CHAPTER VI

SYMMETRIC, SKEW, AND HERMITIAN MATRICES

6.01 Hermitian matrices. If we denote by £ the matrix which is derived
from z by replacing each coordinate by its conjugate imaginary, then z is
called a hermitian matrix if

(1) z =2z

We may always set x = x; 4 ¢z, where z; and z, are real and (1) shows that,
when z is hermitian,

(2) :c{ =, I; = — Ty

so that the theory of real symmetric and real skew matrices is contained in that
of the hermitian matrix. The following are a few properties which follow
immediately from the definition; their proof is left to the reader.

If z and y are hermitian and a is arbitrary, then

z+vy, 7, ', azd’, xy + yz, i(xy — yx),

are all hermitian.

Any matrix z can be expressed uniquely in the form a + ¢b where 2a =
z + &', 2b.= —i(x — &’) are hermitian.

The product of two commutative hermitian matrices is hermitian. In
particular, any integral power of a hermitian matrix z is hermitian; and, if
g(\) is a scalar polynomial with real coeflicients, g(z) is hermitian.

Tueorem 1. Ifa,b,c, --- are hermitian matrices such that a®* 4+ b* 4 ¢* +
- = 0,thena,b,c, -+ areall 0.

If Za* = 0, its trace is 0; but Za? = Zad’ and the trace of the latter is the
sum of the squares of the absolute values of the coordinates of @, b, --- ; hence
each of these coordinates is 0.

TuEorEM 2. The roots of a hermitian matriz are real and its elementary
divisors are stmple.

Let z be a hermitian matrix and g(\) its reduced characteristic function.
Since g(x) = 0, we have 0 = §(Z) = g(z’) and, since z and z’ have the same
reduced characteristic function, it follows that g(A) = g(\), that is, the coeffi-
cients of g are real. Suppose that £ = a + 78 (8 # 0) is a root of g(X); then
£ = a — 18 # & is also a root, and we may set

3) gn) = A = E)(@(N) + i) = A — E)(@(A) — 1g2(N))
88
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where g1, g: are real polynomials of lower degree than g, neither of which is
identically 0 since ¢ is real and £ complex. Now'

[7:@F + [g2(2)] = [g:(2) + 7ga(2)]lg1(x) — iga(2)]

and this product is 0 since from (3) A — £ is a factor of ¢:(A) — ig.(\) and
N — &)(@Q) + ig:(\)) = g(\). But, since the coefficients of g; and g, are
real, the matrices ¢:(x), g»(x) are hermitian and, seeing that the sum of their
squares is 0, they both vanish by Theorem 1. This is however impossible
since g;(\) is of lower degree than the reduced characterlstlc function of z.
Hence z cannot have a complex root.

To prove that the elementary divisors are simple it is only necessary to show
that g(\) has no muitiple root. Let

g =\ = O)RM), k() = 0.

If » > 1,set gi(\) = (A — &7~ h(0); then [g:(A)]2 has g(A) as a factor so that
the square of the hermitian matrix g,(z) is 0. Hence by Theorem 1, g,(z) is
itself 0, which is impossible since the degree of g; is less than that of g. It
follows that r cannot be greater than 1, which completes the proof of the
theorem.

Since the elementary divisors are simple, the canonical form of z is a diagonal
matrix. Suppose that n — r roots are 0 and that the remaining roots are
&, &, -+ -, &; these are of course not necessarily all different. The canonical
form is then

&
&

&

0.
The following theorem is contained in the above results.
THEOREM 3. A hermitian matriz of rank r has exactly n — r zero roots.
It also follows immediately that the characteristic equation of z has the form
r—axt "'+ - + (=D7a,zr 7 =0 (ar # 0)

where a; is the elementary symmetric function of the &'s of degree <. Since a,
is the sum of the principal minors of z of order r, we have

THEOREM 4. In a hermitian matriz of rank r at least one principal minor of
order r s not 0.
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In view of the opening paragraph of this section Theorems 1-4 apply also
to real symmetric matrices; they apply also to real skew matrices except that
Theorem 2 must be modified to state that the roots are pure imaginaries.

6.02 The invariant vectors of a hermitian matrix. Let H be a hermitian
matrix, a;, a; two different roots, and a,, a; the corresponding invariant vectors
so chosen that Sa;d; = 1; then, since Ha; = aa), Hd, = ayd;, we have

CaiSaxd; = Sapfla; = SH'ad;, = 2,80,

and, since a; # as, we must have Saxd, = 0. Again, if « is a repeated root of
order s and a,, as, ---, a, a corresponding set of invariant vectors we may
choose these vectors (cf. §1.09) so that Sa;@; = ;. The invariant vectors
may therefore be so chosen that they form a unitary set and

4) H = Za,a;8a;.

If U is the matrix defined by

%5 Ues=a; 1=1,2, -+, n),
then ‘

(6) uU’ =1,

so that U is unitary, and if A is the diagonal matrix E ae.Se;, then
’ 1

) H = UAU’' = UAU.
We may therefore say:

TreOREM 5. A hermitian matriz can be transformed to its canonical form by
a unitary matriz.

If H is a real symmetric matrix, the roots and invariant vectors are real,
and hence U is a real orthogonal matrix. Hence

THEOREM 6. A real symmelric matriz can be transformed to its canonical
Jorm by a real orthogonal matriz.

If T is a real skew matrix, h = ¢T is hermitian. The non-zero roots of T
are therefore pure imaginaries and occur in pairs of opposite sign. The invari-
ant vectors corresponding to the zero roots are real and hence by the proof
just given they may be taken orthogonal to each other and to each of the
other invariant vectors. Hence, if the rank of T is r, we can find a real orthogo-
nal matrix which transforms it into a form in which the last n — r rows and
columns are zero. ,

Let i be a root of T which is not 0 and ¢ = b 4+ ¢ a corresponding invariant
vector; then Ta = iaa so that

Tb = —ac, Tc = ab.
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Hence
—aSc2 = ScTb = —8bTc = —aSh?, —aSbc = SbTH =
which gives
Sb? = S¢?, Sbec =0

We can then choose a so that Sb* = Sc2 = 1 and can therefore find a real
orthogonal matrix which transforms T into

0 [¢3]
— Q) 0
0 [+2}

® —az 0 = Zaj(es; — 1802 — exSer; _1).

We have therefore the following theorem.

TuaeorEM 7. If T is a real skew matriz, its non-zero rools are pure imaginaries
and occur in pairs of opposite sign; its rank is even; and it can be transformed
into the form (8) by a real orthogonal matrix.

6.03 Unitary and orthogonal matrices. The following properties of a unitary
matrix follow immediately from its definition by equation (6).

The product of two unitary matrices is unitary.

The transform of a hermitian matrix by a unitary matrix is hermltlan

The transform of a unitary matrix by a unitary matrix is unitary.

If H, and H, are hermitian, a short calculation shows that

1 —<H, _iH -1
1+ HY P iH + 1
are unitary (the inverses used exist since a hermitian matrix has only real

roots). Solving (9) for H, and H, on the assumption that the requisite inverses
exist we get

(9) U, =

=g T U, -1

These are hermitian when U, and U, are unitary, and therefore any unitary
matrix which has no root equal to —1 can be put in the first form while the
second can be used when U has no root equal to 1.

THEOREM 8. The absolute value of each root of a unitary matriz equals 1.
Let o + 78 be a root and a + b a corresponding invariant vector; then

U(a + 1b) = (a + i8)(a + 3b), U(a — 1b) = (a« — i8)(a — ib).
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Hence
Sa? + 8Sb? = S(a + ib)(a — ©b) = S(a +b)U'U(a — 1b) = SU(a + ib)U (a — 1b)
= (a? + B%)S(a + b)(a — b) = (a® + B2)S(a® + b?),

so that a2 4+ 82 = 1.
Corollary.

U=Ya + 1b) = (a — 18)(a + b),

(10) — ‘ ,
U'(a — ) = U~ a — ib) = (a 4+ iB)(a — b).

THEOREM 9. The elementary divisors of a unitary matriz are simple.

For, if we have .
U(a; + 'Lbl) = ((1 + 16)(01 + ib]_), U(az + $b2)= (a + 'Zﬁ)(az + 2b2) + (al + ib]),
then from (10)

(a + 13)8(0,1 - ‘lbl) (az + 1b2) = SU,(al bt 'lb1) (az + 'Lbz) = S(al - 2b1) U(a2 + ’Lbz)
= (a + 18)S(a1 — b1)(az + 7b;) + S(a; — 4b1)(a: + ¢by)

which is impossible since S(a; — b;)(a; + b)) = Sa} + Sbi = 0.
The results of this section apply immediately to real' orthogonal matrices;
it is however convenient to repeat (9).

TaeorEM 10. If U 7s a real orthogonal matrix, it can be expressed in the form
(1 + T)/(1 — T) if it has no root equal to 1 and in the form (T — 1)/(T + 1)
if it has no root equal to — 1, the matriz T being a real skew matriz in both cases;
and any real matriz of this form which is not infinite, vs a real orthogonal matriz.

6.04 Hermitian and quasi-hermitian forms. Let H be a hermitian matrix and
z = u + i a vector of which » and 7 are the real and imaginary parts;
then the bilinear form f = SZHz is called a hermitian form. Such a form is
real since

f = SzHz = SzH'% = SzHzx = f.

In particular, if z and H are real, f is a real quadratic form and, if H = ¢T'isa
pure imaginary, T is skew and f = 0.

If we express H in terms of its invariant vectors, say H = Za;a:84; and
then put * = Zta;, the form f becomes f = Zauff:. This shows that, if all
the roots of H are positive, the value of f is positive for all values of z; H and f
are then said to be positive definite. Similarly if all the roots are negative,
H and f are negative definite. If some roots are 0 so that f vanishes for some
value of z = 0, we say that H and f are semi-definite, positive or negative as
the case may be. It follows immediately that, when H is semi-definite, SiHz
can only vanish if Hz = 0.

1 The first part of the theorem applies also to complex orthogonal matrices.
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Tueorem 11. If H and K are hermitian and H is definile, the elementary
divisors of HN — K are real and simple.

Since HN — K and = (H\N — K) are equivalent, we may suppose that H is
positive definite. Its roots are then positive so that

H = ZaﬂaiSdi
has real roots and hence is also hermitian so that H—*KH—* is hermitian. But
H\N — K = H¥\ — H*KHY)H!}

so that HX — K is equivalent to A — H—*KH~* which has real and simple ele-
mentary divisors by Theorem 2.

In order to include the theory of complex symmetric matrices we shall now
define a type of matrix somewhat more general than the hermitian matrix and

closely connected with it. If A = A(\) is a matrix whose coefficients are
analytic functions of a scalar variable A, we shall call it quasi-hermitian if
(11) A'(A) = A(—N).

For convenience we shall set A”(\) for A(—\) with a similar convention for
vector functions.

If A = B 4+ A\C, B and C being functions of A% then A” = B — \C so that,
if A is quasi-hermitian, B is symmetric and C skew just as in the case of a
hermitian matrix except that now B and C are not necessarily real. If 4 is
any matrix,

8P’ = A’ + A” = 2P,  2Q' = (4’ — A")/\ = 2"

so that any matrix can be expressed in the form P + AQ where P and @ are
quasi-hermitian.

If x = u + v, where u and v are vectors which are functions of A2 and if 4
is quasi-hermitian, then

(12) S\ = Sz"Azx = f(—N\)
is called a quasi-hermitian form. Again, if |1 + MA| # 0, and we set
Q = (1 — NA)/(1 + \A), then
,_ (=) 1 ="
Q' = 1+ NA' —l_l_)\AII (o

so that v
(13) QQ" =1L
We shall call such a matrix quasi-orthogonal.

6.05 Reduction of a quasi-hermitian form to the sum of squares. We have
seen in §5.06 that any matrix A of rank r can be expressed in the form

| Q SA 'z,
(14) A=) Ay A””y

s§=1
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where

" SAz,
Sz,Ay.

An+1 = Ac - Anya Al = A, anA:yc # 0-

and thé null space of 4, . ; is obtained by adding (y1, s, -, ¥s) to the null
space of A and the null space of A, ,, by adding (z1, =5, - - -, z.) to that of A4".

Suppose now that A4 is quasi-hermitian and replace y,, z, by z,, z, and set
2, = U, + M\,, A, = B, + AC, 50 that

Sz" Az, = Su.Bus + A\2(28u,C0, — Sv,B.v,)

and, so long as 4, is not 0, we can clearly choose z, so that Sz, 4.z, # 0. Each
matrix A, is then quasi-hermitian since 4, = A, and

2 Az2,842,

15 .
(19) Sz ”A,z.

If z is an arbitrary vector and
=70\ = SzAz", o,(\) = Szd.z, = ¢,(A) + Ax.(A?)

then ¢, and x, are linear functions of the coordinates of z which are linearlj
independent and

SzAzSA Lz, 2" N\ eWer (V) N I — A0
16 J= 2 Szi Az, h SziA.z, B 2 SziA.z,

which is the required expression for f(A?) in terms of squares.

If A is hermitian, then A = 7 and ¥., x., Sz,4.2, = SzA,.z, are real and,
if Sz,4.2, = a7', (16) becomes

a17) | f= 2 0sPs-

If A = 0, then A is symmetric and
(18) f = SzAz = 2 e’
1

where the terms are all real if 4 is real. ‘
In terms of the matrices themselves these results may be expressed as follows.

THEOREM 12. If A is a hermitian matriz of rank r, there exist an infinity of
sets of vectors a, and real constants a, such that

(19) A= 2 ,2,8d,;
1
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and, if A is symmetric, there exists an infinity of sets of vectors a, and constants
a, such that

(20) A= 2 00,50,
1

a, and a, being real if A s real.

If 7 of the o’s in (19) are positive and v are negative, the difference ¢ = 7 — »'
is called the signature of A. A given hermitian matrix may be brought to the
form (19) in a great variety of ways but, as we shall now show, the signature is
the same no matter how the reduction is carried out. Let K; be the sum of
the terms in (19) for which «, is positive and — K, the sum of the terms for
which it is negative so that A = K; — K;; the matrices K; and K, are positive
semi-definite and, if %, and k, are their ranks, we have r = &, + k,. Suppose
that by a different method of reduction we get A = M, — M, where M, and
M, are positive semi-definite matrices of ranks m; and m. and m; + m; = r;
and suppose, if possible, that 2, < m.. The orders of the null spaces of K,
and M, relative to the right ground of A are r — %k, and r — m, = myand,
since r — k, + mq > r, there is at least one vector z in the ground of 4 which
is common to both these null spaces, that is,

Az = Kix = —M,x # 0,

and hence StK,x = —SiM,z. But both K, and M, are positive semi-definite;
hence we must have SZK;z = 0 which by §6.04 entails K;z = 0. We have
therefore arrived at a contradiction and so must have k, = m; which is only
possible when the signature is the same in both cases.

In the case of a skew matrix the reduction given by (16) is not convenient
and it is better to modify it as follows. Let A’ = —A and set

ayaSAaxa AcanA,y,
Aoy = A, + - ,
(21) ! Sz, Ay, Sz. 4.y,

4, = A; SxaAayn # 0.

So long as A, = 0, the condition Sz,4,y, ¥ 0 can always be satisfied by a
_ suitable choice of z, and y, and it is easily proved as in §5.06 that the null
space of A, ,, is obtained from that of 4, by adding z,, y,; also 4, is skew so
that we must necessarily have z, = y,. It follows that the rank of 4 iseven
and

r/2
22 A= 2 Ax.SAy, — Ay.SA.z,

bx. s = Ea.(aze - lsazn - az.Saz. -1 )

where each term in the summation is a skew matrix of rank 2 and

a,_l = SxaAayu Ags —1 = Alxn Ay = A'y"
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This form corresponds to the one given in Theorem 12 for symmetric matrices.
If we put

r/2

T = 2(62.-1562. — enSey, 1) = =T
1

r/2

(23) R = D7 aulen ~ 186z — eaSers 1) = —R
r/2 ' r/2

P = 2 (ts@2eS€2s + " d2e—1S€20 — 1), Q= 2 (azeSe2s + @25 — 18€25 — 1)
1

1

then (22) may be put in the form A = PTP’ = QRQ’. When r = n, the deter-
minant of T equals 1 and therefore | A| = |P|%. The following theorem
summarizes these results.

THEOREM 13. If A is a skew matriz of rank r, then (i) r vs even; (ii) A can be
expressed by rational processes in the form

r/2

@) A=) ala 1S — @S 1) = PTP' = QRQ

1
where P, Q, R and T are given by (23); (iii) #f r = n, the determinant of A is a
perfect square, namely |P|%; (iv) if = and y are any vectors and w =
Za, I Q25 — 102 I, then

(25) o SzAy = S| zy | w.

The following theorem contains several known properties of hermitian
matrices.

TueorEM 14. If T(A) is an associated matriz jor which T'(4) = T(4’),
then, when A 1is quasi-hermitian, T(A) ts also quasi-hermitian.

For A’ = A” gives T'(4) = T(A") = T(A") = T"(4A).

Particular cases of interest are: If A is hermitian, 7'(4) is hermitian. If
T(uA) = wT(A) and A is skew, then T'(A) is skew if s is odd, symmetric if
8 is even.

r

6.06 -The Kronecker method of reduction. Let A = 2 z;Sy: be a quasi-

1
hermitian matrix of rank r; then

(26) Zy.-b':c; =A'"=4" = EI?S@/’:,
from which it follows that y; is linearly dependent on z{, z7, -+, z”, say

yi = EM?, | gii| # 0, G=1,2 -, 7.

i=1
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Using this value of y; we have
A = ZqijxSz], A’ = 2q;in!8z;, A” = Zql;x!Sz;
and therefore
(27) Qi = i
Further, since | ¢;;| # 0, we can find s;; (4,7 = 1,2, -+, r) so that

<
£y QiiSit = ik
i

and then (27) gives s;j = s},
Let zy, -+, &, 2, 41, -+, ©n be a basis and 2, 2., - - -, 2, the reciprocal basis.
r

Then, if w; = E : 8;i¢7, the basis reciprocal to yy, -+, y7, z, 41, **+, Zais wy,
1
M) w;{’z;‘+1) ct Yy 2n. Hence

r
P = E:wiSz,- = Es.-iz’{Sz,-
1

is quasi-hermitian. Further, if v = Z £x;, then Su”Pu = Z¢7ts:;; and we
1

can choose u so that this form is not 0. We also have

AP = z’) z:Sy; Zr) w;Sz; = 2 z:8z;,
1 1 1

whence APu = u.
Let

_ uSuf

Su’;P aus’
where P, is formed from A, in the same way as P is from A and w, is a vector
of the left ground of A, such that Su’Pu, # 0; also, as above, 4,Pu = u
for any vector u in the left ground of A, and A, in quasi-hermitian. The
vector u; belongs to the right ground of 4, and therefore every vector of the
null space of 4, lies in the null space of 4, . ;; also

Su” Pyu,
Su', Psus

(28) A,+1=A, A1=A, P]_'—'P,

Aa +1Pauc'= AaPoua — Us

= Uy — u, = 0.

Hence the null space of 4, , is derived from that of A, by adding P,u, to it.
It then follows as in §6.06 that A can be expressed in the form

(29) A=) Ll
1

Su’s Psu,
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which is analogous to (16) and may be used in its place in proving Theo-
rem 12,

We may also note that, if @ is the matrix defined by Q'e; = z; (j = 1, 2,
-+, n), then

A= QD) queSeQ” = QB
1

where B is the quasi-hermitian matrix 2 gieiSe;. It may be shown by an
1

argument similar to that used for hermitian matrices that a basis for the 2’s
may be so chosen that @ is quasi-orthogonal provided A is real.

6.07 Cogredient transformation. If SrAy and SzBy are two bilinear forms,
the second is said to be derived from the first by a cogredient transforma-
tion if there exists a non-singular matrix P such that Sxdy = SPxzBPy, that is,

(30) A = P'BP.

When this relation holds between A and B, we shall say they are cogredient.
From (30) we derive immediately A’ = P’B’P and therefore, if

A+4 _A-4A
) 2
y_B+B B - B

= 4 = = -V’
3 = U/, 14 5 v,

R = = R/, S = -8,

then
R+ AS = P'(U + AV)P

so that R + AS and U + AV are strictly equivalent.

Suppose conversely that we are given that R 4+ AS and U + AV, whichare
quasi-hermitian, are strictly equivalent so that there exist constant non-singular
matrices p, ¢ such that

R+ AS = p(U + A\V)q
or

31 R =pUqg 8 =7pVg
then, remembering that R and U are symmetric, S and V skew, we ha
R=qUp, 8S=qVp
Equating these two values of R and S, respectively, we get
(@)7'pU = Up'q™!,  ({H)7'pV = Vp'q
or, if W stands for U or V indifferently, and
(32) J = (@) 'p,
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we have
JW = WJ',
repeated application of which gives
JW =WJ')".
From this it follows that, if f(\) is a scalar polynomial,
(33) JOW = W) = W(H(J))'.

In particular, since | J | # 0, we may choose f(A) so that f(J) is a square root
of J and, denoting this square root by K, we have KW = WK’ or

W = K-'WK', K2 =], (W=UorV).

Using this in (31) we have
R
and from (32) p = ¢'J

pK'UK'q, S = pK~'VK'q
¢K? or

pK™' = ¢K = (K'g)".
Hence, if we put P’ = ¢'K, there follows
R =PUP, S=PVP

or _
A=R+8=P(U-+ V)P =PBP.

We therefore have the following theorem, which is due to Kronecker.

TureoREM 15. A necessary and suflicient condition that A and B be cogredient
is that A + MNA' and B + AB’ shall be strictly equivalent.

If A and B are symmetric, these polynomials become A(1 + A) and B(1 + \)
which are always strictly equivalent provided the ranks of A and B are the
same. Hence quadratic forms of the same rank are always cogredient, as is
also evident from Theorem 12 which shows in addition that P may be taken
real if the signatures are the same.

The determination of P from (31) is unaltered if we suppose S symmetrical
instead of skew, or R skew instead of symmetrical. Hence

TueoreM 16. If R, S, U, V are all symmetric or all skew, and tf R + \S
and U + AV are strictly equivalent, we can find a constant non-singular matriz P
such that

R + NS = P/(U 4+ \V)P,
that s, the corresponding pairs of forms are cogredient.

In the case of a hermitian form SZAz changing z into Pz replaces A by
P'AP and we have in place of (30)

(34) A = P'BP.
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If we put B = ZB,b.Sb,, then
P'BP = 28,P'b,8b,P = 28,P'b,SP’b, = 2B.c,St;.

where ¢, = P’b,. Equation (34) can therefore hold only if the signature as well
as the rank is the same for B as for A. Conversely, if A = Za,a,Sd; and
A and B have the same signature and rank the notation may be so arranged
that a, and 8, have the same signs for all s; then any matrix for which

_ }
P,bn=<g‘€>a: (S.=1,2, ""’T)’ ]Pl¢0
where r is the common rank of A and B, clearly satisfies (33).2 Hence

TurorEM 17. Two hermitian forms are cogredient if, and only if, they have
the same rank and signature.

The reader will readily prove the following extension of Theorem 16 by the
aid of the artifice used in the proof of Theorem 11

TureoreMm 18. If A, B, C, D are hermitian matrices such that A + AB and
C + \D are (i) equivalent (ii) both definite for some value of N, there exists a con-
stant non-singular matriz P such that

A+ 2B = P’(C + AD)P.
6.08 Real representation of a hermitian matrix. Any matrix H = A 4+ iB

in which A and B are real matrices of order n can be represented as a real
matrix of order 2n. For the matrix of order 2

.o -1
=11 -0
satisfies the equation 73 = —1 and, on forming the direct producf of the original

set, of matrices of order n and a set of order 2 in which 1, lies, we get a set of
order 2n in which H is represented by

. A -—-B
s-avus=|y 74
As a verification of this we may note that
|A —B] ”C -D| _|[4C — BD -(AD+BC)’
|B A D C| ~ ||4AD + BC AC — BD

which corresponds to
(A + iB)(C + iD) = AC — BD ¥ +(AD * BC).

2 The proof preceding Theorem 15 generalizes readily up to equation (33); at that
point, however, if K = f(J), we require K’ = f(J'), which is only true when the coefficients
of f(\) are real.
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This representation has the disadvantage that a complex scalar « + i is
represented by
5 el
|' B a

which is not a scalar matrix although it is commutative with every matrix of
the form . Consequently, if H has a complex root, this root does not corre-
spond to a root of . If, however, all the roots of H are real, the relation
HK = oK is represented by $f = af when « is real so that « is a root of
both H and 9.

Ta prove the converse of this it is convenient to represent the vector z + 1y
in the original space by (z, y) in the extended space. Corresponding to

(A + iB)(x + 1y) = Ax — By + i(Bz + Ay)

we then have

A -—-B
B A

If therefore  has a real root « and (z, y) is a corresponding invariant vector
8o that

(z,y) = (Az — By, Bz + Ay).

9, y) = a(z,y) = (az, oy),
we have
Az — By = az, Bz 4 Ay = ay,
which gives
(A + iB) (z + iy) = alz + ).

It follows that invariant vectors in the two representations correspond provided

they belong to real roots. This gives ,
TuareoREM 19. To every real root of H = A + iB there corresponds a real

root of

A =B
s=]5 4l
and vice-versa.

In this representation # and H’ correspond to

” A B 4’ -pB |
—-B A B A
respectively, and hence, if H is hermitian, B’ = —B so that  is symmetric.

The theory of hermitian matrices of order n can therefore be made to depend
on that of real symmetric matrices of order 2n. For example, if we have proved
of real symmetric matrices that they have real roots and simple elementary
divisors, it follows that the same is true of hermitian matrices, thus reversing
the order of the argument made in §6.01.
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