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PREFACE

Ordinary characters of finite groups were first defined by Frobenius in
1896. In the next 15 years the theory of characters and complex representa-
tions was developed by Frobenius, Schur and Burnside. During this time
L. E. Dickson [1902], [1907a], [1907b] considered representations of
groups with coeflicients in a finite field. He called these modular represen-
tations and showed that if the characteristic p of the coefficient field does
not divide the order of the group G then the methods used for complex
representations of G can be used without any essential changes. If however
p does divide the order of G Dickson showed that the theory is quite
different. He proved that the multiplicity of any irreducible representation
as a constituent of the regular representation of G is divisible by the order
of a Sylow p-group.

Apparently no one considered modular representations after Dickson
until Speiser [1923] studied the connnection between ordinary and modular
representations. He showed that if the characteristic p of the finite field
does not divide the order of the group G then the modular representations
of G can be derived from the ordinary representations by reduction
modulo a prime divisor of p in the ring of integers in a suitable number
field.

The subject was then dormant until Brauer [1935], at the suggestion of
Schur, showed that the number of absolutely irreducible representations of
a finite group over a field of characteristic p is equal to the number of
p'-classes of G. Shortly thereafter it was realized that before one could get
at the deeper properties of modular representations of finite groups, it was
necessary to study ring theoretic properties of group algebras. This work
was begun by Brauer and Nesbitt [1939a], [1939b], and independently by
Nakayama [1938]. During the next 10 to 15 years the theory of modular
representations was developed by Brauer, Osima and others. Amongst
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other things Brauer [1941c] gave a complete description of the ordinary
and modular characters in a block of defect 1.

It was characteristic of Brauer’s work that once he had established the
basic properties of projective modules he avoided modules and representa-
tions whenever possible and tried to deal only with characters. However in
his work on blocks of defect 1 he found it necessary to use some delicate
arguments concerning representations. Using a result of D.G. Higman
[1954] as his starting point, Green [1959a], [1962b] introduced a new point
of view into the subject which emphasized the study of modules. Thomp-
son [1967b] showed how this point of view could lead to a generalization of
Brauer’s work which would handle blocks with a cyclic defect group. This
was then done in full generality by Dade [1966)].

I gave a course on modular representations during the academic year
1968-9. At that time no book on the subject existed and I wrote some
lecture notes which constitute roughly the first five chapters of this book. A
second set of notes, covering roughly Chapters VI-XI, appeared almost a
decade later. The delay was at least partly due to the fact that the material
on blocks with a cyclic defect group was in a form that did not lend itself
easily to exposition. During the intervening time some simplifications and
generalizations have been found and this material is presented in Chapter
VIL

This book is meant to give a picture of the general theory of modular
representations as it exists at present. It does not include material
concerning modular representations of specific classes of groups such as
symmetric groups or groups of Lie type. The first six chapters should be
read more or less in order, though some results are not needed until much
later in the book. The last six chapters are essentially independent of each
other except that the material in Chapter VIII is based on the results of
Chapter VIIL.

Lectures on this material and circulation of these notes have elicited
valuable advice from colleagues and students. I wish to express my thanks
to M. Benard, E. Cline, E.C. Dade, L. Dornhoff, D. Fendel, R. Gordon,
M. Isaacs, W. Knapp, M. Schacher, P. Schmid, L.L. Scott, G. Seligman, R.
Steinberg, T. Tamagawa, Y. Tsushima, A. Watanabe and W. Willems for
suggesting many improvements and corrections.

Above all I owe a great debt to H. Blau, D. Burry, J.H. Lindsey II and
D. Passman. Passman read an early version of the notes which appeared in
1969. Blau and Burry read the first seven chapters of the manuscript and
Lindsey read Chapters VII-XI. They have all made innumerable valuable
and pertinent comments and their critical scrutiny has brought many errors
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and obscurities to light. The impact of their suggestions can be seen
throughout the book. Most especially is this the case in Chapter VII which
has benefited greatly from many improvements suggested by Blau, Burry
and Lindsey, and Sections 6 and 7 of Chapter V which are based to a large
extent on Blau’s suggestions.

Finally it gives me great pleasure to thank Ms. Donna Belli for her
unfailing patience while transforming my handwriting into a superbly typed
manuscript.

A remark about notation. (IV.a.b) for instance denotes the assertion in
Chapter IV, Section a, designated as Lemma, Theorem, Corollary or
equation a.b. However references to thisstatement in Chapter IV itself will
simply by denoted by (a.b). The symbol [] always indicates the fact that a
proof is complete. All references in the text are given by author, date and
possibly a letter, such as Brauer [1942a], and may be found in the
bibliography.

W. Feit
September, 1980
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CHAPTER 1

1. Preliminaries

The purpose of this chapter is to provide the background from ring
theory which is needed for the study of representations of finite groups. No
attempt will be made to prove the most general results about rings. Most of
this material can be found in one or more of the books listed at the end of
this section.

We assume that the reader is familiar with basic properties of rings and
modules. In this section we will introduce some terminology and conven-
tions and state without proof some of the basic results that are needed.

Throughout these notes the term ring will mean ring with a unity
element. All modules are assumed to be unital. In other words if V is an A
module for a ring A thenv-1=v forall vE V.

Let A be a ring.

Anelement e in A is an idempotent if e’ = ¢ #0. Two idempotents e, e,
are orthogonal if e, e; = e,e; =0. An idempotent e in A is primitive if it is
not the sum of two orthogonal idempotents in A. An idempotent e in A is
centrally primitive if e is in the center of A and e is not the sum of two
orthogonal idempotents which are in the center of A.

An A module will always be a right A module. It will sometimes be
necessary to refer to left A modules or two sided A modules. In these
latter cases the appropriate adjective will always be present. Results will
generally be stated in terms of modules. It is evident that there always exist
analogous results for left modules.

Let V be an A module.

A subset {v;} of V generates V if V = 2uv,A. V is finitely generated if a
finite subset generates V.

{v:} is a basis of V if
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() {v;} generates V.

(ii) If 2va =0 for a, € A then a;, =0 for all i.

If V has a basis then V is a free module. The term A -basis and A -free will
be used in case it is not clear from context which ring is involved.

The regular A module A, is defined to be the additive group of A made
into an A module by multiplication on the right. The left regular A module
A is defined similarly. Right ideals or left ideals of A will frequently be
identified with submodules of A. or left submodules of .A.

We state without proof the following elementary butimportant results.

Lemma 1.1. An A module is free if and only if it is a direct sum of
submodules, each of which is isomorphic to A..

LeEmMMA 1.2. A finitely generated free A module has a finite basis.

LEMMA 1.3. An A module V is the homomorphic image of a free A module.
If Vis finitely generated it is the homomorphic image of a finitely generated
free A module.

At times it is convenient to use the terminology and notation of exact
sequences. In this notation Lemma 1.3 would for instance be stated as
follows.

LemMma 1.4. If Vis an A module then there exists an exact sequence
0-W->U—->V-=>0

with U a free A module. If V is finitely generated then there exists such an
exact sequence with U finitely generated.

If V=V, YV, for submodules V,, V, then V, or V,isa component of
V. If U is isomorphic to a component of V we will write Ul V. Vis
indecomposable if (0) and V are the only components of V. V is
decomposable if it is not indecomposable.

If m is a nonnegative integer then mV denotes the direct sum of m
modules each of which is isomorphic to V. Thus (1.1) and (1.2) assert that a
finitely generated A module is free if and only if it is isomorphic to mA .
for some nonnegative integer m.

Let V# (0). V is irreducible if (0)and V are the only submodules of V. V
is reducible if it is not irreducible. Note that (0) is neither reducible nor
irreducible.
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If (0)C V,C V,C V are A modules then V,/V, is a constituent of V. If
V,/V, is irreducible it is an irreducible constituent of V.

A normal series of V is an ordered finite set of submodules (0) = V,C
-+-C V, = V. The factors of the normal series (0)= V,C---C V, = V are
the modules V., \/ V..

The normal series (0)= W,C---C W, =V is a refinement of the
normal series 0 = V,C --- C V, = V if there exists a set of indices 0 < J, <
-+ <j,=<m such that V, = W,. The refinement is proper if m > n.

A normal series without repetition is a normal series in which (0) is not a
factor.

A composition series is a normal series without repetition such that every
proper refinement is a normal series with repetition.

Two normal series of V are equivalent if there is a one to one
correspondence between the factors of each such that corresponding
factors are isomorphic.

The following result is evident.

LEMMA 1.5. A normal series is a composition series if and only if each of its
factors is irreducible.

The next two results are the basic facts concerning normal series. They
are stated here without proof.

THEOREM 1.6 (Schreier). Two normal series of V have equivalent refine-
ments.

TueoreM 1.7 (Jordan-Hédlder). If V has a composition series then any two
composition series are equivalent.

Let R be a commutative ring. A is an R-algebra if

(i) A is an R module and A is a ring.

(ii) (ab)r = a(br)y=(ar)b for all a,bE A, rER.

A is a finitely generated R-algebra if A is an R-algebra and is finitely
generated as an R module.

A is afree R-algebra if A isan R-algebra and is free as an R module.

It follows directly from these definitions that if A is an R-algebra then
br=(0-r)b for reR, be A. If A is a free R-algebra then the map
sending r to 1 - r is an isomorphism of R into the center of A. In this case
we will generally identify R with a subring of the center of A. If R is a field
then clearly every R-algebra is a free R-algebra.
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Let R be a commutative ring and let G be a finite group. Let

R[G]:{‘;erxlxeG}

where

Drx x> sx = (. £s)x
(Emc)(Zs,x): S rsay =3 (3 sz

xyEG z€G \yEG

Then R[G] is the group algebra of G over R. It is clear that R[G] is a free
R-algebra.

Books

E. Artin, C. Nesbitt and R. M. Thrall, Rings with Minimum Condition, University of
Michigan, 1944.

N. Bourbaki, Algébre, Hermann, Paris.

H. Cartan and S. Eilenberg, Homological Algebra, Princeton University, 1956.

C. W.Curtis and I. Reiner, Representation Theory of Finite Groups and Associative Algebras,
Interscience, 1962.

N. Jacobson, Structure of Rings, A.M.S. Colloquium Publications, vol. 37, 1956.

O. Zariski and P. Samuel, Commutative Algebra, Van Nostrand, New York, 1958.

2. Module constructions

Let A be a ring and let V, W be A modules.

Hom, (V, W) is the additive abelian group of all homomorphisms from
V to W. The same notation will be used in case V, W are left A modules.
Under suitable hypotheses Hom. (V, W) can be made into an A module
or a left A module. The same notation will be used to denote this module.
The context should prevent any possible confusion from arising.

If f € Hom, (V, W) then the image of v under f will be denoted by fov. If
V, W are left A modules this image will be denoted by vf. Thus if v € V,
a € A then (fv)a = f(va), a(vf)=(av)f if V is a module, left module
respectively.

EA (V) denotes the ring of endomorphisms of V. Thus V is a left E. (V)
module. Similarly if V is a left A module then V is an E. (V) module. The
ring EA (V) is sometimes called the inverse endomorphism ring of V.

Let V., AV denote the fact that V is an A module, left A module
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respectively. If B is another ring let 4V, denote the fact that V is a left A
module and a B module such that (av)b = a(vb)fora€ A, bE B,veE V.
Under these circumstances V = .V, is a two sided (A, B) module. If
A =B then V=,V, is a two sided A module.

An ideal of A always means a two-sided ideal of A. It is frequently
convenient to identify ideals of A with two-sided submodules of 1 Aa.

Let A, B be rings. Let a € A, b€ B. Let fEHom. (V, W) and let
vE V, w € W then the following hold.

LEMMA 2.1. V., &AWy is a B module with (v @ w)b = v & wb.
LEMMA 2.2. 5VA QiAW is a left B module with b(v @ w) = bv @ w.
LEMMA 2.3. Homa (A Vs A W) is a left B module with v(bf)= (vb)f.
LEMMA 2.4. Homa (sVa, W) is a B module with (fb)v = f(bv).
LEMMA 2.5. Homa (V. sWa) is a left B module with (bf)v = b(fv).
LEMMA 2.6. Homa (.AV, A W,) is a B module with v(fb) = (vf)b.

In particular (2.5) implies
LEmMMA 2.7. Homa (Vi aAL) is a left A module with (af)v = a(fv).

If A isa R-algebra where R is a commutative ring then any A module is
both a left and right R module. Thus (2.3) implies

LeEmMMA 2.8. If R is a commutative ring and A is an R -algebra then for any
A module V, Homr (V, R) is a left A module with v(af) = (va)f.

3. Finiteness conditions

Let A be aring and let V be an A module.

V satisfies the ascending chain condition or V satisfies A.C.C. if every
ascending chain of submodules contains only finitely many distinct ones.

V satisfies the descending chain condition or V satisfies D.C.C. if every
descending chain of submodules contains only finitely many distinct ones.

The next two results are well known.
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LEMMA 3.1. Let V be an A module. The following statements are
equivalent.
(1) V satisfies A.C.C.
(1) Every nonempty setof submodules of V contains a maximal element.
(i) Every submodule of V is finitely generated.

LEMMA 3.2. Let V be an A module. The following statements are
equivalent.

(1) V satisfies D.C.C.

(ii) Every nonempty set of submodules of V contains a minimal element.

LEmMmA 3.3. Let V,, V,, W be submodules of V. If Vi+ W C V,+ W and
V] n Wg Vzﬂ Wthen Vz,z V|.

PRrROOF. Suppose that V,C V,. Choose v € V,, v& V,. Thusv € V, + W C
V,+W and so v = v,+w with v, € V,, w € W. Hence

U_Uzzwevlm WQVZQ WQVZ

Thus v € V, contrary to the choice of v. I

LEMMA 3.4. Let W be a submodule of V. If W and V/W both satisfy
A.C.C. or D.C.C. then so does V and conversely.

Proor. The converse is clear.

Suppose that W and V/W satisfy A.C.C. (D.C.C.). Let {Vi} be an
ascending (descending) chain of submodules of V. Then {V. N W} and
{(V: + W)/ W} are ascending (descending) chains of modules. Hence there
are only finitely many distinct modules in {V, N W} and {V, + W}. If
VVNW=V,NWand V,+ W=V, + W then by (3.3) V. =V, since {V,}
is a chain. Thus {V.} contains only finitely many distinct modules. (]

The ring A satisfies A.C.C. or A is Noetherian if A, satisfies A.C.C. The
ring A satisfies D.C.C. or A is Artinian if A, satisfies D.C.C. Left
Noetherian and left Artinian are defined analogously.

LEMMA 3.5. Let V be a finitely generated A module. If A satisfies A.C.C. or
D.C.C. so does V.

PrROOF. Since mA./A. =(m —1)A, it follows by induction and (3.4) that
a finitely generated free A module satisfies A.C.C. or D.C.C. if A does.
The result follows from (1.3) and (3.4). (]
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Although on occasion it may not be necessary to invoke either chain
condition, the main object of this chapter is the study of finitely generated
modules over rings which satisfy either A.C.C. or D.C.C. and (3.5) will be
used continually.

CoROLLARY 3.6. Let R be a commutative ring and let A be a finitely
generated R -algebra. If R satisfies A.C.C. (D.C.C.) then A satisfies A.C.C.
and left A.C.C. (D.C.C. and left D.C.C.).

Proor. Since R is commutative this follows from (3.5). [

LemMma 3.7. V has a composition series if and only if V satisfies both A.C.C.
and D.C.C.

ProoF. Suppose that V satisfies both A.C.C. and D.C.C. The set of
submodules which have a composition series contains (0) and so is
nonempty. Thus there exists a submodule W maximal among submodules
which have a composition series. If W# V choose U minimal with the
property that W C U. Thus U/W is irreducible and U has a composition
series contrary to the choice of W. Thus W = V as required.

Suppose that V has a composition series with n factors. By Schreier’s
Theorem (1.6) any chain of submodules contains at most n distinct ones.
Thus V satisfies A.C.C. and D.C.C. [

Lemma 3.8. If V satisfies either A.C.C. or D.C.C. then V is a direct sum of
a finite number of indecomposable modules.

PrOOF. Suppose that V satisfies A.C.C. Let { Vi} be the set of submodules
of V such that V/V, is not the direct sum of a finite number of
indecomposable modules. If the result is false (0) is in this set and hence it
is nonempty. Let W be maximal in this set. Thus V/W is decomposable.
Hernce there exist submodules W,, W, of V with W C W,, W C W, and
VIW = W,/W @ W,/W. The maximality of W implies that each of
W /W = V/W,and W,/W = V/W, is the direct sum of a finite number of
indecomposable modules. Thus so is V/W contrary to the choice of W.

Suppose that V satisfies D.C.C. If the result is false choose W minimal
among those submodules of V which are not the direct sum of a finite
number of indecomposable modules. Then W =W, W, for some
W, # (0), W, # (0). Hence each of W, and W, is the direct sum of a finite
number of indecomposable modules. Therefore so is W contrary to the
choice of W. [J
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CoRrOLLARY 3.9. Suppose that A satisfies either A.C.C. or D.C.C. Let V be
a finitely generated A module. Then V is the direct sum of a finite number of
indecomposable modules.

Proor. Clear by (3.5) and (3.8). [J

4. Projective and relatively projective modules

Throughout this section A is a ring which satisfies A.C.C.

All the results in this section will be stated in terms of finitely generated
modules. This is all that will be required in the sequel. However it is
well-known that analogous results hold for arbitrary modules even if A
does not satisfy any chain condition.

A finitely generated A module P is projective if every exact sequence

0>W—->V->P->0

with V, W finitely generated A modules is a split exact sequence.
We state without proof the following basic result.

THEOREM 4.1. Let P be a finitely generated A module. The following are
equivalent.
(i) P is projective.
(i) P | V for some finitely generated free A module.
(i11) Every diagram
P

l
U—V—0

with U, V finitely generated A modules in which the row is exact can be
completed to a commutative diagram

P
a
U—-V—-0.

CoroLLARY 4.2. If V.V, V, are finitely generated A modules with V =
Vi@ V, then V is projective if and only if V, and V., are projective.

Proor. Clear by (4.1) (ii). O
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LEmMA 4.3 (Schanuel). Suppose that P, and P, are finitely generated
projective A modules and the following sequences are exact

0— W, 5P, v—0

0— W, -5 P,-% V-0

with W, W,, V finitely generated A modules. Then P, W, = P, P W,.

Proor. Let U be the submodule of P, P, defined by
U= {(ul’ uz)' Liu, = tz“z}.

Define g : U — P, by g(ui, u;) = u,. Thus g isan epimorphism with kernel
{(0, uz)l u; € fo(Wy)} = W,. Hence U= P, P W, since P, is projective.
Similarly U =P, W,. O

LEMMA 4.4. Let P be a finitely generated projective A module. Suppose that
U, V, W are finitely generated A modules and

0-U-LVvV-"5wW—o0

is exact. Then there is an exact sequence of abelian groups
0— Hom, (P, U)— Hom, (P, V)— Hom, (P, W)—0.

If A is an R-algebra for some commutative ring R then this is an exact
sequence of R modules.

Proor. For h € Hom, (P, V) let s(h)=th € Hom, (P, W). Then s is a
group homomorphism and s is an R-homomorphism in case A is an
R-algebra. The kernel of s is clearly Hom . (P, f(U)) = Homa, (P, U). Since
P is projective (4.1) (iii) implies that s is an epimorphism. [J

Let B be a subring of A with 1 € B. For any A module V let V, denote
the restriction of V to B. Write Ay = (Aa)s. If V=V, is any B module
then by (2.1) Vs Qs sAa is an A module.

LEMMA 4.5. Let B be a subring of A such that ,A is a finitely generated free
left B module and Ay is a finitely generated free B module. Let V be a finitely
generated A module. Then there exists an exact sequence
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0—> W - Vi ® sAs —> Vo0

B

such that

0— W, L’ (Vu ® HAA) _!> Vi—0
B

B

is a split exact sequence. If furthermore Vy is a projective B module then W)
is a projective B module.

Proor. Let {y,...,y.} be a basis of zA. Then

\7 @BAA ={; v.®y. ’U,- (S V}

and 27_,v, ®y, =0 if and only if v, =0 for i =1,..., n. Define
W:{;U,‘®y; Zv,y;:()}.

If Vy is a projective B module then since Ay is free it will follow by (4.2)
and the first part of this result that W, is projective. Define f by
f(Z, v ®@y)=2_ vy. Let h be the identity map on W.

If a€ A then ya=Z by, fori=1,...,n, b; €B. Thus

f(Zu®n)=Fova=3 Soby = (33 b @)

i=1j-1 i=1]

=1( 20 @2 by)=f(Z 0 @va).
Hence f is an A-homomorphism. Clearly W is the kernel of f.
Let 1 = 2:‘:] Ciy,’ Wlth Ci (S B Deﬁne g N Vu —)(Vy ®HAA)U by gl) =
2Zi-ive @yi. If b €B then

(gv)b = (Zve;@yi)b = v®2:]c.y,-b= v®ch,-y.-

- 2 vbe; @ y: = g(vb).

Thus g is a B-homomorphism. Since fgv = v for v € V it follows that f is
an epimorphism, g is a monomorphism and g(Vy)N Wy =(0). It only
remains to show that (Vi QusuAi)s = Wi + g(Vi). This follows from the
fact that if w € (Vs RusAa)s then f(w —gfw)=0and so w — gfw € W,
while w = (w —gfw)+gfw. O ’

Let B be a subring of A with 1 € B such that B satisfies A.C.C. and sA
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and A; are finitely generated as left and right B modules respectively. A
finitely generated A module P is projective relative to B or simply

B-projective if for every pair of finitely generated A modules W, V the
exact sequence

0->W—>v-55pP>0
splits provided

0— Wy > Vi —> Pg =0
is a split exact sequence.

LemMMA 4.6. Let B be a subring of A with 1€ B such that B satisfies
A.C.C,, Ag is a finitely generated free B module and A is a finitely
generated left B module. Let V be a finitely generated A module. Then V is
projective if and only if Vs, is a projective B module and V is B -projective.

Proor. Clear by definition and (4.1). O

CoROLLARY 4.7. Let A be a finitely generated algebra over a field F. Let V
be a finitely generated A module. Then V is projective if and only if V is
F-projective.

Proor. Clear by (4.6). [

THEOREM 4.8. Let B be a subring of A with 1€ B such that B satisfies
A.C.C., Ay is a finitely generated free B module and A is a finitely
generated free left B module. Let P be a finitely generated A module. The
following are equivalent.

(1) P is B-projective.

(i) P| Py QusAn.

(i) P ‘ W Qg sAx for some finitely generated B module W.

(iv) Every diagram

P

| g

U-5V-—0

with U, V finitely generated A modules in which the row is exact can be
completed to a commutative diagram
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P

e

U -5 V— 0
provided there exists a commutative diagram

Py

/L

Uy - Ve — (.

PROOF. (i) = (ii). Clear by (4.5).

(if) = (iti). Trivial

(iit) = (iv). Suppose that U, V are finitely generated A modules such
that the row in the following diagram is exact

P

lg
U-5V—0

and

Py

|

UH_[‘) VB—*O

is commutative. Let W ®p A4 = P P’ and define g, hoby go(u + u’) =
8u, ho(u + u')y= hu for u € P, u'€ P’. Let Y15 ¥2,-..,y. be a B-basis of ,A.
Define f: W®;zA, - U by f(2/_, w, Ry)=2_, ho(w: ® 1)y, where
w, € W. We show that f is an A-homomorphism. Let a € A with
via =2 b;y;, b; € B. Then '

"

f(;_,: W,-®yia):

i=

I n

E‘_/ Z ho(w.b; @ 1)y;

t=1j=1

; ; wib, YJ'> =

A
2:; ; ho(w: @ 1)b,y; = 2 ho(w: @ 1y.a

i

:f<2 W.-®y,) a.
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Now by definition

tf(z W, ®y.~) = Z tho(ws @ 1)y,

:21 go(w: @1)y: = go (Z wi ®Yi) :

Hence if f also denotes the restriction of f to P the diagram

b
U -5 v—o0

is commutative as required.
(iv) = (i). Suppose that V, W are finitely generated A modules such
that

0—>W->v-.5P0
1s exact and
0— Wy - V, -5 Py >0

1s a split exact sequence. Hence by assumption there exists a commutative

diagram
/ ‘|

—>P~—>O

where fgw = w for w € P. Thus g is a monomorphism and g(P) N h(W) =
0). If v € V then fv = fgfv. Hence

v=(v—gfo)+gfo ER(W)+g(P)
Thus V=h(W)PHg(P). U
CoroLLARY 4.9. Suppose that A, B satisfy the assumptions of (4.8). Let

V, V., V, be finitely generated A modules with V=V, V,. Then V is
B-projective if and only if V, and V, are B-projective.

Proor. Clear by (4.8) (iii). [
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CoroLLARY 4.10. Suppose that A, B satisfy the assumptions of (4.8). Let P
be a finitely generated A module such that Pg is B-free. The following are

equivalent.

(i) P is B-projective.

(it) For every pair of finitely generated A modules W, V with W5, Vj
finitely generated projective B modules the exact sequence

0-W-—->v-L5Ps0
splits provided

0— W -'> Ve -1 Py —0
is a split exact sequence.

Proor. (i) > (i1). Clear.
(i) > (i). Since (Ps ®ssAa4)s is a projective B module (4.5) implies
that P | Ps ®s5Aa. Thus by (4.8) P is B-projective. [J

LEmMMA 4.11. Suppose that A, B satisfy the assumptions of (4.8). Let S be a
subset of B such that AS = SA. If Pis an A module then PS is an A module.
If, furthermore P is B-projective then PS and P/PS are B-projective.

ProoF. By definition PSA = PAS =PS and so PS is an A module.
Suppose that P is B-projective. By (4.8) Ps QssAs =P’V where
P'=P. Then

P'SPVS=P' PV)S= (PB (? BA,‘) S=PSs (? sAa.
Thus PS = P'S is B-projective by (4.8). Furthermore
| PIP'SPGVIVS =P + V)I(P' +V)S
=Ps (? 8AA [ PSs (38 8As =(P/PS)s (38 sAa.
Hence P/PS = P'/P'S is B-projective by (4.8). U

Observe that if R is a commutative ring which satisfies A.C.C., G is a
finite group and H is a subgroup of G then A = R[G] and B = R[H]
satisfy the hypotheses of (4.5)-(4.11).
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5. Complete reducibility

Let A be aring and let V be an A module.
V is completely reducible if every submodule of V is a component of V.

LemMa 5.1. Let V be completely reducible. Then every homomorphic image
of Vis isomorphic to a submodule and every submodule of V is isomorphic to
a homomorphic image.

Proor. If WCV let V=W@PW'. Then W=V/W' and V/W=
w. O

LEmMA 5.2. If V is completely reducible then so is every submodule and
every homomorphic image of V.

Proor. Let U = V/W. Let U, C U. Then there exists a submodule V, of V
with W C V, such that U,= V,/W. Choose V, with V=V, V.. Then
U=U&((V.+ W)/W.Thus U is completely reducible. The result follows
from (5.1). U

LeEmMMA 5.3. If V is completely reducible and V # (0) then V contains an
irreducible submodule.

PrOOF. Let v € V, v# 0. By Zorn’s Lemma there exists a submodule W of
V maximal with the property that vZ W.Let V= WP W' If W' is not
irreducible then W' = W, W, for nonzero submodules W,, W, of V.
Since (WH W)N (WP W,) =W it follows that v& W P W, for either
i=1 or i=2. This contradicts the maximality of W. Thus W’ is
irreducible. (O

THEOREM 5.4. The following statements are equivalent.
(1) V is completely reducible.
(i) V is the direct sum of irreducible submodules.
(ii1) V is the sum of irreducible submodules.

PROOF. (1) = (ii). Consider the collection of sets of irreducible submodules
of V whose sum is direct. By Zorn’s Lemma there is a maximal element
{Vi} in this collection. Let W = @ Viand let V=WEW'.If W #(0)
then by (5.2) and (5.3) W’ contains an irreducible submodule V'. Thus
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W+ V= V’@@ V, contrary to the maximality of {V;}. Hence W'= (0)
and V = W as required.

(ii) = (iii). Clear.

(ili) = (i). Let W be a submodule of V. By Zorn’s Lemma there exists
a submodule W' of V maximal with the property that W N W'=(0).
Thus W+ W' = W@ W’'. Suppose that W W' # V. Choose v E V,
vE WP W', By assumption v =v,+---+ v, where v, EV, and V| is
irreducible for i =1,...,n. Thus v;& W& W’ for some j and so V; N
(WPH W) # V. Hence V,N(WH W) =(0) as V, is irreducible. Thus
WEW+V,=WPHWAEYV, and so WN(W'PH V;)=(0) contrary to
the maximality of W'. Therefore V=W @G W'. [

CoROLLARY 5.5. Let V be completely reducible. The following are
equivalent.
(i) V satisfies A.C.C.
(ii) V satisfies D.C.C.
(iii) V has a composition series.
(iv) Vis the direct sum of a finite humber of irreducible submodules.

ProoOF. By (3.7) and (5.4), (iv) is clearly equivalent to each of (i), (ii) and
(iii). O

The socle of V is the sum of all the irreducible submodules of V. In case
V contains no irreducible submodules we set the socle of V equal to (0).
The radical of V is the intersection of all maximal submodules of V. In
case V contains no maximal submodule we set the radical of V equal to V.
As immediate corollaries of (5.4) we get

COROLLARY 5.6. The socle of V is the maximal completely reducible sub-
module of V.

CoroLLARY 5.7. If V is completely reducible then its radical is (0).

LeEmMMA 5.8. If A is completely reducible then every A module is completely
reducible.

PrOOF. Let V be an A module. Let v € V. The map from A4 to vA which
sends a to va is a homomorphism. Thus vA is completely reducible by
(5.2). Since v € vA this implies that V isin the socle of V. Thus V is equal
to its socle and the result follows from (5.6). [
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LeMMA 5.9. Assume that V satisfies D.C.C. Then V is completely reducible
if and only if the radical of V is (0).

Proor. If -V is completely reducible then its radical is (0) by (5.7).

Assume that the radical of V is (0). By D.C.C. it is possible to choose a
module which is minimal in the set of all submodules of V which are the
intersection of a finite number of maximal submodules of V. This module is
contained in every maximal submodule of V and hence in the radical. Thus
itis (0). Consequently (0) = () i., W, where each W, is maximal in V. Thus
V /W, is irreducible and so @?:. V /W, is completely reducible by (5.4).
Let f, : V— V/W, be the natural projection and let f : V — D!, V/W, be
defined by fv = 2., fv. Then f is a monomorphism. Hence V is isomor-
phic to a submodule of a completely reducible module. The result follows
from (5.2). O

LeEmma 5.10. Let V = @ V. where each Vi, is irreducible. Let W be an
irreducible submodule of V. Then W C @ V', where j ranges over those i with
W=V.

PrROOF. Let w € W, w# 0. Then w = Zu; with v, € V.. If v;# 0 then the
map sending wa into via for a € A is a nonzero homomorphism from
W =wA to v;,A = V,. Since W, V, are irreducible it is an isomorphism.
Hence W=V,, O

CoroLLARY 5.11. Let V = @ V.= @ W, where each V., W, is irreducible.
Let W be an irreducible module. Then @ V.= @ W, where s ranges over
all i with V, = W and t ranges over all j with W; = W. Furthermore @ V.is
the submodule of V generated by all submodules of V which are isomorphic
to W.

Proor. Clear by (5.10). OO

6. The radical

Let A be aring and let V be an A module.

The annihilator of V is the set of all a € A such that Va = 0. Clearly the
annihilator I of V is anideal in A and V can be considered to be an A/I
module. V is A-faithful if the annihilator of V is (0).

An ideal T of A is primitive if the ring A/I has an A/I-faithful
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irreducible module. Clearly I is primitive if and only if I is the annihilator
of an irreducible A module.

The Jacobson radical of A or simply the radical of A is the intersection
of all primitive ideals in A. This will be denoted by J(A).

LEMMA 6.1. V is irreducible if and only if V = A./W for some maximal
submodule W of A..

Proor. Clearly A./W is irreducible. Suppose that V is irreducible. Let
vE V,v#0. Then v € vA. Thus vA is a nonzero submodule of V and so
vA = V. Hence V is a homomorphic image of Aa. Since V is irreducible
the result follows. [J

LEMMA 6.2. Every maximal right ideal contains a primitive ideal. Every
primitive ideal is the intersection of the maximal right ideals containing it.

ProoOF. Let M be a maximal right ideal of A. By (6.1) A./M is irreducible.
The annihilator of A./M is a primitive ideal contained in M. '

Let I be a primitive ideal in A and let V be an irreducible A module
whose annihilator is I. For v € V, v#£ 0 let M, = {a | va = 0}. Clearly M, is
a right ideal in A. Since V is irreducible V=vA = A,/M, for v#0,
v € V. Thus by (6.1) M, is a maximal right ideal in A. Furthermore
() yev.os0 M, is the annihilator of V. [J

As an immediate corollary to (6.1) and (6.2) we get
CoRrOLLARY 6.3. J(A) istheintersectionof all maximal rightideals in A.

By (6.3) J(A) consists of all the elements in A which form the radical of
the A module A..

An element a in A is right (or left) quasi-regular if 1 — a has a right (or
left) inverse. a is quasi-regular if a is both right and left quasi-regular. It is
easily seen that a is quasi-regular if and only if 1—a is a unit in A or
equivalently 1— a has a unique (two sided) inverse in A.

LEMMA 6.4. Let a € A and let N be a right ideal of A.
(1) aisright quasi-regularin A if and only ifa + b = ab for some b € A.
(i1) If every element in N is right quasi-regular then every element in N is
quasi-regular.
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PrOOF. (1-a)(1—-b)=1 if and only if a + b = ab. This proves (j).

If a €N then a+b=ab for some b in A by (i). Thus b is left
quast-regular and b = ab—a € N. Hence b is right quasi-regular in A.
Thus 1—b is a unit in A and (I1-—a)=(1-b)". Hence a is quasi-
regular. [J

LEMMA 6.5. J(A) consists of quasi-regular elements and contains every
right ideal consisting of quasi -regular elements.

PrOOF. If a€J(A)then 1=a+(1—a)and so A =J(A)+(1—a)A. If
(1-a)A# A there exists a maximal right ideal M with (1—-a)A C M.
Since J(A)C M by (6.3) this yields that A = M which is not the case. Thus
(1—-a)A =A and a is right quasi-regular. Hence a is quasi-regular by
(6.4) (ii).

Let N be a right ideal consisting of quasi-regular elements. If NZ J(A)
then by (6.3) there exists a maximal right ideal M such that NZ M. Hence
M+N=A.Thusl=a+b wherea&e M, beN andsoa =1-b has an
inverse contrarytothe fact that a € M and M# A. Hence N CJ(A). O

The left radical of A is defined analogously to J(A) by using left
modules instead of modules.

THEOREM 6.6. J(A) contains every right or left ideal consisting of quasi-
regular elements. Furthermore the following are all equal.
(i) J(A).
(i1) The left radical of A.
(iii) The intersection of all maximal right ideals in A.
(iv) The intersection of all maximal left ideals in A.

Proor. Let Jo(A) be the left radical of A. By (6.5) and its left analogue
J(A)=J(A). The result follows from (6.3) and its left analogue. []J

A is a semi-simple ring if J(A)=(0).

LEMMA 6.7. Let I be an ideal of A with I CJ(A). Then J(A/I)=J(A)/L
Thus in particular A [J(A) is semi-simple.

Proor. Immediate by (6.3). []

A right (or left) ideal N of A is a nil right (or left) ideal if every element
is nilpotent. N is nilpotent if N™ =(0) for some positive integer m.
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Lemma 6.8. If N is a nil right or left ideal then N CJ(A).

PrOOF. If a is nilpotent then a” =0 for some positive integer m.
Hence (1—a)(l+a+---+a” )=1 and a is quasi-regular. Thus N C
J(A) by (6.6). [

THEOREM 6.9. Suppose that A satisfies D.C.C. Then J(A) in nilpotent.

Proor. By D.C.C. there exists an integer n = 0 such that JA)' = J(A.)".*‘
forall i =0. Let N=J(A)". Assume that N# (0). Since N2.= N# (O) it is
possible by D.C.C. to choose a right ideal M of A minimal with the
property that MN # (0). Thus aN#(0) for some a eM. aN CM and
aNN = aN# (0). Hence M = aN by the minimality of M. Thus. a€c aN
and so a = ab for some b € N. Thus a(l—b)=0. Since b is quasi-
regular this implies that a = 0 contrary to the fact that aN# ). Thus
JA=N=(0). O

LemMA 6.10. If A is semi-simple with D.C.C. then every A module is
completely reducible.

ProOF. By (6.3) the radical of A, is (0). Thus by (5.9) A is completely
reducible. The result follows from (5.8). O

LemMMma 6.11. Assume that A satisfies D.C.C. Let V be a finitely generated
A module. Then V satisfies A.C.C. and D.C.C.

Proor. Let V, = VJ'(A)fori=0,1,.... By (6.9) V. =0 for some integer
n. Since V is finitely generated, V and hence each V,/V,,, satisfies D.C.C.
by (3.5). Since J(A) annihilates Vi/V,,, foreach i it follows that Vi/V.,, is
an A/J(A) module. Thus by (6.10) each V,/V.,, is completely reducible
and hence by (5.5) each V;/V,., has a composition series. Thus V has a
composition series and the result follows from (3.7).

CoroLLARY 6.12. If A satisfies D.C.C. then A satisfies A.C.C.
Proor. Immediate by (6.11). [J
For most of the results in this chapter the assumptions that 1 € A and

every module is unital are only a minor convenience. However the reader
should be warned that they are essential for the validity of (6.11) and (6.12).
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LEMMA 6.13. Suppose that A satisfies A.C.C. and A |J(A) satisfies D.C.C.
Then for every integer m =0 A/J(A)" satisfies D.C.C.

Proor. Induction on m. If m =1 the result holds by assumption. Since
A satisfies A.C.C. J(A)" is finitely generated as a right ideal. Thus
J(AY"1J(A)""! satisfies D.C.C. since it is a finitely generated A/J(A)
module. Thus if A/J(A)" satisfies D.C.C. so does A/J(A)"*' and the
induction is established. [J

7. Idempotents and blocks
Let A be a ring.

LEmMMA 7.1. Let Aa =V, G- BV, with V;ZQO) for i=1,...,n Let
l=e+---+e. with e, € V.. Then {e} is a set of pairwise orthogonal
idempotents in A and V; = e,A. Conversely if {e.} is a set of pairwise
orthogonal idempotents then (Ze,)A = @e;A.

ProOOF. Ifa € A thena=1-a=a-1=e€a +---+e,a Thusin particular
e =ee +--+e.e. Hence eie; = §;¢; for all i, j. Furthermore ¢,A C V; and
Ars=e AD - Pe.A. Hence e;A = V.. Conversely let {e;} be a set of

“orthogonal idempotents. Let e = 2e,. Thus e>= e and ee; = ee = e; for all
i. Then eA = 2e.A. If Zea; = 0 then multiplicaton on the left by ¢; implies
that e,a; = 0 for all j. Hence eA = PeA. O

"~ CoroLLARY 7.2. Let e be an idempotent in A. The following are equivalent.
(i) eA is indecomposable.

(ii) e is a primitive idempotent.

(iii) Ae is an indecomposable left A module.

ProOF. (i) = (ii). This is a direct consequence of (7.1).

(ii) = (i). Let e be a primitive idempotent. Thus A, = (1 —e)A @ eA.
If eA =V, V: with V,, V, nonzero then by (7.1) e is not primitive
contrary to assumption.

An analogous argument shows that (ii) is equivalent to (iii). [J

LEmMMA 7.3. Let A=1,P---P L. where each I, is a nonzero ideal of A.
Let 1=e,+---+e, with e, €1.. Then {e.} is a set of pairwise orthogonal
central idempotents and I, = e,A is a ring with unity element e; for each i.
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Conversely if {e;} is a set of pairwise orthogonal central idempotents then
(Ze)A = @e,A where e,A = Ae; is an ideal of A.

Proor. If a € A then
a=l-a=a-l=ea+---tea=ae +---+ae.

Hence e.a = ae: and e;e; = 8¢ for all i, j. Since ¢,A CI; and A = @e,A it
follows that ;A = I, and e.a = a = ae; for all a € I,. Conversely by (7.1)
(Ze)A = EBe,A and eA = Ae; since each e, is central. []

CoROLLARY 7.4. Let e be a central idempotent in A. Then e is centrally
primitive if and only if eA is not the direct sum of iwo nonzero ideals.

Proor. Immediate by (7.3). O

LEmMA 7.5. If A satisfies A.C.C. then 1 is a sum of pairwise orthogonal
primitive idempotents.

Proor. By (3.8) A. is a direct sum of a finite number of indecomposable
modules. Thus (7.1) and (7.2) imply the result. []

LEMMA 7.6. Assume that A satisfies A.C.C. Then
(i) A contains only finitely many central idempotents.
(i) Two centrally primitive idempotents are either equal or orthogonal.
(iii) 1=20-1e, where {ei,...,e.} is the set of all centrally primitive
idempotents in A.

PROOF. (i) By (7.5) 1=2f where {f} is a set of pairwise orthogonal
primitive idempotents. Let e be a central idempotent. Then e = Zef, and
fi=efi+(1—e)f. Thus efi =0 or ef, =f, since f is primitive. Hence
e = 2f, where j ranges over those summands with ef, = f,. Thus e is the
sum of elements in a subset of {f;}. This proves (i).

(i1) If e,, e, are centrally primitive idempotents then e, =ee.+
e/(1—e;). Thus e, = e.e, or e,e;=0. Similarly e, = e,e. or e,e,= 0. Thus
either e, =0 or e, =ee;= €.

(iii) Let {e,,..., e.} be theset of all centrally primitive idempotents in A.
Then e = 2._,e; is a central idempotent by (ii). If e# 1 then 1—e is a
central idempotent and so by (i) is a sum of centrally primitive idempo-
tents. Since e, (1—e)=0 for i =1,..., n, this is impossible. []
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LEmMA 7.7. Assume that A satisfies A.C.C. Then A = @,":. Ae, where
{e;} is the set of centrally primitive idempotents in A. For each i, Ae, is not the
direct sum of two nonzero ideals of A. If A = (D!, A where each A, is a
nonzero ideal which is not the direct sum of two nonzero ideals (of A or A;)

then m =n and A, = Ae, after a suitable rearrangement.
Proor. This follows directly from (7.3), (7.4) and (7.6). [

Let e be a centrally primitive idempotent in A. The block B = B(e)
corresponding to e is the category of all finitely generated A modules V
with Ve = V. If Ve = V then V is said to belong to the block B = B(e). We
will simply write V € B.

THEOREM 7.8. Assume that A satisfies A.C.C. Let V be a finitely generated
indecomposable nonzero A module. There exists a unique block B with
V € B. If V € B then every submodule and homomorphic image of Vis in
B. Furthermore V € B = B(e) if and only if ve = v for all v € V.

PROOE. Let {e;} be the set of centrally primitive idempotents in A. By (7.6)
1=2e. Thus if V is any A module then V:@Ve,. Hence if V is
indecomposable and V# (0)then V = Ve for a unique valueof i. If Wisa
submodule of V then clearly We, = W, (V/W)e, = V/W and We, = (0) =
(V/W)e; for i## |

Clearly ve = v for all vE V =Ve. [J

8. Rings of endomorphisms

Let A be a ring.

Lemma 8.1 (Schur). Let V, W be irreducible A modules. Then
Hom, (V, W)=(0) if V# W and E. (V) is a division ring.

ProoF. Let f € Hom, (V, W). Then either f is an isomorphism or f(V) =
(0) since V and W are irreducible. Thus Hom, (V, W)= (0) if V# W, and
every nonzero element in Ex (V) is an automorphism of V and so has an
inverse. Hence E, (V) is a division ring. [

LEMMA 8.2. Let e be an idempotent in A and let V be an A module. Define
f:Ve—Hom, (eA, V) by f(v)ea = vea. Then f is a group isomorphism. If
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A is an R algebra then Ve and Hom, (eA, V) are R modules and f is an
R-isomorphism. If V =eA then f:eAe — E,(eA) is a ring isomorphism.
Thus in particular EA(AL)~ A = EA(.A).

ProOOF. By (2.4) and (2.5) Ve and Hom(eA, V) are R modules if A is an
R-algebra. Inthiscase f is clearly an R-homomorphism. In any case f is a
group homomorphism and if V = eA, f is a ring homomorphism.

If f(v)=0 then v=ve=0 and f is a monomorphism. If h €&
Hom. (eA, V) then f(h(e))=h. Thus f is an epimorphism.

The last statement follows by setting e =1. [

LEmMMA 8.3. Let e be an idempotent in A. If N is a right ideul in e Ae then
N = NA NeAe. The map sending N to NA sets up a one to one correspon-
dence between the right ideals of e Ae and a set of right ideals of A. Thus if A
satisfies either A.C.C. or D.C.C. so does eAe.

ProOF. Let N be a right ideal of eAe. Clearly NA M eAe is a right ideal of
eAe and N C NA NeAe. Since N = Ne and NA NeAe C eAe it follows
that

NA NeAe = NAe NeAe = NeAe NeAe C N.

The remaining statements follow. [
LemMmA 8.4. Let e be an idempotent in A. Then J(eAe) = eJ(A)e.

ProOF. Suppose that a € J(A). Then eae € J(A) and (6.4) (i) and (6.5)
imply that eae + b = eaeb for some b € A. Multiply by e on both sides to
get that eae + ebe = eae ebe and so by (6.4) (i) eae is right quasi-regular
in eAe. Since eJ(A)e is an ideal of eAe (6.4) (ii)) and (6.5) imply that
eJ(A)e C J(eAe).

Let I be a primitive ideal in A andlet V be a faithful irreducible A/f
module. Then Ve is an eAe module. If Ve = (0) then J(eAe)}{Z eAe C L
Suppose that Ve# (0). Let (0)C W = We C Ve where W is an eAe¢
module. Thus V = WA since V is irreducible. Hence Ve = WeAe C W
and so Ve = W. Thus Ve is an irreducible eAe module and so VJ(eAe) =
VeJ(eAe)=(0). Hence J(eAe)C I Since I was an arbitrary primitive
ideal in A this yields that J(eAe)C J(A) and so J(eAe)=eJ(eAe)e C
eJ(A)e. O

For any integer n >0 let A, be the ring of all n by n matrices with
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coefficients in A. In other words A, is an A -free A module with basis
{e.»,,li,j =1,..., n} where

(; e,~,a,~,—>( ; e,-,-b,-,«) = ; € (Z a,-,-b,-k>

This definition is equivalent to the assertion that A, = A X2 Z, where Z
denotes the ring of rational integers. It follows easily that for i =1, . .. ,n
ei=e; and e;A.e; ~ A. Furthermore A, is also a left A module with
ae; = e;a for a € A. Thus A, is a two-sided A module.

Lemma 8.5. If A satisfies A.C.C. or D.C.C. so does A..

Proor. Since A, is a finitely generated A module the result follows
from (3.5). O

LEMMA 8.6. Let V be an A module. Assume that V =V, JH---PH V, with
Vi=V,fori,j=1,...,n Then E,(V)=E (V).

PrOOF. Fori =1,..,n let é, be an isomorphism from V, to V, where é, 1s
the identity map. Let é,, be the inverse map sending Vi to V.. Let
€; =énéy. For i,j=1,....n define e; EEA(V) by e, = é;(8.v,) for
v,EV,s=1,... ,n

If £ € EA(V)) define x € E5(V) by

xXv, = e xe v, fors=1,...,n (8.7

Themap sending X to x is clearly a monomorphism of E4 (V))into E ., (V).
Let E denote the image of E.(V.) under this map. Let F be the ring
generated by E and all e, i,j =1, ..., n. It follows from (8.7) that for all i,
and all x € E

(e;x)v, = 0= x(e;v,) = (xe;)v, for s# Js
(€sx)v; = eie. Xe,v, = e, ke .e,0, = xe,v,.
Hence if x#0
xe; = e;x =0 for all i,J. (8.8)
The ring F is an E module generated by e, ij=1,...,nIf Zex;, =0
then (8.8) yields that for s, =1,... ,n, x; € E.

0=es 2 €iiXij€y = €uXsi.
i
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Thus by (8.8) x, =0 for all s,&. Hence F is an E-free E module. This
implies that F = E,. It remains to show that E,(V)C F.

Let y€ E,(V). Since Ze; =1 it follows that y =2, e.ye;. Thus it
suffices to show that e.ye; € F for all i, j. There exists z € E, (V;) such that
eiye; = e;z. However z = ¢;,xXe,; for some x € E,(V,). Thus by (8.7)
eiye; = exe; € F. [

THEOREM 8.9. Assume that V is a completely reducible nonzero A module
with a composition series. Let V=@::, ., V, where each V; is ir-
reducible and V; =V, if and only if i =s. Let D, =E.(V,)) and let
U =B/~ V, for all i. Then the following hold.
(i) D; is a division ring fori=1,...,m.
(i) Ea(U)=(D)., is a simple ring fori=1,...,m.
(i) EA(V)= @:'L.E,\((Ji). Every ideal in E.(V) is of the form
E. (U,) where j ranges over a subset of {1,...,m}.
(iv) Ea(V)isasemi-simple ring which satisfies D.C.C. and left D.C.C.

Proor. (i) This follows from (8.1).

(i) Ea(Vi)=(D:)., by (8.6). It is easily verified that (D), is a simple
ring.

(iii) Let e, be the projection of V onto U; for i =1,..., m.
Thus e, #0 and ee; = §,e for all i, j. If x € E., (V) then by (5.11) xe. = exe;
for all i. Since 2e; =1 it follows that x = 2, xe;. Hence

ex = z e€xe; = exe = xe;.
]

Thus e; is in the center of E. (V) for all i. Therefore by (7.3) E. (V)=
P eE. (V). Clearly eEA (V)= E, (U)).

If I'is anidealof E. (V) thenI = @?;, e and el is an ideal of e.E. (V).
Since e¢.E. (V) issimple e.] = (0)ore.EA (V). Hence I = @e,E,\(V) where
Jj ranges over all i with e # (0).

(iv) By (i) every ideal in E, (V) contains an idempotent. Thus
J(EA(V))=(0) and E. (V) is semi-simple. Since @,’l. D; contains only
finitely many right or left ideals it satisfies D.C.C. and left D.C.C. By (ii)
and (i) E. (V) is finitely generated as a module or left module over
P, D.. Thus E. (V) satisfies D.C.C. and left D.C.C. O

THEOREM 8.10 (Artin—-Wedderburn). Let A be a semi-simple ring with
D.C.C. Then A = @;‘T. A; where each A, is an ideal of A which is a simple
ring with D.C.C. Furthermore the A: are uniquely determined.
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ProoF. By (6.10) A4 is completely reducible. By (8.2) A = E.(A.). The
result follows from (8.9). [J

THEOREM 8.11 (Artin-Wedderburn). Let A be a simple ring with D.C.C.
Then A = D, for some division ring D and some integer n > 0. Furthermore
n is unique, D is uniquely determined up to isomorphism and any two
irreducible A modules are isomorphic. If V is an irreducible A module then
E.(V)=D.

Proor. By (8.2) A = E.(A4), and A, is completely reducible by (6.10).
Since A is simple (8.9) implies that A = D, for some division ring D and
some integer n. Furthermore any two irreducible submodules of A, are
isomorphic. Thus by (6.1) any two irreducible A modules are isomorphic.
Hence if e is a primitive idempotent in A (8.2) yields that D =~ eAe and so
D is uniquely determined up to isomorphism. By (8.9) A, is a sum of n
irreducible submodules. Thus by (1.7) D,, = D, ifandonlyif m =n. (J

LeMMA 8.12. Suppose that A is semi-simple and satisfies D.C.C. Then
every nonzero ideal contains a central idempotent and every nonzero right
ideal contains an idempotent.

ProoF. The first statement follows from (8.10). Let V be a right ideal of A.
By (6.10) A, = V@ V' for some right ideal V' of A. Let 1 =¢ + ¢’ with
e €V, e’ € V. Then by (7.1) e is an idempotent and V =eA. []

LeMma 8.13. Let V be a finitely generated free A module. Then E, (V) is a
finitely generated free A module.

PrOOF. V~mA, for some integer m. Hence by (8.2) and (8.6)
E.(V)=A,.. O

Lemma 8.14. Let R be a commutative ring which satisfies A.C.C. Let V be
a finitely generated R module. Then E (V) is a finitely generated R -algebra
and satisfies A.C.C. and left A.C.C.

Proor. By (1.3) there exists a finitely generated free R module F with
F/W =V for some submodule W. Let E, be the subring of Eg(F)
consisting of all endomorphisms of F which send W into itself. Since R is
commutative V, F, W are two sided R modules. Hence by (2.4) and (2.5)
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Ex (F) and E, are R modules. By (8.13) Ex (F) satisfies A.C.C. and so E, is
a finitely generated R module and satisfies A.C.C.

If fEE, then f induces an endomorphism f of F/W = V. The map
sending f to f is a homomorphism of E, into Ex(V). By (4.1) F is
projective since it is free. Thus for any g € E. (V) there exists a commuta-
tive diagram

F

/i

F;) V—0

where ¢ is the natural projection of F onto V. If w € W then tfw = gtw =0
and so fw € W. Hence f € E, and f = g. Thus the map sending f to f is an
epimorphism of E, onto Ex (V). Thus Ex(V) is a finitely generated
R-algebra and satisfies A.C.C. Since R is commutative Ex (V) also
satisfies left A.C.C. O

LEMMA 8.15. Let R be a commutative ring which satisfies A.C.C. and let A
be a finitely generated R-algebra. Then J(R)A CJ(A). If V is a finitely
generated A module then E, (V) is a finitely generated R-algebra.

Proor. If V is a finitely generated A module then V. is a finitely
generated R module. Hence by (8.14) E. (V) is a finitely generated
R-algebra and satisfies A.C.C. Since E. (V) is a submodule of the R
module Er (V) it follows that E, (V) is a finitely generated R-algebra.
Let V be an irreducible A module. Thus E. (V) is a finitely generated
R-algebra. By (8.1) E. (V) is a division ring. Hence the center of E. (V) is
a finitely generated R-algebra which is a field and so the image of R in
E.(V) is a field. Thus J(R)EA(V)=E.(V)J(R)=(0). Hence J(R)A
annihilates every irreducible A module and so J(R)A CJ(A). U

9. Completeness

Let A be aring and let V be an A module. Suppose that [ is an ideal in
A such that M., VI' = (0) where I" = A. Then for any real number ¢ with
0< ¢ <1 define the norm || |[; on V as follows

0]l =0,
lolli=c' ifve v, v VI,
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Define d} by
di(v, w)=|lv —wl;i.

It is easily verified that for u, v, w eV
di(u, v) < max{di(u, w), di(v,w)}

and that d{ is a metric on V.

Two such metrics d5, d5- are equivalent, written as d§~ d§ if a sequence
in V is a Cauchy sequence with respect to d if and only if it is a Cauchy
sequence with respect to ds-. It is easily seen that d;~ d5 for0<c, ¢’ < 1.
From now on a fixed ¢ with 0 <c¢ <1 is chosen and we write d, = dj.

If I is anideal of A and M., VI' = (0) we will say that d, is defined on V.
V is complete with respect to d, if d, is defined on V and every Cauchy
sequence in V converges with respect to the metric d,. In the special case
V =A. these definitions will be applied to the ring A. Analogous
definitions can of course be made for left A modules.

LEMMA 9.1. Let V be an A module and suppose that d, is defined on V. Let
{v:} be a sequence of elements in V. Then

(i) {v} is a Cauchy sequence if and only if for every integer m >0 there
exists an integer n >0 such that vi —v; € VI™ for i,j > n.

@i1) lim;—.. v; = v if and only if for every integer m >0 there exists an
integer n >0 such that v, —v € VI" for i >n.

PRodF. Immediate from the definition. [J

LEMMA 9.2. Let V be an A module. Suppose that d, is defined on V and on
A. Then
(1) Addition is continuous from VXV to V.
(ii) Mudtiplication is continuous from VX A to V.
(iii) Addition and multiplication are continuous on A.
(iv) If d, is defined on the A module W and f € Hom s (V, W) then f is
continuous.

Proor. (i) It follows directly from (9.1) (ii) that

lim(v; = w;) =lim v, = lim w;.

(i) Let limv; = v, lima; = a where v, €V, a, € A for all i. By (9.1) (ii)
forevery integer m > Q there exists an integer n > 0 such that v, —v € VI™
and . —a € I" for i > n. Thus
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va; —va = va; — va +va—va
=uv(a —a)+(vi—v)a€ VI

Hence lim via; = va.

(iii) Immediate by (i) and (ii).

(iv) Suppose that {v:} is a sequence in V with lim v, = 0. Then (9.1) (ii)
implies that for every integer m > 0 there exists an integer n > 0 such that
v = wa; for some w; € V, a; € I and all i > n. Hence fv, = (fu,))a; € WI™
for i > n. Thus lim fu; = 0. If lim w; = w this implies that

(lim fw.) — fw = lim(fw; — fw) = lim f(w, —w)=0.

Hence f is continuous. [J

THEOREM 9.3. Let V be a finitely generated A module. Assume that A is
complete with respect to d; and d, is defined on V. Then V is complete with
respect to d,.

Proor. Let {v,,...,v,} be a set of generators of V. Let {w;} be a
Cauchy sequence in V. There exists a sequence {m(n)} of nonnegative
integers such that w, —w; € VI for all i,j =n, m(n)<sm(n+1) and
lim, ... m(n) = cc.

Let w,=>,_,vb, with b, EA and let w.,, —w,=2,_,va, with
a.. € I, Define

n-\
bn{ = b]l + z a,‘(
j=1

for all n, t. Then w. = 2,_, vb. and

nik-—1

bn Tka b,., = z a; [ I'"(").
j=n
Thus for each t {b.,} is a Cauchy sequence in A. Let b, = lim,_.. b,, and let
w = E:=l U:b:- Then

s

lim(w — w,) =D, v {lim(b, — b.)} = 0.

=1

Thus w =limw, and so V is complete. [

LEMMA 9.4. Let V be an A module and suppose that d, is defined on V. Let
J=J(A). If I CJ and A/I satisfies D.C.C. then d, is defined on V and
dl ~ dj.
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ProoF. By (6.7) J(A/I)=J/I. Thus by (6.9) J" C I for some integer n > 0.
Hence (;_, VI' C (_, VI' = (0) and d, is defined on V. Since J™" C I" C
J™ for every integer m it follows from (9.1) that d, ~d,. U

Lemma 9.5. Suppose that A is complete with respect to d,. Then I C J(A).

ProOF. Let a€l Let b=1+a+---+a' for i=0,1,.... Then
bi—b €I" for i,j=m. Thus {b} is a Cauchy sequence in A. Let
b =1lim b;. Then

(1-a)b =lim(1—a)b =lim(1—a'"")=1.

Hence a is right quasi-regular. Since a was arbitrary in I (6.4) and (6.5)
imply that ICJ. 0O

Let J=J(A). A is complete if d, is defined on A and A is complete
with respect to d,. The A module V is complete if d, is defined on V and V
is complete with respect to d,. A is complete on modules if every finitely
generated A module is complete.

LEMMA 9.6. Suppose that d,is defined on every finitely generated A module.
If Vis a finitely generated A module then every submodule of V is closed. If
furthermore A is complete then A is complete on modules.

ProoOF. Let W be a submodule of V. Since d, is defined on V/W, (0) is
closed in V/W. Let f be the natural projection of V onto V/W. Thus
W = f7(0) and so W is closed since f is continuous by (9.2) (iv).

If A is complete then by (9.3) A is complete on modules. [J

In the rest of this section we will be concerned with finding criteria which
ensure that a ring A is complete on modules.

LEmMA 9.7. If J(A) is nilpotent then A is complete on modules. In
particular if A satisfies D.C.C. then A is complete on modules.

Proor. If J(A) is nilpotent and V is an A module then any Cauchy
sequence on V is ultimately constant and thus converges. [J

LEmMMA 9.8 (Nakayama). Let W be a finitely generated A module. Assume
that WI(A)= W. Then W = (0).
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PrROOF. Suppose that Wi# (0). Choose a set of generators w,,...,w,
with n minimal. Since WJ(A)= W, w, = 2/_, wa, with a; € J(A). Thus
w.(1—a,)=2._, wa,. Since a, € J(A), 1 - a, has an inverse in A. Hence
w, is in the module generated by w,,...,w, , and so W is generated by
Wi, ..., W, , contrary to the fact that n was minimal. Thus W =(0). [

The proof of the next result is due to I. N. Herstein.

LEMMA 9.9. Suppose that R is commutative and satisfies A.C.C. Let V be a
finitely generated R module and let I be an ideal of R. If W = (), VI' then
WI = W. '

Proor. Clearly WIC W. By A.C.C. choose U maximal among all sub-
modules of V such that UN W = WL

Let a € I. We will first show that Va™ C U for some integer m. For each
slet V.={v lva“ € U}. Since R is commutative V, is a submodule of V.
Clearly V,C V;., for each s. Hence by A.C.C. there exists an m with
v, =UL, V.

Clearly WIC (Va™ + U)N W. Suppose that w € (Va™ + U)N W. Thus
w=va" +u for some vE V, uc U. Since wa € WICU and ua€e U
this implies that va™"'€ U and v € V,,., = V,.. Hence va™ € U and so
w=va" +u€U. Thus we UN W = WI Therefore (Va™ + U)N W =
WI. The maximality of U now implies that Va™ C U as required.

Let a,, ..., a. be aset of generators for the ideal I. Choose m such that
Va"C U fori=1,...,n Since R is commutative I C I, where I, is the
ideal of R generated by a'',...,a,. Thus VI"™ C U and so W C VI"™ C
U.Hence W=UNW=WIL O

THEOREM 9.10. Suppose that R is commutative and satisfies A.C.C. Let
J=J(R). Then d,; is defined on every finitely generated R module. In
particular (., J' = (0).

PROOF. Let V be a finitely generated R module. Let W = (), VJ'. By
(9.9) WJ =W. Thus W =(0) by (9.8). [J

THEOREM 9.11. Let A be a finitely generated algebra over the commutative
ring R. Assume that R satisfies A.C.C., R/J(R) satisfies D.C.C. and R is
complete. Then

(1) A satisfies A.C.C., A/J(A) satisfies D.C.C. and A is complete on
modules.
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(ii) If V is a finitely generated A module then E . (V) satisfies A.C.C.,,
E(V)/J(EA(V)) satisfies D.C.C. and E. (V) is complete on modules.

Proor. By (8.15), (ii) follows from (i). Clearly A satisfies A.C.C. Since
A/J(R)A is a finitely generated R/J(R) module it satisfies D.C.C. Thus
by (8.15) A/J(A) satisfies D.C.C. It remains to show that A is complete on
modules.

AJ(R)=J(R)A is an ideal of A and (AJ(R)) = AJ(R) for all i. Thus
danry 1s equal to the metric d;r) defined on Az as an R module. Hence by
(9.6) and (9.10) A is complete with respect to dasr,. If V is a finitely
generated A module then

N V(AIR) = N VAIRY = N VIR) =(0)

i=q i=0 i=(0
by (9.10). Thus by (9.3) V is complete with respect to dasr,. Since
A/AJ(R) is a finitely generated R/J(R) module it satisfies D.C.C. Thus
by (9.4) V is complete with respect to d;.,. Hence A is complete on
modules. [

LEMMA 9.12. Let R be commutative. Assume that R satisfies A.C.C.,
R/J(R) satisfies D.C.C. and R is complete. Let B C A be finitely generated
R-algebras with 1€ B. Then BNJ(A)C J(B).

PrROOE. Let x € BNJ(A). By (9.11) A is complete. Therefore Z,x'
converges in A. Since B is an R submodule of the R module A it is closed
by (9.6). As 1€ B this implies that 2 x' € B. Since (1—x)Zqx' =1 it
follows that x is right quasi-regular in B. As B N J(A)is an ideal of B, (6.5)
implies that BNJ(A)CJ(B). U

10. Lecal rings

A ring A is a local ring if the set of all nonunits in A form an ideal. A
local ring is also said to be completely primary.

LEmMA 10.1. Let A be a ring. The following are equivalent.
(i) A is a local ring.
(ii) J(A) is the unique maximal ideal of A and contains all the nonunits
in A.
(iii) J(A) contains all the nonunits in A.
(iv) A/J(A) is a division ring.
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PROOF. (i) = (ii). Let I be the ideal in A consisting of all nonunits in A.
Since every right ideal of A consists of nonunits it follows that I contains
every right ideal of A and so I is the unique maximal right ideal of A. Thus
J(A) = Isince J(A)is the intersection of all the maximal right ideals of A.

(i1) = (iii). Clear.

(iii) = (iv). Let a denote the imageof a in A = A/J(A).If a#0Othen a
is a unit in A and so ab = ba =1 for some b € A. Thus ab =ba =1 and
A/J(A) is a division ring.

(iv) > (i). Suppose that a@Z J(A) then there exists b € A such that
ab =1-c for some ¢ €J(A). Thus ab is a unit and so a has a right
inverse in A. Similarly a has a left inverse in A. Thusa isa unitin A. [

LEmMA 10.2. Let A be a commutative ring. Then A is a local ring if and
only if A has a unique maximal ideal.

Proor. If A is local then by (10.1) (ii)) A has a unique maximal ideal. If A
has a unique maximal ideal I then A/I is a commutative ring with no
nontrivial ideals. Hence A/I is a field and so A is local by (10.1) (iv). O

Lemma 10.3 (Fitting). Let A be a ring and let V be an A module. Assume
that V satisfies D.C.C. and A.C.C. Let f € Eo(V). Then there exists an
integer n and submodules U, W such that V = U @ W where U is the kernel
of f""" forall j=0,1,... and W =f""V forall j =0,1,....

Proor. Let U; be the kernel of f/ and let W, = f'V. Then U, C U;., and
W, ,CW, for all j. Let U=U,_ U, W=[),_,W, By A.C.C. and
D.C.C. there exists an integer n with U, = U and W, = W. It remains to
show that V=U@P W.

Suppose that u € U N W. Then f"u =0 and u = f"v for some v € V.
Thus f*"v =0 and s0 v € U. Thus u = f"v =0. Hence U N W = (0) and
U+W=UhW.

If v E Vthen f'v € W= W,, andso f"v = f*"w for some w € V. Hence
f"o—f'w)=0 and v—f'weU. Then v=(—-f'w)+f'we U+ W.
Thus V=U@GW. 0O

THeOREM 10.4. Suppose that A is a ring which satisfies A.C.C. Assume that
A is complete on modules and A [J(A) satisfies D.C.C. Let V be a finitely

generated indecomposable A module. Then E, (V) is a local ring.

Proor. Let J=J(A). Since V/VJ™ is a finitely generated A/J™ module
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for every integer m >0, (6.11) and (6.13) imply that V/VJ™ satisfies
A.CC. and D.C.C.

Let f € E., (V). For every integer m =0 fVJ™ C VJ™ Thus f induces an
endomorphism on V/VJ™. (10.3) applied to V/VJ™ asserts the existence of
an integer n(m) and submodules U,, W, of V such that

Un = {u | f*™u € VI™} for all j >0, (10.5)

W, =™V + VJ" forallj=0 (10.6)
and

VivIit=U,/VI" @ W, [V (10.7)

It may be assumed that n(m +1)=n(m) for all m. Then
Wm+1 =fn(m||)v+ va+l gfn(m)‘/ + V" = Wm~

If v € U,.., then "™y € VJ""'C VJ™ and so f"""'v € VJ™ for suit-
able j =0. Thus v € U,. Therefore U, ., C U,, W. . C W, and V=
U, + W, forall m. Let U =M, U,, W = ,_, W,.. We will show that
V=U®W.

Suppose that u € U N W. Thus for any m,u € U,, N W,, and so by
(107) u € VI™. Hence u e, _,VJ" = (0). Therefore U N W =(0) and
U+WwW=UGBW.

Let vE V. By (10.7) v = u,, + w., for every integer m with u,, € U,
W,. € W,.. Thus for any integers i,j

O=v—-—v=u—u+w—w,
Hence for i,j >m

w—u=w,—-—wel,Nw,cCvJ"

Therefore {u;}, {w:} are Cauchy sequences in V. Let u = lim u, w = lim w,.
By (9.6) U,, and W,, are closed in V. Since u; € U,, for i >m and w; € W,,
for i > m this implies that u € U,, and w € W,, for any integer m. Hence
u € U and w € W. Furthermore

v=lmv=lmuy, +limw; = u + w.

Therefore V = U  W.

Suppose that U = (0). Then V=W = W,, for all m and so by (10.7)
U, =VJ" for all m. If v € V with fo =0 then v € U and so v = 0. Thus f
is a monomorphism. Let v € V. Then by (10.6) v = fv,. + z., for all m, with
z,. € VJ". Hence limz,, =0 and so {fv..} is a convergent sequence. If
fu€e VJ" for some m then u€ U, = VJ" and so {v.} is a Cauchy
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sequence. Since f is continuous by (9.2) this implies that v = lim fv.. =
f(lim v,,). Hence f is an epimorphism and so f is an automorphism.

For each fE E.(V) let U=U,, W =W, be defined as above. Thus
either V=U, or V=W, If V=W, then f is a unit in E, (V). Further-
more if V =U, then V=W, ;. Hence every element in E, (V) is either a
unit or is quasi-regular.

Suppose that E, (V) is not a local ring. Then there exist two nonunits
whose sum is a unit. Thus there exist f, g nonunits with f + g = 1. Hence
g =1—f is a nonunit contrary to the fact that f is quasi-regular. Hence
E.(V)is a local ring. (1

11. Unique decompositions

LemMMA 11.1. Let A be a ring and let V be an A module. Suppose that
V=@ V. and V=Z]., W, where each V., W, is a nonzero
indecomposable A module. Assume that E.. (V) and E.. (W;) are local rings
for all i,j. Then m = n and after a suitable rearrangement V.= W, for
i=1,...,m

Proor. Induction on the minimumof m and n. If m =1 or n = 1 the result
is clear since V is indecomposable. It may be assumed that V = @:’f_. V.=

W,

Let e, f, be the projection of V onto V,, W, respectively. Thus e, and
e:fe. are allin E. (V). Since e, = 2., e, fe. and E (V) is local it follows
that e, fe, isa unit in E., (V) for some j. Hence by changing notation it may
be assumed that e, f,e, is an automorphism of V,=e¢,V. Thus f,V,C W,
and the kernel of f. on V, is (0). We next show that V = f, V, @EBZ"_Z V.

IfucfV.NnED", V. then e.u =0 and u = fie,v for some v € V. Thus
e.freev =eu=0and e,v =0 as e, f e, is an automorphism on V,. Hence
u = fie,v =0. Therefore f,V, N @:":2 Vi =(0).

Supposethat v € V.Thene,v €Ee,V =¢,f.e,V.Hence e,v = ¢, f.e.w for
some w € W. Thus e(v —fieew)=0and v — flew € @:":2 V.. Hence

v :f,e|w +(U _f(e|W)€f1V'+‘ Z V,'.
i=2
Consequently V = f,V, &P, V..
Since f, V, C W, this implies that W, = f,V, B {W, N D/, V.}. As W, is
indecomposable and f, V, # (0) we see that W, = f,V, is isomorphic to V,
and V=W, B EP". V.. Therefore
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21 n

Dvi=viw=Dw.
i=2 j=2

Hence by induction m = n and after a suitable rearrangement V; = W, for
i=1,....m. 0O

A r1ing A has the unique decomposition property if for any finitely
generated A module V the following hold:

(i) Visadirect sum of a finite number of indecomposable A modules.

i) It V=EP",v.~;., W, where each V., W, is indecomposable
and nonzero then m =n and V, = W, after a suitable rearrangement.

CoroOLLARY 11.2. Let A be a ring such that every finitely generated A
module is a direct sum of a finite number of indecomposable modules.
Assume further that if V is a finitely generated indecomposable A module
then E, (V) is a local ring. Then A has the unique decomposition property.

Proor. Clear by (11.1). O

THEOREM 11.3. Suppose that A is a ring such that A satisfies A.C.C. and
AJ(A) satisfies D.C.C. Assume that A is complete on modules. Then A
has the unique decomposition property.

Proor. Immediate by (10.4) and (11.2). O

THEOREM 11.4 (Krull-Schmidt). Suppose that A satisfies D.C.C. Then A
has the unique decomposition property.

Proor. By (6.11) A satisfies A.C.C. Furthermore A is complete on
modules. The result follows from (11.3). [

The next result was independently discovered by Borevich and Faddeev
[1959], Reiner [1961] and Swan [1960] in case R is a complete discrete
valuation domain.

THEOREM 11.5. Suppose that R is a complete commutative ring which
satisfies A.C.C. and R/J(R) satisfies D.C.C. Let A be a finitely generated

R-algebra. Then A has the unique decomposition property.

Proor. Immediate by (9.11) and (11.3). O
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12. Criteria for lifting idempotents

Let A be a ring and let Z be the ring of rational integers.
I am indebted to C. Huneke and N. Jacobson for the proofs of
(12.1)}-(12.3) below.

LemMa 12.1. Let I be a nilideal of A. For x € A let X denote the image of x
in A=A/L If a is an idempotent then there exists f(t) € Z[t] with no
constant term such that f(a) is an idempotent in A and f(a) = a.

Proor. Since a(l —a)€ I and so is nilpotent, there exists a positive
integer n with a"(1—a)' =0. By raising {a + (1 —a)} =1 to the 2n — 1)st .
power we see that

a'ga)+(1—a)h(a)=1,
where g(t), h(t)E Z[t]. Let f(t)=1t"g(¢). Then
fa)=a"g(a)=a"g(a){a"g(a)+ (1 - a)h(a))
= f(ay + a"(1 - a)'g(a)h(a) = f(a)’

Hence f(a) is an idempotent or zero. Thus it suffices to show that fa)=a
Since a(a"g(a)+(1—a)'h(a))=a it follows that a""'g(a)=a. Since
a"*'=a" as a is an idempotent this yields that a"g(a)=a. [

LEmma 12.2. Let I be a nil ideal of A. For x € A let X denote the image of x
in A =A/L If e, and e, are commuting idempotents in A with & = &,, then
e, = es.
ProOF. Since (1—ei)e,, (1 —e:)e, €I, they are nilpotent. However
{(1—e)ey =(1—e)e, for all i,j. Hence (1—e,)e;=0=(1—e,)e,. There-
fore e, = e;e, = ee;= e, [

THEOREM 12.3. Assume that A is complete on modules. Let I be an ideal of
A with I CJ(A). For x € A let X denote the image of xin A = A/L Ifa is an
idempotent in A then there exists a sequence of polynomials f, (t) € Z[1] with
no constant term such that {f;(a)} converges in A and ife =limf (a) thene
is an idempotent with ¢ = a.

PROOE. Since J(A)/J(A)" is nilpotent in A/J(A)", (12.1) may be applied.
Thus there exists f.(t) € Z[t] with f.(a)—f.(a) EJ(A)" and f.(a)=a
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Furthermore f,(a) and f...(a) commute and map onto idempotents in
AJJ(A)" with f,..(a)=a =f,(a). Thus f,(a)— f...(a) EJ(A)" by (12.2).
Consequently {f.(a)} is a Cauchy sequence and so converges as A is
complete. This implies the required statement. []

THEOREM 12.4 (Brauer, Nakayama). Assume that A is complete on mod-
ules. Let I be an ideal of A with I CJ(A). For a € A let a denote the image
ofain A = A/L Ife,, ..., e, is a set of pairwise orthogonal idempotents in A
thené,, ..., &, is a set of pairwise orthogonal idempotents in A. Ifx,, ..., x, is
a set of pairwise orthogonal idempotents in A then there exists a set of
pairwise orthogonal idempotents e,,...,e, in A such that é& = x; for i =
L...,n

PrOOF. Since I CJ(A) it follows that [),_,I' =(0). Thus if e is an
idempotent in A with € =0thene =e' €' forall i andso e € (_,I' =
(0). Hence €#0 and so ¢ is an idempotent. The first statement follows.

The second statement is proved by induction on n. If n =1 it follows
from (12.3). Suppose that n > 1.

By induction there exists a set of pairwise orthogonal idempotents
e es...,e.suchthaté =x,+x,and & =x, fori =3,...,n Let x, = b and
let a =ebe. Thus @ = x; and ea = ae = a. By (12.3) there exists an
idempotent e, which is a limit of polynomials in a with é,=a. As e
commutes with a it follows that ee, = e,e. Hence e, = ee, is an idempotent
suchthat &, =x,and ee, =e,e =¢,. Let e;=e —e,. Thus é,= x,, e.e, = 0=
ee; and e;=e,. Therefore if i =1,2,j =3,...,n then ee, = eee; =0 and
eie; = e;ee; = (0. Hence e, . .., e, is a set of pairwise orthogonal idempotents
withe =x, fori=1,...,n. 0O

COROLLARY 12.5. Assume that A is complete on modules. Assume further
that AJJ(A) satisfies D.C.C. Let N be a right ideal in A. Then either
N CJ(A) or N contains an idempotent.

PROOF. Assume that NZ J(A). Let a denote the image of a in A =
A/J(A). Then N is a nonzero right ideal of A and A is semi-simple and
satisfies D.C.C. Thus by (8.12) there exists an idempotent x € N. Since
N +J(A)is theinverse image of N in A it may be assumed that x = a for
a € N. If f(t) € Z[t] with no constant term then f(a) € N. Hence by (12.3)
there exists a sequence of elements {g;} in N such that lima, = ¢ is an
idempotent. By (9.6) N is closed in A and thus e e N. (O
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COROLLARY 12.6. Assume that A satisfies D.C.C. Let N be a right ideal in
A. Then either N is nilpotent or N contains an idempotent.

Proor. If N does not contain an idempotent then N C J(A) by (12.5).
Hence N is nilpotent by (6.9). (J

CoroLLARY 12.7. Assume that A is complete on modules. Assume further
that A/J(A) satisfies D.C.C. Then A is a local ring if and only if 1 is the
unique idempotent in A.

PrROOF. Suppose that A is alocal ring. Let e be an idempotent in A, e # 1.
Then (1 —e)e =e(l1 —e)=0 and so e and 1— e are both nonunits. Thus
1=e+(1—e) lies in J(A) which is impossible.

Suppose that 1 is the only idempotent in A. Then by (12.5) every
maximal right ideal in A is contained in J(A). Thus A /J(A) has no proper
right ideals andso A/J(A)is adivisionring. Thus A is local by (10.1).

As a consequence of (12.7) one can obtain an alternative proof of (11.5)
as follows: By (11.2) it suffices to show that E . (V) is a local ring for every
indecomposable A module. Since 1 is clearly the only idempotent in
E. (V) for V indecomposable only the hypotheses of (12.7) need to be
verified for E4 (V). These follow from (8.15) (ii) and (9.11). This is the
proof given by Swan [1960].

These results can be used to prove the following version of Hensel’s
Lemma.

Lemma 12.8. Let R be an integral domain which is complete with respect to
d;. Assume that R satisfies A.C.C., R/I satisfies D.C.C. and R is integrally
closed in its quotient field K. For x € R let X denote the image of x in
R = R/J(R). Then R is a local ring. If f(t) € R[t] with f(t) monic and
]Tt) = go(t)ho(t) with (gu(t), ho(t)) = 1 then there exist g(t), h (1) E R [¢] such
that g(t) = go(t), h(t)= ho(t) and f(t)= g(t)h(t).

Proor. By (9.4) and (9.5) I CJ(R)and R iscomplete. Since R contains no
idempotent other than 1 (12.5) implies that every ideal of R is contained in
J(R) and so by (10.2) R is a local ring and R is a field.

Let p(t)€ R[t], p(t) monic such that p(¢) is irreducible in K[t]. Let
L = K(a)where a isaroot of p(t)and let S = R(a). Then S is an integral
domain which is a finitely generated R-algebra. Thus 1 is the only
idempotent in S. By (6.13) and (9.11) S satisfies A.C.C., S/SJ(R) satisfies
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- D.C.C. and S is complete. Thus by (12.4) S =S/SJ(R) contains no
idempotent other than 1. Since R is a field and S = R[¢]/(p(t)) the Chinese
remainder theorem implies that ;7(_t) is a power of an irreducible polyno-
mial in R[¢].

Now let f(t), go(t), ho(t) be as in the statement of the result. It may be
"~ assumed that g¢(t), ho(t) are monic. Since R is integrally closed in K,
f(y=1IIZ, p:(t)" where each p;(t) is irreducible in K and is monic with
p:(t) € R[t]. Hence by the previous paragraph for each i,p; (1)|go(t)
orMI ho(t). Let g(t) =IIp;(t) where j ranges over all values of i with
p. ()| gult). Let h(t)=f(t)/g(t). Then it follows that g(t), h(t) have the
desired properties. O

It follows from Gauss’ Lemma that if R is a unique factorization domain,
and in particular, if R is a principal ideal domain then R is integrally closed
. in its quotient field. Thus (12.8) applies in these situations.
~ The proof of the next result is essentially due to Dade [1973] and was
brought to my attention by D. Burry.

THEOREM 12.9. Let A be a finitely generated algebra over the commutative
ring R. Assume that R satisfies A.C.C., R/J(R) satisfies D.C.C. and R is
complete. For x € A let ¥ denote the image of x in A = A/J(R)A. Then the
mapping x — X defines a one to one correspondence between the set of all
central idempotents in A and the set of all central idempotents in A.

Proor. By (8.15) J(R)A CJ(A). Hence in particular J(R)A contains no
idempotents. Thus if e is a central idempotent in A then € is a central
idempotent in A.

Suppose conversely that a is a central idempotent in A. By (9.11) A is
complete on modules. Hence (12.4) implies that a = & for some idempo-
tent e. We next show that e is central.

A=eAePeA(l-e)P(1-e)AePB(1—-e)A(1—e).
This is the Peirce decomposition. Since & is central in A it follows that
EA(l-e)=é(1—e)A =0, (1-e)Aé =(1-e)éA =0.

Thus eA(1—e)CJ(R)A = AJ(R) and so eA(l1—-e)CeA(1—e)J(R).
Since eA(1—e¢) is an R module, Nakayama’s Lemma, (9.8) implies
that eA(1—¢e)=0. Similarly (1—e)Ae=0. Consequently A =
eAe B (1—e)A(1—e) and so every element in A is of the form eae +
(1—e)b(1 —e). Therefore e is in the center of A.
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Suppose that ¢, = e, for central idempotents e, and e,. Then e, —e e, E
J(A) and (e; —ee;)))=e —ee, for i =1,2. Thus e —ee.=0 and so
ee=ee.=e. O

13. Principal indecomposable modules

Let A be a ring satisfying A.C.C.
An A module V is a principal indecomposable module if V is indecom-
posable, V# (0) and V‘A,\.

LemMA 13.1. Suppose that A has the unique decomposition property. Then
every principal indecomposable A module is a finitely generated projective
module. Conversely every finitely generated projective A module is a direct
sum of principal indecomposable modules.

Proor. If V | A. then V is a homomorphic image of A. and so is finitely
generated. In view of the unique decomposition property the last statement
will follow if every indecomposable projective module is a principal
indecomposable module.

Let V be a finitely generated indecomposable projective module. Then
V |mA. for some integer m. Let A, = @ V: where each V; is indecom-
posable. Thus mA. = @m\/. and so V=V, for some i by the unique
decomposition property. []J

In the rest of this section we will be concerned with rings satisfying the
following conditions

HypoTHEsis 13.2. (i) A satisfies A.C.C.

(1) If N is a right ideal of A then either N CJ(A) or N contains an
idempotent.

(iii) If Vis a finitely generated indecomposable A module then E. (V) isa
local ring.

LEMMA 13.3. Suppose that A satisfies A.C.C., A/J(A) satisfies D.C.C.
and A is complete on modules. Then A satisfies (13.2). In particular if A
satisfies D.C.C. then A satisfies (13.2).

ProOOF. (13.2)(1) is clear. (13.2)(ii) follows from (12.5). (13.2)(iii) follows
from (10.4). O
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LEMMA 13.4. Suppose that A satisfies (13.2). Let e be an idempotent in A.
Then e is primitive if and only if eAe is a local ring.

Proofr. If e is primitive then eA is indecomposable by (7.2) and so eAe is a
local ring by (8.2) and (13.2)(iii). If e is not primitive then eAe contains two
idempotents whose sum is e. Thus eAe is not a local ring. [

THEOREM 13.5. Suppose that A satisfies (13.2). Let e be a primitive idempo -
tent in A. Then eJ(A) is the unique maximal submodule of eA and
eA/eJ(A) is irreducible. If e, is another primitive idempotent in A then
eA=~e A ifand only if eAleJ(A)=~e Ale J(A).

ProOF. Let N be a right ideal of A with NCeA, N#eA. If NZJ(A)
then by (13.2)(ii) there exists an idempotent f € N. Thus ef =f, e# f.
Hence

(efe)’ = efefe = efe.

Thus efe =0 or efe is an idempotent in eAe. By (13.4) eAe is a local ring
and so e is the unique idempotent in eAe. Thus fe = efe = e or fe = efe =
0. If fe=e then eA CfA CN which is not the case, hence fe =0.
Therefore (e —f) = e and so e commutes with f. Thus f =ef =fe =0
- which contradicts the fact that f is an idempotent. Hence N C J(A) and so
N=eNCeJ(A). If eA =eJ(A)then e €eJ(A)CJ(A)andso 1—e is a
unit contrary to e(1 —e)=0. The first statement is proved.

If eA =~ e, A then since eJ(A), e,J(A) is the unique maximal submodule
of eA, e, A respectively it follows that eA/eJ(A)=e Al/e J(A).

Suppose that eA/eJ(A)=e Ale J(A). Since eA, e,A are projective
modules there exists a map f:eA —e, A with t,f =t where t,t, are the
natural projections of eA, etA onto eA/eJ(A)=e Ale.J(A). Since
t,.e,J(A)=(0) the first statement above implies that f is an epimorphism.
Let V be the kernel of f. Then eA/V =~e,A and so eA =~ VPe A since
e, A is projective. As eA is indecomposable this implies that V = (0) and
eA =e A as required. J

CoRrROLLARY 13.6. Suppose that A satisfies (13.2). For any A module V let
Rad(V) be the radical of V. The map sending Vto V/Rad(V) sets up a one
to one correspondence between isomorphism classes of principal indecompos-
able modules and isomorphism classes of irreducible modules.

Proor. This follows from (6.1) and (13.5). (1
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THEOREM 13.7. Assume that A is complete on modules and satisfies A.C.C.
Assume further that A/J(A) satisfies D.C.C. Let I be an ideal of A with
I CJ(A). For any A module V and v € V let © denote the image of v in
V = V/VIL Then

(i) If Wis a finitely generated projective A module then W = P for some
finitely generated projective A module P.

(i) If P is a finitely generated projective A module then P is a finitely
generated projective A module. If P is a principal indecomposable A module
then P is a principal indecomposable A module.

(iii) The map sending P to P sets up a one to one correspondence between
isomorphism classes of finitely generated projective A modules and
isomorphism classes of finitely generated projective A modules.

PrOOF. By (11.3) A and A have the unique decomposition property.

(i) It suffices to consider the case that W is indecomposable. Thus by
(13.1) W=xA with x an idempotent in A. By (12.4) x =& for some
idempotent in A. Thus W = eA.

(i) It may be assumed that P = e A for some primitive idempotent e in
A. Thus P=¢EA is projective. By (13.5) P has a unique maximal
submodule and so is indecomposable.

(i) By (i) and (i) it suffices to show that if P,, P, are principal
indecomposable modules then P,~P, if and only if P,~ P, Since
P./RadP;~ P,/Rad P, as A/J(A)=~A/J(A) as A modules the result
follows from (13.6). U

LEMMA 13.8. Suppose that A satisfies (13.2). Let e be a primitive idempotent
in A. Then E.(eA/eJ(A))=eAel/J(eAe) =eAe/eJ(A)e. If A is a finitely
generated R-algebra for some commutative ring R then these isomorphisms
are R-isomorphisms.

Proor. The second equality follows from (8.4).

If fE€ Ea(eA) then since f is an A -endomorphism f(eJ(A))C eJ(A).
Thus f induces an endomorphism f of eA /e J(A). The map sending f to f is
clearly a ring homomorphism and an R-homomorphism in case A is an
R-algebra. If h € E.(eA/eJ(A)) then h can be viewed as a map
h:eA —eAleJ(A). Since eA is projective this implies the existence of
fEE.(eA) with tf = h where t:eA —eA/eJ(A) is the natural projec-
tion. Then f = h. Thus the map sending f to f is an epimorphism of
E.(eA) onto E.(eA/eJ(A)). Since E.(eA/eJ(A)) is a division ring by
Schur’s Lemma, (8.1) and E..(eA) =~ eAe is a local ring by (8.2) and (13.4)
the result follows. [J
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TuioreM 13.9. Suppose that A satisfies (13.2). Let V be a finitely generated
- A module with a composition series and let e be a primitive idempotent in A.
The following are equivalent.
(i) Hom. (eA, V) # (0).
(i) Ve#(0).

(i) V has a composition factor isomorphic to eA/eJ(A).

Proor. By (8.2), (i) and (ii) are equivalent.

(i) = (iii). Let f € Homa (eA, V), f# 0. It may be assumed that f(eA) =
V by changing notation. By (13.5) the kernel of f is in eJ(A). Thus
V/ifleJ(A))=eAleJ(A).

(iif) = (i). There exists a submodule W of V which has eA/eJ(A) as a
homomorphic image. Since eA is projective there exists a commutative
diagram

eA

/|

W—eAleJ(A)—0.

Thus f#0, f € Homa (eA, V). O

Suppose that A satisfies (13.2). Two primitive idempotents e,, e in A are
linked if there exists a set of primitive idempotents ey, €,,...,e, = e such
that for each i=1,...,n there exists a principal indecomposable A
module U: with Hom. (U, e.-;A) # (0) and Hom., (U, ¢,A) # (0).

CoroLLARY 13.10. Suppose that A satisfies D.C.C. Let e, e be primitive

idempotents in a. Then e and e, are linked if and only if there exists a set of
~ primitive idempotents eq, e.,...,e, = e such that e_,A and e.A have a
common irreducible constituent fori=1,..., n.

Proor. Clear by (13.9). O

THeEOREM 13.11. Suppose that A satisfies (13.2). Let e, e be primitive

idempotents in A. Then e and e, are linked if and only if eA and e, A are in
the same block.

PrOOF. Let f be the centrally primitive idempotent with e,A € B where B
is the block corresponding to f.
Suppose e, and e are linked. Let ey, e1,..., e, = e be a set of primitive
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idempotents such that for each i =1,...,n Hom, (U, e_,A)# (0) and
Hom, (U, eA) # (0) for some principal indecomposable module U. To
prove by induction that ¢A € B it suffices to show that if U, V are
principal indecomposable modules with Hom, (U, V) # (0) then U, V are
in the same block. This follows directly from (7.8).

Conversely suppose that eA € B. Thus e, f = ey, ef = e and e, e € fAf.
If e and e, are not orthogonal then either e Ae, # (0) or e,Ae # (0). Thus by
(8.2) e and e, are linked. Assume that e and e, are orthogonal. If the resuit
is false then

f:€n+"‘+€.\~+€.\-+|+"'+€n

where {e:} is a set of pairwise orthogonal primitive idempotents in fAf with
e = e, and the notation is chosen so that e; is linked to e, if and only if
O<siss Letfi=est - +e, =€+ - te. As [,#0, f, and f, are
orthogonal idempotents in fAf. By (8.2) e.Ae; = ¢Ae; = (0) for 0<i <3,
stl=j=<n Thus fiAf,=f.Afi=(0). Hence fAf =f Af, and thus
AfiA = fAfiA C fiA. Therefore fiA is an ideal in A. Similarly f,A is an
ideal in A. As fA =fiA @f,A and f is centrally primitive (7.7) implies
that f,A = (0) or f,A = (0). This contradiction establishes the resuit. []

14. Duality in algebras

Throughout this section R is a commutative ring and A is a finitely
generated R-free R-algebra.

For any A module V define the dual V of V by V = Homg (V, R) as in
(2.8). Thus V is a left A module. If v €V, t € V write (v)t = vt for ¢
applied to v. Since R is commutative and V is a two sided R module this
does not run counter to the conventions previously introduced.

If V, W are A modules and f € Hom, (V, W) then f € Homa (W, V) is
defined by

v(tf) = (fo)t (14.1)

forveE V. teW.
If Vis aleft A module, the A module V is defined analogously.

LemMA 14.2. Let V, W be A modules and let f € Hom, (V, W). Then
N (VW) =VEW.

(ii) If f is an epimorphism then f is a monomorphism.
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" ProoF. Clear by definition and (14.1). O

Let V be an A module.
If W is a submodule of V define

W' ={t|reV, wt=0forall we W)

Clearly if W, C W then W* C Wj. It follows directly from the definition
~ that W' is a left submodule of the left module V.

For v € V define 6 € V by 6(t) = (v)t for all t € V. The map sending v
to o is easily seen to be an A-homomorphism.

If Vi is free with a finite R-basis {v;} define 6, € V by (v,)6, = §,. Then
it follows that {5} is a basis of V and &, has the same meaning as in the
previous paragraph. {¢;} is the dual basis of {v.}.

LEmMMA 14.3. Let V be an A module such that V. is R-free with a finite
R-basis {v,}. If a € A and via = Zr;v, with r, € R then at, = Zr3,

Proor. For all i,j

(v)ad; = (v,a)d; = (z r,kvk:) 0=,

Thus av: = 2r0,. [

LEmMA 14.4. Let U. W be finitely generated A modules and let V =
U@ W. Assume that V. is a finitely generated free R module. Then
V=W'QU":, W'= U U' =W and the map sending w 1o W is an
isomorphism of W onto W ~ W*-.

Proor. The first three statements follow from the definitions and (14. 2).
The last statement follows from (14.3) which implies that the map sending v

to o is an isomorphism from V onto V. [J

In case W is a finitely generated A module such that Wy is projective
we will generally identify W with W under the isomorphism which sends w
to w.

Lemma 14.5. If V, Ware A modules suchthat Vi, Wr are finitely generated
free R modules and f € Hom,(V, W) then f=f. If furthermore fis an
isomorphism of V onto W then f is an isomorphism of W onto V.
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PrROOF. For v € V, t € W (14.1) implies that
(fo)e = Btf) = v(tf) = (fo)r.

Thus fo = fu If f is an isomorphism and v, is a basis of V then f maps the
dual basis {fv;} onto {6} and so is an epimorphism. By (14.2) f is an
isomorphism. [J

LEMMA 14.6. Let V be a finitely generated A module such that Vi is a

. T N -

finitely generated free R module. Then V. Qr kAa =~ rAs Qx Vi. Further-

more there exists an exact sequence

0— V—!> Vi ® AARL) W -0

R

such that

0— Vi L) (VR ® AAR) L> Wi —0
R

R

is a split exact sequence and Wy is a projective R module.

PrOOF. Let {v,} be a basis of V. and let {y,} be a basis of »A. Then {v, &y}
1s a basis of (VR ®R rAA )R and {)7, ® ﬁ,} 1s a basis of (RAA ®R VR)R- Define

) . . /\
the R-linear map g:rAa R Vi — (Vi Qr RAA) by
A " P
(V®o)g=0v Ry,

Clearly g is an R-isomorphism. It remains to show that g is an A-
homomorphism.

Let a € A and let ya = Zr,y. with r, € R. Then ay, = Zr,j by (14.3).
Thus (v Q@ y,)a = 2r (v; vo) and a(v. ®y,) =2, (v; @ yi). Hence

{ats, @ g = {Z (. @) | g = T TEW)

= a(@®Y) = al(y, @d)g).

Thus g is an A isomorphism and the first statement is proved.
Replace V by V in the left analogue of (4.5) with B = R and take duals.
Then (14.2) and the previous paragraph imply that

0_’V_f’ Vi ®AAR L> W
R

is an exact sequence and
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0— Vi _[’ (VR ® AAR> L’ WR —0
R R

is a split exact sequence. Hence h is an epimorphism and the result
follows. (J

An element ¢ in Homg (A, R) is nonsingular if the kernel of ¢ contains
no nonzero left ideal and every element in A, is of the form at for some
a € A where b(at)= (ba)t for b € A.

An element ¢t in Homg (A, R) is symmetric if t(ab)=t(ba) for all
a,beA.

A is a Frobenius algebra if there exists a nonsinguiar ¢ in Homg (A, R).

A is a symmetric algebra if there exists a nonsingular symmetric ¢ in
Homg (A, R).

Lemma 14.7. Let t be a nonsingular element in Homg (A, R). Then the
following hold.

(i) The kernel of t contains no nonzero right ideal.

(i) Let f: A — A. be defined by af = at for a € ,A. Then f is an
isomorphism.

(iii) Letg : Ar — A A be defined by ga = ta fora € A.. Then g = f, where
f is defined in (i) and g is an isomorphism.

(iv) Every element of ,A is of the form ta for some a € A.

PrOOF. (i) Suppose that (aA)t =0. Thus a(bt) =0 for all b€ A and so
as =0 for all s€ A,. Thus 4 =0 and so a =0 by (14.4).

(i1) Clearly f is an A-homomorphism. By assumption f is an epimor-
phism. If af =0 then at =0 and so (Aa)t = (A)at =0. Thus Aa is a left
ideal in the kernel of ¢ and so Aa =0. Hence a =0 and f is a
monomorphism. ‘

(iii) If a is identified with & for all a € +,A then by (14.1) b(ag)=
(gh)a = t(ba) for all a, b € A. If ¢ is written on the right then ¢(ba) = (ba )t
and g = f. Thus by (ii) and (14.5) f = g is an isomorphism.

(iv) Since g is an isomorphism by (iii), this is clear. []

THEOREM 14.8. The following are equivalent.
(i) A is a Frobenius algebra.
(i) Ar =.A.
(i) AA = Aa.

Proor. By (14.4), (i) and (iii) are equivalent.
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(i) = (ii). This follows from (14.7) (ii).

(ii) = (i). Let f: ,A — A, be an isomorphism. Let t = (1)f. Then every
element in A, is of the form at. If (Aa)t=0 then A(at)=0 and so
af =at =0 Thus a=0 0O

LEMMA 14.9. Let G be a finite group and let A = R[G]. Define t by
(Zico r.x)t =r,. Thent is symmetric and nonsingular. Thus A is a symmet-
ric algebra.

ProOF. By definition t € A,. If 2r.x # 0 then r,# 0 for some y € G. Thus
(v ' Ziearx)t = (Z.carxy )t#0. Hence the kernel of ¢ contains no right
or left ideal. It is easily seen that {x 't |x € G} is the dual basis of
{x ‘x € G}. Hence every element of A, is of the form at for some a € A.

(S-S (2o (2]

it follows that A is a symmetric algebra. (J

15. Relatively injective modules for algebras

Throughout this section R is a commutative ring which satisfies A.C.C.
and A 1s a finitely generated R-free R-algebra.

Let B be a subring of A with R C B such that B is a finitely generated
R-free R-algebra. A finitely generated A module Q is injective relative to
B or B-injective if any exact sequence

0-0-5L v woo
with V, W finitely generated A modules splits provided
0— Qs _[) \? L) Wy —0

is a split exact sequence.
A finitely generated A module Q is injective if any exact sequence

0-Q—->V->W->0

splits for V, W finitely generated A modules.
Clearly injective modules are B-injective for any B. Many rings do not
possess any finitely generated injective modules and this concept will not
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“ be of great relevance below. We note however that since any exact
sequence of vector spaces splits the following holds.

LemMa 15.1. Let R be a field and let Q be a finitely generated A module.
Then Q is injective if and only if Q is R-injective.

THEOREM 15.2. Let Q be a finitely generated A module such that Q. is a
_finitely generated free R module. The following are equivalent.
(i) Q is R-injective.
(ll) Q l Qk ®R AAR
(“l) Q ’ OR ®R AAk.
- (iv) Q is R-projective.

PROOE. (i) = (ii). This follows from (14.6).
(i1) = (iii). Clear by (14.6).
_(iii)) = (iv). This is a consequence of (4.8).
(iv)= (i). Let V, W be finitely generated A modules such that

0-0-5 v w—o
is exact and
0— Ok —f) \ & h—’ Wr —0
is a split exact sequence. Then
00— WR L) Vl{ ‘_f" OR —0
is a split exact sequence and so
0 W V5 00
is also a split exact sequence since O is R-projective. Thus
00— Vs W0
is a split exact sequence by (14.4).

Let g: Q — Q be the map sending x to £ and let k : VoV Ittev
and x € Q then

(o) = () = x(tf) = ()t = R

Thus fg = kf. Since f(é) is a component of V there exists a homomorph-
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ismd:V— é such that Jf is the identity on é Since g is an isomorphism
by (14.4) we can define d : V— Q by d = g 'dk. Then

df =g 'dkf =g 'dfg =g 'g = 1.
Consequently

0-Q-5LvSwoo
is a split exact sequence. [J

CoroLLARY 15.3. Let Q, Q,, Q, be A modules such that Q = Q, P Q; and
(Q1)r, (Q2)r are R -free with finite bases. Then Q is R -injective if and only if
Q, and Q, are R-injective.

Proor. Clear by (15.2)(iv) and (4.9). O

CoroLLARY 15.4. Let Q be a finitely generated A module such that Qx is
R-free. The following are equivalent.

(1) Q is R-injective.
(i) For every pair of A modules W, V with Wy, Vi finitely generated
projective R modules the exact sequence

0-Q H V-5 W0
splits provided

#
0— Ox —> Vi > Wz =0
is a split exact sequence.

Proofr. (i) > (ii). Clear.

(i) > (i). By (14.6) Q|Qx @r+Ar. Thus Q is R-injective by
(15.2). O

THEOREM 15.5. Suppose that A is a Frobenius algebra. Let V be an A
module such that V is R-free with a finite basis. Then V is R -projective if

and only if V is R-injective.

PROOF. By (14.8) +A =~ A.. Hence 1Ar = rA.. The result follows from
(4.8)(i1) and (15.2)(ii). O

CoRrOLLARY 15.6. Suppose that A is a Frobenius algebra and A has the
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" unique decomposition property. Let V,, V,, W be R-free A modules with no
nonzero projective summands such that

0-V.pP-WPHP—- V., P.—0

is exact for P, P,, P, projective. Then there exists a projective module P’ such
that

0—’ Vl_’ W@P’*) V2—>O
is exact.

PROOF.v Since P, is projective, Pz’ W @ P. Thus P = P, P, by the unique
-decomposition property. Hence there is an exact sequence

O*V]@P[*)W@Po_’ Vz—’O

By (15.5) P, is R-injective. Hence by the unique decomposition property
Py= P, P’ and the result follows. [

16. Algebras over fields

Throughout this section F is a field and A is a finitely generated
F-algebra. Thus A satisfies D.C.C., A.C.C,, left D.C.C. and left A.C.C.
If V, W are finitely generated A modules define

I(V, W)= I (V, W) = dim, {Hom, (V, W)}.

I(V, W) is the intertwining number of V and W. It is clear from the
definition that

I(Vl@ Vs, W):I(Vl, W)+I(V2, W),
I(V, W, W,)=I(V,W)+ I(V, W).

If V is an irreducible A module then by (8.1) E, (V) is a division ring
which is a finitely generated F-algebra. F is a splitting field of V if
E (V)=F. F is a splitting field of A if F is a splitting field of every
irreducible A module.

If V is an irreducible A module then clearly F is a splitting field of V if
andonlyif I(V, V)= 1. If F is algebraically closed then F is a splitting field
of A since the only finite dimensional F-algebra whichis adivisionring is F
itself.

LEMMA 16.1. Let Z be the centerof A and let B be a subalgebra of Z with 1
in B. If F is a splitting field of A then F is a splitting field of B.
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Proor. By (7.3) it suffices to prove the result in case 1 is the unique central
idempotent in A. Thus 1 is the unique idempotent in Z. Hence Z. is
indecomposable and by (13.6) Z has a unique irreducible module V. By
(13.8) Z/J(Z) = E»(V). Thus it suffices to show that Z/J(Z)=F. If W is
an irreducible A module there exists a nonzero F-homomorphism of Z
onto E. (W)= F. Since Z/J(Z) is an F-algebra which is a field by (8.1) this
implies that Z/J(Z)= F. Hence B/J(B)=F. [

A central character of A is a nonzero algebra homomorphism of the
center of A onto F.

LEMMA 16.2. Suppose that F is a splitting field of A. Let e,, ..., e, be all the
centrally primitive idempotents in A. Then A has exactly n distinct central
characters Ay, ..., A, and A;(e;) = ;.

ProoOF. Let A be a central character of A. If a is in the center Z of A and
a” =0then A(a)" =0and so A(a)=0. Thus J(Z) is in the kenel of A. By
(16.1) Z/J(Z) ~ -, eF. The result follows easily. [

THEOREM 16.3. Suppose that F is a splitting field of A. Let S be the F-space
generated by all elements ab —ba with a,b€ A. If charF=p >0 let
T={c | c” € S for some i >0). Let k be the number of pairwise nonisomor-
phic irreducible A modules. The following hold.

(1) If A is semi-simple then k = dims A — dim. S.

(i) If char F=p >0then (a +b)" =a" + b"" (mod S) foralla,b€E A
and all n. Furthermore S C T, T is an F-space and k = dimz A —dim,T.

Proor. (i) If A simple then A =F, by the second Artin—-Wedderburn
Theorem (8.11) for some integer n >0, hence k = 1. It is well known that
in this case S consists of all matrices of trace 0. Hence dimz A —dim.S =1
proving the result in case A is simple. Now (i) follows from the first
Artin—-Wedderburn Theorem (8.10).

(ii) Suppose that char F =p >0. Let 0 =(1,2,...,p) be a p-cycle. Let
x,y be noncommuting indeterminates. For any monomial ¢, --t, with
t;=x or y for each i, define o (t, - - - £,) = toy* * * to(n)- It 1s easily seen that
in this way (o) acts as a permutation group on the set of all monomials in x
and y of degree p. Furthermore if f(x,y) is such a monomial then
o(f(x,y))=f(x,y) if and only if f(x,y)=x" or f(x,y)=y". Hence if
a,b € A then
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p ol

(@+by —a’”—b" =2 o'{f(ab)
=0
where f(x, y) ranges over a set of monomials in x and y. Since o{f(a, b)} =
f(a,b) (mod S) this yields (a +b)" =a” +b"” (mod S). Therefore

(ab — ba)" =(ab)" — (ba)’
=a{b(ab)"'}—{b(ab)" '}Ja=0 (modS).

Thus if c €S also ¢” €S. Hence ¢” € S for all i and so S C T. Further-
more for all i

(@+by'"'—ar" —b""'=(a+ by —(a” + by

={(a+b)" —a”" —b"}" (modS).

Hence by induction (a + b)"" =a” + b"" (mod S) for all n. Thus T is an
F-space.

Since J(A) is nilpotent it follows that J(A)C T, and if c” €S +J(A)
then ¢” € S for some j. Hence by factoring out J(A) it may be assumed
that A is semi-simple. Thus by the first Artin-Wedderburn Theorem,
(8.10), it suffices to consider the case that A is simple. In this case A = F,
by the second Artin-Wedderburn Theorem (8.11) and S consists of all
matrices of trace 0. Since dimyA —dim:S=1=k and SCTCA it
suffices to show that T# A. There exists an idempotent e in A whose trace
is not 0. Hence no power of e isin S and so e& T. [

The following notation will be used in the rest of this section.

U,..., U is a complete set of representatives of the isomorphism
‘classes of principal indecomposable A modules. For i =1,...,k set
L, = U;/Rad U, where Rad U, is the radical of U. By (13.6) L,,...,L, isa
complete set of representatives of the isomorphism classes of irreducible A
“modules.

If V,, V, are finitely generated A modules we write V, & V- if V, and
'V, have the same set of composition factors (with multiplicities). Clearly <>
‘is an equivalence relation.

Define ¢; by U, H@c,,L,. The integers ¢; are the Cartan invariants of
A and the k X k matrix C = (¢;) is the Cartan matrix of A. If B = B(e) is
a block of A where e is a centrally primitive idempotent in A then the
Cartan matrix of the algebra eA is called the Cartan matrix of the block B.
Of course the Cartan matrix is only defined up to a permutation of rows
and columns.
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LEMMA 164. Let V be a finitely generated A module. Suppose- that
V<—>@f=. nL.. Fori=1,...,k let e be a primitive idempotent in A with
U, = e;,A. Then for each i

dim. Ve, = (U, V) = nI(L, L;).
Proor. The first equation follows from (8.2). By (4.4) and (13.5)
(U, V)= X nI(U, L) = X nI(L, L;).
! ]

By (8.1) I(L;,L;) =0 for i# j. This yields the second equation. [J

CoROLLARY 16.5. Let V be a finitely generated A module and let E =
E.(V). If e is a primitive idempotent in E then the multiplicity of the
irreducible left E module Ee/J(E)e as a composition factor of the left E
module V is equal to (1/m)dimeeV where m = I(Ee/J(E)e, Ee/J(E)e).

Proor. The left analogue of (16.4) implies the result. []

LEMMA 16.6. Suppose that A is a symmetric algebra over the field F. Let e,

e, e, be idempotents in A. Then dimgre ,Ae.= dimre.Ae,. Furthermore
P

eA = Ae.

ProoOF. By definition there exists ¢t € A such that no right or left ideal is
in the kernel of ¢ and (ab)t = (ba)t for all a, b € A. For a € e, Ae, define
fa € e{A\e, by

(fa)(e.be ) = (ae,be))t.
If fa =0 then
(be,aex)t = (aebe,)t =0

for all b€ A and so (Aeae;)t = 0. Hence a = e;ae,= 0. Thus f is an
F-monomorphism. Hence

dlmF€1A€2 = dlmF€2A€| = dlm,:eer..

Thus by interchanging e, and e, dimre, Ae, = dimge,Ae,.
To prove the last statement it suffices to show that f is an A-
homomorphism in case e, = ¢, e, = 1. This follows from

{(fa)b}ce = (fa)(bce) = (abce)t = (fab)(ce)
for a,b,ce A. O
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‘THEOREM 16.7. Let B,, ..., B, be all the distinct blocks of A and let C* be
the Cartan matrix of B, Let C be the Cartan matrix of A. Then after a
suitable rearrangement of rows and columns

c 0
C = : :
O ) C(m)

For no rearrangement of rows and columns is

ce 0
CH =
0 cy’

with matrices C3, C. If furthermore A is a symmetric algebra and F is a
splitting field of A then C and each C* is a symmetric matrix.

Proor. If U, U; are in distinct blocks then by (7.8) ¢, = 0. This proves the
first statement. The second statement follows from (13.11) and (16.4). If A
is a symmetric algebra and F is a splitting field of A then C and each C"is
symmetric by (16.4) and (16.6). [J

LemMa 16.8. Suppose that A is a Frobenius algebra. Then for each i, U,
contains a unique minimal submodule W,. If furthermore A is a symmetric

algebra then W, =~ L; and eA /eJ(A) =~ (Ae/J(A)¢é) for any primitive idem -
potent e in A.

ProoF. It may be assume that U; = e A for some primitive idempotent e in
A.By (14.7) U, = V for some principal indecomposable left A module. By
.the left analogue of (13.5) V contains a unique maximal left submodule W.
Then W, = W* is the unique minimal submodule of U..

Suppose that A is a symmetric algebra. Then U, =eA = As by (16.5).

Thus W, x(,{/J(A\)e). Since e generates Ae/J(A)e there exists f €

(Ae17(A)2) with f(e)#0. Hence fe£0 and so Wi 0. Thus by (13.9)
W, =eAleJ(A)= L. [

THEOREM 16.9. Suppose that A is a symmetric algebra over F and F is a
splitting field of A. Then
) (U, L)=I(L;,L))=I(L;, U)=6,.
(i) A~ D)~ (dim:L;)U;.
(i) As oD (dim-U)L,.
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PROOE. (i) follows from (16.8). Let A.~EPaU,. By (8.2) (A L) =
dim:L; and so by (i) a; = I(A., L;) =dimsL;. (iii) is an immediate conse-
quence of (ii) and (16.7). O

A finitely generated A module is uniserial or simply serial if it has a
unique composition series. A is a uniserial algebra or a serial algebra if
every finitely generated indecomposable A module is uniserial.

LEmMMA 16.10. Suppose that A is a serial algebra. Let V,, V, be finitely
generated indecomposable A modules. The following are equivalent.
(i) V=V,
(i) The composition series of V, and V, have the same length and
V./Rad V, = V,/Rad V..
(ii1) The composition series of V|, and V', have the same length and V, and
V', have isomorphic socles.

Proor. Clearly (i) implies (i) and (iii).

(i))— (i). Since A is serial V, is a homomorphic image of a projective
indecomposable A module U, fori =1, 2. Since V,/Rad V, = V,/Rad V, it
follows that U, = U, by (13.6). Since U, is serial every homomorphic image
of U, is determined up to isomorphism by the length of its composition
series. )

(iii)— (i). By (14.4) W = W for every A module W. Thus the dual of a
serial module is a serial left module. Hence every left module of A is serial.
Thus the left analogue of the previous paragraph implies that V, =~ V,. The
result follows from (14.4). (O

LEMMA 16.11. Suppose that A is a serial algebra. Then A has only finitely
many finitely generated indecomposable modules up to isomorphism.

PrROOF. A serial module is a homomorphic image of A, and so has a
composition series of bounded length. As A has only a finite number of
irreducible modules up to isomorphism, the result follows from (16.10). [J

THEOREM 16.12. Let A = F[x, y] with x* = y’ = xy = yx =0 such that 1, x,
y are linearly independent over F. Then there exist indecomposable A
modules of arbitrarily large dimension.

ProoF. Let n be a positive integer. Let V, W be vector spaces over F with
bases {vo,..., .}, {w,..., w,.} respectively. Define
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wx=v;,wy=uv , forlsi<n
vx =0; vy =0 forO0<i=n

It is easily seen that M = V. W is an A module. It suffices to show that
M is indecomposable.

Suppose that M = M, 5 M, with M; nonzero A modules for j = 1,2. Let
t be the projection of M onto W. Let m; = dimrt(M,). Thus m, + m, = n.

Suppose that m; =0 for j =1 or 2, say m, =0. Then ¢(M,)= W and so
V = Wx + Wy C M,. Hence M = M, contrary to assumption. Thus m; # 0
for j =1,2. Fix j, let s =s; be the largest integer such that ¢(M;) is
in the space spanned by {w,,...,w,}. Hence Mx is in the space U span-
ned by {v,...,v.} and v,., € My + U. Therefore dim; (Mx + M;y)=
1+ dimrM;x. Since x is a monomorphism of W into V and M;x C M, it
follows that dim-M;x = m;. As t(M;x + M;y)C t(V)=(0) we see that

dimr M, = dim; (M;x + M;y)+dimg¢(M;) =2m; + 1.
Therefore
2n +1=dimsM =dim:M, +dim-M,=2(m, + m,) +2=2n +2.

This contradiction establishes the result. [

The next result yields a partial converse to (16.11) and is essentially due
to Michler [1976b]. See also Nakayama [1940], Eisenbud and Griffith
[1971].

THEOREM 16.13. Let A be an algebra which has a unique irreducible module
up to isomorphism and such that for any extension field K of F the following
conditions are satisfied.

(I) Ak is a direct sum of algebras, each of which has a unique irreducible
module up to isomorphism.

D) (A/J(A))k is semi-simple.

(II1) There exists an integer depending on K which bounds the dimensions
of any indecomposable Ax module.

Then the following hold.

(1) There exists a division algebra D over F and positive integers m, n such
that A = B, where B/J(B)= D, B contains an element x with x" =0,
x"'#0 and J(B) = Bx* = x"B for all s.

(i1) A is serial. There exist exactly m finitely generated nonzero indecom -
posable A modules up to isomorphism, V,,..., V,. Foreach s=1,...,m

V,DVix DD Vx''D Vix' =(0)
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is the composition series of V,. Furthermore V, is projective if and only if
s=m.

Proor. By (13.6) there is a unique principal indecomposable A module U
up to isomorphism. Hence A = nU for some integer n. Let B = E. (U).
By (8.2) and (8.6) A = E.(A.)= B,.. By (13.8) B/J(B)= D is a division
algebra. Thus in particular B has a unique irreducible module up to
isomorphism. Let J = J(B). Thus J(A) = J.

Let K be an extension field of F and let M be a Bx module. Then nM
becomes an Ax module in the obvious way. Denote this by M. Thus
M,, ~nM. Hence if M is indecomposable then every nonzero indecom-
posable summand of M has K -dimension at least dimy M. Thus there is an
integer which bounds the K-dimension of every indecomposable By
module.

Let B=B/J> For y €B let y denote its image in B. Then J is a D
module. Let X,,..., % be a D-basis of J. Thus £x; =0 for all i,j. We will
first show that r < 1.

Since A =B,, B and B satisfy the same hypotheses as A. Thus by
hypotheses (I) and (II) there exists a finite extension K of F such that
By —@,  B®, J(B)« ~J(B,\)~®. J(B™) and B”/J(B")~=K,, for
i =1,...,t The argument of the first paragraph applied to B"’ implies that
B" = (C"), for some C" with C"/J(C")=~ K. By (16.12) and hypothesis
III dimk J(C'")=<1 and so dimxJ(B"’) < n;. Hence

rdim; D = dim;J = dimg J(B)x < >, n?=dim, D.
i=1

Thus r =1 as required.

If r = 0 the proof is complete. Suppose that r = 1. Let x € J with x = x,.
Since J is nilpotent there exists an integer m with x™ =0, x™7' #0.

(i) By the definition of x, J = xB + J*. Thus (J/xB)J = J/xB. Hence by
Nakayama’s Lemma (9.8) J = xB. Since the F-dimension of J/J? equals the
F-dimension of D it follows that J/J* is a one dimensional left D module.
Thus J = Bx +J* and so J = Bx as above. Hence J* = Bx* = x*B forall s
as required.

(i) For s =1,...,m, Jx* '/Jx’ = J/Jx is an irreducible B module since
it is of dimension 1 over D. Thus Bg is a serial module with composition
series By D Bsx D -+ D Bux™ = (0). In particular Bgx™ ™' is irreducible and
is the socle of Bp. Similarly B has an irreducible socle and so +B /Rad(BB)
is irreducible. There exists a commutative diagram
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Bs
o
BB—)BB/J(B)H —0

Since By is projective this implies the existence of a map f: By — 4B
which is an epimorphism. As dim, By = dim, ,B, f is a monomorphism.
Thus By =~ 5B.

Since A = B, it follows that A, = ,A. Hence A is a Frobenius algebra
by (14.8). As A, =nU, U is injective by (15.5). Furthermore J(A) =
Ax’ = x’A for all s and J(A)x*7'/J(A)x* = A/J(A) is the direct sum of n
copies of the unique irreducible A module. Hence U is serial with
composition series U D Ux D --- 2D Ux™ = (0).

We will prove by induction on m that A isserial. If m =0, A =D, is
semi-simple and the result is clear. Let V be a finitely generated indecom-
posable A module. If Vx™ ' =(0) then V isan A/Ax" ™' module and so V
is serial by induction. Suppose that Vx™" ™' #(0). Thus there exists v € V
with vx™ ™" # (0). There exists an exact sequence

0-W-—> A, 5 0A —0.

As vx™ ™' # (0), the socle of A, is not in the kernel of f. Hence there exists
an indecomposable direct summand U, of A. such that the socle of U, is
not in the kernel of f. As U, = U has an irreducible socle this implies that
U, = f(U)). Hence vA contains a submodule which is isomorphic to U and
so V contains a submodule which is isomorphic to U. As U is injective this
implies that UI V. Since V isindecomposable we see that V = U is serial.
The remaining statements are immediate consequences of this fact. []

The following result, due to T. Nakayama, was brought to my attention
by D. Burry.

THEOREM 16.14. Suppose that every indecomposable projective and injective
A module is serial. Then A is a serial algebra.

ProoF. Let V be an A module. We will prove by induction on dim, V' that
V is the direct sum of serial modules. If dim: V =1 this is clear. Suppose
that dim, V > 1.

Let W be a serial submodule of V with dim. W as large as possible. Let
X be a submodule of V, maximal with respect to the property that
W N X = (0). The maximality of X implies that V/X has an irreducible
socle. Thus V/X is isomorphic to a submodule of an indecomposable
injective A module and so is serial. Let L =(V/X)/Rad(V/X) and let P
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be the indecomposable projective A module with P/Rad P = L. Then
there exists an epimorphism f: P — V/X. Hence there exists a mapping
g : P— V such that the following diagram is commutative

U

Vo> V/IX—>0
Thus g(P) is a serial submodule of V. Since W N X = (0) it follows that W
is isomorphic to a submodule of V/X. Now the maximality of dim, W
implies that g(P)= V/X = W. Therefore g(P)NX=(0) and V=
g(P)+X. Consequently V=g(P)P X and the result follows by
induction. [

If S is a subset of A define
I(S)={a|as =0}, r(S)={a|Sa=0}

Then I(S), r(S) is the left, right annihilator of S respectively. Clearly /(S)
is a left ideal and r(S) is right ideal.

LemMMA 16.15. Suppose that A is a Frobenius algebra and t is a nonsingular
element in Hom, (A, F). Then the following hold.

() If N is a left ideal of A then r(N)={a |at €N}, I(r(N))=N and
dimy N + dim, r(N) = dim, A.

(ii) If N is a right ideal of A then I(N) ={a ’ ta € N}, r(I(N))= N and
dimg N + dimx/(N) = dim, A.

PROOF. Let N be a left ideal of A. By definition r(N) = {a ‘ Na = 0}. Since
Na is a left ideal for any a € A and ¢ is nonsingular it follows that

r(N)={a |(Na)t =0}=1{a '(N)at =0}={a ‘atEN'}. .
In particular this implies that dimx N + dim,;r(N) = dim; A. Similarly if N
is a right ideal then I/(N) = {a , ta € N*} and dimxN + dim:I(N) = dim; A.
Hence if N is a left ideal then r(N) is a right ideal and so dim:N =
dim:I(r(N)). Since N C I(r(N)), this implies that N = I(r(N)). The analo-
gous statement for right ideals is proved similarly. []

CoROLLARY 16.16. Suppose that A is a symmetric algebra. Let I be an ideal
of A. Then r(I)=I(I).

PRrROOF. Let ¢ be a symmetric nonsingular elementin Hom (A, F). Then by
(16.15)
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r(I)={a | t(Ia)=0}={a | t(la)y=0}=1(1). O

In case A is a symmetric algebra and I is an ideal of A let Ann(J) =
r(I)=I(I). In this case Ann([) is the annihilator of I when I is considered
as a submodule A, or a left submodule of 4 A.

The next two results are due to Nakayama [1939], [1941]. See also
Tsushima [1971a].

THEOREM 16.17. Let I be an ideal of A. Suppose that A and A/l are both
Frobenius algebras. Let s, t be a nonsingular element in Hom, (A /I, F),
Homy; (A, F) respectively. Then there exists an element c € A with s = ct and
forany such c, r(I) = cA. If furthermore A and A /I are symmetric and s and
t are symmetric then any such c is in the center of A.

Proor. Since ¢ is nonsingular there exists ¢ € A with s = ct. Thus (Ic)t =
Is =(0) and so Ic = (0). Hence IcA =(0) and cA C r(I).

Ifx €l(cA)thenxcA = (0)andso xs = (xc)t = 0. Thus [(cA)s = (0). As
s is nonsingular in Hom, (A /I, F) this implies that I/(cA) C I. Therefore by
(16.15) r(I)C r(I(cA)) = cA. Consequently r(I)= cA.

Suppose now that both s and ¢ are symmetric. Then for all a,bE A

(abc)t = (ab)s = (ba)s = (bac)t = (ach)t.

Thus (a(bc —cb))t =0 for all a,b € A and so A (bc —cb) is in the kernel
of 1. Therefore bc — cb =0forall b € A andso c isin the centerof A. [

LemMma 16.18. Suppose that A is a symmetric algebra. Let A, = @e,AA,
where {e:} is a set of pairwise orthogonal primitive idempotents. Then each
e, A, contains a unique minimal right ideal N, and Ann(J(A))= @N,.

Proor. By (16.8) each e;A4 contains a unique minimal right ideal N.. Since
N; is an irreducible A module it follows that NJ(A) = 0 for each i. Hence
@N, CAnn(J(A)). By (16.8) dimreJ(A)+dim:N, =dimre;Aa. As
J(A)=EPeJ(A) this implies that dim,J(A)+dim.(EPN,)=dim,A.
The result now follows from (16.15) and (16.16). [

17. Algebras over complete local domains

The following notation is used throughout this section.
R is an integral domain satisfying the following conditions:
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(1) R satisfies A.C.C. and R/J(R) satisfies D.C.C.

(i) R is complete.

(1) J(R)= () is a principal ideal.

By (9.10) and (12.7) R is a principal ideal domain and a local ring. R/(7)
is a field. Thus either R is a complete discrete valuation ring or 7 = 0 and
R is a field. In the latter case most of the results in this section reduce to
trivialities.

For our purposes the most important examples of rings R satisfying
these conditions are of the following type. Let p be a rational prime. Let R,
be the integers in a finite extension field of the p-adic numbers and let R be
the integers in the completion of an unramified extension field of the
quotient field of R,.

K is the quotient field of R.

A is a finitely generated R-free R-algebra.

Let V be an A module and let v € V. Then v denotes the image of v in
V = V/(m)V. Similarly R = R/(7), A = A/(7)A. Clearly Vis an A
module and if V is a finitely generated A module then V is a finitely
generated A module.

If S is a commutative (not necessarily finitely generated) R -algebra then
As=A ®rS and Vs = VR, S for any A module V. Of course As is a
finitely generated S-algebra and Vs is an As module. If V is a finitely
generated A module then V5 is a finitely generated As module. Of special
importance is the case S = K. If V is an R-free A module then we will
generally identify V with V&R C V & K.

An R module V is torsion free if ro =0 for r € R, v € V implies that
r=0or v =0. A submodule W of the R module V is a pure submodule if
(W =WwWn()V for every r€ R.

The fact that R is a principal ideal domain makes the ‘“‘fundamental
theorem of abelian groups” available. We state some consequences
without proof.

LEMMA 17.1. Let V be a finitely generated R module.
(1)) Vs free if and only if V is torsion free.
(i1) V is projective if and only if V is free.
(i) A submodule W of V is pure if and only if WI V.
(iv) An epimorphism of V into V is an automorphism.

LEMMA 17.2. Let V be a finitely generated free R module. Let W be a
submodule of V. The following are equivalent.
(1) W is a pure submodule of V.
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) (MW= (m)V N WL

(iil) (W +(7m)V)(7)V = W/(7)W.

(iv) The image of W in V is isomorphic to W.
v) VIW is free.

If Visan A module and W is a submodule of V then W is torsion free
or pure if that is the case for W considered as an R submodule of the R
module V.

THEOREM 17.3. The map sending a to a sets up a one to one correspondence
between central idempotents in A and central idempotents in A. If e is a
central idempotent in A then e is centrally primitive if and only if € is centrally
primitive.

Proor. Immediate by (12.9). [

COROLLARY 17.4. There is a one to one correspondence B — B between
blocks of A and blocks of A where B = B(e) for a centrally primitive
idempotent e of A implies that B = B(&). If V is an A module, V € B, then
VEB. If Wis an A module, W € B, then W considered as an A module is
in B.

Proor. The first statement follows from (17.3) by defining B(e) = B(€). If
VEB(e) then Ve=V and (7)Ve =(7)V. Thus Vé=Ve=V and
VEB(é). If WE B(é) then We = Wé = W and so W€ B(e). O

LEMMA 17.5. Let L be a finitely generated Ax module. Then there exists a
finitely generated A module V which is R-free such that Vi = L.

ProoF. Let {v:} be a K-basis of L. Let {a;} be an R-basis of A. Let V be
the R module generated by {va;}. Then L = Vi and V is a finitely
generated A module. V is R-free since V is torsion free. [J

LEmMMA 17.6. Let P be a finitely generated projective A module and let
V be a finitely generated R-free A module. Then Hom, (P, V) is an
R-fre R module and Homg (P, V)~Hom, (P, V). If furthermore
ranke {Hom, (P, V)} = d then Iz (P, V)=d = I (P, Vk).

Proor. By (13.1) it may be assumed that P =eA for some primitive
idempotent e in A. By (82) Hom,(eA, V)=Ve is R-free and
Homgx(éA, V)=~ Vé = Ve. Thus d = rank Ve and
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I« (Px, Vi) = dimg Ve = rankg Ve = dimgz Ve= Iz (P, V). [

THEOREM 17.7 (Brauer). Let V, W be finitely generated R -free A modules
such that Vi =~ Wx. Then V & W.

ProOOF. Let e be a primitive idempotent n A and let m, n be the
multiplicity of eA /eJ(A)in V, W respectively. Then by (16.3) and (17.6)

mI(eA/leJ(A), eAleJ(A)) = Iz (€A, V)= Ik (eAk, Vi)
= Ix(eAx, Wk) = Iz (EA, W)
=nl(eA/eJ(A), eAleJ(A)).

Hence m = n. Since e was arbitrary the result follows. [J

Theorem 17.7 is of fundamental importance for the whole subject. We
give here another proof which is independent of most of the previous
theory. See Serre [1977] p. 125.

ALTERNATIVE PROOF OF THEOREM 17.7. Since Vi = Wi it may be assumed
that Vix = Wi and after replacing W by a scalar multiple that WC V.
Hence there exist an integer n >0 with #"V C W C V. We will prove by
induction on n that if 7"V C W C V then Vo W.

Suppose that n =1. Then #W C #V C W C V. Hence there exists an
exact sequence

0> aV/aW s W/aW - V/gV > V/W-0.
Let T=V/W. Then T = wV/nW. Thus there is an exact sequence
0->T—>W—->V->T-0.

This implies that V & W.

We proceed by induction. Suppose that n>1. Let M =7""'V + W.
Then #"'VCMCV and "M C W CM. By induction M <>V and
M< W. Thus Ve W. O

The following notation will be used in the rest of this section.

Uy, ..., U i1s a complete set of representatives of the isomorphism
classes of principal indecomposable A modules. For i=1,...,k let
L, = Ui/Rad U; where Rad U, is the radical of U,. Thusby (13.7) L,, ..., L«
is a complete set of representatives of the isomorphism classes of irreduc-
ible A modules.
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X, ..., X, is a set of R-free A modules such that (X),...,(X.)x is a
complete set of representatives of the isomorphism classes of irreducible
Ag modules. Clearly each X, is indecomposable. Such modules exist by
(17.5).

Fors=1,...,n let X, ez,ll d,L;. The nonnegative integers d,; are the
decomposition numbers of A. By (17.7) they do not depend on the choice of
X,. The n X k matrix D = (d;) is the decomposition matrix of A. If e is a
centrally primitive idempotent in A then the decomposition matrix of eAe
is called the decomposition matrix of the block B where B = B(e).

THEOREM 17.8 (Brauer). Suppose that Ax is semi-simple. Then

AN (L.L)
(U= D T () Ko

Furthermore if {c;} are the Cartan invariants of A then

I (Li, L:)
2 1 I (X)), (X )I\)d s

s=1

PROOF. Since Ax is semi-simple (U:)x =~Pi-i ds(X,)x. By (16.4) and
(17.7) we have

In (L., L)ds = Iz (U, X.) = L (U, (X)x) = dudic (X)k, (X))

This proves the first statement. The second statement is an immediate
consequence of the definition of the Cartan invariants. [J]

CoROLLARY 17.9. Suppose that Ak is semi-simple. Assume that K is a
splitting field of Ax and R is a splitting field of A. then (U)x =~
@rzld,.-(X,)K and C=D'D where C is the Cartan matrix of A. If
B,,..., B, are all the blocks of A and D", C" is the decomposition matrix
of B,, the Cartan matrix of B, respectively, then after a suitable rearrange -
ment of rows and columns

DY 0
D:( . ) and DYDY =CW,

0 D™

Furthermore for no rearrangement of rows and columns is

DY 0
D" = :
0 DY
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Proor. The first two statements follow from (17.8). By (7.8) d. =0 if X,
and L are in different blocks. The last statement follows from (16.7). J

LEMMA 17.10. Assume that det C# 0 where C is the Cartan matrix of A.
Let P, Q be finitely generated projective A modules. Then P = Q if and only
lf PK = QK.

Proor. If P =~ Q then clearly Px =~ Qk. Suppose conversely that Px =~ Q.
Let P =D\ aU,, Q = EPi- bU.. Then by (16.4) and (17.6)

&
Z} aicijIﬁ(Li’ Li) = Iz ([],,P) = IK((L]I')K’ PK)

= Ik (([JI)K, OK) = Z biCijIli (L;, L,')

forj=1,...,k Hence o (a;, — bi)c; =0 for all j. Thus a; = b; for all i as
detC#0. []

LEMMA 17.11. Suppose that A is a Frobenius algebra. Let V be a finitely
generated R -free A module such that V = P, @ W, where P, is a projective
A module. Then there exists a finitely generated projective A module P and a
finitely generated R-free A module W with V~P@W, P~P, and
W =W,

Proor. By (13.7) there exists a finitely generated projective A module P
with P = P,. Since P is projective there exists a commutative diagram

P
4
V- P —0.

Then the image of f(P)in V is m Hence by (17.2) f(P) is a direct
summand of V as an R module and f is an isomorphism. Since P is
R -injective by (15. 5) this 1mp]1es that P | V andso V =P @ W for some A
module W. Hence PO W =V =P, @ W, and so W = W, by the unique
decomposition property. D

THEOREM 17.12 (Thompson [1967b]). Let U be a principal indecomposable
A module. Let V be an Ax module such that VI Uk. Then there exists an
R-free A module W such that Wx = V and W/Rad W is irreducible where
Rad W is the radical of W. Hence in particular W is indecomposable. If A is
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" a Frobenius algebra then there also exists an R -free A module W'’ such that
Wi=V and the socle of W' is irreducible.

Proor. It may be assumed that Ux = V@M. Let L=UNM and let
W= U/L.Itis easily verified that L is a pure submodule of U. Thus L C U
and U/L = W. Hence by (13.6) W/Rad W is irreducible.

" If A is a Frobenius algebra let W =UNYV. Then W' is a pure
submodule of U and so W’'C U. Hence by (14.8) the socle of W' is
irreducible. [

CoroLLARY 17.13. Suppose that Ak is semi-simple. Let V be an irreducible
Ak module. Then there exists an R-free A module X such that Xy =~ V and
X is indecomposable.

PROOF. As V| Ui for some principal indecomposable A module, the
~ result follows from (17.12). O

18. Extensions of demains

In this section the same notation is used as in Section 17.

An integral domain S containing R is an extension of R if the following
hold

(i) S is a principal ideal domain and a local ring.

(i) S is free as an R module.

(iii) J(S) = J(R)S = (7)S for some integer e.

If S is an extension of R then e is the ramification index of S. S is an
unramified extension of R if its ramification index is 1. Observe that if S is
an extension of R then S/J(S) is an extension field of R.

If R is a field or equivalently 7 =0 then an extension of R is simply an
arbitrary field containing R. In this case all extensions are unramified. If S
is an extension of R which is a finitely generated R-algebra then S is a
finite extension of R.

If L is a finite extension of K then the integral closure of R in L is a
finite extension of R. Thus if S, and S, are finite extensions of R, there
exists a finite extension S of R with §; C S fori=1,2.

Lemma 18.1. Let B be a subring of A with R C,B. Suppose that A is a
finitely generated free B module and ,A is a finitely generated free left B
module. Let S be an extension of R and let V be a finitely generated
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B-projective A module. Then Vs is a finitely generated Bs-projective As
module.

PrOOF. If V| Vs ®s5sAs then Vi|Bs, Qpb, s, (As)a,. The result follows
from (4.8). [

The next result which is somewhat in contrast to (17.12) and (17.13)

shows that extensions intrude themselves in a natural way. See Feit
[1967b].

LEMMA 18.2. Let M be a finitely generated R-free A module and let
(0)= V,C V,---C V, = M be a chain of A modules. Let W, = V,/V._, and
let S be an extension of R with ramification index e = n. Let L be the quotient
field of S. Then thereexists an S-free As module M' such that M| =~ M, and

MII(S)M' =B (Wsus)-

i=1

Proor. Fori=1,...,n let di = dimg W,. There exists an R -basis {m; | 1<

j<d, 1<i<n} of M such that for each k =1,...,n {m, |1<j=<d,

1<i=<k}isan R-basis of V.. Let (II) = J(S). Then (II) = (x)S and {m,}

is an S-basis of Ms. Define m/, in Ms by m/, = 1I' "'m, for all i,j and let M’

be the As module generated by {m;}. Clearly M'C Ms and M| = M,.
If a € A then there exist rx € R such that for each k

2 riwty  (mod(m)M).

Mk

mga =

i

Il
-

Thus for a € A there exist s, € S such that for each k

d,
S sy (mod(11Y'Ms).

i=

M»

me,a =

i

Therefore
mia=S"S sudl*~my;  (mod(II)*M’)
i=1j=1

and so
dk

m,a = Z Sk, (mod(11)M").
=1

This implies that M’/J(S)M’z@:‘:l(“/i)su(s)' 0

CoroLLARY 18.3. Suppose that w# 0. Let M be a finitely generated R -free
A module. Then there exists a finite extension S of R with quotient field L
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and an S-free As module M' such that M|~ M, and M' = M'/J(S)M' is
completely reducible.

ProoF. For any rational integer n >0 let L = K(¥/7) and let S be the
R-algebra generated by W in L. Then S is a finite extension of R with
ramification degree n. The result now follows from (18.2). U

LeMMA 18.4. Let V, W be finitely generated A modules and let S be
an extension of R. Then Homa (V,W)@xS =Homa,(Vs, Ws) and
Es(V)&&S = E. (Vs).

Proor. Let {s;} be an R-basis of S. Thus every element in
Homa (V, W)®:S can be written in the form Xf ®s; with f €
Hom, (V, W). In such an expression the f; are uniquely determined.
Define g :Hom, (V, W)®=r S — Hom (Vs, Ws) by g(f Qs:)(v &s)=
f(v)& sis. Then clearly g is an S-homomorphism and in case V = Wg is a
ring homomorphism.

Ifg(Zf ®s)=0thenforallv € V,2f(v) Qs =0.Thus f, = 0 for all i.
Hence g is a monomorphism.

Let h € Hom,, (Vs, Ws). For each i define f by h(v @ 1) =2 (v) R s..
Since V is finitely generated there are only finitely many nonzero f.
Clearly f, € Hom, (V, W) for each i and g(2f ®s)=h. Thus g is an
epimorphism. [J

If V is an irreducible A module then V = V may be considered as an A
module. V is an absolutely irreducible A module if for every unramified
extension S of R, Vi is an irreducible As module.

LemMa 18.5. Let V be an irreducible A module. The following are
equivalent.

(i) V = V is an absolutely irreducible A module.

(ii) V is an absolutely irreducible A module.

(iti) For every finite unramified extension S of R, Vi is an irreducible A
module.

(iv) E.(V)=R.

(v) R is a splitting field of V.

Proor. (i) = (ii). If S is an unramified extension of R then S/J(S) is an
extension field of R and Vi = Vi)

(i) = (iii). Clear.



7 CHAPTER [ [18

(iii) = (iv). If E4 (V) # R then there exists a monic irreducible polyno-
mial f(¢) € R[t] which has a root in E, (V) — R. Let fy(t) € R[t] such that
fo(t) is monic and fo(¢t) = f(¢). Let S = R[a] where a is a root of fi(¢). Since
S/(7)S is a field S is a finite unramified extension of R and f(¢) has a root
in S. Thus E4 (V)®x S is not a division ring. Hence by (18.4) E. (Vs) is
not a division ring and so by (8.1) Vs is reducible.

(iv) > (v). Clear from the definition of a splitting field.

(v)=> (i). Let U,,..., U, be a complete set of representatives of the
isomorphism classes of principal indecomposable A modules. By (16.4)
there exists j with Iz (U;, V) =1. Let F be an extension field of R. Thus by
(18.4) Ir((U,)r, Ve)=1. Let Ui,..., U, be a complete set of representa-
tives of the principal indecomposable A, modules. Since (U;)- | A- this
implies that there exists i with I-(U/, Vr)=1. Hence by (16.4) Vi is
irreducible. [

An A module V is absolutely indecomposable if for every finite
extension S of R, Vs is an indecomposable As module.

LEMMA 18.6. Let V be a finitely generated indecomposable A module and
let E = EA(V). If E/J(E)= R then V is absolutely indecomposable. If R is
algebraically closed then every finitely generated indecomposable A module
is absolutely indecomposable.

Proor. Since E/J(E) is a division ring which is a finitely generated
R -algebra the second statement follows from the first.

Suppose that E/J(E)=R Let S be a finite extension of R
By assumption J(R)S CJ(S)CJ(E;). Thus J(R)Es CJ(Es). Since
J(E)s/J(R)Es is a nilpotent ideal in Es/J(R)E; this implies that J(E)s C
J(Es). Since Es/J(E)s = S/J(R)S it follows that Es/J(Es) = S/J(S) has
only one idempotent. Thus by (12.3) Es has only one idempotent and so by
(18.4) E. (Vs) has only one idempotent. Hence Vs is indecomposable. [

LEMMA 18.7. Let V be a finitely generated indecomposable A module.
There exists a finite unramified extension S of R such that Vs = (pDi- V:
where each V, is an absolutely indecomposable S module and
EA (V)/J(Ea (Vi) =S.

Proor. If S is a finite unramified extension of R then Vs is the direct sum
of n(S) nonzero indecomposable As modules for some integer n(S) with
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“ 1= n(S)<dimz (V). Choose S so that n(S) is maximum. Clearly every
-component of Vs remains indecomposable when tensored with any finite
unramified extension of S. Replacing R by S it may be assumed that Vs is
indecomposable for any finite unramified extension S of R.

For any finite unramified extension S of R let D(S)=
EA (Vs)/J(Ea,(Vs)). Thus D(S) is a finite dimensional §-algebra which is
a division ring. If T is a finite unramified extension of S then J(S)T C
J(T)CJ(EA,(Vr)) by assumption and so J(S)Ea (V7)) CJ(Ea, (V7))
Thus since J(Ea, (Vs))r/J(S)EA, (V7)is nilpotent, D(T)is a homomorphic
image of D(S)Xs T.

Choose a finite unramified extension § of R such that dimsD(S) is
minimum. If D(S)# S there exists a monic irreducible polynomial f(t) €
S[¢] of degree at least two which has a root in D(S). Choose f«(t) € S[t]
such that fy(¢) is monic and fy(t) = f(¢). Let T = S[a] where a is a root of
fo(t). Then it is easily seen that T is a finite unramified extension of S. Since
f(¢) has a root in T, D(S)&s T is not a division ring and so dim+D(T) <

dims D(S) contrary to the choice of S. Hence D(S)=S and Vs is
‘ absolutely indecomposable by (18.6). [

The converse of the first statement in (18.6) is false. It is however almost
true, the difficulty only occurs if R has inseparable extensions. This is
discussed in Huppert [1975] and a counterexample due to Green is given
there. It should be observed that Huppert’s definition of absolute indecom-
posability differs from that given in the text. In any case (18.7) is important
for some applications.

LemMa 18.8. Let U be a principal indecomposable A module and let
L = U/Rad(U) where Rad(U) is the radical of U. Then L is absolutely
irreducible if and only if E. (U)/J(E.(U))=R.

PROOF. By (13.8) Ea(L)=EAs(U)/J(Ea(U)). The result follows from
(18.5). - O

CoroLLARY 18.9. There exists a finite unramified extension S of R such that
S is a splitting field of As.

- Proor. By (18.7) there exists a finite unramified extension S of R such that
(A =P U where Ea (U;)/J(Ea,(U,)) =S for each i. By (18.8) § is a
splitting field of As. [J
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19. Representations and traces

Let R be a commutative ring and let A be a finitely generated R-free
R-algebra. An R -representation of A or simply a representation of A is an
algebra homomorphism f: A — Ez(V) where V is a finitely generated
R-free R module and f(1)=1.

If f: A—>ER(V)isa representation of A define va = vf(a)forv €V,
a € A. In this way V becomes an A module. If conversely V is an R -free
A module define f: A = Ez (V) by vf(a)=va forv € V,a € A. Then f is
an R-representation of A. Thus there is a natural one to one correspon-
dence between representations of A and finitely generated R-free A
modules. The module corresponding to a representation is the underlying
module of that representation. All adjectives such as irreducible etc. will
be applied to the representation f if they apply to the underlying module
of f.

Two representations f,, f, with underlying modules V,, V, are equivalent
if V, is isomorphic to V,. It is easily seen that f, is equivalent to f, if and
only if there exists an R-isomorphism g : V,— V, such that f,=g 'f.g.

Let V be a finitely generated R-free R module with a basis consisting of
n elements. By (8.6) Ez (V)= R.. Thus a representation of A defines an
algebra homomorphism of A into R..

Assume that R is an integral domain and let f be an R -representation of
A with underlying module V. Define the function tv : A — R by t.(a) is
the trace of f(a) where f(a) € R,. It is clear that ¢, is independent of the
choice of isomorphism mapping Ez (V) onto R,. The function ¢, is the
trace function afforded by V or the trace function afforded by f.

It is easily seen that if V = W then t, = tw. Furthermore if K is the
quotient field of R then #,(a)=1t.(a) for a €A and V a finitely
generated R-free A module.

Suppose that R satisfies the same hypotheses as in section 17. Let S be
an extension of R. Then for any finitely generated R-free A module V we
have tv (a)=tv(a) for a € A.

Throughout the remainder of this section F is a field and A is a finitely
generated F-algebra. All modules are assumed to be finitely generated.

Under these circumstances trace functions are sometimes called charac-
ters. See for instance Curtis and Reiner [1962]. However we prefer to
reserve the term character for a different, though closely related, concept
which will be introduced later.

THEOREM 19.1. Let V, W be absolutely irreducible A‘modules. Then V=W
if and only if & = tw. ‘
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“PrOOF. If V = W then t, = tw. Suppose that V# W. Let I,, Iv be the
- annihilator of V, W respectively. Let I =1, N I,,. It suffices to prove the
result for the algebra A /I Thus by changing notation it may be assumed
that I = (0). Hence J(A )= (0). Since A has two nonisomorphic irreducible
inodules the Artin—-Wedderburn theorems (8.10) and (8.11) imply that
A=A, P Av where A\ and Ay are simple rings and V, W is a faithful
absolutely irreducible Ay, Aw module respectively. Since V and W are
absolutely irreducible it follows from (8.11) that Ay = F,, and Aw = F, for
- some m, n and the isomorphisms sending Ay to F,, and Aw to F, are
equivalent to representations with underlying modules V, W respectively.
Choose a € A such that a corresponds to the matrix

1 0 --- 0
0 in F,.

Then tv(a)=1 and tw(a)=0. Hence tv# tw. [

Suppose that K is a finite Galois extension of F and o is an automor-
phism of K over F. Then ¢ defines an automorphism of Ax by (a Q x)’ =
a(x” for a € A, x € K. This automorphism will also be denoted by . If
V is an Ax module let V' ={v, l v € V} where

v, tw, =(@+w), foruow€EV,

v.a” = (va)., forvE V, a € Ax.

Clearly V“ is an Ax module and V7 = (V”) for o, 7 automorphisms of K
over F. Furthermore {tv- (a)}* = tv(a) for a € Ax. Thus tv. =15 .

The next result is essentially a corollary of the Artin-Wedderbu:in
theorems (8.10) and (8.11).

LEMMA 19.2. Let L be a finite Galois extension of Fand let A = L, for some
integer n >0. Let G be the Galois group of L over F. Then A has a unique
irreducible module W up to isomorphism and the following hold.

() AL =(D.ecA,, with A, =L, forall 0 €G.

(i) There is an irreducible A, module M such that W, =~ {J,e. M", {M"}
is a complete set of representatives of the isomorphism classes of irre-
ducible A, modules and each M’ is absolutely irreducible. Furthermore if
e (@) =t (a) for all a € A then o = 1.
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ProOF. Let W be an irreducible A module. By (8.11) every irreducible A °
module is isomorphic to W. It is easily seen that dim, W = n[L : F]. :
If o € G then o defines an automorphism of A = L., in a natural way. '
This will also be denoted by o.
Let L. = F(c) and let

c 0 -~ 0
b=10 C A.
0
0
Let U be an n-dimensional I. space. For o € G define fo AL = E (U)

by u(f,a) = ua”. Thus each f, is an absolutely irreducible representation of
A.. Let U, be the underlying A, module and let ¢, = 1,,. Then t, = ¢{.
Hence if o# 7 then 1,(b)=c"#c¢" =1t(b). Thus U,# U. for o # r by
(19.1). ,
Let I be the annihilator of @ U,. By (8.10) and (8.11) A, /I~ .
@.,En A.., where U, is a faithful irreducible A, module. Hence A, = L,
for all c € G and :

dim, A, = n*(L : F) = dim, ( P A,,) = dim, (A, /I).
ged
Thus I = (0) and (i) is proved. Furthermore every irreducible A, module is |
isomorphic to some U, and each U, is absolutely irreducible. |
For some o€ G, U, | W.. As W{=W, the unique decomposition
property (11.4) implies that @A,eo U, | W,.. Thus W, t@(,eo U, as ‘

dim, W, = dim, W = n[L : F] = dim, (EB u,) .

aed

Define M = U,. By (19.1) M” '=U, forc € G. [

For the next two results we require Wedderburn’s theorem which asserts
that a finite division ring is a field. See for instance Curtis and Reiner [1962]
p. 458 for a proof of this theorem. We will also need other well-known
results such as the fact that a finite extension of a finite field is a Galois
extension with a cyclic Galois group.

THEOREM 19.3 (Brauer). Let a,,...,a: be an F-basis of A. Let K be an
extension field of F and let V be an absolutely irreducible A. module.
Assume that F is finite and tv(a.)E F for i = 1,..., k. Then there exists an
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‘»' absolutely irreducible A module W such that Wy = V and t. (a) = tw(a) for
“all a € A.

Proor. Let W be an irreducible A module such that V is a composition
factor of W.. By factoring out the annihilator of W and changing notation
- it may be assumed that W is a faithful A module. Thus J(A)=(0) and by
the Artin—-Wedderburn theorems (8.10) and (8.11) and the fact that finite
division rings are fields it follows that A = L, for some finite extension
field L of F. It may be assumed that A = L,.

By replacing K by KL and V by V., it may be assumed that L C K.

Let M and G be defined as in (19.2). Then V = Mk for some o € G.
Thus by assumption ty-(a)=tr-(a) for all a€ A and all 0,7 €G.
Hence (19.2) implies that G =(1) and so F = L. Therefore W =M and
We=V., O

THEOREM 19.4. Assume that F is finite. Let K be a finite extension of F.

(1) Suppose that V is an absolutely irreducible Ay module. Let
[F(tv): F] = m and let (o) be the Galois group of F(t.) over F. There exists
an irreducible A module W such that Wy = p;-, V, with t,, = t7.

(i) Let W be an irreducible A module. Then Wy, = (),-, V, where {V,} is
a set of pairwise nonisomorphic irreducible Ax modules ands =[K N L : F].
Furthermore there exists an element o in the Galois group of K over F with
V'=Vand V,=V” fori=1,...,s

PrROOF. (i) Since V is a constituent of Ax by (6.1) there exists an
irreducible A module W such that V is a constituent of W. It may be
assumed that W is faithful. By the Artin-Wedderburn theorems (8.10),
(8.11) it follows that A = L,, for a finite extension L of F. By (19.2)
L =F(t,). By (19.3) it may be assumed that K = F(ty) = L. The result
. follows from (19.2).
(i) Without loss of generality it may be assumed that W is faithful.

' Then, as above, A = L, for some finite extension L of F. Let M be defined
‘as in (19.2). Apply (i) to My, and let V be an Ax module such that

IKL K]

Vi = @ M;\L

i=1
- Since dim, M = n it follows that dimy, Vi =[KL :K]n=[L:KNL]n.
Thus if U is an irreducible A~ module then Uy is irreducible. Hence by
replacing K by K N L it may be assumed that K=K NL CL.
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Let G =(o) be the Galois group of L over F. If s =[K:F] and
H ={c’) then G/H is the Galois group of K over F. Since V. ' W, it
follows that V’ Wk. Hence V° l Wi as Wi = Wy, It is easily seen that

V" =V if and only if s |(i —j). Thus €P;-, V=" | Wi. Since

dimx Wi = n[L : F] = ns[L : K] = dim« (@ v) ,

it follows that Wx ~EP., v O
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1. Group algebras

All groups are assumed to be finite unless the contrary is explicitly
stated.

If H is a subgroup of G then a cross section of H in G is a set of
elements {x,} in G such that G = U Hx, and Hx # Hyx, for i#j. A left
cross section of H in G is defined analogously.

If x€EG and A is a subset of G then A* = x'Ax.

We will freely use standard terminology and notation from the theory of
groups. See for instance Gorenstein [1968], Huppert [1967].

Throughout this chapter R is a commutative ring which satisfies A.C.C.
and G is a group. The aim of the chapter is to investigate properties of the
group algebra R[G] which depend on the fact that R[G] is a group
algebra rather than an arbitrary R-free R-algebra. The structure of the
“ ring R plays a relatively minor role and many of the results in this chapter
hold even if R does not satisfy A.C.C. However in some results it is
necessary to make some assumptions concerning R.

If A is a subset of G define A in R[G]by A =2 ..x.

2. Modules over group algebras

Let H be a subgroup of G and let V be an R[G] module then
Vi = Vrin) denotes the restriction of V to R[H]. If W is an R[H] module
then

W/(7 = W®‘ R|1-1|R[G]R[(‘,|~
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The R[G] module W€ is said to be induced by W.

Let {x;} be a cross section of H in G. Then R[G] is a free left R[H]
module with basis {x;}. Thus if V is an R[H] module then V¢ =
@.- V & x; where this is a direct sum of R modules and if vE V, x € G
then

Rx)x=vRxx=v&yx, = vy QX

where x;x = yx; with y € H.

Suppose that o is an automorphism of R[G] such that R* = R and
G’ = G. Thus o defines an automorphism of R and one of G. If H is a
subgroup of G and V is an R [H] module define the R[H]" module V" as
follows. VvV’ ={v, |v € V} where

v, +w,=(+w), foroweV

v.a” =(va), forv €V, a € R[H].

If o is an automorphism of R let V7 = V7 where o, is the automor-
phism of R[G] defined by (Z.carx) = Z.carix. Observe that this
coincides with the definition in section 19 of Chapter I, where both
definitions apply.

If o is an automorphism of G let V' = V"' where o, is the automor-
phism of R[G] defined by (Z.carx)" =2, canx"

For x € G define the R[H"]-module

V“=V®x={v®x|v€ v}

where (v @ x)y* = vy ®x for y € H Clearly V¥ = V" where z" = x"'zx
for all z € H.

LEMMA 2.1. Let H be a subgroup of G. Let V be an R[G ]| module and let W
be an R[H] module. '
W) If V=V BV, then Vi, =(V\)y (Vo).
(i) If W=W, B W, then W= WD W¢. :
(i) If o is an automorphism of R[G] such that R” = R and G° = G then
(W) =(WTY. In particular W = (W*)" for x € G.
(iv) If HC A C G for some subgroup A of G then W< =~ (W™")“.
(v) Let o be an automorphism of R[G] suchthatR” = R and G° = G.
The map sending U to U" is a one to one map from the set of all submodules
U of W onto the set of all submodules U’ of W° which preserves inclusion,
intersections, sums and direct sums. In particular U is irreducible or -
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: indecomposable if and only if U" is irreducible or indecomposable respec -
tively.

Proofr. Immediate from the definitions. [J

LEMMA 2.2. Let H be a subgroup of G and let {x;} be a cross section of H in
G. Let V be an R[G] module. Then V = W€ for some R [H] module W if
and only if there exists a submodule W, of V,, such that W =W, and
V= @ Wox: where this is a direct sum of R modules.

Proor. If V=W let W,= W®]1. Then V = @ Wox,. Conversely the
R -linear map from Wg' to V which sends w @ x; to wx; is easily seen to be
an isomorphism. []

If U, V are R[G] modules then U ) V is an R module. For u € U,
vE V, x € G define (u @ v)x = ux & vx. It follows easily that in this way
U ®r V becomes an R[G] module. This R[G] module is denoted by
U & V. The definition implies immediately that

URQV=VRU,
(UBU)QV=(UQV)B(U.Q V).

LEMMA 2.3. Let H be a subgroup of G. Let V be an R[G] module and let W
be an R[H] module. Then

V ® W(i x(V” ® W)(;,
ProoOF. Let {x;} be a cross section of H in G. Define f: VW’ —
(Vi Q@ W) by

flo@(w@x)=(vx; ' @w)Q x;
forv e V, w € W.Clearly f is an R-isomorphism. Let x € G. Suppose that
xx =yx; with y € H. Then

flo @(w @ xi)ix = (vx: ' Q@ w)y Dx,

=(x. 'y Q@wy)®x, = (vxx, @wy)Xx,

. and

fllo @ (w @ x)lx] = flox @ (wy @ x,)} = (vxx;, ' @ wy) X x;.
Thus f is an R[G] homomorphism as required. [J
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Let V be an R[G] module. An element v € V is a G-invariant element
or simply an invariant element if vx = v for all x € G. Let Inv (V) denote
the set of G-invariant elements in V. Clearly Invs (V) is an R module.

Let V, W be R[G] modules. For f € Homk (V, W)and x € G define fx
by (v)(fx) ={(vx ")f}x for v € V. Clearly fx € Homx (V, W) and (fx)y =
f(xy). In this way Homg (V, W) becomes an R[G] module.

If V, W are finitely generated R-free R[G] modules of rank m
and n respectively then Homg(V, V)=R,, Homg (W, W)=R, and
Homg (V, W) consists of all m X n matrices with entries in R. For x € G
let a,, b, respectively be the map sending v to vx, w to wx respectively for
veV, weW. Then a, € Homk(V, V), b, € Homz (W, W) and if fe
Homg (V, W) then fx = a.'fb..

Incase W = R withrx = rforallr €ER and x € G,Homz (V,R) =V as
an R module. If f€ V and v € V, (v)(fx)=(vx Yf=v(x 'f) for x €G.
Homg (V, R) made into an R[G] module in this way will be denoted by
V*® or simply V* if R is determined by context.

LemMMmA 2.4. Let V, W be RG] modules. Then Invs(Homg (V, W))=
Holem(V, W)

Proor. By definition f € Invs(Homg(V, W)) if and only if f=fx for
all x € G. This is the case if and only if (v)f = (v)(fx) ={(vx ")f}x for all
vE YV, x&€G. This last condition is equivalent to the fact that
f € Homgc(V,W). 1]

LemMMA 2.5. Let H be a subgroup of G. Let V be an R[G | module and let W
be an R[H] module. Then

(i) {Homg (W, Vi )} =~Homx (W€, V),

(i1) {Homg (Vu, W)} =Homg (V, W°).

ProoF. Let {x;} be a cross section of H in G.

() If f € {Homg (W, Vi,)}° then f=2f Qx for f € Homg (W, Vi).
Define f € Home (W€, V) by (Zw, @x.)f = Z{(w:)f}x.. Let g be the
map sending f to f. Clearly g is an R-homomorphism. If f=0 then
2{(w.))fi}x. =0forall w, € W and so f, =0 for all i. Thus f = 0. Therefore g
is a monomorphism. If h € Homg (W€, V) then (2w, @ x.)h = 2{(wi)h)x,
for some h, € Homg (W, Vi ). Hence h = f with f = Zh, @ x. and so g is an
epimorphism.

Let x € G. For each i, xix = y.x where y; € H and x; — x;- is a permuta-
tion of {x;}. Thus if f = 2f @ x then fx =2 fy, @ x... Furthermore
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(Sw@x)do-{(Swaxx )i
((Z o we):

= 2wy ) fihxx

and

(Sw@x) @) (Swn)(Shv @) - St

= 2wy ) filyxe

Since yxi = x;x this implies that g is an R[G] isomorphism.

(i) If  fe{Homg(Vi, W)} then f=2f®x, where f€E
Homg (Vi, W). Define f € Home (V, W) by (v)f = Z(vx7)f @ x.. Let g
be the map sending f to f. Itis easily seen that g isan R isomorphism.

Let x € G. Let xix = yx; with y, € H for each i. Then if f=2f ®x,

(@)(f)={(vx Vfix =2 (ox 'x,)f R xx

= D iexx )y @ x

and
~ = >~
@F) = @) (S iy @% ) = Slwx. 'y )by @ x.

Since x.'y,'=x 'x;' this implies that g is an R[G] isomorphism. []

COROLLARY 2.6. Let H be a subgroup of G and let W be an R[H] module.
Then (W*)¢ =~ (W©)*,

Proor. Clear by (2.5)(i). O

LEMMA 2.7. Assume that R satisfies A.C.C. Let H be a subgroup of G. Let
U, V be finitely generated R[G] modules. The following hold.

(i) If Vis R-free and U is a projective or free R[ G| module then each of
U®V, U*, Homg (U, V) and Homx (V, U) is a projective or free R[G]
module respectively.

(i) If U is R[H]-projective then UV, U* Homg(U, V) and
Homg(V, U) are all R[H]-projective.
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PrOOF. (i) Let Vi, = nRx. By (2.3) V@ mR =~ mnR¥ is free. By (1.8.2)
and (2.5)

Homge (mR §, V) ={Homg (mRg, nR: )}
~ mn{Homg (Rr, Rx)} =~ mnR §
is free and
Homg (V, mR ) = {Homg (nRg, mRz )}’ = mnR §

is free. The rest of (i) follows from (i) with H =(1).
(i) By (1.4.8) U |(U.)“. Hence by (2.3)

UR V(U @V =(Ui® Vi) = {(UR V)u}“.
Thus by (1.4.8) U ® V is R[H]-projective. By (2.5)
Homg (U, V) | Home (U,)", V)= {Homx (U, V),,}“,
Homg (V, U)|Home (V, (U,)%) = {Homg (V, U),.}“.
Thus Home (U, V)and Homg (V, U) are R[H]-projective by (1.4.8). O

Osima [1941] first proved (2.7)(i). This answered a question raised in
Brauer and Nesbitt [1941].

LeMMA 2.8. Let V be a finitely generated R -free R[ G| module and let W be
an R[G] module. Then V*& W =~ Homg (V, W).

Proor. Let {v,} be an R-basis of V and let {v¥} be the dual basis
of V* Define g:V*® W—->Homg(V,W) by (v){g(f@w)} ={(v)fiw
for eV, weW, feV* Clearly g is an R-homomorphism. If
gv*@wi)=0 then w; =(v){g(Zv*®w:)}=0. Thus g is a mono-
morphism. If h € Homg (V, W) then h = g(2v* @ (v.)h). Thus g is an
R -isomorphism.

If xeG thenforveV,weW, fe Vv

(0)[g{(f @ w)x}] = (v){g(fx @ wx)} = {v(fx)}wx = {(vx ")f}wx
and

@)[{g(f @ w)tx]=[(vx ")g(f @ wllx = {(vx ")f}wx.
Thus g is an R[G] isomorphism. [

The next two results are due to Mackey [1951].
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THEOREM 2.9 (Mackey decomposition). Let H, A be subgroups of G and let
{x:} be a cross section of H in G. For any R[H| module W and any (H,A)
double coset D define the R[A] module W(D)=EB,IG,,W®x,. Then
- W(D)={Wyn.}" for any x €D and

(W) = D WD) =P {Wirna}'

where D and HxA range over all the (H,A) double cosets in G.

ProoF. Let Wo(H,x, A)={W,rna}". If xo€ HXA then x, = yxa with
y€H and a € A. Thus

Wo(H, x4, A) = { Wivana}”
= { Wﬁ‘“m,\}A = {( W;—r‘ n..\)u }"\ = W()(I'I, x, A )
Hence W,(H, x, A) = W,(HxA ) depends only on the double coset HxA.
It suffices to show that W(D)= Wy(D) for any (H, A) double coset D.
Let D = HxA. If x, €D there exists a;, € A such that Hx, = Hxa,.
Furthermore Hxa; = Hxg; if and only if aja;,' € H* N A Thus {a} is a

cross section of H* N A in A where i ranges over all values for which
x; € D. Hence

W()(D) = @ W:{‘ﬁ/\ ® aia

wD)=P wRx x@ WO xa.

x, €D

Define f: W(D)— Wy(D) by f(w @ xa;) =wx & a;. Clearly f is an R-
isomorphism. Suppose that a € A so-that aa =x 'yxa, with x 'yx €
H* N A. Thus

{f(w Qxai)}a

wx Qaa = wyx R a; = f(wy @ xa;)
. fw @yxa) = f(w @ xaa)
and f is an R[A] isomorphism. [J

TheoREM 2.10 (Mackey Tensor Product Theorem). Let H, A be subgroups
of G. Let V be an R[H] module and let W be an R[A] module. Then

V(‘? ® W(; ~ @ (VL‘,”’\® Wu‘n,\)(;

x
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where x ranges over a complete set of (H, A) double coset representatives
in G. '

Proor. By (2.3) and (2.9)

Vo ® wo _,:{( v(;)A ® W}(: ~ @ [{V;:\m/\}A ® W](;.

x

By (2.3)
{(Viraa' @ W={V . sa®@ W)™
The result follows from (2.1)(iv). [
Suppose that H<1G. Let V be an R[H] module. The inertia group
Tu(V)=T(V) of V is defined by
T(V)={x| V'~ V.x € G}
Clearly T(V) is a subgroup of G and HC T(V).

CoroLLARY 2.11. Suppose that H < G. Let Wbe an R[H ] module. Let {x,}
be a cross section of T(W) in G. Then

(WY, ~ | T(W): H| {GB W-‘} .

Proor. Clear by (2.9). [J

If V is an R[G] module then the kernel of V is defined as the set of all
x € G withvx = v forall v € V. Vis faithful if the kernel of V is (1).

LeEMMA 2.12. Let V be an R[G] module with kernel H. Then H < G.
Furthermore V =1Inv. (V) for a subgroup A of G if and only if A C H.

Proor. Clear by definition. []

LemMmA 2.13. Let H be a subgroup of G and let W be an R [H] module then
the kernel of W€ is contained in the kernel of W.

ProOF. Let A be the kernel of W By (2.9) {W,;na}" is an R[A]
submodule of W and hence is A -invariant. This implies that A = H N A
and so A C H. The result follows from (2.11). [J
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3. Relative traces

Let H be a subgroup of G and let {x;} be a cross section of H in G. For
“an R[G] module V define Tri: Invy, (V)= Invs (V) by Trij(v) = 2, vx,.
Clearly the definition of Trj; is independent of the choice of cross section
{x.}. Furthermore Tr{; is an R-homomorphism. If HC A C G for some
subgroup A then it follows directly from the definition that TriTr, = Tri.
If v €Inv, (V) then Tri(v) is the relative G, H trace of v. If v € V then
Tr,(v) is the G-trace of v or simply the trace of v.

Let $ be a nonempty set of subgroups of G. For an R[G] module V
define

H(G,$, V)=Invs (V) H}j Tr5{Inve (V).
ED

If $ = {H} we write HY(G, 9, V)= H(G, H, V). Clearly HY(G, 9, V) is an
R module and if V is finitely generated then HY(G, $, V) is a finitely
generated R module.

LEMMA 3.1. Let V,, V, and V be R[G] modules with V=V, V.. Let $
be a nonempty set of subgroups of G. Then the following hold.
(i) EHE.{" Invy ( VI)@ EHE.\B Invey ( vz) = EHED Invy ( V)
(ii) Eues:s Trf;{InVH ( Vl)} EB EHED Trf;{InVH ( Vz)} = EHES.W Trf;{InVH ( V)}
(i) HYG, 9, V)P H G, D, V.)= HA(G, D, V).

Proor. Immediate from the definition. []

LEMMA 3.2. Let H be a subgroup of G and let V be an R[G] module. Let
x €G. Then v € Invy (V) if and only if vx € Inv,. (V). Furthermore
Tri{lnve (V)} = Tri{Inv,,. (V)

PrOOF. If {x;} is a cross section of H in G then {x}is a cross section of H*
in G. This implies the result. [
LemMAa 3.3. Let H be a subgroup of G. Let

HepHpc{A IA is a subgroup of G such that A C H for some
x € G).

Then Trii{lnvy (V)} = Zace. TrS{Inva (V)} for every R[G] module V and
H'(G, H, V)= H'(G, 9, V).

Proor. By (3.2)
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Tri{Inv, (VI C D Tré{lnva (V) C 2, Tr${Inva (V)}
AED ACH

= > TriiTri{Inva (V)} C Tri{Inv, (V)}.

ACH

The results follow. O

LEMMA 3.4. Let H be a subgroup of G and let W be an R[H] module. Then
v €EInveg (W) if and only if v =Trii(w 1) for some w € Inv,, (W).
Furthermore H°(G, H, W) = (0).

ProOOF. If w €Invy, (W) then Trij(w ® 1) € Invg (W),
Let {x;} be a cross section of H in G with x,= 1. Suppose that
v=2w ®Xx €Invg(W°) for w, € W. Then for each j and each y € H

Uzvxj_'y= W',’y®1+2 W':®X,’

for suitable w;e W. Thus w;y =w, for all j and all y € H. Hence
wiEInvy(V)and v =2 w, Qx, =Tri(w.®1). O

Lemma 3.5. Let H be a subgroup of G. Let A be a nonempty
set of subgroups of H and let B ={HNA*|A €A, x € G}. Let W be an
R[H] module. Then v€ 2 caTri{Inva (W)} if and only if
v=Triw®1) for some w€EZZ,caTri{Inv,(W)}. Furthermore
H(G, N, We)=H"H,*8, W). Thus in particular H°(G,{1), W)=
HO(H, (1), W).

PROOF. Suppose that v = Trii(w ) 1) with w = Trjj(u) where B=H N A"
with A € and u €Inv,(W). Thus v =Tri(u ®1). Hence by (3.2)
u@x 'EInv,'nA (W) and

v=Trina (@D =Tri nalu @x ) =Tr{Tri A (e Qx N}

Thus v € Z.ca Tri{Inva (W)}

Suppose conversely that v =Tr{(u) for some A€ and
u €Inva (W), Let {x,} be a complete set of representatives of the (H, A)
double cosets in G. By the Mackey decomposition (2.9) and (3.4) u = Zu,
where u; = Triiuna(wi @ x;) for some w; € W. Therefore by (3.2)

v =2 Triioaw ®x) =2 Triinas(w, @1)

=Tr {2 Trl o ai(wi ® 1)} = Trﬁ{z Trinas (W) ® 1)
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" Thus v = Tri(w ® 1) where

w = zTrﬁm*:’(ws)E Trg’{lnv,;(W)}

BE

3

as required.

Let f: Inv,, (W)—Invs (W) be defined by f(w) = Trii(w @ 1). By (3.4)
f is an isomorphism. By the previous paragraph f(Z,ca Trii{Inv, (W)}) =
2aco Tri{Inva (W)}, Thus f induces an isomorphism from H(H, 9, W)
onto H'(G, 8, W°).
" IfA ={(1)} then B = {{1)} andso H(H, (1), W)~ H(G,(1), W°). O

LemMma 3.6. Let H be a subgroup of G. Let V, W be finitely generated RG]
modules where V is R[H |-projective. Then

(i) HG, H, V)= (0).

(i) H(G, H,Homz (V, W)) = H'(G, H,Homg (W, V)) = (0).

- PROOF. (i) By (1.4.8) V |(V«). Hence by (3.4)
H°(G, H, V)| HY(G, H,(Vi)") = (0).
(i) Immediate by (i) and (2.7). U

Lemma 3.7. Let H be a subgroup of G. The following hold.

(i) Let U, V, W be R[G] modules. If f € Homg (U, V) and g €
Hompg(a(V, W) then Trii(gf) = g Trii(f). If f € Homg (U, V) and g €
Homg ) (V, W) then Trii(gf) = Trii(g)f.

(i) Let A be a ring which is an R[G)] module and suppose that
(ab)x = (ax)(bx) for a,b € A and x € G. Then Trii(ab)= a Trii(b) and
Tro(ba) = Trii(b)a for a € Invg(A) and b EInvy,(A). Furthermore
Trii(Invy, (A)) is an ideal in the ring Invs(A).

(iii) If Visan R[G] module then Tri{(Er(n)(V))isanidealin Eri)(V).

Proor. Immediate by definition and (2.4). (O

The following fundamental result is essentially due to D. G. Higman
[1954].

THEOREM 3.8. Let H be a subgroup of G and let V be a finitely generated
R[G] module. The following are equivalent.

(i) Vis R[H]-projective.

(i) VI(Va)©.
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(1ii) V| W€ for some finitely generated R [H] module W.
(iv) Homg (V, V) is R[H]-projective.
(v) H'(G, H,Homg (V, V)) = (0).
(vi) There exists f € Homg i (V, V)= Invy{Homg(V, V)} such that
Tri(f) = 1.
(vil) V is R[H]-injective.

Proor. By (1.4.8) (i), (i) and (ii1) are equivalent.

(ii1) = (iv). Clear by (2.7).

(iv) = (v). Clear by (3.6).

(v) = (vi). Immediate by definition and (2.4).

(vi) = (vii). Suppose that W is an R[G] module with V C W such that
Vi | W,. Thus there exists a projection e of W onto V which is an
R[H]-homomorphism. Hence Trfi(ef) € Homg (W, W). Let {x.} be a
cross section of H in G. If w € W then

w Trii(ef) = E {(wxef}x: € E (Wef)x; C E (Vfx,.CV

and if v € V then

v Trii(ef) = 2 {[(vx Vel flx. = Z {(ox7) flx = v 2 (fr)

= Tr5(f) = v.

Hence Trii(ef) is a projection of W onto V and so V' W as required.

(vii) = (ii). Let {x;} be a cross section of H in G with x, = 1. Define
g:V—=(Vy)° by go=2,0x;'®x.. Thus g =Tr{i(h) where h:V—
V1 withhv=0v&®1.If gp =0 then vx7' X x,=v®1=0. Hence g is
an R[G]-monomorphism. Let W ={Z,, v, ® x;}. Then W is an R[H]
module. Clearly g(V)N W = (0). If Zv, ® x; € V° then

2 v Rx; = 2 vixi' & x +Z (v; *lefl)®x:
=g(v1)+; (i—vxYQx € g(V)+ W.

Hence {(V.)“ } = (V) € W. Therefore V., l{( Vu)°}u and so V I(VH )<
since V is R[H]-injective. []

CororLARY 3.9. Let H be a subgroup of G. Let V be a finitely generated
R-free R[G] module. Then V is R[H]-projective if and only if
H(G,H,V*® V)= (0).
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PrOOE. Clear by (2.8) and (3.8). [J

CoroLLARY 3.10. Suppose that |G :H| has an inverse in R for some
subgroup H of G. Then every finitely generated R[G] module is R[H]-
projective.

Proor. Let f=(1/|G : HI)1 €Homgx\(V, V). Then Trii(f) = 1. The re-
sult follows from (3.8). [

COROLLARY 3.11. Suppose that | G| has an inverse in R. Then every finitely
generated R[G] module is R -projective and every finitely generated R -free
R[G] module is projective. If furthermore V is an indecomposable R[G]
module and W is a submodule of V with W l Vithen W =(0)or W=V.

* Proor. Clear by (3.10) and (L4.6). [J

CoroLLARY 3.12 (Maschke). Let F be a field whose characteristic does not
divide | G |. Then every finitely generated F[ G] module is projective. F[G] is
semi-simple and every finitely generated F[G] module is completely
reducible.

Proor. By (3.11) every finitely generated F[ G] module is projective. Thus
every finitely generated F[G] module is completely reducible. Since
F[G)# 6y is completely reducible it follows that F[ G] is semi-simple. []

The following result in case H =(1) is due to Green [1974a].

LEmMMA 3.13. Let H be a subgroup of g. Let V, W be finitely generated
R-free RG] modules. Let g € Hompgc|(V, W). The following are equiva-
lent.

() g € Trii(Hom g y(V, W)).

(i) Suppose that U is a finitely generated R [H ]-projective R[G] module
such that U 5> W — 0 is an exact sequence and Uy L W,—0is split. Then
there exists h € Hompgg(V, U) with g = fh.

(ili) Suppose that U is a finitely generated R[H]-injective R[G] module
such that 0— V-5 U is an exact sequence and 0— V,, L Uis split. Then
there exists h € Hompg g (U, W) with g = hf.

PrOOF. (i) = (ii). There exists ¢ € Hompg (W, U) with ft =1. Let g =
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Trii(go) with g€ Homgp(V, W). Let h =Trfi(tge) € Homg1(V, U).
Then by (3.7)

fh = Tri(ftgo) = Trii(go) = &

(ii) = (i). By Higman’s Theorem (3.8) there exists gy € Hompgn)(U, U)
with Trii(g0) = 1. Thus by (3.7)

Trii(fgoh) = f Tril(go)h = fh = g.

The dual of the argument above shows that (i) is equivalent to (iii). [J

4. The representation algebra of R[G]

For any finitely generated R[G] module V let (V) denote the class of all
R[G] modules which are isomorphic to V.

For any commutative ring C the representation algebra or Green Algebra
Ac(R[G]) is defined as follows. A-(R[G]) is the C module generated by
the set of all isomorphism classes (V) of finitely generated R -free R[G]
modules subject to the relations (V, @ V,)= (V) + (V-). Multiplication is
defined by (V\)(V.)= (V. V,). It is easily seen that A-(R[G]) is a
commutative ring with 1 =(R) where R = Invgg(R).

The Grothendieck algebra A -(R[G]) equals Ac(R[G])/I where I is the
ideal of A-(R[G]) generated by all (U)—(V)+ (W) where U, V, W are
finitely generated R [ G] modules such that there exists an exact sequence

0-U—->V->W-0.

Lemma 4.1. If R[G] has the unique decomposition property then
Ac(R[G)) is free as a C module with basis (V;) where V, ranges over a
complete set of representatives of the isomor phism classes of finitely generated
indecomposable R[G]| modules.

Proor. Clear. (O

LeEMMA 4.2. Assume that R is a field. Let C be an integral domain whose
quotient field has characteristic 0 and let (V)’ denote the image of (V) in
AHR[G]). Let L\,...,L, be a complete set of representatives of the
isomorphism classes of irreducible R[ G| modules. Then (V)' = 2_, ¢; (L,)°
if and only if L; occurs as a composition factor of V with multiplicity c.. In
particular (V)" =(V,)’ if and only if V, & V.,
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Proof. Clear by definition. [J

In view of (4.2) the Grothendieck algebra is not too interesting in case R
is a field. However even in that case the representation algebra may be
infinite dimensional as a C module.

If $ is a nonempty set of subgroups of G let Acy (R[G]) be the C
submodule of A-(R[G]) generated by all (V) where V is R[H]-projective
for some H € .

LeEMMA 4.3. Let © be a nonempty set of subgroups of G. Then Aco(R[G])
is anideal in A- (R[G)). If furthermore R[ G| has the unique decomposition
property then Aqo(R[G]) is free as a C module with basis (V.) where V,
ranges over a complete set of representatives of the isomorphism classes of
finitely generated indecomposable RG] modules which are R[H ]-projective
for some H € .

Proor. Clear by (2.3). U

Let Z be the ring of rational integers. A finitely generated R[G] module
V is (R, 9)-projective or simply $-projective if V€ A, (R[G)). If R[G]
has the unique decomposition property then clearly V is §-projective if
and only if V = @ V. where for each i there exists H; € § such that V; is
R[H,]-projective.

For future reference we introduce the following notation. If V and
W are finitely generated R[G] modules then V = W()) means that
(V)= (W)E A, o(R[G]). In particular if V is H-projective then V =0(9)
and conversely.

5. Algebraic modules

Throughout this section C is the field of complex numbers.
The Green ring A-(R[G]) is generally very large. This section contains
the definitions and basic properties of some interesting subrings. These

ideas are due to Alperin [1976c], [1976e].
—_——t—
If Vis an R[G] module let V' =V®---Q V.

An element x € A-(R[G]) is algebraic if it is the root of a nonzero
polynomial with integer coefficients. In other words, if there exist integers
ao,...,a, not all 0, with a,+---+ax* =0. An R[G] module V is
algebraic if V is R-free and (V) is an algebraic element of A-(R[G]).
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LemMa 5.1. Suppose that R[ G] has the unique decomposition property. Let
V be an R-free R[G] module. The following are equivalent.

(1) V is algebraic.

(i) There exist a finite number of indecomposable R -free R[ G] modules
Wi, ..., W, such that if W is indecomposable and W ‘ V" for any n, then
W =W, for some i.

Proor. (i) = (ii). There exist nonnegative integers do, ..., aw bo,...,b;
with j <k such that a.#0 and Ef=(,a.-(V)' =2_ob (V). Thus every
indecomposable component of V* is a component of V' for some i < k by
the unique decomposition property. Hence if s = k then a routine induc-
tion argument shows that every indecomposable component of V' is a
component of V' for some i < k. Thus (ii) holds.

(i1) = (i). There exist integers a; such that

(V) = a||(W[)+ B al,,‘(W,,,),
(VY =ay(W)+ -+ @ (W,),

(V)" = (W + -+ @ (W),

The linear dependence of these equations shows that (V) must satisfy a
nonzero polynomial of degree at most m + 1 with integer coefficients. [J

LEMMA 5.2. Suppose that R[G] has the unique decomposition property. Let
V, Vi, V. be R-free R[G] modules.

(1) If V is algebraic and W l V then W is algebraic.

(i) If V, and V, are algebraicthen V., B V,and V, R V, are algebraic.

Proor. (i) Immediate by (5.1).

(i) By (5.1) there exist indecomposable R[G] modules Wi, ..., Wi,
W, ..., W, such that for all s,¢t >0 Vi (& Viis the direct sum of modules
of the form W,; @ W.,. Thus (5.1) and the unique decomposition property
imply that V, & V:and V,@ V. are both algebraic. []

LEMMA 5.3. Suppose that R[K] has the unique decomposition property for
every subgroup K of G. Let H be a subgroup of G.

() If V is an algebraic R[G] module then V,, is an algebraic R[H|
module.

(ii) If U is an algebraic R[H] module and V | U° then V is an algebraic
R[G] module.
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Proor. (i) Clear since (V") = (V)"
(i) Induction on|H /. By (2.3) and the Mackey theorems (2.9) and (2.10)

(UCY ' = (UO) @ U = {(U)")u ® U
~{(U°)) ® UY° ~ {(@ W) @ U]

Thus (U®)"*" is a direct sum of terms of the form {®Z',".I(Uf‘,~.m:)”}c.
If x € G then U* is an algebraic R[H"*] module. Thus by (i) U} is
algebraic and so by induction (U«ni)'" is algebraic. There are at most
|G : H| pairwise nonisomorphic R[H] modules of the form (U;nn)"".
Thus by (5.1) and (5.2) there exist a finite number of R[H] modules

W, ...,W, such that every indecomposable component of
&2/ (Uhinn)'" is isomorphic to some W, for all n = 0. Hence there exist
a finite number of indecomposable R[G] modules V..., V. such that

every indecomposable component of W{’is isomorphic to some V,. By (5.1)
U is algebraic. The result follows from (5.1). (I

Suppose that R = F is an algebraically closed field. An indecomposable
F[G] module V is irreducibly generated if there exist irreducible F[G]
modules L, ..., L, with V ‘ L ® ---&L,. An F[G] module is irreducibly
generated if every indecomposable component is irreducibly generated.

Let R = F be an algebraically closed field and let G be a group. In view
of (5.1) every irreducibly generated F[G] module is algebraic if and only if
every irreducible F[ G] module is algebraic. It is natural to ask when this
condition is satisfied. If char F =2 and G = SL(2") then Alperin [1976c¢]
has shown that this is the case. If G is solvable this condition also holds.
See (X.7.1).

By (5.2) and (5.3) a projective F[G] module is algebraic. It will be
proved in (IT1.2.18) that if char F = p then every projective F[G] module is
irreducibly generated if and only if O, (G) =(1).

6. Projective resolutions

Let V be an R[G] module. A projective resolution of V is an exact
sequence

SP P s s P V0, 6.1)

~where each P, is a projective R[G] module. If M, =d,(P.)C P,-, then
clearly
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0->M,—-P, - —>P—>V->0 (6.2)

1S an exact sequence.

LEMMA 6.3. Let V be an R[G] module. Let
O_)Mn_) n—I_)"’_)P()_)V-‘)O,
O_>M,,._)P,,/_|_)"’_)P(()_> V-0

be exact sequences with P,, P; projective for all i. Then there exist projective
R[G] modules Q, Q' with M, DO =M,P Q"

ProoOF. An immediate consequence of Schanuel’s Lemma (1.4.3).

An R[G] module is periodic if V=M, in (6.2) for some n = 0. The
smallest integer n = 0 with V = M, is the period of V.
Let Vi(G)=R as R modules with V(G) = Invs (Vy(G)).

LEMMA 6.4. Let F be a field. Suppose that V(G) is a periodic F[ G] module
with period n. If n >0 then every F[G] module is periodic and its period
divides n. If n =0 then every F[ G] module is projective.

ProoOF. Since V =V Q V|(G) the result follows from (2.7) and (6.3) by
tensoring every term in (6.2) with V. [J

Projective resolutions of F[G] modules and periodic F[ G] modules
have been studied by various authors. See for instance Alperin [1973],
[1976b], [1977b], Carlson [1977], [1978], [1979]. We will not pursue this
subject in this book except in a special case in Chapter VII, section 10.
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1. Basic assumptions and notation

Throughout the remainder of this book the following notation will be
used.

G is a group.

" p is a fixed rational prime.
R is an integral domain satisfying the following conditions:
(1) R satisfies A.C.C. and R/J(R) satisfies D.C.C.

(i1) R is complete.

(iii) J(R) = () is a principal ideal.

(iv) p=1+--- +1€(m).

_—
P

K is the quotient field of R.

All modules are assumed to be finitely generated.

If Vis an R[G] module and v € V then ¢ denotes the image of v in
V = V/(w)V. Similarly R = R/(w)and R[G] = R[G)/(7)R[G] = R[G].

In case # =0 R = R = K is simply a field of characteristic p. Otherwise
R is a complete discrete valuation ring.

In view of these assumptions the results of Chapter I sections 17, 18, 19
and the results of Chapter II apply directly to R[G]. Furthermore many
results from Chapter I will frequently be used when applicable.

An exposition of much of the material in this chapter can be found in
Green [1974b] or Michler [1972a].

The main purpose of this chapter, and indeed of the whole book, is to
study R[G] modules. However before doing so it is necessary to investi-
gate F[G] modules where F is a field. This is done in the next section.
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2. F[G] modules

Throughout this section F is a field and G is a group. Let V((G) denote
the F[G] module consisting of invariant elements with dims V(G) = 1.
Observe that all F[G] modules are F-free.

LEMMA 2.1. Let V, W be F[G] modules. Then dims (Invg(V*&Q W))=
1(V, W).

PRrOOF. Immediate by (I1.2.4) and (I1.2.8). OJ

LEMMA 2.2. Suppose that char F =p >0. Let V be an F[G] module.

(i) If p 'dimg V. Then the multiplicity of V(G) in V* & Vs at least 2. If
V is absolutely irreducible then V* Q) V is not completely reducible.

(i) If p ¥ dimpV then Vo(G)| V* Q V.

Proor. By (I1.2.8) V*® V =Hom¢ (V, V)= F, where n =dimr V. The
group G acts on F, by conjugation. Thus if W, is the set of scalars in F,
and W, is the set of matrices of trace 0 both W, and W, are F[G] modules.
Clearly W = V(G).If p + n then V*®Q V = W, W, and (ii) is proved.
Suppose that p|n. It follows that W,C W,. If w €F, and x € G then
(wx —w)€ W,. Thus F,/W,= Vy(G). Hence the multiplicity of V,(G) in
V*& V is at least 2.

If V is absolutely irreducible then by (I1.8.1) and (2.1)
dimg (Invg (V*Q V)= 1.If V*Q V is completely reducible then the first
statement implies that dimg (Invg (V*Q@ V))=2. Thus V*® V is not
completely reducible. [J

LEMMA 2.3. Let H be a subgroup of G and let W be an F[H] module. Then
dim{Invy; (W)} = dimg {Invg (W)}
Proor. Immediate by (I1.3.4). O

THEOREM 2.4 (Mackey [1951]). Let H, A be subgroups of G. Let V be an
F[H] module and let W be an F|A] module. Then

I(Vca WG): 2 I(V;‘nm WH‘ﬂA)

where x ranges over a complete set of (H, A) double coset representatives
in G.
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" ProoF. By (I1.2.6) and (I1.2.10)

(VO QW =D (Viena® Wian)”.
The result follows from (2.1) and (2.3). O

THEOREM 2.5 (Frobenius Reciprocity). Let H be a subgroup of G. Let V be
an F[G] module and let W be an F[H] module. Then I(W€, V)=
(W, Vi) and I(V, W)= I(V,, W).

Proor. Clear by (24). O

THEOREM 2.6 (Nakayama Relations). Let H be a subgroup of G. Assume
that F is a splitting field of F[H| and of F[G]. Let {U;}, {V;} be a complete
system of representatives of the isomorphism classes of principal indecompos-
able F[G], F[H] modules respectively. Let L;, M; be the irreducible F[G],
F[H] module corresponding to U, V; respectively. Then
(i) (L)n e@ a;M; for each i if and only if Vf;z@ a,U; for all j.
@) (U)u = @ b,V, for each i if and only if M,-‘"e@ b.L; for each |.

PROOF. (i) Let (L), < P a;M, and let V=~ a;U. By (1.16.4) a, =

" I(V,(L)w). By (1.16.9) a;, = I(V{, L)). The result follows from (2.5).
(i) Let (U)n~EPb,V, and let M{<>ZbiL. By (L16.4) b=

I(U,M?). By 1.16.9) b; = I((U: )y, M;). The result follows from (2.5). U

LEMMA 2.7. Let T G. Let V,V,,...,V, be F[G/T] modules such that
Ve@ V.. Let U be an F[T]-projective F[G] module. Then U QV =

Puxv.

ProoF. It clearly suffices to prove the result in case all V; are irreducible.
We proceed by induction on n. If n =1 there is nothing to prove. Let
W be an irreducible submodule of V. Then U W C U & V. Since
UQW)r =(dim, W)U and (U V)r =(dime V)U it follows that
WU W) (U V)r. By Higman’s theorem (I11.3.8) and (I1.2.7) U Q@ W
is F[T)-injective. Hence UQ@W|U®V and so URQV=
(URQW)YP(UQR V/W). The result follows by induction.

Lemma 2.7 is of special interest in case T = (1), however the full strength
will be needed in Chapter IX section 1.

THEOREM 2.8 (Brauer [1935], [1956]). Assume that F is a splitting field of
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F[G]. If char F =0 the number of irreducible F| G] modules is equal to the
number of conjugate classes of G. If char F = p >0 the number of irreduc-
ible F[G] modules is equal to the number of conjugate classes of G consisting
of p'-elements.

Proor. Let {C}} be the conjugate classes of G. Choose x; € C, for each i.

Let S be the F-subspace of F[G] generated by all ab —ba with o, b
F[G]. Let

So={2a,xl > a. =0 for all i].
G -

XEC

If 2ax€S, then Zax =2, 2.cca(x—x). Thus SoCS sjnce
x—x, €S for x € C. Since

(Zax)(Z0e)-(Soe)(Sax) -3

z

=2 {Z ax (b 1= b, I)}z

ab.-,—ab.,. )z
(2 )

x

z x

it follows that S C S, and so S = S,.

Clearly 2 a.x, € Soif and only if a, = 0 for all i. Thus dim: F[G] —dim.S
is equal to the number of conjugate classes of G.

If char F = 0 then F[G] is semi-simple by (11.3.12) and the result follows
from (1.16.3) in this case.

Assume that char F = p > (. Choose the notation so that C,...,C are
all the conjugate classes of G consisting of p’-elements. Let T = {cler" €S
for some j}. By (1.16.3) T is an F-space and it suffices to show that
k =dim-F[G] - dimT.

If x € G then x = yz = zy where y isa p-element and z is a p’-element.
Since (z —yz)” =z" —z" =0 for sufficiently large j it follows that
z—yz&€T and so x =z (mod T). Since S C T, z =x, (mod T) for some
i<k Thus x =x (mod T) for some i and dim F[G]—-dim T < k.

Suppose that 3., ax, € T. Hence by (1.16.3)

k

k i
D arx’= (2 a,-xi)p €S
=y

i=1 /

for sufficiently large j. Choose m such that x" =x for all i Thus
2. a!"x; € S. Hence by the first part of the proof a?" = 0 for all i and so
a; =0 for all i. Hence dimr F[G]—dimT=k. [J]

COROLLARY 2.9. Assume that charF =p >0. Let P be a p-group. Then
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'>V<,(P) is the only irreducible F[P] module and F[P]:r is the unique
principal indecomposable F[P] module. Every projective F| P] module is free
and F[P] is a local ring.

- ProOF. Let F, be a splitting field of F[P]. By (2.8) Vo(P)XrF, is the
unique irreducible F,[P] module. Hence Vo(P) is the unique irreducible
F[P] module and F is a splitting field of F[P]. By (1.16.9) this implies
that F[P] is indecomposable. Thus Vo(P)= F[P]rr)/J(F[P])rr and so
dim-F[P]/J(F[P])=1. Thus F[P] is a local ring. The remaining state-
ments are clear. [J

CoRrOLLARY 2.10. Assume that char F = p >0. Let P be a S,-subgroup of
G. If U is a projective F[ G| module then U, = nF[P]r s for some integer n.
Thus in particular dim;U =0 (mod |P|).

Proor. Clear by (2.9). O

LEMMA 2.11. Suppose that H <G. Let W be an irreducible F[H] module
with T(W)= H. Then W€ is an irreducible F[G] module.

PROOE. Let {x.} be a cross section of H in G. By (IL2.11) (W¢),, = €D w=
and W' =~ W% if and only if i = j. Let V be a submodule of W, V # (0).
By (1.5.11) W% C V4 for some i. Hence W*C V, for all i and so
(W) = V,. Hence W€ = V. Thus W is irreducible. [J

Tueorem 2.12 (Clifford). Let H<<G and let V be an irreducible F[G]
module. Then there exists an irreducible F[H] module W and an integer
e =en(V) such that V,, = e{@ W} where x; ranges over a cross section
of T(W) in G. Thus in particular V, is completely reducible.

ProoF. Let W be a minimal submodule of V.. Then Wx = W* forx € G
and so Wx is irreducible. Hence 2.cc W* is completely reducible. Since
2 W* is sent into itself by multiplication by elements of F[G] the
irreducibility of V implies that V,, = 2 W*. Thusiif {x,} is a cross section of
T(W)in G it follows from (I1.2.11) that Vi, = @e,-W"t. By (2.5)

el(W, W)= eI(W*, W5) = I(V, W5 )= I(V,(W5)%) = I(V, WE).

Hence e = e; is independent of i proving the result. [J

The integer e, (V) in (2.12) is the ramification index of V with respect
to H.
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CoroLLARY 2.13. Suppose that char F = p.

(i) Let H be a p-group with H <1 G. Let V be an irreducible F[ G] module.
Then H is in the kernel of V.

(i) The intersection of the kernels of all irreducible F[G] modules is
0,(G).

Proor. (i) Clear by (2.9) and (2.12).

(i1) By (I.19.4) it may be assumed that F is a splitting field for G and all
its subgroups. Let H be the intersection of the kernels of all the irreducible
F[G] modules. By (2.8) G and G/H have the same number of conjugate
classes consisting of p'-elements. Thus H is a p-group. Hence H = 0,(G)
by (1). O

In general it is very difficult to determine the ramification index. We will
here only prove a very special result.

THEOREM 2.14. Suppose that F is algebraically closed. Let H <1 G. Assume
that G/H is cyclic. Let W be an irreducible F[H] module with T(W) = G.
Then the following hold.

(i) There exists an F[G] module V with V,; = W.

(1) If X is an irreducible F[G] module such that W |X,, then X,y = W
and X = W & Z for an irreducible F[G/H] module Z.

ProoF. (i) Choose x € G with G = (x, H). Let A be a representation of
F[H] with underlying module W. Since T(W) =G there exists a linear
transformation M such that A(x 'yx)=M 'A(y)M for all y € H. Thus if
n =|G:H]| then

M7TA(M" = A(x"yx") = A(x")A(y)A(x")

for all y € N. Hence Schur’s lemma implies that M" = cA (x") for some
¢ € F. Choose ¢, € F with ¢ = c. Define A(x) = co' M. Then A extends to
a representation of F[G]. Let V be the underlying module for this
representation.

(i) Let Y =F[G/H] as an F[G] module. Then W° = V(& Y. Thus
every irreducible constituent of W€ is of the form V®Z for an
irreducible F{ G/H] module Z. By Frobenius reciprocity (2.5) X =~ V& Z
for some Z. As G/H is cyclic dimgZ =1 and so dimeX =dimsV =
dimW. Thus X,,=V. (O

The following notation will be used in the next result which is a technical
preliminary.
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If S is a subset of an F[ G] module V then (S) is the F-space generated
by S.

Lemma 2.15. (i) Let V be an F[ G| module. Then x is a scalar on V if and
only if v €E(vx) for allvE V.

(i) Let V be an F|G] module. F|Glrc)| V if and only if there exists
vEVwithv&(vx|xe G —{1}).

(i) Let V,W be F[G] modules and let A,B be subsets of G —{1}.
" Suppose that v E W, w € W with v €(vx |x EA) and w & (wx |x € B).
Thenv QwEV W with v QwZ{((v Qw)x |x EA UB).

Prookr. (i) This is elementary linear algebra.

(i) v & {vx |x € G —{1}) if and only if vy & (vx |x € G —{y}) for y €
G. This is the case if and only if {vx | x € G} is a linearly independent set or
equivalently F[G |rs) is isornorphic to a submodule of V. The result
follows as F[G]rc) is injective.

(1) There exist linear transformations a, b on V, W respectively so
. that va=v, wb=w but (vx|x EAYa=0=(wy|y € B)b. Hence if
y E A UB then

(v @w)y(a@b)=vya@wyb=0

as vya=0 or wyb=0. Thus (vQw)x|xEAUB)a®>b)=0 and
(v®yv)(a®b)=v®w#0. O

THEOREM 2.16 (Bryant and Kovacs [1972]). For x € G —{1} let V. be
an F[G] module on which x does not act as a scalar. Then

F[Glrq I ®x€6—(l) V..

PrOOF. By (2.15)(i) there exists v, € V. with v, & (v.x) for each
x € G—{1}. Repeated application of (2.15)(iii) implies that w =
®XEG_“,vX S ®,eo_.(,, V, satisfies the condition w & (wy |y e G —{1).
The result follows from (2.15)(ii). O

CoRrOLLARY 2.17. For x € G —{1} let V, be an F[ G] module with x not in
the kernel of V.. Then

FlGlnal & (VuG)@ Vo~ X (®V)

eG-{1} ACG -1}

* Proor. Clear by (2.16).
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CoRrOLLARY 2.18. Suppose that F is algebraically closed and char F = p.
Then every projective F[G| module is irreducibly generated if and only if
0,(G) =(1).

Proor. By (2.13) O,(G) is the intersection of the kernels of all irreducible
F[G] modules. Thus if O,(G)#(1) then by (2.10) no projective F[G]
module can be irreducible generated. If O,(G) = (1) then by (2.13)(ii) each
V. in (2.17) can be chosen to be irreducible and so the result follows from
(2.17). O

3. Group rings over complete local domains

Lemma 3.1. Let H be a subgroup of G. Let W be an R[H] module. Then
(Wk)? =(W) and W° = W€,

Proor. Clear by definition. [J
LEMMA 3.2. Let V be an R-free R[G] module. Then

(l) (V*(R))K x(VK)*(K) ~ HOH]R (V, K),
(“) V*(é)x ‘_/'*(R)g V*(R),

Proor. (i) Immediate by definition.
(i) Clearly V*® = y*® apnd v*® = y*® 3

LemMMA 3.3. Assume that p ¥ |G|. Then every R[G] module is R-
projective. The maps sending V to V and V to Vi set up one to one
correspondences between isomorphism classes of R -free R[ G] modules and
isomorphism classes of R[G| and K[G] modules respectively. In particular
if Vis an R-free R[G] module then V is irreducible if and only if Vi is
irreducible.

ProOF. By (I11.3.10) all R[G] or K[G] modules are projective and all
R-free R[G] modules are projective. Thus by (1.13.7) the map sending V
to V sets up the required one to one correspondence between isomor-
phism classes of R-free R[G] modules and isomorphism classes of R[G]
modules. Therefore by a suitable arrangement of irreducible R[G] mod-
ules it may be assumed that the decomposition matrix D of R[G] equals I
Hence by (I1.17.8) C is a diagonal nonsingular matrix where C is the Cartan
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matrix of R[G]. Thus by (I.17.10) the map sending V to Vi also sets up
the required one to one correspondence.

Let V be an R-free R[G] module, then V is indecomposable if and only
if V is indecomposable and thus irreducible. Also V is indecomposable if
and only if Vi is indecomposable and thus irreducible. [

LeEmMMA 3.4. Let V be a faithful R-free R[G] module. Then the kernel of V
is a p-group. If m#0 and P <0 G where P is a p-group then there exists a
finite extension S of R with quotient field L and a finitely generated S-free
S[G] module W such that W, = V,_ and P is in the kernel of W/J(S)W.

ProoF. Let x be a p’-element in G. Then (x) is a p’-group and V is an
R-free R[(x)] module. By (3.3) x is not in the kernel of V.

By (1.18.3) there exists a finite extension S of R with quotient field L
and a finitely generated S-free S[G] module W such that V. = W, and
W/J(S)W is completely reducible. By (2.13) P is in the kernel of
wiIs)w. O

Lemma 3.5. Suppose that H <1 G. Assume that W is an indecomposable
R[H] module such that T(W)=H. Then W€ is indecomposable.

ProoF. Let {x;} be a cross section of H in G with x, = 1. Let W, = W*, By
(I1.2.11) (W), z@ W, where W, # W, for i#j and each W, is inde-
composable. Suppose that W = V, P V.. Thus (W), = (V))u P (V).
Hence by the unique decomposition property W |(V|)H or W|(V2)H. It
may be assumed that W[(V.)H. Therefore W, '(VI)H for all i. Hence
(W = @ W, | (V)u by the unique decomposition property. Thus V,=
(0) and so W€ is indecomposable. [J

LEMMA 3.6. Suppose that G=H X A. Let V be an R-free R[H]=
R[G/A] module and let W be an R-free R[A] = R[G/H]| module. Then
the following hold.
(1) Invg (VR W) =Invs (V)R Invs (W).
(i) Eric)(V&Q W)= Erpn(V) Qg Erga(W).
(i) V Q Wis an absolutely indecomposable R[G ] module if and only if
Vand W are absolutely indecomposable R[G] modules.

"~ 'ProoF. (i) Since both V and W are R-free R modules so is every
submodule of V and W. Let {w;} be an R-basis of W. Clearly Inv¢ (V),
Invg (W) is a pure submodule of V,W respectively and
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Invg (V)R Invg (W) ClInvg (VR W). Let v €EInvg (VQ W). Then v =
20 Qw; with v, EV. Thus Zvx Qw, = 2 v, @w; for all x € H. Hence
v € Inve (V) for all i. Let {u;} be a basis of Invs (V). Thus v = Z 1, @ w!
for w,E W. Hence 2u,Qwix=2u,Qw! for all x€EA and so
wi € Invg (W) for all i. Consequently v € Invg (V)& Invg (W) as re-
quired.

(i) By (11.2.8) Homx (V, V) and Homk (W, W) are R-free R[G]
modules. Thus (i) and (11.2.8) imply that

Invg (Home (V, V)) ® Invg (Home (W, W))
= Invs (Home (V ® W,V ® W))

The result follows from (11.2.4).

(i) By (I.18.7) there exists a finite extension S of R such that
any nonzero indecomposable component U of Vs W5 or (V& W)
is  absolutely indecomposable and has the property that
Esici(U)J(Esici(U)) = S.

Let A = Esii((V® W)s), Ay = E6)(Vs)and Aw = Esi6(Ws). Since
A, Ay, A, are finitely generated R-algebras their radicals are nil-
potent. Hence (1.8.15) and (i) imply that A, &sJ(Aw)CJ(A)
and J(Av)QsAw CJ(A). Thus there exists an epimorphism of
AvIJ(AV) RsAw /J(Aw) onto A/J(A).

If Vs and Ws are indecomposable then there exists an epimorphism of
$=S®S onto A/J(A). Thus A/J(A)=S and so (V & W)s is indecom-
posable.

If Vs or Ws is decomposable then clearly Vi@ Ws is decom-
posable. [

Lemma 3.7. Suppose that G = H X A where A is a p’-group. Let U be an
R-free R|G] module. Then U is absolutely indecomposable if and only if
there exists a finite extension S of R and absolutely indecomposable S -free:
S[G] modules V and W such that H is in the kernel of W, A is in the kernel
of Vand Us = V Q W. If furthermore R is a field then it may be assumed
that W is absolutely irreducible. ‘

Proor. If V and W exist then U is absolutely indecomposable by (3.6).
Assume that U is absolutely indecomposable. There exists a finite
extension S of R such that every indecomposable component of Uy, and of
S[A]sia) is absolutely indecomposable. Change notation and replace S by -
R By (11.3.10) U is R[H]-projective. Thus U |(Ux)° and so U | VC for
some indecomposable component V of Us. The definition of V¢ implies
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directly that V¢ =~ V ® R[A ]r(a, where V is an R[G/A]~ R[H] mod-
ule. Let R[A]ria)= @ W, where each W, is indecomposable. Thus
U'V“x@,V@Wi and so U|V®W, for some i by the unique
decomposition property. By (3.6) V (9 W, is indecomposable. Thus U =
V® W, as required.

If R is a field then by (I1.3.12) W, is absolutely irreducible. [J

If absolute indecomposability is replaced by indecomposability then (3.7)
is not true in general. A complete discussion can be found in Blau [1974a],
Gudivok [1974], [1977].

The next result for R-free modules is due to J.A. Green [1959a], [1962a].
Related results can be found in Broué [1976a].

THEOREM 3.8. Suppose that H <A G and |G : H| = p. Let V be an absolutely
indecomposable R[H] module. Then V° is absolutely indecomposable.

ProOF. By (1.18.7) R may be replaced by a suitable finite extension such
that every indecomposable component of V¢ is absolutely indecompos-
able and ER[H]( V)/J(ER[H](V)) ~R.

If T(V)= H the result follows from (3.5). Suppose that T(V)# H. Thus
T(V)= G. Choose x € G —H.Then {x' 'Os i <p — 1} is a cross section of
Hin G Let y=x"€ H.

By (1.18.6) it suffices to show that for some finite extension S of R

Esi) (VI (Esie)(VS)) = S.
Let E = E (V). Then E/J(E)=R E C Ex (V) and
Exici(V?)C Erun(VP)C Ex (VE).

Since V = V* there exists an R-isomorphism h:V — V such that
h(v)z = h(vz*) for v €V, z €H. Thus h(v)y =h(vy) and h'(v)z =
h'(vz*') for all i. Furthermore if g €E then h™'gh € E.

Define f: V— V by f(v)= h"(vy). Clearly f is an R-isomorphism. If
z €EH then

f(v)z =h"(vy)z = h"(vyz”) = h"(vzy) = f(v2).

Therefore f € E.
= | ' .
By (I1.2.11) (V?), =€y V. Thus if a € E, (V?) there exist g, €
Ei (V) for i,j=0,...,p—1 such that for s =0,...,p—1,

a(v ®x*)= E higsh™(v) Dx "
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Let a =(g;)E(Ex(V)), The map sending a to a is clearly an R-
isomorphism from Ex (V) to (Ex (V)),.1f a,a’ € Ex (V) with a = (g;),
a'=(g) then for s =0,...,p—1

aa'(v@x‘)=a[2h"gth_"(v)@)xi}
p_],_

-2

Thus aa’ = aa’ and the map sending a to a is a ring isomorphism.
If ze H, a€ Ex (V) then for s =0,---,p—1

I

h'gigish ™" (v) ] X x.
=0

p-l

a(v®x°)z =2 {hig.h*(v)}z* ®x’

i=0
p-1

=2 h'{gh " (0)2) @,

p-1
a(e®x'z)=a(wz" @x°)=2 h'gh (02 )R
=0
Thus a € E.)(V?) if and only if for all i, s, {gh *(v)}z = g. {h " (v)z}.
Since h is an R-isomorphism this last equation holds if and only if
T~

g+ (w)z = gi(wz) for all w € V, or g, € E. Therefore Exu)(V°)=E,.
For a € Ex (V°) define a" by a" =(h"'gh) where a =(g;). Then
a" € Exn)(V) if and only if a € Exu) (V).
Define b € Ex (V) by b(v @x)=h(w)Qx'"" for i =0,...,p— L.
Clearly : '

0 0 f
b= 1(1)-. and b" =0b.
0 10

Thus b € E g(n)(V). Furthermore
bo@RxHYx=h@)Q@x'*=bv®x"") fori=0,...,p—2;
b(v@x"Nx =h(@)Qx""=h(vy) Qx =bry @1)=b(0&x").

Thus b € ER[C;](Vc )
By (1.9.12)

/\/(‘ N
(B9 Ewri(VO)NI(E)CI(Erc(V?)).
We next prove two subsidiary results.

(3.10) If g € E then h”'gh —g € J(E).
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Prook. Since E/J(E)= R there exists r € R such that g—re€eJ(E).
Hence

h™'gh—r=h"(g —r)h € h" J(E)h = J(E).
Thus h~'gh — g € J(E) as required.
(3.11) Leta € Egu)(V°). Thena € E 1(V) ifand only ifb™'ab = a".

Proor. Let a = (g;). For s =0,...,p—1

{ba" (v @x")}x "' =§ h'"'h™'gshh ™ (0) @ x'= a{b(v @x")x"'}.

Hence a"(v @ x*)x ™' = b"'ab{(v @ x")x~'}. This proves (3.11).
We return to the proof of (3.8). —~—
Let R(b)={Z/2orb' | ER}. Now A = Egc (V). Let B = R(b).
Thus
=1

»
B={Z rb' 'r;ER}QA.
i=0

Observe that B need not be a ring.

Since E,,/J(E) , =~ (E/J(E)), = R, it follows that J(E,) = J(E)E,. For
a€E,let a denote the image of a in E, = E,/J(E,).

Since ' E/J(E)=R there exists s €R, s#0 such that f—s€EJ(E).
Replacing R by a suitable finite extension it may be assumed that
f—r? €J(E) for some r € R. Thus

0o 0 7
- [10 o0
b={ "

0 170

Let C be the R-algebra consisting of all p X p matrices with coefficients in
R which commute with b. Since (t — 7y is the minimum polynomial of b
it follows that C consists of all polynomials in b with coefficients in R. Thus

(.12) B=C=R[t]/t~-FY.

By (3.10) and (3.11) A C C=B. Since BC A it follows that A = B.
Thus

B=A=A+J(E)IJ(E)~AJIANIE,).

Hence B/J(B)~ A/J(A) by (3.9). Thus it suffices to show that B/J(B) =~
R. This however is obvious from (3.12). O
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It should be noted that (3.8) is false if H is not normalin G evenif R is a

B N SR

field. For instance let G = As, H = A, with p =5. Let V be an irreducible "
R[H] module with dimg V = 3. Then V° is projective and dimg V“ =15.

However it is not difficult to show that no principal indecomposable R[G]
module has dimension 15. Such computations will follow relatively simply
from the results in Chapter IV.

COROLLARY 3.13. Suppose that H <A G and G/H is a p-group. Let V be an
absolutely indecomposable R[H)] module. Then V is absolutely indecom-
posable.

Proor. Induction and (3.8). O

COROLLARY 3.14. Suppose that G is a p-group and H is a subgroup of G.
Let V be an absolutely indecomposable R[H) module. Then V7 is absolutely
indecomposable.

Proor. Induction and (3.8). O

COROLLARY 3.15. Suppose that H <1 G and G/H is a p-group. Let L be an
absolutely irreducible R[G] module and let e = e, (L) be the ramification
index of L with respect to H. Then e = 1. If L, is an absolutely irreducible
R[G] module which is not isomorphic to L then no irreducible constituent of
L., is isomorphic to an irreducible constituent of (L)

PrOOF. By changing notation it may be assumed that R is a splitting field
of R[G] and R[H] and every principal indecomposable R[G] or R[H]
module is absolutely indecomposable. By (2.12) L;; = @ eM; where the M,
are pairwise nonisomorphic R[H] modules. Let U be the principal
indecomposable R[G] module corresponding to L and let V. be the
principal indecomposable R[H] module corresponding to M. Then
eU| V¢ by the Nakayama relations (2.6). However by (3.13) V{ is
indecomposable. Thus e = 1. Furthermore U =~ V{ for all i

Let U, be the principal indecomposable R[G] module corresponding to
L. 1f M, |L,, for some j then Uy~ VS~U. Thus L~L,. O

COROLLARY 3.16. Suppose that H <G and G/H is a p-group. Assume that

R is a splitting field of R[G]. Let M be an absolutely irreducible R[H]
module with T(M)= G. Then there exists an irreducible R[G] module L
such that L, =~ M. Furthermore L is uniquely determined up to isomorphism.
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‘PrOOF. By (I1.2.9) M [(M€),,. Thus there exists an irreducible R[G]
module L such that M | L. Since T(M)= G it follows from (3.15) that
Ly=M and L is uniquely determined up to isomorphism. [J

LemmAa 3.17. Let V be an R[G] module. Let H be a subgroup of G. If V is
R[H]-projective then V is R[H]-projective.

PrOOF. By (I1.3.8) V | (V)% Thus V |[(V.)°. The result follows from

(I1.3.8). U ,
The following example shows that the converse of (3.17) is not true in
general.

Let G={x,y[x"=1=1y% y'xy =x '). Let H=(x%y). Thus H< G,
G is adihedral group of order 16 and H is a dihedral group of order 8.

Let Q, be the 2-adic completion of the rational numbers. Let K = Q;(¢)
where ¢ is a primitive 8th root of unity. Let R be the integers in K.

Define

_{e 1 _ 1 0
X_(O £]>‘ Y_<E_I—8 ~1>

It is easily verified that the map sending x to X and y to Y defines a
representation of G. Let V be the underlying module for this representa-
tion. One checks that Homg i (Vi, Vii)= R Thus V,, is absolutely
indecomposable. Hence by (3.8) (V,,)” is absolutely indecomposable.
Since V and (V,,)° have different ranks, V# (V,,)°. Thus V t (V)¢ and
so V is not R[H]-projective.

Since £ =1 (mod(w)) it follows that

o 11 _ /10
X‘(o 1) and ‘_(0 1)'

Thus H is in the kernel of V. From this it follows easily that V =~ W¢
where W is the one dimensional R[H] module consisting of invariant
elements. Thus V is R[H]-projective.

4. Vertices and sources

We follow Green [1959a] very closely for most of this section. See also
Green [1971], Dress [1976].

An alternative approach to much of the material in this and the next
section has recently been given by Burry [1979].
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If H, A are subgroups of G then H Cc A means that H* C A for some -

T T

xE€G, H=cA means that HCs;A and A CcH. Thus H=5A if and :

only if H* = A for some x € G.

LemMA 4.1. Let A, H be subgroups of G and let W be an R[A] module and
V a component of W°. Suppose that Vi, = U, @ - - - @ U, where each U, is

an indecomposable R[H)] module. Then for each i there exists x, € G such

that U, is R[H N A% ]-projective. In fact U, I{W:'mm.}“.

Proor. Immediate by (11.2.9). [

For an R[G] module V let B(V) be the set of all subgroups H of G

such that V is R[H]-projective.

LEMMA 4.2. Let V be an indecomposable R[G]| module. Assume that
(i) A is a minimal member of B(V).
(i) W is an R[A] module such that V | W°.
(i) H e B(V). ,
Then for at least one indecomposable component U of Vy, V l U€. Further-
more for any such U there exists x € G with A~ C H and U l (WHH

PROOF. Since V is R[H]-projective V |(Vi)°. Thus V| U® for some

indecomposable component U of V,; as V is indecomposable. By (4.1) for
any such U there exists x € G such that U is R[H N A"]-projective.

Thus V is R[H*"' N A]-projective. The minimal nature of A implies that

A CH*"' or A* C H. The last statement follows from (+.1). ]
COROLLARY 4.3. Let V be an indecomposable R[ G| module. There exists a
subgroup A of G such that V is R [A ]-projective and if V is R[ H|-projective
then A Cs H. Furthermore A is uniquely determined up to conjugation in G.

Proor. Immediate by (4.2). U

If V is an indecomposable R[G] module then a minimal element in

B(V) is called a vertex of V. By (4.3) avertex of V is uniquely determined -
up to conjugation in G. We will frequently refer to the vertex of V. This -

should cause no confusion.

LeMMa 4.4. Let Vbe an indecomposable R[ G| module with vertex A. Then

A is a p-group.
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PROOE. Let P be a S,-group of G. By (I1.3.10) V is R[P]-projective. Thus
ACgP by (43). O

Let V be an indecomposable R[ G] module with vertex A. An indecom-
posable R[A] module W is a source of V if V [ W If W is a source of V
then clearly the R[A*] module W* is also a source of V.

LEMMA 4.5. Let V be an indecomposable R[ G| module with vertex A. Let
W, W' be R[A] modules which are sources of V. Then W'~ W* for some
X € NC, (A )

PROOF. By assumption V| WY and V| W'®. Thus by (4.2) with H = A
there exists x € G such that A*C A and W’I W* Hence x €N (A).
Since W* is indecomposable W'= W*. []

LEMMA 4.6. Let V be an indecomposable R[G] module with vertex A. Let
H be a subgroup of G such that V is R[H]-projective and let Vy =
U - P U, where each U, is indecomposable with vertex A. Then
() Ai CcA for each i.
i) Vv [ Uf for some j and in this case A; = A. Moreover if A C H then
A; =nA for some |.
(ii) If A; =c A then V and U, have a common source.

Proor. (i) By (4.1) U, is R[H N A~ ]-projective for suitable x, € G. Thus
AiCcHN A% CGA.

(i) Since V is R[H]-projective V | (Vi)®. Thus V | UZfor some j as V
is indecomposable. Hence A Cs A; and so A =gA; by (i). If moreover
A C H, then V|(VA)? and so V| W for some indecomposable compo-
nent W of (U;). for some j. Thus W has vertex A. By (i) applied to the
components of (U;). we have A C, A; and hence A =4A; by (i).

(i) If Aj=cA then A;,=HNA” forsome x EG. Thus HNA" is a
vertex of U; and A* C H. Let W be an R[A] module which is a source of
V then by (4.1) U, I(Wf\x)“. Thus W~ is a source of U, O

CoroLLARY 4.7. Let H be a subgroup of G and let W be an indecomposable
R[H] module. Then W has an indecomposable component V such that V
and W have a vertex and source in common.

PrOOF. Choose V| W€ such that W | V.. The result follows from
@.6). O
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Lemma 4.8. Let A be a p-subgroup of G. Let W be an R[A ] module such
that W = R =1Inv, (W). Then some indecomposable component of W€ has
vertex A and source W. In particular every p-subgroup of G is a vertex of
some indecomposable R[G] module.

ProOOF. By (4.7) it suffices to prove the result in case A = G. Suppose that
A, is a vertex of W and W, is an R[A,] module which is a source of W.
Since W isclearly absolutely indecomposable it may be assumed by (1.18.7)
that W, is absolutely indecomposable after replacing R by a suitable finite
extension. Thus by (3.14) W=~ W. Hence | A : A,|dimz W, = dimg W =
1. Therefore A = Ag and W =W, []

Lemma 4.9. Let V be an indecomposable R[ G| module with vertex A. Let
$ be a nonempty set of subgroups of G. Then H'(G, $, Homg (V, V)) = (0)
if and only if A CcH for some HE .

ProoF. If A CsH for some H € $ then H'(G, H, Hom (V, V))=(0) by
(I1.3.3) and (IL.3.8).

Suppose that A £cH for any HE . Let HE . Then V is not
R[H]-projective. Thus by (I1.3.8) Tri(Er;n(V))# Erici(V). Since
Eric1(V) is a local ring it follows from (I11.3.7) that Tri(Er;n(V))C
J(Egric1(V)). Therefore

2 Tri(Erin(V) CJ(Eriai(V) # Exiai(V). O

1ep
LemMa 4.10. Let V be an indecomposable R[G] module with vertex A.
Suppose that H<1G and A C H. Then there exists an integer ¢ and an
indecomposable R[H] module W such that V,, = @ieW"' where {x;} is a
cross section of T(W) in G.

Proor. There exists an indecomposable R[H] module W such that
V| W and W|V,. Hence by (IL2.11) V., ~EP.e,W* for integers e.
Since V is an R[G] module it follows that e¢; = ¢; for all i,j. [J

Lemma 4.11. Let V be an indecomposable R[G] module with vertex H. Let
y € G such that the p-part of y is not contained in any conjugate of H. Let
A =(y) and let B =(y"). Then for some finite extension S of R, (Vs)a =
W* where W is an S[B] module.

Proor. For x€G, ANH*#A and so ANH*CB. Thus by (4.1)
V.= EB U. where each U; is an indecomposable R|[B]-projective mod-
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ule. Hence V. ’MA for some R[B] module M. By (1.18.7) there exists a
finite extension S of R such that Ms = @ M, where each M, is absolutely
indecomposable. By (3.8) M is absolutely indecomposable for each i.
Since (Vs )a ‘ @M{‘ this implies that (Vs). = @M;‘ where j ranges over
a subset of {i}. The result follows by setting W = @M, U

LEmMMA 4.12. Let V be an indecomposable R[G] module and let P be a
p-group which is contained in the kernel of V. Then P is contained in a vertex
of V.

ProoF. Let W, be the R[P] module with W, = Inv, (W,) and dimgz, W, =
L Then V,=mW, for some integer m >0. By (3.14) P is the vertex of
every component of V. Hence P is contained in a vertex of V by (4.1). [

. CorOLLARY 4.13. Suppose that P <0 G, P a p-group. Let V be an irreducible
R[G] module with vertex P,. Then P C P, and P,/P is the vertex of Vasan
R[G/P] module.

Proor. Immediate by (2.13), (4.12) and definition. [J

The proof of the next result is due to D. Burry. See Green [1971],
Proposition 3.41, Erdmann [1977b], Lemma 4.6.

Lemma 4.14. Let V be an indecomposable R[G] module and let S be a
finite extension of R. Let A be a vertex of V. Then A is a vertex of every
component of V.

Proor. If H is a subgroup of G and W is an S[H] module, let W denote
W as an R[H] module. The definition implies that W¢ =~ we, Similarly
(M%)s =~ (Ms)“ for M an R[H] module.

Let W be a nonzero indecomposable S[G] module such that W' Vs. As
V[ (V)< it follows that Vs [{(Vs)a}® and so W is S[A]-projective. If A
is not a vertex of W then there exists a subgroup B of A with [A:B|=p
such that W is S[B]-projective. As W‘ Vs, W’(Vs)z[S:R]V. Hence

- . - N N ~
W =nV for some integer n >0 and so VI(WB)" as (Wp)® =~ (Wp)“
contrary to the fact that A is a vertex of V. [

5. The Green correspondence

For most of this section we follow Green [1964]. The following notation
will be used throughout this section.



116 CHAPTER 111 [5 :

P is a p-subgroup of G and H is a subgroup of G with Ng(P)C H.
If  is a set of subgroups of G write A €5 9 if A* € H forsome x € G.
We define the following sets of subgroups.

¥=%P H)={A|ACPNP* for some x € G — H},
=P, H)={A IA CHNP* for some x € G- H},
A=AP,H)={A|ACP and AZ , ¥}.

Observe that since Ng (P)C H, X consists of proper subgroups of P.
Thus P €. Clearly X C ).

The aim of this section is to define a one to one correspondence between
indecomposable R[G] modules with vertex in % and indecomposable
R[H] modules with vertex in % which preserves many properties of
modules. Such a correspondence can frequently be used to study various -
properties of an R[G] module by considering the corresponding R[H] '
module. The next four results are necessary preliminaries.

LEMMA 5.1. Suppose that A is a subgroup of P. The following are
equivalent.
(i) AEGL
(i) AEX
(i) A €9).
(iv) A€y .

PrOOF. (1) = (i1)). A*CPNP* for some zE G, x€E G- H. Thus AC
PNP 'NP* ' Eitherz '&H or xz ' ZH. Thus A € L.

(i1) = (iii). Clear since X C ).

(iit) = (iv). Immediate.

(iv)=> (1). AVCHNP" forsome y €EH, x€ G —H.
Thus ACPNH""'NP” ' Hence A€ ¥ since xy '€ H. [J

LEMMA 5.2. Let W be an R[P]-projective R[H] module. Then
(W = W(Q).

PROOF. There exists an R[P] module U such that W |U". Let U" =
W@ W,. By the Mackey decomposition (IL.2.9) (W), =W@H W/,
(WHu=W, W, for some W, Wi, Hence (U%)y=
WPH W, P WP Wi Since HN P* € for x & H it follows from (I1.2.9)
that (U®) = U" (). Thus
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WEWHWwWPHwW E(UG)H =U"=wgp wi(?).
Therefore W' @ W, =0(®). Hence (W°),, = W(®). O

LEMMA 5.3. Let V be an indecomposable R[G)] module with vertex A C P.
Then there exists an indecomposable R[H] module W with vertex A such
that V| WS and V., = W(Q)). Furthermore V =0(X) if and only if W =
0()).

ProoF. Let U be an indecomposable R[A] module with Vl U€. Let
W | U™ such that V | W°. Hence W has vertex A. Thus Vi | (W), and
by (5.2) (W) = W(?). Hence Vi =0()) or Vi = W(Q).
If V=0(¥)then A €;.¥ andso A €Y by (5.1). Hence Vi, = W = 0(9)).
If VEO(X) then A Zc¥ and so A &, Y by (5.1). Thus by (4.6)(ii)
Vu#Z0(®) and so Vy = W#Z0Q). O

LEMMA 5.4. Let W be an indecomposable R [H| module with vertex A C P.
Then there exists an indecomposable R[G] module V with vertex A such
that W |V, and W°=V(X). Furthermore W =0(¥) if and only if
V =0(%).

ProoF. Let W =€PV, where each V, is indecomposable. By the
Mackey decomposition (I1.2.9) W'(WG)H and so Wl(V,),., for some i.
Say W [(Vi)u. If W=0(¥) then W° =0(F) and so V,=0= W°(¥).

Suppose that W# 0(F). Then W#0(2)) by (5.1) and so (V) # 0(9).

* Since (W), = W(Q)) by (5.2) it follows that (V,), =0(9) for i > 1. Thus

by (53) Vi#0(X)and V, =0(X) fori >1. Hence W° =V, #0(¥). O

Let V= @ V, where each V, is an indecomposable R[G] module with
vertex in P. Define the R[H] module f(V) as follows:

fv)=D s,
f(V)=(0) if V, =0(%), (5.5)
f(Vi)=W if Vi#0(¥) where W is defined as in (5.3).

By (5.3) f is well defined on isomorphism classes of indecomposable
R[G] modules. By combining (5.2), (5.3), and (5.4) one immediately gets

TheoREM 5.6 (Green [1964]). Let f be defined by (5.5). Then f defines a
one to one correspondence from the set of all isomorphism classes of
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indecomposable R[G] modules with vertex in A onto the set of all
isomorphism classes of indecomposable R[ H] modules with vertex in 2. The
mapping f has the following properties.

() If V is an R[P]-projective R[G] module then f(V)= V,(?) and
f(V)C = V(X).

(i) Let V be an indecomposable R[ G| module with vertex in . Then V
and f(V) have a common vertex and source. If W is an indecomposable
R[H] module with vertex in 2 then f(V)= W if and only if V[ W€ or
equivalently W[ Vi

The mapping sending V to f(V) defined in (5.5) is called the Green
correspondence with respect to (G, P, H). In case G, P and H are specified
by the context it is simply called the Green correspondence. The remainder
of this section is concerned with investigating further properties of this

mapping.

LEMMA 5.7. Let V, V,, V; be indecomposable R[G| modules with vertices
in P. Let f be the Green correspondence with respect to (G, P, H). Then the
following hold.

M) (VIR (V)= f(V.® V) (X).

(i) f(Homg (V), V2)) =Home (f(V\), f(V2))().

(iii) If o is an automorphism of R[G] with R = R and G” = G then
f(VY = f"(V?) where f" is the Green correspondence with respect to
(G, P",H").

(iv) If Vis R-free then V* has vertex in P and f(V*)= f(V)*.

Proor. By (I1.2.7) the vertex of any component of V, @ V. or
Home (V,, V,) is contained in P. Thus f(V, & V>) and f(Homk (V,, V>))
are defined. By (5.6) and (11.2.7)

f(VIiQ V)=(V) Q(Va)u = (VR f(V2) ().
f(Home (V,, V3)) =Homg ((V )i, (V2)11)

= Homy (f( Vl)’ f( VZ)) (?))

Since f(ViQ Vy), fIV)Rf(V2), f(Homg (V), V2)) and
Homr (f(V)), f(V2)) are R[P]-projective by (5.3) and (I1.2.7), it follows
from (5.1) that the above congruences hold modulo X. This proves (i) and
().

(1ii) Clear by definition.
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(iv) Since V**=V it follows from (II.2.7) that V and V* have a
common vertex. By (I1.2.6) f(V*)=f(V)*. O

LEMMA 5.8. Let f be the Green correspondence with respect to (G, P, H).
Assume that X = {(1)}. Suppose that V is an R-free R[G]| module which is
R[P]-projective and that V is indecomposable. Then f(V)= f(V).

Proor. If V is projective then f(_V) = f(V) = (0). Suppose that V is not
projective. By (3.17) V is R[P]-projective. Thus by (5.6) f(V)= f(V)(@).
Hence f(V)=~ f(V)@ EP W, where each W, is an indecomposable R[H]
module which is R[P]-projective such that W; = 0(?)). Let A be a vertex of
W; with A C P. Since W, =0(?)), there exists z € H with A* C H N P* for
some x € G —H. Thus A C PN P~ €. Consequently A =(1) and W,
is R-projective. Therefore )TV—) ~f(V)@ U for some projective module
U. By (I.17.11), U= (0). O

LeEmMA 5.9 (Green). Let C be a commutative ring. Let $ be a set of
subgroups of G. Then A, (R[G]) is an ideal of A (R[G]). Furthermore if
O is a set of subgroups of P with ¥ C9 then

Acir(R[G])Acs(R[G]) = A ey (R[H])/A ¢ (R[H]).
PrOOF. This follows directly from (I1.3.3), (5.6) and (5.7). [J

LEMMA 5.10. Let V,V,, V, be indecomposable R[ G| modules with vertices
_in P. Then the following hold.

() H(G, ¥, V)= H(H, 9, f(V))= H'(H, ¥, f{(V)).

(i) Homg (V,, V) is R[P]-projective and

H'(G, ¥,Hom (V,, V1)) = H'(H, 9, Homz (f(V)), f(V2))
= H“(H, .%‘, Homre (f( V]), f( VZ))

Prookr. (i) There exists an R[P] module U such that F(V)I U". IfBisa
subgroup of H then the Mackey decomposition (I1.2.9) and (I1.3.4) imply
that

Inv, (U") = ;, Trénr:(AnVuar:(U™)).

Since f(V)| U" this implies that

Invs (f(V)) = ; Trine (Invgae: (F(V)).
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Consequently if ¥, is a nonempty set of subgroups of H it follows that
H(H, B, f(V))= H(H, 8, f(V)) where ¥ ={B N P* 'B €Y, z € H}.
Define the following sets of subgroups of G.

¥ ={A|ACHNP NP*xeG-HyEeE G},
X ={A|ACHNP NP*NP.xEG-HyEG,z € H}
={A|ACP NP NP xEG-Hy€EG,z€EH),
9 ={A|ACHNP NP ,xEG~-H,z€EH)
={A|ACP NP .xeG~-HzeH)
IfAeX, then ACP NPYNF? forsomexeG—-—H,yeG,zEH.
Thus ACP’ NP> and ACP” NP Either yEG—H or xy € G — H.
Thus A €9,. If A€YP), then AC P NP’ for some x € G —H, z€ H.

Thus A C P N P* NP and xz '€ G — H. Hence A € X,. Therefore
¥,=9,. The first paragraph now implics that

H(H, 9, f(V))= H'(H, 9., f(V)~ H'H, 1, {(V))

~ H'(H, X,, f(V)).
Thus by (I1.3.5)

H(H,9, f(V))= H(H, X0, f(V)) = H'G, X, f(V)F).
Hence by (5.6)(i) and (I1.3.6)
HO(H, Y. f(V)) = HY(G, ¥, f(V)°)= HY(G, X, V).

By (11.3.2) H'(H,?).. f(V))= H(H, X, f(V)). This establishes the second
isomorphism.

(i) By (I1.3.8) Hom (V, V2) is R[P]-projective. The result follows from
(5.7) and (i). [

Lemma S.11. (i) If Vis an absolutely irreducible R[G] module with vertex
in O then H'(H,?), Hom« (f(V), f(V)))= R. ’

(i) If V is an R-free R[G] module with vertex in N such that Vi is
absolutely irreducible then H'(H, 9), Homg (f(V), f(V))) is a nonzero cyclic
R module.

ProOF. (i) By (I1.2.4) Inve(Home(V,V))=R. Thus by (4.9)
H(G, ¥, Home (V, V)) = R. The result follows from (5.10).

(i) By (I1.2.4) Inve (Homy (V, V))x ~ K and so Inve (Homy (V, V))is a
nonzero cyclic R module. Thus by (4.9) HYG, ¥,Homg (V, V)) is a
nonzero cyclic R module. The result follows from (5.10). ([
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One of the most important problems in the whole theory is to give a
characterization of R[H] modules W with vertex in 9 which have the
property that W = f(V) for some irreducible R[G] module V or some
R-free R[G] module V such that V is irreducible. Very little is known in
this direction. (5.11) gives a rather meager necessary condition. Similarly
one may ask for criteria for subgroups and modules to be vertices and
sources of irreducible modules. Virtually nothing is known in this connec-
tion in general but some results are available if G is solvable. See Chapter
X, section 7.

The following result illustrates how far the condition of (5.11) is from
being sufficient.

LEMMA 5.12. Let V,, W, U, for i = 1,2 be R-free R[G]| modules with U;
projective such that for i =1,2

is an exact sequence. Let © be a nonempty set of subgroups of G. Then
(WQRQW3)P U= (V.Q VIYP U, for some projective modules U,, U,
and

H(G, , Homy (Vi, Vo)) = HO(Gy £, Homg (W,, W,)).

PrROOF. Since all modules are R-free the following sequences are exact
0-W RXIWI-URQWisVRQ Wi,
0->Vi-oUi—> Wi,
0> VIV ->UIRQV->WiR V,—0.

Thus by (1.43) (W, QWD U,~(V,Q V3)PU, for some pro-
jective modules U;,U,. Thus by (I1.2.8) Homg (W, W) U,~
Homy (Vi, V,) @ U.. The result follows from (I1.3.6). [

Let H be a subgroup of G and let V be an R[G] module. In general it is
difficult to get any information about the structure of Tr{i(Inv, (V)). We
conclude this section with some results related to this question.

Lemma 5.13. Suppose that V,, V, are R[ G modules which are not projec -
tive. Assume that V, is irreducible and V. is indecomposable. Then for
{i,j}={1,2}

(i) Tr§,(Homz (V.. V) = (0),

(i) H(G,{1), Homz (V,, V,))=~Homgc(V, V).
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ProOF. Clearly (i) implies (ii). Suppose that U is a projective R[G]
module such that U->V,—>0 is exact. Suppose that g€
Tri,(Homg (V,, V4)) with g # 0. By (3.13) there exists h € Homgg)( V), U)
with g = fh. As V, is irreducible h(V)) is in the socle of U. Thus the socle
of U is not in the kernel of f. Hence for some indecomposable direct
summand U, of U, the socle of U, is not in the kernel of f. Since U, has an
irreducible socle this implies that U, = f(U,) C V.. Hence U, | V., contrary
to assumption.

If g € Tr&,(Homg (V>, V1)) then g* € T, (Homa (V1, V¥)). Thus g* =
g =0 by the previous paragraph. [

LEmMMA 5.14. Suppose that P is a p-group and A is a subgroup of P. Let
V be an R[P] module with Tr'(Inv, (V))# (0). Then there exist sub-
modules W, C W, CV such that Wo/W, is R[A]-projective and
Tra(Inva (W,/ W) # (0). Furthermore dimzV =|P: A|.

ProOF. Let v EInv, (V) with w = Trii(v) #0. It may be assumed that V
is generated by v and w generates the socle of V. Thus there exists an exact
sequence

0-VLU

with U = R[P]z». Since U, is a projective R[A] module, every invariant
in U, is a trace. Thus f(v)=Tr,(u) for some u € U. Since Tr/;,(u) =
f(w)#0 it follows from the structure of U that {ux |x € P} is an R-basis
of U7. Hence if {x;} is a cross section of A in P then {f(v)x;} is a linearly
independent set over R and {wf(v)x,} is an R-basis of f(V)= V. Let V,be
the one dimensional R[A] module with V,=Inv, (V,). Then it follows
that f(V)= V¢ and so V = f(V) is R[A]-projective. I

LEMMA 5.15. Let © be a nonempty collection of subgroups of G and let V be
an R-free R[G] module.

() {7V + 2 aceo TrS(Inva (V) 7V is isomorphic to a submodule of
2/\ e;;wTr.(h\;(InVA ( ‘7))

(i) If HYG, 9, V) =Invs (V) then H(G, $, V) =Invc V.

PrOOF. (i) Let t:V— V be the natural projection. Since t(Tr%(v))=
Tri(w) it  follows that t maps ZacoTrS(Inva(V)) into
Zace TrS(Inva (V). Furthermore the kernel of ¢ restricted to
Zace TrS(Inva (V)) is precisely 7V N 2Z4ce Tri(Inva (V). This implies
the result.
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(i) This is an immediate consequence of (i). [J

It should be noted that the converse of (5.15)(ii) need not be true. For
instance let V, G, H be defined as in the example after (3.17). Then V is
R[H]-projective and so

H°(G,{H)},Homg (V. V)) = (0) # Homz,6,(V, V).

However V &= K is absolutely irreducible and V is not R[H]-projective.
Thus

H°(G, {H}, Hom (V, V)) = R = Homgc,(V, V)

The next result was announced in Feit [1969]. Related results can also be
found in Feit and Lindsey [1978].

LEMMA 5.16. Let V be an R-free R|G] module with vertex in Y such that
Vi is absolutely irreducible. Assume that {rank.f(V)} <minac: |P: A |
and K has characteristic 0. Then f(V)x is absolutely irreducible.

© PROOF. By (5.14) Tri(Inv., (Homy (f(V). f(V)))) = (0) for A € &’ Thus

H°(H, ¥, Home (f(V), f(V))) = Inv, (Home (f(V), f(V)).
Hence (5.15)(ii) implies that

H°(H, ¥, Home (f(V), f(V))) = Invy, (Home (f(V), f(V))).

By (5.10) H°(H,.X,Homx (f(V), f(V)))= H'(H, ), Hom« (f(V), {(V)))
is a nonzero cyclic R module. As Invy, (Home (f(V),f(V)))=R, this
implies that Inv,, (Homg (f(V), f(V)))=R. Thus I« (f(V)x, f(V)x)=1.
This implies the result as K[G] is semi-simple since K has characteristic
0. O

6. Defect groups

In this section we follow Green [1962a]. See also Brauer [1956], Osima
[1955], Rosenberg [1961]. The following notation and terminology will be
used throughout this section.

H is a subgroup of G.

Two elements x,, x, of G are H-conjugate if x, = x; for some y in H.
Clearly H-conjugation is an equivalence relation. Let L,, L,,... be all the
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equivalence classes of H-conjugatc elements in G. If G=H then
L, L,,... are simply the conjugate classes of G.

For x € L, let a; be the number of ordered pairs (x, x;) with x; € L,,
x; € L; and x;x; = x. It is easily seen that a; is independent of the choice of
x in L. Furthermore L.L, = 2, a,Lu.

Let P be a p-group, P C H. L, is P-defective if x* = x for some x € L,
and all ye€ P. Clearly L, is P-defective if and only if there exists
x €L, NCs(P).

Let x € L andlet P, be a S,-subgroup of Cq (x)N H = Cy;(x). Then P,
is a p-defect group of L, or simply a defect group of L. One immediately
sees

LemmA 6.1. Let P, be a defect group of L. Then
(i) L, is P.-defective.
(ii) If L: is P-defective for some p-group P in H then P C, P.

By (6.1) any two defect groups of L; are conjugate in H. Throughout this
section P, will denote a defect group of L.

If |P,|=p“ then d, is the p-defect or simply the defect of L.

For x € G define r, € Ex (R[G]k(c)) by ar. = ax for a € R[G]. The
map sending x to r. defines a ring monomorphism of R[G] into
Er(R[G]ric)). If x, y € G then by definition (see after (11.2.3)) re» = (r.)y.
Thus R[G] inherits an R[G] module structure where (x)y = (x”) for

x,y € G. Denote this module by E[G]. Hence as rings E[G] = R[G].
Define

Z(G:H)= Z(R; G :H) = Inv,, (E[G)).

Itis easily seen that Z(G : H) isan R-free R-algebra and {L,}isan R-basis
of Z(G:H). Clearly Z(G:(1))=E[G]=R[G] and Z(G:G) is the
center of R[G].

LEMMA 6.2 (Brauer). If ax#0 (modp) and Ly is P-defective for some
p-subgroup P of H then L, and L; are P-defective.
Proor. Choose x € L, N Cg (P). Define

A ={(x, x;) l x;€L,x; €L, xx;, = x}.

Thus |A;|=ap If y € P define (x,x;) =(x),x)). Thus P acts as a
permutation group on the set A;. The cardinality of any orbit of P is a
power of p. Since a,; #0 (mod p) this implies the existence of an orbit of
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length one. Thus there exists (4, v)€ A; with PCCy(u) and PC
Cu (U) 0

For any p-group P in H define
Zp(G:H) = {E rL; 'r. € R,r; =0 (mod 7) unless P, gHP}.

Thus (7)Z(G:H)C Z-(G:H) and Zo(G:H)CZ-(G:H) if QCP.
Furthermore if P is a S,-subgroup of H then Z(G:H)=Z, (G : H).

LEMMA 6.3 (Osima). Let P, Q be p-groups contained in H. Then

Zo(G:H)Zo (G:H)C D, Z+ (G : H)

where A ranges over all p-groups in H such that A C,P and A Cn Q.
Furthermore Z»(G : H) is an ideal of Z(G : H).

Proor. It suffices to show that if P,Cy, P and P, C, Q then I:,-I:, S
2 Za (G : H)

If aix # 0 (mod ) then ax # 0 (mod p). Hence by (6.1) and (6.2) P« Cn P,
and P, C P. This proves the first statement. The second statement follows
by letting Q be a S,-subgroup of H. (]

LEMMA 6.4. Let e be a primitive idempotent in Z(G : H) and let 8 be a set
of p-subgroups of H such that e € Zpcy. Zp (G : H). Thene € Zo (G : H) for
some Q € .

PROOF. Since e is an idempotent

ec E eZp,(G:H)e CeZ(G:H)e.
PER
As e is primitive it follows from (1.7.2), (1.8.2) and (1.10.4) that eZ(G : H)e
is a local ring. By (6.3) each eZ,(G:H)e is an ideal eZ(G:H)e.
Thus eZo(G:H)e =eZ(G:H)e for some Q €%. Hence by (6.3)
e€eZo(G:H)eC Zo(G:H). O

LEMMA 6.5. Let e be a primitive idempotent in Z(G : H). There exists a
p-subgroup P of H such that

(i) e € Z: (G : H).

(1) If e € Zo (G : H) for some p-subgroup Q of H then P C, Q. Further-
more if e = 2 a,L; then a;#0 (mod 7) for some j where L, is P-defective.
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Proor. If Q is a S,-subgroup of H then e € Z(G:H)=Z,(G:H).
Choose P minimal such that e € Z,(G : H). Then (i) is satisfied.
If e € Z, (G : H) then by (6.3)

e=e¢€Z,(G:H)Zo(G:H)C D, Z+ (G : H)

where A ranges over subgroups of H with A C,, P and A C,, Q. By (6.4)
e € Z,(G:H) for some A, C,P and A,C, Q. The minimality of P
implies that A, =, P and so P C,;Q proving (ii).

If ®={P, 'a.;‘éO (mod )} then e € 2.cs Z4 (G : H). Hence by (6.4)
e € Z,,(G:H) for some A,€ . Thus by (ii)) P C,; A, proving the last
statement. []

If e is a primitive idempotent in Z(G : H) the group P defined in (6.5) is
a p-defect group or simply a defect group of e. By (6.5) any two defect
groups of e are conjugate in H. If |[P|=p“ then d is the defect of e.

LEMMA 6.6. Let Pbe a p-subgroupof H. Let Tt} denote the relative trace for
the module E[G]. Then the following hold.
(1) If a € Z,(G : H) there exists b€ Z(G : P) such that

a =Trp(b) (mod(7)Z(G : H)).

(i) If e is an idempotent in Z, (G : H) there exists c € Z(G : P) such that
ece =c and e =Tr}(c).

ProOOE. (i) It suffices to prove the result in case a = L, for some i with
P, CP. Choose x €L, NCs(P) and let C=Cy(x). Thus £ € Z(G:P)
and

Tri (Trb (£)) = Trit(£) = Tré(Tri(£))
=|C:P'Tré(£)=1C:P,|L.
Since |C:P./| '€ R the result follows.

(i) By (i) there exists b€ Z(G:P) such that Tri(b)=e—d
with d €(m)Z(G:H). Hence by (I11.3.7) Tri(ebe)=e —ede and
ede € (m)eZ(G:H)e CJ(eZ(G:H)e). Thus ede is a quasi regular ele-
ment in eZ(G:H)e and so there exists d,€eZ(G:H)e with
e =d (e —ede). Let ¢ =debe. Therefore ece =c and by (I1.3.7)
Tri(c)=e O

THEOREM 6.7 (Green). Let V be an R[G] module. Let P be a p-subgroup of
H and let e be an idempotent in Z, (G : H). Then (Vi )e is R[P]-projective.
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" ProoF. Choose ¢ as in (6.6). Define fov=wvc for v€V. Then
fe ER[p](( V,,)e) and Tr;-"(f) = 1 in ERI”I(( V,, )e). Hence by (II.38) (V,, )e
is R[P]-projective. [1.

In the rest of this section we will be concerned with the case H = G.

Z(G:G) is the center of R[G]. Thus a primitive idempotent in
Z(G:G)is a centrally primitive idempotent in R[G]. If B = B(e) is the
block of R[G] corresponding to the centrally primitive idempotent e of
R[G] then a defect group of B is a defect group of e and the defect of B is
the defect of e.

CorOLLARY 6.8. Let B be a block of R[ G] with defect group D. Let V be an
R[G] module in B. Then V is R|D]-projective.

Proor. Let B = B(e) where e is a centrally primitive idempotent in R[G].
Then V = Ve. The result follows from (6.7)with H=G and P = D. []

CoRrOLLARY 6.9. Suppose that P < G, P a p-group. Then P is contained in a
defect group of every block.

Proor. By (1.17.3) a block B contains an irreducible R[G] module. By
(4.13) P isin a vertex of every irreducible R[G] module. The result follows
from (6.8). O

THEOREM 6.10. Let B = B(e) be the block of R[G] corresponding to the
centrally primitive idempotent e. Let X be a central character of R[G] with
A(€)=1. Let D be a defect group of B. Then the following hold.

() If A\(L.)#0 then D CiP. _

(ii) There exists j such that A(L,)#0 and D is a defect group of L,

Proor. If A CsD then eZ.(G:G)e i1s an ideal of the local ring
eZ(G:G)e by (6.3). Since e ZZA(G:G) by (6.5) it follows that
eZ (G :G)e CJ(eZp (G : G)e). Thus

MZA(G:G))=MeZA (G : G)e)=0.
If D ZsP, for some i then by (6.3)
eZn(G:G)C Zp(G:G)Zn (G:G)C D, ZA (G : G)

where A ranges over groups with A C;D. Thus A(Z,(G:G))=
A(eZy, (G : G))=0 proving (i).
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Let e =2 al,. Since A(€)#0 there exists j with ¢,;#0 (mod 7) and
A(L,)#0. By (i) DC.P. Hence D =P, since a;#0 (mod ) and
eE€Z,(G:G). O

CoroLLARY 6.11. Suppose that P is a p-group and P < G. If the conju-
gate class L, of G is not P-defective then L, is nilpotent in R[G].

Prook. If L, is not nilpotent in R[G] then it is not nilpotent in S[G] for
any finite extension S of R. Thus replacing R by a suitable finite extension
it suffices to prove the result in case R is a splitting field of R[G].

Let A be a central character of R[G]. Let € be the centrally primitive
idempotent of R[G] with A(€)#0. Let D be a defect group of e. By
(6.9) P C D. Thus by (6.10)(1) A(I;) =0. Thus L, is in the kernel of every
central character of R[G]. Hence L; is in the radical of Z(G : G) and so L
Is nilpotent.

7. Brauer homomorphisms

The results in this section are primarily due to Brauer [1956], [195Y]. See
also Conlon [1964], Green [1962a] and Nagao [1963]. The results in the
next 3 sections can also be found in Hamernik [1974b].

The following notation will be used throughout this section.

Let P be a p-subgroup of G. Let H be a subgroup of G such that
PCi; (P)C HCNg (P). Let C,,C,, ... be all the conjugate classes of G.
For each i define C"=C NCs; (P) and C?=C — C!". Define the
R-homomorphism s: Z(G:G)—>Z(H :H) by s(C)=C!. In a natural
way s defines an R-homomorphism §:Z(G:G)— Z(H : H).

THEOREM 7.1. § is a ring honiomorphism.

Proor. Let CC =2, a,,kék. Let L, L,,... be all the H-conjugate classes
in G and let C" =2, bF, form =1,2.If L, C C® for some i then L, is
not P-defective. Thus by (6.2)

COCH+ CNCP+CPCP =Y L, (mod(m)Z(G : H))

where L, is not P-defective for ¢ # O(7). Hence
COCH = GG — (COCY + CPED + COCP)
=> auC+ > apCP— Y ek, (mod(w)Z(G : H)).
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Every H-conjugate class of G which is contained in C!" for some i is a
conjugate class of H contained in C (P) and so is P-defective. Thus
CC'" is a linear combination of L, where L, is P-defective. Hence

s(C)s(C)=CCV =Y 4, =5(CC) (mod(7)Z(G : H)).
Then i X X
s(C)s(C)—s(CCYE (m)Z(G:H)NZ(H : H) = (7)Z(H : H).

Therefore 5(C)5(C)=35(CC). O

The mapping s is called the Brauer mapping with respect to (G, P, H) and
§ is called the Brauer homomorphism with respect to (G, P, H). In case
G, P,H are determined by the context s is simply the Brauer mapping and
§ is the Brauer homomorphism.

CoROLLARY 7.2. Let e be a central idempotent in R|G). If 5(€)#0 then
there exists a unique central idempotent so(e) in R[H] such that 5(€) = so(e).

Proor. By (7.1) 5(¢)=0 or 5(é) is a central idempotent in R[H]. The
résult follows from (1.17.3). [

In the rest of this section s(e) will be defined as in (7.2) with sy(e) =0 in
case 5(e)=0.

LemMmA 7.3. Let e be a central idempotent in R[G). Then e — so(e)E
2 Zo(G : H) where Q ranges over p-subgroups of H with PZ Q.

ProOF. Let e = 2a,C. Then e — so(e) =2 a,C?(mod(7)Z(G : H)). By
definition C{” is a union of H-conjugate classes of G whose defect group
does not contain P. The result follows. [J

LemmA 7.4. Let e be a centrally primitive idempotent in R[G] with defect
group D. Let so(e) = 2 e, where {e.} is a set of pairwise orthogonal centrally
primitive idempotents in R[H]. Let D, be a defect group of e; in R[H]. Then
D, CsD. ‘

Proor. Let C, be a conjugate class of G with defect group P, C D. If L, is a
conjugate class of H contained in’ C; then the defect group of L, is
contained in PPN HC D* N H for some x € G. Since e € Zp, (G :G) it
follows that so(e)€ 2.cc Zpnu(H:H). Then by (6.3) e =esie)€E
Y eaZpnu(H:H). Hence by (6.4) and (6.5) D, C,D* NHCsD for
some x €EG. [
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The next result contains the information from ring theory required for '
the second main theorem on blocks, (IV.6.1) below. As such it is sometimes
called the second main theorem.

THEOREM 7.5 (Nagao [1963]). Let e be a central.idempotent inR[G]. Let V
be an R[G | module with Ve = V. Let $) be the set of all p-subgroups Q of H
with PZ Q. Then V,, = V,s/e)(D).

PrROOF. Let f=e —eso(e). Since e € Z(G:G) either f=0 or f is an
idempotent with sy(e)f = fsi(e) = 0. By (6.3) and (7.3) f € Zoen Zo(G : H)
and

Viu=Vue = Vuesn(e)@ Vuf = V},s“(e)EB V'lf-

Let f = 2 f where {f} is a set of pairwise orthogonal primitive idempotents
in Z(G:H). By (63) f =ff€ 20e0Zo(G:H). Thus by (6.4) f €
Zo (G H) for some Q € $. Since V,,f, is R[Q]-projective by (6.7) this
yields that V,f =P Vif =0(9). O

LEMMA 7.6. Let e be a central idempotent in R[G]. Let W be an R[H]
module such that W = Wsy(e). Let {x;} be a cross section of H in G with
x1=1. Define f: W —(W),))e and g: (W), = W by f(w)=w @ l)e
and g(Zw, @ x.)=w,. Let U be the kernel of g. Then W = f(W) and
(W))e = (W) Ue. In particular W1 ((W),)e.

Proor. It suffices to prove the result in case W is indecomposable
and so(e)#0. By definition (W), =(WXR 1P W, where W,=
P... WRx. Hence if y € H then (W R 1)y = W®1 andif y € G — H
then (W 1)y C W,.

Since e € Z(G: H) and so(e) € Z(H : H) it follows that e = s)(e)+a + b
where a € Z(H:H) and b is an R-linear combination of H-conjugate
classes of G which are disjoint from H. Thus (W & 1)(so(e)t+a)C W1
and (W Q1)b C W,

As so(e)=s(e) the definition of s implies that a is an R-linear
combination of conjugate classes in H which are disjoint from Cg (P).
Hence by (6.11) a€ J(Z(H:H)) and so a € J(Z(H:H)). Thus there
exists ¢ € so(e)Z(H:H) with (so(e)+ a)so(e)c = so(e). Hence W =
Wi(so(e)+ a)so(e)c and so W = W(se(e)+ a).

If we W then

gf(w)=g{(w @1)(su(e)+a)+(w R 1)b} = w(sue) + a).
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" Thus gf is an R[H]-automorphism of W by (I1.17.1)(iv) since f and g are
clearly R[H]-linear. Hence W = f(W) and the result follows. (J

‘THEOREM 7.7 (Conlon [1964]). Let e be a central idempotent in R[G]. Let
W be an R[H] module such that Wso(e) = W. Then there exists an R[G]
module V such that Ve=V, V ’ W< and W[ Vi

Proor. Let V=(W%)e in (7.6). O

“The next result was stated by Green [1964] in case P is the defect group
of e. See also Green [1972], p. 375.

THEOREM 7.8. Let f be the Green correspondence with respect to (G, P, H =
Ng (P)). Let 9 be defined as in section 5. Let e be a central idempotent in
R[G] and let V be an indecomposable R[ G| module with vertex in 9 such
that Ve = V. Then f(V)so(e) = f(V).

PrROOF. Let {e;} be the set of all centrally primitive idempotents in R[G].
Then 1=2e. Thus 1 =2 sy(e;). Hence f(V)so(e;) = f(V) for a unique
value of j. Thus by (5.6) and (7.6) Ve; = V. Therefore e = ¢; + e’ where ¢, e’
are orthogonal idempotents and so so(e) = so(e;) + so(e’) where su(e;), so(e’)
are orthogonal idempotents. Thus f(V)se(e) = f(V). O

By using the results in this section it can be shown that if a block B has a
noncyclic defect group D then B contains indecomposable modules with
vertex D of arbitrarily large dimension over R. See Hamernik [1974a],
[1975a], Burry [1980]). If D is cyclic then it follows easily from Higman’s
theorem (I1.3.8) that B contains only a finite number of pairwise
nonisomorphic indecomposable modules. Much more detailed results will
be proved in Chapter VII.

8. R[G X G| modules

The results in this section are due to Brauer [1956], Green [1962a],
[1964], [1968] and Rosenberg [1961]. See also Srinivasan [1964a]. A related
result can be found in Alperin [1977a]. See also Green [1978], Okuyama
[1978], Alperin and Burry [1980].

For any subset S of G let R[S] denote the R submodule of R[G] with
basis S. If A, B are subgroups of G and y € G then R[AyB] is an
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R[A x B] module where x(a, b) = a”'xb for x € AyB, a € A, b € B. This.
is also denoted by R[AyB]. In particular if A = B = G then R[G] is an
R[G x G] module in this way.

For subgroups A, B of G and for y € G define

(A,B,y)={(a,a’)|a€ ANnyBy ).

Clearly (A, B,y) is a subgroup of A X B.
Let A:G x G denote the diagonal map. For a subset S of G let S$°
denote the image of S in G X G.

Lemma 8.1. Let A, B be subgroups of G and let y € G then the following
hold.

(i) (A, B,y)={(A NyBy 'y )" ={(A” N B)*}* '".
(i) If u € A, v € B then (A,B,y)"" = (A, B,u"'yv).

Proor. Immediate from the definition. [

LemMmA 8.2. Let A, B be subgroups of G and let y € G. Let Ao, B, be
subgroups of A, B respectively and let {y:} be a complete set of representatives
of the (A, Bu) double cosets which lie in AyB. Let R denote the R[G X G|
module consisting of G X G invariants. Then the following hold.
() R[AYB]={R(uny}* " R[G]={Rs:}7%.
(11) R [.AyB]onu0 = EB; R [An)’iBol = EB:‘ {R(Auﬁu-y.)}/‘”xn”'
(iii) If A = B = G then

R [G]onu(, = @ R [Ao)’.‘Bo] =~ EB {R(/\Uﬁ‘,.y.)}AUXB“-
(iv) fA=B=G,A;,=By=Handeis an idempotentin Z(H : H) then
eR[Gewxn =~ R[H)e & €P eR[Hy.H]e.
y&H

PrOOF. (i) The elements of A X B permute the basis of R[AyB] and
(A, B, y) is the subgroup of A X B leaving y fixed. This proves the first
statement. The second statement follows by setting A =B =G andy =1.

(i1) Clear by (i).

(iii) Let A =B =G in (ii).

(iv) Clear by (iii) since eR[H]e = R[H]e. [

LemMma 8.3. Let A, B be subgroups of G and let P, Q be p-subgroups of A, B
respectively. Let y € G and let V be an indecomposable R[A X B] module
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" such that V | R[AyB] and V is R[P x Q]-projective. Then there exists
z € AyB such that (P, Q, z) is a vertex of V.

PrROOF. By (4.6)(i1) some indecomposable component W of V..o has the
same vertex as V. Thus by (8.2)(ii)) W | {Rpont 9 for some z € AyB. By
(3.14) {R 4.0..,}""9 is absolutely indecomposable. Thus W ={R »¢.,}" .
Hence by (4.8) (P, Q, z) is a vertex of W. [

CoroLLARY 8.4. Let P,Q be a S,-subgroup of A, B respectively where A, B
are subgroups of G. Let y € G and let V be an indecomposable component of
R[AyB]. Then there exists z € AyB such that (P, Q,z) is a vertex of V.

PrROOF. Since P X Q is a S,-subgroup of A X B it follows that V is
R[P x Q]-projective. The result follows from (8.3). U

The components of the R[G X G] module R[G] are precisely the (two
sided) ideals of R[G] which are direct summands of the R-module R[G].
Thus if {e;} is the set of all centrally primitive idempotents in R[G] then
R[G]= @1 R[G]e and each R[G]e; is an indecomposable component of
the R[G X G] module R[G].

CoRrOLLARY 8.5. Let e be a centrally primitive idempotent in R[G] and let P
be a S,-subgroup of G. Then there exists z € G such that (P N\ P*)* is a
" .vertex of the R[G X G] module R[G]e.

PROOF. By (8.4) there exists z € G such that (P, P, z) is a vertex of R[Ge.
The result follows from (8.1). [J

COROLLARY 8.6. Let e be a centrally primitive idempotent in R[G ). Suppose
that Q <G, Q a p-group. Then Q% is contained in some vertex of the
R[G X G] module R|[G]e.

Proofr. If P is a S,-subgroup of G and z € G then Q C P N P°. The result
follows from (8.5). O

LeMMA 8.7. Let A, B be subgroups of G. Let P, Q be p-subgroups of A, B
respectively. Let e\, e- be idempotents in Z. (G : A), Z, (G : B) respectively.
Then the R[A X B] module e, R[G]e- is R[P x Q]-projective.

PROOF. Let e, =2 a,y, e-=2b,y. Then e =2 a,b.(x ', y) is easily seen to
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be an idempotent in Zp.o(G X G:A X B). Furthermore R[Gle =
e,R[G)e,. The result follows from (6.7). (O

The following notation will be used throughout the rest of this section.
e is a centrally primitive idempotent in R[G].
D is a defect group of e. N =N (D).
s is the Brauer mapping with respect to (G, D, N). s(e) is defined as in
(7.2).
f is the Green correspondence with respect to (G X G,D* N x N).
The main results of this section are the following theorems.

THEOREM 8.8 (Brauer, Rosenberg). si(e) is a centrally primitive idempotent
in N with defect group D.

THEOREM 8.9 (Green). D" is a vertex of the R[G X G ] module R[G e and
f(R[Gle) = R[N]si(e).

Before proving (8.8) and (8.9) some preliminary lemmas are needed.
LEMMA 8.10. The R[G X G| module R[G]e is R[D X D] projective.
ProOOF. In (8.7)let A=B=G,e=¢,=e;and P=0Q=D. O

LemMma 8.11. If D <9 G then D* is a vertex of the R[G X G] module
R[G]e.

Proor. By (8.10) and (8.3) (D, D, z) is a vertex of R[G]e for some z € G.
Since D <G it follows from (8.1)(i) that D? is a vertex of R[G]e. [

LEMMA 8.12. D* is a vertex of every indecomposable component of the
R[N x N] module R[N]si(e).

PROOF. Let sy(e) =2 e where {e,} is a set of centrally primitive idempo- -
tents in R[N]. By (6.9) and (7.4) D is a defect group of every e. Hence by -
(8.11) D* is a vertex of R[N]e; for all i as required. [J
LEMMA 8.13. R[N]so(e)| R[G Jensn-

PrROOE. Let H =N and W = R[N]s(e). Let f,g and U be defined as in :
(7.6). Thus by (7.6) R[G e~ = f(W) D Ue. Clearly f and g are R[N X N]- .
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linear. Hence f(W) and Ue are R[N X N] modules and f(W)=
R[N]so(e). O

PROOF OF (8.8) AND (8.9). By (8.5) R[G ]e has a vertex Dj for some p-group
Do. By (8.10) Di CavaD X D. Thus Dy CoD. By (4.6), (8.12) and (8.13)
D® CiwsDi. Thus D, = D. Hence D* is a vertex of R[G]e.

Let A =A(D*, N x N)and X = X(D*, N X N) be defined as in section 5.
Since every group contained in X has order strictly less than | D [ it follows
that D* € A. Thus by (5.6) a unique indecomposable component of
R[Glenx~ has D™ as a vertex. Thus by (8.12) and (8.13) the R[N X N]
module R[N]sie) is indecomposable. Therefore si(e) is a centrally
primitive idempotent in R[N] and by (5.6) f(R[G]e) = R[N]su(e). This
completes the proof of (8.8) and (8.9). U

THEOREM 8.14 (Green). Let P be a S,-subgroup of G with D C P. Then
D =PnN P for some z € Cs (D).

PROOF. By (8.6) and (8.9) R[G]e hasvertex D°. As R[G]e |R[G], every
component of (R[G ]e)r«» has vertex (P, P,y) for some y € G by (8.2) and
(8.3). Hence D* =,.» (P,P,y). Therefore by (8.1) D* =(P, P, z) for some
z € G. Hence

{(a,a)|lae D}=D* =(P,P,z)={(a,a’)|a€ PNzPz""}.

Consequently D =PNzPz"' and z€Cs(D). Thus D=D"=
PNP:. O

An alternative proof of (8.14) can be found in Thompson [1967a].
Refinements can be found in Lam [1976], O’Reilly [1975].

Green [1968] has observed that (8.14) can be used to prove the following
result.

THEOREM 8.15 (Alperin [1967]). There exist S,-subgroups P, Q of G such
that D = PN Q and N, (D), N, (D) are both S,-subgroups of N¢ (D).

Proor. Let A be a S,-subgroup of Ng (D) andlet P be a S,-subgroup of G
with A C P. By (8.14) there exists z € C; (D)C Ng (D) such that D =
PNQ where O =P Thus N.(D)=PNNg(D)=A and No (D)=
P* NN (D)* = A® are both S,-subgroups of N¢ (D). O
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9. The Brauer correspondence

The results in this chapter are primarily due to Brauer [1956], [1959]. See
also Rosenberg [1961]. Alternative treatments can be found in Hamernik
and Michler [1972], Michler [1972b], Reynolds [1966b].

Throughout this section S is a finite extension of R such that S is a
splitting field of S[H] for every subgroup H of G. Thus by (1.16.1) S is a
splitting field of the center of S[H] for every subgroup H of G and by
(I.16.2) there is a natural one to one correspondence between blocks of
S[H] and central characters of S[H] for every subgroup H of G.

Let G be a subgroup of G. If h is an S-linear map from m to§
define h 1Z(5;6:G)— S as follows. If C is a conjugate class of G then

h(C)=2h(C) where C, ranges over all conjugate classes of G with
G CC. Clearly h¢ is an S-linear map. Furthermore if G CA C G for
some group A then

(h A )G — h G. (91)

Let B be a block of S[G] and let A be the central character of $[G]
corresponding to B. The S-linear map A ¢ need not be a central character
of S[G]. If however A€ is a central character of S[G] we say that B is
defined and let B be the block of S[G] corresponding to A ©. In case B¢
is defined the map sending B to B is called the Brauer correspondence.

LemMa 9.2, Suppose that G C A C G for groups G and A. Let B be a block
of S[G]. If B is defined and either one of B or (B is defined then so is
the other and (B*)° = B°. ‘

Proor. Clear by (9.1). O

LEMMA 9.3. Let o be an automorphism of S[G] sucfl that S” =S and
x” =x forall x € G. Let B be a block of S[G]. Then B¢ is defined if and
only if (B”)° is defined. If B is defined then (B”)° = (B°)".

Proor. Immediate from the definitions. [J

THEOREM 9.4. Let P be a p-subgroup of G and let H be a subgroup of G with
PC: (P)C H CNg (P). If Bis a block of S[H] then B€ is defined. Let ¢, e
be the centrally przmmve idempotents of S[H], S[G] corresponding to B, B¢
respectwely and let A be the central character of S[H] corresponding to B.
Then A = X - §and si(e)é = e where s is the Brauer mapping with respect to
(G, P, H).



-9 THE BRAUER CORRESPONDENCE 137

] /_\
'PROOP If C is a conjugate class of G then AC (C)=/\ N H) by

definition. Thus by (6.11)
e
A= X(CNC(H)) = /\{s(C)}

Thus A€ = A - 5. Since § is a ring homomorphism it follows that A isaring

homomorphism. Since A°(1)=1, A° # 0 and so A is a central character of

S[G]. Thus B¢ is defined. Since 1=A°(é)= A(5(€)) it follows that
" §(€)é =€ and so sfe)é =é. [

LemMa 9.5. Let D C G be subgroups of G with Co(D)C G. Let B be a
block of G with defect group D. Then B = B*° for some block B* of N (D)
and B*° = B¢ is defined.

PROOE. Let H =Ng (D). Let § be the Brauer mapping with respect to
(G,D,H). Let é be the centrally primitive idempotent in S[G] corre-
sponding to B. By (8.8) 5(é) is a centrally primitive idempotent in S[H].
Let B* = B(5.,(¢)). Since

DCs(D)=DCs(D)C HCNg (D)

it follows from (9.4) that B*“ is defined and B*® = B is defined. Thus by
(9.2) B is defined. O

LemMa 9.6. Let G be a subgroup of G. Let B be a block of S[ G| with defect
group D. Suppose that B€ is defined. Let D be a defect group of B°. Then
D CsD.

PROOF. Let A be the central character of S[G] corresponding to B. Thus
A = A€ is the central character of S[G] corresponding to B°. By (6.10)
there exists a conjugate class C of G with defect group D such that
AMC)#0. Thus A(L)#0 for some conjugate class L of G with L C C.
Let D, be a defect group of L. Clearly D, Cg D. By (6.10) D Cg D.. Thus
DCsD. O

.. THeoreM 9.7 (First Main Theorem on Blocks ) (Brauer). Let D be a
p- subgroup of G. Let G be a subgroup of G with Ns(D)C G. The map
sendmg B to B€ defines a one to one mapping from the set of all blocks of

S[G] with defect group D to the set of all blocks of S| G| with defect group D.

Before proving (9.7) it is necessary to prove the following purely group
theoretic lemma.
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LemMma 9.8. Let D be a p-subgroup of G and let N=N¢ (D). If Cisa
conjugate class of G with defect group D then C N Cq (D) is a conjugate -, ;
class of N with defect group D. Conversely if L is a conjugate class of N with
defect group D then L = C N C; (D) for some conjugate class C of G with
defect group D.

Proor. Let C be a conjugate class of G with defect group D. Thus
CNCs(D) is a nonempty union of conjugate classes of N. If x €  5
CNCqs(D)then D C C; (x) and so D is a S,-subgroup of C; (x) since D
is a defect group of C. Let L be a conjugate class of N with L C -
CNCq (D). Hence L has defect group D. Let x €L and let yeCN -
Ci; (D). Thus there exists z € G with y* =x. Hence D, D* are S,-
subgroups of C; (x). Therefore there exists u € C; (x) such that D* = D.
Thus zu €N and y** =x"=x. Hence y €L andso L = CNC; (D).
Let L be a conjugate class of N with defect group D. Let C be the
conjugate class of G with L CC. Choose x €L and let D, be a
S,-subgroup of Cg (x) with D C D, If D# D, there exists D, with
D<D,CDyand|D,:D|=p. Thus D,C N N C; (x) = Cx (x) contrary to
the fact that L has defect group D. Thus D = D, and so C has defect group -
D. Since L CCNC; (D) the previous paragraph implies that L = *
CNCs (D) as required. [J '

PrOOF OF (9.7). In view of (9.2) it suffices to prove the result in case
G =Ng (D). ;

Let B = B(e) be a block of S[G] with defect group D. By (8.8) s(e)isa
centrally primitive idempotent in S[G] with defect group D. Thus if Bisa
block of S[G] then (9.4) implies that B = B if and only if B = B(su(e)). It -
remains to show that if B is a block of S|G] with defect group D then B .
has defect group D. '

Let B be a block of S[G] with defect group D and let A be the central
character of S| G] corresponding to B. By (9.4) and (9.6) there exists a
defect group D, of B¢ with D C D,. Suppose that D C D,. Thus by (6.10) -
AS(C)=0if Cisa conjugate class of G whose defect group is contained in
D and so by (9.4) A{5(C)} = 0. Hence (9.8) implies that A(L)=0if L isa -
conjugate class of G with defect group D. This contradicts (6.10) (ii). Thus
D=D, 0O

Part of (9.7) has been generalized by Rosenberg [1961] as follows.

THEOREM 9.9. Let D be a p-subgroup of G and let N = N¢; (D). Let s be the .
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"“Brauer mapping with respect to (G, D, N). The mapping sending e to s.(e)
" .defines a one to one mapping from the set of all centrally primitive
idempotents in R[G] with defect group D onto the set of all centrally
primitive idempotents in R[N] with defect group D.

The proof of (9.9) is an immediate consequence of (9.3), (9.7) and the
following lemma.

LeEMMA 9.10. (1) There exists a finite unramified extension T of R such that T
is a splitting field of T|H] for every subgroup Hof G and T is a cyclic Galois
extension of R.

(1) Let H be a subgroup of G and let e be a centrally primitive idempotent
in R[H]. Let e = 2 e; where each e, is a centrally primitive idempotent in
T[H]. If D is a defect group of e then D is a defect group of each e. The
Galois group of T over R acts transitively on the set {e,}.

'PrOOF. (i) Let F, be the prime field contained in R. Then there exists a
finite extension F of F, which is a splitting field of F[ H] for every subgroup
H of G. Since F is finite F is a cyclic Galois extension of F,. Let F, be the
composite of F and R in some algebraic closure and let T be an unramified
extension of R with T = F,. Then T is easily seen to satisfy all the required
conditions.

(i) An automorphism o of T extends to an automorphism of T[H]
where x” = x for all x € H. Thus the Galois group of T/R extends to a
group of automorphisms of T[H] such that R[H] is the set of all points
fixed by every automorphism of the group. Thus for any i there exists an
automorphism o = o; of T[H] such that e} = ¢ and x“ = x for all x € H.
Hence if D, is a defect group of e, then D, is also a defect group of e for
each i.

Let P be a p-subgroupof G. If e EZ,(R;G:G) thene € Z,(T; G:G)
and so by (63) e.=ee, € Z,(T; G:G). If e, € Z,(T;G:G) then e; €
Zy(T; G:G) for each i and so

e=2e6€Z(T;G:G)NZ(R;G:G)=Z,(R;G:G).
Hence D = D, as required. [J]
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The notation introduced at the beginning of Chapter III will be used
throughout this chapter. In addition the following assumptions will be
made.

K has characteristic 0 and R is algebraic over a finite field.

K and R are splitting fields of every subgroup of G.

If B is a block of R[G] we will also say that B is a block of G.

The basic results in this chapter can be found in Brauer and Nesbitt
[1941] and Brauer [1941a], [1941b]. See also Osima [1952a], lizuka [1960c].
Many of these have been simplified and extended since then. See Brauer
and Feit [1959], Brauer [1946a], [1946b], [1956], [1959] and Green [1959a]
for instance for the approach used here. Expositions of this material can -
also be found in Dade [1971b] and Reynolds [1962].

1. Characters

Let K, be the set of all algebraic numbers in K. Let Ry=R N K. Itis -
well known that there exists 7y € R, such that (m,) = J(R). Furthermore
J(Ro)=J(R)N R, and Ry= R =~ Ry/J(R,).

Choose a monomorphism o from K, into the field of complex numbers. -
We will identify K, and o (K,). Thus if a € K, we will write a* = o(a)* for -
the complex conjugate of a and |a|=|o(a)|. If a € R, then (as before) a
denotes the residue class of a in R.

Since there are in general many choices for o a certain amount of
arbitrariness is introduced at this point and the reader should be aware of
the fact that some of the definitions below depend on the choice of o.
However, once chosen, o will never be changed. Observe that if a € K,
and a is rational then o(a) is independent of the choice of o.
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" Let Vbea K[G] module and let ¢, be the trace function afforded by V.
For x € G define 6(x) = tv (x). Thus 6(x) is a sum of roots of unity and so
6(x) € K. The (complex valued) function 8 is the character afforded by V.
If Wis an R-free R[G] module then the character afforded by W is the
character afforded by W ®«x K.

We will freely use terminology and results from the classical theory of
complex representations and characters. See Dornhoff [1972], Feit [1967¢]
or Isaacs [1976] for instance for a treatment of this subject. However proofs

~of some of the basic relations in this theory can be obtained from the
special case that p ¥ |G| in some of the results below.

Due to its basic importance we here state Brauer’s fundamental charac-
terization of characters. See for instance Brauer and Tate [1955]. We first
need some definitions.

A generalized character of G is a rational integral linear combination of
irreducible characters of G.

A subgroup E of G is elementary if E = Q X A where Q is a g-group
for some prime g and A is cyclic.

THEOREM 1.1 (Brauer [1953]). Let 6 be a complex valued function on G.
The following are equivalent.

(i) 6 is a generalized character of G.

(1) (a) 8 is a class function on G.

(b) For any elementary subgroup E of G, O is a generalized character

of E.

(iii) =2 aA where for each i, a; is a rational integer and A is a
character of some elementary subgroup of G.

If a, B are complex valued functions on G define

(@.B)= (@ B)o =57 3, al0)B(x)",

el =llelle = (e, ).

THEOREM 1.2 (Brauer [1953]). Let p“ be the order of a S,-group of G. For
any complex valued class function « defined on the p'-elements of G we
define m. as follows:

Ne (X)=p“a(x) ifxis ap’-element of G,
=0 otherwise.

If aw is a generalized character of H for any p'-subgroup H of G then n. is a
generalized character of G.
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Proor. Clearly 7, is a class function on G. Let E be an elementary t
subgroup of G. Then E = P X A where P is a p-group and A is a p’-group.
Let |[P|=p" Thus b < a. Let p be the character afforded by the regular
representation of P. Then (n.)e = (p“ °p)aa. Hence (n.)e is a generalized
character of E. The result follows from (1.1). O

COROLLARY 1.3. Let {q.} be a set of primes. Let q;' be the order of a
S,.-group of G. Define the complex valued function 6 by

Nq! ifxisa {q)-element,
6(x)=
0 otherwise.

Then 6 is a generalized character of G.

PrOOE. For each i let m; be the function defined in (1.2) for p = g with
a =1g Then 6 =l and the result follows from (1.2). O

2. Brauer characters

Let V be an R[G] module. If x is a p'-element in G there exists by
(IIL.3.3) an R-free R[(x)] module W such that W = V,,, and W is unique
up to isomorphism. Let By (x) = 6(x) where @ is the character afforded by
W. The complex valued function By defined on the set of p'-elements of G
is called the Brauer character afforded by V. For any R[G] module V we
will let By denote the Brauer character afforded by V. If W is an R[H]
module for some subgroup H of G then (Bw )’ = Bwe,.

LEMMa 2.1. Let V be an R[G] module. The following hold.
(1) Bv = Br-
(ii) If x is a p'-element in G then By (x) is a sum of p'th roots of unity. In
particular By (x) is an algebraic integer.
(i) Bs-(x)= B¢ (x")={Bv (x)}* for x a p’-element in G.
(iv) If o is an automorphism of R then B = (Bv)"
(v) Bv is a class function on the set of p'-elements in G.
(vi) If Vis an R-free R[G] module which affords the character 0 then
6(x)= Bv(x) for x a p'-element in G.
(vii) If G is a p'-group then every Brauer character o f G is an ordinary
character of G.
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'PROOF. (i), (ii), (iii) and (iv) are immediate.

(v) Let x be a p'-element in G and let y 'xy =2z Let f be a
representation of R[G] with underlying module V. Then f(y) 'f(x)f(y) =
f(z") for all i. Thus if g(x')=f(z') for all i then f and g are equivalent
representations of R [(x)]. Hence by (I11.3.3) Bv (x) = Bv (z) as required.

(vi) Since By is the character afforded by V., the result follows by
(I11.3.3).

(vii) Clear by (i) and (I11.3.3). [

It should be remarked that if o is an automorphism of the field of all
algebraic numbers then (8v)” need not be the Brauer character of any
R[G] module. This anomaly is due to the fact that an arbitrary choice was
made in identifying the algebraic numbers in K with a set of complex
numbers.

LEMMA 2.2. Let V be an indecomposable R| G| module with vertex A. Let P
be a S,-subgroup of G with A CP. Then |P:A| IBV(I). In particular if
p & Bv (1) then a vertex of V is a S,-subgroup of G.

Proor. If S is a finite extension of R then every component of Vs is
S[A]-projective. Hence replacing R by a finite unramified extension it
may be assumed that V and every component of Vi is absolutely
indecomposable for every subgroup H of G. Let V, = @ W; where each
W; is indecomposable and let A; be a vertex of W. By (1I1.4.6)
|P:A|||P:A:| for each i. By (II1.3.14) | P A, || Bw, (1). O

If Q and A are p-subgroups of G define s(Q:A)=s5(Q:A)to be the
largest integer s such that p*||Q:Q N A*| for all x € G. Observe that
s(Q:A)=01if and only if Q Cc A

THEOREM 2.3 (Green). Let V be an indecomposable R[G]| module with
vertex A. Let x be a p'-element in G and let Q be a S,-group of Cs (x). Then
p“Q“"IBv(x) in the ring of algebraic integers in R. In particular if
p 4 Bv(x) then Q CsA.

PrOOF. Let Vo, =@ W. where each W, is indecomposable. For each i
there exists x; such that W, is R[Q:]-projective where Q; = QN A™ by
(Il1.4.1). Thus A, CoQ: where A; is a vertex of W. By (2.2)
|Q:Q IIBw (1) for each i and so p*@*| B, (1) for each i.

Since R is a splitting field for (x), (I.16.4) implies that dimz Ve is the
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3

multiplicity of an irreducible R [{(x)] module as a constituent of V(x, where :*
e is some idempotent in R [(x)]. Since Q C Cq (x) it follows that Ve | V. |
Hence p*@**’| dimz Ve by the previous paragraph. Thus if f is a represen-
tation of R[G] with underlying module V, then every characteristic value ;
of f(x) occurs with multiplicity divisible by p*?*Y Hence by (II1.3.3)
p oM pv(x). O

£

LEMMA 2.4. Let V be an indecomposable R-free R[ G| module with vertex
A. Let y be an element of G whose p-part is not conjugate to any element of
A. Then 6(y) =0 where 6 is the character afforded by V. In particular if the
p-part of y is not conjugate to an element in the defect group of the block
which contains 6 then 6(y)=0.

Proor. Clear by (I111.4.11) and (111.6.8). (]

CorOLLARY 2.5. Let U be a projective R[G] module and let @ be the ‘,
character afforded by U. If y is a p-singular element then @(y)=0. Ifxisa
p'-element and Q is a S,-group of Cg(x) then ®(x)/| Q]| is an algebraic

integer. E

PrOOF. Since (1) is the vertex of every component of U the result follows
from (2.3) and (2.4). O

3. Orthogonality relations

The following notation will be used throughout the rest of this chapter.

L\, L,,...1s acomplete set of representatives of the isomorphism classes -
of irreducible R[G] modules. For each i, U, is a projective indecompos- .
able R[G] module such that U;/Rad U; = L. i

¢; Is the Brauer character afforded by L.

&; is the (ordinary) character afforded by U.

X1, X» ... are the irreducible characters of G.

D = (d,) is the decomposition matrix of R[G].

C = (c;) is the Cartan matrix of R[G].

If Cy is a conjugate class of G and x € C, define

C()l 5 X
x: (1)

We will also write o, (x)=w,(Cy)=w, (). It is well known that

[ON (é()) =
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Wy, w,, ... are all the central characters of K[G] and w, (C‘(.) 1s an algebraic
'~ integer.
"~ {x;} is a complete set of representatives of the conjugate classes of G
* consisting of p’-elements.

2'.cc denotes the sum over all p'-elements x in G.

If o, B are complex valued functions defined on the set of p’-elements in
G then

(@ B) = (@ B)s= 2" a(x)B(x)*.

lal'=lale= (e @)e.
Yi = (@, @; )/-
v is the exponential valuation defined on K with v(p)=1. Thus if

(w)" =(p) then v(7)=1/n.

. Lemma 3.1, (1) (xs (%)) = D(@i(x;))-
(ii) (P (x;)) = D' (x.(x;)).
(i) (@i (x;)) = C(oi(x))).

Proor. Immediate by (1.17.9). O

LemMma 3.2. Let V be a K[G] module and let 6 be the character afforded by
V. Then

lG | ; 6(x) = dimx (Invs (V).

PrOOF. For v € V define Tv = 2, vx. Then (Z,c660(x))/| G | is the trace
of the K-linear map T/|G|. Since (T/|G|)=T/|G]| it follows that
(2.6 0(x))/| G| is the rank of T/|G]|. Since clearly (T/|G|)V = Inves (V)
the result follows. [J

Lemma 3.3. ((I)i, @j )I = 8.’[-

Proor. Let V, be the R-free R[G] module of rank one with V,=
Invs (Vo). Since U @ L% is a projective R[G] module there exists a
projective R[G] module U with U = U, @ L*. Let 6 be the character
afforded by U. Then 0(x)= ®;(x)¢*(x) if x is a p’-element and by (2.5)
0(x)=0 if x is p-singular. Hence by (3.2),

@) =57 P i) =57 B 606) = dim (1nve (Us)).
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Thus (1.17.6), (I1.2.4) and (I1.2.8) imply that
(P, ¢,) = dimk (Inve (Ux)) = Ik (Ux, (V)&) = Iz (U, V)
=dimg (Inve (U*®L; )= Iz (U, L;)=8. O

LemMA 3.4. {¢), ¢2,...} and {P,, D,,...} are each bases of the space of
complex valued class functions on the set of all p’-elements in G.

Proor. By (3.3) each of these sets is linearly independent. The result
follows from (II1.2.8). O

LeEmMMA 3.5. Let V be an R[G] module. The composition factors of V (with
multiplicities) are uniquely determined by Bv.

Proor. Clear by (3.4). O
LEMMA 3.6. (¢i(x;))), (D:(x;)) and C are nonsingular matrices.
Proor. Clear by (3.4) and (3.1)(iii). O

The next two results are the generalized orthogonality relations. If
p 4 |G| they reduce to the classical orthogonality relations.

LEMMA 3.7. (i) (P, D) = (D, D;) = ¢,
(i) (x> X:) =8
(iii) (y;)=C".

PROOE. (i) Clear by (2.5), (3.1)(iii) and (3.3).
(i) Choose p with p ¥ |G . Then this follows from (i).
(iii) By (3.1)(iii) and (3.3)

E YiCik = 2 e (en @) = (g D) = 8. [
7 J
Lemma 3.8. Let N =(|Cs (x:)|5;). Then

(P (x;)) (@i (x; ") = (@i (x;)) Clei(x; ")) = N.
Furthermore 2, D, (x.))¢;(x«') =|Cq (x:)] 8.

PROOF. (@i (x;"))N'(P: (x;))=1 by (3.3). Thus (3.1)(iii) implies the
result. [
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THEOREM 3.9. det C is a power of p.

- ProOOF. Let m; =, be defined as in (1.2). Thus by (1.2)
PPy, =P (es @) = (mm)

is a rational integer where P is a S,-group of G. Hence by (3.7)
p"det(y;) = p"/det C is a rational integer for some n. [J

Lemma 3.10. For each i there exists an R-linear combination i of irreduc-
ible characters of G such that 4 (x;)=0 for i # ] and s (x;)#Z0 (mod ).

Proor. Let P be a S,-group of Cs (x:). Define the complex valued function
a on {x;)X P as follows. a(x)=0if x & x;,P, a(x)=1if x € x;,P. Then « is
an R-linear combination of the irreducible characters of (x;)x P. This
implies that ¢ = a has the required properties. [J

THEOREM 3.11. The elementary divisors of D are all 1. Det(¢i(x;)) is a
rational integer and det(¢:(x;))# 0 (mod 7). If d, is the defect of the class
containing x; then {p“} is the set of elementary divisors of C.

Proor. By (3.8) det(e:(x;))’ is a rational integer.

By (3.9) the elementary divisors of D are all powers of p. Thus if the
result is false then (x,(x;)) = D(¢i(x;)) has an elementary divisor divisible
by 7 in R. Thus there exists a set of elements {q;} in R with 2;a;x.(x;) =0
(mod 7) for all s and a;#0 (mod7) for some i. Hence Z;a,6(x;)=0
‘(mod ) for every R-linear combination 6 of the irreducible characters of
G. This contradicts (3.10).

The last statement now follows directly from (3.8) and (3.9). O

A character or a Brauer character is in a block B if it is afforded by a
module in B. In view of (3.5) every character or Brauer character which is
afforded by an indecomposable R[G] module is in exactly one block.

CorOLLARY 3.12. There exist rational integers e, such that ¢(s)=
2.eixs(x) for all p’-elements x in G where x, ranges over the irreducible
characters in the block containing ¢;.

Proor. By (1.17.9) and (3.11) D/ D, = C, is nonsingular where D,, C, is
the decomposition matrix, Cartan matrix respectively of the block. This
implies the result. []J
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The existence of integers e; such that ei(x)=Zeyx. (x) for all p-
elements x in G is proved by an entirely different method by Lusztig -
[1974].

Let B be a block of G. A basic set for B is a set {f;} of complex valued
class functions defined on the set of p’-elements in G which is a basis for
the abelian group generated by the restrictions of all x; in B to the set of
p'-elements in G. By (3.12) {¢, lcp,- € B} is a basic set for B. For many
applications one basic set is as good as another and it may be convenient to
work with basic sets other than the irreducible Brauer characters in B. If
{f;} is a basic set for B one defines formally the decomposition numbers d’
and the Cartan invariants c’; for the set {f;} by x.(x)= 2 d.fi(x) for all
p'-elements x in G and ¢} = 2,dd/;.

COROLLARY 3.13. Let T be a ring of complex numbers. Let 6 be a T-linear .
combination of irreducible characters of G which vanishes on all p-singular
elements. Then 6 is a T-linear combination of the @,

PrROOFE. By (2.5) and (3.4) 6 = 2 ¢®; for complex numbers c. By (3.3)
¢ = (6, ¢)'. The result follows from (3.12). [J

LEMMA 3.14. Let B be a block. If 6 = 2, by, with b, € K define 6° =
EXSEBbSXS‘
(i) If & = Z,b,x, vanishes on all p-singular elements of G then so does §°."
(i) 2, ceX.(x)Xxs(y)=0 for all x,y with x a p'-element in G and y a
p-singular element.

PROOF. (i) By (2.5) and (3.4), 8 = 2 ¢, for ¢; € K. Thus 8° = 2Z4,cs P

(ii) Let x be a p'-element in G. Define 8 = 2, x, (x)x.. Then by the
second orthogonality relation 8(y) =0 for all p-singular elements y in G.
The result follows from (i). [J

Lemma 3.15. Let B be a faithful Brauer character of G. Suppose that B takes
on exactly n distinct values. Then each ¢; is an irreducible constituent of one
of the Brauer characters 8°,8',8°,...,8" .

PrOOF. Let ai,...,a. be the n distinct values assumed by B and let
A; be the set of p’-elements z in G with 8(x) = a;. Choose z; EA,;. If ¢; is
not a constituent of B° for s=0,...,n—1 then by (33)
2B (2))2.en®(z7')=0 for s =0,...,n—1. The nonvanishing of the
Vandermonde determinant implies that Zze,\, ®;(z7')=0forallj. As B is
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faithful A; = {1} for some j and so @, (1) = 0. This contradiction establishes
the result. [

LEMMA 3.16. Let « be a character or a Brauer character of G and let P be a
Sy-group of G. Let G be the conjugate class of G with x; € C,. Let m, be
defined as in (1.2). Then

(o 1) =%X« M a6,

If @ = x, then

X na)=,%L,x, M3 x5 (),

Proor. By definition

(o) =T B ket ) =G B 16 I at )

i 'g' 2 x- (o (Galxr):

This proves the first formula. If a = x, then

(Xo ) = |G| E xs(X)x:(X")-IG, 2 6 )

issymmetric in s and t. Thus the second formula follows from the first. []

4. Characters in blocks

The following notation will be used in this section and the next.
G is the conjugate class of G containing x;. v(|G|)= a
For each s, m, = n. is defined as in (1.2) with @ = x,. 7, = 2. duX.

Lemma 4.1. (i) a. = a, for all s,t.
(i) a, =0 if x, x. are in distinct blocks.
(iil) 2;a.au = p“a. for all t, u.

Proor. (i) Clear by (3.16).
(i) By (3.7)(iii)

ase = (7)5, Xz) = P“<z dsi(xoia z drj‘P,‘) = P“Z ds,d:,’)’i; =0
i j i

for x., x. in distinct blocks.
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(iil) 2. vt = (M M) = p° (X0 M) = p . [J

Lemma 4.2. Let B be a block and let A be the central character of R[G)
corresponding to B. If x, € B then @, = A. Thus x, and x, are in the same
block if and only if &, = .

PRrROOF. Let e be the central idempotent in R[G] corresponding to B. Then
w, (¢)=1 and so @, (&) #0. Since &, is a central character of R[G] this
implies that o, = A. U

LemMA 4.3. Suppose that B is a block of defect d. Let x, € B. Then
w,(x)=0ifx isin aclass of defect less than d, and w,(x) # 0 for some x in a
class C, of defect d such that a defect group of C., is a defect group of B.

PROOF. Clear by (I11.6.10) and (4.2). [

Lemma 4.4, Let B be a block of defect d and let x, € B. Then p*™* ‘Xx(l).
If for some |, x:(x;')#0 (modw) then C, has defect at most d. If
Xxs(x N (C)#0 (mod 7) then C, has defect d and v(x.(1))=a — d.

ProOF. By (I11.6.8) and (2.3) p* “ | x.(1). Since

|G Ix () _

x:(1)

is an algebraic integer it follows that v(|C|)=v(x.(1))=a—d if
xs(x;7')#0 (mod ). Thus C has defect at most d. If also w,(C)#0
(mod 7) then by (4.3)

w (x,")

a—d<v(x.())<v(G|)<a-d
Thus C; has defect d and v(x.(1))=a—d. O

THEOREM 4.5. Let B be a block of defect d. Then
(i) d is the smallest integer such that p* ¢ | x.(1) for all x, € B.
(i) d is the smallest integer such that p*™* ’(p.(l) for all ¢, € B.
(ii1) If « is a rational integral linear combination of irreducible characters
in B with v(a@(1))=a —d and m, is defined as in (1.2) then n./p* ‘ is a
generalized character of G and n,./p*™""" is not a generalized character of G.

PrOOF. Let n be the largest integer such that p¢ “'" |Xx(1) for all x, € B.
By (44) n=0. Choose y,€B with v(x.(1))=a—-d+n and let B
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be an integral linear combination of the y, with v(B(l))=a —d +n. By

-(3.16) and (4.1) ms/p° ™ is a generalized character of G. Since
v(ns(1)/p* “*")=a and m, vanishes on the p-singular elements, (3.13)
implies that n,/p® """ is not a generalized character. Thus (i) and (iii) will
follow if we show n =0.

We take B = x. above. Since n,/p is not a generalized character of
G it follows that v(a,)=a—-d+n for some s. Thus by (3.16)
Zix:(x7Nw(C)#0 (mod 7) and so there exists j with y,(x; ) (C)#0
(mod 7). Hence (4.1) and (4.2) imply that x,(x; " )w:(C;) #0 (mod 7). Thus
n =0 by (4.4).

(i) Each x,(1) is a rational integral linear combination of {¢;(1) ' ¢ € B}.
By (3.12) each ¢:(1) is a rational integral linear combination of
{X‘(l)l)(x € B}. Thus the result follows from (i). 0O

a--d+n+l

LEMMA 4.6. Let P be a p-subgroup of G. Then P is a defect-group of the
block B if and only if every module in B is R[P]-projective and one of the
following holds.

(i) There exists an irreducible R[G)] module in B with vertex P.

(i) There exists an R-free R[G] module V in B with vertex P such that
Vi is irreducible.

PRrOOF. Let P, be a defect group of B. By (I11.6.8) every module in B is
R[Py]-projective. By (2.2) and (4.5) P, satisfies (i) and (ii). Suppose that
every module in B is R[P]-projective. Then P, Cg P. If P satisfies (i) or (ii)
then PCgP,. U

Let B be a block of defect d. If x, is in B and v(x.(1))=a —d + h,, the
integer h; is the height of y.. Similarly if ¢ isin B then v(¢:i(1))—(a — d) is
the height of ¢. By (3.12) and (4.4) all heights are nonnegative and there
exist ¢; and y, in B of height 0.

LemMma 4.7. Let B be a block of defect d and let x, be a character of height 0
in B. Let a be a rational integral linear combination of {¢, | @ € B} and let
Ne = 2, box, where m., is defined as in (1.2). Then

@) b, zi_gj) b, (modp® <),

a. _ x.(Wx.(1) a,
a d 7

p x-(1y pe

(modp'™™)  for x.x. €B.
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(i) If v(a(1)) = a — d then v(b,) = v(x.(1)) for x, € B, and b, #0 if and
only if x. € B.

PROOF. By (3.12) and (4.1) b, =0 if x, & B. By (3.16) and (4.2) v(b.) =
v(x.(1) and

Xc(l) |G‘§,: (x; )‘”\(C)*IG > a(x;Nw(C) = (’1) (mod )

for x. x. € B. Since b, is rational the first congruence in (i) is proved by
choosing ¢t =r. If v(a(1))=a —d then by (4.5)(iii) this equation implies
that v(b) = v(x.(1)). Hence (ii) follows from this equation.

The previous paragraph applied to @ = x, and x, yields that

_x1)

- = a“ = a" mOd u—d+h\ 1)
a 0 ( p )
_ _Xr(lz a drh+i
v = Ay = a, (mod ).
ar = an=57q) @ (modp” T
Thus
X‘(l) _X\(I)Xl(l) a (llh\’hl-*l
a, = >—a, (mod ).
x* =) (mod p
Consequently
S 1 t 1 a—d+h_+1
a, = >~ a, (mod '),
. () (mod p )

This yields the second congruence in (i). [

LEmMMA 4.8. Let B be a block of defect d and let x, be a character of height 0
in B. Let J=J, ={j | C, has defect d}. Then

. a
= x (C) (mod )
O TGS
for all s where x, is in a block of defect d.

(i) x.(x; N, (C)#0 (mod ) for some j € J.

(i) Let x,, x. belong to blocks of defect d. Then x, and x, are in the same
block if and only if w,(C)= w,(C;) (mod 7) for all j € J.

PrROOFE. (i) 2 x, (x; s (C) = Z ) x. (x; N (C)) (mod 7) by (4.3) and (4.4).
The result follows from (3.16).
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(ii) If x.(x;")w.(C)=0 (mod ) for all j€J then by (i) and (4.2),
v(a.)>a —d. Hence by (4.7)(1), v(a,,) > a — d for all x, € B contrary to
(4.5)(iii).

(iii) Choose notation so that x, € B. If y, € B then @, = @, by (4.2).
Suppose conversely that w,(C;) = w,(C;) (mod 7) for all j € J. Then by (i)

ar! a'.\
x(1) x. (1)

Hence by (4.7) (i) »(a./x.(1)) =0 and so a, # 0. Thus by (4.1) x, EB. O

(mod p).

LEmMA 4.9. Let K, be the set of all algebraic numbers in K. Let o be an
automorphism of KJ[G] with Ki =K, and G" = G. If « is a K-valued
function on G, define a” by a’ (x)=(a(x"'))”". Let B be a block of G.

(i) There exists a block B” such that x, € B’ if and only if x, = x for
some x, € B.

() If ¢; € B and if ¢ is an irreducible Brauer character of G then
o/ € B”.

(i) If xi = x,forsome x, € Bor ¢ = ¢; forsome ¢; € Bthen B’ = B.

PrOOF. (i) Let B denote the set of ordinary irreducible characters in the
block B and let x.,y = x. If x. has height 0 in B then by (4.7)(ii) a.. # 0 for
all x, € B. Hence a ., .. #0, so by (4.1) B° C B’ for some block B’.
Similarly B CB" 'CB".Thus B=B" and B” = B'so we set B' = B".

(i) By (3.12) ¢i(x)= 2 ex.(x) for all p’-elements x and some rational
integers e, with e, =0 if x, & B. Thus ¢?(x)= 2 e,x!(x) and so ¢! € B".
Part (i) is clear. (]

Suppose that H << G. If B, is a block of H and z € G let Bi = B{ where
o 1s the automorphism of H induced by conjugation by z. By (4.9) Biis a
well defined block of H.

LemMma 4.10. Suppose that H <1 G. Let B be a block of G. The following
hold.

(1) There exists a block B, of H such that if x, or ¢ € B then every
irreducible constituent of (x:)u or (¢:)u lies in U.ci B3

() If {is an irreducible character of H in B, then there exists x, € B such
that { is a constituent of (x;)

(i) If ¢ is an irreducible Brauer character of H in B, then there exists
@ € B such that  is a constituent of (¢ )n-
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ProoF. (i) Let x, EB and let B, be a block of H which contains an
irreducible constituent of (x.)n. By (II1.2.12) every irreducible constituent
of (x.)u is in U, e Bi. Hence if d, # 0 then every irreducible constituent
of (@) lies in U.co BS. If d,#0 and B, is a block of H such that every
irreducible constituent of (x.);; is in U.c B then every irreducible
constituent of (@) lies in U,c Bi. Thus B, = B} for some z € G. The
result follows from (I.17.9).

(i1) Choose an irreducible character ¢, of H in B, such that {, is a
constituent of (x,). for some x, € B. In view of (1.17.9) it suffices to prove
the result in case ¢ and ¢, have an irreducible Brauer character ¢ as a
common constituent. Thus there exists i with d;#0 such that  is a
constituent of (¢;).. Let V be an irreducible R [H] module which affords .
By (I11.2.12) (L:)u is completely reducible and so Vl(L;),.,. Hence
I((L)u, V) # 0. Thus by (I11.2.5) ¢ is a constituent of . Hence ¢, and
thus also ¢, has irreducible constituents in B. The result follows from
(I11.2.5).

(1) Let { be an irreducible character of H in B, which has ¢ as a
constituent. By (i) there exists x, € B such that { is a constituent of (x;)u-
Hence ¢ is a constituent of (¢:)n for some i with d,#0. O

The principal character of G is the irreducible character afforded by the
one dimensional K[G] module consisting of invariant elements. The
principal Brauer character of G is the Brauer character afforded by the one
dimensional R[G] module consisting of invariant elements. We shall
choose the notation so that y, and ¢, are the principal character and
principal Brauer character of G respectively. Evidently x,(z)=1 for all
2 € G and ¢(x) =1 for all p’-elements x in G. Thus d,, =1 and x, and ¢,
are in the same block. The block B, of G containing x, and ¢, is the
principal block of G.

If B is a block of G the kernel of B is the intersection of the kernels of all
Xs in B.

LemMA 4.11. Let B be a block of G and let H be the kernel of B. Then H is a
p'-group and H is contained in the kernel of every module in B.

Proor. Let & € B. If y is a p-singular element in G then & (y) =0 by
(2.5). Thus y is not in the kernel of & and so y is not in the kernel of x; for
some s with d,# 0. Thus H is a p'-group.

In view of complete reducibility H is contained in the kernel of every
R-free R[G] module in B. Let V be an R[G]-module in B. There exists a
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projective R[G] module U € B such that V = U/W for some submodule
W of U. Since U i1s R-free, H i1s in the kernel of U and hence in the kernel
of V. O

Kernels of blocks have been studied by Pahlings [1974], [1975a]. Note
that he uses the term to denote the intersection of the kernels of all
irreducible Brauer characters in the block. A result essentially equivalent
to (4.11) was proved by Michler [1973a]. See Willems [1980] for related
results.

LeMMA 4.12. Let B, be the principal block of G. Then the following hold.
(1) Let K, be the set of all algebraic numbers in K. Let o be an
automorphism of K[ G] with Ki =K, and G" = G. Then B = B,.
(i) The kernel of B, is O, (G).
(ii1) The intersection of the kernels of all ¢; in B, is O, ,(G).
(iv) G has a normal p-complement if and only if ¢, is the only irreducible
Brauer character in B,.

PrOOF. (1) Since x7 = x: the result follows from (4.9).

(i1) Let H = 0,(G). By (4.11) the kernel of B, is contained in H. If
Xs € B, then by (4.9) and (i) every irreducible constituent of (x, )~ is in the
principal block of H. Since H is a p’-group the principal character of H is
the only irreducible character in the principal block of H. Thus x,(x)=
xs(1) for all x, € B, and all x € H proving the result.

(ii1) Let H be the intersection of the kernels of all ¢, € B,. By (4.11) and
(1) 0, (G)CH.If x is a p’-element in H then ¢;(x)= ¢:i(1) for all ¢; € B,.
Thus x,(x) = x.(1) for all x; € B, and by (ii) x € O,.(G), the kernel of B,.
Therefore H C O,-, (G). Since every ¢, in B, is an irreducible Brauer
character of G/O,(G) (111.2.13) implies that H = O, ,(G) as required.

(iv) If ¢, is the unique irreducible Brauer character in B, then by (iii)
0,,(G)=G. If G=0,,(G) then by (i) G is in the kernel of every
irreducible Brauer character in B,. [J

LemMA 4.13. Suppose that y;; # 0 for some i, j. Then ¢ % has an irreducible
constituent which is in the principal block B, of G.

PROOF. Let 7, be defined as in (1.2). If gio*=2ewpe then m,¢* =
2 een,, . Thus (x1, 1., ) # 0 for some ¢, with e, # 0. Hence ¢, € B, by (3.12)
and (4.1). O



156 CHAPTER 1V [4

LEmMa 4.14 (Blau). Let B be a block and let A be the central character of
R[G] corresponding to B. Let ¢, ¢; € B.
(i) If ¢ has height O then

[Ge (u) €R and {l—L——)C" ¢ }= MC)  for all k.
@i (1) @i (1)
(1) If ¢ and ¢; have height 0 then v(p“y;)=a —d and ¢ * has an
irreducible constituent which is in the principal block B, of G.

PROOE. (i) By (3.12) there exist integers e, with ¢i(x.) = 2, e.x.(x«) for all
k. Therefore

C. <Pi(xk2: Z e“l@_ﬂx_‘() _ E . ICk IXX(Xk)X.\(I) _ Z eESXS(l) wx(ék)'

@i(1) @i (1) s Xx:(1) (Pi(l)_ ~ @i(1)

Hence

(,9.‘(1) (Pi(l)
(i1) Choose x. in B of height 0. Let n = n,, be defined as in (1.2). Then

Py =(m, @) = ﬁ chl @ (X)) (x 71) = p|'<,0G(|1) Z lcgi(f’l()x‘() @i (xy )-

[ICJ_HH M}w:um

Thus by (i)

Py, = le_’ z'a(_ld) 2 (e ql,.(fi()xk ) o (xi')ER.
By (3.16)

%%4,92 0 (Ce(xi') = i—ﬁ%p"-ﬂm, X).
Thus by (i)

Py = i’—ggp"’ “(n, x.) (mod ).

By (4.7)(iii) v((n, x.)) = v(x.,(1)) =a —d and so p“y; #0 (mod 7).
The result follows from (4.13). O

If ¢ and ¢; do not have height 0 then the conclusion in (4.14) (ii) need
not be true, even if ¢; and ¢, are replaced by ordinary characters. For
instance G = SL,(5) has 2 irreducible characters of degree 2 in the principal
2-block whose product is an irreducible character in a 2-block of defect 1.
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Lemma 4.15. (i) @, (1)@ (1)< D, (1)< D (1)@ (1) for all i
W) c; < (DPi(1)—c))e;(DIgi(1) for all i#j. Also ¢; < P(1) for all i,].
(i) @,(1)<|G :H| for any p'-subgroup H of G.
(iv) ¢ =< n where n is the number of (H,, H,) double cosets in G for any
p'-subgroups H,, H,.

ProOF. (i) By (33) U/|U®L* and U |L ®U. Hence ®(1)<
D (Dei(1) and Di(1)< D(D)ei(1).
(ii) Suppose i # j. Since cipi (1) + ¢;0;(1) < ®;(1) it follows from (i) that

1) ) ¢ (1)
= —C < (P —C .
G0 Yoy = PWTEL )
Furthermore ¢; < @ (1) as ¢; = 0. Hence ¢; < \/c_,-,c—,,s D \(1).

Let H be a p'-subgroup of G andlet V be the R[G] module induced by
the trivial rank one R-free R[H] module. By (I11.2.6) U, [ V. Thus (11.2.9)
implies (iii) and (iv). OO

THEOREM 4.16. Let B be a block of defect d. Let D" be the decomposition
matrix corresponding to B and let C" be the Cartan matrix corresponding to
B. Let A =(a./p“~") where x,, x. range over all the irreducible characters in
B. Then there exists a unimodular matrix X with rational integral entries such
that
f_ o af(CY 0
XAX'=p < 0 O)'

Furthermore

(i) Every elementary divisor of C" divides p and exactly one elementary
divisor of C" is equal to p“.

(i1) If C" has n elementary divisors p“~' then B contains at least n + 1
irreducible characters of height 0.

Proor. By (3.7)(ii1)

axt d ! d
P =p' (X x)' =p 12 d.dyyi-
]

Thus A = p“D(C")'(D"). By (3.11) all the elementary divisors of D are
equal to 1. Hence there exists a unimodular matrix D, with rational
integral coefficients such that

0y—1
A :p"Dl((CO) g>D1.
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Let X =D".

(i) Since p“(C") ' has integral coeflicients every elementary divisor of
C’ divides p“. By (4.7)(i) A has rank one. Thus p“(C") ' has rank one and
exactly one elementary divisor of C” equals p“.

(ii) Choose x, € B of height 0. For x., x. € B define

a _ x(1) a. a,

€y = i a—d fOr S# r, €y = "5 a-
p x-(1)p p

By (4.7) each e, is a rational integer and e, =0 (mod p°) if y. has height
h; > 0. Hence if B contains m + 1 irreducible characters of height 0 then
(e«) has at most m rows with entries not all =0 (mod p°). This implies that
A, and hence p“(C®) ', has at most m + 1 elementary divisors not divisible
by p°. Thus C" has at most m + 1 elementary divisors divisible by p¢~".
Hence by () nsm. 0O

More precise results than (4.16) can be proved in special cases, see e.g.
Fujii [1980].

CoroLLARY 4.17. Suppose that for each integer d, G contains exactly m,
conjugate classes of p'-elements which have defect d. Then G has at most m,
blocks of defect d. Furthermore G has exactly m, blocks of defect a.

PrOOF. Let d; be the defect of C. By (3.11) {p“ } is the set of elementary
divisors of C. The result follows from (4.16)(i). U

The next result will be improved later. See (VII.10.14) below. For an
interesting application see Ito [1962a].

THEOREM 4.18 (Brauer and Feit [1959]). Let B be a block of defect d. For
each integer h let k, denote the number of irreducible characters in B of height
h. Let k = 2k, denote the number of irreducible characters in B. Then

k< kp <lip™+1
h

and if B contains an irreducible character of positive height thenk <ip>~*
Furthermore the height of every character in B is 0 ford =0 or 1 and is at

mostd —2 for d =2.

PROOF. By (4.1)(iii) Z.a% = p“a.. Thusif y, has height 0 in B then by (4.7)

2 d / 2 /
(85) +ta- 1+ 3 kp = 3 () = p( %)

p
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“Hence k< E,, o knp™t = p Yy — u’+ 1 for some u. Since p‘u —u’< Jp“' for
all u it follows that =y ok.p™ <!ip* +1. Thus in particular Sk, <

2d - 2
ip
Suppose that x. has positive height. Then by (4.7)
o\’ ) a. \'_ 4
() = () o)
Thus

< d/au >_/_C£r_)2_ 0< au<
kip®<p (pu a (pu-d > p* a<p-
By (4.7) a./p* ™ =0 (modp""). Hence the second inequality implies
that p"*" <p“ and so h +1<d. Hence h =d —2.
The first inequality implies that kop® < p“u —u’ < ip* for some u. Thus

k=ko+ 2 k., \& :+§pzd-w: — %p:d—:. 0

In case G is a p-solvable group Haggarty [1977] has found some better
bounds for the possible heights of irreducible characters and has shown
that his bounds are of the correct order of magnitude.

LemMMA 4.19. Let B be a block of defect d. Let k be the number of irreducible
characters in B and let | be the number of irreducible Brauer characters in B.

. Then | < k. Furthermore the following are all equivalent.
(i) d =0.

(i) k=1=1.

Gii) k =1

(iv) det C' =1, where C" is the Cartan matrix of B.
) C'=(1).

(vi) All R[G] modules in B are projective.

ProOF. Since C” =(D")yD" where D" is the decomposition matrix of B the
nonsingularity of C” implies that [ < k.

(i) = (ii). By 4.18) k <2 andso I =k =1.

(i) = (iii). Clear.

(iii) = (iv). By (3.11) det C" = (det D) = 1.

(iv) = (v). By (4.16)(i) C* = (1).

(v) = (vi). U, =L; where L; is the unique irreducible R[G] module
in B.

vi) = (). »(¢:(1)) = a for all ¢, €B. Thus d =0 by (4.5). O
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LemMA 4.20. If v(x,(1))= a then x, is in a block of defect 0 and x,(y)=0
for all p-singular elements y € G.

PrOOF. By (4.18) x. has height 0 and so is in a block of defect 0. The last
statement follows from (2.5) and (4.19). O

LemMMA 4.21. Let B be a block of defect d. Suppose that B contains a unique
irreducible Brauer character. Let k be the number of irreducible characters in
B. Then k < p“. If furthermore k = p*“ then every decomposition number for
B is 1, every irreducible character has height 0 and the unique Cartan
invariant is p*.

PROOF. Let ¢ = ¢ be the unique irreducible Brauer character in B. Then
(ci) is the Cartan matrix of B. By (4.16)(i) ¢; = p“. Hence 2 d = p“. If
X. € B then d,;#0 and so d;,= 1. Hence k < p“ and if k = p“ then d., = 1
for all x. € B. This implies the result. [J

If k <p? in (4.21) then the situation is a good deal more complicated.
This is clear by considering the case that G is a p-group.

LEMMA 4.22. Let p = 2 a,w, with a, € K such that p(C,) € R for all j and

is a central character of R[G]. Let e be the central idempotent of R[G] so

that é is centrally primitive in R[G] and j corresponds to é. If B is a block, let
B

p® =2, csa,0,. Then p®(C)E R for all j. Furthermore F’= 0 unless B is

the block B(e) corresponding to e, and p°“’ = p is a central character of
R[G].

ProOOF. Let f be a centrally primitive idempotent in R [G] and let B(f) be
the block corresponding to f. By definition p®®(C;) = p(fC}) for all j. Thus

B‘”(C)ER Since 5(C)=p(eC) it follows that p"(C)=p(fG)=
p(féC). Thus p?@ =0if e#f and p*“=p. O

The next three results in this section which are of a more special nature
are due to Brauer and Tuan [1945].

LEMmA 4.23. Let P be a S,-group of G. Assume that the principal block of G
contains a faithful irreducible character x = xs with x(1)<2p. If G = G’
then C (P) is a p-group.

PrOOF. By (4.2) |C|x(x;)/x(1)=]|C;| (mod ) for all j. Suppose that
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x € G isa p’-element in Cg (P). Then |G | #0 (mod p) andso x(z) = x(1)
(mod 7) forall z €{x). Since (x) is a p’-group this implies that (x, u) =0
for every nonprincipal linear character p of (x). Since x(1)<2p this
implies that x(z)=n + pu(z) for all z €(x) and some linear character p
of (x) where n is the smallest nonnegative residue of x (1) (mod p). Let f be
a K[(x)] representation which affords x.,. Then det f(x) = u(x)". Since
G = G’ this yields that pu(x)? =1. Thus u(x)=1 since (x) is a p’-group
andso x isin the kernel of . Thus x = 1 since x is faithful. Hence Cs (P) is
a p-group. (J

LemmAa 4.24. Suppose that Z(G)=(1). Let P be a S,-group of G and let
|Z(P)| = p*. If G has a faithful irreducible character x = x, with x(1)=p"
for some integer n then x is in a block of defect d < a — b. In particular if P is
abelian then x is in a block of defect 0.

Proor. Let Z =Z(P). For z € Z let C, be the conjugate class of G
containing z. Then |C.|#0 (modp) for z €Z and so x(z)/x(1) is an
algebraic integer. Since x(z) is a sum of x (1) roots of unity a well known
argument of Burnside implies that either x(z) =0 or | x(z)|= x(1). Since x
is faithful and Z(G)= (1) the latter possibility can occur only for z = 1.
Thus x(z)=0for zE€ Z, z# 1.

Let B be the block of G containing x and let d be the defect of B.

Choose x. of height 0 in B. Then by (4.2)

[Clx @) _|Cx(@)_, (mod )

x.(1) — x()
for z€ Z, z#1. Thus x.(z)=0 (mod wp“ ™) for z € Z, z# 1. Hence

E x(z)=x.(1) (mod mp* *)

and s0 v(2.c2x.(z))=a —d. Since Z.c»x.(z)=0 (mod p") this implies
that a —d = b as required. (O

Lemma 4.25. Let |G |=p“q°g, where p and q are distinct primes and
(pq, go)=1. Assume that G contains no elements of order pq. Then the
following hold.

(i) Let B(p) be a fixed p-block of G and let B(q) be a fixed q-block of G.
Then 2 x,(1)x.(y)=0 (mod q") for every p-singular element y in G where Y,
ranges over all the irreducible characters which lie in B(p) and also in B(q).

(i) Ifpq I | G| then there exists a nonprincipal irreducible character which
is in the principal p-block and also in the principal q-block.
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PrOOF. (i) Let y be a p-singular element in G. Let 6(x) =2 x,(y)x. (x)
where y, ranges over all irreducible characters in B(p). By (3.14)(ii) 6
vanishes for all p’-elements in G. Hence by assumption 6 vanishes for all
g-singular elements in G. Thus 8%’ vanishes for all g-singular elements in
G by (3.14) with g in place of p. Thus by (3.13) 8*“(1)=0 (mod q")
proving (i).

(i) Let B(p) be the principal p-block and let B(q) be the principal
g-block. The result follows directly from (i). [

The next result was first stated explicitly by Lusztig [1976].

LEmMMA 4.26. Let D be a p-group with D Q G. Let G’ = G/D. Let ¢ be an
irreducible Brauer character of G". Let @, D" be the principal indecompos-
able character of G, G" respectively which corresponds to ¢. If y is a
p'-element in G then

() = 00 = o) D[

In particular (1) =|D|P°(1).

PrROOF. Every irreducible Brauer character of G has D in its kernel by
(II1.2.13). Thus if {¢:} is the set of all irreducible Brauer characters of G, it
is also the set of all irreducible Brauer characters of G". Hence if « is a
linear combination of the ¢; it follows that (@, a)s= (P°, a)so.
Choose a p’-element y in G. Define « by
{1 if x is conjugate to y ',
a(x)=
0 otherwise
then
1G] P0G Co ()] = (R a)s = (', @)or

_ _I__ Of,,0 0. (w0

—l(;”r P (y )'G :Ca (.V )f

Consequently the first equation is proved. The second equation follows
from the fact that Co(y”) =~ Ci (y)/Co: (y) N D as D is a p-group and y is

a p'-element. []

CoroLLARY 4.27. Let D be a p-group with G = DCs (D). Let {¢:} be the
set of all irreducible Brauer characters of G° and let c,;, c'; be the Cartan
invariant of G, G" respectively corresponding to ¢, ¢;. Then ¢, =|D |c},.
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PrOOF. Let @, @ be the principal indecomposable character of G, G
respectively which corresponds to ¢;. If y is a p'-element of G then (4.26)
implies that @:(y)=|D |®{(y"). Therefore

1

& =,7|2<a<y-‘)®,<y)=@£2 B (")), (v =D |l O

|G

If S is an integral domain let H,,(S) be the space of homogeneous

polynomials of degree d in n indeterminates x,, ..., x, with coefficients in
S. The group GL, (S), and hence any subgroup, acts on H,, (S) in a natural
way.

The next result is due to E. Cline.

Lemma 4.28. Suppose that Fis a field and char F = p >0. Let I be the ideal
of F[x,, ..., x.] generated by all x?, where x € F[x,, ..., x.] and the constant
teemofxis 0. ThenI N H, -1, (F) has codimension 1 in H , (,-,,.(F) and is
mapped into itself by GL, (F).

Proor. Clearly I, and hence I N H, - (F), are mapped into themselves
by GL. (F). Since char F = p, I is the k space spanned by all monomials

xi -+ x," with max{a.} = p. The result follows since H,,-.(F) contains
only one such monomial which does not satisfy the inequality, namely
x{7heexb O

. THEOREM 4.29 (Thompson [1981]). Let G be a finite group and let V be an
n-dimensional C[G] module. Let d(G) be the smallest integer d such that
H..(C) contains a one dimensional invariant subspace. Then d(G)=<
(p — 1)n, where p is any prime which does not divide |G |.

ProoF. There exists an algebraic number field F, and an F,[G] module V,
such that V,&r,C = V. It may be assumed that FC K. Let V, = V, Qs K.
Since p 4 |G| it follows from (I11.3.3) that up to isomorphism there exists
a unique R-free R[G] module W with W ®r K = V,. Furthermore
H,, . (R)= H.,-m(R) is completely reducible. Thus by (4.28)
H. - n(R) has a one dimensional subspace which is preserved by G. Thus
by (II1.3.3), H.-n.(R) has a pure R[G] submodule of rank 1. This
implies the result. []

The following consequence of (4.29) which is due to Thompson can be
proved by making use of the main result of Feit and Thompson [1961].
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CoroLLary 4.30. Let G, V,n, d(G) be defined as in (4.29). Then d(G) <
4n°.

ProOOF. Induction on n. It may be assumed that G is irreducible. Suppose
that V = W€ for some C[H] module W and some subgroup H of G with
|G:H|=k>1. Let n = km. By induction there exists v € H., (C) with
do<4m?, v #0 such that the one dimensional space spanned by v is fixed
by H.If {x;} is a cross section of H in G and w = II; (vx;) € H ., (C) then
G preserves the one dimensional space spanned by w. The result follows
by induction. Thus it may be assumed that V is not induced by any C[H]
module for any subgroup H of G with H# G. This implies that any normal
abelian subgroup of G is central.

By Bertrand’s postulate there exists a prime p with 2n+1<p <
2(2n +1). Thus p<4n +1 and so p—1<4n. Let P be a S,-group of G.
Then P is abelian and P < G. See Feit and Thompson [1961]. Thus
PC Z(G) and so G =P x G, by Burnside’s transfer theorem. Clearly
d(G)=d(Go). By (4.29) d(Gy)<(p—Dn=<4n*. O

By using better estimates on primes the number ““4’” can be decreased in
(4.30). This is perhaps not too interesting. However it is plausible that there
exists a constant ¢ such that d(G) < cn for all finite groups G. One cannot
do better than this in general as the following example shows. Let G be a
nonabelian group of order p* for some prime p then G has a faithful
irreducible character of degree p. It is easily seen that d(G)= p.

The next two results will be needed in Chapter X.

LemMa 4.31. Let G be a subgroup of G. Suppose that for a fixed i, (x.)c is
irreducible for all w with d,# 0. Then (¢:)s is an irreducible Brauer
character.

PrOOF. Let ¢, be the Brauer character afforded by the irreducible R[G]
module L, Let U, be the projective R[G] module corresponding to L, and
let &, be the character afforded by U..

Suppose that L, is isomorphic to a submodule of (L;)s. Then L, is
isomorphic to a submodule of (U:)s. Hence U, (U:)e. Thus

b1 =3 dux. ()= T dux (1) = D), (4.32)

where d., denotes the appropriate decomposition number of G.
Let e, be the multiplicity of L, as a composition factor of (Li)s. Then
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d.. = due;, for all u. Hence (4.32) implies that e, = 1 and &, (1) = &, (1).
Hence U, = (U,)s. This implies in particular that the socle of (Li)e is
irreducible and isomorphic to L..

Apply the same argument to ¢ *. Thus (®*)s = @* and L* is isomor-
phic to the socle of (L¥)s. Hence there exists an exact sequence
(L)e = L, — 0. As e,, = 1 thisimplies that L, | (L.)s andso (L.)e =L, O

CoroLLARY 4.33. Let G be a subgroup of G. Let B be a block of G. Suppose
that (x.)a is irreducible for every x. in B. Then (¢:)e is an irreducible Brauer
character for every ¢; in B.

Proor. Clear by (4.31). O

As a consequence of (4.33) we will prove the following results of Isaacs
and Smith. For various refinements see Isaacs and Smith [1976], Pahlings
[1977].

~CoroLLARY 4.34. Let P be a S,-subgroup of G and let N = N (P). Let B be
the principal block of G. The following are equivalent.
(i) G has p-length 1.
(i1) If xu is in B then (x.)n is irreducible.
(ii1) If @i is in B then (¢)n is irreducible.

PrOOF. (i) = (ii). Since G = O,-,,(G) the Frattini argument implies that
G =0, (G)N.If x, € B then O, (G) is in the kernel of x. by (4.12) and so
(x.)~ is irreducible.

(i1) = (iii). This follows from (4.33).

(i1) = (1). P = 0, (N) is in the kernel of irreducible Brauer characters of
N and so P is in the kernel of ¢; for every ¢; in B. Thus P C O, (G) by
@.12). O

5. Some open problems

In this section we list some open problems in the theory. A discussion of
these and related questions can be found in Brauer [1963]. Some
nontrivial examples of modular character tables and Cartan invariants can
be found in James [1973], [1978]. These can be used to illustrate the
problems below.
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D) If |C g, (x)e;(1)E Ris it true that | C, | ¢; (x.) ¢; (1) = /\(é), where )\ |
is the central character of R[G] corresponding to the block B?

In answer to an earlier question, Willems [1981] has pointed out that
| C | ¢ (x:)/¢;(1) need not be in R. As an example let p =2 and let G = J,,
the smallest Janko group. If x; is an element of order 3 and ¢; is chosen
suitably then ¢;(1)=56 and ¢;(x;))=—1. Thus |C|e;(x)/e;(1)=
—209/2 & R. See Fong [1974].

1) Is |Gl/¢,(1)E R for all j?

Willems [1981] has shown that the answer to (II) is yes if and only if
|C|D;(x)/®;,(1)E R for all i,j.

In case G is p-solvable both (I) and (II) have an affirmative answer. See
Chapter X, section 6. A result related to these questions can be found in
Torres [1971].

Added in proof. J.G. Thackray has shown that McLaughlin’s simple
group G has an irreducible Brauer character of degree 2°-7. Since a
S,-group of G has order 2’ this shows that (II) has a negative answer in
general.

(III) Does the character table of G uniquely determine (¢ (x,)), the table
of irreducible Brauer characters? (The uniqueness can of course only be
expected after a fixed monomorphism from K, to the complex numbers has
been chosen.)

(IV) Does the character table of G uniquely determine the set of integers
{e(D}?

Virtually nothing is known about these questions in general. An
affirmative answer even to the weaker question (IV) would be very useful
in the study of the structure of finite simple groups. Chapter X, section 6
has a related result in case G is p-solvable.

(V) Can the number of blocks be characterized in terms of the structure

of G?

By using the first main theorem on blocks, (II1.9.7), it is possible to
describe the number of blocks of positive defect. Thus the question is really
about blocks of defect 0. A weaker question is the following.

(VI) What are some necesary and sufficient conditions for the existence of
blocks of defect 0?7
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In connection with problems (V) and (VI) Wada [1977] has proved the
following and related results. In case the class C in (5.1) consists of
involutions, the result had originally been proved by Brauer and Fowler
[1955].

LEMMA 5.1. Let P be a p-group contained in G. Suppose that C is a
conjugate class of G such that xy™' & P —{1} forx,y € C. Let |P|=p* and
let |C (x)|, = p® for x € C. Then there exists an irreducible character x of G
with p*~° I x(1). If furthermore Pis a S,-group of G then x is of height 0 in a
block B with defect group D, where D is the defect group of C.

Proor. Let x € C. Define

v x(@x(x 9
V=2 X

where x ranges over all the irreducible characters of G. By assumption
¥(z) =0 for z € P —{1}. Since (1) =|Cq (x)] it follows that

‘——-UC(PST =(p, 1p)p = 2:, %(Xh 1e)r.

As p~" is the exact power of p dividing the denominator of the left hand

side and x(x), x(x'), (x» 1+ ), are algebraic integers, there exists y with

P [x().
Suppose that P is a S,-subgroup of G. Then

. . -1

EIGCG ())IX(x)X(XJ(XP71P)P — |G P|
p x (1)

As |G:P|#0 (modp) and |G :Cq (x)|x(x)/x(1) is an algebraic integer

there exists y with

JQ&QQM#_O’ x(x")#0 (mod )

x(1)

for  a prime in a suitably large p-adic field. Let B be the block containing
x- By (4.4) D is a defect group of B and x is of height 0 in B. [

In case G is solvable Ito [1951a], [1951b] has also obtained results in this
connection. See Chapter X, section 6 for some of these. Related results are
proved below. See (VL.5.6), (X.6.3) and (X.6.5). Other conditions for the
existence of characters of defect 0 can be found in Ito [1965¢], Ito and
Wada [1977]. For related results see Gow [1978], Willems [1978].
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(VII) Is there a function of p and d which bounds c;; for ¢;, ¢; in a p-block
of defect d?

If G has a p-complement, in particular if G is p-solvable, thenit follows
from (4.15) that ¢; < p“, where p“ =| G |,. Fong [1961] has shown that for
G p-solvable ¢; < p“. See (X.4.6). At one time it had been conjectured that
¢; < p“ for all G. This conjecture was shown to be false by Landrock [1973]
for the group Suz(8) and p = 2, where p“ = 64 and c¢,, = 160. The following
results proved by Chastkofsky and Feit [1978], [1980a], [1980b] show that
Landrock’s result is not an isolated example.

Let p =2, let P, be a S,-group of G,, and let ¢!}’ be the Cartan invariant
of G.. corresponding to the principal Brauer character. If G,, = Suz(2™) or
Sp4(2™) then

lim ¢ (/| P [2 = 1.
If G, =SLy(2™) or SUs(2™) then |P,.|=8" and

lim ci9m = 1.

For information about the decomposition numbers of Suz(2™) and
SU,(2™) see Burkhardt [1979a], [1979b].

The Cartan matrix of a block with a cyclic defect group can be computed
in terms of the Brauer tree. This result will be found in Chapter VII. In
general it seems to be difficult to compute Cartan invariants of simple
groups even when the character table is known. For instance the Ree
groups *G,(3°""") all have a S,-group which is elementary abelian of order
8. Yet the Cartan matrix of the principal 2-block has only recently been
computed and shown to be independent of n. This computation involves
some very delicate and complicated arguments. See Fong [1974], Landrock
and Michler [1980a], [1980b]. For a similar result concerning the smallest
Janko group see Landrock and Michler [1978].

A general approach to questions about irreducible and principal inde-
composable R[G] modules for Chevalley groups in characteristic p can be
found in J.E. Humphreys [1973b], [1976]. However the groups SL.(p")
constitute the only class of Chevalley groups for which much is known
about Cartan invariants. For instance every Cartan invariant is a sum of at
most two powers of 2 and ¢, = 2" for SL,(p") in characteristic p. See J.E.
Humphreys [1973a], Jeyakumar [1974], Srinivasan [1964c], Upadhyaya
[1978].
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- The most complete results concerning Cartan invariants for an infinite
class of groups of Lie type are due to Alperin [1976¢], [1979] for the groups
SL,(2") for p = 2. Before stating these results some notation is needed.
Let ¢ be the Brauer character afforded by the natural 2-dimensional
representation of SL,(2") over the field F of 2" elements. Let ¢ be the
Frobenius automorphism. Let S be the group of integers modulo n. For
i € S define ¢; = ¢ and for I C S let ¢, =Il.-, ¢.. Then every irreducible
Brauer character of SL,(2") is of the form ¢, for some subset I of S, and
conversely these are all the irreducible Brauer characters of SL,(2").

THEOREM. ¢, =0 unless for each i € Swithi€INJandi+1&INJ we
have i +1 € I and i +1 & J, in which case ¢, =2"7""'".

For decomposition numbers of the groups SL,(p") see Srinivasan
[1964c]; Burkhardt [1976a], [1976b].

Question (VII) is also related to an old conjecture of Frobenius as
follows.

LEmMA 5.2. Let |G|=p“g. with (p,g)=1. Suppose that G contains
exactly g, p'-elements. If ¢, < p“ then G has a normal p-complement.
Proor. By the Cauchy-Schwartz inequality and (3.3)

P = (D) < (P, D) (01 m) = €1p” < p*.
Thus n, and &, are proportional. Hence @,(z)= ®,(1) if and only if z is a
p’-element in G. Thus the set of all p’-elements in G is the kernel of @, and
this kernel is a normal p-complement. [J
CorOLLARY 5.3 (Brauer and Nesbitt [1941]). Let |G| = p“q"r® where p,q,r

are distinct primes. If G contains exactly q°r° p'-elements then G has a
normal p-complement.

~ PROOF. By (4.15)(iv) ¢\, < p*“. The result follows from (5.2). O
(VIID) Is di, < p® whenever x., ¢ lie in a block of defect d?
By (X.4.6) (VIII) has an affirmative answer for p-solvable groups.

(IX) Is it true that every irreducible character in a block B has height 0 if
and only if B has an abelian defect group?
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By (4.18) blocks of defect d < 2 have no characters of positive height and
so (IX) has an affirmative answer for d < 2. In case G is p-solvable Fong
[1960] has shown that if the defect group of B is abelian then every
character in B has height 0 and the converse holds at least for the principal
block. See (X.4.3) and (X.4.5).

Knorr [1979] has recently proved a result which implies that if V is either
an R-free R[G] module such that Vi is irreducible or V is an irreducible
R[G] module and V lies in a block with an abelian defect group D, then D
is a vertex of V.

Some consequences of an affirmative answer to (IX) are mentioned in
Brauer [1962b].

(X) Let k(B) be the number of irreducible chatacters in the block B. Let
ko(d) be the minimum of k(B) as B ranges over all blocks of defect d in all
groups G and let k (d) be the maximum as B ranges over all blocks of defect
d in all groups G. '

(1) Is lim,_... ko(d) = ?

(i) Is k(d)<p??

Nothing seems to be known about (X)(i). (4.18) yields an upper bound
for k (d) which will be improved below. It can be shown that if the defect
group of B is abelian and generated by two elements then k(d)<p*,
generalizing the known fact that this inequality holds for d <2. See
(VIIL.10.17).

P. Fong has observed the following result in which the function k(d)
arises naturally.

LEMMA 5.4. Let H be a d-dimensional linear group over the field of p
elements. Assume that H is a p'-group and H# (1). Then H has at most
k(d)—1 conjugate classes.

PROOE. Let P be an elementary abelian p-group of order p“. Then P is
isomorphic to a d-dimensional vector space over the field of p elements.
Let G = HP with P <1 G where the action of H on P is given by the linear
structure of H. Thus H = G/P. Let n be the number of conjugate classes of
H.Hence G has at least n + 1 characters since G contains some p-singular
elements. By (II1.6.9) P is the defect group of every block. Since
Ci (P)= P (4.17) implies that G has only one block. Thus n + 1< k(d) as
required.
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- ‘COROLLARY 5.5. Suppose that H satisfies the same conditions as in (5.4).
Then H has at most 1p** conjugate classes.

Proor. Clear by (4.18) and (5.4). O

This result can be improved slightly by making use of (VII.10.14) below.

Nagao [1962] has shown that if the number of conjugate classes in the
semi-direct product of H with the underlying vector space in (5.4) is always
at most p* then (X)(ii) has an affirmative answer for p-solvable groups.

(XI) Let B be a block with defect group D and let B be the block of N¢; (D)
with B¢ = B. Does the number of irreducible characters of height 0 in B
equal the corresponding number for B?

(XII) Let m,(G) denote the number of irreducible characters of G whose
degree is not divisible by p. Ism, (G) = m, (N (P)) fora S,-group Pof G?

It is clear that an affirmative answer to (XI) implies that (XII) has an

affirmative answer. McKay [1972] first noticed that (XII) has an affirmative
" answer for many simple groups and raised the question in general. Alperin
[1976a] conjectured that (XI) always has an affirmative answer and showed
this to be the case for G = GL, (q) with g a power of p. The assertions that
(XI) and (XII) have affirmative answers are known as the Alperin-McKay
conjectures.

Macdonald [1971] showed that (XII) has an affirmative answer for all
primes if G is a symmetric group. Related results can be found in
Macdonald [1973], Pahlings [1975b]. Olsson [1976] has verified that (XII)
has an affirmative answer for all primes if G = GL, (q). Green, Lehrer and
Lusztig [1976] proved a result which implies that both questions have an
affirmative answer if G is a reductive group of Lie type with a connected
center over a field of characteristic p.

In case G is p-solvable it is known that (XII) has an affirmative answer.
See Isaacs [1973], Wolf [1978], Dade [1980], Okuyama and Wajima [1979],
[1980]. The results of Chapter VII show that (XI) has an affirmative answer
if B has a cyclic defect group.

6. Higher decomposition numbers

Let y be a p-element in G and let {¢} be the set of all irreducible
Brauer characters of C; (y). If £ is an irreducible character of C; (y) then
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{(yx) = e{(x) for all x € Cs (y) where ¢ is a p“th root of unity since y isin =
the center of Cs (y). Thus x, (yx)=Z,d%¢!(x) for all p-elements x in -
Cos (y) where each d is an algebraic integer in the field of p®th roots of
unity over the rationals. The linear independence of {¢ !} implies that dis
well defined. The numbers d3}; are the higher decomposition numbers with
respect to y. Clearly the higher decomposition numbers d; with respect to
y =1 are the ordinary decomposition numbers. .

Suppose that z = y“ for some u € G. Then Cs (z)= Cs (y)". Further- -
more after a suitable rearrangement ¢;(x*) = ¢!(x) for all p'-elements
x € Cs (y). Since

xs(2x) = x((yx)*) = x.(yx)

for x € Cs (y) it follows that y, (zx*) =2 d%¢:(x"). Hence d} = di. Thus
the set of higher decomposition numbers with respect to y depends only on
the conjugate class containing y.

If o is an automorphism of the field of p“th roots of unity over the
rationals then it follows directly from the definition that o permutes the set
{d%} where i,y are fixed.

The proof given here of the next result is due to Nagao [1963]. Aside
from Brauer’s original proof other proofs may be found in lizuka [1961]
and Dade [1965].

THEOREM 6.1 (Second Main Theorem on Blocks) (Brauer). Let y be a
p-element in G. Suppose that d#0 for some t,i. Let B be the block of
Co (y) containing ¢!. Then B¢ is defined and x, € BC. Furthermore y is
conjugate to an element of the defect group of B°.

Proor. Let P =(y) and let H=Cs(P)=Cs (y). Let € be the centrally
primitive idempotent in R[H] with B = B(¢é). By (I11.9.4) B€ is defined.
Let x. € B = B(e) where e is a centrally primitive idempotent in R[G]
and let V be an R-free R[G] module which affords y.. Let s be the Brauer
mapping with respect to (G, P, H) and let 6 be the character afforded by
Vuso(e). By (111.4.11) and Nagao’s theorem (II1.7.5), x.(xy) = 6(xy) for all
p'-elements x in H. Since d}i# 0 this implies that ¢! is afforded by an
irreducible constituent of Viso(e). Hence sq(e)é = é. Therefore B® = B
by (II1.9.4). The last statement follows from (2.4). [

For any p-element y the p-section containing y or simply the section
containing y is the set of all elements in G whose p-part is conjugate to y.
Clearly the p-section containing y = 1 is the set of all p'-elements in G. Let
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~{x!} be a complete set of representatives of the p'-classes in Cg (y). It is
easily seen that {yx}} is a complete set of representatives of the conjugate
classes in G which lie in the section containing y.

Let C” = (c}) denote the Cartan matrix of Cg (y).

LEMMA 6.2. Let B be a block of G. Let y,z be p-elements in G.
() If y is not conjugate to z in G then for all i,

2 (@) dy= 3 (di) di=
(i) 2, (di)*dy=cy for all i,j. )
(iii) 2, cs(d%)*d’ =0 unless ¢! and ¢ lie in the same block B of Cq (y)
and B® = B. In that case 2, cs(d)*d}=c}.
Proor. By definition
@I ()™ (d3)" (d5)(eF(x))) = (6 (X)) (x: (2x7))
= (S xl)wlex)

If y is not conjugate to z then Z, x,(yx!)*x. (zx;)=0 for all i,j. By (3.6)
(¢7(x])) is nonsingular. This implies one of the equations in (1). Since

z xs (yx))*x: (yx)) =1Co (yx7)] 85 = | Cepiry(x7)] 85

it follows from (3.8) that

(2 0wk 03 = (1) ey 1 x7).

Hence the nonsingularity of (¢!(x})) implies (ii).

Fix i,j. Let B,, B, respectively be the block of Cs (y), Cs (2) respectively
with @7 € B, and ¢ € B,. If (d2)*d’ # 0 for some s then by (6.1) BY = BY
and y, € BS. Thus

> (dn)rdy= 3 (du)*d; if BY=BY=B,
x.€B s
=0 otherwise.
This completes the proof of (i), and by (ii)
> (dw)*dy=c; if BE=BY=

X € B

=0 otherwise.
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Since ¢} =0 if B, # B,, (iii) follows. [J
The next result is a refinement of (3.14). See Osima [1960b].

LEmMMA 6.3. Let B be a block. If 6 =2,b,x, with b, EK define 6° =
EvnEBb»\’XS'
() If @ vanishes on a p-section of G then 68 vanishes on that p-section.
(1)) If z, and z, are in different p-sections of G then

X;B X: (20)*x:(22) = 0.

PrROOF. (i) Suppose that # vanishes on the p-section of G which contains
the p-element y. Then 2, b.d%¢!(x)=6(xy)=0 for all p’-elements x in
Co (y). Thus 2,b,d? =0 for all i. Hence by (6.1) 2, <, b,d% =0 for all i and
SO 0”(xy)=z,xeuzibxd_{,vcp,’(x)=0 for every p'-element x in Cs(y) as
required.

(i) Let 6 =2, x.(z.)*x.. Then 6(z)=0 for every element z in the
p-section containing 2,. The result follows from (i). [ ‘

(6.3) can be used to generalize (4.23)(i1) as follows.

LEmMMA 6.4. Let p and q be distinct primes. Suppose that y is a p-element in
G and x is a q-element in G such that no conjugate of x commutes with any
conjugate of y.

(1) Let B(p) be a fixed p-block of G and let B(q) be a fixed q-block of G.
Then 2 Xs (X)x:(y) =0 where x, ranges over all the irreducible characters
which lie in B(p) and also in B(q).

(1) There exists a nonprincipal irreducible character which is in the
principal p-block and also in the principal q-block.

PrOOF. (i) Let 8 =2, cu xs(x)x. By assumption no element of G is in
the p-section containing y and also in the g-section containing x ~'. Thus by
(6.3)(i1), 8(z) =0 for every element z in the p-section containing y. Hence
by (6.3)(i) 6°™(y)=0.

(ii) Immediate by (i). O

The following notation will be used in the rest of this section.

B\, B,, ... are all the blocks of R[G].

{y:} is a complete set of representatives of the conjugate classes in G
consisting of p-elements. Thus {y,x,'} is a complete set of representatives of
the conjugate classes in G.
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k is the number of conjugate classes in G.

k(B..) is the number of irreducible characters in B,

[(y;) is the number of conjugate classes in Cg(y:) consisting of p'-
elements.

[(y, B,.) is the number of irreducible Brauer characters of Cs (y;) which
lie in blocks B of Cq (y:) with B® = B,

x = (x,(y:ix})) is a character table of G.

If y is a p-element in G then ¢ = (¢{(x})) is a table of irreducible
Brauer characters of Cs (y). ¢ is the direct sum of the matrices ¢”.

D = (d.;) where s is the row index and (i,j) is the column index.

D, is the submatrix of D where s ranges over all vaizes with x, € B,, and
for each i,j ranges over values for which <p,y" is in a block B of Cs (y:) with
B¢ =B,. Thus D,, is a k(B..)x(Z:1(y, B, )) matrix.

If T is aringof algebraic numbers in K and S is a subset of G define

ChT(S)Z{a ‘a=zasxs,a.,~€T,a(2)=O for zES}.

ChT(S,Bm)={a|a= S ax.a €T,a(z)=0 forzES}.

Xs € B

In case T is the ring of rational integers write Ch(S)= Ch:(S) and
Ch(S, B..)= Chr (S, B.. ).

Lemma 6.5. (i) [(y)) = Z..I(y,, B.) for all i.

(i) k ==, k(B,)=21(y).

(1)) x, ¢, D are all k X k matrices and x = D if the rows and columns are
suitably arranged.

Proor. (I11.2.8) and (6.1) imply (i). (ii) and (iii) are clear by definition. []

LEMMA 6.6. (1) D is the direct sum of the matrices D,, after a suitable
arrangement of rows and columns.
(i) Let T be a field of algebraic numbers in K. Then for all m

dim7 (Chr (G, B,.)) = k(B..) = >, I(y, B..)

(iii) D.. is a nonsingular k(B,.)x k(B..) matrix and * (detD,.)’ is a
power of p for each m.

(iv) Lety be a p-element. There exists a block B of C (y) with B® = B,,
if and only if y is conjugate to an element of the defect group of B,.
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ProoOF. (i) Immediate by (6.1).

By definition dimr (Chr (G, B..)) = k(B..). By (6.5) D is a square matrix.
As D is nonsingular each D,, is a square matrix. Thus in view of (i) both (ii)
and (iii) will follow once it is shown that = (det D,,)* is a power of p.

The mapping which sends every element of G into its inverse permutes
the rows and columns of D and sends D,, to DX Thus (detD,, ) =
+det(DX'D..). By (6.2) D}'D,. is the direct sum of Cartan matrices. Hence
= (detD,,)’ is a power of p by (3.9).

(iv) Suppose that y isnot conjugate to any element of the defect group P
of B,. By (2.4) d2. =0 for all x, € B,. Since D,, is nonsingular, this implies
that B,,# B® for any block B of Cs (y).

Suppose that y is conjugate to an element of P. It may be assumed that
y € P. By (I11.6.10) and (4.2) there exists a p'-element x € Cs (P) such that
for x, € B.,, cT(C_)?f 0, where x is in the conjugate class C. Choose y, of
height 0 in B,.. Thus x,(x) # 0. Since x € Cs (P) it follows that x € Cs (y)
and x.(xy)#0, and so x.(xy)#0. Hence d#0 for some i. The result
follows from the second main theorem on blocks (6.1). [

LEMMA 6.7. Let T be a subring of K which consists of algebraic numbers. Let
S be a union of p-sections in G. Then

(i) Chr(S)=EP.. Ch+ (S, B..).

(i) If T is a field then dim+(Chy (S, B,.))<Z2,csl(y, B..) for all m.

Proofr. (i) Since G — S is a union of p-sections this is clear by (6.3)(1).
(ii) Suppose that 2,a.,x, € Chr(S, B..). Then 2, ad’ ¢! (x)=0 for all
y=v#S and all p-elements x € Cs(y). Hence 2Z.a,d’=0 for all
y =y, S and all j such that ¢} is in a block B of Cs (y) with B¢ = B,,.
Thus the vector (a.) satisfies 2,¢s/(y; B..) homogeneous linear equations.
By (6.6)(iii) these equations are linearly independent. Therefore by (6.6)(ii)

dimr (Chr (S, B,.)) < k(B.,) - ;S I(y, B, )= gs I(y,B.). O

LEMMA 6.8 (Suzuki [1959]). Let S be a union of n conjugate classes in G.
Assume that if z € S then z" € S for all integers h such that (h,|G|)=1.
Then rank(Ch(S)) = n.

Proor. Clearly rank(Ch(S))=<n. Thus it suffices to exhibit n linearly
independent elements in Ch(S).
Let {a.} be a normal basis of the field of | G [th roots of unity over the
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‘rationals, where h ranges over all the integers with 1<h <|G| and
(h,/G|)=1 and e, is the image of @, under the automorphism which sends
a| G|th root of unity onto its hth power. Let z,,.. ., z. be a complete set of
representatives of the conjugate classes in S. For i =1,...,n define
0 =2, a.x. where a,; = 2, anxs(z:"). Thus each a is a rational integer. If
2€ G and z is not conjugate to z" for any m with (m,|G|)=1 then
B.(z)=2nan 2.x: (z:")x. (z) =0 and so 6 € Ch(S).

Suppose that 2,b#, =0 for rational integers b. Then for each i

0=2 b8 (z)= 2 a X b 2 x(2,")x: (2) =] Ca (2)] X bau

where in the last sum (j, h) ranges over all pairs with z;, conjugate to z;.
Since {a} is a basis of the field of | G |th roots of unity over the rationals
this implies that b; = 0. Thus {6, } is a linearly independent set. []

The following refinement of (6.6)(ii) is due to W. Wong [1966].

LEMMA 6.9. Let T be a subfield of K consisting of algebraic numbers. Let S
be a union of p-sections in G. Assume that at least one of the following
assumptions holds.

(i) T contains a primitive (|G |,)th root of unity.

(ii) If z € S then z" € S for all integers h with (h,|G|)=1.
Then dim (Chr (S, B..))=2,csl(y, B..) for all m.

PROOF. In view of (6.8) dimr(Chr(S))=2,csI(y;) under either assump-
tion. Thus if the result if false then for some m’,

dim+ (Chr (S, B..)) < 2, 1(y, Bu')
Y, ES

by (6.7)(ii). Hence by (6.7)

dimr (Chr(S)) = X, dimr (Ch+(S,B.))< Y, > I(y,B..)

m y,ES

= > I(y:)=dims (Ch+(S)).

v ES

This contradiction establishes the result. [J

Xs 1s a p-conjugate of x, if x, = x7 for some automorphism o of the field
of | G |th roots of unity over the rationals which leaves the p’-th roots of
unity fixed. Two p-conjugate characters have the same irreducible Brauer
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characters as constituents and so lie in the same block. yx, is p-rational if it
has no p-conjugate other than itself.

LemMa 6.10. Let M be a group of automorphisms of the field of | G | th roots
of unity over the rationals such that the p'th roots of unity are in the fixed field
of M. Distribute the irreducible characters in B,, into families of conjugates
under the action of M. Let n, be the number of irreducible characters in the ith
family. Then the following hold.

(i) The number of orbits of the columns of D, under the action of M is
equal to the number of families in B,,.

(i1) Ifp#2orifthe 4th rootsofunityare inthefixedfield of M then after a
suitable relabeling the ith orbit of columns of D, consists of n. columns.

Proofr. If p# 2 or if the 4th roots of unity are in the fixed field of M then M
is cyclic. Since D,, is nonsingular by (6.6)(iii) the result follows from a
combinatorial lemma of Brauer. See Brauer [1941c], Lemma 2.1 or Feit
[1967¢c], (12.1). O

CorOLLARY 6.11. Suppose that p # 2. The number of p-rational irreducible
characters in B,, is at least as great as the number 1(1, B,,) of irreducible
Brauer characters in B,

PrOOF. Since the ordinary decomposition numbers are rational D,, has at
least I(1, B.,) rational columns. The result follows from (6.10). [J

Some results concerning the fields generated by the entries of x, ¢ and D
can be found in Reynolds [1974].

7. Central idempotents and characters

Some of the formulas in this section have been used by Osima as the
starting point for an alternative development of much of the theory of
blocks. For this approach see Osima [1952b], [1955], [1960a], [1964], lizuka
[1956], [1960a], [1960b], and Curtis and Reiner [1962].

The following result is well known and easily verified.

LemMa 7.1. Let e, be the centrally primitive idempotent of K[G] corre-
sponding to w,. Then
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= X° (z Mz

LEmMMA 7.2 (Osima). Let B be a block of R[G] and let e be the centrally
primitive idempotent in R[G] corresponding to B. Then

=g S{ S emecnl

- TclTiE: {; @, (e (z7) } z.

PROOF. x, € B if and only if w, (¢) #0. Thus by (7.1)

=S e=g S {Sxmne)e

X € 2EG

Thus the first equation follows from

ZexEN= 2 3 e (dx ()

= Z @ ()P (z7).

In particular this implies by (2.5) that the coefficient of any p-singular
element in e is zero. If z is a p’-element then

2 xWxE= 2 3 ez o)

PEB x. €
= ;} i (z7)D; ().
This proves the second equation. []

LEMMA 7.3. Let e be a centrally primitive idempotent in R[G]. Let B be the
block corresponding to e and let A be the central character of R[G]
corresponding to B. For each j let C; denote the conjugate class of G with
X, € C. Then e = Z,a,C; with a, € R. If a,A(C;) #0 then B and C, have a
common defect group.

PROOF. By (7.2) ¢ = 2, a,C; with a; € R. Let D be a defect group of B and
let P, be a defect group of C. If a,#0 then P,C,D by (IIL6.5) since
¢ €Z5(G;G). If A(C))#0 then D C; P, by (I1L6.10). O

The next result is due to Osima [1966] in case « is the principal Brauer
character.
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THEOREM 7.4. Let e be a centrally primitive idempotent in R[G] and let B
be the block corresponding to e. Let x, be a character of height 0 in B. Let « be
a rational integral linear combination of {¢i|¢i € B} with v(a(l)) =
v(x.(1)). Let n, be defined as in (1.2) and let 1. = 2Z,b,x.. Define

fo= |G| Z M. (z7)z.

Then f. € R[G) and & — f, € (Z(G : G)).

PrOOF. By (4.7) f, € R[G]. By (4.1) and (7.1)

= ’(1 - z Nz
PSR et S
- 5 2t
X, EB b’ XX(I)
where e, is the centrally primitive idempotent in K[G] corresponding to
w,. Thus if x; & B then o, (¢ —f.)=w,(¢)—w, (f. )= 0. If x, € B then

_x() b
b x.(1)

Hence by (4.7) w, (e — f.) =0 (mod ). Thus w, (e — f.) =0 (mod =) for all
s and so A(é — f) =0 for every central character of R[G]. [

o (e~ f)=w(e)~ w(f.)=1

The next result is due to lizuka and Watanabe [1972], who also prove
further results of a similar nature concerning blocks of positive defect. This
result generalized earlier results of Brauer [1946a], [1956].

THEOREM 7.5. Let Z be the center of R[G] and let M be the subspace of Z
spanned by all C, such that C, is a conjugate class of defect 0. Then M is an
ideal of Z and the number of blocks of defect 0 is equal to dimz M2,

Proor. By (II1.6.2) M is an ideal of Z. Let e,,..., e, be all the centrally
primitive idempotents of R[G] corresponding to blocks of defect 0. By
(73)&. EM fori=1,...,n Let e,=2;_, e. Then M = Me, D M(1 — &,).
We next show that M* = (Meé,).

Let C, G be classes which have defect 0. Let e be a centrally primitive

idempotent of R[G] which corresponds to a block B of positive defect.
Then by (7.1)

o GG x e Gx (x)
Cle=2 3, 1GTx(D) G
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‘where x, €C, x, €C, x, € C. If |G|, =p" then |C/|=|C/|=0 (modp*)
but |G |x(1)#0 (mod p>*). Hence C,Ce = 0. Therefore {M(1 — &)} = 0.
Since MéM(1 — &) =0 this implies that M’ = (Meé,).

Since e; corresponds to a block B; of defect 0, B; contains a unique
irreducible R[G] module and Zé; = Re. Hence Meé, = Z&, = Ré, and so
Me, = @?:1 Ré.. Therefore

M= @ Rét= @ Re. O
i=1 i=1

i=

8. Some natural mappings

To a large extent this section consists of results which are reformulations
of some results proved earlier in this chapter. We will follow Broué
[1976b], [1978b] quite closely. See also Serre [1977].

The notation introduced in section 6 after (6.4) will be used with the
following modifications.

T will denote an arbitrary subring of K.

Instead of Ch;(S,B) we will write Ch; (G :S, B) to emphasize the
dependence on G. We will also write Ch7 (G : G) = Ch: (G).

G.., denotes the set of all p’-elements in G.

The Grothendieck algebra A%(K[G]) is isomorphic to Ch(G) in the
obvious way. By (3.12) Ch(G :G..) is isomorphic to the Grothendieck
algebra A%(R[G)). Let Chr,.;(G) denote the ring of all T-linear combi-
nations of {®,}. Let Chy (G : B) = Chy1po;(G) N Chy (G : B). As usual
the subscript T will be omitted in case T = Z, the ring of rational integers.

Define the linear map b = b, ¢ =c¢, d =d° as follows:

b : Chrpoj(G)— Chy (G), where b(®,) = 2. duX

¢ :Chrpoj(G)—= Chr (G : G.,), Where c(®) =2, ¢y,

d:Ch; (G)—Ch;(G:G.,), where d(x.)= 2 du¢.

By (3.1) the following diagram is commutative.

Ch7pro; (G)
N
Ch; (G)—= Ch; (G : Gu)
It is clear from the definitions that b, ¢, d respect blocks. In other words
(d(8)® =d(8”) for 8 € Chy (G). Similarly (b(0))° = b(6°) and (c(0))* =

c(0”) for @ € Chr,;(G). Furthermore if y € Chy (G) and @ € Chy,0i(G)
then by (3.4)
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(d(x), @)= (x, b(P)). (8.1)

This situation will now be generalized. Let y be a p-element in G.
Assume that T contains a primitive | {y)/th root of 1. If ¢ is an irreducible
character of Cs (y) then there exists a !(y)!th root of 1, w, (y) such that
{(yx)=w,(y){(x) for x€Cs(y). Define the linear map w, of
Chr (Cs (¥)) by o, (¢) = w, (y) for any irreducible character ¢ of Cs (y).
Then for any (€ Chs(Cs(y)) and any x €Cg(y) it follows that
(w, (D) (x) = L (yx).

For any subgroup H of G let Resji: Chr (G)— Chr (H) be defined by
Res$i(0) = 6,.. Let Ind{;: Chy (H)— Ch (G) be defined by Indsj(8) = 6°.

Let ¢”¢ denote the map ¢ = ¢ for the group Cs (y). Define

G 5 - Sy G _ G
b = Ind({f,_-,m°(wy) TopCat B d"" =d°w, °Resc,,)-

LemMma 8.2. (1) The following diagram is commutative.

Chrproi (Ca (¥))

o / \i

Chr (G) ——— Ch+(Co (y): Co (¥ )res)

(i) If 1 € Cheowi(Ca (y)) then b (n) vanishes outside the p-section
which contains y and it is a class function such that

(B NOx) =n(x) for x € Ca (¥}

(iii) If 8 € Chy (G) then d>°(0) is an R-valued function on Cgs (y)
defined by

("7 () (x) = 0(yx) for x € Ca (s

PRroOF. Statements (ii) and (iii) are direct consequences of the definitions.
Then (i) follows from (ii) and (ii1). J

Lemma 8.3. If 8 € Ch+(G) and n € Chy,,.;(Cs (y)), then
(d)xC (0)’ n)cc()‘) = (0’ b e ()’ ))C

ProoF. By (8.1) and the Frobenius reciprocity theorem (II1.2.5)

(dyﬂo (6)7 n)Cc:(y) = (Resg(‘:(y)(e)v (w)' )_I ° bCUU)(y))CG(Y)
= (6’ b)’-(' (n))c D
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Let B be a block of G and let B, B., ... be all the bloc_ks of Cs (y) with
Bf=B. If { is a class function defined on Cq (y) let % = 2,75,
The next result is equivalent to the second main theorem on blocks (6.1).

THEOREM 8.4. Let § € Chr(G) and let 1 € Chypoj(Ci (y)). Then the fol-
lowing hold.

(i) b7 (D) =(b"" (D))",

(i) d7°(8%)=(d"° ().

Proor. By (8.3)(i) and (ii) are equivalent. Thus it suffices to prove (ii).

Since x.(yx) = Z:di@i(x) for x € Cg (¥ ). it follows from (8.2)(iii) that
d” (x.)= 2:di¢. The result is now seen to be a reformulation of
6.1). O

Let Z7(G) denote the center of T[G]. If S is any subset of G let
Z: (G :S) denote the set of all a =2,c5a,x € Z;(G) with a, =0 for
x&S.

In the remainder of this section we will only be concerned with the case
T =K. Observe that

Chiproj(G) = Chk (G : Griy).

By definition Chk (G) is the dual space of Zx (G). Let B be a block and
let e be the centrally primitive idempotent in R[G] corresponding to B. If
0 € Chk (G) then 0° = 0ce, where (ce)(a)= 6(ea) for a € Z, (G).

Let S be a p-section of G. For 6 € Chk (G) define ds (8) by

0(x) if x€E€S,

(ds(ﬂ))(x)={
0 if xg&S.

For a = Ziec ax € Zx (G) let 8s (a) = Z.csa.x. Then ds is the transpose
of 8s. In other words 8(8s (a)) = (ds (8))(a) for a € Z« (G), 6 € Chk (G).

LemMAa 8.5. Let S be a p-section in G. Let B be a block of G and let e be the
centrally primitive idempotent of R[G] corresponding to B. Then the
~ following hold.

() If y is a p-element in S then b”° od”° = ds.

(ii) If 6 € Chk (G) then (ds(9))° = ds(6°).
(ii)) If a € Zx (G) then 85 (ea) = eds (a).
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PrOOF. Since T = K, (i) follows from (8.2)(ii) and (iii). Then (8.4) implies
(ii). Since & is the transpose of ds, (i1) implies (iii). O

Observe that (8.5)(ii) is essentially equivalent to (6.3)(i), and (8.5)(iii) is
equivalent to the fact that if e is an idempotent in Zx (G), S is a p-section
of G and a =2,csa,x € Z« (G) then ae = Z,csb.x. In this form the

equivalence of (8.5)(ii) and (8.5)(iii) was first proved and used by lizuka
[1961].

Let y be a p-element in G Let b’ =b"° d =d4d"° If
1 € Chg (Ci; (y): Co (¥)ep) then by (8.2)(i1) b’(n) vanishes outside the
p-section which contains y, and it is a class function such that
("M (yx)=m(x) for x €ECs (¥)ee If 6 € Chk (G) then by (8.2)(ii)
(d’(8))(x)=0(yx) for x € Ci; (y).e- Define B, 8” analogously as follows.
For S a p-section of G which contains y,

B :Zk(Ci (¥):Ci (¥ )er) > Zx (G :S),
where

p S ax)-Z{Saon]

£ECG W e = U5

and z runs over a cross section of C; (y) in G.

> a_\x)z > a.x

eG / XECE (Y reg

8" : Zx (G) > Z« (Ca(y)), where 5y<

LEMMa 86. (i) If a € Zk (Ci (v):Ci (¥ )iey) and 6 € Chk (G) then
(d’(0))(a)=|G :Ca (y)['0(B (a)).
(i) If n € Chx (Ce (y):Co (¥ )ep) and a € Zx (G) then
(& (M)(a)=|G :Cs (y)|n (8’ (a))

Prookr. Direct consequence of the definitions. [

Lemma 8.7. Let 'y be a p-element. Let e be a centrally primitive idempotent
in R[G] and let s be the Brauer map with respect to (G,{y), Ci (y)). Let
so(e) be the central idempotent in R[Cq (y)] such that so(e) = 5(€). Then the
following hold.

(i) B’ (so(e)a)=eB’(a) for a € Zx (Co (y):Co (Y ree)-

(i) 8’ (ea) = so(e)8(a) for a € Z« (G).

PrOOF. In view of (8.6) this is the dual of (8.4)if y is replaced by y ™' and so
it follows from (8.4). [
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9. Schur indices over Q,

Let ¢ be an irreducible Brauer character of G. Let F be a finite field
such that ¢(x)€ F for all x € G. By (1.19.3) there exists an irreducible
F[G] module which affords ¢. The situation is more complicated for fields
of characteristic 0.

Let F be a field of characteristic 0. Let x be an irreducible character of G
and let F(x) = F(x(x), x € G). Then there exists a positive integer m (x)
such that my (x)x is afforded by an F(x)[G] module and if ny is afforded
by an F(x)[G] module then m, ()()|n. The integer my (x) is the Schur
index of x with respect to F.

The proof of the next result as well as the existence of the Schur index
can for instance be found in Feit [1967c], section 11.

LemMMA 9.1. Let F be a field of characteristic 0. Let x be an irreducible
character of G. Then the following hold.
() me (x) = mego(x)-
(ii) If 0 is afforded by an F[G] module then m (X)'(@X)o
(iii) If F C L then m, (x)|m. ()[L(x): F(x)].
(iv) There exists an extension L of F(x) with [L:F(x)]= m«(x) and
m(x)=1.

Suppose that F(x)=F. Let V be an F[G] module which affords the
character m (x)x and let E(V) be the endomorphism ring of V. Then
E(V) is a central division algebra over F with [E(V):F]=m:(x).
Furthermore if L is an extension field of F then m, (x) =1 if and only if L
is a splitting field for E(V). See for instance Curtis and Reiner [1962],
Chapter X.

The structure theory of division algebras whose center is a finite
extension of the field of p-adic numbers, Q, is well known. Schur indices
over Q, are studied for instance by Yamada [1970]. We state the following
without proof.

THEOREM 9.2. Suppose that F is a finite extension of Q,. Let x be an
irreducible character of G. If L is any finite extension of F(x) with

me ()| [L : F(x)] then my (x)=1.

In particular (9.2) implies that L can be chosen to be unramified or
totally ramified. On occasion one or the other of these choices is conve-
nient.

The next result is due to Brauer [1945]. See also Brauer [1947], Gow
[1975].
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THEOREM 9.3. Suppose that d..# 0. Then

ma, (x)| du [Qs (e @)1 Qs (x))-

PrOOE. Let Z, be the ring of p-adic integers in Q,. By (1.19.3) there exists
an irreducible Z, (¢ )[G] module which affords ¢.. Let V; be the corre-
sponding projective indecomposable Z, (¢;)[G] module. By (1.13.7) there
exists a projective Z,(¢:)[G] module U; which affords &; with U = V.
Thus @, €Q, (¢.). Hence maq, pen(x)| du by (9.1)(i). As mo, (x.) =
Mo,y (X ) by (9.1)(i) the result follows from (9.1)(ii). O

CoroLLARY 9.4. If x. is irreducible as a Brauer character then mq, (x.) = 1.
Proofr. Immediate from (9.3). O

CoroLLARY 9.5. If p £ |G| and x is an irreducible character of G then
ma, (x.) = 1.

Proor. Clear by (9.4). U

For related results concerning Schur indices see Broué [1977].

10. The ring AY%(R[G])

A°G)= AY%(R[G]) is the ring of all integral linear combinations of
generalized Brauer characters of G. The ideal A{,(G) of A°(G) can be
identified with the ring of integral linear combinations of characters
afforded by projective R[G] modules. The main result of this section gives
a criterion for an element to be an ideal generator of A{,,(G), and hence in
particular a criterion for A{,(G) to be a principal ideal. The argument is
from Feit [1976]. See also Alperin [1976e].

THEOREM 10.1. Let x., ..., X, be a complete set of representatives of all the
conjugate classes of G consisting of p'-elements. Let v(|Cqs(x;)|)= a: for
I<sism Let n € A\WG). The following are equivalent.

(1) For 1<i=m, n(x;)=p“w, for some unit u, in some algebraic
number field.

() I n)= =11, pe.

(iii) For all « € AY,(G) there exists v, € A°(G) with ny. = .
Furthermore if n satisfies (1), (1i), (iii) then vy, is uniquely determined by a.
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Before proving (10.1) we deduce some consequences.

CoroLLARrY 10.2. Suppose that P is a p-group with P <1 G and there exists
n € AL (G/IP) satisfying (i), (ii), (iii) of (10.1). Then there exists n €
AL(G) satisfying (1), (ii), (iii) of (10.1).

Proofr. Clear by (4.26). U

CoroLLary 10.3. Let P be a S,-group of G. Suppose that P < G. Let ¢, be
the Brauer character of G with ¢ (x) =1 for all p'-elements x in G. Then &,
satisfies (i), (1), (ii1) of (10.1) with u; =1 for all i.

Proor. Clearly 1, € A, (G/P) and satisfies (i), (ii), (i) of (10.1). The
result follows from (4.26). [

A much more important class of examples arises from the work of
Steinberg [1968]. He showed that if G is a simple group of Lie type then
the Steinberg character of G satisfies condition (i) of (10.1) with u; = =1
for all i. This motivated Ballard [1976] and Lusztig [1976], who indepen-
dently showed that the Steinberg character satisfies condition (iii) of (10.1).
Their work led to (10.1).

Itis not always true that A{,,(G) is a principal ideal of A°(G). It can be
shown by explicit computation that for p =5 and G = PSL,(9) = A, there
is no n in A9,(G) which satisfies the conditions in (10.1). Also if G = J,,
the first Janko group, then it is not difficult to verify that no n in A%, (G)
satisfies the conditions of (10.1) for any prime p HJII.

The proof of (10.1) is based on the following elementary result.

Lemma 10.4. Let 6 be a complex valued class function on G. Let y,, ..., ym
be a set of pairwise nonconjugate elements of G such that 0(y;)#0 for
1=<i=<m. Let X be the complex vector space consisting of all complex valued
class functions f on G such that f(y) =0 if y is not conjugate to any y. Let
L(8) be the linear transformation on X defined by L(0)f = 6f. Then
dim X = m, the characteristic roots of L(6) are 6(y.),...,0(y.) and
detL(8)=2",6(y:).

Proor. Define f, € X by fi(y;) =8, Then {f.} is a basis of X and so
dim X = m. Furthermore L(0)f. = 6(y.)f. for all i. Thus L(6) has the
required characteristic values and so the required determinant. [J
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PrOOF OF (10.1). Let P, be a S,-group of Cs (y:). Since n € A (G) it
follows that 9, € Al ((yi) X P,). Thus n(y:;) = p“u; for some algebraic
integer w. Therefore 112, n(y,)=1L%, w 112, p. Clearly I, n(y) is
rational valued and so IIZ, u is a rational integer. The equivalence of (i)
and (ii) is now clear.

Condition (iii) holds if and only if nA°(G) = A{,(G). Since nAY(G) C
A!(G), this holds if and only if | A(G): nA°(G)| = | A%G): A%(G)|. By
(10.4)

m

| AYG):nA"G)] = [det L(y)| = =[T )= =[Tullp".

By definition |A%(G): A,(G)' = det C, where C is the Cartan matrix of
G. By (3.11) det C =II., p*. Thus condition (iii) holds if and only if
[I'Z,u; = =1, which is equivalent to condition (i).

If n satisfies (i) then n(y:) # 0 for all i. Thus y.(y:;) = a(y:)n(y:;)"' and so
Y. is uniquely determined by «. [J

11. Self dual modules in characteristic 2

Throughout this section F is a field of characteristic 2 and V is an
absolutely irreducible F[G] module which affords a real valued Brauer
character. Equivalently V = V*.

V is of quadratic type if there is a nondegenerate G-invariant quadratic
form on V.

V is of symplectic type if there is a nondegenerate G-invariant alternat-
ing form on V.

We will show that V is essentially always of symplectic type and then
give some criteria for V to be of quadratic type. The results in this section
are primarily due to Willems [1977]. However the first two results are
older. See e.g. Fong [1974] Lemma 1 or James [1976] Theorem 1.1. We will
first introduce some notation.

A is the representation of G with underlying module V.

E is the space of all matrices on V where X > A(x) XA(x) forx € G
where the prime denotes transpose. Thus E is an F[G] module with
E=VRV=VEV* by (IL2.8).

S={X€EE|X=X}, T={X+X|X€E}.

Clearly TC S and S, T are both F[G] modules.
V()(G) iS the F[G] mOdule Wlth dlmF V()(G)zl and InVG(V()(G))Z
Vo(G).
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THEOREM 11.1. If V# V(G) then V is of symplectic type.

PrROOE. Since V = V* there exists M € E with M'A(x)M = A(x"") for
al x EG. Thus MA(x)(M')Y'=A(x"")and so A(x™')Y =(M)'A(x)M’
for all x € G. Hence M'M™'A(x) = A(x)M'M ™' for all x € G. Thus by
Schur’s lemma M'=cM for some ¢ € F. Thus M = cM' = ¢’M. Hence
c¢’=1 and so ¢ = 1. Therefore M’'= M. Furthermore A (x)MA (x)=M
for all x € G. Thus M defines a G-invariant symmetric bilinear form on V.
Let W be the subspace consisting of all isotropic vectors in V. Thus W is a
G-invariant subspace and so W = (0)or W = V. If W = (0) then dim;V =
1 and V = V,(G). If W=V then M defines a nondegenerate symplectic
formon V. O .

COROLLARY 11.2. Let ¢ be a real valued irreducible Brauer character of G in
characteristic 2. Then either ¢ = 15 or ¢ (1) is even.

Proor. Let U be an F[ G] module afforded by ¢. If U is of symplectic type
then ¢ (1) = dimy U is even. The result follows from (11.1) with U = V. [

For i <j let X denote the matrix in E with 1 in the (i, j) and (j, {) entries
and 0 elsewhere. Let X; denote the matrix with 1 in the (i, i) entry and 0
elsewhere. Then {Xj I i <j}is an F-basis of S and {Xj l i <j}is an F-basis
of T. :

By (I.19.3) there exists a finite subfield F,, of F and an F,[G] module V,
such that V = (V). Let V§ denote the F,[G] module derived from V by
applying the automorphism of F, which sends a to a’. Let V@ = (V).

Lemma 11.3. (i) There exists a submodule E, of E with E/E,= V(G).
(i) E/S=T.
(ii) /T =V®,

Proor. (i) Let E, denote the space of all matrices on V where
X—>A(x")XA(x) for x € G. Then as F[G] modules

E~VR®V*~VR®V=E

Let E, be the set of all scalar matrices in E. Then E,= V,(G) is a
submodule of E,. The result follows as E, = E*.

(i) Define f:E—T by f(X)=X+X'. Then f is an F[G]-
homomorphism of E onto T with kernel S.

(1) Without loss of generality F may be replaced by its algebraic closure.
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Thus the map sending a to a” is an automorphism of F. Let x € G and let
A(x)=(ay). Then

A(x) XA (x) = (asay) = 2, at X + X
for some Xe€T 0O

Let M = (m;) be an upper triaﬁgu]ar matrix in E, i.e. m; =0 for i > .
Define the quadratic form Q. on V by

Qu(v)= E mx.x;  where v = (x,..., x,).
Define fy € Home (S, F) by

fa((xi)) = .E,: m;;xi;.

LEMMA 11.4. Let M be an upper triangular matrix in E. Then Q. is
G-invariant if and only if fu, € Homg6 (S, F) where F = V(G).

ProOF. Let v =(x,,...,x,)E V and let A =(a;)€E€E. Then
Ou (UA) = E m;;QisQ;XX,.
ij.sud

Thus Q. (vA)= Qu (v) if and only if the following two equations are
satisfied for all s <t

2 Miaua, = m, (11.5)
if .
2 my(aa + a,a.) = m.. (11.6)
if

For all s <t

fM (A ,X“,«A) = Z mijaixajx7
if

f,.w (A’XSIA ) = E mij(aisajt + aqaj, )
ij

Thus fu, (A’ XA)=f\(X) for all X € S if and only if (11.5) and (11.6) are
satisfied. Consequently fu (A'XA) = fy, (X) for all X € S if and only if Qy
s A-invariant.
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THEOREM 11.7. Vs of quadratic type if and only if there exists a submodule
S() Of S With S/Su: V()(G)

Proor. Every quadratic form on V is of the form Q. for some upper
triangular matrix M. Every map in Home (S, F) is of the form f,, for some
upper triangular matrix M. Hence the result follows from (11.4). [J

CoroLLARY 11.8. If V is not of quadratic type then there exists a nonsplit
exact sequence

0— Vi(G)» W—->V 0.
Proor. By (11.7) V(G) is not a homomorphic image of S. Thus by
(11.3)(1) and (ii) there exists an exact sequence

0—-To—>T— V,(G)—0.
Thus by (11.3)(ii1) there exists an exact sequence

0— Vo(G)—>S/Ty— VP —>0.

As V,(G) is not a homomorphic image of S it follows that the sequence is
not split. Hence there also exists a nonsplit sequence of the required
form. [

CoroLLARY 11.9. If Vis not in the principal 2-block then V is of quadratic
type.

Proor. Clear by (11.8). [J
CoroLLaRY 11.10. If G is solvable then V is of quadratic type.

Proor. Induction on |G|. If |G|=1 the result is clear. Suppose that
|G|>1.1f Visnotin the principal 2-block the result follows from (11.9). If
V isin the principal 2-block then 0. (G) is in the kernel of V by (4.12). As
0,,(G) # (1) the result follows by induction. [




CHAPTER V

The notation and assumptions introduced at the beginning of Chapter IV
will be used throughout this chapter. Also the following notation will be
used.

If B is a block of G then As is the central character of R[G]
corresponding to B.

v is the exponential valuation defined on K with v(p)=1.

X1 X2 - are all the irreducible characters of G.

@1, ¢, ... are all the irreducible Brauer characters of G.

w; is the central character of K[G] corresponding to x,.

If H is a subgroup of G and h:Z(K;H:H)>K is linear, define
h®:Z(K;G:G)y>K by

o PO
R°(C)=h(CNH)
for any conjugate class C of G.
Some of the results in this chapter can be proved without the assumption

that K and R are splitting fields for every subgroup of G. See for instance
Broué [1972], [1973]; Hubbart [1972]; Reynolds [1971].

1. Some elementary results

For the results in this section and the next see Brauer [1967], Fong [1961]
and Reynolds [1963].

LemMma 1.1. Let Hbe a subgroup of G and let { be an irreducible character of
H. Let (¢ = 2,a,x, and let w be the central character of K[H] corresponding
to {. Then

2 ax (Do = ° Do



1] SOME ELEMENTARY RESULTS 193

Proor. Let {L;} be the set of all conjugate classes of H and let z; € L. Let
{(x)=0if x&€G—H. If C is a conjugate class of G with z € C the
definition of induced characters implies that

» G _ 1 vy ( Zi>
2 ax(2)= L7 =7 2, 4 =10 () 2 e G

,,gcl w (Zi

Thus
S ax (€)= 3 a%%x«z)

=1G:Hl(() 3 o(L)=¢(De(C). O

LemMa 1.2. Let H be a subgroup of G and let By be a block of H. Assume
that B, contains an irreducible character { such that (€ is irreducible. Then
B¢ is defined and (° € B§.

PrOOF. Let {° =y, and let w be the central character of K[H] corre-
sponding to {. By (1.1) w, = w°. Thus ®° =&, is a central character of
R[G]. O

LeEmMma 1.3. Let B, be a block of the subgroup H of G for which B§ is
defined. Let { be an irreducible character in B, andlet (° =2,a,x,. If Bisa
block of G then

{ S ax)>v@eq) ¥B#BS,

X< EB

o 3, axn) = vy ifB =85

ProOF. Let w be the central character of K[H] corresponding to {.Let e
be the central idempotent in R[G] corresponding to B. Then w,(e) =1 if
Xs €EB,and w,(e)=0if x, & B. Also °(¢)=0if B# Bf and @° (¢) =1 if
B = B¢. The result now follows from (1.1). O

COROLLARY 1.4. Let B, be a block of the subgroup H of G for which B¢ is
defined. Assume that B, and B¢ have the same defect. If { is an irreducible
characterof height 0 in B, then some character x,of height 0 in B occurs as
a constituent of (¢ with multiplicity a,#0 (mod p).

ProofF. Clear by (1.3). O
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THEOREM 1.5. Let B be a block of G with defect group D. Suppose that
As (C)#0 for a conjugate class C of G. Then there exists z € C with
z € Cs (D) such that the p-factor y of z is in Z(D).

Proor. By (II1.9.7) there exists a block Bo of Ng (D) with defect group D
such that B§ = B. Let Ao = Ag,. Since A§(C)# 0 there exists a conjugate
class Cy of Ng(D) with CoC C and Ao(Co) #0. Choose z € C,. By
(I11.6.10) z € Cs (D). If ¢ is an irreducible character in B, then {(z)# 0.
Hence by (IV.2.4) y is conjugate in Ng (D) to an element of D and so
y € D. Since D CCs(z) C Cs (y) it follows that y € Z(D). []

THEOREM 1.6. Let B, be a block of the subgroup H of G for which B¢ is
defined. Let D, be a defect group of B, and let D be a defect group of B¢ .
Then
(i) Every element in Z(D) is conjugate to an element in Z(D,).
(ii) The exponent of Z(D) is at most equal to the exponent of Z(D,).
(iii) If By has defect O then B§ has defect 0.
“(iv) prL’IGl then H#(1).

ProOF. (i) Let x, be a character of height 0 in B§. By (II1.6.10) and
(IV.4.8) there exists a p'-element x such that D isa S,-group of Cs(x) and
X (x)o, (x " )#ZO0(mod 7). If y € Z(D) then D is a S,-group of Cs(xy) and
x-(xy)=x,(x)#0(@mod 7). Thus v(w (xy))=r(w(x))=0. Hence
o, (xy)#0(mod 7) for all y € Z(D). Let { be an irreducible character in
By and let w be the central character of K[H] corresponding to {. Then
& = ®°. Hence if y € Z(D) there exists a conjugate z of xy in H with
®(z) # 0. By (1.5) the p-factor of z is conjugate to an element of Z(Dy).

(i) and (iii) are immediate by (i).

(iv) If H =(1) then B¢ has defect 0 by (iii) and so contains exactly one
irreducible character x.. Hence if ¢ is the unique character in By then
{7 =2Zx.()x, and so by (1.3)

v(|Gl)=v(£? () = v(x. (1)) = 2v(G).
Thus v(G|) =0 contrary to assumption. [J
LemMa 1.7. Let B be a block of G and let o be an automorphism of G such
that x{ = x. for all x, € B. If y is an element in a defect group of B then y° is

conjugate to y in G.

ProOOF. By (IV.4.8) there exists a p’-element x and a character x. of height -
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0in B such that x, (x)w, (x ') #0(mod 7) and a S,-group D of C(x)is a
defect group of B. Replacing y by a conjugate it may be assumed that
y € D. Hence x,(yx)=x.(x)#0(mod 7).

If y and y” are not conjugate in G then by (IV.6.3)

2 D)= 2 s ((9x) s () =0

Since |x, (yx)| =0 for all s this implies that x,(yx) =0 for all x, € B. Hence
in particular y.(yx)=0 contrary to the previous paragraph. [J

2. Inertia groups

Throughout this section G is a fixed normal subgroup of G. In general a
tilde sign will be attached to the quantities associated with G. For instance
X1, X2, .. are all the irreducible characters of G. @, is the central character
of K[G] corresponding to x..

Let A be a subset of G which is a union of conjugate classes of G. Let 6
be a complex valued function defined on A which is constant on the
conjugate classes of G which lie in A. If z € G define 6° by 6° (x)=
6(x*"") for all x € A. Then 6° is defined on A and is constant on the
conjugate classes of G which lie in A. The inertia group T(8) of § in G is
defined by T(6) ={z ‘z € G, 6° = 6)}. Clearly G C T(6).

If W is an irreducible R[G] module which affords ¢; then it is easily
seen that T(W) = T(&). Similarly if V is an R-free R[G] module which
affords ., then it is easily seen that T(Vx) = T(x.). However T(V) need
not be equal to T(Vx).

Let B be a block of G. The inertia group T(B) of B in G is defined by
T(B)={z |z €G,B" = B}.

Lemma 2.1. Let B be a block of G. If X,,é € B then T(¢:)C T(B) and
T(x.)C T(B).

Proor. Clear by (IV.4.9). O

THeoREM 2.2. For any group H with G C H C G let U, (H) be the set of all
irreducible characters of H whose restriction to G have X, as a constituent. Let
ANH) be the set of all irreducible Brauer characters of H whose restriction to
G have ¢ as a constituent.

() If T(¢:)C H then the map sending 6 to 0° defines a one to one
correspondence between U(H) and A (G).
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(ii) If Vis an irreducible R| G module which affords a Brauer character
in AY(G) then a vertex of V is contained in T($;).

(iii) If T(x.)C H then the map sending 0 to 6° defines a one to one
correspondence between A, (H) and U, (G).

(iv) If x. € U, (G) then there exists an R -free R[G] module which affords
x: and whose vertex is contained in T(y,).

Proor. (i) It suffices to prove the resultincase T(¢;) = H. Let ¢ € AY(H).
By (I1.2.9) (¢ )i = 4 + 6 where ¢; is not an irreducible constituent of 6.
Let n be an irreducible constituent of ¢ with m;; = + 0,. By (111.2.12)
Yrc = e@; for some integer e >0 and n(1)=|G: H|y(1) = ¢°(1). Hence
¢ =1 €AYG). Furthermore if ¢,y € AYH) and =4y then
(W) = (¥5) and so ¥, = s,. Therefore the map sending 6 to € is one to
one. It remains to show that it is onto.

Let ¢; €UAYG). Let V be an R[G] module which affords ¢, and let W,
be an R[G] module which affords ¢. By (II.2.12) Vg is completely
reducible and so I(Vgs W.)#0. Thus by (II1.2.5) I(Vu, W) #0 and so
I(V;, W) #0 for some irreducible constituent W of W, Since (W!")s =
|H: G|W, it follows that W, is a constituent of W,,. Thus if s is the Brauer
character afforded by W then y € A?(H). Since I(V, W)= I(Vy, W) #0
the irreducibility of V and W* implies that V = W€ and hence ¢, = ¢ as
required.

(ii) Clear by ().

(iii) If p is replaced by a prime not dividing |G| this follows from (i).

(iv) Clear by (iii). O

A block B of G covers ablock B of G if there exists . € B and {, € B
such that x, is a constituent of (xs)s-

LemMA 2.3. The blocks of G covered by the block B of G form a family of
blocks conjugate in G. If B is covered by B and . € B then some constituent
of (xs )¢ belongsto B. If X, € B there exists x, € B such that x, is a constituent

of (x+)a-
ProoF. This is a reformulation of (IV.4.10). O

LEMMA 2.4. x. and x. belong to blocks which cover the same block of G if
and only if there exists a chain x;, = Xo Xin»>--+> Xi, = X: SUch that for any m
either y;, and y;, ., are in the same block of G or (x;,)s and (x;,.)c have a
common irreducible constituent.
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Proor. If such a chain exists then by (2.3) consecutive characters belong to
blocks which cover a fixed block of G.

Suppose conversely that y, and x; are in blocks which cover a fixed block
of G. Let %.. be an irreducible constituent of (x:)s. By (2.3) there exists x,
in the same block as x, such that y,. is a constituent of (x,)s. The chain
X» X X: satisfies the required conditions. [J

THEOREM 2.5 (Fong [1961], Reynolds [1963]). Let B be a block of G. The
map sending B to B¢ defines a one to one correspondence between the set of
all blocks of T(B) which cover B and the set of all blocks of G which cover B.
Furthermore if B is a block of T(B) which covers B the following hold.

(i) The map sending 0 to 0° defines a one to one correspondence between
the sets of all irreducible characters, irreducible Brauer characters respec-
tively, in B and B°.

(i) With respect to the correspondence defined in (i) B and B° have the
same decomposition matrix and the same Cartan matrix.

(iii) B and B® have a defect group in common.

(iv) B is the unique block of G covered by B.

" PROOF. Let B be a block of T(B) which covers B and let { be an
irreducible character in B. By (1.2), (2.1) and (2.2) (iii) B® is defined,
{°€ B¢ and B® covers B. Suppose that B is a block of G which covers B.
Let x. € B. By (2.3) (x:)s has an irreducible constituent x, € B. By (2.1)
and (2.2) (iii) x. = £© for some irreducible character ¢ of T(B) such that x,
is an irreducible constituent of {s. Let B be the block of T(B) with { € B.
Then B covers B and B = B by (1.2).

Let i, ¢ be irreducible Brauer characters of T(B) in blocks which
cover B. If $ € B and ¢ is an irreducible constituent of (7)e then ¢ isa
constituent of (41 )s for i =1,2. Thus if ¢ ¥ = ¢¥ then (Y1) and (¥.)¢ have
a common irreducible constituent which is in B, and so , = . by (2.2).
Therefore the map sending 6 to 8¢ defines a one to one correspondence
between the sets of all irreducible characters, irreducible Brauer characters
respectively, of T(B) and G which lie in blocks that cover B. This map
" clearly preserves decomposition numbers and hence also Cartan invariants.
Since the decomposition matrix of a block is indecomposable it follows that
a character or a Brauer character 6 of T(B) is in B if and only if ¢ € B°.
Thus the map sending B to B€ is one to one as required. Furthermore (i)
and (ii) are proved.

(iii) Let D be a defect group of B. By (I11.9.6) D C D for some defect
group D of B°. By (i) B and B° have the same defect. Thus D = D.
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(iv) Since B* = B for all z € T(B) this is clear by (2.3). O

COROLLARY 2.6. Let B be a block of G and let B be a block of G covered by
B. Then T(B) contains a defect group of B.

ProOF. By (2.5) B = B¢ for some block B of T(B) which covers B. The
result follows from (2.5) (iii). [J

3. Blocks and normal subgroups

The notation of the previous section will be used in this section. For the
results in this section see Brauer [1967a], [1968]; Fong [1961]; Passman
[1969].

LemMma 3.1. Let a EZ(R;G:G)ﬂﬁ[G]. If X is a central character of
R[G] then X (a)=A%(a).

Proofr. Clear by definition. [J

LEmma 3.2. Let {B.,} be the set of all blocks of G where B,,,= B:, for some
z€ G ifand only if i =|j. Let é,, be the centrally primitive idempotent of
R[G] with Bin = B(éin ). Lete = 2. 6m. Then {e} is the set of all primitive
idempotents in Z(R; G : G)N R[G].

PrROOF. Any idempotent in Z(R;G:G)NR[G] is a sum of centrally
primitive idempotents in R[G] and is invariant under conjugation by -
elements of G. The result follows. [J

LEmma 3.3 (Fong [1961]). Let B, and é,, be defined as in (3.2). For each i
let Bi1, Bis,... be all the blocks of G which cover some B, and let e, be the

centrally primitive idempotent in R[G] with B, = B(ei,). Then e =
zm enn - zm €im .

PrOOF. By (3.2) {e:} is a set of pairwise orthogonal central idempotents in
R[G]. Thus it suffices to show that e;.e; # 0 for all i,m. Let V be a nonzero
R[G] module in B,,. By (2.3) (Vs)e: #0. Hence Ve, = Ve,,e; #0 and so
eme:#0. [

LEmMMa 3.4 (Passman [1969]). Let B be a block of G and let B be a block of
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'G. Then B covers B if and only if As(a)=2As(a) for all

a€~Z(R;G:G)ﬂR[G].

PrOOF. By (3.2) and (3.3) B covers B if and only if Az (€) = A (€) for every
idempotent in Z(R;G :G) N R[G]. By (L.16.1) R is a splitting field of
Z(R;G :G)N R[G]. The result follows since two central characters of a
commutative algebra are equal if they agree on all idempotents. [J

LEmMMA 3.5. Suppose that G/G is a p-group. If B is a block of G there is a
unique block B of G which covers B.

PrOOF. Suppose that B, and B, are blocks of G which cover B. Let A; = Aj,
for i =1,2. If C is a conjugate class of G consisting of p’-elements then
CEZ(R;G:G)NR[G]. Thus by (3.4) A,(C) = A5(C) = 1,(C). Hence
by (IV.4.2), (IV.4.3) and (IV.4.8) (iii)) B, =B,. [

A block B of G is regular with respect to G if A5 (C) = 0 for all conjugate
classes C of G which are not contained in G.

B is weakly regular with respect to G if there exists a conjugate class C of
G with C C G such that A5 (C)#0 and the defect of B is equal to the
defect of C.

In case G is determined by the context the phrase “with respect to G
will be omitted. By (I111.6.10) a regular block is weakly regular. Further-
more if A5 (C) # 0 and the defect of B is equal to the defect of C then B
and C have a common defect group.

LemMma 3.6. Let B be a block of G. The following are equivalent.
(i) B is regular.
(ii) B = B€ for every block B of G which is covered by B.
(iiiy B = B¢ for some block B of G.

PRrOOF. (i) = (ii). Let B be ablock of G which is covered by B. Let C be a
conjugate class of G. If CZ G then (Az)°(C)=0= A5 (C). If C C G then
by (3.4) As(C) = A5 (C). Hence by (3.1) (A5)° = Ap.
(i1) > (ii1). Clear. _
(iii) = (i). If C is a conjugate class of G with CZ G then A5 (€)=
(A5)°(C)=0 and so B is regular. [J

LEmMA 3.7. Let B be a block of G which is regular and let B be a block of G.
Then B covers B if and only if B = B°.
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ProOOF. If B covers B then B =B° by (3.6). If B = B¢ then by (3.1) ©
As(a)=(As)"(a)for alla € Z(R; G:G)N R[G]. Thus by (3.4) B covers
B. O

Lemma 3.8. Let B be a block of G. Then there exists a block of G which is
regular and covers B if and only if BC is defined. In that case B€ is the
unique block of G which is regular and covers B.

Proor. If B€ is defined then B¢ is regular by (3.6) and B€ covers B by
(3.7). The converse follows from (3.7). The last sentence is clear. [

LEmMMA 3.9. Let B be a block of G with defect group D. If C(D)C G then
B is regular.

Proor. If AB(é)#O for some conjugate class of G then by (I11.6.10)
D CCq(z) for some z € C. Hence z €EC4(D)C G and so CCG. O

LemMA 3.10. Suppose that P is a p-group with P<AG and Cs(P)CG.
Then every block B of G is regular with respect to G. For every block B of G,
the block B€ is defined and is the unique block covering B.

ProOF. Let B be a block of G and let D be the defect group of B. By
(I11.6.9) P C D. Thus Co (D) C Co(P)C G and B is regular by (3.9). Let B
be a block of G. By (3.8) B¢ is defined and is the unique block covering
B. O

CoroLLARY 3.11. Suppose that P is a p-group with Cc(P)C P <4G. Then
the principal block is the unique block of G.

Proor. By (3.10) with G =P, B® is the unique block of G where B is the
unique block of G. Hence G has exactly one block which must necessarily
be the principal block. []

Treorem 3.12 (Fong [1961]). Let B be a block of G and let B,, B., ... be all
the blocks of G which cover B and let B = B, for some j. For each i let e, be the
centrally primitive idempotent of R[G] with B, = B(e;) and let e = 2e,. The
following are equivalent.

(1) B is weakly regular.

(i) A defect group of any block B, is conjugate to a subgroup of a defect
group of B.

(i) The defect of any B, is at most equal to the defect of B.
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(iv) Let e = ZacC where C ranges over all conjugate classes of G and
ac € R. There exists a conjugate class C consisting of p'-elements with
CCG,ac#0,A(C) #0 such that the defect of B is equal to the defect of C.

Proor. (i) = (ii). There exists a conjugate class C of G with C C G and
As(C)#0 such that B and C have a common defect group D. By (3.4)
A5, (C)=A5(C)= Az (C) #0 and so by (I11.6.10) a defect group of B, is a
subgroup of some defect group of B.

(i) = (iii). Trivial. B

(iii) = (iv). Since A (€)=1 it follows that acAs(C) # 0 for some C. By
(IV.7.2) C consists of p’-elements. By (3.3) CC G.If e, = 2a,cC foreachi
then for some i a@,# 0. Hence by (IV.7.3) the defect of C is equal to the
defect of B; and so is at most equal to the defect of B. Since A(C‘)%O,
(I11.6.10) now implies that B and C have the same defect.

(iv) > (i). Trivial. 0O

COROLLARY 3.13. Let B be a block of G. The following hold.

(i) There exists a weakly regular block B of G which covers B.

(ii) Let B be a block of T(B) which covers B. Then B is weakly regular if
and only if B is weakly regular.

PrOOF. (i) Choose a block B of maximum defect among those which cover
B. By (3.12) B is weakly regular.

(11) By (2.5) B and B¢ have the same defect. Thus B has maximum
defect among all blocks B, of T(B) which cover B if and only if B has
maximum defect among all blocks BF. The result follows from (3.12). O

THEOREM 3.14 (Fong [1961]). Let B be a block of G and let B be a block of
G which covers B and is weakly regular. There exists a defect group D of B
with D C T(B). For any defect group D of B with D C T(B)
|T(B): DG|#0(modp) and D N G is a defect group of B.

ProOF. By (2.6) T(B) contains a defect group D of B. Thus by (2.5) and
(3.13) (ii) it may be assumed that G = T(B).

Let é be the central idempotent of R [G] with B = B(¢). Since
G =T(B),é = ZacC with ac €R and C ranging over the conjugate
classes of G. By (3.3) and (3.12) (iv) there exists a conjugate class C of G
with CC G,ac#0,A:(C)#0 such that D is a defect group of C. Let
z € C with D CCs(z). Let L be the conjugate class of G with z € L.
Thus C = U, L~ where x ranges over a cross section of Ng (L) in G. By
(34)
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A(C)=2s(C)= T s (L) = T A57 (D).
Since T(B)= G this implies that
|T(B):No (L)|As (L) = As (C) £ 0.
Thus IT(B)'NC(L)I;éO(modp) and Az (L) #0. Since No (L) = C(‘(Z)G
and D isa § »-group of Cg
Since acAs (L) = 0 it follows from (IV.7.3) that B and L have a common

defect group. Clearly D N G is a S,-group of Cs(z) and so is a defect
groupof L. O

LemMA 3.15. Let B be a weakly regular block of G and let B be a block of G
covered by B. Let x, be of height 0 in B and let X, be a constituent of (xs)e
with X. € B. Then the ramification index of x, is not divisible by p, x, has
height 0 in B and |T(B): T(x.)| #0¢mod p).

PROOF. By (2.5) and (3.13) it may be assumed that G = T(B).

Let D be a defect group of B. Let d = v(|D|) and let d = v(D N G)).
By (3.14) d is the defect of B. By (II1.2.12) (x.)¢ = e 2.x: where {z} is a
cross section of T(x.) in G and e is the ramification index of y..

Since GD/G =~ D/G N D it follows from (3.14) that

v(|G)—d=v(GD:D|)=v(G:GND|)=v(G|)-d.

Thus v(x.(1))=v(G)—d. Since v(x.(1)=v(G)—d and y.(1)=
e|G 1?()?:)')?: (1) it follows that e|G : T(x.)| #0(mod p) and X, is of height
0in B O

CoRroLLARY 3.16. Let B be a block of G. There exists §, € B of height O such
that T(x.) contains a S,-group of T(B).

ProoOF. By (3.8) there exists a block B of G which covers B and is weakly
regular Let x, be of height 0 in B. By (2.3) some constituent ¥, of (x: )¢ is
in B. The result follows from (3. 15). O

4. Blocks and quotient groups

The notation of the two previous sections will be used in this section.
Furthermore G’ = G/G and in general a superscript * will be attached to -
the quantities associated with G°. Every R[G°] module may be considered
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to be an R[G] module in a natural way. Similarly every character or
Brauer character of G° is a character or Brauer character of G.

LemMA 4.1. Let B’ be a block of G°. Then there exists a block of G which
contains B® and covers the principal block of G. Conversely if B is a block of
G which covers the principal block of G then B contains a block of G°.

ProoF. Two R[G"] modules in B” are linked by a chain of R[G"] modules.
Hence they are also linked as R[G] modules and so lie in the same block B
of G. Thus B°C B. If x, € B’C B then the principal character of G is a
constituent of (x;)s. Thus by (2.3) B covers the principal block of G.
Conversely suppose that B covers the principal block of G. By (2.3)
there exists x, € B such that (x,)s contains the principal character of G as
a constituent. Thus by (II1.2.12) G is in the kernel of y.. Let B" be the
block of G’ with x, € B’. Then B’C B by the previous paragraph. [J

Lemma 4.2. Let B be a block of G° and let B be a block of G with B’ C B.
Let D be a defect group of B. Then D contains a S,-group of G and
D= DG/G contains a defect group of B'. In particular if d is the defect of B
and d° is the defect of B then d° < d — v(|G|). Furthermore if B contains
an irreducible character or an irreducible Brauer character of height 0 in B
then D" = DG/G is a defect group of B".

PrOOF. Let P be a S,-group of G and let P be a p-group with P C P such
that P°= PG/G is a defect group of B”. Let V be an R-free R[G"]
module which affords an irreducible character of height 0 in B”. Thus P’ is
avertex of V. Hence V considered as an R [G] module is R[P]-projective.
Thus by (IV.2.2) P is a vertex of V. Hence P C s D. If v(¢; (1)) or v(x.(1))
equals v('G|)—d then v(G|)-d=v(G:G|)—d’ and so d'=
d—v(|G]). Thus d"=d — v(|G|) by the first part of the statement. [J

Lemma 4.3. Suppose that G is a p'-group. Let B, , .. ., B,, be all the blocks of
G which have G in their kernel and let D; be a defect group of B; for
j=1,...,m Let BY,..., B. be all the blocks of G". Then m = n and after a

suitable rearrangement B; = B! for all j. Furthermore D'=D,G|G is a
defect group of Bj.

PROOF. Since G is a p’-group the principal character is the only irreducible
character in the principal block of G. Hence a block of G covers the
principal block of G if and only if it has G in its kernel. Thus by (IV.4.11)
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any two modules in B; are linked by a chain of R [G°] modules and so B, is
a block of G°. Therefore by (4.1) m =n and B, = B} after a suitable
rearrangement. Since G is a p’-group B, and B{ have the same defect and
so by (4.2) D} is a defect group of B!. (O

LeEmMA 4.4. Suppose that G is a p-group. Let B be a block of G and let D be
a defect group of B. Then G C D and there exists a block B® of G’ such that
BC B and D°=D/G is a defect group of B".

Proor. Let d = v(| D). Choose ¢; € B with v(¢ (1) =v(G|)—d. B“y
(I1I1.2.13) G is in the kernel of ¢;. Let B° be the block of G° with ¢; € B".
By (4.1) B°C B. Let d° be the defect of B’. The result follows from

42). 0O

LeEmmMA 4.5. Suppose that G is a p-group which centralizes all p'-elements in
G. The inclusion B® C B defines a one to one correspondence from the set of
all blocks of G* onto the set of all blocks of G. If D is a defect group of the
block B of G then D° = DG G is a defect group of the block B° of G° where
B°CB.

PrOOF. In view of (4.1) and (4.4) it suffices to show that if B is a block of G
and BY, BY are blocks of G° with B'C B and B5C B then B’= B¢,

Let x, EBY and x, € BY. If x is a p’-element in G then G CCq (x).
Thus Cs (x)/G = Cao(x") where x" is the image of x in G°. Since Xs X: EB
this implies that

_@L/\@'ix): _ _ 1G] x (x)
[Cor(xD)] xo (1) — @ (x)—w,(x)—lcco(xo), (D (mod ) |

for all p’-elements x in G. Hence by (1V.4.3) and (Iv.4.8) BY=BS. O

COROLLARY 4.6. Suppose that D is a p-group and G = DCg (D). Let B be
a block of G with defect group D. Then B contains exactly one irreducible
character x, which has D in its kernel and B contains exactly one irreducible
Brauer character ¢;. Furthermore x, (x) = ¢: (x) for all p'-elements x in G, x;
has height 0 and ®,(x)=|D|¢:(x) for all p'-elements x in G.

PROOF. By (4.5) there exists exactly one block B® of G/D with B°CB.
Furthermore B" is a block of defect 0. Let Xs @i Tespectively, be the unique
irreducible character, irreducible Brauer character respectively, in B°.
Thus x, (x) = ¢: (x) for all p’'-elements in G. Since every irreducible Brauer



4] BLOCKS AND QUOTIENT GROUPS 205

" character in B has D in its kernel, ¢, is the unique irreducible Brauer
" character in B. Then x. has height 0 in B by (4.5). Since (c.;) is the Cartan
matrix of B, (IV.4.16) (i) implies that c; =|D| proving the last
statement. [

If G = DCq (D) for some p-group D and B is a block of G with defect
group D then the irreducible character x; constructed in (4.6) is the
canonical character of B.

THEOREM 4.7. Suppose that G = DCs (D) for some p-group D. Let B be a
block of G with defect group D and let x = x, be the canonical character of B.
Let {1, ..., ¢ be all the irreducible characters of D. Define 6; as follows :

6;(z)=0 ify& D,
=4 (x(x) ifyeD

~ where y is the p-part of z and x is the p'-part of z. Then {6, [j=1,...,n}is
the set of all irreducible characters in B.

ProoF. If z € G then (= ¢ for all j. Thus if x, € B then by (1I1.2.12)
(x.)p =e{; for some j and some integer e > 0.

Let z € G, let y be the p-part of z andlet x be the p"-partof z. If y& D
then x.(z)=0 by (I111.6.8) and (IV.2.4). Suppose that y € D and let
H =D x{x). Then (x;)n = {;a for some character a of {x). Thus x,(xy) =
§(y)a(x) and

_AX) _:_(X) = _di

where ¢, € B. Consequent]y x: = [dil & (1)] 6.

Let A be the set of all p’-elements in G and let A° be the image of A in
G’ = G/D. Since x is a character of G° which vanishes on all p-singular
elements we see that

2 D 2
=k S el 2 @k ={g 2, el
=—Cl;— 2, x@r=1.

Thus
“X:“ {](1)2" I” M

Hence d; = ¢ (1) and so x, = 6.
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Therefore there exists a subset S of {1,..., n} such that {6, |j € S} is the -
set of all irreducible characters in B. If x, = 6, then d. = {;(1). Thus

|ID|=c.= 2 di= 2 &(1)

ies

This implies that S ={1,...,n}. O

5. Properties of the Brauer correspondence

The results in this section are due to Brauer [1967]. An alternative
approach has been given by Passman [1969]. See also Brauer [1971a],
[1974a). The presentation given here is a modification of these two
methods. Recently Alperin and Broué [1979], Broué [1980] have studied
the Brauer correspondence in a more general setting. Their approach
generalizes and gives an alternative treatment of the first main theorem on
blocks and much of the material in this section and the next.

LEmMAa S5.1. LetPbeap-group, PC G. Let N =Ng(P) andlet H <1 N with
Cs(P)C H. If B, is a block of H then B is defined.

Proor. By (3.10) By is defined. Thus by (I11.9.2) and (II1.9.4) BS' = (B#)°
is defined. (O

LemMMA 5.2, Let D be a p-group, D CG. Let N =Ng (D) and let H<IN
with Cs5(D)C H. The map sending B, to B§ defines a one to one
correspondence between the blocks of G with defect group D and representa-
tives B, of N-conjugate classes of blocks of H which satisfy

(i) DN H is a defect group of B,.

(i) v(|DH )= v(| T(By)|), where T(B,) is the inertia group of B, in N.

Proor. By (II1.9.7) it may be assumed that N = G. By (2.3) and (3.10) the
map sending B, to B defines a one to one correspondence between blocks
B of N and representatives B, of N-conjugate classes of blocks of H.

If B = B{ has defect group D then by (3.14) D N H is a defect group of
B, and v(|DH|)= v(| T(By)|).

Suppose that B, satisfies (i) and (ii). Let D, be a defect group of B§'. By
(3.14) and (i) DN H and D, N H are both defect groups of B,. Thus
IDNH|=|D,NH|. By (3.14) and (i) v(DH|)=v(T(B|)=
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v(D,H|). Thus |D|=|D,|. Since D < N, D C D,. Therefore D = D,.
0

Let D be a p-group, D C G. (D, B) is a block pair in G if B is a block of
DCg (D) with defect group D.

If (D,B) is a block pair in G then by (II1.9.4) B” is defined for every
group A with DCs(D)C A CG.

Let (D,B) and (D *,B*) be block pairs in G.

(D* B*) weakly extends (D,B)if D<D* D*NCg(D)CD and B’ =
B for all y e D*,

(D*,B*) extends (D,B) if D<D* and B" =B*” where H=
D*Cg (D).

(D*,B*) properly extends (D,B) if (D* B*) extends (D,B) and
D# D*.

LEMMA 5.3. Suppose that (D*,B*) is a block pair which extends (D, B).
Let H=D*Cs (D). Then (D*,B*) weakly extends (D,B) and D* is a
defect group of B" = B*",

Proor. Let D, be a defect group of B*’ with D*C D,. By (3.14)
DyCo(D)=H and D,NDCs(D)=D. Thus D,NDC¢ (D)=
D*NDCs (D) and Dy/D =~ H/DCs (D)=~ D*/D. Hence |D*|=|D,|
and so D* = D,. By (3.10) and (3.14) T(B) = H. Hence (D*, B*) weakly
extends (D,B). [

THEOREM 5.4 (Third Main Theorem on Blocks) (Brauer). (i) Let G, be a
subgroup of G and let B, be a block of G, with defect group D. If
Cs (D) C G there exists a block pair (D,B) in G with B® = B,.

(i) Let (D, B) be a block pair in G. Let D, be a defect group of B€. Then
|D|<|D,|. Furthermore | D | <|D| if and only if there exists a block pairin
G which properly extends (D,B).

(iii) Let (D*,B*) be a block pair in G which weakly extends the block
pair (D,B) in G. Let £, {* respectively, be the canonical character in B,B*
respectively. Then (& - is irreducible. Furthermore (D*,B*) extends
(D, B) if and only if the multiplicity of { &.o+ as a constituent of { ¢, - is
not divisible by p.

- PrOOF. (i) Since D = D N DCq (D) this follows from (5.2).
(i) By (II1.9.6) | D|<|D,|.
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Suppose that (D*, B *) is a block pair which properly extends (D, B). Let
H =D*Cs (D). Then B¢ =(B")" =(B*")° and so |D|<|D*|<|D|
by (I11.9.6). :

Assume conversely that | D |<|D,|.Let T be the inertia group of B in
Ng (D), let P be a S,-group of T and let H = PCg (D). Let D* be a defect
group of B". By (3.14) H=D*Cs (D) and D*N DCs (D)= D. By (i)
there exists a block pair (D* B*) in G with B*" = B". Thus (D* B*)
extends (D,B). By (5.2) v(|H|)=v(T|)>v(DCs(D)|). Thus D# D*
and so (D*,B™*) properly extends (D, B).

() Let A be a group with Cs(D*)CA<D*Cs(D*). Then
D*Cs(D*)/D* =~ A/A N D*. Since D* is in the kernel of ¢* this implies
that ¢ is irreducible. Hence in particular ¢ & ,p+ is irreducible. Let 6 be
an irreducible character of A which has D*N A in-its kernel such that
{ &, o0 s a constituent of O¢,p+. Then A = Cs (D*)(D* N A). Thus (% is
a constituent of 8 as D* N A is in the kernel of both 8 and {}. Therefore
{4 is the unique irreducible character of A which has D* N A in its kernel
such that (&, is a constituent of its restriction to Cg (D *). Since D is in
the kernel of { it follows that D is in the kernel of every irreducible
constituent of ¢ pc, . Thus if a is the multiplicity of (¢, - as a
constituent of {c, - (IIL.2.5) implies that

@ =({cawn £&:0) = ({peamns {Beson)
= ({A¢Bea 7).
Since D*Cs (D*)N DCq (D)= DCq(D*), (11.2.9) implies that
a = ({{beow}” ) = (LA boeow)

where H = D*Cs (D).

Let /*" = 6 + 6,where § € B"” and 6, is a sum of irreducible characters
none of which is in B". Thus ((80)oc, ), ¢) = 0. Since D is in the kernel of
6 it follows that ¢ is the unique irreducible character of D Cs (D) which is
a constituent of 6 ¢, (»). Hence

a =(L{{ " oo ) = (s 0 pesi))
and so 0 pc, )= al. Therefore 6(1) = al(1). However
v({(1))=v(DCs(D):D|)=v(H:D*|
=v(H:D*Cs(D*)|{*(1)) = v *"(1)).

Consequently v(8(1)) = v(a)+ v({*"(1)). Thus (1.3) implies that B" =
B*" if and only if v(a)=0. O
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6. Blocks and their germs

Let B be a block of G. Suppose that B = B§ for some block B, of a
subgroup G, of G. In this section connections between B and B, are
investigated. Some of these results are of importance for application to
questions concerning the structure of groups. The proofs in this section
make use of the three main theorems on blocks. The first three results are
due to Brauer [1967]. The results in the rest of the section are related to
work of Reynolds [1970].

Let B be a block with defect group D. By (II1.9.7) there exists a unique
block B, of N (D) such that B = B. The block B, is called the germ of B
with respect to D. If D is determined by the context B, is called the germ
of B.

LEmma 6.1. Let B, be a block of a subgroup G, of G and let D, be a defect
group of B,. Suppose that Cs(D,)C G,. Then B = B§ is defined and

2(D)C Z(Dy)C D, C D

for some defect group D of B. In particular if B has an abelian defect group
then D, is a defect group of B.

ProoF. By (5.4) (i) B = B¢ is defined. Let d be the defect of B and let
do = v(| Dy|) be the defect of B,. The proof is by induction on d —d,. If
d — d, = 0 then by (I11.9.6) D, is a defect group of B and the result follows
with D = Dy. By the third main theorem on blocks (5.4)(i) it suffices to
take G, = D,Cq (D(l)

Suppose that d — dy > 0. By (5.4) (ii) there exists a block pair (D*, B*) in
G which properly extends (D,, B,). Since B*® = B§ = B induction yields
the existence of a defect group D of B such that

Z(D) CZ(D*)C Cp-(Dy) = Z(Dy) C D,C D* C D.

This proves the first statement. The second statement is an immediate
consequence of the first. J

A more direct proof of the next result can be found in Brauer [1964a]
Theorem 3. See also Brauer [1971a], [1971b]; Osima [1964]; Hamernik and
Michler [1973]; Hamernik [1973].

THEOREM 6.2. Let B, be a block of a subgroup G, of G and let D, be a
defect group of B,. Assume that Cs(D.) C G,. Then B, is the principal block
of G, if and only if B§ is the principal block of G.
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PrOOF. By the third main theorem on blocks (5.4)(i) B, = Bf* for some
block B, of D,Cs(Dy). Thus it suffices to prove the result in case
Go=D,Cg (Du)-

For any subgroup A of G let B:(A) be the principal block of A and let
{1 (A) be the principal character of A.

Let D be a defect group of B§ and let P be a S,-group of G with D C P.
Let dy = v(| Dy |) and let d = v(] D |). The proof is by induction on d — d,.

Suppose that d — d, = 0. By (II1.9.6) it may be assumed that D = D,. By
(3.10) By = B,(D,Cs (Dy)) if and only if By’ = B,(N) where N = Ng (Dy).

Let V be the R-free R[G] module which affords ¢,(G). Let f be the
Green correspondence with respect to (G, P,Ng (P)). Thus f(V) affords
Zi(Ng (P)). Thus by (II1.7.7) and (II1.9.7) if B is a block of Ng (P) then
B.(G)= B¢ if and only if B = B,(Ns (P)).

Suppose first that B§' = B,(G) then Do=1 =P and so By = B,(N).
Assume conversely that B{'= B,(N). Thus D, is a S,-group of N and so
D, is a S,-group of G. Hence Dy= D =P and B§ = (B()° = B,(G).

Suppose that d — dy > 0. By (5.4)(ii) there exists a block pair (D*,B *) in
G which properly extends (Do, B).

Assume that B§ = B,(G). Thus B*® = B,(G) and so by induction
B*= B,(D*Cs(D*)). Thus by induction Bj)'= B*" = B,(H) where H =
D*Cs (D). By (3.7) B{' covers By and so By = B,(DyCg (Dy)).

Assume conversely that B, = B,(D,Cg (Dv)). Hence ¢,(DyCg (Dv)) is
the canonical character of B,. Thus by (5.4)(iii) ¢ (D*Cs(D¥)) is the
canonical character of D*Cg (D*). Therefore B* = B(D*Cs(D*)) and
so by induction B§' = B*° = B,(G). [

CoRroOLLARY 6.3. Suppose that y is a p-element in G such that Cs (y) has a
normal p-complement. If x = x; is in the principal block of G then x(yx)=
x(y) for every p'-element x in Cg (y).

PrROOF. By (IV.6.1) and (6.2) x (yx) = Z;d} ¢} (x) where ¢ ) ranges over the
irreducible Brauer characters in the principal block of Cgs(y). By
(IV.4.12)(ii) ¢](x) = ¢](1) for all j and all p'-elements x in Cs(y). [

LEMMA 6.4. Let H be a normal p'-subgroup of G. For any subset A of G let
A denote the image of A in G = G/H. Let B, be a block of a subgroup G, of
G for which B¢ is defined.

(i) Hisinthekernelof B§ ifand onlyif H N Gy is in the kernel of Bo.

(ii) Suppose that G, H is in the kernel of By. There exists a block B, of
GoH with H in its kernel such that B, corresponds to B, by the natural
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isomorphism GoH |H ~ Go/Gy N H. Furthermore B is defined and B§ =
BS. Also |H:GyNH| =1 (mod p).

Proor. The isomorphism Go/G, N H = G,H /H defines a one to one map
¢ — ¢ from the set of all irreducible characters of G, with G, N H in their
kernel to the set of all irreducible characters of GoH with H in their
kernel. Thus /5, = ¢.

Let T be the union of all blocks of G which have H in their kernel.

(i) Suppose that H is in the kernel of B§. Let ¢ be an irreducible
character in B,. By (1.3) there exists an irreducible character x in B§ with
x C ¢ Thus ¢ C xq, by Frobenius reciprocity (I11.2.5). Since G, N H is in
the kernel of xg,, it is in the kernel of {. Since {* was arbitrary in By this
implies that G,MN H is in the kernel of B,.

Suppose conversely that G, M H is in the kernel of B,. By Frobenius
reciprocity (I11.2.5) { C ¢ %" Since H <G a cross section of GoH in G is a
complete set of representatives of the (G,, H) double cosets in G. Thus the
Mackey decomposition (I1.2.9) implies that

(§G)u E{ﬁ:ﬁm}” = 2{4’:(7.,\"1!4)X}H = 2{5(1)1<a‘,mw}”,

where x ranges over a cross section of GoH in G. Therefore
(L ({ D)) =G : GoH|{(1) =G : G H[{(1) = £° (1).

Thus £ is the sum of all the irreducible constituents of {¢ which have H
in their kernel. Hence ({€)" ={°.

If B is a block with B C T then v((£°)?(1))= v(£¢ (1)) by (1.3). Since

() =|GuH: Go|£° (1) it follows that v(£°(1))=v({7(1)). Since
(g“()T = [ this implies the existence of a block B, C T with »(({“)* (1)) =
»(£°(1)). Hence B, = B§ by (1.3) and so H is in the kernel of B§.

(ii) The existence of B, follows from (4.3). Let { be an irreducible
character in By. Let w,® be the central character corresponding to ¢, §
respectivel