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PREFACE

Ordinary characters of finite groups were first defined by Frobenius in
1896. In the next 15 years the theory of characters and complex representa­
tions was developed by Frobenius, Schur and Burnside. During this time
L. E. Dickson [1902], [1907a], [1907b] considered representations of
groups with coefficients in a finite field. He called these modular represen­
tations and showed that if the characteristic p of the coefficient field does
not divide the order of the group G then the methods used for complex
representations of G can be used without any essential changes. If however
p does divide the order of G Dickson showed that the theory is quite
different. He proved that the multiplicity of any irreducible representation
as a constituent of the regular representation of G is divisible by the order
of a Sylow p-group.

Apparently no one considered modular representations after Dickson
until Speiser [1923] studied the connnection between ordinary and modular
representations. He showed that if the characteristic p of the finite field
does not divide the order of the group G then the modular representations
of G can be derived from the ordinary representations by reduction
modulo a prime divisor of p in the ring of integers in a suitable number
field.

The subject was then dormant until Brauer [1935], at the suggestion of
Schur, showed that the number of absolutely irreducible representations of
a finite group over a field of characteristic p is equal to the number of
p'-classes of G. Shortly thereafter it was realized that before one could get
at the deeper properties of modular representations of finite groups, it was
necessary to study ring theoretic properties of group algebras. This work
was begun by Brauer and Nesbitt [1939a], [1939b], and independently by
Nakayama [1938]. During the next 10 to 15 years the theory of modular
representations was developed by Brauer, Osima and others. Amongst
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other things Brauer [1941c] gave a complete description of the ordinary
and modular characters in a block of defect 1.

It was characteristic of Brauer's work that once he had established the
basic properties of projective modules he avoided modules and representa­
tions whenever possible and tried to deal only with characters. However in
his work on blocks of defect 1 he found it necessary to use some delicate
arguments concerning representations. Using a result of D.G. Higman
[1954] as his starting point, Green [1959a], [1962b] introduced a new point
of view into the subject which emphasized the study of modules. Thomp­
son [1967b] showed how this point of view could lead to a generalization of
Brauer's work which would handle blocks with a cyclic defect group. This
was then done in full generality by Dade [1966].

I gave a course on modular representations during the academic year
1968-9. At that time no book on the subject existed and I wrote some
lecture notes which constitute roughly the first five chapters of this book. A
second set of notes, covering roughly Chapters VI-XI, appeared almost a
decade later. The delay was at least partly due to the fact that the material
on blocks with a cyclic defect group was in a form that did not lend itself
easily to exposition. During the intervening time some simplifications and
generalizations have been found and this material is presented in Chapter
VII.

This book is meant to give a picture of the general theory of modula~

representations as it exists at present. It does not include material
concerning modular representations of specific classes of groups such as
symmetric groups or groups of Lie type. The first six chapters should be
read more or less in order, though some results are not needed until much
later in the book. The last six chapters are essentially independent of each
other except that the material in Chapter VIII is based on the results of
Chapter VII.

Lectures on this material and circulation of these notes have elicited
valuable advice from colleagues and students. I wish to express my thanks
to M. Benard, E. Cline, E.C. Dade, L. Dornhoff, D. Fendel, R. Gordon,
M. Isaacs, W. Knapp, M. Schacher, P. Schmid, L.L. Scott, G. Seligman, R.
Steinberg, T. Tamagawa, Y. Tsushima, A. Watanabe and W. Willems for
suggesting many improvements and corrections.

Above all lowe a great debt to H. Blau, D. Burry, J.H. Lindsey II and
D. Passman. Passman read an early version of the notes which appeared in
1969. Blau and Burry read the first seven chapters of the manuscript and
Lindsey read Chapters VII-XI. They have all made innumerable valuable
and pertinent comments and their critical scrutiny has brought many errors
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and obscurities to light. The impact of their suggestions can be seen
throughout the book. Most especially is this the case in Chapter VII which
has benefited greatly from many improvements suggested by Blau, Burry
and Lindsey, and Sections 6 and 7 of Chapter V which are based to a large
extent on Blau's suggestions.

Finally it gives me great pleasure to thank Ms. Donna Belli for her
unfailing patience while transforming my handwriting into a superbly typed
manuscript.

A remark about notation. (IV.a.b) for instance denotes the assertion in
Chapter IV, Section a, designated as Lemma, Theorem, Corollary or
equation a.b. However references to this statement in Chapter IV itself will
simply by denoted by (a.b). The symbol 0 always indicates the fact that a
proof is complete. All references in the text are given by author, date and
possibly a letter, such as Brauer [1942a], and may be found in the
bibliography.

w. Feit
September, 1980
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CHAPTER I

1. Preliminaries

The purpose of this chapter is to provide the background from ring
theory which is needed for the study of representations of finite groups. No
attempt will be made to prove the most general results about rings. Most of
this material can be found in one or more of the books listed at the end of
this section.

We assume that the reader is familiar with basic properties of rings and

modules. In this section we will introduce some terminology and conven­
tions and state without proof some of the basic results that are needed.

Throughout these notes the term ring will mean ring with a unity
element. All modules are assumed to be unital. In other words if V is an A
module for a ring A then v . 1 = v for all v E V.

Let A be a ring.

An element e in A is an idempotent if e2= e10. Two idempotents e" e2
are orthogonal if e,e2 = e2 e, = O. An idempotent e in A is primitive if it is
not the sum of two orthogonal idempotents in A. An idempotent e in A is
centrally primitive if e is in the center of A and e is not the sum of two
orthogonal idempotents which are in the center of A.

An A module will always be a right A module. It will sometimes be
necessary to refer to left A modules or two sided A modules. In these
latter cases the appropriate adjective will always be present. Results will
generally be stated in terms of modules. It is evident that there always exist
analogous results for left modules.

Let V be an A module.

A subset {Vi} of V generates V if V = LviA. V is finitely generated if a
finite subset generates V.

{vd is a basis of V if
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(i) {Vi} generates V.

(ii) If Lviai = 0 for ai E A then ai = 0 for all i.
If V has a basis then V is a free module. The term A -basis and A -free will
be used in case it is not clear from context which ring is involved.

The regular A module AA is defined to be the additive group of A made
into an A module by multiplication on the right. The left regular A module
AA is defined similarly. Right ideals or left ideals of A will frequently be
identified with submodules of AA or left submodules of AA.

We state without proof the following elementary but important results.

LEMMA 1.1. An A module is free if and only if it is a direct sum of
submodules, each of which is isomorphic to AA.

LEMMA 1.2. A finitely generated free A module has a finite basis.

LEMMA 1.3. An A module V is the homomorphic image of a free A module.
If V is finitely generated it is the homomorphic image of a finitely generated
free A module.

At times it is convenient to use the terminology and notation of exact

sequences. In this notation Lemma 1.3 would for instance be stated as
follows.

LEMMA 1.4. If V is an A module then there exists an exact sequence

O~W~U~V~O

with U a free A module. If V is finitely generated then there exists such an
exact sequence with U finitely generated.

If V = VI EB V 2 for submodules VI, V 2 then VI or V 2 is a component of
V. If U is isomorphic to a component of V we will write U IV. V is
indecomposable if (0) and V are the only components of V. V is
decomposable if it is not indecomposable.

If m is a nonnegative integer then m V denotes the direct sum of m
modules each of which is isomorphic to V. Thus (1.1) and (1.2) assert that a
finitely generated A module is free if and only if it is isomorphic to mAA
for some nonnegative integer m.

Let V ~ (0). V is irreducible if (0) and V are the only submodules of V. V
is reducible if it is not irreducible. Note that (0) is neither reducible nor
irre\iucible.
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If (0) ~ VI ~ V 2 ~ V are A modules then V 21VI is a constituent of V. If
V 21VI is irreducible it is an irreducible constituent of V.

A normal series of V is an ordered finite set of submodules (0) = V o~

... ~ VI1 = V. The factors of the normal series (0) = V o~ ... ~ VI1 = V are

the modules Vi-l-11Vi •

The normal series (0) = Wo ~ •.. ~ W'" = V is a refinement of the
normal series 0 = V o~ ... ~ VI1 = V if there exists a set of indices 0:::; jl <
... < jl1 :::; m such that Vi = \Vfi' The refinement is proper if m > n.

A normal series without repetition is a normal series in which (0) is not a
factor.

A composition series is a normal series without repetition such that every
proper refinement is a normal series with repetition.

Two normal series of V are equivalent if there is a one to one
correspondence between the factors of each such that corresponding
factors are isomorphic.

The following result is evident.

LEMMA 1.5. A normal series is a composition series if and only if each of its

factors is irreducible.

The next two results are the basic facts concerning normal series. They

are stated here without proof.

THEOREM 1.6 (Schreier). Two normal series of V have equivalent refine­
ments.

THEOREM 1.7 (Jordan-Holder). If V has a composition series then any two
composition series are equivalent.

Let R be a commutative ring. A is an R-algebra if
(i) A is an R module and A is a ring.

(ii) (ab)r = a(br) = (ar)b for all a, bE A, r E R.
A is a finitely generated R -algebra if A is an R -algebra and is finitely

generated as an R module.
A is a free R -algebra if A is an R -algebra and is free as an R module.
It follows directly from these definitions that if A is an R -algebra then

br = (l . r)b for r E R, b E A. If A is a free R -algebra then the map
sending r to 1 . r is an isomorphism of R into the center of A. In this case
we will generally identify R with a subring of the center of A. If R is a field

then clearly every R -algebra is a free R -algebra.
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Let R be a commutative ring and let G be a finite group. Let

R [G] = {x~G rxx Ix E G}

[2

where

(L rxx) (L Sxx) = L rxsyxy = L (L rxy .ISy ) z.
x.yEG zEG yEG

Then R [G] is the group algebra of Gover R. It is clear that R [G] is a free
R-algebra.

Books

E. Artin, C. Nesbitt and R. M. Thrall, Rings with Minimum Condition, University of
Michigan, 1944.

N. Bourbaki, Algebre, Hermann, Paris.
H. Cartan and S. Eilcnberg, Homological Algebra, Princeton University, 1956.
C. W. Curtis and I. Reiner, Representation Theory of Finite Groups and Associative Algebras,

Interscience, 1962.
N. Jacobson, Structure of Rings, A.M.S. Colloquium Publications, vol. 37, 1956.
O. Zariski and P. Samuel, Commutative Algebra, Van Nostrand, New York, 1958.

2. Module constructions

Let A be a ring and let V, W be A modules.
HomA (V, W) is the additive abelian group of all homomorphisms from

V to W. The same notation will be used in case V, Ware left A modules.
Under suitable hypotheses HomA (V, W) can be made into an A module
or a left A module. The same notation will be used to denote this module.
The context should prevent any possible confusion from arising.

If f E HomA (V, W) then the image of v under f will be denoted by fv. If
V, Ware left A modules this image will be denoted by vf. Thus if v E V,
a E A then (fv)a = f(va), a(vf) = (av)f if V is a module, left module
respectively.

EA(V) denotes the ring of endomorphisms of V. Thus V is a left E A(V)

module. Similarly if V is a left A module then V is an E A(V) module. The
ring E A (V) is sometimes called the inverse endomorphism ring of V.

Let VA, AV denote the fact that V is an A module, left A module
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respectively. If B is another ring let A VB denote the fact that V is a left A
module and a B module such that (av)b = a (vb) for a E A, b E B, v E V.
Under these circumstances V = A VB is a two sided (A, B) module. If
A = B then V = AVA is a two sided A module.

An ideal of A always means a two-sided ideal of A. It is frequently

convenient to identify ideals of A with two-sided submodules of AAA.

Let A, B be rings. Let a E A, b E B. Let f E HomA (V, W) and let
v E V, w E W then the following hold.

LEMMA 2.1. VA 0A AW B is a B module with (v 0 w)b = v 0 wb.

LEMMA 2.2. BVA 0A AW is a left B module with b(v 0 w) = bv 0 w.

LEMMA 2.3. HomA (A VB. AW) is a left B module with v (bf) = (vb) f.

LEMMA 2.4. HomA (B VA, WA ) is a B module with (fb)v = f(bv).

LEMMA 2.5. HomA (VA . B WA ) is a left B module with (bf)v = b(fv).

LEMMA 2.6. HomA' (A V, A W B ) is a B module with v(fb) = (vf)b.

In particular (2.5) implies

LEMMA 2.7. HomA (VA.AAA ) is a left A module with (af)v = a (fv).

If A is a R -algebra where R is a commutative ring then any A module is
both a left and right R module. Thus (2.3) implies

LEMMA 2.8. If R is a commutative ring and A is an R -algebra then for any
A module V, Homf~ (V, R) is a left A module with v (at) = (va) f.

3. Finiteness conditions

Let A be a ring and let V be an A module.
V satisfies the ascending chain condition or V satisfies A.C.C. if every

ascending chain of submodules contains only finitely many distinct ones.
V satisfies the descending chain condition or V satisfies D.C.C. if every

descending chain of submodules contains only finitely many distinct ones.
The next two results are weI! known.
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LEMMA 3.1. Let V be an A module. The following statements are
equivalent.

(i) V satisfies A.C.C.

(ii) Every nonempty set 0 f submodules 0 f V contains a maximal element.
(iii) Every submodule of V is finitely generated.

LEMMA 3.2. Let V be an A module. The following statements are
equivalent.

(i) V satisfies D .C.C.

(ii) Every nonempty set of submodules of V contains a minimal element.

LEMMA 3.3. Let VI, V 2 , W be submodules of v. If VI + W ~ V 2 + Wand
VI n W ~ V 2 n W then V 2 £ VI.

PROOF. Suppose that V 2 C VI. Choose v E V" vg V 2 • Thus v E VI + We
V 2 + Wand so v = V2 + w with V2 E V 2 , W E W. Hence

v - V2 = w E V I n W ~ V 2 n W ~ V 2 •

Thus v E V 2 contrary to the choice of v. 0

LEMMA 3.4. Let W be a submodule of V. If Wand V / W both satisfy
A.C.C. or D.C.C. then so does V and conversely.

PROOF. The converse is clear.

Suppose that Wand V / W satisfy A.C.C. (D.C.C.). Let {V,} be an
ascending (descending) chain of submodules of V. Then {V, n W} and
{( V, + W)/ W} are ascending (descending) chains of modules. Hence there
are only finitely many distinct modules in {V, n W} and {V, + W}. If
V, n W = \If n Wand V, + W = \If + W then by (3.3) V, = \If since {V,}
is a chain. Thus {V,} contains only finitely many distinct modules. 0

The ring A satisfies A.C.C. or A is Noetherian if AA satisfies A.C.C. The
ring A satisfies D.C.C. or A is Artinian if AA satisfies D.C.C. Left
Noetherian and left Artinian are defined analogously.

LEMMA 3.5. Let V be a finitely generated A module. If A satisfies A.C.C. or
D.C.C. so does V.

PROOF. Since mAA/AA = (m - l)AA it follows by induction and (3.4) that
a finitely generated free A module satisfies A.C.C. or D.C.C. if A does.
The result follows from (1.3) and (3.4). 0
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Although on occasion it may not be necessary to invoke either chain
condition, the main object of this chapter is the study of finitely generated
modules over rings which satisfy either A.C.C. or D.C.C. and (3.5) will be
used continually.

COROLLARY 3.6. Let R be a commutative ring and let A be a finitely
generated R -algebra. If R satisfies A.C.C. (D.C.C.) then A satisfies A.C.C.
and left A.C.C. (D.C.C. and left D.C.C.).

PROOF. Since R is commutative this follows from (3.5). 0

LEMMA 3.7. V has a composition series if and only if V satisfies both A.C.C.
and D.C.C.

PROOF. Suppose that V satisfies both A.C.C. and D.C.C. The set of
submodules which have a composition series contains (0) and so is
nonempty. Thus there exists a submodule W maximal among submodules
which have a composition series. If wi V choose U minimal with the
property that we U. Thus U / W is irreducible and U has a composition
series contrary to the choice of W. Thus W = V as required.

Suppose that V has a composition series with n factors. By Schreier's
Theorem (1.6) any chain of submodules contains at most n distinct ones.
Thus V satisfies A.C.C. and D.C.C. 0

LEMMA 3.8. If V satisfies either A.C.C. or D.C.C. then V is a direct sum of
a finite number of indecomposable modules.

PROOF. Suppose that V satisfies A.C.C. Let {V,} be the set of submodules
of V such that V / V, is not the direct sum of a finite number of
indecomposable modules. If the result is false (0) is in this set and hence it
is nonempty. Let W be maximal in this set. Thus V / W is decomposable.
Hence there exist submodules WI, W 2 of V with we WI, we W 2 and
V/W = Wr/W EB W 2/W. The maximality of W implies that each of
W,/W = V/W2 and W 2/W = V/WI is the direct sum of a finite number of
indecomposable modules. Thus so is V / W contrary to the choice of W.

Suppose that V satisfies D.C.C. If the result is false choose W minimal
among those submodules of V which are not the direct sum of a finite
number of indecomposable modules. Then W = WI EB W 2 for some
WI I (0), W 2 1 (0). Hence each of WI and W 2 is the direct sum of a finite
number of indecomposable modules. Therefore so is W contrary to the
choice of W. 0
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COROLLARY 3.9. Suppose that A satisfies either A.C.C. or D.C.C. Let V be
a finitely generated A module. Then V is the direct sum of a finite number of
indecomposable modules.

PROOF. Clear by (3.5) and (3.8). 0

4. Projective and relatively projective modules

Throughout this section A is a ring which satisfies A.C.C.
All the results in this section will be stated in terms of finitely generated

modules. This is all that will be required in the sequel. However it is

well-known that analogous results hold for arbitrary modules even if A
does not satisfy any chain condition.

A finitely generated A module P is projective if every exact sequence

O~W~V~P~O

with V, W finitely generated A modules is a split exact sequence.

We state without proof the following basic result.

THEOREM 4.1. Let P be a finitely generated A module. The following are
equivalent.

(i) P is projective.

(ii) P IV for some finitely generated free A module.
(iii) Every diagram

P

!
U~V~O

with U, V finitely generated A modules in which the row is exact can be
completed to a commutative diagram

P
/!
U~V~O.

COROLLARY 4.2. If V, VI, V 2 are finitely generated A modules with V =
VI EEl V 2 then V is projective if and only if VI and V 2 are projective.

PROOF. Clear by (4.1) (ii). 0
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LEMMA 4.3 (Schanuel). Suppose that PI and P2 are finitely generated
projective A modules and the following sequences are exact

f, I,

O~ W2-~ P2-~ V~O

with WI, W 2, V finitely generated A modules. Then PI EEl W2 = P2 EEl WI.

PROOF. Let U be the submodule of PI EEl P2 defined by

U = {(u" U2) ItlUI = t2 U 2}.

Define g : U ~ PI by g(u), U2) = UI. Thus g is an epimorphism with kernel
{(O, U2) IU2 E /2( W 2)} = W 2• Hence U = PI EEl W 2 since PI is projective.
Similarly U = P2 EEl WI. 0

LEMMA 4.4. Let P be a finitely generated projective A module. Suppose that
U, V, Ware finitely generated A modules and

f (
O~U~ V~ W~O

is exact. Then there is an exact sequence of abelian groups

o~ Hom", (P, U)~ Hom", (P, V)~ Hom", (P, W)~ O.

If A is an R -algebra for some commutative ring R then this is an exact

sequence of R modules.

PROOF. For h E Hom", (P, V) let s(h) = th E Hom", (P, W). Then s is a
group homomorphism and s is an R -homomorphism in case A is an
R -algebra. The kernel of s is clearly Hom", (P, f( U)) = Hom", (P, U). Since
P is projective (4.1) (iii) implies that s is an epimorphism. 0

Let B be a subring of A with 1 E B. For any A module V let VB denote
the restriction of V to B. Write A B = (A", )B. If V = VB is any B module
then by (2.1) VB 0B BA", is an A module.

LEMMA 4.5. Let B be a subring of A such that BA is a finitely generated free
left B module and A B is a finitely generated free B module. Let V be a finitely

generated A module. Then there exists an exact sequence
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such that

is a split exact sequence. If furthermore VB is a projective B module then WB

is a projective B module.

PROOF. Let {y J, ••• , y,,} be a basis of BA. Then

,,"and ""i= I Vi 0 Yi = 0 if and only if Vi = 0 for i = 1, ... ,n. Define

{"I .. }W = i~ Vi 0 Yi i~ ViYi = 0 .

If VB is a projective B module then since A B is free it will follow by (4.2)
and the first part of this result that W B is projective. Define f by
f(L;'=1 Vi 0 Yi) = L;'=I ViYi. Let h be the identity map on W.

If a E A then Yia = L;=I biiYi for i = 1, ... , n, bii E B. Thus

f( ~ Vi 0 Yi) = i~ ViYi a = ~ i~ vibiiYi = f( i~ ~ Vibii 0 Yi)

= f( ~ Vi 0 J~ biiYi) = f(~ Vi 0 Yia) .

Hence f is an A -homomorphism. Clearly W is the kernel of f.
Let 1 = L;'=I CiYi with Ci E B. Define g : VB ~ (VB 0 BAA)B by gv =

L;'=I VCi 0 Yi. If b E B then

(gv)b = (Z VCi 0 Yi) b = V 0 ~ Ciyib = V 0 b~ CiYi

= f VbCi 0 Yi = g (vb ).
i=1

Thus g is a B -homomorphism. Since fgv = V for V E V it follows that f is
an epimorphism, g is a monomorphism and g( VB) n W B = (0). It only

remains to show that (VB 0B BAA)B = W B+ g( \'tl). This follows from the
fact that if w E (VB 0B BAA)B then f(w - gfw) = 0 and so w - gfw E WB
while w = (w - gfw) + gfw. 0

Let B be a subring of A with 1 E B such that B satisfies A.C.C. and BA
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and A B are finitely generated as left and right B modules respectively. A

finitely generated A module P is projective relative to B or simply

B -projective if for every pair of finitely generated A modules W, V the

exact sequence

splits provided

is a split exact sequence.

LEMMA 4.6. Let B be a subring of A with 1 E B such that B satisfies
A.C.C., A B is a finitely generated free B module and BA is a finitely
generated left B module. Let V be a finitely generated A module. Then V is
projective if and only if VB is a projective B module and V is B -projective.

PROOF. Clear by definition and (4.1). 0

COROLLARY 4.7. Let A be a finitely generated algebra over a field F. Let V
be a finitely generated A module. Then V is projective if and only if V is
F-projective.

PROOF. Clear by (4.6). 0

THEOREM 4.8. Let B be a subring of A with 1 E B such that B satisfies
A.C.C., A B is a finitely generated free B module and BA is a finitely
generated free left B module. Let P be a finitely generated A module. The
following are equivalent.

(i) P is B-projective.
(ii) P IPB0B BAA.

(iii) P IW 0B BAA for some finitely generated B module W.
(iv) Every diagram

with U, V finitely generated A modules in which the row is exact can be
completed to a commutative diagram
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provided there exists a commutative diagram

PROOF. (i) => (ii). Clear by (4.5).
(ii) => (iii). Trivial.
(iii) => (iv). Suppose that U, V are finitely generated A modules such

that the row in the following diagram is exact

P

U~V~O

and

is commutative. Let W 0H BAA = P EB P' and define go, ho by go(u + u ') =
gu, ho(u + u ') = hu for u E P, u I E P'. Let Yr, y2, ... , Yn be a B -basis of BA.
Define I: W 08 BAA ~ U by 1(2;'=1 Wi ® Yi) = L~=l hO(Wi (1)Yi where
Wi E W. We show that 1 is an A -homomorphism. Let a E A with
Yia = 2:;'ccl biiYi, bii E B. Then

I(~ Wi 0 Yi a ) = f( ~.~ wibi; 0 Yi) = ~ ~ hO(wibii ® 1)Yi

= ~ ~ hO(Wi ® l)biiYj = i hO(Wi ® l)Yi{1
;=1 j=l i~l
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Now by definition

tf( ~ Wi 0 Yi) = ,~ tho(wi 0l)Yi

= i~ gO(Wi 01)Yi = go (~Wi 0Y) .
Hence if f also denotes the restriction of f to P the diagram

is commutative as required.
(iv) =? (i). Suppose that V, Ware finitely generated A modules such

that

is exact and

is a split exact sequence. Hence by assumption there exists a commutative
diagram

p

~l
V _!-7 P~ 0

where fgw = W for W E P. Thus g is a monomorphism and g(P) n h (W) =
(0). If v E V then fv = fgfv. Hence

v = (v - gfv ) + gfv E h (W) + g (P).

Thus V = h(W)EBg(P). D

COROLLARY 4.9. Suppose that A, B satisfy the assumptions of (4.8). Let
V, VI, V 2 be finitely generated A modules with V = VI EB V 2 • Then V is
B-projective if and only if VI and V 2 are B-projective.

PROOF. Clear by (4.8) (iii). D
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COROLLARY 4.10. Suppose that A, B satisfy the assumptions of (4.8). Let P
be a finitely generated A module such that Pa is B -free. The following are
equivalent.

(i) P is B -projective.

(ii) For every pair of finitely generated A modules W, V with Wa, Va
finitely generated projective B modules the exact sequence

splits provided

is a split exact sequence.

PROOF. (i) ~ (ii). Clear.

(ii) ~ (i). Since (Pa 0a aAA)a is a projective B module (4.5) implies
that P IPa 0a BAA. Thus by (4.8) P is B-projective. 0

LEMMA 4.11. Suppose that A, B satisfy the assumptions of (4.8). Let S be a
subset of B such that AS = SA. If P is an A module then PS is an A module.
If, furthermore Pis B-projective then PS and PIPS are B-projective.

PROOF. By definition PSA = PAS = PS and so PS is an A module.
Suppose that P is B -projective. By (4.8) PB0B BAA = P' EB V where

P ' = P. Then

P'S EB VS = (PIEB V)S = (PB 0 BAA) S = PSa 0 BAA.
H. H

Thus PS = P'S is B-projective by (4.8). Furthermore

PI/PIS EB V/VS = (PI + V)/(P I+ V)S

= PB 0 BAA / PSB 0 BAA = (P/PS)B 0 BAA.
B a a

Hence PIPS = PI/PIS is B-projective by (4.8). 0

Observe that if R is a commutative ring which satisfies A.C.C., G is a
fini te group and H is a subgroup of G then A = R [G) and B = R [H)
satisfy the hypotheses of (4.5)-(4.11).
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Let A be a ring and let V be an A module.

V is completely reducible if every submodule of V is a component of V ..

LEMMA 5.1. Let V be completely reducible. Then every homomorphic image
of V is isomorphic to a submodule and every submodule of V is isomorphic to

a homomorphi(: image.

PROOF. If W ~ V let V = WEB W'. Then W = V/W' and V/W =

W'. D

LEMMA 5.2. If V is completely reducible then so is every submodule and

every homomorphic image of v.

PROOF. Let V = V / W. Let VI ~ V. Then there exists a submodule VI of V
with W ~ VI such that VI = VI/W. Choose V 2 with V = VI EB V 2 • Then

V = VI EB (V2 + W)/W. Thus V is completely reducible. The result follows

from (5.1). D

LEMMA 5.3. If V is completely reducible and V I (0) then V contains an

irreducible submodule.

PROOF. Let v E V, v 10. By Zorn's Lemma there exists a submodule W of

V maximal with the property that vE W. Let V = WEB W'. If W' is not

irreducible then W' = WI EB W 2 for nonzero submodules WI, W 2 of V.

Since (W EB WI) n (W EB W 2) = W it follows that vE WEB w: for either

i = 1 or i = 2. This contradicts the maximality of W. Thus W I is

irreducible. D

THEOREM 5.4. The following statements are equivalent.
(i) V is completely reducible.
(ii) V is the direct sum of irreducible submodules.

(iii) V is the sum of irreducible submodules.

PROOF. (i) ~ (ii). Consider the collection of sets of irreducible submodules

of V whose sum is direct. By Zorn's Lemma there is a maximal element

{V;} in this collection. Let W = EB Vi and let V = WEB W'. If W' I (0)

then by (5.2) and (5.3) W' contains an irreducible submodule V'. Thus
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W + V' = V' EB EB V, contrary to the maximality of {Vi}' Hence W' = (0)

and V = W as required.

(ii) ~ (iii). Clear.

(iii) ~ (i). Let W be a submodule of V. By Zorn's Lemma there exists
a submodule W' of V maximal with the property that W n W' = (0).

Thus W + W' = WEB W'. Suppose that WEB W' ~ V. Choose v E V,
v ~ WEB W'. By assumption v = v: + ... + Vn where Vi E V, and V, is
irreducible for i = 1, ... ,n. Thus Vj ~ WEB W' for some j and so vi n
(W EB W') ~ Vi. Hence vi n (W EB W') = (0) as Vi is irreducible. Thus

WEB W' + Vi = WEB W' EB Vi and so W n (W' EB Vi) = (0) contrary to
the maximality of W'. Therefore V = WEB W'. 0

COROLLARY 5.5. Let V be completely reducible. The following are
equivalent.

(i) V satisfies A.C.C.
(ii) V satisfies D.C.C.

(iii) V has a composition series.
(iv) V is the direct sum of a finite number of irreducible submodules.

PROOF. By (3.7) and (5.4), (iv) is clearly equivalent to each of (i), (ii) and

(iii). 0

The socle of V is the sum of all the irreducible submodules of V. In case

V contains no irreducible submodules we set the socle of V equal to (0).
The radical of V is the intersection of all maximal submodules of V. In

case V contains no maximal submodule we set the radical of V equal to V.
As immediate corollaries of (5.4) we get

COROLLARY 5.6. The socle of V is the maximal completely reducible sub­
module of V.

COROLLARY 5.7. If V is completely reducible then its radical is (0).

LEMMA 5.8. If AA is completely reducible then every A module is completely
reducible.

PROOF. Let V be an A module. Let v E V. The/map from AA to vA which
sends a to va is a homomorphism. Thus vA is completely reducible by
(5.2). Since v E vA this implies that V is in the socIe of V. Thus V is equal
to its socle and the result follows from (5.6). 0
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LEMMA 5.9. Assume that V satisfies D.C.C. Then V is completely reducible
if and only if the radical of V is (0).

PROOF. If V is completely reducible then its radical is (0) by (5.7).
Assume that the radical of V is (0). By D.C.C. it is possible to choose 3

module which is minimal in the set of all submodules of V which are the
intersection of a finite number of maximal submodules of V. This module is
contained in every maximal submodule of V and hence in the radical. Thus
it is (0). Consequently (0) = n ;1=1 Wi where each Wi is maximal in V. Thus

V / Wi is irreducible and so EEr= I V / Wi is completely reducible by (5.4).
Let fi : V ~ V / Wi be the natural projection and let f : V ~ EEr= 1 V / Wi be
defined by fv = L;'= I fiv. Then f is a monomorphism. Hence V is isomor­
phic to a submodule of a completely reducible module. The result follows
from (5.2). 0

LEMMA 5.10. Let V = EB V, where each V, is irreducible. Let W be an
irreducible submodule 0 f V. Then W ~ EB vi where j ranges over those i with
W=V,.

PROOF. Let w E W, w~ O. Then w = LVi with Vi E Vi. If Vi ~ 0 then the
map sending wa into Via for a E A is a nonzero homomorphism from
W = wA to viA = Vj. Since W, V, are irreducible it is an isomorphism.

Hence W = V,. 0

COROLLARY 5.11. Let V = EB Vi = EB W j where each V" V\tj is irreducible.
Let W be an irreducible module. Then EB V s = EB W, where s ranges over
all i with Vi = Wand t ranges over all j with W j = W. Furthermore EB V s is
the submodule of V generated by all submodules of V which are isomorphic
to w.

PROOF. Clear by (5.10). 0

6. The radical

Let A be a ring and let V be an A module.
The annihilator of V is the set of all a E A such that Va = O. Clearly the

annihilator I of V is an ideal in A and V can be considered to be an A/I
module. V is A -faithful if the annihilator of V is (0).

An ideal I of A is primitive if the ring A/I has an A/I-faithful
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irreducible module. Clearly I is primitive if and only if I is the annihilator

of an irreducible A module.

The Jacobson radical of A or simply the radical of A is the intersection

of all primitive ideals in A. This will be denoted by J(A).

LEMMA 6.1. V is irreducible if and only if V = AA/W for some maximal
submodule W of AA.

PROOF. Clearly AA / W is irreducible. Suppose that V is irreducible. Let
v E V, v -10. Then v E vA. Thus vA is a nonzero submodule of V and so
vA = V. Hence V is a homomorphic image of AA. Since V is irreducible
the result follows. 0

LEMMA 6.2. Every maximal right ideal contains a primitive ideal. Every
primitive ideal is the intersection of the maximal right ideals containing it.

PROOF. Let M be a maximal right ideal of A. By (6.1) AA/M is irreducible.

The annihilator of AA /M is a primitive ideal contained in M.
Let I be a primitive ideal in A and let V be an irreducible A module

whose annihilator is I. For v E V, v -10 let M v = {a Iva = O}. Clearly M v is

a right ideal in A. Since V is irreducible V = vA = AA /M v for v -10,
v E V. Thus by (6.1) M v is a maximal right ideal in A. Furthermore

n vE V.v;CO M v is the annihilator of V. 0

As an immediate corollary to (6.1) and (6.2) we get

COROLLARY 6.3. J(A) is the intersection 0 fall maximal right ideals in A.

By (6.3) J(A) consists of all the elements in A which form the radical of

the A module AA'
An element a in A is right (or left) quasi-regular if 1- a has a right (or

left) inverse. a is quasi -regular if a is both right and left quasi-regular. It is
easily seen that a is quasi-regular if and only if 1- a is a unit in A or

equivalently 1- a has a unique (two sided) inverse in A.

LEMMA 6.4. Let a E A and let N be a right ideal of A.
(i) a is right quasi-regular in A if and only if a + b = ab for some b E A.

(ii) If every element in N is right quasi -regular then every element in N is
quasi-regular.
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PROOF. (l - a)(1 - b) = 1 if and only if a + b = abo This proves (i).

If .a EN then a + b = ab for some b in A by (i). Thus b is left
quasI-regular and b = ab - a E N. Hence b is right quasi-regular in A.
Thus 1- b is a unit in A and (1- a) = (1- brl. Hence a is quasi­
regular. 0

LEMMA 6.5. J(A) consists of quasi-regular elements and contains every
right ideal consisting of quasi -regular elements.

PROOF. If a E J(A) then 1 = a + (1- a) and so A = J(A) + (1- a )A. If
(1- a)A -I A there exists a maximal right ideal M with (1- a)A ~ M.
Since J(A) ~ M by (6.3) this yields that A = M which is not the case. Thus
(1- a)A = A and a is right quasi-regular. Hence a is quasi-regular by
(6.4) (ii).

Let N be a right ideal consisting of quasi-regular elements. If Ng J(A)
then by (6.3) there exists a maximal right ideal M such that Ng M. Hence

M + N = A. Thus 1 = a + b where a E M, bEN and so a = 1 - b has an

inverse contrary to the fact that a E M and M -I A. Hence N ~ J(A). 0

The left radical of A is defined analogously to J(A) by using left

modules instead of modules.

THEOREM 6.6. J(A) contains every right or left ideal consisting of quasi­
regular elements. Furthermore the following are all equal.

(i) J(A).

(ii) The left radical of A.

(iii) The intersection of all maximal right ideals in A.
(iv) The intersection of all maximal left ideals in A.

PROOF. Let Jo(A) be the left radical of A. By (6.5) and its left analogue
J(A) = Jo(A). The result follows from (6.3) and its left analogue. D

A is a semi -simple ring if J (A) = (0).

LEMMA 6.7. Let I be an ideal of A with I ~J(A). Then J(A/I)=J(A)/I.
Thus in particular A /J(A) is semi-simple.

PROOF. Imm'ediate by (6.3). D

A right (or left) ideal N of A is a nil right (or left) ideal if every element
is nilpotent. N is nilpotent if N'" = (0) for some positive integer m.
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L 6 8 If N is a nil right or left ideal then N ~ J(A).EMMA ..

PROOF. If a is nilpotent then a 111 = 0 for some posItive integer m.

Hence (l - a) (1 + a + ... + a 111 -I) = 1 and a is quasi-regular. Thus N ~

J(A) by (6.6). 0

THEOREM 6.9. Suppose that A satisfies D.C.C. Then J(A) in nilpotent.

PROOF. By D.C.C. there exists an integer n ~ 0 such .that J\A)" = J(Ar ~i
for all i ~ O. Let N = J (A)". Assume that N ~ (0). Smce N = N~ (0) It IS
possible by D.C.C. to choose a right ideal M of A minimal with the

property that MN~ (0). Thus aN~ (0) for some a E M. aN ~ M and

aNN = aN~ (0). Hence M = aN by the minimality of M. Thu~ a E a~
and so a = ab for some bEN. Thus a (l - b) = O. Since b IS quasl­

regular this implies that a = 0 contrary to the fact that aN~ (0). Thus

J(A)" = N = (0). 0

LEMMA 6.10. If A is semi-simple with D.C.C. then every A module is
completely reducible.

PROOF. By (6.3) the radical of AA is (0). Thus by (5.9) AA is completely

reducible. The result follows from (5.8). D

LEMMA 6.11. Assume that A satisfies D.C.C. Let V be a finitely generated
A module. Then V satisfies A.C.C. and D.C.C.

PROOF. Let V; = VJ i (A) for i = 0, 1, .... By (6.9) Vn = 0 for some integer

n. Since V is finitely generated, V and hence each Vi/Vi+ 1 satisfies D.C.C.
by (3.5). Since J(A) annihilates V;j Vi + i for each i it follows that V;j Vi+ 1 is
an A/J(A) module. Thus by (6.10) each Vi/Vi+ 1 is completely reducible

and hence by (5.5) each V;jVi+ 1 has a composition series. Thus V has a
composition series and the result follows from (3.7). 0

COROLLARY 6.12. If A satisfies D.C.C. then A satisfies A.C.C.

PROOF. Immediate by (6.11). 0

For most of the results in this chapter the assumptions that 1 E A and

every module is unital are only a minor convenience. However the reader

should be warned that they are essential for the validity of (6.11) and (6.12).
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LEMMA 6.13. Suppose that A satisfies A.C.C. and A /J(A) satisfies D.C.C.

Then for every integer m ~O A/J(A)'" satisfies D.C.C.

PROOF. Induction on m. If m = 1 the result holds by assumption. Since

A satisfies A.C.C. J(A)'" is finitely generated as a right ideal. Thus

J(A)''' /J(A )"'+1 satisfies D.C.C. since it is a finitely generated A /J(A)
module. Thus if A/J(A)''' satisfies D.C.C. so does A/J(A)"'+' and the

induction is established. D

7. Idempotents and blocks

Let A be a ring.

LEMMA 7.1. Let AA = VI EB ... EB Vn with Vi ~ (0) for i = 1, ... ,n. Let
1= e I + ... + en with ei E Vi. Then {ei} is a set of pairwise orthogonal
idempotents in A and Vi = eiA. Conversely if {ei} is a set of pairwise
orthogonal idempotents then (~ei)A = EB eiA.

PROOF. If a E A then a = 1 . a = a ·1 = ela + ... + ena. Thus in particular

ei = elei + ... + enei. Hence eiej = Oijei for all i, j. Furthermore eiA ~ Vi and

AA = elA EB ... EB enA. Hence eiA = Vi. Conversely let {e;} be a set of

, orthogonal idempotents. Let e = ~ei. Thus e 2
= e and eei = eie = ei for all

i. Then eA = ~eiA. If ~eiai = 0 then multiplicaton on the left by ej implies
that ejaj = 0 for all j. Hence eA.= EBejA. D

COROLLARY 7.2. Let e be an idempotent in A. The following are equivalent.
(i) eA is indecomposable.

(ii) e is a primitive idempotent.
(iii) Ae is an indecomposable left A module.

PROOF. (i) ~ (ii). This is a direct consequence of (7.1).

(ii) ~ (i). Let e be a primitive idempotent. Thus AA = (1- e)A EB eA.
If eA = VI EB V 2 with VI, V 2 nonzero then by (7.1) e is not primitive

contrary to assumption.

An analogous argument shows that (ii) is equivalent to (iii). D

LEMMA 7.3. Let A = I, EB· .. EB In where each I, is a nonzero ideal of A.
Let 1 = el + ... + en with ei E Ii. Then {ei} is a set of pairwise orthogonal
central idempotents and Ii = eiA is a ring with unity element ei for each i.
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Conversely if {ei} is a set of pairwise orthogonal central idempotents then
(Lei)A = ffi eiA where eiA = Aei is an ideal of A.

PROOF. If a E A then

a = 1 . a = a . 1 = e i a + ... + ena = ae j + ... + aen.

Hence eia = aei and eiej = Oijei for all i, j. Since eiA C I j and A = ffi eiA it
follows that eiA = 1; and eia = a = aei for all a E 1;. Conversely by (7.1)
(Lei)A = ffi eiA and eiA =Aei since each ei is central. 0

COROLLARY 7.4. Let e be a central idempotent in A. Then e is centrally
primitive if and only if eA is not the direct sum of two nonzero ideals.

PROOF. Immediate by (7.3). 0

LEMMA 7.5. If A satisfies A.C.C. then 1 is a sum of pairwise orthogonal
primitive idempotents.

PROOF. By (3.8) AA is a direct sum of a finite number of indecomposable
modules. Thus (7.1) and (7.2) imply the result. 0

LEMMA 7.6. Assume that A satisfies A.C.C. Then
(i) A contains only finitely many central idempotents.
(ii) Two centrally primitive idempotents are either equal or orthogonal.

(iii) 1 = L;'= I ei where {e" ... , e,,} is the set of all centrally primitive

idempotents in A.

PROOF. (i) By (7.5) 1 = L fi where {fi} is a set of pairwise orthogonal
primitive idempotents. Let e be a central idempotent. Then e = Lefi and
fi = efi + (1 - e) f;. Thus efi = 0 or ef; = fi since f; is primitive. Hence
e = L /; where j ranges over those summands with e/; = /;. Thus e is the
sum of elements in a subset of {f;}. This proves (i).

(ii) If e" e2 are centrally primitive idempotents then e, = e,e2 +
e,(l- e2). Thus e, = ele2 or eje2= O. Similarly e2 = e,e:! or ele2= O. Thus

either e,e2 = 0 or e, = e,e2 = e2·
(iii) Let {e" . .. , en} be the set of all centrally primitive idempotents in A.

Then e = L;'=I ej is a central idempotent by (ii). If e i- 1 then 1 - e is a
central idempotent and so by (i) is a sum of centrally primitive idempo­
tents. Since ei (1- e) = 0 for i = 1, ... , n, this is impossible. 0
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LEMMA 7.7. Assume that A satisfies A.C.C. Then A = EEr~1 Aei where
{ei} is the set of centrally primitive idempotents in A. For each i, Ae; is not the

direct sum of two nonzero ideals of A. If A = EEr: I Ai where each Ai is a
nonzero ideal which is not the direct sum of two nonzero ideals (of A or Ai)
then m = n and Ai = Aei after a suitable rearrangement.

PROOF. This follows directly from (7.3), (7.4) and (7.6). 0

Let e be a centrally primitive idempotent in A. The block B = B (e)

corresponding to e is the category of all finitely generated A modules V
with Ve = V. If Ve = V then V is said to belong to the block B = B(e). We

will simply write V E B.

THEOREM 7.8. Assume that A satisfies A.C.C. Let V be a finitely generated
indecomposable nonzero A module. There exists a unique block B with
V E B. If V E B then every submodule and homomorphic image of V is in

B. Furthermore V E B = B(e) if and only if ve = v for all v E V.

PROOF. Let {e;} be the set of centrally primitive idempotents in A. By (7.6)

1 = 2:ei. Thus if V is any A module then V = El3 Vei. Hence if V is
indecomposable and Vrf (0) then V = Ve; for a unique value of i. If W is a

submodule of V then clearly Wei = W, (V/W)ei = V/W and Wej = (0) =
(V/ W)ej for i rf j.

Clearly ve = v for all v E V = Ve. 0

8. Rings of endomorphisms

Let A be a ring.

LEMMA 8.1 (Schur). Let V, W be irreducible A modules. Then

Hom" (V, W) = (0) if V ~ Wand E" (V) is a division ring.

PROOF. Let f E Hom" (V, W). Then either f is an isomorphism or f(V) =

(0) since V and Ware irreducible. Thus Hom" (V, W) = (0) if V/:- W, and
every nonzero element in E" (V) is an automorphism of V and so has an
inverse. Hence E" (V) is a division ring. 0

LEMMA 8.2. Let e be an idempotent in A and let V be an A module. Define

f: Ve ~ Hom" (eA, V) by f( v)ea = vea. Then f is a group isomorphism. If
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A is an R algebra then Ve and HomA (eA, V) are R modules and f is an
R-isomorphism. If V = eA then f: eAe ~ EA(eA) is a ring isomorphism.

Thus in particular E A(AA) = A = E A(AA ).

PROOF. By (2.4) and (2.5) Ve and Hom(eA, V) are R modules if A is an
R -algebra. In this case f is clearly an R -homomorphism. In any case f is a
grou p homomorphism and if V = eA, f is a ring homomorphism.

If f(v) = 0 then v = ve = 0 and f is a monomorphism. If h E

Hom" (eA, V) then f(h (e)) = h. Thus f is an epimorphism.
The last statement follows by setting e = 1. 0

LEMMA 8.3. Let e be an idempotent in A. If N is a right ideal in eAe then
N = NA n eAe. The map sending N to NA sets up a one to one correspon­
dence between the right ideals of eAe and a set of right ideals of A. Thus if A
satisfies either A. C. C. or D. C. C. so does eAe.

PROOF. Let N be a right ideal of eAe. Clearly NA n eAe is a right ideal of
eAe and N C NA n eAe. Since N = Ne and NA n eAe C eAe it follows
that

NAn eAe = N Ae n eAe = NeAe n eAe eN.

The remaining statements follow. 0

LEMMA 8.4. Let e be an idempotent in A. Then J (eAe) = eJ (A )e.

PROOF. Suppose that a E J(A). Then eae E J(A) and (6.4) (i) and (6.5)
imply that eae + b = eaeb for some b E A. Multiply by e on both sides to
get that eae + ebe = eae ebe and so by (6.4) (i) eae is right quasi-regular
in eAe. Since eJ(A)e is an ideal of eAe (6.4) (ii) and (6.5) imply that
eJ(A)e C J(eAe).

Let I be a primitive ideal in A and let V be a faithful irreducible All
module. Then Ve is an eAe module. If Ve = (0) then J(eAe )bei\e~1.
Suppose that Ve ~ (0). Let (0) C W = We C Ve where W is aneA1!:
module. Thus V = WA since V is irreducible. Hence Ve = WeAe C W
and so Ve = W. Thus Ve is an irreducible eAe module and so VJ(eAe) =
VeJ(eAe) = (0). Hence J(eAe) C I. Since I was an arbitrary primitive
ideal in A this yields that J(eAe) C J(A) and so J(eAe) = eJ(eAe)e C
eJ(A)e. 0

For any integer n > 0 let An be the ring of all n by n matrices with
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coefficients in A. In other words An is an A -free A module with basis
{eij Ii, j = 1, ... , n} where

This definition is equivalent to the assertion that An = A @z Zn where Z
denotes the ring of rational integers. It follows easily that for i = 1, ... , n
e ~ = eii and eiiAneii = A. Furthermore An is also a left A module with
aeij = eija for a E A. Thus An is a two-sided A module.

LEMMA 8.5. If A satisfies A.C.C. or D.C.C. so does An.

PROOF. Since An is a finitely generated A module the result follows
from (3.5). 0

LEMMA 8.6. Let V be an A module. Assume that V = VI EB ... EB Vn withv: = Vi for i,j = 1, ... ,n. Then EA(V)=EA(VI)n.

PROOF. For i = 1, .. , n let ei I be an isomorphism from VI to Vi where e II is
the identity map. Let eli be the inverse map sending Vi to V;. Let
eij=eilelj. For i,j=l, ... ,n define eijEEA(V) by eijVS=eij(DjsVs) for
V s E V" s = 1, ... , n.

If x E E A(VI) define x E EA(V) by

XVs = eslxelsvS for s = 1, ... ,n. (8.7)

The map sending x to x is clearly a monomorphism of EA(VI) into E A(V).
Let E denote the image of E A (V) under this map. Let F be the ring
generated by E and all eij, i, j = 1, ... , n. It follows from (8.7) that for all i, j
and all x E E

Hence if x ~ 0

Xeij = eijx = 0 for all i, j. (8.8)

The ,ring F is an E module generated by eij , i, j = 1, ... , n. If LeijXij = 0
then (8.8) yields that for s, t = 1, ... , n, Xij E E.

o= ess 2: eijXijel/ = e,,"xs,.
•• j
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Thus by (8.8) Xst = 0 for all s, t. Hence F is an E -free E module. This
implies that F = En. It remains to show that E A (V) C F.

Let y E E A (V). Since Lejj = 1 it follows that y = Li.jejiyejj. Thus it
suffices to show that eiiyejj E F for all i, j. There exists z E EA( \tj ) such that
eiiyejj = eijz. However z = ej Ixe1j for some x E EA(VI). Thus by (8.7)
eiiyejj = eijXej; E F. 0

THEOREM 8.9. Assume that V is a completely reducible nonzero A module
with a composition series. Let V = EEj;'~ I EB;'~ I \1;, where each \/ij is ir­
reducible and Vij = V,r if and only if i = s. Let D i = E A(Vi I) and let
Vi = EB;'~ I Vii for all i. Then the following hold.

(i) D i is a division ring for i = 1, ... , m.
(ii) EA(Vi) = (Di )n, is a simple ring for i = 1, ... , m.

(iii) ErdV)=EB;·~,EA(V;). Every ideal in ErdV) is of the form
EB EA(Uj) where j ranges over a subset of {I, ... , m}.

(iv) EA(V) is a semi-simple ring which satisfies D.C.C. and left D.C.C.

PROOF. (i) This follows from (8.1).
(ii) Erd Vi) = (Di )'" by (8.6). It is easily verified that (Di )n, is a simple

ring.
(iii) Let ei be the projection of V onto Vi for i = 1, ... , m.

Thus eiIe 0 and ejej = Ojjei for all i, j. If x E EA(V) then by (5.11) xej = ejXei
for all i. Since Lej = 1 it follows that x = LjXej. Hence

eix = 2: eiXej = e,xej = xej.
J

Thus ei is in the center of EA (V) for all i. Therefore by (7.3) EA (V) =

EB;: I eiEA(V). Clearly eiEA(V) = EA(Vi ).
If I is an ideal of EA(V) then I = EB:'~ I eJ and eJ is an ideal of e;EA (V).

Since e;EA (V) is simple eJ = (0) or e;EA(V). Hence I = EB ejEA(V) where
j ranges over all i with eJ Ie (0).

(iv) By (iii) every ideal in EA (V) contains an idempotent. Thus
] (EA (V» = (0) and E A (V) is semi-simple. Since EB;: I Oi contains only
finitely many right or left ideals it satisfies D.C.C. and left D.C.C. By (ii)
and (iii) E A (V) is finitely generated as a module or left module over
EB;'~I D i • Thu's E A (V) satisfies D.C.C. and left D.C.C. 0

THEOREM 8.10 (Artin-Wedderburn). Let A be a semi-simple ring with
D.C.C. Then A = EB;I~1 Ai where each Ai is an ideal of A which is a simple
ring with D.C.C. Furthermore the Ai are uniquely determined.
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PROOF. By (6.10) AA is completely reducible. By (8.2) A = E A(AA). The

result follows from (8.9). 0

THEOREM 8.11 (Artin-Wedderburn). Let A be a simple ring with D.C.C.

Then A = D n for some division ring D and some integer n > O. Furthermore

n is unique, D is uniquely determined up to isomorphism and any two

irreducible A modules are isomorphic. If V is an irreducible A module then
EA(V) = D.

PROOF. By (8.2) A = EA(AA), and AA is completely reducible by (6.10).

Since A is simple (8.9) implies that A = D n for some division ring D and

some integer n. Furthermore any two irreducible submodules of AA are

isomorphic. Thus by (6.1) any two irreducible A modules are isomorphic.

Hence if e is a primitive idempotent in A (8.2) yields that D = eAe and so

D is uniquely determined up to isomorphism. By (8.9) AA is a sum of n

irreducible submodules. Thus by (1.7) D", = D n if and only if m = n. 0

LEMMA 8.12. Suppose that A is semi-simple and satisfies D.C.C. Then
every nonzero ideal contains a central idempotent and every nonzero right

ideal contains an idempotent.

PROOF. The first statement follows from (8.10). Let V be a right ideal of A.
By (6.10) AA = V EEl V' for some right ideal V' of A. Let 1 = e + e' with

e E V, e' E V'. Then by (7.1) e is an idempotent and V = eA. 0

LEMMA 8.13. Let V be a finitely generated free A module. Then EA(V) is a
finitely generated free A module.

PROOF. V = mAA for some integer m. Hence by (8.2) and (8.6)

EA(V)=A",. 0

LEMMA 8.14. Let R be a commutative ring which satisfies A.C.C. Let V be
a finitely generated R module. Then EN (V) is a finitely generated R -algebra

and satisfies A.C.C. and left A.C.C.

PROOF. By (1.3) there exists a finitely generated free R module F with

F/W = V for some submodule W. Let E 1 be the subring of ER (F)
consisting of all endomorphisms of F which send W into itself. Since R is

commutative V, F, Ware two sided R modules. Hence by (2.4) and (2.5)
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E R (F) and E J are R modules. By (8.13) ER (F) satisfies A.C.C. and so E J is
a finitely generated R module and satisfies A.C.C.

If f E E J then f induces an endomorphism f of F/W = V. The map

sending f to f is a homomorphism of E J into E R (V). By (4.1) F is
projective since it is free. Thus for any g E E R (V) there exists a commuta­

tive diagram

where t is the natural projection of F onto V. If w E W then tfw = gtw = 0
and so fw E W. Hence f E E J and f = g. Thus the map sending f to f is an
epimorphism of E J onto E R (V). Thus E R (V) is a finitely generated

R -algebra and satisfies A.C.C. Since R is commutative E R (V) also

satisfies left A.C.C. 0

LEMMA 8.15. Let R be a commutative ring which satisfies A.C.C. and let A

be a finitely generated R-algebra. Then J(R)A CJ(A). If V is a finitely
generated A module then E A (V) is a finitely generated R -algebra.

PROOF. If V is a finitely generated A module then V R is a finitely
generated R module. Hence by (8.14) E R (V) is a finitely generated

R -algebra and satisfies A.C.C. Since E A (V) is a submodule of the R
module E R (V) it follows that EA (V) is a finitely generated R -algebra.

Let V be an irreducible A module. Thus E A (V) is a finitely generated

R -algebra. By (8.1) E A (V) is a division ring. Hence the center of E A (V) is

a finitely generated R -algebra which is a field and so the image of R in

E A (V) is a field. Thus J(R )EA (V) = E A (V)J(R) = (0). Hence J(R)A
annihilates every irreducible A module and so J(R)A C J(A). 0

9. Completeness

Let A be a ring and let V be an A module. Suppose that I is an ideal in

A such that n~=() vr = (0) where r = A. Then for any real number c with

0< c < 1 define the norm II "~on V as follows

11011~ = 0,

II v II~ = c
i

if v E vr, vE VP+ J
•
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Define d~ by

d~(v, w) = Ilv - w II~.
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It is easily verified that for u, v, w E V

d~(u, v) ~ max{d~(u, w), d~(v, w)}

and that d~ is a metric on V.
Two such metrics d~, d~: are equivalent, written as d~ ~ d~: if a sequence

in V is a Cauchy sequence with respect to d~ if and only if it is a Cauchy

sequence with respect to d~:. It is easily seen that d~ ~ d~' for 0 < c, c' < 1.

From now on a fixed c with 0 < c < 1 is chosen and we write dI = d~.

If I is an ideal of A and n~=() vr = (0) we will say that d f is defined on V.
V is complete with respect to df if df is defined on V and every Cauchy

sequence in V converges with respect to the metric d f • In the special case

V = AA these definitions will be applied to the ring A. Analogous

definitions can of course be made for left A modules.

LEMMA 9.1. Let V be an A module and suppose that d f is defined on V. Let

{vd be a sequence of elements in V. Then

(i) {vd is a Cauchy sequence if and only if for every integer m > 0 there

exists an integer n > 0 such that Vi - Vj E vr" for i, j > n.
(ii) limi-~'" Vi = v if and only if for every integer m > 0 there exists an

integer n > 0 such that Vi - v E vr" for i > n.

PROOF. Immediate from the definition. 0

LEMMA 9.2. Let V be an A module. Suppose that d f is defined on V and on

A. Then
(i) Addition is continuous from V x V to V.

(ii) Multiplication is continuous from V x A to V.

(iii) Addition and multiplication are continuous on A.
(iv) If d I is defined on the A module Wand f E HomA (V, W) then f is

continuous.

PROOF. (i) It follows directly from (9.1) (ii) that

Iim(vi ± Wi) = lim Vi ± lim Wi.

(ii) Let lim Vi = v, lim ai = a where Vi E V, aj E A for all i. By (9.1) (ii)

for every integer m > 0 there exists an integer n > 0 such that Vi - V E VI'"
and a; - a Ern for i > n. Thus
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= Vi(aj a)+(Vi - v)a E VI"'.

[9

Hence lim Viaj = va.
(iii) Immediate by (i) and (ii).

(iv) Suppose that {v;} is a sequence in V with lim VI = O. Then (9.1) (ii)

implies that for every integer m > 0 there exists an integer n > 0 such that
Vi = Ujai for some Uj E V, ai E ['" and all i > n. Hence fVi = (lUi )aj E W['"

for i > n. Thus lim fVj = O. If lim Wi = W this implies that

(Iimfwi) - fw = lim(fwi - fw) = limf(wl - w) = O.

Hence f is continuous. 0

THEOREM 9.3. Let V be a finitely generated A module. Assume that A is
complete with respect to d1 and d/ is defined on V. Then V is complete with
respect to d/.

PROOF. Let {VI, ... , vs } be a set of generators of V. Let {Wi} be a
Cauchy sequence in V. There exists a sequence {m (n)} of nonnegative

integers such that WI - Wi E v['"(n) for all i,j ~ n, m(n):S; m(n + 1) and

limn~xm (n) = IX.

Let WI = 2:;=1 vtb lt with bit E A and let Wn+1 - Wn = L:=I vtant with
ant E ['"(n). Define

11-1

bnt = bit + 2: ait
i~1

for all n, t. Then Wn = L; ~ I vtbnt and

n '-k-I

b b - '" = 1",(11)
11 ,k.1 - nt - L.J ait c:: .

J=l1

Thus for each t {bnt } is a Cauchy sequence in A. Let bt = limn->:<> bnt and let

W = L;=I vtbt. Then

lim(w - wn) = ! Vt{Iim(bt - bnt )} = O.
t=1

Thus W = lim Wn and so V is complete. 0

LEMMA 9.4. Let V be an A module and suppose that d/ is defined on V. Let
J = J(A). If I ~ J and A/I satisfies D.C.C. then d J is defined on V and
d1 -~ dJ•
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PROOF. By (6.7) l(AI1) = 111. Thus by (6.9) 1 M

~ I for some integer n > O.
Hence n~=(J Vl i ~ n~=(J VIi = (0) and d.l is defined on V. Since 1 m

" ~ /''' ~

Ttl for every integer m it follows from (9.1) that d, ~ d.l. D

LEMMA 9.5. Suppose that A is complete with respect to d/. Then It;;;; l(A ).

PROOF. Let a E 1. Let bi = 1 + a + ... + a i for i = 0, 1, . . .. Then

bi - bj E /'t1 for i,j ~ m. Thus {bJ is a Cauchy sequence in A. Let

b = lim bi. Then

(1- a)b = lim(1- a)bi = lim(1- a/-I J) = 1.

Hence a is right quasi-regular. Since a was arbitrary in I (6.4) and (6.5)

imply that It;;;; 1. D

Let 1 = l(A). A is complete if d.l is defined on A and A is complete

with respect to d.l. The A module V is complete if d.l is defined on V and V
is complete with respect to d.l. A is complete on modules if every finitely

generated A module is complete.

LEMMA 9.6. Suppose that d.l is defined on every finitely generated A module.
If V is a finitely generated A module then every submodule of V is closed. If
furthermore A is complete then A is complete on modules.

PROOF. Let W be a submodule of V. Since d.l is defined on V IW, (0) is
closed in V I W. Let f be the natural projection of V onto V I W. Thus
W = f-I(O) and so W is closed since f is continuous by (9.2) (iv).

If A is complete then by (9.3) A is complete on modules. D

In the rest of this section we will be concerned with finding criteria which
ensure that a ring A is complete on modules.

LEMMA 9.7. If l(A) is nilpotent then A is complete on modules. In
particular if A satisfies D.C.C. then A is complete on modules.

PROOF. If l(A) is nilpotent and V is an A module then any Cauchy
sequence on V is ultimately constant and thus converges. D

LEMMA 9.8 (Nakayama). Let W be a finitely generated A module. Assume

that Wl(A) = W. Then W = (0).
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PROOF. Suppose that Wrf (0). Choose a set of generators WI, ... , Wt!

with n minimal. Since WJ(A) = W, Wt! = L;'~I Wiai with ai E J(A). Thus
Wt! (1 - at!) = 2:;'= iWiai. Since at! E J(A), 1 - at! has an inverse in A. Hence
WI! is in the module generated by WI, ... , WI! I and so W is generated by
WI, ... ,WI! I contrary to the fact that n was minimal. Thus W = (0). 0

The proof of the next result is due to 1. N. Herstein.

LEMMA 9.9. Suppose that R is commutative and satisfies A.C.C. Let V be a
finitely generated R module and let I be an ideal of R. If W = n;L=o vt then
WI= W.

PROOF. Clearly WI C W. By A.C.C. choose U maximal among all sub­
modules of V such that U n W = WI.

Let a E I. We will first show that Va'" C U for some integer m. For each
s let V s = {v Ivas E U}. Since R is commutative V s is a submodule of V.

Clearly V s C V, II for each s. Hence by A.C.C. there exists an m with

V", = U:=o V,.
Clearly WI C (Va'" + U) n W. Suppose that wE (Va'" + U) n W. Thus

W = va'" + u for some v E V, u E U. Since wa E WI C U and ua E U
this implies that va'" II E U and v E V", II = V",. Hence va'" E U and so

W = va'" + u E U. Thus W E un W = WI. Therefore (Va'" + U) n W =

WI. The maximality of U now implies that Va'" C U as required.
Let a I, .•. ,at! be a set of generators for the ideal I. Choose m such that

Va;" C U for i = 1, ... , n. Since R is commutative 1""1 C 10 where 10 is the
ideal of R generated by a't', ... , a ~'. Thus VI""1 C U and so We V!"'" C
U. Hence W = un W = WI. 0

THEOREM 9.10. Suppose that R is commutative and satisfies A.C.C. Let
J = J(R). Then d.l is defined on every finitely generated R module. In

particular n~=oJi = (0).

PROOF. Let V be a finitely generated R module. Let W = n~=o VP. By
(9.9) W J = W. Thus W = (0) by (9.8). 0

THEOREM 9.11. Let A be a finitely generated algebra over the commutative

ring R. Assume that R satisfies A.C.C., R/J(R) satisfies D.C.C. and R is

complete. Then

(i) A satisfies A.C.C., A /J(A) satisfies D.C.C. and A is complete on

modules.
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(ii) If V is a finitely generated A module then E", (V) satisfies A.C.C.,

E", (V)/J(E", (V)) satisfies D.C.C. and E", (V) is complete on modules.

PROOF. By (8.15), (ii) follows from (i). Clearly A satisfies A.C.C. Since
A /J(R)A is a finitely generated R /J(R) module it satisfies D.C.C. Thus

by (8.15) A/J(A) satisfies D.C.C. It remains to show that A is complete on
modules.

AJ(R) = J (R)A is an ideal of A and (AJ(R))' = AJ(R)' for all i. Thus

d/u(R) is equal to the metric d.l(R) defined on A R as an R module. Hence by
(9.6) and (9.10) A is complete with respect to d"'.I(R). If V is a finitely
generated A module then

n V(AJ(R))' = n VAJ(Ry = n VJ(R)' = (0)
i=O i=O i=O

by (9.10). Thus by (9.3) V is complete with respect to d/\.f(R). Since

A/AJ(R) is a finitely generated R/J(R) module it satisfies D.C.C. Thus

by (9.4) V is complete with respect to d.l(/\)' Hence A is complete on
modules. D

LEMMA 9.12. Let R be commutative. Assume that R satisfies A.C.C.,

R/J(R) satisfies D.C.C. and R is complete. Let Be A be finitely generated

R-algebras with 1 E B. Then B n J(A) C J(B).

PROOF. Let x E B n J(A). By (9.11) A is complete. Therefore L~ Xi

converges in A. Since B is an R submodule of the R module A it is closed
by (9.6). As 1 E B this implies that L~ Xi E B. Since (1 - x) L~ Xi = 1 it

follows that x is right quasi-regular in B. As B n J(A) is an ideal of B, (6.5)
implies that B n J(A) C J(B). D

10. Local rings

A ring A is a local ring if the set of all nonunits in A form an ideal. A
local ring is also said to be completely primary.

LEMMA 10.1. Let A be a ring. The following are equivalent.
(i) A is a local ring.

(ii) J(A) is the unique maximal ideal of A and contains all the nonunits

in A.
(iii) J(A) contains all the nonunits in A.
(iv) A /J(A) is a division ring.
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PROOF. (i) =? (ii). Let I be the ideal in A consisting of all nonunits in A.
Since every right ideal of A consists of nonunits it follows that I contains
every right ideal of A and so I is the unique maximal right ideal of A. Thus
l(A) = I since l(A) is the intersection of all the maximal right ideals of A.

(ii) =? (iii). Clear.
(iii) =? (iv). Let ii denote the image of a in A = A 11(A). If ii ~ 0 then a

is a unit in A and so ab = ba = 1 for some b E A. Thus iib = bii = 1 and
Al1(A) is a division ring.

(iv) =? (i). Suppose that ag l(A) then there exists bE A such that
ab = 1 - c for some c E l(A). Thus ab is a unit and so a has a right
inverse in A. Similarly a has a left inverse in A. Thus a is a unit in A. D

LEMMA 10.2. Let A be a commutative ring. Then A is a local ring if and
only if A has a unique maximal ideal.

PROOF. If A is local then by 00.1) (ii) A has a unique maximal ideal. If A
has a unique maximal ideal I then A I I is a commutative ring with no
nontrivial ideals. Hence A I I is a field and so A is local by (10.1) (iv). D

LEMMA 10.3 (Fitting). Let A be a ring and let V be an A module. Assume
that V satisfies D.C.C. and A.C.C. Let f E E A (V). Then there exists an
integer nand subm.odules V, W such that V = V EB W where V is the kernel
of f" Ii for all j = 0,1, ... and W = f"+iV for all j = 0,1, ....

PROOF. Let Vi be the kernel of r and let ~ = PV. Then Vi ~ V h I and
WJ II ~ ~ for all j. Let V = U:=o Vn, W = n:l - oW n • By A.C.C. and
D.C.C. there exists an integer n with Vn = V and W n = W. It remains to
show that V = V EB W.

Suppose that u E V n W. Then f"u = 0 and u = f"v for some v E V.
Thus fn v = 0 and so v E V. Thus u = f"v = O. Hence V n W = (0) and

V+W=VEBW.
If v E V then f"v E W = W 2n and so f"v = f"W for some w E V. Hence

f"(v - f"w) =0 and v - f"w E V. Then v = (v - f"w)+ f"w E V + W.
Thus V = VEB w. D

THEOREM lOA. Suppose that A is a ring which satisfies A.C.C. Assume that
A is complete on modules and Al1(A) satisfies D.C.C. Let V be a finitely
generated indecomposable A module. Then E A (V) is a local ring.

PROOF. Let 1 = l(A). Since VIV1'" is a finitely generated All'" module
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for every integer m >0, (6.11) and (6.13) imply that V/VJm satisfies
A.C.C. and D.C.C.

Let f E E.\ (V). For every integer m ~ 0 tvJm ~ VJm. Thus f induces an
endomorphism on V/VJ m. (10.3) applied to V/VJ m asserts the existence of
an integer n (m) and submodules Urn, Wm of V such that

Um = {u If"(m)+i u E VJm} for all j ~ 0,

Wm = !"(m)+jV + VJm for all j ~ 0

and
V/VJ'" = Um/VJm EB \V",/VJm.

It may be assumed that n (m + 1) ~ n (m) for all m. Then

(10.5)

(10.6)

(10.7)

If v E Um+1 then f"(",+l)V E VJ m+1 ~ VJm and so f"(m)+jv E VJm for suit­

able j ~ O. Thus v E U",. Therefore Um+1~ Urn, Wm 11 ~ Wm and V =
u'n + W", for all m. Let U = n:,=o Urn, W = n~~=(J Wm. We will show that
V=UEBW.

Suppose that U E U n W. Thus for any m, U E Urn n Wm and so by
(10.7) U E VJm. Hence U E n:,=o VJm = (0). Therefore un W = (0) and
U+W=UEBW.

Let v E V. By (l0.7) v = Urn + Wm for every integer m with u", E Urn,
Wm E Wm • Thus for any integers i, j

o= v - v = Uj - Uj + Wj - Wj.

Hence for i, j > m

Uj - Uj = Wj - Wi E U'" n w'" ~ VJ"'.

Therefore {u;}, {w;} are Cauchy sequences in V. Let U = lim Uj, W = lim Wj.

By (9.6) U'" and W m are closed in V. Since Uj E U'" for i > m and Wi E W'"
for i > m this implies that U E U'" and W E W'" for any integer m. Hence
U E U and W E W. Furthermore

v = lim v = lim Uj + lim Wi = U + w.

Therefore V = U EB W.
Suppose that U = (0). Then V = W = W'" for all m and so by (10.7)

Urn = VJ'" for all m. If v E V withfv = 0 then v E U and so v = O. Thusf
is a monomorphism. Let v E V. Then by (10.6) v = fv", + 2", for all m, with
2", E VJ"'. Hence lim 2", = 0 and so {tv",} is a convergent sequence. If
fu E VJ'" for some m then U E U'" = VJ'" and so {v"'} is a Cauchy
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sequence. Since I is continuous by (9.2) this implies that v = lim Iv", =
1(lim v",). Hence I is an epimorphism and so I is an automorphism.

For each IE Eo\ (V) let V = V f , W = Wf be defined as above. Thus
either V = V f or V = Wf. If V = Wf then I is a unit in Eo\ (V). Further­
more if V = V f then V = WI f. Hence every element in eo\ (V) is either a
unit or is quasi-regular.

Suppose that Eo\ (V) is not a local ring. Then there exist two nonunits
whose sum is a unit. Thus there exist I, g nonunits with 1+ g = 1. Hence
g = 1- I is a nonunit contrary to the fact that I is quasi-regular. Hence
Eo\ (V) is a local ring. 0

11. Unique decompositions

LEMMA 11.1. Let A be a ring and let V be an A module. Suppose that
V = Efr~ I Vi and V = L;'= I \V, where each Vi, \V, is a nonzero
indecomposable A module. Assume that Eo\ (Vi) and Eo\ (\\1;) are local rings
for all i, j. Then m = n and alter a suitable rearrangement Vi = Wi lor
i = 1, ... , m.

PROOF. Induction on the minimum of m and n. If m = 1or n = 1 the result

is clear since V is indecomposable. It may be assumed that V = Efr~ I Vi =
EB;'~I \V,.

Let ei, h be the projection of V onto Vi, Wi respectively. Thus el and
e; he; are all in E.od VI). Since el = L;'=I el he; and Eo\ (VI) is local it follows
that elhel is a unit in E.o\ (VI) for some j. Hence by changing notation it may
be assumed that ei/iel is an automorphism of VI = el V. Thus II VI C WI
and the kernel of /: on VI is (0). We next show that V = II V, EB EB;'~2 \1;.

If u E /: VI n EB~~2 Vi then e;u = 0 and u = Ilelv for some v E V. Thus
el/le;v = elu = 0 and elv = 0 as ei/iel is an automorphism on VI. Hence
u = II el v = O. Therefore II VI n EB;'~2 Vi = (0).

Suppose that v E V. Then elv Eel V = el/:e, V. Hence el v = el /:e; w for
some w E W. Thus e,(v - /:e,w) = 0 and v - I,e,w E EB;:2 \1;. Hence

v = I,elw + (v - l,e,w)E/I V + f Vi.
;=2

Consequently V = I, VI EB EB:'~ 2 \1;.

Since II VI C WI this implies that WI = II VI EB{WI n EB;'~2 \I.}. As WI is
indecomposable and II VI i (0) we see that WI = II VI is isomorphic to VI
and V = lV, ffi EB:'~2 \1;. Therefore
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Hence by induction m = n and after a suitable rearrangement Vi = Wi for
i = 1, ... , m. 0

A ring A has the unique decomposition property if for any finitely
generated A module V the following hold:

(i) V is a direct sum of a finite number of indecomposable A modules.

(ii) If V = EB;: J Vi = EB;'= I Wi where each \I.,"~ is indecomposable
and nonzero then m = n and \I. = Wi after a suitable rearrangement.

COROLLARY 11.2. Let A be a ring such that every finitely generated A
module is a direct sum of a finite number of indecomposable modules.
Assume further that if V is a finitely generated indecomposable A module
then EA (V) is a local ring. Then A has the unique decomposition property.

PROOF. Clear by (11.1). 0

THEOREM 11.3. Suppose that A is a ring such that A satisfies A.C.C. and
A/J(A) satisfies D.C.C. Assume that A is complete on modules. Then A
has the unique decomposition property.

PROOF. Immediate by (10.4) and (11.2). 0

THEOREM 11.4 (Krull-Schmidt). Suppose that A satisfies D.C.C. Then A
has the unique decomposition property.

PROOF. By (6.11) A satisfies A.C.C. Furthermore A is complete on
modules. The result follows from (11.3). 0

The next result was independently discovered by Borevich and Faddeev
[1959], Reiner [1961] and Swan [1960] in case R is a complete discrete
valuation domain.

THEOREM 11.5. Suppose that R is a complete commutative ring which
satisfies A.C.C. and R/J(R) satisfies D.C.C. Let A be a finitely generated
R -algebra. Then A has the unique decomposition property.

PROOF. Immediate by (9.11) and (11.3). 0
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12. Criteria for lifting idempotents

[12

Let A be a ring and let Z be the ring of rational integers.
I am indebted to C. Huneke and N. Jacobson for the proofs of

(12.1 }-(12.3) below.

LEMMA 12.1. Let I be a nil ideal of A. For x E A let i denote the image of x
in A = A II. If a is an idempotent then there exists f(t) E Z[ t] with no
constant term such that f(a) is an idempotent in A and f(a) = a.

PROOF. Since a (l - a) E I and so is nilpotent, there exists a positive
integer n with a" (1 - a)" = O. By raising {a + (1 - a)} = 1 to the (2n -1 )st
power we see that

a"g(a)+(l-a)"h(a)= 1,

where g(t)~ h(t) E Z[t]' Let f(t) = t"g(t). Then

f(a) = a"g(a) = a"g(a){a"g(a)+ (1- a)"h(a)}

= f(af+ a"'(1- a)"g(a)h(a)= f(af

Hence f(a) is an idempotent or zero. Thus it suffices to show that f(a) = a
Since a(a"g(a)+(l-a)"h(a»=a it follows t~at a,,+lg(a)=a. Since
;;;+1 =~ as a is an idempotent this yields that a "g(a) = a. D

LEMMA 12.2. Let I be a nil ideal of A. For x E A let i denote the image of x
in A = A II. If et and e2 are commuting idempotents in A with et = e2, then

PROOF. Since (1 - et )e2' (1 - e2)el E I, they are nilpotent. However
{(1-ei)ejf=(1-ei)ej for all i,j. Hence (l-e,)e2=O=(1-e2)el. There­
fore el = e2e, = ele2 = e2. D

THEOREM 12.3. Assume that A is complete on modules. Let I be an ideal of
A with Ie J(A). For x E A let i denote the image ofx in A = All. Ifa is an
idempotent in A then there exists a sequence of polynomials /J (t) E Z[t] with
no constantterm such that {Ii (a)} converges in A and if e = lim/J (a) then e
is an idempotent with e = a.

PROOF. Since J(A)IJ(A)" is nilpotent in AIJ(A)", (12.1) may be applied.
Thus there exists f" (t) E Z[t] with f" (a)2 - f" (a) E J(A)" and f" (a) = a.
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Furthermore fll (a) and fll+l(a) commute and map onto idempotents in
A /J(A)" with fll+l(a) = a = fll (a). Thus fll (a) - fll+l(a) E J(A)" by (12.2).
Consequently {fll (a)} is a Cauchy sequence and so converges as A is

complete. This implies the required statement. D

THEOREM 12.4 (Brauer, Nakayama). Assume that A is complete on mod­
ules. Let I be an ideal of A with Ie J(A). For a E A let a denote the image
ofa in A = A/I. Ifel, ... , ell is a set of pairwise orthogonal idempotentsin A
then el' . .. , ell is a set of pairwise orthogonal idempotents in A. If x I, •.. , XII is
a set of pairwise orthogonal idempotents in A then there exists a set of
pairwise orthogonal idempotents el, ... , ell in A such that e; = Xi for i =

1, ... , n.

PROOF. Since I C J(A) it follows that n~=n r = (0). Thus if e is an

idempotent in A with e = 0 then e = e i
E t for all i and so e E n~=() r =

(0). Hence e~ 0 and so e is an idempotent. The first statement follows.
The second statement is proved by induction on n. If n = 1 it follows

from (12.3). Suppose that n > 1.
By induction there exists a set of pairwise orthogonal idempotents

e, e:;, ... ,ell such that e = XI + X2 and ei = Xi for i = 3, ... , n. Let XI = band
let a = ebe. Thus a = XI and ea = ae = a. By (12.3) there exists an
idempotent eo which is a limit of polynomials in a with eo = a. As e
commutes with a it follows that eeo = ene. Hence el = een is an idempotent

such that el = XI and eel = ele = el. Let e2 = e - el. Thus e2 = X2, e2el = 0 =
ele2 and e~ = e2. Therefore if i = 1,2, j = 3, ... , n then eiej = eieeJ = 0 and
ejei = ejeei = O. Hence el' ... , ell is a set of pairwise orthogonal idempotents
with ei = Xi for i = 1, ... ,n. D

COROLLARY 12.5. Assume that A is complete on modules. Assume further
that A/J(A) satisfies D.C.C. Let N be a right ideal in A. Then either
N C J(A) or N contains an idempotent.

PROOF. Assume that Net, J(A). Let a denote the image of a in A =

A /J(A). Then IV is a nonzero right ideal of A and A is semi-simple and
satisfies D.C.C. Thus by (8.12) there exists an idempotent X E IV. Since
N +J(A) is the inverse image of IV in A it may be assumed that X = a for
a EN. If f(t) E Z[t] with no constant term then f(a) E N. Hence by (12.3)
there exists a sequence of elements {aj} in N such that lim aj = e is an

idempotent. By (9.6) N is closed in A and thus e EN. D
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COROLLARY 12.6. Assume that A satisfies D.C.C. Let N be a right ideal in

A. Then either N is nilpotent or N contains an idempotent.

PROOF. If N does not contain an idempotent then N ~ J(A) by (12.5).
Hence N is nilpotent by (6.9). 0

COROLLARY 12.7. Assume that A is complete on modules. Assume further
that A/J(A) satisfies D.C.C. Then A is a local ring if and only if 1 is the

unique idempotent in A.

PROOF. Suppose that A is a local ring. Let e be an idempotent in A, elI.
Then (1 - e)e = e (1 - e) = 0 and so e and 1 - e are both nonunits. Thus
1 = e + (1- e) lies in J(A) which is impossible.

Suppose that 1 is the only idempotent in A. Then by (12.5) every
maximal right ideal in A is contained in J(A). Thus A /J(A) has no proper

right ideals and so A /J(A) is a division ring. Thus A is local by (10.1). 0

As a consequence of (12.7) one can obtain an alternative proof of (11.5)
as follows: By (11.2) it suffices to show that E A (V) is a local ring for every

indecomposable A module. Since 1 is clearly the only idempotent in

E A (V) for V indecomposable only the hypotheses of (12.7) need to be

verified for E A (V). These follow from (8.15) (ii) and (9.11). This is the

proof given by Swan [1960].
These results can be used to prove the following version of Hensel's

Lemma.

LEMMA 12.8. Let R be an integral domain which is complete with respect to

d/. Assume that R satisfies A.C.C., R/I satisfies D.C.C. and R is integrally
closed in its quotient field K. For x E R let i denote the image of x in
R = R/J(R). Then R is a local ring. If f(t) E R [t] with f(t) monic and

f(t) = go(t)ho(t) with (go(t), ho(t)) = 1 then there exist g(t), h(t) E R [t] such

that g(t) = go(t), h(t) = ho(t) and f(t) = g(t)h(t).

PROOF. By (9.4) and (9.5) Ie J(R) and R is complete. Since R contains no
idempotent other than 1 (12.5) implies that every ideal of R is contained in
J(R) and so by (10.2) R is a local ring and R is a field.

Let p(t)E R [t], p(t) monic such that p(t) is irreducible in K[t]. Let
L = K(a) where a is a root of p(t) and let S = R (a). Then S is an integral

domain which is a finitely generated R -algebra. Thus 1 is the only

idempotent in S. By (6.13) and (9.11) S satisfies A.C.C., S/SJ(R) satisfies
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D.C.C. and S is complete. Thus by (12.4) S = S/SJ(R) contains no

idempotent other than 1. Since R_is a field and S = R [t ]/(p (t)) the Chinese
remainder theorem implies that p (t) is a power of an irreducible polyno­

mial in R [t].
Now let f(t), go(t), ho(t) be as in the statement of the result. It may be

assumed that go(t), ho(t) are monic. Since R is integrally closed in K,
f( t) = n:'~ I Pi (t)"i where each Pi (t) is irreducible in K and is monic with

Pi (t) E R [t]. Hence by the previous paragraph for each i, Pi (t) Igo(t)
or Pi(t)1 ho(t). Let g(t) =npj(t)"i where j ranges over all values of i with

Pi(t)lgo(t). Let h(t)= f(t)/g(t). Then it follows that g(t), h(t) have the
desired properties. D

It follows from Gauss' Lemma that if R is a unique factorization domain,
and in particular, if R is a principal ideal domain then R is integrally closed

in its quotient field. Thus (12.8) applies in these situations.
The proof of the next result is essentially due to Dade [1973] and was

brought to my attention by D. Burry.

THEOREM 12.9. Let A be a finitely generated algebra over the commutative

ring R. Assume that R satisfies A.C.C., R /J(R) satisfies D.C.C. and R is

complete. For x E A let i denote the image of x in A = A /J(R )A. Then the

mapping x ~ i defines a one to one correspondence between the set of all

central idempotents in A and the set of all central idempotents in A.

PROOF. By (8.15) J(R)A CJ(A). Hence in particular J(R)A contains no
idempotents. Thus if e is a central idempotent in A then e is a central

idempotent in A.
Suppose conversely that ii is a central idempotent in A. By (9.11) A is

complete on modules. Hence (12.4) implies that ii = e for some idempo­
tent e. We next show that e is central.

A = eAe EB e A (1 - e) EB (1- e )Ae EB (1 - e)A (1- e).

This is the Peirce decomposition. Since e is central in A it follows that

eA(I- e) = e(1- e)A = 0, (1- e)Ae = (1- e)eA = O.

Thus eA(1- e) CJ(R)A = AJ(R) and so eA(1- e)~ eA(1- e)J(R).

Since eA (1- e) is an R module, Nakayama's Lemma, (9.8) implies
that eA(1- e) = O. Similarly (1- e)Ae = O. Consequently A =

eAe EB (1 - e )A (1 - e) and so every element in A is of the form eae +
(1 - e)b (1 - e). Therefore e is in the center of A.
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Suppose that er = e2 for central idempotents e, and e2- Then ej -e,e2E
J(A) and (ei - e,e2)2 = ej - e,e2 for i = 1,2. Thus ej - e,e2 = 0 and so

e, = e,e2 = e2. D

13. Principal indecomposable modules

Let A be a ring satisfying A.C.C.
An A module V is a principal indecomposable module if V is indecom­

posable, V ~ (0) and V IAA.

LEMMA 13.1. Suppose that A has the unique decomposition property. Then
every principal indecomposable A module is a finitely generated projective

module. Conversely every finitely generated projective A module is a direct

sum of principal indecomposable modules.

PROOF. If V IAA then V is a homomorphic image of AA and so is finitely
generated. In view of the unique decomposition property the last statement
will follow if every indecomposable projective module is a principal

indecomposable module.
Let V be a finitely generated indecomposable projective module. Then

V ImAA for some integer m. Let AA = EB \I, where each Vi is indecom­
posable. Thus mAA = EB m \I, and so V = \I, for some i by the unique

decomposition property. D

In the rest of this section we will be concerned with rings satisfying the
following conditions

HYPOTHESIS 13.2. (i) A satisfies A.C.C.
(ii) If N is a right ideal of A then either N C J(A) or N contains an

idempotent.
(iii) If V is a finitely generated indecomposable A module then B,\ (V) is a

local ring.

LEMMA 13.3. Suppose that A satisfies A.C.C., A /J(A) satisfies D.C.C.
and A is complete on modules. Then A satisfies (13.2). In particular if A
satisfies D.C.C. then A satisfies (13.2).

PROOF. (13.2)(i) is clear. (13.2)(ii) follows from (12.5). (13.2)(iii) follows

from (lOA). D
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LEMMA 13.4. Suppose that A satisfies (13.2). Let e be an idempotent in A.

Then e is primitive if and only if eAe is a local ring.

PROOF. If e is primitive then eA is indecomposable by (7.2) and so eAe is a
local ring by (8.2) and (13.2)(iii). If e is not primitive then eAe contains two
idempotents whose sum is e. Thus eAe is not a local ring. 0

THEOREM 13.5. Suppose that A satisfies (13.2). Let e be a primitive idempo­
tent in A. Then eJ(A) is the unique maximal submodule of eA and
eA /eJ(A) is irreducible. If e, is another primitive idempotent in A then
eA = e,A if and only if eA /eJ(A) = e,A /eJ(A).

PROOF. Let N be a right ideal of A with N r:;;, eA, N -I eA. If N g; J (A)

then by (13.2)(ii) there exists an idempotent fEN. Thus ef = f, e -I f.
Hence

(efe )2 = efefe = efe.

Thus efe = 0 or efe is an idempotent in eAe. By (13.4) eAe is a local ring
and so e is the unique idempotent in eAe. Thus fe = efe = e or fe = efe =

O. If fe = e then eA r:;;, fAr:;;, N which is not the case, hence fe = O.
Therefore (e - ff = e and so e commutes with f. Thus f = ef = fe = 0
which contradicts the fact that f is an idempotent. Hence N r:;;, J(A) and so
N = eN ~ eJ(A). If eA = eJ(A) then e E eJ(A) ~ J(A) and so 1 - e is a
unit contrary to e (1 - e) = O. The first statement is proved.

If eA = elA then since eJ(A), eIJ(A) is the unique maximal submodule
of eA, etA respectively it follows that eA /eJ(A) = e,A/ e,J(A).

Suppose that eA/eJ(A)=e,A/e,J(A). Since eA, e,A are projective
modules there exists a map f: eA ~ e,A with tIf = t where t, t l are the
natural projections of eA, etA onto eA/eJ(A) = e,A/e,J(A). Since
t,eJ(A) = (0) the first statement above implies that f is an epimorphism.
Let V be the kernel of f. Then eA / V = elA and so eA = V EB elA since
e1A is projective. As eA is indecomposable this implies that V = (0) and
eA = e,A as required. 0

COROLLARY 13.6. Suppose that A satisfies (13.2). For any A module V let
Rad( V) be the radical of V. The map sending V to V /Rad( V) sets up a one
to one correspondence between isomorphism classes ofprincipal indecompos­

able modules and isomorphism classes of irreducible modules.

PROOF. This follows from (6.1) and (13.5). 0



44 CHAPTER I [13

THEOREM 13.7. Assume thatA is complete on modules and satisfies A.C.C.

Assume further that A /J(A) satisfies D.C.C. Let I be an ideal of A with

I ~ J(A). For any A module V and v E V let i5 denote the image of v in

V = V/VI. Then
(i) If W is a finitely generated projective A module then W = P for some

finitely generated projective A module P.
(ii) If P is a finitely generated projective A module then P is a finitely

generated projective A module. If P is a principal indecomposable A module
then P is a principal indecomposable A module.

(iii) The map sending P to P sets up a one to one correspondence between
isomorphism classes of finitely generated projective A modules and

isomorphism classes of finitely generated projective A modules.

PROOF. By (11.3) A and A have the unique decomposition property.
(i) It suffices to consider the case that W is indecomposable. Thus by

(13.1) W = xA with x an idempotent in A. By (12.4) x = e for some

idempotent in A. Thus W = eA.

(ii) It may be assumed that P = eA for some primitive idempotent e in
A. Thus P = eA is projective. By (13.5) P has a unique maximal

submodule and so is indecomposable.
(iii) By (i) and (ii) it suffices to show that if PI, P2 are principal

indecomposable modules then PI = P2 if and only if PI = P2• Since
PJRadPi=PJRadPi as A/J(A)=A/J(A) as A modules the result
follows from (13.6). D

LEMMA 13.8. Suppose that A satisfies (13.2). Let e be a primitive idempotent
in A. Then E,\ (eA/eJ(A)) = eAe/J(eAe) = eAe/eJ(A )e. If A is a finitely

generated R -algebra for some commutative ring R then these isomorphisms

are R - isomorphisms.

PROOF. The second equality follows from (8.4).
If f E E,\ (eA) then since f is an A -endomorphism f(eJ(A)) C eJ(A).

Thus f induces an endomorphism j of eA /eJ(A). The map sending f to j is
clearly a ring homomorphism and an R -homomorphism in case A is an
R -algebra. If h E E,\ (eA /eJ(A)) then h can be viewed as a map
h : eA ~ eA /eJ(A). Since eA is projective this implies the existence of

f E E A (eA) with tf = h where t : eA ~ eA/eJ(A) is the natural projec­

tion. Then j = h. Thus the map sending f to j is an epimorphism of
E A (eA) onto E,\ (eA /eJ(A )). Since E,\ (eA /eJ(A)) is a division ring by
Schur's Lemma, (8.1) and E/deA) = eAe is a local ring by (8.2) and (13.4)
the result follows. D
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THEOREM 13.9. Suppose that A satisfies (13.2). Let V be a finitely generated
.A module with a composition series and let e be a primitive idempotent in A.

The following are equivalent.
(i) HomA (eA, V) ~ (0).
(ii) Vel (0).

(iii) V has a composition factor isomorphic to eA /eJ(A).

PROOF. By (8.2), (i) and (ii) are equivalent.
(i) => (iii). Let f E Hom A (eA, V), flO. It may be assumed that f(eA) =

V by changing notation. By (13.5) the kernel of f is in eJ(A). Thus

V/f(eJ(A)) = eA/eJ(A).
(iii) => (i). There exists a submodule W of V which has eA /eJ(A) as a

homomorphic image. Since eA is projective there exists a commutative

diagram

eA

~l
W ---,) eA/eJ(A )---,)0.

Thus flO, f E HomA (eA, V). 0

Suppose that A satisfies (13.2). Two primitive idempotents eo, e in A are

linked if there exists a set of primitive idempotents eo, eI, ... ,e" = e such
that for each i = 1, ... ,n there exists a principal indecomposable A
module Vi with HomA (Vi' ei-1A) ~ (0) and HomA (Vi, eiA) ~ (0).

COROLLARY j3.10. Suppose that A satisfies D.C.C. Let eo, e be primitive

idempotents in a. Then e and eo are linked if and only if there exists a set of

primitive idempotents eo, e" ... , e" = e such that ei-1A and eiA have a
common irreducible constituent for i = 1, ... , n.

PROOF. Clear by (13.9). 0

THEOREM 13.11. Suppose that A satisfies (13.2). Let eo, e be pnmltwe

idempotents in A. Then e and eo are linked if and only if eA and eoA are in
the same block.

PROOF. Let f be the centrally primitive idempotent with eoA E B where B

is the block corresponding to f.
Suppose eo and e are linked. Let eo, e I, ... ,e" = e be a set of primitive
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idempotents such that for each i = 1, ... , n Hom" (Vi' ei-1A) ~ (0) and

Hom" (Vi' eiA) ~ (0) for some principal indecomposable module Vi. To

prove by induction that eiA E B it suffices to show that if V, V are

principal indecomposable modules with Hom" (V, V) ~ (0) then V, V are

in the same block. This follows directly from (7.8).

Conversely suppose that eA E B. Thus eof = eo, ef = e and eo, e E fAf.
If e and ~) are not orthogonal then either eAeo ~ (0) or eoAe ~ (0). Thus by

(8.2) e and eo are linked. Assume that e and eo are orthogonal. If the result

is false then

f = eo + ... + es + es+1 + ... + en

where {ed is a set of pairwise orthogonal primitive idempotents in fAf with

e = en and the notation is chosen so that ei is linked to eo if and only if

o~ i ~ s. Let fl = eo + ... + e" f2 = es r I + ... + en. As f2 ~ 0, fl and f2 are

orthogonal idempotents in fAf. By (8.2) eiAeJ = eJAei = (0) for 0 ~ i ~ s,
s + 1 ~ j ~ n. Thus f iAf2 = hAfi = (0). Hence f Afl = flAfl and thus

AflA = fAflA ~fIA. Therefore fiA is an ideal in A. Similarly f2A is an

ideal in A. As fA = flA EB f2A and f is centrally primitive (7.7) implies

that flA = (0) or f2A = (0). This contradiction establishes the result. 0

14. Duality in algebras

Throughout this section R is a commutative ring and A is a finitely

generated R -free R -algebra.

For any A module V define the dual Vof V by V= HomR (V, R) as in

(2.8). Thus V is a left A module. If v E V, t E V write (v)t = vt for t

applied to v. Since R is commutative and V is a two sided R module this

does not run counter to the conventions previously introduced.

If V, Ware A modules and f E Hom" (V, W) then! E Hom" (W, V) is

defined by

v(t!) = (lv)t (14.1)

for v E V, t E W.
If V is a left A module, the A module V is defined analogously.

LEMMA 14.2. Let V, W be A modules and let f E Hom" (V, W). Then
/'-... A A

(i) (V EB W) = V EB W.

(ii) If f is an epimorphism then! is a monomorphism.
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PROOF. Clear by definition and (14.1). C

Let V be an A module.
If W is a submodule of V define

W' = {t it E V, wt = 0 for all w E W}.

Clearly if WI (;;: W then WI ~ W~. It follows directly from the definition
that Wi is a left submodule of the left module V.

For v E: V define 8E V by 8(1) = (v)t for all t E V. The map sending v
to 8 is easily seen to be an A-homomorphism.

If VR is free with a finite R -basis {v;} define Vi E V by (v, )Vi = 8i,. Then
it follows that {Vi} is a basis of V and 8i has the same meaning as in the
previous paragraph. {v;} is the dual basis of {v;}.

LEMMA 14.3. Let V be an A module such that V,~ is R -free with a finite
R -basis {Vi}. If a E A and Via = LrijV, with ri, E R then aVi = Lr'iv,.

PROOF. For all i, j

(V,)avi = (v,a)vi = (L r'kVk) Vi = r,i.

Thus aVi = Lr'iv,. 0

LEMMA 14.4. Let U, W be finitely generated A modules and let V =

U EB W. Assume that V N is a finitely generated free R module. Then
\1 = WI. EB U', w" = 0,. U· = Wand the map sending w to ~ is an
isomorphism of Wonto W = WL_.

PROOF. The first three statements follow from the definitions and (14.2).
The last statement follows from (14.3) which implies that the map sending v

to 8 is an isomorphism from V onto V. 0

In case W is a finitely generate~ A module such that WR is projective
we will generally identify W with ~V under the isomorphism which sends w
to w.

LEMMA 14.5. If V, Ware A modules such that .VR , WR are finitely generated
free R modules and f E Hom, (V, W) then f = f. If furthermore f is an
isomorphism of V onto W then f is an isomorphism of Wonto V.
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PROOF. For v E V, t E W (14.1) implies that

(/D)t = D(t!) = v(t!) = (fv)t.

Thus fv = jJ. If f is an isomorphism and Vi is a basis of V then! maps the
dual basis {j1?d onto {v,} and so is an epimorphism. By (14.2) ! is an
isomorphism. 0

LEMMA 14.6. Let V be a finitely generated A module such that V u is a

fi
. ~ A A

mtely generated free R module. Then V u @u UAA = UAA @u Vu . Further-
more there exists an exact sequence

, A Ito~ V ~ V u @ AAu~ W ~ 0
u

such that

is a split exact sequence and W u is a projective R module.

PROOF. Let {v,} be a basis of V u and let {yJ be a basis of uA. Then {Vi @ Y/}
is a basis of (Vu @u UAA)U and (}II @ Vi} is a basis of C~AA @u Vu)u. Define

• 'A ~
the R -Ilnear map g : I~A\ @u V u ~ (Vu @u UAA) by

<Y1@v,)g=v~.

Clearly g is an R-isomorphism. It remains to show that g is an A­
homomorphism.

Let a E A and let yla = Lr1k)'k with rlk E R. Then aYI = LrklYk by (14.3).
Thus (Vi @ Y/)a = Lrlk (V, @)'k) and a (v, @)'I) = Lrkl (Vi @)'k)' Hence

{aU/ @Vi)}g = {I rk/(Yk @Vi)} g = I rk/(~)

= a(~) = a{(YI @V,)g}.

Thus g is an A isomorphism and the first statement is proved.
Replace V by V in the left analogue of (4.5) with B = R and take duals.

Then (14.2) and the previous paragraph imply that

is an exact sequence and
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is a split exact sequence. Hence h is an epimorphism and the result

follows. 0

An element t in HomR (A, R) is nonsingular if the kernel of t contains

no nonzero left ideal and every element in AA is of the form at for some

a E A where b(at) = (ba)t for bE A.

An element t in HomR (A, R) is symmetric if t(ab) = t(ba) for all

a,b EA.

A is a Frobenius algebra if there exists a nonsingular t in HomR (A, R).
A is a symmetric algebra if there exists a nonsingular symmetric t in

HomR (A, R).

LEMMA 14.7. Let t be a nonsingular element in HomR (A, R). Then the

following hold.
(i) The kernel of t contains no nonzero right ideal.

(ii) Let f : "A ~ AA be defined by af = at for a E AA. Then f is an

isomorphism.

(iii) Let g : AA ~ AA be defined by ga = ta for a E' AA. Then g = 1, where
f is de fined in (ii) and g is an isomorphism.

(iv) Every element of AA is of the form ta for some a EA.

PROOF. (i) Suppose that (aA)t =0. Thus a(bt)=O for all b EA and so

as' = 0 for all sEA". Thus J = 0 and so a = 0 by (14.4).
(ii) Clearly f is an A -homomorphism. By assumption f is an epimor­

phism. If af = 0 then at = 0 and so (Aa)t = (A )at = O. Thus Aa is a left

ideal in the kernel of t and so Aa = O. Hence a = 0 and f is a

monomorphism.
(iii) If a is identified with J for all a EAA then by (14.1) b(ag)=

(gb)a = t(ba) for all a, b EA. If t is written on the right then t(ba) = (ba)t

and g = f. Thus by (ii) and (14.5) J= g is an isomorphism.

(iv) Since g is an isomorphism by (iii), this is clear. 0

THEOREM 14.8. The following are equivalent.
(i) A is a Frobenius algebra.

(ii) A" = "A.
(iii) "A = AA.

PROOF. By (14.4), (ii) and (iii) are equivalent.
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(i) =} (ii). This follows from (14.7) (ii).

(ii) =} (i). Let f: AA ~ A..\ be an isomorphism. Let t = (1)[. Then every
element in A..\ is of the form at. If (Aa)t = 0 then A (at) = 0 and so

af = at = O. Thus a = O. 0

LEMMA 14.9. Let G be a finite group and let A = R [G]. Define t by
(LxEG rxx)t = rl. Then t is symmetric and nonsingular. Thus A is a symmet­
ric algebra.

PROOF. By definition t E AA. If Lrxx ~ 0 then ry~ 0 for some y E G. Thus
(y -I L XEG rxx)t = (LxEG rxxy -I)t ~ O. Hence the kernel of t contains no right

or left ideal. It is easily seen that {x -I t Ix E G} is the dual basis of

{x Ix E G}. Hence every element of A..\ is of the form at for some a EA.
Since

{(L rxx) (L Sxx) } t = L 'xS, I = { ( L Sx x ) ( L 'xX)} t

it follows that A is a symmetric algebra. 0

15. Relatively injective modules for algebras

Throughout this section R is a commutative ring which satisfies A.C.C.
and A is a finitely generated R -free R -algebra.

Let B be a subring of A with R ~ B such that B is a finitely generated

R -free R -algebra. A fi nitely generated A module Q is injective relative to
B or B -injective if any exact sequence

f h
O~Q~V~W~O

with V, W finitely generated A modules splits provided

is a split exact seq uence.
A finitely generated A module Q is injective if any exact sequence

O~Q~V~W~O

splits for V, W finitely generated A modules.
Clearly injective modules are B -injective for any B. Many rings do not

possess any finitely generated injective modules and this concept will not
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be of great relevance below. We note however that since any exact
sequence of vector spaces splits the following holds.

LEMMA 15.1. Let R be a field and let 0 be a finitely generated A module.
Then Q is injective if and only if 0 is R -injective.

THEOREM 15.2. Let 0 be a finitely generated A module such that OR is a
finitely generated free R module. The following are equivalent.

(i) 0 is R -injective.

(ii) 0 J OR @R AA R .

(iii) O/OR @R AAR.
(iv) 0 is R -projective.

PROOF. (i) ~ (ii). This follows from (14.6).

(ii) => (iii). Clear by (14.6).
(iii) ~ (iv). This is a consequence of (4.8).
(iv) ~ (i). Let V, W be finitely generated A modules such that

r h
O~O~ V~ W~O

is exact and

is a split exact sequence. Then

is a split exact sequence and so

A Ii '" i '"
O~W~V~O~O

is also a split exact sequence since 0 is R-projective. Thus

~ j ~ /; ~

O~O~ V~ W~O

is a split exact sequence by (14.4).
Let g : 0 ~ 6 be the map sending x to i and let k : V ~ V. If t E V

and x EO then
~A A A A ~

(fx)t = i (tf) = x (tf) = (fx)t = (fx )t.

Thus fg = kf. Since I(6) is a component of V there exists a homomorph-
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ism J : V~ 0 such that JI is the identity on O. Since g is an isomorphism
by (14.4) we can define d : V ~ 0 by d = g-'Jk. Then

df = g-iJkf = g-IJfg = g-'g = 1.

Consequently
f It

O~O~V~W~O

is a split exact sequence. 0

COROLLARY 15.3. Let 0, 0" 02 be A modules such that 0 = 0, EB 02 and
(O')R, (02)R are R-free with finite bases. Then 0 is R-injective ifand only if
01 and 02 are R -injective.

PROOF. Clear by (15.2)(iv) and (4.9). 0

COROLLARY 15.4. Let 0 be a finitely generated A module such that OR is
R -free. The following are equivalent.

(i) 0 is R -injective.
(ii) For every pair of A modules W, V with W R, V R finitely generated

projective R modules the exact sequence

O~O ~V~W~O

splits provided
f II

O~ Of~ ~ V R --? ~VR ~O

is a split exact sequence.

PROOF. (i) ~ (ii). Clear.
(ii) ~ (i). By (14.6) 0 IOR ®R AARo Thus 0 is R -injective by

(15.2). 0

THEOREM 15.5. Suppose that A is a Frobenius algebra. Let V be an A
module such that V R is R -free with a finite basis. Then V is R -projective if
and only if V is R -injective.

PROOF. By (14.8) AA = AA. Hence AAR = RAA. The result follows from
(4.8)(ii) and (l5.2)(ii). 0

COROLLARY 15.6. Suppose that A is a Frobenius algebra and A has the
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unique decomposition property. Let VI, V z, W be R -free A modules with no
nonzero projective summands such that

o~ VI EB PI~ WEB P~ VzEBPz~O

is exact for P, PI, P z projective. Then there exists a projective module P' such
that

is exact.

PROOF. Since P z is projective, Pzl WEB P. Thus P = Po EB P z by the unique
. decomposition property. Hence there is an exact sequence

O~ VI EB PI~ W EB Po~ Vz~O.

By (15.5) PI is R -injective. Hence by the unique decomposition property
Po = PI EBP I and the result follows. 0

16. Algebras over fields

Throughout this section F is a field and A is a finitely generated

F..;algebra. Thus A satisfies D.C.C., A.C.C., left D.C.C. and left A.C.C.
If V, Ware finitely generated A modules define

I(V, W) = h(V, W) = dimdHomA (V, W)}.

, I( V, W) is the intertwining number of V and W. It is clear from the
definition that

I(VIEB V z, W)= I(V I , W)+I(Vz, W),

I(V, WI EB W z) = I(V, WI) + I(V, Wz).

If V is an irreducible A module then by (8.1) EA (V) is a division ring
which is a finitely generated F-algebra. F is a splitting field of V if
E A (V) = F. F is a splitting field of A if F is a splitting field of every
irreducible A module.

If V is an irreducible A module then clearly F is a splitting field of V if
and only if I( V, V) = 1. If F is algebraically closed then F is a splitting field
of A since the only finite dimensional F-algebra which is a division ring is F
itself.

LEMMA 16.1. Let Z be the center 0 fA and let B be a subalgebra of Z with 1
in B. If F is a splitting field of A then F is a splitting field of B.
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PROOF. By (7.3) it suffices to prove the result in case 1 is the unique central
idempotent in A. Thus 1 is the unique idempotent in Z. Hence Zz is
indecomposable and by (13.6) Z has a unique irreducible module V. By
(13.8) Z/1(Z) = E7 (V). Thus it suffices to show that Z/1(Z) = F. If W is
an irreducible A module there exists a nonzero F -homomorphism of Z
onto E A (W) = F. Since Z/1(Z) is an F -algebra which is a field by (8.1) this
implies that Z/1(Z) = F. Hence B/1(B) = F. 0

A central character of A is a nonzero algebra homomorphism of the
center of A onto F.

LEMMA 16.2. Suppose that F is a splitting field of A. Let e" . .. , en be all the
centrally primitive idempotents in A. Then A has exactly n distinct central
characters AJ, ••• ,An and Ai (ej ) = (jij.

PROOF. Let A be a central character of A. If a is in the center Z of A and
a'" = 0 then A(a)'" = 0 and so A(a) = O. Thus 1(Z) is in the kenel of A. By
(16.1) Z/1(Z) = EB~=J e;F. The result follows easily. 0

THEOREM 16.3. Suppose that F is a splitting field of A. Let S be the F -space
generated by all elements ab - ba with a, b E A. If char F = P > 0 let
T = {c Icl" E S for some i > O}. Let k be the number of pairwise nonisomor­
phic irreducible A modules. The following hold.

(i) If A is semi -simple then k = dimF A - dimF S.
(ii) If char F = P > 0 then (a + b)"" == aI''' + bl''' (mod S) for all a, bE A

and all n. Furthermore SeT, T is an' F-space and k = dimFA - dimF T.

PROOF. (i) If A simple then A = Fn by the second Artin-Wedderburn
Theorem (8.11) for some integer n > 0, hence k = 1. It is well known that
in this case S consists of all matrices of trace O. Hence dimF A - dimF S = 1
proving the result in case A is simple. Now (i) follows from the first
Artin-Wedderburn Theorem (8.10).

(ii) Suppose that char F = P > O. Let u = (1,2, ... ,p) be a p-cycle. Let
x, y be noncommuting indeterminates. For any monomial t J ••• tl' with
t; = x or y for each i, define u(tJ ... tl') = ta(l) ... tacl')' It is easily seen that
in this way (u) acts as a permutation group on the set of all monomials in x

and y of degree p. Furthermore if f(x, y) is such a monomial then
u(f(x,y))=f(x,y) if and only if f(x,y)=xl' or f(x,y)=yl'. Hence if
a, bE A then



16] ALGEBRAS OVER FIELDS

f! I

(a + b)" - a I' - bI' = L a i {f (a, b)}
,-(J

55

where [(x, y) ranges over a set of monomials in x and y. Since a{f(a, b)} ==
[(a,b) (modS) this yields (a +b)p ==al' +bl' (modS). Therefore

(ab - ba)" == (ab)" - (ba)"

== a{b(ab )"-I} - {b(ab )"-I}a == 0 (mod S).

Thus if c E S also cl' E S. Hence cl" E S for all i and so SeT. Further­
more for all i

(a + b)piil- al''''- bPi,' == (a + b)p"'-(al" + bl'i)p

== {(a + b)"i - aI" - bl" Y (mod S).

Hence by induction (a + b)p" == a 1''' + bl''' (mod S) for all n. Thus T is an
F-space.

Since J(A) is nilpotent it follows that J(A) C T, and if cl" E S + J(A)
then CI'I E S for some j. Hence by factoring out J(A) it may be assumed

that A is semi-simple. Thus by the first Artin-Wedderburn Theorem,
(8.10), it suffices to consider the case that A is simple. In this case A = F,
by the second Artin-Wedderburn Theorem (8.11) and S consists of all
matrices of trace O. Since dimFA - dimFS = 1 = k and SeT c A it
suffices to show that T-I A. There exists an idempotent e in A whose trace
is not O. Hence no power of e is in S and so e~ T. 0

The following notation will be used in the rest of this section.
V}, ... ,Vk is a complete set of representatives of the isomorphism

classes of principal indecomposable A modules. For i = 1, , k set

L= Ui/Rad Vi where Rad Vi is the radical of Vi' By (13.6) L" , L k is a
complete set of representatives of the isomorphism classes of irreducible A

, modules.

If VI, V 2 are finitely generated A modules we write VI ~ V~ if VI and
V2 have the same set of composition factors (with multiplicities). Clearly ~
is an equivalence relation.

Define Cij by Vi ~ ffi cijL j . The integers Cij are the Cartan invariants of
A and the k x k matrix C = (Cij) is the Cartan matrix of A. If B = B (e) is
a block of A where e is a centrally primitive idempotent in A then the
Cartan matrix of the algebra eA is called the Cartan matrix 0 [ the block B.
Of course the Cartan matrix is only defined up to a permutation of rows
and columns.
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LEMMA 16.4. Let V be a finitely generated A module. Suppose that

V ~ EB~=I nLj. For i = 1, ... , k let ej be a primitive idempotent in A with
Vi = ejA. Then for each i

dimF Vej = I(Vi, V) = n;1(L, L).

PROOF. The first equation follows from (8.2). By (4.4) and (13.5)

I( Vi, V) = L n/( Vi, L j ) = L n/(Lj, L j ).

i I

By (8.1) I(L j , L j ) = 0 for i -I j. This yields the second equation. 0

COROLLARY 16.5. Let V be a finitely generated A module and let E =
E A (V). If e is a primitive idempotent in E then the multiplicity of the

irreducible left E module Ee /J(E)e as a composition factor of the left E

module V is equal to (l/m)dimFeV where m = I(Ee/J(E)e,Ee/J(E)e).

PROOF. The left analogue of (16.4) implies the result. 0

LEMMA 16.6. Suppose that A is a symmetric algebra over the field F. Let e,

e I, e2 be idempotents in A. Then dimFe,Ae2 = dimFe2Ael. Furthermore,...
eA = Ae.

PROOF. By definition there exists t E A.A such that no right or left ideal is
in the kernel of t and (ab)t = (ba)t for all a, b E A. For a E e lAe2 define
fa E &4e1 by

(fa)(e2ber) = (ae 2be l)t.

If fa = 0 then

(belae2)t = (ae 2bel)t = 0

for all b E A and so (Ae,ae2)t = O. Hence a = erae2 = O. Thus f is an
F -monomorphism. Hence

dimFe lAe2::S di'mFMe, = dimFe2Aet.

Thus by interchanging el and e2 dimFe ,Ae2 = dimFe2Ae,.
To prove the last statement it suffices to show that f is an A­

homomorphism incase e J = e, e2 = 1. This follows from

{(fa)b}ce = (fa)(bce) = (abce)t = (fab)(ce)

for a, b, c E A. 0
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THEOREM 16.7. Let B), ... , B m be all the distinct blocks of A and let C(S) be

the Cartan matrix of Bs. Let C be the Cartan matrix of A. Then after a
suitable rearrangement of rows and columns

(

e(l) 0 )
c= '. .

o . c(m)

For no rearrangement of rows and columns is

with matrices C~sl, C~s). If furthermore A is a symmetric algebra and F is a

splitting field of A then C and each C(S) is a symmetric matrix.

PROOF. If Vi, L~ are in distinct blocks then by (7.8) Cij = O. This proves the

first statement. The second statement follows from (13.11) and (16.4). If A
is a symmetric algebra and F is a splitting field of A then C and each C(S) is

symmetric by (16.4) and (16.6). 0

LEMMA 16.8. Suppose that A is a Frobenius algebra. Then for each i, Vi
contains a unique minimal submodule W;. If furthermore A is a symmetric

algebra then W; = Land eA/eJ(A) = (~) for any primitive idem­

potent e in A.

PROOF. It may be assume that Vi = eA for some primitive idempotent e in
A. By (14.7) Vi = V for some principal indecomposable left A module. By

. the left analogue of (13.5) V contains a unique maximal left submodule W.
Then W; = W-t is the unique minimal submodule of Vi.

Suppose that A is a symmetric algebra. Then Vi = eA = M by (16.5).

Thus Wi =(~). Since e generates Ae/J(A)e there exists f E

(~) with f(e);:£O. Hence fe;:£O and so Wie;:£O. Thus by (13.9)

Wi = eA/eJ(A) = L. 0

THEOREM 16.9. Suppose that A is a symmetric algebra over F and F is a

splitting field of A. Then

~~) I(U=--LJ..~ I(~i' L j)= I(Lj, Vi) = Oij.
(11) AA ~E±7j=,(dlmFLJ)L0.

(iii) AA ~ EB:= I (dimF ~ )Lj •
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PROOF. (i) follows from (16.8). Let A" = E9 ajLT;. By (8.2) I (A", L j) =
dim,.Lj and so by (i) aj = I(A", L j) = dim,.Lj. (iii) is an immediate conse­
quence of (ii) and (16.7). 0

A finitely generated A module is uniserial or simply serial if it has a
unique composition series. A is a uniserial algebra or a serial algebra if
every finitely generated indecomposable A module is uniserial.

LEMMA 16.10. Suppose that A is a serial algebra. Let VI, V 2 be finitely
generated indecomposable A modules. The following are equivalent.

(i) VI = V 2 •

(ii) The composition series of VI and V 2 have the same length and

V1/Rad VI = V 2/Rad V 2 •

(iii) The composition series of VI and V 2 have the same length and VI and
V 2 have isomorphic socles.

PROOF. Clearly (i) implies (ii) and (iii).
(ii)~ (i). Since A is serial \I, is a homomorphic image of a projective

indecomposable A module Vi for i = 1,2. Since VI/Rad VI = V 2/Rad V 2 it
follows that VI = V 2 by (13.6). Since VI is serial every homomorphic image
of VI is determined up to isomorphism by the length of its composition

series. ~

(iii)~ (i). By (14.4) W = W for every A module W. Thus the dual of a
serial module is a serial left module. Hence every left module of A is serial.
Thus the left analogue of the previous paragraph implies that VI = V2 • The
result follows from (14.4). 0

LEMMA 16.11. Suppose that A is a serial algebra. Then A has only finitely
many finitely generated indecomposable modules up to isomorphism.

PROOF. A serial module is a homomorphic image of A" and so has a
composition series of bounded length. As A has only a finite number of
irreducible modules up to isomorphism, the result follows from (16.10). 0

THEOREM 16.12. LetA = F[x, y] with x 2 = y2 = xy = yx = 0 such that 1, x,
yare linearly independent over F. Then there exist indecomposable A
modules of arbitrarily large dimension.

PROOF. Let n be a positive integer. Let V, W be vector spaces over F with
bases {vo, ... ,vn }, {WI, ... ,Wn } respectively. Define
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WjX = Vi; WiY = Vi I for 1 :::::::; i :::::::; n
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VjX = 0; ViY = 0 for 0:::::::; i :::::::; n.

It is easily seen that M = V EB W is an A module. It suffices to show that
M is indecomposable.

Suppose that M = M r EB M 2 with ~ nonzero A modules for j = 1,2. Let
t be the projection of M onto W. Let mj = dim,.t(~). Thus ml + m2 ~ n.

Suppose that mj = 0 for j = 1 or 2, say m2 = O. Then t(M,) = Wand so
V = Wx + Wy C MI. Hence M = M , contrary to assumption. Thus mj;i 0
for j = 1,2. Fix j, let s = Sj be the largest integer such that t(~) is
in the space spanned by {w." ... , wn }. Hence Mjx is in the space U span­
ned by {vs , ••• , v,,} and Vs -I E MiY + U. Therefore dimF (Mjx + MiY ) ~
1+ dimFMjx. Since x is a monomorphism of W into V and Mjx C M j it
follows that dimF~x = mj. As t(Mjx + ~y) C t(V) = (0) we see that

dimF~ ~dimF(~x+Mjy)+dimFt(~)~2mj+ 1.

Therefore

2n + 1 = dimFM = dimFM, + dim FM 2 ~ 2(m, + m2) + 2 ~ 2n + 2.

This contradiction establishes the result. 0

The next result yields a partial converse to (16.11) and is essentially due
to Michler [1976b]. See also Nakayama [1940], Eisenbud and Griffith
[1971].

THEOREM 16.13. Let A be an algebra which has a unique irreducible module

up to isomorphism and such that for any extension field K of F the following
conditions are satisfied.

(I) A K is a direct sum ofalgebras, each of which has a unique irreducible
module up to isomorphism.

(II) (A /J(A ))K is semi-simple.

(III) There exists an integer depending on K which bounds the dimensions
of any indecomposable A K module.

Then the following hold.

(i) There exists a division algebra Dover F and positive integers m, n such

that A = B n where B/J(B) = D, B contains an element x with x'" = 0,
x",-l;i 0 and J(BY = Bx S = xSB for all s.

(ii) A is serial. There exist exactly m finitely generated nonzero indecom­

posable A modules up to isomorphism, VI, ... , V",. For each s = 1, ... , m

V, :! V,x :! ... :! V,X'-l :! V,x s = (0)



60 CHAPTER I [16

is the composition series of V,. Furthermore V s is projective if and only if
s = m.

PROOF. By (13.6) there is a unique principal indecomposable A module U
up to isomorphism. Hence A/\ = nU for some integer n. Let B = E/\ (U).

By (8.2) and (8.6) A = E/\ (AA) = B". By (13.8) B/l(B) = D is a division
algebra. Thus in particular B has a unique irreducible module up to

isomorphism. Let 1 = l(B). Thus l(A) = 1".
Let K be an extension field of F and let M be a Bf.:: module. Then nM

becomes an Af.:: module in the obvious way. Denote this by M. Thus
MH /<; = nM. Hence if M is indecomposable then every nonzero indecom­
posable summand of M has K -dimension at least dimf.::M. Thus there is an
integer which bounds the K -dimension of every indecomposable Bf.::
module.

Let B = B/12
• For y E B let y denote its image in B. Then j is a D

module. Let XI, ... , xr be a D-basis of J Thus XiXj = 0 for all i,j. We will
first show that r~ 1.

Since A = B", Band B satisfy the same hypotheses as A. Thus by
hypotheses (I) and (II) there exists a finite extension K of F such that- EBI (i) - - EBI (i) (i) (i)Bf.:: = i=J B , l(B)f.:: = l(Bf.::) = i=ll(B) and B /l(B ) = K"i for
i = 1, ... , t. The argument of the first paragraph applied to B(i) implies that
B(i) = (C(i»)", for some C(i) with C(i)/l(C(i») = K. By (16.12) and hypothesis

III dimf.::l(C(i») ~ 1 and so dimf.::l(B(i») ~ n~. Hence

r dimFD = dimF] = dimf.::l(B)f.:: ~ I n; = dimFD.
i=1

Thus r ~ 1 as required.

If r = 0 the proof is complete. Suppose that r = 1. Let x E 1 with X = XI.

Since 1 is nilpotent there exists an integer m with x'" = 0, X",-I ~ O.

(i) By the definition of x, 1 = xB + 1 2
• Thus (J/xB)l = l/xB. Hence by

Nakayama's Lemma (9.8) 1 = xB. Since the F-dimension of 1/12 equals the
F-dimension of D it follows that l/P is a one dimensional left D module.
Thus 1 = Bx + P and so 1 = Bx as above. Hence r = Bx' = x'B for all s
as req uired.

(ii) For s = 1, ... , m, lx' I/lx' = l/lx is an irreducible B module since
it is of dimension lover D. Thus BB is a serial module with composition
series B H :2 Bnx :2 ... :2 BHx'" = (0). In particular BHx '" - 1 is irreducible and

is the socle of BB. Similarly RB has an irreducible socle and so HB /Rad(BB)
is irreducible. There exists a commutative diagram
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B R

!
RE ~ BR/J(B)H ~O

Since B H is projective this implies the existence of a map f: B H ~ HE

which is an epimorphism. As dim,. B R = dim,. HE, f is a monomorphism.

Thus BR = RE.
Since A = B" it follows that A/\ = /\A.. Hence A is a Frobenius algebra

by (14.8). As AA = nV, V is injective by (15.5). Furthermore J(A)' =

Ax' = xSA for all sand J(A)xS-I/J(A)x S= A/J(A) is the direct Slim of n

copies of the unique irreducible A module. Hence V is serial with
composition series V:2 Vx :2 ... :2 Vx'" = (0).

We will prove by induction on m that A is serial. If m = 0, A = D" is
semi-simple and the result is clear. Let V be a finitely generated indecom­
posable A module. If Vx'" I = (0) then V is an A/Ax'" -I module and so V
is serial by induction. Suppose that VX",-I ~ (0). Thus there exists v E V

with VX",-I ~ (0). There exists an exact sequence

As vx ",-I ~ (0), the socle of AA is not in the kernel of f. Hence there exists

an indecomposable direct summand VI of AA such that the socle of VI is
not in the kernel of f. As VI = V has an irreducible socle this implies that
VI = f( VI). Hence vA contains a submodule which is isomorphic to Vand
so V contains a submodule which is isomorphic to V. As V is injective this

implies that V IV. Since V is indecomposable we see that V = V is serial.
The remaining statements are immediate consequences of this fact. 0

The following result, due to T. Nakayama, was brought to my attention

by D. Burry.

THEOREM 16.14. Suppose that every indecomposable projective and injective
A module is serial. Then A is a serial algebra.

PROOF. Let V be an A module. \Ve will prove by induction on dim,. V that
V is the direct sum of serial modules. If dim,. V = 1 this is clear. Suppose
that dim,. V > 1.

Let W be a serial submodule of V with dim,. W as large as possible. Let
X be a submodule of V, maximal with respect to the property that
W n X = (0). The maximality of X implies that V /X has an irreducible
socle. Thus V /X is isomorphic to a submodule of an indecomposable
injective A module and so is serial. Let L = (V /X)/Rad( V /X) and let P
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be the indecomposable projective A module with P/Rad P = L. Then
there exists an epimorphism f: P~ V/X. Hence there exists a mapping
g : P~ V such that the following diagram is commutative

P

Ylf
V~V/X~O

Thus g(P) is a serial submodule of V. Since W n X = (0) it follows that W

is isomorphic to a submodule of V /X. Now the maximality of dimF W
implies that g(P) = V/X = W. Therefore g(P) n X = (0) and V =

g(P) + X. Consequently V = g(P) EB X and the result follows by
induction. 0

If S is a subset of A define

I(S) = {a Ias = O}, r(S) = {a ISa = O}.

Then I(S), r(S) is the left, right annihilator of S respectively. Clearly I(S)
is a left ideal and r(S) is right ideal.

LEMMA 16.15. Suppose that A is a Frobenius algebra and t is a nonsingular
element in HomF (A, F). Then the following hold.

(i) If ~ is a left ideal of A then r(N) = {a Iat E N L
}, l(r(N)) = Nand

dimFN + dimFr(N) = dimFA.
(ii) If N is a right ideal of A then I(N) = {a Ita E N-'}, r(l(N)) = Nand

dimFN + dimF/(N) = dimFA.

PROOF. Let N be a left ideal of A. By definition r(N) = {a INa = O}. Since
Na is a left ideal for any a E A and t is nonsingular it follows that

r(N) = {a I(Na)t = O} = {a I(N)at = O} = {a Iat EN I}.

In particular this implies that dimFN + dimFr(N) = dimFA. Similarly if N
is a right ideal then I(N) = {a Ita E N L

} and dimFN + dimF/(N) = dimFA.
Hence if N is a left ideal then r(N) is a right ideal and so dimF N =

dimF/(r(N)). Since N ~ l(r(N)), this implies that N = l(r(N)). The analo­
gous statement for right ideals is proved similarly. 0

COROLLARY 16.16. Suppose that A is a symmetric algebra. Let I be an ideal
of A. Then r(I) = I(I).

PROOF. Let t be a symmetric nonsingular element in HomF(A, F). Then by
(16.15)
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r(I) = {a It(Ia) = O} = {a It(Ia) = O} = 1(I). 0
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In case A is a symmetric algebra and I is an ideal of A let Ann(I) =
r(I) = 1(I). In this case Ann(I) is the annihilator of I when I is considered

as a submodule AA or a left submodule of AA.

The next two results are due to Nakayama [1939], [1941]. See also

Tsushima [1971a].

THEOREM 16.17. Let I be an ideal of A. Suppose that A and A/I are both

F'robenius algebras. Let s, t be a nonsingular element in HomF (A /I, F),
HomF (A, F) respectively. Then there exists an element c E A with s = ct -and

for any such c, r(I) = cA. If furthermore A and A / I are symmetric and sand

t are symmetric then any such c i£ in the center of A.

PROOF. Since t is nonsingular there exists c E A wi th s = ct. Thus (Ic)t =

Is = (0) and so Ie = (0). Hence leA = (0) and cA ~ r(I).

If x E l(cA ) then xcA = (0) and so xs = (xc)t = O. Thus I (cA)s = (0). As

sis nonsingular in HomF(A/I, F) this implies that l(cA) ~ 1. Therefore by
(16.15) r(I) ~ r(l(cA)) = cA. Consequently r(I) = cA.

Suppose now that both sand t are symmetric. Then for all a, b E A

(abc)t = (ab)s = (ba)s = (bac)t = (acb )t.

Thus (a (be - cb ))t = 0 for all a, b E A and so A (be - cb) is in the kernel
of t. Therefore be - cb = 0 for all b E A and so c is in the center of A. 0

LEMMA 16.18. Suppose that A is a symmetric algebra. Let AA = EBeiAA'
where {ei} is a set of pairwise orthogonal primitive idempotents. Then each

eiAA contains a unique minimal right ideal N, and Ann(J(A)) = EBN,.

PROOF. By (16.8) each eiAA contains a unique minimal right ideal N,. Since
Ni is an irreducible A module it follows that N,J(A) = 0 for each i. Hence
EBN, ~ Ann(J(A)). By (16.8) dimFeJ(A) + dimFN, = dimFeiAA. As
J(A)=EBeJ(A) this implies that dimFJ(A)+dimF(EBN,)=dimFA.
The result now follows from (16.15) and (16.16). 0

17. Algebras over complete local domains

The following notation is used throughout this section.
R is an integral domain satisfying the following conditions:
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(i) R satisfies A.C.C. and R/J(R) satisfies D.C.C.

(ii) R is complete.
(iii) J(R) = (1T) is a principal ideal.
By (9.10) and (12.7) R is a principal ideal domain and a local ring. R /( 1T)

is a field. Thus either R is a complete discrete valuation ring or 1T = 0 and
R is a field. In the latter case most of the results in this section reduce to
trivialities.

For our purposes the most important examples of rings R satisfying
these conditions are of the following type. Let p be a rational prime. Let R o

be the integers in a finite extension field of the p-adic numbers and let R be
the integers in the completion of an unramified extension field of the
quotient field of R o.

K is the quotient field of R.
A is a finitely generated R -free R -algebra.
Let V be an A module and let v E V. Then v denotes the image of v in

V = V/(1T)V. Similarly R = R/(1T), A = A/(1T)A. Clearly V is an A
module and if V is a finitely generated A module then V is a finitely

generated A module.
If S is a commutative (not necessarily finitely generated) R -algebra then

As = A 0R S and V" = V 0R S for any A module V. Of course As is a
finitely generated S -algebra and V s is an As module. If V is a finitely
generated A module then V" is a finitely generated As module. Of special
importance is the case S = K. If V is an R -free A module then we will

generally identify V with V 0R R ~ V 0R K.
An R module V is torsion free if rv = 0 for r E R, v E V implies that

r = 0 or v = O. A submodule W of the R module V is a pure submodule if
(r)W = W n (r)V for every r E R.

The fact that R is a principal ideal domain makes the "fundamental
theorem of abelian groups" available. We state some consequences
without proof.

LEMMA 17.1. Let V be a finitely generated R module.

(i) V is free if and only if V is torsion free.
(ii) V is projective if and only if V is free.

(iii) A submodule Wof V is pure if and only if W I V.
(iv) An epimorphism of V into V is an automorphism.

LEMMA 17.2. Let V l;e a finitely generated free R module. Let W be a

submodule of V. The following are equivalent.

(i) W is a pure submodule of v.
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(ii) (7T)W=(7T)Vn W.

(iii) (W + (7T)V)/(7T)V = W/(7T)W.

(iv) The image of W in V is isomorphic to W.
(v) V/W is free.

If V is an A module and W is a submodule of V then W is torsion free
or pure if that is the case for W considered as an R submodule of the R

module V.

THEOREM 17.3. The map sending a to asets up a one to one correspondence

between central idempotents in A and central idempotents in A. If e is a
central idempotent in A then e is centrally primitive if and only if e is centrally

primitive.

PROOF. Immediate by (12.9). 0

COROLLARY 17.4. There is a one to one correspondence B ~ B between

blocks of A and blocks of A where B = B (e) for a centrally primitive

idempotent e of A implies that B = B(e). If V is an A module, V E B, then

VE B. If W is an A module, WEB, then W considered as an A module is

in B.

PROOF. The first statement follows from (17.3) by defining B(e) = B(e). If
VEB(e) then Ve = V and (7T)Ve = (7T)V. Thus Ve= Ve= V and

VEB(e). If WEB(e) then We = We = Wand so WEB(e). 0

LEMMA 17.5. Let L be a finitely generated AI\: module. Then there exists a

finitely generated A module V which is R -free such that V I\: = L.

PROOF. Let {vd be a K -basis of L. Let {ad be an R -basis of A. Let V be

the R module generated by {Viaj}. Then L = VI\: and V is a finitely

generated A module. V is R -free since V is torsion free. 0

LEMMA 17.6. Let P be a finitely generated projective A module and let

V be a finitely generated R -free A module. Then Hom..\ (P, V) is an

R-free R module and HomA (P, V) = Hom..\ (P, V). If furthermore

rankR {Hom..\ (P, V)} = d then I R (P, V) = d = I I\: (PI\:, VI\:).

PROOF. By (13.1) it may be assumed that P = eA for some pnmltIve

idempotent e in A. By (8.2) Hom ..\ (eA, V) = Ve is R -free and

HomA (e A, V) = Ve = Ve. Thus d = rankR Ve and
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THEOREM 17.7 (Brauer). Let V, W be finitely generated R -free A modules
such that VK = WK. Then V~ W.

PROOF. Let e be a primitive idempotent in A and let m, n be the
multiplicity of eA/eJ(A) in V, W respectively. Then by (16.3) and (17.6)

mI(eA /eJ(A), eA /eJ(A)) = IR (eA, V) = h (eA K , VK )

= h (eA K , WK ) = L~ (eA, W)

= nI(eA /eJ(A), eA /eJ(A )).

Hence m = n. Since e was arbitrary the result follows. 0

Theorem 17.7 is of fundamental importance for the whole subject. We
give here another proof which is independent of most of the previous
theory. See Serre [1977] p. 125.

ALTERNATIVE PROOF OF THEOREM 17.7. Since VK = WK it may be assumed
that V K = WK and after replacing W by a scalar multiple that W ~ V.
Hence there exist an integer n > a with 7T"V ~ W ~ V. We will prove by
induction on n that if 7T"V ~ W ~ V then V~ W.

Suppose that n = 1. Then 7TW ~ 7T V ~ W ~ V. Hence there exists an
exact sequence

O~ 7TV/7TW~ W/7TW~ V/7TV ~ V/W ~O.

Let T = V/W. Then T = TTV /7TW. Thus there is an exact sequence

O~T~W~V~T~O.

This implies that V~ W.
We proceed by induction. Suppose that n > 1. Let M = 7T" I V + W.

Then 7T" I V ~ M ~ V and 7TM ~ W ~ M. By induction M ~ V and
M ~ W. Thus V~ W. 0

The following notation will be used in the rest of this section.

VI, ... ,Vk is a complete set of representatives of the isomorphism
classes of principal indecomposable A modules. For i = 1, ... ,k let
L, = U./Rad Vi where Rad Vi is the radical of Vi. Thus by (13.7) L I , ••• , L k

is a complete set of representatives of the isomorphism classes of irreduc­
ible A modules.
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X" ... , X n is a set of R -free A modules such that (XI)K, ... ,(X")K is a
complete set of representatives of the isomorphism classes of irreducible
A K modules. Clearly each X s is indecomposable. Such modules exist by
(17.5).

For s = 1, ... , n let X, ~L;=l dsjLj. The nonnegative integers d,j are the
decomposition numbers of A. By (17.7) they do not depend on the choice of
X,. The n x k matrix D = (dsj ) is the decomposition matrix of A. If e is a
centrally primitive idempotent in A then the decomposition matrix of eAe
is called the decomposition matrix of the block B where B = B (e).

THEOREM 17.8 (Brauer). Suppose that A K is semi -simple. Then

(V) ~ ffi IR (Li , Li ) d (X)
i K ~~ IK«X,)K, (X,)K) si s K·

Furthermore if {c,;} are the Cartan invariants of A then

-~ IR (L;, L;) dd
Cij - L I, «X), (X),) si sj's=l K s K, s K

PROOF. Since A K is semi-simple (V')K = EB:'= I (L (Xs)K. By (16.4) and
(17.7) we have

IR (Li, L )dsi = IR (0;, Xs) = h «V, )K, (Xs)K) = d."h «X, )K, (Xs)K).

This proves the first statement. The second statement is an immediate
consequence of the definition of the Cartan invariants. 0

COROLLARY 17.9. Suppose that A K is semi-simple. Assume that K is a
splitting field of A K and R is a splitting field of A. then (V')K =
EB:=I ds;(Xs)K and C = D'D where C is the Cartan matrix of A. If
BI, ... , Bm are all the blocks of A and D(t), C(t) is the decomposition matrix
of Be, the Cartan matrix of B, respectively, then after a suitable rearrange­
ment of rows and columns

(

D.(I) 0)
D=

o °D(m)

and

Furthermore for no rearrangement of rows and columns is
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PROOF. The first two statements follow from (17.8). By (7.8) dSi = 0 if X,·
and L are in different blocks. The last statement follows from (16.7). 0

LEMMA 17.10. Assume that det C~ 0 where C is the Cartan matrix of A.
Let P, 0 be finitely generated projective A modules. Then P = 0 if and only
if PK= OK.

PROOF. If P = 0 then clearly PK= OK. Suppose conversely that PK= OK.
ffik ffik

Let P = Q7i=1 aiUi, 0 = Q7i=1 biUi • Then by (16.4) and (17.6)

k

L aiciJR(L;, L; ) = h~ (~, P) = I K« U; )K, PK)
i=1

k

= IK«U; )K, OK) = L biCiJR (L;, L;)
i~l

for j = 1, ... , k. Hence 2:~=1 (a, - bi )Ci; = 0 for all j. Thus ai = bi for all i as
det C~O. 0

LEMMA 17.11. Suppose that A is a Frobenius algebra. Let V be a finitely
generated R -free A module such that V = PI EB WI where PI is a projective
A module. Then there exists a finitely generated projective A module P and a
finitely generated R-free A module W with V = P EB w, P= PI and
W=W 1 •

PROOF. By (13.7) there exists a finitely generated projective A module P
with P= PI. Since P is projective there exists a commutative diagram

Then the image of f(P) in V is f(P). Hence by (17.2) f(P) is a direct
summand of V as an R module and I is an isomorphism. Since P is
R -injective by (15.5) this implies that P IV and so V = P EB W for some A
module W. Hence P EB W = V = PI EB WI and so W = WI by the unique
decomposition property. 0

THEOREM 17.12 (Thompson [1967b]). Let U be a principal indecomposable
A module. Let V be an A K module such that V IUK. Then there exists an
R -free A module W such that WK= Vand W/Rad W is irreducible where
Rad W is the radical of W. Hence in particular W is indecomposable. If A is
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a Frobenius algebra then there also exists an R -free A module W' such that
W ~ = V and the socle of W' is irreducible.

PROOF. It may be assumed that UK = V EB M. Let L = Un M and let

W = U IL. It is easily verified that L is a pure submodule of U. Thus L C 0
and VII. = W. Hence by (13.6) WIRad W is irreducible.

If A is a Frobenius algebra let W' = U n V. Then W' is a pure
submodule of U and so W' C U. Hence by (14.8) the socle of W' is
irreducible. D

COROLLARY 17.13. Suppose that A K is semi-simple. Let V be an irreducible

A K module. Then there exists an R-free A module X such that X K = Vand
X is indecomposable.

PROOF. As V IUK for some principal indecomposable A module, the
result follows from (17.12). 0

18. Extensions of domains

In this section the same notation is used as in Section 17.
An integral domain S containing R is an extension of R if the following

hold
(i) S is a principal ideal domain and a local ring.
(ii) S is free as an R module.

(iii) 1(S)" = 1(R)S = (1T)S for some integer e.
If S is an extension of R then e is the ramification index of S. S is an
unramified extension of R if its ramification index is 1. Observe that if S is

an extension of R then SI1(S) is an extension field of R.
If R is a field or equivalently 1T = 0 then an extension of R is simply an

arbitrary field containing R. In this case all extensions are unramified. If S
is an extension of R which is a finitely generated R -algebra then S is a
finite extension of R.

If L is a finite extension ofK then the integral closure of R in L is a
finite extension of R. Thus if SI and S2 are finite extensions of R, there
exists a finite extension S of R with Si C S for i = 1,2.

LEMMA 18.1. Let B be a subring of A with R C,R. Suppose that A H is a
finitely generated free B module and HA is a finitely generated free left B
module. Let S be an extension of R and let V be a finitely generated
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B-projective A module. Then Vs is a finitely generated Bs-projective As
module.

PROOF. If V, VB 0 BBAA then V" 1BBs 0Bs Bs (A s )As . The result follows
from (4.8). 0

The next result which is somewhat in contrast to (17.12) and (17.13)

shows that extensions intrude themselves in a natural way. See Feit

[1967b).

LEMMA 18.2. Let M be a finitely generated R -free A module and let
(0) = V o C VI ... C V n = Nt be a chain of A modules. Let Wi = V;/ V i - 1 and

let S be an extension of R with ramification index e ~ n. Let L be the quotient

field of S. Then there exists an S -free As module M' such that ML = ML and

M'/1(S)M' = EB (Wi )SIJ(S).

i=1

PROOF. For i = 1, ... ,n let d; = dimR Wi. There exists an R -basis {mij 11 ~
j ~ d;, 1 ~ i ~ n} of M such that for each k = 1, ... ,n {,njj 11 ~ j ~ d;,
1~ i ~ k} is an R-basis of V k • Let (l f) = 1(S). Then (lIy = (1T)S and {mij}

is an S-basis of Ms. Define mfJ in M" by mfJ = JF -lmij for all i,j and let M'
be the As module generated by {mfJ}. Clearly M' ~ M" and M ~ = M L •

If a E A then there exist rijkt E R such that for each k
k d,

mktQ = 2: 2: rijktmij (mod( 1T )M).
i=1 j= 1

Thus for a E As there exist Sijkt E S such that for each k
k d

mk,Q =2: ~ Sijktmij (mod(l f)" M,,).
;=1 j=1

Therefore
k d

m:,Q =2: ~ SijkJr-imf; (mod(lItM')
;=1 j~1

and so
d

k

m{tQ = 2: Skjk,m{j (mod(l J)M').
j=1

This implies that M'/1(S)M' = EEr=l (Wi)..,/J(S). 0

COROLLARY 18.3. Suppose that 1T 1= O. Let M be a finitely generated R -free
A module. Then there exists a finite extension S of R with quotient field L
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and an 5-free As module M' such that ML = M L and Nt' = M'/1(5)M' is
completely reducible.

PROOF. For any rational integer n > a let L = K(\I;') and let 5 be the
R -algebra generated by yI;' in L. Then 5 is a finite extension of R with
ramification degree n. The result now follows from (18.2). 0

LEMMA 18.4. Let V, W be finitely generated A modules and let 5 be

an extension of R. Then HomA (V, W) 0R 5 = HomAs (V", W,,) and
EA (V)@R5 = EAs(VS ).

PROOF. Let {sd be an R -basis of 5. Thus every element in

HomA(V,W)0 R 5 can be written in the form "2.fi0si with fiE
HomA (V, W). In such an expression the fi are uniquely determined.
Define g: HomA (V, W) 0R 5 ~ HomAs (Vs, W,,) by g (f 0 Si) (v 0 s) =

f(v) 0 SiS. Then clearly g is an 5 -homomorphism and in case V = W g is a
ring homomorphism.

If g("2.fi 0 Si) =athen for all v E V, Lf; (v) 0Si = O. Thus f, = afor all i.
Hence g is a monomorphism.

Let hE HomAs(V", W,,). For each i define fi by h(v 01) = "2.fi(v)0si.
Since V is finitely generated there are only finitely many nonzero f.
Clearly Ii E HomA (V, W) for each i and g ("2. fi 0 Si ) = h. Thus g is an
epimorphism. 0

If V is an irreducible A module then V = V may be considered as an A
module. V is an absolutely irreducible A module if for every unramified

extension 5 of R, Vs is an irreducible As module.

LEMMA 18.5. Let V be an irreducible A module. The following are
equivalent.

(i) V = V is an" absolutely irreducible A module.
(ii) V is an absolutely irreducible A module.

(iii) For every finite unramified extension 5 of R, V" is an irreducible As
module.

(iv) EA (V) = R.
(v) R is a splitting field of V.

PROOF. (i) ~ (ii). If 5 is an unramified extension of R then 5/1(5) is an

extension field of R and V" = VS/J(S).

(ii) ~ (iii). Clear.
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(iii) ~ (iv). If E A (V) ~ R then there exists a monic irreducible polyno­
mial f(t) E R[t] which has a root in E A (V) - R. Let fo(t) E R [t] such that
fo(t) is monic and f o(t) = f (t). Let 5 = R [a] where a is a root of f o(t). Since
5/(7f)5 is a field 5 is a finite unramified extension of Rand f(t) has a root
in S. Thus E A (V) @H 5 is not a division ring. Hence by (18.4) E A , (V,,) is
not a division ring and so by (8.1) V" is reducible.

(iv) ~ (v). Clear from the definition of a splitting field.
(v) ~ (i). Let VI, ... , Vk be a complete set of representatives of the

isomorphism classes of principal indecomposable A modules. By (16.4)
there exists j with I R ( ~, V) = 1. Let F be an extension field of R. Thus by
(18.4) IF«~)F' VF)= 1. Let V;, ... , V,:, be a complete set of representa­
tives of the principal indecomposable AF modules. Since (~)F IAF this
implies that there exists i with IF (V:, VF) = 1. Hence by (16.4) VF is
irreducible. 0

An A module V is absolutely indecomposable if for every finite
extension 5 of R, V" is an indecomposable As module.

LEMMA 18.6. Let V be a finitely generated indecomposable A module and

let E = EA (V). If E /1(E) = R then V is absolutely indecomposable. If R is

algebraically closed then every finitely generated indecomposable A module

is absolutely inde.composable.

PROOF. Since E/1(E) is a division ring which is a finitely generated
R -algebra the second statement follows from the first.

Suppose that E/1(E) = R. Let 5 be a finite extension of R.
By assumption 1(R)5 C 1(5) C 1(Ed. Thus 1(R)Es C 1(Ed· Since
1(E)s/1(R)Es is a nilpotent ideal in Es /1(R)Es this implies that 1(E)s C
1(Es ). Since Es /1(E)s = 5/1(R)5 it follows that Es /1(Es ) = 5/1(5) has
only one idempotent. Thus by (12.3) E s has only one idempotent and so by
(18.4) EA , (V,,) has only one idempotent. Hence V s is indecomposable. 0

LEMMA 18.7. Let V be a finitely generated indecomposable A module.

There exists a finite unramified extension 5 of R such that V" = Ef17=l Vi
where each Vi is an absolutely indecomposable 5 module and

E A ,( Vi )/1(EA , (Vi)) = S.

PROOF. If 5 is a finite unramified extension of R then V" is the direct sum
of n (5) nonzero indecomposable As modules for some integer n (5) with
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.~ n(S) < dimR (\I). Choose S so that n (S) is maximum. Clearly every
.component of V" remains indecomposable when tensored with any finite
unramified extension of S. Replacing R by S it may be assumed that V" is
indecomposable for any finite unramified extension S of R.

For any finite unramified extension S of R let D(S) =
EA,(Vd/l(EA,(V,,)). Thus D(S) is a finite dimensional S-algebra which is
a division ring. If T is a finite unramified extension of S then l(S)T ~

JeT) ~ l(EA-r( V T )) by assumption and so l(S)EAT ( V T ) ~ l(EAAVT )).

Thus since l(EA, ( V" ))r/l(S)EAr ( V T ) is nilpotent, D(T) is a homomorphic
image of D (S)@s T.

Choose a finite unramified extension S of R such that dimsD(S) is
minimum. If D (S) ~ S there exists a monic irreducible polynomial f (t) E

S[t] of degree at least two which has a root in D(S). Choose fo(t) E S[t]

such that fo(t) is monic and fo(t) = f (t). Let T = S[ a] where a is a root of
fo.(t). Then it is easily seen that T is a finite unramified extension of S. Since
f(t) has a root in T, D(S)@sT is not a division ring and so dim-r-D(T) <
dim.iiD(S) contrary to the choice of S. Hence D(S) = S and V" is
absolutely indecomposable by (18.6). 0

The converse of the first statement in (18.6) is false. It is however almost
true, the difficulty only occurs if R has inseparable extensions. This is
discussed in Huppert [1975] and a counterexample due to Green is given
there. It should be observed that Huppert's definition of absolute indecom­
posability differs from that given in the text. In any case (18.7) is important
for some applications.

LEMMA 18.8. Let V be a principal indecomposable A module and let
L = V /Rad( V) where Rad( V) is the radical of V. Then L is absolutely

irreducible if and only if E A (V)/l(EA(V)) = R.

PROOF. By (13.8) E A (L) = EA (V)/l(EA (V)). The result follows from
(18.5). 0

COROLLARY 18.9. There exists a finite unramified extension S of R such that

S is a splitting field of As.

PROOF. By (18.7) there exists a finite unramified extension S of R such that
(As )As = EB V; where E A, (Vi )/l(EA, (Vi)) = S for each i. By (18.8) S is a
splitting field of As. 0
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19. Representations and traces

Let R be a commutative ring and let A be a finitely generated R -free
R -algebra. An R -representation of A or simply a representation of A is an
algebra homomorphism f: A ~ E R (V) where V is a finitely generated
R-free R module and f(1) = 1.

If f: A ~ E R (V) is a representation of A define va = vf(a) for v E V,
a EA. In this way V becomes an A module. If conversely V is an R -free
A module define f : A ~ E R (V) by vf(a) = va for v E V, a EA. Then f is
an R -representation of A. Thus there is a natural one to one correspon­
dence between representations of A and finitely generated R -free A
modules. The module corresponding to a representation is the underlying
module of that representation. All adjectives such as irreducible etc. will
be applied to the representation f if they apply to the underlying module

of f.
Two representations fh f2 with underlying modules VI, V 2 are equivalent

if VI is isomorphic to V 2. It is easily seen that fl is equivalent to f2 if and
only if there exists an R -isomorphism g : VI ~ V 2 such that f2 = g-If:g.

Let V be a finitely generated R -free R module with a basis consisting of
n elements. By (8.6) E R (V) = R n • Thus a representation of A defines an
algebra homomorphism of A into R n •

Assume that R is an integral domain and let f be an R -representation of
A with underlying module V. Define the function tv : A ~ R by tv (a) is
the trace of f(a) where f(a) ERn. It is clear that tv is independent of the
choice of isomorphism mapping E R (V) onto R n • The function tv is the
trace function afforded by V or the trace function afforded by f.

It is easily seen that if V = W then tv = two Furthermore if K is the
quotient field of R then tv" (a) = tv (a) for a E A and V a finitely
generated R -free A module.

Suppose that R satisfies the same hypotheses as in section 17. Let S be
an extension of R. Then for any finitely generated R-free A module V we
have tvs(a) = tv(a) for a EA.

Throughout the remainder of this section F is a field and A is a finitely
generated F-algebra. All modules are assumed to be finitely generated.

Under these circumstances trace functions are sometimes called charac­
ters. See for instance Curtis and Reiner [1962]. However we prefer to
reserve the term character for a different, though closely related, concept
which will be introduced later.

THEOREM 19.1. Let V, W be absolutely irreducible A modules. Then V = W
if and only if tv = two
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PROOF. If V = W then tv = two Suppose that V~ W. Let Iv, I w be the
annihilator of V, W respectively. Let I = I v n Iw. It suffices to prove the
result for the algebra A/I. Thus by changing notation it may be assumed
that I = (0). Hence J(A) = (0). Since A has two nonisomorphic irreducible
inodules the Artin-Wedderburn theorems (8.10) and (8.11) imply that

A = A\' EB A w where A\' and Aware simple rings and V, W is a faithful
absolutely irreducible A v , A w module respectively. Since V and Ware
absolutely irreducible it follows from (8.11) that A v = F,,, and A w = Fn for
some m, n and the isomorphisms sending A v to F", and A w to F" are
equivalent to representations with underlying modules V, W respectively.
Choose a E A\' such that a corresponds to the matrix

Then tv (a)=l and tw(a)=O. Hence tv~tw. 0

Suppose that K is a finite Galois extension of F and u is an automor­
phism of Kover F. Then u defines an automorphism of A K by (a (2) x)'-' =

a (;) x (' for a E A, x E K. This automorphism will also be denoted by u. If
V is an A K module let V" = {Va IV E V} where

Va + W'7 = (V + w)" for v, w E V,

v"a" = (va)'T forvEV,aEA K •

Clearly vcr is an A K module and VO"T = (V" r for (T, T automorphisms of K

over F. Furthermore {tv" (a)}" = tv (a) for a E A K • Thus tv" = t~i '.
The next result is essentially a corollary of the Artin-Wedderbu~n

theorems (8.10) and (8.11).

LEMMA 19.2. Let L be a finite Galois extension of F and let A = L" for some
integer n > O. Let G be the Galois group of Lover F. Then A has a unique
irreducible module W up to isomorphism and the following hold.

(i) A L = EB"Ec;A,n with A a = Ln for all u E G.
(ii) There is an irreducible Al module M such that WI = EBaE(;MlT, {M"}

is a complete set of representatives of the isomorphism classes of irre­
ducible A L modules and each M'7 is absolutely irreducible. Furthermore if
tM' (a) = t,w (a) for all a E A then u = T.
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PROOF. Let W be an irreducible A module. By (8.11) every irreducible A
module is isomorphic to W. It is easily seen that dim FW = n [L : F).

If a E G then a defines an automorphism of A = Lit in a natural way.
This wi II also be denoted by a.

Let L = F(c) and let

b = (j
o

o
0) CA.

Let V be an n-dimensional L space. For a E G define fa : AI. ~ EI. (V)
by u (f,.,.a) = ua <T. Thus each for is an absolu tely irreducible representation of
AI.. Let V" be the underlying AI. module and let ta = tu . Then tOT = ['(.

Hence if a -I T then ta (b) = c" -I c T

= tT (b). Thus VoTl: U
T

for a -I T by
(19.1).

Let I be the annihilator of EBVa. By (8.10) and (8.11) AI.II=
EBoTEG A,r, where Va is a faithful irreducible A<T module. Hence A a = Ln

for all a E G and

dim I. AI. = n 2(L : F) = diml. ( EB Aa) = diml. (AI. II).
(TECi

Thus I = (0) and (i) is proved. Furthermore every irreducible AI. module is
isomorphic to some Va and each Va is absolutely irreducible.

For some a E G, Va IWI.. As W~ = WI. the unique decomposition
property (11.4) implies that EBaEG U<T IWI.. Thus WI. = EBoTEG Va as

dim I. WI. = dimF W = n[L : F) = dim I. ( EB LJ.,) .
frEn

Define M = VI. By (19.1) Ma I = Va for a E G. 0

For the next two results we require Wedderburn's theorem which asserts
that a finite division ring is a field. See for instance Curtis and Reiner [1962]
p. 458 for a proof of this theorem. We will also need other well-known
results such as the fact that a finite extension of a finite field is a Galois
extension with a cyclic Galois group.

THEOREM 19.3 (Brauer). Let al, ... , ak be an F-basis of A. Let K be an
extension field of F and let V be an absolutely irreducible At<.: module.
Assume that F is finite and tv (ai) E F for i = 1, ... ,k. Then there exists an
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absolutely irreducible A module W such that W K = V and tv (a) = tw (a) for

all a EA.

PROOF. Let W be an irreducible A module such that V is a composition

factor of WK. By factoring out the annihilator of Wand changing notation

it may be assumed that W is a faithful A module. Thus J(A) = (0) and by

the Artin-Wedderburn theorems (8.10) and (8.11) and the fact that finite

division rings are fields it follows that A = L n for some finite extension

field L of F. It may be assumed that A = Ln.
By replacing K by KL and V by V KI. it may be assumed that L C K.
Let M and G be defined as in (19.2). Then V = M'i< for some cr E G.

Thus by assumption tM " (a) = t,w (a) for all a E A and all cr, T E G.
Hence (19.2) implies that G = 0) and so F = L. Therefore W = M and

WK =V. 0

THEOREM 19.4. Assume that F is finite. Let K be a finite extension of F.
(i) Suppose that V is an absolutely irreducible A K module. Let

[F(tv) : F] = m and let (a-) be the Galois group of F(tv ) over F. There exists

an irreducible A module W such that W K = EB;: 1 Vi with tv, = t';';'.

(ii) Let W be an irreducible A module. Then W K = EB:= 1 \I, where {V;} is
a set ofpairwise nonisomorphic irreducible A K modules and s = [K n L : F].

Furthermore there exists an element a in the Galois group of Kover F with
V"' = V and \I, = V'" for i = 1, ... , s.

PROOF. (i) Since V is a constituent of A K by (6.1) there exists an

irreducible A module W such that V is a constituent of W. It may be

assumed that W is faithful. By the Artin-Wedderburn theorems (8.10),

(8.11) it follows that A = L m for a finite extension L of F. By (19.2)

L = F(tv ). By (19.3) it may be assumed that K = F(tv ) = L. The result

. follows from (19.2).

(ii) Without loss of generality it may be assumed that W is faithful.

Then, as above, A = L n for some finite extension L of F. Let M be defined

'as in (19.2). Apply (i) to MKI. and let V be an A K module such that

IK/.:KI

V KI. = EB M~L.
i =1

Since dim/. M = n it follows that dimKl. V KI. = [KL : K]n = [L : K n L In.

Thus if U is an irreducible A Knt module then UK is irreducible. Hence by

replacing K by K n L it may be assumed that K = K n L C L.
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Let G = (u) be the Galois group of Lover F. If s = [K : F] and
H = (US) then G /H is the Galois group of Kover F. Since VL I WI. it
follows that V I WK. Hence va I WK as W; = WK. It is easily seen that
va' = val if and only if s I (i - j). Thus EB:=I va' I WK. Since

dimK WK = n [L : F] = ns[L : K] = dimK ( EB v,r,) ,
i-I

it follows that WK = EB;~I va'. 0
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1. Group algebras

All groups are assumed to be finite unless the contrary is explicitly
stated.

If H is a subgroup of G then a cross section of H in G is a set of
elements {x;} in G such that G = U Hx; and Hx, ~ HXj for i~ j. A left
cross section of H in G is defined analogously.

If x E G and A is a subset of G then A x = x-lAx.
We will freely use standard terminology and notation from the theory of

groups. See for instance Gorenstein [1968], Huppert [1967].
Throughout this chapter R is a commutative ring which satisfies A.C.C.

and G is a group. The aim of the chapter is to investigate properties of the
group algebra R [G] which depend on the fact that R [G] is a group
algebra rather than an arbitrary R -free R -algebra. The structure of the
ring R plays a relatively minor role and many of the results in this chapter
hold even if R does not satisfy A.C.C. However in some results it is
necessary to make some assumptions concerning R.

If A is a subset of G define A in R [G] by A = LXEA x.

2. Modules over group algebras

Let H be a subgroup of G and let V be an R [G] module then
V/-/ = VRfHI denotes the restriction of V to R [H]. If W is an R [H] module
then

We; = W @ RI/-/IR [G]Rf(;I.
or.....,)
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The R [G] module We; is said to be induced by W.

Let {Xi} be a cross section of H in G. Then R [G] is a free left R [H]
module with basis {xJ. Thus if V is an R [H] module then V U =
EBi V @ Xi where this is a direct sum of R modules and if v E V, X E G
then

(v @Xi)X = V @x,x = v @yxf = vy @Xj

where XiX = yx) with y E H.
Suppose that cr is an automorphism of R [G] such that R <T -=- Rand

G" = G. Thus cr defines an automorphism of R and one of G. If H is a

subgroup of G and V is an R [H] module define the R [H]" module V,r as

follows. V" = {vo Iv E V} where

Vcr + W" = (v + w)o for v. w E V

v"a" =(va)" for v E V, a ER[H].

If cr is an automorphism of R let V" = V"I where crJ is the automor­

phism of R[G] defined by (Lxcurxxt' = LXEUr~x. Observe that this
coincides with the definition in section 19 of Chapter I, where both

definitions apply.

If cr is an automorphism of G let V,r = V"l where crJ is the automor­

phism of R[G] defined by (LxecJxX)'-'1 = Lxcurxx".
For X E G define the R [H X ]-module

V' = V @x = {v @ X Iv E V}

where (v @x)yX = vy @x for y E H Clearly V' = V" where z" = x-Jzx

for all z E H.

LEMMA 2.1. Let H be a subgroup of G. Let V be an R [G] module and let W

be an R [H] module.

(i) If V = V JEB V2 then VII = (VJ)II EB (V2)1I.

(ii) If W = WI EB W 2 then W U = Wi; EB W~;.

(iii) IfcrisanautomorphismofR[G] suchthatR" = RandGo = Gthen
( W" t = (W(;)'-'. In particular We; = (wx t for X E G.

(iv) If He A c G for some subgroup A of G then we; = (W·\ t.
(v) Let cr be an automorphism of R [G] such that R <T = R and GO = G.

The map sending V to V" is a one to one map from the set of all submodules
V of Wonto the set of all submodules V" of WO which preserves inclusion,

intersections, sums and direct sums. In particular V is irreducible or
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PROOF. Immediate from the definitions. 0

LEMMA 2.2. Let H be a subgroup of G and let {Xi} be a cross section of H in
G. Let V be an R [G] module. Then V = W U for some R [H] module W if
and only if there exists a submodule Wo of VII such that W = Wo and
V = EB WaXi where this is a direct sum of R modules.

PROOF. If V = W U let W o = W @ 1. Then V = Efj H/,)x,. Conversely the

R -linear map from W~; to V which sends W @ Xi to WXi is easily seen to be

an isomorphism. 0

.1{ U, V are R [G] modules then U @R V is an R module. For u E U,
v E V, X E G define (u @ v)x = ux @ vx. It follows easily that in this way

U @R V becomes an R [G] module. This R [G] module is denoted by

U ® V. The definition implies immediately that

U@V=V@U,

(U I EB U 2) @ V = (U I @ V) EB (U2 @ V).

LEMMA 2.3. Let H be a subgroup of G. Let V be an R [G] module and let W
be an R [H] module. Then

V@W u = (VII @ wt.

PROOF. Let {Xi} be a cross section of H 10 G. Define f: V @ We; ~

(\"/-I@ wt by

f{v @(w @Xi)}= (VXi I@ W)@Xi

for v E V, w E W. Clearly f is an R -isomorphism. Let X E G. Suppose that

XiX = YXj with y E H. Then

f{v @(w @Xi)}X = (vx i I @w)y @x,

= (VXi Iy @ wy)@x, = (vxx, I@ wy)@x,

and
f[{v@(W @Xi)}X] = f{vx @(wy @x,)}-=- (VXXj I@WY)@Xjo

Thus f is an R [G] homomorphism as required. 0
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Let V be an R [G] module. An elementv E V is a G -invariant element
or simply an invariant element if vx = v for all x E G. Let InvG (V) denote
the set of G-invariant elements in V. Clearly InvG (V) is an R module.

Let V, W be R [G] modules. For f E HomR (V, W) and x E G define fx
by (v)(fx) = {(vx I)f}x for v E V. Clearly fx E HomR (V, W) and (fx)y =
f(xy). In this way HomR (V, W) becomes an R [G] module.

If V, Ware finitely generated R -free R [G] modules of rank m
and n respectively then HomR (V, V) = R m , HomR (W, W) = R" and
HomR (V, W) consists of all m x n matrices with entries in R. For x E G
let a" bx respectively be the map sending v to vx, W to wx respectively for
v E V, w E W. Then ax E HomR (V, V), bx E HomR (W, W) and if f E
HomR (V, W) then fx = a, Ifbx •

In case W = R with rx = r for all r E R and x E G, HomR (V, R) = V as
an R module. If f E V and v E V, (v)(fx) = (vxl)f = v(x If) for x E G.

HomR (V, R) made into an R [G] module in this way will be denoted by
V*(R) or simply V* if R is determined by context.

LEMMA 2.4. Let V, W be R [G] modules. Then InvG (HomR (V, W» =
HomRIGI( V, W).

PROOF. By definition f E InvG (HomR (V, W» if and only if f = fx for
all x E G. This is the case if and only if (v)f = (v)(fx) = {(vx I)f}x for all
v E V, x E G. This last condition is equivalent to the fact that

f E HomRIG1( V, W). LJ

LEMMA 2.5. Let H be a subgroup of G. Let V be an R [G] module and let W

be an R [H] module. Then
(i) {HomR (W, VI-I )r~ = HomR (W G

, V),

(ii) {HomR (VI-I, W)r~ = HomR (V, W G
).

PROOF. Let {Xi} be a cross section of H in G.
(i) If f E {HomR (W, VI-/)t then f = L fi @ Xi for fi E HomR (W, VI-I).

Define !EHomR(WG, V) by (LWi@Xi)!=L{(Wi)fi}Xi. Let g be the
map sending f to f. Clearly g is an R -homomorphism. If ! = 0 then
L{(Wi)fi }Xi = 0 for all Wi E Wand so fi = 0 for all i. Thus f = O. Therefore g
is a monomorphism. If h E HomR (W G

, V) then (LWi @xi)h = L{( Wi)h }Xi
for some hi E HomR (W, VI-I). Hence h =! with f = Lhi @Xi and so g is an
epimorphism.

Let x E G. For each i, XiX = yiXi' where yi E H and Xi ~ Xi' is a permuta­
tion of {x;}. Thus if f = Lfi @Xi then fx = LfiYi @Xi'. Furthermore
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(L Wi @Xi) (/X) = {( L Wi'@Xi'X I)!} X

= {(L wi,yi I@X)!} X

= L {(WiY ;')f}xix
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and

(2: w, @X,)(]?)= (2: w,@x,)(~) = 2:{(W,j(f,y,»)X,

= L {(Wi,y I ')f }YiXi'.

Since yiXi' = XiX this implies that g is an R [G] isomorphism.

(ii) If f E {HomR (VI-I, W)V~ then f = Lf @ Xi where f E

HomR (VH , W). Define! E HomR (V, WG) by (v)! = L(VX;I)f @Xi' Let g
be the map sending f to f. It is easily seen that g is an R isomorphism.

Let X E G. Let XiX = yiXi' with Yi E H for each i. Then if .f = L fi @Xi

) A. { I) A} '" J I(v (Ix) = (vx f x = L- ( vx Xi) f @ x/x

and

(v)<ft) = (v)(~)= 2: {(vx,'y, ')[.}y, @x, .

Since x i' I Y i' J = X I X i I this implies that g is an R [G] isomorphism. LJ

COROLLARY 2.6. Let H be a subgroup of G and let W be an R [H] module.

Ihen (~V*t =(WG )*.

PROOF. Clear by (2.5) (i). 0

LEMMA 2.7. Assume that R satisfies A.C.C. Let H be a subgroup of G. Let
l.J, V be finitely generated R [G] modules. The following hold.

(i) If V is R -free and U is a projective or free R [G] module then each of
U @ V, U*, HomR (U, V) and HomR (V, U) is a projective or free R [G]
module respectively.

(ii) If U is R [H]-projective then U @ V, U*, HomR (U, V) and

HomR(V, U) are all R[H]-projective.
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PROOF. (i) Let V o > = nRR. By (2.3) V ® mR ~ = mnR ~ is free. By (1.8.2)
and (2.5)

Homf~(mR~, V)={Homf~(mRR' nRR)V;

= mn{Homf~ (Rf~, RR)V; = mnR ~

is free and

Homf~ (V, mR~) = {Homf~ (nRR' mRR W; = mnR ~

is free. The rest of (i) follows from (ii) with H = 0).
(ii) By (1.4.8) U I(U/f r;. Hence by (2.3)

U ® V I ( U/f t ® V = (U/f ® V/f r; -=- {( U ® V) /f y;.
Thus by (1.4.8) U ® V is R [H]-projective. By (2.5)

Homf~ (U, V) IHomf~ « U/f t, V) = {HomR (U, V)/f V;,
Homfd V, U) IHomf~ (V, (U/f t) = {HomR (V, U)/f V;·

Thus Homf~ (U, V) and Homf~ (V, U) are R [H]-projective by (1.4.8). 0

Osima [1941] first proved (2.7)(i). This answered a question raised in
Brauer and Nesbitt [1941].

LEMMA 2.8. Let V be a finitely generated R -free R [G] module and let W be

an R [G] module. Then V* ® W = Homfd V, W).

PROOF. Let {vJ be an R -basis of V and let {v;} be the dual basis
of V*. Define g: V*® W~HomR(V, W) by (v){g(f® w)} -=- {(v)f}w

for v E V, w E W, f E V*. Clearly g is an R -homomorphism. If
g(LV": ® Wi) = 0 then Wj = (vf ){g(LV:; ® Wi)} = O. Thus g is a mono­
morphism. If h E Homf~ (V, W) then h = g(LV:; ® (vr)h). Thus g is an
R -isomorphism.

If x E G then for v E V, W E W, f E V*

(v)[g{(f ® w)x}] = (v){g(fx ® wx)} -=- {v(fx)}wx -=- {(vx l)f}wx

and
(v) [{g(f ® w )}x] = [( vx -I){g(f ® w)}]x = {(vx -I)f} wx.

Thus g is an R [G] isomorphism. 0

The next two results are due to Mackey [1951].
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THEOREM 2.9 (Mackey decomposition). Let H, A be subgroups of G and let
{Xi} be a cross section of H in G. For any R [H] module Wand any (H, A)
double coset D define the R[A] module W(D)=EEt,cnW@Xj. Then
W(D) = {W·~'n.\Y for any xED and

( W<; ).\ = EB W (D) = EB {W·;" n·\Y
D x

where D and HxA range over all the (H, A) double cosets in G.

PROOF. Let Wo(H, x, A) = {W;.,x~/\}". If Xo E HxA then Xo = yxa with
. y E H and a E A. Thus

Wo(H, Xo, A) = {W~x:~"n/\}/\

= {W~'wn.\}" = {( W;/xn.\)" Y = Wo(H, x, A).

Hence Wo(H, x, A ) = Wo(HxA) depends only on the double coset HxA.
It suffices to show that W(D) = Wo(D) for any (H, A) double coset D.

Let D = HxA. If Xi ED there exists aj E A such that Hx, = Hxaj.
Furth~rmore Hxaj = Hxaj if and only if aja i I E H" n A. Thus {ai} is a
cross section of H' n A in A where i ranges over all values for which
Xj ED. Hence

W(D)= EB W@Xi =EB WEBxaj.
",ED

Define f: W(D)~ Wo(D) by f(w @xaj) = wx @aj. Clearly f is an R­
isomorphism. Suppose that a E A so- that aja = X I yxa, with x I yx E

HX n A. Thus

{f(w @xaj)}a = wx @aja = wyx @a, = f(wy @xa,)

= f(w @yxa,)= f(w @xaja)

and f is an R [A] isomorphism. 0

THEOREM 2.10 (Mackey Tensor Product Theorem). Let H, A be subgroups
of G. Let V be an R [H] module and let W be an R [A] module. Then

V <; tG\ We; i1\ (V'· f'C>I W )U'U =\]7 H'n ..\\(Y I/'n .. \
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where x ranges over a complete set of (H, A) double coset representatives

in G.

PROOF. By (2.3) and (2.9)

By (2.3)

The result follows from (2.1)(iv). 0

Suppose that H <J G. Let V be an R [H] module. The inertia group

T/-I (V) = T( V) of V is defined by

T( V) = {x IV' = V, x E G}.

Clearly T( V) is a subgroup of G and H c:; T( V).

COROLLARY 2.11. Suppose that H <J G. Let W be an R [H] module. Let {Xl}
be a cross section of T(W) in G. Then

PROOF. Clear by (2.9). 0

If V is an R [G] module then the kernel of V 'is defined as the set of all

x E G with vx = v for all v E V. V is faithful if the kernel of V is (1).

LEMMA 2.12. Let V be an R [G] module with kernel H. Then H <J G.
Furthermore V = Inv1\ (V) for a subgroup A of G if and only if A c:; H.

PROOF. Clear by definition. 0

LEMMA 2.13. Let H be a subgroup of G and let W be an R [H] module then
the kernel of We; is contained in the kernel of w.

PROOF. Let A be the kernel of Wei. By (2.9) {WI/nl\} , is an R[A]

submodule of We; and hence is A -invariant. This implies that A = H n A

and so A C:;H. The result follows from (2.11). 0
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Let H be a subgroup of G and let {Xi} be a cross section of H in G. For

. an R [G] module V define Tr~: Inv/-I (V) ---,'> Invc (V) by Tr~(v) = L, VX,.

Clearly the definition of Tr~ is independent of the choice of cross section

{xd. Furthermore Tr~ is an R -homomorphism. If H ~ A ~ G for some

subgroup A then it follows directly from the definition that Tr~;Tr~= Tr~.

If v E Invu(V) then Tr~(v) is the relative G, H trace of v. If v E V then
Tr~)(v) is the G-trace of v or simply the trace of v.

Let .0 be a nonempty set of subgroups of G. For an R [G] module V
define

HO( G,.0, V) = Invc (V) / ~> Tr~{InvH (V)}.

If .0 = {H} we write HO(G,.0, V) = H()( G, H, V). Clearly HO(G,.0, V) is an

R module and if V is finitely generated then H()( G,.0, V) is a finitely

generated R module.

LEMMA 3.1. Let VI, V 2 and V be R [G] modules with V = VI EB V 2• Let .\)
be a nonempty set of subgroups of G. Then the following hold.

(i) L/-I.=o.0 Inv/-l (VI) EB L/-IE.0 Inv/-l (V2 ) = L/-IE.I) Inv/-l (V).
(ii) LIfE.0 Tr~;{Inv/-l (VI)} EB L/-IE() Tr~;{Inv/-l(V2)} = L/-IE.~, Tr~;{Inv/-l (V)}.

(iii) HO( G,.0, VI) EB HO( G, .\), V 2 ) = HO( G, J), V).

PROOF. Immediate from the definition. 0

LEMMA 3.2. Let H be a subgroup of G and let V be an R [G] module. Let
x E G. Then v E Inv/-l (V) if and only if vx E Inv//' (V). Furthermore
Tr~{Inv/-l (V)} = Tr~,{Inv//' (V)}.

PROOF. If {xd is a cross section of H in G then {x t'} is a cross section of H'
in G. This implies the result. 0

LEMMA 3.3. Let H be a subgroup of G. Let

HE .\) ~ {A IA is a subgroup of G such that A ' ~ H for some
x E G}.

Then Tr~;{Inv/-l (V)} = LI\E~) Tr~{Inv 1\ (V)} for every R [G] module Vand
H()( G, H, V) = H()( G,.0, V).

PROOF. By (3.2)
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Tri;{Inv/-dV)}~ ~ Tr~{InvA (V)} ~ ~ Tr~{InvA(V)}
AE_~) ACH

= ~ Tri;Tr~{InvA(V)}~Tri;{InvH(V)},
ACH

[3

The results follow. 0

LEMMA 3.4. Let H be a subgroup of G and let W be an R [H] module. Then
vEInve(We) if and only if v =Tri;(w@l) for some W EInvH(W),
Furthermore HO( G, H, We) = (0).

PROOF. If W EInvH(W) then Tri;(w@I)EInve(We).

Let {x;} be a cross section of H in G with XI = 1. Suppose that

v = LWi @ Xl E Invc; (W G
) for Wj E W. Then for each j and each y E H

v = vx; J Y = WiY @ 1+~ w: @ Xi
j -\

for suitable w; E W. Thus W1Y = WI for all j and all Y E H. Hence

wIEInvH(V) and v =LiWJ@Xi =Tr~(w,@I). 0

LEMMA 3.5. Let H be a subgroup of G. Let ~l be a nonempty
set of subgroups of H and let ~,= {H n A x IA E ~l, X E G}. Let W be an

R[H] module. Then vELAC=9.1Tr~{{InvA(WG)} if and only if

v = Tr~(w @ 1) for some W E LHE~ Tr~{InvH (W)}. Furthermore
HO( G, ~r, We) = HO(H, ~', W). Thus in particular HO( G, 0), We) =
HO(H, (I), W).

PROOF. Suppose that v = Tri;(w @ 1) with W = Tr~(u) where B = H n A x

with A E ~{ and u E InvH (W). Thus v = Tr~(u @ 1). Hence by (3.2)
u @ X JE InvlI'-·r nA (We) and

v =Tri;nA'(U @l)=Tr~,-rnA(U@x .1)=Tr~{{Tr~'-'nA(U@x- J)}.

Thus v ELAE~JTr~{InvA(We)}.

Suppose conversely that v = Tr~{(u) for some A E ~l and

u E Inv A (We). Let {Xi} be a complete set of representatives of the (H, A)
double cosets in G. By the Mackey decomposition (2.9) and (3.4) u = LUi
where Uj = Tr~',n,,(Wi @Xi) for some Wi E W. Therefore by (3.2)

v = ~ Tri;',n,,(Wi @Xi) = ~ TrfinA';'(Wj @ 1)
j ,

= Trf; {~ Tr~nA ,;r(Wi @ I)} = Tr~ {~ Tr~ nA '~'(Wi) @ I}.
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Thus v = Tr~;(w 0 1) where
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as required.
Letf: InvlJ(W)~Invc(Wn)be defined by f(w) =Tr~;(w 8)1). By (3.4)

f is an isomorphism. By the previous paragraph f(L llE '1.\ Tr:i{Invll (W)}) =
LAE~l Tr~{InvA (W G

)}. Thus f induces an isomorphism from HO(H, ~r, W)
onto H lJ(G, Q..i, W G

).

If A = {(I)} then B = {O)} andso HlJ(H, 0), W) = HO(G, 0>, WG). 0

LEMMA 3.6. Let H be a subgroup of G. Let V, W be finitely generated R [G]
modules where V is R [H]-projective. Then

(i) HlJ(G, H, V) = (0).

(ii) H lJ(G, H, HomR (V, W» = H lJ(G, H, HomR (W, V» = (0).

. PROOF. (i) By (1.4.8) V I(VH)G. Hence by (3.4)

HO( G, H, V), HO( G, H, (VH t) = (0).

(ii) Immediate by (i) and (2.7). 0

LEMMA 3.7. Let H be a subgroup of G. The following hold.

(i) Let U, V, W be R [G] modules. If f E HomRII-I/( U, V) and g E

HomR[nJ( V, W) then Tri;(gf) = g Tr~;(f). If f E HomRIG/( U, V) and g E

HomRII-I/(V, W) then Tri;(gf) = Tr~;(g)f.

(ii) Let A be a ring which is an R [G] module and suppose that
(ab)x = (ax )(bx) for a, b E A and x E G. Then Tri;(ab) = a Tri;(b) and

Tr~(ba ) = Tri;( b )a for a E InvG(A) and b E Inv H (A ). Furthermore

Tr~(lnvl-I (A» is an ideal in the ring Invc (A ).

(iii) If Vis an R [G] module then Tr~;(ER[I-II(V» is an ideal in ER[cJ( V).

PROOF. Immediate by definition and (2.4). 0

The following fundamental result is essentially due to D. G. Higman
[1954].

THEOREM 3.8. Let H be a subgroup of G and let V be a finitely generated

R [G] module. The following are equivalent.

(i) V is R [H]-projective.
(ii) V I(VI-I )G.
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(iii) V Iw G for some finitely generated R [H] module W.
(iv) Homf~ (V, V) is R [H]-projective.
(v) H(J( G, H, Homf~ (V, V)) = (0).
(vi) There exists f E Homf~1 HI (V, V) = Inv H {Homf~ (V, V)} such that

Trf;(f) = 1.

(vii) V is R [H]-injective.

PROOF. By (1.4.8) (i), (ii) and (iii) are equivalent.
(iii) ~ (iv). Clear by (2.7).
(iv) ~ (v). Clear by (3.6).
(v) ~ (vi). Immediate by definition and (2.4).
(vi) ~ (vii). Suppose that W is an R [G] module with V C W such that

V H I WHo Thus there exists a projection e of W onto V which is an
R [H]-homomorphism. Hence Trf;(ef) E Homf~IGJ( W, W). Let {Xi} be a
cross section of H in G. If w E W then

w Trf;(ef) = L {(wx;-l)ef}xi E L (Wef)xi C L (Vf)Xi C V
I I I

and if v E V then

v Tr~(ef) = L {[(vx; I)e]f}xi = L {(VX~I)f}x; = v L (Ix;)
i i

= v Trf;(f) = v.

Hence Trf;(ef) is a projection of W onto V and so V I W as required.
(vii) ~ (ii). Let {x;} be a cross section of H in G with XI = 1. Define

g: V~(VH)G by gv =Livx;-10xi. Thus g = Trf;(h) where h: V~
V 01 with hv = v 01. If gv = 0 then vx ~l 0 XI = v 01 = O. Hence g is

an R [G]-monomorphism. Let W = {Li;LI VI 0x;}. Then W is an R [H]
module. Clearly g( V) n W = (0). If LVi 0 Xi E V G then

LVi 0x; = L v,x~'0x; + L (Vi - Vt x ;-1)0x;
i I

= g(vI)+ L (Vi - VIX; 1)0xi E g(V)+ W.
i;L I

Hence {( Vf-{)G }f-I = g (V)f-{ EB W. Therefore Vf-{ I{( V{-r)G }r-f and so V I(Vf-{ )G

since V is R[H]-injective. 0

COROLLARY 3.9. Let H be a subgroup of G. Let V be a finitely generated
R-free R[G] module. Then V is R[H]-projective if and only if
H(J( G, H, V* 0 V) = (0).
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PROOF. Clear by (2.8) and (3.8). 0

COROLLARY 3.10. Suppose that I G : H I has an inverse in R for some

subgroup H of G. Then every finitely generated R [G] module is R [H]­

projective.

PROOF. Let f=(l/IG :HI)1 EHomf~IHI(V,V). Then Tr~;(f)= 1. The re­
sult follows from (3.8). 0

COROLLARY 3.11. Suppose that I G I has an inverse in R. Then every finitely
generated R [G] module is R -projective and every finitely generated R -free

R [G] module is projective. If furthermore V is an indecomposable R [G]

module and W is a submodule of V with Wf~ IV R then W = (0) or W = V.

PROOF. Clear by (3.10) and (1.4.6). 0

COROLLARY 3.12 (Maschke). Let F be a field whose characteristic does not

divide IG ,. Then every finitely generated F[ G] module is projective. F[ G] is
semi-simple and every finitely generated F[ G] module is completely

reducible.

PROOF. By (3.11) every finitely generated F[ G] module is projective. Thus

every finitely generated F[ G] module is completely reducible. Since
F[ G]FIGl is completely reducible it follows that F[ G] is semi-simple. 0

The following result in case H = (1) is due to Green [1974a].

LEMMA 3.13. Let H be a subgroup of g. Let V, W be finitely generated

R -free R [G] modules. Let g E Homf~[GI( V, W). The following are equiva­
lent.

(i) g E Trf;(Homf~[HJ(V, W)).
(ii) Suppose that V is a finitely generated R [H]-projective R [G] module

such that V ~ W ~ 0 is an exact sequence and V H ~ W H ~ 0 is split. Then
there exists h E Homf~[GI( V, V) with g = fh.

(iii) Suppose that V is a finitely generated R [H]-injective R [G] module

such that O~ V ~ Vis an exact sequence and O~ VII ~ VII is split. Then

there exists h E Homf~IGI( V, W) with g = hf.

PROOF. (i) ~ (ii). There exists t E Homf~IHJ( W, V) with ft = 1. Let g =
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Tri;(go) with go E Homf~[HI( V, W). Let II = Tr~(tgo) E Homf~[Gl( V, U).
Then by (3.7)

fh = Tr~(ftgo) = Tr~(go) = g.

(ii) :::;> (i). By Higman's Theorem (3.8) there exists go E Homf~IHJ( U, U)
with Tri;(go) = 1. Thus by (3.7)

Tri;(fguh) = f Tri;(go)h = fh = g.

The dual of the argument above shows that (i) is equivalent to (iii). 0

4. The representation algebra of R [G]

For any finitely generated R [G] module V let (V) denote the class of all
R [G] modules which are isomorphic to V.

For any commutative ring C the representation algebra or Green Algebra
A c (R [G]) is defined as follows. A c (R [G]) is the C module generated by
the set of all isomorphism classes (V) of finitely generated R -free R [G]

modules subject to the relations (VI EB V 2 ) = (VI) + (V2 ). Multiplication is
defined by (VI)(V2)=(V1 QS) V 2). It is easily seen that Ac(R[G]) is a
commutative ring with 1 = (R) where R = Inv f~[GI(R).

The Grothendieck algebra A ~-( R [G]) eq uals A c (R [G])/ I where I is the

ideal of A c (R [G]) generated by all (U) - (V) + (W) where U, V; Ware
finitely generated R [G] modules such that there exists an exact sequence

O~U~V~W~O.

LEMMA 4.1. If R [G] has the unique decomposition property then
A c (R [G]) is free as a C module with basis (Vi) where Vi ranges over a

complete set of representatives of the isomorphism classes of finitely generated

indecomposable R [G] modules.

PROOF. Clear. 0

LEMMA 4.2. Assume that R is a field. Let C be an integral domain whose
quotient field has characteristic 0 and let (V)O denote the image of (V) in

A ~-(R [G D. Let L I, ... ,Ln be a complete set of representatives of the
isomorphism classes of irreducible R [G] modules. Then (V)O = L;'= I Ci (Li)O
if and only if L i occurs as a composition factor of V with multiplicity Ci. In
particular (VI)O = (V2t if and only if VI ~ V 2•
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PROOF. Clear by definition. 0

In view of (4.2) the Grothendieck algebra is not too interesting in case R
is a field. However even in that case the representation algebra may be
infinite dimensional as a C module.

If Sj is a nonempty set of subgroups of G let A c .\;) (R [G D be the C
submodule of Ac(R [GDgenerated by all (V) where V is R[H]-projective
for some HE S).

LEMMA 4.3. Let Sj be a nonempty set of subgroups of G. Then Ac.\;)(R [G D
is an ideal in A c (R [G D. If furthermore R [G] has the unique decomposition
property then Ac.\;)(R [G Dis free as a C module with basis (V;) where V;

ranges over a complete set of representatives of the isomorphism classes of
finitely generated indecomposable R [G] modules which are R [H]-projective
for some HE S).

PROOF. Clear by (2.3). 0

Let Z be the ring of rational integers. A finitely generated R [G] module
V is (R, oS) )-projective or simply Sj-projective if V E Az..\;)(R [G D. If R [G]
has the unique decomposition property then clearly V is ,I)-projective if
and only if V = EB V; where for each i there exists Ii E S) such that V; is
R [Hi ]-projective.

For future reference we introduce the following notation. If V and
Ware finitely generated R [G] modules then V == W(.0) means that
(V) - (W) E Az.\)(R [G Do In particular if V is S)-projective then V == O(Sj)
and conversely.

5. Algebraic modules

Throughout this section C is the field of complex numbers.
The Green ring A c (R [G D is generally very large. This section contains

the definitions and basic properties of some interesting subrings. These
ideas are due to Alperin [1976c], [1976e]. n

~

If V is an R [G] module let V" = V 0 . 0 0 0 V.
An element x E A c (R [G]) is algebraic if it is the root of a nonzero

polynomial with integer coefficients. In other words, if there exist integers
Qo, .. . , ak, not all 0, with ao + ... + akxk = 0. An R [G] module V is

algebraic if V is R -free and (V) is an algebraic element of A c (R [G D.
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LEMMA 5.1. Suppose that R [0] has the unique decomposition property. Let
V be an R -free R [0] module. The following are equivalent.

(i) V is algebraic.
(ii) There exist a finite number of indecomposable R -free R [0] modules

WI, ... , Wm such that if W is indecomposable and W IV" for any n, then
W = ~ for some i.

PROOF. (i) ~ (ii). There exist nonnegative integers ao, ... , ak, bo, ... , bj

with j < k such that ak ~ 0 and 2:~=(J a (vy = 2::=0 bi (vy. Thus every

indecomposable component of V k is a component of Vi for some i < k by

the unique decomposition property. Hence if s ~ k then a routine induc­

tion argument shows that every indecomposable component of V' is a

component of V' for some i < k. Thus (ii) holds.

(ii) ~ (i). There exist integers aij such that

(V) = all(WI) + ... + aim (Wm),

(V)2 = a21 (W I )+··· + a2m (Wm),

(\/)'''+1 = Qm+I,I(WI)+··. + alr/1 I,,,, (W,").

The linear dependence of these equations shows that (V) must satisfy a

nonzero polynomial of degree at most m + 1with integer coefficients. 0

LEMMA 5.2. Suppose that R [0] has the unique decomposition property. Let
V, VI' V 2 be R -free R [0] modules.

(i) If V is algebraic and W IV then W is algebraic.'
(ii) If VI and V 2 are algebraic then VI EB V 2 and VI 0 V 2 are algebraic.

PROOF. (i) Immediate by (5.1).

(ii) By (5.1) there exist indecomposable R [0] modules WI I, ... , WI"',
W 21 , ... , W 2m such that for all s, t > 0 v'r 0 V~ is the direct sum of modules

of the form W 1i 0 W 2,. Thus (5.1) and the unique decomposition property

imply that V I 0 V 2 and VI EB V 2 are both algebraic. 0

LEMMA 5.3. Suppose that R [K] has the unique decomposition property for
every subgroup K of o. Let H be a subgroup of o.

(i) If V is an algebraic R [0] module then VII is an algebraic R [H]
module.

(ii) If U is an algebraic R [H] module and V IU c
; then V is an algebraic

R [0] module.
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PROOF. (i) Clear since (V")II = (VII )".

(ii) Induction on IH I. By (2.3) and the Mackey theorems (2.9) and (2.10)

(U c;)'" [ = (U c;)" @ U c; = {( U C;)")II @ uy;

Thus (UC.:;)"+I is a direct sum of terms of the form {(g);'~/ (U;'I',nllt}C;.

If x E G then UX is an algebraic R [H'] module. Thus by (i) U;" nil is
algebraic and so by induction (U~/'nil)" is algebraic. There are at most
I G : H I pairwise nonisomorphic R [H] modules of the form (U;/'nll)".
Thus by (5.1) and (5.2) there exist a finite number of R [H] modules
WI, ... , W", such that every indecomposable component of

0;':/ (U;"'i nil)" is isomorphic to some W, for all n ~ O. Hence there exist
a finite number of indecomposable R [G] modules VI, ... , VI; such that
every indecomposable component of W~; is isomorphic to some ~. By (5.1)
[.re; is algebraic. The result follows from (5.1). 0

Suppose that R = F is an algebraically closed field. An indecomposable
F[ G] module V is irreducibly generated if there exist irreducible F[ G]
modules L" ... , L, with V IL, @ ... @ L,. An F[ G] module is irreducibly
generated if every indecomposable component is irreducibly generated.

Let R = F be an algebraically closed field and let G be a group. In view
of (5.1) every irreducibly generated F[G] module is algebraic if and only if

every irreducible F[ G] module is algebraic. It is natural to ask when this
condition is satisfied. If charF=2 and G =SL2(2") then Alperin [1976c]
has shown that this is the case. If G is solvable this condition also holds.
See (X.7.1).

By (5.2) and (5.3) a projective F[ G] module is algebraic. It will be
proved in (111.2.18) that if char F = P then every projective F[G] module is
irreducibly generated if and only if 0" (G) = (1).

6. Projective resolutions

Let V be an R [G] module. A projective resolution of V is an exact
sequence

(6.1)

where each Pi is a projective R[G] module. If At" = d,,(P,,)c;;;;, PII - J then
clearly
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O~M,,~PIl-I~" ·~Po·~ V~O

[6

(6.2)

is an exact sequence.

LEMMA 6.3. Let V be an R [G] module. Let

be exact sequences with Pi, P; projective for all i. Then there exist projective

R[G] modules 0,0' with M" EBO =M:,EBO'.

PROOF. An immediate consequence of Schanuel's Lemma (1.4.3). 0

An R [G] module is periodic if V = M" in (6.2) for some n ~ O. The
smallest integer n ~ 0 with V = Mil is the period of V.

Let Vo(G) = R as R modules with Vo(G) = Invc (Vo(G)).

LEMMA 6.4. Let F be a field. Suppose that V o( G) is a periodic F[ G] module

with period n. If n > 0 then every F[ G] module is periodic and its period
divides n. If n = 0 then every F[ G] module is projective.

PROOF. Since V = V (3) V o(G) the result follows from (2.7) and (6.3) by
tensoring every term in (6.2) with V. 0

Projective resolutions of F[ G] modules and periodic F[ G] modules
have been studied by various authors. See for instance Alperin [1973],
[1976b], [1977b], Carlson [1977], [1978], [1979]. We will not pursue this
subject in this book except in a special case in Chapter VII, section 10.



CHAPTER III

1. Basic assumptions and notation

Throughout the remainder of this book the following notation will be
used.

G is a group.
p is a fixed rational prime.

R is an integral domain satisfying the following conditions:
(i) R satisfies A.C.C. and R /J(R) satisfies D.C.C.

(ii) R is complete.
(iii) J(R) = (7T) is a principal ideal.
(iv) p = 1 + ... + 1 E (7T).

'-v--'
P

K is the quotient field of R.
All modules are assumed to be finitely generated.
If V is an R [G] module and v E V then v denotes the image of v in

V = V/(7T)V. Similarly R = R/(7T) and R [G] = R[G]I(7T)R[G] = R[G].
In case 7T = 0 R = R = K is simply a field of characteristic p. Otherwise

R is a complete discrete valuation ring.
In view of these assumptions the results of Chapter I sections 17, 18, 19

and the results of Chapter II apply directly to R [G]. Furthermore many
results from Chapter I will frequently be used when applicable.

An exposition of much of the material in this chapter can be found in
Green [1974b] or Michler [1972a].

The main purpose of this chapter, and indeed of the whole book, is to
study R [G] modules. However before doing so it is necessary to investi­
gate F[ G] modules where F is a field. This is done in the next section.
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2. F[ G] modules

CHAPTER III [2

Throughout this section F is a field and G is a group. Let Vo(G) denote
the F[ G] module consisting of invariant elements with dimF Vo( G) = 1.
Observe that all F[ G] modules are F -free.

LEMMA 2.1. Let V, W be F[G] modules. Then dimF (lnvc(V*@ W)) =
I(V, W).

PROOF. Immediate by (11.2.4) and (11.2.8). D

LEMMA 2.2. Suppose that char F = P > O. Let V be an F[ G] module.
(i) If P I dimF V. Then the multiplicity of Vo( G) in V * @ V is at least 2. If

V is absolutely irreducible then V* @ V is not completely reducible.

(ii) If P )' dimF V then Vo( G)' V* @ V.

PROOF. By (11.2.8) V* @ V = HomF (V, V) = Fn where n = dimF V. The
group G acts on Fn by conjugation. Thus if Wo is the set of scalars in Fn

and WI is the set of matrices of trace 0 both Wo and WI are F[ G] modules.
Clearly W o= Vo(G). If p )' n then V*@ V = WoEB WI and (ii) is proved.
Suppose that pin. It follows that W o~ WI. If w E Fn and x E G then
(wx - w) E WI. Thus Fn / WI = Vo(G). Hence the multiplicity of Vo(G) in
V* @ V is at least 2.

If V is absolutely irreducible then by (1.8.1) and (2.1)
dimF (lnvc (V* @ V)) = 1. If V* @ V is completely reducible then the first
statement implies that dimF (lnvc (V* @ V)):? 2. Thus V* @ V is not

completely reducible. D

LEMMA 2.3. Let H be a subgroup of G and let W be an F[H] module. Then

dimF {Invl-l (W)} = dimF {Invc (W C
)}.

PROOF. Immediate by (11.3.4). D

THEOREM 2.4 (Mackey [1951 D. Let H, A be subgroups of G. Let V be an

F[H] module and let W be an F[A] module. Then

I(Vc , W C )= L I(V;/xnA, Wf-I'nA)
x

where x ranges over a complete set of (H, A) double coset representatives

in G.
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: PROOF. By (11.2.6) and (11.2.10)

(VG)*@ W G =EB(V·~·'nA@ WlI'nA)G.
x

The result follows from (2.1) and (2.3). 0

THEOREM 2.5 (Frobenius Reciprocity). Let H be a subgroup of G. Let V be
an F[ G] module and let W be an F[H] module. Then I( WG, V) =
I( W, VII) and I( V, W G) = I( VH , W).

PROOF. Clear by (2.4). 0

THEOREM 2.6 (Nakayama Relations). Let H be a subgroup of G. Assume
that F is a splitting field of F[ H] and of F[ G]. Let {V;}, {~} be a complete
system of representatives of the isomorphism classes of principal indecompos­
able F[ G], F[ H] modules respectively. Let L j, ~ be the irreducible F[ G],
F[H] module corresponding to Vj, ~ respectively. Then

(i) (Lj)1-I ~ EB ajjMj for each i if and only if VJ; = EB a;jV; for all j.

(ii) (V;)H = EB bij~ for each i if and only if MY'~ EB bj,Lj for each j.

PROOF. (i) Let (Li)1I ~ EB ajjM} and let V Y' = EB a:jVi. By (1.16.4) ajj =
I( Vj, (L;)rd. By (1.16.9) a(j = I( vF, L;). The result follows from (2.5).

(ii) Let (Vi)1-I = EB b;j~ and let MY'~ L bijLj. By (1.16.4) bi~ =
I(Vj,MJ'). By (1.16.9) b;j = I«Vi)H,Mj). The result follows from (2.5). 0

LEMMA 2.7. Let T <J G. Let V, VI, ... , V n be F[G/T] modules such that
v~EB Vi. Let V be an F[T]-projective F[G] module. Then V @ V =

EBv@Vi •

PROOF. It clearly suffices to prove the result in case all Vi are irreducible.

We proceed by induction on n. If n = 1 there is nothing to prove. Let
W be an irreducible submodule of V. Then V @ W ~ V @ V. Since
(V @ Wh = (dimF W)V and (V @ Vh = (dimF V)V it follows that
(V @ Wh I(V @ Vh. By Higman's theorem (11.3.8) and (11.2.7) V @ W
is F[T]-injective. Hence V @ W I V @ V and so V @ V =
(U@W)EB(V@V/W). The result follows by induction. 0

Lemma 2.7 is of special interest in case T = (0, however the full strength

will be needed in Chapter IX section 1.

THEOREM 2.8 (Brauer [1935], [1956]). Assume that F is a splitting field of
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F[ G]. If char F = 0 the number 0 f irreducible F[ G] modules is equal to the
number of conjugate classes of G. If char F = P > 0 the number of irreduc­
ible F[ G] modules is equal to the number of conjugate classes of G consisting
of p'-elements.

PROOF. Let {C} be the conjugate classes of G. Choose Xi E C for each i.
Let 5 be the F -subspace of F[ G] generated by all ab - ba with a, b E
F[G]. Let

50 = {L axx , L. ax = 0 for all i}.
G xEC i

If ~ axx E 50 then ~ axx = L i ~XECi ax (x - Xi). Thus 50 ~ 5 since
x - Xi E 5 for X E C. Since

(2: a,x) (2: b,x) - (~ b,x)( 2: a,x) =~ (~ a,b", -aA}

= ~ {~ax(bx-'zxx ,-bzx ')}z
it follows that 5 ~ 50 and so 5 = 50.

Clearly Li aiXi E 50 if and only if ai = 0 for all i. Thus dimFF[ G] - dimF5
is equal to the number of conjugate classes of G.

If char F = 0 then F[ G] is semi-simple by (11.3.12) and the result follows
from (1.16.3) in this case.

Assume that char F = P > O. Choose the notation so that C" . .. , Ck are
all the conjugate classes of G consisting of p'-elements. Let T = {c IcPi E 5
for some n. By (1.16.3) T is an F-space and it suffices to show that
k = dimFF[ G] - dimF T.

If x E G then x = yz = zy ·where y is a p-element and z is a p'-element.
Since (z - YZ)"i = Z pi - Z pi = 0 for sufficiently large j it follows that

z - yz E T and so x == z (mod T). Since 5 ~ T, z == Xi (mod T) for some
i ~ k. Thus x == Xi (mod T) for some i and dimFF[ G] - dimF T ~ k.

Suppose that ~~=J aiXi E T. Hence by (1.16.3)

k ( k ) pi

i~ af1xfl == ~ aixi. E 5

for sufficiently large j. Choose m such that x fn> = x, for all i. Thus
~~= J a fn>xi E 5. Hence by the first part of the proof a fn> = 0 for all i and so
ai = 0 for all i. Hence dimF F[ G] - dimF T ~ k. 0

COROLLARY 2.9. Assume that char F = P > O. Let P be a p-group. Then
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Vo(P) is the only irreduCible F[ P] module and F[ P]FfP] is the unique
principal indecomposable F[P] module. Every projective F[P] module is free
and F[P] is a local ring.

PROOF. Let F I be a splitting field of F[P]. By (2.8) Vo(P) Q9FF1 is the
unique irreducible F I [P] module. Hence V o(P) is the unique irreducible
F[P] module and F is a splitting field of F[P]. By (1.16.9) this implies
that F[P] is indecomposable. Thus Vo(P) = F[P]F(pdJ(F[P])FfP] and so
dimFF[P]/J(F[P]) = 1. Thus F[P] is a local ring. The remaining state­
ments are clear. D

COROLLARY 2.10. Assume that char F = P > O. Let P be a Sp-subgroup of
G. If V is a projective F[ G] module then VI' = nF[P]FfP] for some integer n.
Thus in particular dimF V == 0 (mod IP ,).

PROOF. Clear by (2.9). D

LEMMA 2.11. Suppose that H <J G. Let W be an irreducible F[ H] module
with T( W) = H. Then W Ci is an irreducible F[ G] module.

PROOF. Let {xd be a cross section of H in G. By (11.2.11) (WG)H = EB Wx.
and W X. = WXi if and only if i = j. Let V be a submodule of W Ci

, V I (0).
By (1.5.11) W\ ~ V/-I for some i. Hence W X

• ~ V/-I for all i and so
(WG)H = V H • Hence W Ci = V. Thus W Ci is irreducible. D

THEOREM 2.12 (Clifford). Let H <J G and let V be an irreducible F[ G]
module. Then there exists an irreducible F[H] module Wand an integer
e = eH (V) such that VH = e{EB W\} where Xi ranges over a cross section
of T( W) in G. Thus in particular V H is completely reducible.

PROOF. Let W be a minimal submodule of V H. Then Wx = WX for x E G
and so Wx is irreducible. Hence LXEG W X is completely reducible. Since
L W X is sent into itself by multiplication by elements of F[ G] the
irreducibility of V implies that V H = L W X

• Thus if {xd is a cross section of
T(W) in G it follows from (11.2.11) that V H = EBe;Wx;. By (2.5)

eJ(W, W)=eJ(W\ WX;)=I(VH , \V\)=I(V,(wx.)G)=I(V, WG).

Hence e = e; is independent of i proving the result. D

The integer ef/(V) in (2.12) is the ramification index of V with respect
to H.
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COROLLARY 2.13. Suppose that char F = p.

(i) Let H be a p-group with H <J G. Let V be an irreducible F[ G] module.
Then H is in the kernel of v.

(ii) The intersection of the kernels of all irreducible F[ G] modules is
Op(G).

PROOF. (i) Clear by (2.9) and (2.12).

(ii) By (1.19.4) it may be assumed that F is a splitting field for G and all
its subgroups. Let H be the intersection of the kernels of all the irreducible
F[ G] modules. By (2.8) G and G /H have the same number of conjugate
classes consisting of p'-elements. Thus H is a p-group. Hence H = Op(G)

by (i). 0

In general it is very difficult to determine the ramification index. We will
here only prove a very special result.

THEOREM 2.14. Suppose that F is algebraically closed. Let H <J G. Assume

that G /H is cyclic. Let W be an irreducible F[ H] module with T( W) = G.
Then the following hold.

(i) There exists an F[ G] module V with VII = W.
(ii) If X is an irreducible F[ G ] module such that W IXII then XII = W

and X = W 0 Z for an irreducible F[ G /H] module Z.

PROOF. (i) Choose x E G with G = (x, H). Let A be a representation of

F[H] with underlying module W. Since T( W) =·G there exists a linear
transformation M such that A (x -I yx) = M I A (y)M for all y E H. Thus if

n = ,G :H' then

M-"A (y )M" = A (x -"yx") = A (x" riA (y)A (x")

for all yEN. Hence Schur's lemma implies that M" = cA (x") for some

c E F. Choose Cu E F with c ~ = c. Define A (x) = c (~I M. Then A extends to
a representation of F[ G]. Let V be the underlying module for this
representation.

(ii) Let Y = F[ G /H] as an F[ G] module. Then W G = V 0 y. Thus
every irreducible constituent of W G is of the form V 0 Z for an

irreducible F[ G / H] module Z. By Frobenius reciprocity (2.5) X = V 0 Z
for some Z. As G/H is cyclic dimFZ = 1 and so dimFX = dimF V =

dimF W. Thus Xu = V. 0

The following notation will be used in the next result which is a technical

preliminary.
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If 5 is a subset of an F[ G] module V then (5) is the F -space generated

by 5.

LEMMA 2.15. (i) Let V be an F[ G] module. Then x is a scalar on V if and

only if v E (vx) for all v E V.
(ii) Let V be an F[ G] module. F[ G ]Fl GJ I V if and only if there exists

v E V with v ~ (vx Ix E G - {I}).
.(iii) Let V, W be F[ G] modules and let A, B be subsets of G - {I}.

. Suppose that v E W, w E W with v ~ (vx I x E A) and w ~ (wx I x E B).

7hen v 0 w E V 0 W with v 0 w ~ «v 0 w)x 'x E A U B).

PROOF. (i) This is elementary linear algebra.
(ii) v ~ (vx Ix E G - {I}) if and only if vy ~ (vx 'x E G - {y}) for y E

G. This is the case if and only if {vx Ix E G} is a linearly independent set or

equivalently F[ G ]F[GJ is isoinorphic to a submodule of V. The result

follows as F[ G]F[GI is injective.
(iii) There exist linear transformations a, b on V, W respectively so

that va=v, wb=w but (vxlxEA)a=O=(wYlyEB)b. Hence if
yEA U B then

(v 0 w)y(a 0b)= vya 0 wyb = 0

as vya=O or wyb=O. Thus «v0w)xlxEA UB)(a0b)=O and

(v @ w)(a 0 b) = v 0 w ~ o. 0

THEOREM 2.16 (Bryant and Kovacs [1972]). For x E G - {I} let Vx be

an F[ G] module on which x does not act as a scalar. Then

F[G]F[GII Q9xEG-{1} VX'

PROOF. By (2.15)(i) there exists V x E Vx with V x~ (vxx) for each
x E G - {I}. Repeated application of (2.15)(iii) implies that w =
Q9xEG-{l} Vx E Q9xEG ·{I) V x satisfies the condition w ~ (wy lyE G - {I}).

. The result follows from (2.15)(ii). 0

COROLLARY 2.17. For x E G - {I} let V x be an F[ G] module with x not in

the kernel of VX' Then

F[G]FlGJ IXE@{I} (Vu(G)EB Vx) = AC~-{1} (~ Vx).

PROOF. Clear by (2.16). D
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COROLLARY 2.18. Suppose that F is algebraically closed and char F = p.
Then every projective F[ G] module is irreducibly generated if and only if
Op(G) = (I).

PROOF. By (2.13) Op (G) is the intersection of the kernels of all irreducible
F[G] modules. Thus if Op(G)~(1) then by (2.10) no projective F[G]
module can be irreducible generated. If Op( G) = (1) then by (2.13)(ii) each
V x in (2.17) can be chosen to be irreducible and so the result follows from
(2.17). 0

3. Group rings over complete local domains

LEMMA 3.1. Let H be a subgroup of G. Let W be an R [H] module. Then
(WK)G = (WG)K and ~VG = WG.

PROOF. Clear by definition. 0

LEMMA 3.2. Let V be an R-free R [G] module. Then
(i) (V*(R))K = (VK)*(K) = HomR (V, K),

(ii) V*(I~) = V*(I~) = V*(R).

PROOF. (i) Immediate by definition.
(ii) Clearly V*(I~) = V*(f~) and V*(I~) = V*(I~). 0

LEMMA 3.3. Assume that p ~ IG I. Then every R [G] module is R­
projective. The maps sending V to V and V to V K set up one to one

correspondences between isomorphism classes of R -free R [G] modules and

isomorphism classes of R[G] and K [G] modules respectively. In particular

if V is an R -free R [G] module then V is irreducible if and only if V K is

irreducible.

PROOF. By (II.3.10) all R[G] or K[G] modules are projective and all
R -free R [G] modules are projective. Thus by (1.13.7) the map sending V
to V sets up the required one to one correspondence between isomor­
phism classes of R -free R [G] modules and isomorphism classes of R[G,]
modules. Therefore by a suitable arrangement of irreducible R [G] mod­
ules it may be assumed that the decomposition matrix D of R [G] equals 1.
Hence by (1.17.8) C is a diagonal nonsingular matrix where C is the Cartan
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matrix of R[G]. Thus by (1.17.10) the map sending V to VK also sets up
the required one to one correspondence.

Let V be an R -free R [G] module, then V is indecomposable if and only
if V is indecomposable and thus irreducible. Also V is indecomposable if
and only if V K is indecomposable and thus irreducible. 0

LEMMA 3.4. Let V be a faithful R -free R [G] module. Then the kernel of V
is a p-group. If 7T' -10 and P <l G where P is a p-group then there exists a
finite extension S of R with quotient field L and a finitely generated S -free

S[ G] module W such that WI = V L and P is in the kernel of W /1(S) W.

PROOF. Let x be a p'-element in G. Then (x) is a p'_group and V is an
R-free R [(x)] module. By (3.3) x is not in the kernel of V.

By (1.18.3) there exists a finite extension S of R with quotient field L
and a finitely generated S-free S[ G] module W such that Vc. = WL and
W/1(S) W is completely reducible. By (2.13) P is in the kernel of
W/1(S)W. 0

LEMMA 3.5. Suppose that H <l G. Assume that W is an indecomposable
R [H] module such that T( W) = H. Then We is indecomposable.

PROOF. Let {x;} be a cross section of H in G with XI = 1. Let Wi = W X
'. By

(II.2.11) (We)H = EB W'; where W'; I:: \V; for i -I j and each W'; is inde­
composable. Suppose that We = VI EB V 2. Thus (We)H = (VI )/-1 EB (V2)/-1.
Hence by the unique decomposition property W I (V1)H or W I (V2 )H. It
may be assumed that W I(VI )/-l. Therefore Wi I(VI)H for all i. Hence
(We)H = EB W'; I (V1)H by the unique decomposition property. Thus V 2 =
(0) and so We is indecomposable. 0

LEMMA 3.6. Suppose that G = H x A. Let V be an R-free R [H] =

R[G/A] module and let Wbe an R-freeR[A]=R[G/H] module. Then

the following hold.
(i) Inve ( V @ W) = Inve (V) @ Inve (W).

(ii) Ef~rel(V@ W)= ER(H](V)@RER[AJ(W),
(iii) V @ W is an absolutely indecomposable R [G] module if and only if

V and Ware absolutely indecomposable R [G] modules.

PROOF. (i) Since both V and Ware R -free R modules so is every
submodule of V and W. Let {Wi} be an R -basis of W. Clearly Inve (V),
Inve (W) is a pure submodule of V, W respectively and
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Inv C ( V) @ Inv C ( W) ~ Inv C ( V @ W). Let v E Inv C ( V @ W). Then v =
~ Vi @ Wi with Vi E V. Thus ~ ViX @ Wi = ~ Vi @ Wi for all x E H. Hence
Vi E Invc (V) for all i. Let {Ui} be a basis of Invc (V). Thus V = ~ Ui @ w;
for w;E W. Hence ~Ui@W;X =~Ui@W; for all x EA and so
w;EInvc(W) for all i. Consequently vEInvc(V)@Invc(W) as re­
quired.

(ii) By (11.2.8) Homf~ (V, V) and Homf~ (W, W) are R -free R [G]
modules. Thus (i) and (11.2.8) imply that

Invc (Homf~ (V, V)@Invc (Homf~ (W, W))

= Invc (Homf~ (V@ W, V @ W).

The result follows from (11.2.4).
(iii) By (1.18.7) there exists a finite extension S of R such that

any nonzero indecomposable component V of V s, W s or (V @ W)."
is absolutely indecomposable and has the property that
Es!cl (V)/J(E S!C,( V) = .S.

Let A = Es!cJ«V@ W)s), A v = Es!cl(V,,) and A w = Es!cJ(W,,). Since
A, Av , Aware finitely generated R -algebras their radicals are nil­
potent. Hence (1.8.15) and (ii) imply that A v @sJ(A w) ~ J(A)

and J(Av ) @s A w ~ J(A). Thus there exists an epimorphism of
Av/J(Av)@sAw/J(A w) onto A/J(A).

If V" and W" are indecomposable then there exists an epimorphism of
S = S @ S onto A /J(A). Thus A /J(A) =.S and so (V @ W)s is indecom­
posable.

If V" or W" is decomposable then clearly V" @ w" is decom­
posable. 0

LEMMA 3.7. Suppose that G = H x A where A is a pi_group. Let V be an

R -free R [G] module. Then V is absolutely indecomposable if and only if

there exists a finite extension S of R and absolutely indecomposable S -free'
S[G] modules Vand W such that H is in the kernel of W, A is in the kernel

of Vand U" = V @ W. If furthermore R is a field then it may be assumed
that W is absolutely irreducible.

PROOF. If V and W exist then V is absolutely indecomposable by (3.6).
Assume that V is absolutely indecomposable. There exists a finite

extension S of R such that every indecomposable component of V H and of
S[A ]s[AI is absolutely indecomposable. Change notation and replace S by
R. By (II.3.10) V is R[H]-projective. Thus V I(VH)C and so V IV C for
some indecomposable component V of V H • The definition of V C implies
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directly that V G = V@R[A]R!A] where V is an R[G/A]=R[H] mod­
ule. Let R [A ]R[A] = EB W, where each W, is indecomposable. Thus
U IV G = EBi V @ Wi and so U I V @ Wi for some i by the unique
decomposition property. By (3.6) V @ Wi is indecomposable. Thus U =

V @ Wi as required.
If R is a field then by (II.3.12) W'; is absolutely irreducible. [J

If absolute indecomposability is replaced by indecomposability then (3.7)
is not true in general. A complete discussion can be found in Blau [1974a],
Gudivok [1974], [1977].

The next result for R-free modules is due to l.A. Green [1959a], [1962a].
Related results can be found in Broue [1976a].

THEOREM 3.8. Suppose that H <l G and IG : H I = p. Let V be an absolutely
indecomposable R [H] module. Then V G is absolutely indecomposable.

PROOF. By (1.18.7) R may be replaced by a suitable finite extension such
that every indecomposable component of V G is absolutely indecompos­
able and ER(I-II(V)/J(ER[I-I)(V))=R.

If T( V) = H the result follows from (3.5). Suppose that T( V) ~ H. Thus
T( V) = G. Choose x E G - H. Then {x i 1o:::; i :::; p - l} is a cross section of

H in G. Let y = x" E H.
By (1.18.6) it suffices to show that for some finite extension S of R

ESIGI(Vf)/J(Es!GI(V;;)) = .S.

Let E = ER!I-I](V). Then E/J(E)= R, E ~ ER(V) and

E RIGI (V
G) ~ E R!I-Ij( V G) ~ E R(VG).

Since V = V X there exists an R -isomorphism h: V ~ V such that
h(v)z = h (vz X) for v E V, z E H. Thus h (v) y = h (vy) and h' (v)z =
hi(vz X

') for all i. Furthermore if gEE then h-Igh E E.
Define f: V ~ V by f( v) = h" (vy). Clearly f is an R -isomorphism. If

z EH then

f(v)z = h"(vy)z = h"(vyzY) = h"(vzy) = f(vz).

Therefore fEE.
By (II.2.11) (VG)I-I = EB:'~l~ V X

'. Thus if a E ER(VG) there exist gij E

ER(V) for i,j=O, ...,p-1 such that for s=O, ...,p-1,
(I-I

a(v @x')= L higish-S(v)@Xi.
i=O
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Let a = (gij) E (ER(V))p. The map sending a to a is clearly an R­

isomorphism from ER(VC) to (ER(V»)p. If a, a' E E R(VC) with a = (gij),
a'=(g:j) then for s=O, ...,p-l

{

1'-1 }

aa '(v @X S) = a ~ h ig:sh -S(v )@x i

=Z{Z h'g,;g:,h-'(v) }@X',
Thus aa' = aa 1 and the map sending a to a is a ring isomorphism.

If z E H, a E E R (V) then for s = 0, ... , p - 1
1'-1

a(v @XS)z = L {higish-S(v)}zX i @x i
i~O

1'-1

= L hi ({gish -s (v)} z) @ x \
i~()

1'-1

a(v@xSz)=a(vzX;@x S)= L higish-s(vze')@x'.
i~()

Thus a E ERfH](VC) if and only if for all i, s, {gish -S(v)}z = gis {h -S(v)z}.

Since h is an R -isomorphism this last equation holds if and only if
~

gis (w)z = gis (wz) for all w E V, or gis E E. Therefore E R[HJ (VC) = E p.
For a E ER(VC) define a h by a" = (h -I gijh) where a = (gij). Then

a h E ER[HJ(VC) if and only if a E ER[H](VC),
Define bEER (VC) by b(v @x i ) = h(V)@X i

+
1 for i = 0, .. .,p-1.

Clearly

(

0 Of)
6= 1 ~.'" °

° .. 1 . °
and bh = b.

Thus bEE R[H] ( V C). Furthermore

b(v@xi)x =h(V)@X i
+

2 =b(v@X i
+

l
) for i =0, ...,p-2;

b(v @ x P -I)X = h (v) @ x p + I = h (vy ) @ x = b (vy @ 1) = b (v @ x p ).

Thus bEE R[G]( V C
).

By (1.9.12)
~ ~

(3.9) E R[C] (V G
) n 1(Ep) ~ 1(E R[C] (V c

)).

We next prove two subsidiary results.

(3.10) If gEE then h -I gh - g E 1(E).
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PROOF. Since EIJ(E)=R there exists rER such that g-rEJ(E).

Hence

h -'gh - r = h -I(g - r)h E h -'J(E)h = J(E).

Thus h-'gh - g EJ(E) as required.

(3.11) Leta E ERIHJ(VG). Then a E EUIGJ(VG) if and only ifb-1ab = a".

PROOF. Let ii = (gil)' For s = 0, ... , p - 1
1'-1

{bah(v @XS)}x- 1= L hi; Ih-'gi,hh-'(v)@x i = a{b(v@xS)x-'}.
,=()

Hence a"(v @x')x- I = b-1ab{(v @x')x-'}. This proves (3.11).

We return to the proof of (3.8). ~ _
Let R(b) = {L~'~(~ rib i I ri E R}. Now A = ERIGJ(VG). Let B = R(b).

Thus

Observe that B need not be a ring.
Since Ep/J(E)EfJ = (EIJ(E»p = Rp it follows that J(Ep) = 1(E)Ep. For

a E Ep let a denote the image of a in Ep = EfJ/J(EfJ)'
Since' EI1(E) = R there exists s E R, s rf 0 such that f - s E 1(E).

Replacing R by a suitable finite extension it may be assumed that
f - r P E 1(E) for some r E R. Thus

b=(.~ ~o ~').
o "1:0

Let C be the R-algebra csmsisting of all p x p matrices with coefficients i~

R which commute with 6. Since (t -;:y is th~ minimum polynomial of E
it follows that C consists of all polynomials in Ewith coefficients in R. Thus

(3.12) 13 = C = R[t]l(t - ;:y.

By (3.10) and (3.11) ACe = 13. Since B ~ A it follows that A = 13.
Thus

13 = A = A +1(Ep)11(Ep) = AlA n J(Ep).

Hence 13 IJ(13) = AIJ(A) by (3.9). Thus it suffices to show that 13IJ(13) =
it This however is obvious from (3.12). D
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It should be noted that (3.8) is false if H is not normal in G even if R is a

field. For instance let G = A 5 , H = A 4 with P = 5. Let V be an irreducible
R [H] module with dimR V = 3. Then V" is projective and dimR V" = 15.
However it is not difficult to show that no principal indecomposable R [G]
module has dimension 15. Such computations will follow relatively simply
from the results in Chapter IV.

COROLLARY 3.13. Suppose that H <J G and G/H is a p-group. Let V be an
absolutely indecomposable R [H] module. Then V" is absolutely indecom­

posable.

PROOF. Induction and (3.8). 0

COROLLARY 3.14. Suppose that G is a p-group and H is a subgroup of G.
Let V be an absolutely indecomposable R [H] module. Then V" is absolutely

indecomposable.

PROOF. Induction and (3.8). 0

COROLLARY 3.15. Suppose that H <J G and G/H is a p-group. Let L be an

absolutely irreducible R[G] module and let e = eH (L) be the ramification

index of L with respect to H. Then e = 1. If L I is an absolutely irreducible
R[G] module which is not isomorphic to L then no irreducible constituent of

LI-I is isomorphic to an irreducible constituent of (LI)/l.

PROOF. By changing notation it may be assumed that R is a splitting field
of R[G] and R[H] and every principal indecomposable R[G] or R[H]
module is absolutely indecomposable. By (2.12) L{I = Ef1 eMi where the M i

are pairwise nonisomorphic R[H] modules. Let V be the principal
indecomposable R [G] module corresponding to L and let V. be the
principal indecomposable R[H] module corresponding to Mi. Then
eV I V~; by the Nakayama relations (2.6). However by (3.13) V~; is
indecomposable. Thus e = 1. Furthermore V = V~; for all i.

Let VI be the principal indecomposable R[G] module corresponding to
L,. If M j IL II-1 for some j then VI = V;; = V. Thus L = L I. 0

COROLLARY 3.16. Suppose that H <J G and G/H is a p-group. Assume that

R is a splitting field of R[G]. Let M be an absolutely irreducible R [H]
module with T(M) = G. Then there exists an irreducible R[G] module L

such that L/l = M. Furthermore L is uniquely determined up to isomorphism.
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PROOF. By (11.2.9) M I(MG)11. Thus there exists an irreducible R[0]
module L such that M IL II. Since T(M) = 0 it follows from (3.15) that
LH = M and L is uniquely determined up to isomorphism. 0

LEMMA 3.17. Let V be an R [0] module. Let H be a subgroup of O. If V is
R [H]-projectiv~ then V is R [H)-projective.

PROOF. By (11.3.8) V I(VII t. Thus V /( VH )0. The result follows from
(II.3.8). 0

The following example shows that the converse of (3.17) is not true in
general.

Let 0 = (x, Y Ix K = 1 = y2, y-I xy = Xl). Let H = (x 2, y). Thus H <J 0,

G is a dihedral group of order 16 and H is a dihedral group of order 8.
Let 02 be the 2-adic completion of the rational numbers. Let K = 02( E)

where E is a primitive 8th root of unity. Let R be the integers in K.
Define

(
1

Y = -I
E - r:

It is easily verified that the map sending x to X and y to Y defines a
representation of O. Let V be the underlying module for this representa­

tion. One checks that HomH[II/(VII, VII)=R. Thus VII is absolutely
indecomposable. Hence by (3.8) (VII t is absolutely indecomposable.
Since V and (VII )G have different ranks, V I: (VlI )0. Thus V ,( (VII t and
so V is not R [H)-projective.

Since E == 1 (mod( 1T)) it follows that

- (1 1)X = Oland - (1 0)Y = 0 1 .

Thus H is in the kernel of V. From this it follows easily that V = W G

where W is the one dimensional R[H) module consisting of invariant
elements. Thus V is R [H)-projective.

4. Vertices and sources

We follow Green [1959a] very closely for most of this section. See also
Green [1971], Dress 11976].

An alternative approach to much of the material in this and the next
section has recently been given by Burry [1979].



112 CHAPTER III [4

If H, A are subgroups of G then H ~G A means that H X
~ A for some

x E G, H =eA means that H \:eA and A \:eH. Thus H =eA if and
only if H X = A for some x E G.

LEMMA 4.1. Let A, H be subgroups of G and let W be an R [A] module and
Va component of we. Suppose that VH = VI EB··· EB V, where each Vi is
an indecomposable R [H) module. Then for each i there exists x, E G such
that Ll; is R [H n A -x; ]-projective. In fact Vi I{W~/nAXir/.

PROOF. Immediate by (11.2.9). 0

For an R [G) module V let ~(V) be the set of all subgroups H of G
such that V is R [H)-projective.

LEMMA 4.2. Let V be an indecomposable R [G) module. Assume that
(i) A is a minimal member of ~(V).

(ii) W is an R [A] module such that V IWe.
(iii) H E ~(V).

Then for at least one indecomposable component Vof VH , V IV e . Further­
more for any such V there exists x E G with A x \: H and V I(W X r/.
PROOF. Since V is R [H)-projective V I(VH )e. Thus V IV G for some
indecomposable component V of V H as V is indecomposable. By (4.1) for
any such V there exists x E G such that V is R [H n A x ]-projective.
Thus V is R [He] n A ]-projective. The minimal nature of A implies that
A \: H x

-
J

or A x \: H. The last statement follows from (4.1). LJ

COROLLARY 4.3. Let V be an indecomposable R [G) module. There exists a
subgroup A of G such that V is R [A ]-projective and if V is R [H)-projective
then A \:e H. Furthermore A is uniquely determined up to conjugation in G.

PROOF. Immediate by (4.2). LJ

If V is an indecomposable R [G) module then a minimal element in
~(V) is called a vertex of V. By (4.3) a vertex of V is uniquely determined
up to conjugation in G. We will frequently refer to the vertex of V. This
should cause no confusion.

LEMMA 4.4. Let V be an indecomposable R [G) module with vertex A. Then
A is a p-group.
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PROOF. Let P be a Sp-group of G. By (11.3.10) V is R [P]-projective. Thus
A r;;,cP by (4.3). 0

Let V be an indecomposable R [G] module with vertex A. An indecom­
posable R [A] module W is a source of V if V IWc. If W is a source of V

then clearly the R [A X] module W X is also a source of V.

LEMMA 4.5. Let V be an indecomposable R [G] module with vertex A. Let

W, W' be R [A] modules which are sources of V. Then W' = W Xfor some

x ENc (A).

PROOF. By assumption V I W(, and V I W '('. Thus by (4.2) with H = A

there exists x E G such that A x r;;, A and W' I W x
• Hence x E Nc; (A).

Since WX is indecomposable W' = W x
• 0

LEMMA 4.6. Let V be an indecomposable R [G] module with vertex A. Let

H be a subgroup of G such that V is R [H]-projective and let V H =
VI E9 ... E9 VI where each U; is indecomposable with vertex Ai. Then

(i) Ai r;;, c A for each i.

(ii) V IvF for some j and in this case Ai =c A. Moreover if A r;;, H then

Ai =HA for some j.

(iii) If Ai = G A then V and ~ have a common source.

PROOF. (i) By (4.1) Vi is R [H n A x, ]-projective for suitable Xi E G. Thus
Ai CcH n AXi CcA.

(ii) Since V is R [H]-projective V I(VH )c. Thus V IVF for some j as V

is indecomposable. Hence A Cc Ai and so A = c Ai by (i). If moreover
A c;: H, then V I(VI\ t and so V I Wc; for some indecomposable compo­
nent W of (~)I\ for some j. Thus W has vertex A. By (i) applied to the
components of (~)I\ we have A C;:II A j and hence A = HA j by (i).

(iii) If Ai = c A then Ai = H n A x for some x E G. Thus H n A x is a
vertex of ~ and A x c;: H. Let W be an R [A] module which is a source of
\' then by (4.1) ~ I (W:x )H. Thus W X is a source of~. 0

COROLLARY 4.7. Let H be a subgroup of G and let W be an indecomposable

R [H] module. Then Wc; has an indecomposable component V such that V

and W have a vertex and source in common.

PROOF. Choose V IW(, such that W I Vf-{. The result follows from

(4.6). 0
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LEMMA 4.8. Let A be a p-subgroup of G. Let W be an R [A] module such

that W = R = InvA (W). Then some indecomposable component of wG has

vertex A and source W. In particular every p-subgroup of G is a vertex of

some indecomposable R [G] module.

PROOF. By (4.7) it suffices to prove the result in case A = G. Suppose that
A o is a vertex of Wand W o is an R [Ao] module which is a source of W

Since W is clearly absolutely indecomposable it may be assumed by (1.18.7)
that W o is absolutely indecomposable after replacing R by a suitable finite
extension. Thus by (3.14) W = W~. Hence' A : AoldimR Wo = dimR W=

1. Therefore A = A o and W = Woo 0

LEMMA 4.9. Let V be an indecomposable R [G] module with vertex A. Let

'\) be a nonempty set of subgroups of G. Then H(I( G, ,\), Homl~ (V, V)) = (0)
if and only if A ~GH for some HE,\).

PROOF. If A ~G H for some HE,\) then H()( G, ,\), Homl~ (V, V)) = (0) by
(11.3.3) and (11.3.8).

Suppose that A hG H for any HE,\). Let HE.0. Then V is not
R[H]-projective. Thus by (11.3.8) Tr~(ERIIIJ(V))~ERIGI(V). Since
ER1G1(V) is a local ring it follows from (11.3.7) that Tr~(ERIFII(V))~

J(ER1G1 (V)). Therefore

L Tr~(ERIFIJ(V))~J(ERIGI(V))~ERIGI(V). 0
IIE0

LEMMA 4.10. Let V be an indecomposable R [G] module with vertex A.

Suppose that H <J G and A ~ H. Then there exists an integer e and an
indecomposable R[H] module W such that VII = EBieWx i where {x;} is a

cross section of T( W) in G.

PROOF. There exists an indecomposable R [H] module W such that
V IW G and W IVII. Hence by (11.2.11) VII = EBi ei WXi for integers ei·
Since V is an R [G] module it follows that ei = ej for all i, j. 0

LEMMA 4.11. Let V be an indecomposable R [G] module with vertex H. Let

y E G such that the p-part of y is not contained in any conjugate of H. Let

A = (y) and let B = (yl'). Then for some finite extension S of R, (VS)A =

W A where W is an S[B] module.

PROOF. For x E G, A n HX ~ A and so A n HX ~ B. Thus by (4.1)
VA = EB Vi where each Vi is an indecomposable R [B]-projective mod-
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ule. Hence V A IM A for some R [B] module M. By (1.18.7) there exists a
finite extension S of R such that 1\.-[., = EB M, where each M is absolutely
indecomposable. By (3.8) M~ is absolutely indecomposable for each i.

Since ( V")A IEB M~ this implies that (Y")A = EB M;' where j ranges over
a subset of {i}. The result follows by setting W = EB Mj• 0

LEMMA 4.12. Let V be an indecomposable R [G] module and let P be a
p-group which is contained in the kernel of V. Then P is contained in a vertex

of V.

PROOF. Let Wo be the R [P] module with Wo = Invl~ (Wo) and dimH,) Wo =

1. Then VI' = m Wo for some integer m > O. By (3.14) P is the vertex of

every component of Vf'. Hence P is contained in a vertex of V by (4.1). 0

. COROLLARY 4.13. Suppose that P <J G, P a p- group. Let V be an irreducible

R[G] module with vertex Po. Then P ~ Po and PolP is the vertex of Vas an

R[GIP] module.

PROOF. Immediate by (2.13), (4.12) and definition. 0

The proof of the next result is due to D. Burry. See Green [1971],

Proposition 3.41, Erdmann [1977b], Lemma 4.6.

LEMMA 4.14. Let V be an indecomposable R [G] module and let S be a

finite extension of R. Let A be a vertex of V. Then A is a vertex of every

component of Vs.

PROOF. If H is a subgroup of G and W is an S[H] module, let W denote
W as an R [H] module. The definition implies that WG = lVn

. Similarly
(MG)s = (M..,r--' for M an R [H] module.

Let l\l be a nonzero indecomposable S[ G] module such that wi Y.,. As

V I(VAf it follows that V., I{(V")Af'-' and so W is S[A]-projective. If A
is not a vertex of W then there exists a subgroup B of A with' A : B 1= P
such that W is S[B]-projective. As wi Y." WI(Y<;)=[S:R]V. Hence

~ ........
W= nV for some integer n > 0 and so V I(Waf as (W13 t = (Wur·-'

contrary to the fact that A is a vertex of V. 0

5. The Green correspondence

For most of this section we follow Green [1964]. The following notation

will be used throughout this section.
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P is a p-subgroup of G and H is a subgroup of G with No (P) ~ H.
If S) is a set of subgroups of G write A Eo S) if AX E S) for some x E G.

We define the following sets of subgroups.

.f = .f(P, H) = {A IA ~ P n px for some x E G - H},

2) = ~)(P, H) = {A IA ~ H n px for some x E G - H},

9! = 9!(P, H) = {A IA ~ P and A ~ o.f}.

Observe that since No (P) ~ H, .f consists of proper subgroups of P.
Thus P E 9!. Clearly x~ 2).

The aim of this section is to define a one to one correspondence between
indecomposable R [G] modules with vertex in 9! and indecomposable
R [H] modules with vertex in 9! which preserves many properties of
modules. Such a correspondence can frequently be used to study various
properties of an R [G) module by considering the corresponding R [H]
module. The next four results are necessary preliminaries.

LEMMA 5.1. Suppose that A is a subgroup of P. The following are
equivalent.

(i) A Eo.f.

(ii) A E .f.
(iii) A E 2).
(iv) A E/-I 2).

PROOF. (i) ~ (ii). A Z ~ P n px for some z E G, x E G - H. Thus A ~

P n p z
-
I n pXZ I. Either z J ~ H or xz 1 ~ H. Thus A E .f.

(ii) ~ (iii). Clear since x~ 2).
(iii) ~ (iv). Immediate.
(iv) ~ (i). A y ~ H n px for some y E H, x E G - H.

Thus A ~ P n H y
-

J n pxy I. Hence A E .f since xy 1 ~ H. 0

LEMMA 5.2. Let W be an R [P]-projective R [H) module. Then

(WG )/-1 = W(2)).

PROOF. There exists an R[P] module U such that Wi U/-I. Let UI-I =
WEB WI. By the Mackey decomposition (11.2.9) (W G )/-1 = WEB W',
(Wf')/-1 = WI EB W; for some W', W;. Hence (U G )/-1 =
WEB WI EB W' EB W;. Since H n px E~) for x ~ H it follows from (11.2.9)
that (U G )/-1 = U/-I (2)). Thus
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WEB WI EB W'EB W; ~ (UG)I-I ~ UI-I ~ WEB W,(2).

Therefore W' EB W; ~ 0(2). Hence (WG)I-I ~ W(2). 0

LEMMA 5.3. Let V be an indecomposable R [G) module with vertex A ~ P.

Then there exists an indecomposable R [H) module W with vertex A such
that V IW G and VI-I ~ W(~). Furthermore V ~ O(.t) if and only if W ~

O(g).

PROOF. Let U be an indecomposable R [A] module with V IU c . Let
wi UI-I such that V IWG. Hence W has vertex A. Thus VI-I I(WG)I-I and
by (5.2) (WG)I-I ~ W(~). Hence VI-I ~ O(~) or VI-I ~ W(~).

If V ~ O(.t) then A E c X and so A E~) by (5.1). Hence VI-I ~ W ~ O(~).

If V~ O(X) then A Ec ..r and so A EI-I~) by (5.1). Thus by (4.6)(ii)
VH ~ O(~) and so VI-I ~ W ~ O(~). 0

LEMMA 5.4. Let W be an indecomposable R [H) module with vertex A ~ P.

Ihen there exists an indecomposable R [G) module V with vertex A such
that wi VI-I and W G ~ v(.r). Furthermore W ~ O(X) if and only if
V ~O(.t).

PROOF. Let W G
= EB V, where each V, is indecomposable. By the

Mackey decomposition (11.2.9) wi (WG)I-I and so ~v I(Vi)1-I for some i.
Say W I(VI)I-I. If W ~ O(.t) then W G ~ O(X) and so VI ~ 0 ~ W G(X).

Suppose that W ~ O(.t). Then W ~ 0(2) by (5.1) and so (VI)I-I ~ 0(2).
Since (WG)I-I ~ W(~) by (5.2) it follows that (Vi)1-I ~ O(~) for i > 1. Thus
by (5.3) VI ~ O(X) and V, ~ O(X) for i > 1. Hence W G

~ VI ~ O(.l'). 0

Let V = EB V, where each Vi is an indecomposable R [G) module with
vertex in P. Define the R [H) module f( V) as follows:

f(V) = EB f(V,),

f( V,) = (0) if V, ~ O(X), (5.5)

f( V,) = W if Vi ~ 0(.1") where W is defined as in (5.3).

By (5.3) f is well defined on isomorphism classes of indecomposable
R[G) modules. By combining (5.2), (5.3), and (5.4) one immediately gets

THEOREM 5.6 (Green [1964]). Let f be defined by (5.5). Then f defines a

one to one correspondence from the set of all isomorphism classes of
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indecomposable R [G] modules with vertex in ~l onto the set of all
isomorphism classes of indecomposable R [H] modules with vertex in ~l. The
mapping f has the following properties.

(i) If V is an R [P]-projective R [G] module then f( V) == VII (?)) and
f( V)G == v(.r).

(ii) Let V be an indecomposable R [G] module with vertex in ~l. Then V
and f( V) have a common vertex and source. If W is an indecomposable
R [H] module with vertex in n then f( V) = W if and only if V I \VG or
equivalently W IVI-/.

The mapping sending V to f( V) defined in (5.5) is called the Green
correspondence with respect to (G, P, H). In case G, P and H are specified
by the context it is simply called the Green correspondence. The remainder
of this section is concerned with investigating further properties of this
mapping.

LEMMA 5.7. Let V, VI, V 2 be indecomposable R[G] modules with vertices
in P. Let f be the Green correspondence with respect to (G, P, H). Then the
following hold.

(i) f( VI) @ f( V 2) == f( VI @ V2)(.r).
(ii) f(Homf~ (VI, V2)) == Homf~ (f( VI)' f( V2)) (.f).

(iii) If u is an automorphism of R [G] with R" = Rand G" = G then
f( V)" = r (V") where rr is the Green correspondence with respect to
(G, prr, H").

(iv) If V is R-free then V* has vertex in P and f(V*) = f(V)*.

PROOF. By (11.2.7) the vertex of any component of VI @ V 2 or
HomH (VI, V 2) is contained in P. Thus f( VI @ V2) and f(HomR (VI, V2))
are defined. By (5.6) and (11.2.7)

f( VI @ V 2) == (VI)II @ (V2)H == f( V I )@f(V2)(?)),

f(Homf~ (V\, V 2)) == Homf~ « V I)II, (V2)1I)

== Homf~ (f( VI)' f( V 2))(?)).

Since· f(V I @ V 2), f(V I )@f(V2), f(Homf~ (VI, V 2)) and

Homf~ (f( VI),f( V 2 )) are R [P]-projective by (5.3) and (11.2.7), it follows
from (5.1) that the above congruences hold modulo .t. This proves (i) and
(ii ).

(iii) Clear by definition.
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(iv) Since V** = V it follows from (11.2.7) that V and V* have a
common vertex. By (11.2.6) f( V*) = f( V)*. 0

LEMMA 5.8. Let f be the Green correspondence with respect to (G, P, H).
Assume that.f = {(I)}. Suppose that Vis an R-free R[G] module which is

R[P]-projective and that \I is indecomposable. Then f(V) = f( \I).

PROOF. If V is projective then f( V) = f( \I) = (0). Suppose that V is not
projective. By (3.17) \I is R [P]-projective. Thus by (5.6) f( \I) =f( V) (?)).
Hence f( V) = f( \I) EB ffi Wi where each Wi is an indecomposable R[H]

module which is R[P]-projective such that Wi =O(?)). Let A be a vertex of
VV; with A C P. Since Wi == O(?)), there exists z E H with A Z C H n px for
some x E G - H. Thus A ~ P n pX,-1 E.1'. Consequently A = 0) and Wi

is R-projective. Therefore f( V) = f( \I) EB U for some projective module

U. By (1.17.11), U = (0). 0

LEMMA 5.9 (Green). Let C be a commutative ring. Let .0 be a set of

subgroups of G. Then A c.\:) (R [GD is an ideal of A c (R [G D. Furthermore if

S) is a set of subgroups of P with .r ~.0 then

A C.{P~ (R [G D/Acl) (R [G D= A C{P} (R [HD/A C'l:> (R [HD·

PROOF. This follows directly from (11.3.3), (5.6) and (5.7). 0

LEMMA 5.lO. Let V, VI, V 2 be indecomposable R [G] modules with vertices

in P. Then the following hold.
(i) HO( G, .r, V) = HO(H, ?), f( V)) = HO(H, .1', f( V)).

(ii) HomR (VI' V 2) is R [P]-projective and

H(l(G, .r, Homf~ (VI, V 2 )) = HO(H,?), HomR (f(V 1),f(V2))

= HO(H, .r, Homf~ (f( VI)' f( V 2)).

PROOF. (i) There exists an R [P] module U such that F( V) I UI-/. If B is a

subgroup of H then the Mackey decomposition (11.2.9) and (11.3.4) imply
that

InvH (U If
) = 2: Td~n/,,(lnvHn/,,(U1/ )).

Z E If

Since f( V) I UII this implies that

InvH (f(V)) = 2: Td~nl',(lnvHnl',(f(V)).
zEIf
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Consequently if ~o is a nonempty set of subgroups of H it follows that
HO(H, ~o, f( V)) = HO(H, ~,f( V)) where ~ = {B n pz IB E ~o, z E H}.

Define the following sets of subgroups of G.

.r o = {A I A ~ H n Py n pXY
, x E G - H, y E G},

XI = {A I A ~ H n Py n pxy n po, X E G - H, y E G, z E H}

= {A IA ~ pY n px y n po, X E G - H, y E G, z E H},

?JI = {A I A ~ H n px n P" x E G - H, z E H}

= {A IA ~ px n pz, x E G - H, z E H}.

If A E XI, then A ~ pY n pxy n pz for some x E G - H, yE G, z E H.
Thus A ~ pY n pz and A ~ pxy n pz. Either y E G - H or xy E G - H.
Thus A E ?JI. If A E ?JI then A ~ px n pz for some x E G - H, z E H.
Thus A ~ pz n p(xz I)z n pz and xz lEG - H. Hence A E .f l • Therefore

~fl = ?J!. The first paragraph now implies that

HO(H, ?J, f( V)) = HO(H, ?J}, f( V)) = HO(H, .r l , f( V))

= HO(H, .fo, f( V)).

Thus by (11.3.5)

HO(H, ?J,f(V)) = HO(H, .fo,f(V)) = HO(G, .f,f(vt)·

Hence by (5.6)(i) and (11.3.6)

HO(H, ?J,f(V)) = HO(G, .f,f(V)C) = HO(G, .1', V).

By (11.3.2) HO(H, ?J\, f( V)) = HO(H, .f, f( V)). This establishes the second

isomorphism.
(ii) By (11.3.8) HomH (VI, V 2 ) is R [P]-projective. The result follows from

(5.7) and (i). 0

LEMMA 5.11. (i) If V is an absolutely irreducible R[G] module with vertex

in ~l then HO(H,?J, HomH (f(V),f(V))) = R.
(ii) If V is an R -free R [G] module with vertex in ~l such that V" is

absolutely irreducible then HO(H, ?J, HomH (f( V), f( V))) is a nonzero cyclic

R module.

PROOF. (i) By (11.2.4) Invc (Homf~ (V, V)) = R. Thus by (4.9)
HO( G, .1', Homf~ (V, V)) = R. The result follows from (5.10).

(ii) By (11.2.4) Invc (Homf~ (V, V))" = K and so Invc (Homf~ (V, V)) is a
nonzero cyclic R module. Thus by (4.9) HO( G,.r, Homf~ (V, V)) is a

nonzero cyclic R module. The result follows from (5.10). 0



5] THE GREEN CORRESPONDENCE 1:::'1

One of the most important problems in the whole theory is to give a
characterization of R [H] modules W with vertex in ~r which have the

property that W = f( V) for some irreducible R [G] module V or some
R -free R [G] module V such that V K is irreducible. Very little is known in
this direction. (5.11) gives a rather meager necessary condition. Similarly
one may ask for criteria for subgroups and modules to be vertices and
sources of irreducible modules. Virtually nothing is known in this connec­
tion in general but some results are available if G is solvable. See Chapter
X, section 7.

The following result illustrates how far the condition of (5.11) is from

being sufficient.

LEMMA 5.12. Let \1;, Wj, Vi for i = 1,2 be R-free R[G] modules with V;

projective such that for i = 1,2

O~W:~Vi~Vi~O

is an exact sequence. Let .\) be a nonempty set of subgroups of G. Then

(WI ® Wi) EB V 3 = (VI ® Vi) EB V .. for some projective modules V 3 , V 4

and

PROOF. Since all modules are R -free the following sequences are exact

O~ WI ® Wi~ VI ® Wi~ VI ® Wi~O,

O~ Vi® VI~ Vi@ VI~ Wi® VI~O.

Thus by (1.4.3) (WI ® Wi) EB V 3 = (VI ® Vi) EB V.. for some pro­
jective modules V 3 , V 4. Thus by (11.2.8) HomR (WI, W 2) EB V 3 =

Homu (VI, V 2 ) EB V ... The result follows from (11.3.6). 0

Let H be a subgroup of G and let V be an R [G] module. In general it is
difficult to get any information about the structure of Tri;(lnv 11 (V)). We
conclude this section with some results related to this question.

LEMMA 5.13. Suppose that VI, V 2 are R[G] modules which are not projec­
tive. Assume that VI is irreducible and V 2 is indecomposable. Then for
{i, j} = {1, 2}

(i) Tr~;)(Homl~ (\I;, Vi )) = (0),

(ii) H(J( G, (J), Homl~ (Vi' Vi )) = Homl~IGJ (\I;, Vi)·
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PROOF. Clearly (i) impli~s (ii). Suppose that V is a projective R [0]
module such that V ~ V 2~ 0 is exact. Suppose that g E

Trg)(Homl~ (VI, V 2)) with g~ O. By (3.13) there exists h E Homl~IGJ(VI' V)
with g = fh. As VI is irreducible h (VI) is in the socle of V. Thus the socle
of V is not in the kernel of f. Hence for some indecomposable direct
summand VI of V, the socle of VI is not in the kernel of f. Since VI has an

irreducible socle this implies that VI = f( VI) ~ V 2• Hence VI IV 2 contrary
to assumption.

If g E Trg)(Homl~ (V2 , VI)) then g* E Trg)(Homl~ (Vi, Vi)). Thus g * =
g = 0 by the previous paragraph. 0 ~

LEMMA 5.]4. Suppose that P is a p-group and A is a subgroup of P. Let
V be an R[P] module with Trt,~(lnvA (V))~ (0). Then there exist sub­
modules WI ~ W 2 ~ V such that W 2/W I is R[A]-projective and
Trt,~(lnvA (W2/W I )) ~ (0). Furthermore diml~ V;? 1P: A I.

PROOF. Let v E Inv A (V) with w = Trt,~ (v) ~ O. It may be assumed that V
is generated by v and w generates the socle of V. Thus there exists an exact
sequence

O~V~V

with V = R[P]I~II'I' Since VA is a projective R[A] module, every invariant
in VA is a trace. Thus f(v) = Tr(~)(u) for some u E V. Since Tr~;) (u) =
f (w ) ~ 0 it follows from the structure of V that {ux Ix E P} is an R-basis
of U. Hence if {x;} is a cross section of A in P then {f( v )x;} is a linearly
independent set over Rand {wf( v )x,} is an R-basis of f( V) = V. Let Vo be

the one dimensional R [A] module with Vo = Inv A (Vo). Then it follows
that f( V) = V~ and so V = f( V) is R[A ]-projective. 0

LEMMA 5.15. Let ,0 be a nonempty collection of subgroups of 0 and let V be
an R -free R [0] module.

(i){7TV+LAE\?Tr~(lnvA(V))}/7TV is isomorphic to a submodule of
LA EC;' Tr~(lnv A(\I)).

(ii) If H O
( 0, ,\'j, \I) = InvG (\I) then H O

( 0, S), V) = Invc V.

PROOF. (i) Let t: V ~ \I be the natural projection. Since t(Tr~{(v)) =
Tr~{(tv) it follows that t maps LAE.i>Tr~(lnvA(V)) into
LA E\' Tr~ (lnvA(\I)). Furthermore the kernel of t restricted to
L AE1) Tr~(lnv A (V)) is precisely TTV n LAE~) Tr~(lnv A (V)). This implies
the result.
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(ii) This is an immediate consequence of (i). 0

123

It should be noted that the converse of (5.15)(ii) need not be true. For
instance let V, G, H be defined as in the example after (3.17). Then \I is

R[H]-projective and so

HO(G, {H}, Homl~ (\I, \I)) = (0) ~ Homl~ IGI( \I, \I).

However V @R K is absolutely irreducible and V is not R [H]-projective.
Thus

HO(G,{H},HomR(V, V))=R =HomR[GI(V, V)

The next result was announced in Feit [1969]. Related results can also be

found in Feit and Lindsey [1978].

LEMMA 5.16. Let V be an R-free R[G] module with vertex in ~l such that

VI' is absolutely irreducible. Assume that {rankRf( V)r' < minAE.l r P: A I
and K has characteristic O. Then f( V)J.; is absolutely irreducible.

PROOF. By (5.14) Tr~ (lnv A (HomR (f( V), f( V)))) = (0) for A E.1'. Thus

HO(H,.f, HomR (f( V), f( V))) = Inv/-/ (HomR (f( V), f( V)).

Hence (5.15)(ii) implies that

HO(H,.f, HomR (f( V), f( V))) = Invl/ (HomR (f( V), f( V))).

By (5.10) HO(H,.f, HomR (f( V), f( V))) = HO(H, ?J, HomR (f( V), f( V)))
is a nonzero cyclic R module. As Inv H (HomR (f( V), f( V))) = R, this
implies that Invll (Hom R (f( V), f( V))) = R. Thus I K(f( V)K, f( V)K) = 1.
This implies the result as K[ G] is semi-simple since K has characteristic
O. 0

6. Defect groups

In this section we follow Green [1962a]. See also Brauer [1956], Osima
[1955], Rosenberg [1961]. The following notation and terminology will be
used throughout this section.

H is a subgroup of G.

Two elements x I, X2 of G are H -conjugate if x I = x; for some y in H.
Clearly H-conjugation is an equivalence relation. Let L 1, L 2 , ••• be all the
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equivalence classes of H -conjugate elements in G. If G = H then
L" L 2 , ••• are simply the conjugate classes of G.

For x E Lk let aijk be the number of ordered pairs (Xi, xj) with Xi E L,
Xj E L j and XiX j = x. It is easily seen that aijk is independent of the choice of

X in Lk. Furthermore LLj = L kaijkLk.
Let P be a p-group, P ~ H L is P-defective if Xy = x for some x E Li

and all yEP. Clearly L i is P-defective if and only if there exists
x E L i n Cc; (P).

Let x ELand let Pi be a Sp -subgroup of Cc; (x) n H = CII (x). Then Pi
is a p-defect group of L or simply a defect group of Li. One immediately
sees

LEMMA 6.1. Let Pi be a defect group of Li. Then
(i) L i is Pi -defective.

(ii) If L is P-defective for some p-group P in H then P ~HPi.

By (6.1) any two defect groups of L are conjugate in H. Throughout this
section Pi will denote a defect group of Li.

If IPi I= pd, then di is the p-defect or simply the defect of Li.
For x E G define rx E ER(R[G]RICj) by arx = ax for a E R[G]. The

map sending x to rx defines a ring monomorphism of R [G] into
E R (R [G ]RIc;J). If x, y E G then by definition (see after (11.2.3)) r(xY) = (rx )y.
Thus R[G] inherits an R[G] module structure where (x)y = (x Y

) for
x, y E G. Denote this module by E [G]. Hence as rings E [G] = R [G].
Define

Z(G: H) = Z(R; G: H) = InvH (E[G]).

It is easily seen that Z( G : H) is an R -free R -algebra and {L} is an R -basis
of Z(G:H). Clearly Z(G:(l»)=E[G]=R[G] and Z(G:G) is the
center of R [G].

LEMMA 6.2 (Brauer). If aijk~O (modp) and Lk is P-defective for some
p-subgroup P of H then Li and L j are P-defective.

PROOF. Choose x E L k n Cc; (P). Define

A ij = {(Xi, xj), Xi E L, Xj E Lj, XiXj = x}.

Thus IA ij I= aijk· If yEP define (Xi, Xjr = (x r, x n. Thus P acts as a
permutation group on the set A ij. The cardinality of any orbit of P is a
power of p. Since aijk ~ 0 (mod p) this implies the existence of an orbit of
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length one. Thus there exists (u, v) E A ij with P ~ C H (u) and P ~

Cl-/ (v). 0

For any p-group P in H define

Zp (G : H) = { L riJi Iri E R, ri == 0 (mod 1T) unless Pi ~ H p} .
Thus (1T)Z (G : H) ~ Zp (G : H) and Zo (G : H) ~ Zp (G : H) if Q ~ p.

Furthermore if P is a Sp -subgroup of H then Z(G : H) = Zp (G : H).

LEMMA 6.3 (Osima). Let P, Q be p-groups contained in H. Then

Zp (G: H)Zo (G: H) ~ L Z/\ (G: H)

where A ranges over all p-groups in H such that A ~IIP and A ~H Q.

Furthermore Zp (G : H) is an ideal of Z(G : H).

PROOF. It suffices to show that if Pi ~H P and Pj ~H Q then LiL j E

LZ/\(G: H).
If aijk 1= 0 (mod 1T) then aijk 1= 0 (mod p). Hence by (6.1) and (6.2) Pk ~ H Pi

and Pk ~ HPj. This proves the first statement. The second statement follows
by letting Q be a Sp -subgroup of H. 0

LEMMA 6.4. Let e be a primitive idempotent in Z( G : H) and let ~ be a set

ofp-subgroups of H such that e E L pE'1.' Zp (G: H). Then e E Zo (G: H) for

some Q E~.

PROOF. Since e is an idempotent

eEL eZp (G : H)e ~ eZ( G : H)e.
PE'I'

As e is primitive it follows from (1.7.2), (1.8.2) and (1.10.4) that eZ(G: H)e

is a local ring. By (6.3) each eZp (G: H)e is an ideal eZ(G: H)e.

Thus eZo (G: H)e = eZ(G: H)e for some Q E~. Hence by (6.3)
e E eZo(G: H)e ~ Zo(G: H). 0

LEMMA 6.5. Let e be a primitive idempotent in Z( G : H). There exists a

p-subgroup P of H such that

(i) e E Zp (G : H).

(ii) If e E Zo (G : H) for some p-subgroup Q of H then P ~H Q. Further­

more if e = L aiL then aj 1= 0 (mod 1T) for some j where L j is P-defective.
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PROOF. If 0 is a Sp -subgroup of H then e E Z (G : H) = Zo (G : H).
Choose P minimal such that e E Z/'(G: H). Then (i) is satisfied.

If e E Zo (G :H) then by (6.3)

e = e] E Z/' (G : H)Zo (G : H) ~ L ZA (G : H)

where A ranges over subgroups of H with A ~II P and A ~II O. By (6.4)
e E ZAo(G : H) for some A o ~II P and Au ~II O. The minimality of P
implies that A o= II P and so P ~ II 0 proving (ii).

If ~ = {PI I a,¢O (mod 7T)} then e E LAE~ZA (G :H). Hence by (6.4)
e E Z'\o(G: H) for some All E~. Thus by (ii) P ~IIAo proving the last
statement. 0

If e is a primitive idempotent in Z(G: H) the group P defined in (6.5) is
a p-defect group or simply a defect group of e. By (6.5) any two defect
groups of e are conjugate in H. If Ipi = pd then d is the defect of e.

LEMMA 6.6. Let P be a p-subgroup 0 f H. Let Tr:; denote the relative trace for
the module E[ G]. Then the following hold.

(i) If a E Z/' (G : H) there exists b E Z( G : P) such that

a =Tr~(b) (mod(7T)Z(G:H)).

(ii) If e is an idempotent in Z/' (G : H) there exists c E Z (G : P) such that
ece = c and e = Tr~(c).

PROOF. (i) It suffices to prove the result in case a = L, for some i with
P, ~ P. Choose x E L, n C c, (PI) and let C = C H (x). Thus x E Z (G : P,)
and

Tr:;(Tr~i(x))= Tr:~(x) = Tr~(Tr~,:(x))

= Ie: Pi ITr~~(x) = Ie: Pi IL,.

Since Ie: Pi I IE R the result follows.

(ii) By (i) there exists bEZ(G:P) such that Tr~(b)=e-d

with dE(7T)Z(G:H). Hence by (11.3.7) Tr~(ebe)=e-ede and
ede E (7T)eZ(G: H)e ~ J(eZ(G: H)e). Thus ede is a quasi regular ele­

ment in eZ(G: H)e and so there exists d 1E eZ(G : H)e with
e=dl(e-ede). Let c=d1ebe. Therefore ece=c and by (11.3.7)
Tr~(c)=e. 0

THEOREM 6.7 (Green). Let V be an R [G] module. Let P be a p-subgroup of
H and let e be an idempotent in Z/' (G : H). Then (VH)e is R [P]-projective.
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PROOF. Choose c as in (6.6). Define fv = vc for v E V. Then

fEE R[p!«VII)e) and Tr:;(f) = 1 in E R[II)«VII )e). Hence by (11.3.8) (VII)e
is R [P]-projective. D·

In the rest of this section we will be concerned with the case H = G.
Z(G : G) is the center of R [G]. Thus a primitive idempotent in

Z(G : G) is a centrally primitive idempotent in R [G]. If B = B(e) is the
block of R [G] corresponding to the centrally primitive idempotent e of
R[G] then a defect group of B is a defect group of e and the defect of B is
the defect of e.

COROLLARY 6.8. Let B be a block of R [G] with defect group D. Let V be an
R[G] module in B. Then V is R[D]-projective.

PROOF. Let B = B (e) where e is a centrally primitive idempotent in R [G].
Then V = Ve. The result follows from (6.7) with H = G and P = D. 0

COROLLARY 6.9. Suppose that P <J G, Pap-group. Then P is contained in a
defect group of every block.

PROOF. By (1.17.3) a block B contains an irreducible R[G] module. By
(4.13) P is in a vertex of every irreducible R[G] module. The result follows
from (6.8). 0

THEOREM 6.10. Let B = B (e) be the block of R [G] corresponding to the
centrally primitive idempotent e. Let A be a central character of R[G] with
A(e) = 1. Let D be a defect group of B. Then the following hold.

(i) If A(Lc) ~ 0 then D ~(;Pi' _

(ii) There exists j such that A«( )~ 0 and D is a defect group of Lr

PROOF. If A e" D then eZA (G : G)e is an ideal of the local ring
eZn (G: G)e by (6.3). Since e ~ ZA (G: G) by (6.5) it follows that
eZA (G : G)e ~ J(eZn (G : G)e). Thus

A(ZA (G: G» = A(eZA (G : G)e) = O.

If D gc P, for some i then by (6.3)

eZPi (G: G) ~ Zn (G : G)Zp
i
(G: G) ~ L ZA (G: G)

where A ranges over groups with A C; D. Thus A(ZI', (G : G» =

A(eZp
i
(G: G» = 0 proving (i).
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~et e = L aii' Since ;\ (e) ~ 0 there exists j with al ¢ 0 (mod 1T) and

;\ (i l ) ~ O. By (i) D ~(; Pj. Hence D =0 PI since aj ¢ 0 (mod 1T) and
e E Z[) (G : G). 0

COROLLARY 6.11. Suppose that P is a p- group and P <J G. If the conju­
gate class Li of G is not P-defective then L, is nilpotent in R[G].

PROOF. If L, is not nilpotent in R[G] then it is not nilpotent in S[ G] for
any finite extension S of R. Thus replacing R by a suitable finite extension
it suffices to prove the result in case R is a splitting field of R[G].

Let ;\ be a central character 0 f R[G]. Let e be the centrally primitive

idempotent of R [G] with ;\ (e) ~ O. Let D be a defect group of e. By
(6.CJ) P ~ D. Thus by (6.10)(i) ;\ (l,J = O. Thus l, is in the kernel of every
centra I character of R[G ]. Hence L is in the radical of Z (G : G) and so L,
is nilpotent.

7. Brauer homomorphisms

The results in this section are primarily due to Brauer [lCJ56], [lCJ5CJ]. See
also Conlon [lCJ64], Green [lCJ62a] and Nagao [lCJ63]. The results in the
next 3 sections can also be found in Hamernik [1 CJ74b].

The following notation will be used throughout this section.
Let P be a p-subgroup of G. Let H be a subgroup of G such that

PCc (P) ~ H ~ Nc (P). Let C 1 , C 2, ••• be all the conjugate classes of G.
For each i define C~l) = C n Cc (P) and Ci2l = C - Ci ll. Define the

R-homomorphism s: Z(G: G)-~Z(H: H) by s(C) = Ci ll
. In a natural

way s defines an R-homomorphism s: Z(G: G)-4 Z(H: H).

THEOREM 7.1. s is a ring honiOmorphism.

PROOF. Let C¢ = L k a,jkCk. Let L" L2, ••• be all the H-conjugate classes
in G and let C;tI!) = L, bi;/I1L, for m = 1,2. If L, ~ C;:n for some i then L, is

not P-defective. Thus by (6.2)

where L, is not P-defective for c, -,: O( 1T). Hence
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Every H-conjugate class of G which is contained in C\l) for some i is a

conjugate class of H contained in C c; (P) and so is P-defective. Thus
C~I)C;I) is a linear combination of i, where L r is P-defective. Hence

s(C;)s(¢) == CII)CII)== L aIJkC~I) == s(C;C;) (mod(7T)Z(G: H)).

Then
s(C )s(¢) - s(C¢) E (7T)Z(G: H) n Z(H: H) = (7T)Z(H: H).

Therefore s( C; )s(Ci) = s( C;Cj ). 0

The mapping s is called the Brauer mapping with respect to (G, P, H) and
s is called the Brauer homomorphism with respect to (G, P, H). In case
G, P, H are determined by the context s is simply the Brauer mapping and
s is the Brauer homomorphism.

COROLLARY 7.2. Let e be a central idempotent in R [G]. If s(e) I 0 then
there exists a unique central idempotent so(e) in R [H] such that s(e) = so(e).

PROOF. By (7.1) s(e) = 0 or s(e) is a central idempotent in R[H]. The
result follows from (1.17.3). 0

In the rest of this section so( e) will be defined as in (7.2) with so(e) = 0 in
case s(e) = O.

LEMMA 7.3. Let e be a central idempotent in R[G]. Then e -so(e)E
L Zo( G : H) where 0 ranges over p-subgroups of H with Pcb O.

PROOF. Let e = L a;C. Then e - so(e) == 2: al,\2) (mod(7T)Z (G : H)). By

definition C\2) is a union of H-conjugate classes of G whose defect group

does not contain P. The result follows. 0

LEMMA 7.4. Let e be a centrally primitive idempotent in R [G] with defect
group D. Let so(e) = 2: e; where {ei} is a set of pairwise orthogonal centrally
primitive idempotents in R [H]. Let D i be a defect group of ei in R [H]. Then
Vi Cc;D.

PROOF. Let C be a conjugate class of G with defect group Pi C D. If L r is a
conjugate class of H contained in· C then the defect group of L r is
contained in P;' n H C D' n H for some x E G. Since e E Z[) (G : G) it

follows that so(e)EL,cc;ZO'nH(H:H). Then by (6.3) e,=eiso(e)E
L'Coc;Z[)'nH(H:H). Hence by (6.4) and (6.5) D; CIID' n H Cc;D for
some x E G. 0
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The next result contains the information from ring theory required for
the second main theorem on blocks, (IV.6.1) below. As such it is sometimes
called the second main theorem.

THEOREM 7.5 (Nagao [1963]). Let e be a central idempotent in R [G]. Let V
be an R [G] module with Ve = V. Let .\) be the set of all p-subgroups 0 of H
with Pg O. Then V1/ == V1/su(e )(.\)).

PROOF. Let f = e - eso(e). Since e E Z(G: G) either f = 0 or f is an
idempotent with so(e)f = fso(e) = O. By (6.3) and (7.3) f E LOE.') Zo( G : H)
and

V1/ = V1/e = V1/eso( e) EB V1/f = V~so(e) EB V1/f.

Let f = L f, where {f,} is a set of pairwise orthogonal primitive idempotents
in Z(G:H). By (6.3) f,=f,fELoE.,)Zo(G:H). Thus by (6.4) f,E
Zo (G : H) for some 0 E ~;:,. Since V1/f, is R [0 ]-projective by (6.7) this

yields that V1/f == EB V1/f, == O(.~)). 0

LEMMA 7.6. Let e be a central idempotent in R [G]. Let W be an R [H]
module such that W = WSo(e). Let {Xi} be a cross section of H in G with
XI = 1. Define f: W ~ «W(;)1/)e and g: (~\/(;)1/ ~ W by f(w) = (w (1)e

and g(L Wi 0 Xi) = WI. Let U be the kernel of g. Then W = f(W) and
« W(;)1/)e = f( W) EB Ue. In particular W , « W(;)1/ )e.

PROOF. It suffices to prove the result in case W is indecomposable
and so(e) ~ O. By definition (W(;)1/ = (W (1) EB Wo where Wo =

EBi 'I W 0 Xi. Hence if y E H then (W (1)y = W 01 and if y E G - H
then (W (1)y ~ Woo

Since e E Z( G: H) and so(e) E Z(H: H) it follows that e = so(e) + a + b
where a E Z(H: H) and b is an R-linear combination of H-conjugate
classes of G which are disjoint from H. Thus (W01)(so(e)+ a)~ W01
and (W (1)b ~ Wo.

As so(e) = s (e) the definition of s implies that ii is an R-linear
combination of conjugate classes in H which are disjoint from C(; (P).
Hence by (6.11) ii E J(Z(H: H)) and so a E J(Z(H: H)). Thus there

exists cEso(e)Z(H:H) with (so(e)+a)so(e)c=so(e). Hence W=
W(so(e) + a)so(e)c and so W = W(so(e) + a).

If w E W then

gf( w) = g{( w (1)(so(e) + a) + (w 0 l)b} = w (so(e) + a).
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,Thus gf is an R [H]-automorphism of W by (I. 17.1)(iv) since f and g are

clearly R [H]-linear. Hence W = f( W) and the result follows. 0

THEOREM 7.7 (Conlon [1964]). Let e be a central idempotent in R [G]. Let

W be an R [H] module such that WSo(e) = W. Then there exists an R [G]
module V such that Ve = V, V IWe; and ~v I Vf/.

PROOF. Let V = (W(;)e in (7.6). 0

-The next result was stated by Green [1964] in case P is the defect group
of e. See also Green [1972], p. 375.

THEOREM 7.8. Let f be the Green correspondence with respect to (G, P, H =

NG (P)). Let ~{ be defined as in section 5. Let e be a central idempotent in

R [G] and let V be an indecomposable R [G] module with vertex in ~( such

that Ve = V. Then f( V)so(e) = f( V).

PROOF. Let {e;} be the set of all centrally primitive idempotents in R [G].
Then 1 = Lei. Thus 1 = L sO(ei)' Hence f( V)so(ej) = f( V) for a unique
value of j. Thus by (5.6) and (7.6) Vej = V. Therefore e = ej + e' where ej, e'

are orthogonal idempotents and so so(e) = so(eJ + so( e ') where Sll(ej), so(e ')

are orthogonal idempotents. Thus f( V)so(e) = f( V). 0

By using the results in this section it can be shown that if a block B has a
noncyclic defect group D then B contains indecomposable modules with

vertex D of arbitrarily large dimension over R. See Hamernik [1974a],
[1975a], Burry [1980]. If D is cyclic then it follows easily from Higman's
theorem (11.3.8) that B contains only a finite number of pairwise
nonisomorphic indecomposable modules. Much more detailed results will
be proved in Chapter VII.

8. R [G x G] modules

The results in this section are due to Brauer [1956], Green [1962a],
[1964], [1968] and Rosenberg [1961]. See also Srinivasan [1964a]. A related

result can be found in Alperin [1977a]. See also Green [1978], Okuyama
[1978], Alperin and Burry [1980].

For any subset S of G let R [S] denote the R submodule of R [G] with

basis S. If A, B are subgroups of G and y E G then R [AyB] is an
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R [A x B] module where x(a, b) = a-1xb for x E AyB, a E A, b E B. This,

is also denoted by R [AyB]. In particular if A = B = G then R [G] is an
R [G x G] module in this way.

For subgroups A, B of G and for y E G define

(A, B, y) = {(a, a Y ) Ia E AnyBy - I } •

Clearly (A, B, y) is a subgroup of Ax B.
Let .1 : G x G denote the diagonal map. For a subset S of G let Sd

denote the image of S in G x G.

LEMMA 8.1. Let A, B be subgroups of G and let y E G then the following
hold.

(i) (A, B, y) = {(A n yBy -1).1 }(I. Y) = {(A Y n B).1 ry
1.

1
).

(ii) If u E A, v E B then (A,B, yy"'v) = (A, B, u-1yv).

PROOF. Immediate from the definition. D

LEMMA 8.2. Let A, B be subgroups of G and let y E G. Let A o, Bo be
subgroups of A, B respectively and let {y;} be a complete set of representatives
of the (Ao, Bo) double cosets which lie in AyB. Let R denote the R [G x G]
module consisting of G x G invariants. Then the following hold.

(i) R[AyB] = {R(A.ll.y)}AXll. R[G] = {RG,-,r'xG.

(ii) R [AyB]l\oXHo = EBi R [AoyiBo] = EBi {R(/\O.1l0'Yi)roxllo.
(iii) If A = B = G then

R [G]AoXHo = EB R [AOYiBO] = EB{R(Ao,Bo'YilV\oXHo•
I I

(iv) If A = B = G, A o = B o = Hand e is an idempotent in Z(H: H) then

eR[G]eHXH = R[H]e EB EB eR[HyiH]e.
Yi~ H

PROOF. (i) The elements of A x B permute the basis of R [AyB] and
(A, B, y) is the subgroup of A x B leaving y fixed. This proves the first
statement. The second statement follows by setting A = B = G and y = 1.

(ii) Clear by (i).

(iii) Let A = B = G in (ii).
(iv) Clear by (iii) since eR[H]e = R[H]e. [J

LEMMA 8.3. Let A, B be subgroups of G and let P, Q be p-subgroups of A, B
respectively. Let y E G and let V be an indecomposable R [A x B] module
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such that V IR [AyB] and V is R [P x OJ-projective. Then there exists
Z E AyB such that (P, 0, z) is a vertex of v.

PROOF. By (4.6)(ii) some indecomposable component W of Vpxo has the
same vertex as V. Thus by (8.2)(ii) wi {R (P.O.zlVx

O for some z E AyB. By
(3.14) {R (1'.0.: JV'x o is absolutely indecomposable. Thus W = {R (/'.O.z Jr xo.

Hence by (4.8) (P, 0, z) is a vertex of W. 0

COROLLARY 8.4. Let P,°be a SI'-subgroup of A, B respectively where A, B
are subgroups of G. Let y E G and let V be an indecomposable component of
R[AyB]. Then there exists z E AyB such that (P, 0, z) is a vertex of v.

PROOF. Since P x ° is a SI'-subgroup of Ax B it follows that V is
R [P x OJ-projective. The result follows from (8.3). [J

The components of the R [ G x G] module R [G] are precisely the (two
sided) ideals of R [G] which are direct summands of the R -module R [G ].
Thus if {e;} is the set of all centrally primitive idempotents in R [G] then
R [G] = EBi R [G ]e, and each R [G ]ei is an indecomposable component of
the R[G x G] module R[G].

COROLLARY 8.5. Let e be Qcentrally primitive idempotent in R [G] and let P
be a SI'-subgroup of G. Then there exists z E G such that (P n Pz)~ is Q
·vertex of the R [G x G] module R [G ]e.

PROOF. By (8.4) there exists z E G such that (P, P, z) is a vertex of R [G ]e.
The result follows from (8.1). 0

COROLLARY 8.6. Let e be a centrally primitive idempotent in R [G]. Suppose
that °<J G, ° a p-group. Then O~ is contained in some vertex of the
R[G x G] module R [G]e.

PROOF. If P is a SI'-subgroup of G and z E G then °\: P n po. The result
follows from (8.5). 0

LEMMA 8.7. Let A, B be subgroups of G. Let P,O be p-subgroups of A, B
respectively. Let e" e~ be idempotents in Z/-, (G : A), Zo (G : B) respectively.
Then the R[A x B] module e,R[G]e:? is R[P x OJ-projective.

PROOF. Let e I = 2: ayy, e:? = 2: bvY. Then e = 2: Qxby (x I, y) is easily seen to
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be an idempotent in Zpxo(GxG:AxB). Furthermore R[G]e=
eJ R [G ]e2. The result follows from (6.7). 0

The following notation will be used throughout the rest of this section.
e is a centrally primitive idempotent in R [G].
D is a defect group of e. N = Nc; (D).

s is the Brauer mapping with respect to (G, D, N). so(e) is defined as in
(7.2).

f is the Green correspondence with respect to (G x G, D!\ N x N).
The main results of this section are the following theorems.

THEOREM 8.8 (Brauer, Rosenberg). so(e) is a centrally primitive idempotent
in N with defect group D.

THEOREM 8.9 (Green). D~ is a vertex of the R [G x G] module R [G]e and
f(R[G]e) = R[N]so(e).

Before proving (8.8) and (8.9) some preliminary lemmas are needed.

LEMMA 8.10. The R [G x G] module R [G]e is R [D x D] projective.

PROOF. In (8.7) let A = B = G, e = eJ = e~ and P = 0 = D. 0

LEMMA 8.11. If D <1 G then D~ is a vertex of the R [G x G] module
R [G]e.

PROOF. By (8.10) and (8.3) (D, D, z) is a vertex of R [G]e for some z E G.
Since D <1 G it follows from (8.1)(i) that D~ is a vertex of R [G]e. 0

LEMMA 8.12. 0.1 is a vertex of every indecomposable component of the
R [N x N] module R [N]so(e).

PROOF. Let so(e) = ~ e, where {e,} is a set of centrally primitive idempo­
tents in R [N]. By (6.9) and (7.4) D is a defect group of every e,. Hence by
(8.11) D.1 is a vertex of R [N]e; for all i as required. 0

LEMMA 8.13. R [N]so(e) IR [G ]eNxN'

PROOF. Let H = Nand W = R [N]so(e). Let f, g and U be defined as in
(7.6). Thus by (7.6) R[G]eN = f(W)ffi Ue. Clearly f and g are R[N x N]-
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linear. Hence f( W) and U e are R [N x N] modules and f( W) =
R [N]so(e). 0

PROOF OF (8.8) AND (8.9). By (8.5) R [G]e has a vertex D~ for some p-group
Do. By (8.10) D~c:;;,c;xc;D x D. Thus Doc:;;,c;D. By (4.6), (8.12) and (8.13)
D d

c:;;,c;xc;D~. Thus Do =c;D. Hence D.1 is a vertex of R [G]e.
Let ~r = ~r(D.1, N x N) and .1: = :f(D.1, N x N) be defined as in section 5.

Since every group contained in .1: has order strictly less than ID , it follows
that D.1 E ~L Thus by (5.6) a unique indecomposable component of

R [G ]eNxN has D.1 as a vertex. Thus by (8.12) and (8.13) the R [N x N]
module R [N]so(e) is indecomposable. Therefore so(e) is a centrally
primitive idempotent in R[N] and by (5.6) f(R[G]e)= R[N]so(e). This
completes the proof of (8.8) and (8.9). 0

THEOREM 8.14 (Green). Let P be a S(l-subgroup of G with Dc:;;, P. Then
D = P n p z for some z E Cc; (D).

PROOF. By (8.6) and (8.9) R [G]e has vertex D.1. As R [G]e IR [G], every

component of (R [G]e )pxP has vertex (P, P, Y) for some y E G by (8.2) and
(8.3). Hence D.1 =I'xp (P, P, y). Therefore by (8.1) D.1 = (P, P, z) for some

z E G. Hence

{(a, a ) Ia ED} = D.1 = (P, P, z ) = {(a, a Z ) Ia E P n zPz I}.

Consequently D = P n zpz -I and z E Cc; (D). Thus D = D = =
P n pz. 0

An alternative proof of (8.14) can be found in Thompson [1967a].
Refinements can be found in Lam [1976], O'Reilly [1975].

Green [1968] has observed that (8.14) can be used to prove the following

result.

THEOREM 8.15 (Alperin [1967]). There exist S,,-subgroups P, 0 of G such
that D = P no and N p (D), No (D) are both S(l-subgroups of Nc; (D).

PROOF. Let A be a Sp-subgroup of Nc; (D) andlet P be a Sp-subgroup of G
with A c:;;, P. By (8.14) there exists z E Cc; (D) c:;;, Nc; (D) such that D =
pno where O=p z

• Thus NI'(D)=pnNc;(D)=A and No(D)=
p z n No (Dr = A Z are both Sp-subgroups of Nc; (D). 0
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9. The Brauer correspondence

CHAPTER III [9

The results in this chapter are primarily due to Brauer [1956], [1959]. See

also Rosenberg [1961]. Alternative treatments can be found in Hamernik

and Michler [1972], Michler [1972b], Reynolds [1966b].

Throughout this section S is a finite extension of R such that S is a

splitting field of S[H] for every subgroup H of G. Thus by (1.16.1) S is a

splitting field of the center of S[ H] for every subgroup H of G and by
(1.16.2) there is a natural one to one correspondence between blocks of

S[H] and central characters of S[H] for every subgroup H of G.
Let 0 be a subgroup of G. If h is an S-linear map from Z(S; G: G) to S

defin~ h 0 : Z(~; G: G)~ S as follows. If C is a conjugate class of G then

h 0 (C) = L h (Ci) where C ranges over all conjugate classes of 0 with

C ~ C. Clearly h 0 is an S -linear map. Furthermore if 0 ~ A ~ G for
some group A then

(9.1)

Let B be a block of S [(;] and let X be the central character of S[ G]

corresponding to B. The S -linear map X0 need not be a central character

of S[G]. If however XO is a central character of S[G] we say that B O is
defined and let B0 be the block of S [G] corresponding to Xo. In case B0

is defined the map sending B to BOis called the Brauer correspondence.

LEMMA 9.2. Suppose that 0 ~ A ~ G for groups 0 and A. Let B be a block
of S[0]. If B A is defined and either one of B Oor (BA)O is defined then so is
the other and (BA)O = B O.

PROOF. Clear by (9.1). 0

LEMMA 9.3. Let (J be an automorphism of S [G] such that SeT = Sand
x" = x for all x E G. Let B be a block of S[O]. Then BO is defined if and
only if (B<T)O is defined. If B O is defined then (B")O = (Bor.

PROOF. Immediate from the definitions. 0

THEOREM 9.4. Let P be a p-subgroup of G and let H be a subgroup of G with
PCo (P) ~ H ~ No (P). If B is a block of S[H] then B O is defined. Let e, e
be the centrally primitive idempotents of S[H], S[ G] corresponding to B, BO

respectively and let Xbe the central character of S[ H] corresponding to B.
Then i 0 = X. sand so( e)e = e where s is the Brauer mapping with respect to
(0, P, H).
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- ~ -~
PROOF. If C is a conjugate class of G then Ac (C) = A(C n H) by
definition. Thus by (6.11)

_ A _ _______------==-- _ ~

Ac(C) = A(C n CP (H» = A{S(C)}.

Thus Xc = X.s. Since s is a ring homomorphism it follows that XG is a ring
homomorphism. Since Xc (l) = 1, XCi' 0 and so XC is a central character of
S[G]. Thus B C is defined. Since l=XC(c)=X(s(c» it follows that
s(e)e = e and so so(e)c = c. D

LEMMA 9.5. Let 15 C 6 be subgroups of G with Cc (D) C G. Let B be a
block of 6 with defect group D. Then B = B #0 for some block B# of No (D)
and B #c = BC is defined.

PROOF. Let H = No (D). Let s be the Brauer mapping with respect to

(0,6, H). Let c be the centrally primitive idempotent in S[O] corre­
sponding to B. By (8.8) so(c) is a centrally primitive idempotent in S[H].
Let B#=B(So(c». Since

DCc (D) = DC n (D) C H C Nc (D)

it follows from (9.4) that B #c is defined and B #C; = B is defined. Thus by

(9.2) BC is defined. D

LEMMA 9.6. Let 6 be a subgroup of G. Let B be a block of S[ 0] with defect
group D. Suppose that BC is defined. Let D be a defect group of Bc. Then
15 CcD.

PROOF. Let X be the central character of S[ 6] corresponding to B. Thus
A = Xc is the central character of S[G] corresponding to BC

• By (6.10)

the!.e exists a conj~gate class C of G with defect group D such that
A(C) i' O. Thus X(i) i' 0 for some conjugate class L of G with L C C.

Let Do be a defect group of L Clearly Do Cc D. By (6.10) 15 Cc Do. Thus

15 CoD. D

THEOREM 9.7 (First Main Theorem on Blocks) (Brauer). Let D be a
p-subgroup of G. Let 6 be a subgroup of G with Nc (D) CO. The map
sending B to Bc defines a one to one mapping from the set of all blocks of
S[0] with defect group D to the set of all blocks of S [G] with defect group D.

Before proving (9.7) it is necessary to prove the following purely group
theoretic lemma.



LEMMA 9.8. Let D be a p-subgroup of G and let N = N(; (D). If C is a
conjugate class of G with defect group D then C n Ce; (D) is a conjugate
class of N with defect group D. Conversely if L is a conjugate class of N with
defect group D then L = C n Ce; (D) for some conjugate class C of G with
defect group D.

CHAPTER III

PROOF. Let C be a conjugate class of G with defect group D. Thus
C n Ce; (D) is a nonempty union of conjugate classes of N. If x E

C n Ce; (D) then D ~ Ce; (x) and so D is a Sp-subgroup of Ce; (x) since D
is a defect group of C. Let L be a conjugate class of N with L ~

C n Ce; (D). Hence L has defect group D. Let x ELand let y E C n
Ce; (D). Thus there exists z E G with y Z = x. Hence D, DZ are SI'­

subgroups of Ce; (x). Therefore there exists u E Ce; (x) such that D zu = D.
Thus zu EN and y zu = XU = x. Hence y ELand so L = C n Ce; (D).

Let L be a conjugate class of N with defect group D. Let C be the
conjugate class of G with L ~ C. Choose x ELand let Do be a
SI'-subgroup of Ce; (x) with D ~ Do. If D -I Do there exists D , with

D <J D, ~ Do and ID 1 : D 1= p. Thus D1 ~ N n C(; (x) =CN (x) contrary to
the fact that L has defect group D. Thus D = Do and so C has defect group
D. Since L ~ C n Ce; (D) the previous paragraph implies that L =

C n Ce; (D) as required. 0
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PROOF OF (9.7). In view of (9.2) it suffices to prove the result in case
o = Ne; (D).

Let B = B(e) be a block of S[G] with defect group D. By (8.8) so(e) isa

centrally primitive idempotent in S [0] with defect group D. Thus if B is a
block of S[O] then (9.4) implies that B = Be; if and only if B = B(so(e)).1t
remains to show that if B is a block of S [0] with defect group D then BG

has defect group D.

Let B be a block of S [0] with defect group D and let A be the central
character of S[ 0] corresponding to B. By (9.4) and (9.6) there exists a
defect group Do of BG with D ~ Do. Suppose that D C Do. Thus by (6.10)

AG (C) = 0 if C is a conjugate class of G whose defect group is contained in
D and so by (9.4) A{s( en = O. Hence (9.8) implies that A(L) = 0 if L is a ­
conjugate class of 0 with defect group D. This contradicts (6.1O)(ii). Thus
D=Do• 0

Part of (9.7) has been generalized by Rosenberg [1961] as follows.

THEOREM 9.9. Let D be a p-subgroup of G and let N = Ne; (D). Let s be the
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!U~Brauer mapping with respect to (G, D, N). The mapping sending e to so(e)
defines a one to one mapping from the set of all centrally primitive
idempotents in R [G] with defect group D onto the set of all centrally
primitive idempotents in R [N] with defect group D.

The proof of (9.9) is an immediate consequence of (9.3), (9.7) and the

following lemma.

LEMMA 9.10. (i) There exists a finite unramified extension T of R such that f
is a splitting field of f[ H] for every subgroup H of G and f is a cyclic Galois
extension of R.

(ii) Let H be a subgroup of G and let e be a centrally primitive idempotent
i11 R [H]. Let e = ~ ej where each ej is a centrally primitive idempotent in
T[H]. If D is a defect groupofe then D is a defect group of each ej. The
Galois group of f over R acts transitively on the set {e;}.

PROOF. (i) Let Fo be the prime field contained in R. Then there exists a

finite extension F of Fo which is a splitting field of F[ H] for every subgroup
H of G. Since F is finite F is a cyclic Galois extension of Fo• Let F , be the

composite of F and R in some algebraic closure and let T be an unramified
extension of R with f = Fl' Then T is easily seen to satisfy all the required
conditions.

(ii) An automorphism (J of T extends to an automorphism of T[ H]
where x (r = x for all x E H. Thus the Galois group of f /R extends to a

group of automorphisms of T[ H] such that R [H] is the set of all points

fixed by every automorphism of the group. Thus for any i there exists an
automorphism (J = (Ij of T[ H] such that e '( = e; and x (r = x for all x E H.
Hence if Do is a defect group of e I then Do is also a defect group of e; for

each i.
Let P be a p-subgroup of G. If e E ZI' (R; G : G) then e E ZI' (T; G: G)

and so by (6.3) e, = eel E ZI' (T; G : G). If el E ZI' (T; G : G) then ej E

Zl'(T; G: G) for each i and so

e = L e; EZI'(T; G: G) nZ(R; G: G) =ZI'(R; G :G).

Hence D = Do as required. 0



CHAPTER IV

The notation introduced at the beginning of Chapter III will be used
throughout this chapter. In addition the following assumptions will be
made.

K has characteristic 0 and R is algebraic over a finite field.
K and R are splitting fields of every subgroup of G.
If B is a block of R [G] we will also say that B is a block of G.
The basic results in this chapter can be found in Brauer and Nesbitt

[1941] and Brauer [J941a], [1941b]. See also Osima [1952a], Iizuka [1960c].
Many of these have been simplified and extended since then. See Brauer
and Feit [1959], Brauer [1946a], [1946b], [1956], [1959] and Green [1959a]
for instance for the approach used here. Expositions of this material can·
also be found in 0 ade [1971 b] and Reynolds [1962].

1. Characters

Let K o be the set of all algebraic numbers in K. Let Ro = R n K o. It is
well known that there exists 1To E Ro such that (1To) = J (R). Furthermore
J(R o) = J(R) n R o and Ro = R = Ro/J(Ro).

Choose a monomorphism a from K o into the field of complex numbers.'
We will identify K o and a(Ko). Thus if a E K o we will write a * = a(a)* for
the complex conjugate of a and Ia I= Ia(a )1. If aERo then (as before) ii

de~otes the residue class of a in R.
Since there are in general many choices for a a certain amount of

arbitrariness is introduced at this point and the reader should be aware of
the fact that some of the definitions below depend on the choice of a.
However, once chosen, a will never be changed. Observe that if a E Ko

and a is rational then a(a) is independent of the choice of a.
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Let V be a K [G] module and let tv be the trace function afforded by V.
For x E G define e(x) = tv (x). Thus e(x) is a sum of roots of unity and so
O(x) E K o. The (complex valued) function e is the character afforded by V.
If W is an R -free R [G] module then the character afforded by W is the
character afforded by W @R K.

We will freely use terminology and results from the classical theory of
complex representations and characters. See Dornhoff [1972], Feit [1967c]
or Isaacs [1976] for instance for a treatment of this subject. However proofs
of some of the basic relations in this theory can be obtained from the

special case that p ~ IG' in some of the results below.
Due to its basic importance we here state Brauer's fundamental charac­

terization of characters. See for instance Brauer and Tate [1955]. We first
need some definitions.

A generalized character of G is a rational integral linear combination of
irreducible characters of G.

A subgroup E of G is elementary if E = 0 x A where 0 is a q -group
for some prime q and A is cyclic.

THEOREM 1.1 (Brauer [1953]). Let e be a complex valued function on G.
The following are equivalent.

(i) e is a generalized character of G.
(ii) (a) e is a class function on G.

(b) For any elementary subgroup Eo f G, eE is a generalized character
of E.

(iii) e= L aiA ~ where for each i, ai is a rational integer and Ai is a
character of some elementary subgroup of G.

If a, {3 are complex valued functions on G define

(a, (3) = (a, (3)c = I~ 'x~c a(x){3(x)*,

II a W= II a II~ = (a, a).

THEOREM 1.2 (Brauer [.1953]). Let p" be the order of a Sp-group of G. For

any complex valued class function a defined on the p'-elements of G we

define 11a as follows:

11a (x) = p"a (x) if x is a p'-element of G,

= 0 otherwise.

[f aH is a generalized character of H for any p'-subgroup H of G then Tfa is a

generalized character of G.



PROOF. Clearly 1]u is a class function on G. Let E be an elementary
subgroup of G. Then E = P x A where P is a p-group and A is a pi_group.

Let 'P I= Pb. Thus b ~ a. Let p be the character afforded by the regular
representa tion of P. Then (1],,)E = (p a -bp )aA. Hence (1],,)E is a generalized

character of E. The result follows from (1.1). 0
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COROLLARY 1.3. Let {qd be a set of primes. Let q ;J, be the order of a

Sq, -group of G. Define the complex valued function 8 by

{

I1q;J i if x is a {q;}'-element,

8(x)= 0
otherwise.

Then 8 is a generalized character of G.

PROOF. For each i let 1]i be the function defined in (1.2) for p = qi with

a = 10. Then 8 =n 1]; and the result follows from (1.2). 0

2. Brauer characters

Let V be an R[G] module. If x is a pi-element in G there exists by

(111.3.3) an R -free R [(x)] module W such that W = V(x) and W is unique

up to isomorphism. Let f3v (x) = 8(x) where 8 is the character afforded by
W. The complex valued function f3v defined on the set of p I-elements of G
is called the Brauer character afforded by V. For any R [G) module V we
will let f3v denote the Brauer character afforded by V. If W is an R [H)
module for some subgroup H of G then (f3w)O = f3(W GJ.

LEMMA 2.1. Let V be an R [G) module. The following hold.

(i) f3v = f3;;o.
(ii) If x is a p'-element in G then f3v (x) is a sum of pith roots of unity. In

particular f3v (x) is an algebraic integer.
(iii) f3;;o.(x) = f3;;o(x- l

) = {f3v(x)}* for x a pi-element in G.
(iv) If (J is an automorphism of R then f3(V'') = (f3v)".
(v) f3v is a class function on the set of pi-elements in G.

(vi) If V is an R -free R [G) module which affords the character 8 then

8(x) = f3v (x) for x a p'-element in G.
(vii) If G is a pi_group then every Brauer character of G is an ordinary

character of G.
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'PROOF. (i), (ii), (iii) and (iv) are immediate.
(v) Let x be a p'-element in G and let y-I xy = z. Let f be a

representation of R [G) with underlying module V. Then f(y flf(x i )f(y) =
f(z i) for all i. Thus if g (x i) = f(z j) for all i then f and g are equivalent

representations of R [(x )]. Hence by (111.3.3) f3v (x) = f3v (z) as required.
(vi) Since f3v is the character afforded by V(x) the result follows by

(111.3.3).
(vii) Clear by (i) and (111.3.3). 0

It should be remarked that if u is an automorphism of the field of all
algebraic numbers then (f3v)" need not be the Brauer character of any
R [G) module. This anomaly is due to the fact that an arbitrary choice was
made in identifying the algebraic numbers in K with a set of complex
numbers.

LEMMA 2.2. Let V be an indecomposable R [G) module with vertex A. Let P
be a Sp-subgroup of G with A C: P. Then 'P: A II f3v (1). In particular if
p ~ /3v (1) then a vertex of V is a Sp-subgroup of G.

PROOF. If S is a finite extension of R then every component of Vs is

S[A ]-projective. Hence replacing R by a finite unramified extension it
may be assumed that V and every component of VH is absolutely
indecomposable for every subgroup H of G. Let V p = EB Wi where each
Wi is indecomposable and let Ai be a vertex of "fr. By (III.4.6)

Ip: A III P: Ai I for each i. By (111.3.14) IP :-Ai II f3w i (1). 0

If 0 and A are p-subgroups of G define s (0 : A) = So (0 : A) to be the

largest integer s such that p' 110 : 0 n A x, for all x E G. Observe that
s(Q:A)=O if and only if 0 C:oA.

THEOREM 2.3 (Green). Let V be an indecomposable R [G) module with
vertex A. Let x be a p I_ element in G and let 0 be a Sp -group 0 f Co (x). Then
pS(O:A) I f3v (x) in the ring of algebraic integers in R. In particular if
p ~ {3v(x) then 0 C:oA.

PROOF. Let V0 = EB"fr where each Wi is indecomposable. For each i
there exists Xi such that Wi is R [Oi ]-projective where Oi = 0 n A Xi by
(11104.1). Thus Ai C:o Oi where Ai is a vertex of "fr. By (2.2)
IQ : Oi II f3w

i
(1) for each i and so pS(O:A) I f3w

i
(1) for each i.

Since R is a splitting field for (x), (1.16.4) implies that dimR Ve is the
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multiplicity of an irreducible R [(x)] module as a constituent of V (x),

e is some idempotent in R [(x)]. Since Q ~ C G (x) it follows that Veo IVo.
Hence pS(O:A) IdimR Ve by the previous paragraph. Thus if f is a represen­

tation of R [G] with underlying module V, then every characteristic value
of f(x) occurs with multiplicity divisible by ps(O:A). Hence by (111.3.3)
pS(Q:A) I(3v (x). 0

LEMMA 2.4. Let V be an indecomposable R -free R [G] module with vertex
A. Let y be an element of G whose p-part is not conjugate to any element of
A. Then O(y) = 0 where 0 is the character afforded by V. In particular if the
p-part of y is not conjugate to an element in the defect group of the block
which contains 0 then 0 (y) = o.

PROOF. Clear by (111.4.11) and (111.6.8). 0

COROLLARY 2.5. Let V be a projective R [G] module and let e1J be the
character afforded by V. Ify is a p-singularelement then e1J(y) = O. Ifx is a
p'-element and Q is a Sp-group of CG(x) then e1J(x)/IQI is an algebraic
integer.

PROOF. Since (1) is the vertex of every component of V the result follows

from (2.3) and (2.4). 0

3. Orthogonality relations

The following notation will be used throughout the rest of this chapter.

L" L 2 , ••• is a complete set of representatives of the isomorphism classes

of irreducible R [G] modules. For each i, Vi is a projective indecompos­

able R [G] module such that V;/Rad Vi = L i •

'Pi is the Brauer character afforded by L.
e1Ji is the (ordinary) character afforded by Vi.

XI, X2, ... are the irreducible characters of G.
D = (dsi ) is the decomposition matrix of R[G].
C = (c ij ) is the Cartan matrix of R[G].
If Co is a conjugate class of G and x E Co define

(C
A

) _ ICo Ixdx )
W s 0 - Xs (1)

We will also write W s (x) = W s (Co) = W s (Co). It is well known that
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W2, .•• are all the central characters of K [G] and ws (Co) is an algebraic
integer.

{Xi} is a complete set of representatives of the conjugate classes of G
consisting of p '-elements.

L'XEG denotes the sum over all p'-elements X in G.
If a, {3 are complex valued functions defined on the set of p'-elements in

G then

(a, (3)' = (a, (3)::'= I' a(x){3(x)*.
xEG

II a II' = II a II~ = (a, a )~.

'Yij = ('Pi, 'Pj)'.
v is the exponential valuation defined on K with v(p) = 1. Thus if

(1T)" = (P) then V(1T) = lin.

LEMMA 3.1. (i) (Xs (Xj» = D('Pi(Xj».

(ii) (<P;{xj» = D'(Xs(xj».
(iii) (<P;{Xj» = C('Pi(Xj».

PROOF. Immediate by (1.17.9). 0

LEMMA 3.2. Let V be a K[ G] module and let 8 be the character afforded by
V. Then

IG
l I I 8(x) = dimK (InvG (V»).

xEG

PROOF. For v E V define Tv = LxEc, VX. Then (LxEc, 8(x »1 I G 1 is the trace
of the K-linear map Til G I. Since (Til G IY' = Til G 1 it follows that
(LXE c,8(x»/1 G 1is the rank of Til G I· Since clearly (Til G I)V = Invc, (V)
the result follows. 0

PROOF. Let Vo be the R -free R [G] module of rank one with Vo =
Invc, (Vo). Since Vi 0 L j is a projective R [G] module there exists a
projective R [G] module U with V = Vi 0 L j. Let 8 be the character
afforded by U. Then 8(x) = <Pi (X )'P j (X) if x is a p'-element and by (2.5)
O(x) = 0 if x is p-singular. Hence by (3.2),

(<Pi, 'Pj)' = IG
1

I I' <Pi(X)'P j(x) = IG
1

I I 8(x) = dimK (lnvG (UK».
xEC, xEC,
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Thus (1.17.6), (II.2.4) and (II.2.8) imply that

UPi, 'Pj)' = dimK (Invc (UK» =!K (UK, (VO)K) = h (0, VO )

= dimR (Invc (0"; @Lj » = lt~. ([I;, Lj ) = Oij. 0

LEMMA 3.4. {'Ph 'P2, ... } and {(Pl, (P2, ... } are each bases of the space of
complex valued class functions on the set of all p '-elements in G.

PROOF. By (3.3) each of these sets is linearly independent. The result
follows from (III.2.8). 0

LEMMA 3.5. Let V be an R[G] module. The composition factors of V (with
multiplicities) are uniquely determined by (3v.

PROOF. Clear by (3.4). 0

LEMMA 3.6. ('Pi (Xj », UPi(Xj» and Care nonsingular matrices.

PROOF. Clear by (3.4) and (3.1)(iii). 0

The next two results are the generalized orthogonality relations. If
p ~ 'G I they reduce to the classical orthogonality relations.

LEMMA 3.7. (i) (epi, epj) = (epi, epj)' = Cij.
(ii) (Xs, XI) = OSlo

(iii) ('}'ij) = C- I
•

PROOF. (i) Clear by (2.5), (3.1)(iii) and (3.3).

(ii) Choose p with p ~ IG I. Then this follows from (i).
(iii) By (3.1 )(iii) and (3.3)

LEMMA 3..8. Let N = (I Cc (Xi) IOij). Then

UPi (XJ), ('Pi (x; I») = ('Pi (Xj»)' C('P;(Xj J» = N.

Furthermore L j(Pj (Xi )'Pj (X k I) = ICc (Xi)' Oik.

PROOF. ('Pi (Xj-I»N-1(CPi(Xj»'= ! by (3.3). Thus (3.1)(iii) implies the
result. 0
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THEOREM 3.9. det C is a power of p.

PROOF. Let T/j = T/'f', be defined as in (1.2). Thus by (1.2)

IP 1
2Yij = I P 1

2('Pi, 'Pj)' = (T/i, T/j)

is a rational integer where P is a SI'-group of G. Hence by (3.7)
pn det(Yij) = pn Idet C is a rational integer for some n. D

LEMMA 3.10. For each i there exists an R -linear combination Illi of irreduc­
ible characters of G such that t{!i (Xj) = 0 for i I j and II'i (Xi) ¢ 0 (mod 1r).

PROOF. Let P be a SI'-group of Co (Xi). Define the complex valued function
a on (Xi) X P as follows. a (X) = 0 if x ~ xP, a (X) = 1 if x E xP. Then a is
an R -linear combination of the irreducible characters of (Xi) X P. This
implies that t{!i = a c; has the required properties. D

THEOREM 3.11. The elementary divisors of D are all 1. Det('Pi(Xj»2 is a
rational integer and det('Pi (Xj) ¢ 0 (mod 1r). If d j is the defect of the class
containing Xj then {pdf} is the set of elementary divisors of C.

PROOF. By (3.8) det('Pi(x j ))2 is a rational integer.
By (3.9) the elementary divisors of D are all powers of p. Thus if the

result is false then (Xs (Xj) = D('Pi (Xj) has an elementary divisor divisible
by 1r in R. Thus there exists a set of elements {aJ in R with LjajXs(xj) =0 0
(mod 1r) for all sand ai ¢ 0 (mod -1r) for some i. Hence L jall(xj) =0 0
(mod 1r) for every R -linear combination e of the irreducible characters of
G. This contradicts (3.10).

The last statement now follows directly from (3.8) and (3.9). D

A character or a Brauer character is in a block B if it is afforded by a
module in B. In view of (3.5) every character or Brauer character which is
afforded by an indecomposable R [G] module is in exactly one block.

COROLLARY 3.12. There exist rational integers ej" such that 'Pj (s) =

2:" ejsxs (x) for all p '-elements x in G where XS ranges over the irreducible
characters in the block containing 'Pj.

PROOF. By (1.17.9) and (3.11) D(JDo= Co is nonsingular where Do, Co is
the decomposition matrix, Cartan matrix respectively of the block. This
implies the result. D
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The existence of integers ejs such that 'Pj (x) = ~ ejsXs (x) for all p'­
elements x in G is proved by an entirely different method by Lusztig

[1974].
Let B be a block of G. A basic set for B is a set {h} of complex valued

class functions defined on the set of p'-elements in G which is a basis for

the abelian group generated by the restrictions of all Xs in B to the set of
p'-elements in G. By (3.12) {'Pj l'Pj EB} is a basic set for B. For many
applications one basic set is as good as another and it may be convenient to
work with basic sets other than the irreducible Brauer characters in B. If
{h} is a basic set for B one defines formally the decomposition numbers d~i

and the Cartan invariants c:j for the set {h} by Xs (x) = ~i d:;fi(x) for all
p'-elements x in G and c:j = ~sd:id:j.

COROLLARY 3.13. Let T be a ring of complex numbers. Let () be aT-linear
combination of irreducible characters of G which vanishes on all p-singular
elements. Then () is aT-linear combination of the eJ>i.

PROOF. By (2.5) and (3.4) () = ~ CieJ>i for complex numbers Ci. By (3.3)
Ci = «(), 'Pi y. The result follows from (3.12). 0

LEMMA 3.14. Let B be a block. If () = 2.sbsXs with bs E K define (}B =
~XsEB bsXs.

(i) If () = ~s bsXs vanishes on all p-singular elements of G then so does (}B ..

(ii) ~XsE B Xs (x )Xs (y ) = ° for all x, y with x a p'-e lement in G and y a
p-singular element.

PROOF. (i) By (2.5) and (3.4), () = ~ CieJ>i for Ci E K. Thus (}B = ~(PjEB CieJ>i.
(ii) Let x be a p'-element in G. Define () = ~sXs (x)Xs. Then by the

second orthogonality relation (}(y) = °for all p-singular elements y in G.
The result follows from (i). 0

LEMMA 3.15. Let f3 be a faithful Brauer character of G. Suppose that f3 takes
on exactly n distinct values. Then each 'Pi is an irreducible constituent of one
of the Brauer characters f3 0

, f3 J, f32, ... , f3n 1.

PROOF. Let a J, ••• , an be the n distinct values assumed by f3 and let
A j be the set of p'-elements z in G with f3 (x) = aj. Choose Zj E A j. If 'Pi is
not a constituent of f3 s for s = 0, ... , n - 1 then by (3.3)
~j f3s (Zj) ~ZEAj eJ>i (z -I) = ° for s = 0, ... , n - 1. f The nonvanishing of the

Vandermonde determinant implies that ~ZEA, eJ>i (z -I) = °for all j. As f3 is
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faithful A j = {I} for some j and so eJ>; (1) = O. This contradiction establishes

the result. 0

LEMMA 3.16. Let a be a character or a Brauer character of G and let P be a
S,,-group of G. Let Cj be the conjugate class of G with Xj E Cj. Let 17a be
defined as in (1.2). Then

-l.f.1 ~ -I A

(Xs, 17,.) -, G' xS (1) f a(Xj )Ws(Cj).

If a = Xc then

(X" 17a) = i~l, XI (1) ~ Xs (xi-) )WI(¢).

PROOF. By definition

-W' -1 -lfl I
(X" 17a) -, G Ix:fo x,(x)a(x ) -I G I~ ICj Ix,(xj)a(Xj )

-W ~ A_I-, G' f Xs (1)ws(Cj )(X(Xj ).

This proves the first formula. If a = X, then

is symmetric in sand t. Thus the second formula follows from the first. 0

4. Characters in blocks

The following notation will be used in this section and the next.

Cj is the conjugate class of G containing Xj. v(1 G I) = a.

For each s, 17s = 17a is defined as in (1.2) with a = XS' 17s = ~I aSIX"

LEMMA 4.1. (i) asl = a,s for all s, t.

(ii) a.<I = 0 if x', XI are ill distinct blocks.
(iii) ~sascasu = p"acu for all t, u.

PROOF. (i) Clear by (3.16).
(ii) By (3.7) (iii)

asc = (17s, XI) = P(l (L d.ti'P;, L d,j'Pj)' = p (12: dsid,/Yij = 0
I ) 1,1

for X" X, in distinct blocks.
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LEMMA 4.2. Let B be a block and let A be the central character of R[G)
corresponding to B. If x' E B then (-;)s = A. Thus x' and XI are in the same
block if and only if (-;)s = WI'

PROOF. Let e be the central idempotent in R [G) corresponding to B. Then
W s (e) = 1 and so (-;)s (e) ~ O. Since (-;)s is a central character of R[G) this
implies that Ws = A. D

LEMMA 4.3. Suppose that B is a block of defect d. Let XS E B. Then
W s(x) = 0 if x is in a class of defect less than d, and W s(x) ,=4: 0 for some x in a
class Co of defect d such that a defect group of Co is a defect group of B.

PROOF. Clear by (III.6.10) and (4.2). D

LEMMA 4.4. Let B be a block of defect d and let x' E B. Then p ,,-d IXs (l).
If for some j, Xs(X;I) ~ 0 (mod 1T) then Cf has defect at most d. If
Xs(X;I)ws(Cj)~O(mod 1T) then CI has defect d and v(x,(l» = a-d.

PROOF. By (III.6.8) and (2.3) p" d IxAl). Since

L~~ IXI' (x 1

1

) _ (. I )

xAl) - W s XI

is an algebraic integer it follows that v(ICfj)3 v (X, (l))3a -d if
Xs(X;I)~O (mod1T). Thus CI has defect at most d. If also ws(Cf)~O

(mod 1T) then by (4.3)

a - d ~ v (xA 1)) ~ v( ICf I)~ a-d.

Thus Cf has defect d and v(X,(l)) = a-d. D

THEOREM 4.5. Let B be a block of defect d. Then
(i) d is the smallest integer such that p" -d IXs (l) for all x' E B.
(ii) d is the smallest integer such that p" -d I'Pi (1) for all 'Pi E B.

(iii) If Q' is a rational integral linear combination of irreducible characters
in B with v(n(l)) = a - d and 1]" is defined as in (1.2) then 1]"fp"-d is a
generalized character of G and 1]" fp" -d + J is not a generalized character of G.

PROOF. Let n be the largest integer such that p" d, /I IXAl) for all x' E B.
By (4.4) n30. Choose XIEB with v(Xc(l))=a-d+n and let {3
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be an integral linear combination of the X' with v(I3(1» = a - d + n. By
(3.16) and (4.1) Y/(3/p"-d+1I is a generalized character of G. Since

v(Y/[l(l)/p"d+II)=a and Y/[l vanishes on the p-singular elements, (3.13)

implies that Y/[l/p"d+II+1 is not a generalized character. Thus (i) and (iii) will

follow if we show n = O.
We take 13 = Xr above. Since y/c!p,,-d+II+1 is not a generalized character of

G it follows that v(acs ) = a - d + n for some s. Thus by (3.1b)
~j xs (x; I )w1 (Cj) ~ 0 (mod 1T) and so there exists j with xAx j I )wr (Cj) ~ 0

(mod 1T). Hence (4.1) and (4.2) imply that XAX;I)ws(Cj)~O(mod 1T). Thus

n = 0 by (4.4).
(ii) Each Xs(l) is a rational integral linear combination of {'Pi(l) , 'Pi E B}.

By (3.12) each 'Pi(l) is a rational integral linear combination of

{X, (1) IX, E B}. Thus the result follows from (i). 0

LEMMA 4.6. Let P be a p-subgroup of G. Then P is a defect-group of the
block B if and only if every module in B is R [P]-projective and one of the
following holds.

(i) There exists an irreducible R[G) module in B with vertex P.
(ii) There exists an R -free R [G) module V in B with vertex P such that

VK is irreducible.

PROOF. Let Po be a defect group of B. By (III.6.S) every module in B is

R[Po]-projective. By (2.2) and (4.5) Po satisfies (i) and (ii). Suppose that

every module in B is R [P]-projective. Then Po C, c; P. If P satisfies (i) or (ii)

then P c'c;Po. 0

Let B be a block of defect d. If X, is in Band v(XA1)) = a - d + hs , the

integer hs is the height of XS' Similarly if 'Pi is in B then V('Pi (1)) - (a - d) is

the height of 'Pi. By (3.12) and (4.4) all heights are nonnegative and there

exist 'Pi and Xs in B of height O.

LEMMA 4.7. Let B be a block of defect d and let Xr be a character of height 0
in B. Let Q' be a rational integral linear combination of {'Pi I 'Pi E B} and let
Y/ft = ~s bsX, where Y/ft is defined as in (1.2). Then

(0) b - &ill b
I s = Xr(1) r

as, _ Xs (1)Xt (l) a"
p" d = Xr (1y p" d
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(ii) If v(a(!)) = a - d then v(bs ) = v(x,·(l)) for XS E B, and bd~ 0 if and

only if Xs E B.

PROOF. By (3.12) and (4.1) bs =0 if XsEB. By (3.16) and (4.2) v(b,)~

v (X, (1)) and

b" " b
-(sl) == -.L

j
0 L a (x I 1 )ws(Cj) == -.L

j
0 L a (x i-I )w, (Cj) == -('I) (mod 7T')

XS I I I I X,

for X', X, E B. Since bs is rational the first congruence in (i) is proved by
choosing t = r. If v(a(l)) = a - d then by (4.5)(iii) this equation implies

that v(b,) = ~'(Xr(l)). Hence (ii) follows from this equation.

The previous paragraph applied to a = X, and X, yields that

Thus

_ _ Xs(l)
as, = a,s = X,(I) a"

_ _ X,(l)
a" = a,t = X, (1) a"

(mod p"-d+h, I J)

(mod p" d/-h,+,).

v s q'l __ X' ( 1)X, (1) (d" d .. II I h +, )
~ a - - -- - - a mo p ".
X, (l ) I' - X, (l )~ "

Consequen tly

= XS (l)X, (1) (mod p"-d+h,"').
ast - X,(l)~ a"

This yields the second congruence in (i). 0

LEMMA 4.8. Let B be a block of defect d and let X, be a character of height 0

in B. Let J = Jd = {j ICI has defect d}. Then

(i) a("'I' ) == IPO" I L X, (x i ')ws (Cj) (mod 7T')
Xs IE]

for all s where Xs is in a block of defect d.

(ii) Xr(X j ')Wr(CI)~O (mod7T') for some j EJ.
(iii) Let X', XI belong to blocks of defect d. Then X' and XI are in the same

block if and only if WS(CI ) == wl(Cj) (mod 7T') for all j E 1.

PROOF. (i) L j X, (x j' )ws(CI ) == L jE .! Xr (x i ')ws(CI ) (mod 7T') by (4.3) and (4.4).

The result follows from (3.16).
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(ii) If Xr(Xjl)(Ur(C})==O (mod7T) for all jEJ then by (i) and (4.2),
v(arr ) > a-d. Hence by (4.7)(i), v(a,s) > a - d for all XS E B contrary to
(4.5)(iii).

(iii) Choose notation so that XS E B. If Xr E B then (()s = wr by (4.2).
Suppose conversely that W s (C}) == W r (C} ) (mod 7T) for all j E J. Then by (i)

art a'S ( d)
Xr(l) == x,(l) mo p.

Hence by (4.7)(ii) ,-'(a,IIXI(l)) = 0 and so ard~ O. Thus by (4.1) Xr E B. 0

LEMMA 4.9. Let Ko be the set of all algebraic numbers in K. Let u be an
automorphism of K o[ G] with K;; = Ko and G" = G. If a is a Ko-valued
function on G, define a" by a" (x) = (a(x" '))". Let B be a block of G.

(i) There exists a block B" such that Xr E B" if and only if Xr = X~: for
some XS E B.

(ii) If £pi E Band if £p;r is an irreducible Brauer character of G then
£Pr E B".

(iii) If X ~ = XS for some XS E B or £P r = £pi for some £pi E B then B" = B.

PROOF. (i) Let B denote the set of ordinary irreducible characters in the

block B and let x.,(s) = X:. If Xr has height 0 in B then by (4.7)(ii) ars ~ 0 for
all XS E B. Hence a,,(r).,,(s)~0, so by (4.1) B" ~ B' for some block B'.
Similarly B ~ B'" I ~ B". Thus B = B" and B" = B' so we set B' = BO.

(ii) By (3.12) £Pi(X) = L esx, (x) for all p'-elements x and some rational
integers e., with es = 0 if xs E B. Thus £Pr(x) = LesX~(x) and so £PrE B a

.

Part (iii) is clear. 0

Suppose that H <J G. If B o is a block of Hand z E G let B(~ = B;; where
u is the automorphism of H induced by conjugation by z. By (4.9) B(~ is a
well defined block of H.

LEMMA 4.10. Suppose that H <J G. Let B be a block of G. The following
hold.

(i) There exists a block B o of H such that if Xs or £pi E B then every
irreducible constituent of (X")/-I or (£Pi)1-I lies in U Z E(; B (~.

(ii) If ~ is an irreducible character of H in B o then there exists XS E B such
that ~ is a constituent of (Xs )/1.

(iii) If l/J is an irreducible Brauer character of H in B o then there exists
£pi E B such that l/J is a constituent of (£Pi )/-1.
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PROOF. (i) Let XS E B and let B o be a block of H which contains an
irreducible constituent of (Xs )H. By (II1.2.12) every irreducible constituent
of (Xs)1-1 is in U z EG B (~. Hence if dsi ~ 0 then every irreducible constituent
of ('Pj)H lies in UZEGB(~. If d,j~ 0 and B 1 is a block of H such that every
irreducible constituent of (XC)II is in U Z EG B f then every irreducible
constituent of ('Pi)1I lies in U zEG B f. Thus B I = B(~ for some z E G. The
result follows from (1.17.9).

(ii) Choose an irreducible character ~I of H in B o such that ~I is a
consti tuen t of (X,)1I for some X. E B. In view of (1.17.9) it suffices to prove
the result in case ~ and ~ I have an irreducible Brauer character if; as a
common constituent. Thus there exists i with dsi ~ 0 such that if; is a
constituent of ('Pi )11. Let V be an irreducible R [H] module which affords if;.

By (III. 2. 12) (L)II is completely reducible and so V I(L; ),-/. Hence
I«L )'1, V) ~ O. Thus by (111.2.5) 'Pi is a constituent of if;G. Hence if;G, and
thus also ~(;, has irreducible constituents in B. The result follows from
(111.2.5).

(iii) Let ~ be an irreducible character of H in B o which has if; as a

constituent. By (ii) there exists XS E B such that ~ is a constituent of (Xs )1-1.
Hence if; is a constituent of ('Pi)1-I for some i with d si~ O. 0

The principal character of G is the irreducible character afforded by the

one dimensional K[ G] module consisting of invariant elements. The
principal Brauer character of G is the Brauer character afforded by the one
dimensional R [G] module consisting of invariant elements. We shall
choose the notation so that XI and 'PI are the principal character and
principal Brauer character of G respectively. Evidently XI(Z) = 1 for all
Z E G and 'PI(X) = 1 for all pi-elements x in G. Thus d ll = 1 and XI and 'PI

are in the same block. The block B 1 of G containing XI and 'PI is the
principal block of G.

If B is a block of G the kernel of B is the intersection of the kernels of all

XS in B.

LEMMA 4.11. Let B be a block of G and let H be the kernel of B. Then H is a
p'_group and H is contained in the kernel of every module in B.

PROOF. Let (f)j E B. If y is a p-singular element in G then (f)j (y) = 0 by
(2.5). Thus y is not in the kernel of (f)i and so y is not in the kernel of XS for
some s with d,; f O. Thus H is a p'_group.

In view of complete reducibility H is contained in the kernel of every

R-free R[G] module in B. Let V be an R[G]-module in B. There exists a
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projective R [G] module U E B such that V = U / W for some submodule
W of U. Since U is R -free, H is in the kernel of U and hence in the kernel
of V. 0

Kernels of blocks have been studied by Pahlings [1974], [1975a]. Note
that he uses the term to denote the intersection of the kernels of all
irreducible Brauer characters in the block. A result essentially equivalent
to (4.11) was proved by Michler [1973a]. See Willems [1980] for related
results.

LEMMA 4.12. LetB I be the principal block ofG. Then the following hold.
(i) Let K o be the set of all algebraic numbers in K. Let a be an

automorphism of K o[ G] with K;; = K o and G'T = G. Then B'IT= B I.

(ii) The kernel of B I is Op,(G).
(iii) The intersection of the kernels of all 'Pi in B I is 01".1' (G).
(iv) G has a normal p-complement if and only if 'PI is the only irreducible

Brauer character in B I.

PROOF. (i) Since X;7 = X I the result follows from (4.9).
(ii) Let H = Op,(G). By (4.11) the kernel of B 1 is contained in H. If

XS E B 1then by (4.9) and (i) every irreducible constituent of (X.')H is in the
principal block of H. Since H is a p'_group the principal character of H is

the only irreducible character in the principal block of H. Thus XS (x) =
Xs (1) for all XS E B I and all x E H proving the result.

(iii) Let H be the intersection of the kernels of all 'Pi E B I. By (4.11) and
(ii) Op,(G) ~ H. If x is a p'-element in H then 'Pi(X) = 'Pi(l) for all 'Pi E B 1 •

Thus Xs(x) = x.,(1) for all XS E B 1 and by (ii) x E Op,(G), the kernel of B 1 •

Therefore H ~ 01",1' (G). Since every 'Pi in B I is an irreducible Brauer
character of G/Op,(G) (lII.2.13) implies that H = 01".1' (G) as required.

(iv) If 'PI is the unique irreducible Brauer character in B I then by (iii)
01",1' (G) = G. If G = 01",1' (G) then by (iii) G is in the kernel of every
irreducible Brauer character in B I • 0

LEMMA 4.13. Suppose that Yi/~ 0 for some i,j. Then 'Pi'P 7has an irreducible
constituent which is in the principal block B I of G.

PROOF. Let 1],,,; be defined as in (1.2). If 'Pi'P 7= L ek'Pk then 1],1', 'P 7=
Lek1]<Pk. Thus (XI, 1]'h)~ 0 for some 'Pk with ek~ O. Hence 'Pk E B I by (3.12)
and (4.1). 0
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LEMMA 4.14 (Blau). Let B be a block and let A be the central character of
R[G) corresponding to B. Let 'Pi, 'Pj E B.

(i) If 'Pi has height 0 then

and

(ii) If 'Pi and 'Pj have height 0 then V(P"Yij) = a - d and 'Pi'P 7 has an
irreducible constituent which is in the principal block B I of G.

PROOF. (i) By (3.12) there exist integers ei\' with 'Pi (Xk) = LselsXs (Xk) for all
k. Therefore

Hence

{
'Ck l'Pi(Xk)}_ {I eisx.s(1)} _

'Pi(l) - s 'P1(l) A(Ck)-A(Ck).

(ii) Choose X' in B of height O. Let 11 = 11<p} be defined as in (1.2). Then

a .. _ ( .)' _ L ~' _( ) _( -J) _ p" 'Pi (1) ~ ICk I'Pi (Xk ) (- ;)
p 1'1/ - 11, 'PI - IG Ix~; 'PI X 'P/ X - IG I ~ 'Pi (l) 'Pj Xk .

Thus by (i)

d -L~~ ICk!Pi(Xk) ( -;)
PYij-IGlp"-d~ 'Pi(l) 'PjXk ER.

By (3.16)

~~ (CA

) ( • J ) _ 'PI (l) d - a ( )IG I ~ (v, k 'Pj Xk - X' (l ) P 11, X' .

Thus by (i)

d =~ d--" ( ) ( d )PYij-x,(I)P 11,X, mo 7r.

By (4.7)(iii) V«11, X,» = v(X,(l» = a - d and so pdYij~O (mod 7r).
The result follows from (4.13). 0

If 'Pi and 'Pj do not have height 0 then the conclusion in (4.14) (ii) need
not be true, even if 'Pi and 'Pj are replaced by ordinary characters. For
instance G = SLi5) has 2 irreducible characters of degree 2 in the principal
2-block whose product is an irreducible character in a 2-block of defect 1.
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LEMMA 4.15. (i) q)1 (1)/'Pi(1) ~ q)i(1) ~ q)I(1)'Pi(1) for all i.

(ii) Cij ~(q)I(1)-Cii)'Pj(1)/'Pi(1) for all i~ j. Also Cij ~ q)I(1) for all i,j.
(iii) q)I(1) ~ IG : H I for any p'-subgroup H of G.
(iv) CII ~ n where n is the number of (HI, H 2) double cosets in G for any

p'-subgroups HI, H 2•

PROOF. (i) By (3.3) VI IVi @ L '; and Vi IL @ Vi. Hence q)I(1) ~
q)i(1)'Pi(l) and q)i(1)~ q)I(1)'Pi(1).

(ii) Suppose i~ j. Since Cij'Pi(1) + Cjj'Pj(1) ~ q)j(1) it follows from (i) that

<Pi (1) 'Pi (1 ) 'Pi (1 )
Cij ~ 'Pi(1) - Cit 'Pi(1) ~ (q)I(1) - Cjj ) 'Pi (1r

Furthermore cit ~ q)I(1) as Cij ~ O. Hence Cij ~ VCifCI} ~ q)I(1).
Let H be a p I-subgroup of G and let V be the R [G) module induced by

the trivial rank one R -free R [H) module. By (111.2.6) VI IV. Thus (11.2.9)
implies (iii) and (iv). 0

THEOREM 4.16. Let B be a block of defect d. Let DO be the decomposition

matrix corresponding to B and let Co be the Cartan matrix corresponding to
B. Let A = (asl / p (l -d) where x." XI range over all the irreducible characters in

B. Then there exists a unimodular matrix X with rational integral entries such

that

Furthermore
(i) Every elementary divisor of CO divides pd and exactly one elementary

divisor of Co is equal to pd.

(ii) If CO has n elementary divisors pd-; then B contains at least n + 1

irreducible characters of height O.

PROOF. By (3.7)(iii)

Thus A = pdDO(COrl(Do)'. By (3.11) all the elementary divisors of Dare

equal to 1. Hence there exists a unimodular matrix D I with rational

integral coefficients such that
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Let X = D~I.

(i) Since pd (Cll
) I has integral coefficients every elementary divisor of

C ll divides pd. By (4.7)(i) A has rank one. Thus p d(C ll
) I has rank one and

exactly one elementary divisor of C ll equals pd.
(ii) Choose Xr E B of height O. For X', Xc E B define

arc
erc=~·

p

By (4.7) each e,c is a rational integer and e'l == 0 (mod p~) if X' has height
hs > O. Hence if B contains m + 1 irreducible characters of height 0 then
(esc) has at most m rows with entries not all == 0 (mod p~). This implies that
A, and hence p d (CO) I, has at most m + 1 elementary divisors not divisible
by p~. Thus C ll has at most m + 1 elementary divisors divisible by pd-I.
Hence by (i) n ~ m. 0

More precise results than (4.16) can be proved in special cases, see e.g.
Fujii [1980].

COROLLARY 4.17. Suppose that for each integer d, G contains exactly md
conjugate classes of p'-elements which have defect d. Then G has at most md
blocks of defect d. Furthermore G has exactly m" blocks of defect a.

PROOF. Let dj be the defect of C j • By (3.11) {pdf} is the set of elementary

divisors of C. The result follows from (4. 16)(i). 0

The next result will be improved later. See (VII.10.14) below. For an

interesting application see Ito [1962a].

THEOREM 4.18 (Brauer and Feit [1959]). Let B be a block of defect d. For
each integer h let kh denote the number of irreducible characters in B of height
h. Let k = ~ kh denote the number of irreducible characters in B. Then

k ~ 2: k,p:'.h ~jp2d + 1
II

and if B contains an irreducible character of positive height then k ~ !p~d-~.

Furthermore the height of every character in B is 0 for d = 0 or 1 and is at
most d - 2 for d ~ 2.

PROOF. By (4.1)(iii) ~s a;c = p"aC/. Thus if Xr has height 0 in B then by (4.7)
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Hence k ~ L;:~() k"p21i ~ p"u - u 2+ 1 for some u. Since p"u - u 2
~ ~p2" for

~,' °1 I 2" 1 Th· . I )''' k:<:all u it follows that ~IJ ~() klip- I ~::i P +. us 10 partlcu ar "-J1i ~ I Ii-..o

I 2"-2Jp .
Suppose that X' has positive height. Then by (4.7)

Thus

kllP2~p"(p~"")-(p~~'" f; o<p~~" <p".

By (4.7) a,,/p"-" =0 (modp'-tli). Hence the second inequality implies
that p l-t II < p" and so h + 1 < d. Hence h ~ d - 2.

The first inequality implies that k llp 2 ~ p"u - u 2
~ ~p2" for some u. Thus

"k = ko + 2: kli ~ ~p2"-2 + ~p2"--2 = ~p2"-2. 0
Ii=!

In case Gis a p-solvable group Haggarty [1977] has found some better

bounds for the possible heights of irreducible characters and has shown

that his bounds are of the correct order of magnitude.

LEMMA 4.19. Let B be a block of defect d. Let k be the number of irreducible
characters in B and let I be the number of irreducible Brauer characters in B.
Then I ~ k. Furthermore the following are all equivalent.

(i) d = O.
(ii) k = I = 1.

(iii) k = I.
(iv) det C ll = 1, where Cll is the Cartan matrix of B.
(v) C ll

= (1).
(vi) All R[G) modules in B are projective.

PROOF. Since C ll = (Dll)'D ll where DO is the decomposition matrix of B the

nonsingularity of C ll implies that I ~ k.
(i) ~ (ii). By (4.18) k < 2 and so I = k = 1.

(ii) ~ (iii). Clear.
(iii) ~ (iv). By (3.11) det C ll = (det D U)2 = 1.

(iv) ~ (v). By (4. 16)(i) Co = (1).

(v) ~ (vi). 0; = L; where L; is the unique irreducible R[G) module

in B.
(vi) ~ (i). 1I('P;(1)) = a for all 'Pi EB. Thus d =0 by (4.5). 0
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LEMMA 4.20. If v (x.. (1)) = a then XS is in a block of defect 0 and Xs(Y) = 0
for all p-singular elements y E G.

PROOF. By (4.18) Xs has height 0 and so is in a block of defect O. The last
statement follows from (2.5) and (4.19). 0

LEMMA 4.21. Let B be a block of defect d. Suppose that B contains a unique

irreducible Brauer character. Let k be the number 0 f irreducible characters in
B. Then k ~ pd. If furthermore k = pd then every decomposition number for

B is 1, every irreducible character has height 0 and the unique Cartan
invariant is pd.

PROOF. Let 'P = 'Pi be the unique irreducible Brauer character in B. Then
(Ci;) is the Cartan matrix of B. By (4.16)(i) Ci; = pd. Hence L d~'i = pd. If
Xu E B then du;~ 0 and so d~'i ~ 1. Hence k ~ pd and if k = pd then d ui = 1
for all Xu E B. This implies the result. 0

If k < pd in (4.21) then the situation is a good deal more complicated.
This is clear by considering the case that G is a p-group.

LEMMA 4.22. Let p = L asws with as E K such that p (Cj) E R for all j and p
is a central character of R[G]. Let e be the central idempotent of R [G] so

that eis centrally primitive in R [G] and pcorresponds to e. If B is a block, let
B ~ A -

P = ~XsEB asws. Then p B(CJ) E R for all j. Furthermore p B= 0 unless B is
the block B (e) corresponding to e, and p B(e) = p is a central character of

R[G].

PROOF. Let f be a centrally primitive idempotent in R [G] and let B(f) be
the block corresponding 10 f. By d~finition pB(f)(Cj) = p(f¢)lor all j. Thus
p B(f)( Cj) E R. Since p(Cj) = p(eCj) it follows that p B(f)( Cj) = p(Ie;) =
p(le~). Thus p BU) = 0 if e~ f and p B(e) = p. 0

The next three results in this section which are of a more special nature
are due to Brauer and Tuan [1945].

LEMMA 4.23. Let P be a Sp-group of G. Assume that the principal block of G
contains a faithful irreducible character X = xs with x(l) < 2p. If G = G'
then Cc; (P) is a p-group.

PROOF. By (4.2) ICJlx(xj)/X(I)=ICJI (mod7T) for all J. Suppose that



4J CHARAcrERS IN BLOCKS 161

x E C is a p'-element in Co (P). Then Ie/ ~ 0 (mod p) and so X(z) == X(l)
(mod 1T) for all z E (x). Since (x) is a p I_group this implies that (X<x), j.L) = 0

for every nonprincipal linear character j.L of (x). Since x(1) < 2p this
implies that X (z) = n + pj.L (z) for all z E (x) and some linear character j.L
of (x) where n is the smallest nonnegative residue of x(1) (mod p). Let f be
a K[(x)l representation which affords X(x). Then detf(x) = j.L(x)". Since
G = G' this yields that j.L (x)P = 1. Thus j.L (x ) =1 since (x) is a p'_group
and so x is in the kernel of X. Thus x = 1 since X is faithful. Hence Cu (P) is

a p-group. 0

LEMMA 4.24. Suppose that Z(G) = (1). Let P be a Sp-group of G and let
IZ(P) 1= pb. If G has a faithful irreducible character X =xs with x(l) =pn
for some integer n then X is in a block of defect d ~ a-b. In particular if Pis
abelian then X is in a block of defect o.

PROOF. Let Z = Z(P). For z E Z let Cz be the conjugate class of G
containing z. Then ICz I~ 0 (mod p) for z E Z and so X(z )/x(1) is an
algebraic integer. Since X (z) is a sum of X (1) roots of unity a well known

argument of Burnside implies that either X(z) = 0 or Ix(z)/ = X(l). Since X
is faithful and Z( G) = 0) the latter possibility can occur only for z = 1.

Thus X(z) = 0 for z E Z, z ~ 1.
Let B be the block of G containing X and let d be the defect of B.

Choose Xr of height 0 in B. Then by (4.2)

ICzlxr(z)
Xr(l)

for z E Z, z~ 1. Thus Xr(Z)==O (mod 1Tp"-d) for z E Z, zl1. Hence

L Xr(Z) == Xr(l) (mod 1Tp"- d)
zEZ

and so V(LzEZXr(Z»= a-d. Since LZEZXr(Z)==O (modpb) this implies
that a - d ~ b as required. 0

LEMMA 4.25. Let IG / = p"qbgo where p and q are distinct primes and
(pq, go) = 1. Assume that G contains no elements of order pq. Then the
following hold.

(i) Let B(p) be a fixed p-block of G and let B(q) be a fixed q-block of G.
Then L Xs (1)Xs (y) == 0 (mod qb) for every p-singular element yin G where X'
ranges over all the irreducible characters which lie in B (p) and also in B (q).

(ii) If pq II G' then there exists a nonprincipal irreducible character which
is in the principal p -block and also in the principal q -block.
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PROOF. (i) Let y be a p-singular element in G. Let e(x) = LX,(y)x,(x)

where X' ranges over all irreducible characters in B(p). By (3.14)(ii) e
vanishes for all p'-elements in G. Hence by assumption e vanishes for all
q-singular elements in G. Thus eH

('1) vanishes for all q-singular elements in

G by (3.14) with q in place of p. Thus by (3.13) eH
('1)(1) == 0 (mod qb)

proving (i).
(ii) Let B (p) be the principal p-block and let B (q) be the principal

q-block. The result follows directly from (i). 0

The next result was first stated explicitly by Lusztig [1976].

LEMMA 4.26. Let D be a p-group with D <J G. Let GO = GID. Let'P be an
irreducible Brauer character of GO. Let (p, (po be the principal indecompos­
able character of G, GO respectively which corresponds to 'P. If y is a
p'-element in G then

(P(y) = i~~::g'(~'1 (po(yO) = ICc; (y) n D I(pO(yO).

In particular (1)(1) = ID I(PO(I).

PROOF. Every irreducible Brauer character of G has D in its kernel by

(111.2.13). Thus if {'Pd is the set of all irreducible Brauer characters of G, it

is also the set of all irreducible Brauer characters of GO. Hence if a is a

linear combination of the 'Pi it follows that «(p, a)~ = (cpo, a)~ o.

Choose a p'-element y in G. Define a by

a(x)~ Cif x is conjugate to y J,

otherwise
then

IbI(P(y) IG : Cc; (y) I= (cP, a)u = (cpo, a )co

I=1 Gtll (pO(yO)I GO: Cc;IJ(yO)I·

Consequently the first equation is proved. The second equation follows
from the fact that Cc;u(yO) = Cc; (y )/Cc; (y) n D as D is a p -group and y is

a p'-elemen t. 0

COROLLARY 4.27. Let D be a p-group with G = DCc; (D). Let {'Pd be the
set of all irreducible Brauer characters of GO and let Cij, c \~ be the Cartan
invariant of G, GO respectively corresponding to 'Pi, 'Pi' Then CiJ = ID Ic\~.
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,PROOF. Let (Pi, (p~1 be the principal indecomposable character of G, GO
respectively which corresponds to 'Pi. If Y is a p'-element of G then (4.26)
implies that clJi (y ) = ID I clJ~1 (y 0). Therefore

__1 """"( -1)",,( )-Ll2I"" ,,"0« U)-I),," ( U)-IDI ° 0
Cij - IG I£.J 'Pi Y 'Pj Y - I0 I £.J 'Pi Y 'Pj Y - C ij.

If S is an integral domain let H",d (S) be the space of homogeneous
polynomials of degree d in n indeterminates x J, ••• , Xn with coefficients in
S. The group GL" (S), and hence any subgroup, acts on H",d (S) in a natural
way.

The next result is due to E. Cline.

LEMMA 4.28. Suppose that F is a field and char F = P > O. Let I be the ideal
of F[xI, ... , x,,] generated by all x P, where x E F[Xl' ... , XII] and the constant
term ofx is O. Then I n H",(p-,),,(F) has codimension 1 in H",(p-I),,(F) and is
mapped into itself by GL" (F).

PROOF. Clearly I, and hence In H",(P-l),,(F), are mapped into themselves
by GL" (F). Since char F = p, I is the k space spanned by all monomials
x;'j·· ·x:" with max{a;}::::=:p. The result follows since H",(p-I)I1(F) contains
only one such monomial which does not satisfy the inequality, namely
X~-I···X;~--I. 0

THEOREM 4.29 (Thompson [1981]). Let G be a finite group and let V be an
n-dimensional C[0] module. Let d (0) be the smallest integer d such that
H",d(C) contains a one dimensional invariant subspace. Then d(O) ~
(p - l)n, where p is any prhne which does not divide 101.

PROOF. There exists an algebraic number field F o and an Fo[0] module Vo

such that Vo Q9Fo C = V. It may be assumed that F ~ K. Let VI = Vo Q9FiJ K.
Since p ;f IG I it follows from (III.3.3) that up to isomorphism there exists
a unique R-free R [0] module W with W Q9R K = VI. Furthermore
H",(p-I),,(R) = H",(p-,),,(R) is completely reducible. Thus by (4.28)
H",(p- ,),,(R) has a one dimensional subspace which is preserved by O. Thus
by (III.3.3), H",(p-,),,(R) has a pure R[O] submodule of rank 1. This
implies the result. 0

The following consequence of (4.29) which is due to Thompson can be

proved by making use of the main result of Feit and Thompson [1961].
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COROLLARY 4.30. Let G, V, n, d(G) be defined as in (4.29). Then d(G) ~
4n 2

•

PROOF. Induction on n. It may be assumed that G is irreducible. Suppose
that V = W G for some C[ H) module Wand some subgroup H of G with
IG : H' = k > 1. Let n = km. By induction there exists v E Hm,do(C) with
do ~ 4m 2, v~ 0 such that the one dimensional space spanned by v is fixed

by H. If {xd is a cross section of H in G and w = Oi (VXi) E Hmk.dok(C) then
G preserves the one dimensional space spanned by w. The result follows
by induction. Thus it may be assumed that V is not induced by any C[H]
module for any subgroup H of G with H~ G. This implies that any normal
abelian subgroup of G is central.

By Bertrand's postulate there exists a prime p with 2n + 1< p <
2(2n + 1). Thus p ~ 4n + 1 and so p - 1~ 4n. Let P be a Sp-group of G.
Then P is abelian and P <J G. See Feit and Thompson [1961). Thus

P ~ Z(G) and so G = P x Go by Burnside's transfer theorem. Clearly
d(G)=d(Go). By (4.29) d(Go)~(p-l)n~4n2. 0

By using better estimates on primes the number "4" can be decreased in

(4.30). This is perhaps not too interesting. However it is plausible that there
exists a constant c such that d(G) ~ cn for all finite groups G. One cannot
do better than this in general as the following example shows. Let G be a

nonabelian group of order p.l for some prime p then G has a faithful

irreducible character of degree p. It is easily seen that d (G) = p.

The next two results will be needed in Chapter X.

LEMMA 4.31. Let 6 be a subgroup of G. Suppose that for a fixed i, (Xu)(; is
irreducible for all u with dui I- O. Then ('Pi )(~ is an irredl;l,cible Brauer
character.

PROOF. Let eps be the Brauer character afforded by the irreducible R [6]
module is. Let 0, be the projective R [6] module corresponding to is and
let cPs be the character afforded by 0,.

Suppose that is is isomorphic to a submodule of (L i ){;. Then is is
isomorphic to a submodule of (U;)(;. Hence 0, I(U;)(;. Thus

dJ s (1) = ~ dllSXll (1) ~ ~ duiXu (1) = <Pi (1),
u u

(4.32)

where dllS denotes the appropriate decomposition number of 6.
Let eis be the multiplicity of is as a composition factor of (L;)(;. Then
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Ju, :?- duieis for all u. Hence (4.32) implies that eis = 1 and cPs (1) = c1Ji (1).

Hence 0, = (Vi k. This implies in particular that the socle of (L i )(; is
irreducible and isomorphic to is.

Apply the same argument to 'P t. Thus (c1J t)o = cP ~ and i ~ is isomor­
phic to the socle of (L:;)o. Hence there exists an exact sequence
(L;)o ~ is ~ O. As eis = 1 this implies that is I(L i )(; and so (L k = is. 0

COROLLARY 4.33. Let (; be a subgroup of G. Let B be a block of G. Suppose
that (Xu)o is irreducible for every XII in B. Then ('Pi)O is an irreducible Brauer
character for every 'Pi in B.

PROOF. Clear by (4.31). 0

As a consequence of (4.33) we will prove the following results of Isaacs
and Smith. For various refinements see Isaacs and Smith [1976), Pahlings
[1977].

COROLLARY 4.34. Let P be a SI'-subgroup of G and let N = N u (P). Let B be
the principal block of G. The following are equivalent.

(i) G has p-length 1.
(ii) If Xu is in B then (XU)N is irreducible.
(iii) If 'P, is in B then ('Pi)N is irreducible.

PROOF. (i) =? (ii). Since G = 01".1'.1' (G) the Frattini argument implies that
G = 01" (G)N. If XII E B then 0r,(G) is in the kernel of XII by (4.12) and so
(XU)N is irreducible.

(ii) ~ (iii). This follows from (4.33).
(iii) =? (i). P = 01' (N) is in the kernel of irreducible Brauer characters of

N and so P is in the kernel of 'Pi for every 'Pi in B. Thus P ~ 01".1' (G) by
(4.12). 0

5. Some open problems

In this section we list some open problems in the theory. A discussion of
these and related questions can be found in Brauer [1963]. Some
nontrivial examples of modular character tables and Cartan invariants can
be found in James [1973], [1978]. These can be used to illustrate the
problems below.
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(I) If Ic I'Pi (Xi )/ 'Pi (1) E R is ittrue that IC I'Pi (Xi)/ 'Pi (1) = A«(5), where A
is the central character of R[G] corresponding to the block B?

In answer to an earlier question, Willems [1981] has pointed out that

IC I'Pi (Xi )/'Pi (1) need not be in R. As an example let p = 2 and let G = lJ,
the smallest Janko group. If Xi is an element of order 3 and 'Pi is chosen

suitably then 'Pi(1)=56 and 'Pi(X;) = -1. Thus ICI'Pi(Xi)/'Pi(1)=
- 209/2 ~ R. See Fong [1974].

(II) Is IGI/'Pi(1)ER for all j?

Willems [1981] has shown that the answer to (II) is yes if and only if

IC IcPi (Xi )/cPi (1) E R for all i, j.

In case G is p-solvable both (I) and (II) have an affirmative answer. See

Chapter X, section 6. A result related to these questions can be found in
Torres [1971].

Added in proof. J.G. Thackray has shown that McLaughlin's simple
group G has an irreducible Brauer character of degree 29 .7. Since a

Srgroup of G has order 27 this shows that (II) has a negative answer in
general.

(III) Does the character table of G uniquely determine ('Pi (Xi )), the table
of irreducible Brauer characters? (The uniqueness can of course only be

expected after a fixed monomorphism from K o to the complex numbers has
been chosen.)

(IV) Does the character table of G uniquely determine the set of integers

{'Pi (l )}?

Virtually nothing is known about these questions in general. An
affirmative answer even to the weaker question (IV) would be very useful
in the study of the structure of finite simple groups. Chapter X, section 6
has a related result in case G is p-solvable.

(V) Can the number of blocks be characterized in terms of the structure

of G?

By using the first main theorem on blocks, (III.9.7), it is possible to

describe the number of blocks of positive defect. Thus the question is really
about blocks of defect O. A weaker question is the following.

(VI) "'hat are some necesary and sufficient conditions for the existence of

blocks of defect O?
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In connection with problems (V) and (VI) Wada [1977] has proved the
following and related results. In case the class C in (5.1) consists of
involutions, the result had originally been proved by Brauer and Fowler
[1955].

LEMMA 5.1. Let P be a p- group contained in G. Suppose that C is a
conjugate class of G such that xy-I ~ P - {I} for x, y E C. Let IP I= po and
let! Cc (x) Ip = pb for x E C. Then there exists an irreducible character X of G
with p"-b Ix(1). If furthermore P is a Sp-group of G then X is of height 0 in a
block B with defect group D, where D is the defect group of c.

PROOF. Let x E C. Define

where X ranges over all the irreducible characters of G. By assumption
l/J(z) =0 for z EP-{I}. Since t{!(l)=ICc(x)1 it follows that

ICc; (x)/_ (.1 1) -,,~ X(x)x(x
l

)( 1)
I P I - '1~p, p p - ~ X (1) Xp, p 1'.

As p"-b is the exact power of p dividing the denominator of the left hand
side and X(x), X(x -I), (XI', L,)I' are algebraic integers, there exists X with
p"-b IX(I).

Suppose that P is a Sp-subgroup of G. Then

......, IG: Cc (x) IX(x)X (x·) ( 1) = IG . P I
~ X(I) XP, p p ..

As IG:p!JiO (modp) and IG:Cc;(x)lx(x)/x(1) is an algebraic integer
there exists X with

IG:Cc(x)[X(x) ~O
X(I) r,

for 1T a prime in a suitably large p-adic field. Let B be the block containing
X- By (4.4) D is a defect group of B and X is of height 0 in B. [J

In case G is solvable Ito [1951a], [1951b] has also obtained results in this
connection. See Chapter X, section 6 for some of these. Related results are
proved below. See (VI.5.6), (X.6.3) and (X.6.5). Other conditions for the
existence of characters of defect 0 can be found in Ito [1965c], Ito and
Wada [1977]. For related results see Gow 11978], Willems [1978].
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(VII) Is there a function of p and d which bounds Cij for 'Pi, 'Pj in a p-block

of defect d?

If G has a p-complement, in particular if Gis p-solvable, then it follows

from (4.15) that Cij :::s p", where p" = IGIl'. Fong [1961] has shown that for
G p-solvable Cij :::s pd. See (XA.6). At one time it had been conjectured that
Cij :::s pd for all G. This conjecture was shown to be false by Landrock [1973]
for the group Suz(8) and p = 2, where p" = 64 and Cll = 160. The following
results proved by Chastkofsky and Feit [1978], [1980a], [1980b] show that
Landrock's result is not an isolated example.

Let p = 2, let Pnt be a Srgroup of Gnt and let c\7) be the Cartan invariant
of Gnt corresponding to the principal Brauer character. If Gnt = Suz(2 nt ) or
Sp4(2nt

) then

lim c\,;t)/9 nt ;?: 1.
n1----+:O

For information about the decomposition numbers of Suz(T') and
SU3(2

nt
) see Burkhardt [1979a], [1979b].

The Cartan matrix of a block with a cyclic defect group can be computed
in terms of the Brauer tree. This result will be found in Chapter VII. In
general it seems to be difficult to compute Cartan invariants of simple
groups even when the character table is known. For instance the Ree
groups 2G2(3

2n
+

J
) all have a Srgroup which is elementary abelian of order

8. Yet the Cartan matrix of the principal 2-block has only recently been
computed and shown to be independent of n. This computation involves
some very delicate and complicated arguments. See Fong [1974], Landrock

and Michler [1980a], [1980b]. For a similar result concerning the smallest
Janko group see Landrock and Michler [1978].

A general approach to questions about irreducible and principal inde­
composable R [G] modules for Chevalley groups in characteristic p can be
found in J.E. Humphreys [1973b], [1976]. However the groups SL2 (pn)
constitute the only class 0 f Chevalley groups for which much is known
about Cartan invariants. For instance every Cartan invariant is a sum of at
most two powers of 2 and C II = 2" for SL2(p") in characteristic p. See J .E.
Humphreys [1973a], Jeyakumar [1974], Srinivasan [1964c], Upadhyaya
[1978].
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The most complete restIlts concerning Cartan invariants for an infinite
class of groups of Lie type are due to Alperin [1976c], [1979] for the groups
SL2 (2") for p = 2. Before stating these results some notation is needed.

Let 'P be the Brauer character afforded by the natural 2-dimensional
representation of SL2 (2") over the field F of 2" elements. Let a be the
Frobenius automorphism. Let S be the group of integers modulo n. For
i E. S define 'Pi = 'P'" and for I ~ S let 'PI = TI iEI 'Pi. Then every irreducible
Brauer character of SL2 (2") is of the form 'PI for some subset I of S, and
conversely these are all the irreducible Brauer characters of SL2 (2").

THEOREM. Cu = 0 unless for each i E. S with i E. I n J and i + 1 ~ I n J we
have i + 1 ~ I and i + 1 ~ J, in which case Cu = 2,,-IIU.I!.

For decomposition numbers of the groups SL2 (p ") see Srinivasan
[1964c]; Burkhardt [1976a], [1976b].

Question (VII) is also related to an old conjecture of Frobenius as
follows.

LEMMA 5.2. Let IG I = p "go with (p, go) = 1. Suppose that G contains
exactly go p'-elements. If CII::::; p" then G has a normal p-complement.

PROOF. By the Cauchy-Schwartz inequality and (3.3)

p211 = (cP I, 7} 1)2::::; «(PI, (P 1)( 7} J, 1/1) = CliP" ::::; p2".

Thus 7}1 and (PI are proportional. Hence (l)l(z) = (PI(l) if and only if z is a
p'-element in G. Thus the set of all p'-elements in G is the kernel of q)1 and
this kernel is a normal p-complement. 0

COROLLARY 5.3 (Brauer and Nesbitt [1941]). Let IG I = p"q''r'- where p, q, r
are distinct primes. If G contains exactly qhrc p'-elements then G has a
normal p-complement.

PROOF. By (4.15)(iv) CI I ::::; p". The result follows from (5.2). 0

(VIII) Is d~'i::::;pd whenever Xu, 'Pi lie in a block of defect d?

By (XA.6) (VIII) has an affirmative answer for p-solvable groups.

(IX) Is it true that every irreducible character in a block B has height 0 if
and only if B has an abelian defect group?



170 CHAPTER IV [5

By (4.18) blocks of defect d ::::; 2 have no characters of positive height and
so (IX) has an affirmative answer for d ::::; 2. In case G is p-solvable Fong
[1960] has shown that if the defect grou p of B is abelian then every
character in B has height 0 and the converse holds at least for the principal
block. See (XA.3) and (XA.5).

Knorr [1979] has recently proved a result which implies that if V is either
an R-free R [G) module such that VK is irreducible or V is an irreducible
R[G) module and V lies in a block with an abelian defect group D, then D
is a vertex of V.

Some consequences of an affirmative answer to (IX) are mentioned in
Brauer [1962b).

(X) Let k (B) be the number of irreducible characters in the block B. Let
ko(d) be the minimum of k(B) as B ranges over all blocks of defect d in all
groups G and let k (d) be the maximum as B ranges over all blocks of defect
d in all groups G.

(i) Is limd_+x ko(d) = oo?
(ii) Is k (d) ::::; p d?

Nothing seems to be known about (X)(i). (4.18) yields an upper bound
for k (d) which will be improved below. It can be shown that if the defect

group of B is abelian and generated by two elements then k(d)::::; p't,
generalizing the known fact that this inequality holds for d::::; 2. See
(VII.10.17).

P. Fong has observed the following result in which the function k (d)
arises naturally.

LEMMA SA. Let H be a d-dimensional linear group over the field of p
elements. Assume that H is a p'_group and H -ji 0). Then H has at most
k (d) - 1 conjugate classes.

PROOF. Let P be an elementary abelian p-group of order pd. Then P is
isomorphic to a d -dimensional vector space over the field of p elements.
Let G = HP with P <J G where the action of H on P is given by the linear
structure of H. Thus H = G /P. Let n be the number of conjugate classes of
H. Hence G has at least n + 1 characters since G contains some p-singular
elements. By (111.6.9) P is the defect group of every block. Since
CG (P) = P (4.17) implies that G has only one block. Thus n + 1::::; k(d) as
required. 0
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COROLLARY 5.5. Suppose that H satisfies the same conditions as in (5.4).
Then H has at most j p 2el conjugate classes.

PROOF. Clear by (4.18) and (5.4). 0

This result can be improved slightly by making use of (VII. 10.14) below.

Nagao [1962] has shown that if the number of conjugate classes in the
semi-direct product of H with the underlying vector space in (5.4) is always
at most pel then (X)(ii) has an affirmative answer for p-solvable groups.

(XI) Let B be a block with defect group D and let Bbe the block of NG (D)
with BG = B. Does the number of irreducible characters of height 0 in B

equal the corresponding number for B?

(XII) Let m p(G) denote the number of irreducible characters of G whose

degree is not divisible by p. Is m p(G) = m p(NG (P)) for aSp-group Pof G?

It is clear that an affirmative answer to (XI) implies that (XII) has an
affirmative answer. McKay [1972] first noticed that (XII) has an affirmative
answer for many simple groups and raised the question in general. Alperin
[1976a] conjectured that (XI) always has an affirmative answer and showed
this to be the case for G = GL II (q) with q a power of p. The assertions that
(XI) and (XII) have affirmative answers are known as the Alperin-McKay

conjectures.
Macdonald [1971] showed that (XII) has an affirmative answer for all

primes if G is a symmetric group. Related results can be found in
Macdonald [1973], Pahlings [1975b]. Olsson [1976] has verified that (XII)
has an affirmative answer for all primes if G = GL II (q). Green, Lehrer and
Lusztig [1976] proved a result which implies that both questions have an
affirmative answer if G is a reductive group of Lie type with a connected
center over a field of characteristic p.

In case G is p -solvable it is known that (XII) has an affirmative answer.
See Isaacs [1973], Wolf [1978], Dade [1980], Okuyama and Wajima [1979],
[1980]. The results of Chapter VII show that (XI) has an affirmative answer
if B has a cyclic defect group.

6. Higher decomposition numbers

Let y be a p-element in G and let {cp n be the set of all irreducible
Brauer characters of CG (y). If ~ is an irreducible character of C G (y) then
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C(yx) = cC(x) for all x E C, (y) where E is a path root of unity since y is in

the center of C, (y). Thus X' (yx)= L;d;;cpi(x) for all p'-elements x in
Cn (y) where each d~; is an algebraic integer in the field of path roots of

unity over the rationals. The linear independence of {cp nimplies that d~; is
well defined. The numbers d.~'; are the higher decomposition numbers with

respect to y. Clearly the higher decomposition numbers d: i with respect to

y = 1 are the ordinary decomposition numbers.
Suppose that z = y" for some u E G. Then Cn (z) = Cn (y)". Further­

more after a suitable rearrangement cpt(x") = cpi(x) for all p'-elements
x E Cn (y). Since

K, (zx") = x' ((yx)") = Xs (yx)

for x E Cn (y) it follows that XS (zx") = L d~; cp t (x"). Hence d~; = d .~;. Thus

the set of higher decomposition numbers with respect to y depends only on
the conjugate class containing y.

If (J is an automorphism of the field of path roots of unity over the
rationals then it follows directly from the definition that (J permutes the set

{d;;} where i, yare fixed.

The proof given here of the next result is due to Nagao [1963]. Aside

from Brauer's original proof other proofs may be found in Iizuka [1961]
and Dade [1965].

THEOREM 6.1 (Second Main Theorem on Blocks) (Brauer). Let y be a
p-element in G. Suppose that d;; ~ 0 for some t, i. Let B be the block of
Cn (y) containing cp i. Then Bn is defined and XI E Bn. Furthermore y is
conjugate to an element of the defect group of BG.

PROOF. Let P = (y > and let H = Cn (P) = Cn (y). Let e be the centrally

primitive idempotent in R[H] with B = B(e). By (111.9.4) BG is defined.

Let XI E B = B (e) where e is a centrally primitive idempotent in R [G)

and let V be an R -free R [G) module which affords XI' Let s be the Brauer
mapping with respect to (G, P, H) and let e be the character afforded by
VHsO(e). By (111.4.11) and Nagao's theorem (111.7.5), XI (xy) = e(xy) for all
p'-elements x in H. Since d;;~ 0 this implies that cpi is afforded by an
irreducible constituent of VHSO(e). Hence so(e)e = e. Therefore Bn = B
by (111.9.4). The last statement follows from (2.4). 0

For any p-element y the p-section containing y or simply the section
containing y is the set of all elements in G whose p-part is conjugate to y.
Clearly the p-section containing y = 1 is the set of all p'-elements in G. Let
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{xn be a complete set of representatives of the pi-classes in Cn (y). It is

easily seen that {yx nis a complete set of representatives of the conjugate

classes in G which lie in the section containing y.
Let CY = (c ij) denote the Cartan matrix of Cn (y).

LEMMA 6.2. Let B be a block of G. Let y, z be p-elements in G.
(i) If y is not conjugate to z in G then for atl i, j

L (d~i)* d~j = L (d~i)*d.~j = o.
s XsEB

(ii) L s (d~i)*d~j = c~ for all i,j.
(iii) LXsEB(dU*d~j = 0 unless cpr and cpr lie in the same block 13 of Cn (y)

and 13° = B. In that case LxsEB(d~;)*d~j = c~.

PROOF. By definition

(cp;(xl»*'(d~i)*'(d~i)(cpf(xj)= (Xs (yxl»*'(X, (zxf)

= (~ x' (yx i)* Xs (zx f).

If y is. not conjugate to z then L sXs (yx i)*x' (zx j) = 0 for all i, j. By (3.6)

(lfl;(xl» is nonsingular. This implies one of the equations in (i). Since

Lx, (yxr)*x, (yxn = ICn (YXr)IDij = ICc(,(\,)(xnr Dij
s

it follows from (3.8) that

(~ x' (yx i)*x, (yxn)= (cp ;(x ])*'(c~) (cp ;(x l».

Hence the nonsingularity of (cp ;(x}) implies (ii).

Fix i, j. Let 131, 13 2 respectively be the block of C n (y), Cn (z) respectively

with cp; E 131 and cp j E 132 , If (d ~i)* d .~j rt 0 for some s then by (6.1) B? = B~'

and XS E B? Thus

L (d~i)*d~j = L (d~i)*d~j if B~; = Hi; = B,
x,EB

= 0 otherwise.

This completes the proof of (i), and by (ii)

"(dY)*d Y - YL.J si sj - C ij
xsEB

=0

if B? = B~' = B

otherwise.
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Since c i; = 0 if 13 I ~ 132 , (iii) follows. 0

The next result is a refinement of (3.14). See Osima [1960b].

LEMMA 6.3. Let B be a block. If () = L sbsXs with bs E K define ()H =
Ly,EB bsXs.

(i) If () vanishes on a p-section of G then ()H vanishes on that p-section.
(ii) If z) and Z2 are in different p-sections of G then

PROOF. (i) Suppose that () vanishes on the p-section of G which contains
the p -element y. Then L s.ibsd;i 'P; (x) = () (xy) = 0 for all p'-elements x in
C G (y). Thus L s bsd;;i = 0 for all i. Hence by (6.1) L xsEB bsd;;i = 0 for all i and
so ()B (xy) = LxsEBLi bsd ;i'P ;(x) = 0 for every pi-element x in C G (y) as
required.

(ii) Let () = LsX.'(ZI)*X.,. Then ()(z)=O for every element z in the
p-section containing Z2. The result follows from (i). 0

(6.3) can be used to generalize (4.23)(ii) as follows.

LEMMA 6.4. Let p and q be distinct primes. Suppose that y is a p-element in
G and x is a q-element in G such that no conjugate of x commutes with any
conjugate of y.

(i) Let B(p) be a fixed p-block of G and let B(q) be a fixed q-block of G.
Then L Xs (x )Xs (y) = 0 where Xs ranges over all the irreducible characters
which lie in B (p) and also in B (q).

(ii) There exists a nonprincipal irreducible character which is in the
principal p-block and also in the principal q-block.

PROOF. (i) Let () = LXsEB(ql x., (x)x.,. By assumption no element of G is in
the p-section containing y and also in the q-section containing x -). Thus by
(6.3)(ii), ()(z) = 0 for every element z in the p-section containing y. Hence
by (6.3)(i) ()B(Pl(y) = O.

(ii) Immediate by (i). D

The following notation will be used in the rest of this section.
BI, B 2 , ••• are all the blocks of R [G].

{y;} is a complete set of representatives 0 f the conjugate classes in G
consisting of p -elements. Thus {YiX:'} is a complete set of representatives of
the conjugate classes in G.
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k is the number of conjugate classes in G.
k(Bm) is the number of irreducible characters in B m.
I(Yi) is the number of conjugate classes in CG (Yi) consisting of p'­

elements.
ley;, B m) is the number of irreducible Brauer characters of CG (Yi) which

lie in blocks 13 of C G (Yi) with 13 G = B m •

X = (Xs (YiX r')) is a character table of G.
If Y is a p -element in G then 'PY = ('P r(x J)) is a table of irreducible

Brauer characters of C G (y). 'P is the direct sum of the matrices 'PY
;.

0= (d~;) where s is the row index and 0, j) is the column index.
Om is the submatrix of 0 where s ranges over all values with XS E B m and

for each i, j ranges over values for which 'P: i is in a block 13 of CG (Yi) with
BG = B m. Thus Om is a k (Bm) x (Li I(Y;, Bm )) matrix.

If T is a ring of algebraic numbers in K and 5 is a subset of G define

Ch T (5) = { Q' IQ' = ~ asXs, as E T, Q' (z) = 0 for z E 5 } .

ChT (5, B m ) = {Q' IQ' = L asXs, as E T, Q' (z ) = 0 for z E S} .
XsEBm

In case T is the ring of rational integers write Ch(5) = Ch T (5) and
Ch(5, Bm ) = ChT (5, Bm ).

LEMMA 6.5. (i) l(y;) = L m ley;, B m ) for all i.

(ii) k =Lmk(Bm)=L;I(y;).
(iii) X, 'P, 0 are all k x k matrices and X = 0'P if the rows and columns are

suitably arranged.

PROOF. (III.2.8) and (6.1) imply (i). (ii) and (iii) are clear by definition. 0

LEMMA 6.6. (i) 0 is the direct sum of the matrices Om after a suitable
arrangement of rows and columns.

(ii) Let T be a field of algebraic numbers in K. Then for all m

dimT (ChT (G, Bm)) = k (Bm) = L I(Yi, B m)
i

(iii) Om is a nonsingular k (Bm ) x k (Bm ) matrix and ± (det Om)~ is a
power of p for each m.

(iv) Let y be a p-element. There exists a block 13 of C G (y) with 13 (~ = B m

if and only if y is conjugate to an element of the defect group of B m •
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PROOF. (i) Immediate by (6.1).

By definition dimT (ChT(G, B m )) = k(Bm ). By (6.5) D is a square matrix.
As D is nonsingular each Dm is a square matrix. Thus in view of (i) both (ii)
and (iii) will follow once it is shown that ± (det Dm)2 is a power of p.

The mapping which sends every element of G into its inverse permutes
the rows and columns of D and sends Dm to D~" Thus (det Dm)2 =

± det(D~,'Dm). By (6.2) D:,' Dm is the direct sum of Cartan matrices. Hence
± (det Dmf is a power of p by (3.9).

(iv) Suppose that y is not conjugate to any element of the defect group P
of B m • By (2.4) d~i = 0 for all XS E B m • Since Dm is nonsingular, this implies
that Bm ~ 13 G for any block 13 of Cc (y).

Suppose that Y is conjugate to an element of P. It may be assumed that
yEP. By (111.6.10) and (4.2) there exists a p'-element x E Cc (P) such that
for XS E B m ,~~ 0, where x is in the conjugate class C. Choose XS of
height 0 in B m • Thus XS (x) ~ O. Since x E C c (P) it follows that x E Cc (y)
and K,(xy)~O, and so Xs(xy)~O. Hence d~i~O for some i. The result
follows from the second main theorem on blocks (6.1). 0

LEMMA 6.7. Let T be a subring of K which consists of algebraic numbers. Let
5 be a union of p-sections in G. Then

(i) Ch T(5) = EB", Ch T(5, Bm ).

(ii) If T is a field then dim-r(ChT(5,Bm))~LYiEsl(Yi,Bm) for all m.

PROOF. (i) Since G - 5 is a union of p-sections this is clear by (6.3)(i).

(ii) Suppose that L sasK, E ChT(5, Bm ). Then Ls,j a"d .~~'P}'(x) = 0 for all
y = Yi E 5 and all p'-elements x E Cc (y). Hence L sasd~j = 0 for all
y = Yi E 5 and all j such that 'P r is in a block 13 of C c (y) with 13 (; = B m •

Thus the vector (as) satisfies Lyir=s I(Yi' Bm) homogeneous linear equations.
By (6.6)(iii) these equations are linearly independent. Therefore by (6.6)(ii)

dimT(ChT(5,Bm))~k(Bm)- L I(Yi,Bm)= L I(Yi,Bm). 0
YiES Yir=S

LEMMA 6.8 (Suzuki [1959]). Let 5 be a union of n conjugate classes in G.
Assume that if z E 5 then z II E 5 for all integers h such that (h, IG I) = 1.
Then rank(Ch(5)) = n.

PROOF. Clearly rank(Ch(5)) ~ n. Thus it suffices to exhibit n linearly

independent elements in Ch(5).
Let {ad be a normal basis of the field of I G Ith roots of unity over the
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rationals, where h ranges over all the integers with 1:::::; h :::::; IG I and

(h, I G I) = 1 and 0'11 is the image of 0' I under the automorphism which sends
a IG Ith root of unity onto its h th power. Let Z" ..• , Zn be a complete set of
representatives of the conjugate classes in S. For i = 1, ... , n define
(}i = L sasiX, where asi = L II O'IIX, (z ;-11). Thus each asi is a rational integer. If
Z E G and Z is not conjugate to z;" for any m with (m, IG I) = 1 then
Oi(Z)=LII O'Il LsX,(Z~II)X,(Z)=O and so (}i ECh(S).

Suppose that L] b/lj = 0 for rational integers bj • Then for each i

where in the last sum U, h) ranges over all pairs with Zi conjugate to Zr
Since {O'II} is a basis of the field of I G Ith roots of unity over the rationals
this implies that bi = O. Thus {(}i} is a linearly independent set. D

The following refinement of (6.6)(ii) is due to W. Wong [1966].

LEMMA 6.9. Let T be a subfield of K consisting of algebraic numbers. Let S
be a union of p-sections in G. Assume that at least one of the following
assumptions holds.

(i) T contains a primitive (I G Ip )th root of unity.
(ii) If Z E S then Z II E S for all integers h with (h, IG I) = 1.

Then dimT(ChT(S,B",)) = LyiEsl(Yi,B",) for all m.

PROOF. In view of (6.8) dimT (ChT(S)) = L yiES l(y;) under either assump­
tion. Thus if the result if false then for some m I,

dim-r(ChT(S,B",,))< L I(Yi,B",')
Yi ES

by (6.7)(ii). Hence by (6.7)

dimT(ChT(S)) = L dimT (ChT(S, B",)) < L L l(y;, B",)
tn tn ~ES

= L I(Yi) = dimT (Ch-r (S)).
Yi ES

This contradiction establishes the result. D

X' is a p-conjugate of X, if X, = X~ for some automorphism (J of the field
of IG Ith roots of unity over the rationals which leaves the p'-th roots of

unity fixed. Two p-conjugate characters have the same irreducible Brauer
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characters as constituents and so lie in the same block. XS is p-rational if it
has no p-conjugate other than itself.

LEMMA 6.10. Let M be a group of automorphisms of the field 0 fiG Ith roots
of unity over the rationals such that the p'th roots of unity are in the fixed field

of M. Distribute the irreducible characters in B", into families of conjugates
under the action of lvI. Let n j be the number of irreducible characters in the ith

family. Then the following hold.
(i) The number of orbits of the columns of D", under the action of Mis

equal to the number of families in B",.

(ii) IfpJi 2 or if the 4th roots ofunity are in thefixedfield ofMthen after a
suitable relabeling the ith orbit of columns of D", consists of nj columns.

PROOF. If PJi 2 or if the 4th roots of unity are in the fixed field of M then M
is cyclic. Since D", is nonsingular by (6.6) (iii) the result follows from a
combinatorial lemma of Brauer. See Brauer [1941c], Lemma 2.1 or Feit
[1967c], (12.1). 0

COROLLARY 6.11. Suppose that pJi 2. The numberofp-rational irreducible

characters in B", is at least as great as the number I (1, B", ) of irreducible

Brauer characters in B",.

PROOF. Since the ordinary decomposition numbers are rational D", has at
least 1(1, B",) rational columns. The result follows from (6.10). 0

Some results concerning the fields generated by the entries of X, 'P and D
can be found in Reynolds [1974].

7. Central idempotents and characters

Some of the formulas in this section have been used by Osima as the
starting point for an alternative development of much of the theory of
blocks. For this approach see Osima [1952b], [1955], [1960a], [1964], Iizuka
[1956], [1960a], [1960b], and Curtis and Reiner [1962].

The following result is well known and easily verified.

LEMMA 7.1. Let es be the centrally primitive idempotent of K[ G] corre­

sponding to W S • Then
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_ xA1)" (. I)
es - IG I LJ XS Z z.

zEG
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LEMMA 7.2 (Osima). Let B be a block of R[G] and let e be the centrally
primitive idempotent in R [G] corresponding to B. Then

PROOF. Xs E B if and only if w., (e)~ O. Thus by (7.1)

e = 2:. es = IG
1

I ~. {2:. xs (l)Xs (Z-I)} Z.
X,EH ZE(, X,EH

Thus the first equation follows from

In particular this implies by (2.5) that the coefficient of any p-singular
element in e is zero. If Z is a p '-element then

This proves the second equation. 0

LEMMA 7.3. Let e be a centrally primitive idempotent in R [G]. Let B be the
block corresponding to e and let A be the central character of R[G]
corresponding to B. For each j let G denote tJ:!.e conjugate class of G with
Xj E G. Then e = 2. jal0 with aj E R. If ajA(¢)~0 then Band G have a
common defect group.

PROOF. By (7.2) e = 2. jaj¢ with aj E R. Let D be a defect group of Band

let ~ be a defect gr<2.up of G. If iij ~ 0 then Pj Cu D by (111.6.5) since
e E Zo (G; G). If A(CJ ~ 0 then D CUPj by (111.6.10). 0

The next result is due to Osima [1966] in case a is the principal Brauer

character.
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THEOREM 7.4. Let e be a centrally primitive idempotent in R [G] and let B
be the block corresponding to e. Let Xr be a character ofheight 0 in B. Let 0:' be
a rational integral linear combination of {'Pi I 'Pi E B} with JI( 0:' (l» =
JI(Xr(l». Let Yla be defined as in (1.2) and let Yla = LsbsK'. Define

__1 &ill '\.""' (-I)
fa - IG I b

r
z~; Yla z z.

Then f, E R [G] and e -1, E J(Z(G: G».

PROOF. By (4.7) fa E R [G]. By (4.1) and (7.1)

fa = &ill L ~xJ12 L Xs(Z-I)Z
br X,EB Xs(l) IG I z.G

- L &ill~e
-K;ED br Xs(l) s

where es is the centrally primitive idempotent in K[ G] corresponding to

W s· Thus if XS g B then W s (e - f,,) = W s (e) - W s (f" ) = O. If XS E B then

- )-1-K:1!.2~W s(e - f, ) - W s (e ) - W s(f, - b
r

Xs (l )"

Hence by (4.7) Ws (e - f,) == 0 (mod 1T). Thus Ws (e - fa) == 0 (mod 1T) for all

s and so A(e -f) = 0 for every central character of R [G]. 0

The next result is due to Iizuka and Watanabe [1972), who also prove
further results of a similar nature concerning blocks of positive defect. This
result generalized earlier results of Brauer [1946a), [1956].

THEOREM 7.5. Let Z be the center of R[G] and let M be the subspace of Z
spanned by all C such that C is a conjugate class of defect o. Then M is an
ideal of Z and the number of blocks of defect 0 is equal to dimR M

2
•

PROOF. By (111.6.2) M is an ideal of Z. Let e(, ... , en be all the centrally
primitive idempotents of R rG] corresponding to blocks of defect O. By
(7.3) e i EM for i = 1, ..., n. Let eo = L;'=1 ei· Then M = Meo EB M(l- eo).
We next show that M 2

= (MeoY"!·
Let C, Cj be classes which have defect O. Let e be a centrally primitive

idempotent of R [G] which corresponds to a block B of positive defect.
Then by (7.1)

C
A CA _ ~ ~ ICit Cj IX (Xi )X (xdx (x, ) C
-i /je - L.J L.J IG I (1) "

., KED X
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where Xi E C, Xi E Cj, Xs E Cs. If j G Ir = p a then IC I=ICj I=0 (mod p a)

but IG Ix(l) 1= 0 (mod p2a). Hence esc; = O. Therefore {M(1- eo)Y = O.
Since MeM(l - e) = 0 this implies that M 2 = (Meof

Since ei corresponds to a block B i of defect 0, B i contains a unique
irreducible R[G) module and Zei = Rei. Hence Mei = ai = Rei and so

l\tfeo = EE1:'= I Rei. Therefore
n n

M 2 = EB Re; = E9 Rei. 0
i=1 i=1

8. Some natural mappings

To a large extent this section consists of results which are reformulations
of some results proved earlier in this chapter. We will follow BroUl~

[1976b), [1978b] quite closely. See also Serre [1977].
The notation introduced in section 6 after (6.4) will be used with the

following modifications.
T will denote an arbitrary subring of K.
Instead of ChT (5, B) we will write ChT (G : 5, B) to emphasize the

dependence on G. We will also write ChT (G: G) = Ch T (G).
Greg denotes the set of all p'-elements in G.
The Grothendieck algebra A (~( K[ G)) is isomorphic to Ch(G) in the

obvious way. By (3.12) Ch( G : Greg) is isomorphic to the Grothendieck
algebra A ~(R [G)). Let ChT.proj (G) denote the ring of all T-linear combi­
nations of {c[)i}. Let ChT,proj(G:B)=ChT.proj(G)nChT(G:B). As usual
the subscript T will be omitted in case T = Z, the ring of rational integers.

Define the linear map b = b G, C = C G, d = d G as follows:

b:ChT.proj(G)~ChT(G), where b(CPi ) = LuduiXu,
c : ChT,proj (G)~ Ch T (G : Greg), where C «(Pi) = L i Cii'f!J,
d : ChT (G)~ Ch T (G : Greg), where d (Xu) = Li dui'f!i.

By (3.1) the following diagram is commutative.

Ch T,proj (G)

Y ~
d

Ch T (G)~ChT (G: Greg)

It is clear from the definitions that b, c, d respect blocks. In other words
(d((J))H = d«(JB) for (J E Ch T (G). Similarly (b((J))H = b((JH) and (c((J)t =
c((JB) for (J E ChT,proj(O). Furthermore if X E Ch T (G) and ep E ChT,proj(G)
then by (3.4)
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(d (X), ep) = (X, b ( (p )).

CHAPTER IV [8

(8.1)

This situation will now be generalized. Let y be a p-element in G.
Assume that T contains a primitive' (y) Ith root of 1. If ~. is an irreducible
character of C" (y) then there exists a '(y) 'th root of 1, w~ (y) such that
~(yx) = w~ (y )~(x) for x E C" (y). Define the linear map W y of
ChT (C" (y)) by wy(n = W~ (y )~. for any irreducible character ~ of C" (y).
Then for any {E Ch T (Co (y)) and any x E Co (y) it follows that
(wya))(x) = ~. (yx ).

For any subgroup H of G let Res~;: ChT (G)~ ChT(H) be defined by

Res~((1)= eu . Let Ind~;:ChT(H)~ChT(G) be defined by Ind~;(e) = e G.
Let c y." denote the map c = c C ely) for the group C" (y). Define

LEMMA 8.2. (i) The following diagram is commutative.

ChT.rroj (Co (y))

IJV:/ ~;
dy,G

ChT(G) ) ChT(Co(y):Co(y)rcg)

(ii) If rt E Ch T .rroj (C" (y)) then b y,G (rt) vanishes outside the p-section
which contains y and it is a class function such that

(bY'" Cry ))(yx) = rt(x) for x E C" (Y)rcg.

(iii) If e E ChT (G) then d Y'" (e) is an R-valued function on Co (y)
defined by

(dy·G(e))(x)= e(yx) for x E C" (Y)rcg.

PROOF. Statements (ii) and (iii) are direct consequences of the definitions.
Then (i) follows from (ii) and (iii). 0

LEMMA 8.3. If e E Ch T(G) and rt E ChT,rroj (Co (y)), then

(d )'.G (e), rt )cdY) = (e, b )'.0 (y))o.

PROOF. By (8.1) and the Frobenius reciprocity theorem (111.2.5)

(d y
·G(e), rt )cc;<y) = (Res~a(y)(e), (wyr' 0 bC,;(Yl(y ))cc;<y)

= (e, b )'.c; (rJ))o. 0
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Let B be a block of G and let B J, B2 , ••• be all the blocks of Cr, (y) with
fJ P= B. If ~ is a class function defined on C G(y) let ~B = L i ~Bi.

The next result is equivalent to the second main theorem on blocks (6.1).

THEOREM 8.4. Let () E Ch T (G) and let rt E ChT.proj(CG (y)). Then the fol­
lowing hold.

(i) by
·
G (cP B

) = (b y
•
G (cP))B.

(ii) dY'r, «(}B) = (dY,G «(}))B.

PROOF. By (8.3) (i) and (ii) are equivalent. Thus it suffices to prove (ii).

Since Xu(Yx) = L id ;;i'Pi (x) for x E C G(y )reg it follows from (8.2)(iii) that

d y
•
G (Xu) = L i d ;;i 'Pi. The result is now seen to be a reformulation of

(6.1). D

Let ZT (G) denote the center of T[ G]. If S is any subset of G let
ZT (G: S) denote the set of all a = LXEr,aXx E ZT(G) with ax = 0 for
x fl S.

In the remainder of this section we will only be concerned with the case
T = K. Observe that

ChK.proj(G) = Ch K (G: Greg).

By definition ChK(G) is the dual space of ZK (G). Let B be a block and
let e be the centrally primitive idempotent in R [G] corresponding to B. If
() E ChK(G) then (}B = () 0 e, where «() 0 e )(a) = (}(ea) for a E ZK (G).

Let S be a p-section of G. For () E Ch K (G) define ds «(}) by

{

() (x ) if xES,

(ds ( () ))(x) =
o if x fl S.

For a = LXEG axx E ZK (G) let 8s (a) = L XES axx. Then ds is the transpose
of 8s. In other words ()( 8s (a)) = (ds «())) (a) for a E ZK (G), () E ChK(G).

LEMMA 8.5. Let S be a p -section in G. Let B be a block of G and let e be the
centrally primitive idempotent of R [G] corresponding to B. Then the
following hold.

(i) If y is a p-element in S then b y.G 0 d y.G = ds.

(ii) If () E ChK(G) then (ds «(}))B = ds «(}B).
(iii) If a E ZK (G) then 8s (ea) = e8s (a).
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PROOF. Since T = K, (i) follows from (8.2)(ii) and (iii). Then (8.4) implies

(ii). Since 85 is the transpose of ds, (ii) implies (iii). 0

Observe that (8.5)(ii) is essentially equivalent to (6.3)(i), and (8.5)(iii) is

equivalent to the fact that if e is an idempotent in ZK (G), S is a p-section
of G and a = LXESaXx E ZK (G) then ae = L xES bxx. In this form the
equivalence of (8.5) (ii) and (8.5) (iii) was first proved and used by Iizuka

[1961 ].
Let y be a p-element in G. Let bY=bY'u, dY=dY'u. If

1J E Ch K (Cu (y) :Cu (Y)reg) then by (8.2) (ii) bY (1J) vanishes outside the
p-section which contains y, and it is a class function such that
(b Y(1J))(yx)=1J(x) for x ECu(Y)reg. If 8EChK (G) then by (8.2)(iii)
(d Y(8))(x) = 8(yx) for x E Cu (Y)reg. Define (3Y, 8 Y analogously as follows.

For Sap-section of G which contains y,

where

and z runs over a cross section of C t , (y) in G.

8 Y : ZK (G) ---) ZK (Co (y )), where 8 y (~o axx) = x CC~y ),e~ ayxx.

LEMMA 8.6. (i) If a E ZK (Cu (y) :Cu (y )reg) and 8 E ChK (G) then

(d Y(8))(a) = 1 G :Cu (y)I- J 8({3Y(a)).

(ii) If 1J E Ch K (Cu (y): Cu (Y)reg) and a E ZK (G) then

(b Y (1J ))(a) = 1G :Cu (y ) 11J (8 Y (a)).

PROOF. Direct consequence of the definitions. 0

LEMMA 8.7. Let Y be a p-element. Let e be a centrally primitive idempotent
in R [G] and let s be the Brauer map with respect to--.iQ (y), Cu (y)). Let
so(e) be the central idempotent in R [Cu (y)] such that so(e) = son. Then the
following hold.

(i) (3 Y(so(e)a) = e{3 Y(a) for a E ZK (Co (y): Cu (y )reg).
(ii) 8Y(ea) = so(e)8 Y(a) for a E ZK (G).

PROOF. In view of (8.6) this is the dual of (8.4) if y is replaced by y -J and so

it follows from (8.4). 0
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9. Schur indices over Qp

Let 'P be an irreducible Brauer character of G. Let F be a finite field
such that 'P (x) E F for all x E G. By (1.19.3) there exists an irreducible
F[ G] module which affords 'P. The situation is more complicated for fields
of characteristic O.

Let F be a field of characteristic O. Let X be an irreducible character of G
and let F(X) = F(X (x), x E G). Then there exists a positive integer mr (X)
such that mr (X)X is afforded by an F(X)[ G] module and if nx is afforded
by an F(X)[ G] module then mr (X) In. The integer mr (X) is the Schur
index of X with respect to F.

The proof of the next result as well as the existence of the Schur index
can for instance be found in Feit [1967c], section 11.

LEMMA 9.1. Let F be a field of characteristic O. Let X be an irreducible
character of G. Then the following hold.

(i) mr (X) = mr(,y)(X)·
(ii) If () is afforded by an F[G] module then mr(X)I((),x).

(iii) If F C L then mr (X) 1m! (X)[L (X): F(X )].
(iv) There exists an extension L of F(X) with [L: F(X)] = mr (X) and

mL (X) = 1.

Suppose that F(X) = F. Let V be an F[G] module which affords the
character mr (X)X and let E (V) be the endomorphism ring of V. Then
E (V) is a central division algebra over F with [E (V): F] = mr (X f
Furthermore if L is an extension field of F then mL (X) = 1 if and only if L
is a splitting field for E (V). See for instance Curtis and Reiner [1962],
Chapter x.

The structure theory of division algebras whose center is a finite
extension of the field of p-adic numbers, Qp is well known. Schur indices
overQp are studied for instance by Yamada [1970]. We state the following
without proof.

THEOREM 9.2. Suppose that F is a finite extension of Qp. Let X be an
irreducible character of G. If L is any finite extension of F(X) with
mr(X)I[L:F(x)] then mL(X)=1.

In particular (9.2) implies that L can be chosen to be unramified or
totally ramified. On occasion one or the other of these choices is conve­
nient.

The next result is due to Brauer [1945]. See also Brauer [1947], Gow
[1975].
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THEOREM 9.3. Suppose that d"iI O. Then

mQ" (X.. ) / d..i [Qp (Xl" 'Pi): Qp (X.. )].

PROOF. Let Zp be the ring of p-adic integers in Qp. By (1.19.3) there exists

an irreducible Zp (<Pi) [0] module which affords 'Pi. Let Vi be the corre­
sponding projective indecomposable Zp (<Pi) [0] module. By (1.13.7) there
exists a projective Zp('Pi)[O] module Vi which affords epi with Oi = Vi.
Thus epiEQp('Pi)' Hence mQI'(Xu''I'i)(x.. )/d..i by (9.1)(ii). As mQI'(X")=
m Q,,(Xu) (X.. ) I by (9.1) (i) the result follows from (9.1) (iii). D

COROLLARY 9.4. If x .. is irreducible as a Brauer character then mQI' (X.. ) = 1.

PROOF. Immediate from (9.3). D

COROLLARY 9.5. If P ,r '0 I and X is an irreducible character of 0 then
mQ" (X.. ) = 1.

PROOF. Clear by (9.4). D

For related results concerning Schur indices see Broll(~ [1977].

10. The ring A ~(R [OJ)

A O(0) = A ~.(R [OJ) is the ring of all integral linear combinations of
generalized Brauer characters of O. The ideal A ~ll) (0) of A o( 0) can be

identified with the ring of integral linear combinations of characters
afforded by projective R [0] modules. The main result of this section gives
a criterion for an element to be an ideal generator of A ~\)(0), and hence in
particular a criterion for A ~\)( 0) to be a principal ideal. The argument is
from Feit [1976]. See also Alperin [1976e].

THEOREM 10.1. Let X:, ... , x'" be a complete set of representatives of all the
conjugate classes of 0 consisting of p'-elements. Let v(ICC(Xi)!)= ai for
1~ i ~ m. Let 1] E A i11)( 0). The following are equivalent.

(i) For 1~ i ~ m, 1] (Xi) = P"iUi, for some unit Ui in some algebraic

number field.
") IT'" ) IT'"(11 j~;1](Xi =2:: I=JP"i.

(iii) For all a E A ~ll) (0) there exists 'Y" E A O( 0) with 1]'Y" = a.
Furthermore if 1] satisfies (i), (ii), (iii) then 'YO' is uniquely determined by a.
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Before proving (10.1) we deduce some consequences.

COROLLARY 10.2. Suppose that P is a p-group with P <J G and there exists

11 E A~\)(G/P) satisfying (i), (ii), (iii) of (10.1). Then there exists 1] E

A~),)(G) satisfying (i), (ii), (iii) of (10.1).

PROOF. Clear by (4.26). [J

COROLLARY 10.3. Let P be a Sp-group of G. Suppose that P <J G. Let 'PI be
the Brauer character of G with 'PI(X) = 1 for all p'-elements x in G. Then cJJ l

satisfies (i), (ii), (iii) of (10.1) with Ui = 1 for all i.

PROOF. Clearly ICIP EA~\)(G/P) and satisfies (i), (ii), (iii) of (10.1). The

result follows from (4.26). 0

A much more important class of examples arises from the work of

Steinberg [1968]. He showed that if G is a simple group of Lie type then
the Steinberg character of G satisfies condition (i) of (10.1) with Ui = ~ 1
for all i. This motivated Ballard [1976] and Lusztig [1976], who indepen­

dently showed that the Steinberg character satisfies condition (iii) of (10.1).
Their work led to (10.1).

It is not always true that A ~)I)(G) is a principal ideal of A O(G). It can be

shown by explicit computation that for p = 5 and G = PSL2 (9) = A h there
is no 1] in A ~\)( G) which satisfies the conditions in (10.1). Also if G = 1"
the first Janko group, then it is not difficult to verify that no 1] in A~\)(G)

satisfies the conditions of (10.1) for any prime p 111 1 1.
The proof of (10.1) is based on the following elementary result.

LEMMA 10.4. Let () be a complex valued class function on G. Let YI, ... , Ym
be a set of pairwise nonconjugate elements of G such that (}(Yi) ~ 0 for
1~ i ~ m. Let X be the complex vector space consisting of all complex valued

class functions f on G such that f(y) = 0 if Y is not conjugate to any Yi. Let
L((}) be the linear transformation on X defined by L((})f = (}f. Then
dimX=m, the characteristic roots of L((}) are (}(YI), ... ,(}(Ym) and
det L ((}) = 2:;:1 (}(Yi).

PROOF. Define fi E X by fi (Yj ) = (jij. Then {Ii} is a basis of X and so
dim X = m. Furthermore L ((})fi = (}(Yi)fi for all i. Thus L (()) has the
required characteristic values and so the required determinant. [J
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PROOF OF (10.1). Let P; be a SI'-group of Cc (Yi). Since 1] E A~JI)(G) it

follows that 1] (Yi)XP, E A ~JI)«Yi >X Pi). Thus 1] (Yi) = P"iUi for some algebraic
integer Ui. Therefore n:'~ 1 1] (Yi ) = n:'~ I Ui n:'~ I p '\ Clearly n:: 1 1] (y;) is
rational valued and so n:'~ 1 Ui is a rational integer. The equivalence of (i)
and (ii) is now clear.

Condition (iii) holds if and only if 1]A o( G) = A ~JI)( G). Since 1]A O( G) ~
A~")(G), this holds if and only if IAo(G): 1]A O(G)1 = IAo(G):A~)J)(G)I. By
(10.4)

IA O(G):1]A O(G)I=/detL(y)l= ±Il1](Yi)= ±Il uinp"'.
i=1 i=1 i=1

By definition IAO(G):A~\)(G)~= detC, where C is the Cartan matrix of
G. By (3.11) det C = n:'~1 p'''. Thus condition (iii) holds if and only if
n:'~, Ui = ± 1, which is equivalent to condition (i).

If 1] satisfies (ii) then 1] (Yi) f 0 for all i. Thus 'Ya (Yi) = a (Yi)1] (Yi r l and so
)I., is uniquely determined by a. 0

11. Self dual modules in characteristic 2

Throughout this section F is a field of characteristic 2 and V is an
absolutely irreducible F[ G] module which affords a real valued Brauer
character. Equivalently V = V*.

V is of quadratic type if there is a nondegenerate G-invariant quadratic
form on V.

V is of symplectic type if there is a nondegenerate G-invariant alternat­

ing form on V.
We will show that V is essentially always of symplectic type and then

give some criteria for V to be of quadratic type. The results in this section

are primarily due to Willems [1977]. However the first two results are
older. See e.g. Fong [1974] Lemma 1 or James [1976] Theorem 1.1. We will
first introduce some notation.

A is the representation of G with underlying module V.
E is the space of all matrices on V where X ~ A (x)' XA (x) for x E G

where the prime denotes transpose. Thus E is an F[ G] module with
E = V @ V = V C:9 V* by (11.2.8).

S = {XE E' X = X'}, T = {X +x/i X E E}.

Clearly T ~ Sand S, T are both F[ G] modules.
Vo(G) is the F[G] module with dimFVo(G) = 1 and Invc(Vo(G))=

Vo(G).
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THEOREM 11.1. If v~ V o( 0) then V is of symplectic type.

PROOF. Since V = V* there exists ME E with M-1A(x)M = A(x- I)' for
all x E O. Thus M'A(x)'(M't l = A (X-I) and so A(x- 1

)' = (M'tIA(x)M'
for all x E O. Hence M'M-1A (x) = A (x)M'M-' for all x EO. Thus by

Schur's lemma M' = cM for some c E F. Thus M = cM' = c 2 M. Hence
c 2 = 1 and so c = 1. Therefore M' = M. Furthermore A (x)' MA (x) = M
for all x E O. Thus M defines a O-invariant symmetric bilinear form on V.
Let W be the subspace consisting of all isotropic vectors in V. Thus W is a
O-invariant subspace and so W = (0) or W = V. If W = (0) then dimF V =

1 and V = V o( 0). If W = V then M defines a nondegenerate symplectic

form on V. 0

COROLLARY 11.2. Let'P be a real valued irreducible Brauer character of 0 in
characteristic 2. Then either 'P = Ie or 'P(1) is even.

PROOF. Let U be an F[ 0] module afforded by 'P. If U is of symplectic type
then 'P(l) = dimF U is even. The result follows from (11.1) with U = V. 0

For i < j let Xii denote the matrix in E with 1 in the (i, j) and U, i) entries
and 0 elsewhere. Let Xii denote the matrix with 1 in the (i, i) entry and 0

elsewhere. Then {Xii Ii ~ j} is an F -basis of S and {Xii Ii < j} is an F -basis
of T.

By (1.19.3) there exists a finite subfield Foof F and an Fo[0] module Vo
such that V = (VO)F. Let V~:) denote the F o[0] module derived from V by
applying the automorphism of F o which sends a to a 2. Let V(2) = (V~:))F.

LEMMA 11.3. (i) There exists a submodule Eo of E with E/Eo= Vo(G).
(ii) E/S = T.

(iii) S/T= V(2).

PROOF. (i) Let E, denote the space of all matrices on V where
X~A(X-I)XA(x)for x E G. Then as F[G] modules

E,::::: V ® V* = V ® V = E.

Let E 2 be the set of all scalar matrices in E. Then E 2 = Vo( G) is a

submodule of E I. The result follows as E 1 = E t.
(ii) Define f: E ~ T by f(X) = X + X'. Then f is an F[ G]­

homomorphism of E onto T with kernel S.
(iii) Without loss of generality F may be replaced by its algebraic closure.
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Thus the map sending a to a~ is an automorphism of F. Let x E G and let

A (x) = (aij). Then

A (x)' XssA (x ) = (asiaSj ) = L a;i Xii + X
i

for some X E T. 0

Let M = (mij) be an upper triangular matrix in E, i.e. mij = 0 for i > j.
Define the quadratic form Q,'>f on V by

Q,'>f (v) = L mijXiXj where v = (Xl, ... , X,,).
i.j

Define {'>f E HomF (5, F) by

{\1 «Xij)) = L mijXij'
i·1

LEMMA 11.4. Let M be an upper triangular matrix in E. Then Q,'>f is

G-invariant if and only if f,'>f E HomF(GJ (5, F) where F = Vo( G).

PROOF. Let v = (Xl, ... , Xn ) E V and let A = (aiJ E E. Then

Q,'>f (vA) = L mijaisaj,Xsx,.
i.joS.'

Thus Q,'>f (vA) = Q,'>f (v) if and only if the following two equations are
satisfied for all s < t.

L mijaisajs = msS,
i.1

L mij (aisajt + ajsa" ) = mS('
i.1

For all s < t

f,'>f (A I X:~,A) = L mijaisajs,
i.j

f,'>f (A I XstA) = L mij(aisajt + ai/ajs).
i.j

(11.5)

(11.6)

Thus f'>f (A I XA ) = {'>f (X) for all X E 5 if and only if (11.5) and (11.6) are

satisfied. Consequently f'>f (A I XA) = f'>f (X) for all X E 5 if and only if Q,'>f
is A -invariant. 0
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THEOREM 11.7. V is of quadratic type if and only if there exists a submodule

So of S with SjSo= Vo(G).

PROOF. Every quadratic form on V is of the form Q,'>f for some upper
triangular l1).atrix M. Every map in HomF (S, F) is of the form f'>f for some
upper triangular matrix M. Hence the result follows from (11.4). 0

COROLLARY 11.8. If V is not of quadratic type then there exists a nonsplit

exact sequence

PROOF. By (11.7) Vo( G) is not a homomorphic image of S. Thus by
(11.3)(i) and (ii) there exists an exact sequence

O~ To~ T~ Vo(G)~O.

Thus by (11.3)(iii) there exists an exact sequence

O~ Vo(G)~SjTo~ V(2)~O.

As Vo(G) is not a homomorphic image of S it follows that the sequence is
not split. Hence there also exists a nonsplit sequence of the required
form. 0

COROLLARY 11.9. If V is not in the principal 2-block then V is of quadratic

type.

PROOF. Clear by (11.8). 0

COROLLARY 11.10. If G is solvable then V is of quadratic type.

PROOF. Induction on IG I. If IG I= 1 the result is clear. Suppose that
IG I> 1. If V is not in the principal 2-block the result follows from (11.9). If
V is in the principal2-block then On (G) is in the kernel of V by (4.12). As
O2',2 (G) I (1) the result follows by induction. 0



CHAPTER V

The notation and assumptions introduced at the beginning of Chapter IV
will be used throughout this chapter. Also the following notation will be
used.

If B is a block of G then AB is the central character of R [G]
corresponding to B.

v is the exponential valuation defined on K with v(p) = 1.

XI' X2,.. are all the irreducible characters 0 f G.
'PI, 'P2, ... are all the irreducible Brauer characters of G.
W S is the central character of K[ G] corresponding to Xs.
If H is a subgroup of G and h:Z(K;H:H~K is linear, define

hO :Z(K;G:G~K by
A ~

hO(C) = h(C n H)

for any conjugate class C of G.

Some of the results in this chapter can be proved without the assumption
that K and R are splitting fields for every subgroup of G. See for instance
Broll(~ [1972], [1973]; Hubbart [1972]; Reynolds [1971].

1. Some elementary results

For the results in this section and the next see Brauer [1967], Fong [1961]
and Reynolds [1963].

LEMMA 1.1. Let H be a subgroup of G and let' be an irreducible character of
H. Let ,0 = LsasXs and let w be the central character of K[H] corresponding
to r Then

L asXs (l)ws = ,0 (l)w 0.
s
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PROOF. Let {L;} be the set of all conjugate classes of H and let Zi E L j • Let

((x) = 0 if x E G - H. If C is a conjugate class of G with Z E C the

definition of induced characters implies that

'" ()_G()_ 1 '" Y( Y)-Ic ()I '" ~(Zi)
~ asXs Z - ( Z -fHl Y~G ~ Z - G Z 'l~cICH(Zi)I'

Thus

~ asXs(l)w,.(C) = ~ a'lcIG~;)IXs(Z)

=IG:HI~(l) L w(L)=~G(l)wG(C). 0
Lice

LEMMA 1.2. Let H be a subgroup of G and let B o be a block of H. Assume

that B o contains an irreducible character ~ such that ~G is irreducible. Then

BR is defined and ~G E B R.

PROOF. Let ~G = XS and let w be the central character of K[H] corre­

sponding to ~. By (1.1) w s = wG. Thus wG = w., is a central character of

R[G]. 0

LEMMA 1.3. Let B o be a block of the subgroup H of G for which B R is

defined. Let ~ be an irreducible character in B o and let ~G = LsasK'. If B is a
block of G then

v( x~u asXs (l) ) > v((G (l) if B ~ B R,

V(X~B a.'Xs(1)) = v(~G(l)) if B = BR.

PROOF. Let w be the central character of K[H] corresponding to ~. Let e
be the central idempotent in R [G] corresponding to B. Then ws (e) = 1 if

XS E B, and ws (e ) = 0 if XS g B. A Iso wG (e) = 0 if B ~ BRand wG (e) = 1 if

B = BR. The result now follows from (1.1). 0

COROLLARY 1.4. Let B o be a block of the subgroup H of G for which BR is

defined. Assume that B o and B Rhave the same defect. If ~ is an irreducible

character of height 0 in B o then some character Xsofheight 0 in Bf( occurs as
a constituent 0 f ~G with multiplicity a., ¢ 0 (mod p).

PROOF. Clear by (1.3). 0



194 CHAPTER V [1

THEQREM 1.5. Let B be a block of G with defect group D. Suppose that
Aa (C) 10 for a conjugate class C of G. Then there exists z E C with
z ECG(D) such that the p-factor y of z is in Z(D).

PROOF. By (111.9.7) there exists a block B o 2f N G (D) with defect group D
such that BR = B. Let Ao = ABo' Since AR(C)f 0 there exists a conjugate
class Co of NG (D) with Co ~ C and Ao(Co) ~ O. Choose z E Co. By
(111.6.10) z ECG(D). If ~ is an irreducible character in B o then ~(z)~ O.
Hence by (lV.2.4) Y is conjugate in NG (D) to an element of D and so
y ED. Since D ~ CG(z) ~ CG(y) it follows that y E Z(D). 0

THEOREM 1.6. Let B o be a block of the subgroup H of G for which B R is
defined. Let Do be a defect group of B o and let D be a defect group of BR.
Then

(i) Every element in Z(D) is conjugate to an element in Z(Do).

(ii) The exponent of Z(D) is at most equal to the exponent of Z(Do).

(iii) If B~ has defect 0 then B Rhas defect O.
. (iv) If p IIGI then HIO).

PROOF. (i) Let X' be a character of height 0 in B R. By (111.6.1 0) and
(lVA.8) there exists a p '-element x such that D is a Sp-group of C G (x) and
X' (x )w, (x -I) Ji 0 (mod 1T). If y E Z(D) then D is a Sp-group of CG(xy) and

X,(xY)=X,(x)JiO(mod1T). Thus v(w,(xy» = v(w,(x»=O. Hence
w, (xy) Ji 0 (mod 1r) for all y E Z(D). Let ~ be an irreducible character in

B o and let w be the central character of K[H] corresponding to ~. Then
w, = wG. Hence if y E Z(D) there exists a conjugate z of xy in H with
w(z) ~ O. By (1.5) the p-factor of z is conjugate to an element of Z(Do).

(ii) and (iii) are immediate by (i).

(iv) If H = 0) then B [? has defect 0 by (iii) and so contains exactly one
irreducible character Xl' Hence if ~ is the unique character in B o then

~G = ~Xs (I)Xs and so by (1.3)

v(IG/) = v(~G (1» = V(XI (1)2) = 2v(/GJ).

Thus v (I G I) = 0 contrary to assumption. 0

LEMMA 1.7. Let B be a block of G and let a be an automorphism of G such
that X~ = X. for all Xs E B. If Yis an element in a defect group of B then yeT is
conjugate to y in G.

PROOF. By (lVA.8) there exists a p'-element x and a character X, of height
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oin B such that Xr (x )wr (x --)) ~ 0 (mod 7T) and a SI'-group D of C G (x) is a
defect group of B. Replacing y by a conjugate it may be assumed that

y ED. Hence Xr (yx) =Xr'(x) ¢ 0 (mod 7T).
If y and y" are not conjugate in G then by (lV.6.3)

L IXs (yx W= L xs «yx r )Xs (yx ) = 0
xsEB Xs EB

Since IXs (yx)/ ~ 0 for all s this implies that XS (yx) = 0 for all X. E B. Hence
in particular Xr(YX) = 0 contrary to the previous paragraph. 0

2. Inertia groups

Throughout this section 6 is a fixed normal subgroup of G. In general a
. tilde sign will be attached to the quantities associated with G. For instance

XI, X2"" are all the irreducible characters of G. wS is the central character
of K[ 6] corresponding to Xs.

Let A be a subset of 6 which is a union of conjugate classes of G. Let {}
be a complex valued function defined on A which is constant on the
conjugate classes of 6 which lie in A. If z E G define {}z by {}z (x) =
{}(XZ-

I

) for all x EA. Then {}z is defined on A and is constant on the
conjugate classes of 6 which lie in A. The inertia group T( {}) of {} in G is
defined by T({}) = {z 1z E G, {}z = {}}. Clearly 6 ~ T({}).

If W is an irreducible R[6] module which affords cPi then it is easily
seen that T( W) = T( cPi)' Similarly if V is an R -free R [6] module which
affords Xs then it is easily seen that T( VK ) = T(Xs). However T( V) need
not be equal to T( VK ).

Let E be a block of G. The inertia group T(E) of E in G is defined by

T(E)={z Iz EG,E z =B}.

LEMMA 2.1. Let E be a block of G. If Xs> cPi E E then T(cPi) ~ T(E) and

T(Xs) ~ T(E).

PROOF. Clear by (lVA.9). 0

THEOREM 2.2. For any group H with 6 ~ H ~ G let ~C (H) be the set of all

irreducible characters ofH whose restriction to 6 have Xs as a constituent. Let
~(?(H) be the set 0 fall irreducible Brauer characters ofH whose restriction to

(; have cPi as a constituent.
(i) If T(cPi) ~ H then the map sending () to (}G defines a one to one

correspondence between ~(~(H) and ~(~(G).
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(ii) If V is an irreducible R[G] module which affords a Brauer character
in 91?( G) then a vertex of V is contained in T(cPd.

(iii) If T(Xs) ~ H then the map sending () to (}G defines a one to one
correspondence between 9L (H) and 9t (G).

(iv) If XI E 2C (G) then there exists an R -free R [G) module which affords
XI and whose vertex is contained in T(Xs).

PROOF. (i) It suffices to prove the result incase T(cPi) = H. Let l/J E 91?(H).
By (11.2.9) (l/JG)1l = IP + () where cPi is not an irreducible constituent of (}G.
Let 1] be an irreducible constituent of l/JG with Till = IP + (),. By (111.2.12)
~/G = ecPi for some integer e > 0 and 1] (1) = IG :Hil/J(l) = l/JG (1). Hence
l/JG = '1"1 E ~l?( G). Furthermore if l/JI, ~/2 E 91?(H) and l/Jf = l/Ji; then
(IPf')1l = (l/Ji')1l and so l/J1 = l/J2. Therefore the map sending () to (}G is one to
one. It remains to show that it is onto.

Let 'Pi E 21?( G). Let V be an R[G] module which affords 'Pi and let \;V;
be an R [6] module which affords cPi. By (111.2.12) V G is completely
reducible and so I (VG, W;) ~ O. Thus by (111.2.5) I( V H, Wi') ~ 0 and so
I( VIl, W) ~ 0 for some irreducible constituent W of wi'. Since (wtl)e; =
IH: 61 W; it follows that W; is a constituent of WHo Thus if ItI is the Brauer
character afforded by W then IP E 91? (H). Since I (V, W G

) = I (V H, W) ~ 0
the irreducibility of V and W G implies that V = W G and hence 'Pi = Ip G as
required.

(ii) Clear by (i).
(iii) If p is replaced by a prime not dividing IGI this follows from (i).
(iv) Clear by (iii). 0

A block B of G covers a block B of 6 if there exists XS E B and XI E B
such that XI is a constituent of (Xs)e;.

LEMMA 2.3. The blocks of 6 covered by the block B of G form a family of
blocks conjugate in G. If B is covered by Band XS E B then some constituent
of (Xs)G belongs to B. If XI E B there exists XS E B such that XI is a constituent
of (Xs)c;.

PROOF. This is a reformulation of (lV.4.10). 0

LEMMA 2.4. Xs and XI belong to blocks which cover the same block of 6 if
and only if there exists a chain Xii = Xs, Xh, ... , Xt. = XI such that for any m
either Xim and Xim./ are in the same block of G or (Xim)c; and (Xim.JG have a
common irreducible constituent.
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PROOF. If such a chain exists then by (2.3) consecutive characters belong to
blocks which cover a fixed block of G.

Suppose conversely that XS and XI are in blocks which cover a fixed block
of G. Let Xm be an irreducible constituent of (X')c. By (2.3) there exists X,

in the same block as XI such that Xm is a constituent of (X,)c;. The chain
XS,X"XI satisfies the required conditions. 0

THEOREM 2.5 (Fong [1961), Reynolds [1963]). Let E be a block of G. The
map sending B to B G defines a one to one correspondence between the set of
all blocks of T(E) which cover E and the set of all blocks of G which cover E.
Furthermore if B is a block of T(E) which covers E the following hold.

(i) The map sending () to (}G defines a one to one correspondence between
the sets of all irreducible characters, irreducible Brauer characters respec­
tively, in Band B G.

(ii) With respect to the correspondence defined in (i) Band B G have the
same decomposition matrix and the same Cartan matrix.

(iii) Band B G have a defect group in common.
(iv) E is the unique block of G covered by B.

PROOF. Let B be a block of T(E) which covers E and let ~ be an
irreducible character in B. By (1.2), (2.1) and (2.2) (iii) BG is defined,
~G E BG and BG covers E. Suppose that B is a block of G which covers E.
Let XI E B. By (2.3) (XI)6 has an irreducible constituent Xs E E. By (2.1)
and (2.2) (iii) XI = ~G for some irreducible character ~ of T(E) such that Xs
is an irreducible constituent of ~6. Let B be the block of T(E) with ~ E B.
Then B covers E and BG = B by (1.2).

Let Ip], i{J2 be irreducible Brauer characters of T(E) in blocks which
cover E. If 4) E E and 4) is an irreducible constituent of (Ip?)o then 4) is a
consti tuent of (i{Ji)O for i = 1,2. Thus if i{J f = i{Jf then (i{J])o and (i{J2)O have
a common irreducible constituent which is in E, and so Ip] = IP2 by (2.2).
Therefore the map sending () to () G defines a one to one correspondence
between the sets of all irreducible characters, irreducible Brauer characters
respectively, of T(E) and G which lie in blocks that cover E. This map
clearly preserves decomposition numbers and hence also Cartan invariants.
Since the decomposition matrix of a block is indecomposable it follows that
a character or a Brauer character () of T(E) is in B if and only if (}G E BG

•

Thus the map sending B to BG is one to one as required. Furthermore (i)
and (ii) are proved.

(iii) Let D be a defect group of B. By (111.9.6) D ~ D for some defect
group D of B G. By (i) Band B G have the same defect. Thus D = D.
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(iv) Since fr = H for all z E T(H) this is clear by (2.3). 0

COROLLARY 2.6. Let B be a block of G and let H be a block of 0 covered by
B. Ihen T(H) contains a defect group of B.

PROOF. By (2.5) B = BG for some block 13 of T(B) which covers H. The
result follows from (2.5) (iii). 0

3. Blocks and normal subgroups

The notation of the previous section will be used in this section. For the
results in this section see Brauer [1967a], [1968]; Fong [1961]; Passman
[1969].

LEWvtA 3.1. Let a E Z (R ; G : G) n R [0]. If A is a central character of
R[O] then A(a) = AG(a).

PROOF. Clear by definition. 0

LEMMA 3.2. Let {Him} be the set of all blocks of 0 where Him = H I" for some
z E G if and only if i = j. Let eim be the centrally primitive idempotent of
R [0] with Him = B (eim). Let ~ = Lmeim. Ihen {ei} is the set of all primitive
idempotents in Z(R; G : G) n R [0].

PROOF. Any idempotent in Z(R; G : G) n R [0] is a sum of centrally
primitive idempotents in R [0] and is invariant under conjugation by ,

elements of G. The result follows. 0

LEMMA 3.3 (Fong [1961]). Let Him and eim be defined as in (3.2). For each i
let Bi !, Bi2 , ... be all the blocks of G which cover some Him and let eim be the
centrally primitive idempotent in R [G] with Bim = B (eim). Then ei =

Lmeim = Lmeim.

PROOF. By (3.2) {ed is a s~t of pairwise orthogonal central idempotents in
R [G]. Thus it suffices to show tha t eimei ~ 0 for all i, m. Let V be a nonzero
R[G] module in Bim . By (2.3) (V6)ei~O. Hence Vei = Veimei~O and so

eimei~ O. 0

LEMMA 3.4 (Passman [1969]). Let B be a block of G and let H be a block of
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G. Then B covers B if and only if AB(a)=AB(a) for all
a EZ(R;G:G)nR[G].

PROOF. By (3.2) and (3.3) B covers B if and only if AB (e) = AB (e) for every
idempotent in Z(R;G:G)nR[G]. By (1.16.1) R is a splitting field of
Z(R; G : G) n R [G]. The result follows since two central characters of a
commutative algebra are equal if they agree on all idempotents. 0

LEMMA 3.5. Suppose that GIG is a p-group. If B is a block of G there is a
unique block B of G which covers B.

PROOF. Suppose that B 1 and B 2 are blocks of G which cover B. Let Ai = ABo

for i = 1,2. If C is a conjugate class of G cOJ!sisting of p'-eleIllents then
C E Z(R; G : G) n R [G]. Thus by (304) Al(C) = AB (C) = A2(C), Hence
by (IVA.2), (lVA.3) and (lVA.8) (iii) B 1 = B 2 • 0

A block B of G is regular with respect to G if AB (C) = 0 for all conjugate

classes C of G which are not contained in G.
B is weakly regular with resp~ct to G if there exists a conjugate class C of

G with C ~ G such that AB (C) ~ 0 and the defect of B is equal to the
defect of C.

In case G is determined by the context the phrase "with respect to G"
will be omit~ed. By (111.6.10) a regular block is weakly regular. Further­
more if AB (C) ~ 0 and the defect of B is equal to the defect of C then B
and C have a common defect group.

LEMMA 3.6. Let B be a block of G. The following are equivalent.
(i) B is regular.

(ii) B = BG for every block B of G which is covered by B.
(iii) B = B G for some block B of G.

PROOF. (i) ~ (ii). Let B be a block of G which is coverecl by B. Let C be a
conjugate cla~s of G. Lf cg G then (AB)G (C) = 0 = AB (C). If C ~ G then
by (304) AB (C) = AB (C). Hence by (3.1) (AB)G = AB.

(ii) ~ (iii). Clear.
(iii) =?> (i). If C is a conjugate class of G with cg G then AB (C) =

(AB)G (C) = 0 and so B is regular. 0

LEMMA 3.7. Let B be a block of G which is regular and let B be a block of G.
Then B covers B if and only if B = BG.
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PROOF. If B covers B then B = fJ 0 by (3.6). If B = B (J then by (3.1)

AB (a) = (Aet (a) for all a E Z(R; G: G) n R[G). Thus by (3.4) B covers

B. 0

LEMMA 3.8. Let B be a block of G. Then there exists a block of G which is
regular and covers B if and only if BOis defined. In that case BOis the
unique block of G which is regular and covers B.

PROOF. If B G is defined then B G is regular by (3.6) and B 0 covers B by

(3.7). The converse follows from (3.7). The last sentence is clear. 0

LEMMA 3.9. Let B be a block of G with defect group D. If Co (D) C G then
B is regular.

PROOF. If AB (C) ~ 0 for some conjugate class of G then by (111.6.10)
D CCo(z) for some z E C. Hence z ECo(D) C G and so C C G. 0

LEMMA 3.10. Suppose that P is a p-group with P <J G and Co (P) C G.
Then every block B of G is regular with respect to G. For every block B of G,
the block BOis de fined and is the unique block covering B.

PROOF. Let B be a block of G and let D be the defect group of B. By

(111.6.9) PC D. Thus Co (D) C Co (P) C G and B is regular by (3.9). Let B
be a block of G. By (3.8) BG is defined and is the unique block covering

B. 0

COROLLARY 3.11. Suppose that P is a p-group with Co (P) C P <J G. Then
the principal block is the unique block of G.

PROOF. By (3.10) with G = P, BOis the unique block of G where B is the

unique block of G. Hence G has exactly one block which must necessarily

be the principal block. 0

THEOREM 3.12 (Fong [1961]). Let B be a block of Gand let B" B 2 , ••• be all
the blocks of G which cover B and let B = B j for some j. For each i let ei be the
centrally primitive idempotent of R [G) with B i = B (ei) and let e = Lei. The
following are equivalent.

(i) B is weakly regular.
(ii) A defect group of any block Bi is conjugate to a subgroup of a defect

group of B.
(iii) The defect of any B; is at most equal to the defect of B.
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(iv) Let e = LacC where C ranges over all conjugate classes of G and

ac E R. There exis.!s a conjugate class C consisting of p'-elements with
C ~ G, iic ~ 0, AB (C) ~ 0 such that the defect 0 f B is equal to the defect 0 f C.

PROQF. (i) ~ (ii). There exists a conjugate class C of G with C ~ G and
AB (CJ ~ 0 such that Band C have a common defect group D. By (3.4)

AB;(C) = AB (C) = AB (C) ~ 0 and so by (111.6.10) a defect group of B j is a
subgroup of some defect group of B.

(ii) ~ (iii). Trivial. _
(iii) ~ (iv). Since AB (e) = 1 it follows that iicAB (C) ~ 0 for some C. By

(lV.7.2) C consists of p'-elements. By (3.3) C ~ G.1f ej = Laj,cC for each i

then for some i ii i,(~ ~ O. Hence by (IV.7.3) the defect of C is equalJ:o the
defect of B i and so is at most equal to the defect of B. Since A(C) ~ 0,
(111.6.10) now implies that Band C have the same defect.

(iv) ~ (i). Trivial. D

COROLLARY 3.13. Let E be a block of G. The following hold.

(i) There exists a weakly regular block B of G which covers E.
(ii) Let 13 be a block of T(E) which covers E. Then 13 is weakly regular if

and only if BC is weakly regular.

PROOF. (i) Choose a block B of maximum defect among those which cover
B. By (3.12) B is weakly regular.

(ii) By (2.5) 13 and 13 C have the same defect. Thus 13 has maximum
defect among all blocks 13j of T(E) which cover E if and only if 13 G has
maximum defect among all blocks 13? The result follows from (3.12). D

THEOREM 3.14 (Fong [1961]). Let E be a block ofG and let B be a block of

G which covers E and is weakly regular. There exists a defect group D of B
with D ~ T(E). For any defect group D of B with D ~ T(E)

IT(E):DGI~O(modp)and D n G is a defect group of E.

PROOF. By (2.6) T(E) contains a defect group D of B. Thus by (2.5) and
(3.13) (ii) it may be assumed that G = T(E).

Let e be the central idempotent of R [G] with E = B(e). Since
G = T(E), e = LacC with ac E Rand C ranging over the conjugate
classes of G. By (3.3) an~ (3.12) (iv) there exists a conjugate class C of G
with C ~ G, iic ~ 0, AB (C) ~ 0 such that D is a defect group of C. Let
z E C with D ~ C c (z). Let L be the conjugate class of G with z E L.
Thus C = U x L x where x ranges over a cross section of Nc (L) in G. By
(3.4)
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AB (C) = Aa (C) = L An (1) ) = L A~ -] (L) .
x x

[4

Since T( B) = G this implies that

IT(B): N G (L )IAa (L) = AB (C) 10.

Thus IT(B):NG(L)I¢O(modp) and Aa(i)IO. Since NG(L)=CG(z)(]
and D is a Sp-group of CG(z) it follows that IT(B):DGI ¢O(modp).

Since GcAa (i) = 0 it follows from (lV.7.3) that 13 and L have a common
defect group. Clearly D n G is a Sp-group of C(; (z) and so is a defect
group of L. 0

LEMMA 3.15. Let B be a weakly regular block of G and let.B be a block of (]
covered by B. Let XS be of height 0 in B and let XI be a constituent of (X,)(;
with XI E E. Then the ramification index of x' is not divisible by P,XI has
height 0 in E and IT(E): T(X' )1 ¢ 0 (mod p ).

PROOF. By (2.5) and (3.13) it may be assumed that G = T(B).
Let D be a defect group of B. Let d = v(IDI) and let d = v(ID n GI)·

By (3.14) d is the defect of E. By (111.2.12) (X,)6 = e LzX: where {z} is a
cross section of T(X,) in G and e is the ramification index of Xs.

Since GDIG = DIG n D it follows from (3.14) that

v(IGI)-d = v(!GD:DI)= v(IG:G nDI)= v(IGI)-d.

Thus v(x,(l» = v(IGI)-d. Since v(XI(1»~ v(IGI)-d and X,(1)=
e IG : T(X, )lxr(1) it follows that e IG : T(x,)1 ¢ 0 (mod p) and XI is of height
o in E. 0

COROLLARY 3.16. Let jj be a block of G. There exists XI EB ofheight 0 such
that T(X,) contains a Sp-group of T(B).

PROOF. By (3.8) there exists a block B of G which covers jj and is weakly

regular. Let XS be of height 0 in B. By (2.3) some constituent X, of (X,)6 is

in E. The result follows from (3.15). 0

4. Blocks and quotient groups

The notation of the two previous sections will be used in this section.

Furthermore GO = GIG and in general a superscript ° will be attached to
the quantities associated with GO. Every R [GO] module may be considered
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to be an R [G] module in a natural way. Similarly every character or
Brauer character of GO is a character or Brauer character of G.

LEMMA 4.1. Let BO be a block of GO. Then there exists a block of G which
contains BO and covers the principal block of O. Conversely if B is a block of
G which covers the principal block of 0 then B contains a block of GO.

PROOF. Two R [GO] modules in BO are linked by a chain of R [GO] modules.

Hence they are also linked as R [G] modules and so lie in the same block B
of G. Thus BO ~ B. If XS E BO ~ B then the principal character of 0 is a

constituent of (X,)6. Thus by (2.3) B covers the principal block of O.
Conversely suppose that B covers the principal block of O. By (2.3)

there exists XS ,E B such that (X,)6 contains the principal character of 0 as
a constituent. Thus by (111.2.12) 0 is in the kernel of Xs. Let BO be the

block of GO with XS E BO. Then BO ~ B by the previous paragraph. D

LEMMA 4.2. Let BO be a block of GO and let B be a block of G with BO ~ B.
Let D be a defect group of B. Then D contains a Sp-group of 0 and
DO = DO /0 contains a defect group of BO. In particular if d is the defect of B
and dO is the defect of BO then dO ~ d - v(1 G I). Furthermore if BO contains
an irreducible character or an irreducible Brauer character of height 0 in B
then DO = DO/O is a defect group of BO.

'PROOF. Let P be a Sp-group of 0 and let P be a p-group with P~ P such
that p O = PO/O is a defect group of BO. Let V be an R-free R[GO]

module which affords an irreducible character of height 0 in BO. Thus pO is

a vertex of V. Hence V considered as an R [G] module is R [P]-projective.
Thus by (IV.2.2) P is a vertex of V. Hence P ~ r,D. If V('Pi(l)) or v(X,(l))
equals v(! G I) - d then v(1 G I) - d ~ v<1 G : (1) - dO and so dO ~
d - v(/O I). Thus dO = d - v(/ol) by the first part of the statement. D

LEMMA 4.3. .Suppose that 0 is a p'_group. Let B 1 , ••• ,Bm be all the blocks of
G which have 0 in their kernel and let D j be a defect group of B j for
j = I, ... , m. Let B\I , ... , B~ be all the blocks of GO. Then m = n and after a
suitable rearrangement Bj = B~l for all j. Furthermore D~J = DjO/O is a
defect group of B~.

PROOF. Since 0 is a p'_group the principal character is the only irreducible

character in the principal block of O. Hence a block of G covers the

principal block of 0 if and only if it has 0 in its kernel. Thus by (IVA. II )
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any two modules in B j are linked by a chain of R [GO] modules and so Bj is

a block of GO. Therefore by (4.1) m = nand B j = B~ after a suitable
rearrangement. Since 0 is a p'_group B j and B~ have the same defect and

so by (4.2) D~ is a defect group of B~. 0

LEMMA 4A. Suppose that 0 is a p-group. Let B be a block of G and let D be
a defect group of B. Then 0 ~ D and there exists a block BO of GO such that
BO ~ B and DO = DIO is a defect group of BO.

PROOF. Let d = v(1 D I). Choose 'Pi E B with V('Pi (I)) = v(1 G I) - d. By
(111.2.13) 0 is in the kernel of 'Pi. Let BO be the block of GO with 'Pi E BO.
By (4.1) BO ~ B. Let dO be the defect of BO. The result follows from

(4.2). 0

LEMMA 4.5. Suppose that 0 is a p-group which centralizes all p'-elements in
G. The inclusion BO ~ B defines a one to one correspondence from the set of
all blocks of GO onto the set of all blocks of G. If D is a defect group of the
block B of G then DO = DOlO is a defect group of the block BO of GO where
BO~B.

PROOF. In view of (4.1) and (4A) it suffices to show that if B is a block of G
and B(;, B~ are blocks of GO with B'i ~ B and B~ ~ B then B~ = B~.

Let XS E B~ and Xl E B~. If x is a p'-element in G then 0 ~CG (x).
Thus C G (x )/0 = CGo(XO) where XO is the image of x in GO. Since x." Xl E B
this implies that

IGOI x~ix) = = = IGOI XI (x)
ICG',(xO)1 Xs(I)-wS(x)-wl(x)-ICGo(xO)1 Xl (1) (mod1T)

for all p'-elements x in G. Hence by (lVA.3) and (lVA.8) Bli = i3~. 0

COROLLARY 4.6. Suppose that D is a p-group and G = DCG (D). Let B be
a block of G with defect group D. Then B contains exactly one irreducible
character x' which has D in its kernel and B contains exactly one irreducible
Brauer character 'Pi. Furthermore X' (x) = 'Pi (x) for all p I-elements x in G, Xs
has height 0 and <Pi (x) = ID I'Pi (x) for all p'-elements x in G.

PROOF. By (4.5) there exists exactly one block BO of GID with BO ~ B.
Furthermore BO is a block of defect O. Let Xs, 'Pi respectively, be the unique
irreducible character, irreducible Brauer character respectively, in BO.
Thus X' (x) = 'Pi (x) for all p'-elements in G. Since every irreducible Brauer
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character in B has D in its kernel, 'Pi is the unique irreducible Brauer
character in B. Then XS has height 0 in B by (4.5). Since (Ci;) is the Cartan
matrix of B, (lVA.16) (i) implies that Cii = ID I proving the last

statement. 0

If G = Dec (D) for some p-group D and B is a block of G with defect
group D then the irreducible character Xs constructed in (4.6) is the

canonical character of B.

THEOREM 4.7. Suppose that G = Dec (D) for some p-group D. Let B be a

block of G with defect group D and let X = XS be the canonical character of B.
Let ~l , ••• , ~n be all the irreducible characters of D. Define 8 j as follows:

8dz ) = 0 if Yg D,
= ~J (y)x(x) ify ED

where y is the p-part of z and x is the p'-part of z. Then {8 j U= 1, ... , n} is

the set of all irreducible characters in B.

PROOF. If z E G then C =?i for all j. Thus if Xl E B then by (111.2.12)
(XI)D = e~j for some j and some integer e > O.

Let z E G, let y be the p-part of z and let x be the p'-part of z. If y g D
then Xl (z) = 0 by (111.6.8) and (lV.2A). Suppose that y ED and let
H = D x (x). Then (XI)H = ~j a for some character a of (x). Thus Xl (xy) =
, (y)a (x) and

-£Jyl )-~d ()-~8 ( )Xl (xy) - ~j (I) Xl (x - ?i (l) liX X - ~dl) j xy

where 'Pi E B. Consequently Xl = [d'i/~j (1)] 8j o

Let A be the set of all p '-elements in G and let A 0 be the image of A in
GO = G /D. Since X is a character of GO which vanishes on all p -singular
elements we see that

110, II' = IbI ,~o I~i (y )1' .~ IX(x )1' = f-§1.~" IX(x) I'

=IG1o l 2: IX(Z)/2=1.
zEC ll

Thus

1 = "Xl W= ~j~ii)2" 8
jW= ~j~ii)2.

Hence dli = ?i (1) and so Xl = 8j •
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Therefore there exists a subset S of {1 , ... , n} such that {OJ Ii E S} is the
set of all irreducible characters in B. If XI = OJ then dli = ~j (1). Thus

1D 1= Cii = L d;; = L ~j (It
r jES

This implies that S ={1, ... ,n}. 0

5. Properties of the Brauer correspondence

The results in this section are due to Brauer [1967]. An alternative
approach has been given by Passman [1969]. See also Brauer [1971a],
[1974a]. The presentation given here is a modification of these two
methods. Recently Alperin and Broue [1979], Broue [1980) have studied
the Brauer correspondence in a more general setting. Their approach

generalizes and gives an alternative treatment of the first main theorem on
blocks and much of the material in this section and the next.

LEMMA 5.1. Let P be a p-group, peG. Let N = N c (P) and let H <J N with
Cc (P) C H. If Bo is a block of H then B(~; is defined.

PROOF. By (3.10) Bi>' is defined. Thus by (III.9.2) and (III.9.4) B(~ = (B {;')G
is defined. 0

LEMMA 5.2. Let D be a p-group, DC G. Let N = Nc (D) and let H <IN
with Cc (D) C H. The map sending Bo to B i: defines a one to one
correspondence between the blocks of G with defect group D and representa­
tives Bo of N -conjugate classes of blocks of H which satisfy

(i) D n H is a defect group of Bo .

(ii) v(1 DH I) ~ v(1 T(Bo) I), where T(Bo) is the inertia group of Bo in N.

PROOF. By (III.9.7) it may be assumed that N = G. By (2.3) and (3.10) the
map sending Boto Bi>' defines a one to one correspondence between blocks
B of N and representatives Bo of N -conjugate classes of blocks of H.

If B = B(? has defect group D th~n by (3.14) D n H is a defect group of

Bo and v(IDHI)= v(IT(Bo)I)·
Suppose that Bo satisfies (i) and (ii). Let D, be a defect group of B(~. By

(3.14) and (i) D n Hand D 1 n H are both defect groups of Bo . Thus
jD n HI = 1D, n H I. By (3.14) and (ii) v(I DH I) ~ v(j T(Bo)j) =
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v(1 D[H I). Thus 1D I~ IDII. Since D <J N, DC D j • Therefore D = D I.
D

Let D be a p-group, D C G. (D, B) is a block pair in G if B is a block of
DCc (D) with defect groqp D.

If (D,B) is a block pair in G then by (III.9.4) B A is defined for every
group A with DCc (D) CAe G.

Let (D, B) and (D *, B *) be block pairs in G.
(D *, B *) weakly extends (D, B) if D <J D *, D* n Cc (D) C D and BY =

B for all y E D *.
(D*,B*) extends (D,B) if D <JD* and B '-l = B*'-l where H =

D*C c (D).
(D *, B *) properly extends (D, B) if (D *, B *) extends (D, B) and

D-ID*.

LEMMA 5.3. Suppose that (D *, B *) is a block pair which extends (D, B).
Let H = D*Cc (D). Then (D*,B*) we'akly extends (D,B) and D* is a
defect group of B I-l = B *I-l.

PROOF Let Do be a defect group of B*I-l with D* C D u. By (3.14)

DoCc (D) = H and Do n DC c (D) = D. Thus Do n DCc (D) =
D* n DCc (D) and Do/D = H/DC c (D) = D*/D. Hence ID*I = IDol
and so D* = Do. By (3.10) and (3.14) T(B)=H. Hence (D*,B*) weakly

extends (D,B). D

THEOREM 5.4 (Third Main Theorem on Blocks) (Brauer). (i) Let Go be a
subgroup of G and let Bo be a block of Go with defect group D. If
CC (D) C Go there exists a block pair (D, B) in G with B Co = Bo.

(ii) Let (D, B) be a block pair in G. Let Do be a defect group of B c. Then
I D I~ I Dol· Furthermore 1 D 1 < 1Dol if and only if there exists a block pair in
G which properly extends (D, B).

(iii) Let (D *, B *) be a block pair in G which weakly extends the block
pair (D, B) in G. Let~, ~ * respectively, be the canonical character in B, B *
respectively. Then ~ tc(DOj is irreducible. Furthermore (D *, B *) extends
(D, B) if and only if the multiplicity of ~ tc(D OJ as a constituent of ~ C c (DO) is
not divisible by p.

PROOF. (i) Since D = D n DCc (D) this follows from (5.2).

(ii) By (III.9.6) 1 D I ~ I Dol·
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Suppose that (D *, B *) is a block pair which properly extends (D, B). Let
H = D*Co (D). Then B G = (Bllt = (B*H)G and so ID I< ID* I~ IDo!
by (111.9.6).

Assume conversely that ID I< IDol. Let T be the inertia group of B in
No (D), let P be a Sp-group of T and let H = PCo (D). Let D* be a defect
group of B II

• By (3.14) H = D*Co (D) and D* n DCo (D) = D. By (i)
there exists a block pair (D *, B *) in G with B *H = B H. Thus (D *, B *)

extends (D,B). By (5.2) v(IHI)=v(ITI»v(IDCo(D)I). Thus DjiD*
and so (D *,B *) properly extends (D, B).

(iii) Let A be a group with Co (D *) ~ A <J D *Co (D *). Then
D*Co (D*)/D* = A/A n D*. Since D* is in the kernel of ~* this implies
that ~~ is irreducible. Hence in particular ~ ~,,(D·) is irreducible. Let () be
an irreducible character of A which has D * n A in -its kernel such that
(~r,(D') is a constituent of () Cr, (0'). Then A = Co (D *)(D * n A ). Thus ~ ~ is
a constituen t of () as D * n A is in the kernel of both () and ~ ~. Therefore
~ ~ is the unique irreducible character of A which has D * n A in its kernel
such that ~~r,(D') is a constituent of its restriction to Co (D *). Since D is in
the kernel of ~ it follows that D is in the kernel of every irreducible
constituent of ~ DCr,(D'). Thus if a is the multiplicity of ~~r,(D') as a
constituent of ~ Cr, (0') (111.2.5) implies that

a = (~Cr,(D')' ~~G(D')) = (~DC(;(D'), ~tCG(D'»)

= (~, {~tCG(D,)}DCG(D»).

Since D*Co (D*) n DCo (D) = DCo (D*), (11.2.9) implies that

a = (~,{~bCr,(D,)fcr,(D») = (~,{~*H}DCc(D»)

where H = D*Co (D).

Let ~*H = () + ()o where () E B H and ()o is a sum of irreducible characters
none of which is in B II

• Thus ((()O)DCr,(D),~)= O. Since D is in the kernel of
() it follows that ~ is the unique irreducible character of D Co (D) which is
a constituent of () DCr, (D). Hence

a = (~, {~*H} DCc(D») = (~, () DCr,(D»)

and so () DCr, (D) = a{ Therefore () (1) = a~ (l). However

v(~(l))= v(IDCo(D):DI)= v(IH:D*i)

= v(1 H: D *Co (D *) I~*(I)) = v~ *H (I )).

Consequently v«()(l)) = v(a)+ v(~*H(I)). Thus (1.3) implies that B 11 =
B *H if and only if v(a) = O. 0
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Let B be a block of G. Suppose that B = B~~ for some block B o of a
subgroup Go of G. In this section connections between Band B o are
investigated. Some of these results are of importance for application to
questions concerning the structure of groups. The proofs in this section
make use of the three main theorems on blocks. The first three results are
due to Brauer [1967]. The results in the rest of the section are related to
work of Reynolds [1970].

Let B be a block with defect group D. By (III.9.7) there exists a unique
block B 1 of No (D) such that Bf = B. The block B 1 is called the germ of B
with respect to D. If D is determined by the context B 1 is called the germ

of B.

LEMMA 6.1. Let B o be a block of a subgroup Go of G and let Do be a defect

group of B o . Suppose that Co (Do) ~ Go. Then B = B Ris defined and

Z(D) ~ Z(Do) ~ Do ~ D

for some defect group D of B. In particular if B has an abelian defect group

then Do is a defect group of B.

PROOF. By (5.4) (i) B = BR is defined. Let d be the defect of B and let
do = v(1 Do i) be the defect of B o . The proof is by induction on d - do. If
d - do = 0 then by (III.9.6) Do is a defect group of B and the result follows
with D = Do. By the third main theorem on blocks (5.4)(i) it suffices to
take Go = Do Co (Do).

Suppose that d - do > O. By (5.4) (ii) there exists a block pair (D *, B *) in
G which properly extends (Do, B o). Since B *0 = B R= B induction yields
the existence of a defect group D of B such that

Z(D) ~ Z(D *) ~ CD· (Do) = Z(Do) ~ Do ~ D *~ D.

This proves the first statement. The second statement is an immediate
consequence of the first. 0

A more direct proof of the next result can be found in Brauer [1964a]
Theorem 3. See also Brauer [1971a], [1971b]; Osima [1964]; Hamernik and
Michler [1973]; Hamernik [1973].

THEOREM 6.2. Let B o be a block of a subgroup Go of G and let Do be a

defect group of B o• Assume that Co (Do) ~ Go. Then Bo is the principal block
of Go if and only if B[/ is the principal block of G.
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PROOF. By the third main theorem on blocks (SA) (i) B o = B?o for some
block B I of Do Co (Do). Thus it suffices to prove the result in case
Go = DoC o (Do).

For any subgroup A of G let B I (A) be the principal block of A and let

~,(A) be the principal character of A.
Let D be a defect group of B(~ and let P be a Sp-group of G with D ~ P.

Let do = v(1 Do I) and let d = v(1 D I). The proof is by induction on d - do.
Suppose that d - do = O. By (111.9.6) it may be assumed that D = Do. By

(3.10) B o = B 1 (DoCo (Do)) if and only if B~ = B1(N) where N = No (Do).
Let V be the R -free R [G) module which affords ~I (G). Let f be the

Green correspondence with respect to (G, P,No (P». Thus f(V) affords
~,(No (P». Thus by (111.7.7) and (111.9.7) if B is a block of No (P) then
B, (G) = B O if and only if B = B, (No (P».

Suppose first that B{j; = B ,(G) then LJo = LJ = P and so B~ = B 1 (N).

Assume conversely that B ~ = B] (N). Thus Do is a Sp-group of N and so
Do is a Sp-group of G. Hence Do = D = P and B(~ = (B~)O = B 1 (G).

Suppose that d - do > O. By (SA) (ii) there exists a block pair (D *, B *) in
G which properly extends (Do, B o).

Assume that B (~ = B, (G). Thus B * G = B 1 (G) and so by induction
B * = B, (D*C o (D*». Thus by induction B,~' = B *H = B 1 (H) where H =
D*Co (D). By (3.7) B~-f covers B o and so B o = B1(DoCo (Do».

Assume conversely that B o = B I (DoCo (Do». Hence ~I (DoCo (Do» is
the canonical character of B o. Thus by (5A)(iii) ~I (D *Co (D *» is the
canonical character of D *Co (D *). Therefore B * = B I(D *Co (D *» and
so by induction B(~ = B *0 = B ,(G). D

COROLLARY 6.3. Suppose that y is a p -element in G such that Co (y) has a

normal p-complement. If X = Xi is in the principal block of G then x(yx) =
x(y) for every p'-element x in Co (y).

PROOF. By (lV.6.1) and (6.2) X (yx) = Ljd ~ 'P J'{x) where 'P }' ranges over the
irreducible Brauer characters in the principal block of Co (y). By
(IVA.12)(ii) 'PJ'{x) = 'PHI) for all j and all p'-elements x in Co (y). D

LEMMA 6.4. Let H be a normal p'-subgroup of G. For any subset A of G let

A denote the image of A in G = G /H. Let B o be a block of a subgroup Go of

G for which B (~ is defined.

(i) H is in the kernel ofB (~ ifand only ifH n Go is in the kernel ofB o.

(ii) Suppose that Go n H is in the kernel of B o. There exists a block Bo of

GoH with H in its kernel such that B o corresponds to Bo by the natural
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isomorphism GoH /H = Go/Go n H. Furthermore Be? is defined and Be? =
Be? Also IH: Go n HI = 1 (modp).

PROOF. The isomorphism G o/ Go n H = Go H /H defines a one toone map
~ ~ t from the set of all irreducible characters of Go with Go n H in their
kernel to the set of all irreducible characters of Go H with H in their

kernel. Thus tG" = £.
Let T be the union of all blocks of G which have H in their kernel.
(i) Suppose that H is in the kernel of Be? Let ~ be an irreducible

character in Bo. By (1.3) there exists an irreducible character X in Be? with
X ~ ~G. Thus ~ ~ XG" by Frobenius reciprocity (111.2.5). Since Go n H is in
the kernel of Xc"' it is in the kernel of { Since { was arbitrary in B o this
implies that Go n H is in the kernel of B o .

Suppose conversely that Go n H is in the kernel of B o . By Frobenius
reciprocity (111.2.5) t ~ ~G"lI. Since H <J G a cross section of GoH in G is a
complete set of representatives of the (Go, H) double cosets in G. Thus the

Mackey decomposition (11.2.9) implies that

where x ranges over a cross section of Go H in G. Therefore

Thus tG is the sum of all the irreducible constituents of ~G which have H
in their kernel. Hence (~Gr = tG.

If B is a block with B ~ T then v«~Gt (1)) ~ v(~G (1)) by (1.3). Since
~G (1) = IGoH: Gol t G (1) it follows that v(~G (1)) = v(tG(l)). Since
«('r = t G this implies the existence of a block B, ~ T with lJ«~G)BI (1)) =

v(~G (1)). Hence B 1= Be? by (1.3) and so H is in the kernel of B«/'
(ii) The existence of Eo follows from (4.3). Let ~ be an irreducible_

character in Bo. Let w, w be the central character corresponding to ~,~

respectively. Thus ~ corresponds to Eo. Let Xl,X2, ... be all the irreducible
characters of G and let bs =(Xs,~G). By (i) «(')T=t G

. Thus by (1.1)

Since Be? ~ T it follows from (lVA.22) that (~G (1)/tG(1))w G= wG.
Evaluating at 1 we get that (~G (1)/~G (1)) = 1. Therefore w G= wG. Conse­

quently 13 e? is defined and E ~-; = Be? Furthermore

!H:GonHI = IGoH:Gol = ~G(l)ltG(l) = 1 (mod1T).
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Hence IH:GonHI = I(modp). D

THEOREM 6.5. Let 7T be a set of primes with p E 7T. Let B be a block of G
with defect group D. Let N = NG (D) and let B 1 be the germ of B. Assume
that 07T,(N) is in the kernel 0 fBI, Suppose that Go is a subgroup 0 f G, Bo is a
block of Go with defect group Do, CG (Do) C Go and B R= B. Then Or.'( Go)
is in the kernel of Bo.

PROOF, By (111.9.6) it may be assumed that Do C D. By (5.4) B o = B i''' for
some block B 2 of DoCG(Do). Let d = v(1 D I), do = v(1 Do I). The proof is by
induction on d - do.

Suppose that d - do = O. By (111.9.2) Bi' = BR= Band Bi' = (B~)G.

Thus B~ = B , by (111.9.7). By (3.10) B 1 covers B 2 • Therefore 07T,(N) =
07T,(D C G(D)) is in the kernel of B 2 • Thus 07T'( Go) n D CG(D) is in the
kernel of B 2 and so 07l.'( Go) is in the kernel of B o by (6.4).

Suppose that d - do> O. By (5.4)(ii) there exists a block pair (D *, B *) in
G which properly extends (Do, B 2 ). Let H = D *CG(Do). By induction
07T,(H) is in the kernel of B~I = B*/f. Since B~I covers B 2 it follows that
07T,(H) = 07T,(DoCG(Do)) is in the kernel of B 2• As 07T,(GO) n DoCG (Do) C
07l.,(DoCG(Do)), (6.4) implies that 07T'(Go) is in the kernel of Bo = B f". D

COROLLARY 6.6. Let 7T be a set of primes with p E 7T. Let B be a block of G
with defect group D. Assume that 07T,(NG(D)) is in the kernel of the germ of
B. Suppose that y is a p-element in G such that CG (y) has a normal
S7T,-subgroup. If X = Xi E B then X(yx) = X(y) for every 7T ' -element x in
CG (y).

PROOF. By (lV.6.1) and (6.5) X(yx) = Ljd~'PHx) where 'P r ranges over
blocks of CG(y) which have 07T (CG(y)) in their kernel. Thus 'P Hx) =
'PHI) for every 7T ' -element x in CG(y). D

THEOREM 6.7. Let 7T be a set of primes with p E 7T. Let B be a block of G
with defect group D. Let Do be a p-group contained in G and let Bo be a
block of DoCG(Do) such that B R= B.

(i) Suppose that whenever DoCD' for some z E G, 07T,(CG(DZ)) is in
the kernel of Bo. Then 07T,(NG(D)) is in the kernel of the germ of B.

(ii) Suppose that 07T'(CC (Do)) is a S7T,-group of CG(Do) . and
07T,(Cc(Do)) is in the kernel of Bo. Then 07T,(NG(D)) is in the kernel of the
germ of B.
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PROOF. By (6.4) it may be assumed that Do is a defect group of B o.

(i) Let d = v(j D I) and let do = v(1 Do I). The proof is by induction on
d - do. If d - do = 0 then Do = D Z and by (3.10) the germ of B with respect
to D Z covers B o. The result follows since 071'(C C (DZ)) = 071,(NG (D Z)).

Suppose that d - do> O. By (5.4)(ii) there exists a block pair (D *, B *) in

G which properly extends (Do, B o). Let H = D *CG (Do). Suppose that

D* ~ D Z
• Let H o be the kernel of B o. By (IV.4.11) H o is a p'-group.

Furthermore H o is the kernel of B (I( = B *If and 071,(CG (D Z
)) ~ H o . It

follows from (6.4) that 071,(CG (DZ)) ~ H on D *C G (D *) and so is in the

kernel of B *. The result follows by induction.
(ii) Since the kernel of B o contains all 7T'-elements in CG (Do) the

assumptions of (i) are satisfied. Thus the result follows from (i). 0

The following example shows that the assumptions in (6.7)(ii) that

0 71 ,(C G (Do)) is a 51T,-group of C G (Do) cannot be dropped even in case

7T = {p}.
Let (y> be a cyclic group of order 4. Let 5 = 55 be the symmetric group

on 5 letters and let A = As be the alternating group. Let G = (y >5 where
(y> <J G and y Z = Y for z E A, y Z = y" I for z E 5 - A. Let p = 2.

Let ~ be the irreducible character of degree 4 of 5 which is a constituent

of the permutation representation of 5 on 5 letters. Then ~A is irreducible.

Thus ~ A is in a block of defect O. By (3.5) the block of 5 containing ~ is the

only block of 5 covering that of ~A' Thus it is weakly regular. Hence by

(3.14) there exists an involution x E 5 - A such that (x> is a defect group of

the block of 5 containing r Therefore x is necessarily a transposition and

Cs (x) = (x> W where W is the symmetric group on the three letters fixed

by x. Consider ~ as a character of G which has (y >in its kernel and let B be

the block of G which contains r By (4.5) D = (x, y> is a defect group of B.
Thus in particular B is not the principal block of G. Let Do = (y>. Then
DoCG (Do) = (y>A and by (3.10) B = B~ for some block Bo of DoCG (Do).

02,(DoC G (Do)) = (1) is in the kernel of B o.

It is easily verified that NG (D) = (x, y> W. Thus W' = O2, (NG (D )).

Hence by (4.3) the principal block of NG (D) is the only block which has W'
in its kernel. Thus by (6.2) 02,(NG (D)) is not in the kernel of the germ of B.

THEOREM 6.8. Let L, M, HI, H 2 be subgoups of G with LH, ~ MH2 and
Hl,H2 p'-groups. Assume that [M,H2 ] ~ H 2 , [L,H i ] ~ HI, L ~ M and
H 2 n HI L ~ HI. Let B be a block of L with defect group D such that
eM (D) ~ L. Assume that HI n L is in the kernel of B. Let B be the block of
LH1 which has HI in its kernel and corresponds to B by the natural
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isomorphism from L/L n HI to LH1/HI • Assume furthermore that B MII
2 is

defined.
Then B M is defined and H 2 n M is in the kernel of B M. If B M is the block

of MH2 corresponding to B M by the natural isomorphism ofM/M n H 2 onto
MH2/ H 2 , then B MII2= B M.

The following diagram illustrates the statement.

B M

B

M------
'.----L

MH~ B'\[ = BMHc

I
Lll, B

PROOF. By (III.9.5) B M is defined. Since M n H 2 <J M and M n H 2 n L ~

L n HI it follows from (6.4)(i) that M n H 2 is in the kernel of B M
•

Since [L, H 2 ] ~ H 2 and L n H 2 ~ L n HI is in the kernel of B, there
exists a block B2 of LH2 with H 2 in its kernel such that B2 corresponds to B
by the isomorphism L/L n H 2 = LH2/ H 2• By (4.3) B 2 has D as a defect
group. The Frattini argument implies. that CM1I2/112 (DH2/ H 2) =
CM (D)H2/H 2 and so CMII2 (D) ~ CM (D)H2 ~ LH2 • Thus by (III.9.5) B~i is
defined for LH2 ~ H ~ MH2 • We will next show that

B~fH, = B M
. (6.9)

Let ( E B and let ( E B2 with (L = (. Let {x.,} be the set of all irreducible
characters in B~1I2 and let as = (x." (MII 2)MII2. By (1.3) v(('\1H 2(1)) =
v (LasXs (1)).

As ( is the unique irreducible character of LHI with ( ~ (I. and HI is its
kernel and since HI is in the kernel of each Xs, it follows from Frobenius
reciprocity (III.2.5) that

as = ((X.'·)Uip ()U-f
J
= ((X.,·)L, nL = ((X.,)M, (M)M.

Since H 2 is in the kernel of each XS by (6.4)(i), each (X.')M is irreducible.
Thus there exists a block B I of M such that {(Xs )",d is the set of all
irreducible characters in B '. Hence B' = BM/

\ However

v( L as (x., )",dl) ) = v ((MH2 (1)) = v (I MH2 : LHII X (1))

= v(IM:LI((l))= v((M(l)).

Hence B ' = B M by (1.3), and (6.9) is proved.
Since H 2 n HI L ~ HI it follows that HI H 2 n LHI = HI. Consider the

natural isomorphisms
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L/L nHI = LHI/H, = LH,/LH,nH,H2

= LH I H 2/ HI H 2 = LH2/ LH2 n H, H 2 •

Let B, be the block of LH I H 2 v/ith H, H 2 in its kernel which corresponds
to B. Let B; be the block of LH2 with LH2 n HI H 2 in its kernel which
corresponds to B,. Let ( be an irreducible character in B, let t be the
unique irreducible character in B2with tL = ( and H 2 in its kernel. Let ()
be the unique irreducible character of LH, H 2 with HI H 2 in its kernel such
that ()L = r Then () E B, by definition. Furthermore ();,1I

2
E B;. Since

(()wJI. = ( = ti. it follows that 8 ~ = B 2 • Thus B 2 corresponds to B:>.
Since 8;11,112 is defined, (6.4) implies that 8~IIJ1I2 = 8 J and so by (6.9)

B;:1I2= B ~1I2 = B M. By (6.4) B;:1I2= B MII2. Therefore B MII2= B M. 0

In (6.8) it is essential to assume that BMil" is defined. This does not follow

from the other conditions. For instance let M = L = HI = 0). Let l/J- be the
central character of 0), let C~ {I} be a conjugacy class of H 2 and let
C' = {x-Ilx E C}. Then ljJII2(C)ljJ 112(C') = 0 but ljJ112(CC') = Ici ~ o.

7. Isometries

Let X be a set of characters of the group N and let A be a union of
conjugate classes of N. The following notation will be used in this section.

M(N) is the ring of all generalized characters of N.
V(N, A : X) is the vector space of all complex linear combinations of

characters in X which vanish on N - A.
If X is the set of all irreducible characters in a union 5 of blocks of N let

V(N, A : 5) = V(N,A: X).
If X is the set of all irreducible characters of N let V(N, A) =

V(N, A :X).
Let V(N,N: X) = V(N :X') and let V(N,N) = V(N).
Let M(N, A :X)= V(N,A :X)nM(N). Let M(N, A :5)=

V(N, A : 5) n M(N) where. 5 is a union of blocks of N. Let M(N, A) =
V(N, A) n M(N) and let M(N: X) = V(N: X) n M(N).

The inner product of characters defines a natural metric on M(N, A : X)
and on V(N,A: X).

If Y is a set of irreducible characters of G and a = LasXs with complex
as let a Y = LX,E"aSX" If Y is the set of all irreducible characters in a union
5 of blocks of G let as = a Y. It is evident that if a is a generalized

character of G then so is a".
n is a set of primes and n' is the complementary set of primes.
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If P E 7T then SI' (7T, N) is the union of all p-blocks B of N such that if D

is a defect group of B then 0 rr' (NN (D) is in the kernel of the germ of B.
If z E G then Z7l. denotes the 7T-part of z.
The 7T-section of G containing z is the set of all elements in G whose

7T-part is conjugate to Zrr.
Vrr(N,A :X)={a 10' E V(N, A :X), a(yx)=a(y) for any element

yEA and any element x E Orr,(C N (y »}.

Mrr(N,A :X)= V 7O (N,A :X)nM(N).

Similarly the subscript 7T applied to any of the sets defined above means
that it is intersected with Vrr (N, A : X).

In this section we will be concerned with the following two hypotheses.

HYPOTHESIS 7.1. (i) N is a subgroup of G. A is a subset of N which is a
union of 7T-sections of N such that any two 7T-elements in A which are
conjugate in G are conjugate in N.

(ii) If Y is a 7T-element in A then Cc (y) = CN (y )07T'(C C (y».

HYPOTHESIS 7.2. (i) (7.1) is statisfied.
(ii) Orr'(CC (y» is a S7O,-group of Cc (y) for all 7T-elements y in A.

We first prove some elementary results.

LEMMA 7.3. Let H <J G, H a 7T'-subgroup. Let x E H, Y E G. Then there
exists u E Cc (Yrr) n Hand z E H such that yx = (yu y.

PROOF. Define

T={(Y7OYtlz ranges over a cross section of ClI (Yrr )
in H, t E C/-dy7OY}.

Then T \: Y7TH and ITI = IH I. Thus T = Y7TH. Since H <J G it follows that
(yx)rr E Y7TH and so (yx)7O = (Y7OYt for some z E H and some 7T'-element
t E C c (y:). Thus t = 1 and (YX)7T = y:.

As H <J G, (yx )70' = y.,r'Xo for some Xo E H. Hence (yx )~: 1= (Y7T,xoy-1 =
Y7O' u for some u E H. Since Y7T' u centralizes (yx ):-1 = Yrr it follows that
u E C c (Y7T) n H. Therefore

(yx y 1= Y7T «yx )~~:) = Y70 Y7O' U = yu. 0

LEMMA 7.4. Suppose that (3 E Vrr (G). Let y be a 7T-element in G. Let
x E Cc (y) such that x", y have relatively prime orders and let Xo E

Orr' (Cc (y». Then (3 (yx) = {3 (yxxo).
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PROOF. Let C = Cc (y). Since y, X 71 have relatively prime orders,

Cc (x,,) = Cc (yx~) = Cc «yx),,) ~ C.

By (7.3) (xxoY = xu for some z E C,

u E 07T'(C) n Cc (x.,,) = 07T'(C) n Cc «yx)~) ~ 07T'(CC (yx )7T).
Therefore

f3(yxxo) = f3«yxxoY) = f3(yxu) = f3(yx)

by the definition of V 7T (G). 0

LEMMA 7.5. (i) a E V" (N, A : X) if a E V(N, A : X) and for yEA,
a eN (y~) is a linear combination of irreducible characters of CN(Y7T) all of
which have 0 70 (CN(Y7T» in their kernel.

(ii) Suppose that (7.2) is satisfied. Then a E V" (N, A : X) if and only if
a E V(N, A : X) and a is constant on 7T-sections in N.

(iii) Suppose that (7.1) is satisfied. If z E G and z" E A then Z,,' = Z, Z2
with zIECN(z,,) and z2EO",(CC(Z7T». If furthermore z:EA for some
xEG and z:,=z;z~ with z;ECN(z:) and z~EO~,(Cc(z:» then

a(z"zl)=a(z:z;) for all a E V,,(N~A).

PROOF. (i) and (ii) are immediate by definition.

(iii) The first statement follows directly from (7.1). If z:E A then by
(7.1)(i) there exists yEN such that z; = z.". Then z,? z? = z;: =
(z;Y(z~y. Since xyECC (Z7o)'Z? and (z~Y are in O",(CC (Z7o». Let
xy = uv with u EN and v E O.",(Cc (Z7o ». Then

Since u,y,z:z; and Z'"ZJ are all in N it follows that

(z:z;y = (Z7oZlt Zo for some Zo E 07o'(CC (Z7o» n N ~ O",(CN(Z7o ».

Therefore

a(z"zl)= a «Z7oZltZO)= a«z:z;Y)= a(z:z;). 0

Suppose that (7.1) is satisfied. If a E V 7o (N,A) define aT E V7T (G) as
follows.

If z" is not conjugate to an element of A let aT (z) = o.
If z: E A for some x E G then ZX E Cc (z:) and so z:' = ZI Z2 where

zIECN(z:) and Z2EOTT'(CC(z:». Let aT(z)=a(z:z,).

By (7.5) (iii) a T is well defined. Thus T is a linear mapping from

V70 (N, A) to V 70 ( G).
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LEMMA 7.6. Suppose that (7.1) is satisfied and A is a union of p-sections for
some p E 11'. If Y is a p-element in A, Xl a p'-element in CN (y), Xz E

01T'(C C (y» and X =XlXZ then aT(yx)=a(yxl).

PROOF. By (7.4) aT (yx) = aT (YXl). Since yXl E A the definition of T

implies that aT (yXl) = a(YXl). 0

LEMMA 7.7. Suppose that (7.1) is satisfied.
(i) If a E V 1T (N,A) and {3 E V 1T (G) then (a T,{3)G = (a,{3N)N.

(ii) If a], az E V 1T (N, A) then (a"aZ)N = (a ~,a;)G.

PROOF. (i) If Y is a 1T-element in G let {y} ~, {y}~ respectively, be the
1T-section of G, N respectively, containing y. Let)' = aT (3 *. Then)' (z) = 0
if z E {y}~ and y is a 1T-element of G which is not conjugate to any
element of A. If y is a 1T-element in A then CG(y) = CN (y )01T' (CG (y».
Thus there exists a cross section {Xi} of CN (y) ~ C G (y) with {Xi} ~
07T'(CC (y» such that every 1T'-element in CG (y) is of the form ZX i for
some i and some 1T'-element z E C G (y). Since)' E V 1T (G) this implies that

_1_ :L )'(z) = 1 :L' ),(yX) =II! L' )'(yx)
!G!ZE{Y}~ ICG(y)!XECc(Y) CN(y) xEC,,,(y)

=~I L )'(z)IN zE{Y}';

where L' means that X ranges only over 1T'-elements. Thus if y ranges over
1T-elements in A which form a complete set of representatives of all
1T-sections in G which meet A then

(a
T
,{3k =,b, L L)'(z)='~1 L L )'(z)=(a,{3N)N.

T y zEly)~ y zEly}~

(ii) Let {3 = a; in (i). Then

(a~, aDG = (al,(aDN)N = I~I Z~N al(z)a;(z)*

= I~I Z~A al(z)aZ(z)*

= I~ I ~~N 0'1 (z )az (z)* = (aJ, aZ)N. 0

The existence of T is a very useful tool for the investigation of certain
questions concerning the structure of finite groups provided M 1T (N, A r ~
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M(G) or equivalently T maps generalized characters in V.,. (N,A) onto
generalized characters of G. A discussion of some of these applications can
for instance be found in Feit [1967c] or Smith [1974], [1976a].

In case 'TT is the set of all primes it is easily seen that aT = a C for all
a E V.,. (N,A) and so M.,. (N,A r c;: M(G). This case, which gave rise to
the whole method, was first studied by Brauer and Suzuki who were the
first to realize the importance of results of this type.

It is not known whether M.,. (N,A r c;: M(G) whenever hypothesis (7.1)
is satisfied. However Reynolds [1963] and Leonard and McKelvey [1967]
have shown that M.,. (N,Ar c;: M(G) provided hypothesis (7.2) is satisfied.
This result and its proof is a generalization of an earlier theorem of Dade
[1964] who proved the same conclusion under the stronger hypothesis that
(7.2) holds and CN (y) is a 'TT-group for every 'TT-element y in A. Dade's
result in turn generalized a result where the conclusion was proved under
still stronger hypotheses, see Feit and Thompson [1963], section 9. All
these results are of course generalizations of the case that 'TT is the set of all
primes.

In this section we will primarily be concerned with showing that under
suitable additional hypotheses T is related to the Brauer correspondence.
The basic approach in this section is due to Brauer. Some of the material
can be found in Brauer [1964a], Gorenstein and Walter [1962], section 11,
Niccolai [1974], Reynolds [1967], [1968], [1970], Walter [1966] and Wong
[1966]. Glauberman [1968] Remark 3.2, first pointed out that Brauer's
approach yields Dade's result in case 'TT = {p} for some prime p. In this case
a proof that M.,.(N,Ar C;:M(G) will be given below.

THEOREM 7.8. Let p E'TT. Assume that (7.1) holds and A is a union of
p-sections of N. Let Bo be a p-block in SI' ('TT, N) such that V(N~A : B o)~ (0).
Let D be a defect group of B o and let Eo be the germ of B o with respect to D.
Then

(i) NN (D)Cc (D) = NN (D)O.,.,(Cc; (D».
(ii) O.,.,(NN (D» is in the kernel of Eo and there exists a unique block Eo

of NN (D)Cc (D) with O.,.,(Cc; (D» in its kernel such that Eo and Eo
coincide as blocks of

NN (D)CG (D) ~ NN (D)
O.,.,(Cc; (D» ~ O.,.,(NN (D»"

(iii) Let yEA n D and let B(y) be a block of CN (y) with B(y t = B o.
Then O.,.,(CN (y» is in the kernel of B(y). If E(y) is a block of Cc (y) with

0.,., (Cc; (y» in its kernel such that B (y) and E (y) coincide as blocks of
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CN(y) _ ~ill
On' (CN (y» - 0".· (Cc (y»

then H(y)C = H~.

PROOF. Lety EA nD andletB(y)beablockofCN(y)withB(yt =Bo .

Let D 1 be a defect group of B (y). By (5.4) there exist block pairs (D j , B i ) in
N for i = 1, ... , n such that (D i + I, B i + I) properly extends (D i , B i ) for
i = 1, ... , n - 1, B~N(Y) = B(y) and D n is a defect group of B o . The
following assertion will be proved by induction.

For i = 1, ... , n Cc (D i ) = CN (D i )01T'(CC(D i » and B i is In

Sp(7T, D i CN (D i ».
Assume that the statement has been proved for i < m. If m = 1 let

P = (y). If m > 1 let P = D m-I. Hence by (7.1) or induction Cc (P) =
CN(P)On·(CC(P». Let zECc(Dm)~Cc(P). Thus Z=Z I Z2 with
ZI E CN(P) and Z2 E 01T'(CC (P». Since D m ~NN (P) it follows that
D m {01T'(C C (p»n N} is a group and [Dm,zd = [Dm,Z;l] is contained in
01T'(CC (P») n N. As D m is a Sp-group of D m {O/T'(Cc (P») n N} there exists
Z3 E On'(CC (P» n N with ZI Z;I E NN (Dm ). Thus

Z3 Z2 E Nc (Dm) n 01T' (Cc (P») !: Cc (Dm) n 01T' (Cc (P»)

!: 01T' (Cc (Dm ».

Since Z = (ZI Z;I)(Z3Z2) this implies that Cc (Dm) = CN (Dm )01T'(CC (Dm»)
as the opposite inclusion is trivial. By (6.5) B i is in Sp (7T, D i CN (D i »). The
statement follows by induction.

(i) Since V(N, A : B o) Ie (0), (IV.6.2) implies the existence of y E

AnD and a block B (y) of c.'V (y) with B (y t = Bo. Since D n is conjugate
to D in N the result follows from the previous paragraph.

(ii) Immediate by (i).
(iii) Let Hi be a block of D i Cc (D i ) such that O./T.(Di Cc (D i » is in the

kernel of Hi and B i coincides with Hi as blocks of

Then D i is a defect group of Hi and so (D i, Hi) is a block pair in G. Suppose
that B;' = B o for i = 1, ... , n. It will first be proved by induction on n - i

that H? = Hf?
Suppose that n - m = O. Replacing D m by a conjugate in N it may be

assumed that D = D m • By the first main theorem on blocks (111.9.7)
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Bz'N(D) = Bo. Thus B'::,N(D)CG(D) = 130 by (6.8) with M = NN(D), L =

DCN (D), HI = H 2 = On··(CC (D»), and so B~= Bf? Suppose that n - m >
o and the result has been proved for m < i ~ n. Thus 13 ~ + I = 13 (1. Since
(Dm+t,B m+t) extends (Dm,Bm) it follows from (6.8) that (Dm+t,13 m+t)
extends «Dm , 13m ). Therefore 13 ~ = B~+I = 13(1. This proves the statement
in the previous paragraph.

Since B ~N (y) = B (y) it follows from (6.8) applied to CN (y) and Cc (y)
that B~G(Y) = B(y). Thus 13(y)C = 13?= 13(1. 0

THEOREM 7.9. Let p E 7T. Assume that (7.1) holds and A is a union of
p-sections of N. Let {A}~ be the set of all elements in G whose 7T-part is
conjugate to an element of A. For any p-block B o of N such that
V(N, A : Bo);i (0) and BoC Sp (7T,N) let 130 be defined as in (7.8) (ii). Let B
be a p-block of G with B C Sp (7T, G) and let BOt, B 02 , ••• be all the p-blocks
of N such that V(N,A :BOi);i(O), B Oi CSp (7T,N) and B?;;=B. Then the
following hold.

(i) If a E Vw(N,A : UiBod then aT E Vw(G,{A }~: B).
(ii) V 7T (N,A: UiBoiY C Vw(G,{A}~:B).

(iii) If a E V,. (N~A : UiBoi ) then aT = (aC)B.

(iv) If B CSp (7T,G) then Mw(N,A: UiBOiYCMw(G,{A}~:B).

PROOF. If Y is a p-element in G and (3 is a function defined on Cc (y) let (3y
be the function on the set of all p'-elements x in Cc (y) defined by
{3y (x) = (3(yx).

(i) Leta T = (aT)B +0. It suffices to show that Oy =Oforallp-elementsy
in G.

Let y be a p-element in G. Let SI be the union of all p-blocks 13 of
Cc (y) with 13 c = B and let S2 be the union of the remaining p-blocks of
Cc (y). For t = 1,2 let V'(C c (y): S/) be the space of all complex linear
combinations of irreducible Brauer characters in St. By (IY.6.2) (a T)~ E

V'(C c (y): SI) and Oy E V'(C c (y): S2). it suffices to show that a;E
V' (Cc (y): SI) because then

Oy =a;-(aT)~E V'(Cc(y):sl)n V'(CC(y):S2)=(0).

If y is not conjugate to an element of A then a; = 0 by definition. Thus
it may be assumed that yEA. Let a = L ai where ai is a linear
combination of irreducible characters in B Oi . If Y is not conjugate to an
element of a defect group of B Oi then (ai)Y ='0 by (IY.2.4). If x is a
p'-element in Cc (y) then x = XI X2 where x I E CN (y) and X2 EO,.. (Cc (y»).
By (7.6) a ;(x) = a y (XI). Thus a; = a y is a linear combination of irreducible
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Brauer characters of Co (y )/01T'(CO (y» = CN (y )/01T,(CN (y». Hence (4.3)
and (7.8)(iii) imply that a ~ E V' (Co (y): 51) as was to be shown.

(ii) Clear by (i).
(iii) Let y be a p-element in G. If y is not conjugate to an element of A

then both a T and a G vanish on the p-section of G which contains y. Hence
by (IV.6.3) (aGt also vanishes on the p-section which contains y. Thus it
suffices to show that if y is a p-element in A then a T and (a G t agree on
the p-section of G which contains Yo

Let C = Co (y). By the Mackey decomposition (II.2.9) a 0 (yx) =
L z {a ~" ncr (yx) for every p I-element x in C, where N zC ranges over all
the (N, C) double cosets of G. If yx EcA Z then y EcA Z and so by (7.1)(i)
there exists Zl EN with ZI Z E C Thus NzC = NC Hence {aG}y =
{(a Nnc)c}y 0 Therefore by (IV.6.1) {(aG)B}y = ({(aNnc)cy)y where 5 is the
union of all blocks B i of C with B P= B.

By (7.4) (aNnc)y is a linear combination of Brauer characters of N n C
all of which have 01T,(N n C) in their kernel. Since C/0 1T ,(C)=
N n C/0 1T .(N n C) there exists a linear combination f3 of Brauer charac­
ters of C all of which have 01T'( C) in their kernel such that (a Nndy and f3
agree as functions on the set of pi-elements in C/01T ,(C). Since y E Z(C) it
follows that {(a Nncy""}y = {(a Nnc)y }eo Thus if (jJ is the character afforded by
an indecomposable projective module of C which has 01T'(C) in its kernel
then

where the prime indicates that the summation in the inner product ranges
over pi-elements. Thus by (IV.3.3) {(a Nnc)c}y - f3 is a linear combination
of irreducible Brauer characters of C none of which have 01T' (C) in their
kernel. Hence by (6.5) ({(a Nncf}S)y = f3s.

By the second main theorem on blocks (IV.6.1) (a Nnc)y is a linear
combination of Brauer characters in blocks B(y) of N n C with B(yt ~

UiBoi . Thus f3 is the corresponding linear combination of Brauer charac­
ters in blocks B~) of C. Since 13 ~ = B it follows from (7.8)(iii) that
f3 S = f3. It remains to show that f3 = (aT)y.

Let x be a pi-element in C Then x = Xl X2 with XI a pi-element in N n C
and X2 E 01T'(C). Therefore since B is in 5p ('TT, G) it follows from (7.6) that

Thus f3 = (a T)y as required.
(iv) Clear by (iii). 0
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LEMMA 7.10. Let p E 'TT. Assume that (7.2) holds and A is a union of
p-sections of N. Let Bo be a p-block of N such that V(N, A : Bo) I: (0) and
Bo~Sp('TT,N). Let 130 be defined as in (7.8)(ii). Then BR~Sp('TT,G).

PROOF. There exists an irreducible character X in B o such that X does not
vanish on the p-section which contains some p-element yEA. Let D be a

defect group of B o • Thus D is a defect group of 130 • By (lY.2.4) it may be

assumed that y ED. Since 07T'(CO (y» is a S7T,-group of C c (y) it follows
that 07T,(D Co (D» is a S7T,-group of DCc (D). There exists a block pair
(D, B 2) in G with B~""'([)c(y) = 130 • Since 13 0 covers B 2 it follows that

07T,(DCc (D» is in the kernel of B 2. By (6.7)(ii) 13 R= B?~ Sp ('TT, G). 0

THEOREM 7.11. Let p E'TT. Assume that (7.2) holds and A is a union of
p-sections of N. Let {A}~ be the set of all elements in G whose 'TT-part is
conjugate to an element of A. Let B I, ... , Bn be all the p-blocks of G in
Sp ('TT, G). For each i let Bit, Bi2 , ... be all the p-blocks of N in Sp ('TT, N) such
that V(N, A : B;j) I: (0) and 13 ~ = Bi where 13 ij is defined as in (7.8)(ii). For
each i let Si = UjBij . Then the following hold.

(i) V(N,A: B ij) = V7T (N, A : B ij) for all i,j.
(ii) V (G, {A}~: Bi) = V 7T (G, {A}~: Bi)l'r all i.

(iii) V7T (N, A) = V7T (N, A : L:J7=1 Si) = E:±37=1 V 7T (N, A : Si).
(iv) V7T(G,{A}~)= V7T(G,{A}~: U 7=IBi) = EB7=t V7T(G,{A}~:Bi).
(v) V7T (N, A : Si Y = V7T (G, {A}~: B i ) for i = 1, ... , n.
(vi) If {A}~nN=A then M 7T (N,A :SiY =M7T(G,{A}~:Bi) for i =

1, ... , n.
(vii) Suppose that for every p-element y in A and every integer h with

(h, IG I) = 1, y h E A. The for i = 1, ... , n

rankM7T (N,A :SiY = rankM7T(G,{A}~:Bi)= dim V7T(G,{A}~:Bi).

PROOF. (i) and (ii). Since 07T'(CC (Z7T» ~ 07T'(CC (zp» for all z E {A}~ these

results follow from (6.5).

(iii) The second equality follows from (lY.6.3) and (i). Clearly

Suppose that a E V7T (N, A). For yap-element in A, let B be a block of

N with (aB)yl: O. If BII: B 2 then by the second main theorem (lY.6.1) no

irreducible Brauer character of C N (y) is a component of both (a B1)y and
(a B2 )y. By (7.4) (a B)y is a linear combination of irreducible Brauer
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characters of CN(y) with 07T' (CN (y» in their kernels. Hence B ~ Sp (7T, N)
by (6.7) and (7.2). Thus 13 0 ~ Sp(7T, G) by (7.10) and (iii) follows.

(iv) and (v). The second equality in (iv) follows from (IV.6.3) and (ii). Let

m = dim Vl' (N,A). Then m = dim V7T (G,{A};'). Since V7T (N,A : Sir ~
V7T (G,{A};;:Bi) by (7.9)(i), both (iv) and (v) follow from (iii).

(vi) By (7.9)(iv)

Ml' (N, A : Sir ~ MIT(G, {A};': Bi).

Let a E MIT (G, {A};': Bi ). Let f3 = aN. Since {A}~n N = A it follows that

f3 E V 7T (N,A) and a = f3T. By (iii) f3 = 2f3j with f3j E V 7T (N,A :Sj). Thus
by (iv) and (v) f3j = 0 for i~ j. Hence f3 E V7T (N, A : Si)' Since f3 E M(N)
the result follows.

(vii) Since A is a union of p-sections it follows that if z E {A};' and
(h,IGI)= 1 then Zh E{A}~. Thus by (IV.6.9) rank Mr.(N,A :Si)=
dim V7T (N,A:S;) and rank M7T(G,{A};':Bi)=dimV7T(G,{A}~:Bi)'The
result follows from (v). 0

COROLLARY 7.12. Suppose that (7.2) holds and 7T = {pl. If a E M 7T (N,A)
then a T is a generalized character of G.

PROOF. Clear by (7.9)(iii) and (7. l1)(iii). 0

Suppose that (7.2) is satisfied. Let X be a set of characters of N/0 7T ,(N)
with M(N, A :X) ~ M 7T (N, A). The set X is coherent if T can be extended
to a linear isometry from M(N: X) into M( G). If C is an irreducible
character in X and T is coherent then II C W= 1. Thus ± C is an irreducible
character of G. The next result yields some information concerning the

values assumed by C on certain elements of G. This result was stated
without proof in Feit [1967c], p. 175. lJ nfortunately the fact that A has to
satisfy assumption (i) of (7.13) below was omitted in the statement.

THEOREM 7.13. Assume that (7.2) is satisfied and 07T,(N) is a Sl',-group of
N. Let X be a set of irreducible characters of N /Ol',(N). Suppose that the
following assumptions are satisfied.

(i) If P E 7T then the set of p-singular elements in A is a union of
p-sections of N.

(ii) X is coherent.
(iii) V7T (N, A :X) = V IT (N, N - 01" (N): X).

Then the following conclusions hold.
(i) If CE X then (C,aT)o = (C~,a)N for all a E V 7T (N,A :X).
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(ii) Let X = {?s} and let g = ~?s (l)?s. For each t there exists 1'1 E M(N)
such that (1'1,?S) = 0 for all s and an integer a, such that

Furthermore there exists l' E V(N) and a rational number a such that

?;(z) = ?, (z) + ?,(l){ag(z) + l'(z)} for all z EA.

PROOF. (i) Let 7T( be the set of all primes p E 7T such that if a E

V 7T (N,A : X) then a vanishes on all p-singular elements in N. Let
7Tz = 7T - 7T(. For each p E 7T). let S(p) be the union of Sp (7T, G) and all

p-blocks of G of defect O.
We will first show that if ? E X and p E 7Tz then cC E S(p) for c = 1 or

-1.
Choose p E 7Tz. Let ? E X and let c = 1 or - 1 such that C?T is a

character of G. Let A p be the set of all p -singular elements in A. By
assumption (i) A p is a union of p-sections and (7.2) is satisfied if A is
replaced by A p • Furthermore V7T (N, A p ) C;; V7T (N, A) and T defined on
V7T (N, A p ) is the restriction to V7T (N, A p ) of T defined on V7T (N, A).

Let X = {?s} with? = ~·r. For each s let as = ?s (l)? - ?(l )?s. By assump­
tion (iii) {as} is a basis of V 7T (N, A : X). Since p E 7Tz there exists t such that
0'1 does not vanish on A p • Let at = f31 + f3z where f3t vanishes on N - A p

and f3z vanishes on A p • Thus f3r ~ 0 and f3 ~ = (f3 f')S(p) by (7.9) (iii) and

(7.11)(iii) applied to f31 E V7T (N,Ap ). Therefore by (IV.3.4) 0';= (J + 1]

where (J E V( G : S (p» and 1] is a complex linear combination of charac­

ters afforded by projective R [G] modules not in S (p). Furthermore (J ~ 0
and 0';= ~'t (l)C - ~·(l)C. Thus either C?T E S(p) or?t (l)C vanishes on all

p-singular elements of G. In the latter case C vanishes on all p-singular
elements of G and so cC is in a p-block of defect O. Hence in any case

cC E S(p).
Let ? EX. Define t/f as follows:

t/f (z) = C (z ) if z is p -singular for some p E 7Tz and
the 7T-section of z in G meets A,

= 0 otherwise.

Since C?T E U pE7TZ S(p) it follows from (6.5) that C is constant on
p-singular 7T-sections which meet A for all p E 7Tz. Thus t/f E V7T (G).
Hence if a E V7T (N, A :X) (7.7) implies that

(C, a T)G = (t/f, aT)G = (t/fN, a)N = (?;", a )N.
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(ii) Let «(;)r,: = (r + 2:a1i(i + y, where «(h YI ) = 0 for all j and t. Then (i)
implies that for all i, j, t

(i (1 )a1i - (i (1 )a/i = «C)N, (i (1 )(i - (i (1 )(i)N - «(I, (i (1 )(i - (i (1 )(i)N

= (C, (i (l)C - (i (1)(;)0 - {(i (1)8il - (i (1)8il } = O.

Therefore (i (1 )ali = (i (1 )ali for all i, j and t. Hence in particular

_ (i (1) .
ali - (I (1) all for all ] and t.

The first equation in the statement of (ii) follows by setting al = all.

If z EA then ?,(l)C(z)-(I(l)C(s)=(,(l)(/(z)-(I(l)?s(z) for all s
and t. Thus the first equation in the statement of (ii) implies that

(, (1) { (I~1) ~ (z ) + YI (z) } = (I (1) { (,(s1) ~ (z ) + y, (z) }

for all z EA. Thus the second equation in the statement of (ii) follows by
setting

8. n-heights

and at
a = (1(1)2. 0

In this section we will use the notation of Chapter IV, section 8. Let
v(1 G I) = a.

Let e be a centrally primitive idempotent in R [G). Let B = B(e) be the
block corresponding to e. Let D = D (B) be the defect group of B and let
d = d(B) denote the defect. Thus v(1 G: D (B)I) = a - d(B).

In this section we will primarily be concerned with ChR (G, B) and
ZR (G)e. Observe that ChK(G,B) is the dual space of ZK (G)e.

See Brotlc rI976b], [1978b], [1979], rI980] for the results in this section
and further related results.

LEMMA 8.1. If a E ZR(G)e and (J E ChR (G, B) then

v«(J, (a» ~ v(1 G : D(B)I)·

PROOF. By (111.6.6) e = Trg(c) for some c ER[G). Since a EZR(G) it
follows that ae = Trg(ac). Let {Xi} be a cross section of D in G. Since (J is a
class function on G it follows that
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O(a) = O(ae) = O(LX;' aCXi) = IG:D 10(ac).
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This implies the result. 0

For a E ZR (G)e let s(a) be the largest integer such that 7T S (fl)IO(a) in R
for all 0 E ChR (G, B). Define the 7T-height of a, h7T (a) by

(7T h
,,(Q») = (7T S

(Q) IG : D I-I),

where the parentheses denote a fractional ideal of K.
For 0 E ChR (G,B) let t(O) be the largest integer such that OI(IJ)IO(a) in

R for all a E ZR (G)e. Define the 7T-height of 0, h 7T (0) by

(7T h "Ui)) = (7T I(IJ) IG:D 1-').

By (8.1) h7T (a) and h7T (0) are nonnegative integers for a E ZR (G)e and

oE ChR (G,B).
Suppose that Xu E B. By (IV.7.1) v(Xu (1)) = v(Xu (e )). For a E ZR (G)

Xu (a )/Xu (1) = W u(a) E R. Therefore

(Xu (1)) = (Xu (e)) ~ (7T h
,,(Xu

) IG:D I) ~ (Xu (1)).

Thus if (rr m
) = (p) it follows that h7T (Xu )/m is the height of Xu' In particular

Xu has height 0 if and only if it has 7T-height O. This argument also shows
that h7T (e)=O.

Since e is a primitive idempotent in ZR (G) it follows that ZR (G)e is a
local ring. Thus ZR (G)e/J(ZR (G)e) = R as K was chosen large enough.
Let A be the central character of ZR (G )e. By (IVA.2) A = wu for any

Xu EB.

LEMMA 8.2. Let a E ZR (G)e. The following are equivalent.
(i) For every 0 E ChR (G, B) with h7T (0) = 0, v( O(a)) = v(1 G : D I).

(ii) There exists 0 E Ch R (G, B) with v( 0(a)) = v(1 G :D I).
(iii) h 7T (a) = O.
(iv) a g J(ZR (G)e).

PROOF. (i) ~ (ii) and (ii) ~ (iii) are immediate.
(iii) ~ (iv). Suppose that a E J(ZR (G)e). Then Xu (a )/Xu (1) = wu(a) =

o for all XuEB. Hence O(a)==O(mod 7Tp u(/o.ol») for aIlOEChR(G,B)

and so h7T (a ) ~ O.
(iv) ~ (i). Let 0 E ChR (G, B) with v(O(a)) > pV, where v = v(1 G: D I).

Let 0 = LcuXu. Then
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By assumption (8(a )/p 1J) = O. Since a ~ J (ZR (G)e) it follows that lUll (a) =

A(a) I 0 for all u. Therefore

2: cu ( x~P)) == 0 (mod 7T )

and so

LEMMA 8.3. Let 8 E ChR (G, B). The following are equivalent.

(i) For every a E ZR (G)e with h7)' (a) = 0, v( 8(a» = v(1 G: D I).
(ii) There exists a E ZR (G)e with v(8(a» = v(1 G: D I).

(iii) h7T (8) = O.

PROOF. (i) ~ (ii) and (ii) ~ (iii) are immediate.
(iii) ~ (i). This follows from the fact that (8.2) (iii) implies (8.2) (i). 0

LEMMA 8.4. Let 8 E ChR (G,B). Then h7T (8) = 0 if and only if v(8(l») =

v(1 G:D I).

PROOF. If v(8(l» = v(1 G: D I) then clearly h 7T (8) = O. Suppose that
h7T (8)=0. Since h7T (e)=O and v(8(e»)= v(8(l», the result follows from
(8.3). 0

LEMMA 8.5. Let y be a p-element in G and let S be the p-section which

contains y.
(i) If y is not conjugate to an element of D then ZR (G : S)e = (0).

(ii) If y is not conjugate to an element of Z(D) then ZR (G: S)e ~
J(ZR (G)e).

(iii) If y is conjugate to an element of Z(D) then
ZR (G: S)e g;, J(ZR (G)e).

PROOF. (i) By (IY.2.4) 8(x) = 0 for all xES and all 8 E Ch R (G,B). Since
ChK (G, B) is the dual space of ZK (G)e this implies the result.

(ii) This follows from (1.5).

(iii) It' may be assumed that y E Z(D). By (III.6.101 there exists a
p'-element x such that D is a Sp -group of Cc (x) and A(C) 10 if C is the
conjugate class containing x and A is the central character of R [G]
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corresponding to B. Let X = Xu be a character of height 0 in B. Let Co be
the conjugate class of G containing xy. Since D is a Sp-group of Cc (xy)
and X(xy) = X(x)]iO(mod7T) it follows that v(x(xy)) = v(X(x))=O and
so

v(Wu (Co)) = v(1 G: D I) - v(x(l)) = v(wu (C)) = O.
- -

Therefore A(Co e) = A(Co) = (Uu (Co) I O. Thus Coe fl J(ZR (G)e) but
Co e E Z R (G : S )e. 0

LEMMA 8.6. Define a on G by a(x)= 1 if x is a p-element and a(x)=O
otherwise. Then a H E Ch R (G, B) and h7T (a H) = O.

PROOF. Let {qi} be the set of all primes distinct from p which divide IG I.
Thus q~1 E R for all i. Hence by (IV.1.3) a E Ch R (G) and so a H E

Ch R (G,B).
Let 8 E ChR (G,B) with h7T (8)= O. Let a = L8(x I)X. Let S = Greg and

let Os be defined as in Chapter IV, section 8. Then os(a)e E ZR (G)e and
by (IV.8.S)

a H (os (a)e) = a(os (a)e) = a(os (ae)) = a(os (a)) = 8(l).

Thus h7T (a H) = 0 by (8.3). 0

THEOREM 8.7 (Broll(~ [1978b]). Let B be a block of G with defect group D.
Let e be a centrally primitive idempotent corresponding to B. Let y E Z(D)
and let S be the p-section which contains y. Let a = ae = L XES axx. Then
v(a y ) ~ v(1 Cc (y): D I). Furthermore v(ay ) = v(1 C c (y): D I) if and only if
art J (ZR (G)e).

PROOF. Let a be defined as in (8.6). By (8.1) v(a H (a)) ~ 1I(1 G : D I). By
(8.2) equality holds if and only if a = ae fl J (ZR (G)e). Since

a H (a) = a (ae) = a (a) = ay 1 G : Cc (y)',

equality holds if and only if v(ay ) = v(1 Cc (y): D I). 0

COROLLARY 8.8 (Brauer [1976aJ). Let B be a block with defect group D.
Then

where Xu, 'Pi ranges over all irreducible, irreducible Brauer characters respec­
tively in B.
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PROOF. Let e be the centrally primi tiv'e idempotent of R [G) correspond­
ing to B. By (IV.7.1) and (IV.7.2) e E ZR (G: Greg) and e = Laxx with
, G Ia I = L Xu (1)2 = L 'Pi (1) q>; (l). Since e~ J(ZR (G)e) the result follows

from (8.7). D

9. Subsections

The results in this section are mostly due to Brauer [1968], [1971a]
though the presentation here is based to some extent on BroUt~ [1978b].
The notation is the same as in the previous section and in Chapter IV,
section 8.

Let y be a p-element in G and let B be a block of G. If Xu E Band

d ;;j -I 0 then by the second main theorem on blocks (IV .6.1), 'Prbelongs to a
block E of Ce (y) with Ee = B. For fixed y and j, the column of higher
decomposition numbers d ;;j is said to belong to the p-section S which
contains y and is said to be associated with the block B.

Let B be a block of Ce (y) with Be = B. The set of columns d ;;j, as 'P r
ranges over the irreducible Brauer characters in B is a subsection as­

sociated to B or simply a subsection. It clearly depends on y andB. Denote
it by S(y,E).

A subsection S (y, E) is a major subsection if Band B = Ee have the
same defect.

LEMMA 9.1. If S(y,E) is a major subsection then y E Z(15) where 15 is a

defect group of E. Furthermore 15 is a defect group of B = Be

PROOF. Clear by (6.1). D

Let y be a p-element in G and let B be a block of Ce (y). Define the
linear map m(y·R):ChK(G)~ChK (G: S) by

m(y·tnUJ) = bY ({d Y(O)}B), for () E ChK (G),

where bY and d Y are defined in Chapter IV, section 8. Define

J-t (y. fl) : ZK (G)~ Zk (G : S)

by

J-t(y.fll(a) = {3Y (elF (a» for a E ZK (G),

where (3 Yand 8 Yare defined in Chapter IV, section 8 and e is the centrally
primitive idempotent of R [Ce (y)] corresponding to E.
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m(y,B)oB=BoIL(y,B) for BEChK(G).

The definitions of f3 y and 8 y imply that if a E ZK (Cc (y): Cc (Y)reg) then
8 Y of3Y(a) = a. Thus m(y,ii) and IL(y,B) are idempotent.

Define

- 1 -w(y,n) = --X(y,U)
u Xu (1) u .

Thus x~tfl)=XuolL(y·fl) and w~:,fl)=wuolL(y,fl). This implies in particular

that

x~t B) (yX) = ~ d;'j 'Pj (x) for x E Cc (Y)rcg

and if a E ZR (G) then w~tfl)(a)E R. Furthermore if Xu and Xv are in the

same block then

w~,fl)(a) == w~;"B)(a) (mod 77") for a E ZR (G).

THEOREM 9.2 (Brauer [1968], (4A), (4C». Let D be a defect group of the
block B of G. Let y E Z(D).

(i) There exists a major subsection S (y, B) associated to B.
(ii) Let S(y, B) be a major subsection associated to Be = B. If Xu E B

then

V(X~tH)(y»= v(ICc(y):DI)+h(Xu),

where h (Xu) is the height of Xu.

PROOF. (i) Let e be the centrally primitive idempotent in R [G) corre­
sponding to B. Let {B i } be the set of all blocks of C c (y) with BP= Band
let ei be the centrally primitive idempotent in R [Cc (y)] corresponding to
Bi . Let S be the p-section containing y.

By (8.5) there exists a E ZR (G: S)e with aE J(ZR (G : S)e). By (8.7)
v(ay)=v(ICc(y):DI), where a=Laxx. By (IV.8.7) 8Y(a)=8 Y(ea)=
Liei 8 y (a). The coefficient of 1 in 8 y (a) is ay. Let ai denote the coefficient
of 1 in ei8Y(a). Then ay = Lai. Thus there exists j with

v(aj)~ v(ay)= v(ICc(y):DI).

Let Dj be a defect group of Bj . By (6.1) it may be assumed that Dj ~ D.
Thus (8.7) applied to the group C c (y) with y replaced by 1, implies that

v(1 Cc (y): D I) ~ v(1 Cc (y): Dj I) ~ v(aj) ~ v(1 Cc (y): D I).
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Hence equality must hold and so D = Vj as required.
(ii) Let a be the sum of all elements in G which are conjugate to y. Thus

a E ZR (G) and 8 Y (a) = 1. Hence the coefficient of y in lly,f3)(a) = {Y (e)
is the coefficient c of 1 in e. Since e~ J(ZR (Cc (y))e), it follows from (8.7)

applied to Cc (y) with y replaced by 1 that v( c) = v(1 Cc (y): D I). Thus
1l,(Y,f3)(a)~J(ZR(G)e)by (8.7). Hence if X" EB then

w~,f3)(a) == w,,(Il.(y,f3)(a))~O (mod1T)

which is equivalent to the assertion to be proved. 0

Let y be a p-element in G, let B be a block of C c (y) and let X", Xv be
irreducible characters in Bc. Define

where * denotes complex conjugation. In case y = 1 and P is a Sp-group of

G then IP Im ~I~ B) = a "V, where a "V is defined in Chapter IV, section 4. Thus
these numbers are a generalization to arbitrary sections of the numbers
a "V' Observe that if (T is a field automorphism then (m ~~ B)t = m ~v" B') for

suitable y' and B' which do not depend on u or v.

LEMMA 9.3. Fix u and v. Then L(y, B) m~~B) = 8"v.

PROOF. Clear by definition. 0

THEOREM 9.4. Let y be a p-element in G. Let B be a block of Cc (y) and let
X", Xv, XW E B C

. Let d, d be the defect of B, B = B C respectively.

(i) p d m ~~B) is an algebraic integer and

(m(y,R)(X,,),XV)c = m~;~B) = L d;;i'Y~(d~J*,
'P;,'f1EB

where ('Ytr' is the Cartan matrix of Band * denotes complex conjugation.
(ii) L"m~B)(m~;. B))* = m(:;"B).

(iii) Let I (B) denote the number of irreducible Brauer characters in B.
Then

L m~~B) = I(B).
"

(iv) Suppose that Xw has height O. Let h", hv denote the height of x", Xv

respectively. If h" ~ hv then
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pdm~:/J) =' pJXU;~\~)P)m<:;}) (mod 1Tph").

Furthermore JJ (m ~;.; B» ~ h.. - d and equality can hold only if (y, 8) is a
major subsection and hv = O.

PROOF. (i) The first equality follows from the definition. Thus

(m (y, H) (Xu), Xv)G = Ic-l-()I L L d ;,;<pi(x) (d~j)* <pj (x -I).
G Y 'Pl,'I'jcB XCCC;(Y)rcg

By (IV.6.2) this yields the second equality. Since 8 has defect d, (IVA. 16)
implies that pd(-yt) has integral entries. Thus pdm<,;/J) is an algebraic
integer.

(ii) By (i)

m~.;, 8) = (m(Y,8)(X.,), m(Y,8)(Xw»G

= L (m(Y,8)(Xv),Xu)G (m(Y,8)(Xw),Xu)t,
u

= ~ m (y, B) (m (y, B»*LJ vu wu .
u

(iii) By definition m <,;~ 8) = (m ~;:/i»*. Thus if M = M(y,8) = (m <,;~ 8» it

follows from (ii) that M 2 = M. Hence the trace of M is the rank of M. By

definition L u m <,;~ 8) is the trace of M. By (i) the rank of M equals the rank
Qf the Cartan matrix of 8 which is 1(8).

(iv) By definition

(y,B)-~~ (C~) ( )*m Ut' - IG I LJ W u Xv yx ,

where C ranges over the conjugate classes in the p -section which contains

y and yx E C. As Xu and Xw are in the same block this implies that

ill (y,Ii)=ill (y,B) ( d )
Xu (1) m uv - XW (1) m wv mo 1T

since pd m <,;~ 8) is an algebraic integer by (i). As Xw has height 0 this implies
that

P dm(Y,8)=pd~m(Y.[1) (mod 1Tphu).
UV Xw (1) wv

Similarly
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The required congruence now follows.
Since v (p J m <,:;., Ii )r:~ 0,

v(p<1&i!2X,:-C1J m (y, B)) :> h + h + d - d-
XW (1)2 ww ~ u v •

Thus the congruence implies that v (m ~~ Ii)) ~ h" - d and if equality holds
then hu + hv + d - d = hu - d. The result follows as d ::::; d. 0

THEOREM 9.5 (Brauer [1968](5H)). Let B be a block of G with defect group
D. Let y E Z(D). Let S(y, B) be a major subsection associated to B. Suppose

that Xu, XW E Band XW has height O. Let Xu have height hu. Then

v (m~.;, Ii)) = h, - v(/ D I).

PROOF. For () E ChK (G) let

iJ = I~ Ix~; ()(x-I)x.

Thus 8 E Zr: (G) and (),(8:J = (8" ( 2), By (9.4)

m ~;';' B) = (m (y,B) (Xu ),Xw)c; = m (y, B) (XII )(Xw) = XII (py,B)(Xw))

= X~,B)(Xw) = Xu (l)w~·B)(Xw)

= 1"J? W u (It (y.B) (L Xw (x ')x))

= l'Ji) W u(L X<':' B)(X-I)x ).

Since Xw has height 0 it follows from (9.2) that

v (X<,:' Ii) (y -I)) = V (X<,:,Ii) (y)) = v (I Cc (y): D I).
Thus by (8.7) LX<,:,Ii)(X-I)xgJ(ZR(G)). Consequently

Therefore

THEOREM 9.6. Let B be a block with defect group D. Let 13 be a block of
DCc (D) with B C = B and let T(B) be the inertia group of 13 in Nc (D). Let
y ~ Z(D) be a complete set of representations of conjugacy classes of G
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which meet Z(D). For y E Y let My denote a complete set of
(T(B), NG(D) n C G(y)) double coset representatives in NG (D). Then each
subsection Sy,x = S(y, (BX)Cc;(Y») with y E Y and x E My is a major subsec­
tion. Conversely every major subsection associated to B is conjugate to
exactly one subsection S y,x'

PROOF. If Y E Z(D), then D CG(D) ~ CG (y). Thus if y E Y and x E My it
follows from (111.9.2) that

«BXfc;(Y»)G = (Bxt = B G = B.

Since D <J D C G(D) it follows that Dis contained in the defect group 0 f 13
and so by (111.9.6) S y,x is a major subsection.

Suppose conversely that S (y, B) is a major subsection associated to B.
After y is replaced by a conjugate it may be assumed by (9.1) that y E Y.
Thus D CG(D) ~ CG(y). By (5.2) 13 = B~c;(Y) for some block 130 of

D CG(D) and 130 = BX for some x ENG (D). It is clear that x may be
chosen to lie in My.
, Suppose finally that S y,x is conjugate to Sy', x' in G, where y, y' E Y,
x E My and x' E My" Thus there exists z E G such that

y~ = y', (9.7)

This implies in particular that CG (y Y = CG(y') or equivalently CG(y)z =
Z CG (y'). Thus

(BXZ)Cc;(y') = (BX)Cc;(y').

The block of C G(y') on the left has defect group D XZ = D" while that on
the right has defect group DX' = D. Thus D is conjugate to D Z in CG(y').
Thus in (9.7) z may be chosen to be in NG(D). Hence the first equation in
(9.7) implies that y = y' since y, y' E Y. Hence z ENG (D) n CG(y). Now
(9.7) becomes (BXZ)Cc; (y) = (BX)Cc; (y). Thus (5.2) applied to CG(y) implies

that BXz is conjugate to 13 x' in NG(D) n CG(y). Thus x' E
T(B)x (NG(D) n CG(y)) which implies the result. 0

Let B be a block of G with defect group D. Let 13 be a block of
DCG(D) with B G = B and let T(B) be the inertia group of 13 in NG(D).
Then e = IT(B): DCG(D)' is the inertial index of B or the index of inertia
of B.

Clearly the inertial index e of a block B is an integer depending only on
B. By (5.2) e 1= 0 (mod p).
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COROLLARY 9.8. Let B be a block with defect group D. Let B be a block of
DCc (D) with B C = B and let T(B) be the inertia group of Bin Nc (D). Let
e be the inertial index of B. Let y E Z(D) and let C be the conjugate class of

G which contains y. Let n ~ denote the number of subsections associated to B
of the form S(y',B') with y' E Z(D) n C. Let nu denote the number of

conjugate classes of major subsections associated to B. Then n ~ is the
number of T(B) conjugate classes of Z(D) n C. Furthermore

11 Z(D)I ~ nB ~ IZ(D)I·
e

PROOF. Let Y and My for y E Y be defined as in (9.6). By (9.6) n ~ =
L YE }'r1cIMyl. This implies the first statement. Each (T(B),Nc(D)n
Cc (y)) double coset contains at most e cosets of Nc (D) n Cc (y). Thus

IMy I~ INc (D): Nc (D) n Cc (y) I~ e IMy I·
By (9.6) nu = L yEy IMyI and IZ(D)I = L yEY INc (D):Nc (D) n Cc (y)l·
Thus nu ~ IZ(D)I ~ enu. 0

LEMMA 9.9. Let B be a block of defect d and let h be the maximum height of

an irreducible character in B. Let nil be the number of conjugate classes of
major subsections associated to B. Then nu ~ pd-It and if h > 0 then
nu < pd-It.

PROOF. Let Xu be an irreducible character in B of height h.
Let S (y, B) be a major subsection associated to B. By (9.2) m ~~ n) rf O. By

(9.4)(i)(iv) P d-It m ~~ n) is a totally positive algebraic integer. By (9.3)
Lpd-It m ~~ n) ~ pd-I" where the sum ranges over all major subsections
associated to B. Thus the arithmetic-geometric inequality implies that

( . } 1/"" 1 11 <: ~ Dp,i-ltm(y,B) :<- L pd i1 m (y,13)<_pdll-.....;: l I<lU --..:::. nn 14U --;: nB .

Thus nu ~ pd-It. If equality holds then m ~~ n) = p-(d-It) for all major
subsections and in particular m ~I~U) = P -(d-It) and so v(m ~l~U)) = h - d. By

(9.4)(iv) h = O. 0

COROLLARY 9.10. Let B be a block with defect group D. Let ID 1= pd and

let n be the largest integer such that p" ~ e, the inertial index of B. Let h be

the height of an irreducible character in B. Then

h ~ n + d - v(1 Z(D)I).
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PROOF. By (9.8) and (9.9) IZ(D)I/e:S n/J :Spd-It. Thus pit IZ(D)I ~pde <
pd+n+!. Hence pit IZ(D)I:spd,n. 0

COROLLARY 9.11. Suppose that the notation is as in (9.10). Let p r be the

index of the Frattini subgroup of D in D. If d > 0 then

h < d + ~r(r + 1) -- v(1 Z(D)I).

PROOF. By (5.2) T(D)/D Co (D) is isomorphic to a p'-subgroup ofGLr(p).
Thus

e :S n(pi 1) < p,(rll)/:'

i=1

as r > O. The result follows from (9.10). 0

COROLLARY 9.12. Suppose that B has an abelian defect group of rank r > O.
Then the height of an irreducible character in B is less than ~r(r + 1).

PROOF. Clear by (9.11). 0

The estimate in (9.11) is extremely crude and obvious improvements can

be made in (9.11) and (9.12). However these methods do not appear strong
enough to answer Question (IX) in Chapter IV.

THEOREM 9.13 Let B be a block of defect d with an abelian defect group D.
Let k = k (B) denote the number of irreducible characters in B. Suppose that

the inertial index of B is 1. Then B contains a unique irreducible Brauer
character, k (B) = P d, every irreducible character in B has height 0, every

decomposition number is 1 and the unique Cartan invariant is pd.

PROOF. By (9.8) there are at least pd subsections associated to B. Thus by
(IV.6.S) k(B) ~ pd. Hence by (IV.4.21) it suffices to show that B contains
exactly one irreducible Brauer character. This will be done by induction on

IGI·
If D ~ Z( G) the result follows from (4.6). Suppose that D g: Z(G).

Choose y E D, Yg Z(G). Let S (y, B) be a subsection associated to B. Since
D is abelian it is a major subsection. Let {Xu} be the set of all irreducible
characters in B. As D is a defect group of B, the inertial index of B is 1. As
y g Z(G), induction may be applied to Co (y);i G. Thus B has a unique
irreducible Brauer character 'Pi. Hence the Cartan matrix of B is (pd). By
(9.5) d;;i;i 0 for all u. The arithmetic-geometric inequality implies that
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Therefore

Since there are pd subsections associated to B, (IV.6.5) implies that fJ has a
unique irreducible Brauer character for each such subsection S (y, fJ). This
is the case in particular for S (1, B). 0

If D is not assumed to be abelian in (9.13) the result is easily seen to be
false. Consider for instance the case G = D. A suitable generalization of
(9.13) has been proved by Broue and Puig [1980]. It is a good deal more
complicated than (9.13).

We next prove a technical preliminary result.

LEMMA 9.14. Let (gij) be a positive definite symmetric matrix with integral
entries. Let 0 be the corresponding hermitian form. Let q be the minimum of
O(e, e) as e ranges over all nonzero vectors with integral coordinates. Let t: be
a primitive p n th root of 1 for some n and let tr denote the trace from Q(t:) to
Q. If a is a nonzero vector whose entries are algebraic integers in Q(t:) then
tr(O(a,a»~ [Q(t:):Q]q = pn-I(p -1)q.

PROOF. Let t=pn-'(p-l). Let ~::~eit:i, where each ei is a vector with
integer coordinates. Then O(a, a) = ~:.j~o O(ei, ej). Since tr(l) = t, tr(t: i) =
_pn-I if i =O(modpn-l) but iJiO(modpn) and tr(t:i)=O otherwise, it

follows that

where

1-1

tr(O(a,a» = pn-I LA."
s=o

As = - L 0 (ei, ej) + P L 0 (ei' ei )
i,j i

(9.15)

with i,j ranging over all values congruent to s mod p n-I and 0 ~ i,j < t. This
can be rewritten as

As = L O(ei - ej, ei - ej) + L O(ei, ei)
i<j

with i,j as above.

(9.16)
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For a fixed s let No = N~ be the number of i with 0 ~ i < t, i ==
s (modp .. -l) and ej = O. Let N 1 = N-; be the number of i with 0 ~ i < t,
i == s (modp .. -l) and ej nonzero. Then N o+ N 1 = p-1.

If No = P - 1 then As = O. If No = 0 then the second term in (9.16) is at

least (p - l)q and so As ~ (p - l)q. If 0 < No < P - 1 then the first term in

(9.16) is at least NoN! q ~ Noq and the second term is at least N, q and so
As ~ (p - 1)q. Since a -10, some ej is nonzero. Thus As ~ 0 for all sand

As ~ (p - l)q for at least one value of s. The result follows from (9.15). 0

THEOREM 9.17. Let B be a block of defect d. Let S(y,13) be a major
subsection associated to B. Let k (B) denote the number of irreducible
characters in B and let 1(13) denote the number of irreducible Brauer
characters in 13.

(i) Let C be the Cartan matrix of 13 and let 6 be the quadratic form
corresponding to p dC-I. Let q (B) be the minimum value assumed by 6 on
the set 0 f all nonzero vectors with integral coordinates. Then

(ii) If B contains no irreducible characters of positive height then

k(B)2 ~ p2d 1(13).

PROOF. Let {Xu} be the set of all irreducible characters in B. Choose n so
that if E is a primitive p" th root of 1 then m ~:~ B) E Q(E) for all u, v.

(i) By (9.5) m ~:,;,B) -10 if XW has height O. Thus by (9.4)(ii)

m~:~B) = Lim ~:~B)12 > 0 for all u.
v

By (9.4)(i) pdm~:/J)= 6(a,a), where a = (d~j). Hence p"-'(p -1)q(13)~

tr(pdm~;~B) by (9.14). If this is summed over all u then (9.14)(iii) implies

that
p .. - , (p - l)q (13 )k (B) ~ t r(p d1(13» = p" - I (p - 1) p d1(13 ) .

The result follows.
(ii) By (9.5) pd m ~:~ B) is a nonzero algebraic integer for all u, v. By

(9.4) (ii) ~ulm~;B)12=m~B). If k=k(B) and t=p .. -I(p-l) the

arithmetic-geometric inequality implies that

= -.L ~ p2d m (y, U)a

kt ~ vv,



240 CHAPTER V [10

where (J ranges over the Galois group of Q(£) over Q. If this is summed
over v, (9.4)(iii) implies that

k ~l- L Lp2dm<.;;;HJU =.ltp 2d l(B)=.lp 2d l(B). 0
kt rT v kt k

10. Lower defect groups

This section contains results of Brauer [1969a] and reformulations of
some of these results by Iizuka (1972)' Related results can be found in
Iizuka and Ito (1972)' Brauer [1970] has used these ideas to give an
alternative proof of the first main theorem on blocks (III. 9.7). Another
approach to these results can be found in Brouc (1979). See also Olsson
(1980).

The notation introduced in Chapter IV, section 8 will be used in this
section. Furthermore eJ, e2, ... are all the centrally primitive idempotents

in R [G). For each t, B, is the block corresponding to er and k (B,) denotes
the number of irreducible characters in B,. For a subset S of G,
S = LXESX E R[G] and .~ is the image of S in R[G].

Observe that ZR (G) = EBtZR (G)e t and ZR (G) = EBtZR (G)er•

Furthermore ZR (G)e t = ZR (G)e t is an ideal of ZR (G) which is a local ring
and ZR(G)e, is an ideal of ZR(G) which is a local ring.

LEMMA 10.1. With each block B, it is possible to associate k (B,) conjugate
classes {C; 11 ~ j ~ k (B,)} such that the following conditions are satisfied.

(i) Every conjugate class of G is associated with exactly one block.
(ii) {Cje,} is an R-basis of ZR (G)ero

PROOF. Let {C} be all the conjugate classes of G. Let {a j} be an R-basis of

ZR (G)er• Then

I{anl = dimRZR (G)e, = rankRZR (G)er = k(B,).

Let Ci = L, Lja\r,j) aj and let A denote the matrix (alt.j), where (t,j) is the

row index and i is the column index. Since A is nonsingular it is possible to
arrange the classes {C} so that

A ~ (~' A, '),
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(10.2)

where A, is a nonsingular k (B, ) x k (B,) matrix and the columns of A, are

indexed by (t, j) for each t. The result follows since a je, = Os, a j. 0

Let \..l3(G) be a complete system of representatives of the conjugate
classes of p-groups in G. For P E \..l3(Q) let Vp(G) be the linear subspace

of ZR (G) which is spanned by all ¢ where P is a defect group of ~.

For P E \..l3(G) let

\..l3(P: G) = {O IO~GP, 0 E \..l3(G)}.

Define V(P: G) = LOE\li(p:G) Vo (G) and V(P: G) = V p (G)EBV(P: G).
Let V, (P: G) = V(P: G) n ZR (G)e,. By (III.6.3) V(P: G) is an ideal of

ZR (G). Therefore

V,(P: G) = V,(P: G)e,

and if

v, (P : G) = V(P: G) n V, (P : G)
then

V(P: G) = EB V, (P : G),

V(P: G)/V(P: G)=EB Vr(P: G)/U,(p: G).

LEMMA 10.3. Let P E \..l3(G), let B = B, and let {Cf} be defined as in (10.1).
Let C~, J, ••• , C~.rtIB(P) be the subset of {Cf} consisting of those classes which
have P as a defect group. Then the image of {C;.je,11~j~mu(P)} in
V, (P : G)/ U, (P : G) is an R-basis of this space. The number mu (P) =
mu (P : G) depends only on G, B and the conjugate class of P.

PROOF. It is clear that {C~,je, 11 ~ j ~ ~ (0), 0 ~ GP} is a basis of
V, (P : G) for all t and P by (10.2). Thus {C~.je, 11 ~ j ~ mu (P)} is a basis
of V, (P: G)/ V, (P: G). The last statement is an immediate conse­
quence. 0

If mu (P) ~ 0 then P is a lower defect group of B. It is said to occur with
multiplicity mu (P).

LEMMA lOA. Let P E \..l3(G) and let B = B,. Then mu (P: G) =
2 8 mil (P: N G (P», where B ranges over all the blocks of N G (P) with
BG =B.

PROOF. Let N = NG (P) and let s be the Brauer homomorphism with
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respect to (0, P,N). Let e be the primitive idempotent of ZR (0) corre­
sponding to B and let s(e) = Le, where e ranges over all the primitive
idempotents in ZR (N) such that 13 c = B for 13 corresponding to e. By
(111.9.8) s is an R-isomorphism from V p (0) onto V p (N). Thus by (10.3) s
induces an R-isomorphism from V, (P : 0)/ V, (P : 0) onto
V(P: N)s(e)/V(P: N)s(e). By (10.2)

V(P: N)s(e)/V(P: N)s(e) = EB V(P: N)e / V(P: N)e,

where eranges over all the primitive idempotents in ZR (N) that occur in
the sum s (e) = Le. Therefore

rnu (P: 0) = dimR (V, (P: O)/U (P: 0))

= L dimR (P: N)e/ V(P: N)e) = L rna (P :N). 0

COROLLARY 10.5. Let D be a defect group of B. Then D is a lower defect
group of B. If P is a lower defect group of B then PC,cD.

PROOF. By (111.6.10) D is a lower defect group of B as e E ZR (O)e. The
second statement follows from (111.9.6) and (lOA). 0

Let ~o(O) be a complete set of representatives of the conjugate classes
of p-elements in O. If y E ~o(0) let S(y) denote the p-section which
contains y. Let W(y: 0) = W(y) be the subspace of ZR (0) which is
spanned by all ~ with Cj C, S (y). Then ZR (0) = EB y W(y ), where y runs
over ~o(O). By (IV.8.5)(iii) W(y)e, C, W(y) for all y and t. Thus if
W, (y) = W(y) n ZR (0) then W, (y) = W(y)e, and W(y) = EB, WI (y).

Furthermore ZR (O)el = EBYEi~()(C) W, (y). It is easily seen that if {C;} is
defined as in (10.1) then an R-basis of W, (y) is formed by the set of all
those C~e, with C;C, S(y). Thus the number of such classes depends only
on 0, B and the conjugate class of y.

Define

W"AP: 0) = V, (P: 0) n W(y)

and

TI,y(P: 0) = V, (P: 0) n W(y).

Then

VI (P: 0) = Sf? WI,y(P: 0),
yE~'o(C)

(10.6)
VI (P : 0)/ V, (P : 0) = EB \V1,y (P : O)/T,.y (P : 0).

yE~lo(C)
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LEMMA 10.7. Let B = B,. Let P E ~(G) and let y E ~o(G). Let {Cj} be
defined as in (10.1) and let C~. p. I , ••• , C~. 1'. mfJ (P) be the subset of {Cn
consisting of those classes which have P as a defect group and are

contained in S(y). Then the image of {C~,P.Je,11~j~m~(B)} in
W1.y(P: G)/ T,.y(P: G) is an R-basis of this space. The number m ~(P) =
m ~(P: G) depends only on G, B, the conjugate class of y and the conjugate
class of P.

PROOF. The first statement follows from (10.3) and (10.6). The last state­

ment is an immediate consequence of the first. 0

If m ~(P) ~ 0 then P is a lower defect group of B associated to the section
S(y) which has multiplicity m ~(P).

LEMMA 10.8. (i) L YE'l3o(c)m ~(P) = mu (P) for all P E ~(G).

(ii) LPE~(C) mu (P) = k(B).

PROOF. Immediate from the definitions. 0

LEMMA 10.9. Let y be a p-element in Z(G). Then m~(P) = mk(P) for all
blocks Band P E ~(G).

PROOF. The map which sends a to ay defines an R -isomorphism on
ZR (G). It clearly preserves the ideal V, (P: G) for all t, P and sends W(I)

onto W(y). Thus it sends W u (P: G)/T,. , (P: G) onto W1,y (P: G)/
T"y (P: G) and the result follows from (10.7). 0

THEOREM 10.10. Let y E ~o(G), P E ~(G). Then

m~(P:G) = L L m~(Q :Cc (y)),
Q B

where Q ranges over the elements in ~(Cc (y)) which are conjugate to P in G
and B ranges over all the blocks of Cc (y) with BC = B.

PROOF. Let C be a conjugate class of G with defect group P contained in
S(y). Let So be the p-section of Cc (y) containing y. Then Co = C n So is
easily seen to be a conjugate class of C c (y) which has a defect group Q
that is conjugate to P in G. Conversely every such conjugate class Cl of

Cc (y) is of the form C n So for suitable C. Let s be the Brauer
homomorphism with respect to (G, (y >, C c (y)). If C is a conjugate class of
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G _in SLY) ~ith defect group P then the definition of s implies that
s( C) = Co + C', where C' is a union of conjugate classes of Cc (y), none of
which is in So.

Let B = Br and let e be the primitive idempotent of ZR (G) correspond­
ing to B. Let s(e) = L".em, where each ern is a primitive idempotent of
ZR (CG (G)). By the previous paragraph s induces an R-isomorphism from
W(y : G) n V p (G) onto L o W(y : C G (y)) n Vo (CG (y)), where Q ranges
over all elements of ~(G) which are conjugate to P in G. Thus by (10.6)
and (10.7) s induces an R-isomorphism from Wr,y (P: G)/Tr,y (P: G) onto
ffio L r W:,)I (Q :CG (y ))/ Tr,y (Q :C G (y )). The result now follows from

(10.9). 0

If y~ 1 then (10.10) implies that m ~(P) can be computed in terms of
information about local subgroups of G. We will now prove some results
which yield some information about m k(p).

THEOREM 10.11. Let S = S(l) be the section of G consisting of p'-elements.
For a E R [G] let Tr(a) = LxEGX- 1 ax. Let C~.l',j be defined as in (10.7) and
for each t,P,j choose x~,p,jE C~,P,j. Then for B = Br,

{C~,p,jl p E ~(G), 1~ j ~ mk(P)}

is an R-basis of ZR (G :S)er and

{! Cc (xrl,p,j) IC~,P,je, IP E ~(G), 1~ j ~ m k(p)}

is an R -basis of Tr(R [S ])er • Furthermore

ChR (G: Greg, Br)/ChR,proj (G: Greg, Br) = ZR (G: S)er/Tr(R[S})er

as R modules.

PROOF. For a EChR(G:Greg,Br) define a*=2:xE~a(x-l)xEZR(G:S).

Then the map sending a to a * is R-linear. By (lV.3.11) it is onto
ZR(G:S). By (lV.2.3) ChR,proj(G:Greg)*~Tr(R[S]). For a conjugate
class C let D (C) be a defect group of C. If x E C then Tr(x) = ,Cc (x) IC.
Thus {D(C)C IC ~ S} is a basis of the R module Tr(R[S]). Therefore
ZR (G : S )/Tr(R [S]) is a torsion R module whose invariants are
{I D (C) II C ~ S}. By (111.3.11) this is the set of elementary divisors of the
Cartan matrix of G and so ChR, proj (G : Greg)* = Tr(R [s]).

By (lV.7.2) (a Dr )* = a *er. Hence Ch R (G: Greg, Br)* = ZR (G: S)er and
ChR,proj (G : Greg, Br)* = Tr(R [S])er. This establishes the required isomor­

phism.
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It follows from (10.7) and the fact that R is a local ring that Z R ( G : S )er

has the required basis. Let ~ be the R module with basis

{I Cc (x ~,p,j) IC;,p,jel IP E ~(G), 1~ j ~ m k(p)},

where B = B r • Then ~ ~Tr(R[S])el. Clearly

{I D(C~,p'j)11 P E ~(G), 1~ j ~ m k(P)}

is the set of invariants of the R module ZR (G : S)el/~. Hence

EBIZR (G: S)el/Tr = ZR (G : S)/Tr(R [S])

= EBrZR(G:S)el/Tr(R[S])er

and so Tr = Tr(R [S Del for each t. 0

COROLLARY 10.12. Let B = Br and let m ~ 0 be an integer. Then the
multiplicity of pm as an elementary divisor of the Cartan matrix of B is given
by 2:m k(P), where P ranges over all groups in ~(G) of order pm.

PROOF, By (10.11) 2:m k(P) is the multiplicity of pm as an invariant of

ZR(G:S)el/Tr(R[S])el. The result follows from the isomorphism in
(10.11). 0

COROLLARY 10.13. For y E ~()(G) let l(y,B) denote the number of irreduc­
ible Brauer characters in blocks B of Cc (y) with .8 c = B. Then

L m~(P)=I(y,B).
PE'!S(C)

PROOF, By (10.10) it suffices to prove the result in case y = 1. In this case it
follows from (10.12) as I (1, B) is the rank of the Cartan matrix of B. 0

COROLLARY 10.14. Let D be a defect group of B. Let B be a block of
DCc (D) with B C = B and let T(B) be the inertia group of B in Nc (D).
Then m ~(D) is equal to the number of T(B) conjugate classes in
Z(D) n S(y).

PROOF, By (lVA.16) and (10.12) m k(D) = 1. The result now follows from

(9.8) and (10.10). 0

11. Groups with a given deficiency class

The results in this section are due to Brauer [1964a].
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Let r be an integer. The group G has deficiency class r for the prime p if
G has no nonprincipal p -block of defect d ~ r. The reference to p will be
omitted in case p is determined by the context. If G has deficiency class r
then clearly G has deficiency class r' for any integer r' ~ r.

The next two statements are immediate consequences of the definition.

LEMMA 11.1. If p' ,{ IG I then G has deficiency class r for the prime p.

LEMMA 11.2. G has deficiency class 0 if and only if the principal block is
the only block of G. In particular a p-group has deficiency class 0 for the
prime p.

LEMMA 11.3. Suppose that P <J G and IP I= p n. If G is of deficiency class
r ~ n then G is of deficiency class O.

PROOF. By (4.4) every block of G has defect at least n. Thus the principal
block is the only block of G. 0

LEMMA 11.4. Let P be a p-group with IP I= p n and let G = PC o (P). Then
G has deficiency class r if and only if G/P is of deficiency class r - n.

PROOF. Clear by (4.5). 0

THEOREM 11.5. If G has deficiency class r then for every p-element y of G,
Co (y) is of deficiency class r. Conversely if r > 0 and Co (y) has deficiency
class r for every element y of order p in G then G has deficiency class r.

PROOF. Let y be a p-element, let Bo be a nonprincipal block of Co (y) and
let d be the defect of B o• By the third main theorem on blocks (5.4),
BR = B is defined and the defect of B is at least d. By (6.2) B is not the
principal block of G. Thus if G has deficiency class r then d < r. Hence
Co (y) has deficiency class r.

Conversely suppose that G is not of deficiency class r with r > O. Let B
be a nonprincipal block of defect d ~ r and let D be the defect group of B.
Since r > 0 there exists an element y of order p in Z(D). By (6.2) and
(9.2)ti) there exists a nonprincipal block of Co (y) of defect d and so Co (y)
is not of deficiency class r. 0

An old result of Landau [1903] implies that for a given integer k, there
are only finitely many finite groups which have at most k classes. Thus
(IVA.18) implies the next result.
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THEOREM 11.6. There exist only finitely many groups G of deficiency class 0
whose Sp- group has a given order.

In case p = 2, Brauer [1974c] has proved the following generalization of
(11.6).

THEOREM 11.7. Let G be a group of deficiency class r ~ 0 for the prime 2.
Suppose that a Srgroup P of G contains an elementary abelia~ subgroup of
order 2,1-1. Let Ipi = 2a

• Then there exists a bound f(a) dependmg only on a
such that IG I~ f(a).

The proof of (11.7) is not very difficult but depends on special properties
of involutions. It is not known whether an analogous result is true for odd
prImes.

If y is a p-element in G it is possible to apply (11.4) to C G (y). Thus
(11.5) can be used to give an inductive characterization of groups of
positive deficiency class. Such a characterization does not seem to be
possible for groups of deficiency class 0 since the second statement of (11.5)
is false in this case. For instance let q be a prime with q =: 1(mod p) and let
G be a Frobenius group of order pq. Then G does not have deficiency classofor p but ICG (y) I = p for every element y of order p in G and so CG (y)
has deficiency class 0 for every element y of order p in G. This construction
shows the existence of infinitely many groups of deficiency class 1 with a
Sp-group of order p. It follows from (11.6) that an analogous situation
cannot occur for deficiency class O.

It has been shown that a simple group of Lie type in characteristic p has
deficiency class 1, Dagger [1971], J. E. Humphreys [1971]. This also shows
the existence of infinitely many groups with deficiency class 1. Among
these there are only finitely many with a given Sp-group.

A related result of a slightly different sort can be found in Tsushima
[1977].



CHAPTER VI

1. Blocks and extensions 0 f R

The notation introduced at the beginning of Chapter III will be used
throughout this chapter. The following assumptions and notation will also
be used.

K is a finite extension of Qp, the field of p-adic numbers.
R is the ring of integers in K.
By (111.9.10) and (1.19.4) there exists a finite unramified extension K of K

such that if R is the ring of integers in K then the following conditions are
satisfied.

(I) R is a splitting field of R[H] for every subgroup H of G. K is a
splitting field for every p '-subgroup H of G.

(II) Let B be a block of R [G] with defect group'D. Let (CT) be the
Galois group of Kover K. Then there exists a block fJ of R [G] such that if
V is an irreducible R [G] module in B then

,-}

V ® R= 2: vui with V E 13.
R i=()

If furthermore fJ U) = BcTi is the block of R [G] which contains yeTi then D
is a defect group of fJ U) by (111.9.10).

LEMMA 1.1. Let B be a block of R[G] with defect group D. Then every

R [G] module in B is R [D ]-projective and there exists an irreducible R[G]
module in B with vertex D.

PROOF. Clear by (111.4.14). 0

LEMMA 1.2. Let B be a block of R [G]. Suppose that fJ contains a unique

248
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irreducible R[G) module up to isomorphism. Then B contains a unique

irreducible R [G) module up to isomorphism.

PROOF. Clear by (1.19.4). 0

LEMMA 1.3. Let H <J G and let V be a projective indecomposable R [G]

module. Then V H = EB Vi where each Vi is a projective indecomposable

R [H) module and for each i there exists x E G with Vi = V~.

PROOF. Immediate by (1.13.6) and Clifford's theorem (111.2.12). 0

Suppose that H <J G. The block B of R [G) covers the block b of R [H)
if B covers bU) for some j.

LEMMA 1.4. Suppose that H <J G and the block B of R [G) covers the block

b of R [H). Let D be a defect group of B. Suppose that Dec (D) ~ H. Then
the following hold.

(i) B = b c is the unique block of R [G) which covers b.

(ii) D is a defect group of b.

PROOF. (i) Choose the notation so that 13 covers b, where b is defined as in
(II). by (V.3.9) 13 is regular and so by (V.3.7) 13 = bC is the unique block
which covers b. Then nU) is the unique block which covers bU). This implies
that B is the unique block which covers b. The definition of the Brauer
homomorphism implies that B = b c.

(ii) By (V.3.14) D is a defect group of b and so by (II) D is a defect
group of b. 0

2. Radicals and normal subgroups

Throughout this section H is a normal subgroup of G. The results in this
section up to (2.7) are mostly due to Knorr [1976]. Some related results
have been proved by Ward [1968), Huppert and Willems [1975], Willems
[1975].

LEMMA 2.1. Let V be an R[H)-projective R[G) module and let

M= V/VJ(R[G)). Then M is R[H)-projective if and only if
VJ(R[G]) = VJ(R[H)).
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PROOF. Let J = J(.R [G)) and let J o= JCR [H]). As JoR [G) = R [G]Jn, VJo
is an R [G) module.

Suppose that VJ = VJo. Let A = R[G], B = R[H] and S = J o. Then
(1.4.11) implies that M is R [H)-projective.

Suppose conversely that M is R [H)-projective. Then

O~(VJ/VJO)H~(V/VJO)H~MH~O

is a split exact sequence as (V / VJO)H is completely reducible. Thus

O~ VJ/VJo~ V/VJo~M~O

is a split exact sequence as M is R[H]-projective. Hence V/VJo=
M EB VJ/VJo and so

VJ / VJ o= ( V/ VJo)J = M J + (VJ / VJo)J = (VJ / VJo)J.

Thus VJ/VJo=(O) by Nakayama's lemma (1.9.8) and so VJ= VJo. 0

COROLLARY 2.2. Let V be a projective indecomposable R [G) module and
let M = V/VJ(R[G)). Then H contains a vertex of M if and only if
VJ(R[G)) = VJ(R[H)).

PROOF. Clear by (2.1). 0

THEOREM 2.3. Let e be a centrally primitive idempotent in R [G) and let B
be the block corresponding to e. The following are equivalent.

(i) H contains a defect group of B.
(ii) VJ(R[G]Y = VJ(R[H))" for all R[G] modules V in B and all

integers n ~ O.
(iii) J(R[G))e =J(R[H))R[G]e.
(iv) VJ (R [G)) = VJ (R [H)) for all projective indecomposable R [G)

modules V in B.

PROOF. (i) => (ii). By (1.1) every module in B is R [H)-projective. Thus (ii)
follows from (2.1) by induction on n.

(ii) => (iii). This is clear as eR[G]=R[G]e is a module in B.
(iii) => (iv). Let R [G]e = EB U;, where each Vi is indecomposable.

Each projective indecomposable R [G) module in B is isomorphic to some

Vi. By the hypothesis

EB V;1 (R [ G ]) = R [G) eJ (R [G ]) = R [G) eJ (R [H))

= EB V;1(R[H)).
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As UJ(R[H))~U;1(R[G)) for all i the result follows.

(iv) ~ (i). By (1.1) there exists an irreducible R [G) module M in B
whose vertex is a defect group D of B. As M = U / UJ(R [G)) for some
projective indecomposable module U, the result follows from (2.2). 0

COROLLARY 2.4. Let V be an irreducible R[H) module. Assume that every
component of vGlies in a block with a defect group which is contained in H.
Then V G is completely reducible.

PROOF. By assumption there exist centrally primitive idempotents {ed such
that a defect group of each ej lies in H and such that VGe = V G, where
e = Lej. By (2.3)

VGJ(R[G)) = VGJ(R[G))e = (V _0 R[G]) J(R[G))e
HrH)

= V 0 J(R [G))e
RIH)

= V 0 J(R[H))R[G]e = VJ(R[II)) 0 R[G]e
RrH] RIH]

= (0).

Hence V G is completely reducible. 0

COROLLARY 2.5. Suppose that p l' IG : H I. Let V be an irreducible R[H)
module. Then V G is completely reducible.

PROOF. Since H contains a defect group of every block the result follows
from (2.4). 0

The next result is quite old. See e.g. Green and Stonehewer [1969],
Villamayor [1959].

COROLLARY 2.6. J(R[G])=J(R[H))R[G] if and only ifp ~ IG:Hj.

PROOF. If J(R[G])=J(R[H))R[G] then R[G]/J(R[G)) is R[H]­
projective by (2.1). Thus every irreducible R [G) module is R [H]­
projective and so p l' IG : HI by (1.1).

If P l' IG : HI then every R [G) module is R[H)-projective. Thus (2.1)
implies the result. [J

If W is an indecomposable R [G) module let w (W) = WH (W) denote
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the integer so that WI/ is a direct sum of w (W) nonzero indecomposable
R[H] modules. The integer w( W) is called the H -width of W or simply
the width of W.

Observe that if V is a projective R[G] module then

w(V)= w(V/VJ(R[G])) = w(V/VJ(R[H]))

by Clifford's theorem (111.2.12) and (1.13.7).

THEOREM 2.7. Let B be a block of R [G] which covers the block b of R [H].
Assume that H contains a defect group of B. Then the following statements
are equivalent.

(i) Every indecomposable projective R[G] module in B is serial.
(ii) Every indecomposable projective R[H] module in b is serial.

If furthermore (i) or (ii) is satisfied then all irreducible modules in B have the
same width.

PROOF. Suppose that (i) is satisfied. Let V be a projective indecomposable
R[G] module in B of maximum width. Let VII = EB~=I Pi, where each Pi
is a projective indecomposable R[H] module. Then w=w(V)=
w(V/VJ(R[H])).

Let n be a positive integer such that P1J(R [H])" ~ (0). By (1.3)
PiJ(R[H])"~(O) for i = 1, ... ,w. LetV= VJ(R [H])"/VJ(R [H])"+I.
Then

w

VII = EB P;1(R[H])"/P;1(R[H])"+1
i=1

and so w (V) ~ w. By (2.3) V is irreducible since V is serial. Let Va be the
projective indecomposable R[G] module which corresponds to V. Then
w (Va) = W ( V) ~ w(V). Hence the choice of V implies that w(Va) = w.
The indecomposability of the Cartan matrix (1.16.7) now implies that every
projective indecomposable R[G] module in B has width wand so every
irreducible R[G] module in B has width w. Thus (i) implies the last
statement. Furthermore P;1(R[H])"/PiJ(R[H])"+1 is irreducible as
w( V) = w. Hence each Pi is serial.

Since w is the width of every projective indecomposable R [G] module
in B, the previous paragraph implies that if V is any projective indecom­
posable R[G] module in B then V H is a direct sum of serial modules.
Hence (ii) holds. It remains to show that (i) follows from (ii).

Let V be of minimum width among the projective indecomposable
R[G] modules in B. Let n be a positive integer such that V =



3] SERIAL MODULES AND NORMAL SUBGROUPS 253

VJ(R[O])"/VJ(R[OD"+' ~ (0). Let VII = L~~I Pi, where each Pi is a
projective indecomposable R[H] module. By (V.2.3) and (1.3) each Pi is

serial. By (2.3)

IV

VII = (VJ(R[HD"/VJ(R[H])"+')u = EB P](.R[HD"/P](.R[H])" I I

i = I

and so w (V) ~ w = w (V). The minimality of w now implies that V is

irreducible and w (V) = w. The result follows as the Cartan matrix is
indecomposable. 0

It should be mentioned that in general not all irreducible R[0] modules

in V will have the same width. For instance suppose that p = 2, H =
SL2(8), 0 is the semi direct product of H with a cyclic group of order 3 and

R contains the field of 8 elements. Then the principal block of 0 contains

an irreducible R[0] module of degree 6 and width 3, and of course it also

contains the one dimensional module of width 1.

COROLLARY 2.8. Let B be a block of R [0] which covers the block b of
R [H]. Assume that H contains a defect group of B. Then the following

statements are equivalent.

(i) Every indecomposable projective R[0] module in B is serial.

(ii) Every indecomposable R[0] module in B is serial.

(iii) Every indecomposable projective R[H] module in b is serial.
(iv) Every indecomposable .R [H] module in B is serial.

PROOF. Clear by (1.16.14) and (2.7). 0

3. Serial modules and normal subgroups

Throughout this section the following hypothesis and notation will be
assumed to hold.

HYPOTHESIS 3.1. (i) H <J 0 and O/H is abelian. B is an R [0] block which

covers the R[H] block band R is a splitting field of O/H.
(ii) D is a defect group of Band geG (D) c;;;, H.

(iii) b contains a unique irreducible R[H] module V up to isomorphism.

(iv) Every indecomposable R[H] module in b is serial. Every indecom­

posable R[H] module in b is serial.
(v) Let T(b) denote the inertia group ofbin O. Then T(b)/H is cyclic.
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LEMMA 3.2. (i) B = b G is the unique block of R[G] which covers b.
(ii) b contains a unique irreducible R [H] module V up to isomorphism.

PROOF. (i) Clear by (3.1)(ii) and (1.4).
(ii) This follows from (3.1)(iii) and (1.19.4). D

By (V.3.14) T(b)/H is a p'_group. Let a be an irreducible R[G/H]

module with aT(f,)/H faithful. By (3.1) (i) dimR a = 1.
Let V be defined as in (3.2)(ii).
If M is an R [G) module we will write Ma = M @ a. In particular a i is

defined by induction as a i = ai-I @ a.

THEOREM 3.3. (i) There exist integers s, e > 0 with e II T(b) : H' and an
irreducible R[G] module W such that W, Wa, ... , Wa e

-
J are pairwise

nonisomorphic modules in B, W = Wa e and every irreducible'R [G) module

in B is isomore.hic to some Wa i . Furthermore V = S(EB:=1 Wa i
).

(ii) If R = R then s = 1 and e = , T(b) : HI.

PROOF. Suppose first that R = R. Clearly T(b) = T( V). Choose x E T(b)
so that T(b) = (x, H). Thus the image of x generates the cyclic group
T(b)/H. Let s = 1 and let e = IT(b): HI.

Let A be a representation of R [H) with underlying module V. Since
T(b) = T( V), there exists a linear transformation M on V such that
A(x-1zx) = M-1A(z)M for all z E H. Thus

M-eA(z)Me = A(x-ezx e) = A(x"C)A(z)A(x e)

for all z E H. Thus by Schur's Lemma Me = cA (x e) for some c E R. Let F
be a finite extension field of R with Co E F such that c 1J = c. Define
A (x) = c;lJ M. Thus A extends to a representation of T(b) over F. This
representation is irreducible as its restriction to H is irreducible. Since
R = R is a splitting field of T(b) there exists an R[T(b)] module X such
that X1/ = V. Consequently Xa J is irreducible for all j and (Xa J )1/ = V. By
(3.2)(i) Xa l is in b T(b) for all j.

Let f3 denote the trivial R [H) module. By (11.2.3)

e-I

VT(b) = (X1/ @ f3 r(b) = X @ f3 T(b) = L Xa i .

i=O

If Y is an irreducible R[T(b)] module in b T(b) then V IY1/ by (1.4) and
so I R (VT(b), Y) ~ 0 by (111.2.5). Thus Y = Xa i for some j.

If X a' = Xa l for some 0 ~ i < j < e then by (111.2.5)
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1 < h? (VT(b), Xa i
) = I( V, V) = 1. Let W = _XCi. Then Wa i = (Xa i t by

(V.2.S). The result is proved in case R = R.
We will now consider the case of general fl. The previous part of the

proof imp.lies the existence of an irreducible R[G) module W in 13 so that
VG = EB;=I Wa i

, where e = IT(b): H I. Furthermore Wa i = Wa i if and
only if i == j (mod e) and every irreducible module in 13 is isomorphic to
Wa l for some j.

Let (CJ) be the Galois group of Rover R. By (1.19.4) V @R R=
EB~=~/ V<7;, where m is the smallest integer with V"m = V. Let W be an

irreducible R[G) module with W IW @R R. Let e, t be the smallest
positive integer such that Wa e = W, (V G

)'" = ~rG respectively. Then

e I' T(b):.. H'. Also tIm as (VN)" = (V<7)N. Let U be the direct sum of all
distinct R[G) modules of the form Wif'a i. Then

(EB Wa i
) ~ R= U = EB (V G

)";.J=I R i=l

Therefore

By (2.4) and (3.2) V G is completely reducible. Thus (1.19.4) implies the

result. 0

If M is an R[G) module then I (M) will denote the number of
composition factors of M. Let Soc(M) be the socle of M and let Soc" (M)
be the inverse image in M of Soc(M/Soc"-'(M)) for n ?= 2.

~OROLLARY 3.4. Suppose that V @R R is the direct sum of m irreducible

R[G) modules. Then the following hold.
(i) If M is any irreducible R [G) module in B then M @R Ris the direct

sum of m algebraically conjugate irreducible R[G) modules.

(ii) If U is a projective indecomposable R [G) module in B then U @RR is
the direct sum of m algebraically conjugate projective indecomposable R[G)

modules.

(iii) If _ M is an indecomposable R[G) module in B then
I(M@RR) = ml(M).

PROOF. Since a has values in R, (i) follows from (3.3) and (1.19.4). Now
(ii) is a consequence of (i) and (1.13.6), and (iii) is a direct consequence
of (i). 0
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THEOREM 3.5. (i) If U is a nonzero indecomposable projective R [G] module
in B then U is serial and I(U) = ID I.

(ii) Let M be an indecomposable R [G] module in B. Then M is serial and
Soc"(MH ) = (Soc" (M»H for all n.

PROOF. Let P be a projective indecomposable R[H] module which

corresponds to V. Let P be a projective indecomposable R module which
corresponds to V. By (lV.4.16) the unique Cartan invariant in 6 is ID I·
Thus I(P) = I(P) = ID I by (3.4).

By (2.8) U is serial. Thus I (U) is the smallest integer n with
UJ(R[G])" =(0). Hence by (2.3) I(U) is the smallest integer n with
UJ(R [H])" = (0). Since P IUH it follows from (1.3) that l( U) is the
smallest integer n with PJ(R[H])" = (0). Thus I(U) = I(P) = 1 D' as P is
serial. This proves (i). Furthermore {UJ(R[G])"}H = {UJ(R[GDH}" and
so Soc" (UH) = {Soc" (U)}H for all n.

By (2.8) M is serial. Hence M = SOCk (U) for some projective indecom­
posable R[G] module in B and some integer k. Therefore

Soc" (MH) = SOC"+k (UH) = {SOC"+k (U)}H = {Soc" (M)}H

for all n. 0

COROLLARY 3.6. Let M be an indecomposable R [G] module in B. Then
Ai ®R R= EB lVr, where T ranges over a factor group 0 f the Galois group of
Rover R and each l\r is indecomposable with I(M) = I(M T

) for all T.

Furthermore Soc(M) ®R R= EBSoc(My.

PROOF. By (3.5) M = Soc" (U) for some integer nand some principal

indecomposable R[G] module_ in B. Since U ®R R= EB (r with (;
a principal indecomposable R[G] module, the result follows from
(3.4)(ii). 0

4. The radical of R[G ]

This section contains various results concerning J(R [G]). The material
up to (4.8) is due to Tsushima [1971a]. See also Tsushima [1978a].

The following notation will be used in this section.
VI, V 2 , ••• is '! complete set of representatives of the isomorphism classes

of irreducible R[G] modules. For each i, U is a projective indecompos­
able R[G] module corresponding to Vi. Let 'Pi, 4>i be the Brauer character
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afforded by Vi, U respectively. Choose the notation so that 'PI = 10, the

principal irreducible Brauer character. Let t i be the trace function afforded
by V';. The following hold.

ti(x ) = 'Pi (x) for x a p I-element in G.

ti(x) = ti(Xl'.) where xI" is the p'_part of x in G.

(4.1)

(4.2)

Let F; = R(ti (x ), x E G) and let Ti be the trace from F; to R. Choose the

notation so that T,(tI), T2(t2), . .. are all the distinct elements of the set

{Ti(ti)}. By (1.19.3) and (1.19.4) {Ti(ti )} is the set of all trace f~nctions

afforded by irreducible R[G] modules. Furthermore J(R [G]) =
J(R[G]@RR).

~EMMA 4.3. Let {Vi Ij E S} be a set of pairwise nonisomorphic irreducible
R[G] modules. Let I = Is be the intersections of the annihilators of all
~,j E S. Let {aj Ij E S} be a set of nonzero elements in R. 7hen Ann(I) =

R[G ]c, where c = L XEG {LjES ajtj(x -1)}X.

PROOF. Let s = L jES ajtj. Define t E HomR (R [G], R) by (LxEG bxx)t = bl .

By (1.14.9) t is symme~ric and ponsingular. Clearly s is symmetric and

nonsingular in HomR (R [G)I I, R). Thus

(Y~G byy) ct = {X_~G by~ ajtj(x _.-, )xy} t = y~G by ~s ajtj (y )

The result follows from (1.16.17). 0

COROLLARY 4.4. (i) For all i, L XEG ~ (t i (x-1»x E Ann(J(R [G]).
(ii) Let a.,a2, ... be nonzero elements of R. Then Ann(J(R[G])=

R[G]c, where c = LXEG {LiaiTi(ti(X-I»}x.

PROOF. It suffices to prove the result in case R = R. Hence Ti (ti) = t i for all
i. Then (i) f~llows from (4.3) with 1= Ann(V';) and (ii) follows from (4.3)
with 1= J(R[G]). 0

LEMMA 4.5. Suppose that R = R. Let pn be the order of a Sp-group of G. Let
I be the annihilator of EBjES Vi, where S is the set of all j with p n+1 ,r cI>j (1).
Then J(R[G]) ~ I and Ann(I) = R[G]c, where c is the sum of all
p-elements in G.
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PROOF. Clearly J(R [G]) ~ 1. Let cP; (1) = pnhi for each i. Thus hi is an

integer for all i. by (IV.3.8) L ihi'Pi (x) = 0 if x;i 1 and L ihi'Pi (1) = P-n IG I.
Thus if a = p -n IG I then a;i O. Clearly hi;i 0 if and only if i E S. Thus (4.1)

and (4.2) imply that for x E G

Lit;!; (x) = Lit;!; (x) = {
O

;ES ; a;iO

if x is not a p -element,

if x is a p -element.

Therefore LXEc {a- 1 L;EShi(ti(X-l))}X = c. The result follows from

(4.3). 0

If x is a p '-element of G let Cx E R[G] be the sum of all the elements in
G whose p '-part is conjugate to x. The ideal of R[G] generated by all Cx is
the Reynolds ideal of R [G]. See O'Reilly [1974] for related concepts.

THEOREM 4.6. Ann(J(R [G))) is the Reynolds ideal of R [G].

PROOF. Since Cx ER[G] and J(R[G))=J(R[G))0 R R it suffices to
prove the result in case R = R.

By (IV.3.10) there exists for each p'-element x of G an R-linear

combination Laiti of tI, t2 , ••• such that Laiti (x) = 1 and Laiti (z) = 0 for all
p'-elements z not conjugate to x. If y is a p-element in Cc (x) then

ti(xy) = ti(x). Thus (4.4)(i) implies that Cx E Ann(J(R[G))).
For each i,LyEcti(y-')y = Lti(X-1)cx. Thus by (4.4) (ii) Ann(J(R[G))) is

generated by all CX. 0

LEMMA 4.7. Let H be a subgroup of G and let I be a nilpotent left ideal of
R [H]. Let IX = x -I Ix and let i = nXEC R [G]I x. Then the following hold.

(i) i is a nilpotent ideal of R [G].
(ii) rc(i)=LxEcrH(lYR[G] and i=lc{LxEcrH(lYR[G]}, where r, I

denote right and left annihilators respectively.
(iii) If I is an ideal of R[H] then i = nxEcrR[G].

PROOF. (i) If Y E G then iy ~ nXEcR[G]iXY = 1. Thus i is an ideal of
R [G]. Therefore i nt

+
1 ~ int (R [G]1) = intI for any integer m ~ 1. Hence

by induction i nt
+

2 ~ i 2 I nt for any integer m ~ O. Thus i is nilpotent.

(ii) By (1.16.15) 1= IH(rH(l)). This implies that R[G]I =
lc (rH (l)R [G)). Therefore if x E G then

R [G ]r = lc (rw (r )R [G)) = lc ({rH (1)YR [G ]).
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Thus by (1.16.15)

re; (i) = re; {Ie; C~e; rH (IYR[G) ) } = X~G rH (lYR[G ].

(ii) By (1.16.16) the left and right annihilators of an ideal in F[ G) or
F[ H) coincide. Thus by (ii)

i = lG( L rH(lYR[G)) = rc;( 2: lH(lYR[G))
xEG xEG

= rG (L R[G)lH(lY)
xEG

xEG xEG

THEOREM 4.8, For aSp-group P of G let Ep = LXEPX. Then
Ann(J(R [G))) C LpEpR [G], where P ranges over all the Sp-groups of G.

PROOF. Let P be a Sp-group of G. Then J(R [P)) = {Laxx ILax = O} and so
Ann(J(R[P))) = EpR[P). Apply (4.7) with 1= J(F[P)). By (4.7)(i)----J(R[P))CJ(R[G)). The result now follows from (4.7)(iii). 0

COROLLARY 4.9 (Lombardo-Radice [1939], [1947)). (i) Let S be the set of
all p-elements in G. If L XEG axx E J(R [G)) then for all x E G

2: axy = 2: ayx = O.
yES yES

(ii) Suppose that for every Sp-subgroup P of G, L yEP axy = L yEP ayx = 0 for
all x E G. Then L XEG axx E J(R [G)).

PROOF. Let C be the sum of all the p-elements in G. Then L yES azy =
LYESayZ is the coefficient of z in (LXEGaXx)c = c(LXEGaXx). Thus (i)
follows from (4.6).

Let Ep be defined as in (4.8). Apply the previous paragraph to P. Then
(ii) follows from (4.8) and (1.16.15). 0

In general neither of the conditions in (4.9) is both necessary and
sufficient for an element of R[G) to be in J (R [G)). This can be seen as
follows.
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Let 0 be a group with a Sp-group of order pn such that pn+1 IC/)i (1) for

some i. For instance 0 = SL2(4) = As and p = 2. Then C/)i (1) = 8 for some i.
Let I be defined as in (4.5). Then J(R [0 D~ I but every element in I
satisfies (4.9)(i).

Let 0 = SL2(4) = As and let p = 2. Let P be a Srgroup, let Ep = LXEPX

and let E = L~=I (Ep)\ where p X', ... , pXs are all the Srgroups of O. Thus E

is the sum in R[0] of all elements y in 0 with y 2 = 1. It is easily seen that
Ep is in the annihilator of each V; and so E E J(R[ 0)). If z is an involution
with z ~ P then (zy)2 = 1 for yEP if and only if y = 1. Thus if E = Laxx
then L yEP azy = az ji O. Hence the condition in (4. 9)(ii) is not necessary.

However it will follow from (X.3.1) that (4.9)(i) is necessary and
sufficient in case 0 is p-solvable. Section 6 below contains some conditions
on 0 for (4.9)(ii) to be necessary and sufficient.

The next result contains some information concerning dimR J(R [0 D.

THEOREM 4.10 (Wallace [1958], [1961)). Let pn be the order of a Sp-group of
G. The following hold.

(i) pn - 1~ dimR (J(R [0))) ~ IG 1(1- l/C/),(l)).
(ii) pn - 1 = dimR (J(R [G D) if and only if G is a p-group or G is a

Frobenius group with a Sp-group as a Frobenius complement.
(iii) Suppose that C/)I is rational valued. Then dimR (J(R [G))) =

IG 1(1- 1/C/)1(l)) if and only if G has a normal Sp-group.

PROOF. It may be assumed that R = R. Since VJ(R [G)) C J(R [G)) and
dimR VI = 1+ dimR V,](R [G)) it follows that

pn -1 ~ C/),(l)-l ~ dimR(J(R[G])). (4.11)

If G is a p-group then clearly equality holds in (4.11). Suppose that G is
a Frobenius group with Frobenius complement P and Frobenius kernel H,
where P is a Sp-group of G. Then any irreducible character of G which
does not have H in its kernel is of defect 0 and 'PI is the only irreducible
Brauer character of G which has H in its kernel. Therefore

dimR (J(R [G D) = IG 1- L 'P, (ll = p" - 1.

Suppose conversely that dimR (J(R [G D) = pn -1. Then (4.11) implies

that dimR (J(R [G))) = C/)I(l) - 1. Therefore VJ(R [G)) = (0) for i ji 1 and

so 'Pi is in a block of defect 0 for i ji 1. Thus in particular 'PI is the only

Brauer character in the principal block. Hence G = 01".1' (G) by (IV.4.12).
This proves (ii).
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1 G I = L $i (l)'Pi (1) ~ $1(1) L 'Pi (1)2

= $1(1){! G 1- dimRJ(R[ GD}.

2111

(4.12)

This shows that the second inequality in (i) holds and completes the proof
of (i).

Suppose equality holds in (4.12). Then $i(1)= $l(l)'Pi(1) for all i.
Therefore $i = $1'Pi for all i. Since $1 is rational valued (IV.10.1) implies
that $'(Yi) = :t. pai for any p'-element Yh where pa, is the order of a
Sp-group of Co (Yi). For any p'-element Y of G let c (y) be the number of
elements whose p'_part is y. Then c (y) ~ I$\ (y)1 for every p'-element Y in
G. Hence

IGI= 2: c(y)~2:I$,(y)I~L$,(y)=IGI($l,'P\)=IGI·
)'''p'-elemcnl y )'

Therefore in particular c(l) = $\(1) = p" is the order of aSp-group P of G.
Hence P contains all the p-elements in G and so P <J G.

Suppose conversely that P <J G. Then the set of irreducible Brauer
characters of G and of G / P coincide. Thus

Hence dimR(J(R[GD)=IGI(l-l/pn). As G has a p-complement H it
follows that $\ = (I H )0. Thus <P 1(1) = pn. 0

The assumption in (4.10)(iii) that $, is rational valued is probably
unnecessary, but this remains an open question. In case G has a p­
complement H, $\ = (L_de

; is rational valued. Thus in particular $1 is

rational valued if G is p-solvable.
Other properties of the radical of a group algebra can be found in Clarke

[1969); Hamernik [1975b); Koshitani [1977], [1978], [1979]; Morita [1951];
Motose [1974c), [1977], [1980]; Motose and T\inomiya [1975a], [1980);

Spiegel [1974]; Tsushima [1967], [1968], [1978b], [1979); Wallace [1962a),
[1962b], [1965], (1968]. Properties of the radical of the group ring of a
p-group have been studied by Hill [1970); Holvoet [1968); Jennings [1941].
If G is p-solvable of p-Iength 1 see Schwartz [1979].
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5. The radical of R [ G ]

CHAPTER VI [5

The notation of Chapter IV section 8 will be used in this section. Thus it
is assumed that R = R. For 8 E ChK (G) define

~ ~ "" -)

8 = IG I x4:c 8(x )x.

Thus {} E ZK (G). By (IV.7.1) t~,J is the set of centrally primitive idempo­
tents in K[ G]. Furthermore

L~i) Xu EZR(G).

Since 1TR[G]~J(R[G)) it follows that J(R[G))=J(R[G)). In fact

J(R [G)) is the inverse image in R [G] of J(R [G)). Let A denote the

inverse image of Ann(J(R[G))) in R[G].
If e is a central idempotent in R [G] then J (R [G]e) = J(R[ G))e and Ae

is the inverse image of Ann(J(R [G ]e)) in R [G].
Most of the results in this section are due to Brouc [1976b], [1978b].

LEMMA 5.1. Let B be a block and let e be the corresponding centrally
primitive idempotent in R [G]. Then

Ae = 1TR [G]e + L R [G] (1Q1(1) Xu) .
xuEH Xu

PROOF. It suffices to show that

A = 1TR[G] +~ R[G] (~b Xu)

or equivalenty that

If X p ' is the p '-part an element x in G then Xu (x) == Xu (xp -) (mod 1T). Thus
(IV.3.12), (4.1) and (4.2) imply that

where {ti } is the set of all trace functions of irreducible R[G] modules. The
result now follows from (4.4). 0
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LEMMA 5.2. Let e be a centrally primitive idempotent in R [G) and let B be
the corresponding block.

(i) ZR(G)e ~ 2.xuEHRXu.
(ii) J(ZR (G)e) = 1T(2.xuEH RXu) n ZR (G)e.

PROOF. For XvEB, wv(Xu)=ouv. Thus for a EZK(G)e, a=
2.XuEHwU(a)Xu.

(i) If a E ZR (G)e then wu (a) E R for all u. This implies the result.
(ii) It is easily seen that J(2.xuEH RXu) = 1T(2.xuEH RXu). Furthermore

J(2.xuEH RXu) consists of all a E 2.xuEHRXu with wu(a) == a (mod '7T) for all
Xu E B. The result follows as J (ZR (G)e) consists of all a E ZR (G)e with
wu(a) == 0 (mod 1T) for all Xu E B. 0

LEMMA 5.3. Let I=2.uR((IGIIXu(I))Xu). Let e be a centrally primitive
idempotent in R [G) and let B be the corresponding block.

(i) Ie = 2.xuEu R((1 GjIXu(I))Xu).
(ii) Ie is an ideal in 2.xuEHRXu and Ie is an ideal in ZR (G)e.

(iii) For every positive integer n, Ie {J (ZN (G ))e}" ~ 'Tr"Ie.

PROOF. (i) Clear by definition.
(ii) By (5.1) Ie ~ ZR (G)e. Thus it suffices to prove the first statement.

This follows from the fact that XuXv = ouvXu and so

A (Jell A) _ill ~ A
Xv (1) Xv - (1) UuvXu'Xu . Xu

(iii) Since Ie is an ideal in 2.xuEH RXu it suffices to show that for n ~ a

J(ZR(G)e)" ~1Tn L RXu.
Xu EH

This follows from (5.2)(ii). 0

THEOREM 5.4. Let e, B, I be defined as in (5.3). Let d be the defect of B.
(i) J(ZR(G)e)=(1Tp- dIe)nZR(G)e.

(ii) For every integer n ~ 1, J(ZR(G)e)" ~(1Tnp-dIe)nZR(G)e.

PROOF. (i) Clearly (1Tp- dIe)nZR(G)e is an ideal of ZR(G)e. By the
definition of I, XU E p -<lIe for Xu E B. Thus 2.xuEH RXu ~ P-dIe. Hence by
(5.2)(ii)
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Let Xv be a character of height 0 in B. Then

Therefore wv('1Tp- dIe)c.: 1TR and so 1Tp-dIe nZR(G)e is annihilated by

the central character {()v of R[G]e. Hence 1Tp-dIe nZR(G)e c.:
J(ZR(G)e).

(ii) Induction on n. If n = 1 this follows from (i). Suppose the result is

true for n - 1. By (5.2) (ii)

J(ZR(G)e)" = J(ZR(G)e)J(ZR(G)e)"-I

c.: (1T L RXu) 1T"-'p-dIe n ZR (G)e.
x u EB

The result follows as Ie is an ideal in L xuEB RXu by (5.3)(ii). D

COROLLARY 5.5. Suppose that R1T'" = Rp. Let I, B, e, d be defined as in
(5.4).

(i) J(ZR (G)e)md+n c.: 1T nIe for all integers n ~ 1.
(ii) J(ZR(G)e)md+1 c.: 1TZR (G)e.

PROOF. (i) This follows from (5.4)(ii).

(ii) This follows from (i) as Ie c.: ZR (G). 0

Brow§ has pointed out that the next result, due to Tsushima [1971b], can

be proved by these methods. See also Reynolds [1972].

THEOREM 5.6 (Tsushima [1971bD. Let cER[G] be the sum of all the
p-elements in G. Then c 2 is the sum of all the centrally primitive idempotents
in R [G] which correspond to blocks of defect O.

PROOF. Let S be the set of all p-elements in G. Let Co = LyES Y E R [G].
Thus Co = c. Since c is in the Reynolds ideal it follows from (4.6) that

c EAnn(J(R[GD). Thus coE A. As wu(Xv)= Duv it follows that

_ ~ () ~ _ ~ W u (co)X" (1) (JQl A )

Co - "2 Wu Co Xu - "2 IG I X" (1) Xu .

Since XuXv = DuvXu this implies that

(5.7)
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By (5.1) and (5.7) w u(Co)Xu (1)/1 G 1E R for all u. Let Bo be the union of all
blocks of defect O. Since {! G 1/ Xu (l)} I 0 if and only if Xu is in B o. This
implies that

C2=C~= I Wu(CO)Xu.
Xu E 130

If Xu is in a block of defect 0 then Xu (y) = 0 for yES, Y11. Thus

wu(co) = 1. Hence c 2 = LxuEBoXu. 0

6. p- Radical groups

The material in this section is based on the work of Motose and
Ninomiya [1975b] which includes earlier results of Deskins [1958]; Khatri
[1973]; Khatri and Sinha [1969], and Motose [1974a], [1974b]. Much of this
has been strengthened by Knorr [1977]. Related results can be found in
Brow§ [1978a], Isaacs and Scott [1972], Khatri [1974].

Define the following sets of subgroups H of G.

C:£( G) = {H I V G is completely reducible for every
irreducible R [H] module V}.

:D(G) = {H Ip ,r IG : HI}·

ffi(G) = {H IJ(R [G]) ~ J(R[H])R [G]}.

Since J(F[ G]) = J(R [G])@R F for an extension field F of R it follows
that ffi( G) depends only on G and p.

LEMMA 6.1. ffi(G) = C:£(G).

PROOF. Let H E ffi( G) and let V be an irreducible R [H] module. Then

VGJ(R[G]) = (V _@ R[G]) J(R[G]) = V _@ J(R[G])
R[H] R[H]

~ V @ J(R[HDR[G]
R[H]

= VJ(R[H]) @ R[G] = (0).
R[H]

Thus V" is completely reducible and so HE G:(G). Therefore

ffi( G) ~ C:£( G).
Suppose that HE C:£( G). Let {Xi} be a cross section of H in G. Then an

arbitrary element a E J(R[G]) is of the form a = Liaixi with ai E R[H].
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If V is an irreducible R [H) module then VCa = 0 as V C is completely
reducible. Therefore 0 = (V @ l)a = L i Va; @Xio Hence Va; = 0 for all i.
Hence each ai annihilates every irreducible R [H) module and so a; E

J(R[H)) for all i. Thus a EJ(R[H))R[G). Hence HEffi(G) and so

CI(G)~ffi(G). 0

LEMMA 6.2. ffi(G) ~ ~(G).

PROOF. Let HE ffi( G). Let V = InvlI (V) be a one dimensional R [H)
module. By (6.1) HE CI(G) and so V C is completely reducible. Thus

wi V C
, where W = Invc(W) and dimR W = 1. If Q is a Sp-group of H

then Q is a vertex of V. Let P be a Sp -group of G with Q ~ P. Similarly W
has P as a vertex. Since W IV c , we must have P = Q by (III.4.6). 0

A group G is a p-radical group if ffi(G) = ~(G) or equivalently
CI(G) = ~(G).

The next result shows in particular that G is p-radical if and only if the

condition in (4.9)(ii) is necessary and sufficient for an element of R [G) to
be in the radical.

THEOREM 6.3. The following conditions are equivalent.
(i) G is p-radical.

(ii) ffi(G) contains a Sp-group of G.
(iii) J(R[G))= nxEcJ(R[PX))R[G], where P is a Sp-group of G.
(iv) AnnJ(R[G)) = LpEpR[G) where P ranges over all Sp-groups of G

and Ep = LXEPX.
(v) LXECaXx E J(F[G)) if and only if LYEPaxy = LYEPayX = 0 for all

x E G and every Sp-group of G.

PROOF. (i) ~ (ii). Clear by definition.
(ii) ~ (iii). Since P E ffi(G), J(R [G)) ~ J(R [PX))R [G) for all x E G.

Thus J (R [G)) ~ nXEC J (R [PX))R [G). The opposite inclusion follows
from (4.7)(i).

(iii) ~ (i). By (6.2) it suffices to show that ~(G) ~ ffi( G). Let
H E ~(G) and let P be a Sp-group of G with P ~ H. By (4.7)(i)
nXEI-IJ(R [PX))R [H) ~ J(R [H)). Therefore

xEC xEC

xEC
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By (4.7)(i) nXEGJ(R[HX])R[G]~J(R[G]).By assumption J(R[G])=
nxEG J(R [PX])R [G). Hence all these sets are equal and so

J(R[G])= n J(R[HX])R[G]~J(R[H])R[G].
xEG

Therefore HE ffi(G) and so ~(G) ~ ffi(G).
(iii) ¢::> (iv). Since J(R[P])= EpR[P] each of the statements follows

from the other by taking annihilators.
(iv) ¢::> (v). Statement (v) is equivalent to the fact that a in R [G) is in

J(R [G]) if and only if aEp = Epa = 0 for all Sp-groups P of G. In other

words J(R [G]) = Ann(Lp EpR [G)). Thus (iv) and (v) can be derived from

each other by taking annihilators. 0

COROLLARY 6.4. Let P be a Sp-group of G and let Y = Invl' Y be an R[G]
module with dimR Y = 1. Then Gis p-radical if and only if yG is completely
reducible.

PROOF. By (6.1) and (6.3) G is p-radical if and only if P E CI(G). The result

follows as up to isomorphism Y is the unique irreducible R [P]
module. 0

THEOREM 6.5 (Khatri [1973]). Suppose that H <J G. Then the following
hold.

(i) H E ~(G) if and only if H E ffi(G).
(ii) If G is p-radical then G /H is p-radical.

(iii) If H is a p-group then Gis p-radical if and only if G /His p-radical.
(iv) If H E ~(G) then G is p-radical if and only if H is p-radical.

PROOF. Let P be a Sp-group of G.
(i) If H E ~(G) then H E CI( G) by (2.5). Thus HE ffi( G) by (6.1). The

converse follows from (6.2).

(ii) Let Y be an irreducible R [PH/H) module. y G is completely
reducible as an R [G) module if and only if yG is completely reducible as

an R[G/H] module. The result follows from (6.4).
(iii) If G is p-radical then so is G /H by (ii). Suppose that G /H is

p-radical. Let Y be an irreducible R [P] module. Since H ~ P, P is an
irreducible R [P /H) module and so yG is a completely reducible R [G /H)
module. Thus yG is completely reducible and G is p-radical by (6.4).

(iv) Let Y be an irreducible R [P] module. If yG is completely

reducible then by Clifford's theorem (III.2.12) (yG)1I is completely reduc-
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ible. Thus by the Mackey decomposition (II.2.9), V H is completely reduc­
ible. If V H is completely reducible then by Clifford's theorem V G is
completely reducible. The result follows from (6.4). 0

COROLLARY 6.6. Let G = G 1 X Gz. Then G is p-radical if and only if G 1

and G 2 are p-radical.

PROOF. If G is p-radical then G 1 and Gzare p-radical by (6.5)(ii). Suppose
that G 1 and G z are p-radical. Let Pi be a Sp-group of G j for i = 1,2. By

(6.5) J(R [G;]) ~ J(R [P;])R [G;]. Since

J(R[GD = J(R[Gd)R[G2] + J(R[GzDR[Gd

as R [G] = R[Gd 0td~ [Gzl modules it follows that

J(R [GD ~ J(R [PIDR[ G] + J(R [Pz])R [G].

Let P = PI X Pz. Then P is a Sp-group of G and J(R[P;])~J(R[PDfor
i=1,2. Thus J(R[G])~J(R[P])R[G].Thus PEfH(G) and so G is

p-radical by (6.3). 0



CHAPTER VII

1. Blocks with a cyclic defect group

The purpose of this chapter is to study modules in a block with a cyclic
defect group. In particular all indecomposable modules over a field of
characteristic p in such a block will be described. In addition to this, some
detailed information will be obtained concerning decomposition numbers,
higher decomposition numbers and other properties of modules and
characters in such a block. Since the situation for a block of defect 0 is very
simple and has been described it will be assumed that the block has positive
defect.

A cyclic p-group has only a finite number of indecomposable modules in
any field of characteristic p. (This follows from the Jordan form for linear
transformations.) Thus a module in a block with a cyclic defect group has
only a finite number of possible sources. Hence there exists a finite field
such that any module over a field of characteristic p in a block with cyclic
defect group is equivalent to a module over the given finite field. This
implies that the following assumptions are not unduly restrictive.

The notation introduced at the beginning of Chapter III will be used
throughout this chapter. The following assumptions and notation will also
be used.

K is a finite extention of Qp, the field of p-adic numbers.
R is the ring of integers in K.
D is a cyclic subgroup of G.

D = (y).

For 0:% i :% a, D; is the unique subgroup of D with ID : D; I= pi.

N; = Nc;(D;).

Therefore C <J N i and

269
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B is a block of R [G] with defect group D.

As in Chapter VI, section 1, there exists a finite unramified extension K
of K such that the following conditions are satisfied where R is the ring of

integers_in K. _
(i) R is a splitting field of R [H] for every subgroup H of G. K is a

splitting field of K[H] for every pi-subgroup H of G.
(ii) There exist blocks 13 = 13(°\ ... ,B lf

-
I
) of R [G] such that D is a

defect grou p of each 13 V). Furthermore if V is any irreducible R[G]
module then V is in B if and only if V @RR = 22;:(\ yV) with yV) in 13 V).

(iii) There exists an element a in the Galois group of Kover K such
. that after a possible rearrangement 13 "i = 13 V) for j = 0, ... , r - 1 and
BCF

' =13.
Choose the notation so that Ba

' = BV ). For any integer j' define
13 V') = BV ) where °~j ~ r - 1 and j' == j (mod r).

Since N = No ~ N; for °~ i ~ a, the First Main Theorem on blocks
(111.9.7) applied to G and to N; implies that for °~ i ~ a there exists a
unique block Bi of R [N;] with B? = 13 = Ba • Thus also Bi"k = 13k for

°~ i ~ k ~ a. By (111.9.3) and condition (iii) above, this yields that
BP)Nk = B~) for all j and °~ i ~ k ~ a. By the First Main theorem on
blocks (111.9.7) D is a defect group of each block B~). Let bk be a block of

R[Ck ] which is covered by 13k for °~ k ~ a.
. _ ~V) _ ~CF' ~V) ~V)

For J - 0, ... , r - 1 define b k - b k. Then B k covers b k. Observe
however that b( need not be equal to bk • By (V.2.3) the blocks covered by

13k are conjugate under the action of N k. Thus b( = brfor some z E N k.
By (V.3.9) 13k is regular with respect to Ck. Thus by (V.3.6), b~k = 13k. By

(V.3.14) D is a defect group of bk •

The group Nk/Ck is a group of automorphisms of the cyclic p-group D k.
Thus either Nk/Ck is cyclic or p = 2 and Nk/Ck is the direct product of a
group of order 2 and a cyclic group. In any case INk: Ck II (P - l)pa-l.
Therefore by (V.3.14) IT(bk ) : Ck II (P - 1) where T(bk ) is the inertia
group of bk in Nk. Furthermore T(bk)/Ck is cyclic.

For °~ k ~ a let bk be the block of R [Ck] such that bk corresponds to
the set of all R[Cd blocks {br'} as in (111.9.101. Let B k be the block of
R[Nd which corresponds to the set of all R[Nd blocks {B ~'} as in
(111.9.10). Thus B k covers b~ for all x E N k •

If H is a group and V is an R[H] module define:
l( V) = number of factors in a composition series of V.
S(V) = SI(V) = Soc(V) is the socle of V.
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S"(V) is the inverse image in V of S(V/S,,-t(V)) for n ~2.

T(V) = V /Rad V.

Rad'(V) = Rad(V) and Rad"(V) = Rad(Rad"-'(V)) for n~2.

Suppose that J-t is a one dimensional representation of R[H]. We will

write VJ-t for the tensor product of V with the underlying module which
affords J-t. Thus in effect we are identifying J-t with its underlying module.

If V" V 2 are R[H] modules for any group H then Ir~ (VI, V 2 ) denotes

the intertwining number of VI and V 2.

If V is an R [H] module then V K = V @RK.

LEMMA 1.1. If 0 ~ k ~ a-I then
(i) Co = Ck n T(bo),

(ii) T(bk) = T(bo)Ck,
(iii) T(bk)/Ck = T(bo)/Co.

PROOF. (iii) is an immediate consequence of (i) and (ii).
(i) Clearly Co ~ Ck n T(bo). Suppose that x E Ck n T(bo). Then x E No

and x d E Co for some integer d with d I(p -1). Since x E C k ~ Ca - t this
implies that x E Co.

(ii) Let Ck ~ H ~ Nk such that H /Ck is a Hall pi-subgroup of Nk/Ck.
Thus H /Ck is cyclic and T(bk), T(bo)Ck are both contained in H. Hence it

suffices to show that 1T(bk): Ck 1 = /T(bo)Ck : Ck I·
Let t be the number of blocks of R[Ck ] which are covered by b~I. Thus

t = IH: T(bk)/. By (V.3.9) and (V.3.10) b~lnN() covers a block b of R[Co] if
and only if b HnN" = b~lnN(). By the First Main Theorem on blocks (111.9.7)
this is the case if and only if b H = (b C k y-f = b{)-I, or equivalently b Ck is

covered by b~l. Furthermore t is the number of blocks of R[Co] which are
covered by b~lnN(). Thus t = 1H n No : T(bo) I.

Since I H : C k 1 is the number of elements of D,,-t which are conjugate to
yl'''-I in G is follows that IH: Ck I= IH n No: Col. Therefore

t 1 T(bk): Ck 1 = 1H: Ck 1 = 1H n No: Col = t 1 T(bo): Col·
Hence

1 T(bo)Ck : Ck / = 1 T(bo): T(bo) n Ck 1 = I T(bo): Col

= IT( bd :C k I. 0

For x E N a - I define a(x) by x-1yl''' 'x = yl',,-lcy(X). Thus a is a one

dimensional representation of R [Na-d whose kernel is Ca- 1• By abuse of
notation we will also use a to denote the restriction of a to any subgroup

of N a - t • We will also denote the underlying one dimensional R[Na - I ]

module by ll.
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In view of (1.1) {aiIO::;:;j::;:;IT(bo}:Col} is a set of distinct representa­
tions of R [T(bd] for 0::;:; k ::;:; a-I. Furthermore a IT(b[»):(~)1 = 0'0 is the trivial
one dimensional representation of every subgroup of T(bk ).

LEMMA 1.2. Suppos~ that for some k with 0::;:; k ::;:; a-I, bk contains a

unique irreducible R[Ck] module up to isomorphism. Then bk contains a
unique irreducible R[Ck] module up to isomorphism. Furthermore up to

isomorphism bo contains a unique irreducible R [Co] module.

PROOF. By (V.4.6) bo contains a unique irreducible R. [Co] module up to
isomorphism. The result now follows from (VI. 1.2). 0

THEOREM 1.3. Fix k with 0::;:; k ::;:; a-I. Assume that up to isomorphism bk
contains a finique irreducible R[Ck] module V and bk contains a unique

irreducible R[Ck] module V.
(i) There exist integers s = Sk, e = ek, with e I' T(bk) : Ck I, and hence

e I(p - 1), and an irreducible R [Nk] module W such that

W, Wa, ... , Wa,,-I are pairwise nonisomorphic modules in Bk. Wa" = W

and every irreducible R [Nd module in Bk is isomorphic to some Wa J
•

Furthermore VNk = S(EB;=l Wa i
).

(ii) If R = R then s = 1 and e = IT(bo): Col.

PROOF. This is a direct consequence of (1.2), (1.16.13) and (VI.3.3). 0

The index of inertia of B or the inertial index of B is the maximum
number of pairwise nonisomorphic irreducible R [No] modules in B o•

By (1.2) the assumptions of (1.3) are satisfied for k = O. Th.!1s the index of
inertia of B is the integer eo defined in (1.3). In case R = R it is equal to
I T(bo): Col and so coincides with the index of inertia defined in Chapter V,
section 9.

Since N i ~ Na - , for 0::;:; i ::;:; a-I, the Green correspondence defines a
one to one map from the isomorphism classes of nonprojective R -free
R [D ]-projective R [G) modules to the isomorphism classes of nonprojec­
tive R-free R [D)-projective R [Na-tl modules. Such a correspondence is
also defined for R [G) modules and R [Na - , ] modules. The following
notation will be used

G = N a -
"

B = B a - , •

If V is a nonprojective R -free R [D)-projective R [G) module then V is
the R [G) module which corresponds to V by the Green correspondence.
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If V is a nonprojective R [D ]-projective R [G] module, V is defined
similarly. If V is projective define V = (0).

By (IIL7.7) V is a nonprojective R-free R[G] or R[G] module in B if
and only if V is in B.

LEMMA 1.4. Let .f(D;, G), ?)(D;, G) .be defined as in Chapter III, section 5
for 0 ~ i ~ a-I. Then the following hold.

(i) .r(D;, G) = {(l)} for 0 ~ i ~ a-I.

(ii) If A E ?)(D;, G) then AnD = 0) for 0 ~ i ~ a-I.
(iii) If V, Ware R[D]-projective R-free R[G] modules or R[D]­

projective R [G] modules then
(a) HlJ(G, (I), V) = HlJ(G, (I), V),
(b) HlJ(G, 0), HomR (V, W» = HlJ(G, (I), HomR (V, W».

PROOF. (i)(ii) Suppose that A E ?)(D;, G). Thus A ~ G n Df for some

x E G - G. Since D a - 1 n D~_I = (I) it follows that A n D a - , C
D a - I n Df = (I). Thus AnD = (I) as D is cyclic. This proves (ii). Since
l' (D;, (;) ~ ?)(D i , (;) and every element of .f (D;, G) is a subset of D, (i) is

an immediate consequence.
(iii) This now follows directly from (IlL5.10). 0

LEMMA 1.5. (i) Let V be a nonprojective R -free R [G] or a nonprojective
R [G] module in B. Then V {; = V EB A I EB A 2 where A I is projective, A 2 is a
sum of indecomposable modules in blocks other than 13 and (A 2b is
projective.

(ii) Let V be a nonprojective R -free R [G] or a nonprojective R [G]
module in 13. Then VO = V EB A for some projective module A.

(iii) Let V, W be nonprojective R-free R[G] or nonprojective R[G]
modules in B. Then H lJ(G, (I), V) = H lJ(G, (I), V) and
H lJ(G, (I), HomR (V, W» = H lJ(G, 0), HomR (V, W».

PROOF. (i) This follows from (II.5.3) and (1.4)(i)(ii).
(ii) This follows from (IIl.5.4) and (1.4)(i).

(iii) This is a special case of (1.4)(iii). 0

2. Statements of results

This section contains only statements of results. The proofs of these

statements are given in the rest of this chapter.
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The material in this chapter is an outgrowth of the work of Brauer
[1942a]. In that paper he proved (2. 11}-(2.19), (2.22) and (2.23) in case
K = K and ID I = p. He also defined the Brauer tree which is defined in
section 6 and showed that the irreducible Brauer characters in B have
height O. The methods he used do not generalize to handle the case that
ID I> p. In particular one of his results, (11.2) below, is in general not true
for ID I> p as is shown by the examples at the end of section 11.

A quarter of a century later Thompson [1967b] proved results analogous
to those of Brauer for the case that D is a Sp -group of G and C" (x) = D
for all xED, x 11. In doing this he used the Green correspondence and
proved (1.17.12) as well as a version of (5.6) below which is of critical
importance for the whole development of this material. Almost im­
mediately after this, Dade [1966] was able to combine Thompson's
methods with the theory of blocks to prove (2.11}-(2.19) in general for the
case that K = K. Then Janusz [1969a], [1969b] using Dade's work as a
starting point gave a complete description of all the indecomposable R [G]
modules in B in case K = K. Section 12 contains his results generalized to
the case of general R. In particular for K = K he proved (2.2), (2.3),
(2.20)--(2.22), (2.26). At about the same time Kupisch [1969] independently
described the indecomposable R [G] modules in B for K = K. Earlier
results in this direction had been obtained by Srinivasan [1960], Janusz
[1966]. The R[G] modules which lift to R [G] modules were determined
by Michler [1975].

In case ID I = p, (2.4) and (2.8) were proved in Feit [1969] under
additional restrictions and generalized in Blau [1971a]. Lindsey [1974]
proved (2.4) and (2.8) for k = 0 and R = R in case D is a Sp-group of G.

Feit [1969] suggested a method for simplifying some of the arguments of
Dade and Janusz by making more systematic use of the Green correspon­
dence and in particular by using (11.5.10). Also (2.5), (2.7) for ID 1= p and
(2.10) were announced there in case K = K, and shortly thereafter (2.21)
was obtained in case K = K by these methods. It follows as a corollary of
(2.10) that every irreducible Brauer character in B has height O. This result
was first proved by Rothschild [1967] by applying a graph theoretic
argument to the Brauer tree to prove (2.7) for K = K.

Green [1974a] further simplified some of the above mentioned argu­
ments by making use of (11.3.13). In particular he considerably simplified
the proof of a result of Passman announced in Feit [1969]. He also obtained
some results on projective resolutions for the case K = K which general­
ized earlier work of Alperin and Janusz [1973]. His results are contained in
section 10 generalized to the case of arbitrary K. Peacock [1975a], [1975b],
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[1977] pushed these methods fu!ther to get an alternative proof of (2.20)
and some refinements for R = R by an argument ~hich was independent
of the results for K[ G] modules as opposed to R[G] modules. In case
ID 1= P (2.20) had already been announced in Feit [1969].

Recently Michler [1974], [1976b] gave a proof of (2.1) and (2.2) for
general K which is completely free of any "characteristic 0" results. In so
doing he introduced the idea of using (1.16.13) which made it possible to
simplify considerably a very complicated portion of Dade's paper.

The methods used in this chapter are an amalgam of those used in the
various papers mentioned above. For instance in section 5, Dade's
argument is followed quite closely though for most of the rest of the
chapter his arguments have been replaced by simpler arguments as
mentioned above. Frequently results are first proved in case K = K and
then in general by Galois descent.

Throughout this chapter e denotes the index of inertia of B, e denotes
the index of inertia of B.

THEOREM 2.1. B contains exactly e irreducible R[G] modules up to
isomorphism.

THEOREM 2.2. B contains exactly IDie nonzero indecomposable R[G]
modules up to isomorphism.

THEOREM 2.3. Let V be an indecomposable R[G] module in B. Then S ( V)
and T( V) are each the direct sum of pairwise nonisomorphic irreducible
modules.

THEOREM 2.4. Every indecomposable R [G] module in B is serial. There
exists an irreducible R[G] module W such that W, Wa, ... , Wa e

-
I is a

complete set of representatives of the isomorphism classes of irreducible R [G]
modules in B.

THEOREM 2.5. Let L, M be irreducible R [G] modules in B. The following
are equivalent.

(i) L =M.
(ii) S(L) = S(M).

(iii) T(i) = T(M).

THEOREM 2.6. Let V be an indecomposable R[G] module in B. Then
I(V)~pa and V is R[Dd-projective ifand only if I(V)=O (modpk).
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THEOREM 2.7. Let L be an irreducible R[G] module in B then either
o< I (L )~ e or p" - e ~ I (L )< p Q.

The next result is due to Blau and is a strengthening of an earlier result.

THEOREM 2.8. Let 0 ~ k ~ a-I and let V be an indecomposable R[Nk ]

module in B k then the composition factors of V in ascending order are
S( V), S( V)a -I, S( V)a -2, .••.

THEOREM 2.9. Suppose that for some k with 0 ~ k ~ a some nonzero
indecomposable R[Nk ] module in B k is absolutely indecomposable. Then
any irreducible R[Ni ] in B i is absolutely irreducible for 0 ~ i ~ a and any

indecomposable R[Ni ] module in B i is absolutely indecomposable.

Let LJ, . .. , L e be a complete set of representatives of the isomorphism

classes of irreducible R[G] modules in B. Let 'Pi be the Brauer character

afforded by L for 1 ~ i ~ e.
Let W be the module defined in (2.4) and let IjJ be the Brauer character

afforded by W.

THEOREM 2.10. Suppose that R = R. Then every 'Po is of height O.
(1/1 G : D 1 )1jJ(1) E Rand (11 I G: D I )1jJ(1) ~ O. Furthermore there exist inte­

gers Ci for 1~ i ~ e with 0 < ICj I~ e such that

1 1IG : D I 'Pi (1) == Ci IG : D 11jJ(l) (mod p").

For i = 1, ... ,e let Vi be the principal indecomposable R [G] module

which corresponds to L. Let Wi be the character afforded by Vi.
Let "1 be the set of all characters of No which are afforded by irreducible

K[No] modules in B o and which do not have D in their kernel.

THEOREM 2.11. If K = K then 1"11 = (pQ - l)le. In particular 1"11 = 1 if and

only if ID 1= p mid IT(bo): Col = p-1.

Throughout the rest of this chapter it will be assumed that the following

condition is satisfied.

I/1 I= (p Q - 1)1e.

Condition (*) is a hypothesis that K must satisfy. By (2.11) it holds in
case K = K. By (2.11) no two distinct elements of A are conjugate by a
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field automorphism which fixes the elements of K. Observe that (*) can be
satisfied with R an arbitrary finite field (of characteristic p) since there
exists a purely ramified extension K of QI' for which (*) is satisfied.

It should be noted that (*) need not be satisfied for the extension of QI'
generated by all ID Ith roots of unity. Consider the following example.

G = No is a dihedral group of order 30 and p = 3. Let am denote a
primitive m th root of 1 over Q~ and let K o = Q3(a3). Let x be an element of

order 15 in G. Then there exists a unique irreducible character ~ of G with
~(x) = als+ a~~I. Thus ~(x)gK o and A = {~+ ~'()"} where a7s = a~s. Hence
(*) is not satisfied for the block B of K o[ G] which contains ~. In this case (*)
is satisfied for any nonprincipal block of K[ G] where K = QI' (L~=o a r;).

THEOREM 2.12. B contains exactly e +IA I characters which are afforded by

irreducible K[ G] modules. If IA I = 1 these will be denoted by Xo, ... , Xe. If

'A I~ 1 these characters are divided into two families XJ, .. ·, Xc and
{XA IA E A}. In the latter case let Xo = LAEAXA. If x is any p'-element in G
then XA (x) = XIJ. (x) for A, fL E A.

The characters XA, A E A defined in (2.12) are called the exceptional
characters in B. By (2.12) XA and X,L agree as Brauer characters for
A, fL E A. In particular they have the same decomposition numbers. Let d Oi

denote the XA, 'Pi decomposition number for A EA.

THEOREM 2.13. d ui = °or 1 for 1~ i ~ e and 1~ U ~ e. If K = K then

dOi = °or 1 for 1~ i ~ e.

If K~ K then (2.13) need not be true. This is related to questions about
Schur indices. See (2.18).

Let u = 0, ... , e and let A EA. By (1.17.12) there exists an R -free R [G]
module X such that XK affords Xu or XA and X is indecomposable.

THEOREM 2.14. Suppose that K = K. Let °~ U ~ e and let A EA. Let

Xu, XA denote an R -free R [G] module such that Xu~XA is indecomposable,
(X~)K affords Xu and (XA)K affor4s XA. T!zen I (Xu ) = 1 or pQ - 1 and

I (XA ) = e or p" - e. The value 0 f I (Xu) or I (XA ) is independent of the choice

of Jhe motjule Xu or X A and depends only on Xu or XA. Furthermore
I (X,J = I(XA ) for A, fL EA.

If K = K define ou = ± 1 for u = 0, ... ,e by ou == I (Xu) (mod p") where
Xu is defined as in (2.14). If p" = 2 choose DO ~ 0 1 at random.
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THEOREM 2.15. Suppose that K = K.
(i) Let 1~ i ~ e. If dui ~ 0, dvi ~ 0 and u~ v then Du + Dv = O.

(ii) Let 1 ~ i ~ e. There exist u, v with Du + Dv = 0 such that cfJ i = Xu + Xv.
(iii) Let X = XO if ,A I= 1 and let X = XA for some A E A if IA I~ 1. Then

DoX(x) + ! DuXu (x) = 0
u = I

for every p'-element x in G.
(iv) Suppose that G = Na I. If 'A ,~ 1 then 01 = ... = De = 1 and Do =

- 1. If IA , = 1 then the notation can be chosen so that 01 = ... = De = 1 and

Do = - 1.

THEOREM 2.16. Suppose that K = K. Then every irreducible character in B
is of height O. Furthermore

Xu (l)== Du!/J(l) (modpa) foru=O, ... ,e.

XA (1) == - Doe!/J(l) (mod pa) for A EA.

The congruences in (2.16) are very strong if D is a Sp -group of G and get

weaker as the power of p in , G : D I gets larger. If for instance ID 1
2

11 G I
they contain no information.

Suppose that K = K. For 0 ~ k ~ a-I let !/Jk be the unique irreducible
Brauer character in bk. Let {z } be a cross section of T(bk) in Nk. Then {b~}

is the collection of blocks of Ck covered by Bk. Thus {I/J~} is the collection of
irreducible Brauer characters in blocks covered by B k •

If X EDk -Dk + 1 then Cc(x)= Ck. Let d(u,x,I/J~) or d(A,x,!/J~) denote
the corresponding higher decomposition number for Xu or XA respectively
where u = 1, ... , e and A E A or possibly u = 0 in case IA 1= 1.

THEOREM 2.17. Suppose that K = K. For 0 ~ k ~ a-I there exist Ek = ± 1

such that for x E Dk - Dk+1 the following hold.
d (u, x, I/J~) = EkDu for 1~ U ~ e or for u = 0 if 'A I= 1.

z - EkDo ~ i:w~ (x) for A E "1,
d(A, x, l/Jk) = 1GT WE~bk)

where i: is an irreducible constituent of the restriction to D of an irreducible
constituent of ACK in bk.

Furthermore if 0 ~ j ~ a-I and E:I, ... , Ej are the signs for the group Cj

then there exists')' = ± 1 such that E~ = ')'Ei for 0 ~ i ~ j.
If G = Cj for some j with 0 ~ j ~ a-I then Ej = ... = Ea-1= 1 unless
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p = 2 and j = 0, in which case the notation may be chosen so that E; = 1 for
O~i~a-l.

It follows from (2.17) that if IA '11 and A E A then XA has a higher
decomposition number not equal to ± 1 unless p = 2, e = 1 and A2 = 1. In
the latter case if XI is the nonexceptional character in B and a is the
irreducible character of D with kernel equal to D I , we can define X ~ = XA"
for A E A U {I} and note that {Xa satisfies (2.11)-(2.17) with
0o, OJ, E1, .. . , Ea-l unchanged but Eo replaced by - Eo. Then XC\' = X; is the
nonexceptional character.

If A runs over A in (2.17) then it is easily seen that ? runs over a
complete set of representatives of the T(bo)-conjugate classes of nonprinci­
pal irreducible characters of D.

THEOREM 2.18. Let r be the number of blocks of R[G) which are algebrai­
cally conjugate to E. Then the Schur index mo of XA over K is d lJi for some i
and is independent of A E A, and "XA W= mg r is independent of A E .1.

By (2.9) m = Ii? (L, L i ) is independent of i.
Let mo, r be defined as in (2.18).

THEOREM 2.19. (i) If 1 ~ u, i ~ e then Qp(Xu) = Qp(',Oi), mQp(Xu) = 1 and
IIXu W= m.

(ii) Given i with 1~ i ~ e then either there exists u, v with 1 ~ u, v ~ e
such that $; = Xu + Xv or there exists u with 1~ u ~ e and $i =
Xu + (e/emo)Xo.

If A = 1 and eI e then replacing K by a purely ramified' extension it
may be assumed that mo = 1 and so XO can be recognized from the
decomposition of the $i. In this case it is called the exceptional character in
B. Thus B contains an exceptional character unless ID 1- 1 = e.

Let aui = dui for u 10 and let aOi = e /(emo) if d Oi 10. Thus if 1 ~ i ~ e,
$i = auiXu + aviXv for suitable u, v.

It follows from (2.19) that mo I(e/e). Since e /e = [Qp (Xo, ',Oi): Qp (Xo)] this
also follows from (lV.9.3). In section 13 it will be shown that equality holds
if K is chosen suitably. In particular mo = e/e if K is a field of minimum
degree over Qp which satisfies condition (*), or if K = Qp (XA, A E A).

Suppose that dui 10 for some u, i. Let X ui be the pure submodule of Vi
such that (Xui)K affords auiXu and S (XUi ) = Li, and so Xu; is indecompos­
able. See (1.17.12).
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-
Observe that (2.19) implies that each irreducible constituent of X Oi

occurs with multiplicity (I D 1- 1)/e for dOi I- O.

THEOREM 2.20. If dui I- 0 then XUi is serial. If furthermore dvi I- 0 for some
vI- u then Rad Oi = X Ui + Xu and 5(Oi) = X ui n Xvi.

COROLLARY 2.21. Every indecomposable R [G) module in B is serial if and
only if one of the following conditions is satisfied.

(i) ID 1- 1 = e and after a possible rearrangement Xui is irreducible for all
u with 1:% u :% e and all i with dui I- O.

(ii) ID 1- 11- e. Xui is irreducible for u with 1:% u :% e and all i with
dui I- O.

(2.21) may be reformulated in terms of the Brauer tree defined in section

6 as follows.

COROLLARY 2.22. Every indecomposable R [G) module in B is serial if and
only if the Brauer tree is a star and the exceptional vertex, if its exists, is at the
center.

THEOREM 2.23. Let 0:% U :::::; e. There is an ordering cp(Il, ... , cp(Sl of all the
irreducible Brauer characters which are constituents of Xu such that if dui I- 0
and cp(t) = CPi then the composition factors of Xu; in ascending order afford
cp(t), cpu ell, ... where the superscripts are read modulo s. Each constituent
occurs equally often in .Xw •

THEOREM 2.24. If Xu is real valued then there exist at most two real valued
irreducible Brauer characters which are constituents of Xu.

THEOREM 2.25. Let 0:% u :% e and let X be an R -free R [G) module such
that XK affords auiXu, where dui I- 0 and X is indecomposable. Then there
exi~ts j with_ duj I- 0 such that X = X Uj . Furthermore I(X) = 1 or pQ - 1 and
I(Xuj ) = I(Xui) if dui , dujl- o.

In view of (2.19) and (2.25), Ou = _± 1 can now be defined for K in general
as follows. If dui I- 0 .then ou == I(XUi ) (mod p Q). If p Q= 2 choose 00 I- 01

randomly.

The next result is due to Janusz [1969b] as are (2.21) and (2.22). He

proved these as corollaries of the classification of indecomposable R [G)
modules in B. A proof of (2.26) is given at the end of section 12.
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THEOREM 2.26. Let V be an indecomposable R [G] module in B. Then

II(S(V))-I(T(V))I:% 1.

3. Some preliminary results

Throughout this section it will be assumed that

For 0:% k :% a-I, bk contains a unique irreducible R[Cd module up to
isomorphism.

It will later be shown that this assumption always holds. Thus the results
proved in this section will hold in general.

Observe that any statement proved for 0 holds for N k for 0:% k :% a-I
since if D k <J G then 0 = N k •

LEMMA 3.1. For 0:% k :% a-I, bk contains a unique irreducible R [Cd
module up to isomorphism.

PROOF. Clear by (1.2). 0

Let e = ea -] be defined as in (1.3).

Let W be the R [0] module defined in (1.3).

LEMMA 3.2. W, Wa, ... , Wa e
-

1 is a complete set of representatives of the
isomorphism classes of irreducible R[0] modules in B.

PROOF. Clear by (1.3). 0

LEMMA 3.3. Let Ca - I ~ H ~ 0 for some subgroup H. Let M be an R[H]
module in the block which covers bu -I. Then

(i) (S"(M))ca_
1
~ S"(Mca J for all integers n,

(ii) (Rad" (M))ca _
1
~ Rad" (MC

a
_ J

PROOF. Let Ca - I = C. The proof of both statements is by induction. If
n = 1 both statements follow from Clifford's Theorem, (11.2.12).

(i) It may be assumed that M = SrI (M). As (M/S"-'(M))c is completely
reducible, induction implies that Rad(Mc ) ~ (S"-'(M))c ~ S"-I(Mc ). Thus
Mc ~ S"(Mc ) as required.

(ii) By induction Rad" -I (Mc ) ~ (Rad" -1(M))c. Thus Rad" (Mc ) ~

Rad(Rad"-I(M)c) ~ (Rad"(M))c by induction. 0
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LEMMA 3.4. Let Ca -I ~ fl ~ 0 for some subgroup H. Let V be an irreducible
R[H] module in the block which covers ba - I • Suppose that V 0R R is the

direct sum of m indecomposable modules. Then the following hold.

(i) If M ~ any irreducible module of R[H] in the block which cover~ ba -- I

then M 0R R is the direct sum of m algebraically conjugate irreducible R [H]
modules.

(ii) If P is a nonzero indecomposable projective R[H] module in the block

which covers ba - 1 then P 0R_R is the direct sum of m algebraically conjugate
indecomposable projective R [H] modules.

(iii) If M is an indecomposable R[H] module in the block which covers

ba - 1 then

l( M ~ R) = ml(M).

PROOF. This follows from (VI.3.4). 0

THEOREM 3.5. (i) If P is a nonzero indecomposable projective R[0] module
in B then P is serial and I(P) = p a.

(ii) Let M be an indecomposable R[0] module in B. Then M is serial and

S"(McaJ = (S"(M))ca_1 for all n.

PROOF. This follows from (VI.3.5). 0

COROLLARY 3.6. Let M be an indecomposable R[G] module in B. Then
M ®R R= EB 1~r where T ranges over a quotient group of the ~alois group

of Rover R and each ir is indecomposable with I(M) = I(MT) for all T.

Furthermore
S(J'vf) 0 R= EB S(Mf·

l~

PROOF. This follows from (VI.3.6). 0

THEOREM 3.7. Let M be an indecomposable R[0] module in B. Then for

o~ k ~ a, M is R[Dd-projective if and only if I(M) == 0 (mod p k).

PROOF. If k = a this is a consequence of (3.5). Suppose that 0 ~ k ~ a-I.

Assume first that R = R. By (1.3) e = IT(bj ): ~ I for 0 ~ j ~ a and there
are exactly e irreducible Brauer characters til; in B. All of these have the
same degree and hence are of height O. Thus til; (1)/ 10 :D I is a unit in R.
Therefore if M is an indecomposable R[D k ]-projective module in B then
I (M) == 0 (mod p k) by (IV.2.2).
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By (3.5) B contains exactly epa _ok pairwise nonisomorphic indecompos­

able modules M with I(M) == 0 (mod pk). Thus B contains at most epa-k
pairwise nonisomorphic indecomposable R[Dk ]-projective modules and it
suffices to show that B contains at least ep uk pairwise nonisomorphic

indecomposable R[Dd-projective modules. We will show that for each j
with k ~ j ~ a, 13 contains at least e(pa- j - pa-j-J) pairwise nonisomorphic

indecomposable modules with vertex D j • This clearly implies the desired
result.

Fix j with k ~ j ~ a. Let V be the unique irreducible module in hj (up to
isomorphism) and let Wa i, 1~ i ~ e be the modules in Bj defined in (3.2).
For l~s~pa-j let X, be the indecomposable R[D]] module of R­
dimension s. Then (X.~J)nJ = IN j : D j IX,. Thus X.> and X;"'J have no
common indecomposable component if s ~ t. Furthermore if s ¢ 0 (mod p)
then every indecomposable component of X~J has vertex D j • Since
V ~ X~J it follows from (1.3) that EB~=J Wa i ~ X'~J ~ X~J. By (3.5) the
• N. • • •
mdecomposable components of X s I m B j are all senal and must contam
some Wa i as a submodule. Thus B j contains at least e(pa- j _pa-j-I)
pairwise nonisomorphic indecomposable modules with vertex D j • The
Green correspondence between N j and N a - J = 0 now implies that B
contains at least e (pa- j - pa-j-J) pairwise non isomorphic indec0n.!posable

modules with vertex D j • This completes the proof in case R = R.
Suppose now that R is in the general case. Let M be an indecompo~able

nonzero RL9] module in B. Let M_be an indecompos.?ble nonzero R[G]
module in 13 such that MIMQ:::h~R. By (3.6) M0RR_=EBMT where T

ranges over a quotient group of the Galois group of Rover R. Further­
more I(M) = I(M) by (3.4)(iii). Thus it suffices to show that M is

R[Dk ]-projective if and only if M is R[Dk ]-projective. This is true by
(111.4.14). D

LEMMA 3.8. e = e. B contains exactly e irreducible R[0] modules up to
isomorphism and B contains exactly e ID I nonzero indecomposable R[0]
modules up to isomorphism.

PROOF. By (3.2) B contains exactly e irreducible R[0] modules up to
isomorphism. By (3.5) each indecomposable R[0] module V in B is
uniquely determined by S (V) and I (V). Since I (V) may take any value
between 1 and p a = ID I, it follows that B contains exactly eID I nonzero
indecomposable R[{;] modules up to isomorphism. It remains to show
that e = e.

By (3.7) B contains exactly (pU - pa-J)e indecomposable R[O] modules
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with vertex D up to isomorphism. Furthermore B o contains exactly
(pa - pa-I)e indecomposable R [No] modules with vertex D up to

isomorphism. By (111.7.8) 13 and B o contain the same number of indecom­

posable modules with vertex D up to isomorphism. Thus e = e. 0

THEOREM 3.9. Let 0 ~ k ~ a-I and let M be an indecomposable R[Nk ]

module in B k • Then the composition factors of M in ascending order are

SCM), S(M)a- l, S(M)a-2, ....

PROOF. Let V be an indecomposable R [Nd module in B k with W = S( V)
and I (V) = 2. By (3.2) T( V) = Wa d for some integer d. Let P be the
principal indecomposable R [Nk ] module corresponding to W. Then V =
S2(P). By (3.2) and (3.8), {Pa i I0 ~ i ~ e - 1} is a complete set of represen­

tatives of the isomorphism classes of principal indecomposable modules in
B k • Thus if Vo is an indecomposable R [Nk ] module in Bk with I( Vo) = 2
then Vo= Vai for some i and so T(Vo) = S(Vo)a d

• As every indecompos­

able R [Nk ] module in B k is serial it follows that the composition factors of
such a module M in ascending order are SCM), S(M)a d

, ••••

It suffices to show that ad = a -I or_equivalently that d == - 1 (mod e). By

(3.6) it may be assumed that R = R.
Let z = ypa r. Then (z> = D a - I <J N k • Since

it follows that

dimR {Inv(z)(P)} = pa-I dimR W = dimR {spa -I(p)}.

As (z> <J N k , Inv(z)(P) is a submodule of P. Thus Inv(z)(P) = Spa-I (P) since P
is serial. Let U = Spa 1+I(p). Then U(z - 1) = S(P) and T( U) =
Spal+l(p)/Spa-l(p). Thus T( U) = S(P)a pa -1d

•

Let x be a p '-element in N k • Let {Ui} be a set of characteristic vectors for
x in U such that their images form an R-basis of T( U). Then UjZ = Uj + Wi,

where {w;} is an R-basis of S(P) as U(z -1) = S(P). Let UjX = CjUj. Then
for all i

= Ci-1U;X + C;IW;X = Ui + C;I WiX•

Thus WjX = Cja (x )Wj for all i. Consequently {Wj} is a set of characteristic

vectors for x and "'o(x) = ljJ(x)a (x), where "'0 is the Brauer character
afforded by S(P). Therefore
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LEMMA 3.10. Let M I and M 2 be indecomposable R[CT] modules in 13 such

that I (M1) + I(M2) ~ p". Then

H(J( CT, 0), HomR (MI , M 2)) = HomR[G)(M1, M 2 ).

PROOF. Let g E Tr~} (HomR (MI, M 2)). By (11.3.13) there exists an inde­
composable projective R [G) module P and an exact sequence

with g = fh. Clearly P is in 13. Thus by (3.5) h (M,) C St(M1)(P) and
S pa-

t
(M 2)(P) is in the kernel of f. Since l (MI) + I (M2 ) ~ p" it follows from

(3.5) that St(Mj)(P) C spa-
t(M2)(P). Consequently g = fh = O. This implies the

result. 0

LEMMA 3.11. Let VI, V 2 be irreducible R[G) modules in B. The following

are equivalent.

(i) VI = V 2•

(ii) S(V1)=S(V2).
(iii) T( VI) = T( V 2).

PROOF. Clearly (i) implies (ii) and (iii). The modules Vi, V! are in a block
with defect group D. Thus once it is shown that (ii) implies (i), it will follow
that (iii) implies (i) by duality. It remains to prove that (ii) implies (i).

Suppose that S(VI ) = S(V2) and VI -f; V 2. Then HomR[GJ(\!" Vj) = (0)
and so H()(G,(l),HomR(\!', Vj))=(O) for {i,j}={1,2}. Thus by (1.5)(iii)
H(J( G, 0), HomR (Vi, Vi)) = (0) for {i, j} = {I, 2}. Choose the notation so
that I(VI)~ I(V2).

Suppose first that I(VI)+/(V2)~P". Hence HomR[GJ(VI, V2)=(0) by
(3.10). By (3.9) VI = S"(V2 ) for some n contradicting the previous sen­
tence.

Suppose next that I(VI )+/(V2»p". By (3.5) I(~)~p" for i =1,2.
Thus there exists a principal indecomposable module P and exact se­
quences

for i = 1,2. Therefore I (X2) ~ I(XI ), I(XI) + I(X2) < p" and T(X I ) =



2811 CHAPTER VII [3

T(X2 ). By (111.5.12) and (3.10) HomR[GI(X1, X 2 ) = (0). However (3.9)
implies that X 2 =X,/S"(X 1) for some n contrary to the previous
sentence. D

LEMMA 3.12. B contains exactly e irreducible R[0] modules up to

isomorphism and B contains exactly e ID I nonzero indecomposable R[0]

modules up to isomorphism.

PROOF. The map sending V to V is one to one from the isomorphism
classes of nonprojective indecomposable modules in B to the isomorphism
classes of nonprojective indecomposable modules in Eo Thus by (3.8) it
suffices to show that B contains exactly e irreducible pairwise nonisomor­
phic modules. By (3.8) and (3.11) B contains at most e pairwise
nonisomorphic irreducible modules.

For i = 0, ... , e - 1 let \I, be an R [0] module such that Vi = Wo' i o

There exists an irreducible R [0] module L with HomR[GI( \1" L i ) ~ (0). By
(111.5.13) applied to 0 and (; and (1.5)(iii) HomR[GJ(W0'\ i;) ~ (0). Thus
WO' i = S(i;)o Hence by (3.11) {L, lo:s i :s e -I} is a set of pairwise
nonisomorphic irreducible modules in B. D

THEOREM 3.13. (i) Let F be a finite extension field of R. Let o:s k :s a and

let V be a nonzero indecomposable R [Nk ] module in B k • Suppose that V F is

the direct sum of m algebraically conjugate F[ N k ] modules. Then for any j
with o:s j :s a and for every indecomposable R [Nj ] module U in Bj, UF is

the direct sum of m algebraically conjugate absolutely indecomposable F[ N j ]

modules.

(ii) Suppose that for some k with o:s k :s a, B k contains an absolutely

indecomposable nonzero R[Nk ] module. Then for all i, every indecomposa­

ble R[Ni ] module in B i is absolutely indecomposable.

PROOF. Clearly (i) implies (ii) so that only (i) needs to be proved. By (3.6)
WF is the direct sum of algebraically conjugate absolutely irreducible
modules. Thus it suffices to prove the result for V = Wand k = a-I.

Suppose first that for some j with o:s j :s a-I, B j contains a nonzero
indecomposable R [Nj ] module U such that UF is the direct sum of m
algebraically conjugate indecomposable F[Nj ] modules. By (3.6) S( U) has
the same property. By (3.2) every irreducible R [Nj ] module in B j has the
required property and so by (3.6) every indecomposable R [Nj ] module in
B j has the required property. Thus the result holds for j = k = a-I.

Suppose that 0 :s j :s a-I. Let ~ be a n indecomposable R[0] module
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in B j with vertex D j and let U be the R [0] module which corresponds to

~ under the Green correspondence. By (III.5.7)(iii) U F is the direct sum
of m algebraically conjugate F[Nk ] modules. Thus the result holds for
o~ j ~ a-I by the previous paragraph.

By (l1I.5.7)(iii) the result holds for every nonprojective indecomposable
R[0] module in B as it holds for every indecomposable R[0] module in

E. It also holds for the indecomposable projective R[0] modules in B as it
holds for the irreducible R [0] modules in B. D

LEMMA 3.14. Suppose that IR(W, W) = m. Let 0 ~ k ~ a and let VI, V 2 be

indecomposable R[Nd modules in Bk • Then IR(V" V 2)=0 (mod m).

PROOF. By (I.19.'!) W Q9R R= EEc=, W(~' where T is an element in the

Galois group of Rover R, WO is absolutely irreducible, W(~' = W(~J if and

only if i =j (modm). By (3.6) and (3.13) V.,Q9 R R =EEr'~I(V,)(~' for
s = 1,2 and some absolutely indecomposable modules (V,)o. Thus

LEMMA 3.15. Let M 1 rS M 2 be indecomposable R[0] modules in E. Let
m = IR(W, W).

(i) If I (M1) ~ e then IR (M;, ~) ~ m for {i, j} = {I, 2}.

(ii) If I R(M1, M 1) = m then I(M 1 ) ~ e.

PROOF. Both statements are immediate consequences of (3.9) and
(3.14). D

THEOREM 3.16. Let V be an irreducible R [0] module in B. Then either
I (V) ~ e or I (V) ~ p" - e.

PROOF. Let m = I R (W, W). By (111.5.13), (1.5)(iii) and (3.13)

dimRH()(O,O),HomR (V, V))=dimRH()(O,O),HomR (V, V))

= I R (V, V) = m.

Suppose that I(V) ~ ~p". Thus by (3.10) 1R (V, V) = m. Hence I(V) ~ e
by (3.15).

Suppose that I (V) > !p". There exists a principal indecomposable R [0]
module P and an exact sequence

O~ V~P~X~O.
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Thus I(X) = I(P) - I( V) < ~p". By (III.5.12) and (3.10)

Ir~ (X, X) = dimR HO(O, (1), HomR (X, X))

= dimR HO( 0, (1), HomR (V, V)) = m.

By (3.15) I(X)~ e and so I(V)~ p" - e. 0

LEMMA 3.17. Let V be an indecomposable R[G] module in B.
(i) S (V) is the direct sum ofpairwise nonisomorphic irreducible modules.

(ii) T( V) is the direct sum ofpairwise nonisomorphic irreducible modules.

PROOF. The module V* is in a block with defect group D and T(V*) =
S( V)*. Thus (ii) follows from (i) by duality. It remains to prove (i).

If V is projective the result follows from (1.14.8) and (1.16.8). Suppose

that V is not projective. Let L be an irreducible R [G] module in B. It will
be shown that L occurs in S( V) with multiplicity at most 1.

Suppose that l(i)+/(V)~p". By (111.5.13), (1.5)(iii) and (3.10)
HomRIC) (L, V) = HomR [ei)(L, V). By (3.16) either I (i) ~ e or I (V) ~ e. In
either case the result follows from (3.13) and (3.15).

Suppose that I(i) + I(V) > p". There exist principal indecomposable
R [0] modules PI, P2 and exact sequences

Thus I(X)+/(Y)<p". By (3.16) either I(X)~e or I(X)~p" -e and so

I(Y)~ e. By (111.5.12), (3.14) and (3.15)

dimR HO(O, (1), HomR (L, V)) = dimRH()(O, (1), HomR (X, V))

= Ir~ (W, W).

Thus by (111.5.13) and (1.5)(iii) I R (L, V) = Ir~ (W, W). The result follows
from (3.13) and (3.14). 0

The results proved so far in this section are sufficient for the proofs of
(2.1)-(2.10). The next two results are needed for the proofs of (2.20)-(2.23).

LEMMA 3.18. Suppose that M 1 and M 2 are nonprojective indecomposable
R[G] modules in B such that Rad(J\;1;)= S(M)= V for i = 1,2, T(Mi ) =
Vi for i = 1,2 where V, VI, V 2 are irreducible. Assume that VI ~ V 2 and
I(VI) ~ I(V2). Then

I(V2)+ I(V)< p" < I(V1)+ I(V).
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PROOF. By (1.5) (i) there exist exact sequences for i = 1,2

O~ VEBA 1 EBA2~Mi EBA; EBA~~ V, EBA';EBA~~O,

where A J, A ;, A'; are projective and A 2, A~, A ~ are sums of indecompos­

able modules in blocks other than E. If this sequence is multiplied by the
central idempotent corresponding to the block E then (1.15.6) implies the
existence of projective R[(;] modules P, such that

O~V~MiEBPi~Vi~O

is exact for i = 1,2.
Suppose that I(V,)+ I(V)~pQ. Then

O~V~Mi~Vi~O

is exact for i = 1,2. Thus S(M1) = S(M2) and so S(M:/V) = S(MJV) by
(3.9). Hence S(V1) = S(V2 ). Thus by (3.11) VI = V 2 contrary to assump­
tion.

Suppose that I(V2 ) + I(V) ~ P Q. Since M is not projective I(Mi)~ pQ.
Then there exist principal indecomposable modules PI, P2 in E such that

- f - ~-

O~V~MEBP,~Vi~O

is exact for i = 1,2. Since P, is not in the kernel of gi' T( '\1;) = T(P;) = S(P;)
for i = 1,2. Since j; (V) n Pi ~ (0) it follows that S( V) = S(P;) for i = 1,2.
Thus S(V)= T(Vi) for i = 1,2 and so T(V 1)= T(V2 ). Hence by (3.11)

VI = V~ contrary to assumption. 0

LEMMA 3.19. Let M be an indecomposable R[G] module with S(M)=
Rad(M) such that S (M) is irreducible but T(M) is reducible. Then T(M) is
the direct sum 0 f 2 nonisomorphic irreducible modules. Furthermore
I (S(M)) ~ 1 or pQ - 1.

PROOF. By (3.17) T(M) is the direct sum of pairwise non isomorphic
irreducible modules. By (3.18) I(T(M») = 2. For any irreducible con­
stituent V of T(M) 1~ I(V) ~ pQ - 1. Thus if I(S(M» = 1 or pQ - 1,

(3.18) implies that I(T(M» = 1 contrary to assumption. 0

4. Proofs of (2.1)-(2.10)

The proofs of (2.1) and (2.2) will be given simultaneously by induction

on IG 1

•
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Suppose that 0 = Co. Then e = 1. By (Vo4.6) Go contains a unique
irreducible Brauer character. Thus the hypothesis of section 3 is satisfied
and the result follows from (3.12).

Suppose that 0 = Ck for some k with 0 ~ k ~ a - 1. By (1.3) e = 1. If
D = D k then 0 = Co and the result follows from the previous paragraph.
Suppose that D k ~ D. Let 0° = O/Dk • By (Vo4.5) there is a unique block
130 of 0 0 which is contained in 13 and D / D k = DO is the defect group of 13 0.

By (1.3) the index of inertia of 13° is 1. Thus by induction 13 lI contains a
unique irreducible Brauer character. Since every irreducible Brauer
character of 0 has D K in its kernel it follows that 13 contains a unique
irreducible Brauer character. Since the inertial index of 13i is 1 for all i it
follows by induction that 13i has a unique irreducible Brauer character for
o~ i ~ k. As C = Ca _( for k ~ i ~ a - 1 we see that the hypothesis of
section 3 is satisfied. The result follows from (3.12).

Suppose finally that 0 ~ Ca -I. Hence by induction Gk contains a unique
irreducible Brauer character for 0 ~ k ~ a - 1. Hence the hypothesis of
section 3 is satisfied and the result follows from (3.12). 0

As a consequence of (2.1) we see that the hypothesis of section 3 is
always satisfied. Thus all the statements of section 3 are valid.

(2.3) follows from (3.17).
(204) follows from (3.2) and (3.5).
(2.5) follows from (3.11).
(2.6) follows from (3.5) and (3.7).
(2.7) follows from (3.16).
(2.8) follows from (3.9).
(2.9) follows from (3.13).
By (1.5)(ii)

1 d· V 1 d· V- ( d a)IG : D I ImR == IG : D I ImR mo p

for any R [G] module in B. Thus (2.10) is a direct consequence of (2.7). 0

5. Proofs of (2.11)-(2.17) in case K = K

Throughout this section it is assumed that K = K.

LEMMA 5.1. In case G = Co, statements (2.11)-(2.17) are true with e = 1,
0, = 1, Do = - 1.
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PROOF. This is a direct consequence of (V A.7). [J

LEMMA 5.2. Statement (2.11) is true.

PROOF. By (5.1), T(bo)/Coacts as a permutation group with no fixed points
on the set of all irreducible K[ Co] modules in B o which do not have D in
their kernel. Thus by (5.1) and e = [T(bo): Co], b(;"(h,,) has (p" -l)le irreduc­
ible characters which do not have D in their kernel. Thus 1.11 =
(pa - l)le by (V.2.5)(i). Since e I(p - 1), 1.11 = 1 if and only if e = p - 1

and 'D I= p. [J

LEMMA 5.3. B contains exactly e + 1.1/ irreducible characters.

PROOF. Let yS 11. The number of conjugates of yS in D is IN; : C 1 where
y' ED; - D; l-I. The number of blocks of C covered by Bi is (lIe)1 N i : C ,.
Therefore the number of irreducible Brauer characters of Co (yS) = C in
blocks which are mapped to B by the Brauer correspondence is lie times
the number of conjugates of y S in D. By (2.1) there are exactly e
irreducible Brauer characters in B. Hence by (IV.6.6) (ii) B contains

exactly e + 1.11 irreducible characters. 0

LEMMA SA. In case G = Ca - I the decomposition numbers in B are all 1.

PROOF. By (5.3) there are pa irreducible characters in B = Ba.- I • By (2.1)
there is a unique irreducible Brauer character in B. The result follows from
(VA.6). 0

LEMMA 5.5. Let X be an R-free R[Ca-d module in ba- , such that X is
indecomposable. Then X K has no composition factor with multiplicity greater
than 1.

PROOF. By (204) X is serial. Hence X/Rad(X) is irreducible. Thus there
exists an indecomposable projective R [Ca - I ] module P and a commutative
diagram

P

Yl
X ~XIRad(X)~ o.

Since 'TTX ~ Rad(X) it follows that X IRad(X) = X IRad(X) and Rad(X) is
the unique maximal submodule of X. Therefore g is an epimorphism and
the result follows from (SA). 0
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The next result was first proved by Thompson [1967b] in a critical special
case.

LEMMA 5.6. Let 11 be a character of G such that eJ>j = 17 + 11' for some i
where 11' = 0 or 17' is a character. Let () h ... ,(}pa be all the irreducible

characters of C,,_I in b,,_I. Then

I(11ca-I' (),) - ( 17ca_t' (), ) I~ 1

for all s, t. If 17~ 0 and 17 ~ eJ>j then (17ca_
"

(),) ~ (11ca J' (),) for some s, t.

PROOF. By (1.17.12) there exists an R-free R[G] module Y such that YK

affords 11 and ¥ is indecomposable. If Y is projective then 11 = eJ> and the

result is trivial since YCa _ I is projective. Suppose that Y is not projective.
By (1.5)(i) Yo = YEBA 1 EBA 2 where AI is projective and A 2 is_a suI!1 of
modules in blocks other than ii. By (111.5.8) and (1.4)(i) Y= ¥ is

indecomposable. If 111 and 112 are the characters afforded by (A1)K and
(A 2)K respectively then ((1b)ca_J' (}s) = 0 for all sand ((11t)ca_J' (}s) is
independent of s. Hence it may be assumed that G = (; and Y = Y.

It follows from (3.5) that ¥ is serial and ¥c
a

_
1
= EB Ux, where U is an

indecomposable R[Ca - I ] module in ba - I and x runs over a cross section of
T(ba - t ) in Na - 1• Thus Y Ca -

I
= YoEBA, where ¥o= U and A is a sum of

modules in blocks other than ba - I • Hence it may be assumed that G = Ca-I.
Now (5.5) implies that (11ca J' (}s) ~ 1 for all s. This yields the result. D

LEMMA 5.7. All decomposition numbers in Bare 0 or 1.

PROOF. Suppose this is not the case. Then there exists an irreducible

character X with eJ>j = 2X + 11' for some i, where 11' = 0 or 11' is a character.

If () is any irreducible character of Ca - I then (2Xc" I' ()) is even contrary to
(5.6). D

LEMMA 5.8. Let X be an R-free R [G] module in B such that X K is
irreducible and X is indecomposable. Then one of the following holds.

(i) XK is irreducible.
(ii) There exists a principal indecomposable R [(;] module U and an exact

sequence

O~Y~U~X~O

with YK irreducible.
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PROOF. IK(XK, X K) = 1. Since X is not projective. this implies that

dimR HO(G, 0), HomR (X, X)) = 1.

Thus by (1.5)(iii) dimR HO(G, 0), HomR (X, X)) = 1.

Since X = X by (111.5.8) and (1.4)(i), it is serial. Thus there exists a
principal indecomposable R [(;] module U and exact sequences

O~Y~U~X~o.

As X is R -free, Y is a pure submodule of U and so Y= V. By (2.6)
I(U)=pa. Hence I(X)~pa/2 or I(Y)~pa/2. Let_Yo = X if 1<-{)~pa/2
and let Y o= Y if I(Y)~pa/2. Thus in any case l(fo)~pa/2. By (111.5.12)

HO( G, (1), HomR (yo, Yo)) is a nonzero cyclic R module. By (3.10)

G - - G
0= Tr(l}(HomR (yo, Yo)) = Tr(l:.(HomR( Yo, Yo)).

Thus by (111.5.15)

HomRIGJ( Yo, Yo) = HO( G, 0), HomR (yo, Yo)) = R.

Hence rank R HomR[GJ( Yo, Yo) = 1 and so h « YO)K, (Yoh:) = 1. Therefore
Yo is irreducible. D

LEMMA 5.9. Let 0 ~ k ~ a - 1. Suppose that G = Ck. Let GO = Ck/Da - t •

Define I{ for 0 ~j ~ a-I by D a - t ~ I{ and I{/Da- I = CGo(DdD,,-I). Then
Cf <JI{, I{/Cf is a p-group and THj(bJ) = Cf for Z ENj • The following

statements hold.
(i) b ~ b H

j de fines a one to one correspondence from the set of all

I{-orbits of blocks of Cf which correspond to bk and the set of all blocks of I{
which correspond to bk.

(ii) Let Z E N j • Then () ~ () Hj is a one to one correspondence between the

irreducible ordinary or Brauer characters respectively in bj and those in

(b:r\
(iii) If X is an irreducible character in bj, x E D j - D i + 1 for i ~ j and

b ~j = bj for some Z E N j then

(iv) Let X = XO be an irreducible character of G which has D a - I in its
kernel and let XO be in the block b~ of GO. If x E D j - D j + t for 0 ~ j ~ a-I

and Z E N j then

d(Xo, xDa-JDa - h (~/nH/t = d(X, x, ~/j).
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PROOF. The first statement, (i) and (ii) follows from (V.2.5) and (V.3.14).
The remaining statements are consequences of the Second Main Theorem
on blocks (lV.6.1). D

At this point (2.11) and (2.13) have been proved except for the fact that
d Aj is independent of A. This will follow once (2.12) is proved. Observe that
(2.15) (i) is an immediate consequence of (2.15) (ii). Also (2.15)(iii) is an
immediate consequence of (2.12) and (2.15) (ii) since for 1~ i ~ e, 'Pi occurs
with multiplicity Du + Dv = 0 for suitable u, v in the generalized character

DuX + L:=1 DuXu.
The proofs of (2.12), (2.14), (2. 15)(ii), (2.15)(iv), (2.16) and (2.17) will be

given simultaneously by induction on '0 I.
If 0 = Cu these results are true by (5.1). Suppose that 0 -I Cu.
Assume first that 0 = C k for some k with 0 ~ k ~ a - 1. Without loss of

generality k may be chosen so that 0 -I Ck -I. Since 0 -I C u, ID I> p. Thus
by induction all the results are true for Ck - I and also for 0° = O/Da - t • Let
.1 0 be the subset of .1 consisting of all those characters in .1 which have
Da - , in their kernel. By (VA.5) there exists a unique block BO of 0° with
BO ~ B. By induction there exist irreducible characters XI, XA, A E A ° in B
and these are precisely all the irreducible characters in B which have D a - I

in their kernel.
Let (J" (JA, A E.1 be the irreducible characters of Ck - I in bk - t •

For any element x in 0 let Xp, X p' denote the p-part, p'-part of x
respectively.

Let Cu, •.. , Ck be the signs defined in (2.17) for the group 0°. Let
C b, ... , c: -I be the signs defined in (2.17) for the group Ck -I. By induction
and (2.15) the values of Du , U = 0, ... , e are determined in all smaller cases.

Let H j be defined as in (5.9). By induction there exists ')" = ± 1 such that
the signs for b~ multiplied by')" yield the signs for (b~-{~_Ift. Thus if a is the

. I h f LJ /D . (b 11k . ')0 (b () )Hk -1!Ok - 1 h hnonexceptlOna c aracter 0 r:lk-I a-I In k-t = k 1 , t en t e
generalized decomposition number of XI at xDa-I/Da- 1 for xED - D k is
,),'0 times the generalized decomposition number of a, where 0 = 01 for b~.

If xED then (5.9) (iv) implies that the sign C which equals the
generalized decomposition number of a in (b::.I't at xDa-,/Da- , must
equal the generalized decomposition number of a in b~/~i 1 at x. By (5.9)(ii)
a = f3 H

k f, for f3 E bk -I and so by (2.17) applied to Ck -I, the decomposition
number of f3 at x is equal to c.

By the observation following (2.17) we may assume that f3 = (}I. Hence
there exists')' = ± 1 such that Cf = ')'Cj for 0 ~ j ~ k -1.

If A E.1 U {l} then induction applied to Ck - I yields that if ? is an



5] PROOFSOF (2.1 I)-(2.17) IN CASE K = K 295

irreducible constitutent of the restriction to D of an irreducible constituent
of ACk _ , in bk - I then

o if X" ECk I D,

As Co (x) ~ Ck- I for xED - D k this implies that

if x p EoD,

If Xp E D j - D j l-I for some j ~ k then by induction and (5.9) (iv)

XA (x) = - EjDu?(Xp)t/Jk (xp.),

where Do is defined by induction on GO. If k < a-I then since GO =
COo(Dk/Da- I ), induction implies that Do = 1 and Ei = 1 for k ~ i < a -1. If
xp E Da -I then xp is in the kernel of XA and so XA (x) = XA (xp.) =
?(xp)t/Jk (xp} Thus for A E .1 (J U {l}

o if xp EoD,

(5.10)

- EjD(J " yz ( )./,Z( )
~Z~i ~ xp '+' j xp '

if X p ED; - D i + l , 0 ~ i ~ k - 1.

If pa = 4 let Do = - 1, D) = 1. In general D) can be defined by induction and
D1 + Do = O. Since E: = E/Y for 0 ~ i ~ k - 1, comparison of the last two
equations yields that for A E A (J U {l}

r, _ {?(XP)[t/Jk (xp.) - "D 1t/Jf-I(Xp.)] if XpEr,Dk ,

XA (x) - "D) eA (X) -
o otherwise.

For /.L E.1 define

{

~(xp) [X,(xp.) - "D 1ef'(xp.)]
11M (x) =

o otherwise,

where ~ is an irreducible constituent of the restriction to D of an
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irreducible constituent of !J-Ck - I in bk - I • The previous equation implies that

if A E A () U {I} then XA = T/A + yD, a;'. For !J- E A define X,t = T/Il + yD, a~. It
follows from the characterization of characters (IV .1.1) that TI,t is a
generalized character. Thus also Xil is a generalized character. Direct

computation shows that XI1 satisfies equation (5.10) with A replaced by !J­

and ~ replaced by f In particular X,t (1) > O.
We next compute IIX,t W. Let yS E D j - D il , and let A be the set of all

elements in G whose p-part is y s. If i ~ k then LA I Xil (x) 1
2 = LA IXI(X) 1

2

by (5.10). Suppose that i < k then

~ IXIL (X)12 = x isap~emcnl II ~ Iz~; gZ(yS)"'~(x) 1

2

inC;

If z and z I are in different cosets of C then '" ~ and l/J ~ 1 are in different
blocks. Hence

This implies that IIxll W= IIxl W= 1. Hence XI1 is an irreducible character for
all !J- E A U {I}.

Equation (5.10) shows that each X,t is in B, the X ,t are all distinct and
X,t (x) = XA (x) for all pi-elements x and A,!J- E 11. Thus (2.12) holds..
Furthermore (5.10) implies that (2.17) holds for G with signs, say £'; for

i~k and £':=£i for 0~i~k-1. (Recall that for G=Ck , D,=l and

Du = - 1.) Since X,t (1) = XI(1) is the degree of l/Jk it follows that XI1 is
irreducible as a Brauer character. This implies that (2.14) and (2.16) hold.
since L AE \ U{I}XA is the unique principal indecomposable character in B also
(2.15) is true. Thus all the required statements have been proved in case
G = Ck for some k with 0 ~ k ~ a-I.

Assume next that G = Na - t • Let A u be the set 0 f irreducible characters of
C u in bu which do not have D in their kernel. Let aI, OA, A E Ao be the
irreducible characters in ba - t • It follows directly from (2.17) applied to Ca - I

that T(ba-,)/Ca- , permutes the set {Od in (piJ -l)/e orbits each of length e.
Thus if !J- = ANil E A let X,t = oc;. Then by (V.2.5) there are exactly

IAI = (pa -l)/e irreducible characters in B whose restriction to Ca- I has
an exceptional character as a component. Since B has e + 'A I irreducible
characters by (5.3), there must be e distinct constituents of 0 f'. Call these
Xt, ... ,Xe. Since a, is irreducible as a Brauer character, (1.3) implies that

of' = L:=, XU and each Xu is irreducible as a Brauer character. Furthermore
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Xu (X) = 'Pu (X) for all p '-elements X for u = 1, ... , e after a suitable
rearrangement. If 1/1 Ii' 1 th~n the characters XA, A E /1 are the exceptional
characters. It is clear that I(Xu) = 1 for 1 ~ u ~ e. Thus 8" = 1 for 1 ~ u ~ e.
If AE /1 then XA(X) = L;=I 'Pi (X) for all p'-elements x, since (Jl = (JA on the
set of p '-elements and so (J f'(x) = (J ~(x) for all p '-elements x. Thus
<Pi = Xi + LAE!lXA for 1~ i ~ e. Furthermore I(X-o) = pa - 1 and so 8u =
- 1. This completes the proof of (2.12), (2.14), (2.15) and (2.16) in this case.
Now (2.17) follows from the definition of induced character and the fact
that (2.17) holds for Ca -I.

We may now assume that G i' Na - I •

Let X be a character in B such that X ~ <P for some principal indecom­
posable character CP. Let X, Z be R -free R [G] modules such that X K and
ZK afford X and X and Z are indecomposable. Then X K = ZK and so X
and Z have the same irreducible constituents. Thus X{; and Ze; have the
same irreducible R [G] constituents. _By (1.5)(i) ~here exist projective
R[G] modules MJ, M 2 in E such thaI. X EEl ¥l and Z EEl M 2 have the same
irredu~ible £onstituents. Hence I (X) ~ IlZ) (mQd p a) by (3.5). Since
1~ I(X), I(Z) ~ piJ - 1, this implies that I(X) = I(Z) is independent of the
choice of X. By (1.3)(i)

X(l)~/(X)l/J(I) (modpiJ).

Suppose that X is irreducible. Let Y be defined as in (5.8). Then (5.8)
implies th_at one of the following occurs.

(i) I (..t) = 1. XK affords a non exceptional irreducible character in E.
(ii) I(X) = piJ - 1. Y K affords a nonexceptional irreducible character

in E.
(iii) I(~) = e. XK affords an exceptional irreducible character in E.
(iv) I(X) = pa - e. Y K affords an exceptional irreducible character in E.
Define an irreducible character in B to be exceptional if case (iii) or (iv)

occurs with e i' 1D 1- 1. Define it to be nonexceptional if case (i) or (ii)
occurs.

Suppose that 1/1 1i' 1. Let OA, A E /1 be the exceptional characters in E.
For A,!J- E /1, (JA - (Jil vanishes on all elements whose p-part is not
conjugate in G to an element in D - 0). Since G contains the centralizer
of every element whose p-part is conjugate in G to an element of D and
since two such elements are conjugate in G if and only if they are
conjugate in G, a simple computation shows that

«(JA - Oll)G,«(J(r - O,.)G)G = «(JA - (Jp, (Jf7 - (J,.)e;,

II «(JA - 0ll-)G W= II (JA - Op. W= 2 for Ai' !J-
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with xp conjugate in 6 to an element of D.
A standard argument (see e.g. Feit [1967b] section 23) shows that there

exists a sign 0 = ± 1 and irreducible characters XA, A E A such that
(8A- 81')G = O(XA - X/L). Since (XA - X,.)(x) = 0(8A- 8,.)(x) for x E 6 with
xp conjugate in 6 to an element of D, it follows that the higher
decomposition numbers for XA and ljIk for some k with 0 ~ k ~ a-I are
not zero. Hence by the second main theorem on blocks (IV.6.1) XA is in B
for all A EA. Furthermore (XA k = 08A+ C L,.E\ 8'l + r where c is some
integer and (r, 81') = 0 for all JL E A. Possibly c and r depend on A.

Let XAbe an R-free R [G] module such that (XA)K affords XA and XAis
indecomposable. Let YA be defined as in (5.8). Then (XA)K affords 8A if

o = 1 and (YA)K affords (JA if 0 = - 1. (If 'A I= 2 then 0 is not uniquely
defined. Thus 0 can now be defined so that 0 = ] if and only if 1(XA) ~
pa /2.) Therefore

X(l) =oeljl(l) (mod pa) (5.11)

in any case. Since XA and X,l hav_e the sa~e irreducible Brauer constituents,
it follows from (1.5)(i) that l(XA)=l(X'l) (modpa) and so

(5.12)
- -

for A, JL E A as 1~ I(XA ), I(XI") ~ pa - 1.

Suppose that X is an exceptional character in B with X I: XA for all A EA.
Let X be an R -free R [G] module such that X K affords X and X is
indecomposable. Define Y as in (5.8) .. Define YA similarly corresponding
to XA. Then Homf~[Gl(X,XA) = (0) for all A EA. Thus by (1.5)(iii) and
(III.5.12)

HO(6,0), HomR (X, XA)) = H IJ
( 6, (1), HomR (Y, YA)) = (0).

Let YOA = X Aif l(XA ) = e and let YOA = YA if l(XA ) = pa - e. Then in any
case l("YOA ) = e. Let Yo = X if YOA = XA and let Yo = Y if YOA = YA.
Therefore l("Yo) = e or pa - e. Thus l("Yo) + l("YOA)~pa. Hence by (3.10)
and (III.5.15) Homf~[Gl(Yo, YOA)=(O) and so IK«Yo)K,(YOA)K) = (0) for all
A EA. This is impossible as (YO)K must involve some constituent which
affords an exceptional character.

We have shown that B contains exactly' A , exceptional characters if

IA II: 1 and they all have the same degree. Define 00 = - o. By (5.3) B
contains exactly e nonexceptional irreducible characters if IA II: 1 and
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e + 1 nonexceptional irreducible characters if 'A I= 1. If X o is an R -free

R [G] module which affords LAE \ XA, where IA I~ 1 and Xo is indecompos­
able then (1.5)(i) implies that

l(Xo) =L l(XA ) =00 (mod p").
A

(2.12), (2.14), (2.16) and (2.17) are now immediate by (5.8), (5.11) and

(5.12). It remains to prove (2.15).
If e = 1 then (2.15) is clearly true. Suppose tha t e > 1. If (2.15) is false

there exists i and u, v with 0 ~ u < V ~ e such that ou = ov and $j =
Xu + Xv + 7J I for some character 7J'. Let (}I, ... , (}p" be all the irreducible

characters of C" -I In b" -I where (), is the nonexceptional character in b" -I.

If ou = 1 then l(Xu) = 1. Thus (}I is the only constituent in b"-l of the

character afforded by «Xu)K)c" _I and it occurs with multiplicity one. If
ou = - 1 then l (Xu) = p" - 1 and so (}j for 2 ~ j ~ p" are the constituents in

b"-l of the character afforded by «Xu)K k" 1 and each occurs with multiplic­
ity one. Thus by (1.5)(i) «Xu)c" I' ()! - (}j) = ou for j ~ 2. Consequently
«Xu + Xv)c" I' (}l - (}2) = 20u contrary to (5.6). This contradiction completes
the proof of (2.15). D

6. The Brauer tree

LEMMA 6.1. For l~i~e,l~u~e,Qp(Xu)~Qp($;).IfIAI~1 then also
Qp (Xo) ~ Qp ($;).

PROOF. If X is a p-rational character then Qp (X) is in the field generated by
all cPi' and so is in Qp ($;) by (2.9). The result follows from (2.17). D

LEMMA 6.2. Let 1~ u, V ~ e, u~ v. Suppose that Xu = X~ for some
automorphism a 0 f Qp (Xu). Then Ou = ov and Xu, Xv cannot have a common
constituent as Brauer characters.

PROOF. Let Xv be defined as in (2.14) and let Xu = X~. Then l(Xu) = l(Xv)
and so ou = ov (mod p"). Since e ~ 2, p" > 2 and so ou = ov. The result
follows from (2.15). D

LEMMA 6.3. Suppose that IA I~ 1. Then XA ~ X~ for any automorphism a of
Qp (Xu), where 1~ u ~ e, A E .L



300 CHAPTER VII [6

PROOF. Suppose that XA ='X~;. Since u permutes the irreducible Brauer

characters of each Ck , it follows from (2.17) that all the higher decomposi­

tion numbers of XA are ± 1. Then (2.17) implies that p = 2, e= 1 and

Xu = Xl, X:= X-I. Thus if xED - D 1 then as 00+ 01 = 0,

Xl(X)=C0011No :Coll/J0(l)= -X-I(X)~O

and so XI(X t ~ X-I(X). 0

Define the Brauer graph of B as follows.

There is one vertex for each u = 0, ... ,e and one edge for each
i = 1, ... , e. The vertex corresponding to u is on the edge corresponding to

i if and only if d ui~ O.
We will later define the Brauer graphs of a block of F[ G) with cyclic

defect group, where F is any finite extension of Qp, and need not satisfy

condition (*) of section 2. See section 9 below.

LEMMA 6.4. If K = K the Brauer graph of B is a tree, i.e. it contains no

closed paths.

PROOF. Given i there are exactly two values of u with d ui ~ 0 by (2.15).

Thus each edge has exactly two vertices. By (1.17.9) the graph is connected.

As there are e edges and e + 1 vertices there are no closed paths. 0

LEM~'1A 6.5. Let T be a connected tree and let u, p be automorphisms of T

which fix no edge.

(i) u fixes at most one vertex in T.
(ii) If up = pu and u(P) = P, p (Q) = Q for vertices P and Q then P = Q.

PROOF. (i) Suppose that u fixes vertices P and Q of T with P ~ Q. Then u

fixes the unique path from P to Q and so fixes some edge contrary to
assumption.

(ii) Since up (P) = pu(P) = p (P) it follows from (i) that P = p (P). Thus

P = Q by (i) applied to p. 0

THEOREM 6.6. Ifljl~1 then Qp(Xu)= Qp(<pi) for l~u~e, l~i~e.If

IA I= 1 then the notation can be chosen so that Qp (Xu) = Qp (<Pi) for
1~ u ~ e, 1~ i ~ e.

PROOF. By (2.9) M = Qp (<Pi) is independent of i. Choose K with M c: K
such that K is a Galois extension of Qp and M is the maximal unramified
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subfield of K. Let a- be the Frobenius automorphism of K and let a denote
the restriction of a- to M. Thus (a) is the Galois group of Mover Qpo Let T

be the Brauer graph of B. By (6.4) T is a tree. Let a also denote the
automorphism of T defined by a. Hence a i fixes no edge of T if a i ~ 1.

By (6.5) there is a vertex P of T such that for all j with a i~ 1, the set of
vertices fixed by a i is either empty or consists of P. If ,. i I~ 1 then P
corresponds to u = 0 by (6.3). If ,j ,= 1 choose the notation so that P
corresponds to u = O. Thus X: i

~ Xu for 1 ~ u ~ e. Hence Qp (Xu) = M for
l~u~e by (6.1). D

COROLLARY 6.7. If the notation is chosen suitably in case ,j I= 1 then in

any case for 1 ~ u ~ e the Schur index rnQp (Xu) = 1 and for 1~ u ~ e

Xu = LXuj, where {Xui} is a set of pairwise distinct algebraically conjugate
characters.

PROOF. By (lV.9.3), (2.13) and (6.6) rnQp(Xu) = 1. The second statement is
an immediate consequence. D

COROLLARY 6.8. The Brauer graph corresponding to the block B is a tree.

PROOF. The Brauer graph is connected and has e + 1 vertices. By (6.6) and
(6.7) it has e edges. D

The Brauer graph will also be called the Brauer tree.

7. Proofs of (2.11)-(2.19)

By assumption (2.11) is true.
Since (2.12) has been proved in case K = K it follows in the general case

from (6.6).
Since (2.13) has been proved for K = K it follows from (6.2) and (6.7)

that dUi = 0 or 1 for u ~ 0, 1~ i ~ e.
Statements (2.14)-(2.17) apply only to the case that K = K and so have

been proved in section 5.

PROOFOF (2.18). By (6.3) and condition (*) of section 2, XA is not conjugate
to any other character of B for A E .1. Let rnA denote the Schur index of XA
over K. Let B = B<I), ... ,B<r) be all the R[G) blocks conjugate to B. Then
for A E /1, XA= rnA L~ = I X~) where X~) is an irreducible character in BU).
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There exists i with 1 :0:::; i :0:::; e and do; rf O. By (2.13) dOi = rnA. Thus II XA W=
m ~ r = d~;r. The result follows as dOi is independent of A E.1. D

PROOF OF (2.19). (i) This follows directly from (6.6) and (6.7).
(ii) Let $i = :Z=~=(Jd"ix,,· By (1.17.8)

- m
dUi = "X" WdUi if 1 :0:::; u :0:::; e,

- m
dOi = II XA 11 2 doi .

By (2.13) and (6.7) dUi = 0 or 1 for 1:0:::; u :0:::; e. By (2.18) dOi = (mlm~r)doi

and so dOi = 0 or mlmor. Since (!>i is the sum of m algebraically conjugate
principal indecomposable characters it follows that m = re Ie. Thus dOi = 0
or eIemo. The result follows from (2.15). D

8. Proofs of (2.20)-(2.25)

LEMMA 8.1. Suppose that dUi rf 0, dVi rf 0 for some i, u rf v. Then Rad Oi =
XUi + X"i and S(O,) = XIIi n X"i.

PROOF. l (Oi) = l (X'i) + l (Xvi) as $i = a"iX" + a"iX". The existence of the
Brauer tree implies that L is the only common irreducible constituent of

X'i and X"i. Thus if S (Oi) ~ X'i n X"i then Li occurs with multiplicity at
least 2 in both X,,; and Xvi and so u = v = 0 by (2.13). This contradicts the
fact that urf v. Thus XUi n Xvi = S(Oi). Hence l(X"i + Xvi) = I(Oi)-1 and

so Rad Oi = XUi + X"i. D

LEMMA 8.2. Let s rf t with d"., rf 0, dill rf 0 for some u. If dUi rf 0 then
S2( Oi )/S (Oi) i: L EB Lt unless j = s or t, dOi rf 0 and dOi = 0 for all i rf j. (The
last condition is equivalent to the fact that XA (x) = 'Pi (x) for all p'-elements x
in G.)

PROOF. Assume that S2(Oi)/S(Oi) = L EBLt • By (2.15) and (6.2) there
exists v rf u with dVi rf O. By (3.19) and (8.1)

L s EBL t = S2(Xui )/S(Xui )EB S2(Xvi )/S(Xvi ).

Suppose that XVi rf S (XVi). Then L t say, is a constituent of both XVi and
X Ui and so j = t by (2.19). Hence Li is a constituent of XVi with multiplicity
at least 2. Thus v = 0 by (2.13). Let A E .1. By (1.17.12) there exists a pure
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submodule X Aj of X Oj such that (XAj)K affords XA. Thus L j ~ XAj ~ X Oj and
so 5 2(XAj ) ~ 5 2(XOj )' Since 5 2(XUj )/5 (XUj ) ~ (0), 5 2(XOj ) has a composition
series with composition factors Lj, L j. Thus 52(XAj)~5(Xoj ) by (2.13).
Hence XAj = 5 (XAj ) = L j and the second case of the lemma holds.

Suppose that XVj =5(Xvj )=Lj . By (2.19) either v~O or v =0 and
e = e= 'D 1- 1. In either case XI! is the sum of m algebraically conjugate
characters X7., each of which is irreducible as a Brauer character. Let Lj

denote the irreducible R[G] module which affords XI! as a Brauer
character, then L7 affords X~. By (2.14) I(Ln= [«Lj )") = 1 or p" - 1.
Since I j iSJ/?R = EBL7 by (2.9) it follows that [(I j ) = 1 or p" -1 contrary

to (3.19). 0

PROOF OF (2.20). In view of (8.1) it only remains to show that Xui is serial.

Suppose it is not. Let n ~ 1 be the smallest integer such that
5r1~-I(XUi)/5 r1 (X'i) is reducible. Then Xu)5n-I(XUi) has a submodule M
such that 5 (M) is irreducible and M 15 (M) is completely reducible but not
irreducible. Let 5 (M) = L j • By (2.19) M15 (M) = L., EB Lt for some s~ t.

Since duj ~ 0, du.,~ 0, dut ~ 0 (8.2) yields a contradiction as M is isomorphic

to a submodule of OJ'

PROOF OF (2.21) AND (2.22). Clearly (2.22) is a reformulation of (2.21). Thus
it suffices to prove (2.22). By (2.20) Oi is serial for 1 ~ i ~ e if and only if
there exists u with dUi ~ 0 and Xui irreducible. This is the case if and only if
the Brauer tree of B is a star and the exceptional vertex, if it exists, is at the
center. The result follows from (1.16.14). 0

PROOF OF (2.23). If the result is false then by (2.20) there exist i, i', such that

Xui has a factor module M with 5(M) = Lj, 5 2(M)/5(M) = L., and XUi • has
a factor module M' with 5(M') = Lj, 5 2(M')/5(M) = L for s~ t. Then

d u ., ~ 0 and duj ~ O. Furthermore 5 2( OJ)15 (OJ) = L., EB Lt by (3.18) contrary
to (8.2). 0

PROOF OF (2.24). Let dUi ~ O. Since Xu is real valued (X~i)K affords Xu and
X~i is indecomposable. Thus by (2.20) X~i= XUj for some j with duj ~ O.
Let 'P(l), ••• , 'P(S) be the ordering of the irreducible Brauer constituents of
XUj defined in (2.23). Then by (2.23) 'P(S)', • •• , 'P(I)' is a cyclic permutation of
'P(1), ••• , 'P(s). Thus if 'P(r1)' = 'P(l) then 'P(k+l) = 'P(r1-k)'. Hence 'P(r1-r) = 'P(r1-t)'

if and only if n - t =0 t + 1 (mod s) or 2t =0 n - 1 (mod s). There are at most

two solutions to this congruence which implies the result. 0
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LEMMA 8.3. Let V, W be R[G) modules with S (V) = L j • If L j occurs as a
composition factor of W with multipicity n then I R (W, V) ~ nIR (Lj, L j ).

PROOF. It may be assumed that V ~ ~. Thus by (1.16.4)

IR (W, V) ~ IR (W, ~) = IR ( [;1, W *) = nIR (L 1, L j)

= nIR (Lj, L j ). D

PROOF OF (2.25). By (2.9) and (2.19) I(*-"i) = I(.f;"i) where X"i is an R-free

R[G] module which affords x". Thus I(X) = I(X"i) is 1 or pU -1 by (2.14).
There exists j such that L j is isomorphic to a submodule_ of X. We will

first show that X is determined up to isomorphism by I (X) and j.
If G = Na - t this is clear by (2.4). Thus it may be assumed that

G~G=Na-l. By (III.5.13)_ HO(G,(1),HomR(Lj,X))~(O). Thus by

(1.5) (iii) HO( G, (1), J:.IomR (Lj, X)) ~ (0). _ _
Suppose that I (X) = 1. Then HomR (Lj, X) ~ (0). Hence X = T(L j ).

Thus by (2.5) X is uniquely determined up to isomorphism. Hence also X
is uniquely determi~ed up to isomorphism.

Suppose that I(X) = pU - 1. Let P, Po be principal indecomposable

R[G) modules such that the following sequences are exact

O~Y~P~X~O

Hence I (Y) = 1. By (III.5.12), HO( G, (1), HomR (yo, Y)) ~ (0) and so

HomR (yo, Y) ~ (0). Thus Y = T( Yo). By (2.8) T(Yo) is determineg by

S(Lj ). Thus by (2.5), T(Yo)= Y is deterI1]ined by L j• By (2.8) S(X) is

determined by Y, and hence by L j• Thus X is determined up to isomor­

phism. Consequently X is determined up to isomorphism. Thus in particu­

lar X is serial.

It remains to show that if X = X"j then X = X"j.
By definition the multiplicity of S (X) as a constituent of X is 1 if u ~ 0

and (I D 1-1)/e if u = O. Hence (8.3) implies that

1
m if u~ 0,I

I R(X, X) ~ = II a"iX" W= rankl~ Homl~IGJ(X, X"j).
~@l-J2 if u = 0,

e

This implies that I R(X, X) = rank RHomR(GJ(X, X"j). Thus there exists

g E HomRIGI(X, X"j) such that g induces an isomorphism g from X to X"j.
As .X/,j is serial, Rad X"j is the unique maximal submodule of X"j. Hence g
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is an epimorphism. Therefore X"j = X / Z for some module Z. As both X"j
and X are R -free this implies that rankRZ = rankRX - rankRX"j = O.
Consequently Z = (0) and so X"j = X. 0

9. Some properties of the Brauer tree

Let K o be an arbitrary finite extension field of Qp. Let K be a field which
satisfies condition (*) of section 2 such that K o~ K and K is a totally
ramified extension of K o, i.e. K o and K have the same residue class field.

Let B o be the block of K o[G] which corresponds to B. Then the Brauer tree

of Bo is defined to be the Brauer tree of B. Thus every block of K o[G] with
a cyclic defect group has a Brauer tree for any field K o with [Ko : Qp] finite.

It is sometimes convenient to associate the irreducible Ko[G] module to a
vertex of the Brauer tree rather than the character afforded by such a

module.

It is convenient on occasion to label the exceptional vertex if there is

one.
If X",XIJ correspond to distinct vertices on the same edge then by (2.19)

and (2.25) 0" + ov = O.
It follows from the results of section 2 that if G = Na - , then the Brauer

tree is a star with the exceptional vertex, if any, at the center.

'\ r
~~KO

'- 0
o

G =Na - ,

It will be shown in Chapter X that if G is p-solvable then the Brauer tree
of a block B of G with cyclic defect group is a star. The converse of this

statement is false. For instance the principal 13-block of Suz(8) has the
following tree. The degrees are written by the vertices.

014

! 164 0 35--r- ex
I

°14
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A more spectacular example is given by the principal I3-block of the
automorphism group of Suz(8).

-14

014 ~01

I

~
OI4

l-{~05 64

I 64 014

614 I 01
014

If P is any odd prime then the tree for the principal p-block of PSL2(p)

looks as follows. There are Hp - 1) edges.

}, _-----'p'--;_I_--'-p_t_I__p--z _1 Ct
!(p + 1)

ex

The sign is chosen so that the exceptional character has odd degree.
It is not known whether every tree is the Brauer tree for a suitable block

of some group. No tree has been shown not to occur though it seems likely
that most trees will not occur. (Added in prooF By using the classification of
the finite simple graphs it can be shown that most trees do not occur as
Brauer trees.)

Let e be an integer and let p be a prime with p == 1 (mod e). Let G be the
Frobenius group of order pe. Then the Brauer tree for the principal
p-block of G is a star with e edges. Thus every star occurs as a Brauer tree.

The only trees with 1 or 2 edges are stars. Thus they occur as Brauer
trees. The principal 7-block of PSL2(7) has the Brauer tree which is a line
segment with 3 edges. Thus every tree with 3 edges is a Brauer tree. The
next two examples show that every tree with 4 edges is a Brauer tree.

The principal 5-block of 55 has the following Brauer tree.

4 6 4

The principal 5-block of Suz(8) has the following tree.
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The next two results were proved by Tuan [1944] in case a = 1. See also
Yang [1977].

THEOREM 9.1. Suppose that 0 has a cyclic Sp-group. Then every R[O]
module in the principal p -block is equivalent to an Fp[0] module where Fp is

the field of p elements.

PROOF. As the principal p-block contains the principal character, the result
is a direct consequence of (2.9). D

THEOREM 9.2. The subgraph of the Brauer tree of B consisting of those

vertices and edges which correspond to real valued characters and Brauer

characters is either empty or is a straight line segment.

PROOF. Let an object be either a vertex or an edge in the tree. Suppose
there is a real object in the tree. By (IVA.9) the set of characters and
Brauer characters in B is closed under complex conjugation. Thus complex
conjugation defines an incidence preserving map of the tree which sends
edges to edges and vertices to vertices. Two real objects in the tree are
connected by a path. Thus they are also connected by the complex
conjugate path. Since the tree has no closed path it follows that two real
objects are connected by a path consisting of real objects. Therefore the set
of real objects in the tree form a connected graph. By (2.24) this graph is a
straight line segment. D

The subgraph of the Brauer tree consisting of real edges and vertices is
called the real stem of the tree.

The next two results are due to Rothschild [1967] for the case that
K = K. He used these methods to prove (2.10). The following notation is
needed for these results.

T is the Brauer tree corresponding to B. The edge corresponding to L; is
denoted by E;. The vertex corresponding to Xu is denoted by Pu.

If 1~ i ~ e then T - {E;} is the disjoint union of two trees. Let these be
denoted by To(E;) and T,(E;) where To(E;) contains the vertex Po.

n (E;) is the number of vertices in Ti(E;). Thus n (E;) is the number of
vertices in T which are separated from Po by the removal of the edge E;.

d (Pu ) is the number of edges on the unique path in T which joins Pu

to Po.

LEMMA 9.3. (i) For 0 ~ u ~ e, ou = (- l)d(J'.)oo.
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(ii) Let 1~ j ~ e and let P = Pu be the vertex on Ej which is in 'Tl(Ej ).

Then one of the following holds.
(1) Do( - l)d(P) = Du = 1; n(Ej ) = I(Lj ).

(II) Do( _l)d(P) = Du = - 1; n(Ej ) = pU -1(Lj ).

PROOF. (i) This is an immediate consequence of (2.19) and (2.25).
(ii) This is proved by induction on n (Ej ). If n (Ej ) = 1 then XUj = L j

where P = Pu • Thus I(L j ) == Du (mod pU) and the result follows from (i).
Suppose that n (Ej )?3 1.

Let E" ... , E, be all the edges in 'T,(E j ) which have P as a vertex. Hence
E I, ... , E" Ej are all the edges in 'T which have P as a vertex. Furthermore
n(Ej )=l+L;=,n(E). By (1.5)(i)

Du == I(Lj )+! I(L) (modpU).
;= I

By induction and (i)

Du = I(L j )- Du! n(E)== I(L j )- Du{n(E j )-l} (modpa).
;=1

Therefore
I(Ld - Dun (Ej ) == 0 (mod pU).

The result now follows, as n (Ej ) ~ e and by (2.7) I(Lj ) ~ e or pU - e ~
I(Ld ~ pU. D

LEMMA 9.4. Suppose that ID 1- 11- e. Choose j with dOj I- 0 and let
L" ... , Ls be all the irreducible R[G] modules (up to isomorphism) which
are constituents of XOj• Then one of the following holds.

(i) Do = -1./(L)=n(Ei)~efor l~i~sand L:=,I(L)=e.
(ii) Do = 1. p a - I(L ) = n (Ei ) ~ e for 1~ i ~ sand L;-, {p U- I(L)} = e.

PROOF. E 1 , ••• , E s are precisely the edges of 'T which have Po as a vertex.
Let Pi I- Po be the other vertex on E for 1 ~ i ~ s. Thus d (P,) = 1 and so
(-l)d(P) = -1 for 1 ~ i ~ s. Since L:=I n(E;) = e, the result follows from

(9.3)(ii). D

10. Some consequences

LEMMA 10.1. Suppose that G has a cyclic Sp-group (x). Let l(x)1 = pn. Let
V be an indecomposable R[G] module in B and let d be the degree of the
minimum polynomial of x acting on v. Then p n-al (V) ~ d. If furthermore
D <J G then pn-ul(V) = d.
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PROOF. By (1.5) (i) it may be assumed that G = (; and V = V. By (3.4) it

may be assumed that K = K. By (3.5) it may be assumed that G = Co-I'

Then NG «x» = CG «(x». Hence Burnside's transfer theorem implies that
G = (x)H with H = Op,(G). Replacing x by a conjugate it may also be

assumed that D ~ (x).
By (111.3.8) every indecomposable R[G] module U in B is of the form

U = ur; for some R[DH] module Uo in a block with defect group D.
Hence V = Vr;, where V o is an R[DH] module in a block with defect
group D. By the Mackey decomposition (11.2.10) (V(()(x) = {( VO)D }(X). Thus
the minimum polynomial of y on Vo is (Y -IY\ where d = pn-odo•

Therefore it may be assumed that V = Vo and x = y.
Since H is a p'_group, V H = EB M i , where each M i is irreducible.

Choose M = M j with Mg (Rad V)H. Then L~':-(~ M(y -ly is an R[G]
module which is not in Rad V. B contains a unique irreducible R[G]
module W up to isomorphism by (2.1). V is serial by (2.4). Thus

V = L~':-~ M(y - It Since M IWH it follows that dimR M ~ dimR W.
Therefore

I(V)dimR W = dimR V ~ d dimRM ~ d dimR W.

Hence I(V) ~ d.

Suppose that D <J G. By (111.3.7) WH = M and

I(V)dimR W = dimR V = d dimR W.

Hence in this case I ( V) = d D

The next result is the celebrated Theorem B of Hall and Higman [1956].

The proof given here is in the spirit of that of Thompson [1967b]. For an
alternative proof in a critical special case, see Feit [1967a].

As can be seen from the proof, the integer a which occurs in the second
possibility of (10.2) is related to the defect of a p-block of a quotient group

of a suitable subgroup of G. A more precise formulation can be found in
Knapp and Schmid [1982].

THEOREM 10.2. Suppose that Gis p-solvable with Op(G) = 0). Let V be a
faithful R[G] module. Let x be an element in Gof order p" and let d be the
degree of the minimum polynomial of x acting on V. Let Go = (x)Op,(G).
Then one of the following occurs.

(i) d = pn.

(ii) There exists a prime q and a positive integer a such that Go has a
nonabelian Sq -group, po - 1 is a power of q and p" - 111 Go I. Furthermore
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PROOF. Suppose the result is false. Let G be a counterexample of
minimum order and let H = 01' (G). Since Co(H) <J G and Op,(Co (H)) ~

H it follows that Co (H) ~ H. The minimality of G now implies that
G = Go. Without loss of generality it may be assumed that K = K.

There exists a prime q such that x p" I does not centralize any Sq -group of
H. By the Frattini argument (x) normalizes a Sq -group Q of H. Thus the
minimality of G implies that H = Q is a q-group.

Let V = ffi V;, where each V; is indecomposable. Let Ai be the kernel
of (Vi)H. Since V is faithful ,n Ai = (1). Hence 01' (G/Aj ) = (1) for some j.

Hence it may be assumed that V = \If is indecomposable.
Let B be the block which contains V. Let a be the defect of B.
Let W be an irreducible constituent of V and let A be the kernel of WH.

Then B covers the principal block of A. By (V.2.3) A is in the kernel of V
as A is a pi_group. Thus A = (1) and so W is faithful as 01' (G) = (1).

Hence it may be assumed that V = W is irreducible.
Suppose there exists an indecomposable R [(x I' )H] module VI such that

V IV? By (111.3.8) V = V? Let d 1 be the degree of the minimum
polynomial of x;J in VI. Then d = pdl and the result follows by induction.
Hence it may be assumed that V ~ V? for any R [(xl' )H] module VI. Thus
in particular (x) is a vertex of V and so D = (x) is a defect group of Band
n = a.

The inertial index of B is 1. Hence the Brauer tree for B has 2 vertices
and one edge. Thus there exists an R -free R [G) module X with X = V

and X K absolutely irreducible. Consequently dimR V II G I. Furthermore
I(V) = 1 or pQ -1 by (2.14).

Clearly d ~ pM. Thus d < p" as G is a counterexample. Hence Vc; has no
R[D ]-projective summands. Thus V c; = V by (1.5)(i). If I (V) = 1 then V
is irreducible and so x P

" I is in the kernel of V. This contradicts the fact that
V is faithful. Therefore I ( V) = p" - 1. By (2.1) dimR V = (p" - 1) dimR W,
where W is the unique irreducible R[(;] module in E. Therefore
p" -111 G Iand so p" -1 is a power of q. By (10.1) d ~ I(V) = p" -1. This
completes the proof. 0

The next result includes a theorem of Peacock [1979].

THEOREM 10.3. Suppose that G has a cyclic Sp-group (x). Let l(x)1 = pM.
Let V be a faithful irreducible R [G) module in B and let d be the degree of
the minimum polynomial of x acting on V. Assume that ID I~ p2. Then
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PROOF. The first inequality is obvious. The last inequality follows from

(1.3)(i). Suppose that the middle inequality is false. Then the minimum
polynomial of y on V has degree strictly less than pa and so Vc; = V by
(1.5)(i). By (10.1) I(V) < pa - e and so by (2.7) I(V) ~ e.

By (2.4) every indecomposable module in fJ is serial. Thus there exists

an indecomposable projective R [G] module P and an exact sequence
P~ V ~O. Let z = ypa-I. Then (z) = Da - t and p(z) is a multiple of (z)(z).
Thus dimR (P(I- z y/P(1 - z yf ') is independent of i for 0 ~ i ~ P -1.
Each P(1- z Y is an R [G] module. As all irreducible modules in fJ have
the same dimension, this implies by (2.6) that I(P/P(I-z» = pa-I. Since
V = Vo is a faithful R [G] module it follows that V(1 - z) ~ O. Hence
P / P(1 - z) = V / V(1 - z) as P is serial. therefore

l( V) ~ pa-I ~ p > e

as a ~ 2 by assumption. This contradicts the previous paragraph. 0

The next result strengthens a Theorem of Lindsey [1974].

COROLLARY 10.4. Suppose that G has a cyclic Sp-group (x) with I(x ), =

p" ~ p2. Assume that (x) n (x)Z = 0) for z E G, z E No «x ». Let V be a

faithful irreducible R [G] module. Then dimR V ~ p" - (p - 1).

PROOF. If V is projective the result is clear. If V is not projective then by
(111.8.14), V is in a block with (x) as a defect group. Thus the result follows
from (10.3). 0

The next result is a generalization of (5.6) which generalized a result of
Thompson [1967b]. In case ID 1= p this first appeared in Feit [1967b].

THEOREM 10.5. Assume that K = K. Let Y be an R -free R [G] module in B

and let 7J be the character afforded by Y K • Suppose that Y= M; EEl· .. EEl M",
where each M i is a nonzero indecomposable R[G] module. Let OJ, ... , Op" be
all the irreducible characters of Ca - 1 in ba - I • Then

I(7Jca I' Os) - (7Jca ,,0,) I~ n

for all s, t.

PROOF. Without loss of generality it may be assumed that Y is indecom­
posable. If Y is projective then (YJca "Os) is independent of s and the result
is proved. Thus by (1.17.11) no M i is a projective R[G] module. By (1.5)(i)
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YG = Y EB A I EB A 2 where A I is projective and A 2 is a sum of modules in
blocks other than E. If T/i is the character afforded by (Ai)K for i = 1,2
then «T/2)c"oJ'Os)~0 fqr all sand «T/I)c" oJ' Os) is independent of s. By
(111.5.8) and (1.4) Y = Y = !VII EB· .. EB!VI" and each !VIi is indecomposable
and nonzero. Hence it may be assumed that G = (; and Y = Y.

By (111.4.6) there exists an R[T(bu - , )] module Yo such that Y(Y= Y,
(Y(Yh(b,,_,) = Yo EB A where A is a sum of modules in blocks which do not
cover bu - l and Yo is a sum of n indecomposable modules. Thus it may be
assumed that G = T(bu -

'
). By (1.3) every irreducible R[G] module

remains irreducible when restricted to Cu-I. Thus by (3.5)(ii) each (Mk,,_,
is indecomposable. Hence it may be assumed that G = Cu-l'

It suffices to show that (T/, Os) ~ n for all s. Suppose this is false. Thus
there exists 0 = 0/ for some t with (T/, 0) = nl > n. Let M be a K[G]

module which affords 0 and let Y I = Y n n I M. Then Ylis a pure
submodule of Y and so S(Y1) c: S(Y). Therefore I(S(Y 1» ~ n since every
indecomposable R [Cu-d module in bu-' is serial. Thus Y l is a sum of at
most n nonzero indecomposable modules. Thus it may be assumed that
Y = Y10 Hence YK affords the character niO. Consequently

rankR HomR[GI(Y, Y) = IK(YK, Y K) = n~.

Since HomRfGI(Y, Y) = InvG HomR (Y, Y), it is a pure submodule of
HomR (Y, Y). Hence

IR(Y, Y)=dimRHomRIGJ(Y, Y)~IK(YK,Y K)= n~.

Let W be the unique irreducible R [G) module in B. Then I R (M, ~) =
min{l(M), l(~)} as every R [G) module in B is serial. For 1~ s ~ pU, Os is
irreducible as a Brauer character. Hence l( Y) = n l • Thus for 1~ i ~ n

IR(M, Y)= f IR(M,~)~f l(~)= I(Y)= n l •

j=1 j~1

Hence

n~~ IidY, Y)= f IidM, Y)~ nnJ.
i= I

Thus nl ~ n. This contradiction establishes the result. D

The next result is due to Green [1974a] in case K = K. It generalizes an
earlier result of Alperin and Janusz [1973].

THEOREM 10.6. Suppose that du ;~ 0 for some u, i with 0 ~ u ~ e, 1~ i ~ e.
There exists an infinite exact sequence
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(l0.7)

such that each Ps is a principal indecomposable R [G) module in B and the
following conditions are satisfied, where [V] denotes the isomorphism class
of R [G) modules which contains V.

(i) Ps = Ps+2e and fs (Ps) = fs+2e (Ps+2e ) for all s.
(ii) ([f, (Ps)] 11 ~ s ~ 2e} = {Xvj 11 ~ j ~ e, 0 ~ v ~ e, dvj~ O}.

(iii) {[P2s - I ] 11 ~s ~ e} = {[P2s ]11 ~ s ~ e} = {[ L0] 11 ~ j ~ e}.

PROOF. There are exactly 2e modules Xvj up to isomorphism with dvj ~ 0
since by (2.19) there exist exactly 2 values of v for each j with dvj ~ O.

Let C/>j = avjXv + awjXw and let X = L0/Xvj . Then T(X) = L j is irreduc­
ible. Thus X is indecomposable. Since X K affords awjXw it follows from

(2.25) that X = XWj' for some j' with dwj' ~ O. Thus in particular if

T(Xui ) = L j then C/>j = aujXu + avjXv for some v. Therefore the following
seq uence is exact.

(l0.8)

Consequently the exact sequence (l0.7) exists. Furthermore for all
s, j, (f,) = XVj for some v, j with dvj ~ O. As there are exactly 2e modules XVj
up to isomorphism with dvj ~ 0, it suffices to prove the re~ult for anyone of
them. For convenience it may be assumed that I(Xud = 1 _by (2.25).
Furthermore after a change of notation it may be assumed that Xui = W as
defined in (2.4).

In view of (1.15.6) and (1.5)(ii) the exactness of (l0.8) implies that

O~XVj~ U~X;'i~O

is exact for some projective module U in B. By (2.14) I (Xui ) + I (XVj ) < 2p u.

Hence U is a principal indecomposable module. Thus there exist principal
indecomposable modules P" in B and an exact sequence

Furthermore Is (P, ) = t.'7j,) fOJ all s.

By (l.4) and (111.5.8) 'YVj = Xvi for all v, j with dvi ~ O. Thus the following
sequence is exact
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Choose the notation so that .~ = Wa I-i for 0 ~ i ~ e - 1. Let V(i, l)

denote the R[0] module in 13 such that S (V(i, l» = ~ and 1(V(i, l» = l.
By (2.8) the following equations can be read off for all s.

(10.9)

Thus (Is (Ps ) 11 ~ s ~ 2e} is a set of 2e pairwise nonisomorphic modules.
Hence also ifs (Ps)11 ~ s ~ 2e} and {is (Ps)11 ~ s ~ 2e} are each sets of 2e
pairwise nonisomorphic modules. Thus every module Xvj with dvj ~ 0 is of
the form j, (Ps ) for some s with 1 ~ s ~ 2e. This implies (i) and (ii).
Furthermore for each j there exist exactly two values of s with 1~ s ~2e
such that S(js (Ps) = L j •

The proof of (iii) will now be completed once it is shown that for
1 ~ j ~ e there exists a unique value of s with 1 ~ s ~ e such that

L j = S(fzs-I(P2s - I»,
By (2.5) ~nd QO.9) there is a unique value of s with 1 ~ s ~ e such that

HomR (ij, fzs-I(p~s-I» ~ (0). Thus by (3.10) applied to (; and (III.5.13)
applied to G and by (1.5) (iii) there is a unique value of s with
HomR (Lj,fzs-,(Pzs - 1» ~ (0). 0

Suppose that d"i ~ 0 for some u, i. Green [1974a] has defined a function a
on {I, ... , e} as follows. Let Ps be defined as in (10.6). If p zs = Uj then

PZs + 1 = U'TU)' By (10.6) a is a permutation on {I, ... , e}. It also follows from
(10.6) that if the notation is chosen suitably then there exists an exact
sequence

It is clear that
r--...- ~

l(js (Ps» + l(js I-I(Ps1-)) = p(J for all s.

The permutation a = alii depends on the choice of u and i. However the

definition of alii implies that if dvj ~ 0 then avj = alii in case 0" = Ov, If
0" ~ ov then a"p'vi = (1,2· .. e).

COROLLARY 10.10. Suppose that d"i ~ 0 for some u, i. Let a = alii. Assume
that dvj ~ 0 for some v, j with 0" = oV' Then T(Xvj ) = L'TU)'

PROOF. Clearly 0" = ov if and only if XVj = !zs+,(Pzs I-I) for some s. By

definition S(fzs l-l(PZs+1» = S(i\s) and 7(/zs l-l(P~s+l» = T(P~s I-I) = S(Pzs I-I).
Thus if p zs = U j then S(fzs-f I(P Zs I-I» = Lj and 7V~s+,(P2S I-I» = LT(j). 0
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In Green's terminology the ordered sequence

describes a circular "walk" around the Brauer tree accomplished in 2e

"steps". Every vertex of the Brauer tree is reached at least once and
each edge is transversed exactly twice.

As Green also points out, a determines the Brauer tree as an ab­
stract tree as follows. Consider the oriented circular graph as shown.
The Brauer tree can be derived from this by identifying each pair of
edges which carry the same lable in such a way that the orientations
cancel out.

0"(2)
/

2-- 0"(1)

This process can be carried out for any permutation but will not
necessarily yield a tree. For instance the identity always yields a star. If
e = 3 and a is a transposition then one gets a straight line segment.
However if e = 3 and a = (1,3,2) then one gets a triangle which is not
a tree.

LEMMA 10.11. Let B = B be an R [G] block with a cyclic defect group
D. Let ID 1= pJ. Let Cbe the Cartan matrix of B and let Q be the
quadratic form corresponding to pJC- 1

• Let q be the minimum value

assumed by Q on the set of all nonzero vectors with integral coordinates.
Then q = e.

PROOF. By (lV.3.1l) and (2.12) {X" 11 ~ u ~ e} is a basic set for B. Let
D '\ Cll denote the decomposition matrix, Cartan matrix respectively
with respect to this basic set. Let Qll be the form corresponding to
pJ (C

1
) 1. Then Qll is integrally equivalent to Q and q is the minimum

value assumed by Qll on the set of all nonzero vectors with integral
. coordinates. By (2.12)

D" =(:
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where t = (pel - l)je. Let i denote the matrix all of whose entries are
1. Then

co = (D0)'D °= I + ti.

Thus pel (COr' = pd1- ti. Hence if 0' = (0';) then

0(0', 0' ) = ! 0'; + t L (0'; - O'j r
;=1 i<j

(10.12)

Let No be the number of 0'; = 0 and let N , = e - No. The last term in
(10.12) is at least NoN) and the other term is at least N). Hence if
0' 10 then N,I 0 and so

O(O',O')~ N, + NoN) ~ N, + N o = e.

Thus e ~ q. If O'j = 1 for all i then 0(0',0') = e and so q = e. 0

THEOREM 10.13. Let B be a block of R [G] with an abelian defect group
D of order pd. Let r be the rank of D and let k(B) denote the number of
irreducible characters in B. If r = 2 then k (B) < pd. If r = 3 then
k (B) ~ p5d/J.

PROOF. Let y be an element of maximum order p In D. By (V.9.2)
there exists a major subsection S(y, B) associated to B. By (lVA.5)
there exists a unique block BO of Co (y )j(y > contained in B. Further­
more D /(y > is the defect group of Bo. By (111.2.13) Y is in the kernel
of every irreducible Brauer character in B. Hence B and E° both have
1(13) irreducible Brauer characters. If q (E) and q (E°) are defined as in
(10.11) then q(E) = q(EO) by (lVA.27).

If r ='2 then E° has a cyclic defect group and so q(B) = 1(13) by

(10.11). Thus k(B)~pel by (V.9.17)(i). _
If r = 3 then 1(13°) ~ k (E°) < pdc by the previous paragraph as BO

has an abelian defect group of rank 2. Hence by (V.9.17)(i)
k (B) ~ p2d c. This implies the result as c ~ ~ d. 0

The next result was first announced in Brauer and Feit [1959].

THEOREM 10.14. Let B be a block of R[G] of defect d. Let k=k(B)
denote the number of irreducible characters in B. ,Then k ~ p d for
d = 0, 1,2 and k ~ p2d-2 for d ~ 3.

PROOF. Induction on d. If d = 0 the result follows from (lVA.19). If
d = 1 it follows from (2.1) and if d =2 it follows from (10.13). Suppose
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that d ~ 3. If B contains an irreducible character of positive height the
result follows from (IVA. IS). Thus it may be assumed that every ir­
reducible character in B has height O.

Let S (y, B) be a major subsection associated to B. By (lVA.5) there
exists a unique block 13° of CG (y )/(y) contained in B. Furthermore
D/(y) is the defect group of 13°. By (111.2.13) Y is in the kernel of
every irreducible Brauer character in B. Hence 13 and 13° both have
I (13°) irreducible Brauer characters. Thus by (V.9.17)(ii)

k 2 ~ p 2dl (130) ~ p 2dk (130),

where k(BO) is the number of irreducible characters in 13°. Since 13°
has defect at most d-l, induction implies that k(BO)~p2(d-I)-2 as
d = 2d - 2 for d = 2. Thus

and so k ~ p2d-2. 0

11. Some examples

The following result is due to Dade [1966] and shows that every
possible sequence of signs £k can occur in (2.17).

LEMMA 11.1. For 0 ~ k ~ a-I let 'Yk = ± 1. There exists a group G and
a block B of G with defect group D such that if £k is defined as in
(2.17) then £k = 'Yk for 0 ~ k ~ a-l.

PROOF. For 0 ~ k ~ a -1 let qk be a prime with qk = -1 (modpa) and
2 < ql < ... < qa-l. Let {3k = ± 1 for 0 ~ k ~ a - 1. If (3k = 1 let Ok =
0). If (3k = - 1 let Ok be the nonabelian group of order q ~ and expo­
nent qk. Let D operate on Ok in such a way that Dk = Co (Ok) in case
{3k = - 1. Define G = (0o x ... X Oa-l)D. Define an irreducible charac­
ter fh of Ok as follows. If (3k = 1 then Ok = 0) and fh is the principal
character. If (3k = - 1 then Ok is some irreducible character of Ok of
degree qk. Let 0 be the character of 00 x ... X Oa -I defined by 0 =
rr::~ Ok. Then T(O) = G. Furthermore OG = XI + LXA where A ranges
over the nonprincipal irreducible character of D and XA (z) = A(z )XI(Z)
for Z E G. {XA} is the set of exceptional characters in a block B with
defect group D and XI is the nonexceptional character. It is known
that if Z E D k - D k + 1 and x is a p'-element in CG (z) then
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Thus by (2.17) Ek = n;',:-~ j3i. The j3i can be chosen so that

a -I

Yk = n j3i for 0 ~ k ~ a-I. 0
i=k

LEMMA 11.2. Assume that ID 1= p. Let X be an irreducible character in
B. Let Ko be an unramified extension of Q" (X) and let Ro be the ring of
integers in K o. Let X be an Ro-free R o[ OJ module such that X Ko affords
K Then the following hold.

(i) X is indecomposable.
(ii) Every irreducible constitutent of X is absolutely irreducible.

(iii) Let (Sij (x» be the matrix representing x in a representation with
underlying module X. Let 7To be a prime in R o. Then for given i I j there
exists x such that either Sij (x) ¢ 0 (mod 7To) or Sji (x) ¢ 0 (mod 7To).

PROOF. If X is decomposable the matrix representation can be chosen

so that SIn (x) == Snt(X) == 0 (mod 7To) for all· x EO, where n = X(l). Thus
(iii) implies (i).

If some irreducible constituent V of .Y is not absolutely irreducible

then there exists an unramified extension K, of K o such that if R I is

the ring of integers in K 1 then RJ is a splitting field for V. Since

V @R R, is completely reducible it follows that if K o is replaced by K 1

then it is possible to find a matrix representation with underlying module

X RJ which contradicts (iii). Hence (iii) implies (ii). It remains to prove (iii).
Suppose that Sij (x) == Sji (x) == 0 (mod 7To) for some i I j and all x E O.

The Schur relations imply that if a, T are in the Galois group of K o

over 0" then

L s~(X)S;i(X-I) = BaT I0 II x(1)
.tEO

where BaT = 1 if a and T coincide on 0" (X) and BooT = 0 otherwise. Let
Tr denote the trace from K o to the maximal unramified subfield K l of

K o. Thus Tr(sij (x» = Tr(sjl (x» == 0 (mod p) for all x E 0 and

'\."""" ) I G 11 Ko : K t I
L.J Tr(sij (x »Tr(sji (x ) =~. (1) .
,E(; X

Thus in particular
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LQJI Ko : KJJ == ° ( d 2)
X(I) mo P .

Since IDI=p, IKo :Klllp-l by (2.17). Thus IGllx(l)==O (modp 2
).

However as X is in a block of defect 1 this is impossible. 0

In Brauer's original treatment of blocks of defect 1, (11.2) and re­
lated results played an important role. See Brauer [1941c]. In case
p = 2 and a > 0, B has index of inertia equal to 1. Thus every irreduc­
ible character in B is irreducible as a Brauer character. Hence (11.2)(i)
and (11.2)(ii) also hold in this case.

The next two results are needed for the proof of (11.5) which is
concerned with the construction of examples that show that (11.2) (i) is
false in all other cases.

(11.5) below is also of interest because it shows that there appears to

be no converse to (1.18.2).
For the rest of this section K is a finite unramified extension of Ql'

and R is the ring of integers in K.
Let X be the R [D] module which has {(1- yy /1 ~ i ~ p" -l} as an

R -basis. Let Y be the unique submodule of X of index p. Then

{z, 11 ~ i ~p" -I} is an R-basis of Y where ZI = p(l- y), Zi = (1- yY
for 2 ~ i ~ p" - 1.

Y = VI EB V 2 where VI is the vector space over R spanned by ZI
and V 2 is the vector space over R spanned by {Zi 12 ~ i ~ p" -l}.

LEMMA 11.3. If a > 1 and p ~ 2 then VI and V 2 are R[D] modules.

PROOF. By definition

Zi (1- y) = z, (1- y) =~ E V 2 for 2 ~ i ~ p" - 2.

Thus it suffices to show that Zl'''-l(l- y) E V 2•

Let Y, be the R module spanned by ZI and let Y2 be the R module
spanned by {Zi /2 ~ i ~ p" - I}. Thus fj = \If for j = 1,2.

ZI'''-I(1- y) = f (p") (-lry"' = f'~1 (p") (-l)"'y"'
s =0 S s = I S

= {~I (~") (-ly[(y -1)+ 1]'.
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Thus

Let

Thus
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Zpa_l(l- y) == P~I (~Q) (-l}'[s(y -1) + 1]

'" (y - 1) ',i,' (~") (- l)'s +'~' (~") ( -1)'

== (y - 1) P~ I (~a) (_I)'s + (1 - 1Ya- (1 - 1)

== (y _ 1) P~l (~a) (_l}'s (mod Y2).

f(x) = (1- xya = ,Z (~a) (-lYx s
•

_ pQ(1- xya_ 1 = f'(x) =.~ (~a) (-l}'sx' 1

[11

Hence 1'(1) = 0 and

zpa_,(l- y)==(y -l)[f'(l)±pa]== ±pa(y -1) (mod Y 2 ).

Since a > 1 this implies that Zpa_I(1- y) E pYI + Y2 and so zpa_l(l- y) E

V 2 • D

LEMMA 11.4. (i) V 2 is an indecomposable R[D] module.
(ii) Suppose that p 12 and a > 1. Let N = DE be a dihedral group with

E = \x) of order 2. Then y N = Z, EB Z2 where 2 1 = WI EB W 2 , WI is the
trivial R[N] module, dimR W 2 = P Q - 2 and W 2 has a one dimensional socle

which is the R[N] module whose kernel is D.

PROOF. (i) By definition X/pX is a serial indecomposable R[D] mod­

ule. There is a natural map of X/pY onto X/pX. This map necessarily
sends Y/pY onto an indecomposable submodule A of X/pX of

codimension 1. Hence dimR A = p a - 2. Thus the minimum polynomial

of y on A has degree p a - 2 and so the minimum polynomial of y on

Y/pY has degree at least pQ-2. This implies that V2 is

indecomposable.

(ii) Let fl=!(l+x), h=!(1-x) in R[N]. Then f;yN~yN for i=
1, 2 as Y is the unique submodule of X with dimR (X/ Y) = 1 and

X = J(R[D]). Let 2; = fiy N. Then 2;10 for i = 1,2. As (yN)n =

Y EB Y it follows that (Zi)D = )'. for i = 1,2. Hence (yN)D =
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VI EB VI EB V 2 EB V 2 where each summand is indecomposable by (i).
Furthermore

2, EB 22= yN = V~EB Vi.

As dimR2i = pu - 1, dimR V~ = 2 and dimR Vi = 2(pQ - 2) it follows
that 2i = Wil EB Wi2 with dimR Wil = 1, dimR Wi2 = (pU -,I) and Wi2 is
indecomposable.

Since Vi'= (x)'x) exactly one of Wil , say Wlh is the trivial R[N]
module. Let \-Vi = W 1j for j = 1,2. It remains to show that S (W2) is
not the trivial R[N] module.

Let 'P be the Brauer character afforded by W 2. No irreducible con­
stituent of (¥N)K has D in its kernel hence no irreducible constituent of
(ZI)K has D in its kernel. Thus 1+ 'P(x) = O. As 'P(x) = -1 it follows
from (2.8) that S (W2 ) is not the trivial R[N] module. D

THEOREM 11.5. Suppose that p~ 2 and a > 1. Let q be a prime with
q + 1 == pU (modpQ+I). Let G = PSL2(q). Then a Sp-group of G is cyclic
of order pQ. G has an irreducible character 8 of degree q (the Steinberg
character), which is afforded by a Q[ GJ module. Furthermore there ex­
ists an R-free R[G] module x such that X K affords 8 and X =M I EBM2
where M , is the trivial R[G] module and M2 is an irreducible R[G]
module with dimR M 2 = q - 1.

PROOF. The existence of 8 and the structure of the Sp-group of G are
well known facts. Let D be a Sp-group of G. Then Cc; (D) = D x H
for some p'_group Hand INc;(D):Cc;(D)I=2. In particular
Nc; (D)/H = N where N is defined in (11.4). Furthermore D n D Z = (1)
for z g Nc; (D). Thus the Green correspondence between G and
Nc; (D) is defined for modules with nontrivial vertex in D.

Let X be the R [Nc; (D)] module with kernel H such that X as an
R [N] module is isomorPEic to ZI. Let X be the R [G] module which
corresponds to .Y. Thus X = WI EB W 2 • Hence by (IlLS.8) X = M , EB M2

where Nt; = Wi for i = 1,2.
Let B be the principal p-block of G. Then the index of inertia of B

is 2. Since 8(z) = - 1 for z E C G (D) - {I} it follows that 8 is in B, this
implies that the Brauer tree for B is

q q-l

Let 'PI, 'P2 be the irreducible Brauer characters In B where 'PI is the
principal Brauer character. Thus M , affords 'PI. The principal block of
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R [Nc; (D)] has a unique indecomposable module, namely W 2 , which
has no invariants and whose dimension over R is congruent to - 2
(mod pa). It follows from (111.5.10) and (111.5.14) that a module which
affords 'P2 corresponds to W 2. Thus M 2 affords 'P2. Hence in particular
rankR X = q. Since X has no invariants, neither does X. Thus the
character afforded by X K is sum of exceptional characters and possibly
e. As rank H X = e(1) and the degree of every exceptional character in
B is q - 1 it follows that X K affords e. 0

The next result which is due to Benard and L. Scott, Benard [1976]

will be used in section 13. In some sense it explains why it is necessary to
assume that a > 1 in (11.3).

LEMMA 11.6. Let R be the ring of integers in an unramified extension of

Q". Let X be an R -free R [D] module such that X K is irreducible. Then
X is indecomposable. If furthermore Y is an R -free R [D] module with

YK = X K then Y = X.

PROOF. If rank H X = 1 the result is obvious. Suppose that rank H X > 1.
Consider the map f: X ~ X defined by f( v) = v(1 - y). Then f is an
R [D ]-monomorphism and IX : f(X) I= ± det(l - y). Since X K is ir­
reducible, the characteristic values of yare all the primitive p" th roots
of unity for some n. As rank H X> 1, n ~ O. Hence det(1- y) =
11(1 - 0 = p, where ? ranges over all primitive p II th roots of 1.
Therefore IX : f(X) I= IR I~is implies in particular that Xis inde­
composable. Furthermore f(X) is the unique maximal submodule of X
and so f(X) is the unique maximal submodule of X. Thus X IS

isomorphic to its unique maximal submodule.
Suppose that YK = X K • It may be assumed that YK = XK • If Y is

replaced by a multiple it may be assumed that Y ~ X. Since IX : Y I is
finite there exists a chain of submodules Y = X", ~ X"'- I ~ ••• ~ X o = X
such that Xi is maximal in Xi-I for 1 ~ i ~ m. By the previous paragraph
Xi = Xi - I for 1~ i ~ m and so Y = X. 0

12. The indecomposable R [G] modules in B

This section contains a description of all the nonzero indecomposable
R [G] modules in B in terms of the Brauer tree of B and of its exceptional
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vertex. The results in this section ~ere all proved by Janusz [1969b] and
Kupisch [1968] [1969] in case R = R. Given the results of section 2 for K in
general, Janusz's arguments go through without any change. The structure
of the principal indecomposable R [G] modules in B is described by (2.20).
In this section IDie - 2e pairwise nonisomorphic nonzero indecomposable
R [G] modules in B are described. These modules are neither irreducible
nor projective. Thus (2.1) and (2.2) imply that up to isomorphism all the
indecomposable R [G] in B are accounted for. The fact that the number of
modules described is equal to 1Die - 2e involves a counting argument due
to Dade.

In his paper Janusz also shows that given any tree whatsoever, there
exists a split symmetric algebra having only finite number of indecompos­
able modules up to isomorphism such that these indecomposable modules
can be described in terms of the given tree. In particular this result
indicates that the question of what trees can occur as Brauer trees may be
very difficult. If some tree does not occur it must be possible to decide that
some symmetric algebra with only finitely many indecomposable modules
up to isomorphism is not a group algebra. (See the remark on p. 306.)

In this section T = TH denotes the Brauer tree. Vertices of T will be
denoted by P, Pi or Q. The exceptional vertex, if it exists, is denoted by
P cx • E or E i will denote either an edge of T or O. If L; corresponds to the
edge E, write L ~ E. If E = 0 let (O)~ E. Set t = (I D 1-l)le. By (2.13)
and (2.19) t is the multiplicity of any L j in XOi for dOi~O, dOj~O.

If dUj ~ 0 let X uj be defined as before (2.20). If dui ~ 0 then the statement
dual to (2.20) implies that T(Xuj ) = L for some j with duj~ O.

Let P be a vertex of T incident to the edge E. Let L ~ E and let Xu
correspond to P. Define V(E, P) = X Uj where T(Xuj ) = L. By (2.25)
V(E, P) is determined up to isomorphism by E and P. By (2.20) V(E, P) is
serial.

Let E be an edge of T and let PI and P 2 be the vertices incident to E. If E i

is incident to Pi we will define modules V(EJ, E, E 2 : n) for suitable
integers n. We will allow the case that E i = 0 or E i = E for exactly one of
i = 1 or 2 if Pi = P cx • Several cases will be considered. We begin with some
preliminary definitions.

Let Vi (E) = Rad(V(E, Pi» for i = 1,2. Let U be the indecomposable
projective R [G] module corresponding to L where L ~ E and let
Mo(E) = UIS (U). Then the dual of (2.20) implies that Rad(Mo(E» =
V 1(E) EB V 2(E).

Suppose that E,E 1,E 2 are distinct with E~O such that
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PI P2
--0--0--

E 1 E E 2

[12

is contained in T. Define modules M i (n) for i = 1,2 for suitable integers n
as follows.

If E i = 0, Mdl) = V; (E).
If E i 10 and Pi I Pcx let M i (1) be the submodule of V; (E) such that

S( Vi (E)/Mdl» ~ E i. Since V; (E) is serial M i (1) is uniquely determined
by (2.13).

Suppose that EilO and Pi = Pcx • Let 1~ n ~ t. Let M i (n) be the
submodule of Vi (E) such that S( Vi (E)/Mi(n» = L where L ~ E i and L
occurs with multiplicity n as a constitutent of V; (E)/M i (n). Since V; (E) is
serial M i (n) is uniquely determined by (2.13) and (2.19).

Define

If Pi = Pcx and 1~ n ~ t define

V(E I , E, E 2 : n) = Mo(E)/(Mi (n) EB~ (1»,

where {i, j} = {I, 2}.
Suppose that E 1 I E = E 2 with E 10 such that P2 = P cx and

PI E Pcx

--0--0

E 1 E 2

is contained in T. If E 1 = 0 the corresponding edge is missing. Define M 1(1)

as above.
If L ~ E then L occurs with multiplicity t - 1 as a constitutent of V 2(E).

If 1~ n ~ t - 1 let M 2(n) be the submodule of V 2(E) with
S (V2(E)/M 2(n») = L such that L occurs with multiplicity n as a constitu­
ent of V 2(E)/M 2(n). Define

V(E t,E,E2 : n)= V(E 2,E,E1 : n)= M o(E)/(Mt(1)EBM2(n»).

In all cases V = V(E t , E, E 2 : n) = V(E 2, E, E 1 : n) is indecomposable
as T( V) is irreducible. If furthermore E i = 0 then V is serial as
Mo(E)/M i (1) = V (E, Pj ) for i I j and so is serial.

LEMMA 12.1. Let V= V(E 1,E,E2 :n) and V'= V(E;,E',E~:n')be de­

fined as above where E 10, E'I 0, Ell E 2 and E; I E~. Let L ~ E and
L j ~ E'. Suppose that L i f; L j • Then Vand V' cannot have two nonisomor-
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phic composition factors in common unless they are L i and Lj, and E and E '
have a common vertex.

PROOF. Suppose that LsI Lt are both composition factors of V and V'.
Then Cis, Cit, Cjs, Cjt are all not zero. If i,j, s, t are pairwise distinct then there
exist m, n, v, W such that dmidms I 0, dnidnt I 0, dvjdvs I 0 and dwjdwt I O. This
implies that T contains the following subgraph.

where the notation is the obvious one. This contradicts the fact that T is a
tree.

Suppose that {i,j, s, t} is a set of 3 distinct elements, say i,j, t with s = i.
Then an argument similar to that in the previous paragraph implies that T

has the subgraph

W

6
v n

contrary to the fact that T is a tree.
If {i, j} = {s, t} then clearly

E E'

is a subgraph of T. 0

It will be necessary to consider the following two types of subgraphs of T.

Let k be any integer with k ? 1.

(I) Po PI Pk Pk + 1
~ ...~

Eo E j E k
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(II)
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In type (1) Eo, ... , Ek are distinct edges. In type (II) ElI+i and EII+2s+J-i
correspond to the same edge for i = 1, ... , s. Possibly one or both of Po,
Pk + 1 may equal Q.

Given a graph of type (1) or (II) let .1 denote either the set of all even
integers i with 0 ~ i ~ k or the set of all odd integers i with 0 ~ i ~ k.

Given a graph of type (1) or (II) let Vi(n) = V(Ei- l , B, B+l: n) where
n ~ 1 and E_ I = E k + 1 = O. Let Li ~ B. Thus in case of type (II) L II +i =
LII+2S+1-i for 0 ~ j ~ s. Observe that L ~ Li if i~ j but i == j (mod 2). The

definition of Vi(n) implies that S(Vo(no))=L 1, S(Vdnk))=Lk-1 and for

0< i < k, S(Vi(n))= Li-1EBLi+1o
Choose .1. Define X = EBiE>l Vi (ni). Then

S(X)=

m

EB 2L2j - 1

i=J

(

m )
~ 2Lzj - , EB L Zm +1

LoEB C~l 2L2i) EB L 2m

L oEB (~ 2L2i)

if 0 E .1, k = 2m,

if 0 E .1, k = 2m + 1,

if 0 g .1, k = 2m,

if 0 g .1, k = 2m + 1.

If 2Li IS(X) there exist submodules Lil ~ S(Vi-l(ni-l)) and Li2~
S(Vi+l(n+l)) with Lil = Li2 = Li. Let gi : Lil~ Li2 be an isomorphism. Let Y
be the submodule of X consisting of all elements of the form L i (Vi ­
gi (Vi)) where i ranges over integers with 2L IS(X) and Vi E Lil . Define

M = X / Y. In effect M is obtained from X by identifying the submodules

L iI , Li2 whenever 2Li IS(X). The module M is the primary object of

interest in this section.

The module V(B- h B, B+, : n) with B-1 ~ 0 and B+l I:- 0 may be
represented by the cone
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Then X is represented by the direct sum of cones.

L

/o~
o 0

L i - 1 L i + 1

L i + 2

/o~
o 0

L i + 1 L i +.'

Intuitively M is constructed from X by identifying isomorphic modules at
the feet of adjacent cones and may be visualized as the following connected
graph, where the dotted lines may not exist.

The next three results are concerned with showing that this picture is
indeed accurate.

Let X O = M and let 0 denote the image of any element or submodule of
X in XO = M. We will also write Vi (n t = V\)(ni). Since Vi (n) n y = (0)

for all i, V?( ni) = Vi (n). If furthermore r is a subset of .1 such that
whenever i E r then i + 2 g r then {EBiEJ" Vi (n )}O = EBiEJ" V\l(ni).

LEMMA 12.2. (i) T(M)~EBiEllL.

(ii) S(M) = EBiE{O...kl-ll L.

PROOF. (i) By definition

y ~ S(X) ~ EB S(Vi (n)) ~ EB Rad(\I, (n)) ~ Rad X.
iEll iEll

Therefore

T(M) = T(X)= EB T(\I, (n)) = EB L i •

iEll iEll

(ii) Clearly S(Xt=EBiE{O.....kl-llL and S(xt~S(XO)=S(M).
Thus it suffices to show that any irreducible submodule of M is in S(xt.

Suppose the result is false. There exists an indecomposable submdodule
Z of S 2(X) which is not irreducible such that S (Z) ~ Y and ZO !.S
irreducible. Let r be the set of all i such that ZO is isomorphic to a
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composition factor of Vi (nd. Z m~ be replaced by Z n {EBiEI" Vi (ni )}.

Thus it may be assumed that Z ~ tfjiEI" Vi (ni).
Since Z is indecomposable 5(Z) ~ Rad(Z). Thus 5(Z) = Rad(Z) as

5 2(Z) = Z. The dual of (2.20) implies that I(Z) = 2 or 3. Let E be the edge

corresponding Zo. If ZO is isomorphic to a constituent of 5 (Z) then (2.23)

implies that E is incident with Pex and furthermore E is the only edge of T

which is incident with Pex •

Assume that j,j + 2 E r for some j. Then L j + , is a composition factor of

5(~(nj)) and 5(~+2(nj+2)). Thus ZO and L j+, are both isomorphic to

composition factors of VJ (nj) and Vh+inj+2).
Suppose first that E i and E i + 2 do not have a common vertex for any

i, i + 2 E r. By (12.1) L j + 1 = Zo. Thus r = {j, j + 2} or the following configu­

ration occurs in T with s > 2

---0,

where possibly Ej = Ej + 2s +,. In this case r ~ {j,j + 2,j + 2s}. Therefore in

any case Y n EBiEI" Vi (ni) ~ L j +\ = Zoo Since Y n Z i- (0) it follows that

Y n Z = ZO and so 5(Z) = ZO which is not the case since both vertices

incident with E j + 1 are incident with other edges in T.

Suppose next that Ej and Ej+2have a common vertex. By (12.1) ZO = L j
or L j + , • Up to symmetry the following configuration must occur in T.

E j Ej + 1 Pex
0---0- --0

Ej + 2

If ZO = Lj+1 then r = {j,j + 2}. Let Yo = Y n (VJ (1)EB ~+inj+2)). Then
Yo=Lj + , =Zo. Thus I(Z)~/(ZO)+/(yO)=2and so 5(Z)=Zo. There­

fore Yo, Z ~ ZI EB Z2 where Z, ~ VJ (1), Z2 ~ VJ+2(nj+2). Both Z, and Z2
are indecomposable, all composition factors of Z, EB Z2 are isomorphic to

ZO and I(Z,) = 1, I(Z2) = 2. Therefore Rad(Z) ~ Rad(Zl EB Z2) =

Rad(Z2) ~ VJ+inj+2). Thus Yo n Rad(Z) = (0) and so Y n Z = (0). Hence

Z = ZO contrary to the reducibility of Z.

If ZO = L j then r ~ {j,j + 2,j + 4} and if j + 4 E r then Lj+3= Lj other­

wise ZO = L j is not a constituent of ~+4(nj+4). Hence
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y n ffi Vi (ni) ~ Ljf I EB L j +.1 = L j + , EB Zo.
iEI"

329

Since P ex is not incident with Ej it follows that ZO .{ 5 (Z). As 5 (Z) n
y~ (0) it follows that 5(Z) = Lj+l • Thus Z n \If+4(nj+4) = (0) and so Z is

isomorphic to submodule Z' of \If (1) EB \If+2(nj+2) with 5 (Z') n Y = Lj+l •

Since Lj occurs with multiplicity 1 in \If+inj+2) and Lj ~ 5(\If+inj+2)) it

follows that Z' ~ \If (1) EB Z" where ZI ~ \If+inj+2) and ZI = Lj+l • Thus
Rad(Z') ~ \If (1). As Rad(Z') n Y = 5 (Z') n Y ~ (0) this contradicts the

fact that \If (1) n Y = (0).

Therefore if i E r then i + 2 g r. Consequently {ffiiEI" Vi (ni)t =
ffiiEI" V~(ni). Hence Z = ZO contrary to the fact that Z is reducible. 0

LEMMA 12.3. Let i E .1.
(i) If E iis not incident with Pex then Lioccurs as a composition factor 0 f M

with multiplicity at most 2. If the multiplicity is 2 then L 15(M).
(ii) If E i is incident with Pex then the multiplicity of Li as a composition

factor in M is equal to the multiplicity ofL as a composition factor of Vi (ni).
This is ni in case (1) and ni + 1 in case (II).

PROOF. If k ~ 2 then .1 = {i} and M = Vi (ni). The result is clear. Suppose

that k > 2.

(i) As Ei is not incident with Pex , L occurs with multiplicity 1 in V; (ni).
If j~ i and L is a constituent of \If (nj) then the following subgraph of T

must occur (up to symmetry) with P~ Pex, where E j + 2 may not be there.

E i P
0----0---0 ---0

Ejt2 E~

In any case this implies that L i 15 (X) and so L 15 (M) and the multiplicity
of L i in 5(M) is l.

(ii) As E; is incident with Pex , one of the following subgraphs 0 f T must

occur (up to symmetry)

E,
u---o ---0 Pex

E, E'+1
0--0--0

Pex
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In the first case L i occurs with multiplicity ni + 1 in Vi (ni) and multiplicity 1

in \I;+2(ni-I-2) and in the socle of both. Thus L i occurs with multiplicity ni + 1
in M. In the second case L occurs with multiplicity n; in Vi (nj) and does
not occur in any Vj (nj) with j -I i, j E .1. 0

LEMMA 12.4. M is indecomposable.

PROOF. Suppose that M = M 1 EB M 2• For s = 1,2 let f, be the projection of
M onto M,. For any i E .1, V~)(ni) C V~)(ni )fl EB V~)(ni )f2' We will first show
that V~)(ni)= V~)(ni )fs for s = 1 or 2. Suppose this is not the case. Hence
V~)(nj)r-l(O) for s=1,2. Let W,=V~)(ni)f, for s=1,2. Then
2Li IT( WI EB W 2) and so L i occurs with multiplicity at least 2 as a
constituent of M.

Suppose that E is not incident with Pcx • Then L IS(M) by (12.3) and so
Ws=L for s=l or 2. Since L igS(V7(ni» it follows that V~)(ni)f=

V~)(ni) for s -I t.

Suppose that E is incident with Pcx • Let n be the multiplicity of L i as a
composition factor of M. By (12.3) (ii) the multiplicity of L i as a composi­
tion factor of Vi (ni) is n - 1. Let k be the smallest integer such that L i
occurs with multiplicity n - 1 as a constituent of S k (Rad( Vi (ni ))). Since

Rad( WI EB W 2) = {Rad( Vi (ni ))} f, EB {Rad( Vi (nj ))} h and this is a sum of at

most 4 serial modules it follows that for s = 1 or 2 S k (Rad( W, ) -I (0) and
Li occurs with multiplicity n - 1 as a constituent of Rad( W,). Hence L;
occurs with multiplicity n as a constituent of W,. Therefore Li does not
occur as a constituent of We for s -I t by (12.3)(ii) and so We = O. Hence
W, = \I; (ni) for s = 1 or 2 in all cases.

Suppose that i + 1 E.1 and L i IS(M1). Then L ~ S(M2) by (12.2)(ii)
and so V~)+,(ni+l)f2~ V~)+,(ni+'). Thus V~)+l(nj-",)f,= V~)+l(ni+l) and

L i +2 1 S(M1).

By changing notation if necessary it may be assumed that either 1 E .1
and Lo IS(M1) or 0 E .1 and L, IS(M,). Hence by iterating the result of the
previous paragraph we see that Li IS(M1) for all i E {l, ... , k} - .1. Conse­
quently (12.2)(ii) implies that S(M) eM,. Thus M 2 = (0). 0

The definition of M shows that M depends on whether the graph is of
type I or II, on the integers ni, the set .1 and the functions gi' It will later
turn out that M is independent of the choice of functions gi.

LEMMA 12.5. M determines the type of graph and the ordered set Eo, ... , E k
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up to a reversal of order. Once the order is fixed, the set .1 is also determined

by M except in case of a graph of type II with Po = Pk + 1 = Q. Furthermore the

integers nj for i = 1, ... ,k are uniquely determined.

PROOF. By (12.2) the graph is of type I if and only if S(M) and T(M) have
no common composition factors. Furthermore {Eo, ... , Ek } is determined
by S (M) and T(M).

If the graph is of type I the ordering Eo, ... ,Ek is determined up to a
reversal by S (M) and T(M) since T is a tree. By (12.2) .1 is determined
by T(M).

If the graph is of type II, (12.2) and (12.3) imply that {EIt + h ... , EIt~s} is
determined by the common composition factors of S (M) and T(M). Thus
Q is determined as Q I P ex • Eo, ... , E k are determined up to a reversal of
order by S(M), T(M) and the fact that T is a tree by (12.2). Thus {Po, Pk 4 I}

is also determined.
If Po I Q then .1 is determined by the condition that Lo Is (M) or

L o IT(M) but not both. Similarly .1 is determined if Pk+1 I Q. If Po =
Pk + 1 = Q then the definition of M shows that .1 may be replaced by
{1, ... , k} - .1.

Since there is at most one i E.1 with Pex incident to E j it follows that
nj = 1 for all j except possibly for j equal to such an i. In which case nj is
determined by I(M) as T is known. 0

Let y be a graph of type I or II. Let n (y) be the number of modules M
which can be associated to y depending on .1 and the integers nj. In view of
(12.4) and (12.5) there are at least Ln (y) pairwise nonisomorphic, nonpro­
jective, reducible, indecomposable, nonzero R [G) modules in B, where y

ranges over all subgraphs of T of type I or II. We will now compute n (y)
and then count the number of possibilities for y. This will turn out to be
IDie - 2e. Once this is done it follows from (2.1) and (2.2) that every
nonzero indecomposable R [G) module in B is projective, irreducible or
isomorphic to one of the modules M.

Case (i): y is of type I. P j I P cx for 1~ i ~ k. Then n (y) = 2 depending
on the choice of .1.

Case (ii): y is of type I. Pj = P ex for some i with 1~ i ~ k. Then
n (y ) = 2t depending on the choice of .1 and nj.

Case (iii): y is of type II. Pol Pk + 1• Then 1~ nj ~ t -1. Thus n(y) =
2(t - 1) depending on the choice of .1.

Case (iv): y is of type II. Po = Pk +1 = Q. Then 1~ nj < n - 1. Thus
n (y) = (t - 1) as M does not depend on the choice of .1.
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LEMMA 12.6. If 7 has no exceptional vertex then Ln (y) = ID 'e - 2e.

PROOF. Only Case (i) can occur. Given any pair of distinct edges in 7 there

is a unique graph of type I with these as extreme edges since 7 is a tree.
There are G) ways of choosing such a pair of edges. Hence

L n (y) = 2 (~) = e 2 - e = ,Die - 2e

since ID I- 1 = e. 0

THEOREM 12.7. Ln(y) = IDie - 2e.

PROOF. In view of (12.6) it may be assumed that 7 has an exceptional

vertex.
Let PI, P2, • •• be all the vertices in 7 such that Pi "I Pcx and Pi, Pcx bound a

common edge. Consider the subgraphs 71, 72, ... of 7 such that 7i consists of
Pcx and all vertices and edges with the property that a path from any vertex
in 7i - {PcJ to Pex goes ghrough Pi. Since 7 is a tree, 71, 72, ... yields a
partition of the set of edges in 7. Let ei be the number of edges in 7i. Thus

Liei = e.
In Case (i) {Po, Pk + I } is any set of vertices in 7i for any i such that Po and

Pk+1 do not bound an edge. The number of possible pairs of vertices in 7i is
~ e; (ei + 1). The number of pairs which bound an edge is the number of

edges ei. Hence there are ~ei (ei -1) possible sets {Po, Pk + 1} in 7i. Therefore
the number of possibilities for y is ~ L i (ef - ei)' Thus if y ranges over all
possible graphs in Case (i), L" n (y) = Li (ef - ei)'

In Case (ii) Po may be chosen in any 7i -{PcJ and Pk + 1 in any 7j -{PcJ
with i"l j. Thus the number of possibilities for y is Li<j eiej. Hence if y

ranges over all possible graphs in Case (ii), L"n(y) = 2t Li<jeiej.
In Case (iii) y lies in 7i for some i. There are ~ei (e; - 1) ways of choosing

{Po, Pk + l } in 7i. Thus there are ~ Liei (ei -1) ways of choosing y in 7. Thus if
y ranges over all possible graphs in Case (iii), L" n (y) = (t - 1)L(ef - ei)'

In Case (iv) 0 may be chosen arbitrarily in 7 - {PcJ. Thus there are e
choices for O. Hence if y ranges over all possible graphs in Case (iv),
L"n(y)=(t-l)e.

Consequently if y ranges over all possible graphs of type I or II in 7

L n (y) = L (e 7- ei) + 2t L eiej + (t - 1) L (e 7- ei) + (t - l)e
" I i<j i

= t ( ~ e)
2

- t ~ e; + (t - l)e

=te 2 -e=e(et+l)-2e=IDle-2e.D
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By the remarks above, (12.7) completes the description of all the
indecomposable R [G] modules in B up to isomorphism.

PROOF OF (2.26). If V is an irreducible or a principal indecomposable
R[G] module in B then S(V)= T(V). Thus the result follows from (12.2)
and (12.3). 0

13. Schur indices of irreducible characters in B

Throughout this section K = K. Thus B = B, Xu = Xu, ePi = 'Ph XA = XA
for 0 ~ u ~ e, 1~ i ~ e, A EA.

Let f3 be an irreducible Brauer character in B k for some k with
o~ k ~ a. Let M = Qp (f3) and let S be the ring of integers in M. By (1.19.3)
and (2.9) S is a splitting field for any irreducible S[N;) module in B i for
O~ i ~ a.

PROOF. Clear by (2.9) and (2.19). 0

If IA Irf 1 then XA - XI-< vanishes on all p'-elements of G for A, JL EA.
Thus the maximal unramified subfield of Qp (X\) is the same for all A EA.
Denote it by F. By (2.15) F ~ M. This yields

LEMMA 13.2. Suppose that IA Irf 1. Let F be the maximal unramified
subfield of Qp (XA) for some A EA. Then F is the maximal unramified
subfield of Qp (XI-') for all JL E A. Furthermore F ~ M and

[M(XA) :Qp(XA)] = [M: F] for all A EA.

Let m (X) = mQp (X) denote the Schur index of the irreducible character X
over Qp.

The object of this section is to prove

THEOREM 13.3. m (Xu) = 1 for 1 ~ u ~ e and one of the following holds.
(i) IA I= 1 and m (Xo) = [M(Xo) : Qp (Xo)].

(ii) IA Irf 1. For A E A, m(XA) = [M: F].

It is easily seen that (13.1}-(13.3) imply
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THEOREM 13.4. If X is an irreducible character in Band 'P is an irreducible
Brauer character which is a constituent of A then

m (X) = [Qp (X, 'P): Qp (X )].

Theorem 13.4 is due to Benard [1976]. The proof of (13.3) given here is
based partly on Benard's argument and partly on the earlier results in this
chapter. The proof will be given in a series of short steps.

LEMMA 13.5. (i) m (Xu) = 1 for 1~ u ~ e.
(ii) If IA 1=1 then m (Xo) ~ [M(Xo): Qp (Xo)].
(iii) If IA III and A EA then m(xdl[M(xJ:QP(XA)].

PROOF. By (2.13) d ui and dAi = 0 or 1 for all u, A, i. Thus the result follows
from (lV.9.3) and (13.1). 0

LEMMA 13.6. If ID I= p the conclusion of (13.3) holds. In particular if
IA 1= 1 the conclusion of (13.3) holds.

PROOF. If IA / =1 then /D 1= p. Thus the second statement follows from
the first.

Suppose that /D I=p. Let X =Xo if IA 1= 1 and let X =XA for A a fixed
element of A if IA /11. By (13.5) it suffices to show that m (X) ~

[M(X): Qp (X )].
By (lV.9.2) there exists an unramified extension K o of Qp (X) such that

[Ko: Qp (X)] = m (X) and there exists a Ko[ G] module which affords X. By
(11.2)(ii) M(X) r:: Ko and so [M(X): Qp (X)] ~ m (X). 0

Throughout the remainder of this section it will be assumed that IAlII
and X = XA for some A EA. In view of (13.5) and (13.6) the proof of (13.3)
will be complete as soon as the following inequality is established.

m (X )~ [M(X) : Qp (X)] = [M : F].

LEMMA 13.8. If D <J G then (13.7) holds.

(13.7)

PROOF. Let V be a Zp-free Zp [G] module such that V Q" is irreducible and
X is a constituent of the character afforded by V. Let n be the number of
irreducible constituents of VK • Since D <J G ,(2.15)(iv) implies that n =
m (X )[Qp (X): Qp ]e. Since [Qp (X) : F] = (pS - pS- ')Ie for some s > 0 this
implies that n = m(x)(pS - pS-I)[F: Qp].
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Let {3 be the character afforded by the irreducible Qp [D] module of
dimension pS - pS-l over Qp. Then V 0 has a pure submodule X which
affords (3. By (11.6) the minimum polynomial of y on X, and hence on V,
has degree at least pS - pS-I. Since D <J G, D is in the kernel of every
irreducible Zp [G] module. Thus if W is a submodule of V and Wo is a
submodule of W with W / W o irreducible it follows that W(l - y) ~ W o.

Hence I(V) ~ pS - pS-l. Consequently VK has at least (pS - pS-')[M: Qp]
irreducible constituents. Therefore

m (X )(pS - pS-')[F: Qp] = n ~ (pS - pS-')[M :Qp].

This implies that m(x) ~ [M: F]. D

PROOF. The Galois group of F over Qp acts transitively on the set of all
blocks which are algebraically conjugate to B. Since the Brauer correspon­
dence commutes with field automorphisms it follows that F is the maximal
unramified subfield of Qp (IL). Thus if E is the extension of F generated by
all path roots of 1, then (2.17) implies that

Define an equivalence relation on A as follows. For IL I, IL2 E A let ~i be
an irreducible constituent of (ILi)O for i = 1,2. Then ILl ~ IL2 if and only if
~~ = ~i. This is clearly an equivalence relation.

If ~l has order pS then the equivalence class containing ILl consists of
(pS _ pS-I)/e distinct elements, and these are all algebraically conjugate. In
particular the equivalence class containing ILl consists of one element if and
only if ~f = 1 and e = p - 1.

In the proof of (13.7) two cases will be handled separately.
Case (i). If IL E A with IL ~ A then IL = A.
Case (ii). There exists IL E A, IL i' A with IL ~ A.
Let 0" ... ,Oe be the nonexceptional characters in B o. The Galois group

of Mover F acts on the set {OJ. Let T(8i ) = LaOr, where cr ranges over
this Galois group.

PROOF OF (13.7) IN CASE (i). By (2.17) Qp (X) = F. Thus there exists an
irreducible F[ G] module which affords m (X )X. Hence there exists an
F[No] module which affords m(X)XNu• By (13.8) and (13.9) m(IL) = [M: F]
for all IL EA. Thus
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(13.10)

where YI is a sum of characters in blocks other than B o. Let t/J be the
irreducible Brauer character in a block bo of K[ Co] which is covered by B o.

Let d = d (A, y, ~/) be the corresponding higher decomposition number.
Since the multiplicity of t/J as a Brauer constituent of T( (}j)co is divisible by
[M: F) it follows from (13.10) that [M: F) Im(x)d.

As we are in Case (i), d = ± 1 by (2.17) and so [M: F) Im (X). D

PROOF OF (13.7) IN CASE (ii). Choose /.L ~ A, /.L~ A. By (2.17) (X - XI-<)No=
± (A - /.L). Hence «X - X,~ )No' A)No = ± 1. Therefore either (XNo' A)No or

«XI-< )No' A)No is relatively prime to m (A). As X and XI-' are algebraically
conjugate it follows that m (X) = m (XA). Thus by changing notation if
necessary it may be assumed that (XNm A)No is relatively prime to m (A). By
(13.9) m(X)XNo is afforded by a Qp(A)[No] module. Thus by (IV.9.1)
m(A)lm(x)(x~),A)No. Therefore m(A)lm(x). Hence [M:F]lm(x) by
(13.8) and (13.9). D

14. The Brauer tree and field extensions

Let K = K and let X = ,\\ be an exceptional character in B if IA I~ 1
and let X = XO if IA I= 1. Let M = Qp (Xu) for 1 ~ u ~ e. Thus M is defined
as in the previous section. Suppose that L' and L" are fields with

Qp (X) ~ L' ~ L" ~ M (X ) ~ K.

Let B" be a block of L"[G) which splits into algebraically conjugate blocks,
one of which is B if L" is extended to K = K. Let B' be a block of L'[G]
which splits into algebraically conjugate blocks, one of which is B" if L' is
extended to L". Let T',T" be the Brauer tree of B',B" respectively.

According to (2.9) and (2.19) there exists an integer m and a fixed vertex
Po on T', which is the exceptional vertex if there is an exceptional vertex,
such that T" is an "unfolding" of T' in the following sense. Each edge of T'

is replaced by m edges in T" and each vertex other than Po is replaced by m
vertices. The vertex Po remains fixed.

According to (13.3) the vertex Po in T' corresponds to a character with
Schur index m (X), while the vertex Po in T" corresponds to a character with
Schur index m (X )/m. Thus if, as in section 9, the vertices of T', T" are
associated to irreducible L'[G], L"[ G) modules respectively rather than
characters then each vertex of T' is replaced by m vertices in T". It so
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happens that all the vertices coming from Po in T' are equal. In this way the

Schur index has a natural interpretation in terms of the Brauer tree.
As an example let G be the semi-direct product of Suz(8) with a cyclic

group (x) of order 9, where x acts as an outer automorphism of order 3 on
S uz(8) and x:J is in the center of G. Let L I = QIl and let L" be the cubic

unramified extension of Qu. A nonprincipal 13-block of L"[G] has no
exceptional characters. The tree T' of a faithful 13-block B' of L '[ G) is as

follows.

CJ 42
I

1192 105
CJ

1
CJ

3 Po

842

where the numbers at the vertices are the degrees of the corresponding

characters. The tree T" is the triple unfolding of T' hinged at Po and is the

same as the tree of the principal 13-block given in section 9.

15. Irreducible modules with a cyclic vertex

This section contains a proof of the following result.

THEOREM 15.1. Let V be an irreducible R [G) module with a cyclic vertex
P = (x). Then P is a defect group of the block which contains V.

This result is independent of the other material in this chapter. It is due
to Erdmann [1977a] and we will give her proof here. In case G is

p-solvable it had been proved earlier by Cliff [1977]. We will first prove a

preliminary result.

LEMMA 15.2. Let O);i P = (x) <J G and let V be an indecomposable R[G)
module with vertex P.

(i) There exists an integer k with 0 ~ k ~ IP I and p t k such that V p is a
projective R[P]/R [P](1 - x t module.

(ii) V(l-x)={vIVEV,v(l-xt- I =O}.
(iii) If h E Tr~p)(HomR(xP)J( V, V)) then h (V) ~ V(l- x).
(iv) V / V(l- x) is an R [G) module which is R [P]-projective and which

has P in its kernel. Furthermore V / V (1- x) is a projective R [G / P] module.
(v) Let .r be a nonempty collection of proper subgroups of P. If

HO( G, X, V) = R then V / V(l- x) is irreducible.
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PROOF. (i), (ii). For 0 ~ k ~ IP', let Vk denote an indecomposable R [P]
module of R -dimension k. By (11.2.11) (Vf)I' = ,G : P' V k • Since V is
R [P]-projective it follows that VI' = mV k for some integer m > O. As P is
a vertex of V, p ,r k. Now (i) and (ii) follow directly.

(iii) In view of (ii) it suffices to show that h(V(I-xt-')=(O).
Let w = v(l-xt- 1 E V(I-xt- I

• By (i) wx = w. By (ii) k = np + s for
0< s < p and some integer n ~ O. By assumption h = Tr~p)(g) for some
g E HomR(XP)(V, V). Since (1- xY' = 1 - x P it follows that

g (w ) = g (v (I - x y (I - X )"P ) = g (v (I - x y)(I - X P)".

Since 1 + x + ... + x p
-

I = (1- xy- I and np + p - 1~ k this implies that

{Tr;:~)(g)}(w)=g(w)(1 +x + ... +Xf>-l)

= g(v(l- xY)(I- x P )"(1- xy 1=0.

Thus
G (x) }h (w) = (Tr(x){Tr(xl')(g) )( w) = 0

as required.
(iv) V(I-x)=(v(l-z)lvEV,ZEP) is an R[G] module as P<JG.

Clearly P is in the kernel of V I V(1- x).
Let (VI')G = EB Wi with WI = V. By (i) (Wi)I' = m(R[P]lR[P](I- xt)

for all i and some integer m depending on i. Thus (VI')G ( 1- x) =
EB W'; (1 - x). Observe that (VI')G (1- x) = (V(1 - X)I')G since they have

the same R -dimension and (VI')G (1 - x) e (V(I - X)I' )G. Consequently

V I V (I - x ) = WJ WI (I - x) I(VI')G I( VI')G (1 - x)

=(VI')G/(V(I-x)I')G =«VIV(l-x))I't·

Since (VI V(I - x ))I' = InvI' (VI V(1- x)) the previous paragraph implies

that «VIV(I-x))I')G is a direct sum of copies of R.[GIP]R[GIPJ. Thus
VIV(l-x) is a projective R[GIP] module.

(v) Since every proper subgroup of P is contained in (x P) the hypothesis
implies that HlJ(G, (x P

), V) = R. As EndR[GJ( V) is a local ring and
Tr~p)(HomR(xP)(V, V)) is an ideal of EndR(G J( V) by (11.3.7), it follows that if
h E HomR[GI( V, V) but h is not an isomorphism then h E

Tr~p)(HomR(xPJ( V, V)). Thus by (iii) h (V) e V(l- x).
Suppose that the result is false. By (iv) V I V(I - x) is a projective

R[GIP] module. Thus by (1.16.8) there exists an irreducible submodule
Me VIV(1-x) and an epimorphism f: VIV(I-x)~M Let t be the
natural projection of V onto V IV(I- x). Thus the row in the following

diagram is exact.
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V

11

v~ V/V(1-x)~O.

Since VI' and (V / V(I - x ))I' are R [P)/ R [P](I - x t modules and V I' is
projective by (i) there exists an R [P)-homomorphism Ii such that the
following diagram is commutative.

As V is R[P)-projective there exists an R[G )-homomorphism h such that
the following diagram is commutative.

Since the result is assumed to be false f = to h is not an epimorphism. Thus
h is not an epimorphism and so h (V) ~ V(l - x). Hence f = to h = 0
contrary to assumption. D

PROOF OF (15.1). By (111.4.14) it may be assumed that R is a splitting field
of G and of all its subgroups.

Let N = N c (P). Since P is cylic there exists G with Cc (P) ~ G <J N
such that p ,f IN: G I and P centralizes all p'-elements in G. If 15 is the
defect group of any block of G then P ~ 15 and so C N (15) ~ G. Thus by
(V.3.l0) every block of N is regular with respect to G.

Let f be the Green correspondence with respect to (G, P, N). Apply
(15.2) to N with f( V) in place of V. By (111.5.10) the hypothesis of (v) is
satisfied. By (111.7.8) it suffices to show that if B is the block of N which
contains f( V) then P is a defect group of B.

Let W = f( V)/f( V)(I- x). Then W is in B. By (15.2) W is in a block of
R [G /P) of defect O. Since p ,f IN: G' Clifford's theorem (111.2.12),
implies that W G is a direct sum of irreducible modules in blocks of defect 0
of R[G/P). By (V.4.5) each of these is in a block of R[G) with defect
group P. Hence by (V.3.14) B has defect group P. D



CHAPTER VIII

1. Groups with a Sylow group of prime order

Let p be a prime. The object of this chapter is to apply the results of

Chapter VII to study groups with a Sp-group of order p. Some of the results

proved in this chapter can be generalized to the case that G has a cyclic

Sp-group and satisfies some other subsidiary conditions. However this

more general case will not be considered here.

The notation introduced at the beginning of Chapter VII will be used

throughout sections 1, 2 and 3 of this chapter. In addition the following

assumptions and notation will be used in these sections.

K=K.
P is aSp-group of G. P = <y >. IPI = p.

C = Cc (P). N = Nc (P).

By Burnside's transfer theorem C = P x H for some p'_group H.

If B is a p-block of positive defect of G then P plays the role of D in

Chapter VII. However the situation is a good deal simpler than that

described in Chapter VII since C = Co = Ca - 1 and N = No = Na - l = G. If

M is a nonprojective R[G] module let ~1 be the R[N] module which

corresponds to M in the Green correspondence.

e denotes the inertial index of the principal p-block of G.

By (VII.2.3) IN: C 1= e.

The group N has no p-block of defect O. Let V be a nonzero

indecomposable R[N] module. It follows from (VII.2.4) and (VII.2.6) that

V is serial, /(V)~ p and V is determined up to isomorphism by S(V) and

/ (V). If 'P is an irreducible Brauer character of Nand 1 ~ / ~ p let V( 'P, /)

be an R[G] module such that S(V('P,l) affords 'P and /(V('P,/»=/. In

particular V('P, 1) is an irreducible R[G] module which affords 'P. Define

V('P, 0) = (0).

340
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By (VII.2.8) the composition factors of V(cp, I) in ascending order afford
the Brauer characters cp, cpa -I, ... , cpa -(I-I). The next result is an immediate

consequence of this fact.

LEMMA 1.1. Let cp be an irreducible Brauer character of N and let 1 ~ I ~ p.
Then the following hold.

(i) V(cp, 1)* = V(cp *a l
-

I
, I).

(ii) For x in N let det\"(<p,1) (x) denote the determinant of x acting on
V(cp, I). Then

detV("o,i)(x) = {detV('f,l)(x)fa(x)I(I. 1),12

2. Tensor products of R[N] modules

The purpose of this section is to give explicit formulas for the structure of

the tensor product of two indecomposable R[N] modules. These results

can be found in Feit [1966] except for (2.9) which is due to Blau [1971a]. In
case N = C the results of this section are implicit in Green [1962b].

The results of this section have been generalized to the case that P is

cyclic but not necessarily of prime order. This work was begun in Green

[1962b] and continued in Srinivasan [1964b] and RaIley [1969]. Finally

Lindsey [1974] found an algorithm which gives a complete description of

tensor products of modules in this more general case. As can be seen from

Lindsey's work, the situation in the general case is a good deal more

complicated and will not be treated here.

The principal Brauer character will be denoted by 1,-\' or simply by 1.

LEMMA 2.1. Let cp be an irreducible Brauer character of N and let 1 ~ I ~ p.
Then

V(cp, I) = V(cp, 1) 0 V(l, I).

PROOF. Let U(/) = V(cp, 1)0 V(l, I) for 1 ~ I ~ p. By (VII.2.6), V(cp,p)
and V(1,p) are principal indecomposable R[N] modules. By (VIL2A)

dimR V(cp, p) = pcp (1) = dimR U (p)

and I(U(p)) = p. By (11.2.7) U(p) is projective. Thus U(p) is a principal

indecomposable R[G] module. As S (U(p)) affords cp it follows that

U(p)= V(cp,p).
Let 1 ~ I ~ p. Then U(/) ~ U (P) and so S(U(l)) affords cp. As I (U(l)) =

I it follows that U(l) = V(cp, I). 0
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If 'Ph 'P2 are irreducible Brauer characters of N then P is in the kernel of

'PI and 'P2. Thus V( 'PI, 1) 0 V('P2' 1) is an R[NIP] module and so is

completely reducible. Hence V('PI, 1)0 V('P2, 1) is completely determined

by the Brauer character 'P1'P2. If the character table of NIP is known, then

by (2.1) the structure of tensor products of R[N] modules will be known

once modules of the form V(l, s)0 V(l, t) are described. The rest of this

section is concerned with the latter question. Observe that V(l, l) is in the

principal p-block for 1 :::; I :::; p and so H is in the kernel of V(l, I). Thus

only modules of the Frobenius group NIH need to be considered.

LEMMA 2.2. Let 1:::; s :::; p. Then

,,-I

V(l, s)0 V(I, p) = EB V(a-\ p).
i=O

PROOF. As V(I, p) is projective the result follows from (111.2.7). 0

The method of proof for the next result is essentially due to Green

[1962b].

LEMMA 2.3. Suppose that 1:::; m, n :::; p - 1 and V(I, m) 0 V(I, n) =

EB~=o V(Ai , Ii). Then

k

EB V(Aa m- I
;, p)EB (V(I, p - m) 0 V(I, n»

i =0

n-) k

=EB V(a-i,p)EBEB V(Aiam-1i,p -Ii).
i=O i=O

PROOF. There exists an exact sequence

O~ V(aP-m,p - m)~ V(ap-m,p)~ V(l, m)~O.

Tensoring with V(l, n) yields that

O~ V(aP-m,p - m)0 V(I, n)~ V(a P- m,p)0 V(I, n)

~ V(I, m)0 V(l, n)~O

is exact. Also V(a P-m, p) 0 V(I, n) = EB;':-~ V(aP-m-i, p) by (2.2) and

k k k

O~ EB V(Aia P
-

I
" p - Ii )~ EB V(Aia ,,-Ii, p)-,» EB V(Ai, li)-,» 0

i=O i=O i~O

is exact. Thus by Schanuel's Lemma (1.4.3)
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k

E9 V(AiaP-\p)EB(V(aP-m,p - m)0 V(1, n»)
i=()

n-I k

= E9 V(aP-m-i, p) EB E9 V(Aia P- 1i
, p - Ii ).

j=O i=O
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The result follows from tensoring this equation with V(a m
-I', 1). 0

LEMMA 2.4. Suppose that 2 ~ t ~ P - 2. Then

V(I, 2) 0 V(I, t) = V(I, t + 1) EB V(a -I, t - 1).

PROOF. Without loss of generality it may be assumed that H = (1) and N is

a Frobenius group. Thus it suffices to prove the result in case N is a

Frobenius group of order p (p - 1) since the restriction of any indecompos­

able R [N] module to any subgroup of N which contains P is indecomposa­
ble. Thus in particular, a, a 2

, ••• , al'-I = 1 are p -1 pairwise distinct

irreducible Brauer characters of N.

Let V = V(I, 2) ® V(I, t). There is an exact sequence

0-,) V(I, t) = V(I, 1)0 V(I, t)-,) V-,) V(a- I
, 1)0 V(I, t)

= V(a-- I
, t)-,)O.

This implies that dimR S (V) ~ 2. Thus V = V(A, m) EB V(p" n) for some

A, p" m, n with 0 ~ m ~ n ~ p. The Brauer character afforded by V is
1+ 2 L::: II a -i + a -I. Hence t - 1~ m and so n ~ t + 1 as m + n = 2t. This is

easily seen to imply that either the result holds or V = V(I, t) EB V( a-I, t).
Thus it suffices to show that V(y -1)' ~ (0).

Let x be an element of order p - 1 in N. Choose R-bases {vo, VI},

{wo, ... , WI-I} of V(I,2), V(I, t) respectively such that ViX = a '(x )Vi,
WiX = a -, (x )Wi and ViY = Vi + Vi-I, WiY = Wi + Wi-I, where V-I = W -I = O.
Therefore (vo0 Wi)(Y -1) = va0 Wi-I. Furthermore

(v10 W1_I)(Y -1) = vo0 W1_, + vo0 WI - 2+ VI 0 WI -2. (2.5)

We will prove by induction on t that (v 1 0wl -l)(y-l)' =t(vo0 wo).
This will complete the proof of the result.

Suppose that t = 2. Then (2.5) implies that

(v10wl)(Y -1)2=(vo0w,)(y -1)+(vo0wo)(y -1)

+ (VI 0 wo)(y - 1)

= (Va 0 wo) + 0 + (VO 0 wo) = 2(Vo 0 wo).
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(2.6)

Suppose that t > 2. Then (2.5) yields that

(VI @ Wt-t)(Y - ly
= (Vo@ Wt--I)(Y _1)1-1 + (vo @ Wt -z)(y _1)t-1

+ (VI @ wt-z)(y -1)t- 1

= (Vo @ Wo) + 0 + (VI @ wt-z)(Y _1)1-1.

Since VI @ Wt-z E V(l, 2)@ V(l, t -1) ~ V it follows by induction that

(Vl @wt-z)(y -1)1-1 = (t -1)(vo@wo).

Thus the result follows from (2.6). 0

THEOREM 2.7. Suppose that 1 :::s s :::s t :::s p and s + t :::s p. Then the following

hold.

s-I

(i) V(l, s)@ V(l, t) = EB V(a -\ s + t - 1- 2i).
i=O

s--I

(ii) V(l, s)@ V(l, p - t) = EB V(a-e,p - t + s - 1- 2i).
i=()

(iii) V(l, P - s) @ V(I, t)

s-I I-s- 1

= EB V(a-I+I+i,p - s - t + 1 +2i)ffi EB V(a-i,p).
i=() j=()

(iv) V(I,p-s)@V(l,p-t)

s-I 1'-1

= EB V(a t+\ t - s + 1 + 2i)ffi EB V(ai,p).
i=O j=s+1

PROOF. (i) This is proved by induction on s. If s = 1 the result is trivial. If
s = 2 the result follows from (2.4). Suppose that s ~ 3. By (2.4)

V(l, s -1)@ V(l, 2)@ V(l, t)

= (V(a- I, s - 2)@ V(I, t))ffi(V(I, s)@ V(I, t)).

Thus by induction

s-Z

EB(V(a-\s + t -2-2i)@V(I,2))
i=O

.,-]

= EB V(a -j-I, S + t - 3 - 2i) ffi (V(l, s) @ V(I, t )).
i=O



2]
TENSOR PRODUCTS OF R [1\'] MODULES 345

Application of (2.4) yields that the left hand side is isomorphic to

V(I, s + t - 1) EB 2 (~ V(a --i, s + t - 1 - 2i)) EB V(a -(S-I>, t - s + 1).

The unique decomposition property now implies the result.
(ii) Since s :::s p - t it follows that s + (p - t):::S t + (p - t):::S p. Thus this

follows from (i) when t is replaced by p - t.

(iii) By (2.3) with m = s, n = t, k = s - 1, Ai = a --i~ Ii = S + t - 1 - 2i and
(i) it follows that

s-I

EB V(a
i
-"1 ,p)EB(V(I,p -s)(29 V(I,t))

;=0

I-I s-I

= EB V(a-- i, p) EB EB V(a i- I+I
, p - s + t + 1 + 2i).

i=O i=O

Since EB::(~ V(ai-I+I,p) = EB;~:-s V(a-i,p), the result follows from the
unique decomposition property.

(iv) Observe that a p-I = 1 and so

p - S - I - 1 P - s - I - I P __ 1

EB V(a-i,p)EB EB V(aP-l-i,p)= EB V(ai,p).
J=() J=O i=s+1

Thus the result follows from (iii) upon replacing t by P - t. 0

COROLLARY 2.8. Suppose that 1:::s s :::s ~ (p - 1). Then

(i)

(ii)

s-I

V (1, s) (29 V (1, s)* = EB V (a \ 2i + 1).
;=0

s-I p-I-s

V(I,p-s)@V(I,p-s)*=EB V(a\2i +1)EB EB V(a\p).
i=O i=s

PROOF. (i) by (1.1)

V(1, s)* = V(a S
-

I
, s) = V(a'-l, 1) (29 V(I, s).

Thus by (2.7) (i)

V (1, s) ® V (1, s )* = V (,,' - " 1) ® {~ V (" \ 2s - 1 - 2i) }

s-I

-ffi V( .<-1-; 2 1 2')-\]7 a , s- - I.
i=()

This implies the result.
(ii) By (1.1) and (2.7) (iv)



346 CHAPTER VIII

V(l, P - s) 0 V(l, p - s)*

=V(a'-'-', 1)0{~ V(a'H,2i + l)EB~ V(ai,p))

s-I ,,-I

= EB V(O'I'-14', 2i + 1) EB EB V(O'I'-I-s+i, p).
i =() j=2s

[2

The result follows as O' P
-

I = 1. 0

The next result is due to Blau [1971a]. The proof is due to Lindsey
[1974].

THEOREM 2.9. Suppose that p -/2. Let A be a linear character of N (i.e.
A(1) = 1). Let V(A, d) 0 V(A, d) = A + EB A - where A 4 is the space of
symmetric tensors and A - is the space of skew tensors.

(i) If d = s :::; ~ (p - 1) then

A "= EB V(A 20' I-s+\ 2i + 1),
Oo;;iO;;s-J

i ;! s (mod 2)

A - = EB V(A 20' I-s+i, 2i + 1).
O::::;;:::;s-)

j ==s(rnod 2)

(ii) If d = p - s with s :::; ~ (p - 1) then

A+= EB
O:::;i:::;s-}

i =s(mod 2)

A-= EB
Oo;;,o;;s-}

i"; s(mod 2)

V(A 2O' s+\ 2i + 1) EB EB V(A 2O" +i, p).
s::::;::::p-)-s

i "'s(mod 2)

V(A 2O' S+i, 2i -+ 1) EB EB V(A 20' s+i, p).
s~i::;;p-I-s

i ,"s(mod 2)

PROOF. By (2.1) it may be assumed that A = 1. Thus it may be assumed that
H = 0) and N is a Frobenius group. Hence it suffices to prove the result in
case N is a Frobenius group of order p(p - 1) since the restriction of any
R[N] module to any subgroup of N which contains P is indecomposable.
Thus in particular 0',0'2, ... ,0'1'-1 = 1 are p - 1 pairwise distinct irreducible
Brauer characters of N.

Let x be an element of order p -1 in N. Let {vo, ... , Vd-J} be an R-basis
of V(l, d) such that ViX = O'-i(x)vi for 0:::; i:::; d -1. Thus
{Vi 0 Vj + VJ 0 v, 10:::; i:::;j:::; d -I} is an R-basis of A + and {Vi 0vJ ­

Vi 0 Vi [0:::; i <j:::; d -I} is an R-basis of A -. Let 0\0- be the Brauer
character afforded by A +, A - respectively. Then it follows that
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(2.10)

Let n (a i) = ( - 1Y and extend n by linearity to the space of Brauer
characters of N /P. If V is an R[N] module let n (V) = n «(}) where () is the
Brauer character afforded by V. The definition and (VII.2.8) imply that

n(V(ai,s))=O if s is even,

= ( - 1y if s is odd.

By (2.7) A -I- EB A· is the direct sum of d nonzero indecomposable
modules. Furthermore each of these is odd dimensional over R. By (2.10)
n(A -1-) - n(A -) = d. This yields that A +, A - is the direct sum of all the
indecomposable components of V of V(A, d)@ V(A, d) with n(V) =
1, - 1 respectively. Now (2.7) yields the result. 0

3. Groups of type L2(P)

A group G is of type L2(P) if every composition factor of G is either a
p-group, a p'_group or is isomorphic to PSL2 (p). If p = 2 or 3 then PSL2 (p)
is solvable and so in these cases a group of type L2(P) is p-solvable.

It should be emphasized that the hypotheses introduced in section 1 are
assumed throughout this section. In particular it is implicitly assumed that a
Sp -group of G has order p.

The object of this section is to prove the following results.

THEOREM 3.1. Suppose that G is not 0 f type L2(p). Let L be a faithful R[G]
module and let d be the degree of the minimum polynomial of yon L. Then
d ~ h2p - 2).

THEOREM 3.2. Suppose that G is not of type L2(p). Let L be a faithful R[G]
module such that dimRL ::s p. Then Cc (P) = P x Z, where Z is the center
ofG.

THEOREM 3.3. Suppose that G is not of type L2(P). Let L be a faithful
indecomposable R[G] module and let d = dimR L. Assume that p ~ 13.
Then d ~ i(p -1).

The proof of (3.2) and the proof of a weaker form of (3.1) can be found in
Feit [1966]. The proof of (3.3) is due to Blau [1971a]. This last result
strengthens a result in Feit [1966].
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In case 3:::s p :::s 11, the inequality in (3.1) is the best possible. A covering
group of As, At>, A 7 respectively has a faithful representation in any
algebraically closed field of degree 2,3,4 respectively. This shows that for
p = 3,5,7 the inequality in (3.1) cannot be improved. The Janko group 1 1

has a faithful representation of dimension 7 over the field of 11 elements.
Thus for p = 11 the inequality in (3.1) cannot be improved.

Suppose that p ~ 13. Any transitive permutation group on p letters has a
faithful indecomposable R [G] module of degree p - 2, namely
Rad Ol/S( 0,), where VI is the principal indecomposable R[G] module
corresponding to the principal irreducible module. There seem to be no
known examples for p ~ 13 with d < P - 2 in (3.1) or (3.3). Thus for p ~ 13,
the inequalities in (3.1) and (3.3) are far from the best possible. Various
improvements of the inequality in (3.3) under special conditions can be
found in Blau [1974b], [1974c], [1975a], [1975d], [1976], [1980]. For a

related result see Blau [1975c].

LEM1I.-1A 3.4. Statement (3.2) follows from (3.1).

PROOF. Suppose that (3.1) has been proved. If L is projective then L c is
projective and so L c is indecomposable as dimRL:::s p. If L is not
projective then MN = Nt and the minimum polynomial of y on L has
degree d < p. Thus in any case (2.1) implies that Lc = V @(2:~=, Yi )

where V is an indecomposable R [P] module and YJ, ... , Ym are irreduc­
ible R [H] modules which are conjugate in N. If m ~ 2 then dimR V:::S ~p

and so by (3.1) G is of type L 2 (p) contrary to assumption. Thus ni = 1.

Since dimR V > ~p it follows that dimR Y, = 1. Hence H is represented by
scalars on M and so H is in the center of G. 0

The next result is a preliminary lemma needed for the proof of (3.1).

LEMMA 3.5 (Brauer [1942b]). Suppose that p ~ 3. Let M be a faithful
indecomposable R[G] module in the principal p-block such that M = M*
and dimRM = 3. Then G is of type L 2 (p).

PROOF. Without loss of generality it may be assumed that G = G'. Since
M = M*, dimRS(M) = dimR T(M). If M is reducible this implies that the
irreducible constituents of M are all of dimension 1, contrary to G = G'.
Thus M is irreducible. By (VII.10.5) it may be assumed that M is an F[ G]
module where F is the field of p elements.

Let A denote the representation of G with underlying module M. Thus
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for x E G, A (x) is a linear transformation on M. Since M = M* there

exists a nonsingular linear transformation 0 on M with 0- 1A (x)O =
A '(X-I), where' denotes transpose. Taking the transpose and replacing x
by X-I implies that O'A'(x-1)(0-1)'=A(x) and so A(x)=
0'0- 1A (x )O(0-')'. Thus by Schur's Lemma 0' = cO for some c E F.
Since 0/1= 0 it follows that c 2 = 1. As det 0 = det 0' it follows that

c:J = 1. Thus c = 1 and 0 = 0'. Since A (x )OA '(x) = 0 for all x E G this

implies that G is isomorphic to a subgroup of O:J(p). The result follows as
O~(p ) = PSL2(p ). 0

The remainder of this section is concerned with the proofs of (3.1) and
(3.3). Suppose that either of these results is false. Choose a counterexample
G of minimum order; given G, choose d as small as possible. Without loss
of generality it may be assumed that L is indecomposable. Since d < p, L N

has no nonzero projective direct summand. Thus L N = L.
By (2.1) and (VII. 10.1 ) there exists an irreducible character cp of N such

that

L N = i = V(cp, 1)@ V(l, do),

where do is the degree of the minimum polynomial of y on L. In case of

(3.1) d = do. Since P is in the kernel of V(cp,l) it follows that
V(cp, 1)@ V(cp, 1)* is completely reducible. Therefore

m

V(cp, 1)@ V(cp, 1)* = EB Y i ,

i=J

where Y I = V(l, 1) and for i > 1, Yi is in a nonprincipal block of N.

PROOF OF (3.1). The result is trivial for p ~ 3. Thus it may be assumed that
p ~5.

. Suppose first that d ~ ~(p -1). By (2.8) L N @ L ~ has no projective direct
summands. Thus if M IL N @ L ~ there exists an R [G] module M with
M N = M. By (2.8) V(a, 3) = V(a, 3) @ Y1 IL N @ L~. Let M be an R [G]
module with M N = V(a, 3). Hence dimRM = 3 and M* = M as V(a, 3)* =
V(a,3). As P is not in the kernel of M, (3.5) yields a contradiction.

Therefore d = p- s with s ~ Hp - 1). Since d < Hp - 1) it follows that
3s - 2 > p. By (2.8) L N @ L ~ has (p - 2s)m projective direct summands
and for 0 ~ i ~ s - 1, L N @ L ~ has m direct summands M with I(M) =
2i + 1. Let n be the number of direct summands M of L N @L t. with

1 < I(M) < d. As 3s - 2> P it follows that p - s < 2(s - 1) + 1. Thus n =
Hp - s - 3)m if s is even and n = Hp - s - 2)m if s is odd. Hence in any
case n ~1(p -s -3)m.
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Let M be a direct summand of L N ® L,~ with 1 < I (~1) < d. Since

1 < I(M), P is not in the kernel of M. Let M be the R [G] module
corresponding to M. The minimality of d implies that M N j:; M. Hence M N

has a nonzero projective summand. This implies that LN ® L ~ has at least
n nonzero projective summands. Consequently (p - 2s)m ~ ~(p - s - 3)m.
Therefore p ~ 3s - 3. As 3 ~ p, P ~ 3s - 2. 0

PROOF OF (3.3). In view of "(3.1) 'P (1) = 1. Thus m = 1 and d = do. Suppose
that e ~ j(p -1). By (3.1) d > e and so by (VII.2.7) d ~ p - e > Hp-1)
contrary to assumption. Therefore e ~ ~(p - 1) and d = p - s with s ~ e.
By (2.8)

s" I p-I-s

L N ® L ~ = EB V (a \ 2i + 1) EB EB V (a \ p ).
j -0 I =s

Since d < ~(p - 1) it follows that s > ~(p + 3). 0

For 1 ~ i ~ s - 1 let M i be an indecomposable R [G] module with

Mi = V(a', 2i + 1), Let diml~M j = 2i + 1 + m;p.
We need two subsidiary results.

LEMMA 3.7. Suppose that mi = 0 for some with 1 ~ i ~ s - 1. Then
i = s - 1 and 3s - 1~ p.

PROOF. Since P is not in the kernel of Mi, the minimality of d implies that
d ~ 2i + 1 in case mj = O. If i~ s - 1 then d ~ 2(s - 2) + 1 = 2p - 2d - 3.
Thus 3d ~ 2p - 3 < 2p - 2 contrary to (3.1). If i = s -1 then p - s = d ~
2(s -1) + 1 and so p ~ 3s - 1. 0

LEMMA 3.8. There is at most one value of i with mi = 1.

PROOF. Suppose that mj = 1. Since M; = Mit follows that M; = Mi. Thus
(Mi)N =M; EB V(ai,p) for somej with V(ai,p)= V(ai,p)*. Hence a 2i =
1 by (1.1). Since by (3.6) s ~ j ~ p - s - 1 and s > j(p + 3) it follows that
j = ~ (p - 1) in case e = p - 1 or !(p -1). Thus the result is proved unless
e = Hp - 1). If e = 1(p - 1) then j = 1(p - 1), ~ (p - 1) or Hp - 1).

Since G = G', (1.1)(ii) implies that a;Pa-P(P-I)/2 = 1. Thus a i (p 1)/2 = 1

and so j == 4(p - 1) (mod e). As e = ~(p - 1) it follows that j-l ~(p - 1),
Hp - 1). Thus j = ~ (p - 1) and the result is proved also in this case. 0

Suppose that 3s - 1~ p. By (3.7) and (3.8) mi ~ 1 for 1~ i ~ s - 2 and
mj ~ 2 for at least s - 3 values of i with 1 ~ i ~ s - 2. Hence (3.6) Implies
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that 1 + 2(s - 3) ~ P - 2s and so 4s - 5 ~ P ~ 3s - 1. Thus s ~ 4 and so
p ~ 3s - 1 < 13 contrary to assumption. Therefore 3s - 1 < p.

By (3.7) and (3.8) mj ~ 1 for 1 ~ i ~ s -1 and mj ~2 for at least s - 1
values of i with 1 ~ i ~ s - 1. Hence (3.6) implies that 1+ 2(s - 2) ~ P - 2s.
Thus 4s - 3 ~ P and so 4d ~ 3p - 3 as required. 0

~. A characterization of some groups

The purpose of this section is to provide a proof of the following result
due to Brauer and Reynolds [1958].

THEOREM 4.1. Suppose that G = G I and a SI' -group P of G has order p. Let

1+ np be the number of SI'-groups in G. Let H = Op·(G). Then one of the
following holds.

(i) p > 3, G/H = PSL2 (p).
(ii) P = 2" + 1 > 3, G /H = SL2 (p - 1).

(iii) There exist positive integers h, u such that

_ hllp + u 2 + u + h
n - u + 1

This result was first proved by Brauer [1943] under the additional
assumption that C" (P) = P. The proof of (4.1) given here is quite similar to
that given in the above mentioned papers except that the results of section
3 are used to simplify a portion of the argument.

The proof of (4.1) requires the following result of Zassenhaus [1936]

which will here be stated without proof.

THEOREM 4.2. Let G be a triply transitive permutation group on an odd
number of letters m. Assume that only the identity fixes at least 3 letters. Then
m = 2" + 1 for some a ~ 1 and G = SL2 (2" ).

Define the function

F( h) = hup + u
2

+u + h
p, u, u + 1 .

We first prove some arithmetical lemmas.

LEMMA 4.3. Let n ~ 1 be an integer. Suppose that u is a nonnegative integer
such that (1 + up) I(p - 1)(1 + np). Then there exists an integer h ~ 0 such

that n = F(p, u, h) and (u + 1) Ih (p -1).
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PROOF. Let 1 + up = m 1m2 with m I I(p - 1) and m21 (1 + np). Then

p =1, up + 1 =0

Hence u + 1 = 0 (mod ml). Also

up + 1=0, 1+ np =0

This implies that (n - u)p = 0 (mod m2) and so n - u = 0 (mod m2). Thus
up + 1 = m 1m2 divides (u + l)(n - u). Define the integer h by

(u + 1)(n - u) = h(up + 1).

Hence h (up + 1) =0 (mod (u + 1)). Since u = - 1 (mod (u + 1)) this implies
that (u + 1) Ih (p - 1). Furthermore n = F(p, u, h).

Supposethath = -h'<O.Then(u +1)(u-n)=h'(up+l»Oandso

u 2 = U (h I P + n - 1) + h' + n > uh I p.

Thus u > h 'p. This contradicts the fact that (u + 1) Ih '(p - 1). Hence
h ~O. 0

LEMMA 4.4. Let n ~ 1 be an integer. Suppose that v is a positive integer such

that (vp -1) I(p -1)(1 + np). Then there exists an integer h ~ 0 such that
u = (n - h )/v ~ 0, n = F(p, u, h) and (u + 1) Ih (p - 1). If u = 0 then v =

pn - n + 1.

PROOF. Let vp -1 = mlm2 with mil (p -1) and m2! (1 + np). Then

p = 1, vp -1 =0

Hence v-I = 0 (mod ml). Also

vp - 1 = 0, np + 1 = 0

This implies that (n + v)p =0 (mod m2) and so n + v =0 (mod m2). Thus
vp -1 = mlm2 divides (v -1)(n + v). Define the integer h by

(v -1)(n + v) = h(vp -1). (4.5)

Thus h ~ O. For fixed n, p, h let f(X) = (X -1)(X + n) - h (Xp -1). Thus

f(v)=O. Hence f(v')=O where v'=(h-n)/v and so u= -v' is an
integer. Since f(l) < 0 and v ~ 1 it follows that v' < 1 and so v' ::::; 0 as v' is
an integer. Therefore u ~ O. As f( - u) = 0 it follows that (u + l)(n - u) =

h (up + 1) and so n = F(p, u, h). Furthermore

h(p-l)= -h(up+l)=O (mod(u+l)).

If u = 0 then n = hand (4.5) implies that v = pn - n + 1. 0
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The proof of (4.1) will now be given. Suppose the result is false. Let G be
a counter example of minimum orde.r- We will show in a series of lemmas
that the assumed existence of G leads to a contradiction.

The notation introduced at the beginning of section 1 will be used for the
remainder of this section with the following modifications.

t = (p -1)le.
B is the principal p-block of G.
If tIl, ~h ••• ' ~I are the exceptional characters in B.
Xo, ... , Xc and 0o, ..., oc are defined as in (VII.2.12) for the principal

p-block of G where XI is the principal character of G. If t = 1 let ~1 = Xo.

LEMMA 4.6. (i) If OJ = 1 for Xj an irreducible character then Xj (1) = 1 or
1 + np.

(ii) If OJ = - 1 for Xj an irreducible character then Xj (1) = p - 1 or
p (pn - n + 1) - 1.

(iii) If tIl and 00 = 1 then t~i (1) = 1 + np for 1:::s i :::s t.
(iv) If tIl and 00 = - 1 then t~i (1) = P - 1 or p (pn - n + 1) - 1.

PROOF. Let X be an irreducible character of G. Then

1
X(1)/ G :Cc (y)lx(y)

is an algebraic integer. Since IG : Cc (y) 1= e (1 + np) = (p -1)(1 + np )It
this implies that

(1 + np)(p - I)X(Y)
tX(I)

is an algebraic integer.
Suppose that X = Xj is a nonexceptional character in the principal

p-block. By (VII.2.17) Xj(Y) = OJ and Xj(l) = OJ + mp for some integer m.
Thus x(1) I(p -1)(1 + np).

Suppose that tIl and X = ~i. Then by (VII.2.17) 2::=1 ~i(Y) = 00 and
2:;=1 ~i(1) = 00 + mp for some integer m. Thus tX(I) I(p -1)(1 + np).

(i), (iii). Let X = Xj with OJ = 1 or let X = 2:;=1 ~i where tIl and 00 = 1.
By (4.3) n = F(p, u, h) where x(1) = 1 + up. Since G is a counterexample
either h = 0 or u = O. If u = 0 then X(I) = 1 and so in particular t = 1. If
h = 0 then n = F(p, u, 0) = u and X (1) = 1 + np.

(ii), (iv). Let X = Xj with OJ = -lor let X = 2:;=1 ~i where tIl and
00 = - 1. By (4.4) n = F(p, u, h) where x(1) = vp - 1 with u = (n - h )Iv.
Since G is a counterexample either h = 0 or u = O. If h = 0 then
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n = F(p, u, 0) = u and u = nlv. Thus l' = 1 and x(1) = p - 1. If u = 0 then

X(I) = p(pn - n + 1) - 1 by (4.4). D

The next result is a refinement of (4.6).

LEMMA 4.7. (i) If Di = 1 for Xi irreducible, j~ 1 then XJ(1) = 1 + np.
(ii) If oJ = - 1 for Xi irreducible then Xi (1) = p - 1.

(iii) If t~ 1 and Do = 1 then t~i(1) = 1+ np for 1::s i ::s t.
(iv) If t~ 1 and Do = -1 then t~i(l) = p-1.

PROOF. (i) Since G = G', Xi(l) > 1 for j~ 1. The result follows from

(4.6)(i).

(ii), (iii), (iv). There are at most e values of j with Di = 1 since the Brauer

tree is connected. By (4.6) Xi (1)::S 1 + np if Di = 1 and XI(I) = 1. Let Eo = 1 if

Do = 1 and Eo = 0 if Do = - 1. Let E 1 = 1 - Eo. Then (VII .2.15) (iii) implies

that

E 1~ 1(1) + 2: Xi (1) = E ()~ ,(1 ) + 2: Xi (1)
(" =-1 "j = 1

i c 'O i"'O

~< e (l + np) = (1 + np)
t

1= - {p(pn - n + 1) - I}.
1

Thus Xi (1) ~ p(pn - n + 1) - 1 and t~i (1) ~ p(pn - n + 1) - 1. The result

follows from (4.6). D

LEMMA 4.8. (i) t~l, t~,(I)=I+np, XI(1) = 1 and Xi(I)=p-l for
2::s j ::s e.

(ii) 1 + (l + np)lt = (p -1)(e -1).
(iii) G is simple and Co (y) = (y).

PROOF. Let G, be the subgroup of G generated by all elements of order p
in G. Thus G, <J G and G, has 1 + np Sp -groups.

Suppose that G 1~ G. By induction p > 3 and G,/Op,(G ,) is either

isomorphic to PSL2 (p) or p = 2" -1 amd G,/Op,(G,)= SLdp -1). Hence

GlOp' (G) has a normal subgroup A such that either A = PSL2 (p) or

p = 2" - 1 and A = SLdp - 1). Thus GlOp' (G) is isomorphic to a sub­

group of the automorphism group of A. Since G = G' this implies that
GIOp,(G)= A contrary to assumption. Hence G = G,. This in particular

implies that GIOp,(G) is simple.



4] A CHARAcrERlzATION OF SOME GROUPS 355

Let GO = G/Op,(G). Every irreducible character in B has 01' (G) in its
kernel and so may be identified with a character of Gil.

Suppose that there exists an irreducible nonprincipal Brauer character 'P

in B with 'P (1):s Hp - 1). As GO is simple, (3.1) implies that GO = PSL2 (p)
contrary to assumption.

(i) Suppose that t = 1. Let x be an element in N which maps onto an
element of order p -1 in GO. By (4.7) there existsj with Xi(l) = P -1. Thus
(Xi )..-,: is irreducible and so (Xi )<x) is the character afforded by the regular
representation of (x). Hence the linear transformation corresponding to x

in the representation which affords Xi has determinant - 1, contrary to the
fact that G = G'. Thus t~ 1.

If Oil = -1 then by (4.7) ~j(1):s Hp -1) which is impossible. Thus Oil = 1.
By (4.7), t~J (l) = 1 + np.

Suppose that 0" = 1 for some u with 2:s u :s e. For any j let Pi denote
the vertex on the Brauer tree corresponding to Xi' The path from Po to P"
contains a vertex P, with Os = - 1. Since PI is an end point of the tree, PI
does not occur on this path. Thus XS has at least two nonprincipal Brauer
constituents. By (4.7) X. (1) = p - 1. Hence there exists an irreducible
nonprincipal Brauer character 'P with 'P (1):S Hp - 1) which is not the case.
Consequently 0i = - 1 for 2:s j :s e. The result follows from (4.7).

(ii) This is a direct consequence of (i) and (VII.2.15) (iii).
(iii) Since GO is simple it follows from (3.2) that a Sp-group of GO is self

centralizing. Hence

/Gol JLJl )= p (l + nop
t

where GO has 1+ nllp Sp-groups. Thus 1 + nllp :s 1 + np and (l + np )/t =
~1(1) is an integer. By (ii) p - 1 and (1 + np )/t are relatively prime. It
follows that (1 + np )/t 1(1 + nllp )/t. Thus 1 + np :s 1 + nllp and so n = nil.
The minimality of G now implies that G = Gil. 0

Let OJ, O2 , ••• be all the irreducible characters of G which are not in B.
Then each OJ is in a block of defect O. Let OJ (l) = paj.

Let q be a prime with q Ie. Let x be an element of order q in N.

LEMMA 4.9. (i) t = p - 2 - n. (ii) La; = n.

PROOF. (i) Since te = p- 1 this follows from (4.8)(ii).
(ii) By (4.8) (i)
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p~ (1 + np) = IG I= ~ ~i (If +~ Xi (1)2 + 2: 0;
t i =1 i = 1

(np + 1)2
= 1 + + (p - 1)2(e -,- 1) + P22: a 7.

t

[4

Direct computation using (i) yields the result. D

LEMMA 4.10. Let z be a q-singular element in G. Then the following hold.
(i) Xi (z) = 0 for 2:::s i :::s e.

(ii) ~i (z) = - 1 for 1:::s i :::s t.

PROOF. (i) By (4.8)(ii) (p -1) is relatively prime to (1 + np)/t. As IG 1=
pep - 1)(1 + np )/t, this implies that X, is in a block of defect 0 for q, where
2:::s i :::s e. The result follows.

(ii) This follows from (i) and (VII.2.15) (iii). D

LEMMA 4.11. Oi (x) = ai for all i.

PROOF. Let T = r + XI - L;=2Xi. By (VII.2.15)(iii) T(z) = 0 for zEN,
z ~ yi with 1:::s i:::s p -1. By (VII.2.17) T(yi) = e - A(yi) for all i, where A

is a faithful irreducible character of N. Thus

I'

L T(z)= ep - L A(i)= ep.
zEN ;=1

Hence (TN, IN) = 1.
Since (4.10) (i) holds for a n arbitrary prime divisor q of e it follows that if

2:::s j :::s e then
1'-1

L Xj(z) = L Xj(yi) = O.
zEN i=O

Thus «Xi )N, IN ) = O. Hence also «~i )N, IN ) = 0 for 1 :::s i :::s t by the previous
paragraph.

Let p be the character afforded by the regular representation of G. Then

(PN' IN ) = 1 + np. Hence (L Oi (1)( Oi )N, IN) = np and so

(4.12)

If eJ> is a principal indecomposable character of N then eJ> = 'P + L A

where 'P is an irreducible character of N / P and A ranges over all the

faithful irreducible characters of N. For each i, (Oi)N is a sum of ai principal
indecomposable characters of N. Thus eJ>(z) = 'P (z) for zEN - P. In
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particular this implies that (eJ>, IN ) ~ 1 and (eJ>, IN ) = 1 if and only if
eJ>(Z) = 1 for all zEN - P. This last condition holds if and only if eJ> = eJ>o,
the principal indecomposable character which corresponds to the principal

Brauer character. Hence «0; )N, IN ) ~ a; for all i. Thus (4.9)(ii) and (4.12)
imply that «0; )N, IN ) = a; for all i. Therefore (O;)N = aieJ>o and so
O;(x) = a;. 0

LEMMA 4.13. e = 2. P = 2Q + 1 for some a > 1. Every element of even order
in G is conjugate to x. A 5~-group of G has order p - 1.

PROOF. Let {1];} be the set of all irreducible characters 0 f G. If z is a
q -singular element then (4.10) yields that

0=2: 1]; (1)1]; (z) = 1 - (1 + np) + p 2: a;O; (z).

Thus 2: aiO; (z) = n. Suppose that z -I is not conjugate to x. Then (4.10) and

(4.11) imply that

= 1 + t + 2: a;O; (z) = 1+ t + n > O.

This contradiction shows that every q-singular element in G is conjugate

to x. Thus every q -singular element in G has order q. Furthermore Co (x)
is a 5q -group of G. By (4.10) and (4.12)

Hence by (4.9)(i) ICo (x)1 = p -1 is even. Thus q = 2 and p = 2Q + 1. If
a = 1 then a 5~-group of G has order 2 contrary to the simplicity of G.
Since N / P is cyclic of order e it follows that e = 2. 0

LEMMA 4.14. Let 5 be a 5 r group of G. Then No (5) is a Frobenius group of
order (p - l)(p - 2).

PROOF. By (4.13) every element of 5 - (I) has order 2. Thus 5 is abelian.

Since no element of odd order commutes with an involution, No (5) is a

Frobenius group with Frobenius kernel equal to 5. By (4.13) 151 = p - 1

and any two involutions in G are conjugate. Hence by a theorem of

Burnside any two involutions in No (5) are conjugate. 0
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PROOF OF (4.1). By (4.13) t = !(p - 1). Thus by (4.9)(i) n = Hp - 3). Hence
IG I= p(p - 1) (p - 2). By (4.14) G has a permutation representation on p
letters in which No (S) is the subgroup leaving a letter fixed. Since No (S) is
a Frobenius group, any faithful permutation representation of No (S) on G

has a triply transitive permutation representation on p letters. As 1 G 1 =

p(p - l)(p - 2) the assumptions of (4.2) are satisfied and so by (4.2)
G = SL2 (p - 1). 0

5. Some consequences of (4.1)

The next two results are due to Brauer and Reynolds [1958]. The first of
these was originally proved by Brauer under the additional assumption that
Co (P) = P. Nagai [1952], [1953], [1956], [1959] has proved several results
related to Brauer's original result in which analogous conclusions are
reached under various assumptions about n. A slightly different sort of
related result can be found in Hung [1973]. Herzog [1969], [1970], [1971]
and more recently Brauer [1976b], [1979], have proved related results in
case the Sp-group of G is assumed to be cyclic butnot necessarily of prime
order.

THEOREM 5.1. Suppose that G = G' and aSp-group PofG has order p. Let

1 + np be the number of Sp-groups in G. Let H = Op,(G). Then one of the

following holds.

(i) p > 3, G/H = PSL2 (p).
(ii) p=2" +1>3, G/H=SL2 (p-1).

(iii) n?= ~(p + 3).

PROOF. Suppose that neither (i) nor (ii) holds. By (4.1) n = F(p, u, h) for
some positive integers hand u where

F( h)
= h up + u 2 + u + h

p, u, u + 1 .

It is easily seen that for fixed positive h, F(p, u, h) is an increasing function
of u and for fixed positive u, F(p, u, h) is an increasing function of h. Thus
n ?= F(p, 1,1) =!(p + 3). 0

COROLLARY 5.2. Suppose that p is a prime factor of IG I and p' > IG I.
Assume further that the following conditions are satisfied.

(i) G = G'.
(ii) A Sp-group of G is not normal in G.
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(iii) 0 has no normal subgroup of order 2.

Then p > 3 and either 0 = PSL~(p) or p -1 = 2" and 0 = SL~(p - 1).

PROOF. Let P be a 5p -group of O. If IP I~ p~ then 10: pi < p and Sylow's
theorem implies that P <J 0 contrary to assumption. Thus IP 1= p. If
(5.1)(i) or (5.1)(ii) holds then 10: HI> ~p-' and so H = (1'> and the result is
proved. If (5.1) (iii) holds then

I0 I~ 2P (1 + np) ? 2p (1 + ! (p + 3)p ) = p (p + l)(p + 2) > p-'

contrary to assumption. 0

The next result shows that in a very special case, groups which have a

character that satisfies the condition of (IV.lO.l) can be classified.

COROLLARY 5.3. Assume that a 5p -group of 0 has order p and 0 has an

irreducible character Yl such that Yl vanishes on p-singular elements and

Yl(x) = ± ICG (x)/p for every p'-element x of O. Then 0 is of type L 2 (p).

PROOF. Let H be the last term in the descending commutator series of O.
If p 110 :H I then 0 is p-solvable and the result is proved. If p t 10: H'
then by Clifford's theorem YlII is irreducible as Yl(1) = p. Thus by changing
notation it may be assumed that 0 = 0 '.

Let x be a p'-element in 0 and let Z = Z(O). If x does not commute
with a p-element other than 1 then Yl (x) = ±]. If x commutes with a
p-element other than 1 then Yl (x) = ± p = ± Yl (1) and so x E Z. Thus if 0
has exactly 1 + np 51) -groups then 0 has exactly (l + np) (p - 1) IZ I p­
singular elements. Hence

I0 I= I0 III Yl If = I0 1- (1 + np ) (p - 1) IZ I-I Z I+ Izip 2.

Therefore IZI(p"-1)=IZI(1+np)(p-1) and so l+np=l+p. Hence
n = 1. If p = 2Q + 1 > 5 then the number of 5p -groups is 1 + ~(p - 3)p >
1 + p. Since SL~(4)=PSL~(5) the result follows from (5.1). 0

The proof of the next result in case p = 5 or 7 depends on the
classification of all finite groups which have a faithful complex representa­
tion of degree at most 4. This classification can be found in Blichfeldt
[1917].

THEOREM 5.4 (Brauer and Tuan [1945]). Let 0 be a simple group with

I0 I= pq bm, where p, q are primes, b, m are positive integers and m < p - 1.
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Then p > 3, q = 2 and one of the following holds.
(i) p = 2a ± 1 and G = PSL2 (p)..

(ii) p = 2a + 1 and G = SL2 (p -1).
Conversely the groups listed in the conclusion satisfy the assumptions.

PROOF. The converse follows easily from the fact that in case (i) IG I =
~p(p -l)(p + 1) = 2"p(p ± 1)/2 and in case (ii) IG' = 2"p(p - 2).

In proving the result it may clearly be assumed that q .r m. If p = q

then Sylow's theorem implies that a Sp-group is normal in G contrary to
assumption. Thus p ~ q. Hence if P is a Sp-group of G then IP' = p. If
p = 2 or 3 then G is solvable by Burnside's theorem. Thus p ~ 5.

By (VII.2.I5)(iii) there exists a character (~ 10 in the principal p-block
B of G such that (d, q) = 1 where d = ((1). Thus dIm and so d < P - 1.
Consequently ( is an exceptional character in B by (VII.2.I6).

Suppose that d ~ ~ (p + 1). If P = 5 or 7 the result follows by inspection of
finite linear complex groups in dimension at most 4. If p ~ 11 then
G = PSL2 (p) by (3.1). Thus

(p + 1)(p -1) = ~I G' = 2q bm.
p

Since (p + 1, P - 1) = 2 it follows that qb divides either p + 1 or p - 1.
Hence either p - 1 = q band p + 1 = 2m or p + 1 = q band p - 1 = 2m. In
either case q = 2 and statement (i) holds.

Suppose that d > Hp -+- 1). Since d < p it follows from (3.2) that Co (P) =
P. Let e = 'No (P): P I and let t = (p -1)le. By (VII.2.I6) d= p - e. Let
e = qCh where hIm. Thus d = p - qCh and so (d, h) = 1. Thus dh 1m.
Since ~ m < d this implies that h = 1. Hence e = qC and d = p - qC. Since
d < P - 1 it follows thatc > O.

These results imply that

1 + d = 1 + P - qC = 2 + te - qC = 2 + (t -1)q c. (5.5)

If q ~ 2 then (VII.2.I5)(iii) implies the existence of a nonprincipal nonex­
ceptional character X in B with (x(1), q) = 1. Hence X(1) Im and so
X(I) < P -1 which is impossible as x(1) == ± 1 (mod p) by (VII.2.I6) and
X (1) > 1. Therefore q = 2.

Suppose that c > 1. Then (5.5) and (VII.2.I5)(iii) imply that there exists
an irreducible character X in B with x(1) ¢ 0 (mod 4), X~ 10, (i. Thus
X(I) = n or 2n with n Im. Since x(1) ~ 2n < 2(p - 1) and x(1) = ± 1
(mod p) it follows that x(1) = p ± 1. Hence n = Hp ± 1). As n Im and
m < 2n this implies that m = Hp ± 1). Consequently d ~ Hp + 1) contrary
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to assumption. Thus c = 1. Therefore d = p - 2 and so m = p - 2. There­

fore e =2 and IG 1= p2b (p - 2).
Since e = 2 there exists a unique irreducible character X in B with

X11 o, ti' By (VII.2.15)(iii) x(1)=p-l. Hence (x(1),m)=l and so
p - 1 = 2". By (lV.4.23) X is not in a 2-block of G of full defect b. Since
p - 2 is odd, X is the only irreducible character in B which is not in a
2-block of G of defect b. Since Co (P) = P there are no elements in G of
order 2p. Thus by (lV.4.24) X(l) ==0 (mod 2b

). Consequently x(1) = 2b and
so IG' = p (p - l)(p - 2). Since e = 2 this implies that G contains exactly
(1 + !(p - 3)p) Sp-groups. Statement (ii) now follows from (5.1). 0

6. Permutation groups of prime degree

Let G be a transitive permutation group of prime degree p. Then a
Sp-group of G has order p. Thus the material of Chapter VI is applicable to
the study of G. See for instance Ito [1960a], [1960b], [1962b], [1963a],
[1963b], [1963c], [1964], [1965a], [1965b], Michler [1976a], Neumann
[1972a], [1972b], [1973], [1975], [1976]. Similarly the methods of Chapter
VI can be applied to transitive permutation groups of degree 2p and 3p if it
is assumed that p2 does not divide the order of such a group. See for
instance Ito [1962c], [1962d], L. Scott [1969], [1972]. In this section we will
only prove a classical result of Burnside and a result of Neumann. See also
Klemm [1975], [1977] Mortimer [1980] for related results.

THEOREM·6.1. Let 'Po be the principal Brauer character of G and let 1>0 be
the corresponding principal indecomposable character for some prime p.

Assume that 1>0(1) = p and aSp-group P of G is not normal in G/Op.(G).
Then the following hold.

(i) 1>0 = 10 + X, where X is irreducible.
(ii) X = 'Po + 'P as a Brauer character, where 'P is an irreducible Brauer

character.

PROOF. Since 1>0(1) = p it follows that' P' = p. Let B be the principal
p-block of G. Since Op.(G) is in the kernel of every module in B it may be
assumed that Op.(G) = 0). Every irreducible constituent of 1>0 has 'Po as a
Brauer constituent with multiplicity 1 by (VII.2.13) and so (ii) implies (i)
where X = 1>0 - 10 . Thus it suffices to prove (ii).

Let Go be the subgroup of G generated by all elements of order p. Since
Op.(G) = 1 and P 11 G it follows that Go is simple. It suffices to prove the
result in case G = Go. Hence it may be assumed that G = Go is simple.



362 CHAPTER VIII [6

Suppose the result is false. Then X = 'Po + 'P 1+ 'P2 as a Brauer character,
where 'PI is an irreducible Brauer character, 'PI -I 'Po and 'PI ~ Hp -1).
Hence by (3.1) G is of type L 2 (p). Thus p > 3 and G = PSL2 (p) as G is
simple. It is easily seen and well known that every p'-element in G is
conjugate to its inverse. Thus every irreducible Brauer character of G is
real valued. Thus by (VII.10.6) the Brauer tree of G is a straight line
segment. Hence X has at most two irreducible Brauer constituents. Since
'Po is a Brauer constituent of X the result follows. D

THEOREM 6.2. Let G be a transitive permutation group on p letters where p is
a prime. Let $0 be defined as in (6.1). Then $0 is the character afforded by
any permutation representation of G on p letters.

PROOF. Let H be a subgroup of G of index p. Then p ,r IH I. The
character afforded by the permutation representation of G on the cosets of
His (111 )G. The result follows from the Nakayama relations (111.2.6). D

A group G may have two inequivalent transitive permutation re­
presentations on p letters. This is the case precisely when G has two
nonconjugate subgroups of index p. However (6.1) implies that any two
such permutation representations afford the same character and hence are
equivalent as complex linear representations. The study of this phenome­
non leads to the study of certain symmetric block designs. See Ito [1967b).

THEOREM 6.3 (Burnside). Let G be a transitive permutation group on p
letters for some prime p. Assume that a Sp-group of G is not normal in G.
Then G is doubly transitive.

PROOF. By (6.1) and (6.2) the permutation representation of G on p letters
affords the character 1G + X for some irreducible character x. Thus G is
doubly transitive. D

THEOREM 6.4 (Neumann [1972a)). Let G be a transitive permutation group
on p letters for some prime p. Assume that aSp-group P of G is not normal in
G and ING (p)1 is even. Then G is triply transitive.

Before proving (6.4) we will prove a general result about doubly
transitive permutation groups which is due to Frobenius.

Let G be a doubly transitive permutation group on the set {I, ... , n}. Let
F be a field of characteristic 0 and let V be an F[ G) module such that V
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has an F -basis {VI, ... , v,,} where for Z EO, ViZ = Viz. Let 1G + X be the
character afforded by V. Let V (8) V = A ;: EB A Fwhere A ;: is the space of
symmetric tensors and A F is the space of skew tensors.

Let H o be the subgroup of 0 consisting of all Z in 0 which fix VI and V2.

Let H be the subgroup of 0 consisting of all Z in 0 which fix the set
{Vl, V2}. Thus IH :Hol = 2 as 0 is doubly transitive. Let {3o= 1/1, {31 be the
irreducible characters of H which have H o in their kernel.

LEMMA 6.5. (i) A; affords the character {3IY + 1G + X.

(ii) A F affords the character {3?
(iii) (X, (3?) ~ o.

PROOF. (i) {Vi (8) Vi + Vi (8) Vi 11 :s; i :s; j :s; p} is an F -basis of A ;. on which 0
acts as a permutation group. Since 0 is doubly transitive on {vd there are
two orbits: {2Vi 09 Vi 11 :s; i :s; p} and {Vi (8) Vi + Vi (8) Vi 11 :s; i < j :s; p}. The
first orbit yields an F[ 0] module isomorphic to V and the second orbit has
isotropy group H. Hence A;: affords the desired character.

(ii), (iii) {Vi (8) Vi - Vi (8) Vi 11 :s; i < j :s; p} is an F -basis of A Fon which 0
acts as a monomial group. Let "~i be the one dimensional F -space spanned
by Vi (8) Vi - Vi (8) Vi. Since 0 is doubly transitive on {Vi} it follows that 0 is
transitive on the set of spaces ~i and H is the subgroup of 0 consisting of
all elements which leave V I2 fixed. Since H o is the subgroup of 0 consisting
of all elements which leave VI (8) V2 - V 2 (8) VI fixed it follows that A Faffords
the character {3? This proves (ii).

For 1:s; i :s; p let Wi = Li~i (Vi (8) Vi - Vi (8) Vi). Let W be the F-space
spanned by {Wi}. If Z E 0 and ViZ = Vk then WiZ = Wk. Thus W is an F[0]
module and the linear map f: V ~ W defined by f(vi) = Wi is an F[0]­
homomorphism. Since L~=I Wi = 0 it follows that L~=I Vi spans the kernel of
f. Thus W affords the character X. Hence by (ii) (X, (3?) ~ O. 0

From now on in this section assume that 0 satisfies the hypotheses of (6.4).

N = NG (P) is a Frobenius group. As N ~ 0 it follows that p~ 2. By
assumption there exists an element x of order 2 in N. By (6.3) 0 is doubly
transitive. Let H, H o, {3o, (31 be defined as above.

We will use the notation introduced in section 1.
Let X be the R -free R [0] module obtained by tensoring the permuta­

tion module of degree p with R. By (6.1) and (6.2) X affords the character
1G + X, where X is irreducible. By (6.1) X = 'Po + 'P as a Brauer character
where 'P is an irreducible Brauer character. Let (/>0, (/> be the character
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afforded by the principal indecomposable R [0] module which corre­
sponds to cpo, cp respectively.

Let X @ X = A + EB A - where A + is the space of symmetric tensors and
A - is the space of skew tensors.

The group p(x" has exactly 2 irreducible Brauer characters. let 110, 111 be
the characters afforded by the corresponding principal indecomposable
R [P(x)] modules, where 110 corresponds to the principal Brauer character.

LEMMA 6.6. (i) A + is projective and (A +)P(x) affords the character
Hp + 1)110.

(ii) A - is projective and (A -)P(x) affords the character Hp - 1)111.

PROOF. Since Xis projective and Inve X I (0) it follows from section 1 that
XN = VO, p). Hence by (2.9)

(p -I )/2 (p - 3)/2

A~= EB V(a 2i,p), A~= EB V(a 2i
+

l ,p).
i =0 i=O

Since a (x) = - 1 it follows that (A +)P(x), (A -)P(x) affords the Brauer
character Hp + 1)110' Hp - 1)111 respectively. Since A +, A - are direct
summands of X @ X they are both projective. This implies the result. 0

LEMMA 6.7. (X, (3f?) = 1.

PROOF. By (6.5) A - affords the character {3? By (6.6) A - is projective.
Thus {3? = aol/Jo+ a Il/J + 81 where (X, ( 1) = O. The Frobenius reciprocity
theorem implies that ({3?, Ie) = 0 and so ao = O. By (6.5)(iii) al =
({3?,x)IO. By (6.6) ((3?)P(x) = CI171 for some positive integer CI and so
l/J P(x) = C171 for some positive integer c.

By (6.5) A + affords the character {3f(+ l/Jo. By (6.6) A + is projective.
Thus {3f?+ l/Jo= bol/Jo+ b1 l/J + 80 where (X, (0) = (Ie, ( 0) = O. By (6.6)
({3f? + l/Jo)P(x) = Co17o for some positive integer co. If b l I 0 this implies that
l/J P(x) = C'11o for some positive integer c' contrary to the previous para­
graph. Therefore {3f? + l/Jo = bol/Jo+ 80. Consequently by the Frobenius
reciprocity theorem ({3f?, X) = ({3f?, Ie) = 1. 0

PROOF OF (6.4). Choose the notation so that 0 acts on {I, ... , p} as a
transitive permutation group and x leaves 1 fixed. Let 0 1 be the subgroup
of 0 consisting of all elements which leave 1 fixed. Thus x E 0 1• The
permutation representation of 0 on the set of all unordered pairs {i, j} is
transitive and the subgroup consisting of all elements which leave {1,2}
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fixed is H. Thus this permutation representation affords the character {3(?

By (6.7) and Frobenius reciprocity

«{3(?)ct' 1GI ) = ({3f?, (lGI)G) = ({3f?, 1 + X) = 2.

Hence G 1 has exactly 2 orbits on the set of unordered pairs {i,j}. These
must necessarily be.1 1 = {{I, i} 12 ~ i ~ p} and.1 = {{i,j} Ii11, j II}. Thus
in particular G, is transitive on .1.

Suppose that the result is false. Then G 1 is not transitive on the set of

ordered pairs 0, j) with 2 ~ i I j ~ p. Since G. is transitive on.1 this implies
that there are 2 orbits rt, r 2 and (i, j) E r 1 if and only if U, i) E r 2 • As

x E G 1 and x interchanges some pairs the last possibility cannot occur. 0

7. Characters of degree less than p - 1

Suppose that a Sp-group of G has order p and G is not of type L 2 (p).

Let X be a faithful irreducible character of G. By (3.3) X(l) ~ Hp - 1) for

p ~ 13. This already strengthens earlier results of Brauer [1942b] and Tuan
[1944] in case p ~ 13. Sections 7-10 are devoted to the proof of the

following three results which strenghen the above mentioned inequality.

The first of these includes the results of Brauer [1942b] and Tuan [1944].

The second includes earlier results of Brauer [1966c] and Hayden [1963].
For the third result we will follow the proof given by Blau [1975b]. Actually

(7.1) is a consequence of (8.1) below which is a more general result.

THEOREM 7.1 (Feit [1967bD. Let G be a finite group whose center Z has odd
order. Let p > 7 be a prime and let P be a Sp-group of G. Assume that

IP I= p and P IJ G.
Let ~ be a faithful irreducible character of G. Then one of the following

occurs.

(i) G/Z = PSL2 (p), ~(l) = ~(p ± 1).
(ii) ~(1) ~ P - 2.

THEOREM 7.2 (Blau [1971bD. Let G be a finite group and let Z be the center

of G. Let p > 7 be a prime and let P be a Sp-group of G. Assume that IP 1= p

and P IJ G. Let ~ be a faithful irreducible character of G and let t denote the
number of conjugate classes of elements of order p. Then one of the following
occurs.

(i) G/Z = PSL2 (p), ~(l) = ~(p ± 1), t = 2.
(ii) ~(l) ~ P - 1.

(iii) ~ (1) ~ p + ~ - Vp + t p ~ t 2 - 3t + 1.
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THEOREM 7.3 (Feit [1967b], [1974D. Let G be a finite group and let Z be the

center of G. Let p > 5 be a prime and let P be a Sp-group of G. Assume that

1 P' = p, P ~ G and G has a faithful irreducible character, with '(1) =
p - 2. Then p = 2Q + 1 and G = SL2 (p - 1) x Z.

By using the results of Feit [1964] it can be shown that once (7.1), (7.2)

and (7.3) are proved then the same conclusions hold even when the

assumption that IP' = P is dropped.
In case p = 2 or 3, (7.1), (7.2) and (7.3) are true and trivial. If p = 5 (7.2)

and (7.3) are false as a covering group .4.6 of A 6 has a faithful irreducible

character of degree 3. This group has 2 classes of elements of order 5 but

5> 22
- 3.2 + 1. In case p = 7, (7.1) and (7.2) are false as a covering group

.4. 7 of A 7 has a faithful irreducible character of degree 4. This group has 2

classes of elements of order 7 but 7> 22
- 3.2 + 1.

As a consequence of (7.3) we can get the following result which

strengthens (6.4) in a special case.

THEOREM 7.4 (I to [1960aD. Let p > 2 be a prime. Let G be a permutation

group on p letters and let P be aSp-group ofG. Assume that 'No (p)I = 2p.
Then either P <J G or p - 1 = 2Q and G = SL2 (p - 1).

PROOF. If P = 3 or 5 this can easily be verified. Suppose that p > 5. The

principal p-block B of G contains irreducible characters of degree 1 and

p - 1. Since INo (P): pi = 2 these are all the nonexceptional characters in

B. Thus by (VII.2.15)(iii) an exceptional character in B has degree p - 2.

The result follows from (7.3). 0

Throughout the remainder of this chapter the notation introduced in

section 1 will be used. Also the following notation will be used.

(; = N = No (P). e = Co (P).
e = J N: e '. t is the number of conjugate classes of elements of order p

in G. Thus te = p - 1.

We will be concerned with groups G which satisfy the following

conditions.

(i) G = G' and G /Z is simple where Z is the center of G.
(ii) P > 5. 1 < e < p - 1. There exists a cyclic subgroup E of

order e in N such that N = Ee and Ene = (0.
(iii) e = P x Z, Z is cyclic and (I Z I, e) = 1.

(iv) G is not of type L 2 (p). There exists a faithful irreducible

character' of G with '(1) = p - e.
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LEMMA 7.5. It suffices to prove (7.1), (7.2) and (7.3) for groups 0 which
satisfy (*).

PROOF. Suppose that 0 is a counterexample to (7.1), (7.2) or (7.3) of
minimum order. We will show that 0 satisfies (*).

Since 0 is a counterexample, ,(1) < (p - 1). Let 0 0 be the subgroup of

o generated by all elements of order p in O. Theorem B of Hall-Higman
(VII.IO.2) implies that 01" (00 ) is in the center of 0 0 • Since P ~ 0 0 it
follows that 0 0 /00 n Z is simple and 0 0 = O(J.

If 0 ~ 0 0 then the minimality of 101 implies that 0 0/00 n Z is
isomorphic to PSL2 (p) for p > 7 or to SL2 (2Q

) for 2Q = P - 1 > 4. The Schur
multipliers of these groups are well known. Since Go is generated by
elements of order p, this yields that 0 0 is isomorphic to one of PSL2 (p),

SL2 (p) for p ~7 or SL2 (2Q

) for 2Q = P -1 >4. None of these groups admit
an outer automorphism which stabilizes a character of degree less than
p - 1. Hence 0 = OoZ and 0 is not a counterexample. Consequently
o = 0 0 • Thus 0/Z is simple, 0 = 0' and (i) is satisfied.

Since 0 is a counterexample 0 is not of type L 2 (p). Thus by (3.1)
'(1) >Hp -1). By (3.2) C = P x Z. Hence by (VII.2.16) '(1) = p - e and
(iv) is satisfied. As 0 has a faithful irreducible character, Z is cyclic.
Furthermore IZ II '(1) = p - e. Hence (I Z I, e) = 1 and (iii) is satisfied.

Since 0=0' 1<,(l)<p-1. Thus l<e<p-l by (iv). N/C is a

group of automorphisms of P and so is cyclic. As N /P is abelian this
implies the existence of a cyclic subgroup E of N / Z of order e. Thus (ii) is

satisfied since (e, IZ I) = 1. 0

For the remainder of this section assume that (*) is satisfied.

Since' is faithful there exists a faithful irreducible character T1 of Z such

that '(z) = T1 (z )'(1) for z E Z.
There is a one to one correspondence between p-blocks of 0 of defect 1

and characters T1 u, 0 ~ u ~ I Z 1- 1. Hence by the first main theorem on
blocks (111.9.7), 0 has exactly IZip-blocks of defect 1. Let B o, BJ, ...
denote all the p-blocks of defect 1 where the notation is chosen so that for
a character () in Bu, ();c = ()(1)1Ju. Thus B o is the principal p-block.

Since N / P is abelian, the index of inertia of B" is equal to e for
O~u~IZI-i.

Let AI, ... , AI denote all the irreducible characters of N / Z which do not
have P in their kernel.

For 0 ~ u ~ 'Z, - 1 let ,~ul, . .., '~U) denote the exceptional characters in
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(7.6)

(7.8)

Bu. Define B(u)= ±1 by L:=I(~")(l)~B(u)(modp). Thus B(u)=Bo for

the block B u as defined in section 2 of Chapter VII. By (VII.2.17) the

notation can be chosen so that for 0:::; u :::; IZ 1- 1

(~u)(ySz)= -B(U)A;(yS)TlU(z)

for 1 :::; s :::; p - 1, z E Z, 1 :::; i :::; t.

LEMMA 7.7. Let X be an R -free R [G] module which affords the character f,.
Suppose that f,z = f,(l)Tl u. Let f, = f3 + Y + P where f3 = L;=I hj(J"J, y is a
character in Bu which is orthogonal to every (}u) and is orthogonal to every
character in Bu. Let h = L;=I hj. Assume that p > 7, e ~ 3 and t ~ 3. Then
the following hold.

(1) Suppose that X is indecomposable and f,(l) ~ e (mod p) or f,(l) ~
e + 1 (mod p). Then one of the following occurs.

(i) B(u)=l; h ~t-l.

(ii) B(u)= -1; h ~l.

(II) Suppose that X = WI EB W 2 , where each IN: is indecomposable and
f,(l)~2e (modp). Then one of the following occurs.

(i) B(u) = 1; h ~ t - 2.

(ii) B(u)= -1; h~2.

PROOF. Let E be a faithful irreducible character of P. For 0:::; i :::; p - 1 and

for any R -free R [G] module Y let as (Y) be the multiplicity of E s as a

constituent of the character afforded by ¥p. If Y affords the character 8 let

as (8) = as (Y).
If 8 is an irreducible constituent of p then 8z = 8(l)Tl u and 8 is not in

Bu. Hence 8 is in a block of defect O. Thus as (8) = ao(8) for O::s s :::; p - 1.
Therefore

as (f,) - ak (f,) = as (f3) - ak (f3) + as (y ) - ak (y)

for 0:::; s, k :::; p - 1.

If 8 is an irreducible constituent of y then by (VII.2.17) as (8) = ad8)
for 1:::; s, k :::; p - 1 and ao (8) - as (8) == 8 (1) (mod p) for 1::s s ::s p - 1.
Therefore ao(y)-a,(y)==y(l) (modp). Thus (7.6) implies

f,(l)== -B(u)eh +ao(y)-as(Y) (modp) for l:::;s:::;p-l. (7.9)

By (7.6)

as (f3) - ak (f3) = - B(u) { as (~ hjAj) - ak (~ hjAj ) }

for O::s s, k :::; p - 1.
(7.10)
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In proving the result it may be assumed that h ::s t - 1 otherwise there is

nothing to prove. Hence by (7.10) there exists m with 1 ::s m ::s p - 1 such

that ao ({3) - am (f3) = O. Thus by (7.8) ao(g) - am (g) = ao(y) - am (y).
Hence (7.9) yields that

(7.11)

(1) Since X is indecomposable it follows from (VII.10.9) that

Iao(g) - am (g)l::s 1. Let g(1) = e + c (mod p) where c = 0 or 1.
By (7.11) e +c = -8(u)eh +c' (modp) where c'=O, ±1. Thus

{1+8(u)h}e+c-c'=0 (modp). If 1{1+8(u)h}e+c-c'l~pthen h~

(t - 1) as Ic - c' / ::s 2 < e and the result is proved. Thus it may be assumed
that {I +8(u)h}e =c'-c. Hence c'-c =0 (mode) and so c'-c =0.

Thus 8(u)h = -1 and so 8(u) = - 1, h = 1 as required.

(II) By (VII.10.9) lao(g)-a", (g)/::S2. By (7.11) 2e = -8(u)eh +c

(modp) with c=0,±1,±2. Thus {2+8(u)h}e-c=0 (modp). If
1{2+8(u)h}e -cl~p then h ~t-2 as Icl::S2 and the result is proved.

Thus it may be assumed that {2 + 8 (u )h}e = c. Hence c = 0 (mod e) and so

c = O. Therefore 2 + 8(u)h = 0 and so 8(u) = - 1, h = 2. 0

LEMMA 7.12. Suppose that the assumptions of (7.7) are satisfied. Assume
furthermore that 8 (u) = 1 and (\u) (l) > (p - 1). Then the following hold.

(1) Ifg(l)=e (modp) then g(l)~(t-1)(\")(1)+p-1. Ifg(l)=e+1
(mod p) then g(1) ~ (t - 1)(~U) (l).

(II) If g(1) = 2e (mod p) then g(l) ~ (t - 2)(\")(1) + p - 1.

PROOF. If h ~ l, all the statements are trivial. Suppose that h ::s t - 1. If
g(l) = e + 1 (mod p) then h = t - 1 by (7.7) and the result is clear.

Suppose that g(l) = e (mod p). By (7.7) h = t - 1. Therefore

e=g(l)= -e(t-1)+y(l)=e+1+y(1) (modp).

Hence y (l) = - 1 (mod p) and so y (1) ~ p - 1. The result is proved in this

case.
Suppose that g(1) = 2e (mod p). If h ~ t - 1 the result is clear. Suppose

that h < t - 1. Thus by (7.7) h = t - 2. Therefore

2e = g(1) = - (t - 2)e + y(l) = 1 + 2e + y(l) (mod p).

Hence )'(1) = - 1 (mod p) andso )'(1) ~ p - 1. This implies the result. 0

LEMMA 7.13. Let /-L be an irreducible character of N Ie. For 1::s i ::s p - 1

and O::s u ::s /Z 1- 1 let W(i, u) denote the indecomposable R[G) module
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such that W(i, u) = V( 1] "JLa', 2i + 1). If K is replaced by a suitable finite
extension field then the following hold.

(i) For 0 ~ i < He - 1) there exists an R -free R [G) module M(i, u) such
that M«(Uj = W(i, u) E9 W(e - 1 - i, u).

(ii) There exists an R-free R[G) module M(u) such that M(u)=
WO(e -1), u) if e is odd and M(u)= W(~e, u) if e is even.

PROOF. By (1.17.12) there exists an R-free R[N) module Y(u) for
o~ u ~ Iz 1- 1 such that Vfu) = V(1] "JLa(c- l

li2, e) if e is odd and Y(u) =
V(1] "ILa c

/
2

, e + 1) if e is even. Let M(u) be defined by M~) = Y(u). By
(I1l.S.8) M(u) has the required properties.

By (1.17.12) there exists an R-free R[N) module X(i,u) forO~u ~

IZI-1, O~i~He-1) such that X(i:-tD=V(1]"JLa\2e). By (VI.2.8)
there exists an exact sequence

o~ V(1] "JLa i, 2i + 1)~ V(1] "JLa I, 2e)

~ V(1J"/La- i
-

l
, 2(e -1- i) + l)~O.

As a C = 1 it follows from (1.18.2) that if K is replaced by a suitable finite
extension field then there exists an R -free R [N) module Y(i, u) such that

Y(i, u)= V(1J"JLa ', 2i + 1)E9 V(1J"JLa c
i J,2(e -1- i)+ 1).

~

Let M(i, u) be defined by M(i, u) = Y(i, u). The result follows from

(1lI.S.8). 0

The next result is implicit in Brauer [1966c).

LEMMA 7.14. Suppose that 0 ~ u, v, w ~ Iz 1- 1 with w = u + v (mod IZ I).
Assume that the following conditions are satisfied.

(i) 8 (u) = 8 (v) = 8 (w) = 1.
(ii) C\"'l(l) < P - 1 for m = u, v, w.

Let C~") ct) = L~=I hikC~wl + r, where r is orthogonal to each C~W). Then
L~=I hjk ~ t.

PROOF. Let 'PI, ... , 'Pc be all the irreducible characters of E where 'Pi = 'P~o

Then (Pj = 'P rF. for j = 1, .. 0' e are all the principal indecomposable charac­
ters of P E. By abuse of notation let (Ai )PF = Ai.

For fixed m, {C~"')} is a set of irreducible characters, any two of which
agree on p'-elements. Thus for m = u, v or w (C~"'))I'F. = cfJj(",) - Ai, where
f (m) does not depend on i. Hence
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(7.15)

Let PF, PEP be the character afforded by the regular representation of E, EP
respectively. Then

A;cfJs = {(A; )F'Psr E = (PE t E = PI'E.

Similarly

cfJ[(U)cfJ[(V) = {( cfJ[(U))E'P[(V)V'E = {(tPI: + 'P[(U))'P [(V)}PE

= (tPEtE + ('P[(U);[(V)t
E

= tpl'F. + cfJ[(U);[(V).

For each i, (Ai)1' is a sum of e distinct nonprincipal irreducible characters

of P. Thus

Hence AiAj = 8, + 82 where 8, is a sum of at most e principal indecompos­

able characters of PE and 81 is a linear combination of the (Ai )I'F. Since A;Aj

vanishes on E - {I} it follows that 81 = 0 or 8 1 = PI'£:. Therefore (7.15)
becomes

(7.16)

where 8 = 0 or 1.

The set {<1\} U {A;} is a basis for the additive group of integral linear

combinations of irreducible characters of PE. Furthermore if a character of
P E is expressed in terms of this basis then the coefficient of q), is
nonnegative for ,all s.

By (7.16) the coefficient of any cfJ, in «(~u)(iV) )PF is at most t. Since
«(~W))I'F = cfJ[(w) - Ak the result follows. 0

8. Proof of (7.1)

This section contains a proof of the following result which implies (7.1).

THEOREM 8.1. Suppose that condition (*) of section 7 is satisfied with p > 7
and ( a faithful irreducible character. Assume that there exists u, v, w with

o~ u, v, w ~ Iz 1- 1 such that w == u + v (mod Iz I) and the following
conditions are satisfied.

(i) 8(u)= 8(v)= 8(w)= 1.
(ii) (= (iU

), (\u)(l) < P -1 and (\v)(l) < p - 1.

Then e = 2.
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LEMMA 8.2. Statement (7.1) follows from (8.1).

PROOF. Suppose that (8.1) has been proved. In proving (7.1) it may be
assumed that (*) is satisfied by (7.5). Let u = v. Then 1]21< has the same

order as 1] I< since IZ I is odd. Hence there is a field automorphism which
sends 1] I< to 1] 2U. Thus the exceptional character in B 2 1< is algebraically

conjugate to ~ and so 8 (2u ) = 8(u) = 1. Now (7.1) follows from (8.1). 0

For the rest of this section assume that the hypotheses of (8.1) are
satisfied. Furthermore assume that e > 2. A contradiction will be derived

from this situation.
Let x~m) be an R -free R [G] module which affords ~~m) for m = u, v,

1 ~ i ~ t such that x~m) is indecomposable. Let Ai = A;. Thus ~~I<)(y) =
~}V)(y - I). Furthermore there exist irreducible characters v, v' of N Ie such

that

LEMMA 8.3. ~\W)(I) = p - e.

PROOF. By (2.7)
e-I

(X~u)0XjV»)N= EB V(1]w vlI 'a\2k + l)ffiA,
k =0

where A is a projective R [N] module. Let /.L = Vv ' and let W(k, w) be
defined as in (7.13). Thus

e-I

X~U)0Xj/)=EBW(k, w)ffiA '
k =0

for some projective R[G] module A I.

Suppose that ~\w)(I) ~ p - e. Thus ~\w)(I)~ 2p - e. By (7.12) and (7.13)

dimR W(k, w) + dimR W(e - 1- k, w) ~ (t - 2)~\W)(1) + p - 1

~ (t - 2)(2p - e) + p - 1

for 0 ~ k ~ ~(e -1). If e is even then

dimR W(e 12, w) ~ (t - l)~\W)(l) ~ (t - 1)(2p - e).

If e is odd then

dimR WO(e -1), w) ~ (t -1)~\w)(I) + p - 1

~ (t - 1) (2p - e) + p - 1.
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e-I

p2 - e(2p - e) = (p - e)2 = dimR X~")@ X}v)~ L dimR W(k, W).
k=(J

Suppose that e is odd. Then

p2_ e(2p - e)~ (ctl2
dimR {W(k, w)EB W(e - k -1, w)}

k =0

+ dimR WO(e -1), w)

~He -l)(t -2)(2p - e)+He -l)(p -1)

+(t -1)(2p - e)+ (p -1).

Hence

p2 ~ (2p - e He + ~et - ~ t - e + 1 + t -I} + He + l)(p - 1)

= (2p - e )d (e + 1) + He + l)(p - 1)

= ~ (e + 1){2pt - te + p - I} = pt (e + 1).

Thus

p ~ t (e + 1) = te + t = P - 1+ t

and so t ~ 1 contrary to the fact that e < p - 1.

Suppose that e is even. Let f = dimR WUe -1, w). Then

p2 _ e(2p - e) ~ (C~2 dimR {W(k, w)EB W(e -1- k, w)}
k =(J

+ dimR WUe, w) + f

~ 0e - 1) (t - 2) (2p - e) + (~e - l)(p - 1)

+ (t -1) (2p - e) + f

= (2p - e H~et - e - t + 2 + t - I}

+ 0e - 1) (p - 1) + f.
Hence

pet + P = p2 ~ (2p - e) (~et + 1) + 0e - l)et + f

= pet - ~e2t + ~e2t - et + f + 2p - e.

Therefore

o~ - et + p - e + f = 1- e + f.

Hence f ~ e - 1 < ~ (p - 1). Furthermore f == e - 1 (mod p) and so f> 1 as
e > 2. Thus P is not in the kernel of WU e - 1, w). Hence by (3.1) G is of

type L 2 (p) contrary to assumption. 0
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LEMMA 8.4. There is an irreducible Brauer character 'P such that ~\W) = 'P as

a Brauer character.

PROOF. Since <5 (w) = 1, the principal Brauer character does not occur as a
constituent of ~\w). If the result is false then some nonprincipal irreducible

Brauer character has degree at most ~ (p - e) < ~ (p - 1). Thus by (3.1) G is

of type L 2 (p) contrary to assumption. 0

LEMMA 8.5. Let 'P be defined as in (8.4). Let () be the unique nonexceptional

irreducible character in B w which has 'P as a constituent. Then ()(l) ~ 2p - 1.

PROOF. If the result is false then () (l) = p - 1 as ()( 1) == - 1 (mod p). Thus

() = 'P + 'PI as a Brauer character and 'P1(1) = e - 1. The principal Brauer
character can occur as a constituent of () with multiplicity at most 1. Since

e > 2, 'P1(1) > 1 and so there exists a non principal irreducible Brauer
character in B w of degree at most e - 1 < ~ (p - 1). Thus by (3.1) G is of

type L 2 (p) contrary to assumption. 0

Let

~lU) ~~v) = a() + I hiid~W) + r;
k = I

h = I hiik ,
k = I

where r is orthogonal to () and to all ~~W).

LEMMA 8.6. (i) h ~ t.
(ii) If e is odd, a + h ~ He -1)(t - 2) + t -1.

(iii) If e is even, a + h ~ ~e(t - 2) + 1.

PROOF. (i) This follows from (7.14) and (8.3).
Let'P be defined as in (8.4). For any R -free R [G] module Y let n (Y) be

the multiplicity with which 'P occurs as a constituent of the Brauer
character afforded by Y. Thus a + h = n(Xl")®X~I'»). Let W(k, w) be

defined as in (7.13). Thus by (2.7)
(.'-1

XlU)®X~V)=EBW(k, w)E9A
k =0

for some projective R[G] module A.
(ii) By (7.7) and (7.13)

a + h ~ <efl2 {n(W(k, w)) + n(W(e - k -1, w))}
k =0

+ n(WO(e -1), w))

~ He - l)(t - 2) + (t - 1).
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el2-2

a + h ~ L {n(W(k, w)) + n( W(e - k -1, w))} + n( WOe, w))
k =(J

~Oe -1)(t -2)+ (t -1) = Oe)(t -2)+ 1. 0

LEMMA 8.7. If 1~ k ~p -1 then

(p -1)T(yk) = a(p -1)- he + ep - e 2
.

PROOF. By (7.6) t~U) (y )t}U) (y) = As (y )As(y -I) for suitable s. Thus

t~U)(y)t}v)(y)= e + g(y), where g(y) is a sum of e 2
- e primitive pth roots

of 1.
Let Tr denote the trace from the field of pth roots of 1 to the rationals.

Since Tz = T(1)11 wand T is orthogonal to all t~w) it follows that T(y) is
rational. As 8(y S) = - 1 it follows from (7.6) that

e(p -1) - e" + e = TrU~U)(y)t}")(y)}

= -a(p-1)+he+(p-1)T(y).

This implies the result. 0

LEMMA 8.8. h + e == 1 (mod t).

PROOF. Divide the equation in (8.7) by e and r~ad modulo t. 0

LEMMA 8.9. T(1) > (p + 1){a + e -1- (e + h - 1)/t} ~ (p + 1)a.

PROOF. Since T;;: = T(l)l1 wand T is orthogonal to 8 and all t~W) it follows

that

where the first sum is over characters Xk in B w with Xk (1) == 1 (mod p), the
second sum is over characters Xk in Bw with Xk (1) == - 1 (mod p) and To is a
sum of characters in blocks of defect O. Therefore if 1~ s ~ p - 1

T (y S) = L' Ck - L" Ck ~ L C ~ .

Thus by (8.7)

1L' Ck ~ T(y) = a + e + - (1- e - h).
t
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As the principal character of G occurs in ~ju)(~V) with multiplicity at most 1

this implies that

T(I) ~ 2:' CkXk (1) ~ {(2:' Ck ) - I}(p + 1) + 1

1
> (p + I){ a + e - 1+ t (1- e - h)}.

This proves the first inequality.
If the second inequality is false then a> a + e -1 + (I/t)(1-:- e - h).

Hence by (8.6)(i)

1 1 h 1(e - 1) < - (e + h - 1) = - (e - 1) + -:s; - (e - 1) + 1.
t t t t

Thus (t - 1)(e - 1) < t. Since e ~ 3 this implies that t < 2 and so t = 1

contrary to the fact that e < p - 1. 0

LEMMA 8.10. P ~ 13 and t ~4 or p = 13 and t = 3.

PROOF. If P = 11 then e = 5. Thus (\")(1) = 6 < ~(p - 1) contrary to (3.1).
Thus P ~ 13. Hence by (3.3) P - e ~ ~(p -1) and so p + 3 ~4e. Thus
et = p - 1~ 4e - 4 and so t ~ 4 - 4/e. Thus t ~ 4 if e > 4. If e :s; 4 and t :s; 3

then p = 13 and t = 3. 0

LEMMA 8.11. e is even.

PROOF. Suppose that e is odd. Thus t is even. Let C = ~ et - ~ t - e. By
(8.6) (ii)

a ~ C + t - h.

By (8.9)

(p - e)2 = (ju)(1)(}vl(I) = a8(1)+ h(p - e)+ T(I)

> a (2p - 1) + h (p - e) + a (p + 1) = 3pa + h (p - e).

Therefore

(p - e )2 > 3P(c + t - h ) + h (p - e)

= 3pc + t(p - e)+(t - h)(2p + e).

Hence by (8.6)(i)

(p - e)(p - e - t) > 3pc + (t - h )(2p + e) > 3(p - e )c. (8.12)
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et - e - t + 1 = P - e - t > 3c = ~ et - ~ t - 3e.
Thus

O>~et -~t -2e -1 = ~t(e -1)-(2e + 1).

This implies that

t < 2(2e + 1) = 4 + _6_
e-l e-l"

Hence either t = 4 or e = 3 and t = 6.
If e = 3, t = 6 then p = 19, C = 3. Thus (8.12) implies that 160> 171.

Hence t = 4. Now C = e - 2 and (8.12) implies that

(3e + 1)(3e - 3) > 3(4e + l)(e - 2).

Thus 0 > e 2 - 5e - 1 and so e :s; 5. Since 21 = 4.5 + 1 is not a prime e = 3.
Thus by (8.8) h = 2 (mod 4) and so h = 2 by (8.6)(i). Now (8.12) implies that

60> 39 + 58. This contradiction establishes the result. 0

Define the integer b by

b = ~ e (t - 2) + 1- t = ~ et - e - t + 1.

By (8.6)(iii) and (8.11)

a ~ b + t - h.

LEMMA 8.15. e > t.

(8.13)

PROOF. Suppose that e :s; t. By (8.6)(i) and (8.8) h = t + 1 - e. Thus by (8.9),
reI) > (p + I)(a + e - 2) and so

(p - eY > a (2p - 1) + h (p - e) + (a + e - 2)(p + 1)

= 3pa + (t + 1- e)(p - e) + (e - 2)(p + 1).

Therefore by (8.14)

(p - e)(p - t - 1) > 3pb + 3p(e - 1) + (e - 2)(p + 1)
> (p - e ){3b + 3(e -1) + (e - 2)}.

Hence

et - t = p - t - 1 > ~ et - 3e - 3t + 3 + 4e - 5 = ~ et + e - 3t - 2.

Therefore

o> ~ et + e - 2t - 2 = tUe - 2) + e - 2.
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Hence (e /2 - 2) < 0 contrary to the fact that e ~ 4 as e is even. D

LEMMA 8.16. t = 3, e = 4 and p = 13.

PROOF. Suppose that t ~ 4. By (8.9) and (8.14)

(p - e)2 ~ a (2p - 1) + h (p - e) + r(l)

> a (2p - 1) + h (p - e) + a (p + 1) = 3pa + h (p - e) (8.17)

~3pb + t(p - e) + (t - h)(2p + e).

Thus
(p - e)(p - e - t) > 3pb + (t - h )(2p + e) > 3(p - e )b. (8.18)

Hence
et - e - t + 1 = P - e - t > 3b = ~ et - 3e - 3t + 3.

Therefore

o> ~ et - 2e - 2t + 2 = to e - 2) - 2(e - 1).

By (8.10) and (8.15) e I 4. Therefore

4e - 4 12
t<--4 =4+--

4
,e - f e -' (8.19)

Since e > t this implies that t ~ 6. Thus by (8.10) t = 4,5 or 6. By (8.11) e is

even.

If t = 6 then (8.19) implies that e < 10 and so e = 8 contrary to the fact
that te + 1 is a prime.

If t = 4 then b = e - 3. Hence (8.18) implies that

(3e + 1)(3e -3»3(4e + l)(e -3).

Thus 0> e 2
- ge - 2 and so e < 10. Hence e = 6 or 8 contrary to the fact

that te + 1 is a ·prime.
If t = 5. Then b = ~e - 4 and (8.18) implies that

(4e + 1)(4e - 4) > 3(5e + l)(~e - 4).

Therefore 0> 13e 2- 87e - 16 and so e < 8. Thus e = 6. Hence p = 31,

b = 5. Now (8.18) implies that 35> (5 - h )68. Hence h ~ 5 and so h = 5 as
h ~ t. By (8.14) a ~ 5. Hence (8.9) and (8.17) imply that

252
~ 61a + 125 + 32(a + 3) ~ (61 + 32)5 + 125 + 96.

Hence 125 ~ 93 +25 + 19 which is not the case. By (8.10) the result is

established. D
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The proof of (8.1) will be completed by showing that the case in (8.16)
cannot occur. For the rest of this section it will be assumed on the contrary

that e = 4, t = 3 and p = 13.
By (3.1) ?\u)(1), ?\V)(1) and ?\u+v)(1) are all at least 8. Hence

?\u)(1) = ?\V)(1) = ?\"+V)(1) = P - e = 9.

Thus IZ119.
If S is a subset of G let SO denote its image in GO = G/Z. There exists an

element x EN of order e = 4 such that XO also has order 4 since
(IZI,4)= 1.

Suppose that BU-J v is the principal block. Thus 1J u+v = L; and GO has an
irreducible character ?\,,+vl of degree 9. Let (X\,,+vl)N" = V(ai, 9). By (1.1)

a (x Y= a (x t i = det V(aJ.9)(X) = 1.

Thus a i = IN" and so InvNo(X~"+v) I (0). Hence

Thus InvGo(X\u+V) I (0) contrary to (8.4). Therefore B u + v is not the

principal block. By (1.1)

v(x) = det\\"l(x) = 1, v' = det,Io» (x ) = 1.
Thus

(X\U)N = V (1Ju ,p - e),

Hence by (2.7)

3 12

= EB V(1J"+va \ 2k + 1)EBEB V(1J"+va \p).
k =0 k =8

Therefore

3

X~")0XjVl ~ EB L 2k + 1 EBM,
k =0

where M is projective, each L 2k + 1 is indecomposable and

(8.20)

with Tk projective. Since B u + v is not the principal block it follows from

(3.1) that Tk7~ (0) for all k. Thus by (8.20) Tk is indecomposable for at least

3 values of k. By (1.1) det v (7j u+u a k,2k+l)(x) = 1 for all k. Hence
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detV(Tj"+O>ak,P) (x) = 1 for at least 3 values of k with 8 ~ k ~ 12. However (1.1)
implies that detv('lu+""k,P) (x) = - a (x )k. Since - a (x l = 1 if and only if
k == 2 (mod 4) it is impossible to find 3 values of k with 8 ~ k ~ 12 with the

desired properties. 0

9. Proof of (7.2)

PROOF OF (7.2). By (7.5) it may be assumed that condition (*) of section 7 is

satisfied. If 'Z I is odd the result follows from (7.1). Thus it may be assumed
that' Z I is even. Therefore e is odd as (I Z I, e) = 1. Hence t is even as
te = p -1.

, is in B). If 8(2) = 1 the result follows from (8.1). Thus it may be
assumed that 8 (2) = - 1. Let 'P be a nonprincipal irreducible Brauer
character which is a constituent of {\"l. By (VII.10.8) 'P (1) == n (mod p) with

1~ n ~ e. Thus n ~ ~ (p - 1). Since G is not of type Ldp) it follows from

(3.1) that 'P(1) > p.

Let L be an R [G] module which affords 'P. As 'P (1) > P there exists an

integer k such that V(1]"a\p)ILN.

Let X be an R -free R [G] module which affords , such that X is

indecomposable. Thus XN = V(1]lJ, P - e) for some irreducible character v

of N/C. By (2.7)

e-1 p- J

(X ® X)N = EB V( 1] "v"a i, 2i + 1) EB EB V( 11" v"a i
, p). (9.1)

i=O i~"e

Let iL = v" and let W(i,2) be identified as in (7.13). Thus (9.1) implies
that

e-(

X® X= EB W (i, 2) EB A
i=O

for some projective R [G] module A. Let M(i, 2), M(2) be defined as in
(7.13). By (7.7) the character afforded by M(2)has an exceptional character

in B 2 as a constituent and the character afforded by M (i, 2) has the sum of
two exceptional characters in B" as a summand for 0 ~ i ~ ~(e - 1). Thus L
occurs with multiplicity at least 1 in W(He - 1),2) and with multiplicity at
least 2 in W(i, 2)EB W(e -1- i,2) for 0 ~ i ~ He -1). Consequently L
occurs with multiplicity at least 2(4(e - 1)) + 1 = e in X ® X.

Since V(1]"a \ p) is both projective and injective it follows that
eV(11"a \ p) I(X ® X)"'. Hence by (9.1) e ~ t - 1. Furthermore e ~ t - 2
unless a k = V 2 •
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Suppose that e > ( - 2. Thus e = ( - 1 and a k = v1
• Let X @ X =

A + EB A - where A + is the space of symmetric tensors and A - is the space

of skew tensors. By (2.9), W(i, 2) and W(e - 1 - i, 2) are both summands of
A + in case i is odd and are both summands of A - in case i is even. Since

e = (- 1, V(1]1 a \ p) occurs exactly twice as a summand of each
W(i, 2) EB W(e - 1 - i, 2) and exactly once as a summand of W(4(e - 1),2).
Therefore V(1]1 a \ p) occurs as a summand of A Nstrictly more times than

it occurs as a summand of A~. This contradicts (2.9).
Thus e ~ ( - 2. Since e is odd and ( is even, e ~ ( - 3. Therefore

p = et + 1~ (( - 3)t + 1 = (1 - 3( + 1. (9.2)

Furthermore e ~(p - l)/e - 3 and so e 1 + 3e - (p - 1) ~ O. Hence e ~

- ~ + Vp +1 Since ((1) = p - e the result follows from this inequality and
(9.2). 0

10. Proof of (7.3)

Suppose that the assumptions of (7.3) are satisfied. Assume furthermore
that condition (*) of section 7 is satisfied.

As ((1) = p - 2, it follows that e = 2. Thus Iz I is odd as (e, IZ I) = 1.
Hence 1] is algebraically conjugate to 1]1. Since ( is in B 1 this implies that
{F)(l) = ((1) = p - 2 for i = 1, ... , t. In particular 8(2) = 8(1) = 1. Thus {F)
does not have the principal Brauer character as an irreducible constituent.
Since G is not of type L 1(P) it follows from (3.1) that (\1) is irreducible as a
Brauer character.

The Brauer tree for B 1 looks as follows

(\1) f, X

Then X = 'P is irreducible as a Brauer character. Hence 'P (1) == 1 (mod p).
Observe that a 1 = 1 as e = 2.
Let X be an R -free R [G] module which affords £".
Let X(1) be an R -free R [G] module which affords ~r).

Let L be an R -free R [G] module which affords X. Thus L affords 'P.

By (1.17.12) there exists an R-free R [G] module Y which affords
L;:lj (F) such that Y is indecomposable.

Let X @ X = A + EB A -, where A + is the space of symmetric tensors and
A - is the space of skew tensors.
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LEMMA_10.l. (i) -,y(2) = V(7J~a, p - 2)

(ii) L = V (7J \ 1).

PROOF. (i) Suppose the result is false. Thus X(~) = V( 7J ~,p - 2). By (2.9)

(A -)N = V(7J~a,3)EBHp -5)V(7J~a,p). By (2.7)

HO(N, 0), HomR (X(~), A -» = HO(N, (1), X(~)* 0 A~) i- (0).

Thus by (III.5.10) HO( G, 0), HomR (X(~\ A -» i- (0) and so
HomR[GI (X(~), A -) i- (0). Since X(~) is irreducible this implies that X(2) is

isomorphic to a submodule of A~ Consequently V( 7J \ P - 2) = X~) is
isomorphic to a submodule of A"N. This is however impossible as
InvEP (A EP) = (0). This proves (i).

Suppose_ _that (ii) is false. Then L = V(7J~a, 1) and so
HomR[NI (L, X(~) i-(O). Thus by (III.5.10) and (III.5.13)

HomR[GI (L, X(2) i- (0) which is not the case. D

LEMMA 10.2. A - = Y.

PROOF. As t = ~(p - 1) it follows that

I-I

L (j2J(l) = - 2(t - 1) =0 3 (mod p).
i= I

Hence Y = V(7J~a\3) for k = Qor I._By definition HomR[GI<t:, y) = (0).
Hence by (III.5.10) HO (N, 0), L~ 0 YN ) = HO(N, (1), HomR (L, Y» = (0).

Thus by (10.1)(ii) ki- 0 and so Y= V(7J~a, 3). Hence by (2.9) Y I~. Since

dimR Y = ~ (p - 2) (p - 3) = dimR A ­

it follows that A - = Y. D

LEMMA 10.3. X(l) = 1 + np with n ~ ~(p - 3). g(l) = -1 + (n + l)p.

PROOF. Clearly X(l) = 1 + np for some n. Thus g(l) = P - 2 + 1 + np =
- 1 + (n + l)p. By (2.9) and (l0.1) L IA +. Consequently 1 + np ~

~(p-1)(P-2). This implies that n~~(p-3). D

LEMMA lOA. Let x be a {2, p}' element in G, x ~ z. Then (x) = O.

PROOF. Let lr, lr be the character afforded by A -.-, A - respectively. Then
it is well known that (I + (x) = lr (x) + «x ~). Hence by (10.2) (I I- (x) =
~ (p - 3)(\~)(x) + (x~) and so
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C(x) = (p - 3g\2l(X) + (X}

Let a be the automorphism of the field of IG Ith roots of lover the

rationals which fixes all 2" th roots of 1 and squares all m th roots of 1 for m
odd. Thus (x 2

) = t' (x) and (\2l(X) = (" (x). Hence (x) = (p - 2)(" (x).

Choose k so that a
k = 1. Thus

(k (x) = (p _ 2)2k
-1 ("k (x) = (p - 2fLI (x).

Hence if «x)~ 0 then (LI (x) = (p - 2)2
L

I and so I(x)1 = p - 2 = (1).
Hence x E Z contrary to assumption. D

LEMMA 10.5. (i) IG : Z 112bp (p - 2f for some positive integer b.
(ii) If IZ I= 1 then IG 1= 2bp (p - 2) for some positive integer b.

PROOF. Let q be a prime with q~ 2,p. Let Q be a Sq-group of G. By (10.4).

II (0 11 2= I~ II Q n Z I(Or = ,Q(f;;~~ j .

Thus IQ : Q n Z II (p - 2)2. This proves (i).

If IZ 1= 1 then «(0,1 0 ) =(1)/ IQ I by (10.4). Thus IQ II(p - 2). This
proves (ii). D

PROOF OF (7.3). By (7.5) it may be assumed that condition (*) of section 7 is

satisfied.

Suppose first that IZ 1= 1. By (10.5) , G I=p2b (p - 2) for some positive

integer b. Since G is not of type L 2 (p) the result follows from (5.3).

Thus it may be assumed that' Z I> 1. Hence X(l) ~ 1 as G = G' and so

n >0.

Suppose that n is even. Then by (10.5) 1 + np I(p - 2f Let d =
(1 + np, (p - 2». Thus 2n + 1~ 0 (mod d). Hence 1 + np I(2n + If If
1 + np = (2n + If then p = 4(n + 1) which is not the case. Thus 1 + np ~

~ (2n + It This implies that p ~ 2n + 2 contrary to (10.3).

Suppose that n is odd. Hence by (10.3) and (10.5) {(n + l)p - l} =
(1) I(p - 2f If d = (p - 2, (n + l)p - 1) then 2n + 1~ 0 (mod d) and so

{(n + l)p - l} I(2n + If If (n + l)p - 1 = (2n + If then

4n 2 + 4n + 2 2
P =-n~ - = 4n + n + 1

Hence n = 1 as (n + 1) I2 and so p = 5 contrary to assumption. Therefore

{(n + l)p - I} ~ ~(2n + 1y and so p ~ 2n + 1 contrary to (10.3). D
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11. Some properties 0 f permutation groups

The material in this section, except for (11.8), is independent of the
previous results of this chapter and is included here as it will be needed in
the next section. We will state several results without proof.

If G is a permutation group on a set fl, let ax denote the image of a
under the action of x for a E fl, x E G. If .:1 is a subset of G let G:; denote
the subgroup of all elements in G which leave every element of .:1 fixed. In
other words G:; = {x I x E G, ax = a for all a E .1}. If .:1 = {a} let
Ga = G{a}. For a E fl let a(; = {ax I x E G}.

A proof ofthe following result can be found in Wielandt [1964] (13.1).

THEOREM 11.1 (Jordan). Let G be a primitive permutation group on fl. Let .:1

be a subset of fl with 1~ 1.:11 < Ifll- 1. If G,:, is transitive on fl -.:1 then Gis
doubly transitive on fl.

If G is a permutation group on fl then Wielandt has defined the group
Gel) to consist of all permutations on fl which preserve all the orbits of G
in fl x fl. Clearly G ~ G (2).

Suppose that G is a permutation group on fl. Let .:1 be a subset of fl and
let H be a subgroup of G such that ax E.1 for a E .:1, x E H. For x E H

define the permutation x,:, as follows

If a E.:1, ax':' = ax,

if a E fl - .:1, ax'~ = a.

Let H':' = {x.1 Ix E H}.
The following result is due to Wielandt [1969] (6.5).

THEOREM 11.2 (Dissection Theorem). Let G be a permutation group on fl.
Let .:1 be a subset of fl and let H be a subgroup of G such that ax E .:1 for
a E.:1, x E H. Assume that for all a E.:1, b E fl -.:1, H = HJib. Then
Hd. x H fl -.1 ~ H(2).

PROOF. We will first show that if x E H then x.1 E H(2). It suffices to prove
that if (a, b) E fl x fl then there exists 2 E H such that (a, b)2 = (a, b )x.1.
There are three cases.

If a, b E.:1 let 2 = x.
If a, b E fl -.:1 let 2 = 1.
Suppose that a E.:1, b E fl -.:1. ~y assumption x = XaXb with Xa E Ha,

Xb E Hb. Let 2 = Xb. Then
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(a, b )x.1 = (ax, b) = (axaXb, b) = (axb' b) = (a, b )Xb.

This proves tha t x.1 E H("2).

Let x E H then x = x.1x n-ll. Since x.1 E H(2) it follows that x fl
-.1 E H(2).

Thus H.1Hfl -.1 = H!! X H fl -.1 C H(2). 0

We will next state some results without proof about rank 3 permutation
grou ps. These are due to D.G. Higman [1964] though special cases had
previously been considered by Wielandt [1956]. We will restrict our
attention only to those results which are necessary for the considerations of
the next section.

Let G be a rank 3 permutation group on fl. Assume that Ifll is even. Let
1c; + X + () be the character afforded by the permutation representation of
G on fl where X, () are irreducible characters of G. Since Ifll is even,
x(l) ~ (}(l) and so X, () are rational valued.

For a E fl let {a}, .1 (a), r(a) be the orbits of Ga where .1 (ax) = .1 (a)x

and r(ax) = r(a)x for x E G. Let k = 1.1(a)l, 1= Ir(a)l. Since IG' is
even, k ~ I and so .1 and r are self paired in the sense that

if b E .1 (a),

if bE r(a).

.1 (a) = {ax Iax -I E .1 (a )},

Define the integers fL, A by

ILl(a)nLl(b)1 ~ L
r(a) = {ax Iax --I E r(a )}.

(11.3 )

(11.4 )

Then A, fL are independent of the particular choice of a, b. Furthermore

{

I - k + fL - 1 if b E r(a),
Ir(a)nr(b) 1=

1- k + A + 1 if b E .1 (a).

The following conditions are satisfied.
Let d = (A - fL)2 + 4(k - fL). Then d is a perfect square and

(}(l)} = ±2k +(A - p-)(k + I) + k + I.
X(l) 2Yd 2

(11.5)

If furthermore s, t are the characteristic values of the incidence matrix
associated to the orbit .1 then

:} = (A - fLd±Yd. (11.6)

Let p be a prime. Let G be a primitive permutation group on 2p letters.
In case p = 5, examples of this situation are provided by A 5 and 55 acting
on the set of 2-element subsets of {I, ... , 5}. All other known examples of
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Hence

such groups G are doubly transitive groups. The main object of this and
the next section is to investigate such groups G which are not doubly

transitive. We begin by stating without proof the following result which is
the starting point of all work done on the structure of such groups.

THEOREM 11.7 (Wielandt [1956], [1964]). Let p be a prime. Let G be a
primitive permutation group on n where In 1= 2p. Assume that G is not
doubly transitive. Then 2p = m 2 + 1 for some integer m. Furthermore G has
rank 3 on n and the following conditions are satisfied, where the notation is
that introduced above.

(i) X(I) = p, 8(1) = P -1.
(ii) k = ~m(m -1), I = ~m(m + 1).

(iii) s + t = - 1.

THEOREM 11.8 (Ito [1962c]). Let p, G, n be as in (11.7). Let P be aSp-group

of G. Assume that p > 3 and INo (P)I = 2p. Then p = 5 and G = As.

PROOF. The Brauer tree of the principal p-block of G is as follows

1 p-l
,--,;",--~, .

Thus there exists an irreducible character ( of G with ((1) = P - 2. Since
Op,(G) = (I) it follows that ( is faithful. By (7.3) P = 2" + 1 for some a and
G = SL2 (p - 1). Since G has a subgroup of index 2p the known properties

of PSL2 (p -1) imply that p = 5 and G = SL2 (4) = As. 0

LEMMA 11.9 (Ito [1967a]). Let p, G, n be as in (11.7). Then

A = ~ (m + 1)(m - 3), JL = A + 1 = ~ (m - 1f

PROOF. By (11.6) and (11.7)(iii) A - JL = -1. By (11.5) and (11.7)

± Vd = ± \/d(X(I) - 8(1» = 2k - (k + I) = - m.

4(k - JL ) = d - (A - JL Y= m 2 - 1

and so by (11.7)(ii)

Thus
4JL = 4k + 1- m 2 = m 2 - 2m + 1 = (m - If

4A = 4p, - 4 = m 2 - 2m - 3 = (m + l)(m - 3). 0

The next result is a weak form of a theorem of Ito but is sufficient for
what is needed in section 12. Ito actually proved that H = (1) for p > 5.
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LEMMA 11.10 (Ito [1967a]). Let p>3, G,12 be as in (11.7). Then the

following hold.

(i) G" is faithful in its action on r(a).

(ii) Let H be the kernel of the action of G" on .1 (a). Then H is an
elementary abelian 2-group and every orbit of H on r(a) has cardinality

1 or 2.

PROOF. (i) Let H be the kernel of the action of G" on r(a). Let {c i , ••• , cn }

be an orbit of H in .1(a). Since H <: GI"(") it follows that

r* = r(a) n r(cl) = ... = r(a) n r(cn ).

By (11.4), (11.7) and (11.9), Ir 1* = m + A + 1 = m + JL.

Let i~j. Then r*<:r(c,)nr(Cj). By (11.4), (11.7) and (11.9)

1r(c;) n r(cj)1 :s m + JL. Hence r(Ci) n r(Cj) = r* for i~ j. Thus
{r(Ci) - r*} is a collection of pairwise disjoint subsets of .1 (a) and so

n Om(m + 1)- m -~(m -ly'} = n Om(m + 1)- m - JL}

:S~m(m-l).

This implies that n :s 2m/(m + 1) < 2 and so n = 1. Thus H acts trivially on

L\ (a) and so H = 0).
(ii) Let {CI, ... , cn } be an orbit of H on r(a). Since H <: Gu (,,) it follows

that
.1*=.1(a)n.1(c l )= .,. =.1(a)n.1(cn ).

By (11.3) and (11.9), 1.11* = JL = A + 1.
Let i~ j. Then .1 * <: L\ (Ci) n .1 (Cj). By (11.3) and (11. 9) 1.1 (cd n .1 (Cj) 1:s

JL. Hence .1 (c;) n L\ (Cj) = .1 * for i~ j. Thus {.1 (c i ) - L\ *} is a collection of

pairwise disjoint subsets of r(a) and so

n {~ m (m - 1) - ~ (m - 1y' } = n {~ m (m - 1) - p. } :s ~ m (m + 1).

As p > 5, m > 3. Thus n :s 2m/(m - 1) < 3. Thus n = 1 or 2. Hence every
orbit of H on n has size 1 or 2 and so H is an elementary abelian

2-group. 0

12. Permutation groups of degree 2p

Let p be a prime. Let G be a primitive permutation group on n where
In, = 2p. Assume that G is not doubly transitive on n. By (11.7)
2p = m 2 + 1 for some integer m. The object of this section is to prove the
following result.
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THEOREM 12.1 (L. Scott [1969], [1970], [1972]). If m > 3 then m is not a

prime.

We will give Scott's proof as presented in [1970], [1972] which is a
simplification of an earlier proof given in [1969]. This proof depends on the
results in section 11 as well as on the results in Chapter VI.

In particular (12.1) implies that if p < 313 then p = 5,41 or 113. The
cases p = 41 or 113 have been shown to be impossible in Scott [1976] by
special arguments. Thus it is known that if G exists with p > 5, then
p ~ 313.

Throughout the remainder 0 f this section it is assumed that (12.1) is false
and G exists for some prime q = m > 3. A contradiction will be derived
from this assumption.

Let G(2) be defined as in section 11. Since G is not doubly transitive on fl
it follows that G(2) is not doubly transitive on fl. Thus G may be replaced
by G(2). Hence it may be assumed that G = G(2).

Let 0 be a SCi-group of G.

LEMMA 12.2. '0' = q.

PROOF. Suppose that the result is false and 10 I> q. Choose a E fl with
o ~ Ga. Since the orbits of G a on fl-{a} have cardinalities ~q(q -1) and
~ q (q + 1) by (11.7), it follows that a is the only point in fl fixed by O.
Furthermore every orbit of 0 on fl - {a} has cardinality q since
~q(q + 1) < q2. Let bE fl- {a}. Then 10: HI = q, where H = 00' Let E
be the set of fixed points of H on fl. Choose x E 0 - H.

If c E fl - E then c H = CO as Ic 1/ I= IcOl = q. Thus E is a union of
orbits of O. For dEE, COd = c H = CO. This implies that OcOri = 0 for
c E fl - E and dEE. Thus Wielandt's Dissection Theorem (11.2) implies
that 0= x On-= ~ G. Thus it may be assumed that x fixes all letters in
fl-='

Let bEE - {a}. Let {b}, .1, = .1 (b), .1 2 = r(b) be the orbits of Gb on fl.
Thus x E G b•

Suppose that .1; ~ fl - E for some i. Thus

Gb~<Gb' x) ~ {z Iz E G, .1;z = .1; }~G.

This contradicts the primitivity of G. Thus .1; g fl - E for i = 1,2.
Let M be the group of all z E G with Ez = E. Then x EM and

No (H) ~ M. For any c E E - {b}, H is a Sq-group of G{b.c} and so by
Sylow's Theorem, M o is transitive on .1; n E for i = 1,2 as .1; n E is not
empty.
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Let A be the normal closure of x in M. Then A fixes all letters in fl - E.
Since M b is transitive on 4 n E and A <J M it follows that .1 j n E ~ b A

for i = 1,2. Clearly b E b A
• Hence E ~ b A

• Thus by Jordan's theorem
(11.1), G is doubly transitive on fl contrary to assumption. D

Let l c + () + X be the character afforded by the permutation representa­
tion of G on fl. By (11.7) X(I) = P = Hq 2 + 1) and (}(1) = p -1 = Hq 2 - 1).

Let C = C c (0), N = N c (0). Thus C = 0 x A for some group A.
Since a is the only fixed point of 0 it follows that N ~ Ga.

LEMMA 12.3. X and () are nonexceptional characters in some q-block B of G
which is not the principal q-block of G.

PROOF. Since N ~ Ga , (lII.5.6) implies that l c + () + X = (1c
a

)C = l c + (p,
where (p is the character of a projective QCJ [G] module. Since x(1), (}(1)
are not divisible by q it follows that (p = X + () and X, () are in the same
q-block B. X, () are rational valued, thus they are not exceptional charac­
ters in B. Since X (1) ~ ± 1 (mod q) as q > 3, B is not the principal
q-block. D

LEMMA 12.4. There exists a character i/Jof A with i/J(I) = ~(q - 1) such that

(}e = i/J + Pof3, Xc = (Po - 10 ) i/J + Po,

where f3 is a character of A and Po is the character afforded by the regular
representation of O.

PROOF. By (VII.2.17)

(}e = (apo ± 10 )i/J + Pof3

for some integer a. Since Ie is a constituent of (}c by the Frobenius
reciprocity theorem and Ie is not a constituent of i/J it follows that f3."t O.
Furthermore i/J(1) == ± (}(1) == +: ~ (mod q). Thus i/J(1) ~ Hq - 1). If a."t 0
then

Hq 2 - 1) = (}(1) ~ (q - IH(q - 1) + q = Hq 2 + 1).

Thus a = 0 and so the + sign must occur. Hence i/J(I) == - ~ (mod q).
As Xis in the same block as () it follows from (VII.2.17) that

Xc = (a' Po - 1)i/J + Pof3'

since X (1) + () (1) == 0 (mod q). Since 1e is a constituent of Xc it follows that
f3' ."t O. Clearly a' ."t O. Hence
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H q 2+ 1)= x(1)= (a'q -l)l/F(l)+ql3'(1).

As 13'(1)~1 and l/F(I)~Hq-l) this is easily seen to imply that a'=

13'(1) = 1 and l/F(I) = Hq -1). Hence 13 = l A . 0

LEMMA 12.5. Let cPo be the principal indecomposable character of Ga

corresponding to the trivial Brauer character. Then A is in the kernel of CPo.

PROOF. By the Frobenius reciprocity theorem Xc" contains l c" as a
constituent. Let R be the integers in a suitable extension field of Qq. Let X
be an R-free R[G) module which affords X. Thus by (II!.7.7) Xc" =
Y EB Yo where Y() is projective and Y is in a p-block of Ga which
corresponds to B under the Brauer correspondence. Since Invc" Y = (0) by
(V.6.2) it follows that Invo" (Yo) = (0). Now (12.4) implies that rank R Yo =
q. Hence Yo affords cPo and cPo (1) = q. Thus A is in the kernel of cPo. 0

LEMMA 12.6. A is an elementary abelian 2-group which acts trivially on

.1 (a). Furthermore all the orbits of A on r(a) have cardinality 1 or 2.

PROOF. Let H denote the kernel of cPo, where cPo is defined as in (12.5).
Clearly H is a q'-group. By (12.5) A c;;, H. Since 1.1(a)1 = ~q(q -1),
Ir(a)1 = ~q(q + 1) and H <J G a , the orbits of H on .1(a) have cardinality
relatively prime to the cardinality of the orbits of H on r(a). Thus if
b E .1 (a), then H b is transitive on all the orbits of H in r(a). Therefore if
bE {a} U .1(a) and c E r(a) then H = H"Hc • Thus by Wielandt's Dissec­
tion Theorem (11.2), G:2 H(2) = HI X Hz = H where HI acts trivially on
.1 (a) and Hz acts trivially on r(a). By (11.10) H 2 = (1) and H = HI is an
elementary abelian 2-group such that the cardinality of every orbit on T(a)
is 1 or 2. The result follows as A c;;, H. 0

LEMMA 12.7. The multiplicity of l A in (10 + () + X)A is at most
!(q2+ q +2).

PROOF. Let n be the multiplicity of l A in (10 + () + X )A. By (12.4),

n = (1 A, 1A + ()A + XA ) ~ 1+ () (1 ) - 1/1 (1) + q

= q + 1 + Hq 2- 1- q + 1) = !(q2 + q + 2). 0

It is now easy to show that (12.6) and (12.7) are incompatible.
By (12.6) the multiplicity n of l A in (1 0 + () + X)A satisfies
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n ~ 1+ Hq 2 - q) + £(q 2 + q) = £(3q 2 - q + 4).

Hence (12.7) implies that

(3q 2- q + 4) ~ 4n ~ 2q 2+ 2q + 4.

Consequently q2 - 3q ~ 0 and so q ~ 3 contrary to assumption. This

completes the proof of (12.1). 0

13. Characters of degree p

In this section groups which satisfy the following conditions will be

considered.

(i) ASp-group P of G has order p and Co (P) = P..
(ii) Let N = No (P). Then N = EP with IE I= e,

E n P = (1) and No (E) = 2e. Furthermore E is a
T.!. set in G, (i.e. EnEx =(1) forx~Nc;(E». (*)

(iii) Every irreducible character of G which is not in
the principal p-block has degree p.

The object of this section is to prove the following result.

THEOREM 13.1. Suppose that (*) is satisfied. Then either G is of type L 2(p)
or p = 3 and G/OAG) = PSL2(5).

Before proving (13.1) we deduce two consequences.

COROLLARY 13.2 (Richen [1972]). Suppose that (*) is satisfied and G has a
unique irreducible character of degree p. Then p ~ 2 and G = PSL2 (p).
Conversely if p ~ 5 then PSL2 (P) satisfies (*) and has a unique irreducible
character of degree p.

PROOF. An irreducible character X of G is in the principal block B o of G if
and only if 01" (G) is in the kernel of X and X is in the principal block of
G/Op,(G).

Suppose that Op,(G)~ (1). Let a = 10p,(G)1 and let bp = IG :Op,(G)I.
There is a unique irreducible character () of G which does not have Op,(G)

in its kernel and () (1) = p. Thus

abp = IG I= IG :Op,(G)1 + p2 = bp + p2.

Hence (a - l)b = p. Since p ~ b this yields that b = 1 and a = p + 1.
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Hence N = P and so E = (I). Thus 2 = INc (E)I = IG I which is not the
case. Therefore Op' (G) = (1).

Hence by (13.1) N = G or there exists H <J G with either H = PSL2 (p)
or p = 3 and H = PSL2 (5). Since G has an irreducible character of degree
p, N~ G. As Cc (P) = P it follows that I G: H l:::s 2. Let () be the
irreducible character of G of degree p. If G ~ H then () c is either
irreducible of degree 2p or the sum of two distinct irreducible characters of
degree p. Neither of these possibilities can occur by assumption. Thus
G = H. Since PSL2 (5) has two irreducible characters of degree 3 it follows
that G = PSL2 (p). The groups PSL2 (2) and PSL2 (3) do not satisfy condi­
tion (ii) of (*). Thus p ~ 5. The converse is well known. 0

COROLLARY 13.3 (Ito [1963bD. Let G be a transitive permutation group of

prime degree p which has a unique irreducible character of degree p. Let P be

a Sp-group. Assume that Nc(P)=PE with pnE =(1), INc (E)I=2IEI
and EaT.!. set in G. Then p = 5,7 or 11 and G = PSL2 (p).

PROOF. It is well known that PSL2 (p) does not have a subgroup of index p

if p > 11. Thus the result follows from (13.2). 0

The rest of this section contains a proof of (13.1). Suppose that the result
is false. Let G be a counterexample of minimum order.

The following notation will be used.
P = (Y), E = (z), H = Nc (E), u E H - E.
{I = A1, ••• , As} is the set of all irreducible characters of E with A;' = Ai'
{J.Ll,J.L~' .. ',J.LI'J.L;'} are the remaining irreducible characters of E.
Thus s + 2t = e. Furthermore J.L:: is irreducible for all k and A;' is the

sum of two distinct irreducible characters of H for all i.

LEMMA 13.4. G is simple.

PROOF. Clearly G/Op,(G) satisfies (*). Thus the minimality of G implies
that Op'( G) = (1). Let Go be the subgroup of G generated by all p­
elements in G. If Go does not satisfy (*) then Nc (E) n Go = E n Go.
Hence E n Go is a Hall subgroup of G. By Burnside's transfer theorem
E n Go is isomorphic to a quotient group of Go. Thus E n Go = (1).

Another application of Burnside's transfer theorem yields that Go has a
normal p-complement and so G is p-solvable contrary to assumption.
Thus G satisfies (*) and so G = Go is simple. 0
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LEMMA 13.5. If e is odd then s = 1 and J-L:: = J-L:: for 1:::s k :::s t.

PROOF. Since E is a T.1. set with IHI = 2e it follows that E is a Hall
subgroup of G. Hence (13.4) and Burnside's transfer theorem imply that H
is a dihedral group. The result follows. 0

LEMMA 13.6. Let 0 be an irreducible character with 0(1) = p. Then

(OE, J-Lk) = 0 for all k and (OH, Ad = 1 for exactly one value 0 f i with 1 :::s i :::s s.

PROOF. ON is a principal indecomposable character of N. Thus ON = A~ or
J-L;;' for some i or k. Since 0E is a class function ON I J-L;;'. Thus 0N = 'A ~. 0

LEMMA 13.7. If 1 :::s i :::s s, 1:::s k :::s t then II (Ai - J-Lk)G W= 3.

PROOF. Since E is a T.1. set and (Ai -J-Ld(I)=O it follows that

LEMMA 13.8. If t 10 and 1:::s k :::s t then

(AI - J-Lk)G = 1+ 0 - Xk,

where 0, Xk are irreducible characters, ON = A ~, (Xk )N = J-L;;' + J-L~, where J-L ~ is
considered to be a character of N / P = E.

PROOF. By (13.7) (AI - J-LdG = 1 + a - f3 for irreducible characters a, f3 of
G. Since (A 1- J-Lk )G is p-rational it follows that a (1), f3 (1) = 0, ± 1 (mod p)
and 1 + a(l) = f3(I). Since tlO it follows that e ~ 3 and so p > 3. Thus
either al(1)=O (modp) or f3(1)=0 (modp). By (13.6) and Frobenius
reciprocity (111.2.5) f3 (1) I p. Hence a (1) = P and f3 (1) = p + 1. Let 0 = a,

Xk = f3. By (13.6) and Frobenius reciprocity ON = Ai'. Direct computation
yields

«AI - J-Lk t)N = AI + A'~ - (J-L~ + J-L~).

Hence (XdN = 1+ ON - «AI - J-Lk t)N is as required. 0

LEMMA 13.9. t = O.

PROOF, Suppose not. Let 0, Xk be defined as in (13.8).
Assume first that e is odd. By (13.5) Xk = Xk' Thus Xk is on the real stem

of the Brauer tree T of the principal block. As e is odd, T, and hence the
real stem has an even number of vertices. Thus not both end points



394 CHAPTER VIII [13

correspond to characters with degree d =: 1 (mod p). Since 1c; is an end

point, Xk cannot be an end point and so Xk is reducible as a Brauer
character. Let 'P be an irreducible Brauer character with 'P (1) ~ ~ Xk (l) =
Hp + 1) which is a constituent of Xk. Since Xk (1) =: 1 (mod p) 'P is not the
principal Brauer character. Hence 'P is faithful by (13.4). If p > 7 then
Hp + 1)<~(p -1) and so G is of type L 2 (p) by (3.1) contrary to assump­
tion. Since e is odd and e > 1, p > 5. Suppose that p = 7. Then e = 3 and T

looks as follows

, 1 a 8 b

where the numbers denote the degrees of the corresponding characters.
Thus either a = 3 or b = 3. The classification of all finite groups with a
faithful complex representation of degree 3 implies that G = PSL2 (7)

contrary to assumption. Hence e is even.
Therefore s is even and so s ~ 2. By Frobenius reciprocity (IL f, Xk) = 1

and (A?, Xk) = 0 for all i. Hence (A 2- ILk )C = - Xk + a ± f3 for irreducible
characters a, f3 of G.

Suppose that (A 2 - ILd c = - Xk + a + f3. Then a (1) + f3(I) = p + 1 and
so it may be assumed that a(1)~Hp+l). Since (l c ,(A 2 -ILdC)=0 it
follows from (13.4) that a is faithful. Hence G is of type L 2 (p) by (3.1) if

p > 7 contrary to assumption. Since

4 ~ s + 2t = e ~ a (1) ~ ~ (p + 1)

it follows that p ~ 7. Suppose that p = 7. Since e I(p - 1) this implies that

6 = e ~ a (1) ~ 4, which is not the case.

Suppose finally that (A 2 - ILk)C = - Xk + a - f3. If a (1), f3(1) Ji 0 (modp)
then a(1), f3(l)=: ± 1 (modp) as (A 2 - ILdc is p-rational. Hence -1 ± 1 ±
1 =: 0 (mod p) and so p ~ 3 contrary to the fact that e ~ s + 2t ~ 4. By (13.6)
f3(1)~p. Hence a(1)=p and so f3(1)= 1 contrary to (13.4). 0

LEMMA 13.10. e = 2.

PROOF. By (13.9) t = O. Thus H is abelian. By' (13.4) and Burnside's
transfer theorem H is a 2-group. Let x be the unique involution in the
cyclic group E. If e~ 2 then (x) is a characteristic subgroup of H. Hence
Nc (H) C Nc «x» = H. Thus H is a Srgroup of G and Burnside's transfer
theorem implies that G has a normal 2-complement contrary to (13.4). 0

LEMMA 13.11. There exist pairwise distinct nonprincipal irreducible charac­
ters a, f3, Y of G such that
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PROOF. Since E is a T.!. set it follows that II (A 1- A2)G W= II (A 1- A2t W= 4.
The result follows as (AI - A2)G (1) = O. 0

PROOF OF (13.1). Suppose first that one of a, {3, or l' in (13.11) is an
exceptional character in the principal block. Since (A 1- A2)G is p-rational
this implies that ~(p - 1) = (p - 1)/e ~ 2 and so p = 5. The Brauer tree of
the principal block is

·:~O

1 a + 1 a

Thus if a, {3, l' are all in the principal block then 1 ± (a + 1) ± 2a = 0 and so
a = 2 contrary to the fact that a + 1 = ± 1 (mod 5). Hence one of the
degrees of a, {3, l' is 5. Thus the exceptional degree is 3 as 1 + 5 = 2.3 and so
the classification of the finite groups with a faithful 3-dimensional complex
representation yields that G = PSL2 (5) contrary to assumption. Thus none
of a, {3, l' is exceptional in the principal block.

Since e = 2 by (13.10) there are only 2 nonexceptional characters in the
principal block unless p = 3 in which case there are 3 nonexceptional
characters. If p = 3 then one of a, {3, l' has degree 3 and so G = PSL2 (5)
contrary to assumption by inspection of the groups with a faithful complex
representation of degree 3.

Suppose that p > 3 then at least 2 of the degrees a(1),{3(1), 1'(1) are p.

Thus exactly two of them are p and the other degree is 1,2p - 1 or 2p + 1.
The case of degree 1 is impossibly by (13.4). Hence the possible Brauer
trees are as follows

1 2p + 2 2p + 1 1 2p - 1 2p - 2

If e is an irreducible character with e(l) = p then (e, (A 1- A2t);i 0 by
(13.6). Hence G has exactly 2 irreducible characters of degree p. Since
(2p + 2E) IIG I for E = 1 or - 1 this implies that

o= IG I= 2p 2 + 1+ (2p + Ef + ~ (p - 1) (2p + 2E )2

=4 (modp + E).

Hence p = 5 and E = - 1 as p > 3. Therefore

IG 1= 50 + 1 + 81 + 128 =260.

However 2p + i.E = 8 and so (2p + 2E) ~ IG I. This contradiction estab­
lishes the result. 0



CHAPTER IX

Throughout this chapter R is either a field of characteristic p or the ring
of integers in a finite extension K of Qp. Let R denote the residue class
field. Thus R = R in case R is a field. For any R [G] module V let (V)

denote the isomorphism class of R [G] modules which contains V. Let C
be a field of characteristic O. The representation algebra A c (R [ G]) was
defined in Chapter II, section 4. We will frequently write A c (R [G]) =
A (G) if no special reference to C or R is required. This chapter contains
results related to the structure of A (G ).

Let .S) be a nonempty set of subgroups of G. Let A(I)( G) = Act>(R [G])
be defined as in (11.4.3). If H is a subgroup of G let A H (G) = A{Hj(G). By
(11.4.3) At>(G) is an ideal of A (G) and if (V) ranges over the isomorphism
classes of indecomposable R -free R [H]-projective R [G] modules for
HE Sj then {( V)} is a C-basis of A~(G).

It is natural to ask for conditions under which A c (R [G]) is semi-simple.
In section 2 it is shown that this is the case if a Sp-group of G is cyclic and
R = R is a field. (A complete proof is not given as a result of Lindsey is
assumed.) In case p = 2 and 8 ~/ IG I then A c (R [G]) is also semi-simple.
The reader is referred to Conlon [1965], [1966], [1969]; Donovan and
Freislich [1976], and earlier papers of Basev [1961] and Heller and Reiner
[1961] which contain a classification of R[P] modules in case p = 2 and P is
a noncyclic group of order 4. For related results see Wallis [1969],
Hernaut [1969], Muller [1974a], [1974b], Erdmann [1979a], Donovan and

Freislich [1978].
In this connection we mention some other known results which will not

be treated here.
If R = Zp is the ring of p-adic integers and G has a cyclic Sp-group then

A c (Zp [ G]) is semi-simple. See Reiner [1966b]. If G has noncyclic
Sp-groups then A c (Zp [G]) contains nonzero nilpotent elements. See

396
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Reiner [1966a], Gudivok, Goncarova and Rudko [1971]. This has been
generalized to the case that R is a finite extension of the p -adic integers by
Gudivok and Rudko [1973].

If R = R is a field and pI: 2 it has been shown by Zemanek [1971] that if
a Sp-group of G is not cyclic then A e (R [G]) contains nilpotent elements.
Zemanek [1973] has also investigated the case that G is of order 8. See also
Yamauchi [1972], Bondarenko [1975], Ringel [1975]. Various types of
representations and modules have been studied. See for instance Carlson
[1974], [1976a], [1976b] or Janusz [1970], [1971], [1972] or Johnson [1969a],
[1969b]. In sections 3 and 4 yet another type of module will be discussed.

1. The structure of A (G)

A (G) is a commutative algebra. Furthermore dime A (G) is finite if and
only if G has a cyclic Sp-group. This section contains some results
concerning the structure of A (G).

Let P be a p-group in G. Let G(P) be the set of all proper subgroups of
P. Define Wp(G)=Ap(G)IA~(p)(G).By (111.5.9) Wp(G)= WI'(Nc;(P».

THEOREM 1.1 (Conlon [1967], [1968]). A(G)=E9WI'(Nc;(P», where P
ranges over a complete set of representatives of the conjugate classes of
p-groups in G and the sum is a ring direct sum.

The proof given here is a simplification of Conlon's proof. As an
immediate consequence of (1.1) one gets

COROLLARY 1.2 (Green [1964]). A(G) is semi-simple if and only if
Wp(Nc; (P» is semi-simple for every p-group PinG.

The next result was proved by Lam [1968] in case R is a field. Related
results may be found in Conlon [1967], [1968]; Wallis [1968].

THEOREM 1.3. (i) Let P be a p-group in G. Then A p (Nc; (P» is isomorphic to
a subalgebra of E9 A p(H), where H ranges over all subgroups of Nc; (P)
such that P C; Hand HIP is cyclic.

(ii) A (G) contains a nonzero nilpotent element if and only if there exists a
p-group P in G and a subgroup H of Nc; (P) with HIP a cyclic pi_group such
that A (H) contains a nonzero nilpotent element.



398 CHAPTER IX [1

For future reference the following elementary result is included here.

LEMMA 1.4. Assume that R = R is an algebraically closed field. Let P be a
p-group and let H be a p'_group. Then A (P x H) = A (P) ® A (H).

PROOF. Clear by (III.3.7). D

The rest of this section is devoted to the proofs of (1.1) and (1.3). Some

preliminary results are proved first.
Let A O(R [G]) = A ~(R [G)) be the Grothendieck algebra. Then

A O(R [G)) may be identified with the algebra of C-linear combinations of
Brauer characters afforded by R[G) modules. If V is an R[G) module let

{3\ be the Brauer character afforded by V. Define the algebra homomorph­
ism (3 :A(R[G))~AO(R[G)) by (3((V))={3\ for an R[G] module V.

LEMMA 1.5. AO(R[G])=A(I)(R[G])=A(,)(R[G)).

PROOF. The second isomorphism follows from (1.13.7). Let {'Pi} be the set
of Brauer characters afforded by the irreducible R[G) modules. Let eJ>i be
the Brauer character afforded by the principal indecomposable R[G)
module which corresponds to 'Pi. Given i, then by (1.19.3) there exist

irreducible Brauer characters 'Pij such that 'Pi = L j'Pij. Thus eJ>i = L} eJ>ij
where eJ>ij corresponds to 'Pij. By (IV.3.3) this implies that ('Pi, eJ>d' = Dikm
where m;i 0 depends on i. This implies that {eJ>;} is a basis of A O(R [G]).
Hence the restriction of (3 to A(j)(R [G]) is an isomorphism from
A(I)(R[G]) to A O(R [G)). D

The next result which generalizes (III.2.7) first appeared In Conlon

[1967] in case R is a field.

LEMMA 1.6. Let T <l G. Let U be an R -free R [T]-projective R [G) module.
Let V be an R-free R[G/T] module and let VI be a pure submodule of V.
Then U® V=(U® VI)EB(U® V/V,).

PROOF. Since T is in the kernel of V and VI is a pure submodule, the
sequence

is a split exact sequence. Tensoring with UT shows that
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is split. Since U ® VI IS R [T]-projective it follows that
u®vll U® v. D

LEMMA 1.7. Let T <J G.

(i) Let x,y EA(R[G/T)) with f3(x)=f3(y). If u EA-r(R[G)) then
ux = uy.

(ii) AT (R [G)) has an identity for multiplication.

PROOF. (i) Repeated application of (1.6) in case R = R is a field yields the
result.

(ii) Let V o be the irreducible R[G] module which affords the principal
Brauer character 'Po. Thus (Vo) E A (R [G/T)). By (1.5) there exists
x E A(I)(R [G IT)) CAT (R [G)) with f3 (x) = 'Po. Hence by (i) (V)x =
(V)(Vo) = (V) for all (V)EAT(R[G)). D

LEMMA 1.8. Let T <J G. Assume that R is not a field. Let U be an R-free
R [T]-projective R [G] module. Let VI, V2 be R -free R [G/ T] modules such
that VI and V2 afford the same Brauer character. Then (U ® VI) =
(U ® V 2 ).

PROOF. By (III.2.7) [; ® VI = [; ® V2 • Let fi be the natural projection
from U ® Vi onto U 0 VI = U ® Vi. Since (U ® Vi h = (dim Vi)U there
exists an R [T]-homomorphism h such that the following diagram is
commutative

(U® V 2h

~ liz
(U ® Vlh~ (U ® Vlh -----7' o.

Since U ® V2 is R [T]-projective there exists an R [G ]-homomorphism
g : U ® V 2~ U ® VI with f, 0 g = h·

Let M , be the kernel of fl. Thus M , + g (U ® Y2) = U ® VI and

M I = 1T(U ® VI) C Rad(U ® VI).

Hence g is an epimorphism. Let M be the kernel of g. Since g(U ® V 2 ) is
R -free, M is a pure submodule of U ® V. Therefore

rankR M + rankR ( U ® VI) = rank R M + rankR g (U ® V 2 )

= rankR (U ® V 2 ) = rankR (U ® VI).

Thus rankR M = 0 and so M = (0). Hence g is an isomorphism of U ® V 2

onto U® VI. D
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LEMMA 1.9. Let t <J G.
(i) Let x,yEA(R[GIT]) with f3(x)=f3(y). If u EAT(R[G]) then

ux = uy.
(ii) AT (R [G]) has an identity for multiplication.

PROOF. If R is a field the result follows from (1.7). Suppose that R is not a
field.

(i) This is a direct consequence of (1.8).
(ii) Let V u be the R -free R [G] module which affords the principal

character. Then (Vo) E A (R [G IT]). By (1.5) there exists x E

A(I)(R[GIT])CAT(R[G]) with f3(x)=f3((Vo)). If uEAT(R[G]) then

ux = u (Va) = U by (i). Thus x is the desired identity for multiplication. D

LEMMA 1.10. Let ~ be a complete set of representatives of the conjugate
classes of p-groups in G. For D E ~ let ~(D) = {P IP E~, p x CD for
some x E G}. If P E ~ let 51' (G) be the subspace of A (G) spanned by all
(V) such that P, is a vertex of v. Then for each D E ~ there exists an ideal
Ab(G) of A(G) with Ab(G)= WJ)(Nr,(D)) (as algebras) such that

AJ) (0) = L 51'(G) = L A ;,(G).
pc'13(1) pC'1.'(0)

PROOF. Induction on 1D I. If ID 1= 1 then 5(I)(G) = A(,)(G) is an ideal of
A (G). Let A;I)(G) = A(I)(G). Suppose that ID I> 1.

By definition

AJ)(G)= L 5p(G) = 5J)(G)+ L 51'(G).
pcl'(J) pc't'( J)

P7'J)

If Do E ~(D), Do -I D then by induction Lpc'l3(J)u) 51' (G) =
Lpc'f,(J)o)A;,(G) for suitable ideals A;,(G) of A(G) with A;,(G)=
WI'(Nr, (P)). If DJ, D~ E ~(D); Db D~ -I D then by definition

til?", l Sp (G)} LfJit 5" (G) } ~ PE"~"(D') Sp (G)

and so A;, c: EBpC'13(J)I)n'l)(J)2) 51' (G) for P c: ~(Dl) n ~(D~). Furthermore
AJ) (G) = 5J) (G) E AC";(J)(G) and

AG(J)(G)= EB A;,(G) and AJ) (G)IAC";(J)(G) = WJ)(Nr,(D)).
pc'l)( J)

1'7' J)
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By (1.9) WI' (No (P)) is a ring with multiplicative identity for any P E ~.

Thus AC'O(J))( G) has a multiplicative identity. Therefore there exists an
idempotent e E A (G) such that A~(J))(G) = AJ) (G )e. Let A b( G) =
AJ)(G)nA(G)(l-e). Then Ab(G) is an ideal of A(G) and Ab(G)n
AC'O(J))(G) = (0). Since 1- e maps onto 1 in A (G)IAC'O(J))(G) it follows that

A b(G) = AJ) (G)IAC'O(J))(G) = WJ) (No (D))
and

AJ) (G) = A b(G) EB A~(J))(G). D

PROOF OF (1.1). Let D be a SI'-group of G. Then Au (G) = A (G) and the
result follows from (1.10). D

LEMMA 1.11. (i) Suppose that R is not a field. Let () be the character afforded
by an R -free R [G] module. Then () = La;1]? where each ai is rational and
each 1]; is the character afforded by an R -free R [H] module for some cyclic
subgroup H of G.

(ii) Suppose that R = R is a field. Let 'P be the Brauer character afforded
by an R[G] module. Then'P = La;l/J~j where each ai is rational and l/Ji is the
character afforded by an R [H] module for some cyclic p'-subgroup H of G.

PROOF. If R or K is a splitting field for G both results are clear as the
dimension of the space of all Lai1]?, La,l/J? is the number of classes,
p-singular classes respectively. If () T = () or 'P T = 'P for T ranging over a

group M of field automorphisms then

o

PROOFOF (1.3). (i) It may be assumed that G = No (P), that is to say P <J G.
Let .XJ be the collection of all subgroups H of G such that P ~ Hand HIP
is cyclic. Define the linear map t: AI' (G)~EfjIlO) AI' (H) by t« V)) =
LIIC\:o(VH ). It suffices to show that t is a monomorphism.

Suppose that t«V)) = O. Hence VII = (0) for all HE .X:>- Thus if HE.0
and Y is an R -free R [H] module then (V)( YO) = «VII 0 Yt) = o.

If R is not a field ·let Vo be the R -free R [ G] module which affords the
principal character. If R = R is a field let V u be the irreducible R[G]
module which affords the principal Brauer character 'Po. In either case P is
in the kernel of Vo. By (1.11) applied to GIP there exist R-free R [H]
modules Y; for H E.XJ such that 'Po = La;f3«Yf')) for some ai E C. By (1.7)
and (1.9)
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(V) = (V)(Vo) = L aj (V)(Y~) = (0).

[2

This shows that t is a monomorphism as required.

(ii) A nilpotent element in EB AI' (H) must have all its coordinates

nilpotent. Thus the result is an immediate consequence of (i), (1.1) and

(1.10). 0

2. A (G) in case a Sp- group of G is cyclic and R is a field

Throughout this section A (G) = A (F[ G D where F is a field of charac­

teristic p. The following result is due to O'Reilly [1964], [1965].

THEOREM 2.1. Let G be a group with a cyclic Sp-group. Then A (G) is
semi -simple.

We will prove (2.1) in this section modulo the following result which we

state without proof. See Lindsey [1974], Lemma 2.6.

LEMMA 2.2. Let P be a cyclic p-group with IpI> 1 and let IP : PI I= p. If
M , and M~ are indecomposable F[P] modules then M] @ M~ =

M oEB EB:'= I \1;, where j'4o is F[ Pd-projective, each \I; is indecomposable and
dimF \I; -I dimF \tj for i -I j.

If IP I= p then (2.2) follows from (VIII.2.7). In the general case it is a

good deal more complicated. For further results see Renaud [1979].

It will first be necessary to prove

THEOREM 2.3 (Green [1962bD. Let P be a cyclic p-group. Then A (P) is
semi-simple.

The proof of (2.3) given by Green depends on getting generators and

relations for A (P) and is quite complicated. We will here give a short

elegant proof due to Hannula, Railey and Reiner [1967]. O'Reilly's proof

of (2.1) was simplified by Lam [1968]. In fact this simplification was the

motivation for (1.3). However the proof still depended on Green's method

and used results about generators and relations for A (P). Ultimately

results concerning the tensor products of F[ G] modules are of course

needed but the proof given here uses only (2.2).

It should be pointed out however that Green's method yields more
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information. By using these methods Rudko [1968] was able to prove the
following result. See also Renaud [1978].

THEOREM 2.4. Let P be a cyclic p-group. Assume that p 12. Let C = Q and
let L be the real subfield of the field of p th roots of 1 over Q. Then
A (P) = QEB A where A is the direct sum of 2( IP I-l)/(p -1) copies ofL.

We will not pove (2.4) here but in case IP 1= p it follows from (VII.2.7).
This can be seen as follows. Let E be a primitive (2p )th root of 1. By
(VII.2.7) the linear map sending V(1, t) to (E C- E-C)/(E - E --I) is a ring

homomorphism. The result is a simple consequence of this.

Related results can be found in Gudivok and Rudko [1973], Butler

[1974], Carlson [1975] and Jakovlev [1972]. See also Lam and Reiner
[1969), Santa [1971].

Let P be a cyclic p-group. For 1~ i ~ IP' let V; be the indecomposable

F[ P] module with dimF V; = i. Then (VI)"'" (VII'I) is a basis of A (G).
Each v~ is serial and V; = Rad( V;, ,) for 1~ i ~ IP 1- 1. The proof of (2.2)
depends on two elementary lemmas.

LEMMA 2.5. For 1 ~ s, t ~ IpI, V, @ Vc is the direct sum of min(s, t)
nonzero indecomposable F[ P] modules.

PROOF. Let Vs @ Vc be the direct sum of n nonzero indecomposa ble

modules. Since V;= = Vc it follows that

n = dimF InvdV', @ V~)= dimF HomF[I')(Vs , Vc).

The structure of V', and V, shows that dimF HomFII')( V s , Vc) =

min(s, t). 0

LEMMA 2.6. Let m be an integer and let f(X) = L~;=, min(i,j)X;Xj be a real
quadratic form. Then f(X) is a positive definite form.

PROOF. It is easily seen that

f(X) = (XI + ... + X", Y+ (X 2 + ... + X", Y+ ... + X~. 0

PROOF OF (2.3). It may be assumed that C is the field of real numbers. It

suffices to show that if u E A (P) with u 2 = 0 then u = O. Let u = Lbs(Vs).
Let (V,)( Vc) = L j aSCj (\tj). By (2.5) Lj ascj = min(s, t). Thus

o= u 2 = L bsb/ascj ( \tj )
S,I
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and so L Sol bsb,as'j = 0 for all j. By summing over j this implies that
Lso1 min(s, t )bsb, = O. Hence by (2.6) bs = 0 for all s and so u = O. 0

The next result is required for the proof of (2.1).

LEMMA 2.7. Assume that F is algebraically closed. Let N = PH with P <J G
where P is a cyclic p-group with Ipl> 1 and H is a cyclic p'_group. Let

IP:P11=p·
(i) For 1:::; I :::; I P I and cp an irreducible character of H there exists an

indecomposable F[N] module V(cp, I), unique up to isomorphism, such that
cp is afforded by the socle of V and dimF V(cp, I) = I. Every nonzero
indecomposable F[N] module is isomorphic to some V(cp, I). V(cp, I) is
F[Pd-projective if and only if I ~ 0 (mod p) and V(cp, I) = V(cp, 1)* if and
only ifcp*al-'=cp where a is defined as in Chapter VII, section 1.
Furthermore V(cp, I)p is indecomposable.

(ii) If M , and M 2 are indecomposable F[ N] modules with M; = M for
i = 1,2 then M, @M2= EB:'=I Vi EB Mo where M o is F[PJ)"'"projective and
each Vi is indecomposable with V; = Vi.

(iii) Suppose that 21' C/-l (p)l. For each I with 1:::; I :::; IP I there exist
exactly 2 irreducible characters cp of H with cp *a I I = cp. Each such cp has H o

in its kernel where IC/-l (P) : H o 1= 2.

PROOF. (i) This is a special case of the results of Chapter VII, section 2.
(ii) By (i) (M)p is indecomposable for i = 1,2. By (2.2) M 1@M 2 =

EB;'=, Vi EBMo where Mo is F[Pr]-projective and dimF Vi~ dimF V; for
i~ j. As (M, @M2)* = M 1 @M2 this implies that EB:'=l Vi = ~:'=I V;. Thus
Vi = V; by the unique decomposition property and the fact that

dimF Vi ~ dimF V~ for i~ j.
(iii) As H is cyclic, cp* = cp-I and so cp *a I-I = cp if and only if cp2 = ai-I.

Since a j/-l:CII(P)1 = 1 there are exactly two choices for cp. Clearly H o is in the

kernel of cp. 0

PROOF OF (2.1). It may be assumed that C is the field of complex numbers.
Let F 1 be the algebraic closure of F. Then A (F[ G)) is a subalgebra of
A (F1 [ G)). Thus it may be assumed that F = F 1 is algebraically closed as
A (F 1 [ G)) has finite C-dimension. Furthermore it suffices to show that
A (F[ G)) has no nonzero nilpotent elements. By (1.3) it may be assumed
that G = PH with P <J G where P is a cyclic p-group and H is a cyclic
p'_group.

Suppose that p=2. Then G=pxH. Thus by (1.4) A(G)=
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A (P) @ A (H). Clearly A (H) is semi-simple. By (2.3) A (P) is semi-simple.

Thus A (G) is semi-simple as required. Thus it may be assumed that p~ 2.
Let h be the order of (x) = H and let X-I yx = yr. Define

G, = (x, y 1 ylPI = x 21J = 1, x-1yx = y').

Then G is a homomorphic image of G 1 and so A (G) ~ A (GI). Hence it
suffices to show that A (G,) is semi-simple. Therefore by changing notation
it may be assumed that 211 C N (P) I.

The proof is by induction on IP I. If 1P I= 1 then A (H) = C[H] is

semi-simple. Suppose that IP' > 1. Let IP : PI I= p.
Let I = Ap,(G). It suffices to show that I and A(G)/I are semi-simple.

The map sending (V) to (1/p)(VG) for any F[P1H] module V is easily
seen to induce an isomorphism from A (PI G) onto 1. Thus by induction I is
semi-simple. It remains to show that A (G)/I is semi-simple.

Let 5 be the subspace of A (G) spanned by all (V) with V indecompos­
able and V*=V. By (2.7)(ii) 5+I/1 is a subalgebra of A(G)/1. If

1~ I~ 'P' then (2.7)(ii) and (2.7)(iii) imply the existence of an indecom­
posable F[ G) module V with dimF V = I and (V) E 5. Thus if V is an
indecomposable F[ G) module with (V) E 5 and X is an indecomposable
F[ H] module then the map sending (V) @ (X) to (V @ X) defines an

algebra homomorphism of «5 +I)/I)@A(H) onto A (G)/1. Since A(H)
is semi-simple it suffices to show that (5 + I)/I is semi-simple.

Let Z = C/-dP). By (2.7)(ii) and (iii) the map sending V to V CG (P)
defines a one to one linear map of 5 onto A (P x Z). Since V is

F[ PI]-projective if and only if V CC (P) is F[ Pd-projective, it follows that
(5 + I)/I = A (P x Z)/AP1(P x Z). Thus it suffices to show that A (P x Z)
is semi-simple. This follows directly from (1.4) and (2.3). 0

3. Permutation modules

The set of all isomorphism classes of indecomposable R [G] modules is
in general very large and complicated. This section and the next contains
the definition of some special types of R [G] modules.

For H a subgroup -of G let Vo(H) denote the R -free R [G] module of
R-rank 1 with Vo(H) = Invl/ (Vo(H)). Thus if R is a field then Vo(H)
affords the principal Brauer character and if R is the ring of integers in the
p-adic number field K then Vo(H) @R K affords the trivial character.

An R [G) module is a transitive permutation module if it is isomorphic to
Vo(H)G for some subgroup H of G. A direct sum of transitive permutation
modules is called a permutation module.
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LEMMA 3.1. There are only finitely many isomorphism classes of transitive
permutation modules.

PROOF. Clear as G has only a finite number of subgroups. 0

LEMMA 3.2. Let V be a permutation module. Then the following hold.
(i) V = V*.

(ii) V is an algebraic module.
(iii) If M is a subgroup of G then V\1 is a permutation module.
(iv) If G is a subgroup of M then V M is a permutation module.

PROOF. (i) Clear by (11.2.6).

(ii) This follows from (II.5.3).

(iii) Clear by the Mackey decomposition (II.2.9).

(iv) Immediate from the definition. See (II.2.1)(iv). 0

LEMMA 3.3. Let Vand W be permutation modules. Then the following hold.
(i) V EB W is a permutation module.

(ii) V 0 W is a permutation module.

PROOF. (i) Immediate by definition.

(ii) This follows from the Mackey tensor product theorem (II.2.10). 0

LEMMA 3.4. Suppose that G is a p-group.
(i) A transitive permutation module is indecomposable.

(ii) If Y is a permutation module and W IV then W is a permutation
module.

PROOF. (i) This follows from (II1.3.8).

(ii) This is a consequence of (i). 0

COROLLARY 3.5. Let 0 be a subgroup of the p- group P and let V be an
R [0] module. Then V is a permutation module if and only if y P is a
permutation module.

PROOF. If V is a permutation module then so is yP by definition.

Suppose that yP is a permutation module. Then so is (V}')o. By the

Mackey decomposition (II.2.10) V I(VP)o. Hence V is a permutation

module by (3.4). 0
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LEMMA 3.6. Let V be a transitive permutation module. Then the following

hold.
(i) rankR(lnv c; (V)) = 1.

(ii) V = WI EB Wz with W I indecomposable such that Invc; (W2 ) = (0)

and Inv c; ( WI ) ~ (0).

PROOF. (i) This follows from (II.3.4).
(ii) Immediate by (i). 0

The class of indecomposable modules defined in (3.4) are of interest and
have been studied by Scott [1971], [1973]. Some related results can be
found in Dress [1975].

~. Endo-permutation modules for p- groups

Throughout this section P is a p-group. Vo(H) is defined as in the

previous section.
An endo-permutation R [P] module is an R-free R [P] module V such

that V* 0 V = HomR (V, V) is a permutation module.
An endo-trivial R [P] module is an R-free R [P] module V such that

V* 0 V = HomR (V, V) = Vo(P) EB U, where U is a projective R [P]
module.

Since any projective R [P] module is a permutation module it follows

that an endo-trivial RTP] module is an endo-permutation R [P] module.
Clearly a permutation module for R [P] is an endo-permutation R [P]

module.

These concepts were introduced by Dade [1978a], [1978b], who also
classified the endo-permutation R [P] modules in case P is abelian. See
also Carlson [1980a]. We will here only present basic elementary properties
of endo-permutation R [P] modules and compare some of these with the
corresponding properties for permutation modules.

The next result shows that endo-permutation R [P] modules arise
naturally at least in case R = R is a field.

THEOREM 4.1. Let G = HP where H = OrA G) and P is a 51' -group of G. Let
F = R be a splitting field of G and let V be an irreducibleF[H] module with

G = T( V). Then V extends uniquely to an irreducible F[ G) module Wand
W p is an endo-permutation F[P] module.
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PROOF. The existence and uniqueness of W follows from (III.3.16).
Under the action x ~ y -I xy, F[H) becomes a permutation module M

for F[ G]. Let e be the centrally primitive idempotent of F[ H] correspond­
ing to e. Then V* @ V = eF[H] IM H • Since T( V) = G, eF[H] =
W@ W* as F[G] modules and W*@ wi M. Thus wt@ W p IM p and so
wt @ W p is a permutation module for F[P] by (3.4). 0

LEMMA 4.2. Let 0~ V ~ U ~ W ~ 0 be an exact sequence of R -free
R [P] modules with U projective. Then V is an endo-permutation (endo­
trivial) module if and only if W is an endo -permutation (endo -trivial)
module.

PROOF. Immediate by (111.5.12). 0

It follows from (4.2) that for instance every factor in a projective

resolution of Vo(P) is an endo-permutation module. In this way it can be
shown that if P is neither cyclic nor a genera'lized quaternion group then

there exist infinitely many endo-permutation R [P] modules. Also there
exist endo-permutation R [P] modules V which are not algebraic and such
that V;>6 V*. This is in contrast to (3.1) and (3.2)(i), (ii).

Do there exist only finitely many isomorphism classes of endo -permutation
R [P] modules with V = V*?

This is a n open question. It follows from Dade's results that the answer is

affirmative if P is abelian.

LEMMA 4.3. Let V be an endo-permutation R [P] module such that V" =
( V")* for some positive integer n. Then V is algebraic.

PROOF. As V 2
" = V" @ (V")* is a permutation module the result follows

from (3.2)(ii). 0

LEMMA 4.4. If V, Ware endo-permutation R[P] modules then so are V*,
V@W and HomR(\!; W)= V*@ W.

PROOF. Clear by definition. 0

LEMMA 4.5. Let V be an endo -permutation R [P] module. If W IV then W

is an endo -permutation module.

PROOF. Since W* @ W I V* @ V the result follows from (3.4). 0
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LEMMA 4.6. Let V be an endo-permutation R [P] module and let Q be a
subgroup of P. Then Vo is an endo -permutation R [Q] module.

PROOF. Clear by definition. 0

In general the direct sum of endo-permutation modules need not be an
endo-permutation module in contrast to (3.3) (i).

Two endo-permutation R [P] modules V, Ware compatible if V EB W is
an endo-permutation R [P] module.

LEMMA 4.7. Let V, W be endo-permutation R [P] modules. The following
are equivalent.

(i) V and Ware compatible.

(ii) V* 0 W = HomJ~ (V, W) is a permutation module.
(iii) W* 0 V = Hom R (W, V) is a permutation module.

PROOF. Since (V* 0 W)* = W* 0 V, (ii) and (iii) are equivalent. Since

(VEB W)0(V*EB W*)

=(V0 V*)EB(V0 W*)EB(W0 V*)EB(W0 W*),

the equivalence of (i) with (ii) and (iii) now follows from (3.3)(ii). 0

LEMMA 4.8. Let V be an indecomposable endo -permutation R [P] module
with vertex P. Then Vo(P) I V* 0 v.

PROOF. Let Sj be the set of all subgroups Q of P with Q i: P. By (111.4.9)
HO(P, Sj, V* 0 V) i: (0). Thus there exists an indecomposable component
W of V* 0 V with HO(P, .0, W) i: (0). Since V is an endo-permutation
module, W = Vo(Q) for some subgroup Q of P. By (11.3.4) HO(P, Q, W) =
(0). Hence Hf)(P, Sj, W) = (0) if Q E Sj. Thus Qg Sj and so Q = p. 0

The next result indicates that compatibility of two endo-permutation
modules is a rare phenomenon.

LEMMA 4.9. Let V, W be indecomposable endo -permutation R [P] modules
with vertex P. Then Vand Ware compatible if and only if V = W.

PROOF. If V = W then V and Ware compatible by (4.7). Suppose that V
and Ware compatible. Let ,\j be the set of all subgroups Q of P with

Q i: P. There exist nonnegative integers ao, bo for Q ~ P such that
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Thus

CHAPTER IX

V* 0 W= apVo(P)EB EB ao(Vo(O)t,
OE.i)

V0 V*=bpVo(P)EB EB bo(Vo(O)t·
OE,ij

apV EB EB ao (Vot = V 0 V* 0 W = bpW EB EB bo (Wot·
oc~ Uc0

[4

Hence any indecomposable component of V 0 V* 0 W with vertex P is
isomorphic to V. By (4.8) ap~ 0 and so V = W. 0

In general endo-permutation modules do not behave well with respect to
induction. The next result is concerned with this situation.

LEMMA 4.10. Let 0 be a subgroup of P and let V be an endo -permutation
R [0] module. The following are equivalent.

(i) VI> is an endo-permutation R [P] module.
(ii) The endo-permutation R [OX no] modules Vu •no and VO' nO are

compatible for all x E P.

PROOF. The Mackey tensor product theorem (11.2.10) implies that
v P 0 (V P )* is a permutation module if and only if (VOx nO 0 V;j'not is a
permutation module for all x E P. Thus (i) is equivalent to (ii) by (3.5) and

(4.7). 0
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As might be expected the theory developed so far becomes somewhat
simpler when appl-ied to p-solvable groups. On the one hand certain results
are true for p-solvable groups which are not true in general, on the other
hand some questions which remain open in the general case can be settled
for p-solvable groups. This chapter is primarily concerned with p-solvable
groups though some of the results are proved in a more general context.

The notation introduced at the beginning of Chapter IV will be used
throughout this chapter.

1. Groups with a normal p '-subgroup

The first three results in this section are slight refinements of results of
Fong [1960], [1961 ],[1962]. The method used to prove (1.1) is ada pted from
Serre [1977], it has its roots in the work of Schur.

I am indebted to Watanabe [1979] who suggested that part of the proof
of (1.1) which shows that N x is nonempty for all x. This fills a gap in an
earlier version of the result. See also Nobusato [1978]. For a related result
see Tsushima [1978c].

LEMMA 1.1. Let H <] G. Let ~ be an irreducible character of H. Assume that
G = T(n, the inertia group of ~. Let F be an algebraically closed field such
that char F ~ IH I. Let V be an irreducible F[H] module which affords (.
Then the following hold.

(i) There exists a finite group {; and an exact sequence

(l)~ Z ~ {;~ G ~(l),

411
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where Z is a cyclic group in the center of G and IZ III H 12 • Also Gcontains a
normal subgroup H = H such that ZH = Z x H = f-I(H). The group G
depends only on G and ~, in particular it is independent of the choice ofF.

(ii) Let F I be the subfield of F generated by a primitive IH 1
2 root of unity.

There exists an FI[G] module VI suchthatifV= V I0 Fj Fthenf(V1d= V.
Furthermore if W is an irreducible F[ G] module with Va constituent of WH

then W = V 0 W for some absolutely irreducible F[ G/H] module W.
(iii) Let.1 (F) be the set of all Brauer characters afforded by irreducible

F[ G] modules W such that V is a constituent of WH. Let J (F) be the set of
all Brauer characters afforded by F[ G/H] modules U such that Z is in the
kernel of V 0 U. Then the map sending W to Wdefined by (ii) induces a one
to one mapping from .1 (F) onto J (F).

PROOF. Let F' be a field with F I ~ F' ~ F. Let V' be an F' [H] module
which affords { Since char F ' ~ IH I, V'is irreducible. Let A be a
representation with underlying module V'. Let SF' = {det A (y) lyE H}.
Clearly S = SF' is independent of the choice of F'.

For x E G let Nx be the set of all linear transformations z on V' such
that z -IA (y)z = A (x -I yx) for all y E H and such that det z E S.

Let ~(1) = d. Let x E G. We will first show that there exists a linear
transformation z EGLd(FI) with detz = 1 and z--IA(y)z = A(x--1yx) for
all y E H. It clearly suffices to prove this in case the order of x is qa for
some prime q and some integer a ? 1.

Let IHI = h. Let Fo be the subfield of F I generated by a primitive hth
root of 1. It may be assumed that A (y) E GLd (Fo) for all y E H by a
classical result of Brauer which follows directly from (IV.1.1)(iii), see e.g.
Feit [1967c](16.3).

Since T(~) = G there exists Zo E G Ld (Fo) such that Z;)I A (y )zo =
A (x -I yx) for all y E H. Let a = (det zotd and let z = azo. Then det z = 1,
z-IA(y)z =A(x-1yx) for all yEH and Zd =adz~EGLd(Fo). Further­
more zqa = {31 is a scalar for some {3 E Fl' Thus {3d = 1 and so
zqa E GLd (Fo).

If q ,f d then z E GLd (Fo) ~ GLd (F I ) as zqa and Zd are both in
GLd (Fo).

Suppose that q Id. Then (z, A (y) lyE H) is a finite group whose
exponent divides qah. Thus it may be assumed by Brauer's theorem that
z E GLd (Fo(E)), where E is a primitive q" th root of 1 for some n. As q Ih,
[Fo(E):Fo] is a power of q. Since a EFo(E) it follows that [Fo(a):Fo] is a
power of q.

Assume first that either q 12 or q = 2 and 41 h. Then F«(E) is a cyclic
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extension of Fo. As ad E Fo it follows that a = CEo for some C E Fo and

some q" th root of 1, Eo such that Fo(Eo) = Fo(a). Let q" = (d, q"). Then

[Fo(a):Fo]= [Fo(Eo):Fo]lqc. Hence a EFo(Eo)C:FI and so z EGLd(F I ).

Suppose now that q = 2,21 hand 4 .{ h. Then there exists H o <J H with

IH: Hoi = 2. As 21 d it follows that ~ = ~(~l for some irreducible character ~o
of H o. The previous argument applied to H o, ~o and the representation A o

which affords ~o yields the existence of ZI E GL(d/2) (FI ) with det z, = 1 and
z ~., A (y )z, = A (x -I yx) for all y E H o• Let u be an element of order 2 in H.
Since IG : T(~o)1 = 2 it follows that T(~o) <J G and [x, u] E Ho. Let z ~ be

the element of GL(d/2) (g) corresponding to x" for ~~ and A~. Then

(
Zl 0)

Z = 0 Z ~. E GLd (F,)

has the required properties.

Therefore N x is nonempty for all x E G. If ZI, Z2 E N x then Z;-1 Z2 is a

scalar by Schur's lemma. Thus N x is a finite set and NT consists of scalars.
Furthermore N x is independent of the choice of F'.

Define G(F') to be the group of all ordered pairs (x, z) with x E G and
Z E Nx • Thus G(F') is a finite group. Furthermore G(F') = G(F,). Define

the map f: G(F,)~ G by f«x, z)) = x. Thus there exists an exact sequence

(1)~ N I~ G(F:) 4 G ~ (1).

Since NT consists of scalars, it follows that N I is a cyclic group in the center

of G and INIII ~(1)IHI. Let Z = NT and let H = {(y,A(y))1 y E H}. Thus
H <J G(F,) and f(H) = H. Furthermore Z n H = «(1, 1). Thus ZH =
ZxH.

For v E V', (x, z) E G(F1) define v(x, z) = vz. Let V' denote the

F' [G(F,)] module constructed this way. For F I = F' let VI = V'. For

F = F' let V = V'. Then V = VI 0F) F. If Y E H then v(y, A (y)) = vy.
Hence f(V/:[) = V.

Let F(O), F(p) be algebraically closed fields of characteristic 0, p respec­

tively where p .( IH I. To complete the proof of (i) it suffices to show that
G(F~O»)= G(F~P»). Let K be the extension of Qp generated by a primitive

I H 1
2 root of 1. Thus G(K) = G(F~O»). Let R be the ring of integers in K

and let R be the residue class field. Then G(R) = G(F~P»). Let X be an

R-free R[G(K)] module such that XK=V'. Since p.( 'HI, Xf/ is
irreducible. From this it follows easily that G(K) = G(R). This completes
the proof of (i).

(ii) Let W be an irreducible F[ G) module such that V is a constituent of

WHo Thus W is an F[ G] module where w (x, z) = wx for w E W. Define

the vector space W = HOmF[HI (V, W).
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Since V may be identified with V it follows that if v E V then

v(x, z) = vz.
By Clifford's Theorem (111.2.12), W H = nV for some integer n. Thus the

linear map g: V 0 W~ W defined by g(v 0 h) = vh is an isomorphism.
For hEW, (x, z) E G define h(x, z) by v{h(x, z)} = {(vz -I)h}x for

v E V. Then for v E V, hEW

{g( v 0 h)} (x, z) = (vh )(x, z) = (vh)x

and so

g{(v 0 h)(x, z)} = g{v(x, z)0h(x, z)} = g{vz 0h(x, z)}

= (vz ){h(x, z)} = (vh)x = {g(v 0 h )}(x, z).

Since V and Ware F[ G) modules, this implies that Wis an F[ G] module
and g is an F[ G)-isomorphism.

If (y, A (y)) E H then for v E V, hEW, v{h (y, A (y))} = {(vy -')h}y =
vh. Thus W has H in its kernel and so W is an F[ GIR] module. W is

irreducible as W = V 0 W is irreducible.
(iii) For any module X let {3x denote the Brauer character afforded by

X. Then {3w = {3v{3v., by (ii).
Suppose that Wand W' both have H in their kernel and {3v{3v., = {3v{3v.".

If {3v., I {3v." there exists x E G such that (3v (xy) = 0 for all y E H.
Therefore A (x)A (y) has trace 0 for all y E H. Since {A (y) lyE H} spans
the full matrix ring this implies that A (x) = 0 which is impossible. Thus {3v.,

is uniquely determined by {3w.

Hence {3w ~ {3v., defines a one to one mapping from L\ (F) to L1 (F). It
only remains to show that if U is an irreducible F[ G Iif] module such that
Z is in the kernel of V 0 U then V 0 U is irreducible.

Suppose that WI, ... , W", are the composition factors of V 0 U. Then V
is a constituent of (IN:)H for all i. By (ii) IN: = V 0 Wb where each Wi is
irreducible. This implies that {3V@I: = {3v 2:~~ I {3v.,; and so {3u = 2:;r~ I (3V.'i·

Hence m = 1 by (IV.3.4) and so V 0 U is irreducible. 0

The group G Iif defined in (1.1) is called the representation group of the
character {

THEOREM 1.2 (Fong [1961]). Let p be a prime. Let H <J G with p ~ IHI.
Let B (G) be a block of G and let B (H) be a block of H which is covered by
B (G). Let ? be an irreducible character of H in B (H) and let G, fl, Z be
defined as in (1.1) corresponding to the group T(?). Let G(?) be the
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representation group of { Then there exists a block B of G(?) such that the
following conditions are satisfied.

(i) There exists a block B(T(?)) of T(?) such that if () is an irreducible

character or an irreducible Brauer character in B (?) then () = (}g' for some

irreducible character or irreducible Brauer character respectively in B (T( ?)).
(ii) Let 11 ~ 11 denote the one to one mapping defined in (1.1) for

char F = 0. Thus () ~ 8 defines a one to one mapping from the set of all
irreducible characters in B (G) onto the set of irreducible characters in B. This
mapping preserves heights and sends the set of all p-rational irreducible
characters in B (G) onto the set 0 fall p -rational irreducible characters in B.

(iii) Let 11 ~ 11 denote the one to one mapping defined in (1.1) for
char F = p. Thus () ~ (}o defines a one to one mapping from the set of all
irreducible Brauer characters in B (G) onto the set of all irreducible Brauer

characters in B which preserves heights.
(iv) With respectto the one to one mappings defined in (ii) and (iii), B (G)

and B have the same decomposition matrix and the same Cartan matrix.

(v) Band B (G) have isomorphic defect groups.

PROOF. Since p{ 'H I, ? is the unique irreducible character in B (H) and
? = l/J is irreducible as a Brauer character. Furthermore T(?) = T(B (H)).

A field automorphism which preserves all p'th roots of unity preserves

blocks. Thus by (V.2.5) it suffices to prove the result in case G = T(?) since

p-conjugate characters of T(?) induce p-conjugate characters in G.
Let .do = .1 (F), .10 = .1 (F) be defined as in (1.1) where char F = 0. Let

.1p = Ll (F), J p = .1 (F) be defined as in (1.1) where char F = p.
Let if afford to, tp in case of char F = 0, p respectively. Thus to(x) =

tp(x) for p'-elements x in G. Furthermore to is p-rational by (1.1)(ii).
Hence

if () E .1 0 ,

if () E .1p •

(1.3)

If () E .10 then () is p-rational if and only if 8 is p-rational as to is p-rational
and the map ()~ 8 is one to one.

If () is an irreducible character or an irreducible Brauer character in
B(G) then by (V.2.5)(iv) (}E.1o,.1p respectively. Let

S = {81 () is in B (G), () E .10 U Llp }.

If X E .1 0 , 'P E Llp then by (1.3), d (X, 'P) = d (X, iP) where d denotes the
appropriate decomposition number. This and (IVA.2) imply that S consists
of all the irreducible characters and irreducible Brauer characters in a set
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of blocks BJ, ... , B", of G(n. Since the decomposition matrix of B(G) is

indecomposable by (1.17.9) it follows that m = 1. Let B = B I •

Let pU be the order of a Sp-group of G. Then pU is the order of a

Sp-group of G(n. Let d be the defect of B(G). Since ?(1)]i0 (modp),
(1.3) and (IV.4.5) imply that d is the defect of B. Thus (1.3) implies that if
(J E .10 U jp and (J is in B (G) then (J and (j have the same height.

Let Y be an irreducible R [G) module in B (G) which affords a Brauer
character of height O. Thus a defect group D of B (G) is a vertex of Y. As Y
affords a Brauer character of height 0, a defect group 15 of B is a vertex of
Y. As Y = V@ Y it follows that Y is R [D)-projective. Hence D is
conjugate to a subgroup of 15 in G. As ID I= ,151 = pd this implies that

D =15. 0

Let G, H = Op,(G), ? be as in (1.2). Thus a Sp-group of G(n has order

at most that of a Sp-group of G. Furthermore if G is p-solvable and

H = Op,(T(n) then either p .1' IG(nl or Op'P (G(n) = z x P for some
p-group P~ (1) since Z = Op,(G(n) is in the center of G(n. These two

facts will make it possible to prove some results about p-solvable groups by

induction on the order of aSp-group.

LEMMA 1.4 (Fong [1962]). Let p be a prime and let G be a p-solvable group.
Let H=Op,(G) and let? be an irreducible character of H such that
H = Op,(T(n). Let pU be the order of a Sp-group of the representation group
G(n of?- Then every block of G(n has defect a.

PROOF. If a = 0 the result is trivial. Suppose that a ~ O. Let P = Op (G(?)).
Thus P~ (1). As Z = Op,(G(n) is in the center of G(?) it follows that

COU;)(P) = P X Z. By (IV.4.17) G(?) has exactly IZ Iblocks of defect a. By

(V.3.6) and (V.3.10) G(n has exactly IZ I blocks. 0

The following result is somewhat simpler and appears to have been

known for some time though it first appeared explicitly in Fong and
Gaschiitz [1961] as did (1.6), both for solvable groups.

THEOREM 1.5. Let p be a prime and let G be a p-solvable group.
(i) The principal block is the only block of G if and only if Op,(G) = (1).

(ii) An R [G) module V is in the principal block of G if and only if
Op,(G) is in the kernel of v.

PROOF. Let B be the principal block of G. By (IV.4.12) Op,(G) is in the
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kernel of B. Thus (ii) follows from (i). It only remains to show that if
Op,(G) = (1) then B is the unique block of G. Since Op,(G) = (1) it follows

that C" (Op (G)) ~ Op (G). The result now follows from (V.3.!1). 0

As an immediate Corollary of (1.5) one gets the following result which

like (1.5), is false for groups in general.

COROLLARY 1.6. Let p be a prime and let G be a p-solvable group. Let VI
and V2 be R [G) modules in the principal block of G. Then every direct
summand of VI @ V 2 is in the principal block of G.

THEOREM 1.7 (Rich,en [1972]). Let p be a prime. The following statements
are equivalent.

(i) Every irreducible character 0 f G is irreducible as a Brauer character in
characteristic p.

(ii) G = Op,(G)P, where P is an abelian p-group.

PROOF. Let H = Op,(G).

(i) ~ (ii). By (1.17.9) each block contains a unique irreducible Brauer

character. Thus G has a normal p-complement by (IV.4.12) and so

G = HP for P a Sp-group of G. Since the hypotheses are satisfied by

P = G /H it follows that every irreducible character of P has degree 1 and

so P is abelian.

(ii) ~ (i). Let e be an irreducible character of G and let ~ be an

irreducible constituent of eH • Let (j be defined as in (1.1). By (1.2) it suffices

to prove that (j is irreducible as a Brauer character. Since G(n/Z = P for a
central pi_group Z in G(~) it follows that G(n = Z x P is abelian and so

every irreducible character of G(~) is irreducible as a Brauer

character. D

See Osima [1942] for results related to (1.7).

THEOREM 1.8 (Hamernik and Michler [1972]). Let p be a prime and let G be
a p-solvable group. Let F be an algebraically closed field of characteristic p.
Let W be an irreducible F[ G) module. Let cp be the Brauer character afforded
by Wand let P be a vertex of W. If IG Ip = pa, IP' = pi' and cp(l)p = pc then
a - b = c.

PROOF. Induction on IG :Op,(G)I. If G = Op,(G) then a = b = c = O. Thus

it may be assumed that G~ Op,(G). By definition a - b ~ c, thus it suffices

to show that c ~ a-b.
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Suppose that Op(G)=Drf(1). By (III.4.13) W is an F[G/D] module

with vertex P /D. The result follows by induction.

Suppose that 01' (G) = (1). Thus H = Op,(G) rf (1). Let V be an irreduc­

ible F[H] module with V I WHo By induction and (V.2.5) it may be

assumed that T(V) = G. By (1.1)(ii) W = V 0 W for an irreducible

F[O/H] module Wand dimF V = dimF V¢O (modp). Since

01' (O/H) rf (1), induction and the previous paragraph applied to O/H
implies that

pC = (dim/-" W)p = (dim/-" W)p = pQ nil,

where IPol = pb" and Po is a vertex of W. Let X be a source of W. By

Frobenius reciprocity (III.2.5) W IV 0 x G = (VI'" 0 xt. Hence W is

F[Po]-projective and so b :::; bo. Thus c = a - bo:::; a-b. 0

For a related result see Cliff [1979].

It follows from (1.8) that question (II) of Chapter IV, section 5 has an

affirmative answer for p-solvable groups. However the next section

contains stronger results in this direction.

For groups in general (1.8) is false. For instance if G = 1" the smallest

Janko group and p = 2 then IG 12 = 8 but G has a nonprojective irreducible

Brauer character of degree 56. See Fong [1974]. As another example let

G = SL2(4) and p = 2. Let W be the natural 2-dimensional representation

of G in characteristic 2 and let P be a Srgroup of G. Since WI' is faithful

and P is abelian, WI' is not induced from a representation of a proper

subgroup. Thus P is a vertex of W by (III.3.8).

The statement of (1.8) asserts that if G is p-solvable then the vertex of an

absolutely irreducible F[ G) module is as small as possible. If R is the ring

of integers in a p-adic number field K then the analogous statement for

R [G) modules W with WK absolutely irreducible is not true. In answer to

a question raised in an earlier version of this material Cline [1971], [1973]

suggested the following counterexamples.

Let p be a prime. Let P be an extra special p-group of order p3 which

admits a cyclic group E of automorphisms with IE 1= p + 1 such that

[E, Z(P)] = (1) and E acts transitively on the set of all subgroups of index p
in P. Thus P is of exponent p if p rf 2 and P is the quaternion group if

p = 2. Let G = PE. Then G has a faithful irreducible character X with

X(l) = p. Let V be an R -free R [G) module which affords X. We will show

that P is the vertex of V.

Without loss of generality it may be assumed that R contains a primitive

IG Ith root of 1. V is absolutely indecomposable as X is irreducible. If the
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result is false then a vertex D of N has index p in P. Since V I(Vo)G it

follows from (III.3.8) that VI' = WI' for an R [D) module W of rank 1.
Then D is in the kernel of Vp = WI'. This is however impossible since P is
the smallest normal subgroup of G which contains D.

2. Brauer characters of p -solvable groups

Let'P be an irreducible Brauer character of ap-solvable group G. Swan
[1960] observed that it is a very simple consequence of Fong's work that

there exists an irreducible character X of G such that X = 'P as a Brauer
character. This result is now known as the Fong-Swan Theorem. The

following refinement is due to Isaacs [1974], though the proof is different

from his and is essentially the same as Swan's proof of the Fong-Swan

Theorem.

THEOREM 2.1. Let G be a p-solvable group. Let 'P be an irreducible Brauer

character of G. There exists a p-rational irreducible character X of G such

that X = 'P as a Brauer character.

PROOF. Induction on IG : 01" (G) I. If G = 01" (G) the result is clear.
Let H = 01" (G). Since p .{ IH I, 'PH is an ordinary character of H. Let ~

be an irreducible constituent of 'PH. By (V.2.S) and (1.2) it suffices to prove
the result for the group G (~). Thus by induction it may be assumed that

!G: H! = IG(O: 01"( G(~»I. Thus 01"( G(O) = 01',(Z), where Z is the
center of G(O. Hence 01' (G(O)~ (1). Therefore it may be assumed that

01' (G) ~ (1).
By (III.2.13) 01' (G) is in the kernel of 'P and so 'P is an irreducible

Brauer character of G /01' (G). Thus the result follows by induction. 0

As an immediate Corollary of (2.1) one gets a strengthening of (IV.6.l1)

for p-solvable groups.

COROLLARY 2.2. Let G be a p-solvable group. Let B be a block of G. Then

the numbero f irreducible p-rational characters in B is greater than or equal to

the number of irreducible Brauer characters in B.

The character X in (2.1) need not be unique. For instance let p = 2 and

let G be an elementary abelian 2-group. However the next result shows

that this is a peculiarity of the prime 2.
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THEOREM 2.3 (Isaacs [1974]). Let p ~ 2 and let G be a p-solvable group. Let

'P be an irreducible Brauer character of G. Then there exists a unique

irreducible p-rational character X 0 f G such that X = 'P as a Brauer character.

The following preliminary lemma is needed for the proof of (2.3).

LEMMA 2.4. Suppose that p~ 2. Let P be a p- group with P <J G. Let X be a
p-rational character such that X = 'P as a Brauer character where 'P is an

irreducible Brauer character. Then P is in the kernel of x.

PROOF. Let R be the ring of integers in a finite unramified extension K of
the p-adic number such that R is a splitting field for R [G]. Let V be an
R [G] module which affords 'P and let U be the corresponding indecom­
posable projective R [G] module. Let (/) be the character afforded by U.
Thus «(/), X) = 1. As X is p -rational, K (X) = K. Hence by a basic property
of the Schur index (see e.g. Feit [1967c](l1.4)) UK = WEB W' where W
affords X and no composition factor of W' affords X. Let X = U n W,
where as usual U is identified with U ®R R ~ UK = U ®R K. Thus X
affords X and X = V.

Let x E P. By (111.2.13) V(x - 1) = (0). Hence X(x - 1) ~ pX. Conse­
quently either x = 1 or x is of the form 1 + pka for some linear transforma­
tion a with coefficients in R and a Ji 0 (mod p), and some integer k > 2.
Since p~ 2

x p
" = 1 + pk+"a (mod p"+k+I).

Since x P
" = 1 for some n ~ 0 this implies that a = 0 (mod p) contrary to

assumption. Thus x = 1. 0

PROOF OF (2.3). Induction on 1 G : Op' (G)'. If G = Op' (G) the result is clear.
The existence of X follows from (2.1).

Let H = Op,(G). Let? be an irreducible constituent of 'PH. By (V.2.5)
and (1.2) it suffices to prove the result for the group G(?). By induction it
may be assumed that 1G :H 1= ,G (?): Op'( G(?)) I. Thus Op' (G (?)) =
Op' (Z), where Z is the center of G (?). Thus Op (G(?)) ~ (1). Therefore it
may be assumed that Op (G) ~ (1).

Let XI, X2 be p-rational characters such that XI = X2 = 'P as Brauer
characters. By (2.4) Op (G) is in the kernel of XI and X2. Hence XI and X2

are characters of GlOp (G). Thus by induction XI = X2. 0

THEOREM 2.5 (Isaacs [1974]). Suppose that p~ 2. Let G be a p-solvable
group. The following statements are equivalent.
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(i) Every irreducible p-rational character of 0 is irreducible as a Brauer
character.

(ii) For each p-singular element x in 0 with x = XpXp' where Xp is the p-part
of x there exists a power yof x such that I(xp ) I= I(y )I but y is not conjugate to

xp in CG (xp ')'

PROOF. It follows from (IV.6.10), or more directly from Brauer's com­
binatorial lemma quoted in (IV.6.10), that the number of irreducible
p-rational characters of 0 is equal to the number of conjugate classes that
contain an element z whose p-part x is conjugate to every power of x that
has the same order as x in CG (zp') where Zp' is the p'_part of z. Thus
condition (ii) holds if and only if the number of p-rational irreducible
characters of 0 is equal to the number of irreducible Brauer characters of
O. By (2.1) this is true if and only if condition (i) holds. D

COROLLARY 2.6. Let 0 be a p-solvable group and let 'P be an irreducible
Brauer character of O. Let T be an automorphism of the field Q( 'P). Then 'P T

is an irreducible Brauer character.

PROOF. Clear by (2.1). D

(2.6) is false for groups 0 in general. For instance SL2 (1l) has a unique
irreducible Brauer character 'P for p = 11 of degree 2. However
V5 E Q('P).

Further results related to (2.3) and (2.5) can be found in Isaacs [1978].
Cliff [1977] has given an alternative treatment of the original Fong-Swan
theorem and has obtained information about indecomposable modules of
p-solvable groups. Gagola [1975] has generalized the Fong-Swan theorem
and shown that if the vertex of an absolutely irreducible F[ 0] module is
contained in a normal p-solvable subgroup, then this module can be lifted
to one in characteristic O.

3. Principal indecomposable characters of p -solvable groups

The first three results in this section are due to Fong [1962].

LEMMA 3.1. Suppose that P <J 0 with IP 1= p", Let 'P be an irreducible
Brauer character of OIP. Let <P, <po be the principal indecomposable
character of 0, 01P respectively, which corresponds to 'P. Then (/) (1) =
p 11(1)°(1).
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PROOF. See (IV.4.26). 0

CHAPTER X [3

THEOREM 3.2. Let G be a p-solvable group. Let 'P be an irreducible Brauer
character of G and let $ be the corresponding principal indecomposable
character of G. Let pa be the order a Sp-group of G. Then $(1) = p"u where
(p, u) = 1 and 'P(l) = p"'u for some m ~ O.

PROOF. The proof is by induction on IG : Op' (G) I. If G = Of' (G) the result
is trivial. Let H = Op' (G) and let Cbe an irreducible constituent of 'P/{. By
(V.2.5) it suffices to prove the result for T(C). Hence it may be assumed by

induction that G = T(C) and H = Op,(T(C)). The one to one mapping

defined in (1.1) sends a Brauer character () into a Brauer character {} with

() (l) = C(1){} (1). Thus by (1.2) it suffices to prove the result for G (C). Hence

it may be assumed that P = Op (G)~ (1).

Since P is in the kernel of 'P, 'P is an irreducible Brauer character of G / P.

Let $0 be the corresponding principal indecomposable character of G /P.
By induction $0(1) = p"-"u where IP 1= p". Thus by (3.1) $(1) = p<1 u. 0

No result like (3.2) is true for groups in general. For instance if G = As

and p = 3, there exists a principal indecomposable character of G of

degree 9.

COROLLARY 3.3. Let G be a p-solvable group and let F be a field of
characteristic p. Then Ann(J(F[GD) = F[G]c, where c is the sum of all
p-elements in G.

PROOF. Let F be a finite extension field of F which is a splitting field of

F[ G]. Let Vb V2,... be a 'complete set of representatives of all the

irreducible F[G] modules. Let I be the annihilator of EB Vj. Then

I = J(F[ G D. By (VI.4.5) and (3.2) Ann(I) = F[ G ]c. Since c E F[ G] and

J(F[ GD = J(F[ GD @FF the result follows. 0

It is well known that a p-solvable group G contains a p -complement M.

That is to say there exists a p'-subgroup M of G such that G = PM and
P n M = (1) where P is a Sp-group of G. Furthermore any p'-subgroup of

G is conjugate in G to a subgroup of M.

THEOREM 3.4. Let G be a p-solvable group and let M be a p-complement in
G. Let $ be a principal indecomposable character of G. Then $ = X (1 for
some irreducible character X of M.
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PROOF. The proof is by double induction on IG :Op' (G) I and IG I. If
G = Op' (G) the result is trivial. Let 'P be the irreducible Brauer character

corresponding to 4>.
Let H = Op' (G) and let ~ be an irreducible constituent of 'PII. Suppose

that T(C) ~ G. Let M I be a p-complement in T(C). By (V.2.5) 4> = 4>7 for

some principal indecomposable character of T(C). By induction 4>, = X{(O
for some irreducible character XI of MI. Replacing M by a conjugate if

necessary it may be assumed that M 1~ M. Let X = X'~f. Then 4> = X". Thus

it may be assumed that G = T(C).

If IG: HI> IG(C): Op,(G(C))I, the result holds for G(C) by induction.

Suppose that IG:HI=IG(C):o{,.(G(~))I. Let P=Op(G(C)). Thus

P~ (1). Let 71 be a principal indecomposable character of G(C), let l/J be

the irreducible Brauer character of G (C) corresponding to 71. Thus P is in

the kernel of l/J. Let 71 0 be the principal indecomposable character of

G(C)/P corresponding to l/J. Let M(C) be a p-complement in G(C). By
induction 1]0 = ~G(;;)IP for some irreducible character ~ of M(C). By the

Nakayama relations (111.2.6), ~ is a constituent of l/JM(l;) and so ~"(') =
71 + 71 / where 71' = 0 or a sum of principal indecomposable characters.

Since ~,,(l;)(l)=lpl71°(I)=71(l)by (3.1), it follows that ~"(o=71.

By (1.1) 'P = (iP for some irreducible Brauer character of G(C) = O/f!.
Thus by (1.2)(iv) 4> = (71 for some principal indecomposable character 71
of G(C). Let M be a p-complement in O. Then M(C) = M/f! is a

p-complement in G(C) = O/f!. By the previous paragraph 71 = t j
for

some irreducible character ~ of M. Let X = (.\-ff Then 4> = XC; and Z is in

the kernel of X. Since 0/Z = G and M/Z = M is a p -complement in G it

follows that 4> = X" for some character of M. Since 4> is a princi­

pal indecomposable character it follows that X is an irreducible character

of M. 0

COROLLARY 3.5. Let G be a p-solvable group and let M be a p-complement
in G. Let'P be an irreducible Brauer character 0 f G with p ,(' 'P(l). Then 'PM
is irreducible.

PROOF. Let 4> be the principal indecomposable character corresponding to

'P. By (3.4) 4> = X" for some irreducible character X of M. By (3.2)

x(1) = 'P(l). By the Nakayama relations (111.2.6) X is a constituent of 'PM.

Thus 'PM = X. 0

The next result strengthens a proposition of Richen [1970).
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COROLLARY 3.6. Let G be a p-solvable group with an abelian Sp-group P
and an abelian p-complement. Then all the decomposition numbers are 0 or
1.

PROOF. It suffices to show that if <P is a principal indecomposable character
of G then (<P, ()) ::s 1 for every irreducible character () of G. Since a
p-complement is abelian, <P(1) = Ipi by (3.4). Hence <Pp is the character
afforded by the regular representation of P. Since P is abelian, <P p is
multiplicity free. Thus also <P is multiplicity free. 0

For results about general metabelian groups see Basmaji [1972].

4. Blocks of p -solvable groups

LEMMA 4.1. Let G be a p-solvable group and let B be a block of G with a
cyclic defect group. Let K be a splitting field for G and all its subgroups. Then
the Brauer tree ofG is a star with the exceptional vertex (if any) at the center.
Every indecomposable R [G] module in B is serial.

PROOF. By (2.1) every edge has a vertex which is an end point and
corresponds to a p-rational character. Thus this vertex is not exceptional
by (2.3). This proves the first statement. The second statement follows from
(VII.2.21). 0

Section 9 of Chapter VII has examples which show that (4.1) is false for
groups G in general even if a Sp-group is cyclic.

The remaining results in this section are all due to Fong [1960], [1961],

[1962]. In special cases some of these were proved by Berman [1960]. See
also Michler [1973b].

THEOREM 4.2. Let G be a p-solvable group. Let B be a block of G and let D
be a defect group of G. Let Z(D) denote the center of D and let
1D : Z(D) I = p k. Then the height of any irreducible character or irreducible
Brauer character in B is at most k.

PROOF. By (2.1) it suffices to prove the result for an ordinary irreducible
character. We will first prove this for blocks B whose defect group D is a

Sp -group of G. This will be done by induction on 1G I. If 1G 1= 1 the result
is clear. Suppose that I G 1 > 1.
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Let (J be an irreducible character in B. Let N be a maximal normal
subgroup of G. Then Clifford's theorem (III.2.12) implies that (IN =
e L;n=t Xi, where {Xi} is a set of irreducible characters of N which are
conjugate under the action of G. In particular if (Jo is an irreducible

character of height 0 in B then (Jo(1)]i 0 (mod p) and so by (lVA.10) the

blocks of N which are covered by B have a Sp-group of N as a defect

group of N.

Suppose that p ~ 1G: N I. Then p ~ em and so the, same power of p
divides (J (l) and Xi (1). Since D C N the result follows by induction.

Suppose that p II G : N I. Thus p = 1G : N I as G is p-solvable. By
(III.2.14) e = 1. Thus m = 1 or p. If m = p then (J = xf'. Hence by (V.1.2)
and (V.1.6) Z(D) C D n N. Thus if D 1 is the center of D n N then

ID n N:Drlp::s ID :Z(D)I. Hence the result follows by induction. Sup­
pose that m = 1. Then by induction the height of (IN is r 4- most

1D n N: Z(D) n N 1 ::s 1D : Z(D) I. This implies the result in case v is a

Sp-group of G.
The proof for general G is by induction on 1G: H I, where H = Op,(G).

Let' be an irreducible character of H which is in a block of H that is
covered by B. By (V.2.5) and (1.2) it suffices to prove the result for the

group G«(). By induction it may be assumed that 1G :H 1=
1G(n: Op' (G(,)) I· By (1A) every block of G (n has a Sp-group as a defect
group. The result follows from the first part of the proof. D

Suppose that F is a field of characteristic p and G is p-solvable. Let B

be a block of G and let V be an irreducible F[ G] module in B with vertex

P. If V is absolutely irreducible then (4.2) implies that 1Z(D)I::s 1P I.
Hamernik and Michler [1976] Theorem 3.2 have strengthened this to prove

that Z(D) CG P (even if V is irreducible but not necessarily absolutely
irreducible).

COROLLARY 4.3. Let G be a p-solvable group. Let B be a block of G with an

abelian defect group. Then every irreducible character in B has height O.

PROOF. Immediate by (4.2). D

THEOREM 4A. Let G be a p-solvable group. The following are equivalent.
(i) G has a normal abelian Sp-group.
(ii) The degree of every irreducible character of G is relatively prime to p.

PROOF. Let P be a Sp-group of G.
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(i) ~ (ii). Immediate by (111.6.9) and (4.3).
(ii) ~ (i). The proof is by induction on IG I. If IG I= 1 the result is trivial.

Suppose that IG I> 1. Let N be a maximal normal subgroup of G. Thus by
Clifford's theorem (111.2.12), the degree of every irreducible character of N
is relatively prime to p.

Suppose that p ~ IG: N I· Then by induction P <J Nand P is abelian.
Thus P <J G. Hence it may be assumed that IG : N 1= p. Let Po =P II N.

Suppose that Po i: 0). Thus by induction Po <J N and so Po <J G. By
induction G/Po has a normal Sp-group. Hence P <J G. If P is not abelian
there exists an irreducible character X of P with p Ix(l). Let 0 be an
irreducible character of G such that X is a constituent of o. By Clifford's
theorem (111.2.12) xO) IO(l) and so p IO(l) contrary to assumption. Thus it
may be assumed that Po =0). Hence IP 1= p.

Let 0 be an irreducible character of G. Since p ~ O(l), ON = ~ is
irreducible. Thus if P = (x) then C = ~ for every irreducible character of
N. Hence Brauer's combinatorial lemma (see e.g. Feit [1967c](12.1))
implies that the map sending y to x I yx preserves all the conjugate classes
of N. Thus if yEN the number of elements of N conjugate to y is not
divisible by p. Hence H = eN (P) meets every conjugate class of N and so
N = U y 'Hy. Thus N =H and so G = PH =P x H. 0

COROLLARY 4.5. Let G be a p -solvable group. Let B be the pricipal block
of G. Then a Sp-group is abelian if and only if every character in B has
height O.

PROOF. By (lVA.12) Op'( G) is in the kernel of B. Thus it may be assumed
that Op'(G) = 0). By (1.5) B is the unique block of G. The result follows
from (4.3) and (404). 0

THEOREM 4.6. Let G be a p-solvable group and let B be a block of G of
defect d. If Cij is a Cartan invariant of B then Cij ::S pd.

PROOF. Let 'P be an irreducible Brauer character of G in B. Let
H = Op' (G) and let ~ be an irreducible constituent of 'PH. By (V.2.5) and
(1.2) it may be assumed that G = Ga). Thus by (104) a Sp-group of G has
order pd. Let <PI be the principal indecomposable character of G corres­
ponding to Ie;. By (3.2) <P,(1) = pd. The result follows from
(lVA.15)(ii). 0
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5. Principal series modules for p -solvable groups

Let G be a p-solvable group. Let G = Go ~ G 1 ••• ~ G n = (1) be a
principal series of G. Then for each i, G i 1Gi + 1 is either a pi_group or an
elementary abelian p-group. If G;/Gi + 1 is an elementary abelian p-group
then GdG i + 1 is an irreducible F[ G) module, where F is the field of p
elements. Such a module is called a principal series module of G with respect
to p or more simply a principal series module of G. A principal series
module of G is irreducible but not necessarily absolutely irreducible. The
next two results were originally proved for solvable groups. The first of
these has been generalized by Cossey and Gaschiitz [1974].

THEOREM 5.1 (Fong and Gaschiitz [1961]). A principal series module of the
p-solvable group G is in the principal block.

PROOF. By definition Op,(G) is in the kernel of a principal series module of
G. Thus the result follows from (1.5). 0

Let G be a p-solvable group and let M be a p-complement in G. For a
group N with MeN c G let Vo(N) denote the F[N] module which
affords the principal irreducible Brauer character, where F is the field of p
elements. Thus Vo(N)G is isomorphic to a submodule of Vo(Mf. Since
Vo(Mt is the principal indecomposable module corresponding to Vo(G) it
follows that Vo(M)G has Vo( G) as its socle. Thus Vo(N)G has Vo( G) as its
socle and so Vo(Nt is an indecomposable module in the principal p-block
of G. Consequently the following result is a generalization of (5.1).

THEOREM 5.2 (Green and Hill [1969]). Let G be a p-solvable group and let
M be a p -complement in G. Let N = NG (M). Let Vo(N) be defined as above.
Then every principal series module of G is a constituent of Vo(N)G.

PROOF. Let HIS be a principal factor of G which is a p-group. Let
GO = GIS and let A 0 denote the image in GO of any subset A of G. Then
Vo(NO)G" = Vo(NS)G. Since N° C NGo(MO) it follows that

Vo(Nc;O(MO)t" C Vo(NO)G" = Vo(NSt C Vo(Nt·

Thus it suffices to prove the result for the group GO. Hence by changing
notation it may be assumed that G = GO and S = (1).

Define W = {[y] lyE H} with [y]x = [x-1yx] for x E G, y E H. Thus W
is an F[ G) module isomorphic to the principal series module H.
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Suppose that N n H~ (1). For x EN n H, [x, M] ~ M n H = (1). Since

N n H~ (1) this implies that InvM (WM ) ~ (0). Since N/M is a p­

group which acts on WM it follows that InvN(WN)~(O) and so

HomF[HI( Vo(N), WN ) ~ (0). By Frobenius reciprocity (III.2.5), this yields

that HomF[GI (Vo(N)G, W) ~ (0). Since W is irreducible we get that W is a
constituent of Vo(N)G in this case. Thus it may be assumed that
N n H = (1).

Let XI, ..., Xs be a cross section of NH in G. Then {XiY 11 ~ i ~ s, Y E H}
is a cross section of N in G as N n H = (1). Thus {NYXi 11 ~ i ~ s, Y E H}
is an F -basis of Vo(Nt. The subspace of Vo(N)G with F -basis

{N(y -I)xi 11 ~ i ~ s, Y E H, y~ I} is an F[ G] module V. It is the kernel
of the natural map of Vo(N)G onto Vo(NH)G. Define an F -linear map
f: V~ W by

f(N(y - I)xi) = [y ]xi = [x;' yx;].

It is easily verified that if X E G, y E H then f(N(y -I)x) = [x-1yx].
Furthermore if z E G then

f(N(y -I)xz) = [z-'x-1yxz] = [x-Iyx]z = f(N(y -I)x)z.

Thus f(vz)=f(v)z for all vEV, zEG and so f is an F[G]­
homomorphism. Since f ~ 0 and W is irreducible it follows that W is a

constituent of V, and so of Vo(N)G. 0

COROLLARY 5.3. Let G be a p-solvable group. Let $1 be the principal

indecomposable character of G corresponding to the principal irreducible

character of G. Let 'P be an irreducible Brauer character which is a

constituent of the Brauer character afforded by a principal series module.

Then 'P is a constituent of $1.

PROOF. Clear by (5.2). 0

6. The problems of Chapter IV, section 5 for p -solvable groups

This section contains a survey of results related to the problems of
Chapter IV, section 5 for p-solvable groups.

By (2.1) problems (I) and (II) have an affirmative answer if G is

p -solvable.

The next result shows that problems (III) and (IV) almost have an
affirmative answer for p -solvable groups.
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LEMMA 6.1. Let G be a p-solvable group. Suppose that the character table of
G is given and it is known which conjugate classes of G consist of
p'-elements. Then the table of irreducible Brauer characters is uniquely
determined.

PROOF. For any class function () on G let ()' denote the restriction to the
set of p'-elements of G. Let l be the number of p'-classes of G. In view
of (2.1) it suffices to prove the following result. Let {Xi 11 ~ i ~ l},
{~j 11 ~ j ~ l} be sets of irreducible characters of G such that for every
irreducible character () of G, ()' is a linear combination of the xi with
nonnegative integral coefficients and () I is a linear combination of the ~~

with nonnegative integral coefficients. Then {Xi} = {~j}.

The proof of this result is quite simple. Let X; = Lj aij~i and let

~i = L i bijX;' Then X; = Lj,k aijbkjX~' The set {X; 11 ~ i ~ l} is a set of linearly
independent functions on the set of p '-elements in G. Hence

L aijbkj = Dib
j

(6.2)

Suppose that ai; 10. There exists k with bkj 10. Hence (6.2) implies that

k = i and aij = bij = 1. Thus ~i = X;. As i may be chosen arbitrarily this
implies the result. 0

Insofar as problems (V) and (VI) are concerned the following results can

be proved.

LEMMA 6.3. Let P be a Sp-group of G. Assume that POp,(F) <J G. Ihen the
following are equivalent.

(i) There exists a conjugate class C of defect 0 in Op'( G).
(ii) G has a block of defect O.

(iii) POp,(G) has a block of defect O.

PROOF. (i):::} (ii). This follows from (IV.5.1).
(ii) :::} (iii). Let () be an irreducible character in a block of defect 0 of G.

Let H = Op'( G). By a result of Reynolds (see e.g. Curtis and Reiner [1962],
p. 364) ()PH = e L7:\ 11i, with em II G : PH I and {11i} a set of conjugate
irreducible characters of PH. Thus ()(1) = em11\(l) and p ,( em. Hence

IPII11I(l).
(iii) :::} (i). Suppose that the result is false. Let () be an irreducible

character in a block of defect 0 of G = POp'( G). Let x be a p '-element in
G. Thus x E Op' (G)~ Since IG : Co (x) I() (x)j() (1) is an algebraic integer
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and IP I ~ 'G : en (x) I it follows that (}(x) ~ 0 (mod p). Thus (} is irreduc­
ible as a Brauer character and 8(x) ~ 0 (mod p) for all p'-elements x of G.
This contradicts (IV .3.11). D

In the general case that G is a p-solvable group, neither of conditions (ii)
or (iii) of (6.3) implies the other. The following examples are due to W.
Willems.

Let P be a Srgroup of GL2 (3) and let V be the underlying elementary
abelian group of order 9. Let G be the split extension of V by GL2 (3). It is
straightforward to verify that G has an irreducible character of degree 16
but PV has no 2-block of defect O. Thus G satisfies (6.3)(ii) but not
(6.3) (iii).

The group SL2 (3) is isomorphic to a subgroup of SL2 (5). Let V be the
underlying elementary abelian group of order 52. It is easily seen that
SL2 (3) acts as a group of fixed point free automorphisms on V. Hence the
semidirect product H = VSL2 (3) is a Frobenius group. Let P be a Srgroup
of SL2 (3). Then VP has three 2-blocks of defect 0 and H has exactly one
2-block of defect O. Let G = H'l Z2 be the wreath product, where 1Z21 = 2.
Then it can be seen that G has no 2-block of defect 0 bu t if 0 is a Srgroup
of G then VO = 02·(G)0 has six 2-blocks of defect O. (The existence of at
least one 2-block of defect 0 follows from (6.3).)

The next result is a technical preliminary.

LEMMA 6.4. Let p, q be distinct odd primes and let F be the field of q
elements. Let P be a p-group and let V be a faithful irreducible F[P] module.
Then there exists v E V with vx ~ v for all x E P - {l}.

PROOF. Induction on 'P I. Suppose that 0 <J P with 'P: 0 1= p and
V = w P for some F[0] module W. Then W is irreducible and V =

EB~':-l~ Wx\ where {x; lo:::s i :::s p - I} is a cross section of 0 in P. Let Hi be
the kernel of 0 acting on Wx i. By induction there exists Vo E W such that
voY~ Vo for yEO -Ho• Then vox;y~ vox i for yEO -Hi, O:::s i:::Sp-l.
Since p and q are odd vox-Iy~ - vox- 1 for any yEO. As n~':-/J Hi =(1) it
follows that if v = (L~~(~ vox; ) - VOX-I then vz ~ v for all z E P - {I}.

Let (} be the character afforded by V. By (1.19.4) (} = LTX T

, where X is an
irreducible character of P and T ranges over a group of field automor­
phisms. It is known that X = e' for some irreducible character g of some
proper subgroup 0 of P with r P: 0 1= p and Q(X) =Q(g) unless P is
abelian. See e.g. Feit [1967c](14.3). Thus by the previous paragraph it may
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be assumed that P is abelian. Since V is irreducible it follows that P is
cyclic and if v E V, v~ 0 then vx~ v for all x E P - (1). 0

THEOREM 6.5 (Ito [1951a], [1951b)). Suppose that IGI is odd and Op.(G)
and G/Op·(G) are nilpotent for some prime. Then the following are
equivalent.

(i) G has a block of defect O.
(ii) If P is a Sp-group of G then P n px = (1) for some x E G.

(iii) Op (G) = (1).

PROOF. (i) ~ (ii). This follows from (111.8.14).
(ii) ~ (iii) This is obvious.
(iii) ~ (i) Let G be a counterexample of minimum order. Thus G has no

block of defect O. Let H = Op·(G). Let P be a Sp-group of G.

Suppose that G/H is not a p-group. By induction PH has a block of
defect 0 and so by (6.3) G has a block of defect 0 contrary to assumption.
Thus G = PH.

Let H o be a minimal normal subgroup of G. Since G /H o has no block of
defect 0, induction implies the existence of an element x E P, x~ 1 such
that [x, H) C H o• As H is nilpotent this shows that H o is not in the Frattini
subgroup L of H. Since H o n L <J G the minimality of H o implies that
H on L = (1) and so H = H o x A for some normal subgroup A of G.
Consequently H = H, x " . x H m where each Hi is a minimal normal
subgroup of G. Let Ti be the character group of Hi. Let Pi = C p (~). Thus
for each i there exists a prime q ~ p such that Ti is a faithful F[ P /Pi)
module where F is the field of q elements. By (6.4) there exists (i E T such
that C ~ ?i for any x E P - Pi. Let ( = ?I ... ?m. If (X = ? then C = (i for
each i and so x E n;'~IPi CCc;(T). Then x ECc;(H)COp(G). Thus

x = 1. Consequently there exists an irreducible character ( of H with
T(?) = H. By (V.2.5) G has a block of defect O. 0

It is easy to see that (6.5) is false if p = 2. For instance let P be a Srgroup
of GL2 (3). Let H be an elementary abelian group of order 9 and let G be
the split extension of H by P where P acts on H as a subgroup of GL2 (3).
Then P is transitive on the set H - {I}. This is easily seen to imply that
211 T(?) I for every irreducible character ( of H. Thus by (6.3) G has no
block of defect O. In case p = 2 there are some conditions on G which
imply that (6.5) is true. See e.g. Ito [1951a], [1951b).

Another result similar to (6.5) will be proved after the next lemma.
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If G is a permutation group on a set S let G al .. ·am denote the stabilizer of
all the elements a), ... , a", in S.

LEMMA 6.6. Let G be a permutation group on a set S. Let F be a field of
characteristic p. For A ~ G let A = Lx EA X E F[ G]. Then p II Ga.b , for all
a, bE S if and only if (LaEs F[G]Ga)2 = (0).

PROOF. If a, b E S and {Xi} is a cross section of Gab in Gb then

GaGb = GaGab (L Xi) = IGab IGa (LXi). (6.7)

Suppose that p IIGab I for all a, b E S. Then GaGb = 0 by (6.7). For any
X E G x-1Gax = Gax and so GaxGb = 0 by (6.7). Thus

(~~ F[G]Gaf = (0).

Suppose conversely that (LaEs F[ G] Ga)2 = (0). Then IGab' Ga (L Xi) = 0
by (6.7) for all a, b E S. Since GaXi n GaXj is empty for i~ j this implies that

P IIGabl. D

THEOREM 6.8. Suppose that G is p-solvable and p-radical. Then the
following are equivalent.

(i) G has a p-block of defect o.
(ii) If P is a Sp- group of G then P n px = (0 for some X E G.

PROOF. Let F be a field of characteristic p which is a splitting field of

F[G]. Let e be the sum of all the p-elements in G. By (VI.4.5) and (3.3)
Ann(J(F[ GD) = F[ G]e. By (VI.5.6) c 2 is the sum of all the centrally
primitive idempotents of defect 0 in F[G]. As G is p-radical (VI.6.3)

implies that Ann(J(F[ GD) = LXECF[ G](LyEPx y). Thus G has no blocks
of defect 0 if and only if LXECF[G](LyE1JX y) = (0).

Let {Xi} be a cross section of P in G. Let S = {PXi} and apply (6.6) to G
acting on S by right multiplication. The stabilizer of PXi is X~I PXi. Hence
by (6.6) {LXEC F[ G](LyE1JX y)Y = (0) if and only if X;-1 PXi n xjl PXj ~ 0) for

all i,j. D

The hypotheses of (6.5) and (6.8) are somewhat stringent. However the
following example due to Ito [1951b] shows that it may be difficult to
weaken these hypotheses substantially.

Let p,q be primes such that q == 1 (modp) and (qP -l)j(q -1) = pro
Then qP == 1 (mod r) and q ¢- 1 (mod r). Thus r == 1 (mod p) and there exists
a Frobenius group M with a cyclic Frobenius kernel C of order r where
yX = yq for y E C and some fixed X EM - C. Let X be a faithful



7] IRREDUCIBLE MODULES OF P-SOL VABLE GROUPS 433

irreducible character of M. Then X(l) = p. Let F be the field of q elements.
There exists a finite extension field F I of F and an irreducible F1[M]
module VI which affords x. It is easily seen that the trace function afforded
by VI has its values in F on group elements. Thus by (1.19.3) there exists a
faithful irreducible F[ M] module V with dimF V = p. Let P be a cyclic
group of order p which acts faithfully as scalars on V. Then V becomes an
F[M x P] module. Let G be the split extension of V by M x P. It is
straightforward to verify that if e is a faithful irreducible character of G
and ~ is an irreducible constituent of ev then pI' Ta) I. This implies that
p2 l' e(1). If e is an irreducible character of G which is not faithful then
clearly p2 l' e(l). Hence G has no block of defed 0 but 01' (G) = 0).

Incidentally the groups described in the previous paragraph are exam­
ples of groups with a normal p-complement which are not p-radical. Hence
in particular there exists groups G with H <J G such that Hand G /H are
p-radical while G is not. Saksanov [1971] has observed that SL2(3) is not
3-radical. This provides another example. For other results related to
problems (V) and (VI) see Tsushima [1974].

Problems (VII) and (VIII) are answered in the affirn;lative by (4.6).
A good deal is known about problem (IX) for p-solvable groups. One

direction is settled by (4.3). The other direction is settled for the principal
block by (4.5). Fong [1963] has also shown that if F is p-solvable and p is

the largest prime dividing IG' then a block in which every irreducible
character has height 0 has an abelian defect group.

The fact that G is assumed to be p-solvable doesn't seem to help at all
with problem (X). Very little is known about this for p-solvable groups that
is not known in general. See Gow [1980] for some estimates.

For problems (XI) and (XII)see the remarks in Chapter IV, section 5.

7. Irreducible modules of p -solvable groups

The following result is due to Berger [1976], [1979].

THEOREM 7.1. Let F be an algebraically closed field and let G be a solvable
group. Then every irreducible F[ G] module is algebraic.

If char F = p and G is p-solvable then the conclusion of (7.1) is
presumably also true. We will "almost" prove this in the following sense.

A finite simple group G is well behaved if for every prime p l' IG I, the
Sp-group of the automorphism group of G is cyclic.
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The main object of this section is to prove the following result.

THEOREM 7.2. Let F be an algebraically closed field with char F = p. Let G
be a p-solvable group such that every simple group which is a factor group of
a subgroup of G is well behaved. Then every irreducible F[ G] module is
algebraic.

Every known finite simple group is well behaved so that once the finite
simple groups are classified it will presumably be possible to deduce the
conclusion of (7.2) for all p-solvable groups.

The proof of (7.2) given here follows that in Feit [1980]. It is somewhat
simpler than Berger's original proof. Some preliminary results are proved
first. Of these (7.8) is of independent interest and is related to, though
different from, some results of Dade [1972]. It is perhaps curious that
although (7.2) refers only to p-solvable groups, the proof uses properties of
groups that are not p-solvable.

LEMMA 7.3. Letqbe thepowerofa prime with q =3 (mod4) andletK = Fq.
Let V be a vector space of dimension 2n over K and let f be a nondegenerate
alternating bilinear form on V. Suppose that J E Sp(f) = Sp2tl (q) with
F'- = -1. Then there exists a, b E K and an integer m > 1 such that if
y = aI + bJ then y'''' = - I and p = - f, where P(v, w) = f(vy, wy) for
v,w E V.

PROOF. Since q = 3 (mod 4) it follows that the K -algebra generated by J is
isomorphic to Fq2. Hence there exist c, d E K such that if x = cI + dJ then
x q+1 = 1. Since Jq = J- I = - J this implies that

- I = (cI + dJ)(cI + dJq) = (cI + dJ)(cI - dJ)

= c'11 - £'-F'- = (c' + d 2 )I.

Hence c 2 + d 2 = -1. Since J E Sp(f)

f(v, wJ) = f(vJ, wJ2) = - f(vJ, w)
and so

r (v, w) = f(cv, cw) + f(cv, dwJ) + f(dvJ, cw) + f(dvJ, dwJ)

= (c 2 + d 2)f(v, w) + cd {f(v, wJ) + f(vJ, w)}

= (c 2 + d 2)f(v, w) = - f(v, w).

Thus r = - f. Let y be the 2-part of x. Then y2'" = - I for some m > 1 as
q + 1 = 0 (mod 4) and p = - f. 0
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LEMMA 7.4. Let p be a prime, let q be the power 0 f an odd prime distinct from

p and let K = Fw Let V be a vector space of dimension 2n over K and let f be

a nondegenerate alternating bilinear form on V. Let P be a 5p -group of Sp(f).

Assume that P acts irreducibly on V. Let c E K, c ~ O. Then one of the

following holds.

(i) There exists x E GL( V) such that r = cf, and x commutes with every
element of P. Either some power of x is equal to cd 2 I for some d E K X with

cd 2
~ 1 or c = 1 and x = -1.

(ii) p = 2, c ~ a 2 for a E K and P acts absolutely irreducibly on V.

PROOF. If c = a 2 with a E K then x = aI satisfies (i). Thus it may be

assumed that c ~ a 2 for any a E K.
If x satisfies (i) then for a E K\ ax satisfies (i) if c is replaced by ca 2.

Thus it suffices to prove the result for any fixed nonsquare c in K X
• Hence

it may be assumed that c 2t = - 1 for some integer t ~ O. In particular

c = - 1 if q = 3 (mod 4).

Let G = GL( V). Suppose that (ii) does not hold. By Schur's Lemma

CG(P) = F;k as finite division rings are fields. If p ~ 2 then k is even as

dim V = 2n is even. If p = 2 then P does not act absolutely irreducibly by

assumption and so k is even since ¢(2"') is a power of 2. Hence in any case

CG (P) contains a unique cyclic subgroup A of order q2 - 1 which contains

all nonzero scalars.

Choose 1 E A with 1 2 = d. If r = cf then x = 1 satisfies (i). Suppose

that r~ cf. Then g = cf - r~ O. Clearly g is a P-invariant alternating
bilinear form. Since P acts irreducibly on V it follows that g is nondegen­

erate. By definition g.l = - cg. There exists z E GL( V) with r = g. As

Sylow groups are conjugate, z may be chosen so that p z = P. Let 1 0 = 1 z
•

Then 10 E CG (P) and so 10 E A. Thus by changing notation it may be

assumed that 1 E A, 1 2 = cI and r = - cf.
If -1 = a 2 for some a E K then x = a1 satisfies (i). Suppose that

- 1~ a 2 for all a E K. Hence q =3 (mod 4) and c = - 1. Thus 1 2 = - I
and r = f. Hence 1 E Sp(f). Let x = y be defined as in (7.3). Then x

satisfies (i). D

LEMMA 7.5. Let q be the power of an odd prime and let K = Fq• Let V be a

vector space over K and let f be a nondegenerate alternating bilinear form on

V. Let V = VI EB V 2 with V 2 = vt and dim VI = dim V 2 = 2n. Let fi be the

restriction of f to Vi. Let Pi be a 5 2- group of Sp(fi) = Sp2tl (q). Assume that Pi
acts absolutely irreducibly on V;. Then P 1 may be identified with P 2 • Let

P = {(y, y) lyE PI = P 2 }. Then there exists x E GL( V) such that r = - f, x
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commutes with every element of P and some power of x is equal to - d 2I for

some d E K with - d 2
~ 1.

PROOF. If - 1 = a 2 for some a E K, the result follows from (7.4). Suppose
that - 1~ a 2 for any a E K. Hence q == 3 (mod 4) and - d 2

~ 1 for all

d E K. We may identify VI with V 2 and fl with f2. Define the linear
transformation J on V = VI EB V2 by J: (v!, V2)~ (- V2, VI). It is easily
seen that J2 = - I and r' = f. Furthermore J commutes with every element
of P. If x = y is defined as in (7.3) then x has the desired properties. D

LEMMA 7.6. Let p be an odd prime. Let K = F2 , let V be a vector space over
K and let f be a nondegenerate quadratic form on V. Let P be a p-group with

P ~ O(f). Assume that P acts irreducibly on V. If x E Z(P) - {l} then vx ~ v

for all v E V, v ~ O.

PROOF. Clear. D

LEMMA 7.7. Let q be a prime and let 0 be an extra-special q-group with

101 = q2n+l. Let Z = Z(O) and let V = O/Z. Let p be a prime distinct from q
and let F be an algebraically closed field of characteristic p.

(i) Let f(x, y) = [x, y]. Then f defines a nondegenerate alternating bilinear

form from V to Z = F:. If q = 2 then f(x) = x 2 defines a nondegenerate
quadratic form on V. Let A (0) denote the group of all outer automorphisms

of 0 and let Ao(O) denote the subgroup consisting of all automorphisms

which fix all the elements of z. Then Ao(O) <J A (0) and A (O)/Ao(O) =
Aut(Z) is cyclic of order q - 1. If q ~ 2 then A o(0) = Sp(f) = Sp2n (q). If
q = 2 then A o(0) = 0(1) = 02n (2) is an orthogonal group. In any case a

subgroup H of 0 is abelian ifand only if the image ofH in V is isotropic.

(ii) Let P be a p-group with P ~ A o(0) and let G = OP be the semidirect
product. If A is a linear character of Z with A~ 1, then (up to isomorphism)

there exists a unique irreducible F[ G] module X A such that A is a constituent

of the character afforded by (XA)z. Furthermore (XA)o is irreducible and
every irreducible F[ 0] module which does not have Z in its kernel is
isomorphic to some (XA )0. If H is a maximal abelian subgroup of 0 then

H = H oXZ, IHol = qn and AO = (XA)o where A(hz) = A(Z) for h E H o.
(ii) For i = 1,2 let OJ be extra special with Zj = Z( OJ). Then Z1 = Z2 = Z.

Let c E K X and let A I, A2 be linear characters of Z with A I = A ~(. Let

o = 01 X 02 and let Z(c) = {(z, ZC) IZ E Z} ~ Z(O). Then X A, 0XA2 is an

irreducible F[O] module with kernel Z(c). Furthermore O/Z(c) is extra
special.
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PROOF. (i) This is well known.
(ii) The existence of a unique irreducible Brauer character CPA afforded

by an F[ 0] module such that A is a constituent of (CPA h is well known, as
are all the other properties of 0 in the statement. Then G = T( CPA). The
existence and uniqueness of XA now follow from (111.3.16).

(iii) Straightforward verification. 0

LEMMA 7.8. Let P, 0, G = PO, V, Z, Z(c) be defined as in (7.7). Let A, IL
be linear characters of Z with A~ 1, IL ~ 1. Then one of the following occurs.

(i) Let A/L be the character of PZ defined by ~ (xz) = AIL (z) for x E P,
Z E Z. Then

A G
XA 0 X~ = (AIL) .

(ii) p = 2. Let Oi = 0 for i = 1,2. Let 00 = (01 X 02)/Z( -1), let Po =
{(x, x) Ix E P}, let Go = PoOo. Let XA20 be the irreducible F[ Go] module

"':lsuch that (XA20 )OO=(XA)oI0(XA)oc. Let A be the character of
PoZ(Oo)/Z( - 1) such that A4«xzl, XZ2)) = A2(ZIZ2) for x E P, Zi E Z. Then

X A20 0XA2o = (A 4 )Go•

PROOF. The proof is by induction on 10 I. Without loss of generality it may
be assumed that P is a Sp-group of Ao(O).

Suppose that V contains a nonisotropic proper P-invariant subspace.
Let W be minimal among such spaces. Then W = W n W-L EB W ofor some
P-invariant space Wo~ (0) with W on WJ = (0). The minimality of W
implies that W = Woo Hence if W = WI then V = WI EB W 2 , where each
Wi is P-invariant, WI ~ (0) and Wi' = W 2 • Since P is a Sp-group of A o(0)
it follows that P = PI X P2, where Pi acts trivially on W j for i~ j. There
exist extra special groups with H;/Zi = Wi for i = 1,2 where Zi = Z(H;),
such that (PIH] x P2H 2)/Zo = PO for some subgroup Zo of ZI x Z2. Thus

XA= XA1 0 XA2 and X~ = X~l 0 X/-h2' where XA" X~i are irreducible F[PiH;)
modules which do not have Zi in their kernels. Observe that if p = 2 and (i)
is satisfied for a group then also (ii) is satisfied. Thus by induction it may pe
assumed that either (i) or (ii) is satisfied for the groups PiHi for i = 1,2.
Hence either Xl\, 0Xf-L; = (-Q,t,lIi for i = 1 or 2 or XA~00XA~0= (A4 (iO for
i = 1 or 2. Since PH 1Z 2n PH2Z 1 = PZ1Z 2 and POH lOZ(H20) n
POH 20Z(H lO) = POZ(H lO x H 20) it follows from the tensor product theorem

"", '" ~ .- () /".that (AIL Y/1 1 0 (AIL rcllc = (AIL)G and (A 4)G 10 0 (A )G211 = (A 4t and the re-

sult is proved in either case. Hence it may be assumed that V has no proper
nonisotropic P-invariant subspace.
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Suppose that (0)7VI7V with VI a P-invariant subspace. Then V, ~ vt.
Thus vt = V,ffi Vo with Vo P-invariant. As von V l ; =(0) and Vo is
isotropic this yields that Vo = (0). Hence VI is a maximal isotropic subspace
of V. Furthermore V = VI ffi V 2 with V 2 a maximal isotropic subspace
which is P-invariant. Let M, be the inverse image in 0 of Vi. Then M is
abelian. Furthermore Mi = M!C1 X Z, where P normalizes MiO • Let A, Ii
respectively be the character of PM" PM2 respectively with PM IO , PM20 in
its kernel such that i (xz) = A (z) for x E PM IO , Z E Z and Ii (xz) = /-L (z)
for x E PM20 , Z E Z. Then i G = X" and Ii G = XI-'" As PM1 n PM2 = PZ,
the Mackey tensor product theorem (11.2.10) implies that

X" @X/-l = i G @li G
= (C)G.

Thus (i) holds. Therefore it suffices to prove the result in case Pacts
irreducibly on V.

Let A = /-L -c. Two cases will be considered.
Case (I). There exists an automorphism (J of G such that x CT = x for all

x E P, 0 CT = 0, v CT rf v for v E V, v rf 0 and z CT = Z C for z E Z.
Case (II). The conditions of Case (I) are not satisfied.
Suppose that Case (II) holds. By (7.4) and (7.6) p = 2, c rf a 2 for a E K

and P acts absolutely irreducibly on V. Let c = - 1. Let Po, 00' Go be
defined as in statement (ii). By (7.5) there exists an automorphism (J of Go
such that X'T = x for all x E Po, Og = 00, vIT rf v for v E Vo, v rf 0, where
Vo= Oo/Z(Oo) and zIT = Z-I for z E Z.

In Case (I) change the notation and let P = Po, 0 = 00, G = Go,
V = Vo, X" = X"o, X/-l = X/-l O so that both cases can be handled simultane­
ously.

Let H=P(O)(OoxOo), where P(O)={(x,X)/XEPo}. Define 0(0)=

{(y, y) lyE Oo} and O(CT) = {(y, yIT) lyE Oo}. Then p(O) normalizes both 0(0)
and O(IT). Furthermore H/Z(c) is extra special, Z(c)~ OCT and O(IT)/Z(c)
is abelian. Since H ~ PoOoX PoOo, there exists an irreducible F[H]
module Y=(X"0@X/-lo)1I with kernel Z(c).

Let AIL be the linear character of P(O)O(CT)Z(H) with p«l)o(a) in its kernel

and ~ (z J, Z2) = A (z I)/-L (Z2) = /-L (z ~cZ2). Then (~ 1I)ooxoo = Y OoxOo and so
'f;.t 11 = Y by (7.7)(ii). By definition 0(0) n O(IT) ~ Z(H.) Thus the Mackey
decomposition (11.2.9) implies that

(X"o @ X/-lo)O(O)p(OlZ(1l) = Yo(O)p(O)Z(1I)

(
A 11) """ O(O)P(O)Z(1I)= A/-L o(O)p(OlZ(1l) = (A/-L p(O)Z(1l) •

Since O(O)P(O)Z(H)/Z(c) = Go the result is proved. D
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LEMMA 7.9. Let p ~ q be primes. Let 0 be an extra special q-group and let P

be a p-group contained in Ao(O). Let F be an algebraically closed field of
characteristic p and let V be an irreducible F[ PO] module which does not
have Z( 0) in its kernel. Then V is an algebraic module.

PROOF. By (11.5.3) and (7.8) either V @ V or V @ V @ V @ V is alge­
braic. Hence by definition V is algebraic. D

In effect the content of (7.8) is the assertion that if V is an irreducible
F[PO] module then the endo-permutation module Vf' has the property
that Vf' = vt if p is odd and V;, = (V;,)* if p = 2. This would be enough to
prove (7.9) which is the essential result needed for the proof of (7.2).

PROOF OF (7.2). Let W be an irreducible F[ G) module and let 'P be the
Brauer character afforded by W. It may be assumed that 'P is faithful and
so Op(G) = (1). The proof is by induction on 'P(l) = dimF W.

If 'P is induced by a character 'Po of a proper subgroup then 'Po is
algebraic by induction and so 'P is algebraic by (11.5.3). Thus it may be
assumed that 'P is not induced by a character of any subgroup. Let H be a
minimal normal noncentral subgroup of G and let ~ be an irreducible
constituent of 'PH. As G is p-solvable, H is a p'_group. Therefore G = T(~)

is the inertia group of { Since H is noncentral ~(l) > 1. Thus W = V @ W
by (1.1) where ~(l) = dirilp V. If dimF V < 'P(l) then also dimF W < 'P(l)
and so V and Ware algebraic by induction. Hence W is algebraic by
(11.5.2). Thus 'P(l) = ~(l) and so VH is irreducible. Hence if P is aSp-group
of G, then VI/f' is irreducible. Furthermore V I(VI/f' r' and so by (11.5.3) it
suffices to show that VI/f' is algebraic. Thus by changing notation it may be
assumed that G = HP. Suppose that PC Go <J G. It suffices to prove the
result for Go by (11.5.3) since V I(VGrJG.

We will now consider two cases depending on whether H is solvable or
not.

Suppose first that H is solvable. The minimality of H implies that H is
an extra special q -group for some prime q ~ p. Thus W is algebraic by
(7.9).

Suppose finally that H is not solvable. Let Z = Z(G). The minimality of
H implies that Z C H' and H/Z = M 1 x ... X M k , where M, = M for all i
and some simple group M. Then {M,} is the set of all conjugate subgroups
of M and P acts as a transitive permutation group on the set {M,}. There
exists a group H o with Z(Ho) C Hb and Ho/Z(Ho)= M such that H is a
homomorphic image of HI x ... X H k with Hi = H o for all i. Thus G is a
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homomorphic image of G = P(H] x ., . x Hd, and P permutes the set

{R} transitively. Therefore 'PH = ~ = n~=l ~i' where ~i is an irreducible
character of H whose kernel contains all I{ for j -I i. Hence IG : T(~,) 1= k.
By (111.3.16) there exists an irreducible Brauer character 'PI of T(~I) with

('PI)H = ~'I' Hence 'P? = 'P. Since 'P is primitive this implies that T(~I) = G.
Hence k = 1 and H/Z is simple. As H/Z is well behaved, a Sp-group of G
is cyclic and so there are only a finite number of indecomposable F[ H]
modules (up to isomorphism). Hence by (11.5.1), W is algebraic. 0

8. Isomorphic blocks

Throughout this section the following notation will be used.

G is a finite group. If x E G then k(x) = IG :cG(x)l.
K is a finite extension of Qp which is a splitting field of G and all 0 fits

subgroups.
R is the ring of integers in K and 17 is a prime in R.
We will be concerned with the following notation and assumptions.

HYPOTHESIS 8.1. (i) P is a Sp-groupofG, P ~ 0 <J G and G = OCG(P).

(ii) B, fJ is the principal block of R [G], R [0] respectively.
(iii) A, A is the ideal ofR [G], R [0] corresponding to B, fJ respectively.

The object of this section is to prove the following result.

THEOREM 8.2. Suppose that (8.1) is satisfied. Then the algebras A and A are

isomorphic.

Alperin [1976d] showed that A = A in case G /0 is solvable. In full
generality (8.2) is due to Dade [1977]. His proof depends on his deep work
on Clifford theory. See e.g. Dade [1971a]. For an alternative proof see
Schmid [1980]. We will here adapt Alperin's approach to the more general
situation. We will first prove a series of lemmas.

Throughout the remainder of this section it will be assumed that (8.1) is

satisfied.

LEMMA 8.3. Let H be a subgroup of G with 0 ~ H. Let X be an irreducible

character in B such that XH is irreducible. Then XH is in the principal block of

R[H].
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PROOF. For x E H let ko(x) = IH:CH(x)l. A Sp-group of Cc(x) is con­
tained in 0 and hence in C H(X). Thus k (x) and ko(x) are di visible by the
same power of p and so ko(x)1 k (x) ~ 0 (mod p). Since X is in B it follows
from (IVA.2) that

x(x )ko(x) '= X(x)k (x)~ '= k ( ) ko(x) == k () (modrr).
X(l) x(l) k(x) x k(x) 0 x

Thus XH is in the principal block of R [H). 0

LEMMA 8A. Suppose that X is an irreducible character in fJ with T(X) = G.
Let X be an irreducible character in B with X ~ XL";. Then Xc = X.

PROOF. Apply (1.1) with char F = 0 and H = O. T!lUS X = 01] where 0 is a
character of 6 with Oc = X if 0 is identified with 0 <J 6. Furthermore 1] is
an irreducible character of 6 I0 and (6 10)1Z = G I0 for Z in the center
of 610.

Let y E 610 and let y be the image of y in GIO. By (8.1) there exists
x E C c (P) with Y = i where i is the image of x in G 10. Thus X(x) =
o (Yo)1] (y) for some Yo E 6. Since X E B,

X (:{~iX
) == k (x ) ~ 0 (mod 7T).

Hence 1] (y)"I O. As 1] is irreducible and y is an arbitrary element of 610
this implies that 1](1) = 1. Hence X(l) = 0(1) = x(1). 0

LEMMA 8.5. Let S, S be the set of all irreducible characters in B, fJ respec­
tively. For XES let r(x) = Xc. Then r is a one to one map from S onto S.

PROOF. Induction on 1G : 01. If 1G : 01 = 1 the result is trivial. By
induction it may be assumed that G 10 is simple.

We will first show that r maps S onto S.
Suppose that IG : 01 = q is a prime. Let XES and let X be an

irreducible constituent of Xc. As q is a prime either Xc = X or X = Xc.
Since X E B it follows from (IVA.2) that if x E Cc(P) then

X(;{~;x) == k (x) ~ 0 (mod 7T).

Thus X(x)"lO and so x"lx c as G = OCc(P). Hence XC =X· By (8.3)
Xc = XES. If conversely XES then by (V.2.3) X is a constituent of Xc for
some XES. Thus X = Xc and r maps S onto S in this case.
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Suppose that GIG is a noncyclic simple group. Let XES. Let q be a
prime and let 0 be a Sq -group of G. By induction OG is the inertia group
of X in OG and so 0 C T(X). Since q was chosen arbitrarily this implies
that G = T(X). By (V.2.3) X C XO for some XES. Hence X = XO by (804).
If conversely XES then by (V.2.3) there exists XES with X C XO. By (804)
XO = X· Thus r maps S onto 5 in any case.

It remains to show that r is a one to one map. Let XES with X = XO. Let
p be the character afforded by the regular representation of GIG. Then
X G = xp. Hence if e E S with eo = X = XO then e C X G and so e = XA for
some irreducible character A of GIG. Since e(l) = x(l) it follows that
A(1) = 1. Thus if x E CG(P) then

k (x )~i~1;\ (x) == k (~{~;x) == k (x) == ~(i~1fX) (mod 7T).

Hence A(x) == 1 (mod 7T). As G = GCG(P) this implies that A = 1G and so

X = e. 0

LEMMA 8.6. Let So, So be the set of all irreducible Brauer characters in B, B
respectively. Let D, 15 be the decomposition matrix of B, B respectively and let
C, Cbe the Cartan matrix of B, Brespectively. For'P E So let ro('P) = 'Po. The
following hold.

(i) ro is a one to one mapof So onto So.
(ii) Let r be defined as in (8.5). Let r(xu) = Xu for Xu E S and let rO('Pi) = cPi

for 'Pi E So. Then D = 15 and C = C.

PROOF. In view of (8.5) it is clear that (ii) will follow as soon as (i) is proved.
We will prove (i) by induction on IG : GI. If IG : GI = 1 the result is trivial.
By induction it may be assumed that GIG is simple.

If 'P E So then 'Po is an irreducible Brauer character by (8.5) and
(IVA.33). By (IVA.I0) 'Po E So. If conversely cP E So then there exists
'P E So with cP C 'Po by (IV04.10). Thus cP = 'Po by the previous sentence.
Hence ro maps So onto So> It remains to show that ro is one to one.

Suppose that' G : G' = q is a prime. Let 'P, 'PI E So with 'Po = ('Pl)c;. By
(III.2.14) there exists a linear character A of GIG with 'PI = 'PA. By
(IV.3.12) 'P (x) = L xuES auXu (x) for all p '-elements x in G. Hence 'PA (x) =
LXuESaUXuA(x) for all p'-elements x in G. Since Xo = XAo for all XES it
follows from (8.5) that XuA ~ B unless A = Ie;. Since 'PA E So this implies
that A = I G and 'PA = 'P. Thus ro is one to one in this case.

Suppose that GIG is a noncylic simple group. Let x E G. If XES then
X(x.O) is irreducible and so X(x.(;) is in the principal block of (x, G> by (8.3).
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Thus if 'P E So then (IV.3.12) implies that 'P(X,(;) is in the principal block of

(x, 0). Suppose that 'PI, 'P E So with ('Pl)c; = 'Pc. Since ('Pl)(x,(;), 'P<X,C;) are in
the principal block of (x, 0) it follows by induction that ('PI)c",C) = 'P<x,(;).

Hence in particular 'Pl(X) = 'P (x) for an arbitrary p '-element x E G. Hence
'PI = 'P and so ro is one to one in all cases. 0

LEMMA 8.7. Let V be a projective R [G] module in B. Let E = EndR[GI( V)
and let E = EndR[cJ( Vc ). Let f: E ~ E be defined by restriction. Then f is
an algebra isomorphism of E onto E.

PROOF. Clearly f is an algebra monomorphism. It remains to show that f is
an epimorphism. Suppose that h EE and a ER with a-Ih an R[O]­
endomorphism of V. Then a-1h EndR(V)n EndK[GJ(VK) =E. Thus f(E)

is a pure submodule of the R module E. Hence it suffices to show that
rankRE = rankRE.

Let Vi, Vj be indecomposableprojective R [G] modules in B. By (8.5)

rankR HomR[GJ(Vi, V j ) = rankRHomR[CI«Vi)c, (Uj)c).

Since V is the direct sum of indecomposable projective R [G] modules in
B it follows that rankRE = rankRE. 0

PROOF OF (8.2). Since A' is an algebra with unity element it is anti­

isomorphic with the endomorphism ring of the F[ G] module A. Similarly
A is anti-isomorphic with the endomorphism ring of the F[ 0] module A.
By (8.7) it suffices to show that A c = A as F[ 0] modules.

Let {'Pi} be the set of all irreducible Brauer characters in B. Then by (8.6)
{$;} is the set of all irreducible Brauer characters in B where $i = ('Pi)c. Let
Vi be a projective indecomposable R [G] module corresponding to 'Pi'

Since C = C by (8.6) (Vi)c is the projective indecomposable R [0] module
corresponding to $i. Thus

A c = EB'Pi(1)(Vi)C = EB$i(l)(Vi)C = A. 0



CHAPTER XI

1. An analogue of Jordan's theorem

One of the oldest results in group theory is the following theorem.

THEOREM 1.1 (Jordan). There exists an integer valued function J (n) defined
on the set 0 f positive integers with the following property. If the finite group G
has a faithful representation of degree n over the complex numbers then G
has a normal abelian subgroup A with IG : A 1< J(n).

Several proofs of this theorem are known. See for instance Curtis and

Reiner [1962] (36.13) for a proof and references to other proofs.
It is an immediate consequence of Jordan's theorem that the same

conclusion holds if the field of complex numbers is replaced by any field

whose characteristic does not divide IG I. However the result is false for
fields whose characteristic divides IG I. For example let F be an algebrai­
cally closed field of characteristic p > 0 and let G", = SL2(p"'). Each G",
has a faithful F -representation of degree 2 but a normal abelian subgroup
of G", has order at most 2 while r G", , can be arbitrarily large.

This section contains a proof of the following analogue of (1.1) which was
first conjectured by O. H. Kegel.

THEOREM 1.2 (Brauer and Feit [1966]). Let p be a prime. There exists an
integer valued function f(m, n) = ft,(m, n) such thatthefollowingissatisfied.

Let F be a field of characteristic p and let G be a finite group which has a
faithful F-representation of degree n. Let p'" be the order of a Sp-group of G.
Then G has a normal abelian subgroup A with IG : A I< f(m, n).

Isaacs and Passman [1964] have used Jordan's theorem to show that if

444
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the degree of every irreducible complex representation of the group G is

bounded by some integer n then the conclusion of (1.1) holds (with a

function different from J(n)). In a similar manner 1. F. Humphreys [1972]
has used (1.2) to prove an analogous result in characteristic p. For a related

result see J. F. Humphreys [1976].
The various proofs of Jordan's theorem (1.1) yield different values for

J(n). None of these values seem to be anywhere near the best possible

value. Since (1.1) is needed for the proof of (1.2) and several fairly crude

estimates are also used in the proof of (1.2) the value of f(m, n) which can

be derived from the given proof of (1.2) is probably nowhere near the best

possible result. Thus (1.1) and (1.2) are both qualitative results which do

not yield any useful bounds.

The proof of (1.2) will be given in a series of lemmas. Without loss of

generality it may be assumed that the field F in (1.2) is algebraically closed.

For any group G let L1(G) denote the F[G] module which affords the

principal Brauer character. Let B I(G) denote the principal p-block.

If G is a finite group and P is a S,,-group of G, then the center Z(P) of P

is a Sp-group of Ce (P) and Burnside's transfer theorem implies that Ce (P)
is the direct product a p-group and a p'_group. Thus pee (P) = P x H for

some p'_group H.
Suppose that V is an indecomposable F[G] module with dimF V¢ 0

(mod p). Then P is a vertex of V. Let if denote the F[Nu (P)] module

which corresponds to V in the Green correspondence.

The crux of the proof of (1.2) is contained in the next result.

LEMMA 1.3. Suppose that V is an irreducible F[ G] module with n =
dimF V > 1. Then at least one of the following holds.

(i) G has a normal subgroup of index p.
(ii) There exists an irreducible constituent L of V* 0 V 0 V* 0 V with

L in B1(G) and L~ L1(G).
(iii) Let P be a Sp-group of G. Let N = N e (P). There exists an irreducible

constituent L of V* 0 V with dimF L ¢ 0 (mod p) and L ~ L I (G) such that
ifH o is the kernel of ill then IH: H o / < J(n), where J (n) is defined by (1.1).

PROOF. Assume that G satisfies neither (i) nor (ii). Let L 1= L,(G),
L~, ... , L,. denote the distinct irreducible constituents of V* 0 V.

Let W be an F[ G] module, all of whose irreducible constituents are

constituents of V* 0 V 0 V* 0 V. We will show that the multiplicity of

L,(G) in W is equal to dim/- Inve W. It clearly may be assumed that W is

indecomposable. If W is not in B,(G) the result is trivial. Suppose that W
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is in BJ(G). Since (ii) is excluded, every composItion factor of W is

isomorphic to LI(G). If x is a p'-element in G then W(x) is completely
reducible. Thus x is in the kernel of W. Since G has no normal subgroup of
index p it follows that G is in the kernel of W. Hence dimF W = 1 as W is
indecomposable and the result is proved. This fact will be applied to
several modules.

Let W = L 0Lj with 1:::; i, j:::; s. Thus InvF W = HomFIG](L, L j ). For
i = j, Schur's Lemma implies that dimF InvG W = 1. Thus by (111.2.2) and
the previous paragraph dimFL -,i 0 (mod p) for 1 :::; i :::; s. For i~ j, Schur's
Lemma implies that InvF W = (0). Since (ii) is excluded it follows that no
irreducible constituent of W is in BI(G). Hence by (lV.4.14), L r , ••• , L, lie
in s distinct p-blocks.

Let Y be an indecomposable direct summand of V* 0 V. Since all the
irreducible constituents of Y lie in one p-block it follows from the previous
paragraph that all the irreducible constituents are isomorphic to L for

some i. Let b be the length of a composition series of Y. Thus L I (G) occurs
with multiplicity b in L"; 0 Y. Since every irreducible constituent of

L"; 0 Y is a constituent of L"; 0 L and so of V* 0 V 0 V* 0 V, it
follows that b = dimF HomF[G](L r , V). Let Yo be the socle of Y and let bo
be the length of a composition series of Yo. The previous argument applied

to Yo shows that bo= dimF HomF[G](L r , Yo). However HomF[G](L r , Y) =

HomF(G](L r , Yu). Thus b = bo and so Y = Yo. As Y is indecomposable this
implies that Y = L. Consequently V* 0 V is completely reducible. Let

s

V* 0 V = E9 aLi.
i = I

(1.4)

By Schur's Lemma a I = 1. Hence&y (111.2.2) dimF V -,i 0 (mod p). Thus P
is a vertex of V. Hence (111.5.7), (V.6.2) and (1.4) imply that

s

V* 0 V = E9 alJi EB S,
i= I

(1.5)

where each indecomposable direct summand of S has a vertex properly
contained in P. By (111.7.7) L J = LI(N) and L is not in BJ(N) for i ~ 2.

By (111.3.7) V/,>:II = E9:'=J (U; @ Xi)' where XI, ... , Xc are distinct ir­
reducible F[H] modules and VI, ... , V e are F[P] modules which are
conjugate under the action of N. Thus

e

(V*0 V)PXII =E9 (Vi0 ~)0(Xi0Xj)
i.j=1
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where 5' is an F[P x H] module which does not contain LI(P x H) as a

consti tuen t.
By (1.5) LI(N) I Y* 0 Y. Thus LI(P x H) I(y* 0 Y)I'XII and so

LI(P) IU10 ~ for some j. Since the modules ~ are conjugate under the
action of N, this implies that LI(P) IU10 ~ for j = 1, ... , e. Thus
eLI(P x H) I(y* 0 Y)I'XII.

Suppose that e > 1. Since a l = 1, (1.5) implies that LI(P x H) ITpxll for
some indecomposable direct summand T of S. Thus LI(P) ITp. Since a
vertex of T is properly contained in P this contradicts (111.4.6). Thus e = 1.
Consequently

(1.6)

where X is an irreducible F[H] module and U is an F[P] module such
that LI(P) IU* 0 U.

Let d = dimFX. If d = 1 then X* 0 X = LI(H) and H is in the kernel of
V* 0 V. Hence by (1.5) H is in the kernel of L i for all i. Thus by (IV.4.14)
L is in B,(N) for all i and so L i is in BI(G) by (111.7.7) and (V.6.2). Thus
s = 1. Hence by (1.4) n = 1 contrary to assumption. Thus d > 1.

Let M be an irreducible constituent of Y and let D be the kernel of M.
By (111.2.13) P~D. Thus N/D is a p'-group. Hence by the remark
following (1.1) there exists a subgroup An with D ~ An <J N such that A n/ D
is abelian and IN:Anl<J(n). Let AI=AonH and DI=DnH. Then
AI <J N, IH: All < J(n) and AI/D I is abelian. By (1.6) Mil = uX for some
positive integer u. It follows that D I is the kernel of X.

If A is an abelian group and X is an F[A] module then X* 0 X
contains LI(A) with multiplicity at least dimFX. Apply this remark with
A = AI/D I • Thus (x* 0 X)A, contains LI(A I) with multiplicity at least
d ~ 2. As X is irreducible, X* 0 X contains LI(N) with multiplicity 1.
Thus there exists an irreducible constituent Z-/:: LI(H) of X* 0 X such
that LI(A I)/ ZA

J
• By Clifford's theorem (111.2.12), AI is in the kernel of Z.

Since LI(P) 0 Z I (y* 0 Y)I'XII by (1.6) it follows from (1.5) that
LI(P) 0 Z ITpxlI for some direct summand T of E9 aiL EB S. By (111.4.6)
P is a vertex of T. Thus by (1.5) T = Lj is irreducible. Since ZI:: LI(H),
j f 1. Let H o be the kernel of (L j )11. Since A I belongs to the kernel of Z
and A I <J N it follows from Clifford's theorem (111.2.12) that A I ~ H o. Thus

IH:Ho'~IH:A:I<J(n).Consequently (iii) holds for L =Lj • 0

LEMMA 1.7. Let V be an irreducible F[ G] module with dimF V = n > 1.
Suppose that G contains no normal subgroup of index p. Then there exists an
irreducible constituent L of V* 0 V 0 V* 0 V such that
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where Go is the kernel of L.

PROOF. Let L be an irreducible F[ G] module with dim,.L = d. Let Go be
the kernel of L and let cp be the trace function afforded by L. Suppose that

cp has exactly e algebraic conjugates in F. Thus the subfield of F generated
by all cp (x) as x ranges over G has p t' elements. By (1.19.2) G / Go is

isomorphic to a subgroup of GLd(p"). Thus IG:GoI~IGLd(pe)I~

IGLdt (p)l·
By assumption (1.3)(i) does not hold. Thus by (1.3) either (1.3)(ii) or

(1.3)(iii) must hold.
Suppose that (1.3)(ii) holds. Choose L accordingly. G ~ Go as

L~ L,(G). By (IVA.9) and (IVA.18), cp has at most IpI2 algebraic

conjugates in F. Thus the result follows from the previous paragraph and
the fact that d < n'1.

Suppose that (1.3)(iii) holds. Choose L accordingly. As above G ~ Go.

Let B
"

... , B" be all the p-blocks of G which contain algebraic conjugates

of cpo Since dim,.L = d < no.) the remarks above show that it suffices to
prove that cp has at most IP 1

2J(n) algebraic conjugates. Thus by (IVA.18)

it suffices to show that a ~ J(n).

Let ~ be the trace function afforded by i. By (IIL7.7) there are exactly a
p-blocks of Nc; (P) which contain an algebraic conjugate of ~. By (1.3)(iii)
the group Nc; (P)/Ho has less than J(n) p-blocks. Thus by (VA.3) a < J(n)

as required. 0

Let G be a finite group and let V be an F[ G] module. Let r( G, V) =
(m, n, a) where a S,,-group of G has order p"', dim/-' V = n and a is the
multiplicity with which L ,( G) occurs as a constituent of

V*@ V@ V*@ V.
Define the partial ordering < as follows: (m" nJ, aJ) < (m, 11, a) if one of

the following is satisfied.

(i) ml < m, nl ~ n.

(ii) ml ~ m, n, < n.
(iii) ml = n, nl = n, al > a.
If H is a subgroup of G, then clearly either r (H, VlI ) = r (G, V) or

r(H, VlI ) < r( G, V). Observe that if r( G, V) = (m, n, a) then a ~ n-1. Thus

there are only finitely many triples r( G" VI) with r( G J , V,) < r( G, V).

LEMMA 1.8. Let P be a S,,-group 0 f G and let IP I= pm. Let X be a faithful
F[ G] module and let dim,.X = n. Let g(m, n) = /GL1J'1 2J(tljtl 4 (p)/, where
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J(n) is defined by (1.1). Assume that G is not abelian. Then there exists
Go<JG with IG:Gol<g(m,n) such that r(Go,Xc,J<r(G,X).

PROOF. It may be assumed that G has no normal subgroup of index p
otherwise the result is trivial.

Suppose first that every composition factor of X has F -dimension 1. Let

XI be a completely reducible F[ G] module with the same composition
factors as X. Then P is the kernel of XI and G / P is abelian. Thus G is
solvable and so G contains an abelian subgroup A with IG : A I= IP I. Let
Go = n,o=c,x- IAx. Then Go <J G and IG : Gol ~ IpI! ~ g(m, n). Since G is
not abelian I P 1 i' 1. Thus r( Go, Xc,o) < r( G, X).

Suppose next that some irreducible constituent V of X has F-dimension
at least 2. Let L and Go be defined as in (1.7). If r( G, X) = (m, n, a) and

r(Go, Xc,J = (m" nl, al), then clearly m l ~ m and nl = n. Since Gil is the
kernel of Land L:I: L I(G), al > a. Thus r( Go, Xc,o) < r( G, X). 0

LEMMA 1.9. There exists a function h (m, n, a) such that if X is a faithful
F[G] module, then 1 G : A 1~ h(r(G, X)) for some normal abelian sub­
group A of G.

PROOF. Let h (m, n, a) = 1 if (m, n, a) i' r( G, X) for any pair (G, X). If the
result is false it is possible to choose a counterexample (G, X) so that
h(ml,ni,a) is defined for all (ml,nl,al)<r(G,X). Let g(m,n)=
IGLIPI2nIJen)(p)l. Define

and let

h (r( G, X)) = g(m, n )ho( r( G, Xng (m.I1).

If G is abelian let G = A. The result is clear in this case. Suppose that G
is nonabelian. Let Go be defined by (1.8). Thus Go contains a normal

abelian subgroup A o with IGo: Aol ~ h(r(Go, Xc,o))' Let A =
nxo=c,x-JAox. Then IG : A 1< g(m, n)h(r(Go, Xc,Jy(m.I1). This implies that

1G : A I < h (r(G, X)). 0

(1.2) is now a direct consequence of (1.9) if f(m, n) is defined by

f(m, n) = maxI h(m, n, a).
00::':(1-;·:1'1
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If a block B has a noncyclic defect group D then the situation is vastly

more complicated than in the case described in Chapter VII when D is

cyclic. Such a block in particular contains an infinite number of indecom­

posable modules, see for instance Hamernik [1974a], [1975a]. Except in

very special cases when p = 2 and D contains a cyclic subgroup of index 2 it

is hopeless to attempt to describe all the indecomposable modules in B. See

Bondarenko [1975], Ringel [1974], [1975]. It is perhaps less obvious that

there appears to be no method for constructing the irreducible Brauer

characters in B.
The purpose of this chapter is to study questions concerning the ordinary

irreducible characters in a block B and to present some applications of this

study. In this connection the concept of a basic set introduced in Chapter

IV, section 3 plays an important role. After a general introductory section

most of the chapter deals with the case that p = 2 and D is a special type of

2-group. The material in this chapter originated with work of Brauer

[1952].

The notation introduced at the beginning of Chapter IV is used

throughout this chapter.

1. Types of blocks

The results in this section are due to Brauer [1961a], [1964a], [1969b],

[1971a], [1971c], [1971d]. See also Reynolds [1965]. For related results see

Brauer [1964c].

Let B be a block and let {Xu} be the set of irreducible characters in B. Let

'Pa = {'Pi} be a basic set for B. Thus there exist rational integers d"i such

that Xu (x) = L; du;'Pi (x) for all p '-elements x in G. As in Chapter IV,

450
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section 3 {du ;} is called the set of decomposition numbers with respect to CPa

and {c;j} is called the set of Cartan invariants with respect to CPa where

Cij = Lu duiduj .

Let y be a p -element in G. Let {cp nbe the union of basic sets for all the

blocks of Cc; (y). Then for each Xu in B there exist algebraic integers d;,; in

the field of p" th roots of unity over Q for suitable n such that Xu (yx) =

L; d ;';CP r(x) for all p'-elements x in Cc; (y). The algebraic integers d;,; are

the higher decomposition numbers with respect to {cp n. The set of columns

d;,; as cp r ranges over a given basic set is a subsection with respect to {cp n.

LEMMA 1.1. Let B be a block of G. Let y, z be p-elements in G. Let {cp n,
{cp nbe the unions 0 f basic sets for all blocks of Cc; (y), CG (z) respectively.

(i) If Xu is in B then d;" = 0 unless cp r belongs to a basic set ofa block Bof
Cc; (y) with BG = B.

(ii) If y is not conjugate to z in G then for all i, j

2: (d;,;)*d~j= 2: (d;,;)*d~j= O.
u .vI' in B

(iii) If (c~) is the Cartan matrix of Cc; (y) with respect to {cp nthen for all
i,j

2: (d;,;)* d;'j = c~.
u

PROOF. Immediate by (IV.6.1) and (IV.6.2). 0

Given a basic set for the block B then the Cartan matrix (c;j) of the block

with respect to that basic set is the matrix of a positive definite integral

quadratic form Q. If the basic set is replaced by another basic set then Q is

replaced by a quadratic form which is equivalent to Q over Z. Thus to each

block there is associated an equivalence class of integral quadratic forms.

LEMMA 1.2. Suppose that p and d are given. There are only finitely many
classes of integral quadratic forms which are associated to p-blocks of defect
d of groups G.

PROOF. Let Q be a quadratic form associated to a p-block of defect d. By
(IV.4.18) the dimension of Q is at most p2J. By (IV.4.16) every elementary

divisor of the Cartan matrix is a power of p which is at most pJ and so the

discriminant of Q is bounded by a function of p and d. This implies the

result by the reduction theory of quadratic forms. 0
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COROLLARY 1.3. There exists a bound f(P, d) depending only on p and d

such that for each p-block of defect d of any group, a basic set can be chosen
such that the Cartan invariants are at most equal to f(p, d).

PROOF. Immediate by (1.2). 0

LEMMA 1.4. Let B = B o be the principal p-block of G and let t/Jo be the
principal Brauer character of G. There exists a basic set for B containing t/Jo
such that the Cartan invariants for this basic set lie below a bound fo(p, n)

depending only on p and n where a Sp-group of G has order pn.

PROOF. Choose a basic set {'P;} for B as in (1.3). Let ljJo = "Ldoi'P;' Then
d~;::s C,i ::s f(p, n). Furthermore the ideal of Z generated by all d lJi is Z itself.
Thus there exists a matrix of determinant ± 1 with entries in Z and first row

equal to (doi ). The entries in this matrix are bounded by a function of the
do; and so by a function of p and n. 0

LEMMA 1.5. Let B be a block of defect d, let y be a p-element in G and let B
be a block of C C (y) with Be = B.

(i) Let {'P r} be a basic set for B and let m be the maximum of the Cartan

invariants associated to {'P r}. Then the corresponding higher decomposition

numbers d;'; for Xu in B all belong to a finite set M(p, d, m) depending only on
p, d, and m.

(ii) There exists a basic set for B such that the corresponding higher

decomposition numbers d;'; for Xu in B all belong to a finite set M(p, d)
depending only on p and d.

PROOF. (i) If 0" is an automorphism of the field generated by all d;'; then
((d;';)")* = ((d;';)*)". Thus by (1.1) I(d;';)" /2::s m for all 0". The result follows
as each d;'; is an algebraic integer.

(ii) Clear by (i) and (1.3). 0

If y is a p-element in G let BI(Ce (y), B) be the set of all blocks B of
Ce (y) with Be = B. Let D be a defect group of B. If y is not conjugate to
an element of D then BI(Ce (y), B) is empty by (IV.6.6)(iv).

Let Y be a set of elements of D which consists of a complete set of
representatives of the conjugate classes of G which contain an element of

D. For y E Y and B E BI(Ce (y), B) let 'P (y, B) be a basic set for B. Define
the matrix T Y (B, B) = (d;';)where the row index ranges over u as Xu ranges
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over all the irreducible characters of B and the column index i is such that
<p(y, B) = {<pr}.

Let T0(B) be the matrix of ordinary decomposition numbers of 13 with
respect to the basic set <p (y, B).

A block B of defect d is of a given type for a subsection (y, B) if the pair
of matrices TMB), TY(B, B) formed with respect to some basic set <p(y, B)
of 13 is given.

A block B is of a given type for an element y E Y if B is of a given type
for all subsections (y, B) corresponding to B.

A block B is of a given type if it is of a given type for all elements y E Y.
Let BO be a block of the group GO. Suppose that Band BO both have

defect d. Define DO, yo, yO E yO, Tl;"(BO), TY"(BO,BO) for the group GO.

Then Band BO are of the same type if the following conditions hold.
(i) I Y 1 = 1 yOI and for a suitable ordering Y = {y,}, yO = {y~)} with

IBI(Cc (Yi), B)I = IBI(Cco(y\), BO) I·
(ii) After a suitable rearrangement BI(Cc (Yi), B) = {B;j} and

BI(Cco(y?), BO) = {B~} such that there exist basic sets for B ij and B~~ for all
i, j with the property that TYi (B, B ij ) = Til (BO, B~) and Tl;i(B ij ) = Tgl (B~).

THEOREM 1.6. For given p and d there exist only finitely many types of

p-blocks of defect d (in the category of all finite groups).

PROOF. If Y is defined as above then I Y 1~ pd. Thus the result follows

from (1.3) and (1.5). 0

Suppose that the type of a block is given. It is natural to ask what
additional information is required to compute the values of the irreducible
characters in the block. Before considering this question a preliminary
result will be proved. The following situation will be studied.

Let D be a fixed subgroup of G with ID I= pd. Let y E D. Let
K i , ..• , K n denote the classes of p'-elements in C c (y). Assume that the
following information is given.

(i) IK; I is known for i = 1, ... , n.
(ii) It is known which conjugate class of G contains K;. Denote this

class by KF.
(iii) It is known for which i = 1, ... , n the class K~' has defect less than d

and for which i the class K~' has D as a defect group.

LEMMA 1.7. Let D be a subgroup of G with 1D 1= pd and let y ED.
Suppose that (i), (ii), (iii) above are given. Suppose also that for each block 13
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of Cn (y) of defect at most d there is an irreducible character Xin 13 such that
X (Xi) is known for Xi E Ki, l ~ i ~ n. For any block b with defect group D
and for X E G let

( )_IG : CG (x) lxii}
WB X - x(l)

for some irreducible character X in B. Then it is possible to compute WB (x) for
any p'-element x in G. In particular it is possible to determine the number of
blocks of G with defect group D.

PROOF. The last statement follows from the first by (IV04.3) and (IV 04.8). It
remains to prove the first statement.

Let x be a p'-element in G and let C be the conjugate class of G with
x E C. Since y EDit follows from (IV.6.6)(iv) that if B is any block of G
with defect group D then there exists a block 13 of Cn (y) with BG = B. By
(111.9.6)8 has defect at most d. If WiJ is defined analogously to W13 it
follows that WB (x) = L i WiJ (Xi ), where Xi ranges over a complete set of
representatives of the conjugate classes of C n (y) which are contained in
en Cn (y). In particular since x is a p'-element, each such conjugate class
is some Ki for 1~ i ~ n. If C~ KP for all i, the sum is empty and
WB (x) = O. If C = KF for some i, then it is known by assumption which of
the classes K i lie in C and WiJ (Xi) can be computed as X(Xi) is known by
assumption. D

THEOREM 1.8. Let D be a subgroup of G of order pd. Let Y be a subset of D
which is a complete set of representatives of conjugate classes of G which
meet D and let Yo be a nonempty subset of Y. Suppose that for every y E Y,
(i), (ii) (iii) are given and that for y E Yo the values on p'-elements in Cn (y)
of the irreducible characters in blocks of defect at most d of Cn (y) are
known. Let Yo be a fixed element in Yo, let 8 be a block of Cn (Yo) for which
13 G = B has defect group D and suppose that the type of B with respect to
every element in Yo is known. Then it is possible to find the values of the
irreducible characters in B on the p -sections which contain elements of Yo.

PROOF. Apply (1.7) for y = Yo. Thus it is possible to find WB (x) for
p'-elements x in G. For each Yi E Yo it is possible to determine the set
{B ii } = BI(Cn (Yi), B). For each 8 ii the values of the irreducible characters
in Bii are known on p'-elements in Cn (Yi)' By hypothesis the matrix
THB ii ) of decomposition numbers with respect to a suitable basic set for Bii

is known. Since all the elementary divisors of this matrix are 1 by (IV.3.11)
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there exists a left inverse of T(;{Bij ) which can be found explicitly. In other

words the given basic set for Bij can be expressed in terms of the

irreducible characters in Bij .' Since T Y
; (B,Bij ) is known this makes it

possible to evaluate the irreducible characters Xu in B on the p-sections

which contain elements of Yo. D

2. Some properties of the principal block

The results in this section will be useful for applications below. See

Brauer [1964b).

Let {Xu} be the set of all irreducible characters in the principal block Bo

of G. For an element x E G define

A(G,X)= ~ IXu(x)12.
Xu in B o

Let A(G) = A(G, 1). Thus

A(G)= ~ Xu(lt
Xu :n B n

Clearly A(G, x) ~ ICn (x) I·

(2.1)

(2.2)

LEMMA 2.3. For x E G, A(G, x) is a positive rational integer. Let i denote
the image ofx in O=G/O",(G). Then A(G,X)=A(O,i)~IC(;(i)'. In
particular A(G) = A(0) ~ IG : 0",(G) I and the equality sign holds if and
only if G is of deficiency class 0 for p.

PROOF. By (IV.4.9) A(G, x) is a rational integer. Since Bo contains the

principal character, A(G, x) > O. By (IV.4.12) A(G, x) = A(0, i). The in­

equalities are clear and equality holds if and only if B o is the unique block

of G. D

LEMMA 2.4. Let y be a p-element in G and let x be a p'-element in Cn (y).
Then A(G, yx) = A(Cn(y),x). In particular A(G, y) = A(Cn(y)).

PROOF. By the second main theorem on blocks (IV.6.1) and by (V.6.2)

A(G,yX)= ~ ~ d~i(d~j)*'Pr(x)'P}'(x-'),
Xu :n B lI i.j

where 'P; and 'P r range over the irreducible Brauer characters III the

principal block of Cn (y). By (IV.6.2) this implies that
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A(G, yx) = L c ~cp i'(x)cp J(x- I
) = A(CG (y), x),

i,J

[3

(3.2)

where cp r, cp J range over the irreducible Bra uer characters in the principal

block of CG (y ). 0

LEMMA 2.5. IfH<JG then A(H)~A(G)~IG:H'A(H).

PROOF. By (IVA.10) every irreducible character in the principal block of H
is a constituent of the restriction to H of some irreducible character in B o.

This implies the first inequality.

If Bo, B I, ... are all the blocks which cover the principal block of H then
IG : H IA(H) = LX (1)2 as X ranges over the irreducible characters in

all B i • 0

3. Involutions and blocks

Involutions (i.e. elements of order 2) playa special role in group theory.

Brauer [1957] was the first to realize their importance for the classification

of simple groups. In that same paper he showed how the study of
involutions can be connected with block theory. Most of the material in the

rest of this chapter is based on these ideas. The results in this section are

from Brauer [1964b], [1966a]. Related results can be found in Brauer

[1961b], [1962a], [1966b], [1974c].

THEOREM 3.1. Let G be a group of even order and let p be a prime which

divides IG I. Let y be a p-element in G and let t 1 and t2 be involutions in G.
Assume that y is never the p-partof ZIZ~ where Zi is conjugate to tJori = 1,2.

Let B be a p-block of G and let {Xu} be all the irreducible characters in B.
Then for all i

L d~iXu (tI)Xu (t2) = 0
Xu inB Xu(l) ,

where the d ~i are the higher decomposition numbers belonging to basic sets for
the blocks of CG (y). Furthermore

(3.3)

PROOF. Let C denote the conjugate class of G which contains ti for
i = 1,2. Let x be a p'-element in C G (y) and let C be the conjugate class of
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G which contains yx. By assumption the coefficient of C in C, C2 is O. Thus
a well known formula implies that

where Xv ranges over all the irreducible characters of G and x is any
p'-element in C G (y). Let {cp nbe the union of basic sets for all the p-blocks
of C G (y). Thus X v (yx) = ~i d ~i CPi (x) for every p '-element in C G (y). Hence

the linear independence of the set {cp nimplies that

If cp i is in the block B then d ~i = 0 unless Xv is in BG by the second main
theorem on blocks (IV.6.1). This proves (3.2). Then (3.3) follows by

multiplying (3.2) by cp i(x) and summing over all cp i in basic sets for blocks
B with B G = B. 0

If y E G we will say that x inverts y if x-1yx = y-I.

COROLLARY 3.4. Let y be a p-element in G. If t] and t2 are involutions in G
such that no conjugate of t l inverts y then the conclusion of (3.1) holds.

PROOF. Suppose that y is the p -factor of z 1Z2 where Zi is conjugate to ti for

i = 1,2. Then Z1Z2 = yx for some p'-element x E CG (y). Thus

Z~I(yX)Z;= ZIIZIZ2Z1 = Z2Z; = (ZIZ2tl = (yxt l.

As y is a power of yx it follows that Z I inverts y contrary to assumption.
The result follows from (3.1). 0

It may happen that for fixed involutions t 1 and t2 there exist several
nonconjugate elements y such that the conclusions of (3.1) hold. Thus new

equations can be obtained as linear combinations of the given ones. If it is

possible to choose such linear combinations so that the Xu (y) are replaced
by rational integers au where La;, is small, then it may be pos~ible to
deduce properties of G. This idea will be used frequently in this chapter.

The remaining results in this section are of importance for such applica­
tions.

Let P be a p-group contained in G. Let {Xu} be the set of all irreducible
characters contained in the principal block B o. If () is a complex valued

class function on P define
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(3.5)

Let a(8) denote the column (au (8)). If a=(au) and b=(bu) are two
columns define (a, b) = L uaub;" where * denotes complex conjugation. If 8

is a generalized character of P then au (8) is a rational integer by definition.
Let A be defined as in (2.2).

THEOREM 3.6. Let P be a p-subgroup of G and let N be a subgroup with
P ~ N ~ N c (P). Let U be a nonempty subset ofP with N ~ Nc (U). Assume
that the following conditions are satisfied.

(i) If y 1 and Yc are elements of U which are conugate in G then they are
conjugate in N.

(ii) w = A(Cc(y))/ICN(y)1 is independent of y in U.
Let 8 and 1] be generalized characters of P such that 8 vanishes outside U.
Then

(a(8), a( r])) = I; I (8, X~N 1] x) I' •

PROOF. Let (a(8), a(1])) = s. By definition

where (X(y), X(z)) is the inner product of the columns X(y) = (Xu (y)) and
X (-4) = (Xu (z)), and {Xu} is the set of all irreducible characters in B o. By the
second main theorem on blocks (IV.6.1)

(X(Y),X(z)) = ~ Xu (Y)Xu (Zl) = ~ d;;i(d~J*'Pi(l)'Pj(l) = 0
u ~0

if y is not conjugate to z in G. If y is conjugate to z then by (2.4)

(x(y),x(z)) = (X(Y),X(y)) = A(G, y) = A(Cc(Y))·

Since 8 vanishes outside of U it follows that

IpI2S = ~ A(Cc (y))8(y-J) ~ 1](z),
yE l; z

where z ranges over the G-conjugates of y in P. Since N ~ Nc (U) it
follows from (i) that z ranges over the N -conjugates of y in P. In other
words z ranges over the distinct elements of the form y x with x E N.

Hence LXE.'V 1] (y X) = ICN (y) IL z 1] (z). Now (ii) implies that
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(3.8)

Since y can range over all of P this implies the result. 0

THEOREM 3.7. Let P be a p-subgroup of G. Let U be a subset of P. Assume
that there exists an involution tin G such that no element in U is inverted by a
G-conjugate of t. Let 8 be a generalized character of P which vanishes
outside U. Let {Xu} be the set of all irreducible characters in Bo. Then the
following hold.

~ au (8)Xu (tr = 0
u Xu (1) .

~ au(8)Xu(1)=0.
u

~ au (8)Xu (t) = O.
u

(3.9)

(3.10)

If furthermore (lp, 8) ~ 0 then either there exist at least two positive and
two negative au (8) or G has a proper normal subgroup which contains
(0 2,(G), t).

PROOF. It follows from (3.4) that (3.3) holds for t = t l = t 2 and all y E U. If
(3.3) is multiplied by IPI-I 8(y -I) and added over all y in U then the

definition of au (8) shows that (3.8) holds. By assumption 1 g U and no
conjugate of t is in U. Thus by the second main theorem on blocks (lV.6.1)
the columns x(1) and X(t) for the blocks B o are orthogonal to the column
X(y) for y E U. This proves (3.9) and (3.10).

Let Q be the diagonal quadratic form (au (8)/Xu (1)). If at most one of
au (8) is positive or negative then a maximal isotropic subspace has
dimension at most 1. By (3.8), (3.9) and (3.10), (Xu (1)) and (Xu (t)) are
vectors which lie in an isotropic subspace and so are proportional. If
XO = Ie then Xo(l) = Xo(t) = 1. It follows that Xu (1) = Xu (t) for all Xu in B o

with au (8) ~ O. Choose Xu ~ XO with au (8) ~ O. Then (02,(G), t) is in the
kernel of Xu but G is not. Thus the kernel of Xu is the desired normal
subgroup. 0

4. Some computations with columns

This section contains results which indicate how computations with the
columns a( 8) introduced in section 3 can be used to yield information
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about irreducible characters of G. These methods are closely related to
those introduced in Chapter V, section 7. Only elementary results will be
discussed in this section. These are primarily from Brauer [1966a]. For
(4.9)(ii) see Feit [1974].

In the sequel the case p = 2 will be studied more closely and several
applications will be presented. In case p~ 2 several authors have used the
"method of columns" and properties of isometries proved in Chapter V,
section 7 to derive results about the structure of groups. See for instance G.
Higman [1973], [1974]; Smith and Tyrer [1973a], [1973b]; Smith [1974],
[1976b], [1976c], [1977]. As an example we state here one such result
without proof.

THEOREM 4.1 (Smith and Tyrer [1973bD. Let p ~ 2. Suppose that G has an

abelian Sp-group P and INc (P): Cc (P)/ = 2. If G = G' then P is cyclic.

Consider the following hypothesis.

HYPOTHESIS 4.2. (i) P is an abelian p -subgroup of G and N is a subgroup

with P ~ N ~ Nc (P). U is a nonempty subset of P.
(ii) If y E U then Cc (y) has a normal p-complement.

(iii) If y E U and y is conjugate in G to x E P then x E U and y is

conjugate to x in N.

(iv) If y E U there exists aSp-group Py of C C (y) such that C N (y) =

Py CN (P) and P = Py n CN (P).
The similarity of (4.2) and (V.7.!) is evident.

LEMMA 4.3. Suppose that (4.2) is satisfied. Let () and 11 be generalized

characters of P such that () vanishes outside U. Then

where x ranges over a cross section of C N (P) in N.

PROOF. The assumptions of (3.6) are satisfied. If y E U then A(C c (y)) =
IPy I by (IV.4.12), (2.4) and (4.2)(ii). If w is defined as in (3.6) then
w -I = /CN (P): P I by (4.2)(iv). The result now follows from (3.6). 0

The following hypothesis is also relevant.

HYPOTHESIS 4.4. (i) P is an abelian Sp-group of G with IP I~ 1.



4] SOME COMPUTATIONS WITH COLUMNS

(ii) Ne (P)/C e (P) is cyclic of order m with 1 < m < IP 1- 1.
(iii) If yEP - {l} then C e (y) n Ne (P) = C e (P).
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LEMMA 4.5. If (4.4) is satisfied then so is (4.2) with U = P - {l} and
N = Ne (P).

PROOF. Suppose that (4.4) is satisfied. Then (4.2)(i) and (4.2)(iv) are
immediate and (4.2)(iii) is a standard property of abelian Sylow groups.
Burnside's transfer theorem shows that (4.4)(iii) implies (4.2)(ii). 0

If (4.4) is satisfied the following notation will be used.

r = (I P 1- l)/m.
lVo = I p , lVI, ... is the set of all irreducible characters of P. Thus each l{Jj

for j > 0 has exactly m conjugates under the action of N = Ne (P). The
notation will be chosen so that {l/Jj 11 ~ j ~ r} is a complete set of
representatives of the orbits of N.

By definition a( IV]) = a( lVj) for all j and x EN.

THEOREM 4.6. Suppose that (4.4) is satisfied. There exists an integer s ~ m
such that the principal p-block B o of G contains exactly r + s irreducible
characters CI>"" Cr, XI = Ie, ... , x.,. If y is the p-part of z in G and
yEP - {l} then

Cj (z) = d + 0 L lVj(y) 1~ j ~ r,

X" (z) = a" 1~ u ~ s,

where x ranges over a cross section of Ce (P) in N; 0 = ± 1; d, al, ... , as E Z
and au ~ O. Moreover

(d - oy' + (r -1)d 2 + ~ a;, = m + 1.
u =}

If furthermore t is a p'-element then Cj(t)= (I(t) for all j and

(rd - o)Cj (t) +~ a"X" (t) = O.
I

(4.7)

(4.8)

PROOF. Let bj=a(lvo-lVj)=a(l/Jo)-a(lh). By (4.3) and (4.5) (bi,b j )=
m + Oij. Let Ci = bi - bI. Then (Ci, cJ = 1 + Oij. The result now follows from a
standard argument in character theory. See e.g. Feit [1967c). 0
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Observe that in case P is cyclic (4.6) is a very special case of the results in

Chapter VII.

COROLLARY 4.9. Suppose that (4.4) is satisfied.
(i) If m = 2 then the notation may be chosen so that in (4.6) d -=- 0, s -=- 2,

az = 0 and ~j (1) = Xz(1) + o.
(ii) If m = 3 then the notation may be chosen so that in (4.6) d -=- 0, s -=- 3

and au = ± 1 for all u. If furthermore G contains an involution which is in no
proper normal subgroup then exactly two of 0, az, al are equal to - 1 and
~j (1)Xz(1)Xl(1) is the square of a rational integer.

PROOF. Id I :::s 1 by (4.7) as m :::s 3. Hence either d-=-o or d = °by (4.7).
Suppose that d = O. If s -=- 1 then (4.8) implies that (r - l)o~j (1) -=- -1 and

so ~j (1) -=- 1 which is not the case. Thus s ~ 2. As m < IP 1-1 it follows that

r ~ 2. Hence (4.7) implies that 2:::s r:::S m + 2 - s :::s m. Thus r = 2 if m -=- 2.

If m = 3 then 2:::s r :::s 3 and so IP I-=- 5 or 7. Thus IpI-=- 7 as m liP 1-1.
Therefore r = 2 in any case. Hence if j' ;I: j then (4.6) implies that

Thus the notation may be chosen so that d = °in all cases.
(i) By (4.7) s -=- 2 and az = ± 1. Thus (4.8) implies that - O~j(1) + 1 +

azXz(l) -=- 0. Hence ~j (1) -=- oazXz(1) + 0 and so oaz> 0.
(ii) By (4.7) s -=- 3 and au -=- ± 1 for all u.

Suppose that G contains an involution which is in no proper normal

subgroup. Let () = {(I/!o -I/!It }I" By (3.7) exactly two of 0, az, al are equal
to - 1. Let V be a 4-dimensional vector space over Q with diagonal

quadratic form

By (3.7) V has a 2-dimensional isotropic subspace and so V is the direct

sum of two hyperbolic planes. Thus the discriminant of the form, which is

equal to ~1(1)XZ(1)X:;(1) is a square in Q. 0

The situation described in (4.10) occurs infinitely often. For instance, let

G1(q) = PSL:;(q) and G_1(q) = PSU:;(q). Then for e = ± 1, G,(q) contains
a subgroup P x H which satisfies (4.4) of order (qZ + eq + 1)/k, where

k -=- (qZ + eq + 1,3). The degrees of the given characters are q\ qZ + eq and
(qZ-l)(q - e).
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Another example comes from A 7 for p = 7. The corresponding degrees

are 6, 10, and 15.

5. Groups with an abelian S2-grouP of type (2"',2/11)

This section contains a proof of the following result. See Brauer [1964b]

Section VI.

THEOREM 5.1. Let G be a group whose Sz-group P is abelian of type (T', 2/11)

with m ~ 2. If O 2,( G) = 0) then P <J G, Co (P) -=- P and IG : P I is 1 or 3.

PROOF. The proof is by induction on IG I. Let G be a counterexample of
minimum order. Then 02,(G) -=- 0). Let C = Co(P), N = No(P). Let

t" t 2 , t1 be the involutions in P. If N = C then Burnside's transfer theorem

implies the result. Since N IC acts faithfully on P by conjugation it follows

that IN: CI-=- 3 and NIC permutes {tl, t2 , tJ} cyclically.

If yEP - {I} then Co (y) has a normal 2-complement by induction. Thus

(lVA.12) implies that

A(Co (y)) -=- A(P) =IP 1= 22 /11 for yEP - {I}. (5.2)

(5.3)

Let ljJo = 1, ljJ" . .. be all the irreducible characters of P. Let r =
~ (22 /11 - 1) ~ 5. Then the notation may be chosen so that ljJo, ... , ljJr is a

complete set of representatives of the orbits of N on {ljJi}'
Let U -=- P - {I} in (3.6) then w = 3/1 N: P I. Hence (3.6) implies that

(a(ljJi -ljJo), a(ljJj)) = Oij for 1:::s i, j :::s r,

(a(ljJi -ljJo), a(ljJo)) = - 3 for 1 :::s i :::s r.

Define bi -=- a( ljJi - ljJo) -=- a( ljJi) - a( ljJo) for. 1 :::s i :::s r. Then

(b i , bj ) = 3 + Oij 1 :::s i, j :::s r.

Let Ci = b i - br for 1 :::s i :::s r - 1. Then

(c i,cj)=I+oij forl:::Si,j:::sr-l.

A standard argument (see e.g. Feit [1967c], §23) implies that the nonzero

coefficients of the r - 1 columns Ci appear in r rows and if the rows are

suitably arranged, the matrix in the first (r - 1) of the rows is eI with

e = ± 1 while all coefficients in the rth row are - c.

By (5.3) (b" ci ) = - 1. Thus br has the same coefficient b in each of the

first r - 1 rows and the coefficient b + e in the rth row. There occur further
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rows in which all the coefficients of (I, ... , (,-1 vanish. If the coefficients of
0, in these rows are 00,0" ... then (5.3) implies that

(5.4)

For the row corresponding to XO = 1 we have ao( 1/10) = 1, ao( I/Ii) = 0 for
i > 1. Hence the coefficient of 0, in this row is - 1, while the coefficient of
each Cj vanishes. This shows that one OJ has the value - 1. Thus b = 0 in
(5.4) as r - 1~ 4. Thus if the rows are arranged suitably the nonzero
coefficients of the columns 01, 02, ... , 0, appear as follows

EO, ... ,0

0" E 0

o 0 E

(5.5)

where 00 = - 1, XO = 1 and Xi denotes the irreducible character corre­

sponding to the (i + l)st row.
In particular ai(l/Ij)-ai(I/IO)=Oj for i =0,1,2 and j = 1, ... ,r. Hence

ai (1/1) - ai (1/10) = OJ for every nonprincipal irreducible character 1/1 of P and
i = 0, 1,2. It follows from (3.5), the definition of ai (1/1), that if yEP then

for O:::s i :::s 2

Xi(Y)= 2: ai(I/I)I/I(y).
v'

Thus if yEP - {l}, O:::s i :::s 2 then

Xi(Y)= 2: {ai (I/I)-ai (l/Io)}I/I(y) = Oi 2: I/I(Y) = -Oi' (5.6)
v' 1/'~'J'1l

Since «Xi )p, 1) is an integer this implies that

X;(l) ~ - OJ (mod 22m
), i = 1,2. (5.7)

Choose 1/11 as a nonprincipal character of P with I/I~ = 1/10' Then all
elements of order less than r' belong to the kernel of 1/1, and so

ai (1/11 - 1/10) = I~ I~p Xi (y )(1/I1(y) - l/Io(Y»

= I~I ~<;Xi(Y)(I/II(Y)- l/Io(Y»,
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(5.8)

(5.9)

(5.10)- 3 + EX3(/) = o.

where S is the set of all elements in P of order 2m
• As P is abelian no

element in S is conjugate to its inverse in G and so in particular no element
in S is inverted by a conjugate of II_ Hence (3.7) may be applied with U = S
and () = t/J, - t/Jo. By (5.5) and (5.6) with y = I = II

01 02 EX3(tr - 0
- 1+ X,(l) + X2(1) + X3(l) - ,

- 1 + oIX,(l) + 02X2(1) + EX3(1) = 0,

Suppose that X,(l) ~ 1 and X2(1) ~ 1. By (5.7) X,(l) ~ 15 and X2(1) ~ 15.
Hence (5.8) and (5.10) imply that 9E/X3(1)~ 13/15. Thus E = 1 and
X3(1):::S 10. By (5.9) X3(1) == 3 (mod 16) and so X3(1) = 3 contrary to (5.8).

Hence Xi (1) = 1 for i = 1 or 2. By (5.7) Oi = - 1 and so P is in the kernel

H of Xi by (5.6). Thus H is a proper normal subgroup of G and
OdH) ~ 0dG) = (1) and so by induction P <J H. Hence P <J G. The
remaining statements are immediate as O 2,( G) = (1). 0

6. Blocks with special defect groups

Given a block B with a defect group D it is of interest to obtain
information concerning the irreducible characters and irreducible Brauer

characters in B, the decomposition matrix, the Cartan matrix and perhaps
also the structure of certain modules and their sources. In case D is cyclic
this situation has been discussed in Chapter VII. If D is noncyclic then
virtually nothing is known for p odd, but much work has been done in case

D is a special type of 2-group. In this sort of work the principal block is
usually much easier to handle than a general block. The results of section 1
show, that given D, there are only a finite number of possibilities for
various numbers attached to B. Unfortunately the number of possibilities
can be very large even if D is not too complicated. Brauer [1964b] was the
first to make such investigations. He also used these to get information
about the structure of the group G as in the previous section. The
remainder of this chapter contains some further results of this sort. We will
here only mention some of the literature on this subject.

If B is the principal block and D is dihedral (including the 4-group as a
special case) see Brauer [1964b], [1966a]; Landrock [1976]; Erdmann
[1977b]. For the general case of D dihedral see Brauer [1971a], [1974b];
Erdmann and Michler [1977]; Donovan [1979]. For quasi-dihedral,
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quaternion and similar 2-groups see Brauer [1966a]; Olsson [1975], [1977];
Erdmann [1979b]; Kiilshammer [1980]. Olsson [1977] also has some results
for pI- 2. By using the classification of simple groups with an abelian
52-group, questions about the principal block in case D is abelian are
reduced to the study of groups of Ree type. For the study of these groups
see Fong [1974], Landrock and Michler [1980a], [1980b] . For the case of
ID I= 8 and B arbitrary see Landrock [1981].

In this section we will only prove some very elementary results which will
be needed for the next section. See Brauer [1964b].

LEMMA 6.1. Let G have a Srgroup P which is abelian of type (2,2). Then
either G has three or one conjugate class of involutions. In the former case G
has a normal 2-complement and the irreducible characters in the principal
2-block B o ofG are the four characters of degree 1 ofG/02,(G)= P. In the
latter case the principal 2-block B o contains exactly four irreducible charac­
ters Xo = 1, XI, X2, X:>· For u = 1,2,3 there exists Cu = ± 1 such that
Xu (y) = Cu for every 2-singular element y in G. Furthermore

Xu(l)~Eu (mod4) foru=I,2,3.

1+ c IXI(X) + C2X2(X) + C3X3(X) = 0

for any 2'-element x in G.

(6.2)

(6.3)

PROOF. If No (P) = Co (P) then G has a normal 2-complement by Burn­
side's transfer theorem and the result follows. Suppose that
No (P) I- Co (P). Then INo (P): Co (P) 1= 3 and G has only one conjugate
class of involutions. Let t be an involution in G. Then Co (t) has a normal
2-complement and so the principal Brauer character is the unique irreduc­
ible Brauer character in the principal block of Co (t). By (V.6.2) Xu (y) =
d:,o for all u. By (lV.6.2) 2::1=0' d:,oI2 = c~) = 4. Since Xu does not vanish on
all 2-singular elements d :'0 I- 0 for all u. As d :,0 is rational for all u and
d~) = 1, it follows that B o contains exactly 4 irreducible characters.
Furthermore cu =d:,o=±1 for all u. As 2:YEPXU(Y)~O (mod 4), (6.2)
holds. Equation (6.3) follows from (IV.6.3)(ii). 0

COROLLARY 6.4. Suppose that G has exactly one class of involutions in
(6.1). Then the notation can be chosen sothat C1 = 1, c:> = -1. In that case 1,
XI, C2X2 is a basic set for B oand the decomposition matrix and Cartan matrix
with respect to this basis are as follows.
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D =(~
0 n1

C=c
1 D=(1 +0,,).0 2

1 1 1

PROOF. Let x = 1 in (6.3) then the notation can be chosen so that £1 = 1
and £J = - 1. By (6.3) 1, XI, £2X2 is a basic set and D has the required form.
Thus C = D'D as required. 0

It is much more difficult to compute the decomposition matrix and
Cartan matrix with respect to the basic set consisting of the irreducible
Brauer characters. Landrock [1976] has done this and has shown that in
case G has exactly one class of involutions in (6.1) there are two
possibilities as follows.

D =(~
0

~),1

c=c
1

D1 2
0 1

D =(j
0

~),1 C2 D1 C = 2 2
0 2 1

(6.5)

(6.6)

Both of these cases occur infinitely often. A direct computation shows
that if q is a prime power and G = PSL2(q) then (6.5) occurs in case q == 3
(mod 8) and (6.6) occurs in case q == 5 (mod 8). If q == 3£ (mod 8) with
£ = ± 1 the.n

If 'Po, 'P" 'P2 are the irreducible Brauer characters in B o then 'Po(l) = 1 and

In either case B o is the unique 2-block of G of defect 2 and so contains all
the irreducible characters of odd degree.

7. Groups with a quaternion S r group

THEOREM 7.1. Suppose that 02,(G) = 0) and a Srgroup T of G is a
(generalized) quaternion group. Then the center of G has order 2.
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Brauer and Suzuki [1959] first proved (7.1). Proofs of (7.1) can also be
found in Suzuki [1959] and Brauer [1964b]. All of these proofs depend on
the theory of modular representations. It has been known for some time
that if IT I> 8 then one can give an elementary proof using only the theory
of ordinary characters. See e.g. Feit [1967c] Section 30. More recently
Glauberman [1974] has given a proof in case IT I= 8 which uses only
ordinary characters. The proof given here is that in Brauer [1964b]. It uses
results proved earlier in this chapter. See also Dade [1971b] for the results
in this section and the next.

PROOF OF (7.1). The proof is by induction on IG I. Let IT I= 2"· I with

T = (y, z Iy2" = 1, y2" 1= z\ Z-I yz = Y I).

Let t = y2"-1 = Z2 be the unique involution in T.
Suppose that it has been shown that t is contained in a proper normal

subgroup H of G. A Srgroup To of H contains only one involution and so
is either cyclic or a quaternion group. Furthermore 02,(H) <: 02,(G) = (1).

If To is cyclic then H has a normal 2-complement and so To <J H. Hence
To <J G and so (t) <J G. Thus t E Z, where Z is the center of G. If To is a
quaternion group then (t) <J H by induction and so t is the unique
involution in H. Hence (t) <J G and so t E Z. Hence t E Z in any case.
Since 02,(G) = (1) and (t) is the center of T it follows that (t) = Z. Thus it
suffices to show that t is contained in a proper normal subgroup of G.

Assume first that ITI > 8 and so n > 2. Let N = T and P = (y). Let U be
the set of all elements of order 2" or 2,,-1 > 2 in P. We will show that the
assumptions of (3.6) are satisfied with w = 1.

If s E U then Co (s) cannot contain a S2-group 0 f G since the center 0 f T
has order 2. Thus P is a Srgroup of Co (s) and since P is cyclic Co (s) has a
normaI2-complement. Hence A(Co (s)) = 2" = Ic...'(s) Iand w = 1. If sand
Sl are conjugate in G with s, s, E U then s, = Sk for some odd integer k.
Hence if x -I SX = s, then the 2'-factor of x commutes with s and so it may
be assumed that x is a 2-element. Thus (x, s) is a 2-grou p and so is a
subgroup of a quaternion group of order 2"4 '. Thus s, = s±' and (3.6)(i) is
satisfied.

Let if; denote a linear character of P with I/J(y) = \ / - 1. Let 8 = if; - 1.
Then 8 vanishes 0 n P - U. Hence (3.6) implies that

(a(8), a(8)) = (if; - 1, if; - 1 + if;z - 1) = 3.

Since a(8) is a column with integral coefficients this shows that there are
exactly 3 nonzero coefficients. No 2-element of G of order at least 4 is
inverted by any involution since an involution is in the center of any
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2-group which contains it. Hence (3.7) implies that (t) is contained in a

proper normal subgroup of G. .
Thus it may be assumed that n = 2 and T is the ordinary quatermon

group. The conjugate classes of T are represented by

1, t, y, z, YZ.

If no two distinct elements in the above list are conjugate then G has a
normal 2-complement by a theorem of Frobenius and the result is trivial.
Suppose that two of these elements are conjugate. Say x -\ yx = z. Thus

x-1Nc«y»x = Nc«z». Since T is a 5~-group of Nc«Y» and of Nc«z» it
may be assumed that x E Nc (T). Hence x induces an automorphism of
odd order of T and so x -I ZX = (yz )"'1. Thus G has only one conjugate class

of elements of order 4 as each of y, z, yz is conjugate to its inverse in T.
Furthermore any two elements of order 4 are conjugate in Cc (t).

The group C c (y) has a cyclic 5 2-group of order 4 and so has a normal
2-complement. Thus the principal Brauer character 'Ph is the only irreduc­
ible Brauer character in the principal block of Cc (y) by (lV.4.12). Let
X(y), bi; be the columns (Xu (y », (d ;~() respectively. By (lV.6.1) and (V.6.2)

X(y)=b{~. (7.2)

By the second main theorem on blocks (lV.6.1)

(bi;,bi;) = 4, (bi;, X(l» = 0, (7.3)

where x(1) is the column (Xu (1».
Let H = Cc (t)/(t). Then f = (9, z) is a 5 r group of H with 92 = Z2 = 1.

Furthermore H contains only one class 0 f involutions. Choose a basic set

l/fo = 1, l/fl, l/f2 for the principal block of H as in (6.4). Thus the Cartan
invariants are 1 + Dij. Then lpn, ~/I' l/f2 is also a basic set for the principal
block of Cc (t) but the Cartan invariants are twice those for H. Let {d~;} be
the set of higher decomposition numbers for this basic set and let b; be the
column (d~J Thus in particular

2

Xu (t) = L d~ilPi (1).
i=()

Furthermore

(b:, bJ) = c:j = 2(1 + Dij ),

(X (1), b:) = (bi;, b:) = 0.

(7.4)

(7.5)

(7.6)

For i = 0, 1,2 'Pi (1) is odd. If ( is an irreducible character of T then
(y) ~ (t) (mod 2). Thus Xu (y) ~ Xu (t) (mod 2) for all u. By (7.2) and (7.4)
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b~ + b~ + b~ + b~ ~ 0 (mod 2).

[7

Then VI, V2, V:J are columns with integral entries. By (7.3) (7.5) and (7.6)

(x (1), Vi ) = 0, (b~, Vi ) = 2, (Vi, Vi ) = 1 + 20ij •

Thus in particular each Vi has 3 nonzero coefficients and these are ± 1. A
coefficient 1 occurs in the first row corresponding to XO = 1. Choose the
notation so that the other two nonzero coefficients 0), O2 of VI occur in the

second and third row. It may also be assumed that the coefficients of biJ in
the first three rows are 1, 0 I, 0 as (b{;, V I) = 2.

If Vi for j = 2,3 has a nonzero coefficient in the second or third row it
follows from (VI, Vi) = 1 that VI - Vi has only one nonzero coefficient
contrary to (x(l), VI - Vi) = O. Hence the coefficients of V2 and V:J in the
second and third row vanish. Thus (7.2) and (7.4) imply that

where [ h means that we only look at the first three rows. Therefore

Hence

1 + OIXI(t)- 02X2(t) = O.

Since (x(l), VI) = 0 it follows that

1+ oIXI(I) + 02X2(1) = O.

(7.7)

(7.8)

No 2-singular element in G is the product of two involutions as t is the
unique involution in T. Hence if s is a 2-singular element
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as XLI ranges over all the irreducible characters of G. Thus by (IV.6.3)

L XLI (s}x&L = 0
\u ill /Jo XLI (1)

for all 2-singular elements. Let VI = (vLl ). Then VI is a linear combination of
the columns (XLI (s)) with sET - {I}. Thus

L VLlXLI (tl~ = o.
\u ill /J XLI (1)

Therefore

(7.9)

If (7.7) and (7.8) are substituted into (7.9) we see that

_§I{Xt(l) - XI_CDt = 0
xl(1){1 + oIXI(I)}

and so XI (1) = XI(t). Thus t is in the kernel H of XI. Since Xl -II it follows
that H-I G. 0

8. The Z*-theorem

If G is a group let Z(G) denote the center of G and let Z*(G) denote the
inverse image of Z(G/02,(G)) in G. If 02,(G)=(1) then of course
Z*(G) = Z(G).

THEOREM 8.1. Let t be an involution in G and let T be as 2- group of G which

contains t. The following are equivalent.
(i) x 1txt has odd order for all x E G.

(ii) No element in T - {t} is conjugate to t in G.
(iii) tEZ*(G).

This result, which is known as the Z*-theorem, is due to Glauberman
[1966a]. It is of vital importance for many results connected with the
classification of finite simple groups. Glauberman [1966b] has also used it
to derive some results about automorphism groups of simple groups. A
generalization is due to Goldschmidt [1971].

If T is a quaternion group then (8.l)(ii) is obviously satisfied. Thus (7.1)
is a direct consequence of (8.1). However (7.1) is needed for the proof of
(8.1). We will follow Glauberman's proof quite closely. We begin with a
well known result about involutions.
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By definition a dihedral group H of order 2 is defined for n > 1 by

H = (u, x Iu 2= X11 = 1, uxu = X-I).

Thus the noncydic group of order 4 is the dihedral group of order 4.

LEMMA 8.2. Let u I' v be involutions in G.' Let H = (u, v). Then the
following hold.

(i) 1H : (uv ) I = 2 and H is a dihedral group.
(ii) A 5 2-group of H either has order 2 or is a dihedral group.

(iii) If 4 {' IHI then u is conjugate to v in H.
(iv) If 411 H I then 'H: H'I = 4 and u is not conjugate to v in H.
(v) If 411 H 1then either IH' = 4 or 1Z(H)I = 2 and u, v are both not in

Z(H).

PROOF. (i) This follows as u -I(UV)U = VU = (uv rl.
(ii) Let x = uv and let x have order mn where m is odd and n is a

power of 2. Then (u, x ttl) is a 5 2-group of H. As ux ttl u = X-ttl it follows that
either x ttl = 1 or (u, x ttl) is a dihedral group.

(iii) As 4 {' 'H', (u) and (v) are 5 2-groups of H and so are conjugate in
H. Since u, v is the unique element of (u), (v) respectively of order 2 u is
conjugate to V.

(iv) (UV)2 = UVU -IV -I E H'. As 411 H I it follows that 1 H : «uv )2)/ = 4.
Since «UV)2) <J H this implies that «UV)2) = H'. Hence 1 H : H'/ = 4. Fur­
thermore uH' I' vH' and so v I' y I uy for any y E H.

(v) Let x = uv. Then x has order 2m for some integer m > O. Since
U-1XkU = x-k the only power of x in the center of H is the involution X111.

The result follows easily. 0

The next two results handle the simple implications in (8.1).

LEMMA 8.3. Conditions (i) and (ii) of (8.1) are equivalent.

PROOF. (i) ~ (ii). Suppose that X-I tx E T then x -I txt E T and x - I txt has
odd order. Thus x -I txt = 1 and so x -Itx = t- I = t.

(ii) ~ (i). Let x E G and let s = x-Itx. Suppose that st = x-Itxt has even
order. Thus 41' (s, t)'. By (8.2)(v) there exists an involution z I' s, t with z
in the center of (s, t). Let D be a 5 2-group of (s, t) which contains t. Then
zED and D is a dihedral group by (8.2)(ii). There exists y E (s, t) with
y-I sy ED. By (8.1)(iv) y Isyl't. Choose x E G with x 'Dx ~ T. Then
x-1txET and X-'(y-'sy)xET. Hence by assumption x-Itx=t=
x -I (y -I sy)x and so t = Y-I sy contrary to what has been shown above. D
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LEMMA 8.4. Condition (iii) of (8.1) implies conditions (i) and (ii).

PROOF. Clearly (8.1)(iii) implies (8.1)(i). The result follows from (8.3). D

In view of (8.3) and (8.4) the proof of (8.1) will be complete once it is
shown that (8.1)(i) implies (8.1)(iii). This will be done in a series of lemmas.

Throughout the rest of this section G is a minimal counterexample to the

assertion that (8.1)(i) implies (8.1)(iii).

Thus there exists an involution t E G with t~ Z*(G) such that x-'txt has
odd order for every x in G. Observe that every subgroup of G that
contains t satisfies (8.1)(i) and so does every factor group G/H where
t~H.

LEMMA 8.5. If H <J G then 02,(H) = (1).

PROOF. The minimality of G implies that 02,(G) = (1). Hence 02,(H) ~
02,(G) = (1). D

LEMMA 8.6. t is in the center of any 2-group which contains t.

PROOF. Let D be a 2-group with tED. If xED then x 'txt E D and
x-1txt has odd order. Hence x-'txt = 1. D

LEMMA 8.7. T contains an involution distinct from t.

PROOF. If the result is false then T is either cyclic or a quaternion group. If
T is cyclic then G has a normal 2-complement. Thus G = T by (8.5) and
the result is trivial. If T is a quaternion group then t E Z*( G) by (7.1). D

LEMMA 8.8. Let X be an irreducible character in the principal 2-block of G.
Let s be an involution in G which is not conjugate to t. Then there exists a

conjugate So of s with x(ts) = X(ts o) and So E Cn (t).

PROOF. By (8.2)(iii) st has even order. Let z be the involution which is a
power of st. Let To be a 5 2-group of (s, t) with t E To. By (8.2) (ii) To is a
dihedral group. B)~ (8.6) z, t are both in the center of To. Thus ITo I= 4 by
(8.2) (v). Let So be a conjugate of s in (s, t) which lies in To. Then so ~ z, t,

so E Cn (t) and z = tso.
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Since st = yz = zy where y has odd order it follows from (V.6.3) applied
to Cn (x) that

X(ts) = X(zy) = X(z) = X(tso). 0

LEMMA 8.9. Let s be an involution in G which is not conjugate to t. Let S', t '
be conjugates of s, t respectively in G. Let X be an irreducible character in the
principal 2-block of G. Then x(ts) = X(tIS').

PROOF. If t ' = x-1tx then t's ' = x-l(txs'X-I)X. Thus it may be assumed that
t' = t as X is a class function on G. By (8.8) there exist conjugates so, s(J of s
in Cn (t) such that

x(ts) = X(tso), X(ts ' ) = X(ts(J). (8.10)

Let X-I S (Jx = so. Then t, x -I tx are both in Cn (so). By assumption x -I txt
has odd order and so by (8.2)(iii) there exists y E (t, x 1tx >~ C n (so) with
y -I ty = X-I tx. Thus yx -I E C n (t). Therefore

(yx-1fl(tso)(yx- l
) = t(yx-1flso(yx- l) = txsox- I = tS(I.

Hence X(tso) = X(ts(J) and the result follows from (8.10). 0

LEMMA 8.11. Let s be an involution in T with s~ t. Let X be an irreducible
character in the principal 2-block of G with X~ 1. If x(s)~o then
X(t) = - X(l).

PROOF. By (8.3) s is not conjugate to t in G. Let Co, C 1, ••• be all the
conjugate classes of G where Co = {I}, t E C 1, S E C2 • Let C = 2:xECi X in
the complex group algebra of G. Let Cl:;2 = 2:aj¢. Thus

IC l II C 2 1= 2: aj ICi /.
f

(8.12)

Let Xj E Ci for all j. If w is the central character corresponding to X then
w(Ci)=ICilx(xj)/x(l). Thus

IC1Ix(t) IC2 Ix(s)= 2: a lCilx(xj)
X(l) X(l) j J X(l) .

For x E G define a(x) =-X(x)/X(l). By (8.9) X(xj) = X(ts) whenever aj~ o.
Hence

I C 1Ia (t) 1C2 1a (s ) = 2: aj I Ci 1a (ts ) = a (ts) 2: aj I Ci I·
. .



8] THE Z *-THEOREM 475

Thus (8.12) implies that

a(t)a(s) = a(ts).

Since t E Z(T) by (8.6), ts is an involution in T with ts ~ t. The argument
above applied to ts yields that a(t)a(ts) = a(s). Hence

a(t)2a (s) = a(t)a(ts) = a(s).

Now suppose that X(s) ~ 0 and X~ 1. Then a (s) ~ 0 and so a (t)2 = 1.
Hence a(t) = ± 1. Thus X(t) = ±X(I). Suppose that X(t) = X(I). Then t is
in the kernel H of X. As X~ 1, H~ G. Thus the minimality of G implies
that t E Z*(H). By (8.5) Z*(H) = Z(H) and so t E Z(H). Let x E G. Then
x -} tx is an involution in H. Therefore (x -} txt)2 = 1. Thus x - I txt = 1 as

x I txt has odd order. Consequently t E Z(G). D

PROOF OF (8.1). By (8.7) T contains an involution s~ t. By (8.3) s is not
conjugate to t in G. By (lV.6.3)

0= L X" (s)X" (t) = L X" (s)X" (1)
u u

where X" ranges over all the irreducible characters in the principal 2-block
of G. Thus (8.11) implies that if XO = 1 then

2 = Xo(s)(Xo(t) + 1) = L X" (s)(X" (t) + X" (1))
u

= Lx" (s)x" (t) + Lx" (s)x" (1) = o.
Ll Ll

This contradiction completes the proof. D
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Green correspondence, 113
Grothendieck algebra, 92
group algebra, 4
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Hall-Higman Theorem B, 309
H-conjugate, 123
height, 151
Hensel's Lemma, 40
higher decomposition number, 172

with respect to a basic set, 451
Higman's Theorem, 89

idempotent, 1
centrally primitive, 1
primitive, 1

inertia group
of a block, 195
of a character, 195
of a module, 86

inertial index, 235, 272
intertwining number, 53
invariant,82
inverse endomorphism ring, 4

Jacobson radical, 18
Jordan-Holder Theorem, 3

kernel,86
kernel of a block, 154
Krull-Schmidt Theorem, 37

linked idempotents, 45
local ring, 33
lower defect group, 241

associated to a section, 243

Mackey decomposition, 85
Mackey tensor product theorem, 85
major subsection, 230
Maschke's Theorem, 91
McKay conjecture, see Alperin-McKay
metric

complete, 31
complete on modules, 31
defined on a module, 29
equivalent metrics, 29

module
absolutely indecomposable, 72
absolutely irreducible, 7 I
A-faithful,17
algebraic, 93
Artinian,6
B-projective, II
compatible endo-permutation, 409
complete, 29
completely reducible, 15

decomposable, 2
dual,46
endo-permutation, 407
endo-trivial,407
faithful,86
finitely generated, 1
free, 2
f)-pro jective, 93
indecomposable,2
induced,80
injective, 50
irreducible,2
irreducibly generated, 95
left, 1
left Artinian, 6
left Noetherian, 6
left regular, 2
Noetherian, 6
of quadratic type, 188
of symplectic type, 188
periodic, 96
permutation, 405
principal indecomposable, 42
principal series, 427
projective, 8
reducible, 2
regular, 2
relatively injective, 50
relatively projective, 11
serial,58
torsion free, 64, 65
transitive permutation, 405
two-sided, 5
uniserial,58

multiplicity of a lower defect group, 243

Nakayama's Lemma, 31
Nakayama relations, 99
nil ideal, 19
nilpotent ideal, 19
nonsingular element in HomR(A, R), 49
normal series, 3

factors of, 3
proper refinement of, 3
refinement of, 3
without repetition, 3

orthogonal idempotents, 1

p-conjugate characters, 177
P-defective, 124
{Hadical group, 266
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p-rational character, 178
p-section, 172
7T-height, 227
1T-section, 216
primitive ideal, 17
principal block, 154

Brauer character, 154
character, 154

projective resolution, 95
pure submodule, 64, 65
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Schur's Lemma, 23
Second Main Theorem on blocks, 172
section, 172
semi-simple, 19
socle, 16
source, 113
splitting field of an algebra, 53

of a module, 53
subsection, 230

with respect to a basic set, 451
symmetric element in HomR(A, R), 49

quasi-regular, 18

radical
of a module, 16
of a ring, 18

ramification index, 69
of a module, 101

real stem, 307
regular block, 199
representation, 74

equivalent representations, 74
representation algebra, 92
representation group of a character, 414
Reynold's ideal, 258

Schanuel's Lemma, 9
Schreier's Theorem, 3
Schur index, 185

Third Main Theorem on blocks, 207
trace, 87

relative trace, 87
trace function, 74
type of block, 453

for an element, 453
for a subsection, 453
same, 453

Type Llp), 347

underlying module, 74
unique decomposition property, 37

vertex, 112

weakly regular block, 199
width, 252




