Lectureson Complete Discrete Valuation Fields

1: DiscreteValuation Fields

(1.1). Valuations. Onecangeneralizehe propertiesof the p-adicvaluationv, andproceed
to the conceptof valuation.Let I' be anadditively written totally orderedabeliangroup. Add
to ' aformal element+oco with the propertiesa < +o0o, +o00 < +o0, a + (+o0) = +oo,
(+00) + (+o0) = +o0, for eacha € I'; denotel’ =T U {+o0}.

A mapwv: F — " with theproperties

v(ia) =+toco e a=0
v(af) = v(a) +v(B)
v(a +58) = min(u(a), v(B))

is saidto bea valuationon F'; in thiscaseF is saidto beavaluationfield. Themapv induces
a homomorphisnof F* to I' andits valuegroup v(F>) is atotally orderedsubgroupof TI.

If v(F*)={0}, thenw is calledthetrivial valuation It is easyto shaw that v(—1) = 0, andif

v(a) < v(B), then

v(a) Z min(u(a + 8),v(=p)) 2 min(v(a), v(B)) = v(a);
thus,if v(a) Zv(B) thenv(a + B) = min(v(a), v(B)).

(1.2). BasicObjects. Let O, ={a € F:v(a) > 0}, M, = {a € F : v(a) > 0}. ThenM,
coincideswith the setof non-invertibleelementof O,. Therefore,©, is alocalrring with the
unique maximalideal M,; O, is calledthe ring of integers (with respecto v ), andthefield
F, = 09,/M, iscalledthe residusdield, or residueclassfield. Theimageof anelementa € O,
in F, is denotedoy @, it is calledthe residueof « in F,. Thesetof invertible elementsof
0, isamultiplicatve group U, = 0, —M,, it is called thegroupof units

LeEmMA. Assumehat cha(F) # cha(F,). Thencha(F) = 0 and cha(F,) = p > 0.

Proof. ~Supposethat chaF) = p Z 0. Thenp = 0 in F' andthereforein F,. Hence
p = cha(F,). O

(1.3). EXAMPLES OF VALUATIONS AND VALUATION FIELDS.

1. A valuationv on F' is saidto be discreteif thetotally orderedyroupv(F*) isisomorphic
to thenaturallyorderedgroup Z.

For aprime p andanon-zerdnteger m let k = v,(m) bethemaximalintegersuchthat p*
divides m. Extendw, to rationalnumbersputting v,(m/n) = vp(m) — vp(n); vp(0) = +oo.
The p-adicvaluationv,, is adiscretevaluationwith thering of integers

0y, = {E m,n € Z, n isrelatvely primeto p} .
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2 1: DISCRETE VALUATION FIELDS

Theresiduefield @vp is afinite field of order p.
2. Let F = K(X). Foranirreduciblepolynomial p(X) definewv,x) similarlyto v, abore.
Themap v, x) is adiscretevaluationwith thering of integers

_[fX)
P (X))
andtheresiduefield is K[X]/p(X)K[X] whichis afinite algebraicextensionof K.

Thefield F' hasanothediscretevaluationtrivial on K: v (f) = — deg(f), its residusfield
is K.

f(X),9(X) € K[X], g(X) is relatively primeto p(X)}

(1.4). Discrete valuations. A field F' is saidto bea discrete valuationfield if it admitsa
nontrivial discretevaluationv (seeExamplel in (1.3)). An elementr € O, is saidto be
a prime elementuniformizingelementif v(x) generateshe group v(F*). Without lossof
generalitywe shalloftenassumehatthe homomorphisnw: F* — Z is surjective

LeEMMA. Let F' be a discrete valuationfield, and = be a prime element.Thenthe ring of
integers O, isaprincipalidealring, andeveryproperideal of O, canbewrittenas 7™0,, for
somen > 0. In particular, M, = 7#0Q,. Theintersectionof all properidealsof O, isthezeio
ideal.

Ead elementa € F* canbeuniquelywrittenas n™e for somen € Z ande € U, .

Proof. Let I beaproperidealof O,. Thenthereexists n = min{v(a) : « € I} andhence
n"e € I for someunit ¢. It followsthat »"0, c I C #"0, andI = 7"0,. If a belongsto
theintersectiorof all properideals ™0, in O,, thenwv(a) = +o0, i.e., a =0.

Let n = v(a). Thenan™™ € U, and a = «"¢ for ¢ € U,. If «#"e1 = #™ey, then
n +wv(e1) =m +w(e). As e1,e2 € U,, wededucen =m, &1 = e». O

(1.5). Completion. Completionof a discretevaluationfield is an objectwhich is easierto
work with thanwith the originalfield.

Let F' beafield with a discretevaluationv (asusual,v(F*) = Z). F is a metricspace
with respecto the norm |a| = (1/2)*(®). Soone canintroducethe notion of a fundamental
sequenceasequencéay,),>o Of elementof F is calledafundamentasequencé for every
real ¢ thereis n(c) > 0 suchthat v(a, — a,,) = ¢ for m,n > n(c).

If (o) is afundamentakequencehenfor every integer r thereis n, suchthatfor all
n,m > n, wehave v(a, — a,) > r. Wecanassumen; < np < .... If for every r there
is ny. = n, suchthat v(ay,,) 7 v(am +1), thenv(ay,) > r and v(ay,) > r for n > n;, and
hencelim v(a,,) = +00. Otherwiselim v(a,,) is finite.

LemmA. Theset A of all fundamentakequenceformsa ring with respecto componentwise
addition and multiplication. The setof all fundamentakequencegay,),>0 with o, — 0 as
n — +oo formsa maximalideal M of A. Thefield A/M is a discretevaluationfield with its
discretevaluation v definedby v((a,)) = lim v(ay,) for afundamentabequencéay,),>o.

Proof. A sketchof the proofis asfollows. It suficesto shawv that M is a maximalideal of
A. Let (an)n>0 beafundamentabequencevith a,, - 0 asn — +oo. Hence,thereis an
no > 0 suchthat a,, 7 0 for n > ng. Put 3, =0 for n < ng and 3, = a;* for n > ny.
Then (8,)n>0 is afundamentasequencand (a,)(8,) € (1) + M. Therefore,M is maximal.
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1: DISCRETE VALUATION FIELDS 3

(1.6). A discretevaluationfield F' is called a completediscrete valuation field if every
fundamentasequencéa,,),>o is corvergent,i.e.,thereexists a = lim a;, € F' with respecto
v. Afield F with adiscretevaluations is called acompletiorof F if it is completev|r =v

and F is adensesubfieldin F with respecto 7.

ProrosiTioN. Everydiscrete valuationfield hasa completionwhich is uniqueup to an iso-
morphismover F.

Proof. We verify thatthe field A/M with the valuation¥ is a completionof F. F is
embeddedn A/M by theformula o — (o) mod M. For afundamentabequencean),>o0
andreal ¢, let ng > 0 besuchthat v(a,, — a,) > ¢ forall m,n > ng. Hencefor a,, € F
we have 3((eng) — (@n)nz0) > ¢, which shavs that F' is densein A/M. Let ((a{™),)m

be a fundamentakequencén A/M with respecto v. Let n(0), n(1), ... beanincreasing
sequencef integerssuchthat v(a{™ — o{™) > m for n1, nz > n(m). Then (a(nr&))m isa

fundamentasequencén F andit is thelimit of ((a{™),,),, with respecto & in A/M. Thus,
we obtainthe existenceof thecompletion A/M, v.

If therearetwo completionsﬁl, v1 and ﬁz, U2, thenwe put f(a) = « for a € F and
extendthis homomorph|snby contlnmtyfrom F', asadensesubfieldin Fl, to Fl It is easy
to verify thattheextensmnf Fl — F2 is anisomorphismand v, o f =71. O

We shalldenotethe completionof thefield F with respecto v by F, or simply F.

1.7. Examplesof completevaluation fields. 1. Thecompletionof @ with respecto v, of
(1.3)is denotedby Q, andis calledthefield of p-adic numbes. Certainly the completionof
Q with respecto theabsolutevalue ||-[| of (1.1)is R. Embeddingsf Q in @Q, for all prime
p andin R is atool to solve variousproblemsover Q. An exampleis the Minkowski—-Hasse
Theorem:anequation) a;; X;X; = 0 for a;; € Q hasanontriial solutionin Q if andonly
if it admitsa nontrivial solutionin R andin Q, for all prime p.

Thering of integersof Q, is denoteddy Z, andis calledthering of p-adicintegers. The
residuefield of Q, is thefinite field F,, consistingof p elements.

2. The completionof K(X) with respecto vx is theformal power seriesfield K((X))
of all formal serlesz a, X™ with a,, € K and «, = 0 for almostall negatve n. The
ring of integerswith respecto vx IS K[[X]], thatis, thesetof all formalsenesz0 anX™,
an € K. Itsresidu€field maybeidentifiedwith K.

(1.8). Representatves. For simplicity, we will oftenomittheindex v in notationsU,, O,,
M,, F,. Wefix aprimeelementr of F.

A set R is saidto be a setof representativegor a valuationfield F if R c O, 0 € R
and R is mappedbijectively on F underthe canonicalmap © — O/M = F. Denoteby
rep F — R theinversebijective map. For aset S denoteby (S) > thesetof all sequences
(ai)izn, a;i € S. Let ()2 denotetheunionof increasingsets(S);> wheren — —cc.

Theadditive group F hasa naturalfiltration

WV B X saky R YO

Thefactorfiltration of thisfiltration is easyto calculate: 'O /7**10 S F.
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LEMMA. Let F' beacompletdieldwith respecto adiscretevaluationv. Let w; € F for each
i € 7 beanelemenbf F with v(m;) = ¢. Thenthemap

+oo
Rep:(F)*% = F, (ai)icz — Y _ rep(a;)m

is a bijection. Moreover, if (a;)icz 7 (0)icz thenv(Repg;)) = min{i : a; 7 0}.
Proof. Themap Repis well defined becausédor almostall ¢ < 0 we get rep(a;) = 0 andthe
series) rep(a;)m; convergesin F'. If (a;)icz 7 (bi)icz and
n=min{i € Z: a; 7 b;},
thenv(a,m, — b,m,) =n. Sincev(a;m; — b;w;) > n for ¢ > n, wededucehat
v(Refa;) — Rep;)) = n.

ThereforeRepis injective.

In particular v(Rep@;)) = min{i : a; # 0}. Furtherlet « € F. Thena = 7" with
n €Z, e € U. Wealsoget a = 7,e' for somee’ € U. Let a,, betheimageof &' in F;
thena, 70 and a1 = a — repla,)m, € 7#™*1O. Continuingin this way for a4, we obtaina
corvergentseriesa = ) rep(a;)m;. Therefore,Repis surjectize. O

CoroLLARY. Weoftentake w,, = ™. Theefore, bythepreceding_emmagveryelementa € F
canbeuniquelyexpandedas

+oo
a= Zam", ;e R and 6;=0 foralmostalli <0

DEeFINITION. If a — 8 € 7™0, wewrite « = 8 modz™.

(2.9). Units. Thegroup 1+ 7O is calledthe groupof principal units U; andits elementsre
called principal units Introducealsohighergroupsof units U; = 1+ 7¢O for ¢ > 1.

The multiplicative group F* hasa naturalfiltration £* D U D Uy D Uz D .... We
describehefactorfiltration of theintroducedfiltration on F'*.

ProrosITION. Let F' beadiscretevaluationfield. Then

(1) Thechoiceof a primeelementr (1 € Z — = € F*) inducesan isomorphismF> ~
UXT7Z.
(2) Thecanonicalmap O — O/M = F inducesthe surjectivehomomorphism

MUSTF, emz

Ao mapsU/U; isomorphicallyonto 7.
(3) Themap
\i:U; = F, l+tar—a

for a € @ inducegheisomorphism); of U;/U;+; onto F for i > 1.
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Proof. (2) Thekernelof Aq coincideswith Uy and A is surjectve. (3) Theinducedmap
Ui/U;+1 — F isahomomorphismsince
a+ Otlﬂ'i)(l + Ozzﬂ'i) =1+ (ag+ Otz)ﬂ'i + 04105271'2i.

This homomorphisnis bijective, since \;(1 + rep@)=?) = @. O

CoroLLARY. Let [ benotdivisible by cha(F). Raisingto the I th powerinducesan auto-
morphismof U;/U;+1 for i > 1. If F is completethenthegroup U; for ¢ > 1 is uniquely
[-divisible

Proof. If ¢ = 1+ax’ with a € O, thene! = 1+lan’ modri*l. Absenceof nontriial
I-torsionin the additive group F implies the first property It also shawvs that U; hasno
nontrivial [-torsion.

For anelementy = 1+ Bx* with 3 € O* wehave n = (1+118x%)n, with 71 € Uj+1.
Applying the sameargumentto n; andsoon, we getan [th rootof 7 in F in the caseof
completeF'. O

(1.10). Raisingto pth power. Let chakF) = p > 0. Lemma(1.2) shaws that either
chalF) = p or chalF) = 0. We shallstudytheoperationof raisingto the pth power. Denote
this homomorphisniby

Tp: a— ab.
Thefirstandsimplestcaseis chalF) = p.

ProposITION. Let chaF) = cha(F) = p > 0. Thenthe homomorphism[p maps U;
injectivelyinto U,; for ¢ > 1. For i > 1

(1+ar’)? = 1+aPaP moda?*l, aeOp

Proof. Since(1+ar)P = 1+aPxPé andthereis nonontrivial p-torsionin  and F*, the
assertiorfollows.

CoroLLARY. Let F' beafieldof characteristicp > 0 andlet F' beperfectj.e F = F". Then
Tp mapsthe quotientgroup U;/U;+1 isomorphicallyonto the quotientgroup Up; /Up;+1 for
i> 1.

__ Wenow considetthe caseof cha(F) = 0, cha(F) =p > 0. As p = 0 in theresiduefield
F, weconcludethat p € M and,thereforefor the surjectve discretevaluationv of F' we get
v(p)=e> 1.

DEFINITION. Thenumbere = e(F) = v(p) is called theabsoluteramificationindex of F'.

Let = beaprimeelementn F. Let R beasetof representates,andlet 6o € F' bethe
elemenbf F uniquelydeterminedy therelation p — g € 7¢*10.

ProprosITION. Let F' bea discretevaluationfield of characteristiczeio with residuefield of
positivecharacteristic p. ThenthehomomorphismTp mapsU; to Up; for i < e/(p—1), and
U; to Ui+, for i > e/(p— 1). Moreover, for a € 0%

(1+arx')? = 1+aPrP modaP™l ifi<e/(p—1), (1)
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(1+ar®)P = 1+ (a® +bpa)n? mod 7Pt ifi=e/p—1)€Z, (2)

(1+an®)? = 1+6pan™ modrni*e*l ifi>e/(p—1), (3)

Theinducedhomomorphismen the quotientfiltration are injectivein cases(1), (3) and
surjectivein case(3).

If a primitive pth root ¢, of unityis containedin F', thenv(1 - {,) = e¢/(p — 1) andthe
kernelof theinducedhomomorphismis case(2) is of order p.

If F iscompletethenU,+; =UY for i > e/(p— 1). If F iscompleteande/(p—1) € Z,
thenthehomomorphisnn (2) is injectiveiff thereis no nontrivial p-torsionin F*.

Proof. Let 1+« € U;. Weget

(1+a)p:1+pa+p7(p2_ 1)a2+ cootpaP 4P

andv(pa) = e +1, v(waz) =e+2i, ..., vipa? Y = e+ (p— 1), v(a?) = pi, SO
v((1+a)? — 1) = v(a? +pa), it v(a?) 7 v(pa),

v((1+a)? — 1) > v(a® +pa), otherwise

Note v(a?) < v(pa) if andonlyif i < e/(p — 1). Foraunit a we obtainthefirst statemenbf
the proposition.

Further the homomorphismTp is anisomorphismin case(3) andinjective in case(1).

Assumethat ¢, € F. Fromthe previous v(1 — ;) = e¢/(p — 1) ande/(p — 1) € Z.
Therefore the homomorphisn — @ + fga is notinjective. Its kernel >/ —6q F, in this
caseis of order p.

If F is complete,then due to surjectvity of the homomorphismsn case(3) for i >
e/(p—1) wegetU; = Ui U!_, = UnoU_, = ---=U!_,. Now let e/(p — 1) beaninteger.
Assumethatthe horizontalhomomorphisnin case(2) is notinjective. Let ag € F satisfythe
equationa} + foaig = 0. Then (1 + agr®/®P~D)? € U; for somej > pe/(p — 1). Therefore
(1+ag)m®/ =Dy = &8 for someeq € U, p—1y+1. Thus, (1+ao)r®/®ert € U, /p-1) isa
primitive pth rootof unity.

CoroLLARY. Let F' beacompletaiscretevaluationfield.

If cha(F) =0, then F’*™ isanopensubgoupin F* for n > 1. If cha(F) =p > 0, then
F*™ isanopensubgoupin F>* if andonlyif n is relativelyprimeto p.

F containsfinitely manyrootsof unity of ordera powerof p.

Proof. If cha(F) = 0, thenweget Uy C F*" for n > 1. It meanshat F*" is open. If
cha(F) = p, thenU; C F*" for (n,p) = 1 and F*" is open. In this case,f cha(F) = p,
then 1+ 7t ¢ F*P for (i,p) = 1. Then F*P is notopen. If cha(F) = 0, thenwe obtain
U; C F*P™ wheni > pe/(p — 1)+ (m — 1)e. ThereforeF*™ is openfor n > 1. O

Thiscorollarydemonstratethatfor completediscretevaluationfieldsof characteristi€© with
residu€field of characteristigp thetopologicalpropertiesarecloselyrelatedwith thealgebraic
ones.ThecasechalF) = p is verydifferent.
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(1.11). Product representation. Now we deducea multiplicative analogof the expansionin
thecorollaryof (1.8).

ProposITION (HENSEL). Let F' be a completediscrete valuationfield. Let R be a set of
representativesThenfor a € F'* there existuniquelydeterminedn € Z, 6; € R for i > 0,
0y € R*, sudthat o canbeexpandedn the corvementproduct

a=7"0g H(l +6;7%)

i>1

Proof. Theexistenceanduniquenessf n and 6y immediatelyfollow. Assumethate € U,,,
thenfind 6,, € R with e(1+6,,7™)"1 € U,,+1. Proceedingy induction, we obtainan
expansionof « in a convergentproduct. If therearetwo suchexpansions[](1 + 6;7%) =
[1(1 + 6ix%), thentheresiduesd;, @) coincidein F. Thus,6; = 6. 0

(1.12). Z,-Structure of The Group of Principal Units. Everywherein this section F' is a
completediscretevaluationfield with residuefield of positive characteristicp.
If ¢ € Uy thene?” — 1 asn — +oo. Thisenablesisto define
e® = lim g% if lima,=a€Zy a,€LZ.
n— o0 n—oo

LemMA. Lete € Uy, a € Z,. Thene® € U; is well definedand 3+t = g2¢b, g9 = (¢2)b,
(em)® = e*n® for e,n € U1, a,b € Z,. Themultiplicativegroup U; is a Z,-moduleunder
theopemtionof raisingto a power Moreover, thestructue of the Z,-moduleU; is compatible
with thetopolagiesof Z, and U;.

Proof. Assumethat lima,, = limb,,; hencea,, — b, — 0 asn — +oc andlimeg® b~ =1,
AmapZ,x Uy = Uz ((a,e) = %) is continuouswith respecto the p-adictopologyon Z,,
andthe discretevaluationtopologyon U;. This agumentcanbe appliedto verify the other
assertion®f thelemma. 0O

ProposiTION. Let F' be of characteristic p with perfectresiduefield. Let R be a set of
representativesandlet Ry bea subsebf it sud thatthe residuesf its elementsn F forma
basisof F asa vectorspaceover F,. Letanindex-setJ numeatethe elementf Ry. Let
vp bethe p-adicvaluation.

Theneveryelementa € U; canbeuniquelyrepresentedsa corvergentproduct

o= H H(l"'ojﬂ'i)aij, Hj € Ro,a;; € Zy
(4,p)=1j€J
i>0

andthesetsJ; . = {j € J : vp(ai;) < ¢} arefiniteforall ¢ >0, (i,p) = 1.

Proof. We first shaw thattheelementa canbewritten modulo U,, for n > 1 in thedesired
form with a;; € Z. Proceedingy induction,it will sufice to consideran elemente € U,
modulo U,+1. Let e = 1+67x™ modU,+1, 8 € R. If (n,p) = 1, thenonecanfind
61, ...,0m € Rg andby, ..., b, € Z suchthat 1+ 67" = [[;2;(1+6,7™)** modU,+q for
somem. If n =p°n’ with aninteger n’, (n',p) =1, thenonecanfind 64, ...,0,, € Ry and
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b1, ...,bym € Z suchthat 1+ 07" = Hkm:1(1+0k7r"')1’s”k mod U,,+1 for somem. Now due
to thecontinuitywe getthe desiredexpressiorfor a € Uy with theabove conditionsonthesets
Jirc-

Assumethatthereis acornvergentproductfor 1 with 8;, a;;. Let (ig,p) =1 and jo € J be
suchthat n = p¥»(*0io)jy < pv»(@ii)j for all (i,p) = 1, j € J. Thenthechoiceof Ry imply
[1(1+6;7%)%i ¢ U,+1, whichconcludeghe proof. O

CoroLLARY. Thegroup U; hasa freetopolagical basis 1 + 67! whee whee 6; € Ry,
(i,p) = 1.

If e=uv(p) isdivisibleby p—1, let v: F — F bethemapa — a” +6oa. Thenraisingto
the pth powerin case(2) of thepropositionin (1.10)is describedy 1.

ProrosiTION. Let F' beof characteristicO with perfectresiduefield of characteristic p.

Let R beasetof representativeandlet Ry (resp. Ry) beasubsebf it sudthattheresidues
of its elementsn F formabasisof F' asa vectorspaceover F, (resp.are F,-geneators of
F/y(F)). Lettheindex-setJ (resp..J') numentetheelement®f Ry (resp. Rp). Let

I={i:ieZ,1<i<pe/(p—1),(,p)=1}.

Theneveryelementa € U; canberepresentedisa corvergentproduct

a=[][I@+6;= J]@+nzre/@=1)%, ;€ Ro,m; € R, aij,a; € L,
i€l jedJ jeJ!

(thesecondbroductoccuiswhene/(p — 1) is aninteger) andthesets
Jie={j € J:vplaiy) < c}, Jo={j€J 1uy(ay) <c}
arefiniteforall ¢ > 0, i € 1.

Proof. We shall shav how to obtainthe requiredform for ¢ € U, modulo U,+;. Let
e=1+07" modU,+1, 8 € R. Therearefour casego consider:

(1) n € I. Onecanfind 44, ...,0,, € Ry andby, ...,b,, € Z satisfyingthe congruence
1+6r™ = [[je (1 +6,m™)" modU,+1 for somem.

(2) n < pe/(p—1), n = p*n’ with n' € I. Thenthereexists, ...,0,, € R, b1, ..., by €
Z suchthat

1+07" = H(1+0k7r"')’Js”’“ modU,.+; for somem.
k=1
(3)e/p—1) € Z, n = pe/(p — 1). Thedefinitionof Rf imply thatif n = p*n' with
n' € I, thenthereexist 64, ...,0,, € Ro, n1, ...,nr € Ry, b1, ...,bm, c1, ...,¢ € Z such
that

1+0r" = [J@+0er™ )" J[@+ma™) modU,+1 for somem,r.
k=1 =1
4 n>pe/(p—1). If d=min{d:n —de < pe/(p—1)} andn’ =n — de, then

1+6n" = (1+0'7r"l)”d modU,+; forsomef’ € R.
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Now applyingtheagument®f theprecedingaseso 1+6'7™ , wecanwrite 1+67™ mod U,+1
in therequiredform. O

CoroLLARY. Let F' beof characteristicO with perfectresiduefield of characteristic p.

(1) If F doesnotcontainnontrivial pthrootsof unitythentherepresentationn theproposition
is unique Theefore the element®f the propositionform a topolagical basisof Uy r.

(2) If F containsa nontrivial pth root of unity, let » be the maximalinteger sud that
F containsa primitive p” th root of unity. Thenthe numbes a;;,a; of the proposition
are determineduniquely modulo p". Theefore the elementsof the propositionform a
topolagical basisof Uy /U .

(3) If theresidu€fieldof F is finite then U is thedirectsumof a free Z ,-moduleof rank e f
andthetorsionpart.

Proof. (1) If ¢, ¢ F thenall horizontalhomomorphism®f the diagramsin the second
Propositionof (1.10)areinjective.
(2) Argueby inductionon =. Write aprimitive p” th root ¢,- in theform

G = H H(l + 0,7t H (1 +nympe/=D)ei
il jeJ JjeJ’
andraisetheright handsideto the p” th powerwhich demonstrateghe non-uniqueness.

Now if
1= H H(l + 0,7ty H (1+ njﬂpe/(pfl))aj

i€l jeJ jeJ’
thenwe deducehat a;; = pb;;,a; = pb; with p-adicintegersb;;,b;. Then
H H(1 + 0ty H (1+ nympe/=1)bi
i€l jeJ J€S

is a pth rootof unity, andsois equalto

(JT TT@+6m5e T[T+ njwpe/(pfl))c")pr_lc

i€l jeJ jeJ

for someinteger c. Now by the inductionassumptiorall b;; — p"~cc;;,b; — p"~Lec; are
divisibleby p"—1. Thus,all aij,a; aredivisibleby p".

(3) If theresiduefield of F' is finite then Uy is a moduleof finite type over the principal
ideal domain Z,, so by the structuretheoremon suchmodulesit is a direct sum of a free
moduleandafinite torsionmodule. If a primitive pth rootof unity isin F', thenthekernelof
4 is of order p. Hence|F : ¢(F)| = p, since F is finite. The cardinalityof I is equalto

e =[pe/(p— 1] - [lpe/(® — 1)]/p]. O
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2. Extensionsof CompleteFields

(2.1). HenselianProperty. Let A be a commutatve ring. For two polynomials f(X) =
a, X"+ ...ag, g(X)=b,X™+ ---+ by theirresultants the determinanbf the matrix

Qp Ap_1 . ap
Qp, Ap_1 - ao
ap Ap_1 . aop
bm A1 . bo
b bmfl bO
bm bp—1 .. bo

ThisdeterminantR(f, g) iszeroiff f andg hasreacommorroot;in generalR(f, g) = ffi+tg91
for somepolynomials f1, g1 € A[X]. If f(X) = ay, [[;21(X — i), 9(X) = bm [[;21(X = 5;),
thentheirresultantR(f, g) is al*b}, ]’L.,j(ai — B;). In particular R(X — a, (X)) = g(a).

If f,g € O[X] then R(f,g) € O. We shallusethe following propertiesof the resultant:
if f = f modM[X] then R(f,9) = R(f1,9) modM; if R(f,g) € M?*\ M**! then
M[X] C fO[X] +g0O[X].

Let F' beacompletediscretevaluationfield with thering of integers O, themaximalideal
M, andtheresiduefield F'. Forapolynomial f(X) =a, X"+ ---+ag € O[X] wewill denote
thepolynomiala, X™ + --- +ag by f(X) € F[X]. Wewill write

f(X)=g(X) modM™
if f(X) — g(X) € M™[X].

PRrOPOSITION. Let go, hg, f bepolynomialsover O sudthat deg f = deggo + deghg andthe
leadingcoeficientof f coincideswith thatof gghg. Let
R(g0,ho) ¢ M***,  f = goho mod M**

for aninteger s > 0.
Thenthere exist polynomialsg(X), h(X) sud that

f=gh, deyg=deggo, degh=deghg, g=go mModM**' h=hg modM**.

Proof. We first constructpolynomials g;(X), h;(X) € O[X] with the following properties:
deg(g: — go) < deggo, deg(h; — ho) < degho

9i(X) = g;_1(X) modM™**,  hy(X) = h;_1(X) modM™*?,
F(X) = gi(X)hi(X) mod M2+,

Proceedingyy induction, we canassumethat the polynomials g;(X), h;(X), for j < i —1,
have beenconstructedFor aprimeelementr put

gi(X) = gi1(X) + 7 Gi(X),  hi(X) = hi_1(X) + 7" Hy(X)
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with G;(X), H;(X) € O[X], degG;(X) < deggo(X), deg H;(X) < degho(X). Then
9i(X)hi(X) = gi—1(X)hi—1(X) = 7 (g;_1(X)H;(X) + hi—1(X)Gi(X))  mod M*2*L,

Sinceby the inductionassumptionf(X) — g;_1(X)h;_1(X) = ##*2s f1(X) for a suitable
f1(X) € O[X] of degreesmallerthanthatof f, we deducehatit suficesfor G;(X), H;(X)
to satisfythe congruencer® f1(X) = g;_1(X)H;(X) + h;_1(X)G3(X) mod M**1..

However, R(g; 1(X), h; 1(X)) = R(go(X), ho(X)) # 0 mod M**. Thentheproperties
of the resultanimply the existenceof polynomialsG;, H; satisfyingthe congruence Write
Gi= 9i—1q + G;_1 with polynomial G;_1 of degreesmallerthanthatof g;_1. Thenit is easy
to seethatthedegreeof H; = H; + gh;_1 is smallerthatthedegreeof h;_;. Thepolynomials
G;, H; aretherequiredones.

Now put g(X) = lim g;(X), h(X) = lim h;(X) andget f(X) = g(X)h(X). O

Thefollowing statemenis oftencalledHenseLemma;it wasprovedby K. Hensefor p-adic
numbersandby K. Rydlik for completevaluationfields.

CoROLLARY 1. Let f, go, ho bemonicpolynomialswith coeficientsin 0. Let f = goho and
supposehat gy, ho arerelativelyprimein F[X]. Thenthere existmonicpolynomialsg, A with
coeficientsin O, sud that

fX) = g(XOh(X), F(X)=7o(X), h(X) = ho(X).

Proof. We have R(fo(X), go(X)) ¢ M andwe canapplythe previous propositionfor s = 0.
Thepolynomialsg(X) and h(X) maybeassumedo be monic,asit follows from the proof of
theproposition. 0O

Valuationfieldssatisfyingthe assertiorof Corollary1 aresaidto be Henselian Corollary1
demonstratethatcompletediscretevaluationfieldsareHenselian.

CoroLLARY 2. Let f(X) bea monicpolynomialwith coeficientsin ©. Let
flao) € M** f(ag) ¢ M

for someag € O andinteger s > 0. Thenther exists & € © sud that o — ap € M**! and

f(a)=0.

Proof. Put go(X) = X — ag andwrite f(X) = f1(X)(X —ag) +6 with § € O. Then
§ € MZ*L Put ho(X) = f1(X) € O[X]. Hence f(X) = go(X)ho(X) modM2*1 and
f'(a0) = ho(ag) ¢ M**L. Hence R(go(X), ho(X)) ¢ M**1, andthe propositionimplies the
existenceof polynomials g(X), h(X) € O[X] suchthat g(X) = X — a,a = ag mod M5+,
and f(X) = g(X)h(X). O

EXAMPLE. If the residuefield of F is finite F,, thenfor every a € Fy the polynomial

f(X) = X911 hasaroot a suchthat@ = a. Soonehasmultiplicativerepresentativesf
F, consistingf 0 andall rootsof unityin F' of orderdividing ¢ — 1 (or, equivalently, all roots
of unity in F' of orderprimeto p).

CoroLLARY 3. FOr everypositiveinteger m theris n sudithat 1+M" C F*™.
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Proof. Putf,(X)=X™—a with a € 1+M". Letm € M*\M**L. Then f!(1) € M*\M>**1.

Thereforefor every a € 1+M”>"" thepolynomial f,(X) hasaroota = 1 modM**! dueto
Corollary2. 0

Lemma. Let f(X) = X"+a,_1X" 1+ ...+qaq beanirreduciblepolynomialwith coeficients
in F. Thentheconditionag € O impliesa; € O for 0< i< n— 1.

Proof. Assumethat ag € O andthat j is the maximalsuchthat v(a;) = Mingg;<pn—1 V().
If a; ¢ O, thenput

(X)) = a7 (X)),
gO(X) = X7+ a;laj_lXj—l + ... +a;lao’
ho(X) = a; ' X" +1

We have f1(X) = go(X)ho(X), and go(X), ho(X) arerelatively prime. Therefore,by the
proposition f1(X) and f(X) arenotirreducible. 0

(2.2). e and f. Let F beafield and L anextensionof F with avaluationw:L — T"'.
Thenw inducesthevaluationwg = w|,: F — " on F. In this context L/F is saidto be
an extensionof valuationfields The group wo(F*) is a totally orderedsubgroupof w(L*)
andtheindex of wo(F*) in w(L*) is calledthe ramificationindex e(L/F,w). Thering of
integers Oy, is asubringof thering of integersO,, andthemaximalideal M, coincideswith
M, N Oy,. Hencetheresiduefield F,,, canbe consideredisa subfieldof the residuefield
L.,. Thereforejf « is anelemeniof Ouwy» thenits residuein thefield Fwo canbeidentified
with theimageof a asanelementof ©,, in thefield L,,. We shalldenotethis imageof «
by @. The degreeof the extension L,,/F,, is calledthe intertia degree f(L/F,w). An
immediateconsequencis thefollowing lemma.

LEMMA. Let L beanextensionof F' andlet w beavaluationon L. Let L D M D F and
let wg betheinducedvaluationon M. Then

e(L/F,w) = e(L/M, w) e(M/ F, wo),
f(L/F,w) = f(L/M,w) f(M/F,wo).

(2.3). Extension of Discrete Valuation. Assumethat L/F is afinite extensionand wq is
adiscretevaluation. Let elementsasy, ...,a, € L* for naturale < e(L/F,w) besuchthat
w(ar) +w(F>), ..., w(ae) +w(F>) aredistinctin w(L*)/w(F>). If > i_; cia; = 0 holds
with ¢; € F, then,as w(c;a;) areall distinct,we get w(}"5-; ;i) = Minigice w(cia;) and
so¢; =0 for 1 <4 < e. Thisshavsthat ay, ...,a. arelinearlyindependentver F' and
hencee(L/F,w) isfinite. Let = beaprimeelementwith respecto wp. Thenwe deducehat
thereareonly afinite numberof positive elementsn w(L>*) whichare < w(w). Considetthe
smallestpositive elementn w(L>). It generatethegroup w(L>*), andwe concludethat w is
adiscretevaluation. Thus,we have provedthefollowing result.

LemMmA. Let L/F beafinite extensionand wq discretefor a valuationw on L. Thenw is
discrete
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(2.4). e, f for CompleteFields. Let F and L befieldswith discretevaluationsv and w
respectiely and F' C L. Thevaluationw is saidto be an extensionof the valuation v, if
wo = cv for apositive c. We shallwrite w|v andusethe notationse(w|v), f(w|v) insteadof
e(L/F,w), f(L/F,w). If a € F thenw(a) = e(w|v)v(a).

LemMmA. Let L beafinite extensionof F' of degree n; then
e(wlv) f(w]v) < n.

Proof. Let e = e(w|v) andlet f beapositive integersuchthat f < f(w|v). Let 6y, ...,8f
beelementof O,, suchthattheirresiduesn L,, arelinearlyindependentver F,. It sufices
to shaw that {6;7J,} arelinearlyindependentver F for 1 <i < f,0 < j < e — 1. Assume

that
Z cij0i7rfv =0
i,

for ¢;; € F andnotall ¢;; = 0.

Multiplying the coeficients ¢;; by a suitablepower of «,, we mayassumehat c;; € O,
andnotall ¢;; € M,. Notethatif 3=, c;;6; € M, then 3, ¢;;6; = 0 andso ¢;; € M,
Thereforethereexistsanindex j suchthat}", ¢;;6; ¢ M,,. Let jo betheminimalsuchindex.
Then jo = w(}_ ¢;;6:m3,), whichis impossible.We concludethatall ¢;; = 0. Hence,ef < n
and e(w|v) f (w|v) < n. O

EXAMPLE. Let F bethe completionof F with the discretevaluations. Then e(dlv) =
1, f(v]v) = 1. Notethatif F isnotcompletethen |F : F| # e(v]v) f(v|v). Onthecontraryin
the caseof completediscretevaluationfieldswe have

ProrosiTiON. Let L beanextensionof F' andlet F, L. becompletewith respecto discrete
valuationsv, w. Let w|v, f = f(w|v) and e = e(w|v) < co. Let m, € L beaprimeelement
with respectto w and 6y, ...,0; elementof O, sud that their residuesform a basis of
F,, over F,. Then {¢;74} is a basisof the F-space L and of the O,-module O,,, with
1<i<f,0<j<e—11If f <oo, thenL/F isafiniteextensionof degreen =ef.

Proof. Let R beasetof representatiesfor F'. Thentheset
f
R' = {Z a;f; : a; € R andalmostall a; = 0}
=1

is the setof representatiesfor L. For aprimeelementr, with respecto v put m,, = 787,

wherem = ek + j,0 < j < e. UsingCorollary(1.8) we obtainthatanelementa € L canbe
expressedsa convemgentseries

o= anwm with 7, € R".
m
Writing

/
Nm = an,iei with 7, € R,
i=1
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we get
a =D Nekwims) fimd,.
ij k
Thus, a canbeexpresse@s ) pz"jeiﬂ'{v with

pij = Znelﬁj,ﬂﬁ’f €F, 1<i<f,0<j<e—-1
k
By the proof of the previouslemmathis expressiorfor « is unique.We concludethat {Gmf;)}
form abasisof L over F andof O, over Q,. O

(2.5). Uniquenessof Extensionof Discrete Valuation From a CompleteField. Furtherwe
shallassumehat v(F'*) = Z for adiscretevaluationv. Thene(w|v) = |Z : w(F*)| for an
extensionw of v.

TueoreM. Let F' be a completefield with respecto a discretevaluation v and L a finite
extensionof F'. Thenthete is preciselyone extensionw on L of the valuationv and w =

%1} o Np,r With f = f(w|v). Thefield L is completewith respecto w.
Proof. Let w' =wvo Ni,p. Firstwe verify that w' is a valuationon L. It is clearthat
w'(a) = +oo if andonly if a =0 and w'(af) = w'(a) + w'(8). Assumethat w'(a) > w'(B)
for a,8 € L*, then

w(a+f)=w'()+u! (1+3)
andit sufiicesto shav thatif w'(y) > 0, thenw'(1++) > 0. Let
JX)= X" +ap X1 -+ ag

bethemonicirreduciblepolynomialof v over F. Thenweget (—1)"ao = Ng(y),r(7) andif
s =|L: F(y)|, then ((—1)™ao)* = N r(7). We deducethat v(ap) > 0, andmakinguseof
(2.1),wegetv(a;) > 0for 0<i<m — 1. Now

(—1)"Np@yp(L+7) = f(=1)= (1) + ap_1(-1)" "+ --- +ao,
hence
v (Npy)r(1+7)) 20 and v (Nyp(1+9)) 20,

i.e., w'(1++) > 0. Thus,we have shovn that w' is avaluationon L.

Let n = |L : F|; then w'(a) = nv(a) for a € F*. Hence thevaluation (1/n)w’ is an
extensionof v to L (notethat (1/n)w'(L*) # Z in general).Let e = e(L/F, (1/n)w'); e is
finite. Put w = (e/n)w’: L* — Q, hencew(L™) = w(my)Z = Z with a prime elementm,,
with respecto w. Therefore,w = (e/n)v o Ny, is atonceadiscretevaluationon L andan
extensionof v.

Let 1, ...,vn beabasisof the F-vectorspaceL. By inductionon r, 1 < r < n, we
shallshav that

T
Zag’")%-—)o, m—>oo<=)agm)—>0 m—oo fori=1,...,r
=1
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wherea(™ € F.

The left arrov andthe caser = 1 areclear For the induction stepwe canassumehat
agm) 4 0 for eachi = 1,...,r. Thereforewe can assumethat v(agm)) is boundedfor
i=1 ...,r. Hence

T T
T Y = @)Yl 0,
i=2 i=1

whereb{™ = (a(lm>)‘1a§’“>. Then

S0 — 4y = 34, — 3, 0
i=2 i=2 i=2

and the induction hypothesisshavs that b§m> - bgm”) — 0 for i =2, ...,r. Thus,each

(bgm))m corvergesto, say b; € F. Finally, thesequencey; + 3, bgm)% convergesbothto
0 andto 1 + Y7, biyi, S0 0 =1+ > "_, b;y; whichcontradictghechoiceof ;.
Similarly one shaws that a sequence}_;_; agm)%- is fundamentalf andonly if a§m> is
fundamentafor eachi =1, ..., r.
Thus,thecompletenessf F' impliesthecompletenesstf its finite extension L with respect
to ary extensionof v. We alsohave theuniguenessf the extension.
(]

CoroLLARY. Let L beafiniteGaloisextensiorof F'. Thenwoo = w forthediscretevaluation
w on L and o € Gal(L/F). If = isaprimeelemenin L, thenor is a prime elementand
00y = Oy, oM, =M,,,.

LeEmMA. Let L/F beafinite extensionLet o € O, andlet f(X) bethemonicirreducible
polynomialof « over F. Then f(X) € 0,[X]. Corversely let f(X) beamonicpolynomial
with coeficientsin O,. If a € L isarootof f(X), thena € Oy.

Proof. It is well known that 8 = o?™ is separabl@ver F for somem > 0. Let M bea
finite Galoisextensionof F' with 8 € M. Then,in fact, 8 € O andthe monicirreducible
polynomial g(X) of 8 over F canbewrittenas

9(X)=[[(X = 0iB), o0i€ GalMM/F), o1=1.
=1
By the previous corollary we get ¢;8 € 0. Hencewe obtain g(X) € 0,[X] and f(X) =
g (X?") € 0,[X]. If a € L isarootof thepolynomial f(X) = X" +a,_1 X" 1+ ---+qg €
0,[X] anda ¢ O, thenl = —a,_ja~1—---—apa~" € M,,, contradiction.Thus,a € O,,.
O

(2.6). Typesof Ramified Extensions. Fromnow on F' is acompletediscretevaluationfield.

Let L/F beanalgebraicextension. If vy, is the uniquediscretevaluationon L which
extendsthevaluationv = vy on F, thenwe shallwrite e(L|F), f(L|F) insteadof e(vg|vr),
f(wrlvr). We shallwrite O or O, M or M,U or Up, 7 or ng, F for thering of integers
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0., themaximalideal M, thegroupof units U,,, aprimeelementr, with respecto v, and
theresidudfield F,,, respectiely.

A finite extension L of a completediscretevaluationfield F' is called unramifiedif L/F
is a separablextensionof the samedegreeas L/F'. A finite extensionL/F is called totally
ramifiedif f(L|F)=1. AfiniteextensionL/F iscalled tamelyramifiedif Z/F isaseparable
extensionand p t e(L|F) where p = chaF) > 0. A finite extensionL/F is calledtotally
ramifiedif L = F. A finite extensionL/F is calledwildly totally ramifiedif L = F andthe
degreeof L/F isapowerof p = cha(F).

(2.7). Unramified Extensions. If L/F isunramifiedthenwe deducd~romLemma(2.4)that
e(LIF)=1, f(LIF)=|L:F|.

PROPOSITION.

(1) Let L/F beanunramifiedextensionand L = F(6) for somed € L. Let a € Oy, besuc
that @ = . ThenL = F(a), and L is sepaableover F, O = Op[a]; € isasimple
root of the polynomial f(X) irreducibleover F, whee f(X) is the monicirreducible
polynomialof « over F.

(2) Let f(X) bea monicpolynomialover O, sud that its residueis a monic sepaable
polynomialover F. Let a bea root of f(X) in F29, andlet L = F(a). Thenthe
extensionL/F is unramifiedand L = F(6) for = a.

Proof. (1) By the precedinglemma f(X) € Or[X]. We have f(a) = 0 and f(a) = 0,
deg f(X) = deg f(X). Furthermore,

|L:F| > |F(a): F| =deg f(X) =deg f(X) > [F(6) : F| = |L: F|.

It followsthat L = F(a) and§ is asimplerootof theirreduciblepolynomial f (X). Therefore,
7'(0) Z0 and f'(a) #0, i.e., a isseparabl@ver F. Thus,Op = Op[a].

(2) Sincetheresidueof f is separableit is separablé¢oo. Let f(X) = [, fi(X) bethe
decompositiorof f(X) intoirreduciblemonicfactorsin F[X]. Theneveryrootof f(X) isin
thering of integersof ary finite Galoisextensionof F' whichcontainsall of them;andtherefore
fi(X) € Op[X]. Suppos¢hata isarootof f1(X). Thengy(X) = f1(X) isamonicseparable
polynomialover F. The Henseliarpropertyof F' impliesthat g;(X) is irreducibleover F.
Wegeta € Oy. Sinced =a € L, weobtain L O F(f) and

deg fu(X)=|L: F| > |L: F| > [F(9) : F| = degga(X) = deg f1(X).
Thus, L = F(#), and L/F is unramified. O

COROLLARY.

(1) If L/F,M/L areunramifiedthen M/F isunramified.

(2) If L/F isunramified, M is analgebraic extensionof F' and M is thediscretevaluation
field with respecto the extensionof thevaluationof F, then M L/M is unramified.

(3) If Ly1/F,Ly/F areunramifiedthen L1L,/F' is unramified.

Proof. (1) follows from the multiplicativity of the ramificationindex. To verify (2) let
L = F(a) with a € O, f(X) € Op[X] asin thefirst partof the proposition.Thena ¢ M,
becausel = F(a). Observinghat M L = M («), we denotetheirreduciblemonicpolynomial
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of a over M by f1(X). By theHenseliarpropertyof M we obtainthat f,(X) is a power of
anirreduciblepolynomialover M .However, f,(X) divides f(X), hencef,(X) isirreducible
separablever M. Applying the secondpartof the proposition,we concludethat M L/M is
unramified.

(3) follows from (1) and(2). 0O

An algebraicextensionL of F is calledunramifiedif L/F, L/F areseparablextensions
and e(w|v) = 1, wherew is the discretevaluationon F', and w is the uniqueextensionof v
on L.

The third assertionof the Corollary shawvs that the compositumof all finite unramified
extensionsof F' in a fixed algebraicclosure F29 of F' is unramified. This extensionis not
a completefield in general but a Henseliandiscretevaluationfield. It is calledthe maximal
unramifiedextension FY" of F'. Its maximalityimplies o F'" = FY' for any automorphisnof
theseparablelosure F5¢P over F. Thus, F'"/F is Galois.

PROPOSITION.

(1) Let L/F bean unramifiedextensionandlet L/F be a Galois extension.Then L/ F is
Galois.

(2) Let L/F beanunramifiedGaloisextension.Then L/F is Galois. For an automorphism
o € Gal(L/F) let @ betheautomorphisnin GalL/F) satisfyingtherelation ca = 7
for every a € Or. Thenthemap o — @ inducesan isomorphismof Gal(L/F) onto
GalL/F).

Proof. (1) It sufiicesto verify the first assertiorfor a finite unramifiedextension L/F. Let
L =F(9) andlet g(X) betheirreduciblemonicpolynomialof § over F. Then

9(X) =[x - 62,
i=1
with 6; € L,6, = 6. Let f(X) beamonicpolynomialover O of thesamedegreeas g(X)
and f(X) = g(X). TheHenseliarpropertyimplies

fX) =T[(X - ),
=1
with a; € O, @; = 6;. Thefirst propositionabove shavsthat L = F(«;), andwe deducehat
L/F is Galois.

(2) Note thatthe automorphismé is well defined. Indeed,if 8 € O with 8 = @, then
o(a —B) e M, andza = of3. It sufiicesto verify the secondassertiorfor afinite unramified
GaloisextensionL/F. Let o, 6, f(X) beasin thefirst partof thefirst proposition. Sinceall
rootsof f(X) belongto L, weobtainthatall rootsof f(X) belongto L andL/F isGalois. The
homomorphismGal(L/F) — Gal(L/F) definedby o — 7 is surjective becausehe condition
56 = 0; implies ca = a; for theroot ; of f(X) with @; = 6;. SinceGal(L/F), Gal(L/F)
areof thesameorder we concludethat Gal(L/ F) is isomorphicto Gal(L/F). O

CoroLLARY. Theresiduefield of FY coincideswith the separnble closue 7 of F and

Gal(F\'/F) ~ Gal[F""/F).
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Proof. Letf e F o let g(X) bethemonicirreduciblepolynomialof 6 over F, and f(X) as
in thesecondartof thefirst proposition.Let {«a;} beall therootsof f(X) and L = F'({a;}).

ThenL c F' and# =@; € F for asuitablei. Hence, FU = F . O

(2.8). Maximal Unramified Field. Let L beanalgebraicextensionof F', andlet L bea
discretevaluationfield with perfectresiduefield. We will assumehat F3l9 = 7,219,

ProposiTION. Let L beanalgebraic extensionof F' andlet L bea discretevaluationfield.
Then LY = LFY, Lo = L N FY is the maximalunramified subetensionof F' which is
containedn L, and L/Ly is totally ramified.

Proof. Wehave LY 5 LFY. Sincetheresidudfield of LFY" coincideswith theresidusfield
of FU' wededuceL'" = LFY. An unramifiedsubetensionof F' in L is containedn Ly,
and Lo/ F is unramified. O

ProposITION. Let L beafinite Galoisextensiorof F' andlet Lo/ F bethemaximalunramified
subetensionin L/F. ThenLo/F and Lo/F are Galois,andthemap o — & definedin the
secondoropositionof (2.7)inducesthe surjectivehomomorphism

Gal(L/F) - Gal(Lo/F) — Gal{To/F) = GalT/F).

TheextensionL"'/F is Galoisand Gal(L""/Lo) ~ Gal(L""/L) x Gal(L“'/F""),
Gal([L""/F") ~ Gal(L/Lo), Gal(L""/L) ~ Gal(F""/ Ly).

Proof. Let o € Gal(L/F). ThenoLg is unramifiedover F', henceLg = oLg and Lo/ F
is Galois. The surjectiity of the homomorphismGal(L/F) — Gal(Lo/F) follows from the
secondpropositionof (2.7). Since L/F and FY'/F are Galois extensions,we obtain that
LFY/F is aGaloisextension.Then LY = LFY" by the previous proposition. The remaining
assertionsreeasilydeducedy Galoistheory O

(2.9). Tamely Ramified Extensions.

PROPOSITION.

(1) Let L beafinitetamelyramifiedextensiorof F', andlet Ly/F bethemaximalunramified
subetensionin L/F. ThenL = Lo(w) and O, = O [n] with a primeelementr in L
satisfyingtheequation X ¢ — mg = 0 for someprimeelementrq in Lo, whee e = e(L|F).

(2) Let Lo/F bea finite unramifiedextension, L = Lo(a) with a® = 3 € Lo. Let pte if
p=cha(F) > 0. ThenL/F is sepanbletamelyramified.

Proof. (1) (2.8)shavsthatL/Lg istotally ramified.Let =1 beaprimeelemenin Lg, then
m1 = w$e foraprimeelementry in L ande € Ug. SinceL = Lo, thereexists ) € Op, such
that 77 = 2. Hencemyn—! = 7§ p for the principalunit p = en~! € 0. For the polynomial
f(X)=X°¢—pwehave f(1) € M, f'(1) =e. Now Corollary2 of (2.1) shavstheexistence
of anelementr € O, with v¢ = p, 7 = 1. Therefore,r = mn~1, mp = mv aretheelements
desiredfor thefirst partof the Proposition.

(2) Let g = wfe for aprimeelementry in Lo andaunit ¢ € Ur,. The polynomial
g(X) = X¢—z isseparablén Lo[X] andwecanapplytheHenseliarpropertyto f(X) = X¢—¢
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andaroot € F5¢P of f(X). We deducethat Lo(n)/Lo is unramifiedandhenceit sufiices
to verify that M /Mg for M = L(n), Mo = Lo(n), is tamelyramified. We get M = Mo(a1)
with a1 = an 1, of = 7§. Putd = g.c.d(e,a). Then M C Mo(az,¢) with af/* = 73/
anda primitive eth root ¢ of unity. Sincethe extension My (¢) /Mo is unramified(this can
be verified by the sameamgumentsasabove), 71 is a prime elementn Mg ((). Let v bethe
discretevaluationon My (a2,¢). Then (a/d)v(71) € (e/d)Z and v(m1) € (e/d)Z, because
a/d and e/d arerelatively prime. This shaws that e(Mo(az, ¢) | Mo(¢)) > e/d. However,
|Mo(¢,a2) © Mo(€)] < e/d, andwe concludethat Mo(¢, az)/Mo(¢) is tamely and totally
ramified. Thus, My (¢, a2) /Mo and M /My aretamelyramifiedextensions. O

COROLLARY.

(1) If L/F,M/L aretamelyramified,then M/F' is sepaabletamelyramified.

(2) If L/F is tamelyramified, M/F is an algebraic extension,and M is disctete then
ML/M istamelyramified.

(3) If L1/F, L,/ F aretamelyramifiedthen L1L,/F istamelyramified.

Proof. It is carriedout similarly to (2.8). To verify (2) onecanfind the maximalunramified
subetensionLg/F in L/F. Thenit remaingto shav that M L/M Ly is tamelyramified. Put
L = Lo(m) with ¢ = 9. Thenweget M L = M Lo(w), andthesecondoartof the proposition
yieldstherequiredassertion. O

(2.10). Totally Ramified Extensions. A polynomial
fX)=X"+a,_1 X" 1+ ...+a9 over®
is calledan Eisensteirpolynomialif
ag, ---,a,_1 €M, ag¢ M2.

PROPOSITION.

(1) The Eisensteinpolynomial f(X) is irreducibleover F'. If « is a root of f(X), then
F(a)/F is atotally ramifiedextensiorof degree n, o isaprimeelemenin F(a), Op(,)
= OF[Oé].

(2) Let L/F be a sepanble totally ramifiedextensionof degree n, andlet = be a prime
elemenin L. Thenr isarootof an Eisensteirpolynomialover F' of degree n.

Proof. (1)Let a bearootof f(X), L = F(a), e =e(L|F). Then

n—1
nur(a) =v a;at) > min  (evp(a;) +ivr(a
L( ) L(ZO i )/ng’gn—l( F( z) L( ))7
i=

wherevr and vy, arethediscretevaluationson F' and L. It followsthat vz () > 0. Since
evr(ag) < evr(a;) +ivr(a) for i > 0, onehasnvr(a) = evr(ag) = e.Thenwvr(a) = 1,n =
e,f =1,and O = OF[a].
(2) Let 7 beaprimeelemenin L. Then L = F(x). Let

f(X)=X"+a, 1 X" + .. +ag

betheirreduciblepolynomialof = over F'. Thenn =e andnuvg(w) = minogign,l(nvp(ai) +
z) hencevg(a;) > 0, andn = nvp(ag), vr(ag) = 1. O
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(2.11). Ramification Groups. Let L beafinite Galoisextensionof F, G = Gal(L/F). Put
Gi={0€G oa—aeMi oralla e 0.}, i> -1

ThenG_1 =G byLemma(2.11)and G;4+1 is asubsebf G;.
Let vr, bethediscretevaluationof L. Forarealnumberz define

G, = {U €G :vplca—a)>z+1foralae OL}.
Certainlyeachof G, isequalto G; with theleastinteger i > x.
LEmMa. G; arenormalsubgoupsof G.

Proof. Leto € Gi,a € Or. Thenca—a € ML, Hencea—o () € o1 (MiY) = Myt
by Lemma(2.11),i.e., 01 € G;. Let 5,7 € G;. Then

or(a) —a = o(r(a) — ) + o(a) — a € MY,

i.e., ot € G;. Furthermorelet ¢ € G;,7 € G. Then 1(a) € O for a € Oy and
o(ra) — ra € M¥L, 77 1o7(a) — a € ML, 77107 € G;. O

ThegroupsG, arecalled (lower) ramificationgroupsof G = Gal(L/F).

ProrosiTiON. Let L beafinite Galoisextensiorof F', andlet L beasepanbleextensionof
F. ThenGp = GallL/Lo) andthe 4 th ramificationgroupsof Go and G coincidefor ¢ > 0.
Moreover,

Gi:{O'EGQZO'ﬂ'—ﬂ'EM?l}
for a primeelementr in L, and G; = {1} for suficientlylarge i.

Proof. Notethat o € Gy if andonly if & € Gal(L/F) is trivial. Then Go coincideswith
the kernelof the homomorphismGal(L/F) — Gal(L/F). Thefirst propositionof (2.11)and
the secondpropositionof (2.7) imply thatthis kernelis equalto Gal(L/Lg). Since G; is a
subgroupf Gy for 7 > 0, wededucdaheassertioraboutthe 7 th ramificationgroupof Go. We
get Oy = Og,fn]. Leta =3 " a;w* beanexpansionof o € Oy with coeficientsin Op,.
As oa; = a; for o € Gy it followsthat

oa—o= iai (0'(7Ti) — 7ri) .
=0

Now wededucehedescriptiorof G;, sinceo(r?)—nt € G;. If i > ma{v(on—7):0 € G},
thenG; = {1}. O

Thegroup Gy is calledthe inertiagroupof G, andthefield L is calledthe inertia subfield
of L/F.

ProrosiTION. Let L bea finite Galoisextensiorof F, L asepaableextensiorof F, and
aprimeelemenin L. Introducethemaps

Vo:Go — L™, ¢i:G;— L (i>0)

by the formulas v;(c) = X\j(on /7). Then«; is a homomorphisnwith the kernel G+, for
i > 0.
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Proof. Theprooffollowsfrom the congruence

or(m) _ (z) I =TT 0T mod Uy

™ ™ ™ ™ ™

for o,7 € Gz-.. The kernel of zpi.consistsof thoseautomorphismss € G;, for which
om/m € L+ ML, ie., om — 7 € My, O

CoroLLARY 1. Let L bea finite Galoisextensionof F, and L a sepagmble extensionof F.
If cha(F) =0, thenG1 = {1} and Gy is cyclic. If chaF) = p > 0, thenthegroup Go/G1
is cyclic of orderrelativelyprimeto p, G;/G;+1 areabelian p-groups,and G, is themaximal
p-subgoupof Gop.

Proof. The previous propositionpermitsusto transformthe assertion®f this corollary into
the following: a finite subgroupin " is cyclic (of orderrelatively primeto cha(L) when
cha(L) # 0); thereareno nontriial finite subgroupsn the additive groupof L if char(L) = 0;
if char) = p > 0 thenafinite subgrougn L is a p-group. O

CoroLLARY 2. Let L bea finite Galois extensionof F' and L a sepaable extensionof F'.
Thenthe group G'1 coincideswith Gal(L/L1), whee Li/F is the maximaltamelyramified
subetensionin L/F.

Proof. TheextensionLj/Ly is totally ramifiedby the first propositionof (2.11) andis the
maximal subetensionin L/Lq of degreerelatively prime with chaF). Now Corollary 1
implies G1 = Gal(L/Ly). O

CoroLLARY 3. Let L bea finite Galoisextensionof F' and L a sepaable extensionof F.
ThenGy isasolvablegroup. If, in addition, L/ F’ isasolvablesxtensionthen L/ F is solvable

Proof. It followsfrom Corollary1. O

(2.12). The Norm Map for Cyclic Extensions. Let F' be alocal field and L its Galois
extensionof primedegreen. Thentherearefour possiblecases:

L/F isunramified;

L/F istamelyandtotally ramified;

L/F is totally ramifiedof degree p = cha(F) > 0;

LemMaA. Let L/F beaseparnbleextensiorof primedegreen, v € M. Then

Npp(A+79)=1+Np p(y) +Trp p(y) + Tr p(6)

with someéd € O sudthat vg(0) > 2vr(y) (Np/r and Try,p arethenormandthetrace
maps respectively

Proof. Recallthatfor distinctembeddingss; of L over F' into the algebraicclosureof F,
1< i< n,onehas
n n
Nyra=[]oil@), Tpa=> o), aclL.
=1 =1
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Hence

Niyr(+y) = [[@+oi) = 1+Zam)+( a)( ) vam)+---) Lo,
=1 i=1 =1 1<5<n i=1

Foré =3 1¢;cn70i(7) +- -+ wegetvr(6) > 2vr(v). O

Our nearespurposeis to describethe actionof the normmap N, with respectto the
filtrationon L* and F'*.

ProposiTiON. Let L/F' bean unramifiedextensionof degree n. Thena prime elementrp
in F isaprimeelemenin L. LetU; ;, = 1+ 740y, U;r = 1+ 7L0p. Thenthefollowing
diagramsare commutative:

Ao —x Ai,L -

Lx =2 7 U, =225 1T Uip —— L
NL/FJV lxn NL/Fl le/f NL/Fl lTrf/F
* VF 7 Ao Fr =X U AiF 7

— Up —— F iwWF ——>

Proof. Thecommutatvity of thefirst two diagramds easy Theprecedind-emmashaows that
Ny p(1+0r%) = 1+ (T p )l + (N pb)n% +Trp /5 (5)
with vr,(0) > 2i and,consequentlyvy Try,/r(8) > 2i. Thus,we get
N p(L+07%) = 1+ (Trp/p O)mt  mod it

andthe commutatvity of thethird diagram. 0O

CororrARy. Inthecaseunderconsideation N, pUy 1, = Uy p.

ProrosiTION. Let L/F bea totally and tamelyramifiedcyclic extensionof degree n. Then
for someprime elementr;, in L, the elementry = 7} is primein F and F' = L. Let
Ui =1+7t 0L, U p =1+7%0p. Thenthefollowing diagrams

Ao, =X AniL =

L*x 2,7 U, —— L Uni,L L=F
NL/Fl lid NL/Fl lTn NL/Fl lxﬁ
FX — 7 Ur Jor 7 Uir LA

are commutativewhere id is the identity map, Tn takesan elemento its nth power xm is
themultiplicationby @ € F, i > 1. Moreovet, Ny, /pU; L = Np,/pUs1, if ndi.

Proof. Since 7} = np and L/F is Galois, then Gal(L/F) is cyclic of order n and
o(mr) = ¢y, for ageneratorr of Gal(L/F), where( isaprimitive nthrootof unity, ¢ € F'.
It is easyto seethatthefirst diagramis commutatie.
Corollaryin (2.5) shaws that o(a) = @ for ¢ € Gal(L/F), a € O, andwe getthe
commutatvity of theseconddiagram.
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If j =ni, thenl+6r) € F for § € Op, and
Np p(1+6m}) = (1+6rh)" = 1+nfrh, modwitt.

We deduceU; r = Uy = N jrUni,L
Finally, X — 1= H;?;Ol(X — (%), thereforefor n ti andfor § € O onehas

n—1
Np/p(l+ frt) = H 1+ ¢0rt)=1— (—=0) .
j=0
Thus N rUi,r = Np/rpUi+a,L- -

CororrARy. Inthecaseunderconsideation Np,/pUy 1 = Uy p. If F is algebraically closed
thenNL/FLx = F*,

Now we treatthe mostcomplicatedcasewhere L/ F' is a totally ramified Galoisextension
of degreep = cha(F) > 0. In thiscaseOy, = Op[rL], L = F(r1) for aprimeelementry,
in L, and L = F. Let ¢ beageneratoof Gal(L/F), then o(n.)/7 € Ur. Onecanwrite
O'(ﬂ'L)/?TL =6e with § € Up,¢e € 1+M;. Then

02(7TL)/7rL = o(fe) - 0 = 6%¢ - o (e),
and
1=0P(rp)/7p = 6P -0(€)- --- - 0P~ L(e).

Thisshawvsthat6? € 1+M,; and§ € 1+M, becauseaisingto the pth poweris aninjective
homomorphisnof F. Thus,weobtaino(rz)/nr, € 1+M,. Put

—U(’/TL) = 1+n7ri with ne Up, s= S(LlF) =1 (*)
TL

Notethat s doesnotdependon the choiceof the primeelementr;, andof thegenerators of
G =Gal(L/F). Indeedwe have

oi(mr)
L

=1+inr{ modzri™  and 70 _ 1 mod mitl
p

for anelementp € Uy. We alsodeducehat
@ = Us,L
o
for everyelementa € L*. Thismeanghat G = G5, G+1 = {1}.

LEmMA. Let f(X) = Xp+ap_1XP*1+ ---+ag betheirreduciblepolynomialof 71 over F'.

Then
T m _{o if 0<j<p-2
LIE \ Fi(rr) 1 if j=p-1
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Proof. Sinces?(r) for 0 < i < p — 1 areall therootsof the polynomial f(X), we get

1 = 1
) - 2; f1(oi(rr)) (X = oi(mr))’

PuttingY” = X1 andperformingthecalculationsn thefield F((Y)), we consequentlgeduce
J(X)=YP(L+ap 1Y + - +agY?),
1 y?
f(X) 1+a, 1Y +---+agV?

1 Y i j+1
: = Y7
X —oi(ny) 1-o¥(w)Y goa (WL)

=Y? modY?*,

(becausel/(1-Y) =35, Y* in F((Y))). Hence

ZZ o'(m )Y =Y? modY?,

0 =0 f'(o%(rz))
or
o i :pi o'(m}) :{0 if 0<j<p-2
ME\ P ) & o) L1 it j=p-1,
asdesired. 0

ProposITION. Let [a] denotethe maximalinteger < a. For aninteger ¢ > 0 put j(i) =
s+1+ [(z— 1—8)/])]. Then

Try/p(ry01) =m0 0.
Proof. Onehas f'(rz) = [[% (72 — o*(r)) and o’(mp)/my = 1+inzi modry™.
Then
Fl(mr) = (p — DI(—m)P~Lalp D+

with somee € 1+M(I{’_1)(s+1)+1. Since F = L, for aprimeelementry in F onehasthe
representationry = b e’ with ¢’ € Ur. Thepreviouslemmaimplies

: 0 if 0<

+s+1 _ X

TrL/F (7‘(’% ° 6]""s"'l) - { 7]_%‘4'1 if j=

for eje541 = (€')°*Y/((p — 1)I(—n)*~Le). Since TrL/F(wga) = m%, Try/r(a) We canchoose
the units ¢;+,+1, for every integer j, suchthat TrL/F(wL sj+s+1) =0 if p)( (j+1) and
= 75t 0D/ it p(j +1). Thus,sincethe Ox-moduler O, is generateddy mie;, j > i, we
concludethat Try, (7} OL) = wﬁ’)op. O
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ProrosiTION. Let L/F be a totally ramifiedGalois extensionof degree p = cha(F) > 0.
Let 71, beaprimeelemenin L. Thennr = N, pny, isaprimeelementin F. Let U; 1, =
1+ 7¢O, Ui r = 1+740p. Thenthefollowing diagramsare commutative:

A —
Lx 2, 7 U, =25 T”
NL/Fl lid NL/Fl 1p
J s VF 7 Ao p =X
? Up —— F
AL = _ = As,L . = _ = Astpi, L = _ =
Ui,L — L=F Us,L ——— L=F Us+p,',L L=F
NL/Fl lTp NL/Fl l@-—ﬁp—ﬁp—lﬁ NL/Fl lx(—ﬁp_l)
s, — As, — As+i, =
Uip —— F Up —= F Ui —% F

whee 1 < i < s in thethird diagramand ¢ > 0 is thelastdiagram.
Moreover, Ny p(Us+i,r.) = Np/p(Us+i+1,z) fOr i > 0,pfi.

Proof. Thecommutatvity of thefirst andtheseconddiagramds easy
To treatthe remainingdiagramsput ¢ = 1+ 6x% with 8 € Ur. Then,by thefirstlemma,
we get
Ny pe =1+ Npyp(O)wy + Trp p(Ony,) + Trr r(66)
with v (§) > 2i. Thepreviouspropositionimpliesthat
: j—1— 2i—1—
or (Tre/m(ry)) > s+1+ [%] cor (Trop(0) 2 s+ 1+ [%]
andfor ¢ < s
vp (Trp(nl)) 2i+1, op (Trye(d) > i+ 1

Thereforethethird diagramis commutatve.
Further using (), write

a\m
1:NL/F( ETLL)

We deducehat

s+l

) = 1 Ny + Trerm) - moda™

Trr/p(m}) = —Np/r(n)7  mod it

Since Ny ,r(n) =n* modry, inview of U, C UrUy, 1, we concludethat
Npp(L+8nml) — 1 —nPrie(6? — 0) € 72100,

for 8 € Op. Thisimpliesthecommutatvity of thefourth (putting § € O ) andthefifth (when
6 € 7.0 ) diagrams.
Finally, if pti,6 € Op, then

o(1+6rt)

L2 = 1+ifprt™ modristl.
1+6m]
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Thismeanghat Ny, (1+i0nm"*) € Np;pUs+i+1,, and
Np/p(Us+i,1.) = Np/p(Us+iv1,L)- O

REMARK. Comparethe behaiour of the norm mapwith the behaiour of raisingto the pth
powerin Proposition(1.10).

COROLLARY. Uiy p = N pUsge1,L-
If F' is algebraically closedthen Np/pL* = F*.

Proof. It followsimmediatelyfrom thelastdiagramof the proposition sincethemultiplication
by (—7)?~! is anisomorphisnof theadditive group . O

3: Local ClassField Theory

This sectionfocuseson completediscretevaluationfieldswith finite residuefield.

3.1. UsefulResultson Local Fieldswith Finite ResidueField

(3.1.1).Structures. Let F bealocalfield with finite residuefield F =F,, ¢ = p/ elements.
Sincecha(F,) = p, F is of characteristi© or of characteristigp.

In thefirst casewv(p) > O for thediscretevaluationwv in F', hencetherestrictionof v on Q
is equivalentto the p-adicvaluation(by Ostravski’'s Theorem).Thenwe canview thefield Q,
of p-adicnumbersasasubfieldof F'. Let e = v(p) = e(F) betheabsoluteramificationindex
of F. Then F is afinite extensionof Q, of degreen =ef. Suchafield wascalleda local
numberfield.

In the secondcase F' is isomorphic(with respectto the field structureand the discrete
valuationtopology)to the field of formal power seriesF, ((X)) with primeelementX, since
the multiplicative representatiesof the residuefield form a finite subfieldof F'. Sucha field
wascalleda local functionalfield.

LEmMma. F' is a locally compacttopolagical spacewith respectto the discrete valuation
topolagy. Thering of integers O and the maximalideal M are compact.The multiplicative
group F'* is locally compactandthegroupof units U is compact.

Proof. Assumethat O is notcompact.Let (V;);cr beacoveringby opensubsetsn O, i.e.,
0 = UV;, suchthat O isn't coveredby afinite unionof V;. Let = bea primeelementof O.
Since 0 /70 isfinite, thereexistsanelementfy € O suchthatthesetfy+ 7O is notcontained
in the unionof afinite numberof V;. Similarly, thereexist elementsy, ..., 68, € O suchthat
fo+61m+ - - +6,7" + 7710 is notcontainedn theunionof afinite numberof V;. However,
the elementa = lim,, 4+ zfnzoomwm belongsto some V;, a contradiction. Hence, O is
compactand U, astheunionof § + 7O with § 70, is compact. O
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(3.1.2). Galois Extensions.
LemMma. TheGaloisgroupof everyfinite extensionof F' is solvable
Proof. Followsfrom (2.11).

ProprosITION. For every n > 1 ther existsa uniqueunramifiedextensionL of F' of degree
n: L = F(us_1). TheextensionL/F is cyclicandthe maximalunramifiedextensionF"" of

F is a Galois extension.Gal(F""/ F') is isomorphicto Z and topolagically geneatedby an
automorphismpg sud that

pr(a) =a? modMgu fora € Opur.

Theautomorphismpy is calledthe Frobeniusautomorphisnof F'.

Proof.  Firstwe notethat, by (2.1) F' containsthe group p,_1 of (g — 1)th rootsof unity
which coincideswith the setof nonzeromultiplicative representatesof F in ©. Moreover,
theunitgroup Ur isisomorphicto p,_1 x Uy F.
Thefield F, hastheuniqueextensionlF,~ of degreen, whichiscyclicoverF,. (2.7)shavs
thatthereis a uniqueunramifiedextension L of degreen over F' andhenceL = F(ugn_1).
Now let E beanunramifiedextensionof F anda € E. Then F(a)/F is of finite degree.
Therefore,FY' is containedn theunionof all finite unramifiedextensionof F. We have

Gal(F""/F) ~ lim GalF,» /F,) ~ 7.

It is well known that GanFjep/IFq) is topologically generatedy the automorphismo such
that o(a) = a? for a € F3°F. Hence,Gal(F""/F) is topologicallygeneratedby the Frobenius
automorphismpg. O

RemARK. If § € pgn_1q, then
pr@) =67 modM,
and ¢r(f) € pgm_1. Theuniguenessf the multiplicative representatie for ' e F implies
now that () = 61.
(3.1.3). ExampLe.  Let (,m beaprimitive p™ th rootof unity. Put Q™ = @, ((,=). Then
Vg (Gpm) =0

and {,~ belongsto thering of integersof Q™. Let

m

Xr -1
Then (= is arootof f,(X), andhence|Q{™ : Q,| < (p — )p™~L. Theelements(i.,
0< i< p™,pti, arerootsof f,,(X). Hence

fmX)= I X =¢m) and p=fu@)= J[ @—Gn)
pti pti

O<i<p™ O<i<p™

m—1

= xe-p" 7t xe-2p" Ty
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However,

(L= )L = Gm) ™t = 1 G + -+ Gt
belongsto thering of integersof Q{™). For thesamereason,(1 — {,=)(1— ¢i»)~! belongsto
thering of integersof Q™. Thus, (1— ¢im)(1— Gm)~t isaunitandp = (1— Cpm)P" g
for someunit . Therefore,e(Q™|Q,) > (p — 1p™ 1, and Q™ is acyclic totally ramified
extensionwith theprimeelementl — (-, andof degree (p — 1)p™1 over Qp . In particulay

OQ;m) =0q,[1 — {m] = Og, [¢pm]-

(3.1.4). The Group of Principal Units. If cha(F) = p, thenProposition(6.2) Ch. 1 shavs
thatevery elementa € U; canbeuniquelyexpresseasthe corvergentproduct

a= H H(l‘l‘@jﬂi)a“,
pti j€J
>0
wherethe index-set J numeratesf elementdn Op, suchthattheir residuedorm a basisof
[, over IF,, andtheelements); belongtothissetof f elements;r; areelementf O with
v(m;) =14, and a;; € Z,. Thus, Uz hastheinfinite topologicalbasis1 + 6, ;.
Now let cha(F") = 0. Everyelementa € U; canbeexpressedisacorvergentproduct

a=]][I@+6;m)"we
iel jeJ
wherel ={1<i<pe/(p—1), pti}, e =e(F); theindex-set.J numeratesf elementsn
Or, suchthattheirresiduedorm abasisof F, over F,, andtheelements; belongto thisset
of f elements;r; areelementof O with v(m;) =4, anda;; € Z,.

If a primitive pth root of unity doesnot belongto F', thenw, = 1,a = 0 andthe above
expressiorfor « isunique;U; is afree Z,-moduleof rankn =ef = |F : Q,|.

If aprimitive pth rootof unity belongsto F', thenw. = 1+ 0.7, /(,—1) is aprincipalunit
suchthatw, ¢ F*”, anda € Z,. In thiscasetheabove expressiorfor a is notunique. Uy is
isomorphicto the productof n copiesof Z, andthe p-torsiongroup y,-, wherer > 1 is the
maximalintegersuchthat p,» C F.

LemMmA. If chaF) =0, then F*" is an opensubgpup of finite indexin F* for n > 1. If
cha(F) = p, then F*" is an opensubgoup of finite index in £ for p{n. If cha(F) =p
and p|n, then F*" is notopenandis not of finiteindex in F*.

Proof. It follows (1.9) and(1.10)andthepreviousconsiderations.

(3.1.5). The Norm Groups. Now we have alook atthe normgroup Ny,,(L>) for afinite
extensionL of F'. Recallthatthenormmap

N]pq,/]pq . ]Fq)f — ]qu

is surjectvewhenF,, D IF, .

Let L/F bealfinite unramifiedextension. Then(2.12)impliesthat N ,rUr, = Ur in the
caseof anunramifiedextensionL/F and N, L* = (7") x Ur, wherer is aprimeelement
in F, n=|L: F|. Thismeansjn particulaythat F* /Ny, ,pL* is acyclic groupof ordern
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in thiscase.Corversely every subgroupof finite index in F* thatcontainsUyr coincideswith
thenormgroup Ny, L* for asuitableunramifiedextensionL/F.
Let L/F beatotally andtamelyramifiedGaloisof degreen. (2.12)shavsthat

NppUrr =Urr, m€ NppL*,

for a suitableprime elementr in F' (e.g. suchthat L = F({/—n), and 6 € Ny ,pL* for
9 € Up if andonly if 6 € F". Since L/F is Galois,we get y,, C F* and n|(g — 1).
HencethesubgroupF" isofindex n in F, andthequotientgroupF* /F ™ is cyclic. We
concludethat

NL/FLX = (m) x () x Unr

with anelementd € Up, suchthatits residued generatesF /F ™. So F* /Ny /pL* is
cyclic of ordern. Corverselyeverysubgroupfindex n relatively primeto cha(F) coincides
with thenormgroup N, L* for asuitablecyclic extensionL/F'.

Let L/F be a totally ramified Galois extension L/F of degree p. The right vertical
homomorphisnof the fourth diagramin the last propositionof (2.12) § — 8" — 77=19 has
kernelof order p; thereforeits cokernelis alsoof order p. Let 6, € Ur besuchthat 6,
doesnot belongto the image of this homomorphism. Since F is perfect, we deducethat
1+0.7% ¢ Np,pUs . Theotherdiagramsmply that F* /Ny, L* isacyclic groupof order
p andgeneratedy 1+ 6,73 mod Ny, ,pL*. If cha(F) =0, thens < pe/(p — 1), where
e = e(F), andif p|s then s = pe/(p — 1) anda primitive pth rootof unity ¢, belongsto F,
and L = F(g/r) for asuitableprimeelementr in F. InthiscaseF’* /N, ,rL* is generated
by w. mod N, pL*.

(3.1.6). Completion of FY'. The field F'" is a Henseliandiscretevaluation field with
algebraicallyclosedresiduefield andits completionJ is alocal field with algebraicallyclosed
residuefield F 3°P.

Let R bethesetof multiplicative representatesof theresidudield of F if its characteristic
is p. R istheunionof all setsy,~_1,n > 1 (which coincideswith thesetof all rootsof unity
of orderrelatively primeto p) andof 0.

Let L beafinite separablextensionof F. Sincetheresiduefield of JF is algebraically
closed,L /¥ is totally ramified.

LEMMA. Thenormmaps
NL/:;ZLX—)?X, NL/:;:UL%U(}'
are surjective

Proof. Sincethe Galoisgroupof L/ is solvable,it suficesto considerthe caseof a Galois
extensionof primedegreel. Certainly thenormof aprimeelemenof £ is aprimeelemenbf
F. Thesurjectvity of thenormmapsfollowsfrom (2.12). 0O

(3.1.7). Augmentation Group U(L/F).

DEeFINITION.  For a finite Galois extension L/F denoteby U(L/F) the subgroupof Uy ¢
generatety u”~1 whereu runsthroughall elementof U1, ando runsthroughall elements
of Gal(L/F).
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Every unit in Ug canbe factorizedas g with § € R*, ¢ € Uy Since go-1 =1
we deducethat U(L/F) coincideswith the subgroupof U generatedy v’ 1, u € Up,
o € GallL/F).

ProrosiTioN. Let £ bea finite Galoisextensiorof F. For a primeelementr of L define
0:GallL/F) = U JUKL/F), Lo)=n""1 modU(L/TF).

The map ¢ is a homomorphisnwhich doesnot dependon the choice of #. It inducesa
monomorphisn¥: Gal(L /F)2® — U, /U(L/F) wheefor agroup G the notation G2° stands
for themaximalabelianquotientof G.

Thesequence

15 GalL/F)®P —L s UL JUR)TF) 25125 Us -1
is exact.

Proof. Sincen” ! belongsto Uy, we deducehat (" ~1)7~1 € U(L/F) and
7" =77 1771 mod U(L/9).

Thus,themap ¢ is ahomomorphismIit doesnotdependn the choiceof 7, since (re)?~* =
77~ modU(L/T).

Surjectvity of thenormmaphasalreadybeenproved.

Supposdirst that Gal(L/3) is cyclic with generatoro. Thekernelof N, coincides
with £*7=1, Since ¢ is ahomomorphismwe have 77" ~1 = (z°~1)™ modU(L/F). So
we deducehat £*°~1 is equalto the productof U (£ /) andtheimageof £. Thisshavsthe
exactnessn themiddleterm.

Notethat uo” 1 = (ul*o++e""")7=1 50 U(L/F) = Uzt 777t e U(L/F), then
(r7~1)m =y~ for someu € U. Hencer™u~! belonggo JF andtherefore|L : F| divides
m and o™ = 1. Thisshowvstheinjectivity of £.

Now in the generalcasewe usethe solvability of GalL/F) andargueby induction. Let
M/TF bea Galoiscyclic subetensionof L/3 suchthat L # M # F. Put way = Ng .
Since N /: Ug — Uy is surjectve, we deducehat Ng, /U (L/F) = UM/ T).

Let Ng su = 1 for u € Ug. Thenby theinductionhypothesighereis 7 € Gal(L/3)
suchthat N /yu = w]{ln with n € U(M/F). Write n = N ;5§ with £ € U(L/F). Then
uw~x7~1¢ belongsto the kernelof N¢ /v andthereforeby the inductionhypothesiscanbe
writtenas 77~ 1p with ¢ € Gal(C/M), p € U(L/M). Altogether u = 7°"~1 modU(L/F)
which shavs the exactnessn the middleterm.

To shaw the injectivity of £ assumehat 771 € U(L/F). Then wj‘u_l e UM/F) and
by the previous consideration®f the cyclic caseo actstrivially on M. So o belongsto
Gal(L/M). Now the maximalabelianextensionof ¥ in L is the compositumof all cyclic
extensionsM of F in L. Sinceo actstrivially oneachM, we concludethat ¢ is injective.[]

(3.1.8). ¢ — 1 Acting on F*. Forevery n everyelementa € F canbeuniquelyexpanded
as

a:ZOiwi, 0; € R,

a<si
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wherer isaprimeelementn F.
Since p: FY' — F'Y is continuousjt hasexactly oneextensionp: ¥ — F which actsas

Y q_i
Z@aeﬂf HZi)agiﬂ-'

We shallstudytheactionof #~1 onthemultiplicative group.

LEMMA. Thekernel of the homomorphisnd* — F*, a — a¥ 1 isequalto F andthe
imageis Us; U;f,;l =Up,s foreveryn > 1.
Proof. Fora =3, 07" € F with §; € R thecondition p() = a impliesthat 7 (6;) = 6;
for i > a. Hence,f; belongsto theresiduefield of F anda € F. Similarly oneshawvs the
exactnes®f thesequencén thecentralterm Uy, 5 /Up+m, -

Let ¢ € Us. We shallshav the existenceof a sequences,, € Us suchthat e = ﬂ;f—l
mod Up+1,5 and Bp+18;1 € Upsr 5.

Let e = 6o with @ € RX, g9 € Uy 5. Let p € R* besuchthatp?=1 =6. Thenp¥—1 =0,
put o = p.

Now assumehattheelementsfy, 51, - .., 3, € Us have alreadybeenconstructedDefine
theelementd,,+1 € R fromthecongruence

718971 = 1+ 6,197™  modn"*2.
Thereis anelementn,,+1 € R suchthat
O(Mn+1) = M+t + Op+1 = 77;1”.1 —Np+1+0,41 =0 modm.

NOW put Bne1 = Bn(L + pstn™). Thene 182,11 € Upio s and Br18, 1 € Upsr 5.

Thereexists 8 = lim 8, € Uy, and 3¥~1 = ¢. Whene € Un,s theelementg canbe
choserin U, s aswell. O

Let L/F beafinite Galoistotally ramifiedextension.TheextensionL"" /F'" is Galoiswith
thegroupisomorphicto thatof L/F. We mayassumehatthe completionof F'' is a subfield
of thecompletionof LY,

TheextensionL/F is totally ramifiedof thesamedegreeas L/F. From(2.7)and(2.8)we
deducehattheextensionL /F is Galoiswith thegroupisomorphicto thatof L/F.

PrOPOSITION. Lety € £L* besudthat vv~1 € U(L/F). Then N, 5y belongso thegroup
Np pL*.

Proof. We have 4¥~1 = Hs;-j_l for somee; € Uy and 7; € GalL/F). By the pre-
vious propositionwe have ¢; = nf_l for somen; € Ug. So (7_11—[77?—1)@_1 =1 and
vy 177" =a with a € L*. ThenNg sy = Nyjpa~t € Ny pL*. 0
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3.2. The Neukirch Map

(3.2.1). Let L beafinite Galoisextensionof F. Then L' = LF"". Recallthat Gal(F'""/F)
consistof Z-powersof ¢r.

DEFINITION. PutFrob(L/F) = {o € Gal(L""/F) : 5| pur is apositive integerpowerof g }.

ProposiTioN. ThesetFrol(L/F) is closedwith respecto multiplication it is notclosedwith
respecto inversionand 1 ¢ Frob(L/F).

Thefixedfield £ of & € Frob(L/F) is of finite degreeover F, ' = LY and & is the
Frobeniusautomorphisnof .

Thus,the set Frob(L/F) consistf the Frobeniusautomorphismsps of finite extensions
s of F in L with GaL""/5) ~ Z.

Themap Frob(L/F) — Gal(L/F), & ~ o], issurjective

Proof. Thefirst assertions obvious.

Since FF C ¥ C LY we deducethat F' ¢ " C LY. The Galoisgroupof LY /Y is
topologicallygeneratedby o andisomorphicto Z, thereforeit doesnot have nontrivial closed
subgroupsof finite order So the group Gal(Z'"/="") being a subgroupof the finite group
Gal(L"/F") shouldbetrivial. So LY = 4,

Put 2o = 2N FY. Thisfield is thefixedfield of &|pur = ¢}, therefore|Zp : F| = m is
finite. We deducethat

|Z: 3| = |2 FY| = |[LY: FY| = |L : Lo
is finite. Thus, 2/ F is afinite extension.

Now o is a power of s and ps|pur = ¢L§°:F‘|Fur = ¢P|pu = &|pur. Therefore,g =
ps. Certainly the Frobeniusautomorphismys of a finite extensionZ of F in LY with
Gal(L""/Z) ~ 7 belongsto Frob(L/F).

Denoteby & anextensionin Gal(L'"/F) of ¢r. Let o € Gal(L/F), theno|z, is equal
to % for somepositive integer n. Hences~13"|;, actstrivially on Lo, andso 7 = o3|,
belongsto Gal(L/Lg). Let 7 € Gal(L“'/F!Y") besuchthat 7|, = 7. Thenfor o = 7¢™ we
deducethat g |pur = 9% and |, = 7¢™|r = 0. Thentheelements € Fro(L/F) is mapped
to o € Gal(L/F). O

(3.2.2). DeriniTION.  Let L/F beafinite Galoisextension.Introduce

Y p:Frob(L/F) —s F* /Ny ,pL*, &~ Ns;pms mod Ny, pL*

where X is thefixedfield of o € Frob(L/F) and s is ary primeelemenif .
Lemva. Themap Y, is well definedIf &|; =id, then Yy, x(5) = 1.

Proof. Let 71, 7> beprimeelementsn X. Thenny = 7pe for aunit e € Us. Let E bethe
compositunof X and L. SinceZ C E C XY, theextensionE/Z is unramified.From(3.1.5)
weknow thate = Ng,sn for somen € Ug. Hence

N5 pm1 = Ns/p(m2e) = Nsjpm2 - Nsyp(Ngysn) = Nsypm2 - Npyr(NE/on)-
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We obtainthat Ns,rm = N5 pm2 mod Ny, pL*.
If 5|z =idr then L C Z andthereforeNs,pms € N /pL*. O

(3.2.3). The definition of the Neukirch mapis very naturalfrom the point of view of the
well known principle that a prime elementin an unramifiedextensionshould correspondo
the Frobeniusautomorphism(seeTheorem(3.2.4) belon) and the functorial property of the
reciprocitymap(see(3.2.5)and(3.3.4))which forcesthereciprocitymap Yz, to bedefined
asit is.

Already at this stageone can prove that the map VL/F: FrolL/F) — F*/Np,pL*
inducegtheNeukirchhomomorphism

YL/F: Gal(L/F) — FX/NL/FLX.

In otherwords, VL/F(&) doesnot dependon the choiceof & € Frob(L/F) which extends
o € Gal(L/F), andmorewer, Yz r(31)Yr/r(2) = Y7 (0102).

We will choosea differentroute,whichis alittle longerbut perhapss moresatisfying.

The plan is the following: first we easily shav the existenceof Y, for unramified
extensionsandevenprovethatit is anisomorphism.Thenwe deducesomefunctorialproperties
of Yz, ,r. Totreatthe caseof totally ramifiedextensionsin the next section,we introducethe
Hazewvinkel homomorphism¥y, ;= which actsin the oppositedirectionto Yz ,». Calculating
composite®f thelatterwith W, ,» we shalldeducethe existenceof Y, whichis expressed
by the commutatve diagram

Frob(L/F) —=%5 F* Ny, pL*
| d!
Gal(L/F) LTI F* [Ny pL*.
Thenusing W, Weprovethat Yz, r is ahomomorphismandthatits abelianpart
Y39 i Gal(L/F)® — F* /Ny, pL*

is anisomorphism.

Thenwe treatthe generalcaseof abelianextensionsandthenGaloisextensiongeducingit
to thetwo caseglescribedhbore andusingfunctorial propertiesof \NKL/F. This routenotonly
establishegheexistenceof Yi,,r, butalsoimpliesits isomorphisnproperties.

(3.2.4). TuEOREM. Let L bean unramifiedextensionof F' of finite degree
Then Y,r(c) doesnot dependon the choice of & for o € Gal(L/F). It inducesan
isomorphismYy, . Gal(L/F) — F* /[N ,pL* and
YL/F(SOF'L)ETFF mOdNL/FLX
for aprimeelementrg in F.

Proof. SinceL/F isunramified,o is equalto ¢ sorsomen > 1. Letm =|L: F|. Then
& mustbein theform 4. with d =n +Im > 0 for someinteger /. Thefixedfield £ of 7 is
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theunramifiedextensionof F' of degreed. We cantake nr asaprimeelemeniof X. Then
?L/F(G):NZ/FWF:W%EW?‘ mOdNL/FLX,

sinceny = Np/p7p. Thus,VL/F(g) doesnotdependnthechoiceof &.

It is now clearthat Yz, is @ homomorphismandit sendsyr to 7p mod Ny /pL*.
Resultsof (3.1.5)shaw that 7 mod Ni,rL* generateshe group F* /Ny ,rL* whichis
cyclic of order |L : F|. Hence,Yy,r isanisomorphism. O

(3.2.5). Now we describdirst functorial propertieof \?L/F.

LemMA. Let M/F bea finite sepaable extensionandlet L/M bea finite Galois extension,
o € Gal(Fs*P/F). Thenthediagramof maps

?
FrooL/M) — M* /Np e L*

.| I

YaL/oM

FrobloL/oM) ——— (6 M)* /N1 sm(0L)*
is commutativeher ¢*(7) = 070 1|, zur for 7 € Fro(L/M).

Proof. If X isthefixedfield of 7, thenoX isthefixedfield of 670~ 1. Foraprimeelementr
in Z, theelementor isprimein ¢Z. Since Ny5/, 0 (07) = 0 N5y, theproofis completed.
O

ProrosiTION. Let M/F and E/L befinite sepanbleextensionsandlet L/F and E/M be
finite GaloisextensionsThenthediagramof maps

?
FrolE/M) —"% M*/NgmE*

l lN;J,F
’?’.
FrooL/F) — F*/Np/pL*

is commutativeHeretheleft verticalhomomorphisris therestrictiona |, u of & € Frob(E /M)
andtheright verticalhomomorphisnis inducedby thenormmap Ny r.
Theleft vertical mapis surjectiveif M = F'.

Proof. Indeed,if & € Frob(E/M) thenfor 7 = &|,u« € Gal(L""/F) we deducethat
T|pur = &|pur is apositive powerof ¢r, i.e., 7 € Frob(L/F). Let X bethefixedfield of &.
ThenT = XN LY isthefixedfield of 7. TheextensionZ/T is totally ramified,since L' = TY"
andso T = XN TY. Hencefor aprimeelementrs in X theelementry = Nsrms is primein
T andweget NT/F7TT = NZ/FWZ = NM/F(NZ/MTFZ)-

If M = F, thentheleft verticalmapis surjective, sinceevery extensionof & € Frob(L/F)
to Gal(E""/F) belongsto FrobE/F). O
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CoroLLARY. Let M/F bea Galoissubetensionin a finite GaloisextensionL/F. Thenthe
diagramof maps

FroblL/M) —— Frob(L/F) —— Fro(M/F)
S [Serr [Furr

N*
M*NpjuL* —5% F*NppL* —— F*[NypM* —— 1

is commutativehere the cential homomaorphisnof the lower exactsequencés inducedby the

identitymapof F'*.

Proof. An easyconsequencef thepreceding”roposition. O

3.3. The Hazewinkel Homomorphism

(3.3.1). Let L beafinite Galoistotally ramified extensionof F. The Galoisgroupof the
extensionL/JF isisomorphicto Gal(L/F).

DEerFINITION. Let ¢ bethecontinuousextensioron £ of theFrobeniusautomorphismpy,. Let
7w beaprimeelemenf L. Let E bethemaximalabelianextensionof F' in L. For o € F*
by Lemma(3.1.6)thereis 3 € L* suchthata = N ,53. Then N 5891 =a¥"1 =1 and
by Proposition(3.1.7)

e =777 modU(L/F)

for some o € Gal(L/F) which is uniquely determinedas an elementof Gal(€/F) where
& = EF. Definethe Hazeavinkel (reciprocity) homomorphism

Wy e F* /Ny pL* — Gal(L/F)®, aw olp, a=Ngg8, pel=al"

Lemma. Themap Wy, r iswell definedandis a homomorphism.

Proof. First, independencen the choiceof 7 follows from Proposition(3.1.7). Sowe can
assumehat « € L.

If o= Ng, 57y then v3~1 belongsgo thekernelof Ny 5. Thereforeby Proposition(3.1.7)
y8~1 = 77=1¢ with ¢ € U(L/F). Then~¢—1 = ge—1¢v=1 = go-1 modU(L/F) which
provescorrectnessf thedefinition.

If Ng,g(B1) = a1 and N ,5(82) = a2, thenwe canchoosef1 3, for ajaz andthenfrom
Proposition(3.1.7)we deducehat Wy, is ahomomorphism. O

REMARKS.

1. Since L/ F is totally ramified,the normof a prime elementof L is a prime elementof
F. So F*/Ny,pL* = Ur/Ny,pUr. Moreover, if L/F is atotally ramified p-extension
(i.e. its degreeis apowerof p), then F* /N ;p L* = Uy r/Nr/rUs, L, sinceall multiplicative
representatesare pth powers.

2. The Hazavinkel homomorphisntanbe definedfor every finite Galoisextension,but it
hasthe simplestform for totally ramifiedextensions.
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(3.3.2). Now weprovethat Wy p isinverseto Y3 ,.

TueoreM. Let L/F bea finite Galois totally ramifiedextension.Let E/F be the maximal
abeliansubetensiorof L/F. Then
(1) Foreverys € Fro(L/F)
Wr/r (?L/F(g)) =0|p.
(2) Leta € F* andlet ¢ € Fro(L/F) besudthat o|g = Wy, p(a). Then

\NKL/F(ﬁ) = modNL/FLX.

Theefore, W, is an isomorphism,\?L/F(&) doesnot dependon the choice of ¢ for
o € Gal(L/F) andinducesthe Neukich homomorphism

Yy p:GallL/F) — F* [Ny p L.

Thelatter inducesan isomorphismYaLt}F betweerthe groups GaL/F)2® = GaE/F) and
F*/Np,pL*, whichisinverseto Wy, /p.

Proof. To show(1) noteatfirstthat Gal(L""/F’) isisomorphicto Gal(L""/L) x Gal(L""'/F'")
andso o is equalto o™ for somepositive integer m and o € Gal(L""/FY). Let =5 bea
prime elementof the fixedfield = of &. Sincers is aprime elementof 4" = LY" we have
ns = e for somee € Urwr, wheren is aprimeelementf L. Thereforerl=o = go¢™—1,

Let 2o = XN FY, then |y : F| =m. Then N5,p = N5 /p o N335, and N5/5, actsas
Nzur/zgr = NLur/Fur = NL/?! NZO/F actsasl+ep+ ---+ (pmil. We have

Nz/FTl'z = NLur/FurE]_ NLur/Furﬂ'm, Wheresl = €1+(p+m+<‘0m_l .

Soa = Ny pms = Npuypwey mod Ny, pL* and Wy, r(a) canbe calculatedby looking at
271 Wededucesf ™t =¢¢" 1 = go¢" 1 = pl=0 = 1= mod U(L/F). Thisproves(l).

To show(2) let a = Ng /58 and 3¢~ 1 = 71~ mod U(L/F) with o € Gal(L/F). Then
againg = g™ andsimilarlytotheprevious\NfL/F(&) = Ns/pms = Npuypuwey mod Np,pL*
ande?™' = 717 = g#~1 modU(L/F). Fromthesecondpropositionof (3.1.9)appliedto
v = e16~1 wededucehat Ny ,5v belongso Ny, L andthereforeN 561 = N 56 = «
mod Ny, L>* which proves(2).

Nowfrom (1) wededucehesurjectvity of Wy, . From(2)andLemmain (3.2.2)by taking
o =g, sothato|g = idg = W, p(a), wededucethat o € Ni,,pL*, i.e. Wi, p isinjective.
HenceWy,r isanisomorphismNow from (1) we concludethat VL/F doesnotdependbnthe
choiceof alifting & of o € Gal(L/F) andthereforedetermineshemap Yz, /.

Sincewe cantake 0102 = 0102, from (1) we deducehat Yy, is ahomomorphism.

Proposition(3.2.1)and(2) shav thatthis homomorphisnis surjective. From (1) we deduce
thatits kernelis containedn Gal(L/E). Thelattercoincideswith thekernel,sincetheimage
of Yz, isabelian. O

CoroLLARY. For ¢ € Gal(L/F) there exists n € L* sudithat n*—1 = 717, Thene =
N¢gn belongso F* and Y, /p(0) = Ng /9.
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Corversely for every e € F* thereexistsn € L* sud that
e=Ngjgn modNppL*,  n*~t=x'"" forsomes € Gal(/T).
TheanL/F(E) = 0'|E.

Proof. We canassumghat 7 is aunit, since7¥~1 = 1. Denoteby the samenotationo the
elementof GalL/F) whichcorrespondso o. Let X bethefixedfield of & = op. Applying
the lemmaof (3.1.8)to the continuousextensionto £ of the Frobeniusautomorphisms we
deducehatthereis p € Ug suchthat p¢~1 =77, Now

ﬂ_l—mp — 7_‘,l—a' - pmp—l’

so wp belongsto the fixed field of & in L which by the lemmaof (3.1.8) equalsto the
fixed field £ of & in LY. Theelementnrs = wp is a prime elementof . Note that
(on~H#=t = pe—1go-1 = (pl=7)% € U(L/F); hencefrom the propositionof (3.1.8) we
deducehat N ;50 = N /gn mod Ny, L. Finally,

Nz/FﬁzENL/fprNL/g“’I] mOdNL/FLX.

To prove the secondassertionusethe first assertionand the congruencesuppliedby the
Theorem:e = Yy ,p(0) mod Ny, pL* whereo € Ga(L/F) issuchthat o|g = W/ p(e). U

The Theoremdemonstratethat for a finite Galoistotally ramified extension L/F' in the
definitionof the Neukirchmaponecanfix thechoiceof X asthefield invariantundertheaction
of ap.

(3.3.3). Thefollowing Lemmawill beusefulin the proof of themaintheorem.

LemMa. Let L/F be a finite abelian extension.Thenthere is a finite unramifiedextension
M/L sud that M is an abelian extensionof F, M is the compositunof an unramified
extensionMy of F andan abeliantotally ramifiedextensionK of F'. For everysud M we
haveNM/FMX = NK/FKX OJVMO/FJ\I(;<

Proof.  Since L/F is abelian,the extension LFY" is an abelianextensionof F. Let
@ € Gal(LF"/F) beanextensionof pr. Let K bethefixedfield of g. Then K N F' = F,
so K is anabeliantotally ramifiedextensionof F. ThecompositumM of K and L is an
unramifiedextensionof L, since KY' = LY. Thefield M is anabelianextensionof F' and
Gal(M/F) ~ GakM/K) x Gal(M /Mo).

Now theleft handsideof theformulaof theLemmais containedn theright handside N. We
have NNUr C Nk/rUk C NyyrUnm, sinceUx C NyyxUn. If my is aprimeelement
of M, then Ny pmar € N. Thenvp(Nyprm)Z = vp(Nyy pMg). Soevery a € N can
bewritten as a = Ny pype With € € NN Ur andsomem. ThenceN is containedin
NyyypM>* andwehave N = Ny p M. 0

Now we stateandprove thefirst maintheorenof local classfield theory

TueoreM. Let L/F bea finite GaloisextensionLet E/F bethemaximalabeliansubeten-
sionof L/F.
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Then Wi, is an isomorphism,\?L/F(&) doesnot dependon the choiceof & for o €
Gal(L/F) andinduceshe Neukirch (reciprocity) homomorphism

YL/F: GaI(L/F) — FX/NL/FLX.

ThelatterinducesanisomorphismY%t}F betweenGal(L/F)2° = Gal(E/F) and F*/Ny,pL*
(whichisinverseto Wy, for totally ramifiedextensionk

Proof.  First, we considerthe caseof an abelianextension L/F suchthat L is the com-
positumof the maximalunramifiedextension Ly of F' in L andan abeliantotally ramified
extension K of F. Thenby thepreviouslemma Ny pL* = Ng;pK* N NLO/FL{;. From
Proposition(3.2.5)appliedto surjectve maps

Frob(L/F) — Frol(Lo/F) and Frob(L/F) — FrolK/F),

andfrom Theorem(3.2.4)and Theorem(3.3.2)we deducethat \NKL/F doesnot dependon the
choiceof o modulo Ng,r K> N NLO/FLS, thereforemodulo N, L*. Sowe getthemap

/Novvfrom Proposition(3.2.5)andTheorem(3.2.4), Theorem(3.3.2)wededucehat Yz, - is
ahomomorphisnmodulo Ng /K> N NLO/FLE)(u soit isahomomorphisnmodulo Ny, ;- L*.
It is injective, sinceif Yi,r(0) € Np/p L, theno actstrivially on Lo and K, andsoon L.
Its surjectvity follows from thecommutatve diagramof Corollaryin (3.2.5).

Secongwe considerthe caseof anarbitraryfinite abelianextensionL/F'. By theprevious
Lemmaandthe precedingagumentshereis anunramifiedextension M /L suchthatthe map
\~(M/F inducegheisomorphismYj,,r. Themap Frob(A//F) — Frol(L/F) is surjectve and
we deduceusing Proposition(3.2.5) that ?L/F inducesthe well definedmap Yz, which
is a surjectve homomorphism. If o € Gal(M/F) is suchthat Y;,r(0) = 1, thenfrom
the commutatve diagramof Corollaryin (3.2.5)andsurjectvity of Y for every finite abelian
extensionwe deducethat Yy (o) = Y p(r) for somer € Gal(M/L). Theinjectivity of
Yar/r Now impliesthat o = 7 actstrivially on L.

Finally, we considethegenerataseof afinite Galoisextensionwhereweargueby induction
onthedegreeof L/F. We canassuméhat L/F is notanabelianextension.

Every o € Gal(L/F) belongsto thecyclic subgroupof Gal(L/F) generatedy it, andby
what hasalreadybeenproved andby Propositionin (3.2.5) ?L/F(ﬁ) doesnot dependon the
choiceof ¢ andthereforedetermineshemap Yz, /5.

Since Gal(L/F) is solvable, we concludesimilarly to the secondcaseabove using the
inductionhypothesighat Yz, is surjectve. In thenext severalparagraphsve shallshawv that
Y1, r(GaL/E)) = 1. Dueto surjectvity of Y thisimpliesthatthemap Ng/F in thediagram
of Corollary(3.2.5)(whereweput M = E)iszero.Since Yy, isanisomorphisnwe seefrom
the diagramof the Corollarythat Yz, /5 is asurjectve homomorphisnwith kernel Gal(L/ E).

Soit remainsto prove that Yz, mapsevery elementof the derived group Gal(L/E) to
1. Since Gal(L/F) is solvable,we have E 7 F. Proposition(3.2.5)shavs that Y7,z (p) =
NE/F(YL/E(p)) for every p € Gal(L/E). Sinceby the inductionassumptionYy, /g is a
homomorphismit sufiicesto shav that

YL/F(TO'Tildil) = NEX/F(YL/E(TJTflafl)) =1
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forevery o, 7 € Gal(L/F). ToachievethatweuseLemma(3.2.5)andtheinductionhypothesis.
Supposehatthe subgroupGal(L/K) of G = Gal(L/F) generatedy Gal(L/E) and r is
notequalto G. Thenfrom theinductionhypothesiandLemma(3.2.5)
YL/K(TO'T_lO'_l) = YL/K(T)YL/K(UT_la_l) = YL/K(T)l_",
andso
YL/F(TO'Tilo'il) = NI?/F (YL/K(T)lf") =1
In the remainingcasethe image of r generatesGal(E/F). Henceo = 7p for some

p € Gal(L/E) andinteger m. We deduceror—t0~1 = 7™ (rpr~1p~1)r—™ andsimilarly to
thepreceding

Yo p(r™(rpr tp ™) = Yy p(rpr ) = Npr (Yo/e()™™1) = 1

COROLLARY.

(1) Let L/F bealfinite Galoisextensiorandlet E/F bethemaximalabeliansubetensiorin
L/F Then.ZVL/FL>< = NE/FEX.

(2) Let L/F be a finite abelian extension,and M/F a subetensionin L/F. Thena €
.[\7[//]\4.[/>< if andonlyif NM/FOé S NL/FLX.

Proof. Thefirstassertioriollowsimmediatelyfrom thetheorem.Thesecondassertioriollows
the diagramof the corollary in (3.2.5) (with Frob being replacedwith Gal) in which the
homomorphismN ;. is injective dueto thetheorem. O

(3.3.4). Wenow list functorialpropertieof thehomomorphismYy, , . Immediatelyfrom the
previoustheoremand(3.2.5)we deducehefollowing

PROPOSITION.

(1) Let M/F be a finite separble extensionand let L/M be a finite Galois extension,
o € Gal(F**P/F). Thenthediagram

Y-L M
Gal(L/M) —% M* /Ny L*

YaL oM
GalgL/oM) ——% (6M)* /N1 joa(0L)*
is commutative

(2) Let M/F, E/L befinite sepanble extensionsandlet L/F and E/M befinite Galois
extensionsThenthediagram

Y.E M
GalE/M) — M*/Ng/mE*

| [+

v
GalL/F) —% F*/NppL*
is commutative
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3.4. The Reciprocity Map

In this sectionwe defineanddescribepropertieof thereciprocitymap
Wp: F* — Gal(F/F)
usingtheNeukirchmap Yz, studiedin theprevioussections.
(3.4.1). Thehomomorphisninverseto Yz, induceshesurjectve homomorphism
(-,L/F): F* — Gal(L/F)®,

It coincideswith Wy, for totally ramifiedextensions.
Denotethe maximalabelianextensionof F in FSeP by Fab,

ProrosiTioN. Let H bea subgoupin GaI(L/F)""b, andlet M bethefixedfield of H in
LN F3. Then(-,L/F)~YH) = Ny/pMX*.

Let L1, L, beabelianextension®f finitedegreeover F', andlet L3 = L1Ly, L4y = L1NL5.
Then

NLe,/FLI;< = ]\7131/1?1’]).< n NLz/FIé’ NL4/FLI = NLl/FLi< NLz/FIé'

Thefield L1 isasubfieldof thefield L, if andonlyif NLZ/FLZX C NLl/FLlX ; in particular,
Ly = L, if andonlyif Ny, ,pLy = Np,/pLy.

If asubgoup NV in F* containsanormsubgoup Ny, ,L> for somefinite Galoisextension
L/F, then N itselfis a normsubgpup.

Proof. Thefirstassertiorfollowsimmediatelyfrom (3.3.3)and(3.3.4).Put H; = Gal(Ls/L;),
1=1,2. Then
NpyrLy = (-, L3/ F) (1) = (-, L3/F) *(H1N Hy)
= (-, L3/F) Y(H1) N (-, L3/ F)"*(H2) = Np,/p L N Npp L3,
NyyrLy = (-, L3/ F)"Y(H1H) = (-, L3/ F)"(Ha)(+, L3/ F)~(H>)
= NLl/FLfNLz/FL;'
If Ly C Ly, then Ny, ,pLy C Ny pLy. Corverselyif Np, rL; C Np,,rL{, then
Np,1,/r(L1L2)* coincideswith NLZ/FL§- and Theorem(3.3.3) shavs that the extension
L,Ly/F is of thesamedegreeas L,/ F', henceLs C Ly.

Finally, if N D Np,pL*, then N = Ny pM*, where M is thefixedfield of (N, L/F).
(]

Passingto the projective limit, we get

WpiF* — Im F* /Ny /pL* — ljm Gal(L/F)?* = Gal(F®/F)

where L runsthroughall finite Galois(or all finite abelian)extension®f F. Thehomomorphism
Wy is called therecipocity map.
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(3.4.2). TuroreM. Therecipocity mapis well defined.

Its image is densdn Ga(F2°/F), andits kernelcoincideswith theintersectionof all norm
subgoups Nz, L* in F* for finite Galois(or finite abeliar) extensionsL/ F'.

If L/F is a finite Galois extensionand a € F*, thenthe automorphismWr(a) acts
trivially on L N F2 if andonlyif o € Ny pL*.

Therestrictionof Wr(a) on FY coincideswith chFF(a) for a € F*.

Let L beafinite sepaableextensiorof F, andlet o beanautomorphisnof Gal(FS¢P/ F).
Thenthediagrams

Lx —r 5 GalIab/L)

|- [
(0L)* —=X3 Gal((cL)?*/oL)

L* —* 5 GalLa/L)

e
Fx I Gal(Fab/F)

are commutativewhee ¢*(r) = oro 1, the right vertical homomorphisnof the second
diagramis therestriction.

Proof. Let Li/F, L,/F befinite extensionsand L1 C L,. ThenProposition(3.3.4)shavs
thattherestrictionof theautomorphism

(e, Lo/ F) € Gal(Lo/F)®

onthefield L1 N Fa° coincideswith (o, L1/ F) for anelementa € F*. Thismeanghat Wr
is well defined.

The condition a € Ni,rpL* is equialent (o, L/F) = 1 andthelastrelationmeanshat
Wr () actstrivially on L N Fab,

Hence,the kernelof Wr is equalto (\ Nr,rL*, where L runsthroughall finite Galois
extensionof F. SinceWg(F*)|, = Gal(L/F) for afinite abelianextensionL/F, wededuce
that W(F*) is densen Gal(F2/F).

Theorem(3.2.4) shows that Wg(7r)|pur = @r for a prime element7y in F. Hence,
We ()| pur = 027 @ and We(Up)| pur = 1.

Thecommutatity of the diagramdollow from Propositiong3.3.4)and(3.3.5). O

3.5. The ExistenceTheorem

(3.5.1). ProrosiTion. Let L beafinite sepaableextensionof F'. Thenthenormmap
NL/F: L* -5 F*

is continuousand Ny, ,L* is anopensubgoupof finiteindexin F™.
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Proof. Let E/F be afinite Galois extensionwith . C E. Then, by Theorem(3.4.2),
Ng,pE* is of finite index in F*. The Galois group of the extension E/F' is sohable.
Thereforejn orderto shaw that Ny, L* is open,it sufficesto verify thatthe normmapfor a
cyclic extensionof prime degreetransformsopensubgroupgo opensubgroups.This follows
from the descriptionof the behaior of the normmapin (2.13). The samedescriptionof the

norm mapimplies thatthe pre-imageNA}}F of an opensubgroups an opensubgroupfor a

cyclic extension M /F. Thereforethe pre-imageNL?/lF of an opensubgroupN in F* is
anopensubgrougn EX. SinceNL_/lF(N) S Ng/r (Nb?/lF(N)), we obtainthat NL‘/lF(N) is

openin L* and Ny, is continuous. 0

(3.5.2). THEOREM (“EXISTENCE THEOREM”). Theris aone-to-oneorrespondencbetween
opensubgoupsof finite index in F* and the norm subgoups of finite abelian extensions:
N «+ Np,rL*. Thiscorrespondencts anorderreversingbijectionbetweerhelattice of open
subgpoupsof finite index in F’* (with respectto the intersection N; N N, and the product
N1N,) andthelattice of finite abelianextension®f F' (with respecto theintersectionL1 N Ly

andthecompositumL1L5).

Proof. We verify thatan opensubgroupN of finite index in F'* coincideswith the norm
subgroupN;, L of somefinite abelianextensionZ/F'. It sufficesto verify that N' contains
the norm subgroup Nz ,rL* of somefinite separablextension L/F. Indeed,in this case
N contains Ng,rE*, where E/F is afinite Galoisextension,E O L. Thenby Proposi-
tion (3.4.1)we deducethat N = N,,,pM*, where M is the fixed field of (N, E/F) and
M/F is abelian.

Assumechal(F){n, wheren istheindex of N in F*. If u, C F*, thentheKummer
theoryimplies that F*" = Np,pL* for the abelianextension L/F, where L = F(Y/F).
Since F*" is of finite index in F*, theextensionL/F is finite. Then Np/pL* CN. If py
is notcontainedn F*, thenput £} = F(u,). By thesamearguments,len = Np/pL> for
somefinite abelianextension/Fy. Then Ny, pL* C FX" C N.

Assumenow that chalF) = p. We will shov by inductionon m > 1 thatary open
subgroup N of index p™ in F'* containsa horm subgroup. This is true for m = 1, as
follows from the theory of Artin—Schreierextensions. Now let m > 1, andlet N1 be an
opensubgroupof index p™~1 in F* suchthat N C N;. By the induction assumption,
N1 D Np,/rL{. ThesubgroupN N Ny, ,pLy isofindex1or p in Np, /pL;. Inthefirst
caseN D NLI/FLf, andin the secondcaselet L/L1 be a finite separabletensionwith
NL—ll/F (NAN¢,pLy) D Ny, L*; thenN D Ny /pL*.

For an opensubgroupN of index np™ in F* with p{n we now take opensubgroups
N1 and N, of indices n and p™, respectiely, in F* suchthat N C Ni,N,. Then
N =N1NN2D Ny pLy NNy, pL3 D Ny, 1,/r(L1L2)* andwe have provedthe desired
assertiorfor N.

Finally, Proposition(3.4.1)impliesall remainingassertions. O

CoroLLARY. Therecipocity map Wy is injectiveandcontinuous.

Proof. By Theorem(3.4.2)the preimageLIJ;l(G) of an opensubgroupG of the group
GaI(Fab/F) coincideswith N ,rL*, where L is the fixedfield of G. Hence,w;l(G) is
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openand Wr is continuous. Sincethe intersectionof all norm subgroupsoincideswith the
intersectiorof all opensubgroup®f finite index in F*, we concludethat Wg is injective. O

ReMARK. Onemayomittheword “open”in the Theoremif chalF’) = 0.

DeriniTION.  Thefield L, which is an abelianextensionof finite degreeover F', with the
property Ny ,rL* = N is called theclassfield of thesubgroupN C F*.

(3.5.3). Now wewill generalizérTheorem(3.5.2)for abelian(notnecessarilyinite) extensions
of F. ForanabelianextensionL/F, we put

NL/FL>< = nNM/FMXa
M

where M runsthroughall finite subextension®f F' in L. ThenthenormsubgroupNy,,»L>, as
theintersectiorof closedsubgroupsis closedin F*. Theorem(3.4.2)impliesthat Ny, L* =
N Y7t (Gal(E®/M)) = Wit ( Gal(Fa®/L)). Moreover, for a closedsubgroupN in F*
denotethe topologicalclosureof Wg(N) in GaI(Fab/F) by G(v). In otherwords, Gy
coincideswith theintersectiorof all opensubgroupsH in Gal(F2°/F) with H > Wg(N). If
anelementa € F* belongsto llJ;l(G(N)), thenthe automorphismWg(a) actstrivially on
thefixedfield of anopensubgroupH with H D Wg(N). From Theorem(3.4.2)we deduce
that o € JQNM/FMX, where M correspond$o H. We concludethat N = Ny ,rL* for the

fixedfield L of G(ny (orof Wg(N)).

TrEOREM. Thecorrespondencel — Ny ,rL* is an order reversing bijection betweerthe
lattice of abelian extensionsof F' and the lattice of closedsubgoupsin F*. The quotient
group F* /N ,pL* isisomorphicto a densesubgoupin Gal(L/F).

Proof. It remainsto usethe injectivity of Wr andthe agumentsin the proof of Proposi-
tion (3.4.2)andTheorem(3.5.2)(replacingtheword “open” by “closed”). 0O

(3.5.4). Let L/F beafiniteabelianextensionand Ly bethemaximalunramifiedsubextension
of F in L. Theorem(3.4.2) shovs that Wr(Ur)|, C GalL/Lg). Corversely if o €
Gal(L/Lo) ando = Wr(a)|; for o € F*, thenTheorem(3.4.2)impliesthat vr(a) = 0, i.e.,
a € Up. HenceWr(Ur)|, = Gal(L/Lo). TheextensionL""/F is abelianandwe similarly
deducethat Wr(Ur)| o = Gal(L""/FY). Since Ur is compactand Wr is continuousthe
group Wr(Ur) is closedandequalto Gal(F2b/ Fur).

Let = beaprimeelemenin F and Wr(r) = ¢. Then¢|u = ¢r, andfor thefixedfield
F, of ¢ weget

F.NF"=F, F,F"=F®

(theseconaequalitycanbededucedy thesameamgumentsasin theproofof Proposition(3.2.1).
The primeelementr belongsto the normgroupof every finite subextension L/ F' of F, /F.
Thegroup Gal(F2°/ F,.) is mappedsomorphicallyonto Gal(F\"/ F') andthegroup Gal(F;;/F)
is isomorphic Gal(F2°/ F). The latter groupis oftendenotedby I andcalledthe inertia
subgoupof G& = Gal(Fa°/ F).
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We have
GaI(Fab/F) ~ Gal(F,,/F) x Gal(F""/F), Gal(F,/F) ~ Up,Ga(F""/F) ~ i/
and
Wr(F) = (p) x Gal(F**/F"),
where(y) isthecyclic groupgeneratetby . V!eobserwethatthedistinctioniaetweenFX and
Gal(F2°/ F) isthesameasthatbetweenZ andZ. Soif we definethegroup F* asl(imFX/U
where U runsover all opensubgroupsf finite index in F*, then F* = Ur x Z andthe
reciprocitymap Wr extendsto theisomorphism(andhomeomorphisnof topologicalspaces)
Pp: X — Gal(F®/F) = G2,
Define
Yr = 9,1 Gal(F®/ F) — F*.
Then Yz mapsIr homeomorphicallpnto Ug.

The field F;, canbe explicitly generatedy roots of iteratedpowers of the isogely of a
formal Lubin—Tate groupassociatedb 7.

3.6. Commentson other approachego the local reciprocity map

(3.6.1). Theapproachesf Hazavinkel andNeukirchfor local fields with finite residuefield
canbedevelopedwithoutusingeachother;but eachof themhasto gothroughsome‘unpleasant
lemmas.

In characteristicp thereis a very elegantelementanapproachy Y. Kawadaandl. Satalke
which employs Artin—SchreierWitt theory

(3.6.2). Themaximalabeliantotally ramifiedextensiorof @@, coincideswith Q, (up-) Where
Up= is the group of all roots of ordera power of p. By usingformal Lubin—Tate groups
associatedo a prime elementw onecansimilarly constructthe field F,. of (3.5.5). Dueto
explicit resultson the extensionsgeneratedy roots of iteratedpowers of the isogery of the
formal group,onecandevelop an explicit classfield theoryfor local fields with finite residue
field. Disadwantageof this approachs thatit is notapparentlygeneralizabléo local fieldswith
infinite residuefield.

(3.6.3). All otherapproacheproveandusethefact(or its equivalent)thatfor theBrauergroup
of alocalfield F' thereis a(canonicalisomorphism

invg: Br(F) — Q/Z.

Historically thisis thefirst approachldueto H. Hasse

Recallthat the Brauergroup of a field K is the group of equivalenceclassef central
simplealgebrasover K. A finite dimensionaklgebraA over K is calledcentralsimpleif
thereexistsa finite Galoisextension L/ K suchthatthe algebraviewed over L isomorphicto
a matrix algebraover L (in thiscase A is saidto split over L). A centralsimplealgebra 4
over K isisomorphicto M,,(D) where D is adivisionalgebrawith centre K, m > 1. Two
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centralsimplealgebrasA, A’ aresaidto be equialentif the associatedlivision algebrasare
isomorphicover K. Thegroupstructureof Br(K) is givenby the classof thetensorproduct
of representaties.

A standardway to prove the assertiorabout Br(F) is the shav that every centralsimple
algebraover F' splitsoversomefinite unramifiedextensiorof F, andthenusing GaF""/ F) ~
GaI(JFZep/]Fq) reducethe calculationto the factthatthe groupof continuouscharacters<g, of
Gr, is canonically(dueto the canonicaFrobeniusautomorphismjsomorphiowith Q/Z.

Now let a charactex € Xy = Hom.(Gr, Q/Z) correspondo acyclic extensionL/F' of
degree n with generators suchthat x(o) = 1/n. For every elementa € F* thereis aso
calledcyclic algebrad, , definedas eai”zglLﬁi where8™ = a, a3 = 3-0(a) foreverya € L.
We have a pairing

F*xXp — Q/Z, (a,x) = Invr([Aayx])-
This pairinginduceshena homomorphism
F* — Gal(F®®/F) = Hom(X ¢, Q/Z).

Thenone provesthat this homomorphisnpossesseall nice properties,.e. establishesocal
classfield theory

Thejustdescribedpproactdoesnotrequirecohomologicatoolsandwasknown beforethe
inventionof those.

(3.6.4). Using cohomologygroupsone canperhapssimplify the proofsin the approachde-
scribedn (3.6.3). Fromour pointof view theexpositionof clasdfield theoryfor localfieldswith
finite residuefield givenin this chapteiis themostappropriatdor abeginner;atalaterstagethe
cohomologicabpproacttanbemasteredTherealdisadwantageof thecohomologicahpproach
is its unexplicitnesswhereaghe approactin this chapterin additionto quite anexplicit nature
canbeeasilyextendedo mary othersituations.

If L isafinite Galoisextensionof F' thenonehasanexactsequence

1— H%(GalL/F),L*) — Br(F) — Br(L) —» 1

and Br(F") is the union of classesof algebraswhich split over L (i.e. the imageof all
HZ(GaI(L/F),LX) for all finite GaloisextensionsL/F'). So invg inducesa canonicaliso-
morphism

1

invy, -t H¥(GalL/F), L*) = WZ

/2.

Denotethe elementwhich is mappedo 1/|L : F| by ug/p. If H" standsfor the modified
Tate's cohomol@gy group, thenthe cupproductwith uy,, - inducesanisomorphism

H"(Gal(L/F),Z) > H™*¥Gal(L/F), L*).
For »r = 0 we have
Gal(L/F)*= HYGal(L/F),Z) = H*Gal(L/F), L*) = F* /[Ny pL*

which leadsto the analogof Theoremg3.3.3)and(3.4.2). Certainlythe lastisomorphismin

muchmoreexplicit form is YaL‘}F.
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Usingcohomologygroupsonecaninterpretthepairing F* x Xp — Q/Z of theprevious
subsectiorasarisingfrom the cup product

HOGal(L/F),L*) x HXGa(L/F),Z) - H*Gal(L/F), L*)

and the borderhomomorphismHY(Gal(L./F), Q/Z) — H?*(GakL/F),Z) associatedo the
exactsequence

0-Z—->Q—-Q/Z —0.

Forafield K onecantry to axiomatizehosepropertiesof its cohomologygroupswhichare
sufficientto getareciprocitymapfrom K> to G2, asit is well known this leadsto thenotion
of classformation.

(3.6.5). Assumethat F' is of characteristizerowith finite residuefield of characteristicp.
For n > 1 the p™-componenbf thepairing F* x Xy — Q/Z definedin (3.6.3)is apairing

HYGr,ppm) x HY(Gr,Z[p"Z) = H*(Gr, pipn).-

If for every n. oneknowsthatthis pairingis a perfectpairing,andtheright handsideis a cyclic
groupof order p™, thenonededuceshe p-partof classfield theoryof thefield F'.

More generallyfor afinitely generatedZ,-module M equippedvith theactionof G and
annihilatedby p™ define M * (1) = Hom(M, u,-). Thepreviouspairingcanbegeneralizedo
the pairinggivenby thecup product

H{(Gp, M) x H*™{(Gp, M*(1)) = HXGr, ppn)-

By Tatelocal duality it is a perfectpairing of finite groups. So, if onecanestablishratelocal
dualityindependentlyf local classfield theory thenoneobtainsanothempproacho the p-part
of local classfield theoryin characteristizero.

J.-M. Fontainés theoryof ® — I'-modulesvasusedby L. Herr to relate H* (G, M) with
cohomologygroupsof a simplecomple of @ — I'-modules. ThenTatelocal duality canbe
establishedby workingwith thecomple abore andthis providesanothermpproacho the p-part
of local classfield theory



Exercises

1. Gothroughtheproofof (1.6).
2. Gothroughtheproofsof (1.12).

3. Multiplicati ve Representates. .
AssumethatchalF) =p > 0. Let a € F. Anelementa € O is saidto bea multiplicative
representativéTeichmilller representativiof a if @ =a anda € N FP". Thisdefinitionis

m20

justified by thefollowing Proposition.

ProposITION. An elementa € F hasa multiplicative representativeif and only if a €
N F’ . Amultiplicativerepresentativéor suc a isunique If « and b havethemultiplicative

m2>0

representativesx and 3, then a8 is themultiplicativerepresentativef ab.
Proof. We needthefollowing Lemma.
LemMmA. Leta,3 € O andv(a — 8) > m, m > 0. Thenv(e?” — B°") > n+m.

Proof. Puta = +x™y; thena? = 8P +pBP~ix™y + .- + pB(x™y)P~1 + 7P™m~P, andas
v(p) > 1 (recall cha(F) = p), wehave v(pBP~1n™~y) > m+1, ...,v(xP™+?) > m +1, and
aPf — 3P € 7™*109. Now therequiredassertiorfollows by induction. O

To prove thefirst assertiorof the Proposition supposdhat a € N 7. SinceF has

m>0
no nontrivial p-torsion,thereexist uniqueelementsa,, € F satisfyingtheequationse?,” = a.
Let B, € O besuchthat 3,, = a,,. Theng® ., =3, andv(8? ., — Bm) > 1. Theprevious

m+1l m+1l
lemmaimplies v(ﬁﬁfﬁ — B27) > n+ 1. Hencethesequencdfs, " ),sn isfundamentallt
hasthelimit a,, =limB2""" € O. Weseethata? =ag for n > 0 anday =a, i.e., ag isa
multiplicative representatie of a. Corverselyif a € F hasamultiplicative representate o,
thenae n F* .
m>0

Furthermorejf « and 3 are multiplicative representatiesof a € F, thenwriting o =
o 3= B for someam,Bm € O, wehave o, = B-, anda, = 3,, becausef the
injectivity of Tpm in F . Now thepreviouslemmaimplies v(a — 8) > m + 1, hencea = §.

Finally, if o and 3 arethe multiplicative representatesof a and b, then a8 = ab and
af € N FP". Therefore,af is themultiplicative representatie of ab. O

m>

Denotethe setof multiplicative representatiesin O by R.

a7
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Cororrary 1. If F is perfect(i.e. F is a local field) then every elementof F has its
multiplicativerepresentativen ®. Themapr: F — R inducesanisomorphismg = R\ {0}.
Thecorrespondence: F — R is called the Teichmilller map.

If F isfinitethen® \ {0} is a cyclicgroupof orderequalto |F| — 1.

CoRrOLLARY 2. Let cha(F) = p. If a,3 are the multiplicativerepresentativesf a,b € F,
thena + 3 isthemultiplicativerepresentativeof a +b.

Proof. Leta=oaf ,3=0F". Thena+ = (am + Bm)’ , hencea + 8 € mr;OFpm and

atf=a+b. O

4. Gothroughtheproofof (2.9)and(2.10).
5. Gothrough(2.11).
6. Gothroughtheproofsof (2.12).

7. Structur etheoremsfor completediscretevaluation fields. Let F beacompletediscrete
valuationfield with perfectresiduefield.

Therearethreepossiblecasestwo equal-characteristicasesywhen cha F) = cha(F) = 0
or cha(F) = cha(F) = p > 0, andonemixed-characteristicasewhencha(F) = 0, cha(F) =
p>0.

LemMmA 1. Thering of integers O containsa nontrivial field M if andonly if cha(F) =
cha(F).

Proof. Since M NM = (0), M is mappedsomorphicallyontothefield M c F, therefore
cha(F) = cha(F). Corverselylet A bethesubringin Or generatedy 1. Then 4 is afield
if cha(F) =p, and ANMy = (0) if cha(#) = 0. Hencethequotientfield of A isthedesired
one. O

A field M c O, thatis mappedsomorphicallyontotheresiduefield F = M is calleda
coeficientfieldin Or. Suchafield, if it exists,is a setof representatiesof F in Oz. (1.8)
impliesthatin thiscaseF' isisomorphic(algebraicallyandtopologically)to thefield M ((X)):
aprimeelementr in F correspond$o X. Notethatthisisomorphisndepend®nthechoice
of a coeficientfield (which is sometimesinique,seeProposition2 below) andthe choiceof a
primeelemenof F.

We shallshawv belav thata coeficientfield existsin anequal-characteristicase.

Thesimplestcaseis thatof cha(F) = cha(F') = 0.

ProrosiTION 1. Letchal(F) =0. Thenthere existsa coeficientfieldin Or. Acoeficientfield
canbeselectedn infinitely manywaysif andonlyif £ is notalgebraic over Q.

Proof. Let M beamaximalsubfieldin O, in otherwords, M benotcontainedn ary other
largersubfieldof Or. Weasserthat M = F, i.e., M is acoeficientfield. Indeedjf § € F is
algebraicover M, thend is separablever M andwe canapplythe Henseliarpropertyto find
anelementa € O whichisalgebraicover M andsuchthata = 6. Since M (a) = M, bythe
maximalityof M, wegeta € M,0 € M. Furthermorelet § € F betranscendentaiver M.
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Let @ € OF besuchthat@ = 6. Then« is notalgebraicover M, becauséf Z?:o a;at =0
with a; € M, then Y7 ,@;0" = 0. Hence,a; =0 anda; =0 (M is mappedsomorphically
onto M ). By thesamereasonM[a] N M = (0). Hencethequotientfield M (a) is contained
in O and M # M («), contradiction.Thus,we have beencorvincedourselesin theexistence
of acoeficientfield.

If F isnotalgebraiover Q, let o« € O beanelementranscendentalvertheprimesubfield
Q in Op. Thenthemaximalsubfieldin O, whichcontainsQ(a +ac) with e € Mg, a € Q,
is a coeficientfield. If F is algebraicover Q, then M is algebraicover Q andis uniquely
determinedy our previousconstructions. 0O

ProposiTION 2. Let cha(F) = p. Thena coeficientfield existsand is unique it coincides
with the setof multiplicativerepresentativesf F' in Op.

Proof. Corvinceyourself. O

We concludewith the caseof mixed-characteristic:cha(#’) = 0, cha(F) = p. with the
residuefield F' isomorphicto K. Hereis ananalog:

ProposITION 3. Let F' bea completadiscretevaluationfield of characteristicO with residue
field K of characteristic p. Let K; be any extensionof K. Thenthere existsa complete
discretevaluationfield F; whichis anextensionof F, sudthat e(F1|F) =1 and F1 = K.

Proof. It is sufiicesto considertwo cases: K; = K(a) is an algebraicextensionover K
and K1 = K(y) is atranscendentaixtensionover K. If, in addition,in thefirst case K,/ K
is separablethenlet ¢(X) bethe monicirreduciblepolynomialof a over K, andlet f(X)
be a monic polynomial over the ring of integersof K suchthat f(X) = g(X). By the
HenselLemma(1.2) thereexistsaroot a of f(X) suchthat@ = a. Then Fy = F(«) is the
desiredextensionof F. Next, if a» = b € K and g is an elementin the ring of integers
of F suchthat 3 = b, then Fy = F(a) is the desiredextensionof F for o = 3. Finally,
in the caseof transcendentadxtensionlet w be definedas w(f(y)) = min,¢icr v(oy) for
fly) = Zfzm a;yt € Fly] with a,,, 70, m < k. Extendingw to F(y) we obtainthediscrete
valuationw with residusdfield K. O

CoroLLARY. There existsa completadiscretevaluationfield of characteristicO with anygiven
residuefield of characteristic p andthe absolutendex of ramificationis equalto 1.

Proof. Onecanset F' =, andapplytheProposition. O
8. Hasse—Herbrandfunction. Let F' be a completediscretevaluationfield with perfect
residuefield.

ProrosiTION. Let the residuefield F be infinite. Let L/F be a finite Galois extension,
N = Np,r. Thenthere existsa uniquefunction

h= hL/F: N— N
sud that h(0) =0 and
NUwu),r CUir, NUpe),r € Uirr,r,  NUp@+1,r C Usrg,p-
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Proof. Theuniquenes®f h follows immediately Indeed,for j > h(:) NUj 1 C U+ r,
hengeif 1 is anotherfunctionwith therequiredpropertiesthen ﬁ(a’) < h(3), h(@) < ﬁ(i), ie.,
h=h.

As for theexistenceof h, wefirstconsidetthecaseof anunramifiedextensionL/F. (2.12)
shavsthatin this caseh(i) =i (becauseNf/ﬁ(fx) Z1 and Trf/ff =F).

The next caseto consideris a totally ramifiedcyclic extension L/F of prime degree. In
this casethemap Ny, r is determinedy somenonzeropolynomialsover L. Theimageof L
underthe actionof sucha polynomialis not zerosince L is infinite. Hence we obtain

h@i) = |L: Fli,
if L/F istotally tamelyramified,and
m={ ", s
s(1—p)+pi, izs,

if L/F istotally ramifiedof degreep = cha(F) > 0.

Now weconsidethegeneratase Notethatif wehavethefunctionshy, /; andhyy, r forthe
GaloisextensionsL/M, M/ F, thenfor theextensionL/F' onecanput hy,/r = hg/ar o har/r-
Indeed,

Np/FUny,p6),t C NmypUny, p(i),m C Ui p.

Furthermorethe behaior of Ny, is determinedoy somenonzeropolynomials(the compo-
sition of the polynomialsfor Ny, and Ny, r, the existenceof which canbe assumedy
induction).Hence

Nr/pUny,p(i)r € Uird,F-
Since
Np/pUny py1,b € NyypUny,,piyra,m C Uirim,

we deducethat h = hy, / is thedesiredfunction.
In the generalcasewe put hy/p = hg g, for Lo = LN FY anddeterminehy, ., by
inductionusingsohability of L/ L. O

To treatthe caseof finite residuefieldswe need
LemMmaA. Let L/F beafinite sepaabletotally ramifiedextension.Thenfor anelementa € L
weget

Npyr(a) = Ni\ur/ﬁ(a)

whee FUF is thecompletionof FYT, LUr = [Fur,

Proof. Let L = F(ny) with aprimeelementry in L, andlet o € L. Let
n—1 ]
amy = Zciﬂri withe;; € F,0<i<n—1,n=|L:F|
3=0
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Then Ny r(a) = de(c;;). Since LY = FY'(nz) and
|LY: Y| = e(LY|FY) = e(L"|F) = e(L|F) = |L : F|,
we get
Npuypu(a) = detli;) = Ni/r(a).

Finally, let E/F" be afinite totally ramified Galoisextensionwith £ > LY. Let G =
Gal(E/F"", H = Gal(E/ L"), andlet G bethedisjointunionof ¢;H with o; € G,1 < i <
|LY": FYT. Then

Nyurypur(a) = H oi(a) = Nﬁ/ﬁ(a)’

because? and H areisomorphicto GaI(E/I/?m) and GaI(E/EUf). O

This Lemmashaws that for a finite totally ramified Galois extension L/F' the functions
hy,r and hfu\,/ﬁ, coincide.Now, if L/F is afinite Galoisextensionwe put

ho/p =hi/ro = him ) ma-

In particulay if F is finite we put hrp=h (theresiduefield of F' s infinite asthe
separablelosureof afinite field).
It isusefulto extendthisfunctionto realnumbers.For unramifiedextension pr tamelytotally

ramifiedextensionof primedegree or totally ramifiedextensionof degreep = cha(F) > 0 put

Lt/ Fur

o) =, hape@ =105 Fles tue@)={ 7 N

L/F\X) = Z, L/F\Z) = |L . I'\T, L/F\T) = s(L—p)+pr, =35
for real > 0 respectiely. Usingthe solvability of L/Lg (Corollary3 of (4.4)Ch.Il) andthe
equality hr/r = hr/a © hayr definenow by, p(x) asthecompositeof the functionsfor a
tower of cyclic subetensionsn L/Lg.

Tueorem. Thusdefinedfunction by r: [0, +00) — [0, +00) is independenon the choice of
atowerof subfields Thefunction iy, r is called the Hasse—-Herkandfunctionof L/F. Itis
pieceviselinear, continuousandincreasing

Proof. It sufficesto shaw thatif M1/M, M>/M arecyclic extensionf primedegree,then

*) hE/Ml o hMl/M = hE/Mz o th /M

where E = M1Mo>.

Notethateachof has /n(2), har,/a(x) hasat mostonepointatwhichits derivateis not
continuous.Thereforethereareat mosttwo pointsatwhich thefunctionof theleft (resp.right)
handsideof () hasdiscontinuouslerivative. By lookingatgraphsof thefunctionsit is obvious
thatat suchpointsthederative strictly increasesndthereis atmostonesuchnoninteyerpoint
for at mostoneof the composedunctionsof the left handsideandthe right handsideof (x).
At this point (if it exists)thederivative jumpsfrom p to p?.

Fromtheuniquenesi theprecedingpropositionwe deducehattheleft andright handsides
of (¥) areequalatall nonngyative integers. Thus,elementarycalculusshows thatthe left and
right handsidesof (x) areequalatall nonn@ative realnumbers. O
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9. Selfduality of local fieldswith finite residuefield. Let F' bealocalfield with finite residue
field. Provethatthereis anontrivial characten): F — C* andthateverycharacter)’ of F' is
of theform z — (ax) for auniquelydefineda € F'. Thismeanghattheadditive groupof F
is selfdual.lt is oneof thefirst obsenationswhich leadto thetheoryof J. TateandK. Iwasawa
on harmonicanalysisnterpretatiorof the zetafunction.

[Hint: For a local functional field F,((X)) let m:F, — Z/p — C* be inducedby
a +pZ — exp(2ria/p), define

’(p: Z az-Xi — m(Tr]Fq/]FP(],_l) .
For o € Q; let r(a) € Z besuchthat r(a) = ap™ modp™ wheren = —v,(a). Define

Yq,: o = exp(2mir(a)/p™).
For alocal numberfield F' define

¥ =g, ° Trr/q,-
To shaw thesecondpartfor acharatery’ find a as y_ ;7% constructingd; stepby step.]
10. Gothroughdetailsof (3.3.3).
11. Gothroughdetailsof (3.4).
12. Gothroughdetailsof (3.5).
13. The reciprocity map and Hasse—Arftheorem.

THeoreM. Let L/F beafinite abelianextension,G = Gal(L/F). Denoteby h the Hasse—
Herbrand function hyp. Put U_y p = F*, Uy = Ur, and h(—1) = —1. Thenfor every
integer n > —1 thereciprocity map W, mapsthequotientgroup Uy, rNy,/pL* /N, pL*
isomorphicallyontotheramificationgroup G(n) = Gu(n) and Uy, p Ny ) p L [Up+1,p Ny p L™
isomorphicallyonto G',(n) /G h(n)+1-

Thus G(n)+1 = Gh(n+1) fOrinteger n; thisis calledthe Hasse—Artheoem.

Proof. Let Ly bethemaximalunramifiedextensiorof F' in L. Weknow from Exercise8 that
hr/r = hr/L, andfrom sectionl thatthenorm Ny, ,,» mapsU,,r, onto U, r for n > 0.
Usingthesecondcommutatie diagramof (3.4.2)(for E = L, M = F, L = Lg) wecantherefore
assumehat L/ F' is totally ramifiedand n > 0.

We usethe notationsof Corollary(3.3.2),s0 3 and L arecompletefields. Let o € G ),
then 71~ belongsto Uy(,.. Let n € L* besuchthat n¥—! = 7= Thefirst proposition
of (3.1.8)shavsthat  canbechoserin Uy,),c. Now from Corollary(3.3.2)andthe previous
Exercisewe deducethat Yz, /(o) = € = N /5(n) belongsto Uy, p Ny, rL*. SO Y(Ghn)) C
Un,p N pL*. Similarly, we establistthat Y(Gp,(n)+1) C Up+1,r N/ L.

Corversely let e belongto U, »N.,rL*. FortheabelianextensionL/F we will prove
below a strongerassertiorthanthatin Corollary (3.3.2):

thereexists n € U suchthate = Ny 5(n) mod Np,pL* andn*~1=x1=7 for some

o € Gal(L/TF). Foreverysuchn wehave nv—1 ¢ Uh(n), 2 -

Fromthisassertiowededucehat W(U,,, r N r L) C Gp(n). HenceW(U,, p Ny pL*) =
Ghn) @aNd YL/ p(Gr(n)+1) = YL F(Gh(n+1))s SO Ghr(n)+1 = Gr(n+1)-
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It remaingo provetheassertiorby inductiononthedegreeof L/F'. If n =0, theassertion
isobvious,soweassumehatn > 0. If Gal(L/F) is of primeorderwith generatorr, thenfrom
Corollary (3.3.2)we know thatthereis n € U, suchthate = N ,5(n) mod Np,rL* and
n?~1=71=7" for someinteger m. Soj =ve (¥ 1 —1)=ve(xl~7" —1). If 7™ =1 then
theassertions obvious,soassumehat 7™ 7 1. From(2.12)weknowthatUj+y, r C Np,pL*.
If Ng,5(n) belonggo Uj.y r, thenWy  q(Ng/5(n)) is1,not 7™, acontradiction.Therefore,
vr(Ngys(n) —1)=j = hr/r ().

For the induction steplet M/F be a subetensionof L/F suchthat Gal(L/M) is of
prime degree I with generatorr. By Corollary (3.3.2) thereis n € U suchthat e =
Ng5(n) mod Np,rL* andn®~!=nxl-2. BytheinductionhypothesisN, ,5n* ' belongs
t0 U, »(n),m- By thefirst propositiorof (3.1.8)thelattergroupis ¢—1_divisible,andtherefore
fromthesamepropositionNededucethatNL/Mn‘P*1 = pu With p € Up,,, (n),;n @ndu € Up.
Accordingto thedefinitionof theHasse—Herbrarfdnctionin ExerciseBthereis £ € Uy, (n),2
suchthat Ng /n(€) = p. Theng?~1 = 7l=2q for somea in thekernelof Ng /.

Let 7 beageneratoof Gal(L/M). UsingProposition(3.1.7)we deducethat o = 71=7"
mod U (L /M) andso ¢#~1 = 71-97" 17 for anappropriatey € U, andsomeinteger m.
By thefirstpropositiorof (3.1.8)thereis § € Uy, suchthat§¢—1 =417, Theny®—1 = 7zo7"~-1
wheren = £&6~1. All we needto shaw is that y"~1 belongsto Unn),c- If it doesnot, then
j=ve(y7 =1 =wp(xt 07" — 1) > 0. Let s = s(L| M) asdefinedin (2.12). Sincey isa
unit, from (2.12)we deducehat j — s is primeto p. Ontheotherhand thefollowing Lemma
impliesthat j is congruento s modulo p, a contradiction. O

LemMma. Let L/F be a finite Galois extensionwith sepaable residuefield extension.Let
o € G \Gu1 and 7 € G\ Gj+1 with 4,5 > 1. Then oro~r=1 ¢ Givjer and 4 =
mod p.

Proof. Let n;, beaprimeelemeniof L. Then

o7y, ; TTL, : .
— =1l+any, —=1+pm;  with a,f€ 0.
L L

Therefore
orwy =onp + (aﬂ)(awL)j+l
=7y +arit + Brdt + (5 + Dafrt T mod M,

Hence (o7 — 7o), = (j — i)aBri 7™ mod Mi7*2. Substitutinginsteadof 7, the other
primeelements 1717, of L wededucehat

-1, -1
77 T T 14 (j—i)aBni? mod M
L

Now if j is the maximal ramificationnumberof L/F, then G;+1 = {1}. Therefore
the last formula in the previous paragraphshavs that every positive ramificationnumber i
of L/F is congruento j modulo p. Thereforeevery two positive ramificationnumberof
L/F arecongruento eachothermodulo p. Finally, from the sameformulawe deducethat

oro~lr~le Gitjr1- O
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14. The Hilbert symbol. Let F bealocalfield with finite residuefield F. Let the group
un, Of all nth rootsof unity in the separablelosure £5¢P be containedn F' andlet p{n if
cha(F) = p.

The normresiduesymbolor Hilbert symbolor Hilbert pairing (-, ),: F>* x F* — p, is
definedby theformula

(@ B)n =7 "Wr(a)(7), wherey™ =3,y € FP

If v/ € F3°Pis anotherlementwith ~'" = 3, theny 1y’ € u,, and

YT WR@() =7 We(0)(R).

HencetheHilbert symbolis well defined.

ProrosiTION 1. Thenormresiduesymbolpossessethe following properties:

(1) (-,-)n ishbilinear,

2 1-—a,a),=1for a € F*,a#1 (Steinbeg property);

3) (—a,a),=1for a € F*,;

@) (@B =B et | |

B) (a,B),=1if andonlyif a € NF( VE)/FF( ¥/B)* andif andonlyif
B € Np(vayrF(/a)*;

6) (a,B)n,=1forall 3 F* if andonlyif o € F*",
(o, B), =1 forall o € F* if andonlyif g € F*";

(7) (o, B)nm = (@, B)n for m > 1, pipm C F;

(8) (@, P)n,r = (Np/pa,B)n,r for a € L*,8 € F*, whee (-,-),,1, is theHilbert symbol
in L, (-,-)n,r istheHilbert symbolin F, and L is afinite sepaable extensiorof F';

9) (0,08 n,or = o(a,B)n,, Whee L/F is finite sepasble o € GalFs®F/F), and
un C L* butnotnecessarilyu,, C F*.

Proof. (1): For € F5¢P 4™ = 3 we get

7 Wr(a102)(7) = Wr(a1) (v Wr(@2)()) - (v 1 Wr(e1)())
= (v 'Wr(a2)() (v Wr(a)()),

since Wr(ay) actstrivially on (az, 8), € u,. We alsoobtain

(@, B1B2)n = (7195 " WF(@)(1172)) = (v " WF(@)(1) (v " WF(@)(12))
= (aa ﬁl)n(aa 62)n

for v1,72 € F3°F, 4§ = B1,75 = Ba.
(5),(2).(3),(4): (o, B),, = 1 if andonly if Wr(a) actstrivially on F(3/3) andif andonly if

(by Theorem(3.4.2)) a € N, /3 rE /B

Let m|n be the maximalinteger for which o € F*™. Then F({/a)/F is of degree

nm~ L. Let a = af* with a; € F* andlet ¢, bea primitive nth root of unity. Thenfor
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§ € FS®P 6" = o, we get

1

1-a=TJa-¢o=T[ II (2-¢¢,,-9)
=1 =1 j=1

m

= Np(ya)/r (H(l - Cfﬁ)) € Np(yayrF(Va)*.
=1

Hence,(1— a,a), = 1. Further —a = (1—a)(1—a~1)~1 for a #0,a #1. Thismeanghat
(—a,a)p, =(1—a,a)n(l—a 1 a 1), =1 Moreover,
1=(-ap,aB)n = (—a, a)n(a, B)n(B, (=B, B)n = (a, B)n( be, @)n,
ie., (@, f)n = (8, ),
Finally, if («, 8), =1, then (3, a), = 1, whichis equvalentto
B € Np(ymy rF(¥/a)*.

(6): Let B € F*"; then (a,B), =1 forall « € F*. Let 8 ¢ F*", then L = F(3/B) # F,
and L/ F isanontrivial abelianextension.By Theoren(3.4.2)thesubgroupNy ,» L* doesnot
coincidewith F*. If wetake anelementa € F* suchthata ¢ N ;L then,by property

(5), weget (o, B)n 7 1.
(7): For v € F3¢P 4mm = 3 onehas

(@, ), = (v Wr(@)(™)™ = (v ™ Wr(@)(y™)) = (@ Bn,

becausgy™)™ = 3.
(8): Theorem(3.4.2)shavsthat

(@B =7 W @) =7 Wr (Niyr(@) () = (Nryra, ), s

wherey € FS¢P 4™ = 3.
(9): Theorem(3.4.2)shavsthatfor v € FS€P ™ = 3,

(@, 0B)nor. = o (Y TWL(@)®)) = o(a, B)n, .-

CoroLLARY. TheHilbert symbolinduceshe nondgenertepairing
() FXJFX" x FXJF*" — p,.

The KummertheoryassertghatabelianextensionsL/F of exponentn (u, C F*,ptn
if chalF) = p) arein one-to-onecorrespondenceith subgroupsB;, C F*, suchthat By O
F*", L=F(/Br)=F(y; : v € Br) andthegroup B /F*" isdualto Gal(L/F).

THEOREM. Let u, C F*,p{n, if cha(F) = p. Let A bea subgoupin F* sud that
F>*™ c A. Denoteits orthogonal complementvith respectto the Hilbert symbol (-,-), by
B=A%,ie,

B={8€F*:(a,B8)n,=1 forallaeA}.

ThenA = Np,rL*, whee L = F({/B) and A = B+.
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Proof. Recallthat F*" is of finite index in F*.

Let B beasubgroupin F* with F*" c B and [B : F*"| =m. Let A =B*. Then
Wr(a), for a € A, actstrivially on F({/3) for 8 € B. Thismeanghat Wr(a) actstrivially
on L = F(¥/B) and,by Theorem(3.4.2),a € Np,rL*. Hence

A C Np/pL*.
Corverselyif o € Ni,pL*, thenWr(a) actstrivially on F({/3) c L and

@ € Ny /5P ( VB>

for every 8 € B. Property(5) of the previous propositionshows that («, ), = 1 andhence
NL/FLX C A. ThUS,A = NL/FLX.

Furthermoreto completethe proof it sufficesto verify that a subgroupA in F* with
F>*™ c A coincideswith (A+)+. Restrictingthe Hilbert symbolon A x F* we obtainthat
it inducesthe nond@eneratepairing A/F*" x F*/A+ — pu,. Thetheoryof finite abelian
groupsimpliesthatthe orderof A/F*™ coincideswith the orderof F*/AL. Similarly, one
canverify thattheorderof A+/F*™ isthesameasthatof F'*/(A+)+, andhencethe orderof
F* /AL equalgheorderof (A+)L/F*". FromA c (A1) wededucghatA = (A1), O

The problemto find explicit formulasfor the normresiduesymboloriginatesfrom Hilbert.
In the caseunderconsideratiorthe challengés to find aformulafor the Hilbert symbol (a, 5),
in termsof the elementsa, 8 of thefield F. This problemis very complicatedwhen p|n.
Neverthelessthereis asimpleanswemwhenp{ n.

ProposITION. Let n berelativelyprimewith p and u,, C F*. Then
(@, B)n = t(ar, B0/,
whee ¢ is thecardinality of theresiduefield F and
GFY X F* — pg 1
is thetamesymbol: t(a, 8) is themultiplicativerepresentativef theresidueof
BvrF(@)g=vr(B)(_1yvr(@)vr(B),

Proof. Notethattheelementf thegroup u,,, for ptn, areisomorphicallymappecntothe
subgrougn themultiplicative group ;. Hence,n|(q — 1). Notealsothatthe primeelements
generateF*. Indeed,if a = 7% with ¢ € Up, then a = myn® 1 for the prime element
w1 = we, whena # 1, and o = w» for the prime elementr, = 7e, whena = 1. Using
properties(1) and (7) of the Hilbert symbolit sufficesto verify that t(w, 8) = (m, 8)4—1 for
B € F*.

Let 3 = (—m)?0 with a = vr(B3),0 € pg_1,€ € Ur,p. Then,ast(r,—m) = 1,t(m,e) = 1,
we obtain t(r, 3) = t(w, 6) = 6. Property(3) of theHilbert symbolshavsthat (7, —7),_1 = 1.
Sincethegroup Uy r is (¢— 1)-divisible, (r,¢),_1 = 1. Finally, sincetheextensionF (/) /F
is unramified sofor 5 € FSeP pa-1 =9,

(m,0)g—1 =0 " Wr(m)(n) =0~ tormn) =n?"1 = 0.
We concludethat (7, 8),_1 = 8 = t(m, B). O
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15. Local Kr oneker—Weber theorem.

Read(3.1.3).

Let {1 beaprimitive (p™ — 1)th rootof unity, let {» beaprimitive p™ th rootof unity, and
L1 =Qp (1), L2 = @ (¢2)- Shaw that

NLl/Qpo = @") x UQP’ ]\]'LZ/QP'LE< = <-p> X UvaP'

ProvethelocalKronecler-WeberTheorem:everyfinite abeliarextensiorof Q, iscontained
in acyclotomicfield Q,({,) for asuitableprimitive n th rootof unity.



