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Birkhäuser
Boston • Basel • Berlin



Fedor Bogomolov
New York University
Department of Mathematics
Courant Institute of Mathematical Sciences
New York, NY 10012
U.S.A.

Yuri Tschinkel
Princeton University
Department of Mathematics
Princeton, NJ 08544
U.S.A.

AMS Subject Classifications: 11G18, 11G35, 11G50, 11F85, 14G05, 14G20, 14G35, 14G40, 14L30,
14M15, 14M17, 20G05, 20G35

Library of Congress Cataloging-in-Publication Data
Geometric methods in algebra and number theory / Fedor Bogomolov, Yuri Tschinkel, editors.

p. cm. – (Progress in mathematics ; v. 235)
Includes bibliographical references.
ISBN 0-8176-4349-4 (acid-free paper)

1. Algebra. 2. Geometry, Algebraic. 3. Number theory. I. Bogomolov, Fedor, 1946- II.
Tschinkel, Yuri. III. Progress in mathematics (Boston, Mass.); v. 235.

QA155.G47 2004
512–dc22 2004059470

ISBN 0-8176-4349-4 Printed on acid-free paper.

c©2005 Birkhäuser Boston
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Preface

The transparency and power of geometric constructions has been a source of
inspiration for generations of mathematicians. Their applications to problems
in algebra and number theory go back to Diophantus, if not earlier. Naturally,
the Greek techniques of intersecting lines and conics have given way to much
more sophisticated and subtle constructions. What remains unchallenged is
the beauty and persuasion of pictures, communicated in words or drawings.

This volume contains a selection of articles exploring geometric approaches
to problems in algebra, algebraic geometry and number theory. All papers are
strongly influenced by geometric ideas and intuition. Several papers focus on
algebraic curves: the themes range from the study of unramified curve cov-
ers (Bogomolov–Tschinkel), Jacobians of curves (Zarhin), moduli spaces of
curves (Hassett) to modern problems inspired by physics (Hausel). The pa-
per by Bogomolov–Tschinkel explores certain special aspects of the geometry
of curves over number fields: there exist many more nontrivial correspon-
dences between such curves than between curves defined over larger fields.
Zarhin studies the structure of Jacobians of cyclic covers of the projective
line and provides an effective criterion for this Jacobian to be sufficiently
generic. Hassett applies the logarithmic minimal model program to moduli
spaces of curves and describes it in complete detail in genus two. Hausel stud-
ies Hodge-type polynomials for mixed Hodge structure on moduli spaces of
representations of the fundamental group of a complex projective curve into a
reductive algebraic group. Explicit formulas are obtained by counting points
over finite fields on these moduli spaces. Two contributions deal with sur-
faces: applying the structure theory of finite groups to the construction of in-
teresting surfaces (Bauer–Catanese–Grunewald), and developing a conjecture
about rational points of bounded height on cubic surfaces (Swinnerton-Dyer).
Representation-theoretic and combinatorial aspects of higher-dimensional ge-
ometry are discussed in the papers by de Concini–Procesi and Tamvakis. The
papers by Chai and Pink report on current active research exploring spe-
cial points and special loci on Shimura varieties. Budur studies invariants
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of higher-dimensional singular varieties. Spitzweck considers families of mo-
tives and describes an analog of limit mixed Hodge structures in the motivic
setup. Cluckers–Loeser continue their foundational work on motivic integra-
tion. One of the immediate applications is the reduction of a central prob-
lem from the theory of automorphic forms (the Fundamental Lemma) from
p-adic fields to function fields of positive characteristic, for large p. A dif-
ferent reduction to function fields of positive characteristic is shown in the
paper by Ellenberg–Venkatesh: they find a geometric interpretation, via Hur-
witz schemes, of Malle’s conjectures about the asymptotic of number fields
of bounded discriminant and fixed Galois group and establish several up-
per bounds in this direction. Finally, Pineiro–Szpiro–Tucker relate algebraic
dynamical systems on P1 to Arakelov theory on an arithmetic surface. They
define heights associated to such dynamical systems and formulate an equidis-
tribution conjecture in this context.

The authors have been charged with the task of making the ideas and
constructions in their papers accessible to a broad audience, by placing their
results into a wider mathematical context. The collection as a whole offers
a representative sample of modern problems in algebraic and arithmetic geo-
metry. It can serve as an intense introduction for graduate students and others
wishing to pursue research in these areas.

Most results discussed in this volume have been presented at the conference
“Geometric methods in algebra and number theory” in Miami, December
2003. We thank the Department of Mathematics at the University of Miami
for help in organizing this conference.

New York, Fedor Bogomolov
August 2004 Yuri Tschinkel
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Beauville surfaces without real structures

Ingrid Bauer1, Fabrizio Catanese1, and Fritz Grunewald2

1 Department of Mathematics, University of Bayreuth, D-95440 Bayreuth,
Germany
Ingrid.Bauer@uni-bayreuth.de

Fabrizio.Catanese@uni-bayreuth.de
2 Mathematisches Institut, Universitätsstrasse 1, D-40225, Germany
grunewald@math.uni-duesseldorf.de

Summary. Inspired by a construction by Arnaud Beauville of a surface of general
type with K2 = 8, pg = 0, the second author defined Beauville surfaces as the
surfaces which are rigid, i.e., without nontrivial deformations, and which admit an
unramified covering which is isomorphic to a product of curves of genus at least 2.

In this case the moduli space of surfaces homeomorphic to the given surface
consists either of a unique real point, or of a pair of complex conjugate points
corresponding to complex conjugate surfaces. It may also happen that a Beauville
surface is biholomorphic to its complex conjugate surface, while failing to admit a
real structure.

The first aim of this note is to provide series of concrete examples of the second
situation, respectively of the third.

The second aim is to introduce a wider audience, in particular group theorists, to
the problem of classification of such surfaces, especially with regard to the problem
of existence of real structures on them.

1 Introduction

In [2] (see p. 159) A. Beauville constructed a new surface of general type with
K2 = 8, pg = 0 as a quotient of the product of two Fermat curves of degree
5 by the action of the group (Z/5Z)2. Inspired by this construction, in the
article [4], dedicated to the geometrical properties of varieties which admit
an unramified covering biholomorphic to a product of curves, the following
definition was given

Definition 1.1. A Beauville surface is a compact complex surface S which

1) is rigid , i.e., it has no nontrivial deformation,
2) is isogenous to a higher product, i.e., it admits an unramified covering

which is isomorphic (i.e., biholomorphic) to a product of two curves C1,
C2 of genera ≥ 2.
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It was proven in [4] (cf. also [5]) that any surface S isogenous to a higher
product has a unique minimal realization as a quotient S = (C1 × C2)/G,
where G is a finite group acting freely and with the property that no element
acts trivially on one of the factors Ci. Moreover, any other smooth surface
X with the same topological Euler number as S and with isomorphic funda-
mental group is diffeomorphic to S; and either X or its conjugate surface X̄
belongs to an irreducible family of surfaces containing S as an element.

Therefore, if S is a Beauville surface, either X is isomorphic to S, or X is
isomorphic to S̄.

In order to reduce the description of Beauville surfaces to some group-
theoretic statement, we need to recall that surfaces isogenous to a higher
product belong to two types:

• unmixed type: the action of G does not mix the two factors, i.e., it is the
product action of respective actions of G on C1, resp. C2. We set G0 := G.

• mixed type: C1 is isomorphic to C2, and the subgroup G0 ⊂ G of trans-
formations which do not mix the factors has index precisely 2 in G.

It is obvious from the above definition that every Beauville surface of
mixed type has an unramified double covering which is a Beauville surface of
unmixed type.

The rigidity property of the Beauville surface is equivalent to the fact
that Ci/G ∼= P1 and that the projection Ci → Ci/G ∼= P1 is branched in
three points. Therefore the datum of a Beauville surface of unmixed type
is determined, once we look at the monodromy of each covering of P1, by
the datum of a finite group G = G0 together with two respective systems of
generators, (a, c) and (a′, c′), which satisfy a further property (*), ensuring
that the product action of G on C × C ′ is free, where C := C1, C′ := C2 are
the corresponding curves with an action of G associated to the monodromies
determined by (a, c), resp. (a′, c′).

Define b, b′ by the properties abc = a′b′c′ = 1, let Σ be the union of the
conjugates of the cyclic subgroups generated by a, b, c respectively, and define
Σ′ analogously: then property (*) is the following:

(∗) Σ ∩Σ′ = {1G}.

In the mixed case, one requires instead that the two systems of generators
be related by an automorphism φ of G0 which should satisfy the further
conditions:

• φ2 is an inner automorphism, i.e., there is an element τ ∈ G0 such that
φ2 = Intτ ,

• Σ ∩ φ(Σ) = {1G0},
• there is no g ∈ G0 such that φ(g)τg ∈ Σ,
• moreover φ(τ) = τ and indeed the elements in the trivial coset of G0 are

transformations of C × C of the form
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g(x, y) = (g(x), φ(g)(y))

while transformations in the nontrivial coset are transformations of the
form

τ ′g(x, y) = (φ(g)(y), τg(x)).

Remark 1.2. The choice of τ is not unique, we can always replace τ by
φ(g)τg, where g ∈ G0 is arbitrary, and accordingly replace φ by φ ◦ Intg.

Observe that if G0 has only inner automorphisms, there can certainly be
no Beauville surface of mixed type, since the second of the above properties
will be violated.

In this paper we use the definition of Beauville surfaces of unmixed and
mixed type to formulate group-theoretic conditions which will allow us to
treat the following problems:

1. The biholomorphism problem for Beauville surfaces

For every finite group G we introduce sets of structures U(G) and M(G)
and groups AU(G), AM(G) acting on them. We call U(G) the set of unmixed
Beauville structures and M(G) the set of mixed Beauville structures on G.
Using constructions from [4] and [5] we associate an unmixed Beauville surface
S(v) to every v ∈ U(G) and a mixed Beauville surface S(u) to every u ∈ M(G).
The minimal Galois representation of every Beauville surface yields a surface
S(v) in the unmixed case, respectively a surface S(u) in the mixed case. We
show that S(v) is biholomorphic to S(v′) (v, v′ ∈ U(G)) if and only if v lies
in the AU(G)-orbit of v′. An analogous result holds in the mixed case.

2. Existence and classification problem for Beauville surfaces

The existence problem asks for finite groups G such that U(G) or M(G) is
not empty. Previously, only abelian groupsG were known with U(G) 	= ∅. Here
we give many other examples. In the mixed case it is not immediately clear
that the requirements for the corresponding structures can be met, and no
examples were known. We give a group-theoretic construction which produces
finite groups G with M(G) 	= ∅.

The classification problem has two meanings. First of all, we wish to find
all G with U(G) 	= ∅ or M(G) 	= ∅. In [5] all finite abelian groups G are found
with U(G) 	= ∅ (we give a proof of this fact in Section 3, Theorem 3.4). One of
our results is that a group G with U(G) 	= ∅ cannot be a nontrivial quotient
of one of the nonhyperbolic triangle groups.

Our examples show that the classification problem may be hopeless. In
fact, in Section 3 (cf. (3.10)) we prove that every finite group G of exponent
n with gcd(n, 6) = 1, which is generated by two elements and which has
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Z/nZ×Z/nZ as abelianization has U(G) 	= ∅. Even if, by Zelmanov’s solution
of the restricted Burnside problem, there is for every n a maximal such group,
the number of groups involved is very large. We also show

Theorem 1.3. Let G be one of the groups SL(2,Fp) or PSL(2,Fp) where Fp

is the prime field with p elements and p is distinct from 2, 3, 5. Then there is
an unmixed Beauville surface with group G.

A finer classification entails the determination of all orbits of Beauville
structures for a fixed group G or for an interesting series of groups. We do
not address this problem here.

3. Is S biholomorphic to S̄?

We give examples of Beauville surfaces S such that the complex conjugate
surface S̄ is not biholomorphic to S. Note that S̄ is the same differentiable
manifold as S, but with complex structure −J instead of J . To do this we
introduce involutions ι : U(G) → U(G) and ι : M(G) → M(G). We prove that
S(v) (v ∈ U(G)) is biholomorphic to S(v) if and only if v is in the AU(G)
orbit of ι(v). We also show the analogous result in the mixed case. We use
this to produce the following explicit example:

Theorem 1.4. Let G be the symmetric group Sn in n ≥ 8 letters, let S(n) be
the unmixed Beauville surface corresponding to the choice of

a := (5, 4, 1)(2, 6), c := (1, 2, 3)(4, 5, . . . . , n), and of a′ := σ−1, c′ := τσ2,

where τ := (1, 2) and σ := (1, 2, . . . , n).
Then S(n) is not biholomorphic to S(n) provided that n ≡ 2 mod 3.

We now give the construction of a mixed Beauville surface with the same
property. We first describe the group G and its subgroup G0.

Let H be a nontrivial group and Θ : H ×H → H ×H the automorphism
defined by Θ(g, h) := (h, g) (g, h ∈ H). Consider the semidirect product

G := H[4] := (H ×H) � Z/4Z, (1)

where the generator 1 of Z/4Z acts through Θ on H × H . Since Θ2 is the
identity we find

G0 := H[2] := H ×H × 2Z/4Z ∼= H ×H × Z/2Z (2)

as a subgroup of index 2 in H[4].

Theorem 1.5. Let p be a prime with p ≡ 3 mod 4 and p ≡ 1 mod 5 and
H := SL(2,Fp). Let S be the mixed Beauville surface corresponding to the
data G := H[4], G0 := H[2] and to a certain system of generators (a, c) of H[2]

with ord(a) = 20, ord(c) = 30, ord(a−1c−1) = 5p.
Then S is not biholomorphic to S.
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Different examples of rigid surfaces S not isomorphic to S̄ have been con-
structed in [12], using Hirzebruch type examples of ball quotients.

4. Is S real?

A surface S is called real if there exists a biholomorphism σ : S → S̄ such
that σ2 = Id. In this case we say that S has a real structure. We translate
this problem into group theory and obtain the following examples.

Theorem 1.6. Let p > 5 be a prime with p ≡ 1 mod 4, p 	≡ 2, 4 mod 5,
p 	≡ 5 mod 13 and p 	≡ 4 mod 11. Set n := 3p+ 1. Then there is an unmixed
Beauville surface S with group An which is biholomorphic to the complex
conjugate surface S̄ but is not real.

Further examples of real and nonreal Beauville surfaces will be given in
the sequel to this paper.

Acknowledgments. We thank Benjamin Klopsch for help with alternating
groups.

2 Triangular curves and group actions

In this section we recall the construction of triangular curves as given in [4],
[5]. They are the building blocks for Beauville surfaces of both unmixed and
mixed type. We add some group-theoretic observations which will help with
the classification problems of Beauville surfaces mentioned above and which
will be studied later.

We need the following group-theoretic notation. Let G be a group and
M, N two sets equipped with a left-action of G. We call a map σ : M → N
G-twisted-equivariant if there is an automorphism ψ : G→ G of G with

σ(gP ) = ψ(g)σ(P ) for all g ∈ G,P ∈M. (3)

Let G be a finite group and (a, c) a pair of elements of G. Define

Σ(a, c) :=
⋃
g∈G

∞⋃
i=0

{gaig−1, gcig−1, g(ac)ig−1} (4)

to be the union of the G-conjugates of the cyclic groups generated by a, c and
ac. Set

µ(a, c) :=
1

ord(a)
+

1
ord(c)

+
1

ord(ac)
, (5)

where ord(a) stands for the order of the element a ∈ G. Furthermore, call
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(ord(a), ord(c), ord(ac)) (6)

the type of the pair (a, c) and define

ν(a, c) := ord(a)ord(c)ord(ac). (7)

We consider here finite groups G having a pair (a, c) of generators. Setting
(r, s, t) := (ord(a), ord(c), ord(ac)), such a group is a quotient of the triangle
group

T (r, s, t) := 〈x, y | xr = ys = (xy)t = 1〉. (8)

We define
T(G) := {(a, c) ∈ G×G | 〈a, c〉 = G }. (9)

For (a, c) ∈ T(G) we consider its triangular triple (a, b, c) := (a, a−1c−1, c).
Clearly, the automorphism group Aut(G) of G acts diagonally on T(G). If
T(G) 	= ∅, then this action is faithful. We define additionally the following
permutations of T(G):

σ0 : (a, c) �→ (a, c), σ1 : (a, c) �→ (a−1c−1, a), σ2 : (a, c) �→ (c, a−1c−1), (10)

σ3 : (a, c) �→ (c, a), σ4 : (a, c) �→ (c−1a−1, c), σ5 : (a, c) �→ (a, c−1a−1). (11)

The set T(G) is in bijection with the set Ttr(G) := {(a, b, c)|abc = 1}.
Examining these triples we see that σ0 is the identity, σ1 is the 3-cycle
(a, b, c) → (b, c, a), σ3 is the permutation (a, b, c) → (c, c−1bc, a), while σ2 = σ2

1

and σ1σ3 = σ4, σ
2
1σ3 = σ5. This gives the relations

σ3
1 = σ2

3 = σ0, σ2 = σ2
1 , σ1σ3 = σ4, σ

2
1σ3 = σ5, (12)

(σ1σ3)2 = σ2
4 = Intc−1 ◦ σ0. (13)

Let us write
AT(G) := 〈Aut(G), σ1, . . . , σ5〉 (14)

for the permutation group generated by these operations. The above equa-
tions show that we have a homomorphism of the symmetric group S3 into
AT(G)/Int(G) and that Aut(G) is a normal subgroup of index ≤ 6 in AT(G),
with quotient a subgroup of S3 . In particular, every element ρ ∈ AT(G) can
be written as

ρ = ψ ◦ σi (15)

for an automorphism ψ of G and an element σi from the above list. Define

IT(G) := 〈Int(G), σ1, . . . , σ5〉, (16)

where Int(G) the (normal) subgroup of AT(G) consisting of the inner auto-
morphisms.

By an operation from AT(G) we may ensure that a pair (a, c) ∈ T(G)
satisfies
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ord(a) ≤ ord(b) = ord(a−1c−1) ≤ ord(c),

in which case we call the pair normalized. We call (a, c) strict, if all inequalities
are strict, critical if all the three orders are equal, and subcritical otherwise.

To every pair (a, c) ∈ T(G) we attach a ramified covering C(a, c) → P1
C

as follows. Consider the set B ⊂ P1
C consisting of three real points B :=

{−1, 0, 1}. Choose ∞ as a base point in P1
C \B, and take the following gener-

ators α, β, γ of π1(P1
C \B,∞) :

• α goes from ∞ to −1 − ε along the real line, passing through −2, then
makes a full turn counterclockwise around the circumference with centre
−1 and radius ε, then goes back to 2 along the same way on the real line.

• γ goes from ∞ to 1 + ε along the real line, then makes a full turn coun-
terclockwise around the circumference with centre +1 and radius ε, then
goes back to ∞ along the same way on the real line.

• β goes from ∞ to 1+ ε along the real line, makes a half turn counterclock-
wise around the circumference with centre +1 and radius ε, reaching 1− ε,
then proceeds along the real line reaching +ε, makes a full turn counter-
clockwise around the circumference with centre 0 and radius ε, goes back
to 1 − ε along the same way on the real line, makes again a half turn
clockwise around the circumference with centre +1 and radius ε, reaching
1 + ε, finally it proceeds along the real line returning to ∞.

A graphical picture of α, β, is:

�

0
�

1
�

2
�

∞
�

-1

��
�� � �<

β
��
��<

α

Writing α, β, γ for the corresponding elements of π1(P1
C \B,∞) we find

π1(P1
C \B,∞) = 〈α, β, γ | αβγ = 1〉

and α, γ are free generators of π1(P1
C \B,∞).

LetG be a finite group and (a, c) ∈ T(G). By Riemann’s existence theorem,
the elements a, b = a−1c−1, c, once we fix a basis of the fundamental group
of P1

C \ {−1, 0, 1} as above, give rise to a surjective homomorphism

π1(P1
C \B,∞) → G, α �→ a, γ �→ c (17)

and to a Galois covering λ : C → P1
C ramified only in {−1, 0, 1} with ramifi-

cation indices equal to the orders of a, b, c and with group G (beware, this
means that these data yield a well-determined action of G on C(a, c)).
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We call this covering a triangular covering. We embed G into SG as the
transitive subgroup of left translations. The monodromy homomorphism 3

mλ : π1(P1
C \B,∞) → SG

maps onto the embedded subgroup G and equals the homomorphism (17).
By Hurwitz’s formula, the genus g(C(a, c)) of the curve C(a, c) is given by

g(C(a, c)) = 1 +
1− µ(a, c)

2
|G|. (18)

Let (a, c), (a′, c′) ∈ T(G). A twisted covering isomorphism from the Galois
covering λ : C(a, c) → P1

C to the Galois covering λ′ : C(a′, c′) → P1
C is a pair

(σ, δ) of biholomorphic maps σ : C(a, c) → C(a′, c′) and δ : P1
C → P1

C with
δ(B) = B such that the diagram

C(a, c) σ−→ C(a′, c′)⏐⏐⏐�λ ⏐⏐⏐�λ′
P1

C
δ−→ P1

C.

(19)

is commutative. We say that we have a strict covering isomorphism if δ is the
identity.

Consider G as acting on C(a, c) by covering transformations over λ, and
conjugate a transformation g ∈ G by σ: since σ◦g◦σ−1 is a covering transfor-
mation of C(a′, c′), we obtain in this way an automorphism ψ of G (attached
to the biholomorphic equivalence (σ, δ)) such that

σ(gP ) = ψ(g)σ(P ) for all g ∈ G,P ∈ C(a, c).

That is, the map σ : C(a, c) → C(a′, c′) is G-twisted-equivariant.

Remark 2.1. We claim that ψ is the identity if we have a strict covering
isomorphism. The converse does not necessarily hold, as shown by the example
of G = Z/3Z as a quotient of T (3, 3, 3), where all three elements α, β, γ have
the same image = 1 mod 3 (see the following considerations).

In order to understand the equivalence relation induced by the covering
isomorphisms on the set T(G) of triangle structures, recall the following well-
known facts from the theory of ramified coverings (see [13]):

Facts 2.2.

A) The monodromy homomorphism is only determined by the choice of a
base point ∞′ lying over ∞; a different choice alters the monodromy up
to composition with an inner automorphism (corresponding to a transfor-
mation carrying one base point to the other).

3Actually, with the usual conventions the monodromy is an antihomomorphism;
there are two ways to remedy this problem, here we shall do it by considering the
composition of paths γ ◦ δ as the path obtained by following first δ and then γ .
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B) The map δ induces isomorphisms

δ∗ : π1(P1
C \B,∞) → π1(P1

C \B, δ(∞)) → π1(P1
C \B,∞),

the second being induced by the choice of a path from ∞ to δ(∞).
Since the stabilizer of a chosen base point lying over ∞ under the mono-
dromy action equals the kernel of the monodromy homomorphism mλ,
the class of monodromy homomorphisms corresponding to the covering
C(a′, c′) is obtained from the one of the given µ (corresponding to C(a, c))
by composing with (δ∗)−1. In particular, we may set a′′ := µ(δ∗)−1(α),
and c′′ := µ(δ∗)−1(γ). It follows that ψ is obtained from the natural
isomorphism

π1(P1
C \B,∞)/ ker(µ) → π1(P1

C \B,∞)/ ker(µ ◦ (δ∗)−1)

induced by (δ∗), and the obvious identifications of these quotient groups
with G. (In more concrete terms, ψ sends a′′ → a′, c′′ → c′.)

C) The above shows that if the isomorphism is strict, then ψ is the identity.
The converse does not hold since ψ can be the identity, without δ∗ being
the identity.

Proposition 2.3. Let G be a finite group and (a, c), (a′, c′) ∈ T(G). The
following are equivalent:

(i-t) there is a twisted covering isomorphism from λ : C(a, c) → P1
C to the

Galois covering λ′ : C(a′, c′) → P1
C,

(ii-t)there is a G-twisted-equivariant biholomorphic map

σ : C(a, c) → C(a′, c′),

(iii-t) (a, c) is in the AT(G)-orbit of (a′, c′).

Respectively, the following are equivalent:

(i-s) there is a strict covering isomorphism from λ : C(a, c) → P1
C to the

Galois covering λ′ : C(a′, c′) → P1
C,

(ii-s) there is a G-equivariant biholomorphic map σ : C(a, c) → C(a′, c′),
(iii-s) (a, c) is in the IT(G)-orbit of (a′, c′).

Proof. The equivalence of (i) and (ii) follows directly from the definition. In
view of A) we only consider triangle structures up to action of Int(G). We have
seen that two triangle structures yield coverings which are twisted covering
isomorphic if and only if there is an automorphism δ of (P1

C \ B) and an
automorphism ψ ∈ Aut(G) such that ψ ◦ µ = µ′ ◦ δ∗.

In particular, a′′ := µ(δ∗)−1(α), c′′ := µ(δ∗)−1(γ) are ψ equivalent to
a′, c′, and it suffices to show that they are obtained from (a, c) by one of the
transformations σi. Note however that the group of projectivities Aut(P1

C \B)
is isomorphic to the group of permutations of B, by the fundamental theorem
on projectivities.
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We see immediately the action of an element of order 2: namely, consider
the projectivity z → −z: this leaves the base point ∞ fixed, as well as the
point 0, and acts by sending α → γ, γ → α: we obtain in this way the
transformation σ3 on the set of triangle structures.

In order to obtain the transformation σ1 of order 3, it is more convenient,
after a projectivity, to assume that B consists of the three cubic roots of unity.
Setting ω = exp(2πi/3) and B = {1, ω, ω2}, one sees immediately that σ1 is
induced by the automorphism z → ωz, which leaves again the base point ∞
fixed and cyclically permutes α, β, γ. �

To be able to treat questions of reality we define

ι(a, c) := (a−1, c−1) (20)

for (a, c) ∈ T(G) and call it the conjugate of (a, c). Note that ι(a, c) ∈ T(G)
and also Σ(ι(a, c)) = Σ(a, c), µ(ι(a, c)) = µ(a, c). A feature built into our
construction is:

Proposition 2.4. Let G be a finite group and (a, c) ∈ T(G). Then

C(ι(a, c)) = C(a, c). (21)

Proof. For the proof note that by construction the complex conjugates of the
paths α, γ used in the construction of the triangular curves C(a, c) satisfy
ᾱ = α−1, γ̄ = γ−1. �

We now remind the reader of the operations σ0, . . . , σ5 defined in (10),
(11). For later use we observe:

Lemma 2.5. Let G be a finite group, (a, c) ∈ T(G) and ρ = ψ ◦ σi ∈ AT(G).

(i) In case i = 0, ρ(a, c) = ι(a, c) if and only if ψ(a) = a−1 and ψ(c) = c−1.
(ii) In case i = 1, ρ(a, c) = ι(a, c) if and only if ψ(a) = c−1 and ψ(c) = ac.
(iii) In case i = 2, ρ(a, c) = ι(a, c) if and only if ψ(a) = ac and ψ(c) = a−1.
(iv) In case i = 3, ρ(a, c) = ι(a, c) if and only if ψ(a) = c−1 and ψ(c) = a−1.
(v) In case i = 4, ρ(a, c) = ι(a, c) if and only if ψ(a) = ac and ψ(c) = c−1.
(vi) In case i = 5, ρ(a, c) = ι(a, c) if and only if ψ(a) = a−1 and ψ(c) = ac.

Using this notation we assume that ρ(a, c) = ψ ◦ σi(a, c) = ι(a, c) and get

(ψ◦σ0)2(a, c) = (a, c), (ψ◦σ1)2(a, c) = (c−1ac, c), (ψ◦σ2)2(a, c) = (a, aca−1),

(ψ◦σ3)2(a, c) = (a, c), (ψ◦σ4)2(a, c) = (c−1ac, c), (ψ◦σ5)2(a, c) = (a, aca−1),

for the square of ρ on (a, c).
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3 The unmixed case

In this section we translate the problem of existence and classification of
Beauville surfaces S of unmixed type to purely group-theoretic problems.

Unmixed Beauville surfaces and group actions

To have the group-theoretic background for the construction of Beauville sur-
faces from [4] we give the following definition.

Definition 3.1. Let G be a finite group. A quadruple v = (a1, c1; a2, c2) of
elements of G is called an unmixed Beauville structure for G if and only if

(i) the pairs a1, c1, and a2, c2 both generate G,
(ii) Σ(a1, c1) ∩Σ(a2, c2) = {1G}.

The group G admits an unmixed Beauville structure if such a quadruple v
exists. We write U(G) for the set of unmixed Beauville structures on G.

We also need an appropriate notion of equivalence of unmixed Beauville
structures. To clarify it, let us observe that a Beauville surface has a unique
minimal realization ([4], [5]), and that the Galois group of this covering is
isomorphic to G. This yields an action of G on the product C1×C2 (whence,
two actions of G0 on both factors) only after we fix an isomorphism of the
Galois group with G. In turn, these two actions of G determine a triangular
covering up to strict covering isomorphism, and we can apply Proposition 2.3.

Notice that for ψ1, ψ2 ∈ IT(G) and (a1, c1; a2, c2) ∈ U(G) we have
(ψ1(a1, c1);ψ2(a2, c2)) ∈ U(G). This gives a faithful action of IT(G) × IT(G)
on U(G). Consider the group BU(G) generated by the action of IT(G)× IT(G)
and by the diagonal action of Aut(G) (such that (ψ ∈ Aut(G) carries
(a1, c1; a2, c2) ∈ U(G) to (ψ(a1, c1);ψ(a2, c2)) ∈ U(G)). Define an operation

τ((a1, c1; a2, c2)) := (a2, c2; a1, c1) (22)

on the elements of U(G) and let

AU(G) := 〈BU(G), τ〉 (23)

be the group generated by these permutations. Note that BU(G) is a normal
subgroup of index ≤ 2 in AU(G). Given a v := (a1, c1; a2, c2) ∈ U(G) define

S(v) := C(a1, c1)× C(a2, c2)/G. (24)

The second condition in the definition of U(G) ensures that the action of G
on the product has no fixed points, hence the covering C(a1, c1)×C(a2, c2) →
S(v) is unramified. We call the surface S(v) an unmixed Beauville surface. It
is obvious that (24) is a minimal Galois realization (see [4], [5]) of S(v). Our
next result shows that the unmixed Beauville surface S(v) is isogenous to a
higher product in the terminology of [4].
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Proposition 3.2. Let G be a finite, nontrivial group with an unmixed Beauville
structure (a1, c1; a2, c2) ∈ U(G). Then µ(a1, c1) < 1 and µ(a2, c2) < 1.
Whence we have: g(C(a1, c1)) ≥ 2 and g(C(a2, c2)) ≥ 2.

Proof. Without loss of generality we may assume that G is not cyclic. Suppose
(a1, c1) satisfies µ(a1, c1) > 1: then the type of (a1, c1) is up to permutation
among the

(2, 2, n) (n ∈ N), (2, 3, 3), (2, 3, 4), (2, 3, 5).

In the first case G is a quotient group of the infinite dihedral group and G
cannot admit an unmixed Beauville structure by Lemma 3.7. There are the
following isomorphisms of triangular groups

T (2, 3, 3) = A4, T (2, 3, 4) = S4, T (2, 3, 5) = A5,

see [6], Chapter 4. These groups do not admit an unmixed Beauville structure
by Proposition 3.6.

If µ(a1, c1) = 1, then the type of (a1, c1) is up to permutation among the

(3, 3, 3), (2, 4, 4), (2, 3, 6)

and G is a finite quotient of one of the wallpaper groups and cannot admit an
unmixed Beauville structure by the results of Section 6.

The second statement follows now from formula (18) since then g(C(ai, ci)),
for i = 1, 2, is an integer strictly greater than 1. �

We may now apply results from [4], [5] to prove:

Proposition 3.3. Let G be a finite group and v, v′ ∈ U(G). Then S(v) is
biholomorphic to S(v′) if and only if v is in the AU(G)-orbit of v′.

Proof. Let v = (a1, c1; a2, c2), v′ = (a′1, c′1; a′2, c′2). Assume that there is a bi-
holomorphism between two unmixed Beauville surfaces S(v) and S(v′). This
happens, by Proposition 3.2 of [5], if and only if there is a product biholomor-
phism (up to a possible interchange of the factors)

σ : C(a1, c1)× C(a2, c2) → C(a′1, c
′
1)× C(a′2, c

′
2)

of the product surfaces appearing in the minimal Galois realization (24) which
normalizes the G-action.

In the notation introduced previously, this means that σ is twisted G-
equivariant. That is, there is an automorphism ψ : G → G with σ(g(x, y)) =
ψ(g)(σ(x, y)) for all g ∈ G and (x, y) ∈ C(a1, c1)× C(a2, c2). Up to replacing
one of the two unmixed Beauville structures by an Aut(G)-equivalent one, we
may assume without loss of generality that the map σ is strict G-equivariant.

Note that our surfaces are both isogenous to a higher product by Propo-
sition 3.2. Since σ is of product type it can interchange the factors or not. If
it does not, there are biholomorphic maps
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σ1 : C(a1, c1) → C(a′1, c
′
1), σ2 : C(a2, c2) → C(a′2, c

′
2)

such that σ = (σ1, σ2). If σ does interchange the factors there are biholomor-
phic maps

σ1 : C(a1, c1) → C(a′2, c
′
2), σ2 : C(a2, c2) → C(a′1, c

′
1)

such that σ = (σ1, σ2). In both cases we may now use Proposition 2.3 which
characterizes strict G-equivariant isomorphisms of triangle coverings. �

Unmixed Beauville structures on finite groups

The question arises: which groups admit Beauville structures? The unmixed
case with G abelian is easy to classify, and all examples were essentially given
in [4], page 24.

Theorem 3.4. If G = G0 is abelian, nontrivial and admits an unmixed
Beauville structure, then G ∼= (Z/nZ)2, where the integer n is relatively prime
to 6. Moreover, the structure is critical for both factors. Conversely, any group
G ∼= (Z/nZ)2 admits such a structure.

Proof. Let (a, c; a, c′) be an unmixed Beauville structure on G, set

Σ := Σ(a, c), Σ′ := Σ(a′, c′) and b := a−1c−1, b′ := a′−1
c′−1

.

Our basic strategy will be to observe that if H is a nontrivial characteristic
subgroup of G, and if we show that for each choice of Σ we must have Σ ⊃ H ,
then we obtain a contradiction to Σ ∩Σ ′ = {1}.

Consider the primary decomposition of G,

G =
⊕

p∈{Primes}
Gp

and observe that since G is 2-generated, then any Gp (which is a characteristic
subgroup), is also 2-generated.

Step 1. Let a = (ap) ∈
⊕

p∈{Primes}Gp, and let Σp be the set of multiples
of ap, bp, cp: then Σ ⊃ Σp. This follows since ap is a multiple of a.

Step 2. Gp
∼= (Z/pmZ)2. Since Gp is 2-generated, Gp is either cyclic Gp

∼=
Z/pmZ or Gp

∼= Z/pnZ ⊕ Z/pmZ with n < m. In both cases the subgroup
Hp := pm−1Gp is characteristic in G and isomorphic to Z/pZ. But Σ ⊃ Σp,
and Σp contains generators of Gp, whence it contains a nontrivial element in
Hp, thus Σp ⊃ Hp, a contradiction.

Step 3. G2 = 0. Else, by Step 2, G2
∼= (Z/2mZ)2, and H2 =∼= (Z/2Z)2.

But since Σ ⊃ Σ2, and Σ2 contains a basis of G2, Σ ⊃ H2, a contradiction.
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Step 4. G3 = 0. In this case we have that Σ3 contains a basis of G3,
whence Σ ∩H3 contains at least six nonzero elements, likewise for Σ ′ ∩H3, a
contradiction since H3 has only eight nonzero elements.

Step 5. Whence, G ∼= (Z/nZ)2, and since a, b are generators of G, they
are a basis, and without loss of generality a, b are the standard basis e1, e2. It
follows that all the elements a, b, c, a′, b′, c′ have order exactly n. Write now
the elements of G as row vectors, a′ := (x, y), b′ := (z, t). Then the condition
that Σ ∩ Σ′ = {1} means that any pair of the six vectors yield a basis of G.
By using the primary decomposition, we can read out this condition on each
primary component: thus it suffices to show that there are solutions in the
case where n = pm is primary.

Step 6. We write up the conditions explicitly, namely, if n = pm and
U := Z/nZ∗, we want

x, y, z, t ∈ U, x− y, x+ z, z − t, y + t ∈ U, x+ z − y − t ∈ U, xt− yz ∈ U.
Again, these conditions only bear on the residue class modulo p, thus we have
p4m−4 times the number of solutions that we get for n = p.

Step 7. Simple counting yields at least (p−1)(p−2)2(p−4) solutions. In this
case we get p− 1 times the number of solutions that we get for x = 1, and for
each choice of y 	= 0, 1 z 	= 0,−1, d 	= 0, d 	= −yz we set t := yz+d : the other
inequalities are then satisfied if d is different from z−yz,−yz−y, (1+z)(1−y)
so that the number of solutions equals at least (p− 1)(p− 2)2(p− 5). �

Remark 3.5. The computation above shows that the number of biholomor-
phism classes of unmixed Beauville surfaces with abelian group (Z/nZ)2 is
asymptotic to at least (1/36) n4 (cf. [1] where it is calculated that, for n = 5
there are exactly two isomorphism classes).

Proposition 3.6. No nonabelian group of order ≤ 128 admits an unmixed
Beauville structure.

Proof. This result can be obtained by a straightforward computation using
MAGMA or by direct considerations. In fact, using the Smallgroups-routine
of MAGMA we may list all groups of order ≤ 128 as explicit permutation-
groups or given by a polycyclic presentation. Loops which are easily designed
can be used to search for appropriate systems of generators. �

Another simple result is:

Lemma 3.7. If G is a nontrivial finite quotient of the infinite dihedral group
D:=〈x, y | x2, y2〉, then G does not admit an unmixed Beauville structure.
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Proof. The infinite cyclic subgroup N0 := 〈xy〉 is normal in D of index 2;
actually D is thus the semidirect product of N0

∼= Z through the subgroup of
order 2 generated by x. Let t ∈ D be not contained in N0. Then there is an
integer n such that t = x(xy)n. Since yty = x(xy)n−2, the normal subgroup
generated by t then contains (xy)2. Hence every normal subgroup N of D not
contained in N0 has index ≤ 4 and thus the quotient D/N cannot admit an
unmixed Beauville structure. Let now N ≤ N0 be a normal subgroup of D.
The quotient D/N is a finite dihedral group. Let (a, c) be a pair of generators
for D/N . It is easy to see that one of the elements a, c, ac lies in the (cyclic)
image of N0 in D/N and generates it. Thus condition (*) is contradicted. �

Proposition 3.8. The following groups admit an unmixed Beauville struc-
ture:

1. the alternating groups An for large n,
2. the symmetric groups Sn for n ∈ N with n ≥ 8 and n ≡ 2 mod 3,
3. the groups SL(2,Fp) and PSL(2,Fp) for every prime p 	= 2, 3, 5.

Proof. 1. Fix two triples (n1, n2, n3), (m1,m2,m3) ∈ N3 such that nei-
ther T (n1, n2, n3) nor T (m1,m2,m3) is one of the nonhyperbolic triangle
groups. From [8] we infer that, for large enough n ∈ N, the group An

has systems of generators (a1, c1) of type (n1, n2, n3) and (a2, c2) of type
(m1,m2,m3). Adding the property that gcd(n1n2n3,m1m2m3) = 1 we find
that (a1, c1; a2, c2) is an unmixed Beauville structure on An.

By going through the proofs of [8] the minimal choice of such an n ∈ N
can be made effective.

2. This follows directly from the first Proposition of Section 5.1.
3. Let p be a prime with the property that no prime q ≥ 5 divides p2 − 1.

Then (p, 1) is a primitive solution of the equation

y2 − x3 = ±2n3m (25)

with n,m ∈ N chosen appropriately. It is known that the collection of these
equations has 98 primitive solutions (as n,m vary). A table of them is con-
tained in [3] Table 4, page 125. From this we see that p = 2, 3, 5, 7, 17 are the
only primes with the property that no prime q ≥ 5 divides p2−1. Notice that
a theorem of C.L. Siegel implies directly that there are only finitely many such
primes. A special case of this theorem says that any of the equations (25) has
only finitely many solutions in Z[1/2, 1/3].

If p is a prime with p 	= 2, 3, 5, 7, 17 we use the system of generators from
(40) which is of type (4, 6, p) together with one of the system of generators
from (42) or (44) to conclude the result for SL(2,Fp). The groups PSL(2,Fp)
can be treated by reduction of these systems of generators, observing that the
two generators belonging to different systems have coprime orders.

For the primes p = 7, 17 appropriate systems of generators can be easily
found by a computer calculation. �
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From the third item of the above proposition we immediately obtain a
proof of Theorem 1.3.

Remark 3.9. The various systems of generators given in Section 5 for the
alternating groups An and for SL(2,Fp), PSL(2,Fp) can be grouped together
in many ways to construct unmixed Beauville structures on these groups. We
in turn obtain Beauville surfaces of unmixed type for which the two curves
appearing in the minimal Galois realization have different genus.

We now describe groups of a different nature admitting an unmixed
Beauville structure. For n ∈ N, put

C[n] := 〈x, y | xn = yn = (xy)n = (xy−1)n = (xy−2)n = (xy−1xy−2)n = 1〉.
(26)

Proposition 3.10. Fix n ∈ N with gcd(n, 6) = 1 and let N ≤ C[n]′ be a
normal subgroup of finite index in the commutator C[n]′ of C[n]. Then C[n]/N
admits an unmixed Beauville structure.

Proof. An unmixed Beauville structure for C[n]/N is given by

(a1, c1; a2, c2) = (x, y;xy−1, xy−2).

Let Gab be the abelianization of G. Then Σ and Σ ′ map injectively into Gab,
and their images do not meet inside Gab, as verified in [4], lemma 3.21. �

Among the quotients C[n]/N (N ≤ C[n]′) are all finite groups G of ex-
ponent n having Z/nZ× Z/nZ as abelianization. The proposition can hence
be used to construct finite p-groups (p ≥ 5) admitting an unmixed Beauville
structure.

Questions of reality

We now translate to a group-theoretic conditions the two questions concerning
an unmixed Beauville surface mentioned in the introduction:

• Is S biholomorphic to the complex conjugate surface S̄?
• Is S real, i.e., does there exist such a biholomorphism σ with the property

that σ2 = Id?

Let G be a finite group and v = (a1, c1; a2, c2) ∈ U(G). In analogy with
(20) we define

ι(v) := (a−1
1 , c−1

1 ; a−1
2 , c−1

2 ) (27)

and infer from Proposition 2.4:

S(ι(v)) = S(v). (28)

From Proposition 3.3 we get
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Proposition 3.11. Let G be a finite group with an unmixed Beauville struc-
ture v = (a1, c1; a2, c2) ∈ U(G). Then

1. S(v) is biholomorphic to S(v) if and only if ι(v) is in the AU(G)-orbit of
v,

2. S(v) is real if and only if there is a ρ ∈ AU(G) with ρ(v) = ι(v) and
moreover ρ(ι(v)) = v.

Remark 3.12. The above observations immediately imply that unmixed
Beauville surfaces S with abelian group G always have a real structure, since
g → −g is an automorphism (of order 2).

We observe the following:

Corollary 3.13. Let G be a finite group with an unmixed Beauville structure
v = (a1, c1; a2, c2) ∈ U(G). Assume that

{ord(a1), ord(c1), ord(a1c1)} 	= {ord(a2), ord(c2), ord(a2c2)}
and that both (a1, c1) and (a2, c2) are strict. Then S(v) is biholomorphic to
S(v) if and only if the following holds:

There are inner automorphisms φ1, φ2 of G and an automorphism ψ ∈
Aut(G) such that, setting ψj := ψ ◦ φj, we have

ψ1(a1) = a−1
1 , ψ1(c1) = c−1

1 , and ψ2(a2) = a2
−1, ψ2(c2) = c2

−1.

Thus S(v) is isomorphic to S(v) if and only if S(v) has a real structure.

Proof. The first statement follows from our definition of AU(G) and Proposi-
tion 3.3. In fact let ρ ∈ AU(G) be such that ρ(v) = ι(v). We have

ρ = (ψ1 ◦ σi, ψ2 ◦ σj) ◦ τe

with ψ1, ψ2 as above, i, j ∈ {0, . . . , 5} and e ∈ {0, 1}. Our incompatibility
conditions on the orders imply that e = 0 and i = j = 0 (see Lemma 2.5).

For the second statement note that the conclusion implies that both ψ1

and ψ2 have order 2. �

Remark 3.14. If the unmixed Beauville structure v does not have the strong
incompatibility properties of the corollary, then Lemma 2.5 gives the appro-
priate conditions.

From our corollary we immediately get:

Proof (of Theorem 1.4). Let v := (a, c; a′, c′) with a, c, a′, c′ ∈ Sn as in Propo-
sition 5.1. Then v is an unmixed Beauville structure on Sn. The type of
(a, c) is (6, 3(n − 3), 3(n − 4)), while the type of (a′, c′) is (n, n − 1, n) or
(n, n−1, (n2−1)/4). Suppose that S(v) is biholomorphic to S(v). By Proposi-
tion 3.11 (statement 1) ι(v) is in the AU(Sn) orbit of S(v). The incompatibility
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of the types of (a, c) and (a′, c′) makes Corollary 3.13 applicable. Thus there
is a ψ ∈ Aut(Sn) with ψ(a) = a−1 and ψ(c) = c−1. Since all automorphisms
on Sn (n ≥ 8) are inner we obtain a contradiction to Proposition 5.1. �

As noted above the unmixed Beauville surfaces S coming from an abelian
group G always have a real structure. It is also possible to construct examples
from nonabelian groups:

Proposition 3.15. Let p ≥ 5 be a prime with p ≡ 1 mod 4. Set n := 3p+ 1.
Then there is an unmixed Beauville structure v for the group An such that
S(v) is biholomorphic to S(v).

Proof. We use the first and the second system of generators for An from
Proposition 5.9. The first is a system of generators (a1, c1) of type (2, 3, 84),
the second gives (a2, c2) of type (p, 5p, 2p + 3). Since the orders in the two
types are coprime, (a1, c1; a2, c2) is an unmixed Beauville structure on An.
The existence of the respective elements γ in Proposition 5.9 implies the last
assertion. Note that both the elements γ can be chosen to be in Sn \ An. �

In further arguments we shall often use the fact that every automorphism
of An (n 	= 6) is induced by conjugation by an element of Sn (see [14], p. 299).

Proposition 3.16. The following groups admit unmixed Beauville structures
v such that S(v) is not biholomorphic to S(v):

1. the symmetric group Sn for n ≥ 8 and n ≡ 2 mod 3,
2. the alternating group An for n ≥ 16 and n ≡ 0 mod 4, n ≡ 1 mod 3,
n 	≡ 3, 4 mod 7.

Proof. 1. This is just the example of Section 5.1.
2. We use the system of generators (a1, c1) from Proposition 5.9, 1. It has

type (2, 3, 84). We choose p = 5 and q = 11 and get from Proposition 5.8
a system of generators (a2, c2) of type (11, 5(n − 11), n − 3). Both systems
are strict. We set v := (a1, c1; a2, c2). The congruence conditions n 	≡ 3, 4
mod 7 insure that ν(a1, , c1) is coprime to ν(a2, , c2), hence this is an unmixed
Beauville structure. It also satisfies the hypotheses of Corollary 3.13. If S(v)
is biholomorphic to S(v) we obtain an element γ ∈ Sn with γa2γ

−1 = a−1
2

and γc2γ−1 = c−1
2 . This contradicts Proposition 5.8. �

Proposition 3.17. Let p > 5 be a prime with p ≡ 1 mod 4, p 	≡ 2, 4 mod
5, p 	≡ 5 mod 13 and p 	≡ 4 mod 11. Set n := 3p + 1. Then the alternating
group G := An admits an unmixed Beauville structure v such that there is
an element α ∈ AU(G) with α(v) = ι(v) but such that there is no element
β ∈ AU(G) with β(v) = ι(v) and β(ι(v)) = v.
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Proof. We construct v using the system of generators (a1, c1) from Proposition
5.10. It has type (3p− 2, 3p− 1, 3p− 1). We then use the system of generators
(a2, c2) from Proposition 5.9, 2. It has type (p, 5p, 2p+3). The second system
is strict. We set v := (a1, c1; a2, c2). The congruence conditions p 	≡ 2, 4 mod 5,
p 	≡ 5 mod 13 and p 	≡ 4 mod 11 ensure that ν(a1, , c1) is coprime to ν(a2, , c2),
hence v is an unmixed Beauville structure.

We first show that there exists an α ∈ AU(An) with

α(v) = ι(v) = (a−1
1 , c−1

1 ; a−1
2 , c−1

2 ).

We choose γ1 as in Proposition 5.10 and γ2 as in Proposition 5.9, 2. Let w ∈ Sn

be a representative of the nontrivial coset of An in Sn. By Propositions 5.10,
5.9 these choices can be made so that γ1 = δ1w, γ2 = δ2w with δ1, δ2 ∈ An.
We have now

(w−1δ−1
1 a1 δ1w,w

−1δ−1
1 c−1

1 a−1
1 δ1w) = (a−1

1 , c−1
1 ),

(w−1δ−1
2 a2 δ2w,w

−1δ−1
2 c2 δ2w) = (a−1

2 , c−1
2 ).

Recalling the formula for σ5 (see (11)) the existence of ρ follows from our
definition of AU(An).

Suppose now that there is a β ∈ AU(G) as indicated, then β2(v) = v.
By construction of v the transformation β cannot interchange (a1, c1) and
(a2, c2). Hence we find β1, β2 ∈ AT(An) with

β1(a1, c1) = (a−1
1 , c−1

1 ), β1(a2, c2) = (a−1
2 , c−1

2 )

from β2
1(a1, c1) = (a1, c1), and the formulae given immediately after Lemma 2.5

imply that either β1 = ψ ◦ σ0 or β1 = ψ ◦ σ3 for a suitable automorphism ψ
of An. (Note that a1 and c1 cannot commute.) Going back to Lemma 2.5 (i),
(iv) we find a contradiction with the statement of Proposition 5.10. �

Theorem 1.6 follows immediately from the above proposition and from
Proposition 3.11.

4 The mixed case

In this section we fix the algebraic data needed for the construction of
Beauville surfaces of mixed type and use this description to give several ex-
amples.

Mixed Beauville surfaces and group actions

This subsection contains the translation between the geometrical data of a
mixed Beauville surface and the corresponding algebraic data: finite groups
endowed with a mixed Beauville structure. This concept is contained in the
following:



20 Ingrid Bauer, Fabrizio Catanese, and Fritz Grunewald

Definition 4.1. Let G be a nontrivial finite group. A mixed Beauville quadru-
ple for G is a quadruple M = (G0; a, c; g) consisting of a subgroup G0 of index
2 in G, of elements a, c ∈ G0 and of an element g ∈ G such that

1. G0 is generated by a, c,
2. g /∈ G0,
3. for every γ ∈ G0 we have gγgγ /∈ Σ(a, c),
4. Σ(a, c) ∩Σ(gag−1, gcg−1) = {1G}.

Forgetting the choice of g, we obtain from a mixed Beauville quadruple a mixed
Beauville triple for G, u = (G0; a, c). The group G is said to admit a mixed
Beauville structure if such a quadruple M exists. We let then M4(G) be the
set of mixed Beauville quadruples on the group G, M3(G) be the set of mixed
Beauville triples on the group G. These last will also be called mixed Beauville
structures.

We describe the correspondence between the data for an unmixed Beauville
structure given above and those given in [4] (also described in the introduc-
tion). Let M = (G0; a, c; g) be a mixed Beauville quadruple on a finite group
G. Then G0 is normal in G. By condition (3) the exact sequence

1 → G0 → G→ Z/2Z → 1, (29)

does not split. Define ϕg : G0 → G0 to be the automorphism of G0 induced
by conjugation with g, that is ϕg(γ) = gγg−1 for all γ ∈ G0. Suppose that ϕg

is an inner automorphism. Then we can find δ ∈ G0 with ϕg(γ) = δγδ−1 for
all γ ∈ G0. This implies that Σ(gag−1, gcg−1) = Σ(a, c). Since G is nontrivial
condition (4) cannot hold.

Let τ := τg := g2 ∈ G0. We have ϕg(τ) = τ and ϕ2
g = Intτ where Intτ is

the inner automorphism induced by τ . This shows that ϕg is of order 2 in the
group of outer automorphisms Out(G0) of G0. Conversely given a nontrivial
finite group G0 together with an an automorphism ϕ : G0 → G0 of order 2 in
the outer automorphism group allows us to find a group G together with an
exact sequence (29).

It is important to observe that the conditions (3), (4) are the ones which
guarantee the freeness of the action of G.

Now we describe the appropriate notion of equivalence for mixed Beauville
structures. Let M = (G0; a, c; g) be a mixed Beauville quadruple for G and
ψ : G → G an automorphism; then ψ(M) := (ψ(G0);ψ(a), ψ(c);ψ(g)) is
again a mixed Beauville structure on G. Thus we obtain respective actions
of Aut(G) on M4(G), M3(G). If γ ∈ G0 and M = (G0; a, c; g) is a mixed
Beauville quadruple on G, then so is Mγ = (G0; a, c; γg).

We can therefore, without loss of generality, only consider mixed Beauville
triples (beware, such a triple is obtained from a quadruple satisfying conditions
(1)–(4) of the previous definition).

The set M(G) := M3(G) of mixed Beauville structures carries the action
of the group



Beauville surfaces without real structures 21

AM(G) :=< Aut(G), σ3, σ4 >, (30)

with the understanding that the operations σ3, σ4 from (10), (11) are applied
to the pair (a, c) of generators of G0. Note that the operations σ1, σ2, σ5 are
also in AM(G) because of (12).

Recall how the above algebraic data give rise to a Beauville surface of
mixed type. Let u := (G0; a, c; g) be a mixed Beauville quadruple on G. Set
τg := g2 and ϕg(γ) := gγg−1 for γ ∈ G0. By Riemann’s existence theorem,
as in the previous section the elements a, b = a−1c−1, c give rise to a Galois
covering λ : C(a, c) → P1

C ramified only in {−1, 0, 1} with ramification indices
equal to the respective orders of a, b = a−1c−1, c and with group G0. The
group G acts on C(a, c)× C(a, c) by

γ(x, y) = (γx, ϕg(γ)y), g(x, y) = (y, τgx), (31)

for all γ ∈ G0 and (x, y) ∈ C(a, c) × C(a, c). These formulae determine an
action of G uniquely. By our conditions (3), (4) in the definition of a mixed
Beauville quadruple on G the above action of G is fixed-point free, yielding a
Beauville surface of mixed type

S(u) := C(a, c)× C(a, c)/G. (32)

It is obvious that (32) is a minimal Galois representation (see [4], [5]) of
S(u). From Proposition 3.2 we infer that the mixed Beauville surface S(u) is
isogenous to a higher product in the terminology of [5].

Observe that a Beauville surface of mixed type S(u) = C(a, c)×C(a, c)/G
has a natural unramified double cover S0(u) = (C(a, c) × C(a, c))/G0 which
is of unmixed type.

Proposition 4.2. Let G be a finite group and u1, u2 ∈ M(G). Then S(u1) is
biholomorphic to S(u2) if and only if u1 is in the AM(G)-orbit of u2.

Proof. Follows (as Proposition 3.3) from [4], [5] (Proposition 3.2).
Let M = (G0

1, a1, c1; g1), M ′ = (G0
2; a2, c2; g2). Assume that the unmixed

Beauville surfaces S(u) and S(u′) are biholomorphic. This happens, by Propo-
sition 3.2 of [5], if and only if there is a product biholomorphism (up to an
interchange of the factors)

σ : C(a1, c1)× C(a1, c1) → C(a2, c2)× C(a2, c2)

of the product surfaces. Since σ is of product type it can interchange the
factors or not. Hence there are biholomorphic maps

σ1, σ2 : C(a1, c1) → C(a2, c2)

with
σ(x, y) = (σ1(x), σ2(y)), for all x, y ∈ C(a1, c1)



22 Ingrid Bauer, Fabrizio Catanese, and Fritz Grunewald

in case σ does not interchange the factors. Otherwise,

σ(x, y) = (σ1(y), σ2(x)), for all x, y ∈ C(a1, c1).

The map σ normalizes the G-action if there is an automorphism ψ : G → G
with σ(g(x, y)) = ψ(g)(σ(x, y)) for all g ∈ G and (x, y) ∈ C(a1, c1)×C(a1, c1).

In both cases we use Proposition 2.3 combined with direct computations
to complete the only if statement of our proposition. The converse statement
follows from Proposition 2.3. �

Mixed Beauville structures on finite groups

To find a group G with a mixed Beauville structure is rather difficult. For
instance the subgroup G0 cannot be abelian:

Theorem 4.3. If G admits a mixed Beauville structure, then the subgroup G0

is nonabelian.

Proof. By Theorem 3.4 we know that G0 is isomorphic to (Z/nZ)2, where n
is an odd number not divisible by 3.

In particular, multiplication by 2 is an isomorphism of G0, thus there is
a unique element γ such that −2γ = τ . Since −2ϕ(γ) = ϕ(τ) = τ = −2γ, it
follows that ϕ(γ) = γ, and we have found a solution to the prohibited equation
ϕ(γ) + τ + γ ∈ Σ, since 0 ∈ Σ. Whence the desired contradiction. �

The following fact was obtained by computer calculations using MAGMA.

Proposition 4.4. No group of order ≤ 512 admits a mixed Beauville struc-
ture.

Here is a general construction giving finite groupsG with a mixed Beauville
structure. Let H be a nontrivial group and Θ : H×H → H×H the involution
defined by Θ(g, h) := (h, g) (g, h ∈ H). Consider the semidirect product

H[4] := (H ×H) � Z/4Z, (33)

where the generator 1 of Z/4Z acts through Θ on H ×H . We find

H[2] := H ×H × 2Z/4Z ∼= H ×H × Z/2Z (34)

as a subgroup of index 2 in H[4].
The exact sequence

1 → H[2] → H[4] → Z/2Z → 1

does not split because there is no element of order 2 in H[4] which is not
already contained in H[2]. We have
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Lemma 4.5. Let H be a nontrivial group and let a1, c1, a2, c2 be elements of
H. Assume that

1. the orders of a1, c1 are even,
2. a2

1, a1c1, c
2
1 generate H,

3. a2, c2 also generate H,
4. ν(a1, c1) is coprime to ν(a2, c2).

Set G := H[4], G0 := H[2] as above and a := (a1, a2, 2), c := (c1, c2, 2). Then
(G0; a, c) is a mixed Beauville structure on G.

If H is a perfect group, then the conclusion holds with Condition 2. replaced
by Condition

2 ′. a1, c1 generate H.

Proof. We first show that a, c generate G0 := H[2]. Let L := 〈a, c〉. We view
H×H as the subgroup H×H×{0} of H[2]. The elements a2, ac, c2 are in this
subgroup. Condition 2 implies that L∩ (H ×H) surjects onto the first factor
of H ×H . Conditions 1, 3, 4 imply that a2, c2 have odd order, and that there
is an even number 2m such that a2m

2 , c2m
2 generate H , while a2m

1 = c2m
1 = 1.

It follows that H ×H ≤ L, and it is clear that L = G0.
Observe next that

(1H , 1H , 2) /∈ Σ(a, c). (35)

It would have to be a conjugate of a power of a, c or b. Since the orders of a1,
b1, c1 are even, we obtain a contradiction. Note that the third component of
ac is 0 by construction.

We now verify the third condition of the definition of a mixed Beauville
structure. Suppose first that h = (x, y, z) ∈ Σ(a, c) satisfies ord(x) = ord(y):
then our Condition 4 implies that x = y = 1H and (35) shows h = 1H[4] .

Let now g ∈ H[4], g /∈ H[2] and γ ∈ G0 = H[2] be given. Then gγ =
(x, y,±1) for appropriate x, y ∈ H . We find

(gγ)2 = (xy, yx, 2)

and the orders of the first two components of (gγ)2 are the same. The remark
above shows that (gγ)2 ∈ Σ(a, c) implies (gγ)2 = 1.

We come now to the fourth condition of our definition of a mixed Beauville
quadruple. Let g ∈ H[4], g /∈ H[2] be given, for instance (1H , 1H , 1). Conjuga-
tion by g interchanges the first two components of an element h ∈ H[4]. Our
hypothesis 4 implies the result.

So far we have proved the lemma using Condition 2. Assume that H is
a perfect group (this means that H is generated by commutators). Because
of Condition 2′ the group H is generated by commutators of words in a1, c1.
Defining L as before we see again that that L∩ (H ×H) projects surjectively
onto the first factor of H ×H . The rest of the proof is the same. �

As an application we get
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Proposition 4.6. Let H be one of the following groups:

1. the alternating group An for large n,
2. SL(2,Fp) for p 	= 2, 3, 5, 17.

Then H[4] admits a mixed Beauville structure.

Proof. 1. Fix two triples (n1, n2, n3), (m1,m2,m3) ∈ N3 such that neither
T (n1, n2, n3) nor T (m1,m2,m3) is one of the nonhyperbolic triangle groups.
From [8] we infer that, for large enough n ∈ N, the group An has systems
of generators (a1, c1) of type (n1, n2, n3) and (a2, c2) of type (m1,m2,m3).
Adding the properties that n1, n2 are even and gcd(n1n2n3,m1m2m3) = 1
we find that the (a1, c1; a2, c2) satisfy the Conditions 1, 2′, 3, 4 of the previous
lemma. Since An is, for large n, a simple group the statement follows.

2. The primes p = 2, 3, 5, 17 are the only primes with the property that no
prime q ≥ 5 divides p2− 1. In the other cases we use the system of generators
from (40) which is of type (4, 6, p) together with one of the system of generators
from (42) or (44) to obtain generators satisfying Conditions 1, 2′, 3, 4 of the
previous lemma. Since SL(2,Fp) is a perfect group (for p 	= 2, 3) the statement
follows. �

Questions of reality

Let G be a finite group and u = (G0; a, c) ∈ M(G) = M3(G). In analogy with
(20) we define

ι(u) := (G0; a−1, c−1) (36)

and infer from Proposition 2.4:

S(ι(u)) = S(u). (37)

From Proposition 3.3 we get

Proposition 4.7. Let G be a finite group and u ∈ M(G), then

1. S(u) is biholomorphic to S(u) if and only if ι(u) is in the AM(G)-orbit of
u,

2. S(u) is real if and only if there exists ρ ∈ AM(G) with ρ(u) = ι(u) and
ρ(ι(u)) = u.

Observe that if a mixed Beauville surface S is isomorphic to its conjugate,
then necessarily the same holds for its natural unmixed double cover S0.

Now we formulate an algebraic condition on u ∈ M(G) which will allow us
to show that the associated Beauville surface S(u) is not isomorphic to S(u).

Corollary 4.8. Let G be a finite group, u = (G0; a, c) ∈ M(G) and assume
that (a, c) is a strict system of generators for G0. Then S(u) ∼= S(u) if and only
if there is an automorphism ψ of G such that ψ(G0) = G0 and ψ(a) = a−1,
ψ(c) = c−1.
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Proof. Follows from Proposition 4.7 in the same way as Corollary 3.13 follows
from Proposition 3.11. �

We now give an alternative description of the conclusion of Corollary 4.8.

Remark 4.9. With the assumptions of Corollary 4.8, let g ∈ G represent the
nontrivial coset of G0 in G. Set τ := τg = g2 and ϕ := ϕg. Then S(u) ∼= S(u)
if and only if there is an automorphism β of G0 such that β(a) = a−1, β(c) =
c−1, and an element γ ∈ G0 such that τ(β(τ−1)) = ϕ(γ)γ.

Proof. S ∼= S̄ if and only if C1 × C2 admits an antiholomorphism σ which
normalizes the action of G. Since there are biholomorphisms of C1 × C2

which exchange the factors (and lie in G), we may assume that such an
antiholomorphism does not exchange the two factors. Being of product type
σ = σ1 × σ2, it must normalize the product group G0 × G0. We get thus
a pair of automorphisms β1, β2 of G. Since β1 × β2 leaves the subgroup
{(γ, ϕ(γ)) | γ ∈ G} invariant , it follows that β2 = ϕβ1ϕ

−1, and in particular
β2 carries a′ := ϕ(a), c′ := ϕ(c) to their respective inverses.

Now, σ1 × σ2 normalizes the whole subgroup G if and only if for each
ε ∈ G0 there is δ ∈ G0 such that

σ1 ϕ(ε)σ−1
2 = ϕ(δ)σ2(τε)σ−1

1 = τδ.

We use now the strictness of the structure: this ensures that both σi’s are
liftings of the standard complex conjugation, whence we easily conclude that
there is an element γ ∈ G0 such that σ2 = γσ1.

From the second equation we conclude that δ = τ−1γσ1τεσ
−1
1 , and the

first then boils down to σ1(ϕ(ε))σ−1
1 γ−1 = τ−1(ϕ(γ))γσ1τ(ϕ(ε))σ−1

1 γ−1.
Since this must hold for all ε ∈ G0, it is equivalent to require σ1τ

−1σ−1
1 =

τ−1(ϕ(γ))γ, i.e., τ(β(τ−1)) = (ϕ(γ))γ. �

We now give examples of mixed Beauville structures. In the proofs we
use that every automorphism of SL(2,Fp) (p a prime) is induced by an inner
automorphism of the larger group

SL±1(2,Fp) := 〈SL(2,Fp), W :=
(

0 1
1 0

)
〉. (38)

See the appendix of [7] for a proof of this fact. We also use the following
lemma which is easy to prove.

Lemma 4.10.

1. Let H be a perfect group. Every automorphism ψ : H[4] → H[4] satisfies
ψ(H ×H × {0}) = H ×H × {0}.
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2. If H is a nonabelian simple finite group, then every automorphism of
H ×H is of product type.

3. Let H be SL(2,Fp), where p is prime; then every automorphism of H×H
is of product type.

Proof. 1. H ×H × {0} is the commutator subgroup.
2. the centralizer C((x, y)) of an element (x, y) where x 	= 1, y 	= 1 does

not map surjectively onto H through either of the two product projections,
whence every automorphism leaves invariant the unordered pair of subgroups
{(H × {0}), ({0} ×H)}.

3. follows by the same argument used for 2. �

We apply the above constructions to obtain some concrete examples.

Proposition 4.11. Let p be a prime with p ≡ 3 mod 4 and p ≡ 1 mod 5
and consider the group H := SL(2,Fp). Then H[4] admits a mixed Beauville
structure u such that ι(u) does not lie in the AM(H[4])-orbit of u.

Proof. Set a1 := B, c1 := S as defined in (40) and a2, c2 one of the systems
of generators constructed in Proposition 5.13. That is, the equations

γa2γ
−1 = a−1

2 , γc2γ
−1 = c−1

2

are solvable with γ ∈ SL(2,Fp) but not with γ ∈ SL(2,Fp)W . Set a :=
(a1, a2, 2), c := (c1, c2, 2). By Lemma 4.5 the triple u := (H[2], a, c) is a mixed
Beauville structure on H[4]. The type of (a, c) is (20, 30, 5p), hence it is strict.

Suppose that ι(u) is in the AM(H[4])-orbit of u. By Corollary 4.8 we have
an automorphism ψ : H[4] → H[4] with ψ(H[2]) = H[2] with ψ(a) = a−1 and
ψ(c) = c−1. From Lemma 4.10 we get two elements γ1, γ2 ∈ SL±1(2,Fp) with

γ1a1γ
−1
1 = a−1

1 , γ1c1γ
−1
1 = c−1

1 , γ2a2γ
−1
2 = a−1

2 , γ2c2γ
−1
2 = c−1

2 .

Since they come from the automorphism ψ : H[4] → H[4] they have to lie in
the same coset of SL(2,Fp) in SL±1(2,Fp). This is impossible since γ1a1γ

−1
1 =

a−1
1 , γ1c1γ

−1 = c−1
1 is only solvable in the coset SL(2,Fp)W as a computation

shows. �

Proof (of Theorem 1.5). We take the mixed Beauville structure from Propo-
sition 4.11 and let S be the corresponding mixed Beauville surface as con-
structed in Section 4.1. �

5 Generating groups by two elements

Symmetric groups

In this section we provide a series of intermediate results which lead to the
proof of Theorem 1.4. In fact we prove:
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Proposition 5.1. Let n ∈ N satisfy n ≥ 8 and n ≡ 2 mod 3, then Sn has
systems of generators (a, c), (a′, c′) with

1. Σ(a, c) ∩Σ(a′, c′) = {1},
2. there is no γ ∈ Sn with γaγ−1 = a−1 and γcγ−1 = c−1.

Lemma 5.2. Let G = Sn with n ≥ 7,

a := (5, 4, 1)(2, 6) and c := (1, 2, 3)(4, 5, 6, . . . , n).

There is no automorphism of G carrying a→ a−1, c→ c−1.

Proof. Since n 	= 6, every automorphism of G is an inner one. If there is a
permutation g conjugating a to a−1, c to c−1, g would leave each of the sets
{1, 2, 3}, {4, 5, . . . , n}, {1, 4, 5}, {2, 6} invariant. By looking at their intersec-
tions we conclude that g leaves the elements 1, 2, 3, 6 fixed and that the set
{4, 5} is invariant. But then g conjugates c to (1, 2, 3)h, where h is a permu-
tation of {4, 5, . . . , n}, which is a different permutation than c−1. �

Lemma 5.3. The two elements a := (5, 4, 1)(2, 6), c := (1, 2, 3)(4, 5, 6, . . . , n)
generate Sn if n ≥ 7 and n 	= 0 mod 3.

Proof. Let G be the subgroup generated by a, c. Then G is generated also by
s, α, T, γ, where s := (2, 6), α := (5, 4, 1), T := (1, 2, 3), γ := (4, 5, 6, . . . , n),
since these elements are powers of a, c and 3 and n− 3 are relatively prime.

Since G contains a transposition, it suffices to show that it is doubly tran-
sitive. The transitivity of G being obvious, since the supports of the cyclic
permutations s, α, T, γ have the whole set {1, 2, . . . , n} as union. The subgroup
H ⊂ G stabilizing {3} contains s, α, γ. Again these are cyclic permutations
such that their supports have as union the set {1, 2, 4, 5, . . . , n}. Thus G is
doubly transitive, whence G = Sn. �

Remark 5.4. • Since 3 � n, one has ord(c) = 3(n− 3), while ord(a) = 6.
• We calculate now ord(b), recalling that abc = 1, whence b is the inverse of
ca. Since ca = (1, 6, 3)(4, 2, 7, . . . n) we have ord(b) = lcm(3, n− 4).

• Recalling that a′ := σ−1, c′ := τσ2, where τ := (1, 2) and σ := (1, 2, . . . , n),
it follows immediately that a′, c′ generate the whole symmetric group.

• We have ord(b′) = ord(c′a′) = ord(τσ) = ord((2, 3, . . . , n)) = n − 1,
ord(a′) = ord(σ) = n.

• If n = 2m, then c′ = (1, 2)(1, 3, 5, . . . , 2m−1)(2, 4, 6, . . . , 2m) is the cyclical
permutation c′ = (2, 4, . . . , 2m, 1, 3, . . . , 2m− 1) and ord(c′) = n.

• If n = 2m + 1, then c′ = (1, 2)(1, 3, 5, . . . , 2m + 1, 2, 4, 6, . . . , 2m) =
(1, 3, 5, . . . , 2m+ 1)(2, 4, 6, . . . , 2m) and ord(c′) = m(m+ 1).

Proposition 5.5. Let a, b, c, a′, b′, c′ be as above, then

Σ(a, c) ∩Σ(a′, c′) = {1}.
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Proof. We say that a permutation has type (d1 ≤ · · · ≤ dk), with di ≥ 2 ∀ i, if
its cycle decomposition consists of k cycles of respective lengths d1, . . . , dk. We
say that the type is monochromatic if all the di’s are equal, and dichromatic
if the number of distinct di’s is exactly two. Two permutations are conjugate
to each other iff their types are the same. We say that a type (p1 ≤ · · · ≤ pr)
is derived from (d1 ≤ · · · ≤ dk) if it is the type of a power of a permutation
of type (d1 ≤ · · · ≤ dk).

Therefore we observe that the types ofΣ(a, c) are those derived from (2, 3),
(3, n−3), (3, n−4), while those of Σ(a′, c′) are those derived from (n), (n−1)
for n even, and also from (m,m+ 1) in the case where n = 2m+ 1 is odd.

We use then the following lemma whose proof is straightforward.

Lemma 5.6. Let g be a permutation of type (d1, d2). Then the type of gh is the
reshuffle of h1-times d1/h1 and h2-times d2/h2, where hi := gcd(di, h). Here,
reshuffling means throwing away all the numbers equal to 1 and arranging the
others in increasing order.

In particular, if the type of gh is dichromatic, (d1, d2) are automatically
determined. If moreover d1, d2 are relatively prime and the type of gh is
monochromatic, then it is derived from type d1 or from type d2.

For types in Σ(a′, c′), we get types derived from

(n), (n− 1), or ((n− 1)/2, (n+ 1)/2).

The latter come from relatively prime numbers, whence they can never equal
a type in Σ(a, c), derived from the pairs (2, 3), (3, n− 4) and (3, n− 3). The
monochromatic types in Σ(a, c) can only be derived by (3), (2), (n−4), (n−3),
since we are assuming that 3 does neither divide n nor n− 1. �

Alternating groups

In this section we construct certain systems of generators of the alternating
groups An (n ∈ N). Our principal tool is the theorem of Jordan, see [15]. This
result says that 〈a, c〉 = An for any pair a, c ∈ An which satisfies

• the group H := 〈a, c〉 acts primitively on {1, . . . , n},
• the group H contains a q-cycle for a prime q ≤ n− 3.

A further result that we shall need is:

Lemma 5.7. For n ∈ N with n ≥ 12, let U ≤ An be a doubly transitive group.
If U contains a double-transposition, then U = An.

Proof. The degree m(σ) of a permutation σ ∈ An is the number of elements
moved by σ. Let σ ∈ U be a double-transposition. We have m(σ) = 4. Let m
now be the minimal degree taken over all nontrivial elements of U . Since U is
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also primitive we may apply a result of de Séguier (see [15], page 43) which
says that if m > 3 (in our situation we would have m=4) then

n <
m2

4
log
m

2
+m

(
log
m

2
+

3
2

)
. (39)

For m = 4 the right-hand side of (39) is roughly 11.5. Our assumptions imply
that m = 3. We then apply Jordan’s theorem to reach the desired conclusion.

�

We now construct the systems of generators required for the constructions
of Beauville surfaces. We treat permutations as maps which act from the left
and use the notation gγ := γgγ−1 for the conjugate of an element g.

Proposition 5.8. Let n ∈ N be even with n ≥ 16 and let 3 ≤ p ≤ q ≤ n−3 be
primes with n−q 	≡ 0 mod p. Then there is a system (a, c) of generators for An

of type (q, p(n− q), n− p+ 2) such that there is no γ ∈ Sn with γaγ−1 = a−1

and γcγ−1 = c−1.

Proof. Set k := n− q and define

a := (1, 2, . . . , q), c := (q + 1, q + 2, . . . , q + k − 1, 1)(q + k, p, p− 1, . . . , 2).

We compute
ca = (1, q + k, p, p+ 1, . . . , q + k − 1)

and the statement about the type is clear. We show that there is no γ ∈ Sn

with the above properties. Otherwise, γ would leave invariant the three sets
corresponding to the nontrivial orbits of a, respectively c, and in particular
we would have γ(1) = 1, γ({2, . . . , p}) = {2, . . . , p}. But then γ(2) 	= q, a
contradiction. We set U := 〈a, c〉 and show that U = An.

Obviously U is transitive. The stabilizer V of q + k in U contains the
elements a, cp. It is clear that the subgroup generated by these two elements
is transitive on {1, . . . , n}\{q+k}, hence U is doubly transitive. The group U
contains the q-cycle a, whence we infer by Jordan’s theorem that U = An. �

For the applications in the previous sections we need:

Proposition 5.9.

1. Let n ∈ N satisfy n ≥ 16 with n ≡ 0 mod 4 and n ≡ 1 mod 3. There is a
pair (a, c) of generators of An of type (2, 3, 84) and an element γ ∈ Sn\An

with γaγ−1 = a−1 and γcγ−1 = c−1.
2. Let p be a prime with p > 5. Set n := 3p + 1. There is a pair (a, c) of

generators of An of type (p, 5p, 2p+3) and γ ∈ Sn with γaγ−1 = a−1 and
γcγ−1 = c−1. If p ≡ 1 mod 4, then γ can be chosen in Sn \ An; if p ≡ 3
mod 4, then γ can be chosen in An.
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Proof. 1. Take as the reference set {0, . . . , n−1} instead of {1, . . . , n} and set

γ := (0)(1)

n−4
6Y

i=1

(6i − 2, 6i + 1) · (2, 3) ·
n−4

6Y

i=1

(6i − 1, 6i + 3)(6i, 6i + 2),

a := (0, 1)

n−4
6Y

i=1

(6i − 2, 6i + 1) ·
n−4

6Y

i=1

(6i − 4, 6i − 1) ·
n−4

6Y

i=1

(6i − 4, 6i − 1)γ(n − 2, n − 4),

c := (0)

n−1
3Y

i=1

(3i − 2, 3i − 1, 3i).

Observe that
n−4

6∏
i=1

(6i− 4, 6i− 1)γ =

n−4
6∏

i=2

(6i− 6, 6i+ 3) · (3, 9).

We have now

ca = (0, 2, 6, 13, 11, 9, 1)·(3, 7, 5)·
n−16

6∏
i=1

(6i−2, 6i+2, 6i+6, 6i+13, 6i+11, 6i+9)

· (n− 1, n− 12, n− 8, n− 4) · (n− 2, n− 6).

We have ord(a) = 2, ord(c) = 3, ord(ca) = 84, γaγ−1 = a−1 and γcγ−1 = c−1.
To apply the theorem of Jordan we note that (ca)12 is a 7-cycle. It remains
to show that H := 〈a, c〉 acts primitively. In Figure 1 we exhibit the orbits of
a and c. In the righthand picture we connect two elements of {0, . . . , n− 1} if
they are in the orbit of a, in the lefthand picture similarly for c.

Figure 1 makes it obvious thatH acts transitively. Since (ca)12 is a 7-cycle,
the second condition of Jordan’s theorem is fulfilled. Let H0 be the stabilizer
of 0. Then c and (ca)7 are contained in H0. In Figure 2 we show the orbits
of the two elements c and (ca)7. The notation is the same as in Figure 1. A
glance at Figure 2 shows that H0 is transitive on {1, . . . , n−1}. We infer that
H is doubly transitive. Again by Theorem 9.6 of [15] the group H is primitive.

2. Again we take as set of reference {0, . . . , n − 1} instead of {1, . . . , n}
and set

γ := (0)(1)(p+ 1, 2p+ 1) ·
p−1
2∏

i=1

(1 + i, p+ 1− i) ·
p−1∏
i=1

(p+ 1 + i, 3p+ 1− i),

a := (0)(1, 2, . . . , p)(p+ 1, p+ 2, . . . , 2p)(2p+ 1, 2p+ 2, . . . , 3p),
c := (0, p, p− 1, p− 2, . . . , 3, 2)(1, p+ 1, 3p, p+ 2, 2p+ 1).

We have

ca := (2)(3) . . . (p−1)(0, p, p+1, 2p+1, 2p+2, . . . , 3p−1, p+2, p+3, . . . , 2p, 3p, 1).
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Fig. 1. The orbits of c, a

From this definition we see that ord(a) = p, ord(c) = 5p and ord(ca) =
2p+ 3. The formulae γaγ−1 = a−1 and γcγ−1 = c−1 are also clear.

We verify the conditions of Jordan’s theorem. First of all c5 is a p-cycle.
It remains to show that H := 〈a, c〉 acts primitively. In Figure 3 we exhibit
the orbits of a, respectively the orbits of c below. From this it is obvious that
H acts transitively.

Let now ∆1 ∪∆2 ∪ · · · ∪∆k = {0, 1, . . . , 3p} be a block-decomposition for
H with 0 ∈ ∆1. Note that |∆i|k = 3p+ 1 for all i. Since a is in the stabilizer
of 0, we have |∆1| ∈ {1, p + 1, 2p+ 1, 3p+ 1}. Since |∆1| divides 3p + 1, we
infer that H acts primitively. �

Further systems of generators are needed:

Proposition 5.10. If n = 2k ≥ 16, then there is a system of generators (a, c)
of An of type (2k − 3, 2k − 2, 2k − 2) and γ ∈ Sn such that

γaγ−1 = a−1, γcγ−1 = ac.

If k is even, then γ can be chosen in Sn \An; if k is odd, then γ can be chosen
in An. The system of generators (a, c) has the further property that there is
no δ ∈ Sn with

δaδ−1 = a−1 and δcδ−1 = c−1 or δaδ−1 = c−1 and δcδ−1 = a−1.
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Fig. 2. The orbits of c and (ca)7

Proof. We set
a := (1, 2, . . . , 2k − 4, 2k − 3),

d := (1, 2, 3)(2k − 3, 2k − 4, 2k − 5)(k − 1, 2k − 1)(2k − 2, k − 2, 2k, k)

and

α := (1, 2k − 3)(2, 2k − 4)(3, 2k − 5) . . . (k − 2, k) · (2k − 2, 2k).

The following are clear:

• d6 is a double-transposition,
• α is in An if k is odd, and in Sn \ An if k is even,
• αaα−1 = a−1 and αdα−1 = d,
• there is no δ ∈ Sn with δaδ−1 = a and δdδ−1 = d−1.

For the last item note that a has {2k− 2, 2k− 1, 2k} as its set of fixed points.
A δ with the above property would have to stabilize this set. The element d
interchanges k − 1 and 2k − 1, hence both these elements have to be fixed



Beauville surfaces without real structures 33��������0��������1 ��������2 ��������3 · · · �� ���� ��p − 1 ��������p�� ���� ��p + 1 �� ���� ��p + 2 �� ���� ��p + 3 · · · �� ���� ��2p − 1 �� ���� ��2p�� ���� ��2p + 1 �� ���� ��2p + 2 �� ���� ��2p + 3 · · · �� ���� ��3p − 1 �� ���� ��3p

��������0

��������

����������������1 ��������2 ��������3 · · · �� ���� ��p − 1 ��������p�� ���� ��p + 1 �� ���� ��p + 2 �� ���� ��p + 3 · · · �� ���� ��2p − 1 �� ���� ��2p�� ���� ��2p + 1 �� ���� ��2p + 2 �� ���� ��2p + 3 · · · �� ���� ��3p − 1 �� ���� ��3p

Fig. 3. The orbits of a und c

by δ. The condition δaδ−1 = a implies then that δ acts as the identity on
{1, 2, . . . , 2k− 3}, in particular as the identity on the subset {1, 2, 3}, contra-
dicting δdδ−1 = d−1. Set

c := dak−2 = (1, 2k − 1, k − 1, 2k − 4, k − 3, 2k − 3, 2k, k,

2, 2k−2, k−2, 2k−5, k−4, 2k−6, k−5, 2k−7, . . . , 5, k+3, 4, k+2)(3, k+1).

Note that ord(c) = 2k − 2. We find

αcα−1 = αdak−2α−1 = da−k+2 = ca−2k+4 = ca,

whence also ord(ca) = 2k− 2. Set now γ := aα, so that γ clearly satisfies the
required properties.

Set U := 〈a, c〉. We shall now show that U = An. Clearly, U is a transitive
group. Let V ≤ U the stabilizer of 2k − 1. The subgroup V contains

a, d2, dak−2da4−kd.

From the definitions it is clear that these elements generate a group which is
transitive on {1, . . . , 2k}\{2k−1}. Hence U is doubly transitive and contains
a double transposition. From Lemma 5.7 we infer that U = An.
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The last property follows from the above items since in the first case we
would have a → a−1, d → (Inta)−(k−2)(d−1), and composing with Intα·ak−2

we contradict the third item.
Whereas, in the second case, just observe that a and c have different order.

�

SL(2) and PSL(2) over finite fields

In this section we give systems of generators consisting of two elements of the
respective groups SL(2,Fp) and PSL(2,Fp) which will allow us to construct
certain Beauville structures on them.

If p is a prime we denote by Fp, Fp2 the fields with p, respectively p2

elements and by F∗
p, F∗

p2 the corresponding multiplicative groups. We let

NFp2/Fp
: F∗

p2 → F∗
p

be the norm map. We also introduce the matrices

B :=
(

0 1
−1 0

)
, S :=

(
0 −1
1 1

)
, T :=

(
1 1
0 1

)
, W :=

(
0 1
1 0

)
(40)

in GL(2,Fp). For λ ∈ Fp with λ 	= 0 and k ∈ Fp we define

D(λ) :=
(
λ 0
0 λ−1

)
, M(k) :=

(
0 1
−1 k

)
.

We have

B4 = S6 = W 2 = 1, T = BS, WBW−1 = B−1, WSW−1 = S−1.

The matrices (B,S) form a system of generators of SL(2,Fp) of type (4, 6, p).
Their images in PSL(2,Fp) form a system of generators of type (2, 3, p).

Proposition 5.11. Let p be an odd prime and let q ≥ 5 be a prime with
q|p− 1. Let λ ∈ F∗

p be of order q: then λ+ λ−1 − 2 	= 0, λ2 + λ−2 − 2 	= 0 and
λ+ λ−1 − λ2 − λ−2 	= 0. Set

g :=
(

1 b
1 d

)
with b :=

λ+ λ−1 − λ2 − λ−2

λ2 + λ−2 − 2
, d :=

λ+ λ−1 − 2
λ2 + λ−2 − 2

. (41)

Then
D(λ), gD(λ)g−1 (42)

form a system of generators of SL(2,Fp) of type (q, q, q). Set further

e(λ) :=
2− λ− λ−1

λ+ λ−1 − λ2 − λ−2
. (43)

There exists γ ∈ SL(2,Fp) with γD(λ)γ−1 = D(λ)−1 and γgD(λ)g−1γ−1 =
gD(λ)−1g−1 if and only if e(λ) is a square in Fp. There is γ ∈ SL(2,Fp)W
satisfying these conditions if and only if −e(λ) is a square in Fp.
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Proof. Let us prove that λ + λ−1 − 2 = 0 leads to a contradiction. In fact,
multiplying by λ we find (λ − 1)2 = 0 which is impossible since λ has order
q. The other two cases are treated similarly.

We see immediately that the determinant of g is equal to 1, furthermore
an easy computation shows that the trace of h := D(λ)gD(λ)g−1 is λ+ λ−1,
hence h has also order q. Notice further that the subgroup H generated by
D(λ) and gD(λ)g−1 cannot be solvable because these two elements have no
common fixpoint in the action on P1

Fp
. From the list of isomorphism classes

of subgroups of PSL(2,Fp) given in [10] (Hauptsatz 8.27, page 213) we find
that H has to be SL(2,Fp) if q 	= 5. For q = 5 these simple arguments
with subgroup orders leave the possibility that H is isomorphic to the binary
icosahedral group 2 · A5 ≤ SL(2,Fp). But this group does not have a system
of generators of type (5, 5, 5), as is easily seen by computer calculation.

The assertion about the simultaneous conjugacy of D(λ), D(λ)−1 and
gD(λ)g−1, gD(λ)−1g−1 follows by a straightforward computation. In fact we
just take a matrixX with indeterminate entries and write down the nine equa-
tions resulting from XD(λ) = D(λ)−1X and XgD(λ)g−1 = gD(λ)−1g−1X ,
Det(X) = ±1 and the statement follows by a small manipulation of them. �

Proposition 5.12. Let p, q be odd primes such that q ≥ 5 and q|p + 1 . Let
λ ∈ F∗

p2 be of order q (thus NFp2/Fp
(λ) = 1). Consider its trace k := λ+λ−1 ∈

Fp: then there exists g ∈ SL(2,Fp) such that

M(k), gM(k)g−1 (44)

form a system of generators of type (q, q, q).

Proof. Choose k as indicated and notice that k 	= 1, k 	= 2, as we already saw.
Let us now change our perspective and let R := Z[r, s, t] treating r = k as

a variable. Set

x :=
(

0 1
−1 r

)
, g :=

(
1 s
t 1 + st

)
, y := gxg−1, z := x · y ∈ SL(2, R).

The reduction into SL(2,Fp) of x and of y have order q for any choice of s, t
and r = k. We want z = xy also to have order q. This happens if the trace
of the reduction into SL(2,Fp) of z is equal to k. This follows from Tr(z) = r
which is equivalent to the equation

−s2t2 + s2tr − s2 − st2r + str2 − 2st− t2 + r2 − r − 2 = 0. (45)

We write Cp,k for the plane affine curve obtained from (45) by setting r = k
and reducing modulo p. Furthermore let PCp,k be the projective closure of
Cp,k (with respect to s, t) and PC∞

p,k its set of points at infinity.
These are immediately seen to be the two points with s = 0, t = 1, respec-

tively t = 0, s = 1, and in these two points at ∞ the curve has two ordinary
double points.
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By a computation using a Gröbner-routine over Z (possible in MAGMA
or SINGULAR) one can also verify that the affine curve Cp,k is smooth for
every p ≥ 11. To check this fact we projectivize (45), compute derivatives and
analyze the ideal in R generated by these homogeneous polynomials. In this
step we use k 	= 1, k 	= 2.

Let now C̃p,k → PCp,k be a nonsingular model of PCp,k. We conclude from
the above analysis of the singularities of PCp,k and from Bézout’s theorem that
the nonsingular curve C̃p,k is absolutely irreducible and has genus 1. We may
then apply the Hasse–Weil estimate (cf. e.g., the textbook [9], V 1.10, page
368) to obtain

||C̃p,k(Fp)| − p− 1| ≤ 2
√
p,

and since there are at most two Fp-points over every singular point of PCp,k

we get at worst
||Cp,k(Fp)| − p+ 3| ≤ 2

√
p.

Hence we have Cp,k(Fp) 	= ∅ for p ≥ 11.
Let now (s, t) be in Cp,k(Fp) and x, y, z the corresponding matrices defined

above. Notice that all three of them have order q. It can be checked, again by
a Gröbner-routine over Z, that we have y 	= ±x and y 	= ±x−1. Assume that
q > 5. A glance at the subgroups of PSL(2,Fp) ([10]) shows that the subgroup
generated by x, y could only be cyclic, which is impossible by the remarks just
made. If q = 5 we conclude by observing again that 2 · A5 ≤ SL(2,Fp) does
not have a system of generators of type (5, 5, 5). �

In order to use Proposition 5.11 effectively for our problems we would have
to show that the invariant e from (43) takes both square and nonsquare values
as λ varies over all elements of order q. This leads to a difficult problem about
exponential sums which we could not resolve. In case q = 5 we found the
following way to treat the problem by a simple trick.

Proposition 5.13. Let p be a prime with p ≡ 3 mod 4 and p ≡ 1 mod 5. Then
the group SL(2,Fp) has a system of generators (a, c) of type (5, 5, 5) such that
the equations

γaγ−1 = a−1, γcγ−1 = c−1 (46)

are solvable with γ ∈ SL(2,Fp) but not with γ ∈ SL(2,Fp)W . The same
group has another system of generators (a, c) such that (46) is solvable in
SL(2,Fp)W but not in SL(2,Fp).

Proof. Take λ ∈ Fp with λ5 = 1, λ 	= 1 and consider the system of generators
given in (42). Since p ≡ 3 mod 4 the number −1 is not a square in Fp. Suppose
that the invariant e(λ) is a square in Fp whence(46) is solvable in SL(2,Fp)
and not in SL(2,Fp)W (see Proposition 5.11). Then we are done. Suppose
instead that the invariant e(λ) is not a square in Fp. We replace λ by λ2 and
find by a small computation that e(λ) = −e(λ2) up to squares. In this place
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we use λ5 = 1,whence (λ2)2 = λ−1 and the denominator simply changes sign
as we replace λ by λ2. Notice also that

2− λ− λ−1 = −(µ− µ−1)2 (µ2 = λ)

is never a square. We infer that e(λ2) is a square and proceed as before.
The second statement is proved similarly. �

Other groups and more generators

In this subsection we report on computer experiments related to the existence
of unmixed or mixed Beauville structures on finite groups. We also try to
formulate some conjectures concerning these questions.

We have paid special attention to unmixed Beauville structures on finite
nonabelian simple groups.

The smallest of these groups is A5
∼= PSL(2,F5). This group cannot have

an unmixed Beauville structure. On the one hand it has only elements of
orders 1, 2, 3, 5. It is not solvable hence it cannot be a quotient group of one of
the euclidean triangle groups (see Section 6). This implies that any normalized
system of generators has type (n,m, 5) with n,m ∈ {2, 3, 5}. Finally we note
that, by Sylow’s theorem, all subgroups of order 5 are conjugate.

There are 47 finite simple nonabelian groups of order ≤ 50000. By com-
puter calculations we have found unmixed Beauville structures on all of them
with the exception of A5. This and the results of Section 3.2 leads us to:

Conjecture 5.14. All finite simple nonabelian groups except A5 admit an
unmixed Beauville structure.

We have also checked this conjecture for some bigger simple groups like
the Mathieu groups M12, M22 and also matrix groups of size bigger then 2.
Furthermore we have proved:

Proposition 5.15. Let p be an odd prime: then the Suzuki group Suz(2p) has
an unmixed Beauville structure.

In the proof, which is not included here, we use in an essential way that
the Suzuki groups Suz(2p) are minimally simple, that is have only solvable
proper subgroups. For the Suzuki groups see [11].

Let us call a type (r, s, t) ∈ N3 hyperbolic if

1
r

+
1
s

+
1
t
< 1.

In this case the triangle group T (r, s, t) is hyperbolic. From our studies also
the following looks suggestive:

Conjecture 5.16. Let (r, s, t), (r′, s′, t′) be two hyperbolic types. Then al-
most all alternating groups An have an unmixed Beauville structure v =
(a1, c1; a2, c2) where (a1, c1) has type (r, s, t) and (a2, c2) has type (r′, s′, t′).
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Let us call an unmixed Beauville structure v = (a1, c1; a2, c2) on the finite
group G strongly real, if there are δ1, δ2 ∈ G and ψ ∈ Aut(G) with

(δ1ψ(a1)δ−1
1 , δ1ψ(c1)δ−1

1 ; δ2ψ(a2)δ−1
2 , δ2ψ(c2)δ−1

2 ) = (a−1
1 , c−1

1 ; a−1
2 , c−1

2 ).
(47)

If the unmixed Beauville structure v is strongly real then the associated surface
S(v) is real.

There are 18 finite simple nonabelian groups of order ≤ 15000. By com-
puter calculations we have found strongly real unmixed Beauville structures
on all of them with the exceptions of A5, PSL(2,F7), A6, A7, PSL(3,F3),
U(3, 3) and the Mathieu group M11. The alternating group A8 however has
such a structure. This and the results of Section 3 leads us to:

Conjecture 5.17. All but finitely many finite simple nonabelian groups have
a strongly real unmixed Beauville structure.

Conjectures 5.14, 5.16 and 5.17 are variations of a conjecture of Higman
saying that every hyperbolic triangle group surjects onto almost all alter-
nating groups. This conjecture was resolved positively in [8] where a related
discussion can be found.

We were unable to find finite 2- or 3-groups having an unmixed Beauville
structure. For p ≥ 5 our construction (26) gives plenty of examples of p-groups
having an unmixed Beauville structure.

Finally we report now on two general facts that we have found during our
investigations. These are useful in the quest to find Beauville structures on
finite groups.

Proposition 5.18. Let p be an odd prime.

1. Let q2 > q1 ≥ 5 be primes with q1q2|p − 1 and let λ1, λ2 ∈ F∗
p be of

respective orders q1 and q2. Then there is an element g ∈ SL(2,Fp) such
that

D(λ1), gD(λ2)g−1 (48)

form a system of generators of type (q1, q2, q1q2).
2. Let q2 > q1 ≥ 5 be primes with q1q2|p + 1 and let λ1,2 ∈ F∗

p2 with
NFp2/Fp

(λ1,2) = 1 be of respective orders q1 and q2. Then their traces
k1,2 := λ1,2 + λ−1

1,2 are in Fp and there is an element g ∈ SL(2,Fp) such
that

M(k1), gM(k2)g−1 (49)

form a system of generators of type (q1, q2, q1q2).

Surfaces S which are not real but still are biholomorphic to their conjugate
S̄ are somewhat difficult to find. Our Theorem 1.6 gives examples using the
alternating groups. We also have found:
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Proposition 5.19. Let p be an odd prime and assume that there is a prime
q ≥ 7 dividing p + 1 such that q is not a square modulo p : then there is an
unmixed Beauville surface S with group G = SL(2,Fp) which is biholomorphic
to the complex conjugate surface S̄ but is not real.

For the proof we turn the conditions into polynomial equations and poly-
nomial inequalities (as in Propositions 5.11, 5.12) and then use arithmetic
algebraic geometry over finite fields (in a more subtle way) as before. We do
not include this here.

Remark 5.20. First examples of primes p satisfying the conditions of Propo-
sition 5.19 are p = 13 with q = 7, p = 37 with q = 19 and p = 41 with
q = 7. Let p, q be odd primes. The law of quadratic reciprocity implies that
the conditions of Proposition 5.19 are equivalent to q ≡ 3 mod 4, p ≡ 1 mod 4
and p ≡ −1 mod q. Dirichlet’s theorem on primes in arithmetic progressions
implies that there are infinitely many such pairs (p, q).

6 The wallpaper groups

In this section we analyze finite quotients of the triangular groups

T (3, 3, 3), T (2, 4, 4), T (2, 3, 6).

and we will show that they do not admit any unmixed Beauville structure.
We shall give two proofs of this fact, a ”geometric” one, and the other in the
taste of combinatorial group theory.

These are groups of motions of the euclidean plane, in fact in the classical
classification they are the groups p3, p4, p6. Each of them contains a normal
subgroup N isomorphic to Z2 with finite quotient.

In fact, let T be such a triangle group: then T admits a maximal surjective
homomorphism onto a cyclic group Cd of order d. Here, d is respectively equal
to 3, 4, 6, and the three generators map to elements of Cd whose order equals
their order in T .

It follows that the covering corresponding to T is the universal cover of
the compact Riemann surface E corresponding to the surjection onto Cd, and
one sees immediately two things:

1. E is an elliptic curve because µ(a, c) = 1.
2. E has multiplication by the group µd

∼= Z/dZ of d-roots of unity.

Letting ω = exp(2/3πi), we see that

• T (3, 3, 3) is the group of affine transformations of C of the form

g(z) = ωjz + η , for j ∈ Z/3Z, η ∈ Λω := Z⊕ Zω.
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• T (2, 4, 4) is the group of affine transformations of C of the form

g(z) = ijz + η , for j ∈ Z/4Z, η ∈ Λi := Z⊕ Zi.

• T (2, 3, 6) is the group of affine transformations of C of the form

g(z) = (−ω)jz + η , for j ∈ Z/6Z, η ∈ Λω := Z⊕ Zω.

Remark 6.1. Using the above affine representation, we see that N is the
normal subgroup of translations, i.e., of the transformations which have no
fixed point on C.

Moreover, if an element g ∈ T −N , then the linear part of g is in µd−{1},
and g has a unique fixed point pg in C. An immediate calculation shows that
indeed this fixed point pg lies in the lattice Λ, and we obtain in this way that
the conjugacy classes of elements g ∈ T −N are exactly given by their linear
parts, so they are in bijection with the elements of µd − {1}.

Let now G = T/M be a nontrivial finite quotient group of T : then G
admits a maximal surjective homomorphism onto a cyclic group C ′ of order
d, where d ∈ {2, 3, 4, 6}. Assume that there is an element g ∈ T − N which
lies in the kernel of the composite homomorphism: then the whole conjugacy
class of g is in the kernel. Since all transformations in the N - coset of g are in
the conjugacy class, it follows that N is in the kernel and G is cyclic, whence
isomorphic to C ′.

In the case where C ′ is isomorphic to C, we get that G is a semidirect
product G = K � C, where K = N/N ∩M , and the action of C on K is
induced by the one of C on N . We have thus shown:

Proposition 6.2. Let G be a nontrivial finite quotient of a triangle group
T = T (3, 3, 3), or T (2, 4, 4), or T (2, 3, 6). Then there is a maximal surjective
homomorphism of G onto a cyclic group Cd of order d ≤ 6.

If moreover G is not isomorphic to Cd, then d = 3 for T (3, 3, 3), for
T (2, 4, 4) d = 4 , d = 6 for T (2, 3, 6), and G is a semidirect product
G = K � Cd, where the action of C is induced by the one of C on N .
In particular, let a1, c1 and a2, c2 by two systems of generators of G: then
|Σ(a1, c1) ∩Σ(a2, c2)| ≥ 2.

Proof. Just observe that two elements which have the same image in C −{0}
belong to the same conjugacy class by our previous remarks. The rest follows
right away. �

We give now an alternative proof by purely group theoretical arguments.
In case of T (3, 3, 3) we have an isomorphism of finitely presented groups

〈a, c | a3, c3, (ac)3〉 ∼= 〈x, y, r | [x, y], r3, rxr−1 = y, ryr−1 = x−1y−1〉
given by x = ca−1, y = cac, r = a. We set N3 := 〈x, y〉. The second presenta-
tion shows that Γ (3, 3, 3) is isomorphic to the split extension of N3

∼= Z2 by
the cyclic group (of order 3) generated by r. We have
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Proposition 6.3. Let L be a normal subgroup of finite index in T (3, 3, 3). If
L 	= T (3, 3, 3), then L ≤ N3 and G := T (3, 3, 3)/L is isomorphic to the split
extension of a finite abelian group N by a cyclic group of order 3. The only
possible types for a two-generator system of G are (up to permutation) (3, 3, 3)
and (3, 3, l) for some divisor l of |N |. Let a1, c1 and a2, c2 be two systems of
generators of G, then |Σ(a1, c1) ∩Σ(a2, c2)| ≥ 3.

Proof. An obvious computation shows that the normal closure of any element
g = ur (u ∈ N3) contains N3 and hence is equal to T (3, 3, 3). This proves the
first statement. Let now L ≤ N3 and let a1, a2 generate G = T (3, 3, 3)/L, then
at least one of the cosets a1, a2 must contain an element of the form g = ur±1

(u ∈ N3). By rearrangement both cosets contain an element of this type. A
computation shows that every element has order exactly 3 in T (3, 3, 3). This
confirms the statement about the types. Let g = ur±1 be as above and let S
be the union of the conjugates of the cyclic group generated by g in Γ (3, 3, 3).
It is clear that S contains either xr or r or both these elements. �

In case of T (2, 4, 4) we have an isomorphism of finitely presented groups

〈a, c | a2, c4, (ac)4〉 ∼= 〈x, y, r | [x, y], r4, rxr−1 = y, ryr−1 = y−1〉
given by x = ac2, y = cac, r = c. We set N4 := 〈x, y〉. The second presentation
shows that Γ (2, 4, 4) is isomorphic to the split extension of N4

∼= Z2 by the
cyclic group (of order 4) generated by r. We have

Proposition 6.4. Let L be a normal subgroup of finite index in T (2, 4, 4). If
the index of L in T (2, 4, 4) is ≥ 16, then L ≤ N4 and G := T (2, 4, 4)/L is
isomorphic to the split extension of a finite abelian group N by a cyclic group
of order 4. The only possible types for a two-generator system of G are (up
to permutation) (2, 4, 4) and (4, 4, l) for some divisor l of |N |. Let a1, c1 and
a2, c2 by two systems of generators of G, then |Σ(a1, c1) ∩Σ(a2, c2)| ≥ 2.

The proof is analogous to the first proposition of this section.
In case of T (2, 3, 6) we have an isomorphism of finitely presented groups

〈a, c | a2, c3, (ac)6〉 ∼= 〈x, y, r | [x, y], r6, rxr−1 = y−1x, ryr−1 = x〉
given by x = cac−1a, y = c−1aca, r = ac. We set N6 := 〈x, y〉. The second
presentation shows that Γ (2, 3, 6) is isomorphic to the split extension of N6

∼=
Z2 by the cyclic group (of order 6) generated by r. We have

Proposition 6.5. Let L be a normal subgroup of finite index in Γ (2, 3, 6). If
the index of L in T (2, 3, 6) is ≥ 24, then L ≤ N6 and G := Γ (2, 3, 6)/L is
isomorphic to the split extension of a finite abelian group N by a cyclic group
of order 6. The only possible types for a two-generator system of G are (up
to permutation) (2, 3, 6) and (6, 6, l) for some divisor l of |N |. Let a1, c1 and
a2, c2 be two systems of generators of G, then |Σ(a1, c1) ∩Σ(a2, c2)| ≥ 2.

Again the proof is analogous to the first proposition of this section.
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Summary. We study correspondences between projective curves over Q̄.

1 Introduction

In this note we investigate correspondences between (geometrically irre-
ducible) algebraic curves over number fields. Let C,C ′ be two such curves.
We say that C lies over C ′ and write

C ⇒ C ′

if there exist an étale cover C̃ → C and a dominant map C̃ → C ′. In particular,
every curve lies over P1. Clearly, if C ⇒ C ′ and C′ ⇒ C′′, then C ⇒ C ′′. We
say that a curve C ′ is minimal for some class of curves C if every C ∈ C lies
over C ′.

Let
Cn : yn = x2 + 1 (1)

and C be the set of such curves. For all n,m ∈ N we have the standard,
ramified, map

Cmn → Cn, y �→ ym.

At the same time, Cmn ⇒ Cn. Belyi’s theorem [1] implies that for every curve
C′ defined over a number field there exists a curve C = Cn ∈ C such that
C ⇒ C ′ (see [4] for a simple proof of this corollary). A natural extremal
statement is:

Conjecture 1.1. The curve C6 lies over every curve C over Q̄.

Every hyperelliptic curve C of genus g(C) ≥ 2 lies over C6 (see Propo-
sition 2.4 or [4]). The conjecture implies that every hyperbolic hyperelliptic
curve lies over any other curve. Our main result towards Conjecture 1.1 is
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Theorem 1.2. For every m ≥ 6 and n ∈ {2, 3, 5} the curve Cm lies over
Cmn.

The relevance of such geometric constructions to number theory comes
from a theorem of Chevalley–Weil: if π : C̃ → C is an unramified map of
proper algebraic curves over a number field K, then there exists a finite ex-
tension K̃/K such that π−1(C(K)) ⊂ C̃(K̃). Therefore, if C ⇒ C ′, then
Mordell’s conjecture (Faltings’ theorem) for C follows from Mordell’s conjec-
ture for C ′. Our constructions allow us to control the degree and discriminant
of the field K̃ in terms of the coefficients defining the curve. For example,
Proposition 2.4 shows that “effective” Mordell for C6 implies effective Mordell
for every hyperelliptic curve (see also [12], [10], [6]).

The proof of this theorem uses certain special properties of modular curves
and related elliptic curves. In the construction of unramified covers we need to
exhibit maps from various intermediate curves onto P1 or elliptic curves with
simultaneous restrictions on local ramification indices and branching points.
This is very close, in spirit, to Belyi’s theorem which says that every projective
algebraic curve defined over Q̄ has a map onto P1 ramified in 0, 1,∞. In fact,
there are many such maps. Our technique involves optimizing the choice of
these maps by trading the freedom to impose ramification conditions for the
degree of the map. An example of this is given in Section 4 where we prove
the first part of Belyi’s theorem (reduction to Q-rational branching) under
the restriction that the only prime dividing the local ramification indices is 2.

Acknowledgments. We are grateful to E. Bombieri and U. Zannier for their
interest and help with references. The first author was partially supported by
the NSF Grant DMS-0404715. The second author was partially supported by
the NSF Grant DMS-0100277.

2 Minimal curves

Notation 2.1. For a surjective morphism of curves π : C ′ → C of degree d
we denote by Bran(π) ⊂ C the branching locus of π. For c ∈ Bran(π) put

dc := (2d2, 3d3 , . . .),
∑

i

idi ≤ d,

where di is the number of points in π−1(c) with local ramification index i. Let

RD(π) = {dc}c∈Bran(π)

be the ramification datum.
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Example 2.2. Let zn : P1 → P1 be the n-power map z �→ zn. Then
Bran(zn) = {0,∞} and RD(zn) = {(n)0, (n)∞}.
Notation 2.3. Let E be an elliptic curve over Q̄ with a fixed 0 ∈ E, E[n] the
set of n-torsion points and

E[∞] := ∪∞
n=1E[n] ⊂ E(Q̄)

the set of all torsion points of E. Usually, we write σ : x → −x for the
standard involution on E and

π = πσ : E → E/σ = P1

for the induced map. When we specify the elliptic curve by the branching
locus we write E = E(Bran(π)).

Proposition 2.4. The curves C6 and C8 are minimal for the class of hyper-
bolic hyperelliptic curves.

Proof. The proof of this proposition and many of the subsequent statements
is based on Abhyankar’s Lemma (Ramification “cancels” ramification).

Fix a hyperbolic hyperelliptic curve C. Notice that for any such C there
exists an étale cover R1 → C of degree 2 and a degree 2 surjection R1 → E
onto an elliptic curve. For example, we can take E to be any elliptic curve
ramified in four of the ramification points of the initial hyperelliptic map
C → P1. Fix such an E.

We use the following simple fact about elliptic curves: Let π : E → P1

be an elliptic curve. Then π(E[3]) is (projectively equivalent to) the union of
one point from Bran(π) and {1, ζ, ζ2,∞} ⊂ P1 (where ζ is a fixed third root
of 1). Similarly, π(E[4]) is (projectively equivalent to)

Bran(π) = {λ, λ−1,−λ,−λ−1} ∪ {1,−1, i,−i, 0,∞} ⊂ P1.

For m = 3, 4 let
ϕm : E → E

be the (multiplication by m) isogeny, Em = Cm and

πm : Em → P1.

The map πm is 2-ramified in Em[m].

Consider the diagram

C R1
��

ι1

��

R2
τ2��

ι2

��

R2

σ2

��

R3
τ3��

ι3

��

R4
τ4��

ι4

��

R5
τ5��

��
E Eϕm

��
π

�� P1 Emπm

�� Emϕm

�� C2m.ιm

��

Here
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• Bran(π3) = {1, ζ, ζ3,∞} ⊂ Bran(σ2);
• Bran(π4) = {1,−1, i,−i} ⊂ Bran(σ2);
• ιm : C2m → Em = Cm is the standard map, it is ramified in two points

(whose difference is) in Em[m];
• R2 is the fiber product R1 ×E E;
• σ2 = π ◦ ι2;
• R3 := R2 ×P1 Em;
• R4 is an irreducible component of R3 ×Em Em;
• R5 := R4 ×Em C2m;

Observe that for q ∈ Bran(πm) the local ramification indices in the preimage
σ−1

2 (q) are all even. Therefore, τ3 is unramified and ι3 has even local ramifi-
cation indices over (the preimage of) q ∈ {π(E[m]) \Bran(πm)} (such a point
exists). Note that q ∈ Bran(π). The map ι4 is ramified over the preimages
(πm ◦ ϕm)−1(q), with even local ramification indices, which implies that τ5 is
unramified. Finally, R5 has a dominant map onto C2m and is unramified over
R4 (and consequently, R1). This shows that every hyperelliptic curve lies over
C2m, for m = 3, 4. �

Theorem 2.5. For all m ≥ 6 and � ∈ {2, 3} one has

Cm ⇒ Cm�.

Proof. We first assume that m = 2n is even and ≥ 8, since C6 ⇒ C8. First we
show that C := Cm lies over C2m. Consider the diagram:

C2n

ι0

��

R1
τ1��

ι1

��

R2
τ2��

ι2

��

R3

ι3

��

τ3�� R3

ι′3
��

R4
τ4��

��
P1 P1

zn
�� Eπ

�� Eϕ2
��

π′
�� P1 C4n.

θ
��

Here

• π is a double cover whose branch locus consists of three points in the
preimage of 1 under zn and the preimage of 0;

• R1 is the fiber product C2n ×P1 P1, note that τ1 is unramified and that ι1
is evenly ramified over all points in Bran(π);

• R2 = R1 ×P1 E, note that τ2 is unramified since ι1 has ramification of
order 2 over 0 and even ramification over all ζn ∈ P1;

• τ3 is unramified;
• since n ≥ 4, the map ι2 has ramification points of order 2n and ι3 is

branched with ramification index 2n over all points in E[2];
• π′ is the map such that Bran(π′) = π′(E[2]), then ι′3 := π′◦ι3 is 4n-ramified

over all points in Bran(π′);
• θ is the map branched in three of the above points, in particular, τ4 is

unramified.
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Now we assume that m is odd, m ≥ 5 and consider the diagram:

Cm

ι0

��

R1
τ1��

ι1

��

R1

ι′1
��

R2
τ2��

ι2

��

R3
τ3��

ι3

��
P1 P1

zm
��

ψ1

�� P1 P1
ψ2

�� E.π
��

Here

• ψ1 : z �→ (z + z−1)/2, then ι′1 = ψ1 ◦ ι1 : R1 → P1 is 2-ramified over -1,
2m-ramified over 1 and m-ramified over ξi := (ζi

m + ζ−i
m )/2;

• ψ2 = m
√

(z − ξ1)/(z − ξ2), it has 2-ramification over all m preimages of
−1 and 2m-ramification over the preimages of 1;

• π is a double cover ramified over (arbitrary) four points in the preimage
of −1 under ψ2, then ι3 : R3 → E is m-ramified over all other points and
we can continue as above.

Now we show that Cm lies over C3m (m even, this suffices for our purposes).
Consider:

C2n

ι0

��

R1

τ1��

ι1

��

R2

ι2

��

τ2�� R3

τ3��

ι3

��

R3

ι′3
��

R4

τ4��

ι4

��

R5

τ5��

ι5

��

R5

��

R6

τ6��

��
P1 P1

zn
�� Eπ

�� Eϕ6
��

π′
�� P1 E0π0

�� E0ϕ3
��

θ0

�� P1 C6n.��

Here

• π is a double cover whose branch locus consists of three points in the
preimage of 1 under zn and the preimage of 0;

• R1 = C2n ×P1 P1, note that τ1 is unramified and that ι1 is evenly ramified
over all points in Bran(π);

• R2 is the fiber product R1 ×P1 E, note that τ2 is unramified since ι1 has
ramification of order two over 0 and even ramification over all ζn ∈ P1;

• τ3 is unramified;
• since n ≥ 4, the map ι2 has ramification points of order 2n and ι3 is

branched with ramification index 2n over all points in E[6];
• π′ : E → P1 is the map such that Bran(π′) = π′(E[2]), then ι′3 = π′ ◦ ι3

is 4n-ramified over all points of Bran(π′);
• Bran(π3) = π′(E[3]) \ π′(0) and the fiber product R4 = R3 ×P1 C3 is

unramified over R3, since all the preimages of Bran(π3) in R3 have even
ramifications (for ι3);

• note that there is a point q0 ∈ E0 such that every point in ι−1
4 (q0) ∈ R4

has ramification of order 2n (for example, take a point q of order exactly
6 in E and take any q0 ∈ π−1

0 (π′(q)) ∈ E0).
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• the fiber product R5 = R4 ×E0 E0 is unramified over R4 and the map ι5
has ramification of order 2n over all points in E0[3];

• now let θ0 be the triple cover of P1 ramified in three points of order 3 in
E0, the composition of θ0 with ι5 exhibits R5 as a cover of P1 so that all
local ramification indices over three points in P1 are multiples of 6n;

• finally, the fiber product R6 = R5 ×P1 C6n is unramified over R5.

�

Proposition 2.6. We have
C6 ⇒ C5.

Proof. Consider the standard action of the alternating group A5 on P1. Choose
any A4 ⊂ A5 and let p1, . . . , p12 be the A4-orbit of a point fixed by an ele-
ment of order 5 in A5. By Klein (see [7], Ch. 1, 12, p. 58-59), there exists a
polynomial identity

108t4 − w3 + χ2 = 0,

where

χ ∈ H0(P1,O(p1 + · · ·+ p12)), t ∈ H0(P1,O(6)) and w ∈ H0(P1,O(8))

(the zeroes of t give the vertices of the octahedron, of w the vertices of the cube
and of χ the vertices of the icosahedron). An Euler characteristic computation
shows that the map w3/χ2 : P1 → P1 is branched over exactly three points
with RD = {(38), (46), (212)}.

Consider

C6 C24
τ0��

ι0

��

R1

ι1

��

τ1�� R1

ι′1
��

R2
τ2��

ι2

��

R3

ι3

��

τ3�� R4
τ4��

��
P1 P1

w3/χ2
��

ξ5

�� P1 P1
π2

�� P1
π3

�� C30.��

Here

• RD(ι0) = {(241), (122), (24)1} and τ0 is unramified;
• all local ramification indices of ι1 over all zeroes of χ are divisible by 12.
• ξ5 : P1 → P1/A5, the map ι1 is branched in three points q0, q1, q∞: over
q0 all local ramification indices are even, over q1 - divisible by 3 and over
q∞ - divisible by 60;

• π2 is a double cover branched q0 and q∞, ι2 is branched in three points
r0, r1, r∞ so that all local ramification indices of ι2 over r0, r1 are divisible
by 3 and over r∞ divisible by 30;

• π3 is a triple cover, branched in three points so that all local ramification
indices of ι3 are divisible by 30;

• the standard map C30 → P1 is ramified over three points with RD =
{(301), (152), (301)}.
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Thus C6 ⇒ C30 ⇒ C5, as claimed. �

Theorem 2.7. For all m, p ∈ N one has

C5m ⇒ C5pm.

Proof. Let π : E5 → P1 be a degree 5 map from an elliptic curve, given by
a rational function f ∈ C(E5) with div(f) = 5(q0 − q∞), and q0, q∞ ∈ E5.
Assume that π has cyclic degree 5 ramification over 0 = π(q0) and ∞ = π(q∞)
and that the (unique) remaining degenerate fiber of π contains two points with
local ramification equal to 2 and one point q1 where π is unramified. (Such a
curve can be given as a quotient of the modular curve X(10).)

Note that 5q0 = 5q1 = 5q∞ in Pic(E5). Since C5 ⇒ C20 it suffices to
consider the diagram

C20n

��

R1
τ1��

ι1

��

R2
τ2��

ι2

��

R2

ι′2
��

R3
τ3��

ι3

��
P1 E5π

�� E5
φ5

��
π

�� P1 C25n.
θ

��

Here

• R1 = C20n ×P1 E5, and ι1 has cyclic ramification of order 20n over q1;
• R2 is (an irreducible component of) the fiber product R1 ×E5 E5;
• ι′2 = π ◦ ι2 has cyclic 100n ramifications over 0,∞ and only even local

ramification indices over 1;
• θ is the composition of the standard map C25n → P1 with a degree 2

map P1 → P1 (given by x �→ (x + 1/x) + 1), so that θ has the following
ramification: a unique degree 50n cyclic ramification point over 0, two
cyclic ramification points of degree 25n over ∞ and only degree 2 local
ramifications over 1.

Then the (irreducible component of the) fiber product R3 is unramified over
R2. �

Corollary 2.8. The subset of minimal curves in the class {Cn} is infinite: if
the only prime divisors of n are 2,3 or 5, then Cn is minimal.

Example 2.9. Let
X(7) : x3y + y3z + z3x = 0

be Klein’s quartic plane curve of genus 3. Using

(x, y, z) �→ (z3/x2y,−z/x)
we see that X(7) is isomorphic to the curve y7 = x2(x + 1) while C7 is
isomorphic to y7 = x(x + 1). Thus their fiber product over P1 is unramified
for both projections so that X(7) ⇔ C7.
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3 A graph on the set of elliptic curves

Axiomatizing the constructions of Section 2, we are lead to consider a certain
directed graph structure on the set E of all elliptic curves defined over Q̄,
defined as follows: Write

E ⇁ E′, resp. E � E′,

if Bran(E′, π′) is projectively equivalent to a set of four points in π(E[∞]),
resp. if E,E′ are isogenous. Here π and π′ are the standard double covers over
P1. Note that the set

π(E[∞]) ⊂ P1(Q̄)

depends (up to the action of PGL2 on P1) only on E and not on the choice
of 0 ∈ E.

Definition 3.1. Let E′ be an elliptic curve. A curve C ′ is called (E′, n)-
minimal if for every cover ι′′ : C′′ → E′ such that all local ramification indices
over at least one point in Bran(ι′′) are divisible by n one has C ′′ ⇒ C′.

Remark 3.2. Note that every curve ι′ : C′ → E′ such that

• Bran(ι′) ⊂ E′[∞];
• all local ramification indices of ι′ divide n.

is (E′, n)-minimal.

Consider the standard action of the icosahedral group A5 on P1. Let

• κ5 : H5 → P1 be the hyperelliptic curve branched in the 12 five-invariant
points;

• κ3 : H3 → P1 the hyperelliptic curve branched in the 20 three-invariant
points;

• ι5 : C5 → P1 the standard curve from (1);
• ι : C → P1 the degree 4 cover ramified over the primitive 5th roots {ζ i}

of 1, with local ramification indices equal to 2; we have g(C) = 2.

Proposition 3.3. We have

H5 ⇔ H3 ⇔ C5 ⇔ C.

Proof. First of all, H5 ⇒ C5, since six of the 12 points are projectively equiv-
alent to Bran(ι5) and hence an unramified degree 2 cover of H5 surjects onto
C5. On the other hand, C30 ⇒ H5, since κ5 has three ramification points with
indices 2, 3, 10.

Similarly, C30 ⇒ H3, since κ3 has 2, 6, 5 as local ramification indices. On
the other hand, H3/C5 is an elliptic curve, and the quotient map is branched
at four points with ramification indices equal to 5. Hence H3 ⇒ C5. Since κ5

is 2-ramified over the 5-th roots of unity plus 0, we have C5 ⇒ C.
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Finally, let R be the fiber product of five degree 2-covers P1 → P1 ramified
over, ζi, ζi+1, for i = 1, . . . , 5. Then R → P1 is a Galois cover, consisting of
two components R1, R2, each of genus 5, each ramified over P1 with degree
16 (32− 8 · 5 = −8). The natural action of the cyclic group C5 on R1 has two
invariant points (among the preimages of 0,∞), hence R1/C5 is an elliptic
curve and, consequently, R1 ⇒ C5. At the same time, R1 ⇔ C. �

Note that C is (E(ζ, ζ2, ζ3, ζ4), 2)-minimal, since its 2-ramifications lie over
points of finite order. Similarly, X(7) is 2-minimal with respect to E7.

Proposition 3.4. Let C ′ be an (E′, n)-minimal curve and E ⇁ E′. Let ι :
C → E be a cover such that there exists an e ∈ E with the property that for
all c ∈ ι−1(e) the local ramification indices are divisible by n. Then C ⇒ C ′.

Proof. As in Section 2. �

Remark 3.5. Proposition 3.4 explains why we are interested in minimal ele-
ments of the graph E : curves E′ such that for every curve E there is a finite
chain

E ⇁ E1 · · ·⇁ E′

ending at E′. We have shown that E has a minimal element

E0 = C3 : y3 = x2 + 1,

(for any E the curve E0 is ramified over the images of torsion points of order
3 of E in P1). Thus any curve isogenous to E0 is also minimal as is any
curve E′ with E0 ⇁ E′. In particular, every curve ι : C → E0 such that
Bran(ι) ⊂ E0[∞] with local ramification indices equal to products of powers
of 2 and 3 is minimal in the sense of Section 2.

Remark 3.6. Note that E does not have a maximal element, that is, a curve
E such that for every elliptic curve E ′ there is a chain

E ⇁ E1 ⇁ · · ·⇁ E′,

(in the class E). This follows from the observation that the Galois groups of
fields obtained by adjoining torsion points are contained in iterated extensions
of subgroups GL2(Z/m). In particular, fields with simple Galois groups (over
the ground field) which have no faithful two-dimensional representations over
Fp, for every prime p, cannot be realized.

Lemma 3.7. Let E ⇁ E′ be nonisogenous elliptic curves and let ι : C → E
be a cover, such that ι has at least one local ramification index divisible by 2n.
Then there is a cover ι′ : C′ → E′ from a curve C ′ such that C ⇒ C ′, and
Bran(ι′) includes points in E′(Q̄) \ E′[∞].
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Proof. Consider the diagram

C

ι

��

C1
τ1��

ι1

��

C1

��

C′

ι′

��

τ ′
��

E Eϕm

��
π

�� P1 E′.
π′

��

Here

• m is such that Bran(π′) ⊂ π(E[m]), it exists since E ⇁ E′;
• there exists a point q ∈ π(E[m])\Bran(π′) such that the difference between

the two preimages of q, under π′, in E′ is of infinite order in E′(Q̄).

This last claim holds since the set

π(E[∞]) ∩ π′(E′[∞]) ⊂ P1

is finite, provided E is nonisogeneous to E ′. Indeed, consider the map

ρ : E ×E′ → P1 × P1 ⊃ ∆(P1)

of degree 4, induced by π, π′. For nonisogeneous E,E′, the genus of the preim-
age of the diagonal C := ρ−1(∆(P1)) is ≥ 2. By a theorem of Raynaud [11],
the set

C(Q̄) ∩ (E[∞]×E′[∞])

is finite (in fact, one can effectively estimate its cardinality). �

Lemma 3.8. The set π(E[∞]) ∩Gm[∞] ⊂ P1(Q̄) is finite.

Proof. Follows from McQuillan’s generalization of a theorem of Raynaud’s
(see [9], [11], and also [5]). Consider the map

(θ, zm) : E × P1 → P1 × P1.

Then the preimage of the diagonal (θ, zm)−1(∆) is an affine open curve C of
genus > 1. The finiteness of the intersection of C with (E×Gm)tors ⊂ E×P1

follows. �

A cycle in E is a finite set of curves E,E1, . . . ∈ E such that

E ⇁ E1 ⇁ · · ·⇁ E.

Remark 3.9. Lemma 3.7 shows that each nontrivial cycle for E gives new
(E, n)-minimal curves, which are n-ramified over points of infinite order in
E(Q̄).

We now exhibit several such cycles in E .
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Lemma 3.10. For any x ∈ P1 \ {0, 1,∞} one has

E(0, 1, x2,∞)⇁ E(0, 1, x,∞).

Proof. On the curve E(0, 1, x2,∞) the preimages of the points x,−x have
order 4, since the involution z → x2/z maps 0 → ∞ and 1 → x2, and has
x,−x as invariant points. In particular, by definition,

E(0, 1, x2,∞)⇁ E(0, 1, x,∞) and E(0, 1, x2,∞)⇁ E(0, 1,−x,∞).

�

Corollary 3.11. Let ζ = ζ2n be 2n-th root of unity. Then there exists a finite
chain starting with E(0, 1,−1,∞) and ending with E(0, 1, ζ,∞).

Corollary 3.12. Let � be an odd number. Then there exists a finite chain
starting with E(0, 1, ζ�,∞) and ending with E(0, 1, ζ� · ζ2n ,∞), where ζm is
an m-th root unity.

Proof. Some 2m-th power of ζ� · ζ2n is equal to ζ�. �

Corollary 3.13. Let � be an odd number. The set

{E(0, 1, ζj
� ,∞)}

decomposes into φ(�)/d� (nontrivial) cycles of length d�, where φ is the Euler
function and d� is the maximal power of 2 dividing φ(�).

Corollary 3.14. For any x ∈ P1 \ {0, 1,∞} one has

E(0, 1, (x− 1)2,∞) ⇁ E(0, 1, x,∞)

and similarly,
E(0, 1, (2− x)x,∞) ⇁ E(0, 1, x,∞).

Proof. We use the isomorphism

E(0, 1, (1− x),∞) ∼ E(0, 1, x,∞).

�

4 Collecting points

Lemma 4.1. Let Ad be the complex affine space of dimension d. For x ∈
Ad(C) let Sx be the affine algebraic variety characterized by the property:

• x ∈ Sx and
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• for every quadratic polynomial g ∈ C[y], g(y) = g2y2 + g1y+ g0, and every
a = (a1, . . . , ad) ∈ Sx one has (g(a1), . . . , g(ad)) ∈ Sx.

Then Sx is irreducible and is either equal to Ad or is contained in one of the
diagonals ∆ij := {xi = xj , i 	= j}.
Proof. Note that Sx is built from x as an iteration of vector bundles. At each
step we have an irreducible variety. The procedure stabilizes after finitely
many steps (by dimension reasons). Thus Sx is irreducible.

We proceed by induction on d. For d = 1, 2, 3 the claim is trivial. Assume
the claim holds for all d′ < d. We may also assume that Sx ⊂ An is a hyper-
surface not coinciding with a diagonal ∆ij . Otherwise, the projection of Sx

onto the first d−1 coordinates Ad−1 ⊂ Ad would not be surjective and hence,
by the inductive assumption, contained in one of the diagonals, which would
prove our claim.

We see that πd−1 : Sx → Ad−1 is a generically finite cover. Let

Td−1 := {(t1, . . . , td−1)} ⊂ Ad−1

be such that all tj are roots of unity of odd order. The set Td−1 is Zariski
dense in Ad−1. It contains a subset T 0

d−1 which is Zariski dense in Ad−1 and
has the property that all fibers of πd−1 over T 0

d−1 are nonempty and finite.
Note that for each t = (tj)j=1,...,d−1 ∈ T 0

d−1 there exists an n = nt ∈ N
such that t2

n

j = tj for all j = 1, . . . , d− 1. This implies that the fiber over t is
mapped into itself by the map (aj)j=1,...,d−1 �→ (a2n

j )j=1,...,d−1. In particular,
there is a point b ∈ π−1

d−1t and an n′ ≥ n such that is fixed under the map

(bj)j=1,...,d−1 �→ (b2
n′

)j=1,...,d−1.

We see that bj are torsion points in C∗, for all j = 1, . . . , d− 1.
If S0 ⊂ (C∗)d is an algebraic subvariety and T ⊂ S0 ∩ (C∗)d the subset

of torsion points, then S0 contains a finite set of translates of subtori by
torsion points which contains T (see [8], [5], [13]). If follows that Sx contains
a subtorus (C∗)d−1 ⊂ (C∗)d as a Zariski open subvariety.

Thus Sx ⊂ Ad is given by an equation∏
j∈J

x
nj

j =
∏

j′∈J′
x

nj′
j′ ,

where J ∩ J ′ ⊂ [1, . . . , d] and nj , n
′
j > 0. The intersection of Sx with every

diagonal∆ij is a proper subset (by assumption) and therefore (by induction) a
finite union of subdiagonals (the intersection Sx∩∆ij is stable under quadratic
transformations). We may assume that J ⊃ {x1, x2} and consider the diagonal
∆34 := {x3 = x4} (recall that d ≥ 4). The resulting equation for Sx ∩ ∆34

does not define a subset of a union of diagonals. �
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Corollary 4.2. Let K/Q be a field extension of degree d = r1 + 2r2, with r1
real and r2 (pairs of) complex embeddings, and

K ↪→ Rr1 ⊕ C2r2 ↪→ Cd = Ad(C)

the corresponding map into the complex affine space. Let x ∈ K∗ be a primitive
element (a generator of the field K over Q). For every Zariski closed subset
Z ⊂ Ad there exists a finite sequence of quadratic polynomials gi ∈ Q[x],
i = 1, . . . , n, such that g1(g2(· · · (gn(x)))) /∈ Z.

Proof. Since x is primitive, it is not contained in any diagonal in Ad. Therefore,
the variety Sx constructed in Lemma 4.1 coincides with Ad. It suffices to
observe that the image of x under Q-rational quadratic maps is Zariski dense
in Sx = Ad (at each step of the inductive construction, we get a Zariski dense
set of points in the total space of the vector bundle). �

For q ∈ Q̄ let deg(q) be the degree of the minimal polynomial f = fq(x) ∈
Q[x] vanishing in q and K = Kq/Q the field generated by q.

Corollary 4.3. Let q ∈ Q̄. Then there exists a sequence of quadratic poly-
nomials gi ∈ Q[x] such that g := g1(g2 · · · (gn(x))) ∈ Q[x] has the property
that

• deg(g(q)) = deg(q)/2k, for some k ∈ N, and
• the derivative of the minimal polynomial fg(q)(x) ∈ Q[x] of g(q) ∈ Q̄ has

no multiple roots.

Proof. The first condition is satisfied, since a Q-rational quadratic map can
diminish the degree of the minimal polynomial at most by a factor of 2. The
second condition amounts to a Zariski closed condition on the set of points in
Kq ⊂ Adeg(q)(C). �

Let f : P1 → P1 be a rational map and Ram(f) = {q | f ′(q) = 0} ⊂ P1

the set of ramification points.

Theorem 4.4. For any finite set Q ⊂ P1(Q̄) there is rational map f : P1 →
P1 such that

{f(q), q ∈ Q} ∪ Ram(f) ⊂ P1(Q).

Moreover, the only prime dividing a local ramification index of f is 2.

Remark 4.5. This is an analog of the first part of Belyi’s theorem, with
restrictions on the ramification. The proof follows the general line of Belyi’s
argument.
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Proof. We proceed by induction on m := max(deg(q)), for q ∈ Q. Observe,
that for all f ∈ Q[x] and all q ∈ Q we have

deg(f(q)) ≤ m.

Assume that m = 2k and let r ∈ Q be a point with minimal polynomial
f = fq of degree m. If f ′ ∈ Q[x] has no multiple roots, then f(Q)

⋂
div0(f ′)

has fewer points of degreem: f maps q to zero and the zeroes of f ′ have degree
< m. Moreover, the local ramification indices of f equal 2. If f ′ has multiple
roots, we apply a sequence of Q-rational quadratic maps as in Corollary 4.3,
to replace q by q′ := g1(g2 · · · (gn(q))) so that the derivative of the minimal
polynomial fq′(x) ∈ Q[x] of q′ has no multiple roots. The local ramification
indices of a sequence of quadratic maps are powers of 2.

Now assume that 2k−1 < m < 2k, for some k ∈ N, and put s = 2k −m.
Identify the space Fd of monic degree d polynomials with the affine space

Ad = {f0 + f1x+ · · ·+ fd−1x
d−1 + xd}

and consider the following Q-variety:

X ⊂ Fm × Fs × As = {(a1, . . . , as)},

given by
(f · g)′(aj) = 0, for all j = 1, . . . , s. (2)

For fixed f ∈ Fm and a ∈ As we get a system of non-homogeneous linear
equations, where the variables are the coefficients of g. For generic, in Zariski
topology on Fm × As, choices of f and a we get a unique solution, and a
Q-birational parametrization of X by Fm ×As = Am+s (here we use m > s).
Thus the set of Q-rational triples (f, g, a) subject to the equations (2) is Zariski
dense in X .

The natural Q-rational projection

X → Fm × Fs

is surjective (this can be checked over C). In particular, X(Q) is Zariski dense
in X . The preimage Z ⊂ X of the subset of those (f, g) where (fg)′ and g
have multiple roots is a proper subvariety.

Applying Q-rational quadratic maps as in Lemma 4.1, if necessary, we find
a generic f = fq ∈ Fm(Q) and, by the argument above, a generic g ∈ Fs(Q)
such that there is a point (f, g, a) ∈ (X \ Z)(Q) over (f, g).

The map h := fg : P1 → P1 has the following properties:

• h(q) = 0 and Q has strictly fewer points of degree m;
• by construction, (fg)′ has at least s distinct Q-rational roots so that the

degree of points added to Q (the zeroes of (fg)′) is strictly less than m;
• all local ramification indices are powers of 2.
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This concludes the induction and the proof of the theorem. �

Remark 4.6. A similar statement holds over function fields of any character-
istic (	= 2). Using the techniques from [2] one can show the following result:
for any affine algebraic variety X over an algebraically closed field there exist
a proper finite map π : X → An and a linear projection λ : An → An−1 such
that π is ramified only in the sections of λ and the local ramification indices
are powers of 2.

Remark 4.7. The methods of Belyi of collecting Q-points on P1 produce
ramification indices which depend on all pairwise differences between the co-
ordinates of the points (for an exposition, see [3], Chapter 10). They cannot
be applied in the construction of maps with restricted ramification.
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Summary. In this mostly expository note we give a down-to-earth introduction
to the V -filtration of M. Kashiwara and B. Malgrange on D-modules. We survey
some applications to generalized Bernstein-Sato polynomials, multiplier ideals, and
monodromy of vanishing cycles.

The V -filtration on D-modules was introduced by M. Kashiwara and B.
Malgrange to construct vanishing cycles in the category of (regular holonomic)
D-modules. Our aim is to give a down-to-earth introduction to this notion
and describe some applications. The first application is to the generalized
Bernstein-Sato polynomials introduced in [3]. Following G. Lyubeznik, we
extend a finiteness result on the set of these polynomials. Then we describe
applications to multiplier ideals [4], [3] and to monodromy of vanishing cycles
and Hodge spectrum [2], [4].

Acknowledgments. We thank M. Mustaţă who provided us with preliminary
notes on the V -filtration. We thank M. Saito for clarifications on many issues.
Most of what I learned about the V -filtration is from discussions with them
and with L. Ein.

1 Basics

In this section we introduce the filtration V and prove a few consequences
assuming its existence. For a complete account of the V -filtration consult
[12], [5], [8], [15].

Let X be a smooth complex variety. The sheaf DX of algebraic differential
operators on X is generated locally by multiplication by functions and by the
tangent vector fields. If X = An is the affine n-space, then DX is the Weyl
algebra

An(C) = C[x1, . . . , xn, ∂1, . . . , ∂n],



60 Nero Budur

where ∂i = ∂/∂xi and ∂ixj − xj∂i = δi,j . In these notes we will consider only
left DX -modules, the most important for our applications being OX . We will
frequently work locally without specifically assuming that X is affine.

The V -filtration of M. Kashiwara and B. Malgrange on DX -modules is
defined with respect to some closed subvariety Z ⊂ X .

Case Z ⊂ X smooth. First we consider smooth closed subvarieties Z ⊂ X .
Let I ⊂ OX denote the ideal of Z. In local coordinates, write

X = {(x, t)}, Z = {x} = {t = 0},

with x = x1, . . . , xn, and t = t1, . . . , tr. Then

DX = C[x, t, ∂x, ∂t].

The V -filtration on DX is defined by

V jDX = { P ∈ DX | PIi ⊂ Ii+j for all i ∈ Z },

with j ∈ Z and Ii = OX for i ≤ 0. Locally,

V jDX =
∑

|β|−|γ|≥j

hα,β,γ(x)∂α
x t

β∂γ
t .

Here we use vectorial indices for monomials, and |β| =∑i βi. A computation
with local coordinates shows:

(i) V j1DX · V j2DX ⊂ V j1+j2DX , with equality if j1, j2 ≥ 0;
(ii) V jDX = Ij · V 0DX · DX,−j = DX,−j · V 0DX · Ij , where DX,j ⊂ DX are

the operators of order ≤ j, and Ij = DX,j = OX for j ≤ 0.

Definition 1.1. The filtration V along Z on a coherent left DX-module M
is an exhaustive decreasing filtration of coherent V 0DX -submodules V α :=
V αM , such that:

(i) {V α}α is indexed left-continuously and discretely by rational num-
bers, i.e., V α = ∩β<αV

β, every interval contains only finitely many α with
Grα

V 	= 0, and these α must be rational. Here, Grα
V = V α/V >α, where

V >α = ∪β>αV
β.

(ii) tjV α ⊂ V α+1, and ∂tjV
α ⊂ V α−1 for all α ∈ Q, i.e., (V iDX)(V αM) ⊂

V α+iM ;
(iii)

∑
j tjV

α = V α+1 for α� 0;
(iv) the action of

∑
j ∂tj tj − α on Grα

V is nilpotent on X.

All conditions are independent of the choice of local coordinates.

Theorem 1.2 (M. Kashiwara, B. Malgrange). The filtration V along Z
exists if M is regular holonomic and quasi-unipotent.
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It is beyond our scope to introduce the theory of holonomic systems of
differential operators with regular singularities (see [1], [6]). It suffices to say
that all the D-modules considered in the applications are regular holonomic
and quasi-unipotent.

Proposition 1.3. The V -filtration along Z is unique.

Proof. Let Ṽ be another filtration on M satisfying Definition 1.1. By symme-
try, it suffices to show that V α ⊂ Ṽ α for every α. Suppose that α 	= β and
consider

V α ∩ Ṽ β/(V >α ∩ Ṽ β) + (V α ∩ Ṽ >β).

Since both filtrations satisfy Definition 1.1-(iv), both (
∑

j ∂tj tj − α) and
(
∑

j ∂tj tj − β) are nilpotent on this module. Hence the module is zero.
We show now that for every α we have

V α ⊂ V >α + Ṽ α. (1)

Fix w ∈ V α. By exhaustion, there is β � 0 (in particular β < α) such that
w ∈ Ṽ β . By what we have already proved, we may write w = w1 + w2, with
w1 ∈ V >α and w2 ∈ V α ∩ Ṽ >β . If we replace w by w2, then the class in
V α/V >α remains unchanged, but we may choose a larger β. We can repeat
the process as long as β < α. Since the Ṽ -filtration is discrete, we can repeat
the process until we have β ≥ α. Hence the class of w in V α/V >α can be
represented by an element in Ṽ α, and we get (1).

Since the V -filtration is discrete, a repeated application of (1) shows that
for every β ≥ α we have V α ⊂ V β + Ṽ α. We deduce from Definition 1.1-(iii)
that if we fix β � 0, then

V α ⊂ Iq · V β + Ṽ α (2)

for big enough q, where I ⊂ OX is the ideal pf Z. By coherence, V β =∑
V 0DX · ui for finitely many ui. By exhaustion, there exists some γ ∈ Z

such that Ṽ γ contains the ui, hence also V β . By Definition 1.1-(ii), for q with
q + γ ≥ α we have IqṼ γ ⊂ Ṽ α. Thus IqV β ⊂ Ṽ α. Hence by (2) we have
V α ⊂ Ṽ α. �

Case Z ⊂ X arbitrary. Now let X be a smooth complex variety and Z 	= X
a closed subscheme. Suppose f1, . . . , fr ∈ OX generate the ideal I ⊂ OX of
Z. Let i : X → X × Ar = Y be the embedding x �→ (x, f1(x), . . . , fr(x)). Let
tj : Y → A1 be the projection with tj ◦ i = fj .

Let N be a DX -module andM = i∗N , where i∗ is the direct image for left
D-modules. Working out the definition of the direct image (e.g., [1]), one gets
M = N⊗C[∂t1 , . . . , ∂tr ] with the leftDY -action given as follows. Let x1, . . . , xn

be local coordinates on X . For g ∈ OX ,m ∈ N , and ∂ν
t = ∂ν1

t1 . . . ∂
νr
tr

,
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g(m⊗ ∂ν
t ) = gm⊗ ∂ν

t , ∂xi(m⊗ ∂ν
t ) = ∂xim⊗ ∂ν

t −
∑

j

∂fj

∂xi
m⊗ ∂tj∂

ν
t ,

∂tj (m⊗ ∂ν
t ) = m⊗ ∂tj∂

ν
t , tj(m⊗ ∂ν

t ) = fjm⊗ ∂ν
t − νjm⊗ (∂ν

t )j ,

where (∂ν
t )j is obtained from ∂ν

t by replacing νj with νj − 1. If N satisfies the
requirements of Theorem 1.2, then also M does.

Definition 1.4. The V -filtration along Z on N(= N⊗1) is defined by V αN =
(N ⊗ 1) ∩ V αM, for α ∈ Q and V on M taken along X × {0}.
Proposition 1.5. The definition above depends on the ideal I of Z in X and
not on the particular generators chosen.

Proof. (cf. [3]-2.7) Suppose g1, . . . , gr′ ∈ OX also generate I, with gj =∑
aijfi, aij ∈ OX . Let i′ : Y = X × Ar → Y ′ = X × Ar × Ar′

be the
embedding sending (x, t) to (x, t, t′), where t′j =

∑
aij(x)ti, j = 1, . . . , r′. The

crucial fact here is that the image of X × {0} is X × {0} × {0}. Working
locally, we can assume that x, t, u is a local coordinate system on Y ′ such
that Y = {u = 0}, X = {t = u = 0}. Hence M ′ = i′∗M can be written
as M ⊗ C[∂u1 , . . . , ∂ur′ ] with left DY ′-action as above. Note that some sim-
plifications occur: ∂xi(m ⊗ ∂ν

u) = ∂xim ⊗ ∂ν
u, ∂ti(m ⊗ ∂ν

u) = ∂tim ⊗ ∂ν
u, and

uj(m ⊗ ∂ν
u) = −νjm ⊗ (∂ν

u)j , where m ∈ M , ∂ν
u = ∂ν1

u1
. . . ∂

νr′
ur′ , and (∂ν

u)j is
obtained from ∂ν

u by replacing νj with νj − 1.
The claim follows if we show that

V αM ′ =
∑

ν ∈Nr′
V α+|ν|M ⊗ C[∂ν

u]

is the V -filtration on M ′ along X × {0} × {0}.
Let us check the axioms for the V -filtration. In local coordinates, V 0DY ′ is

generated overOY ′ by the ∂xi , and the v∂w with v, w ∈ {t1, . . . , tr, u1, . . . , ur′}.
From definition, these actions are well-defined on V αM ′. To show that V αM ′

is coherent over V 0DY ′ , it is enough to show that V αM ′ is locally finitely
generated since V 0DY ′ is coherent. Since V αM is locally finitely generated
over V 0DY , we have that for c� 0,

∑
|ν|≤c V

α+|ν|M ⊗C[∂ν
u] is locally finitely

generated. Also for c� 0, V α+c+1M =
∑

i tiV
αM by the axiom (iii) of Def-

inition 1.1. Therefore the rest of V αM ′ is recovered from
∑

|ν|≤c through the
action of the ti∂uj , hence V αM ′ is finitely generated.

The axioms (ii) and (iii) of Definition 1.1 follow from the definition of
V αM ′, the simplifications noted above in the DY ′ -action on M ′, and the
same axioms applied to V αM .

The last property to show is the nilpotency of s − α on Grα
VM

′, where
s =

∑
i ∂titi +

∑
j ∂ujuj . Let m⊗ ∂ν

u ∈ V αM ′ with m ∈ V α+|ν|M . Then

(s− α)(m ⊗ ∂ν
u) =

(∑
i

∂titi − |ν| − α
)
m⊗ ∂ν

u.
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Hence (s− α)k(m⊗ ∂ν
u) ∈ V α+1M ′ if k is the nilpotency order of (

∑
i ∂titi −

(α+ |ν|)) on Grα+|ν|
V M . �

Examples will be provided in Section 3.

2 Bernstein-Sato polynomials

The V -filtration can be applied to show the existence of quite general
Bernstein-Sato polynomials, [3]. See [6] for an account of the classical ver-
sion of these polynomials. Following G. Lyubeznik [11], we prove a finiteness
result on the set of all polynomials that are Bernstein-Sato polynomials in a
sense we make precise later.

We keep the notation from the previous section. Suppose first that Z ⊂ X
is a smooth closed subvariety. To keep this article as concise as possible we
take Theorem 1.2 for granted. Then the quickest way to proceed is by means
of the following technical tool.

Definition 2.1. Let M be a coherent left DX-module. For u ∈ M , the
Bernstein-Sato polynomial bu(s) of u is the monic minimal polynomial of the
action of s = −∑j ∂tj tj on V 0DXu/V

1DXu.

We suppressed from the notation the fact that bu(s) also depends on Z.
Then we can make explicit the V -filtration as follows.

Proposition 2.2 (C. Sabbah [15]). If the V -filtration along Z exists on M ,
then bu(s) exists, it is non-zero for all u ∈ M , and has rational coefficients.
Moreover

V αM = { u ∈M | α ≤ c if bu(−c) = 0 }.
Proof. Suppose first that u ∈ V αM . Recall that

∑
j ∂tj tj − β is nilpotent on

V β/V >β and V is indexed discretely. Then, for a given β there is a polynomial
b(s) depending on β, having all roots ≤ −α (and rational), and such that
b(−∑j ∂tj tj) · u ∈ V β. Hence it is enough to show that there is β such that
V β ∩ V 0DXu ⊂ V 1DXu.

Let A =
⊕

i≥0 V
iDXτ

−i and define Fk(A) =
⊕

i≥0(V
iDX ∩ DX,k)τ−i.

Then by Lemma 2.3, A is a noetherian ring. Now
⊕

i≥0 V
iM is coherent over

A because by axiom (iii) of Definition 1.1, there exists i0 such that V iM is
recovered from V i0M if i ≥ i0. Denote by N the V 0DX -submodule V 0DXu,
and let U i = V i ∩N for i ≥ 0. Then

⊕
i≥0 U

iN is also coherent over A since
A is noetherian. It follows that

⊕
i≥0 Gri

UN is coherent over
⊕

i≥0 Gri
VDX ,

in particular locally finitely generated. If i is big compared with the degrees
of local generators, we see that U iN ⊂ V 1DXu.

Conversely, fix an element u ∈ M and suppose that α ≤ c whenever
bu(−c) = 0. Let αu = max{β | u ∈ V β}. We need to show that α ≤ αu. It is
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enough to show that bu(−αu) = 0. For β 	= αu, (
∑

j ∂tj tj −β) is invertible on
V αu/V >αu . But bu(−∑j ∂tj tj)u ∈ V >αu . Hence we must have bu(−αu) = 0.

�

Lemma 2.3 ([6]-A.29). Let A be a be a filtered ring (sheaf on X). Assume
that F0(A) and GrF (A) are noetherian rings, and that GrF

k (A) are (locally)
finitely generated F0(A)-modules for all k. Then A is noetherian.

Now let Z ⊂ X be an arbitrary closed subset. Let f1, . . . , fr be genera-
tors of the ideal of Z, where fj 	= 0 for any j. Then DX acts naturally on
OX [

∏
i f

−1
i , s1, . . . , sr]

∏
i f

si

i , where the si are independent variables. Define
a DX -linear action of ti by ti(sj) = sj + 1 if i = j, and ti(sj) = sj otherwise.
Let sij = sit

−1
i tj , and s =

∑
i si. We will see in Lemma 2.6 that under a

well-defined isomorphism the ti’s here correspond to the ti’s introduced in the
second part of Section 1.

Definition 2.4 ([3]). The Bernstein-Sato polynomial bf (s) of f := (f1, . . . , fr)
is defined to be the monic polynomial of the lowest degree in s satisfying the
relation

bf(s)
∏

i

fsi

i =
∑

j

(Pjfj

∏
i

fsi

i ), (3)

where the Pj belong to the ring generated by DX and the sij. For h ∈ OX ,
define similarly bf,h(s) with

∏
i f

si

i replaced by
∏

i f
si

i h.

Example 2.5.
(i) f = x2 + y3. Then bf(s) = (s+ 1)(s+ 5/6)(s+ 7/6) and

P = (∂3
y/27 + y∂2

x∂y/6 + x∂3
x/8).

(ii) f = (x2x3, x1x3, x1x2). Then bf(s) = (s + 3/2)(s + 2)2 and the sij
cannot be avoided by the operators Pj in the above definition (see [3]).

The polynomial bZ(s) := bf(s − r) with r = codimXZ is shown in [3] to
depend only on Z and not on f . The existence of non-zero bf,h(s) follows from
the following.

Lemma 2.6. With the notation as in Definition 1.4, if M = i∗OX , u = h⊗1
with h ∈ OX , and the V -filtration is taken along X×{0}, then bu(s) = bf,h(s).

Proof. It suffices to show that bu(s) is the minimal polynomial of the action
of s =

∑
j sj on

DX [sij ]
∏
j

f
sj

j h/
∑

k

DX [sij ]fk

∏
j

f
sj

j h,

a quotient of submodules of OX [
∏

i f
−1
i , s1, . . . , sr]

∏
i f

si

i h. We can check
that DX [sij ]

∏
j f

sj

j h and
∑

k DX [sij ]fk

∏
j f

sj

j h are isomorphic to V 0DY u

and V 1DY u. The action of tj is defined by sj �→ sj + 1,
∏

j f
sj

j h corresponds
to u, sj corresponds to −∂tj tj , and sij = sit

−1
i tj . �
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Hence it follows from Proposition2.2 that bf,h(s) are polynomials with
rational coefficients. One is allowed to change the field of definition in the
coefficients of the fj’s.

Proposition 2.7. There exist non-zero Bernstein-Sato polynomials bf,h(s)
even if in Definition 2.4 one replaces X, OX , and DX with An

k , k[x1, . . . , xn],
and An(k) (the Weyl algebra) respectively, for k a field of characteristic zero.

Proof. First, suppose that the coefficients of the fj ’s lie in a subfield K of
C. Then also the scalar coefficients of the Pj ’s can be assumed to lie in K.
Indeed, (3) implies, after equating coefficients of monomials in si’s and xi’s,
that certain K-linear relations (*) hold among the scalar coefficients of the
Pj ’s. Let L be the field generated by the coefficients of the Pj ’s. Fix a basis
S of L/K containing 1 and such that every scalar coefficient c which appears
in a Pj can be written as a unique K-linear combination of a finite number
of elements of S. Let c1 ∈ K be the coefficient of 1 in c under this basis, and
let Pj,1 be the induced operator. Then the K-linear relations (*) hold with c1
replacing c, and so (3) holds with Pj,1 replacing Pj .

Now, going back to our proposition, the conclusion follows from the Lef-
schetz principle. Indeed, let K be a subfield of k generated over Q by the
coefficients of the fj ’s. Since C has infinite transcendental dimension over Q,
K can be embedded into C. Then the coefficients of the Pj are in K ⊂ k. �

We extend a result of G. Lyubeznik [11] to the case of these more general
Bernstein-Sato polynomials. The proof follows closely his proof.

Proposition 2.8. Fix n and d positive integers. The set of all polynomials
which are of the form bf (s) for some f = f1, . . . , fr ∈ k[x1, . . . , xn] with
deg fi ≤ d is finite even if k is varying over all the fields of characteristic
zero.

Proof. Let N be the number of monomials in x1, . . . , xn of degree ≤ d. Then
the f ’s are the closed k-rational points of [AN

k ]×r. Let P =
∑

|α|≤d cαx
α be

the polynomial of n variables of degree d with undetermined coefficients. Then
Bk = k[ the cα’s]⊗r is the coordinate ring of [AN

k ]×r. Define

Fi = 1⊗ · · · ⊗ P ⊗ · · · ⊗ 1 ∈ BQ[x1, . . . , xn]

by placing P in the i-th position. Here × and ⊗ mean over Q.
Let Y be a reduced and irreducible closed subset of [AN

Q ]×r. Denote by
G = (Gi)i the image of F = (Fi)i under the natural Q-algebra homomorphism
BQ[x1, . . . , xn] → Q(Y )[x1, . . . , xn], where Q(Y ) is the function field of Y . Let
Q[Y ] be the coordinate ring of Y . Then, we have a functional equation

bG(s)
∏

i

Gsi

i =
∑

j

PjGj

∏
i

Gsi

i (4)
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with s =
∑
si and Pj ∈ An(Q(Y ))[ the sij ’s]. Denote by c ∈ Q[Y ] the com-

mon denominator. Denote by U(c) ⊂ Y the subscheme whose coordinate ring
is Q[Y ]c. By specializing (4), the f ’s given by the closed k-rational points of
U(c) × k have b-functions bf (s) dividing bG(s). Hence they are only finitely
many such bf (s) even if k varies.

We proceed now by induction on the dimension of Y proving that the
k-rational points of Y × k give only finitely many b-functions even if k varies.
For dimension zero, c = 1 and so U(c) = Y . In higher dimensions, Y \U(c) is
the union of reduced and irreducible closed subsets of smaller dimension. �

3 Multiplier ideals

The multiplier ideals introduced by A. Nadel [14] encode the complexity of
singularities via their resolutions. It turns out that they are essentially the
same as the V filtration on OX .

Let X be a smooth complex variety and Z 	= X a closed subscheme. Let
µ : X ′ → X be a log resolution of (X,Z). That is µ is proper birational, X ′

is smooth, and Ex(µ) ∪ µ−1Z is a divisor with simple normal crossings. Here
Ex(µ) denotes the exceptional locus of µ. Let I ⊂ OX denote the ideal of Z.
Let H be the effective divisor on X ′ such that µ−1(I) · OX′ = OX′(−H).

Definition 3.1. For α > 0, the multiplier ideal of (X,α · Z) is defined as

J (α · Z) = µ∗(ωX′/X ⊗OX′(−�α ·H�)).

Here ωX′/X = detΩ1
X′ ⊗ µ∗(detΩ1

X)∨ is the sheaf of relative top-dimensional
forms, and �.� rounds down the coefficients of the irreducible divisors. One can
extend this definition to a formal combination of closed subschemes

∑
i αi ·Zi

by replacing α ·H with
∑

i αi ·Hi.
The original analytic definition of multiplier ideals is, locally,

J (α · Z) = { h ∈ OX | |h|2/(
∑

1≤i≤r

|fi|2)α ∈ L1
loc },

where f1, . . . , fr generate I. The first definition shows the second is indepen-
dent of the choice of generators, and the second definition shows the first is
independent of the choice of resolution. See [9] for more on multiplier ideals.

The multiplier ideals measure how singular Z is. The intuition here is
that smaller multiplier ideals means worse singularities. For example, varying
the coefficient in front of Z, one obtains a decreasing family {J (α · Z)}α∈Q.
Because of the rounding-down of coefficients in the construction of J (α · Z)
there exist positive rational numbers 0 < α1 < α2 < · · · such that

J (αj · Z) = J (α · Z) 	= J (αj+1 · Z)
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for αj ≤ α < αj+1 where α0 = 0. These numbers αj (j > 0) are called
the jumping numbers of the multiplier ideals associated to (X,Z). The
log-canonical threshold of (X,Z) is the smallest non-zero jumping number,
lc(X,Z) = α1. Equivalently, lc(X,Z) is the number α such that J (α · Z) 	=
OX , but J ((α− ε)Z) = OX for 0 < ε� 1.

Example 3.2.
(i) Z = { x2 +y3 = 0 } ⊂ A2. Then J (α ·Z) is equal to OX if 0 < α < 5/6,

and it is the maximal ideal at (0, 0) if 5/6 ≤ α < 1.
(ii) Z = { x1x2 = x2x3 = x1x3 = 0 } ⊂ A3. Then J (α ·Z) is equal to OX

if 0 < α < 3/2, and it is the ideal (x1, x2, x3) if 3/2 ≤ α < 2. This follows from
[9]-III.9.3.4 which gives the formula for multiplier ideals of monomial ideals.

(iii) The multiplier ideals of hyperplane arrangements, and more generally,
stratified locally conical divisors are determined in [13], and respectively [16].

Theorem 3.3 ([3], [4]). For α > 0, V αOX = J ((α−ε)·Z), where 0 < ε� 1
and the filtration V of OX is taken along Z as in Definition 1.4.

The relation with Bernstein-Sato polynomials is then given by Proposi-
tion 2.2 and Lemma 2.6:

Corollary 3.4. For α > 0,

J (α · Z) = {h ∈ OX | α < c if bf,h(−c) = 0 },

where f = f1, . . . , fr is any set of generators of the ideal I ⊂ OX of Z.

In particular,

lc(X,Z) = −(biggest root of bf (s)),

since bf (s) = bf,1(s) by definition [7], [10].

4 Monodromy of vanishing cycles

The initial scope of the V -filtration of M. Kashiwara and B. Malgrange was to
construct vanishing cycles in the category of (regular holonomic) D-modules.

Let X be a smooth complex variety. Denote by Mrh(DX) the abelian
category of regular holonomic DX -modules, and by Db

rh(DX) the derived cat-
egory of bounded complexes of DX -modules with regular holonomic cohomol-
ogy. By A. Beilinson, this is equivalent with the bounded derived category
of Mrh(DX). Let Db

c(X) be the derived category of bounded complexes of
sheaves (in the analytic topology of X) of C-vector spaces with constructible
cohomology. The Riemann-Hilbert correspondence generalizing the analogy
between the DX -module OX and the constant sheaf CX states (see [1]):
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Theorem 4.1 (M. Kashiwara, Z. Mebkhout). Let X be a smooth complex
variety. There is a well-defined functor

DR : Db
rh(DX) −→ Db

c(X)

which is an equivalence of categories commuting with the usual six functors.
DR also defines an equivalence Mrh(DX) → Perv (X), where Perv (X) ⊂
Db

c(X) is the subcategory of perverse sheaves.

Let f ∈ OX be a regular function. The vanishing cycles functor φf on
Db

c(X) and the monodromy action T on it should then have a meaning only
in terms of D-modules since the shift φf [−1] restricts as a functor to Perv (X).
Let M be a regular holonomic DX -module. Let M̃ be its direct image under
the graph of f , as in section 2. If M is also quasi-unipotent, then there exists
a V -filtration indexed by Q on M̃ along X×{0}. If M is not quasi-unipotent,
a close version of the following still holds:

Theorem 4.2 (M. Kashiwara, B. Malgrange). Let α ∈ [0, 1) be a rational
number. Grα

V M̃ corresponds to the exp(−2πiα)-eigenspace of φf [−1](DR(M))
with respect to the action of the semisimple part Ts of the monodromy.

Combining this result with Theorem 3.3 and with additional structures
such as mixed Hodge modules, one obtains a relation between multiplier ideals
and the Hodge spectrum of hypersurface singularities. Let f : X → A1 be
a regular function. Recall that if ix : x ↪→ f−1(0) is a point, the Milnor
fiber of f at x is is the Milnor fiber of the corresponding holomorphic germ
f : (Cm, 0) → (C, 0),

Mf,x = {z ∈ Cm | |z| < ε and f(z) = t}
for a fixed t with 0 < |t| < ε� 1. Then

Hi(i∗xφfCX) = H̃i(Mf,x,C), (5)

where H̃ stands for reduced cohomology. These vector spaces are endowed with
the monodromy action T and with mixed Hodge structures on which Ts acts
as automorphism. Indeed, the mixed Hodge module theory of M. Saito on the
left-hand side of (5) recovers the mixed Hodge structure of V. Navarro-Aznar
from the right-hand side. As numerical invariants encoding the behaviour of
the Hodge filtration F under Ts one has the generalized equivariant Euler
characteristics

n(i, α) =
∑

j

(−1)j dim Gri
F H̃

j(Mf,x,C)α,

where α ∈ Q ∩ [0, 1), i ∈ {0, . . . ,m − 1}, and the subscript α stands for the
eigenspace of Ts with eigenvalue exp(2πiα). These invariants form the Hodge
spectrum of f introduced by J. Steenbrink [17]. For α ∈ (0, 1], let
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nα,x(f) = (−1)n−1n(m− 1, 1− α),

so that nα,x(f) describe the spectrum for the smallest piece of the Hodge
filtration.

Example 4.3. If f = x2 + y3 and x = (0, 0) ∈ A2, then nα,x(f) is zero for
α /∈ {5/6, 7/6}, and is 1 otherwise.

On the other hand, for every jumping number α ∈ (0, 1] of (X,Z) where
Z is the zero set of a regular function f , define the inner jumping multiplicity
at x

nα,x(Z) = dimJ ((1 − ε)α · Z)/J ((1 − ε)α · Z) + δ · x),
where 0 < ε � δ � 1. It is proved in [2] that nα,x(Z) is finite and does not
depend on ε and δ. Let ÕX be the D-module direct image of OX under the
graph of f . In connection with Theorem 3.3 it is crucial to observe that the
smallest piece of the Hodge filtration on V αÕX is exactly V αOX . Then the
above arguments lead to:

Theorem 4.4 ([2], [4]). For α ∈ (0, 1],

nα,x(f) = nα,x(Z).
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Summary. We sketch a proof of the Hecke orbit conjecture for the Siegel modular
variety Ag,n over Fp, where p is a prime number, fixed throughout this article. We
also explain several techniques developed for the Hecke orbit conjecture, including
a generalization of the Serre–Tate coordinates.

1 Introduction

In this article we give an overview of the proof of a conjecture of F. Oort that
every prime-to-p Hecke orbit in the moduli space Ag of principally polarized
abelian varieties over Fp is dense in the leaf containing it. See Conjecture 4.1
for a precise statement, Definition 2.1 for the definition of Hecke orbits, and
Definition 3.1 for the definition of a leaf. Roughly speaking, a leaf is the lo-
cus in Ag consisting of all points s such that the principally quasi-polarized
Barsotti–Tate group attached to s belongs to a fixed isomorphism class, while
the prime-to-p Hecke orbit of a closed point x consists of all closed points y
such that there exists a prime-to-p quasi-isogeny from Ax to Ay which pre-
serves the polarizations. Here (Ax, λx), (Ay, λy) denote the principally polar-
ized abelian varieties attached to x, y respectively; a prime-to-p quasi-isogeny
is the composition of a prime-to-p isogeny with the inverse of a prime-to-p
isogeny.

For clarity in logic, it is convenient to separate the prime-to-p Hecke or-
bit conjecture, or the Hecke orbit conjecture for short, into two parts (see
Conjecture4.1):

(i) the continuous part, which asserts that the Zariski closure of a prime-to-p
Hecke orbit has the same dimension as the dimension of the leaf containing
it, and

(ii) the discrete part, which asserts that the prime-to-p Hecke correspondences
operate transitively on the set of irreducible components of every leaf; see
Conjecture 4.1.
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The prime-to-p Hecke correspondences on Ag form a large family of sym-
metries on Ag. In characteristic 0, each prime-to-p Hecke orbit is dense in
the metric topology of Ag(C), because of complex uniformization. In charac-
teristic p, it is reasonable to expect that every prime-to-p Hecke orbit is “as
large as possible”. The decomposition of Ag into the disjoint union of leaves
constitutes a “fine” geometric structure of Ag, existing only in characteristic
p and called foliation in [26]. The prime-to-p Hecke orbit conjecture says, in
particular, that the foliation structure on Ag over Fp is determined by the
Hecke symmetries.

The prime-to-p Hecke orbit H(p)(x) of a point x is a countable subset of
Ag. Experience indicates that determining the Zariski closure of a countable
subset of an algebraic variety in positive characteristic is often difficult. We
developed a number of techniques to deal with the Hecke orbit conjecture.
They include

(M)the �-adic monodromy of leaves,
(C) the theory of canonical coordinates on leaves, generalizing Serre–Tate

parameters on the local moduli spaces of ordinary abelian varieties,
(R) a rigidity result for p-divisible formal groups,
(S) a trick “splitting at supersingular point”,
(H) hypersymmetric points,

and will be described in §5, §7, §8, §11, and §10 respectively. We hope that
the above techniques will also be useful in other situations. Among them,
the most significant is perhaps the theory of canonical coordinates on leaves,
which generalizes the Serre–Tate coordinates for the local moduli space of
ordinary abelian varieties. At a non-ordinary closed point x ∈ Ag(Fp), there
is no description of the formal completion A/x

g of Ag at x comparable to what
the Serre–Tate theory provides. But if we restrict to the leaf C(x) passing
through x, then there is a “good” structure theory for the formal completion
C(x)/x. To get an idea, the simplest situation is when the Barsotti–Tate group
Ax[p∞] is isomorphic to a direct product X × Y , where X,Y are isoclinic
Barsotti–Tate groups over Fp of Frobenius slopes µ

X
, µ

Y
respectively, and

µX < µY = 1−µX . In this case, C(x)/x has a natural structure as an isoclinic p-
divisible formal group of height g(g+1)

2 , Frobenius slope µ
Y
−µ

X
, and dimension

dim(C(x)/x) = (µ
Y
−µ

X
) · g(g+1)

2 . Moreover, there is a natural isomorphism of
V -isocrystals

M(C(x)/x)⊗Z Q
∼−→ Homsym

W (Fp)
(M(X),M(Y ))⊗Z Q ,

where M(C(x)/x),M(X),M(Y ) denote the Cartier–Dieudonné modules of
C(x)/x, X , Y respectively, W (Fp) is the ring of p-adic Witt vectors, and the
right-hand side of the formula denotes the symmetric part of the internal Hom,



Hecke orbits on Siegel modular varieties 73

with respect to the involution induced by the principal polarization on Ax.
In the general case, C(x)/x is built up from a successive system of fibrations,
and each fibration has a natural structure of a torsor for a suitable p-divisible
formal group.

The fundamental idea underlying our method is to exploit the action of the
local stabilizer subgroups. Recall that the prime-to-p Hecke correspondences
come from the action of the group Sp2g(A

(p)
f ) on the prime-to-p tower of the

moduli space Ag. Here the symplectic group Sp2g in 2g variables is viewed as

a split group scheme over Z, and A(p)
f denotes the restricted product of Q�’s,

where � runs through all primes not equal to p. Suppose that Z ⊂ Ag is a closed
subscheme of Ag which is stable under all prime-to-p Hecke correspondences.
It is clear that for any closed point x ∈ Z(k), the subscheme Z is stable under
the set Stab(x) consisting of all prime-to-p Hecke correspondences having x
as a fixed point. This is an elementary fact, referred to as the local stabilizer
principle, and will be rephrased in a more usable form below.

The stabilizer Stab(x) comes from the unitary group Gx over Q attached
to the pair (Endk(Ax)⊗ZQ, ∗x), where ∗x denotes the Rosati involution on the
semisimple algebra Endk(Ax)⊗Z Q. Notice that Gx = U(Endk(Ax)⊗Z Q, ∗x)
has a natural Z-model attached to the Z-lattice Endk(Ax) ⊂ Endk(Ax)⊗Z Q,
and we denote by Gx(Zp) the group of Zp-valued points for that Z-model.
The group Gx(Zp) is a subgroup of the p-adic group U(Endk(Ax[p∞]), ∗x);
the latter operates naturally on the formal completion A/x

g by deformation
theory. With the help of the weak approximation theorem, applied to Gx, the
local stabilizer principle then says that the formal completion Z/x of Z at x,
as a closed formal subscheme of A/x

g , is stable under the action of Gx(Zp).
See §6 for details.

The tools (C), (R), (H) mentioned above allows us to use the local stabilizer
principle effectively. A useful consequence is that, if Z is a closed subscheme
of Ag stable under all prime-to-p Hecke correspondences, and x is a split
hypersymmetric point of Z, then Z contains an irreducible component of the
leaf passing through x; see Theorem 10.6. Here a split point of Ag is a point
y of Ag such that Ay is isogenous to a product of abelian varieties where each
factor has at most two slopes, while a hypersymmetric point of Ag is a point
y of Ag such that Endk(Ay)⊗Z Zp

∼−→ Endk(Ay[p∞]). It should not come as
a surprise that the local stabilizer principle gives us a lot of information at a
hypersymmetric point, where the local stabilizer subgroup is quite large.

Let x ∈ Ag(Fp) be a closed point of Ag. Let H(p)(x) be the Zariski closure

of the prime-to-p Hecke orbitH(p)(x) of x, and letH(p)(x)
0

:= H(p)(x)∩C(x).1

The conclusion of the last paragraph tells us that, to show that H(p)(x) is

1In fact H(p)(x)
0

is the open subscheme of H(p)(x) consisting of all points y of

H(p)(x) such that the Newton polygon of Ay is equal to the Newton polygon of Ax.
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irreducible, it suffices to show that H(p)(x)
0

contains a split hypersymmet-

ric point. The result that H(p)(x)
0

contains a split hypersymmetric point is
accomplished through what we call the Hilbert trick and the splitting at su-
persingular points.

The Hilbert trick refers to a special property of Ag: Up to an isogeny cor-
respondence, there exists a Hilbert modular subvariety of maximal dimension
passing through any given Fp-valued point of Ag; see §9. To elaborate a bit,
let x be a given point of Ag(Fp). The Hilbert trick tells us that there exists an
isogeny correspondence f , from a g-dimensional Hilbert modular subvariety
ME ⊂ Ag to Ag, whose image contains x. The Hilbert modular variety above
is attached to a commutative semisimple subalgebra E of EndFp

(Ax) ⊗Z Q,
such that [E : Q] = g and E is fixed by the Rosati involution. There are Hecke
correspondences onME coming from the semisimple algebraic group SL(2, E)
over Q, and SL(2, E) can be regarded as a subgroup of the symplectic group
Sp2g. The isogeny correspondence f above respects the prime-to-p Hecke cor-
respondences. So, among other things, the Hilbert trick tells us that, for an
Fp-point x of Ag as above, the Hecke orbit H(p)(x) contains the f -image of a
prime-to-p Hecke orbit H(p)

E (x̃) on the Hilbert modular variety ME , where x̃
is a pre-image of x under the isogeny correspondence f .

A consequence of the Hilbert trick and the local stabilizer principle, is the
following trick of “splitting at supersingular points”; see Theorem 11.3. This
“splitting trick” says that, in the interior of the Zariski closure of a given
Hecke orbit, there exists a point y such that Ay is a split abelian variety. The
last clause means that Ay is isogenous to a product of abelian varieties, where
each factor abelian variety has at most two slopes.

One can formulate the notion of leaves and the Hecke orbit conjecture
for Hilbert modular varieties. It turns out that the prime-to-p Hecke orbit
conjecture for Hilbert modular varieties is easier to solve than Siegel mod-
ular varieties, reflecting the fact that a Hilbert modular variety comes from
a reductive group G over Q such that every Q-simple factor of the adjoint
group Gad has Q-rank one. The trick “splitting at supersingular points” and
a standard technique in algebraic geometry implies that, when one tries to
prove the prime-to-p Hecke orbit conjecture, one may assume that the point
x of Ag is defined over Fp and the abelian variety Ax is split. Now we apply
the Hilbert trick to x. To simplify the exposition, we will assume, for sim-
plicity, that we have a Hilbert modular variety ME in Ag passing through
the point x, suppressing the isogeny correspondence f . We will also assume
(or “pretend”) that the leaf CE(x) on ME passing through x is the inter-
section of C(x) with ME . (The last assumption is not far from the truth, if
we interpret “intersection” as a suitable fiber product.) Notice that the com-
mutative semisimple algebra E is a product of totally real number fields Fi,
i = 1, . . . ,m, and Fi ⊗Qp is a field for each i, because the abelian variety Ax

is split.
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It is easy to see that every leaf in ME contains a hypersymmetric point
y of Ag. Moreover Ay is split because Ax is split. So if we can prove the
Hecke orbit conjecture for ME , then we will know that the Zariski closure
of the Hecke orbit H(p)(x) in C(x) contains a split hypersymmetric point y.
Therefore the prime-to-p Hecke orbit conjecture for Hilbert modular varieties
implies the continuous part of the prime-to-p Hecke orbit conjecture for Ag.

The general methods we developed, when applied to a Hilbert modular
variety ME , produce a proof of the continuous part of the prime-to-p Hecke
orbit conjecture for ME . So the prime-to-p Hecke orbit conjecture for Ag is
reduced to the discrete part of the prime-to-p Hecke orbit conjecture for both
Ag and the Hilbert modular varieties.

The discrete part of the Hecke orbit conjecture is equivalent to the state-
ment that every non-supersingular leaf is irreducible, see Theorem 5.1; the
same holds for Hilbert modular varieties. Generally such irreducibility state-
ments do not come by easily; so far there is no unified approach which works
for all modular varieties of PEL-type. Using the techniques (H) and (M),
one can reduce the discrete part of the Hecke orbit conjecture for Ag to the
statement that the prime-to-p Hecke correspondences operate transitively on
the set of irreducible components of every non-supersingular Newton polygon
stratum in Ag. Happily the results of Oort in [24], [25] can be applied to settle
the latter irreducibility statement; see Theorem 13.1, [21], and references cited
in 13.1.

The discrete part of the Hecke orbit conjecture for the Hilbert modular
varieties, however, requires a different approach, based on the Lie-alpha strat-
ification of Hilbert modular varieties, and the following property of Hilbert
modular varieties: For each slope datum ξ for ME , there exists a Lie-alpha
stratum Ne,a ⊂ ME , contained in the Newton polygon stratum in ME at-
tached to the given slope datum ξ, and a dense open subset Ue,a of Ne,a such
that Ue,a is a leaf in ME . Here a slope datum for ME is a function which to
each prime ideal ℘ of OE/pOE attaches a set of the form {µ℘, 1− µ℘}, where
0 ≤ µ℘ ≤ 1

2 , and the denominator of µ℘ divides 2[E℘ : Qp]. There is a natural
slope stratification of ME , indexed by the set of slope data for ME . The Lie-
alpha stratification ofME is defined in terms of the Lie type and alpha type of
the OE-abelian varieties attached to points of ME ; the Lie type (resp. alpha
type) of an OE abelian variety A over Fp refers to the (semi-simplification of)
the linear representation of the algebra OE ⊗Fp Fp on the vector space Lie(A)
(resp. Hom(αp, A)) over Fp. A critical step in the proof of the discrete part
of the Hecke orbit conjecture for Hilbert modular varieties, due to C.-F. Yu,
is the construction of “enough” deformations for understanding the incidence
relation of the Lie-alpha stratification.
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Details of the proof of the Hecke orbit conjecture will appear in a
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2 Hecke orbits

Let p be a prime number, fixed throughout this article. Let Z(p)
f =

∏
� 
=p Z�,

where � runs through all prime numbers different from p. Let A(p)
f be the

restricted product
∏′

� 
=p Q� of Q�’s for � 	= p, naturally isomorphic to Z(p)
f ⊗ZQ

and known as the ring of prime-to-p finite adèles attached to Q.

Let k be an algebraically closed field of characteristic p. Choose and fix an
isomorphism ζ : Z(p)

f
∼−→ Z(p)

f (1) over k, i.e., a compatible system of isomor-
phisms ζm : Z/mZ � µm(k), where m runs through all positive integers which
are not divisible by p. For any natural number g and any integer n ≥ 3 with
(n, p) = 1, denote by Ag,n the moduli space over k classifying g-dimensional
principally polarized abelian varieties with a symplectic level-n structure with
respect to ζ.

For any two integers n1, n2 ≥ 3, such that (p, n1n2) = 1 and n1 | n2, there
is a canonical map Ag,n2 → Ag,n1 . Denote by Ag,(p) the resulting projective
system of the moduli spacesAg,n, where n runs through all integers n ≥ 3 with
(p, n) = 1. By definition, a geometric point of Ag,(p)(k) corresponds to a triple
(A, λ, η), where A is a g-dimensional principally polarized abelian variety over
k, λ is a principal polarization on A, and η is a level-Z(p)

f structure on A, i.e.,

η is a symplectic isomorphism from
∏

� 
=p A[�∞] to (Z(p)
f )2g, where the free

Z(p)
f -module (Z(p)

f )2g is endowed with the standard symplectic pairing.
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From the definition of Ag,(p) we see that there is a natural action of
Sp2g(Z

(p)
f ) on Ag,(p), operating as covering transformations over the mod-

uli stack Ag. Moreover there is a natural action of the group Sp2g(A
(p)
f ) on

Ag,(p), extending the action of Sp2g(A
(p)
f ) and gives a much larger collection

of symmetries on the tower Ag,(p). The automorphism hγ of Ag,(p) attached
to an element γ ∈ Sp2g(A

(p)
f ) is characterized by the following property. There

is a prime-to-p isogeny αγ from the universal abelian scheme A to h∗γA such
that

η ◦ αγ [(p)] = γ ◦ η ,
where αγ [(p)] denotes the prime-to-p quasi-isogeny induced by αγ , between
the prime-to-p-divisible groups attached to A and h∗γA respectively. On each
individual moduli space Ag,n, the action of Sp2g(A

(p)
f ) induces algebraic cor-

respondences to itself; they are the classical Hecke correspondences on the
Siegel moduli spaces.

Definition 2.1. Let n ≥ 3 be an integer, (n, p) = 1. Let x ∈ Ag,n(k) be a
geometric point of Ag,n, and let x̃ ∈ Ag,(p)(k) be a geometric point of the
tower Ag,(p) above x.

(i) The prime-to-p Hecke orbit of x in Ag,n, denoted by H(p)(x), or H(x) for
short, is the image of the subset Sp2g(A

(p)
f )·x̃ of Ag,(p) under the projection

map πn : Ag,(p) → Ag,n.
(ii) Let � be a prime number, � 	= p. The �-adic Hecke orbit of x in Ag,n,

denoted by H�(x), is the image of Sp2g(Q�) · x̃ under π : Ag,(p) → Ag,n.

Remark 2.2.

(i) It is easy to see that the definition of H�(x) does not depend on the choice
of x̃. One can also use the �-adic tower above Ag,n to define the �-adic
Hecke orbits.

(ii) Explicitly, the countable set H(p)(x) (resp. H�(x)) consists of all points
y ∈ Ag,n(k) such that there exists an abelian variety B over k and two
prime-to-p isogenies (resp. �-power isogenies) α : B → Ax, β : B → Ay

such that α∗(λx) = β∗(λy).

(iii) The moduli stackAg over k has a natural pro-étale GSp2g(Z
(p)
f ) cover; and

the group GSp2g(A
(p)
f ) operate on the projective limit. Then for any geo-

metric point x ∈ Ag,n(k), we can define the GSp2g(A
(p)
f )-orbit of x and the

GSp2g(Q�)-orbit of x as in Definition 2.1 using the pro-étale GSp2g(Z
(p)
f )-

tower. Explicitly, the GSp2g(A
(p)
f )-orbit of x (resp. the GSp2g(Q�)-orbit

of x) on Ag,n for a geometric point x ∈ Ag,n(k) can be explicitly de-
scribed as follows. It consists of all points y ∈ Ag,n(k) such that there
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exists a prime-to-p isogeny (resp. an �-power isogeny) β : Ax → Ay such
that β∗(λy) = m(λx), where m is a prime-to-p positive integer (resp. a
non-negative integer power of �.)

Remark 2.3. In Definition 2.1 we used the group Sp2g(A
(p)
f ) to define the

prime-to-p Hecke orbits of a closed point x in Ag,n → Spec(k). Geometrically
that means to consider the orbit of x under all prime-to-p symplectic quasi-
isogenies. One can also consider the orbit of x under all symplectic quasi-
isogenies, or, as a slight variation, the orbit of x under all quasi-isogenies which
preserve the polarization up to a multiple. The latter was used in [22, 15.A].
We considered only the prime-to-p Hecke correspondences in this article, since
they are finite étale correspondences on Ag,n, and reflect well the underlying
group-theoretic properties.

For any totally real number field F and any integer n ≥ 3, (n, p) = 1,
denote by MF,n the Hilbert modular variety over k attached to F as defined
in [8]. Just as in the case of Siegel modular varieties, the varieties MF,n over k
form a projective system, with a natural action by the group SL2(F ⊗Q A(p)

f ).

The prime-to-p Hecke orbit H(p)
F (x) and the �-adic Hecke orbit HF,�(x) of

a geometric point x ∈ MF,n(k) are, by definition, the image in MF,n(k) of
SL2(F⊗QA(p)

f )·x̃ and SL2(F⊗QQ�)·x̃ respectively, where x̃ is a k-valued point,
lying above x, of the projective system MF,(p) := {MF,m : (m, p) = 1}.

More generally, if E = F1 × · · · × Fr is a product of totally real number
fields, and n ≥ 3 is a positive integer not divisible by p, we can define the
Hilbert modular variety ME over k attached to E, in the same fashion as in
[8], with OE := OF1 × · · · × OFr , as follows. For any k-scheme S, ME(S) is
the set of isomorphism classes of triples of the form

(A→ S, α : OE → EndS(A), φ : A⊗OE L
∼−→ At) ,

where α is a ring homomorphism, L is an invertible OE module with a notion
of positivity L+ ⊂ L⊗Q R, and φ is an isomorphism of abelian varieties such
that for each element λ ∈ L, the homomorphism φλ : A → At attached to λ
is symmetric, and φλ is a polarization of A if λ is positive. Then we have a
canonical isomorphism ME = MF1 × · · · ×MFr . The notion of Hecke orbits
generalizes in the obvious way to the present situation.

Remark 2.4. The notion of prime-to-p Hecke orbits can be generalized to
other modular varieties over k of PEL-type in a natural way. Furthermore,
one expects that the notion of prime-to-p Hecke orbits can be generalized to
the reduction over k of a Shimura variety X , with satisfactory properties.



Hecke orbits on Siegel modular varieties 79

3 Leaves

In this section we work over an algebraically closed field k of characteristic
p > 0. The modular varieties Ag,n and ME,n are considered over the fixed
based field k.

Theorem 3.1 (Oort). Let n ≥ 3 be an integer, (n, p) = 1. Let x ∈ Ag,n(k)
be a geometric point of Ag,n.

(i) There exists a unique reduced constructible subscheme C(x) of Ag,n, called
the leaf passing through x, characterized by the following property. For
every algebraically closed field K ⊇ k, C(x)(K) consists of all elements
y ∈ Ag,n(K) such that

(Ax[p∞], λx[p∞])×Spec(k) Spec(K) � (Ay[p∞], λy[p∞]) ,

where λx[p∞], λy [p∞] are the principal quasi-polarizations induced by the
principal polarizations λx, λy on the Barsotti–Tate groups Ax[p∞], Ay[p∞]
respectively.

(ii) The leaf C(x) is a locally closed subscheme of Ag,n. Moreover it is smooth
over k.

Remark 3.2.

(i) Theorem 3.1 is proved in [26, 3.3, 3.14]. The claim that the subset of
Ag,n(k) consisting of all geometric points y such that (Ay [p∞], λy[p∞])
is isomorphic to (Ax[p∞], λx[p∞]) is the set of geometric points of a con-
structible subset ofAg,n, follows from the following fact, proved in Manin’s
thesis [16]: A Barsotti–Tate group over k of a given height h is determined,
up to non-unique isomorphism, by its truncation modulo a sufficiently high
level N ≥ N(h).

(ii) T. Zink showed, in a letter to C.-L. Chai dated May 1, 1999, the following
generalization of Manin’s result: A crystal M over k is determined, up to
non-unique isomorphisms, by its quotient modulo pN , for some suitable
N > 0 depending only on the height of M and the maximum among the
slopes of M .

(iii) In [26], C(x) is called the central leaf passing through x.
(iv) It is clear from the definition that each leaf in Ag,n is stable under all

prime-to-p Hecke correspondences. In particular, the Hecke orbit H(p)(x)
is contained in the leaf C(x) passing through x.

(v) Every leaf is contained in a Newton polygon stratum of Ag,n, and every
Newton polygon stratum is a disjoint union of leaves. Recall that a Newton
polygon stratum Wξ(Ag,n) in Ag,n over k is, by definition, the subset of
Ag,n such thatWξ(Ag,n)(K) consists of all K-valued points y of Ag,n such



80 Ching-Li Chai

that the Newton polygon of Ay[p∞] is equal to ξ, for all fields K ⊃ k.2

By Grothendieck–Katz, Wξ(Ag,n) is a locally closed subset of Ag,n; see
[14] for a proof. There are infinitely many leaves in Ag,n if g ≥ 2. In
particular the decomposition of Ag,n into a disjoint union of leaves is not
a stratification in the usual sense: There are infinitely many leaves, and
the closure of some leaves contain infinitely many leaves.

Examples 3.3.

(i) The ordinary locus ofAg,n, that is the largest open subscheme ofAg,n over
which each geometric fiber of the universal abelian scheme is an ordinary
abelian variety, is a leaf.

(ii) The “almost ordinary” locus of Ag,n, or, the locus consisting of all ge-
ometric points x such that the maximal étale quotient of the attached
Barsotti–Tate group Ax[p∞] has height g − 1, is a leaf.

(iii) Every supersingular leaf in Ag,n is finite over k. Hence there are infinitely
many supersingular leaves in Ag,n if g ≥ 2.

(iv) Consider the Newton polygon stratum Wξ(A3,n) in A3,n, where the New-
ton polygon ξ has slopes ( 1

3 ,
2
3 ). Every leaf C contained in Wξ(A3,n) is

two-dimensional, while dim(Wξ(A3,n)) = 3.

Proposition 3.4. Let C be a leaf in Ag,n. For each integer N ≥ 1, denote
by A[pN ] → C the pN-torsion subgroup scheme of the restriction to C of
the universal abelian scheme. Then there exists a finite surjective morphism
f : S → C such that (A[pN ], λ[pN ]) ×C S is a constant principally polarized
truncated Barsotti–Tate group over S.

Proof. See [26, 1.3]. �

Remark 3.5. Using Proposition 3.4, one can show that there exist finite sur-
jective isogeny correspondences between any two leaves lying in the same
Newton polygon stratum; see [26, Lemma 3.14]. In particular, any two leaves
in the same Newton polygon stratum have the same dimension.

Remark 3.6. In this article we have focused our attention on leaves in Ag,n

over k. The notion of leaves can be extended to other modular varieties of
PEL-type in a similar way, and the basic properties of leaves, including The-
orem 3.1 and Propositions 3.4, 3.7, can all be generalized; some of the gener-
alized statements become a little stronger. It is expected that the notion of
leaves can be defined on reduction over k of a Shimura variety X , with nice
properties.

2Some author use the notation W 0
ξ (Ag,n) instead of W 0

ξ (Ag,n), and call it an
“open Newton polygon stratum”; then they denote by Wξ(Ag,n) the closure of
W 0

ξ (Ag,n) in Ag,n and call it a Newton polygon stratum.
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Proposition 3.7. Let C be a leaf in Ag,n. Denote by A[p∞] → C the Barsotti–
Tate group attached to the restriction to C of the universal abelian scheme.
Then there exists a slope filtration on A[p∞] → C. More precisely, there exist
Barsotti–Tate subgroups

0 = G0 ⊂ G1 ⊂ G2 ⊂ · · · ⊂ Gm = A[p∞]

of A[p∞] → C over the leaf C such that Gi/Gi−1 is a Barsotti–Tate group over
C with a single Frobenius slope µi, i = 1, . . . ,m, and µ1 > µ2 > · · · > µm.
Moreover each Barsotti–Tate group Gi/Gi−1 → C is geometrically fiberwise
constant, for i = 1, . . . ,m. In other words, any two geometric fibers of
Gi/Gi−1 → C are isomorphic after base extension to a common algebraically
closed overfield.

Remark 3.8.

(i) The statement that Hi := Gi/Gi−1 has Frobenius slope µi means that
there exist constants c, d > 0 such that

Ker([p�Nµi−c�]Hi) ⊆ Ker(Fr(p
N )

Hi
) ⊆ Ker([p�Nµi+d�]Hi)

for all N � 0. Here Fr(p
N )

Hi
: Hi → H

(pN )
i denotes the relative pN -

Frobenius forHi → C, also called the N -th iterate of the relative Frobenius
by some authors, while Ker([p�Nµi−c�]Hi) (resp. Ker([p�Nµi+d�]Hi)) is the
kernel of multiplication by p�Nµi−c� (resp. by p�Nµi+d�) on Hi.

(ii) The Frobenius slopes of a Barsotti–Tate group X measures divisibility
property of iterates of the Frobenius map on X . A Barsotti–Tate group
X is isoclinic with Frobenius slope µ if (FrX)N/pµN and pµN/(FrX)N

are both bounded as N →∞. In the literature the terminology “slope” is
sometimes also used to measure the divisibility of the Verschiebung, hence
we use “Frobenius slope” to avoid possible confusion.

(iii) When all fibers of A[p∞] at points of C are completely slope divisible, the
existence of the slope filtration was proved by in [32, Proposition 14];
see also [27, Proposition 2.3]. The statement of Proposition 3.7 has not
appeared in the literature, but the following stronger statement can be
deduced from [32, Theorem 7] and [27, Theorem 2.1]: If S → Spec(Fp)
is an integral Noetherian normal scheme of characteristic p, and G is a
Barsotti–Tate group over S which is geometrically fiber-wise constant,
then G→ S admits a slope filtration.

(iv) The slope filtration on a leaf holds the key to the theory of canonical
coordinates on a leaf; see §7.

(v) It is clear that on a Barsotti–Tate group over a reduced base scheme S
over k, there exists at most one slope filtration.

(vi) One can construct a Barsotti–Tate group G over a smooth base scheme S
over k, for instance P1, such that G does not have a slope filtration.
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Denote by Π0(C(x)) the scheme of geometrically irreducible components of
C(x), or equivalently, the set of geometrically connected components of C(x),
since C(x) is smooth over k. The scheme Π0(C(x)) is finite and étale over k;
this assertion holds even if the base field k is not assumed to be algebraically
closed.

LetE = F1×· · ·×Fr be the product of totally real number fields F1, . . . , Fr ,
and let n ≥ 3 be an integer with (n, p) = 1. The notion of leaves can
be extended to the Hilbert modular variety ME,n over k, as follows. Let
x ∈ ME,n(k) be a geometric point of the Hilbert modular variety ME,n(k).
The leaf in ME,n passing through x is the smooth locally closed subscheme
CE(x), characterized by the property that CE(x)(K) consists of all geometric
points y ∈ ME,n(K) such that there exists an OE⊗ZZp-linear isomorphism
from Ay[p∞] to Ax[p∞] compatible with the OE-polarizations, for every alge-
braically closed field K ⊃ k.

Just as in the case of Siegel modular varieties, each leaf in ME,n is stable
under all prime-to-p Hecke correspondences on ME,n.

The slope filtration on the Barsotti–Tate group over a leaf in ME,n takes
the following form. Let CE be a leaf in ME,n, and denote by G the Barsotti–
Tate group attached to the restriction to CE of the universal abelian scheme
over CE . Write OE⊗ZZp =

∏s
j=1 OE℘j

, where each OE℘j
is a complete discrete

valuation ring. The natural action of OE ⊗Z Zp on G gives a decomposition

G = G1 × · · · ×Gs ,

where each Gj is a Barsotti–Tate group over CE , with action by OE℘j
, and

the height of Gj is equal to 2 [OE℘j
: Zp]. Moreover, for j ∈ {1, . . . , s} and Gj

not isoclinic of slope 1
2 , there exists a Barsotti–Tate subgroup Hj ⊂ Gj over

CE , stable under the action of OE℘j
, such that

• the height of Hj is equal to [OE℘j
: Zp],

• both Hj and Gj/Hj are isoclinic, of Frobenius slopes µj , µ′j respectively,
and

• µj > µ
′
j and µj + µ′j = 1.

4 The Hecke orbit conjecture

Let k be an algebraically closed field of characteristic p, and let n ≥ 3 be an
integer, (n, p) = 1.
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Conjecture 4.1. Denote by Ag,n the moduli space of g-dimensional princi-
pally polarized abelian varieties over k with symplectic level-n structures as
before.

(HO) For any geometric point x of Ag,n, the Hecke orbit H(p)(x) is dense
in C(x).
(HO)ct For any geometric point x of Ag,n, we have dim(H(p)(x)) =
dim(C(x)), where H(p)(x) denotes the Zariski closure of the countable sub-
set H(p)(x) in Ag,n. Equivalently, H(p)(x) contains the irreducible compo-
nent of C(x) passing through x.
(HO)dc For any geometric point x of Ag,n, the canonical map

Π0(H(p)(x)
◦
) → Π0(C(x))

is surjective, where H(p)(x)
◦

:= H(p)(x)∩C(x) denotes the Zariski closure
of the Hecke orbit H(p)(x) in the leaf C(x). In other words, the prime-
to-p Hecke correspondences operate transitively on the set Π0(C(x)) of
geometrically irreducible components of C(x).

Remark 4.2.

(i) Conjecture (HO) is due to Oort, see [26, 6.2]. It implies Conjecture 15.A
in [22], which asserts that the orbit of a point x of Ag,n(k) under all Hecke
correspondences, including all purely inseparable ones, is Zariski dense in
the Newton polygon stratum containing x.

(ii) It is clear that conjecture (HO) is equivalent to the conjunction of (HO)ct
and (HO)dc. We call (HO)ct (resp. (HO)dc) the continuous (resp. discrete)
part of the Hecke orbit conjecture (HO).

(iii) Conjecture (HO)dc is essentially an irreducibility statement; see Theorem
5.1.

(iv) We can also formulate an �-adic version of the Hecke orbit conjecture,
(HO)�, for any prime number � 	= p. It asserts that H�(x) is dense in
C(x). One can define the continuous part (HO)�,ct, and the discrete part
(HO)�,dc of (HO)� as in 4.1. Clearly, (HO)� ⇐⇒ (HO)�,ct + (HO)�,dc.

(v) Theorem 5.1 tells us that (HO)�,dc ⇐⇒ (HO)dc, and (HO)� ⇐⇒ (HO).
So, although (HO)� appears to be a stronger statement than (HO), it is
essentially equivalent to it. Strictly speaking, Theorem 5.1 gives the im-
plications when the Hecke orbit in question is not supersingular, however
the supersingular case can be dealt with directly, using the weak approx-
imation theorem.

Let E be a finite product of totally real number fields, and let ME be
the Hilbert modular variety over k attached to E. Then we can formulate the
Hecke orbit conjectures for Mn as in Conjecture 4.1, and will use (HO)E ,
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(HO)E,ct, and (HO)E,dc to denote the Hecke orbit conjecture for Mn and its
two parts. Remark 4.2 (ii), (iii), (iv) hold in the present context.

Remark 4.3. The Hecke orbit conjecture(s) can be formulated for other mod-
ular varieties of PEL-type, and the reduction over k of any Shimura variety
X if one is optimistic. It should be noted, however, that the statement in Re-
mark 4.2 (iii) needs to be modified, because the last sentence of Theorem 5.1
depends on the fact that Sp2g is simply connected. The remedy is to use

the Gder(A(p)
f )-orbit instead of the G(A(p)

f )-orbit, where G is the connected
reductive group over Q in the input data of the Shimura variety X .

Theorem 4.4. The Hecke orbit conjectures (HO),(HO)� hold for the Siegel
modular varieties. In other words, every prime-to-p Hecke orbit is Zariski
dense in the leaf containing it; the same is true for every �-adic Hecke orbit,
for every prime number � with (�, p) = 1.

In the rest of this article we present an outline of the proof of Theorem
4.4. We have already seen that Theorem 5.1 on �-adic monodromy groups is
helpful in clarifying the discrete Hecke orbit conjecture, and for the equiv-
alence between (HO)� and (HO). The foundation underlying our approach
is the local stabilizer principle, to be explained in §6; this principle is quite
general and can be applied to all PEL-type modular varieties. We will also
use a special property of the Siegel modular varieties, called the Hilbert trick,
to be explained in §9. That property holds for modular varieties of PEL-type
C, but not for PEL-type A or D. Both the local stabilizer principle and the
Hilbert trick were used in [6]; the former was used not only for points of the
ordinary locus, but also the zero-dimensional cusps and supersingular points.

There are several techniques, listed as items (C), (R), (S), (H) in the fourth
paragraph of §1, which make the local stabilizer principle more potent. Among
them, the methods (C), (R), (H) can be generalized to all modular varieties
of PEL-type, while (S) depends on the Hilbert trick, therefore applies only to
modular varieties of PEL-type C.

The Hecke orbit conjecture for the Hilbert modular varieties enters the
proof of (HO)ct for Ag,n at a critical point, through the Hilbert trick.

Theorem 4.5. The Hecke orbit conjecture holds for Hilbert modular varieties.
In other words, every prime-to-p Hecke orbit in a Hilbert modular variety is
Zariski dense in the leaf containing it.

5 �-adic monodromy of leaves

Theorem 5.1 below explores the relation between the Hecke symmetries and
the �-adic monodromy. It asserts that the �-adic monodromy of any non-
supersingular leaf on Ag is maximal. A byproduct of Theorem 5.1, from a



Hecke orbits on Siegel modular varieties 85

group theoretic consideration, is an irreducibility statement. The irreducibility
statement implies that for a non-supersingular leaf C in Ag, the discrete part
(HO)dc of the Hecke orbit conjecture holds for C if and only if C is irreducible.

Theorem 5.1. Let k be an algebraically closed field of characteristic p. Let
n ≥ 3 be a natural number which is prime to p. Let � be a prime number � � pn.
Let Z be a smooth locally closed subvariety of Ag,n over k. Assume that Z is
stable under all �-adic Hecke correspondences coming from Sp2g(Q�), and that
the �-adic Hecke correspondences operate transitively on the set of irreducible
components of Z. Let A → Z be the restriction to Z of the universal abelian
scheme. Let Z0 be an irreducible component of Z, and let η̄ be a geometric
generic point of Z0. Assume that Aη̄ is not supersingular. Then the image
ρ

A,�
(π1(Z0, η)) of the �-adic monodromy representation of A → Z0 is equal

to Sp(T�, 〈 , 〉�) ∼= Sp2g(Z�), where T� = T�(Aη̄) = lim←−n
A[�n](η̄) denotes the

�-adic Tate module of Aη̄. Moreover Z = Z0, i.e., Z is irreducible, and Z is
stable under all prime-to-p Hecke correspondences on Ag,n.

Remark 5.2.

(i) Theorem 5.1 is handy when one tries to prove the irreducibility of certain
subvarieties of Ag. For instance, if one wants to show that a leaf or a
Newton polygon stratum in Ag is irreducible, Theorem 5.1 tells us that
it suffices to show that the the prime-to-p Hecke correspondences operate
transitively on the set of irreducible components of the given leaf or New-
ton polygon stratum. The latter statement be approached by the standard
degeneration argument in algebraic geometry.

(ii) Theorem 5.1 is the main result of [4]. The proof of Theorem 5.1 can be
generalized to other modular varieties of PEL-type, but one has to make
suitable modification of the statement if the derived group of G is not
simply connected.

(iii) The assumption that Z is stable under all �-adic Hecke correspondences
coming from Sp2g(Q�) means that the closed points of Z is a union of �-

adic Hecke correspondences. See Section 2 for the action of Sp2g(A
(p)
f ) on

the tower Ag,(p) of modular varieties. The action of the subgroup Sp2g(Q�)
of Sp2g(A

(p)
f ) induces the �-adic Hecke correspondences on Ag,n.

(iv) The proof of Theorem 5.1 is mostly group-theoretic; the algebro-geometric
input is the semisimplicity of the �-adic monodromy group.

6 The action of the local stabilizer subgroup

Let k be an algebraically closed field of characteristic p. Let n ≥ 3 be an
integer, (n, p) = 1. Let � be a prime number, � 	= p. Let Z ⊂ Ag,n be a
reduced closed subscheme stable under all �-adic Hecke correspondences. In
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other words, Z is a union of �-adic Hecke orbits. Let x = ([Ax, λx]) ∈ Z(k)
be a closed point of Z. Let E = Endk(Ax) ⊗Z Qp, and let ∗ be the Rosati
involution of E induced by the principal polarization λx. Let

H = {u ∈ E×| u · u∗ = u∗ · u = 1}
be the unitary group attached to the pair (E ⊗Q Qp, ∗). Define the local sta-
bilizer subgroup Ux at x ∈ Ag(k) by Ux := H ∩ Endk(Ax[p∞])×.

Similarly, let Ẽ := Endk(Ax[p∞])⊗Zp Qp, and let ∗̃ be the involution on Ẽ
induced by λx. Denote by H̃ the unitary group attached to the pair (Ẽ, x̃), and
let Ũx = H̃ ∩ Endk(Ax[p∞])×. The group Ũx operates naturally on A/x

g,n by
deformation theory. Since there is a natural inclusion Ux ↪→ Ũx, the subgroup
Ux inherits an action on A/x

g,n.

Proposition 6.1 (local stabilizer principle). Notation as above. Then the
closed formal subscheme Z/x of A/x

g,n is stable under the action of the local
stabilizer subgroup Ux on A/x

g,n

Proof (Sketch). Let U be the unitary group attached to the pair (E, ∗); it is a
reductive linear algebraic group over Q. In particular the weak approximation
theorem holds for U . Choose and fix a “standard embedding”

U(A(p)
f ) ↪→ Sp2g(A

(p)
f )

coming from a choice of a symplectic level-Z(p)
f structure of Ax. Then every

element of the subgroup U(A(p)
f ) of Sp2g(A

(p)
f ) gives rise to a prime-to-p Hecke

correspondence having x as a fixed point. For any given element γp ∈ Ux,
choose an element γ ∈ U(Q) close to γp in U(Qp). Note that the image of
γ in U(A(p)

f ) gives rise to a prime-to-p Hecke correspondence, which has x

as a fixed point and sends the formal subscheme Z/x of A/x
g,n into Z/x itself.

Interpreted in terms of deformation theory, the last assertion implies that a
formal neighborhood Spec

(
OZ/x/mN

x

)
of x in Z/x, as a formal subscheme of

A/x
g,n, is stable under the natural action of γp, where mx is the maximal ideal

of OZ/x , and N = N(γp, γ) depends on how close γ is to γp, N(γp, γ) → ∞
as γ → γp. Taking the limit as γ goes to γp, we see that Z/x is stable under
the action of γp. �

Remark 6.2.

(i) The action of the local stabilizer subgroup on the deformation space goes
back to Lubin and Tate in [15].

(ii) In [6], the local stabilizer principle was applied to the zero-dimensional
cusps of Ag,n, and also to points of Ag,n defined over finite fields. The
calculation of [6, Proposition 2, p. 454] at the zero-dimensional cusps is
a bit complicated, and can be avoided, using “Larsen’s example” on page
443 of [6] instead.
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(iii) The bigger the local stabilizer subgroup Ux, the more information the
action of Ux on A/x

g,n contains. The size of U , the linear algebraic group
over Qp such that Ux is open in U(Qp), is maximal when the abelian
variety Ax is supersingular. If x is a supersingular point, then U is an
inner twist of Sp2g, so in some sense almost all information about the
prime-to-p Hecke correspondences on Ag,n are encoded in the action of
Ux on A/x

g,n. The challenge, however, is to dig the buried information
out of this action; the success stories include Theorem 11.3, and [6, §5,
Proposition 7].

7 Canonical coordinates for leaves

Let k be an algebraically closed field of characteristic p. Let C be a leaf on
Ag,n, where n ≥ 3 is a natural number relatively prime to p. Let x ∈ C(k)
be a closed point of C. Recall that the leaf C is defined by a point-wise prop-
erty, namely, a point y ∈ C(k) is in C = C(x) if and only if the principally
quasi-polarized Barsotti–Tate groups (Ay [p∞], λy[p∞]) and (Ax[p∞], λx[p∞])
are isomorphic. One can also use the same point-wise property to define leaves
(on the base scheme) for a (principally quasi-polarized) Barsotti–Tate group
over a Noetherian integral base scheme over k; see [26].

From the definition it is not immediately clear how to “compute” the for-
mal completion C/x of the leaf C at x. However this turns out to be possible,
and the resulting theory is a generalization of the classical Serre–Tate theory
for the local moduli of ordinary abelian varieties. Some highlights of the de-
scription of C/x will be explained in this section. More details can be found
in [7], [2].

Recall that the deformation theory of (Ax, λx) is the same as that of the
associated principally quasi-polarized Barsotti–Tate group (Ax[p∞], λx[p∞]).
Let

0 = G0 ⊂ G1 ⊂ G2 ⊂ · · · ⊂ Gm = AC [p∞]

be the slope filtration of the restriction to C of the Barsotti–Tate group at-
tached to the universal abelian scheme, so that each Gi/Gi−1 is a Barsotti–
Tate group over C with slope µi, i = 1, 2, . . . ,m, and µ1 > µ2 > · · · > µm.
Moreover, each subquotient Gi/Gi−1 is constant over the formal completion
C/x of C at x, because it is geometrically fiberwise constant over the complete
strictly henselian base formal scheme C/x.

Let Def(Ax) = Def(Ax[p∞]) be the local deformation space of Ax over
k, or equivalently the local deformation space of Ax[p∞] over k; it is a g2-
dimensional smooth formal scheme over k. A basic phenomenon here is that
C/x is determined by the slope filtration on A[p∞] → C/x. More precisely,
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the formal subscheme C/x ⊂ A/x
g,n ⊂ Def(Ax) is contained in the “extension

part” MDE(Ax[p∞]) of Def(Ax), where MDE(Ax[p∞]) is the maximal closed
formal subscheme of the local deformation space Def(Ax) = Def(Ax[p∞]) such
that the restriction to MDE(Ax[p∞]) of the universal Barsotti–Tate group is
a successive extension of constant Barsotti–Tate groups

(Gi/Gi−1)x ×Spec(k) MDE(Ax[p∞]) ,

extending the slope filtration of Ax[p∞]. For each Artinian local k-algebra R,
MDE(R) is the set of isomorphism classes of tuples(

0 = G̃0 ⊂ G̃1 ⊂ · · · ⊂ G̃m;α1, . . . , αm;β1, . . . , βm

)
,

such that

• G̃i is a Barsotti–Tate group over R for each i,
• each quotient G̃i/G̃i−1 is a Barsotti–Tate group over R, i = 1, . . . ,m,
• αi is an isomorphism from G̃i ×Spec(R) Spec(k) to (Gi)x, for i = 1, . . . ,m,

• βi is an isomorphism from G̃i/G̃i−1 to (Gi/Gi−1)x ×Spec(k) Spec(R), for
i = 1, . . . ,m,

• the inclusion maps Gi ↪→ Gi+1 and G̃i ↪→ G̃i+1, for i = 1, . . . ,m − 1, are
compatible with the isomorphisms α1, . . . , αm

• the isomorphisms β1, . . . , βm are compatible with α1, . . . , αm.

Our theory of canonical coordinates provides a description of the closed formal
subscheme C/x of MDE(Ax[p∞]) in terms of the structure of MDE(Ax[p∞]),
independent of the notion of leaves. If the abelian variety Ax is ordinary, then
m = 2, G1 is toric, G2/G1 is étale, and the theory reduces to the classical
Serre–Tate coordinates.

The computation of C/x can be reduced to the following two “essential
cases”. In both cases we have two p-Barsotti–Tate groups X and Y over k; X
has slope µ

X
, while Y has slope µ

Y
. We assume that µ

X
< µ

Y
. Let Spf(R) be

the equi-characteristic deformation space of X × Y . Let G → Spf(R) be the
universal deformation of X × Y . For each s ≥ 1, since G[ps] is a finite locally
free group scheme over Spf(R), it is the formal completion of a unique finite
locally free group scheme over Spec(R), denoted by G[ps]′ → Spec(R). The
inductive system of finite locally free group schemes G[ps]′ → Spec(R) form
a Barsotti–Tate group over Spec(R), denoted by G → Spec(R), abusing the
notation.

• (unpolarized case) In this case, our goal is to compute the leaf in Spec(R),
passing through the closed point of Spec(R), for the Barsotti–Tate group
G→ Spec(R). This leaf will be denoted by C∧up.
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• (polarized case) Suppose that λ is a principal quasi-polarization on the
product X × Y . This assumption implies that µ

X
+µ

Y
= 1. The equi-

characteristic deformation space of (X×Y, λ) is a closed formal subscheme
Spf(R/I) of Spf(R). We would like to compute the leaf in Spec(R/I),
passing through the closed point of Spec(R/I), for the principally polarized
Barsotti–Tate group G→ Spec(R/I); denote this leaf by C∧.

Our starting point in the computation of C/x
up and C/x is the following

observation. There is a closed formal subscheme DE(X,Y ) of the deformation
space Spf(R), maximal with respect to the property that the restriction to
DE(X,Y ) of the universal deformation ofX×Y is an extension of the constant
group X ×Spec(k) DE(X,Y ) by the constant group Y ×Spec(k) DE(X,Y ). It is
not difficult to see that DE(X,Y ) is formally smooth over k. The existence
of the canonical filtration of the restriction of G to the leaves implies that
both C∧up and C∧ are closed formal subschemes of DE(X,Y ). On the other
hand, the Baer sum for extensions produces a group law on DE(X,Y ), so
that DE(X,Y ) has a natural structure as a smooth formal group over k.

Theorem 7.1.

(i) In the unpolarized case, the leaf C∧
up is naturally isomorphic to the maximal

p-divisible formal subgroup DE(X,Y )p-div of DE(X,Y ). The p-divisible
group DE(X,Y )p-div has slope µ

Y
−µ

X
.

(ii) In the polarized case, the principal quasi-polarization λ on X × Y induces
an involution on DE(X,Y )p-div, and C∧ is equal to the maximal subgroup
DE(X,Y )sym

p-div of DE(X,Y )p-div which is fixed under the involution. Again,
DE(X,Y )sym

p-div is a p-divisible formal group with slope µ
Y
−µ

X
.

Remark 7.2.

(i) Theorem 7.1 gives a structural characterization of the leaves C∧
up and C∧

in the formal subscheme DE(X,Y ) of the deformation space Spf(R) of
X × Y . In Theorem 7.7 and Proposition 7.8, we will see a structural
characterization of a leaf C(Def(G)) in the equi-characteristic deformation
space Def(G) of a general Barsotti–Tate groupG over k, in a similar spirit.
The above characterization deals with the differential property of leaves,
and complements the global point-wise definition of leaves.

(ii) The statement in Theorem 7.1 (ii) follows quickly from 7.1 (i). The last
sentence of 7.1 (i) can be proved by comparing the effect of iterates of
the relative Frobenius on DE(X,Y )p-div with suitable powers p, assuming
without loss of generality that X and Y are both minimal.

(iii) We have a natural inclusion C∧up ⊂ DE(X,Y ). To prove that C∧up contains
DE(X,Y )p-div, one shows that the pull-back of the universal extension of
X by Y over DE(X,Y ) to the perfection of DE(X,Y )p-div splits. To prove
that C∧up ⊆ DE(X,Y )p-div, one shows that for every complete Noetherian
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local domain S over k and every S-valued point f : S → DE(X,Y )unip of
the maximal unipotent part of DE(X,Y ), if the extension of X×Spec(k) S

by Y ×Spec(k) S attached to f becomes trivial over the perfection Sperf of
S, then f corresponds to the trivial extension over S.

Theorem 7.3. Let M(X),M(Y ) be the covariant Dieudonné module of X,Y
respectively. Let B(k) be the fraction field of W (k). The B(k)-vector space

HomW (k)(M(X),M(Y ))⊗W (k) B(k)

has a natural structure as a V -isocrystal.

(i) Let M(DE(X,Y )p-div) be the covariant Diedonné module of

C∧up = DE(X,Y )p-div.

Then there exists a natural isomorphism of V -isocrystals

M(DE(X,Y )p-div)⊗W (k) B(k) ∼−→ HomW (k)(M(X),M(Y ))⊗W (k) B(k) .

(ii) Suppose that λ is a principal quasi-polarization λ on X × Y . Let ι be
the involution on HomW (k)(M(X),M(Y )) ⊗W (k) B(k) induced by λ and
M(DE(X,Y )sym

p-div) the covariant Diedonné module of C∧ = DE(X,Y )sym
p-div.

Then there exists a natural isomorphism of V -isocrystals

M(DE(X,Y )sym
p-div)⊗W (k) B(k) ∼−→ Homsym

W (k)(M(X),M(Y ))⊗W (k) B(k) ,

where the right-hand side is the subspace of HomW (k)(M(X),M(Y ))⊗W (k)

B(k) fixed under the involution ι.

Remark 7.4.

(i) See [2] for a proof of Theorem 7.3. The set Cartp(k[[t]]) of all formal
curves in the functor of reduced Cartier ring for algebras over Z(p) plays
a crucial role in the proof of Theorem 7.3; it is denoted by BCp(k) in [2].
The set BCp(k) has a natural (Cartp(k),Cartp(k))-bimodule structure, be-
cause Cartp(k) is a subring of Cartp(k[[t]]). Moreover Cartp(k[[t]]) has an
“extra” Cartp(k)-module structure, compatible with the above bimodule
structure; it comes from the Cartier theory, because the functor Cartp is
a commutative smooth formal group. The Cartier module of MDE(X,Y )
is canonically isomorphic to

Ext1Cartp(k)

(
M(X),BCp(k)⊗Cartp(k) M(Y )

)
where the extension functor is computed using the left Cartp(k)-module
structure in the bimodule structure, and the action of Cartp(k) on
MDE(X,Y ) comes from the “extra” Cartp(k)-module structure of BCp(k)
mentioned above. It follows that the covariant V -isocrystal attached to
MDE(X,Y )p-div is canonically isomorphic to

Ext1Cartp(k)

(
M(X),BCp(k)⊗Cartp(k) M(Y )

)⊗W (k) B(k) .
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(ii) Theorem 7.3 is a generalization of the appendix of [18]. In [18] the au-
thors dealt with the case when Y is the formal completion of Gm. In
that case MDE(X,Y ) is already a p-divisible formal group, and the nat-
ural map in the last displayed formula in Theorem 7.3 (i) preserves the
natural integral structures, giving a formula for the Cartier module of
MDE(X,Y ). The proof of Theorem 7.3 (i) begins by choosing a finite
free resolution of M(X) of length 1, then using the resolution to write
down the canonical map in Theorem 7.3 (i). The main technical ingredi-
ent is an approximation of BCp(k)⊗Z Q by Cartp(k)⊗̂W (k)Cartp(k)⊗Z Q,
where Cartp(k)⊗̂W (k)Cartp(k) denotes a completed tensor product. The
statement 7.3 (ii) follows easily from the proof of 7.3 (i).

(iii) The method of the proof of Theorem 7.3 can be regarded as a gener-
alization of §4 and §5 of Mumford’s seminal paper [17]. It may be in-
teresting to note that the set denoted by ÃR on pages 316–317 of [17],
together with its (AR, AR)-bimodule structure is essentially the same as
the set BCp(k) ⊗Cartp(k) M(Ĝm) in our notation, with two structures of
left (Cartp(k)-modules that commute with each other. The first action of
Cartp(k)) comes from the left action of Cartp(k)) on BCp(k), while the
second left action of Cartp(k)) comes from the “extra” Cartp(k)-module
structure of BCp(k).

(iv) We do not know a convenient characterization of the the p-divisible formal
group DE(X,Y )p-div inside its isogeny class, in terms of the Dieudonné
modules M(X),M(Y ). When both X and Y are minimal in the sense
of [20], i.e., the endomorphism Zp-algebra of X,Y are maximal orders,
we expect that DE(X,Y )p-div is also minimal. It is easy to check that
this conjectural statement holds when the denominators of the Brauer
invariant of X and Y are relatively prime.

Corollary 7.5. Let h(X), h(Y ) be the height of X,Y respectively.

(i) In the unpolarized case, the height of DE(X,Y )p-div is equal to h(X)·h(Y ),
and

dim(DE(X,Y )p-div) = (µ
Y
−µ

X
) · h(X) · h(Y ).

(ii) In the polarized case, we have h(X) = h(Y ), the height of DE(X,Y )sym
p-div

is equal to h(X)·(h(X)+1)
2 , and

dim(DE(X,Y )sym
p-div) =

1
2
(µ

Y
−µ

X
)·h(X)·(h(X) + 1).

Remark 7.6. The formulae (i), (ii) in Corollary 7.5 are quite similar to the
formulae for the dimension of the deformation space of an h-dimensional
abelian variety and the dimension of Ah respectively, except that there is
an “extra factor” µY −µX .
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We go back to the general case. Just as in Theorem 7.1, it is convenient
to consider the leaves in the local deformation space for the (unpolarized)
Barsotti–Tate group Ax[p∞]. Denote by C(Def(Ax[p∞])) the leaf in the de-
formation space Def(Ax[p∞]) of the Barsotti–Tate group Ax[p∞]. Just as in
Proposition 3.7, there exists a slope filtration

0 = G0 ⊂ G1 ⊂ · · · ⊂ Gm = AC(Def(Ax[p∞]))[p∞]

on the universal Barsotti–Tate group over C(Def(Ax[p∞])), where each graded
piece Gi/Gi−1 is an isoclinic Barsotti–Tate group over C(Def(Ax[p∞])) with
slope µi, µ1 > · · · > µm. Therefore the leaf C(Def(Ax[p∞])) is contained in
MDE(Ax[p∞]), the maximal closed formal subscheme of Def(Ax[p∞]) such
that the restriction to MDE(Ax[p∞]) of the universal Barsotti–Tate group
has a slope filtration extending the slope filtration of Ax[p∞]. We would
like to have a structural description of the leaf C(Def(Ax[p∞])) as a closed
formal subscheme of MDE(Ax[p∞]), independent of the “point-wise” defi-
nition of the leaf. This will be achieved inductively, allowing us to under-
stand how C(Def(Ax[p∞])) is “built up” from the p-divisible formal groups
DE(Gi/Gi−1, Gj/Gj−1)p-div, for 1 ≤ j < i ≤ m.

For each Barsotti–Tate group G over k, we can consider the leaf C(Def(G))
in the deformation space Def(G) over k, and we know that C(Def(G)) is con-
tained in MDE(G), the maximal closed formal subscheme of Def(G) such that
the restriction to MDE(G) of the universal Barsotti–Tate group has a slope
filtration extending the slope filtration of G.

Let 0 = G0 ⊂ G1 ⊂ · · · ⊂ Gm be the slope filtration of a Barsotti–Tate
group G over k. Suppose that 0 ≤ j1 ≤ j2 < i2 ≤ i1 ≤ m. Then there exists a
natural formally smooth morphism

π[j2,i2],[j1,i1] : MDE(Gi1/Gj1) → MDE(Gi2/Gj2) .

These morphisms form a finite projective system, that is

π[j3,i3],[j2,i2] ◦ π[j2,i2],[j1,i1] = π[j3,i3],[j1,i1]

if 0 ≤ j1 ≤ j2 ≤ j3 < i3 ≤ i2 ≤ i1 ≤ m. Moreover, using the theory of
biextensions of Mumford and Grothendieck in [17] and [11], one can show
that the morphism

MDE(Gi/Gj) −→ MDE(Gi−1/Gj)×MDE(Gi−1/Gj+1) MDE(Gi/Gj+1)

attached to the pair of morphisms (π[j,i−1],[j,i], π[j+1,i],[j,i]) has a natural struc-
ture as a torsor for the formal group DE(Gi/Gi−1, Gj/Gj−1).

Theorem 7.7.
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(i) If 1 ≤ i ≤ m − 1, then C(Def(Gi+1/Gi−1)) is a torsor for the p-divisible
formal group DE(Gi+1/Gi, Gi/Gi−1)p-div.

(ii) If 0 ≤ j1 ≤ j2 < i2 ≤ i1 ≤ m, then the restriction of π[j2,i2],[j1,i1]

to the closed formal subscheme C(Def(Gi1/Gj1)) of MDE(Gi1/Gj1) fac-
tors through C(Def(Gi2/Gj2)) ↪→ MDE(Gi2/Gj2), and induces a formally
smooth morphism

π[j2,i2],[j1,i1] : C(Def(Gi1/Gj1)) → C(Def(Gi2/Gj2)) .

(iii) If 1 ≤ i, j ≤ m, i ≥ j + 2, then the morphism

C(Def(Gi/Gj)) −→ C(Def(Gi−1/Gj))×C(Def(Gi−1/Gj+1))C(Def(Gi/Gj+1))

attached to the pair of morphisms (π[j,i−1],[j,i], π[j+1,i],[j,i]) is a torsor for
the p-divisible formal group DE(Gi/Gi−1, Gj/Gj−1)p-div, respecting the
DE(Gi/Gi−1, Gj/Gj−1)-torsor structure of

MDE(Gi/Gj) −→ MDE(Gi−1/Gj)×MDE(Gi−1/Gj+1) MDE(Gi/Gj+1).

Proposition 7.8. The properties (i), (ii), (iii) in Theorem 7.7 determine
uniquely the family of formal schemes {C(Def(Gi/Gj)) : 0 ≤ j < i ≤ m},
where each member C(Def(Gi/Gj)) of the family is considered as a closed
formal subscheme of Def(Gi/Gj).

Remark 7.9. It is possible to do better than what was stated in Prop. 7.8.
Namely, one can actually construct closed subschemes MDE(Gi/Gj)p-div of
MDE(Gi/Gj), satisfying the properties (i), (ii), (iii) in Theorem 7.7, using
structural properties of the formal schemes MDE(Gi/Gj), without the con-
cept of leaves, in an inductive way. An important ingredient of the construction
uses the theory of biextensions due to Mumford [17] and Grothendieck [11].
Of course, MDE(Gi/Gj)p-div is canonically isomorphic to C(Def(Gi/Gj)) by
Proposition 7.8. However that construction is a bit complicated, so we do not
give further indication here.

Corollary 7.10. Notation as in Thm. 7.7. Then

dim(C(Def(G))) =
∑

1≤j<i≤m

(µi−µj) · hi · hj ,

where µi is the slope of Gi/Gi−1 and hi is the height of Gi/Gi−1, for i =
1, . . . ,m.

Proposition 7.11. Let G be a Barsotti–Tate group over k, with a princi-
pal quasi-polarization λ. Then λ induces an involution on MDE(G)p-div.
Denote by MDE(G)sym

p-div the maximal closed subscheme of MDE(G)p-div

which is fixed by the involution. Then MDE(G)sym
p-div is the largest closed
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formal subscheme of MDE(G)p-div such that λ extends to a principal quasi-
polarization on the restriction to MDE(G)sym

p-div of the universal Barsotti–Tate
group over MDE(G)p-div ⊂ Def(G). If (G, λ) = (Ax[p∞], λx[p∞]) for some
point x ∈ Ag,n(k), then there is a natural isomorphism of formal schemes
from MDE(G)sym

p-div to C/x, where C is the leaf in Ag,n passing through x.

Proposition 7.12. Let Ax be a g-dimensional principally polarized abelian
variety over k. Suppose that Ax[p∞] has Frobenius slopes µ1 < µ2 < · · · < µm,
so that µi + µm−i+1 = 1 for i = 1, . . . ,m. Let hi be the multiplicity of µi, so
that hi = hm−i+1 for all i,

∑m
i=1 hi = 2g,

∑m
i=1 hiµi = g. Then

dim(C(x)) =
1
2

∑
i<j, i+j 
=1

(µj−µi)·hi ·hj +
1
2

∑
2i≤m

(1− 2µi)·hi(hi + 1) .

Remark 7.13. Proposition 7.12 follows from Proposition 7.11 and Corollary
7.5; see [2].

Remark 7.14. Historically, the formula for the dimension of a leaf C(x) in
Ag,n (resp. the dimension of the leaf C(Def(G)) in the deformation space of
a Barsotti–Tate group G) were first conjectured by Oort, in terms of the
number of lattice points inside suitable regions under the Newton polygon of
Ax (resp. G), after suggestions by B. Poonen. See [7] for the original proofs
of Propositions 7.10 and 7.12, which depend on the following fact, proved in
[20]: If G1, G2 are Barsotti–Tate groups over k, G1 is minimal, and G1[p] is
isomorphic to G2[p], then G2 is isomorphic to G1.

Remark 7.15. The theory of canonical coordinates inspires a conjectural
group-theoretic formula for the dimension of leaves in the reduction over k
of a Shimura variety. That formula will be explained in a future article with
C.-F. Yu, and verified for modular varieties of PEL-type.

8 A rigidity result for p-divisible formal groups

Let k be an algebraically closed field of characteristic p. Let X be a p-divisible
formal group over k. Then Endk(X)⊗Zp Qp is a semisimple algebra of finite
dimension over Qp, and Endk(X) is an order in Endk(X) ⊗Zp Qp. Let H
be a connected reductive linear algebraic group over Qp. Let ρ be a Qp ra-
tional homomorphism H(Qp) → (Endk(X) ⊗Zp Qp)×, i.e., ρ comes from a
Qp-homomorphism from H to the linear algebraic group over Qp whose R-
valued points is (Endk(X)⊗Zp R)× for every commutative Qp-algebra R. Let
U ⊂ H(Qp) be an open subgroup of H(Qp) such that ρ(U) ⊆ Endk(X)×, so
that U operates on X via ρ.

Theorem 8.1. Notation as above. Let Z be an irreducible closed formal sub-
scheme of X which is stable under the action of U . Let rX be the left regular
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representation of (Endk(X) ⊗Zp Qp)× on Endk(X) ⊗Zp Qp, viewed as a Qp-
linear representation of the group (Endk(X)⊗Zp Qp)× on a finite-dimensional
Qp-vector space. We assume that the composition rX ◦ ρ of ρ with rX does
not contain the trivial representation of H as a subquotient. Then Z is a
p-divisible formal subgroup of X.

Remark 8.2.

(i) Theorem 8.1 is a considerable strengthening of [6, §4, Proposition 4], in
several aspects. There, the p-divisible formal group is a formal torus,
and the formal subvariety is assumed to be formally smooth. The most
significant part is that, in [6, §4, Proposition 4], the symmetry group
O×

℘1
× · · · × O×

℘r
has about the same size as the formal torus(
Y1 ⊗Zp Ĝm

)
× · · · ×

(
Yr ⊗Zp Ĝm

)
in some sense, while the symmetry group H in Theorem 8.1 can be quite
small compared with the p-divisible formal group X .

(ii) A “typical” special case of Theorem 8.1 is to take H = Gm, U = Z×
p ,

with each u ∈ Z×
p operating as [u]X on X , the map “multiplication by u”

on X . Any argument which proves this special case is likely to be strong
enough to prove Theorem 8.1 as well.

(iii) The proof of Theorem 8.1 in [5] is elementary, in the sense that it is mostly
manipulation of power series.

9 The Hilbert trick

Notation 9.1. Let n ≥ 3 be an integer prime to p. Let x ∈ Ag,n(Fp) be an
Fp-valued point of Ag,n. Let B = EndFp

(Ax)⊗Z Q, and let ∗ be the involution
of B induced by λx. Let E = F1×· · ·×Fm be a product of totally real number
fields contained in B, fixed under the involution ∗, such that dimQ(E) = g.
Let OE = OF1 × · · · × OFm . Denote by SL(2, E) the linear algebraic group
over Q whose set of R-valued points is SL2(E ⊗Q R) for every Q-algebra R.
There exists a “standard embedding” h : SL(2, E) ↪→ Sp2g, well-defined up to
conjugation.

We will use the following variant of the definition of Hilbert modular va-
rieties in [31], slightly different from the definition in [8]. Denote by ME,n

the Hilbert modular scheme attached to OE , such that for every Fp-scheme S,
ME,n(S) is the set of isomorphism classes of (A → S, λ, ι, η), where A → S
is an abelian scheme, ι : OE → EndS(A) is an injective ring homomorphism,
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λ is an OE-linear principal polarization of A → S of degree prime to p, and
η is a level-n structure on A → S. See [31, §5]. The modular scheme ME,n

is locally of finite type over k, and every irreducible component of ME,n is
of finite type over Fp. There is a set of algebraic correspondences on ME,n,
coming from the adelic group SL2(E ⊗Q A(p)

f ), called the prime-to-p Hecke
correspondences on the Hilbert modular scheme ME,n.

Proposition 9.2 (Hilbert trick). Notation as above. Then there exists

• a non-empty open-and-closed subscheme M0 of ME,n1 for some natural
number n1 ≥ 3 not divisible by p,

• a finite morphism M0 →ME,n,
• a point y ∈ M0(Fp), and
• a finite morphism f : M0 → Ag,n

such that

(i) f(y) = x,
(ii) f is compatible with the prime-to-p Hecke correspondences on M0 and

Ag,n, coming from the embedding h : SL(2, E) ↪→ Sp2g, and
(iii) the pull-back by f of the universal abelian scheme over Ag,n is isogenous

to the universal abelian scheme over M0.

The idea of the proof of Proposition 9.2 is as follows. It is well-known that
every abelian variety defined over a finite field has “sufficiently many complex
multiplications”. Hence every maximal commutative semisimple subalgebra
L of B stable under the Rosati involution ∗ is a product of CM-fields, and
the subalgebra of L fixed under ∗ is a product of totally real number fields.
In particular this shows the existence of subalgebras E with the required
properties in Notation 9.1. If EndFp

(Ax) contains OE , then we obtain a natural
morphism ME,n → Ag,n passing through x = [(Ax, λx, ηx)] ∈ Ag,n(Fp). In
general E ∩ EndFp

(Ax) is an order of OE , and we have to use an isogeny
correspondence to conclude the proof of Proposition 9.2.

Remark 9.3. The local stabilizer principle and Theorem 8.1, applied to a
point y of a Hilbert modular variety ME,n over Fp, implies that there are

only a finite number of possibilities ofHE,n(y)
/y

, as a closed formal subscheme
of ME,n over k, where HE,n(y) denotes the prime-to-p Hecke orbit of y in
ME,n. The possibilities are parametrized by non-empty subsets of the finite
set Spec(OE/pOE) of maximal ideals of OE containing p. Then one can verify

that the subset of Spec(OE/pOE) attached to HE,n(y)
/y

must be equal to
Spec(OE/pOE) itself. That proves the continuous part of the Hecke orbit
conjecture for Hilbert modular varieties. The above line of argument is possible
because SL2(E) is “small” in some sense, for instance each semisimple factor
of SL2(E)n has Q-rank one. So Hilbert modular varieties are “not too big”
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either, and it turns out that one can understand the incidence relation of
the Lie-alpha strata to prove the discrete part of the Hecke orbit conjecture
for Hilbert modular varieties. With the Hecke orbit conjecture for Hilbert
modular varieties known, the Hilbert trick becomes an effective tool for the
Hecke orbit conjecture for the Siegel modular varieties Ag,n, as well as other
modular varieties of PEL-type.

Remark 9.4. In this section the base field is Fp, because every abelian variety
over Fp has sufficiently many complex multiplications. So it seems that if we
use the Hilbert trick, we would be able to deal with the Hecke orbit conjecture
(HO) “only” in the case when the algebraically closed base field k is equal to
Fp. However every closed subvariety of Ag,n over k is finitely presented over
k, and a standard argument in algebraic geometry shows that the validity of
(HO) over Fp implies the validity of (HO) over every algebraically closed field
k. See the beginning of §3 of [6] for details.

10 Hypersymmetric points

Let k be an algebraically closed field of characteristic p as before.

Definition 10.1. An abelian variety A over k is hypersymmetric if the nat-
ural map

Endk(A) ⊗Z Zp −→ Endk(A[p∞])

is an isomorphism. An equivalent condition is that the canonical map

Endk(A)⊗Z Qp −→ Endk(A[p∞])⊗Zp Qp

is an isomorphism.

Remark 10.2. It is clear from the definition that the abelian variety Ax

has sufficiently many complex multiplications for any hypersymmetric point
x. Therefore a theorem of Grothendieck tells us that Ax is isogenous to an
abelian variety defined over Fp; see [23] for a proof of Grothendieck’s theorem.

Examples 10.3.

(i) A g-dimensional ordinary abelian variety over k is hypersymmetric if and
only if it is isogenous to a g-fold self-product E × · · · ×E, where E is an
ordinary elliptic curve defined over Fp.

(ii) Let A be an abelian variety over k such that A[p∞] has exactly two slopes,
g = dim(A). It is hypersymmetric if and only if Endk(A)⊗Z Q is a central
simple algebra over an imaginary quadratic field, and

dimQ(Endk(A)⊗Z Q) = 2g2.
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The assertions in the two examples can be verified using Honda–Tate the-
ory for abelian varieties over finite fields. See [30] and [29] for the Honda–Tate
theory.

Remark 10.4. In every given Newton polygon stratum Wξ in Ag,n over k,
there exists a hypersymmetric point x ∈Wξ(k). This statement follows easily
from the Honda–Tate theory; see [19] for a proof.

Remark 10.5. Let E = F1×· · ·×Fr be a totally real number field such that
there is only one place of Fi above p for i = 1, . . . , r. Let ME be the Hilbert
modular variety over k attached to ME . Then there exists a hypersymmetric
point in every given Newton polygon stratum of ME . Similarly, there exists
a hypersymmetric point in every given leaf of ME . This statement can be
derived from the Honda–Tate theory and the “foliation structure” on ME .

Theorem 10.6. Let [(Ax, λx)] be a point of Ag(k) such that

• Ax is hypersymmetric, and
• Ax is split, i.e., Ax is isomorphic to a product B1 × · · · ×Bm, where each
Bi is an abelian variety over k, and each Bi has at most two slopes.

Then Zariski closure in Ag of the the prime-to-p Hecke orbit H(p)(x) contains
the irreducible component of the leaf C(x) passing through x.

Remark 10.7. A special case of Theorem 10.6 is an example of M. Larsen;
see [6, §1].

The proof of Theorem 10.6 uses Proposition 6.1, Theorem 8.1 and the the-
ory of canonical coordinates. Here we sketch a proof of the special case when
Ax[p∞] is isomorphic to a product X × Y , where X,Y are isoclinic Barsotti–
Tate groups of height g, with slopes µX < µY , µX +µY = 1. The principal
polarization λx induces an isomorphism between X and the Serre dual of Y .
The theory of canonical coordinates tells us that C(x)/x is isomorphic to the
maximal subgroup DE(X,Y )sym

p-div of the Barsotti–Tate group DE(X,Y )p-div

fixed under the involution induced by the principal polarization λx. Let Z(x)
be the Zariski closure of the Hecke orbit H(x) in C(x). Notice that Z(x) is
smooth over k: it contains a dense open subset U smooth over k by generic
smoothness, and Z(x) is equal to the the union of Hecke-translates of U .

Let Z(x)/x be the formal completion of Z(x) at x. Clearly Z(x)/x is irre-
ducible, because it is formally smooth over k. The local stabilizer principle says
that the closed formal subscheme Z(x)/x of C(x)/x is stable under the natural
action of the local stabilizer Ux. By Theorem 8.1, Z(x)/x is a Barsotti–Tate
subgroup of the Barsotti–Tate group DE(X,Y )sym

p-div.
Now we are ready to use Dieudonné theory and translate the last asser-

tion into a statement in linear algebra. Let VX = M(X) ⊗W (k) B(k), VY =
M(Y ) ⊗W (k) B(k). The principal polarization λx induces a duality pairing
between VX and VY . Theorem 7.3 tells us that M(DE(X,Y )p-div)⊗W (k)B(k)
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is naturally isomorphic to Homsym
B(k)(VX , VY ), the symmetric part of the in-

ternal Hom. The group Ux operates naturally on M(X) ⊗W (k) B(k) and
M(Y )⊗W (k)B(k). One checks that, after passing to the algebraic closure B(k)
of B(k), the Zariski closure of Ux operating on VY ⊗B(k)B(k) is isomorphic to
the standard representation of GLg, and the Zariski closure of Ux operating
on VX ⊗B(k) B(k) is isomorphic to the dual of the standard representation of
GLg. So the action of the Zariski closure of Ux on Homsym

B(k)(VX , VY )⊗B(k)B(k)
is isomorphic to the second symmetric product of the standard representation
of GLg. The last representation is absolutely irreducible; in fact it is one of the
fundamental representations. Since M(Z(x)/x)⊗W (k)B(k) is a non-trivial sub-
representation of the absolutely irreducible representation Homsym

B(k)(VX , VY )
of Ux, we conclude that M(Z(x)/x)⊗W (k) B(k) is equal to Homsym

B(k)(VX , VY ),
therefore Z(x)/x = C(x)/x.  !

Remark 10.8. A weaker form of Theorem 8.1, in which the closed formal
subscheme is assumed to be formally smooth instead of being irreducible,
would be sufficient for the proof of Theorem 10.6.

Proposition 10.9. Let C+ be an irreducible component of a leaf C in Ag,n,
and let Wξ be the Newton polygon stratum in Ag,n containing C+. Assume
that Wξ is irreducible. Then for every point y ∈ Wξ(k), there exists a point
x ∈ C+(k) such that there exists an isogeny from Ax to Ay, which respects the
polarizations up to a multiple.

Idea of Proof. Proposition 10.9 is an immediate consequence of the “almost
product structure” on each irreducible component of a Newton polygon stra-
tum Wξ; see [26, Theorem 5.3]. We sketch the proof below.

Using Proposition 3.4, one constructs a finite surjective morphism f : S →
C+, a scheme T over k, and a morphism g : S ×Spec(k) T →Wξ such that

(i) For any s1, s2 ∈ S(k), t1, t2 ∈ T (k), if f(s1) = f(s2), then there exists an
isogeny from Ag(s1,t1) to Ag(s2,t2), which respects the polarizations up to
a multiple.

(ii) The image of g, in the naive sense, is a union of irreducible components
of Wξ.

So far we have not used the assumption thatWξ is irreducible. The irreducibil-
ity of Wξ implies that f is surjective. Proposition 10.9 follows.

Proposition 10.10. Let C be a leaf in Ag,n, and letWξ be the Newton polygon
stratum in Ag,n containing C. Assume that Wξ is irreducible. Then the prime-
to-p Hecke correspondences operate transitively on π0(C). Consequently C is
irreducible if Wξ is not the supersingular locus of Ag,n.
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Idea of Proof. Let y be a hypersymmetric point of Wξ; such a point exists
by Remark 10.4. By Proposition 10.9, for each irreducible component C+

j of
C, there exists a hypersymmetric point xj in C+

j , related to y by a (possibly
inseparable) isogeny which preserves the polarizations up to a multiple. Using
the weak approximation theorem, one sees that the xj ’s are related by suit-
able prime-to-p Hecke correspondences. This shows that the prime-to-p Hecke
correspondences operate transitively on the irreducible components of the leaf
C. The last statement follows from Theorem 5.1.

We would like to discuss an emerging picture about the leaves and the
hypersymmetric points. In many ways each non-supersingular leaf in Ag,n has
properties similar to those for the Siegel modular variety in characteristic 0,
of genus g and with symplectic level-n structures. The Hecke orbit conjecture
(HO) is an example of this phenomenon, so is Theorem 5.1. Borrowing an
idea from Hindu mythology, one might want to think of the decomposition of
Ag,n into leaves as Indra-inspired.

For a leaf C in Ag,n, the hypersymmetric points of C serve as an analogue
of the notion of special points (or CM points) on a Shimura variety in char-
acteristic 0. The following is an analogue of the André–Oort conjecture in
characteristic p. Let C be a leaf of Ag,n over k, and let Z be a closed irre-
ducible subvariety in C. Assume that there is a subset S ⊂ Z(k) such that S
is dense in Z, and every point of S is hypersymmetric. Then there is a closed
subvariety X ⊂ Ag,n which is the reduction over k of a Shimura subvariety
such that Z is an irreducible component of C ∩X . This conjecture seems to
be more difficult than the André–Oort conjecture.

In another direction, one expects that the p-adic monodromy of a subvari-
ety Z in a leaf C ⊂ Ag,n can be described in terms of the canonical coordinates
and the naive p-adic monodromy of Z; see the first paragraph of §14 for the
definition of naive p-adic monodromy. The case when C is the ordinary locus
of Ag,n has been considered in [3], and one expects that the general phe-
nomenon is similar. In particular, there should be a more global theory of
canonical coordinates on a leaf, and we hope to carry out such a project in
the near future.

11 Splitting at supersingular points

Proposition 11.1. Let k be an algebraically closed field of characteristic p.
Let x be a point of Ag,n over k, and let H(p)(x) be the prime-to-p Hecke orbit
of x. Then there exists a point z0 in the Zariski closure of H(p)(x) such that
Az0 is a supersingular abelian variety over k.
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Remark 11.2.

(i) Similarly, every prime-to-p Hecke orbit in a Hilbert modular variety has
a supersingular point in its closure.

(ii) One can replace “prime-to-p” by “�-adic” in Proposition 11.1, and also in
(i) above.

(iii) See [6, Proposition 6] for a proof of Proposition 11.1 and (i), (ii) above.
A key ingredient is the fact that every Ekedahl–Oort stratum in Ag,n is
quasi-affine; see [25].

Theorem 11.3. Let x ∈ Ag,n(Fp) be an Fp-valued point of Ag,n. Let Z be
the Zariski closure in Ag,n of the prime-to-p Hecke orbit H(p)(x) of x, and let
Z0 be the intersection of Z with the leaf C(x) passing through x. Then there
exists

• a point y ∈ Z0(Fp),
• totally real number fields L1, . . . , Ls, and
• an injective ring homomorphism β : L1 × · · · × Ls −→ Endk(Ay)⊗Z Q

such that

(i) [L1 : Q] + · · ·+ [Ls : Q] = g,
(ii) β(L1 × · · · × Ls) is fixed by the Rosati involution on EndFp

(Ay) ⊗Z Q
induced by λy, and

(iii) there is only one maximal ideal in OLj which contains p, for j = 1, . . . , s.

In particular, there exists a point y ∈ Z0(Fp) and abelian varieties B1, . . . , Bs

over Fp such that Ay is isogenous to B1 × · · · ×Bs, and each Bj has at most
two slopes, j = 1, . . . , s.

Remark 11.4. Theorem 11.3 depends crucially on the fact that x is an Fp-
valued point. However we have seen in Remark 9.4 that we may assume that
the base field k is Fp when considering the Hecke orbit conjecture (HO).

We sketch a proof of Proposition 11.3, which uses the action of the local
stabilizer subgroup at a supersingular point in the closure of C and the Hilbert
trick.

We may and do assume that there exists a product E = F1 × · · · × Fr of
totally real number fields, [E : Q] = g, such that there exists an embedding
ι : OE ↪→ EndFp

(Ax) of rings, and ι(OE) is fixed under the Rosati involution.
This means that we have a natural morphism f : ME,m −→ Ag,n passing
through x, compatible with the Hecke correspondences, for some m prime to
p, such that for every geometric point u ∈ ME,m(Fp), the map induced by f
on the strict henselizations
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f (u) : M(u)
E,m → A(f(u))

g,n

is a closed embedding. Here M(u)
E,m denotes the henselization of ME,m at u,

and A(f(u))
g,n denotes the henselization of Ag,n at f(u). Let W be the Zariski

closure of the prime-to-p Hecke orbit H(p)
E (x) in ME,n.

By Remark 11.2 (i), there exists a supersingular point z ∈W (k). The local
stabilizer principle tells us that the formal subscheme Z/z ⊂ Ag,n is stable
under the natural action of the local stabilizer subgroup Uz attached to z.
Recall that Uz is a subgroup of EndFp

(Az [p∞])× by definition.
One checks that there exists an element γ ∈ Uz such that the subring

Ad(γ)(E ⊗Q Qp) = γ · (E ⊗Q Qp)·γ−1

of EndFp
(Az)⊗Z Qp is equal to the Qp-linear span of

E′ := (Ad(γ)(E)⊗Q Qp) ∩
(
EndFp

(Az)⊗Z Q
)
,

and E′ is a product of totally real number fields L1×· · ·×Ls, such that there
is only one maximal ideal in OLj above p for j = 1, . . . , s.

Denote by γ/z the automorphism of A/z
g,n attached to γ. The fact that

γ/z(W /z) ⊂ Z/z tells us, in the case when

Ad(γ)(OE ⊗Z Zp) ⊂ EndFp
(Az [p∞]) = EndFp

(Az)⊗Z Zp,

that there is a natural finite morphism

f1 : ME′,m −→ Ag,n

with the following properties:

(1) There exists a point z1 ∈ ME′,m(Fp) such that f1(z1) = z.
(2) For every point u ∈ME′,m(Fp), the morphism f1 induces a closed embed-

ding, from the henselization M(u)
E′,m of ME′,m at u, to the henselization

A(f1(u))
g,n of Ag,n at f1(u).

(3) γ/z(W /z) ⊂ f/z1
1

(
M/z1

E′,n

)
∩ Z/z .

Hence the fiber product ME′,m ×Ag,n Z
0 is not empty. Pick a point ỹ ∈

(ME′,m×Ag,n Z
0)(Fp), and let y be the image of ỹ in Z0(Fp). It is easy to see

that y has the property stated in Theorem 11.3, and we are done. In general
(Ad(γ)(OE ⊗Z Zp))∩

(
EndFp

(Az)⊗Z Zp

)
is of finite index in Ad(γ)(OE⊗ZQp)

and may not be equal to Ad(γ)(OE ⊗Z Zp), and we have to use an isogeny
correspondence to conclude the proof.

Remark 11.5. The last sentence in the statement of Theorem 11.3 follows
from the properties (i), (ii), (iii) of Ay stated in 11.3.
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12 Logical interdependencies

Let k be an algebraically closed field of characteristic p as before. We sum-
marize the logical interdependencies of various statements.

12.1. We have seen that

(HO) ⇐⇒ (HO)ct + (HO)dc.

12.2. If x ∈ Ag(k) is not supersingular. then Thm. 5.1 shows that

(HO)dc for x ⇐⇒ C(x) is irreducible.

12.3. Suppose that x, y ∈ Ag(k), and there is an isogeny from Ax to Ay

which preserves the polarizations up to multiples. Then

(HO)ct for x ⇐⇒ (HO)ct for y.

This is a consequence of Remark 3.5, which depends on Proposition 3.4.

12.4. Suppose that x, y ∈ Ag(k), and there is an isogeny from Ax to Ay

which preserves the polarizations up to multiples. Then

(HO)dc for x ⇐⇒ (HO)dc for y.

The proof of the above statement is similar to the argument of Proposition
10.10, using hypersymmetric points.

12.5. Let Wξ be a non-supersingular Newton polygon stratum on Ag, and
let C be a leaf in Wξ. Then

Wξ is irreducible =⇒ C is irreducible .

See Proposition 10.10.

12.6. The implication

(HO) for Hilbert modular varieties =⇒ (HO)ct

holds.

Here is a sketch of the proof of 12.6. Assume the Hecke orbit conjecture
for Hilbert modular varieties. As remarked in Remark 9.4, we may and do
assume that the base field is Fp. Apply the trick “splitting at supersingular
points” to get a point y ∈ Ag,n(Fp) contained in H(p)(x)∩C(x) as in Theorem
11.3. The Hilbert trick and the Hecke orbit conjecture for Hilbert modular
varieties show that there exists a point y2 ∈

(
H(p)(x) ∩ C(x)

)
(Fp) such that

Ay2 is hypersymmetric and split. Here we used Remark 10.5 on the existence
of hypersymmetric points on every leaf of the Hilbert modular subvariety in
Ag,n passing through the point y. Apply Theorem 10.6; the continuous part
of the Hecke orbit conjecture for a Siegel modular variety Ag,n follows.
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13 Outline of the proof of the Hecke orbit conjecture

Theorem 13.1. Every non-supersingular Newton polygon stratum in Ag,n is
irreducible.

Proof. See [21]. The proof uses Theorem 5.1 and the results in [24], [13], [25].
�

We have seen in Proposition 10.10 and 12.5 that (HO)dc follows from
Theorem 13.1. We are left with the continuous part (HO)ct of the Hecke orbit
conjecture.

The continuous part (HO)ct of the Hecke orbit conjecture for Hilbert mod-
ular varieties uses Theorem 8.1 and the argument in [3, §8]; the latter depends
on the main result of [12] by de Jong. It is also possible to avoid de Jong’s
theorem in [12], using instead the local stabilizer principle at a supersingular
point, similar to the argument of [6, §5, Proposition 7]. But the argument will
not be as clean.

By 12.6, to complete the proof of the Hecke orbit conjecture for the Siegel
modular varieties Ag,n, it suffices to prove the discrete part of the Hecke orbit
conjecture for Hilbert modular varieties.

The proof of the discrete part of the Hecke orbit conjecture for Hilbert
modular varieties uses the Lie-alpha stratification on Hilbert modular vari-
eties. See [31] for some properties of the Lie-alpha stratification; see also [10]
for the case when p is unramified in the totally real number field, and [1]
for the case when p is totally ramified in the totally real number field. The
starting point is the fact that for each given Newton polygon stratum Wξ on
a given Hilbert modular variety MF , there exists a leaf C contained in Wξ

which is an open subset of some Lie-alpha stratum of MF . A standard de-
generation argument shows that it suffices to prove that the closure of every
Lie-alpha stratum contains a superspecial point of a specific type. This obser-
vation allows us to bring in deformation theory. The last and the most crucial
step was done by C.-F. Yu, who constructed enough deformations to facilitate
an induction on the partial ordering on the family of irreducible components
of Lie-alpha strata induced by the incidence relation.

14 p-adic monodromy of leaves

In this last section we mention a maximality property of the naive p-adic
monodromy group. By definition, the naive p-adic monodromy representation
of a leaf C(x) passing through a point x ∈ Ag,n(Fp) is the natural action of
the Galois group of the function field of C(x) on the product
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m∏
i=1

Hom ((Gi/Gi−1)x, (Gi/Gi−1)η̄) ,

where 0 = G0 ⊂ G1 ⊂ G2 ⊂ · · · ⊂ Gm = A[p∞] is the slope filtration of
A[p∞] → C(x) denotes the slope filtration as in Proposition 3.7, and η̄ is a ge-
ometric generic point of C(x). The naive p-adic monodromy group is the image
of the naive p-adic monodromy representation. The notion of hypersymmetric
points plays an important role in the proof of Theorem 14.1.

Theorem 14.1. Let x be a hypersymmetric point such that Ax[p∞] is min-
imal, i.e., the ring Endk(Ax[p∞]) of endomorphisms is a maximal order of
Endk(Ax[p∞])⊗ZpQp. Then the naive p-adic monodromy group of the leaf C(x)
is maximal. In other words, if we use x as the base point, then the image of
the naive p-adic monodromy group is equal to the intersection of Aut(Ax[p∞])
with the unitary group attached to the pair (Endk(Ax[p∞])⊗Zp Qp, ∗), where ∗
denotes the involution on the semisimple algebra Endk(Ax[p∞]) ⊗Zp Qp over
Qp induced by the principal polarization λx on Ax.

Corollary 14.2. Let x ∈ Ag,n(k) be a closed point of Ag,n such that the ring
Endk(Ax[p∞]) is a maximal order of Endk(Ax[p∞]) ⊗Zp Qp. Then the naive
p-adic monodromy group of the leaf C(x) is maximal.

The idea of the proof of Theorem 14.1 is the following. First we prove
an analogous statement for the naive p-adic monodromy group using Ribet’s
method in [28], [9]. Use a hypersymmetric point x with the properties in
the statement of Theorem 14.1 as the base point for computing the p-adic
monodromy group. This allows us to overcome the usual sticky issues related
to different choices of base points, and reduce Theorem 14.1 to showing that
the conjugates of the p-adic monodromy group of a leaf in a Hilbert modular
subvariety already generates the target group of the naive p-adic monodromy
representation. The last group-theoretic statement is elementary and can be
verified directly.

References

1. F. Andreatta and E. Z. Goren – “Hilbert modular varieties of low dimen-
sion”, To appear in Geometric Aspects of Dwork’s Theory, A Volume in memory
of Bernard Dwork, A. Adolphson, F. Baldassarri, P. Berthelot, N. Katz, and
F. Loeser (Eds.), 62 pages.

2. C.-L. Chai – “Canonical coordinates on leaves of p-divisible groups”, Part II.
Cartier theory, preprint, 28 pp., September 2003.

3. — , “Families of ordinary abelian varieties: canonical coordinates, p-adic mon-
odromy, Tate-linear subvarieties and hecke orbits”, Preprint, 55 pp., July 2003,
available from http://www.math.upenn.edu/∼chai/.



106 Ching-Li Chai

4. — , “Monodromy of Hecke-invariant subvarieties”, Preprint, 10 pp., April, 2003,
available from http://www.math.upenn.edu/∼chai/.

5. — , “A rigidity result of p-divisible formal groups”, Preprint, 11 pp., July, 2003,
available from http://www.math.upenn.edu/∼chai/.

6. — , “Every ordinary symplectic isogeny class in positive characteristic is dense
in the moduli”, Invent. Math. 121 (1995), no. 3, p. 439–479.

7. C.-L. Chai and F. Oort – “Canonical coordinates on leaves of p-divisible
groups”, Part I. General properties, preprint, 24 pp., August 2003.

8. P. Deligne and G. Pappas – “Singularités des espaces de modules de Hilbert,
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Summary. We express the Lefschetz number of iterates of the monodromy of a
function on a smooth complex algebraic variety in terms of the Euler characteristic
of a space of truncated arcs.

1 Introduction

This paper is concerned with extending classical results à la Ax–Kochen–Eršov
to p-adic integrals in a motivic framework. The first section is expository,
starting from Artin’s conjecture and the classical work of Ax, Kochen, and
Eršov and ending with recent work of Denef and Loeser giving a motivic
version of the results of Ax, Kochen, and Eršov. In that section we have chosen
to adopt a quite informal style, since the reader will find precise technical
statements of more general results in later sections. We also explain the cell
decomposition Theorem of Denef–Pas and how it leads to a quick proof of
the results of Ax, Kochen, and Eršov. In sections 3, 4 and 5, we present
our new, general construction of motivic integration, in the framework of
constructible motivic functions. This has been announced in [2] and [3] and
is developed in the paper [1]. In the last two sections we explain the relation
to p-adic integration and we announce general Ax–Kochen–Eršov Theorems
for integrals depending on parameters. We conclude the paper by discussing
briefly the relevance of our results to the study of orbital integrals and the
Fundamental Lemma.

Acknowledgments. The present text is an expanded and updated version
of a talk given by the senior author at the Miami Winter School “Geometric
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2 From Ax–Kochen–Eršov to motives

2.1 Artin’s conjecture

Let i and d be integers. A field K is said to be Ci(d) if every homogeneous
polynomial of degree d with coefficients in K in di + 1 (effectively appearing)
variables has a non-trivial zero inK. Note we could replace “in di+1 variables”
by “in at least di + 1 variables” in that definition. When the field K is Ci(d)
for every d we say it is Ci. For instance for a field K to be C0 means to
be algebraically closed, and all finite fields are C1, thanks to the Chevalley–
Warning Theorem. Also, one can prove without much trouble that if the field
K is Ci, then the fields K(X) and K((X)) are Ci+1. It follows in particular
that the fields Fq((X)) are C2.

Conjecture 2.2 (Artin). The p-adic fields Qp are C2.

In 1965 Terjanian [24] gave an example of a homogeneous form of degree
4 in Q2 in 18 > 42 variables having only trivial zeroes in Q2, thus giving a
counterexample to Artin’s Conjecture. Let us briefly recall Terjanian’s con-
struction, referring to [24] and [7] for more details. The basic idea is the
following: if f is a homogeneous polynomial of degree 4 in 9 variables with
coefficients in Z, such that, for every x in Z9, if f(x) ≡ 0mod4, then 2 divides
x, then the polynomial in 18 variables h(x, y) = f(x) + 4f(y) will have no
non-trivial zero in Q2. An example of such a polynomial f is given by

f = n(x1, x2, x3) + n(x4, x5, x6) + n(x7, x8, x9) (1)

with

n(X,Y, Z) = X2Y Z+XY 2Z +XYZ2 +X2 +Y 2 +Z2−X4−Y 4−Z4. (2)

At about the same time, Ax and Kochen proved that, if not true, Artin’s
conjecture is asymptotically true in the following sense:

Theorem 2.3 (Ax–Kochen). An integer d being fixed, all but finitely many
fields Qp are C2(d).
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2.4 Some Model Theory

In fact, Theorem 2.3 is a special instance of the following, much more general,
statement:

Theorem 2.5 (Ax–Kochen–Eršov). Let ϕ be a sentence in the language
of rings. For all but finitely many prime numbers p, ϕ is true in Fp((X)) if
and only if it is true in Qp. Moreover, there exists an integer N such that,
for any two local fields K,K ′ with isomorphic residue fields of characteristic
> N , one has that ϕ is true in K if and only if it is true in K ′.

By a sentence in the language of rings, we mean a formula, without free
variables, built from symbols 0, +, −, 1, ×, symbols for variables, logical
connectives ∧, ∨, ¬, quantifiers ∃, ∀ and the equality symbol =. It is very
important that in this language, any given natural number can be expressed
– for instance 3 as 1 + 1 + 1 – but that quantifiers running for instance over
natural numbers are not allowed. Given a field k, we may interpret any such
formula ϕ in k by letting the quantifiers run over k, and, when ϕ is a sentence,
we may say whether ϕ is true in k or not. Since for a field to be C2(d) for a
fixed d may be expressed by a sentence in the language of rings, we see that
Theorem 2.3 is a special case of Theorem 2.5. On the other hand, it is for
instance impossible to express by a single sentence in the language of rings
that a field is algebraically closed.

In fact, it is natural to introduce here the language of valued fields. It is a
language with two sorts of variables. The first sort of variables will run over
the valued field and the second sort of variables will run over the value group.
We shall use the language of rings over the valued field variables and the
language of ordered abelian groups 0,+,−,≥ over the value group variables.
Furthermore, there will be an additional functional symbol ord , going from
the valued field sort to the value group sort, which will be interpreted as
assigning to a non-zero element in the valued field its valuation.

Theorem 2.6 (Ax–Kochen–Eršov). Let K and K ′ be two henselian valued
fields of residual characteristic zero. Assume their residue fields k and k′ and
their value groups Γ and Γ ′ are elementary equivalent, that is, they have the
same set of true sentences in the rings, resp. ordered abelian groups, language.
Then K and K ′ are elementary equivalent, that is, they satisfy the same set
of formulas in the valued fields language.

We shall explain a proof of Theorem 2.5 after Theorem 2.10. Let us sketch
how Theorem 2.5 also follows from Theorem 2.6. Indeed this follows directly
from the classical ultraproduct construction. Let ϕ be a given sentence in the
language of valued fields. Suppose by contradiction that for each r in N there
exist two local fields Kr,K

′
r with isomorphic residue field of characteristic

> r and such that ϕ is true in Kr and false in K ′
r. Let U be a non-principal

ultrafilter on N. Denote by FU the corresponding ultraproduct of the residue
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fields of Kr, r in N. It is a field of characteristic zero. Now let KU and K ′
U be

respectively the ultraproduct relative to U of the fields Kr and K ′
r. They are

both henselian with residue field FU and value group ZU , the ultraproduct
over U of the ordered group Z. Hence certainly Theorem 2.6 applies to KU

and K ′
U . By the very ultraproduct construction, ϕ is true in KU and false in

K ′
U , which is a contradiction.

2.7 Cell decomposition

In this paper, we shall in fact consider, instead of the language of valued
fields, what we call a language of Denef–Pas, LDP. It it is a language with
three sorts, running respectively over valued field, residue field, and value
group variables. For the first two sorts, the language is the ring language
and for the last sort, we take any extension of the language of ordered abelian
groups. For instance, one may choose for the last sort the Presburger language
{+, 0, 1,≤} ∪ {≡n | n ∈ N, n > 1}, where ≡n denote equivalence modulo n.
We denote the corresponding Denef–Pas language by LDP,P. We also have two
additional symbols, ord as before, and a functional symbol ac, going from the
valued field sort to the residue field sort.

A typical example of a structure for that language is the field of Laurent
series k((t)) with the standard valuation ord : k((t))× → Z and ac defined
by ac(x) = xt−ord (x)modt if x 	= 0 in k((t)) and by ac(0) = 0.3 Also, we shall
usually add to the language constant symbols in the first, resp. second, sort for
every element of k((t)) resp. k, thus considering formulas with coefficients in
k((t)), resp. k, in the valued field, resp. residue field, sort. Similarly, any finite
extension of Qp is naturally a structure for that language, once a uniformizing
parameter # has been chosen; one just sets ac(x) = x#−ord (x)mod# and
ac(0) = 0. In the rest of the paper, for Qp itself, we shall always take # = p.

We now consider a valued field K with residue field k and value group
Z. We assume k is of characteristic zero, K is henselian and admits an an-
gular component map, that is, a map ac : K → k such that ac(0) = 0,
ac restricts to a multiplicative morphism K× → k×, and on the set {x ∈
K, ord (x) = 0}, ac restricts to the canonical projection to k. We also assume
that (K, k, Γ, ord , ac) is a structure for the language LDP.

We call a subset C of Km × kn × Zr definable if it may be defined by an
LDP-formula. We call a function h : C → K definable if its graph is definable.

Definition 2.8. Let D ⊂ Km× kn+1×Z and c : Km× kn → K be definable.
For ξ in kn, we set

A(ξ) =
{

(x, t) ∈ Km ×K
∣∣∣ (x, ξ, ac(t− c(x, ξ)), ord0(t− c(x, ξ))) ∈ D}, (3)

3Technically speaking, any function symbol of a first order language must have
as domain a product of sorts; a concerned reader may choose an arbitrary extension
of ord to the whole field K; sometimes we will use ord0 : K → Z which sends 0 to
0 and non-zero x to ord (x).
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where ord0(x) = ord (x) for x 	= 0 and ord0(0) = 0. If for every ξ and ξ′ in
kn with ξ 	= ξ′, we have A(ξ) ∩A(ξ′) = ∅, then we call

A =
⋃

ξ∈kn

A(ξ) (4)

a cell in Km ×K with parameters ξ and center c(x, ξ).

Now we can state the following version of the cell decomposition theorem
of Denef and Pas:

Theorem 2.9 (Denef–Pas [21]). Consider functions f1(x, t), . . . , fr(x, t)
on Km × K which are polynomials in t with coefficients definable functions
from Km to K. Then, Km × K admits a finite partition into cells A with
parameters ξ and center c(x, ξ), such that, for every ξ in kn, (x, t) in A(ξ),
and 1 ≤ i ≤ r, we have,

ord0fi(x, t) = ord0hi(x, ξ)(t − c(x, ξ))νi (5)

and
acfi(x, t) = ξi, (6)

where the functions hi(x, ξ) are definable and νi, n are in N and where
ord0(x) = ord (x) for x 	= 0 and ord0(0) = 0.

Using Theorem 2.9 it is not difficult to prove by induction on the number
of valued field variables the following quantifier elimination result (in fact,
Theorems 2.9 and 2.10 have a joint proof in [21]):

Theorem 2.10 (Denef–Pas [21]). Let K be a valued field satisfying the
above conditions. Then, every formula in LDP is equivalent to a formula with-
out quantifiers running over the valued field variables.

Let us now explain why Theorem 2.5 follows easily from Theorem 2.10.
Let U be a non-principal ultrafilter on N. Let Kr and K ′

r be local fields for
every r in N, such that the residue field ofKr is isomorphic to the residue field
of K ′

r and has characteristic > r. We consider again the fields KU and K ′
U

that are respectively the ultraproduct relative to U of the fields Kr and K ′
r.

By the argument we already explained it is enough to prove that these two
fields are elementary equivalent. Clearly they have isomorphic residue fields
and isomorphic value groups (isomorphic as ordered groups). Furthermore
they both satisfy the hypotheses of Theorem 2.10. Consider a sentence true
for KU . Since it is equivalent to a sentence with quantifiers running only over
the residue field variables and the value group variables, it will also be true
for K ′

U , and vice versa.
Note that the use of cell decomposition to prove Ax–Kochen–Eršov type

results goes back to P.J. Cohen [5].
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2.11 From sentences to formulas

Let ϕ be a formula in the language of valued fields or, more generally, in
the language LDP,P of Denef–Pas. We assume that ϕ has m free valued field
variables and no free residue field nor value group variables. For every valued
field K which is a structure for the language LDP, we denote by hϕ(K) the
set of points (x1, . . . , xm) in Km such that ϕ(x1, . . . , xm) is true.

When m = 0, ϕ is a sentence and hϕ(K) is either the one point set or the
empy set, depending on whether ϕ is true in K or not. Having Theorem 2.5
in mind, a natural question is to compare hϕ(Qp) with hϕ(Fp((t))).

An answer is provided by the following statement:

Theorem 2.12 (Denef–Loeser [13]). Let ϕ be a formula in the language
LDP,P with m free valued field variables and no free residue field nor value
group variables. There exists a virtual motive Mϕ, canonically attached to ϕ,
such that, for almost all prime numbers p, the volume of hϕ(Qp) is finite if
and only if the volume of hϕ(Fp((t))) is finite, and in this case they are both
equal to the number of points of Mϕ in Fp.

Here we have chosen to state Theorem 2.12 in an informal, non-technical
way. A detailed presentation of more general results we recently obtained is
given in §7. A few remarks are necessary in order to explain the statement
of Theorem 2.12. Firstly, what is meant by volume? Let d be an integer such
that for almost all p, hϕ(Qp) is contained in X(Qp), for some subvariety of
dimension d of Am

Q. Then the volume is taken with respect to the canonical
d-dimensional measure (cf. §6 and 7). Implicit in the statement of the theorem
is the fact that hϕ(Qp) and hϕ(Fp((t))) are measurable (at least for almost all
p for the later one). Originally, cf. [13] [14] [11], the virtual motive Mϕ lies in
a certain completion of the ring Kmot

0 (Vark)⊗Q explained in Section 5.7 (in
particular, Kmot

0 (Vark) is a subring of the Grothendieck ring of Chow motives
with rational coefficients), but it now follows from the new construction of
motivic integration developed in [1] that we can take Mϕ in the ring obtained
from Kmot

0 (Vark) ⊗Q by inverting the Lefschetz motive L and 1 − L−n for
n > 0.

One should note that even form = 0, Theorem 2.12 gives more information
than Theorem 2.5, since it says that for almost all p the validity of ϕ in Qp

and Fp((t)) is governed by the virtual motive Mϕ. Finally, let us note that
Theorem 2.5 naturally extends to integrals of definable functions as will be
explained in §7.

The proof of Theorem 2.12 is based on motivic integration. In the next
sections we shall give a quick overview of the new general construction of
motivic integration given in [1], that allows one to integrate a very general
class of functions, constructible motivic functions. These results have already
been announced in a condensed way in the notes [2] and [3]; here, we are given
the opportunity to present them more leisurely and with some more details.
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3 Constructible motivic functions

3.1 Definable subassignments

Let ϕ be a formula in the language LDP,P with coefficients in k((t)), resp. k,
in the valued field, resp. residue field, sort, having say respectively m, n, and
r free variables in the various sorts. To such a formula ϕ we assign, for every
field K containing k, the subset hϕ(K) of K((t))m×Kn×Zr consisting of all
points satisfying ϕ. We shall call the datum of such subsets for all K definable
(sub)assignments. In analogy with algebraic geometry, where the emphasis is
not put anymore on equations but on the functors they define, we consider
instead of formulas the corresponding subassignments (note K �→ hϕ(K) is in
general not a functor). Let us make these definitions more precise.

First, we recall the definition of subassignments, introduced in [13]. Let
F : C → Ens be a functor from a category C to the category of sets. By
a subassignment h of F we mean the datum, for every object C of C, of
a subset h(C) of F (C). Most of the standard operations of elementary set
theory extend trivially to subassignments. For instance, given subassignments
h and h′ of the same functor, one defines subassignments h ∪ h′, h ∩ h′ and
the relation h ⊂ h′, etc. When h ⊂ h′ we say h is a subassignment of h′. A
morphism f : h→ h′ between subsassignments of functors F1 and F2 consists
of the datum for every object C of a map f(C) : h(C) → h′(C). The graph of
f is the subassignment C �→ graph(f(C)) of F1 × F2.

Next, we explain the notion of definable subassignments. Let k be a field
and consider the category Fk of fields containing k. We denote by h[m,n, r]
the functor Fk → Ens given by h[m,n, r](K) = K((t))m × Kn × Zr. In
particular, h[0, 0, 0] assigns the one point set to every K. To any formula
ϕ in LDP,P with coefficients in k((t)), resp. k, in the valued field, resp. residue
field, sort, having respectively m, n, and r free variables in the various sorts,
we assign a subsassignment hϕ of h[m,n, r], which associates to K in Fk the
subset hϕ(K) of h[m,n, r](K) consisting of all points satisfying ϕ. We call such
subassignments definable subassignements. We denote by Defk the category
whose objects are definable subassignments of some h[m,n, r], morphisms in
Defk being morphisms of subassignments f : h → h′ with h and h′ definable
subassignments of h[m,n, r] and h[m′, n′, r′] respectively such that the graph
of f is a definable subassignment. Note that h[0, 0, 0] is the final object in this
category.

If S is an object of Defk, we denote by DefS the category of morphisms
X → S in Defk. If f : X → S and g : Y → S are in DefS , we write X×S Y for
the product in DefS defined as K �→ {(x, y) ∈ X(K) × Y (K)|f(x) = g(y)},
with the natural morphism to S. When S = h[0, 0, 0)], we write X × Y for
X×S Y . We write S[m,n, r] for S×h[m,n, r], hence, S[m,n, r](K) = S(K)×
K((t))m ×Kn × Zr. By a point x of S we mean a pair (x0,K) with K in Fk

and x0 a point of S(K). We denote by |S| the set of points of S. For such
x we then set k(x) = K. Consider a morphism f : X → S, with X and S
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respectively definable subassignments of h[m,n, r] and h[m′, n′, r′]. Let ϕ(x, s)
be a formula defining the graph of f in h[m+m′, n+ n′, r + r′]. Fix a point
(s0,K) of S. The formula ϕ(x, s0) defines a subassignment in DefK . In this
way we get for s a point of S a functor “fiber at s” i∗s : DefS → Defk(s).

3.2 Constructible motivic functions

In this subsection we define, for S in Defk, the ring C(S) of constructible
motivic functions on S. The main goal of this construction is that, as we
will see in section 4, motivic integrals with parameters in S are constructible
motivic functions on S. In fact, in the construction of a measure, as we all
know since studying Lebesgue integration, positive functions often play a basic
fundamental role. This the reason why we also introduce the semiring C+(S)
of positive4 constructible motivic functions. A technical novelty occurs here:
C(S) is the ring associated to the semiring C+(S), but the canonical morphism
C+(S) → C(S) has in general no reason to be injective.

Basically, C+(S) and C(S) are built up from two kinds of functions. The
first type consists of elements of a certain Grothendieck (semi)ring. Recall that
in “classical” motivic integration as developed in [12], the Grothendieck ring
K0(Vark) of algebraic varieties over k plays a key role. In the present setting
the analogue of the category of algebraic varieties over k is the category of
definable subassignments of h[0, n, 0], for some n, when S = h[0, 0, 0]. Hence,
for a general S in Defk, it is natural to consider the subcategory RDefS

of DefS whose objects are definable subassignments Z of S × h[0, n, 0], for
variable n, the morphism Z → S being induced by the projection on S. The
Grothendieck semigroup SK0(RDefS) is the quotient of the free semigroup
on isomorphism classes of objects [Z → S] in RDefS by relations [∅ → S] = 0
and [(Y ∪ Y ′) → S] + [(Y ∩ Y ′) → S] = [Y → S] + [Y ′ → S]. We also
denote by K0(RDefS) the corresponding abelian group. Cartesian product
induces a unique semiring structure on SK0(RDefS), resp. ring structure on
K0(RDefS).

There are some easy functorialities. For every morphism f : S → S ′, there
is a natural pullback by f∗ : SK0(RDefS′) → SK0(RDefS) induced by the
fiber product. If f : S → S′ is a morphism in RDefS′ , composition with f
induces a morphism f! : SK0(RDefS) → SK0(RDefS′). Similar constructions
apply to K0. That one can view elements of SK0(RDefS) as functions on S
(which we even would like to integrate), is illustrated in section 6 on p-adic
integration and in the introduction of [1], in the part on integration against
Euler characteristic over the reals.

The second type of functions are certain functions with values in the ring

A = Z
[
L,L−1,

( 1
1− L−i

)
i>0

]
, (7)

4Or maybe better, non-negative.
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where, for the moment, L is just considered as a symbol. Note that a definable
morphism α : S → h[0, 0, 1] determines a function |S| → Z, also written α,
and a function |S| → A sending x to Lα(x), written Lα. We consider the
subring P(S) of the ring of functions |S| → A generated by constants in A
and by all functions α and Lα with α : S → Z definable morphisms. Now
we should define positive functions with values in A. For every real number
q > 1, let us denote by ϑq : A→ R the morphism sending L to q. We consider
the subsemigroup A+ of A consisting of elements a such that ϑq(a) ≥ 0 for all
q > 1 and we define P+(S) as the semiring of functions in P(S) taking their
values in A+.

Now we explain how to put together these two types of functions. For Y
a definable subassignment of S, we denote by 1Y the function in P(S) taking
the value 1 on Y and 0 outside Y . We consider the subring P0(S) of P(S),
resp. the subsemiring P0

+(S) of P+(S), generated by functions of the form 1Y

with Y a definable subassignment of S, and by the constant function L−1. We
have canonical morphisms P0(S) → K0(RDefS) and P0

+(S) → SK0(RDefS)
sending 1Y to [Y → S] and L − 1 to the class of S × (h[0, 1, 0] � {0}) in
K0(RDefS) and in SK0(RDefS), respectively. To simplify notation we shall
denote by L and L − 1 the class of S[0, 1, 0] and S × (h[0, 1, 0] � {0}) in
K0(RDefS) and in SK0(RDefS).

We may now define the semiring of positive constructible functions as

C+(S) = SK0(RDefS)⊗P0
+(S) P+(S) (8)

and the ring of constructible functions as

C(S) = K0(RDefS)⊗P0(S) P(S). (9)

If f : S → S′ is a morphism in Defk, one shows in [1] that the morphism
f∗ may naturally be extended to a morphism

f∗ : C+(S′) −→ C+(S). (10)

If, furthermore, f is a morphism in RDefS′ , one shows that the morphism f!
may naturally be extended to

f! : C+(S) −→ C+(S′). (11)

Similar functorialities exist for C.

3.3 Constructible motivic “Functions”

In fact, we shall need to consider not only functions as we just defined, but
functions defined almost everywhere in a given dimension, that we call Func-
tions. (Note the capital in Functions.)

We start by defining a good notion of dimension for objects of Defk. Heuris-
tically, that dimension corresponds to counting the dimension only in the val-
ued field variables, without taking in account the remaining variables. More
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precisely, to any algebraic subvariety Z of Am
k((t)) we assign the definable sub-

assignment hZ of h[m, 0, 0] given by hZ(K) = Z(K((t))). The Zariski closure
of a subassignment S of h[m, 0, 0] is the intersection W of all algebraic sub-
varieties Z of Am

k((t)) such that S ⊂ hZ . We define the dimension of S as
dimS := dimW . In the general case, when S is a subassignment of h[m,n, r],
we define dimS as the dimension of the image of S under the projection
h[m,n, r] → h[m, 0, 0].

One can prove, using Theorem 2.9 and results of van den Dries [15], the
following result, which is by no means obvious:

Proposition 3.4. Two isomorphic objects of Defk have the same dimension.

For every non-negative integer d, we denote by C≤d
+ (S) the ideal of

C+(S) generated by functions 1Z with Z definable subassignments of S with
dimZ ≤ d. We set C+(S) = ⊕dC

d
+(S) with Cd

+(S) := C≤d
+ (S)/C≤d−1

+ (S).
It is a graded abelian semigroup, and also a C+(S)-semimodule. Elements of
C+(S) are called positive constructible Functions on S. If ϕ is a function lying
in C≤d

+ (S) but not in C≤d−1
+ (S), we denote by [ϕ] its image in Cd

+(S). One
defines similarly C(S) from C(S).

One of the reasons why we consider functions which are defined almost ev-
erywhere originates in the differentiation of functions with respect to the val-
ued field variables: one may show that a definable function c : S ⊂ h[m,n, r] →
h[1, 0, 0] is differentiable (in fact even analytic) outside a definable subassign-
ment of S of dimension < dimS. In particular, if f : S → S ′ is an isomorphism
in Defk, one may define a function ordjacf , the order of the jacobian of f ,
which is defined almost everywhere and is equal almost everywhere to a de-
finable function, so we may define L−ordjacf in Cd

+(S) when S is of dimension
d. In Section 5.2, we shall define L−ordjacf using differential forms.

4 Construction of the general motivic measure

Let k be a field of characteristic zero. Given S in Defk, we define S-integrable
Functions and construct pushforward morphisms for these:

Theorem 4.1. Let k be a field of characteristic zero and let S be in Defk.
There exists a unique functor Z �→ ISC+(Z) from DefS to the category of
abelian semigroups, the functor of S-integrable Functions, assigning to every
morphism f : Z → Y in DefS a morphism f! : ISC+(Z) → ISC+(Y ) such
that for every Z in DefS, ISC+(Z) is a graded subsemigroup of C+(Z) and
ISC+(S) = C+(S), satisfying the following list of axioms (A1)-(A8).

(A1a) (Naturality)
If S → S′ is a morphism in Defk and Z is an object in DefS , then any
S′-integrable Function ϕ in C+(Z) is S-integrable and f!(ϕ) is the same,
considered in IS′ or in IS .
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(A1b) (Fubini)
A positive Function ϕ on Z is S-integrable if and only if it is Y -integrable
and f!(ϕ) is S-integrable.

(A2) (Disjoint union)
If Z is the disjoint union of two definable subassignments Z1 and Z2, then the
isomorphism C+(Z) � C+(Z1)⊕C+(Z2) induces an isomorphism ISC+(Z) �
ISC+(Z1)⊕ ISC+(Z2), under which f! = f|Z1! ⊕ f|Z2!.

(A3) (Projection formula)
For every α in C+(Y ) and every β in ISC+(Z), αf!(β) is S-integrable if and
only if f∗(α)β is, and then f!(f∗(α)β) = αf!(β).

(A4) (Inclusions)
If i : Z ↪→ Z ′ is the inclusion of definable subassignments of the same object
of DefS , i! is induced by extension by zero outside Z and sends injectively
ISC+(Z) to ISC+(Z ′).

(A5) (Integration along residue field variables)
Let Y be an object of DefS and denote by π the projection Y [0, n, 0] → Y . A
Function [ϕ] in C+(Y [0, n, 0]) is S-integrable if and only if, with notation of
Equation 11, [π!(ϕ)] is S-integrable and then π!([ϕ]) = [π!(ϕ)].

Basically this axiom means that integrating with respect to variables in the
residue field just amounts to taking the pushforward induced by composition
at the level of Grothendieck semirings.

(A6) (Integration along Z-variables) Basically, integration along the Z-
variables corresponds to summing over the integers, but to state precisely
(A6), we need to perform some preliminary constructions.

Consider a function ϕ in P(S[0, 0, r]), hence ϕ is a function |S| ×Zr → A.
We shall say ϕ is S-integrable if for every q > 1 and every x in |S|, the series∑

i∈Zr ϑq(ϕ(x, i)) is summable. One proves that if ϕ is S-integrable, there
exists a unique function µS(ϕ) in P(S) such that ϑq(µS(ϕ)(x)) is equal to
the sum of the previous series for all q > 1 and all x in |S|. We denote by
ISP+(S[0, 0, r]) the set of S-integrable functions in P+(S[0, 0, r]) and we set

ISC+(S[0, 0, r]) = C+(S)⊗P+(S) ISP+(S[0, 0, r]). (12)

Hence ISP+(S[0, 0, r]) is a sub-C+(S)-semimodule of C+(S[0, 0, r]) and µS may
be extended by tensoring to

µS : ISC+(S[0, 0, r]) → C+(S). (13)

Now we can state (A6):
Let Y be an object of DefS and denote by π the projection Y [0, 0, r] → Y . A
Function [ϕ] in C+(Y [0, 0, r]) is S-integrable if and only if there exists ϕ′ in
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C+(Y [0, 0, r]) with [ϕ′] = [ϕ] which is Y -integrable in the previous sense and
such that [µY (ϕ′)] is S-integrable. We then have π!([ϕ]) = [µY (ϕ′)].

(A7) (Volume of balls) It is natural to require (by analogy with the p-adic
case) that the volume of a ball {z ∈ h[1, 0, 0]|ac(z−c) = α, ac(z−c) = ξ}, with
α in Z, c in k((t)) and ξ non-zero in k, should be L−α−1. (A7) is a relative
version of that statement:
Let Y be an object in DefS and let Z be the definable subassignment of
Y [1, 0, 0] defined by ord (z − c(y)) = α(y) and ac(z − c(y)) = ξ(y), with z
the coordinate on the A1

k((t))-factor and α, ξ, c definable functions on Y with
values respectively in Z, h[0, 1, 0]�{0}, and h[1, 0, 0]. We denote by f : Z → Y
the morphism induced by projection. Then [1Z ] is S-integrable if and only if
L−α−1[1Y ] is, and then f!([1Z ]) = L−α−1[1Y ].

(A8) (Graphs) This last axiom expresses the pushforward for graph projec-
tions. It relates volume and differentials and is a special case of the change of
variables Theorem 4.2.
Let Y be in DefS and let Z be the definable subassignment of Y [1, 0, 0] defined
by z− c(y) = 0 with z the coordinate on the A1

k((t))-factor and c a morphism
Y → h[1, 0, 0]. We denote by f : Z → Y the morphism induced by projection.
Then [1Z ] is S-integrable if and only if L(ordjacf)◦f−1

is, and then f!([1Z ]) =
L(ordjacf)◦f−1

.

Once Theorem 4.1 is proved, one may proceed as follows to extend the
constructions from C+ to C . One defines ISC(Z) as the subgroup of C(Z)
generated by the image of ISC+(Z). One shows that if f : Z → Y is a
morphism in DefS , the morphism f! : ISC+(Z) → ISC+(Y ) has a natural
extension f! : ISC(Z) → ISC(Y ).

The relation of Theorem 4.1 with motivic integration is the following.
When S is equal to h[0, 0, 0], the final object of Defk, one writes IC+(Z)
for ISC+(Z) and we shall say integrable for S-integrable, and similarly for C.
Note that IC+(h[0, 0, 0]) = C+(h[0, 0, 0]) = SK0(RDefk)⊗N[L−1]A+ and that
IC(h[0, 0, 0]) = K0(RDefk)⊗Z[L]A. For ϕ in IC+(Z), or in IC(Z), one defines
the motivic integral µ(ϕ) by µ(ϕ) = f!(ϕ) with f the morphism Z → h[0, 0, 0].
Working in the more general framework of Theorem 4.1 to construct µ appears
to be very convenient for inductions occuring in the proofs. Also, it is not clear
how to characterize µ alone by existence and unicity properties. Note also that
one reason for the statement of Theorem 4.1 to look somewhat cumbersome,
is that we have to define at once the notion of integrability and the value of
the integral.

The proof of Theorem 4.1 is quite long and involved. In a nutshell, the
basic idea is the following. Integration along residue field variables is controlled
by (A5) and integration along Z-variables by (A6). Integration along valued
field variables is constructed one variable after the other. To integrate with
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respect to one valued field variable, one may, using (a variant of) the cell
decomposition Theorem 2.9 (at the cost of introducing additional new residue
field and Z-variables), reduce to the case of cells which is covered by (A7) and
(A8). An important step is to show that this is independent of the choice of a
cell decomposition. When one integrates with respect to more than one valued
field variable (one after the other) it is crucial to show that it is independent
of the order of the variables, for which we use a notion of bicells.

In this new framework, we have the following general form of the change
of variables theorem, generalizing the corresponding statements in [12] and
[13].

Theorem 4.2. Let f : X → Y be an isomorphism between definable sub-
assignments of dimension d. For every function ϕ in C≤d

+ (Y ) having a non-
zero class in Cd

+(Y ), [f∗(ϕ)] is Y -integrable and f![f∗(ϕ)] = L(ordjacf)◦f−1
[ϕ].

A similar statement holds in C.

4.3 Integrals depending on parameters

One pleasant feature of Theorem 4.1 is that it generalizes readily to the relative
setting of integrals depending on parameters.

Indeed, let us fix Λ in Defk playing the role of a parameter space. For S
in DefΛ, we consider the ideal C≤d(S → Λ) of C+(S) generated by functions
1Z with Z definable subassignment of S such that all fibers of Z → Λ are of
dimension ≤ d. We set

C+(S → Λ) =
⊕

d

Cd
+(S → Λ) (14)

with
Cd

+(S → Λ) := C≤d
+ (S → Λ)/C≤d−1

+ (S → Λ). (15)

It is a graded abelian semigroup (and also a C+(S)-semimodule). If ϕ belongs
to C≤d

+ (S → Λ) but not to C≤d−1
+ (S → Λ), we write [ϕ] for its image in

Cd
+(S → Λ). The following relative analogue of Theorem 4.1 holds.

Theorem 4.4. Let k be a field of characteristic zero, let Λ be in Defk, and let
S be in DefΛ. There exists a unique functor Z �→ ISC+(Z → Λ) from DefS to
the category of abelian semigroups, assigning to every morphism f : Z → Y in
DefS a morphism f!Λ : ISC+(Z → Λ)) → ISC+(Y → Λ)) satisfying properties
analogous to (A0)-(A8) obtained by replacing C+( ) by C+( → Λ) and ordjac
by its relative analogue ordjacΛ

5.

Note that C+(Λ → Λ) = C+(Λ) (and also IΛC+(Λ → Λ) = C+(Λ → Λ).
Hence, given f : Z → Λ in DefΛ, we may define the relative motivic measure
with respect to Λ as the morphism

5Defined similarly as ordjac, but using relative differential forms.
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µΛ := f!Λ : IΛC+(Z → Λ) −→ C+(Λ). (16)

By the following statement, µΛ indeed corresponds to integration along
the fibers over Λ:

Proposition 4.5. Let ϕ be a Function in C+(Z → Λ). It belongs to IΛC+(Z →
Λ) if and only if for every point λ in Λ, the restriction ϕλ of ϕ to the fiber
of Z at λ is integrable. The motivic integral of ϕλ is then equal to i∗λ(µΛ(ϕ)),
for every λ in Λ.

Similarly as in the absolute case, one can also define the relative analogue
C(S → Λ) of C(S), and extend the notion of integrability and the construction
of f!Λ to this setting.

5 Motivic integration in a global setting and comparison
with previous constructions

5.1 Definable subassignments on varieties

Objects of Defk are by construction affine, being subassignments of functors
h[m,n, r] : Fk → Ens given by K �→ K((t))m × Kn × Zr. We shall now
consider their global analogues and extend the previous constructions to the
global setting.

Let X be a variety over k((t)), that is, a reduced and separated scheme of
finite type over k((t)), and let X be a variety over k. For r an integer ≥ 0,
we denote by h[X , X, r] the functor Fk → Ens given by K �→ X (K((t))) ×
X(K) × Zr. When X = Spec k and r = 0, we write h[X ] for h[X , X, r]. If
X and X are affine and if i : X ↪→ Am

k((t)) and j : X ↪→ An
k are closed

immersions, we say a subassignment h of h[X , X, r] is definable if its image
by the morphism h[X , X, r] → h[m,n, r] induced by i and j is a definable
subassignment of h[m,n, r]. This definition does not depend on i and j. More
generally, we shall say a subassignment h of h[X , X, r] is definable if there
exist coverings (Ui) and (Uj) of X and X by affine open subsets such that
h∩h[Ui, Uj, r] is a definable subassignment of h[Ui, Uj, r] for every i and j. We
get in this way a category GDefk whose objects are definable subassignments
of some h[X , X, r], morphisms being definable morphisms, that is, morphisms
whose graphs are definable subassignments.

The category Defk is a full subcategory of GDefk. Dimension as defined in
Section 3.3 may be directly generalized to objects of GDefk and Proposition
3.4 still holds in GDefk. Also, if S is an object in GDefk, our definitions of
RDefS , C+(S), C(S), C+(S) and C(S) extend.
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5.2 Definable differential forms and volume forms

In the global setting, one does not integrate functions anymore, but volume
forms. Let us start by introducing differential forms in the definable frame-
work. Let h be a definable subassignment of some h[X , X, r]. We denote by
A(h) the ring of definable morphisms h → h[A1

k((t))]. Let us define, for i in
N, the A(h)-module Ωi(h) of definable i-forms on h. Let Y be the closed sub-
set of X , which is the Zariski closure of the image of h under the projection
π : h[X , X, r] → h[X ]. We denote by Ωi

Y the sheaf of algebraic i-forms on Y,
by AY the Zariski sheaf associated to the presheaf U �→ A(h[U ]) on Y, and
by Ωi

h[Y] the sheaf AY ⊗OY Ω
i
Y . We set

Ωi(h) := A(h)⊗A(h[Y]) Ω
i
h[Y](Y), (17)

the A(h[Y])-algebra structure on A(h) given by composition with π.
We now assume h is of dimension d. We denote by A<(h) the ideal of

functions in A(h) that are zero outside a definable subassignment of dimension
< d. There is a canonical morphism of abelian semi-groups λ : A(h)/A<(h) →
Cd

+(h) sending the class of a function f to the class of L−ord f , with the
convention L−ord 0 = 0. We set Ω̃d(h) = A(h)/A<(h) ⊗A(h) Ω

d(h), and we
define the set |Ω̃|+(h) of definable positive volume forms as the quotient of the
free abelian semigroup on symbols (ω, g) with ω in Ω̃d(h) and g in Cd

+(h) by
relations (fω, g) = (ω, λ(f)g), (ω, g + g′) = (ω, g) + (ω, g′) and (ω, 0) = 0, for
f in A(h)/A<(h). We write g|ω| for the class (ω, g), in order to have g|fω| =
gL−ord f |ω|. The C+(h)-semimodule structure on Cd

+(h) induces after passing
to the quotient a structure of semiring on Cd

+(h) and |Ω̃|+(h) is naturally
endowed with a structure of Cd

+(h)-semimodule. We shall call an element |ω|
in |Ω̃|+(h) a gauge form if it is a generator of that semimodule. One should
note that in the present setting gauge forms always exist, which is certainly not
the case in the usual framework of algebraic geometry. Indeed, gauge forms
always exist locally (that is, in suitable affine charts), and in our definable
world there is no difficulty in gluing local gauge forms to global ones. One
may define similarly |Ω̃|(h), replacing Cd

+ by Cd, but we shall only consider
|Ω̃|+(h) here.

If h is a definable subassignment of dimension d of h[m,n, r], one may
construct, similarly as Serre [23] in the p-adic case, a canonical gauge form
|ω0|h on h. Let us denote by x1, . . . , xm the coordinates on Am

k((t)) and
consider the d-forms ωI := dxi1 ∧ · · · ∧ dxid

for I = {i1, . . . , id} ⊂ {1, . . . ,m},
i1 < · · · < id, and their image |ωI |h in |Ω̃|+(h). One may check there exists a
unique element |ω0|h of |Ω̃|+(h), such that, for every I, there exists definable
functions with integral values αI , βI on h, with βI only taking as values 1
and 0, such that αI + βI > 0 on h, |ωI |h = βIL−αI |ω0|h in |Ω̃|+(h), and such
that infI αI = 0.

If f : h→ h′ is a morphism in GDefk with h and h′ of dimension d and all
fibers of dimension 0, there is a mapping f ∗ : |Ω̃|+(h′) → |Ω̃|+(h) induced by
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pullback of differential forms. This follows from the fact that f is “analytic”
outside a definable subassignment of dimension d− 1 of h. If, furthermore, h
and h′ are objects in Defk, one defines L−ordjacf by

f∗|ω0|h′ = L−ordjacf |ω0|h. (18)

If X is a k((t))-variety of dimension d, and X 0 is a k[[t]]-model of X , it is
possible to define an element |ω0| in |Ω̃|+(h[X ]), which depends only on X 0,
and which is characterized by the following property: for every open U 0 of X 0

on which the k[[t]]-module Ωd
U0|k[[t]](U

0) is generated by a non-zero form ω,
|ω0||h[U0⊗Spec k((t))] = |ω| in |Ω̃|+(h[U0 ⊗ Spec k((t))]).

5.3 Integration of volume forms and Fubini’s Theorem

Now we are ready to construct motivic integration for volume forms. In the
affine case, using canonical gauge forms, one may pass from volume forms to
Functions in top dimension, and vice versa. More precisely, let f : S → S ′

be a morphism in Defk, with S of dimension s and S′ of dimension s′. Every
positive form α in |Ω̃|+(S) may be written α = ψα|ω0|S with ψα in Cs

+(S).
We shall say α is f -integrable if ψα is f -integrable and we then set

f top
! (α) := {f!(ψα)}s′ |ω0|S′ , (19)

{f!(ψα)}s′ denoting the component of f!(ψα) lying in Cs′
+ (S′).

Consider now a morphism f : S → S ′ in GDefk. The previous construction
may be globalized as follows. Assume there exist isomorphisms ϕ : T → S and
ϕ′ : T ′ → S′ with T and T ′ in Defk. We denote by f̃ the morphism T → T ′

such that ϕ′ ◦ f̃ = f ◦ ϕ. We shall say α in |Ω̃|+(S) is f -integrable if ϕ∗(α) is
f̃ -integrable and we define then f top

! (α) by the relation

f̃ top
! (ϕ∗(α)) = ϕ′∗(f top

! (α)). (20)

It follows from Theorem 4.2 that this definition is independent of the choice
of the isomorphisms ϕ and ϕ′. By additivity, using affine charts, the previous
construction may be extended to any morphism f : S → S ′ in GDefk, in
order to define the notion of f -integrability for a volume form α in |Ω̃|+(S),
and also, when α is f -integrable, the fiber integral f top

! (α), which belongs to
|Ω̃|+(S′). When S = h[0, 0, 0], we shall say integrable instead of f -integrable,
and we shall write

∫
S α for f top

! (α).
In this framework, one may deduce from (A1b) in Theorem 4.1 the follow-

ing general form of Fubini’s Theorem for motivic integration:

Theorem 5.4 (Fubini’s Theorem). Let f : S → S ′ be a morphism in
GDefk. Assume S is of dimension s, S ′ is of dimension s′, and that the fibers
of f are all of dimension s − s′. A positive volume form α in |Ω̃|+(S) is
integrable if and only if it is f -integrable and f top

! (α) is integrable. When this
holds, then ∫

S

α =
∫

S′
f top
! (α). (21)
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5.5 Comparison with classical motivic integration

In the definition of Defk, RDefk and GDefk, instead of considering the
category Fk of all fields containing k, one could as well restrict to the
subcategory ACFk of algebraically closed fields containing k and define
categories Defk,ACFk

, etc. In fact, it is a direct consequence of Cheval-
ley’s constructibility theorem that K0(RDefk,ACFk

) is nothing else than the
Grothendieck ring K0(Vark) considered in [12]. It follows that there is a
canonical morphism SK0(RDefk) → K0(Vark) sending L to the class of
A1

k, which we shall still denote by L. One can extend this morphism to a
morphism γ : SK0(RDefk) ⊗N[L−1] A+ → K0(Vark) ⊗Z[L] A. By consider-
ing the series expansion of (1 − L−i)−1, one defines a canonical morphism
δ : K0(Vark) ⊗Z[L] A → M̂, with M̂ the completion of K0(Vark)[L−1] con-
sidered in [12].

Let X be an algebraic variety over k of dimension d. Set X 0 := X ⊗Speck

Spec k[[t]] and X := X 0⊗Speck[[t]] Spec k((t)). Consider a definable subassign-
ment W of h[X ] in the language LDP,P, with the restriction that constants
in the valued field sort that appear in formulas defining W in affine charts
defined over k belong to k (and not to k((t))). We assume W (K) ⊂ X (K[[t]])
for every K in Fk. With the notation of [12], formulas defining W in affine
charts define a semialgebraic subset of the arc space L(X) in the correspond-
ing chart, by Theorem 2.10 and Chevalley’s constructibility theorem. In this
way we assign canonically to W a semialgebraic subset W̃ of L(X). Similarly,
let α be a definable function on W taking integral values and satisfying the
additional condition that constants in the valued field sort, appearing in for-
mulas defining α can only belong to k. To any such function α we may assign
a semialgebraic function α̃ on W̃ .

Theorem 5.6. Under the former hypotheses, |ω0| denoting the canonical vol-
ume form on h[X ], for every definable function α on W with integral values
satisfying the previous conditions and bounded below, 1WL−α|ω0| is integrable
on h[X ] and

(δ ◦ γ)
(∫

h[X ]

1WL−α|ω0|
)

=
∫

W̃

L−α̃dµ′, (22)

µ′ denoting the motivic measure considered in [12].

It follows from Theorem 5.6 that, for semialgebraic sets and functions, the
motivic integral constructed in [12] in fact already exists in K0(Vark)⊗Z[L]A,
or even in SK0(Vark)⊗N[L−1]A+, with SK0(Vark) = SK0(RDefk,ACFk

), the
Grothendieck semiring of varieties over k.

5.7 Comparison with arithmetic motivic integration

Similarly, instead of ACFk, we may also consider the category PFFk of pseudo-
finite fields containing k. Let us recall that a pseudo-finite field is a perfect field
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F having a unique extension of degree n for every n in a given algebraic closure
and such that every geometrically irreducible variety over F has an F -rational
point. By restriction from Fk to PFFk we can define categories Defk,PFFk

, etc.
In particular, the Grothendieck ring K0(RDefk,PFFk

) is nothing else but what
is denoted by K0(PFFk) in [14] and [11].

In the paper [13], arithmetic motivic integration was taking its values in
a certain completion K̂v

0 (Motk,Q̄)Q of a ring Kv
0 (Motk,Q̄)Q. Somewhat later

it was remarked in [14] and [11] that one can restrict to the smaller ring
Kmot

0 (Vark)⊗Q, the definition of which we shall now recall.
The field k being of characteristic 0, there exists, by [16] and [17], a unique

morphism of rings K0(Vark) → K0(CHMotk) sending the class of a smooth
projective varietyX over k to the class of its Chow motive. HereK0(CHMotk)
denotes the Grothendieck ring of the category of Chow motives over k with
rational coefficients. By definition, Kmot

0 (Vark) is the image of K0(Vark) in
K0(CHMotk) under this morphism. [Note that the definition of Kmot

0 (Vark)
given in [14] is not clearly equivalent and should be replaced by the one given
above.] In [14] and [11], the authors have constructed, using results from [13],
a canonical morphism χc : K0(PFFk) → Kmot

0 (Vark)⊗Q as follows:

Theorem 5.8 (Denef–Loeser [14] [11]). Let k be a field of characteristic
zero. There exists a unique ring morphism

χc : K0(PFFk) −→ Kmot
0 (Vark)⊗Q (23)

satisfying the following two properties:

(i) For any formula ϕ which is a conjunction of polynomial equations over
k, the element χc([ϕ]) equals the class in Kmot

0 (Vark) ⊗Q of the variety
defined by ϕ.

(ii) Let X be a normal affine irreducible variety over k, Y an unramified Galois
cover of X, that is, Y is an integral étale scheme over X with Y/G ∼= X,
where G is the group of all endomorphisms of Y over X, and C a cyclic
subgroup of the Galois group G of Y over X. For such data we denote
by ϕY,X,C a ring formula whose interpretation, in any field K containing
k, is the set of K-rational points on X that lift to a geometric point on
Y with decomposition group C (i.e., the set of points on X that lift to a
K-rational point of Y/C, but not to any K-rational point of Y/C ′ with C ′

a proper subgroup of C). Then

χc([ϕY,X,C ]) =
|C|

|NG(C)|χc([ϕY,Y/C,C ]),

where NG(C) is the normalizer of C in G.

Moreover, when k is a number field, for almost all finite places P, the number
of rational points of (χc([ϕ])) in the residue field k(P) of k at P is equal to
the cardinality of hϕ(k(P)).
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The construction of χc has been recently extended to the relative setting
by J. Nicaise [19].

The arithmetical measure takes values in some completion K̂mot
0 (Vark)⊗Q

of the localisation of Kmot
0 (Vark) ⊗Q with respect to the class of the affine

line. There is a canonical morphism

γ̂ : SK0(RDefk)⊗N[L−1] A+ → K0(PFFk)⊗Z[L] A.

Considering the series expansion of (1−L−i)−1, the map χc induces a canon-
ical morphism δ̃ : K0(PFFk)⊗Z[L] A→ K̂mot

0 (Vark)⊗Q.
Let X be an algebraic variety over k of dimension d. Set

X 0 := X ⊗Speck Spec k[[t]], X := X 0 ⊗Speck[[t]] Spec k((t)),

and consider a definable subassignment W of h[X ] satisfying the conditions
in Section 5.5. Formulas defining W in affine charts allow us to define, in the
terminology and with the notation in [13], a definable subassignment of hL(X)

in the corresponding chart, and we may assign canonically to W a definable
subassignment W̃ of hL(X) in the sense of [13].

Theorem 5.9. Under the previous hypotheses and with the previous notation,
1W |ω0| is integrable on h[X ] and

(δ̃ ◦ γ̂)
(∫

h[X ]

1W |ω0|
)

= ν(W̃ ), (24)

ν denoting the arithmetical motivic measure as defined in [13].

In particular, Theorem 5.9 implies that in the present setting the arithmetical
motivic integral constructed in [13] already exists inK0(PFFk)⊗Z[L]A (or even
in SK0(PFFk)⊗N[L−1]A+), without completing further the Grothendieck ring
and without considering Chow motives (and even without inverting additively
all elements of the Grothendieck semiring).

6 Comparison with p-adic integration

In the next two sections we present new results on specialization to p-adic
integration and Ax–Kochen–Eršov Theorems for integrals with parameters.
We plan to give complete details in a future paper.

6.1 P -adic definable sets

We fix a finite extension K of Qp together with an uniformizing parameter
#K . We denote by RK the valuation ring and by kK the residue field, kK �
Fq(K) for some power q(K) of p. Let ϕ be a formula in the languageLDP,P with
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coefficients in K in the valued field sort and coefficients in kK in the residue
field sort, with m free variables in the valued field sort, n free variables in the
residue field sort and r free variables in the value group sort. The formula ϕ
defines a subset Zϕ of Km × kn

K × Zr (recall that since we have chosen #K ,
K is endowed with an angular component mapping). We call such a subset a
p-adic definable subset of Km×kn

K×Zr. We define morphisms between p-adic
definable subsets similarly as before: if S and S ′ are p-adic definable subsets
of Km × kn

K × Zr and Km′ × kn′
K × Zr′

respectively, a morphism f : S → S ′

will be a function f : S → S′ whose graph is p-adic definable.

6.2 P -adic dimension

By the work of Scowcroft and van den Dries [22], there is a good dimension
theory for p-adic definable subsets of Km. By Theorem 3.4 of [22], a p-adic
definable subset A of Km has dimension d if and only its Zariski closure has
dimension d in the sense of algebraic geometry. For S a p-adic definable subset
of Km× kn

K ×Zr, we define the dimension of S as the dimension of its image
S′ under the projection π : S → Km.

More generally if f : S → S ′ is a morphism of p-adic definable subsets,
one defines the relative dimension of f to be the maximum of the dimensions
of the fibers of f .

6.3 Functions

Let S be a p-adic definable subset of Km × kn
K × Zr. We shall consider the

Q-algebra CK(S) generated by functions of the form α and qα with α a Z-
valued p-adic definable function on S. For S ′ ⊂ S a p-adic definable subset,
we write 1S′ for the characteristic function of S ′ in CK(S).

For d ≥ 0 an integer, we denote by C≤d
K (S) the ideal of C(S) generated

by all functions 1S′ with S′ a p-adic definable subset of S of dimension ≤ d.
Similarly to what we did before, we set

Cd
K(S) := C≤d

K (S)/C≤d−1
K (S) and CK(S) :=

⊕
d

Cd
K(S). (25)

Also, similarly as before, we have relative variants of the above definitions.
If f : Z → S is a morphism between p-adic definable subsets, we define
C≤d

K (Z → S), Cd
K(Z → S) and CK(Z → S) by replacing dimension by relative

dimension.

6.4 P -adic measure

Let S be a p-adic definable subset of Km of dimension d. By the construction
of [25] based on [23], bounded p-adic definable subsets A of S have a canonical
d-dimensional volume µd

K(A) in R.
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Now let S be a p-adic definable subset of Km × kn
K × Zr of dimension d

and S′ its image under the projection π : S → Km. We define the measure µd

on S as the measure induced by the product measure on S ′ × kn
K ×Zr of the

d-dimensional volume µd
K on the factor S′ and the counting measure on the

factor kn
K × Zr. When S is of dimension < d we declare µd

K to be identically
zero.

We call ϕ in CK(S) integrable on S if ϕ is integrable against µd and we
denote the integral by µd

K(ϕ).
One defines ICd

K(S) as the abelian subgroup of Cd
K(S) consisting of the

classes of integrable functions in CK(S). The measure µd
K induces a morphism

of abelian groups µd
K : ICd

K(S) → R.
More generally if ϕ = ϕ1S′ , where S′ has dimension i ≤ d, we say ϕ is i-

integrable if its restriction ϕ′ to S′ is integrable and we set µi
K(ϕ) := µi

K(ϕ′).
One defines ICi

K(S) as the abelian subgroup of Ci
K(S) of the classes of i-

integrable functions in CK(S). The measure µi
K induces a morphism of abelian

groups µi
K : ICi

K(S) → R. Finally we set ICK(S) :=
⊕

i ICi
K(S) and we define

µK : ICK(S) → R to be the sum of the morphisms µi
K . We call elements of

CK(S), resp. ICK(S), constructible Functions, resp. integrable constructible
Functions on S.

Also, if f : S → Λ is a morphism of p-adic definable subsets, we shall say
an element ϕ in CK(S → Λ) is integrable if the restriction of ϕ to every fiber
of f is an integrable constructible Function and we denote by ICK(S → Λ)
the set of such Functions.

We may now reformulate Denef’s basic theorem on p-adic integration (The-
orem 1.5 in [10], see also [8]):

Theorem 6.5 (Denef). Let f : S → Λ be a morphism of p-adic definable
subsets. For every integrable constructible Function ϕ in CK(S → Λ), there
exists a unique function µK,Λ(ϕ) in C(Λ) such that, for every point λ in Λ,

µK,Λ(ϕ)(λ) = µK(ϕ|f−1(λ)). (26)

Strictly speaking, this is not the statement that one finds in [10], but the
proof sketched there extends to our setting.

6.6 Pushforward

It is possible to define, for every morphism f : S → S ′ of p-adic definable
subsets, a natural pushforward morphism

f! : ICK(S) −→ ICK(S′) (27)

satisfying similar properties as in Theorem 4.1. This may be done along similar
lines as what we did in the motivic case using Denef’s p-adic cell decomposition
[9] instead of Denef–Pas cell decomposition. Note however that much less work
is required in this case, since one already knows what the p-adic measure is!
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In particular, when f is the projection on the one point definable subset, one
recovers the p-adic measure µK . Also in the relative setting we have natural
pushforward morphisms

f!Λ : ICK(S → Λ) −→ ICK(S′ → Λ), (28)

for f : S → S′ over Λ, and one recovers the relative p-adic measure µK,Λ when
f is the projection to Λ.

6.7 Comparison with p-adic integration

Let k be a number field with ring of integers O. Let AO be the collection of
all the p-adic completions of k and of all finite field extensions of k. In this
section and in section 7.2 we let LO be the language LDP,P(O[[t]]), that is, the
language LDP,P with coefficients in k for the residue field sort and coefficients
in O[[t]] for the valued field sort, and, all definable subassignments, definable
morphisms, and motivic constructible functions will be with respect to this
language. To stress the fact that our language is LO we use the notation
Def(LO) for Def, and similarly for C(S,LO), DefS(LO) and so on.

For K in AO we write kK for its residue field with q(K) elements, RK for
its valuation ring and #K for a uniformizer of RK .

Let us choose for a while, for every definable subassignment S in Def(LO),
an LO-formula ψS defining S. We shall write τ(S) to denote the datum (S, ψS).
Similarly, for any element ϕ of C(S), C(s), IC(S), and so on, we choose a finite
set ψϕ,i of formulas needed to determine ϕ and we write τ(ϕ) for (ϕ, {ψϕ,i}i).

Let S be a definable subassignment of h[m,n, r] in Def(LO) with τ(S) =
(S, ψS). Let K be in AO. One may consider K as an O[[t]]-algebra via the
morphism

λO,K : O[[t]] → K :
∑
i∈N

ait
i �→

∑
i∈N

ai#
i
K , (29)

hence, if one interprets elements a of O[[t]] as λO,K(a), the formula ψS defines
a p-adic definable subset SK,τ of Km × kn

K × Zr.
If now τ(S) = (S, ψS) is replaced by τ ′(S) = (S, ψ′

S) with ψ′
S another

LO-formula defining S, it follows, from a small variant of Proposition 5.2.1 of
[13] (a result of Ax–Kochen–Eršov type that uses ultraproducts and follows
from the theorem of Denef–Pas), that there exists an integer N such that
SK,τ = SK,τ ′ for every K in AO with residue field characteristic charkK ≥ N .
(Note however that this number N can be arbitrarily large for different τ ′.)

Let us consider the quotient∏
K∈AO

CK(SK,τ )/
∑
N

∏
K∈AO

charkK <N

CK(SK,τ ), (30)

consisting of families indexed by K of elements of CK(SK,τ ), two such families
being identified if for some N > 0 they coincide for charkK ≥ N . It follows
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from the above remark that it is independent of τ (more precisely all these
quotients are canonically isomorphic), so we may denote it by∏ ′CK(SK). (31)

One defines similarly
∏ ′
CK(SK),

∏ ′
ICK(SK), etc.

Now take W in RDefS(LO). It defines a p-adic definable subset WK,τ of
SK,τ×(kK)�, for some �, for everyK inAO. We may now consider the function
ψW,K,τ on SK,τ assigning to a point x the number of points mapping to it in
WK,τ , that is, ψW,K,τ (x) = card(WK,τ ∩ ({x} × k�

K)). Similarly as before, if
we take another function τ ′, we have ψW,K,τ = ψW,K,τ ′ for every K in AO
with residue field characteristic charkK ≥ N , hence we get in this way an
arrow RDefS(LO) → ∏ ′CK(SK) which factorizes through a ring morphism
K0(RDefS(LO)) →∏ ′CK(SK). If we send L to q(K), one can extend uniquely
this morphism to a ring morphism

Γ : C(S,LO) −→
∏ ′CK(SK). (32)

Since Γ preserves the (relative) dimension of support on those factors K
with charkK big enough, Γ induces the morphisms

Γ : C(S,LO) −→
∏ ′

CK(SK) (33)

and
Γ : C(S → Λ,LO) −→

∏ ′
CK(SK → ΛK), (34)

for S → Λ a morphism in DefK(LO).
The following comparison theorem says that the morphism Γ commutes

with pushforward. In more concrete terms, given an integrable function ϕ in
C(S → Λ,LO), for almost all p, its specialization ϕK to any finite extension
K of Qp in AO is integrable, and the specialization of the pushforward of ϕ
is equal to the pushforward of ϕK .

Theorem 6.8. Let Λ be in DefK(LO) and let f : S → S′ be a morphism in
DefΛ(LO). The morphism

Γ : C(S → Λ,LO) →
∏ ′

CK(SK → ΛK) (35)

induces a morphism

Γ : IC(S → Λ,LO) →
∏ ′

ICK(SK → ΛK) (36)

(and similarly for S ′), and the following diagram is commutative:

IC(S → Λ,LO) Γ ��

f!Λ

��

∏ ′
ICK(SK → ΛK)

Q ′
fK,ΛK !

��
IC(S′ → Λ,LO) Γ �� ∏ ′

ICK(S′
K → ΛK),

(37)
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with fK : SK → S′
K the morphism induced by f and where the map

∏ ′
fK,ΛK !

is induced by the maps fK,ΛK ! : ICK(SK → ΛK) → ICK(S′
K → ΛK).

Proof (Sketch of proof). The image of ϕ in IC(S → Λ,LO) under f!Λ can
be calculated by taking an appropriate cell decomposition of the occurring
sets, adapted to the occurring functions (as in [1] and inductively applied
to all valued field variables). Such calculation is independent of the choice
of cell decomposition by the unicity statement of Theorem 4.1. By the Ax–
Kochen–Eršov principle for the language LO implied by Theorem 2.10, this
cell decomposition determines, for K in AO with charkK sufficiently large,
a cell decomposition à la Denef (in the formulation of Lemma 4 of [4]) of
the K-component of these sets, adapted to the K-component of the functions
occuring here, where thus the same calculation can be pursued. That this
calculation is actually the same follows from the fact that p-adic integration
satisfies properties analogous to the axioms of Theorem 4.1. �

In particular, we have the following statement, which says that, given an
integrable function ϕ in C(S → Λ,LO), for almost all p, its specialization ϕF

to any finite extension F of Qp in AO is integrable, and the specialization of
the motivic integral µ(ϕ) is equal to the p-adic integral of ϕF :

Theorem 6.9. Let f : S → Λ be a morphism in DefK(LO). The following
diagram is commutative:

IC(S → Λ,LO) Γ ��

µΛ

��

∏ ′
ICK(SK → ΛK)

Q ′
µK,ΛK

��
C(Λ,LO) Γ �� ∏ ′CK(ΛK).

7 Reduction mod p and a motivic Ax–Kochen–Eršov
Theorem for integrals with parameters

7.1 Integration over Fq((t))

Consider now the field K = Fq((t)) with valuation ring RK and residue field
kK = Fq with q = q(K) a prime power. One may define Fq((t))-definable
sets similarly as in Section 6.1. Little is known about the structure of these
Fq((t))-definable sets, but, for any subset A of Km, not necessarly definable,
we may still define the dimension of A as the dimension of its Zariski closure.
Similarly as in Section 6.2, one extends that definition to any subset A of
Km×kn

K×Zr and define the relative dimension of a mapping f : A→ Λ, with
Λ any subset of Km′ × kn′

K ×Zr′
. When A is Fq((t))-definable, one can define

a Q-algebra CK(A) as in Section 6.3, but since no analogue of Theorem 6.5 is
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known in this setting, we shall consider, for A any subset of Km × kn
K × Zr ,

the Q-algebra FK(A) of all functions A→ Q. For d ≥ 0 an integer, we denote
by F≤d

K (A) the ideal of functions with support of dimension ≤ d. We set
F d

K(A) := F≤d
K (A)/F≤d−1

K (A) and FK(A) := ⊕dF
d
K(A). One defines similarly

relative variants F≤d
K (A → Λ), F d

K(A → Λ) and FK(A → Λ), for f : A → A′

as above.
Let A be a subset ofKm with Zariski closure Ā of dimension d. We consider

the canonical d-dimensional measure µd
K on Ā(K) as in [20]. We say a function

ϕ in FK(A) is integrable if it is measurable and integrable with respect to the
measure µd

K . Now we may proceed as in Section 6.4 to define, for A a subset
of Km × kn

K × Zr, IFK(A) and µK : IFK(A) → R. Also, if f : A → Λ is a
mapping as before, one defines IFK(A → Λ) as Functions whose restrictions
to all fibers lie in IFK . Let µK,Λ be the unique mapping IFK(A→ Λ) → F(Λ)
such that, for every ϕ in IFK(A→ Λ) and every point λ in Λ, µK,Λ(ϕ)(λ) =
µK(ϕ|f−1(λ)).

7.2 Reduction mod p

We go back to the notation of Section 6.7. In particular, k denotes a number
field with ring of integers O, AO denotes the set of all p-adic completions of
k and of all the finite field extensions of k, and LO stands for the language
LDP,P(O[[t]]). We also use the map τ as defined in section 6.7.

Let BO be the set of all local fields over O of positive characteristic. As
for AO, we use for every K in BO the notation kK for its residue field with
q(K) elements, RK for its valuation ring and #K for a uniformizer of RK .

Let S be a definable subassignment of h[m,n, r] in Def(LO) and let τ(S)
be (S, ψS) with ψS a LO-formula. Similarly as for AO, since every K in BO
is an O[[t]]-algebra under the morphism

λO,K : O[[t]] → K :
∑
i∈N

ait
i �→

∑
i∈N

ai#
i
K , (38)

interpreting any element a of O[[t]] as λO,K(a), ψS defines a K-definable
subset SK,τ of Km × kn

K × Zr. Again by a small variant of Proposition 5.2.1
of [13], for any other τ ′ we have for every K in BO with charkK big enough
that SK,τ = SK,τ ′ , hence, may define, similarly as in Section 6.7,∏ ′FK(SK) (39)

to be the quotient ∏
K∈BO

FK(SK,τ )/
∑
N

∏
K∈BO

charkK <N

FK(SK,τ ), (40)

and similarly for
∏ ′
FK(SK),

∏ ′
IFK(SK), etc.
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Similarly as in Section 6.7, one may define ring morphisms

Γ̂ : C(S,LO) −→
∏ ′FK(SK), (41)

Γ̂ : C(S,LO) −→
∏ ′

FK(SK) (42)

and
Γ̂ : C(S → Λ,LO) −→

∏ ′
FK(SK → ΛK), (43)

for S → Λ a morphism in DefK(LO).
The following statement is a companion to Theorem 6.9 and has an essen-

tially similar proof.

Theorem 7.3. Let f : S → Λ be a morphism in DefK(LO). The morphism

Γ̂ : C(S → Λ,LO) →
∏ ′

FK(SK → ΛK) (44)

induces a morphism

Γ̂ : IC(S → Λ,LO) →
∏ ′

IFK(SK → ΛK) (45)

and the following diagram is commutative:

IC(S → Λ,LO) Γ̂ ��

µΛ

��

∏ ′
IFK(SK → ΛK)

Q ′
µK,ΛK

��
C(Λ,LO) Γ̂ �� ∏ ′FK(ΛK).

7.4 Ax–Kochen–Eršov Theorems for motivic integrals

We keep the notation of Sections 6.7 and 7.2. Let S, resp. Λ, be definable sub-
assignments of h[m,n, r], resp. h[m′, n′, r′], in the language LO and consider a
definable (in the language LO) morphism f : S → Λ. Since we are interested
in integrals along the fibers of f , there is no restriction in assuming, and we
shall do so, that Λ = h[m′, n′, r′]. We set Λ(O) := O[[t]]m

′ × kn′ × Zr′
.

A first attempt to get Ax–Kochen–Eršov Theorems for motivic integrals
is by comparing values. This is achieved as follows. To every point λ in Λ(O)
we may assign, for all K in AO ∪ BO, a point λK in (RK)m′ × kn′

K × Zr′
, by

using the maps λO,K on the O[[t]]m
′
-factor and reduction modulo charkK for

the kn′
-factor.

Let ϕ be in C(S → Λ,LO). With a slight abuse of notation, we shall write
ϕK for the component at K in CK(SK → ΛK) of Γ (ϕ), resp. of Γ̂ (ϕ), for K
with charkK big, in AO, resp. in BO. We shall use similar notation for ϕ in
C(S,LO).
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Over the final subassignment h[0, 0, 0] the morphisms Γ and Γ̂ have quite
simple descriptions. Indeed, the morphism γ̂ of Section 5.7 induces a ring
morphism

γ′ : C(hSpeck,LO) −→ K0(PFFK)⊗Z[L] A. (46)

One the other hand, note that CK(point) � FK′(point) � Q for K in AO and
K ′ in BO. The morphism χc : K0(PFFk) → Kmot

0 (Vark)⊗Q from Section 5.7
induces a ring morphism

δ′ : K0(PFFK)⊗Z[L] A→ Kmot
0 (Vark)⊗Q⊗Z[L] A. (47)

Note that, forK inAO, resp. in BO, with charK big enough, theK-component
of Γ (α), resp. of Γ̂ (α), is equal to the trace of the Frobenius at kK acting on
an étale realisation of (δ′ ◦ γ′)(α), for α in C(hSpeck,LO). In particular, one
deduces the following statement:

Lemma 7.5. Let ψ be a function in C(Λ,LO). Then, for every λ in Λ(O),
there exists an integer N such that, for every K1 in AO, K2 in BO with
kK1 � kK2 and charkK1 > N ,

ψK1(λK1) = ψK2(λK2), (48)

which also is equal to (i∗λ(ψ))K1 and to (i∗λ(ψ))K2 .

From Lemma 7.5, Theorem 6.9 and Theorem 7.3 one deduces immediately:

Theorem 7.6. Let f : S → Λ be as above and let ϕ be a Function in IC(S →
Λ,LO). Then, for every λ in Λ(O), there exists an integer N such that for all
K1 in AO, K2 in BO with kK1 � kK2 and charkK1 > N ,

µK1(ϕK1|f−1
K1

(λK1 )) = µK2(ϕK2|f−1
K2

(λK2 )), (49)

which also equals (µΛ(ϕ))K1(λK1 ) and (µΛ(ϕ))K2(λK2).

Note that Theorem 2.12 is a corollary of Theorem 7.6 when (m′, n′, r′) =
(0, 0, 0). In fact, Theorem 7.6 is not really satisfactory when (m′, n′, r′) 	=
(0, 0, 0), since it is not uniform with respect to λ. The following example
shows that this is unavoidable: take k = Q, S = Λ = h[1, 0, 0], f the identity
and ϕ = 1S�{0} in IC(S → Λ) = C(S). Take K1 in AO and K2 in BO. We
have ϕK1(λK1) = ϕK2(λK2) for λ 	= 0 in Z only if the characteristic of K2

does not divide λ.
Hence, instead of comparing values of integrals depending on parameters,

we better compare the integrals as functions, which is done as follows:

Theorem 7.7. Let f : S → Λ be as above and let ϕ be a Function in IC(S →
Λ,LO). Then, there exists an integer N such that for all K1 in AO, K2 in
BO with kK1 � kK2 and charkK1 > N ,

µK1,ΛK1
(ϕK1) = 0 if and only if µK2,ΛK2

(ϕK2) = 0. (50)
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Proof. Follows directly from Theorem 6.9, Theorem 7.3, and Theorem 7.8.
�

Theorem 7.8. Let ψ be in C(Λ,LO). Then, there exists an integer N such
that for all K1 in AO, K2 in BO with kK1 � kK2 and charkK1 > N

ψK1 = 0 if and only if ψK2 = 0. (51)

Remark 7.9. Thanks to results of Cunningham and Hales [6], Theorem 7.7
applies to the orbital integrals occuring in the Fundamental Lemma. Hence, it
follows from Theorem 7.7 that the Fundamental Lemma holds over function
fields of large characteristic if and only if it holds for p-adic fields of large
characteristic. (Note that the Fundamental Lemma is about the equality of
two integrals, or, which amounts to the same, their difference to be zero.) In
the special situation of the Fundamental Lemma, a more precise comparison
result has been proved by Waldspurger [26] by representation theoretic tech-
niques. Let us recall that the Fundamental Lemma for unitary groups has
been proved recently by Laumon and Ngô [18] for function fields.
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Summary. For the complement of a hyperplane arrangement we construct a dual
homology basis to the no-broken-circuit basis of cohomology. This is based on the
theory of wonderful embeddings and nested sets developed in [4]. Our result allows
us to express the so-called Jeffrey–Kirwan residues in terms of integration on some
explicit geometric cycles.

1 Introduction

In this paper we discuss some new notions in the theory of hyperplane arrange-
ments. The paper grew out of our plan to give an improved and simplified
version of some of the results of Szenes–Vergne [6].

We start from a complex vector space U of finite dimension r and a finite
central hyperplane arrangement in U ∗, given by a finite set ∆ ⊂ U of linear
equations. From these data one constructs the partially ordered set of sub-
spaces obtained by intersection of the given hyperplanes and the open set A∆

complement of the union of the hyperplanes of the arrangement.
This paper consists of three parts. Part 1 is a recollection of the results

in [4]. In Part 2 we present three new results. The first, of combinatorial
nature, establishes a canonical bijective correspondence between the set of
no-broken-circuit bases and maximal nested sets which satisfy a condition
called properness.

Next we associate to each proper maximal nested set M a geometric cycle
cM of dimension r in A∆. We show that integration of a top degree differential
form over this cycle is done, by a simple algorithm, taking a multiple residue
with respect to a system of local coordinates. The last result is the proof that,
under the duality given by integration, the basis of cohomology given by the
forms associated to the no-broken-circuit bases is dual to the basis of homology
determined by the cycles cM. Section 3 is dedicated to the application relevant
for the computations of [6], that is to say the Jeffrey–Kirwan residues.
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1.1 Notation

With the notation of the introduction, let U be a complex vector space of
dimension r, ∆ ⊂ U a totally ordered finite set of vectors ∆ = {α1, . . . , αm}.
These vectors are the linear equations of a hyperplane arrangement in U ∗.
For simplicity we also assume that ∆ spans U and any two distinct elements
in ∆ are linearly independent.

An example is a (complete) set of positive roots in a root system ordered
by any total order which refines the reverse dominance order.

In the An−1 case we could say that xi− xj ≥ xh − xk if k−h ≥ j− i and,
if they are equal, if i ≤ h.

We want to recall briefly the main points of the theory (cf. [5]). LetΩi(A∆)
denote the space of rational differential forms of degree i on A∆.

We shall use implicitly the formality, that is the fact that the Z-subalgebra
of differential forms on A∆ generated by the linear forms 1

2πid logα, α ∈ ∆ is
isomorphic (via De Rham theory) to the integral cohomology of A∆.

Formality implies in particular that Ωr(A∆) = Hr ⊕ dΩr−1(A∆), for top
degree forms. Here Hr ≡ Hr(A∆,C) is the C-span of the top degree forms
ωσ := d log γ1 ∧ · · · ∧ d log γr for all bases σ := {γ1, . . . , γr} extracted from ∆.
The forms ωσ satisfy a set of linear relations generated by the following ones.
Given r + 1 elements γi ∈ ∆ spanning U, we have:

r+1∑
i=1

(−1)id log γ1 ∧ · · · ˇd log γi · · · ∧ d log γr = 0.

Recall that a no-broken-circuit in ∆ (with respect to the given total ordering)
is an ordered linearly independent subsequence {αi1 , . . . , αit} such that, for
each 1 ≤ � ≤ t, there is no j < i� such that the vectors αj , αi�

, . . . , αit

are linearly dependent. In other words αi�
is the minimum element of ∆ ∩

〈αi�
, . . . , αit〉. In [5] it is proved that the elements

(
1

2πi
)rωσ := (

1
2πi

)rd log γ1 ∧ · · · ∧ d log γr,

where σ = {γ1, . . . , γr} runs over all ordered bases of V which are no-broken-
circuits, give a linear Z-basis of the integral cohomology of A∆.

1.2 Irreducibles

Let us now recall some notions from [4]. Given a subset S ⊂ ∆ we shall denote
by US the space spanned by S.
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Definition 1. Given a subset S ⊂ ∆, the completion S of S equals US ∩∆.
S is called complete if S = S.

A complete subset S ⊂ ∆ is called reducible if we can find a partition
S = S1∪̇S2, called a decomposition such that US = US1 ⊕ US2 , irreducible
otherwise.

Equivalently we say that the space US is reducible. Notice that, in the
reducible case, S = S1∪̇S2, also S1 and S2 are complete.

From this definition it is easy to see [4]:

Lemma 1.1. Given complete sets A ⊂ S and a decomposition S = S1∪̇S2 of
S we have that A = (A ∩ S1)∪̇(A ∩ S2) is a decomposition of A. Let S ⊂ ∆
be complete. Then there is a sequence (unique up to reordering) S1, . . . , Sm of
irreducible subsets in S such that

• S = S1 ∪ · · · ∪ Sm as disjoint union.
• US = US1 ⊕ · · · ⊕ USm .

The Si’s are called the irreducible components of S and the decomposition
S = S1 ∪ · · · ∪ Sm, the irreducible decomposition of S.

In the example of root systems, a complete set S is irreducible if and only
if S ∪ −S is an irreducible root system.

We shall denote by I the family of all irreducible subsets in ∆.

1.3 A minimal model

In [4] we have constructed a minimal smooth variety X∆ containing A∆ as
an open set with complement a normal crossings divisor, plus a proper map
π : X∆ → U∗ extending the identity of A∆. The smooth irreducible compo-
nents of the boundary are indexed by the irreducible subsets. To describe the
intersection pattern between these divisors, in [4] we developed the general
theory of nested sets. Maximal nested sets correspond to special points at
infinity, intersections of these boundary divisors. In the papers [7] and [6],
implicitly the authors use the points at infinity coming from complete flags
which correspond, in the philosophy of [4], to a maximal model with normal
crossings. It is thus not a surprise that by passing from a maximal to a min-
imal model the combinatorics gets simplified and the constructions become
more canonical.

Let us recall the main construction of [4]. For each S ∈ I we have a
subspace S⊥ ⊂ U∗ where S⊥ = {a ∈ U∗ | s(a) = 0, ∀s ∈ S}. We have the
projective space P(U∗/S⊥) of lines in U∗/S⊥ a map i : A∆ → U∗ ×S∈I
P(U∗/S⊥). Set X∆ equal to the closure of the image i(A∆) in this product.
In [4] we have seen that X∆ is a smooth variety containing a copy of A∆ and
the complement of A∆ in X∆ is a union of smooth irreducible divisors DS ,
having transversal intersection, indexed by the elements S ∈ I.
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1.4 Nested sets

Still in [4] we showed that a family DSi of divisors indexed by irreducibles Si

has non-empty intersection (which is then smooth irreducible) if and only if
the family is nested according to:

Definition 2. A subfamily M ⊂ I is called nested if, given any subfamily
{S1, . . . , Sm} ⊂ M with the property that for no i 	= j, Si ⊂ Sj, then S :=
S1 ∪ · · · ∪ Sm is complete and the Si’s are the irreducible components of S.

Lemma 1.2.

1) Let M = {S1, . . . , Sm} be a nested set. Then S := ∪m
i=1Si is complete. The

irreducible components of S are the maximal elements of M.
2) Any nested set is the set of irreducible components of the elements of a

flag A1 ⊃ A2 ⊃ · · · ⊃ Ak, where each Ai is complete.

Proof. 1) By definition of nested set, the maximal elements of M decompose
their union which is complete.

2) It is clear that, if A ⊂ B, the irreducible components of A are con-
tained each in an irreducible component of B. From this follows that the
irreducible components of the sets of a flag form a nested set. Conversely let
M = {S1, . . . , Sm} be a nested set. Set A1 = ∪m

i=1Si. Next remove from M the
irreducible components of A1 (in M by part 1)). We have a new nested set to
which we can apply the same procedure. Working inductively we construct a
flag of which M is the decomposition. �

One way of using the previous result is the following. Given a basis σ :=
{γ1, . . . , γr} ⊂ ∆, one can associate to σ a maximal flag F (σ) by setting
Ai(σ) := ∆∩〈γi, . . . , γr〉. Clearly the maps from bases to flags and from flags to
maximal nested sets are both surjective. We thus obtain a surjective map from
bases to maximal nested sets. We will see that this map induces a bijection
between the set of no-broken-circuit bases and that of proper maximal nested
sets (see below for their definition).

Proposition 1.3.

1) Let A1 � A2 · · · � Ak, be a maximal flag of complete non-empty sets.
Then k = r and for each i, Ai spans a subspace of codimension i− 1.

2) Let ∆ = S1 ∪ · · · ∪ St be the irreducible decomposition of ∆.
i) Then the Si’s are the maximal elements in I.
ii) Every maximal nested set contains each of the elements Si, i = 1, . . . , t

and is a union of maximal nested sets in the sets Si.
3) Let M be a maximal nested set, A ∈ M and B1, . . . , Br ∈ M maximal

among the elements in M properly contained in A.
Then the subspaces UBi form a direct sum and

dim(⊕k
i=1UBi) + 1 = dimUA.
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4) A maximal nested set always has r elements.

Proof. 1) By definition A1 = ∆ spans U . If α ∈ Ai − Ai+1 the completion
of Ai+1 ∪ {α} must be Ai by the maximality of the flag. On the other hand
by definition α is not in the subspace spanned by Ai+1, hence we have that
dimUAi = dimUAi+1 + 1 which implies 1). Claim 2) is immediate from the
definitions. As for 3), by definition the subspaces UBi form a direct sum and
since A is irreducible, ⊕k

i=1UBi � UA. Let α ∈ A − ∪k
i=1Bi and B be the

completion of {α} ∪ ∪k
i=1Bi. We must have B = A, otherwise we can add the

irreducible components of B to M which remains nested, contradicting the
maximality. Thus dim(⊕k

i=1UBi) + 1 = dimUA. Statement 4) follows from 3)
and an easy induction. �

A maximal nested set M corresponds thus to a set of r divisors in X∆

which, by [4], intersect transversally in a single point PM. Let us explicit the
example of the positive roots of type An−1. We think of such a root as a
pair (i, j) with 1 ≤ i < j ≤ n. The irreducible subsets are indexed by subsets
(which we display as sequences) (i1, . . . , is), s > 1, with 1 ≤ i1 < · · · < is ≤ n.
To such a sequence corresponds the set S of pairs supported in the sequence.
A family of subsets is nested if any two of them are either disjoint or one is
contained in the other.

In this case a maximal nested set M has the following property. If A ∈ M
has k elements and k > 2, we have two possibilities; either the maximal
elements of M reduce to one subset with k − 1 elements or to two disjoint
subsets A1, A2 with A = A1 ∪A2.

We define a map φ : I → ∆ by associating to each S ∈ I its minimum
φ(S) := <(a ∈ S) with respect to the given ordering.

For example, in the root system case, with the ordering given before, we
have that φ(S) is the highest root in S.

We come to the main new definition:

Definition 3. A maximal nested set M is called proper if the set φ(M) ⊂ ∆
is a basis of V .

Example 1.4. In the An case with the previous ordering φ(i1, . . . , is) =
xi1 − xis = (i1, is).

A proper maximal nested set M is thus encoded by a sequence of n − 1
subsets each having at least two elements, with the property that, taking the
minimum and maximum for each set, these pairs are all distinct.

It is easy to see how to inductively define a bijection between proper max-
imal nested sets and permutations of 1, . . . , n fixing n. To see this consider M
as a sequence {S1, . . . , Sn−1} of subsets of {1, . . . , n} with the above proper-
ties. We can assume that S1 = (1, 2, . . . , n) and have seen that M′ := M−{S1}
has either one or two maximal elements. If S2 is the unique maximal element
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and 1 /∈ S2, by induction we get a permutation p(M′) of 2, . . . , n. We then set
p(M) equal to the permutation which fixes 1 and is equal to p(M′) on 2, . . . , n.
If S2 is the unique maximal element and n /∈ S2, we get, by induction, a per-
mutation p(M′) of 1, . . . , n − 1 fixing n − 1. We then set p(M) equal to the
permutation which fixes n and is equal to τp(M′)τ on S2 = {1, . . . , n− 1}, τ
being the permutation which reverses the order in S2. If S2 and S3 are the
two maximal elements so that {1, . . . , n} is their disjoint union, and 1 ∈ S2,
n ∈ S3, then by induction we get two permutations p2 and p3 of S2 and S3

respectively. We then set p(M) equal to p3 on S3 and equal to τp2τ on S2 , τ
being the permutation which reverses the order in S2. In particular this shows
that there are (n− 1)! proper maximal nested sets, which can be recursively
constructed. This is the rank of the top cohomology of the complement of the
corresponding hyperplane arrangement. We will see presently that this is a
general phenomenon.

Remark 1.5. Notice that a proper maximal nested set inherits a total or-
dering from the total ordering of φ(M), and that this ordering is clearly a
refinement of the partial ordering by reverse inclusion.

Now fix a maximal nested set M. We clearly have:

Lemma 1.6. Given α ∈ ∆, there exists a unique minimal irreducible S ∈ M
such that α ∈ S.

This allows us to define a map pM : ∆→ M by setting pM(α) := S.

Definition 4. If σ ⊂ ∆ is a basis of V , we say that σ is adapted to M if the
restriction of pM to σ is a bijection.

Notice that if M is proper, then the basis φ(M) is clearly adapted to M.

2 A basis for homology

We have seen in Section 1 that, given a basis σ = {γ1, . . . , γr}, we can as-
sociate to σ a maximal nested set which we now denote by η(σ). η(σ) is the
decomposition of the flag Ai = ∆∩ 〈γi, . . . , γr〉. Let us denote by C the set of
no-broken-circuit bases of V , by M the set of proper maximal nested sets.

Lemma 2.1. If a no-broken-circuit basis σ is adapted to a proper nested set
M = {S1, . . . , Sr}, then σ = φ(M).

Proof. Let σ = {αi1 , . . . , αir}. Clearly i1 = 1, and αi1 is the minimum element
of ∆. Let A be the irreducible component of ∆ containing α1. We have that
A ∈ M, φ(A) = α1 and so A = S1. We claim that pM(α1) = A. This follows
from the fact that M is proper so α1 cannot be contained in two distinct
elements A,B of M, otherwise φ(A) = φ(B). By Lemma 1.2,∆′ := S2∪· · ·∪Sr
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is complete. A 	⊂ ∆′ otherwise, still by 1.2 we would have that A is one of the
Si, i ≥ 2. Since σ′ := {αi2 , . . . , αir} is adapted to M′ := {S2, . . . , Sr}, we must
have that the space U∆′ spanned by ∆′ is r − 1 dimensional, {αi2 , . . . , αir}
is a no-broken-circuit basis for U∆′ relative to ∆′ ordered by the total order
induced from that of ∆ and adapted to the proper nested set M′. We can thus
finish by induction. �

Theorem 2.2. We have that η maps C to M and φ maps M to C. Further-
more η and φ are bijections which are one the inverse of the other.

Proof. Let σ = {γ1, . . . , γr} ∈ C. By definition, for each i we have that γi is
the minimum element in Ai = ∆ ∩ 〈γi, . . . , γr〉. Thus it is also the minimum
element in one of the irreducibles decomposing Ai. It follows that η(σ) is
proper and that φη(σ) = σ.

Conversely, let M = {S1, . . . , Sr} ∈ M and let γi = φ(Si). By definition,
the γi’s are linearly independent, γi < γi+1 and M is the decomposition of the
flag Ai := ∪j≥iSj . We thus have by the definition of φ, that γi is the minimum
element in Ai. Since Ai is complete we deduce that σ = {γ1, . . . , γr} ∈ C.
Clearly η(φ(M)) = M. �

Corollary 2.3. A no-broken-circuit basis σ is adapted to a unique maximal
proper nested set M and σ = φ(M).

Let us now fix a basis σ ⊂ ∆. Write σ = {γ1, . . . , γr} and consider the
r-form

ωσ := d log γ1 ∧ · · · ∧ d log γr.

This is a holomorphic form on the open set A∆ of U∗ which is the complement
of the arrangement formed by the hyperplanes whose equation is in ∆. In
particular if M ∈M, we shall set ωM := ωφ(M).

Also if M ∈ M, we can define a homology class in Hr(A∆,Z) as follows.
Identify U∗ with Ar using the coordinates φ(S), S ∈ M. Consider another
complex affine space Ar with coordinates zS , S ∈ M. In Ar take the small
torus T of equation |zS | = ε for each S ∈ M. Define a map

f : Ar → U∗, by φ(S) :=
∏

S′⊃S

zS′ .

In [4] we have proved that this map lifts, in a neighborhood of 0, to a local
system of coordinates of the model X∆ . To be precise for a vector α ∈ ∆, set
B = pM(α). In the coordinates zS , we have that

α =
∑

B′⊂B

aB′
∏

S⊇B′
zS =

∏
S⊇B

zS(aB +
∑

B′⊂B

aB′
∏

B�S⊇B′
zS) (1)
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with aB′ ∈ C and aB 	= 0. Set fM,α(zS) := aB +
∑

B′⊂B aB′
∏

B�S⊇B′ zS
and let AM be the complement in the affine space Ar of coordinates zS of the
hypersurfaces of equations fM,α(zS) = 0. The main point is that AM is an
open set of X∆. The point 0 in AM is the point at infinity PM. The open set
A∆ is contained in AM as the complement of the divisor with normal crossings
given by the equations zS = 0. From this one sees immediately that if ε is
sufficiently small, f maps T homeomorphically into A∆. Let us give to T the
obvious orientation coming from the total ordering of M, so that Hr(T,Z) is
identified with Z and set cM = f∗(1) ∈ Hr(A∆,Z).

Proposition 2.4. Let σ = {γ1, . . . , γr} ⊂ ∆ be a basis of V . Let M ∈ M.
Then

1) If σ is not adapted to M, ∫
cM

ωσ = 0.

2) If σ is adapted to M, consider the sequence pM(γ1), . . . , pM(γr). This is a
permutation π of the totally ordered set M and we denote by s(M, σ) its
sign. Then

1
(2πi)r

∫
cM

ωσ = s(M, σ).

Proof. Given α ∈ ∆, from equation (1) we deduce that, in the neighborhood
AM, the 1-form d logα equals the sum of the 1-form

∑
S⊇B d log zS and of a

1-form ψB := d log(aB +
∑

B′⊂B aB′
∏

B�S⊇B′ zS) which is exact and holo-
morphic on the solid torus in Ar defined by |zS | ≤ ε.

When we substitute these expressions in the linear forms d log γi and ex-
pand the product ωσ we obtain various terms. Some terms vanish since we
repeat twice a factor d log zS, some terms contain a factor ψB hence they are
exact. The only possible contribution which gives a non-exact form is when
σ is adapted to M, and then it is given by the term s(M, σ)ωM. From this
observation both 1) and 2) easily follow. �

Given the class cM and an r-dimensional differential form ψ we can com-
pute

∫
cM
ψ. Denoting by PM the point at infinity corresponding to 0 in the

previously constructed coordinates zi := zSi we shall say:

Definition 5. The integral 1
(2πi)r

∫
cM
ψ is called the residue of ψ at the point

at infinity PM. We will also denote it by resM(ψ).

Notice that the rational forms, in a neighborhood of the point PM and
in the coordinates zi, have the form ψ = f(z1, . . . , zr)dz1 ∧ · · · ∧ dzr with
f(z1, . . . , zr) a Laurent series which can be explicitly computed. One then
gets that the residue resM(ψ) equals the coefficient of (z1 . . . zr)−1, in this
series.

We can summarize this section with the main theorem.
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Theorem 2.5. The set of elements cM, M ∈ M is the basis of Hr(A∆,Z),
dual, under the residue pairing, to the basis given by the forms ωφ(M): the
forms associated to the no-broken-circuit bases relative to the given ordering.

Proof. This is a consequence of Theorem 2.2, Corollary 2.3 and Proposition
2.4. �

Remarks 2.6.

1. The formulas found give us an explicit formula for the projection π of
Ωr(A∆) = Hr ⊕ dΩr−1(A∆) to Hr with kernel dΩr−1(A∆). We have:

π(ψ) =
∑

M∈M
resM(ψ)ωM. (2)

2. Using the projection π any linear map on Hr, in particular the Jeffrey–
Kirwan residue (see below), can be thought of as a linear map on Ωr(A∆)
vanishing on dΩr−1(A∆). Our geometric description of homology allows
us to describe any such map as integration on a cycle, that is a linear
combination of the cycles cM.

3. There are several possible applications of these formulas to combinatorics
and counting integer points in polytopes. The reader is referred to [2],[1].

4. We have treated only top homology but all homology can be described in a
similar way due to the fact that for each k the kth cohomology decomposes
into the contributions relative to the subspaces of codimension k and the
corresponding transversal configuration.

3 The Jeffrey–Kirwan residue

In this section V is a real r-dimensional vector space and U := V ⊗R C,
∆ = {α1, . . . , αn} ⊂ V .

Now let us assume that we have fixed once and for all an orientation of V ∗

by choosing an ordered basis ξ = (x1, . . . , xr) of V and taking the orientation
form dx = dx1 ∧ dx2 ∧ · · · ∧ dxr.

This gives a canonical way of identifying the r-forms with functions on
A∆. The form ωσ = d log γ1 ∧ · · · ∧ d log γr is identified with the function
d−1

σ

∏
i γ

−1
i where dσ is the determinant of the matrix expressing the basis σ

in terms of the basis ξ. Let H̃r denote the space spanned by these functions.
We now further restrict to the case in which there exists a linear function

on V which is positive on ∆, i.e., that all the elements in ∆ are on the
same side of some hyperplane. In this case there is another interesting way
of representing Hr in which the Jeffrey–Kirwan residue appears in a very
natural way. This is done via the Laplace transform

∫
e−(x,y)f(y)dy which in

our setting has to be understood as a transform from functions on V ∗ with
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a prescribed invariant Lebesgue measure (the one induced by ξ) to functions
on V (more intrinsically to r differential forms).

Precisely, consider the cone C spanned by the vectors in ∆. For each
basis σ := {γ1, . . . , γr} extracted from ∆ let C(σ) be the positive cone that
it generates and χσ its characteristic function. Let finally Kr be the vector
space spanned by the functions χσ. From the basic formula∫ ∞

0

. . .

∫ ∞

0

e−
Pr

i=1 xiyidy1 . . . dyr =
1

x1 . . . xr

and linear coordinate changes, it is easy to verify that the Laplace transform
of χσ is |dσ|−1

∏
i γ

−1
i , as a function on the dual positive cone, consisting of all

x such that (x, y) > 0, ∀y ∈ C. Therefore combining with the isomorphism of
H̃r with Hr we have a Laplace transform L : Kr → Hr with L(χσ) = νσωσ,
where νσ := dσ/|dσ| equals 1 if the ordered basis σ has the same orientation
as ξ, −1 otherwise.
L is a linear isomorphism in which it is easy to reinterpret geometrically

the linear relations previously described. Finally the Jeffrey–Kirwan residue
is a linear function ψ → J〈c |ψ〉 on Hr depending on a regular vector c.
It corresponds to the linear function defined on Kr which just consists in
evaluating the functions f in c. In other words J〈c |ψ〉 = L−1(ψ)(c). By
the definition of Kr it is clear that this linear function depends only on the
chamber C in which c lies. Our final result is the description of a geometric
cycle δ(C) such that J〈c |ψ〉 = 1

(2πi)r

∫
δ(C)

ψ.

For a proper maximal nested set M we denote νφ(M) by νM. For each basis
τ ⊂ ∆, set C(τ) = {x ∈ V |x =

∑
α∈τ aαα, aα > 0}. Set for simplicity, for a

proper maximal nested set M, C(M) := C(φ(M)).
Before giving our description of δ(C), let us recall some facts from [6].

Assume that in V we have a lattice Γ which we interpret as the character
group of an r-dimensional torus T . Assume that ∆ ⊂ Γ is a set of characters
and that the basis ξ is a basis of Γ .

We have the following sequence of ideas. First of all we use the elements
αi, i = 1, . . . , n to construct an n-dimensional representation Z of T as
the direct sum of the 1-dimensional representations with character α−1

i . Call
R = C[t1, . . . , tn] the ring of polynomial functions on Z. On Z we have an
action of the n-dimensional torus Dn of diagonal matrices and T acts via a
homomorphism into Dn. Hence the torus T acts on R and ti has weight αi.
If γ ∈ Γ is a character, define R(γ) to be the subspace of R of weight γ with
respect to T .

We shall denote by R the set of regular vectors, i.e., the set of vectors
which cannot be written as a linear combination of the elements in a subset
S of ∆ of cardinality smaller than r.

Consider a regular vector ζ ∈ Γ and let Rζ = ⊕∞
k=0R(kζ).

The following facts are well known [3]. Rζ is a finitely generated subalgebra
stable under the torus Dn. So, if we grade Rζ so that R(kζ) has degree k, we
can consider the projective variety Tζ := Proj(Rζ) with a line bundle L such
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that H0(Tζ ,L⊗k) = R(kζ). Tζ is an embedding of the n− r dimensional torus
Dn/T and the regularity of ζ implies that Tζ is an orbifold. The elements αi

index the boundary divisors of this torus embedding. Thus to each αi we can
associate a degree 2 cohomology class, the Chern class of the corresponding
divisor, which is still expressed with the same symbol αi. According to the
theory developed by Jeffrey and Kirwan discussed in [3], one can compute the
intersection numbers

∫
Tζ
P (α1, . . . , αn) using the notion of Jeffrey–Kirwan

residue. Denoting by C the chamber in which ζ lies, one has:∫
Tζ

P (α1, . . . , αn) = J〈c | P (α1, . . . , αn)
α1α2 . . . αn

dµ〉. (3)

We want to represent this residue by integration over a cycle:

J〈c |ψ〉 =
1

(2πi)r

∫
δ(C)

ψ. (4)

From the formula L(χσ) = νσωσ, and definition of the Jeffrey–Kirwan residue
discussed in the introduction, we see that for every basis σ = {γ1, . . . , γr} ⊂ ∆
of V , the value of δ(C) on the r-form ωσ, must be given by

1
(2πi)

∫
δ(C)

ωσ =

{
0 if C ∩ C(σ) = ∅,
νσ if C ⊂ C(σ).

(5)

Using this description of δ(C) and the fact that our homology basis cM is dual
to the cohomology basis ωφ(M), one immediately has:

Theorem 3.1.
δ(C) =

∑
M∈M|C⊂C(M)

νMcM.
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Summary. We discuss the enumeration of function fields and number fields by dis-
criminant. We show that Malle’s conjectures agree with heuristics arising naturally
from geometric computations on Hurwitz schemes. These heuristics also suggest
further questions in the number field setting.

1 Introduction

The enumeration of number fields subject to various local and global condi-
tions is an old problem, which has in recent years been the subject of renewed
interest (a sampling includes [3], [2], [5], [6], [9], [12].) For a good survey of
recent work, see [1]. We begin by reprising some important conjectures.

If L/K is an extension of number fields, we denote by DL/K the relative
discriminant, an ideal of K, and by NK

Q DL/K its norm, a positive integer.
For X ∈ R+, we set NK,n(X) to be the number of degree-n extensions L/K
(up to K-isomorphism) such that NK

Q DL/K < X . It is a classical problem to
understand the asymptotics of NK,n(X) as X goes to infinity; in particular,
we have the folk conjecture:

Conjecture 1.1. There is a constant cK,n such that, as X →∞,

NK,n(X) ∼ cK,nX.

This conjecture is now known for n ≤ 5.
A more general conjecture applies to enumerating extensions with specified

Galois group. It is due to Malle [11] and refines a previous conjecture of Cohen.
To describe Malle’s conjecture, we need to introduce some notation.

LetG ≤ Sn be a transitive subgroup. For g ∈ G, set ind(g) = n−r, where r
is the number of orbits of g on {1, 2, . . . , n}. Denote by C the set of non-trivial
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conjugacy classes ofG; then ind descends to a function ind : C → Z. The group
Gal(K̄/K) acts on C via g · c = cχ(g), where g ∈ Gal(K̄/K), c ∈ C and χ :
Gal(K̄/K) → Ẑ∗ is the cyclotomic character. Set a(G) = maxc∈C(ind(c)−1),
and set bK(G) to be the number of Gal(K̄/K)-orbits on the set {c ∈ C :
ind(c) = 1/a(G)}.

Let H be any point stabilizer in the G-action on {1, 2, . . . , n}. For each
Galois extension L/K with Galois group G, let L0/K be the degree n subex-
tension of L/K corresponding to the subgroup H ≤ G. Since G acts transi-
tively on {1, 2, . . . , n}, the K-isomorphism class of L0 is independent of the
choice of H . We then denote by NK,G(X) the number of Galois G-extensions
L/K such that NK

Q DL0/K < X .

Conjecture 1.2. (Malle) There is a nonzero constant CK(G) such that

NK,G(X) ∼ CK(G)Xa(G)(logX)bK(G)−1.

This conjecture is known to be correct in certain special cases, including
that whereG = S3 orD4 (embedded in S3 and S4 respectively) and that where
G is abelian. In general, however, little is known about Malle’s conjecture –
and indeed, its difficulty is ensured by the fact that it implies a positive
solution to the inverse Galois problem.

A related problem, raised for example in [8], is the question of multiplicity
of a fixed discriminant.

Conjecture 1.3. The number of number fields K/Q with degree n and dis-
criminant D is �ε,n D

ε.

Conjecture 1.3 is unknown, and seems quite difficult, even for n = 3. In
that case it is intimately related to questions about 3-torsion in class groups
of quadratic fields.

The arithmetic of function fields and their covers is often much more ap-
proachable than that of number fields, since one can appeal to the geometry
of varieties over finite fields. In particular, one may replace K by Fq(t) in the
above discussion, and ask whether Conjectures 1.1 and 1.2 remain true (with
evident modifications) in this setting. We note that this is known to be the
case when G = S3, by the work of Datskovsky and Wright [6].

We do not know how to prove Conjecture 1.2 even in the function field
setting. However, we will establish in the present paper certain (weak) ap-
proximations to Conjecture 1.2. In Lemma 2.4 we show that the upper bound
of Malle’s conjecture is nearly valid when q is large relative to |G|. Moreover,
we prove in Proposition 3.1 a result showing that Malle’s conjecture is com-
patible with a heuristic arising from the geometry of Hurwitz spaces. A little
more precisely, Proposition 3.1 studies Malle’s conjecture using the following
heuristic:

(A) If X is a geometrically irreducible d-dimensional variety over Fq,
one has |X(Fq)| = qd.
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The heuristic (A) can be thought of as an assertion of extremely (in-
deed, implausibly) strong cancellation between Frobenius eigenvalues on the
cohomology of X . Despite its crudeness, (A) allows one to recover, in the
function field setting, the precise constants a(G) and bK(G) found in Malle’s
conjecture.

This line of reasoning suggests further questions about the distribution of
discriminants of number fields. We discuss these in Section 4. For instance,
Section 4.2 gives a heuristic for the number of icosahedral modular forms of
conductor ≤ N , and Section 4.3 proposes some still more general heuristics
for number fields with prescribed ramification data.

We note that the approach via (A) is very much in the spirit of that used
by Batyrev in developing precise heuristics for the distribution of rational
points on Fano varieties; we thank Yuri Tschinkel for explaining this to us.

Acknowledgments. The authors thank Karim Belabas, Manjul Bhargava,
Henri Cohen, and Johan de Jong for many useful conversations about the topic
of this chapter, and the organizers of the Miami Winter School in Geometric
Methods in Algebra and Number Theory for inviting the first author to give
the lecture on which this article is based.

The first author was partially supported by NSF Grant DMS-0401616 and
the second author by NSF Grant DMS-0245606.

Notation: Throughout this paper, G will be a transitive subgroup of the
permutation group Sn and q will be a prime power that is coprime to |G|.

2 Counting extensions of function fields

2.1 Hurwitz spaces

In this section, we recall basic facts about Hurwitz spaces, i.e., moduli spaces
for covers of P1. We will make constant use of the fact that the category
of finite extensions L/Fq(t), with the morphisms being field homomorphisms
fixing Fq(t), is equivalent to the category of finite (branched) covers of smooth
curves f : Y → P1 defined over Fq, the morphisms being maps of covers
over P1. Recall that q is coprime to |G|, eliminating painful complications
concerning the residue characteristic.

Let Y be a geometrically connected curve over Fq and f : Y → P1 a
Galois covering equipped with an isomorphism G → Aut(Y/P1). We refer to
such a pair (Y, f) as a G-cover. Let H be a point stabilizer in the G-action on
{1, 2, . . . , n}, and let f0 : Y0 → P1 be the degree-n covering corresponding to
the subgroup H ≤ G. We then set r(f) to be the degree of the ramification
divisor of f0. Call qr(f) the discriminant of f .

We denote by Nq,G(X) the number of isomorphism classes of G-covers
f : Y → P1/Fq with qr(f) < X . Note that, by requiring that Y be geometri-
cally connected, we have excused ourselves from counting extensions of Fq(t)
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which contain some Fqf /Fq as a subextension. This decision will not affect the
powers of X and logX in the heuristics we compute, though it may change
the constant terms.

The G-covers P1 with discriminant qr are parametrized by a Hurwitz va-
riety Hr. More precisely:

Proposition 2.1. There is a smooth scheme Hr over Z[ 1
|G| ] which is a coarse

moduli space for G-covers of P1 with discriminant r. The natural map

{isomorphism classes of G-covers of P1/Fq} → H(Fq) (1)

is surjective, and the fibers have size at most |Z|, where Z is the center of G.

Proof. We refer to [16] for details of the construction of Hr in positive charac-
teristic. Let h be an Fq-rational point of H. Then the obstruction to h arising
from a cover Y → P1 defined over Fq lies in H2(Fq, Z) where Z is the center of
G; since Gal(F̄q/Fq) has cohomological dimension 1, this obtruction is trivial
(see [7, Cor. 3.3] for more discussion of this point.) Further, the isomorphism
classes of covers f parametrized by the point h are indexed by the cohomology
group H1(Fq, Z), which has size at most |Z|. �

What’s more, Hr is the union of open and closed subschemes which
parametrize G-covers with specified ramification data. In order to express
this decomposition, we need a bit more notation.

We call a multiset c = {c1, . . . , ck} of conjugacy classes of G a Nielsen
class, and denote by r(c) the total index

∑k
i=1 ind(ci). We also write |c| for

the number of branch points k. Finally, for each Nielsen class c we define Σ̃c

to be the subset of Gk consisting of all k-tuples (g1, . . . , gk) such that

• The multisets c and {c(gi), . . . , c(gk)} are equal, where c(g) denotes the
conjugacy class of g;

• g1g2 . . . gk = 1;
• the gi generate G.

Note that Σ̃c is preserved by the action of G given by

(g1, . . . , gk) �→ (gg1g−1, . . . , ggkg
−1).

We denote by Σc the quotient of Σ̃c by this action.
Let f : Y → P1

F̄q
be a G-cover whose branch locus in P1(F̄q) is {x1, . . . , xk}.

By consideration of the action of tame inertia at x1, . . . , xk, we can associate a
Nielsen class c to f which is fixed byGal(K̄/K) and which satisfies r(c) = r(f)
[4, 1.2.4]. The set of Nielsen classes inherits a Gal(F̄q/Fq)-action from the
cyclotomic action on C, as described in Section 1; we call a Nielsen class
which is fixed by this action an Fq-rational Nielsen class. If f descends to a
G-cover Y → P1

Fq
, it follows that the Nielsen class c is Fq-rational.

Denote by Ck the configuration space of k disjoint points in P1. The (geo-
metric) fundamental group of Ck is the (spherical) braid group on k-strands.
We denote by σk ∈ Ck the braid that pulls strand i past strand i+ 1.
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Proposition 2.2. For each Nielsen class c, there is a Hurwitz space Hc/F̄q

which is a coarse moduli space for G-covers f : Y → P1
F̄q

with Nielsen class c.
The action of σ ∈ Gal(F̄q/Fq) sends Hc to Hcσ ; so the Fq-rational connected
components of Hr are each contained in Hc for an Fq-rational c with r(c) = r.

The map π : Hc → C|c| that sends a cover f to its ramification divisor is
étale. Moreover, the geometric points of the fiber of π above {x1, . . . , xk} ∈ Ck

are naturally identified with Σc. The action of π1(Ck) on π−1({x1, . . . , xk})
is given by

σi(g1, . . . , gk) = (g1, . . . , gigi+1g
−1
i , gi, . . . , gk)

so that the connected components of Hc are in bijection with the π1(Ck)-orbits
on Σc.

Proof. For the existence ofHc, see [4, §1.2.4]. The description of the connected
components of Hc is due to Fried; see, e.g., [10, §1.3], and [16, Cor 4.2.3] for
the extension of Fried’s results to positive characteristic prime to |G|. �

2.2 An upper bound on the number of extensions of Fq(t)

Proposition 2.1 shows that, up to a constant factor, one can reduce the prob-
lem of controlling NFq(t),G(X) to the problem of controlling the number of
Fq-rational points on the varieties Hr, as r ranges up to logqX . Bounding the
number of Fq-points on a variety of high dimension over a small finite field is a
difficult matter. In the context at hand, we may give a straightforward upper
bound, but the exponent is far from the one appearing in Malle’s conjecture.
We carry this out below; to clarify matters, we fix q and G and consider only
the dependence as X →∞.

We will use the following easy lemma to bound various sequences arising
in this paper.

Lemma 2.3. Suppose {an} is a sequence of real numbers with an = 0 when-
ever n is not a power of q, and suppose

∞∑
r=1

aqrq−rs,

considered as a formal power series, is a rational function f(t) of t = qs. Let
a be a positive real number. If f(t) has no poles with |t| ≥ qa, then:

X∑
n=1

an � Xa.

If f(t) has a pole of order b at t = qa and no other poles with |t| ≥ qa, then:

X∑
n=1

an % Xa(logX)b−1.
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Here we use the notation A(X) % B(X) to mean that there are real constants
C1, C2 > 0 such that C1A(X) ≤ B(X) ≤ C2A(X).

Proof. It follows immediately from the decomposition of f(t) in partial frac-
tions that

R∑
r=1

aqr � qaR

when f(t) has no poles with |t| > qa. Moreover, if f(t) has a pole of order b
at t = qa and no other poles with |t| ≥ qa, then

R∑
r=1

aqr ∼ CqaRRb−1

for some C ∈ R. Then the lemma follows, since q�logq X� % X . �

Lemma 2.4. Let q and G be fixed. Denote by E(j) the number of elements g
of G with ind(g) = j, and set e(G) = supj E(j)1/j . Then

lim sup
X→∞

logNq,G(X)
logX

≤ a(G) +
log(2e(G))

log q
.

In particular

lim sup
X→∞

logNq,Sn(X)
logX

≤ 1 +
log(4n2)

log q
. (2)

Note that the right-hand-side of the first inequality in Lemma 2.4 ap-
proaches Malle’s constant a(G) when q becomes large relative to |G|.
Proof. Define a sequence of integers an such that aqr = |Hr(Fq)| and an = 0
if n is not a power of q. So

Nq,G(X) %
X∑

n=1

an.

We have seen in Proposition 2.2 that the Fq-rational components of Hr

are the union of Hurwitz varieties Hc/Fq. Since Hc is a finite cover of degree
|Σc| of C|c| ∼= P|c|/Fq, we have

|Hc(Fq)| �q,G |Σc|q|c|

and
aqr �q,G

∑
c:r(c)=r

|Σc|q|c|.
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Let f(r) be the sum of qk over all k-tuples (g1, . . . , gk) in G satisfying∑
i ind(gi) = r. (Here, k is allowed to vary.) Then evidently∑

c:r(c)=r

|Σc|q|c| ≤ f(r).

On the other hand,∑
r

f(r)q−rs = (1 −
∑
g∈G

(q1−ind(g)s))−1.

We conclude that∑
r

aqrq−rs �q,G (1−
∑
g∈G

(q1−ind(g)s))−1 = (1−
∑

j≥a(G)−1

E(j)q1−js)−1. (3)

It is easy to see that (3) has no poles once we have

|qs| > 2qa(G)E(j)1/j

for every j. The first part of the proposition now follows from Lemma 2.3.
We now show that, when G = Sn, we have E(j)1/j < 2n2 for all j;

this proves the second part of the lemma. Any σ ∈ Sn with ind(σ) = j
fixes at least n − 2j elements of {1, 2, . . . , n}. Enumerating such σ by their
number l of fixed points, we obtain E(j) ≤ ∑n−2j≤l≤n−1

n!
l! < 2jn2j . Thus

E(j)1/j < n2(2j)1/j ≤ 2n2. �

Remark 2.5. It is interesting to contrast the “trivial” upper bounds of
Lemma 2.4 with what can be obtained in the number field setting.

The upper bounds of Lemma 2.4 used explicit knowledge of the funda-
mental group of a punctured P1. In the number field setting, such tools are
unavailable. Nevertheless in [9] an upper bound forNn(X) was derived, similar
to (2), with the exponent log(n) replaced by a quantity of the form e

√
log(n).

The proof was considerably more complicated, but nevertheless geometric: the
key idea is to find in each number field K a small set {x1, x2, . . . , xr} of alge-
braic integers which are “nondegenerate” in the sense that they do not satisfy
an algebraic relation of low degree, and then to show that an appropriate set
of traces Tr(xg1

1 . . . x
gr
r ) suffice to determine K.

Further, let NGal
q,n (X) denote the number of Galois extensions of P1

Fq
of

degree n and discriminant less thanX . Lemma 2.4 implies that NGal
q,n (X) �q,n

X
2
n + log(2n)

log(q) . Again, a result of a similar flavor was shown in [9], where it was
shown that NGal

q,n (X) � X3/8 if n ≥ 3. Again, the proof in the number field
case was more elaborate and in fact relied on the classification of finite simple
groups; the main idea is to prove the theorem using a low-degree permutation
representation of G when G is simple, and to proceed by induction on a
composition series otherwise.
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3 Counting points on Hurwitz spaces under heuristic (A)

Lemma 2.4 asserts, at least, that the upper bound of Malle’s conjecture is
close to valid when q is large compared to |G|. Beyond Lemma 2.4, we can
do no more than speculate about the exact number of Fq-points on Hr. The
situation improves somewhat if we are willing to assume the heuristic (A)
from the introduction: that is, we suppose that a geometrically irreducible d-
dimensional variety over Fq has qd points. This heuristic reduces the problem
of estimating |Hr(Fq)| to the substantially simpler problem of computing the
number of geometric connected components of the spaces Hr and their fields
of definition.

Let h(q, r) be the sum of qdim C over all geometrically connected compo-
nents C of Hr which are defined over Fq. Denote by bFq(G) the number of
Gal(F̄q/Fq)-orbits on the set {c ∈ C : ind(c) = 1/a(G)}.

We shall prove:

Proposition 3.1. ∑
qr≤X

h(q, r) % Xa(G) log(X)bFq (G)−1.

Proposition 3.1 amounts, roughly speaking, to the assertion that Malle’s
conjectures are compatible with naive dimension computations for Hurwitz
spaces. The proof is more difficult than that of Lemma 2.4 but is still elemen-
tary.

The problem here is that the decomposition of Hr into geometrically con-
nected components is somewhat subtle. Let h′(q, r) be the sum of q|c| over all
Fq-rational Nielsen classes c with r(c) = r. If Hc were a nonempty geometri-
cally connected variety for every Fq-rational Nielsen class c with r(c) = r, we
would have h′(q, r) = h(q, r). (We remark that, in many cases, Hc is known
to be geometrically connected by the theorem of Conway and Parker [10,
Appendix].) In the following proposition we show that h′ is a reasonable ap-
proximation to h, at least on average.

Proposition 3.2. There exist constants m,C1, C2, depending only on G, such
that

C1

∑
r<R−m

h′(q, r) <
∑
r<R

h(q, r) < C2

∑
r<R

h′(q, r) (4)

for all R� 0.

Proof. Recall that Σ̃c consists of (g1, . . . , gk) ∈ Gk such that the multiset
{c(gi), . . . , c(gk)} equals c; g1, . . . , gk generate G; and g1g2 . . . gk = 1. Write
n(c) for the number of orbits of the braid group π1(C|c|) on Σ̃c. The right-hand
inequality above thus follows immediately from the following lemma.

Lemma 3.3. There exists a constant C2 such that n(c) < C2 for all c.
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Proof. If g = (g1, . . . , gk) and g′ = (g′1, . . . , g
′
k) are two elements of Gk, we

write g ∼ g′ when g and g′ are in the same orbit of the action of the braid group
on Gk. We shall need a simple fact about the action of the braid group on Gk:
suppose g = (g1, . . . , gk) ∈ Gk with g1 . . . gk = 1. Then, for any 1 ≤ j ≤ k,
there exists (g′1, . . . , g

′
k−1) ∈ Gk−1 such that

(g1, . . . , gk) ∼ (g′1, . . . , g
′
k−1, gj). (5)

Moreover, one knows (see, e.g., [15, Cor. 9.4]) that

(gg1g−1, gg2g
−1, . . . , ggkg

−1) ∼ (g1, . . . , gk) (6)

whenever g belongs to the subgroup generated by (g1, . . . , gk).
We show that n(c) ≤ |G||G|2 . This is clear if |c| ≤ |G|2.
Suppose k = |c| > |G|2. Then any k-tuple (g1, g2, . . . , gk) in Σ̃c contains

an element g0 ∈ G with multiplicity at least |G|+ 1. Let g′0 be any element in
G conjugate to g0. Thus, applying the braid operations (5) and (6) above, we
deduce

(g1, g2, . . . , gk) ∼ (g′1, g
′
2, . . . , g

′
k−|G|−1, g0, g0, . . . , g0) (7)

∼ (g′′1 , g
′′
2 , g

′′
k−|G|−1, g

′
0, g

′
0, . . . , g

′
0) (8)

for certain g′j, g
′′
j ∈ G, where both g0 and g′0 occur |G|+ 1 times at the end of

each expression. On the other hand g′|G|
0 = 1. Thus, if (g1, g2, . . . , gk) ∈ Σc,

then (g′′1 , . . . , g′′k−|G|−1, g
′
0) belongs to Σc′ where c′ is c with |G| copies of the

conjugacy class of g0 removed. So n(c) ≤ n(c′). If |c′| > |G|2 we may apply
the procedure that led to (7) again; indeed, repeatedly applying (7) and (8)
we can bring elements of Σc to a “standard form.” We see in particular that
n(c) ≤ n(c′) for some |c′| ≤ |G|2. The result now follows. �

We now turn to the left-hand inequality in (4). Here we will make use of
the theorem of Conway and Parker [10, Appendix] in order to show that Hc

has geometric components defined over Fq for many choices of c.
We first show that Hc is nonempty for many choices of c.
Let N ⊂ G be the normal subgroup consisting of all products g1 . . . gk,

where the Nielsen class of (g1, . . . , gk) is Fq-rational. We claim that for every
element g ∈ N there exists, for some k, a k-tuple (g1, . . . , gk) such that

• g1 . . . gk = g;
• the Nielsen class of (g1, . . . , gk) is Fq-rational;
• the gi generate G.

It suffices to show that this assertion holds for g = 1; for if we have (g1, . . . , gk)
satisfying the last two conditions and having product 1, we can concate-
nate it with (gk+1, . . . , g�) having product g and representing an Fq-rational
Nielsen class. To see that the assertion holds for g = 1, merely choose
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(g1, g−1
1 , . . . , gk, g

−1
k ) where (g1, . . . , gk) is a generating set for G which repre-

sents an Fq-rational Nielsen class.
Now let d1, . . . , dK be a finite set of Fq-rational Nielsen classes such that,

for each g ∈ N , there exists (g1, . . . , gk) representing some di which gen-
erates G and has product g. If c and d are two Nielsen classes, we denote
their concatenation by c + d. For each Fq-rational Nielsen class c, choose a
representative (g1, . . . , gk). By the discussion above, there exists an m-tuple
(g1, . . . , gk, gk+1, . . . , gm) which is contained in Σc+di

for some i. It follows
that Hc+di is nonempty for some i.

We now need to show that there are many Hurwitz spaces which are not
only nonempty but which possess a geometric component defined over Fq. Our
main tool is the following assertion, which follows immediately from Proposi-
tion 1 and Lemma 2 of [10]:

Lemma 3.4. There exists a group G̃, a surjective homomorphism G̃ → G,
and a constant C3(G) such that, for any Nielsen class c̃ of G̃ which contains
at least C3(G) copies of each nontrivial conjugacy class of G̃, the Hurwitz
space Hc̃ is geometrically connected.

By the argument prior to Lemma 3.4, applied to G̃ instead of G, there
exists a finite set of Fq-rational Nielsen classes ẽ1, . . . , ẽL such that, for every
Fq-rational Nielsen class c̃ of G̃, the Hurwitz scheme Hc̃+ẽi

is nonempty.
Now consider an Fq-rational Nielsen class c of G. We want to find an

Fq-rational Nielsen class c̃ of G̃ which “approximately” projects to c. For
each Gal(F̄q/Fq)-orbit O on the nontrivial conjugacy classes in C, let Õ be a
Gal(F̄q/Fq)-orbit of conjugacy classes in G̃ which projects to O. We note that
the projection of the multiset Õ to G will be some multiple kOO of O, where
kO ≥ 1. We know that c can be expressed as∑

O
cOO

for some set of integers {cO}. Then the Nielsen class

c̃ =
∑
O
& cO
kO

'Õ

is Fq-rational; moreover, the projection of c̃ to G can be written as c + c′ ,
where c′ is drawn from a finite list of Fq-rational Nielsen classes c′1, . . . , c′M .

Now we fix, once and for all, an Fq-rational Nielsen class c̃′′ for G̃, con-
taining at least C3(G) copies of each nontrivial conjugacy class of G̃. We
know already that, for some i, the Hurwitz space attached to c̃+ c̃′′ + ẽi is
nonempty; what’s more, it is Fq-rational, and by Lemma 3.4 it is geometrically
connected.

The projection of c̃+ c̃′′ + ẽi, under the map G̃ → G, can be written as
c+ di +ni1, where di is drawn from some finite list d1, . . . , dN , and ni1 refers
to ni copies of the trivial conjugacy class.
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We claim that Hc+di
has an Fq-rational geometrically connected compo-

nent. Indeed, to any G̃-cover Y → P1 with Nielsen class c̃+ c̃′′ + ẽi, there is
canonically associated a G-cover of P1 with Nielsen class c+ di; namely, take
the quotient of Y by ker(G̃→ G).

The associated map Hc̃+c̃′′+ẽi
→ Hc+di

has as its image a geometrically
connected Fq-rational component of Hc+di

.
For notational convenience, define h(q, c) to be the number of Fq-rational

geometric components of Hc multiplied by q|c|. By the discussion above,
h(q, c+ di) ≥ q|c+di| for some i.

We thus have, on the one hand,∑
i,c:r(c)<R

h(q, c+ di) ≥
∑

c:r(c)<R

q|c+di| ≥
∑

c:r(c)<R

h′(q, c)

and on the other, ∑
i,c:r(c)<R

h(q, c+ di) ≤ N
∑

c:r(c)<R+r(di)

h(q, c).

This finishes the proof of the proposition, taking C1 to be 1/N and m to be
the supremum of r(di). �

We are now in a position to prove Proposition 3.1:

Proof (of Proposition 3.1). By definition
∑∞

r=0 h
′(q, r)q−rs =

∑
c q

|c|q−r(c)s,
the sum being taken over all Fq-rational Nielsen classes c. This sum factorizes
as a product indexed by the Gal(Fq)-orbits O of conjugacy classes of G:

∞∑
r=0

h′(q, r)q−rs =
∏
O

(1− q|O|(1−ind(O)s))−1. (9)

Here by ind(O) we mean the ramification index of any representative of the
orbit O, and by |O| the number of conjugacy classes in O.

Now (9) implies, via Lemma 2.3, that
∑

qr<X h
′(q, r) % Xa(G) log(X)bFq (G)−1,

where a(G), bFq(G) are as in Malle’s conjecture. The claim of Proposition 3.1
now follows at once from this and Proposition 3.2. �

4 Further conjectures

In this section, we discuss first (Section 4.1) some further questions in the
function field case. The heuristics used for Proposition 3.1 also suggest certain
“refined” heuristics for extensions of number fields; we discuss some of these in
Section 4.2. Finally in Section 4.3 we discuss some more speculative questions
about the enumeration of higher-dimensional varieties.

We note by way of caution that there is little numerical evidence to suggest
that some of the questions posed below have an affirmative answer.
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4.1 More questions about function fields.

The following question was raised by N. Katz and J. de Jong.

Question 4.1. Let q be fixed. Is it true that there is a constant c := c(q) such
that the number of isomorphism classes of genus g curves over Fq is less than
cg, for all g ≥ 1?

The emphasis of this question is on the case where q is fixed and g →∞.
The upper bound cg log(g) was established by Katz and de Jong in unpublished
work. In a certain sense this bound is analogous to Lemma 2.4. Note that this
problem, again, amounts to counting the number of Fq-points on a variety
(namely the moduli space Mg) of high dimension. One difficulty in using,
e.g., the Lefschetz fixed point formula, is that the Betti numbers of Mg grow
very rapidly with g.

Returning to the distribution of discriminants, one may also study the
properties of certain zeta functions; this serves to smooth out the irregular-
ity in the distribution of discriminants. For instance, consider the function
ξq,G(s) :=

∑
LD

−s
L/Fq(t), where L varies over degree n extensions of Fq(t) with

Galois group G, and DL is the discriminant of L. A “geometric” variant of
ξq,G is the zeta function:

ζq,G(s) =
∞∑

r=0

|Hr(Fq)|q−rs. (10)

Question 4.2. What are the analytic properties of ζq,G(s)? In particular, is it
the case that ζq,G(s) has an analytic continuation to the left of (s = 1/a(G),
with a pole of order bFq(G) at s = 1/a(G)?

4.2 Questions about number fields

The discriminant of a number fieldK/Q may be regarded as a measure of ram-
ification, where each ramified prime is weighted according to the conjugacy
class of tame inertia. Here we first discuss generalizations of Malle’s conjec-
ture that allow for varying this weighting. Then we take up the question of
multiplicity of discriminants, already raised in Conjecture 1.3. As an example
of these heuristics, we give heuristics for the number of icosahedral modular
forms with conductor ≤ N (Example 4.4).

The questions proposed in this section are interrelated. In particular, the
upper bounds implicit in Question 4.5, Question 4.3, and Conjecture 1.3 are
close to equivalent (see Remark 4.7.) In fact, these weak upper bounds seem
on considerably safer ground then the general questions, as they do not pre-
suppose a positive solution to the inverse Galois problem.
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Malle’s conjecture with modified weights

Set K = Q and let other notation be as described prior to Conjecture 1.2. Let
f : C → Z≥0 be invariant under the Gal(Q̄/Q)-action and such that

f(g) = 0 ⇐⇒ g = {id}.
We call such an f a rational class function. Set a(f) = maxc∈C,c 
={id}f(c)−1.
Let bQ(f) be the number of Gal(Q̄/Q)-orbits on the set {c ∈ C : f(c) =
a(f)−1}.

If L/Q is a Galois extension with group G and p is a prime not dividing
|G|, let cp ∈ C be the image of a generator of tame inertia at p. Now we define
the f -discriminant of L to be:

Df (L) =
∏
p�|G|

pf(cp). (11)

For instance, if f = ind, then Df (L) is the prime-to-|G| part of DL0 ,
notation being as prior to Conjecture 1.2, taking K = Q.

Let NG,f (X) (or, when the group is clear from context, just Nf(X)) be
the number of Galois extensions L/Q with Galois group G and Df (L) < X .

Question 4.3. Is it true that NG,f (X) ∼ cXa(f)(logX)bQ(f)−1?

We note that this type of generalization is already, in some sense, antici-
pated in Malle’s conjecture. A given G can be equipped with many different
embeddings into symmetric groups; Malle’s conjecture already predicts an
asymptotic for Nf (X) when f is the index function corresponding to any
such embedding.

Example 4.4. Let ρ : G → GL(V ) be a complex representation. Then g ∈
G �→ codimV g, the codimension of the invariant space, defines a rational class
function. If L/Q has Galois group G, Df (L) is the prime-to-|G| part of the
Artin conductor of the Galois representation associated to L.

For example, we may take G to be the finite subgroup of order 240 in
GL2(C) whose image in PGL2(C) is isomorphic to A5. For this group, there is
a unique conjugacy class (the conjugacy class of non-central involutions) which
has f(c) = 1. Subject to Artin’s conjecture, the holomorphic modular forms
of weight 1, conductor N , quadratic Dirichlet character, and icosahedral type
are in bijection with the Galois extensions with group G and Artin conductor
N such that complex conjugation is sent to a non-central involution.

Question 4.3 then suggests that, if s(N) is the number of icosahedral holo-
morphic weight-1 modular forms with quadratic character and conductor at
most N , then

s(N) ∼ cN
for some constant c. The best upper bound at present is s(N) �ε N

13/7+ε due
to Michel and the second author [13]. Serre [14] speculated that the number
of such forms with conductor exactly N is �ε N

ε.
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Multidiscriminants

One can use the function field heuristics described here to produce even more
refined (i.e., optimistic!) heuristics for counting number fields, in which we
attach to each field not just an element of R≥0 but an element of Rk

≥0 for
some k > 1. We could call such a map a “multidiscriminant.”

Let G be a finite group, and let the orbits of the nontrivial conjugacy
classes under the action of Gal(Q̄/Q) be denoted O1,O2, . . .Om. Given a
Galois G-extension L/Q, set DOi(L) to be the product of all primes p � G
such that the image in G of tame inertia at p is conjugate to Oi; the map

L �→ (DOi(L))1≤i≤m

can be regarded as a multidiscriminant. Set NG(X1, . . . , Xn) to be the number
of L/Q such that DOi(L) < Xi for all i. We can then ask:

Question 4.5. Is it true that, if Xj →∞ for all 1 ≤ j ≤ n, then the ratio

NG(X1, . . . , Xm)
X1 . . . Xm

(12)

approaches a fixed limit c = c(G)?

As before, (12) can be heuristically justified by dimension computations
over finite fields. Indeed, let notation be as above but let {Oi} now denote
the orbits of the conjugacy classes in G under the cyclotomic character of
Gal(F̄q/Fq). Let NG,q(X1, . . . , Xm) be the number of Galois G-covers f : Y →
P1/Fq such that the number of branch points of f in P1 with monodromy in
Oi is less than ai = ) log(Xi)

log(q) *. Such covers are parametrized (as usual, up
to uniformly bounded finite ambiguity arising from descent problems) by the
Fq-points of a variety, whose largest-dimensional connected component is a
Hurwitz space of dimension about

∑
i ai. So our usual heuristic suggests that

this variety has about
∏

i q
ai , or X1 . . . Xm points.

Lemma 4.6. An affirmative answer to Question 4.5 implies an affirmative
answer to Question 4.3.

The proof of the Lemma is straightforward but tedious.

The multiplicity of discriminants

A problem of a rather different flavor is to count the extensions L/Q with
Galois group G whose discriminant is exactly X . One can show, e.g., by genus
theory, that this number can grow as fast as Xc/ log log(X). On the other hand
Conjecture 1.3 asserts that this multiplicty is �ε,G X

ε.
Conjecture 1.3 implies that the l-torsion part of the class group of a number

field K/Q is �l,[K:Q] Dε
K/Q. (This follows immediately from class field theory,

as l-torsion in the class group of K would give rise to unramified extensions
of degree l.)
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Remark 4.7. The following conjectures are equivalent:

1. Conjecture 1.3,
2. The upper bound NG,f (X) �ε,G,f X

a(f)+ε in Question 4.3,
3. The upper bound NG(X1, . . . , Xn) � (X1X2 . . .Xn)1+ε in Question 4.5.

The implications (1) =⇒ (3) =⇒ (2) are trivial. We show the remaining
implication in the following proposition.

Proposition 4.8. An affirmative answer to Question 4.3, or even the weaker
assumption

NG,f (X) �ε,G,f X
a(f)+ε, (13)

implies Conjecture 1.3.

Proof. Let aG(X) be the number of extensions L/Q with Galois group G and
with discriminant X . Clearly it will suffice to show aG(X) �ε,G X

ε. The main
idea will be to apply (13) with G replaced by Gk and some of its subgroups.

Fix k > 0 an integer. We write an element ofGk as a k-tuple (g1, g2, . . . , gk).
Let F be the class function on Gk that is identically 1, i.e., F (c1, . . . , ck) = 1
for all conjugacy classes cj of G.

Let S be the class of subgroups of Gk which project surjectively onto each
copy of G; for each H ∈ S we also write F for the rational class function
on H that is identically 1. Then the k-tuples of G-extensions L1, . . . , Lk are
in bijection with the H-extensions L/Q, where H ranges over S. We denote
by [L1, . . . , Lk] the H-extension associated to a k-tuple in this way, and by
DF ([L1, . . . , Lk]) the F -discriminant of this extension, given by (11).

DF ([L1, . . . , Lk]) is, away from primes dividing |G|, the square-free part of
the product

∏k
j=1DLj/Q. Thus DF ([L1, . . . , Lk]) is (relatively) large whenever

the DLi have few common factors with each other. On the other hand, if
DL1/Q = DL2/Q = · · · = DLk/Q = X , it follows that DF ([L1, . . . , Lk]) ≤ X . In
particular, ∑

H∈S
NH,F (X) ≥ aG(X)k. (14)

Combining (14) and (13), and noting that the exponent a of (13) equals 1
whenever (G, f) is replaced by (H,F ) as above, we see that aG(X)k �G,k

X1+ε. The result follows, k being arbitrary. �

4.3 The scarceness of arithmetic objects with prescribed bad
reduction

We have discussed in previous sections heuristics for counting function fields,
number fields, and Galois representations. In a certain sense all of these can
be regarded as “0-dimensional” arithmetic objects. We now briefly discuss a
plausible statement in higher dimensions, at least as regards upper bounds.
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By way of motivation, we note that Conjecture 1.3 may be regarded as
saying that there are very few number fields with very little bad reduction. If
one replaces “number field” with “proper smooth variety,” very little is known;
however, it is generally believed that there are “relatively few” proper smooth
varieties V over Z. There are a few evident examples: one may take for V ,
e.g., a flag variety associated to a Chevalley group over Z. Further, one may
blow up such a variety along an appropriate locus. However, as Jason Starr
and Johan de Jong pointed out to us, all such varieties are rational, and there
seems to be no non-rational example known. A beautiful result of Fontaine
states that there exist no abelian varieties over Z.

The question we state aims to quantify this scarceness. For a finite set
S of primes set N(S) =

∏
p∈S p. For concreteness and to avoid any tech-

nical hypotheses, we have phrased the question in terms of modular Galois
representations.

Question 4.9. Fix a Hodge–Tate type π (i.e., a set of Hodge–Tate weights),
positive integers n, d, and a prime l. Let GR(π, S) be the set of modular Galois
representations ρl : Gal(Q/Q) → GLn(Ql) with Hodge–Tate weights π and
good reduction outside S. Here “modular” means “attached to an automor-
phic form on GLn.” Let GRd(π, S) ⊂ GR(π, S) be the subset consisting of ρl

whose Frobenius traces lie in a field extension of Q with degree ≤ d.
Is it true that |GRd(π, S)| �ε,d,n,π N(S)ε?

We can ask a similar question with a more “motivic” flavor; of course, one
may expect that under suitable modularity conjectures the questions above
and below are equivalent.

Question 4.10. Fix K ∈ N and let S be a finite set of primes. Consider
the set V(K,S) of proper smooth varieties V over SpecZ[ 1

N(S) ] such that
dim(V ) ≤ K and dimH i(VC,C) ≤ K for each 0 ≤ i ≤ 2K. To each variety
V ∈ V(K,S) associate the sequence #(V (Fp))p/∈S , indexed by the primes not
in S. Then the number of distinct such sequences is �K N(S)ε.

An affirmative answer to Question 4.9 would imply Conjecture 1.3. It
would also imply that the number of elliptic curves over Q of conductor N is
�ε N

ε.
Note that even the finiteness of GR(π, S) would not be clear without

the hypothesis of modularity! Using modularity, one may probably show that
|GR(π, S)| is bounded by a polyomial in N(S). The content of the assertion is
then that |GRd(π, S)| is much smaller. A related phenomenon is well-known
in the context of holomorphic forms: fix k ≥ 2 and consider the space Sk(N) of
holomorphic forms of level N and weight k. Although dimSk(N) ∼ const ·N
as N →∞, the number of Hecke eigenforms whose coefficient field has degree
≤ d seems to grow much more slowly with N .

One can enunciate a corresponding question in the function field case; it
also seems quite difficult.
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Remark 4.11. It is interesting to note the contrast between the number field
and function field contexts. In the number field setting, the ability to aver-
age seems to make counting objects of conductor up to N much easier than
counting objects of conductor exactly N . In the function field setting, on the
other hand, counting objects of conductor up to N means counting covers
of P1 whose ramification locus varies among all divisors of P1 of degree less
than logqN , while counting covers with a fixed conductor amounts to study-
ing the arithmetic (in the case of finite covers, the étale fundamental group)
of a single open curve inside P1, which might in some ways be easier. One
way to express the contrast is to observe that our understanding of the étale
fundamental group of an open subset of P1

Fq
, though very far from complete,

is much greater than our understanding of the maximal Galois extension of
Q unramified away from a fixed finite set of primes.

References
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Summary. We discuss the log minimal model program as applied to the moduli
space of curves, especially in the case of curves of genus two. Log canonical models
for these moduli spaces can often be constructed using the techniques of Geometric
Invariant Theory. In genus two, this boils down to the invariant theory of binary
sextics, which was developed systematically in the 19th century.

1 Introduction

This paper is an introduction to the minimal model program, as applied to the
moduli space of curves. Our long-term goal is a geometric description of the
canonical model of the moduli space when it is of general type. This entails
proving that the canonical model exists and interpreting it as a parameter
space in its own right.

Work of Eisenbud, Harris, and Mumford shows that Mg is of general type
when g ≥ 24 (see [8] and subsequent papers). A standard conjecture of bira-
tional geometry – the finite generation of the canonical ring – would imply
the canonical model is

Proj ⊕n≥0 Γ (Mg, nKMg
).

Unfortunately, this has yet to be verified in a single genus!
Another possible line of attack is to consider log canonical models of the

moduli space. The moduli space is best regarded as a pair (M g, ∆), whereM g

is Deligne-Mumford compactification by stable curves and ∆ is its boundary.
It is implicit in the work of Mumford [18] that the moduli space of stable
curves is its own log canonical model (see Theorem 4.7). Our basic strategy is
to interpolate between the log canonical model and the (conjectural) canonical
model by considering

Proj ⊕n≥0 Γ (Mg, n(KMg
+ α∆)),
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where α ∈ Q ∩ [0, 1] is chosen so that K + α∆ is effective.
This program is a subject of ongoing work, inspired by correspondence

with S. Keel, in collaboration with D. Hyeon. Future papers will address
the stable behavior of these spaces for successively smaller values of α. It is
remarkable that their behavior is largely independent of the genus (see, for
example, Remark 4.9.)

However, for small values of g special complexities arise. When g = 2 or
3, the locus in M g of curves with automorphism has codimension ≤ 1. To
include these spaces under our general framework, we must take into account
the properties of the moduli stack Mg. In particular, it is necessary to use
the canonical divisor of the moduli stack rather than its coarse moduli space.
These differ substantially, as the natural morphism Mg →Mg is ramified at
stable curves admitting automorphisms.

Luckily, we have inherited a tremendously rich literature on curves of small
genus. The invariant-theoretic properties of M2 were extensively studied by
the 19th century German school [4], who realized it as an open subset of the
weighted projective space P(1, 2, 3, 5). Theorem 4.10 reinterprets this classical
construction using the modern language of stacks and minimal models.

We work over an algebraically closed field k of characteristic zero. We use
the notation ≡ for Q-linear equivalence of divisors. Throughout, a curve is a
connected, projective, reduced scheme of dimension one. The genus of a curve
is its arithmetic genus.

The moduli stack of smooth (resp. stable) curves of genus g is denoted
Mg (resp. Mg); the corresponding coarse moduli scheme is denotedMg (resp.
Mg). The boundary divisors in Mg (resp. Mg) are denoted

∆0, ∆1, . . . , ∆�g/2�(resp. δ0, δ1, . . . , δ�g/2�).

Let Q : Mg → Mg denote the natural morphism from the moduli stack to
the coarse moduli space, so that

Q∗∆i = δi, i 	= 1 Q∗∆1 = 2δ1.

We write δ =
∑

0≤i≤g/2 δi; abusing notation, we also use δ for the correspond-
ing divisor

∆0 + 1/2∆1 +∆2 + · · ·+∆�g/2�

on Mg.
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2 Classical geometry

2.1 Elementary facts about curves of genus two

We recall results from standard textbooks, e.g., [9] IV Ex 2.2 and §5. Let C
denote a smooth curve of genus two with sheaf of differentials ωC . The global
sections of ωC give the canonical morphism

j : C → P(Γ (C, ωC)) � P1

which is finite of degree two. The corresponding covering transformation ι :
C → C is called the hyperelliptic involution. By the Hurwitz formula, j is
branched over six distinct points

{b1, . . . , b6} ⊂ P(Γ (C, ωC)).

On fixing an identification P(Γ (C, ωC)) � P1, we can write down a nontrivial
binary sextic form vanishing at the branch points

F ∈ Γ (P1,OP1(6)),

determined by {b1, . . . , b6} ∈ P1 up to a scalar.
Conversely, suppose we have a binary sextic form F with six distinct zeros

b1, . . . , b6 ∈ P1. Then there is a unique degree-two cover of P1 branched over
these points. This is a smooth curve of genus two and the map to P1 is the
canonical morphism. Moreover, the isomorphism class of C depends only on
the orbit of F under the action of GL2.

To summarize: There is a one-to-one correspondence between isomorphism
classes of curves of genus two and GL2-orbits of binary sextic forms with
distinct zeros.

We will need a relative version of this dictionary, following [24]. Let π :
C → S be a smooth morphism to a scheme of finite type over k, with fibers
curves of genus two. Since the relative dualizing sheaf ωπ is globally generated,
there is a relative double cover

C j−→ P1(π∗ωπ) := P
π ↘ ↙ ψ

S

with associated involution ι. Using the trace we decompose j∗OC � OP ⊕ L,
where L has relative degree −3 on the fibers of ψ. The OP-algebra structure
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on OC is thus determined by an isomorphism L2 → OP, i.e., by a nonvanishing
section of L−2 with zeros along the branch locus of j. By relative duality

j∗ωπ = HomOP
(j∗OC , ωψ) � ωψ ⊕ (ωψ ⊗ L−1)

which yields
π∗ωπ � ψ∗(ωψ ⊗ L−1).

Using the identifications

ψ∗OP(+1) = π∗ωπ, ωψ = (ψ∗ det π∗ωπ)(−2), Pic(P) = Pic(S)⊕Zc1(OP(+1)),

we find
L−1 � OP(+1)⊗ ω−1

ψ = OP(3)⊗ (ψ∗ detπ∗ωπ)−1.

The class of the branch divisor is thus

−2c1(L) = c1(OP(6))− 2ψ∗c1(detπ∗ωπ). (1)

This has practical implications: An isomorphism of C induces a linear
transformation on Γ (C, ωC), which respects the binary sextic F up to a scalar.
Formula (1) allows us to keep track of this scalar. For eachM ∈ GL2, we have
the linear action

(x, y) �→ (x, y)
(
m11 m12

m21 m22

)
which induces a natural left action on binary sextic forms

F �→ F (xm11 + ym21, xm12 + ym22).

We normalize this action using formula (1)

F �→ (M,F ) := (detM)−2F (xm11 + ym21, xm12 + ym22), (2)

so that (M,F ) = F if and only M is induced from an automorphism of C.

A smooth curve is bielliptic if it admits a degree-two morphism i : C → E
to an elliptic curve; the covering transformation is called a bielliptic invo-
lution. For curves of genus two any bielliptic involution commutes with the
hyperelliptic involution, which yields a diagram

C
i→ E

j ↓ ↓ j̄

P1 ī→ P1

where ī and j̄ are the double covers induced on quotients. The branch locus
of j is preserved by the covering transformation for ī, which is conjugate to
[x, y] �→ [y, x]. The resulting involution of the branch locus will also be called
a bielliptic involution. Thus C is isomorphic to a double cover branched over

{[α1, 1], [1, α1], [α2, 1, ][1, α2], [α3, 1], [1, α3]}
for some α1, α2, α3 ∈ k. Conversely, each such curve admits a diagram as
above and thus is bielliptic.
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2.2 Invariant theory of binary sextics

We observe the classical convention for normalizing the coefficients of a binary
sextic

F = ax6 + 6bx5y + 15cx4y2 + 20dx3y3 + 15ex2y4 + 6fxy5 + gy6.

The action (2) induces an action of GL2 on k[a, b, c, d, e, f, g]. Recall that a
polynomial P ∈ k[a, b, c, d, e, f, g] is SL2-invariant if for each M ∈ SL2, we
have

(M,P ) = P.

We write
R := k[a, b, c, d, e, f, g]SL2

for the ring of such invariants. If P is SL2-invariant, then each homogeneous
component of P is as well, so R is a graded ring. Every homogeneous invariant
satisfies the functional relation

(M,P ) = (detM)deg(P )P, M ∈ GL2; (3)

here it is essential that the action (2) include the factor (detM)2. The trans-
formation

(x, y) → (y, x)

thus reverses the sign of invariants of odd degree. These are called skew in-
variants in the classical literature.

Explicit generators for R were first written down in the nineteenth century,
e.g., [4], pp. 296, in symbolic notation, [3] and [21] as explicit polynomials – the
second edition of Salmon’s Higher algebra has the most detailed information,
and also [6] pp. 322. A nice early twentieth-century discussion is [22] pp. 90
and a modern account invoking the representation theory of SL2 is [23].

For our purposes, the symmetric function representation of the invariants
in [12] pp. 176 and 185 is the most useful. Let ξ1, . . . , ξ6 denote the roots of
the dehomogenized form F (x, 1), and write (ij) as shorthand for ξi − ξj . We
write

A = a2
∑

fifteen

(12)2(34)2(56)2,

B = a4
∑
ten

(12)2(23)2(31)2(45)2(56)2(64)2,

C = a6
∑
sixty

(12)2(23)2(31)2(45)2(56)2(64)2(14)2(25)2(36)2,

D = a10
∏
ij

(ij)2,

E = a15
∏

fifteen

det

⎛⎝1 ξ1 + ξ2 ξ1ξ2
1 ξ3 + ξ4 ξ3ξ4
1 ξ5 + ξ6 ξ5ξ6

⎞⎠ = a15
∏

fifteen

((14)(36)(52)− (16)(32)(54)) ,
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where the summations are chosen to make the expressions S6-symmetric.
Consequently, A,B,C,D, and E can all be expressed as polynomials in
Q[a, b, c, d, e, f, g], e.g.,

A = −240(ag− 6bf + 15ce− 10d2),

B = −162000 det

⎛⎜⎜⎝
a b c d
b c d e
c d e f
d e f g

⎞⎟⎟⎠+ 1620(ag− 6bf + 15ce− 10d2)2.

In classical terminology, (ag − 6bf + 15ce− 10d2) is the sixth transvectant of
F over itself; transvection is one of the main operations in Gordan’s proof of
finiteness for invariants of binary forms. The determinantal expression is the
catalecticant of F : It vanishes precisely when F can be expressed as a sum of
three sixth powers [6] pp. 276.

The following facts will be useful for subsequent analysis:

Proposition 2.1.

1. The expressions A,B,C,D, and E are invariant and generate R [10], pp.
100, [4], etc.

2. D is the discriminant and vanishes precisely when the binary form has a
multiple root.

3. B,C,D, and E vanish whenever the binary form has a triple root; A
vanishes when the form has a quadruple root.

4. E vanishes if and only if the form admits a bielliptic involution, as defined
in §2.1 [6], pp. 327 and [4], pp. 457.

5. The unique irreducible relation among the invariants is

E2 = G(A,B,C,D),

where G is weighted-homogeneous of degree 30 [4], pp. 299.

The notation used for the generating invariants is not consistent among au-
thors. Our notation is consistent with that of Igusa, but inconsistent with
Clebsch’s and Salmon’s. Of course, the invariants of degree two and fifteen
are unique up to scalar.

2.3 The projective invariant-theory quotient

We consider
X := Proj R = Proj

k[A,B,C,D,E]
〈E2 −G(A,B,C,D)〉 .

If A = B = C = D = 0, then E = 0 as well, so X is covered by the
distinguished affine open subsets
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{A 	= 0} {B 	= 0} {C 	= 0} {D 	= 0}.

However, in each localization

(k[A,B,C,D,E][A−1])0 (k[A,B,C,D,E][B−1])0

(k[A,B,C,D,E][C−1])0 (k[A,B,C,D,E][D−1])0

only even powers of E appear, so all the functions over these distinguished
open subsets can be expressed in terms of A,B,C,D. In light of Proposi-
tion 2.1, we find

Proposition 2.2.

1. X � Proj k[A,B,C,D] � P(2, 4, 6, 10) � P(1, 2, 3, 5) [12], pp. 177.
2. A binary sextic with a zero of multiplicity three, admitting a nonvanishing

invariant of positive degree, is mapped to p := [1, 0, 0, 0, 0] ∈ X.
3. All positive-degree invariants vanish at binary sextics with a zero of mul-

tiplicity four; they do not yield points of X.

Geometric Invariant Theory gives an interpretation of the points of X :

Proposition 2.3.

1. a binary sextic is stable (resp. semistable) if and only if its zeros have
multiplicity ≤ 2 (resp. ≤ 3) [17], ch. 4 §1;

2. X − {[1, 0, 0, 0, 0]} is a geometric quotient for binary sextics with zeros of
multiplicity ≤ 2 [17] 1.10.

The ‘only if’ part of the first assertion can be deduced from Proposition 2.2.
As X−{D = 0} is a geometric quotient for binary sextics with distinct zeros,
our analysis of genus two curves in §2.1 yields

Proposition 2.4. The moduli scheme M2 can be identified with X−{D = 0},
where D is the discriminant.

Remark 2.5. This construction definitely fails in characteristic two. If the
double cover j : C → P1 is wildly ramified, the branch divisor may have
multiplicities > 3. These curves correspond to unstable points under the SL2-
action, and thus are not represented in the invariant-theory quotient. [11] has
a detailed account of what must be done in this case.

2.4 Invariant-theory quotient as a contraction

We sketch the relationship between the invariant-theory quotient and the
moduli space of stable curves.
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Definition 2.6. A birational map of normal projective varieties

β : Y ��� X

is a contraction if β−1 has no exceptional divisors, i.e., the proper transform
of each codimension-one subset in X has codimension one in Y .

Proposition 2.7. There exists a birational contraction β : M 2 ��� X re-
stricting to the identity along the open subset M2. β is an isomorphism over
M2 −∆1 and contracts ∆1 to the point p.

Proof. To produce the birational contraction, we exhibit a morphism

β−1 : U ↪→M2

where U ⊂ X is open with complement of codimension ≥ 2 and β−1|M2∩U

is the identity. We shall take U = X − p, where p corresponds to the binary
forms with a triple zero (cf. Proposition 2.2.)

The universal binary sextic is a hypersurface

W := {ax6+6bx5y+15cx4y2+20dx3y3+15ex2y4+6fxy5+gy6 = 0} ⊂ A7×P1.

Its class in Pic(A7 × P1) is divisible by two, so there exists a double cover
C′ → A7 × P1 simply branched over W . Composing with the projection onto
the first factor, we obtain a morphism

π′ : C′ → A7.

Let S ⊂ A7 denote the open subset corresponding to forms whose zeros all
have multiplicity ≤ 2 and

π : C → S

the restriction of π′ to S. Since π is a composition of flat morphisms, it is also
flat.

Consider the fiber of π over a given binary sextic F : It is a double cover j :
CF → P1 branched over the zeros of F . We claim CF is a stable curve of genus
two, not contained in ∆1. Evidently CF is smooth and simply branched over
the zeros with multiplicity one. Over the double zeros CF has local equation
y2 = x2, which defines a node. We have j∗OP1(+1) = ωCF , which is ample
on CF , so CF is stable. The normalization ν : Cν

F → CF is the double cover
branched along F ′ = 0, where F ′ is the product of the factors of F with
multiplicity one; CF is obtained from Cν

F by gluing the pairs of points over the
each double root of F . There are three possibilities:

1. deg(F ′) = 4, in which case Cν
F is connected of genus one;

2. deg(F ′) = 2, in which case Cν
F is connected of genus zero;

3. deg(F ′) = 0, in which case Cν
F has two connected components of genus

zero.
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Since CF cannot be expressed as the union of two subcurves of genus one
meeting at a point, the resulting curve is not in ∆1.

The classifying morphism

S →M2 − δ1
is equivariant with respect to the GL2-action on binary sextics, and therefore
descends to a morphism

Φ : S/GL2 →M2 − δ1.

We remark that this is a morphism of stacks. Since U is a geometric quotient
for binary sextics with zeros of multiplicity ≤ 2 (see Proposition 2.3), U is
also the coarse moduli space for S/GL2. We define β−1 to be the induced
morphism on coarse moduli spaces.

It remains to show this is bijective onto its image. Suppose we are given
a stable curve C of genus two not contained in ∆1. Quite generally, ωC is
globally generated for any stable curve without disconnecting nodes; the only
curves in M2 with disconnecting nodes lie in ∆1. Thus the sections of ωC give
a double cover

j : C → P1

branched along a sextic, with zeros of multiplicity ≤ 2 because C is nodal.
The analysis above shows that every such sextic arises in this way. �

2.5 Blowing up the invariant-theory quotient

We recall the principal result of [12]. Let Ag denote the moduli space of
principally polarized abelian varieties of dimension g, Ag its Satake compact-
ification. Recall that Ag = Proj S, where S is the ring of Sp(g,Z)-modular
forms; we use λ to denote the resulting polarization on Ag. Let t : Mg ↪→ Ag

denote the Torelli morphism, associating to each curve its Jacobian.
Now assume g = 2. Regarding M2 as an open subset of X (see Proposi-

tion 2.4), t extends to a rational map

τ : X ��� A2.

The inclusion and the Torelli morphism induce

M2 ↪→ X̃ := Graph(τ) ⊂ X ×A2. (4)

In particular, X̃ compactifies M2.

Theorem 2.8. [12] The indeterminacy of τ is the point p = [1, 0, 0, 0, 0] ∈ X
corresponding to binary sextic forms with a zero of multiplicity three. If we
choose local coordinates at p,
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x1 = 2432B/A2 x2 = 2633(3C −AB)/A3 x3 = 2 · 35D/A5,

then τ is resolved by a weighted blow-up centered at p,

b : X̃ → X

with weights

weight(x1) = 2 weight(x2) = 3 weight(x3) = 6.

The exceptional divisor of b is mapped isomorphically to the locus of principally
polarized abelian surfaces that decompose as a product of two elliptic curves
(with the induced product polarization).

Remark 2.9. Igusa’s result is considerably more precise: He explicitly com-
putes the correspondence between the ring of invariants R and the ring of
modular forms S. In particular, S is a polynomial ring with generators in
degrees 4, 6, 10, 12 and the locus of products is given by the vanishing of a
form of weight 10.

2.6 Comparing the blow-up with moduli space

Proposition 2.10. The open imbedding M2 ↪→ X̃ extends to a birational map

γ :M2 ��� X̃

which is an isomorphism in codimension one.

In particular, γ and γ−1 are both birational contractions. In Proposition 4.2
we will prove that γ is an isomorphism.

Proof. The Torelli morphism admits an extension t : M g → Ag [19], Theorem
3. This is not an isomorphism for g > 1: The divisor ∆0 ⊂ Mg is mapped
to a boundary stratum of Ag, which has codimension ≥ 2. However, in genus
two, t is an isomorphism at the generic point of ∆1. Indeed, the Jacobian of
a curve [E1 ∪q E2] ∈ ∆1, with E1 and E2 smooth of genus one, is the abelian
surface E1 ×E2.

The following diagram summarizes the various birational maps and mor-
phisms:

A2
π← X̃

t ↑ ↓ b

M2
β��� X

.

By Theorem 2.8, π is also an isomorphism over the generic point of t(∆1), so γ
is an isomorphism at the generic point of ∆1. β and b are both isomorphisms
over the generic point of the divisor β(∆0) (see Proposition 2.7), so γ is
an isomorphism at the generic point of ∆0. Since γ is regular along M2 =
M2 −∆0 −∆1, the result follows. �
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The proper transforms of ∆0 and ∆1 in X̃ are denoted ∆̃0 and ∆̃1. Thus
∆̃1 is the exceptional divisor of b : X̃ → X .

Remark 2.11 (Bibliographic note). There are a number of partial desin-
gularizations of Ag through which t factors, e.g., the ‘Igusa monoidal trans-
form’ [13], [19] and the toroidal compactification associated to the 2nd Voronoi
fan [20]. When g = 2, these approaches coincide [20] Remark 2.8 and yield a
partial desingularization Ã2 → A2. See [13] Theorem 5 for a blow-up repre-
sentation, expressed in terms of modular forms; the center of this blow-up is
in the boundary A2 −A2. Namikawa [19] §9 has shown that the factorization
M2

∼→ Ã2 is an isomorphism. Notwithstanding Igusa’s explicit formulas for
τ : X ��� A2 and Ã2 → A2, it is not entirely obvious how to extract an
isomorphism Ã2

∼→ X̃.

3 Stack geometry

3.1 A stack-theoretic quotient

Proposition 2.2 might suggest that the invariant E is irrelevant to the geome-
try of the quotient. However, we have so far ignored possible stack structures
on the quotient, which are intertwined with the geometry of E. There are a
number of natural stacks to consider, including the GL2-quotient stack. Our
choice is dictated by pedagogical imperatives, i.e., to exhibit concretely the
nontrivial inertia along the bielliptic locus where E vanishes.

The ring of invariants R is graded by degree, so we have a natural Gm-
action on the affine variety Y = SpecR. Now Gm acts on the open subset
Y − (0, 0, 0, 0, 0) with finite stabilizers and closed orbits, so the quotient stack

X := (Y − (0, 0, 0, 0, 0))/Gm

is a separated Deligne-Mumford stack with coarse moduli space q : X → X
(see [15] 10.13.2,7.6,8.1 for more information). The points of Y − (0, 0, 0, 0, 0)
with nontrivial stabilizer map to the points of X with nontrivial inertia groups;
this is the ramification locus of q.

We collect some geometric properties of X :

Proposition 3.1.

1. The closed imbedding SpecR ↪→ Spec k[A,B,C,D,E] induces a closed
imbedding i : X ↪→ P(2, 4, 6, 10, 15), where

P(2, 4, 6, 10, 15) := (Spec k[A,B,C,D,E]− (0, 0, 0, 0, 0))/Gm,

with Gm acting with weights (2, 4, 6, 10, 15),

t · (A,B,C,D,E) �→ (t2A, t4B, t6C, t10D, t15E);
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2. the dualizing sheaf of X is given via adjunction

ωX = i∗ωP(2,4,6,10,15)(X ) � i∗OP(2,4,6,10,15)(−7),

where OP(2,4,6,10,15)(+1) is the invertible sheaf associated with the princi-
pal Gm-bundle classified by the identity character of Gm;

3. the ramification divisor of q is

E := {E = 0} ⊂ X
and we have

q∗ωX � ωX (−E) � i∗OP(2,4,6,10,15)(−22).

Proof. The first two assertions do not require proof. As for the third, it follows
from the classification of possible automorphisms of binary sextics [2], [11] §8
The only automorphism type occuring in codimension one is the bielliptic
involution (cf. Proposition 2.1). �

Remark 3.2. Notwithstanding Proposition 2.4, M2 is not contained in X
as an open substack. Using the functional relation (3), the inertia group of
[F ] ∈ X − p is the quotient

{M ∈ GL2 : (M,F ) = F}/{M ∈ SL2 : (M,F ) = F},
which is trivial for generic binary forms.

The inertia group at [C] ∈ M2 is Aut(C), and the presence of the hyperel-
liptic involution ι means this is always nontrivial. Now Aut(C) has a natural
representation on Γ (C, ωC) and an induced representation on ∧2Γ (C, ωC) that
is not faithful: We do not see elements of Aut(C) acting on Γ (C, ωC) with
determinant one, e.g., ι, which acts on Γ (C, ωC) by −I. The corresponding
quotient of Aut(C) is the inertia picked up by X .

3.2 Analysis of boundary divisors in the moduli stack

Lemma 3.3. Every stable curve of genus two admits a canonical hyperelliptic
involution, which is central in its automorphism group.

Proof. We claim that every stable curve of genus two is canonically a double
cover of a nodal curve of genus zero,

j : C → R, R =

{
P1 if [C] 	∈ ∆1,

P1 ∪r P1 if [C] ∈ ∆1,

branched over six smooth points b1, . . . , b6 ∈ R and the node r ∈ R. The
covering transformation ι therefore commutes with each automorphism of C.

The cover is induced by
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C → P(Γ (C, ω2
C)) � P2

which factors
C

j→ R ⊂ P2,

where R is a plane conic and j is finite of degree two. Indeed, for curves not in
∆1 this is the double cover C → P1 discussed in the proof of Proposition 2.7.
For curves C = E1 ∪q E2 ∈ ∆1 with q = E1 ∩ E2 the disconnecting node
joining the genus-one components E1 and E2, we have a double cover

j : E1 ∪q E2 −→ P1 ∪r P1,

with j(q) = r and j mapping the genus one components two-to-one onto
rational components, with ramification at q along each component. �

Consider stable curves of genus two with automorphisms beyond ι. There
are two possibilities: Either (R, b1, . . . , b6) admits automorphisms permuting
the bi or j : C → R admits covering transformations other than the canonical
hyperelliptic involution. The classification of automorphism groups ([2] or
[11]§8) yields the following possibilities in codimension one:

1. the curves C in ∆1; here j : C → P1 ∪ P1 admits involutions fixing each
component of C;

2. the closure of the locus of curves j : C → P1 branched over six points
admitting a bielliptic involution.

At each point [C] ∈ M 2, the moduli space is étale-locally isomorphic to
the quotient T[C]M2/Aut(C) at the origin, where

T[C]M2 = Ext1(Ω1
C ,OC))

is the tangent space with the induced automorphism action. When C is
smooth, Serre duality gives

T[C]M2 = Γ (C, ω2
C)∗;

equation (2) shows that the hyperelliptic involution acts trivially and a biel-
liptic involution acts by reflection.

This local isomorphism can be chosen so the divisors ∆0 and ∆1, corre-
spond to the images of unions of distinguished hyperplanes in T[C]M2. The
local-global spectral sequence gives an exact sequence

0 → H1(Hom(Ω1
C ,OC)) → Ext1(Ω1

C ,OC) → Γ (Ext1(Ω1
C ,OC)) → 0. (5)

A local computation implies

Ext1(Ω1
C ,OC) � ⊕nodes p∈Ck.
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If C = E1∪qE2 is in∆1, let δ̂1 ⊂ T[C]M2 denote the hyperplane corresponding
to the node disconnecting the genus-one components of C, i.e., the kernel of the
projection onto the direct summand corresponding to q. The extra covering
involutions of j : C → P1 ∪ P1 mentioned above act on T[C]M2, trivially
on δ̂1 and by multiplication by (−1) on Ext1(Ω1

C ,OC)q. This corresponds to
reflection across δ̂1. Let δ̂0 denote the union of the hyperplanes corresponding
to each of the non-disconnecting nodes of C. The surjectivity of the last arrow
in (5) means that δ̂ = δ̂1 ∪ δ̂0 is normal crossings.

Definition 3.4. Let ξ ⊂M2 (resp. Ξ ⊂M2) denote the closure of the smooth
curves admitting a bielliptic involution.

These are irreducible of codimension one, e.g., by Proposition 2.1 and the
characterization of bielliptic curves. This can also be seen infinitesimally: Un-
der the local identification with T[C]M2/Aut(C), each branch of ξ is identified
with the hyperplane T[C]M2 fixed by the corresponding bielliptic involution
(acting by reflection on the tangent space). The union of these hyperplanes is
denoted ξ̂.

The bielliptic divisor has more complicated local geometry, as Ξ may have
quite a few local branches. For example,

F (x, y) = xy(x− ξy)(x+ ξy)(x − ξ−1y)(x+ ξ−1y)

has automorphism group isomorphic to the Klein four-group and admits two
involutions

[x, y] �→ [y, x] [x, y] �→ [−y, x].
The cyclotomic form

F (x, y) = x6+y6 = (x−ζy)(x−ζ3y)(x−ζ5y)(x−ζ7y)(x−ζ9y)(x−ζ11y) ζ12 = 1

has automorphism group isomorphic to the dihedral group with 12 elements
and admits four distinct involutions

[x, y] �→ [y, x] [x, y] �→ [−x, y] [x, y] �→ [ζ4y, x] [x, y] �→ [ζ8y, x].

In particular, ξ̂ is not normal crossings.

Proposition 3.5 (Ramification formula for Q : M2 →M2).

KM2
+ αδ ≡ Q∗(KM2

+ α∆0 +
1 + α

2
∆1 +

1
2
Ξ)

Proof. Lemma 3.3 allows us to consider the rigidification ([1] §5) of M2 with
respect to the group 〈ι〉 generated by the canonical involution

r : M2 →M<ι>

2 .
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Given a scheme T , T -valued points of M<ι>

2 correspond to families of genus
two stable curves over T , where two families are identified if they differ by a
〈ι〉-valued cocycle over T . The inertia group of M<ι>

2 at [C] is the quotient

Aut(C)/ 〈ι〉 .

We have a factorization

M2
r→M<ι>

2
q̄→M2

so that r is étale of degree two and M2 is the coarse moduli space of M<ι>

2

[1] Theorem 5.1.5. We therefore obtain the following formula for dualizing
sheaves,

r∗ωM<ι>
2

� ωM2
.

Let δ<ι>
1 and ξ<ι> denote the corresponding Cartier divisors in M<ι>

2 .
As q̄ has simple ramification along these divisors, we obtain

q̄∗∆1 = 2δ<ι>
1 , q̄∗Ξ = 2ξ<ι>,

q̄∗KM2
= KM<ι>

2
− δ<ι>

1 − ξ<ι>,

which together imply the formula. �

3.3 Analysis of b : X̃ → X along the exceptional divisor

By Theorem 2.8, the exceptional divisor ∆̃1 is mapped isomorphically to the
locus in A2 parametrizing abelian surfaces decomposing into products of el-
liptic curves (as a principally polarized abelian variety); this is isomorphic to
P(2, 3, 6).

Proposition 3.6. Let Ξ̃ denote the proper transform of Ξ in X̃. We have
the following formulas:

K eX ≡ b∗KX + 10∆̃1,

b∗{G = 0} ≡ Ξ̃ + 12∆̃1,

b∗{D = 0} ≡ ∆̃0 + 6∆̃1,

Ξ̃ ≡ 3∆̃0 + 12∆̃1.

We pause to explore the geometry of ∆̃1. Naively, one might expect this to
be the symmetric square of the moduli space of elliptic curves. However, in
taking symmetric squares we should be mindful of the stack structures. The
coarse moduli space of the symmetric square need not be isomorphic to the
symmetric square of the coarse moduli space.

The standard theory of modular forms implies
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M1,1 � P(4, 6) = (Spec k[g2, g3]− (0, 0)) /Gm,

with Gm acting with weights (4, 6),

t · (g2, g3) �→ (t4g2, t6g3).

The coarse moduli space is

M1,1 = A1 � Proj k[g2, g3] � P1.

The symmetric square of the stack has the following quotient-stack presenta-
tion:

(M1,1 ×M1,1)/S2 = (Spec k[g2, g3, h2, h3]− Z}/H,
Z = {(g2, g3, h2, h3) : g2 = g3 = 0 or h2 = h3 = 0}.

Here H is the group generated by the torus

(t, u) · (g2, g3, h2, h3) �→ (t4g2, t6g3, u4h2, u
6h3)

and the involution

(g2, g3, h2, h3) �→ (h2, h3, g2, g3),

i.e., H = S2 � G2
m where S2 acts on G2

m by interchanging the factors.
The coarse moduli space of the stack is the invariant-theory quotient for

the action of H . Consider the elements p ∈ k[g2, g3, h2, h3] with the following
properties:

1. p(g2, g3, h2, h3) = p(h2, h3, g2, g3);
2. p(t2g2, t3g3, u2h2, u

3h3) = (tu)Np(g2, g3, h2, h3) for some N .

This ring is generated by g2h2, g3h3, and g32h3 + g23h
3
2 and

Proj k[g2h2, g3h3, g
3
2h

2
3 + g23h

3
2] � P(4, 6, 12) � P(2, 3, 6),

which explains why the weights of b are (2, 3, 6). See [12], Theorem 3, for a
discussion in terms of the modular forms for Sp(2,Z) (see Remark 2.9).

Proof of proposition. The first equation follows because b : X̃ → X has weights
(2, 3, 6). As for the second, Ξ̃ is the proper transform of the divisor {G = 0} ⊂
X parametrizing forms admitting an bielliptic involution. When a bielliptic
curve of genus two specializes to a stable curve in ∆1, the bielliptic involution
specializes to a morphism exchanging the elliptic components. Therefore, Ξ̃ ∩
∆̃1 ⊂ ∆̃1 is the diagonal in the symmetric square, which is cut out by a form
of weighted-degree twelve.

For the third equation, ∆̃0 is the proper transform of {D = 0}. The in-
tersection ∆̃0 ∩ ∆̃1 ⊂ ∆̃1 is the locus where the discriminant ∆ = g3

2 − 27g23
vanishes, and thus has weighted-degree six. The last equation follows because
G has weighted degree thirty and D has weighted degree ten. �

One consequence of this analysis is worth mentioning.
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Proposition 3.7. For sufficiently small ε > 0, the divisor

∆̃0 + (6− ε)∆̃1

is ample on X̃.

Proof. The divisor can be expressed

b∗(ample divisor)− ε(b-exceptional divisor),

which yields a polarization of the blow-up b : X̃ → X . �

4 Birational geometry

4.1 Divisor classes and birational contractions of M2

It is well known that the rational divisor class group of M 2 is freely generated
by the boundary divisors ∆0 and ∆1; see [7] for a nice account of divisors on
Mg for arbitrary g. When g = 2, Proposition 2.7 gives an elementary proof
of this fact: Since X � P(1, 2, 3, 5) its divisor class group has rank one and is
generated by the discriminant divisor {D = 0}; the same holds true for X−p.
By Proposition 2.10, M 2 is isomorphic to X̃ up to codimension ≤ 1, so these
have isomorphic class groups. It follows that the rational divisor class group
ofM2 is generated by ∆1 and the proper transform of the discriminant, which
is just ∆0.

The nef cone of M2 is also well-known. We will not give a self-contained
proof here, but rather rely on the general result of Cornalba-Harris [5]:

Theorem 4.1. The line bundle aλ − bδ is nef on M g, g ≥ 2, if and only if
a ≥ 11b ≥ 0.

Here λ is the pull-back of the polarization on Ag via the extended Torelli map
t : Mg → Ag (see §2.6).

To apply this in our situation, we observe that

λ ≡ 1
10

(∆0 +∆1)

overM2 (see [7] pp. 175). The factor 10 can be explained by the fact that t(∆1)
is defined by the vanishing of a modular form of weight ten (see Remark 2.9
and [12]). Substitution gives the first part of

Proposition 4.2. The nef cone of M 2 is generated by the divisors ∆0 +∆1

and ∆0 +6∆1, respectively. These are both semiample, inducing the birational
contractions

t : M2 → A2 β :M2 → X.

The rational map γ : M2 ��� X̃ is an isomorphism.
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Remainder of proof: Of course, ∆0 + ∆1 is semiample and induces the
birational contraction morphism t : M 2 → A2. As X̃ and M2 are isomorphic
in codimension one, Proposition 3.7 says that ∆̃0 + (6− ε)∆̃1 is ample on X̃
and the corresponding divisor ∆0 + (6− ε)∆1 is ample on M2. It follows that
X̃ and M2 are each isomorphic to Proj of

⊕n≥0Γ (O eX(n(∆̃0 + (6− ε)∆̃1))) � ⊕n≥0Γ (OM2
(n(∆0 + (6− ε)∆1))).

In particular, the rational map γ is an isomorphism. Thus the contractions
b : X̃ → X and β : M2 ��� X coincide. �

4.2 Canonical class of M2

The canonical class KM2
can also be computed by elementary methods. We

know that
ωP(1,2,3,5) � OP(1,2,3,5)(−11),

which also follows from the third part of Proposition 3.1. Since the discrimi-
nant has degree ten, we find

KX = −11
5
{D = 0}.

Applying the formulas of Proposition 3.6, we obtain

K eX ≡ −11
5
∆̃0 − 16

5
∆̃1,

K eX +
1
2
∆̃1 +

1
2
Ξ̃ ≡ − 7

10
∆̃0 +

3
10
∆̃1.

Since X̃ andM2 agree in codimension one, they have the same canonical class

KM2
≡ −11

5
∆0 − 16

5
∆1.

In particular, we obtain

KM2
+ α∆0 +

1 + α
2

∆1 +
1
2
Ξ ≡ (− 7

10
+ α)∆0 + (

3
10

+ α/2)∆1. (6)

Remark 4.3. The importance of this divisor stems from the ramification
equation of Proposition 3.5. This divisor class pulls back to the class

KM2
+ αδ

on the moduli stack. We shall interpret log canonical models of the moduli
stack using this divisor.
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Using the computations of Proposition 3.6, we obtain discrepancy equa-
tions for β :M2 → X ,

KM2
+ α∆0 +

1
2
Ξ = β∗(KX + α{D = 0}+

1
2
{G = 0}) + (4− 6α)∆1, (7)

KM2
+α∆0+

1 + α
2

∆1+
1
2
Ξ = β∗(KX +α{D = 0}+ 1

2
{G = 0})+ 9− 11α

2
∆1.

(8)

4.3 Generalities on log canonical models

See [14] §2 for definitions of the relevant terms and technical background.
Let V be a normal projective variety, D =

∑n
i=1 aiDi a Q-divisor such that

0 ≤ ai ≤ 1 and KV +D is Q-Cartier. Abusing notation, we write V −D for
V − ∪iDi.

Definition 4.4. (V,D) is a strict log canonical model if KV + D is ample,
(V,D) has log canonical singularities, and V −D has canonical singularities.

The idea here is to realize (V,D) as a log canonical model without introducing
boundary divisors over V − D. This is natural if we want to respect the
geometry of the open complement.

The following recognition criterion for strict log canonical models is based
on [14] §2:

Proposition 4.5. Consider birational projective contractions ρ : Ṽ → V
where the exceptional locus of ρ is divisorial, D′

i denotes the proper transform
of Di, and Ej (resp. Fk) denotes the exceptional divisors of ρ with ρ(Ej) ⊂ D
(resp. ρ(Fk) 	⊂ D).

The following are equivalent:

1. (V,D) is a strict log canonical model.
2. For some resolution of singularities ρ : Ṽ → V , with the union of the

exceptional locus and ∪iD
′
i normal crossings, there exist bj ∈ Q∩ [0, 1] so

that
D̃ =

∑
i

aiD
′
i +
∑

j

bjEj

satisfies the formula

KeV + D̃ ≡ ρ∗(KV +D) +
∑

j

djEj +
∑

k

ekFk, dj , ek ≥ 0. (9)

For each such choice of bj,

KeV + D̃ −
∑

j

djEj −
∑

k

ekFk

is semiample and induces ρ. Furthermore, we may take the bj = 1.
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3. For some contraction ρ : Ṽ → V , there exist bj ∈ Q ∩ [0, 1] so that

D̃ =
∑

i

aiD
′
i +
∑

j

bjEj

satisfies the formula

KeV + D̃ ≡ ρ∗(KV +D) +
∑

j

djEj +
∑

k

ekFk, dj , ek ≥ 0,

(Ṽ , D̃) is log canonical, and Ṽ −D̃ has canonical singularities. The divisor

KeV + D̃ −
∑

j

djEj −
∑

k

ekFk

is semiample and induces ρ.

Some general facts are worth mentioning before we indicate the proof. First,
we can decide whether a pair is canonical or log canonical by computing dis-
crepancies on any resolution. Second, discrepancies increase as the coefficients
of the log divisor are decreased [14] 2.17.3. Third, in situations (2) and (3)
the pair (V,D) is the log canonical model of (Ṽ , D̃); such models are unique
[14] 2.22.1.

Proof. It is trivial that the second statement implies the third. To see that
the third implies the first, take a resolution for (Ṽ , D̃) so that the union of the
exceptional locus and all the proper transforms of theD′

i, Ej , and Fk is normal
crossings. Comparing discrepancies for (Ṽ , D̃) and (V,D), using the fact the
coefficients of components in D̃ are at least as large as the coefficents of the
corresponding components appearing in ρ∗(KV + D), we find that (V,D) is
log-canonical and has canonical singularities along V −D. Since ρ∗(KV +D)
induces ρ, KV +D must be ample on V .

For the remaining implication, since (V,D) has log canonical singularities
and canonical singularities away from D, the discrepancy equation (9) follows.
Since KV + D is ample on V , its pull-back to Ṽ is semiample and induces
ρ. �

We shall also need the following basic fact, a special case of [14] 20.2, 20.3:

Proposition 4.6. Let W be a smooth variety and h : W → V be a finite
dominant morphism to a normal variety. Let D =

∑
i aiDi, 0 ≤ ai ≤ 1 be a

Q-divisor on V containing all the divisorial components of the branch locus of
h. Let D̄ be a Q-divisor on W so that supp(h−1(D)) = supp(D̄) and h∗(KV +
D) = KW + D̄. Then (V,D) has log canonical singularities along D iff (W, D̄)
has log canonical singularities along D̄.

If D and D̄ have multiplicity one at each component, then h∗(KV +D) =
KW + D̄ follows from the other assumptions.
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4.4 Example of Mg

The standpoint of this section owes a great deal to Mumford [18] [16]:

Theorem 4.7. For g ≥ 4, the pair (M g, ∆) is a strict log canonical model.

Remark 4.8. This is also the natural log canonical model from the point of
view of the moduli stack. Indeed, for g ≥ 4 the locus in Mg of curves with
automorphisms has codimension ≥ 2, so the branch divisor of Q : Mg →Mg

is just ∆1; over ∆1, we have simple ramification. We therefore have ([8] pp.
52) Q∗KMg

= KMg
− δ1 and thus

Q∗(KMg
+∆) = KMg

+ δ.

Proof (Sketch). We first check that KMg
+∆ is ample. The formula from [8]

§2 (or [7])
KMg

= 13λ− 2∆0 − 3/2∆1 − 2
∑

2≤i≤g/2

∆i

gives KMg
+ δ = 13λ− δ, which is ample by Theorem 4.1 (see also [18]).

The singularity analysis follows [8].M g has canonical singularities by The-
orem 1 of [8]. To show that (M g, ∆) has log canonical singularities, we use the
fact that M g is étale-locally a quotient of a smooth variety by a finite group.
At [C] it has a local presentation

h : T[C]Mg � T[C]Mg/Aut(C)

in terms of its tangent space

T[C]Mg = Ext1(Ω1
C ,OC).

We analyze the quotient morphism using Proposition 4.6. The preimage
of the boundary divisor corresponds to a union of hyperplanes δ̂ ⊂ T[C]Mg,
meeting in normal crossings. The pair (T[C]Mg, ∆̄) then has log canonical
singularities. An application of Proposition 4.6, utilizing the ramification dis-
cussion in Remark 4.8, implies (KMg

, ∆) is log canonical. �

Remark 4.9. Using the full force of Theorem 4.1 we get a sharper statement.
Consider the pair

(Mg, α∆0 +
1 + α

2
∆1 + α(∆2 + · · ·+∆�g/2�)),

with log canonical divisor pulling back to KMg
+ αδ on the moduli stack.

The Q-divisor KMg
+ αδ is the pull-back of an ample line bundle if and only

if 9/11 < α ≤ 1. Since M g is a locally a quotient of a smooth variety by a
finite group, all divisors on Mg are Q-Cartier. An easy computation with the
discrepancy equation (9) then shows that the pair remains log canonical even
as the coefficients are reduced.
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4.5 Application to M2

The source of the special difficulties in this case is the fact that KM2
+∆ is

not effective. Indeed, in §4.1 we computed

KM2
≡ −11∆0 + 6∆1

5

so KM2
+∆ = −effective divisor.

In order to recover a result analogous to Theorem 4.7, we must take the ‘log
canonical model of the moduli stack’, as interpreted onM 2 via Proposition 3.5:

Theorem 4.10. Consider the log canonical model of M2 with respect to the
KM2

+ αδ, i.e., the log canonical model of M 2 with respect to

KM2
+ α∆0 +

1 + α
2

∆1 +
1
2
Ξ.

1. For 9/11 < α ≤ 1, we recover M 2.
2. For 7/10 < α ≤ 9/11 we recover the invariant theory quotient X �

P(1, 2, 3, 5).
3. For α = 7/10 we get a point; the log canonical divisor fails to be effective

for α < 7/10.

Proof. The necessary ampleness results have already been stated. Proposi-
tion 4.2 and Equation (6) imply the log canonical divisor on M 2 is ample if
and only if α > 9/11. Proposition 3.1 implies that

KX + 1/2{G = 0}+ α{D = 0}

is positive on X if and only if α > 7/10. When α = 7/10 it is zero and when
α < 7/10 it is negative.

It remains to verify the singularity conditions: First, we check thatM 2 has
canonical singularities away from ∆0, ∆1, and Ξ. Suppose that C is not in the
boundary and does not admit admit a bielliptic involution. In Proposition 2.4
we saw

M2 � X − {D = 0} ⊂ P(1, 2, 3, 5),

so we need to analyze the singularities of P(1, 2, 3, 5)− {D = 0}. A point in
weighted projective space is nonsingular when the weights corresponding to its
non-vanishing coordinates are relatively prime, so the only possible singularity
occurs when A = B = C = 0. The corresponding binary sextic form is

x(x5 + y5),

the unique form with an automorphism group of order five [2] pp. 51 [11]
pp. 645. At this point, P(1, 2, 3, 5) is locally isomorphic to the cyclic quotient
singularity 1

5 (1, 2, 3), i.e., the quotient of A3 under the action
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(a, b, c) �→ (ζa, ζ2b, ζ3c) ζ 	= 1 ∈ µ5.

This is canonical by the Reid-Tai criterion; see [8] pp. 28 for a general result.
Second, we address the singularities along the boundary. For α > 9/11 we

need that
KM2

+ α∆0 +
1 + α

2
∆1 + 1/2Ξ

is log canonical. When α ≤ 9/11, Proposition 4.5 and the discrepancy com-
putation (8) reduce us to showing that this is log canonical. Since M 2 is
Q-factorial and discrepancies increase as coefficients of log divisors decrease
[14] 2.17.3, it suffices to verify that

KM2
+∆0 +∆1 +

1
2
Ξ (10)

is log canonical.
The proof relies on the description of the boundary divisors in terms of

the local presentation
T[C]M2/Aut(C),

as sketched in §3.2. The key observation is that Ξ does not play a rôle in the
analysis. Each bielliptic involution acts on T[C]M2 by reflection across the
corresponding hyperplane in ξ̂, so the quotient

h : T[C]M2 → T[C]M2/H, H = Aut(C)/ 〈ι〉 ,

has simple ramification along ξ̂. Since Ξ has coefficient 1/2 in (10), ξ̂ does not
appear in the pull-back of the log canonical divisor to T[C]M2.

Thus (10) pulls back to
KT[C]M2

+ δ̂,

and we have seen that δ̂ is normal crossings. It follows that (T[C]M2, δ̂) is log
canonical and Proposition 4.6 gives the desired result. �
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Summary. The paper surveys the mirror symmetry conjectures of Hausel–Thaddeus
and Hausel–Rodriguez-Villegas concerning the equality of certain Hodge numbers of
SL(n, C) vs. PGL(n, C) flat connections and character varieties for curves, respec-
tively. Several new results and conjectures and their relations to works of Hitchin,
Gothen, Garsia–Haiman and Earl–Kirwan are explained. These use the representa-
tion theory of finite groups of Lie-type via the arithmetic of character varieties and
lead to an unexpected conjecture for a Hard Lefschetz theorem for their cohomology.

1 Introduction

Non-Abelian Hodge theory [29], [44] of a genus g smooth complex projective
curve C studies three moduli spaces attached to C and a reductive complex
algebraic group G, which in this paper will be either GL(n,C) or SL(n,C) or
PGL(n,C). They are

- Md
Dol(G), the moduli space of semistable G-Higgs bundles on C;

- Md
DR(G), the moduli space of flat G-connections on C and

- Md
B(G) the character variety, i.e., the moduli space of representations of

π1(C) into G modulo conjugation.

Under certain assumptions these moduli spaces are smooth varieties (or orb-
ifolds when G = PGL(n,C)) with the underlying differentiable manifolds
canonically identified and endowed with a natural hyperkähler metric.

The cohomology of this underlying manifold has been studied mostly from
the perspective of Md

Dol(G). Using a natural circle action on it [29] and [16]
calculated the Poincaré polynomials for G = SL(2,C) and G = SL(3,C)
respectively; while [25] and [39] found a simple set of generators for the co-
homology ring for G = PGL(2,C), respectively G = PGL(n,C). The paper
[26] then calculated the cohomology ring explicitly for G = PGL(2,C). The
techniques used in these papers do not seem to generalize easily to higher n.
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A new point of view was introduced in [27] and [28]. It was shown that
hyperkähler metrics and Hitchin systems [30] for Md

DR(G) and Md
DR(GL),

with G = SL(n,C) and Langlands dual GL = PGL(n,C), realize the geomet-
rical setup for mirror symmetry proposed in [49]. Based on this observation,
[28] conjectured the existence of a topological version of mirror symmetry, i.e.,
the equality of certain Hodge numbers of Md

DR(G) and Md
DR(GL). This was

checked for G = SL(2,C) and SL(3,C) using [29] and [16].

This mirror symmetry conjecture suggests to study not only the coho-
mology of Md

DR(G), Md
Dol(G) and Md

B(G) but also its mixed Hodge struc-
ture. It was shown in [28] that the mixed Hodge structures of Md

Dol(G) and
Md

DR(G) agree, and are pure (see Theorem 2.1 or [38]). However, the mixed
Hodge structure of the character variety Md

B(G) has not been investigated
until recently.

In this paper we study this mixed Hodge structure, more precisely,

- the mixed Hodge polynomial H(x, y, t);
- the E-polynomial

E(x, y) := xnynH(1/x, 1/y,−1),

where n = dimCMd
B(G) and

- the Poincaré polynomial H(1, 1, t).

Here the H-polynomial encodes the dimensions of the graded pieces of the
mixed Hodge structure on Md

B(G) (see Section 2.2).

In [23] an arithmetic method was used to calculate the E-polynomial of
Md

B(G). The idea was to count the Fq-rational points of Md
B(G(Fq)), for the

variety Md
B(G) over the finite field Fq. Using a result of [37] we found a closed

formula, resembling the famous Verlinde formula [51], as a simple sum over
irreducible representations of G(Fq). In particular, the representation theory
behind the E-polynomial of the character variety is that of finite groups of
Lie type. This could be considered as an analog of Nakajima’s principle [40],
stating that the representation theory of a Kac–Moody algebra is encoded in
the cohomology of (hyperkähler) quiver varieties.

The shape of the E-polynomials of the various character varieties lead us
to conjecture [23] that mirror symmetry also holds for the pair Md

B(G) and
Md

B(GL), at least for G = SL(n,C). Calculating Hodge numbers via number
theory, we were able to check this conjecture for n = 4 or a prime. Since
the two mirror symmetry conjectures of [28] and [23] are equivalent on the
level of Euler characteristics, we get a proof of the original mirror symmetry
conjecture of [28] on the level of Euler characteristics as well.
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More interestingly, [23] arrives at explicit formulas, in terms of a simple
generating function, for E-polynomials of Md

B(GL(n,C)). For example, the
Euler characteristic of Md

B(PGL(n,C)) equals µ(n)n2g−3, where µ is a basic
number theoretic function: the Möbius function, i.e., the sum of all primitive
nth roots of unity. This hints at an interesting link between number theory and
topology of the above hyperkähler manifolds. Furthermore, the E-polynomials
turn out to be palindromic, i.e., they satisfy an unexpected Poincaré duality-
type symmetry. We can trace back this symmetry to the Alvis–Curtis duality
[1, 5] in the representation theory of finite groups of Lie type.

We present a deformation of the E-polynomial ofMd
B(PGL(n,C)), which,

conjecturally [23], should agree with the H-polynomial. Modifying this for-
mula we obtain the conjectural H-polynomial of the Higgs moduli space
Md

Dol(GL(n,C)). We then explain how, using our mirror symmetry con-
jectures as a guide, one arrives at conjectures regarding H-polynomials of
the varieties associated to SL(n,C). These conjectures imply a conjecture on
Poincaré polynomials of Md

Dol(PGL(n,C)). The latter resembles Lusztig’s
conjecture [36] on Poincaré polynomials of Nakajima’s quiver varieties, also
hyperkähler manifolds, similar to the Higgs moduli spaceMd

Dol(G). We should
also mention Zagier’s [52] formula for the Poincaré polynomial of the moduli
space N d of stable bundles (the “Kähler version” of Md

Dol(SL(n,C))), where
the formula is a similar sum, but is parametrized by ordered partitions of n.

We discuss in detail several checks of these conjectures, showing how they
imply results of Hitchin [29], Gothen [16] and Earl–Kirwan [8]. The combi-
natorics of these formulas are quite non-trivial. Surprisingly, the calculus of
Garsia–Haiman [12] is used to check the conjecture for g = 0.

The curious Poincaré duality satisfied by the conjectured Hodge numbers
of Md

B(PGL(n,C)), leads to a conjecture that a version of the Hard Lefschetz
theorem is satisfied for the non-compact varieties under consideration. This
can be thought of as a generalization of a result in [21] on the quaternionic
geometry of matroids, and as an analogue of Faber’s conjecture [9] on the
moduli space of curves.
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2 Abelian and non-Abelian Hodge theory

In this section we recall some basic definitions on Abelian and non-Abelian
Hodge theory.

2.1 Hodge–De Rham theory

There are various cohomology theories associating a graded anti-commutative
ring to a smooth complex algebraic variety M . First of all, the singular, or
Betti, cohomology H∗

B(M,C) of M with complex coefficients, defined for any
reasonable topological space. The dimension bk(M) := dimHk

B(M,C) is called
the k-th Betti number. The Poincaré polynomial is

P (t;M) :=
∑

k

bk(M)tk.

Next, the De Rham cohomology H∗
DR(M,C), the space of closed differen-

tial forms modulo exact forms, defined for any differentiable manifold. The
De Rham theorem establishes the isomorphism:

H∗
B(M,C) ∼= H∗

DR(M,C). (1)

For projective M we have the Dolbault cohomology

Hk
Dol(M,C) =

⊕
p+q=k

Hq(M,Ωp
M ).

The Hodge theorem establishes a natural isomorphism

Hk
DR(M,C) ∼= Hk

Dol(M,C). (2)

The above isomorphisms imply the Hodge decomposition theorem:

Hk
B(M,C) ∼=

⊕
p+q=k

Hp,q(M), (3)

where Hp,q(M) := Hp(M,Ωq
M ). The numbers hp,q(M) := dimHp,q(M) are

called Hodge numbers of M . The Hodge polynomial is:

H(x, y;M) :=
∑
p,q

hp,q(M)xpyq.

For more details on these cohomology theories see [15].
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2.2 Mixed Hodge structures

Deligne [7] generalized the Hodge decomposition theorem (3) to any complex
variety M , not necessarily smooth or projective, by introducing a so-called
mixed Hodge structure on H∗

B(M,C). This implies a decomposition 1

Hk
B(M,C) ∼=

⊕
p,q

Hp,q;k(M),

where p + q is called the weight of Hp,q;k(M). For a smooth projective va-
riety we have Hp,q;p+q(M) = Hp,q(M), i.e. the weight of Hp,q;k(M) is al-
ways k (called the pure weight). In general, other weights appear in the
mixed Hodge structure; we will see such examples later. The dimensions
hp,q;k(M) := Hp,q;k(M) are called mixed Hodge numbers of M . Form the
three variable polynomial:

H(x, y, t;M) :=
∑
p,q,k

hp,q;k(M)xpyqtk. (4)

Similarly, Deligne [7] constructs a mixed Hodge structure on the compactly
supported H∗

B,cpt(M,C) singular cohomology of a complex algebraic variety
M . This yields the decomposition

Hk
B,cpt(M,C) ∼=

⊕
p,q

Hp,q;k
cpt (M),

and compactly supported mixed Hodge numbers hp,q;k
cpt (M) := dimHp,q;k

cpt (M).
One introduces the e-numbers

ep,q(M) =
∑

k

(−1)khp,q;k
cpt (M)

and the E-polynomial:

E(x, y;M) :=
∑
p,q

ep,q(M)xpyq. (5)

Clearly, for M smooth projective, E(x, y) = H(−x,−y). Moreover, for a
smooth variety Poincaré duality implies that

E(x, y) = (xy)nH(1/x, 1/y,−1),

where n is the complex dimension of M . The significance of the E-polynomial
is that it is additive for decompositions and multiplicative for Zariski locally
trivial fibrations.

For more details see [7] or [3].
1In fact what one gets from a mixed Hodge structure are two filtrations on the

cohomology, and the decomposition in question is the associated graded.
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2.3 Stringy cohomology

Let Γ be a finite group acting on M . By the naturality of the mixed Hodge
structure, Γ will act on Hp,q,k(M) and we have

Hp,q;k(M/Γ ) ∼= (Hp,q;k(M)
)Γ
.

However, for a Calabi–Yau M and a Γ preserving the Calabi–Yau structure
string theorists [50, 53] introduced different Hodge numbers on the Calabi–
Yau orbifoldM/Γ : the so-called stringy Hodge numbers, which are the “right”
Hodge numbers for mirror symmetry. Their mathematical significance is high-
lighted by a theorem of Kontsevich [34] which says that stringy Hodge numbers
agree with ordinary Hodge numbers of any crepant resolution. Following [3]
we can define the stringy E-polynomials:

Est(x, y;M/Γ ) :=
∑
[γ]

E(x, y;Mγ)C(γ)(xy)F (γ),

where the sum runs over the conjugacy classes of Γ ; C(γ) is the centralizer of
γ;Mγ is the subvariety fixed by γ; and F (γ) is an integer, called the fermionic
shift, which is defined as follows. The group element γ has finite order, so it
acts on TM |Mγ as a linear automorphism with eigenvalues e2πiw1 , . . . , e2πiwn ,
where each wj ∈ [0, 1). Let F (γ) =

∑
wj ; this is an integer since, by hypoth-

esis, γ acts trivially on the canonical bundle.

The last cohomology theory needed is the stringy cohomology of a Calabi–
Yau orbifold twisted by a B-field. Following [31] we let B ∈ H2

Γ (M,U(1)), i.e.,
an isomorphism class of a Γ -equivariant flat unitary gerbe. For any γ ∈ Γ this
B-field induces a C(γ)-equivariant local system [LB,γ ] ∈ H1

C(γ)(M
γ , U(1)) on

the fixed point set Mγ and we can twist the stringy E-polynomial:

EB
st (x, y;M/Γ ) :=

∑
[γ]

E(x, y;Mγ ;LB,γ)C(γ)(xy)F (γ). (6)

For more information about stringy cohomology see [3], for twisting with
a B-field see [28].

2.4 Non-Abelian Hodge theory

The starting point of non-Abelian Hodge theory is the identification of the
space H1

B(M,C×) with the space of homomorphisms from π1(M) → C×; the
space H1

DR(M,C×) with algebraic local systems on M and the space

HDol(M,C×) ∼= H1(M,O×)⊕H0(M,Ω1)

with pairs of a holomorphic line bundle and a holomorphic one-form.
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This can be generalized to any non-Abelian complex reductive group G.
We defineH1

B(M,G) to be conjugacy classes of representations of π1(M) → G.
I.e.,

H1
B(M,G) := Hom(π1(M), G)//G,

the affine GIT quotient of the affine variety Hom(π1(M), G) by the conju-
gation action of G, called the character variety. The space H1

DR(M,G) can
be identified as the moduli space of algebraic G-local systems on M . Finally,
H1

Dol(M,G) is the moduli space of certain semistable G-Higgs bundles on M .
We will give a precise definition in the case of a curve below. The identifica-
tion between H1

B(M,G) and H1
DR(M,G), which is analogous to the De Rham

map (1), is given by the Riemann–Hilbert correspondence [6, 47], while the
identification between H1

DR(M,G) and H1
Dol(M,G), analogous to the Hodge

decomposition (2), is given in [4, 45] by the theory of harmonic bundles, the
non-Abelian generalization of Hodge theory.

For an introduction to non-Abelian Hodge theory see [44], and ([33], Sec-
tion 3), for more details on the construction of the spaces appearing in non-
Abelian Hodge theory and the maps between them see [45, 46, 47].

2.5 The case of a curve

We fix a smooth projective complex curve C of genus g and specify our spaces
in the case when M = C and G = GL(n,C). We have:

MB(GL(n,C)) := H1
B(C,GL(n,C))

= {A1, B1, . . . , Ag, Bg ∈ GL(n,C)|[A1, B1] · · · · · [Ag, Bg] = Id}//GL(n,C).

There is a natural way to twist these varieties. This will be needed for
PGL(n,C) and we introduce these twists below. For d ∈ Z, consider:

Md
B(GL(n,C)) := {A1, B1, . . . , Ag, Bg ∈ GL(n,C)|

[A1, B1] · · · · · [Ag, Bg] = e
2πid

n Id}//GL(n,C).

The De Rham space looks like

MDR(GL(n,C)) := H1
DR(C,GL(n,C))

= {moduli space of flat GL(n,C)-connections on C}
and in the twisted case we need to fix a point p ∈ C, and define

Md
DR(GL(n,C)) :=

{
moduli space of flat GL(n, C)-connections on C � {p},

with holonomy e
2πid

n Id around p

}
.

Finally, the Dolbeault spaces are:
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MDol(GL(n,C)) := H1
Dol(C,GL(n,C)) = {moduli space

of semistable rank n degree 0 Higgs bundles on C},
where a rank n Higgs bundle is a pair (E, φ) of a rank n algebraic vector
bundle E on C, with degree 0 and Higgs field φ ∈ H0(C,KC ⊗ End(E)). A
Higgs bundle is called semistable if for any Higgs subbundle (F, ψ) (i.e., a
subbundle with compatible Higgs fields) we have

deg(F )
rank(F )

≤ deg(E)
rank(E)

= 0.

The twisted version of MDol(GL(n,C)) is defined:

Md
Dol(GL(n,C)) := {moduli space

of semistable rank n degree d Higgs bundles on C}.
The varieties above for GL(n,C) have dimension n2(2g − 2) + 2. The Betti
space is affine, while the De Rham space is analytically (but not algebraically)
isomorphic, via the Riemann–Hilbert correspondence, to the Betti space, so
that the De Rham space is a Stein manifold as a complex manifold but not
an affine variety as an algebraic variety. Finally, the Dolbeault space is a
quasi-projective variety with large projective subvarieties.

From now on we fix a d with (n, d) = 1. In this case the correspond-
ing twisted spaces are smooth, have a diffeomorphic underlying manifold
Md(GL(n,C)) which carries a complete hyperkähler metric [29]. The com-
plex structures of Md

Dol(GL(n,C)) and Md
DR(GL(n,C)) appear in the hy-

perkähler structure.
We started this subsection by determining these spaces forGL(1,C) ∼= C×.

With the identifications explained, we see that

Md
B(GL(1,C)) ∼= (C×)2g,

Md
Dol(GL(1,C)) ∼= T ∗Jacd(C) (7)

and Md
DR is a certain affine bundle over Jacd(C).

Interestingly, for d = 0 they are all algebraic groups and they act on the
corresponding spaces for GL(n,C) and any d by tensorization.

We can consider the map

λDol : Md
Dol(GL(n,C)) →Md

Dol(GL(1,C)),
(E,Φ) �→ (det(E), tr(φ)).

The fibres of this map can be shown to be isomorphic using the above ten-
sorization action. It follows that up to isomorphism it is irrelevant which fibre
we take, but we usually take a point (Λ, 0) ∈ Md

Dol(GL(1,C)) and define
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Md
Dol(SL(n,C)) := λ−1

Dol((Λ, 0)).

For the other two spaces we have:

Md
DR(SL(n,C)) =

{
moduli space of flat SL(n, C)-connections on C � {p}

with holonomy e
2πid

n Id around p

}
,

and

Md
B(SL(n,C)) = {A1, B1, . . . , Ag, Bg ∈ SL(n,C)|

[A1, B1] · · · · · [Ag, Bg] = e
2πid

n Id}//SL(n,C).

The varieties Md
B(SL(n,C)), Md

DR(SL(n,C)) and Md
DR(SL(n,C)) are

smooth of dimension (n2−1)(2g−2), with diffeomorphic underlying manifold
Md(SL(n,C)). The Betti space is affine, and the Betti and De Rham spaces
are again analytically, but not algebraically, isomorphic.

We see that the finite subgroup Jac[n] ∼= Z2g
n ⊂MDol(GL(1,C)) preserves

the fibration λDol and thus acts on Md
Dol(SL(n,C)). The quotient then is:

Md
Dol(PGL(n,C)) := Md

Dol(SL(n,C))/Jac[n]

and similarly

Md
DR(PGL(n,C)) := Md

DR(SL(n,C))/Jac[n],

and

Md
B(PGL(n,C)) = Md

B(SL(n,C))/Z2g
n .

This shows that all the three spaces Md
B(PGL(n,C)), Md

DR(PGL(n,C)) and
Md

Dol(PGL(n,C)) are hyperkähler orbifolds of dimension (n2 − 1)(2g − 2).
As they are orbifolds we can talk about their stringy mixed Hodge num-
bers as defined above in Section 2.3. Moreover, they carry natural orbifold
B-fields, constructed as follows: Consider a universal Higgs pair (E,Φ) on
Md

Dol(SL(n,C))× C; it exists because (d, n) = 1. Restrict E to Md
Dol × {p}

to get the vector bundle Ep on Md
Dol(SL(n,C)). Now we can consider the

projective bundle PEp of Ep which is a PGL(n,C)-bundle. The bundle Ep

is a GL(n,C)-bundle but not a SL(n,C)-bundle, because it has a non-trivial
determinant. The obstruction class to lifting the PGL(n,C)-bundle PE to an
SL(n,C)-bundle is a class

B ∈ H2(Md
Dol(SL(n,C),Zn)) ⊂ H2(Md

Dol(SL(n,C)), U(1)),

which gives us a B-field onMd
Dol(SL(n,C)). By ([28], Section 3), this field has

a natural equivariant extension B̂ ∈ H2
Γ (Md

Dol(SL(n,C)), U(1)), giving a B-
field on Md

Dol(PGL(n,C)). This B-field will appear in our mirror symmetry
discussions below.
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Non-Abelian Hodge theory on a curve is explained in [29], via a gauge-
theoretical approach. This yields natural hyperkähler metrics on our spaces.
The case GL(1,C) is treated in [13]. Further information about the geometry
and cohomology of M1

Dol(SL(2,C)) is in [20].

2.6 Mixed Hodge structure on non-Abelian Hodge cohomologies

The main subject of this paper is the mixed Hodge polynomial of the (stringy,
sometimes with a B-field) cohomology of Md

Dol(G), Md
DR(G) and Md

B(G),
for G = GL(n,C), PGL(n,C) or SL(n,C). For notational convenience, we
omit G and simply write Md

B, Md
DR and Md

Dol.

Consider first G = GL(1,C). From (7) we calculate:

H(x, y, t;Md
B(GL(1,C))) = (1 + xyt)2g,

H(x, y, t;Md
Dol(GL(1,C))) = H(x, y, t;Md

DR(GL(1,C)))
= (1 + xt)g(1 + yt)g.

It is remarkable that H(x, y, t;Md
B(GL(1,C))) 	= H(x, y, t;Md

DR(GL(1,C)))
even though the spaces are analytically isomorphic. Furthermore, we can ex-
plicitly see that the mixed Hodge structure on Hk(Md

Dol(GL(1,C)),C) and
on Hk(Md

DR(GL(1,C)),C) is pure, while on Hk(Md
B(GL(1,C)),C) it is not.

A Künneth argument implies that:

H(x, y, t;Md
Dol(GL(n,C)))

= H(x, y, t;Md
Dol(PGL(n,C)))H(x, y, t;Md

Dol(GL(1,C))),

and similarly for the other two spaces. Thus the calculation for GL(n,C) is
equivalent to the calculation for PGL(n,C).

Now we list what is known about the cohomologies H∗(Md,C). The
Poincaré polynomials P (t;M1(SL(2,C))) and P (t;M1(PGL(2,C))) were cal-
culated in [29], while P (t;M1(SL(3,C))) and P (t;M1(PGL(3,C))) have been
calculated in [16]. Both papers used Morse theory for a natural C×-action on
Md

Dol (acting by multiplication on the Higgs field). The idea was to calculate
the Poincaré polynomial of the various fixed point components of this action,
and then sum them up with a certain shift. The largest of the fixed point
components, when φ = 0, is the important and well-studied space:

N d(SL(n,C)) := {the moduli space of stable vector bundles
of fixed determinant bundle of degree d}. (8)

Its Poincaré polynomial was calculated in [18] by arithmetic and in [2] by
gauge-theoretical methods, with explicit formulas given in [52]. Thus its con-
tribution to P (t;Md(SL(n,C))) is easy to handle. However, the other com-
ponents of the fixed point set of the circle action are more cumbersome to
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determine already for n = 4. Consequently, the Morse theory approach has
not been completed for n ≥ 4.

As a representative example we calculate from [29] the Poincaré polynomial
P (t;M1(PGL(2,C))), when g = 3:

3 t12+12 t11+18 t10+32 t9+18 t8+12 t7+17 t6+6 t5+2 t4+6 t3+t2+1. (9)

The cohomology ring of M1
Dol(PGL(2,C)) has been described explicitly

by generators [25] and relations [26]. This information was essential for our
main Conjecture 5.1. Finally, Markman [39] showed that for PGL(n,C) the
universal cohomology classes do generate the cohomology ring.

The following result first appeared in [38] using a construction of [25]. Here
we present a simple proof.

Theorem 2.1. The Hodge structure on Hk(Md
Dol,C) is pure of weight k.

Proof. The compactification Md

Dol of Md
Dol constructed in [19] is a projective

orbifold so that the Hodge structure on Hk(Md

Dol,C) is pure of weight k.
Now [19] also implies that the natural map H∗(Md

Dol,C) → H∗(Md
Dol,C) is

surjective. The claim follows from the functoriality of mixed Hodge structures
[7]. �

One can similarly prove the same result for Md
DR.

Theorem 2.2. The Hodge structure on Hk(Md
DR,C) is pure of weight k.

Proof. As explained in ([28], Theorem 6.2) one can deform the complex struc-
ture of Md

Dol to the projective orbifold Md

DR, which is the compactification
of Md

DR given by Simpson in [48]. This way we see that the natural map
H∗(Md

DR,C) → H∗(Md
DR,C) is a surjection, and we conclude as above. �

In fact the argument in ([28], Theorem 6.2) shows that

Theorem 2.3 (HT4). The mixed Hodge structure on H∗(Md
Dol,C) is iso-

morphic to the mixed Hodge structure on H∗(Md
DR,C).

However, the Hodge structure on Md
B has not been studied in the litera-

ture. We will see later that it is not pure anymore. In the following section we
explain our interest in the Hodge structures on Md

Dol, Md
DR and Md

B. Our
motivation is mirror symmetry.
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3 Mirror symmetry conjectures

The starting point in [28] was the observation that the pairs Md
DR(SL(n,C))

together with the B-field Be and Md
DR(PGL(n,C)) with the B-field B̂d give

a geometric realization for mirror symmetry as proposed in Strominger–Yau–
Zaslow [49] and modified for B-fields by Hitchin in [31]. This geometric picture
predicts the existence of a special Lagrangian fibration on each space, with
dual fibres. In [28] it is shown that the so-called Hitchin map [30] provides
the required special Lagrangian fibration on our spaces, with dual Abelian
varieties as fibers. For details see ([28], Section 3).

Our focus in this survey is on the topological implications of this man-
ifestation of mirror symmetry. The following conjecture can be called the
topological mirror test for our SYZ-mirror partners.

Conjecture 3.1 ([28]). For d, e ∈ Z, with (d, n) = (e, n) = 1, we have

EBe

st

(
x, y;Md

DR(SL(n,C))
)

= EB̂d

st

(
x, y;Me

DR(PGL(n,C))
)
.

Remark 3.2. Since Md
DR(SL(n,C)) is smooth, the left-hand side actually

equals the E-polynomial E
(
x, y;Md

DR(SL(n,C))
)
, which is independent of e.

This motivates the following:

Conjecture 3.3 (HT4). For d1.d2 ∈ Z with (d1, n) = (d2, n) = 1 we have:

E
(
x, y;Md1

Dol(SL(n,C))
)

= E
(
x, y;Md2

Dol(SL(n,C))
)
. (10)

This is quite interesting since the Betti numbers of N d(SL(n,C)), the moduli
space of stable vector bundles, with fixed determinant of degree d (the “Kähler
version” of Md

Dol(SL(n,C))), are known to depend on d. Already for n = 5,
Zagier’s explicit formulas [52] for P (t;N 1(SL(5,C))) and P (t;N 3(SL(5,C)))
are different. We will see evidence for this Conjecture 3.3 in Corollary 3.11.

Remark 3.4. Conjecture 3.1 was proved for n = 2 and n = 3 in [28]. The
proof proceeds by first transforming the calculation to Md

Dol via Theorem 2.3
and then using the Morse theoretic method of [29] and [16]. It is unclear how
to extend this method to n ≥ 4.

Remark 3.5. An important ingredient of the proofs was a modification of a
result of Narasimhan–Ramanan [41] to Higgs bundles. It describes the fixed
points of the action of elements of Jac[n] on Md

Dol(SL(n,C)). The fixed point
sets have lower rank m|n Higgs moduli spaces Md

Dol(SL(m,C); C̃) for a cer-
tain covering C̃ of C. Their cohomology enters in the stringy contribution to
the right-hand side of Conjecture 3.1 (recall (6)).
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3.1 Number theory to the rescue

Although the mirror symmetry Conjecture 3.1 is still open for n ≥ 4, recently
some evidence for its validity has been achieved in form of progress on a
related conjecture.

Conjecture 3.6 (HRV). For d, e ∈ Z with (d, n) = (e, n) = 1, we have

EBe

st

(
x, y,Md

B(SL(n,C))
)

= EB̂d

st

(
x, y,Me

B(PGL(n,C))
)
.

This conjecture has been proved [23] when n is a prime and when n = 4;
which implies Conjecture 3.1 on the level of Euler characteristic in these cases.
The method is arithmetic: one counts rational points on the variety Md

B over
a finite field Fq, when n divides q− 1, where q = pr is a prime power. We get:

Theorem 3.7 ([23]). The E-polynomial of Md
B has only xkyk type terms,

and

E(q) = #(Md
B(G)(Fq)).

The problem reduces to the count of solutions of the equation:

[A1, B1] · · · · · [Ag, Bg] = ξn,

in the finite group of Lie type G(Fq), i.e., so that Ai, Bi ∈ G(Fq), where
ξn ∈ G is a central element of order n. A simple modification of a theorem of
Mednykh [37], (which goes back to Frobenius–Schur [11], and has since been
rediscovered by many authors, (see Freed–Quinn [10], (5.19)), implies:

Theorem 3.8. Let G = SL(n,C) or G = GL(n,C). Then the number of
rational points on Md

B(G) over a finite field Fq, where q = pr is a prime
power, with n|(q − 1) is given by:

#(Md
B(G)(Fq)) =

∑
χ∈Irr(G(Fq))

|G|2g−2

χ(1)2g−1
χ(ξn),

where the sum is over all irreducible characters of G(Fq).

The two theorems above imply the following

Corollary 3.9 ([23]). The E-polynomial of Md
B(G) is given by:

E(q) =
∑

χ∈Irr(G(Fq))

|G|2g−2

χ(1)2g−1
χ(ξn). (11)



206 Tamás Hausel

Remark 3.10. An immediate consequence of this formula is the Betti analog
of Conjecture 3.3. This follows from Corollary 3.9 since that character for-
mula transforms by a Galois automorphism when one changes from d1 to d2.
Moreover, because our Md1

B (G) and Md2
B (G) are Galois-conjugate, we can de-

duce that their Betti numbers agree, and presumably, that their mixed Hodge
structures also agree. In summary, we have

Corollary 3.11 ([23]). For d1, d2 ∈ Z with (d1, n) = (d2, n) = 1 we have

E
(
x, y;Md1

B (G)
)

= E
(
x, y;Md2

B (G)
)

(12)

and

P
(
t;Md1

B (G)
)

= P
(
t;Md2

B (G)
)
. (13)

This gives an affirmative answer to Conjecture 3.3 on the level of Poincaré
polynomials. In general, Galois conjugate varieties tend to be (although need
not be, see, e.g. [43]) homeomorphic over C.

Problem 3.12. Are the underlying topological spaces of the varietiesMd1
B (G)

and Md2
B (G) homeomorphic for (n, d1) = (n, d2) = 1? Are they birationally

isomorphic? Are Md1
Dol(G) and Md2

Dol(G) birationally isomorphic?

Remark 3.13. In order to calculate the character formula in Corollary 3.9, we
will need to know the values of irreducible characters of G on central elements.
Fortunately, for GL(n,Fq) this has been done by Green [14]. For SL(n,Fq)
the required information, i.e., the value of characters on central elements, was
obtained by Lehrer in [35]. In the next section we show an explicit result for
the character formula for GL(n,Fq).

Remark 3.14. Our mirror symmetry Conjecture 3.6 can be translated to a
complicated formula which is valid for the character tables of PGL(n,Fq)
and SL(n,Fq). In particular, we believe that by introducing punctures for
our Riemann surfaces, a similar mirror symmetry conjecture would in fact
capture the exact difference between the full character tables of PGL(n,Fq)
and SL(n,Fq) (not just on central elements as above). This way our mirror
symmetry proposal could be phrased as follows: the differences between the
character tables of PGL(n,Fq) and its Langlands dual SL(n,Fq) are governed
by mirror symmetry. It is particularly enjoyable to see the effect of mirror
symmetry on the differences between the character tables of GL(2,Fq) and
SL(2,Fq), which were first calculated in 1907 by Jordan [32] and by Schur
[42].

4 Explicit formulas for the E-polynomials

Here we calculate the E-polynomials of Md
B(PGL(n,C)), which we denote

by En(q).
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We start with partitions. Let λ = (λ1 ≥ λ2 ≥ · · · ≥ λl > 0) be a partition
of n, so that

∑
λi = n. The Ferrers diagram d(λ) of λ is the set of lattice

points
{(i, j) ∈ Z≤0 × N : j < λ−i+1}. (14)

The arm length a(z) and leg length l(z) of a point z ∈ d(λ) denote the number
of points strictly to the right of z and below z, respectively, as indicated in
this example:

• • • • •
•z• • • • a(z)

• • • •
• • •
•l(z)

where λ = (5, 5, 4, 3, 1), z = (−1, 1), a(z) = 3 and l(z) = 2. The hook length
then is defined as

h(z) = l(z) + a(z) + 1.

Let
Vn(q) = En(q)q(1−g)n(n−1)(q − 1)2g−2,

and

Zn(q, T ) = exp

⎛⎝∑
r≥1

Vn(qr)
T r

r

⎞⎠ .
We define the Hook polynomials for a partition λ as follows :

Hλ(q) =
∏

z∈d(λ)

q−l(z)(1− qh(z)).

Theorem 4.1 ([23]). For n = 1, 2, 3, . . . one has

∞∏
n=1

Zn(q, T n) =
∑
λ∈P

(Hλ(q))2g−2T |λ|, (15)

where P is the set of all partitions.

One simple corollary of this is a new topological result:

Corollary 4.2 ([23]). The Euler characteristic of Md(PGL(n,C)) equals
µ(n)n2g−3, where µ is the Möbius function, i.e., µ(n) is the sum of primi-
tive nth root of unities.

Another interesting application of the theorem is the following:
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Corollary 4.3. The E-polynomial En(q) = E(q;Md
B(PGL(n,C))) is palin-

dromic, i.e., it satisfies, what we call, the curious Poincaré duality:

q2NEn(1/q) = En(q),

where 2N = (n2 − 1)(2g − 2) is the complex dimension of Md
B(PGL(n,C)).

Remark 4.4. This result originates in the so-called Alvis–Curtis duality [1],
[5] in the character theory of GL(n,Fq), which is a duality between irreducible
representations of GL(n,Fq). In particular, if χ, χ′ ∈ Irr(GL(n,Fq)) are dual,
then the dimension χ(1) is a polynomial in q which satisfies

q
n(n−1)

2 χ(1)(1/q) = χ′(1)(q).

For example when n = 2, Theorem 4.1 gives:

E2(q) = (q2 − 1)2g−2 + q2g−2(q2 − 1)2g−2

− 1
2
q2g−2(q − 1)2g−2 − 1

2
q2g−2(q + 1)2g−2, (16)

when g = 3 this gives

E(x, y;M1
B(PGL(2,C))) = q12 − 4 q10 + 6 q8 − 14 q6 + 6 q4 − 4 q2 + 1, (17)

which is a palindromic polynomial. Note also that there does not seem to be
much in common with the Poincaré polynomial (9).

5 A conjectured formula for mixed Hodge polynomials

Here we present the conjecture of [23] on the H-polynomials of the spaces
Md

B(PGL(n,C)). As usual we fix the curve C and its genus g and the
group PGL(n,C) and write Md

B for Md
B(PGL(n,C)) and Hn(x, y, t) for

H(x, y, t;Md
B).

Let

Vn(q, t) = Hn(q, t)
(qt2)(1−g)n(n−1)(qt+ 1)2g

(qt2 − 1)(q − 1)
,

and

Zn(q, t, T ) = exp

⎛⎝∑
r≥1

Vn(qr,−(−t)r)
T r

r

⎞⎠ .
We define the t-deformed Hook polynomials for genus g and partition λ:

Hλ
g (q, t) =

∏
x∈d(λ)

(qt2)(2−2g)l(x)(1 + qh(x)t2l(x)+1)2g

(1 − qh(x)t2l(x)+2)(1 − qh(x)t2l(x))
.
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The following generating function then defines our rational functions Hn(q, t):

∞∏
n=1

Zn(q, t, T n) =
∑
λ∈P

Hλ
g (q, t)T |λ|. (18)

Because for the character variety we have that hi,j;k(Md
B) = 0 provided that

i 	= j, the following conjecture describes Hn(x, y, t) completely.

Conjecture 5.1 ([23]). The mixed Hodge polynomials of the character vari-
eties Md

B(PGL(n,C)) are given by the generating function (18):

Hn(
√
q,
√
q, t) = Hn(q, t).

Thus Hn(q, t), which is a priori only a rational function, is conjectured
to be the H-polynomial of the character variety, so in the next conjecture
we formalize our expectations from Hn(q, t), with the addition of a curious,
Poincaré duality-type of symmetry, which was in fact our most important
guide in the derivation of these formulas:

Conjecture 5.2. The rational functions Hn(q, t) defined in the generating
function of (18) satisfy the following properties:

• Hn(q, t) is a polynomial in q and t.
• The q and the t degree of Hn(q, t) equal 2N = 2(n2−1)(g−1). The largest

degree monomial in both variables is (qt)2(n
2−1)(g−1).

• All coefficients of Hn(q, t) are non-negative integers.
• The coefficients of Hn(q, t) =

∑
hi

jq
jti satisfy what we call the curious

Poincaré duality:

hi−j
N−j = hi+j

N+j (19)

Now we list some checks and implications of the above conjectures:

Remark 5.3. Computer calculations with Maple gives Hn(q, t) from the
above generating function when n = 2, 3, 4. In all these cases for small g
we do get a polynomial in q and t with the expected degree and positive
coefficients, satisfying the curious symmetry (19).

Remark 5.4. The paper [26] contains a monomial basis, in the tautological
generators, for the cohomology ring H∗(M1

B(PGL(2,C)),C). Understanding
the action of the Frobenius on these generators leads to a formula for the
mixed Hodge polynomial of M1

B(PGL(2,C)) of the form

H2(
√
q,
√
q, t) =

(q2t3 + 1)2g

(q2t2 − 1)(q2t4 − 1)
+
q2g−2t4g−4(q2t+ 1)2g

(q2 − 1)(q2t2 − 1)

− 1
2
q2g−2t4g−4(qt+ 1)2g

(qt2 − 1)(q − 1)
− 1

2
q2g−2t4g−4(qt− 1)2g

(q + 1)(qt2 + 1)
, (20)
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which agrees with the conjectured one through (18), and clearly reduces to
(4.1), when t = −1. For example when g = 3, this gives

H(
√

q,
√

q, t;Md(PGL(2, C)))

= t12q12 + t12q10 + 6 t11q10 + t12q8 + t10q10 + 6 t11q8 + 16 t10q8 + 6 t9q8 + t10q6

+ t8q8 +26 t9q6 +16 t8q6 +6 t7q6 + t8q4 + t6q6 +6 t7q4 +16 t6q4 +6 t5q4 + t4q4 + t4q2

+ 6 t3q2 + t2q2 + 1, (21)

which is a common refinement of (9) when q = 1 and of (17) when t = −1.
Note also how the curious Poincaré duality appears when one refines the
Poincaré polynomial (9), which does not possess any kind of symmetry, to the
mixed Hodge polynomial (21).

Remark 5.5. Note that Pn(t) = Hn(1, t) should be the Poincaré polynomial
of the character variety, which is the same as the Poincaré polynomial of the
diffeomorphic Higgs moduli space Md

Dol. For n = 2, Hitchin in [29] calculated
the Poincaré polynomial of this latter space, and an easy calculation shows
that if one substitutes q = 1 into (20) we get P2(t) = H2(1, t), the Poincaré
polynomial of Hitchin. For n = 3, Gothen in [16] calculated P3(t). Since
it is a pleasure to work with a formula like (20), we write down what our
Conjecture 5.1 gives for n = 3:

H3(q, t) =
`
q3t5 + 1

´2 g `
q2t3 + 1

´2 g

(q3t6 − 1) (q3t4 − 1) (q2t4 − 1) (q2t2 − 1)
+

q6 g−6t12 g−12
`
q3t + 1

´2 g `
q2t + 1

´2 g

(q3t2 − 1) (q3 − 1) (q2t2 − 1) (q2 − 1)

+
q4 g−4t8 g−8

`
q3t3 + 1

´2 g
(qt + 1)2 g

(q3t4 − 1) (q3t2 − 1) (qt2 − 1) (q − 1)
+

1

3

q6 g−6t12 g−12
`
(qt + 1)2 g

´2

(qt2 − 1)2 (q − 1)2

−1

3

q6 g−6t12 g−12
`
q2t2 − qt + 1

´2 g

(q2t4 + qt2 + 1) (q2 + q + 1)
− q4 g−4t8 g−8

`
q2t3 + 1

´2 g
(qt + 1)2 g

(q2t4 − 1) (q2t2 − 1) (qt2 − 1) (q − 1)

− q6 g−6t12 g−12
`
q2t + 1

´2 g
(qt + 1)2 g

(q2t2 − 1) (q2 − 1) (qt2 − 1) (q − 1)
.

It is a nice exercise to show that H3(1, t) does produce (the corrected version2

of) Gothen’s complicated looking formula in [16].
It is also worth noting that many terms in Hn(q, t) have poles at q = 1,

which somehow cancel, according to our conjecture.

Remark 5.6. When g = 0, we know from the definitions that H1(x, y, t) = 1
and Hn(x, y, t) = 0 otherwise. One can deduce the same from Conjecture 5.1
by applying Theorem 2.10 in [12] to calculate the right-hand side of (18).
Moreover Conjecture 5.2 has the same flavour as the main conjecture in [12]
about q, t Catalan numbers, which was in turn proved by Haiman in [17]
using subtle intersection theory on the Hilbert scheme of n points on C2.

2One accidental mistake in the calculation of [16] was pointed out in (10.3) of
[28].
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Apart from the fact that this Hilbert scheme is also a hyperkähler manifold,
the similarities between the two conjectures are rather surprising.

Remark 5.7. When g = 1 we have Hn(x, y, t) = 1 for every n, but this we
could not prove from (18) for Hn(q, t).

Remark 5.8. Let us look at the conjecture (19). Recall that H2 of our vari-
eties are exactly one dimensional, generated by a class, call it [ω], which is the
Kähler class in the complex structure of Md

Dol. This carries the weight q2t2

in the mixed Hodge structure. The following Hard Lefschetz type conjecture
enhances the curious Poincaré duality of the conjecture (19):

Conjecture 5.9. If L denotes the map by multiplication with [ω], then the
map

Lk : HN−k,N−k;i−k(Md
B(PGL(n,C))) → HN+k,N+k;i+k(Md

B(PGL(n,C)))

is an isomorphism.

Interestingly this conjecture implies a theorem of [21] that the Lefschetz
map Lk : HN−k → HN+k is injective for Md

Dol, and it is explained there
how this weak version of Hard Lefschetz, when applied to toric hyperkähler
varieties, yields new inequalities for the h-numbers of matroids. See also [24]
for the original argument on toric hyperkähler varieties. Furthermore, this
conjecture can be proved when n = 2 using the explicit description of the
cohomology ring in [26]. The general case can be thought of as an analog
of Faber’s conjecture [9] on the cohomology of the moduli space of curves,
which is another non-compact variety whose cohomology ring is conjectured
to satisfy some form of Hard Lefschetz theorem.

Remark 5.10. There are two subspaces of the cohomologyH∗(Md
B,C) which

are particularly interesting. One of them is the middle dimensional cohomol-
ogy H2N (Md

B,C), which is the top non-vanishing cohomology. The mixed
Hodge structure breaks up into parts with respect to the q-degree. The cu-
rious Poincaré dual (19) of these spaces are also interesting: it is easy to see
that they are exactly the pure part of the mixed Hodge structure, i.e., spaces
of the form H i,i;2i. (Another significance of the pure part is that if there
is a smooth projective compactification of the variety, then its image is in
this pure part.) Thus it would already be interesting to get the pure part of
Hn(q, t). It is easy to identify the pure part in our case with what we call the
Pure ring, which is the subring of H∗(Md,C) generated by the tautological
classes ai ∈ H2i(Md,C) for i = 2, . . . , n (the other tautological classes, which
generate the cohomology ring, are not pure classes).

For example, when n = 2, it was known [29] that the middle degree co-
homology of the Higgs moduli space Md

Dol(PGL(2,C)) is g dimensional. The
Pure ring was determined in [26], and it was found to be g dimensional due
to the relation βg = 0 (where β = a2). Thus these two seemingly unrelated



212 Tamás Hausel

observations are dual to each other via our curious Poincaré duality (19). To
see this curious duality in action let us recall the formula (21). The terms
which contain the top degree 12 in t are t12q12, t12q10 and t12q8, which are
curious Poincaré dual via (19) to the terms 1, t4q2 and t8q4, which is exactly
the ring generated by the degree-four class β, which has additive basis 1, β
and β2.

The analogous ring, generated by the corresponding classes a2, . . . , an ∈
H∗(N d,C), which a priori is a quotient of our Pure ring (as N d ⊂ Md

Dol

naturally), was studied for the moduli space N d of rank n, degree-d stable
bundles (with (n, d) = 1) in [8], where it was found that the top non-vanishing
degree of this ring is 2n(n−1)(g−1). Computer calculations for our conjecture
for n = 2, 3, 4 also show that our conjectured Pure ring has the same 1-
dimensional top degree. This and the known situation for n = 2 (see [26]),
yields the following

Conjecture 5.11. The Pure rings of Md
Dol and N d, i.e., the subrings of

the cohomology rings generated by the classes a2, . . . , an are isomorphic. In
particular, unlike the whole cohomology ring of N d, it does not depend on d.

Now we explain a combinatorial consequence of this conjecture. First we
extract a conjectured formula for PPn(t) the Poincaré polynomial of the Pure
ring. Indeed we only have to deal with monomials in Conjecture 5.1 whose
t-degree is double of their q-degree.

Let

PVn(t) = PPn(t)
t2(1−g)n(n−1)

(t2 − 1)
,

and

PZn(t, T ) = exp

⎛⎝∑
r≥1

PVn(tr)
T r

r

⎞⎠ .
We now define the pure part of the t-deformed Hook polynomials for genus g
and partition λ as follows:

PHλ
g (t) = t4(1−g)n(λ′)

∏
x∈d(λ);a(x)=0

1
(1− t2h(x))

,

where
n(λ′) :=

∑
z∈d(λ)

l(z).

We get the conjecture that PPn(t) is given by

∞∏
n=1

PZn(t, T n) =
∑
λ∈P

PHλ
g (t)T |λ|. (22)

Combining the two conjectures above we can formulate:
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Conjecture 5.12. The rational functions PPn(t) defined in (22) satisfy

• PPn(t) is a polynomial in t;
• all coefficients of PPn(t) are non-negative integers;
• The degree of PPn(t) is 2n(n−1)(g−1), and the coefficient of the leading

term is 1.

For example, when n = 3 the Poincaré polynomial of the Pure ring should be:

PP3(t) =
1

(t6 − 1) (t4 − 1)
+ t12 g−12 − t8 g−8

t2 − 1
+

1
3
t12 g−12

(t2 − 1)2

− 1
3

t12 g−12

t4 + t2 + 1
− t8 g−8

(t4 − 1) (t2 − 1)
+
t12 g−12

t2 − 1
.

Remark 5.13. The formula of Conjecture 5.1 can be modified to give a con-
jectured formula for the mixed Hodge polynomial of Md

Dol. Recall from The-
orem 2.1 that the mixed Hodge structure on Hk(Md

Dol,C) is pure of weight
k; thus this mixed Hodge polynomial coincides with the E-polynomial.

We now introduce polynomials Hn(q, x, y) of three variables. Let

Vn(q, x, y) = Hn(q, x, y)
(qxy)(1−g)n(n−1)(qx + 1)g(qy + 1)g

(qxy − 1)(q − 1)
,

and

Zn(q, x, y, T ) = exp

⎛⎝∑
r≥1

Vn(qr,−(−x)r,−(−y)r)
T r

r

⎞⎠ .
Define the (x, y)-deformed Hook polynomials for genus g and partition λ:

Hλ
g (q, x, y)

=
∏

z∈d(λ)

(qxy)(2−2g)l(z)(1 + qh(z)yl(z)xl(z)+1)g(1 + qh(z)xl(z)yl(z)+1)g

(1− qh(z)(xy)l(z)+1)(1 − qh(z)(xy)l(z))
. (23)

The following generating function defines Hn(q, x, y):

∞∏
n=1

Zn(q, x, y, T n) =
∑
λ∈P

Hλ
g (q, x, y)T |λ|. (24)

Clearly we have Hn(q, t, t) = Hn(q, t) which says that a specialization of
Hn(q, x, y) gives the mixed Hodge polynomial Hn(q, t) of Md

B. The following
conjecture says that another specialization gives the mixed Hodge polynomial
of Md

Dol and Md
DR.

Conjecture 5.14. Hn(q, x, y) is a polynomial with non-negative integer coef-
ficients with specialization Hn(1, x, y) equal to the E-polynomial of the Higgs
moduli space Md

Dol(PGL(n,C)).
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Thus we have a mysterious formula Hn(q, x, y) which specializes, on one
hand to the H-polynomial of the character variety, and on the other hand
to the mixed Hodge polynomial of the Higgs (or equivalently flat connection)
moduli space. It would be very interesting to find a geometrical meaning for
Hn(q, x, y).

Checks on this Conjecture 5.14 include a proof for n = 2 and n = 3,
(one can easily modify Hitchin’s and Gothen’s argument to get the Hodge
polynomial instead of the Poincaré polynomial of the Higgs moduli space)
and also computer checks that the shape of the polynomial Hn(1, x, y) is the
expected one when n = 4.

Consider now the specification Hn(q,−1, y). Interestingly, the correspond-
ing specification of the (x, y)-deformed Hook polynomials (23) becomes a poly-
nomial, showing that at least Hn(q,−1, y) is a polynomial. We get an even
nicer formula if we make the further specification Hn(1,−1, y) which by Con-
jecture 5.14 should be the Hirzebruch y-genus of the moduli space of Higgs
bundles Md

Dol. Namely, for g > 1, most of the (x, y) deformed Hook polyno-
mials vanish, when one substitutes first x = −1 and then q = 1. Indeed, the
only partitions which will have a non-zero contribution to the y-genus are the
partitions of the form n = 1+1+ · · ·+1; when l(z) = 0 only for once. This in
turn gives the following closed formula for the conjectured y-genus of Md

Dol:

Conjecture 5.15. The Hirzebruch y-genus of Md
Dol(PGL(n,C)), for g > 1,

equals

(1−y+· · ·+(−y)n−1)g−1
∑
m|n

µ(m)
m

⎛⎝(−y)n(n−n/m)m

n/m−1∏
i=1

(1− (−y)mi)2

⎞⎠g−1

.

Note that the term corresponding to m = 1 is exactly the known y-genus
of N d (see [41]). The rest should be thought of as the contribution of the
other fixed point components of the circle action on Md

Dol. Of course, this
conjectured formula gives the known specialization of Corollary 4.2 at y = −1,
while the y = 1 specialization gives µ(n)ng−2 when n is odd, and 0 when n
is even. The specialization at y = 1 can be thought of as the signature of the
pairing on the rationalized circle equivariant cohomology of Md

Dol as defined
in [22].

Remark 5.16. Finally we discuss how to obtain a conjecture for the mixed
Hodge polynomial of Md

B(SL(n,C)). For the mixed Hodge polynomial of
Md

Dol(SL(n,C)) the mirror symmetry Conjecture 3.1, together with Conjec-
ture 5.14 imply a conjecture. For Md

B(SL(n,C)) the mixed Hodge polynomial
contains more information than the E-polynomial. In order to have a conjec-
ture on Hn(x, y, t;Md

B(SL(n,C))) a mirror symmetry conjecture is needed
on the level of the H-polynomial. We finish by formulating such a conjecture,
generalizing Conjecture 3.6 for H-polynomials:
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Conjecture 5.17. For all d, e ∈ Z, with (d, n) = (e, n) = 1 we have

HBe

st

(
x, y, t;Md

B(SL(n,C))
)

= HB̂d

st

(
x, y, t;Me

B(PGL(n,C))
)
,

where HB
st is the stringy mixed Hodge polynomial twisted with a B-field, which

can be defined identically as EB
st in (6).
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Summary. The Mahler measure formula expresses the height of an algebraic num-
ber as the integral of the log of the absolute value of its minimal polynomial on the
unit circle. The height is in fact the canonical height associated to the monomial
maps xn. We show in this work that for any rational map ϕ(x) the canonical height
of an algebraic number with respect to ϕ can be expressed as the integral of the log
of its equation against the invariant Brolin–Lyubich measure associated to ϕ, with
additional adelic terms at finite places of bad reduction. We give a complete proof
of this theorem using integral models for each iterate of ϕ. In the last chapter on
equidistribution and Julia sets we give a survey of results obtained by P. Autissier,
M. Baker, R. Rumely and ourselves. In particular our results, when combined with
techniques of diophantine approximation, will allow us to compute the integrals in
the generalized Mahler formula by averaging on periodic points.

1 Introduction

If F is the minimal polynomial over Z for an algebraic number x, the formula
of Mahler [17] for the usual height h(x) is

deg(F )h(x) = log
∏

all places v

sup(|x|v, 1) =
∫ 1

0

log |F (e2πiθ)|dθ.

One can notice the following facts:

1. The height satisfies the functional equation h(x2) = 2h(x).
2. dθ is supported on the unit circle, which is the closure of the set of roots

of unity, each root of unity having height 0. Along with the points 0 and
∞, the roots of unity are the only points that have finite forward orbits
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under iteration of the map x→ x2.

We show in this article that these occurrences are general for any dy-
namical system on the Riemann sphere given by a rational function ϕ with
coefficients in a number field. There is a canonical height hϕ that vanishes
at precisely the points that have finite forward orbits under the iteration of
ϕ. At each infinite place v, we have an integral

∫
P1(Cv)

log |F |vdµv,ϕ, where
dµv,ϕ is the distribution associated to a canonical metric for ϕ on OP1(1) (see
Zhang [32]). At each finite v, we define an integral

∫
P1(Cv)

log |F |vdµv,ϕ which
is constructed via a limiting process that is analogous to Brolin’s construction
[6] of the ϕ-invariant measure at an infinite place, as we explain in Section 5.
Our Theorem 6.1 asserts that

[K(α) : Q]hϕ(α) =
∑

places v of K

∫
P1(Cv)

log |F |vdµv,ϕ,

where α is an algebraic point and F is a minimal polynomial for α overK. We
also show that for finite v we have

∫
P1(Cv)

log |F |vdµv,ϕ = 0 unless ϕ has bad
reduction at v or all the coefficients of F have nonzero v-adic valuation. More-
over, we show that

∑
finite v

∫
P1(Cv)

log |F |vdµv,ϕ can be explicitly bounded in
terms of F and polynomials P and Q for which ϕ = P/Q. In particular,
Corollary 6.3 states that

deg(F )hϕ(α) ≤
∑
v|∞

∫
P1(Cv)

log |F |vdµv,ϕ

if P is monic and F has coprime integral coefficients.
We compute canonical heights via Arakelov intersection theory on arith-

metic surfaces. The maps ϕk may not be defined on P1
OK

, where OK is the
ring of integers of the number field K. Thus, we must work with blow-ups of
P1
OK

. These blow-ups may be singular arithmetic surfaces. We have found it
convenient to work with Cohen–Macaulay surfaces instead of normal surfaces.

Algebraic dynamical systems have been studied by many authors; see, for
example, C. T. McMullen [19] and J. Milnor [20]. Recently G. Everest and
T. Ward, in their book [10], have studied algebraic dynamics on elliptic curves
and on products of projective lines. They have pointed out particular cases of
our main theorem (other cases have been studied by V. Maillot [18]).

In light of work of Szpiro, Ullmo, and Zhang [28], it seems natural to
wonder if points with small canonical height hϕ on P1 are equidistributed
with respect to dµv,ϕ for v an infinite place. P. Autissier [2] and M. Baker
and R. Rumely [3] have recently shown that such an equidistribution result
does indeed hold. One might also ask whether generalized Mahler measure
can be computed via equidistribution. We will discuss conjectures and known
results of this sort more precisely in Section 7.

The organization of the paper is as follows:
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1. Introduction.
2. Canonical height, canonical metric, and canonical distribution associated

to a dynamical system.
3. Three examples.
4. The blow-up associated to a model of a rational map from P1 to P1.
5. The integrals at finite places.

5.1 Existence of the integrals at finite places;
5.2 Invariance of the v-adic integral under change of variables;
5.3 Geometry of v-adic integrals;
5.4 A remark on the use of integral notation at finite places.

6. The Mahler formula for dynamical systems.
7. Equidistribution and the Julia set.
8. A-Appendix: Schematic intersection theory on a Cohen–Macaulay surface.

(This is needed to justify the use of intersections products in Section 4.)
9. B-Appendix: Arakelov intersection with the divisor associated to a ratio-

nal function. (This is used in Section 6.)

The idea of the proof of Theorem 6.1 is to follow Tate’s method for com-
puting the canonical height using the language of Arakelov theory. For a point
α ∈ P1(K) and any positive integer k, we compute h(ϕk(α))/(degϕ)k using
intersection theory on the (possibly singular) blow-up Xk constructed in Sec-
tion 4. The height h(ϕk(α))/(degϕ)k decomposes into a sum over the places
of K. The contribution at a finite place v comes from the self-intersection of
components of the exceptional divisor of Xk. In Section 5, we show that this
contribution at a finite place converges as k goes to infinity. We compute the
contribution to h(ϕk(α))/(degϕ)k at an infinite place v in Proposition B.3.

Acknowledgments. We would like to thank D. Sullivan and S. Zhang for
very interesting discussions on the subject of this paper.
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2 Canonical height, canonical metric, and canonical
distribution associated to a dynamical system

The general global theory of canonical heights was started by J. Silverman and
G. Call [8]; earlier, Néron and Tate had developed a theory of canonical heights
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in the special case of abelian varieties. Let X be a variety over a number field
K. Suppose ϕ is a finite map of X to itself. Suppose that its degree d is greater
than 1 and that there is an ample line bundle L on X satisfying ϕ∗(L) ∼= L⊗d.
Tate’s recipe for the definition of the Néron–Tate height on an abelian variety
carries over to this general case: one has a canonical height associated to ϕ
defined by

hϕ(α) = lim
k→∞

hL(ϕk(α))
dk

.

In this formula, hL is associated with any set of smooth metrics at places at
infinity (cf. [26] and Appendix B).

The canonical height hϕ has the following properties:

(1) hϕ satisfies Northcott’s theorem: points over K̄ with bounded degree and
bounded height are finite in number;

(2) hϕ(ϕ(α)) = dhϕ(α);
(3) hϕ is a non-negative function;
(4) hϕ(α) = 0 if and only if α has a finite forward orbit under iteration of ϕ;
(5) |hϕ(α)− h(α)| is bounded, where h is the usual height.

The canonical height hϕ is characterized as the unique function on P1(K̄) that
satisfies (2) and (5).

Definition 2.1. A point is called periodic if it is a fixed point of ϕk for
some positive integer k. A point is called preperiodic if its image under ϕm is
periodic for some integer m. Equivalently, a point is preperiodic if and only if
it has a finite forward orbit under iteration of ϕ.

The periodic points are separated classically into three classes important
for the dynamics:

Definition 2.2. Let f be a differentiable map f : P1
C → P1

C. A fixed point x
of fk is called repelling (resp. attracting, resp. indifferent) if |(f k)′(x)| > 1
(resp. |(fk)′(x)| < 1, resp. |(fk)′(x)| = 1). The closure in P1(C) of the set of
repelling periodic points is called the Julia set. The complement in P1(C) of
the Julia set is called the Fatou set of f .

S. Zhang [30, 32] has demonstrated the interest of metrics in the study
of canonical heights. In [32, Section 2], he shows (following Tate) that if a
line bundle L on a projective variety W has a metric ‖ · ‖v and there is an
isomorphism τ : L⊗d ∼→ ϕ∗(L) for some d > 1, then letting ‖ · ‖v,0 = ‖ · ‖v and
‖ · ‖v,k+1 = (τ∗ϕ∗‖ · ‖v,k)1/d, one obtains a limit metric

‖ · ‖v,ϕ = lim
k→∞

‖ · ‖v,k.

The following proposition is due to S. Zhang (see [32, Theorems 1.4 and 2.2]).
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Proposition 2.3. Let L and the metrics ‖ · ‖v, ‖ · ‖v,k, and ‖ · ‖v,ϕ on L be
as above. Then:

1. The ‖ · ‖v,k converge uniformly to ‖ · ‖v,ϕ.
2. Suppose additionally that W is a curve, v is an infinite place, and that
‖ · ‖v is smooth and semipositive. Then the (normalized) curvatures

dµv,k = − 1
(2πi)dk

dd log ‖ · ‖v,k

have a limit distribution dµv,ϕ such that if s is a meromorphic section of
a line bundle L′ with metric ‖ · ‖′v at v, then limk→∞

∫
P1(Cv) log ‖s‖′vdµv,k

exists and is equal to
∫

P1(Cv)
log ‖s‖′vdµv,ϕ.

Furthermore, neither ‖ · ‖v,ϕ nor dµv,ϕ depends on the choice of a smooth
metric ‖ · ‖v.

By convention, all of our metrics at infinity are normalized; that is, on
each stalk of L on X(Cv) the metric ‖ · ‖v behaves like | · |[Kv :R]

v where Kv is
the completion of K at an infinite place v.

We note that canonical heights are the only Arakelov type heights which
are non-negative naturally. The height is an intersection number in the sense
of J. Arakelov [1] as extended by P. Deligne [9] and by S. Zhang [32] to this
limit situation.

3 Examples

3.1 The squaring map on the multiplicative group and the naive
height

For the map ϕ(t) = t2 on P1, the preperiodic points are zero, infinity, and
the roots of unity. The unit circle is the Julia set (the closure of the repelling
periodic points). The naive height satisfies the required functional equation
to be the canonical height associated to ϕ. This can be verified via the usual
definition

h([t0 : t1]) =
1

[K : Q]
log

∏
places v of K

sup(|t0|v, |t1|v)Nv ,

where Nv = [Kv : Qv] and [t0 : t1] ∈ P1(K). Thus, the naive height is the
canonical height associated to ϕ.

The unit circle is the support of dµϕ (in this case the Haar measure dθ
on the unit circle). It is the curvature (in the sense of distributions) of the
canonical metric

‖(λT0 + µT1)([a : b])‖ =
|λa+ µb|

sup(|a|, |b|) .
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Note that the canonical height and curvature are the same for any map
φ(t) = tn with n ≥ 2.

3.2 The Néron–Tate height is associated to multiplication by two
on an elliptic curve

Let E be an elliptic curve with Weierstrass equation y2 = G(t). We write
E = C/(Z1 + Zτ) with τ in the upper half plane. Passing to the quotient by
[−1], multiplication by 2 on E gives rise to the following rational map on P1:

ϕ(t) =
G′2(t)− 8tG(t)

4G(t)
.

The preperiodic points of ϕ are the images of the torsion points in E. To
see this note first that 2nP = ±2kP for n 	= k implies P is a torsion point.
Conversely, if nP = 0, then writing 2k = qn + rk with rk < n, we see that
there must be at least two different indices k and k′ with rk = rk′ hence
2kP = 2k′

P . The fixed points of ϕ are the images of the inflection points of
E, i.e., of the 3-torsion points in E.

The multiplication map [2n] on E is of course étale. The derivative of this
map is 2n everywhere, so the preperiodic points are all repelling. Hence the
Julia set is the entire Riemann sphere. In [21] it is established that the Haar
measure on E gives the curvature of the canonical metric associated to the
Néron–Tate height. Its image on P1 is

dµϕ =
i

Im(τ)
dt ∧ dt
|G| .

The curvature and canonical height will be the same for ϕ and the map on
P1 associated to any multiplication by n map on E for n ≥ 2. In Example
6.5, we will give an explicit computation of a Mahler measure on a dynamical
system associated to multiplication by 2 an elliptic curve.

3.3 Parallel projection of a conic

Consider the plane conic C over Z defined by the equation

X0X1 + pX2
2 = 0,

where p is an odd prime number. The reduction of C mod a prime � is smooth
and connected for � 	= p. The fiber over p is reduced and is the union of two
lines. The arithmetic surface C is regular. The projection map from P2 to P1

defined by
Φ([X0 : X1 : X2]) = [X0 +X1 : X2]
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is well-defined as a map from C to P1. Projecting from [0 : 1 : 0] yields an
isomorphism between our conic and P1. Composing this with Φ gives rise to
a map ϕ; the reader may check that this map is ϕ(t) = t2−p

t . This example is
an illustration of a blowing-up allowing us to define the map ϕ over Z. This
will be a systematic approach in the next section.

4 The Blow-up associated to a model of a rational map
from P

1 to P
1

Let ψ be a rational map of degree d from P1 to P1 defined over the field of
fractionsK of a Dedekind domain B. We will assume that ∞ is a fixed point of
ψ, because this simplifies the statement of our main theorem. After extending
the base field K, we may assume that ψ has a fixed point α defined over K.
We may then choose coordinates so that α is the point at infinity. Hence, our
assumption does not restrict our generality. The definition of our integrals∫

P1(Cv) log |F |vdµv,ϕ does, however, depend on our choice of coordinates.

Definition 4.1. A model over B of ψ is a map of polynomial rings

ψ([T0 : T1]) = [G(T0, T1) : H(T0, T1)],

where the polynomials G and H are homogeneous of degree d with coefficients
in B.

The models will allow us to work on arithmetic surfaces when K is a
number field. These surfaces, obtained by blowing up non-regular centers,
will be singular in general.

Let Y be the closed subscheme of X = P1
B = Proj(B[T0, T1]) defined by

the vanishing of G and H . Let I be the sheaf of ideals in OX defining Y . The
choice of G and H as “generators of I” gives rise to a surjection

ψ̃1 : O2
X � I(d).

The support of the scheme Y is exactly where the map ψ cannot be extended
to the fibers of the model P1

B.
Let N denote the scheme-theoretic image of the projection from Y to

Spec(B); we call this the bad reduction of the model. The scheme Y does not
meet the generic fiber XK .

Definition 4.2. Let σ : X1 → X be the blowing-up of Y in X.

By the universal property of the blow-up, the pull-back σ∗I is locally
generated by elements which are not zero divisors, i.e., there is a positive
Cartier divisor E1 on X1 such that

σ∗I = OX1(−E1).
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One then has a surjective map (which is simply σ∗ of ψ̃1)

O2
X1

� σ∗(OX(d)) ⊗OX1(−E1).

By the universal property characterizing the projective line this gives rise to
a map:

ψ1 : X1 → X,

extending the original rational map ψ on the generic fibers.
Throughout this section we use the scheme-theoretic intersection product

(·.·), defined in Appendix A.

Proposition 4.3. The two-dimensional scheme X1 is reduced, irreducible and
Cohen–Macaulay. The fiber of X1 over v /∈ N is equal to P1

kv
. The fiber of X1

over v ∈ N has a finite number of components Wv, Cv,1, ..., Cv,tv , where Wv

is the strict transform of the fiber of X at v and the Cv,i are components of
the exceptional divisor of σ. Each Cv,i is isomorphic to P1

kv,i
where kv,i is the

residual field of the closed point image of Cv,i in X. The Cv,i for i > 0 do not
meet each other. The Cv,i with i > 0 meet Wv. The exceptional divisor E1 is a
Cartier divisor equal to P1

Y and, as a Weil divisor, it can be decomposed into∑
v∈N,i>0 rv,iCv,i where the rv,i are positive integers equal to the local lengths

of OY at the local rings of its support. The geometric self-intersection of Cv,i

is equal to −[kv,i : kv]/rv,i. One has

ψ∗
1OX(1) = σ∗(OX(d))⊗OX1(−E1).

Proof. Since the ideal I is generated by two elements, the scheme X1 =
Proj(

⊕
In) is a closed subscheme of P1

X = Proj(OX [T0, T1]). The exceptional
fiber is then P1

Y . The surface X1 embeds as a local complete intersection in
the regular three-fold P1

X and hence is Cohen–Macaulay. The Cv,i are Weil
divisors that are Q-Cartier because E1 and the total fibers F ∗

v are Cartier
divisors and the Cv,i do not meet. Hence the intersection theory with the
Cv,i is as described in the Appendix A. One sees that the Wv are also Q-
Cartier since the total fiber of v is Cartier and the Cv,i are Q-Cartier. One
has OX1(−E1)|E1 = ⊕i,vOP1

Yi,v
(1). Hence

((−rv,iCv,i).(rv,iCv,i)) = deg(OP1
Yi,v

(1)) = [kv,i,k : kv]rv,i.

This gives the value asserted for the self intersection of the components Cv,i.
The formula for ψ∗

1OX(1) comes from the universal property characterizing
the projective line over X . �

Remark 4.4. This method of removing the indeterminacies of a map by blow-
ing up is standard (see Hartshorne [13, p. 168] for example).
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5 The integrals at finite places

Let v be a finite place of K. In this section we will:

(1) define the v-adic integral and show that it exists,
(2) show that the v-adic integral does not depend on our choice of polynomials

P and Q defining a model for ϕ over OK ,
(3) relate the v-adic integral to the geometry of the blow-up maps associated

to the ϕk, and
(4) explain why it makes sense to think of this integral at the finite place v

as a v-adic analogue of an integral at an archimedean place.

We begin by developing some terminology. Let ϕ : P1
K −→ P1

K be a rational
map with a fixed point at ∞. We let OK denote the ring of integers of a
number field K. Let

ϕ([T0 : T1]) = [P (T0, T1) : Q(T0, T1)],

where P and Q are homogeneous polynomials of degree d in OK [T0, T1], be
a model for ϕ over OK , in the terminology of Section 4. Letting P1 = P and
Q1 = Q, and recursively defining Pk+1 = P (Pk, Qk) and Qk+1 = Q(Pk, Qk),
we obtain models

ϕk([T0 : T1]) = [Pk(T0, T1) : Qk(T0, T1)]

for iterates ϕk of ϕ. Recall that T1 must be a factor of eachQk since∞ = [1 : 0]
is a fixed point of ϕk.

Throughout this section, v will denote a finite valuation on K that has
been extended to the algebraic closure K of K. We let Ov denote the set of
all z ∈ K for which v(z) ≥ 0.

For (a, b) ∈ K2
� (0, 0), we define

Sv,k(Pk(a, b),Qk(a, b))

:= <(v(Pk(a, b)), v(Qk(a, b)))− <(v(adk

), v(bd
k

)).
(1)

Note that Sv,k(Pk(a, b), Qk(a, b)) is a finite number, since Pk and Qk have no
common factor, and that

Sv,k(Pk(a, b), Qk(a, b)) = Sv,k(Pk(za, zb), Qk(za, zb)) (2)

for any nonzero z ∈ K. It follows that Sv,k(Pk(a, b), Qk(a, b)) is non-negative,
since we may thus assume that <(v(a), v(b)) = 0. We also define

Rv(Pk, Qk) := sup
(a,b)∈K

2
�(0,0)

(Sv,k(Pk(a, b), Qk(a, b))).

To see that Rv(Pk, Qk) exists and is finite, we apply the Euclidean algo-
rithm to Pk(T0, 1) and Qk(T0, 1) to obtain
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x0(T0)Pk(T0, 1) + y0(T0)Qk(T0, 1) = m0

with x0, y0 ∈ Ov[T0] and nonzero m0 ∈ Ov. Then, for any (a, b) ∈ K2
� (0, 0)

with v(a) ≥ v(b), it follows that Sv,k(Pk(a, b), Qk(a, b)) ≤ v(m0). Similarly,
writing x1(T1)Pk(1, T1) + y1(T1)Qk(1, T1) = m1 we see that

Sv,k(Pk(a, b), Qk(a, b)) ≤ v(m1),

whenever v(b) ≥ v(a). Thus, for any (a, b) ∈ K2
� (0, 0), we have

Sv,k(Pk(a, b), Qk(a, b)) ≤ max(v(m0), v(m1)).

Note that
v(m0) ≤ v(Res(Pk(T0, 1), Qk(T0, 1))),

where Res(Pk(T0, 1), Qk(T0, 1)) is the resultant of Pk(T0, 1) and Qk(T0, 1) as
polynomials in T0 (see Brieskorn and Knörrer [5, p. 279, Proposition 4], for
example) and that v(m1) ≤ v(Res(Pk(1, T1), Qk(1, T1))). If Rv(Pk, Qk) > 0,
then Pk and Qk have a common root modulo the prime ideal corresponding
to v and thus our model for ϕk has bad reduction at v (see Section 4).

5.1 Existence of the v-adic integral

Let F ∈ K[t] be a nonconstant polynomial. Using the coordinates [T0 : T1]
and and letting t = T0/T1, we let [a1 : b1], . . . , [adegF : bdegF ] be the points in
P1(K) at which F vanishes.

Proposition 5.1. The sequence
(∑degF

�=1
Sv,k(Pk(a�,b�),Qk(a�,b�))

dk

)
k

is increas-

ing and is bounded by (degD)( 1
d−1 )Rv(P,Q).

This allows us to define the integrals at a finite place v as follows.

Definition 5.2. For a finite place v,∫
P1(Cv)

log |F |vdµv,ϕ := − lim
k→∞

degF∑
�=1

Sv,k(Pk(a�, b�), Qk(a�, b�))
dk

log N(v)

− v(F ) log N(v) + (degF )
v(Ad)
d− 1

log N(v),

(3)

where Sv,k is given by (1), P =
∑d

i=1 AiT
i
0T

d−i
1 , N(v) is the cardinality of the

residue field of K at v, and v(F ) is the v-adic valuation of the content of F ,
i.e., v(F ) = < i(v(mi)) when F =

∑degF
i=1 mit

i.

As stated, Definition 5.2 has no obvious relation to the geometry of the
map ϕk. Soon, we will see that ϕk gives rise to a blow-up Xk of P1

Ok
such

that:
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• the term −Sv,k(Pk(a, b), Qk(a, b)) comes from intersecting the horizontal
part of div(F ) with the exceptional divisor of Xk;

• the term −v(F ) log N(v) represents the contribution of the vertical part of
div(F ) to an intersection product;

• the term (degF ) v(Ad)
d−1 comes from intersecting the horizontal divisor cor-

responding to [1 : 0] with the exceptional divisor of Xk and letting k go to
infinity.

Call and Goldstine ([7, Theorem 3.1]) have shown that for any α ∈ K, we
have

lim
k→∞

log max(|Pk(α, 1)|v, |Qk(α, 1)|v)
dk

= λ̂[1:0],ϕ,Q(α, v),

where λ̂[1:0],ϕ,Q(·, v) is the canonical local height associated to [1 : 0], ϕ, and
Q at the place v. Thus, Definition 5.2 is closely related to the local canonical
height of the points at which F vanishes. In particular, we have∫

P1(Cv)

log |t− α|vdµv,ϕ = λ̂[1:0],ϕ,Q(α, v) +
v(Ad)
d− 1

log N(v).

Proposition 5.1 is a simple consequence of the following two lemmas.

Lemma 5.3. Let (a, b) ∈ K2
� (0, 0). For all integers k ≥ 1, we have

Sv,k(Pk+1(a, b), Qk+1(a, b)) = dSv,k(Pk(a, b), Qk(a, b))
+ Sv,k(P (Pk(a, b), Qk(a, b)), Q(Pk(a, b), Qk(a, b))).

Proof. By (2), we may assume that <(v(a), v(b)) = 0. Then

Sv,k(Pk+1(a, b), Qk+1(a, b))
= <(v(P (Pk(a, b), Qk(a, b))), v(Q(Pk(a, b), Qk(a, b))))

= <(v(Pk(a, b)d), v(Qk(a, b)d))− <(v(Pk(a, b)d), v(Qk(a, b)d))
+ <(v(P (Pk(a, b), Qk(a, b))), v(Q(Pk(a, b), Qk(a, b))))
= dSv,k(Pk(a, b), Qk(a, b))
+ Sv,k(P (Pk(a, b), Qk(a, b)), Q(Pk(a, b), Qk(a, b))).

�

Lemma 5.4. For all integers k ≥ 1, we have

Rv(Pk, Qk) ≤ Rv(P,Q)
( k∑

i=1

di−1
)
. (4)

Proof. We proceed by induction. The case k = 1 is obvious. Now, let a, b ∈
K

2
� (0, 0); we may assume by (2) that <(w(a), w(b)) = 1. If (4) holds for k,

then applying Lemma 5.3 to the case of k + 1 yields
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Sv,k(Pk+1(a, b), Qk+1(a, b)) ≤ dRv(Pk, Qk) +Rv(P,Q)

= dRv(P,Q)(
k∑

i=1

di−1) +Rv(P,Q) = Rv(P,Q)(
k+1∑
i=1

di−1).

�

Proof (of Proposition 5.1). It follows from Lemma 5.3 that the sequence is
increasing. By Lemma 5.4, we have

1
dk

(Rv(Pk, Qk)) ≤ 1
dk
Rv(P,Q)

(
k∑

i=1

di−1

)
= Rv(P,Q)

(
k∑

i=1

di−k−1

)

≤ Rv(P,Q)

( ∞∑
i=1

1
di

)
= Rv(P,Q)

(
1

d− 1

)
,

which is precisely the bound given in the statement of Proposition 5.1. �

5.2 Invariance of the v-adic integral under change of variables

The quantity
∫

P1(Cv)
log |F |vdµv,ϕ in Definition 5.2 involves P and Q. We can

show, however, that the definition depends only on our choice of the point
at infinity. Let τ be a change of variable of the form τ(T0) = mU0 + nU1,
τ(T1) = zU1 (so that τ fixes [1 : 0]). To get a model from this change of
variables, we let τ∗Q = zQ(τ(T0), U1) and let

τ∗P =
zP (τ(T0), U1)

m
− znQ(τ(T0), U1)

m
,

where z ∈ OK is chosen so that τ∗Q and τ∗P are both in OK [U0, U1]. Note
that P is written as it is since τ−1(T0) = U0/m − nU1/m. We define τ∗Pk

and τ∗Qk recursively as Pk and Qk. Write τ∗F (u) = F (τ(T0), U1)/Ud
1 where

u = U0/U1. Note that degτ∗F = degF .

Proposition 5.5. With τ as above, we have

lim
k→∞

degF∑
�=1

Sv,k(Pk(a�, b�), Qk(a�, b�))
dk

− (degF )
v(Ad)
d− 1

+ v(F )

= lim
k→∞

degF∑
�=1

Sv,k(τ∗Pk(a′�, b
′
�), τ

∗Qk(a′�, b
′
�))

dk
− (degF )

v(τ∗Ad)
d− 1

+ v(τ∗F ),

(5)

where τ∗Ad is the leading coefficient of τ∗P and τ(a�T0+b�T1) = a′�U0+b′�U1.
Thus, Definition 5.2 does not depend on our choice of P and Q.
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Proof. The proof is a simple computation. We compute

lim
k→∞

degF∑
�=1

Sv,k(Pk(a�, b�), Qk(a�, b�))
dk

= lim
k→∞

degF∑
�=1

Sv,k(τ∗Pk(a′�, b
′
�), τ

∗Qk(a′�, b
′
�))

dk

+
(degF )v(z)
d− 1

+
degF∑
�=1

<(v(a�), v(b�))−
degF∑
�=1

<(v(a′�), v(b
′
�)).

(6)

We also see that

v(τ∗Ad) = v(Ad) + v(z)− (d− 1)v(m). (7)

Now, we may choose our a� and b� so that F (t) =
∏degF

�=1 (b�t − a�). Then
τ∗F (u) =

∏degF
�=1 m(b′�u− a′�), so that

v(τ∗F ) = (degF )v(m) +
degF∑
�=1

<(v(a′�), v(b
′
�))

= v(F ) + (degF )v(m) +
degF∑
�=1

<(v(a′�), v(b
′
�))−

degF∑
�=1

<(v(a�), v(b�)).

(8)

Multiplying (7) by degF/(d − 1) and subtracting it from the sum of (6) and
(8) gives (5). �

5.3 Geometry of v-adic integrals

Let D be a horizontal divisor on X with support away from [1 : 0]. Let
[a1 : b1], . . . , [adegD : bdegD] denote the points in X(K) corresponding to D.

Let F be a polynomial in the inhomogeneous variable t = T0/T1 obtained
by taking a global section of OP1(n) corresponding to D on the generic fiber
(which will be a homogeneous polynomial of degree n) and dividing through
by T n

1 . When D corresponds to a point α ∈ X(K), we will call such F a
minimal polynomial for α over K.

Let σk : Xk −→ X be the blow-up map associated to our model (Pk, Qk)
of ϕk described in Section 4. We will relate the v-adic integral of F with the
geometry of σ∗kD for D the horizontal divisor on X corresponding to F . We
write

σ∗kD = Dk +
∑

v

∑
i

xv,i,kCv,i,k,

where Cv,i,k are components of the exceptional fiber of σk and Dk is the
horizontal divisor corresponding to D on Xk. We let kv,i,k denote the field of
definition of the closed point on Xk corresponding to the component Cv,i,k .

We begin by treating the case where D corresponds to a single point
defined overK. Let v(PK) and v(Qk) be the minimum of the v-adic valuations
of the coefficients of PK and Qk respectively.
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Lemma 5.6. If D corresponds to a point [a : b] ∈ P1(K), then, for any nonar-
chimedean v, we have∑

i

xv,i,k = Sv,k(Pk(a, b), Qk(a, b))− <(v(Pk), v(Qk)).

Proof. We will work locally at a single nonarchimedean place v. Let σOv ,k :(
Xk

)
Ov

−→ XOv denote σk with its base extended to SpecOv. Since D cor-
responds to a single rational point, there is at most one nonzero xv,i,k for
a fixed v and k. Thus, letting Dv be the localization of D at v, we have
σ∗Ov ,k(Dv) = Dv,k + fv,kCv,k for some horizontal divisor Dv,k, some non-
negative integer fv,k, and some component Cv,k of the exceptional fiber of
σOv ,k.

We may assume that <(v(a), v(b)) = 0. Let I denote the ideal sheaf of
Dv in XOv ; then σ∗Ov ,kI will be the ideal sheaf for a subscheme of

(
Xk

)
Ov

corresponding to Dv,k + fv,kCv,k. Note that σ∗Ov,k(I⊗OX(1)) is generated by
(bT0− aT1). Let U be an open subset of Xk,Ov containing Supp(Dv,k +Cv,k).
We may choose U to be the chart of

(
Xk

)
Ov

on which Tj doesn’t vanish,
where j = 0 if v(a) = 0 and j = 1 otherwise. Let i be the choice of {0, 1}
that is not equal to j. Let π be a generator for the maximal ideal in Ov,
let κ = <(v(Pk), v(Qk)), and let Gk = Pk/π

κ and Hk = Qk/π
κ. Then U is

isomorphic to

Proj

(
(Ov[Ti/Tj]) [t, u]/(t

Gk(T0, T1)
T dk

j

− uHk(T0, T1)
T dk

j

)

)
.

Since Ov[Ti/Tj]/(b (T0/Tj) − a (T1/Tj)) ∼= Ov, the subscheme of
(
Xk

)
Ov

de-
termined by the vanishing of σ∗Ov,kI will be isomorphic to

Proj(Ov[t, u]/(tPk(a, b)− uQk(a, b))) ∼= Proj(Ov[t, u]/(πr(�t−mu)))
∼= Proj((Ov/π

r)[t, u]) ∪ Spec(Ov),

where r = Sv,k(Pk(a, b), Qk(a, b)) − κ, Gk(a, b) = �πr, and Hk(a, b) = mπr.
Since the divisor corresponding to σ∗Ov,kI is Dv,k + fv,kCv,i,k where Dv,k is
horizontal and Cv,i,k is reduced, this means that we must have

Sv,k(Pk(a, b), Qk(a, b))− <(v(Pk), v(Q(Pk))) = r = fv,k =
∑

i

xv,i,k,

as desired. �

Since blowing up commutes with base extension from OK to the ring
of integers in a number field over which D splits into points, Lemma 5.6
generalizes easily to the following lemma.
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Lemma 5.7. We have∑
i

xv,i,k [kv,i,k : k] =

degF∑
�=1

Sv,k(Pk(a�, b�), Qk(a�, b�))− (degF )(<(v(Pk, Qk))).

Now we show how to control the contribution of <(v(Pk), v(Qk)).

Lemma 5.8. The limit limk→∞
< (v(Pk),v(Qk))

dk exists.

Proof. We will show that the sequence
(< (v(Pk),v(Qk))

dk

)
is bounded and in-

creasing. Since <(v(Pk), v(Qk)) ≤ Rv(Pk, Qk), boundedness follows immedi-
ately from Lemma 5.4. Now, for any k ≥ 1, we have

<(v(Pk+1), v(Qk+1)) ≥ d<(v(Pk), v(Qk)))

since Pk+1 = P (Pk, Qk) and Qk+1 = Q(Pk, Qk) so the sequence is increasing.
�

Let∞ denote the horizontal divisor onX corresponding to the point [1 : 0]
and ∞k the horizontal divisor on Xk corresponding to this point.

Lemma 5.9. We have yv,i,k = v(Pk(1, 0))− <(v(Pk), v(Qk)), where

σ∗k∞ = ∞k +
∑

v

∑
i

yv,i,kCv,i,k.

Thus,

lim
k→∞

yv,i,k

dk
=
v(Ad)
d− 1

− lim
k→∞

<(v(Pk), v(Qk))
dk

.

Proof. Since T1 is a factor of Q, it is also a factor of Qk for every k. Thus,
for each k we have Sv,k(Pk(1, 0), Qk(1, 0)) = v(Pk(1, 0)), so by Lemma 5.6,
we have yv,i,k = v(Pk(1, 0))−<(v(Pk), v(Qk)). Since P (1, 0) = Ad and for all
k ≥ 1 we have

Pk+1(1, 0) = P (Pk(1, 0), 0) = AdPk(1, 0)d.

As in the proof of Lemma 5.4, it follows that

lim
k→∞

v(Pk(1, 0))
dk

= v(Ad)

( ∞∑
i=1

1
di

)
=
v(Ad)
d− 1

.

�
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The following is now an immediate consequence of Definition 5.2 and Lem-
mas 5.7, 5.8, and 5.9.

Proposition 5.10. With notation as above, we have∫
P1(Cv)

log |F |vdµv,ϕ =− lim
k→∞

xv,i,k [kv,i,k : kv]
dk

log N(v)

+ (degF ) lim
k→∞

yv,i,k

dk
log N(v) − v(F ) log N(v).

(9)

5.4 A remark on the use of integral notation at finite places

We now explain our interpretation of
∫

P1(Cv)
log |F |v dµv,ϕ as an integral,

when v is finite. H. Brolin [6] and M. Lyubich [16] have shown that if v is
an infinite place and θ is a continuous, bounded function on P1(Cv), then for
any ξ ∈ C with an infinite backward orbit under ϕ (i. e., for which the set
∪∞

k=1(ϕ
k)−1(ξ) is infinite), one has

lim
k→∞

∑
ϕ(z)=ξ

θ(z)
dk

=
∫

P1(Cv)

θ dµv,ϕ,

where dµv,ϕ is the unique ϕ-invariant measure supported on the Julia set of
ϕ (see [11]) on P1 (coinciding with dµv,ϕ, as shown in Proposition 7.2).

Our v-adic integrals can be written in a similar way. For example, suppose
D is an irreducible divisor corresponding to a single point [a : b] such that
Pk(a, b) 	= 0. Then the polynomial F (t) = bt − a defines D. Writing Pk =
ηk

∏dk

j=1(T0 − ujT1), we have

Pk(a, b) = ηk

dk∏
j=1

(b− uja) = ηk

dk∏
j=1

F (uj).

Since ϕk(z) = 0 if and only if [z : 1] ∼ [uj : 1] for some j, we have

log |Pk(a, b)|v
dk

=
log |ηk|v
dk

+
∑

ϕk(z)=0

log |F (z)|v
dk

,

where the z with ϕk(z) = 0 are counted with multiplicities. Similarly, when
Q is not a multiple of Xd

1 , we have

log |Qk(a, b)|v
dk

=
log |γk|v
dk

+
∑

ϕk(z)=∞

log |F (z)|v
dk

,

where γk is the leading coefficient of Qk(T0, 1). Taking limits and subtracting
off log |Ad|v

d−1 , we see that
∫

P1(Cv) log |F |vdµv,ϕ is equal to
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lim
k→∞

max

⎛⎝ ∑
ϕk(z)=0

log |F (z)|v
dk

,
∑

ϕk(z)=∞

log |F (z)|v
dk

⎞⎠ .
With a bit of diophantine geometry, we can show that for any point ξ ∈ Cv

that has an infinite backwards orbit under ϕ, we have∫
P1(Cv)

log |F |vdµv,ϕ = lim
k→∞

∑
ϕk(z)=ξ
F (z) 
=0

log |F (z)|v
dk

.

We will prove this in a future paper [27]. Thus, our v-adic integrals at finite
places seem quite analogous to integrals at the infinite places. However, we
do not know what classes of functions can be expected to be “integrable” in
this way at finite places.

6 The Mahler formula for dynamical systems

The formula of Mahler for the naive height of a closed point α 	= ∞,

deg(F )h(α) =
∫ 1

0

log |F (exp(2iπθ))|dθ,

where F is the minimal equation for the algebraic point α of the projective
line over Q will be generalized to a dynamical system ϕ and its canonical
height. The original Mahler formula is associated to the dynamics of the map
ϕ(t) = t2.

In general, the formula involves some adelic terms with support at places
of bad reduction. Recall our definition of dµv,ϕ for v an infinite place from
Section 2 and our definition of

∫
P1(Cv)

log |F |vdµv,ϕ for v a finite place from
Section 5. We prove Theorem 6.1 using integral models for each iterate of ϕ.
It may be possible to give an independent proof using adelic metrics. Recall
our definition of dµv,ϕ for v an infinite place from Section 2 and our definition
of
∫

P1(Cv)
log |F |vdµv,ϕ for v a finite place from Section 5. Our main theorem

is the following:

Theorem 6.1. Let K be a number field, ϕ a rational map from P1
K to P1

K .
Suppose ϕ has a K-rational fixed point and that coordinates have been chosen
so that this point has coordinates [1 : 0]. For infinite v, (resp. finite v), let
dµv,ϕ for v be defined as in Proposition 2.3 (resp. Definition 5.2). Then, given
any point α ∈ P1(K̄) with α 	= ∞ and any minimal polynomial F for α over
K one has

[K(α) : Q]hϕ(α) =
∑

places v of K

∫
P1(Cv)

log |F |vdµv,ϕ. (10)
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For finite v, we have
∫

P1(Cv)
log |F |vdµv,ϕ = 0 unless ϕ has bad reduction at

v or all the coefficients of F have nonzero v-adic valuation. In particular,∫
P1(Cv) log |F |vdµv,ϕ = 0 for all but finitely many v.

Proof. We will compute all heights using the Arakelov intersection product
between Weil divisors and metrized line bundles (defined in Appendices A
and B).

We can think of F as a rational function on X ; we will then have

div(F ) = D − (degF )∞+
∑

finitev

v(F )Xv,

where D is the horizontal divisor on X corresponding to α and Xv the fiber
of X at v. We let Fk = σ∗kF and let Xk,v = σ∗kXv denote the fiber of Xk at
the finite place v. Let Dk be the horizontal divisor on Xk corresponding to D
and let ∞k be the horizontal divisor on Xk corresponding to ∞. We have

div(Fk) = Dk +
∑

finite v

∑
i

xv,i,kCv,i,k − (degF )∞k

− (degF )
∑

finite v

∑
i

yv,i,kCv,i,k +
∑

finite v

v(F )Xk,v ,

where σ∗kD = Dk +
∑

v

∑
i xv,i,kCv,i,k and σ∗k∞ = ∞k +

∑
v

∑
i yv,i,kCv,i,k ,

as in Section 5.
We let L be the line bundle OX(1). At each infinite place v, let ‖ · ‖v be

the metric on L such that for any section s = u0T0 + u1T1, of OP1(1), we
have ‖s([T0 : T1])‖v =

(|u0T0 + u1T1|2v/(|T0|2v + |T1|2v)
)[Kv:R]/2

. This metric is
smooth and semipositive (see [31, Section 6]). We denote as hL the height func-
tion given by [K(α) : Q]hL(α) = (Eα.L)Ar, where Eα is the horizontal divisor
on X corresponding to α. Note that hL([1 : 0]) = 0. We denote as Lk the line
bundle ϕ∗

kL endowed with the metric ϕ∗
k‖ · ‖v. Then 1

(degϕ)k
−1
2πidd logϕ∗

k‖ · ‖v

converges to a distribution dµv,ϕ as k →∞ by Proposition 2.3.
Let α ∈ X(K) be a point on the generic fiber corresponding to D and d the

degree of ϕ. By the definition of Lk, we have (Dk.Lk)Ar = (degF )hL(ϕk(α))
and (∞k.Lk)Ar = 0. Using Proposition B.3 and the fact that (Cv,i,k.Lk) =
[kv,i,k : kv] (by Proposition 4.3) and (Xk,v.Lk) = 0 (by Proposition A.8), we
thus obtain
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dk
∑
v|∞

∫
X(Cv)

log |F |vdµv,k = (divFk.Lk)Ar

=− ((degF )∞k.Lk)Ar + (Dk.Lk)Ar +
∑

finite v

(xv,i,kCv,i,k.Lk) log N(v)

+
∑

finitev

v(F )(Xk,v.Lk) log N(v)− (degF )
∑

finite v

(yv,i,kCv,i,k.Lk) log N(v)

=[K(α) : Q]hL(ϕk(α)) +
∑

finite v

xv,i,k[kv,i,k : kv] log N(v)

+ dk
∑

finitev

v(F ) log N(v) − (degF )
∑

finite v

yv,i,k[kv,i,k : kv] log N(v).

Now, we divide through by dk and take limits. Since

lim
k→∞

∑
v|∞

∫
X(Cv)

log |F |vdµv,k =
∑
v|∞

∫
X(Cv)

log |F |vdµv,ϕ

and limk→∞ hL(ϕk(α))/dk = hϕ(α), applying Proposition 5.10 yields

[K(α) : Q]hϕ(α) =
∑
v|∞

∫
X(Cv)

log |F |vdµv,ϕ −
∑

finite v

v(F ) log N(v)

− lim
k→∞

1
dk

∑
finite v

xv,i,k[kv,i,k : kv] log N(v) + (degF ) lim
k→∞

yv,i,k

dk
log N(v)

=
∑
v|∞

∫
P1(Cv)

log |F |vdµv,ϕ +
∑

finite v

∫
P1(Cv)

log |F |vdµv,ϕ.

It follows from Definition 5.2 that if v is finite, then
∫

P1(Cv)
log |F |vdµv,ϕ = 0

unless ϕ has bad reduction at v or all coefficients of F have nonzero v-adic
valuation. �

Remark 6.2. Letting ϕ = P/Q be a model for ϕ and applying Proposi-
tion 5.1, we have the bound

−(degF )
( ∑

finite v

Rv(P,Q) log N(v)
d− 1

)
−
∑

finite v

v(F ) log N(v)

≤
∑

finitev

∫
P1(Cv)

log |F |vdµv,ϕ

≤ (degF )
∑

finitev

v(Ad)
d− 1

log N(v) −
∑

finite v

v(F ) log N(v),

where Ad is the coefficient of the T d
0 term of P , v(F ) is the minimum of the

v-adic valuations of the coefficients of F , and Rv(P,Q) is the supremum of
<(v(P (a, b)), v(Q(a, b))) over all v-adic integers a and b in OK with (a, b) 	=
(0, 0).
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Corollary 6.3. Suppose that ϕ can be written as [P : Q] where P (T0, 1) is
monic in T0 and that α has a minimal polynomial F over K with coprime
coefficients in OK (as is always the case when K = Q, for example). Then

[K(α) : Q]hϕ(α) ≤
∑
v|∞

∫
X(C)

log |F |vdµv,ϕ, (11)

with equality if ϕ has good reduction everywhere.

Proof. Since Rv(a, b) ≥ 0 for any a, b ∈ K, as we noted in Section 5, we see
that ∫

P1(Cv)

log |F |vdµv,ϕ ≤ 0

for any finite v when F has coprime coefficients in OK and P is monic. The
corollary then follows immediately from Theorem 6.1. �

Example 6.4. In general, one cannot expect equality in (11). Suppose that
P (T0, 1) is monic, as in Corollary 6.3. Suppose furthermore that α ∈ K has a
minimal polynomial F with coprime coefficients in OK and that Q(α, 1) = 0.
Then, we have

∫
X(C)

log |F |vdµv,ϕ = − v(P (α,1))
d log N(v) for any finite place v.

Thus, if v(P (α, 1)) > 0 for some finite place v, then inequality (11) is strict.

Example 6.5. Let E be an elliptic curve with Weierstrass equation y2 =
G(t). As in Example 2 of Section 3, multiplication by 2 on E gives rise to the
rational map

ϕ(t) =
G′2(t)− 8tG(t)

4G(t)

on P1. Suppose that G(t) = (t− a)(t− b)(t− c), for a, b, c ∈ Q. Since a, b, and
c are preperiodic points of ϕ, it follows from Theorem 6.1 that∑

places v of Q

∫
P1(Cv)

log |G|vdµv,ϕ = hϕ(a) + hϕ(b) + hϕ(c) = 0. (12)

Computing as in Example 6.4 and using the product formula, we obtain∑
finite v

∫
P1(Cv)

log |G|vdµv,ϕ =
∑

finite v

−2 v(G′(a)G′(b)G′(c))
4

log N(v)

=
− log (|G′(a)||G′(b)||G′(c)|)

2
,

(13)

where | · | denotes the archimedean absolute value on Q. It is well-known that
|G′(a)||G′(b)||G′(c)| is equal to the absolute value of the discriminant Disc(G)
of G (see [15, Proposition 4.8.5]). Thus, combining equations (12) and (13)
yields ∫

P1(C)

log |G|dµ∞,ϕ =
log |Disc(G)|

2
,

where ∞ is the archimedean place on Q.
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7 Equidistribution and Julia sets

Let v be an archimedean place. As we have defined it, dµv,ϕ is only a dis-
tribution; that is to say, the integral

∫
P1(C)

f dµv,ϕ is only defined for smooth
functions f . We will now show that dµv,ϕ extends to a linear functional on the
space of continuous functions on P1(C) and that this linear functional is the
unique ϕ-invariant probability measure on P1(C) with support on the Julia
set of ϕ.

Let ‖ · ‖v be a metric on OP1(1). Recall the definitions of ‖ · ‖v,k and dµv,k

from Proposition 2.3.
Following M. Lyubich [16], we define A to be the operator on the space of

continuous functions of P1(C) which sends a continuous function f on P1(C)
to

(Af)(z) :=
1
d

∑
ϕ(w)=z

ewf(w),

where z ∈ P1(C) and ew is the ramification index of ϕ at w.

Lemma 7.1. Let U be an open set in P1(C). Then for any continuous function
f on P1(C), we have ∫

ϕ−1(U)

f dµv,k+1 =
∫

U

Af dµv,k (14)

for any k ≥ 1.

Proof. Since the set of ramification points of ϕ is finite, it suffices to show that
(14) holds when U contains no ramification points; since any open subset can
be written as a union of simply connected open subsets, we may further assume
that U is simply connected. We may then decompose ϕ−1(U) into d branches
Vλ, 1 ≤ λ ≤ d such that ϕ is bijective on each Vλ with analytic inverse ϕ−1

λ .
Choose a section s of OP1(1) that does not vanish on U or ϕ−1(U). Let

ρ = log ‖s‖v,k

2πi . Then, on U , we have ddρ = dµv,k and on Vλ, we have dd(ρ◦ϕ) =
(degϕ)(dµk+1,v). By change of variables, we then have∫

Vλ

f dµv,k+1 =
1
d

∫
Vλ

f(z) dd(ρ(ϕ(z)))

=
1
d

∫
U

f(ϕ−1
λ (u)) dd(ρ(u))

=
1
d

∫
U

f ◦ ϕ−1
λ dµv,k.

Since (Af)(u) = 1
d

∑d
λ=1 f ◦ ϕ−1

λ (u), we thus obtain
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ϕ−1(U)

f dµv,k+1 =
d∑

λ=1

∫
Vλ

f dµv,k+1 =
1
d

d∑
λ=1

∫
U

f ◦ ϕ−1
λ dµv,k

=
∫

U

1
d

d∑
λ=1

f ◦ ϕ−1
λ dµv,k =

∫
U

Af dµv,k.

�

An exceptional point ξ for ϕ is a point such that ϕ2(ξ) = ξ and ϕ2 ramifies
completely at ξ. An exceptional point ξ is a super-attracting fixed point for
ϕ2 (see A. F. Beardon [4, 6.3]).

Proposition 7.2. The measures dµv,k converge to a measure dµv,ϕ that is
supported on the Julia set. Furthermore, dµv,ϕ is the unique probability mea-
sure supported on the Julia set with the property that∫

ϕ(U)

dµv,ϕ =
∫

U

dµv,ϕ

for any open subset U ⊂ P1(C) such that ϕ is injective on U .

Proof. Let f be a continuous function on P1(C) and let ε > 0. We may choose
an open set Uε containing the exceptional points of ϕ for which∫

Uε

dµv,1 ≤ ε/2 sup
z∈P1(C)

(|f(z)|v).

Such a set exists since dµv,1 is a continuous form. Let Wε = P1(C) � Uε.
By Theorem 1 of [16], there is a constant Cf such that (Akf)(w) converges
uniformly to Cf for w ∈Wε. Thus, there is some M such that for any k ≥M ,
we have

|(Akf)(w) − Cf |v < ε/2
for all w ∈ Wε. Using Lemma 7.1 and the fact that

∫
Wε
dµv,1 ≤ 1, we then

see that for all k ≥M we have∣∣∣∣∣
∫

P1(C)

f dµv,k − Cf

∣∣∣∣∣
v

=

∣∣∣∣∣
∫

P1(C)

(Akf) dµv,1 − Cf

∣∣∣∣∣
v

≤
∣∣∣∣∫

Wε

(Akf) dµv,1 − Cf

∣∣∣∣
v

+
∫

Uε

|Akf |v dµv,1

≤
∫

Wε

ε

2
dµv,1 +

∫
Uε

( sup
z∈P1(C)

(|f(z)|v)) dµv,1

≤ ε/2 + ε/2 = ε.

Thus, dµv,ϕ extends to a measure such that
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P1(C)

f dµv,ϕ = lim
k→∞

(Akf)(z),

where z is any point in V . Freire, Lopes, and Mañe [11] have shown that the
map sending a continuous function f to limk→∞(Akf)(z), where z is not an
exceptional point of ϕ, is the unique ϕ-invariant probability measure on P1(C)
that is supported on the Julia set of ϕ. �

P. Autissier [2, Proposition 4.7.1] has proved the following equidistribution
theorem.

Theorem 7.3. With the same hypothesis as Theorem 6.1, for any infinite v
and nonrepeating sequence of points (αn) in P1(K) with limn→∞ hϕ(αn) = 0,
the sequence 1

|Gal(αn)|
∑

σ∈Gal(αn)

δσ(αn) of discrete measures converges weakly to

dµϕ.

M. Baker and R. Rumely [3] have given a new proof of Theorem 7.3, using
capacity theory. Their proof also gives equidistribution results at finite places.

One might also ask whether the Mahler measure of this paper should also
be computable by equidistribution; more precisely, we conjecture:

Conjecture 7.4. With the same hypothesis as Theorem 7.3, for F the min-
imal equation of point α not in the Galois orbit of any αn and v an infinite
place of K, one has

lim
n→∞

1
|Gal(αn)|

∑
σ∈Gal(αn)

log |F (σ(αn))|v =
∫

X(Cv)

log |F |vdµv,ϕ.

We can prove Conjecture 7.4 in the case that the points α are periodic
points [27]. This generalizes earlier work on “elliptic Mahler measure” by
G. Everest and T. Ward in [10, Theorem 6.18].

A Schematic Intersection theory on a Cohen–Macaulay
surface

The blow-up surfaces constructed in Section 4 may not be regular. In this
appendix we justify our use of intersection theory on these surfaces. Intersec-
tion theory has been developed by many authors. This appendix uses material
from P. Deligne [9] and W. Fulton [12, Chapter 20].

For us a surface is a noetherian, irreducible, and reduced scheme X of
dimension 2. In this article, moreover, X will be Cohen–Macaulay and will
be equipped with a flat and often projective, generically smooth, structural
map f : X → Spec(B), where B is a Dedekind domain with field of fractions
K. Often K will be a number field or the field of fractions of a discrete
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valuation ring V . The geometric (or schematic) intersection numbers will be
rational numbers (the need for denominators for an intersection theory on a
singular scheme was noted previously in D. Mumford [22] and in C. Peskine
and L. Szpiro [23]).

Definition A.1. We define the schematic (or geometric) intersection num-
ber of a Cartier divisor D with a Weil cycle C when they have no common
components as

(D.C) = length(OD ⊗OC)− length(Tor1(OD,OC)).

Lemma A.2. If C is of codimension 2, then (D.C) = 0.

Proof. If f is locally the equation of D and I is the ideal of C in a local ring
A of X , one has an exact sequence

0 → Tor1(A/I,A/f) → A/I
f→ A/I → A/(I + (f)) → 0.

The lemma follows since the four modules in this sequence are of finite length.
�

Proposition A.3. (bilinearity and symmetry) The pairing (D.C) is bi-
linear and symmetric when both sides are Cartier divisors.

Proof. Symmetry follows immediately from Definition A.1 when C and D are
both Cartier divisors. To prove linearity, we note that if C is a Weil divisor,
it is a linear combination with integral coefficients of reduced and irreducible
Weil divisors Ci (the coefficient of Ci is equal to length((OC)℘i)). Since the
sheaf OD has Tor dimension 1, the pairing is linear on the right by devissage.
It suffices to show linearity on the left when C is reduced and irreducible.
This follows from the following simple lemma, the proof of which we leave to
the reader:

Lemma A.4. Let A be a commutative ring, I be an ideal in A, and f be
an element of A that is not a zero-divisor. Then one has the following exact
sequence:

0 → A/I → A/fI → A/fA→ 0.

�

If C′ is a Q-Cartier divisor, i.e., a Weil divisor with an integral multiple
nC′ which is Cartier, we will define

(C′.C) =
1
n

((nC ′).C).

In this article we use only intersections between two Q-Cartier divisors.
So, up to an integral multiple, the intersection number is locally a finite sum
of length(A/(f, g)), where A is a local ring of dimension 2 and depth 2 and
(f, g) is a regular sequence. The following propositions are classical:
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Proposition A.5. (linear equivalence) If C is a Cohen–Macaulay projec-
tive curve, then

(D.C) = degCOX(D)|C . (15)

Proof. Note that if C is a projective curve and L is a line bundle on X a
projective surface, one can then speak of (L.C), since L is the difference in
Pic(X) between two very ample line bundles each of them having sections with
no common components with C. Equation (15) then follows immediately from
the fact that any line bundle on a Cohen–Macaulay curve has a well-defined
degree. �

Corollary A.6. When C is a projective curve and D is a Q-Cartier divisor,
the intersection (D.C) is well-defined by bilinearity and linear equivalence even
when D and C have a common component.

Corollary A.7. Let F be a rational function on a reduced, irreducible surface
X that is projective and generically smooth over B. Then for any Weil divisor
C contained in a fiber over B, we have

(div(F ).C) = 0.

Proof. This is clear because the line bundle OX(div(F )) is isomorphic to OX

and C is a projective curve. �

Proposition A.8. (projection formula) Let ϕ : Y → X be a map between
surfaces X and Y that are projective over B. If L is a line bundle on X and
C a closed subscheme of Y , one has

(ϕ∗(L).C) = (L.ϕ∗(C)).

In particular if C is contracted by ϕ to a subscheme of X of codimension 2,
the intersection number (ϕ∗(L).C) is zero.

Proof. By additivity we can suppose C is a reduced irreducible curve in X .
There are two cases: ϕ∗(C) is of dimension 1 and ϕ∗(C) is of dimension zero.
In the first case C → ϕ∗(C) is finite and by Lemma A.4 we have

length(OC/(fOC)) = length(OX/(fOX)⊗OC)
= length(OY /(fOY )⊗OC).

In the second case L can be realized as the line bundle associated to the
difference of two very ample divisors onX each of them having no intersection
with ϕ∗(C). The reciprocal images of these divisors in Y do not meet C, so
both sides of the projection formula vanish as desired. �

The following proposition shows that intersection theory for Q-Cartier
divisors does not change when we pass to the normalization.
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Proposition A.9. (invariance under normalization) Let A be a Cohen–
Macaulay integral domain of dimension 2 and let Ã be its integral closure.
Suppose that Ã is a finitely generated A-module. Let (f, g) be a regular se-
quence in A. Then (f, g) is a regular sequence in Ã and

length(A/(f, g)) = length(Ã/(f, g)).

Proof. Note that Ã is finitely generated over A when we are in a geometric
or arithmetic situation. When (f, g) is a regular sequence in a module M the
only non-vanishing Tor is the tensor product M ⊗A/(f, g). One proves easily
by induction that the alternating sum

∑
i(−1)ilength(Tori(A/(f, g),M)) is

a non-negative additive function on the set of finitely generated A-modules.
This sum is equal to zero on modules of the form A/h or A/(h, k) for a
system of parameters (h, k) in A and thus is zero on A/℘ for any prime ideal
℘ containing h or (h, k) by devissage. Hence, it is equal to zero on any module
of dimension less than or equal to 1. Since the module Ã/A has dimension less
than or equal to 1 and (f, g) remains a regular sequence in Ã, the proposition
follows by additivity. �

The following proposition is proved in P. Deligne [9] with the additional as-
sumption that X is normal:

Proposition A.10. Let X be a generically smooth, reduced, irreducible and
locally Cohen–Macaulay surface. The geometric intersection product on a fiber
of X → Spec(B) when X is projective over B, is non-positive. Moreover, only
combinations of full fibers have zero self-intersection.

By Proposition A.9, the assumption that X is normal may be replaced
with the weaker assumption that X is Cohen–Macaulay.

Thus, Proposition A.10 applies to the surfaces used in this paper.

B Arakelov intersection with the divisor associated to a
rational function

Let X be as in Appendix A; in this section we specify that the Dedekind
domain B we work with is the ring of integers in a number field K. Let F
be a meromorphic function on X . We begin by working with “arithmetico-
geometric” intersections; that is to say, if we intersect a Cartier divisor D
and a Weil cycle C without common components, their arithmetico-geometric
intersection (D.C)fin is taken to be

(D.C)fin =
∑

finite places v of B

(Dv.Cv) log N(v),

where (·.·) is the intersection product from Appendix A, the Dv and Cv are
the pull-backs of D and C back to the fiber Xv, and N(v) is the cardinality of
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the residue field kv of our base ring B at v. These intersections (D.C)fin are
thus sums of the geometric intersections of Appendix A “weighted” by the
logarithm of the size of the residue fields kv.

In practice, we will be computing our intersections between rational func-
tions and reduced irreducible horizontal divisors Spec(R). Thus, for R an
order in a number field K and f a nonzero element of the field of fractions of
R, we define #(R/f) as follows: Let S denote the primes P in R for which
f ∈ RP and let T denote the primes Q in R for which f−1 ∈ RQ. We let

#(R/fR) =
∏

P∈S #(RP/fRP)∏
Q∈T #(RQ/f−1RQ)

.

Lemma B.1. Let Eβ be an irreducible horizontal divisor on X corresponding
to the Galois orbit of the point β ∈ X(Q̄). Then

(divF.Eβ)fin =
∑
v|∞

degβ∑
i=1

Nv log |F (β[i]
v )|v,

where β[i]
v are the conjugates of β in X(Cv), the primes v | ∞ are the set of

infinite places of K, each extended to an infinite place on the field of fractions
of R, and Nv is the local degree [Kv : R].

Proof. The divisor Eβ determines a closed immersion iβ : SpecR −→ X for an
order R, so F pulls back to an element i∗βF of the field of fractions of R. By our
definition of arithmetic intersection, we have (divF.Eβ)fin = log #(R/i∗βF ).
Since #(R/i∗βF ) = NormK/Q(i∗βF ) (see [25, Section III.4], for example), the
product formula over Q and the definition of the norm gives

log #(R/i∗βF )−
∑
v|∞

degβ∑
i=1

Nv log |F (β[i]
v )|v = 0.

�

Now, let L be a line bundle on X endowed with a smooth metric ‖ · ‖v

at each infinite place v of K. We will not require the metric on L to have
any special properties, since we will not need the sort of adjunction formula
that is used, for example, in P. Vojta [29] or S. Lang [14, Chapter IV]. Let
s be a section of L such that div(s) and div(F ) have no common horizontal
components. Let v be an infinite place of K and let Fv and sv denote the pull-
backs of F and s to XCv . We write div(Fv) =

∑
mαα and div(sv) =

∑
nββ

where all of the α and β are in X(Cv).

Proposition B.2. With notation as above, we have

1
2πi

∫
X(Cv)

log |F |v dd log ‖s‖v =
∑
α

mα log ‖s(α)‖v −
∑

β

Nvnβ log |F (β)|v.
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Proof. We follow the proof of S. Lang [14, Lemma 2.1.1, pp. 22–23]. Since
log |F |v is harmonic away from the support of div(Fv), we have dd log |F |v = 0
away from the points α such that mα 	= 0; thus

log |F |vdd log ‖s‖v = log |F |v dd log ‖s‖v − log ‖s‖vdd log |F |v
away from the α and β. Since dη ∧ dγ = dγ ∧ dη for any smooth functions η
and γ (see [14, p. 22]), we therefore have

log |F |vdd log ‖s‖v− log ‖s‖vdd log |F |v = d(log |F |vd‖s‖v− log ‖s‖vd log |F |v)

away from the α and β.
Let Y (a) be the complement of the circles C(α, a) and C(β, a) of radius a

around all of the α and β and let

ω = log |F |v d log ‖s‖v − log ‖s‖v d log |F |v.

By Stokes’ theorem,

∫
Y (a)

log |F |v dd‖s‖v = −
⎛⎝∑

α

∫
C(α,a)

ω +
∑

β

∫
C(β,a)

ω

⎞⎠ (16)

(the minus sign here comes from the fact that applying Stokes’ theorem to
the outside of a circle gives a negative orientation). For small a,∫

C(α,a)

log |F |vd log ‖s‖v = O(a log a),

so
lim
a→0

∫
C(α,a)

log |F |vd log ‖s‖v = 0.

Similarly,

lim
a→0

∫
C(β,a)

log ‖s‖v d log |F |v = 0.

Switching to polar coordinates r, θ we get

d log ‖s‖v = r
∂ log ‖s‖v

∂r
dθ.

Since
∂ log ‖s‖v

∂r
=

Nvnβ

r
+ C∞-function

for small r, we thus obtain

lim
a→0

∫
C(β,a)

log |F |v d log ‖s‖v = (2πi)Nvnβ log |F (β)|v.
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A similar calculation shows that

lim
a→0

∫
C(α,a)

log ‖s‖vd log |F |v = (2πi)mα log ‖s(α)‖v.

Taking the limit of (16) as a→ 0, thus gives

lim
a→0

1
2πi

∫
Y (a)

log |F |v dd log ‖s‖v

= −
⎛⎝∑

β

Nvnβ log |F (β)|v −
∑
α

mα log ‖s(β)‖v

⎞⎠ .
�

Now we define the Arakelov intersection (D.L)Ar of a metrized line bundle
L with a Weil divisor. We begin by defining the Arakelov degree degArM of
a metrized line bundle M over an order R as in J. Silverman [24]. A metrized
line bundle M over an order R is a free R-module of rank 1 with a nonzero
metric ‖ · ‖w on the completion Mw for each archimedean place w ∈ R∞ on
the field of fractions of R. As with our metrized line bundles on X , the metrics
at infinity are normalized so that they behave like | · |Nw where | · | is the usual
absolute value on C and Nw is the local degree of Rw over R. Let m 	= 0 be
an element of M ; then

degArM = log #(M/Rm)−
∑

w∈R∞

log ‖m‖w. (17)

Note that this definition does not depend on our choice of m by the product
formula.

If L is a metrized line bundle and Eβ is a horizontal divisor on X , then
L pulls back to a metrized line bundle i∗βL over the order R where Eβ is
iβ(Spec(R)) and we define

(Eβ .L)Ar = degAri
∗
βL.

If s is a section of L such that Supps doesn’t meet Eβ on the generic fiber,
this gives

(Eβ .L)Ar = log #(M/R(i∗βs))−
∑
v|∞

degβ∑
i=1

log ‖s(β[i]
v )‖v,

where β[i]
v are the conjugates of β in X(Cv).

If D is a reduced irreducible divisor contained in a finite fiber Xv, then we
define

(D.L)Ar = (D.L)fin = deg(L|D) log N(v).
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Write div(s) = Dver +Dhor where Dver is vertical and Dhor is horizontal.
For each Galois orbit of points β in X(Cv) as above, we pick a representative
β′. Then we can write Dhor =

∑
nβ′Eβ′ , where Eβ is an irreducible horizontal

divisor on X corresponding to the Galois orbit of the point β ′ ∈ X(Q̄) and
nβ′ = nβ for each β ∈ X(Cv) in the orbit of β′. Pick representatives α′ of each
Galois orbit of points α and write the horizontal part of div(F ) as

∑
mα′Eα′

where Eα′ is the irreducible horizontal divisor corresponding to the Galois
orbit of the point α′ ∈ X(Q̄).

We recall our definition of the curvature dµv of a smoothly metrized line
bundle L. If s is a section of L, then away from the support of s, we have
dµv = − 1

2πidd log ‖s‖v.

Proposition B.3. We have the formula

(div(F ).L)Ar =
∑
v|∞

∫
X(Cv)

log |F |vdµv.

Proof. Let s be a global meromorphic section of L. We have (div(F ).Dver) = 0
by Corollary A.7 (since each component of Dver is projective), so letting β[i]

v

denote the conjugates of β′ in X(Cv), we have

(div(F ).L)Ar = (div(F ).Eβ)fin −
∑
v|∞

∑
α′

degα′∑
i=1

mα′ log ‖s(α[i]
v )‖v

=
∑
v|∞

∑
β′

degβ′∑
i=1

Nvnβ′ log |F (β[i]
v )|v −

∑
v|∞

∑
α′

degα′∑
i=1

mα′ log ‖s(α[i]
v )‖v

by Lemma B.1. Applying Proposition B.2 at each v | ∞ and summing over v
gives

(divF.L)Ar = −
∑
v|∞

1
2πi

∫
X(Cv)

log |F |v dd log ‖s‖v

=
∑
v|∞

∫
X(Cv)

log |F |vdµv.

�
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Invent. Math. 127 (1997), p. 337–347.
29. P. Vojta – “A generalization of theorems of Faltings and Thue-Siegel-Roth-

Wirsing”, J. Amer. Math. Soc. 5 (1992), p. 763–804.
30. S. Zhang – “Positive line bundles on arithmetic surfaces”, Annals of Math 136

(1992), p. 569–587.



250 Jorge Pineiro, Lucien Szpiro, and Thomas J. Tucker

31. — , “Positive line bundles on arithmetic varieties”, J. Amer. Math. Soc. 8
(1995), p. 187–221.

32. — , “Small points and adelic metrics”, J. Algebraic Geometry 4 (1995), p. 281–
300.



A Combination of the Conjectures of
Mordell–Lang and André–Oort

Richard Pink

Dept. of Mathematics, ETH-Zentrum, CH-8092 Zürich, Switzerland
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Summary. We propose a conjecture combining the Mordell–Lang conjecture with
an important special case of the André–Oort conjecture, and explain how existing
results imply evidence for it.

1 Introduction

We begin with some remarks on the history of related conjectures; the reader
wishing to skip them may turn directly to Conjecture 1.6. Let us start (arbi-
trarily) with the following theorem.

Theorem 1.1 (Mordell–Weil). For any abelian variety A over a number
field K, the group of rational points A(K) is finitely generated.

This was proved in 1922 by Mordell [31] for elliptic curves over Q; the
general case was established by Weil [48] in 1928. Mordell also posed the
following statement as a question in the case K = Q:

Conjecture 1.2 (Mordell). For any irreducible smooth projective algebraic
curve Z of genus ≥ 2 over a number field K, the set of rational points Z(K)
is finite.

This conjecture was proved by Faltings [16], [17] in 1983. Later another
proof was found by Vojta [46], simplified by Faltings [18], and recast in almost
elementary terms by Bombieri [5]. For some accounts of these developments
see Hindry [21], Vojta [47], or Wüstholz [49].

The Mordell conjecture can be translated into a statement about abelian
varieties, as follows. If Z(K) is empty, we are done. Otherwise we can embed Z
into its Jacobian variety J , such that Z(K) = J(K)∩Z. By the Mordell–Weil
theorem J(K) is a finitely generated group. Thus with some generalization we
must prove that for any abelian varietyA over a field of characteristic zero, any
finitely generated subgroup Λ ⊂ A, and any irreducible curve Z ⊂ A of genus
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≥ 2, the intersection Z ∩ Λ is finite. Since this can be verified over the base
field C, the Mordell conjecture has thus been translated into a statement about
subvarieties of complex abelian varieties, involving only complex algebraic
and/or analytic geometry.

However, this point of view does not really help in proving the Mordell
conjecture. It merely hides the inherent arithmetic nature of the problem
that is introduced by the subgroup Λ. In fact, the only known proof of the
statement consists in deducing it from the Mordell conjecture.

Nevertheless, the idea to study intersections like Z∩Λ led to other fruitful
developments. Motivated by their attempts to prove the Mordell conjecture,
Manin and Mumford independently raised the following statement as a ques-
tion.

Conjecture 1.3 (Manin–Mumford). Let A be an abelian variety over C
and let Ator denote its subgroup of all torsion points. Let Z ⊂ A be an irre-
ducible closed algebraic subvariety such that Z ∩ Ator is Zariski dense in Z.
Then Z is a translate of an abelian subvariety of A by a torsion point.

This conjecture has been proved in several remarkably different ways. Af-
ter a partial result by Bogomolov [4], the first full proof was published in
1983 by Raynaud [36], [37]. A different proof for curves was given by Cole-
man [8]. In the meantime other full proofs were found by Hindry [20], by
Hrushovski [23], by Ullmo [44] and Zhang [52], and by Pink–Roessler [34],
see also Roessler [39]. Ullmo and Zhang actually prove a stronger statement
conjectured by Bogomolov, where the torsion points are replaced by all points
of sufficiently small Néron–Tate height.

Lang [24], [25] combined the preceding conjectures into a single one by
starting with a finitely generated subgroup Λ0 ⊂ A and considering its division
group

Λ :=
{
a ∈ A ∣∣ ∃n ∈ Z>0 : na ∈ Λ0

}
,

which contains both Λ0 and Ator.

Conjecture 1.4 (Mordell–Lang). Let A be an abelian variety over C and
Λ ⊂ A as above. Let Z ⊂ A be an irreducible closed algebraic subvariety such
that Z∩Λ is Zariski dense in Z. Then Z is a translate of an abelian subvariety
of A.

This conjecture, too, is now a theorem by the combination of work of
Faltings [18], [19], Raynaud [35], Vojta [46], and Hindry [21]. Detailed surveys
may be found in [12], [49], [47]; for a short historical overview see [22, pp.435–
439]. Moreover, McQuillan [26] established the natural generalization to semi-
abelian varieties.

Let us now turn to Shimura varieties. (The relevant notions and notation
will be reviewed in Sections 2 through 4.) The prototype for all Shimura va-
rieties is the Siegel moduli space of principally polarized abelian varieties of
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dimension g with a level structure. The points in this moduli space corre-
sponding to abelian varieties with complex multiplication are called special
points, and they play a particularly important role. A major reason for this is
the Shimura–Taniyama theorem [43], [9, Th. 4.19], which describes the action
of the Galois group on the torsion points of any CM abelian variety. This the-
orem, and its generalization by Milne–Shih [11] to Galois conjugates of CM
abelian varieties, determine the Galois action on special points fairly com-
pletely. The concept of special points and the results concerning the Galois
action on them have also been generalized to arbitrary Shimura varieties: see
Deligne [10] and Milne [27], [28].

Aside from this explicit connection between the special points on Shimura
varieties and the torsion points on abelian varieties, there are several other
formal analogies. For one thing, both kinds of points are those for which
certain associated Galois representations have particularly small images. For
another, they are invariant under an inherent additional structure, in that the
torsion points on an abelian variety form a subgroup, and the set of special
points on a Shimura variety is invariant under all Hecke operators. Also, both
form dense subsets in the analytic topology.

This strong connection was one motivation for André [1, p.215, Problem 1]
and Oort [32] around 1990 to independently pose an analogue of the Manin–
Mumford conjecture, whose combination is nowadays phrased as follows. Oort
[32] was motivated in part by a question of Coleman concerning the number
of special points in the Torelli locus. There are also interesting connections
with complex analytic and p-adic linearity properties of Shimura subvarieties:
see Moonen [29, IV.1.2] and especially [30, § 6].

An irreducible component of a Shimura subvariety of a Shimura variety S,
or of its image under a Hecke operator, is called a special subvariety of S.
Moonen, Edixhoven, and Yafaev call these ‘subvarieties of Hodge type’, due
to their description as connected components of loci of Hodge classes.

Conjecture 1.5 (André–Oort). Let S be a Shimura variety over C, and let
Λ ⊂ S denote the set of all its special points. Let Z ⊂ S be an irreducible
closed algebraic subvariety such that Z ∩ Λ is Zariski dense in Z. Then Z is
a special subvariety of S.

This conjecture remains open, although it has been established in special
cases or under additional assumptions by Moonen [29], André [2], Edixhoven
[13], [14], Edixhoven–Yafaev [15], and Yafaev [51], [50]. In particular it has
been proved by Edixhoven–Yafaev [15] when Z is a curve and Λ is replaced
by the set of special points in a single generalized Hecke orbit.

The Manin–Mumford and André–Oort conjectures are not only related by
analogy, but the obvious generalization of the latter to mixed Shimura varieties
includes the former for CM abelian varieties. Namely, let A → S denote the
universal family of abelian varieties over some Siegel moduli space. Then A is
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a mixed Shimura variety in the sense of [33], and the special points in A are
precisely the torsion points in the fibers As over all special points s ∈ S. On
the other hand an irreducible subvariety Z ⊂ As is an irreducible component
of a mixed Shimura subvariety of A if and only if Z is a translate of an abelian
subvariety of As by a torsion point. Thus the Manin–Mumford conjecture for
the CM abelian variety As becomes a special case of the generalization of the
André–Oort conjecture to A.

Building on this observation, André [3, Lect. III] suggested a ‘generalized
André–Oort conjecture’, which for mixed Shimura varieties becomes the di-
rect generalization of the André–Oort conjecture, but which also contains the
Manin–Mumford conjecture for arbitrary abelian varieties.

The aim of this article is to generalize the correspondence just explained
in another direction and to propose a conjecture about subvarieties of mixed
Shimura varieties which contains not only the general Manin–Mumford con-
jecture, but also the general Mordell–Lang conjecture, as well as an important
special case of the André–Oort conjecture. The key observation is that in the
above situation, the special points in As are all contained in a single Hecke
orbit. Already in 1989 André [1, p.216, Problem 3] had posed a problem about
subvarieties containing a dense subset of points from a Hecke orbit, and the
conjecture below can be viewed as an attempt to give a precise answer to
André’s question. For this, the notion of special subvarieties must be general-
ized as follows.

Consider Shimura morphisms of mixed Shimura varieties T ′ [ϕ]←− T [i]−→ S
and a point t′ ∈ T ′. An irreducible component of [i]

(
[ϕ]−1(t′)

)
, or of its

image under a Hecke operator, is called a weakly special subvariety of S. The
proposed conjecture is this:

Conjecture 1.6. Let S be a mixed Shimura variety over C and Λ ⊂ S the
generalized Hecke orbit of a point s ∈ S. Let Z ⊂ S be an irreducible closed
algebraic subvariety such that Z∩Λ is Zariski dense in Z. Then Z is a weakly
special subvariety of S.

The notions of mixed Shimura varieties, Shimura morphisms, and general-
ized Hecke orbits are explained in Sections 2 and 3. Special and weakly special
subvarieties are studied in Section 4, and their relation with special points in
Section 4. The interplay between Hodge and Galois theoretic properties of
points is discussed in Section 6. On this basis we give three different kinds of
evidence for the conjecture by relating it to known results:

• In Section 4 we show that, for a pure Shimura variety and the generalized
Hecke orbit of a special point, the conjecture becomes a particular case of
the André–Oort conjecture. If in addition Z is a curve, it is thus proved
by Edixhoven and Yafaev [15].

• In Section 5 we show that for subvarieties of an abelian variety which is
the fiber of a Shimura morphism to a pure Shimura variety, the conjecture
is equivalent to the Mordell–Lang conjecture, which is also known.
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• In Section 7 we deduce the conjecture for the Siegel moduli space and
the generalized Hecke orbit of a Galois generic point from equidistribution
results of Clozel, Oh, and Ullmo [6], [7].

In each case the reduction is relatively simple, in spite of the notational com-
plexity. All the hard work is done in the cited literature. One may hope to
prove the conjecture eventually by a combination of the individual approaches.

Finally, I am not sure how to generalize Conjecture 1.6 reasonably to
include the full André–Oort conjecture.

The idea for this article arose in December 2003 at the workshop on “Spe-
cial Points in Shimura Varieties” at the Lorentz Center in Leiden. It is my plea-
sure to thank the organizers for their invitation, and Y. André, D. Bertrand,
L. Clozel, B. Edixhoven, B. Moonen, F. Oort, E. Ullmo, J. Wildeshaus, and
A. Yafaev for interesting conversations and suggestions. I would also like to
thank Y. Tschinkel for the invitation to the conference on “Diophantine Ge-
ometry” in Göttingen in June 2004, and G. Faltings, G. Harder, and N. Katz
for the invitation to the conference on “Arithmetic Algebraic Geometry” in
Oberwolfach in August 2004, and the opportunity to present a part of this
work there.

2 Connected mixed Shimura varieties

In this section we review the necessary facts about mixed Shimura varieties
over the complex numbers. In order to simplify the definitions and to avoid the
language of adèles we restrict ourselves to connected mixed Shimura varieties,
which are simply the connected components of usual mixed Shimura varieties.
For the basic theory of pure Shimura varieties see Deligne [9], [10], for mixed
Shimura varieties see Milne [28] or Pink [33].

First we recall some facts about mixed Hodge structures. Consider the real
torus S := RC/RGm,C defined by Weil restriction. By construction it comes
with a natural isomorphism S(R) ∼= C∗. For any linear representation of S
on a complex vector space VC and any pair of integers (p, q) we let V p,q be
the subspace of VC on which z ∈ S(R) ∼= C∗ acts through multiplication by
z−pz̄−q. The induced Z-filtrations

F pVC :=
⊕

p′,q∈Z

p′≥p

V p′,q and WnVC :=
⊕
p,q∈Z

p+q≤n

V p,q

are called the associated Hodge and weight filtrations. If VC is the complexifi-
cation of a Q-vector space V , these filtrations define a rational mixed Hodge
structure on V if and only if the subspace WnVC is defined over Q for all n,
and V p,q ≡ V q,pmodWp+q−1VC for all (p, q). This is not the usual construction
of rational mixed Hodge structures, but every rational mixed Hodge structure
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arises in this way, although the representation of S on VC is not uniquely
determined by the filtrations. The mixed Hodge structure is called of type
S ⊂ Z2 if V p,q = 0 for all (p, q) 	∈ S.

Note that giving a representation of S on VC is equivalent to giving a
homomorphism SC → AutC(VC) of algebraic groups over C. In the following
definition we consider more generally the set of homomorphisms Hom(SC, PC)
for a linear algebraic group P over Q. The group P (C) acts on this set from
the left by composition with the inner automorphisms int(p) : p′ �→ pp′p−1 for
all p ∈ P (C).

Definition 2.1. A connected mixed Shimura datum is a pair (P,X+) where

(a) P is a connected linear algebraic group over Q, with unipotent radical W ,
and with another algebraic subgroup U ⊂ W that is normal in P and
uniquely determined by X+ using condition (iii) below, and

(b) X+ ⊂ Hom(SC, PC) is a connected component of an orbit under the sub-
group P (R) · U(C) ⊂ P (C),

such that for some (or equivalently for all) x ∈ X+,

(i) the composite homomorphism SC
x→ PC → (P/U)C is defined over R,

(ii) the adjoint representation induces on LieP a rational mixed Hodge struc-
ture of type

{(−1, 1), (0, 0), (1,−1)}∪ {(−1, 0), (0,−1)} ∪ {(−1,−1)},
(iii) the weight filtration on LieP is given by

Wn(LieP ) =

⎧⎪⎪⎨⎪⎪⎩
0 if n < −2,

LieU if n = −2,
LieW if n = −1,
LieP if n ≥ 0,

(iv) the conjugation by x
(√−1

)
induces a Cartan involution on (P/W )adR ,

(v) P/P der is an almost direct product of a Q-split torus with a torus of com-
pact type defined over Q, and

(vi) P possesses no proper normal subgroup P ′ defined over Q, such that x
factors through P ′

C ⊂ PC.

If in addition P is reductive, (P,X+) is called a connected (pure) Shimura
datum.

Remark 2.2. The axioms (v) and (vi) are sometimes weakened. It suffices to
assume the consequence of (v) that the center of P/W acts on LieU and on
LieW/U through an almost direct product of a Q-split torus with a torus of
compact type defined over Q.

Note that (v) also implies that every sufficiently small congruence sub-
group of P (Q) is contained in P der(Q).
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Facts 2.3. [33, 1.18, 3.3, 9.24] Let (P,X+) be a connected mixed Shimura
datum.

(a) The stabilizer P (R)+ of X+ ⊂ Hom(SC, PC) is open in P (R).
(b) X+ possesses a unique structure of complex manifold such that for every

representation ρ of P on a complex vector space VC the Hodge filtration
determined by ρ◦x varies holomorphically with x ∈ X+. In particular this
complex structure is invariant under P (R)+ · U(C).

(c) Set P (Q)+ := P (Q) ∩ P (R)+. Any congruence subgroup Γ ⊂ P (Q)+ acts
properly discontinuously on X+, so that Γ\X+ is a complex analytic space
with at most finite quotient singularities.

(d) Every sufficiently small congruence subgroup Γ ⊂ P (Q)+ acts freely on
X+, so that Γ\X+ is a complex manifold and X+ � Γ\X+ an unramified
covering.

(e) Γ\X+ possesses a natural structure of quasiprojective algebraic variety
over C.

Definition 2.4. The variety Γ\X+ from 2.3 is called the connected mixed
Shimura variety associated to (P,X+) and Γ . It is called a connected (pure)
Shimura variety if P reductive. The residue class of an element x ∈ X+ is
denoted [x] ∈ Γ\X+.

Definition 2.5. A morphism of connected mixed Shimura data (P,X+) →
(P ′, X ′+) is a homomorphism ϕ : P → P ′ of algebraic groups over Q which
induces a map X+ → X ′+, x �→ ϕ ◦ x.
Facts 2.6. [33, 3.4, 9.24] Let ϕ : (P,X+) → (P ′, X ′+) be a morphism of
connected mixed Shimura data and Γ ⊂ P (Q)+ and Γ ′ ⊂ P ′(Q)+ congruence
subgroups such that ϕ(Γ ) ⊂ Γ ′. Then the map

[ϕ] : Γ\X+ → Γ ′\X ′+, [x] �→ [ϕ ◦ x]

is well-defined, holomorphic, and algebraic with respect to the algebraic struc-
tures from 2.3 (e). Furthermore, [ϕ] is

(a) a finite morphism if the identity component of Ker(ϕ) is a torus,
(b) surjective if Im(ϕ) contains the derived group (P ′)der, and
(c) a (possibly ramified) covering if the conditions in (a) and (b) both hold.

Definition 2.7. Any morphism [ϕ] as in 2.6 is called a Shimura morphism.
Moreover, it is called a

(a) Shimura immersion if the condition in 2.6 (a) holds,
(b) Shimura submersion if the condition in 2.6 (b) holds,
(c) Shimura covering if the condition in 2.6 (c) holds.

Here the word ‘immersion’ is intended to reflect its meaning in topology,
where it is a purely local condition. Any composite of an unramified covering
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and a closed embedding is an immersion in this sense. The use in 2.7 (a)
includes ramified coverings and is therefore somewhat abusive, but I did not
find a better word.

Proposition 2.8. Any Shimura morphism [ϕ] possesses a factorization into
Shimura morphisms [ϕ] = [i] ◦ [ψ] ◦ [π], where

(a) π is surjective, and its kernel is connected and possesses no non-trivial
torus quotient,

(b) ψ is surjective and the identity component of its kernel is a torus, and
(c) i is injective.

In particular, [π] is a Shimura submersion, [ψ] a Shimura covering, and [i] a
Shimura immersion.

Proof. Let ϕ : (P,X+) → (P ′, X ′+) be any morphism of connected mixed
Shimura data. Let K ( P denote the identity component of Ker(ϕ), and let
K ′ be the smallest connected normal subgroup of K such that K/K ′ is a
torus. This is a characteristic subgroup of K and therefore normal in P .
Set P̄ := P/K ′ and P̄ ′ := ϕ(P ) ⊂ P ′. Then ϕ is the composite of natural
homomorphisms

P
π−→ P̄

ψ−→ P̄ ′ i−→ P ′

which possess the desired properties (a–c). Let

X̄+ ⊂ Hom(SC, P̄C) and X̄ ′+ ⊂ Hom(SC, P̄
′
C)

denote the images of X+ ⊂ Hom(SC, PC) under composition with π and ψ ◦π,
respectively. Since the homomorphisms

P (R) π−→ P̄ (R)
ψ−→ P̄ ′(R)

induce surjections on the identity components, one can easily verify that
(P̄ , X̄+) and (P̄ ′, X̄ ′+) are connected mixed Shimura data. Thus [ϕ] factors
through Shimura morphisms

Γ\X+ [π]−→ Γ̄\X̄+ [ψ]−→ Γ̄ ′\X̄ ′+ [i]−→ Γ ′\X ′+

for suitable congruence subgroups, as desired. �

Construction 2.9. Let (P,X+) be a connected mixed Shimura datum and
V a finite dimensional representation of P over Q. Assume that for some (or
equivalently for all) x ∈ X+ the induced rational mixed Hodge structure on
V has type {(−1, 0), (0,−1)}. With

Valg := V ⊗Q Ga,Q
∼= Gdim V

a,Q

we can define the semidirect product P�Valg as a linear algebraic group. Set
VR := V ⊗Q R ∼= Valg(R) and let
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X+�VR ⊂ Hom(SC, PC�Valg,C)

denote the conjugacy class under(
P (R)+·U(C)

)
� VR = (P�Valg)(R)+ · U(C)

generated by X+ ⊂ Hom(SC, PC). The notation X+�VR is justified by the
natural bijection

(2.10) X+×VR
∼−→ X+�VR, (x, v′) �→ int(v′) ◦ x.

Under this bijection the action of (p, v) ∈ (P (R)+·U(C)) � VR corresponds
to the twisted action (p, v) · (x, v′) = (px, pv′ + v). Moreover the pair
(P�Valg, X

+�VR) is a connected mixed Shimura datum. Let Γ ⊂ P (Q)+ be
a sufficiently small congruence subgroup and ΓV ⊂ V = Valg(Q) a Γ -invariant
Z-lattice of rank dim(V ). The projection π : P�Valg → P then induces a
Shimura epimorphism

(2.11) A := (Γ�ΓV )\(X+�VR)
[π]−→ Γ\X+ =: S.

Furthermore the homomorphisms

P � V 2
alg

µ �� P � Valg
π �� P ε �� P � Valg,

(p, v, v′) � �� (p, v + v′) � �� p � �� (p, 0)

induce Shimura morphisms

(Γ�Γ 2
V )\(X+�V 2

R ) �� (Γ�ΓV )\(X+�VR) �� Γ\X+ �� (Γ�ΓV )\(X+�VR)

A ×S A

�‖
[µ] �� A

‖
[π] �� S

‖
[ε] �� A

‖

which turn A into a family of abelian varieties over S, for which [µ] is the
addition morphism and [ε] the zero section. All its fibers are isomorphic to
the compact torus ΓV \VR

∼= ΓV ⊗ (Z\R), whose complex structure depends
on the base point in S. (Compare [33, 3.13–14].)

Example 2.12. Consider an integer g > 0 and a non-degenerate alternating
2g × 2g-matrix E over Q. The associated group of symplectic similitudes is

CSp2g,Q :=
{
U ∈ GL2g,Q

∣∣ ∃λ ∈ Gm,Q : U tEU = λE
}
.

Let H2g be the set of homomorphisms h : S → CSp2g,R that induce a Hodge
structure of type {(−1, 0), (0,−1)} on the tautological representation Q2g, for
which the symmetric pairing

R2g × R2g → R, (v, v′) �→ vtEh
(√−1

)
v′
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is positive definite. It is known that the identity component of CSp2g(R) acts
transitively on H2g and the pair (CSp2g,Q,H2g) is a connected pure Shimura
datum. For suitable congruence subgroups the associated connected Shimura
variety is a fine moduli space for certain polarized abelian varieties of dimen-
sion g with a level structure.

Moreover, we can apply Construction 2.9 to the tautological representa-
tion of CSp2g,Q on V2g := Q2g, yielding a connected mixed Shimura datum
with underlying group CSp2g,Q�G2g

a,Q. For suitable congruence subgroups the
associated connected mixed Shimura variety is the universal family of abelian
varieties over the moduli space. Every abelian variety can be realized as a
fiber of such a family. (See [33, 2.7, §10].)

Remark 2.13. The above construction can be generalized to semi-abelian
varieties. For a brief sketch let (P,X+) and V be as in Construction 2.9.
Suppose that, as in Example 2.12, we are given a P -equivariant non-degenerate
alternating form Ψ : V × V → U ∼= Q, where U is a representation of P of
Hodge type {(−1,−1)}. For any positive integer d let P�V d

alg act on V ⊕ Ud

by the representation

(p, (vi)) · (v, (ui)) :=
(
pv, (pui + Ψ(vi, v))

)
.

Let ΓV , Γ ∗
V ⊂ V and ΓU ⊂ U be Γ -invariant Z-lattices such that Ψ induces a

perfect pairing ΓV × Γ ∗
V → ΓU . Then the projection homomorphisms

(P�V d
alg) � (V ⊕ Ud)alg � P�V d

alg � P

and
(Γ�Γ d

V ) � (Γ ∗
V × Γ d

U ) � Γ�Γ d
V � Γ

induce Shimura epimorphisms B � Ad � S. Here B � Ad is a family of
algebraic groups, whose fibers are isomorphic to

Γ ∗
V \VR ⊕ (ΓU\UC)d

with a twisted complex structure determined by the base point in Ad. One
verifies that this is a semi-abelian variety with a torus part of dimension d.
More precisely, let As be the fiber above s ∈ S of the family A → S in
Construction 2.9. Let A∗

s denote the abelian variety dual to As. Then Ad
s
∼=

Ext1(A∗
s ,G

d
m), and the fiber of B → Ad above a point a ∈ Ad

s is the associated
extension

1 → Gd
m → Ba → A∗

s → 1.

Every semi-abelian variety is isomorphic to such a Ba (compare [33, 3.13–14]).
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3 Generalized Hecke orbits

Let S = Γ\X+ be the connected mixed Shimura variety associated to a
connected mixed Shimura datum (P,X+) and a congruence subgroup Γ ⊂
P (Q)+.

Definition 3.1.

(a) For any automorphism ϕ of P that induces an automorphism of Shimura
data (P,X+) → (P,X+), the diagram of Shimura coverings

S = Γ\X+ [id]←− (Γ ∩ ϕ−1(Γ ))\X+ [ϕ]−→ Γ\X+ = S

is called a generalized Hecke operator on S and is denoted by Tϕ.
(b) The generalized Hecke operator associated to an inner automorphism

int(p) : p′ �→ pp′p−1 for an element p ∈ P (Q)+ is called a (usual) Hecke
operator on S and is denoted by Tp.

Here Γ ∩ ϕ−1(Γ ) is again a congruence subgroup of P (Q)+, and so both
morphisms in 3.1 (a) are finite (possibly ramified) coverings. Thus Hecke op-
erators can be viewed as finite multivalued functions from S to itself in the
following sense.

Definition 3.2. For any Tϕ as in Definition 3.1 (a) and any subset Z ⊂ S,
the subset

Tϕ(Z) := [ϕ]
(
[id]−1(Z)

)
is called the translate of Z under Tϕ. We also abbreviate Tϕ(s) := Tϕ({s}).

By varying the Hecke operator we obtain the following notion.

Proposition–Definition 3.3. Fix a point s ∈ S.

(a) The union of Tϕ(s) for all automorphisms ϕ of (P,X+) is called the gen-
eralized Hecke orbit of s.

(b) The union of Tp(s) for all p ∈ P (Q)+ is called the (usual) Hecke orbit
of s.

Remark 3.4. Using the fact that P (Q)+ ⊂ P (R)+ is dense, one easily shows
that every Hecke orbit, and hence also every generalized Hecke orbit, is Zariski
dense. It is dense for the analytic topology if U = 1.

Remark 3.5. Edixhoven and Yafaev [15] define generalized Hecke orbits dif-
ferently. They fix a faithful representation ρ : P ↪→ GL(V ) and say that
x′ ∈ X+ is equivalent to x ∈ X+ if and only if the associated rational Hodge
structures on V are isomorphic. The set of all [x′] thus obtained is their gen-
eralized Hecke orbit of [x]. (Yafaev [51] weakens this condition further by
requiring only that the Mumford–Tate groups are isomorphic.)
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Both definitions have their merits, but the relation between them is deli-
cate. We restrict ourselves to the following result.

Proposition 3.6. If P is reductive, every generalized Hecke orbit in the sense
of Proposition-Definition 3.3 (a) is contained in a finite union of generalized
Hecke orbits in the sense of Remark 3.5.

Proof. Consider any automorphism ϕ of (P,X+). Let ϕ̄ denote the induced
automorphism of the torus P̄ := P/P der, and let x̄ denote the composite
homomorphism SC

x→ PC � P̄C for any x ∈ X+. Then the equation ϕ̄ ◦ x̄ = x̄
means that the image of x̄ is contained in the kernel of the homomorphism
P̄ → P̄ , p̄ �→ ϕ̄(p̄)/p̄. By Axiom (vi) of Definition 2.1 this kernel must therefore
be equal to P̄ . Thus ϕ̄ is the identity, and hence the restriction of ϕ to the
identity component of the center of P is the identity. On the other hand
the outer automorphism group of P der over Q̄ is finite. Thus to prove the
proposition we may restrict ourselves to generalized Hecke operators coming
from automorphisms ϕ of P which become inner automorphisms over Q̄.

Let ρ : P ↪→ GL(V ) be the given faithful representation. Then any auto-
morphism ϕ as above fixes the isomorphism class of ρ over Q̄. Thus it also
fixes the isomorphism class over Q; hence it is induced by conjugation with
an element of GL(V ). But every such automorphism induces an isomorphism
of rational Hodge structures on V . Thus it preserves the generalized Hecke
orbit in the sense of 3.5, and the proposition follows. �

4 Special and weakly special subvarieties

In this section we analyze the following class of subvarieties of connected mixed
Shimura varieties. Since special subvarieties can be described as connected
components of loci of Hodge classes, they are also called ‘subvarieties of Hodge
type’.

Definition 4.1.

(a) The image of any Shimura morphism T
[i]−→ S is called a connected mixed

Shimura subvariety of S, or a special subvariety of S.

(b) Consider any Shimura morphisms T ′ [ϕ]←− T [i]−→ S and any point t′ ∈ T ′.
Then any irreducible component of [i]

(
[ϕ]−1(t′)

)
is called a weakly special

subvariety of S.

Proposition 4.2. Any special subvariety is a weakly special subvariety.

Proof. Let T1 = {t1} be the connected Shimura variety associated to the
trivial algebraic group. Then for every connected mixed Shimura variety T
there exists a unique Shimura morphism [ϕ] : T → T1, and the proposition
follows. �
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Proposition 4.3. For any special subvariety of S the Shimura morphism in
Definition 4.1 (a) can be chosen such that the underlying homomorphism of
algebraic groups i is injective. Then in particular [i] is a Shimura immersion.

Proof. Direct consequence of Proposition 2.8 and Fact 2.6 (b). �

Proposition 4.4. For any weakly special subvariety of S the Shimura mor-
phisms in Definition 4.1 (b) can be chosen such that

(a) the underlying homomorphism of algebraic groups ϕ is surjective, and its
kernel is connected and possesses no non-trivial torus quotient, and

(b) the underlying homomorphism of algebraic groups i is injective.

Then in particular [ϕ] is a Shimura submersion and [i] a Shimura immersion.

Proof. Consider Shimura morphisms T ′ [ϕ]←− T [i]−→ S associated to morphisms
of connected mixed Shimura data

(Q′, Y ′+)
ϕ←− (Q, Y +) i−→ (P,X+),

and let Z be an irreducible component of [i]
(
[ϕ]−1(t′)

)
for some t′ ∈ T ′. By

Proposition 2.8 we can factor [ϕ] = [i′] ◦ [ψ] ◦ [π] = [i′ ◦ ψ] ◦ [π], where π is
surjective, and Ker(π) is connected and possesses no non-trivial torus quotient,
and the identity component of Ker(i′◦ψ) is a torus. The last property together
with Fact 2.6 (a) implies that [i′ ◦ψ] is a finite morphism. It follows that every
irreducible component of a fiber of [ϕ] is also an irreducible component of a
fiber of [π]. Since Z is the image under [i] of such an irreducible component,
we may replace [ϕ] by [π] without changing Z. We may therefore assume that
ϕ already satisfies the condition (a).

Set Q̄ := Q/Ker(i) and Q̄′ := Q′/ϕ(Ker(i)). Then we have a commutative
diagram of homomorphisms

Q′

π′
����

Q
ϕ���� i ��

π ����

P

Q̄′ Q̄
ϕ̄����

� � ī

��							

where ī is injective and ϕ̄ also satisfies (a). As in the proof of Proposition 2.8
these homomorphisms induce morphisms of connected mixed Shimura data

(Q′, Y ′+)

π′
��

(Q, Y +)
ϕ�� i ��

π
��

(P,X+)

(Q̄′, Ȳ ′+) (Q̄, Ȳ +)
ϕ̄��

ī

��









and hence Shimura morphisms
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∆′\Y ′+

[π′] ����

∆\Y +
[ϕ]���� [i] ��

[π] ����

Γ\X+

∆̄′\Ȳ ′+ ∆̄\Ȳ +
[ϕ̄]����

[ ī ]

����������

for suitable congruence subgroups. The commutativity of these diagrams im-
plies that

[π]
(
[ϕ]−1(t′)

) ⊂ [ϕ̄]−1
(
[π′](t′)

)
.

On the other hand let U ( Q be the subgroup of weight −2 from Definition
2.1 (a) and let d be the dimension of any orbit of Ker(ϕ)(R) · (U ∩Ker(ϕ))(C)
on Ȳ +. Since Q̄′ ∼= Q̄/π(Ker(ϕ)), both sides of the above inclusion are equidi-
mensional of dimension equal to d. Thus every irreducible component of
[π]
(
[ϕ]−1(t′)

)
is also an irreducible component of [ϕ̄]−1

(
[π′](t′)

)
. Since Z is

the image under [ ī ] of such an irreducible component, we may replace [ϕ], [i]
by [ϕ̄], [ ī ], and the proposition follows. �

Remark 4.5. There are two typical examples of weakly special subvarieties.
For the first consider three connected mixed Shimura varieties T1, T2, T , and
a Shimura immersion [i] : T1 × T2 → T . Then for any point t2 ∈ T2 the
subvariety Z := [i]

(
T1×{t2}

)
is weakly special in T . When all three Shimura

varieties are pure, the subvarieties of T obtained in this way are precisely all
totally geodesic irreducible subvarieties of T by a theorem of Moonen [29, II
3.1].

The other typical example is discussed in the following proposition.

Proposition 4.6. Let [π] : A→ S be a Shimura epimorphism as in (2.11), so
that the fiber As over any point s ∈ S is an abelian variety. Then the weakly
special subvarieties of A that are contained in As are precisely the translates
of abelian subvarieties of As.

Proof. First let Z be a weakly special subvariety of A. Then by definition
there exist Shimura morphisms

T ′
‖

T
‖

[i] ��[ϕ]�� A
‖

[π] �� S
‖

ΓQ′\Y ′+ ΓQ\Y + ���� (Γ�ΓV )\(X+�VR) �� Γ\X+,

associated to morphisms of connected mixed Shimura data

(Q′, Y ′+) (Q, Y +) i ��ϕ��
(
P�Valg, X

+�VR

) π �� (P,X+),

such that Z is an irreducible component of [i]
(
[ϕ]−1(t′)

)
for some point t′ ∈ T ′.

By Proposition 4.4 we may assume that ϕ is surjective, that K := Ker(ϕ) is
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connected without a non-trivial torus quotient, and that i is injective. Observe
that any irreducible component Z+ ⊂ X+�VR of the preimage of Z ⊂ A is
invariant under the action of the identity component i(K(R)◦).

Assume that Z ⊂ As. Then [π](Z) = {s} implies that π maps Z+ to a
point in X+. Thus π ◦ i (K(R)◦) fixes that point. By the Axioms (ii–iv) of
Definition 2.1 this implies that π◦i (K(R)◦) is compact. In particular π◦i (K)
is reductive. As a quotient ofK it is also connected without a non-trivial torus
quotient; hence it is connected semisimple. Thus

(
π ◦ i (K)

)
ad is a connected

semisimple quotient of Q of compact type, so by Definition 2.1 (vi) it must
be trivial. Altogether this implies that π ◦ i (K) = 1.

This means that i(K) ⊂ Ker(π) = Valg. Since Valg is of Hodge weight −1,
so is K, and so all fibers of Y + → Y ′+ are orbits under K(R). Thus Z+ is an
orbit under i(K(R)). Its image Z ⊂ As

∼= ΓV \VR is therefore a translate of a
connected closed subgroup. Being a complex analytic subvariety, it must be a
translate of an abelian subvariety, as desired.

Conversely, let Z be a translate of an abelian subvariety B ⊂ As. Recall
that As

∼= ΓV \VR with the complex structure determined by any preimage
x ∈ X+ of s. Thus B ∼= (ΓV ∩V ′)\V ′

R for some Q-subspace V ′ ⊂ V , and since
B is also a complex subvariety, the action of S on VR determined by x must
leave V ′

R invariant. In other words x ∈ Hom(SC, PC) factors through P ′
C for

P ′ := StabP (V ′).

Let Q ⊂ P ′ be the smallest connected algebraic subgroup defined over
Q such that x factors through QC. (This is the Mumford–Tate group of x.)
Using the Axioms of Definition 2.1 for (P,X+) one easily checks that there is
a unique connected mixed Shimura datum (Q, Y +) with x ∈ Y +, such that
the inclusion defines a morphism (Q, Y +) → (P,X+). Consider the induced
morphisms of connected mixed Shimura data

`
Q�(V/V ′)alg, Y +�(V/V ′)R

´ `
Q�Valg, Y

+�VR

´ i ��ϕ�� `
P�Valg, X

+�VR

´

and of the associated connected mixed Shimura varieties. In the fibers above
the point s = [x] ∈ Γ\X+ these maps are simply

As/B As
id ��[ϕ]���� As.

Thus Z, being a translate of B, is also a fiber of [ϕ], and therefore a weakly
special subvariety according to Definition 4.1, as desired. �

The following fact shows that the conclusion in Conjecture 1.6 cannot be
strengthened.

Proposition 4.7. For any weakly special subvariety Z ⊂ S and any point
s ∈ Z, the intersection of Z with the Hecke orbit of s is Zariski dense in Z.
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Proof. Consider Shimura morphisms T ′ [ϕ]←− T [i]−→ S associated to morphisms
of connected mixed Shimura data

(Q′, Y ′+)
ϕ←− (Q, Y +) i−→ (P,X+),

and let Z be an irreducible component of [i]
(
[ϕ]−1(t′)

)
for a point t′ ∈ T ′.

Then Z = [i]
(
Z̃
)

for an irreducible component Z̃ of [ϕ]−1(t′). For all t ∈ Z̃,
the definition of Hecke operators implies that [i]

(
Tq(t)

) ⊂ Ti(q)

(
[i](t)

)
for all

q ∈ Q(Q)+. Thus [i] maps the Hecke orbit of t in T into the Hecke orbit of
[i](t) in S. It therefore suffices to prove that the intersection of Z̃ with the
Hecke orbit of t is Zariski dense in Z̃.

Write T = ∆\Y + and t = [y] for y ∈ Y +. Set K := Ker(ϕ). Using the
Hecke operators Tk for all k ∈ K(Q) ∩ K(R)◦ one finds that ∆\∆(K(Q) ∩
K(R)◦

)
y is a subset of the Hecke orbit of t that is contained in [ϕ]−1(t′). Its

closure for the analytic topology contains the connected real analytic subset
∆\∆K(R)◦y. In particular this subset is contained in Z̃. Moreover, let U(Q be
the subgroup of weight −2 from Definition 2.1 (a). Then any K(R)◦-invariant
complex analytic subspace of Y + is also invariant under K(R)◦ · (U ∩K)(C).
Since this group also acts transitively on the fibers of Y + → Y ′+, we deduce
that the Zariski closure of ∆\∆K(R)◦y is equal to Z̃. Altogether this shows
that the Hecke orbit of t in T contains a Zariski dense subset of Z̃, as desired.

�

Remark 4.8. For a usual, non-connected, Shimura variety S̃ the Definition
4.1 of special and weakly special subvarieties must be modified slightly, for
a technical reason. The problem is that the images of Shimura morphisms
may not meet all components of S̃. As a remedy one replaces [i] by Tp ◦ [i] in
Definition 4.1 for all Hecke operators Tp on S̃. The same applies to Definition
4.10 below.

Remark 4.9. One easily shows that any irreducible component of an inter-
section of special subvarieties of S is a special subvariety. By noetherian induc-
tion it follows that every irreducible subvariety of S is contained in a unique
smallest special subvariety. The analogous assertions hold for weakly special
subvarieties; the proofs are left to the reader.

Definition 4.10. A point x ∈ X+ and its image in S are called special if the
homomorphism x : SC → PC factors through HC for a torus H ⊂ P defined
over Q.

Thus x ∈ X+ is special if and only if it is the image of a morphism of
connected mixed Shimura data (H,Y +) → (P,X+) where H is a torus. Cor-
respondingly a point s ∈ S is special if and only if {s} is a special subvariety
of dimension 0. Clearly the image of any special point under any Shimura
morphism is again a special point.
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Remark 4.11. For every point s ∈ S the set {s} is a fiber of the identity
morphism id : S → S and therefore a weakly special subvariety according to
Definition 4.1 (b). Thus a concept of ‘weakly special points’ analogous to that
of ‘special points’ would not be very useful.

Remark 4.12. A point on the connected Shimura variety associated to the
pair (CSp2g,Q,H2g) from Example 2.12 is special if and only if the associated
abelian variety has complex multiplication. Here a non-simple abelian variety
is said to have complex multiplication if and only if every simple constituent
has complex multiplication.

Remark 4.13. Let V and A → S be as in Construction 2.9. Consider a
special point y ∈ X+�VR, corresponding to a homomorphism y : SC → HC ⊂
PC�Valg,C for a torus H ⊂ P�Valg defined over Q. Then H can be conjugated
into P by an element of Valg(Q) = V . The isomorphism X+×VR

∼= X+�VR

from (2.10) shows that this conjugation induces translation on VR. Thus it
follows that the special points in A are precisely the torsion points in the
fibers As over all special points s ∈ S. Compare also Proposition 5.1 (a).

Proposition 4.14. Every special subvariety of S contains a Zariski dense
subset of special points.

Proof. Since any Shimura morphism maps special points to special points, it
suffices to show that the set of special points of every connected mixed Shimura
variety is Zariski dense. This is well-known, for example by [33, 11.7]. �

Proposition 4.15. Every weakly special subvariety of S that contains a spe-
cial point is a special subvariety.

Proof. Consider Shimura morphisms T ′ [ϕ]←− T [i]−→ S associated to morphisms
of connected mixed Shimura data

(Q′, Y ′+)
ϕ←− (Q, Y +) i−→ (P,X+),

and let Z be an irreducible component of [i]
(
[ϕ]−1(t′)

)
for some t′ ∈ T ′.

By Proposition 4.4 we may assume that i is injective. Let y ∈ Y + be a
point whose image in S is a special point in Z. Then the homomorphism
i ◦ y : SC → PC factors through a torus defined over Q. Since i is injective,
this implies that y : SC → QC factors through a torus defined over Q. Let
H ⊂ Q be such a torus. Let K denote the identity component of Ker(ϕ) and
consider the subgroup Q1 := K·H ⊂ Q. Then there exists a unique connected
mixed Shimura datum (Q1 , Y

+
1 ) such that y ∈ Y +

1 , and the associated special
subvariety T1 ⊂ T is an irreducible component of [ϕ]−1(t′). It follows that Z
is the image of T1 and hence a special subvariety, as desired. �

Remark 4.16. Consider the weakly special subvarietyZ := [i]
(
T1×{t2}

) ⊂ T
from Remark 4.5. The preceding results imply that Z is special if and only if
t2 is a special point. (Compare Moonen [29, II 3.1].)
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Remark 4.17. Let V and A → S be again as in Construction 2.9. The pre-
ceding results imply that a fiber As contains a special subvariety if and only
if the base point s ∈ S is special. Moreover, if s is special, then the special
subvarieties contained in As are precisely the translates of abelian subvarieties
by torsion points.

Theorem 4.18 (Edixhoven–Yafaev). Conjecture 1.6 is true when S is a
pure Shimura variety, s ∈ S is a special point, and Z ⊂ S is a curve.

Proof. Under the given assumptions, if Z ∩ Λ is Zariski dense in Z for some
generalized Hecke orbit Λ in the sense of Proposition-Definition 3.3 (a), Propo-
sition 3.6 implies that the same is true for some generalized Hecke orbit in
the sense of Remark 3.5. By Edixhoven and Yafaev [15] it thus follows that
Z is a special subvariety of S. �

5 Relation with the Mordell–Lang conjecture

In this section we show that Conjecture 1.6 for subvarieties of an abelian fiber
As above a pure Shimura variety is equivalent to the Mordell–Lang conjecture.
The argument is based on a description of the generalized Hecke orbit of a
point in As as a point on the ambient connected mixed Shimura variety.

We use the notation of Construction 2.9. Thus (P,X+) is a connected
Shimura datum and V is a representation of P of Hodge type {(−1, 0), (0,−1)},
as in Example 2.12. To the extended connected mixed Shimura datum
(P�Valg, X

+�VR) and suitable congruence subgroups is associated a Shimura
epimorphism

A := (Γ�ΓV )\(X+�VR)
[π]−→ Γ\X+ =: S.

Fix a point s ∈ S. Then the fiber As := [π]−1(s) is an abelian variety isomor-
phic to ΓV \VR with a complex structure defined by s. Its torsion subgroup is
As,tor = ΓV \V .

Proposition 5.1. Let # denote the projection VR � ΓV \VR
∼= As. Let v be

any point in VR, and set a := #(v).

(a) The Hecke orbit of a as a point on A contains the subset

#
({v + v′ | v′ ∈ V }) = #(v) +As,tor ⊂ As.

(b) The generalized Hecke orbit of a as a point on A contains the subset

#
({g(v) + v′ | g ∈ AutP (V ), v′ ∈ V }) ⊂ As.
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(c) If (P,X+) is pure, the intersection with As of the generalized Hecke orbit
of a as a point on A is contained in the subset{

b ∈ As

∣∣ ∃n ∈ Z � {0} : ∃h ∈ End(As) : nb = h(a)
}
.

Proof. First consider the inner automorphisms of P induced by elements of V .
Via the isomorphism X+×VR

∼= X+�VR from (2.10) they act by translation
on VR. Thus all translations by V on ΓV \VR are induced by usual Hecke
operators, proving (a).

For (b) we attach to g ∈ AutP (V ) the automorphism (p, v) �→ (p, g(v)) of
P�Valg. It is the identity on P , and therefore maps X+ and hence X+�VR to
itself. Thus it defines a generalized Hecke operator on A. Via the isomorphism
X+×VR

∼= X+�VR from (2.10) it acts on the latter by (x, v) �→ (x, g(v)). Thus
it acts by g on the fibers VR. Since g ∈ AutP (V ) is arbitrary, and translations
by V are already induced by usual Hecke operators, this proves (b).

For (c) consider any automorphism ϕ of the connected mixed Shimura
datum (P�Valg, X

+�VR). By assumption P is reductive; hence Valg is the
unipotent radical of P�Valg and is therefore mapped to itself under ϕ. On
the other hand, since all Levi decompositions of P�Valg are conjugate un-
der V , there exists v′ ∈ V such that ψ := int(v′)−1 ◦ ϕ maps P to itself. The
generalized Hecke operator Tϕ on A is then the composite of the generalized
Hecke operator Tψ with the translation by #(v′) along the abelian fibers. In
the fiber above s, the operator Tψ consists of finitely many diagrams of the
form

As ←− A′
s′ −→ As

for finite morphisms between abelian varieties. By construction Tψ preserves
the zero sections; hence these morphisms are isogenies. Therefore Tψ(a) ∩
As is contained in the indicated subset. Since this subset is invariant under
translation by #(v′) ∈ As,tor, the assertion follows. �

Theorem 5.2. In the situation above, if (P,X+) is pure, Conjecture 1.6 for
subvarieties of As follows from the Mordell–Lang conjecture.

Proof. Let a ∈ As be any point and Λ its generalized Hecke orbit as a point
on A. Let Z ⊂ As be an irreducible closed algebraic subvariety such that Z∩Λ
is Zariski dense in Z. Then Proposition 5.1 (c) implies that the intersection
of Z with the division group of End(As) a ⊂ As is Zariski dense in Z. Since
End(As) is a finitely generated Z-module, the Mordell–Lang Conjecture 1.4
implies that Z is a translate of an abelian subvariety of As. Thus by Propo-
sition 4.6 it is a weakly special subvariety of A, as desired. �

To prove the converse, for any point a ∈ As we consider the set

Λ∗
a :=

{
b ∈ As

∣∣ ∃m,n ∈ Z � {0} : nb = ma
}
.



270 Richard Pink

If a = #(v) for v ∈ VR, we find that Λ∗
a = #(Q∗· v+ V ). Since the scalars Q∗

are contained in AutP (V ), Proposition 5.1 (b) shows that Λ∗
a lies inside in the

generalized Hecke orbit of a. Using this one can already show that Conjecture
1.6 implies the Mordell–Lang conjecture for subgroups Λ of Q-rank ≤ 1. For
arbitrary rank we need one more technical lemma.

Lemma 5.3. For any elements a1, . . . , ar ∈ As satisfying a1 + · · · + ar = 0,
we have{

b ∈ As

∣∣ ∃n ∈ Z>0 : nb ∈ Za1 + · · ·+ Zar

}
= Λ∗

a1
+ · · ·+ Λ∗

ar
.

Proof. The inclusion ‘⊃’ is obvious. To prove ‘⊂’ consider an element b of
the left-hand side. Then there exist integers n > 0 and n1, . . . , nr such that
nb =

∑
i niai. The assumption implies that for any integer m we then also

have nb =
∑

i(ni +m)ai. Since we can choose m so that all the coefficients
ni +m are non-zero, this equation shows that b lies in the right-hand side, as
desired. �

Theorem 5.4. Conjecture 1.6 implies the Mordell–Lang conjecture.

Proof. Every abelian variety over C is isomorphic to some As as above by
Example 2.12. So consider a finitely generated subgroup Λ0 ⊂ As. Fix gen-
erators a1, . . . , ar−1 of Λ0 and set ar := −a1 − · · · − ar−1. Let Ar

s be the
product of r copies of As, and let Σ : Ar

s → As denote the summation map
(b1, . . . , br) �→ b1 + · · ·+ br. Then Lemma 5.3 asserts that the division group
Λ of Λ0 satisfies

Λ = Λ∗
a1

+ · · ·+ Λ∗
ar

= Σ
(
Λ∗

a1
× · · · × Λ∗

ar

)
.

Let V r be the direct sum of r copies of V as a representation of P . Then the
connected mixed Shimura variety associated to P�V r

alg,

Ar := (Γ�Γ r
V )\(X+�V r

R ),

is the r-fold fiber product of A with itself over S, and its fiber over s is Ar
s. Let

tuples (u1, . . . , ur) of elements of Q∗ act on V r by scalar multiplication on
the respective direct summands. This defines P -equivariant automorphisms
of V r; hence Proposition 5.1 (b) implies that the generalized Hecke orbit of
(a1, . . . , ar) ∈ Ar

s as a point on the connected mixed Shimura variety Ar

contains Λ∗
a1
× · · · × Λ∗

ar
.

Let Z ⊂ A be an irreducible closed algebraic subvariety such that Z ∩ Λ
is Zariski dense in Z. Then with

Λ̃ := Σ−1(Z) ∩ (Λ∗
a1
× · · · × Λ∗

ar
)

we find that
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Σ(Λ̃) = Z ∩Σ(Λ∗
a1
× · · · × Λ∗

ar
) = Z ∩ Λ

is Zariski dense in Z. Let Z̃ ⊂ Ar
s denote the Zariski closure of Λ̃. Since taking

Zariski closures commutes with taking images under proper morphisms, we
deduce that Σ(Z̃) = Z. Choose an irreducible component Z ′ of Z̃ such that
Σ(Z ′) = Z. Then by construction the intersection of Z ′ with the generalized
Hecke orbit of (a1, . . . , ar) is Zariski dense in Z ′. Thus Conjecture 1.6 for
the connected mixed Shimura variety Ar implies that Z ′ is weakly special.
Therefore Z = Σ(Z ′) is weakly special, and so by Proposition 4.6 it is a
translate of an abelian subvariety of As, as desired. �

Remark 5.5. The above results generalize easily to semi-abelian varieties, on
the basis of Remark 2.13 and a suitable generalization of Proposition 4.6.

6 Hodge and Galois generic points

The first notion is opposite to that of special points.

Definition 6.1. A point x ∈ X+ and its image in S are called Hodge generic
if the homomorphism x : SC → PC does not factor through P ′

C for any proper
algebraic subgroup P ′ ⊂ P defined over Q.

Remark 6.2. The Axiom (vi) of Definition 2.1 implies that for any fixed
proper algebraic subgroup P ′ ⊂ P defined over Q, the set of x ∈ X+ that
factor through P ′

C ⊂ PC is a proper analytic subspace. Since there are only
countably many possibilities for P ′, their union is a subset of the first category
of Baire. In particular its measure is zero. In this sense, ‘most’ points in X+

and S are Hodge generic.

Next we look at Galois theoretic properties. To clarify the dependence on
the congruence subgroup Γ , we write SΓ := Γ\X+ and [x]Γ ∈ SΓ from now
on. We have already used the fact that SΓ is an algebraic variety over C. But
it also possesses a model over a number field, determined by abelian class
field theory. Fix any number field E that contains the so-called reflex field of
(P,X+) (compare [33, 11.1]). Then the non-connected mixed Shimura variety
corresponding to (P,X+) possesses a so-called canonical model over E by
[33, 11.18]. This implies that SΓ possesses a natural model over the maximal
abelian extension Eab of E. By abuse of notation we denote this model again
by SΓ . By [33, 11.10] it is functorial in (P,X+) and Γ . In particular, for any
automorphism ϕ of (P,X+) and any congruence subgroups Γ ⊂ P (Q)+ and
Γ ′ ⊂ ϕ−1(Γ ), the Shimura morphism [ϕ] : SΓ ′ → SΓ is defined over Eab.

Let s be any C-valued point on SΓ . Let K ⊂ C be any finitely generated
extension field of Eab, such that s is defined overK. Let K̄ denote the algebraic
closure ofK in C. Then for any congruence subgroup Γ ′ ⊂ Γ the Galois group
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Gal(K̄/K) acts on the inverse image of s under the morphism [id] : SΓ ′ → SΓ .
When Γ is sufficiently small and Γ ′ is normal in Γ , this action corresponds
to a continuous homomorphism

Gal(K̄/K) −→ Γ/Γ ′.

Let Af denote the ring of finite adèles of Q and Γ̄ the closure of Γ in P (Af ). By
going to the limit over all Γ ′ the above homomorphisms induce a continuous
homomorphism

Gal(K̄/K) −→ Γ̄ ⊂ P (Af ).

We denote its image by Γ̄s,K . Axiom (v) of Definition 2.1 implies that a
subgroup of finite index of Γ is contained in P der(Q), where P der denotes the
derived group of P . Thus after shrinking Γ and extending K we can always
achieve Γ̄s,K ⊂ Γ̄ ⊂ P der(Af ).

Definition 6.3. Let s and K be as above.

(a) s is called Galois generic if Γ̄s,K is open in Γ̄ .
(b) s is called strictly Galois generic with respect to K if Γ̄s,K = Γ̄ .

Proposition 6.4. The notion ‘Galois generic’ is independent of the choice
of K and E and invariant under taking images and preimages by morphisms
induced by automorphisms of (P,X+), and so in particular by generalized
Hecke operators.

Proof. The independence of K follows from the fact that for any finitely gen-
erated field extension K ′ of K, the natural homomorphism Gal(K̄ ′/K ′) →
Gal(K̄/K) has an open image. The invariance under morphisms and general-
ized Hecke operators results from the construction. For the independence of
E we must show that for any finite extension E ′ of E, the group Γ̄s,KE′

ab
is

open in Γ̄ , if Γ̄s,K is open in Γ̄ . (This part of the proof could be formulated
more naturally in the framework of non-connected Shimura varieties.)

For this we may assume that Γ is sufficiently small, so that it is torsion free
and contained in P der(Q). Next note that SΓ already possesses a model SΓ,EΓ

over some subfield EΓ ⊂ Eab which is finite over E. The theory of canonical
models of non-connected mixed Shimura varieties yields a continuous homo-
morphism from the étale fundamental group π1,ét(SΓ,EΓ , s) → P (Af ). Simi-
larly, s is defined over a subfield L ⊂ K that is finitely generated over EΓ . By
the independence of K we may assume that K = LEab and E′ ⊂ L. Setting
K ′ := KE′

ab, we have K̄ ′ = K̄ = L̄ and hence the inclusions in the upper
row of the following commutative diagram. The groups in the lower row are
defined as the respective images:

Gal(K̄ ′/K ′) ⊂

����

Gal(K̄/K) ⊂

����

Gal(L̄/L) −→

����

π1,ét(SΓ,EΓ , s)

��
Γ̄s,K′ ⊂ Γ̄s,K ⊂ Γ̄s,L ⊂ P (Af ).
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Since K ′ = KE′
ab = LE′

ab with E′ ⊂ L, we deduce that Γ̄s,K′ contains the
commutator subgroup of Γ̄s,L.

Assume now that Γ̄s,K is open in Γ̄ . Then Γ̄s,K contains an open subgroup
of W (Af ), where W is the unipotent radical of P . We claim that the commu-
tators of Γ̄s,L with any open subgroup of W (Af ) generate an open subgroup
ofW (Af ). To prove this we may replaceW by any simple subquotient. If P der

acts non-trivially on this subquotient, then so does any congruence subgroup
of Γ and the assertion follows. If P der acts trivially on this subquotient, the
induced action of P/P der must be non-trivial by the Axiom (iii) of Defini-
tion 2.1. The action of Γ̄s,L on the subquotient is then determined by abelian
class field theory applied to the torus P/P der, and the claim follows from a
straightforward exercise using the reciprocity law. Together this implies the
claim for W ; hence Γ̄s,K′ contains an open subgroup of W (Af ).

On the other hand, by strong approximation the image Γ̄ss of Γ̄ in
(P der/W )(Af ) is open in the image of the group of Af -valued points on the
simply connected covering of P der/W . From this one deduces that the com-
mutator subgroup of any open subgroup of Γ̄ss is open. Therefore the image
of Γ̄s,K′ in (P der/W )(Af ) is open in the image of Γ̄ . Altogether we deduce
that Γ̄s,K′ is open in Γ̄ , as desired. �

Proposition 6.5. For any s ∈ SΓ the following assertions are equivalent:

(a) s is Galois generic.
(b) There exist a finitely generated extension K ⊂ C of Eab, a congruence

subgroup Γ ′ ⊂ Γ , and a point s′ ∈ SΓ ′ mapping to s under [id] : SΓ ′ → SΓ ,
such that s′ is strictly Galois generic with respect to K.

(c) Same as (b), but for every sufficiently large K, i.e., for every K containing
some fixed finitely generated extension K0 of Eab.

Proof. The implication (c)⇒(b) is obvious, and the implication (b)⇒(a) fol-
lows from the equality Γ̄s′,K = Γ̄s,K . For the remaining implication (a)⇒(c)
assume that Γ̄s,K0 is open in Γ̄ for some finitely generated extensionK0 of Eab

over which s is defined. Then for every finitely generated extension K ⊂ C
of K0, the group Γ̄s,K is open in Γ̄ . Set Γ ′ := Γ̄s,K ∩Γ . Then the construction
of Γ̄s,K shows that some point s′ ∈ SΓ ′ above s is fixed by Gal(K̄/K) and
satisfies Γ̄s′,K = Γ̄s,K = Γ̄ ′, as desired. �

The following key fact translates Galois genericity into a property of Hecke
orbits.

Proposition 6.6. If s is strictly Galois generic with respect to K, then for
every generalized Hecke operator Tϕ on SΓ as in Definition 3.1, the set Tϕ(s)
is permuted transitively by Gal(K̄/K).
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Proof. By definition s is strictly Galois generic with respect to K if and only
if Gal(K̄/K) acts transitively on the fiber of [id] : SΓ ′ → SΓ above s for every
congruence subgroup Γ ′ ⊂ Γ . Applying this to Γ ′ = Γ ∩ ϕ−1(Γ ), it follows
that Gal(K̄/K) also acts transitively on Tϕ(s) := [ϕ]

(
[id]−1(s)

)
, as desired.

�

In the rest of this section we discuss the relation between Hodge and Galois
genericity.

Proposition 6.7. Every Galois generic point on SΓ is Hodge generic.

Proof. Consider any point s = [x]Γ ∈ Γ\X+ = SΓ . Let P ′ ⊂ P be the
smallest algebraic subgroup defined over Q, such that x : SC → PC factors
through P ′

C, i.e., the Mumford–Tate group of x. One easily verifies that there
exists a unique connected mixed Shimura datum (P ′, X ′+) with x ∈ X ′+.
Thus with Γ ′ := Γ ∩P ′(Q)+, the given point s is the image of the point s′ :=
[x]Γ ′ ∈ Γ ′\X ′+ =: S′

Γ ′ under the Shimura immersion induced by the inclusion
P ′ ↪→ P . By Proposition 6.4 we may choose E to contain the reflex fields of
both (P,X+) and (P ′, X ′+). Then both SΓ and S′

Γ ′ possess natural models
over Eab, and the functoriality of canonical models [33, 11.10] implies that the
morphism S′

Γ ′ → SΓ is defined over Eab. Let K ⊂ C be any finitely generated
extension of Eab over which s′ and hence s is defined. Then Γ̄s,K ⊂ P (Af ) is
the image of the corresponding subgroup Γ̄s′,K ⊂ P ′(Af ). In particular, we
have Γ̄s,K ⊂ P ′(Af ).

Suppose now that s is Galois generic. By Proposition 6.5, after shrinking Γ
we may assume that Γ̄s,K = Γ̄ . The above inclusion then implies that Γ̄ ⊂
P ′(Af ), and thus Γ ⊂ P ′(Q). But the Axioms of Definition 2.1 imply that
Γ contains a Zariski dense subgroup of P der. Therefore P der ⊂ P ′. In view
of the Axiom 2.1 (vi) this shows that P ′ = P , and so s is Hodge generic, as
desired. �

Conjecture 6.8. Every Hodge generic point on SΓ is Galois generic.

Only a few cases of this conjecture are known. We begin with a tautological
case, which shows in particular that Galois generic points exist. The most
interesting case concerning the Siegel moduli space, Theorem 6.13, is due to
Serre. Using Kummer theory we prove a relative version in Theorem 6.14.

Proposition 6.9. Let s be any C-valued point over the generic point of the
model SΓ over Eab. Then s is Galois generic.

Proof. Let K denote the function field of SΓ as an algebraic variety over Eab.
Then s can be defined over K, and by construction we have Γ̄s,K = Γ̄ . Thus
s is strictly Galois generic with respect to K. �



Mordell–Lang and André–Oort 275

Remark 6.10. Conjecture 6.8 is related to the Mumford–Tate conjecture, as
follows. Suppose that SΓ is a Shimura subvariety of some Siegel moduli space
and that s ∈ SΓ is a Hodge generic point that can be defined over a number
field L. Then P is the Mumford–Tate group of the abelian variety associated
to s, and the Mumford–Tate conjecture says that the image of Gal(L̄/L) in
P (Q�) is open for any rational prime �. Setting K := LEab, this statement
implies that the image of Γ̄s,K ⊂ P (Af ) under the projection to P (Q�) is
an open subgroup of P der(Q�). An adèlic refinement of the Mumford–Tate
conjecture would imply Conjecture 6.8 in this case.

In the following case this refinement was proved by Serre [42, Cor. de
Th. 3], [41, §7, Cor. de Th. 3, Compl. 8.1]:

Theorem 6.11 (Serre). Let A be an abelian variety over a finitely generated
extension L of Q. Assume that End(AL̄) = Z and that dimA is odd or equal
to 2 or 6. Then the continuous homomorphism

Gal(L̄/L) −→ CSp2g(Af )

describing the Galois action on the adèlic Tate module of A has an open image.

Remark 6.12. The general case of Theorem 6.11 can be reduced to the num-
ber field case, as follows. Identify A with the generic fiber of an abelian scheme
A over an integral scheme X of finite type over Q with function field L. Then
the above homomorphism factors through the étale fundamental group of X ,
and for any point x ∈ X with residue field Lx the homomorphism associated
to the fiber Ax is the composite

Gal(L̄x/Lx) −→ π1,ét(X ) −→ CSp2g(Af ).

In particular, the image of Gal(L̄x/Lx) is contained in the image of Gal(L̄/L).
By Hilbert irreducibility, as explained by Serre [40, §1], one can choose a
closed point x ∈ X such that the two images in CSp2g(Q�) coincide for
some prime �. The Tate conjecture for endomorphisms then implies that
End(Ax,L̄x

) = End(AL̄) = Z. As Lx is a number field, Theorem 6.11 for
Ax shows that the image of Gal(L̄x/Lx) is open in CSp2g(Af ); hence the
same follows for Gal(L̄/L), as desired.

Theorem 6.13. Let SΓ be the connected Shimura variety associated to CSp2g,Q

and any Γ , as in Example 2.12. Assume that g is odd or equal to 2 or 6. Then
any Hodge generic point on SΓ is Galois generic.

Proof. Let As be the abelian variety associated to a Hodge generic point
s ∈ SΓ . Then End(As,C) = Z. Let L ⊂ C be a finitely generated extension
of Q over which As is defined. Then by Theorem 6.11 the homomorphism
Gal(L̄/L) → CSp2g(Af ) has an open image. Since the commutator subgroup
of any open subgroup of CSp2g(Af ) is an open subgroup of Sp2g(Af ), with
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K := LEab it follows that the restriction Gal(K̄/K) → Sp2g(Af ) has an
open image. This image is precisely the group Γ̄s,K . As any sufficiently small
congruence subgroup Γ of CSp2g(Q) is contained in Sp2g(Q), it follows that
Γ̄s,K is open in Γ̄ , as desired. �

The following result establishes a relative version of Conjecture 6.8:

Theorem 6.14. Let A → S be as in Construction 2.9, and let a ∈ A be a
Hodge generic point. Then its image s ∈ S is Hodge generic, and if s is Galois
generic, then so is a.

Proof. The first assertion follows from the definition of Hodge genericity. For
the second assume first that A → S and a are all defined over a number
field L. Then with the notation of Construction 2.9 the Galois action on the
preimages of a on coverings of A corresponds to a continuous homomorphism

Gal(L̄/L) −→ P (Af ) � (V ⊗ Af ).

Let ∆ denote its image. With K := LEab we deduce that Γ̄a,K is a normal
subgroup of ∆ containing the commutator subgroup of ∆.

Since a is Hodge generic, the subgroup Za ⊂ As is Zariski dense. Thus a
theorem of Ribet [38] in the form of Hindry [20, §2, Prop. 1] on the Kummer
theory of As implies that ∆ ∩ (V ⊗Af ) is open in V ⊗Af . As in the proof of
Proposition 6.4 we deduce that commutators of ∆ with ∆ ∩ (V ⊗ Af ) again
generate an open subgroup of V ⊗ Af . Therefore Γ̄a,K ∩ (V ⊗ Af ) is open in
V ⊗ Af . On the other hand, the Galois genericity of s means that the image
Γ̄s,K of Γ̄a,K in P (Af ) is an open subgroup of Γ̄ ⊂ P der(Af ). Together it
follows that Γ̄a,K is an open subgroup of Γ̄ � Γ̄V ⊂ P der(Af ) � (V ⊗Af), and
so a is Galois generic, as desired.

The case where a is defined over an arbitrary finitely generated extension
of Q can be reduced to the number field case exactly as in Remark 6.12. �

7 Galois generic points and equidistribution

In this section we deduce Conjecture 1.6 in certain cases for the Siegel moduli
space from equidistribution results by Clozel, Oh, and Ullmo. As a preparation
we fix some notation. Let P := CSp2g,Q for g ≥ 1, let Z ∼= R∗ denote the center
of P (R), and set Y := P (R)/Z. As Z is a normal subgroup of P (R), there
are natural left and right actions of P (R) on Y . For any congruence subgroup
Γ ⊂ P (Q) and any element p ∈ P (Q) we have a Hecke operator

Γ\Y (Γ ∩ p−1Γp)\Y[id]�� [p· ] �� Γ\Y ,

[y]Γ [y]Γ∩p−1Γp
��� � �� [py]Γ ,
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which maps an element [y]Γ to the finite set

Tp([y]Γ ) := [p· ]([id]−1([y]Γ )
)

=
{
[pγy]Γ

∣∣ γ ∈ (Γ ∩ p−1Γp)\Γ}.
This Hecke operator also acts on functions f on Γ\Y by

Tpf
(
[y]Γ
)

:=
1

degΓ (p)
·

∑
γ∈(Γ∩p−1Γp)\Γ

f
(
[pγy]Γ

)
,

where
degΓ (p) := |Γ\ΓpΓ | = [Γ : Γ ∩ p−1Γp].

Clozel, Oh, and Ullmo [6, Thm. 1.6, Rem. (3)] have proved:

Theorem 7.1 (Clozel–Oh–Ullmo). In the above situation assume that Γ =
P (Z). Let (pn) be a sequence in P (Q) such that limn→∞ degΓ (pn) = ∞. Let
dµ denote the right P (R)-invariant measure on Γ\Y with total volume 1.
Then for any element [y]Γ ∈ Γ\Y the sets Tpn([y]Γ ) are equidistributed with
respect to dµ, in the sense that

lim
n→∞Tpnf

(
[y]Γ
)

=
∫

Γ\Y

f(ȳ)dµ(ȳ)

for any continuous function f on Y with compact support.

Corollary 7.2. In Theorem 7.1, the set
⋃∞

n=1 Tpn([y]Γ ) is dense in Γ\Y .

Results like these should really be true for all Γ and can presumably be
proved along the lines of [6] and [7]. For our purposes a weaker consequence
for all Γ will suffice, which we can deduce from the above as follows.

Let (P,X+) denote the connected Shimura datum with P = CSp2g,Q from
Example 2.12. Then P (R)+ is the identity component of P (R), which has
index 2, and it contains the center Z. Thus Y + := P (R)+/Z is one of two
connected components of Y . For any congruence subgroup Γ ⊂ P (Q)+ :=
P (Q) ∩ P (R)+ and any p ∈ P (Q)+ we can define a Hecke operator Tp,

Γ\Y + (Γ ∩ p−1Γp)\Y +
[id]�� [p· ] �� Γ\Y +

in the same way as above. Fix a sequence (pn) in P (Q)+. For any congruence
subgroup Γ ⊂ P (Q)+ we set

ΘΓ :=
∞⋃

n=1

Tpn

(
[1]Γ
) ⊂ Γ\Y +

and let Θ̄Γ denote its closure in Γ\Y +. The following lemma concerns its
dependence on Γ .
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Lemma 7.3. For any two congruence subgroups Γ , Γ ′ ⊂ P (Q)+,

(a) ΘΓ is finite if and only if ΘΓ ′ is finite, and
(b) Θ̄Γ is a null set if and only if Θ̄Γ ′ is a null set.

Proof. It suffices to prove this when Γ ′ ⊂ Γ . Write Γ =
⋃r

i=1 Γ
′γi with repre-

sentatives γi ∈ Γ , and let π : Γ ′\Y + → Γ\Y + denote the natural projection.
Then the calculation

Tpn

(
[1]Γ
)
=Γ\ΓpnΓZ/Z =

r⋃
i=1

Γ\ΓpnΓ
′γiZ/Z =

r⋃
i=1

π
(
Γ ′\Γ ′pnΓ

′γiZ/Z
)

=
r⋃

i=1

π
(
Tpn([γi]Γ ′)

)
=

r⋃
i=1

π
(
Tpn([1]Γ ′) · γi

)
shows that ΘΓ =

⋃r
i=1 π

(
ΘΓ ′ · γi

)
. Since π is a finite (possibly ramified)

covering, this implies (a). It also implies that Θ̄Γ =
⋃r

i=1 π
(
Θ̄Γ ′ · γi

)
and

thus (b). �

Using this we can deduce the following weak analogue of Corollary 7.2:

Proposition 7.4. If Θ̄Γ is a null set, then it is finite.

Proof. By Lemma 7.3 the assertion is independent of Γ . Thus it suffices to
prove it for Γ = P (Z)+ := P (Z) ∩ P (R)+ = Sp2g(Z). Here the natural
map P (Z)+\Y + → P (Z)\Y is bijective. Thus if limn→∞ degΓ (pn) = ∞,
Corollary 7.2 shows that Θ̄Γ is not a null set. The same conclusion holds
if lim supn→∞ degΓ (pn) = ∞, because we may pass to a subsequence that
diverges to ∞, which can only make Θ̄Γ smaller. If degΓ (pn) is bounded, it is
well-known that all pn lie in finitely many cosets of ΓZ. Then the Tpn form
only finitely many distinct Hecke operators, and so ΘΓ is finite. In all cases
the desired implication holds. �

Theorem 7.5. Let SΓ be the connected Shimura variety associated to CSp2g,Q

and any Γ , as in Example 2.12. Let s ∈ SΓ be a point and (pn) a sequence
in CSp2g(Q). Then the subset

⋃∞
n=1 Tpn(s) of SΓ is either finite or Zariski

dense.

Proof. Write s = [x]Γ for some x ∈ X+, and consider the map

κ : Γ\Y + −→→ Γ\X+ = SΓ , [y]Γ �→ [yx]Γ .

By the definition of Hecke operators it satisfies κ
(
Tpn([1]Γ )

)
= Tpn

(
κ([1]Γ )

)
=

Tpn(s) and therefore κ(ΘΓ ) =
⋃∞

n=1 Tpn(s). Consider a proper closed subva-
riety Z ⊂ SΓ . If κ(ΘΓ ) ⊂ Z, we have ΘΓ ⊂ κ−1(Z) and hence Θ̄Γ ⊂ κ−1(Z).
On the other hand, the irreducibility of SΓ implies that Z and hence κ−1(Z)
is a null set. Thus if κ(ΘΓ ) is not Zariski dense, it follows that Θ̄Γ is a null
set. By Proposition 7.4 it is then finite, and so κ(ΘΓ ) is finite, as desired. �



Mordell–Lang and André–Oort 279

Finally, we can settle Conjecture 1.6 in the following case.

Theorem 7.6. Let SΓ be the connected Shimura variety associated to CSp2g,Q

and any Γ , as in Example 2.12. Let s ∈ SΓ be a Galois generic point. Then
any infinite subset of the generalized Hecke orbit of s is Zariski dense in SΓ .
In particular, Conjecture 1.6 is true for s ∈ S = SΓ and any Z.

Proof. First note that every automorphism of the connected Shimura datum
(P,X+) here is an inner automorphism. Thus every generalized Hecke opera-
tor is a usual Hecke operator, and so the generalized Hecke orbit of s coincides
with the usual Hecke orbit. Consider any closed algebraic subvariety Z ⊂ SΓ

containing an infinite subset of the Hecke orbit of s. We must prove that
Z = SΓ .

Let E ⊂ Eab ⊂ C be as in Section 6, and choose a finitely generated
extension K0 ⊂ C of Eab such that Z is defined over K0. By Proposition 6.5
(a)⇒(c) there exist a finitely generated extension K ⊂ C of K0, a congruence
subgroup Γ ′ ⊂ Γ , and a point s′ ∈ SΓ ′ mapping to s under π := [id] : SΓ ′ →
SΓ , such that s′ is strictly Galois generic with respect to K. The inverse
image under π of the Hecke orbit of s is then simply the Hecke orbit of s′.
Thus Z ′ := π−1(Z) is a closed algebraic subvariety of SΓ ′ defined over K0

that contains an infinite subset of the Hecke orbit of s′. It suffices to prove
that Z ′ = SΓ ′ . Thus after replacing Γ , s, Z by Γ ′, s′, Z ′ we may assume that
s is strictly Galois generic with respect to K. Then Proposition 6.6 says that
for every Hecke operator Tp on SΓ , the set Tp(s) is permuted transitively by
Gal(K̄/K).

Since Z contains an infinite subset of the Hecke orbit of s, there exists
a sequence (pn) in P (Q) such that Z contains a point from Tpn(s) for all n
and that all these points are distinct. As Z is defined over K0 and hence
over K, the transitivity of Gal(K̄/K) then implies that Z contains the whole
set
⋃∞

n=1 Tpn(s). By construction this set is infinite; hence by Theorem 7.5 it
is Zariski dense in SΓ . Therefore Z = SΓ , as desired.

Finally, in the situation of Conjecture 1.6, this shows that either Z = SΓ ,
or Z is finite and hence a point. In the former case it is special by tautology,
in the latter it is weakly special by Remark 4.11. �

Remarks 7.7.

(a) Proposition 6.9 and Theorem 6.13 show that Theorem 7.6 is not vacuous.
(b) In Theorem 7.5 one should expect that the subset

⋃∞
n=1 Tpn(s) of SΓ

is either finite or dense for the analytic topology. In fact, in the case
Γ = P (Z)+ this is a consequence of Theorem 7.1.

(c) Clozel, Oh, and Ullmo [6, Thm. 1.6] prove an analogue of Theorem 7.1 for
most connected almost simple simply connected semisimple groups over
Q with arbitrary congruence subgroups. A version for all adjoint groups
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would apply to more Hecke operators and hence quickly yield general-
izations of Theorems 7.5 and 7.6 to arbitrary connected pure Shimura
varieties. Such a version can presumably be proved along the lines of [6]
and [7].

(d) Clozel has pointed out to the author that the desired extension to most
adjoint groups might also be deduced from [6, Cor. 1.4], using the fact
that for every Hecke operator induced by an element of the adjoint group,
some positive power is a linear combination of Hecke operators induced
by elements of the simply connected covering.

(e) An overview of various other aspects of equidistribution is given in
Ullmo [45].
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Summary. We propose a motivic analog of limit mixed Hodge structures. Working
in the context of triangulated categories of motivic objects on schemes we introduce
and study a limit motive functor and a motivic vanishing cycle sheaf.

1 Introduction

In this paper we explain the construction of limit motives, following [11]. These
are motivic analogues of limit mixed Hodge structures considered by Schmid,
Steenbrink, Zucker, El Zein, Saito and others. The idea of limit MHSs (coming
from a geometric situation) is the following: Let D := {z ∈ C | |z| < 1},
D◦ := D � {0} and f : X → D be a proper family of complex algebraic
manifolds such that f◦ : X◦ := f−1(D◦) → D◦ is smooth and Y := f−1(0) is
a divisor with normal crossings in X . For any t ∈ D◦, let Xt := f−1(t). The
cohomology groups Hn(Xt,C) are part of variations of pure Hodge structures
and there is a way to put a mixed Hodge structure on limt→0H

n(Xt,C)
depending on the direction in which tmoves to 0 such that the weight filtration
is given in terms of the monodromy action around 0. Considerations in [3]
suggest that these limit Hodge structures are fibers of a unipotent variation
of mixed Hodge structures on C∗, the pointed tangent space of D at 0.

Let us now switch to the algebraic/motivic context. Let C be a smooth
curve over a field k ⊂ C, c0 ∈ C(k) and C◦ := C � {c0}. Let F be a motivic
sheaf on C◦, i.e., an object of a certain triangulated category with suitable
Hodge realizations. To any such F we would like to associate a motivic sheaf
F̃ on T ◦

C,c0
, the pointed tangent space of c0 in C, satisfying some natural

properties.
Let f : X → C be a proper morphism such that f ◦ : X◦ := f−1(C◦) →

C◦ is smooth and Y := f−1(c0) ⊂ X is a divisor with normal crossings. Let
F := Rf∗Z(0). Then the Hodge realizations of F̃t, t ∈ T ◦

C,c0
(C), should give

the limit Hodge structures of the Hn(X(C)c,C), c ∈ C◦(C).
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In this paper we consider the unipotent case, i.e., the resulting sheaf on the
pointed tangent space has unipotent monodromy around zero (appropriately
formulated) and the functor defined here will only be the right one if the
monodromy of the sheaf we start with is also unipotent.

One basic ingredient for the motivic construction is the usage of algebra
and module structures on motivic objects in a homotopical context and func-
toriality of these.

We now sketch the approach in a toy model: For a manifoldM let DM(M)
be the derived category of the category of sheaves of abelian groups on M .
Let UDM(M) be the smallest full triangulated subcategory of DM(M) con-
taining the constant sheaf Z and closed under arbitrary sums - this will be
the subcategory of generalized unipotent objects.

Let S be a 2-dimensional real manifold, s0 ∈ S and S◦ = S � {s0}. Let D
be a small disc around s0 in S and D◦ = D�{s0}. In this topological context
we can easily identify UDM(D◦) and UDM(T ◦

S,s0
) via a choice of an inclusion

D ↪→ TS,s0 inducing the identity on the tangent spaces at s0 and 0.
Let F ∈ DM(S◦) be such that F|D◦ ∈ UDM(D◦). We could define F̃

as the image of F|D◦ in UDM(T ◦
S,x). However, this assignment would not be

algebraic if we were considering S as a complex algebraic curve. Instead we
can do the following: Let i : {s0} → S be the closed and j : S◦ → S the
open inclusion. Let p : T ◦

S,s0
→ {s0} be the projection. Then there are two

main observations:

• There is a canonical isomorphism i∗Rj∗Z ∼= Rp∗Z in DM({s0}). The ho-
motopical algebra machinery developed in [11] allows one to construct
this isomorphism as an isomorphism of “commutative” algebra objects in
a suitable sense. It follows that there is a canonical equivalence

D((i∗Rj∗Z)–Mod) ∼ D((Rp∗Z)–Mod)

of (derived) module categories (see Section 2 for the definitions and Propo-
sition 4.1 for the motivic versions). The argument in the algebraic context
(for the “jump” from a general closed embedding to the linearized version
of the zero section in the normal bundle) uses the geometric idea of the de-
formation to the normal cone together with sheaf theory on these spaces.

• The category D(Rp∗Z–Mod) is equivalent to UDM(T ◦
S,s0

). This is based
on the fact that the natural functor between these categories induces iso-
morphisms on all Ext groups between the corresponding tensor unit and
itself (see Theorem 2.5). The motivic version is Corollary 3.7.

Now we can start with any F ∈ DM(S◦) and form i∗Rj∗F as a module
over i∗Rj∗Z. Sending i∗Rj∗F further along the two equivalences

D(i∗Rj∗Z–Mod) ∼ D(Rp∗Z–Mod) ∼ UDM(T ◦
S,s0

)

defines a natural functor
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DM(S◦) → DM(T ◦
S,s0

)

which, as we will see, has a motivic analogue.
This motivic local monodromy functor gives in particular tangential base-

point functors in the motivic setting. For example, one can define the motivic
fundamental group of P1

Q � {0, 1,∞} with base point 01, as it was done for
the realization categories in [3]. Another application are motivic versions of
polylogarithm sheaves from [2] and of the weak Zagier conjecture. These will
be addressed in a future paper.

Acknowledgments. I would like to thank Joseph Ayoub, Norbert Hoffmann,
Bertrand Toen and Yuri Tschinkel for helpful discussions and suggestions.

2 Model category background

Notation 2.1.

– N: the set of natural numbers including 0;
– 0: the category of finite ordinals [n] = 0 < 1 < · · · < n with order pre-

serving maps;
– Set: the category of sets;
– SSet: the category of simplicial sets;
– ∆n: the simplical set represented by [n] ∈ 0;
– ∂∆n: the boundary of ∆n;
– Λn

k ⊂ ∂∆n: the cone where the k-th side is missing;
– Ab: the category of abelian groups;
– for a model category C (for example, SSet),
• Q (resp., R) the cofibrant (resp., fibrant) resolution functors;
• Cc (resp. Cf resp. Ccf ) the full subcategory of cofibrant (resp. fibrant,

resp. fibrant and cofibrant) objects of C;
• Ho C (or DC) the corresponding homotopy category,
• Ho≤2C (or D≤2C) the homotopy 2-category, i.e., the 2-truncation of

the Dwyer-Kan localisation of Ccf ;
• for an object A of C carrying an additional structure (or an object of

the corresponding homotopy category) let A� be the underlying object
without the structure (resp. its image in Ho C).

– for an abelian category A let Cplx(A) be the category of (homologically
indexed) complexes in A.

A model category C is called stable if the suspension functor on Ho C is
an equivalence (see [7, Definition 7.1.1]). In this case Ho C is a (classical)
triangulated category.

Let D be symmetric monoidal. For an operad O in D we let Alg(O) be the
category of O-algebras, and for A ∈ Alg(O) we let A–Mod be the category of
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A-modules. For two maps f : A → B and g : C → D in D we denote by
f�g the pushout product of f and g, i.e., the map

A⊗D !A⊗C B ⊗ C → B ⊗D,
if it exists. If D is also a model category, it is called a symmetric monoidal
model category if f�g is a cofibration, whenever f and g are, and, additionally,
a weak equivalence if either f or g is.

For an object K of a symmetric monoidal model category D, we denote by
SpΣ(D,K) the category of symmetric K-spectra as defined and studied in [8].
It is a symmetric monoidal model category (with the stable model structure)
if the conditions of [8] are satisfied. Assigning to a K-spectrum X its zeroth
object X0 defines a right Quillen functor Ev0 : SpΣ(D,K) → D with a left
adjoint Σ∞

K which assigns to an object A ∈ D the free symmetric K-spectrum
A.

Many constructions in homotopy theory are based on Bousfield localiza-
tions of model categories. The (left) Bousfield localization of a model category
C with respect to a set of morphisms Φ is (if it exists) a model category LΦC
and a left Quillen functor C → LΦC which should be thought of being univer-
sal with the property that elements of Φ are sent to weak equivalences. There
are various general conditions insuring that a model category possesses a left
Bousfield localization with respect to a set of morphisms. One of these condi-
tions, used in [5], is called cellularity, see [5] or [8]. Cellular model categories
are special cofibrantly generated model categories.

Example 2.2. If A is the category of modules over a unital commutative
ring, then Cplx(A) carries a symmetric monoidal model structure, called the
projective model structure. This model structure is cellular.

Assumption 2.3. Let C be a cofibrantly generated symmetric monoidal
model category with unit 1l receiving a symmetric monoidal left Quillen func-
tor either from SSet or Cplx(Ab). Assume that

• C is left proper,
• 1l and the domains of the generating cofibrations of C are cofibrant.

Let L be the image of the linear isometry operad in C (see [9]). Then the
category of L-algebras Comm(C) := Alg(L) is a semi-model category by [11,
Theorem 4.7]. For A ∈ Comm(C) let Comm(A) be the category of objects in
Comm(C) under A. This is a semi-model category if A is cofibrant. Thanks
to the special properties of L the category A–Mod of A-modules carries a
symmetric monoidal structure with pseudo-unit similarly defined as in [4] or
[9]. If A is cofibrant, then A–Mod is a symmetric monoidal model category
with weak unit (see [11, section 9]). The homotopy category D(A–Mod) is
well defined for A ∈ Ho≤2Comm(C) and is a closed symmetric monoidal cate-
gory. For A ∈ Comm(C) we put D(A–Mod) := HoQA–Mod (and similarly for
D≤2(A–Mod)).
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There are standard induced functors between these categories for change
of algebras or change of model categories.

We now define unipotent objects relative to a base category, in the context
of model categories (see the second part of [11]).

By a homotopy colimit in Ho C we mean the image in Ho C of a homotopy
colimit hocolim(D) of a diagram D : I → Cc (see [5, Definition 20.1.2] for
homotopy colimits). By the homotopy colimit of a diagram D : I → C we mean
the homotopy colimit of the diagram QD. For an ordinal λ a homotopy λ-
sequence is a homotopy colimit of a diagram D : λ→ C such that for any limit
ordinal ν < λ the map from the homotopy colimit of hocolim(D|ν) → D(ν)
is a weak equivalence.

A full subcategory C ′ of C is called saturated if C ′ is equal to its essential
image.

Definition 2.4. A saturated full subcategory B of Ho C is called closed under
homotopy colimits if every homotopy colimit in Ho C whose terms map to B is
contained in B. Let O be a class of objects in Ho C. By the full subcategory of
Ho C, O-generated by homotopy colimits, we mean the smallest full subcategory
of Ho C which contains O and is closed under homotopy colimits.

In the following we will make no notational distinction between functors
between model categories and the induced derived functors on the homotopy
categories.

Let F : C → D be a symmetric monoidal left Quillen functor between
cofibrantly generated symmetric monoidal model categories satisfying As-
sumption 2.3. Let U be the right adjoint of F . Let 1lD → R1lD be a fi-
brant and cofibrant replacement of the initial object in Comm(D) and set
A := QU(R1lD) ∈ Comm(C). There is a natural functor

Ũ : HoD → D(A–Mod)

and an adjunction

D(A–Mod)
eF ��

HoD
eU

�� ,

where F̃ first maps to D(FA–Mod) and then to HoD via pushforward along
the natural map FA→ R1lD.

Theorem 2.5. In this situation, assume that the following conditions are ful-
filled:

1. Let M ∈ Ho C be the image of a domain or codomain of a generating
cofibration of C. Then the projection morphism M ⊗ A� → UFM is an
isomorphism.

2. The functor U : HoD → Ho C commutes with homotopy λ-sequences for
all ordinals λ.
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3. C (and hence also D) is a stable model category.

Then the symmetric monoidal functor F̃ is fully faithful and its essential image
is the full subcategory of HoD which is F (D)-generated by homotopy colimits,
where D is the set of all domains and codomains of the generating cofibrations
of C. This subcategory is a ⊗-subcategory.

Proof. See [11, Theorem 13.4]. �

Remark 2.6. This Theorem also holds if we use symmetric monoidal model
categories with weak unit.

Remark 2.7. The Theorem will be applied to the functor

f∗ : DM(S) → DM(X)

between triangulated categories of motivic sheaves (defined in the next sec-
tion) induced by a morphism of schemes f : X → S. The objects in the image
of (f∗)̃ can be viewed as generalized unipotent objects, i.e., they are con-
structed by some iterated homotopy colimits of objects coming from DM(S).

3 Motivic categories

In this section we define a class of model categories of motivic objects on
schemes suitable for our applications. We essentially review the constructions
of (stable) motivic homotopy categories introduced in the foundational works
[10] and [12].

Let S be a separated Noetherian scheme and Sm/S the category of smooth
schemes over S. Let Spc(S) := ShvNis (Sm/S)�

op
be the category of simplicial

sheaves of sets on Sm/S for the Nisnevich topology. Let M be the image of a
set of representatives of open inclusions U ⊂ X in Sm/S under the composed
functor Sm/S → ShvNis (Sm/S) → Spc(S), where the first functor sends a
scheme to the sheaf represented by the scheme and the second one sends a
sheaf of sets to the constant simplicial object on the given sheaf. So M is a set
of monomorphisms in Spc(S). Let Is (resp. Js) be the image of the standard
set of (trivial) generating cofibrations of SSet in Spc(S), i.e., Is consists of the
images of the maps ∂∆n ↪→ ∆n and Js of the images of the maps Λn

k ↪→ ∆n.
Set IS := Is�M and JS := Js�M.

Theorem–Definition 3.1. The sets IS (resp. JS) are sets of generating (triv-
ial) cofibrations for a symmetric monoidal (with respect to the cartesian prod-
uct) finitely generated model structure on Spc(S) called the cd-model structure.
This cd-model structure is left proper and cellular.

Proof. See, e.g., [11]. �
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By [5, Theorem 4.1.1] we can take the left Bousfield localization of Spc(S)
with respect to maps ∆n × (A1

X → X), n ∈ N, where X runs through a set of
representatives of isomorphism classes of Sm/S. We call the resulting model
structure the A1-local model structure and denote the corresponding model
category by SpcA(S). It is also symmetric monoidal.

We call an object of Spc(S) which is local with respect to the above set of
morphisms A1-local, so Z ∈ Spc(S) is A1-local iff the maps

HomHo Spc(S)(X ×∆n, Z) → HomHo Spc(S)(A1
X ×∆n, Z)

are isomorphisms for any X ∈ Sm/S and n ∈ N.
Let H(S) := HoSpcA(S). It is the motivic homotopy category defined in

[10]. Let SpcA
• (S) be the pointed version of SpcA(S) provided by [7, Proposition

1.1.8] and set H•(S) := HoSpcA
• (S); SpcA

• (S) is a symmetric monoidal model
category with respect to the smash product ∧.

Let T be a cofibrant object in SpcA
• (S) weakly equivalent to (P1,∞). De-

note by SpΣ
T (S) := SpΣ(SpcA

• (S),T) the symmetric monoidal category of sym-
metric T-spectra in SpcA

• (S) provided by [8, Theorem 7.11]. We denote the
corresponding homotopy category by SH(S) which is the stable motivic ho-
motopy category. It has the property that Σ∞

T T is tensor invertible. There is
a factorization T ∼= S1

s ∧ S1
t (see [10, Section 3.2.2]), where S1

s is the image in
H•(S) of the simplicial circle ∆1/∂∆1 with the obvious pointing and S1

t the
image of (Gm, 1). Hence both S1

s and S1
t are tensor invertible in SH(S). In

particular SH(S) is a stable model category with shift functor − ∧ S1
s =− [1].

For M ∈ SH(S) and n ∈ Z we set M(n) :=M ∧ (S1
t )∧n[−n].

The model categories SpcA(S), SpcA
• (S) and SpΣ

T (S) depend functorially
on S, i.e., they define left Quillen presheaves on the category of separated
Noetherian schemes (see [6, Section 17]), since for a morphism f : S → T the
isomorphism classes of the maps in f ∗(IT ) are contained in IS (same for the
J’s).

The natural Quillen functors between these model categories extend to
morphisms of left Quillen presheaves.

Let C(S) be one of these model categories and let f : X → S in Sm/S.
We have functors MS : Sm/S → C(S) and MX : Sm/X → C(X). In this
situation f∗ is also a right Quillen functor with left adjoint f! which sends
MX(Y ) to MS(Y ) for Y ∈ Sm/X .

Proposition 3.2. Let f : X → S be in Sm/S and let A,B ∈ Ho C(S) and
C ∈ Ho C(X). Then we have:

1. There is a canonical isomorphism f∗f∗A ∼= HomHoC(S)(MS(X), A).
2. The natural map

f!(C ⊗ f∗A) → f!C ⊗A
in Ho C(S) is an isomorphism.
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3. The natural map

f∗Hom(A,B) → Hom(f∗A, f∗B)

in Ho C(X) is an isomorphism.

Proof. We prove the third point, the first two are similar but easier. Since f ∗

is also a right Quillen functor it commutes with homotopy limits and fiber
sequences, hence we can assume that A is of the form MS(U), U ∈ Sm/S.
Let B ∈ C(S) be fibrant and cofibrant. The category C(S) consists of sheaves
on Sm/S with values in some category V , and there is a functor v : V → Set
such that for F ∈ C(S) and V ∈ Sm/S we have Hom(MS(V ), F ) = v(F (V )).
Let V ∈ Sm/X . We have

f∗HomC(S)(MS(U), B)(V ) = HomC(S)(MS(U), B)(V )

= v(B(U ×Y V )) = v(B(UX ×X V )) = HomC(X)(MX(UX), f∗B)(V ) ,

which shows the claim. �

Lemma 3.3. Let f : X → S be a morphism between separated Noetherian
schemes. Then the map f∗ : Ho C(X) → Ho C(S) preserves homotopy λ-
sequences.

Proof. We prove the case C(X) = SpΣ
T (X), C(S) = SpΣ

T (S), the other cases are
similar or easier. Consider a λ-sequence Y : λ→ SpΣ

T (X)cf with cofibrations
as transition maps. Since filtered colimits in Spc(S) are created in presheaves,
f∗ commutes with λ-sequences by definition of f∗. Hence we have to check
that colimif∗Yi ∈ SpΣ

T (S) computes the homotopy colimit. We can find a
λ-sequence Ỹ : λ → SpΣ

T (S)cf where all transition maps are cofibrations
together with an objectwise weak equivalence Ỹ → f∗Y . Since these maps are
weak equivalences between fibrant objects it follows that every map Ỹi → f∗Yi

is a level quasi-isomorphism. Hence using the injective model structure on
Spc(S) it follows that the map colimiỸi → colimif∗Yi is a weak equivalence,
what we wanted to show. �

The model categories SpcA(S), SpcA
• (S) and SpΣ

T (S) satisfy the Assump-
tions 2.3. Hence we have a theory of E∞-algebras and modules in these cat-
egories. The categories of motivic objects will be categories of modules over
some fixed cartesian sheaf of E∞-algebras on some given category of schemes
over some base scheme. I.e., we fix the following data:

• a separated Noetherian base scheme S0 together with a full subcategory
Sch/S0 of the category of separated Noetherian schemes over S0,

• a cofibrant algebra H ∈ Comm(SpΣ
T (S0)),

• for any object f : S → S0 of Sch/S0 let H(S) := f∗H ∈ Comm(SpΣ
T (S)),
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• for f as above let M(S) := H(S)–Mod be the model category of motivic
objects we will consider.

The model categories M(S) are symmetric monoidal with weak unit. We
denote the tensor product by ⊗. They define a left Quillen presheaf on Sch/S0.
The functoriality assertions of the last section also hold for these.

Definition 3.4. Set DM(S) := HoM(S) and Comm(M(S)) := Comm(H(S)).

Certainly one can use M(S) = SpΣ
T (S). As another special case, take S0 =

Spec(Q), Sch/Q the category of schemes of finite type over Spec(Q) and H a
cofibrant replacement of the motivic Eilenberg McLane-spectrum (HZ)Q over
Spec(Q).

There is a canonical functor MS : Sm/S → DM(S). We often write
M instead of MS . There is a natural extension of this functor to closed pairs
Z ⊂ X in Sm/S and we writeM(X,Z) for the corresponding image in DM(S).
For M ∈ DM(S) we set M∨ := HomDM(S)(M, 1l). For any n ∈ Z we have the
Tate shift M(n) =M ⊗M(Gm, {1})⊗n[−n].

The following is an application of [10, Theorem 3.2.21]:

Proposition 3.5. Let i : Z ⊂ X be a closed embedding and j : U ⊂ X the
complementary open embedding in Sch/S0. For every F ∈ DM(X) there is an
exact triangle

j!j
∗F → F → i∗i∗F → j!j

∗F [1]

in DM(X).

Proof. See [11]. �

Let f : X → S be a morphism in Sch/S0. We wish to apply Theorem 2.5
with C = M(S), D = M(X) and F = f∗.

We have to check conditions 1-3 of Theorem 2.5.

(1) Let M ∈ DM(S). If f is smooth we have f∗f∗B ∼= HomDM(S)(M(X),M)
by Proposition 3.2, (1). Hence this condition is in this case equivalent to
the rigidity statement that the canonical map

M(X)∨ ⊗M → Hom(M(X),M)

is an isomorphism.
(2) This condition follows from Lemma 3.3.
(3) This condition is clear.

Lemma 3.6. Condition (1) is satisfied if f is smooth and one of the following
conditions are satisfied:

• S is the spectrum of a field of characteristic 0.
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• f is projective or more generally the complement of a relative normal cross-
ing divisor in a smooth and projective morphism.

Proof (Proof in a special case.). We prove the case where X is a vector bundle
over S or the complement of the zero section of a vector bundle. We are allowed
to Zariski-localize, hence in the case of a vector bundle the assertion follows
from A1-locality. In the second case we know that Zariski-locally we have
M(X) ∼= 1l⊕ 1l(n)[2n− 1] which is also enough to conclude. �

We denote the full subcategory of DM(X) which is f ∗(DM(S))-generated
by homotopy colimits by UDM(X/S) (see Definition 2.4).

Let A(X) := f∗1l ∈ D≤2Comm(M(S)) be the motivic cohomology algebra
of X relative to S.

Then Theorem 2.5 implies

Corollary 3.7. Suppose f satisfies one of the conditions of the above Lemma.
Then there is a natural equivalence of tensor triangulated categories

(f∗)̃ : D(A(X)–Mod) → UDM(X/S).

4 Limit Motives (unipotent case)

Let S ∈ Sch/S0 such that any smooth scheme over S belongs to Sch/S0.

Proposition 4.1. Let

Z
i
↪→ X

j←↩ U,
where i (resp. j) is a closed (resp. complementary open) embedding in Sm/S.
Let p : N → Z be the normal bundle of Z in X and p◦ : N◦ → Z the
complement of the zero section. There is a natural isomorphism i∗j∗1l ∼= p◦∗1l
in DComm(M(Z)).

Proof. This combines the next two Lemmas. �

Lemma 4.2. For Z ∈ Sm/S let p : N → Z be a (geometric) vector bundle
with zero section i : Z ⊂ N . Let j : N � i(Z) ⊂ N be the open inclusion and
let p◦ : N � i(Z) → Z be the projection. Then there is a natural isomorphism
i∗j∗1l ∼= p◦∗1l in DComm(M(Z)).

Proof. The unit for the adjunction

DComm(M(Z))
i∗ ��

DComm(M(N))
i∗

�� ,

applied to the algebra j∗1l yields a map j∗1l → i∗i∗j∗1l. Further applying p∗
yields the desired map p◦∗1l → i∗j∗1l.
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We can now forget the algebra structures since all functors involved com-
mute with them. Proposition 3.5 applied to j∗1l yields an exact triangle

j!j
∗j∗1l → j∗1l → i∗i∗j∗1l → j!j

∗j∗1l[1] ,

and our map comes from applying p∗ to the second map of this triangle. There
is an isomorphism j!j

∗j∗1l ∼= j!1l. Hence we are done if we show that p∗j!1l = 0.
We apply p∗ to the triangle

j!1l → 1l → i∗1l → j!1l[1] .

The second map is mapped to an isomorphism since p is an A1-weak equiva-
lence, hence p∗j!1l = 0. �

Lemma 4.3. Let the situation be as in Proposition 4.1 and let i′ : Z ⊂ N
and j′ : N◦ ⊂ N be the zero section and its complement. Then there is a
natural isomorphism i∗j∗1l ∼= i′∗j′∗1l in DComm(M(Z)).

Proof. We use a similar construction as in the proof of [10, Theorem 3.2.23].
Let π : B → X×A1 be the blow-up of Z×{0} in X×A1, f : Z×A1 → B the
canonical closed embedding which splits i(Z)×A1 and g : X → B the closed
embedding which splits X ×{1}. We have P := π−1(Z ×{0}) ∼= P(N ⊕O) ⊃
P(N). Let E be the strict transform of X×{0} in B and set B̃ := B�E. We
have E ∩ P = P(N), so we have a closed embedding h : N → B̃. The maps
f and g factor through B̃, and we denote the factor maps also by f and g.

Let B̃◦ := B̃ � f(Z × A1) and j′′ : B̃◦ ⊂ B̃ the open inclusion. We have
pullback squares

U ��

j

��

B̃◦

j′′

��
X

g �� B̃

and N◦ h◦
��

��

B̃◦

j′′

��
N

h �� B̃

.

Claim 1: The two base change morphisms for these diagrams applied to 1l
are isomorphisms, i.e., we have isomorphisms i∗j∗1l ∼= i∗1f

∗j′′∗ 1l and i′∗j′∗1l ∼=
i∗0f∗j′′∗ 1l, where ir : Z × {r} → Z × A1, r = 0, 1, are the two inclusions.

Let q : Z × A1 → Z be the projection. We have maps

hr : q∗f∗j′′∗ 1l → i∗rf
∗j′′∗ 1l, r = 0, 1.

Claim 2: The maps hr, r = 0, 1, are isomorphisms.

The claims imply the desired isomorphism and we turn to their proofs. After
Zariski localization onX we can assume that there is an etale map e : X → An

S
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such that Z = e−1(Ar
S). By Proposition 3.2 (1) and (3), we are reduced to

the case X = An
S , Z = Ar

S . Changing S to Ar
S we can assume that r =

0. Let x1, . . . , xn+1 be coordinates on An+1
S and y1, . . . , yn+1 homogeneous

coordinates on Pn
S. Then

B = {(x, y) ∈ (An+1 × Pn)S | xiyj = xjyi, i, j = 1, . . . , n+ 1}.

Let W ⊂ B be defined by the equations xn+1 = yn+1 = 0. Then B̃ = B �W .
We consider B̃ and An+1

S as schemes over A1
S via the last projection An+1

S →
A1

S . The assignment xn+1 �→ xn+1, xi �→ yi

yn+1
, i = 1, . . . , n, yields an isomor-

phism ϕ : B̃ → An+1
S over A1

S such that (ϕ ◦ f)(A1
S) is the closed subscheme

defined by x1 = · · · = xn = 0. Hence by Lemma 4.2 and Proposition 3.2 (1)
we have

f∗j′′∗ 1l = M((An � {0})A1
S
)∨ ∼= 1l⊕ 1l(−n)[−2n+ 1].

We have an analogous descriptions of i∗j∗1l and i′∗j′∗1l, so Claim 1 follows.
Claim 2 follows since f∗j′′∗ 1l is a pullback from S and A1

S → S is an A1-weak
equivalence. �

Let now
D

i
↪→ X

j←↩ X◦,

where D is a divisor, i (resp. j) a closed (resp. complementary open) em-
bedding in Sm/S and let p◦ : N◦ → D be the pointed normal bun-
dle of D in X . The morphism p◦ satisfies the conditions of Corollary 3.7,
hence we have an equivalence UDM(N ◦/D) ∼ D(p◦∗1l–Mod). The functor
i∗j∗ : DM(X◦) → DM(D) factors through D(i∗j∗1l–Mod). Proposition 4.1 sug-
gests that we should have a natural equivalence D(i∗j∗1l–Mod) ∼ D(p◦∗1l–Mod),
but we get such an equivalence only if we have a morphism from i∗j∗1l to p◦∗1l in
the 2-category D≤2Comm(M(D)). Reexamining the proofs of Lemmas 4.2 and
4.3 we find that we have a chain of weak isomorphisms i∗j∗1l ← B → B′ ← p◦∗1l
in D≤2Comm(M(D)), where all maps are unique up to a unique 2-isomorphism.
Since there is no way in a 2-category to find an inverse of a weak isomorphism
which is unique up to a unique 2-isomorphism this chain of weak isomor-
phisms is the only thing we get. Nevertheless it follows that there is a natural
equivalence D(i∗j∗1l–Mod) ∼ D(p◦∗1l–Mod), unique up to a unique natural iso-
morphism, by composing the functors induced by the maps in this chain or
their adjoints. Now we can define the functor

LX,D : DM(X◦) → DM(N◦)

to be the composition

DM(X◦) → D(i∗j∗1l–Mod) ∼ D(p◦∗1l–Mod) ∼ UDM(N◦/D) → DM(N◦) .
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Remark 4.4. Intuitively, the functor does the following: We first restrict a
given motivic sheaf on X◦ to a tubular neighborhood of D (which of course
does not exist). Then we identify this tubular neighborhood with a tubular
neighborhood of the zero section in N (the normal bundle of D in X) and
carry over the restricted sheaf. This we finally extend to the whole of N ◦. As
long as we believe that some sort of monodromy action around D is unipo-
tent our above definition gives a perfectly sensible simulation of this intuitive
description.

Consider the more general situation: Let X ∈ Sm/S and D ⊂ X be a
divisor with normal crossings relative to S, i.e., D =

⋃
i∈I Di with Di ∈

Sm/S and locally in the etale topology the intersections of the Di look like
intersections of coordinate hyperplanes in some An

S . Let X◦ := X � D. For
J ⊂ I let DJ :=

⋂
i∈J Di and D◦

J := DJ �
⋃

i∈I�J Di. Let Ni be the normal
bundle of Di in X and N◦

i the complement of the zero section. Let NJ be the
fiber product of the Ni over DJ for i ∈ J and N◦

J the corresponding product
of the N◦

i . Finally, let N◦◦
J be the restriction of N◦

J to D◦
J . Our goal is to

construct functors
LX,J : DM(X◦) → DM(N◦◦

J ),

for J ⊂ I, subject to certain compatibilities.
Assume that J, J ′ ⊂ I are disjoint and consider the functor LX,J∪J′ . For

i ∈ I � J denote by D̃i the restriction of Di to DJ and by D′
i the preimage of

D̃i in N◦
J with respect to the natural projection. The D′

i, i ∈ I � J , are again
divisors with normal crossings in N ◦

J relative to DJ with complement N◦◦
J .

Applying the definitions above we get corresponding objects D′
J′ , D′◦

J′ , N ′◦
J′

and N ′◦◦
J′ and canonical isomorphisms D′◦

J′ ∼= D◦
J∪J′ and N ′◦◦

J′ ∼= N◦◦
J∪J′ .

On the other hand, we have a composition of functors

DM(X◦)
LX,J �� DM(N◦◦

J )
LN◦

J
,J′

�� DM(N ′◦◦
J′ ) ∼ DM(N◦◦

J∪J′) . (1)

We require the following compatibilities:

• there is a natural isomorphism ϕJ′,J between the composition (1) and
LX,J∪J′ ;

• for any three disjoint subsets J, J ′J ′′ ⊂ I,
ϕJ′′∪J′,J ◦ (ϕJ′′,J′ ◦

0
IdLJ ) = ϕJ′′,J′∪J ◦ (IdLJ′′ ◦

0
ϕJ′,J ) .

Below we sketch the construction of the ϕJ,J′ and indicate the main ideas in
the proof of compatibilities.

We introduce some further notation: Let j : X◦ → X , XJ := X�
⋃

i∈J Di

and jJ : XJ → X be the open inclusion. Let iJ : DJ → X and i◦J : D◦
J → X

be the closed, respectively locally closed, embedding. Furthermore, let p◦J :
N◦

J → DJ and p◦◦J : N◦◦
J → D◦

J be the projections.
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Proposition 4.5. Let A ∈ DComm(M(X)) such that Zariski-locally on X A�

is a pullback of an object from DM(S). Then there is a canonical isomorphism

i∗Jj
J
∗ j

J∗A ∼= p◦J∗p
◦∗
J i

∗
JA

in DComm(M(DJ)). Furthermore, if A is an object in D≤2Comm(M(X)) there
is a natural chain of weak isomorphisms in D≤2Comm(M(X)) connecting
i∗Jj

J∗ jJ∗A and p◦J∗p
◦∗
J i

∗
JA.

Proof. Analogous to Lemmas 4.2 and 4.3. The analogue of Lemma 4.2 has
the same proof and states in our case that there is a natural isomorphism

i′∗j′∗p
◦∗
J i

∗
JA

∼= p◦J∗p
◦∗
J i

∗
JA,

where j′ : N◦
J → NJ is the open inclusion and i′ : DJ → NJ the zero section.

We prove the analogue of Lemma 4.3: For every i ∈ J let πi, Bi, fi, gi, B̃i and
B̃◦

i be as in the proof of Lemma 4.3 for Z = Di. Let πJ : B̃J → X × A1 be
the fiber product of the B̃i over X × A1 for i ∈ J and B̃◦

J the corresponding
fiber product of the B̃◦

i . We have a closed embedding hJ : NJ → B̃J . Let
j′′J : B̃◦

J ⊂ B̃J be the open inclusion and fJ : DJ × A1 → B̃J the intersection
of the divisors which build the complement of j ′′J . Let gJ : X → B̃J be the
product of the gi. Then we have again pullback squares

XJ ��

jJ

��

B̃◦
J

j′′J
��

X
g �� B̃

and N◦
J

h◦
J ��

��

B̃◦
J

j′′J
��

NJ
hJ �� B̃J

.

Similar to the proof of Lemma 4.3 one shows that the base change morphisms
of these diagrams yield isomorphisms

i∗Jj
J
∗ j

J∗A ∼= i∗1f
∗
J j

′′
J∗π

∗
JA and i′∗j′∗p

◦∗
J i

∗
JA

∼= i∗0f
∗
Jj

′′
J∗π

∗
JA,

where ir : DJ × {r} → DJ × A1, r = 0, 1, are the inclusions. Also one shows
that the corresponding maps hr : i∗rf

∗
J j

′′
J∗π

∗
JA → q∗f∗Jj

′′
J∗π

∗
JA, as well as

q : DJ × A1 → DJ , the projection, are isomorphisms. �

The functor
LX,J : DM(X◦) → DM(N◦◦

J )

is defined as the composition

DM(X◦) → D(i◦∗J j∗1l–Mod) ∼ D(p◦◦J∗1l–Mod) ∼ UDM(N◦◦
J /D

◦
J) → DM(N◦◦

J ) .

We turn to the construction of the natural isomorphisms ϕJ′,J . We may
assume that J ∪ J ′ = I. Consider the cartesian squares
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D′
J′

i′ ��

��

N◦
J

p◦
J

��

N◦◦
J = (N◦

J )J′j′��

��
DI

ĩ �� DJ D◦
J

j̃��

.

Let p̃◦ : N◦
J′ |DI → DI and p′◦ : N ′◦

J′ → D′
J′ be the projections. Proposi-

tion 4.5, applied to the algebra A := p◦J∗1l, gives an isomorphism

p̃◦∗p̃
◦∗ĩ∗A ∼= ĩ∗j̃∗j̃∗A (2)

and a connecting chain of weak isomorphisms in D≤2Comm(M(DI)). The same
relation for the algebra 1l on N ◦

J yields the functor LN◦
J ;J′ . We get a diagram

of functors with natural isomorphisms in the squares

DM((N◦
J )J′

)
i′∗j′∗ �� D(i′∗j′∗1l–Mod) ∼ �� D(p′◦∗1l–Mod)

D(j̃∗A–Mod)
ĩ∗ j̃∗ ��

��

D(̃i∗j̃∗j̃∗A–Mod)
∼ ��

��

D(p̃◦∗p̃
◦∗ĩ∗A–Mod)

��
,

where we used appropriate naturality of the equivalence in Corollary 3.7 and
of the constructions in the proof of Proposition 4.5. We also have a cartesian
square

N ′◦
J′ = N◦

I

p′◦
��

q′

��

D′
J′ = N◦

J |DI

q

��
N◦

J′ |DI

p̃◦
�� DI

.

Hence base change morphisms induce isomorphisms

p◦I∗1l ∼= p̃◦∗ ◦ q′∗1l ∼= p̃◦∗p̃
◦∗q∗1l ∼= p̃◦∗p̃◦∗ĩ∗A, (3)

and we get an equivalence

D(p̃◦∗p̃
◦∗ĩ∗A–Mod) ∼ UDM(N◦

I /DI) .

Collecting, we get a naturally commutative square

DM((N◦
J )J′

)
LN◦

J
,J′

�� UDM(N ′◦
J′/D′

J′)

D(j̃∗A–Mod) ��

��

UDM(N◦
I /DI)

��
.

Using the fact that A ∼= i∗Jj
J∗ 1l and applying base change to the cartesian

square in the diagram
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D◦
J

��

��

XJ′

��

X◦��

DI
�� DJ

�� X

yields an isomorphism ĩ∗j̃∗j̃∗A ∼= i∗Ij
I
∗1l. Combining this with (2) and (3) we

see that we obtain a natural chain of weak isomorphisms connecting p◦I∗1l
and i∗Ij

I
∗1l in D≤2Comm(M(DI)). Another such chain is given by Proposition

4.5. We are done if the functors induced by these two chains are naturally
isomorphic.

Keep notation as in the proof of Proposition 4.5. Let B̃′
J′ etc. be the

analogous objects defined for the situation on DJ × A1 with divisors (Di ∩
DJ) × A1, i ∈ J ′. For i ∈ J we have D̃J,i = fi(Di × A1) ×X×A1 B̃J�{i} and
otherwise D̃J,i = π−1

J (Di × A1). Let B := B̃J ×X B̃J′ and B◦ := B̃◦
J ×X B̃

◦
J′

We have morphisms
B̃I

ι−→ B ρ−→ X × A2,

and pullback squares

B̃′
J′

π′
J′

��

�� B

��
(DJ × A1)× A1 �� B̃J × A1

and B̃I
ι ��

πI

��

B
ρ

��
X × A1

Id×� �� X × A2

.

On B we have the divisors Di := DJ,i×X B̃J′ for i ∈ J and Di := B̃J ×XDJ′,i
for i ∈ J ′. The DI,i are the pullbacks of the Di with respect to ι. Let

q̃ : (DJ × A1)× A1 → DJ × A1

be the projection. Let A := f∗Jj
′′
J∗1l, Ã := π′∗J′ q̃∗A and B := f ′∗J′j′′′J′∗j

′′′
J′

∗
Ã, so

B is an algebra on DI × A2. We have canonical isomorphisms

i∗(0,0)B
∼= p̃◦∗p̃

◦∗ĩ∗p◦J∗1l,

i∗(0,1)B
∼= ĩ∗j̃∗j̃∗p◦J∗1l,

i∗(1,0)B
∼= p̃◦∗p̃

◦∗ĩ∗i∗Jj
J
∗ 1l,

i∗(1,1)B
∼= ĩ∗j̃∗j̃∗i∗Jj

J
∗ 1l,

where i(r,l) : DI × {(r, l)} → DI ×A2, r, l = 0, 1, are the inclusions. We have
isomorphisms between the i∗(r,l)B by comparing them to (DI × A2 → DI)∗B
via base change morphisms; and the isomorphisms among the right hand
sides above are compatible with these. Again via a base change morphism we
have a canonical isomorphism B ∼= (DI × A2 ⊂ B)∗(B◦ ⊂ B)∗1l, and the left
square above shows that we also have canonical isomorphisms i∗(0,0)B

∼= p◦I∗1l
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and i∗(1,1)B
∼= i∗Ij

I
∗1l. Compatibility of base change morphisms shows that

the two possible identifications of p◦I∗1l and i∗Ij
I∗1l constructed above actually

coincide. Note that our arguments took place in homotopy categories and not
in homotopy 2-categories. We leave it to the reader to exhibit the required
2-morphisms (a diagram connecting the many different ways of joining p◦I∗1l
and i∗Ij

I∗1l). For the compatibility of the ϕJ,J′ one considers B̃J×X B̃J′×X B̃J′′

and then compares the constructed 2-morphisms.

Remark 4.6. Instead of divisors Di ⊂ X we also can take closed Di ⊂ X ,
Di ∈ Sm/S, such that the intersections of the Di look etale locally like inter-
sections of orthogonal standard affine subspaces of some An

S . For these situa-
tions all constructions above work in exactly the same way. In particular, we
also get the functors LX,J .

5 The “trivial” case: Normal bundles

Let Z ∈ Sch/S0 be such that any smooth scheme over Z lies in Sch/S0. Let
E1, . . . , Er be vector bundles over Z, pi : Ei → Z the corresponding geometric
vector bundles and p◦i : E◦

i → Z the complement of the zero section. Let
X → Z be the fibre product of the Ei over Z and X◦ ⊂ X the fibre product
of the E◦

i . Let Di ⊂ X be the subscheme corresponding to the zero section of
Ei. Taking I = {1, . . . , r} we have a canonical isomorphism X◦ ∼= N◦◦

I and
we would like to show that our previous functor

LX,I : DM(X◦) → DM(N◦◦
I ) � DM(X◦)

is canonially isomorphic to the identity when restricted to UDM(X◦/Z).

Consider the case r = 1, E1 = OZ . Then

p : X = A1
Z → Z, j : X◦ = Gm,Z ⊂ A1

Z , p
◦ : X◦ → Z, i : D = {0}×Z ⊂ X.

Proposition 5.1. The functors

p◦∗ : UDM(X◦/Z) → D(p◦∗1l–Mod) and i∗j∗ : UDM(X◦/Z) → D(i∗j∗1l–Mod)

are canonically isomorphic under the identification p◦∗1l ∼ i∗j∗1l.
Corollary 5.2. The composition

UDM(X◦/Z) ⊂ DM(X◦)
LX,D−→ UDM(X◦/Z)

is naturally isomorphic to the identity.
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Proof. Immediate from the definition of LX,D, Proposition 5.1 and Corollary
3.7. �

Proof (Proof of the Proposition 5.1). Set N := X and let M ∈ UDM(N/Z).
As in Lemma 4.2 we get a module map p◦∗M ∼= p∗(j∗M) → i∗j∗M along
the map of algebras p◦∗1l → i∗j∗1l natural in M . We claim that this map is
an isomorphism. Indeed, M can be written as a λ-sequence such that each
transition map is the pushout by a map between objects coming from Z,
hence we are reduced to the case where M = (p◦)∗A with A ∈ DM(Z). We
can forget the module structures. Proposition 3.5 applied to j∗M yields an
exact triangle

j!M → j∗M → i∗i∗j∗M → j!M [1] .

Applying p∗ yields our transformation as the second map, hence we need to
show that p∗j∗j∗j!M = p∗j!M = 0.

Set M ′ = p∗A, so M = j∗M ′. Apply p∗ to the triangle

j!M →M ′ → i∗A→ j!M [1] .

Since p is an A1-weak equivalence the second map is mapped to an isomor-
phism and p∗j!M = 0. �

6 The motivic vanishing cycle functor

In this section we define the motivic vanishing cycle functor in the “unipotent”
situation.

Let S be as in Section 4. Let again X ∈ Sm/S, D ⊂ X a relative NCD
with smooth components Di, i ∈ I, and DI their intersection. Let N◦

I be
the product over DI of the restricted pointed normal bundles of the Di. For
example, X could be a smooth curve over a field k and D = {x0}, for some
x0 ∈ X(k). Hence in this situation N◦

I is isomorphic to Gm,k.
Let π : Y → X be a morphism in Sch/S, π◦ : Y ◦ → X◦ the preimage of

the open part X◦, πI : Z := π−1(DI) → DI the special fiber. So there are
the following pullback diagrams:

Z
ĩ ��

πI

��

Y

π

��

Y ◦j̃��

π◦

��
DI

i �� X X◦j��

.

Assume that for the categories DM(·) the proper (or projective) base
change isomorphism theorem holds (this has been proved by Voevodsky and
is written up in [1]). For F ∈ DM(Y ◦) the sheaf ĩ∗j̃∗F carries a canonical
π∗I i

∗j∗1l-module structure. Furthermore, we have
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D(π∗I i
∗j∗1l–Mod) � UDM(Z ×DI N

◦
I /Z).

This defines the functor

Ψπ,I : DM(Y ◦) → UDM(Z ×DI N
◦
I /Z),

called the generalized vanishing cycle functor. Note that on fibers over N ◦
I it

is the vanishing cycle sheaf (depending on the choice of tangent vector), and
the whole sheaf encodes the monodromy.

Let
Z ×DI N

◦
I

π′

��
N◦

I

be the projection. Let π be proper/projective. Assuming the proper/projective
base change theorem it is clear that there is a canonical isomorphism

LX,I(π◦∗F) ∼= π′∗(Ψπ,I(F)) ,

i.e., the limit motive is the pushforward of the vanishing cycle sheaf to the
special locus in the base.
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Let V be a non-singular surface defined over Q which is embedded in projective
space Pn by means of anticanonical divisors, and let U be the open subset of
V obtained by deleting the lines on V . For any point P in U(Q) denote by
h(P ) the height of P . In this paper h will usually be the standard height

h1(P ) = max(|x0|, . . . , |xn|)

where P = (x0, . . . , xn) for integers xi with highest common factor 1; but this
choice is in no way canonical, so that in a thorough investigation we should
consider other heights also. Indeed, the eventual theory will almost certainly
need the replacement of h by a generalized height — a concept which I am
not able to make precise. Recall that for abelian varieties the canonical height
function is actually a generalized height; and this is the only case in which a
canonical height function is known with certainty, though the heights which
have been defined for toric varieties and for certain toric bundles are probably
also canonical.

For any integer b > 0 write

n(b) = n(b;U, h) = #{P |h(P ) = b},

the number of points in U of height exactly b; and for integral B > 0 write

N(B) = N(B;U, h) = n(1) + · · ·+ n(B − 1) + 1
2n(B).

This can be regarded as the number of points in U of height at most B. The
final factor 1

2 is in accordance with convention; its effect on the fit between
calculations and conjectures is small but helpful. If B is not an integer, write
N(B) =

∑
b<B n(b).

Let r be the rank of the Néron-Severi group of V over Q. It is a conjecture
of Manin (see [3]) that

N(B) ∼ CB(logB)r−1 (1)
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for some constant C = C(U, h), which is non-zero unless there is a Brauer-
Manin obstruction to the solubility of V ; and Salberger [8], building on earlier
work of Peyre [5], has proposed a formula for the value of C. Computational
evidence for (1) in the special case of diagonal cubic surfaces was reported in
[6] for r = 1 and in [7] for r > 1.

This paper describes the mixture of ideas and computation which has led
me to formulate more precise conjectures related to this problem. The pro-
cess of refining (1) is iterative. One first formulates a more detailed conjecture.
This then suggests computations which will provide evidence about the plau-
sibility or otherwise of that more detailed conjecture; and if the evidence is
confirmatory, it may suggest a further refinement of the conjecture. This pro-
cess is of course only available to those who think that a conjecture should be
supported by evidence.

It is sensible to study N(B) and the so-called height zeta-function

ξ(s) = ξ(s;U, h) =
∑

(h(P ))−s

at the same time, where the sum is taken over all rational points P in U . This
function was apparently first introduced by Arakelov. It follows from (1) that
ξ(s) is holomorphic in (s > 1 and

ξ(s) −→ C(r − 1)!
(s− 1)r

as s tends to 1 within (s > 1. (2)

To go from (2) to (1) requires some additional conditions on ξ(s); but in this
context it is scarcely credible that (2) holds and (1) does not.

There are various toric bundles and toric varieties for which ξ(s) has been
determined explicitly, and this has also been done for abelian varieties. These
examples might lead one to hazard some powerful conjectures. On the other
hand, for the Veronese surface with h = h1 we have

ξ(s) = 1 + 12ζ(3s− 2)/ζ(3s) (3)

where ζ is the Riemann zeta-function. For this surface one can be confident
that the height function is not canonical; and in any case it appears to be
in certain fundamental respects untypical. In particular, because the only
values which h(P ) takes are cubes, we cannot hope to replace (1) by anything
better than N(B) = CB+O(B2/3); and standard methods of analytic number
theory, applied to (3), do in fact yield N(B) = 12B/ζ(3) + O(B2/3+ε). For
this surface it is in any case much simpler to look at the associated affine cone
— in other words, to look at M(B), the total number of integral solutions
of the equations of V , ignoring any questions of co-primacy. For M(B) it
is easy to give an explicit formula, by considering the Mellin transform of
2ξ(s)ζ(3s) = 24ζ(3s− 2) + 2ζ(3s).

For any V it is natural to hope that ξ(s) can be continued into the half-
plane (s > c for some c < 1 as a function holomorphic except for an r-fold
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pole at s = 1; indeed, if this did not appear likely to be true there would be
little justification for introducing ξ(s) at all. Computations which are directly
relevant to the question of analytic continuation are difficult to implement;
but it is easy to write down an assertion for N(B) which has the same relation
to the analytic continuability of ξ(s) as (1) has to (2). This is

N(B) = Bf(logB) +O(Bc+ε) (4)

for every ε > 0, where f is a polynomial of degree r − 1. For the toric variety
X3

0 = X1X2X3, for which r = 6, de la Bretèche [2] has obtained a result of
this kind with c = 7

8 . For this variety there is a generalized height h which
appears to be more canonical than h1. This is given by h(P ) = |x0| where
P = (x0, x1, x2, x3) is a minimal integral representation of P ; and for it ξ(s)
can be expressed as an Euler product.

This conjecture is amenable to computational testing; but there are two
practical constraints. The polynomial f contains r arbitrary constants; since
the test of credibility is the goodness of fit between N(B)/B and f(logB), it
is preferable to make r as small as possible. Again, in general the time taken
to compute N(B) — or all the N(b) for b ≤ B, which is no harder — grows
like B3, and this is a serious limitation on the choice of B. (The amount of
core memory needed is only O(B), which is not a problem.) However, if V is
a cubic surface given by an equation of the form

φ(X0, X1) = ψ(X2, X3),

then the time needed is reduced to O(B2 logB). The special case of diagonal
cubics

a0X
3
0 + a1X

3
1 = a2X

3
2 + a3X

3
3 (5)

is particularly advantageous, because we then only need O(B) multiplications,
all the rest of the arithmetic being done by additions or subtractions. (For a
more detailed discussion see Bernstein [1]; he has also written freely available
software for computing N(B). But unfortunately rather little can be gained
by incorporating congruence conditions into this method.) For computational
purposes, I shall therefore confine myself to diagonal cubic surfaces (5) for
which none of the three expressions like a0a1/a2a3 is a cube; the object of
this last restriction is to ensure that r = 1, so that the polynomial f in (4)
reduces to a constant C. The calculations described below have been carried
out for a number of such surfaces, and they all support the conjectures which
I shall put forward. I shall give explicit numerical results only for the surface

X3
0 + 2X3

1 = 5X3
2 + 7X3

3 ; (6)

but this appears to be typical.
The numerical evidence strongly suggests that, at any rate for surfaces (5)

with r = 1, we can take c = 1
2 in (4). Indeed it even suggests that we can

replace O(Bc+ε) in (4) by O(B1/2); but it would be rash to conjecture this on
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the basis of numerical evidence alone. Write E(B) = N(B)−CB when r = 1;
then for example, for the surface (6) with h = h1 we take C = 0.3353, which
is probably correct to four places of decimals. For 1 ≤ B ≤ 20000, which is
the current limit of my enumeration of solutions of (6), we have

−0.6741B1/2 < E(B) < 0.7289B1/2. (7)

Here the critical case for the lower bound is B = 1522, and for the upper
bound it is B = 291. If we confine ourselves to 1000 ≤ B ≤ 20000, then the
right-hand displayed inequality can be replaced by E(B) < 0.4544B1/2, the
critical case being when B = 16305.

Conjecture 1. Let V be a nonsingular cubic surface defined over Q, and let
r be the rank of its Néron-Severi group over Q. With the notation above, there
is a polynomial f(X) of degree r−1 with real coefficients such that for integral
B ≥ 1,

N(B) = Bf(logB) +O(B1/2+ε)

for every ε > 0. Moreover

ξ(s) = ξ(s;U, h) =
∑

(h(P ))−s

can be analytically continued to (s > 1
2 , subject to an r-fold pole at s = 1.

There is a weaker form of this conjecture, in which it applies only to
the case r = 1 and the polynomial f(X) is replaced by a constant C. The
numerical evidence which I have so far obtained only relates to this weaker
version. In the opposite direction, it would be interesting to see whether the
conjecture extends to singular cubic surfaces.

One expects B−1/2E(B) to be only very slowly varying. The numerical
evidence suggests that it exhibits slow oscillations on which are superimposed
what looks like white noise. There is now a suggestive analogy with the explicit
formulae of prime number theory. (For the latter, see [4], Chapter 3.) This
analogy leads one to hope that there is a formula

E(B) =
∑

(cρBρ + o(B1/2) (8)

where ρ runs through a discrete set of points on (ρ = 1
2 in the upper half-

plane and the cρ are complex constants. Here it is implicit that the series is
convergent but not necessarily absolutely convergent; and it may be hoped
that the error term has a comparatively simple form and is continuous in
B > 0. We shall write ρ = 1

2 + iτ . In contrast with what happens in prime
number theory, we cannot expect any simple relationship between ρ and cρ;
for if we replace h by nh for some positive integer n, which can be easily
achieved by changing the projective embedding of V , then the ρ remain the
same but each cρ is multiplied by n−ρ.
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In practice, in the estimation of the ρ and cρ one has to work with the sum
of the squares of the errors, rather than with the maximum of the absolute
values of the errors; but it is convenient to exhibit the latter also, as a guide
to how successful the operation has been. The estimation process is somewhat
analogous to that of computing the power spectrum of E(B) as a function
of logB, though there are some additional complications: in particular, we
cannot afford to use the small values of B because of the presence of the last
term in (8), and it is desirable to introduce a weighting factor because the
number of data points increases exponentially with logB. In concrete terms,
we are trying to choose a limited number of pairs ρ, cρ so as to make

S =
20000∑
b=50

b−2(E′(b))2 (9)

small, where we have written the residual error as

E′(b) = N(b)− Cb−(
∑

cρb
ρ.

Here the lower bound in the sum (9) has hopefully been chosen large enough
to render the effect of the final term in (8) unimportant. The initial value of
S, before we introduce any pairs ρ, cρ, is 0.4796. By introducing the six pairs
listed below, we reduce this to 0.1012; and we improve (7) to

−0.4573B1/2 < E′(B) < 0.3487B1/2.

The critical case for the lower bound is B = 62, and for the upper bound it
is B = 8863. If we confine ourselves to 300 ≤ B ≤ 20000, then the left-hand
displayed inequality can be replaced by −0.3810B1/2 < E(B), the critical
case being when B = 2035. The following table gives the six pairs used, in the
order in which they are introduced. The four columns give respectively ρ− 1

2 ,
cρ, the reduction in S achieved by introducing this pair, and the resulting
value of S; but I cannot assess how close to the true values the estimates in
the first two columns are.

1.58i −0.2182 + 0.0037i 0.1436 0.3360
3.13i 0.1920− 0.0066i 0.1099 0.2261
5.10i −0.1257 + 0.0017i 0.0471 0.1790
8.85i 0.1068− 0.0048i 0.0338 0.1452
6.86i −0.0984 + 0.0026i 0.0288 0.1164
3.96i −0.0719− 0.0083i 0.0153 0.1011

In my opinion, these figures strongly support Conjecture 1; and I believe that
there are only six values of ρ for which 0 < τ < 10. It can scarcely be an
accident that the values for cρ listed are all nearly real; but I have no idea
why this occurs. It would no longer be true if h1 was replaced by h = 2h1.
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Conjecture 2. For given V and h there are sequences of complex numbers cn
and of points ρn = 1

2 +iτn, with the τn real, positive and monotone increasing,
having the following properties:

(i)
∑ |cn|2 and

∑
τ−2
n are both convergent;

(ii) for some fixed c < 1
2 and all ε > 0,

N(B) = Bf(logB) + (
∑

cnB
ρn +O(Bc+ε); (10)

(iii) ξ(s) can be analytically continued to (s > c with the same value of c
as in (ii), subject to an r-fold pole at s = 1 and simple poles at each ρn and
ρn.

The assertion that
∑ |cn|2 converges is essentially equivalent to claiming

that the weighted average of the B−1(E(B))2 is finite. The computational
evidence is compatible with taking c = 0, but some intervention from the eye
of faith is needed to make this conclusion convincing.

There is another and probably better way of expressing (iii). Let η(s) be
an integral function of order 1 which has simple zeros at the ρn and ρn and
no zeros elsewhere. Such a function exists because

∑
τ−2
n converges, and it is

uniquely determined up to a factor exp(a1s+ a2). Then (iii) is equivalent to
the assertion that ξ(s)η(s) can be analytically continued to (s > c subject
only to an r-fold pole at s = 1. With this definition, each of η(s) and ξ(s)η(s)
has at least some of the expected properties of a number-theoretic function
related to a Dirichlet series, and no obvious properties inconsistent with this.

By implication, this paper raises a number of questions to which I do
not have even a conjectural answer. For some of them, the most interesting
answer may well involve replacing the height h by a canonical generalized
height function. Among the most obvious are the following:

1. Can one describe the whole polynomial f in terms of V and h, in the same
way as its leading coefficient was described in [5] and [8]?

2. What is the nature of the error term in (10)? Note that the corresponding
error term in the explicit formula of prime number theory is

− log 2π − 1
2 log(1 −B−2).

3. Can ξ(s)η(s) be analytically continued to the whole s-plane, subject to
the pole at s = 1 and possible poles at negative integers? If so, does it
satisfy a functional equation?

4. The function η(s) has some of the properties of an L-series: it comes from
number theory, and it satisfies a functional equation and the Riemann
hypothesis. Can it be written as a (possibly generalized) Dirichlet series,
and if so, can this series be written as an Euler product?
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taine surface cubique singulière”, Astérisque (1998), no. 251, p. 51–77, Nombre
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Summary. Let G be a classical Lie group and P a maximal parabolic subgroup.
We describe a quantum Pieri rule which holds in the small quantum cohomology
ring of G/P . We also give a presentation of this ring in terms of special Schubert
class generators and relations. This is a survey paper which reports on joint work
with Anders S. Buch and Andrew Kresch.

1 Introduction

Let G be a classical Lie group and P any maximal parabolic subgroup of
G. Our aim in this paper is to discuss what is known about two questions
regarding the small quantum cohomology ring of the homogeneous space X =
G/P . The first problem is to formulate and prove a ‘quantum Pieri rule’ in
the ring QH∗(X), that is, a combinatorial rule which describes the quantum
product of a general Schubert class with a ‘special’ Schubert class. The special
classes should generate QH∗(X), and we also seek a presentation for this ring
in terms of these generators and relations.

In Lie type A, the answers to both of the above questions are well known,
as X is an ordinary Grassmannian; see e.g., [9] for the classical story and
[16], [1] for the extension to quantum cohomology. In the symplectic and
orthogonal Lie types, the homogeneous space X is a Grassmannian which
parametrizes isotropic subspaces in a vector space equipped with a nonde-
generate skew-symmetric or symmetric form. When the subspaces in question
have the maximum possible dimension, the corresponding classical analysis is
contained in [6], [2], [8], while [10], [11] deal with the quantum case.

The above results about QH∗(X) depend upon a study of the three point,
genus zero Gromov–Witten invariants on X . The analysis in [1], [10], [11]
required intersection theory on certain Quot scheme compactifications of the
moduli space of degree d rational maps to X . More recently, using his idea of
the kernel and span of a rational map to a Grassmannian, Buch [3] gave new
proofs of the main structure theorems for the quantum cohomology ring. These
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arguments require only basic algebraic geometry, assuming the associativity
of the quantum product. The paper [4] used similar techniques to deal with
the case of maximal isotropic Grassmannians. It emerged in each of these
examples that the relevant Gromov–Witten invariants on X were equal (or
related) to classical triple intersection numbers on other homogeneous spaces.

The latter ideas and methods have been extended in [5] to study the quan-
tum cohomology ring of non-maximal isotropic GrassmanniansX . In contrast,
even the classical cohomology of these spaces is still rather unexplored; [2],
[15], and [13], [14] are some previous works in this direction. The present
paper includes the main results of [5], which give a presentation over Z for
the quantum cohomology ring QH∗(X) and a quantum Pieri rule as well. An
important feature of the analysis in loc. cit. is that it does not lead to a quan-
tum extension of the classical Pieri rules of Pragacz and Ratajski from [13],
[14]. Instead, we need to use a different set of special Schubert classes, which
are equal (or related) to the Chern classes of the universal quotient bundle
over X . The resulting classical Pieri rules are simpler than the previously
known ones, admit straightforward quantum extensions, and are parallel to
the aforementioned examples (both type A and maximal isotropic).

This paper is organized as follows. Section 2 discusses the type A Grass-
mannian. The next section considers both the Lagrangian Grassmannian (in
type C) and the maximal isotropic orthogonal Grassmannian (in types B and
D). The last three sections study the non-maximal isotropic Grassmannians
in types C, B, and D, respectively, and present the main results of [5].

Acknowledgments. Some of the results included here were announced at
the Miami Winter School on ‘Geometric Methods in Algebra and Number
Theory’ in December of 2003. It is a pleasure to thank the organizers Fedor
Bogomolov, Bruno de Oliveira, Yuri Tschinkel, and Alan Zame for making
this stimulating event possible. I also thank my collaborators Anders Buch
and Andrew Kresch, without whom this survey paper could not have been
written. This work was partially supported by NSF Grant DMS-0296023.

2 The type A Grassmannian

We first discuss the relevant facts about the classical and small quantum coho-
mology of type A Grassmannians, namely the Pieri rule and the presentation
of the ring in terms of generators and relations. Let V = CN and X be the
Grassmannian which parametrizesm-dimensional complex linear subspaces Σ
of V . We will use G(m,N) or G(m,V ) to denote X , depending on the context.
X is a smooth complex manifold of dimension mn, where n = N −m.

Let R(m,n) denote the set of integer partitions λ = (λ1 � λ2 � · · · �
λm � 0) with λ1 	 n, so that the Young diagram of λ fits inside an m × n
rectangle (see Figure 1). For every λ ∈ R(m,n), we have a Schubert variety
Xλ(F•) in X , which also depends on the choice of a complete flag of subspaces
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Fig. 1. The partition (5, 5, 4, 2) in R(5, 7)

F• : 0 = F0 ⊂ F1 ⊂ · · · ⊂ FN = V

in V . The variety Xλ(F•) is defined as the locus of Σ ∈ X such that

dim(Σ ∩ Fn+i−λi ) � i

for all i = 1, . . . ,m, and has codimension |λ| =
∑
λi in X . We let σλ =

[Xλ(F•)] denote the corresponding Schubert class in H2|λ|(X,Z); the set of
all Schubert classes σλ for λ ∈ R(m,n) forms a Z-basis for the cohomology
of X . As all cohomology classes occur in even degrees, we will adopt the
convention that the degree of a class α ∈ H2k(X,Z) is equal to k throughout
this paper.

The varieties Xp(F•) for p = 1, . . . , n are called special Schubert varieties,
and the corresponding cohomology classes are the special Schubert classes
σ1, . . . , σn. The Schubert variety Xp(F•) may be defined by a single Schubert
condition; in fact, it only depends on the subspace Fn+1−p:

Xp(F•) = {Σ ∈ X | Σ ∩ Fn+1−p 	= 0 } .
Consider the universal short exact sequence of vector bundles over X ,

0 → S → VX → Q→ 0, (1)

where VX denotes the trivial vector bundle of rank N over X , S is the tau-
tological subbundle of rank m, and Q is the quotient bundle. The special
Schubert class σp is equal to the p-th Chern class cp(Q), essentially by the
definition of Chern classes. Indeed, let π : P (S) → X be the projection map
and η : P (S) → P (V ) = PN−1 be the natural morphism induced by the
inclusion S ↪→ VX . We then have that

σp = [Xp(F•)] = π∗η∗[P (Fn+1−p)] = π∗η∗c1(OP (V )(1))m−1+p.

On the other hand, η∗c1(OP (V )(1)) = c1(η∗OP (V )(1)) = c1(OP (S)(1)). There-
fore

π∗η∗c1(OP (V )(1))m−1+p = π∗c1(OP (S)(1))m−1+p = sp(S),

where sp(S) denotes the p-th Segre class of S (see e.g., [7, Sect. 3.1] for the
definition of Segre classes). Now the Whitney sum formula applied to the
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sequence (1) states that c(S)c(Q) = 1 in H∗(X,Z); it follows that sp(S) =
cp(Q).

The ring structure of H∗(X,Z) is determined by the classical Pieri rule
[12], which gives the product of a general Schubert class with a special one.
For 1 	 p 	 n we have

σλ σp =
∑

σµ,

where the sum is over all µ ∈ R(m,n) obtained from the Young diagram of
λ by adding p boxes, with no two in the same column. A skew diagram µ/λ
which does not contain two boxes in the same column is called a horizontal
strip.

One can use the Pieri rule to show that the special Schubert classes gen-
erate the ring H∗(X,Z). Moreover, the cohomology of X may be presented
as a quotient of the polynomial ring Z[σ1, . . . , σn] by the relations

det(σ1+j−i)1�i,j�r = 0, m+ 1 	 r 	 N.

The Whitney sum formula c(S)c(Q) = 1 can be used to show that these
relations hold in H∗(X,Z), since the coefficients of the inverse power series

ct(Q)−1 = (1 + σ1t+ · · ·+ σnt
n)−1 = ct(S)

must vanish in degrees higher than m = rank(S).
To extend the above picture to the quantum cohomology of X , we need to

recall the enumerative definition of three point, genus zero Gromov–Witten
invariants. We agree that a rational map of degree d to X is a morphism
f : P1 → X such that ∫

X

f∗[P1] · σ1 = d.

Given a degree d � 0 and partitions λ, µ, and ν such that |λ| + |µ| + |ν| =
mn+ dN , the Gromov–Witten invariant 〈σλ, σµ, σν〉d is defined as the num-
ber of rational maps f : P1 → X of degree d such that f(0) ∈ Xλ(F•),
f(1) ∈ Xµ(G•), and f(∞) ∈ Xν(H•), for given flags F•, G•, and H• in general
position.

The (small) quantum cohomology ring QH∗(X) is a Z[q]-algebra which is
isomorphic to H∗(X,Z) ⊗Z Z[q] as a module over Z[q], where q is a formal
variable. This will be the case for all the varieties considered in this paper;
for the type A Grassmannian G(m,N), the degree of the variable q is equal
to N . The multiplicative structure of QH∗(X) is defined using the relation

σλ · σµ =
∑

〈σλ, σµ, σbν〉d σν q
d, (2)

the sum over d � 0 and partitions ν with |ν| = |λ|+ |µ| − dN . Here ν̂ denotes
the dual partition of ν, defined so that∫

X

σνσbν = 1.
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One observes that the d = 0 terms of the sum in (2) just give the classical
cup product in the cohomology ring of X .

The ring structure of QH∗(X) (and hence all three point, genus zero
Gromov–Witten invariants on X) is determined by Bertram’s quantum Pieri
rule. To state it, we letR′(m+1, n) denote the set of partitions µ ∈ R(m+1, n)
with µ1 = n and µm+1 � 1. For any µ ∈ R′(m + 1, n), define a partition
µ̃ ∈ R(m,n) by removing a hook of length N from µ; in other words,

µ̃ = (µ2 − 1, . . . , µm+1 − 1).

Theorem 1 ([1]). For 1 	 p 	 n, we have

σλ · σp =
∑

µ∈R(m,n)

σµ +
∑

µ∈R′(m+1,n)

σeµ q, (3)

where both sums are over diagrams µ obtained from λ by adding p boxes, with
no two in the same column.

We remark that the partitions µ̃ which appear in the second sum in (3)
are exactly those ν ∈ R(m,n) such that |ν| = |λ|+ p−N and

λ1 − 1 � ν1 � λ2 − 1 � ν2 � · · · � λm − 1 � νm � 0.

Example 1. For the Grassmannian G(4, 8), we have

σ4,3,1,1 · σ2 = σ4,4,2,1 + σ4,3,3,1 + σ3 q + σ2,1 q

in the quantum cohomology ring QH∗(G(4, 8)).

In particular, it is easy to deduce Siebert and Tian’s presentation of the
quantum cohomology ring ofX from the quantum Pieri rule; see [3] for details.

Theorem 2 ([16]). The ring QH∗(X) is presented as a quotient of the poly-
nomial ring Z[σ1, . . . , σn, q] by the relations

det(σ1+j−i)1�i,j�r = 0, m+ 1 	 r 	 N − 1

and
det(σ1+j−i)1�i,j�N = (−1)n−1q.

We will now give an approach to proving Theorem 1 using results of [4]
together with the projection formula. Although one does not need all of these
constructions for the proof (see the Introduction and [3]), they play an im-
portant role in the following sections. The main result of [4] equates all of the
above degree d Gromov–Witten invariants on X with classical triple intersec-
tion numbers on a two-step flag variety Yd = F (m− d,m+ d;N). The variety
Yd parametrizes pairs of subspaces (A,B) with A ⊂ B ⊂ V , dimA = m − d
and dimB = m + d; we agree that Yd is empty if d > min(m,n). To each
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Schubert variety Xλ(F•) in X , we associate a Schubert variety X (d)
λ (F•) in Yd

via the prescription

X
(d)
λ (F•) = { (A,B) ∈ Yd | ∃ Σ ∈ Xλ(F•) : A ⊂ Σ ⊂ B } . (4)

We let σ(d)
λ denote the class ofX (d)

λ (F•) inH∗(Yd,Z). Consider three partitions
λ, µ, and ν such that |λ|+ |µ|+ |ν| = mn+ dN . We then have

〈σλ, σµ, σν〉d =
∫

F (m−d,m+d;N)

σ
(d)
λ · σ(d)

µ · σ(d)
ν . (5)

It is easy to justify the d = 1 case of (5), since a straightforward argument
shows that the flag variety Y1 = F (m− 1,m+ 1;N) is exactly the parameter
space of lines on the Grassmannian G(m,N).

The proof of (5) in general proceeds by considering, for any morphism
f : P1 → X , the pair (Ker(f), Span(f)) consisting of the kernel and span of
f . Here, the kernel (respectively, the span) of f is defined as the intersec-
tion (respectively, the linear span) of all the subspaces Σ ⊂ V corresponding
to image points of f . Setting a = dim Ker(f) and b = dim Span(f), a di-
mension count on the flag variety F (a, b;N) establishes that d ≤ min(m,n)
whenever 〈σλ, σµ, σν〉d 	= 0. For such d, one then shows that the map
f �→ (Ker(f), Span(f)) is a bijection between the set of morphisms f counted
by the Gromov–Witten invariant on the left-hand side of (5) and the points
(A,B) in the triple intersection X (d)

λ (F•)∩X(d)
µ (G•)∩X(d)

ν (H•) in Yd, assum-
ing the flags F•, G•, and H• are in general position.

For any Young diagram λ, let λ denote the diagram obtained by deleting
the leftmost column of λ. In terms of partitions, we have λi = max{λi−1, 0}.
Given any Schubert varietyXλ(F•) in G(m,V ), we will consider an associated
Schubert variety Xλ(F•) in G(m + 1, V ), with cohomology class σλ. It is
straightforward to check that the quantum Pieri rule follows from the two
relations

〈σλ, σµ, σp〉d = 0 for all d � 2 (6)

and
〈σλ, σµ, σp〉1 =

∫
G(m+1,N)

σλ · σµ · σp. (7)

Given (5), the vanishing assertion (6) is proved by a dimension count, which
shows that the sum of the codimensions of the three Schubert varieties
X

(d)
λ (F•), X

(d)
µ (G•), and X(d)

p (H•) is strictly greater than the dimension of
Yd.

To establish (7), one may work as follows. Consider the three-step flag
variety Z = F (m − 1,m,m+ 1;N), with its natural projections π1 : Z → X

and π2 : Z → Y1. Note that for every λ ∈ R(m,n), we have X (1)
λ (F•) =

π2(π−1
1 (Xλ(F•))). The morphism π2 lies on the left-hand side of a commuta-

tive diagram
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Z

π2

��

ϕ2 �� F (m,m+ 1;N)

π

��

ϕ1 �� G(m,N)

Y1
ψ �� G(m+ 1, N)

where every arrow is a natural smooth projection map and π1 = ϕ1ϕ2. We
now apply (5) when d = 1, ν = (p) and use the projection formula repeatedly
to obtain

〈σλ, σµ, σp〉1 =
∫

Y1

σ
(1)
λ · σ(1)

µ · σ(1)
p

=
∫

Y1

π2∗π∗1σλ · π2∗π∗1σµ · ψ∗σp−1

=
∫

Z

π∗2π2∗π∗1σλ · π∗1σµ · ϕ∗
2π

∗σp−1

=
∫

F (m,m+1;N)

ϕ2∗π∗2π2∗π∗1σλ · ϕ∗
1σµ · π∗σp−1

=
∫

F (m,m+1;N)

π∗π∗ϕ∗
1σλ · ϕ∗

1σµ · π∗σp−1

=
∫

G(m+1;N)

π∗ϕ∗
1σλ · π∗ϕ∗

1σµ · σp−1

=
∫

G(m+1,N)

σλ · σµ · σp.

3 Maximal isotropic Grassmannians

In this section we will consider the Grassmannians of maximal isotropic sub-
spaces in a vector space equipped with a nondegenerate symmetric or skew-
symmetric bilinear form.

3.1 The Lagrangian Grassmannian LG(n, 2n)

We begin in type C with the Lagrangian Grassmannian LG = LG(n, 2n)
parametrizing Lagrangian subspaces in V = C2n. The variety LG has complex
dimension n(n+1)/2. Let Dn denote the set of all strict partitions λ = (λ1 >
λ2 > · · · > λ� > 0) with λ1 	 n, and fix a complete isotropic flag of subspaces
of V

F• : 0 = F0 ⊂ F1 ⊂ · · · ⊂ Fn ⊂ V
where dim(Fi) = i for each i, and Fn is Lagrangian. For each λ ∈ Dn, the
codimension |λ| Schubert variety Xλ(F•) ⊂ LG is defined as the locus of
Σ ∈ LG such that
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dim(Σ ∩ Fn+1−λi) � i, for i = 1, . . . , �(λ). (8)

Here �(λ) denotes the length of λ, that is, the number of non-zero parts in
λ. Let σλ be the class of Xλ(F•) in the cohomology group H2|λ|(LG,Z); the
classes σλ for λ ∈ Dn then form a Z-basis of the cohomology of LG.

The classes σ1, . . . , σn are again called special; each σp is the class of a spe-
cial Schubert variety Xp(F•), which is defined by a single Schubert condition,
as in type A:

Xp(F•) = {Σ ∈ LG | Σ ∩ Fn+1−p 	= 0 } .
Furthermore, if

0 → S → VX → Q→ 0

denotes the tautological short exact sequence of vector bundles over LG, then
Q can be canonically identified with S∗, and we have σp = cp(S∗), for 0 	
p 	 n, as in Section 2.

The classical Pieri rule for LG is due to Hiller and Boe [8]. It states that
for any λ ∈ Dn and p = 1, . . . , n we have

σλ σp =
∑

µ

2N(λ,µ)σµ (9)

in H∗(LG,Z), where the sum is over all strict partitions µ obtained from λ by
adding p boxes, with no two in the same column, and N(λ, µ) is the number
of connected components of the skew diagram µ/λ which do not meet the
first column (the connected components of a skew diagram α are defined by
letting two boxes in α be connected if they share a vertex or an edge).

The ring H∗(LG,Z) is presented as a quotient of the polynomial ring
Z[σ1, . . . , σn] modulo the relations

ct(S)ct(S∗) = (1− σ1t+ · · ·+ (−1)nσnt
n)(1 + σ1t+ · · ·+ σnt

n) = 1. (10)

By equating the coefficients of like powers of t in (10), we see that these
relations are given by

σ2
r + 2

n−r∑
i=1

(−1)iσr+iσr−i = 0

for 1 	 r 	 n, where we define σ0 = 1 and σj = 0 for j < 0.
A rational map to LG is a morphism f : P1 → LG, and its degree is the

degree of f∗[P1] ·σ1. The Gromov–Witten invariant 〈σλ, σµ, σν〉d is defined for
|λ|+ |µ|+ |ν| = dim(LG) + d(n+ 1) and counts the number of rational maps
f : P1 → LG(n, 2n) of degree d such that f(0) ∈ Xλ(F•), f(1) ∈ Xµ(G•),
and f(∞) ∈ Xν(H•), for given isotropic flags F•, G•, and H• in general
position. The quantum cohomology ring of LG is a Z[q]-algebra isomorphic
to H∗(LG,Z)⊗Z Z[q] as a module over Z[q], but here q is a formal variable of
degree n + 1. The product in QH∗(LG) is defined by the same equation (2)
as before. We can now state the quantum Pieri rule for LG, which extends
the classical rule of Hiller and Boe.
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Theorem 3 ([10]). For any λ ∈ Dn and p � 1 we have

σλ · σp =
∑

µ

2N(λ,µ)σµ +
∑

ν

2N ′(ν,λ)σν q

in QH∗(LG(n, 2n)), where the first sum is classical, as in (9), while the second
is over all strict ν obtained from λ by subtracting n + 1 − p boxes, no two
in the same column, and N ′(ν, λ) is one less than the number of connected
components of λ/ν.

Example 2. For the Grassmannian LG(4, 8), the relations

σ3,2 · σ3 = 2 σ4,3,1 + σ3 q + σ2,1 q and σ4,2 · σ3 = σ4,3,2 + σ4 q + 2 σ3,1 q

hold in the quantum cohomology ring QH∗(LG).

The proof of Theorem 3 from [4] uses a result similar to (5) which holds
for LG. In this setting, the role of the two-step flag variety Yd is played
by a non-maximal isotropic Grassmannian IG(n − d, 2n). This is because
the span of a rational map P1 → X is the orthogonal complement of its
kernel, and hence is redundant. We have that for any λ, µ, ν ∈ Dn such that
|λ|+ |µ|+ |ν| = n(n+ 1)/2 + d(n+ 1),

〈σλ, σµ, σν〉d =
∫

IG(n−d,2n)

σ
(d)
λ · σ(d)

µ · σ(d)
ν .

Here, for each λ ∈ Dn, σ(d)
λ denotes the cohomology class of a Schubert

variety X(d)
λ (F•) in IG(n − d, 2n), defined by an equation directly analogous

to (4). To compute the line numbers 〈σλ, σµ, σν〉1, one shows that up to a
factor of 2, they are equal to classical intersection numbers on the Lagrangian
Grassmannian LG(n+ 1, 2n+ 2). More precisely, we have that∫

IG(n−1,2n)

σ
(1)
λ · σ(1)

µ · σ(1)
ν =

1
2

∫
LG(n+1,2n+2)

σ+
λ · σ+

µ · σ+
ν , (11)

where σ+
λ , σ+

µ , σ+
ν denote Schubert classes in H∗(LG(n+ 1, 2n+ 2),Z).

We give a brief discussion of the geometric proof of (11), since an analogous
argument works to prove the quantum Pieri rule on any isotropic Grassman-
nian in type C. Let H be a 2-dimensional symplectic vector space and let V +

be the orthogonal direct sum of V and H . We then consider the correspon-
dence between LG(n+1, 2n+2) and IG(n−1, 2n) consisting of pairs (Σ+, Σ′)
with Σ+ a Lagrangian subspace of V + and Σ′ an isotropic (n−1)-dimensional
subspace of V , given by the condition Σ ′ ⊂ Σ+. This is the correspondence
induced by the rational map which sends Σ+ to Σ+ ∩ V .

Choose general isotropic flags E•, F•, and G• in V , so that the cor-
responding varieties Xλ(E•), Xµ(F•), and Xν(G•) meet transversely. We
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then extend the three flags in V to a flag of subspaces in V + by adjoin-
ing, in each case, a general element of H . One then checks that to every
point in X+

λ (E+
• ) ∩ X+

µ (F+
• ) ∩ X+

ν (G+
• ) (intersection in LG(n + 1, 2n + 2))

there corresponds a point in X (1)
λ (E•)∩X(1)

µ (F•)∩X(1)
ν (G•), and conversely,

each point in the latter intersection corresponds to exactly two points in
X+

λ (E+
• ) ∩ X+

µ (F+
• ) ∩ X+

ν (G+
• ), with the intersection transverse at both of

these points. This is enough to prove (11).
We also have the following presentation of the quantum cohomology ring

of LG.

Theorem 4 ([10]). The ring QH∗(LG) is presented as a quotient of the poly-
nomial ring Z[σ1, . . . , σn, q] by the relations

σ2
r + 2

n−r∑
i=1

(−1)iσr+iσr−i = (−1)n−rσ2r−n−1 q

for 1 	 r 	 n.

3.2 The orthogonal Grassmannian OG(n + 1, 2n + 2)

We now turn to the even orthogonal Grassmannian OG = OG(n+ 1, 2n+ 2).
Here V = C2n+2 is equipped with a nondegenerate symmetric form and OG
parametrizes one component of the locus of maximal isotropic subspaces in V .
The varietyOG is projectively equivalent to the odd orthogonal Grassmannian
OG(n, 2n + 1), and hence the following analysis (for the maximal isotropic
case) will include both of the orthogonal Lie types B and D. The dimension
of OG equals n(n+ 1)/2, the same as the dimension of LG.

A good part of the classical story for OG is similar to that for LG(n, 2n).
The Schubert varieties Xλ(F•) in OG are parametrized by partitions λ ∈
Dn and are defined by the same equations (8) as before, with respect to an
isotropic flag F• in V . The same is true for the special Schubert varieties
Xp(F•), for p = 1, . . . , n. Let τλ be the cohomology class of Xλ(F•); then the
τλ for λ ∈ Dn form a Z-basis for H∗(OG,Z). Furthermore, let S (respectively,
Q) denote the tautological subbundle (respectively, quotient bundle) overOG.

One important difference between the orthogonal and symplectic Grass-
mannians is that the natural embedding of OG(n+ 1, 2n+ 2) into the type A
Grassmannian G(n+1, 2n+2) multiplies all degrees by a factor of 2. This oc-
curs because the subspaces corresponding to points ofOG all lie on the quadric
of isotropic vectors in V . We therefore have a natural map θ : P (S) → Q,
where Q ↪→ P (V ) is a 2n-dimensional quadric hypersurface.

Let us recall the structure of the cohomology ring H∗(Q,Z). If E and F
are maximal isotropic subspaces in V , then P (E) and P (F ) are subvarieties of
Q called rulings. The two rulings represent the same class in H2n(Q,Z) if and
only if E and F lie in the same SO2n+2-orbit. There are two families of rulings
giving rise to two cohomology classes e and f , and, if h = c1(OP (V )(1)|Q)
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denotes the hyperplane class, we have hn = e+ f . A Z-basis for H∗(Q,Z) is
given by 1, h, . . . , hn, e, eh = fh, eh2, . . . , ehn. Finally, one has that e2 = f2 =
0 and ef = ehn, if n is even, while e2 = f2 = ehn and ef = 0, if n is odd.

We deduce that the special Schubert classes τp satisfy

τp = π∗θ∗[P (Fn+1−p)] =
1
2
π∗θ∗c1(OQ(1))n+p =

1
2
π∗c1(OP (S)(1))n+p,

where π : P (S) → OG is the projection map, and hence that cp(Q) = 2τp, for
p = 1, . . . , n. This explains the form of the Pieri rule for OG, as compared to
that for LG(n, 2n). We have

τλ τp =
∑

µ

2N ′(λ,µ)τµ

in H∗(OG,Z), where the sum is over all strict partitions µ obtained from λ
by adding p boxes, with no two in the same column, and N ′(λ, µ) is one less
than the number of connected components of µ/λ. The cohomology ring of
OG is presented as a quotient of Z[τ1, . . . , τn] modulo the relations

τ2
r + 2

r−1∑
i=1

(−1)iτr+iτr−i + (−1)rτ2r = 0

for 1 	 r 	 n, where as usual τ0 = 1 and τj = 0 for j < 0 or j > n.
The quantum cohomology of OG is isomorphic to H∗(OG,Z) ⊗ Z[q] as a

module over Z[q], but this time the variable q has degree 2n.

Theorem 5 ([11]). For any λ ∈ Dn and p � 1 we have

τλ · τp =
∑

µ

2N ′(λ,µ)τµ +
∑

ν

2N ′(λ,ν)τν�(n,n) q,

where the first sum is over strict µ and the second over partitions ν = (n, n, ν)
with ν strict, such that both µ and ν are obtained from λ by adding p boxes,
with no two in the same column.

Example 3. For the Grassmannian OG(5, 10), we have

τ3,2 · τ3 = 2 τ4,3,1 and τ4,2 · τ3 = τ4,3,2 + 2 σ1 q

in the quantum cohomology ring QH∗(OG). Compare this with Example 2.

The degree doubling phenomenon discussed previously allows us to con-
clude that for every degree d map f : P1 → OG, the pullback of the quotient
bundle Q has degree 2d. It follows that the relevant parameter space of ker-
nels of the maps counted by a Gromov–Witten invariant is the non-maximal
isotropic Grassmannian OG(n + 1− 2d, 2n+ 2). A dimension counting argu-
ment now implies that 〈τλ, τµ, τp〉d = 0 for d > 1, as before.
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One observes that the relation τ2
n = q holds in QH∗(OG); this follows

from the easy enumerative fact that there is a unique line in OG through a
given point and incident to Xn(E•) and Xn(F•), for general complete flags
E• and F• in V . Since the degree of q equals 2n, this is enough to deduce the
presentation which follows.

Theorem 6 ([11]). The ring QH∗(OG) is presented as a quotient of the
polynomial ring Z[τ1, . . . , τn, q] modulo the relations

τ2
r + 2

r−1∑
i=1

(−1)iτr+iτr−i + (−1)rτ2r = 0

for all r < n, together with the quantum relation

τ2
n = q.

The remainder of the proof of the quantum Pieri rule for OG differs from
those discussed in previous sections. One proves by geometric considerations
that the product τλ · τp in QH∗(OG) is classical whenever λ1 < n. In other
words, if the first row of λ is not full, then multiplying τλ by a special Schubert
class carries no quantum correction. This implies that if λ is such that λ1 = n,
and λ� n = (λ2, λ3, . . .), then the equation

τλ�n · τn = τλ

holds in QH∗(OG). On the other hand,

τλ · τn = τλ�n · τ2
n = τλ�n q.

We thus have established the quantum Pieri rule for multiplication by the
special Schubert class τn. The general case of the rule follows easily from this
and the aforementioned properties.

We refer the reader to the lecture notes [17] for a more detailed discussion
of the quantum cohomology of type A and maximal isotropic Grassmannians.
This includes some aspects of the story which we have not touched on here,
such as classical and quantum Giambelli formulas and Littlewood–Richardson
rules.

4 The isotropic Grassmannian IG(n − k, 2n)

4.1 The classical theory

The next three sections report on joint work with Anders Buch and An-
drew Kresch [5]. We return here to the symplectic vector space V = C2n

as in Section 3.1, and consider the Grassmannian IG = IG(n − k, 2n) which
parametrizes (n−k)-dimensional isotropic subspaces of V . The variety IG has



Quantum cohomology of isotropic Grassmannians 323

dimension (n−k)(n+3k+1)/2. The Schubert varieties in IG are parametrized
by a certain subset of the hyperoctahedral group, which is described below.

The elements of Weyl group Wn = Sn � Zn
2 for the root system Cn are

permutations with a sign attached to each entry; we will write these elements
as barred permutations. The hyperoctahedral groupWn is an extension of the
symmetric group Sn by an element s0 which acts on the right by

(u1, u2, . . . , un)s0 = (u1, u2, . . . , un),

and is generated by the simple reflections s0, s1, . . . , sn−1, where each si for
i > 0 is a simple transposition in Sn. If Wk is the parabolic subgroup of Wn

generated by {si | i 	= k}, then the set W (k) ⊂ Wn of minimal length coset
representatives of Wk parametrizes the Schubert varieties in IG(n − k, 2n).
This indexing set W (k) consists of barred permutations of the form

w = wu,λ = (uk, . . . , u1, λ1, . . . , λ�, vn−k−�, . . . , v1)

where λ ∈ Dn with � = �(λ) 	 n− k, uk < · · · < u1, and vn−k−� < · · · < v1.
We can define the Schubert varieties Xw in IG geometrically using a group

monomorphism φ : Wn ↪→ S2n with image

φ(Wn) = { σ ∈ S2n | σ(i) + σ(2n+ 1− i) = 2n+ 1, for all i }.
The map φ is determined by setting, for each w = (w1, . . . , wn) ∈ Wn and
1 	 i 	 n,

φ(w)(i) =

{
n+ 1− wn+1−i if wn+1−i is unbarred,
n+ wn+1−i otherwise.

Consider a complete isotropic flag

F• : 0 ⊂ F1 ⊂ F2 ⊂ · · · ⊂ Fn ⊂ V
and extend it to a complete flag in V by letting Fn+p = F⊥

n−p for 1 	 p 	 n.
For w = wu,λ, the Schubert variety Xw = Xw(F•) ⊂ IG is defined as the
locus of isotropic Σ such that

dim(Σ ∩ Fi) � # { p 	 n− k | φ(w)(p) > 2n− i } for 1 	 i 	 2n.

Following Pragacz and Ratajski [13], each Weyl group element wu,λ corre-
sponds to a pair of partitions Λ = (α |λ), where the ‘top’ partition α = α(u, λ)
is defined by

αi = ui + i− k − 1 + #{j | λj > ui}
for 1 	 i 	 k; the ‘bottom’ partition is λ. The Schubert varieties XΛ in IG are
thus parametrized by the set P(k, n) of pairs Λ = (α |λ) with α ∈ R(k, n−k),
λ ∈ Dn, and such that αk � �(λ). Figure 2 illustrates a partition pair indexing
a Schubert variety in IG(4, 14), with α = (4, 3, 3) and λ = (5, 4, 1).
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Fig. 2. The partition pair (4, 3, 3 | 5, 4, 1)

The codimension of the variety XΛ(F•) in IG is given by the weight |Λ| =
|α|+|λ|; we let σΛ denote the corresponding cohomology class inH2|Λ|(IG,Z).

The special Schubert varieties used in our analysis of IG are the varieties
Xp(F•) for 1 	 p 	 n+ k defined by a single Schubert condition, as follows:

Xp(F•) = {Σ ∈ IG | Σ ∩ Fn+k+1−p 	= 0 }.
Our main reason for this choice of special classes is the application to
the classical and quantum Pieri rules which follow. We note that Xp =
X(1min(p,k)|max(p−k,0)). If σp denotes the cohomology class of Xp in H2p(IG,Z),
and

0 → S → V → Q→ 0

is the tautological exact sequence of vector bundles over IG, then σp is equal
to the Chern class cp(Q).

We proceed to describe the classical Pieri rule for multiplying a general
Schubert class σΛ with a special class. In contrast, Pragacz and Ratajski [13]
obtain a Pieri rule for multiplication with the Chern classes of S∗.

Recall that the number of components of a skew diagram is by definition
the number of connected components of its vertical projection. We adopt the
following shifting conventions for the two diagrams α, λ in a pair Λ = (α |λ).
For each i, the ith part of α is shifted to the right k− i+ 1 units, and the ith
part of λ is shifted to the right i − 1 units. Upon performing this operation,
we obtain the shifted diagram S(Λ) of Λ. We say that a box of (α |λ) lies
shift-under some given reference box(es) if, in S(Λ), the box lies under (at
least one of) the reference box(es). In Figure 3, the boxes in (4, 3, 3 | 5, 4, 1)
which lie shift-under the box marked with an ‘x’ are marked with an ‘o’.

Theorem 7. For any Λ = (α |λ) ∈ P(k, n) and p � 1 we have

σΛσp =
∑
M

2N(Λ,M)σM ,

where the sum is over all M = (β |µ) with |M | = |Λ|+ p such that

(i) αi+1 	 βi 	 αi + 1 for each i,
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Fig. 3. (4, 3, 3 | 5, 4, 1) and S(4, 3, 3 | 5, 4, 1)

(ii) µ ⊃ λ, with µ/λ a horizontal strip,
(iii) for each i with βi = αi, there is at most one box of µ/λ shift-under the

rightmost box of βi,
(iv) for each i with βi < αi, there are exactly αi − βi + 1 boxes of µ/λ shift-

under the boxes between the rightmost box of βi and the rightmost box of
αi, inclusive; furthermore, these αi − βi + 1 boxes of the bottom part are
contained in a single row.

Let Ri denote the collection of box(es) of µ/λ indicated in (iii) and (iv) for
given i, with Ri = ∅ when βi > αi, and set R =

⋃k
i=1Ri. Then the exponent

N(Λ,M) equals the number of components of (µ/λ) �R not meeting the first
column.

If the partition pair M with |M | = |Λ| + p satisfies conditions (i)-(iv) of
Theorem 7, then we will write Λ

p−→M . The argument used to prove Theorem
7 in [5] is geometric, along the lines of Hodge and Pedoe’s proof of the classical
Pieri rule for type A Grassmannians, via triple intersections [9, §XIV.4].

Theorem 8. The cohomology ring H∗(IG,Z) is presented as a quotient of
the polynomial ring Z[σ1, . . . , σn+k] modulo the relations

det(σ1+j−i)1�i,j�r = 0, n− k + 1 	 r 	 n+ k (12)

and

σ2
r + 2

n+k−r∑
i=1

(−1)iσr+iσr−i = 0, k + 1 	 r 	 n. (13)

The first set of relations (12) in Theorem 8 follow from the Whitney sum
formula c(S)c(Q) = 1, as in Section 2. To see the relations (13), note that
the symplectic form on V gives rise to a pairing S ⊗ Q → O, and hence an
injection S → Q∗. The Chern classes cj(Q∗/S) vanish for j > 2k; multiplying
with the previous relation, we deduce that the cohomology class c(Q)c(Q∗)
vanishes in degrees larger than 2k. We have thus shown that the relations (12)
and (13) hold in H∗(IG,Z); more work is required to deduce that these two
sets of relations suffice to obtain the presentation in the theorem.
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4.2 The quantum theory

The quantum cohomology ring QH∗(IG) is a Z[q]-algebra as before, where
the degree of the formal variable q is given by deg(q) = n + k + 1. The ring
structure on QH∗(IG) is determined by a relation analogous to (2)

σΛ · σM =
∑

〈σΛ, σM , σ bN 〉d σN q
d,

the sum over d � 0 and N ∈ P(k, n) with |N | = |Λ|+ |M | − (n+ k + 1)d.
For each partition pair M = (β |µ) with µ1 > 0, define a new pair M∗ =

(β∗ |µ∗) by setting β∗i = βi − 1 and µ∗i = µi+1 for each i. In other words, M ∗

is obtained from M by removing one box from each row of β and the entire
first row of µ. Let Q(k, n) denote the set of M = (β |µ) ∈ P(k, n) such that
µ1 = n.

Theorem 9. For any Λ ∈ P(k, n) and p with 1 	 p 	 n+ k, we have

σΛ · σp =
∑

M∈P(k,n)

2N(Λ,M) σM +
∑

M∈Q(k,n+1)

2N(Λ,M)−1 σM∗ q

in the quantum cohomology ring of IG(n − k, 2n), where both sums involve
partition pairs M such that Λ

p−→M .

Example 4. In the quantum cohomology ring of IG(4, 12), we have

σ5 · σ(4,3|3,1) = 2 σ(4,4|5,3) + 4 σ(4,4|6,2) + 2 σ(4,4|5,2,1) + σ(4,4|4,3,1) + 2 σ(4,3|6,2,1)

+σ(4,2|1) q + 2 σ(3,3|1) q + 4 σ(3,2|2) q + σ(2,2|2,1) q.

The analysis used in the proof of Theorem 9 is more involved than, but
analogous to the corresponding one in Section 3.1. To study the Gromov–
Witten invariants 〈σΛ, σM , σN 〉d, we use the auxiliary variety Zd parametriz-
ing pairs (A,B) of subspaces of V with A ∈ IG(n−k−d, 2n), dimB = n−k+d,
and A ⊂ B ⊂ A⊥, for each d 	 n− k. For every Λ ∈ P(k, n), define a subva-
riety YΛ ⊂ Zd by

YΛ(F•) = { (A,B) ∈ Zd |A ⊂ Σ ⊂ B for some Σ with Σ ∈ XΛ(F•) }.

One then shows that if Λ,M,N ∈ P(k, n) are such that |Λ| + |M | + |N | =
dim(IG) + n+ k + 1, then

〈σΛ, σM , σN 〉1 =
∫

Z1

[YΛ] · [YM ] · [YN ].

Moreover, if N = (1min(p,k) | max(p − k, 0)) indexes a special Schubert class,
then the Gromov–Witten invariant 〈σΛ, σM , σp〉d vanishes whenever d � 2.
The key to proving these results is to associate to any rational map f : P1 →
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IG of degree d counted by 〈σΛ, σM , σN 〉d the pair consisting of the kernel and
the span of f .

Finally, one uses a correspondence between lines on IG = IG(n − k, 2n)
and points on IG(n+ 1− k, 2n+ 2) to obtain an analogue of (11) for IG. For
Λ, M , N ∈ P(k, n) such that the first parts of the top partitions of Λ, M , N
sum to at most 2(n− k) + 1, we obtain that∫

Z1

[YΛ] · [YM ] · [YN ] =
1
2

∫
IG(n+1−k,2n+2)

[X+
Λ ] · [X+

M ] · [X+
N ],

where X+
Λ , X+

M , X+
N denote Schubert varieties in IG(n + 1 − k, 2n + 2). It

follows that when σN = σp is a special Schubert class, then

〈σΛ, σM , σp〉1 =
1
2

∫
IG(n+1−k,2n+2)

σ+
Λ · σ+

M · σ+
p .

We deduce Theorem 9 from this, Theorem 7, and an analysis of the Poincaré
duality involution on P(k, n).

Theorem 10. The quantum cohomology ring QH∗(IG,Z) is presented as a
quotient of the polynomial ring Z[σ1, . . . , σn+k, q] modulo the relations

det(σ1+j−i)1�i,j�r = 0, n− k + 1 	 r 	 n+ k

and

σ2
r + 2

n+k−r∑
i=1

(−1)iσr+iσr−i = (−1)n+k−rσ2r−n−k−1 q, k + 1 	 r 	 n.

5 The odd orthogonal Grassmannian OG(n − k, 2n + 1)

5.1 The classical theory

In this section, we consider a vector space V = C2n+1 equipped with a
nondegenerate symmetric bilinear form. The odd orthogonal Grassmannian
OG = OG(n − k, 2n + 1) parametrizes the (n − k)-dimensional isotropic
subspaces in V ; it has the same dimension as the isotropic Grassmannian
IG(n− k, 2n). The Weyl group for the root system Bn is the same as that for
Cn, hence most of the analysis in Section 4.1 applies here as well. To define
the Schubert variety in OG indexed by w ∈ Wn, we use a monomorphism
ψ : Wn ↪→ S2n+1 with image

ψ(Wn) = { σ ∈ S2n+1 | σ(i) + σ(2n+ 2− i) = 2n+ 2, for all i },

determined by the equalities
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ψ(w)(i) =

{
n+ 1− wn+1−i if wn+1−i is unbarred,
n+ 1 + wn+1−i otherwise,

for each w = (w1, . . . , wn) ∈ Wn and 1 	 i 	 n. Given an isotropic flag F• in
V , we extend it to a complete flag by setting Fn+p = F⊥

n+1−p for 1 	 p 	 n+1.
For w = wu,λ, the Schubert variety Xw(F•) ⊂ OG is defined as the locus of
isotropic subspaces Σ in V such that

dim(Σ ∩ Fi) � # { p 	 n− k | ψ(w)(p) > 2n+ 1− i } for 1 	 i 	 2n.

To each Weyl group element wu,λ we associate a pair of partitions Λ = (α |λ)
as in Section 4.1. The Schubert varieties in OG are indexed by the set P(k, n)
of partition pairs; we let τΛ ∈ H2|Λ|(OG,Z) be the cohomology class deter-
mined by the Schubert variety XΛ(F•).

The special Schubert varieties for OG are the varieties

Xp = X(1min(p,k)|max(p−k,0)), 1 	 p 	 n+ k.

These are defined by a single Schubert condition as follows: let

ε(p) = n+ k − p+

{
1 if p > k,
2 if p 	 k.

(14)

Then
Xp(F•) = {Σ ∈ OG |Σ ∩ Fε(p) 	= 0 }.

We let τp denote the cohomology class of Xp, and S (respectively Q) be the
tautological subbundle (respectively, quotient bundle) over OG(n−k, 2n+1).
As in Section 3.2, by considering the natural map θ : P (S) → Q ⊂ P (V ),
where Q is the (2n − 1)-dimensional quadric of isotropic vectors, one shows
that

cp(Q) =

{
τp if p 	 k,
2τp if p > k.

The classical Pieri rule for OG involves the same conditions (i)-(iv) and
set R ⊂ µ/λ that appeared in Theorem 7.

Theorem 11. For any Λ = (α |λ) ∈ P(k, n) and p � 1 we have

τΛ τp =
∑
M

2N ′(Λ,M)τM , (15)

where the sum is over all M = (β |µ) with Λ
p−→ M . Moreover, N ′(Λ,M)

equals the number (respectively, one less than the number) of components of
(µ/λ) �R, if p 	 k (respectively, if p > k).
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Let cp = cp(Q). Using rational coefficients, one has a presentation of the
cohomology ring of OG in terms of the c variables directly analogous to that in
Theorem 8. The ring H∗(OG,Q) is presented as a quotient of the polynomial
ring Q[c1, . . . , cn+k] modulo the relations

det(c1+j−i)1�i,j�r = 0, n− k + 1 	 r 	 n+ k

and

c2r + 2
r∑

i=1

(−1)icr+icr−i = 0, k + 1 	 r 	 n.

However, a presentation with integer coefficients using the special Schubert
classes τp is more difficult to obtain. Let δp = 1, if p 	 k, and δp = 2,
otherwise.

Theorem 12. The cohomology ring H∗(OG(n−k, 2n+1),Z) is presented as
a quotient of the polynomial ring Z[τ1, . . . , τn+k] modulo the relations

det(δ1+j−iτ1+j−i)1�i,j�r = 0, n− k + 1 	 r 	 n,
r∑

p=k+1

(−1)pτp det(δ1+j−iτ1+j−i)1�i,j�r−p = 0, n+ 1 	 r 	 n+ k,

and

τ2
r +

r∑
i=1

(−1)iδr−iτr+iτr−i = 0, k + 1 	 r 	 n.

5.2 The quantum theory

Given a degree d � 0 and partition pairs Λ,M,N ∈ P(k, n) such that

|Λ|+ |M |+ |N | = dim(OG) + d(n+ k),

we define the Gromov–Witten invariant 〈τΛ, τM , τN 〉d as in Section 3.1. The
degree of q in the quantum cohomology ring QH∗(OG) is equal to n+ k, and
the quantum product is defined as usual. A notable feature of the quantum
Pieri rule for OG is that it involves q2 terms as well as q terms. To formulate
it, we require some additional notation.

Let P ′(k, n+1) be the set of (β |µ) ∈ P(k, n+1) such that β1 = n+1− k
and max(β2 + k − 1, 1) 	 µ1 	 n. For any M = (β |µ) ∈ P ′(k, n+ 1), define
a partition pair M̃ ∈ P(k, n) by

(̃β |µ) = (µ1 − k, β2 − 1, . . . , βk − 1 | µ2, µ3, . . .).

In other words, M̃ is obtained from (β |µ) by removing a hook of length n
from β and the entire first row of µ, then adding the part µ1 − k to what
remains in the top partition. Recall also the operationM �→M ∗ from Section
4.2.
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Theorem 13. For any Λ = (α |λ) ∈ P(k, n) and p with 1 	 p 	 n + k, the
quantum product τΛ · τp ∈ QH∗(OG(n − k, 2n+ 1)) is equal to∑
M∈P(k,n)

2N ′(Λ,M) τM+
∑

M∈P′(k,n+1)

2N ′(Λ,M) τfM q+
∑

M∈Q(k,n)

2N ′(Λ∗,M) τM∗ q2,

where (i) the first sum is classical, as in (15), (ii) the second sum is over
M ∈ P ′(k, n + 1) with Λ

p−→ M , and (iii) the third sum is empty unless
λ1 = n, and over M ∈ Q(k, n) such that Λ∗ p−→M .

The q terms in Theorem 13 are explained by a phenomenon similar to
what happens in type A (Section 2), while the q2 terms are in analogy with
the maximal orthogonal Grassmannian (Section 3.2); a dimension count shows
that there are no higher degree contributions. For the line numbers, we observe
that the parameter space of lines on OG is the orthogonal two-step flag variety
Y1 = OF (n− k − 1, n− k + 1; 2n+ 1). It follows that

〈τΛ, τM , τp〉1 =
∫

Y1

τ
(1)
Λ · τ (1)

M · τ (1)
p

where τ (1)
Λ , τ (1)

M , and τ (1)
p are the associated Schubert classes in H∗(Y1,Z).

The relevant diagram of smooth projections here is

OF (n− k, n− k + 1; 2n+ 1)

π

��

ϕ1 �� OG(n− k, 2n+ 1)

OG(n− k + 1, 2n+ 1).

We associate to any partition pair Λ = (α |λ) in P(k, n) the pair Λ ∈ P(k −
1, n) obtained by removing the first part α1 of the top partition:

(α |λ) = (α2, . . . , αk | λ).
One checks that π(ϕ−1

1 (XΛ(F•))) = XΛ(F•), for any Λ ∈ P(k, n). By arguing
as in Section 2, we deduce that for Λ,M ∈ P(k, n) and 1 	 p 	 n + k, if
|Λ|+ |M |+ p = dimOG + n+ k, then

〈τΛ, τM , τp〉1 =
∫

OG(n−k+1,2n+1)

τΛ · τM · τp−1. (16)

This result characterizes the degree 1 quantum correction terms in Theorem
13.

To understand the q2 terms appearing in the quantum Pieri rule, one uses
the relation τ2

n+k = q2 and follows the model of OG(n, 2n + 1), which is
isomorphic to OG(n + 1, 2n + 2). Note that the correct analogy is that the
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variable q ∈ QH∗(OG(n, 2n+1)) corresponds to q2 ∈ QH∗(OG(n−k, 2n+1)),
when k � 1. This is explained by degree considerations: on non-maximal
orthogonal Grassmannians OG, we have deg(q) = n + k, which specializes
under k = 0 to n, or half of the degree of q on OG(n, 2n + 1). It is also
related to the degree doubling phenomenon, whereby lines on the maximal
orthogonal Grassmannian are mapped to conics in projective space under the
Plücker embedding.

Example 5. In the ring QH∗(OG(2, 9)), we have

τ1 · τ(2,2|4,3) = τ(2,1|3) q + 2 q2.

The term 2 q2 is explained by the enumerative fact that there is a unique conic
on OG(2, 9) passing through two general points. This conic meets a general
hyperplane section (encoded by the class τ1) in two points, and each pair,
consisting of the conic together with a point of intersection with the given
hyperplane section, contributes to the coefficient of q2.

Theorem 14. The quantum cohomology ring QH∗(OG,Z) is presented as a
quotient of the polynomial ring Z[τ1, . . . , τn+k, q] modulo the relations

det(δ1+j−iτ1+j−i)1�i,j�r = 0, n− k + 1 	 r 	 n,
r∑

p=k+1

(−1)pτp det(δ1+j−iτ1+j−i)1�i,j�r−p = 0, n+ 1 	 r < n+ k,

n+k∑
p=k+1

(−1)pτp det(δ1+j−iτ1+j−i)1�i,j�n+k−p = q

and

τ2
r +

r∑
i=1

(−1)iδr−iτr+iτr−i = 0, k + 1 	 r 	 n.

6 The even orthogonal Grassmannian
OG(n + 1 − k, 2n + 2)

6.1 The classical theory

Here we take the vector space V = C2n+2 equipped with a nondegenerate
symmetric form, and consider the Grassmannian OG′ = OG(n+1−k, 2n+2)
which parametrizes the (n+1− k)-dimensional isotropic subspaces in V . The
dimension of OG′ is equal to (n+ 1− k)(n+ 3k)/2.

To define the Schubert varieties in OG′, we require the Weyl group W̃n+1

of type Dn+1. This group is an extension of Sn+1 by an element s� which
acts by
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(u1, u2, . . . , un+1)s� = (u2, u1, u3, . . . , un+1).

If W̃k is the subgroup of W̃n+1 generated by {si | i 	= k}, then the set W̃ (k) ⊂
W̃n+1 of minimal length coset representatives of W̃k parametrizes the Schubert
varieties in OG(n+1−k, 2n+2). The set W̃ (k) consists of barred permutations
of the form

w = wu,λ = (ûk, . . . , u1, z1, . . . , zr, vn+1−k−r , . . . , v1) (17)

where z1 > · · · > zr with r 	 n− k, uk < · · · < u1, and vn+1−k−r < · · · < v1.
The convention here is that ûk is equal to uk or uk, according to the parity
of r.

The elements in W̃ (k) correspond to a set P̃(k, n) of partition pairs, which
involve a partition α ∈ R(k, n + 1 − k) and a λ ∈ Dn such that αk � �(λ).
More precisely, P̃(k, n) consists of (i) pairs (α |λ) such that αk = �(λ); these
correspond to elements

w(α|λ) = (ûk, . . . , u1, λ1 + 1, . . . , λ� + 1, vn+1−k−�, . . . , v1)

in W̃n+1; (ii) two types of pairs (α |λ) and (α |λ] such that αk > �(λ); these
correspond to the Weyl group elements

w(α|λ) = (ûk, . . . , u1, λ1 + 1, . . . , λ� + 1, vn+1−k−�, . . . , v1)

and
w(α|λ] = (ûk, . . . , u1, λ1 + 1, . . . , λ� + 1, 1, vn−k−�, . . . , v1),

respectively. We refer to the objects in this case as partition pairs of type 1 and
of type 2, respectively, and let type(Λ) ∈ {1, 2} denote the type of a partition
pair Λ. If Λ falls under case (i), then we set type(Λ) = 0. In both cases (i)
and (ii), the equalities

αi = ui + i− k − 1 + #{j | λj + 1 > ui}
for 1 	 i 	 k determine the numbers ui, while vn+1−k−� < · · · < v1. The
weight of a partition pair (α |λ) or (α |λ] equals |α|+ |λ|, as before.

The Schubert varieties in OG′ are defined using a monomorphism ϕ :
W̃n+1 ↪→ S2n+2 whose image consists of those permutations σ ∈ S2n+2 such
that σ(i) + σ(2n+ 3− i) = 2n+ 3 for all i and the number of i 	 n+ 1 such
that σ(i) > n+ 1 is even. The map ϕ is defined by the equation

ϕ(w)(i) =

{
n+ 2− wn+2−i if wn+2−i is unbarred,
n+ 1 + wn+2−i otherwise,

for w = (w1, . . . , wn+1) ∈ W̃n+1 and 1 	 i 	 n + 1. Choose also an isotropic
flag F• in V , and extend it to a complete flag of V by setting Fn+1+p = F⊥

n+1−p

for 1 	 p 	 n+ 1.
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Set ι(w) = 0 if 1 is a part of w, and ι(w) = 1 otherwise, and define
ϕ̃ : W̃n+1 ↪→ S2n+2 by

ϕ̃(w) = s
ι(w)
n+1ϕ(w).

The map ϕ̃ is a modification of ϕ so that in the sequence of values of ϕ̃(w),
n+2 always comes before n+1. We need also the alternate complete flag F̃•,
with F̃i = Fi for i 	 n but completed with a maximal isotropic subspace F̃n+1

in the opposite family from Fn+1 (thus we have F̃n+1 ∩ Fn+1 = Fn). Define

F ι
• =

{
F• if n 	= ι (mod 2),
F̃• if n = ι (mod 2).

For w ∈ W̃ (k), the Schubert variety Xw(F•) is defined as the locus of isotropic
Σ in OG′ such that

dim(Σ ∩ F ι(w)
i ) � # { p 	 n+ 1− k | ϕ̃(w)(p) > 2n+ 2− i }

for 1 	 i 	 2n + 2. We let τΛ ∈ H2|Λ|(OG′,Z) denote the cohomology class
determined by the Schubert variety indexed by wΛ for an element Λ ∈ P̃(k, n).

The special Schubert varieties for OG(n+ 1− k, 2n+ 2) are the varieties

Xp = X(1min(p,k)|max(p−k,0)), 1 	 p 	 n+ k, and X ′
k = X(1k|0].

These are defined by a single Schubert condition as follows. For p 	= k, we
have

Xp(F•) = {Σ ∈ OG′ |Σ ∩ Fε(p) 	= 0 }
where ε(p) is given by (14). If n is even, then

Xk(F•) = {Σ ∈ OG′ |Σ ∩ Fn+1 	= 0 }
and

X ′
k(F•) = {Σ ∈ OG′ |Σ ∩ F̃n+1 	= 0 },

while the roles of Fn+1 and F̃n+1 are switched if n is odd. We let τp denote the
cohomology class of Xp(F•) and τ ′k denote the cohomology class of X ′

k(F•).
The Pieri rule for OG′ requires a slightly different shifting convention than

that used for IG and OG. The shifted diagram of a partition pair (α |λ) or
(α |λ] is obtained by shifting the ith part of α to the right by k−i+1 units, and
the ith part of λ to the right by i units. Using this convention, the notation
Λ

p−→ M and the multiplicity N ′(Λ,M) are defined in exactly the same way
as in Theorem 11. Given two partition pairs Λ and M which both fall in case
(ii), above, we set

εΛM =

⎧⎪⎨⎪⎩
1 if type(Λ) = type(M) and �(λ) = �(µ),
1 if type(Λ) 	= type(M) and �(λ) 	= �(µ),
0 otherwise.
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In addition, let

h(Λ,M) = #{i | βi 	 αi}+ �(λ) +

{
1 if type(Λ) = 2 or type(M) = 2,
0 otherwise.

If p 	= k, then set δΛM = 1. If p = k and N ′(Λ,M) > 0, then set

δΛM = δ′ΛM = 1/2,

while if N ′(Λ,M) = 0, define

δΛM =

{
1 if h(Λ,M) is even,
0 otherwise

and δ′ΛM =

{
1 if h(Λ,M) is odd,
0 otherwise.

Theorem 15. Let Λ = (α |λ) or Λ = (α |λ] be an element of P̃(k, n) and
p � 1. If �(λ) = αk, then

τΛ τp =
∑
M

2N ′(Λ,M)δΛMτM ,

while if �(λ) < αk, then

τΛ τp =
∑

�(µ)=βk

2N ′(Λ,M)δΛMτM +
∑

�(µ)<βk

2N ′(Λ,M)δΛM εΛMτM ,

where the sums are over all M = (β |µ) and M = (β |µ] in P̃(k, n) with
Λ

p−→ M and satisfying the indicated conditions. Furthermore, the product
τΛ τ

′
k is obtained by replacing δΛM with δ′ΛM throughout.

Let
0 → S → VX → Q→ 0

denote the tautological exact sequence of vector bundles over OG′. One checks
as in Section 3.2 that

cp(Q) =

⎧⎪⎨⎪⎩
τp if p < k,
τk + τ ′k if p = k,

2τp if p > k.
(18)

For each r > 0, let ∆r denote the r × r Schur determinant

∆r = det(c1+j−i)1�i,j�r ,

where each variable cp represents the Chern class cp(Q). Using rational coeffi-
cients, the ring H∗(OG′,Q) is presented as a quotient of the polynomial ring
Q[c1, . . . , cn+k, ξ] modulo the relations
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∆r = 0, n− k + 1 < r 	 n+ k, (19)
ξ ∆n+1−k = 0, (20)

and

c2k + 2
k∑

i=1

(−1)ick+ick−i = ξ2, (21)

c2r + 2
r∑

i=1

(−1)icr+icr−i = 0, k + 1 	 r 	 n. (22)

In the above relations, the variable ξ represents the difference τk − τ ′k of the
two special Schubert classes in codimension k.

The new relations (20) and (21) both come from the cohomology of the
quadric Q ⊂ P (V ). As in Section 3.2, let π : P (S) → OG′ and θ : P (S) → Q
denote the natural morphisms. We then have

ξ = τk − τ ′k = π∗(θ∗(e− f)),
where e and f are the two ruling classes in H2n(Q,Z). If ζ = c1(OP (S)(1)),
the projective bundle formula dictates

ζn+1−k + c1(π∗S)ζn−k + · · ·+ cn+1−k(π∗S) = 0. (23)

The relations in the cohomology ring of Q imply that θ∗(e − f)ζ = θ∗(eh −
fh) = 0, and hence θ∗(e − f)cn+1−k(π∗S) = 0 in H∗(P (S),Z), using (23).
Applying π∗, we see that (τk − τ ′k)cn+1−k(S) = 0 in H∗(OG′,Z), which is
exactly relation (20). We leave the proof of (21) as an exercise for the reader.

As in Section 5.1, the analogous presentation of H∗(OG′,Z) with integer
coefficients is rather more involved.

Theorem 16. Define polynomials cp using the equations (18). Then the co-
homology ring H∗(OG(n+ 1− k, 2n+ 2),Z) is presented as a quotient of the
polynomial ring Z[τ1, . . . , τk, τ ′k, τk+1, . . . , τn+k] modulo the relations

∆r = 0, n− k + 1 < r 	 n,

τk∆n+1−k = τ ′k∆n+1−k =
n+1∑

p=k+1

(−1)p+k+1τp∆n+1−p,

r∑
p=k+1

(−1)pτp∆r−p = 0, n+ 1 < r 	 n+ k,

and

τkτ
′
k +

k∑
i=1

(−1)iτk+iτk−i = 0,

τ2
r +

r∑
i=1

(−1)iτr+icr−i = 0, k + 1 	 r 	 n.
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6.2 The quantum theory

The story here is rather similar to that for the odd orthogonal Grassmannian
of Section 5. The degree of q in the ring QH(OG′) is equal to n+ k, and the
quantum Pieri rule will involve both q and q2 terms. Since OG(n, 2n + 2) is
not a quotient of SO2n+2 by a maximal parabolic subgroup, we will assume
that k � 2 in this subsection.

Suppose that the classical Pieri rule for OG(n+ 1− k, 2n+ 2) is given by

τΛτp =
∑
M

f(Λ,M)τM , τΛτ
′
k =

∑
M

f ′(Λ,M)τM , (24)

where the sums are over all M ∈ P̃(k, n), 1 	 p 	 n+ k, and the coefficients
f(Λ,M) and f ′(Λ,M) are given as in Theorem 15.

Let Q̃(k, n) denote the set of M = (β |µ) (or M = (β |µ]) in P̃(k, n) such
that µ1 = n. For a partition pairM ∈ P̃(k, n), the pairM∗ is defined using the
same prescription as in Section 4.2. Let P̃ ′(k, n+1) be the set of pairs (β |µ) or
(β |µ] in P̃(k, n+1) such that β1 = n+2−k and max(β2 +k−2, 1) 	 µ1 	 n.
For anyM ∈ P̃ ′(k, n+1), define a partition pair M̃ ∈ P̃(k, n) by the equations

(̃β |µ) = (µ1 − k + 1, β2 − 1, . . . , βk − 1 | µ2, µ3, . . .);

(̃β |µ] = (µ1 − k + 1, β2 − 1, . . . , βk − 1 | µ2, µ3, . . .].

Theorem 17. For any Λ = (α |λ) or Λ = (α |λ] in P̃(k, n) and p with 1 	
p 	 n+ k, the quantum product τΛ · τp ∈ QH∗(OG(n+ 1− k, 2n+ 2)) is equal
to ∑
M∈ eP(k,n)

f(Λ,M) τM +
∑

M∈ eP′(k,n+1)

f(Λ,M) τfM q +
∑

M∈ eQ(k,n)

f(Λ∗,M) τM∗ q2,

where (i) the first sum is classical, as in (24), (ii) the second sum is over
M ∈ P̃ ′(k, n + 1) with Λ

p−→ M , and (iii) the third sum is empty unless
λ1 = n, and over M ∈ Q̃(k, n) such that Λ∗ p−→ M . Furthermore, the product
τΛ · τ ′k is obtained by replacing f with f ′ throughout.

Theorem 17 is proved using the same set of arguments used to obtain
Theorem 13. For the terms which are linear in q, we consider the diagram

OF (n+ 1− k, n+ 2− k; 2n+ 2)

��

�� OG(n+ 1− k, 2n+ 2)

OG(n+ 2− k, 2n+ 2)

and apply the projection formula as in Sections 2 and 5.2. The q2 terms in
the quantum Pieri rule for OG′ come from the basic relation τ2

n+k = q2.
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Example 6. The quantum Pieri relations

τ2 · τ(2,2|1) = τ2 q and τ ′2 · τ(2,2|1) = τ(2,2|3)

hold in QH∗(OG(2, 8)). Also, in QH∗(OG(3, 10)), we have

τ2 · τ(3,2|4,2) = τ(3,3|4,3] + τ(3,3|4,2,1) + τ(3,2|2) q + τ(3,1|3) q + τ1 q2;

τ ′2 · τ(3,2|4,2) = τ(3,3|4,3) + τ(3,3|4,2,1) + τ(3,2|2] q + τ(3,1|3) q + τ1 q2.

We conclude with a presentation of the ring QH∗(OG(n+ 1− k, 2n+ 2)).

Theorem 18. The quantum cohomology ring QH∗(OG′) is presented as a
quotient of the polynomial ring Z[τ1, . . . , τk, τ ′k, τk+1, . . . , τn+k, q] modulo the
relations

∆r = 0, n− k + 1 < r 	 n,

τk∆n+1−k = τ ′k∆n+1−k =
n+1∑

p=k+1

(−1)p+k+1τp∆n+1−p,

r∑
p=k+1

(−1)pτp∆r−p = 0, n+ 1 < r < n+ k,

n+k∑
p=k+1

(−1)pτp∆n+k−p = −q,

and

τkτ
′
k +

k∑
i=1

(−1)iτk+iτk−i = 0,

τ2
r +

r∑
i=1

(−1)iτr+icr−i = 0, k + 1 	 r 	 n,

where the polynomials cp are defined by (18).
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Summary. We describe an explicit construction that provides a plenty of complex
abelian varieties whose endomorphism algebra is a product of cyclotomic fields.

1 Introduction

As usual, we write Z,Q,Fp,C for the ring of integers, the field of rational
numbers, the finite field with p elements and the field of complex numbers
respectively. If Z is a smooth algebraic variety over an algebraically closed
field, then we write Ω1(Z) for the space of differentials of the first kind on
Z. If Z is an abelian variety, then we write End(Z) for its ring of (absolute)
endomorphisms and End0(Z) for its endomorphism algebra End(Z)⊗Q. If Z
is defined over a (not necessarily algebraically closed) field K, then we write
EndK(Z) ⊂ End(Z) for the (sub)ring of K-endomorphisms of Z.

Let p be a prime, q = pr an integral power of p, ζq ∈ C a primitive qth
root of unity, Q(ζq) ⊂ C the qth cyclotomic field and Z[ζq] the ring of integers
in Q(ζq). If q = 2 then Q(ζq) = Q. It is well known that if q > 2, then Q(ζq)
is a CM-field of degree (p− 1)pr−1. Let us put

Pq(t) =
tq − 1
t− 1

= tq−1 + · · ·+ 1 ∈ Z[t].

Clearly, Pq(t) =
∏r

i=1 Φpi(t) where Φpi(t) = t(p−1)pi−1
+ · · ·+ tpi−1

+ 1 ∈ Z[t]
is the pith cyclotomic polynomial. In particular, Q[t]/Φpi(t)Q[t] = Q(ζpi) and
Q[t]/Pq(t)Q[t] =

∏r
i=1 Q(ζpi).

Let f(x) ∈ C[x] be a polynomial of degree n ≥ 4 without multiple roots.
Let Cf,q be a smooth projective model of the smooth affine curve yq = f(x).
The map (x, y) �→ (x, ζqy) gives rise to a non-trivial birational automorphism
δq : Cf,q → Cf,q of period q. The jacobian J(Cf,q) of Cf,q is a complex
abelian variety. By Albanese functoriality, δq induces an automorphism of
J(Cf,q) which we still denote by δq. One may easily check (see Lemma 4.8
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below) that δq−1
q +· · ·+δq+1 = 0 in End(J(Cf,q)). This implies that if Q[δq] is

the Q-subalgebra of End0(J(Cf,q)) generated by δq, then there is the natural
surjective homomorphism Q[t]/Pq(t)Q[t] � Q[δq] that sends t+ Pq(t)Q[t] to
δq. One may check that this homomorphism is, in fact, an isomorphism (see
[6, p. 149], [8, p. 458]) where the case q = p was treated). This gives us an
embedding Q[t]/Pq(t)Q[t] ∼= Q[δq] ⊂ End0(J(Cf,q)). Our main result is the
following statement.

Theorem 1.1. Let K be a subfield of C such that f(x) is an irreducible poly-
nomial in K[x] of degree n ≥ 5 and its Galois group over K is either the
full symmetric group Sn or the alternating group An. In addition, assume
that either p does not divide n or q | n. Then End0(J(Cf,q)) = Q[δq] ∼=
Q[t]/Pq(t)Q[t] =

∏r
i=1 Q(ζpi).

Remark 1.2. If q is a prime (i.e., q = p), then J(Cf,p) is an absolutely simple
abelian variety and End(J(Cf,p)) = Z[δp] ∼= Z[ζp] [17, 22]. In particular, if
p = 2, then Cf,2 is a hyperelliptic curve, δ2 is multiplication by −1 and
End(J(Cf,2)) = Z. See [21, 16, 14] for a discussion of finite characteristic
case.

Example 1.3. Let n ≥ 5 be an integer, p a prime, r a positive integer, q = pr.
Assume also that either n is not divisible by p or q | n.
1. The polynomial xn−x−1 ∈ Q[x] has Galois group Sn over Q ([10, p. 42]).

Therefore the endomorphism algebra (over C) of the jacobian J(C) of the
curve C : yq = xn − x− 1 is Q[t]/Pq(t)Q[t].

2. The Galois group of the “truncated exponential”

expn(x) := 1 + x+
x2

2
+
x3

6
+ · · ·+ xn

n!
∈ Q[x]

is either Sn or An [9]. Therefore the endomorphism algebra (over C) of
the jacobian J(C) of the curve C : yq = expn(x) is Q[t]/Pq(t)Q[t].

Remark 1.4. If f(x) ∈ K[x], then the curve Cf,q and its jacobian J(Cf,q)
are defined over K. Let Ka ⊂ C be the algebraic closure of K. Clearly, all
endomorphisms of J(Cf,q) are defined over Ka. This implies that in order to
prove Theorem 1.1, it suffices to check that Q[δq] coincides with the Q-algebra
of Ka-endomorphisms of J(Cf,q).

Our main technical tool used in the proof of Theorem 1.1 is a certain
modular representation Vf,p of the Galois group of f [3], [20] arising from
its action on the roots of f . In the case of q = p the Galois module Vf,p is
canonically isomorphic to the subgroup of δp-invariants in J(Cf,p) (if ζp ∈ K)
[6], [8]. In the present paper we construct (assuming that ζq ∈ K and p does
not divide n) an abelian subvariety Jf,q ⊂ J(Cf,q) with multiplication by Z[ζq ]
and prove that Vf,p is canonically isomorphic to the subgroup of ζq-invariants
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in Jf,q (Lemma 4.11). (It turns out that if q = pr, then J(Cf,q) is isogenous
to a product of all Jf,pi

with 1 ≤ i ≤ r.)
The paper is organized as follows. In Section 2 we obtain conditions that

guarantee that the center of the endomorphism algebra of a complex abelian
variety is a cyclotomic field (Corollary 2.2). In Section 3 we study abelian
varieties X over arbitrary fields, whose endomorphism ring contains a subring
isomorphic to the ring O of integers in a given number field E. We study
the Galois action on the λ-torsion Xλ of X where λ is a maximal ideal in
O. We prove (Theorem 3.8) that if the Galois module Xλ is very simple in
the sense of [18], [23], then the centralizer of E in the algebra End0(X) of all
(absolute) endomorphisms of X either coincides with E or is “very big”. In
Section 4 we study endomorphism algebras of J (f,q), using the very simplicity
of the Galois module Vf,p when deg(f) ≥ 5 and the Galois group of f is either
the full symmetric or the alternating group. Theorem 3.8 helps us to prove
that, in characteristic zero, Q(ζq) is a maximal commutative subalgebra in
End0(Jf,q). Using Corollary 2.2 and computations with differentials of the
first kind (Theorem 3.10 and Remark 4.2), we prove (Theorem 4.16) that the
center of End0(Jf,q) coincides with Q(ζq) and therefore End0(Jf,q) = Q(ζq).
We finish the proof of Theorem 1.1 in Section 5.

2 Complex abelian varieties

Let Z be a complex abelian variety of positive dimension. We write CZ for
the center of the semisimple finite-dimensional Q-algebra End0(Z).

Let E be a subfield of End0(Z) that contains the identity map. Let ΣE be
the set of all field embeddings σ : E ↪→ C. It is well known that

Cσ := E ⊗E,σ C = C, EC = E ⊗Q C =
∏

σ∈ΣE

E ⊗E,σ C =
∏

σ∈ΣE

Cσ.

Let Lie(Z) be the tangent space to the origin of Z; it is a dim(Z)-
dimensional C-vector space. By functoriality, End0(Z) and therefore E act
on Lie(Z) and therefore provide Lie(Z) with a natural structure of E ⊗Q C-
module. Clearly,

Lie(Z) =
⊕

σ∈ΣE

CσLie(Z) = ⊕σ∈ΣELie(Z)σ

where Lie(Z)σ := CσLie(Z) = {x ∈ Lie(Z) | ex = σ(e)x ∀e ∈ E}. Let us
put nσ = nσ(Z,E) = dimCσLie(Z)σ = dimCLie(Z)σ. It is well known that the
natural map Ω1(Z) → HomC(Lie(Z),C) is an isomorphism. This allows us to
define via duality the natural homomorphismE → EndC(HomC(Lie(Z),C)) =
EndC(Ω1(Z)). This providesΩ1(Z) with a natural structure of E⊗QC-module
in such a way that Ω1(Z)σ := CσΩ

1(Z) ∼= HomC(Lie(Z)σ,C). In particular,
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nσ = dimC(Lie(Z)σ) = dimC(Ω1(Z)σ). (1)

The following statement is contained in [22, Th. 2.3].

Theorem 2.1. If E/Q is Galois, E contains CZ and CZ 	= E, then there
exists a nontrivial automorphism κ : E → E such that nσ = nσκ for all
σ ∈ ΣE.

The following assertion will be used in the proof of Theorem 4.16.

Corollary 2.2. Suppose that there exist a prime p, a positive integer r, the
prime power q = pr and an integer n ≥ 4 such that:

(i) E = Q(ζq) ⊂ C, where ζq ∈ C is a primitive qth root of unity;
(ii) n is not divisible by p, i.e., n and q are relatively prime;
(iii) Let i < q be a positive integer not divisible by p and σi : E = Q(ζq) ↪→ C

the embedding that sends ζq to ζ−i
q . Then nσi =

[
ni
q

]
.

Then CZ = Q(ζq).

Proof. If q = 2, then E = Q(ζ2) = Q. Since CZ is a subfield of E = Q, we
conclude that CZ = Q = Q(ζ2). So, further we assume that q > 2.

Clearly, {σi} is the collection Σ of all embeddings Q(ζq) ↪→ C. By (iii),
nσi = 0 if and only if 1 ≤ i ≤ [ q

n ]. Suppose that CZ 	= Q(ζq). It follows from
Theorem 2.1 that there exists a non-trivial field automorphism κ : Q[ζq] →
Q[ζq] such that for all σ ∈ Σ we have nσ = nσκ. Clearly, there exists an
integer m such that p does not divide m, 1 < m < q and κ(ζq) = ζm

q .
Assume that q < n. In this case the function i �→ nσi = [ni

q ] is strictly
increasing and therefore nσi 	= nσj while i 	= j. This implies that σi = σiκ,
i.e., κ is the identity map, which is not the case. The obtained contradiction
implies that n < q. Since n ≥ 4, we have q ≥ 5.

If i is an integer, then we write ī ∈ Z/qZ for its residue modulo q. Clearly,
nσ = 0 if and only if σ = σi with 1 ≤ i ≤ [ q

n ]. Since n and q are relatively
prime, [ q

n ] = [ q−1
n ]. It follows that nσi = 0 if and only if 1 ≤ i ≤ [ q−1

n ]. Clearly,
the map σ �→ σκ permutes the set

{σi | 1 ≤ i ≤
[
q − 1
n

]
, p does not divide i}.

Since κ(ζq) = ζm
q and σiκ(ζq) = ζ−im

q , it follows that if

A :=
{
i ∈ Z | 1 ≤ i ≤

[
q − 1
n

]
< q, p does not divide i

}
,

then the multiplication by m in (Z/qZ)∗ = Gal(Q(ζq)/Q) leaves invariant the
set Ā := {̄i ∈ Z/qZ | i ∈ A}. Clearly,A contains 1 and therefore m̄ = m·1̄ ∈ Ā.
Since 1 < m < q,
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m = m · 1 ≤
[
q − 1
n

]
. (2)

Let us consider the arithmetic progression consisting of 2m integers

[
q − 1
n

] + 1, . . . , [
q − 1
n

] + 2m

with difference 1. All its elements lie between [ q−1
n ] + 1 and[

q − 1
n

]
+ 2m ≤ 3

[
q − 1
n

]
≤ 3

q − 1
4

< q − 1.

There exist exactly two elements of A say, mc1 and mc1 +m that are divisible
by m. Clearly, c1 is a positive integer and either c1 or c1 +1 is not divisible by
p; we put c = c1 in the former case and c = c1 +1 in the latter case. However,
c is not divisible by p and[

q − 1
n

]
< mc ≤

[
q − 1
n

]
+ 2m < q − 1. (3)

It follows that mc does not lie in A and therefore mc does not lie in Ā. This
implies that c̄ also does not lie in Ā and therefore c >

[
q−1
n

]
. Using (3), we

conclude that

(m− 1)
[
q − 1
n

]
< 2m

and therefore [
q − 1
n

]
<

2m
m− 1

= 2 +
2

m− 1
.

If m > 2, then m ≥ 3 and using (2), we conclude that

3 ≤ m ≤
[
q − 1
n

]
< 2 +

2
m− 1

≤ 3

and therefore 3 < 3, which is not true. Hence m = 2 and

2 = m ≤
[
q − 1
n

]
< 2 +

2
m− 1

= 4

and therefore
[

q−1
n

]
= 2 or 3. It follows that q ≥ 1 + 2n ≥ 1 + 2 · 4 = 9. Since

m = 2 is not divisible by p, we conclude that p ≥ 3 and either Ā = {1̄, 2̄}
or p > 3 and A = {1̄, 2̄, 3̄}. In both cases 4̄ = 2 · 2̄ = m · 2̄ must lie in Ā.
Contradiction. �
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3 Abelian varieties over arbitrary fields

Let K be a field. Let us fix its algebraic closure Ka and denote by Gal(K)
the absolute Galois group Aut(Ka/K) of K. If X is an abelian variety
of positive dimension over Ka, then we write 1X (or even just 1) for the
identity automorphism of X . If Y is an (maybe another) abelian variety
of positive dimension over Ka, then we write Hom(X,Y ) for the group of
all Ka-homomorphisms from X to Y . We write Hom0(X,Y ) for the finite-
dimensional Q-vector space Hom(X,Y ) ⊗Q. Clearly, End(X) = Hom(X,X)
and End0(X) = End(X)⊗Q = Hom0(X,X). It is well known that End0(X)
is a finite-dimensional semisimple Q-algebra and dimQ(End0(X)) does not ex-
ceed 4dim(X)2 [4, §19, Corollary 1 to Theorem 3]; the equality holds if and
only if char(K) > 0 and X is a supersingular abelian variety [17, Lemma 3.1].

Let E be a number field and O ⊂ E be the ring of all its algebraic inte-
gers. Let (X, i) be a pair consisting of an abelian variety X over Ka and an
embedding

i : E ↪→ End0(X)

with i(1) = 1X . It is well known [12, Proposition 2 on p. 36] that [E : Q]
divides 2dim(X), i.e., r = rX := 2dim(X)/E : Q] is a positive integer.

Let us denote by End0(X, i) the centralizer of i(E) in End0(X). Clearly,
i(E) lies in the center of the finite-dimensional Q-algebra End0(X, i). It follows
that End0(X, i) carries a natural structure of a finite-dimensional E-algebra.
If Y is (possibly) another abelian variety over Ka and j : E ↪→ End0(Y ) is an
embedding that sends 1 to the identity automorphism of Y , then we write

Hom0((X, i), (Y, j)) = {u ∈ Hom0(X,Y ) | ui(c) = j(c)u ∀c ∈ E}.

We have End0(X, i) = Hom0((X, i), (X, i)). By abuse of language, we call
elements of Hom0((X, i), (Y, j)) E-equivariant homomorphisms from X to Y .

Recall that if ψ : X → Y is an isogeny, then there exist an isogeny φ :
Y → X and a positive integer N such that φψ = N1X , ψφ = N1Y . One may
easily check that if ψ is E-equivariant, then φ is also E-equivariant.

If d is a positive integer, then we write i(d) for the composition

E ↪→ End0(X) ⊂ End0(Xd)

of i and the diagonal inclusion End0(X) ⊂ End0(Xd).
It is known that the E-algebra End0(X, i) is semisimple [15, Remark 4.1].

The following assertion is contained in [15, Theorem 4.2].

Theorem 3.1. (i) We always have

dimE(End0(X, i)) ≤ 4 · dim(X)2

[E : Q]2
.



Endomorphism algebras of superelliptic jacobians 345

(ii)Suppose that

dimE(End0(X, i)) =
4 · dim(X)2

[E : Q]2
.

Then X is an abelian variety of CM-type isogenous to a self-product of
an (absolutely) simple abelian variety. Also End0(X, i) is a central simple
E-algebra, i.e., E coincides with the center of End0(X, i).
Furthermore, if char(Ka) = 0, then [E : Q] is even and there ex-
ist an [E:Q]

2 -dimensional abelian variety Z, an isogeny ψ : Zr → X

and an embedding k : E ↪→ End0(Z) that send 1 to 1Z and such that
ψ ∈ Hom0((Zr, k(r)), (X, i)).

Remark 3.2. Suppose that

dimE(End0(X, i)) =
4 · dim(X)2

[E : Q]2
.

By Theorem 3.1(ii), X is isogenous to a self-product of an absolutely simple
abelian variety B. It is proven in [15, §4, Proof of Theorem 4.2] that B is an
abelian variety of CM-type. Recall [12, Prop. 26 on p. 96] that in characteristic
zero every absolutely simple abelian variety of CM type is defined over a
number field; in positive characteristic such a variety is isogenous to an abelian
variety defined over a finite field (a theorem of Grothendieck [5, Th. 1.1]). It
follows easily that:

1. If char(K) = 0, then X is defined over a number field;
2. If char(K) > 0, then X is isogenous to an abelian variety defined over a

finite field.

Let d be a positive integer that is not divisible by char(K). Suppose that
X is defined over K. We write Xd for the kernel of multiplication by d in
X(Ka). It is known [4, Proposition on p. 64] that the commutative group Xd

is a free Z/dZ-module of rank 2dim(X). Clearly, Xd is a Galois submodule in
X(Ka). We write ρ̃d,X : Gal(K) → AutZ/dZ(Xd) ∼= GL(2dim(X),Z/dZ) for
the corresponding (continuous) homomorphism defining the Galois action on
Xd. Let us put

G̃d,X = ρ̃d,X(Gal(K)) ⊂ AutZ/dZ(Xd).

Clearly, G̃d,X coincides with the Galois group of the field extensionK(Xd)/K,
where K(Xd) is the field of definition of all points on X of order dividing d. In
particular, if a prime � 	= char(K), then X� is a 2dim(X)-dimensional vector
space over the prime field F� = Z/�Z and the inclusion G̃�,X ⊂ AutF�

(X�)
defines a faithful linear representation of G̃�,X in the vector space X�.

Now let us assume that

i(O) ⊂ EndK(X).
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Let λ be a maximal ideal in O. We write k(λ) for the corresponding (finite)
residue field. Let us put

Xλ := {x ∈ X(Ka) | i(e)x = 0 ∀e ∈ λ}.
Clearly, if char(k(λ)) = �, then λ ⊃ � · O and therefore Xλ ⊂ X�. Clearly,
Xλ is a Galois submodule of X�. It is also clear that Xλ carries a natural
structure of O/λ = k(λ)-vector space. We write

ρ̃λ,X : Gal(K) → Autk(λ)(Xλ)

for the corresponding (continuous) homomorphism defining the Galois action
on Xλ. Let us put

G̃λ,X = G̃λ,i,X := ρ̃λ,X(Gal(K)) ⊂ Autk(λ)(Xλ).

Clearly, G̃λ,X coincides with the Galois group of the field extensionK(Xλ)/K
where K(Xλ) = K(Xλ,i) is the field of definition of all points in Xλ.

In order to describe ρ̃λ,X explicitly, let us assume for the sake of simplicity
that λ is the only maximal ideal of O dividing �, i.e., � · O = λb where the
positive integer b satisfies [E : Q] = b ·[k(λ) : F�]. Then O⊗Z� = Oλ where Oλ

is the completion of O with respect to the λ-adic topology. It is well-known
that Oλ is a local principal ideal domain and its only maximal ideal is λOλ.
One may easily check that � · Oλ = (λOλ)b.

Let us choose an element c ∈ λ that does not lie in λ2. Clearly, λOλ = c·Oλ.
This implies that there exists a unit u ∈ O∗

λ such that � = ucb. It follows from
the unique factorization of ideals in O that λ = � · O+ c · O. It follows readily
that

Xλ = {x ∈ X� | cx = 0} ⊂ X�.

Let T�(X) be the �-adic Tate module of X defined as the projective limit
of Galois modules X�m [4, §18]. Recall that T�(X) is a free Z�-module of rank
2dim(X) provided with the continuous action ρ�,X : Gal(K) → AutZ�

(T�(X))
and the natural embedding [4, §19, Theorem 3]

EndK(X)⊗ Z� ⊂ End(X)⊗ Z� ↪→ EndZ�
(T�(X)). (4)

Clearly, the image of EndK(X)⊗Z� commutes with ρ�,X(Gal(K)). In particu-
lar, T�(X) carries the natural structure of O⊗Z� = Oλ-module. The following
assertion is a special case of Proposition 2.2.1 on p. 769 in [7].

Lemma 3.3. The Oλ-module T�(X) is free of rank rX .

There is also the natural isomorphism of Galois modules X� = T�(X)/�T�(X),
which is also an isomorphism of EndK(X) ⊃ O-modules. This implies that
the O[Gal(K)]-module Xλ coincides with

c−1� T�(X)/� T�(X) = cb−1T�(X)/cbT�(X) = T�(X)/cT�(X)
= T�(X)/λT�(X) = T�(X)/(λOλ)T�(X).
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Hence

Xλ = T�(X)/(λOλ)T�(X) = T�(X)⊗Oλ
k(λ), dimk(λ)Xλ =

2dim(X)
[E : Q]

= rX .

(5)
Consider the 2dim(X)-dimensional Q�-vector space

V�(X) = T�(X)⊗Z�
Q�,

which carries a natural structure of rX -dimensional Eλ-vector space. Extend-
ing the embedding (4) by Q�-linearity, we get the natural embedding

E ⊗Q Q� = O ⊗Q�
i
↪→ EndK(X)⊗Q� ⊂ End0(X)⊗Q Q� ↪→ EndQ�

(V�(X)).

Further we will identify End0(X)⊗Q Q� with its image in EndQ�
(V�(X)).

Remark 3.4.

1. The center CX of End0(X) commutes with i(E) and therefore lies in
End0(X, i). Since CX also commutes with End0(X, i), it lies in the center
of End0(X, i);

2. Note that Eλ = E ⊗Q Q� = O ⊗ Q� = Oλ ⊗Z�
Q� is the field coincid-

ing with the completion of E with respect to λ-adic topology. Clearly,
V�(X) carries a natural structure of rX -dimensional Eλ-vector space and
dimEλ

(EndEλ
(V�(X))) = r2X .

3. One may easily check that End0(X, i) ⊗Q Q� is a E ⊗Q Q� = Eλ-vector
subspace (even subalgebra) in EndEλ

(V�(X)). Clearly,

dimEλ
(End0(X, i)⊗Q Q�) = dimE(End0(X, i)).

4. If End0(X, i) ⊗Q Q� = EλId, then dimE(End0(X, i)) = 1 and, in light of
the inclusion E ∼= i(E) ⊂ End0(X, i), we obtain that End0(X, i) = i(E),
i.e., i(E) ∼= E is a maximal commutative subalgebra in End0(X) and
i(O) ∼= O is a maximal commutative subring in End(X). It follows that
CX ⊂ i(E) and therefore is isomorphic to a subfield of E. In particular,
CX is a field, i.e., End0(X) is a simple Q-algebra. This means that X is
isogenous to a self-product of an absolutely simple abelian variety;

5. Suppose that End0(X, i)⊗Q Q� = EndEλ
(V�(X)). This implies that

dimE(End0(X, i)) = r2X .

Applying Theorem 3.1, we conclude that X is an abelian variety of CM-
type isogenous to a self-product of an (absolutely) simple abelian variety.
Also End0(X, i) is a central simple E-algebra, i.e., E coincides with the
center of End0(X, i). Moreover, if char(Ka) = 0, then [E : Q] is even and
there exist an [E:Q]

2 -dimensional abelian variety Z, an isogeny ψ : Zr → X

and an embedding k : E ↪→ End0(Z) that send 1 to 1Z and such that
ψ ∈ Hom0((Zr, k(r)), (X, i)).
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Using the inclusion AutZ�
(T�(X)) ⊂ AutQ�

(V�(X)), one may view ρ�,X as
the �-adic representation ρ�,X : Gal(K) → AutZ�

(T�(X)) ⊂ AutQ�
(V�(X)).

Since X is defined over K, one may associate with every u ∈ End(X) and
σ ∈ Gal(K) an endomorphism σu ∈ End(X) such that σu(x) = σu(σ−1x) for
all x ∈ X(Ka). Clearly, σu = u if u ∈ EndK(X). In particular, σe = e if e ∈ O
(here we identify O with i(O)). It follows easily that for each σ ∈ Gal(K) the
map u �→ σu extends by Q-linearity to a certain automorphism of End0(X).
Clearly, σe = e for each e ∈ E and σu ∈ End0(X, i) for each u ∈ End0(X, i).

Remark 3.5. The definition of T�(X) as the projective limit of Galois mod-
ules X�m implies that σu(x) = ρ�,X(σ)uρ�,X(σ)−1(x) for all x ∈ T�(X). It
follows easily that σu(x) = ρ�,X(σ)uρ�,X(σ)−1(x) for all x ∈ V�(X), u ∈
End0(X), σ ∈ Gal(K). This implies that for each σ ∈ Gal(K) we have
ρ�,X(σ) ∈ AutEλ

(Vλ(X)) and therefore

ρ�,X(Gal(K)) ⊂ AutEλ
(Vλ(X))

[7, pp. 767–768] (see also [11]). It is also clear that ρ�,X(σ)uρ�,X(σ)−1 ∈
End0(X)⊗Q Q� for all u ∈ End0(X)⊗Q Q� and

ρ�,X(σ)uρ�,X(σ)−1 ∈ End0(X, i)⊗Q Q� ∀u ∈ End0(X, i)⊗Q Q�.

We refer to [18],[19], [21], [23] for a discussion of the following definition.

Definition 3.6. Let V be a vector space over a field F, let G be a group and
ρ : G→ AutF(V ) a linear representation of G in V . We say that the G-module
V is very simple if it enjoys the following property:

If R ⊂ EndF(V ) is an F-subalgebra containing the identity operator Id such
that ρ(σ)Rρ(σ)−1 ⊂ R ∀σ ∈ G, then either R = F · Id or R = EndF(V ).

Remark 3.7.

(i) IfG′ is a subgroup ofG and theG′-module V is very simple, then obviously
the G-module V is also very simple.

(ii) The G-module V is very simple if and only if the corresponding ρ(G)-
module V is very simple. This implies that if H � G is a surjective group
homomorphism, then the G-module V is very simple if and only if the
corresponding H-module V is very simple.

(iii) Let G′ be a normal subgroup of G. If V is a very simple G-module, then
either ρ(G′) ⊂ Autk(V ) consists of scalars (i.e., lies in k · Id) or the G′-
module V is absolutely simple. See [21, Remark 5.2(iv)].

(iv) Suppose F is a discrete valuation field with valuation ring OF , maximal
ideal mF and residue field k = OF /mF . Suppose VF a finite-dimensional
F -vector space, ρF : G → AutF (VF ) an F -linear representation of G.
Suppose T is a G-stable OF -lattice in VF and the corresponding k[G]-
module T/mFT is isomorphic to V . Assume that the G-module V is very
simple. Then the G-module VF is also very simple. See [21, Remark
5.2(v)].
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Theorem 3.8. Suppose that X is an abelian variety defined over K and
i(O) ⊂ EndK(X). Let � be a prime different from char(K). Suppose that
λ is the only maximal ideal dividing � in O. Suppose that the natural repre-
sentation in the k(λ)-vector space Xλ is very simple. Then End0(X, i) enjoys
one of the following two properties:

1. End0(X, i) = i(E), i.e., i(E) ∼= E is a maximal commutative subalgebra
in End0(X) and i(O) ∼= O is a maximal commutative subring in End(X).
In particular, i(E) contains the center of End0(X).

2. The following two conditions are fulfilled:
(2a) End0(X, i) is a central simple E-algebra of dimension r2X and X is an

abelian variety of CM-type over Ka.
(2b) If char(K) = 0, then [E : Q] is even and there exist an [E:Q]

2 -
dimensional abelian variety Z, an isogeny ψ : Zr → X and an
embedding k : E ↪→ End0(Z) that sends 1 to 1Z and such that
ψ ∈ Hom0((Zr, k(r)), (X, i)). In addition, X is defined over a number
field.
If char(K) > 0, then X is isogenous to an abelian variety defined over
a finite field.

Proof. In light of Remark 3.7(ii), the Gal(K)-module Xλ is very simple. In
light of Remark 3.7(iv) and Remark 3.5, ρ�,X : Gal(K) → AutEλ

(V�(X)) is
also very simple. Let us put R = End0(X, i)⊗Q Q�. It follows from Remark 3.5
that either R = EλId or R = EndEλ

(V�(X)). Now the result follows readily
from Remarks 3.4 and 3.2. �

Let Y be an abelian variety of positive dimension overKa and u a non-zero
endomorphism of Y . Let us consider the abelian (sub)variety Z = u(Y ) ⊂ Y .

Remark 3.9. Suppose that Y is defined over K and u ∈ EndK(Y ). Clearly,
Z and the inclusion map Z ⊂ Y are defined over KGal(K)

a , i.e., Z and Z ⊂ Y
are defined over a purely inseparable extension of K. By a theorem of Chow
[2, Th. 5 on p. 26], Z is defined over K. Clearly, the graph of Z ⊂ Y is an
abelian subvariety of Z ×Y defined over a purely inseparable extension of K.
By the same theorem of Chow, this graph is also defined overK and therefore
Z ⊂ Y is defined over K.

Theorem 3.10. Let Y be an abelian variety of positive dimension over Ka

and δ an automorphism of Y . Suppose that the induced Ka-linear operator
δ∗ : Ω1(Y ) → Ω1(Y ) is diagonalizable. Let S be the set of eigenvalues of
δ∗ and multY : S → Z+ the integer-valued function which assigns to each
eigenvalue its multiplicity.

Suppose that P (t) is a polynomial with integer coefficients such that u =
P (δ) is a non-zero endomorphism of Y . Let us put Z = u(Y ). Clearly, Z is
δ-invariant and we write δZ : Z → Z for the corresponding automorphism of
Z (i.e., for the restriction of δ to Z). Suppose that
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dim(Z) =
∑

λ∈S,P (λ) 
=0

multY (λ).

Then the spectrum of δ∗Z : Ω1(Z) → Ω1(Z) coincides with

SP = {λ ∈ S, P (λ) 	= 0}
and the multiplicity of an eigenvalue λ of δ∗Z equals multY (λ).

Proof. Clearly, u commutes with δ. We write v for the (surjective) homomor-
phism Y � Z induced by u and j for the inclusion map Z ⊂ Y . Notice that

u : Y → Y splits into a composition Y
v� Z

j
↪→ Y , i.e., u = jv. We have

δZv = vδ ∈ Hom(Y, Z), jδZ = δj ∈ Hom(Z, Y ), u = jv ∈ End(Y ),

uδ = δu ∈ End(Y ).

It is also clear that the induced map u∗ : Ω1(Y ) → Ω1(Y ) coincides with
P (δ∗). It follows that u∗(Ω1(Y )) = P (δ∗)(Ω1(Y )) has dimension∑

λ∈S,P (λ) 
=0

multY (λ) = dim(Y )

and coincides with ⊕λ∈S,P (λ) 
=0Wλ, whereWλ is the eigenspace of δ∗ attached
to eigenvalue λ. Since u∗ = v∗j∗, we have

u∗(Ω1(Y )) = v∗j∗(Ω1(Y )) ⊂ v∗(Ω1(Z)).

Since dim(u∗(Ω1(Y ))) = dim(Y ) = dim(Ω1(Z)) ≥ dim(v∗(Ω1(Z))), the sub-
space u∗(Ω1(Y )) = v∗(Ω1(Z)) and v∗ : Ω1(Z) ↪→ Ω1(Y ). It follows that if we
denote by w the isomorphism v∗ : Ω1(Z) ∼= v∗(Ω1(Z)) and by γ the restric-
tion of δ∗ to v∗(Ω1(Z)), then γw = wδ∗Y and therefore γ = wδ∗Y w

−1. �

4 Cyclic covers and jacobians

We fix a prime number p and an integral power q = pr and assume that K
is a field of characteristic different from p. We fix an algebraic closure Ka, a
primitive qth root of unity ζ ∈ Ka and write Gal(K) for the absolute Galois
group Aut(Ka/K).

Let f(x) ∈ K[x] be a separable polynomial of degree n ≥ 4. We write Rf

for the set of its roots and denote by L = Lf = K(Rf) ⊂ Ka the correspond-
ing splitting field. As usual, the Galois group Gal(L/K) is called the Galois
group of f and denoted by Gal(f). Clearly, Gal(f) permutes elements of Rf

and the natural map of Gal(f) into the group Perm(Rf ) of all permutations
of Rf is an embedding. We will identify Gal(f) with its image and consider
it as a permutation group of Rf . Clearly, Gal(f) is transitive if and only if f
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is irreducible in K[x]. Further, we assume that either p does not divide n or
q does divide n.

If p does not divide n, then we write (as in [20, §3])

Vf,p := (FRf
p )00 = (FRf

p )0

for the (n− 1)-dimensional Fp-vector space of functions

{φ : Rf → Fp,
∑

α∈Rf

φ(α) = 0}

provided with a natural action of the permutation group Gal(f) ⊂ Perm(Rf ).
It is the heart over the field Fp of the group Gal(f) acting on the set Rf [3],
[20].

Remark 4.1. If p does not divide n and Gal(f) = Sn or An, then the Gal(f)-
module Vf,p is very simple (see [20, Lemma 3.5]).

Let C = Cf,q be the smooth projective model of the smooth affine K-
curve yq = f(x). So C is a smooth projective curve defined over K. The
rational function x ∈ K(C) defines a finite cover π : C → P1 of degree p. Let
B′ ⊂ C(Ka) be the set of ramification points. Clearly, the restriction of π to
B′ is an injective map B′ ↪→ P1(Ka), whose image is the disjoint union of ∞
and Rf if p does not divide deg(f) and just Rf if it does. We write

B = π−1(Rf ) = {(α, 0) | α ∈ Rf} ⊂ B′ ⊂ C(Ka).

Clearly, π is ramified at each point of B with ramification index q. We have
B′ = B if n is divisible by q. If n is not divisible by p, then B′ is the disjoint
union of B and a single point ∞′ := π−1(∞). In addition, the ramification
index of π at π−1(∞) is also q. Using Hurwitz’s formula, one may easily
compute the genus g = g(C) = g(Cf,q) of C [1, pp. 401–402], [13, Proposition
1 on p. 3359], [6, p. 148]. Namely, g = (q − 1)(n− 1)/2 if p does not divide n
and (q − 1)(n− 2)/2 if q does divide n.

Remark 4.2. Assume that p does not divide n and consider the plane triangle
(Newton polygon)

∆n,q := {(j, i) | 0 ≤ j, 0 ≤ i, qj + ni ≤ nq}

with the vertices (0, 0), (0, q) and (n, 0). Let Ln,q be the set of integer points in
the interior of ∆n,q. One may easily check that g = (q− 1)(n− 1)/2 coincides
with the number of elements of Ln,q. It is also clear that for each (j, i) ∈ Ln,q,

1 ≤ j ≤ n− 1; 1 ≤ i ≤ q − 1; q(j − 1) + (j + 1) ≤ n(q − i).

Elementary calculations [1, Theorem 3 on p. 403] show that
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ωj,i := xj−1dx/yq−i = xj−1yidx/yq = xj−1yi−1dx/yq−1

is a differential of the first kind on C for each (j, i) ∈ Ln,q. This implies easily
that the collection {ωj,i}(j,i)∈Ln,q

is a basis in the space of differentials of the
first kind on C.

There is a non-trivial birational Ka-automorphism of C

δq : (x, y) �→ (x, ζy).

Clearly, δq
q is the identity map and the set of fixed points of δq coincides with

B′.

Remark 4.3. Let us assume that n = deg(f) is divisible by q say, n = qm
for some positive integer m. Let α ∈ Ka be a root of f and K1 = K(α) be the
corresponding subfield ofKa. We have f(x) = (x−α)f1(x) with f1(x) ∈ K1[x]
a separable polynomial over K1 of degree qm− 1 = n− 1 ≥ 4. It is also clear
that the polynomials h(x) = f1(x + α), h1(x) = xn−1h(1/x) ∈ K1[x] are
separable of the same degree qm− 1 = n− 1 ≥ 4. The standard substitution
x1 = 1/(x−α), y1 = y/(x−α)m establishes a birational isomorphism between
Cf,p and a curve Ch1 : yq

1 = h1(x1) (see [13, p. 3359]). In particular, the
jacobians of Cf and Ch1 are isomorphic over Ka (and even over K1). But
deg(h1) = qm − 1 is not divisible by p. Clearly, this isomorphism commutes
with the actions of δq. Notice also that if the Galois group of f over K is Sn

(resp. An), then the Galois group of h1 over K1 is Sn−1 (resp. An−1).

Remark 4.4.

(i) It is well known that dimKa(Ω1(C(f,q))) = g(Cf,q). By functoriality, δq
induces on Ω1(C(f,q)) a certain Ka-linear automorphism

δ∗q : Ω1(C(f,q)) → Ω1(C(f,q)).

Clearly, if for some positive integer j the differential ωj,i = xj−1dx/yq−i

lies in Ω1(C(f,q)), then it is an eigenvector of δ∗q with eigenvalue ζi.
(ii) Now assume that p does not divide n. It follows from Remark 4.2 that

the collection {ωj,i = xj−1dx/yq−i | (i, j) ∈ Ln,q} is an eigenbasis of
Ω1(C(f,q)). This implies that the multiplicity of the eigenvalue ζ−i of δ∗q
coincides with the number of interior integer points in ∆n,q along the
corresponding (to q − i) horizontal line. Elementary calculations show
that this number is

[
ni
q

]
; in particular, ζ−i is an eigenvalue if and only if[

ni
q

]
> 0. Taking into account that n ≥ 4 and q = pr, we conclude that ζi

is an eigenvalue of δ∗q for each integer i with pr−pr−1 ≤ i ≤ pr−1 = q−1.
It also follows easily that 1 is not an eigenvalue δ∗q . This implies that

Pq(δ∗q ) = δ∗q
q−1 + · · ·+ δ∗q + 1 = 0
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in EndK(Ω1(C(f,q))). In addition, one may check that if H(t) is a polyno-
mial with rational coefficients such that H(δ∗q ) = 0 in EndK(Ω1(C(f,q))),
then H(t) is divisible by Pq(t) in Q[t].

Let J(C) = J(Cf,q) be the jacobian of C. It is a g-dimensional abelian
variety defined over K and one may view (via Albanese functoriality) δq as an
element of Aut(C) ⊂ Aut(J(C)) ⊂ End(J(C)) such that δq 	= Id but δq

q = Id,
where Id is the identity endomorphism of J(C). We write Z[δq] for the subring
of End(J(C)) generated by δq.

Remark 4.5. Assume that p does not divide n. Let P0 be one of the δq-
invariant points (i.e., a ramification point for π) of Cf,p(Ka). Then

τ : Cf,q → J(Cf,q), P �→ cl((P )− (P0))

is an embedding of complex algebraic varieties and it is well known that
the induced map τ∗ : Ω1(J(Cf,q)) → Ω1(Cf,q) is an isomorphism obviously
commuting with the actions of δq. (Here cl stands for the linear equivalence
class.) This implies that nσi coincides with the dimension of the eigenspace
of Ω1(C(f,q)) attached to the eigenvalue ζ−i of δ∗q . Applying Remark 4.4, we
conclude that if H(t) is a monic polynomial with integer coefficients such that
H(δq) = 0 in End(J (f,q)), then H(t) is divisible by Pq(t) in Q[t] and therefore
in Z[t].

Remark 4.6. Assume that p does not divide n. Clearly, the set S of eigen-
values λ of δ∗q : Ω1(J(Cf,q)) → Ω1(J(Cf,q)) with Pq/p(λ) 	= 0 consists of

primitive qth roots of unity ζ−i (1 ≤ i < q, (i, p) = 1) with
[

ni
q

]
> 0 and

the multiplicity of ζ−i equals
[

ni
q

]
, thanks to Remarks 4.5 and 4.4. Let us

compute the sum

M =
∑

1≤i<q,(i,p)=1

[
ni

q

]
of multiplicities of eigenvalues from S.

First, assume that q > 2. Then ϕ(q) = (p − 1)pr−1 is even and for each
(index) i the difference q − i is also prime to p, lies between 1 and q and[

ni

q

]
+
[
n(q − i)
q

]
= n− 1.

It follows that

M = (n− 1)
ϕ(q)

2
=

(n− 1)(p− 1)pr−1

2
.

Assume that q = p = 2 and therefore r = 1. Then n is odd, Cf,q =
Cf,2 : y2 = f(x) is a hyperelliptic curve of genus g = n−1

2 and δ2 is the
hyperelliptic involution (x, y) �→ (x,−y). It is well known that the differentials
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xi dx
y (0 ≤ i ≤ g − 1) constitute a basis of the g-dimensional Ω1(J(Cf,2)). It

follows that δ∗2 is just multiplication by −1. Therefore

M = g =
n− 1

2
=

(n− 1)(p− 1)pr−1

2
.

Clearly, if the abelian (sub)variety Z := Pq/p(δq)(J(Cf,q)) has dimension
M , then the data Y = J(Cf,q), δ = δq, P = Pq/p(t) satisfy the conditions of
Theorem 3.10.

Lemma 4.7. Assume that p does not divide n. Let D =
∑

P∈B aP (P ) be a
divisor on C = Cf,p with degree 0 and support in B. Then D is principal if
and only if all the coefficients aP are divisible by q.

Proof. Suppose D = div(h), where h ∈ Ka(C) is a non-zero rational function
of C. Since D is δq-invariant, the rational function δ∗qh := hδq coincides with
c · h for some non-zero c ∈ Ka. It follows easily from the δq-invariance of the
splitting Ka(C) = ⊕q−1

i=0 y
i ·Ka(x) that h = yi ·u(x) for some non-zero rational

function u(x) ∈ Ka(x) and a non-negative integer i ≤ q − 1. It follows that
all finite zeros and poles of u(x) lie in B, i.e., there exists an integer-valued
function b on Rf such that u coincides, up to multiplication by a non-zero
constant, to

∏
α∈Rf

(x−α)b(α). Notice that div(y) =
∑

P∈B(P )−n(∞). On the
other hand, for each α ∈ Rf , we have Pα = (α, 0) ∈ B and the corresponding
divisor div(x − α) = q((α, 0)) − q(∞) = q(Pα) − q(∞) is divisible by q. This
implies that aPα = q · b(α) + i. Also, since ∞ is neither a zero nor a pole of
h, we get the equality 0 = ni +

∑
α∈Rf

b(α)q. Since n and q are relatively
prime, i must divide q. This implies that i = 0 and therefore the divisor
D = div(u(x)) = div(

∏
α∈Rf

(x− α)b(α)) is divisible by q.
Conversely, suppose a divisor D =

∑
P∈B aP (P ) with

∑
P∈B aP = 0 and

all aP are divisible by q. Let us put h =
∏

P∈B(x−x(P ))aP /q. One may easily
check that D = div(h). �

Lemma 4.8. One has 1 + δq + · · · + δq−1
q = 0 in End(J(Cf,q)). The sub-

ring Z[δq] ⊂ End(J(Cf,q)) is isomorphic to the ring Z[t]/Pq(t)Z[t]. The
Q-subalgebra Q[δq] ⊂ End0(J(Cf,q)) = End0(J(Cf,q)) is isomorphic to
Q[t]/Pq(t)Q[t] =

∏r
i=1 Q(ζpi).

Proof. If q = p is a prime this assertion is proven in [6, p. 149], [8, p. 458]. So,
further we may assume that q > p. It follows from Remark 4.3 that we may
assume that p does not divide n.

Now we follow arguments of [8, p. 458] (where the case of q = p was
treated). The group J(Cf,q)(Ka) is generated by divisor classes of the form
(P ) − (∞) where P is a finite point on Cf,p. The divisor of the rational
function x − x(P ) is (δq−1

q P ) + · · · + (δqP ) + (P ) − q(∞). This implies that
Pq(δq) = 0 ∈ End(J(Cf,q)). Applying Remark 4.5(ii), we conclude that Pq(t)
is the minimal polynomial of δq in End(J(Cf,q)). �
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Let us define the abelian (sub)variety

J (f,q) := Pq/p(δq)(J(Cf,q)) ⊂ J(Cf,q).

Clearly, J (f,q) is a δq-invariant abelian subvariety defined over K(ζq). In ad-
dition, Φq(δq)(J (f,q)) = 0.

Remark 4.9. If q = p, then Pq/p(t) = P1(t) = 1 and therefore J (f,p) =
J(Cf,p).

Remark 4.10. Since the polynomials Φq and Pq/p are relatively prime, the
homomorphism Pq/p(δq) : J (f,q) → J (f,q) has finite kernel and therefore is an
isogeny. In particular, it is surjective.

Lemma 4.11. Suppose that p does not divide n. Then

dim(J (f,q)) =
(pr − pr−1)(n− 1)

2

and there is a K(ζ)-isogeny J(Cf,q) → J(Cf,q/p)× J (f,q). In addition, if ζ ∈
K, then the Galois modules Vf,p and (J (f,q))δq := {z ∈ J (f,q)(Ka) | δq(z) = z}
are isomorphic.

Proof. We may assume that ζ ∈ K. Consider the curve Cf,q/p : yq/p
1 = f(x1)

and a regular surjective map π1 : Cf,q → Cf,q/p, x1 = x, y1 = yp.
Clearly, π1δq = δq/pπ1. By Albanese functoriality, π1 induces a certain
surjective homomorphism of jacobians J(Cf,q) � J(Cf,q/p) which we con-
tinue to denote by π1. Clearly, the equality π1δq = δq/pπ1 remains true in
Hom(J(Cf,q), J(Cf,q/p)). By Lemma 4.8, Pq/p(δq/p) = 0 ∈ End(J(Cf,q/p)). It
follows from Remark 4.10 that π1(J (f,q)) = 0 and therefore dim(J (f,q)) does
not exceed

dim(J(Cf,q))− dim(J(Cf,q/p)) =
(pr − 1)(n− 1)

2
− (pr−1 − 1)(n− 1)

2

=
(pr − pr−1)(n− 1)

2
.

By definition of J (f,q), for each divisor D =
∑

P∈B aP (P ) the linear equiv-
alence class of pr−1D =

∑
P∈B p

r−1aP (P ) lies in (J (f,q))δq ⊂ J (f,q)(Ka) ⊂
J(Cf,q)(Ka). It follows from Lemma 4.7 that the class of pr−1D is zero if
and only if all pr−1aP are divisible by q = pr, i.e., all aP are divisible by p.
This implies that the set of linear equivalence classes of pr−1D is a Galois
submodule isomorphic to Vf,p. We want to prove that (J (f,q))δq = Vf,p.

Recall that J (f,q) is δq-invariant and the restriction of δq to J (f,q) satisfies
the qth cyclotomic polynomial. This allows us to define the homomorphism
Z[ζq] → End(J (f,q)) that sends 1 to the identity map and ζq to δq. Let us put
E = Q(ζq),O = Z[ζq] ⊂ Q(ζq) = E. It is well known that O is the ring of
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integers in E, the ideal λ = (1 − ζq)Z[ζq ] = (1 − ζq)O is maximal in O with
O/λ = Fp and O ⊗ Zp = Zp[ζq] is the ring of integers in the field Qp(ζq).
Notice also that O ⊗ Zp coincides with the completion Oλ of O with respect
to the λ-adic topology and Oλ/λOλ = O/λ = Fp.

It follows from Lemma 3.3 that

d =
2dim(J (f,q))

[E : Q]
=

2dim(J (f,q))
pr − pr−1

is a positive integer, the Zp-Tate module Tp(J (f,q)) is a free Oλ-module of
rank d. Using the displayed formula (5) from Section 3, we conclude that

(J (f,q))δq = {u ∈ J (f,q)(Ka) | (1 − δq)(u) = 0} = Jf,q
λ = Tp(Jf,q)⊗Oλ

Fp

is a d-dimensional Fp-vector space. Since (J (f,q))δq contains (n−1)-dimensional
Fp-vector space Vf,p, we have d ≥ n− 1. This implies that

2dim(J (f,q)) = d(pr − pr−1) ≥ (n− 1)(pr − pr−1)

and therefore

dim(J (f,q)) ≥ (n− 1)(pr − pr−1)
2

.

But we have already seen that

dim(J (f,q)) ≤ (n− 1)(pr − pr−1)
2

.

This implies that

dim(J (f,q)) =
(n− 1)(pr − pr−1)

2
.

It follows that d = n−1 and therefore (J (f,q))δq = Vf,p. Dimension arguments
imply that J (f,q) coincides with the identity component of ker(π1) and there-
fore there is an isogeny between J(Cf,q) and J(Cf,q/p)× J (f,q). �

Corollary 4.12. If p does not divide n, then there is a K(ζq)-isogeny

J(Cf,q) → J(Cf,p)×
r∏

i=2

J (f,pi) =
r∏

i=1

J (f,pi).

Proof. Combine Corollary 4.11(ii) and Remark 4.9 with easy induction on
r. �

Remark 4.13. Suppose that p does not divide n and consider the induced
linear operator δ∗q : Ω1(J (f,q)) → Ω1(J (f,q)). It follows from Theorem 3.10
combined with Remark 4.6 that its spectrum consists of primitive qth roots
of unity ζ−i (1 ≤ i < q) with [ni/q] > 0 and the multiplicity of ζ−i equals
[ni/q].



Endomorphism algebras of superelliptic jacobians 357

Theorem 4.14. Suppose that n ≥ 5 is an integer. Let p be a prime, r ≥ 1 an
integer and q = pr. Suppose that p does not divide n. Suppose that K is a field
of characteristic different from p containing a primitive qth root of unity ζ.
Let f(x) ∈ K[x] be a separable polynomial of degree n and Gal(f) its Galois
group. Suppose that the Gal(f)-module Vf,p is very simple. Then the image O
of Z[δq] → End(J (f,q)) is isomorphic to Z[ζq] and enjoys one of the following
two properties:

(i) O is a maximal commutative subring in End(J (f,q));
(ii) char(K) > 0 and the centralizer of O ⊗ Q ∼= Q(ζq) in End0(J (f,q)) is a

central simple (n − 1)2-dimensional Q(ζq)-algebra. In addition, J (f,q) is
an abelian variety of CM-type isogenous to a self-product of an absolutely
simple abelian variety. Also J (f,q) is isogenous to an abelian variety defined
over a finite field.

Proof. Clearly, O is isomorphic to Z[ζq ]. Let us put λ = (1 − ζq)Z[ζq ]. By
Lemma 4.11(iii), the Galois module (J (f,q))δq = J

(f,q)
λ is isomorphic to Vf,p.

Applying Theorem 3.8, we conclude that either (ii) holds true or one of the
following conditions hold:

(a) O is a maximal commutative subring in End(J (f,q)) ;
(b) char(K) = 0 and there exist a ϕ(q)/2-dimensional abelian variety Z over

Ka, an embedding Q(ζq) ↪→ End0(Z) that sends 1 to 1Z and a Q(ζq)-
equivariant isogeny ψ : Zn−1 → J (f,q).

Clearly, if (a) is fulfilled, then we are done. Also if q = 2, then ϕ(q)/2 = 1/2
is not an integer and therefore (b) is not fulfilled, i.e., (a) is fulfilled.

So further we assume that q > 2 and (b) holds true. In particular,
char(K) = 0. We need to arrive at a contradiction.

Since char(K) = 0, the isogeny ψ induces an isomorphism ψ∗ : Ω1((J (f,q))) ∼=
Ω1(Zn−1) that commutes with the actions of Q(ζq). Since

dim(Ω1(Z)) = dim(Z) =
ϕ(q)

2
,

the linear operator in Ω1(Z) induced by ζq ∈ Q(ζq) has, at most, ϕ(q)/2 dis-
tinct eigenvalues. It follows that the linear operator in Ω1(Zn−1) = Ω1(Z)n−1

induced by ζq also has, at most, ϕ(q)/2 distinct eigenvalues. This implies that
the linear operator δ∗q in Ω1((J (f,q))) also has, at most, ϕ(q)/2 distinct eigen-
values. Recall that the eigenvalues of δ∗q are primitive qth roots of unity ζ−i

with

1 ≤ i < q, (i, p) = 1,
[
ni

q

]
> 0.

Clearly, the inequality [ni/q] > 0 means that i > q/n, since (n, q) = (n, pr) =
1. So, in order to get a desired contradiction, it suffices to check that the
cardinality of the set
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B :=
{
i ∈ Z | q

n
< i < q = pr, (i, p) = 1

}
is strictly greater than (p − 1)pr−1/2. Since p ≥ 2, n ≥ 5 and q/n is not an
integer, we have

p

n
≤ p

5
<
p− 1

2
and

#(B) > ϕ(q)− q

n
= (p− 1)pr−1 − p

r−1p

n
≥
(
p− 1− p

5

)
pr−1 >

p− 1
2
pr−1.

�

Corollary 4.15. Suppose that n ≥ 5 is an integer. Let p be a prime, r ≥ 1
an integer and q = pr. Assume in addition that either p does not divide n or
q | n and (n, q) 	= (5, 5). Let K be a field of characteristic different from p.
Let f(x) ∈ K[x] be an irreducible separable polynomial of degree n such that
Gal(f) = Sn or An. Then the image O of Z[δq] → End(J (f,q)) is isomorphic
to Z[ζq] and enjoys one of the following two properties:

(i) O is a maximal commutative subring in End(J (f,q));
(ii) char(K) > 0 and the centralizer of O ⊗ Q ∼= Q(ζq) in End0(J (f,q)) is a

central simple (n − 1)2-dimensional Q(ζq)-algebra. In addition, J (f,q) is
an abelian variety of CM-type isogenous to a self-product of an absolutely
simple abelian variety.

Proof. If p divides n, then n > 5 and therefore n − 1 ≥ 5. By Remark 4.3,
we may assume that p does not divide n. If we replace K by K(ζ), then still
Gal(f) = Sn or An. By Remark 4.1, if Gal(f) = Sn or An, then the Gal(f)-
module Vf,p is very simple. One has only to apply Theorem 4.14. �

Theorem 4.16. Suppose n ≥ 4 and p does not divide n. Assume also that
char(K) = 0 and Q[δq] is a maximal commutative subalgebra in End0(J (f,q)).
Then End0(J (f,q)) = Q[δq] ∼= Q(ζq) and therefore End(J (f,q)) = Z[δq] ∼= Z[ζq].
In particular, J (f,q) is an absolutely simple abelian variety.

Proof. Let C = CJ(f,p) be the center of End0(J (f,p)). Since Q[δq] is a maximal
commutative subalgebra, C ⊂ Q[δq].

Replacing, if necessary, K by its subfield (finitely) generated over Q by all
the coefficients of f , we may assume that K (and therefore Ka) is isomorphic
to a subfield of C. So, K ⊂ Ka ⊂ C. We may also assume that ζ = ζq
and consider J (f,q) as a complex abelian variety. Let Σ = ΣE be the set of
all field embeddings σ : E = Q[δq] ↪→ C. We are going to apply Corollary
2.2 to Z = J (f,q) and E = Q[δq]. In order to do that we need to get some
information about the multiplicities nσ = nσ(Z,E) = nσ(J (f,q),Q[δq]). The
displayed formula (1) in Section 2 allows us to do it, using the action of
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Q[δq] on Ω1(J (f,q)). Namely, since δq generates the field E (over Q), each
Ω1(J (f,q))σ is the eigenspace corresponding to the eigenvalue σ(δq) of δq and
nσ is the multiplicity of the eigenvalue σ(δq).

Let i < q be a positive integer that is not divisible by p and σi : Q[δq] ↪→ C
be the embedding which sends δq to ζ−i. Clearly, for each σ there exists
precisely one i such that σ = σi. Clearly, Ω1(J (f,q))σi is the eigenspace of
Ω1(J (f,q)) attached to the eigenvalue ζ−i of δq. Therefore nσi coincides with
the multiplicity of the eigenvalue ζ−i. It follows from Remark 4.13 that

nσi =
[
ni

q

]
.

The theorem follows from Corollary 2.2 applied to E = Q[δq] ∼= Q(ζq). �

Theorem 4.17. Let p be a prime, r a positive integer, q = pr and K a field
of characteristic zero. Suppose that f(x) ∈ K[x] is an irreducible polynomial
of degree n ≥ 5 and Gal(f) = Sn or An. Assume also that either p does
not divide n or q divides n. Then End0(J (f,q)) = Q[δq] ∼= Q(ζq) and there-
fore End(J (f,q)) = Z[δq] ∼= Z[ζq ]. In particular, J (f,q) is an absolutely simple
abelian variety.

Proof. If (n, q) 	= (5, 5), then the assertion follows from Corollary 4.15 com-
bined with Theorem 4.16. The case (n, q) = (5, 5) is contained in [22, Theorem
4.2]. �

Corollary 4.18. Let p be a prime and K a field of characteristic zero. Suppose
that f(x) ∈ K[x] is an irreducible polynomial of degree n ≥ 5 and Gal(f) = Sn

or An. Let r and s be distinct positive integers. Assume also that either p does
not divide n or both pr and ps divide n. Then Hom(J (f,pr), J (f,ps)) = 0.

Proof. It follows from Theorem 4.17 that J (f,pr) and J (f,ps) are absolutely
simple abelian varieties, whose endomorphism algebras Q(ζpr ) and Q(ζps) are
not isomorphic. Therefore these abelian varieties are not isogenous. Since they
are absolutely simple, every homomorphism between them is zero. �

Combining Theorem 4.16 and Theorem 4.14, we obtain the following state-
ment.

Theorem 4.19. Let p be a prime, r a positive integer, q = pr. Suppose that
K is a field of characteristic zero containing a primitive qth root of unity.
Let f(x) ∈ K[x] be a polynomial of degree n ≥ 5. Assume also that p does
not divide n and the Gal(f)-module Vf,p is very simple. Then End0(J (f,q)) =
Q[δq] ∼= Q(ζq) and therefore End(J (f,q)) = Z[δq] ∼= Z[ζq]. In particular, J (f,q)

is an absolutely simple abelian variety.



360 Yuri G. Zarhin

Corollary 4.20. Let p be a prime, and K a field of characteristic zero. Let
f(x) ∈ K[x] be a polynomial of degree n ≥ 5. Assume also that p does not
divide n and the Gal(f)-module Vf,p is very simple. If r and s are distinct
positive integers such that K contains primitive prth and psth roots of unity,
then Hom(J (f,pr), J (f,ps)) = 0.

Proof. It follows from Theorem 4.19 that J (f,pr) and J (f,ps) are absolutely
simple abelian varieties, whose endomorphism algebras Q(ζpr ) and Q(ζps) are
not isomorphic. Therefore these abelian varieties are not isogenous. Since they
are absolutely simple, every homomorphism between them is zero. �

5 Jacobians and their endomorphism rings

Throughout this section we assume that K is a field of characteristic zero.
Recall that Ka is an algebraic closure of K and ζ ∈ Ka is a primitive qth
root of unity. Suppose f(x) ∈ K[x] is a polynomial of degree n ≥ 5 without
multiple roots, Rf ⊂ Ka is the set of its roots, K(Rf ) is its splitting field.
Let us put Gal(f) = Gal(K(Rf )/K) ⊂ Perm(Rf ). Let r be a positive integer.
Recall (Corollary 4.12) that if p does not divide n, then there is a K(ζpr )-
isogeny J(Cf,pr ) → ∏r

i=1 J
(f,pi). Applying Theorem 4.19 and Corollary 4.20

to all q = pi, we obtain the following assertion.

Theorem 5.1. Let p be a prime, r a positive integer, q = pr. Suppose that K
is a field of characteristic zero containing a primitive prth root of unity. Let
f(x) ∈ K[x] be a polynomial of degree n ≥ 5. Assume also that p does not
divide n and the Gal(f)-module Vf,p is very simple. Then

End0(J(Cf,q)) = Q[δq] ∼= Q[t]/Pq(t)Q[t] =
r∏

i=1

Q(ζpi).

The next statement obviously generalizes Theorem 1.1.

Theorem 5.2. Let p be a prime, r a positive integer and K a field of charac-
teristic zero. Suppose that f(x) ∈ K[x] is an irreducible polynomial of degree
n ≥ 5 and Gal(f) = Sn or An. Assume also that either p does not divide n
or q | n. Then End0(J(Cf,q)) = Q[δq] ∼= Q[t]/Pq(t)Q[t] =

∏r
i=1 Q(ζpi).

Proof. The existence of the isogeny J(Cf,q) →
∏r

i=1 J
(f,pi) combined with

Theorem 4.17 and Corollary 4.18 implies that the assertion holds if p does
not divide n. If q divides n, then Remark 4.3 allows us to reduce this case to
the already proven case when p does not divide n− 1. �
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Example 5.3. Suppose L = C(z1, · · · , zn) is the field of rational functions in
n independent variables z1, · · · , zn with constant field C and K = LSn is the
subfield of symmetric functions. Then Ka = La and f(x) =

∏n
i=1(x − zi) ∈

K[x] is an irreducible polynomial overK with Galois group Sn. Let Let q = pr

be a power of a prime p. Let C be a smooth projective model of the K-
curve yq = f(x) and J(C) its jacobian. It follows from Theorem 5.2 that
if n ≥ 5 and either p does not divide n or q divides n, then the algebra of
La-endomorphisms of J(C) is

∏r
i=1 Q(ζpi).

Example 5.4. Let h(x) ∈ C[x] be a Morse polynomial of degree n ≥ 5. This
means that the derivative h′(x) of h(x) has n− 1 distinct roots β1, · · · , βn−1

and h(βi) 	= h(βj) while i 	= j. (For example, xn−x is a Morse polynomial.) If
K = C(z), then a theorem of Hilbert ([10, Theorem 4.4.5, p. 41]) asserts that
the Galois group of h(x)−z over K is Sn. Let q = pr be a power of a prime p.
Let C be a smooth projective model of the K-curve yq = h(x) − z and J(C)
its jacobian. It follows from Theorem 5.2 that if either p does not divide n or
q divides n, then the algebra of Ka-endomorphisms of J(C) is

∏r
i=1 Q(ζpi).
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