CHAPTER IV
VECTOR POLYNOMIALS. SINGULAR MATRIC POLYNOMIALS

4.01 Vector polynomials. If a matric polynomialin X is singular, the elements
of its nullspace may depend on A. We are therefore led to consider vectors
whose coordinates are polynomials in a scalar variable \; such a vector is called
a vector polynomial. Any vector polynomial can be put in the form

zZ\) =z F+zAm "4 - 42y,

where 2o, 21, - -+, 2, are vectors whose coordinates are independent of A and,
if zo # 0, m is called the degree of z(\). In a linear set with a basis composed
of vector polynomials we are usually only concerned with those vectors that
have integral coordinates when expressed in terms of the basis and, when this
is so, we shall call the set an integral set. In a basis of an integral set the
degree of an element of maximum degree will be called the degree of the basis.

In practice an integral set is often given in terms of a sequence of vectors
which are not linearly independent and so do not form a basis. For the present
therefore we shall say that the sequence of vector polynomials

(1) 310\), Zz(A), Tty zk()‘)

defines the integral set of all vectors of the form Z¢;(\)z;(\) where {’s are scalar
polynomials, and show later that this is really an integral set by finding for it
an integral basis. The sequence (1) is said to have rank r if | zi2s, --- 2, |
vanishes identically in A for all choices of s 2’s when s > r and is not identically
0 for some choice of the z’s when s = r.

The theory of integral sets can be expressed entirely in terms of matric
polynomials, but it will make matters somewhat clearer not to do so at first.
By analogy with matrices we define an elementary transformation of a sequence
of vector polynomials as follows. An elementary transformation of the sequence

(1) is the operation of replacing it by a sequence zi, z,, ---, 2z, where:
Type I:2; =2+ 2 $o2m 2y = 24, (g # 3),
pHE i

Type 1I:z; = 2,2, = 2,2, = 2, (¢ # 1, §),

Type IIL: 2, = pz,, (p = 1,2, -+, k)

where the {’s are scalar polynomials and the p’s constants none of which is 0.
The rank of a sequence is not altered by an elementary transformation, and
two sequences connected by an elementary transformation are equivalent in
the sense that every vector polynomial belonging to the integral set defined
by the one also belongs to the integral set defined by the other.
Two sequences which can be derived the one from the other by elementary
transformations are said to be equivalent. The corresponding integral sets
47



48 VECTOR POLYNOMIALS [IV]

may also be said to be equivalent; and if only transformations with constantu
coefficients are used, the equivalence is said to be strict. Equivalence may-also
be defined as follows. If P is an elementary matrix which turns any vector. of
the integral linear set (z1, 23, - - -, zx) into a vector of the same set, then it is
easily shown_ that this set is equivalent to (Pz, Pz, ---, Pz;) and conversely;
we also say that the linear set (21, 23, * - -, 2i) is tnvariant under P although the
individual elements of the basis are not necessarily unchanged. If the restric-
tion that P leaves (z, 25, -+, 2x) invariant is not imposed, .the two sets are
said to be similar.

4.02 The degree invariants. We have seen in the previous section that
the sequence in terms of which an integral set is defined may be transformed
by elementary transformations without altering the integral set itself. We
shall now show how we may choose a normalized basis and determine certain
invariants connected with the set. Let the vectors (1), when written in full, be

2) 2iN\) = NMizgo + N" " lza + -0 A+ 2imy,

and suppese the notation so arranged that my < me < --- < my. Suppose
further that the leading coefficients 2o, 220, -+, 2, —1, 0 are linearly inde-
pendent but that

s —1

2y = 2 : Ni 240y
1

the 7’s being constants not all 0; then m, > m; ( = 1,2, ---, s — 1) and

s—1
2, =2, — 2 A" < iz
1

is either 0 or has a lower degree than z,; and it may replace z, in the sequence.

After a finite number of elementary transformations of this kind we arrive
at a sequence equivalent to (1) which consists of a number p of vector poly-
nomials z;, 23, -- -, 2, in which the leading coefficients are linearly independent

followed by k — p zero-vectors. Now if we form |z, -+ z,| using the
notation of (2) with z’s in place of 2’s, the term of highest degree is A * -+ - +n7
| Z10T20 *++ ZTpo!, which is not 0 since the leading vectors xio, 20, -, Tpoare

linearly independent. But the rank of a sequence is not changed by ele-
mentary transformations; hence p = r and we have the following theorem.

THEOREM 1. If 21, 25, -+, 2 s a sequence of vector polynomials of rank r,
the set of vectors of the form 2 £i(N)zi(\), the {’s being scalar polynomials, form

an integral set with a basis of order r which may be so chosen that the leading coeffi-
cients of its constituent vectors are linearly independent.
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When a basis of an integral set satisfies the conditions of this theorem and
its elements are arranged in order of ascending degree, we shall call it a nor-
mal basis.

Corollary. 1If zi, x,, ---, x, is a normal basis with the degrees m; < m, <
- < m,, and if &, &, -, & are scalar polynomials, then the degree of the

8

vector polynomial z = z tx; (£, # 0) is not less than m,.
1

TaHEOREM 2. If 71, 2oy -+, z, ts @ normal basis of an integral set and
m < my < --- < m, the corresponding degrees, and if yi, Y, - -, Y- 18 any
other hasis with the degrees ny < nm, < -+ < n,, then

m <y, mg < Ny, vy, My < N

Further, the exponents my, my, -« -, m, are the same for all normal bases.

Let s be the first integer for which n, < m, so that n; < n, < m,for 7 < s.
Since (x1, x5, - -+, z,) is a basis, we may set

yi= D) EMNz() (=12 -, ).

Here no value of p greater than s — 1 is admissible since the degree n; of y;
is less than m, This would mean that the rank of wi, ¥, :--, y, was less
than s, which is impossible since they form part of a basis. Hence m, < n,
for all values of s.

If both bases are normal, it follows immediately that m; < n; and also
n; < m;, whence m; = n;, that is, the set of exponents mi, my, : - -, m,is the
same for all normal bases. We shall call these exponents the degree invariants

of the integral set.

4.03 Elementary sets. If z;(A), zz(\), ---, 2,(\) is a basis of an integral
set, but not necessarily a normal basis, the r-vector |2z, --- z,|, which we
call the determinant of the basis, is not identically 0 but may vanish for cer-
tain values of A. If it vanishes for A = A;, then z;(A1), z:(A\1), - -+, 2-(A1) are
linearly dependent, that is, there is a relation ={;2;(\;) = 0; we may assume
&1 # 0 without loss of generality. It follows that Z¢:z:(\) has a factor of the
form (A — A%, @ > 1, and hence

Zfzi(\)
(h - k1)‘l
is integral; and, since {1 # 0, every element of (2:(A), z(\), - -+, z:(A)) is
integrably expressible in terms of (z;(\), z2(A), -+, z-(\)). Moreover, since

(}\__{l—)\l)—alzlzz 2r|:

zi(\) =

iz;zz RPN z'| =
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the determinant of the new basis is of lower degree than that of the old and so,
if we continue this process, we shall arrive after a finite number of steps at a
basis (z:(\), z:(A), - -+, z,(\)) whose elements are linearly independent for all
values of \. A set which has a basis of this kind will be called an elementary
integral set; and it is readily shown that every basis of an elementary integral
set has the given property, namely, that its elements are linearly independent
for every value of \. These results are summarized as follows.

TaeoreM 3. Every integral set of order r is contained in an elementary set
of the same order. .

We also have

THEOREM 4. Let x1, z2, - -+, x, be a basis of an elementary set. If r < n, there
extists a complementary elementary basis z, .1, -+, zo Suchthat | z1zp -+ x,| # 0
for any value of N and this basis can be so chosen that its degree does mot exceed
that of x1, x3, -+, Zr.

THEOREM 5. If x4y, x,, -+ -, X, 1S a basis of an elementary set, there exists an
elementary matric polynomial X such that z; = Xe; 0 = 1,2, -+, 7).

For let y be a constant vector which for some value! of A is not linearly depen-
dent on z1, 75, - -, z, so that we do not have identically y = Zn.z; for any 7's
which are scalar polynomials. If for some value of A\, say A\, we have y =
Z¢xi(\1), the ¢'s being constants, then y — Z¢;x;(\) has the factor A — )\; and,
as in the proof of Theorem 3, we can modify y step by step till we arrive at a
vector polynomial z, ., such that z,, z,, -+, z,, 2, +1 form an elementary
basis. The degree at each step of this process does not exceed that of the
original basis since only constant multipliers are used. This procedure may
be continued till a basis of order = is reached, which proves Theorem 4.

The proof of Theorem 5 is immediate; in fact, using the basis derived in the

n

proof of Theorem 4, X = E ziSe; satisties the required conditions and

1
| X| =|z®2 -+ za|, which does not vanish for any value of A.
As a converse to Theorem 5 we have that, if X 7s an elementary matrix, then
z; = Xe; (1 =1,2, ---, r) is a basis of the elementary set (1, T3, -+, x,).

4.04 If 2, 25, -+, 2 is a sequence of vector polynomials ot rank », we may
always assume k£ < n by merely increasing the order of the fundamental space,
if necessary. Setting 2; = Z{;e;, let us consider the matric polynomial

1 If the question of degree is not important, any vector polynomial satisfying this
condition may take the place of a constant vector.
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fu fu O 0
$u S 0 0 k
A T = 2 2:Se;
...................... 1
Cmp cv e O -+ 0

The elementary transformations used in §4.02 in finding a basis of the integral
set correspond when applied to Z to a combination of elementary transforma-
tions, as defined as §3.01, and because these transformations involve columns
only, they correspond to multlplymg Z on the right by an elementary poly-
nomial Q. Similarly, if

Z = Ze;Syi, yi = Ztijei,

the process of finding a basis for i1, ¥, -+, ¥a, whose rank is r, corresponds
to multiplying Z on the left by an elementary polynomial P;.
We shall now suppose that ¥ = r so that @, = 1; then P,Z has the form

w11 DY w1y 07-.. 0
wy o wy 0 -+ 0
Zl - PlZ = Wyl oo e Wry 0 Y 0
0 0 0 0
0 0o 0 --- 0

We now bring Z, to the normal form of §3.02, say

4!
&

PZQ = PPZQ = s

0
where {3, ¢2, -+ -, ¢, are the invariant factors of Z (or Z;) and in doing so only

the first » rows and columns are involved so that

3) Qe;=¢ey, G=r+1,r+2 -+, n).
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Therefore, if z; = (PP;)™e;, we have successively
PP,ZQe.- = f,‘ei, ZQe.- = ;','(P.Pl)—le.' = f,,'x.', (‘L = 1, 2, crey 7‘)
and, if @ = || ¢;; ||,
Qe€'= qliel + q2iel + b + Qn‘er, (i = ly 2) Y T)
and hence
4 $iti = ZQei = quzn + quies + -+ + @iz, 1 =1,2, ---, 7).

But from (3) and the fact that | @ | is a constant different from 0, it follows that

the determinant of the coefficients in (4) is also a constant different from 0,

and hence these equations can be solved for the z’s in terms of the z’s giving, say
2 = Ebjig-ixi (2 = 1; 2, .-, T)

where the b’s are scalar polynomials. ‘
Returning now to the case k > r, we see that, since we can pass to the case
k = r by elementary transformations, the {’s are still the invariant factors of

k
Z = 2 z;Se;. They are therefore also invariants of the integral set independ-
1

ently of the basis chosen to represent it, and so we shall call them the invariant
Sactors of the set.
We can now state the following theorem.

TuEoREM 6. If {1, {2 -+, {r are the invariant factors of an integral set of
vector polynomials, we can find a basis of the form

flzl; §2x2y ) g-rzr

where 11, 2o, - -+, . define an elementary set.

4.05 Linear elementary bases. We shall derive in this section a canonical
form for a basis of an elementary linear set. If
(5) zl; 227 tt Yy zr) 2y = xl'x + y‘!

- . . . . . .
is a basis of an elementary linear set, it is convenient, though not necessary, to
associate with it the matrix

(6) AN — B = 2 g:Sz; = 2 gsS(z\ + yi)
1 1

where g1, g5, -+, ¢- is a sequence of linearly independent constant vectors.
When this is done, it should be noted that multiplying AN — B on the right
by an elementary matrix P corresponds to replacing (5) by the similar sequence
P’zy, ---, P'z,. Multiplying on the left by P has no immediate interpretation
in terms of the sequence except when

Pgi= D5 pugi (i=1,2 1)

i=1
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in which case we can write

P(AN — B) = 2 giS 2 Di#i = 2 g:Sz’;
i=1

i=1
and the set (2,24, - -+, 2.)is equivalent to (5); when P is constant, the equiva-
lence is strict. )

Instead of restricting ourselves to the matrix (6), we shall only assume to
begin with that AN — B is a linear matric polynomial of rank » < n. The
nullspace N of AN — B is then an elementary integral set, a normalized basis
of which we shall take to be
" o) =aNs F a4 - F @i, (E=1,2 -, n—1)
From (AN — B)a; = 0 we have

Aa,'o = 0, Aau = Baio, ey 0= Ba,-,,,‘.,
or, if we set a;, = 0 fort < Oort > m;,

(8) Aay = Bai,¢ 1 (t=Or L2 - m; + 1).

We shall now show that the vectors a;; ¢ = L, 2, ---;, n — r; 5 =0, 1,
.-+, m;) are linearly independent. Assume that a;; are linearly independent
for(¢ =12 --,p—1;7=0,1, ---, my)and @ = p;5=0,1, --+, ¢ — 1)
but that

9) apg + 2 @iy + 2 i a5iQij =
i=1 j=0

Let &’ be the greatest value of j for which some a;; # 0 and let s be the greater
of s and ¢q. If we set .

(10) Ct"‘apq—a+t+Eamap:—n+‘+2201val7-—-+t;

1=1 j=

thenc_; = 0, ¢, = 0 and

g—1 p—1 m;
N\
cq—l=ap.q—l+ zfapiap.i"l'i' 2: z;aiiai.i—l’

i=1 i=1 j=1

which is not 0 by hypothesis, except perhaps when ¢ = 0 and every a;; (j # 0)
in (9) is 0, which, however, is not possible since by Theorem 1 the leading
coefficients a in (7) are linearly independent. Also from (8) it follows that
Acy = Bcy 4, and hence

(11) ) =cN—t4 N2+ -0 oy
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is a null-vector of AN — B of degree less than m,. But every such integral
null-vector is linearly dependent on a;, as, ---, a, -1 with integral coeffi-
cients, say

(12) ) = D vWa);

and this gives

p—1

coor=c(0) = 274(0)0.(0) 2 V(0 iy

which is impossible since ¢, . is obtained from (9) by lowering the second
subseript in each term and no such subscript greater than m; can occur in any
a;;. Hence the a;; are linearly independent.

In order to simplify the notation we shall now set

(13) a"i=Qe; (i.= 1,2 "'i'n_r;j=0, 1 -, ms)
where Q is a constant non-singular matrix and e} are fundamental units rear-
$—1

ranged by setting, say, e = ¢; when k = 2 (m, + 1) 4+ j + 1; as before

g=1
= 0 for j < 0 and j > m;. We shall denote the space defined by the e}
by P and the complementary space by I,; since the bases of I, and M,
can be chosen as sequences of fundamental units, they are reciprocal as well as
complementary.
We return to the particular case in which AN — B is given by (6). Corre-
sponding to (12) we define a new set of vectors w by

(14) wi=Qz (=12 :-7)

and when this is done a normal basis of the nullspace N, of (AN — B)Q =
Zg:Sw; is given by

@15) by = eiX™ deiAmi—14 ... i (=1,2 -, n—r).
We have seen in §1.10 that b1, by, -+, ba —, is the space reciprocal to

wy, Wy, *--, Wy, Now in I the E : m; vectors

(16) Ji=ei_1-— 2} (@@= 1,2, e, n—ri=1,2 -, m)

are linearly independent; and they form the set reciprocal to (14) in I, since
Sfib, = 0 for all 7, j, p and the sum of the orders of the two sets is Zm; +
(n — r) which is the order of I%;. Hence the total set (wy, ws, -, w,) recip-
rocal to (by, by, ---, b, —,) is composed of (15) together with IMM,. We shall
call this form of basis a canonical basis of the set (13). We can now state the
following theorems.
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THEOREM 7. A linear elementary set.of order r has a basis of the form
(17) g(} (G=12---,m), 9; = @i, i -1+ My G=12-5j=12"--,m)

where the constant vectors g}, ai; are linearly independent for all j and © and the
inlegers m; are those degree invoriants of the reciprocal set that are not 0.

We shall call each set g} (j = 1, 2, ---, m;) a chain of indezx m;, and define
the integers m,, m,, -, m, as the Kronecker invariants of the set. A basis
of the form (17) will be called canonical.

THEOREM 8. Two linear elementary sets are similar if, and only if, they have
the same Kronecker invariants and the same order.

It should be noted that, if r is the order of the set, then
(18) mp Dymi=rm+ D) i+ D-Sny<n—r
1 1

If »r = n, all the Kronecker invariants are 0 and there are no chains in the basis.
If z;, 2, - -, 2,is a normal basis of an elementary linear set, the first m being
constant and the rest linear in A, and g9, g} is a canonical basis, the notation
being that of Theorem 7, then clearly the set g3 (j = 1, 2, ---, m) is strictly
equivalent to (z;, 25, ---, 2») and the remaining vectors have the form

(19) g; = wi + uj + M

where u and v} belong to (21, 2y, * - *, 2) and the w} are constant linear combina-
tions of 2m 41, *+*, 2. Since,a canonical basis is also normal,

(20) gg (j=1;2) ";’m)’ w;: (i=1,2; ) V;j= 1721 ) mi)

is a normal basis strictly equivalent to (z1, 22, ---, 2,). Now (19) may be
written

(21) wi=g!—ul =M =ai;-1—u}+ My, —v}) =2} +0b]
where b} = »i _; — u} is a constant vector of the linear set (g%, g3, - - -, g») and
(22) zi=a; j_1—vi 14 Nai; — vi).

Here (22) together with the g form a canonical basis which from (21) is strictly
equivalent to (20) and therefore to (z1, 2z, - -+, z,). We therefore have the
following theorem.

THEOREM 9. Every normal basis of a linear elementary set is strictly equivalent
to some canonical basts.

4.06 Singular linear polynomials. Let AN 4+ B be a matric polynomial
of rank r < n. Its left and right grounds are linear integral sets of rank r,
and by Theorems 3 and 7 we can find canonical bases in terms of which the
vectors of the two grounds can be integrally expressed, say

(23) 2,22, -+, 2, and wy, wy, :--, W,
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respectively, where the first o 2’s and 8 w’s are constant and the rest linear in A.
When A\ + B is expressed in terms of these bases, then, remembering that no
second degree term can appear, we see that it has the form

a 8 r—a B a r—8
(24) 2 Z (hah + Kiy)2eSw; + 2 2 kat 5. 20+ sSw; + 2 Eki.ﬁ+izis'wﬂ+i-

i=]1 j=1 t=1j=1 1=l j=1

The row vectors

] . r—p8
(25) pi= D ik + kidw + D Ry wsr; (=12 a)
i=1 i=1
]
- (25") Payi= Zka-ri,fwi. ¢t=12--1r—a)
i=1

form a set of r linearly independent vectors and, since the set (25”) depends
only on 8 w’s, we must have r — o < 8. Setting'y = « + 8 — r we may
replace w, 41, ***, Wa by pa 41, *++, prin (23) without destroying the canon-
ical form of the basis. A similar change can be made independently in the

zbasisbyreplacingz.,+,-byZk.-,,+.,z,+,-(j =12 -, r—B=a—7).

1
When we assume that these changes have been made to begin with, we may
take in place of (24)

r—a r—8

a B
(26) AN+ B = E 2 (h.‘,‘k + k.-,-)z.-Sw, + 2 z.+.-S'w., +i+ 2 z.,.,.,-Swg +3-

i=1j=1 i=1 i=1

Figure 1 shows schematically the effect of this change of basis. To begin with
the coefficients in (24) may be arranged in a square array AR of side r; the

L% B r a4+ g
A B c D
v E F G H
X
J K L M
’
N P Q R
a+tp

Fia. 1
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first double sum corresponds to the rectangle AL, the second to JQ and the
third to CM, and the rectangle LR contains only zeros. After the transforma-
tion which leads to (26), the only change in the scheme is that in J@ the part
JP is now zero and the square K@ has 1 in the main diagonal and zeros else-
where, and CM also takes a similar form.

If we set

Zati=Zayi+ 2 (Bivysh + Eiysidz; (E=1,2,--,r—a)

i=1

k4
Wpys = Wp 44+ z; (hysiviN + by dw; (G=1,2,---,7 —B)
=t

)

then zy, -+, 2, 2041, -+, 2, and wy, + -+, Wp, Ws41, -+ -, W, are still elementary
bases of the right and left grounds, and in terms of them (26) becomes

v r—a r—_
2 (hix + ki)ziSw; + 2 2o+ 8wy 4 + 2 2y 4+ SWg 4 ;.
t,7=1 =1 i=1

The number of terms in these summations after summing for jis v + (r — «)
+ (r — B) = r. Hence the rank of the square array h;N + ki; (7,5 = 1, 2,
---, v) is v and by a change of variable of the form A — A; = X/, if necessary,
we can secure that the array k;, is also of rank +.

The transformation just employed disturbs the canonical form of the basis
and we have now to devise a different transformation which will avoid this.
Let us set in place of wy, we, -+, w,

]
w;'=wl—2piv¢—"vw¢ (j=1;2’ Tty ‘Y)

t=y+1

where the p’s are constants to be determined later, and for brevity set also

Y Y
ki = zhiizixki= Zkiﬂi G=1,2 -, 8);
i=1 i=1

since thé rank of k;, ¢ = 1, 2, .-+, v) is v, the vectors ki, k;, -+, k, form a
basis of (2, 22, -+, 2,). After this change of basis the part of the first double
sum (cf. (26)) which correspondstoz = 1,2, ---, ;i =y + 1, -+, Bis

B ¥
(27) > [h,-x +Et D) P i—a(h + k,)] Sw;.
i=y+1 t=1 °

Consider now a single chain of 2’s of index s which by a suitable change of
notation we may suppose to be 2, +1, 2a +2, ***, 2a +.; We shall seek to deter-
mine the p’s so that the corresponding part of (27) shall become

v+
(28) D7 @r-1oy + Mgj-2)Sw;,

i=v+1
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the ¢'s being vectors in the space (z1, 23, -+, z,). Equating corresponding
terms in (27) and (28) we have

o= ky41+ 2 Poky g1 = by + 2 pahe = kyy2 + 2 Pk
t t t

Je—1 = h1+n—l + 2 pt.n—lht = k7+o+ Z P;.k:, gs = h‘y+a + 2 ptsht-
t t t

Choosing pay (¢t = 1, 2, -+, v) arbitrarily we define g, by the first equation;
then the second defines p.; since the vector h, ., + 2 puhe — ky 42 can be
t

expressed uniquely in terms of the basis (ki, ks, - -, k,); and the remaining
p’s are similarly determined in succession, while the last equation defines g,.
If we now in our basis put in place of z, 4+

za+.'=z¢+.~+g.-_1+)\g,~ (i=l,2,"',8)

and combine the corresponding part of (27) with 2 Za 4+ iSW, 4 4, the two

1=1
s

together give E 2. + «Sw, 4 ; and the new basis is still canonical. We then
i1=1
treat all the z chains in the same way and have finally in place of (26)
v a B r—a :
’ \ ’
E (RN + kipzsSw; + 2 Z (hih + kidziSw) + 2 Zg + SWy 4+
t,7=1 d=7+1 j=1 i=1
r=4

+221+i5wﬂ+1‘-

i=1

The changes in the bases used above have replaced the coordinates hy;, ki;
by O for the range ¢ = 1,2, ---, v; 7 = v + 1, ---, B and have left them
wholly unaltered for¢ = v + 1, -+, @;j = 1,2, ---, v. We can therefore
interchange the roéles of the z’s and w’s and by modifying now the w-chains we
can make these coordinates zero for the second range of subscripts without
altering the zeros already obtained for the first range. Hence it is possible
by a suitable choice of the original canonical bases to assume that (26) is
replaced by

hd a B
AN + B = 2 (hi5>\ + k.-,-)z,-Swi + E 2 (h,;jx + ki,-)z,-Swf

ti=1 i=v+1 j=1+1

r—a r—8
+ E ; Za 4 iSWy 4 i + E;Zywswsw-
t=1

i=1

(29)
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Here the first summation can be reduced to a canonical form without affecting
the rest of the expression; we therefore neglect it in the meantime and deal
only with the remaining terms. This is equivalent to putting ¥ = 0, and in
making this change it is convenient to alter the notation so as to indicate the
chains in the bases.

As in §4.05 let the chains of the z and w bases be

f;:-1+>‘f;: (j=1y2’ Tty 8;;i=1,2,.°°', "1)
and .
o1+ NG (@=1,2 -, tp =172 -+, n)

respectively, and denote the constant vectors of the respective bases by z?%
and w; where i, J, p, q take the values indicated above since, when y = 0, we

have Zs, r—a=24, S—\tq =r — f = a. We have then to determine

a canomcal form for the matrlx

30) D) (pix+k3D)zSwi + 2 (fioa+ MHSwS + D) 2285 + M),
$,7.0.¢ P.q

and in doing so we shall show that the first summation can be eliminated by a
proper choice of the bases of the chains.

It will simplify the notation if we consider first only two chains, one of index
s in the z-basis and the other of index ¢ in the w-basis and, omitting the super-
scripts, choose the notation so that these chains are fo + A1, -+, fo =1 + A,
and go + Mgy, -+, g¢—1 + Ag:. We now modify these by adding a; —; + Aa;
to fi—1 + MNjand b; -1 4+ Ab; to g; —1 + Ag: choosing

d s
a; = Zaiizi (.7=0,1, eee, s)) bi=2§,‘i‘wi (1,=0’]_’ ceey t)
i=1

i=1
in such a way as to eliminate the corresponding terms in the first summation
of (30). To do this we must choose the o’s and §’s so that
(BL) hij = asj +Bs, kij=oaij—1+Bicr,; (E=12, oo, ;5 =12, --+,9).
Forj > 1thisgives a;, j —1 = hi,; —1 — Bs,j —1and hence if I;; = ki; — hs, ;-1
we may write
(32’) ko= lil = ai + Bi-1,1
(32") lij = Bi-1,i — Bi.i—
If we give ay (¢ = 1, 2, -+, t) arbitrary values, (32') defines Bi; for + = 0,
1, ---, t — 1 and leaves B, arbitrary; then j = 2 in (32") gives B, for ¢ =
0,1, ---, ¢t — 1 and leaves 8, arbitrary, and so on: and when the §’s are found

in this way, certain of them being arbitrary, the first equation of (31) gives the
remaining o’s.

(i= 1:2) Tty t;j=2)3) "';S)-
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Combining every z chain in this way with each w chain in turn, we finally
eliminate all the terms in the quadruplé sum in (30), and (29) may therefore,
by a proper choice of the two bases, be replaced by

(33)
AN+ B = 2 (hii + Fij)2:S0; + Z} (Fi 1+ MDSwi + D) 22805 -1 + \g2)

t,i=1 p,q
where no two of the linear sets

(34,) - (31722; Y z’i)} (fs;f;: ce )fn)i = 1; 2, -, ”1)7
(’z{: zg) Ty z‘t’p’p 2 - V2)

have any vector in common, and also no two of

(34”) (wb Wey * -y 'w‘r)) (wl‘:)w;; Tt wf;ri =12 Ty "1);
98, 9% - glup =12, -+, m)
have any vector in common.

We shall now for the moment suppose that the order n of the fundamental
space is taken so large that we can introduce vectors z§ (p = 1, 2, - - -, vy) into
the third set in (34’) without causing the three spaces to overlap, and also
wi (i = 1,2, ---, ») into the second set of (34’"). As a matter of convenience
we can then find two constant non-singular matrices P, @ such that

. R Topy . i __ = Topt P _ v 4 — /D
Pz; = e; = Qw;, Pfi = ¢} wj, Py =eptr = Qg

where the range of the affices is as in (34) and where

i—1
ej = e k=7+2(sa+1)+j+l, egt? = &,

a=1

Fert D) (s,+1>+2(t +1+g+1

1=1

and, when this is done,

(35  P(A\ + B)Q = 2 (hak + Ei)esSe; + 2 (ef -1 + Nel)Se}
=1
+ D et S(e"q‘i'{’ + A,
pq
This matrix is composed of a number of blocks of terms arranged along the
main diagonal, the remaining coordinates being 0. It must be carefully observed
however that, owing to the introduction of the vectors 2%, wi and to the fact
that a chain of index s depends on s + 1 constant vectors, the total number
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of rows and columns employed is greater than the rank r by the total number
of chains in the left and right grounds.

The first summation in (35) gives a block || 2;A + ki; || of v rows and columns.
Each chain in the second and third summation gives a block of the respec-
tive forms

010 00 0 0 0---00
0 X1 0 0 1 Xx0---00
00 x---00 01 N---0 0
(B6) e e
000 AL 0 00 A O
0 00 0 A 0 00 1 A

If we take AN + By in place of AN + B and calculate the invariant factors
these forms show that we obtain the invariant factors of E (hiN + Ksp)eSe;

together with a number of 1’s from the blocks of type (36'), the number con-
tributed by each being one less than the number of rows it contains, that is,
the index of the corresponding chain. This gives the following theorem.

TaeorzM 10. Two matric polynomials AN + Bu and C\ + Dy are strictly
equivalent if, and only if, they have the same invariant factors and their respective
right and left grounds have the same Kronecker tnvariants.

That these conditions are necessary is obvious; that they are sufficient follows
readily from the form (33) derived above. In the first place, since the Kro-
necker invariants are the same for both, the second and third summations in
(33) have the same form for both and are therefore strictly equivalent by
means of transformations which do not change the terms in the first summation.
Secondly, the first summation in both yields the same invariant factors since
the number of 1’s due to the remaining terms depends only on the number of
chains, which is the same for both; hence these summations are strictly equiva-
lent and, because of the linear independence of the constant vectors involved,
the equivalence is obtainable by transformations which do not affect the
remaining terms.

When the first summation in (35) is in canonical form, we shall say that
AX + B is in its canonical form. This is however not altogether satisfactory
since the space necessary for this form may be of greater order than n. If
v is the greater of », and vz, (33) shows that the minimum order of the enveloping
space is ¥ + Zs; + 2t, + v. A canonical form for this number of dimensions
can be obtained as follows. Pair the blocks of the first and second types of
(36) till all of one type are used up, taking the order of the constituents in, say,
the order of (36): then in the composite block formed from such a pair discard
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the first column and also the row which contains the first row of the second

block. This gives a canonical form for such a pair, namely,

10---
A1 -
0 N ---

@37)

LR = e I e I =

o o

0
0
0

o YOO .

0
0

If the number of chains in the left and right grounds is not the same, there

will of course be blocks of one of the types (36) left unpaired.
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