CHAPTER IX

THE AUTOMORPHIC TRANSFORMATION OF A BILINEAR FORM

9.01 If the variables of a bilinear form whose matrix is ¢ are transformed
cogrediently by a matrix z, the matrix of the new bilinear form is z’ax; when
this new form is identical with the old, the transformation is said to be
automorphic. The problem of finding all automorphic transformations of a is
therefore equivalent to solving the equation

(1) z'ax = a.

We shall assume for the present that | a | # 0 in which case also | z | # 0.
It follows from (1) that z’a = az~'. Hence, if f(A) is a scalar polynomial

(1) [f@)])'a = f(z')a = af(z™).
In particular, if f(A) = (1 — \)/(1 + ) and y = f(z™1), then

_l—z z-1
T 14z x4+l
provided | z 4- 1| # 0. Hence from (1') y’a = —ay so that

(2) y

3) y = —aya~l

Conversely, if y satisfies (3) and |1 — y| # O, thenz = (1 + »)/(1 — y) isa
solution of (1) such that |z 4+ 1| 0. For from (3) f(¥")a = af(—y) so that

b _ 149y 1-y
xa=1_y,a—al+y

Similarly, if |z — 1| 0, we may setz = (1 — y)/(1 + y) and then y is a
solution of (3) such that |1 4 y | # 0, and conversely. The effect of the trans-
formation (2) is therefore to reduce the solution of (1), which is quadratic in z,
to that of (3), which is linear in y, except when both 1 and —1 are roots of z.
It is because (3) is linear that it is more convenient than (1); in particular if we
regard

= ar.

3" y'a+ ay =0, Yy = “ Npq ”: a = “ Qpg ”,

as a system of n? linear homogeneous equations in the 5’s, then the rank of the
system gives the number of parameters which enter into the solution when those
values of y (or of z) are excluded for which both 1 and —1 are roots.

Since the main problem is thus reduced to the solution of linear equations, it
may be regarded as solved; the solution, however, can be given a somewhat more
definite form as we shall now show.
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9.02 The equation ¥’ = & aya—'. We shall consider in place of (3) the more
general equation

4) y' = daya~l, 6 = £1.
Forming the transverse we get y = éa’~'y’a’ or 3y’ = da’ya’~!, whence
5) ya~la’ = a7 la'y, a'ya’ ! = aya™?
so that y is commutative with a~la’. Now from (4) we have y = da~'y’a and
hence

2y =y + da'a.
But if b is any matrix commutative with a—a’, then
6) y=1"b4 daWa
is a solution of (4); for on substituting this value of ¥ we get

Yy — daya~! = b’ 4 da’ba’! — saba! — b =0

since, as in (5), a’ba’~! = aba~!. It was noted above that y has this form and it
therefore follows that the general solution of (3) is obtained by setting

) y=b—aWa, ba—la’ = a~la’b.

It should be noted, however, that two different values of b may give rise to the
same value of y.

9.03 We are now able to give a solution of (1) under the restriction that either
|z41|#0or|z — 1] 0. Since the first condition is transformed into the
second if z is changed into —u, it is sufficient for the present to assume that
| z + 1| # 0, and in this case the value of y given by (2) is finite. In termsof y
we bave

Ly _14b—ambe_ ( oh 4 bai(a 4 ab — va)

=i —yT1-b+Faa
or, if
(8) ¢ = ab — b'q,
then
©) z=(a—c)!(a+c), |z 4+ 1] 50,

z=(—a(a+c), |z — 1] 0.

It follows as in §9.01 that, if  has this form, it is a solution of (1
In place of (8) we may define ¢ by

(10) ¢ = —=ada”lc = —ca~ld'.
For from (7) and (8) '

¢ =ba —ab= —dalc= —cald
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and, if ¢ is given by (10) and z by (9), then

2= + )@ —c)t=(d — cat'a) (@ + cala")?
A=—ca YA +ca ) '=04+caDH (1 -ca) =ala+c)(a—c)a?
= azx—la7 .

If a is symmetric, (8) or (10) gives ¢’ = —¢, and c is otherwise arbitrary except
that | @ — ¢ | # 0;in particular if @ = 1, (9) reduces to the form of an orthogonal
matrix already given in 6.03. Similarly if a is skew, (10) shows that ¢ is an
arbitrary symmetric matrix subject to the condition that | @ — ¢ | & 0.

The case in which a is symmetric can also be handled as follows. We can set
a = b? where b is symmetric and, if

y = b~ 'xbh,

equation (1) gives yy’ = 1 so that y is orthogonal. Conversely, if y is any
orthogonal matrix ¢ = byb~!is a solution of (1).

9.04 Principal idempotent and nilpotent elements. Since z is similar to
(z)71, the elementary divisors which correspond to roots other than 41 occur in
pairs with reciprocal rodts. If we arrange these roots in pairs g,, g,* and denote
the corresponding principal idempotent elements by e, and e_,, respectively, we
may set

A1) z=3[g(er + &) + 97 e—r(1 4+ )71 + 01(e2 + £1) — Oa(e—y + £-1)

where the £’s are nilpotent, e;, ¢_; are the principal idempotent elements cor-
responding to 1 and —1, if present as roots, and 6,,6; are either 0 or 1. The
form of z—1is then

(12) z7' = Z[g.(e—r + £-) + 97 (1 + E)7] + rea(1 + £1)7F — ey (1 + £-9)?
and (11) gives

e: = ge_.a”}, ei, = ae,a!
(13) k. = abo, Bl = ata
’ ’

€, = aea’l, e_, = ae_a”!
(13" r_ H o -

~£1_—amla , 5_1_—a1+£-1a .
We require also the form of x + z~'and z — z7!; if
(14) ar = & + E—r) Br = Er - E-—r
then

z + zl=2 [gr(er + e + ar) + Q:I (er + e—r) (1 + ar)—l]
+ Oil(es + &) + (1 + £E)7Y] — 6a[(e—s + £-0) + ea(l + 2071

T—ztl=2 [gr(er — €, +'Br) — G- (er b e—r) (1 + Br)_ll
+ 6:l(er + &) — ei(1 4+ £)71) — O:[(e—s + £-1) — e(1 + £-)7Y]
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or if
= B N = & ) _ 531
Yr = grar gr 1 _I_ ar; Y1 = 1 + El, V-1 = ~1—+—£_1
(15) 6r = grEr + g:l 1ETTE’ 6—1- = grs—r + g:l ].j-—_'s_,
0 = 28 — 1y 01 = 261 — v
we have

(16) z+z'=Z[(g, + 97" (e + e=) 4+ 7] + 6:(2e1 + v1) — 6:(2e_; + v_1)
(17) z—2 =2 — g e+ 8} — (g —g7) e + 6_1}] + 6161 — 625,

where the elements grouped together are principal elements.

The principal idempotent elements of x — z~! are also principal idempotent
elements of z except that roots 1 and —1 of x both give the same root 0 of
z — z71; no root of z other than +1 leads to the coalescing of roots in 2 — z~1,
If we put

(18) 2u =z + z7}, =z — 27

then u is a solution of (4) with § = 1 and v is a solution with § = —1;also

(19) 22— 202 —1=0

which has the formal solution

(20) z =04+ (¥4 1L

Here 12 4 1 = u? so that (v* + 1)! exists whenever z is a solution of (1). Con-
versely, if »; is any solution of (4) with § = —1 and if u,; is a determination of

(»! + 1)} such that
(21) Urd = cuy,
then z is a solution of (1); for
z'a = via + uja = —av, + au; = az~!

since
(w+v) (w —v) =uf —of =1

If ¥* 4 1 has no zero root, determinations of (v + 1) always exist which are
polynomials in »? and therefore satisfy (21); but even in this case this does not
give all solutions. The situation is as follows. The general form of v is given
by (17) if we replace g. — g by, say, 2k, and 6,5, — 6:;5_; by 6c. When k. is
given, then g, is determined; from (13) and (14) we have (5, + 5:,)a = a(s, +
5_,) and therefore, if k2 4+ 1 5 0, the part of (> 4 1)! corresponding to e, + e_,
exists and satisfies (21); we therefore get all valid expressions for this part of
(v* + 1)* by using the form of the square root given in §8.05 with the restriction
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that the only sets of partial units that may be used are those that satisfy (21).
However, since (v* + 1)} = u, (16) and (17) show that we need only use the
idempotent elements e, 4 ¢_,, which are determined by v, in those parts of the
square root which do not depend on the zero root of v; e, and e_;, however, are
not defined by v so that it is necessary in any particular case to consider how eg
and 8, can be broken up into parts which have the required property.

If v has a zero root with the principal idempotent and nilpotent parts e, 6o,
then ¢ = e shows that, although 6,a = —ado, we have

(219 e;a = ae,.

We therefore seek to divide e; into-two idempotent parts, e; and e_;, which are
commutative with » and therefore with 8,. In forming the square root we then
attach the value 4-1toe;and —1toe_;.

If k2 4+ 1 = 0, then g, = 7 and the corresponding part of (v® 4 1)}is 24(5, +
o_,) + 82 + 8%, and it is readily shown from (15) that this has a square root.
The details are left to the reader.

If b is a solution of b’a = —ab, thenso arealsot = tanband v = tan 2b. A
short calculation then gives z = (1 + ¢)/(1 — t) subject to the restrictions
already given; this shows the relations between the rational and irrational
solutions.

9.05 The exponential solution. Some of the difficulties of the solution in
§9.04 can be avoided by setting
(22) z = exp(2) = €, z=Logx

where a principal determination of log z is to be used. Since this determination
of log z is a polynomial in z and z’ax = a, we have

(23) 2 = Log ' = Log az~'a~! = a(Log z~%)a™!
and therefore
(24) 1 = z'ara = e’esre! = ¢ Hoza],
From (11)
(25) z = Z[(logg,) e + 1, — (10g g,) €~y + 1) + Oum1 + Ga(wie_y + n-1)
7= — 3+ - (s=r —r1, =1

and from (13)

e,’ = ge_,a7, "): = —an—,a" (s=r —1),
0 e, = ae, a7}, 1, = —ana™ (s = 1,, —1).

Hence

2 4+ aza™? = Z[(logg,) el + 17: — (loggel, +n.] + Oy + 6a(mie’, + n’il)
’ ’ ’ ’ ’ .t 7
+ E[GOg gr) e—r - Ny — (IOg g")er - '0.-] - 01771 + 02(7'-16—1 - 77—1)
= 2027!'1.6_/.1,
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and therefore, if we set

@7) F=0.,0=6=01, w=z—

we have

(28) w4 awat =0, { —afal=0,

and

(29) w = Z[(log g)e, + 7. — (log g)e—, + n_,] + 61 + Ban_s.

The general value of x can therefore be expressed in terms of the solution of the
equation discussed in §9.02.
If we now start with w as a solution of (28) and define x by 2 = €¥, then

2 = = ¢wi! = gevgl = gz—lg!
and therefore z is a solution of (1); to obtain every solution, however, we must
add the terms 7t to w.

If e, is the principal idempotent element corresponding to the root 0, then
(29) shows that the presence of the {-term depends on the division of e, into two
parts e; and e_; which satisfy the second set of equations in (26) ; and correspond-
ing to these we have nilpotent parts #; and n_; which give rise to 1 and —1,
respectively, as roots of z, or 0, 77 as roots of z.

A form which gives rational parameters is obtained from the exponential
solution as follows. Let

e — 1 z—1
(30) t = tanh (2/2) = 1= o7
then
141
(31) T =1
and
ata-! = axa™' — 1 1 — azrla! _ 1 -z —

aza'+1 1+axriar 142

so that (31) gives a solution of (1). If, however, |z + 1| = 0, then ¢ becomes
infinite so that (31) cannot give directly any « which has —1 as a root. This
difficulty arises from the fact that tanh(6/2) — « when 6 -— =1; but, since (¢ 4 1)
(t — 1) = e for all values of ¢ which do not have an infinite root, that is, one
corresponding to a root (2k 4 1)77 of 2, hence z will be a solution of (1) so long
as the coordinates of z are continuous functions of the parameters involved
and the limiting value of z is finite and determinate.

9.06 Matrices which admit a given transformation. In (1) we may regard z
as given and a as unknown; the problem then is to find all matrices a such that

(32) z'ax = a.
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If we associate with a = || a;; || the corresponding tensor of grade 2,
u = Zaiee;,

we see immediately that (23) corresponds to setting (cf. §5.10)

(33) (x)u = u.

Hence there is a solution if, and only if, z has at least one pair of reciprocal roots;
in this case II;(z) has one or more roots equal to 1 and the various invariant
elements corresponding to this root give a linearly independent set of determina-
tions of a.

When it is required that | a | # 0, another form of solution is preferable. In
this case 2’ = az~'a~!; but, since x and z’ are similar, we also have ' = pap™,
where, if p, is one determination of p, the general form is

(34) p = pib, br = zb, |b] = 0.
Hence it is necessary that £~! be similar to z, say

(35) 7! = gi'zq,

which gives immediately

(36) a = pibqr.

Conversely, if pi, b, and ¢, satisfy the given conditions, it follows immediately
that (36) gives a solution of (32).
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