
Lectureson Complete Discrete Valuation Fields

1: DiscreteValuation Fields

(1.1). Valuations. Onecangeneralizethepropertiesof the � -adicvaluation ��� andproceed
to theconceptof valuation.Let Γ beanadditively written totally orderedabeliangroup. Add
to Γ a formal element+ � with the properties ��� + � , + ��� + � , � + (+ � ) = + � ,
(+ � ) + (+ � ) = + � , for each �
	 Γ; denoteΓ � = Γ ��
 + ��� .

A map � : ��� Γ � with theproperties� ( � ) = + ����� = 0� ( ��� ) = � ( � ) + � ( � )� ( � + � ) � min( � ( � ) ��� ( � ))

is saidto bea valuationon � ; in thiscase� is saidto beavaluationfield. Themap � induces
a homomorphismof ��� to Γ andits valuegroup � ( ��� ) is a totally orderedsubgroupof Γ.
If � ( � � ) = 
 0 � , then � is calledthetrivial valuation. It is easyto show that � ( � 1) = 0, andif� ( � )  !� ( � ), then � ( � ) � min( � ( � + � ) �"� ( �#� )) � min(� ( � ) �"� ( � )) = � ( � );

thus,if � ( � ) $= � ( � ) then � ( � + � ) = min( � ( � ) ��� ( � )).

(1.2). BasicObjects. Let %'& = 
��(	)� : � ( � ) � 0 � , * & = 
��(	+� : � ( � ) , 0 � . Then * &
coincideswith thesetof non-invertibleelementsof %-& . Therefore, %'& is a local ring with the
unique maximalideal * & ; % & is calledthe ring of integers (with respectto � ), andthefield�.& = %-&0/1* & is calledthe residuefield, or residueclassfield. Theimageof anelement�2	)%'&
in �.& is denotedby � , it is calledthe residueof � in �.& . Thesetof invertibleelementsof%'& is amultiplicativegroup 34& = %-&5�6* & , it is called thegroupof units.798;:-:-<�=

Assumethat char( � ) $= char( � & ). Thenchar( � ) = 0 and char( � & ) = � , 0.

Proof. Supposethat char( � ) = � $= 0. Then � = 0 in � and thereforein �.& . Hence� = char( �.& ).
(1.3). >@? <A:'BDCE8;FHGAIKJ0<LC�MN<PORQSGATAFU<LTNVWJ0<LC�MN<PORQSGAT+I1QS8;C�VLFE=

1. A valuation � on � issaidtobe discreteif thetotallyorderedgroup � ( ��� ) is isomorphic
to thenaturallyorderedgroup X .

For aprime � andanon-zerointeger Y let Z = ��� ( Y ) bethemaximalintegersuchthat �L[
divides Y . Extend ��� to rationalnumbersputting ��� ( Y)/E\ ) = ��� ( Y ) �]��� ( \ ); ��� (0) = + � .
The � -adicvaluation ��� is adiscretevaluationwith thering of integers%'&�^ = _ Y \ : Y6��\6	WX`�a\ is relatively primeto �Kbdc
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Theresiduefield r & ^ is afinite field of order � .

2. Let � = s ( t ). For anirreduciblepolynomial � ( t ) define � � ( u ) similarly to � � above.
Themap � � ( u ) is adiscretevaluationwith thering of integers%'& ^ ( v ) = w.x ( t )y ( t )

: x ( t ) � y ( t ) 	+s [ t ] � y ( t ) is relatively primeto � ( t ) z
andtheresiduefield is s [ t ] / � ( t ) s [ t ] which is afinite algebraicextensionof s .

Thefield � hasanotherdiscretevaluationtrivial on s : �P{ ( x ) = � deg( x ), its residuefield
is s .

(1.4). Discrete valuations. A field � is saidto be a discretevaluationfield if it admitsa
nontrivial discretevaluation � (seeExample1 in (1.3)). An element |}	~%'& is said to be
a primeelement(uniformizingelement) if � ( | ) generatesthegroup � ( � � ). Without lossof
generalityweshalloftenassumethatthehomomorphism� : ������X is surjective.798;:-:-<�=

Let � be a discrete valuationfield, and | be a prime element.Thenthe ring of
integers %'& is a principal ideal ring, andeveryproperidealof %'& canbewrittenas |9�N%'& for
some \�, 0. In particular, * & = |p%'& . Theintersectionof all properidealsof %'& is thezero
ideal.

Each element�2	+��� canbeuniquelywrittenas |9�;� for some \�	+X and ��	�3�& .
Proof. Let � bea properidealof % & . Thenthereexists \ = min 
�� ( � ) : ��	6�m� andhence|9���o	)� for someunit � . It follows that |9�N%'&����
��|9�N%'& and � = |9�N%-& . If � belongsto
theintersectionof all properideals |9�A%'& in %-& , then � ( � ) = + � , i.e., � = 0.

Let \ = � ( � ). Then ��|@����	�34& and � = |9�;� for �(	�34& . If |9��� 1 = |9�5� 2, then\ + � ( � 1) = Y + � ( � 2). As � 1 ��� 2 	�3�& , wededuce\ = Y , � 1 = � 2.

(1.5). Completion. Completionof a discretevaluationfield is an objectwhich is easierto
work with thanwith theoriginalfield.

Let � bea field with a discretevaluation � (asusual, � ( � � ) = X ). � is a metricspace
with respectto the norm � ��� = (1 / 2)& ( � ). So onecanintroducethe notion of a fundamental
sequence:asequence( � � ) �R� 0 of elementsof � is calleda fundamentalsequenceif for every
real � thereis \ ( � ) � 0 suchthat � ( � � ��� � ) ��� for Y6��\6�!\ ( � ).

If ( � � ) is a fundamentalsequencethenfor every integer � thereis \9� suchthat for all\4��Y���\9� we have � ( � � �2� � ) ��� . We canassume\ 1 ��\ 2 � c�c�c . If for every � there
is \9�� ��\9� suchthat � ( � �0�� ) $= � ( � � �� +1), then � ( � �0�� ) ��� and � ( � � ) ��� for \!��\9�� , and
hencelim � ( � � ) = + � . Otherwiselim � ( � � ) is finite.798;:-:-<�=

Theset � of all fundamentalsequencesformsa ring with respectto componentwise
addition and multiplication.Thesetof all fundamentalsequences( � � ) ��� 0 with � � � 0 as\)� + � formsa maximalideal � of � . Thefield ��/ � is a discretevaluationfieldwith its
discretevaluation ¡ � definedby ¡ � (( � � )) = lim � ( � � ) for a fundamentalsequence( � � ) ��� 0.

Proof. A sketchof theproof is asfollows. It sufficesto show that � is a maximalidealof� . Let ( � � ) ��� 0 bea fundamentalsequencewith � ��¢ 0 as \(� + � . Hence,thereis an\ 0 � 0 suchthat � � $= 0 for \!�~\ 0. Put � � = 0 for \! ~\ 0 and � � = ��� 1� for \!�£\ 0.
Then ( � � ) ��� 0 is a fundamentalsequenceand ( � � )( � � ) 	 (1)+ � . Therefore,� is maximal.
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(1.6). A discretevaluationfield � is called a completediscrete valuation field if every
fundamentalsequence( � � ) ��� 0 is convergent,i.e., thereexists � = lim � � 	W� with respectto� . A field ¡� with adiscretevaluation ¡ � is called acompletionof � if it is complete,¡ �9� ¤ = � ,
and � is adensesubfieldin ¡� with respectto ¡� .¥4l�GAB;GLF¦Q§ORQSGAT�=

Everydiscretevaluationfield hasa completionwhich is uniqueup to an iso-
morphismover � .

Proof. We verify that the field �¨/�� with the valuation ¡� is a completionof � . � is
embeddedin ��/ � by theformula �(� ( � ) mod � . For a fundamentalsequence( � � ) ��� 0
andreal � , let \ 0 � 0 besuchthat � ( � � ��� � ) ��� for all Y��"\���\ 0. Hence,for � � 0 	��
we have ¡ � (( � � 0) � ( � � ) ��� 0) �©� , which shows that � is densein �¨/ � . Let (( � ( � )� ) � ) �
bea fundamentalsequencein �¨/�� with respectto ¡� . Let \ (0), \ (1), c�c�c bean increasing
sequenceof integerssuchthat � ( � ( � )� 2

��� ( � )� 1
) ��Y for \ 1, \ 2 ��\ ( Y ). Then ( � ( � )� ( � )) � is a

fundamentalsequencein � andit is thelimit of (( � ( � )� ) � ) � with respectto ¡ � in �¨/ � . Thus,
weobtaintheexistenceof thecompletion ��/ � , ¡ � .

If therearetwo completions ¡� 1, ¡ � 1 and ¡� 2, ¡ � 2, thenwe put x ( � ) = � for �~	(� and
extendthis homomorphismby continuityfrom � , asa densesubfieldin ¡� 1, to ¡� 1. It is easy
to verify thattheextension ¡x : ¡� 1 � ¡� 2 is anisomorphismand ¡� 2 ª ¡x = ¡ � 1.

Weshalldenotethecompletionof thefield � with respectto � by ¡�p& or simply ¡� .

1.7. Examplesof completevaluation fields. 1. Thecompletionof r with respectto � � of
(1.3) is denotedby r � andis calledthefield of � -adic numbers. Certainly, thecompletionofr with respectto theabsolutevalue «1¬S«�{ of (1.1)is ­ . Embeddingsof r in r � for all prime� andin ­ is a tool to solve variousproblemsover r . An exampleis theMinkowski–Hasse
Theorem:anequation ®¯��°²±�t³°´td± = 0 for ��°²±d	)r hasa nontrivial solutionin r if andonly
if it admitsanontrivial solutionin ­ andin r�� for all prime � .

Thering of integersof r-� is denotedby Xµ� andis calledthering of � -adic integers. The
residuefield of r�� is thefinite field ¶�� consistingof � elements.

2. The completionof s ( t ) with respectto � u is the formal power seriesfield s (( t ))
of all formal series ® + {� { � � t�� with � � 	2s and � � = 0 for almostall negative \ . The
ring of integerswith respectto � u is s [[ t ]] , thatis, thesetof all formalseries ® + {

0 � � t�� ,� � 	+s . Its residuefield maybeidentifiedwith s .

(1.8). Representatives. For simplicity, we will oftenomit theindex � in notations 3 & , % & ,* & , � & . Wefix aprimeelement | of � .
A set · is saidto be a setof representativesfor a valuationfield � if ·¸�¹% , 0 	�·

and · is mappedbijectively on � underthe canonicalmap %©�º%�/1* = � . Denoteby
rep: �©�»· the inversebijective map. For a set ¼ denoteby ( ¼ )+ {� thesetof all sequences
( �;° ) ° �L� , ��°4	+¼ . Let ( ¼ )+ {� { denotetheunionof increasingsets( ¼ )+ {� where \)�½�5� .

Theadditivegroup � hasanaturalfiltration¬�¬�¬m¾!| ° %�¾(| ° +1 %�¾ c�c�c c
Thefactorfiltration of thisfiltration is easyto calculate: | ° %µ/1| ° +1 %�¿� � .
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Let � bea completefieldwith respectto a discretevaluation � . Let | ° 	�� for eachÀ 	+X bean elementof � with � ( | ° ) =

À
. Thenthemap

Rep:( � )+ {� { ����� ( ��° ) °´Á0Â�Ã� + {Ä � { rep( �;° ) |A°
is a bijection.Moreover, if ( ��° ) °´Á0Â�$= (0)°ÅÁ0Â then � (Rep(��° )) = min 
 À : ��°µ$= 0 � .
Proof. Themap Rep is well defined,becausefor almostall

À  0 weget rep( ��° ) = 0 andthe
series ® rep( ��° ) |A° convergesin � . If ( ��° ) °´Á0Â�$= ( Æk° ) °ÅÁ0Â and\ = min 
 À 	WX : ��°µ$= Æk°��D�
then � ( � � | � ��Æ � | � ) = \ . Since � ( � ° | ° �]Æ ° | ° ) ,Ç\ for

À ,!\ , wededucethat� (Rep( ��° ) � Rep(Æk° )) = \ c
ThereforeRep is injective.

In particular, � (Rep(��° )) = min 
 À : ��°³$= 0 � . Further, let �È	�� . Then � = |9�;� with\�	2X , �+	Ç3 . We alsoget � = | � �0� for some �0�'	!3 . Let � � be the imageof �0� in � ;
then � � $= 0 and � 1 = �6� rep( � � ) | � 	6| � +1 % . Continuingin this way for � 1, we obtaina
convergentseries � = ® rep( � ° ) | ° . Therefore,Rep is surjective.É GAl�GLCEC�<LlEÊp=

Weoftentake | � = |9� . Therefore, bytheprecedingLemma,everyelement�]	��
canbeuniquelyexpandedas

� =
+ {Ä � {�Ë °Å| ° � Ë °4	+· and Ë ° = 0 for almostall

À  0

g 8;I1QSTmQiORQiGLT9= If �)�6�]	Ì|9�L% , wewrite �6Í�� mod |9� .
(1.9). Units. Thegroup 1 + |p% is calledthe groupof principal units 3 1 andits elementsare
called principal units. Introducealsohighergroupsof units: 3 ° = 1 + | ° % for

À � 1.
The multiplicative group ��� hasa naturalfiltration ����¾Î3h¾Î3 1 ¾Ï3 2 ¾ c�c�c . We

describethefactorfiltration of theintroducedfiltration on ��� .¥4l�GAB;GLF¦Q§ORQSGAT�=
Let � bea discretevaluationfield. Then

(1) Thechoiceof a prime element | ( 1 	�X~�Ð|~	!� � ) inducesan isomorphism� ��Ñ3}ÒWX .
(2) Thecanonicalmap %Ç��%�/E* = � inducesthesurjectivehomomorphismÓ

0: 3~� � � �Ô�`Ã� � ;Ó
0 maps 3H/P3 1 isomorphicallyonto � � .

(3) Themap Ó ° : 34°�� �o� 1 + �p| ° Ã� �
for �2	)% inducestheisomorphism

Ó ° of 3 ° /P3 ° +1 onto � for
À � 1.



e0f g QSFkjRlm8DOm8on�<LC�MN<PORQSGAT+qpQi8;CEVAF 5

Proof. (2) The kernelof
Ó

0 coincideswith 3 1 and
Ó

0 is surjective. (3) The inducedmap3 ° /P3 ° +1 � � is ahomomorphism,since

(1 + � 1 | ° )(1 + � 2 | ° ) = 1 + ( � 1 + � 2) | ° + � 1 � 2 | 2° c
Thishomomorphismis bijective,since

Ó ° (1 + rep( � ) | ° ) = � .É GAl�GLCEC�<LlEÊp=
Let Õ be not divisible by char( � ). Raisingto the Õ th power inducesan auto-

morphismof 3 ° /P3 ° +1 for
À � 1. If � is complete, thenthegroup 3 ° for

À � 1 is uniquelyÕ -divisible.

Proof. If � = 1 + ��| ° with �~	!% , then �1ÖµÍ 1 + Õ´�p| ° mod | ° +1. Absenceof nontrivialÕ -torsion in the additive group � implies the first property. It also shows that 34° hasno
nontrivial Õ -torsion.

For anelement × = 1 + ��| ° with ��	]%�� we have × = (1 + ÕØ� 1 �9| ° ) ÖÙ× 1 with × 1 	(3 ° +1.
Applying the sameargumentto × 1 andso on, we get an Õ th root of × in � in the caseof
complete � .

(1.10). Raising to � th power. Let char( � ) = � , 0. Lemma(1.2) shows that either
char( � ) = � or char( � ) = 0. We shallstudytheoperationof raisingto the � th power. Denote
this homomorphismby Ú Û � : ����� � c
Thefirst andsimplestcaseis char( � ) = � .¥4l�GAB;GLF¦Q§ORQSGAT�=

Let char( � ) = char( � ) = � , 0. Then the homomorphism

Ú Û � maps 3 °
injectivelyinto 3Ü��° for

À � 1. For
À � 1

(1 + �p| ° )� Í 1 + � � | ��° mod | ��° +1 �Ý�]	)%'¤
Proof. Since (1 + ��| ° )� = 1 + � � | ��° andthereis nonontrivial � -torsionin � � and ��� , the
assertionfollows.É GAl�GLCEC�<LlEÊp=

Let � bea fieldof characteristic � , 0 andlet � beperfect,i.e � = � � . ThenÚ Û � mapsthe quotientgroup 3�°Þ/D3 ° +1 isomorphicallyonto the quotientgroup 3p��°Ø/P3 ��° +1 forÀ � 1.

We now considerthecaseof char( � ) = 0, char( � ) = � , 0. As � = 0 in theresiduefield� , weconcludethat � 	+* and,therefore,for thesurjectivediscretevaluation � of � weget� (� ) = ß.� 1.g 8;I1QSTmQiORQiGLT9= Thenumber ß = ß ( � ) = � (� ) is called theabsoluteramificationindex of � .

Let | bea primeelementin � . Let · bea setof representatives,andlet Ë 0 	 � bethe
elementof � uniquelydeterminedby therelation � � Ë 0 |�à5	W|�à +1 % .¥4l�GAB;GLF¦Q§ORQSGAT�=

Let � bea discretevaluationfield of characteristiczero with residuefield of
positivecharacteristic � . Thenthehomomorphism

Ú Û � maps 3 ° to 3 ��° for
À �!ß0/ (� � 1), and34° to 3�° + à for

À �!ß0/ (� � 1). Moreover, for �(	�%��
(1 + �p| ° )� Í 1 + � � | ��° mod | ��° +1 � if

À  !ß0/ (� � 1) � (1)
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(1 + ��| ° ) � Í 1 + ( � � + Ë 0 � ) | ��° mod | ��° +1 � if

À
= ß0/ (� � 1) 	+X.� (2)

(1 + �p| ° ) � Í 1 + Ë 0 ��| ° + à mod | ° + à +1 � if
À ,Çß0/ (� � 1) � (3)

The inducedhomomorphismson the quotientfiltration are injective in cases(1), (3) and
surjectivein case(3).

If a primitive � th root áâ� of unity is containedin � , then � (1 �(á"� ) = ß0/ (� � 1) andthe
kernelof theinducedhomomorphismsin case(2) is of order � .

If � is complete, then 3 à + ° = 3 �° for
À ��ß0/ (� � 1). If � is completeand ß0/ (� � 1) 	�X ,

thenthehomomorphismin (2) is injectiveiff there is nonontrivial � -torsionin ��� .

Proof. Let 1 + �2	)34° . Weget

(1 + � )� = 1 + � � +
� (� � 1)

2
� 2 + ¬�¬�¬ + � � � � 1 + � �

and � (� � ) = ß +
À
, �Üã � (� � 1)

2
� 2 ä = ß + 2

À � c�c�c , � (� � � � 1) = ß + (� � 1)
À
, � ( � � ) = � À , so� ((1 + � ) � � 1) = � ( � � + � � ) � if � ( � � ) $= � (� � ) �� ((1 + � ) � � 1) �!� ( � � + � � ) � otherwisec

Note � ( � � ) �(� (� � ) if andonly if
À �!ß0/ (� � 1). For aunit � weobtainthefirst statementof

theproposition.
Further, thehomomorphism

Ú Û � is anisomorphismin case(3) andinjective in case(1).
Assumethat á � 	£� . From the previous � (1 ��á � ) = ß0/ (� � 1) and ß1/ (� � 1) 	�X .

Therefore,thehomomorphism��Ã� � � + Ë 0 � is not injective. Its kernel
^�å 1
æ � Ë 0 ¶ � in this

caseis of order � .
If � is complete,then due to surjectivity of the homomorphismsin case(3) for

À ,ß0/ (� � 1) we get 34° = 3 ° +1 3 �° �çà = 3 ° +2 3 �° ��à = ¬�¬�¬ = 3 �° �çà . Now let ß0/ (� � 1) beaninteger.
Assumethatthehorizontalhomomorphismin case(2) is not injective. Let � 0 	 � satisfythe
equation � �0 + Ë 0 � 0 = 0. Then (1 + � 0 |�à�è (� � 1)) � 	]3 ± for some é+, � ß1/ (� � 1). Therefore
(1+ � 0) |�à�è (� � 1))� = � �1 for some � 1 	�3 à�è (� � 1)+1. Thus, (1+ � 0) |�à�è ( � � 1)) � � 1

1 	�3 à�è (� � 1) is a
primitive � th rootof unity.É GAl�GLCEC�<LlEÊp=

Let � bea completediscretevaluationfield.
If char( � ) = 0, then ���m� is anopensubgroupin ��� for \�� 1. If char( � ) = � , 0, then���R� is anopensubgroupin ��� if andonly if \ is relativelyprimeto � .� containsfinitelymanyrootsof unityof ordera powerof � .

Proof. If char( � ) = 0, thenwe get 3 1 �£� �R� for \!� 1. It meansthat � �m� is open. If
char( � ) = � , then 3 1 �£���R� for ( \4� � ) = 1 and ���m� is open. In this case,if char( � ) = � ,
then 1 + | ° /	���� � for (

À � � ) = 1. Then ��� � is not open. If char( � ) = 0, thenwe obtain3 ° �Ç��� ��ê when
À , � ß0/ (� � 1) + ( Yë� 1)ß . Therefore ���R� is openfor \�� 1.

Thiscorollarydemonstratesthatfor completediscretevaluationfieldsof characteristic0with
residuefield of characteristic� thetopologicalpropertiesarecloselyrelatedwith thealgebraic
ones.Thecasechar( � ) = � is verydifferent.
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(1.11). Product representation. Now we deducea multiplicative analogof theexpansionin
thecorollaryof (1.8).¥4l�GAB;GLF¦Q§ORQSGAT�ìîíH8;TNFk8;C1ïk=

Let � be a completediscrete valuation field. Let · be a set of
representatives.Thenfor �!	���� there exist uniquelydetermined\]	�X , Ë ° 	�· for

À � 0,Ë 0 	W·
� , such that � canbeexpandedin theconvergentproduct� = | � Ë 0 ð° � 1

(1 + Ë ° | ° )
Proof. Theexistenceanduniquenessof \ and Ë 0 immediatelyfollow. Assumethat �K	)3 � ,
then find Ë � 	�· with � (1 + Ë � |9� ) � 1 	�3 � +1. Proceedingby induction, we obtain an
expansionof � in a convergent product. If thereare two suchexpansions ñ (1 + Ë °î| ° ) =ñ (1 + Ë �° | ° ), thentheresiduesË ° , Ë �° coincidein � . Thus, Ë ° = Ë �° .
(1.12). X � -Structure of The Group of Principal Units. Everywherein this section � is a
completediscretevaluationfield with residuefield of positivecharacteristic� .

If ��	�3 1 then � ��ò � 1 as \�� + � . Thisenablesusto define�0ó = lim�Pô { �Pó ò if lim�Dô { � � = ��	WX � �õ� � 	WX c798;:-:-<�=
Let �W	(3 1, ��	]X�� . Then � ó 	(3 1 is well definedand � ó + ö = � ó � ö , � ó ö = ( � ó ) ö ,

( �E× ) ó = � ó × ó for �R��×]	�3 1, �L�âÆ
	(Xµ� . Themultiplicativegroup 3 1 is a X�� -moduleunder
theoperationof raisingto a power. Moreover, thestructureof the Xµ� -module 3 1 is compatible
with thetopologiesof Xµ� and 3 1.

Proof. Assumethat lim � � = lim Æ � ; hence � � �2Æ � � 0 as \�� + � and lim � ó ò � ö ò = 1.
A map X � Ò)3 1 �÷3 1 ( ( �L��� ) ��� ó ) is continuouswith respectto the � -adictopologyon X �
andthe discretevaluationtopologyon 3 1. This argumentcanbe appliedto verify the other
assertionsof thelemma.¥4l�GAB;GLF¦Q§ORQSGAT�=

Let � be of characteristic � with perfect residuefield. Let · be a set of
representatives,andlet · 0 bea subsetof it such that theresiduesof its elementsin � form a
basisof � asa vectorspaceover ¶ � . Let an index-set ø numerate theelementsof · 0. Let� � bethe � -adicvaluation.

Theneveryelement�2	)3 1 canbeuniquelyrepresentedasa convergentproduct� = ð
( °´ù � )=1°´ú 0

ð± ÁDû (1 + Ë ± | ° ) ó üþý � Ë ± 	+· 0 �"� °þ± 	�X �
andthesets ø;°Åù ÿ = 
¦é³	�ø : ��� ( ��°²± ) �Ç�E� arefinite for all �¨� 0 , (

À � � ) = 1.

Proof. We first show thattheelement � canbewritten modulo 3 � for \�� 1 in thedesired
form with ��°²±�	!X . Proceedingby induction, it will suffice to consideran element ��	�3 �
modulo 3 � +1. Let ��Í 1 + Ë |9� mod 3 � +1, Ë 	¹· . If ( \4� � ) = 1, then one can findË 1 � c�c�c � Ë � 	�· 0 and Æ 1 � c�c�c �âÆ � 	+X suchthat 1 + Ë |9��Í~ñ �[ =1(1 + Ë [ |9� ) ö�� mod 3 � +1 for
some Y . If \ = ��� \9� with aninteger \9� , ( \9�Å� � ) = 1, thenonecanfind Ë 1 � c�c�c � Ë � 	�· 0 and
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to thecontinuitywegetthedesiredexpressionfor �(	�3 1 with theaboveconditionsonthesetsø °´ù ÿ .

Assumethatthereis aconvergentproductfor 1 with Ë ± , � °þ± . Let (
À
0 � � ) = 1 and é 0 	�ø be

suchthat \ = � &�^ ( ó ü 0 ý 0) À
0 � � & ^ ( ókü ý ) À for all (

À � � ) = 1, é+	(ø . Thenthechoiceof · 0 implyñ (1 + Ë ±�| ° ) ókü ý /	�3 � +1, whichconcludestheproof.É GAl�GLCEC�<LlEÊp=
The group 3 1 has a free topological basis 1 + Ë ±�| ° where where Ë ±�	£· 0,

(
À � � ) = 1.

If ß = � (� ) is divisibleby � � 1, let
�

: ��� � bethemap ��Ã� � � + Ë 0 � . Thenraisingto
the � th power in case(2) of thepropositionin (1.10)is describedby

�
.¥4l�GAB;GLF¦Q§ORQSGAT�=

Let � beof characteristic0 with perfectresiduefieldof characteristic � .
Let · beasetof representativesandlet · 0 (resp. · �0 ) beasubsetof it suchthattheresidues

of its elementsin � form a basisof � asa vectorspaceover ¶�� (resp.are ¶�� -generators of�d/ � ( � ) ). Let theindex-set ø (resp. øç� ) numeratetheelementsof · 0 (resp. ·¨�0 ). Let� = 
 À :
À 	+X`� 1 � À  � ß0/ (� � 1) � ( À � � ) = 1 � c

Theneveryelement�2	)3 1 canberepresentedasa convergentproduct� = ð°´Á�� ð± ÁDû (1 + Ë ± | ° ) ó üþý ð± ÁDû � (1 + × ± | � à�è (� � 1)) ó ý � Ë ± 	+· 0 �"× ± 	+· �0 �"� °þ± �"� ± 	WX �
(thesecondproductoccurswhen ß0/ (� � 1) is an integer) andthesetsø °´ù ÿ = 
kéo	6ø : � � ( � °þ± ) ���E�D� ø �ÿ = 
¦é³	�ø � : � � ( � ± ) �Ç�E�
arefinite for all �¨� 0,

À 	�� .
Proof. We shall show how to obtain the requiredform for ��	©3 � modulo 3 � +1. Let� = 1 + Ë |9� mod 3 � +1, Ë 	+· . Therearefour casesto consider:

(1) \]	�� . Onecanfind Ë 1 � c�c�c � Ë � 	�· 0 and Æ 1 � c�c�c �âÆ � 	�X satisfyingthecongruence
1 + Ë |9�³Í ñ � [ =1(1 + Ë [ |9� ) ö�� mod 3 � +1 for some Y .

(2) \� � ß1/ (� � 1), \ = � � \ � with \ � 	+� . Thenthereexist Ë 1 � c�c�c � Ë � 	W· 0, Æ 1 � c�c�c �¦Æ � 	X suchthat

1 + Ë | � Í �ð [ =1

(1 + Ë [ | � � )�	� ö
� mod 3 � +1 for some Y c
(3) ß0/ (� � 1) 	�X , \ = � ß0/ (� � 1). The definition of ·��0 imply that if \ = ��� \9� with\9�ç	�� , thenthereexist Ë 1 � c�c�c � Ë � 	+· 0, × 1 � c�c�c �"× � 	+·¨�0, Æ 1 � c�c�c �âÆ � , � 1 � c�c�c �â� � 	�X such

that

1 + Ë | � Í �ð[ =1

(1 + Ë [ | � � ) ��� ö�� �ð Ö =1

(1 + × Ö | � ) ÿ
� mod 3 � +1 for some Y6��� c
(4) \�, � ß0/ (� � 1). If � = min 
�� : \Ì���Dßd� � ß0/ (� � 1) � and \9� = \Ì���Dß , then

1 + Ë | � Í (1 + Ë � | � � ) �	� mod 3 � +1 for someË � 	�· c
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Now applyingtheargumentsof theprecedingcasesto 1+ Ë �þ|9� � , wecanwrite 1+ Ë |9� mod 3 � +1
in therequiredform.É GAl�GLCEC�<LlEÊp=

Let � beof characteristic0 with perfectresiduefieldof characteristic � .
(1) If � doesnotcontainnontrivial � th rootsof unitythentherepresentationin theproposition

is unique. Therefore theelementsof thepropositionform a topological basisof 3 1 ù ¤ .
(2) If � containsa nontrivial � th root of unity, let � be the maximal integer such that� containsa primitive � � th root of unity. Thenthe numbers � °²± �â� ± of the proposition

are determineduniquelymodulo � � . Therefore the elementsof the proposition form a
topological basisof 3 1 ù ¤ /D3 ���1 ù ¤ .

(3) If theresiduefieldof � is finite then 3 1 is thedirectsumof a free X � -moduleof rank ß xandthetorsionpart.

Proof. (1) If á � /	�� then all horizontalhomomorphismsof the diagramsin the second
Propositionof (1.10)areinjective.

(2) Argueby inductionon � . Write aprimitive � � th root á � � in theformá � � = ð °ÅÁ�� ð± ÁDû (1 + Ë ± | ° ) ÿ ü ý ð± ÁDû � (1 + × ± | � à�è (� � 1)) ÿ ý
andraisetheright handsideto the � � th powerwhichdemonstratesthenon-uniqueness.

Now if

1 = ð °ÅÁ�� ð± ÁDû (1 + Ë ±�| ° ) ó üþý ð± ÁDû � (1 + ×1±�| � à�è ( � � 1)) ó ý
thenwededucethat � °þ± = � Æ °þ± �"� ± = � Æ ± with � -adicintegers Æ °þ± �âÆ ± . Thenð °ÅÁ�� ð± ÁDû (1 + Ë ± | ° ) ö üþý ð± ÁDû � (1 + × ± | � à�è (� � 1)) ö ý
is a � th rootof unity, andsois equaltoã ð°´Á�� ð± ÁDû (1 + Ë ±�| ° ) ÿ üþý ð± ÁDû � (1 + ×E±�| � à�è (� � 1)) ÿ ý ä ��� å 1 ÿ
for someinteger � . Now by the inductionassumptionall Æ °²± � � � � 1 � � °þ± �âÆ ± � � � � 1 � � ± are
divisibleby � � � 1. Thus,all � °þ± �"� ± aredivisibleby � � .

(3) If the residuefield of � is finite then 3 1 is a moduleof finite typeover the principal
ideal domain X � , so by the structuretheoremon suchmodulesit is a direct sum of a free
moduleanda finite torsionmodule. If a primitive � th root of unity is in � , thenthekernelof�

is of order � . Hence � � :
�

( � ) � = � , since � is finite. The cardinalityof � is equaltoß = [ � ß0/ (� � 1)] � [[ � ß0/ (� � 1)] / � ].
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2: Extensionsof CompleteFields

(2.1). HenselianProperty. Let � be a commutative ring. For two polynomials x ( t ) =� � t�� + c�c�c � 0, y ( t ) = Æ � t�� + ¬�¬�¬ + Æ 0 their resultantis thedeterminantof thematrix��������������
� � � ��� 1

c�c�c � 0� � � ��� 1
c�c�c � 0

...
.. .

...
...� � � �R� 1
c�c�c � 0Æ � � �5� 1

c�c�c Æ 0Æ � Æ �5� 1
c�c�c Æ 0

...
.. .

...
...Æ � Æ �5� 1
c�c�c Æ 0

���������������
c

Thisdeterminant· ( x � y ) iszeroiff x and y haveacommonroot;in general· ( x � y ) = xçx 1+ y;y 1
for somepolynomials x 1 � y 1 	W� [ t ]. If x ( t ) = � � ñ �° =1( t}�W� ° ), y ( t ) = Æ � ñ �± =1( t}��� ± ),
thentheir resultant · ( x � y ) is ���� Æk�� ñ °´ù ± ( �p°ç�6�R± ). In particular, · ( t �6�L� y ( t )) = y ( � ).

If x � y 	Ç% [ t ] then · ( x � y ) 	Ç% . We shall usethe following propertiesof the resultant:
if x Í x mod * [ t ] then · ( x � y ) Í · ( x 1 � y ) mod * ; if · ( x � y ) 	Ï* ��� * � +1 then* � [ t ] � x % [ t ] + y % [ t ].

Let � beacompletediscretevaluationfield with thering of integers % , themaximalideal* , andtheresiduefield � . For apolynomial x ( t ) = � � t�� + ¬�¬�¬ + � 0 	�% [ t ] wewill denote
thepolynomial � � t�� + ¬�¬�¬ + � 0 by x ( t ) 	 � [ t ]. Wewill write

x ( t ) Í y ( t ) mod * �
if x ( t ) � y ( t ) 	Ì*!� [ t ].¥4l�GAB;GLF¦Q§ORQSGAT�=

Let y 0 ��� 0 � x bepolynomialsover % such that deg x = deg y 0 + deg � 0 andthe
leadingcoefficientof x coincideswith thatof y 0 � 0. Let· ( y 0 ��� 0) /	W* � +1 � x Í y 0 � 0 mod * 2 � +1

for an integer �.� 0.
Thenthereexist polynomials y ( t ) ��� ( t ) such that

x = y ��� deg y = deg y 0 � deg � = deg � 0 � y Í y 0 mod * � +1 ����Í�� 0 mod * � +1 c
Proof. We first constructpolynomials y ° ( t ) ���A° ( t ) 	Ç% [ t ] with the following properties:
deg( y °�� y 0)  deg y 0, deg( �A°���� 0)  deg � 0y ° ( t ) Í y ° � 1( t ) mod * ° + � � �N° ( t ) Í!� ° � 1( t ) mod * ° + � �x ( t ) Í y ° ( t ) �N° ( t ) mod * ° +2� +1 c
Proceedingby induction,we canassumethat the polynomials y ± ( t ) ���R± ( t ), for é]� À � 1,
havebeenconstructed.For aprimeelement | puty ° ( t ) = y ° � 1( t ) + | ° + �#" ° ( t ) � �N° ( t ) = � ° � 1( t ) + | ° + �#$ ° ( t )
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with " ° ( t ) � $ ° ( t ) 	�% [ t ], deg " ° ( t )  deg y 0( t ), deg $ ° ( t )  deg � 0( t ). Theny ° ( t ) �A° ( t ) � y ° � 1( t ) � ° � 1( t ) Í�| ° + � ã y ° � 1( t ) $ ° ( t ) + � ° � 1( t ) " ° ( t ) ä mod * ° +2� +1 c
Sinceby the inductionassumptionx ( t ) � y ° � 1( t ) � ° � 1( t ) = | ° +2� x 1( t ) for a suitablex 1( t ) 	�% [ t ] of degreesmallerthanthatof x , we deducethatit sufficesfor " ° ( t ), $ ° ( t )

to satisfythecongruence| � x 1( t ) Í y ° � 1( t ) $ ° ( t ) + � ° � 1( t ) " ° ( t ) mod * � +1 c .
However, · ( y ° � 1( t ) ��� ° � 1( t )) Í�· ( y 0( t ) ��� 0( t )) $Í 0 mod * � +1. Thentheproperties

of the resultantimply theexistenceof polynomials ¿" ° , ¿$ ° satisfyingthe congruence.Write¿" ° = y ° � 1 % + " ° � 1 with polynomial " ° � 1 of degreesmallerthanthatof y ° � 1. Thenit is easy
to seethatthedegreeof $ ° = ¿$ ° + % � ° � 1 is smallerthatthedegreeof � ° � 1. Thepolynomials" °"� $ ° aretherequiredones.

Now put y ( t ) = lim y ° ( t ) ��� ( t ) = lim �A° ( t ) andget x ( t ) = y ( t ) � ( t ).

ThefollowingstatementisoftencalledHenselLemma;it wasprovedbyK. Henselfor � -adic
numbersandby K. Rychlík for completevaluationfields.É GAl�GLCEC�<LlEÊ e = Let x � y 0 ��� 0 bemonicpolynomialswith coefficientsin % . Let x = y 0 � 0 and
supposethat y 0 � � 0 arerelativelyprimein � [ t ]. Thenthereexistmonicpolynomialsy ��� with
coefficientsin % , such thatx ( t ) = y ( t ) � ( t ) � y ( t ) = y 0( t ) � � ( t ) = � 0( t ) c
Proof. We have · ( x 0( t ) � y 0( t )) /	+* andwe canapplythepreviouspropositionfor � = 0.
Thepolynomials y ( t ) and � ( t ) maybeassumedto bemonic,asit follows from theproofof
theproposition.

Valuationfieldssatisfyingtheassertionof Corollary1 aresaidto be Henselian. Corollary1
demonstratesthatcompletediscretevaluationfieldsareHenselian.É GAl�GLCEC�<LlEÊ � = Let x ( t ) bea monicpolynomialwith coefficientsin % . Letx ( � 0) 	Ì* 2� +1 � x � ( � 0) /	W* � +1

for some � 0 	6% andinteger ��� 0. Thenthere exists �!	6% such that ����� 0 	�* � +1 andx ( � ) = 0.

Proof. Put y 0( t ) = t ��� 0 andwrite x ( t ) = x 1( t )( t���� 0) + & with &]	£% . Then&2	�* 2� +1. Put � 0( t ) = x 1( t ) 	£% [ t ]. Hence x ( t ) Í y 0( t ) � 0( t ) mod * 2 � +1 andx � ( � 0) = � 0( � 0) /	2* � +1. Hence · ( y 0( t ) ��� 0( t )) /	(* � +1, andthe propositionimplies the
existenceof polynomials y ( t ) ��� ( t ) 	�% [ t ] suchthat y ( t ) = t¯�]�-�â�ÇÍ£� 0 mod * � +1,
and x ( t ) = y ( t ) � ( t ).

>@? <L:-B;CE8N= If the residuefield of � is finite ¶(' , thenfor every �2	!¶Ü�' the polynomialx ( t ) = t ' � 1 � 1 hasa root � suchthat � = � . Soonehasmultiplicativerepresentativesof¶ ' consistingof 0 andall rootsof unity in � of orderdividing % � 1 (or, equivalently, all roots
of unity in � of orderprimeto � ).É GAl�GLCEC�<LlEÊ*)R=

For everypositiveinteger Y there is \ such that 1 + *Ç�Ì�!���m� .
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Proof. Put x ó ( t ) = t����5� with ��	 1+ *Ç� . Let Y¸	+* �	� * � +1. Then x �ó (1) 	Ì* �	� * � +1.

Thereforefor every ��	 1 + * 2 � +1
thepolynomial x ó ( t ) hasa root ��Í 1 mod * � +1 dueto

Corollary2.798;:-:-<�=
Let x ( t ) = t�� + � ��� 1 t���� 1+ ¬�¬�¬ + � 0 beanirreduciblepolynomialwithcoefficients

in � . Thenthecondition � 0 	�% implies �Ü°4	)% for 0 � À �Ç\W� 1.

Proof. Assumethat � 0 	�% andthat é is themaximalsuchthat � ( �9± ) = min0 + ° + ��� 1 � ( �Ü° ).
If �ç±�/	�% , thenput

x 1( t ) = � � 1± x ( t ) �y
0( t ) = t ± + � � 1± � ± � 1 t ± � 1 + ¬�¬�¬ + � � 1± � 0 �� 0( t ) = � � 1± t ��� ± + 1

We have x 1( t ) = y 0( t ) � 0( t ), and y 0( t ) � � 0( t ) are relatively prime. Therefore,by the
proposition x 1( t ) and x ( t ) arenot irreducible.

(2.2). ß and x . Let � be a field and , an extensionof � with a valuation - : ,}� Γ � .
Then - inducesthe valuation - 0 = -K� ¤ : �Î� Γ � on � . In this context ,µ/1� is saidto be
an extensionof valuationfields. The group - 0( ��� ) is a totally orderedsubgroupof - ( ,�� )
andthe index of - 0( � � ) in - ( , � ) is calledthe ramificationindex ß ( ,µ/0���.- ). The ring of
integers %0/ 0 is asubringof thering of integers %1/ andthemaximalideal * / 0 coincideswith* /32 % / 0 . Hence,the residuefield � / 0 canbeconsideredasa subfieldof the residuefield,0/ . Therefore,if � is anelementof %0/ 0 , thenits residuein thefield �4/ 0 canbe identified
with the imageof � asanelementof %1/ in thefield ,5/ . We shall denotethis imageof �
by � . The degreeof the extension ,5/�/ �6/ 0 is called the intertia degree x ( ,�/1���.- ). An
immediateconsequenceis thefollowing lemma.798;:-:-<�=

Let , bean extensionof � andlet - bea valuationon , . Let ,�¾�� ¾�� and
let - 0 betheinducedvaluationon � . Thenß ( ,µ/1���7- ) = ß ( ,�/ �~�7- ) ß ( ��/1���.- 0) �x ( ,µ/1���7- ) = x ( ,µ/ �~�7- ) x ( ��/1���7- 0) c
(2.3). Extension of Discrete Valuation. Assumethat ,µ/1� is a finite extensionand - 0 is
a discretevaluation. Let elements� 1 � c�c�c �â� à 	8, � for natural ß���ß ( ,µ/1���7- ) besuchthat- ( � 1) + - ( ��� ) � c�c�c �.- ( � à ) + - ( ��� ) aredistinct in - ( ,�� ) /9- ( ��� ). If ® à° =1 � ° �p° = 0 holds
with � °µ	�� , then,as - ( � ° �p° ) areall distinct,we get -�ã ® à° =1 � ° �Ü° ä = min1 + ° + à - ( � ° �p° ) and
so � ° = 0 for 1 � À �Èß . This shows that � 1 � c�c�c �â� à arelinearly independentover � and
hence ß ( ,µ/0���.- ) is finite. Let | beaprimeelementwith respectto - 0. Thenwe deducethat
thereareonly a finite numberof positive elementsin - ( ,�� ) which are �:- ( | ). Considerthe
smallestpositiveelementin - ( ,�� ). It generatesthegroup - ( ,¨� ), andweconcludethat - is
adiscretevaluation.Thus,wehaveprovedthefollowing result.798;:-:-<�=

Let ,µ/0� bea finite extensionand - 0 discretefor a valuation - on , . Then - is
discrete.
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(2.4). ß;� x for CompleteFields. Let � and , be fields with discretevaluations � and -
respectively and �h�;, . The valuation - is saidto be an extensionof the valuation � , if- 0 = �k� for a positive � . We shallwrite -K� � andusethenotations ß ( -K� � ) � x ( -K� � ) insteadofß ( ,�/1���7- ) � x ( ,�/1���7- ). If �]	�� then - ( � ) = ß ( -K� � ) � ( � ).798;:-:-<�=

Let , bea finiteextensionof � of degree \ ; thenß ( -�� � ) x ( -K� � ) �!\ c
Proof. Let ß = ß ( -K� � ) andlet x bea positive integersuchthat x � x ( -K� � ). Let Ë 1 � c�c�c � Ë=<beelementsof %1/ suchthattheir residuesin ,1/ arelinearly independentover � & . It suffices
to show that 
 Ë ° | ±/ � arelinearly independentover � for 1 � À � x � 0 �(é���ßU� 1. Assume
that Ä °´ù ± � °²± Ë ° | ±/ = 0

for � °þ±.	+� andnotall � °þ± = 0.
Multiplying thecoefficients � °þ± by a suitablepower of |L& , we mayassumethat � °þ±o	2%'&

andnot all � °²±)	�* & . Note that if ® ° ��°²± Ë °`	!* / , then ® ° � °²± Ë ° = 0 andso � °þ±)	�* & .
Therefore,thereexistsanindex é suchthat ® ° � °þ± Ë °U/	W* / . Let é 0 betheminimalsuchindex.
Then é 0 = - ( ® � °þ± Ë °´| ±/ ), which is impossible.We concludethatall � °²± = 0. Hence, ß x ��\and ß ( -K� � ) x ( -K� � ) �Ç\ .

>@? <L:-B;CE8N= Let ¡� be the completionof � with the discretevaluation ¡ � . Then ß ( ¡��� � ) =
1 � x ( ¡��� � ) = 1. Notethatif � is not complete,then � ¡� : �
�L$= ß ( ¡ ��� � ) x ( ¡ �L� � ). On thecontrary, in
thecaseof completediscretevaluationfieldswehave¥4l�GAB;GLF¦Q§ORQSGAT�=

Let , bean extensionof � andlet ���7, becompletewith respectto discrete
valuations �A�7- . Let -�� �L� x = x ( -K� � ) and ß = ß ( -K� � )  �� . Let |>/�	?, bea primeelement
with respectto - and Ë 1 � c�c�c � Ë=< elementsof % / such that their residuesform a basisof�4/ over � & . Then 
 Ë ° | ±/ � is a basisof the � -space , and of the % & -module %1/ , with
1 � À � x � 0 ��é
�Çß5� 1. If x  �� , then ,µ/0� is a finiteextensionof degree \ = ß x .

Proof. Let · beasetof representativesfor � . Thentheset

· � = @ <Ä ° =1

��° Ë ° : �;°�	W· andalmostall ��° = 0 A
is thesetof representativesfor , . For a primeelement | & with respectto � put | � = | [& | ±/ ,
where Y = ß1Z + éD� 0 �(éÌ �ß . UsingCorollary(1.8)we obtainthatanelement �!	B, canbe
expressedasaconvergentseries� =

Ä � × � | � with × � 	�· � c
Writing × � = <Ä ° =1

× � ù ° Ë ° with × � ù ° 	W·��



14 ��f¸>@? Om8DTAF¦QiGLTNF¨GLI É GL:-B;CE8POm8oqpQi8;CEVAF
weget � =

Ä °Åù ± ã Ä [ × à [ +±âù ° | [& ä Ë ° | ±/ c
Thus, � canbeexpressedas ®DC °Åù ± Ë °î| ±/ withC °Åù ± =

Ä [ × à [ +±"ù °î| [& 	W��� 1 � À � x � 0 �6é
�!ßU� 1 c
By theproofof thepreviouslemmathis expressionfor � is unique.Weconcludethat @ Ë ° | ±/ Aform abasisof , over � andof %1/ over % & .
(2.5). Uniquenessof Extensionof DiscreteValuation From a CompleteField. Furtherwe
shall assumethat � ( ��� ) = X for a discretevaluation � . Then ß ( -K� � ) = � X : - ( ��� ) � for an
extension - of � .EGFN8;GAlN8D:U=

Let � be a completefield with respectto a discretevaluation � and , a finite
extensionof � . Thenthere is preciselyoneextension - on , of the valuation � and - =
1x � ªIHKJ è ¤ with x = x ( -K� � ). Thefield , is completewith respectto - .

Proof. Let -U� = � ªLHMJ è ¤ . First we verify that -U� is a valuationon , . It is clear that-U� ( � ) = + � if andonly if � = 0 and -U� ( �p� ) = -U� ( � ) + -U� ( � ). Assumethat -U� ( � ) �!-U� ( � )
for �'����	3, � , then - � ( � + � ) = - � ( � ) + - � ã 1 +

�� ä
andit sufficesto show thatif -5� ( N ) � 0, then -U� (1 + N ) � 0. Letx ( t ) = t � + � �U� 1 t �5� 1 + ¬�¬�¬ + � 0

bethemonicirreduciblepolynomialof N over � . Thenweget ( � 1)�H� 0 = H ¤ ( O ) è ¤ ( N ) andif� = � , : � ( N ) � , then (( � 1)�H� 0) � = HMJ è ¤ ( N ). We deducethat � ( � 0) � 0, andmakinguseof
(2.1),weget � ( ��° ) � 0 for 0 � À �(Y � 1. Now

( � 1)� H ¤ ( O ) è ¤ (1 + N ) = x ( � 1) = ( � 1)� + � �5� 1( � 1)�5� 1 + ¬�¬�¬ + � 0 �
hence ��ã H ¤ ( O ) è ¤ (1 + N ) ä � 0 and �Kã HMJ è ¤ (1 + N ) ä � 0 �
i.e., -U� (1 + N ) � 0. Thus,wehaveshown that -U� is avaluationon , .

Let \ = � , : �
� ; then -U� ( � ) = \ç� ( � ) for �~	(��� . Hence,the valuation (1 /E\ ) -U� is an
extensionof � to , (notethat (1/1\ ) -U� ( ,�� ) $= X in general).Let ß = ß ( ,µ/1��� (1 /E\ ) -U� ); ß is
finite. Put - = ( ß1/1\ ) -5� : ,��Ç�Ðr , hence - ( ,�� ) = - ( | / ) X = X with a prime element | /
with respectto - . Therefore,- = ( ß1/1\ ) � ªIHKJ è ¤ is atonceadiscretevaluationon , andan
extensionof � .

Let N 1 � c�c�c �.N � bea basisof the � -vectorspace , . By inductionon � , 1 �£�W�£\ , we
shallshow that�Ä ° =1

� ( � )° N ° � 0 � Y ���QPSR�� ( � )° � 0 Y ��� for
À

= 1 � c�c�c �"�
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where � ( � )° 	�� .
The left arrow and the case � = 1 areclear. For the inductionstepwe canassumethat� ( � )° $� 0 for each

À
= 1 � c�c�c ��� . Thereforewe can assumethat � ( � ( � )° ) is boundedforÀ

= 1 � c�c�c ��� . Hence N 1 +
�Ä ° =2

Æ ( � )° N ° = ã � ( � )
1
ä � 1

�Ä ° =1

� ( � )° N ° � 0 �
where Æ ( � )° = ( � ( � )

1
ä � 1 � ( � )° . Then�Ä ° =2

( Æ ( � )° �]Æ ( � +1)° ) =

�Ä ° =2

Æ ( � )° N ° � �Ä ° =2

Æ ( � +1)° N ° � 0 �
and the inductionhypothesisshows that Æ ( � )° ��Æ ( � +1)° � 0 for

À
= 2 � c�c�c ��� . Thus, each

( Æ ( � )° ) � convergesto, say, Æk°µ	6� . Finally, thesequenceN 1 + ® �° =2 Æ ( � )° N�° convergesbothto
0 andto N 1 + ® �° =2 Æk°TNR° , so 0 = N 1 + ® �° =2 Æ °TNR° whichcontradictsthechoiceof N�° .

Similarly one shows that a sequence® �° =1 � ( � )° NR° is fundamentalif and only if � ( � )° is
fundamentalfor each

À
= 1 � c�c�c �"� .

Thus,thecompletenessof � impliesthecompletenessof its finite extension , with respect
to any extensionof � . Wealsohave theuniquenessof theextension.

É GAl�GLCEC�<LlEÊp=
Let , beafiniteGaloisextensionof � . Then - ªVU = - for thediscretevaluation- on , and U 	 Gal(,�/1� ). If | is a primeelementin , , then U | is a primeelementandU %1/ = %1/ , U * / = * / .798;:-:-<�=

Let ,�/1� bea finite extension.Let ��	2% / and let x ( t ) be themonicirreducible
polynomialof � over � . Then x ( t ) 	6%'& [ t ]. Conversely, let x ( t ) bea monicpolynomial
with coefficientsin %'& . If �]	W, is a root of x ( t ), then �]	�% / .
Proof. It is well known that � = � � ê is separableover � for some Y½� 0. Let � bea
finite Galoisextensionof � with �£	!� . Then,in fact, �£	�% andthe monic irreducible
polynomial y ( t ) of � over � canbewrittenasy ( t ) =

�ð ° =1

( t � U °î� ) � U °4	 Gal(��/1� ) � U 1 = 1 c
By the previous corollary we get U ° �}	�% . Hencewe obtain y ( t ) 	�% & [ t ] and x ( t ) =y ãît ��ê ä 	)% & [ t ]. If �]	3, is arootof thepolynomial x ( t ) = t � + � ��� 1 t ��� 1 + ¬�¬�¬ + � 0 	% & [ t ] and ��/	)%1/ , then1 = �H� ��� 1 ��� 1 ��¬�¬�¬î�`� 0 �-�L�W	Ì* / , contradiction.Thus, �2	)%1/ .
(2.6). Typesof Ramified Extensions. Fromnow on � is acompletediscretevaluationfield.

Let ,�/1� be an algebraicextension. If � J is the uniquediscretevaluationon , which
extendsthevaluation � = �0¤ on � , thenwe shallwrite ß ( ,¨� � ) � x ( ,5� � ) insteadof ß ( � J � �0¤ ),x ( � ¤ � � ¤ ). We shallwrite % or % ¤ �"* or * ¤ �¦3 or 3 ¤ �"| or | ¤ � � for thering of integers
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theresiduefield �.& , respectively.

A finite extension , of a completediscretevaluationfield � is called unramifiedif ,'/ �
is a separableextensionof thesamedegreeas ,µ/1� . A finite extension ,�/1� is called totally
ramifiedif x ( ,5� � ) = 1. A finiteextension ,µ/0� is called tamelyramifiedif ,'/ � is aseparable
extensionand �4X ß ( ,¨� � ) where � = char( � ) , 0. A finite extension ,�/1� is called totally
ramifiedif , = � . A finite extension ,µ/1� is calledwildly totally ramifiedif , = � andthe
degreeof ,µ/0� is apowerof � = char( � ).

(2.7). Unramified Extensions. If ,µ/1� is unramifiedthenwededuceFromLemma(2.4)thatß ( ,¨� � ) = 1, x ( ,5� � ) = � , : �
� .¥4l�GAB;GLF¦Q§ORQSGAT�=
(1) Let ,�/1� beanunramifiedextension,and , = � ( Ë ) for some Ë 	 , . Let �]	�% J besuch

that � = Ë . Then , = � ( � ), and , is separableover � , % J = % ¤ [ � ]; Ë is a simple
root of the polynomial x ( t ) irreducibleover � , where x ( t ) is the monic irreducible
polynomialof � over � .

(2) Let x ( t ) be a monic polynomialover % ¤ , such that its residueis a monic separable
polynomialover � . Let � be a root of x ( t ) in � alg, and let , = � ( � ). Then the
extension ,µ/0� is unramifiedand , = � ( Ë ) for Ë = � .

Proof. (1) By the precedinglemma x ( t ) 	~% ¤ [ t ]. We have x ( � ) = 0 and x ( � ) = 0,
deg x ( t ) = deg x ( t ). Furthermore,� , : �
����� � ( � ) : �
� = deg x ( t ) = deg x ( t ) ��� � ( Ë ) : �
� = � , : �
� c
It followsthat , = � ( � ) and Ë is asimplerootof theirreduciblepolynomial x ( t ). Therefore,x � ( Ë ) $= 0 and x � ( � ) $= 0, i.e., � is separableover � . Thus, % J = %'¤ [ � ].

(2) Sincetheresidueof x is separable,it is separabletoo. Let x ( t ) = ñ �° =1 x ° ( t ) bethe
decompositionof x ( t ) into irreduciblemonicfactorsin � [ t ]. Theneveryrootof x ( t ) is in
thering of integersof any finite Galoisextensionof � whichcontainsall of them;andthereforex ° ( t ) 	�% ¤ [ t ]. Supposethat � isarootof x 1( t ). Then y 1( t ) = x 1( t ) isamonicseparable
polynomialover � . TheHenselianpropertyof � implies that y 1( t ) is irreducibleover � .
Weget �2	)% J . Since Ë = �]	 , , weobtain ,!¾ � ( Ë ) and

deg x 1( t ) = � , : �
�R�£� , : �³�R�£� � ( Ë ) : �
� = deg y 1( t ) = deg x 1( t ) c
Thus, , = � ( Ë ), and ,µ/0� is unramified.

É GAl�GLCEC�<LlEÊp=
(1) If ,µ/1���¦��/9, areunramified,then ��/0� is unramified.
(2) If ,�/1� is unramified, � is analgebraic extensionof � and � is thediscretevaluation

fieldwith respectto theextensionof thevaluationof � , then �Y,�/ � is unramified.
(3) If , 1 /1����, 2 /0� areunramified,then , 1 , 2 /1� is unramified.

Proof. (1) follows from the multiplicativity of the ramification index. To verify (2) let, = � ( � ) with �Ç	�% J , x ( t ) 	�% ¤ [ t ] asin thefirst partof theproposition.Then �~/	+* J
because, = � ( � ). Observingthat �Y, = � ( � ), wedenotetheirreduciblemonicpolynomial
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of � over � by x 1( t ). By theHenselianpropertyof � weobtainthat x 1( t ) is apowerof
anirreduciblepolynomialover � .However, x 1( t ) divides x ( t ), hence x 1( t ) is irreducible
separableover � . Applying thesecondpartof theproposition,we concludethat �Y,µ/ � is
unramified.

(3) follows from (1) and(2).

An algebraicextension , of � is calledunramifiedif ,µ/0��� ,'/ � areseparableextensions
and ß ( -K� � ) = 1, where � is thediscretevaluationon � , and - is theuniqueextensionof �
on , .

The third assertionof the Corollary shows that the compositumof all finite unramified
extensionsof � in a fixed algebraicclosure � alg of � is unramified. This extensionis not
a completefield in general,but a Henseliandiscretevaluationfield. It is calledthe maximal
unramifiedextension � ur of � . Its maximality implies U � ur = � ur for any automorphismof
theseparableclosure � sep over � . Thus, � ur /1� is Galois.¥4l�GAB;GLF¦Q§ORQSGAT�=
(1) Let ,µ/0� be an unramifiedextensionand let ,'/ � be a Galois extension.Then ,µ/0� is

Galois.
(2) Let ,�/1� bean unramifiedGaloisextension.Then ,�/ � is Galois.For an automorphismU 	 Gal(,�/1� ) let U betheautomorphismin Gal( ,µ/ � ) satisfyingtherelation ¯U ¯� = U �

for every �©	£% J . Thenthe map U � U inducesan isomorphismof Gal(,�/1� ) onto
Gal( ,�/ � ).

Proof. (1) It sufficesto verify the first assertionfor a finite unramifiedextension ,µ/1� . Let, = � ( Ë ) andlet y ( t ) betheirreduciblemonicpolynomialof Ë over � . Theny ( t ) =
�ð ° =1

( t � Ë ° ) �
with Ë ° 	 ,H� Ë 1 = Ë . Let x ( t ) bea monicpolynomialover %'¤ of thesamedegreeas y ( t )
and x ( t ) = y ( t ). TheHenselianpropertyimplies

x ( t ) =
�ð ° =1

( t ��� ° ) �
with � ° 	�% J � � ° = Ë ° . Thefirst propositionaboveshows that , = � ( � 1), andwededucethat,µ/0� is Galois.

(2) Note that the automorphismU is well defined. Indeed,if ��	�% J with � = � , thenU ( ���6� ) 	+* J and U � = U � . It sufficesto verify thesecondassertionfor a finite unramified
Galoisextension ,�/1� . Let �-� Ë � x ( t ) beasin thefirst partof thefirst proposition.Sinceall
rootsof x ( t ) belongto , , weobtainthatall rootsof x ( t ) belongto , and ,µ/ � isGalois.The
homomorphismGal(,µ/1� ) � Gal(,'/ � ) definedby U � U is surjectivebecausetheconditionU Ë = Ë ° implies U � = �Ü° for theroot �p° of x ( t ) with �Ü° = Ë ° . SinceGal(,µ/0� ) � Gal(,µ/ � )
areof thesameorder, weconcludethat Gal(,µ/1� ) is isomorphicto Gal(,'/ � ).É GAl�GLCEC�<LlEÊp=

Theresiduefield of � ur coincideswith the separable closure � sep
of � and

Gal(� ur /1� ) Ñ Gal(� sep/ � ).
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Proof. Let Ë 	 � sep

, let y ( t ) bethemonicirreduciblepolynomialof Ë over � , and x ( t ) as
in thesecondpartof thefirst proposition.Let 
E� ° � beall therootsof x ( t ) and , = � ( 
�� ° � ).
Then ,!�!� ur and Ë = �Ü°4	 � ur for asuitable

À
. Hence, � ur = � sep

.

(2.8). Maximal Unramified Field. Let , be an algebraicextensionof � , andlet , be a
discretevaluationfield with perfectresiduefield. Wewill assumethat � alg = , alg.¥4l�GAB;GLF¦Q§ORQSGAT�=

Let , bean algebraic extensionof � andlet , bea discretevaluationfield.
Then , ur = ,-� ur, , 0 = , 2 � ur is the maximalunramifiedsubextensionof � which is
containedin , , and ,�/9, 0 is totally ramified.

Proof. Wehave , ur ¾:,-� ur. Sincetheresiduefield of ,-� ur coincideswith theresiduefield
of � ur, we deduce , ur = ,-� ur. An unramifiedsubextensionof � in , is containedin , 0,
and , 0 /0� is unramified.¥4l�GAB;GLF¦Q§ORQSGAT�=

Let , beafiniteGaloisextensionof � andlet , 0 /0� bethemaximalunramified
subextensionin ,�/1� . Then , 0 /1� and , 0 / � are Galois,andthemap U � U definedin the
secondpropositionof (2.7) inducesthesurjectivehomomorphism

Gal(,µ/1� ) � Gal(, 0 /0� ) � Gal(, 0 / � ) = Gal(,'/ � ) c
Theextension , ur /0� is Galoisand Gal(, ur /9, 0) Ñ Gal(, ur /=, ) Ò Gal(, ur /1� ur),
Gal(, ur /1� ur) Ñ Gal(,µ/9, 0), Gal(, ur /9, ) Ñ Gal(� ur /9, 0).

Proof. Let U 	 Gal(,µ/1� ). Then U , 0 is unramifiedover � , hence , 0 = U , 0 and , 0 /0�
is Galois. The surjectivity of the homomorphismGal(,µ/0� ) � Gal(, 0 / � ) follows from the
secondpropositionof (2.7). Since ,µ/0� and � ur /1� are Galois extensions,we obtain that,-� ur /1� is a Galoisextension.Then , ur = ,'� ur by thepreviousproposition.Theremaining
assertionsareeasilydeducedby Galoistheory.

(2.9). TamelyRamified Extensions.¥4l�GAB;GLF¦Q§ORQSGAT�=
(1) Let , bea finitetamelyramifiedextensionof � , andlet , 0 /1� bethemaximalunramified

subextensionin ,µ/1� . Then , = , 0( | ) and % J = % J 0[ | ] with a primeelement | in ,
satisfyingtheequation t�à���| 0 = 0 for someprimeelement| 0 in , 0, where ß = ß ( ,5� � ).

(2) Let , 0 /0� be a finite unramifiedextension, , = , 0( � ) with �@à = �£	Z, 0. Let �6X ß if� = char( � ) , 0. Then ,µ/1� is separabletamelyramified.

Proof. (1) (2.8)showsthat ,µ/=, 0 is totally ramified.Let | 1 beaprimeelementin , 0, then| 1 = |�àJ � for aprimeelement| J in , and ��	�3 J . Since , = , 0, thereexists ×W	�% J 0 such
that × = � . Hence | 1 ×L� 1 = |�àJ C for theprincipalunit C = �1×L� 1 	(% J . For thepolynomialx ( t ) = t�à4� C wehave x (1) 	W* J , x � (1) = ß . Now Corollary2 of (2.1)showstheexistence
of anelement [W	�% J with [ à = C , [ = 1. Therefore,| = | 1 × � 1, | 0 = | J [ aretheelements
desiredfor thefirst partof theProposition.

(2) Let � = | ó1 � for a prime element | 1 in , 0 anda unit ��	�3 J 0 . The polynomialy ( t ) = t�àD� � isseparablein , 0[ t ] andwecanapplytheHenselianpropertyto x ( t ) = t�àD�¨�
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anda root ×�	2� sep of x ( t ). We deducethat , 0( × ) /=, 0 is unramifiedandhenceit suffices
to verify that ��/ � 0 for � = , ( × ) �â� 0 = , 0( × ), is tamelyramified. We get � = � 0( � 1)
with � 1 = �p×L� 1, �@à1 = | ó1 . Put � = g.c.d.( ß;�"� ). Then ���È� 0( � 2 �¦á ) with � à�è�\2 = | ó è�\1
anda primitive ß th root á of unity. Sincethe extension � 0 ( á ) / � 0 is unramified(this can
beverifiedby thesameargumentsasabove), | 1 is a primeelementin � 0 ( á ). Let � be the
discretevaluationon � 0 ( � 2 �âá ). Then ( �R/=� ) � ( | 1) 	 ( ß0/9� ) X and � ( | 1) 	 ( ß0/9� ) X , because�m/9� and ß0/9� arerelatively prime. This shows that ß ã � 0( � 2 �¦á ) �A� 0( á ) ä ��ß1/=� . However,� � 0( áR�"� 2) : � 0( á ) �U� ß0/=� , and we concludethat � 0( ám�"� 2) /�� 0( á ) is tamely and totally
ramified.Thus, � 0 ( ám�"� 2) /�� 0 and ��/�� 0 aretamelyramifiedextensions.É GAl�GLCEC�<LlEÊp=
(1) If ,µ/1���¦��/9, are tamelyramified,then ��/0� is separabletamelyramified.
(2) If ,�/1� is tamelyramified, ��/0� is an algebraic extension,and � is discrete, then�Y,µ/�� is tamelyramified.
(3) If , 1 /1����, 2 /0� are tamelyramified,then , 1 , 2 /0� is tamelyramified.

Proof. It is carriedout similarly to (2.8). To verify (2) onecanfind themaximalunramified
subextension , 0 /1� in ,µ/0� . Thenit remainsto show that �Y,�/ �Y, 0 is tamelyramified.Put, = , 0( | ) with |�à = | 0. Thenweget �Y, = �Y, 0( | ), andthesecondpartof theproposition
yieldstherequiredassertion.

(2.10).Totally Ramified Extensions. A polynomialx ( t ) = t � + � ��� 1 t �R� 1 + ¬�¬�¬ + � 0 over %
is calledan Eisensteinpolynomialif� 0 � c�c�c �"� ��� 1 	Ì*��õ� 0 /	W* 2 c¥4l�GAB;GLF¦Q§ORQSGAT�=
(1) The Eisensteinpolynomial x ( t ) is irreducibleover � . If � is a root of x ( t ), then� ( � ) /1� is a totally ramifiedextensionof degree \ , � is a primeelementin � ( � ), % ¤ ( � )

= % ¤ [ � ].
(2) Let ,µ/1� be a separable totally ramifiedextensionof degree \ , and let | be a prime

elementin , . Then | is a root of an Eisensteinpolynomialover � of degree \ .

Proof. (1) Let � bea rootof x ( t ), , = � ( � ), ß = ß ( ,5� � ). Then

\ç� J ( � ) = � J ã ��� 1Ä ° =0

��° � ° ä � min
0 + ° + �R� 1

( ß�� ¤ ( ��° ) +
À � J ( � )) �

where � ¤ and � J arethediscretevaluationson � and , . It follows that � J ( � ) , 0. Sinceß�� ¤ ( � 0)  ~ß�� ¤ ( ��° ) +
À � J ( � ) for

À , 0, onehas \ç� J ( � ) = ß�� ¤ ( � 0) = ß .Then � J ( � ) = 1 �"\ =ß;� x = 1, and % J = % ¤ [ � ].
(2) Let | beaprimeelementin , . Then , = � ( | ). Letx ( t ) = t � + � �R� 1 t �R� 1 + ¬�¬�¬ + � 0

betheirreduciblepolynomialof | over � . Then \ = ß and \ç� J ( | ) = min0 + ° + ��� 1 ã \ç�0¤ ( � ° ) +À ä , hence � ¤ ( ��° ) , 0, and \ = \ç� ¤ ( � 0), � ¤ ( � 0) = 1.



20 ��f¸>@? Om8DTAF¦QiGLTNF¨GLI É GL:-B;CE8POm8oqpQi8;CEVAF
(2.11).Ramification Groups. Let , beafinite Galoisextensionof � , " = Gal(,µ/0� ). Put" ° = @ U 	 " : U �)���]	+* ° +1J for all �(	�% J A � À ��� 1 c
Then " � 1 = " by Lemma(2.11)and " ° +1 is asubsetof " ° .

Let � J bethediscretevaluationof , . For a realnumber ] define"4^ = @ U 	 " : � J ( U ���6� ) �_] + 1 for all �]	�% J A c
Certainlyeachof " ^ is equalto " ° with theleastinteger

À �Z] .798;:-:-<�= " ° arenormalsubgroupsof " .

Proof. Let U 	 " °"�"�2	)% J . Then U �.�o�]	W* ° +1J . Hence �`� U � 1( � ) 	 U � 1( * ° +1J ) = * ° +1J
by Lemma(2.11),i.e., U � 1 	 " ° . Let U �.`+	 " ° . ThenU ` ( � ) �6� = U ( ` ( � ) �6� ) + U ( � ) ���]	+* ° +1J �
i.e., U `©	 " ° . Furthermore,let U 	 " °��.`©	 " . Then ` ( � ) 	Ï% J for �¸	Ï% J andU ( `m� ) �?`m�(	Ì* ° +1J , `�� 1 U ` ( � ) ���]	W* ° +1J , `�� 1 U `+	 " ° .

Thegroups " ^ arecalled (lower) ramificationgroupsof " = Gal(,µ/1� ).¥4l�GAB;GLF¦Q§ORQSGAT�=
Let , bea finiteGaloisextensionof � , andlet , bea separableextensionof� . Then " 0 = Gal( ,�/9, 0) andthe

À
th ramificationgroupsof " 0 and " coincidefor

À � 0.
Moreover, " ° = _ U 	 " 0 : U |W�6|6	W* ° +1J b
for a primeelement| in , , and " ° = 
 1 � for sufficientlylarge

À
.

Proof. Note that U 	 " 0 if andonly if U 	 Gal(,µ/ � ) is trivial. Then " 0 coincideswith
thekernelof thehomomorphismGal(,µ/0� ) � Gal(,'/ � ). Thefirst propositionof (2.11)and
the secondpropositionof (2.7) imply that this kernel is equalto Gal(,µ/9, 0). Since " ° is a
subgroupof " 0 for

À � 0, wededucetheassertionaboutthe
À
th ramificationgroupof " 0. We

get % J = % J 0[ | ]. Let � = ® �° =0 ��°´| ° beanexpansionof ��	]% J with coefficientsin % J 0 .
As U � ° = � ° for U 	 " 0 it followsthatU ���6� =

�Ä ° =0

� ° ã U ( | ° ) �6| ° ä c
Now wededucethedescriptionof " ° , since U ( | ° ) �¨| ° 	 " ° . If

À � max
�� J ( U |'�¨| ) : U 	 " � ,
then " ° = 
 1 � .

Thegroup " 0 is calledthe inertiagroupof " , andthefield , 0 is calledthe inertiasubfield
of ,µ/1� .¥4l�GAB;GLF¦Q§ORQSGAT�=

Let , bea finiteGaloisextensionof � , , a separableextensionof � , and |
a primeelementin , . Introducethemaps�

0: " 0 �A� , � � � ° : " ° �L� , (
À , 0)

by the formulas
� ° ( U ) =

Ó ° ( U |p/E| ). Then
� ° is a homomorphismwith the kernel " ° +1 forÀ � 0.
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Proof. Theproof follows from thecongruenceU ` ( | )| = U3a `R||Zb ¬ U || Í `R|| ¬ U || mod 3 ° +1

for U �7`Î	 " ° . The kernel of
� ° consistsof thoseautomorphismsU 	 " ° , for whichU |p/E|�	 1 + * ° +1J , i.e., U |+�6|�	+* ° +2J .É GAl�GLCEC�<LlEÊ e = Let , bea finite Galoisextensionof � , and , a separableextensionof � .

If char( � ) = 0, then " 1 = 
 1 � and " 0 is cyclic. If char( � ) = � , 0, thenthegroup " 0 / " 1
is cyclicof orderrelativelyprimeto � , " °Þ/ " ° +1 areabelian � -groups,and " 1 is themaximal� -subgroupof " 0.

Proof. The previouspropositionpermitsus to transformtheassertionsof this corollary into
the following: a finite subgroupin , � is cyclic (of order relatively prime to char( , ) when
char( , ) $= 0); therearenonontrivial finite subgroupsin theadditivegroupof , if char(, ) = 0;
if char(, ) = � , 0 thenafinite subgroupin , is a � -group.É GAl�GLCEC�<LlEÊ � = Let , bea finite Galoisextensionof � and , a separableextensionof � .
Thenthe group " 1 coincideswith Gal(,µ/=, 1), where , 1 /0� is the maximaltamelyramified
subextensionin ,µ/1� .

Proof. The extension , 1 /9, 0 is totally ramifiedby the first propositionof (2.11)andis the
maximal subextensionin ,µ/=, 0 of degreerelatively prime with char( � ). Now Corollary 1
implies " 1 = Gal(,�/9, 1).É GAl�GLCEC�<LlEÊ8)R=

Let , bea finite Galoisextensionof � and , a separableextensionof � .
Then " 0 is asolvablegroup.If, in addition, ,�/ � isasolvableextension,then ,µ/1� issolvable.

Proof. It follows from Corollary1.

(2.12). The Norm Map for Cyclic Extensions. Let � be a local field and , its Galois
extensionof primedegree \ . Thentherearefour possiblecases:,�/1� is unramified;,�/1� is tamelyandtotally ramified;,�/1� is totally ramifiedof degree � = char( � ) , 0;798;:-:-<�=

Let ,�/1� bea separableextensionof primedegree \ , N�	W* J . ThenHMJ è ¤ (1 + N ) = 1 + HKJ è ¤ ( N ) + Tr J è ¤ ( N ) + Tr J è ¤ ( & )
with some &�	]% J such that � J ( & ) � 2� J ( N ) ( HMJ è ¤ and Tr J è ¤ are thenormandthetrace
maps,respectively).

Proof. Recallthat for distinctembeddingsU ° of , over � into thealgebraicclosureof � ,
1 � À �Ç\ , onehasHMJ è ¤ � =

�ð ° =1
U ° ( � ) � Tr J è ¤ � =

�Ä ° =1
U ° ( � ) � �2	W, c
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HenceHMJ è ¤ (1 + N ) =

�ð ° =1

(1 + U ° ( N )) = 1 +
�Ä ° =1
U ° ( N ) + c �Ä ° =1

U °ed c Ä
1 + ± + � N U ± ( N ) + ¬�¬�¬ d +

�ð ° =1
U ° ( N ) c

For & = ® 1 + ± + � N U ± ( N ) + ¬�¬�¬ weget � J ( & ) � 2� J ( N ).
Our nearestpurposeis to describethe actionof the norm map HMJ è ¤ with respectto the

filtration on ,¨� and ��� .¥4l�GAB;GLF¦Q§ORQSGAT�=
Let ,�/1� be an unramifiedextensionof degree \ . Thena primeelement | ¤

in � is a primeelementin , . Let 3�°Åù J = 1 + | °¤ % J , 34°´ù ¤ = 1 + | °¤ % ¤ . Thenthe following
diagramsarecommutative:,¨� &�f���m�m�k�aXg f=h
i ÛÛj ÛÛj �R���� & i���m�m�k�aX

3 J k 0 l f���m�m�k� , �g f=h
i ÛÛj ÛÛj g f9h i3 ¤ k 0 l i���m�m�k� � �
3 °´ù J k ü l f���m�m�k� ,g f=h
i ÛÛj ÛÛj Tr f=h i3 °Åù ¤ k ü l i���m�m�k� �

Proof. Thecommutativity of thefirst two diagramsis easy. TheprecedingLemmashowsthatHMJ è ¤ (1 + Ë | °¤ ) = 1 + (Tr J è ¤ Ë ) | °¤ + ( HMJ è ¤ Ë ) | � °¤ + Tr J è ¤ ( & )
with � J ( & ) � 2

À
and,consequently, �0¤ Tr J è ¤ ( & ) � 2

À
. Thus,wegetHMJ è ¤ (1 + Ë | °¤ ) Í 1 + (Tr J è ¤ Ë ) | °¤ mod | ° +1¤

andthecommutativity of thethird diagram.É GAl�GLCEC�<LlEÊp=
In thecaseunderconsideration HMJ è ¤ 3 1 ù J = 3 1 ù ¤ .¥4l�GAB;GLF¦Q§ORQSGAT�=

Let ,µ/0� bea totally and tamelyramifiedcyclic extensionof degree \ . Then
for someprime element | J in , , the element |L¤ = |9�J is prime in � and � = , . Let3 °´ù J = 1 + | °J % J , 3 °´ù ¤ = 1 + | °¤ %'¤ . Thenthefollowingdiagrams,�� & f���m�A�â� Xg f=hmi ÛÛj ÛÛj id��� &�i���m�A�â� X

3 J k 0 l f���m�m�â� , �g f=h
i ÛÛj ÛÛj Ú Û �3 ¤ k 0 l i���m�m�â� � �
3 � °´ù J k ò ü l f���m�m�¦� , = �g f=h
i ÛÛj ÛÛj � �3�°Åù ¤ k ü l i���m�m�¦� �

are commutative, where id is the identitymap,

Ú Û \ takesan elementto its \ th power, Ò \ is
themultiplicationby \�	 � ,

À � 1. Moreover, HKJ è ¤ 3 °Åù J = HMJ è ¤ 3 ° +1 ù J if \ X À .
Proof. Since | �J = | ¤ and ,µ/0� is Galois, then Gal(,µ/0� ) is cyclic of order \ andU ( | J ) = á0| J for ageneratorU of Gal(,µ/0� ), where á is aprimitive \ th rootof unity, áo	+� .

It is easyto seethatthefirst diagramis commutative.
Corollary in (2.5) shows that U ( � ) = � for U 	 Gal(,µ/0� ), � 	�% J , and we get the

commutativity of theseconddiagram.
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If é = \ À , then 1 + Ë | ±J 	+� for Ë 	�%'¤ , andHMJ è ¤ (1 + Ë | ±J ) = (1 + Ë | °¤ ) � Í 1 + \ Ë | °¤ mod | ° +1¤ c
Wededuce3 °´ù ¤ = 3.�°Åù ¤ = HMJ è ¤ 3 � °´ù J

Finally, t � � 1 = ñ ��� 1± =0 ( t ��á ± ), thereforefor \ X À andfor Ë 	)% ¤ onehasHMJ è ¤ (1 + Ë | °J ) =
��� 1ð± =0

(1 + á ± Ë | °J ) = 1 � ( � Ë ) � | °¤ c
Thus HMJ è ¤ 3�°Åù J = HMJ è ¤ 3 ° +1 ù J .
É GAl�GLCEC�<LlEÊp=

In thecaseunderconsideration HMJ è ¤ 3 1 ù J = 3 1 ù ¤ . If � is algebraically closed
then HKJ è ¤ ,¨� = ��� .

Now we treatthemostcomplicatedcasewhere ,�/1� is a totally ramifiedGaloisextension
of degree � = char( � ) , 0. In this case % J = % ¤ [ | J ], , = � ( | J ) for a primeelement | J
in , , and , = � . Let U bea generatorof Gal(,�/1� ), then U ( | J ) /1| J 	�3 J . OnecanwriteU ( | J ) /E| J = Ë � with Ë 	�3�¤�����	 1 + * J . ThenU 2( | J ) /1| J = U ( Ë � ) ¬ Ë � = Ë 2 �5¬ U ( � ) �
and

1 = U � ( | J ) /E| J = Ë � �5¬ U ( � ) ¬�¬�¬�¬4¬ U � � 1( � ) c
Thisshowsthat Ë � 	 1+ * J and Ë 	 1+ * ¤ , becauseraisingto the � th poweris aninjective
homomorphismof � . Thus,weobtain U ( | J ) /1| J 	 1 + * J . PutU ( | J )| J = 1 + ×;| �J with ×�	)3 J �n� = � ( ,5� � ) � 1 c ( o )
Notethat � doesnot dependon thechoiceof theprimeelement | J andof thegeneratorU of" = Gal(,�/1� ). Indeed,wehaveU ° ( | J )| J Í 1 +

À ×�| �J mod | � +1J and U ( C )C Í 1 mod | � +1J
for anelement C 	)3 J . WealsodeducethatU ( � )� 	)3 � ù J
for everyelement �]	3,¨� . Thismeansthat " = " � , " � +1 = 
 1 � .798;:-:-<�=

Let x ( t ) = t � + � � � 1 t � � 1 + ¬�¬�¬ + � 0 betheirreduciblepolynomialof | J over � .
Then

Tr J è ¤qp | ±Jx � ( | J ) r = w 0 if 0 �]é³� � � 2 �
1 if é = � � 1 c
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Proof. Since U ° ( | J ) for 0 � À � � � 1 areall therootsof thepolynomial x ( t ), weget

1x ( t )
=

� � 1Ä ° =0

1x � ã U ° ( | J ) ä ã t � U ° ( | J ) ä c
Putting s = t]� 1 andperformingthecalculationsin thefield � (( s )), weconsequentlydeduce

x ( t ) = s � � (1 + � � � 1 s + ¬�¬�¬ + � 0 s � ) �
1x ( t )

=
s �

1 + � � � 1 s + ¬�¬�¬ + � 0 s � Í!s � mod s � +1 �
1t � U ° ( | J ) =

s
1 � U ° ( | J ) s =

Ä± � 0
U ° ( | ±J ) s ± +1

(because1/ (1 ��s ) = ® ° � 0 s ° in � (( s )) ). HenceÄ± � 0

� � 1Ä ° =0

U ° ( | ±J ) s ± +1x � ã U ° ( | J ) ä Íqs � mod s � +1 �
or

Tr J è ¤qp | ±Jx � ( | J ) r =

� � 1Ä ° =0

U ° ( | ±J )x � ã U ° ( | J ) ä = w 0 if 0 �6é
� � � 2 �
1 if é = � � 1 �

asdesired.

¥4l�GAB;GLF¦Q§ORQSGAT�=
Let [ � ] denotethe maximalinteger � � . For an integer

À � 0 put é ( À ) =� + 1 + t ( À � 1 �u� ) / �wv . Then

Tr J è ¤ ( | °J % J ) = | ± ( ° )¤ % ¤ c
Proof. Onehas x � ( | J ) = ñ � � 1° =1 ã | J � U ° ( | J ) ä and U ° ( | J ) /E| J Í 1 +

À ×�| �J mod | � +1J .
Then x � ( | J ) = (� � 1)!( �#× ) � � 1 | ( � � 1)( � +1)J �
with some �)	 1 + * (� � 1)(� +1)+1J . Since � = , , for a prime element |L¤ in � onehasthe
representation|L¤ = | �J �1� with �0�ç	)3 J . Thepreviouslemmaimplies

Tr J è ¤ a | ± + � +1J � ± + � +1 b = w 0 if 0 ��é
 � � 1 �| � +1¤ if é = � � 1

for � ± + � +1 = ( �0� ) � +1 /çã (� � 1)!( �#× ) � � 1� ä . Since Tr J è ¤ ( | °¤ � ) = | °¤ Tr J è ¤ ( � ) we canchoose

the units � ± + � +1, for every integer é , suchthat Tr J è ¤ ( | ± + � +1J � ± + � +1) = 0 if �xX (é + 1) and

= | � +(± +1)è �¤ if � � (é + 1). Thus,sincethe % ¤ -module | °J % J is generatedby | ±J ��± , é
� À , we
concludethat Tr J è ¤ ( | °J % J ) = | ± ( ° )¤ % ¤ .
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Let ,µ/0� be a totally ramifiedGalois extensionof degree � = char( � ) , 0.

Let | J bea primeelementin , . Then |L¤ = HMJ è ¤ | J is a primeelementin � . Let 3 °Åù J =
1 + | °J % J �k34°´ù ¤ = 1 + | °¤ % ¤ . Thenthefollowingdiagramsarecommutative:, � &�f���N�m�¦� Xg f=h
i ÛÛj ÛÛj id��� & i���N�m�¦� X

3 J k 0 l f���m�A�â� , �g f=hmi ÛÛj ÛÛj�y �3�¤ k 0 l i���m�A�â� � �
3�°Åù J k ü l f���N�m�¦� , = �g f=h
i ÛÛj ÛÛj�y �34°´ù ¤ k ü l i���N�m�¦� �

3 � ù J k � l f���m�A�â� , = �g f=h
i ÛÛj ÛÛj z7{ô z ^ � | ^ å 1 z3 � ù ¤ k � l i���m�A�â� �
3 � +��°´ù J k � +̂ ü l f�m�N�m�;� , = �g f=h
i ÛÛj ÛÛj � ( � | ^ å 1)3 � + °´ù ¤ k � + ü l i���N�m�¦� �

where 1 � À  :� in thethird diagramand
À , 0 is thelastdiagram.

Moreover, HMJ è ¤ ( 3 � + °´ù J ) = HMJ è ¤ ( 3 � + ° +1 ù J ) for
À , 0 � �}X À .

Proof. Thecommutativity of thefirst andtheseconddiagramsis easy.
To treattheremainingdiagrams,put � = 1 + Ë | °J with Ë 	�3 J . Then,by thefirst lemma,

weget HMJ è ¤ � = 1 + HMJ è ¤ ( Ë ) | °¤ + Tr J è ¤ ( Ë | °J ) + Tr J è ¤ ( Ë & )
with � J ( & ) � 2

À
. Thepreviouspropositionimpliesthat�0¤6ã Tr J è ¤ ( | °J ) ä �:� + 1 + ~ À � 1 ���� � �m�0¤�ã Tr J è ¤ ( & ) ä �:� + 1 + ~ 2À � 1 ���� �

andfor
À  Z� � ¤ ã Tr J è ¤ ( | °J ) ä � À + 1 � � ¤ ã Tr J è ¤ ( & ) ä � À + 1 c

Therefore,thethird diagramis commutative.
Further, using ( o ), write

1 = HMJ è ¤ c U ( | J )| J d Í 1 + HMJ è ¤ ( × ) | �¤ + Tr J è ¤ ( ×�| �J ) mod | � +1¤ c
Wededucethat

Tr J è ¤ ( ×�| �J ) Í£� HKJ è ¤ ( × ) | �¤ mod | � +1¤ c
Since HMJ è ¤ ( × ) Í�× � mod | J in view of 3 J ��3 ¤ 3 1 ù J , weconcludethatHMJ è ¤ (1 + Ë ×�| �J ) � 1 �6× � | �¤ ( Ë � � Ë ) 	Ì| � � +1J Ë % J
for Ë 	�%'¤ . This impliesthecommutativity of thefourth(putting Ë 	)%'¤ ) andthefifth (whenË 	W| °¤ %'¤ ) diagrams.

Finally, if �nX À � Ë 	)%'¤ , thenU (1 + Ë | °J )1 + Ë | °J Í 1 +
À Ë ×�| ° + �J mod | ° + � +1J c
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Thismeansthat HKJ è ¤ (1 +
À Ë ×�| ° + �J ) 	 HMJ è ¤ 3 � + ° +1 ù J andHMJ è ¤ ( 3 � + °´ù J ) = HMJ è ¤ ( 3 � + ° +1 ù J ).�#8;:�<Alw��=

Comparethebehaviour of thenormmapwith thebehaviour of raisingto the � th
power in Proposition(1.10).É GAl�GLCEC�<LlEÊp= 3 � +1 ù ¤ = HKJ è ¤ 3 � +1 ù J .

If � is algebraically closedthen HKJ è ¤ ,�� = ��� .

Proof. It followsimmediatelyfrom thelastdiagramof theproposition,sincethemultiplication
by ( � × ) � � 1 is anisomorphismof theadditivegroup � .

3: Local ClassField Theory

Thissectionfocusesoncompletediscretevaluationfieldswith finite residuefield.

3.1. UsefulResultson Local Fieldswith Finite ResidueField

(3.1.1).Structures. Let � bea localfield with finite residuefield � = ¶ ' , % = � < elements.
Sincechar( ¶ ' ) = � , � is of characteristic0 or of characteristic� .

In thefirst case � (� ) , 0 for thediscretevaluation � in � , hencetherestrictionof � on r
is equivalentto the � -adicvaluation(by Ostrowski’sTheorem).Thenwecanview thefield r-�
of � -adicnumbersasa subfieldof � . Let ß = � (� ) = ß ( � ) betheabsoluteramificationindex
of � . Then � is a finite extensionof r � of degree \ = ß x . Sucha field wascalleda local
numberfield.

In the secondcase � is isomorphic(with respectto the field structureand the discrete
valuationtopology)to thefield of formal power series ¶>' (( t )) with primeelement t , since
themultiplicative representativesof the residuefield form a finite subfieldof � . Sucha field
wascalleda local functionalfield.798;:-:-<�= � is a locally compacttopological spacewith respectto the discrete valuation
topology. Thering of integers % and the maximalideal * are compact.Themultiplicative
group ��� is locally compact,andthegroupof units 3 is compact.

Proof. Assumethat % is not compact.Let ( �A° ) °´Á�� bea coveringby opensubsetsin % , i.e.,% = ���A° , suchthat % isn’t coveredby a finite unionof �A° . Let | bea primeelementof % .
Since %�/1|p% is finite, thereexistsanelementË 0 	)% suchthattheset Ë 0 + |p% is notcontained
in theunionof afinite numberof �A° . Similarly, thereexist elementsË 1 � c�c�c � Ë � 	�% suchthatË 0 + Ë 1 | + ¬�¬�¬ + Ë � |9� + |9� +1 % is notcontainedin theunionof afinite numberof �A° . However,
the element � = lim �Pô + {�® �� =0 Ë � |9� belongsto some �A° , a contradiction. Hence, % is
compactand 3 , astheunionof Ë + |p% with Ë $= 0, is compact.
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(3.1.2).GaloisExtensions.798;:-:-<�=
TheGaloisgroupof everyfiniteextensionof � is solvable.

Proof. Follows from (2.11).¥4l�GAB;GLF¦Q§ORQSGAT�=
For every \�� 1 there existsa uniqueunramifiedextension , of � of degree\ : , = � ( � ' ò � 1). Theextension ,µ/0� is cyclicandthemaximalunramifiedextension � ur of� is a Galois extension.Gal(� ur /0� ) is isomorphicto ¡X and topologically generatedby an

automorphism� ¤ such that� ¤ ( � ) Í�� ' mod * ¤ ur for �(	�% ¤ ur
c

Theautomorphism�@¤ is calledtheFrobeniusautomorphismof � .

Proof. First we notethat, by (2.1) � containsthe group � ' � 1 of ( % � 1) th rootsof unity
which coincideswith the setof nonzeromultiplicative representativesof � in % . Moreover,
theunit group 3 ¤ is isomorphicto � ' � 1 Ò)3 1 ù ¤ .

Thefield ¶ ' hastheuniqueextension¶ ' ò of degree \ , whichiscyclic over ¶ ' . (2.7)shows
thatthereis auniqueunramifiedextension , of degree \ over � andhence , = � ( � ' ò � 1).

Now let � beanunramifiedextensionof � and �]	3� . Then � ( � ) /0� is of finite degree.
Therefore,� ur is containedin theunionof all finite unramifiedextensionsof � . Wehave

Gal(� ur /0� ) Ñ lim� � Gal( ¶ ' ò /�¶ ' ) Ñ ¡X c
It is well known that Gal(¶ sep' /�¶ ' ) is topologicallygeneratedby the automorphismU such
that U ( � ) = � ' for �Ì	+¶ sep' . Hence,Gal(� ur /1� ) is topologicallygeneratedby theFrobenius
automorphism� ¤ .�#8;:�<Alw��=

If Ë 	�� ' ò � 1, then �@¤ ( Ë ) Í Ë ' mod * J
and � ¤ ( Ë ) 	�� ' ò � 1. Theuniquenessof themultiplicative representative for Ë ' 	 � implies
now that � ¤ ( Ë ) = Ë ' .
(3.1.3). >@? <L:-B;C�8A= Let á"� ê beaprimitive � � th rootof unity. Put r ( � )� = r�� ( á"� ê ). Then�9� ( ê )^ ( á � ê ) = 0

and á � ê belongsto thering of integersof r ( � )� . Let

x � ( t ) =
t ��ê � 1t � ê å 1 � 1

= t (� � 1)��ê å 1
+ t (� � 2)��ê å 1

+ ¬�¬�¬ + 1 c
Then á"� ê is a root of x � ( t ), andhence � r ( � )� : r4�Ü�Ü� (� � 1)� �U� 1. The elements á °� ê ,
0  À  � �d� �nX À , arerootsof x � ( t ). Hence

x � ( t ) = ð ���§°
0 � ° � ��ê ( t �]á °� ê ) and � = x � (1) = ð ���§°

0 � ° � ��ê (1 �]á °� ê ) c
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However,

(1 �]á °� ê )(1 ��á � ê ) � 1 = 1 + á � ê + ¬�¬�¬ + á ° � 1� ê
belongsto thering of integersof r ( � )� . For thesamereason,(1 ��á � ê )(1 ��á °� ê ) � 1 belongsto

thering of integersof r ( � )� . Thus, (1 �+á °� ê )(1 �Wá � ê ) � 1 is aunit and � = (1 �+á � ê ) ��ê å 1(� � 1) �
for someunit � . Therefore,ß ( r ( � )� � r-� ) � (� � 1)� �U� 1, and r ( � )� is acyclic totally ramified
extensionwith theprimeelement1 �6á"� ê , andof degree(� � 1)� �U� 1 over r�� . In particular,% � ( ê )^ = % � ^ [1 �]á"� ê ] = % � ^ [ á"� ê ] c
(3.1.4). The Group of Principal Units. If char( � ) = � , thenProposition(6.2) Ch. I shows
thateveryelement �]	�3 1 canbeuniquelyexpressedastheconvergentproduct� = ð ���§°°´ú 0

ð± ÁDû (1 + Ë ± | ° ) óküþý �
wherethe index-set ø numeratesx elementsin % ¤ , suchthat their residuesform a basisof¶>' over ¶ � , andtheelementsË ± belongto thissetof x elements;| ° areelementsof %'¤ with� ( | ° ) =

À
, and � °þ± 	+X � . Thus, 3 1 hastheinfinite topologicalbasis1 + Ë ± | ° .Now let char( � ) = 0. Everyelement �]	�3 1 canbeexpressedasaconvergentproduct� = ð°´Á�� ð± ÁDû (1 + Ë ± | ° ) ó üþý�� ó�

where � = 
 1 � À  � ß0/ (� � 1), ��X À � , ß = ß ( � ); the index-set ø numeratesx elementsin% ¤ , suchthattheir residuesform abasisof ¶ ' over ¶;� , andtheelementsË ± belongto thisset
of x elements;|A° areelementsof % ¤ with � ( |A° ) =

À
, and ��°þ±�	+X�� .

If a primitive � th root of unity doesnot belongto � , then � � = 1 �"� = 0 andthe above
expressionfor � is unique; 3 1 is a free Xµ� -moduleof rank \ = ß x = � � : r-�p� .

If a primitive � th root of unity belongsto � , then � � = 1 + Ë � | � à�è ( � � 1) is a principalunit
suchthat � � /	W��� � , and ��	WXµ� . In thiscasetheaboveexpressionfor � is notunique. 3 1 is
isomorphicto theproductof \ copiesof Xµ� andthe � -torsiongroup �L� � , where �K� 1 is the
maximalintegersuchthat � � � �!� .798;:-:-<�=

If char( � ) = 0, then � � � is an opensubgroupof finite index in � � for \Ç� 1. If
char( � ) = � , then ��� � is an opensubgroupof finite index in ��� for �LX \ . If char( � ) = �
and � � \ , then ��� � is notopenandis not of finite index in ��� .

Proof. It follows(1.9)and(1.10)andthepreviousconsiderations.

(3.1.5). The Norm Groups. Now we have a look at thenormgroup HKJ è ¤ ( ,�� ) for a finite
extension , of � . RecallthatthenormmapH4�	� � è � � : ¶ �' � �A� ¶ �'
is surjectivewhen ¶ ' � ¾Ç¶ ' .

Let ,µ/0� bea finite unramifiedextension.Then(2.12)impliesthat HKJ è ¤ 3 J = 3 ¤ in the
caseof anunramifiedextension ,µ/0� and HKJ è ¤ ,�� = �Å|9�w��Ò
3 ¤ , where | is aprimeelement
in � , \ = � , : �
� . This means,in particular, that ���9/ HKJ è ¤ ,�� is a cyclic groupof order \
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in thiscase.Conversely, everysubgroupof finite index in ��� thatcontains 3 ¤ coincideswith
thenormgroup HKJ è ¤ , � for asuitableunramifiedextension ,µ/0� .

Let ,µ/1� bea totally andtamelyramifiedGaloisof degree \ . (2.12)shows thatHKJ è ¤ 3 1 ù J = 3 1 ù ¤ � |�	 HMJ è ¤ , � �
for a suitableprime element | in � (e.g. suchthat , = � ( ò� �#| ), and Ë 	 HKJ è ¤ ,�� forË 	�3 ¤ if andonly if Ë 	�¶.�R�' . Since ,µ/0� is Galois,we get � � �Ï��� and \-� ( % � 1).
Hence,thesubgroup¶��R�' is of index \ in ¶��' , andthequotientgroup ¶��' /E¶��R�' is cyclic. We
concludethat HKJ è ¤ , � = �Å|���Ò�� Ë �#Ò)3 1 ù ¤
with an element Ë 	�3 ¤ , suchthat its residue Ë generates¶Ü�' /�¶��m�' . So ���9/ HKJ è ¤ ,¨� is
cyclic of order \ . Conversely, everysubgroupof index \ relativelyprimeto char( � ) coincides
with thenormgroup HKJ è ¤ ,¨� for asuitablecyclic extension ,µ/0� .

Let ,�/1� be a totally ramified Galois extension ,�/1� of degree � . The right vertical
homomorphismof the fourth diagramin the last propositionof (2.12) Ë � Ë � � × � � 1 Ë has
kernelof order � ; thereforeits cokernel is alsoof order � . Let Ë � 	~3 ¤ be suchthat Ë �doesnot belongto the imageof this homomorphism. Since � is perfect,we deducethat
1+ Ë � | �¤ /	 HKJ è ¤ 3 1 ù J . Theotherdiagramsimply that ���9/ HMJ è ¤ ,¨� is acyclic groupof order� andgeneratedby 1 + Ë � | �¤ mod HMJ è ¤ ,�� . If char( � ) = 0, then �Ì� � ß1/ (� � 1), whereß = ß ( � ), andif � � � then � = � ß0/ (� � 1) anda primitive � th root of unity á"� belongsto � ,
and , = � (

^� | ) for asuitableprimeelement | in � . In thiscase ����/ HMJ è ¤ ,�� is generated
by � � mod HKJ è ¤ ,¨� .

(3.1.6). Completion of � ur . The field � ur is a Henseliandiscretevaluation field with
algebraicallyclosedresiduefield andits completion � is a local field with algebraicallyclosed
residuefield ¶ sep' .

Let · bethesetof multiplicativerepresentativesof theresiduefieldof � if its characteristic
is � . · is theunionof all sets � ' ò � 1 ��\6� 1 (whichcoincideswith thesetof all rootsof unity
of orderrelatively primeto � ) andof 0.

Let � be a finite separableextensionof � . Sincethe residuefield of � is algebraically
closed, �U/�� is totally ramified.798;:-:-<�=

Thenormmaps HK� è�� : � � ��� � � HK� è�� : 3 � �÷3 �
aresurjective.

Proof. SincetheGaloisgroupof �H/�� is solvable,it sufficesto considerthecaseof a Galois
extensionof primedegree Õ . Certainly, thenormof aprimeelementof � is aprimeelementof� . Thesurjectivity of thenormmapsfollows from (2.12).

(3.1.7).AugmentationGroup 3 ( �U/=� ) .g 8;I1QSTmQiORQiGLT9= For a finite Galoisextension �H/�� denoteby 3 ( �U/=� ) the subgroupof 3 1 ù �
generatedby ���;� 1 where � runsthroughall elementsof 3 1 ù � and U runsthroughall elements
of Gal(�U/=� ).
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Every unit in 3 � can be factorizedas Ë � with Ë 	}·
� , ��	¹3 1 ù � Since Ë �;� 1 = 1
we deducethat 3 ( �U/=� ) coincideswith the subgroupof 3 � generatedby ���;� 1, ��	£3 � ,U 	 Gal(�U/=� ).¥4l�GAB;GLF¦Q§ORQSGAT�=

Let � bea finiteGaloisextensionof � . For a primeelement| of � define�
: Gal(�U/=� ) ��3 � /P3 ( �U/=� ) � � ( U ) = | �;� 1 mod 3 ( �U/=� ) c

The map
�

is a homomorphismwhich doesnot dependon the choice of | . It inducesa
monomorphism

�
: Gal(�U/=� )ab � 3 � /P3 ( �U/=� ) where for a group " thenotation " ab stands

for themaximalabelianquotientof " .
Thesequence

1 � Gal( �U/=� )ab  ���m�N�â� 3 � /P3 ( �U/=� ) g¢¡ h7£���N�m�¦��3 � � 1

is exact.

Proof. Since |¥¤0� 1 belongsto 3 � , wededucethat ( |¥¤P� 1) �;� 1 	�3 ( �U/=� ) and| �9¤0� 1 Í�| ¤P� 1 | �;� 1 mod 3 ( �U/�� ) c
Thus,themap

�
is ahomomorphism.It doesnot dependon thechoiceof | , since ( |�� ) �;� 1 Í|¥�;� 1 mod 3 ( �H/�� ).

Surjectivity of thenormmaphasalreadybeenproved.
Supposefirst that Gal(�H/�� ) is cyclic with generator U . The kernelof HK� è�� coincides

with �d�(�;� 1. Since
�

is a homomorphism,we have |¥� ê � 1 Í ( |¥�;� 1) � mod 3 ( �U/=� ). So
we deducethat �d�V�;� 1 is equalto theproductof 3 ( �U/=� ) andtheimageof

�
. Thisshows the

exactnessin themiddleterm.
Note that � � ê � 1 = ( � 1+� + ¦§¦§¦ + � ê å 1

) �;� 1, so 3 ( �U/=� ) = 3 �;� 1� . If | � ê � 1 	]3 ( �U/=� ), then
( |¥�;� 1) � = ���;� 1 for some ��	�3 � . Hence |9�L�p� 1 belongsto � andtherefore � , : �
� dividesY and U � = 1. Thisshows theinjectivity of

�
.

Now in the generalcasewe usethe solvability of Gal( �U/=� ) andargueby induction. Let*�/�� be a Galoiscyclic subextensionof �H/�� suchthat � $= *�$= � . Put |�¨ = HK� è�© | .
Since HK� è�© : 3 � ��3 © is surjective,wededucethat HK� è�© 3 ( �U/=� ) = 3 ( *�/=� ).

Let HK� è�� � = 1 for ��	�3 � . Thenby the inductionhypothesisthereis `!	 Gal(�H/�� )
suchthat Hª� è�© � = | ¤P� 1¨ × with ×�	63 ( *�/=� ). Write × = HK� è�©¬« with « 	63 ( �H/�� ). Then�p� 1 |¥¤P� 1 « belongsto the kernelof Hª� è�© andthereforeby the inductionhypothesiscanbe
writtenas |¥�;� 1 C with U 	 Gal(�U/1* ), C 	�3 ( �H/1* ). Altogether, �WÍ�|¥�9¤0� 1 mod 3 ( �H/�� )
whichshows theexactnessin themiddleterm.

To show the injectivity of
�

assumethat |¥�;� 1 	�3 ( �U/=� ). Then | �;� 1¨ 	�3 ( *�/=� ) and
by the previous considerationsof the cyclic case U actstrivially on * . So U belongsto
Gal(�H/1* ). Now the maximalabelianextensionof � in � is the compositumof all cyclic
extensions* of � in � . Since U actstrivially oneach * , weconcludethat

�
is injective.

(3.1.8). ��� 1 Acting on �¨� . For every \ everyelement �2	B� canbeuniquelyexpanded
as � =

Ä
ó + ° Ë °î| ° � Ë °@	�·��
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where | is aprimeelementin � .
Since � : � ur � � ur is continuous,it hasexactly oneextension � : �~�­� which actsas® ° � ó Ë ° | ° Ã� ® ° � ó Ë '° | ° .
Weshallstudytheactionof ®m� 1 on themultiplicativegroup.798;:-:-<�=

Thekernel of the homomorphism���2�¯�¨�p�õ��Ã� �¢®N� 1 is equalto � and the
image is 3 � ; 3 ®N� 1� ù � = 3 � ù � for every \�� 1.

Proof. For � = ® ° � ó Ë °´| ° 	3� with Ë °-	W· thecondition � ( � ) = � impliesthat � ( Ë ° ) = Ë °for
À ��� . Hence, Ë ° belongsto theresiduefield of � and ��	�� . Similarly oneshows the

exactnessof thesequencein thecentralterm 3 � ù � /P3 � + � ù � .
Let ��	�3 � . We shall show the existenceof a sequence� � 	�3 � suchthat �)Í©�°®N� 1�

mod 3 � +1 ù � and � � +1 �4� 1� 	�3 � +1 ù � .
Let � = Ë � 0 with Ë 	�·
� , � 0 	�3 1 ù � . Let C 	+·³� besuchthat C ' � 1 = Ë . Then C ®N� 1 = Ë ;put � 0 = C .
Now assumethattheelements� 0 �"� 1 � c�c�c �"� � 	)3 � havealreadybeenconstructed.Define

theelement Ë � +1 	�· from thecongruence� � 1 � ®N� 1� Í 1 + Ë � +1 | � +1 mod | � +2 c
Thereis anelement × � +1 	+· suchthat� ( × � +1) ��× � +1 + Ë � +1 = × '� +1 �6× � +1 + Ë � +1 Í 0 mod | c

Now put � � +1 = � � (1 + × � +1 |9� +1). Then �;� 1 � ®N� 1� +1 	)3 � +2 ù � and � � +1 �4� 1� 	)3 � +1 ù � .
Thereexists � = lim � � 	�3 � , and �°®N� 1 = � . When ��	�3 � ù � the element � canbe

chosenin 3 � ù � aswell.

Let ,µ/0� beafiniteGaloistotally ramifiedextension.Theextension , ur /1� ur is Galoiswith
thegroupisomorphicto thatof ,µ/0� . Wemayassumethatthecompletionof � ur is asubfield
of thecompletionof , ur.

Theextension �H/�� is totally ramifiedof thesamedegreeas ,�/1� . From(2.7)and(2.8)we
deducethattheextension �U/�� is Galoiswith thegroupisomorphicto thatof ,µ/0� .¥4l�GAB;GLF¦Q§ORQSGAT�=

Let N�	�� � besuch that N ®N� 1 	)3 ( �H/�� ). Then HK� è�� N belongsto thegroupHMJ è ¤ ,�� .

Proof. We have N±®N� 1 = ñ � ¤ ý � 1± for some � ± 	£3 � and ` ± 	 Gal(�U/=� ). By the pre-

vious propositionwe have � ± = × ®N� 1± for some × ± 	~3 � . So ( NÜ� 1 ñ × ¤ ý � 1± ) ®N� 1 = 1 andNÜ� 1 ñ�× ¤ ý � 1± = � with �
	W,�� . Then Hª� è�� N = HKJ è ¤ �N� 1 	 HKJ è ¤ ,�� .
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3.2. The Neukirch Map

(3.2.1). Let , beafinite Galoisextensionof � . Then , ur = ,-� ur. Recallthat Gal(� ur /1� )
consistsof ¡X -powersof � ¤ .g 8;I1QSTmQiORQiGLT9= Put Frob( ,µ/0� ) = 
 ¿ U 	 Gal(, ur /0� ) : ¿U � ¤ ur is apositive integerpowerof � ¤ � .¥4l�GAB;GLF¦Q§ORQSGAT�=

Theset Frob( ,µ/0� ) is closedwith respectto multiplication; it is notclosedwith
respectto inversionand 1 /	 Frob( ,�/1� ).

Thefixedfield Σ of ¿ U 	 Frob( ,�/1� ) is of finite degreeover � , Σur = , ur, and ¿ U is the
Frobeniusautomorphismof Σ.

Thus,theset Frob( ,µ/0� ) consistsof theFrobeniusautomorphisms� Σ of finite extensions
Σ of � in , ur with Gal( , ur / Σ) Ñ ¡X .

Themap Frob( ,�/1� ) �L� Gal(,µ/0� ) � ¿ U Ã� ¿ U � J is surjective.

Proof. Thefirst assertionis obvious.
Since ��� Σ �², ur we deducethat � ur � Σur �³, ur. The Galoisgroupof , ur / Σ is

topologicallygeneratedby ¿ U andisomorphicto ¡X , thereforeit doesnot havenontrivial closed
subgroupsof finite order. So the group Gal(, ur / Σur) being a subgroupof the finite group
Gal(, ur /0� ur) shouldbetrivial. So , ur = Σur.

Put Σ0 = Σ 2 � ur. This field is thefixedfield of ¿U � ¤ ur = �@�¤ , therefore � Σ0 : �
� = Y is
finite. Wededucethat � Σ : Σ0 � = �Σur : � ur � = � , ur : � ur � = � , : , 0 �
is finite. Thus, Σ /1� is afinite extension.

Now ¿U is a power of � Σ and � Σ � ¤ ur = �G´ Σ0: ¤ ´¤ � ¤ ur = �@�¤ � ¤ ur = ¿U � ¤ ur . Therefore, ¿ U =� Σ . Certainly, the Frobeniusautomorphism� Σ of a finite extension Σ of � in , ur with
Gal(, ur / Σ) Ñ ¡X belongsto Frob( ,�/1� ).

Denoteby ¿� anextensionin Gal(, ur /0� ) of �@¤ . Let U 	 Gal(,µ/0� ), then U � J 0 is equal
to �@�¤ for somepositive integer \ . Hence U � 1 ¿�@��� J actstrivially on , 0, andso ` = U ¿�-����� J
belongsto Gal(,µ/=, 0). Let ¿`]	 Gal(, ur /0� ur) besuchthat ¿`�� J = ` . Thenfor ¿ U = ¿` ¿�Ü� we
deducethat ¿ U � ¤ ur = �@�¤ and ¿U � J = ` ¿�@��� J = U . Thentheelement ¿ U 	 Frob( ,µ/0� ) is mapped
to U 	 Gal(,µ/1� ).

(3.2.2). g 8;I1QSTmQiORQiGLT9= Let ,µ/0� beafinite Galoisextension.Introduce¿ϒ J è ¤ : Frob( ,µ/0� ) ����� � / HKJ è ¤ , � � ¿U Ã� H Σ è ¤ | Σ mod HMJ è ¤ , �
whereΣ is thefixedfield of ¿U 	 Frob( ,µ/1� ) and | Σ is any primeelementof Σ.798;:-:-<�=

Themap ¿ϒ J è ¤ is well defined.If ¿U � J = id J then ¿ϒ J è ¤ ( ¿U ) = 1.

Proof. Let | 1 ��| 2 beprimeelementsin Σ. Then | 1 = | 2 � for a unit �³	�3 Σ. Let � bethe
compositumof Σ and , . SinceΣ �:�È� Σur, theextension ��/ Σ is unramified.From(3.1.5)
weknow that � = HKµ è Σ × for some ×Ì	)3 µ . HenceH Σ è ¤ | 1 = H Σ è ¤ ( | 2 � ) = H Σ è ¤ | 2 ¬ H Σ è ¤ ( HMµ è Σ × ) = H Σ è ¤ | 2 ¬ HMJ è ¤ ( H µ è J × ) c
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Weobtainthat H Σ è ¤ | 1 Í H Σ è ¤ | 2 mod HKJ è ¤ ,¨� .
If ¿U � J = id J then ,Ç� Σ andtherefore H Σ è ¤ | Σ 	 HKJ è ¤ ,¨� .

(3.2.3). The definition of the Neukirch map is very natural from the point of view of the
well known principle that a prime elementin an unramifiedextensionshouldcorrespondto
the Frobeniusautomorphism(seeTheorem(3.2.4)below) and the functorial propertyof the
reciprocitymap(see(3.2.5)and(3.3.4))which forcesthereciprocitymap ϒ J è ¤ to bedefined
asit is.

Already at this stageone can prove that the map ¿ϒ J è ¤ : Frob( ,µ/1� ) �L� ���9/ HMJ è ¤ ,¨�
inducestheNeukirchhomomorphism

ϒ J è ¤ : Gal(,�/1� ) �L��� � / HMJ è ¤ , � c
In otherwords, ¿ϒ J è ¤ ( ¿ U ) doesnot dependon the choiceof ¿U 	 Frob( ,µ/1� ) which extendsU 	 Gal(,µ/0� ), andmoreover, ¿ϒ J è ¤ ( ¿U 1) ¿ϒ J è ¤ ( ¿U 2) = ¿ϒ J è ¤ ( ¸U 1 U 2).

Wewill chooseadifferentroute,which is a little longerbut perhapsis moresatisfying.
The plan is the following: first we easily show the existenceof ϒ J è ¤ for unramified

extensionsandevenprovethatit is anisomorphism.Thenwededucesomefunctorialproperties
of ¿ϒ J è ¤ . To treatthecaseof totally ramifiedextensionsin thenext section,we introducethe
Hazewinkel homomorphismΨ J è ¤ which actsin theoppositedirectionto ϒ J è ¤ . Calculating
compositesof thelatterwith Ψ J è ¤ weshalldeducetheexistenceof ϒ J è ¤ which is expressed
by thecommutativediagram

Frob( ,�/1� )
¿ϒ f=h
i���N�m�â� ����/ HMJ è ¤ ,��ÛÛj id

ÛÛj
Gal(,µ/0� )

ϒ f=h
i���N�m�â� ���9/ HMJ è ¤ ,¨� c
Thenusing Ψ J è ¤ weprovethat ϒ J è ¤ is ahomomorphismandthatits abelianpart

ϒabJ è ¤ : Gal(,�/1� )ab ��� � / HMJ è ¤ , �
is anisomorphism.

Thenwe treatthegeneralcaseof abelianextensionsandthenGaloisextensionsreducingit
to thetwo casesdescribedabove andusingfunctorialpropertiesof ¿ϒ J è ¤ . This routenot only
establishestheexistenceof ϒ J è ¤ , but alsoimpliesits isomorphismproperties.

(3.2.4).
EGFN8;GAlm8;:H=

Let , bean unramifiedextensionof � of finitedegree.
Then ¿ϒ J è ¤ ( ¿U ) doesnot dependon the choice of ¿U for U 	 Gal(,µ/0� ). It inducesan

isomorphismϒ J è ¤ : Gal(,µ/0� ) �L�����9/ HMJ è ¤ ,¨� and

ϒ J è ¤ ã � ¤ � J ä Í�| ¤ mod HMJ è ¤ , �
for a primeelement|A¤ in � .

Proof. Since ,µ/1� is unramified, U is equalto � �¤ sorsome \6� 1. Let Y = � , : �
� . Then¿ U mustbein theform ��\¤ with � = \ + Õ´Y¸, 0 for someinteger Õ . Thefixedfield Σ of ¿U is



34
) f 79GLj�<AC É C�<LFkF5qpQi8;CEV3EGFN8;GAlEÊ

theunramifiedextensionof � of degree � . Wecantake |A¤ asaprimeelementof Σ. Then¿ϒ J è ¤ ( ¿U ) = H Σ è ¤ | ¤ = | \¤ Í�| �¤ mod HMJ è ¤ , � �
since |9�¤ = HKJ è ¤ | ¤ . Thus, ¿ϒ J è ¤ ( ¿ U ) doesnotdependon thechoiceof ¿ U .

It is now clear that ϒ J è ¤ is a homomorphismand it sends � ¤ to | ¤ mod HMJ è ¤ ,�� .
Resultsof (3.1.5)show that | ¤ mod HMJ è ¤ , � generatesthe group � � / HKJ è ¤ , � which is
cyclic of order � , : �
� . Hence,ϒ J è ¤ is anisomorphism.

(3.2.5). Now wedescribefirst functorialpropertiesof ¿ϒ J è ¤ .798;:-:-<�=
Let ��/1� bea finite separableextensionandlet ,�/ � bea finite Galoisextension,U 	 Gal(� sep/1� ). Thenthediagramof maps

Frob( ,�/ � )
¿ϒ f=hº¹���m�m�¦� �ë�9/ HKJ è ¨ ,¨���» ÛÛj ÛÛj �

Frob( U ,µ/ U � )
¿ϒ ¼ f=h ¼ ¹�E�m�m�N� � ( U � ) ��/ H � J è7� ¨ ( U , ) �

is commutative; here U � ( ¿` ) = U ¿` U � 1 � � J ur for ¿`+	 Frob( ,�/ � ).

Proof. If Σ is thefixedfield of ¿` , then U Σ is thefixedfield of U ¿` U � 1. For aprimeelement|
in Σ, theelement U | is primein U Σ. Since H � Σ è�� ¨ ( U | ) = U±H Σ è ¨ | , theproof is completed.

¥4l�GAB;GLF¦Q§ORQSGAT�=
Let ��/1� and �K/9, befiniteseparableextensions,andlet ,µ/0� and �K/�� be

finiteGaloisextensions.Thenthediagramof maps

Frob( �K/�� )
¿ϒ ½ he¹���m�m�k���ë�ç/ H µ è ¨ �Ì�ÛÛj ÛÛj g »¹5h
i

Frob( ,�/1� )
¿ϒ f=h
i���m�m�k� ���9/ HMJ è ¤ ,��

iscommutative. Heretheleft verticalhomomorphismis therestriction ¿ U � J ur of ¿U 	 Frob( �K/ � )
andtheright verticalhomomorphismis inducedby thenormmap H ¨ è ¤ .

Theleft verticalmapis surjectiveif � = � .

Proof. Indeed, if ¿U 	 Frob( �K/�� ) then for ¿` = ¿U � J ur 	 Gal(, ur /1� ) we deducethat¿`p� ¤ ur = ¿U � ¤ ur is a positive power of � ¤ , i.e., ¿`6	 Frob( ,�/1� ). Let Σ bethefixedfield of ¿ U .
ThenT = Σ 2 , ur is thefixedfield of ¿` . TheextensionΣ / T is totally ramified,since , ur = Tur

andso T = Σ 2 Tur. Hencefor aprimeelement | Σ in Σ theelement| T = H Σ è T | Σ is primein
T andweget H T è ¤ | T = H Σ è ¤ | Σ = H ¨ è ¤ ( H Σ è ¨ | Σ).

If � = � , thentheleft verticalmapis surjective,sinceeveryextensionof ¿U 	 Frob( ,�/1� )
to Gal(� ur /1� ) belongsto Frob( �K/1� ).
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Let ��/1� bea Galoissubextensionin a finite Galoisextension ,µ/1� . Thenthe
diagramof maps

Frob( ,µ/ � ) ���N�N�â� Frob( ,�/1� ) ���m�m�k� Frob( ��/1� )ÛÛj ¿ϒ f=he¹ ÛÛj ¿ϒ f=hmi ÛÛj ¿ϒ ¹5h
i�ë�9/ HMJ è ¨ ,¨� g »¹5h
i���N�N�â� ���9/ HKJ è ¤ ,¨�ë���m�m�k� ���9/ H ¨ è ¤ �ë�©���A�m�â� 1

is commutative; here thecentral homomorphismof thelower exactsequenceis inducedby the
identitymapof ��� .

Proof. An easyconsequenceof theprecedingProposition.

3.3. The Hazewinkel Homomorphism

(3.3.1). Let , be a finite Galois totally ramifiedextensionof � . The Galoisgroupof the
extension �U/�� is isomorphicto Gal(,µ/0� ).g 8;I1QSTmQiORQiGLT9= Let � bethecontinuousextensionon � of theFrobeniusautomorphism� J . Let| beaprimeelementof � . Let � bethemaximalabelianextensionof � in , . For �2	W���
by Lemma(3.1.6)thereis �2	3�d� suchthat � = HK� è�� � . Then HK� è�� �°®N� 1 = �¢®N� 1 = 1 and
by Proposition(3.1.7) � ®N� 1 Í�| 1 ��� mod 3 ( �U/=� )
for some U 	 Gal(�U/�� ) which is uniquely determinedas an elementof Gal(Àç/=� ) whereÀ = �M� . DefinetheHazewinkel (reciprocity) homomorphism

Ψ J è ¤ : � � / HKJ è ¤ , � �L� Gal(,µ/1� )ab�õ�6Ã� U � µ �õ� = Hª� è�� ���õ� ®N� 1 Í�| 1 ���798;:-:-<�=
Themap Ψ J è ¤ is well definedandis a homomorphism.

Proof. First, independenceon the choiceof | follows from Proposition(3.1.7). Sowe can
assumethat |6	W, .

If � = Hª� è�� N then NL��� 1 belongsto thekernelof Hª� è�� . Thereforeby Proposition(3.1.7)N��4� 1 = |¥¤P� 1 « with « 	�3 ( �U/=� ). Then N¥®N� 1 = �°®N� 1 « ®m� 1 ÍÏ�°®N� 1 mod 3 ( �U/=� ) which
provescorrectnessof thedefinition.

If Hª� è�� ( � 1) = � 1 and HK� è�� ( � 2) = � 2, thenwecanchoose� 1 � 2 for � 1 � 2 andthenfrom
Proposition(3.1.7)wededucethat Ψ J è ¤ is ahomomorphism.�#8;:�<Alw�AFE=

1. Since ,�/1� is totally ramified,thenormof a primeelementof , is a primeelementof� . So � � / HMJ è ¤ , � = 3 ¤ / HMJ è ¤ 3 J . Moreover, if ,µ/1� is a totally ramified � -extension
(i.e. its degreeis apowerof � ), then ���9/ HKJ è ¤ ,¨� = 3 1 ù ¤ / HMJ è ¤ 3 1 ù J , sinceall multiplicative
representativesare � th powers.

2. TheHazewinkel homomorphismcanbedefinedfor every finite Galoisextension,but it
hasthesimplestform for totally ramifiedextensions.
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(3.3.2). Now weprovethat Ψ J è ¤ is inverseto ϒabJ è ¤ .EGFN8;GAlN8D:U=
Let ,µ/1� be a finite Galois totally ramifiedextension.Let �K/1� be the maximal

abeliansubextensionof ,µ/0� . Then
(1) For every ¿ U 	 Frob( ,µ/0� )

Ψ J è ¤ ã ¿ϒ J è ¤ ( ¿ U ) ä = ¿ U � µ c
(2) Let �2	+��� andlet ¿ U 	 Frob( ,�/1� ) besuch that ¿ U � µ = Ψ J è ¤ ( � ). Then¿ϒ J è ¤ ( ¿U ) Í�� mod HKJ è ¤ , � c

Therefore, Ψ J è ¤ is an isomorphism, ¿ϒ J è ¤ ( ¿U ) doesnot dependon the choiceof ¿U forU 	 Gal(,µ/0� ) andinducestheNeukirch homomorphism

ϒ J è ¤ : Gal(,�/1� ) �L��� � / HMJ è ¤ , � c
Thelatter inducesan isomorphismϒabJ è ¤ betweenthe groups Gal( ,µ/1� )ab = Gal( ��/1� ) and���9/ HMJ è ¤ ,¨� , which is inverseto Ψ J è ¤ .

Proof. To show(1) noteatfirst that Gal(, ur /0� ) is isomorphicto Gal(, ur /9, ) Ò Gal(, ur /0� ur)
andso ¿U is equalto U �@� for somepositive integer Y and U 	 Gal(, ur /1� ur). Let | Σ bea
primeelementof thefixedfield Σ of ¿U . Since | Σ is a primeelementof Σur = , ur we have| Σ = |�� for some �K	)3 J ur, where | is aprimeelementof , . Therefore | 1 ��� = �9�=® ê � 1.

Let Σ0 = Σ 2 � ur, then �Σ0 : �
� = Y . Then H Σ è ¤ = H Σ0 è ¤ ªnH Σ è Σ0
and H Σ è Σ0

actsasH Σur è Σur
0

= HMJ ur è ¤ ur = HK� è�� , H Σ0 è ¤ actsas 1 + � + ¬�¬�¬ + � �5� 1. WehaveH Σ è ¤ | Σ = HKJ ur è ¤ ur � 1 HKJ ur è ¤ ur | � � where � 1 = � 1+® + ¦§¦§¦ + ® ê å 1 c
So � = H Σ è ¤ | Σ Í HMJ ur è ¤ ur � 1 mod HKJ è ¤ ,¨� and Ψ J è ¤ ( � ) canbecalculatedby looking at� ®N� 1

1 . Wededuce� ®N� 1
1 = ��® ê � 1 Í!�=�=® ê � 1 = | 1 ��� = | 1 � ¿ � mod 3 ( �U/=� ). Thisproves(1).

To show(2) let � = Hª� è�� � and �°®N� 1 Í�| 1 ��� mod 3 ( �U/=� ) with U 	 Gal(,µ/0� ). Then

again ¿ U = U �@� andsimilarlytotheprevious ¿ϒ J è ¤ ( ¿ U ) = H Σ è ¤ | Σ Í HKJ ur è ¤ ur � 1 mod HMJ è ¤ ,¨�
and � ®N� 1

1 Í�| 1 ��� Í�� ®m� 1 mod 3 ( �U/=� ). Fromthesecondpropositionof (3.1.9)appliedtoN = � 1 �4� 1 wededucethat HK� è�� N belongsto HKJ è ¤ ,�� andtherefore HK� è�� � 1 Í Hª� è�� � = �
mod HKJ è ¤ ,�� whichproves(2).

Nowfrom (1) wededucethesurjectivity of Ψ J è ¤ . From(2) andLemmain (3.2.2)by taking¿ U = � , so that ¿ U � µ = id µ = Ψ J è ¤ ( � ), we deducethat ��	 HKJ è ¤ ,�� , i.e. Ψ J è ¤ is injective.

HenceΨ J è ¤ is anisomorphism.Now from (1) weconcludethat ¿ϒ J è ¤ doesnotdependonthe
choiceof a lifting ¿ U of U 	 Gal(,µ/0� ) andthereforedeterminesthemap ϒ J è ¤ .

Sincewecantake ¸U 1 U 2 = ¿U 1 ¿ U 2, from (1) wededucethat ϒ J è ¤ is ahomomorphism.
Proposition(3.2.1)and(2) show thatthishomomorphismis surjective. From(1) wededuce

that its kernelis containedin Gal(,�/9� ). Thelattercoincideswith thekernel,sincetheimage
of ϒ J è ¤ is abelian.É GAl�GLCEC�<LlEÊp=

For U 	 Gal(,�/1� ) there exists ×�	Á�d� such that ×(®N� 1 = | 1 ��� . Then � =HK� è�� × belongsto ��� and ϒ J è ¤ ( U ) = Hª� è�� × .
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Conversely, for every ��	W��� thereexists ×Ì	W�`� such that�`Í HK� è�� × mod HKJ è ¤ , � � × ®m� 1 = | 1 ��� for some U 	 Gal(�U/�� ) c
ThenΨ J è ¤ ( � ) = U � µ .
Proof. We canassumethat × is a unit, since |�®N� 1 = 1. Denoteby thesamenotation U the
elementof Gal( �H/�� ) which correspondsto U . Let Σ bethefixedfield of ¿ U = U � . Applying
the lemmaof (3.1.8)to the continuousextensionto � of the Frobeniusautomorphism¿U we
deducethatthereis C 	�3 � suchthat C �=®m� 1 = | 1 ��� . Now| 1 ���=® = | 1 ��� = C �=®N� 1 �
so | C belongsto the fixed field of ¿ U in � which by the lemmaof (3.1.8) equalsto the
fixed field Σ of ¿ U in , ur. The element | Σ = | C is a prime elementof Σ. Note that
( C ×L� 1) ®N� 1 = C ®N� 1 |¥�;� 1 = ( C 1 ��� ) ®¹	Ï3 ( �H/�� ); hencefrom the propositionof (3.1.8) we
deducethat HK� è�� C Í Hª� è�� × mod HKJ è ¤ ,�� . Finally,H Σ è ¤ | Σ Í HK� è�� C Í Hª� è�� × mod HMJ è ¤ , � c

To prove the secondassertionusethe first assertionand the congruencesuppliedby the
Theorem: �.Í ϒ J è ¤ ( U ) mod HMJ è ¤ ,¨� where U 	 Gal( ,�/1� ) is suchthat U � µ = Ψ J è ¤ ( � ).

The Theoremdemonstratesthat for a finite Galois totally ramifiedextension ,�/1� in the
definitionof theNeukirchmaponecanfix thechoiceof Σ asthefield invariantundertheaction
of U � .
(3.3.3). Thefollowing Lemmawill beusefulin theproofof themaintheorem.798;:-:-<�=

Let ,�/1� be a finite abelianextension.Thenthere is a finite unramifiedextension��/9, such that � is an abelian extensionof � , � is the compositumof an unramified
extension � 0 of � andan abeliantotally ramifiedextension s of � . For everysuch � we
have H ¨ è ¤ �ë� = HKÂ è ¤ s!� 2 H ¨ 0 è ¤ � �0 .

Proof. Since ,�/1� is abelian, the extension ,'� ur is an abelianextensionof � . Let¿�Ç	 Gal(,-� ur /0� ) beanextensionof �@¤ . Let s bethefixedfield of ¿� . Then s 2 � ur = � ,
so s is anabeliantotally ramifiedextensionof � . Thecompositum � of s and , is an
unramifiedextensionof , , since s ur = , ur. Thefield � is anabelianextensionof � and
Gal(��/1� ) Ñ Gal( ��/1s ) Ò Gal(��/ � 0).

Now theleft handsideof theformulaof theLemmaiscontainedin therighthandside Ã . We
have Ã 2 34¤�� HMÂ è ¤ 3 Â � H ¨ è ¤ 35¨ , since 3 Â � H ¨ è Â 30¨ . If |�¨ is a primeelement
of � , then H ¨ è ¤ |�¨ 	3Ã . Then �0¤ ( H ¨ è ¤ |�¨ ) X = �0¤ ( H ¨ 0 è ¤ � �0 ). Soevery �!	BÃ can
be written as � = H ¨ è ¤ |9�¨ � with �6	ÁÃ 2 3 ¤ andsome Y . Thence Ã is containedinH ¨ è ¤ �ë� andwehave Ã = H ¨ è ¤ �ë� .

Now westateandprovethefirst maintheoremof local classfield theory.EGFN8;GAlN8D:U=
Let ,µ/0� bea finiteGaloisextension.Let �K/1� bethemaximalabeliansubexten-

sionof ,µ/1� .
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Then Ψ J è ¤ is an isomorphism, ¿ϒ J è ¤ ( ¿ U ) doesnot dependon the choiceof ¿U for U 	
Gal(,µ/1� ) andinducestheNeukirch (reciprocity) homomorphism

ϒ J è ¤ : Gal(,�/1� ) �L��� � / HMJ è ¤ , � c
Thelatter inducesanisomorphismϒabJ è ¤ betweenGal(,µ/0� )ab = Gal(�K/1� ) and ���9/ HMJ è ¤ ,¨�
(which is inverseto Ψ J è ¤ for totally ramifiedextensions).

Proof. First, we considerthe caseof an abelianextension ,µ/0� suchthat , is the com-
positumof the maximalunramifiedextension , 0 of � in , andan abeliantotally ramified
extension s of � . Thenby theprevious lemma HMJ è ¤ ,�� = HMÂ è ¤ s!� 2 HMJ 0 è ¤ , �0 . From
Proposition(3.2.5)appliedto surjectivemaps

Frob( ,�/1� ) � Frob( , 0 /1� ) and Frob( ,µ/1� ) � Frob( s+/1� ) �
andfrom Theorem(3.2.4)andTheorem(3.3.2)we deducethat ¿ϒ J è ¤ doesnot dependon the
choiceof ¿U modulo HMÂ è ¤ s � 2 HKJ 0 è ¤ , �0 , therefore,modulo HKJ è ¤ , � . Sowe getthemap
ϒ J è ¤ .

Now from Proposition(3.2.5)andTheorem(3.2.4),Theorem(3.3.2)wededucethat ϒ J è ¤ is
ahomomorphismmodulo HMÂ è ¤ s�� 2 HMJ 0 è ¤ , �0 , soit is ahomomorphismmodulo HMJ è ¤ ,�� .
It is injective,sinceif ϒ J è ¤ ( U ) 	 HMJ è ¤ ,¨� , then U actstrivially on , 0 and s , andsoon , .
Its surjectivity follows from thecommutativediagramof Corollaryin (3.2.5).

Second, we considerthecaseof anarbitraryfinite abelianextension ,�/1� . By theprevious
Lemmaandtheprecedingargumentsthereis anunramifiedextension ��/9, suchthatthemap¿ϒ ¨ è ¤ inducestheisomorphismϒ ¨ è ¤ . Themap Frob( ��/1� ) � Frob( ,µ/1� ) is surjectiveand

we deduceusingProposition(3.2.5) that ¿ϒ J è ¤ inducesthe well definedmap ϒ J è ¤ , which
is a surjective homomorphism. If U 	 Gal(��/0� ) is such that ϒ J è ¤ ( U ) = 1, then from
the commutative diagramof Corollary in (3.2.5)andsurjectivity of ϒ for every finite abelian
extensionwe deducethat ϒ ¨ è ¤ ( U ) = ϒ ¨ è ¤ ( ` ) for some `]	 Gal(��/9, ). The injectivity of
ϒ ¨ è ¤ now impliesthat U = ` actstrivially on , .

Finally, weconsiderthegeneralcaseof afiniteGaloisextensionwhereweargueby induction
on thedegreeof ,�/1� . Wecanassumethat ,µ/0� is not anabelianextension.

Every U 	 Gal(,�/1� ) belongsto thecyclic subgroupof Gal(,�/1� ) generatedby it, andby
what hasalreadybeenprovedandby Propositionin (3.2.5) ¿ϒ J è ¤ ( ¿ U ) doesnot dependon the
choiceof ¿U andthereforedeterminesthemap ϒ J è ¤ .

Since Gal(,µ/1� ) is solvable, we concludesimilarly to the secondcaseabove using the
inductionhypothesisthat ϒ J è ¤ is surjective. In thenext severalparagraphswe shallshow that
ϒ J è ¤ (Gal( ,�/9� )) = 1. Dueto surjectivity of ϒ this impliesthatthemap H �µ è ¤ in thediagram
of Corollary(3.2.5)(whereweput � = � ) is zero.Sinceϒ µ è ¤ is anisomorphismweseefrom
thediagramof theCorollarythat ϒ J è ¤ is asurjectivehomomorphismwith kernel Gal(,µ/=� ).

So it remainsto prove that ϒ J è ¤ mapsevery elementof the derived group Gal(,�/9� ) to
1. Since Gal(,µ/1� ) is solvable,we have ��$= � . Proposition(3.2.5)shows that ϒ J è ¤ ( C ) =H �µ è ¤ (ϒ J è µ ( C )) for every C 	 Gal(,�/9� ). Sinceby the induction assumptionϒ J è µ is a
homomorphism,it sufficesto show that

ϒ J è ¤ ( ` U ` � 1 U � 1) = H �µ è ¤ (ϒ J è µ ( ` U ` � 1 U � 1)) = 1
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for every U �.`�	 Gal(,�/1� ). ToachievethatweuseLemma(3.2.5)andtheinductionhypothesis.
SupposethatthesubgroupGal(,µ/1s ) of " = Gal(,µ/0� ) generatedby Gal(,µ/9� ) and ` is

not equalto " . Thenfrom theinductionhypothesisandLemma(3.2.5)

ϒ J è Â ( ` U ` � 1 U � 1) = ϒ J è Â ( ` )ϒ J è Â ( U ` � 1 U � 1) = ϒ J è Â ( ` )1 ��� �
andso

ϒ J è ¤ ( ` U ` � 1 U � 1) = H �Â è ¤ ã ϒ J è Â ( ` )1 ��� ä = 1 c
In the remainingcasethe image of ` generatesGal(�K/0� ). Hence U = `m� C for someC 	 Gal(,�/9� ) andinteger Y . We deducè U `�� 1 U � 1 = `m� ( ` C `�� 1 C � 1) `���� andsimilarly to
thepreceding

ϒ J è ¤ ( ` � ( ` C ` � 1 C � 1) ` �L� ) = ϒ J è ¤ ( ` C ` � 1 C � 1) = H �µ è ¤ ã ϒ J è µ ( C ) ¤0� 1 ä = 1 c
É GAl�GLCEC�<LlEÊp=
(1) Let ,�/1� bea finiteGaloisextensionandlet ��/1� bethemaximalabeliansubextensionin,µ/0� . Then HKJ è ¤ , � = H µ è ¤ � � .
(2) Let ,µ/0� be a finite abelian extension,and ��/0� a subextensionin ,µ/1� . Then �Ï	HMJ è ¨ ,¨� if andonly if H ¨ è ¤ �]	 HMJ è ¤ ,�� .

Proof. Thefirst assertionfollowsimmediatelyfrom thetheorem.Thesecondassertionfollows
the diagramof the corollary in (3.2.5) (with Frob being replacedwith Gal) in which the
homomorphismH �¨ è ¤ is injectivedueto thetheorem.

(3.3.4). Wenow list functorialpropertiesof thehomomorphismϒ J è ¤ . Immediatelyfrom the
previoustheoremand(3.2.5)wededucethefollowing¥4l�GAB;GLF¦Q§ORQSGAT�=
(1) Let ��/1� be a finite separable extensionand let ,�/ � be a finite Galois extension,U 	 Gal(� sep/0� ). Thenthediagram

Gal(,�/ � )
ϒ f=hº¹���m�m�k� �ë�9/ HMJ è ¨ ,¨���» ÛÛj ÛÛj �

Gal(U ,µ/ U � )
ϒ ¼ f=h ¼ ¹�E�m�N�m�k� ( U � ) �ç/ H � J è7� ¨ ( U , ) �

is commutative.
(2) Let ��/1�����K/9, be finite separable extensions,and let ,µ/0� and ��/ � be finite Galois

extensions.Thenthediagram

Gal(��/ � )
ϒ ½ hº¹���m�N�¦� � � / H µ è ¨ � �ÛÛj ÛÛj g4Ä¹5h
i

Gal(,�/1� )
ϒ f=h
i���m�N�¦� ����/ HMJ è ¤ ,��

is commutative.
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3.4. The Reciprocity Map

In thissectionwedefineanddescribepropertiesof thereciprocitymap

Ψ ¤ : � � �L� Gal(� ab/1� )

usingtheNeukirchmap ϒ J è ¤ studiedin theprevioussections.

(3.4.1). Thehomomorphisminverseto ϒ J è ¤ inducesthesurjectivehomomorphism

( ¬��7,�/1� ): � � �L� Gal(,�/1� )abc
It coincideswith Ψ J è ¤ for totally ramifiedextensions.

Denotethemaximalabelianextensionof � in � sep by � ab.¥4l�GAB;GLF¦Q§ORQSGAT�=
Let $ be a subgroup in Gal(,�/1� )ab, and let � be the fixedfield of $ in, 2 � ab. Then ( ¬§��,µ/0� ) � 1( $ ) = H ¨ è ¤ �ë� .

Let , 1 ��, 2 beabelianextensionsof finitedegreeover � , andlet , 3 = , 1 , 2, , 4 = , 1 2 , 2.
Then HKJ 3 è ¤ , �3 = HMJ 1 è ¤ , �1 2 HMJ 2 è ¤ , �2 � HKJ 4 è ¤ , �4 = HMJ 1 è ¤ , �1 HMJ 2 è ¤ , �2 c

Thefield , 1 isasubfieldof thefield , 2 if andonlyif HMJ 2 è ¤ , �2 � HKJ 1 è ¤ , �1 ; in particular,, 1 = , 2 if andonly if HMJ 1 è ¤ , �1 = HMJ 2 è ¤ , �2 .
If asubgroup H in ��� containsanormsubgroup HKJ è ¤ ,�� for somefiniteGaloisextension,µ/0� , then H itself is a normsubgroup.

Proof. Thefirst assertionfollowsimmediatelyfrom (3.3.3)and(3.3.4).Put $ ° = Gal(, 3 /=,-° ),À
= 1 � 2. ThenHMJ 3 è ¤ , �3 = ( ¬i�7, 3 /1� ) � 1(1) = ( ¬i�7, 3 /1� ) � 1( $ 1 2 $ 2)

= ( ¬i�7, 3 /1� ) � 1( $ 1) 2 ( ¬i�7, 3 /0� ) � 1( $ 2) = HKJ 1 è ¤ , �1 2 HKJ 2 è ¤ , �2 �HMJ 4 è ¤ , �4 = ( ¬i�7, 3 /1� ) � 1( $ 1
$

2) = ( ¬i�7, 3 /0� ) � 1( $ 1)( ¬i�7, 3 /0� ) � 1( $ 2)

= HMJ 1 è ¤ , �1 HMJ 2 è ¤ , �2 c
If , 1 �Å, 2, then HMJ 2 è ¤ , �2 � HMJ 1 è ¤ , �1 . Conversely, if HKJ 2 è ¤ , �2 � HMJ 1 è ¤ , �1 , thenHMJ 1 J 2 è ¤ ( , 1 , 2) � coincideswith HMJ 2 è ¤ , �2 , and Theorem(3.3.3) shows that the extension, 1 , 2 /1� is of thesamedegreeas , 2 /0� , hence , 1 �Z, 2.
Finally, if H ¾ HMJ è ¤ ,�� , then H = H ¨ è ¤ �ë� , where � is thefixedfield of ( H ��,µ/0� ).

Passingto theprojective limit, weget

Ψ ¤ : � � �L� lim� � � � / HKJ è ¤ , � �L� lim� � Gal(,�/1� )ab = Gal(� ab/1� )

where , runsthroughall finiteGalois(orall finiteabelian)extensionsof � . Thehomomorphism
Ψ ¤ is called thereciprocitymap.
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(3.4.2).
EGFN8;GAlm8;:H=

Thereciprocity mapis well defined.
Its image is densein Gal( � ab/0� ), andits kernelcoincideswith theintersectionof all norm

subgroups HKJ è ¤ ,¨� in ��� for finiteGalois(or finiteabelian) extensions,µ/1� .
If ,µ/0� is a finite Galois extensionand �Î	���� , then the automorphismΨ ¤ ( � ) acts

trivially on , 2 � ab if andonly if �2	 HMJ è ¤ ,�� .

Therestrictionof Ψ ¤ ( � ) on � ur coincideswith � &�i ( � )¤ for �]	W��� .
Let , bea finiteseparableextensionof � , andlet U beanautomorphismof Gal(� sep/1� ).

Thenthediagrams ,¨� Ψ f���N�m�â� Gal(, ab/9, )ÛÛj � ÛÛj ��»
( U , ) � Ψ ¼ f���N�m�â� Gal ã ( U , )ab/ U , ä, � Ψ f���N�m�¦� Gal(, ab/=, )ÛÛj g f=h
i ÛÛj��� Ψ i���N�m�¦� Gal ã � ab/1� ä

are commutative, where U � ( ` ) = U ` U � 1, the right vertical homomorphismof the second
diagramis therestriction.

Proof. Let , 1 /1����, 2 /0� befinite extensionsand , 1 ��, 2. ThenProposition(3.3.4)shows
thattherestrictionof theautomorphism

( �'�7, 2 /0� ) 	 Gal(, 2 /1� )ab

on thefield , 1 2 � ab coincideswith ( �'�7, 1 /0� ) for anelement �]	W��� . Thismeansthat Ψ ¤
is well defined.

The condition �£	 HMJ è ¤ ,�� is equivalent ( �-��,µ/0� ) = 1 andthe last relationmeansthat
Ψ ¤ ( � ) actstrivially on , 2 � ab.

Hence,the kernelof Ψ ¤ is equalto È HMJ è ¤ ,�� , where , runsthroughall finite Galois

extensionsof � . SinceΨ ¤ ( ��� ) � J = Gal(,µ/1� ) for afinite abelianextension ,�/1� , wededuce
that Ψ( ��� ) is densein Gal(� ab/1� ).

Theorem(3.2.4) shows that Ψ ¤ ( |L¤ ) � ¤ ur = �@¤ for a prime element |L¤ in � . Hence,
Ψ ¤ ( � ) � ¤ ur = � &�i ( � )¤ and Ψ ¤ ( 3 ¤ ) � ¤ ur = 1.

Thecommutativity of thediagramsfollow from Propositions(3.3.4)and(3.3.5).

3.5. The ExistenceTheorem

(3.5.1).
¥4l�GAB;GAF¦QiORQSGAT�=

Let , bea finiteseparableextensionof � . ThenthenormmapHMJ è ¤ : , � ��� �
is continuousand HKJ è ¤ ,¨� is anopensubgroupof finite index in ��� .
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Proof. Let �K/1� be a finite Galois extensionwith ,¯�É� . Then, by Theorem(3.4.2),H µ è ¤ �Ì� is of finite index in ��� . The Galois group of the extension �K/1� is solvable.
Therefore,in orderto show that HKJ è ¤ ,¨� is open,it sufficesto verify thatthenormmapfor a
cyclic extensionof primedegreetransformsopensubgroupsto opensubgroups.This follows
from the descriptionof the behavior of the norm mapin (2.13). The samedescriptionof the
norm mapimplies that the pre-image H � 1¨ è ¤ of an opensubgroupis an opensubgroupfor a

cyclic extension ��/1� . Therefore,the pre-image H � 1µ è ¤ of an opensubgroup H in ��� is

anopensubgroupin �W� . Since H � 1J è ¤ ( H ) ¾ H µ è J ã H � 1µ è ¤ ( H ) ä , we obtainthat H � 1J è ¤ ( H ) is

openin ,�� and HKJ è ¤ is continuous.

(3.5.2).
EGFN8;GAlm8;:�ì�Ê >@? QSF¦Om8;TNjR8ªEIFA8DGLlm8;:0ËPï = There is a one-to-onecorrespondencebetween

opensubgroupsof finite index in ��� and the norm subgroupsof finite abelian extensions:HÉÌÍHMJ è ¤ ,�� . Thiscorrespondenceisanorderreversingbijectionbetweenthelatticeof open
subgroupsof finite index in ��� (with respectto the intersection H 1 2 H 2 and the productH 1 H 2 ) andthelatticeof finiteabelianextensionsof � (with respectto theintersection , 1 2 , 2
andthecompositum, 1 , 2 ).

Proof. We verify that an opensubgroup H of finite index in ��� coincideswith the norm
subgroupHKJ è ¤ ,¨� of somefinite abelianextension ,µ/0� . It sufficesto verify that H contains
the norm subgroup HMJ è ¤ ,�� of somefinite separableextension ,�/1� . Indeed,in this caseH contains H µ è ¤ �Ì� , where �K/1� is a finite Galoisextension, � ¾;, . Thenby Proposi-
tion (3.4.1)we deducethat H = H ¨ è ¤ �ë� , where � is the fixed field of ( H �7�K/0� ) and��/1� is abelian.

Assumechar( � ) X \ , where \ is theindex of H in ��� . If � � ����� , thentheKummer
theory implies that ��� � = HMJ è ¤ ,¨� for the abelianextension ,�/1� , where , = � ( ò� � ).
Since � � � is of finite index in � � , theextension ,µ/0� is finite. Then HMJ è ¤ , � � H . If � �
is not containedin ��� , thenput � 1 = � ( � � ). By thesamearguments,� �1 � = HKJ è ¤ 1

,¨� for
somefinite abelianextension ,�/1� 1. Then HKJ è ¤ ,¨�)�!��� � � H .

Assumenow that char( � ) = � . We will show by induction on Yº� 1 that any open
subgroup H of index � � in ��� containsa norm subgroup. This is true for Y = 1, as
follows from the theory of Artin–Schreierextensions. Now let YÝ, 1, and let H 1 be an
opensubgroupof index � �U� 1 in ��� suchthat H � H 1. By the induction assumption,H 1 ¾ HKJ 1 è ¤ , �1 . ThesubgroupH 2 HKJ 1 è ¤ , �1 is of index 1 or � in HMJ 1 è ¤ , �1 . In thefirst
case H ¾ HMJ 1 è ¤ , �1 , and in the secondcaselet ,µ/9, 1 be a finite separableextensionwithH � 1J 1 è ¤ ã H 2 HKJ 1 è ¤ , �1 ä ¾ HKJ è J 1 ,¨� ; then H ¾ HMJ è ¤ ,�� .

For an opensubgroup H of index \ � � in ��� with �LX \ we now take opensubgroupsH 1 and H 2 of indices \ and � � , respectively, in ��� such that H � H 1 � H 2. ThenH = H 1 2 H 2 ¾ HMJ 1 è ¤ , �1 2 HKJ 2 è ¤ , �2 ¾ HMJ 1 J 2 è ¤ ( , 1 , 2) � andwe have provedthedesired
assertionfor H .

Finally, Proposition(3.4.1)impliesall remainingassertions.É GAl�GLCEC�<LlEÊp=
Thereciprocity map Ψ ¤ is injectiveandcontinuous.

Proof. By Theorem(3.4.2) the preimageΨ � 1¤ ( " ) of an opensubgroup " of the group
Gal(� ab/0� ) coincideswith HMJ è ¤ ,�� , where , is the fixed field of " . Hence,Ψ � 1¤ ( " ) is
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openand Ψ ¤ is continuous.Sincethe intersectionof all norm subgroupscoincideswith the
intersectionof all opensubgroupsof finite index in ��� , weconcludethat Ψ ¤ is injective.�#8;:�<Alw��=

Onemayomit theword “open” in theTheoremif char( � ) = 0.g 8;I1QSTmQiORQiGLT9= The field , , which is an abelianextensionof finite degreeover � , with the
property HKJ è ¤ ,�� = H is called theclassfield of thesubgroupH ����� .

(3.5.3). Now wewill generalizeTheorem(3.5.2)for abelian(notnecessarilyfinite) extensions
of � . For anabelianextension ,µ/0� , weputHKJ è ¤ , � = Î ¨ H ¨ è ¤ � � �
where � runsthroughall finitesubextensionsof � in , . ThenthenormsubgroupHKJ è ¤ ,¨� , as
theintersectionof closedsubgroups,is closedin � � . Theorem(3.4.2)impliesthat HMJ è ¤ , � =È ¨ Ψ � 1¤ ã Gal(� ab/ � ) ä = Ψ � 1¤ ã Gal(� ab/=, ) ä . Moreover, for a closedsubgroup H in ���
denotethe topologicalclosureof Ψ ¤ ( H ) in Gal(� ab/0� ) by " (

g
). In other words, " (

g
)

coincideswith theintersectionof all opensubgroups$ in Gal(� ab/0� ) with $ ¾ Ψ ¤ ( H ). If
an element �~	(��� belongsto Ψ � 1¤ ( " (

g
)), thenthe automorphismΨ ¤ ( � ) actstrivially on

thefixedfield of anopensubgroup $ with $ ¾ Ψ ¤ ( H ). FromTheorem(3.4.2)we deduce
that �]	 2¨ H ¨ è ¤ �ë� , where � correspondsto $ . Weconcludethat H = HKJ è ¤ ,¨� for the

fixedfield , of " (
g

) (or of Ψ ¤ ( H ) ).EGFN8;GAlN8D:U=
Thecorrespondence,}� HKJ è ¤ ,¨� is an order reversing bijection betweenthe

lattice of abelianextensionsof � and the lattice of closedsubgroupsin ��� . The quotient
group ���9/ HKJ è ¤ ,¨� is isomorphicto a densesubgroupin Gal(,µ/1� ).

Proof. It remainsto usethe injectivity of Ψ ¤ andthe argumentsin the proof of Proposi-
tion (3.4.2)andTheorem(3.5.2)(replacingtheword “open” by “closed”).

(3.5.4). Let ,µ/0� beafiniteabelianextension,and , 0 bethemaximalunramifiedsubextension
of � in , . Theorem(3.4.2) shows that Ψ ¤ ( 3 ¤ ) � J � Gal( ,µ/=, 0). Conversely, if U 	
Gal(,µ/9, 0) and U = Ψ ¤ ( � ) � J for �2	)��� , thenTheorem(3.4.2)impliesthat �0¤ ( � ) = 0, i.e.,��	�3 ¤ . HenceΨ ¤ ( 3 ¤ ) � J = Gal(,�/9, 0). Theextension , ur /1� is abelian,andwe similarly
deducethat Ψ ¤ ( 3 ¤ ) � J ur = Gal(, ur /1� ur). Since 3 ¤ is compactand Ψ ¤ is continuous,the
group Ψ ¤ ( 3�¤ ) is closedandequalto Gal(� ab/0� ur).

Let | bea primeelementin � and Ψ ¤ ( | ) = � . Then �#� ¤ ur = � ¤ , andfor thefixedfield�ÐÏ of � weget �ÐÏ 2 � ur = ���Ý�°ÏR� ur = � ab

(thesecondequalitycanbededucedby thesameargumentsasin theproofof Proposition(3.2.1).
Theprimeelement | belongsto thenormgroupof every finite subextension ,µ/0� of � Ï /1� .
ThegroupGal(� ab/0�°Ï ) ismappedisomorphicallyonto Gal(� ur /0� ) andthegroupGal(�ÐÏN/1� )
is isomorphicGal(� ab/1� ur). The latter groupis often denotedby � ¤ andcalledthe inertia
subgroupof " ab¤ = Gal(� ab/1� ).
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Wehave

Gal(� ab/0� ) Ñ Gal(� Ï /0� ) Ò Gal(� ur /0� ) � Gal(� Ï /1� ) Ñ 34¤�� Gal( � ur /1� ) Ñ ¡X
and

Ψ ¤ ( � � ) = �e����Ò Gal(� ab/1� ur) �
where �e��� is thecyclic groupgeneratedby � . Weobservethatthedistinctionbetween��� and
Gal(� ab/0� ) is thesameasthatbetweenX and ¡X . Soif wedefinethegroup ¡��� as lim� � ���9/P3
where 3 runsover all opensubgroupsof finite index in ��� , then ¡��� = 3 ¤ Ò ¡X andthe
reciprocitymap Ψ ¤ extendsto theisomorphism(andhomeomorphismof topologicalspaces)¡Ψ ¤ : ¡� � �L� Gal(� ab/0� ) = " ab¤ c

Define

ϒ ¤ = ¡Ψ � 1¤ : Gal(� ab/1� ) �L� ¡� � c
Then ϒ ¤ maps � ¤ homeomorphicallyonto 3�¤ .

The field � Ï canbe explicitly generatedby rootsof iteratedpowersof the isogeny of a
formalLubin–Tategroupassociatedto | .

3.6. Commentson other approachesto the local reciprocity map

(3.6.1). Theapproachesof Hazewinkel andNeukirchfor local fieldswith finite residuefield
canbedevelopedwithoutusingeachother;buteachof themhastogothroughsome“unpleasant”
lemmas.

In characteristic� thereis a very elegantelementaryapproachby Y. KawadaandI. Satake
whichemploysArtin–Schreier–Witt theory.

(3.6.2). Themaximalabeliantotally ramifiedextensionof r-� coincideswith r-� ( �L�	Ñ ) where�L��Ñ is the group of all roots of order a power of � . By using formal Lubin–Tate groups
associatedto a prime element | onecansimilarly constructthe field �ÐÏ of (3.5.5). Due to
explicit resultson the extensionsgeneratedby rootsof iteratedpowersof the isogeny of the
formal group,onecandevelopan explicit classfield theoryfor local fields with finite residue
field. Disadvantageof thisapproachis thatit is notapparentlygeneralizableto local fieldswith
infinite residuefield.

(3.6.3). All otherapproachesproveandusethefact(or itsequivalent)thatfor theBrauergroup
of a local field � thereis a (canonical)isomorphism

inv ¤ : Br( � ) �L��r#/1X c
Historically this is thefirst approachdueto H. Hasse.

Recall that the Brauergroupof a field s is the group of equivalenceclassesof central
simplealgebrasover s . A finite dimensionalalgebra � over s is calledcentralsimpleif
thereexistsa finite Galoisextension ,�/1s suchthat thealgebraviewedover , isomorphicto
a matrix algebraover , (in this case � is saidto split over , ). A centralsimplealgebra �
over s is isomorphicto � � ( Ò ) where Ò is adivisionalgebrawith centre s , Y¸� 1. Two
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centralsimplealgebras�`�â�U� aresaidto be equivalentif the associateddivision algebrasare
isomorphicover s . Thegroupstructureof Br( s ) is givenby theclassof thetensorproduct
of representatives.

A standardway to prove the assertionabout Br( � ) is the show that every centralsimple
algebraover � splitsoversomefiniteunramifiedextensionof � , andthenusingGal( � ur /0� ) Ñ
Gal(¶ sep' /E¶ ' ) reducethecalculationto thefactthatthegroupof continuouscharactersX � � of" � � is canonically(dueto thecanonicalFrobeniusautomorphism)isomorphicwith r#/1X .

Now let a characterÔ�	 X ¤ = Homÿ ( " ¤��âr#/0X ) correspondto a cyclic extension ,µ/1� of
degree \ with generatorU suchthat Ô ( U ) = 1/E\ . For every element �~	(��� thereis a so
calledcyclic algebra� � ù Õ definedas Ö �R� 1° =0 ,-� ° where � � = � , �;� = �d¬ U ( � ) for every ��	3, .
Wehaveapairing � � Ò X ¤Ç�L��rH/0X`� ( �'�.Ô ) Ã� inv ¤ ([ � � ù Õ ]) c
Thispairinginducesthenahomomorphism� � ��� Gal(� ab/1� ) = Hom(X ¤ �âr�/0X ) c
Thenoneprovesthat this homomorphismpossessesall nice properties,i.e. establisheslocal
classfield theory.

Thejustdescribedapproachdoesnot requirecohomologicaltoolsandwasknown beforethe
inventionof those.

(3.6.4). Using cohomologygroupsonecanperhapssimplify the proofs in the approachde-
scribedin (3.6.3).Fromourpointof view theexpositionof classfield theoryfor localfieldswith
finite residuefield givenin thischapteris themostappropriatefor abeginner;ata laterstagethe
cohomologicalapproachcanbemastered.Therealdisadvantageof thecohomologicalapproach
is its unexplicitnesswhereastheapproachin this chapterin additionto quiteanexplicit nature
canbeeasilyextendedto many othersituations.

If , is afinite Galoisextensionof � thenonehasanexactsequence

1 � $ 2(Gal( ,µ/0� ) ��, � ) � Br( � ) � Br( , ) � 1

and Br( � ) is the union of classesof algebraswhich split over , (i.e. the image of all$ 2(Gal( ,�/1� ) �7,�� ) for all finite Galoisextensions ,�/1� ). So inv ¤ inducesa canonicaliso-
morphism

inv J è ¤ : $ 2(Gal( ,µ/0� ) ��, � ) ¿� 1� , : �
� X¨/EX c
Denotethe elementwhich is mappedto 1 /m� , : �
� by � J è ¤ . If ¡$ � standsfor the modified
Tate’scohomologygroup, thenthecupproductwith � J è ¤ inducesanisomorphism¡$ � (Gal(,�/1� ) �"X ) ¿� ¡$ � +2(Gal(,µ/0� ) ��, � ) c
For � = 0 wehave

Gal(,�/1� )ab = ¡$ 0(Gal(,�/1� ) �"X ) ¿� ¡$ 2(Gal(,�/1� ) �7, � ) = � � / HMJ è ¤ , �
which leadsto the analogof Theorems(3.3.3)and(3.4.2). Certainlythe last isomorphismin
muchmoreexplicit form is ϒabJ è ¤ .
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Usingcohomologygroupsonecaninterpretthepairing ���WÒ X ¤!�A��r#/1X of theprevious
subsectionasarisingfrom thecupproduct$ 0(Gal(,µ/1� ) �7, � ) Ò $ 2(Gal( ,µ/1� ) �"X ) � $ 2(Gal(,µ/0� ) ��, � )
and the borderhomomorphism$ 1(Gal(,�/1� ) �"r'/0X ) � $ 2(Gal( ,�/1� ) �"X ) associatedto the
exactsequence

0 ��X���r���r#/1X�� 0 c
For afield s onecantry to axiomatizethosepropertiesof its cohomologygroupswhichare

sufficient to geta reciprocitymapfrom s!� to " abÂ , asit is well known this leadsto thenotion
of classformation.

(3.6.5). Assumethat � is of characteristiczerowith finite residuefield of characteristic� .
For \6� 1 the � � -componentof thepairing ���)Ò X ¤ �L��rH/1X definedin (3.6.3)is apairing$ 1( " ¤ �7�L� ò ) Ò $ 1( " ¤ �âX¨/ � � X ) � $ 2( " ¤ �.�L� ò ) c
If for every \ oneknowsthatthispairingis aperfectpairing,andtheright handsideis acyclic
groupof order � � , thenonededucesthe � -partof classfield theoryof thefield � .

Moregenerally, for afinitely generatedXµ� -module � equippedwith theactionof " ¤ and
annihilatedby � � define �ë� (1) = Hom( �~�.�L� ò ). Thepreviouspairingcanbegeneralizedto
thepairinggivenby thecupproduct$ ° ( " ¤��â� ) Ò $ 2 � ° ( " ¤��â� � (1)) � $ 2( " ¤��.� � ò ) c
By Tate local duality it is a perfectpairingof finite groups.So, if onecanestablishTatelocal
duality independentlyof localclassfield theory, thenoneobtainsanotherapproachto the � -part
of localclassfield theoryin characteristiczero.

J.-M. Fontaine’s theoryof Φ � Γ-moduleswasusedby L. Herr to relate $)° ( " ¤ �â� ) with
cohomologygroupsof a simplecomplex of Φ � Γ-modules. ThenTatelocal duality canbe
establishedby workingwith thecomplex aboveandthisprovidesanotherapproachto the � -part
of localclassfield theory.



Exercises

1. Gothroughtheproofof (1.6).

2. Gothroughtheproofsof (1.12).

3. Multiplicati veRepresentatives.
Assumethat char( � ) = � , 0 c Let ��	 � . An element�2	)% is saidto bea multiplicative

representative(Teichmüller representative) of � if � = � and �]	 2�U� 0
� ��ê . Thisdefinitionis

justifiedby thefollowing Proposition.¥4l�GAB;GLF¦Q§ORQSGAT�=
An element �}	 � has a multiplicative representativeif and only if �}	2�5� 0

� ��ê . Amultiplicativerepresentativefor such � isunique. If � and Æ havethemultiplicative

representatives� and � , then ��� is themultiplicativerepresentativeof �RÆ .
Proof. Weneedthefollowing Lemma.798;:-:-<�=

Let �'���]	)% and � ( ���6� ) �!Y , Y¯, 0. Then � ( � � ò �6� ��ò ) �(\ + Y c
Proof. Put � = � + |9�×N ; then � � = � � + � � � � 1 |9�×N + ¬�¬�¬ + � � ( |9�nN ) � � 1 + | � ��N � , andas� (� ) � 1 (recall char( � ) = � ), we have � (� � � � 1 |9�×N ) ��Y + 1 � c�c�c ��� ( | � ��N � ) �!Y + 1, and� � �6� � 	+|9� +1 % c Now therequiredassertionfollowsby induction.

To prove the first assertionof the Proposition,supposethat �]	 2�5� 0
� ��ê . Since � has

no nontrivial � -torsion,thereexist uniqueelements� � 	 � satisfyingtheequations� � ê� = � .
Let � � 	)% besuchthat � � = � � . Then � �� +1 = � � and � ( � �� +1 ��� � ) � 1. Theprevious

lemmaimplies � ( � ��ò +1� +1 �6� ��ò� ) ��\ + 1 c Hence,thesequence( � ��ê å ò� ) �5�L� is fundamental.It

hasthelimit � � = lim � ��ê å ò� 	�% . Weseethat � ��ò� = � 0 for \�� 0 and � 0 = � , i.e., � 0 is a
multiplicative representativeof � . Conversely, if �Ì	 � hasa multiplicative representative � ,

then �(	 2�5� 0
� � ê c

Furthermore,if � and � aremultiplicative representativesof �Ç	 � , thenwriting � =� � ê� �"� = � ��ê� for some � � ��� � 	�% , we have � ��ê� = � ��ê� and � � = � � becauseof the
injectivity of

Ú Û � � in � . Now thepreviouslemmaimplies � ( ����� ) �(Y + 1, hence � = � .
Finally, if � and � arethe multiplicative representativesof � and Æ , then �p� = �RÆ and�p�]	 2�5� 0

� � ê . Therefore,�p� is themultiplicative representativeof �RÆ .
Denotethesetof multiplicative representativesin % by Ø .

47



48 >@? 8Dl�j�QSFk8DFÉ GAl�GLCEC�<LlEÊ e = If � is perfect (i.e. � is a local field) then every elementof � has its
multiplicativerepresentativein Ø . Themap � : ���ÙØ inducesanisomorphism� � ¿�ÚØ � 
 0 � .
Thecorrespondence� : ���ÙØ is called theTeichmüller map.

If � is finite then Ø � 
 0 � is a cyclicgroupof orderequalto � �
�E� 1.É GAl�GLCEC�<LlEÊ � = Let char( � ) = � . If �'��� are the multiplicativerepresentativesof �L�âÆ³	 � ,
then � + � is themultiplicativerepresentativeof � + Æ .
Proof. Let � = � � ê� �"� = � ��ê� . Then � + � = ( � � + � � )

� ê � hence � + �!	 2�5� 0
� � ê and� + � = � + Æ .

4. Gothroughtheproofof (2.9)and(2.10).

5. Gothrough(2.11).

6. Gothroughtheproofsof (2.12).

7. Structure theoremsfor completediscretevaluation fields. Let � beacompletediscrete
valuationfield with perfectresiduefield.

Therearethreepossiblecases:two equal-characteristiccases,when char( � ) = char( � ) = 0
or char( � ) = char( � ) = � , 0, andonemixed-characteristiccase,whenchar( � ) = 0 � char( � ) =� , 0.798;:-:-< e = Thering of integers % ¤ containsa nontrivial field � if and only if char( � ) =
char( � ).

Proof. Since � 2 * ¤ = (0), � is mappedisomorphicallyontothefield �õ� � , therefore
char( � ) = char( � ). Conversely, let � bethesubringin %'¤ generatedby 1. Then � is afield
if char( � ) = � , and � 2 * ¤ = (0) if char( � ) = 0. Hence,thequotientfield of � is thedesired
one.

A field � ��% ¤ , that is mappedisomorphicallyontotheresiduefield � = � is calleda
coefficientfield in %'¤ . Sucha field, if it exists, is a setof representativesof � in %'¤ . (1.8)
impliesthatin thiscase � is isomorphic(algebraicallyandtopologically)to thefield � (( t )):
aprimeelement | in � correspondsto t . Notethatthis isomorphismdependson thechoice
of a coefficient field (which is sometimesunique,seeProposition2 below) andthechoiceof a
primeelementof � .

Weshallshow below thatacoefficientfield existsin anequal-characteristiccase.
Thesimplestcaseis thatof char( � ) = char( � ) = 0.¥4l�GAB;GLF¦Q§ORQSGAT e = Let char( � ) = 0. Thenthereexistsa coefficientfieldin % ¤ . A coefficientfield

canbeselectedin infinitelymanywaysif andonly if � is notalgebraic over r .

Proof. Let � beamaximalsubfieldin % ¤ , in otherwords, � benotcontainedin any other
largersubfieldof % ¤ . Weassertthat � = � , i.e., � is acoefficientfield. Indeed,if Ë 	 � is
algebraicover � , then Ë is separableover � andwecanapplytheHenselianpropertyto find
anelement�(	�% ¤ whichis algebraicover � andsuchthat � = Ë . Since � ( � ) = � , by the
maximalityof � , weget �2	��~� Ë 	 � . Furthermore,let Ë 	 � betranscendentalover � .
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Let �!	6% ¤ besuchthat � = Ë . Then � is not algebraicover � , becauseif ® �° =0 ��°´� ° = 0
with � ° 	�� , then ® �° =0 � ° Ë ° = 0. Hence, � ° = 0 and � ° = 0 ( � is mappedisomorphically
onto � ). By thesamereason� [ � ] 2 * = (0). Hence,thequotientfield � ( � ) is contained
in % ¤ and � $= � ( � ), contradiction.Thus,wehavebeenconvincedourselvesin theexistence
of acoefficientfield.

If � isnotalgebraicover r , let �(	�% ¤ beanelementtranscendentalovertheprimesubfieldr in % ¤ . Thenthemaximalsubfieldin % ¤ , whichcontains r ( � + �D� ) with �K	+* ¤ �â�
	�r ,
is a coefficient field. If � is algebraicover r , then � is algebraicover r andis uniquely
determinedby ourpreviousconstructions.¥4l�GAB;GLF¦Q§ORQSGAT � = Let char( � ) = � . Thena coefficient field existsand is unique; it coincides
with thesetof multiplicativerepresentativesof � in % ¤ .

Proof. Convinceyourself.

We concludewith the caseof mixed-characteristic:char( � ) = 0, char( � ) = � . with the
residuefield � isomorphicto s . Hereis ananalog:¥4l�GAB;GLF¦Q§ORQSGATÛ)R=

Let � bea completediscretevaluationfield of characteristic0 with residue
field s of characteristic � . Let s 1 be any extensionof s . Thenthere exists a complete
discretevaluationfield � 1 which is anextensionof � , such that ß ( � 1 � � ) = 1 and � 1 = s 1.

Proof. It is suffices to considertwo cases: s 1 = s ( � ) is an algebraicextensionover s
and s 1 = s ( Ü ) is a transcendentalextensionover s . If, in addition,in thefirst case s 1 /1s
is separable,thenlet y ( t ) be the monic irreduciblepolynomialof � over s , andlet x ( t )
be a monic polynomial over the ring of integers of s such that x ( t ) = y ( t ). By the
HenselLemma(1.2) thereexistsa root � of x ( t ) suchthat � = � . Then � 1 = � ( � ) is the
desiredextensionof � . Next, if � � = Æ)	�s and � is an elementin the ring of integers
of � suchthat � = Æ , then � 1 = � ( � ) is the desiredextensionof � for � � = � . Finally,
in the caseof transcendentalextensionlet - be definedas - ( x ( Ü )) = min� + ° + [ � ( �p° ) forx ( Ü ) = ® [° = � �Ü°eÜ ° 	+� [ Ü ] with � � $= 0, Y¸�!Z . Extending - to � ( Ü ) weobtainthediscrete
valuation - with residuefield s 1.É GAl�GLCEC�<LlEÊp=

Thereexistsa completediscretevaluationfieldof characteristic0 with anygiven
residuefieldof characteristic � andtheabsoluteindex of ramificationis equalto 1.

Proof. Onecanset � = r�� andapplytheProposition.

8. Hasse–Herbrandfunction. Let � be a completediscretevaluationfield with perfect
residuefield.¥4l�GAB;GLF¦Q§ORQSGAT�=

Let the residuefield � be infinite. Let ,µ/0� be a finite Galois extension,H = HMJ è ¤ . Thenthereexistsa uniquefunction� = � J è ¤ : Ý!�QÝ
such that � (0) = 0 andH 35Þ ( ° ) ù J ��34°´ù ¤ � H 30Þ ( ° ) ù J $��3 ° +1 ù ¤ � H 30Þ ( ° )+1 ù J ��3 ° +1 ù ¤ c
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Proof. The uniquenessof � follows immediately. Indeed,for é6,Ú� ( À ) H 3 ±"ù J �¹3 ° +1 ù ¤ ,

henceif ¿ � is anotherfunctionwith therequiredproperties,then ¿ � ( À ) ��� ( À ) ��� ( À ) � ¿ � ( À ), i.e.,� = ¿ � .
As for theexistenceof � , wefirst considerthecaseof anunramifiedextension ,�/1� . (2.12)

shows thatin thiscase � ( À ) =
À

(becauseH J è ¤ ( , � ) $= 1 and Tr J è ¤ , = � ).
The next caseto consideris a totally ramifiedcyclic extension ,µ/0� of prime degree. In

this casethemap HKJ è ¤ is determinedby somenonzeropolynomialsover , . Theimageof ,
undertheactionof suchapolynomialis notzerosince , is infinite. Hence,weobtain� ( À ) = � , : �
� À �
if ,µ/0� is totally tamelyramified,and� ( À ) = w À � À �Á�P�� (1 � � ) + � À � À �Á�P�
if ,µ/0� is totally ramifiedof degree � = char( � ) , 0.

Now weconsiderthegeneralcase.Notethatif wehavethefunctions � J è ¨ and � ¨ è ¤ for the
Galoisextensions,µ/��~�â��/0� , thenfor theextension ,�/1� onecanput � J è ¤ = � J è ¨ ª � ¨ è ¤ .
Indeed, HMJ è ¤ 3 Þ f=hmi ( ° ) ù J � H ¨ è ¤ 3 Þ ¹5h
i ( ° ) ù ¨ ��34°´ù ¤ c
Furthermore,thebehavior of HKJ è ¤ is determinedby somenonzeropolynomials(thecompo-
sition of the polynomialsfor HKJ è ¨ and H ¨ è ¤ , the existenceof which canbe assumedby
induction).Hence HKJ è ¤ 35Þ f=h
i ( ° ) ù J $��3 ° +1 ù ¤ c
Since HMJ è ¤ 30Þ f=hmi ( ° )+1 ù J � H ¨ è ¤ 35Þ ¹5h
i ( ° )+1 ù ¨ ��3 ° +1 ù ¨ �
wededucethat � = � J è ¤ is thedesiredfunction.

In the generalcasewe put � J è ¤ = � J è J 0 for , 0 = , 2 � ur anddetermine � J è J 0 by
inductionusingsolvability of ,�/9, 0.

To treatthecaseof finite residuefieldsweneed798;:-:-<�=
Let ,�/1� bea finiteseparabletotally ramifiedextension.Thenfor anelement�]	3,

weget HKJ è ¤ ( � ) = HªßJ ur è ß¤ ur( � )

where à � ur is thecompletionof � ur, ß, ur = ,5à � ur.

Proof. Let , = � ( | J ) with aprimeelement | J in , , andlet �]	3, . Let

�p| °J =
��� 1Ä ± =0

� °²± | ±J with � °þ± 	W��� 0 � À �(\+� 1 ��\ = � , : �
� c
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Then HMJ è ¤ ( � ) = det( � °²± ). Since , ur = � ur( | J ) and� , ur : � ur � = ß ( , ur � � ur) = ß ( , ur � � ) = ß ( ,5� � ) = � , : �
� �
weget HMJ ur è ¤ ur( � ) = det(��°²± ) = HKJ è ¤ ( � ) c

Finally, let �K/1� ur be a finite totally ramifiedGaloisextensionwith � ¾Ú, ur. Let " =
Gal(�K/1� ur) � $ = Gal(�K/9, ur), andlet " bethedisjoint unionof U ° $ with U °-	 " � 1 � À �� , ur : � ur � . Then HKJ ur è ¤ ur( � ) = ð U ° ( � ) = HSßJ ur è ß¤ ur( � ) �
because" and $ areisomorphicto Gal( ¡�K/ à � ur) and Gal( ¡�K/ ß, ur).

This Lemmashows that for a finite totally ramifiedGaloisextension ,µ/0� the functions� J è ¤ and � ßJ ur è ß¤ ur coincide.Now, if ,�/1� is afinite Galoisextension,weput� J è ¤ = � J è J 0 = � ßJ ur è ß¤ ur
c

In particular, if � is finite we put � J è ¤ = � ßJ ur è ß¤ ur (theresiduefield of à � ur is infinite asthe

separableclosureof afinite field).
It isusefultoextendthisfunctionto realnumbers.Forunramifiedextension,or tamelytotally

ramifiedextensionof primedegree,or totally ramifiedextensionof degree � = char( � ) , 0 put� J è ¤ ( ] ) = ]�� � J è ¤ ( ] ) = � , : �
� ]��á� J è ¤ ( ] ) = w ]p� ])�Á�P�� (1 � � ) + � ]p�É])�Á�
for real ])� 0 respectively. Usingthesolvability of ,µ/=, 0 (Corollary3 of (4.4)Ch. II) andthe
equality � J è ¤ = � J è ¨ ª � ¨ è ¤ definenow � J è ¤ ( ] ) asthe compositeof the functionsfor a
towerof cyclic subextensionsin ,µ/9, 0.EGFN8;GAlN8D:U=

Thusdefinedfunction � J è ¤ : [0 � + � ) � [0 � + � ) is independenton the choiceof
a towerof subfields.Thefunction � J è ¤ is called theHasse–Herbrandfunctionof ,�/1� . It is
piecewiselinear, continuousandincreasing.

Proof. It sufficesto show thatif � 1 /�� , � 2 /�� arecyclic extensionsof primedegree,then

(*) � µ è ¨ 1 ª � ¨ 1 è ¨ = � µ è ¨ 2 ª � ¨ 2 è ¨
where � = � 1 � 2.

Note thateachof � ¨ 1 è ¨ ( ] ), � ¨ 2 è ¨ ( ] ) hasat mostonepoint at which its derivateis not
continuous.Thereforethereareatmosttwo pointsatwhich thefunctionof theleft (resp.right)
handsideof ( o ) hasdiscontinuousderivative. By lookingatgraphsof thefunctionsit is obvious
thatatsuchpointsthederivativestrictly increasesandthereis atmostonesuchnonintegerpoint
for at mostoneof thecomposedfunctionsof the left handsideandthe right handsideof ( o ).
At this point (if it exists)thederivative jumpsfrom � to � 2.

Fromtheuniquenessin theprecedingpropositionwededucethattheleft andrighthandsides
of ( o ) areequalat all nonnegative integers. Thus,elementarycalculusshows that the left and
right handsidesof ( o ) areequalatall nonnegativerealnumbers.
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9. Selfduality of local fieldswith finite residuefield. Let � bealocalfieldwith finite residue
field. Provethatthereis anontrivial character

�
: ���ÍâH� andthateverycharacter

� � of � is
of theform ]ÌÃ� � ( �ã] ) for auniquelydefined ��	W� . Thismeansthattheadditivegroupof �
is selfdual.It is oneof thefirst observationswhich leadto thetheoryof J. TateandK. Iwasawa
onharmonicanalysisinterpretationof thezetafunction.

[Hint: For a local functional field ¶ ' (( t )) let Y : ¶;�¹� X�/ � � â#� be inducedby� + � X]� exp(2| À �m/ � ), define�
:
Ä � ° t ° � Y�ã Tr � � è � ^ � � 1

ä c
For �(	Wr`�� let � ( � ) 	+X besuchthat � ( � ) Í�� � � mod � � where \ = �#��� ( � ). Define� � ^ : ��� exp(2| À � ( � ) / � � ) c

For a localnumberfield � define �
=
� � ^ ª Tr ¤ è � ^ c

To show thesecondpartfor acharater
� � find � as ® Ë ° | ° constructingË ° stepby step.]

10. Gothroughdetailsof (3.3.3).

11. Gothroughdetailsof (3.4).

12. Gothroughdetailsof (3.5).

13. The reciprocity map and Hasse–Arftheorem.EGFN8;GAlN8D:U=
Let ,µ/0� bea finite abelianextension, " = Gal(,µ/0� ). Denoteby � theHasse–

Herbrand function � J è ¤ . Put 3 � 1 ù ¤ = ��� , 3 0 ù ¤ = 3�¤ , and � ( � 1) = � 1. Thenfor every
integer \]��� 1 thereciprocity map Ψ J è ¤ mapsthequotientgroup 3 � ù ¤ HMJ è ¤ ,¨�9/ HMJ è ¤ ,¨�
isomorphicallyontotheramificationgroup " ( \ ) = " Þ ( � ) and 3 � ù ¤ HMJ è ¤ ,¨�ç/D3 � +1 ù ¤ HMJ è ¤ ,¨�
isomorphicallyonto " Þ ( � ) / " Þ ( � )+1.

Thus " Þ ( � )+1 = " Þ ( � +1) for integer \ ; this is calledtheHasse–Arftheorem.

Proof. Let , 0 bethemaximalunramifiedextensionof � in , . Weknow fromExercise8 that� J è ¤ = � J è J 0 , andfrom section1 that thenorm HMJ 0 è ¤ maps 3 � ù J 0 onto 3 � ù ¤ for \!� 0.
Usingthesecondcommutativediagramof (3.4.2)(for � = ,U�â� = ���7, = , 0 ) wecantherefore
assumethat ,µ/0� is totally ramifiedand \�� 0.

We usethenotationsof Corollary(3.3.2),so � and � arecompletefields. Let U 	 " Þ ( � ),
then | 1 ��� belongsto 35Þ ( � ) ù J . Let ×�	B�d� besuchthat ×(®m� 1 = | 1 ��� . Thefirst proposition
of (3.1.8)showsthat × canbechosenin 35Þ ( � ) ù � . Now from Corollary(3.3.2)andtheprevious
Exercisewe deducethat ϒ J è ¤ ( U ) = � = HK� è�� ( × ) belongsto 3 � ù ¤ HMJ è ¤ ,¨� . So ϒ( " Þ ( � )) �3 � ù ¤ HMJ è ¤ ,¨� . Similarly, weestablishthat ϒ( " Þ ( � )+1) ��3 � +1 ù ¤ HKJ è ¤ ,¨� .

Conversely, let � belongto 3 � ù ¤ HKJ è ¤ ,�� . For theabelianextension ,µ/1� we will prove
below astrongerassertionthanthatin Corollary(3.3.2):

thereexists ×�	63 � suchthat �dÍ Hª� è�� ( × ) mod HKJ è ¤ , � and × ®N� 1 = | 1 ��� for someU 	 Gal(�H/�� ). For everysuch × wehave ×V®N� 1 	)3 Þ ( � ) ù � .
Fromthisassertionwededucethat Ψ( 3 � ù ¤ HKJ è ¤ ,¨� ) � " Þ ( � ). HenceΨ( 3 � ù ¤ HKJ è ¤ ,�� ) =" Þ ( � ) and ϒ J è ¤ ( " Þ ( � )+1) = ϒ J è ¤ ( " Þ ( � +1)), so " Þ ( � )+1 = " Þ ( � +1).
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It remainsto provetheassertionby inductiononthedegreeof ,µ/1� . If \ = 0, theassertion
isobvious,soweassumethat \6, 0. If Gal(,�/1� ) isof primeorderwith generator̀ , thenfrom
Corollary (3.3.2)we know that thereis ×�	Ç3 � suchthat �ÌÍ Hª� è�� ( × ) mod HMJ è ¤ , � and×(®N� 1 = | 1 ��¤ ê for someinteger Y . So é = � � ( ×V®N� 1 � 1) = � � ( | 1 ��¤ ê � 1). If `m� = 1 then
theassertionisobvious,soassumethat `m�ë$= 1. From(2.12)weknow that 3 ± +1 ù ¤ � HMJ è ¤ ,�� .
If Hª� è�� ( × ) belongsto 3 ± +1 ù ¤ , then Ψ J è ¤ ( HK� è�� ( × )) is 1,not ` � , acontradiction.Therefore,�0¤ ( HK� è�� ( × ) � 1) = é = � J è ¤ (é ).

For the induction steplet ��/0� be a subextensionof ,µ/0� suchthat Gal(,µ/ � ) is of
prime degree Õ with generator ` . By Corollary (3.3.2) there is ×}	Î3 � such that ��ÍHK� è�� ( × ) mod HMJ è ¤ ,¨� and ×V®N� 1 = | 1 ��� . By theinductionhypothesisHK� è�© ×V®N� 1 belongs
to 35Þ ¹5h
i ( � ) ù © . By thefirstpropositionof (3.1.8)thelattergroupis ®N� 1-divisible,andtherefore

fromthesamepropositionwededucethat HK� è�© ×(®m� 1 = C � with C 	�30Þ ¹5hmi ( � ) ù © and ��	�3 ¨ .
Accordingto thedefinitionof theHasse–Herbrandfunctionin Exercise8thereis « 	)30Þ f=h
i ( � ) ù �
suchthat Hª� è�© ( « ) = C . Then « ®N� 1 = | 1 ��� � for some � in thekernelof Hª� è�© .

Let ` bea generatorof Gal(,µ/ � ). UsingProposition(3.1.7)we deducethat �2Í�| 1 ��¤ ê
mod 3 ( �U/E* ) andso « ®N� 1 = | 1 ���9¤ ê N 1 ��¤ for anappropriateN2	]3 � andsomeinteger Y .
By thefirstpropositionof (3.1.8)thereis &K	�3 � suchthat &=®m� 1 = N 1 ��¤ . Then ×V®N� 1 = |¥�9¤ ê � 1

where × = « &;� 1. All we needto show is that N±¤0� 1 belongsto 35Þ ( � ) ù � . If it doesnot, thené = � � ( N�¤P� 1 � 1) = � J ( | 1 ���9¤ ê � 1) , 0. Let � = � ( ,5� � ) asdefinedin (2.12). Since N is a
unit, from (2.12)wededucethat é`�u� is primeto � . On theotherhand,thefollowing Lemma
impliesthat é is congruentto � modulo � , acontradiction.798;:-:-<�=

Let ,µ/1� be a finite Galois extensionwith separable residuefield extension.LetU 	 " ° � " ° +1 and `�	 " ± � " ± +1 with
À �Þé!� 1. Then U ` U � 1 `�� 1 	 " ° +± +1 and

À Í©é
mod � .

Proof. Let | J beaprimeelementof , . ThenU | J| J = 1 + �p| °J � `R| J| J = 1 + �9| ±J with �-�"��	)% �J c
Therefore U `R| J = U | J + ( U � )( U | J ) ± +1Í�| J + �p| ° +1J + �9| ± +1J + (é + 1)�p�9| ° +± +1J mod * ° +± +2J c
Hence ( U `W�8` U ) | J Í (é³� À ) �p�9| ° +± +1J mod * ° +± +2J . Substitutinginsteadof | J the other
primeelement U � 1 `�� 1 | J of , wededucethatU ` U � 1 `�� 1 | J| J Í 1 + (é.� À ) �p�9| ° +±J mod * ° +± +1J c

Now if é is the maximal ramificationnumberof ,µ/0� , then " ± +1 = 
 1 � . Therefore
the last formula in the previous paragraphshows that every positive ramificationnumber

À
of ,�/1� is congruentto é modulo � . Thereforeevery two positive ramificationnumberof,µ/0� arecongruentto eachothermodulo � . Finally, from the sameformulawe deducethatU ` U � 1 `�� 1 	 " ° +± +1.
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14. The Hilbert symbol. Let � be a local field with finite residuefield � . Let the group� � of all \ th rootsof unity in theseparableclosure � sep becontainedin � andlet ��X \ if
char( � ) = � .

Thenormresiduesymbolor Hilbert symbolor Hilbert pairing ( ¬§��¬ ) � : ���6Ò)�����ä� � is
definedby theformula

( �-�"� ) � = N � 1Ψ ¤ ( � )( N ) � whereN � = ���mN�	W� sepc
If N��9	W� sep is anotherelementwith Nç� � = � , then NÜ� 1 N��ç	�� � andN � � 1Ψ ¤ ( � )( N � ) = N � 1Ψ ¤ ( � )( N ) c
HencetheHilbert symbolis well defined.¥4l�GAB;GLF¦Q§ORQSGAT e = Thenormresiduesymbolpossessesthefollowingproperties:

(1) ( ¬§��¬ ) � is bilinear;
(2) (1 �6�'�"� ) � = 1 for �2	W� � �â��$= 1 (Steinberg property);
(3) ( �H�-�â� ) � = 1 for �2	+��� ;
(4) ( �-�"� ) � = ( ���"� ) � 1� ;
(5) ( �-�"� ) � = 1 if andonly if �]	 H ¤ ( ò � å ) è ¤ � ( ò� � ) � andif andonly if��	 H ¤ ( òæ � ) è ¤ � ( ò� � ) � ;
(6) ( �-�"� ) � = 1 for all �]	+��� if andonly if �2	+��� � ,

( �-�"� ) � = 1 for all �2	+��� if andonly if �]	+��� � ;
(7) ( �-�"� ) ��0� = ( �-�"� ) � for Y¸� 1 �7� �0� ��� � ;
(8) ( �-�"� ) � ù J = ( HMJ è ¤ �'��� ) � ù ¤ for ��	�,¨�p�"��	6��� , where ( ¬i��¬ ) � ù J is theHilbert symbol

in , , ( ¬i��¬ ) � ù ¤ is theHilbert symbolin � , and , is a finiteseparableextensionof � ;
(9) ( U �-� U � ) � ù � J = U ( �'��� ) � ù J , where ,µ/0� is finite separable, U 	 Gal( � sep/1� ), and� � �:,¨� but notnecessarily� � �Ç��� .

Proof. (1): For N)	�� sep�.N�� = � wegetN � 1Ψ ¤ ( � 1 � 2)( N ) = Ψ ¤ ( � 1) ãeN � 1Ψ ¤ ( � 2)( N ) ä ¬NãçN � 1Ψ ¤ ( � 1)( N ) ä
= ãçN � 1Ψ ¤ ( � 2)( N ) ä ãçN � 1Ψ ¤ ( � 1)( N ) ä �

sinceΨ ¤ ( � 1) actstrivially on ( � 2 ��� ) � 	è� � . Wealsoobtain

( �'��� 1 � 2) � = ãeN � 1
1 N � 1

2 Ψ ¤ ( � )( N 1 N 2) ä = ãçN � 1
1 Ψ ¤ ( � )( N 1) ä ãçN � 1

2 Ψ ¤ ( � )( N 2) ä
= ( �'��� 1) � ( �-�"� 2) � c

for N 1 �mN 2 	W� sep, Nç�1 = � 1 �mNç�2 = � 2.
(5),(2),(3),(4): ( �'��� ) � = 1 if andonly if Ψ ¤ ( � ) actstrivially on � ( ò� � ) andif andonly ifã by Theorem(3.4.2)ä �2	 H ¤ ( ò� å ) è ¤ � ( ò� � )) � .

Let Y�� \ be the maximal integer for which �ë	�� � � . Then � ( ò� � ) /0� is of degree\çY�� 1. Let � = �Ü�1 with � 1 	���� andlet á � be a primitive \ th root of unity. Thenfor
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1 �6� =
�ð ° =1

(1 �]á °� & ) =
�ð ° =1

�0� å 1ð ± =1
a 1 �]á °� á ±�0� å 1 & b

= H ¤ ( ò æ � ) è ¤ c �ð ° =1

ã 1 �]á °� & ä d£	 H ¤ ( ò æ � ) è ¤ � ( ò� � ) � c
Hence,(1 ���'�"� ) � = 1. Further, �H� = (1 �)� )(1 �)�-� 1) � 1 for ��$= 0 �"��$= 1. Thismeansthat
( �H�-�â� ) � = (1 ���-�â� ) � (1 ��� � 1 �â� � 1) � 1� = 1. Moreover,

1 = ( �H�p���"�p� ) � = ( �H�'�"� ) � ( �-�"� ) � ( ���â� ) � ( �#����� ) � = ( �'��� ) � ( Ækß;�"� ) � �
i.e., ( �-�"� ) � = ( ���"� ) � 1� .

Finally, if ( �-�"� ) � = 1, then ( ���â� ) � = 1, which is equivalentto�6	 H ¤ ( òæ � ) è ¤ � ( ò� � ) � c
(6): Let �Ç	���� � ; then ( �-�"� ) � = 1 for all �!	6��� . Let �£/	6��� � , then , = � ( ò� � ) $= � ,
and ,µ/0� is anontrivial abelianextension.By Theorem(3.4.2)thesubgroupHMJ è ¤ ,¨� doesnot
coincidewith ��� . If we take anelement �!	���� suchthat ��/	 HKJ è ¤ ,¨� then,by property
(5), weget ( �'��� ) � $= 1.
(7): For N�	�� sep�.N��0� = � , onehas

( �-�"� ) ��P� = ãºN � 1Ψ ¤ ( � )( N ) ä � = ãeN ��� Ψ ¤ ( � )( N � ) ä = ( �'��� ) � �
because( Nç� ) � = � .
(8): Theorem(3.4.2)shows that

( �-�"� ) � ù J = N � 1Ψ J ( � )( N ) = N � 1Ψ ¤ ã HKJ è ¤ ( � ) ä ( N ) = ã HMJ è ¤ �-�"� ä � ù ¤ �
where N�	W� sep�mNç� = � .
(9): Theorem(3.4.2)shows thatfor N)	�� sep�.N�� = � ,

( U �'� U � ) � ù � J = U ã N � 1Ψ J ( � )( N ) ä = U ( �-�"� ) � ù J c
É GAl�GLCEC�<LlEÊp=

TheHilbert symbolinducesthenondegeneratepairing

( ¬§��¬ ) � : � � /1� � � Ò+� � /0� � � �L�Í� � c
TheKummertheoryassertsthatabelianextensions ,�/1� of exponent \ ( � � �£���Ü� �6X \

if char( � ) = � ) arein one-to-onecorrespondencewith subgroupsB J ����� , suchthat B J ¾��� � , , = � ( ò� B J ) = � ( NR° : Nç�° 	 B J ) andthegroup B J /1��� � is dualto Gal(,µ/0� ).EGFN8;GAlN8D:U=
Let � � �¯���Ü� �KX \ , if char( � ) = � . Let A be a subgroup in ��� such that��� � � A. Denoteits orthogonal complementwith respectto the Hilbert symbol ( ¬§��¬ ) � by

B = A é , i.e.,

B = 
���	W� � : ( �'��� ) � = 1 for all �]	 A � c
ThenA = HMJ è ¤ ,¨� , where , = � ( ò� B) and � = êKé .



56 >@? 8Dl�j�QSFk8DF
Proof. Recallthat ��� � is of finite index in ��� .

Let B be a subgroupin ��� with ��� � � B and �B : ��� � � = Y . Let A = B é . Then
Ψ ¤ ( � ), for �(	 A, actstrivially on � ( ò� � ) for �]	 B. This meansthat Ψ ¤ ( � ) actstrivially
on , = � ( ò� B) and,by Theorem(3.4.2), �2	 HKJ è ¤ ,¨� . Hence

A � HKJ è ¤ , � c
Conversely, if �]	 HKJ è ¤ ,�� , then Ψ ¤ ( � ) actstrivially on � ( ò� � ) �Z, and�(	 H ¤ ( ò� å ) è ¤ � ( òæ � ) �
for every ��	 B. Property(5) of thepreviouspropositionshows that ( �-�"� ) � = 1 andhenceHMJ è ¤ ,���� A. Thus, A = HKJ è ¤ ,¨� .

Furthermore,to completethe proof it suffices to verify that a subgroupA in ��� with���R��� A coincideswith (A é ) é . RestrictingtheHilbert symbolon A Ò)��� we obtainthat
it inducesthe nondegeneratepairing A /0���R�)Ò����9/ A é~�ë� � . The theoryof finite abelian
groupsimplies that theorderof A /1���m� coincideswith theorderof ����/ A é . Similarly, one
canverify thattheorderof A é-/0��� � is thesameasthatof ���9/ (A é ) é , andhencetheorderof� � / A é equalstheorderof (A é ) é /1� � � . From A � (A é ) é wededucethat A = (A é ) é .

Theproblemto find explicit formulasfor thenormresiduesymboloriginatesfrom Hilbert.
In thecaseunderconsiderationthechallengeis to find a formulafor theHilbert symbol ( �-�"� ) �
in termsof the elements �'��� of the field � . This problemis very complicatedwhen � � \ .
Nevertheless,thereis asimpleanswerwhen �×X \ .¥4l�GAB;GLF¦Q§ORQSGAT�=

Let \ berelativelyprimewith � and � � ��� � . Then

( �'��� ) � = ì ( �'��� )( ' � 1) è"� �
where % is thecardinality of theresiduefield � andì : � � Ò+� � ���Ù� ' � 1

is thetamesymbol: ì ( �'��� ) is themultiplicativerepresentativeof theresidueof� & i ( � ) � � & i ( å )( � 1)& i ( � ) & i ( å ) c
Proof. Notethattheelementsof thegroup � � , for �IX \ , areisomorphicallymappedontothe
subgroupin themultiplicativegroup ¶Ü�' . Hence, \-� ( % � 1). Notealsothattheprimeelements
generate��� . Indeed,if � = | ó � with �]	�3�¤ , then � = | 1 | ó � 1 for the prime element| 1 = |�� , when �~$= 1, and � = | 2 for the prime element | 2 = |�� , when � = 1. Using
properties(1) and(7) of the Hilbert symbol it suffices to verify that ì ( |4�"� ) = ( |4�"� ) ' � 1 for�]	+��� .

Let � = ( �#| ) ó Ë � with � = � ¤ ( � ) � Ë 	3� ' � 1 ���³	�3 1 ù ¤ . Then,as ì ( |4���#| ) = 1 �.ì ( |4��� ) = 1,
we obtain ì ( |4��� ) = ì ( |4� Ë ) = Ë . Property(3) of theHilbert symbolshows that ( |4���#| ) ' � 1 = 1.
Sincethegroup 3 1 ù ¤ is ( % � 1)-divisible, ( |4��� ) ' � 1 = 1. Finally, sincetheextension � ( ò� Ë ) /0�is unramified,sofor ×�	+� sep��× ' � 1 = Ë ,

( |4� Ë ) ' � 1 = × � 1Ψ ¤ ( | )( × ) = × � 1 �@¤ ( × ) = × ' � 1 = Ë c
Weconcludethat ( |4��� ) ' � 1 = Ë = ì ( |4��� ).
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15. Local Kr oneker–Weber theorem.
Read(3.1.3).
Let á 1 beaprimitive (� � � 1) th rootof unity, let á 2 beaprimitive � � th rootof unity, and, 1 = r � ( á 1) ��, 2 = r � ( á 2). Show thatHMJ 1 è � ^ , �1 = � � � ��Ò)3 � ^�� HKJ 2 è � ^ , �2 = � � ��Ò)3 � ù � ^ c
ProvethelocalKronecker–WeberTheorem:everyfiniteabelianextensionof r4� iscontained

in acyclotomicfield r-� ( á � ) for asuitableprimitive \ th rootof unity.


