CHAPTER II
ALGEBRAIC OPERATIONS WITH MATRICES. THE CHARACTERISTIC EQUATION

2.01 Identities. The following elementary considerations enable us to carry
over a number of results of ordinary scalar algebra into the algebra of matrices.
Suppose f(A, N, *- -y As)y, g(Ayy Ay, <+, A;) are integral algebraic functions of
the scalar variables A; with scalar coefficients, and suppose that

f()‘ly Agy, +-y A) = g(hr Agy 0y An)

is an algebraic identity; then, when f(A;, :-+, A\;) — g(A;, - -+, A,) is.reduced
to the standard form of a polynomial, the coefficients of the various powers of
the N\’s are zero. In carrying out this reduction no properties of the \’s are
used other than those which state that they obey the laws of scalar multiplica-
tion and addition: if then we replace A1, Az, -, A\; by commutative matrices
Zy, T2, * '+, Ty, the reduction to the form 0 is still valid step by step and hence

f@y, xy « o0y 27) = g(@y, T3y 0+ ¢, T4).
An elementary example of this is
A-2z2)=(01-2)1+2)
or, when zy = yz,
2=y =(z—yk+.

Here, if zy # yz, the reader should notice that the analogue of the algebraic
identity becomes

2 —yr=z@+y -+ vy
which may also be written 22 — 2 = (z — y)(z + y) + (yz — zy).
2.02 Matric polynomials in a scalar variable. By a matric polynomial in a
scalar variable M\ is meant a matrix that can be expressed in the form
(1 PQ\) = p\" + pN L 4 -+, (po # 0),

where pq, p1, . . ., p, are constant matrices. The coordinates of P(\) are scalar
polynomials in A and hence, if

2 Q) = gN + Nt + -+ 4 g, (g, # 0)

is also a matric polynomial, P(\) = Q()) if, and only if, r = s and the coefficients
of corresponding powers of \ are equal, that is, p;, = ¢; ¢ = 1,2, ..., r). If

| ¢ | = 0, the degree of the product P(\)Q(\) (or Q) P(N)) is exactly r 4+ s since
the coefficient of the highest power M\ +¢ which occurs in the product is pygo
20
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(or gyp,) which cannet be 0 if p, = 0 and | g,| = 0. If, however, both Ipo,l and
] g, | are 0, the degree of the product may well be less than r + s, as is seen from
the examples

(e + 1) (e2h + 1) = enemh® + (en + ew)h + 1 = (en + ex)\ + 1,
|| S| ‘ 1 -1

in 1 PN

Another noteworthy difference between matric and scalar polynomials is that,
when the determinant of a matric polynomial is a constant different from 0, its
inverse is also a matric polynomial: for instance

(e + 1)_'l = —epA + 1,
[(es2 + @)\ + 1171 = €13\ — (12 + e)\ + 1.

We shall call such polynomials elementary polynomials.

2.03 The division transformation. The greater part of the theory of the
“division transformation can be extended from ordinary algebra to the algebra
of matrices; the main precaution that must be taken is that it must not be
assumed that every element of the algebra has an inverse and that due allow-
ance must be made for the peculiarities introduced by the lack of commuta-
tivity in multiplication.

TueoreM 1. If P(\) and Q(\) are the polynomials defined by (1) and (2),
and if | qo| #= 0, there exist unique polynomials S(\), R(\), Si(\), Ri(n), of
which S and S if not zero, are of degree r — s and the degrees of R and R, are
s — 1 at'most, such that

PQ) = 8MQM + EM) = QSN + Ri(N).

If r < s, we may take S; = S = 0 and R, = R = P;in so far as the existence
of these polynomials is concerned the theorem is therefore true in this case.
We shall now assume as a basis for a proof by induction that the theorem is
true for polynomials of degree less than r and that r < s. Since |go| # 0,
¢! exists and, as in ordinary scalar division, we have

PQ\) — pogoe™\" ~* QM) = (p1 — Pogo'g)N ~1 4 -+ = Pi(N).

Since the degree of P, is less than 7, we have by hypothesis P,(\) = P.(A\)Q()
+ R()\), the degrees of P, and R being less, respectively, than r — s and s;
hence

PQ) = (pogo™ ~* + P:A))QM) + RN = SMQMN) + R()

as required by the theorem. The existence of the right hand quotient and
remainder follows in the same way.

It remains to prove the uniqueness of S and R. Suppose, if possible, that
P =8Q 4+ R = TQ + U where R and 8 are as above and T, U are poly-



22 ALGEBRAIC OPERATIONS WITH MATRICES [IT]

nomials the degree of U being less than s; then (S — T)Q = U — R. If
S — T # 0, then, since | go| # 0, the degree of the polynomial (S — T)Q is
at least as great as that of Q and is therefore greater than the degree of U — R.
It follows immediately that S — T = 0, and hence also U — R = 0; which
completes the proof of the theorem. '

If Q is a scalar polynomial, that is, if its coefficients ¢ are scalars, then § = 3,
R = R;; and, if the division is exact, then Q(A) is a factor of each of the coordi-
nates of P()\).

THuEOREM 2. If the matric polynomial (1) is divided on the right by X — a,
the remainder is
poar_*_plar—l + e +pr

and, if it vs divided on the left, the remainder is
apo+ap+ 0+ P
As in ordinary algebra the proof follows immediately from the identity
M—a=AN—aN"'+N"%4 - +a "}

in which the order of the factors is immaterial since \ is a scalar.
If P()\) is a scalar polynomial, the right and left remainders are the same and
are conveniently denoted by P(a).
2.04 Theorem 1 of the preceding section holds true as regards the existence
of S, Si, R, R;, and the degree of R, R, even when | ¢y| = 0 provided | Q1) |
t

# 0. Suppose the rank of gy is t < n; then by §1.10 it has the form 2 asSB;
1

or, say, h<2 e.-.-)k where /& and k are non-singular matrices for which he; = o,

1

Kei=B:iGi=12 1. Ifa= e then

t+1
®) Q= (a\ + Dr1Q
is a polynomial whose degree is not higher than the degree s of @ since ¢;h—qq
= 0 so that the term in A* *! is absent. Now, if 7 = | 1|, then

(@l =leA+1]|A2]|Ql=1+N""2]|Q],

so that the degree of | @ | is greater than that of | @ | by n — ¢. If the leading
coefficient of @, is singular, this process may be repeated, and so on, giving
Q1, Q2 ---, where the degree of | Q| is greater than that of |Q:_-,|. But
the degree of each Q; is less than or equal to s and the degree of the determinant
of a polynomial of the sth degree cannot exceed ns. Hence at some stage the
leading coefficient of, say, Q; is not singular and, from the law of formation (3)
of the successive Q’s, we have Q;(\) = H(\)Q(\), where H(\) is a matric
polynomial.
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By Theorem 1, Q; taking the place of Q, we can find S* and R, the latter of
degree s — 1 at most, such that

P(\) = S*WHMQM) + R = SMQM) + R(M).

The theorem is therefore true even if | go| = O except that the quotient and
remainder are not necessarily unique and the degree of S may be greater than
r — 8, as is shown by taking P = A\? >~ 1, Q = euA + 1, when we have

P = (ea\* + eud — 1)Q = (enM* + euh — 1+ en)Q — em.
2.05 The characteristic equation. If z is a matrix, the scalar polynomial
@) O =A—z| =N 4ar-14 o ta,

is called the characteristic function corresponding to . We have already seen
(§1.05 (15)) that the product of a matrix and its adjoint equals its deter-
minant; hence

AN=—2adj(A—2) =N —z]| =fQA).

It follows that the polynomial f(A) is exactly divisible by A — z so that by
the remainder theorem (§2.03, Theorem 2)

(%) f@) = 0.

As a simple example of this we may take z = ‘: ‘: “ . Here
JO) =A—a)A—98 — By =2 — (a+ )\ + ab — B,
and
_lle* + B8y a8 + B8 _ a B _ 1 0of _
f(z)_|7a+87 Bre| @I, 8"+(a8 M)'“O 1" 0-

The following theorem is an important extension of this result.

TaeorEM 3. If f(\) = lk - zl and 0()\) is the highest common factor of the
first minors of |\ — z |, and if '

® e(A) = f0)/6(N),
the leading coefficient of 6(\) being 1 (and therefore also that of ¢(\)), then
(@) ¢(z) = 0;

(ii) 4f ¢(A) i8 any scalar polynomial such that w(z) = 0, then o(\) 18 a factor
of ¥(N\), that is, o(\) is the scalar polynomial of lotvest degree and with leading
coefficient 1 such that o(z) = 0;

(iii) every root of f(\) i3 a rvot of @(N).

The coordinates cf adj(A — z) are the firat minors of | A — z | and therefore
by hypothesis [adj(A — z)]/6(\) is integral; also

adj(A — 1) _JN .
BTV \ —2) = 7= = o(\);

6(N)
hence ¢(z) = 0 by the remainder theorem.
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If (M) is any scalar polynomial for which y(z) = 0, we can find scalar poly-
nomials M(\), N(A) such that M(A\)e(A) + NQA)Y(A) = ¢(A), where ¢() is the
highest common factor of ¢ and ¢. Substituting z for A in this scalar identity
and using ¢(z) = 0 = y(z) we have {(z) = 0; if, therefore, y(r) = 0 is a scalar
equation of lowest degree satisfied by z, we must have y(\) = ¢(A), apart from
a constant factor, so that ¥()) is a factor of p(\), say

™ e() = R)YPM).

Since ¥(x) = 0, A — z is a factor of y(A), say ¢(A) = (A — z)g(\), where g is a
matric polynomial; hence

Hence

_ ) _adj(x — )
90 = INEN —2) . BVRMY)

and this cannot be integral unless A(\) is a constant in view of the fact that
6(\) is the highest common factor of the coordinates of adj(A — z); it follows
that ¢(\) differs from ¢(A) by at most a constant factor.

A repetition of the first part of this argument shows that, if y(z) = 0 is any
scalar equation satisfied by z, then o(A) is a factor of y(A).

It remains to show that every root of f() is a root of ¢(A). If A is any root
of f(A\) = | A — z|, then from ¢(A) = gAA\)(A\ — z) we have

e(A) = gA) (M — 2)

8o that the determinant, [p(\1)]?, of the scalar matrix o(\;) equals | g(\1) | M — z |,
which vanishes since | \; — z | = f(\y). This is only possible if ¢(\;) = 0, that
is, if every root of f(\) is also a root of ¢()).

The roots of f(A) are also called the rootst of z, ¢(\) is called the reduced
characteristic function of z, and o(z) = 0 the reduced equation of z.

2.06 A few simple results are conveniently given at this point although they
are for the most part merely particular cases of later theorems. If g(\) is a
scalar polynomial, then on dividing by ¢(\), whose degree we shall denote
by », we may set g(\) = ¢(A\)¢(\) + r(A), where ¢ and r are polynomials the
degree of r being less than». Replacing A by z in this identity and remembering
that ¢(z) = 0, we have? g(z) = r(z), that is, any polynomial can be replaced
by an equivalent polynomial of degree less than ».

1 They are also called the latent roots of z.

2 If g(\) is a matric polynomial whose coefficients are not all commutative with z, the
meaning of g(z) is ambiguous; for instance, z may be placed on the right of the coefficients,
or it may be put on the left. For such a polynomial we can say in general that it can be
replaced by an equal polynomial in which no power of z higher than the (» — 1)th occurs.
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If g(\) is a scalar polynomial which is a factor of ¢(A), say ¢(A) = hA(\)g(\),
then 0 = p(x) = h(z)g(z). It follows that | g(z) | = 0; for if this were not so,
we should have h(z) = [g(z)]~'¢(x) = 0, whereas z can satisfy no scalar equa-
tion of lower degree than ¢. Hence, if g(A) is a scalar polynomial which has a
factor in common with ¢(z), then g{(z) is singular.

If a scalar polynomial g(A) has no factor in common with ¢()), there exist
scalar polynomials M(\), N(A) such that M(A\)g(\) + N(A)e(A\) = 1. Hence
M(x)g(x) = 1, or [g(x)]™* = M(z). It follows immediately that any finite
rational function of z with scalar coefficients can be expressed as a scalar
polynomial in = of degree v — 1 at most. It should be noticed carefully how-
ever that, if z is a variable matrix, the coefficieats of the reduced polynomial
will in general contain the variable coordinates of x and will not be integral
in these unless the original function is integral. It follows also that g(z) is
singular only when g(M\) has a factor in common with ¢(M).

Finally we may notice here that similar matrices have the same reduced
equation; for, if g is a scalar polynomial, g(y~'zry) = y~'g(z)y. As a particular
case of this we have that zy and yz have the same reduced equation if, say, y is
non-singular; for zy = y~'-yz-y. If both x and y are singular, it can be shown?
that ry and yx have the same characteristic equation, but not necessarily the
same reduced equation as is seen from the example 2 = ep, ¥y = ex.

2.07 Matrices with distinct roots. Because of its importance and com-
parative simplicity we shall investigate the form of a matrix all of whose roots
are different before considering the general case. Let

8) f()‘)=‘>‘_xl=()‘—)\l)()‘—>‘2)"'(>‘_)\n)
where no two roots are equal and set

A=A - A=N-DA=Nyn) - A=) _ NSO

© S = M= M) o v = MDD = A o (A — A AN— N\

—
By the Lagrange interpolation formula Z/ fi(A) = 1; hence

(10) Ni@) + folm) + -+ + falx) = L

Further, f(\) is a factor of f;(A\)f;(A) (@ # j) so that

(11) fi@fi@) =0 (@ #j);

hence multiplying (10) by fi(z) and using (11) we have

(12) | [f:@]* = fi(a).

Again, A — X)f:(A) = fO\)/f'(\); hence (x — Nofi(x) = 0, that is,
(13) tfz) = Nifi(),

3 For example, by replacing y by y + §, & being a scalar, and considering the limiting
case when & approaches 0.
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whence, summing with regard to ¢ and using (10), we have

(14) £ = MA@ + M@ + o+ M),

If we form z” from (14), r being a positive integer, it is immediately seen from
(11) and (12), or from the Lagrange interpolation formula, that

(15) zm =AML+ N+ NS

where f; stands for fi(z), and it is easily verified by actual multiplication that,
if no root is 0,

2= NR AN+ e Y,

so that (15) holds for negative powers also. The matrices f; are linearly inde-
pendent. For if Zy,f; = 0, then

0 = fiZvifi = vif; = vifi
whence every v; = 0 seeing that in the case we are considering f(\) is itself
the reduced characteristic function so that f;(z) # 0.

From these results we have that, if g(\) is any scalar rational function whose
denominator has no factor in common with ¢(A), then

(16) g@) = gOf + g)fe + -+ + g\)fa

It follows from this that the roots of g(z) are g(\;) (: = 1, 2, ---, n). For
setting y = g(z), ui = g(\:), we have as above

V() = ZY@dfs

¥(A) being a scalar polynomial. Now ¢(u)fi = ¢(u:)fs; hence, if ¢(y) = 0,
then also y(u;) = 0 (¢ = 1,2, -+, n); and conversely. Hence if the notation
is so chosen that u;, wg, ---, i are the distinet values of u;, the reduced charac-

teristic function of ¥y = g(z) is H W\ — uo).
1

2.08 1f the determinant | A — z | = f(\) is expanded in powers of }, it is easily
seen‘ that the coefficient a, of A» — 7 is (—1)" times the sum of the principal
minors of z of order r; this coefficient is therefore a homogeneous polynomial of
degree r in the coordinates of z. In particular, —a, is the sum of the coordi-
nates in the main diagonal: this sum is called the trace of z and is denoted
by tr z.

If y is an arbitrary matrix, p a scalar variable, and z = z + puy, the coeffi-
cients of the characteristic equation of z, say

17 2+ bz~ o+ b =0,

4 For instance, by differentiating | A — z | n — r times with respect to A and then set-
ting A = 0.
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are polynomials in u of the form
(18) be = G + paa + -+ + 40, (G = Gy Gy = 1)

and the powers of z are also polynomials in u, say

r = xr z y 2 r z Yy S "
(19) z x+u{r_1 1}+I‘1r_2 2}+ + uy
where {: Zt/} is obtained by multiplying s z’s and ¢ y’s together in every possi-

ble way and adding the terms sc obtained, e.g.,
T YL _ o 2
{2 1} z%y + zyxr + yxi

If we substitute (18) and (19) in (17) and arrange according to powers of u,
then, since p is an independent variable, the coefficients of its several powers
must be zero. This leads to a series of relations connecting z and y of the form

z ) — =
(20) Ea‘i{n—s—z’+j s_j}—O (s=0,1,2, ---)

6

where a;; are the coefficients defined in (18) and { T . Y } is
n—s8s—1t4+j 8§—j

replaced by 0 when j > s. In particular, if s = 1,
{ni 1 z{}+al{nf2 ?{}'{' ot aytaztl+-o-+an =0
which, when zy = yz, becomes
f@y=—(auz"~'+ - + am) = g(2).

When z has no repeated roots, f/(\) has no root in common with f(\) and f’(z)
has an inverse (cf. §2.06) so that y = g(z)/f'(z) which can be expressed as a
scalar polynomial in z; and conversely every such polynomial is commutative
with z. We therefore have the following theorem:

THEOREM 4. If = has no multiple roots, the only matrices commutative with
it are scalar polynomials in z.

2.09 Matrices with multiple roots. We shall now extend the main results
of §2.07 to matrices whose roots are not necessarily simple. Suppose in the
first place that z has only one distinct root and that its reduced characteristic
function is ¢(\) = (A\ — A1)’, and set
Mm=n=(@—-N =@ —Mn- G=12 -, v—1);
then
m =0, Zna=Mn1, Zn= N+ 04 =12 +v—-2)
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and
=N+ =N +"'n+ (;>>‘f—2ﬂf

where the binomial expansion is cut short with the term 57!

Again, if g(A) is any scalar polynomial, then

g) = g+ m) = g\) + ¢ O)m+ - +

since 77 = 0.

g(v —1)(A1) v —1
G-

It follows immediately that, if g¢'(\) is the first derivative of g(\) which is not
0 when A = A\ and (k — 1)s < v < «s, then the reduced equation of g(z) is

lg(x) — g(W)]* = 0.
It should be noted that the first » — 1 powers of », are linearly independent

since ¢(\) is the reduced characteristic function of .

2.10 We shall now suppose that z has more than one root. Let the reduced
characteristic function be

(21) o = [T =rre @i=wr>1
and set ’ 1
(22) hi) = oA/ (N — A"

We can determine two scalar polynomials, M;(A\) and N;(\), of degrees not
exceeding v; — 1 and v — v; — 1, respectively, such that

MR + (A = N)NO) =1, Mi(\) # 0.
If we set

(23) ei(N) = M(\N)h:(N),

then 1 — Zp;(\) is exactly divisible by ¢(A) and, being of degree » — 1 at most,
must be identically 0; hence

r

(24) 2 e = 1.

1
Again, from (22) and (23), ¢(\) is a factor of ¢:(\)p;(A\) (¢ # j) and hence on
multiplying (24) by ¢:(\) we have

(25) e = 0:N),  0iNe;(\) =0, mod o(A) (2 # j).
Further, if g(A) is a scalar polynomial, then

g0 = D 9N
(26) ‘
y("i_ 1 )()\i)

= A =2N)"TNe\) + R

= 2 gD + g ) = N) + o+
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where R has the form ZC;(\)(A — X\:)%e:(A), C; being a polynomial, so that R
vanishes when z is substituted for A.

2.11 If we put z for A in (23) and set ¢; for ¢;(z), then (24) and (25) show that
(27) @il = 0, i =0 (1)), 2 i = 1.
1

It follows as jn §2.07 that the matrices ¢; are linearly independent and none is
.zero, since ¢;(\;) = 0 so that ¢()\) is not a factor of ¢:(\), which would be the
case were ¢;(z) = 0. We now put z for A in (26) and set

(28) =@ —-MNei (=12 -, 7).

Since the »;th power of (\ — A;)¢:(M) is the first which has ¢(\) as a factor, 'm
is a nilpotent matrix of index »; (cf. §1.05) and, remembering that ¢% = ¢,
we have

(29) nl = (= N)igi =0 (J <w), g = Mi = Qi
(30) Toi = Nigi + 15, anl = Al + 9l T,

equation (26) therefore becomes

r

GiThn)
(31) g(z) = Z [9(&')%‘ + g A + -0 + g(‘;,T(IT') Nit l:|

and in particular

(32) r = 2 (Aigo.' + m) = E:Ci.
1

The matrices ¢; and 7; are called the principal idempotent and nilpotent
elements of T corresponding to the root A;. The matrices ¢, are uniquely deter-
mined by the following conditions: if y; (¢ = 1, 2, ---, r) are any matrices
such that

(i) z¢i = Yz,
(33) (ii) (x — Ay is nilpotent,
i) D we=1, ¥i=y:i=0,

1

then y; = ¢; ¢ = 1,2, ---, r). For let 6;;. = ¢a;; from (i) 6;; also equals
Viei. From (ii) and (28)

10 = Toi — Nipi, &=y — Ay

are both nilpotent and, since 7; and ¢; are polynomials in z, they are commu-
tative with y; and therefore with &;; also

x0;; = Nbi; + (@ — Now; = N + ny;
= N9+ (& — New; = M + Eei.
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Hence (x; — Xj)0;; = Eoi — nap;. But if u is the greater of the indices of ¢;
and #;, then, since all the matrices’ concerned are commutative, each term of
((4ps — nap;)* contains £% or 7% as a factor and is therefore 0. If 6;; = 0, this
is impossible when 7 # j since 6,; is idempotent and A; — A; > 0. Hence
e#i = 0 when 7 = j and from (iii)

Vi = ¥iZei = ¥ip; = ¢i2¥i = ¢;

which proves the uniqueness of the ¢’s.

2.12 We shall now determine the reduced equation of g(z). If we set g; for
9(3)¢t‘: then

v, =1 .
(34) gi = g\ei + ¢'Qdms + -+ + 7% ng !

(n = 1)!
g\dei + &5

say, and if s; is the order of the first derivative in (34) which is not 0, then
¢ is a nilpotent matrix whose index k; is given by k; = 1 < v;/8; < R;.
If ®(7) is a scalar polynomial, and v: = g(\:),

ks — ;
(@) = ) gdes = ) [‘P(Yf)w FEI+ -+ S ke ]

so that ®(g(z)) = 0 if, and only if, g(\;) is a root of ®(\) of multiplicity &;.
Hence, if

Y() = T\ — g\

where when two or more values of ¢ give the same value of g()\;), only that one
is to be taken for which k; is greatest, then ¥(A) is the reduced characteristic
function of g(z). As a part of this result we have the following theorem.

THEoREM 5. If g(\) is a scalar polynomial and x & matriz whose distinct
roots are A1, Nz, -+, \,, the roots of the matrix g(z) are®

g\, g2, -+ g\

If the roots g(A;) are all distinct, the principal idempotent elements of g(z)
are the same as those of z; for condition (33) of §2.11 as applied to g(z) are satis-
fied by ¢; (1 = 1,2, ---, ), and these conditions were shown to characterize
the principal idempotent elements eompletely.

2.13 The square root of a matrix. Although the general question of functions
of a matrix will not be taken up till a later chapter, it is convenient to give
here one determination of the square root of a matrix z.

8 That these are roots of g(z) follows immediately from the fact that A\ — z is a factor
of g(\) — g(z); but it does not follow so readily from this that the only roots are those
given except, of course, when 7 = n and all the quantities g(\;) are distinct.
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If @ and B are scalars, @ = 0, and (a + B)} is expanded formally in a Taylor

series,
< L (BY
(a + ﬁ)‘ = ot 20/ 8r(;>
r—1

then, if S, = ot E 8.(B/a)r, it follows that
0

35) 8} =a+g+al,

where T, is a polynomial in 8/a which contains no power of 8/« lower than the
vth. If @ and b are commutative matrices and «a is the square of a known non-
singular matrix a!, then (35) being an algebraic identity in « and S8 remains
true when a and b are put in their place.

If z; = M + 7: is the matrix defined in §2.11 (32), then so long as A; # 0,
we may set & = Aipi, B = 7, since Nip; = (A 0:)?; and in this case the Taylor
series terminates since 7, = 0, that is, T',; = 0 and the square of the terminating
series for (\ip; + %:)? in powers of #; equals Ajp; + n;. It follows immediately
from (32) and (27) that, if z is a matrix no one of whose roots ig 0, the square

of the matrix
zt = Ek*.-l:¢.-+%>\7‘m—
1

(36)
. 2 — 4)! AN
s ()]
+( ’ 22"—3(!';—2)!(#,"— 1)' )\.’
is z.
If the reduced equation of z has no multiple roots, (36) becomes
(37) b = Ex*ﬁo;

and this is valid even if one of the roots is 0. If, however, 0 is a multiple root
of the reduced equation, z may have no square root as, for example, the
01
o o

Formula (36) gives 27 determinations of z} but we shall see later that an
infinity of determinations is possible in certain cases.

matrix

2.14 Reducible matrices. 1f 2 = z; + =z, is the direct sum of z; and z, and
e1, e; are the corresponding idempotent elements, that is,

ez = x; = I, ee; =0 GC#7;1,7=12),

then z7 = z] + z] (r > 2) and we may set as before 1 = z° = z{ + 23 = e; + ea.
Hence, if f(\) = A» + bA\»— 1 + ... + b, is any scalar polynomial, we have

J@) = ef(z) + ef(xs) = f(x1) + f(z2) — bm,
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and if g(\) is a second scalar polynomial

J@)g(@) = eif(x1)g(21) + eaf (x2)g(x2).

Now if fi(A) is the reduced characteristic function of z; regarded as a matrix
in the space determined by e;, then the reduced characteristic function of z;
as a matrix in the original fundamental space is clearly Af;(\) unless \ is a
factor of f;(\) in which case it is simply f:(A\). Further the reduced character-
istic function of z = 2, + z, is clearly the least common multiple of fi(\) and
f2(A); for if

¥ = i) = £200)9:(0)
then

e (x1) + exa)
efi(@)gi(x1) + efo(z2)ge(zs) = 0.

50(1'1 + )
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