CHAPTER III
INVARIANT FACTORS AND ELEMENTARY DIVISOMS

3.01 Elementary transformations. By an elementary transformation of a
matric polynomial a(\) = || a;; || is meant one of the following operations on
the rows or columns.

Type I. The operation of adding to a row (column) a different row (column)
multiplied by a scalar polynomial 6()).

Type II. The operation of interchanging two rows (columns).

Type III. The. operation of multiplying a row (column) by a constant
k=0

These transformations can be performed algebraically as follows.
Type I. Let

P,',' =14 0()\)&,‘ (1 #= ]),

6(\) being a scalar polynomial; then | P;; | = 1 and

Pia = E Qppq + 0 Z @qCiq
Q

P9

which is the matrix derived from a(\) by adding 6 times the jth row to the <th.
The corresponding operation on the columns is equivalent to forming the
product aP;;.

Type 11. Let Q. be the matrix

Qi =1—¢ei—ejj+ e+ ej; @ #=j)

that is, @Q;, is the matrix derived from the identity matrix by inserting 1 in
place of 0 in the coefficients of e;; and ¢;; and 0 in place of 1 in the coefficients
of e;; and ¢;;; then | Q;;] = —1 and

N
Qija = E : Ap€pg — _S_ ; Qigliq — 2 ; QidCiq + 2 ; @jeig + 2 ;aiqeiq’
q q q

p.q ]

that is, Q;;a is derived from a by interchanging the ith and jth rows. Similarly
aQ;; is obtained by interchanging the ith and jth columns.

Since any permutation can be effected by a succession of transpositions, the
corresponding transformation in the rows (columns) of a matrix can be pro-
duced by a succession! of transformations of Type II.

Type III. This transformation is effected on the rth row (column) by multi-
plying on the left (right) by R = 1 + (k — 1)e,,; it is used only when it is
convenient to make the leading coefficient in some term equal to 1.

1 The transformation corresponding to the substitution (; p2 e : ) isQ = E €ip;.
172 .« . n
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34 INVARIANT FACTORS AND ELEMENTARY DIVISORS [IIT]

The inverses of the matrices used in these transformations are
Pl =1—6e; Q7 =Qij, R'=14 (k' — le,;

these inverses are elementary transformations. The transverses are also ele-
mentary since P;; = P;; and Q;; and R are symmetric.?

A matric polynomial b(\) which is derived from a(\) by a sequence of ele-
mentary transformations is said to be equivalent to a(\); every such poly-
nomial has the form p(A\)a(A)g(\) where p and ¢ are products of elementary
transformations. Since the inverse of an elementary transformation is ele-
mentary, a(\) is also equivalent to 5(A). Further, the inverses of p and ¢
are polynomials so that these are what we have already called elementary
polynomials; we shall see later that every elementary polynomial can be
derived from 1 by a sequence of elementary transformations.

In the following sections we require two lemmas whose proofs are almost
immediate..

LEMMA 1. The rank?® of a matrix is not altered by an elementary transformation.

Forif | P| # 0, AP and P4 have the same rank as 4 (§1.10).

LEMMA 2. The highest common factor of the coordinates of a matric polynomial
18 not allered by an elementary transformation.

This follows immediately from the definition of elementary transformations.

3.02 The normal form of a matrix. The theorem we shall prove in this sec-
tion is as follows. :

TueorReMm 1. If a(\) is a mairic polynomial of rank r, it can be reduced by
elementary transformations to a diagonal matriz

ay (X)
az()\)

r

O D) ale = (M) = PMa()Q),
1 0

0
3 The definition of an elementary transformation given above is the most convenient
but not the only possible one. All three transformations have the form T = 1 4 z8y
with the condition that 1 + Szy is not 0 and is independent of A.
3 By the rank of a matric polynomial is meant the order of the highest minor which does
not vanish identically. For particular values of A the rank may be smaller than r; there
are always values of \ for which it equals r and it cannot be greater.
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where the coefficient of the highest power of N in each polynomial a;(\) is 1, a; 18 a
Jactor of as 41, oy @r (T =1,2, -«-, r — 1), and P(\), Q(\) are elementary
polynomaals.

We shall first show that, if the coordinate of a(\) of minimum degree m, say
@y, i8 not a factor of every other coordinate, then a()) is equivalent to a matrix
in which the degree of the coordinate of minimum degree is less than m.

Suppose’ that a,, is not a factor of a,; for some ¢; then we may set a,; =
Ba,, + a,; where B is integral and a,; is not 0 and is of lower degree than m.
Subtracting 8 times the gth column from the 7th we have an equivalent matrix
in which the coordinate* (p, 7) is a,; whose degree is less than m. The same
reasoning applies if a,, is not a factor of every coordinate a;, in the gth column.

After a finite number of such steps we arrive at a matrix in which a coordinate
of minimum degree, say k,,, is a factor of all the coordinates which lie in the
same row or column, but is possibly not a factor of some other coordinate k;.
When this is so, let k,; = Bkyq, kig = vk, where B and v are integral. If we
now add (1 — B) times the ¢gth column to the jth, (p, j) and (3, j) beccome
respectively

kpi = kpi + (L = Bkog = koo Kij = kij + (1 — Bkig = kij + (1 — B)vkype

Here either the degree of k;; is less than that of k,,, or k,; has the minimum
degree and is not a factor of k;;, which lies in the same column, and hence the
minimum degree can be lowered as above.

The process just described can be repeated so long as the coordinate of lowest
degree is not a factor of every other coordinate and, since each step lowers the
minimum degree, we derive in a finite number of steps a matrix || b; || which
is equivalent to a(A) and in which the coordinate of minimum degree is in fact
a divisor of every other coordinate; and further we may suppose that b;, =
a1(M) is a coordinate of minimum degree and set b;; = v:by,, b}, = 8b;,. Sub-
tracting v, times the first column from the ith and then §; times the first row
from the jth (3,7 = 2,3, -+, n) all the coordinates in the first row and column
except b;, become 0, and we have an equivalent matrix in the form

a0 0 o0 0
0 by baz -+ Dby
2) 0 bz bss -+ bz
0 bnz bnz tct bnn

in which «, is a factor of every b;;. The coefficient of the highest power of A
in @; may be made 1 by a transformation of type III.
The theorem now follows readily by induction. For, assuming it is true for

4 That is, the coordinate in the pth row and ¢th column.
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matrices of order » — 1, the matrix of this order formed by the b’s in (2) can
be reduced to the diagonal matrix

az(>\)
aa()\)

a, (k)

0

where the o’s satisfy the conditions of the theorem and each has «a; as a factor
(§3.01, Lemma 2). Moreover, the elementary transformations by which this
reduction is carried out correspond to transformations affecting the last n — 1
rows and columns alone in (2) and, because of the zeros in the first row and
column, these transformations when applied to (2) do not affect its first row
and column; also, since elementary transformations do not affect the rank
(§3.01, Lemma 1), s equals  and a(\) has therefore been reduced to the form
required by the theorem.

The theorem is clearly true for matrices of order 1 and hence is true for
any order.
Corollary. A matric polynomial whose determinant is independent of \ and is
not 0, that is, an elementary polynomial, can be derived from 1 by the product
of a finite number of elementary transformations.

The polynomials «; are called the ¢nvariant factors of a(X).

3.03 Determinantal and invariant factors. The determinantal factor of the
sth order, D,, of a matric polynomial a()) is defined as the highest common
factor of all minors of order s, the coefficient of .the highest power of A being
taken as 1. An elementary transformation of type I either leaves a given
minor unaltered or changes it into the sum of that minor and a multiple of
another of the same order, and a transformation of type II simply permutes
the minors of a given order among themselves, while one of type III merely
multiplies a minor by a constant different from 0. Hence equivalent matrices
have the same determinantal factors. Bearing this in mind we see immediately
from the form of (1) that the determinantal factors of a(\) are given by

D, = aja; -+ a, ‘e=1,2 -+, 1), D,=0(s >r),
so that®
Qg = D,/D,_l.

The invariant factors are theréfore known when the determinantal factors are
given, and vice versa.

5 Since @, -, is a factor of a,, it follows that also D? is a factor of D, - 1 D, , ..
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The definitions of this and the preceding sections have all been made relative
to the fundamental basis. But we have seen in §1.08 that, if @, is the matrix
with the same array of coordinates as a but relative to another basis, then
there exists a non-singular constant matrix b such that a = b7 'a;b so that a
and a; are equivalent matrices. In terms of the new basis a; has the same
invariant factors as a does in terms of the old and a, being equivalent to a,
has therefore the same invariant factors in terms of the new basis as it has in
the old. Hence the invariant and determinantal factors of a matric poly-
nomial are independent of the (constant) basis in terms of which its coordi-
nates are expressed.

The results of this section may be summarized as follows.

TurorEM 2. Two matric polynomials are equivalent if, and only if,. they
have the same invariant factors.

3.04 Non-singular linear polynomials. In the case of linear polynomials
Theorem 2 can be made more precise as follows.

TueoreM 3. If aX + b and ¢\ + d are non-singular linear polynomials which
have the same tnvariant factors, and if | ¢ | = 0, there exist non-singular constant
matrices p and q such that

plax + b)g = cx + d.

We have seen in Theorem 2 that there exist elementary polynomials P(A),
Q(\) such that

®3) X +d = P(N)(ax + b)Q(N).

Since | ¢ | # 0, we can employ the division transformation to find matric poly-
nomials p;, ¢; and constant matrices p, ¢ such that

PN = (N+dpi+p, QN = quleh +d) + ¢
Using this in (3) we have

4) x4 d = plax + b)g + (A + d)pi(ak + b)Q + P(ak + b)gi(eN + d)
— (ex + d)pi(ax + b)gi(eh + d)

and, since from (3)
(ax +b)Q = PY(ex + d), P(ax +b) = (A + d)Q7,
we may write in place of (4)

) plax + b)g = [1 — (A + (@P 4 Q'qr — pi(ar + b)g)l(ex + d)
=[1 = (A + DRI(eN + d)

where B = pP,~! 4+ Q~'q1 — pi(ax + b)qi, which is integral in X since P and Q
are elementary. If R > 0, then, since |c| = 0, the degree of the right side
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of (5) is at least 2, whereas the degree of the left side is only 1; hence B = 0
so that (5) gives p(aX + b)g = ¢\ 4 d. Since cA + d is not singular, neither
p nor ¢ can be singular, and hence the theorem is proved.

When |¢| = 0 (and therefore also | a| = 0) the remaining conditions of
Theorem 3 are not sufficient to ensure that we can find constant matrices in
place of P and @, but these conditions are readily modified so as to apply to
this case also. If we replace A by A\/u and then multiply by u, a\ + b is replaced
by the homogeneous polynomial a\ + by; and the definition of invariant factors
applies immediately to such polynomials. In fact, if |a| 0, the invariant
factors of a\ 4 bu are simply the homogeneous polynomials which are equiva-
lent to the corresponding invariant factors of e + b. If, however, |a| = 0,
then | a\ + by | is divisible by a power of u which leads to factors of the form
u' in the invariant factors of e + bu which have no counterpart in those
of a\ + b.

If |[c| = 0 but |eA + d| = 0, there exist values, \; # 0, u;, such that
| e\ + dwi | # 0 and, if we make the transformation

(6) A= \a, u=ma+ b,

a\ + bu, cA + du become ama + biB, cia + dif where a1 = a\y + by, €1 =
¢\ + dui, and therefore | ¢; | # 0. Further, when a\ + bu and ¢\ + du have
the same invariant factors, this is also true of a;e + b8 and c;a + di8. Since
|er] # 0, the proof of Theorem 3 is applicable, so that there are constant
non-singular matrices p, ¢ for which p(ama + b8)g = cia + dif, and on revers-
ing the substitution (6) we have

p(a\ 4+ bu)g = e\ + dp.

Theorem 3 can therefore be extended as follows.

THEOREM 4. If the non-tingular polynomials a\ + by, ¢\ + du have the
same tnvariant factors, there exist non-singular constant matrices p, g such that
p(aX + bu)qg = e\ + du

An important particular case of Theorem 3 arises when the polynomials
have the form A — b, A\ — d. For if p(A\ — b)g = A — d, on equating coeffi-
cients we have pq = 1, pbg = d: hence b = p~'dp, that is, b and d are similar.
Conversely, if b and d are similar, then A\ — b and A\ — d are equivalent, and
hence we have the following theorem.

TuEOREM 5. Two constant matrices b, d are stmilar if, and only if, A —b
and X — d have the same invariant factors.

3.05 Elementary divisors. If D = |a\ + b| is not identically zero and
if Ay, Ag, ---, A, are its distincet roots, say

D= (A=M"\ =) oo (A= Q)%
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then the invariant factors of aX -+ b, being factors of D, have the form

a = ()\ — )\l)m()\ —_ )‘2)vu ()\ —_ )‘.)n.
ap =\ = M)A — A)™ -+ (A= A)™

(7) ..‘ ........... ,.....--...'..-.... ........ - .-..

......................................

= (A= MmO = M) e (= A

where 2 v;i = v; and, since a, is a factor of a; 4 1,
i=1

() i << o S (0=1,2 -4, 8).
Such of the factors (\ — A;)%i as are not constants, that is, those for which
vi; > 0, are called the elementary divisors of a\ + b. The elementary divisors
of A — b are also called the elementary divisors of b. When all the exponents
v¢; which are not 0 equal 1, b is said to have simple elementary divisors.

For some purposes the degrees of the elementary divisors are of more impor-
tance than the divisors themselves and, when this is the case, they are indi-
cated by writing

(9) [(l'nl, Vp—1,1, " Vu), (Vnz, Vn—1,2y """ Vlz); o ]

where exponents belonging to the same linear factor are in the same paren-
thesis, zero exponents being omitted; (9) is sometimes called the characteristic
of a\ + b. If a root, say \i, is zero, it is convenient to indicate this by writing

%, in place of »;.

The maximum degree of | a\ + b| isn and therefore Z vij < n where the
equality sign holds only when | a | % 0.

The modifications necessary when the homogeneous polynomxal a\ + bu
is taken in place of ax + b are obvious and are left to the reader.

3.06 Matrices with given elementary divisors. The direct investigation of
the form of a matrix with given elementary divisors is somewhat tedious.
It can be carried out in a variety of ways; but, since the form once found is
easily verified, we shall here state this form and give the verification, merely
saying in passing that it is suggested by the results of §2.07 together with a
study of a matrix whose reduced characteristic function is (A — ).

THEOREM 6. If Ay, Ay, -, A, are any constants, not necessarily all different
and vy, vy, -, v, are positive inlegers whose sum is n, and if a; is the array of v;
rows and columns given by

No1o0 0 0
0 N 1 0 0
1) - .o
0 0 0 A1
0 0 0 0 X\
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where each coordinate on the main diagonal equals \;, those on the parallel on its
right are 1, and the remaining ones are 0, and if a is the matrix of n rows and column

given by , .
a1 l

Qs
(11) .a = .

a,

composed of blocks of terms defined by (10) arranged so that the main diagonal
of each lies on the main diagonal of a, the other coordinates being 0, then A — a
has the elementary divisors

(12) ()‘ - >‘l)v's ()‘ - A2)”’) Y (A - X,)"

In addition to using a; to denote the block given in (10) we shall also use it
for the matrix having this block in the position indicated in (11) and zeros
elsewhere. In the same way, if f; is a block with »; rows and columns with
1’s in the main diagonal and zeros elsewhere, we may also use f; for the corre-
sponding matrix of order n. We can then write

A—a= E(Xf,' - a.-), f.-a =a; = af.-, Zf.' = 1.
The block of terms corresponding to Af; — a; has then the form

A=\ -1
A—N -1
(13)
(vi rows and columns)

A— XN

where only the non-zero terms are indicated. The determinant of these »;
rows and columns is (\ — ;)% and this determinant has a first minor equal
to =+1; the invariant factors of Af; — aj, regarded as a miatrix of order »;,
are therefore 1,1, ---, 1, (\ — A;)* and hence it can be reduced by elementary
transformation to the diagonal form

(X - X;) ]
1

1.

If we apply the same elementary transformations to the corresponding rows
and columns of A — a, the effect is the same as regards the block of terms
Afi — a; (corresponding to a; in (11)) since all the other coordinates in the rows
and columns which contain elements of this block are 0; moreover these trans-
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formations do not affect the remaining blocks Af; — a; (j = ¢) nor any 0 coordi-

nate. Carrying out this process for ¢ = 1, 2, ---, s and permuting rows and
columns, if necessary, we arrive at the form
()\ - X1)'
()\ - Az)"
A = A)n
1
1.

Suppose now that the notation is so arranged that
.Al = XB = L == xp = a, ,[1 2_ Vz 2 e o 0 2 Vp,
but A\; # a for ¢ > p. The nth determinantal factor D, then contains A\ — a)

P
to the power 2 v; exactly. Each minor of order » — 1 contains at least p — 1
1

of the factors

(14) ()‘ - a)": (x - a)v’) T ()‘ - a)'p

and in one the highest power (\ — «)” is lacking; hence D, _; contains (A — a)
P

to exactly the power 2 v; and hence the nth invariant factor a, contains il

2
to exactly the »th power. Similarly the minors of order n — 2 each contain
at least p — 2 of the factors (14) and one lacks the two factors of highest degree;

p
hence (\ — «) is contained in D, _, to exactly the power Z v; and in a,_;

3
to the power »,. Continuing in this way we see that (14) gives the elementary
divisors of a which are powers of (A — «) and, treating the other roots in the
same way, we see that the complete list of elementary divisors is given by (12)
as required by the theorem.

3.07 If A is a matrix with the same elementary divisors as a, it follows from
Theorem 5 that there is a matrix P such that A = PaP~! and hence, if we choose
in place of the fundamental basis (e1, €5, - - -, e,) the basis (Pe;, Pe;, -+, Pe,),
it follows from Theorem 6 of chapter 1 that (11) gives the form of A relative
to the new basis. This form is called the canonical form of 4. It follows
immediately from this that

(15) P-14*P = . ‘
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where a* is the block of terms derived by forming the kth power of a; regarded
as a matrix of order ;.

Since D, equals |\ — a|, it is the characteristic function of a (or 4) and,
since D, 1 is the highest common factor of the first minors, it follows from
Theorem 3 of chapter 2 that «, is the reduced characteristic function.

If we add the f’s together in groups each group consisting of all the f’s that
correspond to the same value of \;, we get a set of idempotent matrices, say
o1, @2, ***, ¢r, corresponding to the distinct roots of a, say ey, az -, a.
These are the principal idempotent elements of a; for (i) ap; = ¢sa, (ii) (¢ — ai)e;
is nilpotent, (iii) Z¢; = Zf; = 1 and ¢ip; = 0 (¢ = j) so that the conditions of
§2.11 are satisfied.

When the same root «; occurs in several elementary divisors, the corresponding
J’s are called partial idempotent elements of a; they are not unique as is seen
immediately by taking @ = 1.

If « is one of the roots of A, the form of A — « is sometimes important.
~ Suppose that Ay = Ay = -+ =X, = o, \; # o (? > p) and set

bi = a; — df;,

the corresponding array in the sth block of a — « (cf. (10), (11)) being
A,’ - a 1
Ni—a 1
(16) . ‘
1
) )\i - a.
In the case of the first p blocks A; — @ = 0 and the corresponding by, b5, -+, b,
are nilpotent, the index of b; being »; and, assuming »; = v, > --- = v, as
before, (A — a)* has the form
|
b3
P14 — a)tP =
.lk

or, when k = v,

(17) ‘ P-1(4 — a)P = 0

k
bp+1

.bk
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Since none of the diagonal coordinates of b, 41, -+, b, are 0, the rank
P

of (A — a)*, when k = », is exactly n — ZV.- = 2”‘ and the nullspace
1 p+1
of (A — a)* is then the same as that of (4 — «)". Hence, if there exists a

vector z such that (4 — a)* 2 = O but (4 — a)*~1z # 0, then (i) k¥ < »,
(i) z lies in the nullspace of (4 — a)".

3.08 Invariant vectors. If A is a matrix with the elementary divisors
given in the statement of Theorem 6, then A — A is equivalent to A — a and
by Theorem 5 there is a non-singular matrix P such that A = PaP-1. If we
denote the unit vectors corresponding to the rows and columns of a; in (10)
by ef, e3, +--, e, and set

t'_ Pe;:(j=1,2,--.‘y'~;1:=l’2, ;..,s)
(18) x; _{ 0 (J< 10r>V¢.Ol"’.<10r >s)

then

aei = \ief,aei = Niej +ef, -+, 0ei = el + ey
and hence
(19) Azi =Xzi+zi_\(G=12 --,v5i=1,2 -+, ).

The vectors z} are called a set of invariant vectors® of A.
The matrix A can be expressed in terms of its invariant vectors as follows.
We have from (10)

a; = 2 (hiej + e} _1)Se} = 2 eiS(\el + el ;1)
i i

and hence, if

(20) yi = (P)te} = (PP,

then

(21) A= D) (i i)yl = D) ziS0wi + vl
Y Y

where it should be noted that the y’s form a system reciprocal to the 2’s and
that each of these systems forms a basis of the vector space since | P | # 0.
If we form the transverse of A, we have from (21)

(22) A= D) Oyl + v )8z
i

¢ If homogeneous coordinates are used so that vectors represent points, an invariant
vector is usually called a pole.
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so that the invariant vectors of A’ are obtained by forming the system recip-
rocal to the z’s and inverting the order in each group of vectors corresponding
to a given elementary divisor; thus

Ayt =Nyl Ayl =My yk, e Ay = Nt 4 s

A matrix A and its transverse clearly have the same elementary divisors and
are therefore similar. The matrix which transforms A into A’ can be given
explicitly as follows. Let ¢; be the symmetric array

00 --- 01
00 --- 10
............... (v; rows and columns).

It is easily seen that g:a; = a;g: and hence, if Q is the matrix

Q1
q2

qs
we have Qa = a/Q, and a short calculation gives 4’ = R™1AR where R is the
symmetric matrix

(23) R = PQ—'P' = PQP’.

If the elementary divisors of A are simple, then @ = 1 and R = PP’.

If the roots A; of the elementary divisors (12) are all different, the nullity
of (A — ;) is 1, and hence z} is unique to a scalar multiplier. But the remain-
ing z} are not unique. In fact, if the z’s denote one choice of the invariant
vectors, we may take in place of z} :

zi = kizi +kijzi i+ - Rl (G=12 -,
where the k's are any constant scalars subject to the condition k§ = 0. Sup-
posenow that\; = Ae= -+ =A, =g, Za(@>plandy Zrn = -+ 2,
as in §3.07. We shall say that zi, 25, ---, 2 is a chain’ of invariant vectors
belonging to the exponent k if

zi=(A_a)k_izk7£0 (i=1)2;"')k)

(24) (4 — a)z = 0.

It is also convenient to set z; = 0 for ¢ < 0 or > k. We have already seen
that £ < » and that 2, lies in the nullspace of (A — «)"; and from (17) it is

7 We shall say that the chain is generated by zx.
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seen that the nullspace of (A — a)” has the basis (z};7 = 1,2, ---, v, ¢ =
1, 2, ] p)-
Since 2z belongs to the nullspace of (A — a)", we may set

(25) % = z"; i Giit}

i=1 7=1

and therefore by repeated application of (15) with A\; = «
(26) (4 — o)z = D bl —a.

i ’ i
From this it follows that, in order that (4 — a)*z, = 0, only values of j which
are less than or equal to k can actually oceur in (25) and in order that
(A — a)* — 1z £ 0 at least one {;; must be different from 0; hence

2 = 2 Gzt + Cinrxi1 4+ )

(27) Be-1 = 2 Gazi 14 Sik-1Zh -2+ )

.......................................

Finally, if we impose the restriction that z, does not belong to any chain per-
taining to an exponent greater than k, it is necessary and sufficient that k& be
one of the numbers », v, ---, v, and that no value of 7 corresponding to an
exponent greater than R occur in (27).

3.09 The actual determination of the vectors z} can be carried out by the
processes of §3.02 and §3.04 or alternatively as follows. Suppose that the
first s; of the exponents »; equal n,, the next s, equal n,, and so on, and finally
the last s, equal n,. Let N, be the nullspace of (4 — o)™ and N; the nullspace
of (A — a)"—1; then M, contains N;. If I is a space complementary to
N; in Ny, then for any vector z in P,y we have (A — a)z = 0 only when
r = n;. Also, if 21, 2, -+, Tn, is a basis of I, the vectors

(28) A—-a)z(r=01, -+, n — 1)

are linearly independent; for, if

m—1

2 Z E,‘,-(A — a)'I,' = 0,

some £;, being different from 0, then multiplying by (4 — a)™ ~—*~! we have

(A4 — m=1 D) ks = 0,
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which is only possible if every ¢;, = 0 since 2, Z2, - -+, Zm, form a basis of I,
and for no other vector of M, is (4 — a)» ~1xz = 0. The space defined by (28)
clearly lies in M;; we shall denote it by . If we set Nty = Ny + & where N,
is complementary to & in 9t;, then N, contains all vectors which are members
of sets belonging to the exponents ns, n;, :-- but not lying in sets with ‘the
exponent n;.

We now set N, = N, + N, where N, is the subspace of vectors z in N, such
that (4 — @)~ 1z = 0. As before the elements of I, generate sets with
exponent 7, but are not members of sets with higher exponents; and by a repeti-
tion of this process we can determine step by step the sets of invariant vectors
corresponding to each exponent 7.
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