CHAPTER V
COMPOUND MATRICES

5.01 In chapter I it was found necessary to consider the adjoint of A which is a
matrix whose coordinates are the first minors of | A |. We shall now consider
a more general class of matrices, called compound matrices, whose coordinates
are minors of | A | of the rth order; before doing so, however, it is convenient
to extend the definition of Szy to apply to vectors of higher grade.

- 5.02 The scalar product Let z; = Zfie, yi = Znigye, 0 = 1,2, --+) be
arbitrary vectors, then, by equation (37) §1.11 we have

N )k
n | zi@a - - 2. | = (2)/ | 1o Boi <o 0 Eri, || €i6i - €],
1
and hence it is natural to extend the notion of the scalar product by setting

>
2) Sl|lze -+ x|l thye -+ y. | = s | Erikonn o Eri || musmas, - o0 mi, |

We then have the following lemma which becomes the ordinary rule for multi-
plying together two determinants when r = n.

LemMma 1.
@) S|lzmze -z llyye -+ yr‘] = | Sz, |.
For S|z -+ z. || €iei, -+ €| = | Erifos, -+ &ri, |, hence

Slas - [l mies, -+ eq | = D malbs - b |
i

= |<2 ms'lEu.) b, 0 Eri | = STy bay o b |
again

Slzze -0 2 || yupes, -0 €| = anslxl e x|yl oo e,
T2 .

2 Nas, | STayr &as, -+ &, |

= | Sz1y; St2y2 Eiy o0 £ |

The lemma follows easily by a repetition of this process.
The Laplace expansion of a determinhant can clearly be expressed as a scalar
product. This is most easily done by introducing the notion of the comple-
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64 COMPOUND MATRICES (V]

ment of a vector relative to the fundamental basis. If ¢y, 75, - - -, . is a sequence
of distinct integers in natural order each less than or equal to n and ¢, 4, - «, ia
the remaining integers up to and including =, also arranged in natural order,

the complement of | e;e;, - -+ e; | relatively to the fundamental basis is
defined as!
(4) l €65, *° €4, IG = (_1) Fatrtr+ D/ | Ciry1€irypa 0 Cig

and the complement of | z;z» -+- z.| by

*
(5) I T1Te **° Ty lc = (E) | Eh’lsﬁa s ‘E"‘r H €i€i, " € l"’
which is a vector of grade n — r.
Laplace’s expansion of a determinant in terms of minors of order r can now
be expressed .in the following form.

LeEMMA 2.
6) S|z -+ Tl Tr41Zrp2 v Tn| = |Eudte - Ean| = | Szie; ]
= Slzl e x””el e enl - (.—1)'("—')Slxlzz e xr“xr+l e xnlc-

Further as an immediate consequence of (5) we have

Lemma 3.

(7) Slxle e xr’clylyz s yr’[c = ’Slxlx2 e xf”yly2 e y"l‘
5.03 Compound matrices. If A = Zaye;;, then, as in (1),

| Azdzs -+ Az, | = D) iy ++ ko |l dey -+ Aey .
(i)
But Ade¢; = 2 a;;ei; so a second application of (1) gives

* %*
| Az Az, - - - Az, | = 2 2 YRR N | FPRRRR: Pl | PR A &
@ :

But the determinants |£j; --- £, | are the coordinates of the r-vector
| ziz2 -+ z,|; hence | Az, --- Az, | is a linear vector form in |z\2s --- z.|
in the corresponding space of (}) dimensions. We denote this vector func-
tion or matrix by C.(4) and write

(8) | AriAzy --- Az, | = C.(A) | 222 -+~ z.].
We shall call C,(A) the rth compound of A. Important particular cases are
@®" Ci(4) = 4, Cu(4) = |4],

1 The Grassmann notation cannot be conveniently used here since it conflicts with.the
notation for a determinant. It is sometimes convenient to define the complement of
lewes -+ en | a8l
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and, if % is a scalar,

(8") Cr(k) =k
THEOREM 1.
) C.(AB) = C.(A)C.(B).
For
I ABx;Asz e AB:L‘, I = Cr(A) I ijBzz e B:c, I

C.(A)C(B) | 122 ++- z,|.

Corollary. If |A| = 0, then

(10) [C.(A)]1 = C.(47Y).
THEOREM 2.
(11) [C.(4)) = C.(4").
For 8|z -+ .| C(4A) | thye -+ .| = | Sz:idy;| = | SA'ziy;|

=SlA'xl e A’xr”yl e yrl =S|y1 ..-.y'lCr(A’)lxl,... xrl.

TuroreM 3. If A = 2 a:Sb, then

1

(12 Co(d) = 23" L asos -+ ay | S| bidiy - by,
()
This theorem follows by direct substitution for A irr the left-hand side of (8)
It gives a second proof for Theorem 2.
If r = m, (12) consists of one term only, and this term is 0 unless m is the
rank of A, a property which might have been made the basis of the definition

of rank. In particular, if X = 2 eSz;, ¥ = 2 yiSe;, then C.(X) =

1
leweg <+ e, | S|zxe -+ 2|, C(Y) = |yye -+~ y,lSIelez .-+ e, | so that
C.(XY) = |ewes -+ e, |S|xxe -+ 2 ||ywye -+ y-|S|eies «-- e.|. But

XY = D elSzy;Se; so that C(XY) = | Szay: || ewca -+ ¢ | S|eres -+ e ].

143
Comparing these two forms of C.(XY) therefore gives another proof of the
first lemma of §5.02.
If we consider the complement of | Az,Ax, --- Az,| we arrive at a new
matrix C7(4) of order (}) which is called the rth supplementary compound of A.
From (7) and (12) we have

(13) | Awidas -+ Az |o = D3 Lai -+ @i o8 1by - bile o - e

= CrA) | zazs -+ 0 .

and derive immediately the following which are analogous to Theorems 1 and 2.
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THEOREM 4.

(14) C"(AB) = C"(A)C"(B).
THEOREM 5.

(15) [C(4)]) = C(4").

The following theorems give the connection between compounds and supple-
mentary compounds and also compounds of compounds.

THEOREM 6.
(16) Cr(A)Cn - +(A) = |A| = C" = "(4)C.(4").
This is the Laplace expansion of the determinant | A |. Using equation (6)
and setting |e| for |ees --+ €. | we have
|A 1S @ - 2o ld o in e znl = [A[S]z - zale]

=S| Az, --- Az.|]|e]

=8 |Az; -+ Ax.|c| Az 41 -+ Az, |
=8C7(A) |21 -+ & |Cn—r(A) | Zy 1 -+ Tnl
=8|z -+ 2, |LL7(A")Cn = (A) | 2r 41 -+ T |

and, since the z’s are arbitrary, the first part of the theorem follows. The
second part is proved in a similar fashion.
Putting » = » — 1 in (16) gives the following corollary.

Corollary. adj 4 = C*—1(4).
THEOREM 7. ,
n—1
(1) ey = 14177 = ey |,

For from (16) with A’ in place of A, and from the fact that the order of
C.(4) is (}), we have

1415 = e - ) | = | ey ][0 - (47 |

and, since | 4 | is irreducible when the coordinates of A are arbitrary variables,
it follows that | Cr(4) | is a power of | A |. Considerations of degree then show
that the theorem is true when the coordinates are variables and, since the
identity is integral, it follows that it is also true for any particular values of
these variables.

THEOREM 8.
(18) 14177 cyena)) = 14 et en - a))
(19) 141 eyeray) = 14 ¢ e, 4.
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Using (15), (16) and (17) we get

cuon=ame e -y = 1or -y | = 141
therefore
14177 €.C.4)) = CCA)CUC ~(aN)Cn = +(Cr = ()
= CL(CHAYCn = (40" (0" = 1(4)
= C.(141)Cm = Cn~ ()

= I A luC» - c(Cn - r(A)).
Similarly
Co(Ca - +(A))C:(C7(4)) = Cu(]A|) = |A ]

and therefore

14107 (€, ) = ¢ (€ _ (a))CUC — (AN)CMCT(A))
= | Ca—+(4) | Cs(C7(4))

Gy
= A" 77 C(C'(4)).
An important particular case is C,(C» ~!(4)) = | A |*~C* - *(4) whence
(20) Ci(adj 4) = C,(C*—1(4")) = |4 |*~1C*—+(4").

5.04 Roots of compound matrices. If 4 has simple elementary divisors
and its roots are A\, Ag -, A, the corresponding invariant vectors being
a. Gy, -, @, then the roots of C.(4) are the products A\;X;, - -+ A;, in which
no two subscripts are the same and the subscripts are arranged in, say, numerical
order; and the invariant vector corresponding to A\;A;, -+ A, is|aiai, -+ @i .
For there are (}) distinet vectors of this type and

C,-(A) I [ X/ 2 R l = l Aa; - Aa,-, | = Nahiy =00 Ay, | asai, - - ag, |

Similarly for C7(4A) the roots and invariants are X;\; --+ A, and
laias, -+ ai|e

It follows from considerations of continuity that the roots are ‘as given above
even when the elementary divisors are not simple.

n

5.05 Bordered determinants. Let A = || a;;|| = Z a;Se,, a, = 2 a;ie;,
i=1 3
be any matrix and associate with it two sets of vectors

X: 2z = 2 £ieiy

=1 (1;:1’2, e 1-)

n
Y: Y = 2 7ij€;.
i=1
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Consider the bordered determinant

ay @y - G Eun - En
G G a2 12 £r2
.............................. A X
21 , = =
( ) A An1  Qn2 e Ann Eln e Ern . Y/ 0
m Mo mn 0 0
A M1 Mr2 M 0 e 0

where r < n, and 0, is a square block of 0’s with r rows and columns.
If we introduce r additional fundamental units e, .1, -+, €. 4, A, can be
regarded as the determinant of a matrix A of order n + r, namely,

) n r r nt+2r
A= D aSei+ D vSensit D easiSyi= D, ciSd
1 1 1 1
If now we form |A| = S|e|Cn +.A) || as in §5.03, we have

C’l+"(2[.) = E*lc“l e Ci"+'lsldfl e d"n-rl (i = 1) 2) ] n + 27‘).
(i)

In this form any | ¢;, -+ ¢, ,, | which contains more than n out of a,, -+, a..
zy, -+, x, is necessarily 0; also, if it does not contain all the z’s, the corre-
sponding |d;, ---, d;,,,| will contain more than n out of e, ---, e,
Y1, *--, Yy, and is consequently 0. We therefore have
*
Crny-QA) = E‘ | @i0i, - Qi 12 - Tylnp1 c €nogr

)
X S|eiey ¢ €in_ Y2 - Yrlas1 " €as,| G =1,2, .-+, n)

and hence, passing back to space of n dimensions,
1A =2/*S|e||a,-, @i | Slen oo ey ooy lle]

=E*S|xl vt xf“aﬁ e ain-rlcsleﬁ Tt efn-r[‘-‘ly] e y"l
=8|z -z | C = A) |y - oyl

This relation shows why the bordered deéterminant is frequently used in
place of the corresponding compound in dealing with the theory of forms.

5.06 The reduction of bilinear forms. The Lagrange method of reducing
quadratic and bilinear forms to a normal form is, as we shall now see, closely
connected with compounds.
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If A is any matrix, not identically 0, there exist vectors z;, y; such that
Sz,Ay: # 0; then, setting A = A, for convenience, the matrix

SA 1z

Ay = A; — Ay, —— 171

2 i 1Y Sz Alyl
has its rank exactly 1 less than that of A. For, if 4,2 = 0, then
_ _ SA’.’I?l‘Z _ _ SI]A]Z _
Azz = Alz A]yl Sx1A1y1 = A]Z Alyl m =

and, conversely if 4,2 = 0, then
Az = A Said.e = kA,

W Sz, A 1Y1

say, or A;(z — ky;) = 0. The null-space of A; is therefore obtained from that
of A, by adding y: to its basis, which increases the order of this space by 1
since 4.y; # 0.

If A, 0, this process may be repeated, that is, there exist z,, y» such that
Sz:A2y: #~ 0 and the rank of
SA;Iz
Ay = 4, — Azyz m

is 1 less than that of A;. If the‘rank of A is r, we may continue this process
by setting

SA ,z, _
(22) Aa+l—Aa‘"Asyam (8—1,2’..., 7)
where Sz, Ay, = 0and 4, = A, A, ., = 0; we then have
- SAlz, N
(23) 4= 21 Ay gt = Z 9,
SA .z, . . .
where ¥, = Ay, Sed.u. is a matrix of rank 1. Generally speaking, one may

take z, = ¥, and it is of some interest to determine when this is not possible.
If SzBz = 0 for every z, we readily see that B is skew. For then Se;Be;
= Se;Be; = S(e; + ¢;)B(e; + ¢,) = 0 and therefore

0 = S(e; + ¢,)B(e; + ¢,) = Se:Be; + Se;Be; + Se;Be, + Se,Be;,
that is, Se;Be, = —Se,Be; and hence B’ = —B. Hence we may take z, = ¥,
solong as 4, # —A..

5.07 We shall now derive more explicit forms for the terms in (23) and show
how they lead to the Sylvester-Francke theorems on compound determinants.
Let z, 2%, ---, z7, ¥, ¥, ---, y" be variable vectors and set

(24) J=S8|zae? - 27| Crpr(Ad) Yy - v
= Slzala? - 27| | Ay Ayt - Ay ;
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then from (22)
J

Szt oo 2 || AgAs 4yt o Aw iy
= | Sz, 4,824, 1yt --- SzrA, L1y .

If the z’s denoté rows in this determinant, the first row is

Sx.A,Y,, ST Ay 11yt -, STds 41y

each term of which is 0 except the first, since z, lies in the null-space of 4, 41,
and Sz, 4.y, # 0. Hence

(25) J = Sz, Ay, | St'A, Lyt - Szrd, 4y
and therefore from (24)
(26) S]x,xl"'x'lc,_,_l(A’)ly‘yl...yrl

= Sz AdySiat -+ 2| C(das) [yt -y
Repeated application of this relation gives
27) S| ZZesr v Tag 122 - 2|Crp A | Yy - Yore—ayt - ¥
= 82,49 8% +14s 4 1Ws +1 * STayt—1der i1y -1S|2t - 27|
cCrlas )yt eyl
a particular case of which is
(27) Slazs -+ 21z | Co(A) lys -+ Yo -1y
= Szdwy -+ Sz, —14, —1Yy, —1Sz4.y.

To simplify these and similar formulae we shall now use a single letter to
indicate a sequence of vectors; thus we shall set X, , -1 for z,2, 41 ---
Z, + ¢+ —1and Y~ for yly? ... yr;also C,,, for C.(4,). Equations (26) and (27)
may then be written

(26a) S1z.X |Crsr,s |4,V | =Sz Ay,S| X | Cr s 41| Y7,

@72) S| Xu estmsX [ Crprial VarureoaV7| = [ [ 82481 X7(Co s Y7L

We get a more convenient form for (26a), namely
(28) SIX:,tXrICr+t—a+l,a|Yt.lyrl
= S2AYS | Xost, X | Crgtm,os1| Yorr oY |

by replacing r by r + ¢ — s and then changing z!'z? --- z"+! - * into
Zo 41 Zx' --- z7 along with a similar change in the y’s. Putting s
= 1,2, ---, t in succession and forming the product of corresponding sides of
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the equations so obtained from (28) we get after canceling the common factors,
which are not identically 0 provided that » + ¢ isnot greater than the rank of A4,

t
(29) SIX X |Crpe1| VY| = H Sz Ay S| X7 Co, e 41| Y7,

or rrom (27')
(B0) S|XX|Crse|lY. Y| =8IX|C.|Y|S|X|Cri41]Y]
which may also be written in the form

S'X:X"IC,+;'Y¢Y'[

30’ K =
(307) S|X:].C;1Yt|

= |8z 4.+ |;

in particular
S| Xwzx|C:4:1(4) | Yy
S| X.|C:(4)] Y|

This gives a definition of 4 ;. ; which may be used in place of (22); it shows that
this matrix depends on 2t vector parameters. It is more convenient for some
purposes to use the matrix A® defined by

(32) SxA‘”y =8 I Xz‘Z I Cg +](A) I ng l .

From (31) we then have Szid, ' = SziA®Wyi/S|X.|Ci|Y.| and there-
fore from (30')

@D

= SxA¢ +1Y.

|SxiA(t)yii S | X I Cr(A(g)) l Yr|
33 K = _
e [SIXJCIY. " [SIX.[C(A) | Y]]
Hence
4 (t) r
B9  S|IXX|Cridd)| VY] = S| x7| C(4®)| |

T STXCA YT
which is readily recognized as Sylvester’s theorem if the 2’s are replaced by
fundamental units and the integral form of (33) is used.

5.08 Invariant factors. We shall now apply the above results in deriving
the normal form of §3.02. We require first, however, the following lemma.

Lemma 4. If A(\) is a matric polynomial, there exists a constant vector y and a
vector polynomial z such that SxAy tis the highest common factor of the coordi-
nates of A.

Let ¥y = Zn.e; be a vector whose coordinates are variables independent of \.
Let a; be the H. C. F. of the coordinates of A = || a;,|| and set

A = ouB, By = En,b.-,e, = EB,'G.'.
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There is no value As of \ independent of the #’s for which every 8; = 0; for if
this were so, A — \; would be a factor of each b;, and o could not then be the
H. C. F. of the a;,, Hence the resultant of 81, B2, -, B» as polynomials in A
is not identically 0 as a polynomial in the »’s; there are therefore values of the
7’8 for which this resultant is not 0, and for these values the 8’s have no factor
common to all. There then exist scalar polynomials &, £, ---, &, such that
ZtB; = 1 and therefore, if x = Zfe;, we have SzBy = 1 or Szdy =
Returning now to the form of 4 given in §5.06, namely

A.y,SA ST,
4= 2 “SxAy,

we can as above choose z,, ¥, in such a manner that Sz,4A.,y. = a, is the highest
common factor of the coordinates of 4, and, when this is done, v, = A,y./a.,
u, = A.z,/a, are integral in A. We then have

N AySALz,
(35) 4= AL s,
Moreover A,ys = 0 = A.z; when ¢ < s and therefore in
S|z -+ z. || Aydays -+ Ay, | = | Szidyyi| = ISA;‘xi?/: |
all terms on one side of the main diagonal are 0 so that it reduces to Sz; 4y
--Sz,4:,y, = awos --- a,. Hence, dividing by a1 -+ a, and replacing
Ajy,/a, by v; as above, we see that |z, --- z,| and |v; --- v,| are not 0 for

any value of A, and therefore the constituent vectors in each set remain linearly
independent for all values of A. It follows in the same way that the sets
U, -+, ur and yy, -+, y, respectively, are also linearly independent for all
values of \, that is, these four sets are elementary sets. It follows from Theo-
rem 5 §4.03, that we can find elementary polynomials P and @ such that

Pyi=e;=Qu; (1=12 ---, 1),
and hence

r

(36) PAQ =P <2 a,v.Su,) Q = D aweSe,
1

1

~ which is the normal form of §3.02.

5.09 Vector products. Let z; = Zfie, (1 = 1,2, ---, r) be a set of arbi-
trary vectors and consider the set of all products of the form &b, < - &ri,
arranged in some definite order. These products may then be regarded as the
coordinates of a hypernumber? of order n" which we shall call the tensor product?

t The term ‘hypernumber’ is used in place of vector, as defined in §1.01 since we now
wish to use the term ‘vector’ in a more restricted sense.
3 This product was called by Grassmann the general or indeterminate product.
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of z1, s, -+, 2, and we shall denote it by z;22 --- z,. In particular if we
take all the products e;e;, -+« e (41, %2, -+, ¢&» = 1, 2, --+, n) each has all
its coordinates zero except one, which has the value 1, and no two are equal.
Further

1% v Tr = Zhiibes, v Erieili, v €4
If we regard the products e;e;, -« e, as the basis of the set of hypernumbers,

we are naturally led to consider sums of the type .
W = Zwii, ... i€y, v €

r

where the w’s are scalars; and we shall call such a hypernumber a fensor of
grade r. It is readily seen that the product z:z --- z, is distributive and
homogeneous with regard to each of its factors, that is,

Ty(ATe + uy2)Ts -+ T, = NLiTz o Tr + pTYeTz v T

The product of two tensors of grade r and s is then defined by assuming the
distributive law and setting

(eileiz tee ei,-)(eneh v ei,) = 6 €08yt 6,

It is easily shown that the product so defined is associative; it is however not
commutative as is seen from the example

Tixy — Toxy = ZZ(E1ikei, — Erifas)enes,
* &g &g
Eﬂl 52"2

Here the coeflicients of e;e:, — eie;, (&1 < 73) are the coordinates of | zz; |
so that this tensor might have been defined in terms of the tensor product by
setting

(eii, — ei4).

(1)

| 2172 | = T122 — T221.
In the same way, if we form the expression?

f(zh T2y * 0y xr) = ESgn(ily 7:2! Y 'ir)xixxt'z R 2

and expand it in terms of the coordinates of the z’s and the fundamental units,
it is readily shown that the result is

*

E | $1aoiy - Erip | fleiy €iy -+ -, e4).

(%)
¢ The determinant of a square array of vectors z;; (¢, 7 = 1,2, ---, r) may be defined as
i

l Tij l = Esgn(ils 7'-2; Yy i')xll:lzZt'g st Teip.
In this definition the row marks are kept in normal order and the column marks permuted;
a different expression is obtained if the roles of the row and column marks are inter-

changed but, as these determinants seem to have little intrinsic interest, it is not worth
while to develop a notation for the numerous variants of the definition given above.
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Here the scalar multipliers are the same as the coordinates of | ziz; --- z,]|
and hence the definition of §1.11 may now be replaced by
| 2122 -+ 2| = Zsgn(iy, g2, -, n)TiZs, - Ti,

which justifies the notation used. We then have

*
(37 |22y v 2, | = 2 | Erokery oo Eri || eiei o0 e ).
T
It is easily seen that the tensors |e;e;, --- e, | are linearly independent and
(37) therefore shows that they form a basis for the set of vectors of grade r.
Any expression of the form

Efi.iz LLLIS 3 l €i€i, **° €4 I

is called a vector of grade r and a vector of the form (37) is calied a pure vector
of grade r.

5.10 The direct product. If 4; = ||[a\)|| (@ = 1,2, ---, r) is a sequence
of matrices of order n, then

_ 2; D (2) (
(38) Awwidexy -+ Ajzx, = a(i,i, a(i,i, af:)jrfli.&i, AR IR ZX AR A
iq
= 2[(111'2 . .’l?,-)
where U is a linear homogeneous tensor function of z.a; - - - z,, that is, a matrix

in space of n" dimensions. This matrix is called the direct product® of
Ay, Ay, -+, A, and is denoted by A; X 4, X -+ X A,. Obviously

(39) . ABIXAB: X - = (Ai XA X ) B XB X 1),
and the form of (38) shows that
(40) (Ar X As X ) = Al XA, X ---.

From (39) we have, on putting r = 1 for convenience,
A, XAy X A3 = (A1 X1 X1)(1 XA4: X1)(1 X1XA4y).
Making A; = 1(t = 2,3, ---, r) in (38) we have
Anizy -, 2= Zal) bikes, o0 Eieies, o €

n" -1

and hence the determinant of the corresponding matrix equals | A, [* .
Treating the other factors in the same way we then see that

1) A X Az X -+ XA, | = [Aidy - A, "7\

Again if as in §5.04 we take x, as an invariant vector of A,, 2. as an invariant
vector of A,, and so on, and denote the roots of 4; by \.;, we see that the roots

® This definition may be generalized by taking z,, z,, --- as vectors in different spaces
of possibly different orders. See also §7.03.



[5.11] INDUCED OR POWER MATRICES 75

of A; X A; X - -+ X A, are the various products AjjAsj, <+ Ar;,. When the roots
of each matrix are distinct, this gives equation (41) and, since this is an integral
relation among the coefficients of the A’s, it follows that it is true in general.

An important particular case arises when each of the matrices in (38) equals
the same matrix 4 ; the resultant matrix is denoted by II.(4), that is

(42) I(A) =AXAX--- (r factors).

It is sometimes called the product transformation. Relations (39), (40), and
(41) then become

(43) IL(4B) = IL(A)IL(B), ,(4)' = IL(4"), | IL(4) | = |A ™"

5.11 Induced or power matrices. If z,, z,, ---, z, are arbitrary vectors,
the symmetric expression obtained by forming their products in every possible
+ +

order and adding is called a permanent. It is usually denoted by | z1z; -+ =z, |
but it will be more convenient here to denote it by {z,z; --- z,}; and similarly,
if a;; is & square array of scalars, we shall denote by {anaz -+ a,,} the func-
tion Zaysazi, -+ @, in which the summation stretches over every permuta-
tionof 1,2, ---, .

If some of the z’s are equal, the terms of {z;z; - -- z,} become equal in sets
each of which has the same number of terms. If the 2’s fall into s groups of
%, 13, - -, %, members, respectively, the members in each group being equal
to one another, then

(Z2g 2

—— - Zu=7r
1,1!1,2! e ’l..! ( ! )

has integral coefficients. For the present we shall denote this expression by
{x2s --- z,}* but sometimes it will be more convenient to use the more

explicit notation
Ty Tp *c X
PR A
in which 7, of the z’s equal z,, 7, equal z,, etc.; this notation is, in fact, that

already used in §2.08, for instance,

{z z y} = 22% + 2zyx + 2yx?
{; ‘1{} = x% + zyz + ya? = {zzy}.

The same convention applies immediately to {anas -+ ar}.
In the notation just explained we have

(44) {zixy -+ z.) = Z"&nkes, -+ i) eis, oo e}

where the summation =” extends over all combinations 7,7, --- 7, of the first
n integers repetition being allowed. This shows that the set of all permanents
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of grade r has the basis {e;e;, --- €.} of order (n + r — 1)V/rl(n — 1)L
From (44) we readily derive

(45) {Azdz, -+ Az} = le{aiuixaizi: o @B B en oo e
iIi

which is a linear tensor form in {z,z, --- z.}. We may therefore set

(46) {Azi Az, -+ Az,} = P.(A){z1x2 -+ .},

where P,(4) is a matrix of order (n + r — 1)!/r!(n — 1)! whose coordinates
are the polynomials in the coordinates of A which are given in (45); this matrix
is called the rth snduced or power matrix of A. As with C.(4) and I1,(4) it
follows that

PAAB) = PAAP,B), P4) = P.(4),
1Py | =141,

also the roots of P,(A) are the various products of the form A, "A,* --- A,
for which Za; = r.

(47)

5.12 Associated matrices. The matrices considered in the preceding sec-
tions have certain common properties; the coordinates of each are functions of
the variable matrix A and, if T'(4) stands for any one of them, then

(48) T(AB) = T(A)T(B).

Following Schur, who first treated the general problem of determining all such
matrices, we shall call any matrix with these properties an associated matrix.
If S is any constant matrix in the same space as T(4), then T,(4) = ST(4)8!
is clearly also an associated matrix; associated matrices related in this manner
are said to be equivalent.

Let the orders of A and T'(4) be n and m respectively and denote the corre-
sponding identity matrices by 1, and 1,; then from (48)

(49) TXL.) = T(L), T()T(4) = T(4) = T(4)T(1.).

If s is the rank of T(1,), we can find a matrix S which transforms 7'(1,) into a
diagonal matrix with s 1’s in the main diagonal and zeros elsewhere; and we
may without real loss of generality assume that 7'(1,) has this form to start
with, and write

-]y 3]

The second equation of (49) then shows that T'(4) has the form

1) ‘1 T,(4) 0”
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and we shall therefore assume that s = m so that T(1,) = 1,. It follows
from this that | T(4) | # 0 so that T'(4) is not singular for every 4; we shall
then say that T is non-singular.

A non-singular associated matrix T'(4) is reducible (cf. §3.10) if it can be
expressed in the form T(4) = Ti(4) + T.(A) where, if E; = T,(1,), E. =
Tz(ln), so that E1 + E; = lm, then

T(4) = E\T(A)E,, T.(A) = E,T(A)E;
E1T(A)E2 =0 = EgT(A)El

so that

E? = E], E; = Ez

E1E2 =0 /= EzEl
and there is therefore an equivalent associated matrix {(4) which has the form
th4) 0 \
0 #(4)
When T'(4) is reducible in this manner we have

T\(AB) = E\T(AB)E, = E\T(A)T(B)E,

= E\T(4)(E, + E,)T(B)E,
= E\T(A)E\T(B)E, = T\(A)T«(B)

so that T:(4) and T.(A) are separately associated matrices. We may there-
fore assume T'(A) irreducible without loss of generality since reducible associated
matrices may be built up out of irreducible ones by reversing the process
used above.

t(A4) = ‘

5.13 We shall now show that, if A is a scalar variable, then T'(\) is a power
of \. To begin with we shall assume that the coordinates of T(\) are rational
functions in A and that T(1) is finite; we can then set T(A\) = T,(\)/f(A) where
f(\) is a scalar polynomial whose leading coefficient is 1 and the coordinates
of T:(\) are polynomials whose highest common factor has no factor in common
with f(\). If p is a second scalar variable, (48) then gives

TN Ti(w) _ Ti(w)
FNSf(w) fOw)’

hence f(Au) is a factor of f(A)f(u), from which it follows readily that f(\u)
= f(N)f(); so that f(A) is a power of X\ and also

(50) Ti(\) = Ti(N) Ti(w).
We also have f(1) = 1 and hence 7:(1,) = T(1,) = 1,.
Let T\(\) = Fo 4+ A\Fy 4+ -+ + MF(F, # 0); then from (50)
Fo+ MFy+ -« + NpFy = (Fo+ Ny + -+ )(Fo + uFy + --2)
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which gives
F!=F,FF;=0@G#j), (,j=01, 9.
Now
T\MNT) = fONTMNTA) = fNTAL) = TA)T:(N);
therefore
SFT(A)N = ZT(A)F N
and hence on comparing powers of A we have
FT(A) = T(A)F;

and, since ZF; = T,(1) = 1,, and we have assumed that 7'(4) is irreducible,
it follows that every F; = 0 except F,, which therefore equals 1,.. Hence
T\(\) = A® and, since f(A) is a power of A\, we may set

(51) T(\) = A~
Since T(AA) = T(\)T(A) = AT(A), we have the following theorem.
Tusorem 9. If T(A) is irreducible, and if T(\) is a rational function of the

scalar variable N\, then T(\) = A" and the coordinates of T(A) are homogeneous
functions of order r in the coordinates of A.

The restriction that T(A) is rational in X is not wholly necessary. For
instance, if ¢ is any whole number and e a corresponding primitive root of 1,
then T%e) = 1, and from this it follows without much difficulty that T'(e) = e
where s is an integer which may be taken to be the same for any finite number
of values of q. It follows then that, if T(\) = || t;;(\) ||, the functions t;;(\)
satisfy the equation

tii(eh) = eti;(\)
and under very wide assumptions as to the nature of the functions ¢;; it follows
from this that 7()) has the form A".  Again, if we assume that T(\) = )\“E T,

then T\)T(u) = T(A\p) gives immediately
Towrte = T(u)
so that only one value of r is admissible and for this value T, = 1 as before.

5.14 If the coordinates of T(A) are rational functions of the coordinates a;;
of 4, so that r is an integer, we can set T(4) = T.(4)/f(A) where the coordi-
nates of T,(A) are integral in the a;; and f(4) is a scalar polynomial in these
variables which has no factor common to all the coordinates of 7,(4). As
in (50) we then have

T\(AB) = Ty(A)T«(B), f(AB) = f(A)f(B).
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It follows from the theory of scalar invariants that f(4) can be taken as a
positive integral power of | 4 |; we shall therefore from this point on assume
that the coordinates of T'(4) are homogeneous polynomials in the coordinates
of A unless the contrary is stated explicitly. We shall call r the tndex of T(4).

Taeorem 10. If T(A) is an assoctated matriz of order m-and index i, and if
the roots of A are oy, a5, -+, an, then the roots of T(A) have the form o}'aj® - --
~an® where Zr; = r. The actual choice of the exponents r depends on the particular
assoctated matrix in question but, if ai' aj® --- a," s one root, all the distinct
quantities obtained from it by permuting the o’s are also roots.

If the roots of A are arbitrary variables, then A is similar to a diagonal
matrix A; = Za;e;;.  We can express T(4,) as a polynomial® in the o’s, say

(562) T(A) = Zajagr +++ amF .y,

where the F’s are constant matrices. If now B = Zfe;; is a second variable
diagonal matrix, the relation T'(4,B) = T(4,)T(B) gives as in (50)

Yoo = Fopso
Friyooo ralFas, oo sy =0 ((ry 7y - ) #= (81,8 1))

and hence T'(4,) can be expressed as a diagonal matrix with roots of the required
form; these roots may of course be multiple since the rank of F., ..., is not
necessarily 1, the elementary divisors are, however, simple.

Since the associated matrices of similar matrices are similar, it follows that
the roots of the characteristic equation of T'(4) are given by those terms in
(52) for which F.,,...,, # 0; and, since this equation has coefficients which
are polynomials in the coordinates of A4, the roots of T(4) remain in this form
even when the roots of 4 are not necessarily all different.

The rest of the theorem follows from the fact that the trace of 7(4;) equals
that of T(A) which is rational in the coordinates of 4 and is therefore sym-
metric¢ in the o's.

TuroreEM 11. The value of the determinant of T(A) is | A |™/» and rm/n is
an tnteger.

For T(A)T(adjd) = T(|A|) = | A | and therefore | T(4) | is a power of

|A|, say | A |>. But T(A) is a matrix of order m whose coordinates are poly-
nomials in the coordinates of A. Hence sn = mr and rm/n is an integer.

(33)

5.15 Transformable systems. From a scalar point of view each of the
associated matrices discussed in §§5.03-5.11 can be characterized by a set of
scalar functions fy (k¢ = 1, 2, -, m) of one or more sets of variables (¢,

¢ If we merely assume that T(4,) is a convergent series of the form (52), equation (53)
still holds. It follows that there are only a finite number-of terms in (52) since (53) shows
that there is no linear relation among those F,, ... ,, which are not zero. Let F; be the
sum of those F,, ... ,, for which =r; has a fixed value p;; then T(\) = Z\"iF;, and as before
only one value of p; is admissible when T(4) is irreducible.
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j=12 --+,m),¢ =12 .-, r, which have the following property: if the
¢’s are subjected to a linear transformation

n

s:i=2aic£il Jg=12 oo, n;2 =12 -+, 1)

g=1

and if f; is the result of replacing &:; by &7, in fi, then

m

'.;: = 2 a;,,f.

a=1

where the a’s are functions of the a;; and are independent of the &'s. For
instance, corresponding to Cy(4) we have

fi=Jog = §ip E1q P,g=1,2, -+, n;p < ¢
£2p £2q
for which
Gpr Qor
Qij = Qpg, rs = a:‘ aq .
Qs

We may, and will, always assume that there are no constant multipliers such
that ZA;f; = 0. Such systems of, functions were first considered by Sylvester;
they are now generally called transformable systems.

If we put T(A) = || asj ||, we have immediately T(A4B) = T(A)T(B), and
consequently there is an associated matrix corresponding to every transformable
system. Conversely, there is a transformable system corresponding to an
associated matrix. For if X = || £;|| is a variable matrix and ¢ an arbitrary
constant vector in the space of T'(4), then the coordinates of 7' (X)c form a
transformable system since T(4)T(X)c = T(AX)c and ¢ can be so determined
that there is no constant vector b such that SbT(X)c = 0.

The basis fi (k = 1, 2, ---, m) may of*course be replaced by any basis
which is equivalent in the sense of linear dependence, the result of such a change
being to replace T(A) by an equivalent associated matrix. If in particular
there exists a basis

g1, 925 "y Gry b1y By <oy Ry, (ks + &y = k)

such that the ¢g’s and the A’s form separate transformable systems, then T'(4)
is reducible; and conversely, if T'(4) is reducible, there always exists a basis
of this kind. :

5.16 Transformable linear sets. If we adopt the tensor point of view
rather than the scalar one, an associated matrix is found to be connected with
a linear set § of constant tensors, derived from the fundamental units e;, such
that, when e; is replaced by Ae; (¢ = 1, 2, ---, n) in the members of the basis
of §§, then the new tensors are linearly dependent on the old; in other words
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the set § is invariant as a whole under any linear transformation A4 of the funda-
mental units. For instance, in the case of C,(4) cited above, § is the linear
set defined by

leieil @Gi=12 -, n;i<j)°

We shall call a set which has this property a transformable linear set.

Let ui, ug, -+, un be a transformable linear set of tensors of grade r and let
u; be the tensor that results when e, is replaced by Ae; (j = 1,2, ---, ) in u,.
Since the set is transformable, we have

wp= D ey = T G =1,2 -, m)
i
where the a;; are homogeneous polynomials in the coordinates of A of degree r.
If we employ a second transformation B, we then have

wi = T(A)T(Bu:, ui=TABu; (=12 -+, m

and therefore T'(A) is an associated matrix.

We have now to show that there is a transformable linear set corresponding
to every associated matrix. In doing this it is convenient to extend the notation
Suv to the case where u and » are tensors of grade r. Let E; (1 = 1,2, ---, n")
be the unit tensors of grade r and

u = Z\b;E.', v = E(p.'E,'

any tensors of grade r; we then define Suv by

(S0

where the numerical divisor is introduced solely in order not to disagree with
the definition of §5.02.

Let z; = Ztije; (1 = 1,2, -+, r) be a set of variable vectors and X; (z = 1,
-2, ---, s) the set of tensors of the form zi'ri* --- zi* (Zj;i = r); we can then
put any product £ &5 ... £# for which 28;; = r in the form kSEX;, k
being a numerical factor. This can be done in more than one way as a rule; in

fact, if 2 Bi; = B, then
i

= g St otnal
1-
and from the definition of Suvit is clear that the factors in ef" --- e can

be permuted in any way without altering the value of the scalar. It follows that

1 é CECY e
Bu | B S 1 n xﬂl
" s Bu! B! - -+ B! {311 e ﬁ'ln} 1
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and repeating this process we get

. [ DN v @
L B i T
11t Bin cor Bra

where k, is a numerical factor whose valueis immaterial for our present purposes.
If f is any homogeneous polynomial in the variables ¢;; of degree p, it can be
expressed uniquely in the form

=S G e

where the inner summation extends over the partitions of 8;into 81, Bi, * -, Bin
(¢t =1,2 ---, r) and the outer over all values of 8, B, ---, 8, for which
ZB: = p. We may therefore write

where, as above, X; = 828 ... zfrand

F=F _ [ o e ...{el e
BB . PBu .-+ Byn \ﬁll e ﬁln r ot ﬂ.rn

The expression of f in this form is unique. In the first place, F; = 0 unless
each ¢g, ... 5., is zero, since the set of tensors of the form

e - €y . ey v en o
{ mw " Blr} ' {Brl e ﬁrn} (ZBW P)

are clearly linearly independent. Further, if ZSF;X; = 0, then each SF;X;
is zero since each gives rise to terms of different type in the £;;; and ﬁnally the
form of F; shows that SF;X; = 0 only if F; = 0 since in

SFX; = kiZep, ... s, 8" -+ &

each term of the summation is of different type in the &;;.
Let (fi) be a transformable system; we can now write uniquely

(54) fo= 2 SFuX; (k=12 -\ m)
i

and we may set

F = 2 fiBi = D) ESFuX;

L¥)

where f; = 0 when 7 > m. If we transform the z’s by A = || a;; || and denote
II,(A) temporarily by II, then X; becomes I1X; and F is transformed into F*
where

(55) = D ESF X, = 2 ESTF;-X;,

i, 7
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But the f’s form a transformable system and hence by this transformation f;

becomes
fi= 2 airfe

k
so that

(56) F* = 2 aikkai = E E;S 2 Ak E Fk,'X,'.
i k i

k,d

Comparing (55) and (56) we have

(57) 78 [2 P — n'F‘,.] X, =0

i %
and therefore, as was proved above, each of the terms of the summation is zero,
that is,

(58) 'F;; = Z aitFri
P

and therefore, if j is kept fixed, the linear set
(59) (Flir F?i; ot ')

is transformable provided Fy;, Fa;, --- are linearly independent.
If there is no j for which the set (59) is linearly independent we proceed as
follows. Let f.',' = SF;','X,' so that

fx =fn +f12 + .- +fla
fz =f21 ‘|"f22 + .- +fza
(60)

...........................

If the removal of any column of this array leaves the new f; so defined linearly
independent, they form a transformable system which defines the same asso-
ciated matrix as the original system; we shall therefore suppose that the removal
of any column leads to linear relations among the rows, the coefficients of these
relations being constants. Remove now the first column; then by non-singular
constant combinations of the rows we can make certain of them, say the first
m;, equal 0, the remainder being linearly independent. On applying the same
transformation to the rows of (60), which leaves it still a transformable system,
we see that we may replace (60) by an array of the form

fi = fu
(61) fmx =fm11
fm.+1 =fm,+l,]+fm;+l.2+ +fm,+1,a
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where fo, + i — fu, +i,10 G =1, 2, -++, m — my) are linearly independent. It
follows that fi, ---,’ fm, are transformed among themselves and so form a
transformable system. For these functions are transformed in the same way
as fu, fa - -+, fma, and if the last m — m; rows of (61) were involved in the
transformation, this would mean that fi;, ---, fn3, when transformed, would
depend on f,, 41, ; ete., which is impossible owing to the linear independence
Offvnx+i _fm|+i.1 (Z =12 -, m— ms).

Corresponding to the first column of (61) we have tensors Fiy, Foy, -+, Fui
and we may suppose this basis so chosen that F;; ( = 1, 2, ---, p) are linearly
independent and F; = 0 for j > p; and this can be done without disturbing
the general form of (61). If p = m, we have a transformable system of the
type we wish to obtain and we shall therefore assume that p < m. We may
also suppose the basis so chosen that SF,F;; = 6;; (¢4, = 1,2, ---, p) as in
Lemma 2, §1.09. It follows from what we have proved above that Fi;, Fy,
«++, Fp; is a transformable set.

Let A be a real matrix, the corresponding transformation of the F’s, being,
as in (58),

(62) Fiy= D agFy=1Fy, (i =1,2-.p);
)

we then have

*

(63) ( Fi,= &Py = W(A)F,

i
so that the F,; also forms a transformable set. Since Fy, -+, Fny form a
transformable set, a;; and @&;; are 0 when 2 > m; and j < m; no matter what
matrix 4 is. Now

aij = SFF,= SF,IV(A)F;y = S(A)F,F,, = SI'(A")F;F,
which equals 0 for 7 < my, j > m; since by (63) I’(4’)F;, is derived from F;

by the transformation A’ on the z’s and for j < m, is therefore linearly depend-
enton F; (j =1,2, ---, m)). Hence the last m — m, rows in (61) also form
a transformable system, which is only possible if the system fi, fo, -+ -, fm is
reducible. If T(A) is irreducible, the corresponding transformable system is
irreducible and it follows now that there also corresponds to it an irreducible

transformable set of tensors.

5.17 We have now shown that to every associated matrix T(4) of index r and
order m there corresponds a transformable linear set of constant tensors
F\, Fy, ---, F, of grade r whose law of transformation is given by (62). Also
since II'(4) = II(4’), we have

(64) IF; = Za/,Fy, IF; = Za;Fi
where T(4') = || aﬁ,- 1.
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Since F, Fo, -+, Fn are linearly independent, we can find a supplement to
this set in the set of all tensors of grade r, say :

G, Gy -+, Gy (0 =n" —m)

such that

(65" SFG; = 0.

It is convenient also to choose bases for both sets such that
(65") SF:F; = & = 8GG;.

Since the two sets together form a basis for the space of II, we can set
I'G; = 2BkiFr + ZvxiGe

and this gives
B:; = SFII'G; = SGIF,

which is 0 from (64) and (65), hence the G’s are transformed among themselves
by II’. This means, however, that II’ is reducible, and when it is expressed
in terms of the basis (Fy, :::, Fm, G1, -+-, G,), the part corresponding to
(Fy, +--, Fy) has the form || a;; || and is therefore similar to T(4). Hence:

THEOREM 12. Every irreducible associated matriz T(A) of index r is equiva-
lent to an irreducible part of 11,(4), and conversely.

5.18 Irreducible transformable sets. If F is a member of a transformable
linear set § = (F1, Fy, ---, Fn), the total set of tensors derived from F by all
linear transformations of the fundamental units clearly form a transformable
linear set which is contained in §, say §:; and we may suppose the basis of
so chosen that § = (Fy, Fy, -+, Fi) and SF.F; = 6;; (4, j = 1,2, ---, m).
Let G be an element of (Fi +1, -+, Fm) and G’ a transform of G so that

G’ = 2 'y.-F $e
i=1
Then SF.G’' = v:. But SF,G’ = SFG, where F, is the transform of F; obtained
by the transverse of the transformation which produced G’ from G so=that F
isin § fort < k. Hencevy; = 0for7 =1,2;, ---, k, thatis, (Fx 41, ***, Fm)
is also a transformable set; and so, when the original set is irreducible, we must
have §; = §. If we say that F generates §, this result may be sta:ted as follows.

LEmMA 5. An irreducible transformable linear set is generated by any one of
its members.

We may choose F so that it is homogeneous in each e;; for if we replace, say,
e1 by Ne,, then F has the form Z\*H, and by the same argument as in §5.13,
any H; which is not 0 is homogeneous in ¢; and belongs to §. A repetition of
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this argument shows that we may choose F to be homogeneous in each of the
fundamental units which occur in it. If r is the grade of F, we may assume
that F depends'on e, e, ---, e, and, if ki, k», ---, kK, are the corresponding
degrees of homogeneity, then 2k; = r and, when convenient, we may arrange
the notation so that &, > k. > --- > k,.

If we now replace ¢; in F by e; + Ae; (¢ > s), the coefficient H of X is not 0,
since 7 > s, and H becomes k,F when e, is replaced by e;; it therefore forms a
generator of § in which the degree of e, is one less than before. It follows that,
when r» < n, we may choose a generator which is linear and homogeneous in r
units e, e;, ---, e,. It is also readily shown that such a tensor defines an
irreducible transformable linear set if, and only if, it forms an irreducible set
when the transformations of the units are restricted to permuting the first
r ¢’s among themselves. Further, since the choice of fundamental units is
arbitrary, we may replace them by variable vectors z;, s, :---, z,. For
instance, the transformable sets associated with II,, P, and C, are zz, - z,,
{xirs -+ z.} and | 22, -+ z, |, respectively, and of these the first is reducible
and the other two irreducible.

5.19 It is not difficult to calculate directly the irreducible transformable sets
for small values of r by the aid of the results of the preceding paragraph. If

we denote z;, 7,, --- by 1,2, ---, the following are generators for r = 2, 3.
generator r=2 order
21 {12} n(n +1)/2
2.2 [12] nin — 1)/2
r=3

3.1 {123} n(n + 1)(n + 2)/6

3.2 |1]23]] n(n? — 1)/3

3.3 | 1{23} | n(n? — H73"

34 | 123 | n(n — 1)(n — 2)/6.

This method of determining the generators directly is tedious and the follow-
ing method is preferable.” Any generator has the form

w, = Ew,-,;, S T TRICIC 7
. e L. 1,2 -1 )
and if ¢, ... ;, denotes the substitution i . ], we may write

11’2 .o zf

r

w = Ewil.-, w3 Qg . rZ, I,
= 91(551172 e zr)
where ¢; may be regarded (see chap. 10) as an element of the algebra S whose

units are the operators ¢ of the symmetric group on r letters. Now w, gener-
ates a transformable set and hence, if w; = qi(z; --- z,) ¢ = 1,2, --)isa

7 Fuller details of the actual determination of the generators will be found in Weyl:
*Gruppentheorie und Quantentheorie, 2 ed. chap. 5.
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basis of the set, and @ is the set of elements ¢i, gz, --- in S, then the set of
elements Qg = (qq, ¢g, ---) must be the same as the set @, that is, in the
terminology of chapter 10, @ is a semi-invariant subalgebra of S; conversely
any such semi-invariant subalgebra gives rise to a transformable set and this
set is irreducible if the semi-invariant subalgebra is minimal, that is, is con-
tained in no other such subalgebra.

It follows now from the form derived for a group algebra such as S that we
get all independent generators as follows. In the first place the operators of S
can be divided into sets® Si (k = 1, 2, ---, ¢) such that (i) the product of an
element of S; into an element of S; (k = j) is zero; (ii) in the field of complex
numbers a basis for each S; can be chosen which gives the algebra of matrices
of order n}; and in an arbitrary field S is the direct product of a matric algebra
and a division algebra; (iii) there exists a set of elements w1, Uss, ***, Uy,

in S; such that E u; is the identity of Sy and u}; = ki # 0, wesus; = 0 (¢ = j)

and such that the set of elements wx;Siux; is a division algebra, which in the
case of the complex field contains only one independent element; (iv) the
elements of S; can be divided into v sets Sy ( = 1, 2, ---) each of which
is a minimal semi-invariant subalgebra of S and therefore corresponds to an
irreducible transformable set.

s It is shown in the theory of groups that ¢ equals the number of partitions of r.
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