CHAPTER V1T

COMMUTATIVE MATRICES

7.01 We have already seen in §2.08 how to find all matrices commutative with
a given matrix z which has no repeated roots. We shall now treat the some-
what more complicated case in which z is not so restricted. If

¢))] Ty = yz

then z7y = yzr so that, if f(A) is a scalar polynomial, then f(z)y = yf(z). In
particular, if f; is a principal idempotent element of z, then fiy = yfi. Remem-
berine that Zf; = 1 we may set

z = Zfix = Zz;, y = Zfy = Zy,

and also, by §2.11, z; = \; + 2;, where z; is nilpotent. Since yiz; = 0 = z.y;
(¢ # j), the determination of all matrices y which satisfy (1) is reduced to
finding y so that

yixs = zYs,  Yi = foy = yf

We can therefore simplify the notation by first assuming that z has only one
principal idempotent element, 1, and one root which may be taken to be 0
without loss of generality; z is then nilpotent.

Let e, €5, - - -, e, be the partial idempotent elements of z and let their ranks
be 7, ny, ---, n.; z is then composed of blocks of the form

010 0
0 01 0
000 0 (n; rows and columns)
0 00 1
0 00 0

provided the fundamental basis is suitably chosen. To simplify the notation
further we divide the array of n? units e;; into smaller arrays forthed by sepa-
rating off the first n, rows, then the next n, rows, and so on, and then making a
similar division of the columns (see figure 1). And when this is done, we shall
denote the units in the block in which the 7th set of rows meets the jth set of
columns by

e;;: ('i:j= L2 --,p=12 -, n5;¢9=12 ---, n).
102
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It is also convenient to put e;i = 0 for p > n;or ¢ > n,.

n N N3
n | 11 [ 12 | 13
ny | 21 [ 22 | 23
ng | 31 132 | 33

Fig. 1
The expression for z is now
s ni—1 [
T = z; E:e;.‘p-ﬂ = 2;‘”‘
i=1 p=1 1=1
and we may set
y= 2 miedi =2 vu
74700 i J
where
ni nj
Yii = eye; = E; 2; M528p -
=1 ¢=1

The equation zy = yz is then equivalent to
(2) TYii = Yii%i ("7.7 =12 .- s).

If we now suppress for the moment the superseripts ¢, j, which remain con-
stant in a single equation in (2), we may replace (2) by

ni—1 ny nj ng nj nj—1
E:ey.p+l E: z:ﬂlmelm= E: E:ﬂlmelm E;eq,q-'-l
=1 I1=1 m=1 =1 m=1 g=1
or
ni ni—1 ng nj—1
(6)] Mp + 1, m€pm = Nig€l.q +1-
m=1 p=1 =1 ¢g=1

Equating corresponding coefficients then gives

(4) Np+1, ¢+1 = Npg-

Since ¢ > 1 on the right of (3), it follows that 5, ,;,,, = 0(p = 1,2, ---
n; — 1) and, since p < n; — 1 on the left, 5., = 0 (¢
and hence from (4)

]
b
-
N
-
-
3
-~
|
[y
~

(5) "lp+t.t=0="7m'—t,q—t

wherep = 0,1, -, n; —t,g=t+1,84+2, ---,n; —1,t=0,1, ---

From (4) we see that in y,; all coordinates in an oblique line parallel to the
main diagonal of the original array have the same value; from the first part
of (5) those to the left of the oblique AB through the upper left hand corner
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are zero, as are also those to the left of the oblique CD through the lower right
hand corner; the coordinates in the other obliques are arbitrary except that,
as already stated, the coordinates in the same oblique are equal by (4). This
state of affairs is made clearer by figure 2 where all coordinates are 0 except
those in the shaded portion.

ni < ng

As an example of this take

a

The above rules then give for y

QG
a
dy d
do
(6
go G
go

where the dots represent 0.
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If we arrange the notation so that n, < n, < --- < n,, a simple enumera-
tion shows that the number of independent parameters in y is

(2s—Dni+ (25 = 3)na + -+ + n..
We have therefore the following theorem which is due to Frobenius.

TueoREM 1. If the elementary divisors of x are A\ — \)™i, 1 =1,2, -, 1,
J=12, -, 8, where\, N, -+, N\, are all different and ny < nip < -+ - < nay,y
then the general form of a matriz commutative with x depends on

2'3 i) (28 - 2] + l)n.-,-

t=] jm]

independent parameters.

7.02 Commutative sets of matrices. The simple condition zy = yz may
be replaced by the more stringent one that y is commutative with every matrix
which is commutative with . To begin with we shall merely assume that y
is commutative with each of a particular set of partial idempotent elements e;;
a8 in the previous section we may assume that z has only one principal idem-
potent element.

In order that e;y = ye; for every 7 it is necessary and sufficient that y;; = 0

when ¢ # j; if ui, up, ---, u, are the partial nilpotent elements of z corre-
sponding to e, e, -+, ¢, and we set m; = n; — 1, this gives for y
7 y= 2 (meces + naus + <+ + NimUT).

)

If we now put z = Z (Biei + u:), where no 8; = 0, and if g(\) is any scalar
polynomial, then (cf.i §2.11)
9(2) = Zg(Bwes + w) = Z(gBdes + g'Bus + -+ + g™ (BIuT/mil)
and when y is given, we can always find g(\) so that
10 = g®(B:)/k!

provided the 8’s are all different. Hence every y, including z itself, can be
expressed as a polynomial in 2.

We now impose the more exacting condition that y is permutable with every
matrix permutable with z. Let n;; (i # j) be the matrix of the same form as
i in §7.01 but with zero coordinates everywhere except in the principal oblique;
for example in (6) uy is obtained by putting fy = 1 and making every other
coordinate 0. We then have

€Us; = Uij€;, UiUsi = UsUj.
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Hence yu:; = u:y gives yuui; = uqiy;; and therefore from (7)
(nioei + naws + -+ + mimUTUi = wii(njoe; + npu; + -0+ nmuG)
= (mjoei + naws + -+ + nmu Ui
from which we readily derive for all ¢, j and &
Nik = MNik

with the understanding that 7. does not actually occur when £ > m;. When
t is the matrix used in deriving (6), these conditions give in place of (6)

Ay
@y
Gy a1 Qe
Ao Qi
Qo

(8)

ag a1 02 Az Qa4

Gp a1 Q2 Qa3

an Ay Qo
Gy a1
Qao.

Comparing ‘this form with (7) we see that y is now a scalar polynomial in z,
which in the particular case given above becomes g(x — o) where

g\) = ap + aN + aA? + a4 at.
The results of this section may be summarized as follows.

THEOREM 2. Any matriz which is commutative, not oniy with x, but also with
every matrix commutative with z, is a scalar polynomial in .

7.03 Rational methods. Since the solution of zy — yz = 0 for y can be
regarded as equivalent to solving a system of linear homogeneous equations,
the solution should be expressible rationally in terms of suitably chosen param-
eters; the method of §7.01, though elementary and direct, cannot therefore be
regarded as wholly satisfactory. The following discussion, which is due to
Frobenius, avoids this difficulty but is correspondingly less explicit. .

As before let zy = yr and set a = A — z; also let b = L~'aM ! be the normal
form of a. If u is an arbitrary polynomial in A and we set

P = L~Yau + y)L, Q= M(ua+ y)M™,
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then
Pb = PL7'aM~! = L~'(au + y)aM~! = L~'a(ua + y)M~! = bQ.
Conversely, if Pb = bQ and, using the division transformation, we set
9 LPL' = av + y, M-QM = va + i,
where y and y; are constants, then
0=Pb—0bQ = L Yav + y)aM ! — L~a(va + y) M1

or a(v — v)a = ay, — ya. Here the degree on the left is at least 2 and on
the right only 1 and hence by the usual argument both sides of the equation
vanish. This gives

ava = ava, ay = ya

whence »; = v and, since a = N\ — z, also ¥ = y so that zy = yz.
Hence we can find all matrices commutative with z by finding all solutions of

(10) Pb = bQ.

Let ay, az :-:, @, be the invariant factors' of a and ni, ny, ---, n, the
corresponding degrees so that b is the diagonal matrix Zaje;, and let P =
Il Piill, @ = || Qiill; then
(11) Pija; = aiQi;.

By the division transformation we may set

Pii = Rija: + piyy,  Qij = Sy + gi5
and then from (10) we have

Rij = 8y  pijej = auigij

or,if p = || piill, ¢ = |l gus I,
(12) pb = bq.
Hence P = p, Q = ¢ is a solution of (10) for which the degree of p;; is less than
that of a; and the degree of g;; is less than that of «;. It is then evident that,

when the general solution p, ¢ of (12) is found, then the general solution of
(10) has the form

P = bR + p, Q=Rb+gqg

where R is an arbitrary matric polynomial in \. We are however not con-
cerned with R; for

LPL-!' = LbRL™' 4 LpL~' = aM—'RL~' + LpL—!
so that in (9) the value of y depends on p only.

! Since we may add a scalar to z we may clearly assume that the rank of a is n.
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The general solution of (12) is given by

o

Psi = — Sij Pis = Sjii
o; ..
(13) @s 9
a;
Qii = Sij qis = — 8js
@

]

where s, , is an arbitrary polynomial whose degree is at most n, — 1 and which
therefore depends on 7, parameters. It follows that the total number of
parameters in the value of y is that already given in §7.01.

7.04 The direct product. We shall consider in this section some properties
of the direct product which was defined in §5.10.

Tueorem 3. If fi; (4, j= 1, 2, ---, m) is a set of matrices, of order n, for
which

(14) Jiifea = 8infiar Zfﬁ =1,

=1

then m is a factor of n and any matrix of order n can be expressed uniquely in the
Sform Za;;f:; where each a;; ts commutative with every f,q; and, if n = mr, the rank
of each f,, is 1.

For, if z is an arbitrary matrix and we set
(15) ai; = Efkixfik;
k=1

a short calculation shows:

(i) z = Zafi;

(i) @iifpq = foqaiifor all s, j, p, g;

(iii) the set A of all matrices of the form (15) is closed under the operations
of addition and multiplication;

(iv) if by, bz, --- are members of ¥, then Zb;;f;; is zero if, and only if, each
bi; = 0.,

If (a1, az, - -+, a) is a basis of U, it follows that

(apfii: p=12 -, ;i,j=12 -, m)-

is equivalent to the basis (e;;, 7,7 = 1, 2, ---, n) of the set of matrices of order
n. This basis contains Im? independent elements and hence n? = Im? so thai
n = mr,l = r2. Let r;; be the rank of f;;. Since fi; = fi;f;i, it follows from
Theorem 8 of chapter I that r;; < rj;; also from f;:fii = fi: we have r;; < ry;
hence r;; = r; and therefore each r;; has the same value. Finally, since
1 = Zfy, and fif;; = 0 (¢ # j) and ri; = 7j;, we have mri; = n and hence each
Ty =T.
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We shall now show that a basis g;; can be chosen for % which satisfies the
relations (14) with r in place of m. Since the rank of f;; is r, we can set

r

(16) fu= Dy ewSba (@ =1,2 -, m)

1
where the sets of vectors (au) and (Bu) ¢ = 1,2, -+, m; k =1,2, -+, 1)
each form a basis of the n-space since 2 fii = 1. If (a}y), (8:,) are the corre-

i=1

sponding reciprocal sets and

Dii EﬁSkSa:-,, (G =1,2 -, m
1

we have, since Saixa), = 8iidks,
Zpi = ZfiZpu = Z ZaaSBufiSa;; = ZauSal, = 1,

and similarly
Jupu = Zk: awSaiy,  fupii =0 (@ #j).
Hence
1) Ji = fuZpii = 2 anSay,
k

that is ﬂ.’k = a:,,.

Since fi; = fufsifii, the left ground of f;; is the same as that of f,; and its right
ground is the same as that of f;;, Let

fii = ZauwSvir.

The vectors v;x (kK = 1, 2, -+, r) then form a basis for the set a;,, k=12,
-++, r) and, since the basis chosen for this set in (16) is immaterial, we may
suppose yix = a;, (j=1,2, ---, m;k = 1,2, ---, r), that is,

2 ; ’
fli = au,Sa jke
k

Similarly we may set f; = Za;S6, and then since

E alksa;k = fu = flifil = 2 alksa;kajgsall = Ealk‘salk; '
k k,o

’
we have 6ix = a,; and therefore

!
fir = ZapSayy,
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and finally
(18) fi = fafi = 2 aiksa’lkalasa;'a = Eaiksa;'k'
k,s

If we now set aix = Peq —1r 4+ then by §1.09 P is non-singular and a;,
= (P')"'et — nr +&; hence, if

T

(19) hij = E‘eu—nwk. G=Dr+k
k=1

we have
(20) f.',' = PhijP_l.
Also if

m—1
(21) ki = 2 €ar 4§, 87 + 1)

8=0
then
(22) kiiho 41, ¢ +1 = €pr 44, qr+7 = Np +1, ¢ +1Ki;

so that the set (e;;) of all matrices of order » may be regarded as the direct
product of the sets (h;;) and (%;;). Finally, since any matrix can be expressed
in the form Zb;;h;;, where the b;; depend on the basis (k:;), it follows that an
arbitrary matrix can also be expressed in the form

PZb;hi;P~t = ZPby;PYy;;
Pb,;;P! depends on the basis (Pk;;P~) and hence, if we set
gi; = PkiPt (4,5 =1,2, -+, 1)
the ¢’s form a basis of % which satisfies (14).

7.05 Functions of commutative matrices. Let = and y be commutative
matrices whose distinet roots are A, Ay, --- and pi, w2, --- respectively and
let R; be the principal idempotent unit of z corresponding to \; and similarly
S; the principal idempotent unit of y corresponding to u;. Since R; and S;
are scalar polynomials in z and y, they are commutative. If we set

T = R:S;,
those T';; which are not 0 are linearly independent; for if 2¢;T;; = 0, then
0 = RB2;TiiSq = £pqTpy
since R,R; = 6,:R,, 8;S, = 8;,,, so that either £,, = 0 or T,, = 0.
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From the definition of T';; it follows that T;;T,, = 0 when ¢ £ p or j # gq,
and T%; = T, ZT:; = 1; hence

z= D2 N+ @—MITw, =D+ @ — )Ty,

where (z-— A\;)Ts; and (y — u;)T;; are nilpotent. If ¢(A, u) is any scalar poly-
nomial then

POW) = ¥, 1) + D WEI = N — )
where i/ are scalars, we have therefore

¥(z,y) = 2 [¢()\i, #i) Ty + E Vrile — Ny — F'i)'Tii:l

r,8

- 2 Y, u)Tsi + 2 E YriTi;
¥ LEANRAL

T = (@ —N)(y —w)Ty

and r runs from 1 to p; — 1, where p; is the smallest integer for which
(x — M)?,R: = 0, and s has a similar range with respect to y. The matrices
T} are commutative and each is nilpotent; and hence any linear combination
of them is also nilpotent.

Let

where

z =30y, p) T, w = ZZYPHTIY

then w, being the sum of commutative nilpotent matrices, is nilpotent. If we
take in z only terms for which T';; # 0, we see immediately that the roots of z
are the corresponding coefficients y¥(\;, u:); and the reduced characteristic
function of z is found as in §2.12. We have therefore the following theorem
which is due to Frobenius.

Turorem 4. IfR, S; (2 =1,2, ---;5 = 1,2, ---) are the principal idem-
potent units of the commutative matrices z, y and Ti; = R:S;; and if \;, p; are the
corresponding roots of = and y, respectively; then the roots of any scalar function
¥(z, y) of z and u are Y(\;, u;) where © and j take only those values for which T':: % 0.

This theorem extends immediately to any number of commutative matrices.

7.06 Sylvester’s identities. It was shown in §2.08 that, if the roots of z
are all distinct, the only matrices commutative with it are scalar polynomials
in z; and in doing so certain identities, due to Sylvester, were deri* :d. We
shall now consider these identities in more detail.

We have already seen that ip

OO =|x—z]=M4ar "1+ - +a, -+ an
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the coefficient a, of A\» — r is (—1)" times the sum of the principal minors of z
of order r; these coefficients are therefore homogeneous polynomials of degree r
in the coordinates of z. We shall now denote (—1)7a. by [%]. If z is replaced
by Az + uy, then [?] can be expressed as a homogeneous polynomial in A, p
of degree r, and we shall write

23) [M T y] =2

SYE Y sr—s
{s r— s})\ B
s=0
We shall further set, as in §2.08,

(24) Oz + py)r = 2 {x Y })‘.ﬂr—:

“ls r—s
where {? ¥} is obtained by multiplying s z’s and ¢ y’s together in every possible
way and adding the terms so obtained.

In this notation the characteristic equation of Az + uy is

(25) 0= 2 (_1),[xz Jrruy] Oz + )7

r=0
= z y .Z y t,n—1
'Z:‘[s r—s]{t—s n+s—r—t})‘” !

where in the second summation [ ¥] or {Z ¥} is to be replaced by O if either
p or g is negative and [§ ¥] = 1. Since A is an independent variable, the
coefficients of its various powers in (25) are identically 0, and therefore

(26) Z"}(—l)'[z y]{t” Y }=0 t=0,1, ---, n)

s r—s -8 nds—r—t
r,e=0

a series of identical relations connecting two arbitrary matrices.
These identities can be generalized immediately. If zi, 25, ---, z= are any
matrices and A, A, -, scalar variables, we may write

2)\€in = Ty T2t Tm r s .. Tm
[ r ] E [rl Tg o rm] Al )\2 A"‘
@n Cri=1)
(Ekiz.’)' = Z {xl Ty **- Im} k;l x;, e )";,,,

rl r2 e rm

and by the same reasoning as before we have
_ . X1 T2 **° Tm 2 2% oo T — .
I ] R L

(5-)
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where s;, 85, -+, s» is any partition of n, zero parts included, and as before
a bracket symbol is 0 when any exponent is negative.

Since [2)‘;3:‘] is the sum of the principal minors of Z\;z; of order r, we see

that {::1 :::z s :m:l (Zri = r) is formed as follows. Take any principal minor
S

of z; of order r and the corresponding minors of z,, 3, -- -, z.. and replace r,
of its columns by the corresponding columns of z,, then replace r; of the remain-
ing columns by the corresponding ones of x3, and so on; do this in every possible
way for each of the minors of order r of x, and add all the terms so obtained.

There is a great variety of relations connecting the scalar functions defined
above, a few of which we note here for convenience.

o [we [l-e=2500
MR

(ii) The value of [zl o r ’ :c...] is unchanged by a cyclic permutation of

the z’s.
(i) 11---1]= n!
TIT2 " Tm o) (n — Zr)?
1Ty Tm 1 _ (n — =r)! xlxz--vxm]
TITe *** Tm 8 sin —s—Zr)l|nr- - 7m
gz oz gy Cl[ Ty
Ty T2 *** Tm 8 *°° 8 H(T.'!) 27‘;‘81“’8,,
: Tl Y1Y2 - Yn| _ TYi, TYs, *** TYip Yip 0 Yin
(iv) [r][ll ---1]‘2[1 1.1 1 . 1]

where the summation extends over the n!/r!(n — r)! ways of choosing r integers
out of 1, 2, ---, n, the order being immaterial.

7.07 Similar matrices. In addition to the identities discussed in the pre-
ceding section Sylvester gave another type, a modification of which we shall
now discuss. If z, y, a are arbitrary matrices, we have

(29) zrta—aytl=z@a+z "tay+2 "%+ - +ay)
—@a+z~lay+a~lay*+ .- +ayy
or say

z'tla —ay t! = 2(z,a,9) — (2,09
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where

r

(30) (2, a,9)r = E z"~fay

+1=0
Suppose now that z and y satisfy the same equation f(A\) = 0 where
JO) =4 az—14+ - + A+ Gn

z and y being commutative with each a; and ¢ commutative with every a;. Let

(31) u = 2 i, G Ym — i -1
then
(32) 0 = f(x)a — af(y) = Za;(z™~‘a — ay™~%) = zu — uy.

If |u| # 0, it follows that y = u~'zu, that is, z and y are similar.
It can be shown that a can be chosen so that |« | # 0 provided z and y have
the same invariant factors and f(A) is the reduced characteristic function.



	Frontmatter
	Chapter I. Matrices and Vectors
	Chapter II. Algebraic Operations with Matrices. The Charactersitic Equation
	Chapter III. Invariant Factors and Elementary Divisors
	Chapter IV. Vector Polynomials. Singular Matric Polynomials
	Chapter V. Compound Matrices
	Chapter VI. Symmetric, Skew, and Hermitian Matrices
	Chapter VII. Commutative Matrices
	I. Commutative matrices
	2. Commutative sets of matrices
	3. Rational methods
	4. The direct product
	5. Functions of commutative matrices 
	6. Sylvester's identities
	7. Similar matrices

	Chapter VIII. Functions of Matrices
	Chapter IX. The Automorphic Transformation of a Bilinear Form
	Chapter X. Linear Associative Algebras
	Endmatter

