course generally contain arbitrary parameters.
Under the same assumptions (106) becomes

(108) 98 = 0 = 3R,

and if P, Q are independent variables, the only solution is = constant and
the only solution for $ in (107) then has the form

&* = trlw(pg — ¢p)]

apart from an additive constant. Equation (108) may then be written

(109) 35($ — §*) =0 = 3,(p — Y.
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Now, if 7y, 73, -, 7., are the parameters in the solution of (107) we have
(S — ) _ api; (9 — 9% + 9gi; 3(H — 9%
ork org 0pij org 0qi;
which vanishes in virtue of (109). Hence, if $ is expressed in terms of r,
Ty, -, T by using the solutions of (107), it will differ by an additive constant
at most from — tr [w(pg — ¢p)].
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